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Abstract

We calculate Bernstein-Sato b-functions for SL,-invariant sections of line bundles on SL,/B x
SL,/B x P""! whose zero-set is the complement of the open SL,-diagonal orbit. The proof uses a
similar calculation by Kashiwara of the b-function for B~ -semiinvariant sections of line bundles on

SL, /B whose zero-set is the complement of the big Bruhat cell.



2 Introduction

2.1 D-modules

Let X be a smooth variety over C.

Definition Define the sheaf D(X) of differential operators on X inductively as follows:

DY (X) = {P € Endc(O(X))|Vf € T(X,0(2))[P, f] € D' 1(X)

Then D(X) = U;D*(X).

Example Let X = A". Then D(X) = (C<.131,$2,...,Z‘n,ahag,...,6n>/<[$i,$j} = 0,[81',6]‘] =0, [81‘,33]‘} =

dij)

This is a sheaf of filtered algebras where multiplication comes from composition of operators, as if
P € DY(X),Q € D/(X), then PQ € D' (X). As with any algebra (or sheaf of algebras), one of the

standard methods of study is through its modules, which are called D-modules.
Example The structure sheaf O(X) is naturally a D(X)-module, with P - f = Pf.
An equivalent definition for D-modules is given by flat connections:

Definition A D-module is a sheaf of vector spaces E on X and a flat connection, i.e. a map A : T'(E) —

I'E ®T*X) such that A(fo) = fA(0) + o ® df for any function f and section o.

A common class of D-modules is line bundles with flat connections, i.e. rank 1 sheaves of vector spaces
with a flat connection. From now on, when we say line bundles, we are referring to line bundles with flat
connections.

The filtration D’ allows us to construct the associated graded algebra grD(X). This graded algebra is
naturally isomorphic (as a graded algebra) to C[T™X], the algebra of functions on the cotangent bundle
T*X. This identification can be extended to coherent D(X)-modules M by adding a filtration (though such
a filtration is not unique); this results in a sheaf on T*X. A filtration is called ”good” if grM is coherent as

a module over O(T* X).



If we started with a finitely generated D(X)-module M and end up with a sheaf grM, then as long as
the filtration is "good”, the support of grM turns out not to depend on the filtration. The support can then

be useful to learn about M itself. For example:

Theorem 1. Let X = A". Then define the Bernstein filtration on D(X) based on the grading deg(x;) =
deg(9;) = 1 in Clx1,x2,...,2n,01,02,...,0,). Let M be a D(X) module with a compatible filtration, i.e.
such that D(X)'M? C M. | Then there is some polynomial, called the Hilbert polynomial p € Q[t], such

that dimM* = p(i) for large i. Further, deg(p) = dim supp grM. Finally, deg(p) > n.

So by learning about grM geometrically, we can learn about the algebraic properties of M - e.g. how
quickly a good filtration can grow in dimension.
If the inequality is exact, that is, dim supp grM = n, then M is called a holonomic D-module. These

modules were studied by Kashiwara [10] and Bernstein [1], who proved several finiteness properties.

2.2 Quantum Hamiltonian reduction

Often, we will want to deal with differential operators on quotient varieties X/G for a connected Lie group G,
especially when they are the quotient of an affine variety by the free action of a group. The standard method
to do this is quantum Hamiltonian reduction. If P is a differential operator on X and @ is a differential
operator on X/G (or corresponding affine subvarieties), then P is said to induce @Q if given a function f on
an affine subvariety of X/G, P(f) = C/QC"/), where f denotes the composition of f with the map X — X/G
(or the appropriate restriction). It turns out that all differential operators on X/G are induced by operators
on X.

First, the action of G induces a map ® : g — I'(X,TX). If f is a function on X/G (or on any affine
subvariety), then it can be pulled back to a G-invariant function f on X (or the appropriate subvariety). The
fact that f is G-invariant implies that (®(£))(f) = 0 for any & € g. As such, any differential operator which
can be expressed in the form P®() for some differential operator P reduces to the 0 differential operator
on X/G. In other words, given the above statement that all differential operators on X/G are induced by
operators on X, they must in fact be induced by elements of D(X)/(D(X)g), where we abuse notation to

write ®(g) as g.



Second, if P is a differential operator on X that induces a differential operator @ on X/G, then for any
g € G, the differential operator P? also induces (). This can be rewritten as the condition that the image
of P in D(X)/(D(X)g) must be G-invariant (although P itself does not need to be G-invariant). These two
conditions turn out to be sufficient for a differential operator P € D(X) to induce a differential operator on
X/G. In other words, D(X/G) = (D(X)/(D(X)g))®.

We often wish to replace functions with sections of line bundles on X/G. These sections can be induced
by G-semiinvariant functions on X, rather than G-invariant functions; the line bundles £y can be labeled
with the character of the semiinvariant functions. Such line bundles have a flat connection induced by the
connection on the algebra of functions on X.

The appropriate generalization deals with differential operators that operate between line bundles.

Definition Let £, M be two line bundles on any variety Y. Then define D(L, M) inductively:
DU(Ev M) = HomO(Y) (Ea M)
DY (L,M) = {P € Home(L, M)|Vf € OY)[P, f] € D'(L, M)}

D(L, M) =U;D (L, M)

Let A, be characters of G. We then want to characterize the sheaf of differential operators D(Ly, L,,)
in terms of the sheaf D(X), in a manner similar to the characterization of D(X/G). The functions f no
longer have to be G-invariant, but rather semiinvariant with character A; as such, if £ € g, then ®(¢) no
longer takes f to 0. Instead, (®(£))(f) = A(&)f, and elements of D(£, M) are induced by elements of
D(X)/(D(X)span(®(&) — A(€))). The requirement that these elements be G-invariant is also changed; they

must instead be G-semiinvariant with character upA~'. Putting these together:

DL, £,) = (D(X)/(D(X)span(@(€) — A(€)))) S W

where the superscript G denotes the subset of elements that are G-semiinvariant with character \.
We will generalize this definition to get a sheaf of differential operators which can be applied to any line

bundle on X/G, and which “twist” by a line bundle corresponding to a character of G.

Definition Let p be a character of G. Define the sheaf of differential operators on X/G that twist by u



as D,(X/G) = (D(X)/(D(X)[g,q]))“* where g is the Lie algebra of G, [g,g] denotes the commutator
subalgebra of g, and the superscript G_, denotes the subset of elements that are G-semiinvariant with

character —p.

This construction mimics Kashiwara’s use of the universal Verma module [9].
Note that for any A, there is a natural map jy : D,(X/G) — D(Lxiu, L), based on the fact that
Alg,g]) = 0. If P € I'(X/G, Du(x)), f € T(X/G, Ly) for some line bundle £, on X/G, we will abuse

notation to write Pf = (jx(P))(f).

Example The differential operator 9, on A%\{(0,0)} descends to a differential operator (which we also call

. by abuse of notation) on P! that twists by O(—1).

2.3 Bernstein-Sato polynomials on affine varieties

Among their other uses, D-modules were found to be useful in studying singularity invariants of functions.
This was accomplished by studying the Sato-Bernstein polynomials of those functions.
For the rest of this section, assume X is affine. Let f be a regular function on X. We can consider the

space generated by differential operators starting with the formal term f*:

Definition Define Ox|[s] = C[s] ®c Ox, D(X)[s] = C[s] ®c D(X). Then define the sheaf of vector spaces
U — Oulf Yslf* = (@rezOulslf~F)/{f 5% = f57%T1}. This sheaf then has a flat connection induced
by the equation &(gf* %) = &(g)f*" + (s — k)g&(f)f5*1, and so Ox|[f!][s]f* has a D(X)[s]-module

structure.

It turns out that Ox[f '][s]f* is a holonomic D-module. By using the rate of growth of the filtered
vector spaces, we can find the following theorem, first proven by Bernstein [1] for functions on A™ and later

generalized by Kashiwara [7] to arbitrary varieties:

Theorem 2. There is some nonzero b € Q[s] and some P € D(X)[s] such that Pf*T' = b(s)f*.
Example If f = 2 on A', then we can choose b(s) = s + 1. This is given by the differential operator 9.

Note that the differential operator is allowed to depend on s, and sometimes must. For example:



Example For f = z(xz + 1) on A', we can choose b(s) = s + 1, based on the differential operator

P = (25s+1)(22 4+ 1), — 2z(x + 1)92.

The set of such b(s) forms a ideal in C[s] (and the ideal is nontrivial by theorem 2), and therefore is
generated by a unique nonzero monic polynomial. This is called the Bernstein-Sato polynomial, or b-function,
associated with f. In both of the above examples, we have actually calculated the b-function. Note that
in both these examples, the b-function is the same. This is because when the zero-set of f is smooth, the
b-function of f is s+ 1 (and in fact, the converse is also true [2]). More generally, s + 1 always divides b(s)
as long as f is somewhere zero.

In fact, the b-function of f is equal to the least common multiple of ”local” b-functions at points in the
zero-set of f ([5]), which implies the case of smoothness. The b-function can then be seen as a singularity
invariant of the zero-set of f.

Both the b-function and the differential operator are often more difficult to calculate than these examples,

even in low-degree cases. For example [8]:

Example If f = 2% 4 4>, then b(s) = (s + 1)(s + g)(s + Z), based on the differential operator

6" "6
1., 1 3.
570y + 5700 + 202

1
pP= Ey@iay +
One surprising result about b-functions, proven by Kashiwara, is that all of the roots of b-functions are
rational and negative. [7]
There are some cases where the differential operator can be found relatively easily, by exploiting symme-

tries in the relevant space. Most prominently, b-functions were originally defined to study prehomogeneous

vector spaces, by Sato and Shintani [13].

Definition A prehomogeneous vector space is a vector space V with a linear group action G ~ V such that

the action has an open orbit.

Following Shintani [14], we make two further assumptions. First, we assume that G is a reductive
algebraic group defined over R, and that V has a real structure. Second, we assume that the complement

of the open orbit is a hypersurface, so that it is the zero-set of an irreducible homogeneous polynomial



f € C[V] = SymV™ ([14] Prop 1.1). Because the zero-set is G-invariant, f would have to be G-semiinvariant
for some character y. Sato and Shintani were interested in finding the b-function of f in such a case.

