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ABSTRACT

Three chapters are included in this work. The first chapter introduces the remaining
chapters. The description of the research chapters (Chapters 2 and 3) can be found in
the following paragraphs.

In Chapter 2, we consider the problem of estimating high-frequency covariance
(quadratic covariation) of two arbitrary assets observed asynchronously. Simple as-
sumptions, such as independence, are usually imposed on the relationship between the
prices process and the observation times. In Chapter 2, we introduce a general en-
dogenous two-dimensional nonparametric model. Because an observation is generated
whenever an auxiliary process called observation time process hits one of the two bound-
ary processes, it is called the hitting boundary process with time process (HBT) model.
We establish a central limit theorem for the Hayashi-Yoshida estimator under HBT in
the case where the price process and the observation price process follow a continuous
It6 process. We obtain an asymptotic bias. We provide an estimator of the latter as
well as a bias-corrected estimator of the high-frequency covariance. In addition, we give

a consistent estimator of the associated standard error.

In Chapter 3, we show that the techniques used to solve the high-frequency covari-
ance problem can actually be applied to other problems in the high-frequency literature.
We give a general time-varying parameter model, where the multidimensional param-
eter follows a continuous local martingale. As such, we call it the locally parametric
model (LPM). The quantity of interest is defined as the integrated value over time of
the parameter process © := T1 fOT 0;dt. We provide an estimator of © based on a
parametric estimator in the original (non time-varying) parametric model and condi-

tions under which we can show consistency and the corresponding central limit theorem.

v



Since the estimator is obtained by chopping the data into small blocks, then estimating
the parameter on each block while pretending it is constant locally and finally taking a
block length weighted mean of the estimates on each block, we call it the local paramet-
ric estimator (LPE). The class of estimators is very broad, and can contain estimators
that are (not too) biased, such as the bias-corrected MLE. We show that the LPM class
contains some models that come from popular problems in the high-frequency financial
econometrics literature (estimating volatility, high-frequency covariance, integrated be-
tas, leverage effect, volatility of volatility), as well as a new general asset-price diffusion
model which allows for endogenous observations and time-varying noise which can be
auto-correlated and correlated with the efficient price. Finally, as another example of
how to apply the limit theory provided in Chapter 3, we build a time-varying friction
parameter extension of the (semi-parametric) model with uncertainty zones (Robert
and Rosenbaum (2012)) and we show that we can easily verify the conditions for the

estimation of integrated volatility.
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CHAPTER 1
INTRODUCTION

High-frequency data analysis has been one of the main challenging fields in statistics,
both because of the quantity of data available and the highly technical theory required to
tackle problems. Ever since the seminal paper of Black and Scholes (1973), researchers
have been interested in the estimation of integrated volatility. One typical reason why
practitioners care very much about integrated volatility is that they can hedge knowing
its value. Similar problems found in the high-frequency literature include but are not
limited to high-frequency covariance, microstructure noise, integrated betas, leverage

effect, volatility of volatility, etc.

Because the theory involved in estimating high-frequency quantities is very demand-
ing, researchers have to make assumptions, usually stronger than what empirical studies
reveal, in order to show consistency and the central limit theorem of a given estimator,
as is the case with the Hayashi-Yoshida estimator (HY) of high-frequency covariance
introduced in Hayashi and Yoshida (2005). It is usually assumed that the order arrival
times are independent of the asset price. In Chapter 2, we investigate what happens
to the HY when sampling times are correlated with the stochastic price. We obtain an

asymptotic bias and give a bias-corrected estimator of high-frequency covariance.

