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ABSTRACT

Microbiome refers to the full collection of all microorganisms in a community. Recent ad-
vances in sequencing technologies have allowed scientists to quantify the microbiome com-
positions at an unprecedented resolution. However, high-throughput sequencing data have
unique characteristics such as high dimensionality, sparseness, and compositional nature.
Moreover, the phylogenetic tree that quantifies the evolutionary similarity among all taxa
offers unique modelling challenges. This thesis presents novel statistical models to analyze
microbiome data by leveraging these unique characteristics. The first problem we consider
is testing equality of microbial compositions among groups of populations. We apply the
Dirichlet-tree multinomial distribution (DTM), a generalization of the traditional Dirichlet-
multinomial (DM) distribution, and design a scan statistic that takes advantage of the phylo-
genetic relations among taxa. We provide an upper bound of p-value using this scan statistic
and show that this method has improved power in an empirical dataset and simulation. The
second problem continues the investigation of DTM vs DM by introducing a penalization
method that selects the best model along the DM-DTM spectrum. The last problem we
address is estimating heritability when the input is a matrix of pairwise dissimilarities cal-
culated from beta diversities. Beta diversity is an ecologically meaningful way to measure
pairwise compositional differences by taking variations in all taxa into account. We extend
the traditional ACE variance component model to the matrix case using Wishart distribu-
tion. We also present a new beta diversity measurement, named root-Unifrac, that matches
the positive definiteness requirement of the Wishart distribution. This Wishart ACE model
allows us to directly measure community heritability, which quantifies the contribution of

additive genetics to overall variations in beta diversity.
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CHAPTER 1
INTRODUCTION

Microbiome refers to the full collection of genes of all microbes in a community; for example,
all bacteria in a fecal sample from a healthy individual. The total number of cells for
human microbiome has been estimated to exceed the total number of human cells by a
factor 10. The advent of next generation sequencing technologies, such as Illumina Solexa,
has allowed researchers to investigate the microbiome communities at an unprecedented level
of quantification while avoiding laborious cultivation of individual organisms. There have
been burgeoning efforts devoted to the study of human microbiome in the past decade. For
example, researchers have discovered that microbiome is associated with obesity (Devaraj
et al., 2013; Tilg and Kaser, 2011), diabetes (Giongo et al., 2011; Kostic et al., 2015) and
inflammatory bowel disease (Manichanh et al., 2006). Many studies are very large-scale
initiatives with more than hundreds of samples, such as TwinsUK (Goodrich et al., 2016),
PopGen (Krawczak et al., 2006), American Gut (McDonald et al., 2015), Human Microbiome
Project (Methé et al., 2012), and FoCus (Miiller et al., 2015). These studies jointly point to
the fact that microbiome plays an integral part to our health, and much still remains to be

explored in this area.

1.1 The role of microbiome in human health

Thanks to the increasing amount of effort devoted to microbiome research, one of the most
drastic changes in our understanding of microbiome is that they are indispensable in main-
taining our body’s fundamental ecosystem. Typical services provided by microbiome include
producing important resources and bioconversion of nutrients (Young, 2017). For example,
the gut microbiome is capable of fermenting dietary polysaccharides (fiber) that cannot be
digested by the host (Cockburn and Koropatkin, 2016). They also digest endogenous glycans

such as those that decorate the host mucosal layer. Metabolites produced from digesting
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these substances are mostly short-chain fatty acids, and they benefit both microbes them-
selves and the human host by promoting mucin secretion and barrier function. Another
example of host-microbe co-metabolism is the biotransformations of bile salts and bile acids
in the gut to generate secondary bile acids (Ridlon et al., 2006). These secondary bile acids,
if accumulated to high levels in the intestine, may contribute to the pathogenesis of colon
cancer, gallstones, and other gastrointestinal (GI) diseases. As a result, humans have evolved
to recognize and respond to these bacterially generated secondary compounds, similar to the
way we respond to the short chain fatty acids generated from complex carbohydrates. In
particular, the metabolism pathway of bile acid is closely related to those of cholesterol and
lipid, since bile acids are the end products of cholesterol metabolism (Wahlstrom et al.,
2016). Therefore, alterations in the gut microbiome are regarded as potential treatments for
various metabolic disorders such as obesity and insulin resistance to liver fibrosis.

The human microbiome also plays a vital role in shaping the development and activity of
the host’s immune system, protecting the host from colonization of pathogenic microbes (Shi
et al., 2017). A large part of this function is provided through releasing beneficial nutrients
such as vitamins and short chain fatty acids. In return, the immune system has evolved to
regulate the homeostasis of these highly diverse and evolving microbes (Belkaid and Hand,
2014), and may even alter the structure and function of the microbiome. Studies in germ-free
animals have revealed that the lack of gut microbiota caused a significant immune system
deficiency. Overuse of antibiotics and changes in diet may also compromise the immune
system through inducing microbial imbalance that lacks the resilience and diversity required

to maintain balanced immune responses.

1.2 Microbiome analysis pipeline

So far there are two main sequencing methods to quantify the microbial composition: tar-
geted amplicon sequencing and shotgun metagenomic sequencing. The focus of this thesis is

on targeted amplicon sequencing, but the methods introduced here can be easily extended
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to metagenomic data. For targeted amplicon sequencing, the 16S rRNA gene is frequently
used since it is present within the entire bacteria kingdom and contains highly variable re-
gions (V1 - V9). These variable regions serve as unique markers to identify different types of
bacteria and recover their phylogenetic relationships. Since it is assumed that each bacterial
cell has roughly equal number of copies of this gene, the relative abundance of a particular
bacterial taxon can be inferred by the proportion of its sequences.

The first step in 16S rRNA analysis is to sequence one or a few of its variable regions
on the Illumina MiSeq or HiSeq platform. The raw sequencing data usually contains tens of
millions, or even billions, of DNA fragments in a single run. A common software to process
such raw sequencing data is QIIME (Caporaso et al., 2010), which integrates a number of
third-party tools to facilitate the analysis. QIIME pipeline starts from demultiplexing and
quality filtering the raw sequences in order to link back each sequence to the individual
sample it comes from. After this step, QIIME uses a reference database, such as Greengenes
(DeSantis et al., 2006), to cluster the sequences into operational taxonomic units (OTU),
assign taxonomy to each OTU, and construct the phylogenetic tree. As the name suggests,
OTU is merely an operational definition used to classify groups of closely related sequences.
By default, QIIME clusters 16S rRNA sequences into OTUs using 97% as sequence simi-
larity threshold. Each OTU cluster has a single representative sequence to be used for all
subsequent analysis such as taxonomy assignment and phylogeny construction. The main
advantage of OTU clustering is computational (Nguyen et al., 2016), since it can compresses
millions of raw sequences into only thousands of OTU. It should be noted that results from
OTU analysis can be affected by OTU picking strategies (closed reference vs open reference),
sequence dissimilarity for alignment or software implementation. Let €2 be the set of OTUs
and K = |Q|. The final output from OTU picking is a count vector x; = (1, T2, ..., T; )
for ith sample to denote the number of sequences inside each of the K OTUs. In addition,
every w € () has an assigned taxonomy. It should be noted that 16S rRNA data, in most

cases, only have enough resolution for taxonomy assignment down to the genus level in most



cases. QIIME will also output a phylogenetic tree, which can be used for diversity analysis

or directly incorporated into the model, as shown in Chapter 2 .

1.3 Relative abundance and compositional data

In microbiome analysis, the main question of interest is to quantify the compositional rela-
tionship among bacterial taxa. This composition, otherwise called relative abundance, of K
OTUs for ith sample is written as m; = (m;1, 72, ..., T i) With Zf(:l mij = 1 and m;; > 0.

The unit sum and non-negativity constraint of means that m; lies on a simplex SK.
K
sK = {(m,m2,...,mf) s 7, > 0 for k=1,2,..., K and Zﬂ'k =1}
k=1

As a result, most of the traditional analysis based on Euclidean geometry does not perfectly
fit in this context. For example, the correlation of relative abundances of two taxa, even
though their raw abundance are independent, is slightly negative due to the unit sum con-
straint. For a general review of compositional geometry and relevant transformations, we
refer readers to the work of Aitchison (1986). In addition to being compositional, micro-
biome data are high-dimensional and highly sparse (Li, 2015). Components among the K
dimensions are also correlated due to taxa relatedness. Jointly considering all of the afore-
mentioned factors is known to produce vast challenges in statistical modeling. The most
common choice to model microbial compositions is the Dirichlet-class distributions. In par-
ticular, a Dirichlet distribution defined on S® with parameters o = (a1, 9, ..., ) admits

the following density function:

K
Qg K
= —% - H S, = (m1, 79, ... TEg) €S
[Tj=1 Do) k=1

where I'(+) is the gamma function. Dirichlet distributions have been to applied to microbiome

data for testing equality of compositions (La Rosa et al., 2012) and clustering (Holmes et al.,
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2012). In addition, it can be easily used for regression and variable selection, in which the
question of interest is to identify the association of particular microbial taxa with a set
of covariates such as dietary and life habits (Chen and Li, 2013; Wadsworth et al., 2017).
In this case, the parameters a are modeled as a linear function on the covariates, and [y
penalizations are applied on the regression coefficients to conduct variable selection.

The simplest way to estimate 7; from sequencing data is to divide the OTU counts by

their sum within each sample:

ﬁ'i = wl/]\/vZ (1.1)

where N; = EJKZI zj; is called sequencing depth or library size. However, results produced
from [lumina sequencing platform usually has N; varying by orders of magnitude. This
causes drastically different sampling variabilities for 7;, potentially producing spurious re-
sults for downstream analysis that are sensitive to rare taxa since they have higher chances
to be observed at higher sequencing depth. Consequently, a common strategy is to shrink
the sample sequences down to a common library size by sampling a subset of sequences
from each x;. This additional step to even the sequencing depth across all samples is called
subsampling or rarefaction. Although it brings the sampling variability of all compositions
to a uniform level, the subsampling step discards useful data and is statistically inadmissible
(McMurdie and Holmes, 2014). Therefore, it is advantageous to use model raw counts x;
without normalization.

Since raw counts are known to be over-dispersed when modeled by a simple multinomial
distribution (La Rosa et al., 2012), various attempts have been made to jointly model the
count and the underlying variability in microbial compositions. Examples include Dirichlet-
multinomial, negative-binomial and logistic-multinomial distributions. We have introduced
the Dirichlet distribution in the previous paragraph. The Dirichlet-multinomial can also be
extended to incorporate the phylogenetic tree structure (Wang and Zhao, 2017). Negative
binomial distributions have been extensively applied to differential abundance analysis for

RNA-Seq data (Anders and Huber, 2010; Robinson et al., 2010). However, one shortcom-
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ing of applying negative-binomial distribution on microbiome data is that it targets each
taxa individually, making it impossible to take taxa relatedness or their correlation into ac-
count. Logistic-multinomial has been used by Xia et al. (2013) for regression and variable
selection, but its main drawbacks are computational difficulties (since normal and binomial
distributions are not conjugate) and the need to choose one particular taxon for the log-ratio

transformation.

1.4 Community biodiversity analysis: alpha and beta diversities

The concept of alpha and beta diversities are proposed in Whittaker (1960) to quantify
components of the total species diversity in a landscape. Specifically, alpha diversity mea-
sures species diversity in a single ecosystem, whereas beta diversity characterizes composi-
tional dissimilarity between two different ecosystems. These species diversity metrics are
widely used in ecological analysis since they provide simple and interpretable summary of
the entire communities. As before, let m;, w; € SK be the taxa composition of 7th and
jth sample, respectively. An example of alpha diversity is the Shannon diversity index
H; = — Z]Icle ;1 log m;p., which is equivalent to the Shannon entropy. An example of beta
diversity is the Bray-Curtis dissimilarity BC;; = 25:1 ik — 7kl /(mig + 7j1)- 1t should be
noted that beta diversity needs not to satisfy the condition to be a metric.

The alpha and beta diversity can be defined using the phylogeny, namely the evolutionary
history and relationships, among bacterial taxa. To see why this important, consider a toy
example with three taxa: human, monkey and fish. If two given communities have major
difference in human to monkey ratio but the sum of human and monkey abundances stay
the same, then their difference should be considered less prominent than if they have major
difference in human to fish ratio. This is because the evolutionary distance between mammals
(including human and monkey) and fish is much higher than between human and monkey.
Specifically, a phylogeny over K taxa can be represented as an evolutionary tree spanning

the K taxa as leaves. We defer formal introduction of phylogenetic tree to Chapter 2.
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QIIME will output the phylogenetic tree based on multiple sequence alignment using the
representative sequences for each OTU. This phylogenetic tree is further used to produce
phylogenetic biodiversity metrics such as Unifrac (Lozupone and Knight, 2005; Lozupone
et al., 2007; Chen et al., 2012).

Biodiversity indexes can be incorporated into statistical analysis in various ways. Since
alpha diversity provides a univariate summary of each community, it can be directly modeled
as a response. Example studies of microbial alpha diversity are focused on obesity (Sze and
Schloss, 2016), diet (Menni et al., 2017) and the usage of antibiotics (Wipperman et al.,
2017). A particularly interesting area is to understand the development of gut bacteria in
newborns within the first few years during which significant colonization from environmental
bacteria occurs (Gritz and Bhandari, 2015). This colonization period consequently leads
to an increasing alpha diversity of gut microbiome. The neonatal microbiome has been
known to be sensitive to mode of delivery, antibiotics (Yang et al., 2016) and malnutrition
(Subramanian et al., 2014). Abnormalities in the newborns’ microbiome development can
have a significant impact on the child’s health.

Analysis of beta diversity are slightly more complicated since it requires an n X n matrix
as input, where n is the sample size. More specifically, let B be such matrix where B;; the
beta diversity between ith and jth sample. By definition of beta diversity, B quantifies the
pairwise sample dissimilarities in an ecologically meaningful way. The most common method
to incorporate B is to apply a certain dimension reduction technique, such as principal
coordinate analysis (PCoA) or non-metric multidimensional scaling (NMDS), to find the
best low-dimensional representation of B. The low-dimensional representation themselves
are further used as response for downstream analysis. Since dimension reduction methods
only finds an approximation to the underlying beta diversity, it can be advantageous to
bypass this step and directly incorporate B into the statistical model. For example, Zhao
et al. (2015) uses kernel regression where the kernel matrix is induced by the dissimilarity

matrix B. A complete discussion about the relation between kernel based methods and



distance based methods can be found in Sejdinovic et al. (2013). It should be noted that
there is no guarantee that the induced kernel is positive semidefinite. Therefore, corrections
must be invoked to prevent existence of negative eigenvalues in the kernel matrix. In Chapter
4, we prove that the square root transformation of weighted Unifrac has an exact embedding
into the Euclidean and its induced kernel matrix is a positive semidefinite. Using such beta

diversity avoids the nuisance of eigenvalue corrections and facilitates statistical modelling.



CHAPTER 2
A PHYLOGENETIC SCAN TEST ON DIRICHLET-TREE
MULTINOMIAL MODEL FOR MICROBIOME DATA

2.1 Introduction

The vast improvement in microbiome sequencing tools in the past decade contrasts with
the slower development of statistical methods to analyze microbiome data. Typically, the
majority of taxa can be observed in only a very small subset of samples, which causes the data
table to be highly sparse. In addition, the within-group heterogeneity among samples leads to
pronounced overdispersion in taxa proportions. Since standard multinomial distributions fail
at capturing these features, Dirichlet-multinomial (DM) has been used as a natural extension.
DM was originally proposed by Mosimann (1962) and introduced into the microbiome context
by La Rosa et al. (2012) and Holmes et al. (2012). Applying DM to test cross-group variation
suffers from a number of drawbacks such as inability to localize any signal to a subgroup
of taxa and reduced test power when a large number of taxa is present. Recent efforts to
tackle these issues focus on incorporating phylogenetic tree into the model (Tang et al.,
2017; Silverman et al., 2017; Wang and Zhao, 2017). In particular, Wang and Zhao (2017)
applied an extension of DM, namely Dirichlet-tree multinomial (DTM), first proposed by
Dennis III (1991) under the name hyper-Dirichlet type 1 distribution. DTM is based on
a decomposition of the sample space through a cascade of nested partitions similar to a
Polya tree process (Lavine, 1992). Instead of placing a single global DM on all taxa, DTM
consists of a collection of independent local DMs, each corresponding to a particular internal
node on the phylogenetic tree. Since descendants of each internal node on the phylogenetic
tree share a certain degree of evolutionary affinity, such decomposition strategy allows one
to assign meaningful interpretation to each of the local DM distributions. An additional
benefit is that the local DMs target only particular groups of taxa and consequently enjoy

much lower degrees of freedom. This breaking down of the global distribution on all taxa
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counts allows testing each branch of the phylogeny individually, hence locating the signals to
a certain taxonomic rank. The global cross-group test is therefore represented by a number
of independent and biologically relevant constituents. For more general application of the
Polya tree decomposition to hypothesis testing, see Ma and Wong (2011), Chen and Hanson
(2014), Holmes et al. (2015) and Soriano and Ma (2017).

