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ABSTRACT

To understand the space of quantum field theories, we often begin with a tractable theory
like a CFT and deform it by a local operator. When the operator is relevant, it generates an
RG flow, which modifies the behavior of the theory in infrared. When the operator is exactly
marginal, it parametrizes the moduli space of the CFT. However, the theory deformed by
an irrelevant operator changes the UV behavior as well as the definition of the theory, so
the resulting theory is usually difficult to understand. In this thesis, I study a very special
example of an irrelevant deformation triggered by the 7T operator in two dimensions and
its relation to gravity, supersymmetry, and supergravity. I propose a manifestly supersym-
metric version of the TT operator in superspace. In addition, I show that the deformed
theory is classically equivalent to the undeformed theory coupled to two-dimensional grav-
ity, which signals a deep connection to gravity. A closely related deformation appears in the
holographic definition of supergravity solutions that interpolate between BTZ black holes
and asymptotically linear dilaton backgrounds. This opens up the possibility of defining

holography between non-AdS spacetimes and theories deformed by irrelevant deformations.

vi



CHAPTER 1
INTRODUCTION

Renormalizable quantum field theory has been extraordinarily successful since infinitely
many predictions can be made with just a handful measurement that determines a finite
set of relevant and marginal couplings. Despite of this, its predictive power requires compu-
tation to higher and higher loops, which is not always feasible because of factorial growth of
Feynman diagrams and IR divergence. On the other hand, an effective theory with irrelevant
coupling is often used to make prediction and compare to experiment quickly although they
are not reliable to extract high energy and short distance phenomenon, because new physics
may emerge at higher energy scale and change the theory significantly. This thesis focuses on
a surprising irrelevant operator in 2 dimension that allows the deformed theory to remains
analytic in some sense. This operator was first proposed by Zamolodchikov[1][2] to study 2
dimensional quantum field theory. It can be obtained by taking the determinant of energy

momentum tensor over its spacetime indices,

det (T/W) =TooT11 — T10101- (1.0.1)

Although being quadratic in the energy momentum tensor, which can cause divergence when
2 operators are brought close to each other, it’s shown that all divergence are cancelled,
leaving it a well-defined operator. In Euclidean complex coordinate, this operator is written
as TT — 62, where T is the holomorphic energy momentum tensor while T is the anti-
holomorphic one and 6 is the trace of T}, so this operator is usually called "T'T operator".
When a CFT is deformed by TT operator, it doesn’t mean we add this operator to the
original theory, instead, the deformed theory’s lagrangian L) is required to satisfy the flow
equation:
0Ly

o det (Tyw), (1.0.2)



where the theory is put on the flat metric and A is the coupling constant. This is equivalent
to adding the det (TW) coupling to the original theory but the energy momentum tensor is
calculated from the "deformed" theory, so it’s expressed as a differential equation. One may
worry that this operator is not invariant under Lorentz transformation because the indices
are not fully contracted. To resolve this issue, we can combine the determinant of metric

with it to form

det (T W)

Tt (gpm) (1.0.3)

which is Lorentz invariant. We always put the theory on a flat Euclidean spacetime and
follow the convention that g = 1, so det (guy) is usually omitted. The flow equation defines
a curve in the space of quantum field theory parametrized by A with a few remarkable

properties.

1. The deformation preserves integrability: if one begins with a theory £y which is inte-
grable, in the sense that the theory has infinitely many local integrals of motion, then

the deformed theory £y at finite A is also integrable|2].

2. The deformation is "solvable", in the sense that one can make precise statements about
properties of the deformed theory £y in terms of the un-deformed theory Lj. If the
theory is put on a cylinder with spatial direction compactified, the energy levels of the
deformed theory are related to those of the un-deformed one by a differential equation
of inviscid Burgers type. The partition function of the deformed theory can also be
obtained even if there are strong indication that it is not a conventional local quantum
field theory[3]. This property doesn’t require the un-deformed theory to be integrable

or conformal.

3. It preserves supersymmetry. If the un-deformed theory is invariant under some num-
ber of supersymmetry, then the deformed theory must also be invariant under those

supersymmetry|4][5][6].



4. The deformation is "unique" in the sense of the following: If we want to deform a
2 dimensional CFT Ly by a coupling A with conformal dimension (—1,—1) and we
want the energy of a state in the deformed theory to depend only on the un-deformed
energy of the same state, then 7T deformation is the unique deformation that satisfies
these requirements|7]. Besides, the modular invariant is preserved if A is assigned with

modular dimension (-1, —1).

Thus TT deformation is a unique deformation as an example of irrelevant coupling. In chap-

ter 2, we will review basic properties that characterize T'T operator.

A few exact TT deformed theory with explicit Lagrangian is provided in [8][9]. It was noted
that the TT deformation of a pure free boson is classically equivalent to the Nambu-Goto ac-
tion with 3 dimensional target space. There is then intense discussion about the connection
between TT deformation and string theory[3][10][11][12]. Furthermore, this deformation can
be interpreted as gravitational coupling to 2 dimensional gravity. In [13], Cardy expresses
TT into det (le) so it bacomes natural to couple it to metric. He shows that an infinitesimal
TT transformation can be made with Hubbard-Stratonovich transformation on metric. In
[14][15], it’s proposed that TT deformation can be obtained by coupling the original theory
to topological gravity which serves as a mapping from world sheet to target space. Several
methods of determining the exact deformed Lagragian thorugh integrating out vielbeins or
metric are also discovered by [16]{17][18]. Then [19] and [20] propose generalizations of this
idea to curved space. In chapter 3, we will review different approaches to understand 77T

from this point of view.

Some theories with supersymmetry can be deformed by 77 in superspace which makes
supersymmetry manifest. In these theories, the energy momentum tensor is part of super
current multiplet which provides more structure to the irrelevant deformation|4][5]. Among

them, (2,2) supersymmetry is the most interesting one because it’s closely related to dimen-

3



sional reduction of theories in 4 dimensions, which may pave a way to understand irrelevant
deformation in higher dimension|6][21][22]. In chapter 4, we will review the deformation with

(0,1) and (1,1) supersymmetry.

There are also intense development in understanding the connection between 7T defor-
mation and string theory or non AdS geometry holograph|23][24][25][26]. Especially, it’s
proposed that the string theory with pure NS flux under certain background is dual to a
CFT deformed by TT-like operator. This background interpolates between AdS geometry
or BTZ black hole in the bulk and linear dilaton on the boundary. in chapter 5, we will

explore this idea from general relativity prospective.



CHAPTER 2
THE TT DEFORMATION

Often in quantum field theory we encounter short-distance divergence when two operator are
brought close to each other and take the coincident point limit, so the definition of composite
operator is ambiguous unless further investigation of divergence is examined. In this section
we will discuss the precise definition of T'T following Zamolodchikov’s proof[1]. We will work
in Euclidean signature and complex coordinate z = x +iy. A few basic assumptions need to

be made in advance.

1. Local translation and rotation symmetry are assumed so there exist local energy mo-
mentum tensor that is symmetric and satisfies continuity equation. The components

of energy momentum tensor are usually written as

(2.0.1)
0= Tz =Tz,
so the continuity equation takes a simple form:
0T () = 00(z)
(2.0.2)

Here 0 = 0, = % and 0 = 05 = % are abbreviations which we will follow in this

thesis.

2. Global translational symmetry is also assumed so the expectation value of some local

operator (O(z)) is a constant and two point function depends on the distance only,
<OZ(Z)OJ(Z/)> = GU(Z - Z/), (203)

where O;(z) are some local operators in the theory.
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3. We also assume that there exists at least one direction, say along vector €, for every

operators O;(z) such that the correlation function tends to

lim (O;(z + ét)0;(z")) = (0;(2)) (0;(2)) . (2.0.4)

t—00

At large distance along é, correlation vanishes and the correlation function is decoupled

to the product of the expectations from two operators.

4. The theory is assumed to be controlled by a UV CFT.

2.1 Point-Splitting Argument

We will need to prove TT = T(2)T(z) — 6%(z) is a well-defined operator by first considering
the point-splitting version T(z)T(2') — 0(z)8(z') and then taking the coincident point limit

2z — 2/ later. The derivative of it is

O (T(2)T(z") = 0(2)0(z")) = 0T (2)T(2") — 06(2)6(=")
=0T (2)T(') — 9T (2)0(%)
B B B » (2.1.1)
= OT ()T () — BT (2)0(<) + T(=) <8’T(z') ~9 0(2/))

= (0+0) (T(T() - (9+8) (T(2)0()) .

where @ is derivative with respect to 2z’ and we have used both equations of (2.0.2) in the

second and the third lines. Similarly, we can take derivative with respect to z and get

3 (T(2)T(¢) - 0(2)0(")) = (0+ ') (0(=)T (")) — (5 + 5’) (0()0()).  (2.1.2)



The meaning of these equations can be seen by substituting the operator product expansion

into them,

T(:)6(!) = 3 Ailz — )02,
0(2)T(2) =Y _ Bi(z—)0i(%),

' (2.1.3)
00 = 3 Cilz = )0,

T(2)T(Z) = Z D;(z — 2)0O;(2).

In the operator product expansion above we have let O; runs through all operators in the

theory and clearly we have

T(:)T(2") = 0(2)8(') = Y (Di(z =) = C(z = &) Oi(<) = Z Fi(z = 2)0i(¢).

