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ABSTRACT

The stable torsion length in a group is the stable word length with respect to the set of all
torsion elements. We show that the stable torsion length vanishes in crystallographic groups.
We then give a linear programming algorithm to compute a lower bound for stable torsion
length in free products of groups. Moreover, we obtain an algorithm that exactly computes
stable torsion length in free products of finite abelian groups. The nature of the algorithm
shows that stable torsion length is rational in this case. As applications, we give the first

exact computations of stable torsion length for nontrivial examples.
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CHAPTER 1
INTRODUCTION

This thesis is based on the paper Avery and Chen [2021], which is joint work with Lvzhou
Chen.

Given a generating set S of a group G, the word length |g|g measures the least number
of generators needed to express an element g € GG. For finite generating sets, this is widely
studied in geometric group theory, and different finite generating sets give equivalent word
lengths up to scaling. On the other hand, many groups come with interesting and natural
infinite generating sets, for instance, the set of all commutators in G (generating the com-
mutator subgroup [G, G]), the set of torsion elements, and the set of words in a surface group
representing simple closed loops. All of these examples are invariant under automorphisms.

Understanding the word length of such infinite generating sets is often difficult, even for
the basic question of whether the word length is bounded Calegari [2008a], Margalit and
Putman [2020], Brandenbursky and Marcinkowski [2019]. The first main result in this paper
establishes boundedness for the word length with respect to the set of all torsion elements
in crystallographic groups, namely those acting properly discontinuously and cocompactly

on Euclidean spaces.

Theorem A (Theorem 3.0.1). For any crystallographic group generated by torsion, the word

length with respect to the set of all torsion elements is bounded.

In contrast, in non-elementary word-hyperbolic groups, there is no upper bound on word
length with respect to the set of all torsion elements (see Remark 2.1.7). When the word
length |-|g with respect to a set S is unbounded, it is interesting to investigate the stable word

l9"|s
n

length ||gllg = limy, , which measures the growth of the word length in the direction
of g. Very little is known about stable word length for an infinite generating set in general,
and giving good estimates or computing it is notoriously hard Calegari [2008a]. Most known
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results are about the stable commutator length Calegari [2009a], Calegari and Fujiwara
[2010], Chen [2020].

In this paper, we use topological methods to study the stable word length with respect
to conjugate-invariant generating sets. We focus on the special case of stable torsion length,
namely the stable word length with respect to the set of torsion elements in G, but a large
portion of the argument works for other conjugate-invariant generating sets that are closed
under taking powers.

We show that stable torsion length in a free product of finite abelian groups is rational

and can be computed by an algorithm.

Theorem B (Rationality and Computability; Theorem 5.3.8). If G is a free product of finite

abelian groups, then for any g € G, the stable torsion length of g is rational and computable.

For more general free products, we give a linear programming algorithm that computes
an effective lower bound; see Section 4.4.

We apply these methods to give the first exact computations of stable torsion length for
nontrivial examples. These formulas hold true in arbitrary free products by an isometric

embedding theorem (Theorem E) that we prove.

Theorem C (Product formula; Theorem 6.2.2). Let G = A % B be a free product, and let

a € A and b € B be torsion elements of order p and q respectively such that p < q. Then

q

stlg(ab) =1 — P

Theorem D (Commutator formula; Theorem 6.1.4). Let G = A x B be a free product, and
let a € A and b € B be torsion elements of orders p and q respectively, where p,q > 2. Then

we have
1

stlg([a,b]) =1 — min(pg) =1



Our results show that the stable torsion length behaves in a way similar to the stable
commutator length, the stable word length with respect to the set of all commutators. In
recent years, the study of stable commutator length has seen many advances Calegari [2009a),
Chen [2020] and interesting applications to the surface subgroup problem Calegari [2008b],
Calegari and Walker [2015], Wilton [2018] and the simplicial volume Heuer and Loh [2021].
However, the tools established for stable commutator length are special in an essential way,
and thus new tools are required to understand the stable torsion length despite the similarity;
see Section 1.1.

In particular, we are not aware of an analog of the Bavard’s duality (Bavard [1991],
[Calegari, 2009b, Theorem 2.70]) in the case of stable torsion length. Due to the lack of this
duality, it is not easy to verify whether certain groups have trivial stable torsion length, such

as amenable groups, which include crystallographic groups that we consider in Theorem A.

1.1 Methods

Given a group G, let X be a topological space with 71(X) = G. Given a conjugate-invariant
subset S, for a fixed k > 1 there is an expression g = s1--- s for some s; € S if and only
if there is a continuous map f : ¥ — X, where ¥ is a disk with & subdisks D1,---, Dy,
removed, so that each dD; represents a conjugacy class in S and the remaining boundary
component dpX of X represents the conjugacy class of g; see Figure 1.1 for an illustration.
We refer to such a surface as an S-admissible surface.

Thus finding the word length of g with respect to S is to find the least complicated
connected planar surface in X bounding ¢ in the above way. Similarly, finding the stable
word length is to minimize W over all connected planar surfaces ¥ bounding ¢" as
above for some n € Z4, which turns out to be the same as minimizing %@) if S is closed

under taking powers; see Lemma 2.2.2.

Such a topological interpretation in terms of surfaces makes the problem of computing
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X

Figure 1.1: A planar surface ¥ bounding a loop = representing the element ¢

stable word length more structured since there are nice operations on surfaces: compression,
cut-and-paste, and taking finite covers. However, unlike the case of stable commutator
length, where an equation g = [ay,b1]- - [as, bj] represents a surface of genus k, here we
are restricting our attention to planar surfaces. This makes the problem harder since the
operations above (e.g. taking finite covers) do not necessarily preserve the class of planar
surfaces and so we are forced to use certain subclasses of operations.

If S is the set of torsion elements in (G, this topological interpretation specializes to the
case of stable torsion length of an element g, which we denote as stl;(g), and refer to an
S-admissible surface bounding ¢ as a torsion-admissible surface for g of degree n. When
G is a free product G = A x B, we can take X to be a wedge of spaces X4 and Xp with
m1(X4) = A and m(Xpg) = B. Then each element of S is represented by a loop which is
supported either in X 4 or in Xpg. Using this particular structure, we develop a normal form
of torsion-admissible surfaces for a given element g which is not conjugate into A or B; see
Section 4.1.

To further simplify the problem, we introduce and focus on the family of simple surfaces.
These are surfaces ¥ made of particular pieces such that each is either a disk or an annulus
which is supported either in X 4 or in Xpg. The gluing of pieces are encoded by the gluing
graph T's;. Any surface in normal form can be simplified into a simple surface whose gluing

graph is a tree.

—x(>)

Therefore, we obtain a lower bound of stlg(g) by minimizing the complexity

over all connected simple surfaces ¥ for g with y(I'y)) = 1; see Lemma 4.2.5. This can

4



be formulated as a linear programming problem when we further relax to the class of not
necessarily connected simple surfaces with x(I'ss) > 0, which gives a way to compute a
nontrivial lower bound of the stable torsion length; see Section 4.4.

When torsion elements in A (resp. B) form a subgroup, any simple surface whose gluing
graph is a tree is itself a surface in normal form. Thus stl;(g) is exactly the infimal complexity
over all connected simple surfaces ¥ for g with y(I'y;) = 1.

This characterization leads to an isometric embedding theorem (Theorem 4.3.1), that
allows us to compute the stable torsion length in simpler free products to obtain more

general results. Here we state a special case:

Theorem E (Isometric Embedding, weak version). Suppose thatig : A — A’ and ip :
B — B’ are injective homomorphisms from finite groups A and B. Then the induced map

i: Ax B — A" x B preserves the stable torsion length, i.e.

stlgxp(9) = stlgr,pr(i(9))

for any g € Ax B.

To exactly compute the stable torsion length by an algorithm, it is desirable to extend
the family of connected simple surfaces ¥ with y(I'y)) = 1 to those with x(I'y;) > 0. This
relaxation does not affect the computation when A and B are finite abelian groups, as we
are able to show that connected simple surfaces ¥ with x(I's;) = 0 can be approximated by
those with x(I's;) = 1; see Lemma 5.2.2. This is achieved by considering two operations,
splitting and rewiring, that we introduce in Section 5.

Using these two operations, we further show that any connected simple surface ¥ with
X(I's;) > 0 can be simplified into a union of irreducible ones; see Section 5.3. Moreover,

there are only finitely many different irreducible simple surfaces (Proposition 5.3.7), which

—x(>)

o for

can be enumerated. As a result, the stable torsion length is actually equal to
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some irreducible simple surface ¥, and thus must be a rational number. This yields the
Rationality Theorem B.
Finally we carry out explicit computations in free products of cyclic groups and then use

Theorem E to generalize the formulas to arbitrary free products and prove Theorems C and

D.

1.2 Organization of the dissertation

In Section 2, we provide some basic properties of stable torsion length and formulate the
interpretation via torsion-admissible surfaces.

We show crystallographic groups have trivial stable torsion length due to bounded gener-
ation in Section 3. In Section 4, we develop a normal form of torsion-admissible surfaces in a
free product and introduce simple surfaces, using which we prove the Isometric Embedding
Theorem E and give a lower bound estimation via linear programming. Then in Section
5, we specialize to free products of finite abelian groups and introduce the operations of
splitting and rewiring to show the Rationality Theorem B. Finally in Section 6 we carry out

computations in explicit examples and prove Theorems C and D.



CHAPTER 2
GENERAL SETUP

In Section 2.1, we give the foundational definitions and deduce fundamental properties of
stable word length with respect to a conjugate-invariant set S of a group G. Some properties
are not used in this paper but could be of independent interest. In Section 2.2, we give a
topological formulation when S is closed under taking powers, which is crucial in Sections

4-6.

2.1 The algebraic point of view

Let G be a group and let S be a conjugate-invariant subset. Let (S) be the (normal) subgroup
of G generated by S. When S is the set of commutators, we have (S) = [G,G]. When S
is the set of torsion elements, we denote (S) as Gy, the subgroup generated by torsion

elements.

Definition 2.1.1. For any element g of (S), the word length |g|g is the minimal k such that
g =818k, where each s; € S. When S is the set of torsion elements (resp. commutators),
we denote |g|g by tl(g) (resp. clg(g)) and refer to it as the torsion length (resp. commutator

length) of g.

The sequence |¢g"|g is subadditive in n, thus

n n
i (90ls _ g l90ls
which is called the stable word length of g, denoted ||g||g. When S is the set of torsion
elements (resp. commutators), we denote ||g||g by stlq(g) (resp. sclg(g)) and refer to it as
the stable torsion length (resp. stable commutator length); When the group G is understood

we simply denote it as stl(g) (resp. scl(g)).



The following properties are standard. They are well known in the case of stable com-

mutator length (see [Calegari, 2009b, Chapter 2]).

Lemma 2.1.2 (Monotonicity). Let S C G and T C H be conjugate-invariant subsets.