The extra structure afforded by the vector space and the group action gives a natural choice of differ-
ential operator for the b-function functional equation. Using the assumptions, the dual space V* is also
a prehomogeneous vector space ([14] lemma 1.1); the assumption about the complement of the open orbit
also transfers. This gives a corresponding irreducible homogeneous polynomial f* € C[V*] = SymV; f* is
G-semiinvariant with character x* ([14]). But as elements of V' can be interpreted as translation-invariant
vector fields on V*, polynomials in those elements can be interpreted as translation-invariant differential
operators, so f* gives a G-semiinvariant differential operator P. It’s not hard to see that Pf*T! = b(s)f*
for some b € C[s], and so P is the relevant differential operator that gives a b-function for f.

Parts of this method can be applied somewhat more generally, and will provide the general technique for

the calculation of the relevant differential operator in multiple later chapters.

2.4 Extensions of b-functions

The methodology of b-functions can be extended in a few ways.
The first generalization uses multiple f. This allows the study of how multiple hypersurfaces interact.

There were multiple generalizations of the functional equation; the one that is most helpful for this result is:

Let f; be nonzero regular functions on X. For any {mi, mg,...,m,} € Z", there is some Py, m,,....m, €
D(X)[s1, 82, - -, Sn] and nonzero by, mo.....m, € C[s1,82,...,5,] such that
Pm17m27--'7mn (817 82,4, Sn) H fisr‘rmi = bml,mz,»--,mn (517 82,4, Sn) H f;l (2)
i i
for all (s1,s2,...,8n)-

While this still gives an ideal of such by, m,,....m,,, this ideal is no longer necessarily principal, so this
functional equation doesn’t lead to a unique b-function. This ideal was studied by Sabbah [11] and Gyoja
[6]; one of the most striking results from Gyoja was a generalization of Kashiwara’s result for b-functions for

a single f:

Theorem 3. For given mi,ma, ..., My, there is some by, m,,... .m, in the above ideal that can be expressed

10



in the form HLj, where each L; is of the form c; + Zaijsi, an affine function in terms of the s;, with
i

ai; € Z,Cj € Q.

The second generalization is to allow X to not be affine. For the purposes of this thesis, we take X =Y/G
to be the quotient of an affine variety by the free action of a connected Lie group.

We first replace our functions f; with sections of line bundles on X. Second, we reconsider our differential
operators. As each of the f; “twists” by the line bundle it is a section of, our differential operators will also
need to “twist”. The definition of the b-function generalizes immediately when we use D, (X):

Let f; € T'(X,Ly,,) be sections of line bundles on X. For any {my,ma,...,my,} € Z", there is some

P € I'(X, Dy, m,x, (X)[s1,82,. .., 8n]) and nonzero by, m,,....m, € Cls1,s2,...,s,] such that

Pm,l,mQ,...,mn (517 5254, Sn) Hfisj+mi = bml,mg,...,mn(slv §2y .4, Sn) H f»LSL (3)
i )

for all (s1,82,...,58n).
Note that with this definition of b-functions, some of the conclusions about b-functions on affine varieties
are no longer necessarily true. Even with a single section, global b-functions are no longer necessarily least

common multiples of local b-functions:
Example The b-function of zy € T'(P*, O(2)) is (s 4 1), given by the differential operator 02,0y.
The fact that (s + 1) must divide the b-function does remain true:

Lemma 4. Assume that the zero-sets of the f; are irreducible and distinct. Then for each i, for any b
satisfying the functional equation (equations 2 or 3), s; + 1 is a factor of bw,...0,1,0,..,0), where the 1 is in

the ith position.

2.5 Mirabolic space

We now turn to specifics: the space, the line bundles, and the sections of those line bundles for which we
wish to calculate the b-function.
For this paragraph, let G be a connected semisimple Lie group, with a Borel subgroup B and opposite

Borel subgroup B~. Then B~ acts on the flag variety F = G/B. This action gives a decomposition,

11



called the Bruhat decomposition, of the flag variety G/B = Uyew, B~ wB/B into orbits of B~. In this
decomposition, the largest cell is B~ B/B, and the complement of that orbit is a union of subvarieties of
codimension 1. Each of these subvarieties is the zero-set of a B~ -semiinvariant section of a line bundle on
F. Kashiwara [9] studied the b-function given by these sections by using the universal Verma module.

Let G = SL,,, which naturally acts on a vector space V of dimension n; let B be a Borel subgroup (such
as the subgroup of upper triangular matrices), B~ an opposite Borel subgroup (such as the subgroup of lower
triangular matrices). Together, these determine a basis of V' (up to scaling). Let P be a parabolic subgroup
of G that stabilizes a line in V; this is called a mirabolic subgroup. We further assume that P is in general
position with respect to the basis given by B and B~. Note that this implies that BNB~ NP = {cI|c" = 1},
a finite set.

Let X be the triple flag variety G/B x G/B~ x G/P = F x F x P"~!. This is a projective variety of
n?—n n?-n

2
point (eB,eB~,eP) is only fixed by elements of BN B~ N P - which we already know to be finite. Therefore,

dimension +(n—1) =n*—1 = dimG. We can consider the diagonal action of G on X. The
the orbit of (eB,eB™,eP) must have dimension dim G = n? — 1 - so it is the unique open orbit on X.

By Borel-Weil, a line bundle on X can be labeled with a triple (A1, A2,1) with A1, Ao dominant weights
and [ a nonnegative integer. Further, the global sections for the line bundle Ly, x,,) form a representation
of G x G x G isomorphic to Wy, @ W, ® Sym!C™. As shown by Ginzburg and Finkelberg [4], the line
bundle then has a G-invariant global section if and only if it is in the subsemigroup generated by elements
of the form o; = (Alw, A" ‘w,0),1 < i < n—1 and B; = (A7 w, A" Tw,1),1 < j < n, where w is the
fundamental representation of G = SL,,. Therefore, each of these triples gives a G-invariant global section
of a line bundle on X, and therefore a G-invariant hypersurface on X. The union of these subvarieties gives
the complement of the open G-orbit on X. The purpose of this dissertation is to find a b-function for these
global sections of line bundles on X.

This triple flag variety is closely related to the SL,-variety M™ x P"~!, where M™ denotes the space of
n xn matrices, and the diagonal SL,, action comes from the usual action of SL,, on P"~! and the conjugation
action on M™. The set of cyclic pairs (i.e. pairs (A, %) such that 7, A7, ..., A"~'¥ form a basis) is a dense

open set within the space; its complement is a subvariety of codimension 1, which consists of pairs with

12



nontrivial stabilizer. This space was studied by Robin Walters [15], who found the b-function corresponding

to the section which has as zero-set the subvariety with nontrivial stabilizer. The relationship between these

two spaces extends to a pair of adjoint functors that relate (a certain category of derived) D-modules on X

with (a certain category of derived) D-modules on M™ x P"~* [4].

10.

11.

12.

13.

14.

15.

Notation

. G=SL,

e € G is the identity element.

B is a Borel subgroup of G.

B is a Borel subgroup of G opposite to B.

H = BN B~ is a maximal torus of G.

P is a mirabolic subgroup of G, that is, a subgroup of G that stabilizes a line in C™.
g,b,067 b, p are the corresponding Lie algebras.

n = [b, b] is the maximal nilpotent subalgebra of b.

Ug denotes the universal enveloping algebra of g.

R, denotes the set of positive roots of G.

If & € Ry, then h, denotes its corresponding coroot.

F = G/B is the flag variety of G, thought of as the moduli space of Borel subgroups.
X = F x F x P"! is the moduli space of triples of two Borel subgroups and a mirabolic subgroup.

X' = F x Fx (P" 1V is the moduli space of triples of two Borel subgroups and a dual-mirabolic

subgroup.

W), is the finite-dimensional irreducible representation of G with highest weight A;.

13



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

If A= (A1, A, 1), then V) := W), @ W), ® Syml(C” is a finite-dimensional irreducible representation of

GP=GxGxQa.
By x By x P is a triple of subgroups of G, with By, Bs Borel and P mirabolic.

B x B} x P'is a triple of subgroups of G, with B/, B} Borel and P’ dual-mirabolic (i.e. stabilizing a

line in C™* where the * denotes the dual action of G).

b1, b, p, b}, b5, p" are the corresponding Lie algebras.

vy is a highest weight vector with respect to By X By x P in V).

v_y is a highest weight vector in Vy with respect to Bj x Bj x P’ such that (v_y,vy) = 1.

() is the set of triples A such that there is a diagonally G-invariant vector u_y € Vy with (u_y,vy) = 1.
uy € Vy is the diagonally G-invariant vector with (v_y,uy) = 1.

M), is the line bundle on G whose global sections are induced by B-semiinvariant functions on G with

character \i.
él € I'(F, My,) is the unique global section of My, that is B~ -semiinvariant.
Mer(CQ,C)™ is the multiplicative group of the field of meromorphic functions on the vector space C.

L) is the line bundle on X whose global sections are induced by By X By X P-semiinvariant functions

on G* with character A
fx € I'(X, Ly) is the unique global section of Ly that is B} x B} x P’-semiinvariant.

fég € I'(X, Ly) is the unique global section of Ly that is G-invariant under the diagonal action of G.

<U7>\, U,\> <u,,\, U,\>
(v_x, ux)(u—x,vx)

H()) =

w is the standard representation C" of G

Alw is the ith fundamental representation of SL,,.

wj is the standard representation of SL; C G.

14



34. a; = (Nw, A" 'w,0),1<i<n—-1€Q.

35. B = (N7 o, AW 1),1<j<neq.

4 Result

The main result of the thesis reads as follows: Let I' be the gamma function.