7

(2.1.4)
where F; = D; — C;. Inserting those expansion into (2.1.1) and (2.1.2) gives
S OF(: - 2)0() =
i
> (Bilz =) 90,()) - Ci(z = ) TO,()).
(2.1.5)

1
S0~ 2)0i(!) =
)
3 (Di(z — N IO — Az — ) 5’@(5)) .
1
On the right side of equality, all operators appear to have coordinate derivative, while those
on the left side of the equality doesn’t. Imagine now we take expectation value on both side,

so, according to our assumption of translation symmetry, (00) = <5(9> = 0 on the right. In

order for the left side to have consistent result, operator O; must either be the coordinate

7



derivative of some other operator or have constant coefficient F;(z — z’). As a result, the
operator product expansion in (2.1.4) consist either linear combination of local operators or

derivative terms. We can rewrite it as
T()T(Z) - 0(2)0(¢) = OTT<Z/) + derivative terms. (2.1.6)

When we evaluate the expectation value of the above equation, derivative terms have no
contribution, leaving only Op 7, which is the linear combination of local operators. It also
implies that the expectation value of TT is <OTT(Z/ )>, a constant independent of coordinate.
We now define the 7T operator as Op7. This definition may be too formal, but it shows

that 7T can be defined locally and unambiguously.

2.2 Energy Level

Zamolodchikov then further elaborates on how 7T can affect the energy level. Consider a
theory with one Cartesian coordinate compactified on a circle of circumference R, (z,y) (z+
R,y). We then deform the theory according to the flow equation (3.2.2). For nth energy
level in the deformed theory, we denote its eigenstate as |n), energy as Fp, and momentum
as Pp. If the initial theory is a CFT, then both its energy and momentum must be scaled

as R~1. The expectation value of TT on nth excitation state is

Cn = (n| T(2)T() |n) — (n] 0(2)0() |n). (2.2.1)



According to our result in (2.1.6), we know this must be a constant. Consider the first term

only, it can be expanded as

(n| T()T(") [n) = Y _{nlT(2)[n") (0 [T()|n)

. (2.2.2)
= S (T )y (0 [T(2) [ Bn = Ean) =y [+iPa=Py)la—a'|

In the second line, spectral decomposition is used. A similar expansion can be made for
0(2)0(z'). For their combination to be independent of coordinate, term with n’ # n must

cancel each other and we are left with
(n| T()T (") [n) = (n|T(2)[n) (n|T (")) — (n|6(2)|n)(n]0(=")In). (2.2.3)

By taking the z — 2’ limit, we obtain
(n| TT |n) = (n|T|n){n|T|n) — (n|0]n){n|0]n). (2.2.4)

In Cartesian coordinate, we can rewrite the above equation by using

2

= 1 : 1
TT — 62 = 5 Toa = Tyy = 20Tey)| = (T + Tyy)? = —TuxTyy + T2 (2.2.5)

Y

and get

(n| TT |n) = —(n| Tz |n)(n|Tyy|n) + (n|Toy|n)(n|Tey|n). (2.2.6)



The right hand side can be computed directly from how energy momentum tensor is defined:

(0] Ty ) = = (),

]

(0] Ty o) = 1 Pa(R), (2.2.7)
(0] T In) = - Ep.
Thus the expectation value is
(n| TT |n) = —% (En(R)%En(R) + %Pﬁ(R)) | (2.2.8)

Since the theory is deformed according to the flow equation (3.2.2), the expectation value is

— oL 1 OF
(n| TT |n) = (n| — N ny = = 8;' (2.2.9)
Combining this with (2.2.6) leads to
Ly (R,\) = En(R A)iE (R, \) + lP2(R) (2.2.10)
) R " -

The momentum is fixed by the quantization condition on cylinder so it is not modified by
TT deformation. This is inviscid Burgers’ equation, which describes how energy is shift as
we deform the theory. If we begin with a CFT, in which the energy and momentum are

proportional to R~ we can solve the above equation:

R ANEn(R,0)  4X2P2(R
En(R,A):5 —1+\/1+ ”]é )+ Rg() : (2.2.11)

Assume Fp(R,0) is positive. For positive A, the deformed energy level is always well-defined.

However, for negative A, the argument in the square root may go negative, making the energy

10



imaginary. The argument in the square root can be written as

4P2(R) (A RE,(R, 0)>2 - E2(R,0)

2 P SR (2.2.12)

Thus if E%(R, 0) > P,%(R) the energy level goes imaginary if A is negatively large enough.
It’s believed that this king of theory has holographic interpretation|25] but theories with

negative A is still mysterious now. In this dissertation, we focus on positive A only.
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CHAPTER 3
GRAVITY

TT deformation has deep connection to the energy momentum tensor, so it has long been
suspected that the deformed theory can be regarded as a gravitational action|[13][27]. The
undeformed theory is coupled to gravitational field, which will then been integrated out as
it has no dynamics in two dimensions. In this section we review several different approaches

that attempts to interpret 7T deformation as gravity-coupling.

3.1 Review of Previous Gravitational Proposal

3.1.1 TT as Random Geometry

First consider how to add 7T deformation to the first order in A\. The undeformed theory
is a 2D CFT on flat space with static metric g;,,. We now imagine a small perturbation
to the metric so, to first order, it’s shifted by g, — guv + huy. In the weak field limit,
this theory depends on Ay, through a coupling to energy momentum tensor, so we can add
J d%z huyTHY to the action. On the other hand, we assume the gravitational action takes

the following form in the weak field approximation|13]

1

Sh="-39y A2 P hyyhys. (3.1.1)
Combining both terms together, we have
1
N A2 P hyyhas + / d*z by TH. (3.1.2)

It’s interesting to note that the coupling constant is inverse proportional to A. This is

because, as we integrate out hy, its equation of motion forced it to be proportional to A.

12



The equation of motion is

1
Xe“aeyﬂhaﬁ = Ty (3.1.3)

Then substitute this equation into the action (3.1.2) and get

%/ A e”aeyﬁTuyTag = )\/ d*z det(T)). (3.1.4)

This is exactly the first order perturbation of 7T operator. As we impose the equation of
motion in (3.1.3), we are effectively integrating out Ay, which is the variation of metric
around the flat space. The spirit here is similar to the saddle point approximation, in which
we integrate out the field configuration around the mean field. It’s amusing to ask why
flat space is a special solution here and what metric the deformed theory lives on, after the
gravitational degree of freedom is integrated out. Besides, why is the action proportional to

det (hW) in the weak field limit in (3.1.1). We will postpone answering these question later.

3.1.2  Topological Gravity

We next consider the following action|[14][17],

1
Sy = Sole] — ﬁ/ APz ey, (0 X" —¢)) <8VXb — elb,> : (3.1.5)

Here Sple] is the un-deformed theory put on a space with vielbein denoted by efj. X%(z)
are auxiliary fields transformed under local Lorentz transformation on upper index a. It
is claimed that this defines a 7T deformed theory upon integrating our both ez and X%
Although there are derivative on X ¢, it is not a dynamical field due to the topological nature

of this action. To see this, we can first compute its equation of motion,

9,8 = 0. (3.1.6)

13



Since X% is not involved in its equation of motion, it is a Lagrange multiplier. Furthermore,
this equation forces eﬁ to parametrize a flat space, so we can fix a gauge and set ez = (52.

The equation of motion of €j; is

0S5y
e,y <8VXb —e’;) =5 = AT (3.1.7)
We can rewrite this relation to
OuX" = el — \=g eue™T}. (3.1.8)

and substitute it into (3.1.5).

Sy = Sole] — %/ Pz ey, (0 X" —¢)) ((%Xb — e?,)
(3.1.9)

A
= Sp[d0] — 5/ d?z det(g) eﬂyeabeTé/.

Here we have set e}, = d;;. The above equation can be further reduced by using +/ —getb —
e eaae%,

Sy = Spld] + %/ Az /=g EWEO‘BTng. (3.1.10)

We obtained, again, the infinitesimal deformation. The advantage of this model is that the
deformed theory is put on a flat space naturally as required by the Lagrange multiplier,
which then serves as a map parametrizes from the 2D space z# to the target space X%. Here
we are not careful enough and use the energy momentum tensor of the un-deformed theory,
so the above result is only valid to the first order. To get the finite deformation, one must be
more careful and compute the integration with the energy momentum tensor of the deformed
theory. This is done in [14] to compute the partition function. In [17], the deformation of

free boson is computed to all order using this action.