Although standard multiple testing procedures could be applied to results from testing
all nodes, it is usually not the best practice to treat each hypothesis as a segregated entity.
Soriano and Ma (2017) pointed out that cross-group distributional variations tend to cluster,
which causes hypotheses defined on nearby and/or nested windows more likely to be jointly
true or false. This observation also holds in the microbiome data; cross-group differences
in a certain ancestor node are more frequently accompanied with similar differences in its
descendants. To take advantage of this structure and optimize test power, we adopt ideas
from scan tests through constructing a collection of triplet statistics, each incorporating
evidence from an internal node on the phylogenetic tree along with its parent and one of its
children.

The maximum of all these triplet statistics is used to test the global null hypothesis.
Since the exact distribution of maximum statistic is intractable, we derive an upper and
lower bound on its tail probability based on existing results on union probability (Hunter,
1976; Efron, 1997; Taylor et al., 2007). Our improved strategy first finds a subset consisting of
independent components from the union, followed by bounding the probability of remaining
components conditioned on the complement of that subset. A decay rate of the relative error
of our approximation is also provided.

Section 2.2 briefly reviews the DM model. Section 2.3 formulates the DTM model and
establishes its relation to the DM. Section 2.4 develops p-value approximation on the scan
statistic for the DTM and verifies the result through simulation. Section 2.5 applies the
DTM model on the American Gut dataset to test the association of gut microbiome with a

number of dietary habits. It also empirically demonstrates improvement of DTM over DM

10



through likelihood ratio tests and comparing simulated test power. Section 2.6 concludes

with further discussions on potential DTM extensions. Section 2.7 presents theorem proofs.

2.2 Dirichlet-multinomial for microbiome data

In this section we briefly recap the cross-group testing procedures on microbiome data using
the Dirichlet-multinomial model, as presented in La Rosa et al. (2012). Consider a micro-
biome dataset with n samples and let §2 be the collection of a total of K = |Q2] OTUs.
Without loss of generality, we assume Q = {1,2,..., K}. Each sample is a K-dimensional
count vector representing the number of sequences in each of the K OTUs. Let x; =
(21, %9, ..., T;¢) be the taxa count vector of the ith sample for i = 1,2,...,n. In addition,
define N; = Zf:l z;; to be the total number of sequences in the ith sample, N ; = v T
to be the total number of sequences in the jth OTU, and N, = > "' | N; = 25(:1 N . The
Dirichlet-multinomial (DM) model assumes

q; i1d- Dir(vw), x;|g; ~ Multinomial(N; , q;),

where w = (71, m9, ..., Tk ) satisfies Zszl m;j = 1, m; > 0 denotes the mean taxa proportions
and v > 0 is a dispersion parameter that controls the level of variation across samples.

1

Alternatively one may use ¢ = 1 to parametrize the dispersion so that 0 < 6 < 1.

Integrating out the g; gives

V(N ) 1y Dl +vm)
= (0 ) e I 2.)

Throughout this paper we use f(-) exclusively to denote the DM probability mass func-
tion. When v = oo (6 = 0), the DM degenerates to the standard multinomial distribution.
Smaller values of v indicates larger degrees of overdispersion. Assuming x;’s are independent,

the likelihood function is simply the product of probabilities over all samples:
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K

ZEE () a1

=1 : j=1

[(x;; + Vﬂj)] (2.2)

['(vm))

As is shown in Weir and Hill (2002), the method of moments (MoM) estimates of the

mean proportion 7t and dispersion # are respectively

A

7 = (71,79, .., T ) with 7%] = N]/N

K
Z(S - Gj)
0= e ;
3 (5 + (Ve = )G)
_ - 2 n RS -
where we have N, = N. (anL—l 1 Vi Y Y= 1Nn(7;” %) yand Gj = 12175\72.(”;;‘@1;”3)
i=1 Vi,

with ﬁij = xlj/]\/vZ
For hypothesis testing, Suppose we collect G groups and the gth group data is given by
a:gg),mgg),..., ﬁl) with N Z]— xi‘ and N0 = 7 lNi(g). Similarly we define the

g 1=
gth group parameters as 7r(9), 9) with 909) = m. We wish to test the equality of mean
proportion across all groups:
Hy - ) =72 = = 76 5 H, : otherwise

Let #(9) and 69 be the MoM estimates of w(9) and 0(9), respectively. The cross-group

pooled estimate of 7 is #(Pool) _ Z?:l 597%(9) with:

(N ())2C(é() _(.g))*l

YT (NORCE0, N
where
g
@9, N9y = é(@(Z(Ni(g))? _ N(g)) L N®
i=1



Finally, the test statistic is defined as

G
T =3 (79— wlPe)T(5,) = (#lo) — 7lPool)) (2.3)
g=1

where Sg is a diagonal matrix given by

Sg = ((N.(,g))z(](ég, N'(.g))_1>_1D(ﬁ.(Pool)>’

Pool)

and D(fr(P OOZ)) is also diagonal with diagonal elements given by #( . The asymptotic

distribution of 7" under Hy is X%K—l)(G—l) as ng — oo for all g.

2.3 Dirichlet-tree multinomial and hypothesis testing

To incorporate the phylogenetic tree into the model, Wang and Zhao (2017) considered
an extension named Dirichlet-tree multinomial (DTM). DTM allows us to separately test
cross-group differences in each internal node, locating the source of overall difference within
particular subgroups of OTUs. Each of the local test, by design, has the benefit of reduced

degrees of freedom.

2.3.1 Model formulation

Let T = (Q,Z) be a rooted phylogenetic tree where the set of OTUs  are placed on the
leaves and Z is the set of all internal nodes. We represent the elements in Z to be subsets of ()
since each internal node is uniquely identified by the subset of all OTUs underneath it, and
vice versa. FEach subset of OTU that corresponds to an internal node shares a hypothetical
ancestor along the lineage. Additionally, each leaf node is uniquely identified by a singleton
set consisting of that particular OTU.

Figure 2.1 shows an example of a simple phylogenetic tree over 5 OTUs and 4 internal
nodes. This tree has Q = {1,2,3,4,5} and Z = {{1,2,3,4,5}, {1,2,3},{4,5},{2,3} }.
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Figure 2.1: An example of a phylogenetic tree with five OTUs.

Now for VA € Z, let C(A) be the collection of A’s child nodes in 7. The elements of C(A)
are also subsets of Q. Also VA € ZU{{w}w € Q}, A # Q, let R(A) denote the parent node of
A. In Figure 1, for example, C({1,2,3}) = {{1},{2,3}} and R({1,2,3}) = {1,2,3,4,5} = Q.
Notice that certain C(A)’s contain singletons of €2 since some children are leaves. Let k(A) =
[C(A)[ be the number of children under A and write C(A) = {C(A)1,C(A)2,...,C(A)a)}-

For each i =1,2,...,n and j = 1,2,....,k(A), let

rii(A) = > miy
wGC(A)]
be the count of the jth child of A in the ¢th sample. The count vector associated with A is
therefore
z;(A) = (z1(A), 2i2(A), s T4y (4))

with the sum N;(A) = ng) 1i(A) = D eATiw It is straightforward to see that

N;i(C(A);) = x;;(A) for j = 1,2,...,k(A). In addition, we always have N;(Q) = N; .

The DTM distribution separately models the count vector a;(A) conditional on N;(A)
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for each A. Specifically for VA € Z,
pd.d. . . .
qa; <" Dir(vama), i(A)|Ni(A), g4, ~ Multinomial(Nj(A), g 4;) (2.4)

where v4 > 0 is the overdispersion parameter of the counts of A’s children and w4 =
(7TA’1,7TA’2,...,7TA7]€(A)) satisfying Zfﬁ?) m4; = 1 denotes their mean proportion. The

Dirichlet prior distribution of all A’s are mutually independent. Integrating out q4 ; gives

k(A)

Ni(A) [(va)
(wz‘(A)) L(Ni(A) +va) H

J=1

[(zj(A) +vama ;)
L(vama,j)

f(@i(A)IN;(4))

, (2.5)

which ultimately yields

fr(my) = T f(2i(A)IN;(A)) (2.6)

and likelihood function

Lr({(vg,ma): A€T}) = H H (4)) (2.7)

with f7(-) and Lp(-) denoting the DTM probability mass function and likelihood function
respectively. The representations in (2.5) and (2.6) naturally lead to a top-down generative
scheme of the count data on the nodes, as each layer of DM models a subset of OTU counts
at increased level of resolution conditioned on their sum.

Interestingly, Dennis IIT (1991) showed that the global DM distribution on OTU counts
is nested in the DTM family. A simple explanation of this relation is that both the global

Dirichlet prior and the multinomial probabilities can be factorized over Z, i.e.

A)
q; ~ Dir(vm) & VA€ T, a;(4) ~ D1r< Z T -
> Yiw A
weA we

) independently

weA
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x;|q; ~ Multinomial(N; , q;) <

q;(A)
, Z Qiw

w€eA

VAeZ, x;(A)|q;, Ni(A) ~ Multinomial(N;(A)

)

where we similarly defined

Gj(A) = > i @i(A) = (gi1(A), gia(A), -, gig(a)(A))
weC(A);

A = 3 mw(A) = (m1(A), ma(A), s m ) (A))
wEC(A)j

In the DTM representation of global DM, the overdispersion and mean proportion of
the counts of A’s children are respectively vy = v)  camw and w4 = 7(A)/ > e Tw-
It is not hard to notice that there is a bijective correspondence between 7 and {mwy =
w(A)/ > ea ™o : A €L} In addition, all of these local dispersions are governed by a single
global v, which is highly restrictive as it does not allow any node-specific characterization
of within-group variation. Section 2.5.2 provides likelihood ratio test results supporting this

claim.

2.3.2 Hypothesis testing

The DTM model in (2.6) and (2.7) motivates a node-by-node testing strategy for cross-group
comparison. To compare the proportion across G groups of observations, we carry out an

MoM test using (2.3) individually for each A, i.e.

Hy 4 : WS) = 7753) =..= 7TE4G) vs H, 4 : otherwise

Each of the MoM test statistic are calculated conditional on { N i(g ) (A)1<g<G,1<i<

ng}, where N, ) A) is the sum of OTU counts under A in the i¢th sample of gth group. The
g 1
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test statistic for Hy 4 has degrees of freedom (G —1)(k(A)—1), much smaller than the degrees
of freedom for DM test as (G—1)(K —1). The local DM test is therefore more powerful than
the global DM test, provided that the extent of cross-group difference on the internal nodes is
not diluted too much as we group multiple OTUs together. Obviously, the extent of dilution
is largely determined by the tree structure. The ideal scenario is that OTUs placed under
the same internal node A demonstrate increasing or decreasing abundance simultaneously
for all samples in a certain group, so HO, R(A) will be most effective. This also motivates
using the phylogenetic tree to carry out the decomposition, as functionally similar OTUs
tend to exhibit similar abundance changes within the same group.

The mean proportion of all OTUs across G groups are equal if and only if Hy 4 is true
for all A € Z. Therefore, we define the global null as Hy = NgezHp 4. Controlling the
Type-I error on the global null is simply equivalent to controlling the family-wise error rate
(FWER) across Hp 4’s.

The following theorem makes controlling FWER straightforward:

Theorem 1. Let py be the MoM p-value for testing Hy 4. Under the global null Hy =
NaeczHo A, PA’s are asymptotically mutually independent as the number of subjects in each

group goes to infinity.

Section 2.7 has a proof of this theorem.

The independence of p-value under the null grants one of the following procedures to
control the exact FWER at level a: (i) Sidak’s procedure, in which one assigns equal Type I
error a(A) =1 — (1 — a)Y/Z to all A’s (i) allocate a4 according to the tree structure while
constraining 1 — [[ 4c7(1 — agq) = a. After choosing the individual Type I error thresholds,

one can report the collection of nodes {A:py < ay, A € I} as being significant.
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2.4 PhyloScan: scan statistic over the tree tuples

Cross-group difference in distributions of taxa counts often occurs in clusters or chains on the
phylogenetic tree. If one internal node exhibits significant difference in relative proportion
across several groups, then this is often associated with signals from at least one of its
children or parent. Figure 2.4 shows four examples of signal clusters on American Gut data
using the top 100 OTUs with the highest counts. In each graph, subjects are divided into
two groups according to different ingestion frequencies in one of the following diets: milk
and cheese, seafood, sugary sweets and vegetable. (details in Section 2.5.1). The size of the
circle on internal node A is proportional to -log(p4) from the cross-group comparison (the
circle colors are irrelevant here). It is apparent that large circles tend to form in chaining
patterns, which motivates scanning for signals in chains or clusters instead of on each node
separately. Moreover the partitioning nature of the phylogenetic tree always leads to much
smaller sample size on the bottom nodes (farthest from the root placed on top). Sharing
information across nodes would alleviate the limitation to detect distributional differences
on the bottom level.

Without prior knowledge of the length and shape of signal clusters, we focus on only
triplets formulated by a certain internal node, its parent and one of its children. Each
triplet has its own statistic defined as the sum of all the node statistics within, pooling
signal strength from its members. The maximum of these statistics on all the triplets is then
used to test the global null hypothesis. Our method belongs to the class of scan statistics
(Glaz et al., 2001), in which one searches for signals over varying sizes of windows. In our
case, each window denotes a particular branch of the phylogenetic tree. The shape of our
designed triplet reflects our knowledge of correlated signals on the tree, while the size of
the triplet achieves a compromise between signal pooling around neighboring nodes and the
ability to detect alternatives in short chains. Since the exact distribution of the maximum
statistic is unknown, we design a novel method to calculate the upper and lower bound of

its tail probability using low dimensional integrals that can be efficiently evaluated through
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standard numerical integration techniques. Since this entire hypothesis testing procedure is

established on the phylogenetic tree decomposition, we call it PhyloScan.

2.4.1 Quverview

For each A € Z such that R(A) € Z and C(A) NZ # (), we define a triplet to be the
set of three consecutive internal nodes {A, R(A),C(A);} where i € {1,2,...,k(A)} satisfies
C(A); € Z. Let B be the set of all such triplets, and without loss of generality we write
B = {By,Bs,...,B,} where each B; is a triplet and b = |B| depends on both K and the
structure of the tree. We assume the ordering of elements in B obeys the following rule:
{A, R(A),C(A);} always has a smaller index than (or appear in front of) {4, R(A),C(fl)j}
if Ac A. Now we proceed to define the test statistic for B; as follows. First, each of the
p-values on the internal nodes can be inverted to a chi-square random variable with 1 degree

of freedom, namely

ZA= Fl_l(pA) forall A € Z,

where F; denotes the cumulative distribution function (CDF) of X? distribution. Theorem
4 states that under the global null Hy, Z4’s are asymptotically mutually independent. In

order to test the following hypothesis on each triplet

Hyp, = m Hy 4 vs H, g, : otherwise,
AeB;

we define the statistic to be the sum of Z4’s within:

Wi= > Zjfori=12 .0 (2.8)
AeB;

It is apparent that each W, ~ X% under H p.. For the global null hypothesis Hy =
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NaezHo A = 0?21]"]0,61-7 we use the maximum of W;’s as the test statistic:

W = max W;. (2.9)
1<i<b

Since B;’s overlaps with each other, W;’s are heavily correlated and the exact distribution
of W is hard to derive. For testing purposes, it suffices to calculate the tail probability of
W. Suppose our observed value of the maximum statistic is w, and let B;(w) = {W; > w}
be the event of ¢th triplet statistic exceeding w . Without incurring any confusion, we may
drop w and simply write B;. We are mainly interested in the global p-value P(U?:1 By),
which boils down to the problem of bounding the union probability.

The simplest upper bound of the union probability is the Bonferroni inequality:

Several authors have provided sharper bounds over the Bonferroni inequality in the past
few decades. The results in Hunter (1976), Worsley (1982) and Efron (1997) suggest the

following improvement:

b
P(| ) Bi) = P(By) + P(By N Bf) + P(Bs N B{ N BS) + .
=1
b
<P(Bi)+ ) Ijngl P(B; N BY) (2.10)
1=2

In particular, min;; P(B; N B;) is achieved at j = ¢ — 1 when the neighboring variables
(W;_1, W;) have the highest pairwise correlation. Each of the term inside summation can
be easily evaluated by numerical integration. It can be easily generalized to the union of

more than two sets to improve approximation. More generally, the above inequality belongs
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to the class of approximations with the following representation:

b

P(UB) < 3 0P B)) (211

=1 Jes jedJ

where f(.J) is some non-negative function on subset of S = {1,2,...,b}. Naiman and Wynn
(1992) and Naiman et al. (1997) gave results regarding when (2.11) achieves equality. Fol-
lowing their work, Dohmen (2000) and Dohmen (2002) gave further improvement on the
Bonferroni inequalities. There is also research on Bonferroni inequalities for particular ap-
plications, such as Dohmen and Tittmann (2004) on partition lattice and Taylor et al. (2007)

on maxima over Gaussian random fields.

2.4.2 Bounding the union probability

Our upper bound of the union probability involves a decomposition of ngl B; into (i) a
union of independent events and (ii) their complement in U?:l B;. The probability of the
union of independent events can be exactly evaluated, while a similar strategy to (2.10) is
applied to estimate its complement.

