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ABSTRACT

We show that for any closed Riemannian manifold with dimension between 3 and 7, ei-

ther there are minimal hypersurfaces with arbitrarily large area, or the space of certain

pathological-looking minimal hypersurfaces has a Cantor set structure. In particular, among

the applications, we prove that there exist minimal hypersurfaces with arbitrarily large

area in analytic manifolds. The proof uses the Almgren-Pitts min-max theory proposed by

Marques-Neves, the ideas developed by Song in his proof of Yau’s conjecture, and the reso-

lution of the generic multiplicity-one conjecture by Zhou. Many of the results in this thesis

are from joint work with Ao Sun [StSu].
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CHAPTER 1

INTRODUCTION

Background and results

Minimal surfaces are critical points of the area functional. They are fundamental geometric

models in the calculus of variations that play important roles in the study of geometry,

topology, and general relativity. For instance, stable minimal surfaces found from area-

minimization have been used by Schoen-Yau to study manifolds with nonnegative scalar

curvature [SY2] and to settle the positive mass theorem [SY3]. More recently, the study of

unstable minimal surfaces by min-max theory has been used by Colding-Minicozzi [CoM1]

to give a proof finite extinction time of the Ricci flow on homotopy 3-spheres, and used by

Marques-Neves [MN2] in the resolution of the Willmore conjecture.

In 1982, Yau [Ya] conjectured that there exist infinitely-many minimal hypersurfaces

in a closed Riemannian manifold. This was inspired by the then-recent work of Almgren-

Pitts [Pi] whom developed a min-max theory which at least guaranteed the existence of a

single minimal hypersurface. After further developing this min-max theory in order to solve

the Willmore conjecture, Marques-Neves moved on to studying Yau’s problem. When the

ambient manifold has dimension between 3 and 7 (due to the regularity theory of Schoen-

Simon [ScSi]), this conjecture was recently solved by Song [So1], building on the work of

Marques-Neves in [MN1].

The purpose of this thesis is to provide further delicate information on the space of

minimal hypersurfaces. Throughout, let (Mn+1, g) be a closed Riemannian manifold with

3 ≤ n + 1 ≤ 7, and all minimal hypersurfaces we consider will be smooth, closed, and

embedded. Our main result Theorem 1.2 shows that a manifold either admits minimal

hypersurfaces with arbitrarily large area, or it carries a very pathological metric described

below. In particular, analytic metrics will not occur in this pathological case.
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Theorem 1.1. Let (Mn+1, g) be a closed analytic Riemannian manifold with 3 ≤ n+1 ≤ 7.

Then there exists connected minimal hypersurfaces with arbitrarily large area.

Although we now know there exist infinitely-many minimal hypersurfaces, it is not imme-

diately clear whether they must have arbitrarily large area. For example, this is it not true

for embedded geodesics on a surface (n + 1 = 2). Prior to this work, Chodosh-Mantoulidis

[ChM] showed there exist arbitrarily large minimal hypersurfaces in bumpy metrics by using

min-max theory along with the multiplicity-one conjecture proven by Zhou [Zh]. Bumpy

metrics are the class of metrics which make the area functional Morse in the sense that every

critical point of the area functional (minimal hypersurface) is nondegenerate (in terms of the

Jacobi operator).

White [Wh1] showed that bumpy metrics are generic (in the Baire sense) just like analytic

metrics. However, we do not actually know of any explicit examples of bumpy metrics

because it is such a difficult condition to verify. In fact, many metrics we care about will

have symmetry which often creates degeneracy of minimal hypersurfaces. On the other hand,

many metrics we care about are analytic, in which case, our result holds.

Now, we will state the main theorem for general metrics. It says that when our method of

finding large minimal hypersurfaces fails, then not only does there exist pathological-looking

minimal hypersurfaces as pictured in Figure 1 and defined in Section 5.3, the space of all

these non-monotonic minimal hypersurfaces is pathological as well. In Appendix B, we give

an example of a smooth metric where this pathological case happens.

Theorem 1.2. Let (Mn+1, g) be a closed Riemannian manifold with 3 ≤ n+ 1 ≤ 7. Either

1. there exists connected minimal hypersurfaces with arbitrarily large area, or

2. the space of non-monotonic minimal hypersurfaces is homeomorphic to a Cantor set.

We will find our minimal hypersurfaces by studying the non-linear volume spectrum

considered by Gromov [Gr1, Gr2] and later developed by Guth [Gu] and Marques-Neves
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...

Figure 1.1: This diagram gives an idea of the fractal-like behavior demonstrated by these
pathological non-monotonic minimal hypersurfaces.

[MN1] using min-max theory. This volume spectrum is a nondecreasing sequence of values

ωp tending to infinity which are realized as the area of some minimal hypersurface (possibly

has multiple connected components each with a multiplicity) coming from a min-max process

over certain homotopy classes of maps into the topologically-rich space of hypercycles.

Although these widths ωp tend to infinity, the main issue is that the minimal hyper-

surfaces we find from min-max theory could possibly have many components and/or high

multiplicities. We resolve the problem of many connected components by defining certain

generalizations of the Frankel property from [MN1] and cores from [So1]. On the other hand,

by the multiplicity-one theorem resolved by Zhou [Zh], higher multiplicities only occur for

degenerate stable minimal hypersurfaces. So we closely study the space of stable minimal cy-

cles in Section 3.2, and show that if min-max theory produces stable minimal hypersurfaces,

then the widths will grow in a way which violates the Weyl law [LMN].

Organization

In Section 2, we give preliminary tools and definitions needed along with an overview of the

proof. In Section 3, we find large minimal hypersurfaces in weakly Frankel manifolds by

using Lusternik–Schnirelmann arguments on the space of stable minimal cycles. In Section

4, find large minimal hypersurfaces in weak cores by using the constrained min-max theory
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of Song. In Section 5, we discuss coreless manifolds, and prove the main Theorem 1.2. In

Section 6, we sketch the standard technical modifications needed to handle one-sided minimal

hypersurfaces. In Section 7, we discuss some applications to both analytic manifolds and

positive scalar curvature 3-manifolds. Finally, in the appendix, we prove some lemmas

about tubular neighborhoods of minimal hypersurfaces, and we also give an example of the

pathological case from Theorem 1.2. Much of these results are joint work with Ao Sun from

our paper [StSu].
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CHAPTER 2

PRELIMINARIES

In Sections 2 through 5, we will assume that (M, g) contains no one-sided hypersurfaces to

make the exposition clearer. But in Section 6, we describe the standard technical modifica-

tions necessary to handle the case when there are one-sided hypersurfaces.

2.1 Minimal hypersurfaces

Properties of minimal hypersurfaces

We briefly review some standard definitions and results on minimal hypersurfaces. More

details on most of this material can be found in [CoM2]. Let Γ be a smooth, two-sided,

closed, embedded hypersurface in M . We say Γ is a minimal hypersurface of (Mn+1, g) if it

is a critical point for the n-dimensional area functional. This means that for every smooth

vector field X on M ,

δΓ(X) :=
d

dt

∣∣∣∣
t=0

areag(ϕt(Γ)) = 0. (2.1)

where {ϕt}t∈R is a one-parameter family of diffeomorphisms on M generated by X. More-

over, there is a first variation formula which says that

δΓ(X) = −
∫

Γ
〈X,H〉

where H is the mean curvature vector of Γ. So the mean curvature vector H can be in-

terpreted as the (negative) gradient of the area functional. In particular, Γ is a minimal

hypersurface for (M, g) if and only if its mean curvature vector H vanishes identically.

We say that a minimal hypersurface Γ is stable if for all vector fields X,

δ2Γ(X,X) :=
d2

dt2

∣∣∣∣
t=0

areag(ϕt(Γ)) ≥ 0.
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Since we are assuming Γ is two-sided, we can pick a choice of unit normal ν on Γ. Consider

normal variations which are generated by (extensions of) vector fields of the form X = fν

for f ∈ C∞(Γ). The second variation formula says that for such normal variations,

δ2Γ(X,X) =

∫
Γ
|∇f |2 − |A|2f2 − RicM (ν, ν)f2 (2.2)

where ∇ is the gradient for Γ, A is second fundamental form on Γ, and RicM denotes the

Ricci curvature tensor on M . After integrating (2.2) by parts, we obtain

δ2Γ(X,X) = −
∫

Γ
f∆f + |A|2f2 + RicM (ν, ν)f2 =

∫
Γ
fLΓ(f)

where ∆ is the Laplacian on Γ and LΓ : C∞(Γ)→ C∞(Γ) is known as the Jacobi operator :

LΓ(f) = −∆f − (|A|2 + RicM (ν, ν))f.

The Jacobi operator is a self-adjoint, second-order, linear, elliptic operator. Since LΓ

equals −∆ minus the zeroth-order term |A|2 + RicM (ν, ν), then similar to the spectrum of

the (negative) Laplacian, the spectrum of LΓ is discrete, bounded from below, and each

eigenspace is finite-dimensional and orthogonal to each other. In fact, the smooth eigenfunc-

tions form an orthonormal basis for L2(Γ). For details, see [CoM2, Section 1.8.3].

We let indexg(Γ) denote the Morse index of a minimal hypersurface Γ which can be

defined as the number of negative eigenvalues of LΓ. So a stable minimal hypersurface has

indexg(Γ) = 0, while we call a minimal hypersurface with indexg(Γ) ≥ 1 unstable. A minimal

hypersurface Γ is degenerate if the Jacobi operator LΓ has a non-trivial kernel. The functions

in the kernel of LΓ are called Jacobi fields of Γ.

We say that a metric (M, g̃) is bumpy if no immersed minimal hypersurfaces are degen-

erate. So bumpy metrics are the metrics which make the areag̃ functional Morse in a sense.
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Just like how a generic smooth function is Morse, White [Wh1] was able to show the space

of bumpy metrics is Baire-generic (hence is dense) in the space of smooth metrics. Despite

the abundance of such metrics, we do not know of any explicit examples of bumpy metrics

because the defining condition is too difficult to check.

By standard elliptic theory [GT], we can say more about this spectrum. For instance,

the least eigenvalue λ of the Jacobi operator has the following variational characterization:

λ = inf
W 1,2(Γ)\{0}

∫
Γ |∇f |

2 − |A|2f2 − RicM (ν, ν)f2∫
Γ f

2
. (2.3)

Let RΓ(f) denote the expression inside the infimum above. One can show if RΓ(f) = λ

so that f gives a weak solution to LΓ(f) = λf , then f must be smooth by a standard

bootstrapping argument [CoM2, Lemma 1.34].

Lemma 2.1.1. The least eigenvalue λ of LΓ has multiplicity one. Moreover, if f is the

corresponding eigenfunction so that LΓ(f) = λf , then f does not change sign.

This follows because if RΓ(f) = λ for f ∈ W 1,2(M), then have RΓ(|f |) = λ as well

where also |f | ∈ W 1,2(M). Thus, by the variational characterization (2.3), |f | is smooth

and satisfies LΓ(|f |) = λ|f |. Since |f | ≥ 0 is smooth, the Harnack inequality [CoM2, Lemma

1.46]) implies that |f | > 0. Thus, no eigenfunction of the least eigenvalue λ changes sign.

Finally, note the eigenspace must be one-dimensional because if not, we could take two

L2-orthogonal eigenfunctions f1, f2 for the least eigenvalue λ so that

∫
Γ
f1f2 = 〈f1, f2〉L2(Γ) = 0

which cannot happen if both f1 and f2 do not change sign.

Corollary 2.1.2. If Γ has a Jacobi field which changes sign, then Γ is unstable.

Note Lemma 2.1.1 depended on the celebrated Harnack inequality from elliptic theory.
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The strong maximum principle [GT, Section 3.2] is another fundamental elliptic result which

used to prove the following.

Proposition 2.1.3 (Maximum principle). Let Γ0 and Γ1 be connected minimal hypersurfaces

in (M, g). If Γ0 lies on one side of Γ1 locally at some point of intersection, then Γ0 = Γ1.

The idea of this result is that we can locally express Γ0 and Γ1 as functions u0 and

u1 such that u1 − u0 ≥ 0 which satisfies a second-order linear elliptic PDE stemming the

linearization of the non-linear elliptic minimal hypersurface equation (see [CoM2, Section

7.1]). Then the classical strong maximum principle implies that u1 − u0 = 0, and hence,

Γ0 = Γ1. Note that there are more general maximum principles [Wh2] as well.

A consequence of the curvature estimates proven in [ScSi] is that the space of stable mini-

mal hypersurfaces with bounded area is compact in the smooth topology. Motivated by this,

Sharp [Sh] showed that replacing stable assumption with bounded index then gives a similar

compactness result. Note stable minimal hypersurfaces are the case where indexg(Γ) = 0.

Proposition 2.1.4 ([Sh, Theroem 2.3]). Let Γi ⊂ (Mn+1, g) be a sequence of connected,

closed, embedded, minimal hypersurfaces where 3 ≤ n+ 1 ≤ 7 and such that for all i ∈ N,

areag(Γi) ≤ A and indexg(Γi) ≤ I.

Then after taking a subsequence, there exists a connected, closed, embedded, minimal hyper-

surface Γ ⊂ (M, g) along with an integer multiplicity m ∈ N such that

m areag(Γ) ≤ A and indexg(Γ) ≤ I

and where Γi → mΓ in the varifold sense. In fact, this convergence is smooth and graphical

away from a finite set of size at most I. Moreover, if Γ is two-sided, then:

• if the multiplicity is m = 1, then the convergence is smooth everywhere, and:
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– if Γi and Γ are disjoint eventually, then Γ must be degenerate stable

– if Γi and Γ are intersect eventually, then Γ must be unstable

• if the multiplicity is m ≥ 2, then Γ must be degenerate stable.