14



3.2 Gravity Interpretation

We now propose a different model to interpret 7T deformation. Assume there are two
different rank 2 tensors, g, and hy, and work with Euclidean signature in this section. g,
is a rank 2 tensor coupled to the undeformed CFT, while A, is a non-dynamical background
metric of the deformed theory. It’s important to notice the difference between tensor with
lower indices and upper indices, since we have two rank 2 tensors now. We will use g"” as
the inverse of g, and h*" as the inverse of hy,;,. Aside from them, we adopt the convention
that all other tensors with upper indices are raised by h*”. The following action is equivalent

to TT deformation at classical level,

1

1

Here we assume Sp[gy] to be a 2d CFT coupled to g,,,,. At classical level, its TT deformation
is equivalent to Sy[hw| on metric by, Although we keep hy,, arbitrary here, we have to set
hyuy to be a flat metric in the end. To show this action is indeed a TT deformation, the first

step is calculate and confirm the flow equation,

0
Er = det (Tyw). (3.2.2)

We must emphasize that T}, is the energy momentum tensor calculated from the deformed

theory £). It can be computed from the action (3.2.1),

2 0S5, 1
U uv nv
g \/Eah/w 2:MWh <\/§g Vhh > ' (3.2.3)

where, we emphasize again, h*" is defined as the inverse of h;y, instead of raised by g”,
since hyy is regarded as the metric. Similarly T#" is raised by h#*”. We can calculate the left

hand side of (3.2.2) directly through taking the derivative of the action (3.2.1) and observe

15



that

1 2 0L
TUVhMV = m (@guyhuy — 2\/E> = — ﬁﬁ_)\)\ (324)

To calculate det T},,,, we can use the fact that, in Euclidean 2D flat space,

It’s easy to see

Ty TH = T’WTaﬂhuahyﬁ
1
<\/—g;w \/_h,ul/> (\/Egaﬁ _ \/Ehaﬁ> huahuﬁ' (3.2.6)

YD)
1
<g g ¢ hyah, g + 2h — 2\/5\/59’”“’@”)

~AN2h

On the other hand, we can use (3.2.4),

1

2
(7" hyw)” =

(g (9" hy)® + 4h — 4\/§ﬁgﬂyhuy) : (3.2.7)
So the flow equation can be verified by

Ty TH — (T ) ® = =20~ det Ty
1
(g (g’“‘”g‘w huahy,g — (g/‘”h,u,)2) —2h+ 2\/5\/Eg/“’hw>

- 4)\2h
uv
4A2h ( 4h + 2/gVhg hW>
1
1 1 9cy

_= —T/’“/h _=
A e \/‘ N

(3.2.8)

16



We see,

oL 1
DT det (Tyw). (3.2.9)

Here we have set h;,,, to be flat and h = 1, so the deformed theory lives on a flat space. We
also use the fact that g“”gaﬁhuahyﬁ — (g“”hw)2 — —2hg~ ! in the third line and (3.2.4) in
the fourth line. Let’s use a free scalar as an example to illustrate how to integrate out the

field gup. Consider an un-deformed CFT with a single real scalar field ¢,

Sp = / d*a\/g9"" 9,00, 6. (3.2.10)

According to our formalism, the 7T deformed action is equivalent to

1 1
SA:/ d2x\/§g“”0,u¢8yqb+ﬁ/ d2x\/§g’“‘”hw—ﬁ/ axVh. (3.2.11)

To integrate out g, we first compute its equation of motion,

PN 1 1 |
oghv =9 (au¢8u¢ + ﬁhuu) - 5\/§9uu <9a66a¢55¢ + ﬁgaﬁh()ﬁ) =0. (3.2.12)

To simplify the expression, we introduce Gy = 9,000 + ﬁhw so the equation of motion

becomes

1
G,Lu/ = §guy (gO‘BGw) ) (3.2.13)
while the action becomes
1
Sy = / A\ /9" Gy — 25 d>zv/h. (3.2.14)

17



Compute the determinant of equation of motion (3.2.13) on both side and take its square

root,

1
where G = det(G ). Substitute this back into the action (3.2.14), we get
1
Sy :/ 4’z (2\/_— —\/ﬁ) .
2\
The determinant of Gy is

1

det(Guv) = 1612

det (R + 400,00, ) .

We can use the fact that hy, is a flat metric in 2 dimension to get

1
162

1
TR (1 + AN 0,00,9)

det(Guv) = det (g + 400,00, 9)

so the action becomes

SA:/ d*x (N_—%\/@
_ / P Vi (VT R70,00,6 1)

3.3 Partition Function

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

(3.2.19)

The equivalence between (3.2.1) and TT deformation is only a classical result. Quantum

effects, Weyl anomaly for example, can destroy the equivalence. In this section, I attempt to

study the partition function of TT deformed theory based on the action given in (3.2.1). We

need to compute a path integral over metric g,y and integrate out all genus 1 geometry. First

18



the undeformed theory is put on a genus 1 torus characterized by complex moduli 7 = 7 +i79.

A metric on torus can be brought to the following form by coordinate transformation,

d*s = |dx + rdy|? (3.3.1)
or
I n 1 [2+73 -7
Guv = . 9= . (3.3.2)
Tl 7'12 + 7'22 79 —T1 1

Here we neglect a Weyl factor since the theory is assumed to be conformal invariant.

Similarly, we have the same components for h;;,, which parametrizes a torus with moduli

¢ = (1 + iy,

1 1
h;u/ = C . (3.3.3)
a G+G
The partition function is given by
_1 2 ny _
Zy\[¢] = /D[g;w] e 4 Jd x(\/ﬁg e 2\/5) ZolT]. (3.34)

It’s now straightforward to calculate the second and the third terms in (3.2.1),

ﬁ 4>z <\/§g/‘”hw/ — 2\/%) =

R?|r — (P

3.3.5
479 ’ ( )

where R is the length scale. On the other hand, the integral measure D[g,,] are consists

of three contributions from Weyl transformation, coordinate transformation, and 7 transfor-
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mation. It can be written as

d2r
Dlguw) = Zx —5, (3.3.6)
79

where Zx is a Jacobian. Combining everything together gives

d2r _ RZr—¢?
ZAK]:/}H T ix e B Zylr], (3.3.7)
2

where H™ is upper half plane. We can’t move on without knowing the exact structure
of Zx. I do not know the exact expression of Zy. However, we now postulate that the

deformed partition function is a trace over the spectrum of the deformed theory with integer

2
coefficients|28|. As we will see later, this requires Zx = %, SO
27 [ R2\ =<
Zy\¢] = — | =— A Zor]. 3.3.8
=[S (5) . ol (3.38)

Given the partition function, we can compute the deformed energy level. Assume the un-
deformed theory has energy FE,, and momentum P, for the n-th excited state. It’s partition

function Zy[7] is
Zolr] =Y e mREn TR, (3.3.9)
n

We now focus on how the partition function is deformed on the n-th excitation state. Fol-

lowing (3.3.8), we need to compute

C2R2 dridm R? 9 ) '
D Jur 2 Ay [(72 —(2)" + (11 — (1) } exp (—moREy, + it RPy)

R 4NE,  4X2P2 4
= exp —CQR'ﬁ —1+\/1+ 7 + 72 +i(1RPy,

(3.3.10)
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We conclude that the deformed energy is

R 40\E,  4)X2P2
En(A) = 55 —1+\/1+ R”+ R2” : (3.3.11)

This is consistent with (2.2.11). However, I have made a strong assumption that there is a
one-to-one correspondence between the undeformed energy level and the deformed energy

level. So far, I am still looking for a path integral treatment of Zx.
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CHAPTER 4
SUPERSYMMETRY

TT deformation preserves supersymmetry because of it’s a "solvable" deformation. Consider
we begin from a supersymmetric theory in which every bosonic excited state is paired with a
fermionic state of equal energy and deform the theory with 7T flow equation. Recall that the
energy level of the deformed theory can be determined by the energy level of the same state
before deformation. There is a one-to-one correspondence between the deformed energy and
the undeformed energy. We conclude that the supersymmetry is preserved since there are
equal number of bosonic and fermionic states at each energy level even after deformation.!
However, the Lagrangian of the deformed theory may not respect the supersymmetry made
manifest by superspace construction even if we begin with one in superspace. In this chapter,

we discuss how the action is deformed under 7T deformation with manifest supersymmetry

in superspace.

4.1 Bi-Spinor Conventions

In this section, we review the bi-spinor convention which is useful for the analysis with
supersymmety involved. Consider two-dimensional field theories in Lorentzian signature
with coordinates (:EO, xl). It will be convenient to change coordinates to light-cone variables

using bi-spinor notation. That is, we define

ot = % (mo + xl) : (4.1.1)

and write the corresponding derivatives as d+4 = V%(ao + 01). In these conventions, we

have d+4+2t* =1 and d44+2FF = 0. Spinors in two dimensions carry a single index which

1. This argument is kindly explained to me by David Kutasov.
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is raised or lowered as follows:

ph=—y_, YT =y (4.1.2)

The advantage of writing all vector indices as pairs of spinor indices is that it allows us
to more easily compare terms in equations which involve a combination of spinor, vec-
tor, spinor-vector, and tensor quantities. For instance, in this notation the supercurrent
has components Sy, 5 __ /Sy and S_44, which we can immediately identify as
a spinor-vector because it has three indices. Likewise, the stress-energy tensor carries
two vector indices so its components will have four bispinor indices; they are written as
Thyqq, T T4y =T__ 1. When we consider (0,1) and (1, 1) supersymmetric the-
ories, we will have to introduce anti-commuting coordinates #%. A derivative in superspace

involves not only the coordinate derivative but also a linear combination with derivative on

9 . They are Called Supercovariant derivatiVe deﬁned, n our COnventionS, as
Dy = —i +6%0 (4.1.3)
P— —Z— . .
+ 90i ++,

which satisfy D4+ D4 = —i0++ and {Dy,D_} = 0. There are also two supercharges @)+

given by

.0
Q= —izgr — 07 04x, (4.1.4)

which satisfy Q+Q+ = 104+ +.

