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Abstract

The work in this thesis provides a proof of uniqueness of the potentials for which a discrete
Calder6n problem can be formulated. The Calderén problem will be defined with an associated
Schroédinger equation and studied in a discrete setting. Specifically, the derivatives used to define
the Schrodinger equation and the Dirichlet-to-Neumann map are determined using finite difference
approximations, and the functions are discrete functions defined on a uniform grid in dimensions
n > 3. In the continuous setting, the uniqueness proof of the Calderén problem utilizes a Carle-
man estimate and a particular form of solutions known as Complex Geometrical Optics solutions,
or CGO solutions (as presented in the well-known paper by J. Sylvester and G. Uhlmann). S. Erve-
doza and F. de Gournay presented a discrete version of this Carleman estimate and a construction
of discrete CGO solutions to the Schrodinger equation. This paper expands on the constructions
in this previous work to define a specific set of CGO solutions. These particular constructions will

then be used to complete the uniqueness theorem.



1 Introduction

Inverse problems are mathematical problems concerned with making conclusions about the form
of a differential equation using knowledge of the differential equation’s solutions on the boundary
of a certain domain. The study of these problems has several potential applications, one of the
most notable being their application to medical technology. As an example of its medical uses,
Electrical Impedence Tomography (EIT) may be able to noninvasively identify different types of
human tissues (potentially tumors) due to their different conductivities (see also [[14]]).
Mathematically, the problem can be stated as follows. Let {2 C R"™ be a domain with smooth

boundary, where n > 2. For a fixed conductivity v € L°°(€) that is bounded from below by a

positive constant, define the Dirichlet-to-Neumann map A, : HY/2(9Q) — H~1/2(0Q) by

A — v
Y (f) 7 877u’
where u solves the conductivity equation
V-(yVu)=0 (1)
ulypg = f. (2)

The goal is to identify the conductivity ~y of the domain’s interior using measurements taken from
the boundary - namely, evaluations of the function A,. In order to determine whether or not this
problem is solveable, it is reasonable to first ask: does A, = A,, imply that 7, = 7»? This
question will be from here on referred to as the Calderén problem. It was introduced by Calderén
in [2], where he was able to solve an associated linearized problem.

When (2 has a C"*° boundary and n > 2, Kohn and Vogelius were able to show in [5] the

following result. If 7, and v, were two strictly positive C°(€2) functions such that A,, = A,,,

then DX,y = D¥yalyq for all k = (ki, ko, ..., k,,) (k; € N k; > 0 forevery j = 1, 2, ..., n).



They extended this result to include piecewise real-analytic conductivities ; and ~y» in [6].
The full proof the Calderén problem where v € C2(Q2) and n > 3 was given in [[11], which
utilized solutions to (T]) with specific properties. These solutions are called Complex Geometrical

Optics (CGO) solutions, and take on the form
u(w,m) =72 (14 r(2)), 3)

where € C" satisfies - = 0and r — 0 as |n| — .
This proof makes use of a special relationship between the conductivity equation V- (yVu) = 0
and the Schrodinger equation (A + ¢)u = 0, where ¢ is the potential function satisfying ¢ =

1/2
Agz 73 ) If ¢ is a potential for which the Dirichlet problem for A + ¢ is uniquely solvable for any

boundary condition f € H'/2(9%), the corresponding Dirichlet-to-Neumann map is defined by

A(f) = %’ where u solves the Schrodinger equation

(A+q)u=0 4)

ulogq = [ (3)

Just as before, one can ask if A, = A,, implies that ¢; = g». In fact, an affirmative result for the

Calder6n problem in the case of the conductivity equation for a given conductivity «y is implied

20

by proving the same in the case of the Schrédinger equation with potential ¢ = pvERn See M.

Salo’s work [13] for another proof of the Calderén problem for the conductivity equation using this
relationship. See also [[14] for a selection of important results made in the study of the Calderén
problem.

This paper will consider the Calderén problem for the Schrodinger equation in a discrete set-
ting. Significant progress on this inverse problem defined on grids in dimensions n > 3 was

made in [3]. Given two potentials ¢; and ¢, defined on a uniform mesh such that the associated



Schrodinger equations are uniquely solveable, one of the results presented in [3] showed that the
discrete integrals of the potentials along lines parallel to the coordinate axes were equal if the two
potentials had the same Dirichlet-to-Neumann maps.

The domains used in this paper’s results will be limited to uniform discrete grids. However,
these results provide a full uniqueness theorem of the Calderén problem for the Schrédinger equa-
tion for potential functions for which the Calderén problem can be formulated.

There are two difficulties that make the arguments presented in [[11] seem incompatible with
the discrete setting. One is the fundamentally different ways that the discrete differential operators
behave compared to the continuous operators. As they are defined in this paper, the discrete deriva-
tives do not satisfy an exact product rule. In fact, the range (respectively, the domain) of a discrete
function is a different space than the range (respectively, the domain) of any one of the discrete
function’s discrete derivatives. Furthermore, the discrete derivative lacks any known version of the
chain rule, which is crucial to the study of the continuous CGO solutions in [11] and [13]]. For
these reasons, the requirement that 77 - 7 = 0 in the construction of the CGO solutions given in (3
does not appear to be sufficient to construct usable discrete CGO solutions.

The remainder of Section|l|covers the definitions necessary for studying the discrete Calderén
problem for the Schrédinger equation as it is defined in this paper. These definitions include defin-
ing the discrete domain used for the problem’s setup, discrete functions and the spaces in which
they are defined, and certain discrete operators. This section will also state and prove important
identities that will be used throughout the paper, such as a discrete version of Green’s Theorem.
Many of these definitions and results follow those given in [3].

Section [2| will cover several other preliminary results that are used to construct the CGO so-
lutions used in the main uniqueness proof. Included among these results is a discrete Carleman
estimate.

Theorem [10] then puts specific requirements on the vector 7 in order to ensure that the CGO

solutions satisfy the needed decay properties. Section [2.3] proves this Theorem and completes the



proof of the unqueness result.

1.1 Definitions
1.1.1 The domain

This paper’s theorems, lemmas, and propositions will all use functions defined on subsets of what
will be referred to as the uniform discrete grid of step size h, for a fixed step size h > 0. This
section’s purpose is to define the objects that will be used to describe the problem, and present some
basic properties. Many of the definitions and results here are taken (with a few minor adjustments,
as needed) from [3]].

The precise definition of this grid follows.

Definition 1. The uniform discrete grid of step size h for h > 0 is the set of vectors
{n € R" : n; = Myh for some My, € Z fork =1,2,....n} = hZ".

The positive integer n in this definition is the dimension of the grid. Throughout this paper, it will

be assumed that n > 3.

An alternative definition uses a set of basis vectors, which will be referred to in this paper as

e fork=1,2,... n.

Definition 2. The n basis vectors e', €2,...,e" for the n-dimensional grid are defined to be the

vectors with coordinates

k

where 0y is the Kroneker delta function. An alternative definition for the uniform discrete grid of



step size h > 0 is the set of vectors

hZ™ = {n:Zthek:MkEZ}.

k=1

Let B C hZ" be a bounded subset of the uniform discrete grid with step size A > 0. The goal
of this paper is to present a uniqueness result for a discrete Calderén problem on this domain B.
To begin to define the discrete operators used in these inverse problems, we will need definitions
for the edges of the domain B (denoted BY), as well as the edges of B in the k direction (denoted

B¥)foreach k = 1,2, ..., n.

*—0o 0
*—90o

*—o 0

o —0 0o

o—0 0o

*o—0 00

o—0 0 0

Figure 1: Left: A sample 2-dimensional domain B.

Right: The grid B in black, the set B! in purple rectangles that are labeled with the number 1 (where
1 designates the horizontal direction), and the set B2 in blue rectangles that are labeled with the
number 2 (where 2 designates the vertical direction). The gray dots represent the boundary points
OB of B, which will be defined later.

Definition 3. Let B be a bounded subset of the uniform discrete grid of step size h > 0.

1. For each index k € {1,2,...,n}, the set of edges of B in the k-direction is defined to be the



set

h h
B—{x+—2e.x68} {:c 2e.x€B}.

Sometimes it will be useful to distinguish between the positive and negative k-directions. For

this reason, we define the two subsets BY. of BY,

2. The set of edges of B is the set B, defined to be

B” = | B".
k=1
(See figure|I))

3. Fixak € {1,2,...,n}. The set of edges of B* in the k-direction is defined to be

Bkk:{x—i-hek:xGB}U{x—hek:xEB}UB.

Informally, B** can also be thought of as (Bk)k .

The set of k-neighbours of the set B in the positive and negative directions are subsets of the

set B, and denoted BY* and B™, respectively. They are defined to be

B = {x + he" :z € B}

B = {x — he* : v € B}.

Informally, the sets Bik and B** can respectively be thought of as (Bﬁ)i and (Bﬁ )]i



(See Figure ).

In this paper, points in a domain B and its edge set BY may also be referred to as vertices.

+e +eo +eo
[ * 90— [ +e
-0 & o+ -9 °
L g ® 9@
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o 00— -e ot
e 6o o o -e o+ -0 -0 -0 -0

Figure 2: Left: A sample 2-dimensional domain B.

Center-Left: The set B! in pink, where the horizontal direction is designated as direction 1.
Center-Right: Points contained in B!\ B are in pink and marked with negative signs on their left
sides. Points contained in B}'\ 3 are in red and marked with positive signs on their right sides.
Right : The domain B in black, B%?\ B in light green with negative signs on their left sides, and
B3\ B in darker green with positive signs on their left sides.

Definition 4. Given B C hZ™ a bounded subset of the uniform discrete grid with step size h > 0,

the boundary OB of B is defined to be

0B = (0 Bkk> \B.

k=1

The closure of B will then be defined as

n
B:=BUdB=|]B"
k=1
Note that the dimension n of the surrounding uniform discrete grid hZ" plays a part in deter-
mining which points are included within the set B. Fix two dimensions n; and ns with 1 < ny <
ny. Then a domain B C hZ™ may also be considered a domain within the larger uniform discrete

grid hZ"? under the inclusion map ¢ : hZ™ — hZ™ given by



However, when ny > n; the closure of B within the domain hZ"? is strictly larger than the closure

of B within the domain hZ™ in the sense that

v (B) € «(B). (6)

Later, the dimension n of the surrounding uniform discrete grid AZ" will use the fact that n > 3
in order for the constructions in this paper to be valid. Equation () seems to prevent the proof of
the uniqueness problem in dimensions n > 3 from immediately applying to the same uniqueness
problem in dimensions n < 3.