Specifically, let M = {M1, Mo, ..., M} be a class of disjoint nonempty subsets of Z
satisfying Vi <m,3j < bs.t M; C B;. For each i, define M; = {3_ 4\, Z4 > w} to be the
exceeding event on M;. It follows that Vi < m,d5 < bs.t M; C Bj. Write M = Uﬁl M,;

This leads to

|

C

™
I

P(M)+ P(M€)- U B;| M) (2.12)

since M C U?:l B;. The independence of M;’s leads to a straightforward calculation of
P(M) as P(M) =1 — Fy(w)"1 Fy(w)2F3(w)’ where t; = |{i < m : |M;| = 1}| and Fj(-) is
the CDF of XZZ distribution. Next, we approximate P(U?zl B;|M€) using a similar strategy
0 (2.10). It is apparent that enlarging M will always decrease P(Ui‘):l B; N M€) and most

likely the error of its upper bound, which makes our strategy superior to directly applying
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(2.10) to the B;’s.

The next question is how to choose an M as large as possible. An obvious optimality
condition is that |J;"; M; = Z, because otherwise we can always enlarge M by {Z4 > w} for
a certain A € T\ |Jj2; M;. Moreover, the elements in M should not be able to combine to-
gether and still belong to a certain element in B, i.e. Viy, iy < m,3j < bs.t. M; UM;, C B;.
This is because merging M;, and M, enlarges M, i.e. M; UM;, C {ZAeMiluMlé Zy >
w}. Since an exhaustive search over all combinations is computationally infeasible for large

trees, we propose the following greedy algorithm that satisfies these optimality conditions:

(a) Order the elements in Z as Ay, Ao, ..., A\I| such that each internal node always appears

in front of its children.
(b) Set M =0 and i = 1.
(c) For each i = 1,2, ...,|Z|, sequentially go through the following steps:

(i) If 35 <mst. A; € M, set i <= i+ 1 and go back to the beginning of step (c).
(i) If 3j1,j2 s.t. C(Az)jl €7 and C(C(Ai)jl)jQ € 7, set M +— MU{A;, C(Ai)jPC(C(Ai)jl)jQ}
and i <— i+ 1. Go back to the beginning of step (c).
(iii) If 351 s.t. C(A;)j, € Z, set M <= MU {A;,C(A;)j,} and i < i+ 1. Go back to
the beginning of step (c).
(iv) Otherwise, set M <~ M U {A4;} and ¢ < i+ 1. Go back to the beginning of step

().

The above greedy algorithm seeks to incorporate the longest chain (with maximum of
3 nodes) starting from A; and use its descendants as subsequent nodes, if A; has not been
included in M so far. Since the parent node is always considered ahead of its children,
the resulting M will always satisfy the two aforementioned optimality conditions. As the

algorithm prioritizes longer chains at each step, it effectively produces a large M that yields
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relatively accurate estimates of the union probability for our applications (numerical results
to be shown later).
Figure 2.2 shows an example of M on a simple phylogenetic tree with K = 13 OTUs.

Each internal node in M; is assigned the same number ¢ for : = 1,2, ..., 7.

WWFJTFLW

;L{

Figure 2.2: Example configuration of M using the greedy algorithm.

The remaining task is to put an upper bound on P(ngl B;|M€). For each i < b, let
Ni={j:|BjNB;| =2and j <i}. Apparently |N;| <2 for all i because of the ordering of

B;’s. Write Bys, = Uje N; Bj for short. Now we proceed as follows:

b b

P({J Bi|M®) <) P(B; N B§:|M°) (2.13)
=1 =1

The equation in (2.13) is very similar to (2.10) in that for each B;, it includes only
the highest correlated events By, which will minimize the right side of the equation. It is
worth noting that P(B;|M¢) = 0 if B; € M, hence the strategy of prioritizing triplets while
constructing M. To efficiently evaluate each of the terms in the right side of (2.13), notice
that the distributions of Z 4 conditioned on M€ are the same as the product of a truncated
chi-square and an independent Dirichlet random variable, so their density function can be

expressed using chi-square CDFs. Let f;(-) and Fj;(-) denote the density and CDF of XZZ
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distribution respectively, then the marginal density of Z4 conditional on M€ becomes

fa(z|M€) =

flgf} if |M<A)y —1Aw< 2
Fy(w—2)fi(z
Fy(w)

Fo(w—2)f1(z
F3(w)

, if I M(A)|=2Aw <z
(2.14)

,1f\./\/l( =3 Aw<z2

0, otherwise
\

where we define M(A) = M; if A € M;. The existence and uniqueness of M(A) is

guaranteed by the fact that { My, Mo, ...

, M} are disjoint with J;%; M; =Z.

The joint density of Z4, and Z4, for VA1, Ay € T is

fay a,(21, 20| M€) =

fay (21| M€) f 4, (22| M), if M(A1) N M(Az) =0

2

J1(zi
i:plﬂz(u(]) ), if M(A1) = M(A2) A |M(A7)] =
A 22: zi <w
, =k (2.15)
Fy(w— ; %) llefl( )
il , if M(Ay) = M(Ag)

2
ANM(AD)|=3ND 2z <w
1=1

0, otherwise
\

Given w, we pre-calculate the density functions in (2.14) and (2.15), and the CDFs of

Z 5 using (2.14) and of Z4, + Z 4, using (2.15) up to a certain precision and store them into

the memory. This turns each term in the right side of (2.13) into at most two-dimensional

integrals.

R2Cuba (Hahn, 2005).

We evaluate these integrals using the functions cuhre and suave in R package
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Substituting (2.13) into (2.12) gives

b b
Py=P(|J Bi) < Py = P(M) + P(M) -} P(B; N B§:|M°), (2.16)
i=1 i=1
where Fj is the actual p-value and Fj; is its upper bound. Let e;; = Py — Fy be the error
of our approximation. Using a similar strategy to Theorem Al in Taylor et al. (2007), it

follows that

S

cy = P(M)Y  (P(B; N B§,|M®) = P(B; N B{_; N Bf 5N ..Bf|M°))

1=1

b
= P(M¢) Z P(B; N B N ( U B;)| M)
i=1 J<i.jEN;

<PM9> P( |J (BinBy)|MO)

=1 j<ijEN;

b
<P(M9> > P(B;nB;j|M) (2.17)
=1 j<i,j¢N;
Each term in (2.17) can be evaluated by at most three dimensional numerical integral using

the pre-calculated densities and CDFs. This also establishes

b
Pye (Py—P(M9> > P(B;nBj|M°), Py) (2.18)
i=1 j<i ¢
In the next section we give the numerical results of Py and upper bound of ¢ using
the phylogenetic tree from the American Gut dataset. In addition, we have the following
theorem on the convergence rate of the relative error with regards to the observed statistic

w.

Theorem 2. Given the set of all triplets B and the partition M on the internal nodes T,

define the following quantities:
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o & ={(0,§):BiNB;j=0,B;¢ M,Bj ¢ M and1<j<i<D
° {2:|{(i,j):|Biﬂ5j|:1,6i¢M,Bj§éM and 1 < j <i < b
o &3={i: M| =3 and 1 <i<m}

Then under the condition that (&3 — 1)(1 — Fy(wy)) < 0.1 and wp > 12, we have

v & 0.96 1
Py " 0.956 1 &p (1= Fy(w) + 0.95¢5 + gT\/; w

=0 6) +O(w™)

for all w > wp, where

0 P(Bin BY. 0 MO

T I Fy(w)

15 evaluated at w = wp

See Section 2.7 for the proof.

2.4.83 Comparison with Monte-Carlo simulation

We compared the lower and upper bound in (2.18) with Monte-Carlo simulated p-values.
Each round of simulation produces 5 x 10% simulated maximum triplet statistics, and we use
their proportion of exceeding w as the estimated p-value. The maximum triplet statistic is
simulated through generating the X% distributed Z4’s for all A € Z and then applying (2.8)
and (2.9). We draw the comparison for a variety of scenarios with different numbers of OTU
K € {50,100} and different observed statistic w € {15,20,25}. Given K, the tree structure
is obtained from keeping the top K OTUs with the highest count in all feces samples from
the American Gut dataset (introduced later). In each scenario, we provide the histogram of
simulated p-values over 5000 rounds.

Figure 2.3 shows that our bounds consistently contain the center of the simulated p-

values. Since the Monte Carlo p-values are merely binomial proportions, the ratio of their

26



it of Total
it of Total

. . . . . . . . .
: : : 154
107 H H r
; 10 4 L
8 - i S _
5] : ] S
: 8 g w0
6 | . 5 ]
g : g 2
H H H
8 $ $
3 g s L &
& 4 - &
5
0+ = 0+ = 0+
T T
e-04 4e-04

T T T T T T T T T T T T
0046 0047 0048 0049 0050 0051 0052 0.0045 0.0050 0.0055 0.0060 2 6e-04 8e-04

P-value P-value P-value

L . . . . . n . .
: 12 | L i
10 4 r
: s | L
: 5] ]
: L & s
| 5 5 L s
: £ ]
: g g
: I s
: 5 54 L
: L g s
' 2 F
0 = | o L 04 L

T T T T T T T T T T T T T T
0094 0096 0098 0100 0102 00095 00100 00105 00110 00115 00006 00008 00010 00012  0.0014

Percent of Total
it of Total
1t of Total

P-value P-value P-value

Figure 2.3: Comparison between the interval bound and simulated p-values. Each simulated
p-value is the proportion exceeding w over 5 X 10% runs. Dashed lines indicate the upper
and lower bound as in (2.18). Top row and bottom row indicate K = 50 and K = 100
respectively. Left column: w = 15, middle column: w = 20, and right column: w = 25.

spread (measured by standard deviation) to Py goes to infinity as Py — 0. In contrast, our
method gives a ratio that tends to zero by Theorem 2. This makes our approach particularly
useful for scenarios where a large number of tests leads to very small p-value threshold after

multiple testing correction. In order to keep a fixed relative error, the computation time of

Monte Carlo method needs to scale up much faster with w than our method.

2.5 Application to American Gut Project

American Gut Project [McDonald et al. (2015)] is an open-access and crowd-sourced initia-
tive that involves the public into the research of human microbiome and aims at providing
a much more comprehensive reference set than the previous Human Microbiome Project
(Methé et al., 2012). After contributing to the project fund, participants complete a ques-

tionnaire and ship their microbiome sample to the sequencing lab currently located at Uni-
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versity of California, San Diego. The questionnaire covers a wide range of topics regarding
demographic information, diet, lifestyle, etc. Sampling sites include skin, tongue and feces,
although the vast majority of participants provided the feces sample. The samples are se-
quenced on 16s rTRNA and further processed by QIIME (Caporaso et al., 2010) pipeline to
produce the OTUs and the phylogenetic tree. The 2016 May 16 cohort of public dataset
includes more than eight thousands of subjects, with median of sequences per individual as

14680 and standard deviation as 32455.

2.5.1 Cross-group comparison

Our focus is comparison of the feces microbiome across different diet habits. We pick the
top 100 OTUs with the highest count summing over all feces samples. The phylogenetic tree
on these OTUs is fully binary. We also select a total of seven categories of diet from the
questionnaire. Each diet divides the samples into two groups; group 1 consists of individuals
with ingestion rate less than three times per week, and group 2 corresponds to more than
or equal to three times per week. Since the questions are not compulsory, a large number of
subjects do not leave any response. The diet names and their sample sizes in both groups
are as follows: fermented plant (830 vs 3024), fruit (2336 vs 1660), milk and cheese (1743
vs 2261), poultry (1421 vs 2611), seafood (556 vs 3452), sugary sweet (1542 vs 2493) and
vegetable (3422 vs 577).

For each diet type, we test the equality of mean proportions between two groups using
three methods: DTM with PhyloScan, DTM with Sidak correction and global DM. Table 2.1
presents their p-values using the 100 OTUs. The DTM(PhyloScan) column contains Py and
the upper bound of its error €7 in the parenthesis, both derived in Section 2.4.2. DTM(Sidak)
column is calculated as the Sidak multiple testing correction 1 — (1 — mingezp A)|I| R~
|Z| mingc7 pa. We also provide DM p-values after grouping the 100 OTUs into family and
class levels, respectively. The grouping operation based on taxonomy is a common practice

in recent papers including La Rosa et al. (2012) and Chen and Li (2013). At each taxonomic
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level, all OTUs with missing taxa information are placed into the same group. This leads to
a total of 22 categories on family level and 9 categories on class level. The DM p-values are

calculated using the R package HMP.

Table 2.1: DM and DTM p-values for testing microbiome compositions across different diet
habits. DTM(PhyloScan) contains Py; and the upper bound on ey shown in parenthesis.
DTM(Sidak) contains the Sidak-corrected p-values 1 — (1 — minAEsz)m. For DM, we
provide p-values directly on the 100 OTUs as well as after grouping the 100 OTUs into
family and class levels, respectively.

DTM DM

Diet PhyloScan Sidak OTU Family Class

Fermented plant 0.308 0.239 0.377 0.147 0.038

(0.036)

Fruit 8.75 x 102 1.64 x 10~4 2.81 x 1073 0.012 0.218
(1.52 x 10~9)

Milk and cheese 1.07x10~%  6.48 x 1073 0.029 0.262 0.285
(1.86 x 10~9)

Poultry 0.023 0.111 0.158 0.287 0.691
(8.71 x 10~4)

Seafood 6.85 x 10~° 6.40 x 103 1.75 x 10~4 0.194 0.772
(1.17 x 1079)

Sugary sweet 5.13 x 1073 0.015 0.719 0.558 0.815
(1.43 x 10~4)

Vegetable 7.39 x 1075 4.79 x 10~° 3.77x 1073  1.88x 1073  0.014
(1.27 x 1079)

All diet habit comparisons exhibit significant DTM(PhyloScan) p-values at 0.05 level
except fermented plant. This is consistent with the findings in Turnbaugh et al. (2009)
and David et al. (2014), both of which established that the human gut microbiome is highly
sensitive to the dietary nutrient composition. DTM(Sidak) also produces similar significance
results, although in five out of seven comparisons its p-values are larger than PhyloScan.
The largest relative difference occurs at seafood comparison (Sidak p-value about 100 times
greater than PhyloScan). The remaining two comparisons (fermented plant and vegetable)
are likely to have either a single dominating signal or weak clustering pattern, both of which
hurt testing power after signal pooling. Still, PhyloScan has only mildly larger p-values
under these circumstances. This data analysis concludes that PhyloScan is superior to Sidak

correction in most cases. Note that p-values of DM on OTUs fail to reach significance for
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fermented plant, poultry and sugary sweet. This happens in even more comparisons on
family and class levels.

We further visualize the significant internal nodes in Figure 2.4 for four of the diet
comparisons: milk and cheese, seafood, sugary sweets and vegetable. Using a simple binary
search, we find that w = 16.579 yields Py = 0.05 with ¢y < 2.43 x 1073, All triplets
with test statistics greater than the above threshold, i.e. W; > 16.579, are plotted in dark
gray. In some cases the triplets overlap with each other, leading to a much longer chain
than the original setup. We also provide the taxonomy for all internal nodes that belong
to a certain significant triplet in Table 2.2. The internal node taxon is defined according to
the following algorithm: starting from kingdom, repeatedly decrease the rank by one level
until the descendant OTUs of that particular internal node no longer share the same taxa
on the next lower rank (missing taxa on OTUs are excluded). The algorithm then picks
the common taxon of the descendant OTUs on the rank at which the algorithm stops. In
other words, the internal node taxon reflects the finest classification upon which all of its

descendant OTUs agree.

2.5.2 DM vs DTM test

We can also test the model fit of DTM against DM directly on the OTUs. Since DM is

nested in the DTM family, we can use the likelihood ratio test (LRT) for

Hy:3v>0st. VA€T,vg=v Y m, (DM) vs H, : otherwise (DTM)

weA
with the test statistic defined as
L(v, ) 9
A(xz) = —2log — ~ Xtr_; under Hy, (2.19)
Lr({(Da,7a): AeT}) “HI-T
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Figure 2.4: Significant triplets from DTM testing. Top left: Milk and cheese, top right:
seafood, bottom left: sugary sweets and bottom right: vegetable. The size of the circle on
internal node A is proportional to —log(py4). Triplets with W; > 16.579 are plotted in dark

gray.
where (7, 7) in the numerator of (2.19) are MLEs of the DM model, and each (©4,7 4) in
the denominator are obtained through maximizing the DTM conditional likelihood (2.5).
We use the low-storage BFGS optimization implemented in package nloptr to calculate the
MLE estimates. The degrees of freedom in (2.19) is |Z| — 1 for a binary phylogenetic tree
since (i) dim(7w) =dim({myg : A€ T}) = K — 1, and (ii) dim({v4 : A€ I}) = |Z|.