4.1.1 Review of TT

Let us review some basics of the 7T deformation again with bi-spinor convention. An
integrable field theory contains an infinite set of local integrals of motion generated by

conserved currents. Among those currents, we are mostly interested in the stress energy
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tensor, (T4+++,T4+++7), which satisfies the continuity equations

O Thpit + 04414+ =0,

8_|_+T____ + 8__T___|_+ =0. (4.1.5)

Given this set of continuity equations, the authors of [2| suggest considering spinless com-
posite operators by first constructing bilinear operators, T 4+ (2)T——__(z') and
Tyt (x)T——44(2), and taking the limit # — 2/. Although such limit is usually singular,

the combination

Tippi ()T (2”) = T (2) T (2) (4.1.6)

can be shown to contain no non-derivative divergences in its OPE. It is then natural to define

a local operator TT(z) by

TT(x) 4 ..o = Thpp (1) T () = Ty (1) T4 (2), (4.1.7)

where ... contains derivative terms that are not necessarily regular. A TT deformed theory
on flat metric with action S is a two dimensional integrable field theory deformed by the

local operator TT'(z) that satisfies the flow equation

0 _

Sy = / Az TT(x). (4.1.8)
The undeformed theory is the initial condition at A = 0. It should be emphasized that 7T
in (4.1.8) is constructed from the stress energy tensor of the deformed action Sy, thus it
depends on the coupling A implicitly and the flow equation becomes a non-linear differential

equation. As a simple example, consider a free massless scalar ¢ in two dimensions with
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action given by

So = / Pz 04y dpO__o. (4.1.9)

Here d?z means the measure dz'dz?. Solving the differential equation (4.1.8), the 7T

deformed action turns out to be

Sy = /dQZ’ % (—1 + \/1 + 4)\8++¢8__¢> . (4.1.10)

4.2 (0,1) Supersymmetry

To begin, we first consider one single supercharge with (0, 1) supersymmetry. A (1,1) su-
perspace contains a pair of Grassmanian coordinate 7 and 0, while (0,1) is the subspace
when 67 is set to zero. The supercharge and super-derivative in (1, 1) space can be expressed

in terms of 6%,

Q+ = —ia&% — 050+, Di= _iaa% . (4.2.1)
When 67 is set to zero, we are left with
o, + .0 +
Q+ = ot T 070++, Diy= —iooT +07044. (4.2.2)
A (0,1) superfield ®(x,0T), can be expanded as
(2,0") = ¢(x) + 01 (2), (4.2.3)

where ¢(z) and ¥4 (x), depending only on spacetime coordinate z, are its bosonic and

fermionic components respectively. Lagrangian in real space L is the d term of Lagrangian
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in superspace LT,
L= /d0+L+(x,9+). (4.2.4)

It’s important to notice here that, while £ is bosonic, L™ must be Grassmanian. For example,

a massless free theory with a scalar boson and a Weyl fermion is

/d9+ Di®0)__ D=0y 10 _¢+ith 0 1)y, (4.2.5)

where ® = ¢ + 0T, is a scalar superfield. To define a TT deformation in superspace,
we can begin with finding a counterpart of energy momentum tensor in superspace. Since
energy momentum tensor is the conserved Noether current of translational symmetry, we
can consider similar definition in superspace. Under an infinitesimal shift of coordinate

ot = 27T £ o™, the field ® is shifted by §4 1+ ® = 04+ ®, while the Lagrangian is shifted

by
044 L =044L
- 51(;5@5“1”@ * 5aiiq>5++a++® i 5a(iL_q>5++a“®
=Dy <5giq)5++cb +iD4 (5a(jiq)5++<b)> +0—— (56(5_[:<I>5++(1)) +-
(4.2.6)
where we have used integration by parts and - -- denotes terms proportional to the equation

of motion. We can summarize the above equation and get

oL oL oL
D b +1iD d) —iDi L __ d)=0. (4.2.
+(5D+CI>8++ +1 +(58++<I>a++ ) iDy >+8 (68__<I>a++ ) 0. (4.2.7)
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We denote the first bracket by 714+ —_ and the second bracket by S4 44, so
D+T++—— + 8__S_|_++ =0. (4.2.8)

This is the analogy of the continuity equation (2.0.2) in superspace. Similarly, we can get

another equation by considering a shift in z7~ — 27~ +a~~ and get

5L . L 5L
D, (6D+¢a__<1> +iDy (58++(I)a__<1>)> +0__ (58__(1)6__@ - L) =0. (4.2.9)

We denote the first bracket by 7-___ and the second one by Sy__ so the continuity

equation can be cast into

DiTip— +0--S144 =0,
(4.2.10)

DyT____4+0_-_S4_ _=0.

Each superfield has two components so there are eight components in 7 and S. It’s easy to

see four of them are conventional energy momentum tensor 74 ++4+ and T4 4++. Acutually,

St =+ Tty

(4.2.11)
Tt =T+ 07 -
T ___ =T ___ + 9+ cee
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where - - - denotes other terms that are not part of energy momentum tensor. We will denote

them by P and R for later convenience,

St = Prot + 0 Thgiy,
Spoe=Pp +60TT 4,

(4.2.12)
Titee =T +0 Ry,

T =T +0 Ry ___.

P and R are both fermionic and connected through (4.2.10),

O Pryy+ Ry =0,
(4.2.13)

8,,P+,f + R+7777 =0.

We can now propose that the 7T deformation in superspace is

—/d0+ (T____S+++ — T++__S+__) . (4.2.14)
To see why this is a good candidate, we expand its components and find

/d9+ (TSt = Tt —S+—)
(4.2.15)

=TT T4 T 4 —PryyRy— + P Riyy .

In addition to regular TT operator in the first two terms we get extra contributions from
the last two terms. However, the extra terms can be combined into a total derivative by
using (4.2.13), so they don’t change the energy spectrum and the deformed theory remain
solvable. To see how supersymmetry is made manifest in superspace, we begin with a free

theory

L= /d9+L0(x,9+) — /d9+D+<I>8__<I> (4.2.16)

28



and deform it according to the operator in (4.2.14). In superspace, the flow equation is

0 5Ly | 5Ly 5Ly
Ay 4D D P
oA <5D+<I>a o *(5&@8 )) (68__¢8++ )

+( oLy 8++<I>+2'D+< OL) a++q>> —z’D+L)\> ( OL) 6__QJ—L)\).
5D, ®

004+4+® 00__®
(4.2.17)
To solve it, we substitute a general ansatz,
Ly =FA04490-_P)D;PO__P (4.2.18)

with some differentiable function F(z) into the flow equation. The flow equation then reduces

to a differential equation of F(z),

F = —(@F + F)? + («F)? (4.2.19)

bounded to the initial condition F(0) = 1. The solution is

1
Fla) =5 (—1 + VIt 4x) , (4.2.20)
making the deformed Lagrangian
1
L= (—1 1+ 420 q>a__q>> D4 ®0__ . 4.2.21
VI Y + /1 + 4N + ( )

One can confirm that the bosonic part of this Lagrangian is identical to (4.1.10). For an
interacting theory with (0, 1) supersymmetry, its Lagrangian in superspace is g(®) D4+ P0__ P

with g(®) an arbitrary differentiable function. One can follow the above procedure and make
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the same ansatz to find the deformed theory defined by

1
20044 PO__

Ly (—1 +/1+ 4)\g(<1>)8++6138__61>> D4 ®0__&. (4.2.22)

The deformation made by the operator in 4.2.14 is called supercurrent-squared deformation

since it’s quadratic in supercurrent. We have seen it preserves both supersymmetry and

solvability of TT.

4.3 (1,1) Supersymmetry

We would like to generalize our strategy in (0, 1) supersymmetric theory to (1,1) theory.
Consider a supersymmetric Lagrangian which is written as an integral over (1, 1) superspace
as L = fd29 A, where d20 = doTdf~. We allow A to depend on a superfield & and a

particular set of ® derivatives listed below:
A=A(®,D;®,D_9,0449,0-_®, D D_9). (4.3.1)

The supercovariant derivatives D+ are defined in (4.1.3). To define the supercurrent-squared
operator, we first construct Noether current of translation. As in the derivation of the usual

stress tensor T, we now consider a spatial translation of the form dz¥+ = a*+ for some
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constant a®™*. The variation 6.4 of the superspace Lagrangian is given by

0A 0A 0A
0A = D+ (5(1)(5D+(I)> + D_ (5@m) + 8++ (6(1)58++(I))

5A 1 5A 5A
+o__ (5@58_¢) +3 <D+ <—5D+D_(I)D5<I>) +D_ (5<I>D+—5D+D_q)>)

1 0A dA
5 (- (Gpomgse) + Ds (50055 )

5A 5A 5A 5A 5A
5o (-2 4D p_ 2~ -
( 5o " P PP e T a0 T o
5A
—D+D- 6D+D_<I>) '

(4.3.2)

Here we have chosen to symmetrize the term involving D4 D5 Dfé,d) using {D4,D_} =0
and imposed integration by parts to move derivatives around. The last two lines of (4.3.2)
are the superspace equation of motion; we now specialize to the case of on-shell variations, for
which this last term vanishes. Further, the left side of (4.3.2) is A = a™ 014 A+a™ "0-_A,

which is a total derivative. We use 0++ = D+ D+ to express (4.3.2) in the form

0=a"tDy [a++<1> +iDy (a++q>i) + LA p (04+®)

5D, P 60, 4+®) ' 26DyD_®

1 0A
~ 0P D- (6D+D_<I>) B D*““]
A 0A

SA 1
sD_a " P- (a++q)5a__q>> ~ 250, po 0+ O

1 5A
T 0+ @D+ <6D+DCI>>]
5A +z’D+<8<I) 5A > 1 64

+ (I++D_ [64_4_(1)

(4.3.3)

+ta Dy [aﬁcb D_ (0__®)

6D ® 60, +®)  26D,D_®

1 5A
— 0 PD- (5D+D_<I>)]

__ 0A . 0A 1 J0A
+am D[ D (Lq)m) ~ 200 ot (0--®)

1 SA
+50--0D (—5D+D_q)) - D_A.
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This equation gives a conservation law for a superfield 7 which we define by

Tt = 8++(D5D+(I> +1Dy <8++@$) * %cﬂ?j%
_ %a++q>D_ (&%) — D1 A,

T+ = 3++q’5gAq) +iD- <a++q)586—Aq>> B %mf%
+ %3++¢D+ (ﬁ%) )

T = 3‘135;?@ +iDy (aq)wi@) - %M?i%

T _ = a__cpég—“ilq) +iD_ (8__@%> - %M?%

dA

1
—0__®D - -
39 * (5D+D_<I>

) D

D (9++®)

Dy (0449)

D_(0__®)

Dy (9--2)

In terms of 7, then, equation (4.3.3) implies the superspace conservation laws:

DiTiy +D_Tiyy =0, DT __+D_T__4=0.