Indeed, covariation between two assets is a crucial quantity in finance. Fundamental
examples include optimal asset allocation and risk management. In the past few years,
using the increasing amount of high-frequency data available, many papers have been

published about estimating this covariance. Suppose that the latent log-price of two



arbitrary assets X; = (Xt(l) , Xt@)) follows a continuous It6 process

dx® = uWat +oeMaw !, (1.1)
ax? = Pt +oPaw?, (1.2)

where ugl), ,uEQ), ot(l), 0152) are random processes, and Wt(l) and Wt(z) are standard Brow-

nian motions, with (random) high-frequency correlation d(W® W ®), = p.dt. Econo-
metrics usually seeks to infer the integrated covariation

t
(XM Xy, .= / puo Vo du. (1.3)
0

u u

Earlier results were focused on estimating the integrated variance of a single asset,
starting from the probabilistic point of view (Genon-Catalot and Jacod (1993), Ja-
cod (1994)). Barndorff-Nielsen and Shephard (2001, 2002) introduced the problem in
econometrics. Adapted to two dimensions, if each process is observed simultaneously at
(possibly random) times 7y, := 0, 71, , ..., T, n the realized covariation [X(l), X(Q)L

is defined as the sum of cross log returns

XD, x@] = 3 AxO AX®) (1.4)

Ti,n St

where for any positive integer i, AX 0 — x® _ Xﬁkgln corresponds to the increment

of the kth process between the last two sampling times. As the observation intervals
AT; , get closer (and the number of observations N,, goes to infinity), [X M X (2)} . RN
(XMW X@), (see e.g. Theorem 1.4.47 in Jacod and Shiryaev (2003)). Furthermore,
when the observation times 7;,, are independent of the prices process X, its estimation
error follows a mixed normal distribution (Jacod and Protter (1998), Zhang (2001),
Mykland and Zhang (2006)). This gives us insight on how to estimate the integrated
covariation. However, in practice, these two assumptions are usually not satisfied. The

observation times of the two assets are rarely synchronous and there is endogeneity in



the price sampling times.

The first issue has been studied for a long time. The lack of synchronicity often cre-
ates undesirable effects in inference. If we sample at very high frequencies, we observe
the Epps effect (Epps (1979)), i.e. the correlation estimates are drastically decreased
compared to an estimate with sparse observations. We can observe the same effect for
exchange rates (Guillaume et al. (1997), Muthuswamy et al. (2001)). Additionnally,
asynchronicity can cause difficulties in daily data (Scholes and Williams (1977)). At
first, the literature on estimating the covariance mostly relied on a forced synchro-
nization of the data (see, e.g., Lundin et al. (2001), Brandt and Diebold (2003)), for
instance choosing beforehand a window of size h, and interpolating the values of the two
assets at times {h,2h,..., Mh}. Hayashi and Yoshida (2005) introduced the so-called
Hayashi- Yoshida estimator (HY)

—

1 2
(X0, Xy = S AxQAxE ()0 g (1.5)
FD ) o s i—1nten j=1,n"j,n
wn’'jn

where 7% are the observation times of the kth asset. Note that if the observations of

i,n

both processes occur simultaneously, (1.4) and (1.5) are equal. One of main advantages

of HY is that it is nonparametric in nature.

We insist on the fact that the primary goal of Chapter 2 is to provide a better
estimator of the high-frequency covariance than the usual Hayashi-Yoshida estimator.
To obtain this new estimator, we will estimate the second-order bias, and remove it from
the Hayashi-Yoshida estimator. Note that estimating this bias is much more challenging
than in the volatility case because observations are asynchronous. In particular, the
estimator will involve a quantity that can be considered as the tricity of Li et al.
(2014), but with a more intricate definition because of the asynchronicity in sampling
times. This new definition can be seen as an analogy with the generalization of the RV

estimator (1.4) by the HY estimator (1.5).



Another very important issue to address is the estimation of the asymptotic stan-
dard deviation. First, because the model is more general than in the no-endogeneity
work, the theoretical asymptotic variance will be different. Consequently, a new vari-
ance estimator, which takes into proper account the endogeneity, will be given. This
estimator is built mostly on the observed price of the assets, whereas the variance es-
timate of the Hayashi-Yoshida machinery (see e.g. Hayashi and Yoshida (2011) and
Koike (2013)) relied heavily on the actual observation times. In practice, there is a lag
between the time when a stock market’s agent is giving a bid-ask order and the recorded
(observed) time. As such, we cannot trust completely the observation times. Conse-
quently, even in the no-endogeneity case, the variance estimate provided in Chapter 2

has a big advantage compared to the previous variance estimator.