Table 2.3 shows the LRT result. The test is separately applied to male and female

Caucasians living in a variety of geographic regions. Each region consists of certain states in
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Table 2.2: Taxa on significant triplets from PhyloDM hypothesis testing for each diet com-
parison. Each internal node that belongs to a certain significant triplet is assigned a taxon
based on its descendant OTUs (details described in section 2.5.1). Only the lowest level
taxon is reported for each internal node. We omit the class rank since there are no signifi-
cant internal nodes on such level in any cross-group comparisons.

Diet Phylum Order Family Genus

Fermented plant — — — _

Fruit Firmicutes Clostridiales Clostridiaceae Clostridium

— — Ruminococcaceae Faecalibacterium

Milk and cheese — — — Bacteroides
Poultry — Clostridiales — Coprococcus
Seafood Firmicutes Clostridiales  Lachnospiraceae Coprococcus

— — Ruminococcaceae Ruminococcus

Sugary sweet Firmicutes Clostridiales  Lachnospiraceae Coprococcus
— — Ruminococcaceae —
Vegetable Firmicutes Clostridiales  Lachnospiraceae Blautia
— — Ruminococcaceae Coprococcus
— — — Lachnospira

the U.S. defined according to Bureau of Economic Analysis. The degree of freedom for all
tests is 98 since our phylogenetic tree is binary and |Z| = |K| — 1 = 99. All scenarios yield
LRT p-values less than 10710 which indicates significantly improved fit on the data using
DTM. We also note that A(x) in general increases with the sample size, as evidence towards

heterogeneity in OTU dispersion strengthens with more available data.

2.5.3  Simulation

We use two simulation strategies to evaluate the power of PhyloScan test under various con-
ditions. From American Gut dataset, we extracted a total of 662 individuals who identified
themselves as male Caucasian living in the far west (Alaska, California, Hawaii, Nevada,
Oregon and Washington). In each round of simulation, these selected samples are randomly
divided into two equal-sized groups to generate data under the global null. For data un-
der the alternative, the first simulation strategy randomly selects an OTU and increases its
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Table 2.3: Likelihood ratio test for DM vs DTM. The test is separately applied to male and
female Caucasians in a variety of geographic regions. Each test is accompanied by the LRT
statistic A(x) and the sample size.

Male Female

Region A(x) Sample size A(x) Sample size
Far West 14179.76 663 15768.10 775
Great Lakes 4025.36 180 5541.45 276
Mideast 7497.80 328 8112.80 396
New England 5630.21 239 5793.38 269
Rocky Mountain  6084.90 244 6676.25 300
Southeast 7030.43 324 7383.72 366
Southwest 3442.69 153 3675.52 189

count by a fixed percentage for all samples in the second group, whereas the second simula-
tion strategy random selects an internal node and increases the count all of its descendant
OTUs equally by a fixed percentage for all samples in the second group. We use the same
100 OTUs as before and produce 5000 rounds of simulation.

Figure 2.5 demonstrates the distribution of DM and DTM p-values under the global null.
We fit three separate DM on 100 OTUs, family level and class level. The histogram of
DTM p-values is produced by using all the p-values on the internal nodes. Surprisingly, the
distribution of p-values for DM on the OTUs is far from being uniform on (0,1), which leads to
conservative inference and loss of power. The discrepancy alleviates as we group more OTUs
into family or class level, although its empirical distribution is still noticeably skewed. This
phenomenon reflects the fact that DM is severely under-parametrized for microbiome data
even in low dimensions, as it fits a single dispersion parameter that simultaneously controls
all categories. In contrast, DTM solves this issue through fitting a family of dispersion
parameters {v4 : A € I} that leads to better calibrated p-values.

Figure 2.6 and 2.7 show the ROC and power curves when we use the first simulation
strategy to increase the count of a random OTU. We provide the result for (i) DM on the
OTUs (ii)) DTM using the maximum of the single node statistic, or max 7 Z4 and (iii)

DTM using the maximum of the triplet statistic, or max;<, W;. The last strategy is the
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Figure 2.5: P-value histograms under the global null. We randomly place the 662 samples
from Caucasian male living in far west into two equal-sized groups and produce their p-values
for 5000 rounds. Top left is DM on the OTUs, top row right is DM on family level, bottom
left is DM on class level, and bottom right is DTM .

one employed in PhyloScan procedure. Both DTM methods give improved performance
compared to DM due to highly localized signal.

Figure 2.8 and 2.9 show the ROC and power curves when we use the second simulation
strategy to increase the count of all OTUs under a random internal node. The minimum
number of OTUs under the randomly selected internal node controls degree of localization in
the signal. This simulation setup reflects the more biologically meaningful scenario in which
a number of taxa exhibit differences in the between-group comparison. In all cases, DTM
consistently provides higher power than DM. The DTM 3-node method also provides higher
power than DTM 1-node at moderate increment levels. When the increment level is high,
there will be a certain Z 4 whose value dominates all other node statistics, so the extra gain

from pooling signal strength within triplets diminishes.
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Figure 2.6: ROC curves from increasing the count of a random OTU. For left to right, the
percentage increment is set as 100%, 150% and 250%
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Figure 2.7: Power of DM and DTM with regard to different increment in a random OTU at
false positive rate = 0.05.

2.6 Discussion

DTM models the microbiome data through a cascade of local DMs with varying degrees
of resolutions on the phylogenetic tree. We take advantage of the correlated signals on
the tree through a scan statistic approach and provide upper and lower bound on its tail
probability for testing cross-group differences. Both empirical results on American Gut data
and simulations demonstrated the efficiency and accuracy of our method.

DTM is a generalization of DM with |Z| — 1 more dispersion parameters. An interesting
question is whether one could stepwise tune the model (hence the number of parameters)
from DM to DTM. To start, the DTM representation in (3.1) shrinks to the degenerate
DM if dv > 0 st. vq4 = v eaTw for all A € Z. This condition is equivalent to vy =
VR(A)TR(A),i for VA € T\{Q1} with A = C(R(A));. Stepwise tuning can be achieved through

requiring only v4 = vp(A)TR(a),; to hold over A € 7 where Z C T\{Q} controls the effective
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Figure 2.8: ROC curves from increasing the count of all OTUs under a random internal
node. The top row and the bottom row have the percentage increment set as 50% and 75%
respectively. From left to right column, the minimum number of OTUs under the chosen
internal node is 2, 3 and 5.
degrees of freedom. Apparently Z = ) leads to DTM and Z = Z\{Q} leads to DM, so
any choice of Z in the middle yields a model between the two extremes. Standard model
selection techniques such as information criterion or cross validation can then be applied.
Although the existence of such spectrum grants substantial flexibility, we note that it can
be computationally infeasible to examine the model fit of all olZ1-1 possible configurations.
A potential workaround is to enlarge 7T stepwise by a greedy algorithm or use dynamic
programming, but it is not clear under which conditions we are guaranteed to recover the
global optimum.

Since our PhyloScan procedure requires only the p-value as input, it can be easily applied
to any extensions or other distributions. For example, the DTM framework can be adapted

to incorporate continuous variable of interest and adjust for the effects of confounders. When

the tree is fully binary, we let Ay = 74 1 to fully represent w4 = (741,11 —741) in (3.1).
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random internal node at false positive rate = 0.05. From left to right, the minimum number
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Then we can build separate logistic regression models for each A:

S
log = Bao+Barut Y Basiics (2.20)

A
1—Xy —

where 4 ; is the ith regression coefficient, u denotes the continuous variable of interest
and ¢y, ¢9, ..., cg are the confounders. After obtaining maximum likelihood estimates of the
coefficients as well as v 4, we test the significance of u’s coefficient to produce p-values and use
them as input to PhyloScan in order to borrow strength from neighboring nodes. Another
possible extension is related to the issue of zero-adjustment. In Figure 2.5, DM p-values
exhibit apparent right skew under the global null hypothesis. A follow-up inspection shows
that MoM estimation tends to produce higher expected zero count than observed. Both
right-skewness and zero-deflation of the global DM are likely caused by underestimation of v,
which makes the Dirichlet prior more dispersed. In DTM, we still observe mild level of zero-
deflation, although the extent is much less severe than global DM. It is also possible to have
zero-inflation when one switches to a different sequencing technology or OTU construction
algorithm. Incorporating zero-adjustment into existing model can lead to significantly better

fit while easily handled by PhyloScan.
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2.7 Theorem proofs

2.7.1 Proof of Theorem 1

We provide the proof when the phylogenetic tree is binary. The result can be easily gener-
alized to an arbitrary tree. The elements in Z can be ordered as A, Aog, ..., A|I| such that
each parent node always appears in front of its children. Let p4, be the p-value for testing
Hy 4,- Without loss of generality, let us assume A|I| = {K — 1, K}. For any subject with
OTU counts @, the probability function (2.6) can be written as

fr(z) F(x(ADIN(A))

I
a8

T

1
F(2(ADIN(AY) - f(2(A17)IN(Ag))

~

1
= fr(z1, 22, . wx 2, N(Ai7)) f(2(A17)IN(A7),

which yields

fr(®IN(Ag) = fr(e1 e, w59, N(AzIN (A7) f (@ (A7) IN(Az))-
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Since the above conditional independence relationship holds for all subjects, it follows that

PAg, is independent of all other p4,’s conditional on N (Am). Therefore under Hy,

1] 121

P(({pa, < a}) = B(P(({pa, < al}IN(Ag)) )
=1 =1
IZ|]-1

= E<P( () {pa, < a}IN(Az)) P(pay, < a\II|N(AII|))>
I=1
Z|-1

- O‘\ZIE(P( ) {pa, < OCZHN(A|I|))), asymptotically
I=1
Z]-1

= ai P([) {pa, <)),
I=1

where the second last equation requires the asymptotic distribution of (2.3) to hold so that
P(pA‘I| < oz|I‘|N(A|I|)) becomes very close to 7).

Repeating the above procedures iteratively for A|I|—17 A|I|_2, ... Aq gives

IZ| Z|

P(({pa, <) =[]
=1 1=1
2.7.2  Proof of Theorem 2
By (2.17),

b
cw<> > PB;NBNM)
i=1 j<i,jgN;

= ) > P(B; N B; N M°).

The elements inside the summation sign above fall in one of the following two categories

(i) |B; N Bj| = 0 which means P(B; N Bj N M¢) < P(B; N B;) = (1 — F3(w))?
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(ii) |B;NB;| = 1so that P(B;NB;NM¢) < P(Z?:l Y, > w, Z?::;Y; >w,Y; < w for all 7),

where Y;’s are i.i.d. chi-square distributed with 1 degree of freedom.

[
M\ﬁd

e

Let f1(y) = y NoTS be the density function of Xl Conditioning on Y3 gives the following

upper bound on category (ii):

ZY>wZY>wY<w / fily ZY>w\Y3—Z/)

5
P> Y; > w|Ys = y)dy
=3

_1 _y
wy 2e 2

:/0 W(l—Fg(w—y)ydy
y 26 26 (w_y)dy

il

e —w w

- V21 Jo

1 w
< 09w 2¢e¢" 2 for w > 12,

y_?efdy

where the last line is deduced by noticing that the function h(w fO Y -3 e’ dy—2.25w™ %e%
saﬁﬁms1)huz)<:0and2)h%uo::—0J25w‘?ei-+1125w*fef::e% w™2(1.125w " —
0.125) < 0 for w > 12. Together they establish fgu y_%e%dy < 2.25w_%e% for w > 12.
Since there are &1 terms in (i) and &y terms in (ii), we have
1 w
v < &1 (1 — Fy(w)® +0.96w 2e 3 (2.21)
Our next step is to put a lower bound on Pp;. According to (2.16),
b
Py = P(M)+ Y P(B;nBf, N M°). (2.22)
1=1

The lower bound of first term in the right side of (2.22) is obtained by considering only
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the triplets in M:

P(M) > 1— F3(w)®

—1-(1-(1- F3(w))>€3

> &3(1 — F3(w)) — w(l — Fg(w))Q, by Taylor expansion
> 0.95¢3(1 — F3(w)), as long as &3(1 — F3(w)) < 0.1. (2.23)

Next, we get the lower bound of the second term in the right side of (2.22). For any
fixed 7, let Y71,Yo and Y3 denote the i.i.d. X% variables included in the event B; so that
B; = {Z§:1 Y; > w}. Then we have

P(BiN By 09 = [ o0l o) P(BG 0 M o, )y
2 yi>w
- [ Aty
> yi>w
where we define fi(y) = fi(y1)f1(y2)/1(y3) and h(y,w) = P(By, N My1,y2,y3). In

addition, let V(w) = {y : Z?:l y; > w} denote the region of integration. By Reynolds

transport theorem (or multidimensional Leibniz’s rule),

d c o i
%P(BiﬂBMmM)_/‘/(w) fl(y) h(y,w)dy

T / (v - 1) f1 (), w)d A (2.24)
AV (w)

where OV (w) is the boundary of V(w), vy, is the Eulerian velocity of the boundary, n is the

outward-pointing unit-normal, and dA is the surface element.
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On the other hand,

d d
%P(Bi = - fi(y)dy
- / (v, - 1) f1(y)dA (2.25)
oV (w)

Since both B/cv_ and M€ strictly enlarges as w increases, h(y, w) is an increasing function
of w. This leads to 8%}h(y,w) > 0. Moreover, h(y,w) < 1 from definition. Lastly, the
fact that V(wy) C V(wg) for any wy > wg gives vy - m < 0. These altogether establish
%P(BZ' N B/c\/} NnM°) > %P(Bi) as we compare the expression in (2.24) and (2.25). With
the apparent relation P(B; N B/C\/i N M) < P(B;), we conclude that

d P(B;n Bf\/i N M)

_— 0 for all 4 2.26
T PB)) > 0 for all (2.26)

Therefore if we only focus on calculating €7/ Py for w > wp where wyp is a pre-fixed
value, then we can first evaluate Z?:l P(B; N Bf, N M€)/(1— F3(w)) =& at w = wp. By

(2.26),
b

> P(BiN B, N M) > &p (1 — Fy(w)) for w > wyp (2.27)
1=1

Plugging in (2.23) and (2.27) into (2.22) gives

Py > (0.95¢ + &) (1 — Fy(w)) (2.28)
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The upper bound on €77 in (2.21) and the lower bound on Py in (2.28) yield
o &(1— Fyw)? + 096w 2e 8
Py (0.95¢3 + &) (1 — F3(w))
_a(1-Fw) 0.963w "¢
095 +E&r (09583 + &) (1 — Fy(w)

&1 (1 — Fa(w)) 0.96 \/E 1
S T0G e 0BG V2w (2.29)

for all w > wp > 12. The last line comes from substituting the following equation:

SIS

1 o0 Ly Vw [ _y 2w _
1—F w) = —m— e 2d > — e 2d = —e€
3(w) /_27T/w Ve 2dy /_27T/w y -

Lemma 1 in Laurent and Massart (2000) gives 1 — F5(3 +2v/3t 4+ 2t) < e~ for all t > 0.
Since 3 + 2v/3t < 4t when t > 2, we have that 1 — F3(6t) < e~ ! or 1 — F3(w) < e~ for

w > 12. Therefore, the rate of decay for e/ Py is O(e™6) + O(%)
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CHAPTER 3
DTM MODEL SELECTION BY SMOOTH APPROXIMATION
TO TREE-BASED FUSION PENALTY

3.1 Tree-based fusion penalty

In the previous chapter we discussed that the Dirichlet-tree multinomial (DTM) family
is a generalization of the global Dirichlet-multinomial (DM) model. In fact, there exists a
spectrum of models from global DM to DTM. This chapter presents a penalization algorithm
for optimal model selection along this spectrum.

We start from reviewing the notation introduced in the previous chapter:

1. T =(Q,7) is a rooted phylogenetic tree where the set of OTUs € are placed on the
leaves and Z is the set of all internal nodes. Also, let Z = Z\{Q2} be the set of internal

nodes excluding the root.

2. VA € Z, C(A) = {C(A)1,...,C(A) s, }. is collection of A’s child nodes in T, and let
R(A) denote the parent node of A. J4 = |C(A)| is the number of children under A,
and J = )" 4c7 J4. Without loss of generality, we assume J4 = 2 (i.e. binary tree) in

this chapter.

3. Foreachi=1,2,...,nand j =1,2,..,Jy, 7;;(A) = > @, is the count of the jth
WEC(A)j
child of A in the ith sample. Also, define @;(A) = (z;1(A), z;2(A), ..., Z’Z'JA(A)>.

4. N;j(A) = Zjﬁl 7;;(A) = Y eA Tiw is the total number of sequence under A for the

1th sample.

The DTM assumes that, VA € Z,

i, . .
qa; < Dir(vy), xi(A)|Ni(A),qa,; ~ Multinomial(N;(A), g4 ;) (3.1)
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where v 4 = (v41,742,--,v47,) are the Dirichlet dispersion parameters. Notice that this
is a different parametrization from the previous chapter. As we mentioned before, DTM is

equivalent to global DM if
Ja

VA e, ZVAj = VR(A)s 4 (3.2)
=

where A is the s4th child of R(A), or equivalently A = C(R(A))s,. The flexibility comes
from allowing (3.2) to be satisfied for only a subset of 7, vielding a full spectrum of models
with number of parameters ranging from » 4o7J4 (full DTM, (3.2) not satisfied for any
A€ 1T)to|Q (global DM, (3.2) satisfied for all A € 7).

