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ABSTRACT

In this thesis, we study the properties of multiple-paths Schramm-Loewner Evolution (SLE). One
of the main objectives is to study this process in multiply-connected domains, which requires
discussing single path SLE in such domains first.

While for some applications it is appropriate to consider SLE as a probability measure, there
are several cases where it is more natural to consider it as a non-probability measure. In this work,
we take the second approach to study multiple-paths SLE.. The Brownian loop measure is one of
the main ingredients of this work and we use it to give the Radon-Nikodym derivatives between
several versions of SLE.

First, we discuss multiple-paths SLE in simply connected domains. In particular, we give a
definition using the Brownian loop measure and show that the partition function is smooth. These
results are based on a joint work with Greg Lawler.

Next, we recall SLEy in multiply-connected domains defined in a work of Lawler. As be-
fore, the Brownian loop measure is used to define SLE by describing particular Radon-Nikodym
derivatives. In addition, we give an argument comparing SLE in annuli and radial SLE.

Then, we define multiple-paths SLE} in multiply-connected domains and prove that its parti-
tion function is smooth using the Hormander’s theorem. While the definition is similar to multiple-
paths SLEj in simply-connected domains, the proof of smoothness of the partition functions in
simply-connected domains cannot be easily extended to multiply-connected domains. This is be-
cause in multiply-connected domains, the explicit form of the partition function for two SLE
paths is unknown.

Finally, we use two independent radial SLE curves to give a construction of two-sided SLE
measure growing simultaneously from the marked points. We show that this measure is comparable

to the distribution of two SLE paths in an annulus as the inner circle shrinks.
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CHAPTER 1
INTRODUCTION

The Schramm-Loewner evolution (SLEj) is a one parameter family of probability measures on
planar curves discovered by Oded Schramm [24]. It was proposed as a candidate for the scaling
limits of loop-erased random walk and uniform spanning tree. In particular, Schramm proved that
SLE measures are the only measures on two-dimensional continuous curves that are conformally
invariant and satisfy the domain Markov property.

In this dissertation, we discuss two main variants of SLE}, namely chordal SLE and radial
SLE. Chordal SLE is a family of measures supported on curves connecting two distinct boundary
points of a domain, whereas radial SLE measures are supported on curves connecting a boundary
point to an interior point. Both chordal and radial SLE are characterized by the Loewner equations
with Brownian motion as the driving functions. We will mostly restrict our study to k¥ < 4, for
which SLE measures are supported on simple curves.

The Brownian loop measure was proved to be useful in understanding the properties of SLE
[13, 12, 14, 15]. An example is the boundary perturbation property, which indicates that if D' C D
are simply connected domains that agree in neighborhoods of analytic boundary points z, w, then
SLE from z to w in D' is absolutely continuous with respect to SLE from z to w in D and the
Radon-Nikodym derivative can be expressed in terms of the Brownian loop measure of certain
loops in D. One of the properties that make the Brownian loop measure essentially useful is the
conformal invariance. Combined with the conformal invariance of SLE, it is used in the proof of
many results about SLE.

Multiple-paths SLE can be considered as the scaling limit of multiple-paths discrete models
at criticality (as an example, see [20] for multiple-paths loop-erased random walk). It is a measure
on multiple continuous curves connecting marked points in a domain. It has properties similar to
those of regular SLE such as the domain Markov property, conformal invariance, reversibility,
boundary perturbation property, etc. Using the Brownian loop measure is the most natural way to

define multiple-paths SLE., as for loop-erased random walk the corresponding measure is defined
1



using the random walk loop measure. Using this approach, it is more convenient to consider SLE
as a non-probability measure and this is a reasonable choice because SLEj is known to be the
scaling limit of various two-dimensional discrete models at criticality, which are considered as
measures with partition functions. The total mass of chordal SLE in simply connected domains
is given by the Poisson kernel. For the measure on two curves, the total mass can be expresses
using the hypergeometric function. For more than two curves, there is no explicit formula for the
partition function. Instead, we show that it is at least C? and describe it using a particular PDE.
SLEj in multiply-connected domains can be defined in several ways. In contrast to simply
connected domains, domain Markov property and conformal invariance do not uniquely determine
the SLE measure in multiply-connected domains. Therefore, additional assumptions need to be
made. The approach of Dapeng Zhan in [28] was to require the measure to be reversible. He es-
tablished a version of Loewner equation in multiply-connected domains and defined SLE using a
family of appropriate driving functions. On the other hand, in [17] Lawler gave a definition using
the Brownian loop measure, requiring the measure to satisfy the boundary perturbation property.
More precisely, for any simply-connected subdomain D, the Radon-Nikodym derivative between
the restriction of the measure to D and the SLE measure in D is given in terms of the Brownian
loop measure of certain loops. This is similar to the boundary perturbation property of SLE in
simply-connected domains. It is the simplest to study chordal SLEy in annulus. Restricted to a
fixed winding number, SLE} in an annulus can be compared to chordal SLE in an appropriate
horizontal strip in the upper-half plane. The relation can be described by the Radon-Nikodym
derivative, which can be expressed in terms of the Brownian loop measure. As it turned out, the
partition function of SLE in multiply-connected domains is not given by a power of the Poisson
kernel. But at least in annuli, one can show that the partition function is smooth and give a charac-
terization using a partial differential equation. In addition, Lawler [17] found an asymptotic form
for the partition function in annulus as the inner radius goes to 0. From this and properties of the
Brownian loop measure, it follows that radial SLE and annulus SLE are absolutely continuous

before reaching the boundary.



Similar to simply-connected domains, multiple-paths SLE in multiply-connected domains is
an interesting process to study. The definition is similar to the process in simply-connected do-
mains. Characterization of the partition function is one of the interesting questions about this
process. In this work, we show that the partition function is smooth and satisfies a specific partial
differential equation. As mentioned before, annulus SLE and radial SLE are absolutely continu-
ous before hitting the boundary. We will show that the distribution of two SLE paths in annulus is
comparable to the distribution of two-sided SLE growing simultaneously from the endpoints. For
a simply connected domain O € D with boundary points z,w, two-sided SLE from z to w is usually
considered as chordal SLE from z to w conditioned to go through 0 (although this is an event with
zero probability, there are ways to make this precise). This involves weighting the chordal SLE
by the Green’s function until the curve hits the origin (the fact that two-sided SLE is continuous
at the origin is proved in [18]). The rest of the curve has the distribution of chordal SLE from O
to w in the slit domain. We give a construction that allows us to grow the curves from z and w at

the same time.

1.1 Structure of the Dissertation

In chapter 2, we establish our notation and give a review of SLE in simply connected domains. In
addition, we discuss certain deterministic estimates using techniques from complex analysis. The
main tools are Koebe-1/4 theorem and the distortion estimates. The Brownian loop measure is a
major part of this study and we review its definition and the basics properties in this chapter.

In Chapter 3, we discuss multiple-paths SLE in simply connected domains. In particular, we
give a definition using the Brownian loop measure and show that the partition function is smooth.
This chapter is based on a joint work with Lawler [9].

SLE in multiply-connected domains is discussed in Chapter 4. In this chapter, Brownian loop
measure is used to define SLE by describing particular Radon-Nikodym derivatives. In addition,
we give an argument comparing SLE in annuli and radial SLEy. Finally, we discuss Annulus

Loewner equation, which provides a differential equation describing slit mapping in annuli. The
3



techniques used here are similar to the techniques used in the studies of the Loewner equations in
simply-connected domains.

In Chapter 5, we define multiple-paths SLE in annuli and prove that their partition functions
are smooth. Then, we use this definition to show that two-sided SLE measure can be estimated
by the distribution of two SLE paths in an annulus. Along the way, we prove the boundary

perturbation property for radial SLE in the unit disk.



CHAPTER 2
PRELIMINARIES

Properties of Brownian motion and estimates about one-to-one conformal transformations are cru-
cial in the study of SLEy. After establishing our notation, we recall the Koebe-1/4 theorem and
the distortion estimates in this chapter and prove a few deterministic results. These estimates will
be used in the next chapters to prove our main theorems. In addition, we review the Brownian loop

measure and the properties of SLE in simply-connected domains.

2.1 Notation

In this thesis, unless mentioned otherwise, we will use the following notation. We denote the unit

disk by D and the upper-half plane by H. For r > 0, define
Cr={z€C;lzl=¢""}, D, =e "D,

Ar={z€C;e " <zl < 1}, Sy={z€H: Im(z) < r}.

Let D' C D be domains in C. Assume z € D and w € dDNdD’ is an analytic boundary point
of D, D’ with dist(w,D\ D’) > 0. That is, there exists an analytic function f : D — C such that
f(0)=zand f(D)ND = f(HND). We denote by Hp(z,w) the Poisson kernel in D normalized so

that Hp(0,1) = 1/2. Define
Hpy (Z’ W)
zw D) ==L
QD( ) Hp (Z7 W)
In other words, Qp(z,w; D ) is the probability that Brownian motion started from z and conditioned
to exit D at w does not hit D\ D'. If w' € dDNdD’ is another analytic boundary point with
dist(w’,D\ D') > 0, then

Hp(wW,w) := 8nW,HD(w/,w),



where anw, denotes the inward normal derivative at w’. Similarly, we will write

Hpy (W w)

/ /
DY) =
QD(W W ) HD(W/,W)

which is the probability that a Brownian excursion from w' to w in D does not intersect D\ D'.
Suppose f : D — f(D) is a conformal transformation such that f(w), f(w') are analytic boundary

points of f(D). Then the Poisson kernel satisfies the conformal convariance property

Hp(z.w) = |1 ()| Hy ) (), F (W),
Hp(w',w) = |1/ w) 1 )| Hp oy (F W), £ ()

Therefore, Qp is conformally invariant and

0 (zw:D) = Q) (F(). S (w): £ (D).
Op(Ww:D') = Q) (F(W). FW): F(D')),

Suppose V;,V, C dD are segments of the boundary and assume V; is smooth. For any z € V/,
let pp(z;Va) denote the probability that a Brownian excursion starting from z exits D at V5. In
other words

Pp(z:V2) = onP*[Bgy, € V2],

where 7p is the first time the Brownian motion B; exits D and n; denotes the inward normal
derivative at z. Let f : D — D be a conformal transformation such that £(z) is an analytic boundary

point. Using conformal invariance of Brownian motion, we have

pp(z:V2) = | (2)|pp(f(2): (V) 2.1



The excursion measure between Vy,V; is defined by

Ep(Vi,Va) = /V pp(:Va)ldzl.
1

(Excursion measure is normally defined as a measure induced by Brownian motion on curves
connecting different points on the boundary. What we call the excursion measure is the total mass

of the aforementioned measure). If V;,V, are both smooth, then we can write

1
5D(V1,Vz)=%/v/VHD(W1,W2)!dW2HdW1\-
1 2

Using conformal covariance of the Poisson kernel, we can see that if f: D — D is a conformal

transformation such that f(V;), f(V;) are smooth, then

Ep(V1.V2) = &5y (F (V). £ (V2):

This equality can be used to define &p(V},V,) even if V},V, are rough.

Suppose 7 : (0,ty) — A, is a simple curve with y(0+) =i € Cp, y(ty—) = w € Cr. We will
write ¥ for y((0,¢]). For any ¢ < ty, there is a unique 0 < r(¢) < r and a conformal transformation
iy such that

fii A\ Y — Ar(t), Iy (Cr) = Cr(t). (2.2)
See [16] for a proof. Note that

1 21
gA,(Cb,Cr) :/ PA,(Zacr)|dZ| :/ —|dz| = —
Co Co T

.
Therefore, by conformal invariance of the excursion measure, r(t) = 27/ Ea\y (CoUn,Cr). Ttis

easy to see that the function 7; is unique up to a rotation. We will uniquely specify our choice of

rotation in section 4.2.



Define
y(z) = "
and choose 0 < u,w < 27 such that y(u) = i, y(w+ir) = w. Let n; C S, be the continuous curve

satisfying 3 = yon;, n(0) = u and let

fir = | [ +2kx). 2.3)
keZ

Define

Sr,t =S \ fh

and note that the transformation 7; can be raised to the covering space Sy; to yield a conformal
transformation

hy : S}’J — Sr(t)’ l[/O]’lt =Mho v. (24)

Similarly to 7%;, the function 4, is unique up to a translation. However, regardless of the choice of
translations, /;(z) — z is 27-periodic.

Let g; : D\ 7 — D be the unique conformal transformation with g;(0) = 0, g/(0) > 0 and let

& =g (y(r)).
Let Uy = 1 (y(¢)) and define ¢y to be the unique conformal transformation satisfying
he =g ogr, ¢ (&) = Ut (2.5)
Similarly to 7;, we can raise g to the covering space H \ }; to get a conformal transformation

gl:H\ﬁfﬁ]HL



such that & = g,(n(¢)) is continuous and (&) = &. Define the conformal transformation ¢ with
hy = ¢r o &r.

We let g; : H \ n; — H be the unique conformal transformation with g;(z) = z+o0(1) as z — oo.
For a simply connected domain D, chordal SLE from w to w’ is considered as a measure with

partition function ¥p (w,w') = ||up(w,w')|| = Hp(w',w)? satisfying

Wp(w,w) = 1 W)L/ )P () (F(w), F (W), (2.6)

Here,
2 3a—1 6-—x
2 2K

While (2.6) holds even if D is not simply connected, it is no longer true that ¥p (w,w’) = Hp(w', w)P

for multiply connected domains.
For a function of the form f;(z) we use the dot derivative f;(z) to denote the derivative with

respect to ¢, while f/(z) denotes the derivative with respect to z.

2.2 Brownian Loop Measure

The Brownian loop measure was first defined and studied in [13]. We briefly review the results of
[13] in this section.

For z € C, let v(z,-,t) be the distribution of complex Brownian motion By, 0 < s < ¢ with
By = z. Let v(z,w,r) be the measure on curves induced by a Brownian motion conditioned to
be at w at time z. To be more precise, v(z,w,?) is the distribution of Brownian motion tilted by

pi—s(Bg,w) using the Girsanov’s theorem. Let

V(z,w) = /0 vz, wy1)dt,



which is an infinite (but sigma-finite) measure. For a domain D, we define vp(z,w) to be the
restriction of v(z,w) to the paths that stay entirely in D. If D is a regular domain and z # w, then
vp(z,w) is a finite measure with total mass Gp(z,w), where Gp denotes the Green’s function in
D.

If z€ D and w € dD is an analytic boundary point, then define vp(z,w) to be the distribution
of Brownian motion tilted by Hp(B;,w). In other words, vp(z,w) is the distribution of A-process

in D conditioned to exit the domain at w. If z,w € d are analytic boundary points, then

VD(Z7 W) = ansz(Zv W)7

where dy, denotes the inward normal derivative at z. The measure vp(z,w) has total mass Hp(z,w).
Let z,w € D and assume u,v € dD are analytic boundary points. Let f : D — D’ be a confor-
mal transformation such that f(u), f(v) are analytic boundary points of D’. Using the conformal

invariance of Brownian motion,

fovp(zw) =vp(f(2), f(w)),

where f o vp(z,w) denotes the pushforward measure. Using this, we get

fovp(zu)=f (Wlvp(f(2),fw),  fovp(u,v)=If @l|f' )lvp(fu),f(v)).

For z € dD, the Brownian bubble measure is defined to be 7 vp(z,z). Note that this is an infinite

measure. Suppose D C D’ and z € dD such that D, D’ agree in a neighborhood of z. Then define

Ty (2,D'\D) := a[vpy(z,2) = vp(2.2)]-

That is, [y (z, D"\ D) is the bubble measure of loops in D’ that do not stay in D. Let f: D' — U’

be a conformal transformation and let U = f(D). Using the conformal covariance properties of

10



Vp, we have

Tp(2,D'\D) = | (2)*Tyr(f(2). U\ V).

Moreover, the strong Markov property implies that

FD/(ZuD,\D) :/;,maDHDI(W,Z)gD(Z,dW),

Using this, it is not hard to see that if f(z) = —1/z, D' = H and D is a simply connected domain

such that K := H\ D is closed and dist(0,K) > 0, then

I (0, K) = heap[f(K)].

From this equality, it follows that if K = H\ D and ® : D — H is a conformal transformation with

®(0) =0, then
[ (0.K) = - 5®(0), 27
where
B CD’”(z) B 3@”(@2
() 20/(z)?

SD(z)

is the Schwarzian derivative.

We say two curves are equivalent yl ~ }/2 if Ll =ty and there exists 6 > 0 such that y! (t+06)=
yz (r) for all t € R (while curves are considered as ty -periodic functions). The equivalence classes
of loops under this equivalence relation are called unrooted loops. There are three equivalent ways

of defining the Brownian loop measure on unrooted loops.

e Aloop y C C can be described by a triple (z,z, ¥), where z is the root z = y(0), 7 is the time
duration of the loop and ¥(s) := (y(ts) —z)/+/ is a loop of time duration 1. The Brownian

loop measure U¢ is the measure induced on unrooted loops by

1
(Lebesgue measure) x o) dt x (Brownian bridge distribution)
714

11



on triples (z,7,%). For a domain D, up is restriction of ¢ to the loops in D.

e Consider the measure vp = [, Vp(z,z) dA(z), which is a sigma-finite (but infinite) measure.

Define the measure fip with
ap, . 1
VD (y) - ty?

for any loop y with time duration #y. Then the Brownian loop measure pip is the measure

induced on unrooted loops by [ip.

e As a measure on unrooted loops, define

U = /(C VH-(2,2)dA(2).

The Brownian loop measure Lip is U¢ restricted to the loops that stay in D.

2.3 Conformal Transformations
We first state the Koebe-1/4 theorem and the distortion estimates (see [16] for proofs).
Proposition 2.1. Suppose f : D — D is a conformal transformation. Then

dist((0),0D) < |f'(0)| < 4dist(f(0), D).

Proposition 2.2. Let f : D — D be a conformal transformation with f(0) = 0. Then

I—lz _1f'@)] _ 1+
(L+1]z)? = 1O~ (1= [z)*

In particular, as |z — 0,

@I =1FO)L+00)],  [f@)]=Izlf 0)[1+0(z])].

Suppose K is a compact subset of H such that H \ K is simply connected. The half-plane
12



capacity of K is defined as

heap(K) = lim yE”[Im(Bc)],

where 7 is the first time a Brownian motion B; exits H \ K. For a positive constant ¢ > 0, hcap[cK] =

c%hcap[K] and heap[K + ¢] = hcap[K].

Proposition 2.3. Suppose v C H is a simple curve with y(0+) = 0. Let V C H be a neighborhood
of 0 and assume ® is a conformal transformation defined on' V with ®(V) C Hand ®(RNV) C R.
Then att =0,

Jrheap[® ()] = @' (0)? drhcap|y].

Proof. Without the loss of generality, assume ®(0) = 0, ®'(0) = 1. We prove that hcap|[®(¥)] =
heap[y][1 +o(1)]. By Schwarz reflection principle, we can extend ® to a disk centered at 0. Let
r; = Rad(y;) and choose ¢ small enough so that ® is defined on the disk of radius r; centered at
the origin. Let 7" = ®(¥;). Let f;(z) be the unique bounded harmonic function defined on H \ ¥
with boundary values Im(z). Similarly, let fi*(z) be the unique bounded harmonic function defined
on H\ %" with boundary values Im(z). Let D,, C H be the half circle of radius 2r; centered at the

origin. Using the exact form of the Poisson kernel in the half disk, we can see that

2 .
heap|y] = E/D he (1 €9 5in 6 d6,

Tt

2 :
heap|y/] = %/D h(rie'9)sin0de.

Tt
If |z| < ry, then distortion estimates imply that ®(z) = z+ O(|z|?). Moreover, since ®(RNV) C R,
Im[®(z)] = Im[z](1 4+ O(|z|)). Let B; be a standard Brownian motion and define 7, 7, to be the

first time By leaves H \ %, H\ 7;". It follows from conformal invariance of Brownian motion that if

13



|z| = 2ry, then

hy(z) = E*[Im(Bz)]
— g2) [Im[dfl (BT*)]]
=E* [Im[CP_I(BT*)]] [1+0(r)]

=E*[Im[Bz,]] [1+O(rs)] = hf (2)[1 +O(r1)].

Therefore,
heap[y;'] = heap([¥] [1 +O(ry)]

and the proof is complete.

Lemma 2.1. Let 7/ € Cy,z € Cr,Z € Ay. Then

_ r+log|z _
Hy (2.7) = T8 BL oz,
2r
_ —e" log 7] 1
Ha, (2.0 =~ 2R o3,

Hy (d,2)=¢" {% + O(e_r)] .