(4.3.4)

(4.3.5)

We are now in a position to propose the supercurrent-squared deformation of (1, 1) super-

symmetry. Consider again an one-parameter family of superspace Lagrangians labeled by A,

which satisfy the ordinary differential equation

0
a—/\A)\ = T+++7:—— - T—7+T++fa

(4.3.6)

where T is the supercurrent superfield (4.3.4) computed from the superspace Lagrangian

Ay . This uniquely defines the supercurrent-squared deformation of an initial Lagrangian Ay

at finite deformation parameter \.
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4.3.1 Reduction to Components for a Free Theory

To illustrate the relationship between the flow equation (4.3.6) and the usual 7T operator,
let us explicitly compute the components of the supercurrent-squared deformation for a free

(1,1) superspace Lagrangian
A=DidD_9, (4.3.7)
where ® is a superfield with component expansion
=0+ +i0 p_ +6T0 f. (4.3.8)
The entries of T, defined by (4.3.4), for the free theory are
Tiy— =044PD_®— Dy (D4PD_D),

Tty = —0449D1 D,
(4.3.9)

T __=0__®D_0,

T v =-0__®D ®—D_(Di®D_d).
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In components, (4.3.9) is

Tt = =it f + 01 (—f0rs 0+ v D) + 07 (=2 = 00—ty )
0 (044 Oty — Oyt D) — [0y Oy f)
00704y (V40— d— - f).
Tt == i1 0446 — 07 (V10000 + (0440)) = 07 (fO440 + Yy )
— 0707 (204 4004 40— + Dy f — fOr 11y,
T =0+ 0t (0t — fO-—0) + 67 (V-0 +(0-—0)%)
+i0T0" (YO _f — fO__p_ —20__¢d__1py), (4.3.10)
T = =i f 407 (L2 v ) 407 (— 06 — V-0 _thy)
007 (=0~ G041 + fO- Yy — OOy b — PO f)

+i0T0T0 (i f + -4 40).

To compare with the bosonic 7T deformation, we identify the components of the usual stress
tensor T for the theory of a free boson ¢ and fermions 1+ which one obtains by performing

the integrals over 6%, In our conventions, these take the form:

Tyttt = (04 40)* + 04110y,

T =(0-_¢)2 490y

(4.3.11)

We will also drop terms involving the auxiliary field f, since in the bosonic part of the

supercurrent-squared deformation, these terms vanish after integrating out f using its equa-
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tion of motion. Then the bilinears appearing in our flow equation (4.3.6) are

Tias T = 04190 ¢+ i7" (V1001100 Yy — Ty 14000 9)
+ 007 (Y404 4 T+ 0O 90— ) — 070 (Tt T
+ 2044 90— (V10— by + 0119 ) = 044010 _1by),
Tir-T—t = 20707 (10— yp_ 01 19p).
(4.3.12)

The superspace integral of the deformation 74447 __ + T4 _T__4 picks out the top

component, which is

/d29 (Tt T + T T y) =

— Ty T = 204400~ ¢ (Y4 O— g + V044 0b—) =041 b1 0ty
(4.3.13)

We see that (4.3.13) contains the usual 7T deformation, given in our bi-spinor notation by
—Tyy+4+T___ along with extra terms which are all proportional to the fermion equations
of motion, d+41¢+ = 0. These added terms vanish on-shell and, as we will argue in section
(4.3.3), do not spoil solvability: the energy levels of the deformed theory can still be expressed

in terms of those in the undeformed theory, as in the purely bosonic TT case.

4.3.2  Relationship with the S-multiplet

The (1,1) superfield T contains the conserved stress-energy tensor 7},,, and the supercurrent
Sja- Such current multiplets have received much attention in the literature; the first con-
struction for four-dimensional theories was the FZ multiplet [29], which was later shown to
be a special case of the more general S-multiplet [30]. For the two-dimensional theories we
consider here, it is known that the S-multiplet is the most general multiplet containing the

stress tensor and supercurrent, subject to assumptions that the multiplet be indecomposable
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and contain no other operators with spin greater than one. Since our supercurrent superfield
T satisfies these properties, it must be equivalent to the S-multiplet. As we will show, the
four superfields contained in 7 are identical to the four superfields of the S-multiplet, up to
terms which vanish on-shell and therefore do not affect the conservation equations for the
currents. The S-multiplet is a reducible but indecomposable set of two superfields S and y

satisfying the constraints

D+S44+ = Dix+,
(4.3.14)

D_x+ = Dyx-.

In components, the S-multiplet for (1,1) theories contains the usual stress tensor T}, the

supercurrent S),q, and a vector Z;, which is associated with a scalar central charge:

Sttt = Siir + 0Tt +07 244 — 070704451+,

S =S 40T 40T 40700 S,
(4.3.15)

Xt =St + 0 24y +0 Ty — 0707044 54—,

X =S4 A 0 T+ 02+ 070 0__S_ 1.

In terms of these component fields, the constraints (4.3.14) give conservation equations for

the currents:

Ol + 0T =0=014T 1+ + 0Tyt
Oy Sy 40 Sy . =0=0,48___4+0__S .4, (4.3.16)

8++Z,7 -+ 8,,Z++ = 0.

We claim that the components (4.3.10) of our superspace supercurrent are the same as those
in the two superfields § and x appearing in the (1,1) S-multiplet (4.3.15), up to signs and

terms which vanish on-shell. In particular, after discarding terms which are proportional to
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the equations of motion, we find the identifications:

Stxx =FTxxx, X+ =Trt—  x-=T—. (4.3.17)

We will check this explicitly for the free theory, A = Dy®D_®, for which we computed
the components of 7 in section (4.3.1). Writing only those terms that survive when the
component equations of motion f =0, 0+4¢¥_ =0 = 0__14, and 044+0—_¢ = 0 are all

satisfied, (4.3.10) becomes

on-shell

Trv— =0,
on-shell . + 9
Tit+ = —iy0440—0 (¢+3++1/)+ + (0++0) ) 7

- (4.3.18)
ool o g0 (w,aﬁw, + (a,,¢)2) ,

T on-shell 0
__+ - .
For the free (1, 1) superfield considered here, the supercurrent is given in our conventions by

Sti+ = 10449,
S___=4_0__¢, (4.3.19)

St =0="5+14,

To find expressions for the scalar central charge current Z44, we use the supersymmetry

algebra implied by the S-multiplet constraints, which gives

{Q+,S+4+} = Th44+,
{Q+,S+77} = Th+77,
{Q+,5v++} = Z4+,

{Qx, S355} = Z5%.

(4.3.20)
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Note that the S-multiplet constraints only hold when the conservation equations for the
currents hold, so the relations (4.3.20) should be viewed as an on-shell algebra. Acting
with the supercharges ()4 on the stress tensor and supercurrent components, one finds that
Z__ ~p_0__tpy and Zy 4 ~ 40411 —, both of which vanish when the fermion equations
of motion are satisfied. Thus, after imposing the equations of motion, we can write our

supercurrent superfield components as

Tit—=x+=0, Tt =0=x-,

T-|-++ = —S_|_+_|_ — 9+T++++ = —S+_|_+, T _=5___+0 T ___=85___. (4.3.21)

Since terms which vanish on-shell do not affect conservation equations, one can view 7 as
an improvement transformation of the S-multiplet. The constraint equation DxS+44+4 —
Dix+ = 0 is expressed by our conservation equations D474 + D_Ti4y = 0 and

DyT___+D_Ty__ =0.

4.3.83  Solvability

In this section we prove the theory deformed by (4.3.6) is solvable just like the usual TT
deformation. Let’s begin with the conservation law in superspace (4.3.5). It is straightfor-
ward to solve these constraints in components by using the conservation of the stress energy

tensor:

Tott =Hiwy =0T — 0" Way +0707 Gy,
T =H __+0 T _4+0TW__ -0 G___,

(4.3.22)
T =H =0T —0W__+6Y0G__,

T++7 = H++, -+ 97T++,, + (9+W++ — €+07G++7.
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Here (H4++, Hr++) denote the lowest components of 7 while (G444, Gxx+) are its high-

est components. The conservation law in (4.3.5) implies constraints on G and H:

Grrt = Oxa g,

(4.3.23)
Gitt+ =044 Hyq+.
In terms of these components, the deformation in (4.3.6) becomes
0 2
aor=— [ &0 (Tt Toem + T T-—+)
=— Tttt T = T Tty (4.3.24)

+(Hi44 G =Gy —Hyy G + Gy H ).

The first bracket of the right hand side is the usual TT deformation. To understand how

the second bracket changes the energy level, we consider the two-point correlation function.

C= (Hyt+(x)G———(2")) = (Gii4(0)H-—_(2")) (4.3.25)

— (Hiyy— ()G () + (G- (2) H-—4 (2)) .