The bounded domains B that are used in this paper all will have an associated strictly larger set

IC that is described in the following Proposition.

Proposition 1. Let B be a bounded subset of the uniform discrete grid of step size h > 0. Then
there exists a bounded subset IC of the uniform discrete grid of step size h such that B C K. This

larger set IC will be called a covering set of B throughout this paper.
Proof. Because B is bounded, there is a real integer M € N* such that
BC{zxeR":|z;|<hMVj=12,..n}
Let M’ = M + 2, and define
K:={nehZ":|nj|<MhV¥j=12..n}

Now if 2 € B, then by Definition [4] there exists an 7o € B and k € {1,2,...,n} such that
either v = xy + he* or ¥ = 7 — he*. Because 7y € B, we get that |(x);| < hM for every
J € {1,2,...,n}. Therefore, for every j € {1,2,...,n}\k, we have that |(z),| = |(z0);| < hM <
h(M + 1). Furthermore, |zy| < |(xo)x| +h < hM + h = h(M +1).



In particular, B C {x € R" : |z;| < (M +1)hVj =1,2,...,n}. Since M +1 < M’, it follows
that B C K. [

Note that Proposition [I] implies that if B is a bounded subset of the uniform discrete grid of

step size h > 0, then so is B and 3%/ for each j € {1,2,...,n}.

1+@

2 2 2 2
@ ¢ @ @ ® ©® @

Figure 3: A sample domain B is in black. On the left, the boundary points are designated with
colors and symbols. Points in the set B!\ B are denoted with the color pink, with the symbol 1—
directly on their left sides. Points in the set B!\ are denoted with the color red, with the symbol
1+ directly on their left sides. Points in the set 322\ B are denoted with light green, and sit directly
below the symbol 2—. Finally, points in the set 332\ B are denoted with dark green, and sit directly
below the symbol 2+.

On the right, B is represented by black points and its boundary 0B by gray points. The edge set
BE is represented by lines connecting the points.

1.1.2 Discrete Functions and Derivatives

With the discrete domain of interest established, this subsection will elaborate on the function

spaces and operators used throughout this paper.
Definition 5. Let VYW C hZ" be a subset of the uniform discrete grid of step size h > 0.

1. The set of F-valued functions defined (and finite) on a domain VW will be denoted by C(W, F),

where F = C or R. In this paper; the set W will generally be either the set B, B, OB, or BF

9



for a given bounded subset B of the uniform discrete grid.

2. The subset C.(W,F) ¢ C(W,TF) will be defined to be the set of functions u in C(W,F)

such that u| g, = 0.

Throughout this paper, when the output space F is omitted, it will be assumed that F = C. For

example, C(B) = C(B,C) and C.(B) = C.(B,C).

At times, it will be stated that discrete functions defined on the grid are contained in certain LP
spaces to emphasize the use of certain norms. This paper will next define the integral of a discrete
function over a bounded subset B of the uniform discrete grid. Then, this definition will be used to

define some important discrete L” norms.
Definition 6. Let B be a bounded subset of the uniform discrete grid with step size h > 0.

1. Letu € C(B) and v € C(BE). Then

/Bu(a:) =h" Zu(m)

zeB

/BE v(x) = h" Z v(x).

zeBE

Similarly, for every k € {1,2,....,n} and v € C(B*):

/Bk v(x) :=h" Z v(x).

xcBF

Finally, if u € C(0B), then

/%u(x) =0 ().

r€eIB

10



2. If 1 <p < ooandu € C(B), the norm ||u||1»(p) is given by

ey = [ fulo)P

and if p = oo, then the norm ||u||L»(p) is given by

|[u|| oo 8y := sup |u(z)|.
zeB

3. The spaces L*(B) and L*(B) respectively have inner products (u,v)s for and (u, v)g, where

(4, ) = /B u(w)olz).
()= [ u(e)ifa).

B

Furthermore, the Cauchy-Schwarz inequality implies that for either W = B or W = B,
|(u, 0)yy| < Mlul2oml|v]|2om) (7

Proof of equation (7). : Showing this inequality using the definitions given in Definition [f] is

straightforward: let YW = B or B. Then

11
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With the function sets defined, this paper will now introduce some important operators that are

necessary for defining the discrete differential equations.

Definition 7. Let B be a bounded subset of the uniform grid with step size h > 0, and let k €

{1,2,...,n}.

1. Define the average and difference operators ay, Oy, : C(B) — C(B¥) of step size h to be the

linear operators given as follows: for v € B¥ and u € C(B),

u(z+ %ek) —i—u(x— %ek)

apu(x) = 5
u(z+ 2ef) —u(z — Le¥
aku(l,) — ( 2 ) ( 2 )
h
Note that this definition makes sense because if v € BF, then either x = y + %ek
orr = y — %ek for some y € B. It would therefore follow respectively that either

{z+beb x—Lert = {y+het y}, or that {z + Let oz —bet} = {y,y—het}. In

either case, {m + %ek, xr — %ek} C B* C B.

2. Fora fixed k € {1,2,...,n}, one can also define average and difference operators of step
size h in the k direction on the set of functions C(B¥). Specifically, the operators Gy, Ok

C (B*) — C (B) are defined by

dkv(x) =

pv(x) =

forany x € B and v € C(B").

This definition makes sense because (by (1) in Deﬁnition T+ %ek € B* and x — %ek € B*

when z € B.

12



3. It is therefore possible to define a2, 02 : C(B) — C(B). To be precise, the second-order

average and difference operators a3 and 97 : C(B) — C(B) are defined as follows:

u (z+ he*) + 2u(z) + u (z — het)
4

u (z + he?) — 2u(z) + u (z — he*)
h? .

azu(z) = ay o apu(x) =

O2u(z) = Oy o Opu(x) =

forany x € B.

The difference operator 0y, is an approximation of the continuous derivative in the & direction
for any £ = 1,2,...,n. As the discrete partial derivatives are only an approximation to the con-
tinuous versions, not all properties of the continuous derivative are necessarily transferred to the
discrete derivative. One such difference between discrete and continuous differentiation is their

respective product rules.

Proposition 2. (The Discrete Product Rule) Fix k € {1,2,....n}. Let B be a subset of the uniform

discrete grid with step size h > 0, and let u, v € C(B). Then for all x € BF,

Ok (uv)(x) = Opu(z)arv(z) + aru(z)Opv(z). (8)

Proof. The proof of this is straightforward by applying Definition[7]above. For brevity, let u*(z) =

13



u (x + Le") forany u € C(B). Thenif = € BF,

Ouu(r)ago () + mu(e)Oko () = o (' () — u () (v7(2) + v ()

]

The discrete average and difference operators behave nicely with one another in the sense that

they commute.

Proposition 3. (The Discrete Commutativity Property) Let B be a bounded subset of the uniform

discrete grid with step size h > 0, fix k € {1,2,...,n} and let uw € C(B). Then for any x € B,

axOpu(x) = Opayu(x).

14



Proof. For x € B,

Opagu(z) =

arlU a:—l—ﬁek — apl a:—ﬁek
F 2 F 2

u (x + he*) + u(z) u(x)+u(x—hek)>

> = e

N
|

2 2

= % ([ulz + he¥) —u(@)] + [u(z) — ulz — he*)])
_ % (u(a: + he:) —u(@) | ulx) - u}(lx - hek))
= % (&m (x + ge’“> + Opu (:c — g&))

]

These discrete difference and average operators are key to defining the discrete Laplacian and
discrete normal derivative. In what follows are the definitions for the discrete Laplacian and the
conjugated Laplacian operator, which will be used to define and analyze the inverse problem cov-

ered in this paper.

Definition 8. Ler B be a bounded subset of the uniform discrete grid with step size h > 0. Then

foru € C(B) and x € B, the linear operater A : C(B) — C(B) is defined by

Au(z) = Z Oru(z) = % Z {u(z+ he*) — 2u(z) + u (z — he®)}.
k=1 k=1

Definition 9. Let B be a bounded subset of the uniform discrete grid with step size h > 0. Then for

u € C(B) and s € R", the conjugate operator As : C(B) — C(B) is the linear operator defined

15



Agu(z) == e 5"A(*Tu) = e 5 Z OF (%" u(x))

—ST

=e {es'(”hek)u (z + he*) — 2% u(z) + > (e=het)y, (z— hek)}

1 n
h?
k=1

- % Z {e"*u (z + he*) — 2u(z) + e "u (z — he*) }
k=1
forall x € B.

This paper will use two different representations for functions in C'(B). The first is fairly

straightforward: a function u € C'(B) that takes value ug € C at x € B will satisfy
u(z) = up.
An alternative but important representation of functions in C'(B) is a vector representation, which

is described in the following definition.

Definition 10. Let N be the number of vertices in the set VV for a bounded subset VV of the
uniform discrete grid with step size h > 0. Then assign to each vertex x in VW a unique index
n(x) € {1,2,..., N}, where n : W — {1,2,..., N} is a bijective discrete function. Any function

u € C(W) can be represented by a vector u of length N with indices
U, (z) = u(x).

This definition will hold for W = B or W = B, where B is a bounded subset of the uniform
discrete grid of step size h.

If B is a bounded subset of the uniform discrete grid of step size h and has N € N vertices,

16



then under this representation we have that

C(B)=cC¥ and C(B,R) = R".

Similarly, if N' is the number of vertices in B, then

cB)=cV and C(B,R) =R

In this paper, any function v € C'(B3) may be equivalently referred to as the function u defined
on vertices x € B, or as the vector u according to the identification just described.
Later, Definition[T0]will be useful for studying the operators A and A+¢ for potential functions

q € C(B), which under this representation can be characterized by matrices.

1.1.3 Normal Derivative

This subsection provides the definition of the discrete normal derivative, which will be used to

formulate the discrete Green’s theorem.
Definition 11. Let B C hZ" be a bounded subset of the uniform discrete grid of step size h > 0.

1. Define the characteristic function xp : hZ"™ — {0,1} of B by

1 ifxeB
xs(r) =
0 otherwise

for x € hZ".

