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ABSTRACT

The properties of small particle clusters can differ dramatically from the bulk phases of the
same constituents. For conditions out of equilibrium, new pathways and physical princi-
ples for cluster formation and reconfiguration emerge. These principles underlie phenomena
from molecular assembly to the formation of planets from granular matter. In this the-
sis, we introduce acoustic levitation as a platform to experimentally probe the formation of
small structures in a controlled environment far from equilibrium. Scattered sound estab-
lishes short-range, shape-dependent attractions between millimeter-scale particles. In this
substrate-free, underdamped environment, six or seven particles cluster into shapes that re-
semble flowers and turtles, while hundreds of particles self-assemble into granular droplets
with strikingly fluid-like behavior. Particle shape directly controls acoustic forces, with par-
ticles preferring to make contact along sharp edges. Detuning the acoustic trap generates
active fluctuations that drive cluster rearrangements, droplet spinning and splitting, and soft
hinge-like motions, creating a tunable active granular material. Our results open up new
possibilities for non-invasively manipulating macroscopic particles, tuning their interactions

and directing their assembly.
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CHAPTER 1
INTRODUCTION

1.1 Granular matter as a testbed for out-of-equilibrium physics

Many natural systems, from the motion of atoms in a crystal to the dust in a protoplane-
tary disk, can be modelled as hard spheres with attractive forces. For particles in thermal
equilibrium, colloid-polymer mixtures have been successfully used as experimental models
of problems in condensed matter physics, where the polymers induce attractions between
colloidal hard spheres [1, 2, 3, 4, 5, 6]. In these colloidal systems, key advances have been
made by taking advantage of the fact that colloids are large enough to be easily visualised,
measured, and tracked, and also small enough to be driven by equilibrium thermal fluctua-
tions.

Naturally, this begs the question of what happens far-from-equilibrium, where thermal
flutuations no longer dominate, and where the usual foundations of statistical mechanics can
no longer be brought to bear on a system of particles. Furthermore, while colloidal systems
have had great success at modelling the physics of overdamped collections of particles, where
inertia plays a negligible role in the system dynamics. In particular, adding inertia offers the
chance to explore the effects of extreme mechanical driving. Can we extend the success of
colloidal matter to far-from-equilibrium, underdamped systems?

Granular materials offer an attractive possibility. These particles (usually hundreds of
microns to millimetre sized) can easily be imaged on a single-particle level with precision,
permitting detailed explorations of the effect of internal structure, and investigating emergent
properties as a function of the number of particles. Mechanically agitated granular matter
often serves as a prototype for exploring the rich physics associated with hard sphere systems,
with an effective temperature introduced by vibrating or shaking [7, 8, 9, 10, 11, 12].

In these systems, shape additionally provides an important means by which to tune key
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properties of dense aggregates, whether their packing fraction [13, 14, 15|, contact config-
uration [16, 17, 18, 19, 20], or mechanical properties [21, 22, 23, 24, 25, 26, 27]. In each
of these cases, the shape of a particle determines the global properties of an aggregate by
modifying both the geometry of the packing and local inter-particle contacts. These local
contacts play a particularly important role in jamming, where the precise type of contact
between faceted shapes may dramatically change the mechanical stability of a given packing.
In addition, breaking spherical symmetry in a dense granular packing produces a coupling
between normal forces and torques on the single-grain level.

In addition to local contact forces and geometry, which produce effects at the level of a
single contact on a grain, longer-range particle interactions also play an important role in the
properties of a granular material. Previous work has shown that adding weakly attractive
dipole-dipole interactions to a granular material provides a means of self-organisation for the
force chains that form under compression, thus strengthening the force network that forms
as a result [28]. When vibrated, these dipolar interactions drive the formation of chain-like
open structures [29]. Alternatively, longer range forces can drive clustering [30, 31] and
particle motion [32, 33].

However, while tunable depletion interactions drive clustering and assembly in colloids, no
equivalent tunable attractions exist between macroscopic grains (magnetized grains produce
dipolar interactions, while electrostatic forces are difficult to tune). Additionally, traditional
vibrated granular beds lose much of their inertia to frictional interactions with container
walls. These considerations raise the possibility of acoustic levitation, as a means to induce
forces between levitated particles and impose external driving in an underdamped environ-

ment, all while producing freely-floating structures in midair.



1.2 Acoustic forces on solid particles

The first indication that sound could impart forces on matter was discovered in 1866, reported
in English in [34]. Kundt observed that when a horizontal glass tube, closed at both ends,
was set into resonance with an external sound wave, powder that was initially scattered at
random inside the tube was collected into small piles, whose spacing was determined by the
wavelength of sound. This observation set off a flurry of theoretical activity in search of the
mechanism — how do sound waves produce forces on objects?

At the same time, the concept of electromagnetic radiation pressure was just entering
the scientific consciousness. Lord Rayleigh pointed out in a 1902 paper [35] that “it seemed
to me that it would be of interest to inquire whether other kinds of vibration exercise a
pressure, and if possible to frame a general theory of the action”, and proceeded to calculate
the momentum carried by a vibrating gas [36]. This work laid the foundation for the first
calculations of what is now referred to as the “acoustic radiation force” [37]: the momentum
transferred from an acoustic wave to a particle in that acoustic wave.

We consider a sound wave with frequency wy (and corresponding wavelength Ag). Such a
wave is a resonant mode of the underlying fluid field, and as such consists of the pressure p,
velocity v, and density p fields. These fields have a spatial part (denoted here as a dependence
on vector x), as well as a dependence on time ¢. Assuming that the sound waves are harmonic

in time, we have

p(x,t) = p(x)e” "0 (1.1)
v(x,t) = v(x)e wol (1.2)
p(x,t) = p(x)e” 0" (1.3)

Considering these expressions, which are purely harmonic (and thus oscillate about zero), we
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arrive at the first difficulty: the time-average of a purely harmonic expression is identically
zero, and so to lowest order there is no net momentum transferred to a particle. Thus the
acoustic radiation forces must arise from additional nonlinear scattered fields due to the
presence of the particles in the acoustic wave.

For convenience, these acoustic radiation forces are divided into primary radiation forces
and secondary radiation forces. The primary acoustic force is due to the scattered sound
field of a single particle in the acoustic field, and it drives rigid particles to migrate to the
pressure nodes of standing acoustic waves. Secondary acoustic forces, on the other hand, are
due to secondary scattering between levitated particles, and they drive inter-particle forces.

In general, the computation of the form of either the primary or secondary acoustic force
due to particle scattering (let alone the form of these scattered fields) is not straightforward.
Such an acoustic force depends, for instance, on the details of the particle geometry, whether
or not the particles are compressible, and the arrangement of particles in the acoustic field.
However, some progress can be made in certain limits. The most common approximation is
that particles are perfectly rigid and have a radius a much smaller than the wavelength of
sound, which propagates in an inviscid fluid, a regime referred to as the Rayleigh limit. In
this limit (where particles can be accurately treated as spheres), the acoustic radiation force
on a point scatterer is conservative [38, 39, 40, 41, 42|, and can be expressed as the gradient

of the acoustic potential U, ,q:

Frad = _VUrad (1’4>
47 1 3
Urad = —-0°p0 | Ai56300%) — o (v)| (15)

where sound propagates in the particle with speed cp, the particle material density is pp,

and the fluid has speed of sound ¢y and density pg. Angled brackets denote time averages



of the pressure p and velocity v. The scattering coefficients f; and fo are given by

c%pp
fi=1-—5—
CoPo
fy = 2(pp/po — 1)
2pp/po + 1

We emphasize that Eq. 1.5 is quantitatively accurate only for spherical (point-like) scat-
terers, in the Rayleigh limit (a < Ag).

Other regimes, however, are highly relevant and in need of exploration. In particular,
there is the question of what happens when a particle can no longer be treated as a point
particle. This can happen in two senses. First, a particle or cluster of particles may no
longer be small compared to \g. The many-particle case in particular has so far only been
treated in the limit of dilute particle suspensions, where the inter-particle separation is large
compared to a. In this case, the total secondary acoustic force can be calculated by a mean-
field approach [42], namely by summing individual contributions to Eq. 1.5. When particles
are instead closely packed into a cluster, how does Eq. 1.5 need to be modified?

Alternatively, a particle may have a shape that is significantly different from the smooth,
symmetric shape of a sphere. Calculations and simulations have so far focused on the
force between other types of levitated particles with a high degree of symmetry, such as
cylinders [43, 44, 45], or between smooth deformable objects such as liquid drops [46] and
bubbles [47] (the acoustic radiation forces on gas bubbles are usually referred to as Bjerknes
forces). What about shapes without a high degree of symmetry, such as cubes and flat
discs? How are their secondary acoustic fields different to the point scatterer case? These
issues point to the need for a systematic experimental and numerical effort to understand
the secondary acoustic forces in new size and shape regimes, which is one major focus of this

work.



1.3 The scope of this thesis

This thesis takes the first steps into the intersection of two fields, acoustic levitation and
granular materials, with the aim of showing not only that each can be used to shed light on
the other, but also that their union produces surprising new physics. As such, this thesis has
two main goals: first, to use acoustic levitation to probe the out-of-equilibrium clustering
of granular materials, and second, to use granular materials to deepen our understanding
of secondary acoustic forces. The main body of this thesis is composed of six parts. In
Chapter 2, we introduce some experimental methods that are useful for acoustically levitating
granular materials. Chapter 3 introduces numerical methods for the calculation of acoustic
forces. Chapter 4 shows how we used these methods to probe the assembly statistics and
pathways of six- and seven-particle clusters. Chapter 5 extends this study of clustering to
clusters consisting of twenty to two-hundred particles, which we find assemble into rafts
with strikingly liquid-like behaviour. These rafts also display an anomalous dependence of
their surface tension and bulk modulus on their size, pointing to a gap in our understanding
in secondary acoustic forces. Chapter 6 further demonstrates that levitated grains cluster
by joining sharp corners, establishing the connection between shape and secondary acoustic
forces. Chapter 7 combines these ideas by showing that shape (via the secondary acoustic
force) can be used to direct the out-of-equilibrium self-assembly of lock-and-key structures.

Chapter 8 contains conclusions, and an outlook for avenues of further research.



CHAPTER 2
EXPERIMENTAL METHODS FOR ACOUSTIC LEVITATION

2.1 Introduction

Acoustically levitated granular matter in principle requires only two components: an acoustic
standing wave, and granular material. In practice, care must be taken with the methods
used to generate the standing wave.

Here, we describe the setup used in Chapters 4-7, as illustrated in Fig. 2.1 We generate a
standing wave of the acoustic pressure field between an ultrasound transducer and a trans-
parent reflector. The reflector height and tilt are controlled by a pair of translation stages,
while the transducer is attached to a second translation stage, with micrometer attached,
controlling the precise distance between reflector and transducer. The setup (including trans-
ducer) is enclosed in an acrylic box (I x w x h = 0.6 x 0.3 x 0.6m?) to mitigate the effect
of external air currents. The walls of the box are far from the levitation area, such that the
acoustic trap has open boundary conditions. In addition, all experiments were performed in

a humidity- and temperature-controlled environment (40-50% relative humidity, 22-24° C).

2.2 Transducer design

We used a commercial transducer (Hesentec HS-4AH-3540, base diameter 55mm, frequency
4041 kHz) to generate ultrasound. An aluminium horn was bolted onto the transducer to
maximise the strength of the nodes in the pressure field, using the finite-element optimization
reported in Ref. [48] as a basis. The reported design was then scaled down to increase the
resonant, frequency closer to that of the commercial transducer, and modified to flare out
with a wider base. The resulting design is shown in schematic form in Fig. 6.1(b). The base

of the horn (diameter 38.1mm) was painted black to better image the particles from below.
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Figure 2.1: Composite photograph of the experimental setup, as used in Chapters 4-7. Labels
are placed next to the different parts of the setup, which is enclosed in a black metal frame.
Side walls are enclosed using acrylic sheets. For visual clarity, the back of the enclosure has
been covered with a black background.



The transducer was driven by applying an AC voltage, produced by a function generator
(BK Precision 4052) connected to a high-voltage amplifier (A-301 HV amplifier, AA Lab
Systems, gain 20), with care to make sure that the aluminium horn is grounded. Particles
can generally be levitated for peak-to-peak voltages between 200V and 400V; particles that
have a lower mass (either smaller or lower density) can be levitated at lower voltages.

In order to find the resonant frequency of the transducer and horn, we invert the setup (so
the bottom surface of the horn is facing upwards) and scatter 100um polyethylene grains on
the surface. We then adjust the driving frequency slowly until we find the peak displacement
of the grains on the transducer surface. More refined measurements to find the peak pressure
output of the transducer can then be taken with an acoustic sensor sensitive to ultrasonic
frequencies (here the Xarion Etal00 Ultra Optical Microphone). Using these methods, the
resonant frequency of the transducer (coupled to the horn) was found to be fj = 45.65kHz.
In order to mitigate the self-heating of the transducer, the transducer was turned on at least
two hours before an experiment, allowing the transducer time to come to thermal equilibrium

with its environment.

2.3 Reflector design

The strongest constraint with respect to the design of the reflector is the requirement to visu-
alize the granular dynamics. Since much of the dynamics takes place in the two-dimensional
nodal plane, this necessitates a bottom or top view - i.e. through either the transducer
or the reflector. Practically speaking, it is easiest to create a transparent reflector. Any
choice of rigid transparent material can usually be used - in this thesis, acrylic was most
frequently used as the reflector base due to the ease of constructing parts out of laser-
cut acrylic. Acrylic can also be purchased with anti-static coatings (AC-300), reducing
some of the issues related to static charge buildup on grains in the acoustic trap. In or-

der to further reduce issues with static charge buildup, a grounded indium tin oxide (ITO)
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coated glass slide (thickness 1.1mm) was additionally secured to the top of an acrylic sheet
(I x wx h =152 x 152 x 6mm?)). Before each experiment, the acrylic/glass reflector was
cleaned with compressed air, ethanol, and de-ionised water. We neutralised any charges that
remained on the reflector with an anti-static device (Zerostat 3, Milty).

This transparent reflector is glued to a box, which is mounted to a lab jack and adjusted so
that the distance between transducer and reflector is A\g/2, corresponding to the transducer
resonant frequency fp, or wavelength \g &~ 7.2mm in air.

The acrylic reflector was glued to a box mounted on a lab jack and adjusted to a
transducer-reflector distance n\y/2, corresponding to fy = 45.65kHz, with n either 1 or
2 depending on the experiments performed. We confirmed that this transducer-reflector dis-
tance corresponded to the stable resonant frequency of the cavity by adding a large particle
(Cospheric, material density p = 1,000 kg m ™3, diameter d = 710 — 850 zm) to the acoustic
trap and observing its lack of translational and rotational motion. The acoustic trap was
then detuned by adjusting the frequency f of the function generator. Polyethylene particles
(diameter 710-850um) levitate within a horizontal plane one-quarter of the gap height from

the reflector.

2.4 Visualizing particle dynamics

Video was recorded using a high speed camera (Phantom v12 or Phantom v2515) at 1,000~
3,000 frames per second. We image these acoustically trapped particles from the side
(Fig. 6.1c), or from below (Fig. 6.1d), through a mirror oriented at 45° to the levitation
plane. Since the reflector and transducer are both flat, the levitated granular material can
explore an area with characteristic length up to ten times the diameter of the cluster. At
the same time, tracking microstructural changes in the interior of the cluster requires a large
number of pixels per particle in any given image. In addition, the experiment necessitates

that the particles be some distance from the camera. Combined, these factors necessitate
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the use of a macro lens with a large focal distance (here, either a Nikon 200mm f/4 AF-D
Macro or IRIX 150mm f/2.8 Macro 1:1 lens). In order to maximise the image depth of field,
images were taken at the largest practical f-stop (32). Particles were illuminated using a

focused LED lighting system (Dedolight).

2.5 Tracking particles and extracting statistics

In this thesis, we focus mostly on statistics and the general shape of clusters. Such statistics
can be extracted without tracking the detailed position of particles in a cluster. The first step
for particle tracking is to isolate the cluster from its background, which is easily achieved by
thresholding the image to produce a black-and-white binary image. The largest connected
cluster of pixels in such a black and white image can then be identified, and all other
clusters removed. Functions such as regionprops in Matlab can then be used to extract

key properties of the identified particles, and distinguish types of particle shape.
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CHAPTER 3
NUMERICAL METHODS TO COMPUTE ACOUSTIC FORCES

3.1 Introduction

It is frequently useful to compute the acoustic forces on an object in an acoustic trap. In
this section, we describe two strategies for computing the acoustic forces on an object, both
based on finite-element simulations. Such simulations have been recently shown to be an
accurate, general tool for the calculation of acoustic radiation forces for particles of arbitrary
shape [49, 50], and a variety of boundary conditions [51].

In the acoustic limit (where the effects of viscosity are negligible), the forces on a particle
can be considered as a result of only radiative momentum transfer, as outlined in Sec.
1.2.  As such, the first step towards computing acoustic forces is to accurately compute
the acoustic fields p(x,t), v(x,t), and p(x,t). Here, we used the acoustics module of Comsol
Multiphysics to compute the acoustic fields in the frequency domain, at the driving frequency
of the transducer fy, such that the result is the spatial part of the acoustic fields.

Accurately computing the spatial part of the acoustic fields thus reduces to the problem
of accurate modelling of the experimental boundary conditions. For fully three-dimensional
models (Fig. 3.1(a)), we use a cylindrical volume with diameter 38.1mm (corresponding to
the width of the base of the horn in the experiment) and height n)g/2, where n is an integer
(usually 1). The top and bottom of the cylinder are set to be perfectly reflecting boundaries.
Such a cavity can form a resonator when driven at the transducer frequency f.

