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Abstract

Nitrogen-vacancy (NV) centers in diamond have been known as excellent solid-state qubit

platforms in quantum information science. Hybrid quantum systems of NV centers and

magnetic insulator materials are of particular interest in recent years due to their great

potential in computing and sensing applications. In this dissertation, we explore several

experimental and theoretical aspects of the hybrid (or composite) quantum system of NV

centers and yttrium iron garnet (YIG). YIG is a ferrimagnetic insulator material extensively

studied in the field of spintronics and magnonics. It shows exceptionally low magnetic

damping that leads to nontrivial magnon related phenomena such as the spin Seebeck effect.

The first section of this dissertation focuses on the fundamentals of quantum physics.

Chapter 1 provides an introduction to quantum information science and engineering. Chap-

ter 2 describes the basics of NV centers. Chapter 3 features the concept of boson-mediated

interaction of qubits.

In Chapter 4, we show that the NV center can serve as a nanoscale temperature probe of

the YIG substrate and is potentially useful for the study of the spin Seebeck effect. Employ-

ing an all-optical ratiometric thermometry technique, we find that the NV-based temperature

sensing can function down to liquid nitrogen temperatures without a deterioration of its tem-

perature sensitivity, which is ideal for the sensing application of YIG. With an array of NV

centers embedded into a polymer membrane, we map out a temperature gradient of YIG as

a demonstration of this all-optical temperature sensing.

Chapter 5 pursues a potential of the hybrid quantum architecture of NV centers and

xii



magnons in YIG, with the expectation that long-distance two-qubits gates of NV centers

will be enabled. We perform a theoretical study of a practical hybrid quantum system of

NV centers interacting with magnons in YIG waveguide and bar structures. With both

a semi-analytic analysis and a numerical analysis, we construct a framework to compute

the NV-magnon coupling strength and the NV-NV effective coupling strength mediated by

magnons. This will guide future experiments and device fabrications.

Lastly in Chapter 6, we use a diamond membrane that hosts ensemble of NV centers

placed on top of a YIG slab and experimentally explore the coupling between the NV centers

and magnons. We employ a device geometry where surface spin waves are prominent and

are expected to interact with NV centers efficiently. With the longitudinal relaxometry

experimental measurements, we estimate the NV-magnon coupling strength in terms of the

real part of the self-susceptibility of an NV center mediated by magnons. This scheme of

experimentally characterizing the hybrid quantum system’s relevant parameters will be of

great use in future exploration of the NV-magnon hybrid quantum architectures.
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Chapter 1

An emerging field of quantum

information science and engineering

In the past few decades, the field of quantum information science and engineering (QISE) has

witnessed significant advances in both theories and experiments based on various physical

realizations, including photons in linear optics [5–7], trapped ions [8–10], neutral atoms [11–

13], superconducting qubits [14–16], quantum dots [17–19], and dopants/defects in solids [20–

22]. To utilize the full capabilities of quantum physics in applications such as computing,

communication, and sensing, the field of QISE has tied together multiple previously distinct

communities of science in a common interdisciplinary field. For example, speaking different

technical languages, researchers of optical computers, physicists studying atomic or molecular

structures, engineers of semiconductor devices, and scholars of nuclear magnetic resonances

may not sit together to discuss the same scientific topic effectively without the field of

QISE. Now, they are collectively working to achieve a common goal with their idiosyncratic

yet complementary approaches and specialties. This interdisciplinary nature of QISE has

certainly boosted the remarkable recent development in quantum technologies [10, 13, 16].
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1.1 Quantum advantage over classical technologies

Quantum technologies take advantage of what appears to be an underlying layer of the

physical world described by the quantum physics and promote its fundamental features into

applications. Based on the laws of quantum physics, wave functions, instead of probabil-

ity distributions, are the fundamental unit that represents the physical world. Although

the wave functions themselves are not directly observable, they construct probability distri-

butions for measurement outcomes of arbitrary measurements. Therefore, we refer to this

structure as the underlying layer, the feature of which is sometimes phrased as “the strange

property of quantum mechanics”. The very fact that the physical state is represented by the

wave functions, together with the special characteristics of the wave functions, is essentially

the basis of the advanced computational power of the quantum computing, security of the

quantum communication, and the high precision of the quantum sensing.

The comparison between the quantum and classical technologies are made more explicit

by highlighting the comparison between the quantum and classical computation as an ex-

ample. In classical computation, the fundamental unit of information is represented by a

binary quantity called a bit b, which takes either zero (false) or one (true):

b = 0; b = 1. (1.1)

In contrast in quantum computation, where physical states are represented by vectors in a

Hilbert space written as | · · · 〉, the fundamental unit of information is a quantum bit |q〉

which can be a sum (superposition) of two orthogonal unit vectors representing the zero and

one classical states |0〉 and |1〉, respectively:

|q〉 = α|0〉+ β|1〉, (1.2)

where α and β are complex numbers. As the physical states are more specifically described

2



by the ray of the vector |q〉, we can impose the normalization condition 〈q|q〉 = (α∗〈0| +

β∗〈1|)(α|0〉 + β|1〉) = |α|2 + |β|2 = 1, where 〈· · · | is a dual vector of | · · · 〉, and eliminate

overall phase factor by identifying |q〉 ↔ eiθ|q〉 for real number θ and i =
√
−1. Eliminating

two degrees of freedom out of the four degrees of freedom of the two complex numbers (α and

β) allows us to map the qubit state into a point on a unit sphere in the three-dimensional

real space as shown in Fig. 1.1. In this figure, the vector 〈~σ〉 points to a position on the unit

sphere and is calculated from the qubit state |q〉 via the quantum-mechanical expectation:

〈~σ〉 = 〈q|~σ|q〉, (1.3)

~σ = x̂σx + ŷσy + ẑσz, (1.4)

where we define coordinate independent Pauli operators:

σx = [|0〉 |1〉]

 0 1

1 0


 〈0|
〈1|

 ,
σy = [|0〉 |1〉]

 0 −i

i 0


 〈0|
〈1|

 , (1.5)

σz = [|0〉 |1〉]

 1 0

0 −1


 〈0|
〈1|

 .
This is clearly different from the classical bit: the quantum bit is represented by a point

on the sphere while the classical bit takes binary value. The sphere in Fig. 1.1 is called the

Bloch sphere.

There are a few points to be addressed to avoid confusion on the distinction between

the quantum and classical states. One may suspect, for example, that the quantum state

is more like an analog state because Eq. (1.2) and Fig. 1.1 seem to be parametrized by a

continuous variables. This is inaccurate, as measurements of the qubit state result in binary

outcomes: if we measure the quantity σz for the qubit state |q〉, we find the qubit is either

3



x

y

z

1

0

Figure 1.1: Bloch sphere and the vector 〈~σ〉 representing the quantum state.

in the state |0〉 or in the state |1〉 with probabilities |〈0|q〉|2 and |〈1|q〉|2, respectively. In a

sense, a quantum state is an intermediate object of classical digital and analog states, which

is essentially the particle-wave duality. For example, the measurement of σz for the state

|q〉 = (|0〉 + |1〉)/
√

2 ≡ |+〉 results in the outcomes of σz = 1 (i.e., the qubit state is |0〉)

and σz = −1 (i.e., the qubit state is |1〉) with equal probabilities 1/2. This qubit state |+〉

is sometimes called as a state which is 0 and 1 at the same time, or the superposition of 0

and 1. One should not confuse this superposition and a classical state with randomness or

statistical probabilities. In fact, one can add classical statistical probabilities on top of the

quantum probabilities, in which case the state is called a mixed state and described by a

density matrix (density operator) ρ defined by

ρ =
∑
k

pk |ψk〉 〈ψk| , (1.6)

where k labels (pure) quantum states |ψk〉 and pk is the statistical probability for the given

mixed state to be in the quantum state |ψk〉 (more generally, the density operator is a

hermitian positive semi-definite operator with trace one). Graphically, the mixed state ρ

of a qubit is mapped to a vector inside the unit sphere drawn in Fig. 1.1, which is called

the Bloch vector, with the definition of the following statistical and quantum-mechanical

4



expectation (which is the generalization of Eq. (1.3)):

〈~σ〉 = Tr[~σρ]. (1.7)

There is a one-to-one correspondence between the qubit density operator ρ and the Bloch

vector 〈~σ〉 via the above equation and the following:

ρ = (I + 〈~σ〉 · ~σ)/2. (1.8)

For the pure quantum state |+〉, for example, its density matrix is written as

ρ|+〉 = [|0〉 |1〉]

 1/2 1/2

1/2 1/2


 〈0|
〈1|

 , (1.9)

and drawn as a point (x, y, z) = (1, 0, 0) on the Bloch sphere in Fig. 1.1. In contrast, a mixed

state of being in |0〉 and |1〉 with equal probabilities 1/2 is, which can also be described by

the classical bit b = 0, 1 with randomness, given by

ρclassical = [|0〉 |1〉]

 1/2 0

0 1/2


 〈0|
〈1|

 , (1.10)

and is drawn as a point (x, y, z) = (0, 0, 0) (i.e., the origin) in Fig. 1.1. The difference between

the quantum state Eq. (1.9) and the classical state Eq. (1.10) shows up in the off-diagonal

component of the density matrix, which is called the coherence in this context. Graphically,

the qubit is in a pure state when |〈~σ〉| = 1 and mixed when |〈~σ〉| < 1, which can be due to

the loss of the coherence. In most of the real-world quantum applications, it is difficult to

preserve this off-diagonal component (coherence) over a long time, which is one of the major

challenges in quantum technologies.

We note that a general quantum state ρ can be detected as a pure or a mixed state by
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checking the following quantity called a purity:

(purity) = Tr
[
ρ2
]
. (1.11)

When the state is pure, we obtain (purity) = 1, and when it is mixed, we obtain (purity) <

1. This captures how quantum (pure) the given state is.

So far, we have discussed the difference between a single classical bit and a single qubit.

However, the origin of the advanced computational power of quantum computation can be

found more concretely by focusing on multi-qubit case. Classically, when there are two bits,

we can represent one of the following four states with a two-bit register x:

x = 00; x = 01; x = 10; x = 11. (1.12)

On the other hand, the quantum state represented by two qubits is represented by

|ψ〉 = α|00〉+ β|01〉+ γ|10〉+ δ|11〉, (1.13)

where {α, β, γ, δ} are complex numbers with 〈ψ|ψ〉 = |α|2 + |β|2 + |γ|2 + |δ|2 = 1. Note

that the state |ab〉 needs to be understood as a tensor product |ab〉 = |a〉 ⊗ |b〉. Clearly,

the quantum state can represent a state of being |00〉, |01〉, |10〉, and |11〉 at the same time

as a superposition, which is the basis of the advantage over the classical bits that can only

represent one out of four states in Eq. (1.12) (with a caveat that the quantum states would

also take one of the four states under the measurement of the logical qubit states, which can

be treated cleverly in quantum algoriths [23]). When there are n qubits, quantum states

can represent 2n classical digital states at the same time as a superposition, which is the

manifestation of the quantum computational power.

We note that one critical property of the quantum multi-qubit state allowing the quantum

advantage is the existence of entanglement or entangled states. Entanglement is a special
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correlation for a certain class of quantum states composed of two (or more) qubits, where the

state of the whole qubits cannot be described by specifying the quantum states of individual

qubits separately or by introducing the classical randomness (joint probability) into the same

number of classical bits. One example of the entangled state is the following Bell state:

|ψB〉 = (|00〉+ |11〉)/
√

2. (1.14)

For this state, there is a speciall correlation between the first and the second qubit: when the

first qubit is zero (one), the second one is also zero (one). Furtheremore, due to the existence

of the coherence, it is different from the state described by the classical joint probabilities.

In contrast to this entangled state, the non-entangled state, or the separable state, is written

as a tensor product:

|ψ〉 = |qA〉 ⊗ |qB〉, (1.15)

where |qA〉 (|aB〉) is the state of the left qubit A (right qubit B). More generally, a mixed

state described by a density operator ρ is called separable if it can be written as

ρ =
∑
k

pkρ
(A)
k ⊗ ρ(B)

k , (1.16)

where k labels density matrix ρ
(A)
k and ρ

(B)
k of the system A and B, respectively, with

probability pk. One of the metrics for checking if the given state ρ is entangled or not is the

entanglement negativity, based on the Peres-Horodecki criterion [24]:

(Negativity) =
∑
i|λi<0

|λi| , (1.17)

where the summation runs over the index i with λi < 0, which is the eigenvalue of the partial
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transposed density operator:

ρTB = (I ⊗ T )(ρ), (1.18)

where T represents the transpose. When the state is separable and written as Eq. (1.16),

due to the positive-semidefinite property of the density operator which is not affected by the

transposition operation, all the eigenvalues of ρTB is positive, and therefore the negativity is

zero. On the other hand, when the negativity takes a non-zero positive value, it means the

partial transposed density operator has at least one negative eigenvalue and hence the state

is entangled.

Lastly, we note that there is a stronger and clearler manifestation of the non-classical

correlation of the entanglement called the violation of the Bell inequality [25, 26]. Although

the violation of this Bell inequality is sufficient but not necessary condition for a general

state to be entangled, it shows how two remote quantum bits can be quantum-mechanically

correlated in a way that a classical correlation cannot explain with a local realism. This has

been a clear manifestation of nontrivial quantum correlation in a given quantum system and

has been demonstrated experimentally in a variety of platforms in QISE [22, 27–30].

1.2 Quantum computing, communication, and sensing

There are three major categories of the applications of the quantum technology, i.e., quantum

computing, communication, and sensing. Quantum computing tries to use the quantum co-

herence and entanglement, as described in the previous section, to enable classically difficult

computational tasks more efficiently, such as prime factorization [31], database search [32],

and optimization [33, 34]. Quantum communication utilizes the non-classical quantum cor-

relation of the entangled qubits, together with the fact that the quantum state cannot be

copied, to realize fundamentally secure communications such as with quantum key distri-

bution [35]. Teleportation of quantum bits [36] and superdense coding [37] could also be
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under the umbrella of the quantum communication, where information stored in quantum

or classical bits are sent between two nodes of communicators in a secure fashion with the

use of shared entangled qubits. Quantum sensing [38] exploits the fragility of the quantum

states to environment, especially the coherence, to enable high-precision and fast sensing

of a small changes in the surrounding physical quantities, such as the magnetic field. In

some schemes, entangled qubit states such as the Greenberger-Horne-Zeilinger state (often

abbreviated as the GHZ state) are used to further improve the sensitivity.

We note that these categories are not distinct. In the overlapping area of the quan-

tum computation and quantum communication, there are efforts to construct a network of

quantum computational nodes (quantum network) [39–41] using the techniques in quan-

tum communication, which will allow distributed quantum computating [42–44]. Similarly,

combination of the quantum communication and sensing techniques will allow distributed

sensing [45, 46]. Quantum sensing, or the qubit-based sensing in general, would be helpful

to characterize new quantum computational architectures, as the qubits in the system can

directly be used as a high-sensitivity sensor [47]. In Chapter 6 of this dissertation, we charac-

terize the hybrid-quantum system architecture to engineer a boson-mediated two-qubit gate

of spin qubits by probing the relaxation property of the qubit, which may also be regarded

as in the intersection of qubit-based sensing and quantum computation.
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Chapter 2

The Nitrogen-Vacancy centers in

Diamond as a qubit platform

NV centers in diamond are known as one of the most promising qubit platforms. The NV

center is an isolated point defect in diamond consisting of a substitutional nitrogen atom and

an adjacent vacancy [see Fig. 2.1(a)]. Their optical accessibility and the long spin-coherence

time with relatively easy microwave control make NV centers an ideal testbed for quantum

information science, especially in sensing and communication applications.

2.1 Level structures

2.1.1 Optical transitions

NV center’s orbital (optical) level structures are shown in Fig. 2.1(b)[48, 49]. In this dis-

sertation, we only consider negatively charged NV centers in diamond except for Chapter 4.

The optical ground state (GS) of the NV center is orbital singlet and spin triplet (typically

labeled as 3A2). The optical excited state (ES) is orbital doublet and spin triplet (typically

labeled as 3E). While the energy difference between GS and ES is approximately 1.945 eV

[637 nm, called a zero-phonon line (ZPL)], due to the phonon-assisted transition, transitions
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Figure 2.1: (a) Illustration of the nitrogen-vacancy (NV) center in diamond crystal. (b)
Optical level structure of the negatively charged NV center in diamond.

occurs under the illumination of a green laser (532 nm), which is widely used in the experi-

ments of NV centers. The photoluminescence spectra under a laser illumination are shown in

Chapter 4 and used for temperature sensing. The spectrum consists of a sharp zero-phonon

line at 637 nm and a wider phonon sideband in the range approximately from 600 nm to 850

nm.

One of the most practically important features of this optical level structure is the exis-

tence of the spin-dependent non-radiative (phonon-assisted) decay through the spin singlet

states via the intersystem crossing (ISC), which is drawn as the dashed arrow in Fig. 2.1(b).

The origin of this intersystem crossing is the spin-orbit interaction. This non-radiative de-

cay through the intersystem crossing occurs preferentially for ms = 0 state, leading to two

important consequences under the 532-nm laser irradiation (note that the laser induced

transitions and spontaneous decay have selection rules due to the standard interaction with

electromagnetic field, which conserves (does not change) the projection of the spin). One is

the spin initialization (optical pumping): GS population with ms = ±1 (ms = 0) goes to

ms = ±1 (ms = 0) states in ES under the 532-nm laser illumination and then more likely to

go to the ISC (undergo spontaneous emission) resulting in ms = 0 (ms = 0) spin state in GS

[Figs. 2.2(a) and (b)]. The other is the spin-dependent photoluminescence (PL). As ms = ±1

states are more likely to go to the ISC than the ms = 0 state does, the PL for ms = ±1

11



GS

(b)(a)

Singlet

states

(c)
ES

ms=0

ms=-1

ms=+1

Energy

Magnetic Field

D

ms=+1

ms=-1

ES

ms=0

ms=+1

ms=-1

ms=0

Figure 2.2: (a) Illustration of NV center states under the illumination of a 532-nm laser
when the spin state is |ms = 0〉. (b) Illustration of NV center states under the illumination
of a 532-nm laser when the spin state is |ms = ±1〉. (c) Magnetic field dependence of the
NV center’s spin levels.

states is darker as compared to the ms = 0 state (for the time before the initialization is

finished)[cite Dohery] [Figs. 2.2(a) and (b)].

2.1.2 Spin Hamiltonian

As mentioned in the previous section, under the optical pumping, the NV center’s ground

state spin can be initialized to ms = 0 state. Here, the ground state spin Hamiltonian of the

NV center is given by:

HNV = D(n̂ · ~S)2 + γ ~B · ~S, (2.1)

where D = 2π×2.87 GHz iszero-field splitting, n̂ is the unit vector along the main symmetry

axis of the NV center, i.e., the displacement direction of the nitrogen and the vacancy

(〈111〉 direction of the diamond crystal), γ = 2π × 2.8 MHz/G is the absolute value of the

gyromagnetic ratio, ~B is the external magnetic field, ~S is the spin-one operator of the NV

center’s electron spin, and we set ~ = 1.

In Fig. 2.2(c), we show the axial magnetic field ~B ∝ n̂ dependence the three spin levels.

Due to the zero-field splitting, the ms = ±1 states and the ms = 0 state are not degenerate,
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and the energy separation is D. This makes the NV centers sensitive to the magnetic

field ~B and the zero-field splitting D, which is due to the crystal field and depends on

the temperature D = D(T ) due to the lattice expansion and contraction as a function of

temperature T . Furthermore, the NV is sensitive to electric field crystal strain. This is made

more explicit by writing the NV ground state Hamiltonian in the presence of electric field ~E

and the effective strain field ~σ:

HNV =
(
D(T ) + d‖~E · n̂

)
(n̂ · ~S)2 − ~E ·

(
~S ·
←→
d ⊥ · ~S

)
+ γ ~B · ~S, (2.2)

←→
d ⊥ =

d⊥
2

(ê+ ⊗ ê+ ⊗ ê+ + ê− ⊗ ê− ⊗ ê−) , (2.3)

where d‖, d⊥ are coefficients describing the electric dipole moment, ê± = x̂ ± iŷ, x̂ and ŷ

are orthogonal to NV main symmetry axis n̂ = ẑ with an appropriate coordinate, and we

write the rank-three tensor
←→
d ⊥ to make the rotational symmetry explicit, i.e., rotating the

coordinate (x, y) by 2π/3 around z axis results in the transformation ê± → ê±e±i2π/3 and

←→
d ⊥ →

←→
d ⊥.

2.2 Single qubit properties

The NV center has an excellent qubit properties such as coherence time (T2), dephasing time

(T ∗2 ), and lifetime (T1). In the following sections, we review these properties of an NV center

as single qubit.

In a heuristic quantum mechanical argument, a wave function ψ(t) with frequency ω may

evolve in time as, with some decay rate κ,

ψ(t) = ψ(0)e−iωt−κt, (2.4)
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and the population of the state-1 will evolve as:

|ψ(t)|2 = |ψ(0)|2e−2κt. (2.5)

We immediately observe that the decay rate of the population 2κ [Eq.(2.5)] is twice as fast as

the decay rate of the phase κ [Eq. (2.4)]. The former is related to the T1 decay rate (lifetime,

longitudinal decay), while the latter is related to the T2 decoherence or T ∗2 dephasing rate

(transverse decay rate). In fact, when taking into account the randomness in dynamic phase

evolution iωt, the transverse decay rate becomes faster than κ, which leads to a typical

relation

(transverse decay rate) ≥ (longitudinal decay rate) /2. (2.6)

In the following sections, we make this discussion more concrete using the two-level system.

For NV-center’s case, we typically restrict the consideration to two states of the spin-triplet

ground state, such as |ms = 0〉 = |g〉 and |ms = −1〉 = |e〉.

2.2.1 Longitudinal relaxation (T1)

The longitudinal decay of a qubit can be captured by the following Lindblad master equation

∂tρ = −i[H, ρ] + γ>L [σ−] ρ+ γ<L [σ+] ρ, (2.7)

L[A]ρ = AρA† − 1

2

{
A†A, ρ

}
, (2.8)

where H = ω|e〉〈e| is the qubit Hamiltonian, σ− − |g〉〈e|, σ+ = (σ−)†, and γ> (γ<) is the

transition rate for |e〉 → |g〉 (|g〉 → |e〉). As the density operator is one-to-one corresponding

to 〈~σ〉 = Tr[~σρ], it is sufficient to check the time evolution of this Bloch vector 〈~σ(t)〉 =
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Tr[~σρ(t)]. Solving the differential equation, we obtain

〈σ−(t)〉 = (〈σ+(t)〉)∗ = 〈σ−(0)〉 e−iωt−(γ>+γ<)t/2, (2.9)

〈σz(t)〉 =
(
〈σz(0)〉 − σeq

)
e−(γ>+γ<)t + σeq, (2.10)

where σz = |e〉〈e| − |g〉〈g| and the equilibrium Bloch vector’s z component σeq is given by

σeq = (γ> − γ<) / (γ> + γ<) . (2.11)

Thus, the longitudinal (T1) decay rate is [from Eq. (2.10)]

1/T1 = γ> + γ<. (2.12)

Additionally, the transverse (T2) relaxation rate is [from Eq. (2.9)]

1/T2 = (γ> + γ<) /2 =
1/T1

2
, (2.13)

which is consistent with Eq. (2.6). The meaning of the two rates γ> and γ< are made more

explicit by writing the rate equation for the population ρee = 〈e|ρ|e〉 and ρgg = 〈g|ρ|g〉:

∂t

 ρee

ρgg

 =

 −γ> +γ<

+γ> −γ<


 ρee

ρgg

 . (2.14)

This rate equation explicitly indicates that γ> and γ< are transition rates for |e〉 → |g〉 and

|g〉 → |e〉, respectively. For NV centers, at room temperature the T1 time can be as long as

6-7 ms [50, 51]. At lower temperatures, it improves orders of magnitudes [52, 53] and reaches

as long as 200 s at 10 K (see supplemental material of [52]).
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2.2.2 Dephasing and decoherence (T ∗2 and T2)

In the previous section, the longitudinal relaxation is accompanied by the transverse re-

laxation. Besides, due to a Markovian noise, there could be additional components for the

transverse relaxation. The pure transverse relaxation is reproduced by the following Lindblad

master equation:

∂tρ = −i[H, ρ] +
γφ
2
L [σz] ρ. (2.15)

In this case, the Bloch vector has time evolution of

〈σ−(t)〉 = (〈σ+(t)〉)∗ = 〈σ−(0)〉 e−iωt−γφt, (2.16)

〈σz(t)〉 = 〈σz(0)〉 . (2.17)

Thus, the transverse relaxation rate is [from Eq. (2.16)]

1/T2 = γφ, (2.18)

and there is no longitudinal decay 1/T1 = 0 from Eq. (2.17). Furthermore, adding the

contribution of Eq. (2.7) and Eq. (2.15), we obtain the equation of motion:

∂tρ = −i[H, ρ] + γ>L [σ−] ρ+ γ<L [σ+] ρ+
γφ
2
L [σz] ρ, (2.19)

which results in

〈σ−(t)〉 = (〈σ+(t)〉)∗ = 〈σ−(0)〉 e−iωt−
(
γ2+γ<

2 +γφ

)
t
, (2.20)

〈σz(t)〉 =
(
〈σz(0)〉 − σeq

)
e−(γ>+γ<)t + σeq. (2.21)
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Figure 2.3: (a) Illustration of random magnetic-field noise acting on the NV center. The

drawn random gate is U(b) = e−ib(σz/2)∆t with ∆t = t/2N . (b) Schematic of a Hahn-echo
like dynamical decoupling sequence, where X gate (π pulse) is applied at time t/2 and t.

This is the manifestation of Eq. (2.6), i.e.,

1/T2 =
γ> + γ<

2
+ γφ ≥

γ> + γ<
2

=
1/T1

2
. (2.22)

So far, we have reviewed the T2 transverse decay of an exponential form, which is due

to Markovian phase noise. Alternative noise would a quasi-stationary frequency detuning

ω → ω + δω, where δω is independent of time in a single qubit time evolution but can take

random value in experiment to experiment. Working in the interaction frame (setting ω = 0)

and assuming the distribution of δω is Gaussian with zero mean and variance σ2, the average

time evolution of the transverse component becomes

〈σ−(t)〉 = 〈σ−(0)〉 e−i(δω)t,

= 〈σ−(0)〉
∫
d(δω)

1√
2πσ2

e
−1

2

(
δω
σ

)2
e−l(δω)t,

= 〈σ−(0)〉 e−
σ2t2

2 . (2.23)

Interestingly, we obtained different decay form of the transverse spin. This dephasing,

however, can be cancelled by adopting the dynamical decoupling sequence described in

Fig. 2.3(b). [Note that the drawn sequence is Hahn echo. The second pulse is not nec-

essary but shown for convenience. In the figure, we consider general time dependency of

the noise b(t)]. In this figure, the randomness in phase iωt is represented by a sequenctial
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application of a random gate U(b) = e−ib(σz/2)∆t, where ∆t = t/2N [Fig. 2.3(a)]. When the

time-dependency of the random variable b(t) is independent of time b(t) = δω, then after

the dynamical decoupling sequence (Hahn echo), the contribution cancels out:

XU (b (t2N )) · · ·U (b (tN+2))U (b (tN+1))X = [U (b (tN )) · · ·U (b (t2))U (b (t1))]−1 ,(2.24)

and we obtain 〈σ−(t)〉 = 〈σ−(0)〉, indicating that the noise is cancelled out. For more general

time-dependent noise, we have, for the free evolution:

〈σ−(t)〉 = 〈σ−(0)〉 e−i
∫ t
0 dτb(τ), (2.25)

and with the Hahn echo, we have:

〈σ−(t)〉 = 〈σ−(0)〉 e−i
∫ t
0 λ(t)b(t), (2.26)

where λ(t) = 1 for 0 ≤ τ < t/2 and λ(τ) = −1 for t/2 < τ ≤ t. The cancellation of the

noise would be imperfect due to the fast oscillating contribution. The averaging (· · · ) can

be made more explicit for the zero-mean Gaussian noise case:

(· · · ) =
1

Z

∫
D[b(t)]e−

1
2

∫∞
−∞ dt1dt2b(t1)K(t1−t2)b(t2)(· · · ), (2.27)

where Z =
∫
D[b(t)]e−

1
2

∫∞
−∞ dt1dt2b(t1)K(t1−t2)b(t2) is normalization constant,

∫
D[b(t)] rep-

resents the path integral, and K(t1 − t2) is an appropriate integral kernel, which is roughly

the inverse matrix of the noise correlation S (t1 − t2) = b (t1) b (t2) of form

∫ ∞
−∞

dt2K (t1 − t2)S (t2 − t3) = δ (t1 − t3) . (2.28)

For this Gaussian noise case, all the information is contained in this noise correlation S(t).
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This is made more explicit by computing the generating function G[J(τ)]:

G[J(τ)] ≡ ei
∫ t
0 dτb(τ)J(τ) = e−

1
2

∫∫∞
−∞ dt1dt2J(t1)S(t1−t2)J(t2). (2.29)

As the Eqs. (2.25) and (2.26) are both in the form of generating function, it is enough to

consider the above generating function with an appropriate choice of J(τ). For example,

the free evolution [Eq. (2.25)] is the case with J(τ) = Θ(τ)(t − τ) with the Heaviside step

function Θ. Then we obtain

〈σ−(t)〉 / 〈σ−(0)〉 = e−i
∫ t
0 dτb(τ) = e−

1
z

∫∫ t
0 dt1dt2S(t1−t2). (2.30)

When the noise is Markovian, we have S (t1 − t2) = 2γφδ (t1 − t2) and obtain

〈σ−(t)〉 / 〈σ−(0)〉 = e−γφt. (2.31)

When the noise is time independent, we have S (t1 − t2) = σ2 and obtain

〈σ−(t)〉 / 〈σ−(0)〉 = e−
σ2t2

2 . (2.32)

These equations [Eqs. (2.31) and (2.32)] are consistent with Eqs. (2.16) and (2.23). We

call the free (Ramsey) transverse decay time as a dephasing time (T ∗2 ) and the Hahn echo

or the dynamical decoupled transverse decay time as a decoherence time (T2). For NV

center, T ∗2 can be as good as 1.5 ms and (Hahn-echo) T2 can be as good as 2.4 ms at room

temperature [54].

2.2.3 Single-qubit gates

One convenient property of the NV center qubit is the control of its spin states with mi-

crowaves. Under microwave drive with frequency ωd, the phase offset ϕ, and the amplitude
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Ω, the NV center’s Hamiltonian in the two states in the ground state reads:

HNV = ωNV|e〉〈e|+ 2Ωσx cos (ωdt+ ϕ) ,

≈ ωNV|e〉〈e|+ Ω
(
σ+e

−i(ωdt+ϕ) + σ−e+i(ωdt+ϕ)
)
, (2.33)

where in the second line we use the rotating-wave approximation. In the rotating frame

[HNV → V (t) [HNV − i∂t]V †(t) with V (t) = eiωdt|e〉〈e|], we obtain

HNV = (ωNV − ωd) |e〉〈e|+ Ω
(
σ+e

−iϕ + σ−e+iϕ
)
,

=
ωNV − ωd

2
I + Ω̃n̂ · ~σ, (2.34)

where we define the unit vector n̂ and the rate Ω̃ as

n̂ =

((
ωNV − ωd

2

)
ẑ + Ω(x̂ cosϕ+ ŷ sinϕ)

)
/Ω̃, (2.35)

Ω̃ =

√(
ωNV − ωd

2

)2

+ Ω2. (2.36)

The time-evolution operator under this drive becomes

U(t) = exp [−iHNVt] = exp

[
−iωNV − ωd

2
t

]
(cos[Ω̃t]− in̂ · ~σ sin[Ω̃t]), (2.37)

where the relation exp[iθn̂ · ~σ] = cos θ + i(n̂ · ~σ) sin θ is used to obtain the last expression,

which can be shown in the same way as the proof of the Euler’s formula using the relation

(in̂ · ~σ)2 = −I. This gate U(t) is equivalent to the rotation along the direction n̂ up to a

phase factor. This can be made more explicit by considering the transformation of the Pauli

operator vector ~σ under the rotation operator:

Rn̂(φ) = exp

[
−iφ

2
n̂ · ~σ

]
. (2.38)
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As 〈~σ〉 is one-to-one corresponding to the single-qubit state, the following equation explicitly

show that the unitary operator Rn̂(φ) represents the rotation around axis n̂:

R
†
n̂(φ)~σRn̂(φ) = n̂(n̂ · ~σ) + cosφ(−n̂× (n̂× ~σ)) + sinφ(n̂× ~σ). (2.39)

For on-resonant microwave ωd = ωNV and and with zero phase offset ϕ = 0, Eq. (2.37)

realizes the rotation around x̂ axis with angular frequency 2Ω. With the choice of the

microwave duration Ωt = π/2, it becomes the X gate (X = |e〉〈g|+ |g〉〈e|) up to a factor −i.

Alternatively, by setting the phase to be ϕ = π/2, it realizes the Y gate [Y = i(|g〉〈e|−|e〉〈g|)]

up to a factor −i. This phase ϕ can be controlled by the IQ modulation of the microwaves.

2.3 Two-qubits gates

Surprisingly, it is not very trivial to perform two-qubit gates of NV centers in a scalable

fashion, although it is a building block of the quantum technology enabling access to the

entangled qubit’s subspace. There are two relatively well studied schemes of the NV-center

based two-qubit gates and entanglement generation. One of them is the use of the magnetic

dipole-dipole interaction, which lead to a controlled phase gate. In NV-center-nuclear spin

systems, this dipole-interaction based two qubit gates has been shown to be very promising

in quantum computation. However, this magnetic dipole-dipole interaction based two-qubit

gates limit the distance between two NV centers within tens of nanometers, and there is

a difficulty in scaling up in the number of qubits. The other scheme is the generation of

long-distance (> 1 meter) entanglement based on indistinguishable single photons detection,

with the use of the spin-to-photon interface of NV centers. This approach has been known

be promising for quantum communication research. However, generating entanglement does

not mean one has two-qubit gates. To promote the Bell-state generation to two-qubit gates,

in each nodes one needs to have access to a nuclear spin quantum memory with long spin-

coherence time, two-qubit gates between the NV center and the nuclear spin, single-shot
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readout of the NV center, and the nuclear spin’s single qubit gate based on the measurement

outcome of the NV state.

In the remainder of this chapter, we firstly review the two-qubit gates in other platform,

and then discuss the dipole-dipole interaction based and detection based two-qubit gate of

NV centers.

2.3.1 Two-qubit gates in other platforms

In this section, we briefly review the core concept behind the two-qubit gates in other plat-

forms. In a neutral atom qubit platform, the use of a highly excited atom’s Rydberg state

is the core of the two-qubit gates. Due to the spreading wave function of the Rydberg state,

the neighboring atoms cannot simultaneously occupy the Rydberg state (i.e., we need extra

energy to have two neighboring atoms in the Rydberg state). The total Hamiltonian of the

system is given by

H =

∑
i=1,2

ωq|e〉i 〈e |+ωR| r〉i 〈r|

+ V |r〉1〈r| ⊗ |r〉2〈r|+Hd, (2.40)

Hd =
∑
i=1,2

2Ωd,i(t) cos (ωdt) (|r〉i〈1|+ |1〉i〈r|) , (2.41)

where ωq is the excited qubit state energy, ωR is the energy for the Rydberg state |r〉, V is

the Rydberg blockade energy, Ωd,i is the drive amplitude for atom i = 1, 2, and ωd is the

drive laser frequency. The term V indicates that there is an extra energy needed to excite

the second atom to the Rydberg state if the first atom is already in the Rydberg state. An

example driving pulse scheme for a two-qubit gate enabled by this Hamiltonian is shown

in Fig. 2.4(a). In this figure, firstly Ωi,d is turned on with ωd = ωR − ωq to perform a

π rotation |e〉1 → |r〉1. If the first qubit’s state is |g〉, this pulse do nothing due to the

frequency mismatch. Then, Ωd,2 is turned on with ωd = ωR − ωq to perform 2π rotation

|e〉2 → |r〉2 → |e〉2. Importantly, if the first qubit is already in the Rydberg state, this drive

22



(a)

π

e

g

r

Qubit 1 Qubit 2

π 2π

②① ③
V

(b)
C

M

(c)

gg n

ee n

ge neg n

+y +y1 2 -y -y1 2

Figure 2.4: (a) Illustration of a type of two-qubit gates in neutral atom platforms with
Rydberg interaction V . Gates (π-2π-π) are applied to the qubit 1-qubit 2-qubit 1 ordering.
(b) Capacitively (C)or inductively coupled two LC circuits as an example of a two-circuit
interaction. The coupling capacitance C and mutual inductance M are drawn. (c) Schematic
of the Mølmer-Sørensen gate in a trapped ion plaform. Upper drawing shows the energy
diagram, where blue and red lines represent the blue and red detuned lasers, respectively,
and |n〉 is the phonon state. The lower drawing shows the spin dependent displacement of
the phonon coherent state |α〉 accumulating a geometric phase Φ.

do nothing due to the energy increase V (Rydberg blockade). Lastly, another π rotation is

applied to return the first qubit’s state from |r〉 to |e〉.

