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ABSTRACT

We use the Taylor-Wiles—Kisin patching method to investigate the multiplicities with which
Galois representations occur in the mod ¢ cohomology of Shimura curves over totally real
number fields. Our method relies on explicit computations of local deformation rings done
by Shotton, which we use to compute the Weil class group of various deformation rings.
Exploiting the natural self-duality of the cohomology groups, we use these class group com-
putations to precisely determine the structure of a patched module in many new cases in
which the patched module is not free (and so multiplicity one fails).

Our main result is a “multiplicity 257 theorem in the minimal level case (which we prove
under some mild technical hypotheses), where k is a number that depends only on local
Galois theoretic information at the primes dividing the discriminant of the Shumira curve.
Our result generalizes Ribet’s classical multiplicity 2 result and the results of Cheng, and
provides progress towards the Buzzard-Diamond-Jarvis local-global compatibility conjecture.
We also prove a statement about the endomorphism rings of certain modules over the Hecke

algebra, which may have applications to the integral Eichler basis problem.



CHAPTER 1
INTRODUCTION

We use the Taylor-Wiles—Kisin patching method to investigate the multiplicities with which
Galois representations occur in the mod ¢ cohomology of Shimura curves over totally real
number fields. Our method relies on explicit computations of local deformation rings done in
[Sho16], which we use to compute the Weil class group of various deformation rings. Exploit-
ing the natural self-duality of the cohomology groups, we use these class group computations
to precisely determine the structure of a patched module in many new cases in which the
patched module is not free (and so multiplicity one fails).

Our main result is a “multiplicity 25” theorem in the minimal level case (which we prove
under some mild technical hypotheses), where k is a number that depends only on local
Galois theoretic information at the primes dividing the discriminant of the Shumira curve.
Our result generalizes Ribet’s classical multiplicity 2 result [Rib90] and the results of Cheng
[Che], and provides progress towards the Buzzard-Diamond-Jarvis local-global compatibility
conjecture of [BDJ10]. We also prove a statement about the endomorphism rings of certain
modules over the Hecke algebra, which may have applications to the integral Eichler basis

problem.

1.1 Overview

One of the most powerful tools in the study of the Langlands program is the Taylor—Wiles—
Kisin patching method which, famously, was originally introduced by Taylor and Wiles
[Wil95, TW95] to prove Fermat’s Last Theorem, via proving a special case of Langlands
reciprocity for GLs.

In its modern formulation (due to Kisin [Kis09] and others) this method glues together
various cohomology groups to construct a maximal Cohen—Macaulay module My, over a

ring R~ which can be determined explicitly from local Galois theoretic data. Due to its
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construction, My, is closely related to certain automorphic representations, and so deter-
mining its structure has many applications in the Langlands program beyond simply proving
reciprocity.

A few years after Wiles’ proof, Diamond [Dia97]| discovered that patching can also be
used to prove mod ¢ multiplicity one statements, in cases where the g-expansion principle
does not apply. In his argument, he considers a case when the ring R is formally smooth,
and so the Auslander-Buchsbaum formula allows him to show that M is free over Ry, a
fact which easily implies multiplicity one.

There are however, many situations arising in practice in which Ry is not formally
smooth, and so Diamond’s method cannot be used to determine multiplicity one statements.
In fact, Ribet [Rib90] has constructed examples arising in the cohomology of Shimura curves
over @Q where multiplicity one fails. Buzzard, Diamond and Jarvis [BDJ10] have given a
conjectural generalization of Ribet’s result, which predicts the multiplicity with which a
given Galois representation appears in the cohomology of a Shimura curve at at any level,
in terms of a mod ¢ local global compatibility conjecture.

In this paper, we introduce a new method for determining the structure of a patched
module My, which applies in cases when R is not formally smooth. Our method relies
on an explicit calculation of the ring Rso, together with its Weil class group. While these
computations may be quite difficult in higher dimensions, all of the relevant local defor-
mation rings have been computed by Shotton [Shol6] in the GLg case, and moreover his
computations show that the ring Rs /A is (the completion of) the ring of functions on a
toric variety. This observation makes it fairly straightforward to apply our method in the
GLo case. Using this, we are able to compute the multiplicities for Shimura curves over
totally real number fields in the minimal level case, under some technical hypotheses. We
obtain a multiplicity 2* result (where k is a number depending on Galois theoretic data)
generalizing Ribet’s result in many new directions, and providing progress towards the BDJ

conjecture.



Additionally, our explicit description of the patched module My, allows us to extract
more refined data about the Hecke module structure of the cohomology groups, beyond just
the multiplicity statements. This has potential applications to the integral Eichler basis

problem.

1.2 Definitions and Notation

Let F' be a totally real number field, with ring of integers Op. We will always use v to
denote a finite place v C€ Op. For any such v, let [}, be the completion of F' and let O,
be its ring of integers. Let wy be a uniformizer in Opy, and let ky = Op, /@y = Op/v be
the residue field. Let N(v) = #k, be the norm of v.

Let D be a quaternion algebra over F' with discriminant © (i.e. ® is the product of all
finite primes of F' at which D is ramified). Assume that D is either ramified at all infinite
places of F' (the totally definite case), or split at exactly one infinite place (the indefinite
case).

Now fix a prime ¢ > 3 which is relatively prime to ® and does not ramify in F'. For the
rest of this paper we will fix a finite extension E/Qy. Let O be the ring of integers of FE,
A € O be a uniformizer and F = O/ be its residue field.

We define a level to be a compact open subgroup

K = H Ky C H DX(OF,U>QDX(AF,]C)
vCOp vCOfp

where we have Ky = D*(Op,,) for each v|®, and for each v {® we have

a b a b * %
Ky 2T (v®) := € GL2(OF,)
c d c d 01

(mod v®)

for some e, > 0 depending on v, taken to be minimal (here we must have e, = 0 for all but

finitely many v). We say that K is unramified at some v {D if K, = GLo(Op,).
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If D is totally definite, let
SP(K) = {f: D*(F)\D*(Aps)/K — O}.

If D is indefinite, let X (K) be the Riemann surface D> (F)\ (D> (Apr) x H) /K (where
H is the complex upper half plane). Give X D (K) its canonical structure as an algebraic
curve over F, and let SP(K) = HY(XP(K),Z) @7 O.

For any finite prime ideal v of F with v t ®, consider the double-coset operators

Ty, Su, (8)y : SP(K) — SP(K) (for any 6 € (Op/v)*) given by

where d € (9;(7 is a lift of 4.

Let

TP(K) = O{TU,SU, (0)o|v C Op,v1D,6 € (Op/v)*| C Endp(SP(K))

be the full Hecke algebra.

Now let Gp := Gal(Q/F) be the absolute Galois group of F. For any v, let G, =
Gal(F,/Fy) be the absolute Galois group of F, and let I, < Gy be the inertia group. Fix
an embeddings Q < F,, for all v, and hence embeddings G, — G.

Let g7 : Gp — O be the cyclotomic charachter (given by o(¢) = ¢¢¢(9) for any o € Gp
and ¢ € pyo), and let 2y : Gp — F* be its mod ¢ reduction.

Now take a maximal ideal m C TP (K), and note that TP (K)/m is a finite extension of

It is well known (see [Car86]) that the ideal m corresponds to a two-dimensional Galois

representation p,,, : Gp — GLa(TP(K)/m) C GLo(F,) satisfying:



1. p,, is odd.

2. If v1D,¢ and K is unramified at v, then p,, is unramified at v and we have

tr(p,, (Froby)) =T, (mod m)

det(p,, (Froby)) = N(v)S, (mod m).

3. If v|¢ and K is unramified at v, then p,, is finite flat at v.
4. If v|® then

_ XEp *
pm|GU ~
0 X
where X : Gy — F/ is an unramified character.
In keeping with property (4) above, for any O-algebra A we will say that a local repre-
sentation r : Gy, — GLg(A) is Steinberg if it can be written (in some basis) as

X&¢ *
r =

0 X
for some character x : Gy — A*. We say that a global representation r : Gp — GLg(A) is

Steinberg at v if r|g, is Steinberg.

Now for any continuous absolutely irreducible representation p : Gp — GLo(Fy), define:
KP (p) = {K - DX(AFJ)’p ~ Py, for some m C TD(K)}

(that is, KP(p) is the set of levels K at which the representation 7 can occur.)
Note that if K (p) is nonempty, then it has the form {K|K C K™} for some level

K™t =TT K" called the minimal level of p. Given K = ] Ky € KP (5), we say
vCOp ) vCOp
that K is of minimal level at some v C O if K, = K™



1.3 Main Results

From now on, fix an absolutely irreducible Galois representation p : Gp — GLo(F,) for
which KP(p) # @ (i.e. pis “automorphic for D”). In particular, this implies that 7 is odd,
and satisfies the numbered conditions in Section 1.2.

Now given K € KP(p) and m C TP (K) for which 5 ~ 5,, we define the number:

(%) dimTD(K)/m SP(K)[m)] if D is totally definite
v(K) =

% dim’]I‘D(K)/m SP(K)[m] if D is indefinite

called the multiplicity of p at level K. This number is closely related to the mod ¢ local-global
compatibility conjectures given in [BDJ10].

Our main result is the following:

Theorem 1.3.1. Take some p: Gp — GLa(F,) for which KP(p) # @. Assume that:
1. plg, is finite flat for any v|(.
2. If v|®, then N(v) # —1 (mod /).

3. The restriction ﬁ|GF(Q is absolutely irreducible.

)
Let

k= #{v|©'p is unramified at v and p(Froby) is a scalar}.
Then we have I/b(Kmin) = ok,

Remark. Condition (1) above is essentially an assumption that the minimal level of 5
is prime to £. It, together with the earlier assumption that ¢ does not ramify in F, is
included to ensure that the local deformation rings RE Ay (Plg,) considered in Section 2 are
formally smooth. As the local deformation rings at v|¢ are known to be formally smooth in
more general situations, this condition can likely be relaxed somewhat with only minimal
modifications to our method. Even more generally, it is likely that our techniques can be

extended to certain other situations in which the local deformation rings at v|¢ are not
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formally smooth, provided we can still explicitly compute these rings.

Condition (2) ensures that the Steinberg deformation ring, RS (plg,) from Section 2
is a domain. As the ring RS%5-¥ (Plg,) has been computed by Shotton [Shol6] in all cases,
it is likely that a more careful analysis of the excluded case will allow us to remove this
condition as well.

Lastly, condition (3) is the classical “Taylor-Wiles condition”!, which is a technical con-
dition necessary for our construction in Section 4. It is unlikely that this condition can be

removed without a significant breakthrough.

In addition, our computations allow us to explicitly compute the endomorphism ring of

SD(Krnin)m'

Theorem 1.3.2. Let p satisfy the conditions of Theorem 1.3.1. If D to totally definite then
trace map S (K™, QD (geminy, SP (Fmimy WD (geminy 5 induced by the self-duality
of SD(Kmin)m is surjective (where WD (gominy, is the dualizing sheaf of TD(Kmin)m), and
moreover the natural map TP (K™, — EndTD(Kmin)m (SP(K™imy Yy is an isomorphism.
If D is indefinite, then the natural map TP (K™, — EndTD(Kmin)m[GF}(SD(Kmin)m) is

an isomorphism.

As explained in [Eme02], this statement has applications towards the integral Eichler

basis problem, so can likely be used to strengthen the results of Emerton [Eme02].

1. Experts will note that there is also another Taylor—Wiles one must assume in the case when £ = 5 and
V5 € F. In our case however, this situation is already ruled out by the assumption that ¢ is unramified in
F', and so we do not need to explicitly rule it out.
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CHAPTER 2
GALOIS DEFORMATION RINGS

In this chapter we will define the various Galois deformation rings which we will consider in

the rest of the paper, and review their relevant properties.

2.1 Local Deformation Rings

Fix a finite place v of F' and a representation 7 : Gy, — GLg(F).

Let Co (resp. C{) be the category of Artinian (resp. complete Noetherian) local O-
algebras with residue field F. Consider the (framed) deformation functor DYU(7) : Co — Set
defined by

DDW) (A) ={r: Gy, — GLo(A), continouos lift of 7}

M is a free rank 2 A-module with a basis (e1,e2) and r : Gy —

=< (M, r,e1,ea)|Aut 4(M) such that the induced map G — Aut4 (M) = GLa(A) —

GLo (F) isT

It is well-known that this functor is pro-representable by some RY (F) € CJ3, in the sense that
DY(F) = Homp (RP(7), —). Furthermore, 7 admits a universal lift 75 : G, — GLo(R9(7)).

For any continuous homomorphism, z : RY () — E, we obtain a Galois representation
ry : Gy — GLo(FE) lifting 7, from the composition G, £> GL2(RY(7)) & GLo(E).

Now for any character 1) : G, — O* with det7 = ¢ (mod \) define R7'¥(F) to be the
quotient of RH(7) on which detrH(g) = ¥ (g) for all g € G,. Equivalently, RP¥(7) is the
ring pro-representing the functor of deformations of 7 with determinant .

Given any two characters ¢1,19 : Gy — O with detT = ¢ = 19 (mod \) we have
w1¢2_1 =1 (mod M), and so (as 1 + MO is pro-f and (¢ # 2) there is a unique y : G, — O*
with ¢ = ngz. But now the map r — r ® x is an automorphism of the functor DD(F)

which can be shown to induce a natural isomorphism R2¥1(7) = RE¥2(F). Thus, up to
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isomorphism, the ring RY: 7/’( ) does not depend choice of 1.

We call RH(7) (respectively RPY (7)) the deformation ring (vespectively the fized deter-
minant deformation ring) of T.

In order to prove our main results, we will also need to consider various deformation
rings with fized type. Instead of defining these in general, we will consider only the specific
examples which will appear in our arguments.

