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Abstract

Nitrogen-vacancy (NV) centers in diamond have been known as excellent solid-state qubit
platforms in quantum information science. Hybrid quantum systems of NV centers and
magnetic insulator materials are of particular interest in recent years due to their great
potential in computing and sensing applications. In this dissertation, we explore several
experimental and theoretical aspects of the hybrid (or composite) quantum system of NV
centers and yttrium iron garnet (YIG). YIG is a ferrimagnetic insulator material extensively
studied in the field of spintronics and magnonics. It shows exceptionally low magnetic
damping that leads to nontrivial magnon related phenomena such as the spin Seebeck effect.

The first section of this dissertation focuses on the fundamentals of quantum physics.
Chapter 1 provides an introduction to quantum information science and engineering. Chap-
ter 2 describes the basics of NV centers. Chapter 3 features the concept of boson-mediated
interaction of qubits.

In Chapter 4, we show that the NV center can serve as a nanoscale temperature probe of
the YIG substrate and is potentially useful for the study of the spin Seebeck effect. Employ-
ing an all-optical ratiometric thermometry technique, we find that the NV-based temperature
sensing can function down to liquid nitrogen temperatures without a deterioration of its tem-
perature sensitivity, which is ideal for the sensing application of YIG. With an array of NV
centers embedded into a polymer membrane, we map out a temperature gradient of YIG as
a demonstration of this all-optical temperature sensing.

Chapter 5 pursues a potential of the hybrid quantum architecture of NV centers and

xii



magnons in YIG, with the expectation that long-distance two-qubits gates of NV centers
will be enabled. We perform a theoretical study of a practical hybrid quantum system of
NV centers interacting with magnons in YIG waveguide and bar structures. With both
a semi-analytic analysis and a numerical analysis, we construct a framework to compute
the NV-magnon coupling strength and the NV-NV effective coupling strength mediated by
magnons. This will guide future experiments and device fabrications.

Lastly in Chapter 6, we use a diamond membrane that hosts ensemble of NV centers
placed on top of a YIG slab and experimentally explore the coupling between the NV centers
and magnons. We employ a device geometry where surface spin waves are prominent and
are expected to interact with NV centers efficiently. With the longitudinal relaxometry
experimental measurements, we estimate the NV-magnon coupling strength in terms of the
real part of the self-susceptibility of an NV center mediated by magnons. This scheme of
experimentally characterizing the hybrid quantum system’s relevant parameters will be of

great use in future exploration of the NV-magnon hybrid quantum architectures.
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Chapter 1

An emerging field of quantum

information science and engineering

In the past few decades, the field of quantum information science and engineering (QISE) has
witnessed significant advances in both theories and experiments based on various physical
realizations, including photons in linear optics [5-7], trapped ions [8-10], neutral atoms [11—
13], superconducting qubits [14-16], quantum dots [17-19], and dopants/defects in solids [20—
22]. To utilize the full capabilities of quantum physics in applications such as computing,
communication, and sensing, the field of QISE has tied together multiple previously distinct
communities of science in a common interdisciplinary field. For example, speaking different
technical languages, researchers of optical computers, physicists studying atomic or molecular
structures, engineers of semiconductor devices, and scholars of nuclear magnetic resonances
may not sit together to discuss the same scientific topic effectively without the field of
QISE. Now, they are collectively working to achieve a common goal with their idiosyncratic
yet complementary approaches and specialties. This interdisciplinary nature of QISE has

certainly boosted the remarkable recent development in quantum technologies [10, 13, 16].



1.1 Quantum advantage over classical technologies

Quantum technologies take advantage of what appears to be an underlying layer of the
physical world described by the quantum physics and promote its fundamental features into
applications. Based on the laws of quantum physics, wave functions, instead of probabil-
ity distributions, are the fundamental unit that represents the physical world. Although
the wave functions themselves are not directly observable, they construct probability distri-
butions for measurement outcomes of arbitrary measurements. Therefore, we refer to this
structure as the underlying layer, the feature of which is sometimes phrased as “the strange
property of quantum mechanics”. The very fact that the physical state is represented by the
wave functions, together with the special characteristics of the wave functions, is essentially
the basis of the advanced computational power of the quantum computing, security of the
quantum communication, and the high precision of the quantum sensing.

The comparison between the quantum and classical technologies are made more explicit
by highlighting the comparison between the quantum and classical computation as an ex-
ample. In classical computation, the fundamental unit of information is represented by a

binary quantity called a bit b, which takes either zero (false) or one (true):
b=0; b=1. (1.1)

In contrast in quantum computation, where physical states are represented by vectors in a
Hilbert space written as |---), the fundamental unit of information is a quantum bit |g)
which can be a sum (superposition) of two orthogonal unit vectors representing the zero and

one classical states |0) and 1), respectively:

|9) = al0) + B[1), (1.2)

where o and [ are complex numbers. As the physical states are more specifically described



by the ray of the vector |¢), we can impose the normalization condition {g|q) = (a*{0| +
B*(1)(a|0) 4 BI1)) = |of? + |B|> = 1, where (---| is a dual vector of |---), and eliminate
overall phase factor by identifying |q) > ei9|q> for real number @ and i = /—1. Eliminating
two degrees of freedom out of the four degrees of freedom of the two complex numbers (a and
B) allows us to map the qubit state into a point on a unit sphere in the three-dimensional
real space as shown in Fig. 1.1. In this figure, the vector (&) points to a position on the unit

sphere and is calculated from the qubit state |¢) via the quantum-mechanical expectation:

(@) = (dlFla), (1.3)

where we define coordinate independent Pauli operators:

0 1 (0|
or = [|0) [1)] ,
10 (1]
= (0|
oy = [|0) [1)] , (1.5)
i 0 a
(1 (0|
oz = [|0) [1)]
0 -1 (1

This is clearly different from the classical bit: the quantum bit is represented by a point
on the sphere while the classical bit takes binary value. The sphere in Fig. 1.1 is called the
Bloch sphere.

There are a few points to be addressed to avoid confusion on the distinction between
the quantum and classical states. One may suspect, for example, that the quantum state
is more like an analog state because Eq. (1.2) and Fig. 1.1 seem to be parametrized by a
continuous variables. This is inaccurate, as measurements of the qubit state result in binary

outcomes: if we measure the quantity o, for the qubit state |¢), we find the qubit is either
3



1)

Figure 1.1: Bloch sphere and the vector (&) representing the quantum state.

in the state |0) or in the state |1) with probabilities [(0|¢)|? and |(1|¢)|?, respectively. In a
sense, a quantum state is an intermediate object of classical digital and analog states, which
is essentially the particle-wave duality. For example, the measurement of o, for the state
l¢) = (]0) + [1))/v/2 = |+) results in the outcomes of o, = 1 (i.e., the qubit state is |0))
and o, = —1 (i.e., the qubit state is |1)) with equal probabilities 1/2. This qubit state |+)
is sometimes called as a state which is 0 and 1 at the same time, or the superposition of 0
and 1. One should not confuse this superposition and a classical state with randomness or
statistical probabilities. In fact, one can add classical statistical probabilities on top of the
quantum probabilities, in which case the state is called a mixed state and described by a

density matrix (density operator) p defined by

p="> piltr) (Wl (1.6)
k

where k labels (pure) quantum states |¢;,) and py, is the statistical probability for the given
mixed state to be in the quantum state [¢;.) (more generally, the density operator is a
hermitian positive semi-definite operator with trace one). Graphically, the mixed state p
of a qubit is mapped to a vector inside the unit sphere drawn in Fig. 1.1, which is called

the Bloch vector, with the definition of the following statistical and quantum-mechanical



expectation (which is the generalization of Eq. (1.3)):
(@) = Tr[ap]. (1.7)