The last part follows from the smooth and graphical convergence which allows us to

explicitly produce Jacobi fields on Γ by a suitable renormalization of the signed distance

between the sheets in the graphs as done in [Si2]. Sharp [Sh, Theroem A.6] also showed a

similar result for varying metrics, that is, it applies for sequences Γi ⊂ M such that Γi is

minimal in (M, gi) and where the metrics gi → g smoothly.

Proposition 2.1.5 (Monotonicity formula). There exists c, r0 > 0 such that for any minimal

hypersurface Γ ⊂ (M, g) and point p ∈ Γ, the quantity given by

exp(cr2)
areag(Γ ∩Br(p))
vol(Br(0) ⊂ Rn)

is nondecreasing for all r ≤ r0.

As a consequence of the monotonicity formula, observe that

exp(cr2
0)

areag(Γ ∩Br0(p))

vol(Br0(0) ⊂ Rn)
≥ lim
r→0+

exp(cr2)
areag(Γ ∩Br(p))
vol(Br(0) ⊂ Rn)

= 1

which then implies that for all minimal hypersurfaces Γ,

areag(Γ) ≥ areag(Γ ∩Br0(p)) ≥ vol(Br0(0) ⊂ Rn)

exp(cr2
0)

.

Thus, the area of closed minimal hypersurfaces Γ ⊂ (M, g) is uniformly bounded from below.

Remark 2.1.6. More generally, the monotonicity formula holds for so called stationary vari-

folds (see [All, Si3]) which we will discuss in Section 2.2.
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Tubular neighborhoods of minimal hypersurfaces

We will now be interested in certain nice foliations of a tubular neighborhood of a minimal

hypersurface.

Definition 2.1.7. Let Γ be a minimal hypersurface in (M, g), and suppose that ϕ : Γ ×

[−δ, δ]→M is a diffeomorphism onto its image such that ϕ(x, 0) = x for all x ∈ Γ. Consider

the foliation {Γt}t∈[0,δ] of the closed halved tubular neighborhood ϕ(Γ × [0, δ]) given by

Γt := ϕ(Γ× {t}). We say the neighborhood ϕ(Γ× [0, δ]) is

• contracting : if H(Γt) is strictly non-vanishing and points towards Γ for all t ∈ (0, δ];

• expanding : if H(Γt) is strictly non-vanishing and points away from Γ for all t ∈ (0, δ];

• foliated by minimal hypersurfaces : if Γt is a minimal hypersurface all t ∈ (0, δ]; and

• accumulating : if for each t ∈ (0, δ], either Γt is minimal or H(Γt) is strictly non-

vanishing; and moreover, exist arbitrarily small r, s ∈ (0, δ] such that Γr is minimal

and H(Γs) is strictly non-vanishing.

Similarly, we can define each of the above for the other closed halved tubular neighborhood

ϕ(Γ× [−δ, 0]) by replacing each (0, δ] above with [−δ, 0).

Figure 2.1: From left to right: model of a contracting neighborhood, an expanding neighbor-
hood, a neighborhood foliated by minimal hypersurfaces, and an accumulating neighborhood.
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It was noted in [So1, Lemma 10]1 that each side of a minimal hypersurface must be given

by one the four neighborhoods above and is essentially generated by flowing Γ along the first

eigenfunction of LΓ (recall this eigenfunction is positive). For the reader’s convenience, we

give a proof of this below fact in Appendix A.

Lemma 2.1.8. Let Γ ⊂ (M, g) be a minimal hypersurface. There exists a diffeomorphism

ϕ : Γ × [−δ, δ] → M onto a tubular neighborhood of Γ such that ϕ(x, 0) = x for all x ∈ Γ

and each closed halved tubular neighborhood is one of the types from Definition 2.1.7.

As expected, unstable minimal hypersurfaces will always be expanding on both sides,

while nondegenerate stable minimal hypersurfaces will always be contracting on both sides.

However, in the case of degenerate stable minimal hypersurfaces, any of the four above

neighborhood types in Definition 2.1.7 can happen independently on either side.

We will see that considering contracting minimal hypersurfaces are vital to our approach.

The following lemma gives us a way to find these contracting minimal hypersurfaces.

Lemma 2.1.9. Let (Nn+1, g) be a compact manifold with minimal boundary ∂N and 3 ≤

n+ 1 ≤ 7. If Σ ⊂ ∂N is a non-contracting boundary component such that

areag(Σ) ≤ areag(∂N \ Σ),

then exactly one of the following must be true: either

1. there exists a minimal Γ ⊂ int(N) which is contracting on a side; or

2. the manifold (N, g) is foliated by minimal hypersurfaces of the form Σt = ϕ(Σ × {t})

for some diffeomorphism ϕ : Σ× [0, 1]→ N such that Σ0 = Σ.

1. Song only needed to define and consider expanding and contracting neighborhoods because he assumed
his manifold only had finitely many stable minimal hypersurfaces.

11



Proof. Let Σ ⊂ ∂N be a non-contracting minimal hypersurface with areag(Σ) ≤ areag(∂N \

Σ). Note that if Σ is accumulating, then there must be a contracting minimal hypersurface

nearby so that we are in the first case.

Thus, we can assume Σ is either expanding or locally foliated by minimal hypersurfaces.

In either case, by compactness [ScSi] and Lemma 2.1.8, there exists some ε ≥ 0 along with a

diffeomorphism ϕ : Σ×[0, ε]→ N onto its image such that ϕ(Σ×{0}) = Σ, the hypersurfaces

ϕ(Σ×{t}) are minimal for all t ∈ [0, ε], and which cannot be extended as a minimal foliation

any further. By the maximum principle, either Σε = ϕ(Σ×{ε}) is contained in int(N) or is

contained in ∂N . If Σε ⊂ ∂N , then either ε = 0 or we must be in the second case where N

is foliated by minimal hypersurfaces.

Now assume that either Σε ⊂ int(N) or Σε = Σ. By construction, Σε is not foliated by

minimal hypersurfaces outside of ϕ(Σ×[0, ε]). Moreover, if Σε is contracting or accumulating

on this side then we are in the first case. So finally assume that Σε is expanding on this side.

Thus, if we minimize area in the homology class [Σ] = [Σε] ∈ Hn(N ;Z), we find a stable

minimal hypersurface Γ (with possibly multiple components) in N such that

areag(Γ) < areag(Σε) = areag(Σ)

since Σε is expanding on a side. By the maximum principle, each component of Γ is either

contained in int(N) or ∂N \ Σ. There must be at least one connected component Γ′ of Γ

which is contained in int(N). Otherwise if Γ ⊆ ∂N \ Σ, then Γ = ∂N \ Σ since [Γ] = [Σ] =

[∂N \ Σ] ∈ Hn(N ;Z) which gives a contradiction to

areag(Γ) < areag(Σ) ≤ areag(∂N \ Σ).

Thus, let Γ′ be a connected component of Γ contained in int(N). Like above, there exists

some δ ≥ 0 along with a diffeomorphism ϕ′ : Γ′ × [0, δ] → N onto its image such that

12



ϕ′(Γ′ × {0}) = Γ′, the hypersurfaces ϕ′(Γ′ × {t}) are minimal for all t ∈ [0, δ], and which

cannot be extended as a minimal foliation any further. By construction, Γ′δ must be locally

area minimizing outside of ϕ′(Γ′× [0, δ]). Thus, Γ′δ is either contracting or accumulating on

this side putting us in the second case.

2.2 Geometric measure theory

In this section, we cover the basics needed from geometric measure theory. For more details,

see [Si3, MN2].

Hypercycles and the flat norm

Let Pk(RL) denote the set of polyhedral k-chains mod 2, that is, formal sums of compact,

convex, k-dimensional polyhedra σ ⊂ RL under the identification that σ + σ = 0 and that

σ = σ1 + σ2 whenever σ is formed by gluing nonoverlapping σ1 and σ2. Let spt(P ) denote

the support of P ∈ Pk(RL). Given a compact set K ⊂ RL, define

Pk(K) = {P ∈ Pk(RL) : spt(P ) ⊆ K}.

We can define the mass norm M on Pk(K) to be the k-dimensional volume M(P ) =

volk(spt(P )) of the chain P ∈ Pk(K). As natural as the mass norm seems, it is usually too

strong of a topology to work with, as the following example illustrates.

Example 2.2.1. The boundary map ∂ : Pk(RL) → Pk−1(RL) not M-continuous. For

ε ≥ 0, consider the chain Pε ∈ P2(R2) given by Pε = [0, 1] × [0, ε]. Observe that P0 = 0

in P2(R2) and so ∂P0 = 0 in P1(R2). However, M(Pε) = ε while M(∂Pε) = 2 + 2ε which

implies that

M(Pε − P0)→ 0, but M(∂Pε − ∂P0)→ 2.
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So although Pε converges to P0, the boundaries ∂Pε do not converge to ∂P0 in the M-norm.

A much better norm for geometric purposes is the flat norm defined as

F(P ) = inf
{

M(R) + M(P − ∂R) : R ∈ Pk+1(RL)
}
.

One can show that for any P ∈ Pk(RL), we have the inequalities

F(∂P ) ≤ F(P ) ≤M(P ).

The first inequality implies the boundary map ∂ : Pk(RL) → Pk−1(RL) is F -continuous,

while the second inequality confirms that the flat topology is weaker than the mass topology.

We define the space of flat k-chains mod 2 to be

Fk(RL) =
⋃

K⊂RL

compact

Pk(K)

where the closures are in the flat topology. By construction, flat chains have compact

support and the notions of mass, boundary, and support of a flat chain can be defined by

taking approximations by polyhedra chains. Now, define rectifiable flat k-chains mod 2 as

Ik(RL) = {T ∈ Fk(RL) : M(T ),M(∂T ) <∞},

and similar to before, given a compact set K ⊂ RL, we denote

Ik(K) = {T ∈ Ik(RL) : spt(T ) ⊆ K}.
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Proposition 2.2.2 ([FF]). Let C > 0 and K ⊂ RL compact. The set

{T ∈ Ik(K) : M(T ),M(∂T ) ≤ C}

is compact in the flat topology.

We define the rectifiable flat k-cycles mod 2 to be the space Z̃k(K) ⊂ Ik(K) consisting of

T ∈ Ik(K) such that ∂T = 0, that is, the kernel of ∂ : Ik(K)→ Ik−1(K). And we define the

rectifiable flat k-boundaries mod 2 to be the space Zk(K) ⊂ Ik(K) consisting of T ∈ Ik(K)

such that T = ∂R for some R ∈ Ik+1(K), that is, the image of ∂ : Ik+1(K)→ Ik(K). Since

∂∂T = 0 for any chain T , we see that Zk(K) ⊆ Z̃k(K). In fact, Zk(K) is the connected

component of Z̃k(K) which contains the 0 cycle.

Now given some closed Riemannian manifold (Mn+1, g), we can isometrically embedM ⊂

RL for some L by Nash’s theorem. We will be interested in two particular spaces: In+1(M)

and Zn(M). The set of top-dimensional chains In+1(M) are equivalent to Caccioppoli

sets (regions with finite perimeter), while we will think of the codimension-one unoriented

boundaries Zn(M) as being the space of hypersurfaces on M . We will refer to Zn(M) as

the space of hypercycles2 and on M .

Lemma 2.2.3. The space of top-dimensional rectifiable chains In+1(M) is contractible.

Proof. We can define the flat continuous homotopy H : In+1(M)× [0, 1]→ In+1(M) by

H(Ω, t) = Ω ¬{f ≤ t}

where f : M → [0, 1] is any choice of Morse function.

2. We call this space of rectifiable boundaries the space of hypercycles and use the notation Zk(K)
(instead of Bk(K)) is because this is standard in the literature.
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Proposition 2.2.4 (Constancy theorem [Si3, Theorem 26.27]). Let U ∈ In+1(M). Then

∂U = 0 if and only if U = 0 or U = M.

The constancy theorem implies that the flat-continuous surjection ∂ : In+1(M) →

Zn(M) is 2–to–1. In fact, we can show is a covering map using the following isoperimetric

inequality.

Proposition 2.2.5 (Isoperimetric inequality [Si3, Theorem 30.1]). There exists δ, c > 0

where

M(U) ≤ cM(∂U)
n+1
n

for every U ∈ In+1(M) with M(∂U) ≤ δ and M(U) ≤ volg(M)/2.

The next lemma is indispensable in understanding the topology of Zn(M).

Lemma 2.2.6 ([MN3, Section 5]). The boundary ∂ : In+1(M)→ Zn(M) is a 2-cover.

Proof. Consider a cycle T ∈ Zn(M). By the Constancy Theorem, ∂−1({T}) = {U1, U2} for

some U1 ∈ In+1(M) and where U2 = M − U1. We first will show that

∂−1(Bε(T )) = Bε(U1) ∪Bε(U2) (2.4)

for small enough ε > 0 where Bε represent ε-balls in the flat metric. First, take ε < vol(M)/2

so that Bε(U1) and Bε(U2) are forced to be disjoint since F(U1 − U2) = F(M) = volg(M).

