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ABSTRACT

The issue of interpretability for machine learning algorithms is vital to the natural sci-
ence community. If the output of machine learning procedure is fully interpretable, natural
scientists can directly brought conclusions from machine learning algorithms applied to their
experimental data. In this thesis, I use Bayesian machine learning techniques to develop two
new variable selection methods and present two new applications to the control of biological
transcription. With respect to these applications, I introduce a class of fully interpretable
Deep Neural Networks (DNN) and a hierarchical Bayesian method for parameter inference.

The two variable selection algorithms make use of Approximate Bayesian Computation
(ABC) for variable selection in the context of Bayesian forests. I proved that the spike-
and-slab forest prior is consistent for model-free variable selection and proposed an ABC
algorithm that efficiently samples from the posterior. I further improve the speed of this
algorithm using Thompson sampling.

In the next part of the thesis, I consider interpretability in the context of biological control
of transcription. I first introduce a fully interpretable DNN that implements a model for
the control of transcription in Drosophila. This DNN has the unusual property that every
layer is full interpretable in a sense that specifically implements a prior. I next consider a

Bayesian method for parameter inference in a model of stochastic burst of transcription.
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CHAPTER 1
INTRODUCTION

1.1 Interpretable learning in natural science

Machine learning is a set of structured methods to obtain information from data. Most
machine learning methods are encoded in the form of an algorithm and the output is a
model that can be used for prediction, inference, simulation, or visualization. Unlike scientific
models, machine learning models make fewer assumptions and derive most of their knowledge
from the data they train from. It is generally believed in machine learning community that
with few restrictions and plentiful data, the model is going to be increasingly predictive and
hence useful.

To the natural science community, machine learning is a good tool. It improves cur-
rent experimental methods by replacing manual interpretation with automated methods
[105, 252] or building better simulation algorithms that direct future experiments [131, 215].
However, one would expect that machine learning, with its astonishing successes in image
recognition, game strategies, and natural language processing, would play a much bigger
role in calculations in the natural sciences. In fact, the use of machine learning to directly
extract scientific insight from experimental data is limited.

This situation is the consequence of a number of obstacles. One intrinsic weakness sur-
rounding machine learning algorithms is that they attempt to harness all the predictive power
from the training data rather than inferring a model from existing scientific principles. In
contrast, models coming from scientific principles often starts off with well known scien-
tific laws or phenomenological analogues and derive the functions using these fundamental
principles. In contrast, with very few restrictions on how the model should be formulated,
many machine learning models instead rely on complex mathematical structure so that they
can fit any training data given to them. How the dependent variables are associated with

independent variable is hidden within a mass of complexity. In fact, the internal structure

1



of machine learning model frequently does not follow existing scientific laws.

For example, Deep Neural Networks (DNNs) are built from layers of functions stacked
together [65]. The output of one layer is fed to the next layer as input with no justification
from independent scientific experiments. In fact, because of the complexity, a human cannot
deduce how the eventual prediction is made from the data. It is difficult, if not impossible
to map the structure of a deep neural network to the structure of domain knowledge except
under very special conditions[147]. The model is therefore not interpretable and the reasons
for its good empirical performance remain an enigma.

Another set of examples are Random Forests and Bayesian Additive Regression Trees
(BART: Bayesian Trees). Both provide some level of interpretability through a measure
of variable importance. This measure gives the relative contribution of each independent
variable to the dependent variable, an obviously interpretable idea. However, variable im-
portance is an ad-hoc measure. In fact, there is no formal mathematical definition of variable
importance and there was a lack of theory on how variable importance will behave with noise
in the data [148, 150] . This is one issue we will address in this thesis.

This thesis addresses the interpretability issue in four chapters tackling this problem
from different perspectives. One common theme is Bayesian Machine Learning, i.e. machine
learning algorithms based on Bayesian principles. Using Bayesian machine learning is ad-
vantageous in the sense that the errors associated with the data are taken into account very
naturally in the form of the posterior distribution. In fact, the uncertainty of the associ-
ated with the parameter estimation is represented directly without the need to invoke the
apparatus of the Delta method and Central Limit Theorem (CLT).

The outcome of Bayesian inference is an distribution of the parameters where one can
make correlation studies, estimation of mean, covariance and even the presence of dependent
variables in the final models. One can argue that the posterior distribution is infinite dimen-
sional and we can ask harder questions of the experimental data. However, such convenience

comes at a cost. With the exception of very ideal cases where one can denote the posterior



distribution in a closed form, one has to sample from the posterior distribution using costly
Monte Carlo techniques. This computational cost will be discussed in detail in chapters 2,
3, and 5.

Below, we will consider these issue one by one: Concept of interpretability (section 1.2),
Bayesian Inference (section 1.3), and gene regulation and transcriptional control (section

1.4)

1.2 Interpretability

Although a precise mathematical definition of interpretability is elusive, most would
agree that an interpretable model can be mapped to a domain where humans can understand
[178]. In fact, one can infer causality relationships between the dependent and independent
variables through the model. For example, Hooke’s law encodes an enormous family of
physical phenomena connected with oscillators.

According to a survey by Lipton [146], interpretability in machine learning can be fur-
ther broken down to Simulatability, Decomposability, and Algorithmic Transparency. Sim-
ulatability is defined as understanding over the entire model, i.e. that is there is a unified
theoretical framework from which we can understand the model [65]. A model is Decom-
posible when it can be understood in terms of its components [65]. For instance, in machine
learning, a tree model is Decomposible and can be seen as a modularized method in which
each node has an explicit utility to judge if a discriminative condition is satisfied or not, each
branch delivers an output of a judgement, and each leaf node represents the final decision
after computing all attributes. Algorithmic Transparency is to understand the training pro-
cess even under noisy data [65]. A generalized linear model is algorithmically transparent
given that it is solving a convex optimization problem with a unique solution. In fact, the
solution is known to converge to the underlying truth when the number of training data
reaches infinity.

This thesis deals with interpretability in two ways: variable selection and parameter
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estimation. Variable selection consists of determining if a independent variable has any
relationship with the dependent variable without making any assumption on how to represent
this relationship mathematically. The goal of the variable selection algorithm is to select a
subset of independent variables for future studies. One can see variable selection as a coarse
solution to the problem of Simulatability. Parameter estimation happens when the model
is Simulatable and Decomposable. i.e. it is where one can formulate the relationship using
equations and existing scientific principles but some of the key parameters are missing has
to be inferred from experimental data. Here, we will focus on Algorithmic Transparency by
coming up with different algorithms for the same problem. In this thesis, chapter 2 and 3
address variable selection and chapter 4 and 5 address parameter estimation.

As a practical application, in Chapter 4 we focus on the use case of transcriptional control.
i.e. how DNA sequence interacts with transcription factors to activate or repress a gene. In
the study of transcriptional control, one can construct a model using laws of natural science.
One first build different modules using thermodynamic principles and phenomenological
observations. Then these different modules are combined together to form a complex model
which has good predictive power[119, 147]. Simulatability and Decomposability are present
in this model but Algorithmic Transparency is absent. While some of the parameters can
be determined via independent experiments, there are parameters which cannot be isolated
and measured [118, 119]. Multiple methods can to be used for parameter estimation and I
showed that stochastic gradient descent makes use of recent advances in DNN to give good
solutions. In Chapter 5, I considered a parameter estimation example with Simulatability,
Decompsability and Algorithmic Transparency by developing a non-parametric Bayesian

method to estimate key parameters in transcriptional bursting .

1.3 Bayesian methods and computation

Bayesian inference has a long history and was the predominant statistical method

prior to Fisher’s introduction of the maximum likelihood estimator. In Bayesian inference,
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one first considers a ‘prior’ on the estimators. This prior can be a well-known probability
distribution such as Beta or Gaussian or a stochastic process such as a Dirichlet process or a
Gaussian process. The goal of Bayesian inference is to determine the posterior distribution
of parameters after observing the data and make use of the posterior distribution to make
scientific and statistic statements about the results. Unlike the outcome of a optimization
procedure, outcome from a Bayesian algorithm is a posterior distribution rather a simple
point estimate.

One key advantage of Bayesian methods is that it can turn questions of Simulatability to
questions of Algorithmic Transparency because it converts the problem of hypothesis testing
into a problem of probability or false discovery rate estimation [200, 148, 150, 198, 59]. Using
the estimators, one then make decisions based on theoretical optimality of each estimator
[11, 59]. In Chapter 2 and 3, the problem of variable selection is reduced to an estimation
of posterior inclusion probability. Using the median probability model cut-off [12], one then
pick variables with inclusion probability higher than 0.5.

If the goal is estimation, one wants to first prove the consistency of the posterior distri-
bution. Without using mathematical language, one can define consistency as the posterior
distribution concentrating to the true underlying parameter as the number of samples ap-
proaches infinity. If the posterior distribution is consistent, then one has the assurance
knowing that one will arrive at the right set of solutions. Therefore, in Chapter 2 and 5, we
have started off with proving the consistency of our model prior to demonstrating its uses
in variable selection and transcriptional bursting.

When it comes to Algorithmic Transparency, Bayesian Methods relies on algorithms
that can sample from the posterior distribution. In special cases, one can directly induce
the posterior distribution through symbolic manipulation. However, in general, posterior
distributions are sampled through Monte Carlo simulations. A Monte Carlo simulator is a
sample generator of the posterior distribution that generates posterior samples of parameters.

To translate from the posterior samples to estimation of parameters, one derive the key



statistics from the posterior samples such as the mean, standard deviations and correlations.
The posterior mean is generally used as the estimates of the parameter and the posterior
standard deviation is used a measure of uncertainty. Since one have an infinite sampler
of the posterior distribution, these statistics can be made infinitely close to the true value

underpinning posterior distribution.

1.3.1 Priors

For users of Bayesian methods in natural science, one uncomfortable fact is the existence
of prior distributions. One key argument against the prior distribution is that it feeds
potentially biased information into the estimation process. In fact, the mean of posterior
distribution with a proper prior—one with a well defined probability distribution—is known
to be biased. Under mild conditions, as long as the model is consistent, the prior has very
weak impact on the posterior distribution when the quantity of data is sufficiently large. In
fact, the effect of bias is order of 1/n (where n is number of data points). Not only is this bias
argument against the prior distribution weak, I would further argue that there are distinct
advantages of having the prior distribution.

The first argument is philosophical. Subjective Bayesian is a school of thought addressing
the meaning of priors [89]. It argues that the prior distributions encompasses all the infor-
mation that one gathers about the model parameters prior to the statistical experiments.
In this framework, the posterior distribution is an update on the information about the pa-
rameters. If posterior distribution is consistent, the update will get us closer to the truth
as more data are collected in experiments. Such arguments stands well in natural science
since it closely approximate the increment in knowledge from scientific experiments and at
the same time also highlights the importance of consistency when making use of Bayesian
methods.

The next argument comes from theoretical machine learning. Here, the prior is seen as

a penalty factor on the parameters that prevents over-fitting, i.e. the model is so flexible
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that it fits the noise in the training process. In Chapter 5, the number of parameters in the
model can go to infinity. In this case, a maximum likelihood estimator will result in clear
over-fitting of any experimental data. Without any constraint on the number of parameters,
one can a designated sets of parameters for each data point (optimized to fit the value of
the data point) since more parameters always increases the likelihood. The non-parametric
Bayesian model that we propose in Chapter 5 is a natural way to restrict the number of

parameters because it placed exponentially decreasing weights on that number.

1.3.2 Monte Carlo

In most cases, there is no closed form solution for the posterior distribution. As such,
Monte Carlo is the usual way for Bayesian statisticians to compute the posterior distribution.
Monte Carlo simulation provides a random deviate generator that generates samples from
the posterior distribution. With the invention of Markov Chain Monte Carlo (MCMC),
it is then possible to simulate from any distribution as long as we able to get a quick
computation of the likelihood [5]. This sampling procedure allows posterior computation of
a wide range of models, ranging from the hierarchical to the non-parametric. In Chapter 5,
we proposed a variation of MCMC known as Block Gibbs sampling for sampling from the
posterior distribution of a non-parametric process [82]. We leverage the fact that all the
conditional distribution of each parameter that we try to estimate can be done in closed
form even though the posterior distribution itself is stochastic process that is very difficult
to describe.

However, MCMC is restricted only to the case where the likelihood is known and easy to
compute. In Chapter 2, we showed that in non-parametric variable selection using Bayesian
Forest, the likelihood is unknown. Here, a new approach known as Approximate Bayesian
Computation (ABC) is introduced to give a useful approximation to the posterior distribu-
tion. [158] Another weakness of MCMC is the computation time linear in number of samples

. This slows the computation time when we are dealing with a huge data set [5]. In Chapter
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3, we introduce a machine learning technique known as Thompson Sampling to approximate
the posterior. One needs to only look at a small portion of the data at each iteration. This
new technique improves the speed of sampling for large data sets. We prove the theoretical
efficiency of our method and demonstrate its empirical performance is simulations and real

data study.

1.4 Gene regulation and transcriptional control

One interesting use case is in the study of transcriptional control and gene regulation.
This problem asks for the use of machine learning methods because it is complex, noisy and
difficult to describe. An existing model of this phenomenon [109, 119, 14| was organised
in layers suggesting a DNN, but expressed in mathematics bearing little resembles to that
used in neural networks. We show a mathematical mapping in Chapter 4 of this model to
DNN and demonstrate that the training can be done through a modern stochastic gradient
descent method known as Adaptive Moment Estimation (Adam). This stochastic gradient
descent method gives a great algorithmic speed up over the previously method of simulated
annealling. This is an interesting example where a difficult problem not only shed lights
into the interpretability of DNN, but can also make use of current technologies in machine
learning to improve its performance.

Extending this use case, in Chapter 5 we develop a method that infers the number of
states and associated parameters in the bursting transcription from inter-burst times de-
rived from live imaging data. Here, the waiting times between successive binding events of
RNA polymerase II (Polll) are known to come from a mixed exponential distribution with
unknown number of states. Since the number of states is unknown, we use a non-parametric
Bayesian method for parameter inference to avoid overfitting. Our method takes full advan-
tage of Bayesian inference because we output estimators with standard errors and associated
probabilities. Furthermore, we prove that this method is consistent in a probabilistic sense

and show that it can perform well in simulations and real data experiments.
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1.5 Outline of the thesis

In summary, in Chapter 2, we introduce a new Approximate Bayesian Computation
(ABC) for variable selection. In Chapter 3, we improve the ABC variable selection algorithm
through the use of Thompson sampling. Chapter 4 considers the transcriptional problem
with DNN. Finally, Chapter 5 introduce a non-parametric Bayesian method for inference.

We discuss the impact of these results in interpretability in Chapter 6.