Suppose ¢ : G — H is a group homomorphism such that o(S) C T. Then

(@)l <lgls and |lo(9)lr < ll9ls

for all g € (S). In particular, we have

tlg (p(g)) < tlg(g) and stlg(p(g)) < stlg(g)

for all g € Gor.

Proof. If g = s1---sy for some s; € S and n € Z4, then ¢(g9) = @(s1)---¢(sp) where
each ¢(s;) € T' by the assumption. Thus the inequality |¢(g)|r < |g|g easily follows, which
implies the stable version. The assumption clearly holds when S and T are the set of torsion

elements in G and H. O]

Corollary 2.1.3 (Retraction). Suppose that ¢ : G — H and ¢ : H — G are injective group

homomorphisms such that 1 o ¢ : G — G is the identity. Then,

stlg(6(g)) = stla(g)

for all g € Gor.

Proof. This follows immediately from Lemma 2.1.2. m
Lemma 2.1.4 (Characteristic). The functions |- |g and || - ||g are constant on conjugate
classes. If S is also invariant under the action of Aut(G), then |-|g and || - ||g are constant

on orbits of Aut(G).



Proof. This follows from the definition. O]
Thus, both tly and stlg are constant on orbits of Aut(G).

Lemma 2.1.5 (Countable subgroup). Let g be an element in Gior < G. There exists a

countable subgroup H < Giop containing g such that stlg(g) = stlg(g).

Proof. For each n € N, there exists tl(¢") torsion elements whose product is ¢". Let Hj,
be the group generated by those tl(g") torsion elements and let H be the group generated
by UpHp. Then H is countable and tlg(¢g") < tlg(g™) since we have exhibited each g™ as
the product of tl;(g™) torsion elements in H. On the other hand, the inequality tlg(¢") >

tla(g") follows from Lemma 2.1.2. O

A similar statement holds for general stable word length.

Finally, there is an inequality relating the stable commutator length and the stable torsion
length. This can be found in Kotschick [2004], but we give a conceptually simper proof using
Bavard’s duality. Since Bavard’s duality and related notions are not used in the rest of the

paper, we refer readers to [Calegari, 2009b, Chapter 2].

Lemma 2.1.6 (Kotschick Kotschick [2004]). Let G be a group. For any g € Gior N |G, G,
we have

2scl(g) < stl(g).

Proof. Let ¢ : G — R be a homogeneous quasimorphism. If the defect D(¢) = 0 for every
¢, then scl(g) = 0, and the inequality holds trivially. Now assume that D(yp) > 0. If

g =11ty for some torsion elements ¢;, then we have



Since each t; is torsion and ¢ is homogeneous, we know ¢(t;) = 0 for all ¢, and thus

M <tl(g) — 1.

D(y)

Using that ¢ is homogeneous, applying this to ¢" for any n € N, we have

The Bavard’s duality states that the supremum of the left-hand side over all homogeneous
quasimorphisms is 2scl(g). As the limit of the right-hand side is stl(g), this gives the desired

inequality. O

Remark 2.1.7. A theorem of Epstein-Fujiwara Epstein and Fujiwara [1997] implies that
any non-elementary hyperbolic group G has an infinite dimensional space of homogeneous
quasimorphisms, which implies that sclg(g) > 0 for some g. Therefore, by Lemma 2.1.6, if
G is a non-elementary hyperbolic group generated by torsion, then stlz(g) > 0 for some g,

and torsion length is unbounded in G.

2.2 A topological point of view

Fix the group G and conjugate-invariant subset S, which we will assume to be closed under
taking powers in Lemma 2.2.2 below. Let X be a space with fundamental group G and let

~ be a loop representing g.

Definition 2.2.1. Let X be a compact, oriented, connected planar (i.e. genus zero) surface
and let f: ¥ — X. We say that (X, f) is S-admissible for g of degree n(X, f) if ¥ has a spec-
ified boundary component dyX such that f : 3 — X takes JypX to v, winding around n(3, f)
times, and the image of all other boundary components are loops representing conjugacy
classes in S (see Figure 1.1).
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When S is the set of torsion elements in G, we refer to (X, f) as a torsion-admissible
surface instead. We often denote a torsion-admissible surface by ¥ instead of (3, f) to make

f implicit.

We refer to the boundary components of ¥ other than dy> as holes. Denote by H(X)
the number of holes on ¥. Note that —y(X) = H(X) — 1. For a connected surface 3, let

X~ (X£) be x(X) unless X is a sphere or a disk, in which case we define x~(X) to be 0.

Lemma 2.2.2. Suppose s™ € S for any s € S andn € Z. For any g € (S) we have

G HE) ()
lglls = inf o) HEIfW’ (2.1)

where each infimum is taken over all S-admissible surfaces 3.

Proof. The first equality is simply the topological reformulation of the algebraic definition.
For the second, note that if ¢ is torsion then ¢" bounds a disk for some n and all three
quantities are zero in this case. Suppose g is not a torsion element. Then for any S-admissible
surface ¥ we have —xy ™ (X) = —x(X). In particular, —x~(X) = H(X) — 1 < H(X). Thus it

suffices to show that
. CHE) L —xT(5)
f—— <inf 2> -~—2,
T aE SN Tl

Note that given any S-admissible surface > and any N € Z4, ¥ has a degree N cover X
with genus zero such that the preimage of JyX is a single boundary component; see Figure
2.1. Note that any other boundary component of >, covers a boundary component of %

different from 0Jy¥. Since S is closed under taking powers, ¥ is S-admissible of degree

n(Xy) =N -n(X). Thus

LG HE) CHEN) o En) 4+l N X (D) 41
> n(X) T n(EN) n(Xn) N-n(X)

Taking N — oo proves the desired inequality. O
11



X
Figure 2.1: On the left is an S-admissible surface > and on the right is a planar degree
N =4 cover Xy of ¥ such that the preimage of dy is a single boundary component

Remark 2.2.3. We can replace —x ™ (2) by —x(X) for any S-admissible surface ¥ whenever

g is not torsion .
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CHAPTER 3
CRYSTALLOGRAPHIC GROUPS

Let E(n) be the isometry group of the Euclidean space R™. Each element v € E(n) acts on
R"” via y(z) = Ax 4 v for some uniquely determined orthogonal transformation A € O(n)
and vector v € R". We refer to A as the rotational part of v and v as the translational part
of .

A crystallographic group T' of dimension n is a cocompact discrete subgroup of F(n). By
a theorem of Bieberbach Bieberbach [1912] (see also Szczepariski [2012]) for any such I, the
subgroup H acting by translations is a normal subgroup of I' of finite index and isomorphic

to Z™. So we have an exact sequence

l—H —>T —G—1,

where G is a finite subgroup of O(n), and the map I' — G takes the rotational part A € G
of any v €T
Let I'tyr be the subgroup of I generated by torsion elements. We show the following

more precise version of Theorem A.

Theorem 3.0.1. For any crystallographic group I', the torsion subgroup I'toy is boundedly

generated by torsion elements, and thus stlp = 0.

Let Hypr := HNT4or and let Gy be the image of T'yor in G < O(n). Then Hyy, is a free

abelian subgroup of H and is finite index in ['4,,. We have

1 — Htor — Ftor — Gtor — 1

Here we think of H both as the translation subgroup of I' and as a lattice in R, where

each vector h of the lattice corresponds to the translation 7}, : x — z + h. To avoid
13



confusion, we use h to represent an element of H when we regard H as a lattice and use 7},
when we regard H as the translation subgroup of I'. Note that T}, = T} for any n € Z and
Thapy =Ty - Ty for all b, B € H.

We prove Theorem 3.0.1 by constructing a finite index subgroup Hy of Hy,e that is
boundedly generated by torsion in I'y,.. We start by finding elements in Hy,, that can be

written as a product of few torsion elements.

Lemma 3.0.2. Suppose v € 'y is a torsion element with rotational part A € Gior and let
I be the identity element of O(n). Then for any h € H, we have (A — I)h € Hioyr, and the

corresponding translation T(A—I)h = [v,T}] is a product of two torsion elements.
Proof. Since + is a torsion element, it must fix some point p € R", and thus v(z) = A(x —
p) + p. Hence

Vv Hx) = A[A @ —p) +p+h—pl+p=1+ A,

so [, Tp)(x) = x+ Ah—h =2+ (A= I)h =T o_p),(x). This shows that T{ 4_r), = [v, Tp],
which is a product of two torsion elements, as [y,T}] = 7 - (Thy_lTh_ D). It follows that
(A_I>h€HmFt0r:Ht0r. D

Iterating the previous lemma, we control the torsion length for a larger family of elements

in Htofr.

Lemma 3.0.3. For any m > 1 and 1 < v < m, let v; € T'yor be a torsion element with
rotational part A; € Gior. Then for any h € H, we have (Aq -+ Apy — I)h € Hyoyr, and the

corresponding translation T(Al---Am—I)h 18 a product of 4m — 2 torsion elements.

Proof. We prove this by induction on m. The base case m = 1 follows from Lemma 3.0.2.

14



Suppose this holds for m — 1. Then

T Ay A=) - 11 Th) - T Ay A—T)0
=T(a1-1)(Ag-Ap—Dh " LA Dk T( Ay Ay

=T{Ay-Ap—D)h

by Lemma 3.0.2. Note that the first row is the product of 2+ 2+ (4m — 6) = 4m — 2 torsion

elements by Lemma 3.0.2 and the induction hypothesis. O]

As a consequence, we can uniformly bound the torsion length of all elements in Hyq, of

the form (A — I)h for any h € H and any A € Gyp.

Lemma 3.0.4. With the notation above, there is some M such that for any h € H and any
A € Gior we have (A — I)h € Hyyyp, and the corresponding translation T(A—I)h s a product

of at most M torsion elements in I'.

Proof. For each A € Gyor, pick an arbitrary lift v € I'yor. Since Gy is finite, there is some
m such that each + can be written as a product of at most m torsion elements. By Lemma

3.0.3, the conclusion holds with M = 4m — 2. O

We will need the following lemma to ensure that we can pick elements of the form (A—1)h

considered above to generate a finite index subgroup Hy in Hiop.

Lemma 3.0.5. With the notation above, let X C R™ be the subspace spanned by the image
of A—1 for all A € Gior. Consider Hypr < H < R™ as a discrete subgroup of R". Then X

1s also the R-linear span of Hyoy.

Proof. By Lemma 3.0.2, we have (A — I)h € Hyyy for any h € H and A € Gyop. This shows
that the R-linear span of Hy,, contains X since H spans the entire space R™. It remains to

show that Hi, C X.
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Any torsion element v € I' acts on R" by
V(@) =Alx—p)+p=Az+ (- Ap.