The proof of the high-frequency covariance problem goes as follows. We first show
that we can bound uniformly the variance of HY when assuming a parametric problem,
i.e. fixing the volatility and high-frequency correlation between the two assets. Then, we
chop the data into non-overlapping blocks of observations and show that the normalized
discrepancy between the nonparametric error of HY and the parametric approximation

of the error uniformly vanishes asymptotically.

These techniques are not problem-specific and they can very much be applied to
other problems in the high-frequency literature. This is the basic idea behind Chapter
3. We assume in Chapter 3 that the stochastic multidimensional parameter ¢ is driving
the structure of the returns. This leads us to the problem of estimating the integrated

parameter

1 T
= — 0% ds. 1.
01 [ o (1.6

The parameter process can be for example equal to the volatility, the covariation be-
tween several assets (1.3), the time-varying variance of the microstructure noise, the

friction parameter of the model with uncertainty zones (see Section 3.7.1 for more de-
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tails), the betas, the volatility of volatility, the leverage effect process, the event arrival
rate or any other parameter driving the observation times (see Section 3.7.1), the pa-
rameters of a self-exciting process (Hawkes (1971)) or in general of any time-varying
parameter extension of a parametric model, etc. As an example of application of (1.6),
Chen and Mykland (2015) measured the liquidity risk when the parameter is equal to

the time-varying variance of the microstructure noise.

We assume that the econometrician has a time-varying parameter model (and in
particular a parametric model) at hand, that can be written as the Locally Parametric
Model (LPM) defined in Section 3.5. The LPM covers a large class of models, as we
will see in the examples of Section 3.7. In particular, in the case where we model the
price of an asset as a continuous efficient stochastic process, it allows for endogeneity
(the sampling times can be correlated with the efficient price and the microstructure
noise), auto-correlated time-varying noise and correlation between the efficient return

and the noise, as well as multidimensional asynchronous observations.

Indeed, in high-frequency data, when estimating a quantity such as volatility, one
has to first build and rely on a model of the observations. When observations are close,
empirical studies strongly suggest that the market microstructure generates a divergence
between the observed price process and efficient price process. This divergence could
be induced among other things by transaction price changes occurring on the tick grid
(price discreteness) or by the existence of a waiting-list for sellers and buyers at each
level of price (bid-ask spreads). Accordingly, the market microstructure is very often
assumed to be stationary (i.e. with non time-varying variance) and not autocorrelated,
and independent of the true price process. Nonetheless, Hansen and Lunde (2006) have
shown empirically that the microstructure noise is time-dependent and correlated with
the efficient price itself. Correlation between the efficient price and the noise can be
explained by rounding effects, price stickiness, asymmetric information, etc. Kalnina
and Linton (2008) introduced in their model possible non-stationarity of noise and

correlation.



We also assume that the econometrician has a parametric estimator in the (non
time-varying) parametric model at hand, such as the MLE. Chapter 3 aims to build
general estimators (:)n of (1.6), based on the parametric estimator. When parameters
are time-varying, researchers frequently chop the available data into short time blocks of
size h,, and assume homoskedasticity within the blocks (e.g. Foster and Nelson (1996)).
In Chapter 3, we propose to use the same strategy to estimate the integrated parameter
(1.6): we estimate the local parameter on each block by using the parametric estima-
tor on the observations of the block and take a weighted sum of the local parameter
estimates, where each weight is equal to the corresponding block length. We call the
obtained estimator the local parametric estimator (LPE). Depending on the case, the
LPE can actually differ from the original parametric estimator. For this technique to
work, we need that the parametric estimator is not badly-biased and that it uniformly
satisfies limit theory conditions, in addition to other assumptions that can be found in

Section 3.6.