Suppose S ∈ Bε(T ) so that F(S − T ) < ε. Then there exists W ∈ In+1(M) such that

M(W ) + M(S−T − ∂W ) < ε. Since S−T − ∂W ∈ Zn(M), there is a W ′ ∈ In+1(M) with

∂W ′ = S − T − ∂W where M(W ′) ≤ volg(M)/2.
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If we also take ε ≤ min(δ, c−n) where these are from the isoperimetric inequality,

M(W ′) ≤ cM(S − T − ∂W )
n+1
n ≤M(S − T − ∂W ).

Take Wi = W ′ +W + Ui so that ∂Wi = ∂(W ′ +W + Ui) = S where

F(Wi − Ui) ≤M(W ′) + M(W ) ≤M(S − T − ∂W ) + M(W ) < ε,

that is, Wi ∈ Bε(Ui) for i = 1, 2. Conversely, if we take Wi ∈ Bε(Ui), then we have

F(∂Wi − T ) = F(∂(Wi − Ui)) ≤ F(Wi − Ui) < ε

which shows the other inclusion holds. Thus, equation (2.4) holds. Finally, note we can

show this flat-continuous bijection ∂ : Bε(T )→ Bε(U1)∪Bε(U2) is a homeomorphism using

compactness Proposition 2.2.2. Therefore, ∂ : In+1(M)→ Zn(M) is a covering map.

Corollary 2.2.7. The space of hypercycles Zn(M) is a K(Z2, 1) Eilenberg–Maclane space.

In particular, Zn(M) is weakly homotopy equivalent to RP∞. In fact, for any Morse

function f : M → [0, 1], the map Λf : RP∞ → Zn(M) given by

Λf ([a0, a1, . . . , ak, 0, 0, . . . ]) = ∂{x ∈M : a0 + a1f(x) + · · ·+ akf(x)k ≤ 0}

gives an explicit weak homotopy equivalence.

Remark 2.2.8. More generally, Almgren proved in his PhD thesis [Alm1] that

π`(Zk(M ;G), 0) ' Hk+`(M ;G)
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where G is a normed abelian group. Indeed, in our case where G = Z2 and k = n,

π`(Zn(M), 0) ' Hn+`(M
n+1;Z2) =


Z2 ` = 1,

0 ` ≥ 2,

which again confirms that Zn(M) is a K(Z2, 1) space.

In particular, this implies the cohomology ring H∗(Zn(M);Z2) is the polynomial ring

Z2[λ̄] generated by what we call the fundamental class λ̄ ∈ H1(Zn(M);Z2).

Proposition 2.2.9. Maps Φ0,Φ1 : X → Zn(M) are homotopic in the flat topology if and

only if the pullbacks Φ∗0(λ̄) = Φ∗1(λ̄) in H1(X;Z2).

Let [X,Zn(M)] denote the (free) homotopy classes of maps X → Zn(M) in the flat

topology. Thus, Proposition 2.2.9 says that the following map is a natural bijection:

[X,Zn(M)]→ H1(X;Z2) given by [Φ] 7→ Φ∗(λ̄)

Varifolds and the F-norm

We will need to more structure than just the flat norm. Although the mass norm is not

flat-continuous, it is lower semicontinuous in the flat topology, that is,

F(Ti − T )→ 0 implies M(T ) ≤ lim inf
i→∞

M(Ti). (2.5)

This possibility of losing mass in a flat-limit is not an issue if we are minimizing the mass of

chains (e.g., solving the Plateau problem or minimizing area in a homology class). However,

the hypersurfaces we want to find in minmax theory are necessarily non-minimizing. We

expand on some of these issues with the flat topology in Remark 2.3.3.

The extra variational structure needed is that of varifolds (see [Si3, Chapter 4] for de-

tails) first introduced by Almgren [Alm2]. A n-varifold on M is a Radon measure on the
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Grassmannian bundle Gn(Mn+1) of hyperplanes tangent to M . The space of varifolds come

equipped with the topology induced by weak convergence: we say Vi → V as varifolds if

lim
i→∞

∫
Gn(M)
ϕ(x, π) dVi(x, π) =

∫
Gn(M)
ϕ(x, π) dV (x, π)

for all compactly supported functions ϕ ∈ Cc(Gn(M)). We let ‖V ‖ denote the induced

measure on M , and call ‖V ‖(M) the mass of V . Given a diffeomorphism ψ : M → M and

a varifold V on M , we can define the pushforward varifold ψ]V on M which satisfies

∫
Gn(M)
ϕ(y, σ) d(ψ]V )(y, σ) =

∫
Gn(M)
Jψ(x, π)ϕ(ψ(x), dψx(π)) dV (x, π)

where Jψ(x, π) denotes the Jacobian of ψ when restricted to the hyperplane dψx(π).

As for hypersurfaces (2.1), we can define the first variation for a vector field X on M as

δV (X) :=
d

dt

∣∣∣∣
t=0
‖(ψt)]V ‖(M)

where ψt is the isotopy generated by X. We say that a varifold V is stationary if δV (X) = 0

for all vector fields X on M . This is a weak notion of a minimal hypersurface. As mentioned

in Remark 2.1.6, stationary varifolds also have a monotonicity formula as in Proposition

2.1.5.

In particular, we are interested in the space of integer rectifiable n-varifolds, which we will

denote as Vn(M), which are the set of n-varifolds of the following form: given a n-rectifiable

set R ⊂M and measurable function m : R→ N, we can define V = V (R,m) so that

∫
Gn(M)
ϕ(x, π) dV (x, π) =

∫
R
m(x)ϕ(x, TxR) dHn(x)

where TxR is the tangent space at x ∈ R which is defined almost everywhere for the Hausdorff

measure Hn. Integral stationary varifolds have the following compactness property due to
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Allard.

Proposition 2.2.10 ([All]). Given C > 0. The space of stationary integer rectifiable vari-

folds with mass uniformly bounded mass {V ∈ Vn(M) : ‖V ‖(M) ≤ C} is compact.

Finally, we note that the weak topology on varifolds is induced by the norm where

F(V ) := sup

{∫
Gn(M)
ϕ dV : ϕ ∈ Cc(Gn(M)) with |ϕ| ≤ 1, Lip(ϕ) ≤ 1

}

Recall we require more structure on the space of hypercycles Zn(M). Given T ∈ Zn(M),

we define the integer rectifiable varifold |T | ∈ Vn(M) by viewing the rectifiable set spt(T )

as a varifold with multiplicity-one. We define the F-norm on hypercycles Zn(M) by

F(T ) = F(T ) + F(|T |). (2.6)

We will let ZF
n (M) denote the space Zn(M) with this stronger F-topology.

Lemma 2.2.11 ([Pi, Section 2.1.18]). Hypercycles Ti converges to T in the F-topology if

and only if the cycles Ti converge to T in the flat-topology and preserves mass in the sense

lim
i→∞

M(Ti) = M(T ). (2.7)

Recall in general, mass is only lower semicontinuous (2.5) in the flat topology. In partic-

ular, a continuous map Φ : X → ZF
n (M) has no concentration of mass as defined in [MN1].

Again, we later explain in Remark 2.3.3 why this is a desired property.
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2.3 Minmax theory and the volume spectrum

Continuous minmax theory

Originally, Pitts’ min-max theory [Pi] was in terms of certain discrete maps for technical

reasons. Thanks to the interpolation results developed by Marques-Neves in [MN1, MN2],

we can state much of the theory in the continuous setting.

Definition 2.3.1. The homotopy class Π = [Φ] of a map Φ : X → ZF
n (M) to be

Π := {Ψ : X → ZF
n (M) : Ψ is F-continuous and is flat-homotopic to Φ}.

Then we define the width of the homotopy class Π to be the minmax value

L(Π) = inf
Φ∈Π

sup
x∈X

M(Φ(x)).

Lemma 2.3.2. A homotopy class Π is non-trivial if and only if L(Π) > 0.

Proof. Suppose that Π is non-trivial (the other direction is trivial). Thus, the induced map

Φ∗ : π1(X) → π1(Zn(M)) is nontrivial for any Φ ∈ Π. In particular, there exists a loop

γ : [0, 1]→ X so that γ(0) = γ(1) where the corresponding loop Φ◦γ is nontrivial in Zn(M).

Therefore, there exists a lift γ̃ : [0, 1]→ In+1(M) with

∂ ◦ γ̃ = Φ ◦ γ such that γ̃(0) = 0 and γ̃(1) = M. (2.8)

By the isoperimetric inequality, if Φ(γ(t)) has sufficiently small mass (independent of Φ),

M(γ̃(t)) ≤ cM(Φ(γ(t)))
n+1
n

where c is also independent of Φ. In particular, it cannot be true that L(Π) = 0 because then

21



we could find Φ ∈ Π to make M(Φ(γ(t))) arbitrarily small uniformly in t, and hence M(γ̃(t))

as well as long as M(γ̃(t)) ≤ volg(M)/2. However, this cannot happen because always exists

some t0 ∈ [0, 1] such that M(γ̃(t0)) = volg(M)/2 because γ̃(0) = 0 and γ̃(1) = M .

Remark 2.3.3. We explain the need for varifolds as mentioned in Section 2.2. Our goal is to

use a homotopy class to construct smooth minimal hypersurfaces Σ such that volg(Σ) = L(Π)

(each component counted with possible integer multiplicities). A naive approach would be

to use compactness to find a convergent sequence Φik(xk)→ T ∈ Zn(M) with

lim
i→∞

M(Φik(xk)) = L(Π).

However, there are some issues with this. In particular:

• Not necessarily true M(Φik(xk)) → M(T ). In general, mass is lower-semicontinuous

in the flat topology due to phenomena such as mass concentration [MN1].

• More importantly, there is no reason to expect T to be smooth or even stationary.

Both of these issues, can be remedied by using varifolds as well.

Given a sequence {Φi} ⊂ Π, we similarly define its width as

L({Φi}) = lim inf
i→∞

sup
x∈X

M(Φi(x)).

We say the sequence {Φi} is minimizing if L({Φi}) = L(Π). Given a minimizing sequence,

we can always find a subsequence ik and points xk ∈ X such that

lim
k→∞

M(Φik(xk)) = L(Π)
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which we call minmax sequence. We define the critical set of {Φi} to be

C({Φi}) := {V ∈ Vn(M) : ‖V ‖(M) = L(Π) where V = lim
i→∞

|Φik(xk)|

for some sequence xk ∈ X and subsequence ik ∈ N }.

Figure 2.2: Here the central minimal hypersurface realizes a min-max width. But in the
first sweepout, there are cycles with mass near that of the width which could unwantedly
contribute to the critical set. To avoid this the pull-tight on the right lowers the area of
these undesirable cycles.

Proposition 2.3.4 ([MN4]). Given a minimizing sequence {Φi} ⊂ Π, there exists {Φ∗i } ⊂ Π

where C({Φ∗i }) ⊂ C({Φi}) is nonempty and every V ∈ C({Φ∗i }) is stationary.

This follows by essentially constructing a gradient-like flow for the M-functional where

H : {T ∈ ZF
n (M) : M(T ) ≤ C} × [0, 1]→ {T ∈ ZF

n (M) : M(T ) ≤ C}

is such that M(H(T, t)) ≤ M(T ) with equality if and only if t = 0 or |T | is a stationary

varifold. Furthermore, for any ε > 0, we can assure F(H(T, t), T ) ≤ ε holds. Although

the M-functional is not smooth, we can create this map by hand by patching together

deformations which decrease the mass of near-by non-stationary varifolds (see [Pi, Theorem

4.3]). Finally, the pull-tight sequence is defined as Φ∗i (x) := H(Φi(x), 1).

Therefore, for each non-trivial homotopy class Π, we can find a stationary varifold V ∈
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Vn(M) such that ‖V ‖(M) = L(M). However, not every stationary varifold is smooth. We

need these varifolds to hold further properties to guarantee the regularity.

Definition 2.3.5. Given an open set U ⊆M and ε, δ > 0. We say that a cycle T0 ∈ Zn(M)

is (ε, δ)-almost-minimizing in U if for any sequence T1, . . . , Tm ∈ Zn(M) such that

spt(Ti − T0) ⊂ U, F(Ti, Ti−1) ≤ δ, and M(Ti) ≤M(T0) + δ

for all i = 1, . . . ,m, then we must also have M(Tm) ≥M(T )− ε.

We say that a varifold V ∈ Vn(M) is almost-minimizing in U if for every ε > 0, there

exists a δ > 0 along with a (ε, δ)-almost-minimizing T ∈ Zn(M) such that F(|T |, V ) ≤ ε.

Moreover, a varifold V ∈ Vn(M) is almost-minimizing in annuli if for every p ∈ spt(‖V ‖),

there exists an r > 0 such that V is almost-minimizing in B(p, r) \B(p, s) for all 0 < s < r.

Essentially V is almost minimizing in U if any deformation supported in U which de-

creases the mass of V must intermediately increase the mass by a definite amount at some

point. The following regularity theorem was first proved by Pitts [Pi] for n + 1 ≤ 6, and

later for n+ 1 = 7 by Schoen-Simon [ScSi].

Proposition 2.3.6 ([ScSi]). Let (Mn+1, g) have 3 ≤ n+1 ≤ 7. If V ∈ Vn(M) is stationary

and almost-minimizing in annuli, then spt(‖V ‖) is a smooth embedded minimal hypersurface.

Remark 2.3.7. For n + 1 > 8, then [ScSi] actually shows spt(‖V ‖) is a smooth embedded

minimal hypersurface away from a singular set of Hausdorff codimension 7.