The translational part (I — A)p lies in X by definition. We show that this holds for all
v € Tyor. Since [y, is generated by torsion, by induction, it suffices to show that 1~y has
translational part in X if both 1,y € 'y, do. Indeed, if v(x) = Ax + v and n(z) = Bx + v
with A, B € Gtor and u,v € X, then

ny(z) = B(Ax+u)+v=BAx+ (B—Tu+u+v

has translational part (B —I)u+u+v € X since all three terms lie in X. Thus any v € It
can be written as y(z) = Az +wu for some u € X. In particular, any translation in Iy, takes

the form Ty, for some v € X. This shows Hyor = H N T4y C X. O
Now we are in a place to prove Theorem 3.0.1.

Proof of Theorem 3.0.1. We use the notation above. Let d be the dimension of the space X
as in Lemma 3.0.5. Since H spans R", by Lemma 3.0.5 there exists h; € H and A; € G
for 1 <4 < d such that {(A; — I)hi}glzl is a basis of X. By Lemma 3.0.2, the subgroup H
generated by {(A4; — I )hi}gzl is a subgroup of Hy,» < R, and by construction its R-linear
span is X. As the R-linear span of Hyy, is also equal to X by Lemma 3.0.5, we observe that
Hj is finite index in Hygy.

Applying Lemma 3.0.4 to A; € Gior and kh; € Hypy for any k € Z and 1 < i < d, we
know there is some uniform M such that (A; — I)kh; lies in Hyp and the corresponding
translation T{ 4, _r)pp, is @ product of at most M torsion elements. By the definition of Ho,

any element h € Hy can be written as ch'lzl ki(A; — I)h; for some k; € Z, and thus the
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corresponding translation
d

T = 11 Trica-yn,
i=1

is a product of at most dM torsion elements.
Since H is finite index in Hyyy, it is also finite index in I'y,-. By fixing coset represen-
tatives of Hy < 'ty and expressing them as products of torsion elements, the result follows

from bounded generation of Hy that we showed above. ]

Example 3.0.6. Consider the (3, 3, 3)-triangle group
I'=(a,bc|a®=0b*=c=(ab)® = (be)? = (ca)® =1).

I' acts properly discontinuously and cocompactly on the Euclidean plane with fundamental
domain an equilateral triangle T', where the generators a,b, and ¢ act by reflections about
the three lines ¢1, {9, and /3 containing the three sides of T respectively. This realizes I" as
a cocompact discrete subgroup of F(2).

By Theorem 3.0.1, I' is boundedly generated by torsion elements. Here, we explicitly
show that any v € I" is a product of at most four torsion elements.

The orbit of 7' under the T’ actions gives a tiling of R? as in Figure 3.1. As T is a
fundamental domain, elements of I' are in one-to-one correspondence to the image of T'. All
lines in the tiling are the image of /1, fo, or 3 under I'. Thus any reflection fixing one of
these lines is a conjugate of a, b, or c. and hence an element of I'. So it suffices to show that
one can take T' to any other triangle in the tiling using at most four such reflections.

We can take T' to any blue triangle in Figure 3.1 by at most two reflections about
horizontal lines in the tiling. Now we can arrive at any red triangle by further applying a
reflection about a line in the tiling parallel to f5. Note that any remaining triangle shares
a side with a red triangle, so we can arrive at any remaining triangle by another reflection.

Hence we can reach any triangle in the tiling by at most four reflections.
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VAV AVAV AVA . AVAV AVAV"
8 AVAV AVAV VAV AVAV/ AV

VAVTAVAV \AVATTAVAVTAVAV
V.VAVAV AVAV ' VAV AVAV AV

Figure 3.1: The tiling given by the action of the triangle group.

Remark 3.0.7. For any integers p,q,r > 2, the group I'y 4, = (a,b,c | a2 = b2 = 2 =

(ab)P = (bc)? = (ac)” = 1) is called the (p, ¢, r)-triangle group. If % + % + % > 1, then I'p 4 r
is finite, so stlpp’w =0. If % + é + % = 1, then I'p 4, is crystallographic, so by Theorem
3.0.1, stlpp’w =0.

Finally, if 117 + % + % < 1, then I'y 4 is non-elementary hyperbolic. By remark 2.1.7,

Stll"p o Z 0.
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CHAPTER 4
FREE PRODUCTS

In the rest of this paper, we focus on stable torsion length in free products.

Let G = A % B be a free product of groups A and B. Let X4 be a K(A, 1) space, let
Xp be a K(B,1) space, and let X be the space obtained by connecting X 4, Xp by a line
segment with midpoint *. In the sequel, we will really think of X4 as including the half
segment up to *, and similarly for Xp.

We develop a normal form for torsion-admissible surfaces (defined in Section 2.2) in X
in Section 4.1. The normal form can be further simplified to simple surfaces which we
introduce in Section 4.2. Describing the stable torsion length in terms of simple surfaces
leads to an isometric embedding theorem (Section 4.3) and a linear programming problem
which produces an effective lower bound of stlg(g) for any element g € G (Section 4.4).
Specializing to the case where A and B are finite abelian groups, we will further develop an

algorithm that computes stl;(g) for any g in Section 5.

4.1 The normal form

Let ¢ € A% B be an element which does not conjugate into A or B. Stable word length
is constant on conjugacy classes, so it suffices to consider g as a cyclically reduced word
g =ayby---apby, where a; € A\ {id} and b; € B\ {id}.

Let v be a loop in X representing g such that * decomposes it as a concatenation of 2L
arcs aq, f1, a9, B, ..., ar, B, cyclically, where each «; (resp. [3;) is supported on the A-side
(resp. B-side) and represents a; € A (resp. b; € B) as a loop based at .

Let f: S — X be a torsion-admissible surface (see Section 2.2). Recall that by definition
there is a specified boundary component dyS of S whose image represents a power of g, and

the remaining boundary components are referred to as holes. Since the image of each hole
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represents a torsion element in G = A * B, which must be conjugate to a torsion element
in either A or B, up to homotopy we may assume the image of each hole is disjoint from
x. Perturb f further by a homotopy to make it transverse to * and keep the image of holes
disjoint from *. Then F := f~1(x) is an embedded proper submanifold of S of codimension
one. Thus F'is a finite collection of disjoint embedded loops and proper arcs. Moreover, the
endpoints of any proper arc in F' lie on dyS since all other boundary components are disjoint

from F.

Lemma 4.1.1. Up to homotopy and compression of S into another torsion-admissible sur-
face S of the same degree such that —x ™ (S") < —x~(S) and H(S") < H(S), we can assume

that F = f~1(x) only consists of proper arcs.

Proof. 1f F' contains any embedded loop 7 that is essential (possibly boundary parallel) in
S, then 7 must cut S into two components since S is planar. Since 7 C F' is disjoint from
0pS, only one of the components contains dyS after cutting. Let S’ be this component with
a disk coning off 7, and extend f by mapping the entire disk to *. Further compose f with a
homotopy which pushes the image of the disk away from *. In this way we obtain a simple
torsion-admissible surface and eliminate an embedded essential loop 7 C F without changing
the map on JyS (and thus the degree). This deletes an arbitrary embedded essential loop in
F.

Now suppose F' contains any inessential embedded loop p, i.e. p bounds a disk in .S. Take
the inner-most disk D among those bounding such loops. Up to a homotopy, we can modify
f on a small neighborhood of D to eliminate an inessential embedded loop p = 0D C F.

By applying the above operations finitely many times, we obtain a torsion-admissible

surface S’ with the desired properties. O

From now on, assume F' = f~1(x) only consists of proper arcs. Denote S4 := f~1(X4)
and S == f~1(Xp). Then F cuts S into S4 and Sp, which are collections of subsurfaces

with corners, and map into X4 and Xpg respectively. See the example below.
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Figure 4.1: The decomposition of a torsion-admissible surface S by cutting along F' (the
green arcs). The subsurface Sy is pictured on the right.

Example 4.1.2. Suppose g = ajbjagby where ay is a product two torsion elements, a9 is
2-torsion, and by = bl_l. Then a torsion-admissible surface S can be constructed as shown
in Figure 4.1, where the red boundary component represents g% and each blue boundary
represents a torsion element (in A). Then F' is the disjoint union of the green arcs, and the

subsurface S 4 is the union of those pieces in darker grey.
In general, there are two types of boundary components of S 4:

1. A polygonal boundary is one that contains corners, arcs in F', and arcs in dpS. Such
a boundary is divided into an even number of sides by corners of S 4, where the sides
alternate between arcs on F' and arcs on dyS which are mapped to some «;; see the

“outer” boundary component in Figure 4.1 of each component in Sy4.

2. A hole is a boundary component that is disjoint from F'. Then by construction, it must
come from a hole of S and represent a torsion element in A; see the blue boundary

components of Sy in Figure 4.1.

Lemma 4.1.3. With the above setup, each component of Sy has exactly one polygonal

boundary.

Proof. A component of Sy without any polygonal boundary must be itself a component of

S with only holes on the boundary, which is absurd since S is connected. If a component
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Figure 4.2: An arc 7 traveling from one side of £ to the other side using part of the boundary
dS.

of S4 has at least two polygonal boundaries C'y and Cg, then an embedded loop ¢ in Sy
homotopic to C] is non-separating in S: one can go from one side of ¢ to (', follow 9yS to
arrive at Co, and then travel to the other side of £ in this component; see the arc 7 in Figure

4.2. This contradicts the fact that S is planar. n

Thus every component of S4 is a polygon with h > 0 holes and a unique polygonal

boundary. The same analysis works for components of Sp.

Definition 4.1.4. The normal form of a torsion-admissible surface S is the decomposition
of S into S4 and Sp as above, where each component of S4 (resp. Sp) is a polygon with

h > 0 holes and a unique polygonal boundary.
We summarize the discussion above in the following lemma and corollary.

Lemma 4.1.5. Any torsion-admissible surface S can be modified into another torsion-
admissible surface S' in normal form of the same degree, such that —x(S) > —x(S") and

H(S) > H(S).

Corollary 4.1.6. In equation (2.1) of Lemma 2.2.2 we can take each infimum over torsion-

admissible surfaces in normal form instead.
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4.2 Simple Surfaces

The collection of torsion-admissible surfaces for an element g € G can be further simplified
to the collection of simple surfaces, which we now introduce. We use simple surfaces to
obtain effective estimates of stl(g) in Section 4.4. We push this further in Section 5 when
G is a free product of finite abelian groups to compute stlz(g).

Roughly speaking, a simple surface S is made of particular pieces either in the A-side,
or the B-side. This is similar to a torsion-admissible surface in normal form, however, one
main difference is that each piece now only contains at most one hole. Before introducing
simple surfaces, we first define the collection of pieces that are allowed in simple surfaces.

Recall that the loop 7y representing g decomposes into arcs a1, 1, . . ., af, Br,, representing

elements ay,by,--- ,ar,br, in A and B.

Definition 4.2.1. A polygonal boundary is an oriented circle together with a map f into
X4, so that the map f naturally divides the loop into an even number of sides alternating
between arcs and turns as follows. The map f collapses each turn to the wedge point *
and maps each arc to some «;, called the the label of the arc. See each “outer” boundary
components of S4 in Figure 4.1 or 4.3 for examples, where arcs are in red and turns are in
green.