Up to contact terms that vanish at separated points, we can replace G' by using the conser-

vation equation (4.3.23):

C= (Hyst ()0 _H_—4(z")) = (D4 Hys—(x)H-—_(2)) (4.3.26)

— (Hpq— ()0 y Ho—(2")) + (0—— Hi iy (w) H-— 1. (2)) .

Here &' means the derivative with respect to the coordinate z’. Now we can use translational
invariance to move the derivative from 2z’ to . Then the first term cancels the fourth term
and the third term cancels the second one because both H and G are fermionic, hence C

vanishes at separated points. This implies the extra term can have no effect on the energy
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level. The presence of the extra term is only to make the action supersymmetric. The theory
remains solvable, like the usual 7T deformation, with the same relation between deformed

and undeformed energy levels.

4.8.4  Free (1,1) Superfield

First consider an undeformed superspace Lagrangian Ay = D1 ®D_®. We make the follow-

ing ansatz for the deformed Lagrangian at finite A:
Ay =F <A6++<I>8__CI>, A (D+D_(I>)2> D4 ®D_. (4.3.27)
Here F' may only depend on the two dimensionless combinations which we define by
T=X04 PO,  y=\DyD_®)?. (4.3.28)

In order to reduce to the free theory as A — 0, we must also impose the boundary condition
F(0,0) = 1. After computing the components of the supercurrent-squared deformation and

simplifying, the flow equation (4.3.6) yields

I ((D+D_cI>)2 - a++q>a__c1>) F?
OA op (4.3.29)
COF (944 PO__ D) (a++<1>a__<1> n (D+D_<I>)2) 7
Ox
In terms of the dimensionless variables x and y, equation (4.3.29) becomes
oF  OF 9 OF
—_— —y=(y—a)F° —2F— . 4.3.
8:ch+ 3y (y — x) o x(z +y) (4.3.30)

Supplemented with the boundary condition F'(0,0) = 1, the partial differential equation
(4.3.29) uniquely determines the deformed Lagrangian at finite t. As a check, we would

like to verify that the bosonic structure of the solution to (4.3.29) reduces to the known
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results for the TT-deformed theory of a free boson. We will argue that, in fact, it suffices
to set y = 0 in (4.3.29) and note that the result agrees with the flow equation obtained
in the purely bosonic case [31]. Indeed, let us write the components of the superfield ¢ as
d =¢p+if0T +i07 1+ 070~ f. To probe the bosonic structure, it suffices to set 1)+ = 0,
perform the superspace integration, and then integrate out the auxiliary field f using its

equation of motion. Thus consider an arbitrary superspace integral of the form
Ly = /d29 F(z,y)Dy+®D_. (4.3.31)

The lowest component of the superfield y = ADy®D_® is —f, and the higher components
will not contribute to the bosonic part because they come multiplying D4 ®D_ &, which is
already proportional to 76~ after setting the fermions to zero. Thus the purely bosonic piece
of the physical Lagrangian associated with a superspace Lagrangian A\ = F(z,y)D+®D_®

is
Ly=F (Aa++¢a__¢, A f2> ( 2y 4a++¢a__¢) . (4.3.32)
The equation of motion for the auxiliary field f is
2Afg—§ <f2 + 4a++¢a__¢> Y 2fF =0, (4.3.33)
which admits the solution f = 0. The Lagrangian for the bosonic field ¢ is then

Ly = AF (\sq$O—_,0) Dt pO—_0. (4.3.34)
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Therefore, to determine the terms in the Lagrangian which involve only ¢, we may solve the

simpler partial differential equation

F F
oF  _ _p?_ 2Fx2aa—, (4.3.35)

ox s

which holds upon setting y = 0 in (4.3.30). But this is precisely the equation discussed in

section 4.1.1, whose solution is equation (4.1.10):

B \/1 +4ANO440p0—_¢p — 1

2 2\

(4.3.36)

We see that the supercurrent-squared deformation of the free superfield is indeed a general-
ization of the T'T deformation of a free boson, in the sense that it yields the same modification
to the purely bosonic terms in the action but also includes additional terms which affect only

the fermions.

4.3.5 Interacting (1,1) Superfield

Next, we consider the case with a superpotential: that is, we begin from the undeformed

superspace Lagrangian
Ay =DyPD_d + h(D), (4.3.37)

where h(®) is an arbitrary function (it need not give rise to a theory with infinitely many

integrals of motion). After performing the superspace integral, the physical Lagrangian is

Lo= [ @0 A0 = 014006+ 60—ty + -0+ IO (1338)

Integrating out the auxiliary field using its equation of motion f = —%h’ (¢), we see that the

physical potential V' is given by V = —zleh’ (¢)2. We might expect that both the kinetic and
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potential terms are modified by a finite supercurrent-squared deformation, which would lead

us to make the ansatz
Ay = F(x,y) D+ ®D_® + G(\, D), (4.3.39)

where G is a new function to be determined, and x = A4 PO__P, y = )\(D+D_®)2
as above. However, the deformation does not induce any change in the potential h, so in
fact we may put G = h for all A\. To see this, we can write down the supercurrent-squared

deformation associated with the ansatz (4.3.39), which gives

O pley)DydD_® + G0 @) (4.3.40)

O\ O\
OF > OF

1 _ 2 _ 8_F 12 / or _ 194
((y ) F* —2Fxz(x +vy) o + (G +26"y T F | —-2/yzG o Di®D_9.

A

The details of the calculation leading to (4.3.40) are discussed in Appendix A. We see that
deformation is proportional to D4y ®D_®, so it does not source any change in the potential
h(®); thus we may take G(h,®) = h(®) in our ansatz. This leaves us with a single partial

differential equation for F', namely

OF OF o OF N2 ) OF .\ ,OF
xax+yay—(y r)F 2Fx(x+y)ax+(h) +2h\/§(xam F) 2/yrh By
(4.3.41)

In the second line, we have used the constraint that F' can depend only on the dimen-
sionless combinations * = AJ44+PO__® and y = A (D+D_(I>)2. As in the free case, we
would like to study the purely bosonic terms in the physical Lagrangian resulting from
(4.3.41) and compare them to known results. Here the auxiliary will play a more im-

portant role since f = 0 is no longer a solution. We can expand both the Lagrangian
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L= [d?(F(z,y)DL1®D_® + h(®)) and the auxiliary field f as power series in \:
m . . w . .
L= NcW, =3 "NyU), (4.3.42)
J=0 j=0

and then integrate out the auxiliary order-by-order in A. Doing so to order A3, we arrive at

£= -0 oA (o= (5)) + (5 () wer - e +2(5))
238 ((5) Wor + g @@ =5 (5)") + o0,
(4.3.43)

after setting the fermions to zero. Up to conventions, this matches the Taylor expansion
of the known result [31][32] for the TT deformation of a boson with a generic potential V,

which is given in our conventions as

__i1—2>\V+i N4V + 04400—_¢) (1 —2\V)2
AT T T AV 2 1— AV 1—-AV)2°

(4.3.44)

Again the physical potential V' is related to h via V = —zleh/(gb)Q. We have checked explicitly
that the bosonic part of the series solution to the PDE (4.3.41) matches the Taylor expansion
of (4.3.44) up to O(\").
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CHAPTER 5
SUPERGRAVITY SOLUTION

5.1 Review of Basic Ideas

In this section, we consider a non AdS solution of supergravity that is dual to a CFT deformed
by TT-like operator. The analysis in [3] is made in worldsheet string theory. I explore the

same idea in general relativity.

5.1.1 Review of Type IIB Supergravity

Let’s begin with the action of low energy Type IIB superstring in ten dimensions. The

bosonic sector is approximately
1 _ - 1 1
Sup == [ 0z /=g e ( R+4(00)* — —|H3)* ) — S| Fy)?
2k, 12 2

1 1 =
—E]F3—00H3]2—4_—5']F5|2}, (5.1.1)

where ﬁ5 =dCy — %C’g A Hs + %Bg A F3 and we ignore the problem of dCy being self-dual.
We will focus on cases with pure NS fluxes so it’s consistent to set Cyp = Co = Cy = 0.
Furthermore, we will restrict the geometry to solutions of the form Ms x S3 x T*. Through

the S3, the flux quantization condition requires that

1

m 53 H3ITTL5, (512)

where mj is an integer corresponding to the NS 5-brane charge. There is another quantization

condition on the dual field strength. If we define

Hy=e 2%« 3, (5.1.3)
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then this form satisfies the following quantization condition for any 7-cycle X7:

1

B Jo, TS oL

There is a well-known class of solutions in type IIB supergravity which satisfy the flux
quantization conditions outlined in the previous subsection. These much-studied solutions
are interpreted as bound states of m; fundamental strings and ms NS-5 branes, where m1, ms
are the integers appearing in the quantization conditions (5.1.2) and (5.1.4), respectively.