2. Recall from Proposition|l|that given a bounded subset B of the uniform discrete grid of step
size h, there can be found another bounded subset IC of the uniform discrete grid of step size h

such that B C K. Given a covering set K, define the extension operators I : C(B) — C(K),

17



I[:C(B) = C(K),and I; : C(B) — C(K7) for j € {1,2,...,n} by the extension by zero
operators.

Specifically, for any u € C(B), v € C(B), and x € K, define

v(r) whenx € B

0 otherwise

and

. u(z) whenx € B

0 otherwise .

Similarly, forv € C(B’) and x € K7, define for every j € {1,2,...,n}

v(z) whenx € B’

0 otherwise.

The characteristic and extension operators defined above satisfy the following identity that will

become useful shortly.

Proposition 4. Let B be a bounded subset of the uniform discrete grid of step size h > 0, and K
be a covering set whose existence is guaranteed by Proposition|l| Fix an index j € {1,2,....,n}.

For any u € C(B) and x € K7, the following equalities hold:

1 (95 () = X0 () 0 ( ©)

1; (aju) () = xes (2) a5 (1(w)) (@) (10)

~
—~

IS
S—

N——

—~

8
SN—

Proof of Propositiond}, The proof will be shown for (9) only; the equality (I0) follows by very

18



similar arguments.
Letz € K7.
If 2 & B, then

I (Oju) (z) = 0= xgi (),

and so (9) follows easily.

Now assume that x € B. It follows that x = y + %ej orr=vy— %ej for some y € B.

In the case of the former, z—%e/ = y € B, and z+2%e’ = y+he’ € Bfory € B; consequently,
I(u) (v + 2e’) = u (x £ Le7) for both choices of sign.

In the case of the latter, z + 2/ =y € B, and v — 2e/ = y — he/ € Bfory € B. Again,
I(u) (v + 2e’) = u (x £ Le’) for both choices of sign.

In either case:

I (O5u) (v) = Oju (z)

as needed.

It is now possible to state the definition of the normal derivative.

Definition 12. Let B be a bounded subset of the uniform discrete grid of step size h > 0, and fix a
covering set IC of B that satisfies the description in Proposition|l, Let also u € C(B). Then for all

x € OB, the normal derivative of u at x is given by

Oyu(z) = —hZ 0; (I; (9;u))

19



point 1

Figure 4: A visualization aid for Definition

See ﬁgure@for an illustration in two dimensions of the definition of 0, u. If x is Point 1 marked

in red in the Figure, then 0, u(z) is given by

Opu(z) = —hz 0; (1; (D)) (x)

h h
= _ [[181u (x + 581) — LO1u <x — Eel)]
— |:1282U (l’ + 282) — 1232u (JI — E62>:|
2 2
- _ {alu (x + gel) — o] - [0 — Oyu (x + g&ﬂ (11)
= —0u (m + gel) + Osu <x + geQ) )

The squares marked in gray that do not lie on any edge lines represent the points in the set {x +
%ej} where [;0;u is 0. Orange squares that lie beside negative signs represent points 2’ where
0;1;0;u contributes a factor of —I;0;u(z’) to the sum that defines J,u. Yellow squares that lie
beside positive signs, meanwhile, represent points =’ where 0,1,0;u contributes /;0;u(z"). See the

contributions of each square in (TT).
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Similarly, when « is Point 2 marked in red in the Figure, then 0, u(x) is given by

Oyu(z) = Ou (m — gel) + Oru <m — geQ) .

Note that the definition of 0, is independent of the choice of covering set K. To see this, let K4
and /C, be any two covering sets of 3 that satisfy the description given in Proposition [I} Also let

I, : C(B™) — C(K") be the extension operator to (K;)™ for j = 1,2 and m = 1,2, ..., n.

m

Now because 0B C K; for j = 1,2, it follows that if x € OB, then x + %em € /C;-" and
T — %em € K for both j = 1 and j = 2 and for each m = 1,2, ..., n. Therefore, for any fixed

index m € {1,2,...,n}, any function v € C(B™), and any x € 0B:

B0 Lhv)(x) = 1 (z,m ( ; gm) 1) ( . gm)>
= % (Li(v) (:c + gem> — 12, (v) (:1: - gem)) — O o I2,(v) (2).

By setting v = 0,,,u, it follows that the definitions provided in Definition |12|are independent of the

choice of covering set K.

1.2 Green’s Formula

The discrete Green’s Theorem is essential to analyzing the Dirichlet-to-Neumann maps that will

be introduced later.

Lemma 1. (Integration by Parts) Let B C hZ" be a uniform discrete grid of step size h > 0, and
fix an index k € {1,2,....n}. Then for any v € C(B*) and u € C.(B), the discrete integration by

parts formula is:

Ok(u)v = —/u@k(v). (12)
B¥ B
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There is another integration by parts formula that involves the average operator ay. It is given by:

/Bk ag (w)v :/Budk(v). (13)

The integration by parts formula involving the average operator (given in equation (13)) is not used
to prove the discrete Green’s formula; however, it will be a useful identity later in this paper.

The proof of Lemma [I] will require a change of variables. To simplify the domains of inte-
gration after the change of variables, this paper will use a set identity provided in the proposition

below.

Proposition 5. Ler (B*)t = {x+2e*: 2 € B*} for k € {1,2,...,n}, where B is a bounded

subset of the uniform discrete grid. Then (B*)%\OB = B for either choice of sign.

Proof of proposition[5] For this proof, given any subset A C B, the set A° will be used to refer to
the set B\ A (that is, A the complement of A within the domain ). For a source of set operations
used in this proof, see for instance [9] (section 2.2).

It will be shown only that (B%)X\0B = B; the equality (B*)*\0B = B can be proved by a
very similar argument.

Letz € Bandy := z — 2%e*. Theny € B* and so z = y + Le* € (B¥)% by definition.
Furthermore, since 9B N B = 0, it follows that x € (B*)* \0B. Therefore, B C (B*)k\9B.

Now let z € (B*)%\dB. Since (B¥)% C B*, it follows that z € 5*\0B. Then

x € BB = B\ (u;B7\B) = B* n (u;8” N B°)°
=B n ((U;B7) U B) = (B n (u;87)%) U (B N B)

=0u (B*nB) CB.
Therefore = € I3, completing the proof that (B*)% = B. O
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As previously mentioned, Proposition [5 will be used in the proof of Lemmal/I}

Proof of Lemmal|l| First this paper will prove equation (12]).

RICICE % /B k <u (x + gek> o (x - gek)) o(x)
_ %/Bu<x+gek) v(:v)—%/gku<:v—gek) o(z)

= %/(Bk)i u(y)v (y - ge"”) — %/(Bk)k u(y)v (y + gek)

= % /( - u(y)v <y - ge’“) - % /( Bk)i\%u(y)v (y + gek) (14)
= %/BU(y)v <y - gek> - %/BU(y)v (y + ge’“> (15)
()4

= - /B u(y)dpo(y),

where (14)) comes from the fact that u = 0 on 0B and (I5)) follows from Proposition

The proof of equation (13)) is very similar:

/m an(u)o = %/B <u (a: + gek> +u <:z: - ge’“» o(x)
_ %/Bu<x+ge’f) v(a:)—i—%/gku(m—gek) o(x)
-3 /(Bk)’i u(y)v <y - gek> 3 /( o MO <y + ge’“>
3 e @ (=5 3 [ 0 (59

(3 Lo )
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Now for the discrete Green’s theorem.

Theorem 2. Let B C hZ" be a uniform discrete grid of step size h > 0. Then for u, v € C(B),

n

Z Opudyv = —/A(u)v+/ vOyu. (16)
Bk B oB

k=1

Recall the definitions of A and 0, from Definition @ and Definition respectively.

Proof of Theorem[2] Let K be any covering set of 5. Let u, v € C (B), and let the extension
functions /; and I for the covering set K be as given in Deﬁnition

A few notes to begin with:

1. If x € B’ for some index j, then z + %ej € B for both choices of sign. Therefore,

| o R
b))

whenever v € C(B) and z € B’ forany j € {1,2,...,n}.

2. If x € B’ for some index j, then d;u(z) = I; (0;u) (x); this follows easily from the definition

Of[j.

3. Forany = € K\B, we get that I(v) = 0.
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4. If x € B, then x £+ %ej € B’ for both choices of sign. Therefore,

{Ij (Ou) (x + gej) — I; (9u) (x — gej)}
[(a ) (x + gej) — (9u) (g; _ gej)}

= 0; (95u) (2).

0; (1; (0ju)) (x) =

:IH DIH

R

<

Using these observations, we get the following:

jil i ajuaju_]i/m 1, (9p) 9, (Iv) _ji/m 1 (95u) 95 (1)
_ _jf; /’C 8, (I; (@) Fv by Lemmall]
_ _;/Béj (I, (D)) v
__J%;:/Ba (Oyu) U_leh/ ) (1 (0yu)) v

This completes the proof. 0

1.3 The Discrete Time Fourier Transform

The discrete time Fourier transform will play an important role in this paper. The goal of this

subsection is to prove a property of this transformation that will be particularly useful: the fact that
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the discrete time Fourier transform is injective. For an alternative source of this fact and for more

information about the discrete time Fourier transform, see for example [8].

Definition 13. Fix a step size h > 0. Denote by F the discrete time Fourier transform as follows.

Foranyu € L*(hWZ") and B € ;T" := [—n/h,7/h)",

Here, F(u) is a periodic function on %T".
Let 1 : C(B) — C(hZ") and i : C(B) — C(hZ"™) be extension by zero operators.
Given a bounded subset B of the uniform discrete grid of step size h, the Fourier transform of a

function u € C(B) is defined to be F (i(u)) (B) for all B € +T". Similarly, the Fourier transform
of a function u € C(B) is defined to be F (v(u)) (B) forall B € %T”.