Theorem 5. Let A = (Z a;a;) + (Z b;B;), 1 be two triples of weights that both lie in Q. Let Ry denote

J
the set of positive roots of G and let

AN = [T+ JI Db+ D ai+ D b | T hfp)+ D> ait > b+l

J YERL wi<y wiTl<y wi<y Wil
and wi<y or wi<y

Then there exists a differential operator P, gs € D,(X) such that PHVGsfé;r“ = bp,G?’()\)f()\;jH: where

A(A—Fu).

b () = =405

5 Summary

We start in section 6 by defining the G-invariant global sections fc)\;:s of line bundles on X, and the relevant
functional equation for the type of b-functions we wish to use. In section 7, we explain some of Kashiwara’s

techniques.

Theorem 6. [9] For any dominant integral weight A1 of G, recall that the line bundle My, on F has
global sections induced from B-semiinvariant functions of character X on G. Let fé\; € I'(F, M) denote
the unique (up to scaling) global section that is B~ -semiinvariant. Then there exists a differential operator

P, € D,(F) that satisfies the b-function equation for the fé‘;

Puafa™ = b2 (4)
ha(p)
where bua(\) = [[ ] (ha(®) + halp) + i) € Clo].
a€Ry i=1

15



In doing so, we prove the following lemma relating the differential operators:

Lemma 7. For all u,v integral dominant weights of G, the following equation holds:

-P;L,GPV,G = P;Hru,G (5)

In section 8, we use a generalization of equation 5 to determine that the b-functions satisfy a cocycle

equation
bu(Nbu (A + 1) = b (M) (6)

for p, v elements of a lattice A (in the case of equation 5, the weight lattice) and A € CA.
We use equation 6 to prove that the b-functions can be expressed as products of affine factors on CA,

roughly following [12].

Lemma 8. Let {b,} satisfy equation 6. Then b, = H(ai()\) + ki) for some a; € h,k; € C.

i

We also prove some relationships between the b-functions. In section 9, we use Kashiwara’s differential
operator to find the differential operator P, ¢s on X that satisfies the functional equation, and a relationship
between the b-function Kashiwara found for a different global section and the b-function for the global
section examined in this dissertation, through the function H(\) : @ — C. We also show that the differential

operators satisfy a similar equation to equation 5:

Lemma 9. For our differential operators P, gs, the following equation holds:

P,gsP, g3 =P, s (7)

We can then combine the previous two lemmas, where the relevant lattice is 2. In section 10, we examine
H()\) more closely and find its values for some A € . In section 11, we use the values given in section 10
with the relationships in section 8 to determine the affine factors, and therefore find the b-functions and

prove the above theorem.

16



6 The relevant line bundle and section

Choose two Borel subgroups Bi, Bo and a mirabolic subgroup P of G = SL,,. The corresponding subgroup
B1 X Bo x P C G x G x G is the stabilizer of a unique point x € X, so X can be seen as the moduli space
of such triples. We further require that x in general position; that is, that z lie in the open G-diagonal orbit
on X. Let ' be the lattice of triples (A1, A2,1) of pairs of integral weights and an integer; let I's¢ be the
subcone where the weights are dominant and the integer is nonnegative.

For A = (A1, A2,1) € >, recall Vi = Wy, @ W, ® Sym!C™; also recall Ly as the line bundle with global
sections induced by functions f : G x G x G — C such that for any (g1, g2, g3) € G*, (b1, b2,p) € By x By x P,
f(g1b1, g2ba, gsp) = ezﬂi’\(bl’bz’p)f(gl, 92, g3)- Recall that € is the set of A € I'> such that V' has a nontrivial

G-invariant element.
Lemma 10. Q is closed under addition.

Proof. By the Borel-Weil theorem, the global sections of the line bundle Ly on X = F x F x P! form
a representation of G* isomorphic to Vy'. As such, V' contains a nontrivial G-invariant element under the
diagonal action of G if and only if there is a nontrivial G-invariant global section of Ly. Then because X is
an irreducible variety (and as such has a multi-homogeneous structure sheaf without zero divisors), if there is
a nontrivial G-invariant element of VY and another of V), then there necessarily is a nontrivial G-invariant

element of V', \, corresponding to the product of the two invariant sections in Ly . O

For A € I'>, recall that vy € V) is a nonzero highest-weight element with respect to By x By x P. Because
we have chosen our subgroups in general position, the G-invariant projection vf # 0 for all v € I'sq. If we
choose w_y € Vi such that w_, is G-invariant and nonzero, then (w_y,vy) = 0 is the defining equation of
a closed union of components of the complement of the open orbit. In fact, any defining equation of such a
union comes from some such A. Therefore x being in the open orbit is equivalent to the existence for any
A€ Nofau_y e VY that is G-invariant such that (u_y,vy) = 1 (by scaling u_» appropriately).

Recall the variety X’ = F x F x (P"~!)", which has a G® action from the G-action on each factor. Then
X' corresponds to the moduli space of triples of two Borel subgroups B}, B and a dual-mirabolic subgroup

P’ (i.e. a mirabolic subgroup stabilizing a line in the dual of the standard representation). We then say that
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2’ € X' is in general position if it is in the open G-orbit on X'.

Finally, a point (z,2") € X x X' is in general position if each subgroup and its primed counterpart are
opposite, and both z and z’ are in general position. Equivalently (for similar reasoning to the above), for
any A € I'sq, (z,2') is in general position if we can choose a highest weight vector v_ € V¥ with respect to
Bj x B} x P such that (v_x,vy) =1, and a G-invariant element u) € V) such that (v_y,uy) = 1.

Recall that L, is the line bundle whose global sections correspond to right By X By x P-semiinvariant
functions on G®. Borel-Weil implies that the correspondence between Vi and T'(X, Ly) can be given by
w — [g = (w,guy)] for g € G3. We therefore have two sections of Ly, fég and fj, such that fé\:3 is
diagonally G-invariant, while f[’\< is left B] x Bj x P’ semiinvariant. The former subscript denotes that
the section is G-invariant; the latter denotes that the section is closely related to the functions studied by
Kashiwara, [9].

Because there is both a unique open G-orbit and a unique open Bj x Bj x P’-orbit on X, these sections
are the unique ones with this property up to scaling. Then as products of semiinvariants are semiinvariant,
and by looking at the image of (e, e, e) in X, we can see that fp fi = ?;r“ and fQs fés = éj“

The b-function we want to find is that of fés; to be more precise, we want to find P, g,b,,¢ satisfying

the following functional equation:

Pocfe™ =buaWNfa (8)

where P, ¢ is a differential operator on F (equivalently, a differential operator on G such that for any
right B-semiinvariant f, P, f is also right B-semiinvariant).

This corresponds to a b-function using the definition given by Gyoja [6], where the f; are f\ for A a

generator of 2. We will describe those generators in section 10.

7 Kashiwara’s argument and the differential operator

Let G be any semisimple complex simply connected Lie group with Lie algebra g; let B be a Borel subgroup
and B~ be an opposite Borel subgroup with common torus H = BN B~. Let h be the Lie algebra of H.

Then Kashiwara found [9] the b-function of the B~ -semiinvariant section f3 of the line bundle M) over
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F = G/B, using its preimage fg\; : G = C,9g = (v_x,gvx) (which we will also call fé\; through abuse of
notation) for any dominant integral weight .

Recall that M) denotes the line bundle on F which has global sections induced by semiinvariant functions
on G with character .

1
Recall that R, is the set of positive roots of G with respect to B, p = 3 Z a.
aERy

Definition For ;i € h*, recall the sheaf D, (F) of differential operators on F that twist by —u. In other

words, if P € T'(F,D,(F)), then P induces a linear map P : I'(F, M) — I'(F, Mx_,) for every A.

Theorem 11. (Kashiwara) [9] For any integral dominant p € h*, there is a differential operator P, ¢ €

D, (F) on F such that for any nonnegative integral \:

Pucts™ =bua\fa 9)
ha (1)
where bua(N) = [ ] (ha(N) + ha(p) + i) € Clb]
acRy i=1

We will find a differential operator satisfying the functional equation, as the method will be useful later;

however, we will not reproduce the proof of the value of b, .

Proof. Following Kashiwara, we can trivialize the sheaf of differential operators on G using right translation:

D(G) = C[G]® R(Ug), where R : Ug — D(G) is the extension to Ug of the map R : g — T'G given by right
D(G)
D(G)n
~ C[G] ® (Ug/((Ug)n)). Using

by
translation. Then by quantum Hamiltonian reduction [3], D, (F) = < ) , where the subscript —p

on b denotes the subset of elements of weight —u. The quotient D(G)n

the well-known decomposition C[G] = &(V, ® V) as G-bimodules and rearranging tensor products, we
U
get that D, (F) =a(V, @ (V) ® ﬁ))b*“. Because we trivialized by right translation, and because the
g)n
U
decomposition separates the actions of left and right translation, D,(F) = @&V, ® (V) ® i g)n
g

)°=#, where

the action of G on F induces the usual action on V,,.

U
We will also use two results on the Uh-module structure of (V ® 79)5*“ for a b-representation V;

(Ug)n

the proofs are given in the appendix. Note that the universal enveloping algebra U is also the symmetric

algebra of b.
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Us.

Theorem 12. Let V' be a finite dimensional b-module. Then (V ® o

)°=1 is a Sh module of rank equal
to the dimension of the p weight subspace of V.

Ug

Theorem 13. Assume that the dimension of V¥ is 1. Then (V ® (Tg)n

Yo=u s free as a right Sh-module.

Theorem 12 implies that if v # p (where # denotes the usual partial inequality on weights), then

Ug v . ... . .. Ug .
(V ® ———)"* is trivial. The second then shows that in the minimal case of v = pu, (V] ® )P
(Ug)n o * o (Ugn
is a free rank 1 right Sh-module. Call the generating element P € (Vl;k ® ﬁ)b*“. Then by attaching a

highest weight vector v, € V,,, we get a differential operator P, = v, ® P € D,(F). Note that P, varies
under left translation as v, does, that is, gP, = (gv,) ® P where g acts on differential operators by left
translation, for g € G.