If v|¢ and 7 and ¢ are both flat, define RPY(7) to be the ring pro-representing the
functor of (framed) flat deformations of 7 with determinant ¢. We will refrain from giving
a precise definition of this, as it is not relevant to our discussion. We will refer the reader
to [Kis09], [FL82], [Ram93] and [CHTO08] for more details, and use only the following result
from [CHTO08, Section 2.4]:

Proposition 2.1.1. If F,/Qy is unramified, then RO (7) = O[[X7, ... , X34 (7,00

Also if v 1 £, let. RP™IY(7) be the maximal reduced A-torsion free quotient of R=Y ()
with the following property: If = : R mln’w( ) — E is a continuous homomorphism, then
the corresponding lift r, : Gy — GLo(E) of T has minimal level among all lifts of 7 with
determinant 1. Again, we will refrain from giving a more detailed description of this, and

instead we will use only the following well-known result (cf [Shol6, CHTO08]):
Proposition 2.1.2. REMY(7) = O[[X1, Xo, X3]].

Now assume that v { £ and 7 is Steinberg (in the sense of Section 1.2). We define RFS(7)
(called the Steinberg deformation ring) to be the maximal reduced A-torsion free quotient
of RA(F) for which r; : G, — GLao(E) is Steinberg for every continuous homomorphism
z: RO - E.

Similarly if ¢ : G, — O is an unramified character with ¢y = det7 (mod \) (by as-
sumption, 7 is Steinberg, and hence det 7 is unramified), we define RD’SW’Z’(T) (called the fized

determinant Steinberg deformation ring) to be the maximal reduced A-torsion free quotient



of RPV(7) for which ry : Gy — GLo(E) is Steinberg for every continuous homomorphism
z: RO () 5 F.
It follows from our definitions that RIS%¥(F) is the maximal reduced A-torsion free

quotient of RIS (7) on which det pH(g) = (g) for all g € Gy.

2.2 Global Deformation Rings

Now take a representation p : Gp — GLo(F) satisfying:

1. p is absolutely irreducible.

2. pis odd.

3. For each v|(, p|g, is finite flat.

4. For each v|®, p is Steinberg at v.

5. KP(p) # .

Let EED be a set of finite places of F' containing:

e All places v at which p is ramified

o All places v|® (i.e. places at which D is ramified)

e All places v|¢
(we allow 2? to contain some other places in addition to these), and let ¥ C EED consist of
those v € Z? with v 1 ¢, 9.

Now as in [Kis09] define R% 5(p) (where E? C S) to be the O-algebra pro-representing
the functor Cy — Set which sends A to the set tuples (p : Grg — Endy (M), {(ef, 612’)}1)62?),
where M is a free rank 2 A-module with an identification M /m 4 = F? and for each v € Zé) ,
(ef,€h) is a basis for M, lifting the standard basis for M/my = F2, up to equivalence.

Also define the unframed deformation ring Rp (p) to be the O-algebra pro-representing
the functor Cp — Set which sends A to the set of free rank 2 A modules M with action
p:Gps— End A(M), up to equivalence. This exists because p is absolutely irreducible.

Now take any character ¢ : Gp — O™ for which:

1. v =detp (mod \).

10



2. 1 is unramified at all places outside of Z? , and all places dividing ©.

3. 1 is flat at all places dividing /.

4. wsg_l has finite image.

Define RF’w( ) and R}@ 5(p) to be the quotients of RF 5(p) and Rp g(p), respectively,
on which det p = 1.

Now note that the morphism of functors

(o A(cl. 8} esp) = (Pl Go = End a0, (e1.c3) )
¢ ver

induces a map:

. ® R (plg,) — RRL.
UGED

Define R}D,”g’w (p) (respectively R F’¢( )) to be the quotient of R F’w( ) (respectively Rw 5(P))
parameterizing lifts of p for which:

e plg, is flat at all v|/

* 7|g, is Steinberg at all v|®D

* 7|, has minimal level at all v € Z?, vt1l,D.

Also define
|:| ol - Py A .
RIS = QR (g, | & | @ RF™ ™ (plg,) | @ | @RT* (lg,)
vl veY v|D

Then the map 7 from above induces a map  : Rg’% Vs RD 4

Also note that the morphism of functors (p, {(ef,e8) tyes eD) — p induces a maps R% g =

RF’q’D( ) and RF’U)( ) — RF’ ﬂ/}( ). By [Kis09] these maps are formally smooth of dimen-

Oy _

sion j = 3|E£D| — 1, and so we may identify Rp'g RQI@,Sle’ -..,wj]] and R ’ ﬂb( ) =

RFW( [w, - -, w;]].

11



2.3 Two Lemmas about Deformation Rings

We finish this section by stating two standard results (cf. [Kis09]) which will be essential for
our discussion of Taylor-Wiles—Kisin patching in Chapter 4.

The first concerns the existence of an “R — T” map:

Lemma 2.3.1. Assume that p satisfies all of the numbered conditions listed in Section 2.2.
Take K € lCD(ﬁ) and let S be a set of finite places of F' containing Eé) such that K 1is

unramified outside of S (that is, for v € S, the composition

K — H DX(OF,D) - DX(OF,U) = GLQ(OF,U)
pCOFp

is surjective). Then there is surjective map Rg’g(ﬁ) — TP(K).

The second concerns the existence of “Taylor-Wiles” primes:

Lemma 2.3.2. Assume that p satisfies all of the numbered conditions listed in Section 2.2
and condition (3) of Theorem 1.3.1. There exist integers r,g > 0 such that for any n > 1,
there is a finite set QQn of primes of F' for which:

o HQp=r.

e Foranyv € Qn, N(v) =1 (mod (")

e For any v € Qp, p(Froby) has distinct eigenvalues.

o There is a surjection Rg:%j[[xl, o xgl] RE”?Q%N (P)

. o0, .
Moreover, we have dim RZ,’D,E =r+j—g+1.

From now on we will write Rs, to denote Rg% ollr1, .. zg]] so that dim Roo = r+j+1.

By the results of Section 2.1 we have

Roo = |QR*Y(5lg,)| [[e1,- .. 2]
v|D

12



for some integer ¢’. In Section 3 below, we will use the results of [Sho16] to explicitly compute
the ring R~o, and then use the theory of toric varieties to study modules over Rxg.

In Chapter 4, we will use Lemma 2.3.1 and 2.3.2 to construct a particular module My
over Ry, out of a system of modules over the rings TP (K), and then use the results of
Chapter 3 to deduce the structure of My,. This will allow us to prove Theorems 1.3.1 and
1.3.2.

13



CHAPTER 3
CLASS GROUPS OF LOCAL DEFORMATION RINGS

In our situation, all of the local deformation rings which will be relevant to us were computed
in [Shol6]. In this chapter, we will use this description to explicitly describe the ring R,
and to study its class group.

We first introduce some notation which we will use for the rest of this paper. If R is
any Noetherian local ring, we will always use mp to denote its maximal ideal. Also if R is
Cohen-Macaulay, we will use wp to denote the dualizing sheaf of R.

For any finitely generated R-module M, we will let M* = Homp(M,wpr). We say that
M is reflexive if the natural mapl M — M** is an isomorphism.

If R is a domain we will write K(R) for its fraction field. If M is a finitely generated
R-module, then we we will say that the rank of M, denoted rankp M is the K (R)-dimension
of M ®p K(R) (that is, the rank of M at the generic point of R).

Lastly, given any reflexive module M, the natural perfect pairing M* x M — wp gives
rise to a natural map 7y : M* @p M — wpr (defined by 73/(¢ ® x) = ¢(x)) called the trace
map.

Also we will let

k = # S v|D[p(Frob,) = ¢ ,

as in Theorem 1.3.1.

Our main result of this chapter is the following:

Theorem 3.0.3. If My is a finitely-generated module over R~ satisfying:
1. My is maximal Cohen—Macaulay over Roo.

2. We have M%, = My, (and hence My is reflexive).

1. As is it fairly easy to show that the dual of a finitely generated R-module is reflexive (cf [Stal7, Tag
0AV2]) this definition is equivalent to simply requiring that there is some isomorphism M =5 M**. In
particular, if M = M* then M is automatically reflexive.

14



3. rankp My = 1.
then dimp Moo/mp. = ok Moreover, the trace map ™, @ Moo ®p, Meoc — wg_ 18

surjective.

Thus, to prove Theorem 1.3.1, it will suffice to construct a module My, over Ry, satisfying
the conditions of Theorem 3.0.3 with dimp Moo /mp_ = v5(K min) - The last statement, that
TaL, s surjective, will be used to prove Theorem 1.3.2 (see the end of Section 4).

Our primary strategy for proving Theorem 3.0.3 will be to compute the Weil class group,
Cl(Roo) (defined below), of the ring Rso (or more precisely, the ring Roo := Roo/)), using
the fact that this ring corresponds to a toric variety. Note that the conditions of the theorem
imply that 2[M] = [wr_ ] in Cl(Rx), and so a sufficiently explicit computation of Cl(Rx)
will allow us to precisely determine M.

In Section 3.1 we summarize the computations in [Shol6] and reduce Theorem 3.0.3 to
a “mod A version,” which will be more convenient to work with. In Section 3.2 we recall the
standard theory of toric varieties, and compute an affine toric variety corresponding to Roo.
Finally in Section 3.3 we use the theory of toric varieties to compute Cl(Rso), and complete

the proof of Theorem 3.0.3.

3.1 Explicit Calculations of Local Deformation Rings

In order to prove Theorem 3.0.3, it will be necessary to first compute the ring R, or
equivalently to compute RD’St’w(va) for all v|D.

These computations were essentially done by Shotton [Shol6], except that he considers
the non fixed determinant version, RSt7D(ﬁ|GU) instead of RSt’D7¢(ﬁ|Gv). Fortunately, it is

fairly straightforward to recover RSHH-¥ (plg,) from RSt’D(mGU). Specifically, we get:

Theorem 3.1.1. Take any place v|D. Recall that we have assumed that N(v) # —1 (mod ¢).
If the residual representation plg, : Gy — GLa(F) is not scalar, then RD’St’w(ﬁ|Gv) =
O[[X1, X2, X3]].

15



If plg, : Gv — GLa(IF) is scalar (which can only happen when N(v) =1 (mod £)) then
RD7St7w(p|Gv) =Sy = O[[Aa B,C, XY, Z]]/IU

where Ly is the ideal generated by the 2 X 2 minors of the matrix

A B X Y

N(v)—1
c A Z X+2N(v)+1

The ring Sy is a Cohen—Macaulay and non-Gorenstein domain of relative dimension 3 over

O. Moreover, Sy[1/)] is formally smooth of dimension 3 over E.

Proof. For convenience, let Ry = RSt7D(ﬁ\GU) and Rg; = RSQDW(E\GU). By definition, Rgé
is the maximal reduced A-torsion free quotient of Ry on which det p=(g) = 9(g) for all
g € Gy.

Now let I,/ P, = Zy be the maximal pro-¢ quotient of I, so that P, <Gy and Ty :=
Gy /Py = 7y Z. Now let o,¢ € Ty be topological generators for Z, and Z respectively
(chosen so that ¢ is a lift of arithmetic Frobenius, so that go¢p~! = oV (“)).

Now as in [Shol6], we may assume that the universal representation p= : Gy, — GLa(Rgt)
factors through Ty. As we already have det pH(c) = 1 = (o), it follows that R;@ is the
maximal reduced A-torsion free quotient of R on which det p=(¢) = ¥(¢).

e

As explained in Section 2, up to isomorphism the ring R is unaffected by the choice of

1, so it will suffices to prove the claim for a particular choice of 1. Thus from now on we
N(v)

—_———— 2 whnere
NOEDHA

will assume that 1 is unramified and ¥ (¢) =

L N(w)4+1 N(v)# £l (mod?)

2 N(@w)=1 (mod ¢)

so that t = N(v) +1 = trp(¢) (mod ¢) (this particular choice of ¢ is made to agree with the
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computations of [Shol6]).
But now by the definition of Ry = RSt’D(ﬁ\Gv) we have that N (v) (tr pD(¢))2 = (N(v)+
1)2 det pH(¢) and so

V) 5 (tr pD(¢>))2

At0~(0) = (50) 1172

(where we have used the fact that N(v) # —1 (mod ¢), and so N(v) + 1 is a unit in O).

It follows that

N(v) N(v)
det PD<¢) —(¢) = W (tr pD(qﬁ)) — th
= (N(UN)(Z)DQ(U PD(¢) + 1) (tr pD(gb) —1).
But now
N(v 2N (v 2N (v
(N(v)<+) 2 (tr pD(¢) + t) = (N(v)(—i—)l)Qtrp(gb) = N(v)(—i—)l (mod mp)

N
and so as ¢ 1 2, N(v), N(v) + 1 we get that v) 72 (trpD(¢) + t) is a unit in Rg. It

(N(v) +

follows that Rgfc is the maximal reduced A-torsion free quotient of

RY° = Rt _ Ryt
T (et p(6) — () trp(e) — ¢

It now follows immediately from Shotton’s computations that in each case R;pt’o is already
reduced and A-torsion free (and so R;ﬁ = Rgt’o) and has the form described in the statement
of Theorem 3.1.1 above.

Indeed, first assume that N(v) #Z £1 (mod ¢). By [Shol6, Proposition 5.5] we may write
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Ry = O[[B, P, X, Y]] with

0 1 X 1 2+ B 1 X
p(0) =
y 1 0 1 y 1
-1
1 X N()(1+ P) 0 1 X
PH(e) = ,
y 1 0 14+ P y 1

for some z € O. Thus we have
trp2(¢) = (N(v) + 1)(1 4+ P) =t +tP

and so (as t = N(v) + 1 € O is a wnit), RY° = Ry/(tP) = O[[B,P,X,Y]|/(P) =
O[[B, X, Y]], as desired.
Now assume that N(v) = 1 (mod ¢). Again, following the computations of [Shol6,

Proposition 5.8] we can write

0 1+A =2+ B
p(o) =
C 1—A
1+P y+R
p-(9) =
S 1+Q

(for xz,y € O) where A, B,C,P,Q,R and S topologically generate Ry. Now following
Shotton’s notation, let T' = P+, so that tr pD(d)) = 24T = t+T and thus R;@’O = Ry /(T).
In both cases (p|g, non-scalar and scalar) Shotton’s computations immediately give our

desired result? O

2. In Shotton’s notation, when p|g, is scalar R;bt would be cut out by the 2 x 2 minors of the matrix
X1 X X3 Xy

Vi X1 Yy Xs+2d

substitutions A = X3, B=—-X,, C =Y, X =X3, Y =X, and Z =Y.