Proof. By symmetry, it is enough to prove the lemma for 7/ = 1. Note that

1
Hy,(1,2) = E/c Hyp,np,_, (z,v) Ha, (v, 1) [av].
r—1

If v e C,_1, we can see from the strong Markov property that

1
HAr(V7 1) = HD(V7 1) o % c HA,»(V7 W)HD(Wa 1) |dW|

14

(2.8)



Using the exact form of the Poisson kernel in D, we can see that for any w € D

Hip(. 1) = 5 [1+O(w)].

Therefore,
Ha, (1) = 5[1+0(e™ )] = 5 [14:0(e)] [ H, (vw)ldw
AV ) e o e c, A, \V,W)law
1 _ r—1 _y
= 140 ) =1+ 0]
1
=—+0(e").
S +0(e)
Similarly,
_ 1 _ log|z _ r+log|z _
Hy (21) = 1+ 0(2D]+ 221 o) = 2L o),

which proves the first estimate. The second estimate follows from this and the transformation

z+> e " /z. Using (2.8),

1 _ 1
Ha (1= |5 406 1 [ B, o)l
r—1
1 _
~ |3+ 06 S0, G

which proves the last estimate. ]

Lemma 2.2. Suppose y: (0,ty) € D\ {0} is a simple curve with y(0+) = 1. Let ® be a conformal
transformation in a neighborhood of 1 that locally maps D to H and Cy to R. Let B; be a complex

Brownian motion and define T; to be the first time By exits D\ ¥. Then att =0,

HE[log|Bs[] = —a; log g(0) 2 drheap[P(y)].

T 2@(1)

Proof. By Schwarz lemma, f;(z) = log(g;(z)/z) is a well-defined bounded analytic function on
15



D\ % with £;(0) = logg;(0) € R. Hence, Re[f;(z)] is a bounded harmonic function and

Re[fi(z)] = E*[Re[fi(Bg)]] = —E*[log|By]].

In particular,

logg;(0) = —E°[log|Bg, .

Note that ¢ (z) = i(1 —z)/(1+z) is a conformal transformation from D to H with ¢ (0) =i. Let §; =
¢ () and define g; : H\ n; — H to be the unique conformal transformation with g;(z) = z+o(1)

as z — oo, Let

R ;
Oe) = or Im;‘g(’;)(]l)] ,  ¢:H—-H
be a conformal transformation with ¢ o g;(i) = i. Then
70 = %0 opog00(0)| = S 29
Imlg; (i)]

Let r; = diam[n;] and O; = H \ 2r;D. Then for |z| > 2r;, 0 € (0,7), we have
Ho, (z,rte®) = 2Im[—1/2] sin(6) [1 +O(r1/|2])].

Therefore,

Imlz] —Tm(g;(z)] = Im[—1/z]hcap[n;] [1 +O(r:/[z])]. (2.10)

Let f7(z) = g1(z) —z—hcap[n;]/z and v;(z) = Im[f;(z)]. Using (2.10), we can see that there exists

a constant ¢ such that for every |z| > 3/2r,

ve(2)| < creheap[ng] 2] 2.
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By the mean value property of harmonic functions we can see that for |z| > 2ry,

|/ (2)] = |g1(z) — 1 +heap[ne]/2°| < creheaplme] 2.

Using this and (2.10) gives

Im|[g;(7)] = 1 —hcap|n;]| + O(r¢heap[ny]),

|87(#)| =1+ heap[n:] +O(rtheap|n]).

Substituting these into (2.9) gives

8(0) = 1+hcap[n] [2+O(hcap[n,])] -

In addition, proposition 2.3 implies that at = 0,

dheap[®(y)] = (Po¢~")'(0)* dheap[n;],

from which the result follows. O]

Lemma 2.3. Suppose D C D is a simply connected domain with D\ D C A,. Let K =D\ D and
P =21m/&y np(Cr,DNID). Define g : D — D to be the unique conformal transformation with
2(0) =0, ¢'(0) > 0. Then

#=r—logg'(0) + O(e " o2g (0)), (2.11)

and

mp(K,Cy) =log(r/F)+0(e™ ).

Proof. Let s = log(4¢'(0)) and note that by Koebe-1/4 theorem, Cs C D. Without the loss of

generality, assume s < r. Distortion theorem for the transformation g restricted to DDy implies that
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there exists a constant ¢ such that for any |w| < e,

8" (w) — &' (0)] < cg'(0)e ™",
By taking integral of this we get
g(w) —wg'(0)] < clw|g'(0)e"",

from which (2.11) follows.
For x € Gy, let I'y . (x,K) be the bubble measure of loops rooted at x that intersect K (That is,
the measure induced by Brownian excursions rooted at x in A; restricted to the loops that intersect

k. See [13] or Section 5.5 in [16] for more details). Then
I B el —1+i6
mp(K,Cr) = p A e Ty, (e ,K)do dr. (2.12)
r

For z € Ay, the probability that a Brownian motion starting at z exits A, at C is 1 +log|z|/¢. Using

this and the strong Markov property for Brownian motion, we can see that

2 log 7|
i 64, (C,Cp) = /&D {1 + ; ] éx,np(Cr,dz).

Using equation (2.11), we can write

27 /
& oD :/ & d7) = ————— [1 O(e11ogg'(0) ] .
A;ND (Cf7 ) oD AtﬂD(Ct7 Z) t— logg’(O) + (e )
Therefore,
—log|z| 2 2 ¢—1+logg(0)
& Gdi)=—————+0| ——— | .
/]Dm&D ;o (G d) (—logg(0) 1 (t—logg’(o)

Let V C dD and recall that for any z € D, pp(z,V) denotes the probability that a Brownian motion
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starting at z exits D at V. Since Cy C D, we have for any w € (;

1
600 (CV) =2 [ [ Haom, () po (V) du ]
4 s
[14+0(e*)

== H w,u u,V)\|du||dv
s . L Hanm, 0010 po (V)

=e " Eq,np(w,V) [1+0(e )],

where the second equality follows from lemma 2.1.

Using this, lemma 2.1 and the fact that dist(0,dD) > 4 g’(0), we can see that for w € Gy,

Ca(0K)= [ Ha, (cw) G d2)
— e_2t [1 +O( —H—S)] —log]z\g (C d )
- 271. e DﬂaD 2t AtﬁD t,az
2t —t+logg'(0)
e 1 1 e g8
= —[14+0(e ") | —————~——+0[ ———~—~ ||
2 [1+0()] [t—logg’(O) t+ (t—logg’(O))]

Plugging this into (2.12), we get

m]D)(K,Cr) = 10g (m) +O(€_r+s).

The result follows from this and (2.11).

]

Lemma 2.4. Suppose D C D is a simply connected domain such that D\ D C A, and let K = DNA,.

Define f : K — A; to be a conformal transformation satisfying f(C,) = Cy and let g : D — D be

the unique conformal transformation with g(0) = 0, g’(0) > 0. Then for z € Cy,
(@) =7 [1 +0 <e—fﬂ — ¢ (0) [1 +0 (e‘fﬂ :

where the error term is independent of z.

Proof. Lets=r+log(4)—logg’(0) and D, = e~ "D. Koebe-1/4 theorem implies that Cs C g(D,).

19



By conformal invariance of the excursion measure,

27

”,\.

= (ggAp(C(%C}A’) = (ggg(D) (C()?g(Cr)) = gD(aDvcr) (213)

Hence, s < 7 and g’(0) < 4¢’ . Using Koebe-1/4 again, if § = r — 7+ 21n(4), then C; C D.
For z € Cy, recall that pg(z;dD) is the probability that the Brownian excursion starting from z

in K exits at dD. Using equation (2.13),

Moreover, (2.1) implies

pr(z:9D) = If ()] - 2.14)

Since C; C D, we can also write

pp(z:0D) = [ Hp,os, (2 w) (. 9D) v,

It follows from lemma 2.1 that for any z;,z0 € Cr, w € Cg,

Hpna:(22,w) = Hp,na, (21,w) [1 +0(€_f)] :

Therefore,
-

_p e _p
po(21:9D) = pp(22:9D) [1+0(e )| = < [1+0(e )]
and the first equality follows from (2.14). The second equality follows from lemma 2.3. [

Corollary 2.1. Suppose D C D is a simply connected domain containing the origin. Let K =D\ D
and choose 7 such that there exists a conformal transformation f : K — A; satisfying f(Cp) = Cy.

Then for z € C,
@)= [1+0()].
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Proof. Since 0 € D, we can fine 0 < r < o such that C, C D. Let

|
<

|
~

and define f = g, o f o g to be a conformal transformation from g (D) onto A; with f(C,) = Cs.

The result follows from chain rule and lemma 2.4. O]

Corollary 2.2. Recall the assumptions of lemma 2.4. Let 6 € [0,27),z=¢"" +i0 and define the
function ©(0) = arg f(z). Then
@'(8) =1+0(e ).

Proof. Define the function ¢ : Cy — C with @(w) = e’ f(e~"w). Using lemma 2.4,
@' (w)] = 1+0(e™").
If w= ¢, then ®(6) = arg @(w) and |@’ (w)| = |,y arg @(w)|. Therefore,
®'(0) = dgargp(e'®) = ie' o arg p(w)

and
1©(0)| = |dwarg(w)| = @' (w)| = 1+0(e™ 7).

Since f(Cy) = C;, we have ®'(0) > 0 and the result follows. O

Lemma 2.5. Suppose v C Ay is a simple curve with y(0+) € Cy. If v has radial parametrization

(i.e. logg(0) = —at/2), then

Proof. We first prove the lemma for the derivative at 7 = 0. Since &y \,,(CoU %, Cr) = 27/r(t),

we have
27

dréx 0\ (CoUn, Cr) = "’(f)r—z- (2.15)
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Since

pAr\’}/, (Z; CV) = pAr(t) (h(Z), Cr(t))7

we can write

log|h
@@A,\%(COUVE Cr) = /C &nz (1 + —gl<;)(z)|> |dz|,

where n; denotes the inward normal derivative. Suppose 7; is the first time a Brownian motion B;
exits A, \ % and oy is the first time B; exits D\ %. Since log |7i;(z)| — log|z| is a bounded harmonic

function on A, \ ¥, we have

log |71 (z)| —log|z| = (r = r(t))pa,\y (25 Cr) — E*[log|Bg|; 7t = o7

log |74 (z
= —(l”— }"(I))M —Ez[log|BTZ|; T = Gt].
r(t)
Hence,
réa\y(CoUn, Cr) =21 — /C On,E¥[log |By,|; 7 = o7]|dz]. (2.16)

Assume ¢ is small enough so that diam[};] < 1/10 and therefore 93 C A|. By conditioning on the

first time the Brownian motion hits C; we get

e
0. E*[log|Bz.|; T, = :—/Ezl Bz |; & = ol|dz|,
. v log e = ] = 5 | Ellog|Be % = oia

Here, [E is expectation with respect to a Brownian motion starting uniformly on C;. Note that

E[log|By,|; or = 7] = E[log|Bg,|] — E[log|Bg,

3 T < 0.

Let dy = 2diam[¥] and note that for small enough ¢, 1, ND,, = 0. If Ty denotes the first time that a
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Brownian motion started uniformly on C; exits Dy, then

Ellog|Bg,|; 7 < Td[] < El[log|Bg,

T < Gt] < E[log |Bo-[|; T < T()]
Conditioned on 7y < Ty, or T < Ty, By, is uniformly distributed on C;. Moreover,

Pla <Ty)= -[1+0(d)], Py <T= %

P
Therefore,

E[log |BGt

% < 6] = -Eflog |Bo, | 1+ O(d)].

and

r—1
Ellog|Bz |; 0r = 1] = E[log|Bg, ] lT +O(dt)} )
It follows from (2.15) and (2.16) that at r = 0,

2
i) = % x4 (CoUN, Cr) = 0,E[log|Bo,|] = 9 E[log |Bo, ]

The claim for = 0 follows from this and lemma 2.2. Using proposition 2.3, we can see that at

s =0,

dshcap(hy (Mr45)] = | (&)|* sheap[g: (Mi+s)],

from which we conclude the proof for general ¢.

2.4 SLE, in Simply Connected Domains

For a domain D, we use uﬁ (z,w) to denote the SLE probability measure on curves starting from

z and ending at w in D. We use up(z,w) when we are considering SLE as a nonprobability

measure and use Wp(z,w) to denote the partition function |up(z,w)|. These measures are usually

considered on curves ¥ modulo the parametrization. But it is often convenient to parametrize the
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curves when we are discussing the properties of the measures.

We recall that SLE is a one parameter family of measures having the following properties.

e Conformal Invariance Suppose D, D’ are simply connected domains and let f : D — D’ be

a conformal transformation. If z € dD, w € D are distinct points, then

uh(z,w) = uféf (f(2), f(w))-

Moreover, if f extends to an analytic function in the neighborhoods of z,w, then the non-

probability measures have the conformal covariance property:

— If w € dD (chordal SLEy),

up(zw) = | @I 1 ) i (F(2), f ), b= 62_,<K
— If w € D (radial SLE),
ppew) =17 QP IF )P r), b=

The constants b, b are called the scaling exponents. In the case of chordal SLE., Yp(z,w) =
Hp(z,w)?, where Hp(z,w) denote the Poisson kernel in D normalized so that Hyg(0,c0) =
1. However in the radial case, the partition function cannot be given as a power of the
Poisson kernel. Instead, ¥p(1,0) = 1 and the other cases are obtained using the conformal

covariance relation given above.

e Domain Markov Property Given an initial segment of the curve ¥, the conditional distri-

bution of the rest of the curve is ug\ " (y(t),w).

It is proved by Dapeng Zhan [27, 28] that SLE is reversible when k < 4. That is, up(w,z)

can be obtained from up(z,w) by reversing the paths. In [3] Vincent Beffara proved that with
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probability one the Hausdorff dimension of SLEy is min{2,1+ k/8}. Moreover, Mohammad

Rezaei [23] proved that for k¥ < 8, d = 1+ k/8, the Hausdorff d-measure of the path is zero.

2.4.1 Loewner equations

It is easiest to study chordal SLE in the upper-half plane H. Suppose K is a compact subset of H
such that H\ K is simply connected. If g : H\ K — H is the unique conformal transformation with
g(z) =z+o(1), then

hcap[K]

g(z) =z+ +0(|z|72).

Let a = 2/x and assume ¥ is a simple continuous curve from 0 to e in H. It can be shown (see
for example [16]) that hcap[y] is a continuous and strictly increasing function of ¢. Therefore if
necessary, we can reparametrize the curve so that hcap[y;| = at. Let g; : H\ 34 — H be the unique
conformal transformation with g;(z) = z+0(1) as z — oo. Since y(¢) has only one prime end and H
is locally connected, U; := g;(y(¢)) is well defined and continuous in 7 (see [16] for more details).

For every z € H, the transformation g;(z) satisfies

_ drthcaply]

gt(z)_g;(z)—U;’ 0<t<T,, g2 =2 (2.17)

where T, = inf{s <ty : z € ¥} and the dot derivative denotes the derivative with respect to 7.
Equation (2.17) is called the Chordal Loewner Equation. This deterministic result can be applied
to realizations of SLE curves. By conformal invariance, one can see that with probability one
hcap[y] — oo as t — o0 and U is a standard Brownian motion if ¥ is parametrized with hcap[y] =
at. This parametrization is often called the half-plane capacity parametrization.

Since the radial Loewner equation has the simplest form in D, radial SLE is usually studied in
D. Suppose y: (0,ty) — D\ {0} is a simple curve with y(0+) = 1. For any 1 <1y, let D; =D\ %

and define g; : Dy — D to be the unique conformal transformation with g;(0) = 0 and g,(0) > 0.
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Let a(t) = log g/ (0) and assume a(t) is differentiable. Then for every z€ D and 0 <7 < T,

el + &1 (Z)

' _ 2.18
U —g (Z) ’ gO(Z> 2y ( )

8(z) = a(t) g:(z)

where T; = inf{s < ty: z € ¥} and U; is a continuous function with

eV =g (1(1)).

For z € H with ¢Z € Dy, define i (z) = —ilogg;(e’?). We can uniquely specify 4, (z) by requiring

ho(z) = z and continuity of 4 (z) in z. From (2.18), we get
hy(z) = a(t) coty (he(z) — Ur),

where coty(x) := cot(x/2). If % has the distribution of radial SLE and it is parametrized so that

logg(0) = at /2 (we call this the radial parametrization), then Uy is a standard Brownian motion.

2.4.2 Boundary Perturbation Property

In this section, we discuss the boundary perturbation property (restriction property) of chordal
SLE . More details can be found in [12, 14]. Let D C H be a simply connected domains such that
K = H\ D is bounded and dist(0,K) > 0. Let k¥ < 4 and assume 7 is a chordal SLE from 0 to
oo with respect to a probability space (,.%,P). That is, if % has half-plane parametrization and
gr - H\ 7 — H is the unique conformal transformation satisfying g;(z) = z+ o(1) as z — oo, then
Us := g:(y(t)) is a standard Brownian motion with respect to P. Let T = inf{¢; y N K # 0} and
assume t < 7.

Our goal is to find a martingale M; such that if we weight P by M;, then under the new measure
¥ has the distribution of chordal SLE from 0 to oo in D. Let & : D — H be the unique conformal
transformation with ®(0) = 0, ®'(«) = 1. Let 3 = ®(}) and define g/ : H \ 3* — H to be our

usual conformal transformation. Finally, define the conformal transformation ®; : g;(D\ %) — H
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with @, = g odog, ! and let

Ui =g (V' (1)) = D (Uy).

By the chain rule,
i(0) = g7 oPog (o) + (g7 oPog  (2))[@ o ()] Ag ! (2):
It follows from proposition 2.3 that drhcap[y] = aCID;(Ut)Z. Moreover, the chain rule implies that

g o®og (2)][@ 0g ' (2)] = ®(2)gl(g ' (2))

and
. —1
e (o) — —la @),
& D= T

Therefore, using the Loewner equation

P(U)?*  Pi(z)
P (z) U z—U;

®(z)=a

We can also take derivatives of both sides to find an expression for ®/(z). Taking the limit as

z — Uy gives

O/ (U;)? 4D/ (Uy)

49}(Uy) 3

&, (Uy) = —3a®] (Uy) /2, DI (Uy) =a (2.19)

Now we can use the 1t6’s formula and write
dU; = —b®/(Uy)dt + @, (U;)dU;.
A little bit of calculation using the It6’s formula and (2.19) implies that

M; = &;(U;)” exp _E/O SO, (Uy)ds ¢, t<T,
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is a local martingale satisfying

(I),/(Ut)

dM; =b—"
S (0

Mtht.

Using (2.7), we can re-write the last expression as
/ b ¢
My = (Uy) eXP{sz(?’hK)} ,  t<T

Let P* be the probability measure obtained from weighting P by M;. Then Girsanov’s theorem
implies that with respect to P*, dU; = b®] (U;) /®}(U;) dt +dW;, where W; is a Brownian motion.
In particular,

au; = &;(U;) dW;.

Therefore, with respect to the measure P*, %" is a SLE in H. In particular, ¥; is a SLEy from 0 to

o in D. Note that if o(¢) satisfies

/Oc(t) @ (Uy)?ds =1,

then 7@:_ () has half-plane capacity parametrization.
Note that @/ (Uy) is the probability that Brownian excursion from U; to « in H does not intersect
K. One can show that if T = oo, then y(¢) — o and ®}(U;) — 1 [12]. Moreover, with respect to the
measure P*, y; is a SLE in D. Therefore, with probability one dist(y,K) > 0 and mp(7y,K) < oo.
In particular,
KB (0,e0) I

Nﬁ(O,OO) (v) = o (0) exp{ng(y,K)} 1{y c D}.