By the definition of D, (F), ngféJr“ € I'(F, My). Further, as the map of application of differential
operators D, (F)®IL'(F, Myy,) — I'(F, M) is G-equivariant, PH’GngJr;‘ will be of weight —\. By Borel-Weil,
I'(F, My) ~ VY, so there is only one element of weight —A (up to scaling). But fé‘; is already of weight —\

- s0 we get that P, o fo™ = bua(\)fa. O

Kashiwara further found an explicit formula:

ho (1)
bV = 1 TI (ha(®) +halp) +1) (10)
a€Ry =1

[9] (main theorem). and that this is the generator of the ideal of all solutions to the functional equation.

One result was not stated explicitly by Kashiwara but which will be useful for us is the following:
Lemma 14. For any u,v € h* integral dominant weights, we have P, P, ¢ = Pytv,a.

Proof. Consider the decomposition of C[G] into ©V,, ® V; as an increasing algebra filtration, C[G]<, =
@<,V ® V) with C[G]<,C[G)<, C C[G]<4». Then by using the trivial filtration on Ug, we obtain an
increasing filtration on D(G) ~ C[G] ® Ug; as the action of g respects the filtration on C[G], this filtration

is an increasing algebra filtration. This filtration then descends to D, (F) for any character p of B, so we

obtain an increasing filtration DE"(]—') =SV, @ (V) ® (UUgE;n)bw'
. . . g . . <y < * Ug b_
The highest weight 0, 80 if ¥ < g, then D= = {0}, and DH(F) = V, @ (V. .
e highest weight in Ton is 0, so if v < i, then D {0}, and D2V (F) L ® (Vi ® (Ug)n)
By definition, P, € D" (F). Therefore, P, P,.c € Dyls™ (F).
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The left translation action of G acts on the first factor V), so P, ¢ = v, ® P has weight p under

left translation. Therefore, P, P, ¢ has weight u +v. But P, P, ¢ € DS“J”"(]-") =V @ (Vi ®

KtV KtV

U
(UE; )0-u=v_ where left translation acts on the Vigv. As vu4 € Vuqo is the unique element of weight
g)n
U
p+ v up to scaling, P, ¢P, ¢ can be expressed as v, @ P’ for some P’ € (V: ® ﬁ)b*u; similarly,
' g
U
Pty = vyt @ P. Then as P generates (V] ® ﬁ)b*u over Uh, P’ = Pa for some a € Uh. Using
Kashiwara’s calculation, we can check that Py, ¢ fé‘ﬁ” =P, cP.c féﬂ‘ ¥ for any A, which implies that
a=1and P’ =P, so P,cP.c=Pitva- O]

8 Polynomial Cocycles

We have proven that for the operators P, that give the b-function on G, P, ¢P,.¢ = Pu+.,g- This situation
is common enough that it is useful to study it on its own; it will turn out to be true for the two relevant
families of differential operators studied in this dissertation. This equation on differential operators implies

the following equation on b-functions (with subscripts omitted because it works for all relevant subscripts):

b (Vb (A + 1) = b (V) (11)
This section generally follows the appendix in [12].

Remark 1. As the b-functions are nonzero polynomials on C§2, we can consider b to be a function with values
in the multiplicative group of meromorphic functions over C£, b : Q — Mer(CQ,C)*. In that context, the
above equation can be rephrased as the statement that b is a twisted homomorphism, under the action
of translation (T},(f))(A) = f(A + p) on C(CQ)*. Twisted homomorphisms appear in the study of group
cohomology as 1-cocycles in the Hochschild complex, so we can view these b-functions as cocycles in the

same complex. This complex is acyclic, so any such b is a coboundary; remark 2 will expand on a convenient

AN+ p)

A € Mer(CQ,C)* such that b = §A, that is, b, (\) = A0

Lemma 15. Let p — b, be a cocycle (i.e. satisfy equation (11)) such that for i € Q, b, is a polynomial (not

Just a rational function). Then for any p € Q, b, = H(O‘i(/\) +k;) for some set of a; € Hom(A,Z), k; € C.

i
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Similar results have been found for b-functions of multiple functions; see Sabbah, theorem 4.2.1 [11] and

Gyoja [6].
Proof. From the cocycle equation, we can switch pu, v to get that
buTu(bu) = bl/Tl/(bu) (12)

Assume p|b, for some irreducible p; we need to prove that p is of the form a()\) + k for some a €
Hom(A,Z),k € C. We first check that for any v € Q, either there is a nonnegative integer a such that
p|Ty—auby or p is invariant under translation by p.

By equation (12), we know that p|b,T,b,. As polynomials over CA form a UFD and as we have assumed
that p is irreducible, we know that either p|b, or p|T,b,. In the latter case, we are done, so assume we are
in the former case. Then by translation, we also have that T),p|T),b,|b,T,,b, = b,T,b,. By repeating this,
we either have infinitely many a such that p(A + ap)|b,(N), or for some a that Tg,p|T,b,. As before, in
the latter case, we are done, so assume we are in the former case. Then as b, (\) has finitely many factors,
there can only be finitely many distinct T;,,,p; therefore they must be equal for some ag,a;, and therefore,
T(a; —a)up = p- This means that for any A, the function ¢t — p(A+tu) is periodic. But p is a polynomial, so
the function is a polynomial, which can only be periodic if it is constant, so p(A + tu) = p(A) for any ¢, and
p is invariant under translation by any multiple of pu.

Assume we are in the first case, that is, that T,,p|T,b,. Then we know that Tg,—,p|b,. As the former is
a translation of p, it is also irreducible - so we can repeat the above process. As b, has finitely many factors,
there can only be finitely many distinct such translations; therefore, for some my < mi,ng < ni we get that
Tonip—n1vP = Tmgpu—novp. Therefore there are nonnegative integers m,n with n > 0 such that T5,,—nup = p.
Dropping the assumption that T5,,p|T, b, and going back to the general case (i.e. allowing T,,p = p as in the
above paragraph), we get that there are integers m, n nonnegative and not both 0 such that T}, —n.p = p.

Choose generators ; of A; then as p is a nonconstant polynomial, for some io we get that T, p # p.
Then for all ¢ # ig, we know that there are m;, n; such that p(A + m;8;, — n:08;) = p(A). Hence n; # 0. For
any p € span({m;fB;, — nifi}), we have that p(A+ u) = p(A). This is a subspace of codimension 1 in CA, so

there is some o« € Hom(A, C) such that a(p) = 0 if and only if p(A+pu) = p(A) for all A; further, it’s clear that
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a € Hom(A,Z). We then have that for any u such that (o, u) = 0, p(A+ ) = p(A). Choose a point Ag such
that p(Ag) = 0. Then for any point where a(\) — a(Ag) = 0, we have that p(\) = p(A+ (Ao — A)) = 0. But
a(A) —a(Ng) is an irreducible polynomial, so a(A) —a(Ag) divides p. Since p is irreducible, p = () —a(Xo).
Setting k = —a(X\g), we have proven the lemma.

O

Consider a € Hom(A,Z) positive and indivisible (that is, o # 0 and for any p > 0, {c, u) > 0, and there
is no nontrivial a € Z with & € Hom(A,Z)). For each p € A, let K, ={k € C s.t. (a(u)+ k)|b,} with

a

multiplicity (including negative multiplicity for factors in the denominator). Then for any u,v € A

KopU(Kap+ (o) =Koy U (Ko + (o,v)) (13)
where A + k = {a + k|a € A}; this follows directly from unique factorization and the cocycle equation.

Corollary 16. Let oo # 0 € Hom(A,Z). Then there is some ¢ € Z>q such that | K, | = c(a, p).

[ Kol
(o, v)

Proof. Let v € A, {a,v) # 0, and let ¢ = . Then for any u € A, by summing equation (13) over the

sets with multplicity, we get that:

ZK(%M + ZKOW + [Kapl{a, p) = ZKQ,V + ZKa,u + |Kaul{a, v). (14)
K
We can subtract and divide to get ¢ = | < a,,,>| ; then as « is indivisible and positive, ¢ must be a nonnegative
a, v

integer. O
Corollary 17. For any a # 0 € Hom(A,Z), p € A with (o, p) =0, Ko, = 0.
Corollary 18. Let p,v € A, and let o« € Hom(A,Z) such that o(p) = a(v) = a #0. Then Ko ), = Ka .

Proof. Assume otherwise. Then equation (13) implies that
(Kahu, + a) — K(L# = (Ka7V —+ a) — Ka7”

But the map S — (S +a)— S is a Z-linear map where every nontrivial element of the kernel is a multiset
containing infinitely many elements, and both K, , and K, , are finite multisets - so they must be the

same. O
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As we chose a primitive, every integer can be expressed as («, u) for some p € A. We can therefore (by

abuse of notation) relabel our K with subscripts K, 4 for a € Z, such that K, = Ko (a,.)-
Remark 2. Let

A(A) = II [T T (15)
a€Hom(A,Z) keKq 1
« positive, indivisible

Alp+A)

Then A(A) will have b as a coboundary, that is, b, (\) = A for every p, A.

Note that it is possible for each b, to be a polynomial for p € AT while still having negative multiplicities

for Kq 1.

Example Let A = Z? with generators ej,es. Let o € Hom(A,Z) such that a(e;) = 2,a(e2) = 3. Let

T({, A) + 2T (e, V) Alp+ )
(e, A) +1) A(N)

b, is a polynomial. This corresponds to the fact that the multiset K = {0,2} — {1} has an element with
n—1

negative multiplicity, but that for every n that can be expressed as {a, u) (i.e. for all n > 2), Z K + 1 has
i=0

AN = . The coboundary b,()\) = is clearly a cocycle, and for u € AT,

no elements with negative multiplicity.

9 The differential operator for fgs

Let pt = (1, p2, m) € Q. Remember that fas € T'(X, Ly) is the unique diagonally G-invariant section.

We now want to find the differential operators P, ¢s that give us the functional equation
Pusfoi = bues (V) fs (16)
for all A € Q.
Definition Define H () = (u—,, uy).
Proposition 19. There is a P, s € D,,(X) that satisfies the functional equation

Pgsfodt =buas(N)fos (17)

where b, ¢s(\) = }Wbm;{()\).

To prove this, we first need a lemma about H(u).
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Lemma 20. v, = H(p)v, ,u_, = H(p)vZ .