In a superconducting qubit platform, two-qubit gates are realized by a clever design and

control of lumped circuit elements. Although the consideration of a specific type of gates and

circuits are beyond our scope here, in Fig. 2.4(b) we illustrate how two LC circuits consti-

tuting harmonic oscillators, instead of anharmonic resonators (superconducting qubits), are

coupled capacitively or inductively. In the presence of these coupling circuit elements, the

original LC circuits’ resonant frequencies are modified. The left circuits’ current or voltage

can affect the right circuit’s current or voltage, which is enough to let us guess that more

advanced circuit designs can lead to two-qubit gates of superconducting qubits.

In a trapped ion platform, one convenient feature of the system is the coupling to low

frequency phonon modes in a drive-laser dependent manner, leading to multiple two-qubit

gates. In the following, we outline how one of such gates schemes, Mølmer-Sørensen gate, is

performed with the use of this coupling to the low frequency phonon mode. The Hamiltonian
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describing the coupled system with two ions can be written as

H = H0 +Hd, (2.42)

H0 =
∑
i=1,2

ωq|e〉i〈e|+ νa†a, (2.43)

Hd = 2Ω(t) cos
[
ikx0(a† + a)− iωdt

] (
σ

(1)
x + σ

(2)
x

)
, (2.44)

where ωq is the qubit frequency of state |e〉, ν is the phonon frequency, a (a†) is the phonon

annihilation (creation) operator, k is the wavenumber of the laser, x0 is the zero-point motion

of the phonon, ωd is the drive laser frequency, Ω(t) is the drive laser amplitude, σx = σ++σ−,

σ− = |g〉〈e|, and σ+ = (σ−)†. When applying bichromatic laser with frequency ωd = ωq ± δ

with δ ≈ ν with the same drive amplitude Ω, as shown in the upper drawning of Fig. 2.4(c),

and assuming that k for these two lasers are approximately the same, the drive Hamiltonian

in the interaction picture with H0 becomes :

Hd ≈ Ω(t)
(
e−iδt + eiδt

)
eiη(ae−iνt+a†eiνt)

(
σ

(1)
+ + σ

(2)
+

)
+ H. c., (2.45)

where we drop fast oscillating terms proportional to e±2iωqt and define the Lamb-Dicke

parameter η = kx0. Under the condition η � 1, we can expand the exponential with

phonon creation and annihilation operators. As δ ≈ ν, we keep terms proportional to e±iε

with ε = ν − δ, and we obtain

Hd ≈ −ηΩ(t)
(
ae−iεt + a†eiεt

)
Sy, (2.46)

where we define Sy = σ
(1)
y +σ

(2)
y with σy = i(σ−−σ+). The last term means there is a spin

(Sy) dependent force on the phonon mode, controlled by the laser amplitude Ω(t). When

the laser drive amplitude is turned on Ω(t) = Ω for t ≥ 0, the time evolution operator under
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this drive is

U(t) = T exp

[
−i
∫ t

0
dτHd(τ)

]
,

=
∏
n

D
(
iηΩSye

iεttn∆t
)
, (2.47)

where D(A) = exp
[
Aa† − A†a

]
is the displacement operator and in the second line we

divided the time-ordered integration into small increments with duration ∆t. The last ex-

pression indicates a sequential application of the phonon displacement depending on the spin

Sy. The spin operator Sy takes a value of zero if the qubit state is | ± y〉1| ∓ y〉2 and ±2

when |± y〉1|± y〉2, where |± y〉 is the eigenstate of σy. Under an appropriate choice of laser

irradiation time t = 2π/ε, the phonon state comes back to the original state, accumulating a

spin-dependent geometric phase as shown in the lower drawing of Fig. 2.4(c). This is made

more explicit by writing

U(t) = D

(
ηΩ

ε

(
eiεt − 1

)
Sy

)
exp

[
i

(
ηΩSy

)2
ε

(
t− sin εt

ε

)]
. (2.48)

The accumulated phase factor eiΦ when the state is | ± y〉1| ± y〉2 (Sy = ±2) is given by

Φ = 2π(2ηΩ/ε)2, (2.49)

which is the geometric phase drawn in Fig. 2.4(c). With a proper choice of Ω and ε, one

achieves one type of a two-qubit gate called the Mølmer-Sørensen gate. We have shown this

phonon-mediated gate in detail to compare it with the magnon-mediated gate discussed in

Chapter 5.
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2.3.2 Magnetic dipole-dipole interaction

In NV center platforms, a straightforward way to implement two-qubit gates is the use of

magnetic dipole-dipole interaction. This interaction also leads to remarkable demonstrations

of two qubit gates between a central NV center electron spin and surrounding nuclear spins.

Here we restrict our discussion to the NV-NV two-qubit gates. For two NV centers coupled

with magnetic dipole interaction, the system Hamiltonian is given by

H =
∑
i=1,2

H(i)
NV + ~SNV1 ·

←→
A · ~SNV2, (2.50)

←→
A =

µ0

4π

I − 3r̂12 ⊗ r̂12

r3
, (2.51)

where H(i)
NV is the NV Hamiltonian provided in Eq. (2.1), i = 1, 2 labels the NVs, ~SNVi is

the spin operator of the NVi (i = 1, 2),
←→
A is the magnetic dipole-dipole interaction tensor,

r̂12 is the displacement vector between the two NVs, and r is the distance between the two

NVs. Clearly, this magnetic dipole-dipole interaction is always on, so we need a clever way

to cancel the gate, instead of turning on the gate. To make it more explicit, we consider the

case where the two NV center’s main symmetry axis directions are different, n̂ and n̂′, and

the magnetic field is small such that the ground (first excited) state is |g〉1 ≈ |~SNV1 · n̂ = 0〉

(|e〉1 ≈ |~SNV1 · n̂ = −1〉) for NV1 and |g〉2 ≈ |~SNV2 · n̂′ = 0〉 (|e〉2 ≈ |~SNV2 · n̂′ = −1〉)

for NV2. In this situation, the two NV centers have different resonant frequencies ω
(1)
NV and

ω
(2)
NV for the transitions |g〉1 ↔ |e〉1 and |g〉2 ↔ |e〉2, respectively. Dropping fast oscillating

terms and a constant term, the Hamiltonian in the subspace of our interest becomes

H =
∑
i=1,2

ω
(i)
NV|e〉i 〈e |+Ann′| e〉1 〈e| ⊗ |e〉2〈e|, (2.52)

Ann′ =
µ0γ

2

4π

n̂ · (I − 3r̂12
⊗

r̂12) · n̂′

r3
. (2.53)
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Its energy scale εdip is characterized by the following

εdip/~ =
µ0(~γ)2

4π~r3
≈ (2π × 0.0519 Hz)×

(
1 µm

r

)3

, (2.54)

≈ (2π × 1.924 kHz)×
(

30 nm

r

)3

, (2.55)

where we explicitly write the Dirac constant ~ here. Considering the coherence times of NV

centers, for the dipole-dipole interaction to be strong enough, the distance between two NVs

need to be tens of nanometers.

Although Eq. (2.52) represents controlled-Rz type interaction, to perform two-qubit

gates, one needs a dynamical decoupling sequence to turn off the interaction at will. Fur-

thermore, when multiple qubits exist in the system, it is nontrivial to dynamically decouple

all spins except for a desired pair of qubits for the two-qubit gate. This is done in a NV-

center-nuclear-spin system remarkably well. However, in the following we illustrate how the

controlled-phase gate is performed between the two NV centers with dynamical decoupling,

for simplicity. Replacing ω
(i)
NV + (Ann′)→ ω

(i)
NV and in the interaction picture, the two-qubit

dynamics is governed by

H =
A

2
σ

(1)
z σ

(2)
z , (2.56)

where A = Ann′/2. The dynamical decoupling can be applied without turning off this

interaction, as shown in Fig. 2.5. This is made explicit by writing the time evolution operator:

U(t) = exp

[
−iA

2
σ

(1)
z σ

(2)
z t

]
. (2.57)

Due to the relation X1X2HX1X2 = H for the Hamiltonian provided in Eq. (2.56), where

Xi is the X-gate for the NVi, we have the following property:

X1X2U(t/2)X1X2U(t/2) = U(t). (2.58)
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Figure 2.5: Illustration of two NV centers under a dynamical decoupling (Hahn-echo) se-
quence, where the two NV centers are interacting with a magnetic dipole-dipole interaction.

Note that in Fig. 2.5, we identify |e〉 = |0〉 and |g〉 = |1〉 for the representation of the

controlled gates. We use half-open (half-filled) circles for the conditional operation of |0〉 (|1〉)

(based on the quantum computing convention of σz, this choice of |0〉 and |1〉 is appropriate,

though it may be confusing as it can be opposite to physics convention). We also note that,

if the second qubit’s π-pulse (X gate) is turned off, the interaction is cancelled:

X1U(t/2)X1U(t/2) = I. (2.59)

Even in the current simple situation, Eqs. (2.58) and (2.59) already suggest that by choosing

an appropriate dynamical decoupling sequence, one can turn on and off the controlled-phase

gate at will. Therefore, the only challenge to make this scheme scalable is the weak strength

of the magnetic dipole-dipole interaction that limit the NV-NV distance to be within tens

of nanometers.

2.3.3 Promoting Bell-state preparation to two-qubit gates

An alternative approach of two-qubit gate is the scheme based on the quantum commu-

nication technique with single-photon detection. NV center are known to host excellent

spin-photon interface. Using single photon detection, we can probabilistically create Bell
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state. The spin-photon entanglement is expressed by the evolution of

(√
1− p|g〉1 +

√
p|e〉1

)
|0〉 →

(√
1− p|g〉1 +

√
p|e〉1a

†
1

)
|0〉, (2.60)(√

1− p|g〉2 +
√
p|e〉2

)
|0〉 →

(√
1− p|g〉2 +

√
p|e〉2a

†
2

)
|0〉, (2.61)

where p is the probability of being in the excited state for each NVs, a
†
i is the creation

operator of a photon at the NVi’s position (i = 1, 2), and |0〉 is the vacuum state of photons.

These photons are guided into a beam splitter, and they become:

a
†
1 →

d
†
1 + d

†
2√

2
, (2.62)

a
†
2 →

d
†
1 − d

†
2√

2
, (2.63)

where d
†
1 (d

†
2) is the photon creation operator at the first (second) detector position. Com-

bining Eqs (2.60)-(2.63), we obtain

(√
1− p|g〉1 +

√
p|e〉1

)(√
1− p|g〉2 +

√
p|e〉2

)
|0〉,

→
[
(1− p)|g〉1|g〉2 +

√
p(1− p)

(
|e〉1|g〉2 + |g〉1|e〉2√

2

)
d
†
1

+
√
p(1− p)

(
|e〉1|g〉2 − |g〉1|e〉2√

2

)
d
†
2 + p|e〉1|e〉2

(
d
†
1d
†
1 + d

†
2d
†
2

2

)]
|0〉. (2.64)

This means that, upon the detection of only one photon in the detector, the wavefunction

will collapse to either (|e〉1|g〉2 + |g〉1|e〉2)/
√

2 or (|e〉1|g〉2 − |g〉1|e〉2)/
√

2 depending on

which detector observed the single photon. In this way, the NV-NV entanglement has been

demonstrated over long distances on the order of meter to kilometers scale.

The Bell state creation can be promoted to a two-qubit gate of nearby quantum memories

if we have (I) a two-qubit gate between the NV and the quantum memory, (II) single shot

readout of the NV state, and (III) single qubit gate on the quantum memory based on the

measurement outcome. To illustrate this, we assume the NV centers are entangled in the
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Figure 2.6: Quantum circuit representing how to promote the Bell-state generation into two-
qubit gates. Two NV centers are entangled with the detection of a single photon detection.
After two-qubit gate operations at each nodes, NV center’s spin state are read out, and based
on the measurement out come single-qubit gates are applied to the nuclear spin quantum
memory, forming a controlled-Z gate between two nuclear spins.

form

|ψB〉e =
|00〉e + |11〉e√

2
, (2.65)

after an appropriate gate on the NVs and with appropriate identification of |0〉 and |1〉 states

of the NV centers. The subscript e indicates the electron spin. We write the nearby nuclear

quantum memory’s quantum state as |µ〉n1 and |ν〉n2, where n1 and n2 indicate the nuclear

spin label for the NV position 1 and 2, respectively, which we call as the communication

nodes. Controlled-Z gate between the two nuclear spin memory can be performed by taking

advantage of these entangled NV center electron spins by:

(i) Apply He(CZ) (Hadamard on the electron spin) on the node 1,

(ii) Apply He(CZ)He (= CnNOTe) on the node 2,

(iii) Apply appropriate single-qubit gates based on the detection,

where the Hadamard gate is defined as

H =
1√
2

[|0〉 |1〉]

 1 1

1 −1


 〈0|
〈1|

 . (2.66)

The quantum circuit representing these steps are shown in Fig. 2.6. Applying the gates (i)
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and (ii) to the electron-nuclear spin state |ψB〉e |µ〉n1|ν〉n2 with µ, ν = 0, 1 results in

U |ψB〉e |µ〉n1|ν〉n2 =
1

2

∑
nm

exp
[
iπδµ,(m⊕1)δv,(n⊕1)

]
|mn〉e|µ〉n1|ν〉n2, (2.67)

U = [He(CZ)]1 (CnNOTe)2 , (2.68)

where ⊕ indicates the addition modulo two. This is gate operation is made more explicit by

writing:

U |ψB〉e |0〉n1|0〉n2 =
1

2
[+|00〉+ |01〉+ |10〉 − |11〉]e|0〉n1|0〉n2, (2.69)

U |ψB〉e |0〉n1|1〉n2 =
1

2
[+|00〉+ |01〉 − |10〉+ |11〉]e|0〉n1|1〉n2, (2.70)

U |ψB〉e |1〉n1|0〉n2 =
1

2
[+|00〉 − |01〉+ |10〉+ |11〉]e|1〉n1|0〉n2, (2.71)

U |ψB〉e |1〉n1|1〉n2 =
1

2
[−|00〉+ |01〉+ |10〉+ |11〉]e|1〉n1|1〉n2. (2.72)

As described in (iii), based on the measurement outcome m (n) of the first (second) electron

spin, we can apply the following correction gate U
(m,n)
corr to the nuclear spins:

U
(m,n)
corr = (−1)mnZn1Z

m
2 . (2.73)

Then we obtain the CZ gate because

U
(m,n)
corr exp

[
iπδµ,(m⊕1)δν,(n⊕1)

]
|µ〉n|ν〉n = exp

[
iπδµ,1δν,1

]
|µ〉n|ν〉n. (2.74)

Combining Eqs. (2.67), (2.74), and the single-shot detections of the two electron spin states,

two-qubit gate between the two nuclear spins are realized at long distances. This is more

efficient than teleporting the quantum state from the node 1 to the node 2, applying a

two-qubit gate at the node 2, and teleporting back the state from the node 2 to the node 1.
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Chapter 3

Quantum Mechanics: Boson-mediated

interaction of qubits

In this chapter, we review multiple derivations of virtual boson mediated qubit interactions,

including the self-interaction and the two-qubit interaction. Typically, we have the following

total Hamiltonian of the interacting system under the rotating-wave approximation

H = ωs
∑

i=qubit label

|e〉i〈e|+
∑

j=boson label

ωjb
†
jbj +

∑
i,j

(
g

(i)
j bjσ

(i)
+ + H.c.

)
, (3.1)

where ωs is the qubit frequency, |g〉i (|e〉i) is the ground (excited) state of the qubit labeled by

i, ωj is the boson frequency with label j, b
†
j (bj) is the boson creation (annihilation) operator

with the commutation relation [bj1 , b
†
j2

] = δj1j2 , g
(i)
j is the qubit-boson coupling constant,

and σ
(i)
+ = |e〉i〈g|. For example, when the boson has a continuum of three-dimensional

modes with momentum/wave-vector label k, we can replace

∑
j

→ V

∫
dk

(2π)3
;
√
V bj → bk;

√
V g

(i)
j → g

(i)
k , (3.2)
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with the commutation relation [bk1 , b
†
k2

] = (2π)3δ(k1 − k2), where V is the volume of the

real space where the Fourier transform is performed. Then the full Hamiltonian [Eq. (3.1)]

turns into

H = ωs
∑

i= qubit label

|e〉i〈e|+
∫

dk

(2π)3
ωkb
†
kbk +

∑
i

∫
dk

(2π)3
(g

(i)
k bkσ

(i)
+ + H. c.). (3.3)

In the following sections, we will consider

1. Exactly diagonalizable situation (Jaynes-Cummings model),

2. Schrieffer-Wolff transformation,

3. Diagrammatic approach,

4. Lindblad master equation under Born-Markov approximation,

for one-qubit and two-qubit cases.

3.1 Single qubit case (self-interaction and decay dissi-

pation)

3.1.1 Exactly diagonalizable situation (Jaynes-Cummings model)

Firstly, we consider the one-qubit and one boson case, which is diagonalizable. We encounter

the self-interaction of the qubit mediated by the boson. The reason for the terminology ”self-

interaction” should be understood in the Feynman-diagrammatic sense (Sec. 3.1.3). In this

case, the total Hamiltonian reads:

H = ωs|e〉〈e|+ ωbb
†b+ g

(
bσ+ + b†σ−

)
, (3.4)

where we have applied the gauge transformation b → beiθ
(
b† → b†e−iθ

)
such that the

coupling g is real and positive, and ωb is the boson frequency. As this commutes with the total
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excitation number operator N = |e〉〈e| + b†b, i.e., [H, N ] = 0, we can block diagonalize the

Hamiltonian with the projector Pn onto the subspace of the eigenspace of N with eigenvalue

n. As the subspace onto which Pn projects is spanned by {|g, n〉, |e, n− 1〉} (for n ≥ 1), we

obtain:

H =
∑
n≥1

[|e, n− 1〉 |g, n〉]

 ωs + (n− 1)ωb
√
ng

√
ng nωb


 〈e, n− 1|

〈g, n|

 ,
=

∑
n≥1

[|e, n− 1〉 |g, n〉]

×
((

nωb +
ωs − ωb

2

)
I + ((ωs − ωb) /2) τz +

√
ngτx

) 〈e, n− 1|

〈g, n|

 ,(3.5)

where I is the 2×2 identity matrix, |g, n〉 (|e, n〉) is the state with ground (excited) state qubit

and n bosons, and {τx, τy, τz} are Pauli matrices. The eigenenergies of this Hamiltonian are

0 (for |g, 0〉) and εn,± with

εn,± = (n− 1)ωb +
ωs + ωb

2
± sgn (ωs − ωb)

√
[(ωs − ωb) /2]2 + ng2,

≈ (n− 1)ωb +
ωs + ωb

2
±
[
ωs − ωb

2
+

ng2

ωs − ωb

]
, (3.6)

where in the second line we assume
√
ng � |ωb − ωs|/2 and the existance of sgn(ωs − ωb)

in the first line is merely for the sign convention of the definition. Writing the energies of

the states |e, n〉 and |g, n〉 in the absence of the coupling g as E0
|e,n〉 = (n − 1)ωb + ωs and

E0
|g,n〉 = nωb, respectively, the two energies εn,± in Eq. (3.6) can be written as

εn,+ ≈ E0
|e,n−1〉 +

(n− 1)g2

ωs − ωb
+

g2

ωs − ωb
, (3.7)

εn,− ≈ E0
|g,n〉 −

ng2

ωS − ωb
. (3.8)
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In fact, the first one [Eq. (3.7)] has the eigenstate approximately equal to |e, n− 1〉 and the

second one [Eq. (3.8)] has the eigenstate approximately equal to |g, n〉. Therefore, we find

that, for the weak coupling condition
√
ng � |ωs−ωb|/2, the eigenenergies are modified due

to the coupling g as

E0
|e,n〉 → E0

|e,n〉 + ΣStark + ΣLamb ,

E0
|g,n〉 → E0

|g,n〉 − ΣStark , (3.9)

where we define the Lamb shift ΣLamb and the Stark shift ΣStark as follows:

ΣLamb ≡ g2

ωs − ωb
, (3.10)

ΣStark ≡ ng2

ωs − ωb
. (3.11)

The Lamb shift ΣLamb is due to the self-interaction of the qubit mediated by the boson

(Sec. 3.1.3). The Stark shift term ΣStark can be understood as the frequency modulation

due to the alternating-current (a.c.) stark effect caused by n bosons, i.e., n bosons drive the

qubit with a far detuned condition. More specifically, if we prapare a coherent state |β〉 of

the boson at time t = 0 such that b|β〉 = β|β〉 with real positive β, and if we ignore the back

action to the boson from the qubit, we obtain

〈H(t)〉 = 〈β|H(t)|β〉 = ωs|e〉〈e|+ Ω
(
σ+e

−iωbt + σ−e+iωbt
)
, (3.12)

in the interaction picture of the bosons, where we define gβ = Ω. In the rotating frame [i.e.,

|ψ(t)〉R = U(r)|ψ(t)〉 with U(t) = exp(iωbt|e〉〈e|)], this Hamiltonian transforms into

〈H(t)〉R = U(t) [〈H(t)〉 − i∂t]U†(t) = (ωs − ωb) |e〉〈e|+ Ω (σ+ + σ−) . (3.13)
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Its eigenenergies ε̃
(R)
n,± are [the subscript (R) stands for the rotating frame] given by

ε̃
(R)
n,± =

ωs − ωb
2

± sgn (ωs − ωb)

√(
ωs − ωb

2

)2

+ Ω2,

≈ ε̃
(R)
n,±(Ω = 0)± 〈n〉g2

ωs − ωb
, (3.14)

where ε̃
(R)
n,+(Ω = 0) = ωs−ωb and ε̃

(R)
n,−(Ω = 0) = 0 are the eigenenergies in the absence of the

drive Ω = 0, and in the second line we approximate the first line assuming the large detuning

Ω � ωs − ωb|/2 and use Ω = gβ with the mean boson number 〈n〉 = |β|2. Comparing

Eq. (3.14) with Eqs. (3.11) and (3.9), it makes sense to call the terms ±ng2/(ωs − ωb) as

the Stark shift.

3.1.2 Schrieffer-Wolff transformation

When there are multiple boson modes, one may need to apply some approximations to ob-

tain the Stark shift and the Lamb shift. One way to obtain them is to use the second-order

perturbation, but in this section we take another approach using the unitary transformation

called the Schrieffer-Wolff transformation. Schrieffer-Wolff transformation is used, for exam-

ple, to derive the phonon-mediated electron-electron interaction Hamiltonian in the study of

the superconductivity [55]. The strength of this transformation is that we obtain the effective

Hamiltonian of the system, in contrast to the second-order perturbation case where we only

obtain the energy shifts (and the changes in states), which is less convenient. Additionally,

when truncating higher-order terms in the expansion of the Schrieffer-Wolff transformation,

this approach leads to the same result as that in the second order perturbation.

The Schrieffer-Wolff transformation is the unitary transformation of the full Hamiltonian

H = H0 + V , where H0 is the unperturbed Hamiltonian and V is the perturbation, of the
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form:

H′ = eSHe−S = H + [S,H] +
1

2
[S, [S,H]] + · · · , (3.15)

[H0, S] = V, (3.16)

where we use the Baker-Campbell-Hausdorff (BCH) formula to obtain the series in Eq. (3.15).

Dropping higher-order terms of order O(V 3), we obtain

H′ ≈ H0 +Heff ;Heff =
1

2
[S, V ], (3.17)

where Heff is the effective Hamiltonian. To solve for the operator S satisfying Eq. (3.16),

it is convenient to use the interaction picture OI(t) = eiH0tOe−iH0t. Then the condition

Eq. (3.16) turns into

−i∂tSI(t) = VI(t). (3.18)

Assuming that the interaction is adiabatically turned on and off from t = −∞ and t = ∞,

as is typiucally done in the quantum field theory and many-body condensed matter physics

[56, 57], we obtain by integrating from −∞ to t:

SI(t) = i

∫ t

−∞
dτVI(τ). (3.19)

Therefore, the operator S reads

S = SI(t = 0) = i

∫ 0

−∞
dτVI(τ), (3.20)

and the effective Hamiltonian becomes

Heff =
i

2

∫ 0

−∞
dt [VI(t), VI(0)] . (3.21)
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Note that this takes the form of the advanced Green’s function [58], except for the presence

of the boson bath expectation 〈· · · 〉 = TrB [· · ·R0] with the boson density matrix R0:

iGABA(t) = −θ(−t) 〈[BI(t), AI(0)]〉 , (3.22)

GABA[ω] =

∫ ∞
−∞

dtGABA(t)eiωt, (3.23)

where θ(t) is the Heaviside step function. In our case of one qubit coupled to multi-mode

bosons, we can identify:

H = H0 + V, (3.24)

H0 = ωs|e〉〈e|+
∑
j

ωjb
†
jbj , (3.25)

V =
∑
j

gjbjσ+ + g∗j b
†
jσ−. (3.26)

From Eq. (3.19), the operator S appearing in the Schrieffer-Solff transformation in the in-

teraction picture reads

SI(t) = i

∫ t

−∞
dτ

∑
j

gjbjσ+e
−i(ωj−ωs)τ + H. c

 ,

=
∑
j

gjbjσ+e
−i(ωj−ωs)t

ωs − ωj + iη
− H.c. , (3.27)

where η → +0. Assuming the case with no on-resonant bosons ωj 6= ωs, we obtain

S = SI(0) =
∑
j

gjbjσ+

ωs − ωj
− H.c. (3.28)

We can directly compute and confirm that Eq. (3.16) is satisfied for this choice of S. Then

38



the effective Hamiltonian can be computed as

Heff =
i
∫ 0
−∞ dt [B−(t), B+(0)] eiωst + H.c.

2
σ+σ− +

i
∫ 0
−∞ dtB+(0)B−(t)eiωst + H.c.

2
[σ+, σ−] ,

= ΣLamb|e〉〈e|+
∑
j1j2

g∗j2gj1b
†
j2
bj1

2

(
1

ωs − ωj1
+

1

ωs − ωj2

)
σz, (3.29)

where we define the noise operators B± for notational simplicity:

B− ≡
∑
j

gjbj ; B+ = (B−)† , (3.30)

such that V = B−σ+ + B+σ−. Operators with a time argument are in the interaction

picture. The second term and the first term of Eq. (3.29) are the Stark shift and the Lamb

shift, respectively, with the definition

ΣLamb =
∑
j

∣∣gj∣∣2
ωs − ωj

. (3.31)

Importantly, the Lamb shift can be thought of as the real part of the advanced Green’s

function [see the first line of Eq. (3.29)]:

ΣLamb = Re
[
GAB−B+

[ωS ]
]
, (3.32)

GAB−B+
[ωs] = i

∫ 0

−∞
dt 〈[B−(t), B+(0)]〉 eiωst,

= i

∫ 0

−∞
dt [B−(t), B+(0)] eiωst, (3.33)

where we use the fact that [B−(t), B+(0)] is not an operator. We can relate this to the
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response functions, or the retarded Green’s function [58]:

iGRBA(t) = θ(t) 〈[BI(t), AI(0)]〉 , (3.34)

GRBA[ω] =

∫ ∞
−∞

dtGRBA(t)eiωt. (3.35)

If 〈[BI(t), AI(0)]〉 = 〈[BI(0), AI(−t)]〉 is satisfied, which is true for the stationary bath states

or for the current situation with BI(t) = B−(t) and AI(t) = B+(t), we have the following

relationship between the retarded and the advanced Green’s function

(
GABA[ω]

)∗
= GR

A†B† [ω], (3.36)(
GABA[ω]

)∗
= GRBA[ω]; for B = A†. (3.37)

Therefore, in terms of the retarded Green’s function and the response function defined by

χBA(t) = −GRBA(t); χBA[ω] = −GRBA[ω], (3.38)

the lamb-shift term in the current setting can be written as

ΣLamb = Re[GRB−B+
[ωs]] = −Re

[
χB−B+

[ωs]
]
, (3.39)

and the effective Hamiltonian reads

Heff = −Re
[
χB−B+

[ωs]
]
|e〉〈e|+

∑
j1j2

g∗j2gj1b
†
j2
bj1

2

(
1

ωs − ωj1
+

1

ωs − ωj2

)
σz. (3.40)

This confirms that the Lamb shift term is due to the self-response of the qubit mediated by

the bosons. Note that the minus sign in front of the retarded Green’s function in Eq. (3.38)

is chosen such that the linear response due to an external force f(t) acting on the system

via the interaction Hamiltonian Hint = −f(t)A results in the response of the observable B
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following 〈δB(t)〉 =
∫∞
−∞ dτχBA(t− τ)f(τ), where 〈δB(t)〉 = 〈B(t)〉−〈B〉eq is the deviation

from the value without the external force (equilibrium value).

3.1.3 Diagrammatic approach

To understand the self-response (Lamb shift term) of the qubit graphically, it is convenient

to borrow the language of Feynman diagrams. In this section, we show that the Lamb shift

term can be understood as the self-energy (self-interaction) of the qubit mediated by the

boson. The formalism provided in this section is merely for the graphical visualization.

As Feynman diagrams in many-body theories are typically performed in the second-

quantized language [56–58], it is convenient to write our Hamiltonian in terms of the qubit

creation and annihilation operators, too. In the single mode case, we start from

H = H0 + V, (3.41)

H0 = ωsc
†
ece + ωbb

†b, (3.42)

V = g
(
bc
†
ecg + b†c†gce

)
, (3.43)

where c
†
e (ce) and c

†
g (cg) are excited state and ground state creation (annihilation) operators.

As the qubit operator always appear in a pair such as c
†
gce, it does not matter if we regard

them as fermion or boson operators. We also note that although the above Hamiltonian

take into account only one mode, it is straightforward to include multiple modes. Using

this single mode case, we will verify that the result is consistent with that we obtained in

Sec. 3.1.1. We employ the simplest zero-temperature formalism, i.e., the case where there

is no excitations initially. The matrix element 〈f, 0|U(t)|i, 0〉 of the time-evolution operator

U(t) = exp[−iHt] is, where i, f ∈ {e, g},

〈f, 0|U(t)|i, 0〉 =
〈

0
∣∣∣cfU(t)c

†
i

∣∣∣ 0〉 . (3.44)
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Here, |0〉 is the vacuum state of the free Hamiltonian (b|0〉 = ce|0〉 = cg|0〉 = 0). As this

free vacuum state also satisfies V |0〉 = 0, we don’t need to distinguish the free vacuum (the

ground state of H0) and the interacting vacuum (the ground state of H = H0 + V ), which

we typically need to pay attention to [56, 59, 60]. Using the Heisenberg picture operator

OH(t) = U†(t)OU(t), Eq. (3.44) becomes

〈f, 0|U(t)|i, 0〉 =
〈

0
∣∣∣cf,H(t)c

†
i,H(0)

∣∣∣ 0〉 , (3.45)

where we use U(t)|0〉 = |0〉 as H|0〉 = 0. For t > 0, we obtain

〈f, 0|U(t > 0)|i, 0〉 =
〈

0
∣∣∣T cf,H(t)c

†
i,H(0)

∣∣∣ 0〉 =
〈
T cf (t)c

†
i (0)

〉∣∣∣
Heis

, (3.46)

where T represents the time-ordering. Using the Gell-Mann-Low formula [56, 59, 60], we

obtain

〈
T cf (t)c

†
i (0)

〉∣∣∣
Heis

=

〈
0
∣∣∣Tcf,I(t)c†i,I(0)S(∞)

∣∣∣ 0〉
〈0|S(∞)|0〉

, (3.47)

S(∞) = T exp

[
−i
∫ ∞
−∞

dtHI(t)
]
. (3.48)

This expression allows to use the standard linked-cluster theorem [56, 59, 60] in the eval-

uation of the matrix element of the time-evolution operator. Now, we define the following

propagators:

〈
T ce(t)c†e(0)

〉∣∣∣
Heis

= iF(t), (3.49)〈
0
∣∣∣T cg,I(t)c†g,I(0)

∣∣∣ 0〉 = iG0(t); G0(ω) = (ω + iη)−1, (3.50)〈
0
∣∣∣T ce,I(t)c†e,I(0)

∣∣∣ 0〉 = iF0(t); F0(ω) = (ω − ωs + iη)−1 , (3.51)〈
0
∣∣∣T bI(t)b†I(0)

∣∣∣ 0〉 = iD0(t); D0(ω) = (ω − ωb + iη)−1 , (3.52)

where F is the dressed excited qubit propagator, G0 is the free ground state qubit propagator,
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F0 is the free excited state qubit propagator, and D0 is the free boson propagator. Using

the linked-cluster theorem, we obtain the following Dyson equation

F(ω) = F0(ω) + F0(ω)Σ(ω)F(ω), (3.53)

where Σ(ω) is the self-energy

Σ(ω) = ig2
∫
dω1

2π
D0 (ω − ω1)G0(ω1) = =

g2

ω − ωb + iη
. (3.54)

Here, the solid line represents the ground state qubit G0 and the dashed curve represents the

boson D0. For small coupling g, the dressed excited state qubit propagator approximately

becomes

F(ω) =
1

F−1
0 (ω)− Σ(ω)

≈ F≈(ω) =
1

ω − (ωs + Σ (ωs)) + iη
, (3.55)

where in the middle line we approximated Σ(ω) ≈ Σ(ωs) as the energy ω = ωs provides the

most relevant contribution. The self-energy evaluated at the qubit energy ωs reads

Σ (ωs) =
g2

ωs − ωb + iη
= ΣLamb, (3.56)

which indicates that the Lamb shift is the self-energy. The definition of the Lamb shift

here [Eq. (3.56)] is consistent with Eq. (3.10), and from Eq. (3.55) we confirm that the

excited state qubit energy is modified from ωs to ωs + Σ(ωs). From the graphical rep-

resentation in Eq. (3.54), we find that the Lamb shift can be regarded as the self-energy

(self-interaction) due to the emission and reabsorption of a boson. Note that if we don’t

approximate Σ(ω) ≈ Σ(ωs), we obtain two poles in F(ω). In fact, we can obtain the exact

time evolution 〈e, 0|U(t)|e, 0〉 from F(ω).
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When we have multiple boson modes, the self-energy becomes

Σ(ωs) =
∑
j

∣∣gj∣∣2
ωs − ωj + iη

= ΣLamb = −Re[χB−B+
, [ωs]], (3.57)

which is consistent with the result in Sec. 3.1.2. By considering the continuum of boson modes

labeled by the wave vector k, we further obtain the real-space illustration of the emission and

reabsorption of the boson modes. To this end, we consider the following system Hamiltonian:

H = H0 + V, (3.58)

H0 = ωsc
†
ece +

∫
dk

(2π)3
ωkb
†
kbk, (3.59)

V =

∫
dk

(2π)3

(
gkbke

+ik·rqc†ecg + g∗kb
†
ke
−ik·rqc†gce

)
,

=

∫
dr
(
g
(
rq − r

)
b(r)c

†
ecg + g∗

(
rq − r

)
b†(r)c

†
gce

)
, (3.60)

where rq is the qubit position and g(r) is the Fourier transform of gk. The self-interaction

in real space reads

Σ (τ2 − τ1) =
Time

= i

∫
dτ2dτ1

∫
dr2dr1g

(
rq − r2

)
g∗
(
rq − r1

)
D0 (r2 − r1, τ2 − τ1)G0 (τ2 − τ1) ,

(3.61)

where the double line represents the excited state qubit F0. Clearly, this diagram shows the

process where the boson is created at time τ1 at position r1 while changing the qubit state