This discrete time Fourier transform has several properties shared by the continuous Fourier

transform. Two that will be used later in this paper are stated and proved below.
Theorem 3. (Plancherel’s theorem) Let B be bounded subset of the uniform discrete grid of step

size h > 0. For any u € L*(B),

| Full g2 1oy = Cunllull2s)- (17)

Proof. Fix u € L*(B).

k

Since B is bounded, the series given by >, .. ¢(u)(k)e ¥ is a finite sum.
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Then

2

> wu)(k)e x| dp

1Fullaggmn = [ 1Fu@Pd = [
RI" 7#T" |kehzn

N /T > ) (K)e(w) (e P dp

k,j

=S )i [ D ap

n w/h
=S )i ] / e-iBn(kn=in) 48, (18)
k.j m=1"-7/h

Consider the product of integrals in (I8)) above. If k,, — j,, = Nh # 0 for some index m €

{1,2,...,n} and some N € Z, then the corresponding integral is equal to

w/h 1
_iBM(km_jm)dIB — 0 _i%(km_jm) _ i%(km_jm)
€ m : . € e
/w/h _Z(km _.]m) ( )

1 (e—ig-Nh _ eig-Nh)

— T — (cos(—Nm) — cos(N))

On the other hand, if k,,, = j,,, forallm € {1,2,...,n}, then

n 7T/h ] . n Tr/h n 2 2 n
[/ ewtoivig,ap, =] [ vas. =] 7= (F)
_ _ h h

m=1 7T/h m=1 7r/h

m=1
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Therefore

1Fulscen = X w0 T (57) + X 3 a0

]

Theorem 4. Let B be a bounded subset of the uniform discrete grid of step size h > 0. The Fourier

transform F defined on C'(B) is injective.

Proof. Let u € L*(B) for a bounded subset B of the uniform discrete grid with step size h such
that 7 (u) = 0; that is, F(u)(8) = 0 for almost all 3 € [—7/h,7/h)". The proof that u = 0 is an

application of Plancherel’s theorem:

o= [ e as= () 3 o

kehZzn

Therefore v is necessarily 0 everywhere. U
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2 Schrodinger Equation

2.1 Statement of the Problem

Fix a bounded subset B of the uniform discrete grid of step size & > 0. Given a potential ¢ € C'(B),

let C(q) € C(0B) be the set of functions f such that there exists a unique v € C(B) that solves

(A +q)u=0onBandu[yz = f. Then define the Dirichlet-to-Neumann map A, by

A, :C(q) — C(0B)

Ay i f = Oyu,
where u is the function solving
(A4+q)u=0
ulos = f-

The goal of this section is to prove the following theorem.

Theorem 5. Let B be a bounded uniform grid of step size h > 0, and let q;, go € C(B,R) be
potentials such that C(q,) = C(q2) = C(0B). If

Ay =A

q1 q2»

then

q1 = 42.

Before getting into the proof of this Theorem, it will first be shown that the Dirichlet-to-Neumann
maps A, are well-defined for almost every g.

Recall the relationship between a function ¢ € C(B) and its vector representation q from
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Definition

Lemma 6. Let B be a bounded subset of the uniform discrete grid with step size h > 0. Let also
N be the number of vertices in B. Then there is a set X C RY of measure 0 such that for every
q € RN\ X, we have C(q) = C(0B). In other words, for every q € C(B)\ X, we have that for any

f € C(0B) there exists a unique u € C(B) such that

(A+qu=00nB

UfaB:f

Furthermore, there exists a neighbourhood of the constant function 1 contained entirely within

RN\ X

In the continuous case, a maximum principle can be used to prove uniqueness of solutions when
the potential ¢ is identically O (see for example [4], Theorem 4, p.27). The proof of Lemma [
will also utilize a discrete maximum principle in a similar manner. This principle is detailed in the

following proposition, which is proved in [[1] (Theorem 2.2, p.10):

Proposition 6. Let B be a bounded subset of the uniform discrete grid with step size h > 0. If

u € C(B) and

on B, then

max u < maxu.
B oB

Similarly, if

on B, then

minu > min u.
B oB
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Proof of Proposition[6] Let Au > 0 on B. Assume for contradiction that maxg u > maxsp u, and

fix an = € B such that u(z) = maxyeg u(y). Then

n

2nu(z) =) u(z+ he*) +Z (z — he®)
k=1

—Z (z + he*) — 2u(z) + u (z — he*))

:Z (z + he") +Z (z — he*) — K*Au(z)

3

< Z r + he —I— Z T — he (because Au > 0) (19)

—I-Z ) = 2nu(x).

3

IN

k=1

By the assumption that u(z) = maxzu > maxys u, we have that u(z + e*) < u(x) and u(x —
he*) < u(z) foreach k € {1,2, ..., n}. It follows necessarily from (T9) that u(z + he*) = u(z) =
u(x — hek) for all k.

Fix any k € {1,2,...,n}. Because B is bounded,
N :=min{m € N: 2 + mhe* ¢ B} < .

Furthermore, because € B, we have that N > 1. Finally, by definition of N it follows that = +
Nhe* € OB. Repeating the argument above for the point x +mheF for every m € {0,1,..., N —1}

then implies that = + Nhe" satisfies
u(z+ Nhe®) =u(z+ (N —1he*) = ... = u (z + he") = u(z).

Therefore

maxu < maxu = u(z) = u (z + Nhe*) < maxu.
B B oB
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This contradicts the assumption that maxz v > maxgg u, and completes the proof.
The proof that v achieves its minimum value on 98 when Au < 0 follows by a similar series

of inequalities, with the inequalities reversed. ]

The proof of Lemma @ itself will use the vector representation of functions in C'(B) (see Defi-
nition [10)).

Proof of Lemmalf] See also [[1] (Theorem 2.2, p.10).
Let N’ be the number of vertices in the set 3, and N the number of vertices in 3. Fix a bijective

index function n : B — {1,2, ..., N'}. Define the mapping T : C(B) — C(B) by

Up(z) ifx € 0B

Au(z) ifxeB

This mapping is linear, and therefore is represented by a matix.

Now if u is a vector that satisfies 7'(u) = 0, then u represents a discrete function u on B that
satisfies Au = 0 and u[yz = 0. The maximum/minimum principle (Proposition [6)) then implies
necessarily that

0 =min < minu < maxu < maxu = 0.
oB B B oB

Thterefore v = 0, or (equivalently) u = 0. This implies that the mapping 7" is injective.

Since T is an injective and linear mapping from an N’-dimensional space to itself, it is invert-
ible, and det(7") # 0. In particular, for any boundary value f € C(9B), there is a unique solution
u="T"1(f,0) that solves u[y5 = f, Au = 0.

Now let 7 : RY — R be the function defined by

T(q) = det(T"(q),

where the matrix 7”(q) is the matrix associated to the linear transformation 7"(q) : C'(B) — C(B)
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given by
Up(z) ifx € 0B

(A+qu(x) ifzreB

for x € B.

Note that because the determinant of a matrix is a polynomial with respect to its entries, 7 is
continuous on RY. Because it was just shown that 7(0) # 0, this means that if ¢ is such that
\1g|| L8y < ¢ for ¢ > 0 small enough, then 7 (q) # 0.

Note also that because polynomials are real analytic, we have that 7 is an analytic function on
RY. Therefore, because T (0) # 0, we get also that 7(q) # 0 for almost every q € RY (see [7]).

In particular, for almost every potential ¢ € R”, and for every ¢ that satisfies ||g||1~5) < ¢
for ¢ > 0 small enough, we have that 7 (q) # 0. Equivalently, for these ¢ we have that for any
f € C(8B) there is a unique u = (7"(¢))~" (£, 0) such that (A + ¢)u = 0 on B and u|ys = f.

This completes the proof of Lemma [6] [

2.2 Background

The proof of Theorem [5| requires a few preliminary results. First, an equation will be derived
from the assumption in Theorem [5] that A, = A,,. After integrating by parts, this assumption
results in an equality that involves the two potential functions ¢; and ¢, as well as solutions to the
Schrédinger equations corresponding to these two potentials.

The next subsection derives a Carleman estimate, which is used to produce certain CGO solu-
tions to the Schrodinger equation.

The third and final subsection will provide some precursory results that will be used to construct
these CGO solutions.

Section [2.3] will then complete this construction and the proof of Theorem 5
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2.2.1 Dirichlet-to-Neumann map Identity

As mentioned previously, the goal of this subsection is to translate the assumption that A,, = A,
into an expression involving the potential functions ¢; and ¢, themselves. This will be done using
the discrete Green’s theorem (16). The results presented in this section follow those found in [3]]

(Proposition 2.8, p.13).

Lemma 7. Let B be a bounded subset of the uniform discrete grid of step size h > 0, and let

¢ € C(B,R) and q» € C(B,R) be two potentials that satisfy C(q;) = C(0B) for j € {1,2}.

If Ay, = Ay, then for all uy, uy € C(B) such that (A + ¢;) uj = 0,

0= /(Ch - CJQ)UluQ- (20)
B

As in [3]], the proof of this lemma will use the fact that the Dirichlet-to-Neumann maps are self-

adjoint.

Proposition 7. Let B be a bounded subset of the uniform discrete grid of step size h > 0 and let

q € C(B) be such that C(q) = C(9B).

Proof. Let u solve (A + q)u = 0on B and ulys = f, and let v be the solution to (A + ¢)v = 0 on

Then for any f, g € C(0B),
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B and v[yz = g. Then using Theorem [2] we get that

/aBgAqf—qug:/%vanu—uanv
:Zk:/gkakuakH/BA(u)v—%:/Bk
:/BA(U)U—/BA(U)U
_/B(—q)uv—/g(—q)vu

(9ku8kv—/A(v)u
B

With that, it is now possible to prove (20)

Proof of Lemma[7} Let u; and us be any two solutions to (A + g;)u; = 0, and denote f := u; [,z

and g := uy[,z. From the assumption that A, = A, it follows that

0= [ 9 =20)F= | oMy f = Ay (by PropositonfD)
oB oB
= / g@nul — fanUQ = / u25)nu1 — ulanu2
oB oB

:Z/ 0ku28ku1+/u2A(u1) —Z/ 0kulaku2—/A(u2)U1
L Bk B & Bk B

:/lgu?A(ul)—/BA(ug)ul
— /B(—ql)UﬂLg — /B(_QZ)U2U1

= /((& - Q1)U1U2-
B
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2.2.2 Carleman Estimate

As mentioned in the last subsection, the goal is to show that A,, = A,, implies that the discrete
time Fourier transform of ¢; — ¢ is 0. The proof will use solutions to (A + g;)u; = 0 of a
very particular form called CGO solutions. Products of these solutions will result in a function
that approximates = > €2 for almost every 3 € [—n/2h, 7/2h]. Inserting products of CGO
solutions into (20]) will therefore imply that the discrete time Fourier transform of ¢; — ¢» is 0.
Essential to showing that these CGO solutions exist and satisfy certain decay properties is the
following Carleman estimate. Its statement and proof closely follow the work in [3] (Theorem 3.1

on p.15 and Theorem 6.1 on p.31).