Proof. Because u,, is the unique G-invariant up to scaling, u,, = cvf for some c¢. Then H(p) = (u_p,u,) =

<u_u,cv§> = c(Uu_y, vy) = ¢, S0 Uy = H(u)vf. Similarly, u_,, = H(,u)vfu. O

Proof of Proposition 19. Consider differential operators of the form v @ P for v € V,,, and the restriction
of the map of application of differential operators D, (X) ® I'(X, Lx4,) — I'(X, L)) to only include such
differential operators. Then this is equivalent to a G' x G x G-equivariant map V,, ® V' u VY, where the
equivalence takes P, x — v, Pug — Uy, f;} — v_y, fc)\: — u_y. But up to scaling, there is only one such
map. Under this interpretation, we have v, ® v_x_, — br,u(A)v_x and v, @ u_x_, — bgs ,(AN)u_x. By
pairing with the respective vectors and considering the fact that this map is G x G X G-invariant, we can
think of this as a map V,, ® V), = V4 that takes v, ® vx = vyqn, H(A + p)uy, @ uy — H(N)bgs 1, (A)urtp-

But by Borel-Weil, we also have an isomorphism between I'(X’, L_,) and V; as such, we can consier the
multiplication map on sections as a map V, ® Vy — V4. The multiplication map takes v, ® vy to v,4x -
so the map we want is the multiplication map scaled by bg ,,. The multiplication map also takes u, ® uy to

 H(\+p)

tu4x- Therefore, the map we want takes H (A+p)u, @uy to H(Ap)urypy. So b, gs(A) = Wh,ﬂg. O

Remark 3. Proposition 19 is easier to understand in terms of the lift of the cocycle, as explained in remark

2. If Agc() is the lift of b, x and Ags () is the lift of b, s, then for A € ©Q, Ags(\) = H(A)Ag (V).

Similar reasoning applied to the map V,, — D,(X),v — v® P and the map of composition of differential

operators D, (X)®D, (x) = D, 4., (X) also implies that P, s P, s = P,

i+v,c3. As such, all of the conclusions

from section 8 apply to the b-function we are trying to find.

We now only need to know H () and the b-function for fg, the By x By X P-semiinvariant section, using
Kashiwara’s calculation, and then find the relationship between b, ¢s and b, . As fx = fa ® fa ® fpisa
product of three functions on the three factors of X, we can set P, x = P,,,¢ ® Py,.¢ ® Ppm and get the

functional equation

Pk i = (Puya o) @ (Puya f2 ) @ (Poan fo™™) = by e AD)bus,c O2)bmp(D f2 - (18)

m

where b, p is the b-function for a hyperplane in P"~!. It is easy to see that by, p(l) = H(l +1); combining
i=1

that with the calculation in section 7, we get that:
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P ft =bux N fr (19)

where
haﬂl hOcH? m
bk = [ TI (Rar1) +halp) + i) T] (ha(A2) + halp) +5) T +14)
a€ERy i=1 j=1 k=1

Let P, gs =u, ® P € D,(X). Then as P, k = v, ® P, the last lemma shows that P, gs = H(u)PEK.

10 The functions H(\)

Ginzburg and Finkelberg found the generators of 2 in the proof of [4] lemma 5.5.1; there are two families of

generators. We recall them here:

a; = (Nw, A" 'w,0),1<i<n—1

Bj= (N, A" W 1),1<j<n

Define the following subsemigroups of {2:
A = span({ai}isy)
Acj = span({B;} U{aiti<y)
Axj = span({B;} U{ai}tix;)
Let Ry be the set of positive roots of G = SL,,. For each j, define the following function on positive

roots:

For v € R, define
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1 if 4> ANw
xi(Y) =191 if v > Ao (20)

0 else

Define a function H(\) on part of  as follows:

hy (M + p) i
o g hy(p) frea
() = { ERs (21)

h + T /\iw + SiX;
[Ler, (hy(p+ 2 )+ 526(7) if Ae Asj or Ae A
[Ler, hv(p) -

Recall that we defined H(X\) = (u_x, uy).

Theorem 21. If i and X are in the same cone (A, As; for some j, or Ac; for some j), then

HA+p)  HOA+p)

HMNH(p)  HNH(p)

To prove the theorem, we first need to show how the choice of the subgroups By, Ba, P, B, B}, P’ changes

H()). In the last section, uy and u_) were normalized with (u_y,vy) = (v_x,ux) = (v_x,vx) = 1; however,
(u—x,ux){v_x,vx)
(u—x,va)(v-x,ux)

form, we can instead choose arbitrary nonzero G-invariant uy € Vy,u_y € Vy', By X By x P-semiinvariant

it is sometimes easier to work with an ”un-normalized” version. Define H(\) = . In this

vy € Vi, and Bj x By x P'-semiinvariant v_, € Vy'; as these are unique up to scalar, and that scalar cancels in
the "un-normalized form”, H () is independent of the choices. We can then regard H (M) as a meromorphic
function Hy(z x 2’) on X x X', by considering X x X’ as a moduli space of 6-tuples of subgroups.

The action of G* on X is transitive, as is the action of G on X', so for any point zy x x(, there is some

g = (91,92, 93, 94, g5, g6) such that zo x x4 = (g1, 92, g3, 94, g5, g ) (x X ).

H
Lemma 22. The function — A1 s constant on X x X'

)\H,u

Proof. We have

ﬁ' AN <u7)\7u)\><(g4395796>v7/\7(91792793)UA>
)\(LL'O X l’o) =
(u=x, (91,92, 93)v2)((94, g5, g6 )U—x, ur)

(22)

But using the correspondence vy — fr,uy — fés, it’s clear that each of the three products other than
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H
(ux, u—y) cancels in the expression AT We therefore get that for any zg x x(, we have

H)\Hp,

ﬁ/\-i-u _ <u—u—>\auu+>\>

ff}\ﬁu <u—u7uu><u—>\aUA>

H
Therefore, the function — ATI s constant. O

Hy\H,

Proof of Theorem 21. Lemma 22 shows that for each cone A, A for 1 < j <mn, and Ax; for 1 <j <, it
is sufficient to choose some x¢ x ) such that Hy(zo X zj) = H()) for any A within that cone.

If X € A, then X\ = (A1, A],0), where Wy» = WY, . Choose By, B, to be the subgroup of upper triangular
matrices, Bj, Bs to be the subgroup of lower triangular matrices. Then by choosing uy € V) corresponding to
the identity map on Wy,, u_y € VY corresponding to the trace map, vy = vy, ® v_y, and v_) = v_y, Qvy,,

we can see that:

(23)

by the Weyl dimension formula.

If A € Asj, then let

A= ()\1,)\2,1) = Sjﬁj + Zriai

i>

N = (N, X, 1) = sjay + Y iy
>

>\O = ()\(1)’)\8,[0) = zriai

i>j

Choose Bj, B) to be the subgroup of upper triangular matrices, B}, Ba to be the subgroup of lower
triangular matrices, P to be the subgroup of matrices that stabilize the jth basis element e; up to scaling,
and P’ to be the subgroup of matrices that stabilize jth dual basis element e; up to scaling.

We now define several maps to be used later. Note that W, = C™. Let us denote the wedge map
Njt Wpi-1, @ W, — Wyi,. Note that the wedge map is G-equivariant. By copying this map s; times,
we get a map /\jj t Weni—1w @ Wi = Wi piy, taKing vs ni-1, ® Us;0 — Vs ni- Then by tensoring with
Idw,,, we have amap f: (W ni-1, @ Wio) @ Wyo @ Wi j0s = (W piy @ W) @ Wiyg. Then let g : Vi — Vv

be defined by the composition:
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Gy ad—1p A0 Adw A0
AT=1w, 29 AT w,\9

. , P
VA 2 (W pi 10 © Wig) © Wig © Wio 5 (Wi pi © W) © Wag —" LV (24)

where i is the natural inclusion map that takes vy to vy ai-1, ® U0 and p is the natural quotient map that

takes v, r ® Uxo to v). Then g is G-equivariant and g(vy) = v}.

H)

Because g is G-equivariant, we have that g(uy) = g(H(A\v§) = H(\)g(vy)® = HAS = OO Uy

Therefore, if we define ¢ by g(uy) = cuy/, then H(\) = cH()\'); as A’ € A, we know H(X'), so we only need

to find c.

Let g* : VY, — V¥ be the transpose of g. By the definition of g, we have

g (v-x) =g (v_x; ®v_x,) = (o ) (Voo ®V_5niw) ®V-2,)

5; S\ %

Using the definition of f, we want to know (/\J ) V_s, niw, Where (/\jJ) is the transpose of /\jj. Let
SL; C G act on the first j coordinates in both C™ and its dual. By restricting our focus to the subspaces
where SL; acts nontrivially (and doing the same for the dual spaces), we obtain a SLj;-equivariant map
5j

AW

it Wenimiw, ® Wi, = Wepiw, = C taking v, pi-1; ® Vs, — 1; in other words, a SLj-invariant

element w € W7 ;-1 @ W, such that (w,vs;5i-10; @ Vsjw;) = 1.
But this corresponds to the conditions we've already studied if we take G’ = SL;,
d=(s; N1 wj, s;w;j,0) € Agr; by definition, w = u_s. Then by the uniqueness up to scalar of the G'-
invariant, we have w = c10% for some ¢;. By pairing with vs, we get that 1 = (w,vs) = (c10%, vs) =
(31(@_5,11?,). Then as us = Hsy, ()\)vg;/, we get that Hsr,(0) = c1(v_s,us) = c1.
We therefore have that w = Hgy, (6)1)9:;. By expanding our focus again to all n coordinates, we have that
o

* SL. . . *
N 0 giniw = Hsp; (0)(v_s;ni-1w ® V—_s;0)7 7. Therefore, as v_yo and v_, are SL;-invariant, g*(v_) =

Hsry, (5)1}5?. Then by pairing with uy, we get that:

c= (vox,cuxn) = (vox,g(un)) = (9" (v_x),ux)

= (Hgp, (0)v75 ,ux) = Hsp, (8)(v_x, ur) = Hsy, (6)

where we use the G-invariance of u to say that (v“_qij,um = (v_x, uy)-
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We therefore have that H(\) = Hgy,(6)H(X'). By the calculation of H()X) on A (equation (23)), we get

that:
H\) = [Ler, (hylp+ (32 N w)+ s N w))
[ er, (h(p))
[Lcrs,  (hy(psc; + s N7 w;))
Hgp,(6) = -

i H’*/GRSLJ_+ hV(pSL]')

By considering Rgy,,+ as a subset of R, we get the second half of the theorem. O
For v € R, define
1 if vy > ANw+ ANy

X;(v) = (25)

0 else

Combining this calculation of H(X) and bg () (equation (18)), we get:

Corollary 23. If p =, A € A (so X = (A1,A],0)), then

[ niw(Py(p 4+ A1) + 1) (hy(p + A))
Hry>/\jw(h'y(p) + 1)(h7(p))

up to constant depending only on p (not on ).

bu()‘) =

Ifu=p5;, € Acj or A€ Asj with A = (Z rioy) + s;B;, then

bu(\) = H (hy(p + ZTiai) + Sj) H (hv(p + Zriai) + 55 + 1)

>N >N Ty
and Y>Aw or Y>Nw

up to constant depending only on p (not on A).