There is a one-to-one correspondence between the qubit density operator p and the Bloch

vector (&) via the above equation and the following:
p=I+(7) 5)/2. (1.8)
For the pure quantum state |+), for example, its density matrix is written as

oy =ty | 2 A (1.9
12 12 | |

and drawn as a point (z,y, z) = (1,0,0) on the Bloch sphere in Fig. 1.1. In contrast, a mixed
state of being in |0) and |1) with equal probabilities 1/2 is, which can also be described by

the classical bit b = 0,1 with randomness, given by

1/2 0 (0|
Pelassical = [|0) [1)] ) (1.10)
0 1/2 (1]

and is drawn as a point (z,y, z) = (0,0, 0) (i.e., the origin) in Fig. 1.1. The difference between
the quantum state Eq. (1.9) and the classical state Eq. (1.10) shows up in the off-diagonal
component of the density matrix, which is called the coherence in this context. Graphically,
the qubit is in a pure state when [(5)| = 1 and mixed when |(¢)| < 1, which can be due to
the loss of the coherence. In most of the real-world quantum applications, it is difficult to
preserve this off-diagonal component (coherence) over a long time, which is one of the major
challenges in quantum technologies.

We note that a general quantum state p can be detected as a pure or a mixed state by



checking the following quantity called a purity:

(purity) = Tr [,02} : (1.11)

When the state is pure, we obtain (purity) = 1, and when it is mixed, we obtain (purity) <
1. This captures how quantum (pure) the given state is.

So far, we have discussed the difference between a single classical bit and a single qubit.
However, the origin of the advanced computational power of quantum computation can be
found more concretely by focusing on multi-qubit case. Classically, when there are two bits,

we can represent one of the following four states with a two-bit register x:
r=00; x=01; x=10; = =11. (1.12)
On the other hand, the quantum state represented by two qubits is represented by
|1) = «|00) + B]01) + ~|10) + 0|11), (1.13)

where {a, 3,7,0} are complex numbers with (1[¢) = |a|? + |B]? + |7]? + |6]*> = 1. Note
that the state |ab) needs to be understood as a tensor product |ab) = |a) ® |b). Clearly,
the quantum state can represent a state of being |00), |01), |10), and |11) at the same time
as a superposition, which is the basis of the advantage over the classical bits that can only
represent one out of four states in Eq. (1.12) (with a caveat that the quantum states would
also take one of the four states under the measurement of the logical qubit states, which can
be treated cleverly in quantum algoriths [23]). When there are n qubits, quantum states
can represent 2" classical digital states at the same time as a superposition, which is the
manifestation of the quantum computational power.

We note that one critical property of the quantum multi-qubit state allowing the quantum

advantage is the existence of entanglement or entangled states. Entanglement is a special



correlation for a certain class of quantum states composed of two (or more) qubits, where the
state of the whole qubits cannot be described by specifying the quantum states of individual
qubits separately or by introducing the classical randomness (joint probability) into the same

number of classical bits. One example of the entangled state is the following Bell state:

[¥g) = (/00) +[11))/v2. (1.14)

For this state, there is a speciall correlation between the first and the second qubit: when the
first qubit is zero (one), the second one is also zero (one). Furtheremore, due to the existence
of the coherence, it is different from the state described by the classical joint probabilities.
In contrast to this entangled state, the non-entangled state, or the separable state, is written

as a tensor product:

¥) = laa) ® laB), (1.15)

where |g4) (Jap)) is the state of the left qubit A (right qubit B). More generally, a mixed

state described by a density operator p is called separable if it can be written as

p=3 " @), (1.16)
k
(4) (B)

where £ labels density matrix p;* and p;~ of the system A and B, respectively, with
probability pi. One of the metrics for checking if the given state p is entangled or not is the

entanglement negativity, based on the Peres-Horodecki criterion [24]:

(Negativity) = > |yl (1.17)
i‘/\i<0

where the summation runs over the index ¢ with \; < 0, which is the eigenvalue of the partial



transposed density operator:
p'B = (I®T)(p), (1.18)

where T represents the transpose. When the state is separable and written as Eq. (1.16),
due to the positive-semidefinite property of the density operator which is not affected by the
transposition operation, all the eigenvalues of pTB is positive, and therefore the negativity is
zero. On the other hand, when the negativity takes a non-zero positive value, it means the
partial transposed density operator has at least one negative eigenvalue and hence the state
is entangled.

Lastly, we note that there is a stronger and clearler manifestation of the non-classical
correlation of the entanglement called the violation of the Bell inequality [25, 26]. Although
the violation of this Bell inequality is sufficient but not necessary condition for a general
state to be entangled, it shows how two remote quantum bits can be quantum-mechanically
correlated in a way that a classical correlation cannot explain with a local realism. This has
been a clear manifestation of nontrivial quantum correlation in a given quantum system and

has been demonstrated experimentally in a variety of platforms in QISE [22, 27-30].

1.2 Quantum computing, communication, and sensing

There are three major categories of the applications of the quantum technology, i.e., quantum
computing, communication, and sensing. Quantum computing tries to use the quantum co-
herence and entanglement, as described in the previous section, to enable classically difficult
computational tasks more efficiently, such as prime factorization [31], database search [32],
and optimization [33, 34]. Quantum communication utilizes the non-classical quantum cor-
relation of the entangled qubits, together with the fact that the quantum state cannot be
copied, to realize fundamentally secure communications such as with quantum key distri-

bution [35]. Teleportation of quantum bits [36] and superdense coding [37] could also be
8



under the umbrella of the quantum communication, where information stored in quantum
or classical bits are sent between two nodes of communicators in a secure fashion with the
use of shared entangled qubits. Quantum sensing [38] exploits the fragility of the quantum
states to environment, especially the coherence, to enable high-precision and fast sensing
of a small changes in the surrounding physical quantities, such as the magnetic field. In
some schemes, entangled qubit states such as the Greenberger-Horne-Zeilinger state (often
abbreviated as the GHZ state) are used to further improve the sensitivity.

We note that these categories are not distinct. In the overlapping area of the quan-
tum computation and quantum communication, there are efforts to construct a network of
quantum computational nodes (quantum network) [39-41] using the techniques in quan-
tum communication, which will allow distributed quantum computating [42-44]. Similarly,
combination of the quantum communication and sensing techniques will allow distributed
sensing [45, 46]. Quantum sensing, or the qubit-based sensing in general, would be helpful
to characterize new quantum computational architectures, as the qubits in the system can
directly be used as a high-sensitivity sensor [47]. In Chapter 6 of this dissertation, we charac-
terize the hybrid-quantum system architecture to engineer a boson-mediated two-qubit gate
of spin qubits by probing the relaxation property of the qubit, which may also be regarded

as in the intersection of qubit-based sensing and quantum computation.