). This is equivalent to the form stated in Theorem 3.1.1 via the variable
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Thus letting ©1|® be the product of the places v|®D at which p|g, : Gy — GLa(F) is
scalar, we have

® S

v| D1

Roo = [z1,...,zs]]

for some integer s.
Now note that the description of .S, in Theorem 3.1.1 becomes much simpler if we work in
characteristic £. Indeed, if p|¢, is scalar then N(v) =1 (mod /) and so, S := Sy /X is an ex-

plicit graded ring not depending on v. Specifically, we have S = F[[A, B, C, X,Y, Z||/Z where

_ A B XY
7 is the (homogeneous) ideal generated by the 2 x 2 minors of the matrix

C A Z X
It thus follows that

Roo = Roo /N2 5[z, ..., 2],

which will be much easier to work with than R~o. It will thus be useful to reduce Theorem

3.0.3 the following “mod \” version:

Theorem 3.1.2. If M is a finitely-generated module over Roo satisfying:
1. M« is maximal Cohen—Macaulay over R
2. We have Ma, = M.
3. rankﬁoo Moo =1.
then dimp Moo/mﬁoo = 2k, Moreover, the trace map . Moo ®RX> Mo = Wi 18

surjective.

Proof that Theorem 3.1.2 implies 3.0.3. Assume that Theorem 3.1.2 holds, and that My
satisfies the hypotheses of Theorem 3.0.3. As R is flat over O, it is A-torsion free and
thus X is not a zero divisor on My (by condition (1)). It follows that Moo 1= Mso /A is
maximal Cohen-Macaulay over Ry and 1rank§Oo My = rankp Moo = 1. (In general, if
R is Cohen—-Macaulay and M is maximal Cohen-Macaulay over R, then for any regular

element = € R, rankp . (M/x) = rankp M.)
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Moreover, as Moo and wg_ are both flat over O, we have that
Moo = Moo /X = Homp_ (Moo, wp. )/X = Homp /\(Moo/A wpr, /) = Homﬁw(ﬂm,wﬁm),

where we have used the fact that wp /A = wg.» by [Eis95]. Thus M is self-dual. Thus
M o satisfies all of the hypotheses of Theorem 3.1.2, and so dimp Moo/ mp = 2k and i
is surjective.

Now we obviously have that Moo /Eoo = Moo/mp,, so the first conclusion of Theorem
3.0.3 follows.

Also, the trace map Gy Moo QR Moo — wR is just the mod-\ reduction of the
map Tpr. P Moo @ Moo — wg__, so it follows that o is surjective if and only if 75,  is.

Thus the second conclusion of Theorem 3.0.3 follows. ]

As hinted above, we will prove Theorem 3.1.2 by computing the class group of Ruo.

For any local Cohen-Macaulay ring R, we will let CI(R) denote the Weil divisor class
group of R, which is isomorphic the group of rank 1 reflexive modules over R. For any rank
1 reflexive sheaf M, let [M] € CI(R) denote the corresponding element of the class group.
The group operation is then defined by [M] + [N] := [(M®gN)**]. Note that [wg] € CI(R)
and we have [M*] = [wg] — [M] for any [M] € CI(R).

Now conditions (2) and (3) of Theorem 3.1.2 imply that M, corresponds to an element
of C1(Ro), and the self-duality implies that 2[M ] = lwg_ ] Thus (provided that Cl(Roo)
is 2-torsion free, which will turn out to be the case), the conditions in Theorem 3.1.2 uniquely
characterize the module M s,. Proving the theorem will thus simply be a matter of computing
the unique module M, explicitly enough.

We finish this section by proving the following lemma, which will make the second con-
clusion of Theorem 3.1.2 easier to prove (and will also be useful in the proof of Theorem

1.3.2):

Lemma 3.1.3. If R is a local Cohen—Macaulay ring and M is a reflexive R-module, then
20



the trace map Ty - M* @p M — wp is surjective if and only if there exists an R-module

surjection M* @p M — wg.

Proof. Assume that f : M* @p M — wp is a surjection. Take any a € wg. Then we can

write

el iel

a:f<zbi®ci> => flbi®¢)

for some finite index set I and some b; € M™* and ¢; € M. For each i € I, consider the

R-linear map p; : M — wpg defined by ¢;(c) = f(b; ® ¢). Then we have ¢; € M* for all i

and so
a=> fo;®c¢)=> eilc) =Y (e ®c¢) =Ty (Z%@Ci) :
el el el i€l
Thus 7/ is surjective. O

3.2 Toric Varieties

The key insight that allows us to easily make computations with R is that the ring S is
(the completion of) the ring of functions on a toric variety.

We shall primarily follow the presentation of toric varieties from [CLS11]. Unfortunately
[CLS11] works exclusively with toric varieties over C, whereas we are working in positive
characteristic. All of the results we will rely on work over arbitrary base field, usually with
identical proofs, so we will freely cite the results of [CLS11] as if they were stated over
arbitrary fields.

We recall the following definitions. For any integer d > 1, let Tj; = G%, = (F*)?, thought

of as a group variety. Define the two lattices

M := Hom(Ty, Gy,) N := Hom(G,, T}),

called the character lattice and the lattice of one-parameter subgroups, respectively. Note
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that M = N = Z% We shall write M and N additively. For m € M and u € N, we will
write " : Ty — Gy, and A" : G, — T); to denote the corresponding morphisms.

First note that there is a perfect pairing ( , ) : M x N — Z given by t{m:%) = y(XU(¢)).
We shall write My and Ng for M ®7 R and N ®7 R, which are each d-dimensional real
vector spaces. We will extend the pairing ( , ) to a perfect pairing ( , ) : Mr x Ng — R.

For the rest of this chapter, we will (arbitrarily) fix a choice of basis eq, ..., e  for M,
and so identify M with 7%, We will also identify N with 7% via the dual basis to eq, ... L €d-
Under these identifications, ( , ) is simply the usual (Euclidean) inner product on 7.

We can now define:

Definition 3.2.1. An (affine) toric variety of dimension d is a pair (X,¢), where X is an
affine variety X/IF of dimension d and ¢ is an open embedding ¢ : T; < X such that the
natural action of Tj; on itself extends to a group variety action of T,; on X. We will usually
write X instead of the pair (X, ¢).

For such an X, we define the semigroup of X to be
Sy := {m € M|\ : T;j — Gy, extends to a morphism X — Al} C M

For convenience, we will also say that a finitely generated F-algebra R (together with an

inclusion R — F[M]) is toric if Spec R is toric.

The primary significance of affine toric varieties is that they are classified by their semi-

groups. Specifically:

Proposition 3.2.2. If X is an affine toric variety of dimension d, then X = SpecF[Sx], and
the embedding v : Ty — X is induced by F[Sx| < F[M] (using the fact that T; = Spec F[M]).
Moreover we have

1. The semigroup Sx spans M (that is, ZSx has rank d).

2. IfSx is saturated in M (in the sense that km € Sx implies that m € Sx for all k > 0

and m € M) then X is a normal variety.
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Conversely, if S C M s a finitely generated semigroup spanning M then the inclusion

F[S] < F[M] gives SpecF[S] the structure of a d-dimensional affine toric variety.
Proof. cf. [CLS11] Proposition 1.1.14 and Theorems 1.1.17 and 1.3.5. O

If R is a toric F-algebra, we will write Sp to mean Sgpec g
While it can be difficult to recognize toric varieties directly from Definition 3.2.1, the

following Proposition makes it fairly easy to identify toric varieties in A%,

Proposition 3.2.3. Fiz an integer h > 1 and let ® : Zh — M be any homomorphism with fi-
nite cokernel, and let L = ker ®. LetS C M be the semigroup generated by ®(eq1), ..., P(ep) €

M. Then we have an isomorphism Flz1,...,2,]/I1, = F[S] given by z; — ®(e;), where

Iy = (zo‘—zB

a, B € Zgo such that o — g € L) CFlz, ..., 2p)

(Where, for any o = (v, ..., qp) € Zgo, we write z* 1= 2" -+ zgh € Flzy,...,2].)

Moreover 17 can be explicitly computed as follows: Assume that L. = (¢, ... 0") is a

9

Z-basis for L, with 0" = ( Zi, o ,é%) e Z". Write each (' as (' = fi — 0" where

7

i = (max{¢},0},...,max{£},0}) € ZL,

ng - (maX{_EZiu 0}7 s 7maX{_€i 70}) < Z}ZLO

. /L Al o o . . ,
Then if Iy, := {2+ — 22—, ..., 2"+ — 2= ) C Flz1,..., 2], I, is the saturation of I, with

respect to z1 - - - zp, that is:

Ip=(IL : (21 2)%) = {f € Flz1,..., 2]

= (zo‘ P

Conversely, if I C F[z1,...,z2p] is any prime ideal which can be written in the form I =

( S _ P

(21 2p)"™ f € I, for some m > O}

a, 3 e Zgo such that (z1 -+ zp)" (zo‘ - zﬁ) € Iy, for some m > O).

1€ 427) for a finite index set & and oy, B; € Zgo, then I = I, for some L and so
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Flz1,...,2]/1 can be given the structure of a toric F-algebra.

Proof. This mostly follows from [CLS11, Propositions 1.1.8, 1.1.9 and 1.1.11]. The statement
that Iy = (I, : (21 ---2,)>°) is [CLS11, Exercise 1.1.3] or [MS05, Lemma 7.6] O

The definition of a toric F-algebra given in Definition 3.2.1 applies to finitely generated
[F-algebras, whereas Roo and S are merely topologically finitely generated. Therefore in order
to apply the results of this chapter to our situation, we will need to consider the completions
of toric F-algebras.

Define M+ = {c1e1 + -+ + cgeglet, ..., cg > 0} € M (note that this is a non-canonical
choice, depending on our choice of basis e1, €2, ..., €,) so that we have F[M 1] = Flx1,...,14].
Now let R be a toric F-algebra, and assume Sp € M, so that R C Flay, ..., 7 ] (which will
be the case for all toric F-algebras we will consider). Consider the maximal ideal mp C R
defined by

mp = RN (271, .. ,{L’d) = (Xm‘m € SR AN {0})7

and define the completion of R to be R := @R/m’é.

So now define S = F[A, B,C, XY, Z]/Z, where T is (as above) the ideal generated by

A B XY
the 2 x 2 minors of the matrix , and define R = S®k[ac1, oo ). We will

C A Z X
see below that S and R are toric with S = S and R = Reo.

Now applying the above results to the F-algebra S, we get:

Proposition 3.2.4. S may be given the structure of a 3-dimensional toric F-algebra, with
SEMIGroup

Ss = {(a,b,c) € Z3|a,b,c > 0,2a +2b>c} CMT C M

under some choice of basis e, e, es for M. Moreover:
1. SpecS is the affine cone over a surface ¥ C P9 isomorphic to P1 x PL.

2. mg=(ABCXY,Z)CSand S=5.
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3. S is isomorphic to the ring Flx, xz, 222y, yz,yz%] C Flz,y, 2] and
S 2 F([z, z2, 222, y,yz,y22]].
4. SpecS is a normal variety.

5. R is toric of dimension 3k + s, and R = Roo.

Proof. Take d = 3 in the above discussion, and fix an isomorphism M = Z3 (which in
particular, determines M T = Z;O czZ3=M).
Write S := {(a,b,¢) € Z3|a7 b,c > 0,2a+2b > c}. We will first show that S = F[S]. Note

that S is generated by the (transposes of) the columns of the matrix

111000
=10 001 1 11,
120120

which in particular gives an isomorphism F[S] = Fz, 2z, 222, y, yz,y2%] C Flz,y, 2].

Let L = ker . By Proposition 3.2.3 it follows that F[S| = F[A, B,C, X, Y, Z]/I (where
we have identified the ring [F[z1, 29, 23, 24, 25, 2] with F[A, B, C, X, Y, Z] in the obvious way,
in order to keep are notation consistent).

But now note that L is a rank 3 lattice with basis I = (¢1, 2, £3) given by the vectors:

1 1 1
0 0 1

A | e | T e
1 1 1
0 -1 0
1 0 -1

It follows that

I, = (AZ — CX,AX — CY,AX — BZ)
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from whence it is straightforward to compute that

Ip = (I, : (ABCXY 2)™)

= (A* - BC,AZ — CX,AX — OY,AX — BZ,AY — BX,X? -YZ) =T.
Thus S = F[A, B,C, X, Y, Z]/Z is indeed toric with Sg = S, and we have
S =2 F|[Sg] = Flz, zz, 222y, yz, yzz].

Moreover, this isomorphism sends the ideal (A, B,C, X,Y, Z) C S to the ideal
(z,22,22°,y,y2,y2%), from which (2) and (3) easily follow.

Now the semigroup Sg = {(a,b,¢) € Z3|a,b,c > 0,2a + 2b > ¢ > 0} is clearly saturated
in M, and so Spec S is indeed normal, proving (4).

Also, the isomorphism S = Flx, xz, 22, y, yz, y2?] easily implies that SpecS C AS is the

cone over the image V of the (injective) morphism f : P! x P! — P® defined by
F(s 1], [u:v]) = [stu: s2u: t2u: sto: s2v 2 t20],

which proves (1).
Lastly, recalling that M = Z3, let M’ = M = M®k @ 75 = 73k+5 and define:

S'=(8)*ezi,c (M)

so that

F[S'] = F[S|®F @ Fz]®* = 8®¥[z1, ... 2] =R

so that R is indeed toric of dimension 3k + s, with an embedding R < F[(M’)]. Moreover,
the isomorphism R = S¥¥[zq, ... xs] = F[S'] clearly identifies Mprg] C F[S'] with m?k X

(1,...,25) C S®k[z1, ... 25) and so R = §®k[[x1, ..., Zs]] = Roo, proving (5). O
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We will now restrict our attention to normal affine toric varieties. The advantage to doing
this is that Proposition 3.2.2 has a refinement (see Proposition 3.2.6 below) that allows us
to characterize normal toric varieties much more simply, using cones instead of semigroups.

We now make the following definitions:

Definition 3.2.5. A convex rational polyhedral cone in Np is a set of the form:

o = Cone(5) := { > T

AES

x)\ZOforall/\ES}gNR

for some finite subset S C N.