If p=oap,k<jAeAgork>j e Ay, then

b(N) = ] (hw(p +) i) + 5% (7)) (h'y(P + ) riai) +s5%(7) + 1)

y>Akw

up to constant depending only on p (not on \).
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11 The b-function

We have now assembled enough results to fully determine bgs ,(A) for any p € Q, A € CQ. By equation (11),
it is enough to find bgs ,, for p generators of 2. Write A = Z a0 + Z b;B3;. We therefore want to find a

set of polynomials {ba, }1<i<n—1,{bg, fo<j<n—1 satisfying the following properties:
1. Each of the polynomials factors as a product of affine factors with integer coefficients, as in lemma 15.

2. For each 4, (a; + 1)|bq,; this is analogous to the fact that s 4 1|b(s). Similarly, for each j, (b; +1)|bg, .

(lemma 4)
3. If (0+k)|bo, for 6 € Hom(A,Z), then (4, o) # 0. Similarly, if 6 + k[bg,, then (d, 5;) # 0 (corollary 17).

4. If (0 4 k)|ba, for 6 € Hom(A,Z), and (§, ar) # 0, then for some k', (6 +&')|by . Similarly, if (6 + k)|ba,
and (6, B;) # 0, then for some k', (§+k")|bg,. Similarly, if (6+k)[bg, for 6 € Hom(A,Z), and (8, a;) # 0,
then for some k', (6 + k')|ba,. Similarly, if (6 + k)[bg, for & € Hom(A,Z), and (3, 8;:) # 0, then for

some k', (6 + k')|bﬁ§_. All of these result from corollary 16.

5. If (0 + k)|bqa, for 6 € Hom(A,Z) and (6, ;) = (6, ), then (8 + k)|by,,. Similarly, if (6 + k)|ba, for
0 € Hom(A,Z) and (6, ;) = (6, B;), then (6 + k)|bg,. Similarly, if (6 + k)[bg, for 6 € Hom(A,Z) and
(9,8;) = (0, i), then (8 + k)|by,. Similarly, if (0 +k)|bg, for § € Hom(A,Z) and (4, 3;) = (d, B;:), then

(6 + k)[bg,,. All of these result from corollary 18.

6. If b; = 0 for all j, we have

oo piw(hy(p £+ A1) + 1)(Re (p + M)

bai = H'y>/\jw(h“/(P) +1)(hy(0))

7. If s =0 for all j # k and either a; = 0 for either all i < j or all i > j, we have

oo = |] (h'y(l’ +> o) + 55X (v)) (h»y(p + > rios) +55%5(7) + 1)

F>Akw
bg,. = H (hv(P + Z ric) + 3j> H (hv(p + Z ricg) + 55 + 1) :
’y>/\j_1w v>Aj_1w
and y>ATw or y>ANw

These will determine the b-functions entirely. Let I" be the gamma function.
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Theorem 24. Write A = (Z a;q;) + (Z b;B3;) and let
i J

AN = [T+ 1) - JI T+ D ait+ D b | T hfp)+ D> ait > b+l

YER} wi<y Wity wi<y wiTl<y
and wi<y or wi<y

A
Then we have by, ¢s(\) = W

From here on, we drop the subscript G°.

Proof. Let o = (A'w, A" "‘w,0) € A. By property 1, by, (\) = H(nk,M + my, for some ny, my such that

[y, (b o+ Aa) + D (4 )
H76R+ (hy(p) +1)hy(p)

combining these, we get that we can partition the factors of b,, into two families of affine factors. The

(g, ;) # 0. By property 6, we have that b,,(\) = it A € CA. By

families are both indexed by the roots v € Ry such that v > Alw; define L., o, as the affine factor that, on

A, is equal to h (A1) + hy(p) + 1, and L’%ai as the affine factor that, on A, is equal to h (A1) + hy(p).

By property 5, if v > /\iw,/\i/w, then L, o, |ba,; the only affine factor it could match is L., , so

/
Y0t

Ly o, = Ly, - Similarly, Lﬂ/’ai =L Thus, we can ignore the subscripts of « and just denote the affine
factors as L., L.

Choose some j. Then for each 7, there is some i such that v > Alw. If i < j, then o; and B; are both in
A, while if 7 > j, then they are both in A>;. In either case, by property 7, the coeflicient of b; in L., and
L; must either be 0 or equal to the coefficient of a;. As the coefficients of all of the a; are either 0 or 1, this
implies that the coefficients of all of the b; are either 0 or 1. By properties 3, 4, and 5, this implies that any
affine factor of bg, is either L, or L’7 for some -y, or that its coefficients of a; are all 0.

Let Sj, resp. S} be the set of 7 such that the coefficient of b; in L., resp. L. is 1. Let S;;, resp.
S’Z{’j be the subset of S;, resp. S;- such that v > Aw. As for each v there is some i such that v > Alw,
S; =US;;, 85 =US; ;.

Assume without loss of generality that ¢ < j, and therefore that «;, 8; are in A.;. Then by property 7,

|Si4] + 1S} ;1 = i(n — j) +i(n — j — 1). Also by property 6, if v € S; j, then h,(p) +1 > i — j + 1, while

if v € Sj;, then hy(p) > i — j + 1. Finally, also by property 7, if v € S; ; or S ;, then v > A/~ 'w. Then
j—1

v € Si; or S ; implies that v > Z/\kw.
k=i
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i1
Assume Z Aw e S’ for some 4. Then it is also in S} ;; therefore, v(p) > i —j + 1. But y(p) =i —j, so

0,57
k=i
j—1
this is impossible - so no root of the form Z Aw e S;-. Therefore, if v € Sgﬁj, then v > N w.
k=i
We therefore have that if v € S;;, then v > N7l while if v € Sz{}j, then v > AJw. But then

|Si,5| < i(n—j), while |S; ;| <i(n—j—1). We know that |S; ;|+|S] ;| = i(n—j)+i(n—j—1); therefore, we must
have that all of the elements that could be in either must be, and therefore that S; ; = {y|y > Nw, N 7w,
while 5] ; = {y]7 > Nw, Nw}.

Correspondingly, if ¢ > j instead, then S, ; = {v|y > Alw, Nw} while Sg,j = {y|y > Alw, A "'w}. Then

as Sj = USZ‘J‘,S/- =uUs’

y i,j» We get that
S; ={yly>N"1w or v > Nw}

and
r_ i—1 j
Si={vly>N"w and v > Nw}

Therefore

Ly= ) ait Y bi+h(p+1

Y>NAtw >N w
or Y>Nw
’
L= E: ai + E: bj + hy(p)
>Atw ’y>/\‘771u}v
and Y>Aw

This gives b, as the product of the L., L/v' We now only need to find bg; .

By property 6, the degree of bg; is
G=Dn=g)+jn—j-D+1=0G-Dn-j-1+(n-75-1)+1

. But S| = (j —1)(n — j — 1), and |S;| = j(n — j) — 1, so only one factor is unaccounted for - and that

factor, by property 2, is b; + 1. By inspection, then, we get the formula in the theorem. O

Ug
(Ug)n

Theorem 25. Let V be a finite dimensional b-module. Then (V &

12 Appendix 1: Structure of (V ® )0

Ug

(Ug)n)bw is a U = Sh module of rank

equal to the dimension of the p weight subspace of V.
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Proof. This proof follows [9] (though we discard the assumption that V' be generated by a weight vector).
As V is finite-dimensional, we can define an increasing filtration by b-submodules F; on V* such that
F_; = {0}, F;11/F; has a unique weight \; (note that F;;q/F; is not necessarily 1-dimensional) , and the

A; are distinct.

We have an isomorphism (V ® (UUgE;n)bi“ ~ Homp,_,(V", %) where the subscript —u denotes that
the homomorphism twists by —pu; in other words, if w € W of weight A and f € Homy,—,(W,U), then f(w)
has weight A\ — u. This homomorphism set has a residual right Ul action from its action on (U['Jg g)n' We
proceed by induction on the filtration.

We can start with the base case of F__1, the trivial b-module; by definition, Homyp, _,(F_1, %) = {0}.

Assume A;y1 # p. Because F; is a submodule of Fiyq, we get a map ¢; : Homy —,(Fit1, ﬁ) —
Homy,—,(F; (éjgg)n) Kashiwara [9] proved (equation (1.4)) that 3g; # 0 € Sh such that
giHomyg, _,(F;, %) € Im(t;),. Therefore rk Homg,—,(Fit1, %) > rkHomb,,M(Fi,%) as Ub-
modules.

Let f € Homp,—,(Fiq1, %) with ¢;(f) = 0. Then f(F;) =0, so f descends to a map f : Fy11/F; —
((l]]ﬁ which twists by —u. For any v € Fy1/F;, nv = 0, so nf(v) = 0. But the only elements of (UUgg)n

with this property are elements of U, that is, elements of weight 0. As f twists by —u, and \jy1 # u,
this is impossible unless f = 0, and therefore f = 0 - so ¢ is injective. Therefore, we get that the ranks of

Ug Ug .