Depending on the model and the estimator chosen by the econometrician, the con-
ditions of Section 3.6 can be straightforward or not to verify. Nonetheless, our hope is
that for any LPM and for a large class of estimators Chapter 3 will help the econome-
trician by breaking the original nonparametric problem into two easier sub-problems, a
parametric problem and a control of the error between the nonparametric and paramet-
ric problem. We used exactly this strategy in Chapter 2 to find the limit distribution
of the integrated covariation in the HBT model (which is contained in the LPM class),
with the bias-corrected HY estimator (which can be expressed as a local parametric
estimator (LPE)). In Section 3.7.1, we give another direct application of the techniques
provided in Chapter 3 by verifying conditions of Section 3.2 for another problem, the
estimation of the integrated volatility in a time-varying friction parameter extension of
the model with uncertainty zones, using the parametric estimator of volatility provided

in Robert and Rosenbaum (2012).

We assume in chapter 3 that the stochastic parameter is continuous. We prove that



under the diffusion assumption we can trust the parametric model locally. The order
of the block size h,, to use is also given in Section 3.6. The idea that continuous local
martingale parameter implies that the model is locally true builds on previous investi-
gations by Mykland and Zhang (2009, 2011) of the maximum size of a neighborhood
in which we can hold volatility of an asset constant. In the case where the observation

times of the price process are endogenous, techniques were extended in Chapter 2.

Finally, from a practical point-of-view, empirical work (see Section 3.8) with Orange
France Telecom stock on the CAC 40 using the time-varying friction parameter exten-
sion of the model with uncertainty zones reveal that the friction parameter is indeed
time-varying and that the volatility estimates obtained with the LPE can differ very
much from the ones using the original parametric estimator. In addition, they indicate

that the estimates are robust to minor changes in the block size h,,.

To sum up, we expect the techniques of this Ph.D. thesis to provide to researchers
automatic estimators of high-frequency quantities and techniques to prove consistency

and the associated central limit theorem.



CHAPTER 2
ESTIMATING THE HIGH-FREQUENCY COVARIANCE

2.1 Introduction

The consistency of HY estimator was originally achieved in a non-random volatility
and independence between observation times and assets’ prices setting (Hayashi and
Yoshida (2005)) before being extended to a general Itd-process price model, with the
unique assumption that the observation times are stopping times (Hayashi and Kusuoka
(2008)). The corresponding central limit theorems were investigated in Hayashi and
Yoshida (2008, 2011) under strong predictability of observation times, which is a more
restrictive assumption than only assuming they are stopping times but still allows some
dependence between prices and observation times. Note that the second order asymp-
totic expansion was completed in Dalalyan and Yoshida (2011). Since then, most of
the literature has been interested in suitable modifications of this estimator, or the use
of a different estimator, that is robust to noisy observations (Zhang (2011), Barndorff-
Nielsen et al. (2011), Ait-Sahalia et al. (2010), Christensen et al. (2010), Christensen
et al. (2013) among others), with assumption of independence between the sampling
times and the prices of the assets. Recently, Koike (2014, 2015) extended the pre-
averaged Hayashi-Yoshida estimator first under predictability of observation times, and
then under a more general endogenous setting of stopping times. Interestingly, we can
read in Remark 3.5 (i) of Koike (2015) that under the assumptions chosen, the observa-
tion times affect the asymptotic distribution of the realized covariance estimator only

through the asymptotic variance, but not through the asymptotic bias.