Chapter 2

The Nitrogen-Vacancy centers in

Diamond as a qubit platform

NV centers in diamond are known as one of the most promising qubit platforms. The NV
center is an isolated point defect in diamond consisting of a substitutional nitrogen atom and
an adjacent vacancy [see Fig. 2.1(a)]. Their optical accessibility and the long spin-coherence
time with relatively easy microwave control make NV centers an ideal testbed for quantum

information science, especially in sensing and communication applications.

2.1 Level structures

2.1.1 Optical transitions

NV center’s orbital (optical) level structures are shown in Fig. 2.1(b)[48, 49]. In this dis-
sertation, we only consider negatively charged NV centers in diamond except for Chapter 4.
The optical ground state (GS) of the NV center is orbital singlet and spin triplet (typically
labeled as 3A4y). The optical excited state (ES) is orbital doublet and spin triplet (typically
labeled as 3E). While the energy difference between GS and ES is approximately 1.945 eV

[637 nm, called a zero-phonon line (ZPL)], due to the phonon-assisted transition, transitions
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Figure 2.1: (a) Illustration of the nitrogen-vacancy (NV) center in diamond crystal. (b)
Optical level structure of the negatively charged NV center in diamond.

occurs under the illumination of a green laser (532 nm), which is widely used in the experi-
ments of NV centers. The photoluminescence spectra under a laser illumination are shown in
Chapter 4 and used for temperature sensing. The spectrum consists of a sharp zero-phonon
line at 637 nm and a wider phonon sideband in the range approximately from 600 nm to 850
nm.

One of the most practically important features of this optical level structure is the exis-
tence of the spin-dependent non-radiative (phonon-assisted) decay through the spin singlet
states via the intersystem crossing (ISC), which is drawn as the dashed arrow in Fig. 2.1(b).
The origin of this intersystem crossing is the spin-orbit interaction. This non-radiative de-
cay through the intersystem crossing occurs preferentially for mg = 0 state, leading to two
important consequences under the 532-nm laser irradiation (note that the laser induced
transitions and spontaneous decay have selection rules due to the standard interaction with
electromagnetic field, which conserves (does not change) the projection of the spin). One is
the spin initialization (optical pumping): GS population with ms = +1 (ms = 0) goes to
ms = +1 (ms = 0) states in ES under the 532-nm laser illumination and then more likely to
go to the ISC (undergo spontaneous emission) resulting in mg = 0 (ms = 0) spin state in GS
[Figs. 2.2(a) and (b)]. The other is the spin-dependent photoluminescence (PL). As ms = £1

states are more likely to go to the ISC than the mg = 0 state does, the PL for mg = +1
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Figure 2.2: (a) [lustration of NV center states under the illumination of a 532-nm laser
when the spin state is |mg = 0). (b) Hlustration of NV center states under the illumination
of a 532-nm laser when the spin state is |ms = +1). (c) Magnetic field dependence of the
NV center’s spin levels.

states is darker as compared to the mg = 0 state (for the time before the initialization is

finished)[cite Dohery] [Figs. 2.2(a) and (b)].

2.1.2 Spin Hamiltonian

As mentioned in the previous section, under the optical pumping, the NV center’s ground
state spin can be initialized to mg = 0 state. Here, the ground state spin Hamiltonian of the

NV center is given by:

—

Hyy = D(7- S)> ++B -

Uy

: (2.1)

where D = 27 x 2.87 GHz iszero-field splitting, n is the unit vector along the main symmetry
axis of the NV center, i.e., the displacement direction of the nitrogen and the vacancy
((111) direction of the diamond crystal), v = 27 x 2.8 MHz/G is the absolute value of the
gyromagnetic ratio, B is the external magnetic field, S is the spin-one operator of the NV
center’s electron spin, and we set A = 1.

In Fig. 2.2(c), we show the axial magnetic field B x i dependence the three spin levels.

Due to the zero-field splitting, the mg = +1 states and the mg = 0 state are not degenerate,
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and the energy separation is D. This makes the NV centers sensitive to the magnetic
field B and the zero-field splitting D, which is due to the crystal field and depends on
the temperature D = D(T) due to the lattice expansion and contraction as a function of
temperature T'. Furthermore, the NV is sensitive to electric field crystal strain. This is made
more explicit by writing the NV ground state Hamiltonian in the presence of electric field E

and the effective strain field &

o = S o = S o

Hny = (D(T)erﬂg-ﬁ) (ﬁ-S)2—8-<S- dJ_'S>+’YB‘Sa (2:2)
> d

d1="5 10600+ 0e0e), (2:3)

where d”,d | are coefficients describing the electric dipole moment, é+ = & £ 1y, £ and gy

are orthogonal to NV main symmetry axis n = 2z with an appropriate coordinate, and we
—

write the rank-three tensor d | to make the rotational symmetry explicit, i.e., rotating the

+i27/3

coordinate (z,y) by 27/3 around z axis results in the transformation é+ — éte and

?L—}VL.

2.2 Single qubit properties

The NV center has an excellent qubit properties such as coherence time (75 ), dephasing time
(T5), and lifetime (77). In the following sections, we review these properties of an NV center
as single qubit.

In a heuristic quantum mechanical argument, a wave function 1 (t) with frequency w may

evolve in time as, with some decay rate x,

W(t) = h(0)e WEHL (2.4)
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and the population of the state-1 will evolve as:

[D(B)7 = [$(0) . (2.5)

We immediately observe that the decay rate of the population 2x [Eq.(2.5)] is twice as fast as
the decay rate of the phase k [Eq. (2.4)]. The former is related to the T7 decay rate (lifetime,
longitudinal decay), while the latter is related to the T5 decoherence or T dephasing rate
(transverse decay rate). In fact, when taking into account the randomness in dynamic phase
evolution iwt, the transverse decay rate becomes faster than x, which leads to a typical

relation
(transverse decay rate) > (longitudinal decay rate) /2. (2.6)

In the following sections, we make this discussion more concrete using the two-level system.
For NV-center’s case, we typically restrict the consideration to two states of the spin-triplet

ground state, such as |mg = 0) = |g) and |ms = —1) = |e).