In some cases, the full three-dimensional nature of the acoustic field is not as important,
and it is sufficient to compute the acoustic fields within a two-dimensional axisymmetric
model (Fig. 3.1(b)). All other model parameters remain the same.

The next step is to establish a standing wave in the acoustic cavity. Here, we used

one of two methods, depending on what physics the simulation was intended to highlight.
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If a simulation was intended to closely reproduce the experimental conditions, a standing
wave was established by applying a normal acceleration to the top of the cylindrical cavity
(transducer side). In the frequency domain, this normal acceleration corresponds to a har-
monic acceleration of the transducer surface. Since there are no corresponding experimental
measurements of the transducer acceleration, all simulation results are accurate only up to
an overall scaling factor, which we usually normalize with a suitable choice of energy scale.
Acoustic energy was dissipated by plane-wave radiation conditions on the cavity sides. The
plane-wave radiation conditions ensure a gradient of acoustic energy from the cavity center
to the exterior, providing a weak restoring force that confines particles to the cavity center.

The simulation scheme as outlined above closely mimics the experimental boundary con-
ditions. When comparing the numerical solution to theoretical calculations (usually done
assuming a plane standing wave [42]), or when finding the secondary acoustic force far from
the center of the trap, the plane wave radiation conditions can obscure some of the un-
derlying physics. In this case, the standing wave was established simply by enforcing a
background pressure condition with given amplitude Fj, such that the initial background

pressure is P(z) = Pysin(2wz/\).

3.2 Rayleigh limit: computing the Gor’kov acoustic potential

In order to compute the Gor’kov acoustic potential (Eq. 1.5) on a particle, the pressure
and velocity fields resulting from the boundary conditions above can be straightforwardly
substituted into Eq. 1.5.

Since the Gor’kov acoustic potential Uy,q is valid in the point scatterer limit (a < Ag),
the particle on which U, 4 acts (the probe particle) does not need to be modelled in the finite
element model. This means that a model of the empty acoustic cavity is used to compute
the primary acoustic force in the Gor’kov approximation. In order to compute the secondary

acoustic force, a perfectly scattering particle can be fixed in the center of the acoustic cavity,
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Figure 3.1: (a) A general schematic of the cavity geometry in three dimensions, introducing
the parameters used in modelling the sound field. The cavity has n nodes, and is constructed
to resonate with the acoustic driving, which has wavelength Ag. (b) A specific example of
a 2D axisymmetric setup for calculating the acoustic potential, where n = 1, and boundary
conditions are schematically indicated.
such that the resulting U,,q corresponds to the potential on a point particle in response to
the fixed scattering particle.

The flexibility of the finite-element method means that a particle of any shape and size
can be fixed in the trap center, and U,,q calculated. We use this approach to find the force

on a point scatterer due to the presence of a faceted particle in Chapter 6, and a planar

crescent-shaped particle in Chapter 7.

3.3 Beyond the Rayleigh limit: fluid structure interactions

When a particle becomes larger than the Rayleigh limit (practically, when a/A\g > 0.1), the
Gork’kov acoustic potential becomes less and less valid as an approximation. In this case, it
becomes necessary to model higher order effects of the probe particle on the acoustic field,
instead of simply treating the probe as a point scatterer. We follow the approach of Ref. [49]

in calculating the fluid-structure interaction between a pair of particles. An example model
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n)\0/2

reflector

38.1mm

Figure 3.2: A general finite element model for computing the acoustic force between a pair
of particles due to the fluid-structure interaction. The source particle is placed at the trap
center, while the probe particle is placed at some distance r» away. In order to calculate the
acoustic force, the probe particle is surrounded by an integration surface (sphere, marked by
dotted lines).

geometry is shown in Fig. 3.2 (with all other boundary conditions as above). A perfectly
scattering source particle is fixed in the center of the acoustic trap. The probe particle,
which is allowed to deform elastically, is placed some distance away. The force on this probe
particle is them computed by integrating the momentum flux over an integration surface S,

with surface normal n. Quantitatively, the vector acoustic force F (which in general is no

longer conservative) is given by [49]

F= /S {— 2502 () + %p@ﬂ ndA — /SdAp<(v ®f) - A, (3.1)

where p is the levitation medium density, in which sound propagates with speed c. Angled
brackets denote a time average, and v ® 11 is the element-wise product of v and n (i.e. v;n;).

Any integration surface that completely encloses the particle, and does not intersect any
of the domain boundaries, can be used. In general, a large integration surface gives more
accurate results, since the number of mesh points on which to evaluate the integral is larger.
In Chapter 4, we work with a spherical integration surface whose diameter is six times the

probe particle diameter (shown in Fig. 3.2 as a dotted line).
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CHAPTER 4
ASSEMBLY STATISTICS AND PATHWAYS OF SMALL
ACOUSTIC CLUSTERS

4.1 Introduction

In this Chapter, we focus on understanding the effect of out-of-equilibrium fluctuations on the
statistics of cluster formation.! In the acoustic trap, scattered sound establishes short-range
attractions between small particles [41, 38, 52, 53], while detuning the acoustic trap generates
active fluctuations [54]. To illuminate the interplay between attractions and fluctuations, we
investigate transitions among ground states of two-dimensional clusters composed of a few
particles. Experiments and modelling reveal that, in contrast to thermal colloids, in non-
equilibrium granular ensembles the magnitude of active fluctuations controls not only the
assembly rates but also their assembly pathways and ground-state statistics. These results
open up new possibilities for non-invasively manipulating macroscopic particles, tuning their
interactions, and directing their assembly.

In two dimensions, particle clusters with five or fewer constituents have only one compact
configuration, i.e., one isostatic ground state [55] (Fig. 1a). However, beginning with six par-
ticles, there are an increasing number of energetically degenerate, but geometrically distinct,
ground-state configurations. This complex energy landscape has been studied with colloids
in thermal equilibrium [4, 55]. Here, we explore the ground-state statistics in ensembles
of macroscopic particles driven by active fluctuations that emerge from the dynamics of a
driven system rather than from coupling to a heat bath. Furthermore, we demonstrate how
energetic degeneracies, assembly rates, and pathways are altered during out-of-equilibrium

assembly:.

1. This Chapter is based on Lim, Melody X., Anton Souslov, Vincenzo Vitelli, and Heinrich M. Jaeger,
“Cluster formation by acoustic forces and active fluctuations in levitated granular matter.” Nature Physics
15, no. 5 (2019): 460-464.
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Figure 4.1: Acoustic levitation as a platform to assemble and manipulate clus-
ters composed of macroscopic particles. (a) Sketches of compact cluster configurations
(isostatic ground states) for one to five particles. (b) Schematic of experimental setup. An
ultrasound transducer generates sound waves in air, with speed of sound ¢g = 343m/s. The
distance between transducer and transparent acrylic reflector is chosen to create a pressure
standing wave (blue line) with two nodes, at frequency fy = 45.651kHz and wavelength ¢/ fo.
Polyethylene particles are acoustically levitated in the lower of the two nodes. Clusters are
imaged from the side (b), as well as from below via a mirror (c). (c) Different cluster config-
urations, imaged from below. (Top) In two dimensions, there is only one 5-particle cluster
configuration, but six particles can form one of three distinct ground states: parallelogram
P, chevron C, and triangle T. (Bottom) Seven-particle clusters have four compact configura-
tions: flower F1, turtle Tu, tree Tr, and boat Bo. (d) The acoustic field generates short-range
attractions within the levitation plane, which stabilises particle clusters. Force between two
particles as a function of distance r between their centres, normalised by the particle weight
Fy = mgg. Finite-element simulations (red dashed, blue solid lines) are compared to an
analytical solution for particles in a standing wave [42] (black dashed-dotted line). (Inset)
Schematic illustrating the sonic depletion force between two particles in an acoustic field.
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To eliminate frictional interactions with container walls we levitate particles in a sound
pressure field. The same field also induces short-range, tunable attractions that we here
call sonic depletion forces. Much like depletion forces in colloids [56] or other Casimir-like
forces, these acoustically-mediated attractions can generate robust particle clusters. This
differs from the formation of clusters in granular media due to external confinement [57, 7]
or, transiently, due to inelastic collisions [58, 57, 7, 59]. Furthermore, the sonic depletion
forces scale with the sound pressure amplitude, which enables precise control over cluster
energetics. Such control provides advantages over cohesive forces due to capillary bridges,
van der Waals interactions, or charging [30, 31]. Finally, in contrast to induced electric or
magnetic dipole forces [32], the acoustic interactions are not aligned with an applied vector

field.

4.2 Experimental Setup and Methods

Our setup is illustrated in Fig. 6.1b, with details as given in Chapter 2. Polyethylene particles
(diameter 710-850 pm) levitate within a horizontal plane one-quarter of the gap height from
the reflector. We image these acoustically trapped particles from the side (Fig. 6.1c) or from
below (Fig. 6.1d) using a high-speed camera

When multiple particles are placed in the trap, they form compact clusters. Images of the
resulting configurations for six- and seven-particle clusters are shown in Fig. 6.1d. In order
to extract cluster shape information from the raw videos, we thresholded the images, then
computed properties of the largest connected region in the resulting image using black-and-
white image operations (regionprops). These functions are available in Matlab. Since each
cluster is associated with a specific set of shape parameters, we computed the number of times
a cluster shape was formed, divided by the total number of times that any cluster shape was
formed, to obtain cluster statistics. Six-particle systems have three distinct ground-state

configurations: parallelogram (P), chevron (C), and triangle (T). For 7-particle clusters,
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there are four distinct topologies: Flower (F1), Tree (Tr), Turtle (Tu), and Boat (Bo) [60].

Whereas colloidal clusters can be stabilised by depletion forces, acoustically levitated
clusters are stabilised by sonic depletion forces, which are short-range attractions generated
by acoustic scattering. At close approach, these Casimir-like forces F' between spherical
particles scale as

anG)\_S

F~ 7}

(4.1)

r

where Ey = povg /2 is the energy density of the sound field having amplitude vy and wave-
length A in air (density pg) [42]. The particles have radius a and are distance r (< )
apart.

For arbitrary separation, these forces can be computed analytically in the absence of
trap geometry [42]. Alternatively, we used finite element modeling software (COMSOL) to
model the force between a pair of particles levitated in the acoustic field, using two different
methods. In both cases, we established a background standing pressure wave with given
amplitude, with a particle with radius » = 0.1\ fixed in the center of the trap. The levitation
chamber was constructed to have height 3\y/2 and width 4y, with materials parameters
chosen to match the experiment. In one case, labelled “point particle”, we computed the force
on a point particle in the resulting pressure field by solving the equations for the acoustic
field by using the expression derived in Ref. [38]. In the second case, labelled “fluid-structure
interaction”, we computed the force on a second particle of radius » = 0.1\ by computing
the full fluid-structure interaction, following the method of [49].

These calculations, shown in Fig. 6.1e, indicate that cluster energetics are dominated by
the strong short-range attractions between nearest neighbours, as captured in Eq. (4.1).

The acoustic trap can also induce non-conservative forces. Specifically, we use the fact
that the particle dynamics in the acoustic field are underdamped (in contrast to colloids in
a liquid) to drive instabilities that generate active fluctuations. As Ref. [54] shows, a sound

wave with frequency f tuned just slightly larger than the standing wave resonance condition
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Figure 4.2: Tuning 6-particle assembly between sticky and ergodic limits. Near
resonance, cluster statistics follow sticky assembly (a). As the acoustic trap is detuned by
increasing the sound frequency (b), cluster statistics change to ergodic assembly (c). (a)
Sticky assembly: In the regime of small detuning parameter, Af/fy > 0, the likelihood of
a cluster configuration is determined by the geometric angle of approach of a sixth particle
to the 5-particle cluster (top). (Bottom) Sequence of images from below showing a sticky
rearrangement pathway. (b) Steady-state probabilities for 6-particle-cluster ground-state
configurations as a function of detuning parameter. Standard error is indicated by shaded
region. Horizontal bars indicate model predictions for the sticky and ergodic limits (see
text). (c) Ergodic assembly: For larger detuning, the sixth particle has equal probability of
occupying each of the five binding sites on the five-particle cluster (top). (Bottom) Sequence
of images from below showing a transition between ground states in the ergodic regime
through a hinge motion.

acts on a levitated object with a destabilising force proportional to the object’s speed. As
a result, the clusters fluctuate up and down in the trap, occasionally hitting the reflector.
This impact transfers kinetic energy from center-of-mass motion to modes that bend the

cluster out of its planar, two-dimensional configuration. For sufficiently high amplitudes,

these active fluctuations can lead to rearrangements between the different ground states.
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4.3 Assembly of six-particle clusters

For these 6-particle clusters, the different possible ground states are each associated with a
unique eccentricity. A time series can thus be first divided into the segments where there are
six (or seven) connected particles by thresholding for a minumum area of connected pixels,
and then isolating the parts of the time series into cluster shapes by the eccentricity of the
cluster. We thus define the probability of forming a given state by the time spent in a given
ground state divided by the total amount of time the cluster spends in a stable 6-particle
ground state (P, C, or T),

Close to resonance, 6-particle clusters rearrange by ejecting a single particle, which then
travels many particle diameters in a curved trajectory before it re-joins the 5-particle cluster
from a random angle of approach. Once the particle re-joins, it becomes stuck due to
the short-range attraction. This sticky, far-from-equilibrium assembly pathway is shown in
Fig. 4.2a. The corresponding cluster statistics retain memory of the formation process [52]:
the ground-state configuration is determined by the spatial angle of approach that the sixth
particle takes towards the 5-particle cluster. Assuming that docking onto the 5-cluster is
equally likely for any angle of approach (see Fig. 4.2a), the probabilities of forming P, C,
or T 6-clusters are 1/2, 1/3, and 1/6, respectively, in close agreement with the data for the
sticky limit (Fig. 4.2b).

By contrast, deep into the off-resonant regime, clusters rearrange by moving particles
randomly along their periphery (Fig. 4.2¢). This occurs either by single particle ejection
with much shorter trajectories (i.e., no more than one particle diameter) or by ‘floppy’ hinge
motions: When all but one of the bonds to nearest neighbours is broken by active cluster
fluctuations, the remaining bond acts as a flexible hinge. This enables the particle to swing
around to a new position without leaving the cluster. In this off-resonant regime, we find that
P and C clusters occur with equal probability and twice as often as T clusters (Fig. 4.2b).

Such cluster statistics correspond to an unbiased sampling of configuration space, where we
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simply count the number of ways a 6-cluster can be formed by adding one more particle to a
5-cluster. This ergodic limit is indistinguishable from the thermal case, which [55] observed
using 6-particle clusters composed of micrometre-sized Brownian colloids.

By changing the ultrasound frequency, we can control the amplitude of active fluctua-
tions and thus control the cluster rearrangement processes. Figure 4.2b shows statistics for
relative ground-state probabilities as a function of detuning parameter Af/ fy, where fy (=
45.651kHz) is the trap resonant frequency, f is the driving frequency, and Af = f — fp > 0.
As the trap is detuned, cluster statistics transition smoothly from sticky to ergodic. At the

same time, clusters increasingly rearrange via hinge motions.

4.4 QOut-of-plane fluctuations as an effective temperature

The emergence of hinge motions is closely linked to out-of-plane bending, which like particle
ejection is triggered by impacts against the reflector, as shown in Fig. 4.3a. As a measure
of out-of-plane bending, we calculated the second moment J of the vertical coordinate z by
integrating the distance to the z geometric center of the cluster over the area of the cluster.

That is,

J—//A(z—zo)QdA,

where zg is the z geometric center of the cluster. Note that we define J for the specific 2D
projection of the cluster sideview. For a fully planar configuration, J is at a minimum; if
the cluster is bent out of plane, J increases. Representative time series of J for small and
large detuning parameters are shown in Fig. 4.3a. From longer versions of such time series,
the probability distributions P(.J) for finding a particular magnitude J can be extracted. As

Fig. 4.3b shows, clusters remain effectively rigid and planar for small Af/fy, while further
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Figure 4.3: Out-of-plane fluctuations as a measure of effective temperature. (a)
(Top) Sequence of side images showing a cluster colliding with the reflector. Time series for
second moment J of vertical coordinate z (see Methods), for small detuning (middle) and
large detuning (bottom). (b) Probability distribution of J as function of detuning parameter,
[llustrative side images of clusters are shown at
their value of J. (c) Power spectrum of the J time series. (d) Average power per octave
as function of detuning parameter. (e) P, the probability of transition between any cluster
ground state, as a function of detuning parameter. Shaded areas in (d) and (e) indicate the
standard error. Note the similar trends in (d) and (e): the fluctuations increase exponentially
as a result of the effective temperature induced by detuning away from resonance.

obtained from time series as in part (a).
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detuning generates a rapidly increasing probability of exciting large-J values associated with
shape-changing, out-of-plane bending fluctuations. These fluctuations also become more
frequent (Fig. 4.3a, bottom), resulting in broad power spectra whose magnitude quickly
rises with Af/ fo, while their overall character changes little (Fig. 4.3¢).

When we plot the average power per octave associated with shape-changing fluctuations
we find it to increase exponentially with detuning parameter Af/ fy (Fig. 4.3d). At the same
time, we find that also the probability P; of observing a transition between any two 6-particle
ground states increases exponentially (Fig. 4.3e). Together, this shows that Af/fy plays the
role of an effective temperature in an activated process: detuning the trap generates insta-
bilities that temporarily break particle-particle bonds and allow for cluster rearrangement.

Here, a surprising aspect is that detuning not only controls the rate, but also the type of
rearrangement process. From Fig. 4.2b, we see that these processes have important conse-
quences for the likelihood of observing specific ground state configurations. In particular, the
degeneracy between parallelogram (P) and chevron (C) in the ergodic limit can be broken

by moving to the regime dominated by sticky assembly.