Theorem 8. Fix a bounded subset B of the uniform discrete grid of step size h > 0, and let
IC be a covering set. Given any vector s € R", let b = b(s) € R" be the vector given by
b, = 2 sinh(hsy,).

Then there exists a constant C' depending only on B so that for any u € C.(B),

. 1)

blljull 2@ < € || & (Tw))|],,

Recall the definition of A4 from Definition [0

Note also that the choice of K does not change the value of A (f (u)) (x) for any x € B, and
therefore it does not change the value of ||Ag (.f (u)) ||z25)- Consequently, holds indepen-
dently of the choice of covering set XC. This follows by reasoning very similar to that used in the
note immediately after Definition

To see that (21]) holds independently of the choice of covering set, fix any two covering sets
K1 and Ky of B. If x € B, it follows that = 4 he* € K; forall k € {1,2,...,n}, for j € {1,2},

and for both choices of sign. This is due to the fact that B C K; for j € {1,2}. Therefore if
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I ;: C(B) — K; are the two extension by zero operators:

Ag (fl(u)> (r) = % 2": [esjhflu (z+ he’) — 2Lu(x) 4+ e 5" u (z — hej)}

i=1

= % Z [esjhfgu (.CE + hej) — 2f2u(m) +e 5" Lu (x - hej)}
j:

— A, (iz(u)) ()

for any = € B.
The proof of the Carleman estimate given in Theorem [§] involves first splitting Ag up into its
symmetric and asymmetric parts, S and A respectively. Bounding ||Ag(Iu)|| 12(g) 1s then reduced

to studying || (u)[ ) and [[A(w)][ )

Proposition 8. Let 3 be a bounded subset of the uniform discrete grid of step size h > 0, and let K
be a covering set. Let Ag be the conjugated operator defined in Definition @ Then A : C (B) —

C(B) can be written as AsI = S + A, where:

1. § = 2?21 S; is a symmetric operator, and A = 2?21 A, is skew-symmetric on the space

(u,v)g = /Buﬁ.

2. Forany j, m = 1,2,...,n and u € C.(B), the operators S; and A, satisfy S;A,u(x) =

C.(B) with inner product

A, Sju(x) for all x € B.

3. Forall j, m=1,2,...,nand any u € C.(B,R), the operators S; and A,, satisfy

(Sju, Apu)g = 0 = (Anu, Sju)p.
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4. Foranys € R" and u € C.(B),

1861 ()| 132 = 15ull72@, + || Aull}> @) (22)

Proof of Proposition[8} See also [3]. Let v € C'(B) and x € B. For notational simplicity, define

for now u = I(v). Then

ASU(IL‘) =X Z 8,3 =e 5" Z Ok, 8k. aku + ag ( ) 8ku)

m
8
M:

[8 Y au 4 20 ag (€57) Opapu + a2 (e52) (9,fu]
k

1
—sT ST skh ST STy —sih
{_h2 +e | azul
k=1

1

Sl

[es :peskh s me—skh] 8kaku

*”"‘@IH

+ [es-meskh + 265t _i_es-we—skh} a’%u}

n

{%[Skh 2+€ Skh}ak’u,—Fl

. [ sch e_s’“h} 5kaku

Ed

=1

1
+Z[

4 sih 2
{ﬁ sinh? ( I; ) aiu + ; smh(skh)akaku + cosh? ( 5 ) oiu }
4 . 2 Skh 2 2 . = 2 Skh 2 ~
{ﬁ sinh (T) ay, + 7 sinh(sgh)0kay + cosh - oh (IU)
Then define the operators S, : C(B) — C(B) and A, : C(B) — C(B) by

Spv(z) = % sinh? (#) a; (fv) (z) 4 cosh? <%) o <fv) (x)
Apv(z) = %sinh(skh)ékak (fv) (x)

e 42+ e_s’“h] 8,3u}

I
ol
s ||M:
=N

k=1
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forall z € Bsothat AJJ = S+ A = Y pe1 Sk + > p_, A; according to the above calculations.

All that is left to show are the three properties listed in Proposition [§]
Property 1

Let u, v € C.(B). Then using the integration by parts formulas (I2) and (I3) from Lemma [I] as

well as the fact that 7 = 0 = u on O,
(Su,v)g = i (Siu,v)g = Z [ z JRCEY
_ Z/ (—h (%) )+ o (") a2
_ Z / K <_ sinh? (;) (o ) ax(u Z / 0 (h (h) (v >> Ol (u)
_ Z [ <_smh2 (%) i ) )+ i e < osi (%4 I >> I(w)
_ Z / <_ sinh? (kh) a2I(v) + cosh? (%h) azf@)) u

= Z u, Spv)g = (u, Sv)g-

k=1
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Similarly,

(Au, v)5 = z:: /B AT = Zi: /B (% sinh(skh)ékakf(u)) 7

_ kz [ (Zenisimdiatn) i

_ kz /B () o (% smh<skh>f<v>)
_ ; /B i) (akak (% sinh(seh)] <v>))
_ kz K (% sinh(skh)ékakf(v))

=— Z (u, Apv)g = — (u, Av)g.

Therefore S and A are symmetric and skew-symmetric, respectively.

Property 2

Fix k, j € {1,2,...,n}. Foru € C,(B) and z € B:

_ %Sth (#) all (% sinh(sjh)éjaji(u)) (z)
+ cosh? <%) o2 (% sinh(sjh)éjajﬂu)) €
= 2 sinh(s,h) 7 sinh? (7’1) (27 (8y0,0(w))) ()

(23)
+ %Sinh(th) cosh? (%) (%—f <5jajf<u)>> (z).

It will be shown that for v € C.(B) and = € B,

ail (@-ajj:(u)) (z) = 0ja;1 (aii(u)) (x) (24)
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and
021 (éjaji(u)) (z) = d;a;1 (a,ii(u)) (z) (25)

Then combining (23)), (24)), and (25)) gives the commutativity result - namely, that

SpAju(z) = %sinh(sjh) :2 sinh? (%) (aii <(§jajf(u)>> (x)

+ % sinh(s;h) cosh? (S’;h) <3k <5jajj(u)>> (z)
= %sinh(sjh)% sinh? (S];h) (8 a;l ( iﬂu))) (x)
+ % sinh(s;h) cosh? (%) (éjajf <(9,%I~(u))> (z)

—~ %smh(s] ) (a a;1 ( ;2 sinh? (#) apl <u>)> ()
+%Sinh(sjh) <5jajf (cosh2 ( ’;h) Op I (u ))) ()

— %smh(sjh)éjaji (%snhQ (S’;h> apI(u) + cosh’ (S’“h) O (u )) ()

= A;Spu(z)

foru € C.(B) and z € B.

Now to prove 24). Let v(z) := d;a;1(u)(z) = 5 (fu (z + he’) — Tu(z — hej)> forz € B.
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Then because x + he’, x — he/ € B forall z € B:

a2I(v)(z) = i [fv (z + he*) + 2Tv(z) + Tv (z — hek)}
= [o (¢ + het) +20(2) + v (2 — he)
= i % [(Iu (z + he* + hel) — Tu (z + he® — hej)>
+2 (iu<x + hed) — Tu(z — hej)>
+ <fu(;1: — he* + he?) — Tu(x — he — hej)>]
= % : }1 [(~u(m + he’ + he*) + 2Tu(x + he’) + Tu(z + he’ — hek)>
(i (z — he’ + he®) + 2Tu(z — he’) + Tu(z — he’ — hek))}
_ % (6 Fu(e + he?) — (e — he) .

Using again that = + he’, x — he/ € Bforany r € B:

1
al(v =2 [aklu x4+ hel) — a2lu(x — hej)}
1 ~ o~ .
=2 [ ailu(x + he’) — TaiTu(z — hej)}
= da;1 (ailu) ().

The proof of (23) is very similar. Let v(x) = d;a;1(u)(z) = 5 (fu (x4 he?) — Tu(z — hej)>
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for x € B, as before. Then = + heF € B and = + he’ € B, and so

021 (v)(x) = % [_fv (z + he") — 2fv(z) + Iv (z — he’f)}
= o [ (a + het) = 20(2) + v (& — het)]
= Wl(h?) [fu (z + he* + he’) — Tu (z + he® — he?)
9 (fu (z + he?) — Tu (v — hej)>
+1u (z — he* + he?) — Tu (z — he" hej)]
— m {[7u w+ het + he?) —2Tu (a+ hel) + Tu (x — he + he)|

— [jzu ($+hek — hej) —2]u (x — hej) + Tu (x— her — hej)]}

{ ( >x+he3) 0,ffu(x—hej)}

1
2h
:ih{ ( ) :L’—i—he])—faklu(x—he])}

= d;a;1 <8k]u> ().

Therefore 971 (@aﬁ(h)) (z) = 0ja,1 <8,3]~u> (x) for any k, j € {1,2,...,n}, u € C.(B), and
x € B.

This completes the proof of Property 2.
Property 3

Letu € C.(B,R),and let k, j € {1,2,...,n}. Using both property 1 and property 2 above as well

as the fact that w = 0 on 9B:

(Sku, Aju)g = — (A;Sku, u)g
— (A;Spu,u) g = — (SpAju,u) g

— (SkAju,u)g = — (Aju, Spu)g -
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Because (Spu, Aju)g = (Skpu,Aju)g when wu is real-valued, it follows (Syu, Aju)z =
—(Sku, Aju)g = 0.

The above equalities then also imply that (A;u, Syu)gz = —(Sku, A;u)g = 0.
Property 4

Let u € C.(B); write it as u = uy + iug, where uy, uy € C.(B,R). Then because A is linear and

its coefficients are real,

2 2
|mmmwfiémm

:/3 Z % sinh(skh)ékak <-f [uq +iu2])}

k=1 *

2

n n

— /3 Z %sinh(skh)ékak (fu1> +1 Z % sinh(sjh)éjaj <iu2>]

k=1 Jj=1
A3
:/B{|Au1|2+|Au2|2}

2 2
= |[Ausl[725) + [|Au2|| 72 -

2

2 2

n

Z % Sinh(th)éjCLj (INUQ)

j=1

n 9 .
h

sinh(skh)ékak (l:u1>

The operators S and AJI are both also linear and (in the case of S) are defined using discrete
average and difference operators multiplied by real coefficients. Therefore, using analysis very

similar to the analysis used above for the operator A, we get that the following equalities hold:

15l g5, = 15wl 2oy + 11Sual e
140l = AuslZa + [ AwlZas
||Asfu||i2(g) = ||As]~u1||i2(3) + ||As]~u2||i2(3)‘
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Therefore if it is shown that
||Asj(uj)||i2(g) = ||Suj||i2(g) + ||Auj||iz(g) (26)
for j = 1, 2, then it would follow that

18T (W)l 228y = 18T (1) 22y + [186T (02) 22y
— (15wl + 14wt o) ) + (11StalZagg) + 114w 2ags))

- ||Su||i2(g) + ||Au||i2(g)7

which is the identity guaranteed by Property 4.