Considering SLE as measures with partition functions, we get

‘UD(O, oo)

0 o ) =ew{5m K} 1{yc D)

More generally, if D' C D are domains and z,w € dD are analytic boundary points such that D', D
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agree in a neighborhood of z, w, then

dppy (z,w)

¢ . /
dup(z,w) ) :eXp{imD(y’D\D )} I{ynD\D" = 0}. (2.20)
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CHAPTER 3
MULTIPLE PATHS SLE IN SIMPLY CONNECTED DOMAINS

3.1 Introduction

The definition of the measure on multiple SLE paths immediately gives a partition function de-

fined as the total mass of the measure. The measure on multiple SLE paths

r=0" Y

has been constructed in [5, 11, 14]. Even though the definition in [11] is given for the so-called
“rainbow” arrangement of the boundary points, it can be easily extended to the other arrangements
[5, 15]. One can see that unlike SLE measure on single curves, conformal invariance and domain
Markov property do not uniquely specify the measure when n > 2. This definition makes it unique
by requiring the measure to satisfy the restriction property, which is explained in Section 3.2.
Study of the multiple SLEy measure involves characterizing the partition function. For n = 2,
the partition function is explicitly given in terms of the hypergeometric function. There is no
explicit formula for the partition function when n > 3. Instead, the goal is to characterize it by
a particular second-order PDE. That involves constructing a martingale M; by conditioning on an
adapted sigma-algebra generated by the curves up to time 7. It6’s formula can be used next to
find the PDE that the partition function satisfies in a straightforward manner. See formula (1.2)
in [10]. However, It0’s formula can only be used if we know the functions are at least C? and in
our case, it does not directly follow from the definition that the partition function is C2. There are
two main approaches to address this problem. One approach is to show that the PDE system has a
solution and use it to describe the partition function. In [5], it is shown that a family of integrals
taken on a specific set of cycles satisfy the required PDE system. In [22], conformal field theory
and partial differential equation techniques such as Hormander’s theorem are used to show that

the partition function satisfies the PDE system. The other approach, which is the one we take in
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this work, is to directly prove that the partition function is C2. Then It6’s formula can be used
to show that the partition function satisfies the PDEs. Our approach has the advantage of only
using standard techniques in probability. The basic idea of our proof is to interchange derivatives
and expectations in expressions for the partition function. This interchange needs justification and
we prove an estimate about SLE - to justify this. Another potential advantage of our approach
is that it can be generalized to prove similar smoothness results for other SLE measures or in
multiply-connected domains.

In this chapter, we prove the following result.

Theorem 3.1. If kK < 4 and D is a simply connected domain, then the partition function of multiple-

paths SLE in D is a smooth function of the marked boundary points.

We finish this introduction by reviewing examples of partition functions for SLE. Definitions
and properties of multiple SLE and the outline of the proof are given in Section 3.2. Section 3.3
includes an estimate for SLE using techniques similar to the ones in [19]. Proof of Lemma 3.2,

which explains estimates for derivatives of the Poisson kernel is given in Section 3.4.

3.1.1 Examples

e SLEy in a subset of H. Let ¥k <4 and suppose D C H is a simply connected domain such
that K = H\ D is bounded and dist(0,K) > 0. Also, assume that 7y is parameterized with

half-plane capacity. By the restriction property we have

d‘LLD(O,OO) o . c

where myy(y, D) denotes the Brownian loop measure of the loops that intersect both y and K

and
(6—x)(3x—38)
2K

C =
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is the central charge. Without mentioning Brownian loop measure and using Schwarzian
derivative instead, a formula similar to equation (3.1) was proved for SLEy measures in
[12]. In [14], SLE was considered as a measure with partition function and formula (3.1)
was proved. In Section 3.2, we will give a brief review of the definition of Brownian loop

measure, which was first defined in [13].

We normalize the partition functions, so that W(0,00) = 1. For an initial segment of the
curve ¥, let g; : H\ % — H be the unique conformal transformation with g;(z) = z+o(1) as

7 — oo. Then
a

9gt(z) = m,

where a = 2/x and U; is a standard Brownian motion. Suppose % N K = 0 and let D; =

g:(D\ ¥%)- One can see that

a t
iz (1, K) = 3 /0 S®,(Us)ds,

where S denotes the Schwarzian derivative and ®s(U;) = Hp_ (Us,%0). See [13] for more

details. It follows from conditioning on 7 that

C
My = exp{ Smp(4.K) | ¥p, (Ur, =)

is a martingale. We assume the function V(¢,x) = Wp, (x, ) is C? for a moment. Therefore,

we can apply It6’s formula and we get

1
—‘ll—;V(t, Ur) S®i(Us) + 3V (1,Ur) + 59V (1,Ur) = 0.

Straightforward calculation shows that V(¢,x) = Hp, (x,00)? is C? and satisfies this PDE.

Here, b is the boundary scaling exponent




See [14] for more details.

e Other examples. Similar ideas were used in [11] to describe the partition function of two
SLE curves with a PDE. Differentiability of the partition function was justified using the
explicit form of the solution in terms of the hypergeometric function. The PDE system in
[17] characterizes the partition function of the annulus SLE. That PDE is more complicated
and one cannot find an explicit form for the solution. In fact, it is not easy to even show that
the PDE has a solution. Instead, it was directly proved that the partition function is C? and

1t0’s formula was used to derive the PDE.

3.2 Definitions and Preliminaries

We will consider the multiple SLE, measure only for k¥ < 4 on simply connected domains D
and distinct locally analytic boundary points X = (xq,...,X4),y = (¥1,...,yn). The measure is

supported on n-tuples of curves

where 7/ is a curve connecting x jtoy;inD. If x,y are arranged in a way that there exist no non-
intersecting curves yl, ..., 7", then the multiple SLE, measure is a zero measure. If n = 1, then
1p(x1,y1) is SLE, from x; to y; in D with total mass Hp (x1,y; )? whose corresponding probability
measure ,u}%(xl 1) = Up(x1,y1)/Hp(x1,y1)? is (a time change of) SLE from x; to y; as defined

by Schramm.

Definition 3.1. If k <4 and n > 1, then up(x,y) is the measure absolutely continuous with respect

to Up(x1,y1) X -+ X Up(xn,yn) with Radon-Nikodym derivative

Y(y) = 1(7) exp {§ fzm [K;(7)] } .
=
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Here ¢ = (6 — k) (3K — 8) /2K is the central charge, 1() is the indicator function of the event
{Ynyf=0,1<j<k<n},

and m [K j(]/)} denotes the Brownian loop measure of loops that intersect at least j of the paths

v

Similar definitions are also given in [11, 22]. Brownian loop measure was first defined in [13].
It is a measure on (continuous) curves 1 : [0,y] — C with 7(0) = 11(ty)). Let v¥(0,0;1) be the law
of the Brownian bridge starting from O and returning to O at time 1. Brownian loop measure can
be considered as the image of the measure

1
m=area x  ——dt | x v¥(0,0;1)
272

on the triples (z,tn, ) under the map (z,tn, ) — 1 such that 17 is defined on [0,#y], and n(¢) =z +
t,11/ 21’[ (t/ty) for t € [0,t5]. For a domain D C C, we denote the restriction of m to the loops n C D
by mp. One important property of mp is conformal invariance. More precisely, if f : D — f(D) is

a conformal transformation, then

fomp=mg(p),

where f omp is the pushforward measure.
Note that if ¢ is a permutation of {1,...,n} and y5 = (yY°(1),...,y°®)), then Y () = Y (y,).

The partition function is the total mass of this measure

lIID(Xa)') = H“D(X?y)H'

We also write

% IPD X,y
lPD(Xv)I): n ( ) b’
I1}_; Hp(x},y;)
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which can also be written as

lPD(X7 Y) = E[Y]v

where the expectation is with respect to the probability measure [,LI*S (x1,y1) X+ X ug (xn,yn). Note

that ¥ (x,y) is a conformal invariant,

folPD(X7y) = \Pf(D) (f(X)7f<y)>7

and hence is well defined even if the boundaries are rough. Since SLE is reversible [27], inter-
changing x; and y; does not change the value.
To compute the partition function we use an alternative description of the measure up(x,y).

We will give a recursive definition.
e Forn=1, up(xy,y;) is the usual SLEy measure with total mass Hp (x1,y; ).

e Suppose the measure has been defined for all n-tuples of paths. Suppose x = (x’ Xnt1),Y =

(y/,yn1) are given and write an (n+ 1)-tuple of paths as y = (7, y"+1).

— The marginal measure on Y induced by pp(x,y) is absolutely continuous with respect
to up(x’,y’) with Radon-Nikodym derivative Hp (x,41,Vn+1 )%, Here D is the compo-
nent of D\ ¥ containing x,,11,y,1 on its boundary. (If there is no such component,

then we set Hp (x4 1,Y,+1) = 0 and up(x,y) is the zero measure.)

— Given 7/, the curve y”“ is chosen using the probability distribution ,ng (Xpa1>Vna1)-

One could try to use this description of the measure as the definition, but it is not obvious that it
is consistent. However, one can see that the first definition satisfies this description using equation

(3.1) and the following lemma.

Lemma 3.1. Let y denote a (n+ 1)-tuple of paths which we write as y = (Y, Y""t1)), and let D be
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the connected component of D\ Y containing the end points of }/(”‘H) on its boundary. Then
n+1 n

Y, mKin] = X m [K;(Y)] +mp(y"T), D\ D).
=

Proof. Let K} (7) denote the set of loops in K;(y) that intersect Y1) and let KJZ(}/) =K;(y)\

K ]1 (77) denote the set of loops that do not intersect y("+1) Then
m[K3(0)] = mp(#"+1), D\ D). (32)

Note that K ]1 () is the set of loops in D that intersect }/(”+1) and at least j— 1 paths of 7. Moreover,

sz(y) is the set of loops that intersect at least j paths of 7/, but do not intersect }/(’H'l). Therefore,

Ki(Y) =Ky (1) UKF ().

The result follows from this, the fact that Kg +1(¥) =0, and (3.2).
0

We can also take the marginals in a different order. For example, we could have defined the

recursive step above as follows.

e The marginal measure on y”“ induced by up(x,y) is absolutely continuous with respect to
1D (Xp+1,Vn+1) wWith Radon-Nikodym derivative W5 (x',y’) where D = D\ 7. (It is possible
that D has two separate components in which case we multiply the partition functions on the

two components.)

We will consider boundary points on the real line. We write just H, ¥, ¥, u, ,u# for Hyy, WYy,

P, g, p1fy; and note that
B n

¥(x,y) =E[y] =¥(x,y) H] vj—x;1?,
i
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where the expectation is with respect to the probability measure

.u#(XIJ’I) XX N#(xna)’n)-

e Ifn=1,thenY =1and ¥(x,y) = 1.

e Forn=2and y= (y!,7?), then by equation (3.1),

Hpy 1 (x2,32) "
Hp(x2,y2)

E[Y |y'] = [

The right-hand side is well defined even for non smooth boundaries provided that }/1 stays a

positive distance from x;,y,. In particular,

b
Hpy\ 51 (x2,y2) .
Hp(x2,y2) -

E[Y] =E []E(Y | yl)] —E <

If 8/3 < Kk <4, then ¢ >0 and Y > 1 on the event /() so the inequality E[Y] < 1 is not

obvious.

e More generally, if y= (Y, 7**1), then by equation (3.1) and Lemma 1,

H Xpa1:Vn b
E[Ymﬂm/)[ Llvd ““”] <r(y).

Hp(Xp+1,Yn+1)
Using this we see that ¥p(x,y) < 1.

e Forn=2,if x; =0,y; =,y =1 and xp = x with 0 < x < 1, we have (see, for example,

[11, 3. DD
- T'(2a)T(6a— 1
P(x,y) = ¢(x) == FE4Z;FE4Z — li X¥F(2a,1—2a,4a;x), (3.3)

where F = »F; denotes the hypergeometric function and a = 2/x. This is computed by
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finding
E [HH\yl (x, 1)b} .

In fact, this calculation is valid for k¥ < 8 if it is interpreted as
E [HH\}A (6, 1) Hygp (x,1) > o} .

It will be useful to write the conformal invariant (3.3) in a different way. If V|,V are two arcs of a

domain D, let

Ep(Vi, V) = /V /V Hp(z,w) |dz |dw].
1 2

This is 7 times the usual excursion measure between V| and V5; the factor of © comes from our

choice of Poisson kernel. Note that

(-0l ) = [ [0 A= [T og(a1)

—o0 (S—}")

Hence we can write (3.3) as ¢ (exp{—d&p((—e,0],[x,1])}). More generally, if x| <y <xp <y,

Fxy) =0 e (-l bohh = (exp{ - [ [0 L),

| I (s—=r)?
and if D is a simply connected subdomain of H containing x;,y»,x,y> on its boundary, then

Y1 (2

Bp(x.3) = b (exp {—Ep(ler 1] [r2oyal)}) = 0 (exp{— / HD<r,s>drds}) G4

1 /X2

This expression is a little bulky but it allows for easy differentiation with respect to x1,x2,y1,y2.

At this point we can state the main proposition.
Proposition 3.1. If k < 4, ¥ and ¥ are C? functions.

It clearly suffices to prove this for ¥. The idea is simple — we will write the partition func-

tion as an expectation and differentiate the expectation by interchanging the expectation and the
38



derivatives. This interchange requires justification and this is the main work of this chapter.
Before proving Proposition 3.1, we will state the following fact which is an analogue of deriva-
tive estimates for positive harmonic functions. The proof is straightforward but we delay it to

Section 3.4.

Lemma 3.2. For every x; < y; < xp < Yy, there exists a constant ¢ < o such that the following

hold.

e Suppose D C H is a simply connected domain whose boundary contains an open real neigh-

borhood of [x1,y1] and suppose that
0 := min{|x; — yy|,dist[{x1,y; },dDNH]|} > 0.
Then if 21,22 € {x1, )1},
|0, Hp (x1,y1)| < ¢85~ Hp(x,1)-

10212,Hp (x1,31)] < 82 Hp(x1,y1)-

e Suppose D C H is a simply connected domain whose boundary contains open real neighbor-

hoods of [x1,y1] and [x5,y,]| and suppose that
6 :=min{{|wy —wa[; wy # wa and wi,wy € {x1,x2,y1,¥2}}, dist[{x1,y1,%2,¥2},dDNH]}.
Then ifx = (x1,x2),y = (y1,¥2), 21 € {x1,31}:22 € {x2,32},

|811Z2@D(x7y)| S C(S_Z\PD(JC,y).

Moreover, the constant can be chosen uniformly in neighborhoods of x1,y1,X2, 2.

While we allow the constant ¢ to depend on the boundary points x;,xp,y;,y2, the important
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thing for us is that it does not depend on D. We will also need to show that expectations do not

blow up when paths get close to starting points. We prove this lemma in Section 3.3. Let
Aji(y) = diSt{{kak}, Yj} ,
A(y) =minA; (7).

J#k

Lemma 3.3. If k < 4, then for every n and every (x,y), there exists ¢ < o such that for all € > 0,

124
E[Y;A<eg]<cex .

In particular,

Elya?|< ¥ 2 E[ri2m<a<t!] <

m—=—oo

Proof. 1t suffices to show that for each j # k,

E [Y;Aﬁk < 8] < ce%_l,

and by symmetry we may assume j = 1,k = 2. If we write ¥ = (y!,72,7’), then the event {A12 <

g} is measurable with respect to (y!,¥?) and

E[Y v, <Y(y 7).

Hence it suffices to prove the result when n = 2. This will be done in Section 3.3; in that section

we consider K < 8. O]

Proof of Proposition 1. For n = 1,2, it is clear that ¥ is C* from the exact expression, so we will
assume that n > 3. By invariance under permutation of indices, it suffices to consider second order
derivatives involving only x,x7,y1,y2. We will only consider the configurations of xy,x7,y1,y2,

for which up(x,y) is not a zero measure (since the result is trivial for other configurations). We will
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assume x; < y; for j=1,2 and x| < xp (otherwise we just relabel the vertices). The configuration
x1 < xp <yj <Yypisimpossible for topological reasons. If x| <x, <y, <y, we can find a Mdbius
transformation taking a point y’ € (y2,y;) to e and then the images would satisfy y} < x| <x, <))

and this reduces to above. So we may assume that

X1 <y1 <x2<yp.

Case I: Derivatives involving only x;,y; for some ;.

We assume j = 1. We will write x = (x,x),y = (y,¥'),7= (¥!,7), and let D be the connected

component of H \ ¥ containing x,y on the boundary. Then

b
EY 7] =¥ (7) {HD(X’”} —Y(Y) Op(x.y)",

where Qp(x,y) is the probability that a (Brownian) excursion in H from x to y stays in D. Hence

P(x,y) =E[Y(Y) 0p(xy)"].

Let § = §(y) = dist{{x,y},Y}. Using Lemma 3.2, we see that

2u0p(x.))| < 67" Qplxy)” (35)

Iy (0p(x.0)")| +

2wl (x1)"]| < 872 0p(x.y)".

(Recall that ¢ may depend on x,y but not on D). Hence

E|Y(Y)

ailop(xy)']|] < ¢E [v(¢)8(Y) " 0p(x.0)"]
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andif z=xory,

E[Y(Y)

2rcl0p ()" | < B [Y (V) 8(¢) 2 0p(x,1)"

Since by Lemma 3.3

E[Y(/)8(Y) 2 0p(xy)’| =E[E(Y872[¥)| =Elr 6 Y <E[rA % <o,

the interchange of expectation and derivative is valid,

2B(xy) =E[Y(¥)[0p(x)")] . 2¥(x,y) =E |¥(¥) dlCn(x.1)"]].

Case 2: The partial d;,;, where 71 € {x,y;},22 € {xk,yx} with j # k.

We assume j = 1,k = 2. We will write x = (x,x2,X),y = (v1,y2,¥), 7 = (Y1, 72, 7). We
will write D’ = D\ ¥ and let D1,D, be the connected components of D’ containing {x;,y;} and

{x2,¥y2} on the boundary. It is possible that D = D, or Dy # D.

e If Dy # D», then
E[Y | Y] =Y(Y)Op, (x1,51)” Op, (x2,72)".

° IfD1 :D2 = D, then
E[Y | Y] =Y () 0p(x1,51)” Op(x2,52)" ¥p((x1,%2), 1,¥2)),

where ¥ is defined as in (3.4).

In either case we have written

ElY |Y]=Y(Y)®(@Y),
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where z = (x1,y1,X2,y2) and we can use equation (3.5) and Lemma 3.2 to see that

‘azlzZq)(ZV}/)‘ < CA(’}/,Z)_ZCD(Z,’}/), A(%Z) - diSt{% {xluylax27y2}}'

As in the previous case, we can now interchange the derivatives and the expectation. 0

3.3 Estimate

In this section we will derive an estimate for SLE, Kk < 8. While the estimate is valid for all Kk < 8,
it is not strong enough to prove our main result for k = 4. We follow the ideas in [19] where
careful analysis was made of the boundary exponent for SLE. Let g; denote the usual conformal

transformation associated to the SLE path 7y from O to oo parametrized so that

a
0g1(z) = ———, (3.6)

r8:(2) 81(2) — U
where a = 2/x and U; = —W; is a standard Brownian motion. Throughout, we assume that k¥ < 8,

so that D = Do = H \ 7 is a nonempty set. If 0 < x < y < o and dD contains an open real

neighborhood of [x,y], we let
Hp (X )Y )

PP = ey’

where H denotes the boundary Poisson kernel. Otherwise (which can only happen for 4 < k < 8),

we define ®(x,y) = 0. As usual, we let

As a slight abuse of notation, we will write ®” for & 1{® > 0} even if b < 0.

Proposition 3.2. For every Kk < 8 and & > 0, there exists 0 < ¢ < o such that for all 6 <x <y <
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1/8 and all 0 < € < (y—x)/10,
E [P dist({x,y},7) < e] < cebal,

It is already known that

P{dist({x.y},7) <e} <™,

and hence we can view this as the estimate
E [cb” | dist({x,y},7) < e] < ceke,

Using reversibility [21, 27] and scaling of SLE we can see that to prove the proposition it suffices

to show that for every 6 > 0 there exists ¢ = cg such thatif 6 <x <1,
E [Cbb;dist(l,y) <e| <cebal,

This is the result we will prove.