4.5 A general model for athermal cluster reconfigurations

Driven by active fluctuations, these clusters explore an athermal ensemble. The cluster re-
configurations are instances of a general transition process through intermediate states. We
model this process with a discrete-time Markov chain, in which state transition matrices rep-
resent the creation of specific ground state configurations through adding or removing one
particle. To represent the various ground-state probabilities P; for a general N-particle clus-
ter, we list them as ¢ components of a vector P . Specifically for N = 6, Pg = (Pp, Pc, Pr),
where the subscripts refer to the three possible configurations. The (i, j)-th element of the
transition matrix T represents the probability of creating the i-th N-particle ground state
by adding a single particle to the j-th (N — 1)-particle ground state. Similarly, the (7, j)-th
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element of the matrix Q) captures how the i-th N-particle state is obtained by destroying
the j-th ground state of the (N + 1)-particle cluster. Under steady-state conditions, P is

related to the probabilities P _1 and P41 through

PN:TNPN—1+QNPN+1- (4.2)

Once Ty and Qp are known, Eq. (4.2) can be solved recursively for Py (see Methods).
For the case discussed so far, with six particles in the trap, Eq. (4.2) leads to Pg = TgP5 and
P5 = Q5Pg, which gives Pg = TgQ5Pg. Since removing any particle from a 6-cluster results
in the same 5-cluster (so that P5 = 1), we have Q5 = (1 1 1). However, the 3 x 1 matrix
Tg depends on whether the creation process is sticky or ergodic, i.e., its components are the
docking probabilities indicated in the top panels of Fig. 4.2a, c¢. Solving for Pg then gives
the values indicated by the horizontal bars along either side of Fig. 4.2b, in close agreement

with the data.

4.6 Assembly of seven-particle clusters

Having obtained Tg and Qs, we can now make predictions for the case that there are seven
particles in the trap and P7 represents the four ground states shown in Fig. 6.1d. Figure 4.4a
shows the reconfiguration pathways for 7-particle clusters and, as examples, transitions from
boat to tree via hinge-motion and from flower to turtle via particle ejection and recapture.
In the model, we assume that T7 contains only processes that generate 7- from 6-particle
states in an ergodic fashion. As a result, T7 is a 4 x 3 matrix with elements corresponding
to docking one particle at any available 6-cluster site with equal probability (Fig. 4.4a).
Recursively solving Eq. (4.2) for Py, we find steady-state probabilities near 0.075, 0.47,
0.30 and 0.15 for the flower (F1), tree (Tr), turtle (Tu) and boat (Bo) configurations (see

Methods for details). Importantly, the model indicates that all four 7-particle ground states
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Figure 4.4: Seven-particle cluster assembly, ground-state statistics, and transition
states. (a) Left: Schematic of model for statistics of six- and seven-particle clusters in the
acoustic trap. Acoustic frequency tunes the formation of six-particle clusters from sticky
(centre left) to ergodic (centre right) regimes. Six-particle clusters can be formed when a
particle is removed from the edge of a seven-particle cluster (top). In the reverse process,
seven-particle clusters are formed ergodically from six-particle clusters (bottom). Right:
Sequence of images from below showing a transition between seven-particle states via a
hinge motion (top) or a particle ejection (bottom). (b) Distribution of seven-particle cluster
configurations as a function of detuning parameter, with standard error indicated by shaded
area. The green (purple) bars indicate statistics derived from taking into account the sticky
(ergodic) six-particle clusters. (c) Statistics of intermediate six-particle clusters within a
seven-particle system, plotted as a function of detuning parameter (standard error indicated
by shaded area). The green (purple) bars indicate statistics derived from considering sticky
(ergodic) cluster assembly. (d) Probability of observing a hinge motion Py as a fraction
of the total number of transitions P; for different values of the detuning parameter. Filled,
purple (hollow, blue) disks correspond to clusters of 6 (7) particles.
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should be largely insensitive to whether the 6-particle intermediate states are formed from
5-particle precursors via a sticky or ergodic process. These numerical values are in excellent
agreement with the data (Fig. 4.4b).

A further model prediction concerns the probabilities for the intermediate 6-particle states
in the 7-particle system, shown in Fig. 4.4c. As before, these states are strongly affected by
whether the sticky or ergodic assembly process is followed. However, the probabilities differ
from those for the ground states in the 6-particle system (Fig. 4.2b), since now T7 and Qg
enter the Markov-chain model. Again we find that these probabilities are consistent with
the data.

This match between model and experiments justifies, a posteriori, the above assumption
about the applicability of the ergodic form of T7 across the whole range of Af/fy. However,
we can also check this assumption directly. This is done in Fig. 4.4d, where we plot the
experimentally observed probability of reconfiguration via hinge motion P relative to Pp
as a function of the detuning parameter Af/fy. While for 6-clusters this fraction increases
steadily with detuning, for 7-clusters it is effectively independent of Af/fy, just as the 7-
cluster statistics. This difference in hinge-mode proliferation reflects that larger clusters
support more bending modes and generate larger out-of-plane bending amplitudes along
their periphery. We conclude that hinge motions serve as a key indicator for processes that

generate ergodic reconfigurations among the ground states.

4.7 Conclusions

In this paper we introduced acoustic levitation as a tool to assemble small clusters of particles
and investigate their dynamic reconfigurations. While thermal fluctuations set the magnitude
of depletion forces in more microscopic particle systems such as colloids, the sonic depletion
forces discussed here depend on the sound pressure amplitude and thus can be controlled

independently from the effective temperature of the system. The effective temperature, in
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turn, was shown to be an emergent quantity that arises from the dynamic response of the
levitated objects in the off-resonant regime Af/fy > 0.

We can envision acoustic levitation as a more general platform for non-invasive manip-
ulation of granular matter with tunable attractive interactions. Our results open up new
opportunities for investigating in the underdamped regime the dynamics of extended, 2D
rafts of close-packed particles [61]. Since the levitated particles are macroscopic, anisotropy
in sonic depletion forces could be achieved via particle shape and/or by combining materials
with different sound scattering properties. This may provide a means to assemble complex
structures similar to what has been done with patchy colloids [62, 5] or shape-dependent en-
tropic forces [63]. Longer-range interactions analogous to those between particles at curved
fluid interfaces [33] could be implemented using the back-action of levitated grains on the

sound field itself.

4.8 Additional information

In this section, we provide additional relevant details for the results presented in Chapter
4 (originally published as Supplementary Information to Lim, Melody X., Anton Souslov,
Vincenzo Vitelli, and Heinrich M. Jaeger, “Cluster formation by acoustic forces and active
fluctuations in levitated granular matter.” Nature Physics 15, no. 5 (2019): 460-464.).
Contents include a full derivation of the Markov-chain model results of Chapter 4.5 and 4.6,
a comparison to thermal seven-particle cluster statistics, and the number of observations
for the cluster statistics. In addition there are three additional figures, which show the
acoustic force as a function of detuning parameter, the thermal seven particle statistics, and

a comparison between the primary and secondary forces in the levitation plane.
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4.8.1 Details of the Markov-Chain Model

We consider a discrete-time Markov chain that relates the cluster statistics for five-, six-, and
seven-particle clusters by examining the physical processes that produce different clusters.
We consider the following mechanisms: (1) Seven particle clusters are formed by ergodically
adding a particle to a six-particle cluster (meaning that the particle occupies any binding
site with equal probability). (2) Six-particle clusters are formed from five-particle clusters,
in a way that depends on the detuning parameter. (3) Six-particle clusters are also formed
from the removal of a particle from the edge of a seven-particle cluster. (4) Five-particle
clusters are formed from the removal of a particle from the edge of a six-particle cluster.

Denoting the probability of state S as P(S), we write

P(F1) .

Pr = ) ,Pe=| P(C)|,P5= (P(5))
P(Tr) PT)
P(Bo)

We recall that there are four possible states for seven-particle clusters, three for six-
particle clusters, and one for five-particle clusters. Let T?\}s denote the creation matrix that
describes building a N-cluster from an (N — 1)-cluster for either ergodic or sticky processes,

and Qpu the destruction matrix for breaking an N + 1-cluster to make a N-cluster. Then

P7 = T7P, (4.3)
1 1

Pg = 5QeP7 + §T§’SP5, (4.4)

P5 = Q5Pg. (4.5)
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Note that we assign equal weight to the processes which form a six-particle cluster from
a five-cluster, and those which form a six- cluster from a seven-cluster. In addition, T§g
describes either ergodic or sticky six-particle formation processes depending on the detuning

parameter.

Six particle statistics

If we exclude the seven-particle processes from the model, we are left with

Pg¢ = T "Ps, (4.6)

P5 = Q;Pe. (4.7)

We construct an effective transition matrix Rgg, describing the six- to six-cluster transitions

through intermediate five-cluster states. Substituting Eq. (4.7) into Eq. (4.6),

Res = Tg " Qs. (4.8)

To find Qs, we consider the possible clusters that result from removing a particle from the
edge of a cluster. Trivially, removing any particle from a six-cluster results in the unique

five-cluster:

Q5=<1 1 1). (4.9)

In addition, Tg’s are constructed from the ergodic and sticky models:
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2/5 1/2
Te=|2/5|.T6=11/3]|- (4.10)

1/5 1/6

Since the steady state probability vector Pg satisfies Pg = RggPg, we find Pg by finding

the eigenvector of Rgg with unit eigenvalue. Substituting

2/5 1/2
Ps=12/5|,Pg=11/3
1/5 1/6

These probabilities are shown in Fig. 2b of the main text.

Seven particle statistics

Similarly to the six-cluster derivation, we derive expressions for the effective transition ma-
trices M77 and Mgg from Eqs. (4.3)-(4.5), such that Py = My7P7 and Pg = MggPg. The
steady-state probabilities are then the eigenvectors of Mgg and M77 with unit eigenvalue.
Note that M77 and Mgg include transitions through five- and six-cluster intermediates. Sub-

stituting Eqgs. (4.3) and (4.5) into (4.4), we obtain

1 1
A@6::§Q6T$+-§TQSQ5. (4.11)

We derive M77 by substituting Eq. (4.5) into (4.4), which is then substituted for Pg in

Eq. (4.3):
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1 1
P7 = T% (§Q6P7 + §TE’SQ5P6)

1 1
= §T$Q6P7 + §T$T2’5Q5P6

In order to get a closed-form expression for Py, we continue substituting for Pg:

1 1 1 1
Pr = §T?Q6P7 + §T$T§’SQ5 (§Q6P7 + §T§’SQ5P6>

1 1
= §T?Q6P7 + ZT$T2’8Q5Q6P7

1
+ ZT$T2’5Q5TE’SQ5P6

This leads to a geometric series in increasing numbers of transitions between five- and

six-cluster states:

1 = 1

P7 = §T$Q6P7 + (Z WT%TE’SQQ”QG) P
n=1

We note that Tg’sQ5 is idempotent, so that (TE’SQ5)” = TE’SQ5 for any n. Then we

complete the geometric series and write

1 1
My = §T$Q6 + §T$Tg’SQ5Q6 (4.12)

To find the destruction matrix Qg, we assume that any particle on the edge of a cluster
has equal probability to be removed. Then F1 can only make C, Tu makes P and C with

equal probability, Tr makes P, C, and T equally, and Bo makes only P:
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0 1/3 1/2 1
Qs=|[1 1/3 1/2 0
01/3 0 0

Similarly, we construct T assuming that a seventh particle has equal probability to

attach to any binding site on a six-particle cluster:

0 1/5 0
1/3 2/5 1
1/3 2/5

e}

1/3 0 0

Substituting into Eqs. 4.11 and 4.12 and solving the eigenvalue problem, as for the six-

particle clusters, gives

0.071 0.079
ps 0.464 pe_ 0.480
0.303 0.299
0.161 0.141

and
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0.484 0.426
Pg=10355|,Pg=|0.349
0.161 0.180

4.8.2  Thermal seven-particle clusters
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Figure 4.5: Predicted statistics for thermal seven-particle clusters. Cluster statistics
for thermal seven-particle clusters as a function of kgT'/Eg (solid curves). See section S1 for
derivation. The probabilities from the Markov-chain model in the ergodic (sticky) used in the
main text are also shown as purple (green) bars. Within error of our experiment, the Markov-
chain predictions in the ergodic regime are indistinguishable from the high-temperature limit
of the thermal seven-particle clusters ( kgT > 2EpR).

For thermal clusters, the flower is the only ground state of the seven-particle system, since
it has one more bond than the tree, turtle, or boat. For this reason, in a thermal system,
the relative occupation probabilities of the four possible configurations are a function of the

temperature. These statistics can be calculated as follows.
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Let the energy of each bond be Ep. Then we define the flower as having zero energy
(the only ground state), and the tree, turtle, and boat as being at energy Ep each. Then

the partition function of the system is

7 = Ze—Ei//{BT
i

= npy + (npy + npy + npole” FB/AET

where n; is the degeneracy of each possible cluster configuration, 7" is the temperature, and
kp is the Boltzmann factor. To determine the degeneracy of each cluster configuration, we
count the number of ways to make a given configuration from a six-particle cluster, multiplied
by the degeneracy of that six-particle cluster. The flower can be made only one way (add
a particle to the chevron), but the chevron can be made two ways from the five-particle
cluster, so np; = 2. Similarly, the boat can be made two ways from the parallelogram, and
the parallelogram two ways from the five-particle cluster, so ng, = 4. The turtle can be
made two ways from the parallelogram, and two from the chevron, so np, = 8. Finally,
the tree can be made in two ways from the parallelogram, two ways from the chevron, and
six from the triangle (which can only be made one way from the five-particle cluster), so

that np, = 14. The probability of each state as a function of temperature is thus:

2
P(Fl) =
(F1) 2+ 14e—EB/kBT
4
P(Bo) =
(Bo) 2eEB/kBT | 14
8
P(Tu) =
(Tw) 2eEB/kBT 4 14
14
P(Tr) =

2eEB/kBT 4 14
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These probabilities are plotted as a function of kg7 /Ep in Fig. 4.5. For reference, the
probabilities from the Markov-chain model used in the main text are also shown. Within error
of our experiment, the Markov-chain predictions in the ergodic regime are indistinguishable
from the high-temperature limit of the thermal seven-particle clusters ( kg7 > 2Ep). Thus
the failure of the system to find the global ground state even in the ergodic limit suggests

that our large detuning limit is most analogous to a high temperature thermal system.

4.8.83  Supplementary Figures
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Figure 4.6: Acoustic force as a function of detuning parameter. We used finite ele-
ment modeling software, as in Fig. 3.1 and Fig. 3.2, to determine the variation of acoustic
force F'y between a pair of particles as a function of detuning parameter Af/fy. For this
calculation, » = 0.25\, and all geometrical parameters are fixed in terms of Ay while the
wavelength of the standing wave is detuned. We plot F'4 normalised by the force at reso-
nance, Fres. The magnitude of acoustic force increases less than 10% for the experimental
range of detuning.
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Figure 4.7: Acoustic forces dominate dynamics in the levitation plane. (a) Simu-
lation geometry. The axisymmetric acoustic cavity is modeled using a finite-element sim-
ulation. The top of the cavity is driven at a fixed normal acceleration (0.1m/s? for the
results shown here), while the bottom enforces a sound hard boundary (perfectly reflecting)
condition. We apply a plane-wave radiation condition to the left boundary to mimic the
experimental conditions. The acoustic force F)y as a function of r, distance from the center,
on a point scatterer in the levitation node is calculated from the resulting pressure and ve-
locity field according to the expression derived in Ref. [38]. F4 is calculated for two different
configurations: (1) the point scatterer subject only to a standing wave (“empty”), or (2) a
perfectly scattering particle fixed in the center of the trap (“with center particle”, compare
to the curve labeled “point particle” in Fig le of the main text). (b) Comparison of the force
on a point scatterer due purely to the trap (blue, primary radiation force), to the force on
a point scatterer due to the presence of another particle (red, secondary radiation force or
acoustic force). (Inset) same as main figure, with a log-scale y-axis. When the particles are
close, the acoustic force is larger than the confining potential by 2 orders of magnitude.
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4.8.4  Supplementary Tables

Af/fo x 1073 number of observations

0.31 347
0.74 360
0.96 639
1.10 665
1.45 472
1.53 1305
1.75 1992
1.97 1393
2.19 2114
2.52 584

Table 4.1: Number of observations for 6-clusters

Af/fo x 1073 number of observations

0.22 843
0.44 1151
0.66 350
0.88 1103
1.32 671
1.75 1136
1.97 1329
2.19 1869
241 1454
2.63 1372
2.85 1537

Table 4.2: Number of observations for 7-clusters
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CHAPTER 5
MECHANICAL PROPERTIES OF ACOUSTICALLY
LEVITATED GRANULAR RAFTS

5.1 Introduction

In this Chapter, we ask what happens when we self-assemble acoustically levitated rafts
of twenty to two hundred particles, and use the rotational dynamics of the acoustic trap
to probe their mechanical properties!. The dynamics of rapid rotation underpin a wide
range of physical systems, from rotating black holes [64, 65, 66], to the shapes of spinning
self-gravitating asteroids [67, 68, 69], the cooling of optically trapped microparticles [70],
and the spin and stability of atomic nuclei [71, 72, 73, 74]. To probe the stability and
modes of deformation of such systems, rotating liquid droplets are often used as models,
where surface tension mimics attractive forces that bind the material and compete with
the outward pressure exerted by the rotation [71, 64, 75, 76, 77, 72, 73]. The small size of
molecules implies that liquid droplets can only represent the elastic limit where the number
of constituent components is very large, and internal structure is treated as a continuum.
Deviations from elastic behavior emerge in the mesoscopic regime as the surface to volume
ratio becomes large. For example, measurements of thin films and metallic nanopillars have
found elastic moduli [78, 79|, dielectric constants [80], and melting temperatures [81] that
depend on the system size.