CHAPTER 2
APPROXIMATE BAYESIAN COMPUTATION FOR
NON-PARAMETRIC INFERENCE

2.1 Abstract

Few problems in statistics are as perplexing as variable selection in the presence of very
many redundant covariates. The variable selection problem is most familiar in parametric
environments such as the linear model or additive variants thereof. In this work, we abandon
the linear model framework, which can be quite detrimental when the covariates impact the
outcome in a non-linear way, and turn to tree-based methods for variable selection. Such
variable screening is traditionally done by pruning down large trees or by ranking variables
based on some importance measure. Despite heavily used in practice, these ad-hoc selection
rules are not yet well understood from a theoretical point of view. In this work, we devise a
Bayesian tree-based probabilistic method and show that it is consistent for variable selection
when the regression surface is a smooth mix of p > n covariates. These results are the
first model selection consistency results for Bayesian forest priors. Probabilistic assessment
of variable importance is made feasible by a spike-and-slab wrapper around sum-of-trees
priors. Sampling from posterior distributions over trees is inherently very difficult. As
an alternative to MCMC, we propose ABC Bayesian Forests, a new ABC sampling method
based on data-splitting that achieves higher ABC acceptance rate. We show that the method
is robust and successful at finding variables with high marginal inclusion probabilities. Our
ABC algorithm provides a new avenue towards approximating the median probability model
in non-parametric setups where the marginal likelihood is intractable.

This chapter is published as a paper in Journal of Royal Statistical Society [149] with
joint authorship with Veronika Rockova and Yuexi Wang. I designed the ABC algorithm
and conducted part of the simulation and data analysis. Yuexi Wang designed the MCMC

algorithms for spike-and-slab forest and conducted some of the simulations.
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2.2 Introduction

In its simplest form, variable selection is most often carried out in the context of linear
regression [233, 83, 66]. However, confinement to linear parametric forms can be quite
detrimental for variable importance screening, when the covariates impact the outcome in a
non-linear way [235]. Rather than first selecting a parametric model to filter out variables,
another strategy is to first select variables and then build a model. Adopting this reversed
point of view, we focus on developing methodology for the so called “model-free” variable
selection [45].

There is a long strand of literature on the fundamental problem of non-parametric vari-
able selection. One line of research focuses on capturing non-linearities and interactions
with basis expansions and performing grouped shrinkage/selection on sets of coefficients
[212, 190, 142, 188]. [128] propose the RODEO method for sparse non-parametric function
estimation through regularization of the derivative expectation operator and provide a con-
sistency result for the selection of the optimal bandwidth. [33] propose a model-free knock-off
procedure, controlling FDR in settings when the conditional distribution of the response is
arbitrary. In the Bayesian literature, [210] deploy spike-and-slab priors on covariance param-
eters of Gaussian processes to erase variables. In this work, we focus on other non-parametric
regression techniques, namely trees/forests which have been ubiquitous throughout machine
learning and statistics [24, 48]. The question we wish to address is whether one can leverage
the flexibility of regression trees for effective (consistent) variable importance screening.

While trees are routinely deployed for data exploration, prediction and causal inference
[100, 226, 91], they have also been used for dimension reduction and variable selection. This
is traditionally done by pruning out variables or by ranking them based on some importance
measure. The notion of variable importance was originally proposed for CART using overall
improvement in node impurity involving surrogate predictors [26]. In random forests, for
example, the importance measure consists of a difference between prediction errors before

and after noising the covariate through a permutation in the out-of-bag sample. However,
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this continuous variable importance measure is on an arbitrary scale, rendering variable se-
lection ultimately ad-hoc. Principled selection of the importance threshold (with theoretical
guarantees such as FDR control or model selection consistency) is still an open problem.
Simplified variants of importance measures have begun to be understood theoretically for
variable selection only very recently [106, 117].

Bayesian trees and forests select variables based on probabilistic considerations. The
BART procedure [48] can be adapted for variable selection by forcing the number of available
splits (trees) to be small, thereby introducing competition between predictors. BART then
keeps track of predictor inclusion frequencies and outputs a probabilistic importance measure:
an average proportion of all splitting rules inside a tree ensemble that split on a given
variable, where the average is taken over the MCMC samples. This measure cannot be
directly interpreted as the posterior variable inclusion probability in anisotropic regression
surfaces, where wigglier directions require more splits. [21] consider a permutation framework
for obtaining the null distribution of the importance weights. [254] implement reinforcement
learning for selection of splitting variables during tree construction to encourage splits on
fewer more important variables. All these developments point to the fact that regularization
is key to enhancing performance of trees/forests in high dimensions. Our approach differs in
that we impose regularization from outside the tree/forest through a spike-and-slab wrapper.

Spike-and-slab variable selection consistency results have relied on analytical tractabil-
ity (approximation availability) of the marginal likelihood [169, 115, 40]. Nicely tractable
marginal likelihoods are ultimately unavailable in our framework, rendering the majority of
the existing theoretical tools inapplicable. For these contexts, [245] characterized general
conditions for model selection consistency, extending the work of [134] to non iid setting.
Exploiting these developments, we show variable selection consistency of our non-parametric
spike-and-slab approach when the regression function is a smooth mix of covariates. Building
on [202], our paper continues the investigation of missing theoretical properties of Bayesian

CART and BART. We show model selection consistency when the smoothness is known as
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well as joint consistency for both the regularity level and active variable set when the smooth-
ness is not known and when p > n. These results are the first model selection consistency
results for Bayesian forest priors.

The absence of a tractable marginal likelihood complicates not only theoretical analysis,
but also computation. We turn to Approximate Bayesian Computation (ABC) [184, 158, 53]
and propose a procedure for model-free variable selection. Our ABC method does not require
the use of low-dimensional summary statistics and, as such, it does not suffer from the known
difficulty of ABC model choice [196]. Our method is based on sample splitting where at each
iteration (a) a random subset of data is used to come up with a proposal draw and (b) the
rest of the data is used for ABC acceptance. This new data-splitting approach increases ABC
effectiveness by increasing its acceptance rate. ABC Bayesian forests relate to the recent line
of work on combining machine learning with ABC [187, 113]. We propose dynamic plots that
describe the evolution of marginal inclusion probabilities as a function of the ABC selection
threshold.

The paper is structured as follows. Section 2 introduces the spike-and-slab wrapper
around tree priors. Section 3 develops the ABC variable selection algorithm. Section 4
presents model selection consistency results. Section 5 demonstrates the usefulness of the

ABC method on simulated data and Section 6 wraps up with a discussion.

2.2.1 Notation

With || - ||, we denote the empirical L? norm. The class of functions f(z) : [0,1]” — R such
that f(-) is constant in all directions excluding Sy C {1,...,p} is denoted with C(Sp). With
Hy, we denote a-Holder continuous functions with a smoothness coefficient . a < b denotes
a is less or equal to b, up to a multiplicative positive constant, and a < b denotes a < b and
b < a. The e-covering number of a set (2 for a semimetric d, denoted by N(e; €2; d), is the

minimal number of d-balls of radius € needed to cover set 2.
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2.3 Variable selection with Bayesian forest

We will work within the purview of non-parametric regression, where a vector of continuous
responses Y (") = (Y1,...,Yy) is linked to fixed (rescaled) predictors x; = (1, ... ,xip)' S

[0, 1] for 1 < i < n through
Y; = fo(xi) +& with & ~N(0,0%) for 1<i<n, (2.1)

where f(+) is the regression mixing function and 02 > 0 is a scalar. It is often reasonable
to expect that only a small subset Sy of gy =| Sp | predictors actually exert influence on
Y (™) and contribute to the mix. The subset Sp is seldom known with certainty and we are
faced with the problem of variable selection. Throughout this paper, we assume that the
regression surface is smoothly varying (a-Holder continuous) along the active directions Sy
and constant otherwise, i.e. we write fy € Hy; NC(Sp).

Unlike linear models that capture the effect of a single covariate with a single coefficient,
we permit non-linearities/interactions and capture variable importance with (additive) re-
gression trees. By doing so, we hope to recover non-linear signals that could be otherwise
missed by linear variable selection techniques.

As with any other non-parametric regression method, regression trees are vulnerable to
the curse of dimensionality, where prediction performance deteriorates dramatically as the
number of variables p increases. If an oracle were to isolate the active covariates Sy, the

fastest achievable estimation rate would be n—®/(2a+|Sol)

. This rate depends only on the
intrinsic dimensionality gy =| Sp |, not the actual dimensionality p which can be much larger
than n. Recently, [202] showed that with suitable regularization, the posterior distribution
for Bayesian CART and BART actually concentrates at this fast rate (up to a log factor),
adapting to the intrinsic dimensionality and smoothness.

Later in Section 2.5, we continue their theoretical investigation and focus on consistent

variable selection, i.e. estimation of Sy rather than fy(-). Spike-and-slab regularization plays
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a key role in obtaining these theoretical guarantees. Many applications offer a plethora of
predictors and some form of redundancy penalization has to be incurred to cope with the
curse of dimensionality. Bayesian regression trees were originally conceived for prediction
rather than variable selection. Indeed, original tree implementations of Bayesian CART
[56, 47] do not seem to penalize inclusion of redundant variables aggressively enough. As
noted by [143], the prior expected number of active variables under the Bayesian CART prior
of [47] satisfies limy o0 E[g] = K —1 as p — oo where K is the fixed number of bottom leaves.
This behavior suggests that (in the limit) the prior forces inclusion of the maximal number
of variables while splitting on them only once. This is far from ideal. To alleviate this issue,
we deploy the so-called spike-and-forest priors, i.e. spike-and-slab wrappers around sum-of-
trees priors [202]. As with the traditional spike-and-slab priors, the specification starts with

a prior distribution over the 2P active variable sets:

S~mn(S) foreach SC{l,...,p} (2.2)

We elaborate on the specific choices of 7(S) later in Section 2.4.2 and Section 2.5.

Given the pool of variables S, a regression tree/forest is grown using only variables inside
S. This prevents the trees from using too many variables and thereby from overfitting. Recall
that each individual regression tree is characterized by two components: (1) a tree-shaped K-
partition of [0, 1]P, denoted with 7", and (2) bottom node parameters (step heights), denoted
with 3 € RE, Starting with a parent node [0, 1]P, each K-partition is grown by recursively
dissecting rectangular cells at chosen internal nodes along one of the active coordinate axes,
all the way down to K terminal nodes. Each tree-shaped K-partition 7 = {Qk}le consists
of K partitioning rectangles €, C [0, 1]P.

While Bayesian CART approximates fy(x) with a single tree mappings fr g(z) =

Zé{:l I(x € Q)0, Bayesian Additive Regression Trees (BART) use an aggregate of T'
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mappings

T
fg,B(iB) = Z th,gt@)
t=1

where &€ = {T1,..., 7T} is an ensemble of tree partitions and B = [B',...,37] is an
ensemble of step coefficients. In a fully Bayesian approach, prior distributions have to be
specified over the set of tree structures £ and over terminal node heights B. The spike-and-
forest construction can accommodate various tree prior options.

To assign a prior over £ for a given 7', one possibility is to first pick the number of bottom

nodes, independently for each tree, from a prior
K'~n(K) for K=1,...,n, (2.3)

such as the Poisson distribution [56]. Given the vector of tree sizes K = (K1,... K1)
and a set of covariates S, we assign a prior over so-called valid ensembles/forests V& §( . We
say that a tree ensemble & is valid if it consists of trees that have non-empty bottom leaves.

One can pick a tree partition ensemble from a uniform prior over valid forests £ € V& éf , l.e.

T(E|S K) = — )H(gevegf), (2.4)

A(veEK

where A(Vﬁf ) is the number of valid tree ensembles characterized by K bottom leaves
and split directions §. The prior (2.3) and (2.4) was deployed in the Bayesian CART
implementation of [56] (with 7" = 1) and it was studied theoretically by [202]. Another
related Bayesian forest prior (implemented in the BART procedure and studied theoretically
by [206] consists of an independent product of branching process priors (one for each tree)
with decaying split probabilities [47]. The implementation is very similar to the one of [56].

Finally, given the partitions 7 of size K for 1 <t < T, one assigns (independently for
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each tree) a Gaussian product prior on the step heights

Kt

(B | K" =] ¢t op), (2.5)
k=1

where ¢(z; a%) denotes a Gaussian density with mean zero and variance a% =1/T (as sug-
gested by [48]). The prior for o2 can be chosen as inverse chi-squared with hyperparameters
chosen based on an estimate of the residual standard deviation of the data [48].

The most crucial component in the spike-and-forest construction, which sets it apart
from existing BART implementations, is the active set & which serves to mute variables by
restricting the pool of predictors available for splits. The goal is to learn which set S is most
likely (a posteriori) and/or how likely each variables is to have contributed to fy. Unlike
related tree-based variable selection criteria, the spike-and-slab envelope makes it possible to
perform variable selection directly by evaluating posterior model probabilities TI(S | Y(”))
or marginal inclusion probabilities II(j € Sy | Y(”)) for 1 < j < p. Random forests [24] also
mute variables, but they do so from within the tree by randomly choosing a small subset of
variables for each split. The spike-and-slab approach mutes variables externally rather than
internally. [21] note that when the number of trees is small, the Gibbs sampler for BART
can get trapped in local modes which can destabilize the estimation procedure. On the other
hand, when the number of trees is large, there are ample opportunities for the noise variables
to enter the model without necessarily impacting the model fit, making variable selection
very challenging. Our spike-and-slab wrapper is devised to get around this problem.

The problem of variable selection is fundamentally challenged by the sheer size of possible
variable subsets. For linear regression, (a) MCMC implementations exist that capitalize on
the availability of marginal likelihood [169, 94], (b) optimization strategies exist for both
continuous [201, 205] and point-mass spike-and slab priors [35]. These techniques do not
directly translate to tree models, for which tractable marginal likelihoods W(Y(”) | S) are

unavailable. To address this computational challenge, we explore ABC techniques as a new
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promising avenue for non-parametric spike-and-slab methods.

2.4 ABC-sampling algorithm

Performing (approximate) posterior inference in complex models is often complicated by
the analytical intractability of the marginal likelihood. Approximate Bayesian Computation
(ABC) is a simulation-based inference framework that obviates the need to compute the
likelihood directly by evaluating the proximity of (sufficient statistics of) observed data and
pseudo-data simulated from the likelihood. Simon Tavaré first proposed the ABC algorithm
for posterior inference [229] in the 1990’s and since then it has widely been used in population
genetics, systems biology, epidemiology and phylogeography.