Pitt’s was able to prove that there must exist some V ∈ C({Φ∗i (x)}) which is almost-

minimizing in annuli with a technical combinatorial argument [Pi, Section 4.10] which uses

the discrete min-max theory. Using the interpolation results of Marques-Neves [MN3], Pitt’s

result can be summarized as follows.

Proposition 2.3.8 ([Pi]). If a pull-tight sequence {Φi} ⊂ Π has no V ∈ C({Φi}) which is

almost-minimizing in annuli, there exists sequence {Φ∗i } ⊂ Π such that L({Φ∗i }) < L({Φi}).
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The last three stated propositions above imply the following.

Corollary 2.3.9. Given a minimizing sequence {Φi} ⊂ Π. There exists a V ∈ C({Φi})

whose support is a smooth embedded minimal hypersurface.

But due to recent resolution by Zhou [Zh] of the multiplicity-one conjecture, we can

say more. In a bumpy metric, the minimal hypersurfaces are always two-sided and have

multiplicity-one. Then following min-max theorem is the culmination of the work of Almgren-

Pitts [Pi], the work of Marques-Neves [MN3], the multiplicity-one conjecture proven by Zhou

[Zh], the denseness of bumpy metrics [Wh1], along with the compactness theory of Sharp

[Sh], and other important work.

Theorem 2.3.10 ([Zh] Theorem C). Let (Mn+1, g) with 3 ≤ n+1 ≤ 7 and {Φi} ⊂ Π where

L({Φi}) = L(Π) > 0.

Then there exists a disjoint collection of closed embedded minimal hypersurfaces Σ1, . . . ,ΣN

along with positive integer multiplicities m1, . . . ,mN such that

L(Π) =
N∑
i=1

mi areag(Σi)

where mi > 1 only if Σi is degenerate stable, and where as varifolds

m1Σ1 + · · ·+mNΣN ∈ C({Φi}).

The volume spectrum

The volume spectrum was first introduced by Gromov [Gr1, Gr2] as a nonlinear analogue of

the spectrum of the Laplacian. Guth [Gu] later proved some important estimates for their

growth. This spectrum played a fundamental role in showing the existence of infinitely-many
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minimal hypersurfaces in [MN1, So1].

Definition 2.3.11. Let X be a k-dimensional cubical subcomplex of Im = [0, 1]m. For

p ∈ N, we say that a flat-continuous map Φ : X → Zn(M) is a p-sweepout if

Φ∗(λ̄p) 6= 0 ∈ Hp(X;Z2)

where λ̄p is the p-th cup product of the fundamental class λ̄.

Note that if Φ is a p-sweepout and Ψ is flat-homotopic to Φ, then Ψ is also a p-sweepout.

Given p ∈ N, we use Sp := Sp(M, g) to denote all p-sweepouts which are continuous in the

F-topology (so has no mass concentration). Finally, define the p-width of (M, g) as

ωp(M, g) := inf
Φ∈Sp

sup
x∈XΦ

M(Φ(x))

where XΦ denotes the domain of Φ : XΦ → Zn(M) (note this will vary in Sp) and where

M denotes the mass norm given the metric g.

Lemma 2.3.12 (Vanishing Lemma). Let Φ : X → Zn(M) be a (p + q)-sweepout and

X = Y ∪ Z. If Φ|Y is not an p-sweepout, then Φ|X must be a q-sweepout.

Proof. Let λ̄ ∈ H1(Zn(M);Z2) be the fundamental class, meaning λ := Φ∗(λ̄) satisfies

λp+q 6= 0 in Hp+q(X;Z2). Consider the exact sequence coming from the long exact sequence

Hp(X, Y ;Z2)
j∗Y−−→ Hp(X;Z2)

i∗Y−→ Hp(Y ;Z2).

where iY : Y ↪→ X and jY : (X,Ø) ↪→ (X, Y ) are the inclusion maps. Since Φ|Y is not an

p-sweepout, we have λY := (Φ|Y )∗(λ̄) satisfies i∗Y (λp) = λ
p
Y = 0 in Hp(Y ;Z2). Thus, by

exactness, there exists σY ∈ Hp(X, Y ;Z2) such that j∗Y (σY ) = λp.

Now, if Φ|Z were not a q-sweepout, then we could similarly find σZ ∈ Hq(X,Z;Z2) such
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that j∗Z(σZ) = λq. Consider the relative cup product defined so that

Hp(X, Y ;Z2)⊗Hq(X,Z;Z2) Hp+q(X, Y ∪ Z;Z2)

Hp(X;Z2)⊗Hq(X;Z2) Hp+q(X;Z2)

^

j∗Y ⊗j
∗
Z

j∗Y ∪Z

^

commutes. Since Y ∪ Z = X, we have Hp+q(X, Y ∪ Z;Z2) = 0. However, this implies

λp+q = j∗Y (σY ) ^ j∗Z(σZ) = j∗Y ∪Z(σY ^ σZ) = 0

which contradicts that Φ is a (p+ q)-sweepout. Therefore, Φ|Z must be a q-sweepout.

Note that ωp(M, g) ≤ ωp+1(M, g) for all p because any (p + 1)-sweepout must be a p-

sweepout. These widths go to infinity as p→∞. In fact, we can quantify this growth by the

Weyl law of volume spectrum, which plays an important role in the study of the min-max

theory of minimal hypersurfaces.

Theorem 2.3.13 (Liokumovich-Marques-Neves [LMN]). There exist a constant an > 0 such

that for every closed (n+ 1)-dimensional Riemannian manifold (M, g),

lim
p→∞

ωp(M, g)p−
1

n+1 = an volg(M)
n

n+1 .

Theorem 2.3.14 ([Zh] Theorem C). Let (Mn+1, g) with 3 ≤ n + 1 ≤ 7 and p ∈ N. Then

there exists a disjoint collection of closed embedded minimal hypersurfaces Σ1, . . . ,ΣN along

with positive integer multiplicities m1, . . . ,mN such that

ωp(M, g) =
N∑
i=1

mi areag(Σi) and
N∑
i=1

mi indexg(Σi) ≤ p

where mi > 1 only if Σi is degenerate stable.

27



2.4 Overview of proof

The main idea is trying to cut the manifold into simpler pieces as done by Song in [So1]

along contracting minimal hypersurfaces. But in our case, the cutting process can get more

complicated since there may be infinitely many minimal hypersurfaces to cut along. There

are several cases.

Weakly Frankel case

The first possibility is that there are no minimal hypersurfaces which are contracting on a

side. In this case, we say (M, g) is weakly Frankel generalizing the Frankel property from

[MN1]. Recall any two minimal hypersurfaces in a Frankel manifold intersect with each

other. But two minimal hypersurfaces can be disjoint in a weakly Frankel manifold, but

these hypersurfaces turn out to be connected by a minimal foliation.

By standard Jacobi field arguments, in weakly Frankel manifolds, we show that

{areag(Γ) : Γ ⊂ (M, g) connected stable minimal hypersurface with areag(Γ) ≤ ω}

is finite for any choice of ω > 0. Thus, either we can find stable minimal hypersurfaces with

arbitrarily large area, or there are only finitely-many areas of stable minimal hypersurfaces.

In the latter case, we need to find unstable minimal hypersurfaces with arbitrarily large area.

Although the minimal hypersurface which realizes the p-width could have multiple com-

ponents, but if so, these components are connected by a minimal foliation which implies they

each are stable and have the same area. Therefore, we have that

ωp = mp areag(Γp)

for some connected minimal hypersurface Γp and integer multiplicity mp. Moreover, Zhou
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observed that the unstable minimal hypersurfaces must have multiplicity-one. Thus, we

only need to show that the p-width can not be all realized by multiples of stable minimal

hypersurfaces for large enough p.

To do this, we utilize Lusternik-Schnirelmann arguments developed in [Ai]. Here Aiex

showed that the space of min-max minimal hypersurfaces in a manifold with positive Ricci

curvature is noncompact. His idea is to study a generalization of the Lusternik-Schnirelmann

category, and he can prove that under certain conditions, there is a strict jump of the width

from ωp < ωp+N for p large. Then if there are eventually only stable minimal hypersurfaces

appearing in the volume spectrum, we can show the growth violates the Weyl law. In this

paper, we generalize Aiex ideas to weakly Frankel manifolds. One important new case which

arises is when the manifold is foliated by minimal hypersurfaces. These can complicate the

space of stable minimal hypersurfaces, and so we need a more precise study of its topology.

Weak core case

The second possibility is that after cutting along finitely many contracting minimal hyper-

surfaces, we get a component that has minimal contracting boundary, and there are no

contracting minimal hypersurfaces in the interior of this component. Motivated by Song’s

work, we call such a compact manifold a weak core. If we can find a weak core, then we can

still use Song’s results with slight modifications in this more general setting to show that

there exist embedded minimal hypersurfaces with arbitrarily large area.

Coreless case

The last possibility is that we can not get a weak core after finitely many cutting steps. We

call such manifolds coreless. Even for coreless manifolds, there are some relatively mild cases

that we are able to handle. For example, there is a kind of minimal hypersurface which we

will call a monotonic saddle, where the minimal hypersurface in the middle is non-isolated,
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and hypersurfaces have larger area the closer they are to the middle one (see Figure 5.2).

Although we may not be able to cut the manifold to a weak core in finitely many steps, we

can use the approximation argument to show that there exist minimal hypersurfaces with

arbitrarily large area.

Finally, there is an extremely pathological case, that we can not get a weak core after

finitely many cuttings, and we also can not find a monotonic saddle part. In this case, we

can show that the space of certain pathological stable minimal hypersurfaces (see Figure 1)

is homeomorphic to a Cantor set.
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CHAPTER 3

WEAKLY FRANKEL MANIFOLDS

In this section, we will study manifolds with the following property.

Definition 3.0.1. A closed Riemannian manifold (M, g) is weakly Frankel there exist no

minimal hypersurfaces which are contracting on a side.

The goal of this section is to find minimal hypersurfaces with arbitrarily large area in

a weakly Frankel manifold, see Theorem 3.3.3. Weakly Frankel is a generalization of the

Frankel property. Recall that a manifold is Frankel if any two minimal hypersurfaces intersect

with each other. In [MN1] Marques-Neves proved that in a manifold with Frankel property,

there exists infinitely many closed embedded minimal hypersurfaces.

The idea is that the Frankel property forces the min-max widths ωp to be realized as

mpΣp for some integer multiple mp of some connected minimal hypersurface Σp. Then by

using the growth of the widths along with some Lusternik-Schnirelmann arguments, they

showed that min-max theory must give infinitely many distinct minimal hypersurfaces. We

will use similar reasoning.

3.1 Manifolds without contracting minimal hypersurfaces

First, more generally, consider compact manifolds (Nn+1, g) with 3 ≤ n+ 1 ≤ 7 such that:

• the (possibly empty) boundary ∂N is minimal and contracting, and

• int(N) contains no minimal hypersurfaces which are contracting on a side.

Remark 3.1.1. The second condition also implies that N contains no minimal hypersurfaces

which are accumulating on a side because such a hypersurface must be a limit of contracting

minimal hypersurfaces.
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In particular, these following lemmas apply for a weakly Frankel manifold N in the case

when N has no boundary. The case where N has nonempty contracting minimal boundary

∂N will be relevant in the later sections.

Definition 3.1.2. We say connected closed hypersurfaces Σ0,Σ1 ⊂ N are connected by a

minimal foliation if there exists a map ϕ : Σ× [0, δ]→ N such that

• ϕ(Σ× {0}) = Σ0 and ϕ(Σ× {δ}) = Σ1,

• ϕ is a diffeomorphism onto its image, and

• ϕ(Σ× {t}) is a minimal hypersurface for all t ∈ [0, δ].

Unlike Frankel manifolds, weakly Frankel manifolds can have disjoint minimal hypersur-

faces, but these hypersurfaces must connected by a minimal foliation.

Lemma 3.1.3. Assume (N, g) as above. If Σ0,Σ1 ⊂ int(N) are disjoint connected minimal

hypersurfaces, then Σ0,Σ1 are connected by a minimal foliation.

Proof. Assume that Σ0,Σ1 are disjoint minimal hypersurfaces. Consider the metric comple-

tion of N \(Σ0∪Σ1) and pick a connected component W which contains two non-contracting

minimal boundary components Γ0,Γ1 (along with possibly other necessarily contracting

minimal boundary components coming from N) which are isometric to Σ0,Σ1 respectively.

Without loss of generality, we may assume areag(Γ0) ≤ areag(Γ1) so that

areag(Γ0) ≤ areag(∂W \ Γ0)

because Γ1 ⊆ ∂W \ Γ0. Finally, note since we are assuming that int(N) contains no con-

tracting minimal hypersurfaces, then so does int(W ). And therefore, W must be foliated

by minimal hypersurfaces by Lemma 2.1.9. This gives the desired minimal foliation which

connects Σ0,Σ1.
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Remark 3.1.4. In particular, disjoint minimal hypersurfaces Σ0,Σ1 must be both degenerate

stable, homologous to each other, and have areag(Σ0) = areag(Σ1).

Consider the set MS of all connected stable minimal hypersurfaces in (int(N), g). For

ω > 0, it will be useful for us to define an equivalence relation on

MS
ω = {Σ ∈MS : areag(Σ) ≤ ω}

by Σ0 ∼ Σ1 if and only if Σ0,Σ1 are connected by a minimal foliation. In particular, this

means that if Σ0 6∼ Σ1, then Σ0 and Σ1 must intersect by Lemma 3.1.3.