Let v be the concatenation of all v 4’s into a single vector. Define [(v;x) as the sum of
log likelihoods on all internal nodes. The log likelihood of DTM takes the following form

(up to an irrelevant constant):

Ja xz](A) 1 Ni(A)—l
ZZ (> Z log(va; +€) = Y log(va +9))
—1 AT j=1 ¢=0 =0

where v4 = Zjﬁ 1 V4;- From now on we shall write () for short. The fact that (3.2) con-

trols the model complexity suggests we use the tree-based fusion penalty for model selection:

mln —l(v)+ A Z VR(4) Z VAl (3.3)

AeT

where A > 0 penalizes deviation from the global DM model. The tuning parameter A can
be chosen by minimizing the Bayesian information criterion (BIC) or cross-validation.

We show an example of the tree-guided fusion penalty on the dispersion in Figure 3.1.
Here 7 = {Aq, Ay, A3} with A} = {w1, w9, w3, ws}, A9 = {wi,we} and A3 = {ws,wy}. The

value of dispersion parameters are v 4, = (2,4), v 4, = (1,1), and v 4, = (0.5,1). Therefore,
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(0.5, 1)
w3
(2,4)
w2
(1,7)
w1

Figure 3.1: Example of DTM dispersion. For each internal node, the first and second number
in the parenthesis denote the dispersion for its left child and right child, respectively.

the class of fusion penalties is calculated as
AM2=1-1]+4-05-1])

The penalty in (3.3) belongs to the class of fusion penalty first introduced by Tibshirani
et al. (2005), although the parameters of interest are drastically different (dispersion versus
fixed effect). The original problem considered by Tibshirani et al. (2005) is regressing y;

against covariates x;1, ..., 2, when there is a natural ordering of the covariate dimensions:

p p p
B = argming » _ (y; — ZIijﬁj)Q F A 1B+ A2 D 1B — Bl
i = =1 =

The fusion penalty induces sparseness in differences of consecutive §;’s and therefore leads
to piece-wise constant solution. This fusion penalty can be easily generalized to the scenario
where there exists an external graph on the covariates (Chen et al., 2012). In this case, the
fusion penalty encourages fixed effects that are close on the graph to take similar values.
This graph-based fusion penalty has been used in a variety of applications, including image
classification (Yang et al., 2013), medical imaging (Wu et al., 2016) and regression on genomic

data (Omranian et al., 2016).
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3.2 Smooth approximation to fusion penalty

We follow Chen et al. (2012) to approximate the /1 penalty term in (3.3). To start, notice that

each [Vp(A)s, — ZJC(:P v4 | is a linear combination of elements from v € R”. Therefore,

let C e R\ﬂxj be such that

JA
ICV[lL =AD" Wpays, — D vajl (3.4)
AcT Jj=1

Using the property of dual norm, we have ||Cv||; = MAX| || <1 a'Cv. Now, define

_ / H 2
fulv) = max (o'Cv — Flall}) (35)

as a smooth approximation to ||Cv|[1. Obviously, fo(v) = ||Cv||1 and fu(v) < fo(v). In
addition, we have
w7l

p
plledly = ==

folv) = fulv) < max_ 2 ;

" lello<1 2

This means that we simply need to take y = 2¢/|Z| to achieve fo(v) — Julv) <e
According to Theorem 1 and Proposition 2 in Chen et al. (2012), f,(v) is convex with

the gradient as follows:
Cv

Vi) =Ca* o =9( .

) (3.6)

where S(z) = max(min(z,1), —1) applies to a vector element-wisely. Furthermore, V f;,(v)
is Lipschitz continuous with the Lipschitz constant L, = ||C||?/u, where ||C|| is the spectral
norm of C.

We use a simple example to demonstrate the smooth approximation to fusion penalty.
Let v = (v1,19) and C = (1, —1), which means that ||Cv||; = |v1 — vo|. We plot ||Cv||;

and fy(v) in Figure 3.2 when p = 0.01. Using the definition of S(-), it is easy to deduce
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that a® = sign(Cv) when |v; — vo| > p and a* = Cv when |v; — 19| < p. Therefore,

lv1 —wo| = G, if [y — 9| >

fulv) =

2
v1—r9 .
%> if [v1 — 1ol <

o N . — Fusion
=} SN T - - Smoothed fusion
2 ; ,

=}

T T T T T T T
-0.03 -0.02 -0.01 0.00 0.01 0.02 0.03

Vi=Vz

Figure 3.2: Plot of ||Cv||1 (solid line) and f,(v) (dashed line) versus v — v when p = 0.01.
The vertical dotted line are plotted at £u.

Using f;,(v) to approximate ||Cv||1 in (3.3), we minimize the following objective instead:

hu(v) = =l(v) + fu(v) (3.7)

Unfortunately, calculating —I(v) and —VI(v) involves O3 i1 > 4c7 Ni(A)) time com-
plexity. For high-throughput sequencing data, N;(A) could easily reach tens of thousands
especially for A close to the root, leading to considerable amount computational cost for
each round of iteration. We present an accurate approximation algorithm with O(n|Z|) time

complexity in Section 3.6.

3.3 Minimizing the objective function

3.3.1 Accelerated gradient descent

Chen et al. (2012) applied FISTA (Beck and Teboulle, 2009) to optimize the objective func-
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tion with an additional non-smooth [; sparsity penalty in the linear regression case:

min f(8) = Ly — XBI12 + fu(8) + M1l (3.8)
ﬂERJ 2

In comparison, our optimization problem is the following:

min hy(v) = =l(v) + fu(v) (3.9)
veR?
where Rq]_ is the space of positive real numbers with J dimensions.

There are a few major differences between our case and Chen et al. (2012). First of all,
because of the absence of the non-smooth sparseness penalty on v in our objective function,
there is no need to use the proximal gradient. Therefore, FISTA becomes the accelerated
gradient descent in Nesterov (1983). Second, our problem has a positivity constraint v € ]R;JF.
As a result, we add a simple line search to make sure that at each iteration step, the current
estimate of v satisfy the aforementioned constraint. Third, the non-convexity of —[(r) means
that the solution to (3.9) may not be unique. Last, the Lipschitz constant of h,(v), which is
used to determine the step size in each round of iteration, is hard to calculate in close form
due to presence of [(v). However, we find that using L) = Amax ( — VZZ(V(t))) + Ly, where
Amax () extracts the largest eigenvalue of the matrix in the parenthesis and V2 is the Hessian
operator, can successfully decrease the objective function value when the initial estimate is
chosen by warm start. In the case of linear regression, the above definition of LW is simply
Amax(X'X) + Ly, which coincides with the one used in Chen et al. (2012).

The accelerated gradient descent algorithm to optimize (3.9) is presented as follows:

Algorithm 1 Accelerated gradient descent for smoothed fusion penalty on DTM dispersion

parameters

Input: Count data x, fusion penalty A, initial estimate 1/(0), desired accuracy € and line
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search parameters py, pyw € (0,1).
Initialization: Set 1 = ¢/|Z|, C according to (3.4), L, = ||C||?/u and w(® =0,

Iterate: For t =0, 1,2, ..., do the following until v(t) converges:

1. Compute Vhﬂ(u(t)) using (3.6) and the appendix. Also, calculate L = )\max( —

V2w D)) + L.
2. Find the smallest positive integer z, such that p(t+1) = w(t)—plzj”th(l/(t))/L(t) € ]Ri

3. Find the smallest positive integer z,, such that wttl) = p(t+1) 4 prwHLS(V(Hl) —
t J
vy e R 3

Output: v) = p(t+l)

Nesterov (1983) proved the following result for accelerated gradient descent. Let f(3) be
convex and smooth where V f(3) is Lipschitz continuous with Lipschitz constant L. Then
the accelerated gradient descent satisfies

0 2
- 2L(|180) — g

18" = 1(8) 2

(3.10)

for any B. In our case, however, the non-convexity of the objective function along with
the usage of line search to enforce the positivity constraint makes (3.10) inapplicable. Fur-
thermore, we have avoided explicitly calculating the Lipschitz constant of h,(v) and uses a
heuristic instead. Despite these differences, we observe that the accelerated gradient descent
is still much faster than the naive gradient descent.

Since f,(v) is a smooth approximation to ||Cv||1, the optimal solution &) from Algorithm
1 will not yield a sparse Cv ). Therefore, a threshold D > 0 must be chosen such that any
elements in C'¥ that are within [—D, D] are treated as if there were precisely zero. Here we
provide a heuristic to determine the value of D. For simplicity of illustration, let ¢, be the
set of indices in C') that are treated as if they are zero. Also, define [-]; to be the operator
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that extracts the ith element. When p = ¢/|Z| = 0, we have a* = sign(C¥y) according to
(3.6). In this case, (y is unambiguously defined as {i : [@*]; = 0}. Since elements in a™ can
only take values in {—1,0,1}, we can alternatively write (g = {i : [@]; € (—0,6)} for some
fixed value of 6 € (0,1]. When p > 0, we have a™ = S(Cv)/u) and the above definition of
Gu becomes
Gu =11+ (S22 € (6,00} = {12 [Co); € (~u.10))

Therefore, it is clear that we should set D = pf. In practice, we simply choose 8 = 1, which
leads to D = p.

Algorithm 1 can be further modified by replacing LW in step 2 with step size R that is
dynamically determined by another backtracking line search algorithm (Chen et al., 2012).

This can help accelerating the initial descent especially if L, is very large. Specifically, let
(t) (t ON; )y 4 I (t))2
Qr(viw™) = hy(w™) + (¥ — W) Vhy(w) + v — w|

Apparently, the minimizer of Qp is vt = w(®) — th(fw(t))/R. To guarantee the con-

vergence rate of Algorithm 1, we need the following condition to hold:

ha(D) < QR w®) = by (w?) - [Vhu(w )]

< R (3.11)

Therefore, we could start from setting R to be a small positive constant and pp > 1 as the
backtracking parameter. At iteration t, we repeatedly set R <— ppR until (3.11) is satisfied.
This line search is used in conjunction with searching for z; to ensure that p(t+1) ¢ R‘J]r.

Using line search to determine R can help speed up the initial descent since the local
Lipschitz constant of V f;,(v) within a connected set B can be much smaller than the global
Lipschitz constant, L. The reason behind this claim is that S(x) = max(min(z,1), —1) is

constant for |z| > 1. In particular, consider three different cases of B:

L. By ={v:|[Cv];| < pforall i} = |(u| = |
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2. By ={v:[Cv]; > pforall i} = |(u| =0
3. B3 ={v:[Cv]; < —pforall i} = |(u| =0

In the first case, a* = S(Cv/u) = Cv/p according to (3.6) and the definition of the
thresholding function S(-). Therefore, Vf,(v) = C'Cv/u = V f,,(v) has Lipschitz constant
IC||?/uw = L, within By. In the other two cases, however, we have a* = 1 (case 2) or
a* = —1 (case 3). Therefore, Vf(v) = C’1 is constant within By or Bg, hence its local
Lipschitz constant being zero. Obviously, the more elements of a® being constant within B,
the smaller local Lipschitz constant of V f,(r) becomes. During initial rounds of iteration,
it is very likely that most elements of Cv®) are much larger than g or much smaller than
—. Therefore, 1/L,, is too small as the step size for gradient descent, and the line search is

useful to speed up the convergence.

3.3.2  Partial Newton-Raphson method

The objective function in (3.7) contains a negative log likelihood that is second-order differ-
entiable and a smoothed fusion penalty that is not second-order differentiable. It is worth
investigating whether we can use the Hessian of log likelihood to speed up the convergence.

For the log likelihood, we use a second-order expansion on [(v) around v(®) to find the

estimate at next step:

Vl(t+1) = argmin,, — (l(l/(t)) + (v — u(t))/Vl(u(t)) + %(I/ — I/(t))/v21<1/(t))(l/ — u(t))) (3.12)

where V2 is the Hessian operator. Setting the gradient of (3.12) to zero yields I/Z(Hl) =

o) — (V2l<l/(t)))_1VZ(V(t)), which is the same as the Newton-Raphson update.

For the smoothed fusion penalty, we optimize the following function for a given L:
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Setting the gradient (3.13) to zero yields UECHU =) _v fu(u(t)) /L, which is equivalent
“w
to gradient descent with step size L.
Since the objective function hy,(v) is just the sum of the negative log likelihood and

smoothed fusion penalty, we combine (3.12) and (3.13) to get

JHU:mgmb«—uﬁw+¢Mw%y+@—u®yevmﬁh+vh@®»

N %(V Oy (— w0y L) v - ,,(t))) (3.14)

where I; € R7*/ is an identity matrix. Setting the gradient of (3.14) to zero gives
VD) — 0 (w20 ®) + L1) (= vie®) + £.00) (3.15)

L can be fixed as L = L, or dynamically determined by a line search algorithm. Due to
the same arguments provided in the last paragraph of the previous section, we use the line
search algorithm to select L. Since this method only uses Hessian matrix for part of the

objective function, we call it the partial Newton-Raphson method.

3.3.8  Combining partial Newton-Raphson with accelerated gradient descent

Obviously, the above algorithm is similar to Newton-Raphson when L is small, which makes
the objective function descend much faster than the gradient-based algorithms. As L in-
creases t0 L > Amax(—V2I(v(1)), however, the update in (3.15) becomes more similar to a
naive gradient descent with step size L. In such case, the partial Newton-Raphson algorithm
is inferior to the accelerated gradient descent (Algorithm 1). Therefore, it is important
to distinguish when to use the partial Raphson or accelerated gradient descent. Suppose
U is the optimal solution and let B be a small neighborhood around #,. There are two

possibilities:

1. If |[CP);| > w for all i (which most likely happens when A is small), then &* = S(Cv/pu)
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is constant within which means that V f,,(v) has local Lipschitz constant 0 within Bj,.
Therefore, the partial Newton-Raphson will behave very similar to the raw Newton-

Raphson method.

2. If 3i such that |[CD];| < p, then the local Lipschitz V f,,(v) within By, is on the order

1

of A2/p. If yu is very small, then (l(u(t)) +LIj) = (LI;)~!. As a result, the partial

Newton-Raphson will behave more similar to the gradient descent method.

We use a simple example to illustrate the different convergence behavior between partial
Newton-Raphson method and the accelerated gradient descent. We simulate a DTM dataset
using the following tree with 6 leaves 2 = {1,2,3,4,5,6}. The internal node configuration
7 and the true value of dispersion parameters on each node are set as in Figure 3.3. In this
case, there are three nodes, namely {1,2,3}, {4,5,6} and {5,6}, that satisfy the constraint

in (3.2).

3,2)

(1.5)

Figure 3.3: Phylogenetic tree used for simulation and its dispersion parameters. For each
internal node, the first and second number in the parenthesis denote the dispersion for its
left child and right child, respectively.

We use the above configuration to simulate 100 microbial samples, each of which has
1000 counts in total. Then, we optimize (3.3) at p = 10~* with three different choices of

A € {0.5,1,2}. The reason we choose these values of X is that |(,| = 0,1 and 2 respectively
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Figure 3.4: Comparison of convergence speed between accelerated gradient descent and
partial Newton-Raphson method where ¢ is the step size, h() = () and h* = h(D)).
Here A = 0.5 (left), A = 1 (middle) and A = 2 (right). Solid line denotes partial Newton-
Raphson method, and dashed line denotes accelerated gradient descent with line search for
the step size.

in these three cases. In each scenario, two different strategies are used to optimize the
objective function: 1) accelerated gradient descent (Algorithm 1) but with additional line

search for step size, and 2) partial Newton-Raphson. The logarithm of difference between

ht) = h(w®) and h* = h()) is plotted against time step ¢ in Figure 3.4. The initial

0) 0) _

estimate () is chosen by warm start, i.e. v(0) = 195\ where X is the largest available
penalization parameter that is smaller than the current one.

We can clearly observe the difference of convergence rate between partial Newton-Raphson
and accelerated gradient descent in each of three cases. When A = 0.5, we have |(,| = 0,
which means that the local Lipschitz constant of V f,(v) is zero within a small neighbor-
hood of & 5. Therefore, the partial Newton-Raphson method becomes the original Newton-
Raphson, resulting in a much faster convergence rate than accelerated gradient descent.
When A = 1, however, the fact that |(,| > 0 makes the partial Newton Raphson method
quickly turn into gradient descent at around ¢ = 15, converging very slowly afterwards. The
accelerated gradient descent, albeit initially slower than partial Newton-Raphson, quickly

catches up at around ¢ = 300. Similar pattern is observed at A = 2. These demonstrates the

necessity of choosing the right algorithm to minimize the objective function.
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In practice, we don’t know a priori the relative scale between L, and Amax (—V21(2y)) be-
fore obtaining ). Therefore we use a short pilot-run of the partial Newton-Raphson method.
If the line search parameter L is larger than a predefined multiple of Amax(—V2I(r(1))), we

switch to accelerated gradient descent. This yields the Algorithm 2 below:

Algorithm 2 Combining partial Newton-Raphson method with accelerated gradient descent

Input: Count data @, fusion penalty A, initial estimate V(O), desired accuracy ¢, line search
parameter py, € (0,1) and py, > 1, initial L > 0, threshold U > 0 for the relative multitude
between L and Apax(—V2I(r(1)).