2.2.1 Longitudinal relaxation (77)

The longitudinal decay of a qubit can be captured by the following Lindblad master equation

Orp = —i[H, p] +>Llo-] p+7<Lo4] p, (2.7)

_ ApAt = L4
L{Alp = ApAT — 5 {ata,p}, (2.8)
where H = wle)(e| is the qubit Hamiltonian, o — [g){e|, o4 = (6_), and 7> (7<) is the

transition rate for |e) — |g) (|g) — |e)). As the density operator is one-to-one corresponding

to (&) = Tr[dp], it is sufficient to check the time evolution of this Bloch vector (F(t)) =

14



Tr[Gp(t)]. Solving the differential equation, we obtain

(o (1)) = (o))" = (g-(0)) e~ W= (1>+7<)t/2 (2.9)

(0:(1)) = ((02(0)) = 0eq) e~ (=T g, (2.10)
where o, = |e)(e| — |g)(g| and the equilibrium Bloch vector’s z component oeq is given by

Oeq = (7> — 7<)/ (7> +7<)- (2.11)

Thus, the longitudinal (77) decay rate is [from Eq. (2.10)]

/Ty = 9> + <. (2.12)

Additionally, the transverse (T») relaxation rate is [from Eq. (2.9)]

1Ty = (s + 7<) /2= L0 213

which is consistent with Eq. (2.6). The meaning of the two rates v~ and y< are made more

explicit by writing the rate equation for the population pee = (e|ple) and pgg = (g|p|9):

- +7 P
o, Pee _ > < ee . (2.14)

Pgg > < Pgg
This rate equation explicitly indicates that v~ and < are transition rates for |e¢) — |g) and
lg) — |e), respectively. For NV centers, at room temperature the 7 time can be as long as
6-7 ms [50, 51]. At lower temperatures, it improves orders of magnitudes [52, 53] and reaches

as long as 200 s at 10 K (see supplemental material of [52]).
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2.2.2 Dephasing and decoherence (75 and T5)

In the previous section, the longitudinal relaxation is accompanied by the transverse re-
laxation. Besides, due to a Markovian noise, there could be additional components for the
transverse relaxation. The pure transverse relaxation is reproduced by the following Lindblad

master equation:
. Vo
Op = —i[H, p| + 7£ [o2] p. (2.15)
In this case, the Bloch vector has time evolution of

(o (1)) = ({o4(1)))" = (o-(0)) e 7%, (2.16)

(o2(t)) = (02(0)) . (2.17)
Thus, the transverse relaxation rate is [from Eq. (2.16)]
1Ty =, (2.18)

and there is no longitudinal decay 1/77 = 0 from Eq. (2.17). Furthermore, adding the

contribution of Eq. (2.7) and Eq. (2.15), we obtain the equation of motion:
) 7
Op = —ilH. p + 7> L[0-] p+ <L o] p+ L 03] p. (2.19)
which results in

(- (1)) = ({o4(1))" = (o-(0)) e ° (2.20)

(0:(1)) = ({0:(0)) = 0eq) e > H19) 4 0. (221)
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Figure 2.3: (a) Illustration of random magnetic-field noise acting on the NV center. The
drawn random gate is U(b) = ¢~ ®(02/2)At with At = ¢/2N. (b) Schematic of a Hahn-echo
like dynamical decoupling sequence, where X gate (7 pulse) is applied at time ¢/2 and t¢.

This is the manifestation of Eq. (2.6), i.e.,

1/T
1/T2:7>—57< >7>+7<_ / 1

M R (2.22)

So far, we have reviewed the Th transverse decay of an exponential form, which is due
to Markovian phase noise. Alternative noise would a quasi-stationary frequency detuning
w — w + dw, where dw is independent of time in a single qubit time evolution but can take
random value in experiment to experiment. Working in the interaction frame (setting w = 0)
and assuming the distribution of dw is Gaussian with zero mean and variance o2, the average

time evolution of the transverse component becomes

(o-(1) = (o0-(0)) e~ i),

= {o_(0))e 7. (2.23)

Interestingly, we obtained different decay form of the transverse spin. This dephasing,
however, can be cancelled by adopting the dynamical decoupling sequence described in
Fig. 2.3(b). [Note that the drawn sequence is Hahn echo. The second pulse is not nec-
essary but shown for convenience. In the figure, we consider general time dependency of

the noise b(t)]. In this figure, the randomness in phase iwt is represented by a sequenctial
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application of a random gate U(b) = e~ "(02/2)AL where At = /2N [Fig. 2.3(a)]. When the
time-dependency of the random variable b(t) is independent of time b(t) = dw, then after

the dynamical decoupling sequence (Hahn echo), the contribution cancels out:

XU (b(tan)) U b (tn2) U bty 1) X = [Ub(tn)) - Ub(t2) U b (tr)] ", (2.24)

and we obtain (o0 (t)) = (¢—(0)), indicating that the noise is cancelled out. For more general

time-dependent noise, we have, for the free evolution:

(o (1)) = (o (0)) e~ o drb(T), (2.25)
and with the Hahn echo, we have:

(o (1)) = (o (0)) e~ Jo A, (2.26)

where A(t) = 1 for 0 < 7 < t/2 and A(7) = —1 for t/2 < 7 < t. The cancellation of the

noise would be imperfect due to the fast oscillating contribution. The averaging (---) can

be made more explicit for the zero-mean Gaussian noise case:
— 1 _1l > —
()= Z /D[b(t)]e 3 J oo dtrdtab(t1) K (th t2)b(t2)(. ), (2.27)

1 foo
where Z = fD[b(t)]e_ff—oo dtrdtab(t) K(t1=#2)b(t2) 45 pormalization constant, | D[b(t)] rep-
resents the path integral, and K (¢ — t9) is an appropriate integral kernel, which is roughly

the inverse matrix of the noise correlation S (t; —t9) = b(t1) b (t2) of form

/OO dto K (t1 —to) S (to —t3) = (t1 — t3). (2.28)

—0o0

For this Gaussian noise case, all the information is contained in this noise correlation S(t).
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This is made more explicit by computing the generating function G[J(7)]:

GlI(r)] = ¢ Jedrb(r)J(r) _ =3 [ 0 dtrdiad (t1)S (t1—t2)J (t2) (2.29)

As the Eqgs. (2.25) and (2.26) are both in the form of generating function, it is enough to
consider the above generating function with an appropriate choice of J(7). For example,
the free evolution [Eq. (2.25)] is the case with J(7) = ©(7)(t — 7) with the Heaviside step

function ©. Then we obtain
<O'_(t)> / <O'_ (0)> _ e—i fot drb(t) _ 6_%ff(§ dtldtQS(tl—tQ). (230)
When the noise is Markovian, we have S (t; —t2) = 2746 (t1 — t2) and obtain

(o-()) / (o-(0)) = ", (2.31)

When the noise is time independent, we have S (t; — t9) = ¢ and obtain

02t2

(- (1)) /{o-(0)) = e~ (2.32)

These equations [Eqgs. (2.31) and (2.32)] are consistent with Eqgs. (2.16) and (2.23). We
call the free (Ramsey) transverse decay time as a dephasing time (75) and the Hahn echo
or the dynamical decoupled transverse decay time as a decoherence time (7). For NV
center, T5 can be as good as 1.5 ms and (Hahn-echo) T can be as good as 2.4 ms at room

temperature [54].