As a loop in X 4, the polygonal boundary represents a conjugacy class in A, referred to
as the winding class of the polygonal boundary.

If a polygonal boundary has trivial winding class, the map extends to a disk bounding
the polygonal boundary. We call such a disk with polygonal boundary a disk-piece.

If a polygonal boundary has nontrivial winding class, we require it to lie in Az. We
represent such a conjugacy class by a loop in X 4 which is away from % and homotopic to
the polygonal boundary. Then, there is an annulus bounding the polygonal boundary on
one side and this homotopic loop (with opposite induced orientation) on the other side. We

refer to this annulus as an annulus-piece. We refer to the non-polygonal boundary as the
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hole in the annulus-piece.

A piece on the A-side is defined to be either a disk-piece or an annulus-piece. We denote
the collection of all possible pieces on the A-side as P A- Similarly we define pieces on the
B-side and denote the corresponding collection as P B. Let P=7 74U P B be the collection

of all pieces.

Each turn on a polygonal boundary in A with the given orientation travels from an arc
labeled by some «; to another labeled by some a;. We say such a turn is of type (o, o).
Similarly each turn on the B-side is of type (8, 5¢) for some k and ¢. We say a turn of type
(avj, aj) is compatible with a turn of type (3;_1, 8;), where indices are taken mod L.

Pieces on the A-side can glue to pieces on the B-side along compatible turns and the
maps on these pieces can be extended continuously in the obvious way; see the left of Figure

4.3 where pieces are glued along compatible turns, colored in green.

Definition 4.2.2 (Simple surfaces). A simple surface S is a finite collection of pieces in
P together with a pairing on the set of turns of the given pieces so that paired turns are
compatible. Geometrically, we think of S as a surface obtained by gluing the given finitely
many pieces along turns by the given pairing; see the left of Figure 4.3 for an example where
L = 2. Tt follows from the definition of compatible turns that each boundary component of
S containing at least one arc must wind around v by a positive number of times. Define the

degree n(S) > 0 of S to be the sum of these positive numbers.

Definition 4.2.3 (Gluing graph). Associated to each simple surface is a gluing graph I'g,
where each vertex represents a piece and each edge connecting two vertices represents two

paired compatible turns that the two pieces glue along; see the right of Figure 4.3.

Lemma 4.2.4. For a simple surface S, let e be the number of edges in I'g and let d be the
number of disk-pieces in S. Then

—x(S)=e—d.
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Figure 4.3: A simple surface S and its gluing graph I'g. Here S is obtained by simplifying
the torsion-admissible surface in Figure 4.1.
Proof. By filling in all holes in annulus-pieces of S (using disks), we obtain a surface S’ that

deformation retracts to I'g. If v is the number of vertices in I'g, then,

—x(S) = xS+ (w—-d)=—xTg)+(v—d)=e—v+v—d=e—d,

and v — d is the number of annulus-pieces in 5. O

To allow some desired flexibility, we do not require simple surfaces to be connected. A
simple surface S is connected if and only if the gluing graph I'g is connected. Connected
simple surfaces S with x(I'g) = 1 are closely related to torsion-admissible surfaces in normal

form.

Lemma 4.2.5. Given an element g = a1by ---arby, in the free product AxB. For a connected
simple surface S with x(I's) = 1, if each hole in an annulus-piece on the A-side (B-side)
represents a torsion element in A (resp. B), then S is torsion-admissible for g of degree n(S).
Conwversely, any torsion-admissible surface S for g can be simplified into a connected simple
surface S” of the same degree with x(I 1) = 1 such that —x(S") < —x(S) and H(S") < H(S).
Thus

(4.1)



where each infimum is taken over all connected simple surfaces S with x(I'g) = 1.

Proof. For a connected simple surface S, if we cap off all the holes in its annulus-pieces,
then S deformation retracts to I'g. Thus if x(I'g) = 1, the capped-off surface is a connected
surface with boundary of Euler characteristic 1, i.e. a disk. Therefore a simple surface S
with x(I'g) = 1 has genus zero and a single boundary component that represents g”(s ), and
all other boundary components of S are holes in its annulus-pieces. Hence if each hole in
an annulus-piece in P 4 (resp. P B) represents a torsion element in A (resp. B), then S is
torsion-admissible for g of degree n(S) by definition.

Conversely, given any torsion-admissible surface S for g of degree n, we can put it in
normal form by Lemma 4.1.5 without changing the degree. Each component of S4 (resp.
Sp) gives rise to a piece in P A (resp. P B) except that it may contain more than one hole.
For each component of S4 containing more than one hole, replace it by a piece with the
same polygonal boundary, which is a disk or an annulus depending on whether the winding
class of the polygonal boundary is trivial or not. Note that the winding class of such a
polygonal boundary on the A-side (resp. B-side) always lies in A, (resp. B-side) since it
is the product of those torsion elements corresponding to the holes (up to conjugacy). The
surface S’ obtained this way is connected and planar. Thus S’ is a connected simple surface
with x(I'g/) = 1 and degree n(S’) = n(S). Moreover, as S’ is obtained from the normal form
of S by eliminating some holes, we have —x(S’) < —x(S) and H(S") < H(S) using Lemma
4.1.5. See Figure 4.1 and Figure 4.3 for an example.

The two infima are equal for a similar reason to that of formula (2.1) by taking suitable
covering spaces; see Figure 5.6 for an illustration of a good covering space of a simple

surface. O

It is often convenient to consider a subfamily of simple surfaces, where only a subset of

types of pieces are allowed.
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Definition 4.2.6. Given a collection P C P of types of pieces, a simple surface S (with
respect to g) is called P-simple if all pieces used in S have types in P. A collection P is

called sufficient if
—x(95)

stl(g) > inf R

where the infimum is taken over all connected P-simple surfaces S with x(I'g) = 1.

Lemma 4.2.5 shows that taking P = P gives a sufficient collection. In many cases large
pieces can be simplified into several small pieces (see Section 5.1), which allows a finite small

collection P to be sufficient.
Corollary 4.2.7. Suppose

1. either both Aior and Bior are torsion groups,

2. org=aiby ---arby, where the subgroup generated by {ay,--- ,ar} (resp. {b1,---,br})

18 a torsion group.

Then
—x(5)
n(S) "’

stl(g) = inf

where the infimum is taken over all connected P-simple surfaces S with x(I'g) =1 for some

sufficient.

Proof. The “>” direction holds by definition. The other direction holds since under both
assumptions every connected simple surface S with x(I'g) = 1 is torsion-admissible by

Lemma 4.2.5. O

4.3 Isometric embedding

As an application of Corollary 4.2.7, injective homomorphisms of factor groups induce an
embedding of the free products, which preserves the stable torsion length for generic elements,

under suitable assumptions.
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Theorem 4.3.1. Let iy : A — A’ and ig : B — B’ be injective homomorphisms. Let

g € Ax B be an element that is not conjugate into A or B. Suppose

1. either both AQOT and Béor are torsion groups,

2. or g is conjugate to a cyclically reduced word a1by - --arby,, where the subgroup gener-

ated by {ay,--- ,ar} and the subgroup generated by {by,--- by} are torsion groups.

Then the induced map i : Ax B — A’ x B’ preserves the stable torsion length of g, i.e.

stlaxp(g) = stlarpr(i(g))-

Proof. 1t suffices to show that stly.pg(g) < stly.p(i(g)) since the other direction follows

by monotonicity (Lemma 2.1.2). Since iy4 is injective, torsion elements in A correspond to

/

tor 15, and similarly for

Bior. Hence by Corollary 4.2.7, under either assumption we have stl4,5(g) = infg _ng(sb;),

torsion elements in the image of i 4. Thus Ay, is a torsion group if A

where the infimum is taken over connected simple surfaces S with x(I'g) = 1.

!
On the other hand, by Lemma 4.2.5, we know inf ¢ _732(5‘?)) < stlyr,pr(i(g)), where the

infimum is taken over all connected simple surfaces S’ for i(g) with x(I'qs) = 1. Thus it

!/
suffices to show that infg _&g) <infg _n?(gb,w)) We prove this by showing that every simple

surface for ¢’ :=i(g) naturally pulls back to a simple surface for g.
Up to conjugation, we may write g = a1by - --arbr, where a; € A\ {id}, b; € B\ {id},
and L > 1. Then ¢’ = a}b] - -- a7 b, where a;- =i4(aj;) and b;- =ip(b;).

Let C' be a piece on the A’-side in a simple surface S’ for ¢’, and suppose its polygonal

/ /

]17... ,

i in the cyclic order, for some k € Z .

boundary consists of arcs corresponding to a

Then we can construct a polygonal boundary consisting of arcs corresponding to a;,,- -+, a;,

in the cyclic order, say with winding class w € A.

We claim that w is torsion under both assumptions. Since w is a product of a;’s, this

/

tor 15 a torsion group as in assumption (1), then the
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winding class of the polygonal boundary of C' must be i 4(w), which lies in AQOT and thus
must be torsion. Since i 4 is injective, we know w must be a torsion element as well in this
case.

It follows that the polygonal boundary we construct bounds an A-piece C. Moreover,
since w = id if and only if i 4 (w) = id, the piece C has the same topological type as the piece

C’. Similarly we can construct a B-piece corresponding to any B’-piece. Doing this for all

pieces of the simple surface S’, we obtain pieces that assemble accordingly to a simple surface

S for g that has the same degree as S and x(S) = x(5’). Thus infg _&g) < infg _752(3‘?)/)

as desired, which completes the proof. O
Now Theorem E follows as a simple corollary.

Proof of Theorem E. If g is conjugate to an element in A, then g is torsion since A is finite.
Then i(g) is also torsion and thus stlg,p(g) = 0 = stlgr,pr(i(g)). Similarly the equality
holds if ¢ is conjugate to an element in B.

Now if ¢ is not conjugate into A or B, then the assumption (2) in Theorem 4.3.1 obviously

holds since A and B are finite groups. Hence the equality follows by Theorem 4.3.1. m

4.4 Lower bounds via linear programming

Given a sufficient collection P of types of pieces (Definition 4.2.6), we describe a (possibly
infinite-dimensional) linear programming problem that produces a lower bound of stl;(g).

This is based on the following observation.

Lemma 4.4.1. Suppose P is a sufficient collection for a free product G = A x B. For any

element g not conjugate into factor groups, we have

—x(95)
n(S) ’

tl > inf
stla(g) = iy
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where the infimum is taken over all (not mecessarily connected) P-simple surfaces S with

x(I's) > 0.

Proof. Since the family of surfaces we consider here contains all connected P-simple surfaces
S with x(I'g) = 1, the result follows from the definition of sufficient collections (Definition
4.2.6). O

The reason to consider P-simple surfaces that are not necessarily connected with the
relaxed constraint x(I'g) > 0 is that this family of surfaces is easier to work with, allowing
us to encode such surfaces as vectors in a nice subspace of a vector space as follows.