Iterate: For t = 0,1, 2, ...t;max, do the following until p(t) converges:
1. Compute Vi(v®), VQZ(V(t)) and Vfu(u(t)) using (3.6) and the appendix.
2. Calculate the descent direction Av = ( — v2i(1) + LIJ)il( —ViD) + f,(0M))
3. Find the smallest positive integer zj, such that p(t+1) — (1) _ ,OZhAl/ € Ri
4. 1 h(pD) > h(wW), set L« py L and go back to step 2.
5. If L > Ulmax(—V2I(r1)), terminate and switch to Algorithm 1.

Output: v) = p(tt1)

3.4 Empirical results

In this section we provide use simulations as well as a real dataset to demonstrate the profiles
of the fusion penalty as well as the cross-validated log likelihood as A varies. For simulation,
we use the same setup as Figure 3.3, with n = 100, p = 10~% and 1000 sequences within

each sample. We run Algorithm 2 to optimize (3.9) using A € {0.5,1,2,4, 8,16, 32,64, 128}.
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For each element in Cry, we plot its value against logjg(A) in the left plot Figure 3.5
to demonstrate the solution path with regard to the strength of penalization. Each color
corresponds to a particular element in Cv ). To relate these colors to penalization on the
nodes, recall that each element in C'v is, by definition, analytically equivalent to VR(A)sa —

‘j]il VA, for a certain A. The correspondence between the colors and internal nodes are
as follows: black A = {1,2,3}, red A = {2,3}, blue A = {4,5,6} and green A = {5,6}.
The right plot in Figure 3.5 is the negative cross-validated likelihood versus logj(A) using
5-folds cross validation. The cross-validated likelihood, i (+), is defined as the sum of the log
likelihood on each test set (5 in total with equal sizes) using the optimal solution of (3.9) on
respective training sets in each fold. Since we are only interested in the relative difference
among —I(7y)’s in order to choose the optimal ), the y-axis is chosen as —I(7y) + (&) to
better display the numerical scale. At A\ = 2, which yields the minimum of cross-validated
likelihood, there are two nodes that have their fusion penalty value shrunken within [—u, pl:
black {1,2,3} and {4,5,6}. Recall from our previous discussion that since we use a smooth
approximation to the fusion penalty, elements of Cvy that fall within [—pu, p] are treated as
if there were exactly zero. Therefore, the final selected model has 2 less parameters than the
full DTM model. In comparison, the ground truth model has 3 less parameters than the full
DTM model.

We next apply the same algorithm to the American Gut dataset introduced in the pre-
vious chapter. We use 104 fecal microbial samples from all males living in the Plains region
with their 20 most common OTUs. This gives median of sequencing depth as 6301. Similar
to Figure 3.5, we plot the profiles of fusion penalty as well as cross-validated likelihood, as
A varies, using American Gut data in Figure 3.6. The final selected model with the minimal
cross-validated likelihood has A = 0.5, corresponding to three of the elements in C'vg 5 within
[—p, 1] and thus three less parameters than the full DTM model. Furthermore, we plot the
values of uy = VR(A)sy — Zjﬁl VA; for each A € Z, using the solution at A = 0.5, on the

phylogenetic tree in Figure 3.7. The three nodes with uyg € [—u, p] are identified as light
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Figure 3.5: Profiles of fusion penalty as well as the cross-validated likelihood as A varies on
a simulation dataset. Left plot: solution path of elements in C¥) with regard to logyy(A).
Each color corresponds to a particular element in C). Vertical dashed lines are plotted
according to the smallest A such that the particular element in C'y corresponding to that
color shrinks to within [—pu, u]. For example, the blue dashed line is at A = 2, which means
that the element in C'Dy corresponding to blue color stays within [u, u] for A > 2. Right plot:
—I()) + (1) versus logio()). Dotted line is plotted at the minimizer of —I(y) + I(i),
which equals to A = 2 in this case.

blue squares on the tree.

3.5 Understanding DTM model selection through covariance

structures

We end this chapter by presenting an alternative interpretation of DTM model selection
through covariance representations. Since the tree-based decomposition of multinomial dis-
tribution (second part of (3.1)) is the same for both DM and DTM, we only focus on the
Dirichlet part. The discussion here explores the dependence among K OTUs when the
underlying compositions are generated by a Dirichlet distribution or a Dirichlet-tree distri-
bution.

First of all, we introduce the concept of absolute abundance, which measures the actual
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Figure 3.6: Profiles of fusion penalty as well as the cross-validated likelihood as A varies using
the American Gut dataset. Left plot: solution path of eight elements in Cvy with regard to
log1g(A). Only the eight elements that reaches within [—pu, p] prior to or at A = 2 are plotted
here. Each color corresponds to a particular element in C&y. Right plot: —I(y) 4 1()
versus logjo(\). Dotted line is plotted at the minimizer of —I(y) 4 I(&), which equals to
A = 0.5 in this case.

density of bacterias on a certain sampling cite. The relation between absolute abundance

and relative abundance is
a

- =K
D k1 0k

foralli =1,2,...,n, where ¢ = (q1, q2, ..., i) is the relative abundance and @ = (ay, a2, ..., ag)

q

is the absolute abundance. Note that absolute abundance is not the same as sequence
counts. The sum of absolute abundance depends on host-specific environments such as bio-
availability of certain nutrients, whereas the sum of sequence counts depends on sequencing
machine configurations. Typically it is very hard to directly observe absolute abundance,
and for high throughput sequencing data, such value is regarded as completely unobserved.

Measuring the raw covariance among compositional data is subject to negative bias due to
the unit sum constraint Zé(:l qr. = 1. A detailed investigation into such spurious dependence

can be found at Friedman and Alm (2012). As a result, these authors use the following
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Figure 3.7: Visualization of fusion penalty for each internal node using the optimal solution
from cross-validated likelihood, i.e. A = 0.5. The size, shape and color of the object on

internal node A € 7 is determined by its fusion penalty ugq = VR(A)sy — ;']il VA There
are three different possibilities: 1) if uy > p, then the object is a red circle with its size

proportional to log(1 4+ uy); 2) if ug < —pu, then the object is a green circle with its size
proportional to log(1 — ug); 3) if |uy| < p, then the object is a light blue square with
constant size. A total of three blue squares are visible from the plot.

quantity instead

osr = Cov(log ag, log a;) (3.16)

for 1 < s,r < K. The absence of unit-sum constraint on the absolute abundance avoids
the negative spurious covariances. In addition, the value of (3.16) is unchanged when a is
multiplied by an arbitrary constant. This avoids the identifiability issue since one can only
observe g, which is also invariant to multiplicative transform on a. There is a relationship
between the sample covariance of log a and log q using fact that log a,,—log as = log ¢r—log gs,
which, together with sparsity assumptions on {o;s}, can lead to covariance estimates as in

SparCC (Friedman and Alm, 2012) and CCLasso (Fang et al., 2015).
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Now we explore the value of (3.16) when the compositional data is generated from a
Dirichlet or Dirichlet-tree model. For ease of illustration, we use the same tree structure as

in Figure 3.1 so that K = 4. For Dirichlet distribution, it is well known that

g ~ Dir(v) & ap ~ Gamma(vy, 1) independently for 1 < k <4 (3.17)

where v = (vq,...,14). Therefore, o5, = 0 from the independence of aj’s. The scaling
parameter of the gamma distributions can be any positive value other than 1 as long as they
are the same for all a;’s, and they have no impact on the covariance after log transform.

For Dirichlet-tree distribution, g can be alternatively expressed as follows:

1. Node Ay: aj+ag = gf4, and a3 +ay = g(1—04,), where g ~ Gamma(v4,1+v4,2,1)

and 04, ~ Dir(v4,1,v4,2)-
2. Node Ag: a1 = (a1 + a2)f4,, where 04, ~ Dir(va,1,74,2)
3. Node A3: ag = (a3 + a4)f 45, where 04, ~ Dir(vg,1,7452)-
4. g,04,,04, and 04, are all independent.
Altogether, they lead to the following representation on absolute abundances:
L. a; = g04,04,
2. ag =gb4,(1—064,)
3. ag = g(1—04,)04,
1 ag = g(1—04)(1 — 04,)

Before we calculate the values of o4, we need the following facts. Let 1(-) be the first-
order polygamma function, which is defined as the first order derivative of the logarithm of
gamma function. Then 1) g ~ Gamma(a, 1) = Var(logg) = ¢ (a); 2) 6 ~ Dir(vy,19) =

Var(log 0;) = ¢(v1) — ¢(v1 + v2) and Cov(log8,log(l — 0)) = —¢(v1 + va).
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Now we can easily deduce the covariances as follows:

013 = 014 = 093 = 094 = Var(logg) + Cov(log 04,,log(1— QAI))

= ¢(VA11 + VA12) - 77ZJ(V1411 + VA12) =0 (318)

o192 = Var(log g) + Var(log04,) + Cov(log 04,,log(1 — GAQ))
= w(VAll + VA12> + (w(VAll) - w(VAll + VA12)) - w(VAzl + VAQQ)

- ¢(VA11) - I/J(VAgl + VAQ?)

o34 = Var(logg) + Var(log(l — 9A1)) + Cov(log 045, log(1 — 9A3))
= (va1 +va,2) + (V(ae) —¥(wa +vae) — v(vag + vage)

= (va,2) — P (Vaz1 +Va52)

The implications of Dirichlet-tree distribution on covariances is now clear. Take 019 as
an example. When v4,1 = V4,1 + V4,2, Which means that the equality condition in (3.2)
is satisfied for Ao, we have 019 = 0, same as Dirichlet model. When v4,1 < v4,1 + V4,9,
however, o192 > 0 since 9(-) is monotonically decreasing on the positive axis. Similarly
012 < 0 when v4,1 > v4,1 + V4,2 Therefore, the covariance o12 is inherently controlled by
the difference between v 4,1 and v4,1 + v 4,2. This is where the extra degrees of freedom in
Dirichlet-tree distribution contribute to. These pairwise covariances will have a much more
complicated form for a large tree, but in general, we can regard the full Dirichlet-tree model
as an |Z| — 1 degrees of freedom representation of all the K (K — 1)/2 off-diagonal elements
on the covariance matrix {oys}. Testing Dirichlet vs Dirichlet-tree distribution is therefore
equivalent to finding best covariance representation when the degrees of freedom varies from
0 (fully independent) to |Z| — 1.

The covariance interpretation of Dirichlet-tree model has other interesting implications.
62



For example, we can maximize the Dirichlet-tree likelihood over not only the dispersion pa-
rameters but also the tree structure. A special property of Dirichlet-tree induced covariance
is that if there exists a common ancestor node A of four certain nodes (Ay,, As;, Ary, Asy)
such that A, Ar, € C(A)1 and Ay, A, € C(A)g, then oy s, = Opysy. In other words, the
cross-covariance between any of A’s left nodes and any of A’s right nodes is the same for
fixed A. When A = 2 as the root of the tree, then such cross-covariance is simply zero as we
showed in (3.18). The optimal tree structure that maximizes the likelihood function therefore
induces the best hierarchy of binary partitions with constant cross-covariance at each level.
The resulting partition can reveal whether the relations among groups of bacterial taxa, at
various levels, are dominated by mutual benefits or competitive exclusion. However, find-
ing the best tree structure is a combinatorial optimization problem that is computationally
prohibitive. We can use similar approximation techniques in the field of phylogeny infer-
ence (Felsenstein and Felenstein, 2004; Price et al., 2009; Stamatakis, 2014). For example,
a candidate tree is first constructed by a certain agglomerative clustering method, and the

topology is further refined by local searches such as nearest neighbor interchange.

3.6 Appendix: DTM fast approximation

By definition of DTM likelihood,

n

l(v;x) = Z Z La(va;zi(A))
€z

1=1A

where 14 (v 4;@;(A)) is the log likelihood on node A for the ith sample:

Ja zij(A)—1 N;(A)-1
Lavaszi(A) =D log(va;+&) — > log(va +§) (3.19)
j=1 &£=0 £=0
up to an irrelevant constant, with v4 = Z]‘-]il v4j. Due to the summation operation,

evaluating each [;;(04) involves O(N;(A)) computation cost. To reduce this, notice that
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all summations in (3.19) take the form gg(a, k) = Zf;é log(a + £). We use Taylor series
approximation to fast compute gg(«, k) for arbitrary values of o and k based on expansion
on integer grids.

To start, let [o] denote the closest integer to o and define € = o — [a]. Also, let |-] and
[-] be the floor and ceiling operators, respectively. When [a] + £ > 0, log(a + &) can be

expanded as
€ €2

log(a +€) = 10g([04] + 5) + [(l/] +¢ - 2([0&] + 5)2

+ .. (3.20)

In order to simply the demonstration, suppose only quadratic expansion is used. We first
calculate the values of the following three functions for all £ = 2,..., N;(A) and store them

into memory:

k—ll k-1 1
Zlog Sk =) 5 k=3 5 (3:21)
¢=1 ¢=1

Next, we choose an integer T" such that the approximation (3.20) is invoked only when

a+ & > T. This turns the original function value gg(a, k) into

|T—a] k-1
Z log(a + &) + Z log(a + &)
§=[T—a]
LT*aJ
~ Y log(a+&)+ (So(la] + k) = So([a] + [T = al)) + €(S1([a] + k)
=0
2

= S(la] + [T = al)) = 5 (Sa(la] + k) = Sa([a] + [T — a]))

assuming that « is not an integer. With O(N;(A)) memory complexity, calculating go(«, k)
only has O(1) time complexity. As a result, (3.19) is approximated by
Ja
Lawaszi(A) = (D gvaj, zi;(A)) — g(va, Ni(A))
j=1

In practice, we choose T' = 10 and fourth order Taylor expansion, which yields relative error
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less than 1075,

The gradient of (3.19) can be calculated using a similar approximation.

A (A)—
Oly(va;zi(A x”( - NZ% b
@VA] =0 VAj +§ =0 va+¢€
ii(4)—1 N;(A)—1
825A<VA§331'(A)) _ _sz 1 1 Z
w3, o 0t o VA+£
Plg(vaizi(A) Ni%_l 1
8ijc‘)uAj/ P (vaq+¢§)

(3.22)

(3.23)

(3.24)

The techniques for calculating the log likelihood introduced above are still applicable to

gradient calculation. Each term inside (3.22) is of the form g1 (o, k) = >
term inside (3.23) and (3.24) is of the form gy(a, k) = Y¢Z 1/(ax + €)?
expansion on integer grids yields

L1 € =

ate [+E (+€2 (ajrep

L S 3¢
(a+8?  (J+8? (al+&? (ol +)*

as long as [a] + & > 0. The rest details are omitted.

+ ...
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CHAPTER 4
MICROBIOME COMMUNITY HERITABILITY BY A
VARIANCE COMPONENT MODEL USING WISHART
DISTRIBUTION

4.1 Introduction

Genetic variation can lead to differences in food preferences, enzyme activity or immune
response, hence having a nontrivial impact on microbial compositions. Therefore, quantify-
ing the contribution of overall genetic effects to microbiome variation is of great scientific
interest. In most studies of microbiome heritability, different taxon abundances are treated
as separate phenotypes, each of which is analyzed individually through a standard statistical
model such as the Additive Genetics, Common Environment, Unique Environment (ACE)
variance component model (Eaves et al., 1978). Heritability for each taxon is then defined
as the proportion of phenotypic variance that can be explained by the variance of genotypic
values. The ACE variance component model has long been used for heritability estimation
in family studies and recently applied to unrelated individuals (Yang et al., 2011) for a
number of univariate traits such as height (Yang et al., 2010), inflammatory bowel diseases
(Chen et al., 2014) and diabetes (Bonnefond and Froguel, 2015). However, the principal
shortcoming of applying ACE variance model to each individual taxon is that it ignores taxa
relatedness, as the model is unable to differentiate whether the change in a certain taxon’s
relative abundance is caused by its constituent taxa that are phylogenetically similar or dif-
ferent. Furthermore, van Opstal and Bordenstein (2015) argues that this approach leads to
an unidirectional interpretation of genetics-microbiome interaction, in which host genetics
regulates colonization. Considering that microbiome is a collection of organisms, each with
its unique interplay with the host genetics, a more comprehensive view requires capturing the

entire microbial community with the human host. Consequently, it is advisable to directly
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measure the community heritability, which quantifies the contribution of genetic variation
towards compositional differences, i.e. beta diversity, between microbiome communities.

Calculating community heritability based on beta diversity has a major difficulty in sta-
tistical modeling since the response variable is a matrix of pairwise dissimilarity. To comply
with the traditional heritability models, ordination methods such as non-metric multidi-
mensional scaling (NMDS) and principal coordinate analysis (PCoA) must be applied to
transform the dissimilarity matrix into into a univariate response that best preserves the
original pairwise distance. Obviously, different ordination standards can lead to different
heritability results. In addition, the recovered univariate response usually represents only a
fraction of total variation in the dissimilarity matrix and has unclear biological meanings.
These difficulties altogether point to the necessity of a statistical model capable of decom-
posing total variation in a dissimilarity matrix into genetics and environmental components
without any transformation.