(|e〉 → |g〉), and at time τ2 the qubit reabsorbs (|g〉 → |e〉) the boson at position r2.
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3.1.4 Lindblad master equation under Born-Markov approxima-

tion

Lastly for the single-qubit case, we derive the self-interaction term of the qubit mediated by

boson modes in the Lindblad master equation formalism under the Born-Markov approxi-

mation [61]. This also allows to derive the decay dissipation of the qubit due to the boson

emission and absorption at finite temperatures. Our starting point is the equation of motion

of the qubit reduced density operator ρ for the system initially described by the total Hamil-

tonian H = H0 +HB +V , where H0 is the qubit Hamiltonian, HB is the bath Hamiltonian,

and V is the perturbative qubit-bath interaction Hamiltonian. Under the Born-Markov ap-

proximation with a stationary bath density operator R0, i.e., [HB , R0] = 0, and assuming

that the mean effect of the bath on the qubit is zero 〈V 〉 = 0, where 〈· · · 〉 = TrB [· · ·R0] is

the bath expectation and TrB [· · · ] represents the partial trace of the bath states, we obtain

[62]:

d

dt
ρ(t) = −i [H0, ρ]−

∫ 0

−∞
dt′TrB

[
V (0),

[
V
(
t′
)
, ρ(t)R0

]]
, (3.62)

where V (t) is in the interaction picture. Note that the double commutator part can be

decomposed into the Hermitian-like and the non-Hermitian-like terms using the identity for

Hermitian operators A, B, and C:

[A, [B,C]] = i

[
i

2
[B,A], C

]
−
(
ACB +BCA− 1

2
{AB,C} − 1

2
{BA,C}

)
, (3.63)
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where A = V (0), B = V (t′), and C = ρ(t)R0 in our setting. The first term is Hermitian-like

and the second term is non-Hermitian-like. Using the above identity, we obtain

d

dt
ρ(t) = −i [H0 +Heff , ρ] +N [ρ(t)], (3.64)

Heff =
i

2

∫ 0

−∞
dt′
〈[
V
(
t′
)
, V (0)

]〉
, (3.65)

N [ρ(t)] =

∫ 0

−∞
dt′TrB

[
V (0)ρR0V

(
t′
)
− 1

2

{
V
(
t′
)
V (0), ρR0

}]
+ H.c, (3.66)

where Heff is the effective Hamiltonian and N [ρ(t)] is the non-Hermitian term. We find

that the effective Hamiltonian Heff provided in Eq. (3.65) takes almost the same form as

that we obtained in Sec. 3.1.2, expect that the above effective Hamiltonian involves the bath

expectation. In our case of one qubit coupled to multi-mode bosons, we can identify:

H = H0 +HB + V, (3.67)

H0 = ωs|e〉〈e|, (3.68)

HB =
∑
j

ωjb
†
jbj , (3.69)

V = B−σ+ +B+σ−; B− =
∑
j

gjbj ; B+ = (B−)†. (3.70)

Taking the boson density operator R0 to be in their thermal state R0 = Z−1exp[−βHB ],

where β = 1/kBT is the inverse temperature and Z = TrB [exp(−βHB)] is the partition

function, the effective Hamiltonian becomes

Heff = ΣLamb|e〉〈e|+ ΣStarkσz, (3.71)

ΣLamb =
∑
j

P
∣∣gj∣∣2

ωs − ωj
= −Re

[
χB−B+

[ωs]
]
, (3.72)

ΣStark =
∑
j

P
∣∣gj∣∣2 nB(ωj)

ωs − ωj
, (3.73)
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where nB(ω) = [exp(βω) − 1]−1 is the bose distribution. We note that although it is not

discussed in Sec. 3.1.2, when there is on-resonant continuum of boson, the Lamb-shift term

acquires the Cauchy’s principal-value integral P . The consideration of the presence of on-

resonant boson continuum is important here as we would also like to derive the decay dissipa-

tion in this section and the on-resonant bosons are the source of the decay dissipation. Using

the stationary condition of the boson bath and assuming 〈B−(t)B−(0)〉 = 〈B+(t)B+(0)〉 = 0

which is valid in our case (or applying the secular approximation), the non-Hermitian term

turns into the following form:

N [ρ(t)] = iG>B−B+
[ωs]L [σ−] ρ+ iG<B−B+

[ωs]L [σ+] ρ, (3.74)

L[O]ρ ≡ OρO† − 1

2

{
O†O, ρ

}
, (3.75)

where we define the greater and the lesser Green’s functions [58]:

iG>BA(t) = 〈B(t)A(0)〉; G>BA[ω] =

∫ ∞
−∞

dtG>BA(t)eiωt, (3.76)

iG<BA(t) = 〈A(0)B(t)〉; G<BA[ω] =

∫ ∞
−∞

dtG<BA(t)eiωt. (3.77)

We note that iG>B−B+
[ωs] and iG<B−B+

[ωs] are real as we have iG<BA[ω], iG>BA[ω] ∈ R for

B = A†. More explicitly, they are written as

iG>B−B+
[ωs] = (nB (ωs) + 1)

∑
j

∣∣gj∣∣2 2πδ
(
ωs − ωj

)
, (3.78)

iG<B−B+
[ωs] = nB (ωs)

∑
j

∣∣gj∣∣2 2πδ
(
ωs − ωj

)
. (3.79)

The T1 decay rate [i.e., the decay rate of the population in the form 〈σz(t)〉/〈σz(0)〉 =

exp(−t/T1)] reads

1/T1 = iG>B−B+
[ωs] + iG<B−B+

[ωs] = iGKB−B+
[ωs] , (3.80)
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where we define the Keldysh Green’s function [58]:

iGKBA(t) = iG>BA(t) + iG<BA(t) = 〈{B(t), A(0)}〉, (3.81)

GKBA[ω] =

∫ ∞
−∞

dtGKBA(t)eiωt. (3.82)

Importantly, at thermal equilibrium the T1 decay rate and the Lamb shift are related by

the fluctuation-dissipation relation and the Kramers-Kronig relation. From the fluctuation-

dissipation relation (Sec. 3.1.4), at thermal equilibrium of the boson bath, we obtain

iGKBA[ω] = ABA[ω] coth[βω/2], (3.83)

where ABA[ω] is the spectral function defined by [58]:

ABA(t) = iG>BA(t)− iG<BA(t) = iGRBA(t)− iGABA(t) = 〈[B(t), A(0)]〉, (3.84)

ABA[ω] =

∫ ∞
−∞

dtABA(t)eiωt. (3.85)

Remembering the relation Eq. (3.37), the spectral function is proportional to the imaginary

part of the retarded Green’s function when A = B†:

ABA[ω] = −2 Im
[
GRBA[ω]

]
, for B = A†. (3.86)

Combining Eqs. (3.86), (3.83), (3.80), and (3.38), we obtain the relation between the T1

decay rate and the imaginary part of the susceptibility χB−B+
[ωs]:

1/T1 = iGKB−B+
[ωs] = AB−B+

[ωS ] coth [βωs/2] = 2 Im
[
χB−B+

[ωs]
]

coth [βωs/2] . (3.87)

This should be seen in contrast to the self-enrgy (self-interaction) or the Lamb shift term

derived in Eq. (3.72), which is the real part of the susceptibility. These real part and
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imaginary part of the susceptibility are related by the Kramers-Kronig relation (Sec. 3.1.4):

Re
[
χB−B+

[ω]
]

= −P
∫ ∞
−∞

dω′

π

Im
[
χB−B+

[
ω′
]]

ω − ω′
, (3.88)

Im
[
χB−B+

[ω]
]

= +P
∫ ∞
−∞

dω′

π

Re
[
χB−B+

[
ω′
]]

ω − ω′
. (3.89)

Therefore, if we have access to the frequency dependence of the longitudinal decay rate T1,

i.e., T1 = T1[ω], we obtain using Eqs. (3.72), (3.88), and (3.87):

Re
[
χB−B+

[ωs]
]

= −ΣLamb = −P
∫ ∞
−∞

dω′

π

1

ωs − ω′
·

1/T1
[
ω′
]

2 coth [βω′/2]
. (3.90)

This equation clarifies the relation between the self-energy (ΣLamb) and the decay dissipation

(T1).

Fluctuation-dissipation relation

In this section, we show the fluctuation-dissipation relation. Although it is a well-known

relation [58], as we are considering the case where operators A and B appearing in the

Green’s functions G>BA and G<BA are not Hermitian, it is instructive to show and verify the

relation here. We assume [H,µN ] = 0 [Note: we drop the subscript of HB and write it as H

because we only consider the boson Hilbert space] and AeβµN = eβµ(N−1)A (satisfied when

[N,A] = A), where N is the number operator (in our case, N =
∑
j b
†
jbj), µ is the chemical

potential (note that µ can be zero and in that case [H,µN ] = 0 and AeβµN = eβµ(N−1)A

always hold), and A is the operator appears in the Green’s functions G>BA and G<BA. Then,
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in the time domain, the greater and the lesser Green’s function are related by:

iG>BA(t) = Z−1 Tr
[
e−β(H−µN)B(t)A

]
= Z−1 Tr

[
e−β(H−µN)e+iHtBe−iHtA

]
,

= Z−1 Tr
[
eβµNe+iH(t+iβ)Be−iH(t+iβ)e−βHA

]
= Z−1 Tr

[
eβµNB(t+ iβ)e−βHA

]
,

= Z−1 Tr
[
e−βHAeβµNB(t+ iβ)

]
= Z−1 Tr

[
e−βHeβµ(N−1)AB(t+ iβ)

]
,

= e−βµZ−1 Tr
[
e−β(H−µN)AB(t+ iβ)

]
= e−βµiG<BA(t+ iβ), (3.91)

where Z = Tr[eβ(H−µN)] is the partition function. In the frequency domain, this becomes

G>BA[ω] = e−βµ
∫ ∞
−∞

dteiωtG<BA(t+ iβ) = e−βµ
∫ ∞+iβ

−∞+iβ
dt′eiω(t′−iβ)G<BA

(
t′
)
,

= eβ(ω−µ)
∫ ∞+iβ

−∞+iβ
dt′eiωt

′
G<BA

(
t′
)

= eβ(ω−µ)
∫ ∞
−∞

dt′eiωt
′
G<BA

(
t′
)
,

= eβ(ω−µ)G<BA[ω]. (3.92)

This is called the detailed balance or the detailed balancing condition [58]. Using this

condition, we obtain the fluctuation-dissipation relation:

iGKBA[ω] = i
(
G>BA[ω] +G<BA[ω]

)
=
i
(
G>BA[ω] +G<BA[ω]

)
i
(
G>BA[ω]−G<BA[ω]

)ABA[ω],

= ABA[ω] coth[β(ω − µ)/2]. (3.93)

When we use this relation in Eq. (3.83), we assume that the chemical potential is zero µ = 0.

Kramers-Kronig relation

In this section, we show the Kramers-Kronig relation. Although it is a well-known relation,

as we are considering the case where operators A and B appearing in the susceptibility χBA

are not Hermitian, it is instructive to show and verify the relation here. From the definition
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of χBA(t), we can write

χBA(t) = iθ(t)ABA(t). (3.94)

Its Fourier transform is given by

θ[ω] =
i

ω + iη
. (3.95)

Using the convolution theorem, we obtain

χBA[ω] = i

∫ ∞
−∞

dω′

2π
θ
[
ω − ω′

]
ABA

[
ω′
]

= −
∫ ∞
−∞

dω′

2π

ABA
[
ω′
]

ω − ω′ + iη
. (3.96)

Using the Plemelj formula 1/(ω + iη) = P/ω − iπδ(ω), we obtain

χBA[ω] = χ′BA[ω] + iχ′′BA[ω], (3.97)

where we define the first part (χ′BA[ω]) and the second part (χ′′BA[ω]) as

χ′BA[ω] ≡ −
GRBA[ω] +GABA[ω]

2
= −P

∫ ∞
−∞

dω′

2π

ABA
[
ω′
]

ω − ω′
, (3.98)

χ′′BA[ω] ≡ −
GRBA[ω]−GABA[ω]

2i
=
ABA[ω]

2
. (3.99)

We note that the first part and the second part are not necessarily the real part and the

imaginary part, although we show they become the real and the imaginary parts under a

certain condition. For these susceptibilities, we have the following Kramers-Kronig relation:

χ′BA[ω] = −P
∫ ∞
−∞

dω′

π

χ′′BA
[
ω′
]

ω − ω′
, (3.100)

χ′′BA[ω] = +P
∫ ∞
−∞

dω′

π

χ′BA
[
ω′
]

ω − ω′
. (3.101)
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Furthermore, the first and the second parts become the real and the imaginary parts when

B = A†, i.e.,

χ′BA[ω] = Re [χBA[ω]]

χ′′BA[ω] = Im [χBA[ω]]

ForB = A†. (3.102)

In Eqs. (3.88) and (3.89), we use the fact that B = B− = (B+)† = A† is satisfied in the

Green’s functions, and hence the Kramers-Kronig relation simply connects the real part and

the imaginary part of the susceptibility χB−B+
[ω].

3.2 Two qubits case (qubit-qubit interaction)

Next, we consider the case where there are two qubits coupled to the boson modes. In this

case, we can derive the qubit-qubit interaction mediated by the boson. Importantly, we show

that the qubit-qubit interaction equals to the self-interaction (Lamb shift) term when the

separation of the two qubits are zero.

3.2.1 Exactly diagonalizable situation (Jaynes-Cummings model)

In this section, we consider the case where there are two qubits coupled to a common

single boson mode. After an appropriate gauge transformation on the qubits by U =

exp[−i(θ1σ
(1)
z + θ2σ

(2)
z )] and H → U†HU for appropriate θ1, θ2 ∈ R, we obtain the fol-

lowing full Hamiltonian

H = H0 + V, (3.103)

H0 = ωs (|e〉1〈e|+ |e〉2〈e|) + ωbb
†b, (3.104)

V = g
(
b
[
σ

(1)
+ + σ

(2)
+

]
+ b†

[
σ

(1)
− + σ

(2)
−
])
, (3.105)
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for real and positive coupling g. Here, we assume that the two qubits have the same frequency.

Then, in the same way as in the single qubit case (Sec. 3.1.1), the total number of excitation

N = |e〉1〈e| + |e〉2〈e| + b†b commutes with the above total Hamiltonian, i.e., [N,H] = 0.

Furthermore, the above Hamiltonian commutes with the projector onto the dark state PD ≡

|D〉〈D| with |D〉 = (|e1g2〉 − |g1e2〉)/
√

2, as |D〉 is the eigenstate: H|D〉 = ωs|D〉. The

state |D〉 is called the dark state as the boson system does not see this qubit subspace,

which is indicated by V |D〉 = 0. The subspace of the vectors orthogonal to |D〉 is spanned

by {|g1g2〉, |B〉, |e1e2〉} with the bright state |B〉 = (|e1g2〉 + |g1e2〉)/
√

2, so if we write the

projector onto this subspace as P⊥D, we obtain

H = [|B; 0〉 |g1g2; 1〉]

 ωs
√

2g
√

2g ωb


 〈B; 0|

〈g1g2; 1|

+ ωs|D〉〈D|,

+
∑
n≥2

P⊥DPnHPnP⊥D. (3.106)

Here, the number after the semicolon in the bra/ket notation is the number of boson exci-

tations. We also note that |g1g2; 0〉 is the eigenstate with zero energy H|g1g2; 0〉 = 0. The

last term of Eq. (3.106) can be written in the 3 × 3 matrix form with three basis vectors

{|g1g2;n〉, |B;n− 1〉, |e1e2;n− 2〉}. The first term of Eq. (3.106) can be diagonalized in the

same way as in Sec. 3.1.1, and we obtain the following eigenenergies

ε± =
ωs + ωb

2
± sgn (ωs − ωb)

√
((ωs − ωb) /2)2 + 2g2,

≈ ωs + ωb
2

±
[
ωs − ωb

2
+

2g2

ωs − ωb

]
, (3.107)

where we assume 2g2 � |ωs − ωb|/2 in the second line. In fact, the eigenstate associated

with ε+ is approximately equal to |B; 0〉 in the small copuling g limit. Writing the energy of

the zero-boson bright state |B; 0〉 in the absence the coupling g as E0
|B;0〉 = ωs, we observe
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that the energies are modified by the coupling g following

E0
|B;0〉 → ε+ ≈ E0

|B;0〉 +
2g2

ωS − ωb
. (3.108)

In contrast, the dark state energy E0
|D;0〉 = ωs and the energy E0

|g1g2;0〉 of the state |g1g2; 0〉

are unchanged by adding the coupling g:

E0
|D;0〉 → E0

|D;0〉, (3.109)

E0
|g1g2;0〉 → E0

|g1g2;0〉. (3.110)

This is the manifestation of the following effective Hamiltonian at low boson occupation (low

temperature):

Heff =
g2

ωS − ωb

(
σ

(1)
+ + σ

(2)
+

)(
σ

(1)
− + σ

(2)
−
)
,

= ΣLamb (|e〉1〈e|+ |e〉2〈e|)− geff

(
σ

(1)
+ σ

(2)
− + σ

(1)
− σ

(2)
+

)
, (3.111)

where the Lamb shift ΣLamb and the effective qubit-qubit coupling strength geff are given

by

ΣLamb ≡ g2

ωs − ωb
, (3.112)

geff ≡ − g2

ωs − ωb
. (3.113)
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This is confirmed by considering the projection of Heff onto the subspace with lower than

one excitations by applying the projector Pn≤1:

Pn≤1HeffPn≤1 = ΣLamb (|e1g2〉 〈e1g2|+ |g1e2〉 〈g1e2|)− geff

(
σ

(1)
+ σ

(2)
− + σ

(1)
− σ

(2)
+

)
,

=
g2

ωs − ωb
(|e1g2〉+ |g1e2〉) (〈e1g2|+ 〈g1e2|) ,

=
2g2

ωs − ωb
|B〉〈B|. (3.114)

Note that the minus sign in front of the effective coupling geff is simply due to the sign

convention of this dissertation. This effective coupling geff between the two qubits are

mediated by the boson, which is visually clarified in Sec. 3.2.3. Interestingly, the Lamb shift

term ΣLamb and the effective coupling geff in the single-mode boson case share the same

coefficient g2/(ωs − ωb) (up to sign), which is because the qubit-qubit interaction is due to

the similar process as in the Lamb shift case: the first qubit flips and emits a single boson,

and then the second qubit absorbs the boson emitted by the first qubit. This is also visually

explained in Sec. 3.2.3.

The qubit-qubit effective coupling geff results in the interaction of the two qubits in

the form of the oscillation between the states |e1g2; 0〉 and |g1e2; 0〉. More explicitly, the

matrix element of the time evolution operator U(t) = exp[−i(H0 + Heff)t] with H0 =

ωs (|e〉1〈e|+ |e〉2〈e|) + ωbb
†b is given by

〈g1e2; 0|U(t)|e1g2; 0〉 = e−i(ωs+ΣLamb)t × i sin [geff t] . (3.115)

This expression will be used to verify the result we obtain in the diagrammatic approach in

Sec. 3.2.3.
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3.2.2 Schrieffer-Wolff transformation

The effective Hamiltonian describing the boson-mediated interaction can be derived from

the Schrieffer-Wolff transformation in the same way as we derived the Lamb shift term in

Sec. 3.1.2. To this end, we consider the following total Hamiltonian with two qubits coupled

to multi-mode bosons

H = H0 + V, (3.116)

H0 = ωs (|e〉1〈e|+ |e〉2〈e|) +
∑
j

ωjb
†
jbj , (3.117)

V =
∑
i=1,2

B
(i)
− σ

(i)
+ +B

(i)
+ σ

(i)
− ; B

(i)
− =

∑
j

g
(i)
j bj ; B

(i)
+ =

(
B

(i)
−
)†
. (3.118)

Following the procedure provided in Sec. 3.1.2, the operator S in the Schrieffer-Wolff trans-

formation (H → eSHe−S) can be the following:

S =
∑
i,j

g
(i)
j bjσ

(i)
+

ωs − ωj
− H.c. (3.119)

Under this transformation, the effective Hamiltonian Eq. (3.21) becomes, in analogy to

Eq. (3.29),

Heff =
∑
i1,i2

i
∫ 0
−∞ dt

[
B

(i1)
− (t), B

(i2)
+ (0)

]
eiωst + ( H. c. & i1 ↔ i2)

2
σ

(i1)
+ σ

(i2)
−

+
∑
i

i
∫ 0
−∞ dtB

(i)
+ (0)B

(i)
− (t)eiωst + H. c.

2

[
σ

(i)
+ , σ

(i)
−
]
,

= −
(
geffσ

(1)
+ σ

(2)
− + g∗effσ

(1)
− σ

(2)
+

)
+
∑
i

Σ
(i)
Lamb|e〉i〈e|+

∑
j1j2

g
(i)∗
j2

g
(i)
j1
b
†
j2
bj1

2

[
1

ωs − ωj1
+

1

ωs − ωj2

]
σ

(i)
z

 .

(3.120)
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Here, the Lamb shift for the qubit i and the qubit-qubit effective coupling strength geff are

given by [see the first line of Eq. (3.120)]

Σ
(i)
Lamb = −

χ∗
B

(i)
− B

(i)
+

[ωs] + χ
B

(i)
− B

(i)
+

[ωs]

2
= −Re

[
χ
B

(i)
− B

(i)
+

[ωs]

]
=
∑
i

∣∣∣g(i)
j

∣∣∣2
ωs − ωj

,

(3.121)

geff =

χ∗
B

(2)
− B

(1)
+

[ωs] + χ
B

(1)
− B

(2)
+

[ωs]

2
= χ′

B
(1)
− B

(2)
+

[ωs] = −
∑
j

g
(2)∗
j g

(1)
j

ωs − ωj
,

(3.122)

where χBA[ω] is the susceptibility that we define in Eq. (3.38). Note that the primed

susceptibility χ′BA[ω] appearing in the second equation is not the real part, but the first

part we define in Eq. (3.98). We observe from the last line of Eq. (3.120) that there are

two distinct parts in this effective Hamiltonian. One of them is the term inside the first

parentheses, which describes the effective qubit-qubit interaction. The other is the terms

inside the second parentheses, which is essentially the same as the single-qubit result provided

in Eq. (3.29). From the expression of the effective qubit-qubit interaction Eq. (3.122), we

find that this effective coupling is the average of the two response functions: (i) the response

of the process where the qubit 2 emits a boson and then the boson influences the qubit 1,

and the complex conjugation of (ii) the response of the process where the qubit 1 emits the

boson and then the boson influences the qubit 2. This expression Eq. (3.122) in terms of

the response functions (χ[ωs]) could be used to simulate the effective coupling geff from a

classical simulation of the dynamics of the boson system. Interestingly, we find by comparing

Eqs. (3.121) and (3.122) that the Lamb shift Σ
(i)
Lamb and the effective coupling constant geff

take a similar form. Therefore, when two qubits’ coupling constants to the boson modes are

the same, i.e., B
(1)
± = B

(2)
± ≡ B±, which occurs for example when the two qubits are on top

of each other, the effective qubit-qubit coupling equals to the Lamb shift and hence the real
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part of the self-response (up to sign). This is made more explicit by writing

geff |B(1)
± =B

(2)
±

= −Σ
(1)
Lamb = −Σ

(2)
Lamb = Re

[
χB−B+

[ωS ]
]
, (3.123)

or, when the coupling g
(i)
j to the boson modes depend only on the qubit position rq(i), we

obtain

geff |rq(1)→rq(2)
→ Re

[
χB−B+

[ωS ]
]
. (3.124)

3.2.3 Diagrammatic approach

To obtain the graphical intuition about the boson-mediated qubit-qubit interaction, in this

section we use the Feynman diagrams and show that the qubit-qubit effective interaction is

due to the exchange of a (virtual) boson. To check the consistency of the result obtained from

this diagrammatic approach with that we obtained in Sec. 3.2.1, we consider the single-mode

boson case, although it is straightforward to extend this approach to multi-mode boson case.

The total Hamiltonian in the second quantization language is given by

H = H0 + V, (3.125)

H0 = ωs

(
c
†
e1ce1 + c

†
e2ce2

)
+ ωbb

†b, (3.126)

V =
∑
i=1,2

g
(
bc
†
eicgi + b†c†gicei

)
. (3.127)

We focus on the matrix element 〈g1e2; 0|U(t)|e1g2; 0〉 of the time-evolution operator U(t) =

exp[−iHt], and we define the two-body-like Green’s function G(t) as

G(t) = (−i)2
〈
Tcg1(t)ce2(t)c

†
e1(0)c

†
g2(0)

〉∣∣∣
Heis

, (3.128)

G[ω] =

∫ ∞
−∞

dteiωtG(t), (3.129)
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such that the time evolution for t > 0 is given by

〈g1e2; 0|U(t)|e1g2; 0〉 = i2G(t). (3.130)

From the diagrammatic analysis, we obtain the frequency domain Green’s function G[ω] as

G[ω] =
Qubit 1

Qubit 2

=

∫
dp

2π

dq

2π
[G0(ω − q)F(q) · i〈ω − q, q|t|ω − p, p〉 · F(ω − p)G0(p)] , (3.131)

where G0(ω) and F(ω) are the ground-state propagator (thin line) and the dressed excited-

state propagator (bold double line), respectively, which are defined in Sec. 3.1.3, and 〈ω −

q, q|t|ω − p, p〉 is the T-matrix (drawn by the bold wiggly line). From the diagrammatic

analysis, we obtain the following Dyson equation for the T-matrix:

〈ω − q, q|t|ω − p, p〉 = g2D0(q − p)

+g4i2
∫

dαdβ

(2π)2
D0(α− p)G0(ω − α)F(α)

×D0(α− β)F(ω − β)G0(β)

×〈ω − q, q|t|ω − β, β〉. (3.132)

While solving the above integral equation directly is possible and we will obtain the correct

time evolution, here we instead provide an approximate approach with F(ω) ≈ F≈(ω) [i.e.,

approximating the dressed excited-state propagator to the approximate dressed-excited state

propagator. See Eq. (3.55)] and D0(ω) ≈ D0(ωs), which is valid for small coupling g. Then,

the T-matrix becomes

〈ω − q, q|t|ω − p, p〉 = geff + · · · = geff

1− [ω − (ωs + ΣLamb) + iε]−2 g2
eff

, (3.133)

geff = g2D0(ωs), (3.134)
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where ΣLamb is the Lamb shift (self-energy) we define in Sec. 3.2.1. We find that the effective

coupling geff is the boson propagator multiplied by the qubit-boson coupling. Substituting

Eq. (3.133) into Eq. (3.131), we obtain

G[ω] ≈
∫

dp

2π

dq

2π

[
G0(ω − q)F≈(q) · i geff

1− (ω − (ωs + ΣLamb ) + iε)−2 g2
eff

· F≈(ω − p)G0(p)

]
.

(3.135)

Performing the inverse Fourier transformation, we obtain the time evolution that is consistent

with Sec. 3.2.1:

〈g1e2; 0|U(t)|e1g2; 0〉 = i2G(t) ≈ e−i(ωs+ΣLamb)t × i sin [geff t] . (3.136)

The argument provided so far, especially the diagram drawn in Eq. (3.131) and the expression

of the effective coupling in terms of the propagator Eq. (3.134), clarifies that the effective

qubit-qubit coupling is due to the exchange of a boson between the two qubits. Sometimes,

as the wiggly line in Eq. (3.131) is an intermediate process appearing in the perturbation

and the there is no on-resonant (“on-shell” in some quantum field theory literatures [57])

boson, this boson is called a virtual (“off-shell”) boson. In conclusion, we can phrase that

the effective qubit-qubit coupling is due to the exchange of a virtual boson.

3.2.4 Lindblad master equation under Born-Markov approxima-

tion

Lastly, for completeness we show the two-qubit case of the derivation of the effective time

evolution of the qubit density matrix ρ in the Lindblad master equation formalism. We take
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the initial total Hamiltonian to be that of the two qubits coupled to multi-mode boson bath:

H = H0 +HB + V, (3.137)

H0 = ωs (|e〉1〈e|+ |e〉2〈e|) , (3.138)

HB =
∑
j

ωjb
†
jbj , (3.139)

V =
∑
i

B
(i)
− σ

(i)
+ +B

(i)
+ σ

(i)
− ; B

(i)
− ≡

∑
j

g
(i)
j bj ; B

(i)
+ =

(
B

(i)
−
)†
. (3.140)

In the same way as in Sec. 3.1.4, under the Born-Markov approximation and for the thermal

boson bath which is stationary, and assuming 〈B(i1)
− (t)B

(i2)
− (0)〉 = 〈B(i1)

+ (t)B
(i2)
+ (0)〉 = 0

which is valid in our case (or applying the secular approximation), we obtain the equation

of motion for the reduced qubit density operator ρ as

d

dt
ρ(t) = −i [H0 +Heff , ρ] +N [ρ(t)], (3.141)

Heff = −
(
geffσ

(1)
+ σ

(2)
− + g∗effσ

(1)
− σ

(2)
+

)
+
∑
i

(
Σ

(i)
Lamb|e〉i〈e|+ Σ

(i)
Starkσ

(i)
z

)
, (3.142)

N [ρ(t)] =
∑
i1,i2

iG<
B

(i1)
− B

(i2)
+

[ωs]L
[
σ

(i1)
+ , σ

(i2)
+

]
ρ

+
∑
i1,i2

iG>
B

(i1)
− B

(i2)
+

[ωs]L
[
σ

(i2)
− , σ

(i1)
−
]
ρ, (3.143)

where the the Lamb shfit Σ
(i)
Lamb and the effective coupling geff are provided in Eqs. (3.121)

and (3.122), and the Stark shift is given by

Σ
(i)
Stark ≡

∑
j

∣∣∣g(i)
j

∣∣∣2 nB(ωj)

ωs − ωj
. (3.144)

We also defined the two-argument Lindblad operator

L[X, Y ]ρ ≡ XρY † − 1

2

{
Y †X, ρ

}
, (3.145)

61



such that when the two arguments are the same, it reduces to the standard Lindblad operator

L[X,X] = L[X]. The greater and the lesser Green’s function in Eq. (3.143) can be explicitly

written as

iG>
B

(i1)
− B

(i2)
+

[ωs] = (nB (ωs) + 1)
∑
j

g
(i2)∗
j g

(i1)
j 2πδ

(
ωs − ωj

)
, (3.146)

iG<
B

(i1)
− B

(i2)
+

[ωs] = nB (ωs)
∑
j

g
(i2)∗
j g

(i1)
j 2πδ

(
ωs − ωj

)
. (3.147)

We note in Eq. (3.143) that the terms in the summation with i1 = i2 are essentially the

same as what we obtained in the single qubit case [Eq. (3.74)]:

N [ρ(t)]|i1=i2
=
∑
i

(
iG<

B
(i)
− B

(i)
+

[ωs]L
[
σ

(i)
+

]
ρ+ iG>

B
(i)
− B

(i)
+

[ωs]L
[
σ

(i)
−
]
ρ

)
. (3.148)

However, there are also additional terms in Eq. (3.143), such as the terms with L[σ
(1)
− , σ

(2)
− ].

We call these as correlated decay dissipation terms, as they are related to operators such as

L[σ
(1)
− + σ

(2)
− ]. For example,

L
[
σ

(1)
− + σ

(2)
−
]

= L
[
σ

(1)
−
]

+ L
[
σ

(2)
−
]

+ L
[
σ

(1)
− , σ

(2)
−
]

+ L
[
σ

(2)
− , σ

(1)
−
]
. (3.149)

Noticing that L[σ
(1)
− + σ

(2)
− ] describes the decay process of |e1e2〉 → (|g1e1〉+ |e1g2〉)/

√
2, it

makes sense to call its effect as the correlated decay dissipation.

Interestingly, the time scale of the correlated decay process are related to the qubit-qubit

interaction via the fluctuation-dissipation and the Kramers-Kronig relation, which can be

shown through a similar argument as that provided in Sec. 3.1.4 where the T1 decay rate is

related to the Lamb shift. We define the rate of the correlated decay process as

1/T
(corr)
1 = iG>

B
(1)
− B

(2)
+

[ωs] + iG<
B

(1)
− B

(2)
+

[ωs] = iGK
B

(1)
− B

(2)
+

[ωs] , (3.150)
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where GK
B

(1)
− B

(2)
+

[ωs] is the Keldysh Green’s function defined in Eq. (3.81). Using the

fluctuation-dissipation relation [Eq. (3.93) with zero chemical potential µ = 0] and the defi-

nition of the second part of the susceptibility [Eq. (3.99)], we obtain in analogy to Eq. (3.87)

the following:

1/T
(corr)
1 = iGK

B
(1)
− B

(2)
+

[ωs] = A
B

(1)
− B

(2)
+

[ωs] cosh [βωs/2] ,

= 2χ′′
B

(1)
− B

(2)
+

[ωs] cosh [βωs/2] . (3.151)

Therefore, the correlated decay rate 1/T
(corr)
1 is proportional to the second part (not imagi-

nary part) of the susceptibility, which should be seen in contrast to the effective qubit-qubit

coupling geff provided in Eq. (3.122), which is the first part of the susceptibility. Using the

Kramers-Kronig relation shown in Eq. (3.100), we obtain the relation between them with

the assumption that we have access to the frequency dependence T
(corr)
1 = T

(corr)
1 [ω]:

geff = χ′
B

(1)
− B

(2)
+

[ωs] = −P
∫ ∞
−∞

dω′

π

1

ωs − ω′
·

1/T
(corr)
1

[
ω′
]

2 coth [βω′/2]
. (3.152)

This equation clearly shows the connection of the correlated decay rates and the effective

qubit-qubit interaction in analogy to Eq. (3.90).

3.3 Quantum-mechanical derivation of magnetic dipole-

dipole interaction of spin qubits mediated by pho-

tons

In this section, we derive photon-mediated magnetic dipole-dipole interaction between two

spins as an example of the boson-mediated qubit-qubit interaction. We follow the argument

provided in Ref. [63] with the use of the effective Hamiltonian derived in our previous sections

[see Eqs. (3.21) and (3.65)], and we obtain the conventional result where the interaction scales
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as ∝ r−3
21 with the qubit-qubit distance r21. We start from the following total Hamiltonian

for two spin-1/2 systems (qubits) coupled to the magnetic field that is quantized using the

Coulomb gauge:

H = H0 +HEM + V, (3.153)

H0 = ωs,1|e〉1〈e|+ ωs,2|e〉2〈e|, (3.154)

HEM =
∑
k,σ

ω|k|b
†
kσbkσ; ω|k| = c|k|, (3.155)

V = −µ1 ·B (x1)− µ2 ·B (x2) , (3.156)

where ωs,i is the qubit frequency labeled by i = 1, 2, HEM is the electromagnetic field

Hamiltonian, c is the speed of light, σ = 1, 2 labels the photon linear polarization, xi is the

position of the qubit i, and µi is the magnetic dipole operator for the spin i:

µi =
(−1)gµB

2
σ(i) =

(−1)gµB

2

(
ε̂
(i)
− σ

(i)
+ + ε̂

(i)
+ σ

(i)
− + ẑ(i)σ

(i)
z

)
, (3.157)

ε̂
(i)
± ≡ x̂(i) ± iŷ(i). (3.158)

Here, g is the g-factor of the spin, µB is the Bohr magneton, the unit vector ẑi is parallel

to the quantization direction of the qubit spin i, and the non-normalized complex vectors

{ε̂(i)− , ε̂
(i)
+ } are orthogonal to ẑ(i). The magnetic field operator B(x) is written in terms of

the photon creation and annihilation operators (b
†
kσ and bkσ) as

B(x) = i
∑
k,σ

Z|k|(k̂ × ~ekσ)
(
bkσe

ik·x − b†kσe
−ik·x

)
, (3.159)

Z|k| ≡
√
µ0ω|k|

2V
, (3.160)

where V is the volume of the real space where the Fourier transform is performed and ~ekσ is

the polarization vector (unit vector of the linear polarization σ). As counter-rotating terms

such as bkσσ
(i)
− turn out to also contribute to the qubit-qubit interaction, we do not apply
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the rotating-wave approximation. This is implied by the fact that the coupling Z|k| becomes

larger with higher energies ω|k|, which competes with the detuning ω|k| − ωs,i appearing in

the denominator when computing the effective interaction. From Eqs. (3.21) or (3.65), the

effective Hamiltonian of the two-qubit system becomes

Heff =
i

2

∫ 0

−∞
dt′
[
V
(
t′
)
, V (0)

]
,

=
i

2

∫ 0

−∞
dt′
∑
i1,i2

[
µi1

(
t′
)
·B
(
xi1 , t

′) ,µi2 ·B (xi2)] . (3.161)

The above expression includes both the self-interaction part and the qubit-qubit interaction

part. As we care about the qubit-qubit interaction, we do not treat the possible divergence

of the self-interaction and we focus on the following qubit-qubit interaction part:

H
qubit−qubit
eff =

i
∫ 0
−∞ dt′

[
µ1
(
t′
)
·B
(
x1, t

′) ,µ2 ·B (x2)
]

+ (1↔ 2)

2
. (3.162)

As the time-evolution of µi(t) appears only in the form of the phase evolution eiθt for some

real number θ, i.e.,

µi(t) =
(−1)gµB

2

(
ε̂
(i)
− σ

(i)
+ e+iωs,it + ε̂

(i)
+ σ

(i)
− e−iωs,it + ẑ(i)σ

(i)
z

)
, (3.163)

we only need to evaluate the following frequency domain Green’s function:

←→
G B(x1)B(x2)[ω] ≡ i

∫ 0

−∞
dt′
[
B
(
x1, t

′) ,B (x2)
]
eiωt,

= −←→χ B(x2)B(x1)[−ω], (3.164)

where its tensor elements need to be appropriately chosen. In the second equality, we use the

following relation valid when [B(t), A(0)] = [B(0), A(−t)], which is satisfied in our current
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setting or for stationary states in general,

GABA[ω] = GRAB [−ω], (3.165)

and we also use the definition of the susceptibility in terms of the retarded Green’s function

[Eq. (3.38)]. Then, Eq. (3.162) turns into the following form:

H
qubit−qubit
eff = −

µ2 · ←→χ B(x2)B(x1)

[
ω = 0,±ωs,1

]
· µ1 + (1↔ 2)

2
, (3.166)

where the frequency argument of the susceptibility←→χ B(x2)B(x1)[ω] needs to be appropriately

chosen when performing the dot product with µ1. For example in the first term, ω = +ωs,1

(ω = −ωs,1) needs to be chosen when it is multiplied by σ
(1)
− (σ

(1)
+ ) and ω = 0 when σ

(1)
z .