One way of presenting these solutions [33|, which is nicely reviewed in [34], is

1 1
20 f1

===, Bos=—-1, H. =€ Oqf5 for m,n,p,q=1,2,3,4,
gg f5 fl mnp mnpqg~q
—dt? + da?
ds® = P 2 4 fs (dx% +- 4 dxi) + <da:% + - d:c%) : (5.1.5)
where
2 4 2 13 2 /
B i 16m*gsa’”my - Ty a'mey

f1_1+r_2_1+T’ f5_1+7‘_2_1+ 2 (5.1.6)

In these expressions, r represents a radial coordinate in the four-dimensional space transverse
to the NS5-branes (parameterized by x1, z9, 23, z4), while the coordinates 29,27, 28, 2° are
periodically identified so that these four directions span a torus with volume V. Note that
the flux H3 has two separate contributions, one arising from the explicit Hy,pp components
and one arising from H = dB with B = Bgsdaz? A dz® and By as indicated in (5.1.1).
This solution (5.1.1) connects two different asymptotic regions. For large r > ri&rs, the
geometry tends to a flat Minkowski space. For small r < r1&rs, the sphere ( S3 parame-
terized by x1,x9,x3, x4 at fixed r) decouples from the geometry, so the space is effectively
a three dimensional gravity that is diffeomorphic to a Poincaré patch of AdSs. As a result,

we call this solution interpolates between the AdSs and the flat space. We will call the

asymptotically flat region as the undecoupled solution while the near horizon limit at small
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r as the decoupled solution. In the intermediate region between undecoupled and decoupled
solution, we can take r > r{ and restrict to r{ > r5. In this limit, the dilaton is approx-
imately ® ~ 2log(r), which is usually refer to linear dilaton background. We will call this
solution the partially decoupled solution. It has been argued [3, 24, 35| to have field theory
duals which are obtained by deforming a conformal field theory by an irrelevant operator
related to TT. These solutions have also been shown [26] to arise from TsT transformations,

a relationship which generalizes to the case of JT type deformations [36].

5.1.2 BTZ Black Hole

Following [37], we introduce some basic ideas of BTZ black hole. The authors of [37] attempt
to find a black hole solution in 2+1 dimension in Einstein theory with negative cosmological

constant. The action in consideration is

1

2
_ 3/ =
= 160 d’x/—g <R + 62) . (5.1.7)

where the length scale ¢ is related to the cosmological constant by —A = ¢~2. The BTZ

black hole solution with mass M and angular momentum J is given by

2
d*s = —N?dt? + N~ 2dr? 4 2 <N¢dt + dgb) : (5.1.8)
where
2 2 712
16G2J

N2(r) = —8GM + = + =2,

) 4 r (5.1.9)
NO(r) = ——,
T

with ¢ € (—o00,00), 7 € [0,00), and ¢ € [0,27]. We emphasize here that, although the
parameter M is called mass here, it’s not clearly here how it’s related to mass. We will

discuss on this topic later. We can assume M is mass for now. The vacuum state, which is
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the empty space without the black hole, can be obtained by making the horizon disappear
in the M — 0 and J — 0 limit. This reaches the Poincaré patch of AdSs3, thus AdSg is
a bound state in the BTZ spectrum. However, this is not the "ground state". One can
go further to negative M and encounter the conical deficit|38]. Those conical deficit are
not protected by the horizon so they are naked singularity and must be excluded from the
spectrum. However, one can show that M = —% is the unique point that is free of conical
deficit and it parametrizes the global coordinate of AdS3. It’s regarded as the ground state
of BTZ black hole spectrum and there is a mass gap from M = —% to M =0. In3+1
dimension, black hole mass is usually determined by probing the gravitational potential from
the asymptotically flat region. However, BTZ black hole resides in AdS3 space with constant
negative cosmological constant so the definition of mass can be ambiguous. We will return

to this point in the later section.

5.1.83  Covariant Phase Space Formalism of Mass

As previuosly stated, the BTZ black hole lives in a space with constant negative curvature,
so the usual definition of mass in 3 + 1 dimension fails to apply on it. Here we review the
covariant phase space formalism[39]. which defines the conserved charge in covariant theories.
In the next section we will apply this formalism to compute the mass of supergravity solution.
Consider a theory with Lagrangian L(®), where ® is the field content in the theory. We will
now use boldface symbols to denote differential form. Lagrangian is an n-form so we use
L = Ld"x to denote it. Consider a variation ¢ of the field ®. The corresponding change in

Lagrangian is

L
L = %5@—05@[5@;@]. (5.1.10)

d is a one-form anti-commuting with dz#. The object @[0P; ®] is called presymplectic

potential. It depends on how we vary ® but not on the coordinate explicitly. It’s also
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convinient to define presymplectic form w
w[52(13,51<1>;<l>] :52@[51@;@]. (5.1.11)

Here we use d1 and &9 to denote two different variations. ©[0;P; ®] depends only on 4.
On the other hand, w[ds®, d;P; P] depends on both §; and ds. It’s constructed by taking
the variation do on ©[61P; ®]. Among all the variations, we will be most interested in the
infinitesimal coordinate transformation, z# — x# + ¢#. We will denote such transformation
as d¢ for some vector £#. If one of the ¢ in (5.1.11) is coordinate transformation, it can be

shown that w[d¢®, 6®; P] is exact,
w[de P, 0P; @] = dk¢[6P; D], (5.1.12)

under the requirement that & solves the equation of motion and d® solves the linearized
equation of motion around the configuration ®. The vector k¢[0®; @] is unique up to total
derivative, but it’s not a problem here because the physical charge is the integration of
some closed surface. k¢ [0®; @] is given by the Noether surface charge and the presymplectic

potential,
ke[6®; @] = —0Q¢[6®; D] + i O[6D; D). (5.1.13)
The surface charge variation between the solution ® and ® + §® is

5Q¢ = jgkg[étb; @), (5.1.14)

where S is chosen to be a sphere at fixed radius and time. We also restrict to the case when
&M is killing vector of the solution. To calculate the mass, we can first choose 0 to be the

variation with respect to some parameter, say «, in the solution ® and £* to be time-like
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killing vector. Then we can use (5.1.14) to compute 6Q¢. This is the variation of mass with
respect to a. We can now integrate it to get mass. Lets’ use the BTZ black hole as an
example. The Lagrangian is given by (5.1.7). The solution ¢ is BTZ metric (5.1.8). We
choose d as the variation with respect to parameter M. The time-like killing vector is £ = 0.

Thus, we can repeat the above analysis and get

5Q; = Jékg[(sq);q)] M. (5.1.15)

This implies that the mass is M up to some constant.

5.2 Type IIB Solution

We are interesting in a solution that depends on a parameter A with dimension length?. The
solution parametrizes a BTZ black hole when some parameter A is set to zero and it also has
to be a solution of supergravity (5.1.1) at finite X\. Let’s define a few physical parameters
first. In the solution, we will include mass M and spin J of the deep-bulk BTZ black hole; the
parameter o’ controlling the string length; the effective AdS3 length scale /; the asymptotic
string coupling gs; and the integers m; and ms counting the number of fundamental strings

and NS5-branes. The solution is expressed as

ds? — fe(r)

1
dt? + —— (dzs + f;(r)dt) dr® + 12 f5(r) dQ3 + dad + - - + dad

2 . f5(r)
fi(r) fi(r) "

Jfe(r)
020 _ 260 J1(1) Hy = faq

fs(r)’ L1223 + fea ()€ (5.2.1)
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where the various functions and parameters are defined by

4 13
c1 cs 2mim /
)= —/ ; 3\r) = ; C1 = CZQO{’ITL,
Ao 8MGr}  16G2J4? 4G Jry
fl(r>za T‘_27 fe(T’)Zl— 7"2 + 7"4 ) fj(r>:_ 7"2 )
A o gy T3
f5(7”) — Jgse o) + 7«_2 . (5.2.2)
Here rq is constant related to the AdS3 length scale ¢ by the equation
SMGA
r? = (2 ( — + 1) , (5.2.3)
o
and €290, r5 are two constants determined by the algebraic constraints
2r2 SMGX  16G2J2)\2
2P0 — 21, \/1 + — + > (5.2.4)
c1 o a
4MG6_2¢092)\7“2 1 64rdgle—4¢0 )2
2
Ao MO g B B e o

In the limit A — 0, this reduces to the BTZ black hole solution, so A plays the role of
deforming the BTZ solution. These solution are discussed in [12|. Here we emphasize that
the solution (5.2.1) is in the string frame. In general, we can take advantage of the Weyl

transformation and redefine the metric to go to Einstein frame.

g =€ g, (5.2.6)

This is a spacetime Weyl transformation that depends on the dilaton. In terms of the

Einstein-frame metric g, the action now becomes
1 1
Sp—3 =755 /dgx\/—g <R — 4(09)? — Ee—@ym?) .., (5.2.7)
K
3
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where R is the Ricci scalar of the new, un-hatted metric g. This takes us to Einstein frame
where the graviton kinetic term is canonical. We will next calculate the mass in Einstein

frame.