Given a reduced word g and a sufficient collection P as above, let Vip = RY. Let {ep |
P € P} be the standard basis, where ep is the positive unit vector in the P-direction. For
any P-simple surface S and any P € P, let zp be the number of pieces of type P in S.
Associate to S a vector v(S) € Vip so that the P-component of v(S) is xp for any P € P.

The vector v(S) is a non-negative integer point in Vi satisfying some rational linear
constraints that we describe below. For any turn type T' (e.g. T' = (a;, a5) or (B;, B;)), there
is a linear function fp : Vp — R such that for the standard basis fr(ep) counts the number
of turns of type T in a piece of type P for each P € P. For any two compatible turn types
T,T ie T = (avj, oj) and T = (Bj—1,0;), we have

fr(v(S)) = fr(v(5))

for any P-simple surface S since each turn is glued to another turn by definition. We refer
to this set of equations as the gluing conditions.

Let x7 : Vp — R be the linear function determined by x(ep) = 1 — § for each P € P,
where e is the number of turns on the polygonal boundary of the piece P. Similarly we
have a linear function x, : Vp — R with the property that xo(ep) = x(P) — § for each

P € P, where x(P) is 1 if P is a disk-piece and is 0 if P is an annulus-piece. Then it is
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straightforward to see that xp(v(S)) = x(I'g) and xo(v(S)) = x(5) for any P-simple surface
S with gluing graph I'g.

Finally, let n : Vp — R be the linear function such that n(ep) counts the number of
copies of a; on the polygonal boundary of P for each P € P. Then for any P-simple surface

S, its degree is n(v(S)).

Definition 4.4.2. Given the word g and a sufficient collection P, let Cp be the subspace of

Vip consisting of vectors x that satisfy all gluing conditions, xp(x) > 0, and n(z) = 1.
Summarizing up the discussion above, we have:

Lemma 4.4.3. For any P-simple surface of degree n, the vector v(S)/n is a rational point

in Cp and xo(v(S)/n) = X(S)/n.
Conversely, we have:

Lemma 4.4.4. For any rational point x € Cp, there is some n € Zy and a P-simple surface

S of degree n, such that x = v(S)/n, x(I'g) > 0 and x(S)/n = xo(x).

Proof. Choose n so that nz is an integer point in Vip. Then nz = > p kpep for some non-
negative integers kp. Take kp pieces of type P for each P € P. Since x satisfies the gluing
conditions, so does nx. Thus by gluing these pieces along compatible pairs of turns, we obtain
a P-simple surface S such that v(S) = nz. Then we have x(I'g) = xr(nz) = nxp(z) >0

and x(S)/n = xo(nx)/n = xo(x) since both xp and x, are linear on Vip. O

It follows that we can compute the infimum in Lemma 4.4.1 by minimizing the rational
linear function —x, on the compact polyhedron Cp (see the lemma below), which is a linear
programming problem. This gives a way to compute a nontrivial lower bound of stlz(g).
We compute two explicit examples in Section 6, where the lower bounds are actually sharp

in both cases.
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Lemma 4.4.5. For a finite sufficient collection P, the set Cyp is a rational compact polyhe-
dron. Moreover, it is nonempty if some power of g is a product of torsion elements in G.
In this case, the infimum of —x(S)/n(S) over all P-simple surfaces S with x(I'g) > 0 is

achieved.

Proof. By definition, the set C'p is defined by finitely many rational linear inequalities. The
normalizing condition n(z) = 1 together with gluing conditions implies that each coordinate
of x is no more than 1 for any x € Cp. In other words, the normalized number of any piece
is at most one since the degree is normalized to be one. Thus Cyp is a rational compact
polyhedron when P is finite.

When a power of g is a product of torsion elements in G, torsion-admissible surfaces exist.
Thus by Lemma 4.2.5, we can reduce any torsion-admissible surface to a simple surface S
with x(I'g) = 1, which yields a rational point in Cp by Lemma 4.4.3. Hence Cp is nonempty.

Then by Lemmas 4.4.3 and 4.4.4, the infimum of —x(5)/n(S) over all P-simple surface
S with x(I'g) > 0 can be calculated as the infimum of the rational linear function —x, on
C'p. Hence by compactness the infimum is achieved by a (rational) vertex x of C'p, which by

Lemma 4.4.4 is of the form v(S)/n for a simple surface S of degree n in the above family. O
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CHAPTER 5
FREE PRODUCTS OF ABELIAN GROUPS

In this section we focus on the case of a free product G = A x B, where A and B are finite
abelian groups. We will exhibit an algorithm that computes stlz(g) for any given element
g. The method works for the free product of arbitrarily many finite abelian groups, but we
won’t pursue it here.

We adopt the setup and notation in the previous section. Note that by Corollary 4.2.7,
to compute stl(g) for a given element g, it suffices to consider connected simple surfaces S
(Definition 4.2.2) with x(I'g) = 1, where I'g is the gluing graph (Definition 4.2.3).

We will introduce two operations that further simplify surfaces: splitting and rewiring.
In terms of the gluing graph, we will use splitting to reduce the valence of vertices, and use
rewiring to reduce the diameter of the graph.

However, the family of connected simple surfaces S with x(I'g) = 1 is not closed under
the two operations above. As a remedy, we consider the larger family of simple surfaces with

X(I'y) > 0 for each component 3, which is more convenient to work with for two reasons:
e The two operations (when applied appropriately) preserve this family, and

e The complexity of any connected simple surfaces with x(I'g) = 0 can be approximated
by a sequence of connected simple surfaces with x(I'g) = 1, and thus can still be used

to compute stl; see Lemma 5.2.2.

For a connected simple surface S with x(I'g) = 0, the gluing graph I'g is connected and
has a unique embedded loop, which we refer to as the core. The gluing graph can be thought
of as obtained from the core by attaching finitely many (rooted) trees to vertices on the core.
We refer to each of such trees as a decorative tree, and the vertex it attaches to as the root.

See Figure 5.1.
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Figure 5.1: A connected graph with Euler characteristic zero that consists of a core (in blue)
and four decorative trees (in red).

We first introduce the two operations, splitting and rewiring, in Sections 5.1 and 5.2
respectively. In particular we show the approximation Lemma 5.2.2 in Section 5.2 using
rewiring. Then in Section 5.3 we define irreducible simple surfaces and show that every
connected simple surface S with x(I'g) > 0 decomposes into a union of irreducible ones after
applying splitting and rewiring. This yields an algorithm to compute stl and show that it is

rational in free products of finite abelian groups; see Theorem 5.3.8.

5.1 Splitting of a piece

The first operation that we introduce on simple surfaces is splitting of a piece.

Let C be a piece on the A-side with polygonal boundary P. Suppose a proper subset
of the turns on P can form a polygonal boundary P; with trivial winding class, and the
remaining turns can form another polygonal boundary P». Then P> has the same winding
class as P if A is abelian.

In this case P; bounds a disk-piece C; and Py bounds a piece C9 that has the same
topological type as the original piece C. When (' is a piece on a simple surface S, splitting
is the operation that we replace the piece C' above by the two new pieces C] and C9 without
changing the gluing of turns. This modifies the simple surface without changing the number

of holes while splitting one vertex of the gluing graph I'g into two.

Example 5.1.1. Let A = Z/p be a cyclic group generated by a and let g = abAB € A x B,
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Figure 5.2: Two examples of splitting, where the one on the right assumes a2 = 1.

where A and B denote a1 and b1 respectively. Let v be a loop representing g, decomposed

into arcs aq, 81, a9, B2 corresponding to a,b, A, B respectively.

1. On the left of Figure 5.2, we have disk-piece C' on the A-side with two copies of each
of the four turns (aq,aq), (a1, a2), (a9, a9), (ag,a1). The two turns (aq,as) and
(g, arp) form a disk-piece C7 and the remaining six turns form another disk-piece Cs.

The splitting breaks the piece C' into the pieces C| and Cy.

2. There are two consecutive copies of the turn (aq, 1) on Co. If p = 2, these two turns
form a disk-piece C'3 since a2 = 1, and the remaining turns form another disk-piece Cy,
shown on the right of Figure 5.2. Note that in this case, the turns on the new pieces
sit in a cyclic order compatible to the their cyclic order on C9, which is not the case

for the previous splitting.

For the rest of this section, we focus on a special case similar to case (2) in Example 5.1.1,
where splitting works without assuming the factor groups to be abelian. Suppose there is a

proper subsequence of sides

(TOa A17T17 to 7Ak7Tk‘)

for some k > 1 on the polygonal boundary P in the positive cyclic order starting and ending
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at turns Tj, T}, of the same type, such that the product of the elements represented by the

arcs Ap,---, A is the identity in A. Let

(Ak‘—|—17 Tk—‘rlu T 7A’fl)

be the complementary sequence of sides in the positive cyclic order, where n > k. Then we
obtain two polygonal boundaries P; and Ps, where the sides are (Ay, Ty, -+, A, T}) and
(Api1,Tpaq, -+ Ap, T = Tp), respectively. Then by the assumption, the winding class of
Py is trivial and thus P; bounds a disk-piece C. The winding class of P» is the same as
that of P and thus P, bounds a piece Cy that has the same topological type as C.

Splitting decomposes such a piece C' into two pieces C'7 and C9 without changing the total
number of holes. In addition, it does not affect the gluing of compatible turns. Analogously
one can perform this for pieces on the B-side.

It is helpful to think about the effect of this operation conceptually in terms of the gluing
graph I'g. Orient edges so that they go from vertices representing pieces on the A-side to
those on the B-side. Such edges fall into different types according to the types of turns.
Then splitting of a piece applies to a vertex which necessarily have two adjacent edges eq, €9
of the same type. It replaces such a vertex v by two vertices vy, vo, where part of the original
adjacent edges become edges at v; and the others are edges at v9, so that e; is an edge at v;.

Note that I'g is actually a fatgraph in the sense that there is a cyclic order on the edges
at each vertex, which is induced from the orientation on the polygonal boundary of each
piece. Hence for this special type of splitting, the cyclic order at the vertex v that we split
and the position of eq, e9 in the order determine which edges of v become edges of v; and
V.

We are able to apply splitting to any vertex with large valence in the gluing graph if the

corresponding factor group is finite.

Lemma 5.1.2. Suppose the abelian group A is finite. Then for the element g = a1by ---apby,
36



we can split any piece on the A-side that has more than |A| - L2 turns on its polygonal bound-

ary.

Proof. Note that there are L2 possible types of turns on the A-side. Suppose there are
more than |A| - L? turns, then by the pigeonhole principle there exist |A| + 1 turns of the
same type. These turns cut the polygonal boundary into |A| 4+ 1 segments. Each segment
represents an element in A by taking the product of elements corresponding to the arcs on
the segment. Let xq,--- YT A1 € A be the elements corresponding to these segments. Then
by the pigeonhole principle, there exist 1 < m < n < |A|+ 1 such that 2(m) = (") where
20 = x1---x;. This implies zy,41 - -2y = id and hence we can apply splitting to this

piece. O

5.2 Rewiring

The second operation that we introduce on simple surfaces is rewiring. This has been used
in a similar setting to understand stable commutator length Chen [2020]. However, in this
setting, it is necessary to apply this operation more carefully here to control the Euler
characteristic of each component of the gluing graph. We describe this below.