In a general one-dimensional endogenous model, the asymptotic behaviour of the

realized volatility (1.4) has been investigated in the case of sampling times given by
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hitting times on a regular grid (Fukasawa (2010a)). The model with uncertainty zones,
a more intricate model based on hitting times of random and time-dependent grid, was
introduced and studied in Robert and Rosenbaum (2011, 2012). Also, a central limit
theorem under hitting times of a non-random, non time-dependent but irregular grid
was established in Fukasawa and Rosenbaum (2012). Note that due to the regularity of
those three models (see the discussion in the latter paper), they don’t obtain any bias
in the limit distribution of the normalized error. Also, the case of strongly predictable
stopping times is treated in Hayashi et al. (2011). Two general results (Fukasawa
(2010b), Li and al. (2014)) showed that we can identify and estimate the asymptotic
bias. In the latter work, the authors provide a new estimator of volatility that is free of
asymptotic bias. Correspondingly, they give an estimator of the asymptotic variance,
that variance being different from the theoretical variance when there is no endogeneity

in sampling times.

The authors want to take no position on the joint distribution of the log-return and
the next observation time that corresponds to an asset price change because they know
that their unknown relationship is most likely contributing to the bias and the variance
of the high-frequency covariance’s estimate when we (wrongly) assume full indepen-
dence between the price process and observation times. We want to understand how
badly HY can be affected in the worst endogenous setting. For this purpose, we intro-
duce the hitting boundary process with time process (HBT) model, which under weak
conditions is more general than the models in the existing literature (e.g. the model
with uncertainty zones or the structural autoregressive conditional duration model (Re-
nault et al. (2014)). Even though the mixing variables (in keeping with the notations of
the paper) fi, = p, (M;) and ¢, = ¢, (M;) introduced in (1), (4) and (5) of the dynamic
mixed hitting-time model can generate all kinds of autoregressive or log-autoregressive
dynamics, it only partly accommodates for what Russell (1999) notes: “The problem
is that it is difficult to model the distribution of a duration when new information can

arrive within a duration.” Indeed, the model doesn’t capture new information arriving



between two trades, because p;, and ¢;; must be known with information at time ¢;.
One natural way to accomodate for new information to arrive between two trades is
to allow the fixed variables p, and ¢;, to follow a stochastic process (within a trade),
which is what we are going to do in this chapter. Note that the one dimensional HBT

model is straightforwardly extended to the multidimensional case.

The HBT model is not solely a general class of models. It can provide semiparametric
and nonparametric models which can be fitted to the data. The parameter estimates of
those models could provide crucial information on some deep financial questions about
the connection between efficient price return and observation time. As an example, we
could build tests of asymmetric information with the model introduced in Section 2.3.2
of this work. Also, if we are able to shed light on the structure driving the endogeneity,
stock market agents could trade or hedge on the basis of that information. Investigating
what the endogenous structure looks like empirically is beyond the scope of Chapter 2

and will be left for further work.

As far as the authors know, no investigation of a possible bias in an endogenous
model has been carried out when estimating the high-frequency covariance. This work
can be considered as one of the last building blocks of the wall of the limit theory
of the Hayashi-Yoshida estimator when holding the asset price continuous because we
choose to work under the weakest assumptions (adapted to our proofs) regarding the

observation times.

Finally, techniques developed in the proofs are innovative in the sense that they
reduce the normalized error of the Hayashi-Yoshida estimator to a discrete process,
which is locally a uniformly ergodic homogeneous Markov chain. Thus, the problem
can be solved locally, and because we assume that the volatility of assets is continuous,
the error of approximation between the local Markov structure and the real structure

of the normalized error vanishes asymptotically.
Chapter 2 is organized as follows. We introduce the HBT model in Section 2.2.

10



Examples contained in this class are given in Section 2.3. The main theorem of this
work, the limit distribution of the normalized error is given in Section 2.4. Estimators
of the asymptotic bias and variance are provided in Section 2.5. We carry out numerical

simulations in Section 2.6 to corroborate the theory. Proofs are developed in Appendix.