Observing the effects of internal structure and investigating emergent properties as a
function of the number of constituent particles in the mesoscopic regime is possible by using
colloids [82, 2, 83] or the micron-sized particles in dusty plasmas [84, 85, 86] as ‘model

atoms’, but generating rapid rotations is difficult. For exploring the mesoscale dynamics in

1. This Chapter is adapted from Lim, Melody X., Bryan VanSaders, Anton Souslov, and Heinrich M.
Jaeger,“Acoustically levitated granular rafts.” arXiv preprint arXiv:2106.09765 (2021).
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a rapidly rotating, inertial, many-particle system we here introduce acoustically levitated
granular rafts: close-packed monolayers of sub-millimeter particles freely floating in air.

In these rafts, tunable attractive forces generate short-ranged cohesion, providing in-plane
elastic properties as well as out-of-plane bending stiffness. As the rotation rate increases
beyond the point where inertia outweighs this cohesion, sufficiently large rafts undergo a
shape transition strikingly similar to liquid drops. We can image such granular rafts on the
particle scale at high temporal resolution, allowing us to measure microstructural properties
and dynamics during inertial driving. To explore the emergent physics of this granular
system, we here focus on mesoscale rafts comprised of 10 to 200 particles.

Our setup consists of a cylindrical ultrasound transducer (Langevin horn) and a reflector,
between which we generate a standing sound wave with a single pressure node along the
vertical direction (Fig. 5.1(a)) [87, 88]. While strong sound pressure enables the levitation
of solid particles (primary acoustic force), sound scattering between the particles generates
attractive interactions among them (secondary acoustic force) [42, 89]. Particles are levitated
in air, generating an underdamped environment in which levitated particles collide and self-
assemble into a raft, weakly confined to the horizontal plane of the sound pressure node
(Fig. 5.1(a), Supplementary Movie 1). Such rafts form roughly circular monolayers comprised
of varying numbers of constituent particles (Fig. 5.1(b)).

Driving the cavity slightly above resonance produces stochastic, non-conservative forces,
including a torque (along the vertical direction) that imparts angular momentum to the
levitated rafts and spins them up. Unlike other strategies for activating underdamped mat-
ter [90, 91, 92], the resulting motion of the granular rafts is entirely substrate free. At low
angular velocities, the rafts retain their close-packed internal structure (visible in Fig. 5.1(b)).
As their rotation speeds up, the rafts undergo deformation via internal rearrangements un-
til they eventually break apart into smaller fragments. Weak radial confinement within the

nodal plane brings these pieces back together and they merge by forming a bridge that grows
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with time, eventually coalescing back into a single circular raft (Fig. 5.1(c), Supplementary
Movie 2). This process is similar to the surface-tension driven coalescence of a pair of liquid
drops [93, 94]. Once merged, the (again) circular drop can then be spun up by the acoustic
torque, repeating the cycle of spin-up-to-failure.

The spin-up during such cycles provides conditions in which the gyrostatic pressure slowly
increases, driving micro-structural changes as well as overall shape deformations. These
shape deformations reveal the consequences of the binding potential, here induced by acoustic
scattering, on measurable mechanical properties of the granular rafts.

Specifically, we use the rotation-induced shape changes to track how the emergent me-
chanical properties depend on raft size. We find that the effective surface tension and the
effective elastic modulus grow roughly linearly with the number of particles, i.e. both are
extensive quantities. We show that this is a direct consequence of acoustically-induced bind-
ing energies. This extensivity demonstrates the presence of non-pairwise acoustic forces
between particles. We conclude that the properties of levitated granular rafts challenge
existing frameworks for the calculation of acoustic forces between multiple particles, which
assume superposition of pairwise interactions and, over the same range in raft sizes we ex-
plore, would predict saturation at some elastic value. We further show that these rafts also

display size-dependent microstructural deformations.

5.2 Experimental Setup and Methods

Ezxperiments

Our acoustic trap consists of an acoustic resonant cavity, driven on one side by a commer-
cial ultrasound transducer (Hesentec HS-4SH-3840). An aluminum horn was bolted onto
the transducer to maximize the strength of the pressure field, as detailed in Ref. [87, 8§]

(Fig. 5.1(a), first panel). The base of the horn (diameter 38.1mm) was painted black to bet-

41



At= 9ms 11r'ns 13ms  15ms 17ms. 21ms

Figure 5.1: Self-assembly of granular rafts by acoustic levitation. (a) 3D drawing of setup
and sequence of images (side view) showing the self-assembly of a granular raft from its
constituent particles. Piezoelectric elements (cylinder) are attached to an aluminium horn
to generate ultrasound (only base is shown). The grounded aluminium horn is spaced over
a (grounded) indium tin oxide glass slide. The dashed black rectangle indicates the field
of view in the subsequent still images. At ¢t = 0, a standing wave is established between
the transducer (above the top of the image) and reflector surface, which is covered with
loose particles. These particles are picked up from the reflector surface by the primary
acoustic force, and initially form small clusters, which travel in the underdamped acoustic
environment until they coalesce to form a monolayer. (b) Self-assembled rafts composed of
varying numbers of particles Ny, viewed from below. (c¢) Sequence of images from below,
showing two rafts approaching each other and merging into a larger raft. Variations in
brightness correspond to local curling of the raft out of plane.
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ter image the particles from below. The transducer was driven by applying a sinusoidal signal
of peak-to-peak voltage V, (100 - 400V) and frequency f close to the resonance frequency
of the horn fy = 45.65kHz, produced by a function generator (BK Precision 4052) connected
to a high-voltage amplifier (A-301 HV amplifier, AA Lab Systems). The transducer-reflector
distance was adjusted via a translation stage to Ag/2 = 3.8mm, establishing a single pres-
sure node within the acoustic trap. Stable levitation is possible across a range of a few
tens of Hz to either side of the resonant frequency. In order to reduce the effects of air
currents, the entire setup was enclosed in a transparent acrylic box, with side-walls far from
the experimental area of interest (I x w x h = 24 x 12 x 18 in?).

We used polyethylene spherical particles (Cospheric, material density p = 1,000 kg m~3,
diameter d = 180 — 200 pum). The particles were stored and all experiments were per-
formed in a humidity- and temperature-controlled environment (40-50% relative humidity,
22-24°C). The reflector was comprised of a grounded indium tin oxide (ITO) coated glass
slide (thickness 1.1mm) secured to the top of an acrylic sheet (thickness 6.35mm). To miti-
gate tribocharging, both the reflector and the horn were grounded. The setup was cleaned
with compressed air, ethanol and de-ionized water before each experiment. We neutralized
any charges that remained on the reflector with an anti-static device (Zerostat 3, Milty).
For each experimental run, particles were scattered onto the reflector from a spatula or, in
some cases, inserted with a tweezer. Video was recorded with a high-speed camera (Vision

Research Phantom v12) at 3,000 frames per second.

Lattice Boltzmann Simulations

We employed the Lattice Boltzmann method (LBM) to perform ab initio simulations of the
sound field inside the acoustic cavity and its coupling with the levitated particles, hence
taking into account the full extent of the fluid-structure interactions [95, 96]. This approach

naturally includes the effects of viscous dissipation, momentum transfer due to multiple
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scattering events, and anisotropy in the shape of the levitated objects.

LBM simulations of the acoustic cavity were carried out within the walLBerla framework
[96]. A single relaxation time scheme with a viscosity matching that of air was used [95].
To compute inter-particle forces, a simplified simulation geometry with plane wave acous-
tic input and periodic domain boundaries was used. The ultrasonic horn was represented
as a bounce-back boundary condition with time-dependent velocity, and the reflector as a
stationary no-slip boundary.

We used the PE functionality of the waLBerla framework to simulate the interaction of
particles with the acoustic field [97]. Hydrodynamic forces between the particles and fluid
were handled with the partially-saturated cells method [98], which was found to be more
stable than other momentum-exchange methods under acoustic conditions. We found that
a local cell size of D/15, where D is the particle diameter, was sufficient for accurate force
calculations.

In Fig. 6.1(b) we compare the results produced by the analytical approximation [42]
and our LBM simulations for the secondary acoustic force due to scattering between two
particles of radius a < A\ (Rayleigh limit) and volume V},, in an imposed standing wave with
acoustic energy density Fpy. The data show close agreement, except very close to the particle
surface, where the far-field scattering approximations break down and viscous effects become
increasingly important [99]. Spherically symmetric particles in the same horizontal plane
experience an azimuthally symmetric acoustic potential well (Fig. 6.1(a)). As a result, the
secondary acoustic force along the horizontal direction z is attractive, driving the particles
into direct contact (Fig. 6.1(b)). For particles approaching at some angle ¢ with respect
to the horizontal, the interaction is more complex due to the quadrupole-like secondary
acoustic potential (Fig. 6.1(a)). The result is a restoring force that brings particles back into
the plane (Fig. 6.1(b)). In both cases the secondary acoustic force is short-ranged, acting

on lengthscales of the particle radius. This gives rise to an effective cohesion and bending
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rigidity of the raft, while at the same time stabilizing monolayer formation by penalizing
particles for stacking into multiple layers. In contrast, the primary acoustic force, which sets
up an acoustic potential well centered around the nodal plane of the standing wave in the
cavity, has a characteristic length scale on the order of the wavelength of sound. Together,
this means that the levitated granular rafts behave as effectively two-dimensional membranes

that are weakly confined in three dimensions.

Raft Rotation

In addition to conservative acoustic forces, which assemble and stabilize the rafts, non-
conservative forces can be generated if the transducer is driven with a frequency slightly
larger than the resonance condition for levitation. These non-conservative forces can manifest
as of out-of-plane, velocity-dependent forces, which originate from a phase lag between the
motion of levitated objects in the cavity and the response of the cavity mode [100], and lead
to vertical height fluctuations. In prior work we showed that such fluctuations can drive
cluster rearrangements [87], or actuate modes of deformation within a cluster held together
by secondary acoustic forces [88].

Our focus here is on fluctuating torques caused by off-resonance driving, where angular
momentum is transferred to levitated objects, such that they spin around an axis perpen-
dicular to the nodal plane. These spontaneous, fluctuating torques are frequently observed
in levitated objects in air. Candidates to explain their origin include streaming flows in the
acoustic cavity [101], velocity-dependent instabilities [100], and radial potential gradients in
the levitation plane [102]. Although a full explanation of the origin of this acoustic torque is
outside of the scope of the present study, here we show that the statistics of this oscillational
instability can be controlled by the transducer frequency detuning Af/fo, such that they
can be used to provide rotational driving to a levitated granular clusters.

To demonstrate and characterize this momentum transfer as a function of frequency
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Figure 5.2: Secondary acoustic forces drive self-assembly and rotation of levitated granular
rafts. (a) Secondary acoustic potential due to a particle with radius a, computed using a
scattering expansion, normalized by the energy density of the cavity Fy, and the particle
volume V}. (b) Secondary acoustic force between a pair of particles, computed using a
scattering expansion (black solid line), and using a lattice simulation (blue markers). (top)
Horizontal force F, between two particles as a function of distance x between their surfaces
(dashed white horizontal line in panel (a)). (bottom) Angular force F, on a particle displaced
out of the nodal plane with angle ¢ (x/2a = 0.1, dotted circular contour in (a)). (c) Example
traces of rotation rate df/dt as a function of time, for a 2-particle dimer consisting of a pair of
700-810pum polyethylene particles, at different detuning parameters Af/fy. (d) Probability
of dimer rotation P(rot) as a function of Af/fy. Shaded areas indicate the standard error.
(e) Plot of the decorrelation time 74 for the rotation rate of a pair of particles, as a function
of Af/fp. Shaded areas indicate the standard error. Data not plotted for the smallest
detuning parameters, for which there is no significant change in the rotation over time.
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detuning Af/fp, we measure the in-plane angular rotation rate for a cluster consisting of
two (700-810um polyethylene) particles held together by the secondary acoustic force (data
in Fig. 6.1(c), see inset to Fig. 6.1(d) for an image). We chose to use a pair of larger spheres
as a minimal model for these rotational measurements, such that the longest dimension of
the pair together was approximately equal to the diameter of the largest rafts. Results are
qualitatively similar for pairs of smaller spheres, rigid rods, and the rafts, with differences in
the maximum possible rotation rate and acceleration due to size-dependent viscous drag.
For the smallest Af/fy, the cluster does not complete full rotations, but simply rocks
back and forth, occasionally stopping. As Af/fq is increased, the cluster spins up to high
angular speed, where both rotation rate and rotation direction vary stochastically when
tracked over tens of seconds. However, this also includes stretches where the rotation rate
increases roughly linearly with time, such that the imparted torque is nearly constant. Such
stretches are used for our measurements on the rafts, reported below, which involve time
intervals of typically less than one second. With increasing detuning, the probability of being
in some continuously rotating state quickly approaches unity (Fig. 6.1(d)), while the typical
lifetime of the state, measured by the time for the auto-correlation of the angular speed to

decay to half its value, never drops below two seconds (Fig. 6.1(e)).

5.3 Results and Discussion

As the initially roughly circular rafts spin up, their rotational kinetic energy eventually
becomes comparable to the particle binding energy and their shape begins to deform into
ellipses (Fig. 5.3, Supplementary Movie 3). This plastic deformation process (see Appendix
D for Voronoi diagrams of the raft interior) continues until eventual break-up. For sufficiently
large rafts, plastic deformation is localized mainly to a small “neck” region that continues to
extend as the raft rotates, eventually pinching off into two or more raft pieces (Fig. 5.3(a)).

In contrast, for smaller rafts we observe a different mode of shape change (Fig. 5.3(b)): after
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Figure 5.3: Levitated granular rafts exhibit emergent liquid-like behavior. (a) Sequence
of images from below, showing the deformation of an initially circular raft that rotates in
the clockwise direction. As the raft gains angular momentum, it elongates into an ellipse
(at t = ty, where the kinetic energy prCLRgH is at its maximal value), then splits into two
smaller rafts. The corresponding traces are shown in orange in (c) and (d) (second largest
raft) (b) Sequence of images from below, showing the deformation of a smaller raft, at first
also by elongating (at t = tp), but then by shedding particles. The corresponding traces
are shown in purple in (¢) and (d) (second smallest raft), with the diamond marking the
image at time ¢ = 3ms in (b). (c) Example time-series of the absolute value of the number of
rotations per second |w|/27 (top), and the dimensionless shape parameter R* of the levitated
raft (bottom), as a function of the number of particles in the raft Ny, see part (d) for color
key. Before tg, the rafts spin faster without deforming; after ty, the rafts change shape,
shed weakly bound particles, and eventually split into multiple pieces. Raw data was filtered
using a moving-average filter, with a width of 20 data points (7ms) to obtain the data in (c)
and (d). (d) Evolution of the dimensionless shape parameter R*, as a function of the kinetic
rotational energy of the drop praRéﬁ, for rafts with several different Nj. Inset images show
the rafts at various points in the spinning process. After deformation into an ellipse, rafts
can shed angular momentum by losing small clusters of weakly bound particles.
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the rafts initially elongate into ellipses, they tend to continue to deform by shedding particles
from their perimeter rather than via plastic deformation.

We now focus on the behavior well before break-up, where the rafts first begin to deviate
from their circular shape and to elongate into ellipses. For a raft of total area A, which may
change as the raft gains rotational kinetic energy, we measure deviations from circularity by
the dimensionless parameter R* = Rpyax/Re- Here Rpax is the semi-major axis of the raft
at any given time, and R.g = \/A_/ﬂ' is the effective radius of the raft’s (time-varying) area
A.

Comparing time-traces of the rafts’ rotation rate w and shape parameter R* (Fig. 5.3(c))
reveals that the shape evolution is divided into two regimes. At first, w increases nearly
linearly with time, while R* remains close to its initial value, indicating constant torque
and angular acceleration without shape change — rotational kinetic energy is diverted into
uniform stretching of the acoustic “bonds” between the constituent particles of the raft. In
this regime, the raft perimeter is elastically stretched by increasing the interparticle spacing,
without moving particles from the interior to the raft perimeter.

Once a maximum spinning speed has been reached, a point in time we label as ¢g in
Fig. 5.3(c), the spinning speed w decreases, and the shape parameter R* increases sharply
— the rafts become elliptical, and increase the total length of their perimeter by introducing
particles from the interior to the raft surface. We use these differences in the microstructural
evolution of the rafts to distinguish the two raft regimes as being dominated by elasticity
before t(, and being dominated by surface tension at and after ¢y (where “surface” here refers
to the outer perimeter of the raft), in accordance with the nomenclature used in studies of
the surface stresses and energies of thin films [103, 104].

In Fig. 5.3(d) we plot the evolution of R* as a function of the rotational kinetic energy
of the rafts E,ot. For our circular monolayer rafts Eyqt ~ pcuzaR;l , where we have treated

the rafts as discs with the thickness of one particle (diameter 2a and material density p),
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and where we have omitted numerical prefactors of order unity. After reaching a maximum
Elot, the rafts lose rotational kinetic energy, visible as a change in curvature in the traces.
After this point, R* grows as the rotational kinetic energy decreases: further increases to the
angular momentum of the raft serve to increase its moment of inertia, increasing its surface
area as it elongates. While the raft continues to lengthen, ejection of weakly bound particles,
which carry away some of the angular momentum, is reflected in sharp curvature changes of
the traces in Fig. 5.3(d). The insets give examples.

The general shape of the traces in Fig. 5.3(d) exhibits striking similarity with what is
found for rotating droplets of molecular liquids [76, 77, 105, 106]. For liquid drops, as with
our granular rafts, shape is governed by the competition between rotational kinetic energy,
Elot, which acts to elongate the drop, and interfacial energy, Fi,, which penalizes increases
to the drop-air interfacial area (for rafts this is the perimeter area, i.e. the product of the
perimeter and 2a). Air drag can be neglected provided that the raft undergoes rigid body
rotation [77, 107] (see Appendix E for measurements of the non-affine motion of particles in
the raft, and Appendix F for an estimate of the magnitude of drag on the edge of the raft,
which we show to be much smaller than the secondary acoustic forces binding particles to
the raft edge). Although these aerodynamic forces are small compared to the in-plane forces
holding raft particles together, these small forces can excite resonant out-of-plane bending
similar to what is observed for thin, flexible disks that are spinning rapidly (see Appendix
G for measurements and a qualitative discussion).