Combined with a probabilistic structure over models, marginal likelihoods give rise to
posterior model probabilities, a standard tool for Bayesian model choice. When the marginal
likelihood is unavailable (our case here), ABC offers a unique computational solution. How-
ever, as pointed out by [196], ABC cannot be trusted for model comparisons when model-wise
sufficient summary statistics are not sufficient across models. The ABC approximation to
Bayes factors then does not converge to exact Bayes factors, rendering ABC model choice
fundamentally untrustworthy. A fresh new perspective to ABC model choice was offered
in [187], who rephrase model selection as a classification problem that can be tackled with
machine learning tools. Their idea is to treat the ABC reference table (consisting of sam-
ples from a prior model distribution and high-dimensional vectors of summary statistics of
pseudo-data obtained from the prior predictive distribution) as an actual data set, and to
train a random forest classifier that predicts a model label using the summary statistics as
predictors.

Their goal is to produce a stable model decision based on a classifier rather than on an
estimate of posterior model probabilities. Our approach has a similar flavor in the sense that
it combines machine learning with ABC, but the concept is fundamentally very different.

Here, the fusion of Bayesian forests and ABC is tailored to non-parametric variable selection
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towards obtaining posterior variable inclusion probabilities. Our model selection approach
does not suffer from the difficulty of ABC model choice as we do not commit to any summary

statistics and use random subsets of observations to generate the ABC reference table.

2.4.1 Nawe ABC Implementation

For its practical implementation, our Bayesian variable selection method requires sampling
from the analytically intractable posterior distribution over subsets II(S | Y(")) under the
spike-and-forest prior (2.4), (2.3) and (2.2). Given a single tree partition 7, the (conditional)
marginal likelihood W(Y(”) | T,8) is available in closed form, facilitating implementations
of Metropolis-Hastings algorithms [47, 56] (see Section A.3). However, such MCMC schemes
can suffer from poor mixing. Taking advantage of the fact that, despite being intractable,
one can simulate from the marginal likelihood (Y (") | §), we will explore the potential of
ABC as a complementary development to MCMC implementations.

The principle at the core of ABC is to perform approximate posterior inference from a
given dataset by simulating from a prior distribution and by comparisons with numerous
synthetic datasets. In its standard form, an ABC implementation of model choice creates
a reference table, recording a large number of datasets simulated from the model prior and
the prior predictive distribution under each model. Here, the table consists of M pairs
(Sm, Y3,) of model indices Sy, simulated from the prior 7(S), and pseudo-data Y7, € R™,
simulated from the marginal likelihood m(Y () | S,,). To generate Y7, in our setup, one

can hierarchically decompose the marginal likelihood

w1 [

(Y™ | fe g.o®)dn(fe p.0* | S) (2.6)
(fe.B:0

?)

and first draw (fg?B,cr%l) from the prior W(fg,B,U2 | §) and obtain Y7}, from (2.1), given
( &' a?n). ABC sampling is then followed by an ABC rejection step, which extracts pairs

(Sm, Y7, such that Y3, is close enough to the actual observed data. In other words, one
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trims the reference table by keeping only model indices &, paired with pseudo-observations
that are at most e-away from the observed data, i.e. |[Y°P5 — Y7 ||5 < ¢ for some tolerance
level €. These extracted values comprise an approximate ABC sample from the posterior
7(S | Y(")), which should be informative for the relative ordering of the competing models,
and thus variable selection. Note that this particular ABC implementation does not require
any use of low-dimensional summary statistics, where rejection is based solely on Yy obs
While theoretically justified, this ABC variant has two main drawbacks.

First, with very many predictors, it will be virtually impossible to sample from all 27
model combinations at least once, unless the reference table is huge. Consequently, relative
frequencies of occurrence of a model Sy, in the trimmed ABC reference table may not be a
good estimate of the posterior model probability (S, | Y (™).

While the model with the highest posterior probability 77(Sp, | ¥() is commonly con-
ceived as the right model choice, it may not be the optimal model for prediction. Indeed,
in nested correlated designs and orthogonal designs, it is the median probability model that
is predictive optimal [10]. The median probability model (MPM) consists of those variables
whose marginal inclusion probabilities P(j € Sy | Y(")) are at least 0.5. While simulation-
based estimates of posterior model probabilities P(S | Y (")) can be imprecise, we argue (and
show) that ABC estimates of marginal inclusion probabilities P(j € Sy | Y (™)) are far more
robust and stable.

The second difficulty is purely computational and relates to the issue of coming up with
good proposals fg?B such that the pseudo-data are sufficiently close to Y. Due to the
vastness of the tree ensemble space, it would be naive to think that one can obtain solid
guesses of fp purely by sampling from non-informative priors. This is why we call this
ABC implementation naive. These considerations lead us to a new data-splitting ABC
modification that uses a random portion of the data to train the prior and to generate

pseudo-data with more affinity to the left-out observations.
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2.4.2 ABC Bayesian Forests

By sampling directly from noninformative priors over tree ensembles 7(fg B, o2 | S), the
acceptance rate of the naive ABC can be prohibitively small where huge reference tables
would be required to obtain only a few approximate samples from the posterior. . To
address this problem, we suggest a sample-splitting approach to come up with draws that
are less likely to be rejected by the ABC method. At each ABC iteration, we first draw a
random subsample Z C {1,...,n} of size | Z |= s with no replacement. Then we split the
observed data Y (™) into two groups, denoted with Y(In) and Y(IZ), and instead of (2.6) we

(n)

consider the marginal likelihood conditionally on Y

(Y™ |y s) = / r(Y | fe g, o?)dnr(fe.p 0 | S) (2.7)
(fe.B.02)
where
w1(fe B0 | S) = n(fe.p o? | Y, S). (2.8)

This simple decomposition unfolds new directions for ABC sampling based on data splitting.
Instead of using all observations Y %S to accept /reject each draw, we set aside a random
subset of data Y%ZZS for ABC rejection and use Y%bs to “train the prior”. The key observation
is that the samples from the prior 7z (fs B, 02| 8), i.e. the posterior m(fe B o? | Y(In), S),
will have seen a part of the data and will produce more realistic guesses of fj. Such guesses
are more likely to yield pseudo-data that match Y%bcs more closely, thereby increasing the
acceptance rate of ABC sampling. Note that the acceptance step is based solely on the left-
out sample Y%%f, not the entire data. Similarly as the naive ABC outlined in the previous
section, we first sample the subset S from the prior 7(S) and then obtain draws from the
conditional marginal likelihood under an updated prior 7z (f¢ B, 02| S). This corresponds
to an ABC strategy for sampling from 7(S | Y(ZZ)) under the priors (2.2) and (2.8). As will
be seen later, this posterior is effective for assessing variable importance. Moreover, if 7(S)

is a good proxy for 7(S | Y(In)) (when the training set is small relative to the ABC rejection
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set), this ABC will produce approximate samples from the original target 7(S | Y(”)).

The idea of using a portion of the data for training the prior and the rest for model
selection goes back to at least [90]. The most common prescription for choosing training
samples in Bayesian analysis is to convert improper priors into propers ones for meaningful
model selection with Bayes factors [135, 173]. [16] advocated choosing the training set as
small as possible subject to yielding proper posteriors (so called minimal training samples).
[17] argue that data can vary widely in terms of their information content and the use
of single minimal training samples can be inadequate/ suboptimal. Since there are many
possible training samples, it is natural to average the resulting Bayes factors over the training
samples in some fashion. While intrinsic Bayes factors [16] average Bayes factors over all
possible minimal training samples, expected posterior priors [182] average the prior first. In

particular, the empirical expected-posterior prior for model S [88, 182] writes as

L
1
w(fe.B,0? | S) = I > “7r,(fe,B.0% | S), (2.9)
=1

where 77, (f¢ B, 02 | §) was defined in (8) and where L is the number of all minimal training
samples Z;. The marginal likelihood under this prior can be then written as (equation (3.5)
in [182)) m(Y (" | 8) = %2{;1 (Y™ | Y(In),S), where (Y (") | Y(In),S) was defined in
(7). Our ABC analysis with internal data splitting can be thus regarded as arising from the
empirical expected posterior prior (2.9). While the motivation for using training samples in
Bayesian analysis has been largely to make improper priors proper, here we use this idea in
a different context to increase ABC acceptance rate.

The ABC Bayesian Forests algorithm is formally summarized in Table 1. It starts by
splitting the dataset into two subsets at each (mth) iteration: Y%’?‘j for fitting and Y%%j for
ABC rejection. The algorithm then proceeds by sampling an active set S from 7(S). Using

the spike-and-slab construction, one can draw Bernoulli indicators v = (v1,...,7p)" where

P(y; = 1| 0) = 0 for some prior inclusion probability 6 € (0,1) and set Sp, = {j : 7; = 1}.
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Algorithm 1 : ABC Bayesian Forests
Data: Data (Y%, x;) for 1 <i<n
Result: 7;(e) for 1 < j < p where 7;(e) = P(j € Sy | Y™)
Set M: the number of ABC simulations; s: the subsample size; e: the tolerance threshold; m = 0
the counter
while m < M do
(a) Split data Y into Y%’:j and Y9, where Z,, C {1,...,n} of size | Z,,, |= s is obtained
by sampling with no replacement. "
(b) Pick a subset S, from 7(S).
(c) Sample (fg}B,azn) from 7z, (fe.B,0% | Sm) = 7(fe.B, 02 | Y%IZj,Sm).
(d) Generate pseudo-data Y7. by sampling white noise ¢; YN (0,02,) and setting
V' = fi'g(i) +¢; for each i ¢ T
(e) Compute discrepancy €y, = [[Y7. — Y%I;ng.
if ¢, < € then
‘ Accept (Sp, f&'g) and set m =m + 1
else
‘ Reject (S, f'g) and set m =m + 1
end

end
Compute 7(€) as the proportion of times 4t variable is used in the accepted fg‘B’s.

When sparsity is anticipated, one can choose 6 to be small or to arise from a beta prior B(a, b)
for some a > 0 and b > 0 (yielding the beta-binomial prior). We discuss other suitable prior
model choices in Section 2.5.

In the (c) step of ABC Bayesian Forests, one obtains a sample from the posterior of
( fe B> 02), given Y%ﬁf. For this step, one can leverage existing implementations of Bayesian
CART and BART (e.g. the BART R package of [164]). A single draw from the posterior is
obtained after a sufficient burn-in. In this vein, one can view ABC Bayesian Forests as a
computational envelope around BART to restrict the pool of available variables. The (d)
step then consists of predicting the outcome Y*ﬁz for left-out observations x; using (2.1) for
each i € Zf,. The last step is ABC rejection based on the discrepancy between Y*ﬁq and
Y.

For the computation of marginal inclusion probabilities 7Tj(€), one could conceivably

report the proportion of ABC accepted samples Sy, that contain the j% variable. However,

Sm is a pool of available predictors and not all of them are necessarily used in f¢'p. Thereby,
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we report the proportion of ABC accepted samples f{'p that use the jth variable at least

once, i.e.

mi(e) = B) Z I(j used in fg'p), (2.10)

M€ <€

where M (e) is the number of accepted ABC samples at e. Each tree ensemble fg’?B thus
performs its own variable selection by picking variables from Sy, rather than from {1,...,p}.
Limiting the pool of predictors prevents from too many false positives. In addition, the
inclusion probabilities (2.10) do use the training data Y(In) to shrink and update the subset
S by leaving out covariates not picked by fg:‘B In this way, the mechanism for selecting the
subsets S is not strictly sampling from the prior 7(S) but it seizes the information in the
training set Z. In this way, Sp,’s can be regarded as approximate samples from (S | y 0bs ).

When Z = (), we recover the naive ABC as a special case.

Dynamic ABC

The estimates of marginal inclusion probabilities 7;(¢) obtained with ABC Bayesian Forests
unavoidably depend on the level of approximation accuracy €. The acceptance threshold e
can be difficult to determine in practice, because it has to accommodate random variation
of data around fy as well as the error when approximating smooth surfaces fy with trees.
As ¢ — 0, the approximations 7Tj(€) will be more accurate, but the acceptance rate will
be smaller. It is customary to pick € as an empirical quantile of €,,, keeping only the top
few closest samples. Rather than choosing one value €, we suggest a dynamic strategy by
considering a sequence of decreasing values ey > eny_1 > -+ > €1 > 0. By filtering out
the ABC samples with stricter thresholds, we track the evolution of each 7;(€) as € gets
smaller and smaller. This gives us a dynamic plot that is similar in spirit to the Spike-
and-Slab LASSO [201] or EMVS [199] coefficient evolution plots. However, our plots depict
approximations to posterior inclusion probabilities rather than coefficient magnitudes. Other

strategies for selecting the threshold e are discussed in [224, 158, 53].
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2.4.3 ABC Bayesian Forests in Action

We demonstrate the usefulness of ABC Bayesian Forests on the benchmark Friedman dataset

[76], where the observations are generated from (2.1) with ¢ = 1 and
folxi) = 10 sin(m z;1 239) + 20 (253 — 0.5)* + 1024 + 5 235, (2.11)

where z; € [0,1]P are iid from a uniform distribution on a unit cube. Because the outcome
depends on x1,...,xp, the predictors zg, ..., xp are irrelevant, making it more challenging
to find fy(x). We begin by illustrating the basic features of ABC Bayesian Forests with
p = 100 and n = 500, assuming the beta-binomial prior 7(S | 0) with 6 ~ B(1,1) (see
Section 2.4.2). At the mth ABC iteration, we draw one posterior sample ngLB after 100
burnin iterations using the BART MCMC algorithm [45] with 7" = 10 trees. We generate
M = 1000 ABC samples (with s = n/2) and we keep track of variables used in fg}B’s
to estimate the marginal posterior inclusion probabilities 7rj(<—:). It is worth pointing out
that unlike MCMC, ABC Bayesian Forests are embarrassingly parallel, making distributed
implementations readily available.

Following the dynamic ABC strategy, we plot the estimates of posterior inclusion indi-
cators 7;(€) as a function of € (Figure 2.1). The true signals are depicted in blue, while the
noise covariates are in red. The estimated inclusion probabilities clearly segregate the active
and non-active variables, even for large € values. This is because BART itself performs vari-
able selection to some degree, where not all variables in Sy, end up contributing to fg,LB For
small enough ¢, the inclusion probabilities of true signals eventually cross the 0.5 threshold.
Based on the median probability model rule [10], one thereby selects the true model when e
is sufficiently small. Because the inclusion probabilities get a bit unstable as ¢ gets smaller
(they are obtained from smaller reference tables), we excluded the 10 smallest € values from
the plot.

We repeated the experiment with more trees (7' = 50) and a single tree (7" = 1). Using
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Figure 2.1: (Left) Dynamic ABC plots for evolving inclusion probabilities as € gets smaller. (Right)
Plot of 7;(e) obtained with ABC Bayesian Forests (e is the 5% quantile of €,,’s) and the variable
importance measure from Random Forests (rescaled to have a maximum at 1).

more trees, one still gets the separation between signal and noise. However, many more noisy
covariates would be included by the MPM rule. This is in accordance with [45] who state
that BART can over-select with many trees. With a single tree, on the other hand, one may
miss some of the low-signal predictors, where deeper trees and more ABC iterations would
be needed to obtain a clearer separation.