2.2 Definition of the HBT model

We first introduce the model in 1-dimension. We assume that X; is the efficient (log-
)price of the security of interest. In practice, rather than continuously observing the
asset price X; for any ¢, we can only observe it at discrete observation times 7;. In
addition, we assume that the observations are noisy and that we observe Z,, := X, +e¢,,

where the microstructure noise €,, can be expressed as a known function of the observed

prices Zo, ..., Zr. Thus, when observing Zy,...,Z,, , we can retrieve exactly the
value of the efficient price at arrival times Xy, ..., X, . As an example, Robert and

Rosembaum (2012) showed in (2.3) in p.5 that the model with uncertainty zones can be
written with that noise structure if we assume that we know the endogeneity parameter
7. The model with uncertainty zones will be studied in Example 4 of Section 2.3. Note
that the microstructure noise can be explained among other things by the discreteness

of prices, the bid-ask mechanisms, etc.

In this work, we assume that for any positive integer ¢, 7,1 is the next arrival time
(after ;) that corresponds to an actual change of price. In particular, several trades
can occur at the same price Z,, between 7; and 7,4, but no trade can occur with a price
different than Z,, before 7,41. On the contrary, because 7; corresponds to a change of
price, we assume Z,_, # Z,,. Additionally, if we define o > 0 the tick size, we assume
that the observed price Z,, lays on the tick grid, i.e. there exists positive integers m;

such that Z., = m;a.

Empirically, no economical model based on rational behaviors of agents on the stock

markets, that shed light on the relationship between the efficient return AX,, and time

11



before the next price change A7, = 7, — 7;_1, has won unanimous support. When
arrival times are independent of the asset price, it follows directly from the continuous
Ito-assumption that the dependence structure is such that the return AX,, is a function
of A1;. The longer we wait, the bigger the variance of the return is expected to be.
In Chapter 2, we take the opposite point of view by building a model in which 7; is
defined as a function of the efficient price path. Our goal is to provide a model that
allows the most general structure between AX,, and A7;. The definition of the model
that follows in this section will be the starting point of further work on endogeneity
because it is also possible to allow more general microstructure noise in the model. One
other quick extension of the model is that it could also allow error in the arrival times.

Investigating both those issues is beyond the scope of Chapter 2.

In general, the space & of all possible joint-distributions (AXTZ., ATi) is too large to
work with. We define the observation time process Xt(t) that will drive the observation
times. We also define the down process d;(s) and the up process u(s). Note that for
any t > 0, we assume that d; and u; are functions on R*. We also assume that the
down process takes only negative values, the up process takes only positive values and
the observation time process starts from 0. A new observation time will be generated
whenever one of those two processes is hit by the observation time process. Then, the
observation time process will start again from 0, and the next observation time will be
generated whenever it hits the up or the down process. Formally, we define 7, := 0 and

for any positive integer ¢
T; = inf {t > T AX[(‘;),l,t] §é [dt (t — Ti—l) , Uy (t — ’7‘2'_1) ] }, (21)

where AY,; =Y, —Y,. Note that if the observation time process Xt(t) is equal to the
price process X, itself, then the price will go up (respectively go down) whenever it hits
the up process (down process). Note also that if the time process, the up process and

the down process are independent of the efficient price process, then the arrival times
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are independent of the efficient price process. We assume that the two-dimensional
process (X, Xt(t)) is an Ito-process.. Section 3.3.1 provides examples of the literature

identifying the observation time process, the down process and the up process.

Generalizing to two dimensions is straightforward. We define Xt(t’k) for £k = 1,2

to be the observation time process associated with the kth price process , ugk) the up

process and d§k) the down process, and the arrival times Ti(k) generated by (2.1). We

also define the four dimensional process Y; := (Xt(l), Xt(Q)7 Xt(t’l)7 Xt(t’g)), and assume Y}

follows an Ité-process with volatility

1,1 12 13
Oy o O Oy

21 22 23 24
Oy Oy Oy Oy

31 32 33 34
Oy o Oy Oy

41 42 43 44

Ot i—

In particular, we have dY; = u,dt + o,dW;, where W, is a four dimensional standard
Brownian motion (fori =1,...,4and j = 1,...,4 such that i # j, Wt(i) is independent
of Wt(j )). If we set (; = 0,0, then the integrated covariance (or quadratic covariation)
process is given by (YY), = fot (sds. Let p; be the associated correlation process of
Y;,ie fori=1,...,4and j =1,...,4 we set pi’j = CZ]( Z’i)*l. Finally, it is useful
sometimes to see Y; as a four dimensional vector expressed as in equations (1.1) and
(1.2). For k =1,...,4 we define the volatility of the kth process as at(k) = (P2 we
can thus express Y;(k) as
av* = yFat + o P aB®

where Bt(k) is a standard Brownian motion, which typically depends on Bt(l) for [ =