Lemma 3.1.5. Assume (N, g) as above. For each ω > 0, the set MS
ω/∼ is finite.

Proof. Suppose that MS
ω/ ∼ were infinite. Then we could find a sequence Σk ∈ MS

ω of

stable minimal hypersurfaces each representing a different equivalence class. The areas

being bounded implies that after relabeling, we can find a subsequence Σk which converges

smoothly to some stable Σ ∈MS
ω by [ScSi]. Moreover, since Σ is not connected by a minimal

foliation to all but possibly one Σk, we can assume each Σk intersects Σ by Lemma 3.1.3.

But by [Sh], this means we can construct a Jacobi field for Σ which changes sign which would

contradict that Σ is stable.

Corollary 3.1.6. Assume (N, g) as above. For each ω > 0, the set of stable areas

areag(MS
ω) = {areag(Σ) : Σ ∈MS

ω}

is finite. In particular, if the area of stable minimal hypersurfaces in (N, g) is uniformly

bounded, then the set of all stable areas areag(MS) is finite.

Proof. This follows Lemma 3.1.5 and Remark 3.1.4 which tells us that any two stable minimal

hypersurfaces in the same equivalence class must have the same area.
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Let [Σ] ∈MS/∼ denote the equivalence class of stable minimal hypersurfaces which are

connected to Σ by a minimal foliation. There are three types of classes:

1. We say Σ is isolated if [Σ] = {Σ}.

2. We say Σ generates a partial minimal foliation if there exists a diffeomorphism ϕ :

Σ× I →M onto its image with {Σt}t∈I = [Σ] for Σt = ϕ(Σ× {t}).

3. We say Σ generates a (full) minimal foliation if there exists a fiber bundle π : M → S1

such that {Σθ}θ∈S1 = [Σ] where Σθ = π−1({θ}).

3.2 Space of stable minimal hypersurfaces

Consider the subspace Sω ⊆ Zn(M) of all T ∈ Zn(M) such that T = 0 or spt(T ) is an

embedded stable minimal hypersurface in (M, g) with M(T ) ≤ ω. Note T does not need to

be connected.

Given Σ ∈ MS
ω which generates either a full or partial minimal foliation of (M, g), we

define the space Fω ⊆ Sω associated to the foliation to be the set of all T ∈ Sω such that

each connected component of T equals some leaf in this foliation.

Lemma 3.2.1. If Σ generates a (full) minimal foliation of (M, g), then the subspace Fω ⊆

Sω associated to the foliation is homeomorphic to RPm where m is the largest even number

such that m ≤ ω/ areag(Σ).

Proof. Suppose Σ generates a minimal foliation of (M, g) so that there exist a fiber bundle

π : M → S1 where the fibers Σθ := π−1({θ}) parameterize the foliation. Note that each

Σθ is non-separating and homologous to Σ, and so each T ∈ Fω must have an even number

of components. Let m be the largest even number with m areag(Σ) ≤ ω. Then for each

T ∈ Fω, there exists θ1, . . . , θm ∈ S1 such that

T = Σθ1
+ Σθ2

+ · · ·+ Σθm
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where we are considering Σθi as cycles in Zn(M). This means that the flat continuous map

q : (S1)m → Fω given by q(θ1, . . . , θm) = Σθ1
+ · · ·+ Σθm

is surjective. Note spt(T ) will have fewer than m components when θi = θj for some i 6= j,

and T = 0 whenever θ1 = θi for all i. By identifying the fibers of this map, we get a

continuous bijection (and hence a homeomorphism by compactness)

f : TPm(S1)→ Fω by f [(θ1, . . . , θm)] = Σθ1
+ · · ·+ Σθm

where TPm(S1) = (S1)m/ ∼ is given the quotient topology by the relation

(θ1, . . . , θm) ∼ (θ′1, . . . , θ
′
m) iff Σθ1

+ · · ·+ Σθm = Σθ′1
+ · · ·+ Σθ′m .

The space TPm(S1) is known as the m-th truncated symmetric product of S1 and is home-

omorphic to RPm by [Mo, Theroem 2]. Therefore, Fω ∼= RPm.

Lemma 3.2.2. Suppose Σ generates a partial minimal foliation of (M, g), then the subspace

Kω ⊆ Sω associated to the foliation has two exactly components K0
ω,K1

ω where K0
ω strongly

deformation retracts to 0 ∈ K0
ω and where K1

ω is contractible.

Proof. Suppose Σ generates a partial minimal foliation of (M, g) so that there exists a

diffeomorphism ϕ : Σ × [0, δ] → M onto its image where the slices Σt := ϕ(Σ × {t})

parameterize the partial foliation.

First, note that Σ here must be separating. Otherwise, we can consider the metric

completion N of M \Σ which must be connected and have exactly two boundary components

both isometric to Σ. Moreover, if N is foliated by minimal hypersurfaces, then Σ must

generate a (full) foliation of M by Lemma 2.1.9, which contradicts that this foliation is only

partial.
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Thus, each T ∈ Kω can have either an even or odd number of components. And, in

fact, Kω has exactly two connected components K0
ω, K1

ω consisting of all T ∈ Kω with an

even number and odd number, respectively, of components. Consider the flat continuous

homotopy H : Kω ×[0, 1]→ Kω given by

H(T, s) = Σ(1−s)t1 + · · ·+ Σ(1−s)tm

where T = Σt1 + · · ·+ Σtm . This map gives a strong deformation retract of K0
ω to the point

0 ∈ K0
ω and a strong deformation retract of K1

ω to the point Σ0 ∈ K1
ω.

Proposition 3.2.3. There exist C ′ > 0 such that for all ω > 0, we have

Hm(Sω,Z2) = 0 for all m ≥ C ′ω.

Proof. Let Σ
(1)
F , . . . ,Σ

(nF )
F generate all distinct full minimal foliations, Σ

(1)
P , . . . ,Σ

(nP )
P gen-

erate all distinct partial minimal foliations, and let Σ
(1)
I , . . . ,Σ

(nT )
I be all the isolated stable

minimal hypersurfaces of (M, g) with area less than or equal to ω. Note there are indeed

only finitely many such hypersurfaces by Lemma 3.1.5.

Given Σ
(i)
F which generates a full minimal foliation, let F (i)

ω denote the associated space

of cycles. Similarly, given Σ
(j)
P which generates a partial minimal foliation, let K(j)

ω denote

the associated space of cycles. Then

Sω =

nF∨
i=1

F (i)
ω ∨

nP∨
j=1

K(j),0
ω

 t nP⊔
j=1

K(j),1
ω t

nI⊔
k=1

{Σ(k)
I }

where the wedge sums are all taken at 0 ∈ Zn(M). Since each K(j),0
ω strongly deformation

retracts to 0 and each K(j),1
ω is contractible by Lemma 3.2.2, we can construct a deformation
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retraction of Sω onto the subspace

nF∨
i=1

F (i)
ω t

nP⊔
j=1

{Σ(j)
P } t

nI⊔
k=1

{Σ(k)
I } ⊆ Sω .

Now recall that each F (i)
ω is homeomorphic to RPmi where mi is the largest even number

less than or equal to ω/ areag(Σ
(i)
F ) by Lemma 3.2.1. Thus, for all m ≥ 1,

Hm(Sω;Z2) = Hm(

nF∨
i=1

F (i)
ω ;Z2) =

nF∏
i=1

Hm(F (i)
ω ;Z2) =

nF∏
i=1

Hm(RPmi ;Z2).

Finally, by the monotonicity formula, there exists C ′ > 0 such that 1/C ′ < areag(Σ)

for all minimal hypersurfaces in (M, g). Note C ′ is defined independent of ω and that

mi < C ′ω for all i = 1, . . . , nF . Therefore, Hm(Sω;Z2) = 0 for all m ≥ C ′ω because then

Hm(RPmi ;Z2) = 0 for each i.

3.3 Lusternik–Schnirelmann theory

Let ΛSω denote the subspace of varifolds V ∈ Vn(M) with ‖V ‖(M) ≤ ω and where spt(V )

is a stable minimal hypersurface. Again, V ∈ ΛSω may have multiple connected components

where each component comes with some positive integer multiplicity.

The following lemma follows from the results proven by Aiex in [Ai] which extend the

arguments used in [MN1]. It says that a map which stays near stable minimal hypersurfaces

cannot be a m-sweepout for m large enough because we have control on the topology of the

space of stable minimal hypersurfaces.

Lemma 3.3.1. For every ω > 0, there exists ε > 0 with the following property:

If Y is a cubical subcomplex and Ψ : Y → ZF
n (M) is a map such that

F(|Ψ(y)|,ΛSω) < ε for all y ∈ Y,
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then Ψ is not an m-sweepout for m ≥ C ′ω where C ′ given by Proposition 3.2.3.

Proof. By inspection, note that we can still apply Lemma 2 and Proposition 2 from [Ai] to

the subspace Sω ⊂ Zn(M) so that

N1-catZn
(Sω) ≤ cat(Sω) ≤ dim(Sω) ≤ m

for m ≥ C ′ω by Lemma 3.2.3 where N1-catZn
is a form of a relative Lusternik-Schnirelmann

Category as defined in Section 3 of [Ai], cat(Sω) denotes the ordinary Lusternik-Schnirelmann

Category, and dim(Sω) denotes the cohomological dimension. Finally, since Sω ⊂ Zn(M) is

closed with N1-catZn
(Sω) ≤ m, the desired result follows from Lemmas 3 and 4 in [Ai].

Proposition 3.3.2. There exists C > 0 such that for each p ∈ N, either

1. there exists a connected unstable minimal hypersurface Σ ⊂ (M, g) with

areag(Σ) ≥ ωp(M, g),

2. or for all m ≥ Cp
1

n+1 , we have that

ωp−m(M, g) < ωp(M, g).

Proof. Let C ′ be given in Proposition 3.2.3 and Lemma 3.3.1, and pick C > 0 such that

C ′ωp(M, g) ≤ Cp
1

n+1 . Now assume that the second case above does not happen for this

choice of C, that is, there exists an m ≥ Cp
1

n+1 such that

ωp−m(M, g) = ωp(M, g).

We will consider two separate cases.
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Case 1: Suppose there exists a homotopy class Π of p-sweepouts with

L(Π) = ωp(M, g).

Thus, there exist a cubical subcomplex X along with a min-max sequence of flat homotopic

p-sweepouts Φi : X → ZF
n (M) such that

L({Φi}) = L(Π) = ωp(M, g).

Moreover, can assume that the sequence is pull-tight by [MN3, Section 2.8], that is, so that

every V ∈ C({Φi}) is stationary. Choose ε > 0 as in Lemma 3.3.1 for ω = ωp(M, g). Let Yi

be the cubical subcomplex consisting of all cells α in X with

F(|Φi(x)|,ΛSω) < ε for all x ∈ α,

and consider the cubical subcomplex Zi := X \ Yi. Note that F(|Φi(x)|,ΛSω) ≥ ε/2 for all

x ∈ Zi. By the choice of ε and C, the maps Φi|Yi are not m-sweepouts for all m ≥ Cp
1

n+1

by Lemma 3.3.1. Therefore, by the Vanishing Lemma, the maps Φi|Zi
must be (p − m)-

sweepouts. In particular, L({Φi|Zi
}) ≥ ωp−m(M, g). Moreover, we must have equality

L({Φi|Zi
}) = ωp−m(M, g) because

L({Φi|Zi
}) ≤ L({Φi}) = ωp(M, g) = ωp−m(M, g).

Since the sequence Φi is pull-tight, every V ∈ C({Φi|Zi
}) is stationary as well. Fur-

thermore, note if there were no V ∈ C({Φi|Zi
}) such that spt(V ) is a smooth embedded

minimal hypersurface, then by the regularity theory of Pitts [Pi], no V ∈ C({Φi|Zi
}) is

almost minimizing in annuli. However, Pitts’ combinatorial argument1 (see [Ai, Theroem

1. It is important that all Zi here are cubical subcomplexes of X ⊂ Im where m is fixed.
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5]) would allow us to find a sequence of (p−m)-sweepouts Ψi : Z ′i → Z
F
n (M) such that

L({Ψi}) < L({Φi|Zi
}) = ωp−m(M, g)

which contradicts the definition of the (p−m)-width.

Therefore, there must exist a V ∈ C({Φi|Zi
}) such that

‖V ‖(M) = L({Φi|Zi
}) = ωp(M, g)

and where spt(V ) is a smooth embedded minimal hypersurface. However, by construction,

V 6∈ ΛSω . Thus, Γ := spt(V ) must be unstable, and hence, Γ is connected by Lemma 3.1.3

and has areag(Γ) = ωp(M, g).

Case 2: Now, suppose for every homotopy class Π of p-sweepouts, we have

ωp(M, g) < L(Π).

In particular, we can find homotopy classes Πi of p-sweepouts such that

ωp(M, g) < · · · < L(Πi) < · · · < L(Π2) < L(Π1) ≤ ωp(M, g) + 1.

Note each L(Πi) = mi areag(Γi) for some minimal hypersurfaces Γi where mi = 1 if Γi is

unstable. Note that some Γi must be unstable because there would be infinitely many distinct

areas of stable minimal hypersurfaces of bounded area which violates Lemma 3.1.6. So take

Γ = Γi unstable so that m1 = 1. Therefore, we have areag(Γ) = L(Πi) > ωp(M, g).

Theorem 3.3.3. If (M, g) is weakly Frankel, then there exists connected minimal hypersur-

faces of arbitrarily large area.