It therefore suffices to prove
L) gy = 1SulZagg) + 14wl 2aqq,

for any u € C.(B,R). This would imply that (26)) holds for j = 1, 2.
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This identity is a consequence of Property 3 above.

AT (725 = [1(S + A)ull 2@ = (S + A, (S + Au)g

= (Su, Su)g + (Au, Au)g + (Su, Au)g + (Au, Su)g

= (Su, Su)g + (Au, Au)g (Z Spu, ZA u)

—W%MQ-HMWWB+§:&uAM

E

k,j=1
+ Y (Aju, Spu)g
kj=1
= [|Sull3, B T ||Au||L2(B)
for u € C.(B,R). This completes the proof of Proposition O

Property (4) of Proposition [§| means that to show equation (1), it suffices to show that
||Au||iz(3) > |b|2||u||i2(3)

This is a key fact used in the following proof of Theorem ]

Proof of Theorem[8] Given b € R", let Ay, denote the operator Apu = >

Jj=1

b;a;0;1(u) € C(B)
for any u € C,(B). Fix a b # 0. The proof will first show that u — [[Apul|;2 is a norm on
C.(B).

Because || - || 125 is @ norm, we get immediately that |[Apul[;2@ > 0 forallu € C (B).

Furthermore, by linearity of the operator Ay,:

[ Ab () [ r2@) = [loAvul] @) = |all|Avul] 2 )
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for any o € R, and
1A (u + 0)l[ 2 @) = |[Ab(w) + Ab(0)]2) < [|Abull 2 @) + [ Ab] 125

for any u, v € C.(B).
The final property left to check is that || Apul| r2@ = 0 only when u = 0. To see this, let
u € C,(B) be a function that is not identically zero; that is, supp(u) # (). Make the following

definitions:
1. Let jo € {1,2,...,n} be an index such that b, # 0.

2. Let M := mingeqpp(u) Tj, be the smallest value of the jo-th index achieved over the support

of u, denoted supp(u). Because B is bounded, M is finite.

3. Define the set Sy to be the set of all = in the support of u whose j,-th index value is this

minimum value M. That is,

So = {z € supp(u) : zj, = M} C supp(u) C B.

Fix an x € Sy, and define o := = — he’. Since (z9);, = M — h < M = x;,, it follows by
definition of M that z, & supp(u); however, since z € supp(u), we do get that z;y € supp(u) C B.

To prove that || Apul| 125 # 0 when u # 0, it will be shown that [ Apu(zo)| # 0, where x € B
is the point described above.

First, note that bj,d;,0;,Tu(ze) = t;iff [fu (2o + he’) — Tu (o — hejo)]. However,
(wg — he”), = M — 2h < M. Therefore by the definition of M, xy — he’® & supp(u), and
so [u (zo — he’®) = 0. However, b, # 0 and [u (zo + he’) = Tu(z) # 0, so

b,

L0y (zo + hej‘))

oh = |bj,aj,0jou (x0)] > 0.
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Now for any other index j € {1,2,...,n} such that j # j,, we have that u(xo+ he’) = 0. For if
u(zo + he?) # 0, then y := o+ he/ € supp(u), but y;, = (20);, = M — h, a contradiction to the
definition of the constant M. Similarly, we have that u(xo—he’) = 0 for any other j € {1,2,...,n}

such that j # jo. Thus

n

Z;—;L [fu (xo—i-hej) —Iu (xo — hej)]‘ =

J=1

b. - .
—LI(u)(zo + he’)| > 0,

| Apu(zo)| = 5h

and so || Apul| 25 > 0.
Since u > [|Apul| ;25 takes the value 0 only when u = 0, this map is a norm on C(B).
Norms on finite-dimensional spaces are equivalent ( [10] Corollary 2.17, p.43), and so there exists

a constant C' = C(b, B) > 0 such that
1 4bul] 2@ = C(b, B)||ull 2, 27)

for every u € C.(B).

If p is the number of points in B3, define the map F : R” x C? — R by

F(b,u) = [|Apul| 125 -

where b € R™ and u is the vector form for a function u € C(B). Because F is defined using
absolute values, products, and sums of components of the vectors b € R™ and u € C(B), the map
F is continuous on R™ x C?.

Let K C R™ x C? be the compact set given by

K = {(b,u) :|b| =1 and |[ul| 25 = 1}-
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By the work done before, it is already known that for any b € R™ and u € C(B),
F(b,u) = C(b, B)lJull 25 = C(b,B) > 0.

Since F is continuous on K and K is compact, it follows that there is a constant ¢ = ¢(B) > 0

such that

F(b,B)>¢(B) >0

on K.

Therefore for any b € R” and u € C(B) with b # 0 and u # 0,

||AbUHL2(E) = ’bH\Ab/Ib\UHm(E)

u

=|b = [|A T
| |||u||L2(B) b/|b|||u||L2(E)

L*(B)

b u
> [bl||ull2g) - F (H»m>

> C(E>|b|||u||L2(E)'
In particular,
| Abul| g2 = ¢(B)Ibl|ul| 25, (28)

whenever b € R™ and u € C(B) satisfy b # 0 and u # 0. Furthermore, if either b = 0 or u = 0,

then

0 =|Apull 2@ = c(B)[bllull 25 = 0.

Therefore (28)) is satisfied for all b € R™ and u € C'(B).

Noting that A = A, where b; = Zsinh(s;h), we get that by property (4) of Theorem (8] it
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follows that for all u € C.(B),

AT = 1SullZag + 14ul g, > 11 AulZsg,

> & (B)bl?ul 2. g)-

where b; = 2 sinh(s;h). O

2.2.3 Construction of CGO Solutions

The proof that ¢g; = ¢o if A; = A, relies on the construction of discrete CGO solutions that are
defined using an exponential term e¢** and a remainder term r. The following Theorem provides

the tools needed to define and analyze these remainder terms.

Theorem 9. Let ¢ € L*°(B,R) be a potential function defined on a bounded and connected subset
B of the uniform discrete grid. Then there exists an so = so(||q||r~(B), B) > 1 sufficiently large

such that the following holds. For any f € C(B) and any s € R" such that |s| > s, there is an

r € C(B) that solves
(As + Q)T = f (29)

on B. Furthermore, r satisfies bl ||r|[ ;2@ < (B, R)||f||L25), where b; = 2 sinh(hs;).

Proof of Theorem[9, This proof follows that in [3] (Lemma 4.2, p.24).
STEP 1: Solution Existence

Fix ¢ € L*(B,R) and f € C(B,R); the proof will later be extended for any f € C(B).
Then define the functional J : C.(B,R) — R by

10) = [1PE0R = [ 210
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where the operator P* is defined to be P*(v) = (A_s+ I(q)) (v) for v € C.(K,R). In particular,
for any v, w € C.(K,R):

Aj?wzf 0 (At I(g))w

_ /K N /8 0, (06) + /’C I(g)ow
_ /’C N /;< I(g)ow

- [wacsryo= [ Pow.

The computations follow from two applications of the discrete Green’s Theorem (Theorem [2)) as
well as the fact that w = 0 = v on OK. It follows that P* is the transpose of the operator P given
by P(v) = (Ag + 1(¢))1(v) for v € C.(K,R).

Suppose that v € C.(B,R) minimizes the functional .J. Then for any w € C.(B,R),
0= <=

&ty 7, {/( (7o) 17 (7))~ [ 2r(0+ 1)
= /32 (P* (fv)+tP* (Iw p* Tw) /Bgfw

= / 2P*(Tw)P*(Iv) — / 2fw. (30)
B B

J(v+tw) =

Suppose for now that a minimizer v € C,(B, R) of .J exists, and let 7 := P*(Iv) on B. Using the
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fact that P* is the transpose of P on C.(IC, R), it follows that is equivalent to

for all w € C.(B,R). Therefore if a minimizer v € C.(B,R) exists for the functional ./, then it
would follow that » = P*(Iv) is a solution to P(I7) = f on B.

In fact, forany z € B, v + he* € B for both choices of sign; therefore

n

f(x) = P(Ir)(x) = % Z {eskhfr(x + he?) — 2Ir(z) + e S Ir(z — hek)} + Iq(z)Ir(z)
= % Z {e"r(x + he®) — 2r(z) + e " r(z — he®)} + q(x)r(z)
= (As + q(z))r(z)

Therefore this r satisfies (29).
Now to show the minimizer v exists on C.(B,R). The Carleman estimate in provides that
|]As(f(u))]|L2(g) > Cbl|[ull ;2@ if u € Cc(B,R). Therefore if s is large enough compared to ¢

so that C% > ||q|| () whenever [s| > s, then for any s € R" such that |s| > sq:

1P (7)) > 1A -s(F @)l 2@ — 1@ e 10l 22
> C| = bll[oll @) — llallzeo 1ol e
>Clb B — CM 5
> OPblllvlla@ — (O ) 1ol

> Cbll[ol] ) (1)
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for all v € C.(B,R), where C' = C(B) is the constant given in Theorem [8] It follows that

J(v) = [P (I)|I2 @ — /va > C'bll[v][ 72 g — 212w 1v]] 12 @) — 00

as ||v|[;2@ — oo, indicating that J must have a minimum on C.(B,R) (see Proposition g in

Section [3] for more details).
STEP 2: Estimate

If v € C.(B,R) is the minimizer of J and r = P* (fv) as described in Step 1, then

1711723 = Hp*(jv)Hiz(g) = [ |P*(Iv)]?
B
- /va < Hf||L2(B)HUHL2(B)

< flz2) - 1P (10)]| 2

C/Ibl

To get from the first to the second line, use with w = v. To get from the second to the last line,
use the fact that v € C,.(B,R) and (3I)). If  # 0, then dividing both sides by ||P*(I~U>HL2(E) =

||| 2(5) gives the desired inequality. If » = 0, then the desired inequality follows trivially.
STEP 3: Complex-Valued f

Now the theorem will be proved for f € C'(B,C). Let f; = Re(f) and fo, = Im(f). Let sq be
large enough so that solutions 7, and r, € C(B,R) as described by steps 1 and 2 above exist to

both of the equations

(As + q>7nl = fl

(As + Q>T2 = f2~
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Then r = r; + iry solves

(As+q@)r = (As + @) (r1 +ir2) = (As + @)r1 +i(As + @)re = fr +ife = f,

and
BN, = L2 (111l Baggy + 1r2ll225))
< @ (1Al + 12l2m)) = Al 2w
where ¢ = ¢(B, h). O
2.3 Proof

Theorem 10. Let B be a bounded subset of the uniform discrete grid of step size h > 0 in di-
mension n. > 3. Fix two potentials q; € L>(B,R) such that C(q;) = C(0B) for j = 1, 2 and a

vector 3 € (—%, %)n such that 3; # 0 for every j € {1,2,...,n}. Then there exists a constant

so(|la1 ||z ), ||a2l| o), B, B, h) > 1 such that for any S > s, there are vectors s and ov € R"

and a pair of solutions u and u_ to the discrete PDEs

(A+q)uy =0

(A+gu-=0

on B that satisfy the following.