Proposition 3.3. If k < 8, there exists ¢ < oo such that if Y is an SLE curve from Q to oo, 0 < x < 1,

d=d(x,1),0<e<1/2,
E | dist(y,1) < &(1 —x)] <ext(1—x)talgba=l

Proof. We will relate the distance to the curve to a conformal radius. In order to do this, we will

need 1 to be an interior point of the domain. Let D} be the unbounded component of
Ki = C\[(=ee,x]Up U{Z:z€ 1},

and let T =Ty = inf{r : 1 € D;}. Then for t < T, the distance from 1 to dDj is the minimum

of I —x and dist(1,%). In particular, if # < T and € < 1 —x, then dist(%,1) < € if and only if
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dist(1,0D;) < . We define Y; to be [4(1 —x)]~! times the conformal radius of 1 with respect to
Df and Y = Y. Note that Yy = 1, and if dist(1,dDj) < &(1 —x), then Y < &. It suffices for us to
show that

E [CIDb;Y < 8] <ext(1—x)talgba—l

We set up some notation. We fix 0 < x < 1 and assume that g; satisfies (3.6). Let

Z
Xe=g(1)-U, Zi=gx)-U, Yi=X-2Z, K= YI,
t
and note that the scaling rule for conformal radius implies that
Y,
Y= ——F7—.
(1-x)g(1)
The Loewner equation implies that for some Brownian motion W;,
a a
dX; = —dt+dW;, dZ; = —dt+dW;,
X 7
(1) ag)(x) aY
agl ()= 28 5oy W) 5yl
181 (1) th , 0rg(x) th y Oty X7
1 1-K
9;Y,:Yt [%—L}:—a 2 l.
Xr Xz Xr Ki
Let D; be the unbounded component of H \ ¥ and let
Hp (x,1 "(x)gl(1
CDt: Dt('x >:(1—x)2gt(x)§t( )7
HD() (X, 1) Yt

where we set ®; = 0 if x is not on the boundary of Dy, that is, if x has been swallowed by the path

(this is relevant only for 4 < k¥ < 8). Note that ® = ®, and

b ab 2ab @ [1-K\?
o = b —“———+—} ab—1 ( ’) ,
r ! th th XiZ;
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t1 (1-K\?
CI)ﬁ’:exp —ab/—z(—s) ds ;.
OXS K

It6’s formula implies that

1 1 1 1 [1—a 1
d—=——=dX;+ =dX)1 = — dt — —dW; |,
Xt tz t t3 < >t X[ |:Xt2 Xt t:|
and the product rule gives
1—a a 1 1 —K; a 1—K;
d|l1 —K;|=|1-K dt — dt — —dW;| = l—a)——| dt— dw;.
1] = 1) | St v | = S |0 | ar— I aw
which can be written as
1-K [a 1 - K;
dK; = ——4a—1|dt+ dW.
: X? [Kz } 1 t

As in [19], we consider the local martingale
M;k _ (1 _x)1—4aXt1—4ag;(1)4a—l _ (1 _x>1—4a (1 _Kl‘)4a_1 -rtl—4a’

which satisfies
1-4
dm; = — SMraw, M;=1
t

If we use the Girsanov’s theorem and tilt by the local martingale, we see that

1K,

1

PAUAS

where W/* is a standard Brownian motion in the new measure P*. We reparametrize so that log Y;

decays linearly. More precisely, we let o(t) = inf{t : Y; = ¢~} and define X; = Xo (1) Y = Y1)
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etc. Since T, := Yo = e 4 and
N . . 1 1-K
—CIT[:ath:—ClYt,\—z = ! .(l),
t t

we see that

X2 K,

&(1) = L,

1 —K;

Therefore,

. r1-K r1
&l .= CIDIC’F(I) = exp{—ab/o 2 > ds} = ¢ exp{—ab/o Eds},

dlet = [0—361]%;} dt—f—\/kt(l—kt)dB;«k

N 1-K,
= K i—?)a dr+ %dB;k
K; K;

for a standard Brownian motion B} (in the measure P*).

Let A = 242, and

Mt g pa a(a—1) Ga ) 11\ g
Ny =e"" P/K; = —t ——— = | =ds; K.

It6’s formula shows that N; is a local P*-martingale satisfying

1-K
dN; = Nra\| ——dB}, Ny=x"
K;

One can show it is a martingale by using the Girsanov’s theorem to see that

dR; = [2a—4a1§] dt + Kt(l —kt)dgh

where B; is a Brownian motion in the new measure P. By comparison with a Bessel process, we
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see that the solution exists for all time. Equivalently, we can say that
Mt = Ml‘* Nt,

is a P-martingale with My = x%. (Although M is only a local martingale, the time-changed version
M} = M;(t) is a martingale.)

Using (3.3) we see that E [Cbﬁ’o \ yc(t)} <cR4PP If e = e then

E[@0(r) <] = cE[E@ 1{o() <=} | 15())]
gcﬂﬁﬁﬂmw}
= ce M-t (| _plalyig [Mt (1— k)4 6(1) < oo
— ceall—6a) a (1 _x)4a—1fE [(1 _kt)1—4a}

_ C86a—1xa(1 _x)4a—lE |:(1 _I%t>1—4a] ‘

So the result follows once we show that

i [(1—1@)1—4“] < oo

is uniformly bounded for ¢ > fy. The argument for this proceeds as in [19]. If we do the change of

variables K; = [1 — cos ©]/2, then Itd’s formula shows that
1
d®; = (461 — §> cot®;dt +dB;.
This is a radial Bessel process that never reaches the boundary. It is known that

T —1
D(0) =cgy_1sin10, g1 = [/0 singa—lede]
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is the invariant density of ®;. If p;(6y,0) denotes the transition density of the process ®;, then
it is also known that for any # > 0 there exist constants 0 < ¢ (#y) < cp(fp) < oo such that for all

0<6p,0 <mandry <t,
c1(to)®P(8) < pr(60,0) < c2(10)P(0).
In particular, there exist 0 < B(z),c(tg) < e such that
®(0)[1 —c(to)e P] < £,(60,0) < B(6)[1 +c(ig)e PL0].

See section 4 of [19] for more details. Therefore, ¢(x) = cg,_12' 73¢x*=1(1 — x)3=1 is the

invariant density of K; and if ¢;(xp,x) denotes the transition density of K;, then for any ¢ > 1,

c1(to) 9 (x) < qr(x0,x) < c2(t9) 9 (x).

In particular, (1 — K;)! ~#¢ is integrable. O

3.4 Proof of Lemma 3.2

We prove the first part of Lemma 3.2 for x; =0, y; = 1. Other cases follow from this and a M&bius

transformation sending x1,y; to O, 1.

Lemma 3.4. There exists ¢ < o such that if D is a simply connected subdomain of H containing

0,1 on its boundary, then
|0xHp (0, 1)] +[dyHp (0, 1)| < 5~ Hp(0, 1),

|0xcHp (0, 1)| + [0y Hp (0, 1)] + |9y, Hp(0,1)| < ¢8> Hp(0,1),
where 8 = min{1,dist({0,1},0D NH)}.
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Proof. Let g : D — H be a conformal transformation with g(0) = 0,g(1) = 1,¢’(0) = 1. Then if

x| < &,ly—1] <9,
/ /
g (x)g'(y) (3.7)

Hp:y) = ) =P

In particular g’'(0) g’ (1) = Hp(0,1) < Hy(0,1) = 1 and hence g’(1) < 1. Using Schwartz reflection
we can extend g to be a conformal transformations of disks of radius § about 0 and 1. By the

distortion estimates (the fact that |ay| < 2,|az| < 3 for schlicht functions) we have
£7(0)] <487 g'(0) <4671, [g7(0)| <1887 %¢'(0) <1852,

and similarly |¢”(1)] <48 1g/(1) and |g"'(1)] < 185 2g/(1). By direct differentiation of the

right-hand side of (3.7) we get the result. [

Lemma 3.5. For any

X<y S0<1<x <y  x=(x;,x),y=01.2),
there exists ¢ < oo such that if ¥p(x,y) is as in (3.4) and z1 € {x1,y1},22 € {x2,y2}, then
105, P (x,3)| +105, Pp(x.y)| < 8 ¥p(x.y),

|azlzzlPD(x7y)| < CS_Z@D(xay)v

where

6 :=min{{|wy —wa[s w1 # wp and wi,wy € {x1,x2,y1,y2}}, dist[{x1,y1,%2,y2},dDNH]}.

Proof. According to equation (3.4),

l]?D(X?y) = (P (uD(X7y)) )
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where

y y
up(x,y) =PIV, gpxy) = [ [ Hp(rs)drds
X X

1 2

Using the Harnack inequality we can see that for j = 1,2,

HD(X,S) XHD(X]‘,S), HD(”,)’) XHD(I”,yj)

if [x—x;| <08/2,[y—y;| < &/2. Therefore,

V2 %) X1+5/2
c5/ Hp(xy,s)ds < / / Hp(r,s)drds < ép(x,y),
X2 Xy JXx

1

xp+6/2 Vo

HD(xl,S)dSS/ HD(Xl,S)dS.

X2

CSHD(xl,xZ) < /

X2

More generally, if we let z; be x; or y; and let zp be x; or y,, then we see that

Y2 Y1
[ Hps)ds+ [ Hp(rz)dr < c87 gp(xy)
X

2 X1
Hp(z1,22) < c8 2 &p(x,y).

Hence,

0z, Pp(x,y) = ¢’ (up(x,y)) 0z, up(x,y),

aZlZZqID(va> = ¢”(MD<X>Y)) [821MD(X>y)] [azzuD(X,Y)] + ¢/(MD(X7Y)> azlzzuD(X7Y),

/ Hp(z1,s)ds

d;,up(X,y) up(x,y),

e (xy) = | £ [ Hp(122) ds| up(x.9),

02,2, UD (X, [ / / Hp(r,z2)drHp(z1,s)ds+Hp(z1,22) | up(X,y).
.x x

This gives
102 up (X, )| + |9oup (x,y)] < ¢8 Ep(x,y) up(x.y),
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|00z, up(X,¥)| < ¢872[Ep(x,y) + Ep(x,¥)H up(x,y).

Note that

aZiqlD(Xa y) = ¢/(MD(X, y))aZiuD(X7y)a

aZ] ,ZQ‘PD (X7 Y) = (P/(MD (X7 Y))amZQuD (X7 y) + ¢//(MD (X7 y))aZ] up (X7 Y) aZz uD(Xv y) .

The result will follow if we show that for all x5 > 0

xe_xd)/(e_x) x26—2x¢1/(6—x)

o(e™) ¢(x) ’

are uniformly bounded for 0 < x < x. Recall that ¢ (x) = cx* F(x), where F(x) = »F;(2a,1 —

2a,4a;x). We also have

¢9'(x) [a F'()

o) L* F<x>]’
o"(x) [(a F'0)\° a F'(x) F()?
o) ‘[<x+F<x>> 2 FQ) P

Since F(x) is analytic in the unit disk, it suffices to show that

xF'(e™) sz”(e_x)
Fle™) "’ F(e™)

are uniformly bounded as x | 0. The hypergeometric function F has the power series expansion
Fx)=1+ Y bax",  by=Cn *[1+0(n™ )],
n=1

in the unit disk. If k¥ < 8, then4a > 1 and as x | O,

Fle ™) =0(1), xF'(e*)=0(1), x*F"(e¥) =0(1).
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That is because for some constants cq, ¢,
X|F/(€_x)| —4a+le—nx

y—4a—|— 1 e—xydy

IN

<cix Z n
n=1
C2X/
1
=c x4“_1/ 4 o gt = 0(1)
X

and
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CHAPTER 4
SLE, IN MULTIPLY CONNECTED DOMAINS

In this chapter, we review SLEj in multiply connected domains for ¥ < 4 [17, 15, 28, 25, 1].
Contents of this chapter are used in the next chapter to discuss multiple-path SLE in multiply
connected domains. We will closely follow [17, 15], whose approach is to use the Brownian loop
measure to define SLE. In particular, some of the results in this chapter are directly taken from

[17].

4.1 Definition

Suppose D is a domain and z, w € dD are analytic boundary points. The d-dimensional Minkowski

content of the curve is defined by
Cont,(y%) = lif(}ed_z Area{z;dist(z, %) < €}.
€

We say ¥ has natural d-parametrization if Conty(y) =t for all t <ty. Letd =1+ k/8. In
this section, we construct SLEx measures pp(z,w) as a positive measure on continuous curves
7(0,ty) C D with natural d-parametrization and y(0+) = z, ¥(ty—) = w, ty < co. As before, if
¥p(z,w) = ||up(z,w)|| < oo, we use ui (z,w) = tp(z,w) /¥p(z,w) to denote the probability mea-
sure.

Suppose D' C D is a simply connected domain that agrees with D in neighborhoods of z,w.

Define the measure pp(z, w; D') with the Radon-Nikodym derivative

d.uD(Z7 w; Dl)

¢ /
ditpy (z,w) () :eXP{—ng(%D\D )}~ 4.1)

Definition 4.1. Define up(z,w) to be the measure on continuous curves 'y connecting z,w in D

such that for every simply connected domain D' C D, up(z,w) restricted to the curves y C D' is

,UD(Z, w; D/)'
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Before showing that up(z,w) has the properties we expect form a SLEy measure, we should
verify that this definition is consistent. That is, if D;, D, C D are simply connected, then restriction
of up(z,w; Dy) to the curves in Dj N D; is the same as restriction of tp(z,w; D;) to the curves in

DiND;,.

Proposition 4.1. Suppose D is a domain and z,w are distinct d D-analytic boundary points. Let
D1,Dy be simply connected subdomains of D that agree with D in neighborhoods of z,w. For

j=1,2, let vj be up(z,w;D;) restricted to curves y C Dy ND,. Then v = v».

Proof. Suppose ¥ C DN D,. Then there exists simply connected D C D; N D, that agrees locally
with D near z, w such that ¥ C D. Hence it suffices to show that for every simply connected domain

D, v{ and v,, restricted to curves in D, agree. Suppose ¥ C D. Since D > D are simply connected,

d[.LDj (Za W)

iy o) =0 { =50, (1 D\D) .

Combining this with (4.1), we get

dup(z,w;D;)

c .
duplew) 7 exp{~5mp(1:D\D)}

Here we use the fact that the loops in D that intersect y and D\ D can be partitioned into two sets:
those that intersect D\ D; and those that are contained in D;. [
Now we can verify that tp(z,w) has the properties that we are expecting.

e Conformal Invariance Suppose D is a domain and z,w are distinct d D-analytic points and
D1 C D is a simply connected domain that agrees with D in neighborhoods of z, w. Suppose
f:D — f(D) is a conformal transformation. Then f : Dy — f(Dy) is also a conformal

transformation, and hence

foup, (zw) =" @17 W) 1o, (£ f(w)).
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Conformal invariance of the loop measure then implies that

Foup(w:Dy) = [f QI LF ) ) (w: f(D1):

Since this is true for every simply connected D1, the family {up(z,w)} satisfies

up(zw) = [ @ [f W) iy (£(2), (W)

Moreover, if ¥p(z,w) < eo, then
foup(zw) = uwfp) (F(2), f(w)):

Boundary Perturbation Suppose D; C D, are domains that agree in neighborhoods of
analytic boundary points z,w. Let D C D; be a simply connected domain. It follows from

(4.1) that
dup, (z,w; D)

C
din o)D) {5mp, .02\ D)) }.

Since this is true for all D, then

d,LLDl (Za W)

C
di, (2 w) ()= {_sz(%DZ\Dl)}- (4.2)

2

Finiteness of Partition Function If z,w are on the same connected component of D, then
we can find a simply connected D' suchthat D C D', zwe oD . If k<8 /3, then ¢ < 0 and
(4.2) gives

\PD(Z,W) S lPD/(ZJW) < oo,

If z,w are on different connected components, then we can find a doubly connected do-

main D’ with D C D', z,w € dD’. We will later show that for doubly connected domains
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Wy (z,w) < eo. Hence for k < 8/3,
‘PD(27W> S ‘PD/(ZaW) < oo,

It is still an open problem to show that ¥y (z,w) < oo for 8/3 < k¥ <4. However, if D| C D is

a simply connected domain, we can see from (4.1) that ||up(z,w; D)|| < eofor8/3 < x < 4.

e Domain Markov Property Let D| C D be a simply connect domain that agrees with D in
neighborhoods of z,w. Recall that Wp(z,w; D1) = ||up(z,w; D1)|| < e. Let ¢ be a finite

stopping time and denote by .%; the sigma-algebra generated by ;. For y C Dy, let

()= "2E U ) —exp (S mp(r:0\ 1)

Let P, E denote probability and expectation with respect to the probability measure "“%1 (z,w).
Then,

¥p(z,w;D1) =¥p, (z,w)E[Y].

Let T = inf{t; y(t) = w}. By the domain Markov property for SLEy in simply connected

domains,

ELY | Z) = exp{ S mp(n.D\D1) } B [mpyy, (¥(2,7), D\ (DU}

where Ef denotes expectation with respect to ,uf)l\ " (y(¢),w). In other words, conditioned

on ¥, distribution of the remainder of the curve with respect to ,uf)(z,w; D) is that of
# .

Hp oy, (Y(0); w3 D1\ ).

Using this we can see that if Wp(z,w) < oo, then conditioned on ¥, distribution of the re-

mainder of the curve with respect to wf (z,w) is that of [.LE\ " (y(t),w).

e Reversibility It follows from reversibility of chordal SLEk in simply connected domains

(proved in [27]) and (4.1) that annulus SLE is reversible.
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When discussing SLE in annuli, it is often convenient to consider annulus parametrization. That

is, a time parametrization for which r(¢) = r —t (recall the definition of () in section 2.1).

4.2 Loewner equation

Let % C Ay, y(0+) = ii be a simple curve with annulus parametrization. Let & : A, \ % — Ay—; and

hy : Sry — Sy—¢ be as in section 2.1. Using conformal invariance, one can see that for z € S,
T Tz
Hg (z,0) = ——Imcoth <—> .
Sr (2,0) 2r 2r
For z € R define

Hy, (z,0) :=Hy, (¢%,1) = Y Hy, (2, 2k7),

keZ
T Tz
Ay, (2,0) = — Zcoth ( 2r>

PP o
A5, (2,0) := ) A5 (2, 2km) = A5, (2,0) + Z Hs (2, 2km) + A5 (2, —2k7)]

5, (2,20) = H5,(2—20,0), A, (2,20) = Hs,(2—20,0),  Hs,(z,20) := Hs, (z—20,0).

We had to be a little careful with the definition of ,%Zgr (z,0) because the real parts are not absolutely

convergent. While H. s5,(2,0) is a 27-periodic function, it is not hard to see that
5, (2+2m,0) = A5, (2,0) + —

Lemma 4.1. Suppose D; C S, is a half disk of radius dy centered at the origin. If x € Sy, x#0, 0 €
(0,7), then
Hg \ p, (x,dse'®) = 2 H, (x,0) sin6[1+ 0(dy))],

where the error term is independent of 6.

Proof. We prove the lemma for the case x € R. The case x € S, can be proved in a similar way.
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Define f; : H\ D; — H with f;(z) = z+d?/z. Then

Hg\p, (x,die™®) = | £ (x)] | £/ (dre®)| Hp 5.0 p,) (i (x), 2d; cos ©)

=2sin 6 Hy (s,\ p,) (fi(x), 2ds cos 0) [1+ O(d7)].
Note that S 2/ C fi(Sy\ D) C Sy. Therefore,

H 5,0y (fi (x),2d; cos 8) = Hg, (f; (x), 2d; cos 0)[1+0(d?)] = Hs, (x,0)[1+0(d;)].

Lemma 4.2. Let T be the first time a Brownian motion B exits Sy;. Then for any z € Sy,
E*[Im[B7]1{Br € f}] = heap[n:] Hs, (z,u) [1 + O(dy)],

ast — 0. Moreover, for any € > 0, the error term is uniform on {z; Vk € Z, |z — 2kn| > €}.

Proof. Without the loss of generality we assume u = 0. Define d; = 10diam[n;] and let C; C S, be
a half circle of radius d; centered at the origin. Let 7 be the first time the Brownian motion exits

S\ 1. Define the function f on C; with
f(w) =E" [Im[B;]1{Br € n/}].
Let D; denote the unbounded connected component of S, \ C;. Then
B 1m(Be) {Be € )] = [ Hip, (20 £ ()] (43)
Using lemma 4.1, for w € C; we have

Hp,(z,w) = 2sin 6y, Hg (z,0) [1+O(d;)],
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where ), = argw. Let o be the first time the Brownian motion exits H \ 1, and define f(w) =
E"[Im[Bs]]. Note that

FOw) — f(w) = E*Im[Bg] 1{z < o}].

Since w € (,
E"[Im[Bs] 1{7 < 6}] = hcap[n;]O(d;).
Therefore, (4.3) implies that
E*[Im[B]1{Bz € 1/}] = Hy, (z,0)hcap[n;][1 4 O(dy)].
Since this is true for any z, we have

EX{Im[By]1{Bs € fir}] = heap[n][1 +O(dy)] ¥ Hs, (z,2kn)
keZ

+O(heapni]®) Y Y Hg, (z,2km)Hg, (2kn, 2K ).
keZk +k

Since the double sum is finite for any z € S, the result follows. O]

Lemma 4.3. Suppose Y has annulus parametrization. If Uy = hy(y(t)), Uy = hy(n(t)), then for

any z € Sry
_ Im[h(2)]

r—t

JiIm[h; (z)] = +2Hs, ,(h(2),Ur).