A face of o is a subset 7 C ¢ which can be written as 7 = o N H for some hyperplane
H C Np which does not intersect the interior of 0. We write 7 < ¢ to say that 7 is a face
of o. It is clear that any face of o is also a convex rational polyhedral cone. We say that o
is strongly convex if {0} is a face of o.

We write Ro for the subspace of Np spanned by o, and we will let the dimension of o
be dim o := dimp Ro.

We make analogous definitions for cones in M.

For a convex rational polyhedral cone o C N (or similarly for ¢ C Mp), we define its
dual cone to be:

oV = {m € Mg|{(m,u) >0 for all u € o}.

It is easy to see that o is also convex rational polyhedral cone. If ¢ is strongly convex
and dim ¢ = d then the same is true of ¢¥. Moreover, for any o we have 0¥V = o.

We now have the following;:

Proposition 3.2.6. If X is a normal affine toric variety of dimension d, then there is a

(uniquely determined) strongly convez rational polyhedral cone ox C Ny for which a}/(ﬂM =
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Sx and

ox NN = {ue N\ : G, — Ty extends to a morphism Al — X}

:{UGN

lim \“(t) exists in X} :
t—0

We call ox the cone associated to X. Again, if R is a toric F-algebra, then we write o for

OSpec R-

Proof. This follows from [CLS11] Theorem 1.3.5 (for o% N M) and Proposition 3.2.2 (for
ox N N). Note that it is clear from our definitions that a convex rational polyhedral cone

o C Np is uniquely determined by ¢ N N. O

Remark. Based on the statement of Proposition 3.2.6, it would seem more natural to simply
define the cone associated to X’ to be a;\{,, and not mention the lattice N at all. The primary
reason for making this choice in the literature is to simplify the description of non-affine toric
varieties, which is not relevant to our applications. Nevertheless we shall use the convention
established in Proposition 3.2.6 to keep our treatment compatible with existing literature,

and specifically to avoid having to reformulate Theorem 3.3.1, below.
Rephrasing the statement of Proposition 3.2.4 in terms of cones, we get:
Corollary 3.2.7. We have cg = Cone(ey, eg, €3,2e1 + 2e9 — e3).

Proof. The description of Sy in Proposition 3.2.4 immediately implies that

O-‘\)/( - {<Iayaz) € R3’l’,y,l’ > 0721: + 2y > Z} = COD6<€1,62,61 + 263762 + 263)'
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Thus we get

ox =0%’ ={ue N|(m,u) >0forall me oy}
— {u e Nl{m,er), (m.ea). (m.eq + 2es). (m, ey + 2e5) > 0}
= {(z,y,2) € R¥|z,y > 0,2+ 2z > 0,y + 22 > 0}

= Cone(eq, e2, €1 + 2e3, €3 + 2¢3).

3.3 Class Groups of Toric Varieties

The benefit of this entire discussion is that Weil divisors on toric varieties are much easier
work with than they are for general varieties. In order to explain this, we first introduce a
few more definitions.

For any variety X, we will let Div(X) denote the group of Weil divisors of X. If X =
Spec R is normal, affine and toric of dimension d, then the torus Tj; acts on X, and hence
acts on Div(X). We say that a divisor D € Div(X) is torus-invariant if it is preserved by
this action. We will write Divy, (X) C Div(X) for the group of torus invariant divisors.

Now consider the (strongly convex, rational polyhedral) cone o C Ng. We will let o(1)
denote the set of edges (1 dimensional faces) of op. For any p € op(1), note that p N N
is a semigroup isomorphic to Zx>(, and so there is a unique choice of generator u, € pN N
(called a minimal generator). By Proposition 3.2.6, the limit v, := tlg% AP(t) € X exists.
Thus we may consider its orbit closure D, :=Ty-v, C X.

The following theorem allows us to characterize Cl(R), and [wg| € CI(R), entirely in

terms of the set op(1).

Theorem 3.3.1. Let X = Spec R be a normal affine toric variety, with cone or C Nr. We

have the following:
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1. Foranyp € og(1), Dp C X is a torus-invariant prime divisor. Moreover, Divy, (X) =

& Zb,.
pEax (1)
2. Any divisor D € Div(X) is rationally equivalent to a torus-invariant divisor.

3. For anym € M, the rational function "™ € K(X) has divisor div(x"") = Y (m,up)D,.

peax (1)
4. For any torus-invariant divisor D,

OD):={fe KX)|div(f)+ D>0}= & FY"= P Fx™ C K(X)
X"eO(D) div(x™)+D>0

5. There is an exact sequence
M — Divy, (X) — CI(R) — 0

where the first map is m — div(x") and the second map is D — O(D).

6. R is Cohen—Macaulay and we have wp = O | — Z D,
pEax (1)

Proof. By the orbit cone correspondence ([CLS11] Theorem 3.2.6), it follows that each D, is
a torus-invariant prime divisor, and moreover that these are the only torus-invariant prime
divisors. The rest of (1) follows easily from this (cf. [CLS11] Exercise 4.1.1).

(3) is just [CLS11] Proposition 4.1.2. (4) follows from [CLS11] Proposition 4.3.2. (5)
is [CLS11] Theorem 4.1.3, and (2) is an immediate corollary of (5). Lastly (6) is [CLS11]
Theorems 8.2.3 and 9.2.9. [

Next we show that the results of Theorem 3.3.1 are not affected by taking completions.

Proposition 3.3.2. Let R be a normal toric F-algebra of dimension d, with Sp C M. The
natural completion map CI(R) — CI(R), sending [A] to [AQIR], is an isomorphism sending

wr] to [wg].

Proof. The fact that (WR){%R = wp is just [Eis95] Corollaries 21.17 and 21.18, so it suffices

to show that the map Cl(R) — CI(R) is an isomorphism.
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First note that as Sg € M™ we have that R = F[S] is a subalgebra of F[M] =
Flx1,...,x4] generated by monomials, and mp is the ideal generated by all nonconstant
monomials in R. In particular, it follows that R has the natural structure of a graded ring,
and mp is simply the irrelevant ideal (i.e. the ideal generated by all homogeneous elements
of positive degree).

We will call an ideal I C R torus-invariant if it is generated by monomials of F[M]
(and hence is fixed by the natural action of Ty on F[M]). In this case we have that I =

@ Fx™ C Rand I R = H Fx™ C R as F-vector spaces. We can now prove the following

xmel xmel
useful Lemma:

Lemma 3.3.3. If P C R is a prime torus-invariant ideal, then PR is a prime ideal of R.

Proof. We say that a monomial ordering on F[M] is a well-ordering < on M with the property
that for any m,m’,m” € M, m < m/ implies m + m” < m/ + m”. Fix such an ordering.
(The lexicographic ordering under the identification M = Z%O is one such ordering.)

Now pick any «, 8 € R~ PR. We must show that af & PR. We may uniquely write

a= Y amx™ (mod PR) and B= 3 bmyx™ (mod PR)
mi€A mo€DB

where A, B C {m € M|x™ ¢ P} and the a;,’s and by,’s are nonzero. For any m; € A and

mo € B we get that 172 ¢ P, since P is prime and ™1, x™2 ¢ P. Thus we have

af= Y > ambmy | X™  (mod PR)
meM mi1+mao=m
x"¢P \mi€Amo€EB

and so if a3 € PR, then > amybmy = 0 for all m.
mi+mo=m
mi1€A,moEB

But now since «a, § ¢ Pﬁ, the sets A and B are both nonempty. As < is a well-ordering,

we may thus pick minimal elements m 4 and mpg for A and B. But then the properties of <

imply that for any m; € A and mg € B, m4 + mpg < m1 + mg, with equality iff mq1 = my
31



and mg = mp. Thus

Z amybmy = am bmpg # 0

mi1+me=ma+mp
mi1€EA,moEB

and so aff ¢ PR. m

Now we show that the map is injective. Take some [M] € CI(R), and assume that

Moreover, by Theorem 3.3.1(4), M is isomorphic to a torus invariant ideal of R, and so
dimp M /mp is simply the minimal number of generators of M. It follows that M C R is
a principal ideal, and so as R C F[xq,...,z4] is a domain, M = R. Thus the map is indeed
injective.

It remains to show that the map is surjective. For any p € op(1), let p, € Spec R be the
prime ideal of R corresponding to the prime divisor D,. By Theorem 3.3.1(4), p, is a torus-
invariant ideal, and thus Lemma 3.3.3 implies that ppﬁ is prime in R. Let ﬁp C Spec R.
It follows from the properties of completions that lA)p is a prime divisor of Specﬁ and
O(D\p) = O(Dp)ﬁlR. Thus each [O(D\p)] is in the image of CI(R) — CI(R), and so it will
suffice to show that the [O(ﬁp)]’s generate C1(R).

As in the proof of [CLS11], Theorem 4.1.3, consider the open embedding T,; C Spec R,
and note that

(SpecR)\Ty= |J D,
pear(l)

Now consider the scheme Tjj := Spec F[[z1, . .. ,%d)l(2,.-zy), SO that we have an open embed-

ding fd C Spec R. It follows that

(SpecR)\Ty= |J D,
pear(l)

Now using the fact that each lA)p is a prime divisor (and the fact that R, and hence E, is a

noetherian integral separated scheme which is regular in codimension 1) Proposition 6.5 of
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[Har77] implies that there is an exact sequence
@ zD, — CI(R) — C(Ty) — 0
P

where the first map is given by D, — [O(D,)].

But now as T = Spec F[[z1, . .. T q)l( and Fl[z1, ..., 24]] (4. 18 @ UFD (since it

T1-q)

is a localization of the UFD F|[z1,...,z4]]), it follows that C1(T;;) = 0, and so indeed CI(R)

is generated by the [O(ﬁp)]’s, and so the map Cl(R) — CI(R) is surjective. O

It will thus suffice to compute CI(R) and [wg].
But now Corollary 3.2.7 and Theorem 3.3.1 make it straight-forward to compute CI(S)

and [wg:

Proposition 3.3.4. Let eg = 2e1 + 2e9 — e3, so that oy = Cone(eq, e1,e3,€e3). For each i,
let p; = R>qe; and D; = Dy, so that uy, = e; and ox (1) = {po, p1, p2. p3}. Then:

1. We have an isomorphism Cl(S) = Z given by k — O(kDy).

2. wg = O(2Dy).

3. If M is a rank 1 reflexive, self-dual module over S, then M = O(Dy).

4. Identifying S with Flz, xz, x2%,y,yz,y2%] C Flz,y, 2] as in Proposition 3.2.4 we get

O(Dg) = SN azFlx,y, 2| = (xz,22%) C S

ws = O(2Dg) = S NaFz,y, 2] = (z,z2,22%) C S,

so in particular, dimp O(Dq)/mg = 2.

5. There is a surjection O(Dg) ®g O(Dp) — wgs.

Proof. Write & = x°1,y = x®2 and z = x®3, so that F[M] = Flz*!, y*! 2*1]. By Theorem

3.3.1(3) we get that

div(z) = 2Dg + D1, div(y) = 2Dg + Do, div(z) = D3 — Dy.
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It follows that D; ~ —2Dq, Dy ~ —2Dg and D3 ~ Dg, and so from Theorem 3.3.1(5) we
get that CI(S) is generated by O(Dg). Moreover, the exactness in Theorem 3.3.1(5) gives
that the above relations are the only ones between the D;’s, and so O(Dy) is non-torsion in
CI(S), indeed giving the isomorphism Cl(S) = Z. (Alternatively, Theorem 3.3.1(5) implies
that the Z-rank of CI(S) is at least rank divy, (X') — rank M = 4 — 3 = 1.) This proves (1).

For (2), we simply use Theorem 3.3.1(6):
ws = O(=Dg — D1 — Dy — D3) = O( — Doy — (—2Dyg) — (—2Dg) — Do) = O(2Dy).

Now by (1), any rank 1 reflexive S-module is in the form O(kDg) for some k € Z, and by
(2) O(kDg)* = O((2 — k)Dg). Thus if O(kDy) is self-dual then k = 1, giving (3).

By the above computations, we get that
div(z®y2¢) = (2a + 2b — ¢)Dg + 2aD1 + 2bDy + ¢Ds

for any (a,b,c) € Z3. Now note that O(Dy) = O(—D1 — D3) and O(2Dy) = O(—D1) which

are both ideals of S. But now by Theorem 3.3.1(4) as ideals of S we have

O(Dy) = O(=Dy — D3) = (2%y"°|2a+ 2b— ¢ > 0,24 > 1,2b > 0,¢ > 1)
= (xaybzc‘2a+2b—cz 0,a>1,b>0,¢c> 1)
= (xaybzc}xaybzc €S, xz]xaybzc>
= SNazFlz,y, 2] = (vz,22°)
O(2Dgy) = O(—Dy) = (a:aysz]za +2b—c>0,20>1,2b>0,¢>0)
= (xaybzc’Za—l—Qb—cz 0,a>1,b>0,c> O)
_ (xaybzc’xaybzc c S,I’Q:aybzc)

=S NaF[z,y,z] = (x, xz,aczQ),
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proving (4).

Now identify O(Dg) with (zz,22%) C S and wg with (z,zz,22%) C S. Notice that
O(Dy)O(Dy) = (zz,22%) (w2, 22%) = (2222, 2223, 222%) = 222 (2, 22, 22°) = 222wg.

Thus we can define a surjection f: O(Dg) ®s O(Dg) — wg by f(a® S) af3, proving

T ox2?

(5). O
We can now compute Cl(R) and wg, by using the following lemma:

Lemma 3.3.5. For any normal, affine toric varieties X and Y the natural map Cl(X) @&
CI(Y) — Cl(X xY) given by ([A], [B]) — [AXB] is an isomorphism which sends ([wx], [wy])

1o Wxxy -

Proof. By [CLS11] Proposition 3.1.14, X X Y is a toric variety with cone oxy = ox X oy.
It follows that o x »y (1) = ox (1)Uoy (1). The claim now follows immediately from Theorem

3.3.1. 0

Thus we have:

Corollary 3.3.6. The map ¢ : CI(S)¥ — CI(R) given by
(A1), . [AR) = (AR AR - R Ag) [z, ..., 3]

is an isomorphism which sends ([wgl, ..., wg]) to [wr].
Consequently there is a unique self-dual rank 1 reflexive module M over R, which is the
image of ([O(Dp)],...,[O(Dy)]). We have that dimp M /mg = 2% and there is a surjection

M@’RM—»W'R.