2.2.3 Single-qubit gates

One convenient property of the NV center qubit is the control of its spin states with mi-

crowaves. Under microwave drive with frequency wgq, the phase offset , and the amplitude
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), the NV center’s Hamiltonian in the two states in the ground state reads:

Hny = wnvle)(e| + 200, cos (wqt + ¢) ,

Q

wnvle) (el + Q <a+e_i(wdt+‘p) + a_e+i(wdt+‘p)> : (2.33)

where in the second line we use the rotating-wave approximation. In the rotating frame

[Hay — V(E) [Hay — i0:] VIt) with V(1) = eatle){el] we obtain

Hyy = (wny —wa)le)(el +Q (o4e ™ + o_et7¢)

- MI + Q- 7, (2.34)

where we define the unit vector 7 and the rate  as

2

QO = \/(W)Q 02, (2.36)

The time-evolution operator under this drive becomes

n = (<M> Z 4 Q(Z cos p + ysin go)) /Q, (2.35)

U(t) = exp [—iHnyt] = exp {-i‘“’NVT_“’dt] (cos[§2] — i - & sin[O]), (2.37)

where the relation explifn - 6] = cos@ + i(n - &) sinf is used to obtain the last expression,
which can be shown in the same way as the proof of the Euler’s formula using the relation
(i - 7)® = —I. This gate U(t) is equivalent to the rotation along the direction 7 up to a

phase factor. This can be made more explicit by considering the transformation of the Pauli

operator vector ¢ under the rotation operator:
R . . ¢ A~ —
A(0) = exp —igh-d|. (2.38)
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As (7) is one-to-one corresponding to the single-qubit state, the following equation explicitly
show that the unitary operator R;(¢) represents the rotation around axis 7:

RL($)FR;(¢) = i1 - &) + cos p(—i x (7 x &) + sin (i x ). (2.39)

n

For on-resonant microwave wq = wyy and and with zero phase offset ¢ = 0, Eq. (2.37)
realizes the rotation around Z axis with angular frequency 2{2. With the choice of the
microwave duration Qt = /2, it becomes the X gate (X = |e)(g| + |g){e|) up to a factor —i.
Alternatively, by setting the phase to be ¢ = 7/2, it realizes the Y gate [Y = i(|g) (e|—|e)(g])]

up to a factor —i. This phase ¢ can be controlled by the IQ modulation of the microwaves.

2.3 Two-qubits gates

Surprisingly, it is not very trivial to perform two-qubit gates of NV centers in a scalable
fashion, although it is a building block of the quantum technology enabling access to the
entangled qubit’s subspace. There are two relatively well studied schemes of the NV-center
based two-qubit gates and entanglement generation. One of them is the use of the magnetic
dipole-dipole interaction, which lead to a controlled phase gate. In NV-center-nuclear spin
systems, this dipole-interaction based two qubit gates has been shown to be very promising
in quantum computation. However, this magnetic dipole-dipole interaction based two-qubit
gates limit the distance between two NV centers within tens of nanometers, and there is
a difficulty in scaling up in the number of qubits. The other scheme is the generation of
long-distance (> 1 meter) entanglement based on indistinguishable single photons detection,
with the use of the spin-to-photon interface of NV centers. This approach has been known
be promising for quantum communication research. However, generating entanglement does
not mean one has two-qubit gates. To promote the Bell-state generation to two-qubit gates,
in each nodes one needs to have access to a nuclear spin quantum memory with long spin-

coherence time, two-qubit gates between the NV center and the nuclear spin, single-shot
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readout of the NV center, and the nuclear spin’s single qubit gate based on the measurement
outcome of the NV state.

In the remainder of this chapter, we firstly review the two-qubit gates in other platform,
and then discuss the dipole-dipole interaction based and detection based two-qubit gate of

NV centers.

2.3.1 Two-qubit gates in other platforms

In this section, we briefly review the core concept behind the two-qubit gates in other plat-
forms. In a neutral atom qubit platform, the use of a highly excited atom’s Rydberg state
is the core of the two-qubit gates. Due to the spreading wave function of the Rydberg state,
the neighboring atoms cannot simultaneously occupy the Rydberg state (i.e., we need extra
energy to have two neighboring atoms in the Rydberg state). The total Hamiltonian of the

system is given by

H=| > wyle)iel+wrlr); (r] | + VIr)1(r| @ |r)2(r] + Ha, (2.40)
i=1,2

Ha= Y 20q,(t) cos (wat) (|r)i(1] + [1)i(r]), (2.41)
i=1,2

where wy is the excited qubit state energy, wg is the energy for the Rydberg state |r), V' is
the Rydberg blockade energy, €2q; is the drive amplitude for atom ¢ = 1,2, and wq is the
drive laser frequency. The term V indicates that there is an extra energy needed to excite
the second atom to the Rydberg state if the first atom is already in the Rydberg state. An
example driving pulse scheme for a two-qubit gate enabled by this Hamiltonian is shown
in Fig. 2.4(a). In this figure, firstly €; 4 is turned on with wq = wg — wq to perform a
7 rotation |€); — |r)1. If the first qubit’s state is |g), this pulse do nothing due to the
frequency mismatch. Then, €q 9 is turned on with wq = wr — wy to perform 27 rotation

le)o — |7)9 — |e)9. Importantly, if the first qubit is already in the Rydberg state, this drive
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Figure 2.4: (a) Illustration of a type of two-qubit gates in neutral atom platforms with
Rydberg interaction V. Gates (m-27-7) are applied to the qubit 1-qubit 2-qubit 1 ordering.
(b) Capacitively (C)or inductively coupled two LC circuits as an example of a two-circuit
interaction. The coupling capacitance C' and mutual inductance M are drawn. (c) Schematic
of the Mglmer-Sgrensen gate in a trapped ion plaform. Upper drawing shows the energy
diagram, where blue and red lines represent the blue and red detuned lasers, respectively,
and |n) is the phonon state. The lower drawing shows the spin dependent displacement of
the phonon coherent state |«) accumulating a geometric phase ®.

do nothing due to the energy increase V' (Rydberg blockade). Lastly, another 7 rotation is
applied to return the first qubit’s state from |r) to |e).

In a superconducting qubit platform, two-qubit gates are realized by a clever design and
control of lumped circuit elements. Although the consideration of a specific type of gates and
circuits are beyond our scope here, in Fig. 2.4(b) we illustrate how two LC circuits consti-
tuting harmonic oscillators, instead of anharmonic resonators (superconducting qubits), are
coupled capacitively or inductively. In the presence of these coupling circuit elements, the
original LC circuits’ resonant frequencies are modified. The left circuits’ current or voltage
can affect the right circuit’s current or voltage, which is enough to let us guess that more
advanced circuit designs can lead to two-qubit gates of superconducting qubits.