Homg,_,,(Fit1, ———) and Homy _,(F;, ———) must in fact be equal.

8 (Ug)n T (Ughn .

Assume \;11 = p. As the \; are distinct, by the above, Homy, —,, (F;, (Uig)) is trivial. The map ¢; is not
g)n

injective in this case; we need to find its kernel. Choose a basis {v;} € Fj;1/Fj; then for each j, we can define

_ U _
fi Vig/Vi — gn with fj(vg) = 11if j = k,0 else. By inspection, these twist by —u. We can therefore

(Ug)
g Ug
extend these to f; € Homy, —, (Fiy1, ), so tk Homy, . (F; m

Corollary 26. Assume V = V' is the dual of a finite-dimensional irreducible representation of Ug with

U
highest weight v. If v < p or v — p is not integral, then (V ® ﬁ)b—u is trivial.
Theorem 27. Assume that the dimension of V¥ is 1. Then (V ® (Uqgg)n)bu is free as a right Uh-module.

In order to prove this, we will need a lemma about when a submodule of a free submodule is free. Let A
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be a UFD, and let N be an A-module. Define A~'N = Frac(A) % N.

Lemma 28. Let A be a UFD, M a free A-module, and N a finitely generated submodule of M of rank 1. If

ATINNM = N, then N is free.

Proof. Note that AT'N N M = {m € M|3a s.t. am € N}. Let {n;} be a minimal generating set of N.
Assume it contains at least two elements n,n’. If we can find some n”/ € n that generates both n,n’, then
by induction, we can show that N is free.

Because N is rank 1, there must be some b, b’ relatively prime with bn = b'n’. Choose a basis {v;} € M;
then n = Zajvj,n’ = Za;ﬂj. As they are a basis, we get that ba; = b'aj. Then as A is a UFD, '[a;.

a; n'
Let af = b—f, and let n’ = Za;’vj =y As af € A for each j, n" € M, son” € ATINNM = N.

n
3
Therefore, the induction step is done, and N is free. O
Ug

Proof of Theorem 27. Let N = (V® m)b*“; by the first theorem, IV is a rank 1 Uh-module. As

Ug
(Ug)n

By definition, N(Uh)™* N M = {m € M|3h € Uh mh € N}. Let m € M,h € Uh such that mh € N.

Vs
(Ug)n
. We then only need to prove that N(Uh)™' N M = N.

is a free right Uh-module, sois M =V ®
We need to prove two things in order to prove that m € N: that for any n € n,nm = 0, and that for any
B eb,hm=m(h' —p). If mh € N, then nmh = 0. But M is free as a right Uh-module, so nm = 0. If
mh € N, then h'mh = mh(h' — p) = m(h' — p)h. Again as M is free, h'm = m(h' — p). Therefore, by the

lemma, N is a free rank 1 Uh-module. O

13 Appendix 2: Techniques for calculating polynomial cocycles

Much of the relevant reasoning for the differential operator equation P,P, = P,P, can be applied more
generally, especially when trying to find the b-function of zero-sets of semiinvariant sections of line bundles
under actions of a group with dense orbit. As such, all of the corrolaries from section 8 apply. These
corrolaries lend themselves to certain techniques that facilitate the calculation of b-functions. Here, we
provide as an example the calculation for the b-function of the section studied in this thesis for G = SL3 on
the variety Fsr, x Fsr, x P%

In this setting, we have a lattice Z™ generated by the standard elements ¢;. We then have an unknown
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cocycle b € H'(Z",C(C™)*) in the Hochschild complex for the group cohomology of Z", where Z" acts on
C(C™)* by translation, such that for 4 in the ”positive” subsemigroup Z'} generated by some €;, we have that
the b-functions b, € C[C"] are polynomials. For the example case, as shown by Ginzburg and Finkelberg
[4], these generators are aq,as, 81, B2, 83. Our goal is then to find a way to calculate these b-functions on

some set of limited information.

2 3
For the rest of this section, we write A € Q in the form A = Z a; o + Z b;B;
i=1 j=1
The final result from this calculation is the following:

bay(A) = (a1 + 1)(b1 + a1 + ba + 2) (a1 + b2 + as + 2)(by + a1 + by + ag + b3 + 3)
ba, (A) = (a2 + 1)(by + ag + bs + 2)(ay + ba + a2 + 2)(by + a1 + ba + ag + b3 + 3)
bg, (A) = (b1 + 1) (b1 + a1 + ba + 2)(b1 + a1 + bz + az + b3 + 3)
bg, (A) = (ba + 1)(b1 + a1 + ba + 2) (a1 + ba + az + 2)(by + ag + bz + 2)(b1 + a1 + ba + ag + b3 + 3)

bg, (A) = (bs + 1) (b2 4 az + b3 +2)(by + a1 + by + az + bs +3)  (26)
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13.1 Step 1: Table Creation

The b-functions for an arbitrary p can be determined by the b-functions b, for the generators. Further, by
lemma 15, these generating b-functions can be decomposed as a product of affine factors.

For each generator, we make a table. Each column in the table for €; corresponds to an affine factor of
be,; each entry in the table corresponds to a coefficient. As such, there should be one row in each table for
each generator, plus one row for constants. The coefficient of ¢; in a factor of b., cannot be 0 (lemma 17),
so the number of columns will be the degree of the coefficient of ¢; in b.,. For our example case, from the
calculations in section 10, we know that the degrees of the generators are as follows: «; has degree 4, oy has

degree 4, $; has degree 3, B> has degree 5, and (53 has degree 3.

o1 (&)

Const 7?7 7 7 7 Const 7 7 7 7

ay 2 2 92 9 aq 2 2 92 9

a7 7 7 2 ay 7 7 7 7

ﬁl ? ? 7?9 51 7?09 29

B 2 2 92 9 B 2 2 92 9

B3 2 2 92 9 B3 2 2 92 9
b1 B2 B3
Const 7 7 7 Const 7 7?2 7 7 7 Const 7 7 7
aq 777 q [ S G SR q 7707
o) 7707 Qo [ S G G Qo 7707
51 7 7 51 [ S S G 51 77 7
Ba 77 5o [ S G G 5o 7707
B3 7707 53 [ S G SR 53 7707

Table 1: A starting blank table for each generator for example SLs, with as many columns as deg(b;)
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13.2 Step 2: Filling in s+ 1

The fact that for a single-function b-function, b(s) is divisible by s 4+ 1 can be generalized to the multiple-
function b-function, as long as the generating sections are irreducible. For the generator ¢;, the first column

in the table can be filled with Os for €;,j # 4, and 1 for the constant and for €;. For our example, we can

choose €; = B3. Then if we write p = (i a; o) + (i b;3;), then by + 1|bg,. That gives us the following for
our example case: - JZl
o1 (&)
Const 1 7 7 7 Const 1 7 7 7
o 1 7 7 7 aq o 7?7 7 7
Qg o 7 7 7 1o%) 1 7 7 7
51 o 7 7 7 b1 o 7 7 7
B2 o 7 7 7 B2 o ? 7 7
B3 0o ? 7?7 2 B3 0o ? 7 2
fE31 B2 B3
Const 1 7 7 Const 1 ? 7 7 7 Const 1 7 7
a1 0o 7 7 ay o 7 7 7 7 a1 o 7 7
Qg 0o 7 7 123 o 7 7 7 7 12 0o 7 7
B1 1 7 7 B1 o 7 7 7 7 B4 0o 7 7
B2 0o 7 7 Ba ) Y Ba 0o 7 7
B3 0o 7 7 B3 o 7 7 7 7 B3 1 7 7

Table 2: Filling in the factors €; + 1
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13.3 Step 3: Using A

In order to fill out the table further, more information specific to the relevant sections of line bundles is
necessary. In our example, we use more calculations from section 10. The calculation on A, which is

generated by a1, as allows us to fill out a large amount of those two tables:

o1 (&%)

Const 1 2 2 3 Const 1 2 2 3

ag 1 1 1 1 a1 0 0 1 1

Qo 0O 0 1 1 Qo 1 1 1 1

B1 o 7 7 7 51 o 7 7 7

Ba o ? 7 7 Ba o ? 7 7

B3 o ? 7 7 B3 o ? 7 7
B B2 B3
Const 1 7 7 Const 1 7?7 7 7 7 Const 1 7 7
a1 0o 7 7 o o 7 7 7 7 o1 0o 7 7
Qs 0o 7 7 1% o 7 7 7 7 s o 7 7
B1 1 7 7 B1 o ? 7 7 7 51 0o 7 7
B2 0o 7 7 Ba 1?7 7 7 7 B 0o 7 7
B3 0o 7 7 B3 o 7 7 7 7 B3 1 7 7

Table 3: Conclusions from A
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13.4 Step 4: Using A andA.; for bg, and bg,

The calculations on As; and A.; are similar for j = 1, 3; however, for j = 2, the match between the two
subsemigroups is ambiguous. As such, we first "fill out” the tables for f;, S5 using A>; and A3, and save

the 7 = 2 cases for later.

o1 (&%)

Const 1 2 2 3 Const 1 2 2 3

ay 11 1 1 a1 0 0 1 1

12 0 0 1 1 Qs 1 1 1 1

B1 o 7 7 7 51 o 7 7 7

Ba o 7 7 7 Ba o 7 7 7

B3 o 7? 7 7 B3 o 7 7 7
B B2 B3
Const 1 2 3 Const 1 7?7 7 7 7 Const 1 2 3
a 0 1 1 aq o ? 7 7 7 aq 0 0 1
o) 0 0 1 o) o 7 7 7 7 o) 0O 1 1
51 1 1 1 51 o 7 7 7 7 51 o 7 7
B o 7 7 Ba 1?7 7 7 7 B o 7 7
B3 o 7 7 B3 o ? 7 7 7 B3 1 1 1

Table 4: Preliminary conclusions from As; and A;
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13.5 Step 5: Matching one factor

Using lemma 18, we can now start to ”match” the entries between the tables. In our example, it’s clear that

all of the columns with a constant of 3 must be the same. That allows us to fill out much of the tables:

(671 (&)

Const 1 2 2 3 Const 1 2 2 3

ag 1 1 1 1 ay 0 0 1 1

o 0 0 1 1 Qg 11 1 1

B 0 1 0 1 B1 0 0 0 1

B 0o ? ? ? B 0o ? 2 ?