Proof. The isomorphism follows immediately from Corollary 3.3.5 (noting that Al is a toric

variety with CI(A!) = 0 and w1 = Al).
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Now for any self-dual rank 1 reflexive module M over R, it follows that [M] = ¢([A1],. .., [Ad])
where each A; is self-dual. Proposition 3.3.4 implies that each A; is isomorphic to O(Dy),
as claimed.

For this M we indeed have

_O(D) B[y, x) L (ODONF o EE ok
M/mr = — g = = (F5)"" =F".
mg" X (z1,...,2s) ms

Also, the surjection O(Dg) ®g O(Dg) — ws from Proposition 3.3.4 indeed gives a surjection

Mer M= (0D [x1,...,24]) @r (O(D)F[z1, ... 24])

> (O(Dy) ® O(D) ¥ a1, ..., x5 = EF[21, ..., 28] 2 wp.

O

Theorem 3.1.2 now follows from Corollary 3.3.6 by applying Proposition 3.3.2. (For the
statement about surjectivity, note that (A®p B)é\17€ = Amp @F  Bmy so if wg is a quotient

of M ®@g M then wg s a quotient of MQR ®R_ M{T\ln)

Remark. In our proof of Theorem 3.1.2, we never actually used the first condition, namely
that My was maximal Cohen—Macaulay over Roo. We only used the (strictly weaker)
assumption that M was reflexive, which, combined with the fact that M, was self-dual,
was enough to uniquely determine the structure on M .

In most situations, the modules My, produced by the patching method will be maximal
Cohen—Macaulay, but it is possible that might fail to be self-dual (e.g. if they arise from the
cohomology of a non self-dual local system).

In this situation it is possible to formulate a weaker version of 3.0.3, where one drops

the self-duality assumption. Specifically one can show (in the notation of Proposition 3.3.4)
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that the only Cohen-Macaulay rank one modules over the ring S are the 5 modules:

O(—Dy) = (zz,22%, yz, yz°)
0=35
O(Dy) = (zz,x2%)
O(2Dy) = (z,zz,12%)

O(3Dy) = (22,222, 2222, 2223).

This can be done quite simply by noting that any regular sequence for S, such as (x, yzz, y—
sz), must also be a regular sequence for any maximal Cohen-Macaulay module M, over

S, and thus if rankg Moo = 1 we must have
dimp Moo /meM o < dimp Moo/ (z, y22 y — x2%) = dimp S/ (z, y2°, y — 12°) = 4,

reducing the problem to simply checking that the above 5 modules are indeed all maximal
Cohen—Macaulay.

This unfortunately does not allow us to uniquely deduce the structure of M, but it
does give us the bound dimp Moo /mp_ < 4k and could potentially lead to more refined

information about Myo, which may be of independent interest.
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CHAPTER 4
THE CONSTRUCTION OF M

From now on assume that p : Gp — GLo(F) satisfies the final condition of Theorem 1.3.1
(i.e. the “Taylor-Wiles” condition). The goal of this chapter is to construct a module My,
over Ry satisfying the conditions of Theorem 3.0.3.

We shall construct My, by applying the Taylor—Wiles—Kisin patching method [Wil95,
TW95, Kis09] to a natural system of modules over the rings TP (K). For convenience we
will follow the “Ultrapatching” construction introduced by Scholze in [Sch15], which we
have summarized in the appendix. The primary advantage to doing this is that Scholze’s
construction is somewhat more “natural” than the classical construction, and thus it will be
easier to show that My satisfies additional properties (in our case, that it is self-dual).

From now on, we will freely assume all of the definitions and results from the appendix.

In particular, this means we are fixing a nonprincipal ultrafilter § on N.

4.1 A Patching System Producing M

Recall that p: Gp — GLa(Fy) is assumed to be a Galois representation satisfying all of the
conditions of Theorem 1.3.1.

In this section, we will construct the desired module My, over R~ by applying the results
of the appendix, and using Lemmas 2.3.1 and 2.3.2.

From now on, we will take the ring Soo from the appendix to be O[[y1, ..., yr, w1, ..., w;]],
where r is an in Lemma 2.3.2 and j = 3|Zé)| — 1 is as in Section 2.2, and let n =
(Y1, Yr,w1,...,wj) as in the appendix. Note that dimSe = 7+ j +1 = dim Ry
by Lemma 2.3.2.

We will construct a weak patching algebra Z covered by R~ together with a free
patching Z--module .25, and let Mo, := Z2(.#"). By Theorem A.3.4 and Lemma A.3.2

it will then follow that My is maximal Cohen—-Macaulay over Ry. In Section 4.2, we will
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show that My satisfies the remaining conditions of Theorem 3.0.3.
We start by defining a natural system of modules over the Hecke algebras TD (K)m. For
any K € KP(p), define M(K) := SP(K)Y, if D is totally definite and

M(K) := Hompp gy 1) (0™, SP(K)m)

if D is indefinite. Give M (K) its natural TP (K),,-module structure.

Remark. The purpose of the definition of M (K) in the indefinite case is to “factor out” the
Galois action on S (K)V. This construction was described by Carayol in [Car94]. If we did
not do this, and only worked with SP(K)Y,, then the module My we will construct would

have rank 2 instead of rank 1, and so we would not be able to directly apply Theorem 3.0.3.

Note that it follows from the definitions that dimpp ey, M (k)/m = v5(K) for all K.
From now on, fix a collection of sets of primes Q = {@Qn},>1 satisfying the conclusion

of Lemma 2.3.2. For any n, let A, be the maximal (-power quotient of [[ (Op/v)*.

VEQR
Consider the ring Ay, := O[Ay], and note that:

Olly, -, yr]
(g™ @+ ) ™)

112

An

where (¢("1) is the (-part of N (v) — 1 = #(Op/v)*, so that e(n,i) > n by assumption. Let
an = (y1,...,yr) € Ay be the augmentation ideal.

Also let H,, = ker ( II (Op/v)* — An>. For any finite place v of F, note that I'1(v)

vEQn
is a normal subgroup of

ﬁ
o
=
i
m
Q
-
[\
S
)
s
I

(mod v)
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a b

and there is a group isomorphism T'g(v)/T'1(v) = (O/v)* given by — d (mod v).
c d
Now let I'g7(Qn) € J] To(v) be the preimage of H, € ] (O/v)* under the map
vEQN vEQR

II To(w) = I To(v)/T1i(v) = ] (O/v)*

VEQR vEQRn vEQRn

finally let K, C K™ be the preimage of I'z7(Qy) under

K™ — [ D*(Opp) = [I D*(Opy).
pCOp VEQRR
Now let My, = M(Kp), Ty = TP(K,) and Ry = Rp,o (). Also let Mo = M(K™n),
To = TP (K™1) and Ry = Rp5(p). By Lemma 2.3.1 there is a surjection R, — Ty, and so
we may view M, as a Rp-module for all n > 0. Now we have:

We now have the following standard result (cf [Kis09])

Proposition 4.1.1. There exists an embedding Ay, — Ry, under which My, is a finite rank
free Ap-module. Moreover, we have Ry/a, = Ry and Mp/a, = My (so in particular,

ranky My, = rankp M)

Now let RH = RE SDJé)) (p), and recall from Section 2.2 that RY = Ry [[wy, . .. ,wj]] for

some integer j. Using this, we may define framed versions of T,, and M,,. Namely

TS = Ry @p, Tn = Tyllwy, . .., w;]]

M7 =Ry ®@p, My = Mylwi, ..., w;]]

so that MY inherits a natural TH-module structure, and we still have a surjective map
RE —» TE (and so ]\4,1D inherits a RE—module structure). Note that the ring structure of TE
and the TE—module structure of ME do not depend on the choice of the set S, and so we

may define this without reference to a specific S.
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Also for any n, consider the ring AL := Ay [[w, ... ,will = O[Ap][[wy, ..., w;]], which
we will view as a quotient of the ring Soo = O[[y1,...,yr, w1, ..., w;]] from above.

Rewriting Proposition 4.1.1 in terms of the framed versions of R, and M,,, we get:

Proposition 4.1.2. There exists an embedding AE — RE under which ]\/[nD is a finite
rank free AE—module. Moreover, we have RE/n = Ry and MnD/n = My (so in particular,

rankg MY = rank yr M5 = rankp My).

So in particular, the rings RY) are Sso-algebras and the modules MY are Sso-modules.
But now the collections Z5 = {R},>1 and .45 = {M3},,>1 satisfy the conditions of
Lemma A.4.2 and so we get that ZY is a weak patching algebra, .# Uis a free patching
F-algebra.

The final statement follows from Lemma A.3.2 after noting that Ry is a domain (by
Theorem 3.1.1 and the discussion following it) and dim Ry = dim Sso.

Thus we may define Moo := Z2(.#5). By Theorem A.3.4 we get that Moo is maximal

CohenMacaulay over 2(%59) = Ry, and

dimp Moo /mp_ = dimp(Moo/n)/mp_ = dimp Mo/mp, = %(Kmin)‘

4.2 The Properties of M

We shall now show that My, satisfies the remaining conditions of Theorem 3.0.3.
We start by showing that it is self-dual. This will follow from the fact that the modules

M (K) were naturally self-dual:
Lemma 4.2.1. There is a TP (K)p-equivariant perfect pairing M(K) x M(K) = O.

Proof. First note that there is a TP (K)-equivariant perfect pairing SP(K) x SP(K) — Z.
In the totally definite case, this is the monodromy pairing, in the indefinite case it is Poincare

duality (although this must be modified slightly in order to make the pairing TP (K)-
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equivariant, see [Car94, 3.1.4]). Completing and dualizing gives a TP (K)-equivariant
perfect pairing SP(K)Y, x SP(K)Y, — O.

In the totally definite case, this is already the desired pairing. In the indefinite case,
it follows from [Car94, 3.2.3] that the self-duality on SP(K)yY, implies that M(K) :=

m

HomTD( K)mlGr] (p™iv, SP (K Y is also TP (K)p-equivariantly self-dual. O

Thus by Lemma A.4.2 and the construction from Section 4.1, it follows that .25 is
dualizable and (.# D)* ~ #5. The fact that M7, = My now follows from Theorem A.4.4.
It remains to show that rankp_ Moo = 1. First, the fact that Roo[1/]] is formally smooth

implies that:

Lemma 4.2.2. My[1/)\| is free of rank 1 over Rg[1/A]. In particular, the natural map

Ro[1/A] — Tg[1/A] is an isomorphism.

Proof. As My, is maximal Cohen-Macaulay over R, Mxo[1/A] is also maximal Cohen—
Macaulay over Roo[1/A]. Since Rso[1/A] is a formally smooth domain, this implies that
Moso[1/A] is locally free over Roo[1/A] of some rank, d.

Now quotienting by n we get that Mxo[1/A]/n = Mg[1/A] is locally free over Rxo[1/A]/n =
Rg[1/A] of constant rank d. But now Ry[1/)] is a finite dimensional commutative E-algebra,
and hence is a product of local rings. Thus as Mg[1/)] is locally free of rank d, it must
actually be free of rank d.

But now by classical generic multiplicity 1 results we get that Mg[1/A] is free of rank 1
over Tg[1/)], which is a quotient of Ry[1/A]. Thus d = 1 and hence My[1/\] = Ro[1/]].

Lastly, as the action of Rg[1/\] on Mg[1/A] is free and factors through Ry[1/A] — To[1/]],

we get that Rg[1/A] — Tg[1/A] is an isomorphism. O

It is now straightforward to compute rankp  Moo. Let k(Roo) and k(S ) be the fraction

fields of Roo and S, respectively. As R is a finite type Seo-algebra, k(Ro) is a finite
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extension of k(Sx). It follows that
Since Roo and My, are both finite free Soo-modules, we thus get

rankp Moo = dim, gy [Moo @R, K(Roo)] = dimyp_y [Moo @5, £(Sxo)]
B dimm(soo) [Moo ®S. K(Soo)] B rankg Moo

dim; (g ) K (Roo)  rankg  Reo

But now for any finite free S5 module A we have
rankg A =rankg s A/n=rankp A/n = dimpg(A/n)[1/A]

and so the fact that Moo[1/A]/n = Mo[1/A] = Rg[1/A] = Roo[1/A]/nimplies that rankg Moo =
rankg = Roo, giving rankp = Moo = 1.
This shows that My, indeed satisfies the conditions of Theorem 3.0.3, and so completes

the proof of Theorem 1.3.1.

Remark. It is worth mentioning here that Shotton’s computations of local deformation
rings (particularly the fact that Ry is Cohen—Macaulay, by Theorem 3.1.1) actually imply
an integral “R = T” theorem. This result is likely known to experts, but we include it here
for the sake of completeness.

Specifically one considers the surjection f : Ry — Tp. As shown in Lemma 4.2.2 (see
also, [Kis09]), f is an isomorphism after inverting A (i.e. Rg[l/A] = Tp[1/A]). This means
that ker f C Rq is a torsion O-module.

But now R is Cohen—Macaulay, and My, is a maximal Cohen—Macaulay module over
Reo. Since (A, y1, ..., Yr, w1, ..., wj) is a regular sequence for Moo (by Theorem A.3.4(2)) it
follows that it is also a regular sequence for Roo. Thus Ry = Roo /= Roo/(y1,- -, Yr, W1, - - -, Wj)

is Cohen-Macaulay and A is a regular element on Ry (i.e. a non zero divisor).
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But this implies that Ry is A-torsion free, giving that ker f = 0, so indeed f : Ry — Ty

is an isomorphism.
It remains to show Theorem 1.3.2:

Proof of Theorem 1.3.2. We first rephrase the statement in terms of the module M. Recall

that we've defined T = TP (K™, In the definite case we get that
Endr, (S (K™™)) = End, (P (K™"),},) = Endg, (M(K™™)) = Endr, (Mo)

as Tg-algebras.