Moreover, choose w € Sy such that w & ). If for all t < r, Re[hs(w)] is differentiable with respect
tot, then

() =~ 2 (h(2).U1) + i

for some By independent of z.
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Proof. It suffices to prove this for t = 0. The function
I(z) = Tm(z — 7y (2)]
is a bounded harmonic function on S;;. Considering the values of /(z) at the boundaries, we have

1(2) = tP4[By € R+ ir] + EX [Im[B¢] 1{Bz € i }] (4.4)
_, Im([/ (z)]

- +E*[Im[B¢|1{Br € It }],

where 7); is defined in (2.3) and 7 is the first time Brownian motion B exits Sy;. It follows from

lemma 2.5 that with annulus parametrization

d;heap[ne]|—o = 2.

The first equality follows from this, lemma 4.2 and (4.4).

To see the second equality in the statement of the lemma, define

i) = 2 2 4 noapl ) 5, (2 ),

r —

and let v;(z) = Im[f;(z)]. Then by using lemma 4.2 and (4.4) we can see that for any € > 0, there

exists a constant ¢y such that for all {z € Sy; Vk, |z —2km —u| > €},
i (2)] < e« diheap[ny] Hs, (z,u).

Since v;(z) is harmonic, there exists a constant ¢ such that

(o

V2

vi(2)| < —= dyheap[ny] s, (z,u).
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Therefore,

/(@) < V2|Vi(2)| < cdyheap[n] Hs, (z,u).

Define ay = w+ 2km and let k* = argminy |z — ax|. Since Hy, (z,u) is uniformly bounded on {z €

Sy; Vk, |z — 2km — u| > €} and hy(z), 7, (z,0) are quasi-periodic functions, for some constant C

2kt k*m

i)~ fi(w) ==

p . heap([n¢]| < Cd;hcap[n].

Since f;(w) is differentiable with respect to 7, we get

fi(2)
t

o fi(2) = im= = o fr(w).

Therefore, h;(z) is differentiable with respect to ¢ and the second equality follows.

]

Lemma 4.4. For any y; with the annulus parametrization, there exists a collection of transforma-

tions hy : Syy — Sy—¢ such that

h[(Z) —Ut
r—t

Orhy(z) = — +2545, ,(hi(2),Uy).

Proof. Choose w € S, such that w & 7]. Let i : S,y — S,_ be a conformal transformation. We
can assume A (w) is differentiable with respect to 7 (otherwise, we consider %} (w) + ¢; for an
appropriate ¢; € R). Define

s)) — Relhg (w)]

(2) = i (2) - Reli ) + [ 5L 2Rl (45 (), ) ds.

Note that this is well defined for all # < r. Using lemma 4.3, we have

hi (w) = Iy (2)

r—t

Iy (z) = dhhy (w) + +2[5, (b (2),Ur) = Hs,,(hy (w), Ur))].

62



This and the first equality in lemma 4.3 give the result. [l

In [10, 2], (z) is specified by requiring 7i;(e™") = ¢~ (=1) and B, is determined according
to this condition. Instead, we uniquely specify /;(z) by requiring f; = U;/(r —t) and ho(z) = z.
This is equivalent to requiring that d;Re[/(z)] = 0 for {z € S;; Ik € Z Re[l(z)] = Uy + 2km}.
This is analogous to the usual conditions for chordal Loewner equation in H. We summarize our

discussion with the following proposition.

Proposition 4.2. Forz € S,,7 = €%, x € R define

H:(z) = —; +255 (z,0), “s)
PP
Hf(z) = Re[ r(Z+ir)] = —E + EZtanh (M) ,
rere 2r

H,(Z) = i, (2).

Then
Orhi(z) = Hy— (e (z) — Uy), ho(z) =z,
ORe[h; (x+ir)] = HR_ (Re[h; (x+ir)] — Up),
Oy (z) = by (2)Hyr—1 (B (2) /Uy ), hig(z) = z. (4.6)
Proof. This is an straightforward consequence of lemma 4.4. [

The function H,(z) has several interesting properties.

e H,(z) is an odd elliptic function. In other words, it is a meromorphic doubly periodic func-

tion in C, with periods 27, 2ir.

e Let I'(r) be the measure of Brownian bubbles in ID that are rooted at 1 and intersect D\ A,.

Since D and A; have smooth boundaries, we can write

1
D) = — [ Ha, (1w on, 1))
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(The constant 1/7 in the last equation is because of our choice of normalization for the
Poisson kernel. It is normalized so that Hp(0,1) = 1/2.) Starting from the definition (4.5),

one can show that

H,(:) = §+z<2r(r)—;—é) 1O(), 20, @7

See Lemma 3.16 in [17] for more details. It follows that H,(z) is analytic on C\ {2k +

i2mr; k,m € 7} and has poles of degree 1 at points {2k7x + i2mr; k,m € Z}.

o Let & be the Weierstrass elliptic function with periods 27,i2r. Then

:H,(z) = —20(z) + &r,

where {, is a constant depending on r [25].

4.3 Properties
In this section, we review the key properties of crossing SLE in annuli. More details can be found

in [17].

4.3.1 Shrinking Domains

Let 1; be a chordal SLE from O to e in H and assume w € H with Im[w| = r. Let T = inf{t; n; ¢
Sr}. Fort < 7, define g; : H\ n; — H to be the usual conformal transformation for the chordal
Loewner equation and let & = g:(1(2)), wr = g:(w), Hi(z) = Hg,(s,\,) (2, w¢). It follows from

Section 2.4.2 that fort < 7,

M} = Hi(&)" g)(w) > exp { Smsa(n H\S,) |
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is a martingale satisfying

bH] (&)

1
Hy (&) My S

(nt) :Mt17 dMl‘] -

d.uSr (07 W)
d g (0,0)

Now suppose 1; is a SLE from O to w in S,. Let ) = Ukez\ {031 + 2km, iy = ;UM be
as in (2.3) and define 1y = inf{z; n; N 7); # 0}. We want to describe the process that at each time
t <min{ 7, T}, evolves like SLE from 1(t) to w in S, = S, \ 7);. We will call this process locally
chordal SLEy in Sy. Let Qs(z) = H (Sr’t)(z,w,) /Hg, (s,\n,) (2, wr), which is the probability that

8t

Brownian excursion from z to wy in g;(S, \ 1;) does not hit g;(f);). Define

Hg, (0,2k7) Hg, (2k7,x + ir)

A =
(%) Hg (0,x+ir)

keZN {0}

Let hy : Sy — Sr(,) be as in (2.4) and define ¢ to be the conformal transformation satisfying

hy = ¢rogr. Let Up = ¢¢(&) and define Hy(z) = O:(z) Hy(z) = Hg,(s,,)(@wr). Estimates using

hitting probabilities for Brownian motion indicate that

9 Hy (&)
Hi (&)

= gy (GPACO) ReltyO0)] = Un) + | ey~ S

A"(&)? 21?;’”(&)] |

This equality follows from arguments similar to those in section edit, so we omit the details here.

Using this, the 1t0’s formula, lemma 2.2 and lemma 2.5, we can see that for ¢ < 7,

C

M7 = Q)(&)Pexp { 5

msr(nt)+2b/OtA(F(S),Re[hs(W)] —Us)r'(S)dS} Hn N =0} (4.8)

is a local martingale. Here, mg (1);) denotes the Brownian loop measure of loops ¢ in S, that have

the following properties.

e /intersects both 1; and 7);.

e If T is the first time ¢ intersects 1, then £ N A7 # 0.

Let R; = Re[h;(w)] — U; and define L(r,x) = (7 /r) tanh(7wx/2r). Assuming 1); has annulus parametriza-
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tion, we get

dU; = bx L(r —t,R;)dt —/kdBy,

where B; is a Brownian motion. Using proposition 4.2, we can see that for z € (0,27), Z; =
]’lt (Z) — U[,
dR; = [HR ,(R;) — b L(r— t,Rt)] dt +/xdB;, 4.9)

dZt = [Hr_[(Zt) —bK'L(r—t,Rt)] dt + \/EdBt

To show that Mt2 is a martingale for all # < r, we need to show that 0 < Z; < 27 for all time ¢ < r. In
that case, with probability one with respect to the distribution of locally chordal SLE, NNz =0
and M,z, t < ris a martingale. To prove the claim, note that H,—;(z) ~ 1/z as z — 0 and for any
€ >0, L(r,x) is bounded for all r > €. By comparing to a Bessel process, 0 < Z; for all # > €. The

result for all # > 0 follows from the fact that Ry — 0 ast 1 r.

4.3.2 Partition Function

Let D' C A, be a simply connected domain that agrees with A, in neighborhoods of 1 and w =

e T If Y is a SLE from 1 to w in A,, then

dlip (17W; D/) C /
TPAPNT T TN _= ANDN L
d‘LLD/(l,W) ()/) exp{ 2mAr(’y’ r\ )}
We can write
ma, (V,Ar\D') =g (1,A;\ D) +m*(r), (4.10)

where m*(r) denotes the measure of the set of loops in A, of nonzero winding number and
r?lAr('y,Ar\D’ ) is the measure of the set of loops of zero winding number that intersect both 1
and A, \D'.

Let n; be the continuous pre-image of % under ¥ (as discussed in section 2.1). For any loop

¢’ C A, that intersects y and has zero winding number, there exists a unique unrooted loop ¢ in S,
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such that /NN # 0 and if T is the first time 1) hits ¢, then /N fj7 = 0. We call these loops 1-good.
This gives a bijection between loops ¢’ in A, that intersect ¥ and 1-good loops £ in S,. Let D C S,
be the unique simply connected domain with 1 C D, y(D) = D’. Then the Brownian loop measure
of -good loops in S, that intersect S, \ D is equal to ity (7,A,\ D).

We call a loop £ in S, a bad loop if it is not a 11-good loop and it intersects both 1 and 1]. If

mg (1) denotes the Brownian measure of bad loops that intersect 7, then

ms, (M, Sy \ D) = rit, (%,Ar \ D') +ms, ().
By conformal invariance, y o ,L%(O,w) = ,ug,(l,w). Therefore, we are interested in studying the
measure Vg (0,w -+ ir) satisfying

dvs (0,w+ir; D)
dpp(0,w+ir)

(m) = exp{—3ria, (7.4, \ D) }

Here, vg, (0,w +ir; D) is vg (0,w +ir) restricted to the paths staying in D. Recall that

dup(0,w +ir)
dus, (0,w+ir)

(m) = exp {3ms, (n.5:\D) } 1{n C D}.

Therefore, we can define vg (0,w +ir) by

dvs, (0,w+ir)
dps, (0,w +ir)

c .
(m) =exp{Sms, ()} 1{n C S\ ).
We can relate vg (0,w+ir) to SLEy in A, by conformal covariance. We define v4 (1,w) by

v, (Lw) = WOy (w+in)|Pe ™ ) 2yovg (0,w+ir)

b g—em*(r)/2 vovg (0,w+ir), 4.11)
We think of this as annulus SLE from 1 to w = e~ restricted to curves of a particular winding
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number. Annulus SLE is obtained by summing over all winding numbers

ta, (1,w) =Y va,(1,w+27k). (4.12)
keZ

Now assume with respect to a probability space (Q,.%,P), 1; is a chordal SLEy from 0 to
wirin Sy. Let V(r,w) = ||vs,(0,w+ir)||/¥s,(0,w +ir) and note that V(0,w) = 1. Let .%; be
the sigma algebra generated by 7; and denote by E the expectation with respect to the distribution

of n;. Then
M =E [exp{Sms, ()} 1{n < 5,\2}| 7]

is a martingale. For each ¢ < r, denote by mt1 = mg, (1) the Brownian measure of bad loops £ such
that /N n; # 0. Let mt2 denote the measure of bad loops ¢ such that £ C S, \ 1, £N 1)y # @ and let

m? denote the measure of bad loops ¢ with £ C S rt- Note that

ms, (1) =m/ +m} +m;.
Weighting 1 (¢, r) by
c
exp{ Smf | 1{n(e,r) C Sy

gives SLEy from 1(t) to w+ir in Sy;. Let E? denote expectation with respect to distribution of

this process. Let R; = Re[h;(w + ir)] — U;. Using conformal invariance,
E2[exp{em? /21 1{n(t,r) 1 (1,7) = 0} = V(r—1,Ry).

Therefore,

M7 = 01(&)" exp { Sms, (m)}1{m il = 0}V (r—1,Ry)

is a martingale, where Q;(&;) is defined in subsection 4.3.1. Recall the martingale Mt2 defined in

(4.8). Then
t
M} =M,2V(r—r,R,)exp{—2b/0 A(r—s,Rs)ds}.
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If P* denotes the probability measure obtained from weighting P by Mtz, then with respect to P*,

7Ny has the distribution of locally chordal SLE and using (4.9),
dR; = [HR_,(R)) — bk L(r— t,Rt)] dt +/KdB,
where B; is a standard Brownian motion. If

t
Ny :V(r—t,R;)exp{—Zb/ A(r—s,Rs)ds},
0

then Ny is a martingale under P*. Therefore,

exp {-%/JA(r _ s,Rs)ds} _ EX[N,] = E*[No] = V(r,w).

Moreover, if we knew that V(r,w) is at least C Uin r and C? in w, then we could use the Itd’s
formula and the fact that N; is a martingale to derive a PDE that V(r,w) satisfies. One way to
prove the smoothness of V (r,w) is to interchange the derivative and expectation and show that the
expectations of the derivatives are finite. In fact, this is the approach taken in [17, 28] to prove

smoothness of V (r,w).

4.3.3 Comparing Radial SLE to Annulus SLE

Let /i, &, ¢ be conformal transformations as in section 2.1. Suppose J; has radial parametrization.

Using the definition of SLE in annuli, it is shown in [17] that for an annulus A,

"(w)|P| ¢/ _t b B (E 7
— 1 ;(l)q;%(éﬂ exp{mD(Cr,%)}\PAr(I)(@(ét)aht(W))'

Moreover, it is shown that there exist positive constants c, g such that as r — oo,

Wa, (1) = er/2e0Dr [14 ().
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Using this, we can prove the following theorem from [17].

Theorem 4.1. Suppose y; has radial parametrization. Then there exist q,csx > 0 such that uniformly

overt >0, r > %a + 2 and all initial segments %,

(%) = cxe” D)2 (1 4 0=,

Proof. (sketch) Using lemma 2.4 and lemma 2.3, we can see that

16/ (&) =1+0(e™"),

[ ()] = & (0)[1+0(e™")],
r(t) =u+0(e™").

Moreover, deterministic estimates show that

exp {mp(Cr, 1)} = (r/u)*/*[1+0(e ™).
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CHAPTER 5
MULTIPLE-PATH SLE, IN ANNULI

5.1 Introduction

The Schramm-Loewner evolution (SLE) is a one parameter family of measures on planar curves
discovered by Oded Schramm [24]. He proved that in simply connected domains, SLE describe
the only measures satisfying the domain Markov property and conformal invariance. Schramm’s
construction benefits from the fact that a simply connected domain D with a simple curve starting
from the boundary removed is conformally equivalent to D. Since this does not hold in multiply-
connected domains, Schramm’s construction does not readily extend to those cases. However,
other authors have studied SLEy in multiply-connected domains using different methods. Bauer
and Friedrich ([1, 2]) used a generalization of the Loewner equation for multiply-connected do-
mains to describe the driving function of SLE. Zhan’s approach in [28] was similar, in that he
used a generalization of Loewner equation to define annulus SLE. However, in addition to confor-
mal invariance and Markov property, he required SLE to be reversible and used that to uniquely
determine the driving function. These articles are based on the work of Komatu [10] in 1950, who
studied an analogue of the Loewner equation in multiply-connected domains. In [17], Lawler used
Brownian loop measure to define SLE« by giving its Radon-Nikodym derivative with respect to
the measures in simply connected subdomains. In turned out that his definition agrees with the
process defined by Zhan.

Interest in questions regarding multiple interfaces of various discrete models has led to the

study of SLE) measure on multiple paths

r=0" 7).

Unlike SLE« measure on single curves, conformal invariance and domain Markov property do not

uniquely specify the measure when 2 < n. In [6, 5], Dubédat characterized multiple SLE} paths
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in simply connected domains using a commutation relation for some differential operators related
to the driving functions. He also gave a discussion about multiply-connected domains, but did
not give a complete classification. In [11], Kozdron and Lawler required the process to satisfy the
restriction property in addition to the domain Markov property and conformal invariance and gave
a global construction using the Brownian loop measure for ¥ < 4.

Since two-dimensional discrete models whose limit in continuum are known to be SLE are
considered as measures with partition functions, it is natural to define SLE as a measure with
partition function. For regular chordal SLE in simply connected domains, the partition function
is given by a power of the Poisson kernel. In simply-connected domains, the partition function is
shown to be smooth and is described by a particular differential equation ([17, 28]). For multiple
SLE paths, Dubédat [5] proved that the partition function can be described as a family of Euler
integrals taken on a specific set of cycles. In [22], Peltola and Wu used conformal field theory and
partial differential equations techniques such as Hérmander’s theorem to show that the partition
function satisfies a particular PDE when k < 4. Only using techniques from probability, it was
proved in [9] that the partition function satisfies the same PDE as in [5, 22] when k < 4.

Our definition of multiple SLE paths in multiply-connected domains is similar to the approach
of [11, 9] in simply connected domains. That is, we define it to be the measure absolutely con-
tinuous with respect to the product of single SLE measures with a particular Radon-Nikodym
derivative involving the Brownian loop measure. To that end, we build on Lawler’s definition of
annulus SLE in [17]. We find these definitions the most natural ones because they provide a clear
consistency with SLE in simply connected domains.

The chapter is organized as follows. In section 5.2, we establish our notation, prove a few deter-
ministic estimates, and state our main result about smoothness of the partition function. In section
4.2, we discuss an analog of the Loewner equation in annuli. In particular, we give an intuition
about our choices in annuli by referring to the usual assumptions pertaining to the Loewner equa-
tions in the upper-half plane and the unit disk. We prove that the partition function is smooth in sec-

tion 5.3. The main idea of the proof is to define appropriate martingales and use the Hérmander’s
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theorem. Finally, section 5.4 is consists of some results about two-sided SLEy. In particular, we
show that two-sided SLE can be constructed by weighting two independent radial SLEs by an
appropriate martingale. We use this to show that two-sided SLE can be approximated by two

SLE paths in an annulus.

5.2 Preliminaries

5.2.1 Multiple-Paths SLE

Although our definitions in this section can easily be extended to any finitely connected domains,
we restrict to annuli for simplicity. Suppose z = (zl 22, ... ,7") and w = (wl,wz, o.,w') are dis-
tinct boundary points of A,. For 1 < j < n, let ¥/ be a SLEx path from z/ to w/ in A, with

corresponding SLE measure /.LAr(zj ,w/). Recall that

Wa, (& ) = [lpa, (7, w)].

For a measure i, we will use u* to represent the probability measure p/||p||. Define the central

charge

(6-Kk)(3k—8)  2b(3—4a)
€= 2k -4

We define multiple-paths SLE measure in A, similar to [9, 11].

Definition 5.1. For k < 4, we define the Uy (z,w) to be the measure on n-tuple of paths y =
(y',...,7") that is absolutely continuous with respect to the product measure Hprod(z,w) == Ua, (z', wh) x

... Xty (2", w") with Radon-Nikodym derivative
c n
Y(y)=1(r)expq 5 X mlK;(n)] -
j=2
Here 1(y) is the indicator function of the event that for all i # j, ¥ Ny =0 and m[K(y)] is the

Brownian loop measure of loops that intersect at least j of the paths. As before, the partition
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function of the measure 5 (z,w) is the total mass

Wy, (z,w) = [|ua, (z,w)||-

k

Note that 4 (z,w) = 0 if there exists k such that ZK,.wk are not on the boundary of the same

connected component of

Ar\ U ?’j-
j#k
Moreover, it is clear from the definition that if o : {1,2,...,n} — {1,2,...,n} is a permutation,

then Y(y) =Y (y°) and Wy (z,w) = W4, (2, wO).