A crucial property of a dissimilarity or distance matrix, as pointed out by Gower (1966),
is that it can be transformed into an outer product matrix. This outer product matrix can
be conveniently modeled by the Wishart distribution, which has a straightforward analogy
to the univariate ACE model, hence definition of heritability, by imposing a similar additive
form on the covariance matrix parameter. However, Wishart distribution is only applicable
when the response is a positive definite matrix, a requirement not satisfied by most dissimi-
larity measurements that are ecologically meaningful. A major contribution of this chapter
is that we prove this property for a particular beta-diversity measurement, the square root
transformation of weighted Unifrac. Unifrac (Lozupone and Knight, 2005; Lozupone et al.,
2007) incorporates phylogenetic information among bacterial species and has been exten-
sively applied to a number of microbiome studies. To the best of our knowledge, no prior
work exists to model the entire variation in Unifrac matrix for heritability analysis. Our
result provides an easily justifiable statistical framework, essentially answering the follow-

ing question: to what extent does genetically similar subjects carry phylogenetically similar
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microbial communities? We also provide an extension to Wishart ACE model that directly
incorporates the effect of sequencing noise on beta diversity, thus avoiding the need to rarefy
microbiome samples.

The rest of this chapter is organized as follows. Section 4.2 introduces the Wishart
variance component model with ACE formulation. Section 4.3 proves that the square root
of weighted Unifrac is applicable for the Wishart distribution. Section 4.4 provides empirical
results using TwinsUK fecal microbiome data and from simulation. Section 4.5 concludes

this paper with further discussions.

4.2 Wishart distribution with variance components

We start from reviewing the ACE variance component model (A for additive genetics, C for
common environment and E for unique environment) for heritability analysis on univariate
traits (Eaves et al., 1978). This models assumes additive random effects from genetic factors,
common environments and unique environments. Let n be the number of samples, y be an
n x 1 vector of their univariate traits, X be a n x m matrix of covariates such as age, sex and
weight, and 3 be an m x 1 vector of fixed effects. Furthermore, let A be an n X n genetic
relationship matrix (GRM), C be an n x n matrix that quantifies shared environments,
and E = I,, be an n x n identity matrix for the unique environment effects. The GRM
quantifies additive genetic covariance among individuals. In familial studies, A is twice the
kinship matrix. For example, A; ; = 1 for monozygotic twins and A; ; = 1/2 for dizygotic
twins. Furthermore, C; ; = 1 if and only if ith and jth individual share the same household.
The diagonal entries of A and C' are all set to one. In genome wide association studies on
unrelated individuals, A can be estimated by SNP data (Yang et al., 2011) and the shared
environment matrix is usually omitted.

The ACE variance component model takes the following form:

y=XB+g+ct+e, g~ N(0,034), c~N(0,02C), e~N(0,05E)  (41)
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where g, ¢ and e are assumed to be mutually independent.

Heritability (h) is defined as the proportion of total variance that is due to genetic factors:

2
—

4.2
Ji+a%+a% ( )

A common approach to estimate o2 = (ai, a%, a%) and hence h uses residual maximum
likelihood (REML) (Yang et al., 2011; Zhou and Stephens, 2012). Let L be the (n —m) xn
matrix with its rows spanning the kernel space of X’. Left multiplying (4.1) by L leads to
Ly ~ N(0,LXYL’) where ¥ = 0124A—|— U%C—FUZEE, after which one maximizes its likelihood
to obtain REML estimates 62 and h. The REML likelihood takes the following form:

(%) = —5

1 1
log(2m) — 5 log || - 5y’L’z—lLy (4.3)

We are interested in extending the ACE framework to the case where we can only observe
an outer product matrix or covariance matrix, instead of the raw values of the univariate

traits. To start, notice that the ACE model implies that
E(Lyy'L") = LXL' (4.4)

where yy’ serves as a sample outer product matrix. Now suppose we can only observe an
observed outer product matrix M but not y. This happens when one analyze a dataset
by measuring its pairwise dissimilarities and apply principal coordinate analysis (details
provided in the next subsection). Since both yy’ and M have the same interpretation, an

analogy to (4.4) would be to assume
E(LML') = LEL’ (4.5)

A similar analogy is used by McArdle and Anderson (2001) to derive a pseudo F-statistic to
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test fixed effects when the observation is a pairwise dissimilarity matrix. The effect of L is,
similar to the univariate case, to remove the fixed effects in the outer product matrix M. One
can interpret this by expanding M into the sum of rank 1 matrices: M = Zginlk(M) M, M ;
with M; € R", and imposing that E(M;) = X 3;.

In particular, (4.5) suggests that we can use a Wishart distribution to model Z = LM L’
Z ~ W(T/q,q) where T = LXL’ in order to align with the form of expectation in (4.5).

Without affecting heritability estimates, we can further remove ¢ from the scale matrix and

simply write Z ~ W(T, q), leading to the following log likelihood:

1 —(n—m)—1 -
I(q,0%, Z) = —glog IT| — Etr(T_lZ) + 4 (n 2m) log | Z]| — MlogQ
—logTn-m(3) (4.6)

where I'y,—p,(+) is the multivariate gamma function and ¢ can be any real number larger
than n — m — 1. Maximizing (4.6) leads to the MLEs (¢, 42) and hence h from (4.2) by
using 62. The gradient of (4.6) with respect to 2 is very similar to the case of ACE model
with normal distribution, and the partial derivate of ¢ is straightforward to obtain. We use
gradient based optimization, such as L-BFGS (Liu and Nocedal, 1989), to obtain the MLEs
(4,6%).

The log likelihood (4.6) is only applicable when Z is positive definite. The next subsection
will prove this condition when Z is calculated from a particular microbiome beta-diversity

metric.
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4.3 Community heritability by root-Unifrac and Wishart

distribution

4.3.1 Root-Unifrac and positive definiteness

Unifrac (Lozupone and Knight, 2005; Lozupone et al., 2007) is one of the most popular
metrics to quantify pairwise dissimilarities among microbial communities. A common way
to incorporate Unifrac into the ACE model (4.1) is to apply principal coordinate analy-
sis (PCoA) on the n x n Unifrac dissimilarity matrix and then use each of the principal
eigenvectors separately as a univariate response (Goodrich et al., 2014, 2016; Quigley et al.,
2017). Specifically, let u(7, j) be the Unifrac dissimilarity between ith and jth sample, and
D satistying D; ; = —u(i, §)?/2. Also, define J = I, — 1,1}, /n where 1, is a unit vector
of length n. PCoA first calculates Gower’s centered matrix as M = JDJ (Gower, 1966) ,
which turns a dissimilarity matrix into a centered outer product matrix. This is because if
u(i, 7) is the Euclidean distance between the pair of vectors ¢; and c¢j for 1 <4 <n, then it

is easy to deduce that

M=JccC'J, C=

After this step, one applies principal component analysis (PCA) on M to obtain the principal
eigenvectors to use as univariate traits.

Although the principal eigenvectors of M can quantify community information to some
extent, they are hard to interpret and usually express only a fraction of the total variation in
the Unifrac matrix. An alternative is to directly use M as the observation, which has been
applied to nonparametrically testing fixed effects (McArdle and Anderson, 2001) and widely
used in a number of microbial studies (Chen et al., 2012; Wang et al., 2016). Given the nature
of M being an outer product matrix, it is reasonable to model Z = LML’ as generated

71



from a Wishart distribution, allowing us to maximize (4.6) to obtain the heritability estimate.
However, the central difficulty is that Z may not be positive definite and therefore its log
determinant in (4.6) can be undefined.

In this section, we present our result stating that using the square root transformation of
the weighted Unifrac (Lozupone et al., 2007), which we call root-Unifrac, will guarantee that
LML’ is positive definite under a very relaxed condition. Suppose that we have a rooted
phylogenetic tree with K branches. Let by be the length of kth branch and p; ;. be the taxa
proportions descending from the branch kth in the ¢th sample for 1 <7 <nand 1<k < K.
For 16S rRNA data clustered into operational taxonomic units (OTUs), p; ;. is calculated
by the sum of relative abundances of all OTUs under branch k. Let x; = (241,242, ..., Zip,)
denote the number of sequences belonging to each of the n, OTUs in the ith microbial
sample, then the OTU relative abundances ;, is @;/ > % @jo. The root-Unifrac is defined

as

K
u(i, ) = \| > bilpig — pikl (4.7)
=1

Similar to the original Unifrac, the root-Unifrac takes phylogenetic information and account
for taxa relatedness while comparing different communities. It is simple to show that the
root-Unifrac satisfies non-negativity, symmetry and triangle inequality. Therefore, we can
define a finite metric space (€2, u) where ) = (w1,wo, ...,wy) correspond to the n microbial
samples and u(w;,w;) = u(i,j) according to (4.7). We prove the positive definiteness of
LML’ by showing that (2,u) has an isometric embedding into an Euclidean space with
dimension at least n — 1, as long as there exists a £* such that {p; j+}; are all different. We

will need the following results from Morgan (1974):

Definition 1. (Morgan, 1974) Consider an ordered tuple (kg,k1,...,kN) whose elements
are from a metric space (§2,d). Define an N x N matriz V' such that V; ; = (d2(/<al~, Ko) +
d2(/<oj, ko) — d2(k;, k) /2. (2, d) is called flat if [V'| > 0 for any ordered tuple. Furthermore,

the dimension of (2, d), provided that it is flat, is the largest number N such that there ezists
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a tuple of size N + 1 with |V| > 0.

Theorem 3. (Morgan, 1974) A metric space can be embedded into an n dimensional Eu-
clidean space if and only if the metric space is flat and of dimension less than or equal to

n.

Our main results are the following:

Theorem 4. Let u(i,j) = \/Zszl bilpi i — Pj k| and define an n x n matriz D satisfying

D u(i, 7)2/2. Then the Gower’s centered matriz, M = JD.J, is positive semidefinite

OV
with rank n — 1 as long as 3k* € {1,2,..., K} such that {p; j+}; are all different.

Corollary 1. Assume that the covariate matriz X includes the intercept. Under the condi-

tion of Theorem 4, LML’ is positive definite.

We present the proofs of Theorem 4 and Corollary 1 in the Appendix. Corollary 1
guarantees the applicability of Wishart likelihood to Z = LML'. In addition, Theorem
4 shows that there will be no negative eigenvalues in M, hence no imaginary coordinates
present in PCoA.

Our proof of positive definiteness only uses the fact that u(,j) is the square root of
sum of absolute values. Therefore, it is still applicable if we only sum over a subset of
branches for the distance. This is useful when we are only concerned with the portion of
community difference that comes from a particular taxa such as Firmicutes or Bacteroidetes.
Suppose we have R taxa in total ranging from kingdom to genus level. For the rth taxa, let
Tr C {1,2,..., K} consists of the branches with all of its descendant OTUs belonging to the

rth taxa. Define

wr (i, 5) = \/ S" bulbis — P (4.8)

keTr
as the root-Unifrac contributed by only the rth taxa. Using Corollary 1 and substituting
Z = LML’ into the Wishart variance component model (4.6), we can obtain the a heri-

tability estimate fLTr for each taxa.
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4.3.2  Assessing significance and confidence interval of heritability

estimator

The p-value for testing the null hypothesis Hy : h = 0 against H, : h > 0 on the community
heritability can be obtained by using likelihood ratio test or permutation. In the latter case,
we randomly permute the rows and columns of the GRM matrix A for a total of nperm rounds
and record heritability estimates ﬁ(l), iL(Q), e h(mperm) in each round. Then the p-value is

simply defined as
1{i : () > h}|

Nperm

Since Schweiger et al. (2016) shows that asymptotic-based methods yield inaccurate cov-
erage probability in the normal distribution model, we use bootstrapping to obtain nonpara-
metric confidence interval (CI) for family based studies. When A is estimated by pedigree
information and C' does not contain shared environment between different families, observa-
tions across different families are assumed independent in our Wishart model. This implies
that the observed Unifrac matrix is generated hierarchically in which each family is regarded
as a group. Therefore, we can apply classical bootstrap techniques for hierarchical data
by resampling families (groups). Since Theorem 4 requires existence of an edge that have
different abundance in all samples, we need to further resample the sequences within each
sample. Altogether, this is very similar to the two-stage bootstrap as described in Davison
and Hinkley (1997).

Formally, suppose there are ny families in total and, for simplicity, that the number
of observations within each family are all equal to ne. For illustration purposes, we take
ne = 2, which is the most common case of twin-based studies. Next, reorder the microbiome
samples {x;}; so that the ith family corresponds to @9; 1 and 9;. For each bootstrap

round b = 1,2, ..., ny,50t, execute the following steps:

1. Sample with replacement from the set {1,2,...,n s} for n s times to obtain A = (A1, Ag, ..., )\nf)

as the vector of resampled family labels.
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2. Build the bootstrap GRM matrix A* by setting setting all its diagonal elements equal
to one and A%i—l,% = Agz’,%—l = Agy;—1,2); for all 1 <@ < ny. All other entries of

A* are set to zero. Building the bootstrap common environment matrix C* = C.

3. Construct the bootstrapped microbial samples 7, 5, ..., z;, in the following way. For
eachi=1,2,...,ny, let m%i—l be the result of sampling with replacement from xg), _1
while keeping the same sequencing depth. Similarly, let 3, be the result of sampling

with replacement from @), while keeping the same sequencing depth.

4. Calculate the root-Unifrac according to (4.7) or (4.8) using {x;};. Apply Wishart

variance component model using A* and C* and estimate the bootstrap heritability.

Let h* be the vector of all bootstrapped estimates of heritability. Then the 1 — a level

confidence interval is constructed as

~

(h - Zl—a/QSe(iL*)v h + Zl—a/Qse(ﬁ*)) (4'9)

where se(h*) is the sample standard error of h* and z, is the o quantile of normal distribu-
tion.

The coverage probability of this confidence interval can be evaluated by simulation. Here
the original microbiome samples {x;}; are regarded as population and their heritability
estimate is regarded as ground truth. We randomly select a small portion, such as a half,
of this population and build the bootstrap CI based on this portion of data. Repeat this
process for a given number of times, and the simulated coverage probability (SCP) is simply
the fraction of times that these bootstrap Cls contain the ground truth heritability. These

SCPs are reported on a real microbiome dataset in Table 4.1.
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4.4 Empirical results

4.4.1 Heritability estimates from TwinsUK

Goodrich et al. (2014) examined the influence of host genetics on fecal microbiome from a
large twin-based study (TwinsUK). The TwinsUK population has more than 1000 16S rRNA
microbial samples including 416 twin pairs. These sequences are processed by QIIME v1.9.1
(Caporaso et al., 2010) to produce the OTUs at 97% similarity level and the phylogenetic
tree. Samples with sequencing depth less than 10000 are discarded. We do not apply any
rarefaction or subsampling before calculating the taxon abundances. Since the overwhelming
majority of observations are from females (1061 females vs 20 males), we remove all male
observations to avoid too much variability in the sex effect. In the case of longitudinal
observations for the same individual, only the first observation is used. This leaves 186
dizygotic (DZ) and 126 monozygotic (MZ) twin pairs. Similar to Goodrich et al. (2014),
OTUs that appear in less than 50% of the microbial samples are excluded. The total number
of remaining OTUs is 705. We also introduce a pseudo count in each OTU in all samples.

We apply the aforementioned ACE model with Wishart distribution on these microbial
samples using the following covariates: age, body mass index, identity of technician (two),
sequencing run (16 instrument runs) and shipment batch (8 shipments). These technical
covariates are chosen according to Goodrich et al. (2014). The root-Unifrac matrix is calcu-
lated by (4.8) only for those taxa with at least 5 descendant OTUs, since our main concern is
on the community level. To eliminate the burden of multiple hypothesis testing, if a higher
level taxon (e.g. phylum Firmicutes) has more than 95% of its sequences belonging to one
of its lower level taxon (e.g. order Clostridia), then the higher order taxon is excluded. This
leaves a total of 26 taxa, each with its own root-Unifrac dissimilarity matrix and heritability
estimate.

As described in Section 4.3.2, we permute the rows and columns of A for 10* times to

test the null hypothesis of non-zero heritability for each of these 26 taxa. A total of 6 taxa
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have p-values smaller than the Bonferroni threshold at 0.05 global Type-I error. Notice
that this is a conservative correction due to the correlations among taxa abundances. We
further calculate the 95% bootstrap confidence interval using (4.9) for these significant taxa
along with their simulated coverage probabilities (SCP) from randomly drawing half of the
samples for 200 times, as described previously. These results are reported in Table 4.1. The
Bifidobacterium genus is also reported with significant heritability in Goodrich et al. (2014),
although these authors use the traditional scalar ACE model, i.e. optimize (4.1) with y
equal to the taxa relative abundance after Box-Cox transformation. Other significant taxa
in Goodrich et al. (2014) that are related to our findings include Ruminococcaceae genus
and Clostridiaceae family.