Now, the response function to be evaluated is

←→χ B(x2)B(x1)(t) = iθ(t) [B (x2, t) ,B (x1)] ,

= iθ(t)
∑
k,σ

µ0ωk
2V

(
eik·(x2−x1)−iωkt − e−ik·(x2−x1)+iωkt

)
(k̂ × ~ekσ)⊗ (k̂ × ~ekσ).

(3.167)

In the frequency domain, we obtain

←→χ B(x2)B(x1)[ω] =
∑
k,σ

µ0ωk
2V

(
− eik·(x2−x1)

ω − ωk + iη
+
e−ik·(x2−x1)

ω + ωk + iη

)
(k̂ × ~ekσ)⊗ (k̂ × ~ekσ),

=

∫
dk

(2π)3

µ0ωk
2

(
− eik·(x2−x1)

ω − ωk + iη
+
e−ik·(x2−x1)

ω + ωk + iη

)
(I − Ω̂⊗ Ω̂).(3.168)

Here, in the second line we replace the sum over k into the integral and use
∑
σ(k̂× ~ekσ)⊗

(k̂ × ~ekσ) = Î − Ω̂ ⊗ Ω̂, where Ω̂ = k̂ = k/|k| is the unit vector in the direction of k. We

change this notation to make it explicit that the unit vector Ω̂ is independent of the radial

component of the wave vector k = |k|. Writing the integral over k into the angular part
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∫
dΩ =

∫
dcosθdφ [θ is the angle between k and x2 − x1] and the radial part

∫∞
0 dk, we

obtain after combining the two terms in Eq. (3.168) by changing the variable k → −k for

the second term:

←→χ B(x2)B(x1)[ω] =

∫ ∞
−∞

dkk2

(2π)3

µ0ck

2
· −1

ω − ck + iη

∫
dΩ(I − Ω̂⊗ Ω̂)eik|x2−x1| cos θ,

=
µ0

4π
· 1

|x2 − x1|3

∫ ∞
−∞

dξ

π

ξ3

ξ − ξω − iη

∫
dΩ

4π
(I − Ω̂⊗ Ω̂)eiξ cos θ,

(3.169)

where in the second line we changed the integration variable ξ = k |x2 − x1| and ξω is

the phase that electromagnetic waves with (angular) frequency ω will accumulate after the

propagation of a distance |x2 − x1|:

ξω = ω |x2 − x1| /c. (3.170)

After a direct evaluation of the integrals with a regulator for oscillating non-convergent

integrals, we obtain

←→χ B(x2)B(x1)[ω]

= −µ0

4π

1

|x2 − x1|3
[
(cos ξω + ξω sin ξω)

(
Î − 3r̂21 ⊗ r̂21

)
− ξ2

ω cos ξω

(
Î − r̂21 ⊗ r̂21

)]
,

+
µ0

4π

1

|x2 − x1|3
i
[
f (ξω) Î + g (ξω) r̂21 ⊗ r̂21

]
, (3.171)

f(ξ) = ξ2 sin ξ + ξ cos ξ − sin ξ, (3.172)

g(ξ) = −ξ2 sin ξ − 3ξ cos ξ + 3 sin ξ, (3.173)

where r̂21 = (x2 − x1)/|x2 − x1| is the unit vector along the direction x2 − x1. Note that

Eq. (3.171) may have a sign mismatch with Ref. [63], but it is consistent with Ref. [64].

When the spin-spin distance is much smaller than the wavelength of the photon with qubit
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frequency ωs,i, we have ξω � 1 and the susceptibility becomes

←→χ B(x2)B(x1)[ω] = −µ0

4π

1

|x2 − x1|3
[(
Î − 3r̂21 ⊗ r̂21

)
+O

(
ξ2
ω

)]
. (3.174)

This reduces to the standard magnetic dipole-dipole interaction between the spins:

H
qubit−qubit
eff ≈ µ0

4π

µ2 ·
(
Î − 3r̂21 ⊗ r̂21

)
· µ1

|x2 − x1|3
, (3.175)

indicating that the magnetic dipole-dipole interaction between spins can be thought of as

a consequence of the exchange of virtual photons, which completes the discussion in this

chapter.
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Chapter 4

All-optical cryogenic thermometry

based on NV centers in nanodiamonds

4.1 Introduction

In this chapter, we show that temperature sensing based on nitrogen-vacancy (NV) center

ensembles in diamond have great applicability in studying the nontrivial emergent thermal

effects in yttrium-iron-garnet (YIG). Especially, we provide a new platform with NV centers

as temperature sensors to study the spin caloritronic effects in YIG such as the spin Seebeck

effect [65–69], where local temperature variation plays a central role. The spin Seebeck

effect is a phenomenon where a spin current is generated as a consequence of a temperature

gradient in a magnetic material. While the NV centers are widely known as an excellent

magnetic field sensor, their thermometry has been a focus only recently. Additionally, the NV

center’s sensing stability across a wide range of temperatures [70] and magnetic fields makes

it suitable for studying these spin caloritronic effects, as they need to be studied as a function

of temperature and magnetic field [66]. With a recently developed array of nanodiamonds

(NDs) embedded within a portable polydimethylsiloxane (PDMS) sheet [71], we can scan

local temperature variations of the YIG substrate without disturbing its temperature profile.
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Figure 4.1: (a) ODMR of an ensemble of NV centers in a bulk diamond created by nitrogen
implantation, where the diamond is placed on a quartz substrate and the NV layer is facing
the quartz. (b) ODMR of the same diamond sample as described in (a), where the diamond
is placed on an YIG substrate and the NV layer is facing the YIG. The magnetic field is
applied in plane of the quartz or the YIG substrate, which is along the (110) direction of the
diamond crystal.

We avoid the need to interface bulk diamond with the YIG substrate, which would provide

and additional path for heat transfer.

There are, however, a few obstacles for NV thermometry on YIG [65–69]. One is the

magnetic noise caused by the YIG substrates, which can destroy the NV center’s microwave

resonances. In Fig. 4.1, we show the optically detected magnetic resonance (ODMR) image

of a shallow ensemble of NV centers made by nitrogen implantation in a bulk diamond as a

function of the external magnetic field and the applied microwave frequency with [See (b)]

and without [See (a)] the YIG substrate. Clearly, the sharp resonances visible in Fig. 4.1(a)

are overwhelmed by an additional large signal in Fig. 4.1(b), which is due to the magnetic

noise caused by the spin-wave resonances in YIG [72]. This poses a technical challenge of

performing the standard thermometry technique with NV center’s spin transitions driven

70



50 100 150 200 250 300

Temperature (K)

2.87

2.872

2.874

2.876

2.878
D

 (
G

H
z
)

200 250 300 350 400

Temperature (K)

0

0.5

1

1.5

2

2.5

3

A
m

p
lit

u
d

e
 R

a
ti
o

(a) (b)

Figure 4.2: (a) Schematic of the temperature dependence of the zero-field splitting D. The
curve is drawn from the fit parameters provided in [73]. (b) Schematic of the temperature
dependence of the zero-phonon-line (ZPL) amplitude ratio drawn with the equation provided
in [74]. The solid curve is drawn for the temperature range provided in [74], while the dashed
curve is the extrapolation to lower temperatures.

by microwaves, and adds a concern of microwave heating in the YIG substrate. Another

obstacle of the NV-center-based thermometry is the difficulty of using the conventional ther-

mometry techniques based on the shift in the zero-field splitting D at low temperatures,

whose study is largely confined to room temperature (and above) applications. As shown

in Fig. 4.2(a), the temperature dependence of the zero-field splitting D is weaker at cryo-

genic temperatures, as the shift is due to lattice contraction. This weaker dependency leads

to lower temperature sensitivity at lower temperatures. As the study of the spin Seebeck

effect is typically performed from room temperature (and above) down to cryogenic temper-

atures (100 K and below), it is favorable for the temperature sensor to be able to scan the

temperature variations at cryogenic temperatures in addition to room remperature.

Here we use an alternative approach that does not require microwaves, ratiometric all-

optical thermometry [74–80]. This technique makes use of the temperature dependence of

the zero-phonon-line amplitude ratio with respect to the phonon sideband fluorescence. This

method only requires a spectrometer (in addition to a laser) and does not use microwaves.

As shown in Fig. 4.2(b), the extrapolation of the model equation provided in [74] is expected

to show stronger dependence at lower temperature [See the dashed curve], in contrast to the

zero-field splitting [Fig. 4.2(a)]. Using this technique, we demonstrate that it may be utilized
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to liquid nitrogen temperatures without deterioration of the sensitivity. The use of an array

of NDs on a polydimethylsiloxane (PDMS) sheet [71] combined with all-optical thermometry

completely removes configurational restrictions needed for microwave applications, offering a

versatile device capable of probing a wide variety of solid-state systems over tens of microns

with an adjustable spatial resolution on the order of a few microns. This makes all-optical

thermometry suitable for probing and imaging a variety of condensed matter systems, and

may have advantages over conventional NV-center thermometry techniques depending on

the required thermal or spatial resolutions as well as the potential microwave response of the

target system.

4.1.1 Extrapolation of the temperature dependence of all-optical

thermometry

Reference [74] provides a model that explains the temperature dependence of the zero-phonon

line (ZPL) amplitude ratio under temperature range 295 K≤ T ≤ 400 K. The ZPL spectrum

is fit by a sum of the Lorenzian function and an exponential function with the coefficient A

and B, respectively. More specifically, the χ2 minimization scheme is used:

χ2 =
∑
n

(
Nn −Bebn − AΓ2

Γ2 + (n− n0)2

)2

, (4.1)

where Nn is the number of photons detected in nth spectral bin divided by the integral

intensity of the spectrum in the experimental spectral window (from 610 to 660 nm), Γ is

the linewidth, n0 is the center of the Lorenzian spectrum, and b represents the slope of hte

exponential. In the model provided in [74], the ratio A is proportional to the Debye-Waller

factor (DWF) divided by a ZPL linewith Γ, as the Zero-phonon-line total photon emission

is proportional to ∝ AΓ. The linewidth Γ is taken to be proportional to ∝ T 2, and the
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temperature dependence of the DWF is taken to be

(DWF) = exp

[
−S

(
1 +

2

3
π2
(
T

TD

)2
)]

, (4.2)

where S is the electron-phonon coupling parameter (Huang-Rhys factor) and TD is the Debye

temperature. Its derivation is shown later. Then the temperature dependence of the ratio

A is given by

A = αT−2 exp
(
−γT 2

)
, (4.3)

resulting in the temperature response

∣∣∣∣dAdT
∣∣∣∣ = 2T

(
T−2 + γ

)
A, (4.4)

where α and γ are temperature independent constants, and γ is related to the (temperature

independent) electron-phonon coupling parameter S and the Debye temperature TD via

γ = 2π2S/(3T 2
D). We note that the DWF is defined as the ratio of the integral ZPL intensity

to the total PL. From this expression, the temperature response is expected to be larger at

lower temperatures, which potentially gives rise to a higher temperature sensitivity at lower

temperatures though it also depends on the uncertainty of the measurement of the ratio A.

The uncertainty σA is given by

σA =
f(r)A√
CZPL∆t

, (4.5)

f(r) =

√
c1 + c2r + c3

√
r2 + r, (4.6)
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where [c1, c2, c3] = [3, 3, 1], r = B/A, CZPL is the ZPL counts rate, and ∆t is the measure-

ment time. From Eq. (4.5), the temperature sensitivity, or the noise floor, becomes

η ≡ σA
√

∆t|dT/dA| = Tf(r)

2
(
1 + γT 2

)√
CZPL

. (4.7)

Assuming for simplicity that the temperature dependence of the total PL is negligible, we

obtain

CZPL = Ctot(DWF)|T=0 exp
(
−γT 2

)
, (4.8)

where Ctot is the total PL counts rate and (DWF)|T=0 is the DWF at absolute zero tem-

perature. From Eqs. (4.7) and (4.8), we obtain

η =
Tf(r)

2
(
1 + γT 2

)√
Ctot (DWF)|T=0

exp

(
1

2
γT 2

)
. (4.9)

As the temperature decreases, the background factor r = B/A decreases as the phonon-

side-band emission under the ZPL Lorenzian becomes smaller, which is not shown in [74]

but is confirmed in a regime 85 K≤ T ≤ 300 K in this work. Then we obtain dη/dT > 0,

demonstrating an improved sensitivity at lower temperatures (note that the smaller η gives

the better sensitivity), at least in a regime 300 K≤ T ≤ 400 K where the model is confirmed.

4.1.2 Derivation of the temperature dependence of the Debye-

Waller factor

The temperature dependence of the Debye-Waller factor [Eq. (4.2)] is initially used to explain

the temperature dependence of the fraction of the ZPL emission with respect to the total

fluorescence in the color centers in Alkali metal halide [81]. Its derivation is as follows.

We consider an electron dipole transition coupled to a phonon mode labeled by i with

mode frequency ωi, under the Born-Oppenheimer approximation [55] and a linear coupling.
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The ground state and the excited state potentials, i.e., the potential for the lattice when

the electron is in the ground state and the excited state, are given by V ig (q) and V ie (q),

respectively, with

V ig (q) =
1

2
mω2

i q
2, (4.10)

V ie (q) = Eeg + ai~ωi
(
q/x0,i

)
+

1

2
mω2

i q
2,

= Eeg +
1

2
mω2

i

(
q + aix0,i

)2 − a2
i

2
~ωi, (4.11)

where x0,i ≡ (~/mωi)1/2, q is the lattice coordinate, m is the lattice atom mass, ai is the

linear coupling constant, and Eg and Ee are the ground state and the excited state electron

energies, respectively. From Eq. (4.11), it is clear that the equilibrium position of the lattice

displacement is shifted from 0 to −aixx,i by going from the electron ground state to electron

excited state, which is due to the change in the electron distribution. By energy relaxation

from q = 0 to q = −aix0,i position in the excited state, the system earns the following

relaxation energy:

EiR =
a2
i

2
~ωi. (4.12)

In this situation, the lattice wave function for the ground state |χg,iα 〉 (for α phonons) and

the excited state |χe,iβ 〉 (for β phonons) are given by

∣∣∣χg,iα 〉 =

∫
dq

[
(mωi/~)1/2

π1/22αα!

]1/2

e−
1
2ρ

2
iHα (ρi) |q〉, (4.13)∣∣∣χe,iβ 〉 = T

(
−aix0,i

) ∣∣∣χg,iβ 〉 , (4.14)

where Hα is the Hermite polynomial, ρi = q/x0,i is the dimensionless latice coordinate,

and T (∆x) = exp[−ip∆x/~] is the the translation operator with the momentum operator

p = −i~∂q. From the Fermi’s golden rule, transition rates under optical excitation are
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proportional to the wave-function overlap:

(Transition rate) ∝
∣∣∣〈χe,iβ | χg,iα 〉∣∣∣2 . (4.15)

Especially at finite temperatures, the fraction P
(i)
k of the dipole transition involving the

emission of k phonons into this mode i is given by

P
(i)
k =

∑
α

p
(i)
α

∣∣∣〈χe,iα+k | χ
g,i
α

〉∣∣∣2 , (4.16)

p
(i)
α =

e−~ωiα/kBT∑
α e
−~ωiα/kBT

, (4.17)

where T is the temperature. Note that it satisfies the normalization:

∑
k

P
(i)
k =

∑
α

p
(i)
α

〈
χ
g,i
α

∣∣∣∣∣
(∑

k

∣∣∣χe,iα+k

〉〈
χ
e,i
α+k

∣∣∣)∣∣∣∣∣χgα
〉
,

=
∑
α

p
(i)
α

〈
χ
g,i
α | χg,iα

〉
,

=
∑
α

p
(i)
α = 1. (4.18)

To evaluate Eq. (4.16), it is useful to notice [82]:

〈
χ
g,i
α | χe,iβ

〉
= e−a

2
i /4
[
α!

β!

]1/2(
− ai

21/2

)β−α
L
β−α
α

(
a2
i

2

)
, (4.19)

76



where Lmn is the Laguerre polynomials. Therefore, the fraction P
(i)
k is evaluated as

P
(i)
k =

∑
α

p
(i)
α

∣∣∣〈χe,iα+k | χ
g,i
α

〉∣∣∣2 ,
=

1∑
α e
−~ωiα/kBT

∑
α

e−~ωiα/kBT
∣∣∣〈χe,iα+k | χ

g,i
α

〉∣∣∣2 ,
=

1∑
α e
−~ωiα/kBT

∑
α

e−~ωiα/kBT e−a
2/2 α!

(α + k)!

(
a2
i

2

)K
Lkα

(
a2
i

2

)
Lkα

(
a2
i

2

)
,

=
1∑

α e
−~ωiα/kBT

e−a
2
i /2yki

∑
α

Lkα (yi)L
k
α (yi) t

α
i α!/Γ(α + k + 1), (4.20)

where in the last line we define ti = e−~ωi/kBT and yi = a2
i /2. According to [82], there is

the following formula:

∞∑
n=0

Lmn (x)Lmn (y)tnn!/Γ(m+ n+ 1)

=
(xyt)−m/2

1− t
exp

[
−(x+ y)t

1− t

]
Im

(
2(xyt)1/2

1− t

)
, (4.21)

where Im is the Bessel function of the first kind with the imaginary argument. Using this

formula, we obtain:

P
(i)
k =

1∑
α e
−~ωiα/kBT

e−a
2
i /2yki

(y2
i ti
)−k/2

1− ti
exp

[
− 2yiti

1− ti

]
Ik

2
(
y2
i ti
)1/2

1− ti

 ,
= e−a

2
i /2t
−k/2
i exp

[
− 2yiti

1− ti

]
Ik

2yit
1/2
i

1− t

 ,

= exp

[
m~ωi
2kBT

]
exp

[
−
a2
i

2
coth ~ωi/2kBT

]
Ik

(
a2
i

2
csch ~ωi/2kBT

)
. (4.22)

Defining the parameter Si = a2
i /2, we obtain

P
(i)
m = exp

[
m~ωi
2kBT

]
exp [−Si coth ~ωi/2kBT ] Im (Si csch ~ωi/2kBT ) . (4.23)
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To get a sense of the so-called Huang-Rhys factor Si, let’s take the zero temperature limit

T → 0. Under this limit, we obtain

P
(i)
m ≈ exp

[
m~ωi
2kBT

]
exp [−Si] Im

[
2Si

(
exp

[
m~ωi
2kBT

])−1
]
,

≈ exp

[
m~ωi
2kBT

]
exp [−Si]

(
1

2
2Si

(
exp

[
m~ωi
2kBT

])−1
)m
· 1

Γ(m+ 1)
,

=
e−SiSmi
m!

, (4.24)

where we use the series expansion of Iα:

Iα(u) =

(
1

2
u

)α ∞∑
n=0

(
1
4u

2
)n

n!Γ(α + n+ 1)
. (4.25)

From Eq. (4.24), we observe that the emitted phonon distribution is the Poisson distribution,

and the mean number of the emitted phonons from the mode i is the Huang-Rhys factor

Si. When multiple phonon modes are taken into account, as the sum of Poisson distribution

variable is also Poisson distribution, the emitted phonon distribution Pm and the number of

emitted phonons S are given by

Pm ≡
∏

i|
∑
imi=m

P
(i)
mi =

e−SSm

m!
, (4.26)

S ≡
∑
i

Si =

∫
dωρ(ω)s(ω), (4.27)

where in the second equality of Eq. (4.27), we define

s (ωi) ≡ V Si; ρ(ω) = phonon density of states , (4.28)

by assuming that the factor Si depends only on the phonon energy. Now we go back to the

finite temperature case and consider the ZPL. The zero-phonon emission probability from
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the phonon mode i is the k = 0 case of the probability P
(i)
k , and it is given by [See Eq. (4.23)]:

P
(i)
0 = exp [−Si coth ~ωi/2kBT ] I0 [Si csch ~ωi/2kBT ] ,

≈ exp [−Si coth ~ωi/2kBT ] . (4.29)

Here, we use I0(z) ≈ 1 + z2/4 and also use the fact that Si ∼ S/N is small, where N is the

number of phonon modes which is big. The zero-phonon line is the emission when all the

modes produces zero phonons, so its probability is

P0 =
∏
p

P
(i)
0 = exp

[
−
∑
i

Si coth ~ωi/2kBT

]
,

= exp

[
−
∫
dωρ(ω)s(ω) coth ~ω/2kBT

]
,

= exp

[
−S

(
1 +

2
∫
dωρ(ω)s(ω)nB(ω)∫
dωρ(ω)s(ω)

)]
, (4.30)

where nB(ω) = (exp(~ω/kBT ) − 1)−1 is the bose distribution. To perform this integral,

we need to know the dependency of s(ω) on ω. To this end, instead of making ai con-

stant, we make EiR = a2
i ~ωi/2 = Si~ωi constant [See Eq. (4.12)], such that s(ω) = V Si =

V EiR/(~ωi) ∼ V ER/(~ωiN) ∝ ω−1
i , where ER ∼ NEiR is the total relaxation energy. Then,

together with the phonon density of states ρ(ω) ∝ ω2, we obtain

2
∫
dωρ(ω)s(ω)nB(ω)∫
dωρ(ω)s(ω)

=
4

ω2
D

∫ ωD

0
dω

ω

e~ω/kBT − 1
,

= 4

(
T

TD

)2 ∫ TD/T

0

xdx

ex − 1
≈ 2

3
π2
(
T

ΘD

)2

, (4.31)

where ωD is the Debye frequency, TD = ~ωD/kB is the Debye temperature, and in the last

line we assume TD/T � 1. Combining Eqs. (4.30) and (4.31), we successfully obtain

(DWF) = P0 = exp

[
−S

(
1 +

2

3
π2
(
T

TD

)2
)]

. (4.32)
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4.2 Cryogenic all-optical thermometry setup

In this and the following sections, we extend the all-optical thermometry technique based on

the NV− centers in NDs from room temperature to liquid nitrogen temperatures, 85 K ≤

T ≤ 300 K, and demonstrate its application on a ferromagnetic insulator (yttrium iron

garnet, YIG) substrate. We initially demonstrate that a laser-pulse sequence to control

the NV centers’ charge states improves the sensitivity of the all-optical thermometer by

approximately a factor of
√

3. Next, we systematically study the temperature dependence

of the sensitivity, demonstrating that it improves at cryogenic temperatures. Finally, we

apply this all-optical cryogenic thermometry technique at T = 170 K to measure the surface

temperature profile of a YIG slab in contact with a resistive heater, with the array of NDs

embedded on the surface of a flexible PDMS sheet. The observed temperature gradient

over a range of tens of micrometers confirms the applicability of the technique on the YIG

substrate, indicating that it provides a tool for studying local thermal properties of a wide

variety of substrates over a broad range of temperatures.

Throughout this study, we define the NV− centers’ zero phonon line (ZPL) amplitude

ratio (A) as the ratio of the ZPL intensity with respect to an average photoluminescence (PL)

intensity in a spectral range around the ZPL. We focus on the temperature (T ) dependence

of A. As schematically drawn in Fig. 4.3, the experiment is conducted on an array of NDs

containing ensembles of NV− centers measured with a confocal microscope using a high

numerical aperture objective (NA = 0.9). The laser power (with wavelength 532-nm and

594-nm), for all the experiments in this study, is fixed at 200 µW to reduce the heating below

0.5 K due to the YIG absorption [83]. An array of NDs embedded into the flexible PDMS

sheet is placed on top of the surface of a 3.05-µm-thick YIG film grown on a 500-µm-thick

gadolinium gallium garnet (GGG) substrate (MTI Corp.). The diameter of the spot with

NDs in the PDMS sheet, which is defined by our microfabrication technique, is 1000 nm.

For local heating, a Ti/Au (thickness: 8nm/200nm) resistive heater is patterned directly on

the YIG film using a lithographic process. The bottom of the GGG substrate is affixed to a
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Figure 4.3: Schematic drawing of an array of nanodiamonds (NDs) on a 3.05-µm-thick YIG
film grown on a GGG substrate. YIG film is patterned with a resistive heater (central wire
has a width of 5 µm and a length of 200 µm) and NDs embedded onto the surface of a
flexible PDMS sheet are attached on top of the YIG.

copper thermal sink within a flow cryostat. With PID control, the base temperature of the

sample is stabilized within ±0.3 K throughout the experiment. The temperature accuracy is

confirmed to be ±0.5 K using a calibration thermocouple right next to the sample position,

while the chamber thermocouple is positioned a few centimeters away from the sample.

Both characterization (Sec. 4.3 and 4.4) and application (Sec. 4.5) of the thermometry are

conducted on the same device with a YIG substrate for consistency.

In Fig. 4.4(a), we show a two-dimensional PL scan of an individual spot in the array of

NDs under continuous 594-nm excitation, with a horizontal linecut through the maximum

shown in Fig. 4.4(b). Due to the spectral selectivity, the 594-nm light does not excite the

neutrally-charged NV-center (NV0) [84, 85], which has been used to improve the spectral

contrast of the ZPL of NV− photoluminescence. Each spot in the array contains tens of

NDs, where each ND contains hundreds of NV centers (Adamas Technology, NV-ND-100

nm, 3 ppm NV density). Therefore, there are approximately 3000 NV centers in each spot.

When we apply pulsed laser sequences as shown in Fig. 4.4(c), interestingly (though not

unexpectedly), the PL is enhanced by a factor of ≈ 3, improving the temperature sensitivity

by a factor of ≈
√

3 [See further discussion below].

In Fig. 4.5, we show the enhancement of the PL at different spots in the array, where

Fig. 4.5(a) is identical to Fig. 4.4(b). Each PL peak is fit by a sum of a Gaussian function and

a constant, where the amplitudes of the Gaussian functions are extracted from the fits. The
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Figure 4.4: (a) Fast stirring mirror (FSM) scanned two-dimensional photoluminescence (PL)
image of NV centers in NDs collected under continuous 594-nm excitation. The measurement
is conducted at T = 170 K. Scale bar, 0.5 µm. (b) One-dimensional scan of PL intensity
profiles of NV centers under two different excitation pulse sequences. (c) Schematic of the
pulse sequences of a 532-nm laser (NV− charge state initialization), a 594-nm laser (NV−

detection) and a detector.

enhancement in the amplitudes due to the pulse sequences is observed, where the enhance-

ment factors are approximately 3.1, 2.4, and 3.4 for Figs. 4.5(a), (b), and (c), respectively.

Though the factor depends on the spots, enhancements by approximately a factor of three

are observed. The enhancement is due to the increased NV− population under the pulsed

laser sequence as compared to the continuous 594 nm illumination [86–88]: while the 594-nm

excitation preferentially converts NV− into NV0, the 532-nm excitation preferentially con-

verts NV0 back to NV−. It has been reported that the illumination of a continuous wave 532

nm (594 nm) laser results in a 75% (10%) steady state NV− occupancy [86]. The time scale

of the charge-state conversion depends on the laser power [86, 89], and recall that the powers

of the two lasers in our study are both set to 200 µW. This leads to an estimate that the

relaxation time of the charge-state conversion is larger than 2 µs [89]. Since the charge state

conversion rate is slower than our pulse repetition rate (note that our pump-probe frequency

is limited by the gating rate of the intensifier of the CCD camera, which is 500 kHz), we can

estimate that the average NV− population under the pump-probe sequence is between 75%

and 10%. Assuming the charge initialization rates for both lasers are approximately equal,

we estimate that the NV− population is at ≈ 40%. This would lead to a ≈ 4 enhancement

in signal, which is consistent with the experimental observation.
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Figure 4.5: One-dimensional PL scan of three different ND spots (a), (b), and (c), where (a)
is identical to Fig. 4.4(b). The enhancement of the PL due to the pulse sequence shown in
Fig. 4.4(c) is shown.

Since the sensitivity of the all-optical thermometer is limited by a shot noise, a higher

PL count rate by roughly a factor of three results in a higher sensitivity of temperatures by

approximately a factor of
√

3. However, note that the pulse sequences also reduce the fraction

of the measurement time in the total scanning time. While it improves the physical sensitivity

η of temperatures, it may result in worse practical sensitivity ηpractical if the enhancement

factor is less than two, as the pulse sequence Fig. 4.4(c) introduces an inactive time of the

sensing. We observe, however, improved sensitivity with the pulse sequences not only because

the enhancement is larger than two but also because it reduces the noise due to the CCD

dark counts and the background counts. Here we note that physical sensitivity η is defined as

the minimum temperature difference that can be resolved by a given amount of NV-center-

measurement time, while the practical sensitivity ηpractical is the minimum temperature

difference that can be resolved by a given total time including the time necessary for charge

state preparation, background measurement, control of the equipment, and feedback control

to focus on the target spot.

In the following measurements, we send the PL to a spectrometer and gate a single-

photon sensitive CCD camera in the spectrometer triggered by the pulse sequences. Every

spectral measurement is followed by a background measurement taken off the ND and the

background counts are subtracted.
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Figure 4.6: Temperature evolution of NV centers’ PL spectrum L(hν) between 85 K and 300
K. The areas under the spectra are normalized to one. Discontinuities at T ≈ 230 K and
T ≈ 150 K are associated with the PDMS’s phase transitions. Top (bottom) graph shows
the spectrum at 300 K (85 K).

4.3 Cryogenic all-optical thermometry characterization

Figure 4.6 shows the PL spectra L(hν) of the NV centers in NDs in the range 85 K ≤

T ≤ 300 K. Monotonic change in the spectra is observed except near T ≈ 230 K and

T ≈ 150 K, which are due to the melting point [90] and the glass transition point [91] of

the PDMS, respectively. Since the PL spectrum is normalized such that the integral PL

spectral intensity is unity, these transitions suggest that there is a redistribution of the PL

spectral intensity. These effects may be due to a change in strain inside the NDs on the

PDMS sheet or a change in the wavelength-dependence of the index of reflection and the

transmission efficiency, though we have not examined these scenarios in detail. In Fig. 4.7,

we show the spectra obtained from NDs without the PDMS sheet, which are scattered on a

quartz substrate and contain hundreds of NDs under a focused laser spot. The spectra are

measured at T=85 K, 110 K, 150 K, 200 K, 250 K, and 300 K. As the sharp changes in the

PL spectrum near T ≈ 230 K and T ≈ 150 K in Fig. 4.6 are absent in this condition, the

features near T ≈ 230 K and T ≈ 150 K in Fig. 4.6 are the artifact of the presence of the

PDMS sheet. We note that the PDMS sheet does not appear to change the thermometry

property of NV centers in NDs except PL count rates, as we use a smaller spectral range for
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Figure 4.7: Temperature evolution of NV centers’ PL spectrum L(hν) between 85 K and
300 K for NDs on a quartz substrate, where hundreds of NDs existed under a laser-focused
spot. The spectra are measured at T=85 K, 110 K, 150 K, 200 K, 250 K, and 300 K. The
areas under the spectra are normalized to one. Top (bottom) graph shows the spectrum at
300 K (85 K).

the normalization in the following temperature sensing scheme.

In this study, we focus on the ZPL peak at ≈ 1.94 eV(637 nm) and the spectral range

around the ZPL: from 605 nm to 660 nm, which we define as R[9]. As shown in the inset of

Fig. 4.8(a), we fit the relative spectrum by a sum of a squared-Lorentzian function and an

exponential function:

L(hν)/〈L〉R

= A
1[

w2 + (hν − hνZPL)2
]2 +B exp

[
−h (ν − νZPL)

kBΘ

]
,

(4.33)

where kB is the Boltzmann constant, h is the Plank constant, 〈L〉R is the average PL

intensity in R and {A,B,Θ, w, νZPL} are fitting parameters [92]. A squared-Lorentzian

function instead of a Lorentzian function is used for better fits at cryogenic temperatures [93].

Figure 4.8(a) shows the temperature evolution of the ZPL amplitude ratio A, which are used

as the indicator of the temperature, and the temperature response dA/dT of the amplitude

ratio. The solid and dotted curves are derived from the two fits of the reduced Debye-Waller
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Figure 4.8: (a) Temperature dependence of the ZPL amplitude ratio A (left axis) and its
temperature response |dA/dT | (right axis). The solid blue curve and the dotted red curve
are derived from the fits as shown in (b) and (c). Inset shows the fit of the ZPL spectrum at
T = 170 K. (b) Reduced DWF as a function of T . A Gaussian-functional fit is shown. (c)
ZPL linewidth as a function of T . The solid blue fit is the second-order polynomial a+ bT 2

and the dotted orange curve shows bT 2.

factor (DWF) and the ZPL linewidth shown in Figs. 4.8(b) and (c). In this work, the

reduced DWF [(DWF)R] is defined as the ratio of the ZPL counts, which corresponds to the

area under the squared-Lorentzian fit, to the total PL counts in R. We fit the temperature

dependence of (DFW)R with a Gaussian function

(DFW)R = α exp
(
−γT 2

)
, (4.34)

where α and γ are the fitting parameters with γ related to the electron-phonon coupling, S,

and the Debye temperature, TD, by a relation γ = 2π2S/3T 2
D [75, 81]. In this experiment,

we obtain γ = (218 K)−2, which corresponds to TD/S = 560 K. Though the value of TD/S

is almost half of that reported in Ref. [8], the difference is associated with the different size

and number of NDs as well as the different NV density used in this study. The temperature

dependence of the ZPL linewidth, w, is fit by a second-order polynomial w = a+ bT 2.

To support that the presence of the PDMS sheet does not largely affect the thermometry

property of NDs, in Fig. 4.9 we show the temperature dependence of the ZPL amplitude

ratio and its response without the PDMS sheet. From the fit of (DFW)R, we obtain γ =
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Figure 4.10: (a) Temperature dependencies of the Debye-Waller factor (DWF) (left axis) and
the reduced Debye-Waller factor (DFW)R (right axis) measured on NDs without the PDMS.
(b) Temperature dependence of the ratio (DFW)/(DFW)R, which equals to the fraction of
the integrated PL in the range R to the total PL.

(283 K)−2, which stays within 25% from the value γ = (218 K)−2 of the NDs embedded in

the PDMS array, showing that the presence of the PDMS sheet does not change the main

result in this report.

When performing the fit of the reduced Debye-Waller factor with Eq. (4.34), there is

an implicit assumption that the temperature dependence of (DFW)R is approximately that

of (DFW) (See Eq. 4.32). In Fig. 4.10, we compare the Debye-Waller factor [(DFW)] and

the reduced Debye-Waller factor [(DFW)R] using NDs without the PDMS. Fig. 4.10 shows

almost constant ratio (DFW)/(DFW)R over the temperature range 85 K ≤ T ≤ 300 K,
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confirming this assumption.