Lety= (V,7"),2 = (zl,zz,...,z”_l), w = (w],wz,...,w”_]), and
k=1
Dp=Ar\ U Y.
j=1

Lemma 5.1. We have

n

n . .
Y mlK;(n] =Y, ma, (Yf,ylumwf”). (5.1)
j=2 j=2
Proof. We can see that
n—1 1 1

Y mKi(M] =Y, mK;(Y)]+ma (Y7 U Uy

Jj=2 Jj=2
(This is straightforward. See lemma 1 in [9] for a proof). The proof follows from this and induction.

]

Lawler used the RHS of (5.1) to define the multiple-paths SLE measure in [17]. The last
lemma shows that the two definitions are equivalent. The following important properties can be
seen from Lemma 5.1. Kozdron and Lawler stated similar properties in [11] for the multiple-paths

SLEj in simply connected domains.
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e Marginal Measure: Let u (z',w') be the marginal measure on ¥ induced by py,(z,w).

Then
duy (z',w')
r - H n.n b'
duAr(Z/,Wl> (V) Dn(Z W )

k—l)

More generally, if kK < n and uAr((zl Y ,(w!,...,wk~1)) is the marginal measure on

(y',...,7*1) induced by Ua, (z,w), then

duj (2., 270, wh, Wkl L o
d,UAr((Zl,...,zk_l)’(wl,_”’Wk—l))(y 7"'77/( ) =Yp, ((Z",...,2"),(w",...,w")).

¢ Conditional distribution: Given ¥/, the conditional distribution of y" is uﬁn (",w'). More

generally, conditioned on (y!,7%,...,7X~1), the probability distribution of (yX,...,7") is

uﬁk((zk,...,z”), (WK, wh)).

Let
~ lPAr (Z7 W)

Wy, (z,w) = T
}}leAr(Z]vW])

We will write Ep,q for expectation with respect to the product measure ,u#

prod- It is easy to see that

HDn (Zn, Wn)b

TNERDR (5.2)

IEprod [Y(Y)"}/] = YO/)
Here, if 7 is just a single curve, then Y (7/) = 1. It is proved in [17] that
\PAF(Zn,Wn) < e_%m*(r)HAr<Zn,Wn)b,

where 0 < m*(r) < r/6 is the Brownian loop measure of the loops in A, with nonzero winding

number. Since D, C A, is simply connected,

d.an (Zn7 Wn)

C
iy (o) (/) = 17" € Do {Gma, (v A\ D) .

75



If k <8/3, then ¢ <0 and
e—%m*(r)\PDn(Zn’Wn> _ e_%m*(r)HDn(Zn,Wn)b < TA,(Z”,WH)- (5.3)
In this case, we can use (5.2) to see

P4, (2,W) = Eprod [Eprod [Y (V)]7]] < S (NG, (7 W) < =DM (),

r

We still do not know if (5.3) holds for 8/3 < x < 4.

5.3 Thecasen=2

r

We consider the measure on paths (y,7'), where ¥,y are SLEj paths from |i| = 1 to Ww| = e~

and from |i#'| = 1 to |[W/| = e, respectively. Let a = (i,i’), w = (w,w). By (5.2), the partition

function can be written as
W, (6,W) =%, ((ud),(ww)) =%, (@,W)E [HAr\y(ﬁ’,v‘v’)b :

where E denotes the expectation with respect to the distribution of y. Let y(z) = ¢% and choose

0 <u,u’,w,w' < 27 such that

i=y(u), @ =y),w=y(w+ir), "V =y +ir).
Consider the function
‘PA (ﬁ, _> ;- b
V(irba,w) = L =K WA . 5.4

We will show that V is a smooth function of r,u,u’,w,w’. It is clear that V (r,u,w) can be written

as a function of r, (' —u),(w —u),(w' — u). However, it is easier to prove the smoothness if we
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consider it as V(r,u,w).
Let 1; C S, be the unique continuous curve satisfying y(n;) = %, 1(0+) = u. Define i, g1, hy, g;, etc.

for y as in section 2.1. Define,
Ur = he(n(1)), Ul = ha(u'), W = hy (Wt ir), W) = hy (W' +-ir),

Ur =1y ((1)), Uf = ly(i ), Wy = 1y (), W) = iy ().

Note that for < 1, we can write Hy \,, (@,%') in terms of the Poisson kernels in the covering
space Sy

HAr\%(ﬁ/,W/) =e" Z Hg, (u' W +2km).
keZ

For now, suppose ¥; has the radial parametrization.

Lemma 5.2. Supposet < T, and let z € R,7 € R+ir and Z; = h(z),Z] = (7). Then
OrlogQs, (2,21 8rs) = 2#(1) F(r(t).Zs — Ur, Zy = Uy), (5.5)

where Uy = hy (1 (1)), r(t) are defined in (2.2) and

Hg (z,2km)Hg (2k7,7’)
N, Sr\& Sy )
F(r,z,7):= Z Hs (2.0
keZ, Sp\%

Proof. We only need to prove the claim for the right derivative with respect to ¢ since the right-
hand side of (5.5) is continuous in ¢. Moreover, we only need to prove the claim for the derivative

at t = 0 because

1
Orlog Qs (2,73 Sr) = lim ~log Os,, (2,25 Srr+s)
S bl

N , _
= E\ll:{)l;logQSr(t) (ZlaZNSr(l‘) \hton (t’t+s)> :
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First, note that by using proposition 2.3 and lemma 2.5 we get

limlhcap [heom (1,6 +5)] = ag] (&)* = —2i(1).
s}0 s

Att =0 we have

0110g Os, (2,71 8r1) = 0105, (2,23 Srs) = —0s[1 — O, (2,2':5r1)].

The term 1 — Qg (z, Z/;Sys) is the probability that a Brownian excursion from z to Z’ in S, hits ;.

We first calculate the probability that the Brownian excursion hits 1;. We can write

E*[Hg, (Br,Z)1{Br € nt}]
HSr(Z,Z/) ’

1—0Qs,(z,258\n) =

where By is a Brownian excursion in H starting from z and 7 is the first time By exits S, \ 1;. Let
D C S, be a half disk centered at u such that z & D. Assume ¢ is small enough so that 1, C D and
let d; = 2diam[n;]|. Using the exact form of the Poisson kernel in D, we can see that if B € 1,

then for any w € dDNH
Hp(Be,w) = Im(Bz)Hp(u,w)[1 + O(dy)].
Using this, we get
Hg (Bz,7)1{Bz € ;} = Im(B¢)1{B; € 0 }Hs, (u,7)[1 + O(d})]. (5.6)

Let f(w) be the unique bounded harmonic function on S, \ 1y with boundary condition Im(w)1{w €

7M¢}. Similar to lemma 4.2, we can see that

E*[f(Br)] = heap[n|H, (z,u)[1 4 O(d})]. (5.7)
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To be more precise, suppose D; C S is a half disk of radius d; centered at u and let w € SN dD;.

Lemma 4.1 implies that
Hg \ p, (z,w) = 2sin 6y, Hg, (z,u)[1+O(dy)],
where 6,, = argw. Using this, we get

E<{F(Be)] = ZHs ()1 +0)] | - 2sin@n (Bl 538)

Let o be the first time By exits H \ 1;. Note that 7 < o,
E"[f(Br)] = E¥[Im(Bs)] — E™[Im(Bs)1{t < 0}],
forw € S,NdDy,

E"[Im(Bg)1{t < 0}] = O(d)hcap[n;],
1

— 2sin 6, E" [Im(Bg)]|dw| = hca )
7 Js,nop, WwE" [Im(Bg)]|dw| p[n¢]

Plugging this into (5.8) proves (5.7). Therefore we can see that at t = 0, for any k € Z

Hg, (z,u+2km)Hsg, (u+2km,7’)

/. —
o1 = 0s, (2.1 Sr\ i +2km)] = a Hs, (2,7)

(5.9)

One can use a similar argument to see that the probability of the Brownian excursion hitting at

least two copies of 7y is of order O(hcap[nt]z). Therefore,

(o]

1-0s,(2,258) = Y [1—0s, (2,78, \ ny +2km)] + O(hcap[n]?),
k=—c

and

o[l —Q0s,(2.238m)] = 0 Y [1 — Qs (2,25 Sr \ s + 2k7)].
keZ
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The result for general ¢ follows from this and lemma 2.5. [l

We can reparametrize 9; so that r(¢) = r —t. This is called the annulus parametrization. In this

case, 7, = r and for any ¢ < r we can write (5.5) as
0108 05, (2,2'3Srs) = —2F(r—1,h(2) = U, by (2) — Up). (5.10)

Proposition 5.1. For s > 0, z,7 € R, define

Hy, (w(z), )Ha (1, y(d +is)) _

A(s,z,7) = Hy (v (2),y(Z +is))

If v has annulus parametrization, then fort <,
dilogOp (i WA\ Y) = —2A(r —1,U/ — Up, W — Uy). (5.11)

Proof. We only need to prove the claim for the right derivative and ¢ = 0, since the right-hand side

of (5.11) is continuous in 7 and

.1 o o ~) = _
lslin(};[log QA,(”/7WI§Ar \ Y+s) — log QA,(”I7WI§Ar \ %)] = dslog QA,_I(UtCWt,;Arft \ %) ls=0

where ¥; = hy o y(t,t + 5] is a SLE\c curve in A,_; starting from Ut].

Att =0 we have

orlog QAr(ﬁ’,W';Ar \ %) =0 logHAr(zZ/,vT/;Ar \ %) (5.12)

 OiHy g, (@ W)
B HAr<ﬁ/7W,)

80



By using (5.10) we get

atHAr\%(ﬁ',W') =de" Y, Hg, (u' W +2k')

Kez

=-2¢"Y Y Hg (4 —u,2kn) Hg, (2km,w' +2k't — u)
KeZkelZ

=2 Y Hg (u' —u2km) Y " Hg (2km,w' +2k'm —u)

keZ KeZ
= —2Hy (1w /i) Z Hg, (u' — u,2kn)

keZ
= _2HAr<1awl/l’_‘) HAr(ﬁ//IZ? l)
The result follows from this and (5.12). ]

5.3.1 Radial and Annulus

Suppose with respect to a probability space (Q,.7,P), ¥ is a radial SLEy curve from # to 0 in
D. We assume ¥ has radial parametrization log g;(0) = a /2. With respect to P, & is a Brownian
motion and & = ,(¥()) = €% . Denote by p(i1,0) the distribution of % and let ua, (i1, w) be the
distribution of SLE} from i to w in A,. The following result is stated in section 7.2 of [17]. Here,

we give a proof with more details.

Proposition 5.2. Let T, = inf{t; %y NC, # 0} and suppose t < T,. Then

d‘U,Ar(l/_l, W)
dup (i, 0)

B w19 (Gl

= o

exp {mp (Cr, 1)} ¥a,, (6:(&), W) (5.13)

Proof. Let D C A, be a simply connected domain that agrees with A, in neighborhoods of i, w. It

is easy to see that

duy (i1, w; D ¥y, (U1, Wi; Dy)
L__)(%)Il{%CD} U
dn“’A,«(”? W) ‘PAr(t) (Uf7 W/l‘)
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Let |Z| = 1 be another analytic boundary point of D. Then by definition of SLE in A,

Wy . (U, Wy;Dy)
. _E Ar(t) ty Ve, Ut
(1) = exp { = 5ma, (1A \D) } 1{n € D}~ s

duy, (it,w; D)
dup(i,w)

Here, D; = l;(D )\ ;) is a simply connected domain and ¥, (U, Wy; Dy) = ||,uAr(t) (Ur,Wy; Dy)|-

Let Z; = iy (Z). Since D is simply connected, we have

dpp(, %) _ 17} ()2 W, (Tr, W)
dup(a2) " |m(2)P¥p, (0 Z)

Moreover, by comparing chordal SLEy in D and D we get

dpp(,2) o _ 181" ¥p(&.8(2)
dpp (i,0) 2/(0)b
Note that
Wp, (U1, Ze) = 18/ (&I " 16/ (@ (@)~ ¥g, oy (&2 (2))
and
mp (%, D\ D) =my, (%, Ar\D) +mp(%,Cr).
Therefore,

du, (@, % D) | (w)"16/(&)"  ge —
dup (i, 0) (%) = g;(())i’ CXP{EmD(’}’;,Cr)} H{y C D}\PAr(,)(Uhth’Dt)-

The result follows since this is true for any simply connected domain D. [
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Lemma 5.3. Fors > 0, x € R, define

oxWy, (Y(x),e™)
o, (w(x),e7)

Ls(.x> = —K
If v+ has the distribution of SLE from ii to w in Ay, then
dU; = Ly—(W; — Uy;)dt +/kdB;, (5.14)

where B; is a Brownian motion.

Proof. Let M; denote the Radon-Nikodym derivative given in the statement of proposition 5.2 and
note that |@/(&)| = ¢/ (&). With respect to P, M; is a martingale and
! _ 81 lP Ar

_ y (&) 6/ (ENG (,)(Ut,Wt)
dM; = M; [b (&) + i/ (&) e (&) lPAr(t)(Ut,Wt)

d&t.

Here, d; denotes the derivative with respect to the first argument. Using the Girsanov’s theorem,

there exists a probability measure P’ such that

_ t”(gl‘) Y -,z a]\PAr(t)(Ulum)
dét— [b (Pt/(ét) +l¢t<§t)¢t(§t) lPA,(,)(Ut,Wt) dt +dBy, (5.15)

where By is a standard Brownian motion with respect to .

For z € ), the transformation g; satisfies the radial Loewner equation

A (2) = ot (%) |

By using the chain rule we get

hi(2) = 91 (81(2)) + 8/ (81(2)) 98 (2).
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Hence,

@) = 9:(21(2)).

O 1 ()~ )~ 50/ 2o
From lemma 2.5 we know (1) = —a¢/(&)?/2. Moreover, cot(z) = 1/z+ O(|z|) as z — 0. By

using equation (4.7) we can see that

618 =~ 20/ (&) = (5 +D)OI'(&).

Therefore, (5.15) implies that

dUy = d¢ (&) = —bey" (&)dr + 7 (&)d&;

_ 0¥, (O, W)
I Y 2 r(r) !
- l(pt (él) ‘Pt(‘:t) lPAr(t)<Ut7VT/t) dt+¢t (é:l‘)dBt-

We can use lemma 2.5 one more time to see that with annulus parametrization the last equation

can be written as
Wy, ,(Ur,Wr)

dU; = ixU, ———_—dt KdB;.
Fo ‘PA’_I(U;,VV[) +\/_ '

Using conformal covaraince, ¥4 (U, W) = ¥4, (W(W; — U;),e”""). Moreover,
Ow,—v)¥a,_, (WWe = Up),e™"™) = iy (W, = Up) 0 ¥a,_ (W (We = Up),e ")

and
¥, (01, We) = (W, — 20) ¥, (W(W —Ur),e™"™),

which completes the proof. [

It is not hard to verify that for x € (—7,7), W4, (w(x),e™") is an even function that is decreasing
in |x|. Hence, L,(x) is an odd function with L, (x) > 0 for x € [0, 7). For more details see section

Sof [17].
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5.3.2 Theorem

Before we prove our main result, we recall the Hormander’s theorem. Let Q C R” be an open
set. A linear differential operator . with C*° coefficients on Q is called hypoelliptic if for every
distribution u on Q, u is C* when Zu is C*. Assume X, X1,...,X} are first order homogeneous

differential operators with C*° coefficients on Q. Let
a 2
&= £1Xj +Xo +c,
]:

where ¢ is a smooth function on Q. In [8], Hormander established a characterization of hypoelliptic
second order differential operators with C*° coefficients. In particular, he proved the following

theorem.

Theorem S5.1. If at all point in Q the rank of the Lie algebra generated by the vector fields

Xo, X1, .., Xi equals n, then £ is hypoelliptic.

We say .7 satisfies the Hormander’s condition if it satisfies the requirements of theorem 5.1.

Having this result, we prove the smoothness of the partition function.

Theorem 5.2. Ifu = (u,u'),w = (w,w'), then V (r,u,w) is a positive smooth function satisfying

0,V = —2bAV +L,(w—u)d,V +H, (i — u)d,V +H, (W — u)d,V (5.16)

K
Proof. Fort < r, we have

t
QAr(zZ',vT/;Ar\y,) :exp{/o 8[10gQAr(ﬁ’,W’;A,\ys)ds}.

This is also true for t = r because Q4 (i&',w'; A, \ %) is continuous at = r. Proposition 5.1 gives

us

,
V(bu,w)=E {exp {—2[)/0 A(r—s,Ul —Us, W, — Us)dsH .
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Denote by .#; the o-algebra generated by 7. Then

.
M;:=E {exp{—2b/0 A(r—s,Ul —Us, W, — Us)dS} ‘%}

t
= exp{—2b/0 A(r—s,Ul — U, W, — Us)ds} V(r—t,U, U W, W)

is a martingale. Recall that as in proposition 4.2, HX(z) = Re[H;(z + it)] for z € R. Using lemma

5.3 and proposition 4.2,

dU; = Lr—t(W/t — Ut)dl + \/EdBt
dU} =H,_,(U/ - Uy)dt
AW, =H}' (W, — Up)d1

aw; =H{ (W —Uy)dt.
Consider the process
Zt = (r_t7 QAr(u/7W/;AV\%)7 Ula U[/7 M7 W/t/) .

This is a diffusion process with infinitesimal generator

A‘P(Z) = _ZbAazz¢ - azl o+ LZ1 (ZS - 23)813(]5 + HZ1 (Z4 - Z3)8Z4¢ (5.17)

K
+HE (25 —23)0:50 + HE (26 — 23) 0240 + 592323

for any C2 function ¢ € 24 and suitable z = (21,..-,26) € RS. Here, 9 is the domain of the
generator A. Using the Fokker—Planck equation, we can see that (5.17) holds for any ¢ € Z, as
long as the derivatives are interpreted in the weak sense. Let

f(Z) = Z2V(Z17Z37Z47Z57Z6)'
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Since M; = f(Z;) is a martingale, we have E(f(Z;)) — f(Zy) = 0 for all Zy and 7 < r. In particular,

f € 24 and Af = 0. Therefore, at least in the weak sense .V = 0 for all r,u,u’,w’, w, where
K
L = —2bA — 3+ Ly(w—u)dy+H, (' —u)d,y +HE(w—u)d, + HR(W —u)d,, + > O

We now prove that . satisfies the Hormander’s condition, from which we conclude .Z is hypoel-

liptic and V' is a smooth function using theorem 5.1. Note that

1
L = EA% +Ag+C,

where

= \/’_(au
Ay =—0r +L,(w—u)dy+H,( —u)d,y +HE(w—u)d, + HR(W —u)d,,

C=—-2bA.
We will show that the Lie algebra generated by the vector fields
A07A17 [A17A()]7 [Ala[AlaA()]]w" (5.13)

has rank 5 for every r,u,u’,w,w’. Recall that for two vector fields X = Y X o, Y = Y, Y Ox;

on a smooth manifold with coordinate system xy,...,x;, we have

X, y]=) (x Xi)) Ox;-
i=1
Using this, we can see that for every n € N, the (n 4 2)-th term in (5.18) can be written as

[0, Lr(w = 10) 0+ [0, Hr(t” = 10)]0,0 419, o B (w — )]+ [0,y HF (W' — )] 0,1,
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where 8u(n) denotes the n-th derivative with respect to u. It is not hard to see that among the vector
fields given in (5.18), A is the only vector field with nonzero coefficient for d,. Also for A, only
dy has nonzero coefficient. Hence it is enough to show that the span of the vector fields d,,, dy, 9,/

is a subspace of the span of
[Al 7A0]7 [Al ) [Al 7A0]]7 [A] ) [Al ) [Al 7AO]H7 o

for every r,u,u’,w,w'. For a fixed r > 0, define the functions f(z) = H(z), f(z) = Hy(z +ir).
Note that f](z) = d;HR(z) for z € R, since Im[H,(z+ir)] = 1. We want to show that for all

0<z1 <2mand 0 < zp < z3 < 27, there exist three linearly independent vectors among

=P, ), Pe)), k>t

Suppose the claim is not true and there exist constants a;, j € {1,2,3} such that they are not all

equal to 0 and a fék) (z1)+ay fl(k) (z2) +a3 fl(k) (z3) = 0 for all kK > 1. Consider the function

f(e) =aifolz1 +€)+arfi(zo+€)+azfi(zz3+¢).
Note that 7)(0) =0 for all k > 0. Let
& :=min{zy, (27 —z1), |22 +ir|, [z +ir — 27|, |23 +ir|, |23 +ir — 27|}

and let Bg,(0) be the open ball of radius &y around the origin. Since H,(z) is an elliptic function
with periods 27, 2ir and poles at 2kz + i2mr, the function f(¢) is analytic on Bg,(0). Therefore,
for some constant ¢, f = ¢ on Bg¢,(0). But this is a contradiction because f is continuous and there

exists € € dBg,(0) such that f(g) = c. O
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5.3.3 Thecasen>?2

In this section we explain how the proof of theorem 5.2 can be extended to the case n > 2. Let

Z, w, Y be as in section 5.2.1 and define

Wy, (z,w) B ’}:2 Wa, (z/,w)
lPAr<Zl7W1) ,}ZQHAr(Zjij)b H?ZZHAr(ZjaWj)b

V(V, Z, W) = [Y(Y)]7

where E denotes expectation with respect to ,ujr (2, wh)y x ... x uj (Z'w').
r

Lemma 5.4. Let m; denote the Brownian loop measures of loops in A, \ }/tl and let m = my. Let

2 = (Y'(t),20, ... ,2n) and define y, to be n-tuples of curves connecting z; tow in A, \ %. Then

n n

3 ik (7] = Xm0 + G 7).