In liquids, as the spinning speed increases under constant torque, the droplets stay ax-
isymmetric, and the energy ratio ¥ = Eyqt/ Ejpyt is simply a function of the spinning speed w
until a value X4 is reached. Beyond this value there is a bifurcation away from the ax-
isymmetric shape of the drop, such that the drop elongates along one axis, decreasing its
rotation rate [76, 77]. Chandrasekhar [76] calculated the maximum ratio value Xpax ~ 4 for

3D droplets, a value that is found to increase to 12 for droplets in two dimensions [108].
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As Fig. 3(d) implies, the ratio ¥ for our rafts similarly increases up to some maximum
value Y ax, beyond which there is a significant change away from the initially circular shape
and the rotational kinetic energy decreases. Not directly apparent from the data in Fig. 3(d)
(but discussed further below) is a slight isotropic expansion of the raft that occurs without
significant change in R* up to the point that ¥,,x is reached. Here we note that this dilation
serves to drive the particles toward a state where they can begin to plastically flow. For such
flow, the important quantity is the energy associated with the creation of new interfaces.

Thus, by identifying the maximum FEyq¢ before shape change occurs in data such as
Fig. 5.3(d), we can extract the interfacial energy FEiyt = Erot max/Xmax of the rafts, in

analogy to liquid droplets. Using Ej,; = vaR.g, we define an effective surface tension ~:

Erommax

= —"— 5.1
QG/EmaxReﬂ' ( )

v

Our data, plotted in Fig. 5.4(a), reveals that the effective surface tension of the granular
rafts is extensive, and scales as a power law with the number of constituent particles, Ny.
This scaling of the effective surface tension does not depend on the numerical value for ¥,
which we here take to be 12, in accordance with Ref. [108]. Within the scatter of the data,
there is no consistent trend with the detuning parameter Af/fy, showing that the trap
fluctuations do not affect the magnitude of attractive forces. The data are compatible with
a power-law exponent between 1 and 3/2. Increasing the acoustic energy in the trap via the
driving voltage of the transducer also proportionally increases the ratio /Ny, confirming
that the observed effective surface tension is a direct product of acoustic scattering forces
(Fig. 5.4(a) inset).

Unlike molecular liquids, our granular rafts can respond to tensile stresses by dilating
slightly, and can thus respond elastically to an increase in rotational kinetic energy as long

as % < Xmax. In this regime, the change in raft perimeter is less than 0.1 times the raft
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Figure 5.4: Contactless measurement of effective surface tension, effective elastic modulus,
and microstructural properties. (a) Effective surface tension 7 as a function of the initial
number of particles in a raft Ny. Dashed line displays the prediction for v obtained from
integrating the acoustic force (Fig. 6.1(a)) over the raft body (within a multiplicative prefac-
tor, see Appendix A). Data shown for transducer peak-to-peak driving voltage Vpp, =300V.
(inset) The slope of v with respect to Ny, measured for different Vj,,. Error bars indicate
standard error. (b) Effective elastic modulus K, defined in analogy to the bulk modu-
lus of a three-dimensional material, as a function of the initial number of particles in a
raft Ny. Dashed line displays the prediction for K obtained from integrating the acoustic
force (Fig. 6.1(a)) over the raft body, with a multiplicative prefactor (see Appendix A). Data
shown on a log-log plot for transducer peak-to-peak driving voltage Vpp = 300V. Error bars
indicate error due to fitting the data. (inset) The slope of K with respect to Ny, measured
for different Vpp. Error bars indicate standard error. (c) Average coordination number of
particles in the raft interior (z), as a function of Njy. Dotted line indicates the coordination
number for close-packed configurations in two dimensions. (d) Lost number of particles up to
maximal plastic deformation, N}, normalised by Ny, as a function of Njy. Shaded regions
indicate the standard error.
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radius Ry, such that the surface tension contribution to this elastic expansion is negligible.
In Fig. 5.3(d) this slight isotropic expansion takes place before the upturn in R* and can be
used to extract the effective elastic modulus. For our rotating rafts, which we treat as discs
with thickness 2a and circular face area A, the fractional increase in volume V = 2aA from

rest volume V) = 2aA( in response to an applied rotational pressure is

v L 9.9
— =14+ —pw’R 5.2
Vo TR et (52)

where we have assumed that the granular material is linearly extensible with effective elastic
modulus K, which we define in analogy to the bulk modulus of a three-dimensional material,
and particle material density p (see Appendix A for details, and Appendix C for examples
of the data used to extract K). Our measurements of K, plotted in Fig. 5.4(b), show that
the effective elastic modulus of the levitated granular rafts also scales with the number of
constituent particles Ny (but not with the detuning parameter, within the scatter of the
data). Increasing the acoustic energy density of the trap also increases the ratio K/Ny
(Fig. 5.4(b) inset), confirming that the effective raft elasticity is directly controlled by the
acoustic scattering forces between particles. For any driving amplitude, neither the effective
elastic modulus nor the effective surface tension appear to saturate, even up to rafts with
200 particles. If this size-dependence were to hold even in the thermodynamic limit, the
effective elastic modulus and effective surface tension would not be well defined. However,
we expect that the long-range cohesive forces holding the raft together would be screened at
large length-scales, with a length-scale that depends on the geometry of the acoustic trap.
For sufficiently large rafts, the surface tension and elastic modulus would then converge to
intensive values that depend on the screening length.

In the limit of very small droplets, the surface tension of small clusters of molecules and

colloids at equilibrium also depends on the number of molecules in the droplet [109, 110]. In
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these droplets, as the size decreases, the increasing curvature of the interface forces significant
differences in the molecular structure, driving deviations in the surface tension from that of
the elastic material. Such corrections become important when the size of this boundary layer
becomes comparable to the droplet size. Previous work on small clusters in equilibrium has
shown that these corrections come into play for three-dimensional clusters smaller than
fifty particles, or clusters with a radius of approximately four particles. Such structural
considerations thus seem unlikely to explain the size scaling observed here, where the effective
surface tension does not appear to saturate up to rafts whose radii are greater than ten
particles.

Our results instead show that the acoustic binding energy itself scales with the raft size.
It is informative to compare this measured scaling of elastic constants with raft size to
the results obtained by a pairwise acoustic scattering calculation. In particular, prior work
suggested that in the Rayleigh limit (a < A), the acoustic potential due to the presence
of many particles can be calculated using a mean field approximation: the total acoustic
potential on a probe particle is the pairwise (linear) sum of the potential due to each source
particle [42, 111]. In this approximation, source particles do not scatter sound previously
scattered by other source particles, and are therefore considered as independent acoustic
scatterers.

However, the predicted mean field scaling of effective elastic constants with raft size
(dashed lines in Fig. 5.4(a) and (b)) appears to have a power smaller than that observed in
the experimental data (see Appendix A for details of the calculation). For very small rafts,
our data extrapolates to the mean field prediction. However, as the number of particles
in a raft increases, the predicted scaling flattens out, while the experimental data do not.
This discrepancy suggests that for large, close-packed rafts (more than 10 constituents),
multibody forces (from multiple scattering events) contribute strongly to the total secondary

acoustic potential, even if the individual constituents are well within the Rayleigh limit. We
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note that the addition of an acoustic screening term would effectively reduce the number of
source particles contributing to the total acoustic field at the probe particle, since screening
introduces a length scale beyond which particle interactions are negligible. On the contrary,
our results show that acoustic binding does not plateau as raft size is increased. Therefore
screening effects, if present, occur at longer length scales than probed here.

These non-pairwise effects point to the fact that the rafts have entered the regime where
source particles can no longer be treated as independent acoustic scatterers. In this regime,
the non-additive forces could arise from significant higher-order scattering between the close-
packed particles, significant phase delays in the acoustic field between different parts of the
raft, or alterations to the modal structure of the acoustic cavity due to the presence of the
raft. Ultimately, our data highlight the current lack in understanding of secondary acoustic
forces beyond lowest-order scattering expansions.

As a counterpart to our observations on the overall shape-change of the rafts, we turn
now to the size-dependence of micro-structural deformations in the rafts. Since the rafts
allow for direct visual access to the configuration of individual constituent particles, we are
able to track the micro-structural basis of their deformation throughout the course of their
spin-up. Our results, plotted in the upper half of Fig. 5.4(c), reveal that the largest rafts
deform without changing their average connectivity: rafts composed of more than 100 parti-
cles rearrange their interior, without changes in the average coordination number (z), similar
to sheared colloidal crystals [112, 113]. However, as the rafts decrease in size, they deform
by decreasing the average number of neighbors between particles in the elastic. This loss
of stability in the raft interior results in changes in the mode of deformation past yield-
ing. Plotting the fractional number of particles lost by the raft, Nj,o/No, as it deforms
(Fig. 5.4(d), example images in Fig. 5.3(a) and insets of Fig. 5.3(d)) reveals that small rafts
tend to change shape by shedding particles rather than through rearrangements of their

interior: small rafts appear brittle rather than ductile, as prefigured by the overall loss of
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connections in the interior of small rafts before their eventual failure.

The existence of such a cross-over from brittle to ductile behavior is in line with general
considerations based on the relative size-dependent energetic costs of plastic deformation
and fracture for small rafts. The cost of plastic deformation is, at a minimum, the en-
ergy required to create a dislocation pair in a previously crystalline domain, which scales
as F'ln Reg [114], where E is the Young’s modulus of the material. Assuming that £ and K
scale similarly with Ny for our levitated granular rafts, the energy cost of a dislocation pair
scales as Ngln Ny. The actual cost may be higher: measurements of the flow stress for
metallic nanopillars suggest that the energy for plastic deformation increases drastically for
small crystals, as they may have an initially low dislocation density [115, 116], or else rapidly
exhaust their available dislocation sources [117]. On the other hand, the energetic cost of
fracture is the energy required to create a new interface (whose area is on the order of the
raft radius times the particle diameter 2a), which scales as ”yN& /2 or, using the essentially
linear dependence of v on Ny, as Ng / 2. For small Ny it is therefore favorable to fracture
rather than to create dislocations. The size-dependence of the raft elastic properties thus

also results in differences in the micro-structural modes of rearrangement.

5.4 Conclusions

We have used acoustic levitation to contactlessly assemble, drive, and measure the mechanics
of active granular rafts. Here, these “soft” granular rafts have attractive forces comparable
to applied rotational tensions. Acoustic rotation thus offers the opportunity to tune through
a wide range of driven behaviors in an inertial soft solid, from isotropic dilation, to extreme
shape change and finally catastrophic failure.

The observed size-dependence of the effective surface tension and elastic modulus of the
rafts pose a particular challenge to the theoretical modeling of secondary acoustic forces.

Such modeling [42, 89] currently relies on perturbative scattering expansions, which are
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appropriate in the limit of dilute Rayleigh scatterers, where sound is scattered once between
independent particles. These assumptions are valid in the regime where individual particles
are spaced far apart compared to the particle size, and are much smaller than the sound
wavelength. However, these assumptions do not capture the dependence of the effective
surface tension on particle number that we find for close-packed rafts, which can reach a
sizeable fraction of the sound wavelength. Our results suggest the need for a systematic
theoretical exploration of regimes in particle size and packing density in which acoustic
interactions can no longer be treated as pairwise. This size-dependence also plays a role in
governing both the elasticity and plasticity of these acoustic solids. In particular, the size
range of our rafts spans the transition where small rafts deform by fracturing into pieces
(similar to brittle failure), while larger rafts can respond to external stresses by plastically
deforming their interior. Our results demonstrate how acoustically levitated rafts can be
used to investigate the mechanical properties of solids bound by non-pairwise interactions.
Consequences of non-pairwise forces for defect-mediated plasticity have been theorized in
other systems [118, 119, 120], but are difficult to observe experimentally.

In addition, the size-dependence of the effective elasticity and cohesion of our levitated
rafts is highly reminiscent of gravitationally-bound granular materials, where power-law
gravitational forces lead to attractive forces that increase with the object size. This resem-
blance to gravitational forces could open the door to a more detailed understanding of the
dynamics of other rapidly rotating clusters, such as rubble-pile asteroids, which are begin-
ning to be systematically explored from a granular perspective [121, 122, 123]. From these
rubble piles, fission by rotation is thought to be a pathway to the creation of small binary
asteroids [67, 124]. In this case, spinning monolayer rafts may serve as a model system
for the dynamic evolution of the equatorial plane in rapidly rotating astronomical granular

materials. Our experiments thus suggest a path toward the study of “tabletop asteroids”.
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5.5 Additional material

In this section, we present additional material that supplements the main body of Chapter 5
(adapted from Lim, Melody X., Bryan VanSaders, Anton Souslov, and Heinrich M. Jaeger,
“Acoustically levitated granular rafts.” arXiv preprint arXiv:2106.09765 (2021)). Included
is a derivation of the theoretical ansatz in Fig. 5.4, a list of the number of observations
for the data in Fig. 5.2, details on the elastic modulus measurements, measurements of the
raft plasticity during deformation, measurements of the nonaffine motion during breakup,
estimates of the effect of air drag, and measurements of the out-of-plane bending of the raft

during rotation.

Appendiz A: Acoustic potential due to a disc composed of point particles

Figure 5.5: Schematic of the coordinate system for calculating the potential on a point
particle due to a disc composed of point scatterers. The point particle, which has radius a,
is placed in plane with the disc (which has radius R and thickness 2a), and at a horizontal
distance D from the edge of the disc.

We consider the potential force on a point (test) particle due to a disc composed of point
scatterers with radius a (such that the disc has height 2a), each of which has a pairwise
interaction with the test particle. For a disk composed of a monolayer packing of particles,

3. We compute the total potential U

the number density of point scatterers is p = 1/27a
on the point particle as as the sum of the potentials v due to the disc constituents. This
pairwise acoustic potential u, plotted in Fig. 2 of the main text, is azimuthally symmetric,
and depends on the radial distance between a pair of particles r, as well as the polar angle

between them, .

For a test point placed at horizontal displacement D and zero vertical displacement from
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the edge of the disc (see Fig. 5.5 for a schematic), the set of points on the disc that are a
distance r from the test point forms an arc, with arclength 6 and infinitesimal volume ar dr 6.

Using the cosine rule, we have

R?> =72+ (R+ D)% = 2r(R + D) cos (6/2)

r2 + 2RD + D?
2r(R+ D)

= = 2arccos (

Within this arc-volume, all constituents are at distance r from the test particle. The total
acoustic potential due to the disc can thus be derived by integrating the contributions of
each arc-length volume over the area of the disc. This can be expressed as a one-dimensional

integral over r:

2R+D
U(D) = 4ap/ dr u(r)rx
D
2.3
r2 +2RD + D? (5:3)
r
arccos 2R+ D)

We carry out this integration numerically for different values of R, with D = 2a, to
produce the dashed line in Fig. 4(a) of the main text. The mean-field prediction for the
acoustic elastic modulus (dashed line in Fig. 4(b)) is the second derivative of this expression

with respect to the coordinate D, evaluated at D = 2a, which we also carry out numerically.

Appendiz B: Observation number

Table 1 lists the number of observations of spinning dimers that were combined for the data

in Fig. 2(d) and (e) of the main text.
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Af/fo % 10~3  number of observations

0.46 17
0.89 32
0.96 26
1.77 20
2.21 20
2.87 35
3.53 30

Table 5.1: Number of dimer pairs observed for Fig. 2(d) and (e). Each dimer was observed
for 23 seconds.

Appendiz C: Measurement of effective elastic modulus
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Figure 5.6: Example raw data for the calculation of K (dots). The fractional change in
volume of the raft V/V{j — 1 is plotted as a function of the rotational pressure, %pw2Rgﬁ.
Color indicates Ny. The best fit line is indicated as a solid line through each data set. Data
has been smoothed with a moving average filter, with width 10 data points (3ms).

In order to make use of Eq. 5.2 and extract the effective elastic modulus K of the droplets,
we plot the fractional change in raft volume V/Vj—1 (where V' = aA, the product of the cir-
cular face area of the raft and its thickness) as a function of the rotational pressure % prRgﬂc
(example data shown in Fig. 5.6). Here, we determine Vj, or equivalently, the initial area
of the rafts (when w = 0) times their thickness, by fitting the data to lines, and extracting

the intercept. The data is then fitted to a line, whose slope then gives 1/K. Error bars in
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Fig. 5.4(b) reflect the least-squares error in the fit coefficients.

Appendiz D: Plasticity during raft deformation

In order to assess the relative roles of plasticity and elasticity during the raft deformation
past Ymax, we measure the crystallinity of the raft interior (via the particle coordination
number, measured using a Voronoi diagram) throughout the course of its rotational break-
up. Example snapshots of the Voronoi diagrams are shown in Fig. 5.7(a) and (b), at different
points throughout the raft deformation. The Voronoi statistics for the raft in Fig. 5.7(a)
are summarized in Fig. 5.7(c), which plots the evolution of the number of particles with
six neighbours in the raft interior ng, as a fraction of the total number of particles in the
raft N(t), together with the shape parameter R* as a function of time. At first, the shape
of the raft does not change (constant R*). At the same time, in response to the growing
spinning speed, ng slowly decreases. As the rotational speed of the raft increases, a small
number of defects are accumulated in the interior. During this phase of raft spin-up, the
stresses are predominantly dilational, which do not motivate the glide of dislocations.