In this simulation, we observe a curious empirical connection between 7; (€), obtained with
ABC Bayesian Forests (taking top 5% ABC samples), and rescaled variable importances
obtained with Random Forests (RF). From Figure 2.1(b), we see that the two measures
largely agree, separating the signal coefficients (triangles) from the noise coefficients (dots).
However, the RF measure is a bit more conservative, yielding smaller normalized importance
scores for true signals. While variable importance for RF is yet not understood theoretically,
in the next section we provide conditions under which the posterior distribution is consistent

for variable selection.
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2.5 Consistency of the posterior

In this section, we develop large sample model selection theory for spike-and-forest priors.
As a jumping-off point, we first assume that a (the regularity of fj) is known, where model
selection essentially boils down to finding the active set Sg. Later in this section, we investi-
gate joint model selection consistency, acknowledging uncertainty about Sp and, at the same
time, the regularity a.

Several consistency results for non-parametric regression already exist [254, 245]. [52]
characterized tight conditions on (n, p, qy), under which it is possible to consistently estimate
the sparsity pattern in two regimes. For fixed qq, consistency is attainable when (logp)/n < ¢
for some ¢ > 0. When ¢g tends to infinity as n — oo, consistency is achievable when
c1q0 + loglog(p/qy) — logn < ¢y for some cq,ca > 0. Throughout this section, we will
treat gg as fixed and show variable selection consistency when gglogp < nd0/(20+a) - Ag an
overture to our main result, we start with a simpler case when 7' = 1 (a single tree) and
when « is known. The full-fledged result for Bayesian forests and unknown « is presented

in Section 2.5.3. Throughout this section, we will assume o2 = 1.

2.5.1 The Case of Known «

Spike-and-forest mixture priors are constructed in two steps by (1) first specifying a con-
ditional prior IIg(f) on tree (ensemble) functions expressing a qualitative guess on fj, and
then (2) attaching a prior weight 7(S) to each “model” (i.e. subset) S. The posterior dis-
tribution II(f | Y(”)) can be viewed as a mixture of individual posteriors for various models

S with weights given by posterior model probabilities I1(S | Y(”)), ie

n(f |y ZHSIY Ng(f | Y.
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Our aim is to establish “model-free” variable selection consistency in the sense that

(S =39 | Y(n)) —1 in Pgtz)—probabﬂity as m — 0o,

where ]P’SZS) is the distribution of ¥ under (2.1). The adjective “model-free” merely refers
to the fact that we are selecting subsets in a non-parametric regression environment without
necessarily committing to a linear model. We start by defining the model index set I' =
{8 S CAl,... ,p}}, consisting of all 2P variable subsets, and we partition it into (a) the
true model Sy, (b) models that overfit T's—g, (i.e. supersets of the true subset Sp) and (c)
models that underfit I's4s, (i.e. models that miss at least one active covariate). Each model

§ €T is accompanied by a convergence rate ¢, s that reflects the inherent difficulty of the

estimation problem. For each model S of size | S |, we define

ens = Ce n~/2oHIS), /logn  for some C. >0, (2.12)
the || - ||-near-minimax rate of estimation of a | S |-dimensional a-smooth function.

Prior Specification

Prior distribution on the model index II(S) has to be chosen carefully for model selection
consistency to hold when p > n [166]. Traditional spike-and-slab priors introduce II(S)
through a prior inclusion probability § = I1(i € Sy | 6), independently for each i = 1,...,p.
This prior mixing weight is often endowed with a prior, such as the uniform prior 7(6) =
B(1,1) [213], yielding a uniform prior on the model size, or the “complexity prior” 7(0) =
B(1,p¢) for ¢ > 2 [41], yielding an exponentially decaying prior on the model size. We

propose a different approach, directly assigning a prior on model weights through

-C (n‘SV(MHSD log n\/|S|logp)

m(S) x e (2.13)
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where C' > 0 is a suitably large constant. When | S | logp < n|8|/(20‘+|8|), this prior is

—C/C2%ne

2
proportional to e 7S and, as such, it puts more mass on models that yield faster

rates convergence (similarly as in Lember and van der Vaart (2007)). When | S | logp >
nlSl/(20+180) 1og n, the implied prior on the effective dimensionality (] S |) = (15)m(S) will
be exponentially decaying in the sense that (| S |) < e (€-DISlogp for ¢ > 1. It was
recently noted by [39] that the complexity prior “penalizes slightly more than necessary”.
With our prior specification (2.13), however, the exponential decay kicks in only when | S |
is sufficiently large.

Assuming that the level of smoothness « is known, the optimal number of steps (i.e. tree
bottom leaves K) needed to achieve the rate-optimal performance for estimating f should
be of the order nd/(2a+a0) — 1/C2 ns%’so/logn [202]. For our toy setup with a known «,

we thus assume a point-mass prior on K with an atom near the optimal number of steps for

each given S, i.e.
(K |S)=I1K = Kg], where Kg= LCK/aneS?L s/ logn] (2.14)

for some Ui > 0 such that Kg, = 29 for some s € N. In Section 2.5.2, we allow for more

flexible trees with variable sizes.

Identifiability

The active variables ought to be sufficiently relevant in order to make their identification
possible. To this end, we introduce a non-parametric signal strength assumption, making
sure that fp is not too flat in active directions [245, 52].

We first introduce the notion of an approximation gap. For any given model S, we denote

with Fg a set of approximating functions (only single trees fr g with Kg leaves for now)
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and define the approximation gap as follows:

0 = inf - =lfo— 153 2.15
n fT’lﬁnef‘SHfo frlln = lfo — 17 8lln, (2.15)

where fﬁg-,[; is the || - ||n-projection of fy onto Fg. For identifiability of Sy, we require that

those models that miss one of the active covariates have a large separation gap.

Definition 2.5.1. (Identifiability) We say that Sy is (fo, €)-identifiable if, for some M > 0,

inf 650\ > 207e. (2.16)
1€8)
We provide a more intuitive explanation of (2.16) in terms of directional variability of

fo- The best approximating tree fﬁgﬁ can be written as

Ks

o) =Y I e 0B, with B = HOH = —= S folas),

O3S
k=1 n<Qk) mleﬁ‘g

where T = {Qg}?jl is the tree-shaped partition of the || - ||,-projection of fy defined in

(2.15) with Kg leaves and where n(Q‘kS) =31 I(x; € ﬁ‘kg) = nu(@‘g) The separation gap

in (2.15) can be then re-written as

where

VIifol Q) = . > (fo(wz') - fo(ﬁ‘;g)>2

0%) “—~

is the local variability of f{ inside Q‘g . Given this characterization, (2.16) will be satisfied, for
instance, when variability of f{ inside best approximating cells that miss an active direction

is too large, i.e. inf;cg, irkl:fV[fO | ﬁfo\i] > 4M? &2
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Our identifiability condition is a theoretical assumption on fy which indicates how large
signal in each direction should be in order to be capturable. It generalizes the more tradi-
tional sufficient “beta-min conditions” [40, 251] for variable selection consistency (see Remark
2.5.1). Here, we gauge the amount of signal in terms of local variation in cells that do not
split on an active covariate. Intuitively, if we do not split on i € Sp, the “variation” of f
inside the cells of the best tree we can get without ¢ will be too large. The following example

links our identifiability assumption with beta-min conditions.

Example 2.5.1. Assume for now that p = 2 and that fy is linear, i.e.
fo(wz) =a+ bx;1 + cx;9.

Moreover, assume that n = 16 predictor observations are located on a regular grid X =
{k/4:1 <k <4} x{j/4:1<j <4}, where x denotes the Cartesian product. Suppose
So = {1,2} and set S = So\{2} = {1} and Kg = 2. It can be verified that the partition T of
the best approximating tree that does not split on the covariate xo consists of two rectangles

Q‘f =[0,1/2) x [0,1] and 52‘29 = [1/2,1] x [0,1]. Then we have

A 3/b\ 5 . 7(b\ 5
@ =a+3(3)+3(5) wa 2@ -+ (3)+3(5)

and thereby
102 5¢2

(Om)® = V(o | 0) = V{fo | 95) = 175 + 375 (2.17)

From the expression (2.17) we can immediately see the connection to the beta-min conditions.
When the signal in the direction of xo is large enough, i.e. ¢ > 16/v/5Me, our identifiability

condition will be satisfied.

The second sufficient condition needed for methods such as the LASSO to fully recover Sy
is “irrepresentability” [251, 238]. This condition restricts the amount of correlation between

(active and non-active) covariates by imposing a regularization constraint on the magnitudes
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of regression coefficients of the inactive predictors onto the active ones. Here, we generalize
the notion of irrepresentability to the non-parametric setup. Consider an underfitting model
S =81US89 DSy, where S§1 C Sy are true positives and Sy is a possibly empty set of false

positives, i.e. So NSy = 0. We define

n

55 = 3 lfolwi) — ) ) — A, (215)

=1
the sample covariance between the surplus signals in fj and f7§~’3 obtained by removing the
effect of fﬁg-}g This quantity will be large if noise covariates inside S can compensate for
the missed true covariates in Sp\Si, i.e. when the true and fake covariates are strongly
correlated. To obviate this substitution effect, we introduce the following nonparametric
“Irrepresentability” condition. Similarly as in [251], we require that “the total amount of an

irrelevant covariate represented by the covariates in the true model” is small.

Definition 2.5.2. (Irrepresentability) We say that e-irrepresentability holds for fy and Sy

if, for some M > 0, we have sups3s, | pS < MZE, where pS was defined in (2.18).

It follows from Lemma A.1.2 (Appendix) that under the irrepresentability and identifia-

bility conditions (Definition 2.5.1 and 2.5.2), we obtain

inf inf  ||frg— folln > Me. 2.19
St fmefs” 7.8 = Jolln (2.19)

This condition essentially states that all models that miss at least one active covariate (i.e.
not only subsets of the true model) have a large separation gap.

The following theorem characterizes variable selection consistency of spike-and-tree pos-
terior distributions. Namely, the posterior distribution over the model index is shown to
concentrate on the true model §y. One additional assumption is needed to make sure that
the (fixed) design X = {x1,...,xn} is sufficiently regular. [202] define the notion of a fixed
Sp-regular design in terms of cell diameters of a k-d tree partition (Definition 3.3). This
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assumption essentially excludes outliers, making sure that the data cloud is spread evenly in

active directions (while permitting correlation between covariates).

Theorem 2.5.1. Assume fo € Hy NC(Sy) for some o € (0,1] and Sy C {1,...,p}

< B. Denote with ¢, = Cs n_o‘/(zo‘“]”)\/logn, where qn =

~

with qo =| So | and || follo
Cyln 5721750/10ng for some Cy > 0, and assume qglogp < ndo/(20+40) ywith 2 < ¢ = o(1)
as n — oo. Assume that (a) Sy is (fo,en)-identifiable, (b) €p-irrepresentability holds and
that (c) the design X is Sy-regular. Under the spike-and-tree prior comprising (with T = 1)
(2.4),(2.5),(2.13) with C > 2 and (2.14), we have

s =38y | Y(n)] =1 in P%)—pmbability as m — oo.

Proof: Section A.1.1

Remark 2.5.1. The assumption of (fq,en)-identifiability pertains to the more traditional
sufficient beta-min conditions for variable selection consistency in sparse high-dimensional
models. For example, [40] in their Corollary 1 require that min;cg, | B? > M %,
for some “large enough constant” M > 0 that depends on the compatibility number (see e.g.
Definition 2.1 in [40] of the design matriz X (rescaled to have an || - ||o norm \/n). Our
identifiability threshold also depends on the rate of convergence ey (similarly as in [40]).
However, unlike in the linear models we measure the signal strength in a non-parametric
way. Lastly, note that the identifiability gap , in Theorem 2.5.1 is a bit larger than the
near-minimax rate €, s,. This requirement will be relaxed in the next section, where o will

be treated as unknown.

For iid models, [85] considered the problem of nonparametric Bayesian model selection
and averaging and characterized conditions under which the posterior achieves adaptive
rates of convergence. The authors also study the posterior distribution of the model index,
showing that it puts a negligible weight on models that are bigger than the optimal one.

[245] characterized similar conditions for the non-iid case, see Section A.1.1 for more details.
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Remark 2.5.2. (Theory for ABC) It is worth pointing out that Theorem 2.5.1 is obtained
for the actual posterior m(S | Y(">), not the ABC posterior. Theory for ABC recently
started emerging with the first results focussing on ABC' bias [9], consistency and asymptotic
normality [160, 72, 73] and on convergence of the posterior mean [136]. For our non-
parametric regression scenario, we can conclude (variable selection) consistency for ABC
Bayesian forests under the assumption that the residual variance o2 decreases with the sam-
ple size (as is typical in the Gaussian sequence model). In particular, Theorem A.1.1 in
Supplemental Materials (Section A.1.4) shows that the ABC posterior concentrates at the
rate \p, = 4el /3 + 1/y/n, where ¢} = \/2logn/n is the ABC tolerance level. This result
implies that the ABC posterior will not reward underfitting model as long as our identifiabil-
ity and irrepresentability conditions are satisfied with e = \y,. Regarding over-fitting models,
an ABC analogue of Lemma 1.1 (Section 1.1.2 in Supplemental Materials) implies that the
ABC posterior probability of over-fitting models goes to zero, which concludes variable selec-
tion consistency of a (naive) ABC method. These considerations can be extended to ABC
Bayesian Forests with data splitting using the empirical expected posterior prior justification

in (2.9). More details are in Supplemental Materials (Section A.1.4).

Remark 2.5.3. (Consistency of the Median Probability Model) In Section 2.4.3, we used the
median probability model rule which may not the same as the highest-posterior model whose
consistency we have shown in Theorem 2.5.1. However, even when p — oo it can be verified
(as in Corollary 4.1 in [169]) that the median probability model is also consistent under the
same assumptions as Theorem 2.5.1. In particular, P;Z)[ﬁleEi] — 1 as n — oo where

E; = {Il(v; = fy? | Y > 0.5} and where v; = 1(i € S) are binary inclusion indicators and

”yZQ =13 € &y).