Suppose that there exist two edges eq, eo in the gluing graph of the same type and that
each e; goes from a vertex u; to a vertex v;, where ¢ = 1,2. Geometrically, thinking of
vertices as pieces, this means that uq,v; are glued together along compatible turns, which
have the same type as the compatible turns along which we glue ug and v9. Then, we can
cut along these two pairs of turns and glue uy to vo and glue ug to vy instead. In terms of
the gluing graph, we remove the edges e; and eo and construct two new edges connecting
u1 to vo and w9 to vy instead; see Figure 5.3.

Note that rewiring does not change the types of pieces and preserves the number of
vertices and edges of the gluing graph. Thus applying the rewiring operation to a simple

surface S results in another simple surface S’ with the same Euler characteristic. However, it
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Figure 5.3: The effect of rewiring on the simple surface and gluing graph

might change the number of components and the Euler characteristic of individual connected
components. For this reason, we will apply rewiring in a restricted way to preserve the family
of simple surfaces with x(I's;) > 0 for each connected component 3.

If eq, e lie in different components of I'g and at least one of them is non-separating,
then the rewiring merges the two components into a single component. This shows that
the complexity of any connected simple surface with x(I'g) = 0 can be approximated by
those with x(I'g) = 1. Before proving this in Lemma 5.2.2, we need the following simple

observation.

Lemma 5.2.1. If A and B are finite, then for the given element g = a1by ---apby, and for
any turn type (a;, o), there is a connected simple surface S with x(I's) = 1 that contains a

turn of the given type (o, aj).
Proof. Since A is finite, there is a piece szjlj with exactly two turns (o, ;) and (aj, a;).
Similarly there is a piece Pig. with exactly two turns (3;, 8;) and (8, 8;). So it suffices to put

each Pf; into a simple surface with the desired properties. Note that there is an arbitrarily

long strip of pieces glued together centered at Pf;, such that on one side we have Pﬁ;l,

A B : B A B
Pz'+1,j—1? Pi+1,j—2 and so on, and on the other side we have Pi—l,j’ Pi_l,jJrl, Pz’—2,j+1 and

so on; see the top of Figure 5.4 for an example with ¢ = 2 and j = L = 4. Here the indices
are taken mod L.

For each piece P];k ¢ in the above sequence, we take the difference k—¢ of the two subindices.
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Figure 5.4: An example to include the turn type (a9, ) in a long strip, which can be
modified into a simple surface S for g = ayby - - - agby with x(T'g) = 1.

Then we observe that the differences between consecutive pieces are consecutive integers and
form a monotone sequence. Thus on both sides of Pi‘jlj, we can find pieces of the form Pﬁ%n
with m =n mod L and * = A or B. We can cut the strip at such a piece and replace this
piece by the piece with only one arc ayy, (resp. f,) if x = A (resp. * = B); see the bottom
of Figure 5.4. This constructs a connected simple surface S containing Pé- such that I'g is

a tree. =

Lemma 5.2.2. Suppose that for the given element g and any turn type (ai,&j), there is a
connected simple surface S with x(I's) = 1. Then, for any connected simple surface S of
degree n with x(I'g) = 0, there exists a sequence of connected simple surfaces Sy, of degree

ng with x('s, ) =1 such that

n k ng

Proof. Note that for each k € Z4 there is a unique degree k cover I'j, of I'g. This induces
a degree k cover X of S, which is again a connected simple surface (of degree kn) with
gluing graph I',. Now pick any edge e on the core of I'g corresponding to a turn, say,
of type (aj, ;). By assumption, we can fix a simple surface Sy containing a turn of type
(aj, ) such that I'g, is a tree. Then a lift of e to I'j, provides a non-separating edge on

¥, corresponding to a turn of type (o, «;). Thus we can apply rewiring to ¥, and Sy to
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obtain a new simple surface Sp where the gluing graph I'g, is connected. Then

x(Tg,) =xT) +x(So) =0+1=1.

The degree of S}, is ny, = kn + ng, where ng is the degree of Sy. Then, we have

fim XK o 2XER) = x(So) o =R(S) = x(So) - —x(S)

k—oco Mg k—00 kn +ng k—o0 kEn +ng n

by construction. O

Corollary 5.2.3. If A and B are finite, then

. —x(5)
stlc(g)—lrslf P

where the infimum is taken over all connected simple surfaces with x(I'g) =0 or 1.

Proof. By Lemmas 5.2.1 and 5.2.2, the complexity of a connected surface with x(I'g) = 0
can be approximated by those with gluing graph being a tree. Thus the infimum remains
the same if we restrict the class of surfaces to connected simple surfaces with x(I'g) = 1.

Then the result follows from Corollary 4.2.7. O]

Remark 5.2.4. The equality still holds if we consider simple surfaces where each component
¥ has x(I'y) > 0. Note that this is different from Lemma 4.4.1, which restricts the Euler

characteristic of the gluing graph overall instead of component-wise.

For what follows, we will only apply rewiring to two edges in the same component of the
gluing graph, particularly in the following three scenarios.

The first scenario is when we have a simple surface S whose gluing graph I'g is a tree
such that there is an embedded oriented path P that starts and ends with two distinct edges

of the same type and orientation. Then applying rewiring to these two edges decomposes the
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Figure 5.5: In terms of gluing graphs, this shows the effect of the three types of rewiring
applied to the two red edges in each graph on top that have the same type and orientation.

simple surface into the union of two connected simple surfaces S| and S9, where the gluing
graph of Sy is still a tree, the gluing graph of S1 has x(I'g,) = 0 and the path P becomes
of the core of I'g,. See the left of Figure 5.5. For later reference, we refer to this as rewiring
of type I.

The second scenario is when we have a connected simple surface S with y(I'g) = 0
such that on a decorative tree T' there is an embedded oriented path P that starts and
ends with two distinct edges e, eo of the same type and orientation, and the unique path
connecting e to the root of T contains P. Then applying rewiring to these two edges
decomposes the simple surface into the union of two connected simple surfaces S7 and So,
where x(I'g,) = x(I's,) = 0, the core of I'g, is inherited from I'g, and the core of I'g, comes
from the path P. See the middle of Figure 5.5. We refer to this as rewiring of type II.

The last scenario is when we have a connected simple surface S with x(I'g) = 0 such that,
for a fixed orientation of the core of I'g as a circle, there are two oriented edges on the core
of the same type and orientation. Then applying rewiring to these two edges decomposes
the core into two disjoint circles, and accordingly breaks the simple surface into the union
of two connected simple surfaces S, Sy with x(I's,) = x(I'g,) = 0 such that their cores are

the two circles above. See the right of Figure 5.5. We refer to this as rewiring of type II1.
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5.3 Irreducible simple surfaces

Now we introduce irreducible simple surfaces and show how each connected simple surface
S with x(I'g) > 0 decomposes into a disjoint union of irreducible ones by a sequence of

splitting and rewiring.

Definition 5.3.1. A connected simple surface S is irreducible if x(I'g) > 0, no splitting can

be applied to any piece of S, and no rewiring of type I, II or III can be applied.

Proposition 5.3.2. For any simple surface S with finitely many components such that each
component 3 has x(I'ss) > 0, there is a sequence of splittings and rewiring of types I, 11, or
III that modifies S into a disjoint union S’ of irreducible simple surfaces. Moreover, there
is a component ¥ of S’ satisfying

—x(2) _ —x(5)
n(%) = n(S) "’

where n(X) and n(S) are the degrees of X' and S respectively.

Proof. Let k(S) = 2e — 2¢ + £, where e is the number of edges in I'g, ¢ is the number
of components of I'g, and ¢ is the number of embedded loops in I'g. Equivalently, ¢ is
the number of components of I'g that have Euler characteristic zero. Note that x(S) is a
non-negative integer since each component contains at least one edge.

For the first assertion, it suffices to check that whenever we apply splitting or rewiring
of type I, II or III to modify S into another simple surface S, we have x(S") < x(S). Note
that both splitting and rewiring leave the number of edges invariant. So it comes down to
checking how —2¢ + ¢ varies in each situation.

If splitting is applied to a component ¥ of S, either it breaks I's: into two components
without changing the number of embedded loops, or x(I's;) = 0 and it breaks the core of
¥ without creating new components. Thus for the simple surface S’ obtained this way, we

have either x(S’) = k(S) — 2 or x(S") = k(S) — 1 corresponding to these two cases.
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If we apply rewiring of type I to a component X, then the tree I'y; breaks into two
components, one of which contains a loop. Thus k(S’) = k(S) — 1. For rewiring of type
I, we break the graph 'y, into two components each containing a loop, where one of loop
is inherited from the core of I'y;. Hence we get one more component and one more loop,
yielding k(S’) = k(S) — 1. As for rewiring of type III, we also get one more component and
one more loop. Thus for all the three types of rewiring we have x(S’) = x(S) — 1.

For the second assertion, by Lemma 4.2.4, the (total) Euler characteristic of the sim-
ple surface does not change when we apply rewiring, and it increases by 1 every time we
apply splitting since we obtain one more vertex representing a disk piece. In addition,
both operations do not change the total degree. Suppose we start with S which has degree
n(S), and the irreducible simple surfaces we obtain in the end are ¥, - ,Z;ﬂ with degrees

n(Xh), -+, n(X}) respectively. Then we have

X(8) | X x(®) X (E)
n(S) T Shyn(z) T isisk a3

)

where the second inequality holds since the term in the middle is a weighted average. Thus

the second assertion holds by taking ¥/ = E; where Eé achieves the minimum above. O]

Now we bound the size of the gluing graph of any irreducible simple surface to show that
there are only finitely many such surfaces for the given element g = a1by - - - ay;by,. Note that
there are L2 possible types of turns on each side, giving rise to L? types of edges in gluing

graphs.

Lemma 5.3.3. If the factor groups A and B are finite and S is an irreducible simple surface

for g, then the valence of each vertex of I'g is at most L? max{|A|, |B|}.

Proof. Suppose there is a vertex with valence greater than L? max{|A|,|B|}. Then we can
apply splitting to the corresponding piece by Lemma 5.1.2, which contradicts the assumption

that S is irreducible. O
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Lemma 5.3.4. If S is an irreducible simple surface for g with x(I'g) = 1, then the diameter

of T'g is at most 2L2.