The shape of the raft then changes modestly, resulting in an also modest drop in ng
around 30ms. After this point, the raft retains its new elongated shape for a considerable
period of time. During this period of time, ng grows, and in fact exceeds the value of ng
observed for the initially circular raft: the crystal structure of the raft is now able to relax
and remove defects, in a form of rotational annealing. The elongation of the raft into an
ellipse breaks the azimuthal symmetry of the rotational stress, introducing shear fields to
the raft interior which sweep dislocations to the raft boundaries. Finally, the rotational
energy again exceeds the binding energy of the drop, which then elongates to R* = 3, and
pinches off into two drops. This extreme elongation rapidly generates defects and drastically
lowers ng. Again, after the pinch-off, ng rises, indicating that the remaining two sections of

the raft have eliminated their defects through the creation of additional surface, and now
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Figure 5.7: Voronoi construction reveals the onset of plasticity during raft deformation. (a,b)
Images in Fig 3(a) of the main text, overlaid with the corresponding Voronoi diagram of the
raft interior. Cells in the Voronoi diagram are overlaid with the corresponding number
of sides of the polygon: particles with five neighbours are shaded blue, particles with six
neighbours white, and particles with seven neighbours red. (c) (left axis) Plot of the number
of particles in the raft interior with six neighbours ng, divided by the total number of particles
in the raft N(t), as a function of time (both ng and N are tracked at every frame of the drop
evolution), for the raft pictured in (a). (right axis) Raft shape parameter R* as a function
of time. (d) (upper) ng/N(t) as a function of time, for several different initial raft sizes N.
(lower) R* as a function of time.

62



have well-ordered interiors.

Further examination of ng/N(t) and R* as a function of time, for several different raft
sizes, (Fig. 5.7(d)) confirms these trends for large rafts: raft shape changes are accompanied
by a temporary decrease in ng, which then recovers after a short period in which the raft
crystal structure relaxes. In contrast, since the smallest rafts tend to change shape by
shedding large fractions of their constituent particles, ng/N(t) drops sharply at tg, and does
not return to a close-packed state after the droplet shape change. In all cases, we observe a
gradual decrease in ng/N(t) during the spin-up process, indicating that the dilation of the
raft before global-shape change generates defects in the raft interior. This gradual decrease
is marked by fluctuations that correspond to the appearance and disappearance of several

defect pairs.

Appendiz E: Nonaffine particle motion

One of the assumptions underlying the derivation of Eq. 5.1 is that the raft rotates as a
rigid body up until the point where it changes shape, i.e. that there is negligible non-affine
motion of the particles in the raft for Eyot < Epotmax. In order to assess the validity of
this assumption, we measure the position of particles in the raft at the start and end of the
spin-up process (the end of the spin-up process defined as one frame, or 0.33ms, before the
raft reaches its maximum rate of rotation). Once we correct for the rigid-body translation
and rotation of the cluster, we then construct the displacement vector between all matching
particles in the raft.

Example particle positions and displacements are shown in Fig. 5.8(a—c): the vast major-
ity of particle displacements have magnitude smaller than a particle radius. Quantitatively,
we resolve the displacements into the radial and azimuthal directions, and plot the mean
directional magnitudes (averaged over all particles in a raft) as a function of Ny (Fig. 5.8(d)).

We find that the average displacements in the radial and tangential directions are of similar
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Figure 5.8: Nonaffine motion of particles before breakup. (a—c) Comparison of rotation-
corrected particle positions at the start of spin-up (dark blue circles), and just before shape
change (i.e. one frame before Erot = Erot,max, plotted as light blue filled circles), for three
rafts of varying size. Red arrows show the local displacement field from initial to final particle
position. (d) Plot of average displacement of particles (averaged over all particles in the raft)
during spin-up Ad as a function of Ny, normalized by the particle diameter 2a. Displacement
has been resolved into the radial (Ad,, blue data points), and azimuthal (rAdy, orange data
points) directions. Black dashed line indicates the noise floor for particle tracking.
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Figure 5.9: Drag force Fj; on a particle on the perimeter of a raft, estimated using a linear
drag model, as a function of the total number of particles in the raft Ng.

magnitude, roughly half a particle radius. This is the case even in the larger rafts, where
there can be some long-wavelength collective motion as the raft dilates (see, e.g., Fig. 5.8(a)).
However, the magnitude of this motion stays well below a lattice spacing (the membership
of particle nearest neighbor shells is not disturbed). Thus, the rafts remain solid-like, rigid,

and do not exhibit evidence of internal shear before the onset of deformation.

Appendixz F: Estimate of Stokes drag on raft perimeter

In order to assess the effect of air drag and compare it to the acoustic binding force between
particles, we calculate the viscous force on a particle at the edge of the raft, using a linear

drag model:
Fg = 6mnav

where 7 is the viscosity of air, a is the radius of an individual particle, and v = Rgw is the
linear velocity of a particle on the perimeter of a raft with radius R.g, rotating with angular

velocity w. This model for Fj; (measured at the moment of shape change, where w is largest,
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yields measurements that are of order 1-10 nN (Fig. 5.9).

For comparison, we need to estimate the magnitude of the secondary acoustic forces
between a pair of particles that compose the raft. One estimate is provided by the centripetal
force required to keep the particle attached to the edge of the raft, F. = mw2Reﬁc. Since
the particles do not detach from the raft, such an estimate serves as a lower bound on the
secondary acoustic force acting on a single particle. The ratio of this centripetal force to the
drag force is F./F; = %“;7;“2 ~ 50. Alternatively, Fig. 2(b) shows that the radial restoring
force between a pair of particles is approximately 0.1, in units of EyV)/a, where Ej is the
energy density of the cavity, V) is the particle volume, and a is the particle radius. To
convert the values in Fig. 2(b) to a force in Newtons, we infer the energy density from the
measurement of surface tension. Fig. 4(a) compares the surface tension, measured from the
experiments, to an analytical calculation obtained by integrating the acoustic potential U
over a disk (black dotted line). Using v ~ U/ a2, the fit between this analytical calculation
and the experimental data has a single fitting parameter, corresponding to Ey. Substituting
this value of Fy, we find that the secondary acoustic force for a particle on the edge of the
smallest rafts (10-30 particles) is of order 1uN, or two to three orders of magnitude greater
than the estimated drag force. Fitting the analytical calculation to the surface tension of the
largest rafts increases the estimated secondary acoustic forces to roughly 100uN. Again, this
estimates provides a lower bound on the acoustic binding between particles in the raft. The
raft shape changes and thus the data on the effective surface tension and elastic modulus

are thus unlikely to be affected by air drag.

Appendiz G: Rotationally activated out-of-plane bending

While the effective in-plane surface tension and effective elastic modulus of the rafts are
controlled by the in-plane component of the secondary acoustic forces (Fig. 6.1(a)), the

rafts have other elastic constants for out-of-plane deformations, which are controlled by the
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Figure 5.10: Rotation activates out-of-plane bending in levitated granular rafts. (a) Se-
quence of side-view images showing the rotation of a raft, which eventually elongates into
an ellipse (t=34ms). During the process of spinning up, the raft deforms significantly out
of plane. (b) Raft concavity x (value shown by colorbar, see text for definition), as a func-
tion of the absolute rotational frequency |w| and raft radius Reg/a. The data represents
observations of 60 (independently self-assembled) rafts. The 95% confidence intervals for x

are approximately constant as a function of |w| and Reg/a, and do not exceed 0.02 for any
measurement.
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out-of-plane components of the secondary acoustic force (Fig. 6.1(b)). As a result of this
out-of-plane bending modulus and their membrane-like, effectively two-dimensional nature,
levitated granular rafts can strongly deform out of plane (Fig. 5.10(a), see Supplementary
Movie 4 for dynamics). The smallest rafts remain planar as they rotate, exhibiting rocking
motions that tilt the raft in and out of the levitation plane. However, for the largest rafts,
increasing the rotation rate of the rafts gives rise to saddle-like bending modes, which can
start waves that travel azimuthally around the raft while it rotates.

In the following, we discuss these transverse bending modes and waves at raft rotation
speeds in the regime where the rafts remain circular (before they deform and break up).
To characterize these waves, we make use of the fact that the bending modes appear as
saddle-like, nonconvex structures when viewed from the side. We thus use the concavity of
the (thresholded) black and white side-view images as a proxy for the out-of-plane bending
of the raft. Given a raft shape with projected area A, whose corresponding convex hull has
area Ay, we define the concavity y as x = 1 — Aj/A,. For planar objects viewed from any
angle, the convex hull of the image is almost completely filled by the original image, and
so x is close to zero.

Measurements of x as a function of the absolute rotation rate |w| and normalized raft ra-
dius Ry /a reveal that rotation activates out-of-plane bending nonmonotonically (Fig. 5.10(b)).
The smallest rafts remain relatively flat as they rotate faster, with a weak increase of y. For
larger Rqg/a, more out-of-plane degrees of freedom are available, and the overall concavity
at first increases with |w|, up to |w|/2m ~ 30Hz, but then decreases for faster spinning.

Similar out-of-plane bending modes occur in thin, rapidly spinning elastic disks and
membranes, where they originate from nonlinear interactions between the shape of an elastic
object, and the shape-dependent aerodynamic drag on it. These nonlinear interactions result
not only in a drag force, but also an additional lift force, whose magnitude is proportional

to both the angular speed and the out-of-plane displacement of the raft [125]. Even a very
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small lift force (compared to the forces holding the disk together) can then excite and amplify
vibrational modes in the form of traveling waves around the disk edge [126, 127].

Since the measured effective elastic modulus of our membrane-like rafts is an order of
magnitude smaller than in most previously observed spinning disks [127, 128, 129], increas-
ing w can tune through a wider range of behaviors. In particular, for the larger rafts we can
reach a regime where the inertial forces during rotation increase the effective raft tension,
to the point that this reduces the amplitude of transverse undulation. This rotationally
induced reduction in out-of-plane motion has been observed previously only in the limit of
membranes that are extremely thin relative to their radius, such that the bending stiffness

is negligibly small [130, 131, 132].
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CHAPTER 6
EDGES CONTROL CLUSTERING IN LEVITATED
GRANULAR MATTER

6.1 Introduction

Shape provides an important means by which to tune key properties of dense aggregatesl,
whether their packing fraction [13, 14, 15], contact configuration [16, 17, 18, 19, 20], or
mechanical properties [21, 22, 23, 24, 25, 26, 27]. In each of these cases, the shape of a particle
determines the global properties of an aggregate by modifying both the geometry of the
packing and local inter-particle contacts. These local contacts play a particularly important
role in jamming, where the precise type of contact between faceted shapes may dramatically
change the mechanical stability of a given packing. In addition, breaking spherical symmetry
in a dense granular packing produces a coupling between normal forces and torques on the
single-grain level.

In addition to local contact forces and geometry, which produce effects at the level of a
single contact on a grain, longer-range particle interactions also play an important role in the
properties of a granular material. Previous work has shown that adding weakly attractive
dipole-dipole interactions to a granular material provides a means of self-organisation for the
force chains that form under compression, thus strengthening the force network that forms
as a result [28]. Alternatively, longer range forces can drive clustering [30, 31] and particle
motion [32, 33]. However, the relation between attractive forces, particle shape, structure,
and mechanical properties remains to be fully understood.

In this Chapter, we take a first step towards this goal by producing shape-dependent,

tunable attractive forces between granular materials using acoustic levitation. Previous work

1. This Chapter is based on Lim, Melody X., Kieran A. Murphy, and Heinrich M. Jaeger, “Edges control
clustering in levitated granular matter.” Granular Matter 21, no. 3 (2019): 1-8.
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on acoustically levitated particles has focused on the force between levitated particles with
a high degree of symmetry, such as spheres [38, 39, 40, 417 |, cylinders [43, 44, 45], or
between smooth deformable objects such as liquid drops [46] and bubbles [47]. Other work
has focused on viscous and thermal effects in the acoustic force [133, 39, 134].

We present results for a wide range of particle shapes and constituent materials, showing
that particles are attracted to one another along sharp edges. Using finite element simula-
tions, we demonstrate that the strength of the inter-particle attraction is controlled by the
sharpness of particle features. These bonds also support robust hinge-like motions, which we
suggest are oscillations about a minimum in some energetic landscape. Finally, we consider
the structure of clusters formed in the acoustic field. We suggest that the unique struc-
tures we observe are due to a combination of the highly anisotropic acoustic forces, packing

efficiency, and stabilisation from local inter-particle contacts.

6.2 Methods

We levitate grains using the setup illustrated in Fig. 6.1(a), as detailed in Chapter 2. Here,
we drove the transducer at frequency f by applying an AC signal with peak-to-peak voltage
200V. As shown in previous work [87], driving the acoustic trap with frequency slightly
above resonance induces active fluctuations in the levitated particles. In turn, these active
fluctuations drive cluster rearrangements. In this case, we induce active fluctuations by
detuning the trap to f = 45.76kHz, or Af/fy = 2.5 X 1073, We note that within the
range of frequencies used for detuning, there is no noticeable change in the displacement
characteristics of the transducer.

A wide range of particle shapes and constituent materials can be levitated in this setup.
We take advantage of the naturally cubic shape of salt grains (material density 2 160 kg m_3)
to levitate isotropic cubes (Fig. 6.1(c)). Alternatively, we levitate spheres (polyethylene,

diameter 710-850pum, Cospheric, material density 1 000 kg mf?’). Finally, in order to create
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Figure 6.1: Experimental setup. (a) A schematic of the apparatus. An ultrasound trans-
ducer generates sound waves in air (speed of sound c¢g = 343m/s). The transducer consists
of a commercial ultrasound transducer, the output of which is amplified by an aluminium
horn bolted onto its base. The distance between the base of the horn and a transparent
acrylic reflector is chosen so as to create a pressure standing wave with a single node, with
frequency fo = 45.65kH 2 and wavelength Ao = cs/fg. Particles are levitated in this pres-
sure node, and can be imaged from the side or from below. The driving frequency f of the
trap can be detuned by Af = f — fy, inducing active fluctuations in the levitated parti-
cles [54, 87]. (b) A scale drawing of a cross-section of the combined transducer and horn
(which are circularly symmetric). Particles are levitated beneath the bottom surface of the
horn. (c) A grain of table salt levitated in the acoustic trap, imaged from the side. (d) 3D
printed particles, levitated in the acoustic trap. From left to right: cube (1mm side length),
tetrahedron (1mm side length), cylinder (Imm diameter, Imm height)
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particles with controlled shapes and sizes, we 3D print cubes (1mm side length), tetrahedra
(Imm side length), cones (1mm base diameter, opening angle 60°), and cylinders (diameter
Imm, height 1mm). All particles are printed in hard UV-cured plastic (Objet VeroWhite,
material density 1 180 kg m_3), on an Objet Connex 350 printer. Note that the particles are

printed in stacked laminae (thickness ~50um), producing highly frictional faces (Fig. 6.1(d)).

6.3 A pair of cubes: experimental observations

A single particle in the acoustic trap rotates freely about its centre of mass, regardless of
shape and material, confined by the primary sound field in the vertical direction. When a
second particle is introduced, the primary sound field confines it to the same levitation plane
as the first particle. In addition, acoustic scattering due to the presence of the first particle
produces an additional in-plane force, which we refer to as the secondary acoustic force. This
secondary (induced) acoustic force, which for deformable particles is known as the secondary
Bjerknes force [1357 | 136], stabilises compact clusters. For spherical (isotropic) particles,
the acoustic force follows the axisymmetry of the particles in the levitation plane, such
that spherical particles cluster into a close-packed, two-dimensional lattice [87]. However,
since the acoustic force is generated by scattering, anisotropy in the particle shape results
in anisotropy in the acoustic force.

Due to this anisotropic force, when a second cube is introduced to the acoustic trap, the
freely rotating cube is stabilised: a pair of levitated cubes pack by sharing a single edge,
with the centre of masses of both cubes in the nodal plane, as shown in Fig. 6.2(a). This
configuration contrasts sharply with the arrangements that are generated through dipole-
dipole interactions [137], depletion forces [138], or entropic considerations [139, 63, 140]. In
order to confirm that the cluster configuration we observe are driven by anisotropic acoustic
forces, we levitate different combinations of shape pairs. Two cones also cluster by aligning

a single edge, with the base of both cones in the nodal plane (Fig. 6.2(b)). In addition,
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Figure 6.2: Pairs of levitated particles cluster by sharing an edge. Pairs of levitated
particles imaged from the side. All images are shown to the same scale. (a) Two 3D printed
cubes attach via a single edge. (b) Two cones attach by sharing an edge. We also observe
configurations where both cones are pointed upwards or downwards. (c) A polyethylene
sphere (800um) attaches to the edge of a cylinder. (d) Sequence of images from the side
showing a pair of salt grains executing a hinge motion.
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levitating a cylinder with a sphere produces a cluster where the sphere attaches to the sharp
edge of the cylinder (Fig. 6.2(c)).

These edge-mediated configurations are stable to fluctuations induced by detuning the
trap. Perturbing the cluster produces periodic variations in the contact angle between the
cubes, as in Fig. 6.2(d). These hinge-like motions suggest the existence of a restoring force
towards the equilibrium configuration shown in Fig. 6.2(a). Increasing the amplitude of active
fluctuations by detuning the acoustic field results in the cluster breaking due to energetic
collisions with the reflector. We do not observe face-face contacts when the constituent parts
of the cluster reassemble. This observation, combined with the existence of periodic hinging
motions, suggests that these edge-edge contacts are to be understood as the minimum of

some energetic landscape.

6.4 Curvature-controlled acoustic potential: numerical

simulations

In order to shed light on the energetic landscape underlying the stability of edge-edge con-
tacts, we calculate the acoustic potential around a perfectly scattering cube using finite-
element simulations. This acoustic potential is generated by acoustic scattering from the
levitated particles, and can be calculated via a perturbation expansion of the acoustic fields
in the levitation medium [38, 40]. Within this approximation, the acoustic potential U,,q on
a scatterer with radius a (much smaller than Ag), speed of sound ¢, and material density p)
in an inviscid fluid with speed of sound ¢ and density pg is given as in Eq. 1.5.