Proof. Assume the area of unstable minimal hypersurfaces in (M, g) is bounded. Take C > 0
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from Proposition 3.3.2 and pick p0 ∈ N such that ωp0(M, g) is strictly larger than the area

of any unstable minimal hypersurface so that (1) does not happen in Proposition 3.3.2 for p

large. Then for all p ≥ p0, we have

ωp−m0(M, g) < ωp(M, g)

where m0 = dCp
1

n+1 e. Note that this implies that

ωp−`m0
(M, g) < · · · < ωp−2m0

(M, g) < ωp−m0(M, g) < ωp(M, g)

where ` = b(p−p0)/m0c. Moreover, by the choice of m0, there exists q0 ≥ p0 and 0 < C ′ < C

such that ` ≥ C ′p
n

n+1 for all p. Therefore, for all p ≥ q0,

#{ωk(M, g) : p0 ≤ k ≤ p} ≥ ` ≥ C ′p
n

n+1 .

Now, we will show that this forces the area of stable minimal hypersurfaces to be un-

bounded. Otherwise, then by Lemma 3.1.6, there are only finitely many possible stable areas

{α1, . . . , αN}. By the choice of p0, we know that each width with p ≥ p0 is of the form

ωp(M, g) = m areag(Σ) for some m ∈ N and some stable minimal hypersurface Σ by Lemma

3.1.3. However, this implies

#{ωk(M, g) : p0 ≤ k ≤ p} ≤ #{mαi : m ∈ N, 1 ≤ i ≤ N,mαi ≤ ωp(M, g)}.

Let α = mini αi so that if mαi ≤ ωp(M, g), then m ≤ ωp(M,g)
α ≤ C

α p
1

n+1 . Thus,

#{mαi : m ∈ N, 1 ≤ i ≤ N,mαi ≤ ωp(M, g)} ≤ C ′′p
1

n+1

where C ′′ = CN
α . But this gives a contradiction.
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CHAPTER 4

WEAK CORE MANIFOLDS

Song resolved Yau’s conjecture by proving in [So1] that for any (Mn+1, g) with 3 ≤ n+1 ≤ 7,

there exists infinitely many distinct minimal hypersurfaces. Song did so by building upon

the work of Marques-Neves [MN1] in the Frankel case.

His idea is that if (M, g) not Frankel and only has finitely many stable minimal hyper-

surfaces, then we can cut M along some contracting minimal hypersurfaces to construct a

compact manifold U with contracting boundary which satisfies the Frankel property for min-

imal hypersurfaces in int(U). He then introduced a novel min-max theory which generates

minimal hypersurfaces in int(U) by essentially doing min-max on a non-compact manifold

formed by gluing cylindrical ends to U .

Although the widths ω̃p in Song’s min-max theory grow linearly (instead of sublinearly),

by the nature of his construction, Song was able to say more delicate information about the

growth of these widths which allows him to find infinitely many minimal hypersurfaces.

In this section we adapt Song’s ideas, but using our more general notion of weak cores.

Many Song’s results carry over to this case without much more work.

4.1 Song’s constrained minmax theory

First, we will briefly overview Song’s min-max theory introduced in [So1]. Let (U, g) be

compact with nonempty minimal contracting boundary. Consider the complete non-compact

cylindrical extension

C(U) = U ∪ (∂U × [0,∞))

where we identify the boundaries ∂U ⊂ U and ∂U ×{0} ⊂ ∂U × [0,∞) to each other in the

obvious way. Give (C(U), h) the metric g on U and the product metric on ∂U × [0,∞). Note

that C(U) may not be smooth where we glued at.
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Let K1 ⊂ K2 ⊂ · · · be an exhaustion of C(U) by compact regions with smooth boundary.

We can consider the corresponding ordinary min-max widths1 to define

ω̃p(U, g) := ωp(C(U), h) := lim
i→∞

ωp(Ki, h)

which Song shows is independent of the choice of exhaustion. Although we are considering

sweepouts of the complete non-compact space C(U), Song shows that we realize the widths

by minimal hypersurfaces with support in int(U) ⊂ C(U). Since the time Song gave his

proof, the multiplicity-one conjecture has been settled in [Zh] and [SWZ] which gives the

following result.

Proposition 4.1.1 ([So1] Theorem 9, [SWZ] Theorem 1.1). Let (U, g) be compact with

nonempty minimal contracting boundary, and let p ∈ N be fixed. Then there exist a collection

of disjoint connected minimal hypersurfaces Γ1, . . . ,ΓN ⊂ int(U) along with positive integer

multiplicities m1, . . . ,mN such that

ω̃p(U, g) =
N∑
i=1

mi areag(Γi) and
N∑
i=1

indexg(Γi) ≤ p

where mi = 1 whenever the component Γi is unstable.

Proof. The proof is the same as [So1, Theorem 9], except at the time of Song’s proof, the

index bounds and multiplicity-one result in [SWZ, Theorem 1.1] were not available.

4.2 Volume spectrum of a weak core

We need to generalize the notion of Song’s cores.

1. Although Ki has boundary, we can still define the widths ωp(Ki, h) and by the min-max theory of
Li-Zhou [LZ] (see also [SWZ]), we can find minimal hypersurfaces realizing the widths. However, these may
have boundary which touches the boundary of Ki.
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Definition 4.2.1. We say a compact manifold (U, g) with nonempty minimal contracting

boundary is a weak core if there exist no minimal hypersurfaces contained in int(U) which

are contracting on a side.

Figure 4.1: Unlike Song’s notion of a core, these weak core can have disjoint minimal hyper-
surfaces, but they must be connected by a minimal foliation.

Corollary 4.2.2. Let (U, g) be a weak core. For p ∈ N, there exists a connected minimal

hypersurface Γp in the interior of U and an positive integer mp such that

ω̃p(U, g) = mp areag(Γp) and indexg(Γp) ≤ p

where mp = 1 whenever Γp is unstable.

Proof. Fix p ∈ N. By Proposition 4.1.1, there exist disjoint connected minimal hypersurfaces

Γ1, . . . ,ΓN ⊂ int(U) with positive integers m1, . . . ,mN such that

ω̃p(U, g) =
N∑
i=1

mi areag(Γi).

Since (U, g) is a weak core and Γ1, . . . ,ΓN are disjoint, we must have that

areag(Γ1) = areag(Γ2) = · · · = areag(ΓN ).
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by Remark 3.1.4. Now, let Γ = Γ1 and m = m1 + · · ·+mN so that

ω̃p(U, g) =
N∑
i=1

mi areag(Γi) = m areag(Γ).

Finally, note if m > 1, then either N > 1 or m1 > 1. In the first case, Γ is stable by Remark

3.1.4, while Γ = Γ1 must be stable by Proposition 4.1.1 in the second case.

The largest area boundary component of U plays an important role in Song’s proof. This

lemma is proved exactly like [So1, Lemma 12], but using Lemma 2.1.9.

Lemma 4.2.3 ([So1]). Let (U, g) be a weak core, and let A be the area of the largest connected

component of ∂U . For any minimal hypersurface Γ ⊂ int(U),

areag(Γ) > A.

Theorem 4.2.4. If (U, g) is a weak core, then there exist connected minimal hypersurfaces

in U of arbitrarily large area.

Proof. Assume that the area of stable minimal hypersurfaces in (U, g) is uniformly bounded.

Let A denote the area of the largest component of ∂U . Then by [So1, Thereom 8], there

exists some constant B (which is independent of p) such that

Ap ≤ ω̃p(U, g) ≤ Ap+Bp
1

n+1 and ω̃p+1(U, g) ≥ ω̃p(U, g) + A

for all p. By Proposition 4.2.2, we can find a connected minimal hypersurface Γp contained

the interior of U along with a positive integer mp such that

ω̃p(U, g) = mp areag(Γp)

where mp = 1 whenever Γp is unstable. Moreover, by Lemma 4.2.3, we have that areag(Γp) >
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A for each p. Consider the set of areas (ignoring multiplicities) which appear in this sequence,

that is, the set

{areag(Γp) : p ∈ N}.

Note this set must be infinite because if not, then by [So1, Lemma 13], there would exist an

ε > 0 such that for all p large enough,

ω̃p(U, g) > (A+ ε)p

which contradicts the growth of the widths. Recall there are only finitely many distinct

areas of stable minimal hypersurfaces in (U, g) by Lemma 3.1.6 and our assumed stable area

bound. Therefore, we can find an increasing sequence pk such that each Γpk is unstable so

that mpk = 1, and thus,

Apk ≤ ω̃pk(U, g) = areag(Γpk)

for all k. And so, areag(Γpk)→∞ as k →∞.
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CHAPTER 5

CORELESS MANIFOLDS

In this section, we will assume that (M, g) is not weakly Frankel, does not contain a weak

core, and has a uniform area bound for connected stable minimal hypersurfaces. We say

that such a manifold is coreless. Note if (M, g) were not coreless, then we can find minimal

hypersurfaces of arbitrarily large area by Sections 3 and 4.

The following lemma is proven just like [So1, Lemma 11], but using Lemma 2.1.9.

Lemma 5.0.1 ([So1, Lemma 11]). Let (N, g) be compact manifold with (possibly empty)

contracting minimal boundary, and let Γ ⊂ int(N) be a minimal hypersurface which is con-

tracting on a side. We can cut N along Γ (and possibly finitely many other minimal hy-

persurfaces) to obtain a compact manifold (N ′, g) with contracting minimal boundary which

contains a component Σ ⊆ ∂N ′ which is isometric to Γ.

Definition 5.0.2. We say that U is a Song region of (M, g) if (U, g) is a compact manifold

with nonempty contracting boundary formed by cutting M along some collection of disjoint

(stable) minimal hypersurfaces Σ1, . . . ,ΣN , that is, we consider some connected component

of the metric completion of M \ (Σ1 ∪ · · · ∪ ΣN ).

5.1 Accumulating minimal hypersurfaces

Like in Section 3.1, we define

MS(U) = {Σ ⊂ int(U) : Σ connected stable minimal hypersurface in (U, g)}

for Song regions U of (M, g). Since we are assuming a uniform area bound for stable minimal

hypersurfaces, this space is strongly compact in the smooth topology [ScSi] (see also [Sh]).

We will be interested in various subspaces coming from different Song regions.
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Observe our assumption that no Song region U of (M, g) is a weak core implies

MC(U) = {Σ ∈MS(U) : Σ is contracting on a side}.

is always nonempty. Note that we can considerMC(U) as a subspace of the compact space

MS(M) of all connected stable minimal hypersurfaces in (M, g). However, note that this

subspace is not closed. In fact, if we denote

MA(U) = {Σ ∈MS(U) : Σ is accumulating on a side},

then we have that MA(U) is precisely the limit points of MC(U) so that the closure

MC
(U) =MC(U) ∪MA(U).

By iteratively applying Lemma 5.0.1, we can see thatMA(U) must always be nonempty

as well. In fact, we will look at the largest area minimal hypersurface inMA(U), and either,

it will be very pathological, or it will have a nice enough local structure will allow us to find

large minimal hypersurfaces.

Lemma 5.1.1. Let U be a Song region of a coreless (M, g). There exists a minimal hyper-

surface Γ ⊂ int(U) that is accumulating on a side and not contracting on the other side.

Proof. Since M has no weak core, the set MC(U) is nonempty. By compactness of stable

minimal hypersurfaces, we can find Γ in the closure of MC(U) such that

areag(Γ) = sup{areag(Σ) : Σ ∈MC(U)}.

Note since Γ is in the closure of MC(U), it suffices to show that Γ is not contracting on a

side because then Γ must be a limit point ofMC(U) and hence also accumulating on a side.
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So suppose otherwise that Γ is contracting on a side. Let W0 be the connected component

of the metric completion of U \ Γ which has a contracting boundary component Σ isomet-

ric to Γ given by Lemma 2.1.9. We will inductively cut W0 along finitely many minimal

hypersurfaces to find weak core W = WN which would give a contradiction.

Given Wi containing this same boundary component Σ. By compactness, there is a stable

minimal hypersurface Σi ∈M
C

(Wi) such that

dH(Σ,Σi) = inf{dH(Σ,Σ′) : Σ′ ∈MC(Wi)}

where dH denotes Hausdorff distance in Wi. Note that this minimizer Σi has a positive

distance from Σ by the maximum principle applied to the contracting neighborhood of Σ.

Now, we form Wi+1 by cutting Wi along Σi and picking the connected component containing

Σ as a boundary component.

We will now see that the above process must eventually terminate. Otherwise, we obtain a

sequence of disjoint stable Σi ∈M
C

(Wi) ⊆M
C

(W0). By compactness, there is a smoothly

and graphically convergent subsequence. Therefore, we can find N0 < N1 < N2 and closed

cylindrical regions R0 and R1 such that

∂R0 = ΣN0
∪ ΣN1

, ∂R1 = ΣN1
∪ ΣN2

, R0 ∩R1 = ΣN1
.

Observe thatWN1
contains a boundary component isometric to ΣN0

which has the cylindrical

neighborhood R0 ∪R1 contained in WN1
. Since the R0 part touches a boundary component

not equal to Σ, then ΣN2
must strictly closer than ΣN1

to Σ inside WN1
. However, this

would contradict our choice of ΣN1
.

Therefore, this inductive procedure must give a compact region W = WN such that

MC(W ) is empty. Finally, to show that W is weak core—in order to reach a contradiction

to our assumption that Γ is contracting on a side—we just need to show that the other
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components of ∂W are also contracting.