Now, let’s go back to the discussion of Fig. 4.8. As the spectrum shown in Fig. 4.8(a),

which is used for the fit, is firstly divided by the mean PL intensity in the range R ={
hv | hc(660 nm)−1 ≤ hv ≤ hc(605 nm)−1

}
:

〈L〉R =
1

∆R

∫ νf

νi

L(hν)hdν, (4.35)

where νi = c(660 nm)−1, νf = c(605 nm)−1, and ∆R = h(νf − νi), we can write the reduced

Debye-Waller factor as

(DWF)R =
(π/2)Aw

∆R
, (4.36)

with the fit parameters A and w. Therefore, we obtain the amplitude ratio (A) through the

equation

A =
2α exp

(
−γT 2

)
∆R

π
(
a+ bT 2

) , (4.37)

where ∆R is the size of the spectral range R. Importantly, as shown in the dashed curve in

Fig. 4.8(a), the temperature response |dA/dT | increases at low temperatures, which leads to

the sensitivity improvement. In the above fitting model, this is captured by the derivative:

∣∣∣∣dAdT
∣∣∣∣ = 2T

(
b

a+ bT 2
+ γ

)
A. (4.38)

Under a simplifying assumption a � bT 2, the this response is maximized at T ≈ 1/
√

2γ ≈

154 K, which is consistent with the experimental observation. This temperature T ≈150 K

coincidentally corresponds to the glass transition temperature of the PDMS, though does

not appear to be related to it based on the measurements done without the PDMS sheet

[See Fig. 4.9]. On the other hand, under the condition a � bT 2, we reproduce Eq. (4.4),
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which let us expect a monotonic improvement in the sensitivity at lower temperature from

the extrapolation of the observation in the regime 295 K ≤ T ≤ 400 K (See Sec. 4.1.1).

We note that the enhancement dA/dT is limited by the existence of the constant offset (a)

in the linewidth w = a + bT 2, which is due to the spectral resolution of the spectrometer

that accounts for ≈50% of the linewidth and an inhomogeneous broadening caused by crystal

strain variations both between different NDs and within the individual commercial NDs used

in this study. These limitations could be overcome by optimizing the spectral resolution and

introducing engineered nanoparticles [94], leading to an enhanced temperature response at

cryogenic temperatures.

4.3.1 Spectrometer information and background measurement

As it turns out that the constant offset (a) in the linewidth w = a+ bT 2 plays a major role

in the temperature sensitivity, in this section we describe the spectrometer information and

how the background is subtracted in the measurement. For the spectral measurement, we

use a spectrometer with a single-photon sensitive CCD camera (Acton SP-2750, Princeton

Instrument, 300 gr/mm with 750 nm blaze; iStar 334T, Andor). To maximize the PL count

rate, we widely opened the slit in the spectrometer, which results in a worse wavelength

resolution. Each spectral measurement is followed by an off-spot background measurement

with the same measurement duration. This not only deteriorates the practical sensitivity

ηpractical, but also adds additional noise to the physical sensitivity η due to the background

counts in the CCD camera. However, this factor is taken into account in the calculation of

the noise model, where CCD camera’s dark-current shot noise also contributes in addition

to the ZPL photon shot noise, in the next section.

The resolution of the spectrometer is quantified in the following way. We scan the spec-

trum of the narrow line laser with 594 nm, and the full width at half maximum (FWHM) is

approximately 3.5 nm. Since there are ≈60 pixels in this 3.5 nm range, we can say that the

measured spectrum L(λ) is the convolution of the NV-center associated distribution f(λ)
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and the broadening due to the measurement g(λ). Then the ZPL linewidth w can be written

as

w2 = Var1(λ) + Var2(λ), (4.39)

where Var1(λ) and Var2(λ) are the variance associated with the discribution g(λ) and f(λ),

respectively. Note that I ignore the case where the distribution f(λ) cannot define the

variance, for example the Lorenzian distribution. To quantify the NV-center associated

linewidth component, we fit the data of the 594-nm narrow line laser with a function

∝ exp

[
−
∣∣∣∣λ− λcb

∣∣∣∣a] , (4.40)

and the best fit is obtained with parameters a = 5.07 and b = 1.99. This results in

(FWHM) = 3.7 nm (11 meV) and (Standard Deviation) = 1.13 nm (3.5 meV). We identify

this standard deviation as the wavelength resolution which poses a lower bound for the ZPL

linewidth measurenment.

4.4 Characterization of the temperature noise floor

To fully characterize the sensitivity

η = σA
√

∆t |dA/dT |−1 , (4.41)

where ∆t is the integration time, in Fig. 4.11 we show the uncertainty σA as a function of

temperature. At each temperature T , PL spectrum measurements with measurement time

∆t = 2.5 s are repeated one hundred times (Fig. 4.11(a)). Then, we calculate the standard

deviation σA for each data set and show its temperature dependence in Fig. 4.11(b). To

quantitatively compare the results at different temperatures, σA is rescaled by a factor
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Figure 4.11: (a) ZPL amplitude ratio scanned over 100 times at T = 170 K. A single scan
consists of a PL integration time of ∆t = 2.5 s. (b) Histogram built from the measurements
in (a). The standard deviation σA is depicted. (c) Rescaled standard deviation σ̃A =
σA
√
CZPL∆t as a function of T , where CZPL is the ZPL counts rate. The dashed red curve

and the dotted blue curve are lower bounds under two different models as defined in the
main text. Inset shows CZPL as a function of T . Solid black curve shows a one-parameter

(a1) fit of the ZPL counts rate CZPL(T ) = a1(DWF)
(T )
R , where (DWF)

(T )
R is the solid curve

shown in Fig. 4.8(b).

√
CZPL∆t to account for the variation in the number of detected photons, i.e.,

σ̃A = σA
√
CZPL∆t, (4.42)

where CZPL is the ZPL count rate shown in the inset of Fig. 4.8(a). The black curve in the

inset shows a one-parameter (a1) fit of the ZPL count rate

CZPL = a1(DWF)
(T )
R , (4.43)

where (DWF)
(T )
R is the curve we obtain in Fig. 4.8(b). This is validated under the assumption

that the temperature dependence of CZPL is dominated by that of the reduced DWF.

We show in the dotted and dashed curves in Fig. 4.11(c) the lower bounds for the rescaled

standard deviation σ̃A under different models. The dashed curve is the lower bound when

the noise is coming only from the photon shot noise of the ZPL and the phonon sideband

under the ZPL, while the dotted curve shows the lower bound when the CCD camera’s dark-
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current shot noise also contributes to the uncertainty σA. In a model where photon counts

under the ZPL peak add noise to the fit of the ZPL [95], the rescaled standard deviation is

given by

σ̃A = σA
√
CZPL∆t = g(y)A, (4.44)

g(y) =

√
c1 + c2y + c3

√
y2 + y, (4.45)

with [c1, c2, c3] = [2.00, 1.98, 0.763] based on the procedure explained in the following. The

function g(y) is different from the case when using a Lorentzian function for the ZPL fit [See

[74] and Eq. (4.6)]. In Fig. 4.11(c), the dashed curve is drawn by setting y = B/A, while

the dotted curve is drawn by setting y = B/A+ 2cdark/(〈L〉RAhδν), where the temperature

dependence of B/A is fit by an exponential function as shown in Fig. 4.16, δν is the frequency

range corresponding to one line of vertically binned pixels of the two-dimensional CCD

image, 〈L〉R ≡ (1/N)
∑N
i=1〈L〉

(Ti)
R represents the average of 〈L〉R over the temperatures

Ti = {85, 90, · · · , 300K} with maximum label i = N , and cdark is the counts due to the CCD’s

dark current whose average value is cancelled by the background measurement subtraction

while it adds noise to the spectrum. The dotted curve explains the experimentally observed

standard deviation σ̃A and the residual would be associated with the background counts from

the surroundings of NDs such as the PDMS sheet. The noise due to cdark is non-negligible

because the PL is spread over thousands of pixels in the CCD camera in the spectrometer.

To derive the function g(y), we apply the theory given in Ref. [95] to the case with
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Figure 4.12: Numerical evaluation of the function g(y) and the fit. Inset shows the residuals.

squared-Lorentzian function, which gives

g(y) =

√√√√ f2(y)

f1(y)f2(y)− (f3(y))2

√
πΓ
(
β − 1

2

)
Γ(β)

, (4.46)

f1(y) =

∫ ∞
−∞

dx

( (
x2 + 1

)β
y
(
x2 + 1

)β
+ 1

)(
1(

x2 + 1
)β
)2

, (4.47)

f2(y) =

∫ ∞
−∞

dx

( (
x2 + 1

)β
y
(
x2 + 1

)β
+ 1

)(
x2(

x2 + 1
)β+1

)2

, (4.48)

f3(y) =

∫ ∞
−∞

dx

( (
x2 + 1

)β
y
(
x2 + 1

)β
+ 1

)(
x2(

x2 + 1
)β+1

)
, (4.49)

where β = 2 and Γ(x) is the Gamma function. Instead of evaluating them analytically,

we compute them numerically and fit the function g(y) by a form

√
c1 + c2y + c3

√
y2 + y

in analogy to Eq. (4.6) and the fit is shown in Fig. 4.12, where [c1, c2, c3] are the fitting

parameters. The function is well fit by [c1, c2, c3] = [2.00, 1.98, 0.763].

Combining the temperature dependencies of σ̃A and |dA/dT | as shown in Figs. 4.8(a)

and 4.11(c), we show in Fig. 4.13 the rescaled sensitivity as a function of temperature, where

the rescaled sensitivity is defined as

η̃ = η
√
CZPL = σA

√
CZPL∆t |dA/dT |−1 = σ̃A |dA/dT |−1 . (4.50)
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Figure 4.13: Rescaled temperature sensitivity η̃ = η
√
CZPL as a function of temperature T .

The dashed red and the dotted blue curves identify the lower bounds for the sensitivity.

This rescaled sensitivity is the metric of the minimum temperature difference that can be

resolved by a single ZPL photon detection. The curve in Fig. 4.13 can be modeled by the

combination of Eqs. (4.38) and (4.44), leading to

η̃ = η
√
CZPL = σ̃A |dA/dT |−1 =

g(y)

2T
(

b
a+bT 2 + γ

) . (4.51)

Based on this equation, we expect a low temperature behavior (at a � bT 2) of η̃ =

η
√
CZPL ∼ 1/T , which is consistent with the experimental observation shown in Fig. 4.13.

Finally, in Fig. 4.14 we show the temperature evolution of the sensitivity. Importantly, the

sensitivity improves at cryogenic temperatures in contrast to other NV-based thermometry

techniques[96–101]. This observation is modeled by the combination of Eqs. (4.8) and (4.51),

resulting in

η =
g(y)

2T
(

b
a+bT 2 + γ

)√
Ctot(DWF)|T=0

exp

(
1

2
γT 2

)
, (4.52)

where Ctot is the total PL count rate [102–104]. For example, under a simplifying assumption
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Figure 4.14: Temperature sensitivity η as a function of temperature T . The dashed red and
the dotted blue curves identify the lower bounds for the sensitivity. The spike near 160 K
arises from the dip in the experimental data of CZPL as shown in the inset of Fig. 4.11(c).
Right axis shows a projected sensitivity ηproj under the assumption of a higher detection
rate of the PL as explained in the main text.

a� bT 2, γ � b/a, and g(y) ≈ g(0) ≈
√

2, we obtain

η ' 1

Tγ
√

2Ctot (DWF)|T=0

exp

(
1

2
γT 2

)
, (4.53)

which takes a minimum at T = 1/
√
γ = 218 K. This approximation corresponds to the case

where we only consider the temperature evolution of the DWF, and it approximately explains

the highest temperature sensitivity near T ≈ 200 K in the experimental observation. We also

note that Fig. 4.14 shows non-negligible effects of the PDMS sheet. This is mainly due to the

temperature dependence of the absolute ZPL counts rate shown in the inset of Fig. 4.11(c),

which is largely affected by the optical transparency of the PDMS sheet that modifies the

PL collection efficiency of our setup. Temperature dependence of the rescaled sensitivity

shown in Fig. 4.13 supports this statement, since there are no observable dips/peaks in the

figure. While the inset of Fig. 4.11(c) and Fig. 4.14 are affected by the existence of the

PDMS sheet, the general tendency of these figures are expected to be due to the NV-center’s

intrinsic properties, since the temperature dependence of the total PL of NV centers are

reported to be negligible or non-increasing with temperature increase [102–104], leading to
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the decrease of the ZPL counts rate with temperature increase, due to the Debye-Waller

factor.

We note that the sensitivity calculated in this study at T = 300 K does not reach the

level of the sensitivity provided in the previous report on all-optical thermometry at room

temperature [74]; however, taking into account detection efficiency differences, our result

is fully consistent with the finding in [74]. In our experiment, the ZPL count rates are

orders of magnitude smaller than those measured in the former study, where the ZPL counts

rate from a single ND containing 100 NV centers is observed to be C
(295 K)
ZPL,1 = 900 kcps at

T = 295 K [74], in contrast to our measurement of C
(295 K)
ZPL,2 = 0.76 kcps at T = 295 K. To

compare our result with the previous study, we define a projected sensitivity [75]

ηproj =

√
C

(295 K)
ZPL,2 /C

(295 K)
ZPL,1 η, (4.54)

and it is shown in the right axis of the Fig. 4.14. Though the projected sensitivity merely gives

a rough estimate of a sensitivity given a higher detection efficiency of the PL, it also shows

our result is consistent with the previous report [74]. To further improve the sensitivity at low

temperatures, one could increase the ZPL count rate by improving the detection efficiency

and utilizing brighter NDs that contain more NV− centers. For example, if we can improve

the detection efficiency up to the level of that reported in [80], we would achieve ×
√

100

improvement in sensitivity under similar laser powers. While the total internal reflection

inside the PDMS sheet reduces the detection efficiency by approximately a factor of three,

it does not fully explain the detection efficiency differences. A more detailed analysis of

the photon losses in our setup needs to be performed as some contributions are still not

identified. Alternatively, using a larger diamond particle with 1 µm diameter and 10 ppm

NV density [74], the sensitivity could be improved by a factor of ≈
√

300, with a minor loss

in spatial resolution. We do not explore the effect below liquid nitrogen temperatures as

Eq. 4.52 predicts that the sensitivity becomes monotonically worse.
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Figure 4.16: Temeperature T dependencies of the fit parameters (a) Θ, (b) B/A, and (c)
νZPL. In (b), the ratio B/A are fit by an exponential function, and shown with a solid red
curve.

4.5 Surface temperature imaging of a YIG film

To demonstrate the applicability of the all-optical thermometer, we apply an 80-mA current

to the resistive heater to generate a temperature gradient in the YIG and measure the spatial

temperature variation of the YIG surface using an array of NDs, as illustrated in Fig. 4.3.

Since the YIG has spin-wave resonances at microwave frequencies near D [72, 105, 106], this

measurement confirms that the all-optical thermometry technique can be used independently

of substrate materials where microwave control is problematic. The experiment is conducted

at 170 K, which is above the glass transition temperature of the PDMS and the proximity

of the NDs on the YIG surface is ensured. Figure 4.15(a) shows a two-dimensional spatial

scan of the PL from the array of NDs used in this study. We use 24 spots in the array to

construct the temperature profile, which are approximately evenly distributed and bright
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without spatial broadenings as shown in 4.15(b). The YIG substrate is magnetized to an

in-plane direction of the YIG film by applying a DC magnetic field before the temperature

measurements. For each temperature measurement in the following, the PL is collected in

total for 500 s.

For sensing the YIG temperature gradient, temperature dependencies of {B,Θ, w, νZPL}

in addition to A are utilized for calculating the local temperature. In Fig. 4.16, we show the

temperature dependence of Θ, B/A, and νZPL. The parameter Θ represents the slope of the

exponential function in the fit of the phonon sideband. The value is different from the true

temperature by a factor of order one, which is called Urbach’s rule and similar dependencies

are observed in many other materials [92]. We note that the temperature dependence of this

exponential tail can potentially be used as a temperature sensor below the liquid nitrogen

temperatures for future applications.

For the calibration of the temperature sensors, we initially select 31 spots in the array

which are approximately evenly distributed and bright enough to give higher sensitivity to

reduce the measurement time. As the total calibration and measurement time is limited

due to our flow cryostat, majority of the spots are excluded before the calibration. We also

exclude spots which have spatial broadenings to avoid possible degrading of the crystalline

quality or imperfect contact to the YIG substrate. Each of these 31 spots undergoes a

calibration. In the temperature calibration, we conduct multiple scans of the spectrum at

T = 170 K and T = 180 K by changing the base temperatures of the flow cryostat. The

average value and the variance of the fitting coefficients {A,B,Θ, w, νZPL} are extracted,

and then we calculate the linear dependence to convert the value of {A,B,Θ, w, νZPL} into

temperatures. In the following, only 24 measurement spots with error < 2.5 K are shown

to avoid the artifact due to the interpolation of the measurement spots, while the error

distribution among the total 31 spots is 1.8± 1.5 K. Note that this error accounts for both

the inaccuracy due to the calibration and the sensitivity. The variation of errors in each

spot is associated with the use of different sized nanoparticles along with the number of NDs
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Figure 4.18: YIG surface temperature as a function of the distance from the resistive heater.
Fit with a logarithmic function is shown.

per spot, which may be equalized by using a single diamond microparticle with standardized

size after centrifugation. The temperature dependencies of the parameters {B,Θ, w, νZPL}

in addition to A are used for temperature estimation by taking the weighted average. After

taking temperature measurements, the temperatures around the scanned spots are smoothly

interpolated or extrapolated.

Figure 4.17 shows the resulting temperature profile of the YIG surface, where we observe

a temperature decay on the order of tens-of-microns from the heat source. The temperature

of each spot as a function of the distance from the heater is shown in Fig. 4.18. Note that

the error accounts for both the inaccuracy due to the calibration and the sensitivity. The

distribution of the errors is associated with the use of different sized nanoparticles along with
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the number of NDs per spot, which may be equalized by using a single diamond microparticle

with standardized size after centrifugation. The data fits well to the Green’s function to the

2D Poisson equation which is logarithmic, i.e.,

T (x) = −ξ log(x− ζ), (4.55)

where x− ζ is the distance from the resistive heater and {ξ, ζ} are fitting parameters. This

shows that the temperature field in the YIG approximately follows the steady state diffusion

equation with a single heat carrier. We note that the Poisson equation is not accurate in YIG

because there are two kinds of heat carriers, phonons and magnons. A deviation from the

Poisson equation is expected near the heat source within a length scale of a magnon-phonon

thermalization, which is much smaller than a few micrometers [67, 69, 83]. More specifically,

the temperature profile follows [83]

(
κmκp∇4 − g

(
κm + κp

)
∇2
)
Tp = −

(
κm∇2 − g

)
Qp + gQm, (4.56)

instead of the Poisson equation, where κm (κp) is the magnon (phonon) thermal conduc-

tivity, g is the magnon-phonon coupling, the subscript of Tp indicates the phonon (lattice)

temperature which NV centers sense, and Qm (Qp) is the power densities of external heating

absorbed by magnons (phonons). Here we ignore, for simplicity, the spatial derivatives of

the thermal conductivities, κm and κp. It is shown in [83], however, that Eq. (4.56) can be

approximated to the Poisson equation in a regime where the phononic temperature gradient

is dominant over the gradient of the magnon-phonon temperature difference. The observed

logarithmic behavior of the phononic temperature profile supports this approximation and

that the steady-state phononic temperature profile is not largely disturbed by magnons

in YIG. For further study of the temperature profile of the YIG film, higher temperature

sensitivity is required. In our experiment, we do not observe a deviation from the Poisson

equation due to the limitation of the temperature resolution ≈ 1 K and the spatial resolution
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≈ 1µm. We also note that in the field of spin-caloritronics, lock-in infrared thermography

techniques have recently been used to investigate thermo-spin or magneto-thermoelectric

effects at room temperature [107–109]. The spatial and temperature resolutions of those

methods are ≈ 10 µm and ≈ 0.1 mK, respectively. While the temperature sensitivity cur-

rently achievable with our method is not comparable to the ones used in the study of the

emergent spin-caloritronics effects, such as the spin Peltier effect, the better spatial resolution

may enable crucial investigation of the details of these systems in the future.

4.6 Conclusion

We demonstrate and characterize an all-optical thermometry technique based on NV− center

ensembles in NDs. The technique can be deployed from room temperature to liquid nitro-

gen temperatures, with a sensitivity that increases with decreasing temperature. The PL

intensity of NV− centers is enhanced by implementing pulse sequences to convert the NV

center’s charge states, i.e., NV0 into NV−, leading to a higher temperature sensitivity by

approximately a factor of
√

3. Systematic noise analysis reveals that the sensitivity is limited

by the shot noise and the inhomogeneous broadening of the ZPL linewidth. This suggests a

pathway for further sensitivity improvements by improving the PL detection efficiency and

introducing engineered NDs with high brightness and homogeneous crystal strains. Taking

advantage of an array of NDs embedded in a flexible and portable PDMS sheet, we show the

utility of the all-optical thermometer at T = 170 K by measuring the surface temperature

profile of a YIG slab with a temperature gradient applied by a resistive heater. This all-

optical thermometry technique along with the versatility of the ND membrane array provides

a microwave-free, minimally invasive, and cryogenically compatible way of measuring local

temperatures within a variety of substrate materials.
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Chapter 5

Opportunities for long-range

magnon-mediated entanglement of

spin qubits via on- and off-resonant

coupling

5.1 Introduction

In this chapter, we theoretically show that the hybrid quantum system of NV centers and

YIG is a promising solid-state platform to enable long-distance NV-NV two-qubit gates. As

entanglement and quantum coherence are at the core of quantum information technologies,

NV centers with long spin-coherence time can serve as promising qubit platforms. Addition-

ally, NV centers’ excellent quantum state control and the ability to initialize and readout the

spin state optically [51, 54, 110–114] have made them a suitable testbed for quantum appli-

cations. Although there are remarkable applications of NV centers in the areas of quantum

sensing and quantum communication [22, 38–41, 115–122], quantum computation using NV

centers remains challenging due to the difficulty of engineering useful long-distance gates,
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i.e., over an optically resolvable distance on the order of micrometers [123–128] which entan-

gle qubits faster than decoherence rates, as the magnetic dipole-dipole interaction between

two NV centers is weak for such long distances. Once this long-distance two-NV gate is es-

tablished, however, NV centers will be a scalable platform of quantum computation enabled

by their nanoscale localization and on-chip integratability [129].

Several potential solutions to this challenge have recently been proposed by making use of

boson modes as an information mediator [22, 39, 40, 43, 117, 118, 130–133]. While photon-

mediated NV-NV entanglement has been experimentally demonstrated over a meter and

a kilometer length scales [22, 39, 40, 117, 118], based on indistinguishable single photon

detection, its extension to two-qubit gates is still challenging due to its slow entangling rate

as a result of its low success probability. (Note that being able to produce an entangled

state at long distances and having long-distance two-qubit gates are different. Although the

latter leads to the former, there are additional requirements to promote the former to the

latter.) It has been proposed, however, that the long-distance entangled-state preparation

can be promoted into two-qubit gates by harnessing such entangled NV-center pair generation

under both single-shot readout and local gates based on the measurement outcome [43].

This is possible when NV centers have access to quantum memories in the decoherence-

free subspace [134], which survive during the multiple entangling attempts of NV centers

that cause decoherence [39–41, 43, 122]. Alternatively, as a different approach of trying

to extend NV-NV interaction on a wafer without needing single boson detection and with

faster gate operations, hybrid quantum systems have been extensively studied where NV

centers interface other bosonic systems [130–133]. In a carbon-nanotube-NV-center hybrid

system [131], for example, it has been proposed to couple NV centers and phonon modes in

a suspended carbon nanotube by injecting an electric current through the nanotube.

To this end, hybrid quantum systems of NV centers and magnons in ferromagnets (or

ferrimagnets) such as YIG have emerged and attracted attention as another highly promising

platform to extend such NV-NV interaction [135–145]. In this system, NV-center spins are
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Figure 5.1: Schematic of NV centers in diamond placed on top of an infinitely long magnon
waveguide and a finite length magnetic bar made of YIG.

intrinsically (differently from the carbon-nanotube platform case described above) coupled

to magnon modes through their dynamical fringe magnetic fields. NV-NV entanglement

has been investigated theoretically by taking advantage of virtual-magnon exchange in one-

dimensional spin chains [135] or transduction of energy quanta in ferromagnetic discs [140],

and this has stimulated a variety of experiments on the NV-magnon hybrid system [72,

105, 106, 146, 147]. Nonetheless, optimal device geometries and gate protocols suitable for

entangling separated NV centers have yet to be explored. Additionally, several important

practical aspects and entangling schemes of these systems have not been fully addressed

theoretically, e.g., realistic ferromagnetic structures, relevant magnetic interactions [148–

150], finite temperatures, and possible entanglement protocols.

In this work, we present a practical and realistic hybrid quantum system composed of

NV centers and a YIG material to engineer NV-NV entanglement over micron length scales

via on- and off-resonant magnon excitations at low temperatures (T . 150 mK). Building on

our review of the off-resonant protocol in Chapter 3, this chapter provides a more in-depth

study on both the off-resonant protocol and the on-resonant protocol, which utilizes the so

called “on-shell” magnons. The entanglement protocol in this study is based on the strong

coupling of NV spins to the magnon modes in yttrium-iron-garnet (YIG) nanodevices. We

obtain strong NV-magnon interactions (i.e., high cooperativity) and high entangling gate to

decoherence ratio (GDR), under realistic YIG structures and geometries and we accurately

take into account both dipole and exchange interactions, in both an infinitely long YIG

waveguide and a finite length YIG bar structure (see Fig. 5.1). Especially for the latter, we
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obtain for two NV centers separated by more than 2 µm the NV-magnon cooperativity as

large as C & 104 for on-resonance conditions and NV-NV GDR ≈ 103 under off-resonant

magnon excitations. This leads to a usefully-fast entangling gate (relative to the qubit de-

coherence rate of NV centers) at optically resolvable NV-NV separations. Our results are

obtained with the use of a Hamiltonian formalism [151, 152], where we show semi-analytical

expressions for the coupling in terms of the relevant experimental and geometrical quantities.

Finally, as another major focus in this work, we explore and compare the calculated entan-

glement quality of both on-resonant transduction and off-resonant virtual-magnon exchange

entangling gate protocols. We use fidelity, negativity, and the degrees of the Bell-inequality

violation for the evaluation of the entanglement quality. We achieve this comparison by the

Lindblad master equation simulations which take into account two NV centers and a magnon

mode near the resonance condition at finite temperatures. Notably, our results show that

although the off-resonant protocols are robust at temperatures up to T ≈ 150 mK due to

the absence of magnon occupation decay, the transduction protocol can outperform it due

to its faster gate operations at lower temperatures when the magnon damping parameter is

sufficiently small α . (∆ω/ωµ)(1/4gµT
∗
2 )[π/(π − 1)]. Here, ωµ is magnon frequency, T ∗2 is

NV center coherence time, ∆ω is the NV-magnon detuning frequency, and gµ is the NV-spin-

magnon-mode coupling. Our calculations and analysis will guide future experiments that aim

to engineer on-chip long-distance entangling gates between multiple NV centers mediated by

magnons in ferromagnetic nanostructures including waveguide and bar structures.

In the remainder of this chapter, we begin in Sec. 5.2 with the description of the Hamil-

tonian formalism for the dipole-exchange magnons coupled to NV centers. In Sec. 5.3 we

compute the full properties of magnons in a YIG waveguide interacting with NV centers us-

ing this Hamiltonian formalism. We obtain the NV-NV coupling strength, the entanglement

rate (ER), and the gate to decoherence ratio (GDR) under the off-resonant condition, where

the NV frequency is detuned from the magnon band frequencies to avoid direct occupation

of magnon modes. Similarly, in Sec. 5.4 we calculate the properties of magnons in a finite
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length YIG bar. We evaluate NV-magnon on-resonant coupling strength and its cooperativ-

ity in addition to the NV-NV coupling strength under the off-resonant condition. For the

latter, we provide the entanglement rate (ER) and the gate to decoherence ratio (GDR).

Finally, in Sec. 5.5 we compare the transduction and virtual-magnon-exchange protocols in

terms of the generated entanglement quality under different system parameters and physical

conditions.

5.2 Hamiltonian formalism of dipole-exchange magnons

and NV-magnon interaction

In this section, we outline the Hamiltonian formalism of dipole-exchange magnons coupled

to NV centers. This formalism provides a complete and accurate treatment of both mag-

netic dipole and quantum exchange interactions between the spins in YIG waveguides and

bars with finite cross section. This treatment is crucial in our study, as the NV centers

have eigenfrequencies typically on the order of gigahertz, which interact with the so-called

dipole-exchange magnons in ferromagnets [148]. Using simpler magnon dispersion relations

considering only the exchange interaction, as in Ref. [135], leads to an overestimation of the

NV-magnon coupling though it provides a crude estimate. As illustrated in Fig. 5.1, we

consider hybrid quantum devices where NV centers are placed on top of the YIG structures.

While multiple NV centers can be placed on top of the infinitely long YIG waveguide in a

scalable fashion as shown in Fig. 5.1, in the following calculations we only focus on coupling

two NV centers for convenience. The total Hamiltonian of our hybrid system is written as

H = HNV +Hm +Hint, where HNV is the NV Hamiltonian, Hm is the magnon Hamiltonian,
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and Hint is the interaction Hamiltonian,

HNV =
∑
i=1,2

DNV
(
n̂NV · SNVi

)2
+ γµ0SNVi ·Hext, (5.1)

Hm = −µ0

∫
drHext ·M(r) +

µ0

2

∫
drαex(r)∇M : ∇M

+
µ0

2

∫
drdr′(∇ ·M(r))G

(
r− r′

) (
∇′ ·M

(
r′
))
, (5.2)

Hint =
∑
i=1,2

γµ0SNVi · ∇
∫
dr′G

(
r− r′

)
∇′ ·M

(
r′
)∣∣∣∣
r=ri

. (5.3)

Here, DNV = 2π×2.877 GHz is the zero-field splitting of the NV center, n̂NV is the unit vec-

tor along the NV main symmetry axis, SNVi is the spin-1 operator of the NV center labeled

by i ∈ {1, 2}, γ = 2π×28 MHz/mT is the absolute value of the electron gyromagnetic ratio,

µ0 is the vacuum permeability, Hext is the external magnetic field, M(r) is the magnetization

with the constraint |M(r)| = Ms(r) = MsF(r), Ms = 245.8 mT/µ0 is the YIG saturation

magnetization, F(r) = 1 (0) inside (outside) the ferromagnetic structure, αex(r) = αexF(r),

αex = λ2
ex = Dex/γµ0Ms is the exchange-length squared, Dex = 5.39 × 10−2 γ mT µm2 is

the YIG exchange constant, the double-dot product is defined as ∇M : ∇M = ∂aMb∂
aMb

(summation over indices appearing twice are suppressed as usual), ri is the position of NVi,

G(r − r′) = 1/4π|r − r′| is the Green’s function, and we set ~ = 1 in the following. We

note that the first term in Eq. (5.2) is the Zeeman energy, the second term is the exchange

energy, and the third term is the magnetic dipole energy. Inclusion of both the second and

the third term in Eq. (5.2) results in the dipole-exchange magnons in ferromagnets.

We note that the interaction Hamiltonian Hint in Eq. (5.3) can also be understood in
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Figure 5.2: (a) Schematic and coordinates of NV centers placed on top of an infinitely
long YIG waveguide. External magnetic field Hext is applied along ẑ direction. (b) NV
center’s transition frequencies and magnon spectrum as a function of external field Hext for
d = 20 nm and w = 120 nm. Shaded area represents continuum of magnon modes. The
lowest magnon frequency ωmin and the NV transition frequency ωNV of |g〉 ↔ |e〉 are detuned
by ∆f = 3 MHz at Hext = Hc. (c) Dispersion relation f(k) = ωk,(0,0)/2π of magnons and

the dimensionless coupling g(k) = g(ρ, k) between magnons and the NV center at Hext = Hc.
The NV center is positioned at ρ = xx̂+ yŷ = (d+ h)x̂+wŷ with h = 25 nm [see the white
cross mark in (d)]. The minimum frequency ωmin and its respective wavenumber kmin are
shown. (d) Spatial density plot of the dimensionless coupling g(kmin) at Hext = Hc with
contours at |g(kmin)| = 0.05, 0.1, 0.15 and 0.2.

terms of the dipolar tensor D̂(r− r′):

Hint =
∑
i=1,2

γµ0SNVi
·
∫
dr′D̂

(
r− r′

)
·M

(
r′
)∣∣∣∣
r=ri

, (5.4)

D̂(r− r′) = −(∇⊗∇′)G(r− r′)

=
1

4π

(
3

|r− r′|5
(
r− r′

)
⊗
(
r− r′

)
− 1

|r− r′|3

)
,when r 6= r′, (5.5)

where the second form of Eq. (5.5) is the conventional expression of magnetic dipole-dipole

interaction between two magnetic dipoles.

5.3 Infinitely long ferromagnetic waveguide

In this section, we consider the case of an infinitely long YIG waveguide with thickness,

width, and length given by d, w, and l(→ ∞), respectively. The external magnetic field is
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applied along the YIG waveguide, Hext = Hextẑ, and the two NV centers are positioned at

height h from its top surface [see illustration in Fig. 5.2(a)]. The equilibrium magnetization

is M0(r) = MsẑF(r), for which its contribution in the interaction Hamiltonian Eq. (5.3)

vanishes. [Although in principle we need to obtain the equilibrium magnetization from the

energy minimization ofHm, in the infinitely long waveguide case M(r) = Ms(r)ẑ holds as the

field is applied along the direction where demagnetization factor is zero. In the finite length

magnetic bar case which we consider in later sections, this is still approximately correct as

in our setting the length l is much larger than both the width w and the thickness d.] This

can be understood as the source (”monopole”) of the demagnetization field is the divergence

of the magnetization, ∇M0(r), which exist at infinitely far away in the current geometry

and the contribution vanishes. We note that this vanishing static field from the equilibrium

magnetization is important as the zeroth-order contribution of the NV-YIG interaction is

the static demagnetization field, which it is easy to forget when computing the NV-magnon

interaction. The choice of this current geometry in this section is due to this simplicity of

not having the zeroth-order contribution. The NV main symmetry axis is set to be parallel

to the external magnetic field, n̂NV = ẑ, for geometrical simplicity. We further define the

deviation from the equilibrium magnetization

δM(r) = M(r)−M0(r) ≈m(r)− [|m(r)|2/2Ms(r)]ẑ, (5.6)

where m(r) = mx(r)x̂ + my(r)ŷ is a small two-dimensional magnetization deviation. The

linearized magnetization dynamics [153] are governed by the Hamiltonian equation of motion

for

m−(r) = [2γMs(r)]1/2a(r), (5.7)

m+(r) = [2γMs(r)]1/2a∗(r), (5.8)
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using the magnon Hamiltonian Hm up to quadratic order in the complex canonical variables

a(r) and a∗(r), where we have performed the Holstein-Primakoff approximation [149] and

m±(r) = mx(r)± imy(r).

We note that the choice of m− ∝ a and m+ ∝ a†, which may be opposite to some

literatures, is made such that the Hamiltonian equation of motion repreduces the the Landau-

Lifshitz-Gilbert (LLG) equation (without dissipation). More concretely, following the Holstein-

Primakoff transformation:

M−(r) =
√

2γMs(r)a(r)f (a∗(r)a(r)) , (5.9)

M+(r) =
√

2γMs(r)a∗(r)f (a∗(r)a(r)) , (5.10)

Mz(r) = Ms(r)− γa∗(r)a(r), (5.11)

where M± = Mx ± iMy, Mz =
√
M2

s −M2
x −M2

y , and f(x) =
√

1− γx/(2Ms(r)), we

can reproduce the LLG equation. Here, a(r) and a∗(r) are the complex canonical variables

satisfying ∂ta(r) = −iδH/δa∗(r) and ∂ta
∗(r) = +iδH/δa(r). The relation between a(r),

a∗(r) and M−(r), M+(r) is carefully chosen such that it satisfies the dissipationless LLG

equation ∂tM = −γµ0M ×Heff . This is also consistent with the standard sign convention

of the time evolution of the creation/annihilation operators a ↔ â ∝ e−iωt and a∗ ↔ â† ∝

e+iωt. Note that we use γ > 0 as the absolute value of the electron gyromagnetic ratio, so

the electron gyromagnetic ratio is −γ. The Hamiltonian equation of motion gives

∂tMx = −γMz
δH
δMy

; ∂tMy = +γMz
δH
δMx

, (5.12)

and writingH[Mx,My] =W [Mx,My,Mz(Mx,My)] withMz(Mx,My) =
√
M2

s −M2
x −M2

y ,
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we obtain

∂tMx = γ

[
My

δW
δMz

−Mz
δW
δMy

]
,

∂tMy = γ

[
Mz

δW
δMx

−Mx
δW
δMz

]
. (5.13)

As the effective field is obtained by µ0Heff = −δW/δM, the dissipationless LLG equation

∂tM = −γµ0M×Heff is successfully derived. By approximating f(x) ≈ 1, Eqs. (5.9)-(5.11)

turns into Eq. (5.6) with a correct identification of the complex canonical variables Eqs. (5.7)

and (5.8).