1,....4.
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2.3 Examples

We insist on the fact that estimators of covariance and associated asymptotic variance
given in Chapter 2 don’t require any knowledge of the structure of the observation time
process, the up process and the down process. Nonetheless, for financial and economic
interpretation purposes, the reader might be interested in getting an idea on how those
processes behave in practice. We provide in this section several examples from the
literature as well as possible extensions of the model with uncertainty zones of Robert

and Rosenbaum (2011) that can be expressed as HBT models.

2.3.1 Endogenous models contained in the HBT class

Ezxample 1. (hitting constant boundaries) The simplest endogenous semi-parametric
model we can think of is a model where the time process Xt(t) is equal to the price
process X;, and times are generated by hitting a constant barrier. Formally, it means
that there exists a two-dimensional parameter (6,,60;) such that the up process is equal

to 6, and the down process is equal to ;. We don’t assume noise in that model.

Ezample 2. (hitting constant boundaries of the tick size) One issue with Example 1
is that the efficient price X;,, which is observed because no microstructure noise is
assumed in the model, is not necessarily a modulo of the tick size « if 8, and 6, are
not multiples of a. To make Example 2.3.1 feasible in practice, we assume here that
the constant barriers 6, and 6, are respectively equal to the tick size o and its additive

inverse —a. We also assume that 7, := X,.

Ezample 3. (hitting constant boundaries of the jump size) The issue with Example 2 is
that the absolute jump size of the observed price Z,, is a. On the contrary, in practice
the absolute jump size can actually be bigger than the tick size . In the notation
of Robert and Rosenbaum (2011), for any positive integer i, we introduce a discrete
variables L; which corresponds to the observed price jump’s tick number between 7;_;

and 7;, with L; > 1. The arrival times are defined recursively as 7y := 0 and for any
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positive integer 7

k3

7; = inf {t >T1: Xy =X, —Lijaor Xy =X, |+ Li_la}

We assume that L; are IID and independent of the other quantities. We finally assume
that Z,, := X,,. The up and down processes are piecewise constant in ¢ and constant

in s, defined for any s > 0 as

di(s) = —L,ja fort e (11,7

u(s) = Lija forte (11,7

Ezample 4. (model with uncertainty zones) We go one step further Example 3 and
introduce now the model with uncertainty zones of Robert and Rosenbaum (2011). In
a frictionless market, we can assume that a trade with change of price Z,, will occur

whenever the efficient price process crosses one of the mid-tick values Z;, | + ¢ or

Zr,_, — 5. In that case, if the efficient price process hits the former value, we would
observe an increment of the observed price Z,, = Z,, | +«a and if it hits the latter value,
we would observe a decrement Z,, = Z, | — a. There are two reasons why in practice
such a frictionless model is too simplistic. The first reason is that the absolute value
of the increment (or the decrement) of the observed price can be bigger than the tick
size a and was already pointed out in Example 3. We will thus keep the notation L; in
this example. The second reason is that the frictions induce that the transaction will
not exactly occur when the efficient process is equal to the mid-tick values. For this
purpose in the notation of Robert and Rosenbaum (2012), let 0 < < 1 be a parameter
that quantifies the aversion to price changes of the market participants. If we let Xt(a)
be the value of X; rounded to the nearest multiple of «, the sampling times are defined
recursively as 7y := 0 and for any positive integer ¢