In a trapped ion platform, one convenient feature of the system is the coupling to low
frequency phonon modes in a drive-laser dependent manner, leading to multiple two-qubit
gates. In the following, we outline how one of such gates schemes, Mglmer-Sgrensen gate, is

performed with the use of this coupling to the low frequency phonon mode. The Hamiltonian
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describing the coupled system with two ions can be written as

H =Ho+ Hq, (2.42)

Ho = Z wqle)ile] + vala, (2.43)
i=1,2

Hq = 29Q(t) cos [z’kxo(aT +a)— iwdt] (05;1) + 04(52)) : (2.44)

where wy is the qubit frequency of state |e), v is the phonon frequency, a (a') is the phonon
annihilation (creation) operator, k is the wavenumber of the laser, x( is the zero-point motion
of the phonon, wy is the drive laser frequency, €2(t) is the drive laser amplitude, o, = 04+ +0_,
o_ = |g){e|, and o1 = (o). When applying bichromatic laser with frequency wq = wg 6
with 0 ~ v with the same drive amplitude €2, as shown in the upper drawning of Fig. 2.4(c),
and assuming that k for these two lasers are approximately the same, the drive Hamiltonian

in the interaction picture with Hy becomes :
Hy ~ Q(t) <e—i5t + €i5t> ein(ae—iut+aTeiut) <UE|—1) + Uf)) +H. c., (245)

where we drop fast oscillating terms proportional to eT2iwqt and define the Lamb-Dicke
parameter n = kzg. Under the condition n < 1, we can expand the exponential with
phonon creation and annihilation operators. As § ~ v, we keep terms proportional to e

with e = v — 9, and we obtain

Hq ~ —nQ(t) (ae_ld + aTei6t> Sy, (2.46)

(1, (2

where we define Sy = oy’ 40y’ with 0y = i(0— — o). The last term means there is a spin
(Sy) dependent force on the phonon mode, controlled by the laser amplitude €2(t). When

the laser drive amplitude is turned on Q(t) = €2 for ¢ > 0, the time evolution operator under
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this drive is

U(t) = Texp {—i /0 tder(T)],

- [I» (inQSyeiEtt”At> , (2.47)
n

where D(A) = exp [AaJr — ATa} is the displacement operator and in the second line we
divided the time-ordered integration into small increments with duration At. The last ex-
pression indicates a sequential application of the phonon displacement depending on the spin
Sy. The spin operator Sy takes a value of zero if the qubit state is | £ y)1| F y)2 and £2
when | £y)1|Ey)2, where | £y) is the eigenstate of oy,. Under an appropriate choice of laser
irradiation time ¢ = 27 /e, the phonon state comes back to the original state, accumulating a
spin-dependent geometric phase as shown in the lower drawing of Fig. 2.4(c). This is made

more explicit by writing

€ €

U(t) =D <@ (eiet - 1) Sy> exp

Z-(any)Q <t_ Sinet)] | (2.48)

The accumulated phase factor ¢'® when the state is | £y)1| £y)2 (Sy = £2) is given by
® = 27 (2nQ/€)?, (2.49)

which is the geometric phase drawn in Fig. 2.4(c). With a proper choice of €2 and ¢, one
achieves one type of a two-qubit gate called the Mglmer-Sgrensen gate. We have shown this
phonon-mediated gate in detail to compare it with the magnon-mediated gate discussed in

Chapter 5.
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2.3.2 Magnetic dipole-dipole interaction

In NV center platforms, a straightforward way to implement two-qubit gates is the use of
magnetic dipole-dipole interaction. This interaction also leads to remarkable demonstrations
of two qubit gates between a central NV center electron spin and surrounding nuclear spins.
Here we restrict our discussion to the NV-NV two-qubit gates. For two NV centers coupled

with magnetic dipole interaction, the system Hamiltonian is given by

. . o
H = Z ,Hl(\%/ + Snvi - A - Snves (2.50)
i=1,2
JT .
g Rk A (2.51)
47 rd

where 7-[1(\% is the NV Hamiltonian provided in Eq. (2.1), i = 1,2 labels the NVs, §NVi is
the spin operator of the NVi (i = 1,2), ? is the magnetic dipole-dipole interaction tensor,
712 is the displacement vector between the two NVs, and r is the distance between the two
NVs. Clearly, this magnetic dipole-dipole interaction is always on, so we need a clever way
to cancel the gate, instead of turning on the gate. To make it more explicit, we consider the
case where the two NV center’s main symmetry axis directions are different, 7 and 7/, and
the magnetic field is small such that the ground (first excited) state is |¢)1 &~ |Snyy -7 = 0)
(le)1 = |Snv1 - o = —1)) for NV1 and |g)g = |Sxva -7/ = 0) (le)2 ~ [Syya -7/ = —1))
for NV2. In this situation, the two NV centers have different resonant frequencies wyy; and
(2)

wyyy for the transitions [g)1 <> [e)1 and |g)2 <> |e)o, respectively. Dropping fast oscillating

terms and a constant term, the Hamiltonian in the subspace of our interest becomes

H= Z wl(\;{/’@i <€ H_Ann" €>1 <€| ® ‘€>2<€|7 (2.52)
=12
25 2 P N
moYy"n - (1—37“12@7“12) -n
App = An 3 . (2.53)
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Its energy scale €qj}, is characterized by the following

3
po(y)? 1 pm
p/h= B0~ (2mx 00510 Ho) x (—£= ) (2.54)
3
~ (mrx1924kH@><(30nm) , (2.55)
T

where we explicitly write the Dirac constant A here. Considering the coherence times of NV
centers, for the dipole-dipole interaction to be strong enough, the distance between two NVs
need to be tens of nanometers.

Although Eq. (2.52) represents controlled-R, type interaction, to perform two-qubit
gates, one needs a dynamical decoupling sequence to turn off the interaction at will. Fur-
thermore, when multiple qubits exist in the system, it is nontrivial to dynamically decouple
all spins except for a desired pair of qubits for the two-qubit gate. This is done in a NV-
center-nuclear-spin system remarkably well. However, in the following we illustrate how the
controlled-phase gate is performed between the two NV centers with dynamical decoupling,
for simplicity. Replacing Wl(\% +(4,,,) — wl(\%, and in the interaction picture, the two-qubit

dynamics is governed by
A
H:§£%9, (2.56)

where A = A,,,//2. The dynamical decoupling can be applied without turning off this

interaction, as shown in Fig. 2.5. This is made explicit by writing the time evolution operator:
A
U(t) = exp {—igagl)a?)t} . (2.57)

Due to the relation X1 XoH X X9 = H for the Hamiltonian provided in Eq. (2.56), where

X; is the X-gate for the NVi, we have the following property:

X1 XoU(t/2) X1 XoU(t/2) = U(t). (2.58)
27



El

NV a—B
RA(AAt RA(AAY) RAAAt RAAAt
NV 2 — — - — X — - — X
RA(-AAD RA(-AAD RA-AAD) RA(-AAD)

0 /2 t

Time

Figure 2.5: Illustration of two NV centers under a dynamical decoupling (Hahn-echo) se-
quence, where the two NV centers are interacting with a magnetic dipole-dipole interaction.

Note that in Fig. 2.5, we identify |e¢) = |0) and |g) = |1) for the representation of the
controlled gates. We use half-open (half-filled) circles for the conditional operation of |0) (|1))
(based on the quantum computing convention of ¢, this choice of |0) and |1) is appropriate,
though it may be confusing as it can be opposite to physics convention). We also note that,

if the second qubit’s m-pulse (X gate) is turned off, the interaction is cancelled:

X(U(t)2) X 1U(t)2) = I. (2.59)

Even in the current simple situation, Egs. (2.58) and (2.59) already suggest that by choosing
an appropriate dynamical decoupling sequence, one can turn on and off the controlled-phase
gate at will. Therefore, the only challenge to make this scheme scalable is the weak strength
of the magnetic dipole-dipole interaction that limit the NV-NV distance to be within tens

of nanometers.