5.3.1 Simplification of the magnon Hamiltonian

In the following calculation, we simplify the magnon Hamiltonian Hm. We write Hm =

HZ +Hex +Hdip, where HZ is the Zeeman Hamiltonian, Hex is the exchange Hamiltonian,

and Hdip is the magnetic dipole Hamiltonian given by

HZ = −µ0

∫
drHext ·M(r), (5.14)

Hex =
µ0

2

∫
drαex(r)∇M(r) : ∇M(r), (5.15)

Hdip =
µ0

2

∫
drdr′(∇ ·M(r))G

(
r− r′

) (
∇′ ·M

(
r′
))
, (5.16)

where the double-dot product is defined as ∇M : ∇M = ∂aMb∂
aMb. Firstly, we simplify

the Zeeman Hamiltonian and the dipole Hamiltonian. Using M(r) = M0(r) + δM(r), we
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obtain

HZ = −µ0

∫
drHext · δM(r) + const., (5.17)

Hdip = Hdem +Hdip(2) + const., (5.18)

Hdem = −µ0

∫
drHd(r) · δM(r), (5.19)

Hdip(2) =
µ0

2

∫
drdr′(∇ · δM(r))G

(
r− r′

) (
∇′ · δM

(
r′
))
. (5.20)

Here, Hdem is the demagnetization field Hamiltonian, Hdip(2) is the dipole Hamiltonian

that is second order in δM, and Hd(r) is the demagnetization field defined by

Hd(r) = ∇
∫
dr′G

(
r− r′

) (
∇′ ·M0

(
r′
))
. (5.21)

For the infinitely long waveguide, we have Hd(r) = 0. For the finite length magnetic bar

structure which we consider in later sections, we approximate Hd(r) ≈ Hz
d(r)ẑ as the z-

component is dominant compared to the x and y components. Therefore, we obtain

Hdem ≈ −µ0

∫
drHz

d(r)δMz(r). (5.22)

Up to the quadratic order in m(r), we obtain

HZ ≈ µ0Hext

∫
dr

m2(r)

2Ms(r)
+ const., (5.23)

Hdem ≈ µ0

∫
drHz

d(r)
m2(r)

2Ms(r)
, (5.24)

Hdip(2) ≈
µ0

2

∫
drdr′(∇ ·m(r))G

(
r− r′

) (
∇′ ·m

(
r′
))
. (5.25)
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Using Ms(r) = MsF(r) and writing m(r) = ~M(r)F(r), we obtain

HZ ≈ µ0Hext

∫
drF(r)

~M2(r)

2Ms
+ const., (5.26)

Hdem ≈ µ0

∫
drF(r)Hz

d(r)
~M2(r)

2Ms
, (5.27)

Hdip(2) ≈
µ0

2

∫
drdr′(∇ · ~M(r)F(r))G

(
r− r′

)
(∇′ · ~M

(
r′
)
F
(
r′
)
). (5.28)

Similarly, the exchange Hamiltonian can be written, using M(r) = M0(r) + δM(r), as

Hex = −µ0

∫
drδM(r) · ∂µ [αex(r)∂µM0(r)]− µ0

2

∫
drδM(r) · ∂µ [αex(r)∂µδM(r)] + const.

(5.29)

Up to the quadratic order in m(r), the above equation becomes

Hex ≈
µ0

2

∫
dr

m2(r)

Ms(r)
∂µ [αex(r)∂µMs(r)]− µ0

2

∫
drm(r) · ∂µ [αex(r)∂µm(r)] + const.

(5.30)

Using Ms(r) = MsF(r), αex(r) = αexF(r), and writing m(r) = ~M(r)F(r), we obtain

Hex ≈ µ0αex

2

∫
drF3(r)∇ ~M(r) : ∇ ~M(r) + const.,

= −µ0αex

2

∫
dr
(
F3(r) ~M(r) · ∇2 ~M(r) +

[
∂µF3(r)

]
~M(r) · ∂µ ~M(r)

)
+ const.,

(5.31)

where the double-dot product is ∇ ~M : ∇ ~M = ∂aMb∂
aMb. Note that the term ∂µF3(r)

in the second equation gives a delta-functional contribution peaked at the ferromagnet’s

boundary. Using the totally-free surface spin condition, ∂µ ~M = ~0 on the ferromagnet’s
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boundary, we obtain

Hex ≈ −
µ0αex

2

∫
drF3(r) ~M(r) · ∇2 ~M(r) + const. (5.32)

Combining equations (5.26), (5.27), (5.28), and (5.32), we obtain

Hm ≈ µ0

∫
drF(r)(Hext +Hz

d(r))
~M2(r)

2Ms
− µ0αex

2

∫
drF3(r) ~M(r) · ∇2 ~M(r)

+
µ0

2

∫
drdr′(∇ · ~M(r)F(r))G

(
r− r′

)
(∇′ · ~M

(
r′
)
F
(
r′
)
), (5.33)

where we dropped the constant shift in energy.

5.3.2 Diagonalization of the magnon Hamiltonian

To obtain the magnon dynamics and the magnon spatial profiles for the infinitely long

ferromagnetic waveguide (l → ∞), we diagonalize the magnon Hamiltonian Eq. (5.33) by

expanding ~M(r) as

~M(r) =

∫
dk

2π
e−ikz

∑
nm

ψXn (x)ψYm(y)
√

2γMs
1

2

[
a∗k,(n,m) a−k,(n,m)

] ê−

ê+

 ,(5.34)

ψXn (x) =

√
2(

1 + δn,0
)
d

cos
(
κXn x

)
, (5.35)

ψYm(y) =

√
2(

1 + δm,0
)
w

cos
(
κYmy

)
, (5.36)

where κXn = nπ/d, κYm = mπ/w, n,m = 0, 1, · · · , ê± = x̂ ± iŷ, and ak,(n,m) is the complex

canonical variable in the new basis. Note that we have m(r) = ~M(r)F(r) and in the current

geometry F(r) = FX(x)FY (y), where FX(x) = Θ(x)Θ(d − x), FY (y) = Θ(y)Θ(w − y),

and Θ is the Heaviside step function. Recalling Ms(r) = MsF(r) and using Eqs. (5.7) and
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(5.8), the above expansion corresponds to the following:

a(r) =

∫
dk

2π
eikz

∑
nm

fXn (x)fYm(y)ak,(n,m), (5.37)

a∗(r) =

∫
dk

2π
e−ikz

∑
nm

fXn (x)fYm(y)a∗k,(n,m), (5.38)

fXn (x) =

√
2FX(x)(

1 + δn,0
)
d

cos
(
κXn x

)
, (5.39)

fYm(y) =

√
2FY (y)(

1 + δm,0
)
w

cos
(
κYmy

)
. (5.40)

After simplification, the magnon Hamiltonian Eq. (5.33) becomes,

Hm =
1

2

∫
dk

2π

∑
n1m1
n2m2

[
a∗k,(n1,m1) a−k,(n1,m1)

]

×

 Ak,(n1m1)(n2m2) Bk,(n1m1)(n2m2)

B∗
k,(n1m1)(n2m2)

A∗
k,(n1m1)(n2m2)


 ak,(n2,m2)

a∗−k,(n2,m2)

 , (5.41)

with

Ak,(n1m1)(n2m2) = ∆k,(n1m1)δ(n1m1)(n2m2) + ωMH00
k,(n1m1)(n2m2), (5.42)

Bk,(n1m1)(n2m2) = ωMH01
k,(n1m1)(n2m2), (5.43)

∆k,(nm) = ωH +DexK
2
k,(nm), (5.44)
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where ωM = γµ0Ms, ωH = γµ0Hext, K
2
k,(nm)

= k2 +
(
κXn

)2
+
(
κYm

)2
, Dex = αexωM , and

H00
k,(n1m1)(n2m2)

=
1

2

(
HXX
k,(n1m1)(n2m2) +HY Y

k,(n1m1)(n2m2) + i
(
HXY
k,(n1m1)(n2m2) −H

Y X
k,(n1m1)(n2m2)

))
,

(5.45)

H01
k,(n1m1)(n2m2)

=
1

2

(
HXX
k,(n1m1)(n2m2) −H

Y Y
k,(n1m1)(n2m2) − i

(
HXY
k,(n1m1)(n2m2) +HY X

k,(n1m1)(n2m2)

))
.

(5.46)

Here, HXX
k,(n1m1)(n2m2)

, HXY
k,(n1m1)(n2m2)

, HY X
k,(n1m1)(n2m2)

, and HY Y
k,(n1m1)(n2m2)

are given by

HXX
k,(n1m1)(n2m2) =

∫
dρ1dρ2(∂x1ϕ

XY
n1m1

(ρ1))
K0(|k(ρ1 − ρ2)|)

2π
(∂x2ϕ

XY
n2m2

(ρ2)),

(5.47)

HXY
k,(n1m1)(n2m2) =

∫
dρ1dρ2(∂x1ϕ

XY
n1m1

(ρ1))
K0(|k(ρ1 − ρ2)|)

2π
(∂y2ϕ

XY
n2m2

(ρ2)),

(5.48)

HY X
k,(n1m1)(n2m2) =

∫
dρ1dρ2(∂y1ϕ

XY
n1m1

(ρ1))
K0(|k(ρ1 − ρ2)|)

2π
(∂x2ϕ

XY
n2m2

(ρ2),

(5.49)

HY Y
k,(n1m1)(n2m2) =

∫
dρ1dρ2(∂y1ϕ

XY
n1m1

(ρ1))
K0(|k(ρ1 − ρ2)|)

2π
(∂y2ϕ

XY
n2m2

(ρ2)),

(5.50)

where Kα is the modified Bessel function of the second kind, ρ = xx̂ + yŷ, and ϕXYnm (ρ) =

FX(x)FY (y)ψXn (x)ψYm(y). Note that we have relationsAk,(n1m1)(n2m2) =
(
Ak,(n2m2)(n1m1)

)∗
and Bk,(n1m1)(n2m2) = Bk,(n2m2)(n1m1).

As we consider the case where the thickness d and the width w are small such that the

exchange energy difference DexK
2
k,(n1m1)

−DexK
2
k,(n2m2)

[with (n1,m1) 6= (n2,m2)] is large

as compared to the off-diagonal components [elements of Ak,(n1m1)(n2m2) or Bk,(n1,m1)(n2m2)
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with (n1m1) 6= (n2,m2)] of the Hamiltonian, we apply the block-diagonal approxima-

tion [148]. Note that we can go beyond the block-diagonal approximation with the procedure

using a paraunitary matrix presented in Ref. [151]. Under this block-diagonal approximation,

we obtain

Hm =
1

2

∫
dk

2π

∑
nm

[
a∗k,(n,m) a−k,(n,m)

] Ak,(n,m) Bk,(n,m)

B∗
k,(n,m)

Ak,(n,m)


 ak,(n,m)

a∗−k,(n,m)

 ,(5.51)

Ak,(n,m) = Ak,(nm)(nm); Bk,(n,m) = Bk,(nm)(nm). (5.52)

The Hamiltonian above can be diagonalized by the standard 2×2 Bogoliubov transformation:

βk,(n,m) = λk,(n,m)ak,(n,m) + µk,(n,m)a
∗
−k,(n,m), (5.53)

β∗−k,(n,m) = µ∗k,(n,m)ak,(n,m) + λk,(n,m)a
∗
−k,(n,m), (5.54)

λk,(n,m) =

√
Ak,(n,m) + ωk,(n,m)

2ωk,(n,m)
; µk,(n,m) =

Bk,(n,m)∣∣∣Bk,(n,m)

∣∣∣
√
Ak,(n,m) − ωk,(n,m)

2ωk,(n,m)
,

(5.55)

ωk,(n,m) =

√
A2
k,(n,m)

−
∣∣∣Bk,(n,m)

∣∣∣2, (5.56)

and we obtain

Hm =
∑
nm

∫
dk

2π
ωk,(n,m)β

∗
k,(n,m)βk,(n,m). (5.57)

Now we limit our discussion to the subspace with (n,m) = (0, 0) that gives the lowest

energy magnon band, for which magnetization dynamics is uniform across x-y plane in the

ferromagnet. After promoting the classical complex canonical variables to the quantum

creation and annihilation operators via βk,(0,0) →
√
~β̂k,(0,0) and β∗

k,(0,0)
→
√
~β̂†

k,(0,0)
, we
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obtain

Hm =

∫
dk

2π
~ωk,(0,0)β

†
k,(0,0)

βk,(0,0). (5.58)

Here, ~ωk,(00) is the magnon energy and βk,(00) is the normal mode magnon annihilation

operator satisfying [βk,(00), β
†
k′,(00)

] = 2πδ(k− k′). For calculating the dispersion relation in

Fig. 5.2(c), we numerically evaluate Eqs. (5.47)-(5.50). In the subspace with (n,m) = (0, 0),

ψXn (x) and ψYm(y) are constant functions, so the derivatives only act on FX(x) and FY (y),

resulting in the surface integrals and the evaluation is simpler. Beyond the diagonal approx-

imation (n1,m1) = (n2,m2) made for Eq. (5.41), we can diagonalize the full Hamiltonian

via the Bogoliubov transformation with the paraunitary matrix [151] after a truncation of

large wavenumber modes, which is used in the magnetic bar calculations later sections.

In Fig. 5.2(b) we plot the NV center’s transition frequencies and magnon mode frequen-

cies as a function of the external magnetic field Hext, where we have assumed (d, w) =

(20 nm, 120 nm) for the waveguide dimensions [154]. As we take the limit where the length

of the YIG waveguide is infinity (l →∞), the magnon mode frequencies form a continuum

with its minimum denoted as ωmin. At field Hext = Hc, the NV center’s lower transition fre-

quency ωNV is detuned from the magnon dispersion minimum ωmin by ∆ω = ωmin−ωNV =

2π∆f = 2π × 3 MHz, which become important when computing the NV-NV effective cou-

pling in the next section.

5.3.3 NV-magnon coupling

The coupling strength between magnons and NV centers is obtained by applying the same

Bogoliubov transformation in the interaction Hamiltonian Eq. (5.3). Up to the quadratic
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order in m(r), we obtain

Hint =
∑
i=1,2

γµ0SNVi

·

[
Hd(r) +∇

∫
dr′G

(
r− r′

)(
∇′ · ~M

(
r′
)
F
(
r′
)
−
∂′zF

(
r′
)
~M2
(
r′
)

2Ms

)]∣∣∣∣∣
r=ri

.

(5.59)

In the infinitely long waveguide case, we have Hd(r) = 0. Up to the lowest order (linear

order) in m(r), we obtain

Hint =
∑
i=1,2

γµ0SNVi · h(r)
∣∣
r=ri

, (5.60)

h(r) = ∇
∫
dr′G

(
r− r′

) (
∇′ · ~M

(
r′
)
F
(
r′
))
. (5.61)

As the NV axis is set n̂NV = ẑ, the rotating-wave term comes from the perpendicular

contribution h⊥(r) = hx(r)x̂ + hy(r)ŷ. Using the Bogoliubov transformation (5.55), we

obtain

µ0γh⊥(r) =

√
2ωMωd√
w/d2

1

4

∑
nm

∫
dk

2π
eikz[ê+ ê−]

 Γ
−,+
k,nm Γ

−,−
k,nm

Γ
+,+
k,nm Γ

+,−
k,nm


×

 λk,(n,m) −µk,(n,m)

−µ∗
k,(n,m)

λk,(n,m)


 βk,(n,m)

β
†
−k,(n,m)

 ,
(5.62)
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where ωd = µ0(~γ)2/(~d3) and

Γ
−,+
k,nm =

(
ΓXXk,nm + ΓY Yk,nm + i

(
ΓXYk,nm − ΓY Xk,nm

))
, (5.63)

Γ
−,−
k,nm =

(
ΓXXk,nm − ΓY Yk,nm − i

(
ΓXYk,nm + ΓY Xk,nm

))
, (5.64)

Γ
+,+
k,nm =

(
ΓXXk,nm − ΓY Yk,nm + i

(
ΓXYk,nm + ΓY Xk,nm

))
, (5.65)

Γ
+,−
k,nm =

(
ΓXXk,nm + ΓY Yk,nm − i

(
ΓXYk,nm − ΓY Xk,nm

))
. (5.66)

Here, ΓXXk,nm, ΓXYk,nm, ΓY Xk,nm, and ΓY Yk,nm are functions of ρ, and they are given by

ΓXXk,nm = −
∫
dρ′|k|

(
ρ̂− ρ′

)
x

K1
(∣∣k (ρ− ρ′

)∣∣)
2π

∂′xϕ̃
XY
nm (ρ′), (5.67)

ΓXYk,nm = −
∫
dρ′|k|

(
ρ̂− ρ′

)
x

K1
(∣∣k (ρ− ρ′

)∣∣)
2π

∂′yϕ̃
XY
nm (ρ′), (5.68)

ΓY Xk,nm = −
∫
dρ′|k|

(
ρ̂− ρ′

)
y

K1
(∣∣k (ρ− ρ′

)∣∣)
2π

∂′xϕ̃
XY
nm (ρ′), (5.69)

ΓY Yk,nm = −
∫
dρ′|k|

(
ρ̂− ρ′

)
y

K1
(∣∣k (ρ− ρ′

)∣∣)
2π

∂′yϕ̃
XY
nm (ρ′), (5.70)

where ϕ̃XYnm =
√
dwϕXYnm is a dimensionless function and ρ̂− ρ′ = (ρ − ρ′)/|ρ − ρ′|. We

consider the external field range γHext < DNV, where NV center’s ground state is |g〉 =

|Sz = 0〉 and the first excited state is |e〉 = |Sz = −~〉. In the NV center’s subspace spanned

by {|g〉, |e〉}, we can write

HNV =
∑
i=1,2

~ωNV

2
σzNVi

, (5.71)

where ωNV = DNV − γHext, σ
z
NV = |e〉〈e| − |g〉〈g|, and we drop a constant shift in energy.

We also have S+
NV =

√
2~σ−NV and S−NV =

√
2~σ+

NV, where σ+
NV = |e〉〈g|, and σ−NV = |g〉〈e|.

Under the rotating wave approximation, we obtain

Hint ≈ ~
∑
i=1,2

√
ωMωd√
w/d2

∑
nm

∫
dk

2π

1

2

(
Γ

+,+
k,nmλk,(n,m) − Γ

+,−
k,nmµ

∗
k,(n,m)

)∣∣∣∣
ρ=ρi

σ+
NVi

βk,(n,m)e
ikzi

+H.c.. (5.72)
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Limiting our discussion to the subspace with (n,m) = (0, 0), which shows the uniform

magnetization precession across the YIG waveguide’s cross section and gives the lowest

energy magnon band, we obtain

Hint = ~
√
ωMωd√
w/d2

∑
i=1,2

∫
dk

2π
g(ρi, k)σ+

NVi
βk,(0,0)e

ikzi + H.c., (5.73)

g(ρi, k) =
((

Γ
+,+
k,nm/2

)
λk,(n,m) −

(
Γ

+,−
k,nm/2

)
µ∗k,(n,m)

)∣∣∣
ρ=ρi

. (5.74)

Here, g(ρi, k) is the dimensionless coupling. To calculate the spatial distribution of the

dimensionless coupling, we evaluate Eqs. (5.67)-(5.70) numerically.

5.3.4 Effective NV-NV Hamiltonian

The NV-NV interaction mediated by magnons can be calculated via the Schrieffer-Wolff

transformation [155], H → DHD† with D = exp
(
S − S†

)
(as discussed in Chapter 3).

Here, Eqs. (5.58), (5.71), and (5.73) are used in H = H0 +Hint with H0 = HNV +Hm. We

pick

S =

√
ωMωd√
w/d2

∑
i=1,2

∫
dk

2π

g(ρi, k)σ+
NVi

βk,(0,0)e
ikzi

ωNV − ωk,(0,0)
, (5.75)

such that [S − S†,H0] = −Hint. Noting that we can write S − S† = (i/~)
∫ 0
−∞ dτHint(τ),

where Hint(τ) is the interaction Hamiltonian in the interaction picture, we obtain the fol-

lowing effective Hamiltonian

Heff =
1

2
[S − S†,Hint] =

i

2~

∫ 0

−∞
dτ [Hint(τ),Hint],

(5.76)

which is related to the linear response theory. This effective Hamiltonian includes the Lamb

shift, the Stark shift, and the NV-NV interaction. The NV-NV interaction contribution is,
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Figure 5.3: Effective NV-NV coupling strength geff [Eq. (5.78)] as a function of the NV-NV
distance under ∆f = 3 MHz and ∆f = 10 MHz. The gray curve shows the coupling due to
the direct magnetic dipole-dipole interaction between NV centers. The entanglement rate
and the gate to decoherence ratio are shown on the right axis for T ∗2 = 1 ms. Inset shows
the time τ evolution of the entanglement negativity at T = 0 from the initial state |g〉1|e〉2
scaled by the Bell state negativity NB.

assuming ρ1 = ρ2 and writing g(k) = g(ρi, k),

HNV−NV
eff = −~

(
geffσ

+
NV1

σ−NV2
+ H.c.

)
, (5.77)

geff =
ωMωd
w/d2

∫
dk

2π
|g(k)|2 exp [ik (z1 − z2)]

ωk,(0,0) − ωNV
. (5.78)

Here, geff is the effective NV-NV coupling strength.

Figure 5.2(c) shows the magnon dispersion relation near ωmin and the wavenumber de-

pendence of the dimensionless coupling strength g(k) at Hext = Hc, ρi = (d + h)x̂ + wŷ,

and h = 25 nm [see the cross marker in Fig. 5.2(d)]. The coupling strength also depends

on the spatial position of the NV center relative to the YIG waveguide, which is shown in

Fig. 5.2(d). As the dynamical fringe magnetic field generated by a single magnon is confined

near the YIG device, the coupling strength is larger if the NV center is positioned near the

YIG waveguide.

Under the off-resonant condition shown in Fig. 5.2(c), the NV centers on top of the YIG

waveguide interact to each other via the exchange of virtual magnons. In Fig. 5.3, we plot

the effective NV-NV coupling strength geff [Eq. (5.78)] as a function of the NV-NV distance

δz = |z1 − z2| for both ∆f = 3 MHz and ∆f = 10 MHz cases represented by the red and blue

dots, respectively. The coupling decays rapidly with detuning, which allows the entangling

interaction to be switched off by increasing the external magnetic field from Hext = Hc by
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≈ 0.1 mT. We show that the calculated coupling strength is well explained by the analytical

formula

geff ≈
ωMωd̄

∆ω
|g(kmin)|2 cos(kminδz)e−δz/ξ0 (5.79)

as shown by the solid red and blue curves in Fig. 5.3, where ξ0 =
√
Dex/∆ω is the spin

correlation length and ωd̄ = µ0γ
2/(ξ0wd). The entangling gate rate ER = 4geff/π [the inverse

of the time required for the
√
iSWAP gate, τ√

iSWAP
= π/(4|geff |), under the interaction

Hamiltonian (5.77)] and the gate to decoherence ratio GDR = 4geffT
∗
2 /π are shown on the

right axis, where a coherence time T ∗2 = 1 ms of the NV center is used [54]. As we obtain

GDR > 10 for 1 µm separated NV centers, we predict a useful and practical entangling gate.

The approximate analytic expression of geff can be obtained in the following way. We

first expand the dispersion ωk,(0,0) around the two energy minimum at k = ±kmin and

approximate g(k) ≈ g(kmin). Secondly, we also approximate the curvature to be exchange

dominated, i.e., ωl,(0,0) ≈ ωkmin,(0,0) + Dex(k ∓ kmin)2. Then we obtain, after writing

∆ω = ωkmin,(0,0) − ωNV,

geff ≈ ωMωd
w/d2

|g (kmin)|2
(∫ ∞
−∞

dk

2π

exp [ik (z1 − z2)]

Dex (k − kmin)2 + ∆ω
+

∫ ∞
−∞

dk

2π

exp [ik (z1 − z2)]

Dex (k + kmin)2 + ∆ω

)
,

=
ωMωd̄

∆ω
|g (kmin)|2 cos (kminδz) exp [δz/ξ0] , (5.80)

where ξ0 =
√
Dex/∆ω, δz = |z1 − z2| and ωd̄ = µ0(γ~)2/(~dwξ0). Note that the circle dots

in Fig. 5.3 are obtained by the numerical evaluation of Eq. (5.78), while the solid curves are

obtained from the analytical expression (5.80), thus showing the great agreement between

them.

To show that this system can manipulate the NV-NV entanglement, we perform a simu-

lation using the Lindblad master equation. In the inset of Fig. 5.3 we plot the entanglement

negativity [156] N at T = 0 as a function of the NV-NV interaction time after the prepa-

ration of the initial spin state in |g〉1|e〉2, where the negativity is normalized by the Bell
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state’s negativity NB. As we obtain N > 0, we clearly demonstrate that the NV centers are

entangled. If multiple NV centers are placed on top of the YIG waveguide (see Fig. 5.1),

neighboring two-NV gates can thus be performed by locally changing the external magnetic

field around the two NV centers to shift their transition frequencies relative to the minimum

magnon mode frequency in the range ∆ω > 0. Alternatively, local electric field [157] or

strain [158] can be used to shift NV centers’ transition frequencies to avoid applying a local

magnetic field at the underlying YIG location, the effect of which is discussed in Appendix

of Ref. [2].

To evaluate how good the perturbation is, we consider one NV case and recall the wave

function modification in the first order perturbation

|n(1)〉 =
1

E
(0)
n −H0

Hint|n0〉 =
∑
k(6=n)

〈k(0)|Hint|n(0)〉

E
(0)
n − E(0)

k

|k(0)〉, (5.81)

where |n(0)〉 and E
(0)
n are the unperturbed eigenstate and eigenenergy. The fraction of the

finite magnon-number state contribution in the original ground state |n(0)〉 = |g〉|0〉m is,

where |0〉m is the magnon vacuum,

∥∥∥∣∣∣n(1)
〉∥∥∥2

=
∑
k(6=n)

∣∣∣∣∣∣
〈
k(0)|Hint|n(0)

〉
E

(0)
n − E(0)

k

∣∣∣∣∣∣
2

=
ωMωd
w/d2

∫
dk

2π

|g(k)|2

(ωk,(0,0) − ωNV)2
. (5.82)

Under the geometry presented in the red curve in Fig. 5.3, we obtain ‖|n(1)〉‖2 ≈ 10−3 � 1,

which indicates the perturbation theory is valid.

To estimate the corresponding cooperativity of the red solid curve in Fig. 5.3, we as-

sume the waveguide has a length l as in [137]. By discretizing the integral
∫
dk using the

periodic boundary condition and rescaling the creation/annihilation operators via β̄k,(0,0) =

βk,(0,0)/
√
l to have a correct commutation relation for the discretized modes, [β̄k,(0,0), β̃

†
k′,(0,0)

] =
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δk,k′ , the interaction Hamiltonian becomes

Hint =
∑
i=1,2

∑
k

~ḡ(k)σ+
NVi

β̄k,(0,0)e
ikzi + H.c., (5.83)

ḡ(k) =

√
ωMωd√
lw/d2

g(k). (5.84)

As we are mostly using magnons with |k| ≈ kmin in the virtual-magnon mediated NV-NV

coupling, it is reasonable to calculate the equivalent cooperativity with ḡ = ḡ(kmin):

Ceq =
ḡ2

αωmin/T
∗
2
. (5.85)

Under the geometry presented in the red curve in Fig. 5.3, and using the NV center’s coher-

ence time [54] T ∗2 = 1 ms and the Gilbert damping parameter of YIG [159] α = 10−5, we

obtain ḡ ≈ 130 kHz and Ceq ≈ 3700.

In Fig. 5.4 we plot the NV-NV entanglement rate and the gate to decoherence ratio as

a function of the waveguide thickness d for different waveguide dimensions and NV centers’

heights h. We assume a fixed NV-NV distance of 1 µm, (xi, yi) = (d + h,w), and ∆ω =

2π × 3 MHz. The red (blue) solid curve shows the waveguide thickness d dependence of

the ER and the GDR under the fixed aspect ratio w/d = 6 at h = 25 nm (5 nm), and the

red (blue) dashed curve shows the dependence where the waveguide width is kept constant

with w = 120 nm at h = 25 nm (5 nm). From these graphs we see that in order to make

the entangling gate faster, one can either have the NV center closer to the YIG waveguide

(diminishing h) or make the waveguide’s cross-sectional area smaller. As for placing NV

centers in proximity to the YIG waveguide, we note the common challenge of making high

coherence NV centers near the diamond surface due to the surface noise known in the area

of NV-based quantum sensing [160].
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Figure 5.4: The entanglement rate (4geff/π) and the gate to decoherence ratio
(GDR=4geffT

∗
2 /π) between two NV centers separated by 1 µm as a function of the waveg-

uide thickness d. NV centers are placed on the YIG waveguide as drawn in Figs. 2(a) and
2(d). Red curves and blue curves are calculated for h = 25 nm and 5 nm, respectively.
Solid curves and dashed curves are calculated for a fixed aspect ratio w/d and width w of
the waveguide, respectively. Sharp dips correspond to the nodes in the oscillation of geff as
shown in Fig. 5.3. Calculation is performed for detuning ∆ω/2π = 3 MHz.

5.4 Finite length ferromagnetic bar

In this section, we show that the strength of the NV-magnon coupling can be strongly

enhanced by confining the magnon’s mode volume to a finite length ferromagnetic bar. The

system allows us to control the NV levels to be on- and off-resonant to the magnon levels as

the magnon mode frequencies are discretized for this case. Here, the interaction Hamiltonian

Eq. (5.3) can be transformed into the form of the Jaynes-Cummings model [140, 161], and

the entangling gate protocols used in quantum optics or circuit quantum electrodynamics

(circuit QEDs) can now be implemented in our hybrid quantum system [29, 162, 163].

We first obtain the NV-magnon interaction Hamiltonian for a finite length YIG bar using

a similar procedure shown in Sec. 5.3. For that, we first take the equilibrium magnetization

to be M0 = MsF(r)ẑ and approximate the x, y component of the resulting static demagneti-

zation field in Eq. (5.2) to be negligible compared to its z component. Although there is also

a finite static demagnetization field contribution in the interaction Hamiltonian Eq. (5.3),

we verified that its value is small under the geometry parameters and NV center positions

we consider.
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5.4.1 Diagonalization of the magnon Hamiltonian

To diagonalize the magnon Hamiltonian Eq. (5.33), we expand the canonical variables as

a(r) =
∑
nmp

fXn (x)fYm(y)fZp (z)a(nmp), (5.86)

a∗(r) =
∑
nmp

fXn (x)fYm(y)fZp (z)a∗(nmp), (5.87)

fZp (z) =

√
FZ(z)ψZp (z), (5.88)

ψZp (z) =

√
2(

1 + δp,0
)
l

cos
(
κzpz
)
, (5.89)

where κZp = pπ/l, p = 0, 1, · · · , and FZ(z) = Θ(z)Θ(l − z). Note that we have F(r) =

FX(x)FY (y)FZ(z). After simplification and writing µ = (nmp), the magnon Hamiltonian

Eq. (5.33) with corresponding parameters become

Hm =
ωM
2

∑
µ1µ2

[
a∗µ1 aµ1

]  Aµ1µ2 Bµ1µ2

B∗µ1µ2 A∗µ1µ2


 aµ2

a∗µ2

 , (5.90)

Aµ1µ2 = ∆̃µ1δµ1µ2 −Nµ1µ2 +H00
µ1µ2 , (5.91)

Bµ1µ2 = H01
µ1µ2 , (5.92)

∆̃(nmp) = (ωH +DexK
2
(nmp))/ωM , (5.93)

Nµ1µ2 = −
∫
drH̃z

d(r)fXY Zµ1 (r)fXY Zµ2 (r), (5.94)

where K2
(nmp)

=
(
κXn

)2
+
(
κYm

)2
+
(
κZp

)2
, fXY Zµ (r) = fXn (x)fYm(y)fZp (z), H̃z

d(r) is a

dimensionless demagnetization field

H̃z
d(r) =

Hz
d(r)

Ms
=

1

Ms
∂z

∫
dr′G

(
r− r′

) (
∇′ ·M0

(
r′
))
, (5.95)

127



and H00
µ1µ2 and H01

µ1µ2 are given by

H00
µ1µ2 =

1

2

(
HXX
µ1µ2 +HY Y

µ1µ2 + i
(
HXY
µ1µ2 −H

Y X
µ1µ2

))
, (5.96)

H01
µ1µ2 =

1

2

(
HXX
µ1µ2 −H

Y Y
µ1µ2 − i

(
HXY
µ1µ2 +HY X

µ1µ2

))
. (5.97)

Here, HXX
µ1µ2 , HXY

µ1µ2 , HY X
µ1µ2 , and HY Y

µ1µ2 are given by

HXX
µ1µ2 =

∫
dr1dr2

(
∂x1ϕ

XY Z
µ1 (r1)

)
G (r1 − r2)

(
∂x2ϕ

XY Z
µ2 (r2)

)
, (5.98)

HXY
µ1µ2 =

∫
dr1dr2

(
∂x1ϕ

XY Z
µ1 (r1)

)
G (r1 − r2)

(
∂y2ϕ

XY Z
µ2 (r2)

)
, (5.99)

HY X
µ1µ2 =

∫
dr1dr2

(
∂y1ϕ

XY Z
µ1 (r1)

)
G (r1 − r2)

(
∂x2ϕ

XY Z
µ2 (r2)

)
, (5.100)

HY Y
µ1µ2 =

∫
dr1dr2

(
∂y1ϕ

XY Z
µ1 (r1)

)
G (r1 − r2)

(
∂y2ϕ

XY Z
µ2 (r2)

)
, (5.101)

where ϕXY Znmp (r) = F(r)ψXn (x)ψYm(y)ψZp (z). Note that we have relations Aµ1µ2 = A∗µ2µ1 and

Bµ1µ2 = Bµ2µ1 .

Finally, the Hamiltonian Eq. (5.90) can be written in the matrix form

Hm =
ωM
2

[α∗ α] Ĥ

 α

α∗

 , (5.102)

where α = [aµ0 aµ1 · · · ], α∗ = [a∗µ0 a
∗
µ1 · · · ], and we transpose α or α∗ if necessary. No

confusion is expected for the column or row vectors for α and α† as in Refs. [151] and [153].

This Hamiltonian matrix can be diagonalized by the paraunitary matrix [151] T via

 α

α∗

 = T

 β

β∗

 , (5.103)

Hm =
ωM
2

[β∗ β]

 E O

O E


 β

β∗

 , (5.104)
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where, β = [βµ0 βµ1 · · · ] and β∗ = [β∗µ0 β
∗
µ1 · · · ] are normal mode magnon complex canon-

ical variables, and ωME = diag[ωµ0 , ωµ1 , · · · ] is a diagonal matrix whose entries are magnon

eigenfrequencies with increasing energy order 0 ≤ ωµ0 ≤ ωµ1 ≤ · · · . The paraunitary matrix

T satisfies

T†σ3T = σ3, (5.105)

σ3 = diag[+1,+1, · · · ,+1,−1,−1, · · · ,−1]. (5.106)

Based on Ref. [151], one can find the paraunitary matrix T using a method based on the

Cholesky decomposition. The outline of the method is shown in the following.

1. Firstly, we decompose Ĥ into a product of an upper triangle matrix K and its Hermitian

conjugate using the Cholesky decomposition

Ĥ = K†K. (5.107)

2. Next, we define a new Hermitian matrix W = Kσ3K† and diagonalize this matrix

with a unitary matrix U:

U†WU =

 E O

O −E

 . (5.108)

Note that one can find U such that the right-hand side becomes the desired form,

which is shown in Ref. [151].