In the indefinite case, we have an isomorphism
My ®T0 puniv _ HomTo Gl (puniv7 SD(Kmin)m) ®To puniv o~y SD(Kmin)m
by [Car94]. It now follows that

Endp, g (S” (E™™)) = Endey (87 (K™™)y7)
> Homy, g, (Mo &, o™, SP(K™™)Y,)
= Homr, (g, (Mo @1, TolGp]) @1y p, SP (K™Y
= Homryq,.|(Mo ®1, TolGF|, Homp g, (P, SP(E™)))
= Hom, (Mo, Hom ) (0™, SP (i)' )

= Homr, (Mo, Mo) = Endr,(Mo)

as Tp-algebras (where we used [Stal7, Tag 00DE, Tag 05DQ)).
Thus in either case, it suffices to show that the structure map To — Endr (Mp) is an
isomorphism. Alternatively, using the surjection Ry — T, and viewing M as an Rp-module,

it suffices to prove that the structure map Ry — Endg (M) is an isomorphism!?.

1. This will also imply that the surjection Ry — Ty is an isomorphism. However as noted in the remark
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Now by the last conclusion of Theorem 3.0.3, we indeed get that the trace map 757 :
My ®p, Moo — wpr is surjective.

As noted above, (y1,...,yr,w1,...,w;) is a regular sequence for Mu, and hence for
Rxo. Tt follows that Ry = Roo/n is Cohen—Macaulay and My = My /n is maximal Cohen—
Macaulay over Ry. Moreover, we get that the dualizing module of Ry is just wp, = wr_ /n.

But now quotienting out by n, we thus get a surjective map Mo ®pg, My — wpg,, which
(by Lemma 3.1.3) implies that the trace map 7y, : Mo ®pg, Mo — wg, is also surjective.

But now, as in [Eme02, Lemmas 2.4 and 2.6], we have the following commutative algebra

result:

Lemma 4.2.3. Let B be an O-algebra and let U and V' be B-modules. Assume that B, U and
V' are all finite rank free O-modules, and we have a B-bilinear perfect pairing ( , ) : V xU —
O. Moreover, assume that U[1/)] is free over B[1/)]. Define ¢ : U @V — Homp(B,O)
by ¢(u @ v)(b) = (bu,v) = (u,bv). Then ¢ is surjective if and only if the natural map from
B to the center of Endg(U) is an isomorphism.

Applying this with B = Ry, U = My, V. = M and (, ) : My x My — O being the
natural perfect pairing implies that the natural map Ry — Z(End g, (Mp)) is an isomorphism.
(Here we have used the fact that wgp, = Homgp(Ry, O) as in the proof of Lemma A.4.3, and
Mp[1/A] = Rp[1/A] by Lemma 4.2.2.)

But now as M is free over O, we get that
Endg, (Mo) = Endpg 1 /5 (Mo[1/A]) = Endpg 1,y (Ro[1/A]) = Ro[1/A]

and so Endpg, (Mp) is commutative. Hence the natural map Ry — End g, (M) is an isomor-

phism, as desired. O

following Lemma 4.2.2 this follows more simply from the fact that R, is a Cohen-Macauly domain, flat over
O (as shown in [Shol6]) and the fact that Ro[1/¢] = Ty[1/¢] (shown in [Kis09]).
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APPENDIX A
ULTRAPATCHING

In this appendix we will develop the commutative algebra results needed for the Taylor—

Wiles—Kisn patching method, as reformulated by Scholze in [Sch15].

A.1 Ultraproducts

Let N := {1,2,...} denote the natural numbers. Recall that a nonprincipal ultrafilter on N
is a collection, §, of subsets of N satisfying the following conditions:

1. § does not contain any finite sets.

2. fI,JeFthenINJeF

3. If e Fand I C J CN, then J € § as well.

4. If I U J = N is a partition of N, then either I € § or J € §.
It is well known that such an § must exist, if one assumes the axiom of choice.

Note that these conditions imply the following: If 1 LU o U--- U I, = N is a partition of
N, then [; € § for exactly one i.

For the remainder of this appendix, we will fix a nonprincipal ultrafilter § on N.

For convenience, we will say that a property P(i) holds for F-many i if there is some
I € § such that P(i) is true for all i € I. The four conditions above imply the following:

1. If P(z) holds for F-many 4, then it holds for infinitely many 1.

2. If P(i) and Q(i) each hold for §-many 4, then P(i) and Q(i) are simultaneously true

for §-many 7.

3. P(i) holds for F-many i if and only if the set {i|P (i) is true} is in §.

4. For any property P, either P(i) is true for F-many 4, or it is false for §F-many .

If # = {Mpy},>1 is any sequence of sets, we define an equivalence relation ~ on the set
I M. by (mi,ma,...) ~ (m],mh,...) if m; = m] for F-many i (the above properties of
letiaﬁlters imply that this is an equivalence relation). We then define the witraproduct of .#
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to be

U = <H Mn)/N

n>1
For any m = (mq,ma,...) € [[ M»n we will denote the equivalence class of m in U(.#) by
[m;l; = [m1,ma,...]. We Wiﬁzfiequently define elements m = [m;]; by only specifying m;
for §-many i. Doing so is unambiguous, as if m; is specified for all i € I (I € §) the choices
of m; for j € N\ I do not affect the equivalence class [m;);.

If M is any set we will write M := {M },>1 for the constant sequence of sets, and define
the ultrapower of M to be MY := U{(M). Notice that we have a diagonal map A : M — MY
defined by m +— [m,m,...]. This map is clearly injective.

In our applications, we will generally consider the case where each M, has a certain
algebraic structure. Thus for the rest of this subsection we will fix a category, C of sets with
algebraic structure, taken to be one of the following:

e The category of abelian groups;

e The category of (commutative) rings;

e The category of (continuous) R-modules;

e The category of (continuous) R-algebras,
for some fixed ring topological R (which we will often take to have the discrete topology,
however the continuous version will be used in Lemma A.3.2). Using the language of universal
algebra (or more generally, of model theory) it is possible phrase the results of this section
for significantly more general categories of “sets with structure,” however the specific cases
we discuss here will be sufficient for our purposes.

We first show that if each M, is in C, then U (.#) inherits a natural C-object structure.

Proposition A.1.1. Let .# = {Mp},>1, and assume that each My, is in C. Then U(A)

may be given the structure of object in C with the operations additions, multiplication and
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scalar multiplication (when appropriate) defined by:

lay,ag,...] +[b1,b2,...] = [a1 + b1, a2 + b, .. ]
la,ag,...] - [b1,b2,...| = la1 - by1,a2 - by, .. ]
rlay,a9,...] = [ray,rag,.. |

for a = [ay,ag,...],B8 = [b1,ba,...| €eU(M), the elements 0,1 € U(.A) (again when appro-

priate) defined by:

0=10,0,...] eU(A), 1=[1,1,..]eU(#),

and topology defined by the quotient map 7 : H My, — U(A). Moreover:
n>1
1. The natural surjection w: [[ Mp — U(A), (m;)i — [my]; is a C-morphism.
n>1
2. For M € C, the diagonal map A : M — MY s a C-morphism.

Proof. We will prove this only in the case when C is taken to by the category of continuous
R-algebras. The other cases are analogous.

First we check that the operations are well-defined. Take a = [a;];, 0/ = [d}];, 8 =
bi);, B = [b}] € U(A) with o = &/ and 8 = f'. Then for F-many i we simultancously have
that a; = a} and b; = b,. It follows that a; + b; = a; + b}, a; - b; = @ - b, and ra; = ra} for
F-many i, andso a+ B3 =ad' + ', a-B=a" -3 and ra =rd’.

Now as the operations are defined pointwise, they are clearly preserved by  : H M, —
n>1
U(A).Thus as [ M, is a continuous R-algebra, and 7 is continuous by definition, (1)
n>1
will follow if we show that the operations make U (.#) into a R-algebra (the operations will

automatically be continuous as U(.#) has the quotient topology).
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Now let

K= {(al,ag,..) € II Aln(al,GQV..)nu(O,O,”.)}

n>1

= {(ala@, .)€ [I Mnl|a; = 0 for F-many z} C [ Mx
n>1 n>1
Now as the operations are well-defined, for any a = (an)n,b = (bp)n € K, any m = (my,) €

I M, and any r € R we get that:
n>1

(an +bn)n = (an)n + (bn)n ~ (0)n + (0)n = (0)n
(mn - an)n = (Mn)n - (an)n ~ (Mp)n - (0)n = (0)p

(ran)n = r(an)p ~ r(0)n = (0)n,

and so a + b, ma,ra € K. It follows that K C H My, is an ideal.
n>1
Also by definition, for a = (ap)n,b = (bn)n € J[ Mn, a ~bif and only if a — b € K. It
n>1

follows that m : [[ Mp — U(.4) gives an identification 7 : <H Mn> JK = U(A). As
n>1 n>1

n>1
U(A) is indeed an R-algebra, and 7 is an R-algebra homomorphism. This proves (1).

7, and thus 7, preserves the operations and < H Mn> /K is an R-algebra, it follows that

For (2), we simply note that A : M — MY is the composition of the C-morphisms

M%HM,m»—)(m,m,...)andﬂ:HM%U(M):MM. O
n>1 n>1

Given two sequences .# = {Mp}p>1 and A" = {M],},,>1 in C, we define an F-morphism
@M — M to be a collection of C-morphisms ¢ = {¢; : M; — M]/};c indexed by some
I € §. Then we have

Proposition A.1.2. If o : .4 — ' is an F-morphism, then the map ¢! : U(AH) —

U(A') given by Mlaili = [pi(a;)]; is a well-defined C-morphism. Moreover,
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1. If o, 00« M — M are two F-morphisms, and @; = ; for F-many i, then Y4 = yH.
In particular, if ¢ © M — M satisfies p; = idpg, : M; — M; for §-many i, then
M = idy ) UM ) = UM,

2. For two §-morphisms, @ : M — M andp - M — A", we have Y1 o M = (o).

Hence U(—) is a functor.

Proof. As in Proposition A.1.1, we will prove this only in the case where C is the category
of continuous R-algebras.

Let ¢ : M — ' be an F-morphism. If we have [a;]; = [a}]; in U(A), then for F-many
i we simultaneously have that ¢; exists and a; = a,. Thus Mai = [pila;)] = [gp(a%)] =

gpu a}];, and so gpu is well-defined. As each ¢; is continuous, it follows that gpu is induced

by a continuous map H M, — H MT'L, and thus is continuous.
n>1 n>1
Now for o = [a;];, 8 = [b;]; € U(A) and r € R, as p; is an R-algebra homomorphism

for §-many i, we get

Mo+ 8) = HMa; + bl = [ila; +;)]; = [pila;) + b)), = ¢ (a) +1(B)
HM(a-B) = Ma; - bi]; = lpila; - b)]; = [pilar) - o(b)]; = H(a) - H(B)
Ura) = Mrai); = lpi(ra;)]; = [reia;)); = re%(a)

(1) = M) = [0 (D] = [1]; = 1,

so indeed gou is an R-algebra homomorphism.
If ¢; = 4; for F-many 4, then by definition we have Y[a;]; = [¢;(a;)]; = [i(a;)]; =
YMa;];, and if p; = idpy; for §-many 4, then Mlaili = [@i(a;)]; = las];- So (1) holds.

For (2), simply note that for §-many i, ¢; and v; simultaneously exist, and so

(¥4 0 ) [ails = v (¢ [ail;) = vM [pilas)); = [ (pia))); = (¥ 0 ) [aql;.
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In general, U(.#) can be a quite complicated object. However in our setup, the M,’s
will always be taken to be finite, of uniformly bounded cardinalities. In that case, we have

the following:

Proposition A.1.3. If M € C has finite cardinality, the diagonal map A : M — MY is an
isomorphism.

Now assume that C is the category of abelian groups or rings, or that the ring R is
topologically finitely generated (in particular, if it is finite). If A = {Mp},>1 where each
My, € C is a finite set, and the cardinalities # My, are bounded, then U(.#) is also finite and
we have U(A) = M; in C for F-many i.

Proof. As A : M — MY is already an injective C-morphism, it suffices to show that it is
surjective. Take any o = [a;]; € MY. As M is finite, | | {ila; = a} is a finite partition of
N, and so for some a € M, a; = a for F-many i. But t}feenj\g = [a;]; = [a]; = A(a), so indeed
A is surjective, and hence an isomorphism.

For the second statement, the assumption on C implies that there are only finitely many
isomorphism classes of C-objects of any fixed cardinality d. As the #M)’s are bounded,
there are only finitely many distinct cardinalities {#M,},>1. It thus follows that there are
only finitely many isomorphism classes of C-objects in .Z .

Thus we may pick some M € C (which is necessarily finite) for which M = M; for F-many
i. Fix isomorphisms ¢; : M —» M; for §-many 7, and define F-morphisms ¢ : M — .#
and ¢ : A — M by ¢ = {¢;} and ¢ = {go;l}. It follows from Proposition A.1.2 that
M = (M)~ and so @Y - MY =U(M) — U(A) is an isomorphism.

Combining this with the first claim, we indeed get U(.#) = M U pf~ M; for §-many
i. O

In the case when C is taken to be the category of R-modules (or R-algebras), the con-

struction of U(.#) can be reformulated as a localization of modules, and is thus quite well

behaved. We finish this section by discussing this situation.
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For the reminder of this section, R will denote a local ring with maximal ideal mp and
residue field F = R/mp. For convenience, we will assume that R is finite.

We will let R := H R, treated as an R-algebra via the diagonal embedding r
n>1
(r,r,...). Proposition A.1.1 implies that the natural map 7 : R — RY = R is a surjec-

tive ring homomorphism.
Also for any I C N, we will let Ry := H R, viewed as a quotient of R via the map
el
77 (rn)n>1+ (r;);er. Note that 7 : R — R factors through 7y for each I € §.

The key observation is that m may be viewed as a localization map:

Proposition A.1.4. There is a unique prime ideal 3p € SpecR for which the R-algebra
localization map R — R3, is an isomorphism. For this 3R we have:
o The map 73, : Rz, — R is an isomorphism.
e Forall I € § the map w3, : Re = Ry 3y, induced by 7 : R — Ry is an isomor-
phism.
We will call 3 the prime (of R) associated to §.
Finally, if 1 : R — R’ is a surjection of local rings, inducing the surjection ¥ : R —»

R = H R, and 3 € Spec R/ is the prime associated to §, then 3p = \If_l(BAz).
n>1

Proof. Assume that there is some 3 € Spec R which makes R — R3  nto an isomorphism.
Clearly we must have ker(7 : R — R) C 3, or we would have R3, = 0. Thus 3p = v—1(P)
for some P € SpecR and Rp = Rj3,. But now as R is a local ring, R — Rp is an
isomorphism if and only if P = m% Thus the unique prime 3 satisfying the condition is
3p=0"tmY).