Jj=2 J Jj=2

Proof. We prove this by induction. It is easy to see that claim is true for n = 2. Assuming the

claim holds for n — 1, we prove it for n. Let y = (Y, %) and ¥, = (¥}, ¥). Using lemma 5.1,

L n—1
Y mIKi (7] = X, miKi (7 )4 m ) ()
j= =

Hence, by the induction hypothesis for n — 1,

n

n—1 )
L K] = X mlKjml+ X m(R¥) +mi (Y, 7).
p=

J=2

J=2
Using lemma 5.1 one more time completes the result. 0

Let7i : A\ ! — A, (1) be our usual conformal transformation. Let th = (/), W,j =hy(w)), Z; =

(Zt1 vy Zf), We = (W, ... W), Using lemma 5.4, we can see that

1}22 lPAr (Zj7 WJ)

Mt = - -
?:2 HAr (Z] ) W])b

E[Y (0)%'] = [T Ca, & WA\ )V (r—1,Z, Wy)
j=2
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is a martingale. At least in the weak sense, M; satisfies a differential equation related to the in-

finitesimal generator of the process

(r_t7QAr<ZZ7W/;Ar\%1)7"';QA,(vawn;Ar\%l)aztawt)'

Proposition 5.1 gives the time derivative of Q4 (z/,w/;A,\ %). The derivatives of V (r —t,Z;, W;)
can be described using proposition 4.2. Using these, we can write a differential equation describing
V(r,z, w). Verifying the Hérmander conditions can be done similar to the proof of theorem 5.2.

Therefore, we have justified the following theorem.

Theorem 5.3. If k < 4, then ¥y (z,w) is a smooth function of r,zb, ..., wh, W

5.4 Two-sided

In this section, we start with reviewing the boundary perturbation property for radial SLE. This is
similar to the same property for chordal SLE ., which is described in (2.20). Similar to the chordal
case, this allows to obtain radial SLE in a smaller domain by a change of measure.

Next, we construct two-sided SLE using two independent radial SLEy. For a simply con-
nected domain O € D with boundary points z, w, two-sided SLE from z to w is usually considered
as chordal SLEy from z to w conditioned to go through O (although this is an event with zero
probability, there are ways to make this precise). This involves weighting the chordal SLE by the
Green’s function until the curve hits the origin (the fact that two-sided SLE is continuous at the
origin is proved in [18]). The rest of the curve has the distribution of chordal SLE from O to w in
the slit domain. Our construction allows us to grow the curves from z and w at the same time.

Finally, we make a connection between two-sided SLE in D and two chordal SLE paths in
annuli. In particular, we show that before reaching the boundary, the two measures are absolutely

continuous and we describe the Radon-Nikodym derivative.
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5.4.1 Boundary perturbation

Suppose D C D is a simply connected domain such that O € D and D agrees with D in a neighbor-
hood of 1. Let K =D\ D. Let G : D — D be the unique conformal transformation with G(0) = 0
and G'(0) > 0. Let y; be a radial SLE from 1 to 0 in D (continuity at 0 is shown in [18]) and let
Z: : D\ % — D be the unique conformal transformation satisfying g;(0) = 0, g;(0) > 0. Let § =
2:(%), define @ : D\ # — D to be the conformal transformation satisfying ¢;(0) = 0, ¢;(0) > 0
and let ®; ;= ¢roGog, I Let g: be the unique conformal transformation that is continuous in ¢

and satisfies

qi(e) =¥, (o) =2

Define G, ¢, ®; in a similar way (see figure 5.1). As before, consider the transformation y(z) =
¢'Z. Let Uy be the continuous process satisfying w(U;) = g (¥(t)), Uy = 0. We know that g; satisfies

the radial Loewner equation

- a_ . Y4g(z)
981(z) = 5 81 (z) m» 8o(2) =z,

for any z € D\ %. Equivalently, if coty(z) := cot(z/2), then

I81(2) = Feot2 (gi(2) ~ V), gold) ==

If 14 does not have radial parameterization, then the term a/2 is substituted with d;log g;(0).

Lemma 5.5. The Brownian loop measure of loops with nonzero winding number in D that intersect

D\ D is
log G’ (0)
e

Proof. See corollary 3.12 in [17]. L]

Lemma 5.6. Let ¥, C D be a deterministic curve such that log g;(0) = at /2 and y(t) — 0 as t — .
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Figure 5.1: Shaded area in unit disk on the top left represents K = D\ D.

Define 1, = inf{t; %y NCr # 0}. Then

lim &}(0) = 1, lim &, (Ur) = 1.

t—roo r—yoo r

Proof. Schwarz lemma and Koebe-1/4 theorem imply

1= 0= Goam)

Hence, to prove the first equality it suffices to show that dist(0,g;(K)) — 1 as t — . Let T;

denote the first time a Brownian motion B, starting at 0 exits D'\ . It is not hard to see that since

lim; 00 ¥(t) = 0, then

lim P[By, € ] = 1.

Using the conformal invariance of Brownian motion, if 7; is the first time a Brownian motion

By, By = 0 exits g(D\ %), then P[Bf, € Co] — 1 as t — 0. From this, we get dist(0,g/(K)) — 1
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ast — oo.

To prove the second equality, we need the following fact (see Lemma 2.6 in [18] for more
details and a proof). Choose d such that e~ ¢ < dist(0,K) and let r > d. There exists a unique
open connected arc (0, 1) C C; such that n(0+),1n(1—) € ¥, and (0, 1) disconnects K from 0
in D\ y;,. Consider the disjoint union Cy = I; Ul Ul3U{y(Us, )}, where I3 is the unique closed

connected arc with endpoints g¢,(1(0+)), g, (n(1—)) and /1,5 are open connected arcs. Then
diam|gz, 07(0,1)] < coe™ "=/ min{|1y |, 121},

where |- | denotes length and ¢ is an absolute constant. Let K, = g7, (K). Since 11(0, 1) disconnects

K from 0 in D\ ¥z, the curve gz, o1 (0, 1) disconnects K from 0 in D. Therefore,
diam(K,) < ce= "D 2min{|1y|, ||}, min{|ly], ||} < wdist(y(Uz,),Kr),  (5.19)

where c 1s an absolute constant. Note that CID/Tr(l// (Uz,)) is the probability that a Brownian motion

from 0 to y(Usz,) in D does not hit K. One can verify that for some constant ¢,
1 - @ (Us,) < codiam(Ky)dist(Uz,, K,) 2.

To see this let o be the first time Brownian motion B starting from the origin exits D\ K. Then

E[Hp(Bs,Us, ) 1{Bs € D}]
H]D)(OvUTr)

1 - (Ug,) =
It is not hard to see that
P[Bs € D] = O(diam([?,)).
Using the exact form of Poisson kernel in ID, there exists a constat ¢ such that for any w € K,

diam(K;)
c ——.
Bty (Us ). K 2

HD(W, UTr) <
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The result follows from this and equation (5.19). []

Proposition 5.3. Define © = inf{t; % ¢ D} and let U; be the continuous process satisfying 'Vt =
&r(y()),Uy=0. Then
b ¢

¢t (5.20)

S
I

My = 1t < D) (U %](0) exp{ Smp (. K) }.

is a uniformly integrable martingale and

dup(1,0)

diip(1,0) (%) = M;.

Moreover,

. (4
Moo= lim My = 1{y € D}exp{EmD(y,]D\D)}.

Proof. Let ¥ be a radial SLE with respect to the probability space (P,I",.%#). Under this assump-
tions, U; is a standard Brownian motion. Let 7 = inf{z; 3 N K # 0} and assume 7 < 7. We can see

from lemma 2.5 that

t
log @/(0) = g/o @/, (Uy)2 ds. (5.21)

Note thatif iy := g, 1 , then ®; = ¢y o Go ;. Using this, the chain rule and radial Loewner equation,

we can see that

P (2) = @1(Gohu(2)) + 9 (Gohi(2) G (hi(2)) hu (),

a®!(Uy)? :
= O oty (@1 (2) U7 + 9412) () 2.
@ (Uy)? @/
= % coty (P (z) — U/) — ? £(Z> cotr(z—Up).
Taking limit as z — Uy gives
&, (Uy) = —3a®] (Uy) /2. (5.22)

Moreover, we can take derivative (with respect to z) of the right-hand-side of the equation above
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and let z — Uy to get

) a (I)//(Ut)z 4q)/,/(U[)
(U = 5 | 2 -1 5.23
Therefore, an application of the 1t6’s formula gives
AU} = d®,(U;) = —b @) (Uy) dt + @) (U;) dU;. (5.24)

If % is a SLE in D, then % is a (time change of) SLEy in D and U;" is a Brownian motion (with an

appropriate time change). Let Z; = ®/(U;)”. Using the It6’s formula and (5.23), we get

dZt ac ab / 2 (I);/(Ut)
— = | =8P (U;) + —= (1 =D, (U dt+b

dUz.

Here, S denotes the Schwarzian derivative

B f’”(z) 3f”(Z)2

SIQ =T " 2

If K =D\ D, then

—a [t
i (4, K) 1= /O Sy (Us)ds

is the Brownian loop measure of loops in D that have zero winding number and intersect both y; and
K (see [13] for details). Using lemma 5.5 and an straightforward inclusion-exclusion argument,
we can see that the Brownian loop measure of loops with nonzero winding number that intersect

both 9% and K is

£ 102G'(0) ~1og@/(0)] = 75 [ (1 - @l (U, )as.

Here for the second equality, we have used (5.21) and the fact ®; o §; = @ o G. Therefore, for

1<,
ab

ac
— S, (U,
t( t)+12

« (1 ®(U2)| = 51, K) + Dlog®{(0) - 10gG'(0)]

95



and

- j c
My = (U R0 exp {Smo(nK) . 1<,
is a local martingale satisfying

CI)”(Ut) _ -
dM; = b M dU;, My =G (0)°G(0)°.
t = by Ml 0 (0)”G'(0)

Let T, = min(n, inf{z; dist(%,K) < e "}). Note that for t < 7, ®,(U;) is the probability that
Brownian motion starting at 0 conditioned to exit D at y(U;) does not hit g;(K). Using Koebe-1/4
theorem, it is not hard to see that ®}(0) is uniformly bounded for all ¢ < 7,,. Finally, mp(%,K)
is uniformly bounded for all r < 1, since dist(y;,K) > 27". Therefore, for all n € 77", the local
martingale Mz, is uniformly bounded and hence is a martingale.

Let P, be the probability measure obtained from weighting P by M, /M. With respect to P,
equation (5.24) becomes

duf = ®|(Up)dW;,  t < 1y,

where W; is a standard Brownian motion. That is, with respect to [P, the curve Yi<t, has the
distribution of radial SLEy from 1 to 0 in D. Let P = P, denote the probability measure obtained
from applying the Kolmogorov extension theorem to the consistent measures P,. Since 1, 1 7,
with respect to P and for any ¢ < 7 the curve }; has the distribution of radial SLE in D. Since
radial SLE .4 in D stays at a positive distance from K and goes to 0, we have mp (e, K) < oo. It
follows from this and lemma 5.6 that with P-probability one M; = M., < co. From this, it is not

hard to see that
P M;
dP My
(e.g. see theorem 5.3.3 in [7]). Since k¥ < 4, we have M7 = 0 in case T < oo. If T = oo, then result

follows from lemma 5.6. O]
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Figure 5.2: Two-sided SLE

5.4.2 Two-sided SLE

Suppose }/,1, }/sz are two independent radial SLE in D, as shown in figure 5.2. Define 7 = inf{z; }/,1 N
3/[2 # 0} to be the first time the curves intersect. Let#,s < T and define g, : D\ }/,1 — DD be the unique
conformal transformation satisfying g;(0) = 0, g/(0) > 0. Let g; be the conformal transformation

that is continuous in ¢ and

g =@ gy() =z

Let }_/t%s = gt(ysz). Similar to g, gr, define the conformal transformations Gy, Gy for }/SZ and let
)7;1’ . = Gy(y). Finally, in a similar way to g;, g, define the transformations @r s, @r s for }'/tl,s and
define the transformations ®; 5, ®; s for j‘/t%s (see figure 5.2). For now, we assume ytl, '}/tz have
radial parametrization and log g}(0) = at/2, 1og G4(0) = as/2. Under this parametrization, Uy, Xs

are independent standard Brownian motions in a probability space (Q,.7,P). Let

Zis= q);7s(Ut)b (pt/,s(XS)b- (5.25)
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We will write ®;, ¢y, U, X", Z;, etc. for &y ¢, @1 4, Ufy, X;':t, Zsy,ete.. Let O =X — U/ and K; =
D} (Ur)* + ¢ (X;)*.

Before taking our next steps, we briefly recall the definition of two-sided SLE.. As mentioned
before, two-sided SLEy from ii = €0 to & = ¢'X0 is chordal SLEy conditioned to go through the
origin. In particular, it can be defined as chordal SLE weighted by the Green’s function, which
is proportional to siny(g;(Xg) — U;)**~ 1. Equivalently, it can be considered as radial SLE from
i to 0 weighted by siny(g;(Xy) — Uy)®. After reaching the origin (say at time 7'), the rest of the
process has the distribution of chordal SLE from 0 to x in D\ 77 (see [18] for more details).

Straightforward calculation using the It6’s formula show that
. 2
siny (g (Xo) — Ur)“ ) (Xp) €™ /3 (5.26)

is a martingale and weighting radial SLE by this martingale gives two-sided SLE.

Lemma 5.7. The Brownian loop measure of loops in D that intersect both }/,1 and 'J’s2 and have

nonzero winding number is

log G(0) —log®; ((0)  logg;(0) —log @7 (0)
6 B 6 ‘

Proof. This follows from lemma 5.5 and an easy inclusion-exclusion argument. 0

Lemma 5.8. Let b = b/6+c¢/12 and assume t < T. Then

_ 77 c ab ! K
MtZthD;(O)be bat/zexp{imm(%l,}’tz)—kj/o mdr},
r

is a local martingale satisfying

@) (Uy) o/ (X;)
M, = bM, | —L ! X, | .
M =b f[@(w)‘l“*«p;(xt)d }
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Proof. The It6’s formula and similar calculations as in the last section give

d®; ((U)?  Tac ab ab @} ,(Xs)? @) (Uy)
’ U+ —=(1-®, (U)?)|dt — )8 ds+b—"""4u,.
B R (7 LA (T

® Uy 127 TR

Here, siny(x) = sin(x/2). We can derive a similar formula holds for (p,’7s(Xs)b Using the two

formulas, we have

dz, |ac ab o ab®l(U)?
o B0 (U) + = (1= D)) — 2| gy
1 (Ur) + 5 ( +(Ur)7) dsiny (©)2

Z 12 12
2

ac ab o2y abof(Xy)
— X —(1— _

dt

+ 12
! (Ur) o/ (X;)
+b-LqU; + bt dx;.
QU)X

Here, we are also using the fact that @] ((U;), ¢/ ;(X;) are C! int,s. Note that
—a [t
(1) == /0 S®L(Uy)dr
is the Brownian loop measure of loops / in D that have the following properties:

e Winding number of / is zero.

e I intersects both ! and }/tz.

o If T <t is the first time / intersects }/tl, then [N y% £ 0.

The term
—a [t
ma(r) = = /0 S¢L(X,)dr

has a similar interpretation for ytz. Hence, n%D(ytl,ytz) :=my(t) + my(t) is the Brownian loop

measure of loops in D that have zero winding number and intersect %1 , ytz (we are using the fact
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that measure of the loops hitting %1 ; %2 at the same time is zero). Moreover,

” /0 (1 - ®(U)?)dr

is the Brownian loop measure of loops / in D with the following properties:
e [ has nonzero winding number.
e [ intersects both %1 and }/,2.
o If T <t is the first time / intersects ytl, then [N y% # 0.

To see this, let 7i11 () be the measure of loops having the properties above. Using lemma 5.7 and
equation (5.21), the Brownian loop measure of loops in D\ ytl that intersect both %2 and j/l (t,t+¢)
is

a

e
2
12 [8_/0 P4 (Upr)7dr| .

Moreover, the Brownian measure of loops in D\ {y! Uy} that intersect both y!(z,7 + €) and

Y2 (t,t +¢€) is O(&?). Therefore,

all — ! t2
oy (t) = 4 TQ(U))v

and by integrating the claim follows. Using a similar argument for }/tz, we can see that

Ap( ) =& { [a—ajwars [~ <p;<xr>2>dr] (527)

is the Brownian loop measure of loops that intersect both ytl and ytz and have nonzero winding

number. Note that ab/12 = ab/2 — ac/24. It follows from (5.27) and lemma 5.7 that

d [ | (2w - glx?) dr} = —§mm(#,ﬁ>+%—5<i>;<o>-
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Therefore,

_ 77 C Cll’) ! K
M; = th); (O)be bat [2 (28Y { Em]D)(’ytl ) ’YIZ) + Z/) Sil’lz(r® )2d}’}
r

is a local martingale satisfying the claim. 0

Let

T, = inf{t; dist(y, ) < e ™)}

and recall that T = 7. Although M7 is only a supermartingale (positive local martingale), one
can see that Mz, is actually a martingale. To see this, note that Z; <1, K; <2, @; 0) < ¢¥/2 and
mp (%, 7?) is uniformly bounded for all 7 < 7,. Let P* be the probability measure obtained from
weighting P by M;a¢,. Using the radial Loewner equation and equations (5.21), (5.22), we can see

that

a
dUtfs = _bq);/,sa]t) dt + 5 (pt/,s(XS)ZCOtZ (Utﬂ:s _X;:s) ds+ CI);,S(Ut) dUtv
a

dXtﬂ:s = _bq)t/,/s(XS) ds+ 2

q);,s(Ul‘)z COtZ (Xtﬂ:s - Utfs) ds+ q)t/,s (XS)dXS'
Using the Girsanov’s theorem and the 1t6’s formula, we have
40, = gKt coty (Oy)dt + VKidW;,

where W; is a Brownian motion with respect to P*. By comparing to a radial Bessel process, we
can see that with P*-probability one, siny (®;) > 0 for all times ¢ < eo. Therefore, M;az, < oo with
[P*-probability one and the claim follows.

The curves }/,1 ) %2 have interesting distributions under the measure P*. Fix ¢ > 0 and assume
g > 0 is small. With respect to measure PP, the curve ! (¢,7 + €) grows like radial SLEy from 7! (¢)
to 0in D\ 3. Equivalently, g (y'(r,z 4 €)) has the distribution of radial SLEy from Uy to 0 in ID.
According to proposition 5.3, weighing this process by ®/(U;)? yields radial SLEx from y!(z) to
0in D\ {y?Uy'}. Similarly, weighing y>(r,z + €) by ¢/ (X;)? gives radial SLEy from y?(t) to 0 in
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D\ {y? Uy'}. Therefore under the probability measure P*, at each time ¢ the curves %!, %> grow
like independent radial SLE, in D\ {y? Uy},
We consider weighting the measure P* by siny (®;)?. Straightforward calculation using the

1t6’s formula shows that

. Ky
N; = sin ® ex /K - — —d
/ 2(6r) P{ rdr ) 5iny(©,)2 r}

is a local martingale satisfying
dN; = gN, coty (©;) VK; dW;.