3. Lastly, we define the following matrix T̃:

T̃ = K−1U

 E1/2 O

O −E1/2

 =

 T̃pp T̃pn

T̃np T̃nn

 . (5.109)
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Then the desired paraunitary matrix is

T =

 Tpp Tpn

Tnp Tnn

 =

 T̃pp
(
T̃np

)∗
T̃np

(
T̃pp

)∗
 . (5.110)

To obtain the eigenfrequencies of the magnons for the finite magnetic bar case, we restrict

our discussion for (n,m) = (0, 0) (magnon mode that is uniform across the x-y plane, as

we consider the case with d, w � l) and consider p = 0, 1, · · · , N , where p = N is the

highest z-directional wavenumber to be taken into account and we truncated the sum. We

set µ0 = (000), µ1 = (001), · · · , µN = (00N). After the above Bogoliubov transformation

with the paraunitary matrix, we obtain

Hm =
∑

p=0,1,···
ω(00p)β

∗
(00p)β(00p), (5.111)

with corresponding transformation given by



a(000)

a(001)

...

a(00N)


= Tpp



β(000)

β(001)

...

β(00N)


+ Tpn



β∗
(000)

β∗
(001)

...

β∗
(00N)


, (5.112)



a∗
(000)

a∗
(001)

...

a∗
(00N)


= (Tpn)∗



β(000)

β(001)

...

β(00N)


+ (Tpp)∗



β∗
(000)

β∗
(001)

...

β∗
(00N)


. (5.113)

To calculate the magnon eigenfrequencies, we evaluate numerically Eqs. (5.94), (5.95) and
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Figure 5.5: (a) NV center’s transition frequencies and magnon spectrum as a function of
external field Hext for (d, w, l) = (5 nm, 30 nm, 3 µm). The dark gray and red lines represent
frequencies ω(00,p=5) and ωNV, respectively. (b) Zoom-in of the crossing region between
ω(005) and ωNV.

(5.98)-(5.101). After promoting βµ →
√
~β̂µ and β∗µ →

√
~β̂†µ, we obtain

Hm =
∑

p=0,1,···
~ω(00p)β

†
(00p)

β(00p), (5.114)

which is the goal of this section. In Fig. 5.5(a) we plot the external magnetic field Hext

dependence of the discretized magnon mode frequencies of a YIG bar with dimensions

(d, w, l) = (5 nm, 30 nm, 3 µm). The neighboring magnon mode frequencies are separated

from each other by over 2π × 10 MHz for modes with p ≥ 5, as shown in Fig. 5.5(b). At

field Hext = Hc, the NV center’s transition frequency ωNV and the magnon mode frequency

ω(005) are on-resonant.

5.4.2 NV-magnon coupling

The coupling strength between magnons and NV centers is obtained by applying the same

Bogoliubov transformation with the paraunitary matrix T [Eq. (5.59)]. Although the de-

magnetization field Hd contribution in (5.59) is not negligible when NV centers are placed

near the two edges of the ferromagnetic bar, we verify it is small in the calculations for

Figs. 5.6(b) and 5.7. In the same way as in Sec. 5.3, the perpendicular component of the
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fringing field h⊥ is given by

γµ0h⊥(r) =
√

2ωMωdwl
1

4
[ê+ ê−]


[
Γ
−,+
µ0 · · ·Γ

−,+
µN

] [
Γ
−,−
µ0 · · ·Γ

−,−
µN

]
[
Γ

+,+
µ0 · · ·Γ

+,+
µN

] [
Γ

+,−
µ0 · · ·Γ

+,−
µN

]


×

 Tpp Tpn

Tnp Tnn


 β

β†

 , (5.115)

where ωdwl = µ0(γ~)2/(~wld) and

Γ
−,+
µ =

(
ΓXXµ + ΓY Yµ + i

(
ΓXYµ − ΓY Xµ

))
, (5.116)

Γ
−,−
µ =

(
ΓXXµ − ΓY Yµ − i

(
ΓXYµ + ΓY Xµ

))
, (5.117)

Γ
+,+
µ =

(
ΓXXµ − ΓY Yµ + i

(
ΓXYµ + ΓY Xµ

))
, (5.118)

Γ
+,−
µ =

(
ΓXXµ + ΓY Yµ − i

(
ΓXYµ − ΓY Xµ

))
. (5.119)

Here ΓXXµ , ΓXYµ , ΓY Xµ , and ΓY Yµ are functions of r, and they are given by

ΓXXµ =

∫
dr′
−
(
r− r′

)
x

4π |r− r′|3
∂′xϕ̃

XY Z
µ

(
r′
)
, (5.120)

ΓXYµ =

∫
dr′
−
(
r− r′

)
x

4π |r− r′|3
∂′yϕ̃

XY Z
µ

(
r′
)
, (5.121)

ΓY Xµ =

∫
dr′
−
(
r− r′

)
y

4π |r− r′|3
∂′xϕ̃

XY Z
µ

(
r′
)
, (5.122)

ΓY Yµ =

∫
dr′
−
(
r− r′

)
y

4π |r− r′|3
∂′yϕ̃

XY Z
µ

(
r′
)
, (5.123)

where ϕ̃XY Zµ =
√
wldϕXY Zµ is a dimensionless function.

In the same way as in Sec. 5.3, under the rotating-wave approximation, we obtain the
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NV-magnon interaction Hamiltonian in the form of the Jaynes-Cummings model

Hint =
∑
i=1,2

∑
µ=(00p)

~gµ(ri)σ
+
NVi

βµ + H.c. (5.124)

g(00p)(ri) =
√
ωMωdwl ×∑

q=0,1,··· ,N

[(
Γ

+,+
(00q)

/2
)

[Tpp]qp +
(

Γ
+,−
(00q)

/2
)

[Tnp]qp

]∣∣∣
r=ri

, (5.125)

To calculate the spatial distribution of the dimensionless coupling, we evaluate numerically

Eqs. (5.120)-(5.123).

5.4.3 Effective NV-NV Hamiltonian

When we introduce a detuning between the target mode frequency ω(00p) and the NV fre-

quency ωNV, we obtain an effective Hamiltonian in the same way as in Sec. I. Now the total

Hamiltonian H = H0 + Hint with H0 = HNV + Hm is given by Eqs. (5.71), (5.114), and

(5.124). For the the Schrieffer-Wolff transformation, we choose

S =
∑
i=1,2
µ=(00p)

gµ (ri)σ
+
NVi

βµ

ωNVi − ωµ
, (5.126)

in the same way as in Eq. (5.75). Following Eq. (5.76), we obtain

Heff = ~
∑
i,µ

∣∣gµ (ri)
∣∣2

ωNV − ωµ

(
|e〉i〈e|+ σzNVi

β
†
µβµ

)
+
~
2

∑
i,µ6=v

(
gµ (ri) g

∗
v (ri)

ωNV − ωµ
σzNVi

β
†
vβµ + H.c.

)

+~
∑
µ

(
gµ (r1) g∗µ (r2)

ωNV − ωµ
σ+

NV1
σ−NV2

+ H.c.

)
, (5.127)

where the first right hand side term is the Lamb shift and the Stark shift, respectively. The

interaction Hamiltonian between the two NV centers is given by the last right hand side term.
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If we detune the NV frequency from the mode frequency for µ = (00p) by ωNV = ω(00p)−∆ω

and if we only consider the effect from the mode µ = (00p), we obtain

HNV−NV
eff = −~

(
geffσ

+
NV1

σ−NV2
+ H.c.

)
, (5.128)

geff = g(00p) (r1) g∗(00p) (r2) /∆ω. (5.129)

We plot in Fig. 5.6(a) the spatial distribution of the NV-magnon coupling strength g(005)

at Hext = Hc for a fixed NV center height h = 5 nm [see Fig. 5.2(a)], and obtain g(005) ≈

2π × 0.5 MHz depending on the NV center positions. With the Gilbert damping parameter

of YIG α = 10−5 [159] and the coherence time of NV centers T ∗2 = 1 ms [54], we show on

the right axis of Fig. 5.6(a) the corresponding single magnon µ-mode cooperativity[130, 133]

Cµ =
|gµ(r)|2

αωµ/T ∗2
(5.130)

which is a dimensionless measure of the coupling. We find C(005) & 104 over a wide range of

NV center positions, achieving the strong coupling regime for our hybrid quantum system.

Our calculations enable us to optimize both the coupling strength and the cooperativity in

order to increase NV-NV entanglement efficiency in our system.

In Fig. 5.6(b), we use Eq. (5.129) focusing on the magnon mode with p = 5 and plot

the effective coupling strength geff , entangling rate (ER), and GDR. Here, the two NV

centers are placed at r1 = (d+ h)x̂+ wŷ + (400 nm)ẑ [see a cross mark in Fig. 5.6(a)] and

r2 = r1 + δzẑ, where δz is the NV-NV distance along the bar length. The detuning is

set to ∆ω = ω(005) − ωNV = 2π × 3MHz, which could be produced by electric field [157],

strain [158] or magnetic field deviation from Hext = Hc. Surprisingly, useful entangling

gates for 2.2 µm separated NV centers with geff = 2π × 90 kHz and GDR > 700 are

predicted for this YIG bar system. This makes experiments more accessible in terms of the

independent optical initialization and the readout of NV centers than the waveguide case. In

contrast to Sec. 5.3, where we have a translationally invariant infinitely long waveguide, here
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Figure 5.6: (a) Spatial plot of the coupling strength g = g(005) at Hext = Hc and h = 5 nm.
The white rectangle delimits the bar dimension, and the white cross mark represent the
position of NV1 referred in (b). The corresponding cooperativity C(005) is shown on the

right axis. (b) Effective NV-NV coupling strength geff between two NV centers as a function
of the NV-NV distance, where NV1 and NV2 are placed at r1 = (d+ h)x̂+wŷ + (400 nm)ẑ
and r2 = r1 + δzẑ, respectively. The red (blue) curve is calculated for (d, p) = (5 nm, 5)
[(d, p) = (20 nm, 12)]. The entanglement gate rate (ER) and the gate to decoherence ratio
(GDR) are shown on the right axis. In both cases aspect ratio is w/d = 6, length of the
magnetic bar is l = 3 µm, and detuning is ∆f = ∆ω/2π = (ω(00p) − ωNV)/2π = 3 MHz.

the position of the NV center along z-direction plays a major role in the coupling strength.

We also show these quantities for a less challenging to fabricate YIG geometry with

(d, w, l, h) = (20 nm, 120 nm, 3 µm, 5 nm). The result is plotted as a blue curve in Fig. 5.6(b),

for which we obtain GDR > 100 for the 2.2 µm separated NV centers. This result clarifies

the significance of using the YIG bar structures to entangle two NV centers separated by

a few micrometers. Moreover, the discretized magnon mode frequencies allows for control-

ling the NV center frequencies to be on-resonant to one of the magnon mode frequencies,

which enables the entanglement of two NV centers via the transduction of energy quanta

that we discuss in the next section. We also comment that it would be possible to control

the NV-magnon coupling strength via parametric driving of the discretized magnon modes

as studied in the cavity quantum electrodynamics [164] (see Appendix of Ref. [2]).
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5.5 Transduction and virtual-magnon exchange proto-

cols

In this section, we explore and compare two entanglement schemes for our hybrid quantum

system, on-resonant transduction and off-resonant (”off-shell”) virtual-magnon exchange. As

illustrated in the left schematic of Fig. 5.7(a), Entanglement generation via the transduction

protocol is simulated by controlling the NV center frequencies independently. For this case,

the NV spins are initially prepared in the state tensor product of the ground state and

the excited state |g〉1|e〉2. We first shift the frequency ωNV2
on-resonant to the µ-magnon

mode frequency ωµ for a certain variable time τvar while ωNV1
is detuned from ωµ by a

large amount δω =2π × 5 MHz. Second, we swap the NV1 spin state and the magnon state

by matching ωNV1
= ωµ for the swap gate time τSWAP during which the second qubit

frequency ωNV2
is detuned from ωµ by the detuning δω. The total interaction time in this

protocol is τint = τvar + τSWAP, and it is varied by the variable interaction time τvar. By

applying a local magnetic field, electric field [157], or strain [158], the control of the NV

centers’ transition frequencies can be performed. An alternative possibility of controlling

the transition frequencies would be to use a periodic modulation of the external magnetic

field [165, 166] (see Appendix of Ref. [2]). In contrast, in the virtual-magnon (”off-shell”)

exchange protocol, as shown in the right schematic of Fig. 5.7(a), the NV centers’ frequencies

are both detuned from the µ-magnon mode frequency by ∆ω = ωµ−ωNV1,2
= 2π× 3 MHz.

We prepare the NV centers’ spin state in |g〉1|e〉2, and the whole system evolves over the

interaction time τint.

Using the Lindblad master equation [61, 130, 167], we simulate the time evolution of our

hybrid quantum system for both protocols at a finite temperature T considering two NV
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Figure 5.7: (a) Schematic gate sequence of on-resonant transduction (left) and off-resonant
virtual-magnon exchange (right) entanglement protocols. (b) Comparison of the two pro-
tocols at T = 70 mK. The top two figures show NV center’s excited state population pie
(i = 1, 2) and magnon population 〈n〉 = 〈n̂µ〉 [µ = (005)] as a function of the total system
interaction time at the end of the gate operations. NV centers are separated by ad distance
2.2 µm on top of the YIG bar as shown in Fig. 5.6(a). For the transduction protocol, as
illustrated in the inset, NV center frequencies are modulated where lines represent the fre-
quencies of NV centers or the magnon mode. The bottom two figures show entanglement
measures [entanglement negativity, the degree of the Bell inequality violation, and the fi-
delity] as a function of the interaction time. The red, sky blue, and gray curves are the
negativity divided by the Bell-state’s negativity, the degree of the Bell inequality violation
where the inequality is violated if the curve is above zero, and the fidelity to the target pure
entangled states, respectively.

centers and a near resonant magnon mode µ,

ρ̇ = −i[H(t), ρ] + 2κ
(

1 + n̄th
m

)
D[a]ρ

+2κn̄th
mD

[
a†
]
ρ+

γ2

2

∑
i=1,2

D
[
σzNVi

]
ρ, (5.131)

where D[O]ρ = OρO† − 1
2(O†Oρ + ρO†O), κ = αωµ, γ2 = 1/T ∗2 , a = βµ, a† = β

†
µ, n̄th

m =

(exp
[
ωµ/kBT

]
− 1)−1 is the thermal magnon population, kB is the Boltzmann constant, T

is temperature, and ρ is the system density operator. Here, the parameter of the magnon

damping κ = αωµ is based on the dissipation/loss term in the Landau-Lifshitz-Gilbert

equation ∂tM|diss = (α/Ms)M × ∂tM, which results in ∂tβµ
∣∣
diss ≈ −αωµβµ under the
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assumption ∂ωµ/∂Hext ≈ µ0γ, which is verified by Fig. 5.5(b) (see Appendix of Ref. [2]).

In the total Hamiltonian H(t), for computational accessibility, we only take into account

the magnon mode with µ = (005), as this mode produces the dominant contribution in the

NV-NV interaction in addition to the magnon induced decoherence of NV centers in both

protocols. We assume the NV center’s longitudinal decay rate to be zero in the simulation

as it is much smaller than the transverse decoherence rate [51]. The two NV centers are

separated by 2.2 µm along the YIG bar length with the position r1 = (d+h)x̂+wŷ+(400 nm)ẑ

and r2 = r1 +(l−800 nm)ẑ. We use the homogeneous Gilbert damping parameter α = 10−5

of YIG [159] and the NV center coherence time T ∗2 = 1 ms [54].

We plot the NV centers’ excited state population pie (i = 1, 2) and the magnon population

〈n〉 = 〈n̂µ〉 [µ = (005)] at the end of the transduction (on resonant) and the virtual-magnon

exchange (off resonant) protocols as a function of the total system interaction time τint at T =

70 mK in the upper two panels of Fig. 5.7(b). In the lower two panels, we show three different

entanglement measures [entanglement negativity normalized by the Bell-state’s negativity,

the degree of the Bell inequality violation, and the fidelity to the target pure entangled

states, which are given by the red, sky blue, and gray curves, respectively] as a function

of the interacting time τint for each protocol. The resulting entanglement are detected by

N > 0, and one expects to observe the violation of the Clauser-Horne-Shimony-Holt (CHSH)

form of Bell inequality if CHSH Violation > 0 [168, 169] (see Appendix of Ref. [2]).

We first find, in Fig. 5.7(b), that the transduction protocol is faster in completing the

gate as compared to the virtual-magnon exchange protocol. This can be understood as the

NV-magnon on-resonant coupling rate gµ ≈ 2π × 0.5 MHz is larger than the off-resonant

NV-NV coupling rate geff ≈ 2π × 90 kHz. On the other hand, from the figure it is observed

that the virtual-magnon exchange protocol results in larger amplitude oscillations in the NV

centers’ excited state populations [See the blue and orange curves] and higher fidelity under

the parameters and the temperature used in the simulation. This is due to a combination

of two factors: First, the virtual-magnon exchange protocol creates magnons only virtually
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(with magnon population suppressed by gµ/∆ω due to the energy mismatch), which make

them approximately insensitive to the magnon damping parameter. Secondly, the magnon

damping rate αωµ is larger than the NV center’s decoherence rate 1/T ∗2 , which means there

is more loss of information if a real magnon is excited. Nonetheless, we predict in both

protocols entangled states can be manipulated and the violation of the Bell inequality will

be observed.

To further compare the two entanglement protocols and get deeper intuition, we per-

form simulations under multiple temperatures and have observed that the virtual-magnon-

exchange protocol is more robust at higher temperatures up to ≈ 150 mK (see Appendix

of Ref. [2]). We show that both protocols do not produce useful entanglement for higher

temeprature T & 150 mK due to the NV centers’ dephasing originating from magnon num-

ber fluctuations of modes with µ 6= (005). We also evaluate the decay contribution due to

these magnon modes and verify that this is negligible for temperatures T ≤ 150 mK for

both upper and lower transitions of NV centers (see Appendix of Ref. [2]). Interestingly,

the on-resonant transduction protocol improves more drastically at lower temperatures than

the virtual-magnon exchange protocol. We find based on the zero temperature analysis the

following inequality for which the transduction protocol performs better (see Appendix of

Ref. [2]):

α .
∆ω/gµ

4(1− 1/π)

1

ωµT ∗2
. (5.132)

The transduction protocol is shown to outperform the virtual-magnon exchange protocol for

the parameters used in this section (with ∆ω = 2π × 3 MHz) if α . 10−7 is achieved. In

Appendix of Ref.[2] we further analyze the parameter conditions for which protocol outper-

forms. We also calculate an average gate fidelity F̄ [170] as a square-root-of-iSWAP gate

for the off-resonance protocol to show that it can directly lead to two-qubit gates, and we

obtain F̄ ≈ 0.88 at T = 70 mK (see Appendix of Ref. [2]).
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We note that for keeping the system at low temperatures T . 150 mK, the laser il-

lumination and microwave irradiation on the system for the initialization, manipulation,

and readout of NV centers may cause unwanted heating of the system. Although YIG has

been studied under irradiation of microwaves in superconducting qubit platforms [171] and

color centers have been studied under the illuminations of lasers in dilution refrigerator tem-

peratures T < 100 mK [172–175], it is still important to minimize the average microwave

irradiation and laser illumination power on the system to achieve the required low temper-

atures.

Additionally, we note that the small Gilbert damping parameter α = 10−5 used in the

current study can be optimistic for small YIG structures, as this value is obtained from

a bulk YIG sample [159]. One of this cause is the nontrivial magnetic behavior of the

gadolinium-gallium-garnet (GGG) substrates at millikelvin temperatures [YIG is typically

grown on the GGG substrate [176]]. This would be mitigated by employing a free-standing

structure [177]. Another cause is the impurity relaxation in the YIG material [178]. However,

with recent advances in magnonics research, the damping of thin YIG films can be improved

considerably, for example, with techniques based on a recrystallization of amorphous YIG

into single crystals [179]. In addition, we obtain a high cooperativity condition C ≈ 500

even with the larger Gilbert damping parameter α = 10−3, which can be calculated from

Fig. 5.6(a). Simulations with α = 10−3 is shown in the Appendix of Ref. [2], and we find that

the entanglement can still be produced at T = 70 mK for the off-resonant protocol, although

we find further optimization on the detuning frequency is needed to improve the quality of

the entanglement. This is to avoid the overlap of the NV centers’ transition frequencies with

the now broader (due to larger Gilbert damping) linewidth of the magnon mode resonance

(see Appendix of Ref. [2]).
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5.6 Conclusion

We show that hybrid quantum systems consisting of NV centers in diamond and magnons

in ferromagnetic bar and waveguide structures are promising platforms for the quantum in-

formation processing. With the Hamiltonian formalism of the dipole-exchange magnons, we

calculate that the useful two-NV entangling gates over 1-2 µm NV-NV separations at finite

temperatures can be achieved. We explore the on-resonant transduction and off-resonant

virtual-magnon exchange protocols of entanglement generation and compare them under re-

alistic experimental conditions with the Lindblad master equation. Although the transduc-

tion protocol is faster in gate operation, with the typical Gilbert damping parameter of YIG,

the virtual-magnon exchange protocol results in higher fidelity. We obtain at T = 70 mK en-

tangled state’s fidelity F ≈ 0.81 and F ≈ 0.95 for the on-resonant and off-resonant protocols,

respectively. The virtual-magnon exchange protocol is found to be robust against thermal

magnon fluctuations, but the transduction protocol outperforms it close to zero temperature

for αωµT
∗
2 . (∆ω/gµ)/[4(1− 1/π)]. Calculations presented in this study could serve as a

theoretical support to find optimal device geometries and entangling gate protocols in future

experiments that aim to entangle spatially separated NV centers using magnon modes in

ferromagnets.
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Chapter 6

Surface-magnon mediated

self-interaction of spin qubits in

diamond revealed by longitudinal

relaxometry

6.1 Introduction

In this chapter, we experimentally quantify a self-interaction (or the Lamb shift) of NV

centers in diamond mediated by the nearby surface spin waves in a YIG slab. Using the

fluctuation-dissipation relation and the Kramers-Kronig relation, we estimate the real part

of the self interaction (susceptibility) from longitudinal (T1) relaxometry measurements of an

ensemble of NV centers in a NV-YIG hybrid quantum system, where a diamond membrane

that hosts NV centers near the surface is placed on top of a YIG slab. This real part of the

susceptibility is crucial for quantifying the expected magnon-mediated NV-NV interaction

in the hybrid quantum system, as the virtual-magnon-mediated NV-NV interaction equals

to the real part of the self-susceptibility, or the Lamb shift, when the distance between the
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two NV centers are close enough (as compared to the inverse of the standard deviation of the

wavenumber of magnons that are virtually excited). The model provided in the theoretical

study in Chapter 5 is used for the simulation of the T1 relaxation rates of the NV centers

placed on top of the YIG material, and we find that the model accurately captures both the

quantitative and qualitative feature of the surface magnon induced enhancement of the NV

center’s T1 decay rates. Although the expected NV-NV interaction strength in our system

is small (|geff |/2π . 2 Hz) as we use a non-structured YIG film with 3 µm thickness, the

procedure used in this work can be applied to future characterizations of the NV-magnon

and the NV-NV interaction strength placed on top of YIG nanodevices, such as YIG bar

and waveguide structures, which can enhance the coupling strength, as suggested in Ref. [2].

Susceptibilities of quantum many-body systems to external perturbations are fundamen-

tal physical quantities for characterizing the system’s dynamical responses [56, 60, 180].

When the perturbations are triggered by quantum-mechanical objects such as spins, these

susceptibilities lead to spin-spin interactions as well as self responses, providing effective

quantum dynamics of the hybrid quantum system. Importantly, the susceptibilities are re-

lated to the noise spectrum of the system via the fluctuation-dissipation relation (FDR) [181],

allowing us to analyze the system’s response features from the noise spectroscopy of the sys-

tem. These susceptibilities and noise spectrum are of particular interest when characterizing

the hybrid quantum architectures. Their interaction is critical but may not be straightfor-

ward to measure, while it can be easily estimated via the FDR.

NV centers in diamond coupled to magnons in ferrimagnets are among such hybrid quan-

tum systems where the quantification of the coupling strength is of great interest. This is

due to theoretical predictions that the system may enable on-chip long-distance NV-NV en-

tanglement [2, 135, 140]. While these proposals suggest to use magnonic nanodevices, the

quantification of the NV-magnon coupling strength have been elusive so far even in experi-

mentally more accessible ferromagnetic films or slabs. This is because of the continuum na-

ture of the magnon modes of the system, making it difficult to quantify the coupling strength
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in the unit of energy. In this work, we show that a magnon-mediated self-susceptibility is

a useful metric to experimentally quantify the NV-magnon coupling strength of the system

indirectly, as it can also be used for discrete mode cases and provides direct insight into the

expected magnon-mediated NV-NV interaction strength.

The experimental studies of these NV-magnon hybrid systems in the past have been two

fold. On the one hand, NV centers are used as a sensor to probe equilibrium magnetic noise

properties generated by magnons in thin magnetic films (on the order of tens of nanome-

ters) with the longitudinal relaxometry approach [105, 106, 142, 146]. On the other hand,

non-equilibrium or coherent spin waves (magnons) are generated using a microstripline trans-

ducer, which either causes the incoherent magnetic noise at the NV center position [146, 182]

or allows coherent driving of the NV center’s Rabi oscillation [72, 146, 183]. For the latter

approach, surface spin waves in a micron-thick YIG film are shown to be able of to drive

NV centers exceptionally efficiently [72, 183], which lead to expect the existence of a large

coupling between the NV ceneters and the surface spin waves. However, as shown in the

theoretical study Ref. [138] and its reformulation provided in Appendix A of this disserta-

tion, the efficient driving of the NV centers with the surface spin wave is the product of both

the NV-magnon coupling and the magnon-transducer coupling. This makes it nontrivial to

deconvolve the intrinsic NV-magnon coupling strength of the system, which is a key point for

estimating the magnon-mediated NV-NV interaction for a given ferromagnetic geometries.

Therefore, it is desirable to experimentally quantify or characterize the coupling strength in

a given structure in practice.

6.2 Experimental setup

To avoid the difficulty of extracting the NV-surface-magnon coupling strength, here we

use the longitudinal relaxometry approach to probe noise spectrum due to magnons in the

micron-thick YIG film to quantify the intrinsic coupling between the surface magnons and
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Figure 6.1: Schematic of NV centers in a diamond membrane placed on top of a YIG film.
A copper wire is suspended above the structure to drive NV center’s spin transitions. The
crystalline orientation of the diamond is shown in the left drawing. External magnetic field
is applied parallel to the YIG and the diamond surface.
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Figure 6.2: (a) Microscope image of a diamond membrane on top of an YIG film. (b) FSM
image of the ensemble of NV centers placed on top of the YIG film. The left (right) optical
interference node corresponds to 266 nm (532 nm) distance between the bottom surface of
the diamond membrane and the YIG top surface. Scale bar: 20 µm.

NV centers. As shown in Fig. 6.1, we use a diamond membrane with an NV axis parallel to

the diamond surface and place it on top of the 3-µm-thick YIG slab, which allows us to apply

a magnetic field parallel to both the NV axis and the in-plane direction of the YIG slab. The

NV centers are created by the nitrogen irradiation at an average depth of ≈ 7.7 nm from the

diamond surface (See Appendix B). In this geometry, both NV center’s quantization axis and

the equilibrium magnetization of YIG are along the external magnetic field direction, and

this in-plane magnetic field configuration has been known to host surface magnon modes

in the YIG film [149, 150]. This highly symmetric orientation of spins (of both NV and

YIG) and the magnetic field is optimal for studying the magnetostatic surface spin waves

in the YIG film with NV centers, as their propagation property is strongly dependent on

the propagation direction relative to the external magnetic field and the polarization of the
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Figure 6.3: (a) Two-dimensional ODMR image of the NV centers on top of the YIG film at
room temperature. The transition |Sz = 0〉 ↔ |Sz = −1〉 and the ferromagnetic resonance
(FMR) of YIG is labeled. PL is normalized by the measurement without the microwaves.
NV centers are ≈ 7.7 nm deep from the diamond surface and 400 nm from the YIG surface,
which is measured by the optical interference pattern. (b) T1 relaxation rate as a function
of the magnetic field, where the blue curve is for NVs on the YIG at 400-nm height and the
gray curve is a controlled measurement taken off the YIG for the same diamond membrane.
Inset shows the finer scan near 82 G.

magnetic noise caused by the surface magnons is strongest in this geometry (See Appendix

A). All the measurements are performed at room temperature.

In Fig. 6.3(a), we show a microscope image of the diamond membrane placed on top of

the YIG film. The lateral dimension of the YIG is 3 mm× 1 mm and the thickness is 3 µm.

The diamond membrane has the lateral dimension of 2 mm× 0.72 mm and the thickness is

0.1 mm. The side that the NV centers are implanted are facing down (YIG side).

6.3 T1 relaxation rate of NV centers placed on top of

a YIG slab

In Fig. 6.3(a), we show a two-dimensional image of the optically detected magnetic resonance

(ODMR) scanned for the ensemble of NV centers located 400 nm from the YIG surface. As

we apply the magnetic field along the NV center’s main symmetry axis, we observe the
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Figure 6.4: Two-dimensional ODMR image of the NV centers without the YIG film. The
transition |Sz = 0〉 ↔ |Sz = −1〉 is labeled. PL is normalized by the measurement without
the microwaves.

transition |Sz = 0〉 ↔ |Sz = −1〉 as a stright line in the normalized PL, and we also observe

the signature of the ferromagnetic resonance (FMR) of the YIG due to its associated magnetic

noise. We perform the T1 relaxometry measurement on this lower transition of the NV center

|Sz = 0〉 ↔ |Sz = −1〉, and the T1 relaxation rate [of form 〈σz(t)〉/〈σz(t = 0)〉 = exp(−t/T1)

with σz = |Sz = −1〉〈Sz = −1| − |Sz = 0〉〈Sz = 0|] as a function of the magnetic field is

shown in Fig. 6.3(b). We find a sharp peak near≈ 80 G, and the inset of Fig. 6.3(b) shows the

finer scan near this peak. For the T1 measurement, we firstly initialize the NV-center’s spin

to the state |Sz = 0〉 by the illumination of a 532-nm laser with a confocal microscopy and

then measure the PL of the NV centers after a variable wait time with and without applying

a microwave pulse (duration of which is in the range 120-220 ns) to exchange the population

of |Sz = 0〉 and |Sz = −1〉. The difference of the PL with and without the microwave pulse

is fit by the exponential function. As a control, we also show the T1 relaxation rate of NVs

without the YIG by looking at a different position of the same diamond membrane in the

same setup under which the YIG film is absent, confirming that the enhanced T1 relaxation

rate is due to the presence of the YIG material. We also show the ODMR without the YIG

film in Fig. 6.4.
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6.4 Simulated T1 decay rates enhanced by surface magnons

To uncover the origin of the sharp peak in the T1 relaxation rate shown in Fig. 6.3(b), we

perform a simulation of the noise spectrum and the resulting T1 relaxation rate of the NV

center located at 400-nm high from the YIG surface, and the result is shown in Fig. 6.5(a).

Here, the simulation is performed by the full diagonalization of the magnon matrix origi-

nating from the total Hamiltonian H for the magnetically coupled dipole-exchange magnons

and an NV center defined by (in the same way as in Chapter 5 and in Ref. [2]):

H = HNV +Hm +Hint, (6.1)

HNV = DNV (n̂NV · SNV)2 + γµ0SNV ·Hext, (6.2)

Hm = −µ0

∫
drHext ·M(r) +

µ0

2

∫
drαex(r)∇M : ∇M

+
µ0

2

∫
drdr′(∇ ·M(r))G

(
r− r′

) (
∇′ ·M

(
r′
))
, (6.3)

Hint = γµ0SNV · ∇
∫
dr′G

(
r− r′

)
∇′ ·M

(
r′
)∣∣∣∣
r=rNV

, (6.4)

where HNV is the NV Hamiltonian, Hm is the magnon Hamiltonian, Hint is the interaction

Hamiltonian, DNV = 2π × 2.87 GHz is the zero-field splitting of the NV center, n̂NV is the

unit vector along the NV main symmetry axis, SNV is the spin-1 operator of the NV center,

γ = 2π × 2.8 MHz/G is the absolute value of the electron gyromagnetic ratio, µ0 is the

vacuum permeability, Hext is the external magnetic field (we sometimes write it as simply

H when there is no confusion), M(r) is the magnetization with the constraint |M(r)| =

Ms(r) = MsF(r), Ms is the YIG saturation magnetization, F(r) = 1 (0) inside (outside)

the ferromagnetic structure, αex(r) = αexF(r), αex = λ2
ex = Dex/γµ0Ms is the exchange-

length squared, Dex = 5.39× 10−3 γ G µm2 is the YIG exchange constant, the double-dot

product is defined as ∇M : ∇M = ∂aMb∂
aMb (summation over indices appearing twice

are suppressed as usual), ri is the position of NVi, G(r − r′) = 1/4π|r − r′| is the Green’s

function, and we set ~ = 1 in the following. After expressing the Hamiltonian in a Fourier
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form with in-plane wave vector k, we expand the thickness-directional wave functions with

totally-free surface spin condition and truncate the higher-order modes, resulting in the

paraunitary diagonalization of 2N × 2N matrices for each wave vectors. In the simulation,

we included approximately N ≈ 50 thickness modes which are enough to simulate magnons

with frequency . 5 GHz. This results in

Hm =
N∑
n=1

∫
dk

(2π)2
ωn,kβ

†
n,kβn,k, (6.5)

Hint =
N∑
n=1

∫
dk

(2π)2
gn,kβn,ke

ik·rNVσ+ + H.c., (6.6)

where we use the rotating wave approximation for the second line with the definition σ− =

|Sz = 0〉〈Sz = −1|. The NV-magnon coupling gn,k are numerically evaluated with the

paraunitary matrix. The T1 relaxation rate is evaluated by the numerical integration of

1/T1 = (2nB(ωNV) + 1)
N∑
n=1

∫
dk

(2π)2
|gn,k|22πδ(ωn,k − ωNV), (6.7)

where ωNV = DNV − γH0 is the lower transition frequency of the NV center [transition

frequency of |Sz = 0〉 ↔ |Sz = −1〉] and nB(ω) = [exp(βω) − 1]−1 is the Bose distribution

with the inverse temperature β. For the numerical evaluation of Eq. (6.7), we replaced the

delta function with a Lorentzian with a small linewidth.

We note that the expression Eq. (6.7) does not look identical to the one used in other

literatures such as Ref. [142], though the difference seems to be minor. To derive Eq. (6.7),

we assume the thermal occupation of magnons, i.e., the partition function Z is given by

Z = Tr[−βHm] with the quadratic magnon HamiltonianHm following the statistical physics.

On the other hand, in Ref. [142], the thermal motion of the magnetization are driven by

white noise magnetic fields in the Landau-Lifshitz-Gilbert (LLG) equation, which is done

in micromagnetic simulations, too. These approaches are approximately the same but not

identical when Bogoliubov transformation is taken into account, though it appears that
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the difference is minor. In the following, we illustrate the difference in two approaches by

considering the case of a single boson mode with frequency ωb driven by a white noise, with

and without the squeezed interaction, which is equivalent to the Bogoliubov transformation,

using the complex canonical variables a and a∗. When there is no squeezed interaction, the

classical Hamiltonian is given by

H = ωba
∗a+ (a∗ + a)H(t) + i (a∗ − a)W (t), (6.8)

where H(t) and W (t) are independent white noise coupled to two quadratures a∗ + a and

i(a∗ − a), whose correlation are given by

H(t)H (t′) = Dδ
(
t− t′

)
, (6.9)

W (t)W (t′) = Dδ
(
t− t′

)
, (6.10)

W (t)H (t′) = 0, (6.11)

where (· · · ) indicates the statistical average of the randomness and D is a coefficient de-

scribing the strength of the randomness of the white noise fields. Under the Hamiltonian

equation of motion with added dissipation terms with rate κ, we have:

ȧ(t) = −i ∂H
∂a∗
− κa = −i (ωba(t) +H(t) + iW (t))− κa, (6.12)

ȧ∗(t) = +i
∂H
∂a
− κa∗ = +i (ωba

∗(t) +H(t)− iW (t))− κa∗, (6.13)

where the dot above the character indicates time derivative. Solving this result in the

following:

a(t) =

∫ t

−∞
dτe−iωb(t−τ)−κ(t−τ)(W (τ)− iH(τ)), (6.14)

a∗(t) =

∫ t

−∞
dτe+iωb(t−τ)−κ(t−τ)(W (τ) + iH(τ)). (6.15)
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Using the white noise relation Eqs. (6.9)-(6.11), we obtain

a(t)a (t′) = 0, (6.16)

a∗(t)a (t′) =
D

κ
e+iωb(t−t′)e−κ|t−t

′|. (6.17)

Choosing the parameter D to be D = κkBT/ωb, where kB is the Boltzmann constant and

T is temperature, we obtain

a∗(0)a (0) = kBT/ωb, (6.18)

which is the high-temperature limit of the quantum result 〈a†a〉 = 1/[exp(βω)− 1].