We now show that the map 73, : R3, — R is an isomorphism. As localization is exact,
it is surjective.

Take any { € ker(m3,,) where 7 = (r1,72,...) € R. Then r € ker(r) so that [r;]; = 0 in
R, and hence r; = 0 for §F-many i. Define e = (e1,¢2,...) € Rbyg;=1ifr; =0and e¢; =0

if r; # 0, and note that er = 0. But by definition ¢; = 1 for §-many ¢, and so w(e) = 1 ¢ m%.

52



Hence e ¢ 3R, and so { is a unit in R3,. As {5 = 0, this implies that ¢ = 0. Therefore
ker(m3,,) = 0 and so indeed, 73, is an isomorphism.

The last statement follows from the commutative diagram

R

R

]} U

R/ R

/

]

From now on we will always use 3 to denote the prime of R associated to §, or just 3
if R is clear from context.
We will now investigate ultraproducts of R-modules (and R-algebras). Let # = {My},>1

be any sequence of R-modules, and write M = H M,, with its natural R-module structure.
n>1

We claim that the natural surjection 7% : M — U (A) is an R-module homomorphism,
where the R-action on U () is given by m: R — R.

Indeed for any r = (ry,72,...) € R and m = (my,ma,...) € M we have r; = w(r) for
$-many %, and so
ol

™% (rm) = [rymyl; = [w(r)myl; = w(r)[m;l; = ©(r)w

If additionally the M),’s are A-algebras, then U(.#) is an R-algebra, and the above
morphism is of R-algebras.

M

Proposition A.1.4 now allows us to re-interpret 7% as a localization map of R-modules:

Proposition A.1.5. Let # = {My}p>1 be a collection of R-modules and let M and
7 M — U(M) be as above. We have the following:
1. The map WB/// t Mz = U(AM )5 = U(A) is an isomorphism of Ry = R-modules. If

each My, is an R-algebra then 7T3//( s an isomorphism of R-algebras.
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2. If o = {piticy : M — A" (for I € F) is a F-morphism of sequences of R-modules,
then the map Y UA) — Z/l(.///') from Proposition A.1.1 is the localization of the

map

@[2::II<pi: II.AQ — II]MQ

1€l el el
at 3.
3. The functor M — U (M) (from the category of sequences of R-modules, to the category

of R-modules) is exact.

Proof. As localization is exact, WS'/// is surjective. Now arguing as in Proposition A.1.4,
if % € ker(ﬂs///) where m = (myp,ma,...) € M, then [m;]; = 0 in U(#) and hence
m; = 0 for all ¢ € I for some I € §. But then m € ker(M — M ®@r Rj) and so
e kerf(M3 - M ®g Rr3 = M3) = 0. So indeed, ker(wB‘//l) = 0, and so 7T3'//{ is an
isomorphism of R-modules. If each M,, is an R-algebra then 7r§/1 is also a homomorphism

of R-algebras, and thus is an isomorphism of R-algebras. This proves (1).

For (2), note that My := [] ¢; : [[ M; = M@z Ry, andso M| 3 = M@RrR[ 3 = M3,

el el
and similarly for M7 := J] Mj. (2) then follows from localizing the commutative diagram:
el
—a
M — U(A)
W

™

Finally, (3) follows by noting that the functors {Mp},>1 — [] M, and M — M3 are
n>1
both exact. O

A.2 The patching construction

We are now ready to give the main patching construction. Fix a complete DVR O with

uniformizer \ and finite residue field F = O/ of characteristic £. Also fix some d > 1, and
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consider the ring:

Soe = O[[t1,- ... t4]].

And let n = (t1,...,t7) € Seo. Note that S is a compact topological ring, so that S /a
is finite for all open ideals a C Syc.

The patching construction will take a sequence .# = {M;, },>1 of finite type Soo-modules
satisfying certain properties, and produce a reasonably well behaved module & (.#), which
can be roughly though of as a “limit” of the M),’s.

We first make a precise definition of the sequences of Syo-modules we will consider:

Definition A.2.1. Let .# = {M;},>1 be a sequence of finite type Soc-modules.

e We say that . is a weak patching system if the Syo-ranks of the M,;,’s are uniformly
bounded.

o We say that . is a patching system if it is a weak patching system, and for any open
ideal a C Soo, we have Anng_(M;) C a for all but finitely many n.

o We say that .# is free if My, is free over Soo/ Anng_ _(My,) for all but finitely many n.

e If My is a finite type O-module, we say that .# is a patching system over My if A is
a patching system and we have My, /n = My for all but finitely many n.

Furthermore, assume that Z = {R;,},,>1 is a sequence of finite type Soo-algebras.

o We say that Z = {Ry}n>1 is a (weak) patching algebra, if it is a (weak) patching
system.

e We say that Z is a patching algebra over Ry if Ry /n = Ry as O-algebras for all but
finitely many n.

o If M, is an R,-module (viewed as an Sy-module via the So-algebra structure on Ry,)
for all n we say that .# = {Mp,},>1 is a (weak) patching Z-module if it is a (weak)
patching system.

o If # is a patching algebra over Ry and M is an Rg-module, we say that .Z is a

patching Z-module over My if My, /n = My as Ry, /n = Rg-modules for all but finitely
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many n.

Note that the collection of weak patching systems is an abelian category, with the obvious
notion of morphism, as is the category of weak patching #Z-modules for any weak patching
algebra Z.

For any weak patching system .# and any ideal J C Sy, we will write .#Z/J :=
{Mn/ J }nzl-

If a C Sx is open, note that each My /a is a finite type Soo/a-module and the ranks
of the My, /a’s are bounded. As S /a is finite, it follows that each My, /a is finite, and the
cardinalities of the M, /a’s are bounded. Proposition A.1.3 then implies that U(.# /a) =
M;/a as Sxo/a-modules (and hence as Soo-modules) for F-many i.

Now for any o' C a, the surjections M, /a’ — M,/a induce a surjection L[(////a') s
U(A /). In fact, by the exactness of U (—), this surjection induces an isomorphism U (.# /a’) /a =
U(A |a) of Soo-modules (or Sxo-algebras if .# is a weak patching algebra).

Thus the U (.4 /a)’s form an inverse system, and so we may make the following definition:

Definition A.2.2. For any weak patching system .# define:

P(M) = MU (A [a).

a

As U(—) is functorial, &(—) is functorial as well. For a morphism f : .# — A" of weak

patching systems, let f< : & (M) — P(AN) denote the induced map.

Note that as each U(A /a) is an Sso-module, P (#) is an Ss-module. Similarly if
X is a weak patching algebra then (%) is an Sxo-algebra, and if .# is a weak patching
Z-module then P () is a P (#)-module (with its So-module structure induced from the
Sso-algebra structure on Z(Z)).

In turns out that & is a reasonably well behaved functor. In fact:

Proposition A.2.3. & is a right-exact functor.
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Proof. Let Ab be the category of abelian groups. For any index set I, let finAb! be the
category of inverse systems finite abelian groups indexed by I. We claim the the functor
lim : inAb’ — Ab is exact.

By [Stal7, Tag 0598], it suffices to show that any (A;, fj; : A; — A;) € finAb! satisfies
the Mittag-Leffler condition: For any 7 € I there is a j > 4 for which im(fy;) = im(f;;) for
all k > j.

But as A; is finite, it has only finitely many subgroups and so the collection {im(f;;)} >
of subgroups of A; must have some minimal member, im(f};), under inclusion. Then for
any k > j, im(fy;) = im(fj; o f;) € im(f;;) and hence im(fy;) = im(f};). So indeed every
object of finAb! satisfies the Mittag-Leffler condition, and so an is exact.

Now assume &7, % and € are weak patching systems, and we have an exact sequence
0> B —C —0

Then for any a C Sy, & /a — #/a — € /a — 0 is right-exact, so by the exactness of U(—)

we get the right exact sequence
U /a) = U(PB/a) = U(E /a) — 0.
Thus we have a right-exact sequence of complexes
(U(sz/u))a — (Z/{(@/a))u — (U(%/a) )a — 0

But now as U( /a), U(A/a) and U(E /a) are all finite, the above argument shows that

taking inverse limits preserves exactness, and so indeed

P(A)— P(B) — P(€)— 0
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is right-exact. O]

Note that in general, & is not left-exact. Indeed, letting .# = {Soo},>1 and defining
© M — M via pp(s) = \"s we see that P (M) = Soo and ©7 : Sse — Soo is the zero
map (since for any a, ¢ q @ Seo/a = Soo/a is the zero map for all but finitely many n).

Now Proposition A.2.3, and Definition A.2.1 easily imply the following basic properties:

Proposition A.2.4. If # = {Mp}y>1 is a patching system then:
1. P (M) is a finite type, faithful Soc-module.

For any open ideal a C Soo, P (M) /a ZU(M |a).

If A is a patching system over My, then P (M) /n = M.

If A is free, then P (M) is a finite type free Seo-module.

If M is a finite type Soo-module and M = {M},>1 is the constant weak patching

~Y

system, then there is a natural isomorphism & (M) = M.

Proof. First, for (5), M/a is finite for all open a C Sy and so Proposition A.1.3 gives a

natural isomorphism (M/a)¥ = M/a. Thus

as any finite type Soo-module is complete.
Now if J C S is any ideal, then Proposition A.2.3 implies that 2(.#)/J = P (4] J).
Letting J = a C Su open, we have (.# /a)/a’ = .4 [aforalla’ C aand soU ((.# /a)/a’) =
U(A |a). Thus we have

P( )0 = P [0) = U (4 0) /o) = Fim U((AJa)/a') = o U(A [2) = U /).

proving (2).
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Assuming that .# is a patching system over My and letting J = n, we get
P(M)[w= P (M [n) = P (My) = My,

proving (3).

Now as the Soo-ranks of of the M;,’s are bounded, say by some N > 1, there is a surjection
of patching systems M —» # and hence a surjection SN = QZ(M) — P (M ). Thus
P (M) is a finite type Sso-module.

Now for any open a C Soo, we have Anng_(M,) C a for all but finitely many n, by
assumption, and hence Anng_ (Mpy/a) = a for all such n. Thus Anng_ (U(.# /a)) = a. But

now we have
Anng (P (A)) C Anng_ (P (M )/a) = Anng _(U(A /a)) = a

for all a, and so Anng_ (£ (.#)) = 0, proving (1).

Lastly, assume that .# is free. Then for all but finitely many n, My = (Seo/ Anng_(Mpy))™
for some r,. As there ry’s are bounded, there is some r such that r; = r, and hence
M; = (Seo/ Anng_(M;))", for F-many i.

Define an §-morphism ¢ : Soo” — .4 by letting ¢; : Sec” — (Soo/ Anng_(M;))" = M;
for §F-many i. Then for any open a C S, @i q : S0’ /@ — M;/a is an isomorphism for
§-many 4, and so ¢ induces an isomorphism U ((Seo/a)") = U(A /a) for all a, and thus an
isomorphism ¢ : Sp” = P2 (L.J) — P (M) is an isomorphism. So indeed, () is a

finite type, free Sso-module, proving (4). ]

The following simple consequence of Proposition A.2.4 is central to the classical applica-

tions of this theory:

Corollary A.2.5. If Z is a weak patching algebra and A is a patching Z-module, then the

homomorphism Soo — P () inducing the Sso-algebra structure on P(R) is injective and
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the Krull dimension of (%) is d+ 1 (= dim S ).

If, furthermore, .# is a free patching %-module then P (M) is a maximal Cohen—
Macaulay module over P (X).

Finally if P(X) is a Cohen—-Macaulay ring, then (t1,...,t5,\) C Seoc € P(Z) is a

reqular sequence for P (X).

Proof. For the first statement, the map ¢ : Soo — HP(Z) induces the Sy-module structure
on X( M), which is faithful by Proposition A.2.4(1), and so ¢ must be injective.

As P (Z) is of finite type over Suo, it follows that the Krull dimension of (%) is just
dim Z(Z) = dim 1(Sx) = dim Soo = d + 1.

Now assume that . is free. By Proposition A.2.4(4), & () is finite free over 1(Sx) =
Seo and so X (A ) is indeed Cohen—Macaulay of dimension d + 1 = dim Sx. In particular
(t1,.. .t A) € Seo C€ P(Z) is a regular sequence.

Now if Z(Z) is also Cohen—Macaulay, then a sequence is regular for Z(.#) if and only

if it is regular for Z2(#), so the last statement follows. O

A.3 Covers of Patching Algebras

In the classical setup of Taylor—Wiles—Kisin patching, one considers a patching algebra # =
{Rn}n>1, where the R;,’s are all taken to be quotients of a fixed ring Roo. We thus make a

the following definition:

Definition A.3.1. If # = {R,},>1 is a weak patching algebra we say that a cover
(Roo, {on}) of Z is:
e A complete, Cohen-Macaulay ring R, which is topologically finitely generated as an
O-algebra, of Krull dimension d + 1 (= dim Su) together with:

e For each n, a continuous, surjective O-algebra homomorphism ¢y, : Roo = Ry,.

We will often use R to denote the cover (Roo, {¢n})-

Note that:
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Lemma A.3.2. If (Rso, {¢n}) is a cover of a weak patching algebra X, then the ¢y, ’s induce

a natural continuous surjection Yoo @ Roo — P(X).

Proof. The ¢;,’s induce a continuous map ¢ = H on @ Ro — H R, and thus induce
n>1 n>1
continuous maps

Bt Roo 2 [ Bn— [] (Ru/a) —» U(Z%/a)

for all open a C Sy, and thus they indeed induce a continuous map
Yoo = (Pa)a : Roo — @U(ﬁ/a) = P(R%).
a

We now claim that each ®4 is surjective. As each map R R4IN R, — Ry /a is continuous,
we may give each Rj,/a the structure of a continuous Rso-algebra. Then the map ®q :
Roo — U(Z/a) defines the continuous Rc-algebra structure on U(Z/a) from Proposition
A.1.1. By Proposition A.1.3, U(#/a) = R;/a as R-algebras for F-many i. But for any
such ¢, the map Roo i, R; — R;/a defining the Rxo-algebra structure is surjective, and so
Pq : Roo — U(Z/a) must indeed be surjective.