2.5.2  The Case of Unknown «

The fact that the level o has to be known for the consistency to hold makes the result in

Theorem 2.5.1 somewhat theoretical. In this section, we provide a joint consistency result
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for the unknown regularity level K and, at the same time, the unknown subset §y. Finding
the optimal regularity level K, given Sy, is a model selection problem of independent interest
[127]. Here, we acknowledge uncertainty about both K and Sy by assigning a joint prior
distribution on (K,S). Namely, we consider an analogue of (2.13), where nlSI/(20I5) i

now replaced with K logn (according to (2.14)), i.e.
7(K,S) e C(KlognV|Sllogp) o 1< K <pn and SC {1,...,p}. (2.20)

This prior penalizes models with too many splits or too many covariates. We now re-
gard each model as a pair of indices (K,S), where the “true” model is characterized by
Ty = (Ks, So) with Kg, defined in (2.14). Again, we partition the model index set
I' = {(K.,S): S C{1,...,p},1 < K < n} into (a) the true model I'y, (b) models that
underfit T" (SBSo}U{K <K, } (i.e. miss at least one covariate or use less than the optimal
number of splits), and (c) models that overfit ' g5 v > K 5o} (i.e. use too many variables
and splits).

We combine the identifiability and irrepresentability conditions into one as follows:

inf inf f — folln > Me 2.21
{SASo}U{K<Ks,} fr pEFs(K) | 7.8 I 7,80 ( )

for some M > 1, where Fg(K) consists of all trees with K bottom leaves and splitting
variables §. This condition is an analogue of (2.19), essentially stating that one cannot
approximate fy with an error smaller than a multiple of the near-minimax rate using under-

fitting models.

Theorem 2.5.2. Assume fo € Hy NC(Sp) for some a € (0,1] and Sy C {1,...,p} such
that | So |= qo and || follee S B. Assume gqglogp < nt/2a+d0) gpd 2 < g9 = O(1) as

n — 0o. Furthermore, assume that the design X is So-reqular and that (2.21) holds. Under

35



the spike-and-tree prior comprising (with T = 1) (2.4), (2.5) and (2.20) for C' > 3, we have

I [{3 =S} N {Kgy < K < Kp} | Y<">] ~ 1 in P\ -probability as n — oo,

where K, was defined in (2.14) and Ky, = [C_'nsgl So/log n] for some C > Cy/C2.

Proof: Section A.1.2

Note that both Kg, and Ky, are of the same (optimal) order, where the marginal posterior
distribution II(K | Y (™) squeezes inside these two quantities as n — oco. [127] provide a
similar result for their RODEO method, without the variable selection consistency part.
[245] also provide a similar result for Gaussian processes, without the regularity selection
consistency part. Here, we characterize joint consistency for both subset and regularity

model selection.

2.5.8 Variable Selection Consistency with Bayesian Forests

Finally, we provide a variant of Theorem 2.5.2 for tree ensembles. Each Bayesian forest (i.e.
additive regression tree) model is characterized by a triplet (S, 7T, K), where S is the active
variable subset, T' € N is the number of trees and K = (Kl, cee KT)/ e N7 is a vector of
the bottom leave counts for the T trees. Rate-optimality of Bayesian forests can be achieved
for a wide variety of priors, ranging from many weak learners (large 7 and small K*’s) to a
few strong learners (small 7' and large K*’s) [202]. The optimality requirement is that the
total number of leaves in the ensemble Zlle K behaves like K S, defined earlier in (2.14).

We thereby define models in terms of equivalence classes rather than individual triplets
(S,T, K). We construct each equivalence class E(Z) by combining ensembles with the same

number Z of total leaves, i.e.

min{Z,n} T
E(Z)= |J (KeN':) K'=2z;. (2.22)
T=1 t=1
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The cardinality of E(Z), denoted with A(E(Z7)), satisfies A(FE(Z)) < Z!p(Z), where p(Z)
is the partitioning number (i.e. the number of ways one can write Z as a sum of positive
integers). The “true” model T'y = (Sy, F(Kg,)) consists of an equivalence class of forests
that split on variables inside Sy with a total number of Kg, leaves. Similarly as before,
we define underfitting model classes 'y s 450 10(E(2):2< Ks,) and overfitting model classes

F{SDSO}Q{E(Z):ZEKSO}' Regarding the prior on T, similarly as [202], we consider
m(T) e_CTT, T=1,...,n, for Cp>0. (2.23)

Given T, we assign a joint prior over Sg and K € N7 as follows:

-C max{ |S|logp; Zthl Kt logn}

(S, K |T)xe for C > 1. (2.24)

We conclude this section with a model selection consistency result for Bayesian forests under

the following identifiability condition

i inf o Je.B= folln > Méns,, 2.25
{SszO}U{E(Z):Z<KSO}fs,BEJ:S(K) H ¢,B OHn .So ( )

where F5(K) denotes all forests fg¢ g that split on variables S and consist of 7' trees with
K = (K ... KT bottom leaves.

Theorem 2.5.3. Assume fo € Hy NC(Sp) for some a € (0,1] and Sy C {1,...,p} such

that | So |= qo and || follo

Y

< B. Assume qplogp < nto/(2a+a0) - yhere 2 < q = O(1) as
n — oco. Furthermore, assume that the design is So-regular and that (2.25) holds. Under
the spike-and-forest prior comprising (2.4), (2.5), (2.23) and (2.24), we have

T

I [{S=8} N Kg, < ZKt < Kp p | YWl 51 in P;Z)—pmbability as n — oo,
t=1

where K, was defined in (2.14) and Ky, = [C_'nsgl g/ logn] for some C > Cg/C2.
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2.6 Simulation Study

We evaluate the performance of ABC Bayesian Forests on simulated data. We consider the
following performance criteria: Precision = 1 — FDP = TIE——FFIW Power = %(deﬁned as
the proportion of true signals discovered as such), Hamming Distance (HD)= FP+FN (where
FP and FN denotes the number of false positives and false negatives, respectively) and the
area under the ROC curve (AUC). Traditionally, AUC assesses how well a classification
method can differentiate between two classes in the absence of a clear decision boundary.
We use this criterion to assess variable importance since many of the considered selection
methods are based on an importance measure and, as such, do not have a clear decision
boundary.

The synthetic data are generated from the model (2.1), where x;’s for i = 1,...,n are
drawn independently from N,(0,X) with 3 = (pm)f’ ’jp:l. We make our comparisons under
different combinations of fj, ¢ and . In particular, we consider a relatively large noise level

with 0 =5 (0 = V/5 for the linear setup) and
1. medium equi-correlation p;; = 0.5 for ¢ # j with p;; = 1,
2. high auto-correlation p;; = 0.9li=l.

Regarding the mean function fy, we consider four choices: (1) a linear setup with fy(x;) =
x;1 + 2x59 + 3w;3 — 2w54 — wi5; (2) the Friedman setup as described in (2.11); (3) a CART

(tree-based) function fy(x;) generated from the first 5 covariates using the rpart function in

R; (4) a simulated example from [138] (denoted with LLS hereafter) with fy(x;) = 11322221 +
5sin(x;3x;4+2x;5). For the auto-correlation case, we permuted the covariates so that signals
are not next to each other.

For each combination of settings, we repeat our simulation over 20 different datasets
assuming n = 500 and p € {100,1000}. We compare ABC Bayesian Forests with Random
Forests (RF), Dynamic Trees (DT) of [227], BART [48], DART of [143], LASSO and Spike-

and-Forests (the MCMC counterpart of ABC Bayesian Forests outlined in Section A.3 of the
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Figure 2.2: Average variable selection performance under equicorrelation p;; = 0.5 over 20 sim-
ulations. Each panel corresponds to a different dimension p € {100, 1000}. Each row reports a
different statistic: AUC is the area under the ROC curve, PREC = 1 — FDP = TP +FP, POWER

o e o et e soneraing o+ (20 o cxl € (0030 Fach
Supplemental Materials). ABC Bayesian Forests are trained with M = 1000 ABC samples,
where only a fraction of ABC samples (top 10%) are kept in the reference table. The prior
7(S) is the usual beta-binomial prior with § ~ B(1,1). Inside each ABC step, we sample
a subset of size s = n/2 and draw a tree ensemble using the default Bayesian CART prior
[47] and T" € {10,20} trees. For each ABC sample, we draw the last BART sample after
B = 200 burnin MCMC iterations. A sensitivity analysis to the choice s,T, B and M is
reported in the Supplemental Materials (Section 4). Two versions of BART (without ABC)
were deployed using the R package BART: (1) the standard BART from [48] with 7" = 20

(as recommended in [21]), and (2) the sparse version DART of [143] with a Dirichlet prior
39
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Figure 2.3: Average variable selection performance under autocorrelation p;; = 0.9" over 10
simulations. Each panel corresponds to a different dimension p € {100,1000}. Each row reports a
different statistics: AUC is the area under the ROC curve, PREC =1 — FDP = 7p55p +FP, POWER

= TP+FN, log(HD) = log(FP + FN). ABC is run for 7' € {10,20} and cutoff € {0.5,0.25}. Each

column indicates a different data generating process.

(sparse=TRUE, a=0.5, b=1) with 7" = 200. Both versions are run with 10000 MCMC
samples after 10000 burn-in. For LASSO, we use the glmnet package in R [75] using the
1-se rule to select the penalty A. For Random Forests, we deploy the randomForest package
in R [139] using the default number of 500 trees where variable importance is based on the
difference in predictions (with and without each covariate) in out-of-bag samples.

To select variables with random forests, there are at least three commonly used strate-
gies: (1) Recursive Feature Elimination (RFE) implemented in the caret package with 5-fold
cross-validation (as suggested in [143]); (2) truncating importance at the 1 — a quantile of

a standard normal distribution (as suggested by [25]); (3) truncating importance at the
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Bonferroni-corrected (1 — «/p) quantile of a standard normal distribution [21]. We report
the third method, which was seen to perform the best. For BART and DART, we select those
variables which have been split on inside a forest at least once on average. Alternative strate-
gies based on truncating inclusion probabilities [143] using data-adaptive thresholds [21] did
not perform better, in general. For ABC, we report results for two selection thresholds 0.5
and 0.25. For Spike-and-Forest (SF), we report the median probability model.

The performance comparisons for variable selection are summarized in Figure 2.2 (equi-
correlation p;; = 0.5) and Figure 2.3 (autocorrelation p;; = O.9i‘j). These figures show that
ABC has an advantage in terms of AUC, suggesting that ABC can rank variables more
efficiently. While RF tend to have a higher power, they are plagued with false discoveries
(i.e. smaller precision). ABC Bayesian Forests, on the other hand, are seen to yield fewer
false discoveries (i.e. higher precision) relative to the other procedures. The ABC threshold
0.5 yields higher precision whereas 0.25 yields higher power.

While ABC Bayesian Forests were designed to explore the posterior distribution over
models, it is natural to ask whether they also yield reasonable prediction. There are various
ways to perform prediction with our ABC method. One natural strategy is to save each
draw fng at the m!" ABC iteration when ¢, < ¢ and average out individual predictions
obtained from these single draws. Alternatively, one could first select variables based on
ABC Bayesian Forests and then run a separate BART method (using the default number of
T = 200 trees which is recommended for prediction) with the selected variables. Using both
strategies, we report average out-of-sample mean squared prediction error, where the average
is taken over 20 independent validation samples generated from the same data generating
process (Table 2.1). We include both ABC predictions described above and denote them as
ABC1 and ABC2, respectively, for the two different thresholds (¢ € {0.5,0.25}) and for the
two choices of the number of trees (T" € {10,20}).

The best method under each simulation setting is marked in bold. When the data

becomes more non-linear (CART and LLS setups) and the correlation among variables gets
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Table 2.1:  Average out-of-sample mean squared prediction error over 20 independent vali-
dation datasets. ABC1 denotes predictions using ABC samples fng and ABC2 uses ABC
variable selection and runs BART (7" = 200) on the selected subset. T' designates the num-
ber of trees and c is the selection threshold. The best performing method for each row is
denoted in bold.

ABC2 ABC1 ABC1 ABC2 ABC1 ABC1 RF RLT DT BART DART
T=20 T=20,c=05 T=20,c=02 T=10 T=10,¢=05 T =10,c¢=0.25
Equi-correlation p;; = 0.5 for i # j

Linear
p =100 5.56 5.5 5.84 5.60 5.84 5.55 563 545 592 5.49 5.40
p=1000 5.79 6.15 5.73 5.86 6.28 5.95 583 570 6.04 5.82 5.62
CART
p=100  34.21 34.63 37.19 34.00 36.10 35.81 34.21 34.64 34.61 35.48 35.57
p=1000 32.00 34.27 35.72 31.99 33.93 33.17 32.30 3240 33.08 33.77 34.04
Friedman
p=100  30.32 29.28 31.59 30.52 30.30 29.03 31.84 30.17 4141 31.31 29.03
p=1000 33.14 35.97 31.54 33.54 38.42 32.71 34.35 3222 4569  32.99 29.42
LLS
p=100 26.23 27.00 28.70 26.25 26.90 27.36 26.80 26.46 28.51 27.42 27.42
p=1000 27.37 26.98 26.94 27.38 27.07 27.02 27.18 26.68 30.66 28.21 27.49
Auto-correlation p;; = 0.9l¢=dl
Linear
p =100 6.17 6.29 6.37 6.20 6.25 6.18 6.37  6.09 6.77 6.17 5.91
p=1000 6.39 6.44 6.00 6.47 6.21 6.13 6.55  6.20 7.06 6.53 6.42
CART
p=100  33.80 37.72 37.28 33.83 36.78 36.61 33.57 34.40 35.05 35.61 35.81
p=1000 31.57 33.55 37.21 31.52 33.52 37.43 31.63 31.88 3222 33.11 33.43
Friedman
p=100  34.09 32.51 34.65 34.27 34.97 32.77 36.88 33.83 48.64 34.21 30.36
p=1000 39.09 39.57 32.58 40.58 43.05 33.46 41.80 37.38 49.51  35.96 30.81
LLS
p=100 2857 27.94 30.71 28.45 28.03 29.12 28.88 27.87 30.69 28.83 28.81
p=1000 29.98 28.25 28.96 30.14 28.40 28.38 30.19 2856 3229  31.76 29.28
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Figure 2.4: A barplot of ordered importance measures (inclusion probabilities for ABC, importance

measures for DART and RF) for each of the p = 201 mutations for the drug APV, where blue
represents mutations found in [194]. (a) Inclusion probabilities are computed using the top 1000
out of M = 10000 ABC samples; (b) Average split of DART with 20000 MCMC iterations; (c) log

variable importance of Random Forest with 500 trees.

stronger, ABC tends to outperform the other methods. DART, on the other hand, works

better for more linear datasets. Note that our default ABC implementation internally uses
For

only a small number of B = 200 burn-in iterations and a small number of trees.
prediction, it has been recommended that BART is deployed with a larger number of trees

[48]. In addition, the ABC computation produces forest samples fd'p which are from an
These two facts may affect resulting predictions which may not

approximate posterior.
necessarily outperform BART (DART) across-the-board.