2.3.3 Promoting Bell-state preparation to two-qubit gates

An alternative approach of two-qubit gate is the scheme based on the quantum commu-
nication technique with single-photon detection. NV center are known to host excellent

spin-photon interface. Using single photon detection, we can probabilistically create Bell
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state. The spin-photon entanglement is expressed by the evolution of

(VI=plgn + vBlen ) 10) = (VI=plohs + valehal ) 100, (2.60)
(VI=plg)2 + vBle)2) 10) > (VI=plgda+ Vlehoa) 100, (2:61)

where p is the probability of being in the excited state for each NVs, al-L

is the creation
operator of a photon at the NVi’s position (i = 1,2), and |0) is the vacuum state of photons.

These photons are guided into a beam splitter, and they become:

t ot

dl +d

al — % (2.62)
it
d —d

ab — 2 (2.63)

where dJ{ (d;) is the photon creation operator at the first (second) detector position. Com-

bining Eqs (2.60)-(2.63), we obtain

(VI=Plon +valen ) (VI=plod2 + vole)z) 10).

_>[( . /—( 1‘92;;9)”2)(1{

Tt o gl a0
+\/7< €)1lg)2 \/§| >1|€>2> di + ple)ile)s <M)] 0). (2.64)

This means that, upon the detection of only one photon in the detector, the wavefunction
will collapse to cither (le)1]g)2 + |g)1e)2)/v2 or (le)1]g)2 — [g9)1]e)2)/v2 depending on
which detector observed the single photon. In this way, the NV-NV entanglement has been
demonstrated over long distances on the order of meter to kilometers scale.

The Bell state creation can be promoted to a two-qubit gate of nearby quantum memories
if we have (I) a two-qubit gate between the NV and the quantum memory, (II) single shot
readout of the NV state, and (III) single qubit gate on the quantum memory based on the

measurement, outcome. To illustrate this, we assume the NV centers are entangled in the
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Nuclear spin 1

NV 1

(-1)mzn

NV 2

Nuclear spin 2

Figure 2.6: Quantum circuit representing how to promote the Bell-state generation into two-
qubit gates. Two NV centers are entangled with the detection of a single photon detection.
After two-qubit gate operations at each nodes, NV center’s spin state are read out, and based
on the measurement out come single-qubit gates are applied to the nuclear spin quantum
memory, forming a controlled-Z gate between two nuclear spins.

form

~100)e + [11)¢
lvB)e = — 75 (2.65)

after an appropriate gate on the NVs and with appropriate identification of |0) and |1) states
of the NV centers. The subscript e indicates the electron spin. We write the nearby nuclear
quantum memory’s quantum state as |u),1 and |v),2, where nl and n2 indicate the nuclear
spin label for the NV position 1 and 2, respectively, which we call as the communication
nodes. Controlled-Z gate between the two nuclear spin memory can be performed by taking

advantage of these entangled NV center electron spins by:

(i) Apply He(CZ) (Hadamard on the electron spin) on the node 1,
(ii) Apply He(CZ)He (= Cp,NOT¢) on the node 2,

(iii) Apply appropriate single-qubit gates based on the detection,

where the Hadamard gate is defined as

1 1 0
L0} 1) o 266)

H =

—_

|
—_
—
=

The quantum circuit representing these steps are shown in Fig. 2.6. Applying the gates (i)
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and (ii) to the electron-nuclear spin state |¢g), |1)n1|V)n2 with p, v = 0,1 results in

1 ‘
UlYB)e W)n1|V)n2 = 2 Z exp [@Wdu,(m@l)dv,(n@l) imn)elm)n1[ving,  (2.67)

nm

U = [He(CZ)]; (CnNOTe)s, (2.68)

where & indicates the addition modulo two. This is gate operation is made more explicit by

writing:

U 1), 0t 02 = 5H00) + [01) + [10) — [11)Jel0)t 0ha, (269
U1B)e Ohnt [ = 5H00) + [01) = [10) + [1)Jel0)t [, (270
U 1) Dt 02 = H00) — [01) +10) 4 1]l 00, (27)
U Y [t [ = 5(-100) + [01) +10) + 1]l [ (272

As described in (iii), based on the measurement outcome m (n) of the first (second) electron

spin, we can apply the following correction gate U(Sg?;”) to the nuclear spins:

Ut = (—1)" 23 73, (2.73)
Then we obtain the C'Z gate because

U exp (176, (et mony | 1dnlvhn = exp [i78,,10,1] ubalv)a. (2.74)
Combining Eqs. (2.67), (2.74), and the single-shot detections of the two electron spin states,
two-qubit gate between the two nuclear spins are realized at long distances. This is more
efficient than teleporting the quantum state from the node 1 to the node 2, applying a

two-qubit gate at the node 2, and teleporting back the state from the node 2 to the node 1.
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Chapter 3

Quantum Mechanics: Boson-mediated

interaction of qubits

In this chapter, we review multiple derivations of virtual boson mediated qubit interactions,
including the self-interaction and the two-qubit interaction. Typically, we have the following

total Hamiltonian of the interacting system under the rotating-wave approximation

H = ws Z le);(e| + Z wj ]b +Z< baJr —|—Hc> (3.1)

i=qubit label j=boson label

where wg is the qubit frequency, |g); (|e);) is the ground (excited) state of the qubit labeled by
i, wj s the boson frequency with label j, bJr (bj) is the boson creation (annihilation) operator
with the commutation relation [bjp b} | = Ojyjas 9 ( ) is the qubit-boson coupling constant,
and agf) = |e);{g|. For example, when the boson has a continuum of three-dimensional

modes with momentum /wave-vector label k, we can replace

Z—n/ / dkg, Vb = by Vg gD, (3.2)
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with the commutation relation [bkl,bL2] = (27m)36(k; — ko), where V is the volume of the
real space where the Fourier transform is performed. Then the full Hamiltonian [Eq. (3.1)]

turns into

dk dk i i
Hew, Y ye>i<ei+/kablibk+;/w<gfjbkai>+H. o). (33)

i= qubit label

In the following sections, we will consider
1. Exactly diagonalizable situation (Jaynes-Cummings model),
2. Schrieffer-Wolff transformation,

3. Diagrammatic approach,

4. Lindblad master equation under Born-Markov approximation,

for one-qubit and two-qubit cases.