Bs 0 0 0 1 Bs 0 1 0 1
B P2 B3
Const 1 2 3 Const 1 7 7 7 7 Const 1 2 3
aq 0 1 1 aq o 7 7 7 7 aq 0O 0 1
9 0 0 1 Qo o 7 7 7 7? a9 0 1 1
b1 1 1 1 51 o 7 7 7 7 51 0 0 1
B2 o 7 7 Ba 17 7 77 Ba o 7 7
B3 0 0 1 B3 o 7 7 7 7 B3 1 1 1

Table 5: Matching Factors for 81, 83

41



13.6 Step 6: Filling factors for [

In the case of 32, we can start to sort the affine factors by the constant; using both A>9 and Ao, we get the
constants 1, 2, 2, 2, 3. Because there is only one factor with constant 3, and by using the same ”matching”
as above, we know that all of the b-functions have the same last column full of 1s. Finally, some information

from Ao and Aco implies that we can fill out the S5 row in the £o table with 1s.

o Qo

Const 1 2 2 3 Const 1 2 2 3

aq 1 1 1 1 aq 0 0 1 1

Qo 0 0 1 1 Qo 1 1 1 1

B1 0 1 0 1 B1 0 0 0 1

Ba o 7 7 1 B2 o 7 7 1

B3 0 0 0 1 B3 0 1 0 1
B P2 B3
Const 1 2 3 Const 1 2 2 2 3 Const 1 2 3
a1 0 1 1 o o 7 7 7 1 o 0 0 1
Qs 0 0 1 fe%) o 7 7 7 1 g 0 1 1
51 1 1 1 51 o 7 7 7 1 51 0 0 1
Ba 0o 7 1 Ba 1 1 1 1 1 B2 0o 7 1
B3 0 0 1 B3 o 7 7 7 1 B3 1 1 1

Table 6: Matching factors for 3,
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13.7 Step 7: Final matching

Some more information from Ass and Ao tells us that two of the factors with constant 2 in the fa table
have a 1 for ay, and that two of the factors with constant 2 have a 1 for as. But by once again matching
the factors for a1, we can see that at most one factor with constant 2 can have 1 as a coefficient for both

aq, ag. Therefore, we can fill out the tables by elimination:

(e%] Q2

Const 1 2 2 3 Const 1 2 2 3

o 11 1 1 g 0 0 1 1

1% 0 0 1 1 Qg 1 1 1 1

pr 0 1 0 1 fp 0 0 0 1

B2 0 1 1 1 Ba 0 1 1 1

B3 0 0 0 1 B3 0 1 0 1
B Ba Bs
Const 1 2 3 Const 1 2 2 2 3 Const 1 2 3
o 0 1 1 o 0 1 1 0 1 Qg 0 0 1
Qo 0 0 1 Qg 0 0 1 1 1 Qg 0 1 1
B1 1 1 1 51 0 1 0 0 1 B1 0 0 1
B 0 1 1 B 1 1 1 1 1 By 0 1 1
Bs 0 0 1 B, 0 0 0 1 1 By 1 1 1

Table 7: Finished table
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From this table, we can conclude that the b-functions are:

bay (A) = (a1 + 1)(b1 + a1 + b2 + 2) (a1 + ba + a2 +2)(by + a1 + ba + ag + bs + 3)
bo,(A) = (ag + 1)(ba + a2 + b3 + 2)(a1 + b2 + as + 2)(by + a1 + ba + as + bs + 3)
bg, (A) = (b1 + 1) (b1 + a1 + ba + 2)(by 4+ a1 + ba + as + b3 + 3)
bg,(A) = (ba + 1) (b1 + a1 + ba +2)(a1 + b2 + ag + 2)(ba + az + by + 2) (b1 + a1 + by + az + bz + 3)

bg, (A) = (b3 + 1)(ba + ag + b3 +2)(by + a1 + b2 +az + b3 +3) (27)

Note that this exact ”matching”, including by constants, only worked because all nonzero coefficients were
1. In a more general setting, where some of the coefficients can be larger, the constants no longer necessarily
have to match. The technique can still be used by matching the coefficients, keeping in mind lemma 16.
An alternative technique that could be used depends on the ”lift” referred to in section 8. The "lift” takes
the form of a product of gamma functions of affine factors. As such, it allows the analysis to use only one
table; however, the number of columns is not easily determined. The advantage of this method is that the
"matching” is done automatically. The main disadvantage is that determining which column new
information belongs to can be difficult. Further, determining constants when coefficients are at least 2 can
be difficult. We illustrate using the same example.

The final result from this calculation is that if we let:

A(A) =T(br + 1)I(ar + 1)I'(b2 + 1)l (az + 1)I'(bs + 1)
F(bl + a1 + b2 + 2)F(a1 + b2 + ag + 2)F(b2 + as + b3 + Q)F(bl +a; + b2 + ag + b3 + 3) (28)

A A
then the b-functions generated by equation 27 can be written as b, (\) = (A,LL(Jr)) for any p € .
1
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13.8 Step 1: Empty ”Lift” Table

We start by making a single table with a row for each generator and a constant row. The number of
columns is difficult to determine beforehand, so we may need to use a large number of columns and reduce

as necessary.

Const ? 72 72 ? 7?2 2?2 7 7 71 7

o Y Y G G G S S A S S

o G G O O O O

5 Y S S Y S G GO SR SR AR

1 Y S G Y Y G G S S AR

S S G G G G G G G G

Table 8: Empty "lift” table. The necessary number of columns is unknown, so we will correct the number

of columns in a later table.

13.9 Step 2: Filling s + 1 factors

The first few columns can be filled by the generalization of the fact that s + 1 is a factor of b(s).

Const 1 1 1 1 1 7?2 2?2 7 7 7%

o 100 0 o0 ? 7 7 7 7

o 0 1 0 0 0 7 7 7 7 7

B1 o o100 ? 7 7 77

B2 0 0O O 1 0 7?7 7?2 7 7 7

s 0 0 0 O 1 7 7?2 7 7 7

Table 9: s + 1 factors filled
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13.10 Step 3: Filling the final column

Some information from the A, A.;, A>; implies that all coeflicients are either 0 or 1. Further information
implies that the constants in the currently unfilled columns must be 2 or 3. From A, there is exactly one
column with a constant of 3 and a coefficient of 1 for oy and «s; all others must have coefficients of 0 for
aq, . From the Aj, As;, all columns with a constant of 3 must have a coefficient of 1 for at least one of

Q1, (g, so there is only one column with a constant of 3, and it has all coefficients 1.

Const 1 1 1 1 1 ?2 2?2 2?2 7?2 3

o 10 0 0 0 2?2 7 72 7 1

aa O 1 0 O O 7 7 7 7 1

B, 0 0 1 0 0 ? 2?2 72 7 1

B2 0 0O 0O 1 0 ? ? 7 7 1

s 0 0 0 0 1 7 7 7 7 1

Table 10: Final column filled

13.11 Step 4: Filling rows for oy, ay

From A, we can fill out the coefficients of aq, s in three columns with constant 2.

Const 1 1 1 1 1 2 2 2 7?7 3

o 1 0 0 0 0 1 1 0 7 1

aa O 1 0 0 O O 1 1 7 1

64 O 0 1 0 0 7 72 7 7 1

B2 0 0 O 1 0 7 7 7 7?7 1

s 0 0 0 0 1 7 7?2 7 7 1

Table 11: Conclusions from A
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13.12 Step 5: Filling rows for [, 53

From Acs and Axq, we can fill out the coefficients for g1, 8.

Const 1 1 1 1 1 2 2 2 7?7 3

o 10 0 00 1 1 0 7 1

aa 0 1 0 0 0 O 1 1 7 1

B, 0 0 1 0 0 1 0 0 ? 1

B2 0 0 O 1 0 7 7?2 7 7 1

s 0 0 0 0 1 0 0 1 7 1

Table 12: Conclusions from Acgz, Asq

13.13 Step 6: Filling rows for 3,

From A.s, two of the factors which have coefficient 1 for 85 must have coefficient 1 for «;. Similarly, two of

the factors which have coefficient 1 for S5 must have coefficient 1 for as. That fills out the two columns:

Const 1 1 1 1 1 2 2 2 7 3

o 10 0 00 1 1 0 7?7 1

a 0 1 0 0 0 0 1 1 7 1

64 0 0 1 0 0 1 0 0 7 1

B2 0 0O O 1 0 1 1 1 7 1

B 0 0 0 0 1 0 0 1 ? 1

Table 13: Finished matching
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13.14 Step 7: Final Table

Finally, by checking the degree of the coefficient of 3; in bg, and similar considerations for o;, we can see

that there are no more factors. As such, our final table is

Const 1 1 1 1 1 2 2 2 3

g 1 0 0 0 0 1 1 0 1

a 0O 1 0 O O O 1 1 1

6 0 0 1 0 0O 1 0 0 1

B2 0 0 0 1 0 1 1 1 1

Bs 0o 00 01 0 0 1 1

Table 14: Finished "l1ift” table

From this, we conclude that if

A()\) = F(bl + 1)I‘(a1 + 1)F(b2 + 1)F(CLQ + 1)F(b3 + 1)
F(bl + ay —+ b2 =+ 2)I‘(a1 —+ bg + as + 2)F(b2 —+ a9 + b3 —+ Q)F(bl —+ ay + b2 —+ a9 + bg —+ 3) (29)

AN+ p)
A(N)

This method has the additional disadvantage that although the cocycles must be products of affine factors,

then b, (\) = are the b-functions for the G-invariant global sections of line bundles on X.

with no denominator, the ”lift” cannot always be expressed as a product of gamma functions of affine

factors with no denominator, as explained in remark 8. This can still be expressed in a table-like form by

including “denominator” columns.
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