We emphasise that Eq. 1.5 is quantitatively accurate only for spherical (point-like) scat-
terers, in the Rayleigh limit (a < \g). However, our particles are closer to the Mie regime
(a = 0.1)q in this case), and in addition have finite extent. Our simulation results should
thus be interpreted as an approximation of the true acoustic forces on our experimental

particles. Nevertheless, they provide a qualitative demonstration of the acoustic forces on a

5



point object due to the presence of a single object with sharp edges, and provide a useful
starting point to explain our experimental observations. Future work could focus on a full
simulation of the interaction between a pair of cubes.

We use finite-element simulations (COMSOL) to calculate the acoustic potential on a
point scatterer in the vicinity of a single cube. In these simulations, we reproduce the ex-
perimental conditions (in the frequency domain) by driving the upper boundary at constant
normal acceleration, then establishing perfectly reflecting boundary conditions on a parallel
surface half a wavelength below. The simulation domain contains only the levitation volume
(we do not simulate outside of the boundaries of the transducer). Plane-wave radiation con-
ditions on the lateral boundaries dissipate the acoustic field. Within this volume, we fix a
perfectly scattering cube with side length [ = 0.1)\g. Given these boundary conditions, we
compute the time-averaged quantities (p?) and (v?) within the geometry of the trap. The
acoustic fields are computed by resolving the acoustic wave equations on a physics-controlled
mesh, with element size set to “extremely fine” (maximum element size 2.94 x 10~%, minimum
element size 5.88 x 10™7, maximum element growth rate 1.1).

Substituting the simulated pressure and velocity fields into Eq. 1.5 thus produces the
acoustic potential around a perfectly scattering cube, acting on a point scatterer with ra-

—3 (material

dius a = 0.1)¢, speed of sound ¢, =2 620 m s~1, and density pg =1 180 kg m
parameters were chosen to match the 3D-printed experimental grains). In order to most
clearly show the contribution of the edges, we orient the cube such that its longest diagonal
is in the z-direction. A cross-section of the three-dimensional acoustic potential is shown in
Fig. 6.3(a). The acoustic field shows a strong gradient in the z direction, due to the primary
confining acoustic force — a levitated particle minimises energy by having its centre of mass
in the nodal plane (z = 0). In addition to the primary confining acoustic field, secondary

acoustic scattering results in potential minima located at regions of high curvature (the edges

of the cube), indicating that a point particle in the acoustic trap would be disproportionally

76



z/Xo
[} SN
H
N = O
(]H/pwﬂ

-1 -0.5 0 0.5 1

x/Ag
(b) symmetry axis
lnormal
acceleration \TZ—, plane
Ao/2 rsé 7 wave
radiation
hard boundary
—_—
4\
(c) 1
1000 0.8
S 0.6
3 =
&
= 500 04 =
0.2
-0.02 0 0.02
A
() #/Xo
1
1000 08
S 0.6 w
= o
b‘E 500 0.4 =
0.2
00 0.005 0.01
(e) 7‘//\0
= 10°
~
=
Il 1 i
=~
] "
= 3
102
1072 107! 10°
2rs/l

Figure 6.3: Finite-element simulations of the acoustic potential around a cube
reveal that curvature controls acoustic bond strength. (a) Cross-section of the sim-
ulated acoustic potential U,,q around a perfectly scattering cube (cross-section in white,
drawn schematically using black lines) in an acoustic standing wave. We normalise U,,q
by Up, the primary acoustic potential on a point particle in the center of the trap. (b)
Schematic of simplified axisymmetric simulation geometry. The acoustic potential is calcu-
lated around the surface of revolution of a rounded square with side length [ and corner
radius of curvature r¢ and side length [, fixed in the center of a standing wave. (¢) Uy,q/Ud
as a function of vertical distance from the levitation node z, for different rg/l. (d) Uyaq/Ud
as a function of radial distance from the particle surface r, for different rg/l. (e) Depth of
potential minimum, U,,q(r = 0)/U), as a function of rg/l
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attracted to the edges of the cube.

The boundary conditions at the surface of a levitated particle connect geometry and
acoustic forces. In particular, we model a perfectly scattering surface using the Neumann
boundary condition. For an acoustic wave incident on a perfectly scattering surface with

unit normal 7, in an inviscid fluid with pressure p, the boundary condition reads

n-Vp=0. (6.1)

Eq. 6.1 implies that the pressure gradient at a perfectly scattering surface must be orthogonal
to the surface normal. In this case, much like a conducting surface in an electric field, the
pressure gradient is forced to change with the curvature of the surface. We suggest that this
effect focuses the acoustic field in regions of high curvature, thus producing deep potential
minima at the edges of the cube.

We illuminate the relation between geometry and acoustic force by quantifying the ef-
fect of a single edge on the acoustic potential. Instead of simulating the acoustic potential
around a fully three-dimensional cube, we instead use an axisymmetric geometry (boundary
conditions shown in Fig. 6.3(b)), and calculate the acoustic field around the surface of rev-
olution of a square with side length [ = 0.1)\;. We parameterise the edge sharpness of the
square using the radius of curvature rg of the corners. Our results for the acoustic potential
in the z- and r-directions as a function of nondimensional edge curvature rg/l are shown in
Figs. 6.3(c) and (d). As rg/l decreases from 1 (sphere) to 0 (sharp corners), the depth of the
acoustic potential increases sharply in both the z- and r-direction.

In order to further quantify the relation between edge sharpness and acoustic force,
we simulate the normalised depth of the potential minimum at the surface of the parti-
cle, Uppq(r = 0)/Uy, as a function of rg/l. Data is plotted in Fig. 6.3(e), and reveal that

the depth of the acoustic potential diverges as a power law as the edge curvature approaches
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zero, with exponent —10/13. Our results confirm that the near-field force between a point
scatterer and a levitated particle in an acoustic field scales sensitively with the sharpness of
the edges on the levitated particle.

Based on our simulations of the acoustic field, we suggest an explanation for the robust-
ness of edge-edge contacts and hinge-like motions between a pair of levitated cubes. When
two cubes are levitated, their centres of mass are confined to the nodal plane due to the pri-
mary acoustic field. In addition, the secondary acoustic force produces short-range attractive
forces, which preferentially align the edges of faceted shapes. Upon joining a pair of cubes
in the configuration shown in Fig. 6.2(a), we note that rotation of a two-cube cluster around
their common edge results in motion of the centres of mass out of the nodal plane. The
hinging motion shown in Fig. 6.2(d) thus arises from the interplay of geometry-controlled

interactions and the confining acoustic field.

6.5 Clusters of cubes: experimental observations

The geometry of the cubes encourages packing in a square lattice at high packing fractions.
At the same time, however, in an acoustic trap, the edges of the cubes give rise to interactions
that favour edge-edge contacts (such as illustrated in Fig. 6.2(a)). Since each cube can only
make two edge-edge contacts (one on each side of a cube positioned as in Fig. 6.2(a)), as the
cluster size grows, it becomes harder and harder for all cubes in the cluster to satisfy their
constraints. The acoustic and contact forces that drive self-assembly in an acoustic trap
thus also produce highly frustrated clusters. Such clusters exhibit a multiplicity of particle
arrangements, transitions between which require extensive reconfigurations.

As an example, Fig. 6.4(a) shows the assembly of two possible configurations of the 3-
cube cluster: a linear chain of cubes (ii), and a close-packed configuration where three cubes
share a corner (v). Only one of these shapes (close-packed) is available to a cluster of three

spheres, since a linear chain of three spheres does not have enough bonds to be rigid, and will
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Figure 6.4: [Cluster formation driven by particle edges. (a) Sequence of images from
below showing the assembly and subsequent folding of a 3-cube cluster. Note that the
3-cluster exhibits two possible configurations: a linear chain (ii) and a triangular cluster
(v). (b,c) Two different possible configurations of the 4-cube cluster. (d-f) Three possible
configurations of the 5-cube cluster. Note that (b) and (d) correspond most closely to the
isostatic cluster shapes of four and five spheres respectively

thus fold into a close-packed arrangement. In contrast, the edge-edge contacts of the cubes
have finite extent, so that local contact forces along the length of the contact can stabilise
linear chains of cubes. These linear chains also satisfy the condition that all particles in the
cluster only interact via their edges.

When active fluctuations in the acoustic field become strong enough (the acoustic trap
is far from resonance), the clusters fluctuate up and down in the trap, occasionally colliding
with the reflector. These collisions can break bonds between particles in a cluster, disrupting
the linear configuration of cubes. The cluster then folds into its other, close-packed config-
uration (Fig. 6.4(a), ii-v). During this process, one of the cubes detaches partially from
the rest of the cluster, leaving one of its corners attached. It then pivots about this corner
to a new position on the cluster, ultimately joining the other two cubes at the connecting

edge between them. Despite the fact that the close-packed 3-cube cluster forces a contact

between an edge and a face, we observe that it is stable to further fluctuations in the acous-
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tic field, which change the angle of each “hinge” in the cluster but do not trigger dramatic
rearrangements.

These two structural motifs — linear and close-packed — form the basis of all larger cluster
shapes. Fig. 6.4(b) and (c) shows two of the possible compact four-cube clusters (the linear
chain of four cubes is not shown). The cluster shown in Fig. 6.4(c) was formed from a close-
packed group of three cubes, with an additional cube added to the side of the (triangular)
cluster. In contrast, the cluster shown in Fig. 6.4(b) was formed from a pair of two-cube
clusters that adjoined side on, and thus has a different set of internal angles and symmetries.
Although the two clusters look similar, since the internal angles of each cluster are incom-
mensurate with the other, rearranging the constituent particles between the shapes requires
extensive reconfiguration through the close-packed three-cube arrangement.

Adding another cube dramatically increases the number of available configurations, only
three of which we show here (Fig. 6.4(d), (e), and (f)). Each configuration achieves structural
stability by mixing linear chains and close-packed motifs. For instance, the configuration
shown in Fig. 6.4(d) resembles the isostatic arrangement of five spheres in two dimensions,
and consists of a pair of linear chains arranged side by side. Alternatively, the same cluster
can be read as a pair of close-packed 3-cube clusters that share a cube. We suggest that this
configuration may be interpreted as the “ground-state” for the 5-cluster, because it involves
the fewest number of edge-face contacts. However, the degree of cooperativity required to
form this structure suggests that five cubes in an acoustic trap are unlikely to generically
form this cluster shape without some degree of rearrangement.

Figures 6.4(e) and (f) show alternative 5-cube clusters, each of which is formed from
a close-packed 3-cube cluster, one site of which is attached to a linear chain. We observe
that adding a cube onto the 4-cluster in (b) results in the 5-cluster in (e), while adding a
cube to the cluster in (c¢) produces the cluster in (f). Importantly, rearranging (e) into the

“ground-state” configuration in (d) requires a single cube pivoting into position. In contrast,
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because the 4-cluster in (c) is geometrically incommensurate with the packing that leads to
the ground state of the 5-cluster system, rearranging (f) into (d) requires the deconstruction

of the cluster into the appropriate 3-cube motifs.

6.6 Discussion and Conclusions

We have presented acoustic levitation as a novel means to tune anisotropic, attractive in-
teractions in a granular material. We show that particles in an acoustic field are strongly
attracted to sharp edges, leading to the formation of edge-edge (rather than face-face or
face-edge) contacts between cubes, cylinders, and tetrahedra. These contacts support hinge-
like motions, which result from a combination of the confining acoustic field and short-range
forces from acoustic scattering. Simulations show that the magnitude of these short-range
forces is controlled by the radius of curvature of the particle edges. Our results apply to
a wide range of assembly environments (any medium that supports an acoustic standing
wave) and materials (anything that scatters sound), opening possibilities for the assembly of
complex granular structures from directed interactions. Future work could also utilise these
directional acoustic forces to design and 3D print particles with shapes that optimise their
packing, or their dynamics, in an acoustic trap.

The interplay of contact forces due to particle shape and edge-edge interactions due to
acoustic forces produces a diverse range of cluster shapes. The structure and dynamics
of these clusters, particularly in the large number limit, raises interesting questions about
geometric frustration in self-assembly, ergodicity in activated granular matter, and the effect

of attractive forces on jamming.
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CHAPTER 7
ACOUSTICALLY LEVITATED LOCK AND KEY GRAINS

7.1 Introduction

The self-assembly of materials with complex structure requires mechanisms for programmable,
specific bonds between subunits. Specific interactions with the appropriate binding energy
scales have been successfully developed in systems of self-assembling nanoparticles and col-
loidal particles. Such interactions rely on the addressability of hydrogen-bonded comple-
mentary DNA strands [141, 142], or the shape [3, 143] and surface [5, 144] dependence of
depletion (entropic) forces. However, there remains a need for equivalent strategies for di-
rected bonds, with tunable specificity, between out-of-equilibrium particles. In particular,
the larger mass of granular particles necessitates the development of stronger forces between
self-assembling particles than can be provided by chemical or entropic bonds.

Here we show that acoustic levitation offers one possibility for the generation of shape-
dependent bonds with tunable specificity between pairs of millimeter-scale particles. We
levitate particles in an ultrasonic standing wave, allowing for substrate-free assembly. Sec-
ondary scattering generates shape-dependent attractive forces between particles, while driv-
ing the acoustic trap above its resonance frequency produces active fluctuations that mimic
an effective temperature and allow the clusters to explore their configuration space. We
take advantage of 3D printing to fabricate and rapidly prototype precisely designed planar
particles. Our results demonstrate that the local curvature of a particle binding site tunes
the energy landscape along its perimeter, in turn controlling the selectivity and bound-state
lifetime for attaching a matching particle. The bound-state lifetime can further be tuned by
adjusting the binding site area, or the height of the particles. We show that these principles

can be used to design and assemble particles into complex structures.
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7.2 Materials and Methods

We begin with the simplest version of a two-dimensional granular lock: a crescent shape
consisting of the union of a disk and a disk-shaped hole, whose centres are separated by
distance d. We fix the radius of the disk to be 1mm, with the radius of the disk-shaped
hole a, and the height of the crescent h variable. The locks were 3D printed using UV-
cured hard plastic (Vero family of materials, density 1170-1180 kg m_3) using a Stratasys
J850 Prime printer (accuracy £100um). For “keys” we use polyethylene spheres (Cospheric,
diameter 710-850um).

All particles are levitated in an acoustic trap in air as described in Chapter 2, with \y =
7.5mm and trap height Ao (such that particles are levitated in the lower of two nodal planes,
located A\g/4 above the reflector surface). In the nodal plane, a lock particle levitates with
its flat faces (roughly) parallel to the reflector and transducer. For each experimental run,
particles were inserted with a tweezer. The resulting dynamics were then recorded with a
high-speed camera (Vision Research Phantom v25) at 3,000 frames per second. Since sharp
edges induce preferential contacts between levitated particles [88], a key particle attaches
to the lock particle along one of its edges if the lock height h is large, or such that it is in
contact with both edges if h is smaller than a particle diameter.

In order to induce cluster rearrangements, we impose an effective temperature by driving
the acoustic trap with a frequency larger than its resonance frequency (Af/fy = 1.5 % 10_3).
In this far from resonance acoustic trap, the key particle fluctuates around the rim of the
lock particle, occasionally detaching from the lock and orbiting, before bouncing against the
lock and again becoming bound to the lock particle (Fig. 7.1(a)). We assess the likelihood
that the lock particle successfully captures (“eats”) the key particle in its binding site by
measuring the probability of eating P(eat), defined as the ratio of the time spent inside the
binding site to the total time spent with lock and key as a cluster (key attached to lock in
any position).
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7.3 Successful binding probability: mismatched locks and keys

Our results for the eating success rate of locks with binding site radius @ = Imm (roughly
twice the radius as the key) are displayed in Fig. 7.1(b). As d/a increases, the binding site
area decreases, as does P(eat). In order to account for this decreased binding site area, we
model the key as equally likely to occupy any spot on the lock perimeter. This yields a
geometric estimate for the probability of eating, P, the ratio of the binding site perimeter
to the total lock perimeter. Comparing the experimental data to P, (black dotted line in
Fig. 7.1(b) reveals a close match between the data and the ansatz of a random, unbiased
walk over the lock perimeter. For locks with mismatched binding sites to the key, then, the
probability of successful binding is controlled purely by geometry: the relative lengths of the
binding site and the lock perimeter.

In order to probe the physical basis of this geometric binding, we simulate the energy
landscape of the lock perimeter. This energy landscape arises from secondary acoustic scat-
tering from the particles in the trap, and for particles much smaller than the wavelength of
sound, can be calculated using scattering expansions of the pressure and velocity fields in the
acoustic cavity, as described in Chapter 3. The pressure and velocity fields resulting from
a given set of boundary conditions (including the presence of another particle) can then be
computed using finite element simulations (COMSOL Multiphysics here), and substituted
into Eq. 1.5 to give the acoustic potential. In this case, we fix a perfectly scattering lock
particle in the levitation plane, and set up a standing wave (between perfectly reflecting
transducer and reflector) whose frequency and wavelength match the experiment. Acoustic
fields are dissipated by a plane-wave radiation condition on the lateral boundaries.