Proof. Suppose the diameter of I'g is greater than 2L2. Then there is an embedded path
P of length at least 2L2, which we orient. Since there are at most L? types of edges in T S,
each with two possible orientations, there are two edges on P that have the same type and
orientation by the pigeonhole principle. Hence rewiring of type I is applicable, contradicting

that S is irreducible. O

Lemma 5.3.5. If S is an irreducible simple surface for g with x(I's) = 0, then for any
decorative tree T of I'g, the distance from any vertex of T to its root is at most 2L2. In

particular, the diameter of T is at most 4L2.

Proof. If some vertex has distance more than 2L? to the root, the geodesic connecting them
contains more than 2L2 edges. So by the same argument as in the proof of Lemma 5.3.4,

rewiring of type II is applicable, contradicting that S is irreducible. O

Lemma 5.3.6. If S is an irreducible simple surface with x(I's) = 0, then the core of I'g

has length at most 2L2.

Proof. If the core has length greater than 2L2, the same pigeonhole principle shows that

rewiring of type III is applicable, contradicting that S is irreducible. O

Proposition 5.3.7. If G = Ax B, where A and B are finite abelian groups, then for any g

not conjugate into the factor groups, there are only finitely many irreducible simple surfaces.

Proof. By Lemmas 5.3.4-5.3.6, the diameter of the gluing graph I'g of any irreducible simple
surface is bounded above (by 5L%). Moreover, the valence of each vertex is bounded above
by L2 max{|A|,|B|}. Thus there are only finitely many possible gluing graphs. Since there
are finitely many types of edges, and the types of edges around a vertex with a chosen cyclic
order determines the type of the corresponding piece, we conclude that there are only finitely

many possible irreducible simple surfaces. O
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Theorem 5.3.8. If G = A x B, where A and B are finite abelian groups, then for any g
not conjugate into the factor groups, there is an irreducible simple surface S of some degree

n(S) with x(I'g) = 0 such that

stlalg) = —%.

As a consequence, stlg(g) is rational and computable.

Proof. By Corollary 5.2.3 and Proposition 5.3.2, we know

where the infimum is taken over all irreducible simple surfaces S and n(S) is the degree of
S. By Proposition 5.3.7, there are only finitely many irreducible simple surfaces. Hence
one of them achieves the infimum above. Thus stl;(g) is rational and can be computed by
enumerating the finitely many irreducible simple surfaces.

It remains to observe that the infimum cannot be achieved by a simple surface where I'g
is a tree. For any such simple surface S of degree n(S), we have at least one annulus-piece C'
since g is not a torsion element. Suppose the polygonal boundary of C' represents a k-torsion
element, where k > 2. Then there is a simple surface S’ of degree n(S’) = k-n(S) such that
g \ {v'} is formed by k disjoint copies of I'g \ {v}, where v represents the piece C' and v’
represents a disk-piece ¢’ whose polygonal boundary is a degree k cover of the polygonal

boundary of C'; see Figure 5.6. By Lemma 4.2.4, we see that

—x(S") _ ke - (kd+1) _ e—d _ —x(5)
n(S’) k-n(S) n(S) n(S) ’

where e is the number of edges in I'g and d the number of disk-pieces in S. This shows that

no connected simple surface with x(I'g) = 1 can achieve the minimal complexity. O
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Figure 5.6: If aj represents a 2-torsion in the simple surface in Figure 4.3, then this is the
“branched” degree k = 2 cover that we construct with lower complexity, where we pick the
piece C' as the leftmost piece in Figure 4.3.

Corollary 5.3.9. Let G = Ax B be a free product, where A and B are finite abelian groups.
For any g not conjugate into the factor groups, and for any subfamily & of simple surfaces

for g such that each component has x(I'g) = 0,1, if 8 contains all irreducible simple surfaces

S with x(I'g) = 0, then

o —x(9)
stl = inf ——~.
c¢lg) = inf —>
Proof. This is a combination of Corollary 5.2.3 and Theorem 5.3.8. m

Remark 5.3.10. In Corollary 5.3.9, one can take § to be the subfamily of simple surfaces
for g where each component satisfies the valence and diameter bounds (of decorative trees)
in Lemmas 5.3.4-5.3.6. One can parameterize such surfaces as integer vectors in a rational
polyhedral cone, where each variable represents the number of some type of small building
blocks used in the surface. Projectively, such surfaces are represented by rational points in
a compact rational polyhedron. This gives a way to use linear programming to compute
stlg(g) when G = Ax B is a free products of finite abelian groups. When A and B are finite
cyclic groups, using a setup similar to the one in Walker [2013], the numbers of variables and
constraints in the linear programming problem are polynomial in |A|, |B|, |g|. Thus for a free
product G of finite cyclic groups, stl(g) can be computed in polynomial time by Hacijan

[1979)].
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CHAPTER 6
EXAMPLES

In this section we explicitly compute the stable torsion length in two different examples,
for ¢ = aba~'v~! and g = ab in a free product G = A * B with torsion elements ¢ € A
and b € B. In both examples, we first work out a sufficient collection (Definition 4.2.6) of
types of pieces, then use the linear programming problem as in Section 4.4 to compute a
lower bound of stl;(g), and finally use the Approximation Lemma 5.2.2 to show that stl(g)

actually equals the lower bound.

6.1 The word [a, b

In this section we consider the word g = [a,b] = aba~1b~! in a free product G = A * B,
where a € A and b € B are torsion elements of orders p,q > 2. We will focus on the special
case where A = Z/p is generated by a and B = Z/q is generated by b. The general case will
follow from the isometric embedding Theorem 4.3.1.

Using the setup in Section 4, the word g = [a,b] is represented by a loop 7 consisting
of arcs ay, A1, ag, Bo, where aq, a9 represent a, a1 and 1, 8o represent b, b~ ! respectively.
Then there are four types of turns on the A-side: (aq, aq), (a1, @), (a2, 1), and (a9, a).

Note that the two turns («q, ag) and (ag, ) form a polygonal boundary that bounds a
disk-piece, which we denote by Rj. Moreover, on the polygonal boundary of any piece, the
number of copies of (a1, a9) is equal to that of (a9, 1) since the polygonal boundary closes
up. Denote this number in a piece C' by N(C) > 0.

If N(C) > 2 for a piece C, then we can remove a copy of (a1, a2) and (ag, 1) so that the
remaining turns still form a polygonal boundary. Thus we can apply splitting (the general
form that works for abelian factor groups) to this piece C' to obtain a copy of Ry and some

piece C" with N(C") = N(C) — 1; see case (1) of Example 5.1.1.
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If a piece C' has N(C') = 1, then the arcs on the boundary of C' in the cyclic order must

be m copies of oy followed by n copies of ap for some m,n > 1.

1. If m = n then we have a disk-piece, which we denote by R,,. For n > p, we have p
consecutive copies of the turn (aq, aq) (resp. (a9, a9)) on the boundary of R;. Thus
we can apply splitting twice to reduce Ry to R,—p together with two pieces P;“ and
Py, where P;’ (resp. P,) is the disk-piece with exactly p copies of a; (resp. ag) on

the boundary. See case (2) of Example 5.1.1 for one of the splitting when p = 2.

2. If m > n then we can apply splitting to reduce the piece C' into a copy of R, and a

piece with m — n copies of ap on the boundary. Similarly for the case m < n.

Thus for any simple surface S, after applying splittings as above, we may assume that
any piece C' other than Ry, with 1 <n < p has N(C) = 0. Thus any piece different from Ry,
only contains one type of turns, either (aq,a1) or (ag,as). Moreover, since a has order p,
splitting applies to any piece with more than p copies of the turn (aq,aq) (resp. (a2, @s))
on the boundary.

Thus there are 3p types of remaining pieces on the A-side, which fall into three classes:

1. A piece with 1 < n < p arcs aj on the boundary, which is a disk only when n = p.

Denote such pieces as P,7; see the left on the first row of Figure 6.1.

2. A piece with 1 < n < p arcs ag on the boundary, which is a disk only when n = p.

Denote such pieces by P,;"; see the left on the second row of Figure 6.1.

3. A disk-piece R, for 1 < n < p that has n copies of aq followed by n copies of a9 on

the boundary; see the left on the third row of Figure 6.1.

Similarly, we can reduce simple surfaces by splitting on the B-side so that there are 3¢
types of remaining pieces on the B-side, denoted as Q;', Q,,, and T}, for 1 < n < ¢, where

q is the order of b.
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Figure 6.1. The pieces in the collectlon T when p =4 and q=3.

Let P be the collection consisting of the above 3p pieces on the A-side and 3¢ pieces on

the B-side, depicted in Figure 6.1 for the case p =4 and ¢ = 3.
Lemma 6.1.1. The collection P is sufficient.

Proof. The discussion above shows that any simple surface can be reduced to a P-simple
surface by a sequence of splittings. Note that splitting preserves the number of edges in
the gluing graph and adds a vertex representing a disk piece, thus it decreases —x/(S) by
Lemma 4.2.4. Thus if we start with a connected simple surface S with x(I'g) = 1, applying
splitting once (if applicable) modifies it into a P-simple surface S’ of the same degree with
—x(8") < —x(S). Moreover, the resulting gluing graph I'¢s has two components, each of
which is a tree. Hence one of the two components has lower complexity than the original
one. Thus the infimum of —x(5)/n(S) over all connected simple surfaces with y(I'g) = 1
does not change as we restrict to connected P-simple surfaces with x(I'g) = 1. Hence P is

sufficient by definition. O

Now we can apply the formalism in Section 4.4 to compute a lower bound of stl;([a, b])
by linear programming. The lower bound turns out to be sharp in this case. The following

elementary observation is helpful to simplify our computation.
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Lemma 6.1.2. For any n > 2 and any set of numbers xj, > 0, 1 < k < n, there is another

set of numbers x% > 0 such that
13 joy kg = 2of—y ks
2. DR T = D1 Tk
3. @, > xp; and
4. x%zOforalll<k<n.

Proof. If x; > 0 for some 1 < i < n, we construct non-negative numbers {z} } with z} = 0
and satisfying bullets (1), (2) and (3). Let A = TTLL—:ZI € (0,1) and p = % € (0,1). Then
A+nu=1and A+ p = 1. So the following set of numbers

x’l =z + \xj, T = Ty + px;, :E; =0, and mgﬂ =y forall k # 1,7,n,

satisfies (1), (2) and (3). Hence, the conclusion follows by a sequence of such changes by

making one x; zero at a time. [l

Lemma 6.1.3. I[f A=7Z/p and B =7/q are generated by a,b, then for G = Ax B we have

1

stla([a,b]) =1 — min(pg) =1

Proof. Let P be the sufficient collection above. Consider the polyhedron Cp defined in
Section 4.4. Let x; (resp. z;) be the coordinate corresponding to the piece P (resp.
P.) for each 1 < n < p. Let y (resp. y,,) be the coordinate corresponding to the piece
Q; (resp. Q;,). Let z, and wy, be the coordinates corresponding to the pieces Ry and Tj,
respectively.