It follows that oo(Roo) C P(Z) is dense. But now as R is topologically finitely
generated over O, it is compact, and so pxo(Rxo) is also closed in P (#). Therefore p is

indeed surjective. O]

We will say that the cover Ry is minimal if oo is an isomorphism.

Lemma A.3.2 and Corollary A.2.5 give the following useful result:

Corollary A.3.3. If #Z is a weak patching algebra with a cover Roo, and A is any free

patching Z-module, then P (M) is mazimal Cohen—Macaulay over Rso.

Proof. By Lemma A.3.2, #(%) may be thought of as a quotient of Rs,. From the definition
of Cohen—Macaulay modules, if f : A — B is any surjective map of rings, and M is a

B-module, then M is Cohen—Macaulay over B if and only if it is Cohen—Macaulay over A.

Thus by Corollary A.2.5, & (.#) is Cohen—Macaulay over Rs.
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Furthermore, by Corollary A.2.5 and Definition A.3.1, we have dim Ry = d + 1 =
dim (%) = dim P (M), so P (M) is mazimal Cohen-Macaulay over Ruo. O

We can now prove the main result of this appendix:

Theorem A.3.4. Let Ry be a finite type O-algebra and let My be a nonzero Rg-module,
which is finite type and free over O. Assume that we are given:
o A weak patching algebra % = {Rn}n>1 over Ry;
o A free patching #-module M = {My}n>1 over My;
e A cover Roo of #, where Ry is a domain.
Then we have the following:
1. Roo is a minimal cover.
2. Roo = P(Z) is Cohen-Macaulay, (t1,...,tg,\) C Roo s a regqular sequence for Rso,
Roo/n = Ry and Rq is Cohen—Macaulay and \-torsion free.
3. If n is any generic point of Spec Ry, with function field k(n) (i.e. k(n) is the field of
fractions of Ro/n), then

dim’f(ﬁ) My ® Ry k(n) > dimK(Roo) P (M) O R K(Rx) > 1,

where K(Rxo) is the fraction field of Reo. In particular, dimK(n) My ®pg, K(n) is

always nonzero.

Proof. Let poo : Roo = P(#) be the map from Lemma A.3.2. If oo is not injective, then
dim Z(Z) = dim R/ ker oo < dim Ry = d+ 1, contradicting Corollary A.2.5, and so o
is indeed an isomorphism, proving (1).

Now Z(#) = R is Cohen-Macaulay by our assumptions on R, so Corollary A.2.5
implies that (¢1,...,t4,\) C Rso is an Reo-regular sequence. Also Proposition A.2.4 implies
that Roo/(t1,...,t3) = Roo/n = Ry. Now by the definition of regular sequences, it follows
that Ry is Cohen—Macaulay and ()) is an Rg-regular sequence, which implies that Ry is

A-torsion free. This proves (2).
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It remains to prove (3). Let K (S) be the fraction field of Soo. Then Roo ®g  K(Sx0) is a
finite-dimensional K (S~ ) algebra which is still a domain, so it follows that Roo ® g K (Sx)

is a field. In particular Roo ®g_ K (Sx0) = K(Roo). It follows from this that
P(M)Dp, K(Rx) = P (M) @5, K(S0).
As P (M) is free over So (and nonzero) it follows that P(.#) ®p_ K(Roo) # 0 and so
dimg gy P (M) @R, K(Rx) > 1.

For any P € Spec R, let k(P) be the residue field of P (that is, the field of fractions of
Roo/P). As P (M) is a finite type Roo algebra, the map P — dim,py (M) ®p_ £(P) is

upper semi-continuous on Spec Ry, and so in particular
dim py (M) @, &(P) =2 dimpp_ ) P (M) O, K(Rx) = 1

for any P, as Spec R is irreducible.

Now consider the quotient map g : Roo — Roo/n = Ry and let P = g_l(n) € Spec Ro.
As n = ker g, we get that n C P,. It follows that Reo/P; = (Roo/n)/(Fy/n) = Ro/n, so
that x(P;,) = x(n) and

P(M) DR, £(Py) Z (P (M) /1) QR n (1) = Mo @R, K(1),

and so the above result gives (3). O

A.4 Duality

In order to prove our main result, we will also need to show that patching preserves duality.

Over an arbitrary ring, duality can be tricky to define, so we will restrict ourselves to
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considering patching systems .# = {My},>1 where the rings Soo/ Anng_ (M) are well

behaved. Specifically we make the following definition:

Definition A.4.1. Let Z = {Ry},>1 be a weak patching algebra, and let .#Z = {Mp},>1
be a patching %Z-module. We say that .# is dualizable if it is free and each Soo/ Anng_ _(Mp)
is a local complete intersection?.

If 4 is dualizable, we define its dual to be the patching Z-module

M =M} p>1 = {HomSOO(Mn, Soo/AnnSoo(M”>>}n21’

where for each n, Ry, acts on My, := Homg_(Mp, Seo/ Anng_(My)) by (rf)(z) = f(rz).

The following lemma shows that the results of this subsection will be applicable to the

specific patching systems we consider in Section 4.

Lemma A.4.2. Let d < d be an integer and let
Sao’ 1= Ol[t1,. .. tgy]] CO[[t1,-..,t4]] = Scc-

Assume that for each integer n > 1 we are given:
o A finite type Soo’-algebra Ry, such that the Soo'-ranks of the Ry ’s are bounded.
o Finite type Ry-modules M, and Ny, whose Sso'-ranks are again bounded.

o Integers e(n,1),e(n,2),...,e(n,d") > n such that My, and Ny, are free over the ring:

Ollt1,. ... tg]]
(@)D =1, (1 ) 1 (1 ) — 1)

O[A] == S /1 :=

(where the O[Ay] action is induced by the Soc' actions on My, and Ny,).

1. We could, with a little extra work, weaken this condition to only requiring that S./ Anng__ (M,) be
Cohen-Macaulay, but as the rings So./ Anng_ (M,,) are always complete intersections in practice, there is
no advantage to doing this.
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Define:

Ry = Rulltg 1. tall = Rn ®0 Olltgr i1, - tg] = Rn ®g_r Sec
Mg = My[[tgr i1, - gl = Moy ®0 Ollt g1, - tall = My ®g_1 Soc

Ny’ = Rulltg 1. tall = Na ®0 Olltgy1.- - tall = No ®g._1 Soc

and let # = {RSYy>1, M = {MF}p>1 and A = {NJ},>1. Then:
1. Z is a weak patching algebra, and A and N are free patching Z-algebras.
2. M and N are dualizable.
Furthermore, if, for each n > 1, we are given an Ry-equivariant perfect pairing { , ) :

My x N, — O, then we have H* = N .

Proof. As the So/-ranks of the Ry’s, My’s and N,,’s are bounded, so are the Soo-ranks of
the RY’s, M5'’s and N5's. Thus Z is a weak patching algebra and .# and .4 are weak
patching Z-modules.

The show that M, and N, are patching Z-modules, we must show that for any open
ideal a C S, Anng_(Mp), Anng_(Ny,) C a for all but finitely many n. But by assumption,
we have Anng_ (M) = Anng_ (Nyp) = I, for all n (where I, is now interpreted as an ideal
of Sxo). As Sx/a is finite, and the group 1+ mg_ is pro-f, the group (1 +mg_)/a :=
im(1+mg, < Sooc = Soc/a) is a finite f-group. Since 1+¢; € 1+mg_ for all 7, there is an
integer K > 0 such that (1 + ti)gK =1 (mod a) for all i = 1,...,d". Then for any n > K,
e(n,i) > n > K for all i, and so indeed I, C a by definition.

Also by assumption, M, and N, are free over So' /I, = O[A], and so ]\4nD and NnD are
free over O[Ap] ®g 1 Soo = O[A[[t g4, - ta]] = Sso/ Anng _(MY)) = Soo/ Anng_(N5),
so A and A are free patching Z-modules, proving (1).

For (2), simply note that O[A] is a finite free O-module, and so dim O[A] = 1 =
dim Soo’ — d’. As I, is generated by d’ elements, it follows that O[A,] is local complete
intersection. Thus SOO/AnnSOO(MnD) = Soo/AnnSOO(NE) = OlA|[[tgr41:----tg4]] is also a

65



local complete intersection, and so .# and .4 are indeed dualizable.

It remains to show that .#Z* = 4, that is that
Ny = Homg_ (M, Seo/In) = Homg_ 1 (Mn, Sso/In)

as RE—moduIes for all n. As we are given an Rj,-equivariant perfect pairing M, x N, — O
we have that N;, =2 Homp(My,, O) as Ry-modules. As M, is finite free over O, it now follows

that

NE = Nn ®(/) O[[td/+1, ce vtd“ = Homo[[td/ﬁ-lv"'vtdﬂ (ME, O[[td/+1, ce ,td“)

as R = R, @0 Olltgi1,- - tg]]-modules.

Now as Soo/In = O[Ap][[tgri1,---,t4]] is a local complete intersection of the same
dimension as O[[ty,q,--.,t4)], the claim follows from the following commutative algebra
lemma. O

Lemma A.4.3. If A is a local Cohen—Macaulay ring and B is an A-algebra which is also
Cohen—Macaulay with dim A = dim B, then for and B-module M,

Homy (M, w,) = Homp(M,wp)

as left Endg(M)-modules.

Proof. By [Stal7, Tag 08YP] there is an isomorphism

Homy (M, w,) = Homp (M, Hom4(B,wy))

sending o : M — wy to o’ : m — (b — a(bm)), which clearly preserves the action of

Endg(M) (as (o 9)(bm) = a(byp(m)) for any ¢» € Endg(M)). It remains to show that

Hom 4(B,wy) = wp, which is just Theorem 21.15 from [Eis95] in the case dim A = dim B.
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We are now ready to show that patching preserves duality:

Theorem A.4.4. Let # be a weak patching algebra and let A be a dualizable patching
X -module. Then we have P(M*) = Homg (P (M), Sx) as P (XZ)-modules.

Furthermore, if Roo is a cover of % (which is assumed to be Cohen—Macaulay by our

definition of cover) then P (M*) = Homp_ (P (M ),wR, ) as Reo-modules.

Proof. We shall first compute U(.#*/a) for any open ideal a C S,,. For any such a, we
have Anng_(My) C a for all but finitely many n, and so S /a is a Soo/ Anng_ (My,) for all
such n.

But now for all sufficiently large n, M,, is finite free over Soo/ Anng__ (M) by assumption,
and so it is projective. Thus the functor Homg_(My, —) = Homsoo/Annsoo(Mn)(M”’ —) is

exact and so if Anng (M) C a then
My, /a = Homg_ (M, Soo/ Anng_(My))/a = Homg_(Mp, Sec/a) = Homg_ /q(Mn/a, Sec/a)

as Ry /a-modules.

Now by Proposition A.1.3, for §-many ¢ we have that U(#Z/a) = R;/a and U(# /a) =
M;/a and U( A" /a) = M} /a as R;/a-modules. Taking any such ¢, the above computation
gives that

U(A"[a) = Homg, o (U [a),5/a)

as U(Z /a)-modules. Taking inverse limits, it now follows that
D) 2 i Homg,_ o U(A [3) ,Sso/a)
a

as P (#)-modules. It remains to show that the right hand side is just Homg_ (2 (4), Sxc).
But using the fact that Z(.#), and thus Homg_ (£ (A4 ), Sx) is a finite free Soo-module
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(and thus is mg_-adically complete) we get that
Homg,, (2(.4), S) = lim Homg,_(2(4), Sx) fa
a

as P (%) = Jim P (#)/a-modules. But now for any a, as &(.#) is a finite free, and hence
a

projective, Seo-module
Homg,  (2(A), 5x)/a = Homg_jo(P(4)/a, Sso/a) = Homg,_jq (U(.#/a) . Sxc/0)
as P(%)/a = U(Z/a)-modules. So indeed
Homs,,((4). Soc) = lim Homs, o (U(A/0) Soc/a) = 2 (")

as P (Z)-modules.

Now assume that (Roo,{®n}n) is a cover of Z and let poo : Roo — P(Z#) be the
map from Lemma A.3.2. We first note that we may pick an embedding ¢ : S0 — Roo,
giving R~ the structure of an Syo-algebra, which makes the map ¢ into an Sy-algebra
homomorphism. Indeed as p; is surjective, for each ¢ = 1,...,d we may simply pick a lift
1(t;) with poo(e(t;)) = t; (where we treat S as a subring of Z(%)) so that pso 0t = id.

It now follows that P () is an Ry-module, and the Sx-action on & () is induced
by the Sso-algebra structure on Roo. But now as dim Ry = d + 1 = dim Sy, Lemma A.4.3

implies that
P(M*) = Homg (P (M), Sx) = Homp (P (M), wR,)

as Roo-modules (where we have used the fact that wg = Seo). O

We also note that dualizable patching systems are automatically reflexive in the following

sense:
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Proposition A.4.5. If # is a weak patching Z-algebra, and A is a dualizable patching

H-module, then the natural map M — M** given by x — (f — f(x)) is an isomorphism.
Consequently we have that the map & (.#) — Homg__ (Homgoo(e@(///), Seo), Soo) is an

isomorphism, and if Roo is a cover for  then P(#) — Homp_ (Homp_(P(M),wr_),wR..)

is an isomorphism.

Proof. As each My, is free of finite rank over Soo / Anng__ (Mp), it is a reflexive S / Anng__ (Mp)-
module, and so the first claim follows.
It thus follows that the map .# — .#** induces an isomorphism P(.A#) — P(M*).

But now by Theorem A.4.4 we have natural isomorphisms:

Homg_ (Homsoo(f@(///),Soo),Soo) =~ Homg__ (P(M*),So0) = P(M*)

Homp__ (Home(@(%),me),wa) = Homp__ (QZ(%*),WROO) = P(MT)

which clearly identify the maps in the the statement of the Proposition with the isomorphism

D) s D). O
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