2.7 Performance on HIV-dataset

To further illustrate the usefulness of our approach, we consider a dataset described and

analyzed in [195] and [8]. The data consists of genotype and resistance measurements (log-
decrease in susceptibility) for three drug classes, i.e. protease inhibitors (PIs), nucleoside
reverse transcriptase inhibitors (NRTIs) and non-nucleoside reverse transcriptase inhibitors
(NNRTIs). The data is publicly available from the Stanford HIV Drug Resistance Database.

The goal of this analysis is to identify possible non-polymorphic mutation positions which
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n,p
1,7=1

result in a log-fold increase of lab-tested drug resistance. The design matrix X = (z;;)
consists of binary indicators x;; € {0,1} for whether or not the 4t mutation occurred
in the " sample. As in [8], only mutations that appear at least 3 times are taken into
consideration. One appealing feature of this dataset is the availability of a proxy to the
‘ground truth’. Indeed, in an independent experimental study, [194] identified mutations
that are present at a significantly higher frequency in patients who have been treated with
each drug. Similarly as [8], we treat this experimental data as an approximation to the truth
for comparisons and for validation of our findings.

We run ABC with M = 10000 iterations, where each internal BART sample is obtained
after 200 burnin iterations with 20 trees. The top 1000 ABC samples with the smallest €,
are kept and used to compute inclusion probabilities for each mutation. For illustration, we
visualize results for one of the PI drugs (APV) and report the results for all the drugs in
the Supplemental Material (Section A.5). The inclusion probabilities have been ordered and
plotted in Figure 2.4, where the mutations experimentally validated by [194] (a proxy for
true signals) are denoted in blue and the rest is in red. For comparisons, we also included
the importance measure (the average number of splits on each variable) from DART run
with 20000 MCMC iterations and 7" = 200 trees as well as the importance measure (on a
log scale) from Random Forests (RF) run with 500 trees.

Figure 2.4 reveals that ABC Bayesian Forests have a strong separation power, where
experimentally validated mutations generally have a higher inclusion probability. Compared
to DART and RF, ABC clearly stands out as being more effective in weeding out ‘noise’. We
gauge the strength of the signal /noise separation using several descriptive statistics. In these
comparisons, we also consider plain BART method (using 7' = 20 trees and 20 000 MCMC
iterations) and ABC using the top 100 and 500 samples with the smallest tolerance level
€m.- Since the selection of the cut-off point is not obvious for BART and RF, we first select
variables based on an adaptive cut-off point so that there are no false discoveries (i.e. the

cut-off is the largest importance weight of a not experimentally validated mutation). From
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Figure 2.5: (a) The number of true discoveries using an adaptive cut-off; (b) The number
of true (red) and false (blue) discoveries using an automated cut-off; (¢) The AUC of each
method.

the plot of the number of ‘True’ locations selected (displayed in Figure 2.5(a)) we can see
that all three ABC implementations find more signal variables. Next, we choose the cut-off
point in an automated way, where ABC importance probabilities are truncated at 0.5 and
0.25, BART and DART measures are truncated at one (i.e. the variable has been used on
average at least once), and RF select variables using recursive feature elimination as explain
in the previous section. Similarly to [8], we report the number of "True’ locations and ’False’
locations (Figure 2.5(b)). RF selection is plagued with false discoveries and DART is not free
from false identifications either. The ABC selection cutoff 0.5 results in a more conservative
selection, where lowering the cutoff point to 0.25 yields more discoveries. Finally, from the
plot of the AUC values for all considered methods (Figure 2.5(c)), we conclude that ABC is
better at separating the experimentally validated mutations from the rest even using a very

few filtered ABC samples.

2.8 Discussion

This paper makes advancements at two fronts. One is the proposal of ABC Bayesian Forests

for variable selection based on a new idea of data splitting, where a fraction of data is first
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used for ABC proposal and the rest for ABC rejection. This new strategy increases ABC
acceptance rate. We have shown that ABC Bayesian Forests are highly competitive with (and
often better than) other tree-based variable selection procedures. The second development
is theoretical and concerns consistency for variable and regularity selection. Continuing the
theoretical investigation of BART by [202], we proposed new complexity priors which jointly
penalize model dimensionality and tree size. We have shown joint consistency for variable
and regularity selection when the level of smoothness is unknown and no greater than 1.
Our results are the first model selection consistency results for BART priors.

Our ABC sampling routine has the potential to be extended in various ways. Sampling
from 7(fe B, o? | Y%ﬁf, Sm) in ABC Bayesian Forests is one way of distilling Y%bs to pro-
pose a candidate ensemble fng. We noticed that the ABC acceptance rate can be further
improved by replacing a randomly sampled tree with a fitted tree. Indeed, instead of draw-
ing from 7(f¢ B, o2 | Y%ﬁf, §), one can fit a tree f% g to Y%’i using recursive partitioning
algorithms (such as the rpart R package of [231] or with BART (by taking the posterior
mean estimate J??’ B = Elfe B | Y%’s, S]). This variant, further referred to as ABC Forest
Fit, is indirectly linked to other model-selection methods based on resampling.

[68] proposed a “first-order bootstrap” to assess confidence of an estimated tree phy-
logeny. The idea was to construct a tree from each bootstrap sample and record the pro-
portion of bootstrap trees that have a feature of interest (for us, this would be variables
used for splits). [60] embedded this approach within a parametric bootstrap framework,
linking the bootstrap confidence level to both frequentist p-values and Bayesian a posteri-
ori model probabilities. The authors proposed a second-order extension by reweighting the
first-order resamples according to a simple importance sampling scheme. This second-order
variant performs frequentist calibration of the a-posteriori probabilities and amounts to per-
forming Bayesian analysis with Welch-Peers uninformative priors. [58] further develops the

connection between parametric Bootstrap and posterior sampling through reweighting in ex-

ponential family models. Using non-parametric bootstrap ideas, [170] introduce the weighted
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likelihood bootstrap (WLB) to sample from approximate posterior distributions. The WLB
samples are obtained by maximum reweighted likelihood estimation with random weights.
Such posterior sampling can be beneficial when, for instance, maximization is easier than
Gibbs sampling from conditionals. In a similar spirit, our ABC Forest Fit variant would
perform optimization (instead of sampling) on a random subset of the dataset to obtain a
candidate tree/ensemble.

It is worth pointing out that J?gf g does not necessarily have to be a tree/forest. We
suggest trees because they are are easily trainable and produce stable results using traditional
software packages. In principle, however, this method could be deployed in tandem with other

non-parametric methods, such as deep learning, to perform variable selection.
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CHAPTER 3
COMPUTATIONAL SPEED-UPS USING BANDIT
APPROACH

3.1 Abstract

Thompson sampling is a heuristic algorithm for the multi-armed bandit problem which has
a long tradition in machine learning. The algorithm has a Bayesian spirit in the sense that
it selects arms based on posterior samples of reward probabilities of each arm. By forging a
connection between combinatorial binary bandits and spike-and-slab variable selection, we
propose a stochastic optimization approach to subset selection called Thompson Variable Se-
lection (TVS). TVS is a framework for interpretable machine learning which does not rely on
the underlying model to be linear. TVS brings together Bayesian reinforcement and machine
learning in order to extend the reach of Bayesian subset selection to non-parametric models
and large datasets with very many predictors and/or very many observations. Depending
on the choice of a reward, TVS can be deployed in offline as well as online setups with
streaming data batches. Tailoring multiplay bandits to variable selection, we provide regret
bounds without necessarily assuming that the arm mean rewards be unrelated. We show a
very strong empirical performance on both simulated and real data. Unlike deterministic
optimization methods for spike-and-slab variable selection, the stochastic nature makes TVS
less prone to local convergence and thereby more robust.

This chapter has been published as a paper in the Journal of American Statistical As-
sociation in joint authorship with Veronika Rockova[l150]. In this paper, I prove the key

theorems and conducted the simulations and data analysis.
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3.2 Interpretable Machine Learning

A fundamental challenge in statistics that goes beyond mere prediction is to glean inter-
pretable insights into the nature of real-world processes by identifying important correlates
of variation. Many today’s most powerful prediction tools, however, lack an intuitive al-
gebraic form which renders their interpretability (i.e. insight into the black box decision
process) far from straightforward. Substantial effort has been recently devoted to enhancing
the explainability of machine learning through the identification of key variables that drive
predictions ([80, 174, 250, 153, 30, 103]). While these procedures may possess nice theoreti-
cal guarantees, they may not yet be feasible for large-scale applications. This work develops
a new computational platform for understanding black-box predictions which is based on
reinforcement learning and which can be applied to very large datasets.

A variable can be important because its change has a causal impact or because leaving it
out reduces overall prediction capacity ([162]). Such leave-one-covariate-out type inference
has a long tradition, going back to at least [24]. In random forests, for example, variable
importance is assessed by the difference between prediction errors in the out-of-bag sam-
ple before and after noising the covariate through a permutation. [132] propose the LOCO
method which gauges local effects of removing each covariate on the overall prediction capa-
bility and derives an asymptotic distribution for this measure to conduct proper statistical
tests. There is a wealth of literature on variable importance measures, see [70] for a recent
overview. In Bayesian forests, such as BART ([46]), one keeps track of predictor inclusion
frequencies and outputs an average proportion of all splitting rules inside a tree ensemble
that split on a given variable. In deep learning, one can construct variable importance
measures using network weights ([80, 246]). [177] introduce a variable importance based on
a Shapley value and [102] investigates diagnostics of black box functions using functional
ANOVA decompositions with dependent covariates. While useful for ranking variables, im-
portance measures are less intuitive for model selection and are often not well-understood

theoretically (with a few exceptions including [106, 117]).
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This work focuses on high-dimensional applications (either very many predictors or very
many observations, or both), where computing importance measures and performing tests
for predictor effects quickly becomes infeasible. We consider the non-parametric regression

model which provides a natural statistical framework for supervised machine learning. The

data setup consists of a continuous response vector Y™ = (Y1,--+,Yy) that is linked
stochastically to a fixed set of predictors x; = (z;1, - - - ,a:ip)’ for 1 <i < n through
Y; = fo(x;) + e where ¢ " N(0,0%), (3.1)

and where fj is an unknown regression function. The variable selection problem occurs when
there is a subset Sy C {1,--- ,p} of g9 =| Sy | predictors which exert influence on the mixing
function fj and we do not know which subset it is. In other words, fj is constant in directions
outside Sy and the goal is to identify active directions (regressors) in Sy while, at the same
time, permitting nonlinearities and interactions. The traditional Bayesian approach to this
problem starts with a prior distribution over the 2P sets of active variables. This is typically
done in a hierarchical fashion by first assigning a prior distribution 7(¢q) on the subset size

q¢ =| § | and then a conditionally uniform prior on S, given ¢, i.e. 7(S | q) = %. This prior

q
can be translated into the spike-and-slab prior where, for each coordinate 1 < i < p, one

assumes a binary indicator ; for whether or not the variable x; is active and assigns a prior
P(v; | ) =6, 6~ Beta(a,b) for some a,b > 0. (3.2)

The active subset S is then constructed as S = {j : 7; = 1}. There is no shortage of
literature on spike-and-slab variable selection in the linear model, addressing prior choices
([165, 200, 203, 241, 27]), computational aspects ([36, 198, 23], [83],[84]) and/or variable
selection consistency results ([40, 115, 169]). Traditionally, spike-and-slab methodology re-
lies on the underlying model to be linear, which may be woefully inaccurate, and can be
computationally slow. In this work, we leave behind the linear model framework and fo-
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cus on interpretable machine learning linking spike-and-slab methods with binary bandits.
The two major methodological benefits are (a) ability to capture non-linear effects and (b)
scalability to very large datasets. Existing non-linear variable selection approaches include
grouped shrinkage/selection of basis-expansion coefficients [142, 188, 190, 212|, regulariza-
tion of the derivative expectation operator [128] or model-free knockoffs [34]. The main
distinguishing feature of our approach is the development of a new computational platform
via a spike-and-slab wrapper that extends the reach of machine learning to large-scale data.

This paper introduces Thompson Variable Selection (TVS), a stochastic optimization
approach to subset selection based on reinforcement learning. The key idea behind TVS is
that variable selection can be regarded as a combinatorial bandit problem where each variable
is treated as an arm. TVS sequentially learns promising combinations of arms (variables)
that are most likely to provide a reward. Depending on the learning tool for modeling
fo (not necessarily a linear model), TVS accommodates a wide range of rewards for both
offline and online (streaming batches) setups. The fundamental appeal of active learning for
subset selection (as opposed to MCMC sampling) is that those variables which provided a
small reward in the past are less likely to be pulled again in the future. This exploitation
aspect steers model exploration towards more promising combinations and offers dramatic
computational dividends. Indeed, similarly as with backward elimination TVS narrows down
the inputs contributing to fy but does so in a stochastic way by learning from past mistakes.
TVS aggregates evidence for variable inclusion and quickly separates signal from noise by
minimizing regret motivated by the median probability model rule [10]. We provide regret
bounds which do not necessarily assume that the arm outcomes be unrelated. In addition, we
show strong empirical performance and demonstrate the potential of TVS to meet demands
of very large datasets.

This paper is structured as follows. Section 3.3 revisits known facts about multi-armed
bandits. Section 3.4 develops the bandits framework for variable selection and Section 3.5

proposes Thompson Variable Selection and presents a regret analysis. Section 3.6 presents

o1



two implementations (offline and online) on two benchmark simulated data. Section 3.7
presents a thorough simulation study and Section 3.8 showcases TVS performance on real

data. We conclude with a discussion in Section 3.9.

3.3 Multi-Armed Bandits Revisited

Before introducing Thompson Variable Selection, it might be useful to review several known
facts about multi-armed bandits. The multi-armed bandit (MAB) problem can be motivated
by the following gambling metaphor. A slot-machine player needs to decide between multiple
arms. When pulled at time ¢, the 7/ arm gives a random payout ~;(¢). In the Bernoulli bandit
problem, the rewards 7;(t) € {0,1} are binary and P(v;(t) = 1) = 6;. The distributions of
rewards are unknown and the player can only learn about them through playing. In doing
so, the player faces a dilemma: exploiting arms that have provided high yields in the past
and exploring alternatives that may give higher rewards in the future.