1. The solutions u. and u_ are of the form

uy(z) = eiﬁ'xei"'“(l +ry(x)),
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where 1 = s + ia.

2. The real part s of m satisfies |s| > S and the imaginary part o satisfies oy, € {0, —7/h, 7w /h}

forallk € {1,2,...,n}. The choices of s and o depend only on h, 3, and S.

3. The remainder terms r. satisfy

C
T+|l12(B S 1 ’
<!l r2B) >y |2 sinh(sh)|

where C' = C'(h, B, q1, q2)-

Proof of Theorem

2.3.0.1 Solution Existence To simplify future expressions, let S be a function defined on the
possible choices of oy, such that S(0) = 1 and S(+7/h) = —1. This function is the sign change

in front of the sin and cos terms after an angle shift of a;h. Specifically, S is defined so that

cos((B; £ ay)h) = S(a;) cos(B;h)
and

sin((B; + a)h) = S(a;) sin(B;h)

forany j € {1,2,...,n} whenever a; € {0, +7/h}.
If a function u of the form u, () = ¢P%e(1 + r,(z)) solved (A + ¢;)uy = 0, then the

following is equivalent:

O=e"(A+q)ur = (A+q) (em'me"'m + eiﬁ'we”'xm)

= A+ @) (P + (A + qy) (57 )

55



Define r, = e *#+®)¢7. Then the above becomes

0= e STA (eiﬂxenm) + 6—s-xq1 (eiﬂxe'rl-x) + e—s-x<A + (h) (es~a:7:+)

— e STA (eiﬂxenw) + qleiﬁweiwx + (As + Q1) f-i—
By Theorem[9] given a s € R", a solution 7 to
(As +q) (71) = —e**A (eiﬁ'xen'x) — Pl

exists when [s| > s{ = su(||q1|z ), B, h). Equivalently, when |s| > s, there exists an 7, =
e~"Bra)eF . such that uy () = e#e™*(1 + r o (z)) solves (A + q1)uy = 0.
Furthermore, the remainder term 7 satisfies
~ 0(87 h) —s-x iB-x nx z T za T
71l 2@ = HT+||LQ(E) < W H_e A (eﬁ e” ) o ¢ HL2

c(B,h)
b

IN

(le™=A (=) || sy + ¢ (B) g1l (s

where the vector b has entries by, = % sinh(sgh).
Similarly, a solution u_ to the equation (A+go)u_ = 0 of the formu_(x) = P~ (1 + r_(x))

exists exactly when
0= 57 (A + C_Iz) U = eSTA (eiﬂxe—n-x) + q26i5~x6—ia~x + (A—s + q2) 77_’
where 7_ () := ¢/#~)®r_(z). This is equivalent to saying that there exists an 7_ that solves
(A + q) 7 = —€*TA (e’ﬂ'xe_"'z) — Pl
Therefore by Theorem 9] there exists an s = s (||¢2| (), B, k) such that for any S > s, if
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| —s| = |s| > S then a solution to (A + gz)u_ = 0 of the form u_(z) = ePTe~"%(1 + r_(x))

exists, and
_ c(B,h) /1 su B o
¢ B7h S-T 183-x —n-x
B (|b| : (levA (e?7e™™) [ 12@s) + ¢ (B)llgallL= ) -

Therefore the proof is complete if there can be found a constant C' such that for any

"

S > 50 (11l 3, 12| L= (8), B, h) := max{sq, 5 (32)
arbitrarily large, there is a vector = s + ic such that [s| > S and
e A (eiﬁ.xeﬂ:'r]-z> 228 < C,
or equivalently (since B has a finite number of points):
e A (ei,@-xe:l:??':c) |z < C. (33)

Note that (33) will need to be satisfied for both choices of sign in order to prove the Theorem.
Constructing the vectors s and c that satisfy [s| > S and |[eTs7A (eP7eE77) || 125 < C (for

C independent of 5) is therefore the goal of the remainder of the proof.

2.3.0.2 Estimates The domain B, potentials ¢; and ¢, and vector 3 as given in the statement
of Theorem [10l are all fixed.
Let s > 1 be large enough so that so > s’ (Where s; is given in Part|2.3.0.1} equation (32)),
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and so that

| sin(B1h)] cos(B2h) + | sin(Bah)| cos(Brh) .,
[Sin(Bah)| cos(Bah) + |sin(Bah) | cos(Bsh) = (34)

Note that this is possible because 3 € (—m/2h,7/2h)" satisfies B; ¢ {0,£5} for every j €
{1, 2, ...,n} and therefore the left-hand side of (34 is finite and strictly positive.

Then given any S > s, fixed, define the vectors s, a € R" as follows.
1. Sets, = 0and oy, = 0 for & > 3.
2. Leta; =0, a3 = 7/h, and [s1| = S > so. The condition on s; implies then that |s| > S.

3. Choose sign(s;) for j = 1,2, 3 so that

sign (s1) = sign (sin(B31h)) (35)
sign (s2) = —sign (sin(Bsh)) (36)
sign (s3) = sign (sin(Bsh)) . 37)

These choices depend only on 3.

4. Because so(||¢1||z(B), [|¢2||L(8), B, k) is chosen to be large enough so that (34) is satisfied,
the right-hand side of below is also greater than or equal to 1. Since |s;| = S > sg, we
can therefore let |s3| satisfy

et |Sin(BiR)| cos(Boh) + [ in(Boh) [ cos(Bi) oy )
= Tsin(Byh) [ cos(@ah) + [sin(Boh) [ cos(Bsh)

This choice depends only on 3 and S.
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5. Let |so] satisfy

cos(B1h)elsIh — cos(Bsh)elsslh
cos(Bah)

€|52|h —

+1, (39)

and o, satisfy

cos(Bih)elt " — cos(ﬁsh>653h> , (40)

S(ap) = —sign < cos(Bal)

If the right-hand side of is 0, set s = 0. These choices depend only on 3 and

previously-determined variables (s;, s3) that themselves depend only on S and 3.

By Part [2.3.0.1] the solutions u and u_ given in Theorem [I0] exist if (33) is shown for C
independent of .S. Proving this estimate is the goal of this part of the proof.

It will first be shown that (33)) is satisfied with the (4)n sign choice; specifically, it will be
shown that

e (876 || i) < C

for a C' independent of S.
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The quantity e 5% A (eiﬁ“e""”) can be equivalently written as

eIIA (PTeTT) = e Z {eliBrm)(ther) _ ggifatme o o(Btm)(e=her)
k=1
1 n
_ e—s-xﬁ Z {eiﬁ-xen-weiﬁkhenkh o Qei,@.zen.z + eiﬁ-wen~xe—iﬁkhe—ﬂkh}
k=1
1

n
— e_smﬁ . 6%3'3?677'17 § {elﬂkheﬂkh — 24 e—lﬂkhe—nkh}
k=1

1 .
hg z,@r iz Z {eskh i(Br+ay)h —24 e—skhe—l(ﬁk+ak)h}

z,@z oz M

— Z {eskh cos ((Brx + ax) h) +isin ((Bx + ay) h)]

—2 + e 5" [cos (— (By, + ag) h) + isin (— (By + Oék))]}

Z,B(E oz M

— Z{eskhcos (Be+ ar)h) =2+ e " cos (— (By + ax) h) }

zﬁ:{: oz T

44 Z{eskh31n (Br + ay) h) + e %" sin (— (B, + o) h) }
(41)
Bz gia-x n
= Z {eskhS (ag) cos (Bih) — 2 + e %S (o) cos (Brh) }
k=1
PUCE P n
i > {5 (au) sin (Bih) — S (cu) sin (Beh)

k=1
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In particular, because €%’ is unitary, the goal is therefore to bound

|€—s~xA (61‘5'9561743) ‘ — |€—i,8~:ce—ia-x6—s-:vA (ei,8~xen~x) ‘

- % Z {e*"S (o) cos (Beh) — 2+ e (o) cos (Bh) }
i (42)

g . s .
iy 30 {1 (ou) sin (Byh) — =S () sin (Bih)
k=1
= |A+iB| 43)
uniformally in € B. To do this, the goal of the proof is as follows. There will be found con-

stants C and C5 such that for any S > so(||q1|| ), ||q2||L=(5), B, h) arbitrarily large, there exist

vectors s and o such that

1 n
|A| = 7 Z {e"S (ay) cos (Brh) — 2 + e " (ay) cos (Brh) }| < Cy (44)
k=1
1 n
8] = |55 2o {e™S (ou) sin (Buh) — "8 () sin (Bh)} | < Co, 49)
k=1

and |s| > S. The constants C; and C5 will not depend on S.
First set s, = 0 = a, for all k that satisfy 3 < k < n (recall that n > 3), set ag = 7/h, and
set a; = 0. Then the left-hand side of becomes

|A| = % |cos(B1h) (e + ") + S(axz) cos(Bah) (€% + e75")

— cos(Bsh) (€% +e75") + 2 z”: S(a;) cos(Bjh) — 2n

=1
< % |cos(61h) (e + e75") + S(aw) cos(Bah) (€% + e75")
— cos(B3h) (e*" + e_s3h)‘ + w - i—z
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Define vy and s, as in (40) and (39), respectively. These definitions give that

A< 2 Jeos(Buh) (¢ + ™) + Slews) cos(Boh) (¢ 4 ¢~)
—cos(Boh) (e + eH) | + = (200 — 3) + 20)
< % ‘COS(,@lh)dSllh + S(a2) COS(IBQh)e\SQ\h . COS(ﬁgh)@|S3‘h‘
+ % |COS(B1h)e*\Sl\h + 8(&2) COS<IB2h)ef‘SQ|h . COS(,th)e*|S3|h|
+ 2 (20— 3) + 20)
< % ‘COS(ﬁlh)e|Sllh + S<a2> COS(ﬁ2h>€‘S2‘h . COS(,th)(B'SS‘h‘
1
=3+ 5352(n—=3)+2n)

1
= ;2 leos(Bmel T — cos(Byh)e"

cos(B1h)elsh — cos(Bsh)elss!h
cos(B2h)

+8(as) cos(Bah) (

)

1

1
— 5 }Cos(/glh)aslm _ COS(,th)els3|h

cos(B1h)elsth — cos(Bsh)elss!