When squeezed interaction is turned on, the story is slightly different. The Hamiltonian

is modified to

H = ωba
∗a+

g

2
(aa+ a∗a∗) + (a∗ + a)H(t) + i (a∗ − a)W (t), (6.19)

where g is the parameter for squeezing. In this situation, the normal modes are new complex

canonical variables b and b∗ with

b = λa+ µa∗, a = λb− µb∗, (6.20)

b∗ = µa+ λa∗ a∗ = −µb+ λb∗, (6.21)

with real parameters (λ, µ) under the constraint λ2 − µ2 = 1. Appropriate choice of the

coefficients to diagonalize the bear boson Hamiltonian (absence of noise H and W ) is

λ = cosh θ; µ = sinh θ, (6.22)

tanh 2θ = g/ωb. (6.23)
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Under this transformation coefficients, the Hamiltonian becomes

H = ω̃bb
∗b+ (λ− µ) (b∗ + b)H(t) + i(λ+ µ) (b∗ − b)W (t), (6.24)

where ω̃b =
√
ω2
b − g

2 is the new boson frequency. In the same way as before, we can check

the correlation function. Adding the dissipation terms by hand, the Hamiltonian equation

of motion becomes:

ḃ(t) = −i∂H
∂b∗
− κb = −i (ω̃bb(t) + (λ− µ)H(t) + i(λ+ µ)W (t))− κb(t), (6.25)

ḃ∗(t) = +i
∂H
∂b
− κb∗ = +i (ω̃bb

∗(t) + (λ− µ)H(t)− i(λ+ µ)W (t))− κb∗(t).(6.26)

Solving this result in the following:

b(t) =

∫ t

−∞
dτe−iω̃b(t−τ)−κ(t−τ)((λ+ µ)W (τ)− i(λ− µ)H(τ)), (6.27)

b∗(t) =

∫ t

−∞
dτe+iω̃b(t−τ)−κ(t−τ)((λ+ µ)W (τ) + i(λ− µ)H(τ)). (6.28)

Using Eqs. (6.9)-(6.11), the correlation functions become the following due to the squeezed

coefficient (Bogoliubov coefficient):

b(t)b (t′) =
2Dλµ

iω̃b + κ
e−i(ω̃b−iκ)|t−t′|, (6.29)

b∗(t)b (t′) =
D

κ

(
λ2 + µ2

)
e+iω̃b(t−t′)e−κ|t−t

′|. (6.30)

Here, Eqs. (6.29) and (6.30) are different from the results when assuming the thermal state of

the boson, which can be seen from the case t = t′. To avoid these confusion, in our simulation

we simply assumed the thermal occupation of magnon modes, though the calculations based

on the white-noise and LLG dynamics as in Ref. [142] may give different results from our

simulations. We also support our approach by commenting that Ref. [184] (in Chapter

1) employs a noise model such that the Bogoliubov-transformed variables b and b∗ take the
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Figure 6.5: (a) Simulation of the T1 relaxation rate of the NV centers caused by the magnetic
noise generated by the magnons in the 3-µm-thick YIG. The simulations are performed under
the same field conditions as in Fig. 6.3(b) and the intervals are interpolated linearly. The
drawing shows the side view of the YIG with typical mode profilesof the magnon modes. (b)
Dispersion relation of the magnons with wave vector perpendicular to the external magnetic
field k ⊥ H and the noise spectrum S(ω) at the NV position at the peak field Hc = 82 G/µ0
(left panel) and at 150 G (right panel). The surface magnon branch is highlighted with the
dotted pink curve and the NV frequency is shown with the horizontal blue line.

standard statistical-mechanical thermal correlations as in Eqs. (6.18). Overall, the difference

between the two approaches appears to be small.

As shown in Fig. 6.5(a), the simulation agrees well with the experimental observation

presented in Fig. 6.3(b). We note that although the matching of the peak field Hc is due

to the choice of the saturation magnetization parameter Ms in the model, which is the

only variable parameter in the model and we use Ms = 1718 G/µ0 in the simulation, the

qualitative and quantitative agreement of the amplitude of the decay rates are not the

consequence of the free parameter in the model: for example, there is no overall scaling

factor of the amplitude of the simulated T1 decay rates. To study the origin of the peaked

behavior in the longitudinal decay rate, we plot in Fig. 6.5(b) the magnon dispersion relation

and the noise spectrum S(ω) [note the relation 1/T1 = 2S(ω = ωNV)] at the NV position at

the peak field Hext = Hc(= 82 G/µ0) and at 150 G. In the visualization of the dispersion

relation, the surface magnon mode branch is highlighted with a dotted pink curve, whose

typical mode profile is shown in the leftmost drawing shown in Fig. 6.5(a). The other gray
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Figure 6.6: Magnetic field and the NV height dependencies of the longitudinal relaxation
rate of the NV center δ(1/T1), where δ(1/T1) = 1/T1 − 1/T1(600 G) is the deviation from
the value at the highest field (600 G) in the measurement. The inset shows the NV height
dependence of δ(1/T1) at the peak field Hc = 82 G/µ0. The red curves are the simulation and
the blue plots are the experimental observation. The non-smoothness of the red curves are
due to the limited sampling of the numerical integration and diagonalization of the magnon
matrix.

curves are (thickness-direction) modes orthogonal to the surface mode whose typical mode

profile is shown in the middle and the right drawings in Fig. 6.5(a). Based on the left panel

of Fig. 6.5(b), we find that the peaked behavior in the longitudinal decay rate is due to the

crossing of the NV transition frequency and the plateau of the surface magnon dispersion.

This also indicates that we are observing the signature of the interaction between NV centers

and thermally occupied surface magnons.

To confirm the consistency between the experimental observation and the simulation

results, we varied the height of the NV center hNV from the YIG surface, and the resulting

longitudinal relaxation rates in the field range 100 G ≤ µ0Hext ≤ 450 G are shown in Fig. 6.6.

Here, the red curves are the simulation results and the blue plots are the experimental

observation, and we subtracted the offset relaxation rate 1/T (600 G) from the measurement,

at which field there is no overlap between the magnon band and the lower transition frequency

of the NV center and thus there is no on-resonant magnons causing the strong T1 decay. We

also show in the inset of Fig. 6.6 the NV height dependency of the longitudinal relaxation

rate at the peak field Hc = 82 G/µ0. The agreement between the experiment and the

simulation supports the accuracy of the model provided in Eqs. (6.1)-(6.4).
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Figure 6.7: (a) NV center’s susceptibility due to the self response mediated by the surface
magnons in the YIG film. The blue and the red markers represent the imaginary part and
the real part of the succeptibility, respectively. The blue curve is the fit with two exponential
functions and the red curve is derived using the Kramers-Kronig relation to the fit equation.
(b) Simulated NV-NV interaction mediated by the magnons in the YIG film as a function of
the NV-NV distance under the condition where two NV centers are placed on top of the YIG
as drawn in the bottom part of the figure. The real part (imaginary part) of the NV-NV
coupling strength geff when the NV-NV displacement is along the external magnetic field
direction is shown with a solid red (solid red) curve, where both of the NV axises are kept
parallel to the external magnetic field. The real part and the imaginary part for the case
with NV-NV displacement perpendicular to the external magnetic field direction are drawn
with dashed sky blue and dashed pink curves, respectively. The simulation is performed
for a 75-G-field condition, and the guide to the eyes is drawn with a horizontal red line
to indicate the equivalence of the real part of the susceptibility and the magnon-mediated
NV-NV coupling constant at zero distance.

6.5 Self-interaction of an NV center mediated by sur-

face magnons

We have characterized the surface magnon induced enhancement of the T1 decay rates so

far. In this section, we obtain more useful information about the NV-magnon coupling in

the system and the expected NV-NV interaction mediated by the surface magnons with the

use of the fluctuation-dissipation relation and the Kramers-Kronig relation. As discussed in

Chapter 3, the T1 decay rate is related to the imaginary part of the self response function,

or the susceptibility χ, via the fluctuation-dissipation relation:

χ′′ = T−1
1 /(2coth(βωNV/2)), (6.31)
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where the double prime indicates the imaginary part. While this captures the dissipation

property of the magnon-mediated interaction, we are more interested in the coherent property

of the interaction captured by its real part. Due to the causality of the response function, we

can obtain this real part of the susceptibility with the use of the Kramers-Kronig relation.

Although one needs to have access to the frequency dependence of χ′′ to directly apply

this relation, because changing the external magnetic field allows us to probe the response

function under a different frequency input, we can apply the Kramers-Kronig relation in the

magnetic field:

χ′(H) = P
∫
dH ′

π

χ′′(H ′)
H −H ′

, (6.32)

where P represents the Cauchy’s principal value integral. This frequency-field conversion

in the Kramers-Kronig relation is verified or supported by the shift in the noise spectrum

shown in Fig. 6.6(b), where the magnon spectrum simply shift due to the Zeeman energy

when changing the external magnetic field.

In Fig. 6.7(a), we show the real and the imaginary part of the susceptibility calculated

from Eqs. (6.31) and (6.32), where the red and the blue markers are the real part and

the imaginary part, respectively. When applying the Kramers-Kronig relation Eq. (6.32)

to the experimental data, we employed the procedure using the Maclaurin’s rule with the

elimination of the pole contribution provided in Ref. [185]. We also fit the imaginary part of

the susceptibility with two exponential functions with different slopes for the two opposite

directions:

χ′′(H) = A (θ(H −Hc)exp[−|H −Hc|/HR] + θ(Hc −H)exp[−|H −Hc|/HL]) , (6.33)

where θ(· · · ) is the Heaviside step function and {A, Hc, HR, HL} are the fit parameters.

The fit result is shown with the solid blue curve in Fig. 6.7(a). Applying the Kramers-Kronig
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relation to this functional form, we obtain

χ′(H) =
A

π

(
e−(H−Hc)/HREi((H −Hc)/HR)− e(H−Hc)/HLEi(−(H −Hc)/HL)

)
, (6.34)

where Ei(· · · ) is the exponential integral function. This result is shown with the solid red

curve in Fig. 6.7(a). The difference between the red marker and the red curve is due to the

contribution from outside the field range shown in Fig. 6.7(a) in the Kramers-Kronig relation

Eq. (6.32). Therefore, the overall agreement between the red marker and the red curve in

Fig. 6.7(a) indicates that the real part of the susceptibility in the figure is mostly originating

from the surface magnons in the shown field range.

As discussed in Chapter 3, the real part of the self interaction can be used to estimate the

strength of the possible magnon-mediated NV-NV interaction for the case where there are

two NV centers placed on top of the YIG structure. More specifically, we have the relation:

geff = χ′, for rNV1
= rNV2

, (6.35)

where rNV1
and rNV2

are the position of two NV cneters with label i = 1, 2 and geff is the

effective NV-NV coupling appearing in the interaction of form

HNV−NV = −(geffσ
+
NV1

σ−NV2
+ H.c.), (6.36)

where σ−NVi
= |Sz = 0〉i〈Sz = −1| and σ+

NVi
= (σ−NVi

)†. As the absolute amplitude of the

NV-NV effective coupling is typically largest for rNV1
= rNV2

, i.e., when the two NV centers

are at zero distance, the real part of the susceptibility can be used to estimate the maximum

possible NV-NV coupling strength for the system. This is made more explicit by showing

the simulation of the NV-NV distance dependence of the effective coupling in Fig. 6.7(b).
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Here, we use the result from the derivation of the Markovian Lindblad master equation:

geff =
N∑
n=1

∫
dk

(2π)2
P
|gn,k|2exp[ik · (rNV1

− rNV2
)]

ωn,k − ωNV
, (6.37)

for different direction of the NV-NV displacement rNV1
−rNV2

. For the numerical evaluation

of Eq. (6.37), we avoided the pole contribution by replacing 1/(ωn,k − ωNV) to (ωn,k −

ωNV)/[(ωn,k−ωNV)2+δ2] for small δ. The simulation is performed for a 75-G-field condition,

and the real (imaginary) part of geff for (rNV1
− rNV2

) ‖ H and (rNV1
− rNV2

) ⊥ H are

shown with a solid red (blue) and a dashed pink (sky blue) curves, respectively, as a function

of the NV-NV distance |rNV1
− rNV2

|. As indicated by the horizontal dashed line, the real

part of the susceptibility is measuring the rNV1
= rNV2

part of the NV-NV effective coupling

geff , and this provides an estimate of the strength of the NV-NV interaction mediated by

magnons when there are two NV centers on top of the YIG structure. While the strength

of the self response χ is small for our system as the magnon is not confined in the in-plane

direction, the procedure used in this study to quantify the real part of the susceptibility χ

with the fluctuation-dissipation relation and the Kramers-Kronig relation can be applied to

more advanced YIG nanostructures for achieving the long-distance NV-NV entanglement,

such as the YIG bar and waveguide structures as suggested in Ref. [2].

6.6 Conclusion

We have studied the interplay between NV centers in diamond and the magnons in a 3-µm-

thick YIG film using the longitudinal relaxometry. The simulated T1 decay rates using the

magnetically-coupled NV-magnon model well captures the experimentally observed behavior

of the field and the NV-YIG distance dependencies of the longitudinal relaxation rates. Based

on the simulated magnon dispersion and the magnetic noise spectrum, we find the observed

peak in the T1 decay rate as a function of the external magnetic field is due to the crossing

of the NV-center’s transition frequency relative to the surface magnon dispersion’s plateau.
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With the use of the fluctuation-dissipation relation and the Kramers-Kronig relation, we

obtain a real part of the susceptibility χ due to the self-response mediated by the surface

magnons, which provides an estimate of the NV-NV effective coupling strength when there

are two NV centers on top of the YIG film. This analysis scheme is applicable to a wider

class of quantum systems where an energy transfer between qubits and boson modes are

relevant, for example to characterize the spin-phonon interaction [186]. Furthermore, by

applying these two relations to the two-NV correlated decay rates, we may obtain the full

NV-NV distance dependency of the effective coupling strength (See Chapter 3). Although

the susceptibility |χ|/2π . 2 Hz obtained in our system is small as magnons are not confined

in the in-plane direction of the YIG film, unlike the proposal in Ref. [2], the procedure of

characterizing the NV-magnon coupling strength provided in this study is expected to be

applicable to the future exploration of the YIG nanodevices to enable the magnon-mediated

NV-NV entanglement generation.
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Appendix A

Second quantization of magnetistatic

surface spin waves and its coupling to

NV centers

In this appendix, we perform a canonical quantization of the magnetistatic surface spin waves

(MSSW) in ferromagnet (yttrium iron garnet, YIG) and show its coupling to a single NV

center in diamond placed on top of the YIG. We show that a strong coupling between the

MSSW and a collective excitation of an ensemble of NV centers may be realized, indicating

that they form a hybridized quasiparticle of a ferromagnetic magnon and a dispersionless

magnon of quantum impurities.

Firstly, we compute the coupling between the magnetostatic surface spin wave (MSSW)

in YIG slab and a single NV center in diamond placed on the YIG, as illustrated in the

Fig. A.1(a). We apply an external magnetic field to ẑ direction, H0 = H0ẑ, where the

MSSW propagates along ±ŷ direction. Magnetization M(r) exist in −d/2 ≤ x ≤ d/2. At

equilibrium, M(r) is along ẑ axis, M(r) = Msẑ, and we denote its deviation as δMx,y = mx,y

and δMz = (M2
s−m2

x−m2
y)1/2−Ms, where Ms is the saturation magnetization. The classical
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Hamiltonian is given by H =
∫
dx
∑

kHk
F(x) +HNV +Hint with

Hk
F(x) ≈ µ0

2

[
H0

Ms
m−k(x) ·mk(x)−m−k(x) ·Hd

k[m](x)

]
, (A.1)

HNV = DS2
z + γµ0H0 · SNV, (A.2)

Hint = γµ0Hd
r0 [δM] · SNV. (A.3)

Here, we have ignored higher-order terms in mx,y in the ferromagnet Hamiltonian Hk
F(x),

and we will regard m± = mx ± imy as proportional to the complex canonical variables,

which corresponds to dropping higher-order terms in the Holstein-Primakoff transformation.

k is the in-plane wave vector, mk(x) is the Fourier transform of m(r) = mx(r)x̂ + my(r)ŷ,

D = 2π × 2.87 GHz is the zero-field splitting of the NV center, γ = 2π × 28 MHz/mT

is the absolute value of the electron gyromagnetic ratio, SNV is the NV spin, and Hd
r [X]

is the demagnetization field generated by X(r) = δM(r) or m(r) under the magnetostatic

approximation [149] (∇ × Hd
r = 0). Its two-dimensional Fourier transform Hd

k[X] can be

written as

Hd
k[X](x) =

∫
dx′D̂k(x− x′) ·Xk(x′) (A.4)

D̂k(x) =
ke−k|x|

2
σ
−sgn(x)
k ⊗ σ−sgn(x)

k − x̂⊗ x̂δ(x) (A.5)

where σ±k ≡ x̂± ik̂.

To study the coupling between the MSSW and a single NV center, we focus on the

momentum sector k = kyŷ = νkŷ with k = |k| and ν = ±1. We perform the following

classical Bogoliubov transformation:

m−νkŷ(x)
√

2γMs
=
∞∑
µ=0

[
ξ

(µ)
νk (x)ανk,µ + η

(µ)
−νk(x)α∗−νk,µ

]
, (A.6)

m+
νkŷ(x)
√

2γMs
=
∞∑
µ=0

[
η

(µ)
νk (x)ανk,µ + ξ

(µ)
−νk(x)α∗−νk,µ

]
, (A.7)

161



(c)

0 100 200 300
0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Magnetic Field (Oe)

F
re

q
u

e
n

c
y
 (

G
H

z
)

 

k
y

k
y

H
o
=0 H

o
>0

(b)

E
n

e
rg

y
|0

|±1

|0

|-1

|+1

D

|0 |-1

|0 |+1

MSSW

MSSW

NV

(a)

NV

YIG

Diamond

y

z

x

H
o

Figure A.1: (a) Schematic of the MSSW in YIG coupled to a single NV center in diamond
on the YIG. External magnetic field is applied to +ẑ direction. (b) Energy levels and the
dispersion relation of an NV center and the MSSW with and without an external magnetic
field H0. (c) Magnetic field dependence of the NV-center transitions and the MSSW res-
onances. MSSW resonances form a band, where the low frequency bound corresponds to
ky → 0 and the high frequency bound correspond to ky →∞. Frequency overlap is marked
with a rounded rectangle. µ0Ms = 180 mT is used for the calculation.

where ξ
(µ)
νk (x) and η

(µ)
νk (x) satisfies proper orthogonality relations to make the transformation

canonical [For detail, see Sec. A.0.1]. The MSSW mode corresponds to µ = 0. With this

transformation, the ferromagnet Hamiltonian can be written as

∫
dx
[
HkŷF (x) +H−kŷF (x)

]
=
∑
ν,µ

ωµ(k)α∗νk,µανk,µ, (A.8)

where the MSSW energy is given by

ω0(k) =
√
ωH(ωH + ωM ) + ω2

M (1− e−2kd)/4, (A.9)

with ωM = γµ0Ms and ωH = γµ0H0. We can compute the interaction Hamiltonian between

the NV center and the spin waves with momentum k ‖ ŷ by calculating the demagnetization

field generated at the position of the NV center h±d (ρ0;h0) = (x̂ ± iŷ) ·Hd
r0 [δM], and we
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obtain

h−d (ρ0;h0) =
∑
k

h−d,ke
ik·ρ0 , (A.10)

h+
d (ρ0;h0) =

∑
k

h+
d,ke

ik·ρ0 , (A.11)

h−d,k=νkŷ = (A−kα−k,0 +A+kα
∗
+k,0)δν,−1, (A.12)

h+
d,k=νkŷ = (A+kα+k,0 +A−kα∗−k,0)δν,+1, (A.13)

where

Aνk =
√

2γMs/VMνk

√
kde−kh0 . (A.14)

Here, V is the volume of the ferromagnet. Spin waves with µ 6= 0 does not generate magnetic

field outside the ferromagnetic film and does not contribute to the interaction. The equations

(A.10) and (A.11) are linear in ανk,0, α∗νk,0 because δMz vanishes in the inter product

σ−±kŷ · δM = (x̂± iŷ) · δM in the equation (A.4), as well as because we have ignored higher

order terms in the Holstein-Primakoff transformation. Mνk is given by

Mνk = ν
√(

e−kd sinh kd
)

(χ0 + 2− νκ0)(χ0 + νκ0)/4κ0,

(A.15)

where χ0 = ωHωM/(ω2
H −ω

2
0) and κ0 = ω0ωM/(ω2

H −ω
2
0). Note thatM−k is smaller than

M+k due to the chirality of the magnetic field generated by the magnetization texture. In the

long-wavelength limit k → 0, we obtain Mνk → (1/2)(
√
ωH/ωK + ν

√
ωK/ωH)

√
kd, where

ωK = limk→0 ω0(k) =
√
ωH(ωH + ωM ) is the Kittel frequency. In the short-wavelength

limit k → ∞, we obtain M+k → 1/
√

2 and M−k → −(ωM/(2ωH + ωM ))e−kd/2
√

2.
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Figure A.2: (a) Coupling g(k(ω), hi) between a single NV center and the MSSW as a function
the frequency ω/2π under the overlap condition marked in Fig. A.1(c). Multiple curves under
different hight of NV centers hi/d are shown, where d is the YIG film thickness. The sharp
cutoff on the high frequency side is due to the plateau of the MSSW dispersion at ky →∞.

(b) Collective coupling GN (k(ω)) as a function of frequency ω/2π under multiple diamond
thickness h/d. The density of the NV centers is set nNV = 2× 106 µm−3.

Substituting equations (A.10)-(A.13) into the interaction Hamiltonian Hint, we obtain

Hk‖ŷ
int =

ωM√
nspinV

∑
k≥0

√
kde−kh0 [S−NV(M+kα+k,0 +M−kα∗−k,0)eiky0 + H.c.], (A.16)

where nspin = Ms/µB is the spin density of the ferromagnet. Promoting the classical vari-

ables α∗νkŷ, ανkŷ into the quantum-mechanical creation/annihilation operators α
†
νkŷ, ανkŷ,

equations (A.2), (A.8), and (A.16) give the quantum-mechanical Hamiltonians of the MSSW-

NV center hibrid system. We note that the Hamiltonian is problematic in a large momentum

regime because the classical description of the magnetization is correct in a continuum limit

k � 1/aF, where aF is the spacing of the ferromagnetic spins. In addition, we have ignored

the exchange interaction in the Hamiltonian, which is not accurate when γDk2 & ωM , where

D is the exchange stiffness (for YIG, γD/ωM ' 3× 10−4µm2). We also note that the mag-

netostatic approximation implies k � ω/c, where c is the speed of light. So the currently

studied model describes the real material when ω/c� k �
√
γD/ωM .

Next, we introduce an ensemble of NV centers and calculate the collective coupling

between the MSSW and NV centers. Figure A.1(b) shows the schematic of the transition

frequencies of an NV center and the MSSW dispersion. In the following, We adjust an

external magnetic field H0 such that the NV-center transition |0〉 ↔ | − 1〉 is close to the
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MSSW resonance, as marked in the Fig. A.1(c). We denote the Pauli operator of the NV-

center spin as σi+ = | − 1〉〈0| = S−NV,i/
√

2, where i is the label of NV centers and the factor

of
√

2 is the coefficient due to the spin-1 nature of the NV center. Under the rotating wave

approximation, the interaction Hamiltonian between the MSSW and an ensemble of NV

centers becomes

Hk‖ŷ,N
int =

∑
i,k≥0

g(k, hi)√
V

(σi+α+k,0e
ikyi + H.c.), (A.17)

g(k, hi) =
ωM√
nspin

√
2kde−khiM+k. (A.18)

We introduce a collective excitation operator of NV centers β
†
k, which creates a dispersionless

magnon with momentum +kŷ formed by NV centers [133]:

β
†
k =

1√
NgN (k)

∑
i

g(k, hi)σ
i
+e

ikyi , (A.19)

where gN (k) =
√∑

i |g(k, hi)|2/N . The operator β
†
k creates an orthogonal spin wave in a

limit where NV centers are fully polarized under a continuum limit of NV centers k � 1/aNV,

where aNV is the average distance of the NV centers. The spin waves formed by NV centers

have a flat dispersion because we have not taken into account the NV-NV interaction, which

is small when aNV is not too short. Then we can rewrite the interaction Hamiltonain as

Hk‖ŷ,N
int =

∑
k≥0

GN (k)(β
†
kα+k,0 + H.c.). (A.20)
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Here, the collective coupling strength is given by

GN (k) = gN (k)
√
N/V =

√
1

V

∑
i

|g(k, hi)|2,

=

√
nNV/4

d

∫ h

0
dz|g(k, z)|2,

= ωM

√
nNV/4

nspin
M+k

√
1− e−2kh, (A.21)

where nNV is the density of NV centers and h is the diamond thickness. The factor of

1/4 inside the square root is because only one out of four orientations of NV centers is

aligned to the ẑ axis. The couplings g(k, hi) and GN (k) are shown in the Fig. A.2(a) and

A.2(b), respectively. Dispersion relation of the coupled magnon-magnon mode is shown in

the Fig. A.3. We observe that the collective excitation of NV centers with momentum −kŷ

does not couple to the MSSW due to the asymmetry of the coupling.

To see that the collective coupling GN (k) may result in a strong coupling, we compare

the coupling GN (k) with the ensemble dephasing rate of NV centers γs and the damping rate

κMSSW of the MSSW in YIG. The strong coupling is realized when GN (k) > γs, κMSSW.

For NV centers, recent experiments have demonstrated γs ' 2π × 3 MHz [187]. For the

MSSW, the lower bound for κMSSW can be estimated by the Gilbert damping α ' 1× 10−5

of YIG [188] by the relation κMSSW ≥ 2π × αfMSSW ' 2π × 25 kHz, where fMSSW is the

MSSW frequency. Since the collective coupling can take GN (k) > 2π × 15 MHz, we expect

the strong coupling to be realized in the NV-MSSW hybrid system.
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Figure A.3: Dispersion relation of the MSSW and the collective excitation of NV centers at
small momentum regime. The curves are calculated under the external magnetic field H0 '
185 Oe and the thickness of the diamond is set large enough h/d� 1. NV centers construct
a flat dispersion because the NV-NV interaction is small. Inset shows the intersections of
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A.0.1 Bogoliubov transformation of the MSSW

In this section, we show the functions that define the Bogoliubov transformation in the

equation (A.6).

ξ
(µ)
νk (x) =



−1√
(χ20−κ20)4κ0

(χ0 + κ0)q(+)hνk(x) , µ = 0

−1√
4χµκµ

(χµ + κµ)fµ,νk(x) , µ ∈ (2Z+ − 1)

−1√
4χµκµ

(χµ + κµ)gµ,νk(x) , µ ∈ 2Z+

(A.22)

η
(µ)
νk (x) =



−1√
(χ20−κ20)4κ0

(χ0 − κ0)q(−)h−νk(x) , µ = 0

−1√
4χµκµ

(χµ − κµ)fµ,−νk(x) , µ ∈ (2Z+ − 1)

−1√
4χµκµ

(χµ − κµ)gµ,−νk(x) , µ ∈ 2Z+

(A.23)

q(ν) =
√

(χ0 + 2− νκ0)(χ0 − νκ0) (A.24)

χµ =
ωHωM
ω2
H − ω2

µ
; κµ =

ωµωM
ω2
H − ω2

µ
(A.25)

ωµ(k) =


√
ωH(ωH + ωM ) + ω2

M (1− e−2kd)/4 , µ = 0√
ωH(ωH + ωM ) , µ 6= 0

(A.26)

ωM = γµ0Ms; ωH = γµ0H0, (A.27)
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where µ = 0 corresponds to the MSSW and µ 6= 0 are modes which does not generate the

magnetic field outside the ferromagnet. Z+ is the set of positive integers. The functions

{fµ,νk(x), gµ,νk(x), hνk(x)} are non-zero only when −d/2 ≤ x ≤ d/2 and are given by

fµ,νk(x) =

√
2d

d2k2 + µ2π2

(µπ
d

sin
µπx

d
− νk cos

µπx

d

)
(A.28)

gµ,νk(x) =

√
2d

d2k2 + µ2π2

(µπ
d

cos
µπx

d
+ νk sin

µπx

d

)
(A.29)

hνk(x) =

√
1

d

kd

sinh kd
eνkx (A.30)

The set of functions {f2n−1,νk(x), g2n,νk(x), hνk(x)|n ∈ Z+} form a complete orthonormal

basis with the conventional inner product 〈φ|φ′〉 =
∫
dxφ(x)φ′(x). Therefore, functions

{ξ(µ)
νk (x), η

(µ)
νk (x)|µ ∈ Z≥0} satisfies

∫ d/2

−d/2
dx
[
ξ

(µ)
νk ξ

(µ′)
νk − η

(µ)
νk η

(µ′)
νk

]
= δµ,µ′ (A.31)∫ d/2

−d/2
dx
[
ξ

(µ)
νk η

(µ′)
−νk − η

(µ)
νk ξ

(µ′)
−νk

]
= 0, (A.32)

which preserves the Poisson bracket relation in the classical Hamiltonian mechanics. Here,

Z≥0 is the set of non-negative integers.

A.0.2 Driving NV centers with MSSW

In this section, we compute the magnetic field response to a current flowing through a

microstrip line (MSL) fabricated on the YIG mediated by the MSSW. We model the current

density as j = (I/w)θ(y + w/2)θ(w/2 − y)δ(x − d/2), where I is the net current, w is the

width of the MSL, and θ(·) is the Heaviside step function. Magnetic field generated by the
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MSL is

HMSL =
I

2L

∑
ν,k

sin(kw/2)

kw/2
iνσ−ν (x)eiνky−|k(x−d2 )|, (A.33)

σ−ν (x) = x̂− iνsgn(x− d/2)ŷ. (A.34)

One obtains the interaction Hamiltonian by calculating HMSL = −µ0
∫
dr ·HMSL · δM, and

it reads

HMSL = −
∑
ν,k

i[Fνk(ανk,0 − α
†
νk,0)]I ≡ −ÂI, (A.35)

where

Fνk = −ν µ0

2

√
2γMs

sin(kw/2)

kw/2
Mνk

√
1/k. (A.36)

Based on the linear response theory (Kubo formula), when we drive the current I = I0e
−iωt,

the response of the field ĥ+
d = ĥ+

d (ρ0;h0) is given by

δ〈ĥ+
d (t)〉 = χh+d A

(ω)I0e
−iωt (A.37)

χh+d A
(ω) = i

∫ ∞
−∞

dteiωt〈[ĥ+
d (t), Â(0)]〉eqθ(t)

=

∫ ∞
0

dk

[
LA+kF+k

2π

i

ω − ω0(k) + iε
+
LA−kF−k

2π

i

ω + ω0(k) + iε

]
eiky0

(A.38)

LAνkFνk
2π

= −νωM
sin(kw/2)

kw/2

(
e−kd sinh kd

)
(χ0 + 2− νκ0)(χ0 + νκ0)

4κ0
e−kh0 , (A.39)

where 〈· · · 〉eq represents the equilibrium average. This result is consistent with the classical

calculation in ref.[138], where the field HI
+(x, y) above the ferromagnetic film (equation (7),
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(8) and (12) in ref.[138]) can be rewritten as (in our coordinate system)

HI
+(h0 + d/2, y0) = Hx + iHy =

∫ ∞
0

dk
2iC1(k)e−kh0√

2π
eiky0 (A.40)

2iC1(k)e−kh0√
2π

=

[
LA+kF+k

2π

i

ω − ω0(k)
+
LA−kF−k

2π

i

ω + ω0(k)

]
I0 +

iI0
2π

sin(kw/2)

kw/2
e−kh0 ,

(A.41)

where the last term corresponds to the field generated directly by the MSL.

A.0.3 Radiation resistance of the microstrip antenna due to the

emission of MSSW

In this section, we show that the above Hamiltonian formalism of spin waves can success-

fully derive the radiation resistance due to the radiation of MSSW presented in various

literatures [149]. To this end, we consider applying current I = I0(e−iωdt + e+iωdt)θ(t) in

(A.35). From the Hamiltonian equation of motion, we obtain

ανk,µ(t) = e−iωµtανk,µ(0) + I0Fνkδµ,0
∫ t

0
dτe−iωµ(t−τ)

(
e−iωdτ + e+iωdτ

)
,(A.42)

α∗νk,µ(t) = e+iωµtα∗νk,µ(0) + I0Fνkδµ,0
∫ t

0
dτe+iωµ(t−τ)

(
e−iωdτ + e+iωdτ

)
.(A.43)

Taking the long time limit t→∞ and assuming ανk,µ(0) = α∗νk,µ(0)=0, we obtain

ανk,µ(t) = I0Fνkδµ,0e−i(ωµ+ωd)t/2 sin
[(
ωµ − ωd

)
t/2
](

ωµ − ωd

)
/2

. (A.44)
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Now, the energy EF radiated into the ferromagnet is

EF =
∑
k,ν,µ

ωµ(k)|ανk,µ|2,

→ tL

∫ ∞
0

dk

2π

∑
ν=±1

ω0(k) |I0Fνk|2 δ (ω0(k)− ωd) ,

= tL
∑
ν=±1

ωd

v0 (kd)

∣∣I0Fνkd∣∣2 , (A.45)

where t→∞ is used in the second line, kd ≥ 0 is the wavenumber of the on-resonant MSSW,

i.e., ω0(kd) = ωd, and v0(k) = dω0(k)/dk is the MSSW group velocity. The radiation power

per unit length is

P/L = EF/tL =
∑
ν=±1

ωd

v0 (kd)

∣∣I0Fνkd∣∣2 , (A.46)

and the radiation resistance per unit length is

R/L =
P/L

Ī2
0

=
P/L

2I2
0

,

=
∑
ν=±1

ωd

2v0 (kd)

∣∣Fνkd∣∣2 ,
=

µ0ωM
4

∑
ν=±1

ωd/kd

v0 (kd)

∣∣Mνkd

∣∣2 ∣∣∣∣(sin kdw/2

kdw/2

)∣∣∣∣2 , (A.47)

where Ī0 =
√

2I0 is the root-mean-square current [note that we have I = 2I0 cos(ωdt)]. The

radiation resistance we obtained in (A.47) is identical to that presented in [149] except that

we are considering a specific geometry of the MSL.
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Appendix B

Preparation of a diamond membrane

with NV axis parallel to the diamond

surface

In this appendix, we describe the preparation of the diamond membrane with NV axis [i.e.,

NV center’s main symmetry axis, which is an equivalent direction to the (111) direction of the

diamond] parallel to the diamond surface. The diamond membrane used in the experiments

shown in Chapter 6 is cut out of a 2 mm× 2 mm× 0.5 mm diamond stone (electric grade,

Sumitomo) with the top surface (001) and the side surfaces (110) and (11̄0), where the bar

above the number represents the negative direction (See Fig. B.1). The diamond membrane

is laser cut and both the top and the bottom surfaces are polished (SYNTEK CO. LTD.).

To remove the polishing damage, the diamond membrane goes through reactive-ion etching

(RIE). After the RIE process, the diamond membrane is irradiated with nitrogen [15N,

5 keV (on average ≈ 7.7 nm from the diamond surface based on the SRIM simulation), 1013

ions/cm2 creating an ensemble NVs (≈ 2000 NV centers in a 1-µm-diameter focused laser

spot) with a 7◦ tilt of the nitrogen implantation angle]. After the nitrogen implantation,

the sample goes through tri-acid etching to maintain the surface clenliness, annealing [1200
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Figure B.1: (a) Top view of a 2 mm × 2 mm × 0.5 mm diamond stone. The shaded area
represents the part that will be cut into a diamond membrane. (b) Side view of the diamond
stone. (c) Three-dimensional view of the diamond stone.

◦C in argon forming gas (95% argon, 5% H2)], and tri-acid etching again to remove the

graphitized layer.
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