More formally, an algorithm for MAB must decide which of the p arms to play at time
t, given the outcome of the previous ¢ — 1 plays. A natural goal in the MAB game is to
minimize regret, i.e. the amount of money one loses by not playing the optimal arm at each
step. Denote with i(¢) the arm played at time ¢, with 6* = 11;1?%(]) 0; the best average reward
and with A; = 6* —6; the gap between the rewards of an optimal action and a chosen action.
The expected regret after 7' plays can be then written as E[R(T)] = >0 | A;E[k;(T)],
where k;(T) = Zthl I[i(t) = j] is the number of times an arm j has been played up
to step T. There have been two main types of algorithms designed to minimize regret
in the MAB problem: Upper Confidence Bound (UCB) of [129] and Thompson Sampling
(TS) of [232]. Thompson Sampling is a Bayesian-inspired heuristic algorithm that achieves
a logarithmic expected regret [3] in the Bernoulli bandit problem. Starting with a non-
informative prior 6; iid Beta(l, 1) for 1 <i < p, this algorithm: (a) updates the distribution
of 0; as Beta(a;(t)+1,b;(t)+1), where a;(t) and b;(t) are the number of successes and failures

of the arm ¢ up to time ¢, (b) samples 6;(t) from these posterior distributions, and (c) plays
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the arm with the highest 6;(t). [3] extended this algorithm to the general case where rewards
are not necessarily Bernoulli but general random variables on the interval [0, 1].

The MAB problem is most often formulated as a single-play problem, where only one arm
can be selected at each round. [123] extended Thompson sampling to a multi-play scenario,
where at each round t the player selects a subset S¢ of L < p arms and receives binary
rewards of all selected arms. For each 1 < ¢ < p, these rewards 7;(t) are iid Bernoulli with
unknown success probabilities ¢; where «;(t) and v;(t) are independent for i # j and where,
without loss of generality, 61 > 6 > --- > 6,. The player is interested in maximizing the
sum of expected rewards over drawn arms, where the optimal action is playing the top L
arms Sy = {1,...,L}. The regret depends on the combinatorial structure of arms drawn
and, similarly as before, is defined as the gap between an expected cumulative reward and
the optimal drawing policy, i.e. E[R(T)] = Ez;{zl (Zz’e&) 0; — > ies, 9i> Fixing L, the
number of arms played, [123] propose a Thompson sampling algorithm for this problem and
show that it has a logarithmic expected regret with respect to time and a linear regret with
respect to the number of arms. Our metamorphosis of multi-armed bandits into a variable
selection algorithm will ultimately require that the number L of arms played is random and
that the rewards at each time ¢ can be dependent.

Finally, we complete the review of MAB techniques with combinatorial bandits ([44, 79,
43]) which are the closest relative to our proposed method here. Combinatorial bandits can
be seen as a generalization of multi-play bandits, where any arbitrary combination of arms
S (called super-arms) is played at each round and where the reward r(S) can be revealed for
the entire collective S (a full-bandit feedback) or for each contributing arm i € S (a semi-
bandit feedback), see e.g. [243, 51, 126, 51, 126]. We will draw upon connections between

combinatorial bandits and variable selection multiple times throughout Section 3 and 4.
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3.4 Variable Selection as a Bandit Problem

The purpose of this section is to link spike-and-slab model selection with multi-armed ban-
dits. Before formalizing the ideas, we discuss two possibilities inspired by the search for the
MAP (maximum-a-posteriori) model and the MPM (median probability) model.

Bayesian model selection with spike-and-slab priors has often been synonymous to finding
the MAP model § = argmaxg 7(S | Y(). Even when the marginal likelihood is available,
this model can computationally unattainable for p as small as 20. In order to accelerate
Bayesian variable selection using multi-armed bandits techniques one idea immediately comes
to mind. One could treat each of the 2P models as a base arm. Assigning prior model

probabilities according to 6; ~ Beta(a;, b;) for 1 < i < 2P for some!

a; > 0 and b; > 0,
one could play a game by sequentially trying out various arms (variable subsets) and collect
rewards to prioritize subsets that were suitably “good”. Identifying the arm with the highest
mean reward could then serve as a proxy for the best model. This naive strategy, however,
would not be operational due to the exponential number of arms to explore.

Instead of the MAP model, it has now been standard practice to report the median proba-
bility model (MPM) ([10]) consisting of those variables whose posterior inclusion probability
=Py =1 | Y(™)is at least 0.5. More formally, MPM is defined, for 7 = (71, ... ,mp)

as

Syipym = argmgxrﬂ(S) ={i:m >0.5} where rg(S)= H T H(l —m;) ¢ (3.3)
€S ¢S

This is now the default model selection rule with spike-and-slab priors (3.2). The MPM

model is the optimal predictive model in linear regression under some assumptions [12].

Obtaining 7;’s, albeit easier than finding the MAP model, requires posterior sampling over

variable subsets. While this can be done using standard MCMC sampling techniques in

linear regression ([84, 169, 19]), here we explore new curious connections to bandits in order

1. chosen to correspond to marginals of a Dirichlet distribution
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to develop a much faster stochastic optimization routine for finding MPM-alike models when
the true model is not necessarily linear.

Having reviewed the two traditional Bayesian model choice reporting methods (MAP
and MPM), we can now forge connections to multi-armed bandits. While the MAP model
suggests treating each model S as a bandit arm, the MPM model suggests treating each
variable v; as a bandit arm. Under the MAP framework, the player would be required to
play a single arm (i.e. a model) at each step. The MPM framework, on the other hand,
requires playing a random subset of arms (i.e. a model) at each play opportunity. This
is appealing for at least two reasons: (1) there are fewer arms to explore more efficiently,
(2) the quantity rx(S) in (3.3) can be regarded as a mean regret of a combinatorial arm
(more below) which, given 7, has MPM as its computational oracle. The computational
oracle is defined as the regret minimizer when an oracle furnishes yield probabilities 6; (see
forthcoming Lemma 3.4.1). Based on the discussion above, we regard the MPM framework
as more intuitively appealing for bandit techniques. We thereby reframe spike-and-slab
selection with priors (3.2) as a bandit problem treating each variable as an arm. This idea
is formalized below.

We view Bayesian spike-and-slab selection through the lens of combinatorial bandit prob-
lems (reviewed earlier in Section 3.3) by treating variable selection indicators v;’s in (3.2) as
Bernoulli rewards. From now on, we will refer to each #; as an unknown mean reward, i.e. a
probability that the i variable exerts influence on the outcome. In sharp contrast to (3.2)
which deploys one 6 for all arms, each arm i € {1,...,p} now has its own prior inclusion

probability 6;, i.e.

P(y; =1 | 6;) =0;, 0; ~ Beta(a;,b;) for some a;,b; > 0. (3.4)

In the original spike-and-slab setup (3.2), the mixing weight 6 served as a global shrinkage pa-

rameter determining the level of sparsity and linking coordinates to borrow strength ([200]).
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In our new bandit formulation (3.4), on the other hand, the reward probabilities 6; serve as a
proxy for posterior inclusion probabilities m; whose distribution we want to learn by playing
the bandits game. Recasting the spike-and-slab prior in this way allows one to approach

Bayesian variable selection from a more algorithmic (machine learning) perspective.

3.4.1 The Global Reward

Before proceeding, we need to define the reward in the context of variable selection. One
conceptually appealing strategy would be to collect a joint reward R(St) (e.g. goodness of
model fit) reflecting the collective effort of all contributing arms and then redistribute it
among arms inside the super-arm &; played at time t. One example would be the Shapley
value ([217, 177]), a construct from cooperative game theory for the attribution problem
that distributes the value created by a team to its individual members.

We try a different route.Rather than distributing, we will aggregate. Namely, instead of
collecting a global reward first and then redistributing it, we first collect individual rewards
ﬁ € {0, 1} for each played arm i € S; and then weave them into a global reward R(S¢). We
assume that 'yf’s are iid from (3.4) for each ¢ € {1,...,p}. Unlike traditional combinatorial
bandits that define the global reward R(S¢) = > ;cs7! as a sum of individual outcomes
[79], we consider a global reward for variable selection motivated by the median probability
model.

One natural choice would be a binary global reward R(St) = [[;es, o HigéSt(l -1 €
{0,1} for whether or not all arms inside S; yielded a reward and, at the same time, none of
the arms outside Sy did. Assuming independent arms, the expected reward equals E[R(St)] =
[Lics, 9i [ 1igs,(1—0i) = r¢(St) and has the “median probability model” as its computational
oracle, as can be seen from (3.3). However, this expected reward is not monotone in 6;’s (a
requirement needed for regret analysis) and, due to its dichotomous nature, it penalizes all
mistakes (false positives and negatives) equally.

We consider an alternative reward function which also admits a computational oracle but

o6



treats mistakes differentially. For some 0 < C' < 1, we define the global reward Rc(St) for a

subset S at time t as

Ro(Sp) = S log (C + %’?) . (3.5)

1€S:
Similarly as R(S¢) (defined above) the reward is maximized for the model which includes all
the positive arms and none of the negative arms, i.e. argmaxg R (S) = {i : fyf = 1}. Unlike
R(S¢), however, the reward will penalize subsets with false positives, a penalty log(C') for
each, and there is an opportunity cost of log(1 + C) for each false negative. The expected
global reward depends on the subset S¢ and the vector of yield probabilities 8 = (61, ..., Hp)' ,

i.e.

r§(s) = ElRcsn] = X [oos (o)~ 1ox ()| (36)

1€S:
Note that this expected reward is monotone in 6;’s and is Lipschitz continuous. Moreover,

it also has the median probability model as its computational oracle.

Lemma 3.4.1. Denote with Sp = argmaxg 7“00(8) the computational oracle. Then we have

. log(1/C)
%0 = { i 2 oglc + 1)jC) } | (3.7)

With C = (v/5 —1)/2, the oracle is the median probability model {i : 6; > 0.5}.

Proof: It follows immediately from the definition of R~ (S¢) and the fact that log(1/C) =
0.5log[(1 + C)/C] for C = (v/5 —1)/2.

Note that the choice of C' = (v/5 — 1)/2 incurs the same penalty /opportunity cost for
false positives and negatives since log(1 + C') = —log(C). In streaming feature selection,
for example, [253] accommodate measurement cost and place cheaper variables earlier in
the stream. In our framework, we can allow for different cost C; (e.g. a measurement cost)
for each variable 1 < ¢ < p. The existence of the computational oracle for the expected
reward rg(S ) is very comforting and will be exploited in our Thompson sampling algorithm

introduced in Section 3.5
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3.4.2 The Local Rewards

The global reward (3.5) is a deterministic functional of the local rewards. We have opted
for the reward functional (3.5) because the regret minimizer is the median probability model
when the yield probabilities are provided (see Lemma 3.4.1). We now clarify the definition
of local rewards fyf. We regard S; as a smaller pool of candidate variables, which can contain
false positives and false negatives. The goal is to play a game by sequentially trying out
different subsets and reward true signals so that they are selected in the next round and to
discourage false positives from being included again in the future. Denote with S the set
of all subsets of {1,...,p} and with D the “data” at hand consisting of | D | observations

(Y;, x;) from (3.1). We introduce a feedback rule
r(S;, D) : S x RIPI 5 {0, 1}15], (3.8)

which, when presented with data D and a subset S¢, outputs a vector of binary rewards
(S, D) = (7! i € &)’ for whether or not a variable x; for i € S is relevant for predicting or
explaining the outcome. This feedback is only revealed if © € §;. We consider two sources of
randomness that implicitly define the reward distribution (S, D): (1) a stochastic feedback
rule r(-) assuming that data D is given, and (2) a deterministic feedback rule r(-) assuming
that data D is stochastic.

The first reward type has a Bayesian flavor in the sense that it is conditional on the
observed data Dy, = {(Y;,x;) : 1 < i < n}, where rewards can be sampled using Bayesian
stochastic computation (i.e. MCMC sampling). Such rewards are natural in offline settings
with Bayesian feedback rules, as we explore in Section 3.6.1. As a lead example of this
strategy in this paper, we consider a stochastic reward based on BART (Chipman et al.

(2001)). We refer to [101] and references therein for a nice recent overview of BART. In
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particular, we use the following binary local reward (S, Dy,) = (%t i€ St) where
yf =I(M " sample from the BART posterior splits on the variable x;). (3.9)

The mean reward 0; = P(vf = 1) = Pli € F | Dy| can be interpreted as the posterior
probability that a variable x; is split on in a Bayesian forest F given the entire data Dy,.
The stochastic nature of the BART computation allows one to regard the reward (3.9) as an
actual random variable, whose values can be sampled from using standard software. Since
BART is run only with variables inside Sy (where | S; |<< p) and only for M burn-in MCMC
iterations, computational gains are dramatic (as we will see in Section 3.6.1).

The second reward type has a frequentist flavor in the sense that rewards are sampled
by applying deterministic feedback rules on new streams (or bootstrap replicates) Dy of
data. Such rewards are natural in online settings, as we explore in Section 3.6.2. As a lead
example of this strategy in this paper, we assume that the dataset D,, consist of n = sT
observations and is partitioned into minibatches Dy = {(Y;,x;) : (t —1)s+ 1 < i < ts} for
t =1,...,7. One could think of these batches as new independent observations arriving
in an online fashion or as manageable snippets of big data. The ‘deterministic’ screening
rule we consider here is running BART for a large number M of MCMC iterations and
collecting an aggregated importance measure I M (i; Dy, S¢) for each variable.?2 We define
IM(i; Dy, St) as the average number of times a variable z; was used in a forest where the
average is taken over the M iterations and we then reward those arms which were used at
least once on average,

N =T[IM(i; Dy, S) > 1]. (3.10)

The mean reward 6; = ]P’(’y;.f = 1) can be then interpreted as the (frequentist) probability

that BART, when run on s = n/T observations arising from (3.1), uses a variable x; at least

2. This rule is deterministic in the sense that computing it again on the same data should in principle
provide the same answer. One could, in fact, deploy any other machine learning method that outputs some
measure of variable importance.
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once on average over M iterations. We illustrate this online variant in Section 3.6.2.
3.4.8 Other Feedback Rules

TVS is not confined to a BART reward function. Deploying any variable selection method
using only a subset & will yield a binary feedback rule. For example, the LASSO method
yields §; for i € S which can be turned into the following feedback Vf —1(B; # 0) for i € S;.
In offline setups, randomness of 7;’s can be induced by taking a bootstrap replicate of D, at
each play time 1 < ¢ < T. Another possibility for a binary reward is dichotomizing p-values,
similarly as in alpha-investing for streaming variable selection by [253]. Instead of binary
local rewards (3.8), one can also consider continuous rewards ’yf e |0, 1]|‘St‘ by rescaling
variable importance measures obtained by a machine learning method (e.g. random forests
([152]), deep learning ([103]), and BART ([49])). Our Thompson sampling algorithm can
be then modified by dichotomizing these rewards through independent Bernoulli trials with

probabilities equal to the continuous rewards [3].

3.5 Introducing Thompson Variable Selection (TVS)

This section introduces Thompson Variable Selection (TVS), a reinforcement learning al-
gorithm for subset selection in non-parametric regression environments. The computation
alternates between Choose, Reward and Update steps that we describe in more detail below.