+ cos(B2h)S (a2) cos(B2h)

+S(az) cos(B2h)|

1
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Using the fact that «, is defined to satisfy (0)), the above computations become

|A| < % ‘COS(,Blh)e‘sl‘h — cos(Bsh)els!

cos(B1h)elsth — cos(Bsh)els:!h
cos(32h)

oo

1

1
< 7w ‘cos(ﬁlh)e‘sl‘h — cos(ﬁgh)els3‘h

)+ S(as) cos(pat)

— (Cos(ﬁlh)e|sl‘h - cos(ﬁgh)els3|h) + () cos(B2h)|

+%(4n—3)

— %]S(aQ)cos(ﬂQ )|+i(4n—3>
1 1

_ﬁ—l—ﬁ(él —3)25(471_2)'

Using again the fact that o, = s, = 0 for all 3 < k£ < n, the imaginary part of equation (2)) is

given by

{e*"S (ay) sin (Brh) — e %S (au,) sin (Byh) }

=1

=3 !eslhsm (Bih) — e™"sin(B1h)
+e52"S(ay) sin(Byh) — e 52"S(avy) sin(Byh)
— (e sin(B3h) — e %" sin(Bsh))|
< % |sign (s1) e*'1" sin(By 1) + sign (s2) ™" S(xz) sin(Bah) — sign (s3) /™" sin(B3h)|

+ % ‘—sign (s1) e~ Isilh sin(B1h) — sign (s3) e“”'hS(aQ) sin(Bsh) (46)

1
81 = |7

+sign (s3) e ™" sin(B5h)]
<53 |sign (s1) e/*" sin(B1 ) + sign (s,) %" S () sin(B2h)

3
—sign (s3) e Isalh gin (Bsh ‘ + — ok
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Now applying equation (39):

|B| < % ‘sign (s1) el sin(B1h) + sign (s5) e*2"S(axy) sin(Bsh)

. sslh - 3
—sign (s3) els:I" sin(Bsh)| + o

1
= e |sign(sl)e|sl|h sin(B1h) — sign(sg)e‘s?"h sin(Bsh)

cos(B1h)elsth — cos(Bsh)els:!h
cos(32h)
Fsign(s:)S (@) sin(Boh)| +

1 . s . . s .
< 2 ‘Slgn(s1)€| 1 sin(@,h) — sign(sg)el*s " sin(Bsh)

1
=73 |sign(sl)e|51|h sin(B1h) — sign(sg)e‘sg"h sin(B3h)

+ sign(sz) S(az) sin(B2h)

) sin(ﬁgh)‘ + %

) Bih)sin(Bah) o ) Bsh)sin(Ba2h) . 4
—51gn(52)cos(cés();:r;b() 2 )e| b 4 31gn(52)COS(CzS();;I;L() 2 )e‘ | 4 -
4 1 ) . i I h h
< g e [mgn(sn sin(Byh) — SEn2) S::s(ﬁgglj)coswl )]
—elsslh {sign(sg,) sin(Bsh) — sign(s,) Ssgs(ﬁgfff)cos(ﬁgh>} ’ .
Now letting
p1 = sign(sy)sin(B1h) — Sign(SQ)Sin(ii};zgjz()ﬁlh)
p2 = — (sign(53) sin(Bsh) — sign(SQ)Sm([Zizzgjz()ﬂgh)> 7
the above inequality becomes
Bl < % }els”hm + elsslhp, | + % 47)
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Setting sign(sy) = —sign(sin(Bzh)) as given by (36), these variables become

i h h
e
po = = (stgn(sa)sin(pu) + RSN ) “9)

Then using the assignments (33) and (37):
i h h

pr = fsin(uh)] + RIS (50

i h h
pr=— <|sin(ﬁ3h)] + 'Sln(f;() g;‘;f)(ﬁ : )) (51)

Now by equations (50) and (51)), the equality (38) is equivalent to

Clsslh _ | sin(B1h)] cos(Bah) + | sin(Bah)| COS(Blh)e|sl|h
| sin(B3h)| cos(B2h) + | sin(Bzh)| cos(B3h)
: |sin(B2h)| cos(B1h)
_ |Sln</31h)’ + CiS(,@2h) : Is1h
sin h)| cos h
()| + S e
P1 [s1|h
—p2
_P1 lsiln
P2
Then s; and s3 solve p2€|53|h = —ple|51|h, and so the bounds on equation become:
|B| < — + _ ‘€|Sl|hp + e\S3| 02 }
4
pr— ﬁ'

This bounds the imaginary part of (2)) for some |s| > S by a constant independent of S. Therefore
there is a C' = C(B, h) such that for any S > so(||q1||z8), ||92|| (), B, B, h), there are vectors

s € R" and € R" so that |[s| > S and ||e™5*A (eP*e™?) ||;2 < C(B, h). This was done by
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finding choices of s and « so that and are satisfied uniformly in [s|. Now it must be

shown that (33)) holds for the same vector 7 and the choice of a negative sign: namely, that
Hes.xA (eiﬁ-xefn-x) ||L2(B) S C

for C' a constant independent of .S’ > so(||q1|| 2o (5). ||g2| 2= 5), B, B, h).

The same computations used to produce equation (1) lead to the equality

|es-x A (eiﬁ-xefn-x) | — |€s-xA (eiﬁ-xefnm) ‘

— ie —S'xei(ﬁ—a)~m Z {e—Skhei(Bk—ak)h - 2 + eskhe—i(ﬁk—ak)h}
h2

=12 Z {e h cos ((Br —ay) h) —2+ Sk cos (=B + o) h)}
+ Z—Z {e* " sin (B — ) h) + e sin ((— By + o) h>}‘
=: |A"+iB’.

Using the same vectors s and « as constructed for +1, we have that

|A'| = W Z {e " cos ((Br — a) h) — 2+ €*" cos ((— Bk + ) h)}‘

k=1

= % Z {e™"S(ay) cos (Brh) — 2 + *"S(ay,) cos (Bkh)}'

k=1

4n — 2

2
:lA‘Sﬁ—i_ 12
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Similarly,

1B = % > {em"sin (B — a) h) + ™" sin (=B + o) h)}‘
= % > {em"S(ay) sin (Byh) + " S(ay) sin (—gkh)}‘
B % > {e"S (o) sin (Brh) — " S(ey) sin (Bkh)}'

k=1

- _% Z {eskhS(ak) sin (Bxh) — e **"S(ay,) sin (ﬂkh)}‘

1 & , s .
=32 Z {eskhS(ak) sin (Bxh) — e 5*"S(ay,) sin (Bkh)}'
k=1
4
= |B| < h2
Therefore u_ as defined in the statement of the theorem exists and its remainder term r_ satisfies
the needed decay properties. 0

It is now possible to prove Theorem [3]

Proof of Theorem[3] Fix 3 € (—%, %)n sothat 3; & {0, —7/2h, m/2h} forevery j € {1,2,...,n}.

Let so = so(||lq1||z=B), ||, @2|| (), B, B, h) be the constant whose existence is guaranteed by
Theorem[10] Then for any real number S > s, define u(z) = e*e*% (1 +r_(z)) to be the

solutions to

(A+q)ur =0

(A+glu_=0

on B as constructed in Theorem[10] As before, n = s + icx, and [s| > S. By the assumption that
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Ay = Ay, Lemma[7implies that

0= [ u (- t)us = [ (o - )
oB B

Then

0= /a (= Ao = /B (@1 — @)usu
= /,Jql )B4y (@) (14 (1)),

Taking S — oo turns the above equation into
= /(‘h — @)e*’". (52)
B

By continuity of the discrete time Fourier transform in 3, this equation holds for all B €
[—m/2h,7/2h)" . The injectivity of the discrete-time Fourier transform (Theorem |4 then implies

that q1 = Q2. L]
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3 Appendix

This subsection is to add more detail to the assertion in Theorem [9 that the functional J has a

minimizer.

Proposition 9. If J : RN — R is a functional satisfying
J(v) = bl[l[* = pl[v]]

for some b > 0, p > 0, then there exists a finite c € R and v € R" (not necessarily unique) such
that

J(v) = min J(w) = c.

Proof. Forafixedb > 0and p € R, let f : R — R be the quadratic equation f(z) = bz* — pr.
The function f has an extremum at the point 2 = p/2b, and because b > 0, this extremum is a
global minimum.

Then fix any vo € R™. Let C' > 0 be large enough so that for any x that satisfies |x| > C, we

have that f(z) > 2|J(vq)|. If N is the neighbourhood of 0 € R" defined by
N:={veR":||v|]|<C},

then J(v) = f(||v||) > 2J(vo) whenever v & N.
Now f is continuous on the compact interval [0, C]. Therefore there exists an m € [0, C] such

that

f(m) = Jnin, f ().

Let v be any vector in N such that ||v|| = m. Then for any other w € N, we get that
Jw) = Fiwll) = min f(z) = f([lv])) = J(v).
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Therefore

J(v) = min J(w).

weN

Furthermore, since vy must satisfy ||vo|| < C (because J(vo) < 2|.J(vp)|), we have that for any
w e N

J(v) = min f(z) < J(vo) < 2|(vo)| < J(w).

Therefore v is a minimizer of J. O]
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