5.3 Charge of Type 1IB Supergravity

We now repeat the formalism in section (5.1.3) to the Lagrangian in (5.1.1). We now restrict

the action to have pure NS flux, so, in Einstein frame, it becomes

1 10 1 L &2
= — — — —0,P0M® — = H . 3.1
S 167rG/d T/ g(R 28u 0 5¢ |H | (5.3.1)

Here H = dB is the field strength of 2-form. In the action there are three fields g,
By, ® so we have to calculate their contribution one by one. Here we will use 4 as the
variation with respect to any parameter in the solution while 5§ is the variation with respect
to killing vector £. Under d¢, a tensor field T);...,, transformation can be expressed as the

Lie derivative Eg on it.
8 Tugepty = LTy - (5.3.2)
Following|40], the scalar kq)[égg, dP; g; ] is

§

kL [6g, 00 g; 0] = (60) - Lo, (5.3.3)
The contribution from the 2-form B is[40]

k? [0g,0B;9, B, ¢] = —5Q§ +ic®p — EZ[L:B, 5B, (5.3.4)
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where

Q? = ® (igB) ANxH ,
OF = (6B) AxH

EZ[L¢B,0B) =¢ ¥« (%ww (LeB) " dat' A dx”) . (5.3.5)
The contribution from metric g, is[39)
k{[0g: 9] = —6Q¢[g] — ic®[bg; 9], (5.3.6)
where

O = Ton G(Vv5g“” VHg)

Q¢ = g/;V“é” (dS )W . (5.3.7)

In components, (5.3.6) can be written as

1 1
B = M6y — €0V abgh 1 6oV agH 4 SogVP el — 2097 Vagh 4 Sogt e

2
(5.3.8)

The total contribution to the charge is

5Qe = 72 (k¢ + kE + kE) (5.3.9)

for co-dimension 2 surface S at fixed time and radius.
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5.3.1 Mass

For this part we will restrict the solution to the spinless black hole with J = 0 in (5.2.1)
and calculate the mass associated to killing vector 9. We again choose ¢ as the variation
with respect to parameter M in (5.2.1). Thus we are considering the variation of Q¢ as we
vary the parameter M. It’s important to note that, although M is the mass of BTZ black
hole when A = 0, it may not the the mass of the "deformed" theory. Since now the theory
contains three fields, g,,, Byy, and ®, we consider their variation respectively.

g
5Mg/j,l/ = a—]’t\;, 5MB/M/ = W, 5]\/[@ = 8_M . (5310)

The combined contribution from kg , kéB , and k‘g) to Q¢ is

26M
o= (g r kb ead) =12
S \/ﬁl + 8GM7“11/\/0/
We can integrate both side and get
o 8GM\
Q= 175 (—1+ L+ = ) . (5.3.12)

Here we have chosen the integration constant to match the BTZ mass in the A — 0 limit. We
emphasize again the the mass is Q¢, instead of M, which is just a parameter that coincides

to mass in the BTZ limit. If we now identify R = %. We can rewrite the mass as

R AMA
Qe =5y (—1 /14 T) . (5.3.13)

This is consistent to (2.2.11) when M is identified as the initial energy and momentum is set
to zero. When momentum is not zero, we can follow the above calculation to compute mass.
However, this is a problem due to integrability. With momentum involved, we can choose §

to be the variation with respect to J, instead of M, so we have two choices of variation, d
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and 0 ;. We could compute two separate derivatives

0Q¢

0Q¢ .
riie jgkg[ajg,g]-

If computing 9;0);Q¢ using the first line of (5.3.14) yields the same result as computing

(5.3.14)

I 0jQ¢ using the second line of (5.3.14), then we can unambiguously define the charge
Qg(M ,J) in a way which does not involve any choice of how to perform the integration.
In this case, the charge Qg(M ,J) is said to be integrable. More generally, the integrability

condition will hold so long as

51% kg[égq);q)] = (52% k§[51<b;<1>], (5.3.15)
S S

for any pair of variations 6P, d9®. However, the integrability fails in our supergravity
solution, making the definition of charge in the presence of angular momentum ambiguous.
It’s not yet clear why integrability fails in this case, but the agreement between black hole
mass and (2.2.11) is already striking. It follows that, a non-AdS solution that reduces to
a non-spinning BTZ black hole has mass as if it’s deformed by TT deformation. It seems
reasonable then to suspect that a field theory dual to a non-AdS spacetime, with a potentially

rich spectrum of black holes, might be controlled by irrelevant deformation.
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APPENDIX A
(1,1) FLOW CALCULATION

In this Appendix, we show some steps of the calculation which leads to the partial differential
equation (4.3.41) defining the supercurrent-squared deformation of a free theory with a
potential. By setting h = 0, this calculation also reproduces the PDE (4.3.29) which describes
deformations of the free theory. We would like to consider what happens when we deform

the superspace Lagrangian Ay = D4+ ®D_® + h(®P), according to the flow equation (4.3.6),

0
aA)\ =TT =T T4 —.

It will help to introduce some shorthand: we define A = Dy®D_® so that Ay = A,

and let x = M\044+P0__P and y = A (D+D_<I>)2 as before. Also define the dimensionful

combinations

X =0, P0__0 = % Y = (D4 D_9)? = % (A.0.1)
Our ansatz for the superspace Lagrangian at finite A will be Ay = F(z,y)A + h(®). With
this ansatz, some of the terms in (4.3.4) will not contribute to the right side of (4.3.6). For
instance, the terms %Diaicb will be proportional to D1 ®D_®& = A. However, every
term in the superspace supercurrent is proportional to D4 ®, D_®, or D, ®D_®. Therefore,
when we construct a bilinear in 7, any term containing D4 ®D_ ® will not contribute because
it can only appear multiplying another term which contains at least one of D41 ®, which

vanishes because (DiCID)2 = 0. For our special ansatz, we will re-write the components of T
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keeping only terms which contribute to bilinears,

et aap, (ALY Lo () b

Tt a+*q)(sz(;f_lcp 04D <5a Acp) * %a++¢D+ (5Dig_<1>) !

T a“q)agf@ +0--®Dy (50?1@) %a__@p_ (wfg_@) ’

Ty~ a__cb(sg—Aq) +0__®D_ (5;_{@) + %a__®D+ (wj“g_q)) - D_A.
(A.0.2)

57



The terms are

DiA~FD A+ 1 (®)D.®,

D_A~ FD_A+h (®)D_d,

0A
5D,

0A
§D_®

0A

Oy 1@ ~ FOy ®D_®,

8++<I> ~ —F(9++(I)D+(I),

~ FO__®D_9,

0A
affq)m ~ —F877®D+q),

where ~ means “equal modulo terms which are proportional to D4y ®D_®.” since any prod-

ucts involving these terms will contain two nilpotent factors and thus vanish. The first piece
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of supercurrent-squared is

9 OF
0X

OF

D A D
VY04 v

T_~_+|_~_T__|_ = (—F8++<I>D+<I> + (8++<I>) D+A>

0X oY

F F
= —F2xA - FXS—XG__<I>D+<I>D+A + FXg—X8++(I>D_AD_<I> (A.0.3)

X (F@@D@+(a¢)2 o pa—vyvo o9l p. A)

+ X2 (2}?) D_AD, A+ Fa—F\/}_/XD+AD_(I>

S o D+<I>D A-yx (2L D+AD_A.
Y oy
The second piece is
F F
Tt =Ty = <F8++<I>D<I> + <X§—X - F> D A—G'Did— \/}_/0++<I>g—yD A)
OF ) OF
X (—Fa__cpmcp + (Xa—X - F> D_A-G'D_&+ \/_8__<I>8Y D+A) ,
_pxasr(x2E 0y OPD_PD_A+ FX\/?a—FD_cbmA
X oY
+ FX\/?a—FD_AD+<I> ~F (Xg—j; - F) 0__®D AD,d
OF 2 OF
+ (XO—X - F) DyAD_A—-YX <8Y> D_AD A
e (Xg—f( - F) Dy ®D_A+ (G’ Dy®D_ — G’\/?a__@g—}F/D@DM

el (Xa—X - F) DyAD_®+ G \/}_/8++<I>a—yD_AD_<I>.

(A.0.4)
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Using the definitions A = Dy ®D_®, X = 9, ®0__®, and VY = D D_®, we see that

the products appearing in the above bilinears can be simplified as follows:

Dy®D A= D, ®D, (Di®D_®) = D, ®D D ®D_® = Ad, P,
Dy®D_A=D,®D_ (D, ®D_®) =D, ®D_D, ®D_d = —AVY,
D_®DyA=D_®Dy (D ®D_®)=—-D_®D,®D,D_& = AVY, (A.0.5)
D_®D_A=D_®D_(Dy®D_®) = —-D_®D, ®D_D_d = Ad__ D,

DyAD_A = <8++<I>D_<I> - D+<I>\/?> (—\/?D_cp - 8__<I>D+<I>) — (X +Y)A.

So after simplifying,

OF OF \ OF
— 2 2 2
OF OF OF 2
_ 2
Ty Ty = FPXA+2FX (Xa—X — F) A+2FXY S A+ (Xa—X - F) (X+Y)A
N2 oy (x5 _ p) —ovyxw 2
+<(h) +2h Y(XaX F) 2VY XN = | A

(A.0.6)

In particular, we see that every term appearing in (A.0.6) is proportional to A = Dy ®D_ .
This means that the deformation only generates a change in the first term of our ansatz
Ay = FDi®D_d + h(P), but it does not source any change in the potential. This justifies
our choice of ansatz which leaves the potential as h(®) rather than allowing a more general

function G(t, ®) with G(0,®) = h(®). Adding the contributions gives,

oF oF
T T+ T =T = | (Y = X) F? - 2FX (X + Yiog + 2W'NVY (Xa_X - F)

- 2\/37Xh’g—5 + (1) ]a

(A.0.7)
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Setting this deformation equal to %AA, and multiplying both sides by ¢ to convert dimen-
sionlful variables X and Y into their dimensionless counterparts x and y, gives our final

result (4.3.41),

9 9 ) OF .o ., [ OF
—F —F = —x)F° —-2F — 2 — - F
T +yay (y — ) x(m—l—y)anr(h) + h\/g(:vax )

2\/yxh R (A.0.8)

We were unable to find a closed-form solution to (4.3.41) in the general case. However, we

can find the solution in a few special cases. If y = 0, (A.0.8) reduces to
oF (2) = —a <F(m)2 + 2F(x)F’(x)x> , (A.0.9)

which is solved by the Dirac-type ansatz F(x) = TVH;%EA If + = 0, equation (A.0.8) is
solved by F(y) = 1% If y = —=x, the second term on the right side of (A.0.8) drops out

and the solution is F'(z) = 1T17x
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