Table 4.1: Heritability estimates, p-values, 95% bootstrap confidence intervals (CI) and
simulated coverage probabilities (SCP) for taxa that are globally significant at 0.05 level
under Bonferroni correction. Taxon names are provided at their finest (lowest) possible

rank: kingdom (k), phylum (p), class (c), order (o), family (f) and genus (g). P-value and
CI are computed using ACE method.

Taxa h P-value CI SCP
Actinobacteria (p) 0223 <107*  (0.091, 0.355) 92%
Clostridiales (o) ~ 0.110 < 10%  (0.071, 0.149)  97%
Christensenellaceae (f) 0.185 1074 (0.075, 0.294)  92%
Rikenellaceae (f) 0.149 2x10=% (0.044, 0.254)  96%
Ruminococcaceae (f)  0.093 < 10=%  (0.049, 0.137)  96%
Bifidobacterium (g)  0.231 <104  (0.096, 0.366)  93%

In order to compare our result with traditional heritability analysis on univariate traits,
we calculate the first three principal coordinates on the root-Unifrac matrix for each taxon
reported in Table 4.1. Each principal coordinate is used as a separate univariate response and
substituted into (4.3) for heritability estimate. We report these heritability estimates as well
as proportion of variance explained in Table 4.2. Interestingly, Actinobacteria, Christensenel-
laceae, Rikenellaceae and Bifidobacterium have their principal coordinates explaining more
than 40% of total variation along with non-trivial heritability estimates. One way to inter-

pret this phenomenon is that these principal coordinates could represent variation in certain
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genetically encoded traits that strongly impact the microbiome. For example, it has been
established that Bifidobacterium is significantly associated with the LCT gene in two large
cohort studies (Wang et al., 2016; Goodrich et al., 2016). LCT gene encodes an enzyme that
is capable of decomposing lactose, which is also metabolized by Bifidobacterium. Therefore,
the first principal coordinate of the root-Unifrac matrix on Bifidobacterium might recover
the availability of lactose in the intestine. However, results from second and third princi-
pal coordinates are more ambiguous and harder to explain. Another difficulty is that top
principal components can exhibit distinctive sinusoidal patterns when the covariance matrix
has spatial autocorrelation (Novembre and Stephens, 2008). This property is most likely to
be shared by principal coordinates, making it even harder to interpret their heritability in a
biologically meaningful way.

Table 4.2: Heritability estimates of the first three principal coordinates of each root-Unifrac
disimilarity matrix. Taxon names are provided at their finest (lowest) possible rank similar

to Table 4.1. Proportion of variance explained (Var prop) is obtained by dividing a particular
principal eigenvalue over the sum of all eigenvalues.

Taxa hPC  Var prop hEC  Var prop hLC  Var prop
Actinobacteria (p) 0.392 50.0% 0.077 14.7% 0.136 6.8%
Clostridiales (o) 0.244 9.1% 0.229 6.5% 0.174 4.9%

Christensenellaceae (f) 0.347 51.9% 0.104 15.3% 0.000 7.1%
Rikenellaceae (f) 0.347 44.2% 0.161 13.5% 0.000 6.5%
Ruminococcaceae (f)  0.000 10.4% 0.000 8.0% 0.244 6.7%
Bifidobacterium (g)  0.401 52.3% 0.09 15.2% 0.143 7.0%

4.4.2  Effect of sequencing noise

Calculating the Unifrac or root-Unifrac requires relative abundances as input. For each
sample, these relative abundances are obtained by normalizing the ith taxa sequences x; over
their sum N; = Zgil Tjo, the latter conventionally called library size or sequencing depth.
This normalization step introduces an extra layer of data uncertainty that is not modeled by
any of the variance components in the Wishart ACE model. As a result, estimates of 0124, a%

and 0%, hence heritability, can be biased. Larger sequencing depth will mostly likely lead
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to small sequencing variability and thus reduce the bias in the ACE variance component
estimates. Although it is hard to deduce the closed form of this bias, the fact that such
noises caused by normalization are independent across samples can more likely lead to an
inflated [7]25 and thus a downwards biased h.

Here we inspect the bias of heritability estimates caused by sequencing noise through
simulation using the same TwinsUK dataset. For each sample ¢, we first calculate the
observed relative abundance 0; = x;/N;. These relative abundances are treated as if they
were the true relative abundances for simulation purpose. After this step, we obtain @; by
subsampling x; down to sequencing depth &, where £ is 2500, 5000, 7500 or 10000. The ith
simulated relative abundance is therefore él = &; /€. In each simulation round, we calculate
Wishart heritability estimates using {6;}; for the root-Unifrac metric on the six significant
taxa reported in Table 4.1. The ground truth heritability, on the other hand, is obtained by
using {0;}; to calculate the root-Unifrac metric. For each value of £, a total of 100 simulation
rounds are conducted. We demonstrate the boxplot of these simulated heritability estimates
and compare them against the ground truth heritability (dashed line) in Figure 4.1. The
negative bias of simulated heritability estimates is present in all cases, and they decrease to
zero at increasing levels of £. At £ = 10000, the simulated estimates are all very close to the
ground truth, with error less than 0.01. Since the mean and standard deviation of actual
sequencing depth in TwinsUK dataset is 56911 and 18461, respectively, we conclude that

the negative biases on the heritability estimates reported in Table 4.1 are negligible.

4.4.8  Simulation of type-1 error and power

We simulate microbiome data to compare the type-I error and power of our method with
those from analyzing principal coordinates. The simulation dataset contains 50 MZ twins
and 50 DZ twins (200 microbiome samples in total), with the set of OTUs defined to be the
five OTUs belonging to Bifidobacterium genus in the TwinsUK dataset. Phylogenetic tree on

these five OTUs is constructed by pruning the TwinsUK phylogenetic tree down to only these
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Figure 4.1: Boxplot of simulated heritability estimates from ACE models. In each round,
the 7th sequencing data are produced by subsampling x; to a certain sequencing depth £. A
total of 100 simulation rounds are conducted for each value of £ € {2500, 5000, 7500, 10000}.
Dashed lines in each plot correspond to the ground truth heritability calculated using {0;};
as input data.
five OTUs. Since we conclude sequencing noise does not play a major impact in the previous
section, we ignore it in this part and only simulate the relative abundance @; for each i,
which is assumed to follow independent and identical Dirichlet distribution with parameters
a = (ay,a9,...,a5). This can be reparamatrized as o« = a4 with w = (7, ..., 75) and
Zgzl o = 1. Since we have E(0;) = m, we set  to be proportional to the relative
abundances of OTUs under Bifidobacterium genus calculated from all samples in TwinsUK,
subject to the unit sum constraint on its components. The value of oy is fixed at 1.

Data generated under the null hypothesis of zero heritability is simply conducted by
generating 200 microbiome samples from aforementioned Dirichlet distribution. For the
alternative hypothesis, a signal strength parameter n € [0, 1] (smaller means stronger signal)

is first chosen. After generating the Dirichlet distributed samples, we shrink each pair of

relative abundances towards their family mean by a ratio of n for MZ twins and 7/2 for
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DZ twins. Evidently, n = 0 is equivalent to the null hypothesis case and n = 1 yields
relative abundances within each MZ pair being the same. A total of three batches of data
under the alternative hypothesis are generated with n = 0.25,0.33 or 0.5. In each scenario,
we produce 500 rounds of simulated data and apply our Wishart ACE model along with
the traditional principal coordinate (PC) based methods (up to three PC), using the root-
Unifarc for pairwise dissimilarities, to calculate heritability in each round. For all of these
methods, p-values are calculated by permuting rows and columns of the genetic relationship
matrix for 100 times according to the method in Section 4.3.2. Type-I error or power are
obtained by counting the proportion of p-values that falls below 0.05 within these 500 rounds
of simulation. The results are illustrated in Table 4.3. The Wishart method produces type-I
error close to the nominal level 0.05, but all three PCs has lower type-I error than Wishart,
suggesting that the test is more conservative than desired. PC-based methods also have
much reduced power at all three levels of n < 1 compared to the Wishart method.

Table 4.3: Simulated type-I error and power from testing the null hypothesis of zero heritabil-
ity, both calculated by the proportion of permutation p-values below 0.05 (nominal level).
Larger level of n indicates greater signal strength. Under the Method column, Wishart indi-

cates our method (4.6), and PC1-PC3 indicate using the traditional univariate method (4.3)
on the first, second or third principal coordinates of the root-Unifrac matrix.

Type-I error Power
Method 71 =0 (null) n=025 7n=033 n=05
Wishart 0.042 0.186 0.308 0.744
PC1 0.02 0.112 0.164 0.492
PC2 0.038 0.084 0.114 0.304
PC3 0.022 0.1 0.156 0.354

4.5 Discussion

In this paper, we propose the Wishart variance component model to estimate microbiome
community heritability when the microbiome data are summarized by their root-Unifrac

dissimilarities. We rigorously prove that the root-Unifrac matrix always has an isometric
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Euclidean embedding and therefore is adequate for REML estimation with the Wishart
distribution. So far, almost all of the studies on community heritability rely on certain
dimension reduction techniques to find the best univariate approximations to the pairwise
dissimilarity matrix. Our work allows researchers to bypass this approximation step and
directly analyze all the variations present in the dissimilarity matrix.

In Section 4.4.2 we inspected the negative biases of heritability estimates caused by
sequencing noise. Although we concluded that such biases are negligible at the large se-
quencing depth of TwinsUK data, a better approach is to directly model the sequencing

noise component as follows:

Y =04A+0lC+oiE+ S (4.10)
where S = diag(agl, 0%2, ey U%n) captures sequencing noise for each sample, and heritability

is still defined as h = 031 / (ai + a% + U%). Therefore, this model makes it explicit that
heritability is not dependent on sequencing noise.

Unfortunately, using (4.10) leads to identifiability issues among J%i’s and 0%. One pos-
sible way to avert this obstacle is to separately estimate U%i by exploring the variability of
sequences within x;. Suppose the 7; is the true relative abundance for ith individual. If
we can find a reasonable distribution to model x;|m;, then we can generate independent
(2]

and identically distributed bootstrap samples, {a:l[-l],zc-

; ,...,wEB}}, from such distribution

by using 7; = x;/N;. The sequencing depth of these bootstrap samples are kept at the
same level at the original sample, i.e. wgb] = (xg.bl], - xy;;o) and >0 xy;] = Y0 @i for all
b. Since {a:l[b]}b share the same effect from covariates, genetics, common environment and
unique environment, we can use a single intercept to model their total effect. This leaves
the independent and identical sequencing noise the only remaining component that explains

their variability:
LML} ~W(o§ L1 L}, q;) (4.11)
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where M ; is the Bx B Gower’s centered matrix from calculating root-Unifrac on :1:[1] wEB]

7: g ooy 9

and L1 is the (B — 1) x B matrix that removes only the intercept effect. The estimated 6%‘
from maximizing the Wishart log likelihood of (4.11) can be used for (4.10), hence avoiding

the identifiability issue.

4.6 Theorem proofs

We first prove the the following lemma:

Lemma 1. Fora; > a9 > ... > ap > 0,

ap as ag .. ap
as as asg ... ap

det | a3 a3 a3z .. ap| >0
an an Gp ... ap

Proof. We prove by induction. Let C; be the upper-left ¢ x ¢ corner of the matrix above.
Evidently, det(C1) > 0 and det(C9) > 0.

Now assume that det(Cpn_1) > 0 for some N > 2, we can write C'jy as

Cny_1 anly_g
Cy =

/

Using the block formula for determinants, we have det(Cy) = det(Cy_1—an1n_11y_{)an.
Notice that Cp_1 — aNlN—11§v_1 also assumes the form of C'py_1 except that a; is sub-
stituted by a; —ay for 1 <i < N —1. Since a1 —ay > ap —ay > ... > ay_] — ay, we
know from the induction assumption that det(Cn_; —ayly_11% ) > 0, and therefore

det(C’N) > 0. []
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4.6.1 Proof of Theorem 4

Proof. We first prove that the metric space (£2,u) has an isometric embedding into n — 1
dimensional space by looking at each branch k separately. For an arbitrary value of k €
{1,2,..., K}, define uy(i,j) = /bglpi x — pjil- Obviously (Q,uy) is also a metric space.
We shall prove that (€2, uj) has an isometric embedding into the Euclidean space. Using

Theorem 3, we need to show the following two conditions are met:

1. Flatness: Take an arbitrary ordered tuple with size N < n from (Q,ug). Without
loss of generality, we assume that the tuple consists of the first N samples in €Q, i.e.
(w1, w2, ...,wy). This means that the ith sample in the tuple has p; as its taxa

proportion descending from branch k. According to Definition 1, V' is defined as
Vii=bi(Ipis1k —prgl + 0j116 — 21kl — 1Piv1k — Pjr15l) /2 (4.12)

For flatness we need to show |V| > 0. There are three possibilities on p; j.’s:

(a) If there exists i such that p; 1 1 = py j, then V; ; =0 for all j = |[V|=0.

(b) If there exists 7 and j such that p; 1 = pj+1,k, then the the ith and jth row of

V are identical, leading to |V| = 0.

(c) If neither of the above is true, define a bijective sorting function 7 : {1,2,..., N —
1} — {1,2,..,N — 1} such that p ;)11 < Pr@)+1h < - < Pr(N—1)4+1k
Furthermore, let t = [{p;j 114 : Piv1k <Prrpand 1 <i <N —1}].

Let V' be the matrix such that Vi,j =V (i)7(j)- Obviously V| =|V]and V is
symmetric. Using (4.12) and the definition of 7, we see that the upper triangle of

V satisfies the following properties:
i If i = j, then Vi j = bp|p-(i)11.6 — PLE|

ii. If i < 5 < t, then Pr(i)+1k — PLE < Pr(j)+Lk — Pk < 0= V,; =

Oklpr(j)+ 1,k — P1E]
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i, If ¢ < ¢ <j, then (pr(jyp16 — P1E) ()41, —P1E) <O0=V,; =0.
iv. If t <7 < 7, then 0 < Pr(i)+1,k — PLk < Pr(j)+1,k — PLk = f/m =
bklpr(i) 11,6 — P1kl
Combining the above properties of V', we can write it in block form:
~ ‘71 0
V = B
0 Vy
where V| € Rt and V5 € R(V-1-8)x(N~-1-1), According to Lemma 1, |‘~/1\ >

0 and |V'9| > 0. Therefore, |V| = |V| >0

2. Minimum dimension The minimum dimension of such embedding is simply the largest
N such that |V| > 0 for a certain tuple (kg, K1, ..., k) from (€, uy). Notice that if all

p;k’s are equal, then IV = 0, leading to a trivial embedding into 0-dimensional space.

Now suppose k* satisfies that p;i + are all different for 1 < i < n. According to the
arguments above, (€2, uz+) has an isometric embedding into an Euclidean space. Furthermore,
the minimum dimension of such embedding is n—1 since |V'| > 0 for the tuple (w1, w2, ..., wn,)
due to the argument in 1(c).

So far we have proven the existence of Euclidean embedding for each (£2,u;). Let
Yils - Yipn be the Euclidean vectors that embeds (£2,u;) with minimum dimension. For

each ¢, we define {; by concatenating all vy; for 1 <k < K:
Ci = (7,17,7’7/217 7’7/[(7,>/

Since u?(i, ) = E?:l u%(i,j) for all ¢ and 7, it follows that ({1, (9, ...,{,) would be the
embedded Euclidean vectors that preserve the metric u. Furthermore, rank({q, €9, ..., {,) >
rank(Ype1, Ypr2, -, Yirn) = n— 1. It follows that the minimum dimension of (2, u)’s embed-

ding is n — 1. Now choose (7 as the origin so that embedded vector of ith element becomes
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&i = (; — €. Since rank(0, &2,&3, ey &n) =n — 1, we can orthogonally project them onto
R”~1 hence the existence of an Euclidean embedding with n — 1 dimensions.

Let @Q be an n x (n — 1) matrix with ith row denoting the n — 1 dimensional embedding
of ith element in (€2, u). Furthermore, assume each column of @ has mean zero, which has
no impact on the Euclidean distance induced by Q. The arguments provided in the previous

paragraph shows that rank(Q) = n — 1. By definition, D; ; = — Z;ll(QZZ — QjZ)Q/Z, SO
M =JDJ =JQQ'J =QQ’

is positive semidefinite with rank n — 1.

4.6.2  Proof of Corollary 1

Proof. Let @ be the same n x (n — 1) matrix as defined above. For an arbitrary v € R~
and v # 0, consider v LML'v = (L'v)’ M(L'v). By definition of L, we have 1, €
ker(L) = im(L')* = im(L') c 1+.

Moreover, M1, = QQ’1,, = 0 since Q is column-centered. Given that rank(M) = n—1
from Theorem 4, it follows that 1, is the only eigenvector of M corresponding to zero
eigenvalue.

Combining the above two observations, we see that im(L’) is a subspace of the space

spanned by all eigenvectors of M that correspond to positive eigenvalues. Therefore, we

have (L'v)’ M (L'v) > 0 = LML’ is positive definite.
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