The unknown mean rewards will be denoted with 67 and the ultimate goal of TVS is to
learn their distribution once we have seen the ‘data’. To this end, we take the combinatorial
bandits perspective ([44], Gai et al. (2010)) where, instead of playing one arm at each play
opportunity ¢, we play a random subset S¢ C {1,...,p} of multiple arms. Each such super-
arm Sy corresponds to a model configuration and the goal is to discover promising models
by playing more often the more promising variables.

Similarly as with traditional Thompson Sampling, the tth iteration of TVS starts off by

sampling mean rewards 6;(t) ~ Beta(a;(t), b;(t)) from a posterior distribution that incorpo-

3. The ‘data’ here refers to the sequence of observed rewards.
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Algorithm 2 Thompson Variable Selection with BART (* is an alternative with known ¢*)
Algorithm 1: Thompson Variable Selection with BART

Define C' = % for some 0 < C' < 1 and pick M,a,b > 0

Initialize a;(0) := a and b;(0) := b for each arm 1 <i < p.

For t =1,...,T repeat steps C(1)-(3), R and U.
Choose Step

C(1): Set Sy =0 and fori=1---p do

C(2): Sample 6;(t) ~ Beta(a;(t),b;(t))

C(3): (Unknown ¢*) Compute S; = {i : 6;(t) > C} from (3.7)
C(3)*: (Known ¢*) Compute S; from (3.13)

Reward Step
R: Collect local rewards ~} for each 1 < i < p from (3.9) (offline) or (3.10) (online)
Update Step
U: If 4f =1 then set a;(t + 1) = a;(t) + 1, else bi(t + 1) = b;(t) + 1

Evidence probabilities 7;(t) = a;(t)/[a;(t) + bi(¢)] for 1 <i<pand 1 <t <T.

rates past reward experiences up to time ¢ (as we discussed in Section 3.3). The Choose Step
then decides which arms will be played in the next round. While the single-play Thompson
sampling policy dictates playing the arm with the highest sampled expected reward, the com-
binatorial Thompson sampling policy ([243]) dictates playing the subset that maximizes the
expected global reward, given the vector of sampled probabilities 8(t) = (61(¢),...,0,(t))".
The availability of the computational oracle (from Lemma 3.4.1) makes this step awkwardly
simple as it boils down to computing Sy in (3.7). Unlike multi-play bandits where the
number of played arms is predetermined [123], this strategy allows one to adapt to the size
of the model. We do, however, consider a variant of the computational oracle (see (3.13)
below) for when the size ¢* =| S* | of the ‘true’ model §* = argmaxg rg* (S) is known. The
Choose Step is then followed by the Reward Step (step R in Table 2) which assigns a prize to
the chosen subset &; by collecting individual rewards 'yf (for the offline setup in (3.9) or for
the online setup (3.10)). Finally, each TVS iteration concludes with an Update Step which
updates the beta posterior distribution (step U in Table 2).

The fundamental goal of Thompson Variable Selection is to learn the distribution of

mean rewards 6;’s by playing a game, i.e. sequentially creating a dataset of rewards by
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sampling from beta posterior® distributions that incorporate past rewards and the observed
data D. One natural way to distill evidence for variable selection is through the means

w(t) = (m1(t),...,mp(t))" of these beta distributions

a;(t)

POFROL 1<i<p, (3.11)

mi(t) =

which serve as a proxy for posterior inclusion probabilities. Similarly as with the classical
median probability model [10], one can deem important those variables with m;(t) above

0.5 (this corresponds to one specific choice of C' in Lemma 3.4.1). More generally, at each

C

. From Lemma 3.4.1,
(t)

iteration ¢t TVS outputs a model S\t, which satisfies §t = argmaxgr
this model can be simply computed by truncating individual ;(¢)’s. Upon convergence, i.e.
when trajectories m;(t) stabilize over time, TVS will output the same model §t, We will
see from our empirical demonstrations in Section 3.6 that the separation between signal and

noise (based on 7;(¢)’s) and the model stabilization occurs fast. Before our empirical results,

however, we will dive into the regret analysis of TVS.

3.5.1 Regret Analysis

Thompson sampling (TS) is a policy that uses Bayesian ideas to solve a fundamentally
frequentist problem of regret minimization. In this section, we explore regret properties
of TVS and expand current theoretical understanding of combinatorial TS by allowing for
correlation between arms. Theory for TS was essentially unavailable until the path-breaking
paper by [3] where the first finite-time analysis was presented for single-play bandits. Later,
[133] proved that TS converges to the optimal policy in probability and almost surely under
some assumptions. Several theoretical and empirical studies for TS in multi-play bandits
are also available. In particular, [123] extended TS to multi-play problems with a fixed

number of played arms and showed that it achieves the optimal regret bound. Recently, [243]

4. This posterior treats the past rewards as the actual data.
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introduced TS for combinatorial bandits and derived regret bounds for Lipschitz-continuous
rewards under an offline oracle. We build on their development and extend their results to
the case of related arms.

Recall that the goal of the player is to minimize the total (expected) regret under time

horizon T defined below

T
Reg(T)=E | ( (S*) — r(,*(st)> , (3.12)
t=1
where §* = arg maxg rg* (Sp) with ¢* =| 8* |, 67 = E[y!] and where the expectation is taken
over the unknown drawing policy. Choosing C' as in Lemma 3.4.1, one has log(1 + C) =
—log(C') = D and thereby

T
Reg(T) = DE | Xp: 207 — 1)[I(i € SN\St) — (i € S\S™)]

t=1i=1
Note that (207 — 1) is positive iff i € S*. Upper bounds for the regret (3.12) under the
drawing policy of our TVS Algorithm 1 can be obtained under various assumptions. Below,
we first review two available regret bounds following from [243] for when (a) ¢* is known and
arms are independent (Lemma 3.5.1) and (b) arms are related and ¢* is unknown (Lemma
3.5.2). Later in our Theorem 3.5.1, we relax these assumptions and provide a regret bound
assuming that ¢* unknown and, at the same time, arms are related.

Assuming that the size ¢* of the optimal model §* is known, one can modify Algorithm

1 to confine the search to models of size up to ¢*. Denoting Z = {S C {1,...,p} :| S |< ¢*},
one plays the optimal set of arms within the set Z, i.e. replacing the computational oracle
in (3.7) with Sg = arg maxge7 79(S). We denote this modification with C2* in Table 2. It

turns out that this oracle can also be easily computed, where the solution consists of (up to)
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the top ¢* arms that pass the selection threshold, i.e.

< f o lom(1/C)
% = { 0= logl1+ 0)/C

} NJO) = {(i1, ... ig) €NT :0; >0;, > --- > Ois}.
(3.13)

We have the following regret bound which, unlike the majority of existing results for Thomp-

son sampling, does not require the arms to have independent outcomes yf. The regret bound

depends on the amount of separation between signal and noise.

Lemma 3.5.1. Define the identifiability gap A; = min {0; : 9}* > 07 for j € 8*} for each
arm i ¢ S*. The Algorithm 1 with a computational oracle Sg in C2* achieves the following

regret bound

A;—¢)logT
Reg(r) < Y (i m9)loeT i j>2§§2 vo (L) 4
i¢S* !

for any e > 0 such that A; > 2¢ for each i ¢ S* and for some constant C' > 0.

Proof: Since Z is a matroid ([125]) and our mean regret function is Lipschitz continuous
and it depends only on expected rewards of revealed arms, one can apply Theorem 4 of [243].

Assuming that the size ¢* of the optimal model is unknown and the rewards 'yf are inde-
pendent, one can derive the following bound for the original Algorithm 1 (without restricting

the solution to up to ¢* variables).

Lemma 3.5.2. Define the mazimal reward gap Apgr = maxg Ag where Ag = [rg(S*) —

. 8B“|S
re(S)] and for each armi € {1,...,p} define n; = maxg.jcs A 2B(|*2‘+2 for B = log[(C+

1)/C]. Assume that 75 's are independent for each t. Then the Algorithm 1 achieves the

following regret bound

*

8A 4 q
Reg(T) <log(T Zm +p ( + 3) Amaz +C ggax (5_2 + 1) log(q*/€2)

or some constant C'> 0 and for any € > 0 such that Ag > 2B(¢*2 + 2)e for each S.
)

Proof: Follows from Theorem 1 of [243].
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The bandit literature has largely focused on studying the regret in terms of time 7" rather
than the number of arms p. Note that the dependence on p in Lemma 3.5.2 is cubic, which
(albeit relevant for large n setups) makes the bound less useful when p is very large. [129]
showed a lower regret bound (in terms of p) that is O(p) for any bandit algorithm. [3]
(Remark 3) further showed that Thompson Sampling does achieve this lower bound in a
single-play bandit problem. Our Theorem 3.5.1 below shows a linear dependence on p for
combinatorial bandits with correlated arms when ¢* is unknown.

We now extend Lemma 3.5.2 to the case when the rewards obtained from pulling different
arms are related to one another. [95] introduced a correlated single-play bandit version of
Thompson sampling using pseudo-rewards (upper bounds on the conditional mean reward
of each arm). Similarly as with structured bandits ([179]) we instead interweave the arms
by allowing their mean rewards to depend on &, i.e. instead of a single success probability

6; we now have

0:(S) =P(yf =18 = ). (3.14)

We are interested in obtaining a regret bound for the Algorithm 2 assuming (3.14) in which

case the expected global regret (3.6) writes as

rg (S1) = E[Ro(S)] = ) [@-(&)bg (%) ~log (é)] . (3.15)

1E€S;

To this end we impose an identifiability assumption, which requires a separation gap between

the reward probabilities of signal and noise arms.

Assumption 3.5.1. Denote with S* = arg maxg rg*(St) the optimal set of arms. We say

that 8* is strongly identifiable if there exists 0 < av < 1/2 such that

VieS* we have 6;(8) >60;(S)>05+a VS suchthat i€ S,

Vi ¢ 8 we have 0;(S) <05—a VS suchthat i€ S.
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Under this assumption we provide the following regret bound.

Theorem 3.5.1. Suppose that 8* is strongly identifiable with o > 0. Choosing C' as in
Lemma 3.4.1, the regret of Algorithm 2 satisfies

8plog(T)

4
Reg(T) < Amax | ——5— +c(a)g" + (2 + —2) p] ; (3.16)
o) a

—do 1 -1 1 ~ 1-2
Ft] e+ e+ [3] (34 4) s O = (01 ol

for some C1,Cy > 0 not related to the Algorithm 2, and Apax = maxg [rg(S*) - rg(S)]

where c(a) = C

Proof: Appendix (Section B.1.1)

Two of the most common problems studied in reinforcement learning with bandits are
(1) regret minimization, and (b) best arm identification [62, 28]. Variable selection could
be loosely regarded as the ‘top ¢*-arms’ identification problem when ¢* is unknown. While
Thompson sampling is devised to minimize regret, not necessarily to select the best arms
(see e.g. [208]), we nevertheless show that our sampling policy satisfies a version of variable
selection consistency in the sense that the event {S; = §*} occurs all but finitely many times

as t — oo. This result is summarized in the following theorem.

Theorem 3.5.2. Under the Assumption 1 with p fixed, the TVS sampling policy in Table 2
with C = (v/5 —1)/2 satisfies P (Iimtinf {St = S*}) =1.
—00

Remark 3.5.1. Here is a sketch proof of the theorem: Because of Borel Cantelli Lemma, it
is sufficient to prove that > 721 P ({St # 8*}) < oco. The rest of the proof is an extension
of the terms in theorem 3.5.1. Since the posterior distributions 6;(t) concentrates quickly
around the true mean of the arms ([3]), P ({S¢ # S*}) decays at an exponential rate with

respect to each wrong pull. As such, one can show that > 721 P ({8t # S*}) < oo.

Proof: Appendix (Section B.1.1)
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Figure 3.1: BART variable importance using sparse=TRUE and various number of trees D and
MCMC iterations M. Red squares (the first five covariates) are signals and black dots are noise
variables.

3.6 TVS in Action

This section serves to illustrate Thompson Variable Selection on benchmark simulated datasets
and to document its performance. While various implementations are possible (by choosing
different rewards (S, D) in (3.8)), we will focus on two specific choices that we broadly cat-
egorize into offline variants for when p >> n (Section 3.6.1) and streaming/online variants

for when n >> p (Section 3.6.2).

3.6.1 Offtine TVS

As a lead example in this section, we consider the benchmark Friedman data set ([77]) with
a vastly larger number of p = 10000 predictors @; € [0, 1]P obtained by iid sampling from

Uniform(0,1) and responses Y = (Y7, ---Y,)’ obtained from (3.1) with ¢ = 1 and
folx;) = 10sin(mz;1249) + 20(x;3 — 0.5)2 + 104 + ;5 fori=1,...,300.

Due to the considerable number of covariates, feeding all 10 000 predictors into a black box to
obtain variable importance may not be computationally feasible and/or reliable. However,

TVS can overcome this limitation by deploying subsets of predictors. For instance, we
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considered variable importance using the BART method (using the option sparse=TRUE
for variable selection) with D € {10,50} trees and M € {5000,50000} MCMC iterations
are plotted them in Figure 3.1. While increasing the number of iterations certainly helps in
separating signal from noise, it is not necessarily obvious where to set the cutoff for selection.
One natural rule would be selecting those variables which have been used at least once on
average over the M iterations. With D = 50 and M = 50000, this rule would identify 4
true signals, leaving out the quadratic signal variable x3. The computation took around 8.5
minutes.

The premise of TVS is that one can deploy a weaker learner (such as a forest with fewer
trees) which generates a random reward that roughly captures signal and is allowed to make
mistakes. With reinforcement learning, one hopes that each round will be wrong in a different
way so that mistakes will not be propagated over time. The expectation is that (a) feeding
only a small subset St in a black box and (b) reinforcing positive outcomes, one obtains a
more principled way of selecting variables and speeds up the computation. We illustrate the
effectiveness of this mechanism below.

We use the offline local binary reward defined in (3.9). We start with a non-informative
prior a;(0) = b;(0) =1 for 1 < i < p and choose T' = 10 trees in BART so that variables are
discouraged from entering the model too wildly. This is a weak learner which does not seem
to do perfectly well for variable selection even after very many MCMC iterations (see Figure
3.1(d)). We use the TVS implementation in Table 2 with a dramatically smaller number
M € {100,500,1000} of MCMC burn-in iterations for BART inside TVS. We will see below
that large M is not needed for TVS to unravel signal even with as few as 10 trees.

TVS results are summarized in Figure 3.2, which depicts ‘posterior inclusion probabilities’
m;(t) defined in (3.11) over time t (the number of plays), one line for each of the p =
10000 variables. To better appreciate informativeness of 7;(t)’s, true variables x1,..., x5
are depicted in red while the noise variables are black. Figure 3.2 shows a very successful

demonstration for several reasons. The first panel (Figure 3.2(a)) shows a very weak learner
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