Our results, shown in Fig. 7.1(b), show that the acoustic potential varies significantly
around the perimeter of the particle, with the regions of highest acoustic potential focused
on the horn-like tips of the crescent. The region of lowest acoustic potential is in the center

of the binding site. The fact that the binding statistics are consistent with a random walk
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Figure 7.1: For mismatched binding sites and keys, the key particle performs a random walk
around the lock particle perimeter. (a) Time-series of images showing the escape of a key
particle from a lock binding site with d/a = 1.5, a = lmm, h = 0.5mm.. (b) Probability of
“eating” a key particle for a lock particle with binding site twice the diameter of a key particle,
as a function of the overlap distance d divided by the binding site radius a = 1lmm (data
plotted in blue, with standard error). Black dashed line indicates the fraction of the total
perimeter of the lock particle occupied by the binding site. For data in this figure, h = 0.5mm.
(c) Finite-element simulations of the acoustic potential U,,4, normalized by the binding site
energy Uj on the particle perimeter for (from left to right) d/a = 1, 1.25, 1.5, 1.75.
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Figure 7.2: When the radius of the key particle and binding site match, the key particle
preferentially attaches to the binding site. (a) Probability of “eating” a key particle for a
lock particle with binding site the same diameter as a key particle, as a function of the
overlap distance d divided by the binding site radius a (data plotted in blue, with standard
error). Black dashed line indicates the fraction of the total perimeter of the lock particle
occupied by the binding site. (b) Finite-element simulations of the acoustic potential on
the particle perimeter for (from left to right) d/a = 1, 1.5, 2, 2.5. The colorscale is shared
between all four plots, and shows the acoustic potential on the lock edge U,,q, normalised
by the acoustic potential at the center of the binding site Uyp,.

of the key around the lock perimeter, despite this spatial variation in energy, suggests that
the energy of perturbations to the lock-key cluster is much higher than the characteristic
binding energy of the particle to the lock. Such a “high-temperature” process results in

binding probabilities that only weakly reflect the energetic biases introduced by variations

in the lock shape.
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7.4 Successful binding probability: matching locks and keys

In order to go beyond geometry, and introduce preferential binding, we turn to the radius
of the lock binding site. Matching the radius of the key particle by shrinking a to 0.5mm
results in P(eat) ~ 0.5 (Fig. 7.2(a)). Within error, this value does not depend on d/a. For
the smallest binding sites, then, we observe values for P(eat) that are more than double
that of the geometric expectation Pyeom. These results strongly suggest that the shape of
these lock particles produces preferential binding at the lock site, compared to the unbiased
geometric case.

Finite-element simulations show that the change in curvature at the lock binding site
induces a strong local minimum centered in the binding site, as well as much stronger local
maxima at the sharp tips of the key binding site (Fig. 7.2(b)). Surprisingly, the energetic
discrepancy between the outside of the lock and the inside is comparable to the case with
large binding site radius (compare Fig. 7.1(c)), suggesting that energetics may not be the
only factor controlling the observed preferential binding.

The results in the mismatched lock case suggest that the action of acoustic active fluctua-
tions on the bound cluster is analogous to the action of a thermal bath on a colloidal cluster,
governed by an effective temperature kg7.g. In order to make this connection quantitative,
we measure the potential of mean force on a key particle bound to the outside of the lock (i.e.
outside the binding site), parameterised by its angular position with respect to the binding
site center #. For a particle fluctuating in a thermal bath with temperature kg7, observed

to have probability P(f) of occupying a given angular position 6, this potential is defined as

Ppp(0) oc —kpTIn (P(0)) . (7.1)

In a true equilibrium system, this potential of mean force is identical to the potential

energy on the particle, U(f) [145, 146] (up to multiplicative and additive factors). Here,
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Figure 7.3: Acoustic fluctuations act as an effective temperature. (a) Comparison between
the potential of mean force (blue data points and axes, standard error in shaded blue region),
and the normalised acoustic potential along the particle edge U,.,q/Up (orange line and axes).
(b) Normalized effective temperature kpT,g/Up, computed by fitting the potential of mean
force to Up,q, as a function of d/a. Colors correspond to the different radii of curvature a of
the two shape families. Shaded areas denote the standard error. (c¢) Equilibrium prediction
for P(eat) as a function of the temperature kg7, normalized by the bound-state energy Uy,
Predictions are plotted for two shapes with d/a = 1, whose binding sites have radius of
curvature ¢ = 0.5mm (purple) and a = lmm (blue). Solid (dotted) lines indicate the use of
the physical binding site radius (effective radius, see text for details and definitions).
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we treat the acoustic active fluctuations as a noise bath with an effective temperature,
which we include as a fitting parameter to the measurement of P, ¢(#). Our results, plotted
in Fig. 7.3(a) for a lock particle with d/a = 2, a = 0.5mm, h = 0.5mm, reveal a close
correspondence between the measured P, ¢(¢) and the simulated acoustic potential, Up5q/Up.
The action of the active fluctuations on the outside of the lock thus closely resembles the
driving of a thermal reservoir, with the local potential energy determining the local binding
probability.

Our measurements of P, ¢(f) can also be used to extract the effective temperature of the
active fluctuations on the lock outside, kT, (Fig. 7.3(b)). Surprisingly, our results show
that the measured effective temperature of the lock outside is roughly consistent across all
measured shapes, despite the fact that P(eat) is very different between the two shapes.

In an equilibrium system, this same kpT.g, as measured by the energetics of the par-
ticle perimeter, also governs P(eat). We consider that the perimeter of the lock particle
is associated with an energy landscape as a function of arclength s, E(s). For a key par-
ticle fluctuating around the perimeter of this particle (whose inside and outside edges we
consider to be arcs of circles with radii R;;, and Ry, respectively), in a thermal bath with

temperature kgT, P(eat) is given by the probability of finding the key on the lock interior:

[, ds e~ E(s)/kpT
i ds e—E(s)/kpT St @5 e—E(s)/kpT
B Jip @0 Ripe=E()/FBT
fm df Rme_E(S)/kBT + fout df Route_E(S)/kBT 7

P(eat) =

where vn and out denote integrating over the binding site, and the lock outside respectively.
Substituting E(s),R;y,, and Ry into Eq. 7.3 produces the solid lines in Fig. 7.3(c). Eq. 7.3
thus predicts very similar binding probabilities for different cluster shapes, in contrast to the

measured probabilities, which differ by as much as a factor of two.

90



In order to account for this discrepancy, we turn to the geometry of the lock-key bound
pair. Eq. 7.3 assumes that all arc lengths are equal between the inside and outside of the
lock. This assumption is valid in the limit that the key particle is infinitesimally small, and
effectively interacts locally with a planar angular section of the lock. However, the area of
contact between a key and a matched binding site is much larger than the case where the
key and lock do not match. As a first approach, we use the harmonic mean of R;, and the

key radius Ry as the effective radius of interaction Reg, defined as

Rin Rkey

R = — 5
of Rin — Rkey

(7.4)

Substituting Eq. 7.4 into Eq. 7.3 produces the dashed curve in Fig. 7.3(c), resolving the dis-
crepancy with the experimental measurements of P(eat). Our results thus suggest that the
probability of binding is controlled not only by the acoustic active effective temperature, but
also by the geometry of the lock binding site, as parameterized by Eq. 7.4. This geometric
correction to the binding probabilities is reminiscent of the use of the Derjaguin approxima-
tion in calculations of the depletion force in colloidal systems [3], raising the possibility of

further analogies between acoustic forces and other types of thermal fluctuation forces.

7.5 Lock height tunes the bound state lifetime

Although the fluctuations of the key around the outside of the lock are dierctly controlled by
the two-dimensional energetics of the lock perimeter, the full cluster dynamics take place in
a three-dimensional acoustic trap, where particles are weakly confined to lie in the levitation
plane. A particularly interesting case is presented by d/a = 1, when a > d. In this case,
where the binding site is completely enclosed in the lock, a random walk around the outside of

the lock particle would not be expected to result in a successful binding between the lock and
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Figure 7.4: Lock particle height tunes the bound-state lifetime, without tuning the bound
state probability. (a) Time-series of side-view images, showing a key particle entering the
binding site of a lock with d/a = 1, a =lmm, h = 0.5mm. (b) Time-series of side-view
images, showing a key particle entering the binding site of a lock with d/a = 2, a =1mm,
h = 1.25mm. (c) Probability of “cating” a key particle for a lock particle with d/a = 2,
a =1mm (red data points, right axis) and average bound state lifetime (blue data points,

left axis), as a function of the key height h divided by the binding site diameter 2a. Shaded
areas indicate the standard error.
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key particle. The fact that these binding events are observed with high probability suggests
that the transition between bound and unbound keys must involve some degree of motion in
three dimensions: i.e. that the cluster does not remain fully parallel to the levitation plane
as it fluctuates. Such a transition between bound and unbound must involve a transition of
the key over the lock edge, and onto the face of the lock. An example of such an event is
shown in Fig. 7.4(a), where a key enters the binding site by going beneath the tips of the
lock particle.

Such a three-dimensional crossing event offers another possibility for tuning the bound-
state lifetime of a lock and key cluster: the height of the lock particle. In addition to
particle flat faces being repulsive [88], particles that escape out of a tall binding site face
the additional energetic cost of the primary acoustic field, which acts to keep the particle
in the nodal plane. In addition, inside a binding site larger than the diameter of the key
particle, a key can fluctuate between the two vertical edges of the binding site (Fig. 7.4(b)),
offering both a means to dissipate kinetic energy injected by the active fluctuations, and also
a reduction in the probability of a direct collision between the key particle and the reflector
plate.

These effects lead to an increase in the bound state lifetime for a lock-key pair by up to
a factor of 4 (Fig. 7.4(c)). Unlike colloidal clusters in thermal equilibrium, where increasing
the bound state lifetime by decreasing the temperature leads to a corresponding increase
in bound state probability (Fig. 7.3(a)), increasing the bound state lifetime by tuning the
lock thickness does not change the probability of the key being eaten by the lock. The
three-dimensional nature of the acoustic lock and key cluster thus offers an opportunity to
separately tune the bound state probabilities and lifetimes, to yield designed structures with

parts whose dynamics can take place over a wide range of timescales.
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Figure 7.5: Self-assembly of lock and key granular clusters. (a) Cluster composed of two lock
particles and a key. (b) Three lock particles with additional keys printed on the outside. (c)
A key, with two locks of varying binding site curvature. (d) Three keys with varying binding
site overlap distance. (e) Spherical particles with cross-shaped particles form alternating,
“host-guest” structures with (i) two spheres and two crosses, (ii) three spheres and three
crosses, (iii) two spheres and four crosses, (iv) two spheres and five crosses, and (v) four
spheres and five crosses. (b) A spherical particle with a pair of lock particles.

7.6 Self-assembling lock and key structures

Using these design principles, we can take advantage of the flexible acoustic bonds between
lock and key to create a variety of lock and key granular clusters (Fig. 7.5). A pair of locks
can assemble on either side of a key, forming a flexible jointed structure in the levitation
plane (Fig. 7.5(a)). Alternatively, a lock particle can attach to the outside of a lock particle
with matching radius of curvature. Combined with a key, the cluster of three particles can
form a snowman-like stack of disks (Fig. 7.5(b)). The match between the curvature of the
lock outside and a different lock binding site can also result in stacked chains of particles in
the absense of keys (Fig. 7.5(c)).

Additional features can also be easily added to the lock. For instance, the position of the
key can be directly fixed onto the lock body by printing an additional intersecting disk, again

resulting in chains of particles (Fig. 7.5(d)). Varying the position of the attached key can
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then be used to tune the persistence length of the granular chain. Alternatively, additional
binding sites can be added to the lock surface. These can then be combined with additional

keys and locks to form host-guest clusters (Fig 7.5(e)).

7.7 Conclusions

In this Chapter, we have taken the first steps towards acoustically levitated directed assem-
bly. We have shown that shape plays a key role in regulating the assembly probabilities
of lock and key structures: when the radius of curvature of a key and lock binding site
match, their probability of binding can increase by a factor of two (compared to the un-
matched case). This increased probability of binding is a result of both an acoustic active
effective temperature, and of the area of contact between the particle and binding site. Ad-
ditionally, in the nonequilibrium environment of the acoustic trap, the connection between
binding probabilities, energetics, and fluctuations becomes decoupled, making it possible to
separately tune binding times and binding probabilities via the lock particle height.

The effect of lock shape (as parameterised here by binding site depth, binding site cur-
vature, and lock height) on the lock energy landscape can be easily simulated using finite
element simulations, then rapidly prototyped using 3D printing. Additional forces can also
be incorporated into these millimetre-size grains, for instance by patterning the grain edges
with magnetic patches, or by levitating the grains in an atmosphere saturated with water
vapor to encourage the formation of capillary bridges. Such an approach is further anemable
to algorithmic optimization to produce a desired energy landscape and binding time, opening
the door to the systematic exploration and creation of specific, functional granular acoustic

interactions.
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CHAPTER 8
CONCLUSIONS

In this thesis, we introduced the use of acoustic levitation to the study of granular matter.

We introduced acoustic levitation as a tool to assemble small clusters of particles and
investigate their dynamic reconfigurations. While thermal fluctuations set the magnitude of
depletion forces in more microscopic particle systems such as colloids, the sonic depletion
forces discussed here depend on the sound pressure amplitude and thus can be controlled
independently from the effective temperature of the system. The effective temperature, in
turn, was shown to be an emergent quantity that arises from the dynamic response of the
levitated objects in the off-resonant regime Af/fy > 0.

We further used acoustic levitation to contactlessly assemble, drive, and measure the
mechanics of active granular rafts, which have attractive forces comparable to applied rota-
tional tensions. Acoustic rotation thus offers the opportunity to tune through a wide range
of driven behaviors in an inertial soft solid, from isotropic dilation, to extreme shape change
and finally catastrophic failure. The observed size-dependence of the effective surface ten-
sion and bulk modulus of the rafts poses a particular challenge to the theoretical modeling
of secondary acoustic forces. Our results suggest the need for a systematic theoretical explo-
ration of regimes in particle size and packing density in which acoustic interactions can no
longer be treated as pairwise. This size-dependence also plays a role in governing both the
elasticity and plasticity of these acoustic solids.

Turning to the effect of shape on acoustic forces, we have presented acoustic levitation
as a novel means to tune anisotropic, attractive interactions in a granular material. We
show that particles in an acoustic field are strongly attracted to sharp edges, leading to the
formation of edge-edge (rather than face-face or face-edge) contacts between cubes, cylinders,
and tetrahedra. These contacts support hingelike motions, which result from a combination

of the confining acoustic field and short-range forces from acoustic scattering. Simulations
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show that the magnitude of these short-range forces is controlled by the radius of curvature
of the particle edges.

In addition, we showed that the energy landscape around the perimeter of a particle
can be directly tuned by the local curvature of its binding site, in turn controlling the
selectivity and bound-state lifetime for attaching a matching particle to the binding site.
These principles can be used to design and assemble particles into complex structures.

Together, our results apply to a wide range of assembly environments (any medium that
supports an acoustic standing wave) and materials (anything that scatters sound). Our
results thus open the door to acoustic levitation as a general platform for the non-invasive
asssembly and manipulation of far-from-equilibrium, underdamped systems.

Many avenues remain for exploration. In what remains, we highlight a few of the most
exciting. First, this thesis has highlighted the need for further experimental and theoret-
ical work on the acoustic radiation forces between close-packed particles. Experimentally,
extracting the acoustic forces between levitated objects requires the development of new
experimental and data-processing techniques. In particular, it will become necessary to
measure the full three-dimensional position of a levitated particle. This is relatively simple
with a dilute sample of particles, but the close-packed nature of the granular rafts precludes
the use of many modern 3-D imaging techniques. In addition, methods to reconstruct forces
from athermal, underdamped dynamics are only just beginning to be developed [147, 148].
We imagine that the development of an experimental protocol to extract force information
from acoustically levitated granular matter will significantly advance scientific frontiers in
not only acoustics, but also in 3-D imaging and system identification.

In addition, this work has focused mostly on the size range where the acoustic forces
acting on particles can be treated as purely radiative. However, acoustic forces can also be
transported through a viscous mechanism: steady-state flows in the acoustic trap, known as

acoustic streaming [149]. For a fluid with viscosity 1 and mass density p forced to vibrate
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at angular frequency w, the lengthscale for viscous momentum transfer § is determined by a

balance of the fluid inertia, and its viscosity [99]:

5=/ (8.1)

j4%

In air, at the ultrasound frequencies used in this thesis, 6 ~ 10um. As the size of levitated
particles decreases, the assumption of purely radiative forces, in an inviscid liquid, become
increasingly inaccurate. Indeed, as a particle diameter approaches ¢, preliminary experiments
and simulations show completely new acoustic forces, dominated by viscous forces rather than
acoustic. So far, limited work has been done on the underlying theory of streaming acoustic
forces, and much fewer experimental observations of these forces on particles in air.

This thesis has revealed that particle shape and cluster structure are intimately connected
in the acoustic trap. We have begun to see how the anisotropic nature of acoustic forces,
coupled with the shape of a levitated particle, can lead to cluster shapes with intriguing
mechanics: cubes can behave as a hinge, and a raft can support extended stingray-like
bending modes. Can we establish a relation between nonequilibrium driving, as provided
by acoustic active fluctuations, and the dynamics of an elastic acoustic material? In other
words, does an “active acoustic” version of the fluctuation-dissipation theorem exist? Such
an avenue of investigation would impinge on several emerging areas of interest in condensed
matter physics.

Finally, we have seen that the acoustic trap can generate non-conservative forces on
particles, such as the tendency for spontaneous vertical oscillations, or the driven rotation of
a cluster. Although this thesis does not attempt to identify the ultimate mechanisms that
generate the non-conservative forces, particularly the rotations, this is important upcoming
work. In addition, can these non-conservative forces be harnessed to produce forces and

torques on an individual particle level? The ability to do so would place levitated granular
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matter at a prime position to answer a host of questions relating to active matter in the
presence of finite inertia [150], for which there are currently very few experimental models.
Acoustically levitated granular matter provides an endless source of inspiration, both for
fascinatingly complex dynamics and for their ability to address deep questions in condensed
matter physics. The future is rich with incredible possibilities, limited only by the scope of

our curiosity.
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