So consider any other boundary component Σ′ ⊆ ∂W \ Σ. Note that

areag(Σ
′) ≤ areag(Γ) = areag(Σ) ≤ areag(W \ Σ′)

by the choice of Γ. By the construction of W , there are no contracting minimal hypersurfaces

in int(W ) and W is not foliated by minimal hypersurface (because Σ ⊆ ∂W is contracting).

Therefore, we reach a contradiction by Lemma 2.1.9.

5.2 Monotonic saddle minimal hypersurfaces

As mentioned, minimal hypersurfaces found by Lemma 5.1.1 may have a nice enough struc-

ture.

Definition 5.2.1. We say a minimal hypersurface Γ ⊂ (M, g) is a monotonic saddle if there

exists a foliation Γt := ϕ(Γ× {t}) given by ϕ : Γ× [−δ, δ]→M such that

• ϕ is a diffeomorphism onto its image with Γ0 = Γ,

• Γt either is minimal or has entirely non-vanishing mean curvature for all t,

• Γ−δ and Γδ have entirely non-vanishing mean curvature, and

• areag(Γt) is nondecreasing for t ∈ [−δ, 0] and is nonincreasing for t ∈ [0, δ].

We will show that if (M, g) has a monotonic saddle which is accumulating on a side, then

we can find a Song region which looks like a weak core after small conformal perturbations.

Proposition 5.2.2. If (M, g) has a monotonic saddle minimal hypersurface Γ which is

accumulating on a side, then M has minimal hypersurfaces of arbitrarily large area.
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Figure 5.1: This is a model of a monotonic saddle minimal hypersurface. There are infinitely
many minimal hypersurfaces approaching the center one. However, after a small conformal
perturbation, this metric becomes a weak core.

Proof. If Γ is a monotonic saddle, then there exists a foliation Γt as described in Definition

5.2.1. Moreover, if Γ is accumulating on a side, we can also assume that there exist arbitrarily

small s ∈ (−δ, 0) such that Γs is minimal and contracting inside φ(Γ× [s, 0]).

Following [So2, Section 3.2]1, we can run level set flow on φ(Γ× [−δ, δ]) to find a compact

region W containing φ(Γ× [−δ, δ]) where ∂W is (possibly empty) minimal and contracting.

Note, by the maximum principle, the only minimal hypersurfaces disjoint from Γ inside

int(W ) are of the form Γt for some t ∈ (−δ, δ).

First, we will show that there exists a t0 ∈ [−δ, 0) such that any stable minimal hyper-

surface Σ which intersects Γ must then also intersect Γt0 . Otherwise, we can find a sequence

of stable minimal hypersurfaces Σk intersecting Γ but disjoint from Γtk for some negative

sequence tk → 0. This implies that Σk converges to Γ by the maximum principle. However,

since Σk intersects Γ for all k, we can construct a Jacobi field for Γ that changes sign which

contradicts the fact that Γ is stable.

So let U be the connected component containing Γ of the metric completion of W \ Γs0

1. In [So2], Song works with manifolds which are thick-at-infinity, but such manifolds include the class of
compact manifolds with minimal boundary.
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where s0 ∈ (t0, 0) such that Γs0 is minimal and contracting inside φ(Γ × [s0, 0]). Note

U is a compact region with nonempty minimal contracting boundary. Furthermore, by

construction, U contains no stable minimal hypersurfaces which intersect Γ. This implies—

by a standard area minimization argument—that any two minimal hypersurfaces in U which

intersect Γ must also intersect each other.

Now although this (U, g) is not a weak core, we will see that from the point of view of

min-max, can think of it as being so. By [So2, Lemma 23], we can find a sequence of metrics

h(i) converging smoothly to g such that with respect to h(i),

• g ≡ h(i) on U \ φ(Γ× [s0, δ]),

• ∂U is still minimal and contracting,

• Γ = Γ0 is an unstable minimal hypersurface, and

• Γt has nonzero mean curvature pointing away from Γ for t ∈ (s0, 0) ∪ (0, δ).

The maximum principle implies that for all i, any minimal hypersurface in (int(U), h(i))

must intersect Γ. So by Proposition 4.1.1, for each p and i, we can find a h(i)-stationary

integral varifold V
(i)
p contained in int(U) with

ω̃p(U, h
(i)) = ‖V (i)

p ‖(U)

and whose support is a smooth minimal hypersurface with index at most p such that if the

multiplicity of any component is more than 1, then that component is stable. For fixed p, by

[Sh, Theorem A.6], after picking a subsequence, V
(i)
p converges to some g-stationary integral

varifold Vp with smooth minimal support and

‖Vp‖(U) = lim
i→∞

‖V (i)
p ‖(U) = lim

i→∞
ω̃p(U, h

(i)) = ω̃p(U, g)
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because the widths vary continuously in the metric. Since each component of V
(i)
p intersects

Γ, then so does each component of Vp which implies that the support of Vp is connected.

Moreover, Vp must either be an integer multiple mp of Γ or is unstable and hence has

multiplicity mp = 1 by [Sh, Theorem A.6]. Therefore, there must be minimal hypersurfaces

of arbitrarily large area by the same argument in Theorem 4.2.4.

5.3 Pathological case

As mentioned, the minimal hypersurfaces found by Lemma 5.1.1 may be very pathological

in the following sense.

Definition 5.3.1. We say a minimal hypersurface Γ ⊂ (M, g) is non-monotonic if there

does not exist foliation Γt := ϕ(Γ × {t}) given by a diffeomorphism ϕ : Γ × [−δ, δ] onto its

image with Γ0 = Γ such that areag(Γt) is weakly monotonic on each [−δ, 0] and [0, δ].

Note that non-monotonic minimal hypersurfaces are necessarily accumulating on a side.

Note such minimal hypersurfaces can possibly exist. See Appendix B for an example. So

given a Song region U , consider

MN (U) = {Σ ∈MA(U) : Σ is non-monotonic},

and let MN be the set of all non-monotonic minimal hypersurfaces in (M, g).

Proposition 5.3.2. Let (M, g) be coreless with no monotonic saddle minimal hypersurfaces.

The space MN of non-monotonic minimal hypersurfaces is homeomorphic to a Cantor set.

Proof. First, we will show that MN is nonempty. In fact, we will show that MN (U) is

non-empty for all Song regions U . Consider a minimal hypersurface Γ given by Lemma

5.1.1 so that Γ is accumulating on a side but not contracting on the other. If Γ is not

non-monotonic, then must have a minimal foliation on a side. So if we consider the longest
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minimal foliation Γt for t ∈ [0, ε] generated by Γ, then Γε must be non-monotonic, or else Γ

would be a monotone saddle minimal hypersurface. Thus, MN (U) is nonempty.

We will now show that MN is a perfect set. Let Γ ∈ MN . Then there exists φ :

Γ × [0, δ] → M onto a closed halved tubular neighborhood ϕ(Γ × [0, δ]) where Γ0 = Γ and

there exists sequences 0 < sk < tk with tk → 0 such that Uk = ϕ(Γ × [sk, tk]) is a Song

region. By the above, there exists Γk ∈ MN (U) ⊆ MN . Since sk, tk → 0, we must have

that Γk converges to Γ by the maximum principle.

Finally, note thatMN is a metric space (from the flat metric) and is totally disconnected.

Therefore, by Brouwer’s characterization [Br], MN is homeomorphic to a Cantor set.

Proof of Theorem 1.2. Let (Mn+1, g) be an arbitrary closed Riemannian manifold with 3 ≤

n + 1 ≤ 7. In the case, where (M, g) is weakly Frankel, we can find connected minimal

hypersurfaces with arbitrarily large area by Theorem 3.3.3.

If (M, g) is not weakly Frankel, the by Lemma 5.0.1, we can find Song regions U of

(M, g). If one of these Song regions is a weak core, then we can find connected minimal

hypersurfaces with arbitrarily large area by Theorem 4.2.4.

Finally, assume that (M, g) is not weakly Frankel, does not contain a weak core, and

that the area of stable minimal hypersurfaces is uniformly bounded. If (M, g) contains a

monotonic saddle minimal hypersurface, then we can find connected minimal hypersurfaces

with arbitrarily large area by Proposition 5.2.2. Otherwise, by Proposition 5.3.2, we are in

the second case of Theorem 1.2.
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CHAPTER 6

MODIFICATIONS FOR ONE-SIDED HYPERSURFACES

In the previous sections, we assumed that (M, g) contains no one-sided minimal hypersurfaces

for simplicity. However, our results still hold without this assumption. The purpose of this

section is to explain some of the technical modifications needed to handle when (M, g)

possibly contains one-sided minimal hypersurfaces.

So suppose Γ ⊂ (M, g) is a one-sided minimal hypersurface. We say that Γ is contracting

(note there is only one side here) if the two-sided double cover is contracting. Equivalently,

this says that if N is the metric completion of M \ Γ, then N has a boundary component Σ

which is contracting and is isometric to the double cover. Also, note if this double cover of

Γ is merely stable, our Jacobi field arguments used throughout still apply by lifting things

to this double cover.

Finally, note that Zhou [Zh] showed min-max theory does not produce one-sided minimal

hypersurfaces for bumpy metrics. In particular, this implies for a general metric, if a one-

sided component does appear from min-max, then it will have even multiplicity. Moreover,

when the multiplicity is strictly larger than 2, then the double cover must be degenerate

stable.

6.1 Weakly Frankel case

Now we discuss the specific modifications needed in Section 3. The definition for weakly

Frankel remains the same by using the notion of contracting above. Then all the results follow

by considering the double cover whenever working with a one-sided minimal hypersurface.

In particular, we can still define when disjoint minimal hypersurfaces Γ0,Γ1 (each possibly

one-sided) are connected by a minimal foliation by cutting along them and using Lemma

2.1.9. Again, there are three different types of one-sided minimal hypersurfaces Γ ⊂ (M, g):
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1. We say Γ is isolated it has no local minimal foliation.

2. We say Γ generates a partial minimal foliation if it is connected to other hypersurfaces

by minimal foliations where we can parameterize them all as Σt = ϕ(Σ×{t}) for some

ϕ : Σ× [0, 1]→M where ϕ|Σ×(0,1] is a diffeomorphism onto its image where ϕ|Σ×{0}

is a double covering onto Γ.

3. We say Σ generates a (full) minimal foliation if it is connected to other hypersurfaces

by minimal foliations which union to M and where we can parameterize them all as

Σt = ϕ(Σ × {t}) for some ϕ : Σ × [0, 1] → M where ϕ|Σ×(0,1) is a diffeomorphism

onto its image and where both ϕ|Σ×{0} and ϕ|Σ×{1} are double covering maps onto

one-sided minimal hypersurfaces.

We can still consider the cycles defined in Section 3.2 associated to the above:

1. We get the zero cycle in Zn(M) since Γ occurs with even multiplicity.

2. Here the space of cycles Kω is similar as in Lemma 3.2.2, but it will be connected

in this case and strongly deformation retracts to the zero cycle (which represents the

double cover Σ0 of Γ).

3. Here the space of cycles Fω is similar as in Lemma 3.2.1. From the above, we get map

S1 → Zn(M) parametrizing the foliation by considering Σt as cycles and identifying

the double covers Σ0,Σ1 with the zero cycle. Again, by taking products of this map

and quotienting, we obtain a homeomorphism TPm(S1) → Fω where now m is the

largest integer with 2m ≤ ω/ areag(Γ). Thus, Fω ∼= RPm.

In particular, we still can describe the topology of the space of all stable cycles Sω ⊂ Zn(M)

to show that Hm(Sω,Z2) = 0 for m ≥ C ′ω. Then the rest of the arguments follow directly.

56



6.2 Weak core case

As before, the one-sided components which appear from Song’s min-max occur with even

multiplicity, and all our Jacobi field arguments used still apply by lifting things to double

covers if necessary. Although, all the results we use from [So1] are stated for two-sided

hypersurfaces, in [So1], Song handles the one-sided cases (with appropriate modifications).

So everything still follows in this case.

6.3 Coreless case

Again, we can still define when a one-sided minimal hypersurface Γ ⊂ (M, g) is accumulating

or non-monotonic, by considering the two-sided double cover (or equivalently, by cutting M

along Γ and considering the metric completion). Also, there is no issue in defining one-sided

monotonic saddles.
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CHAPTER 7

APPLICATIONS

7.1 Analytic manifolds

 Lojasiewicz-Simon inequality is a powerful tool to study the local behavior of a critical point

of an analytic elliptic integrand functional, see [Si1]. In the special case that the analytic

functional is chosen to be the area functional in an analytic manifold, the result implies that:

Theorem 7.1.1 ( Lojasiewicz-Simon inequality [Si1]). Suppose (M, g) is an analytic manifold

and Σ is a minimal hypersurface. If a sequence of minimal hypersurfaces {Σi} converges to

Σ smoothly, then when i is sufficiently large, area(Σi) = area(Σ).

However, we only need to know this for stable minimal hypersurfaces, so we give an

explicit proof this fact in Corollary A.2 using the implicit function theorem. In particular,

we show if Σ is a non-isolated stable minimal hypersurface, then Σ must locally be a minimal

foliation on both sides1, As a consequence, we have that:

Corollary 7.1.2. In an analytic metric, there exist no minimal hypersurfaces which are

accumulating on a side.

Note the same holds for bumpy metrics simply because accumulating minimal hypersur-

faces are degenerate. However, unlike bumpy metrics, analytic metrics can (and often will)

have minimal foliations. Such foliations can complicate the space of minimal hypersurfaces,

but as shown in Section 3, we can control such things.