Then the gluing conditions in the definition of the polyhedron Cp as in Section 4.4
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become:

k=1 k=1 k=1 k=1 k=1
q q q q p
SThyp > k=g =D kyp + > (k= Dwp =Yz (6.2)

By counting the number of copies of the arc aq, the normalizing condition is

p
> ka4 kzy =1

k=1 k=1

The left-hand side can be rewritten as 2221 k’:c];L + Zizl(k — 1)z + 2221 2j.. Thus by the

gluing condition (6.1) we can express the normalizing condition equivalently as

p q
> Z = (6.3)
k=1 k=1

The Euler characteristic constraint xp > 0 can be written as

p q
Zl— zk+21— wk—l—z a:k—i—a:k Zl—— (i +v;) > 0.
Pt k=1

Note that by the gluing condition (6.1), we have

(1—k zk—l—z :ck—l—:ck)

p p 1 p p
(2 +a;) — = Z Z(k—l)zk] -5 [kag+2<k—1)zk
, k=1 k=1
(z) + ) Z_:
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Similarly, we have

q q p
Zl— wHZ Y + ) = D Wy =Y e
k=1 k=1 k=1

Using the normalizing condition (6.3), the constraint yp > 0 is equivalent to

p q
Z(f’:; + ;) Z i ) (6.4)
=1 =1

The objective is to minimize —y,, which is expressed as

P q
p q —
Z( —1Zk+z —1wk+<§—1>(x +m)+<§—1>(y;+yq)
k=1 k=1
p=l, 1
+ E(x_k"—i-xk)—l—za(yk + )
k=1 k=1
1 o 1 _
=3 kak —O—Z(k—l)zk +3 kak —|—Z(k—1)zk
k=1 k=1 k=1 k=1
1 q q 1 q q
+ 5 > kyt ) (k= Dwy +5 D kyp + Y (k= Dwy
k=1 k=1 k=1 k=1

:Zwk+zzk 7+yq++yq*)
k=1

=1—(zf +x, +yi +u;),

where we used the gluing conditions (6.1) and (6.2), and normalizing condition (6.3) at the
last two steps, respectively.

By Lemma 6.1.2, we may assume x% =0forall 1l <k < pand y]? =0forall 1l <k<gq.
In addition, if we let le = :L‘,;/ = %(:EZ + ) for all k& without changing zj, and wy, the

constraints (6.1)—(6.4) and the objective function are all unaffected. Thus we can assume
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x; = ;. for all k and similarly for yki. Hence the linear programming problem reduces to

minimize: 1 — 2xp — 2y,

P
subject to: x1 + prp + Z(k — 1)z, = Z Wy,
k=1 k=1
q p
yi+qyg+ > (k—Dwp =Y %
k=1 k=1
q p
Z wg + Z 2 = 1
k=1 k=1
1
r1trptyrtyg > 3

Ty Yis 2, W = 0,

where z; = :L‘;t (t=1orp),y = yii (¢ =1 or q), and the first four constraints correspond
to (6.1)—(6.4).
By symmetry, assume p < ¢. On the one hand, note that by the first two constraints

and the fact that wy, z;. > 0, we have

q p

it ap <Y wp—(p—Dap, and y1+yy < Y 2z — (= Dyge
k=1 P

Thus using the third and fourth constraints, we get
p

q
§$1+$p+yl+?/q§Zwk—(p—1)$p+zzk—(q—1)yq§1—(p—1)($p+yq)7

N | —

which implies 2(zp + y4) < ﬁ and thus the objective 1 — 2(zp +y4) > 1 — Ll On the
other hand, this lower bound 1 — ]% is achieved by the feasible solution x1 = %(1 — Ly,

Tp = ﬁ, y1 =yq =0, w1 =1, w;, =0for k > 1, and z; = 0 for all k. Hence we conclude
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Figure 6.2: A connected P-simple surface S with the given number of pieces satisfying
X(I's) = 0 in the case ¢ > p = 5.

that the minimal value of the linear programming is 1 — —— 1 Thus
min(p,q)—1

1

sthg(a.t]) 21— o=

by Lemma 4.4.1.

Moreover, for the feasible solution above, let n = 2(p — 1). Take nmf =nr] =nr| =
p — 2 copies of Pfr and P, take nx; = nx, = nxp = 1 copy of P]j' and P, and take
nwy = 2(p — 1) copies of T. Such pieces can be glued into a P-simple surface S of degree
n = 2(p — 1) that is connected and has x(I'g) = 0; see Figure 6.2 for an example where

g > p=>5. Thus by Lemma 5.2.2, 1 — —x(5)/n is the limit of complexities of

1 —
min(p,q)—1
a sequence of connected simple surfaces with xp = 1. This implies

1

se((ab) <1- oo

by Corollary 4.2.7. Combining the two parts we obtain the desired equality. O]

Now we generalize this formula using Theorem 4.3.1.
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Theorem 6.1.4. Let G = A x B be a free product, and let a € A and b € B be torsion

elements of orders p and q respectively, where p,q > 2. Then we have

1

stlg([a,b]) =1 — i g) =1

Proof. Let A" = Z/p and B’ = Z/q be the subgroups generated by a and b respectively.
Then the inclusions A’ — A and B’ — B satisfy the assumption (2) of Theorem 4.3.1 since

A" and B’ are finite. Thus the result directly follows from Lemma 6.1.3. [

6.2 The word ab

In this section we consider the word g = ab in a free product G = A x B, where a € A
and b € B are torsion elements of orders p,q > 2. We will focus on the special case where
A =17Z/p is generated by a and B = Z/q is generated by b. The general case will follow from
the isometric embedding Theorem 4.3.1.

Using the setup in Section 4, the word g = ab is represented by a loop < consisting of
arcs o and [, where « represents a and [ represents b. There is exactly one type of turn on
the A-side: (o, ).

Since a has order p, there is a disk-piece with p copies of the arc a on its polygonal
boundary. Therefore, we can apply splitting to any A-piece with more than p copies of the
turn (o, @) on the boundary. So, on the A-side, after splitting we are left with pieces with
1 < n < parcs a on the boundary. Furthermore, these pieces are disks only when n = p.
We denote such pieces by F,.

Similarly, we can reduce simple surfaces by splitting on the B-side to g possible pieces,
each with 1 <n < q arcs . These pieces are disks only when n = q. We denote such pieces

by Qn.

Let P be the collection above consisting of these p types of pieces on the A-side and these
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q types of pieces on the B-side. The first row of Figure 6.1 depicts such pieces when p = 4

and ¢ = 3.
Lemma 6.2.1. The collection P is sufficient.

Proof. Since we reduced the collection of pieces to P by a series of splittings, the argument

in Lemma 6.1.1 shows that P is sufficient. O]
Theorem 6.2.2 (Product formula). Let a € A and b € B be torsion elements of order p

and q respectively such that p < q, then

q

stlg(ab) = stl ab) =1— ————,
G( ) Z/p*Z/q( ) p(q _ 1)

where Z/p and Z./q are the subgroups generated by a and b respectively.

Proof. The first equality follows from Theorem 4.3.1. So it suffices to compute stlz, .,z /4 (ab).

Let P be the sufficient collection above. Consider the polyhedron Cp defined in Section
4.4. Let x,, be the coordinate corresponding to the piece Py for each 1 < n < p. Let y, be
the coordinate corresponding to the piece @)y, for each 1 <n <gq.

The gluing condition in the definition of Cp becomes:
p q
LTS SO
k=1 k=1
The normalizing condition in the definition of Cp is:

p
Z /{?.%k = 1.
k=1

The Euler characteristic constraint xp > 0 can be written as:

o k a k

— = — =) >o.

Zwk(l 2)+Zyk(1 2)_0

k=1 k=1
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Using the gluing and normalizing conditions, this is equivalent to:

p q

D mkt ) iz

k=1 k=1
The objective is to minimize —y(, which is expressed as:

p—1 i
37 +<——1)mp+z yk+<——1>y

1
1

Then, by Lemma 6.1.2, it is sufficient to assume that z, = 0 for 1 <k < p and y; =0

for 1 < 5 < q. This reduces the linear programming problem to:

minimize: 1 —xp —yq

subject to: x1 +prp =1
y1+aqyg =1
1 +aptyrtyg =1

Ilal‘p;ylayq Z 0
Then the constraints imply that
2=z1+y1+prp+qyg > 1+ (p—Dap+(¢—Dyg =1+ (¢ — )(zp +yg) — (¢ —p)rp

Thus

q—p q
(q—D(xp+yy) <14+(g—plrp <1+ —===,
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where we used the assumption that ¢ > p and the fact that z;, < 1/p, which is a consequence

of the first constraint since x1 > 0. Hence it follows that the objective function satisfies

q
1l—(rp+ys) >1— ——.
(7 +39) plg—1)
This lower bound is achieved by the feasible solution x1 = 0, x), = %, Y1 = Iﬁ;f I)q, and
q
Yg = m Therefore, by Lemma 4.4.1, stlz /. 7/,(ab) = 1 — a1

Moreover, the solution above is (projectively) represented by a connected P-simple surface
S of degree p(q — 1) with x(I'g) = 0 in the following way, depicted in Figure 6.3 in the case
where p = 4 and ¢ = 5. There is a single piece of type Q4 in S, where 2 out of the ¢ turns
are glued with 2 turns in a piece of type P, forming the unique embedded loop in I'g. The
remaining p — 2 turns of this piece of type P, are glued to p — 2 pieces of type Q1. As for the
remaining ¢ — 2 turns of the unique piece of type (g, each of them is glued to a new piece

of type P,. For each of these ¢ — 2 new pieces of type Pp, the other p — 1 turns are glued to

a piece of type (1.
q

——— by Corollary 4.2.7. Thus
plg—1)

Therefore, we have stlz .7 /,(ab) <1 —

q

Sth(CLb) = Stlz/p*Z/q(ab> =1- m

]

Remark 6.2.3. There is a product formula [Calegari, 2009b, Theorem 2.93] that computes
scl of ab in a free product A * B for a € A and b € B. The result only involves the orders of
a and b and scly(a) and sclg(b).

It seems unlikely to have such a generalization of Theorem 6.2.2 for stl when a and b are
not necessarily torsion elements. For instance, if a has finite order and b has infinite order,
such a formula would express stl(ab) as a function of the order of a and stlg(b). This does

not seem natural in the following example.
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Figure 6.3: A connected P-simple surface S with the given number of pieces satisfying
X(I'g) = 0 in the case p =4 and ¢ = 5.

Let p < ¢ < r, and let Z/p, Z/q, and Z/r be generated by x, y, and z, respectively.

The methods in Sections 5 and 6 generalize to free products of more than two groups. For

G=2Z/p*Z/q*Z]r, asimilar calculation as in Theorem 6.2.2 gives

q

stlg(zyz) =2 — —.
G2 =2~ o)

Consider G as the free product of A = Z/p and B = Z/q * Z/r, and let a = z € A and

_ 7

p(g—1)

stlg(b) =1 — ﬁ since the result depends on ¢ but not on 7.

b = yz € B. It seems unnatural to express 2 — as a simple function of p and
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