3.1 Single qubit case (self-interaction and decay dissi-

pation)

3.1.1 Exactly diagonalizable situation (Jaynes-Cummings model)

Firstly, we consider the one-qubit and one boson case, which is diagonalizable. We encounter
the self-interaction of the qubit mediated by the boson. The reason for the terminology ”self-
interaction” should be understood in the Feynman-diagrammatic sense (Sec. 3.1.3). In this

case, the total Hamiltonian reads:
H = wsle)(e|] + wbbTb +g (ba+ + bT0_> : (3.4)
where we have applied the gauge transformation b — bet? (bJr — bTe_i9> such that the

coupling g is real and positive, and wy, is the boson frequency. As this commutes with the total
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excitation number operator N = |e)(e| + bTb, i.e., [H,N] = 0, we can block diagonalize the
Hamiltonian with the projector P, onto the subspace of the eigenspace of N with eigenvalue
n. As the subspace onto which P, projects is spanned by {|g,n),|e,n — 1)} (for n > 1), we
obtain:

ws+(n—1)w n e,n—1
Ho= Sl 1) Jgmy) | 0D VRe ety

n>1 Vng nwp, (g,7]
= > llen—1) [g.n)]
n>1
Wg — W <67 n— 1|
[ ( nwy + 222 I+ ((ws —wp) /2) T2 + Vg7 ,(3.5)
(( b 2 ) b ) (g,n]

where [ is the 2x 2 identity matrix, |g, n) (e, n)) is the state with ground (excited) state qubit
and n bosons, and {7, 7y, 7} are Pauli matrices. The eigenenergies of this Hamiltonian are

0 (for |g,0)) and €, + with

Ws + wp

+ sgn (w5 — wp) /(s — wp) /212 + g2,

ws +wy [ws—wb ng? }

en+ = (n—1)w,+

Q

-1 3.6
(n— Dy + 227 e (3.6

where in the second line we assume /ng < |w, — ws|/2 and the existance of sgn(ws — wp)

in the first line is merely for the sign convention of the definition. Writing the energies of

0

the states |e,n) and |g,n) in the absence of the coupling g as E|€ "

) = (n — 1wy + ws and

Eﬁq n) = b, respectively, the two energies €, 4+ in Eq. (3.6) can be written as
n-1g*> ¢
g0 ( 3.7
€n,+ |e,n71> + Ws — Wy + ws — wb’ ( )
2
n
en ~ B0 9 (3.8)
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In fact, the first one [Eq. (3.7)] has the eigenstate approximately equal to |e,n — 1) and the
second one [Eq. (3.8)] has the eigenstate approximately equal to |g,n). Therefore, we find
that, for the weak coupling condition \/ng < |ws —wp|/2, the eigenenergies are modified due
to the coupling g as

0 0
E ) — E\e,n) + Xstark + XLamb >

le,n

Eﬁg»n> - Eﬁgﬂ@) - EStark ) (39)

where we define the Lamb shift Yy .., and the Stark shift Xg;,,) as follows:

5 _ g 3.10
Lamb = Ws—wb’ (3.10)
2
_ ng
LStark = ws — Wy (3.11)
S

The Lamb shift >y, is due to the self-interaction of the qubit mediated by the boson
(Sec. 3.1.3). The Stark shift term Xg, can be understood as the frequency modulation
due to the alternating-current (a.c.) stark effect caused by n bosons, i.e., n bosons drive the
qubit with a far detuned condition. More specifically, if we prapare a coherent state |3) of
the boson at time ¢ = 0 such that b|5) = §|5) with real positive 3, and if we ignore the back

action to the boson from the qubit, we obtain
(H(0)) = (BIH(0)15) = wile)e] + @ (7ye7 0 4 et (312)

in the interaction picture of the bosons, where we define g5 = Q. In the rotating frame [i.e.,

|0(t))p = U(r)|(t)) with U(t) = exp(iwpt|e)(e|)], this Hamiltonian transforms into

(H(O)r = U(0) (K1) =0 UT (1) = (ws — wp) le){e] + Q (04 +0-). (3.13)

35



Its eigenenergies €n12 are [the subscript (R) stands for the rotating frame] given by

2
(R Ws — W Ws — W
57(11 = sTbngﬂ(Ws—Wb)\/<sTb) +02,

2
:m 2
iy
2
°
H_

(3.14)
where €n‘i)_(9 =0) = ws—wyp and €£f_)(Q = 0) = 0 are the eigenenergies in the absence of the
drive €2 = 0, and in the second line we approximate the first line assuming the large detuning
Q < ws —wp|/2 and use Q = g with the mean boson number (n) = |3|2. Comparing
Eq. (3.14) with Egs. (3.11) and (3.9), it makes sense to call the terms +ng?/(ws — wp) as
the Stark shift.

3.1.2 Schrieffer-Wolff transformation

When there are multiple boson modes, one may need to apply some approximations to ob-
tain the Stark shift and the Lamb shift. One way to obtain them is to use the second-order
perturbation, but in this section we take another approach using the unitary transformation
called the Schrieffer-Wolff transformation. Schrieffer-Wolff transformation is used, for exam-
ple, to derive the phonon-mediated electron-electron interaction Hamiltonian in the study of
the superconductivity [55]. The strength of this transformation is that we obtain the effective
Hamiltonian of the system, in contrast to the second-order perturbation case where we only
obtain the energy shifts (and the changes in states), which is less convenient. Additionally,
when truncating higher-order terms in the expansion of the Schrieffer-Wolff transformation,
this approach leads to the same result as that in the second order perturbation.

The Schrieffer-Wolff transformation is the unitary transformation of the full Hamiltonian

H = Hy + V, where Hj is the unperturbed Hamiltonian and V' is the perturbation, of the
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form:

1
H = SHe ™S =H+[SH + SIS, S H]+- (3.15)

[Ho, S] =V, (3.16)

where we use the Baker-Campbell-Hausdorff (BCH) formula to obtain the series in Eq. (3.15).

Dropping higher-order terms of order O(V3), we obtain
l 1
H %HO"i_Heff ;Heff - §[S,V], (3'17)

where Hqg is the effective Hamiltonian. To solve for the operator S satisfying Eq. (3.16),
it is convenient to use the interaction picture Of(t) = etHot@e=iHot - Then the condition

Eq. (3.16) turns into
—10¢S1(t) = Vi(t). (3.18)

Assuming that the interaction is adiabatically turned on and off from ¢t = —oc and t = oo,
as is typiucally done in the quantum field theory and many-body condensed matter physics

[56, 57], we obtain by integrating from —oo to t:

t
Sy(t) =i / Vi (7). (3.19)
—0o0
Therefore, the operator S reads
0
S = Sy(t=0) = z/ dr vy (), (3.20)
—0o0

and the effective Hamiltonian becomes

0
Hyg = / at [Vy(1), V1(0)] (3.21)



Note that this takes the form of the advanced Green’s function [58], except for the presence

of the boson bath expectation (---) = Trpg[- - - Rg] with the boson density matrix Ry:

iGH4(1) = —0(=1) ([Br(t), AL(0)]), (3.22)
G4 ] = / TG (e, (3.23)

where 6(t) is the Heaviside step function. In our case of one qubit coupled to multi-mode

bosons, we can identify:

H = Hy+V, (3.24)
Ho = wsle){el + > wiblb;, (3.25)
j
V= Zgjbjcr+ + g}‘b}a_. (3.26)
j

From Eq. (3.19), the operator S appearing in the Schrieffer-Solff transformation in the in-

teraction picture reads

t .
Sr(t) = Z/ dt Zgjbj0+6_z(wj_ws)T+ H.c |,

—00 j

2 gibjore (i)t

. — He. (3.27)
Ws — wj + 11

J

where 7 — +0. Assuming the case with no on-resonant bosons w; # ws, we obtain
gjbjo+
S =57100) = ———— — H.c. 3.28
10 =32 S - He (3.25)

We can directly compute and confirm that Eq. (3.16) is satisfied for this choice of S. Then
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the effective Hamiltonian can be computed as

Hy i [0 dt[B_(t), E23+(0)] clwst