Proof of Theorem 1.1. Let (Mn+1, g) with 3 ≤ n + 1 ≤ 7 have an analytic metric. Note

that in Section 5, we showed if a manifold is not weakly Frankel, has no weak core, and

has a uniform area bound for stable minimal hypersurfaces, then there must exist some

1. In fact, compactness and the maximum principle tell us that this local foliation extends to a (full)
minimal foliation of (M, g).
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accumulating minimal hypersurface (for example, see Lemma 5.1.1). But by Corollary A.2,

there exist no accumulating minimal hypersurfaces in analytic metrics.

Therefore, either (M, g) must either have stable minimal hypersurfaces of arbitrarily large

area, be weakly Frankel, or has a weak core. In the later cases, we can find arbitrarily large

minimal hypersurfaces by Theorem 3.3.3 and Theorem 4.2.4.

7.2 Positive scalar curvature 3-manifolds

In a 3-manifold with positive scalar curvature, the area of a minimal surface is controlled

by the index. This is a consequence of the following theorem proved by Chodosh-Ketover-

Maximo:

Theorem 7.2.1 ([CKM] Theorem 1.3). Suppose (M3, g) is a closed 3-manifold with positive

scalar curvature. For any I ∈ N, there exist A0 = A0(M, g, I) > 0 such that if Σ is a closed

embedded minimal surface in (M, g), then

area(Σ) ≤ A0 whenever indexg(Σ) ≤ I.

From this, we obtain the following result.

Proposition 7.2.2. If (M3, g) has positive scalar curvature and is analytic, there exist

connected minimal surfaces of arbitrarily large area and index.

Proof. Suppose (M3, g) is analytic with positive scalar curvature. Since the metric is ana-

lytic, we can find minimal surfaces of arbitrarily large area by Theorem 1.1. Therefore, the

result follows from [CKM, Theorem 1.3].

Moreover, from our methods along with some facts about minimal foliations proved in

the next Section 7.3 give the following results.
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Proposition 7.2.3. If (M3, g) has positive scalar curvature and is foliated by minimal sur-

faces, there exist connected minimal surfaces of arbitrarily large area and index.

Proof. Suppose (M3, g) has positive scalar curvature and admits a foliation by closed em-

bedded minimal surfaces. We will show that (M, g) must be weakly Frankel. Note that

Lemma 7.3.1 shows that any minimal surface is either a leaf in some minimal foliation, or

intersects each leaf of every minimal foliation. Because the manifold (M, g) has positive

scalar curvature, a classical result of Schoen-Yau [SY1] shows that any stable minimal sur-

faces must be topologically either a sphere or real protective plane (in particular, has finite

fundamental group). Thus, the second part of Lemma 7.3.1 shows that any stable minimal

surface in (M, g) must be a leaf of a foliation. Therefore, (M3, g) must be weakly Frankel,

and hence has minimal hypersurfaces of arbitrarily large area by Theorem 3.3.3.

Corollary 7.2.4. If S2 × S1 has the product metric where (S2, g) has positive curvature,

then there exist connected minimal surfaces of arbitrarily large area and genus.

7.3 Foliations by minimal hypersurfaces

A special case of a weakly Frankel manifold when the whole manifold is foliated by closed

embedded minimal hypersurfaces. In general, even without the weakly Frankel property, the

minimal hypersurfaces satisfy some nice properties.

Note here the foliation is given in the sense of Lemma 2.1.9: if we cut a manifold (M, g)

along a minimal hypersurface Σ to get a manifold with boundary (N, g), then there is a

diffeomorphism ϕ : Σ × [0, 1] → N such that ϕ(Σ × {t}) is a minimal hypersurface for all

t ∈ [0, 1]. In particular, this allows one to construct a fiber bundle π : M → S1 where the

fibers π−1({θ}) = Σθ parameterize this foliation.

Lemma 7.3.1. Suppose (M, g) is foliated by closed embedded minimal hypersurfaces. Then

any minimal hypersurface Γ must either be a leaf of some foliation or intersects every leaf
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of any minimal foliation. Moreover, when Γ is not a leaf of some foliation, the fundamental

group of Γ is infinite.

Proof. Fix a foliation of (M, g) by viewing M as a fiber bundle π : M → S1 where the

fibers π−1({θ}) = Σθ are connected minimal hypersurfaces parameterizing the foliation. By

unraveling the base circle, there exists a Riemannian cover p : Σ × R → M where each

slice Σ× {t} is closed minimal hypersurface which projects isometrically to some Σθ in our

foliation.

Suppose Γ is a minimal hypersurface in (M, g) which does not intersect every leaf Σθ in

the foliation. Then any loop contained in Γ can be homotoped inside M to a loop contained

in some fixed slice Σθ0
. By the lifting criterion, we can lift to obtain a minimal hypersurface

Γ̂ ⊂ Σ×R which projects isometrically to Γ. Since Γ̂ is compact, it must touch some minimal

leaf Σ × {t} ⊂ Σ × R from one side. Therefore, by the maximum principle, Γ̂ must equal

some slice Σ× {t}, and hence, Γ must equal some leaf Σθ.

Finally, suppose Γ is a minimal hypersurface which is not equal to some leaf of the

foliation. We can lift the universal cover Γ̃ of Γ to get a minimal immersion Γ̃ → Σ × R.

But if π1(Γ) were finite, then Γ̃ is also compact which would again give contradiction by the

maximum principle.

Remark 7.3.2. The second part of the lemma can be made stronger. For instance, if Γ

is a minimal hypersurface which is not equal to some leaf of the foliation, one can show

π∗i∗(π1(Γ)) ⊆ π1(S1) must be infinite where i : Γ→M is the inclusion.
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APPENDIX A

NICE NEIGHBORHOOD LEMMA

Here we prove two lemmas used in Lemma 2.1.8 and Corollary 7.1.2.

Lemma A.1. Let Γ be a closed two-sided minimal hypersurface in (M, g). There exists a

foliation {Γt}t∈[−δ,δ] of some tubular neighborhood N such that Γ0 = Γ and where for each

fixed t ∈ [−δ, δ], the mean curvature of Γt is either identically zero, positive everywhere, or

negative everywhere. Moreover, the foliation is parameterized by a diffeomorphism

Γt = ϕ(Γ× {t}) where ϕ : Γ× [−δ, δ]→ N

such that ϕ(x, 0) = x for all x ∈ Γ.

Proof. For φ ∈ C∞(Γ), consider the smooth hypersurfaces given by

Γφ = {expx(φ(x)ν(x)) : x ∈ Γ}.

Pick a neighborhood U around 0 ∈ C∞(Γ) such that Γφ is embedded for every φ ∈ U .

Consider the smooth map H : U → C∞(Γ) where H(φ) is the mean curvature of Γφ (pulled

back to be a function on Γ). The differential at 0 ∈ C∞(Γ)

DH0 : C∞(Γ)→ C∞(Γ)

is given by the Jacobi operator of Γ, that is, DH0 = LΓ where

LΓ = −∆− |A|2 − RicM (ν, ν).

Let λ be the least eigenvalue for LΓ. Recall the corresponding eigenspace for λ is spanned
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by a single eigenfunction φ0 which we can assume to be positive (see Lemma 2.1.1). Note

H(tφ0) = H(0) +DH0(tφ0) +O(t2) = tLΓ(φ0) +O(t2) = tλφ0 +O(t2)

by Taylor expansion. Therefore, if λ 6= 0, then for small enough δ > 0,

ϕ : Γ× [−δ, δ]→M given by ϕ(x, t) = expx(tφ0(x)ν(x))

is the desired local foliation. Moreover, we indeed see that when Γ is unstable (equivalent

to λ < 0), this foliation is expanding on both sides. Likewise, when Γ is strictly stable

(equivalent to λ > 0), this foliation is contracting on both sides.

So now, assume that Γ is degenerate stable, that is, λ = 0. Note that we have

K := ker(LΓ) = span(φ0).

Let π : C∞(Γ)→ K⊥ be the projection onto the L2 orthogonal complement K⊥ ⊂ C∞(Γ)

of the kernel, and then consider the map H⊥ : C∞(Γ) → K⊥ given by H⊥ = π ◦ H.

Decompose the domain as C∞(Γ) = K ⊕K⊥, and note for φ ∈ K⊥,

DH⊥(0,0)(0, φ) = Dπ(0,0)(DH(0,0)(0, φ)) = π(LΓ(φ)) = LΓ(φ)

is invertible as map K⊥ → K⊥ by the Fredholm alternative, and the inverse is bounded

(because the spectrum of LΓ is discrete). Therefore, by the implicit function theorem, there

exists an ε > 0 and a neighborhood W ⊂ U around 0 along with a map Φ : (−ε, ε) → K⊥

with Φ′(0) = 0 such that for all φ ∈ W ,

H⊥(φ) = 0 if and only if φ = tφ0 + Φ(t)
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for some t ∈ (−ε, ε). In particular, there exists c : (−ε, ε)→ R such that

H(tφ0 + Φ(t)) = c(t)φ0.

Therefore, for δ > 0 sufficiently small, the map

ϕ : Γ× [−δ, δ]→M given by ϕ(x, t) = expx((tφ0(x) + Φ(t)(x))ν(x))

gives the desired local foliation.

Corollary A.2. If Γ is a two-sided non-isolated stable minimal hypersurface in an analytic

metric (M, g), then the local foliation given by Lemma A.1

Γt = ϕ(Γ× {t}) where ϕ : Γ× [−δ, δ]→ N

is a minimal foliation, that is, Γt is minimal for all t ∈ [−δ, δ].

Proof. Since Γ is assumed to be non-isolated, Γ is degenerate stable, that is, we are in the

case where λ = 0 from the previous proof. In that notation, for all φ ∈ W ,

H(φ) = 0 if and only if φ = tφ0 + Φ(t) and c(t) = 0

for some t ∈ (−δ, δ). Since the metric is analytic, the map H : W → C∞(Γ) is analytic,

and thus, the map c : (−δ, δ) → R is analytic as well. Since Γ is non-isolated, the function

c(t) has an accumulation of zeros. Therefore, c = 0 identically by analyticity, and so, Γt is

minimal for all t ∈ (−δ, δ).
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APPENDIX B

EXAMPLE OF A PATHOLOGICAL MANIFOLD

We give examples of smooth manifolds where the second case happens from Theorem 1.2.

Proposition B.1. For n ≥ 2, let (Σn, g0) be any closed Riemannian manifold. There exists

a smooth metric (Σ×S1, g) such that the spaceMN of non-monotonic minimal hypersurfaces

is homeomorphic to the Cantor set C.

We will construct a warped product metric using a pathological function.

Lemma B.2. There exists a smooth positive periodic function f : R→ R where:

1. each critical point is either non-isolated or a strict local minimum;

2. for each non-isolated critical point p ∈ R, we have that f(x) is not weakly monotone

on at least one side [p− ε, p] or [p, p+ ε] for every ε > 0.

Proof. Recall the standard Cantor set construction where we start with C0 = [0, 1] and

where given Cn−1 which consists of 2n−1 disjoint closed intervals centered at the points

mn,1,mn,2 . . . ,mn,2n−1 , then we form Cn by removing open intervals of length 1/3n centered

about those midpoints. Then the Cantor set C is defined to be the intersection of all Cn.

Let Ψ : R → R be the smooth bump function given by exp(1/(x2 − 1)) on (−1, 1) and

zero elsewhere, and let Ψn,k : R→ R be this map translated and rescaled as

Ψn,k(x) = Ψ(2 · 3n(x−mn,k))

so that Ψn,k is non-zero exactly on the open middle third centered at mn,k. Define

h(x) =
∑
m∈Z

∞∑
n=1

2n−1∑
k=1

cnΨn,k(x−m)
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and pick the coefficients cn to decay quick enough to make the function smooth and satisfy

h(x) < 1. We define f : R → (0,∞) by f(x) = 1 − h(x), and we claim that such an f

satisfies item (2) and (3). Since the function has period 1, it suffices to look just at f on

[0, 1].

To prove item (2), notice that the critical points p ∈ [0, 1] are precisely either in C or

is some middle third midpoint mn,k. Note that p ∈ C must be non-isolated because C is a

perfect set and every point in C is a critical point. And, if p is some midpoint mn,k, then p

is a strict local minimum because mn,k is the strict maximum of Ψn,k.

Next, we prove item (3). From the above, the set C is all of the non-isolated critical

points in [0, 1]. By construction, for all ε > 0, we can find some midpoint such that 0 <

|p−mn,k| < ε. Note that f is not weakly monotone at mn,k Since mn,k is the strict maximum

of Ψn,k.

Proof of Proposition B.1. We consider the smooth warped product metric

g = f(t)2g0 + dt2 on Σ× S1

where we are identifying S1 here as R /Z. Consider the slices Σθ = Σ × {θ}. Note Σθ is a

minimal hypersurface of (Σ× S1, g) if and only if θ ∈ S1 is a critical point of f . Moreover,

the minimal slices Σθ are non-monotonic if and only if θ ∈ S1 is a non-isolated critical point

of f which is given by the Cantor set by Lemma B.2.

Remark B.3. It is not known that whether or not such a metric admits minimal hypersurfaces

with arbitrarily large area.
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[MN1] Marques, Fernando C.; Neves, André. Existence of infinitely many minimal hyper-
surfaces in positive Ricci curvature. Invent. Math. 209 (2017), no. 2, 577–616.
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