Since K, < 2 for any r, Nyt is actually a martingale. Let P be the probability measure obtained
from weighting P* by N;. Equivalently, P is the probability measure obtained from weighting P
by O; := M;N;. Using lemma 5.7 and equation (5.27), we can see that

) = A c 3a*t  abt
0[ = Zt smz(G)t)“qD; (0)(b+3a/4) exp { Em]]])(’)/tl s yl‘2> + T — 7} . (528)

Using the Girsanov’s theorem, we can see that there exists a Brownian motion B; such that with
respect to the measure If”,

d®; = aK; coty (O;)dt + /K; dB;.

Proposition 5.4. Let ii = /U0, ¥ = ¢'%0 and define the measure vy (ii, %) with

dV[(IZ,)E) | _
d up(a,0) x pp(X,0) (7 7) =0t <},

where Oy is defined in (5.28). Then with respect to the measure Vy(ii, X),
e Marginal distribution of %1 is two-sided SLE from ii to X.
e Marginal distribution of }/,2 is two-sided SLE from xx to ii.
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e Conditional on }/tl, the process %2 has the distribution of two-sided SLE from X to ’}/1 (t) in

D\ 7.

e Conditional on )/tz, the process %1 has the distribution of two-sided SLEy from ii to }/z(t) in

]D)\y,z.

Proof. 1t suffices to show that marginal measure induced on %2 by Vi (i1, %) is the same as two-sided
SLE and conditioned on ’}/tz, the distribution of ytl is the same as two-sided SLE from X to }/2 (1)
inD\ %2. This is because the local martingale given in (5.28) is symmetric with respect to ytl , 3/,2.

From proposition 5.3 we know that weighting up (i, 0) by
N b c
Gy (Uo) " &0 @ ()P 2exp { Smp () } 1 < 7

yields HD\yZ(ﬁ7O) on curves up to time . Moreover, we can see from an appropriate time change
t

of (5.26) that weighting Hp\ 2 (@,0) by
t
@/(0)*/* g/ (X,)" siny (©,)*

gives two-sided SLEy from ii to y>(¢) inID\ ¥?. Let E, & be expectations with respect to i (iz,0), Hpp 2 (@,0).
t

Then using the fact that @/ (0) = @} (0) and that the process given in (5.26) is a martingale,

E(0)] = B 61U/ (04)" 9/(04siny @) /4

. !
= sinp (X, — G (Up))“ G (Uy)? /8.
The proof follows from comparing this to (5.26). [

5.4.3 Two Annulus SLE

Let i1,x € Cjy be distinct boundary points of D and let 33 C D be a simple curve with y(0) = a.
Define g;, g; to be our usual transformations for %. Define O < u,x < 27 such that & = y(u), x =
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y(x) and let Uy, X; be the unique 7-continuous processes satisfying Uy = u, Xo = x and g;(y(¢)) =

v(Ur), & (%) = w(X;).

Lemma 5.9. Suppose k < 8 and % is a radial SLE from ii to 0 in D with radial parametrization.

Then there exist constants C,3 > 0 such that fort > 1,
E [HD\% (07)3)17] — Csiny(x — u)ae—3a2t/8[1 1 O(e_ﬁt)],

where siny(0) = sin(6/2).

Proof. Although we will only use it when kK < 4, we will prove this result for ¥k < 8. Let @; =
X; — Uy and define 7 = inf{z; sinp(®;) = 0} be the first time that ®; € {0,2x}. Since ¥ is a radial

SLE, Uy = —By is a standard Brownian motion and
A0, = gcotz(G),)dt +dB,, t<r,

where as before coty(6) = cot(6/2). Note that when x < 4, with probability one T = oo and the

last equation is well-defined for all times 7. As discussed in (5.26), let
2
M; = sin (©;)% gl (x)Pe3¢ /8 (5.29)

be a martingale satisfying

th = gC0t2<®I)MtdBt-

Let P be the probability measure obtained from using the Girsanov theorem with the martingale

M;. Under the probability measure P, there exists a Brownian motion W; such that
d®; = acoty(0O;)dt + dW;. (5.30)

Since k < 8, we have 2a > 1/2. Comparing this to a radial Bessel process, we can see that with
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P-probability one 7 = co. Since Hpy,(0,%) = g}(x) we can write

E [HD\% (o,x)b} —E [g; ()bt < r}
=K [Mt sin2(®t)_“e_3“2t/8; r< ’L'}
=M e—3a2t/8E [Siﬂz(@t)_a; < T}

= Sin(@o)ae_Sazt/ng [Siﬂz(@t)_a] .

The last equation holds because {7 = oo} = 1. It only remains to compute & [siny (©;)~“]. The

function

satisfies the adjoint equation of (5.30) and therefore is the invariant density of ®;. Let f(8,x) be
the density of ®; starting at ®y = 0. It follows from properties of the radial Bessel equation (see

section 4 of [19]) that there exists § > 0 such that for all 8, x and 7 > 1

F(8.,x) = f(x)[1 +0(e P1).

Hence,

3 0.57] ~Camoe 010

where

2n 4 -1 on 3
C= [ / sinp (x) adx} / sinp (x)”%dx.
0 0
0

Lemma 5.10. For every &y > 0 and ro > 7, there exists cg > 0 such that the following holds.

Assume 0 < u,x,w,y < 2w and © < r < ry. Let
€ = min{|u —x+2kz|, |w—y+2mz|; mk € {—1,0,1}}.
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Recall the partition function V defined in (5.4). If € > &y, then V (r,u,x,w,y) > c.

Proof. Assume u = 0 and let ¥ be a SLEy curve from 1 to w = y(w+ir) in A, with annulus
parametrization. We can assume 0 < x, 0 <w < 7w and w < y < 27 + w, since the other cases can

be proved in a similar way. Let y = y/(y +ir). From the definition,

V(V,M,X,W,y) =E [QA,(X;)_];%’)b} )

where [E denotes the expectation with respect to the distribution of 9. The goal is to show that
there exist p* > 0 and c* > 0 such that Q4 (%,7;%) > ¢* with probability at least p*.

Let 1y C S, be the unique continuous curve starting from 0, ending at w + 2kx + ir and sat-
isfying % = y(1;) for 0 <t < r. Here, k is uniquely determined by the winding number of .
Let D, denote the parallelogram created by the intersections of R, R + ir, the line connecting
€/2, w+ &y/2+ ir and the line connecting —&y/2, w — &y/2 + ir. First, there exists p; > 0 such
that for all 0 < w < 7, the probability that - C D, is at least p;. This is because uniformly over
0<w<mand w <r < rgp, there is a positive probability that the winding number of SLE) from
i to w in A, is zero and therefore, n(r) = w+ir. Given this, the distribution of 7, is absolutely
continuous with respect to the distribution of a chordal SLEy from O to w+ir in S,. The Radon-
Nikodym is bounded if 1, C D,,. Moreover, there exists pg > 0 such that for all 0 <w < 7 and
7t < r < rp, the probability that chordal SLE from O to w+ir in S, does not exit D,, is at least pg.
To see this, let f,, : S, — H be a conformal transformation with f,,(w + ir) = o, f,,(0) = 0. The
domain f,,(Dy ) is a simply connect subdomain of H and H\ f,,(D,,) is bounded. Note that if 1"
is a chordal SLE from O to e in H, then [*(¢)| — oo as t — e. Hence, for each w € [0, 7], the
SLE curve ™ has a positive probability of staying in f,,(Dy,) (see [16] for a proof). In addition,
we can see that this probability is a continuous function of w. From this, the claim follows.

Let K,, denote the connected component of S\ {D,,UD,,+ 27} that has x, y+ir on its bound-

ary. Then there exists a constant ¢; > 0 such that for all . C y(Dy,),0 <w <7, gy <x<2m—§&)
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andw+¢y<y<w+eg+2m,

04, (X,75 %) > 1 Qs, (x,y +ir; Ky).
Finally, there exists a constant ¢, such that
Hg (x,y+ir) > c;.

]

Recall that theorem 4.1 provides a comparison between radial SLEy and crossing SLE in
annuli. Our goal is to prove a similar result for two SLEy curves in annuli. First, we need an

estimate for the partition function.

Lemma 5.11. Let 1 C A, be a simple curve with y(0+) = 1,]g(0)] = e®/2,1 < 209 ind ler

a

x€Cy,y€Cr. If ry =at/2, then

r

1
04, (7% %) = ——Hp\4(0,%) [1 +0 (r—rt)} : (5.31)

r—rg

Proof. We can write

1
Hip (0.9 = [ G\ (0.2)Hy, i (2.9) . (5.32)

By Koebe-1/4 theorem, |r—at /2+log [g;(Z)|| < log(4) for any Z € C;. In particular, C,, ,» C D\ %.

Hence,

Gp\y(0.2) = (r—r1) {Ho(r—ln)] ’

Ha\y(39) = Hapy 0.5 [1 +0(" )
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where the second equality follows from lemma 2.1. Using this and equation (5.32) we get

Hpy\,(0,8) = Hy )\ o, (£, 9) (r —re)e™” {IJFO( : )}

r—ry

Using lemma 2.1 one more time, we get

r

Hy, (%,5) = 87 [14+0(re™")].

]

Proposition 5.5. Let V(r,u,x,w,y) be as in (5.4). There exists a constant ¢ such that for all 0 <

u,x,w,y < 21 and sufficiently large r

V(ru,x,w,y) < crbe3ar/4 sinp (x —u)“.
Furthermore, for any € > 0, there exists a constant cg > 0 such that if min{|y —w + 2kx|; k €
{—1,0,1}} > ¢, then

rbe—3ar/4

ce sing (x —u)* < V(r,u,x,w,y).

Proof. Suppose ¥; is a SLEj curve from i to w and let .%; be the c-algebra generated by ;. We
assume }; has radial parametrization and let 7 be the hitting time of Cy. Let X; = i (%), ¥; = ()
and as before let Xy, ¥; be the unique continuous functions with X; = y(X;), ¥; = w(¥;) and X =
x,Yy =y. Define

8;6 = m1n{|U, — Xy +2km

mk € {—1,0,1}1},
& = min{|W; — Y; +2mn|; m,k € {—1,0,1}},

& = min{g', &'}
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For a fixed r < 7, let ¥ = i (7y(¢,7)). We can write

E [QAr()z,y;%)bE [QAr(t) (X,,Y,;T’)b‘ftﬂ .

Here, () is as in (2.2) and conditioned on .%;, 7is a SLE from U; to W; in Ar(t). Using corollary

2(r—s0)
a b

2.2 and theorem 4.1, we can find a constant sg > 5 such that if t = then for all z € C;.,

|0; argl (z) — 1| < &y/2m (5.33)
and .
dpy (it, W) 1
()~ 1| < 5. (5.34)
d.u]]])<ua0> 2

Koebe-1/4 theorem implies that |sg — r(¢)| <1n(4) and C,_» C D\ %. Using lemma 5.10, we can

see that there exists c¢o = ¢ / such that 1 > cp > 0 and
€ 7wl 7z
col {8; > 7} <E [QAr(t)(Ut,W,,y) ‘/t} <1. (5.35)

Let P be a probability measure under which ¥ is a radial SLE and let E denote the expectation

with respect to P. Using (5.31) and (5.34), there exists a constant ¢ such that

V(r7u7“x7w7y)

<—
PR [HD\% (0,5)0 1{2¢, > so}}

<c.

| =

Let g5, & be as in section 2.1 and define Xy = gs(x). Equation (5.33) implies that & > &y/2 and

Let
& = m1n{|)?, —§t+2kﬂ:|,k c {—1,0, 1}}

109



Considering our choice of ¢, corollary 2.1 implies

g €
{& > ¢} C {sj‘>50}.

Let ®; = X, — &; and note that

40, = gcot2(®s)ds+d3s,

where By is a standard Brownian motion with respect to P. Consider the martingale
) _ 2
M = siny (@s)aHD\% (0,%)be t/8

defined in (5.29). Let E be the expectation with respect to the probability measure obtained from
weighing P by M;. It follows from the Girsanov’s theorem that with respect to the new measure,

there exists a Brownian motion W; such that

Using properties of radial Bessel processes similar to the proof of lemma 5.9, we can see that

2n 4 -1
sinp (x) adx}

) = caasimg( ¥, 4= { /

is the invariant density of ® and if f;(8,x) is the density of @y starting at ®¢ = 6 then exists § > 0

such that for all 8, x and s > 1

75(6,%) = fx)[1+0(e P*)). (5.36)
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Hence,

= _ | M,
E H]D)\)/, (Oyf)b 1{5; > 8()}] = sinz(x— u)ae_?’azt/g]E M_t Sin2<®t)_a1{§t > 80}
0

2,/ ~
— siny (x— u)? e 318 [siny (©) “1{& > &9}] .
Now we can use (5.36) to see that there exists a constant ¢y > 0 such that for large enough ¢

1 .
o <E [Siﬂz(@t)_al{?;‘t > 8()}] < ¢p.
0

Hence, there exist constants cy,cp > 0 such that

V(r7u7'x7w7y)

c
b= yb e=3ar/4 sing (x — u)?

<.

Finally, since only the lower bound in (5.35) depends on &y, we can see c; in the last equation does
not depend on &.

]

Corollary 5.1. There exists a constant ¢ such that for all 0 < u,x,w,y < 27 and sufficiently large

T,

b ,—3ar/4

V(ru,x,w,y) <cr siny (y —w)“.

Furthermore, for any € > 0, there exists a constant cg > 0 such that if min{|x —u + 2kn|; k €

{—1,0,1}} > &, then

be—3ar/4

cer sing (y —w)¢ < V(r,u,x,w,y).

Proof. This follows from proposition 5.5, reversibility of SLE) and Brownian motion along with

the fact that f(z) = —e” /z is a conformal transformation mapping A, to itself. [l

Proposition 5.6. Let V(r,u,x,w,y) be as in (5.4). There exists a constant ¢ > 0 such that for all
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0 <u,x,w,y <27 and sufficiently large r

<

V(ru,x,w,y) <

1
c

b g—3ar/4

C.
sing (x — u)4siny (w—y)¢

Proof. Fix 1/2 > gy > 1/3 and let ¥ be a SLE curve from i to w in A,. As before, define

g =min{|Y; — W, +2kn|; k € {—1,0,1}}

Stx :mln{|Xt—U,—|—2kﬂ?|,k€ {—1,0,1}}

If e(y) > £, then the result follows from proposition 5.5. So we assume Eg <& LetY; =m(y), Wy =

h(wy) and Y; = hy(y), Wy = hy(w). Using theorem 4.1 and corollary 2.2, for sufficiently large r and

t=r/2,

and

duj (i, w) 1
: 1)< 5.37
du? (1,0) ) -1=5 (5.37)
y
LY. (5.38)
2 g

Define 7 to be the hitting time of C, by 3. Let r = r/2. Recall that r(¢) is the unique number

satisfying i; (A, \ ) = Ay)- Let 7 be a SLE curve from Uy to W; in Ar)- Then

:QAr(fv)_’Z '}’r)b}

Corollary 5.1 and equation (5.38) imply that there exists a constant ¢ = ¢(&) such that

1
-1{g > ¢} <
c r

]E’}7 [QAr(I) (Xla Yl’ ?)b ‘ gzt]
(t)b e—3ar(t)/4 sing (y — w)4

<c.
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Moreover, lemma 5.9 and equations (5.31), (5.37) gives

,
r—at/2

b 2
E [QA,(XJ;%)I)} <c ( ) e 34 B gin, (x — u).

We can see from an argument similar to the proof of lemma 5.9 that

! d ’ —3d%1/8 a o birx
E<r—at/2) ¢ Slnz(x_u) SE[QAr(x>ya%) l{gt >80} .

Moreover, Koebe-1/4 theorem implies that
|r—at/2—r(t)| <log(4),

from which the result follows. O]

Theorem 5.4. Let ytl, %2 be SLE curves from ii to w and from X to y in A, with radial parametriza-

(r—11)

tion. Then there exists a constant ¢ such that for all r > 11 and 2 7 > t, then

L 2 r(2b—b—3a/4) . a
_rlte sing (y —w)¢ < v, (.5)

Here, ¥, = (’)/t1 , %2) and V;(i1,X) is the measure defined in proposition 5.4.

Proof. Lety= (y!,7?) and recall that

For i € {1,2}, let 7; be the time ¥ hits C,. For t < min{t;, 7}, define the conformal transfor-
mations i} : A, \ y! — Ar)> h2 DA\ P — Ay, () and let 7 =hl (), 7' = r2(y"). In addition,

define the conformal transformations /! A ) \ 7 = Ar(r)s h? LAr ) \ 7 — Ay()- Let

Or=n (' 0), &=0rw), W=, L=rQ),
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Note that

mAr Y ’},2 =my, ’yt ’,},2) +mAr\'Ytl (yl (tv Tl)a ,},IZ) +mAr\%2(’yt17’y2(t7 TZ))
+mAr\{%1U%2}(y1 (tafl)v/yz(tafZ))

and

(Y'ny =0} ={¥nF =0}n{y Ny, n) =0}n{y'¢,m)ny =0}

ﬂ{’yl(l,l'])ﬂ')/z(l,fz) 20}

Let

N =exp{Smy i (7 (670,00 1Y () N7 = 0),
vo=exp{Smy 2 (W P0,2)) 1K N0 m) =0},
Yo =exp{Smy oy (V670,72 00) fHY 65) 07 ) = 0).

Let % = G(}/tl , }/,2) be the c-algebra generated by the curves up to time ¢ and denote by [E the
expectation with respect to the product measure s (i, w) x i (¥,7). Conditioning on F;, equation
(2.20) implies that y!(r, 7)) weighted by ¥; has the distribution of SLE, from ' (¢) to w in A, \
{y' U¥?}. Similarly, y?(r,7,) weighted by ¥, has the distribution of SLEy from y*(¢) to y in
A\ {7 Uy?}. Let E denote the expectation with respect to ujr(ﬁ, W) X ujr (%,5). If E1, E? denote

the expectations with respect to uﬁr(ﬁ, w), /.Lﬁr (%,5), then equations (2.6), (2.20) give us

17 (On) P IR (W) [P s, (Or, W)

El'[v|F ,
[ 1| t] \PA )(Ulaull>
E2[1, ;] = (X, )\b|h1/( DI ¥Wa,, (Xe 1)
2 ‘IIArZ(t) (X[7 Yl‘) ‘
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Using this and definition 5.1, if the martingale M; is defined by
c
My =E[exp{Sma, (V') 1Y NP = 0}| 7]

then

~ & ~ o~ C
My =85, (O %), W T))exp{ Sma, (4 7) | 1{ 17 = 0} (5.39)
RO PR (R B (50) PR (F) P, (5,9) Wi, (5.5)
lPA,,l(t)(Ulvvvl)‘PArz([)(XhYl)

Define g! : D\ %' — I to be the unique conformal transformation with g} (0) = 0, g/’(0) > 0 and
let ¢ : g (Ar\ %) — A, (+) be the conformal transformation satisfying h! = ¢l ogl. Define 32, ¢?

for 77 in a similar manner. Let &! = gl (v (1)), €2 = g2 (y?(1)). Let

M, = ‘fﬁ) EZ(V;)) (7). (5.40)
d 7Y
= ey )
Define M; to be the martingale satisfying
d‘UAr((I/_t,f), (W7)7)> (Y;) :Mt~

d ppy(,0) X pup (%,0)

That is, M; is the martingale obtained from multiplying the martingales given in (5.39) and (5.40)
My =M M? M.
From lemma 2.3 we have

r(f) = r—%t—l—o (e—r+at/2> : ro(t) =r— a_t_|_o (e—r+at/2> '
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It is known [17] that there exist absolute constants 0 < ¢, c¢*, g < o such that for all z; € Cy, 2> € Cy,
Wy, (21,22) = r¢/2e(b=b)r [1 +O(e_qr)]

and

Mtl — * /2, (b=D)r [1 L0 (e—q(r—at/2)>] 7 Mtz — o*p/2,(b=D)r [1 10 <e—q(r—at/2)>} '
Lemma 2.4 implies that
B (W)l =en OO (10O (R =0 (140 0)].

Recall the process Z; defined in (5.25). Using corollary 2.1, we can see that
B (@) | ()P =24 [ 14-0(e~"0) |

Proposition 5.6 implies that

\PAV(I)((UI7)’Z[)7 (vi/t,Y[)) = rc/zer(t) (_3a/4+2b_l;) Sinz(u—x)a Sin2(y—W)a,

Using lemma 2.3,

mp(y 7)) —ma, (4, 7) = logrl_r(mlogfzt) —logx';) Lo,

Using these and comparing to the martingale O; described in proposition 5.4 give the result. [
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