. 1 1
T, = inf {t > Tl Xt = X‘I(_i)l — Oé(Li_l - 5 +7]) or Xt = Xgi)l + Oé(Li—l - 5 +7])}
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The observed price is equal to the rounded efficient price Z,, := ng ). The time process
Xt(t) is again equal to the price process X; itself in this model. The up and down

processes are piecewise constant in ¢ and constant in s, defined for any s > 0 as

dt<8> = _Liflal{XTi_1<Xri_2} — (27] -+ Li,1 — 1) al{XTi—1>XTi—2} for ¢t € (Ti,h Ti]
Ut(S) = L’L'*loé]'{Xri_1>X‘ri_2} + (277 + Li,1 — 1) a]‘{X‘ri_1<X7—i_2} fOI' t e (Tifl, Tl']

where 14 is the indicator function of A. Note that in the case where n = %, we are back

to Example 3.

Example 5. (times generated by hitting an irregular grid model) The fourth model
we are looking at is called times generated by hitting an wrregular grid model. We
follow the notation of Fukasawa and Rosenbaum (2012) and consider the irregular grid

G = {pk }rez, With pr < prr1. We set 79 = 0 and for i > 1
7; = inf {t >T: X €G— {Xﬂ-_l}}7

where G — {X,,_,} is the set obtained by removing {X,, ,} from G. We can rewrite it
as an element of the HBT model where the time process is equal to the price process,

and for all s > 0 the up and down processes are defined as

di(s) = pr—1 —pr forte (ri_1,7]

u(s) = pry1 —pr  fort e (rioq, 7,

where k is the (random) index such that p, = X,,_,.

Ezxample 6. (structural autoregressive conditional duration model) There have been
several drafts for this model. We follow here a former version (Renault, van der Heijden

and Werker (2009)), because we can directly express it as an element of the HBT model.

!Generating the sampling times (2.1) of the HBT model as a first hitting-time of a unique barrier
instead of the first hitting time of one of two barriers as in the latter version of Renault et al. (2014)

16



In the structural autoregressive conditional duration model, the time 7; when the next

event occurs is given by 79 = 0 and for ¢ > 0
7; = inf {t >T A — AL = JTFl or A, — A, | = 572;1}

where A; is a standard Brownian motion (not necessarily independent of X;). Expressed

(t)
t

as an element of the HBT model, we have that the time process X, is equal to the

Brownian motion A; and for all s > 0

dt<8) = dn_l for te (Ti—lyTi]

w(s) = ¢, , for te€ (11,7

2.3.2  Possible extensions of the model with uncertainty zones

The model with uncertainty zones of Robert and Rosenbaum (2011) introduced in
Example 4, which is semi-parametric, assumes that the observed price is the efficient
price rounded to the nearest tick value Z,, = ﬁf‘ ) and thus the noise is equal to ¢; :=
a(2—n) if the last trade increased the price and ¢; :== —a(2—n) if the last trade decreased
the price. In particular, the noise is auto-correlated and correlated to the efficient
price. Because of this specific noise distribution, it is directly possible to estimate the
underlying friction parameter 1 without any data pre-processing such as preaveraging
(see Robert and Rosenbaum (2012)). We believe the model with uncertainty zones
is a very interesting starting point, because all the endogenous and noise structure
of the model is reduced to the estimation of the 1-dimensional friction parameter 7.

Nevertheless, as this semi-parametric model wants to be the simplest, it suffers from

several issues. We will investigate two of them in the following.

First, the model doesn’t allow for asymmetric information between the buyers and

wouldn’t change much the proofs of Chapter 2, but we chose the two-boundaries setting because it
seems more natural if interpretation of time processes, up processes and down processes is needed.
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the sellers. Define nt and n~, which are respectively the aversion to a positive price
change and a negative price change. As a positive price change means that a buyer
decided to put an order at the best ask price and a negative price change corresponds
to a seller that puts an order at the best bid price (if we assume that cancel and repost
orders are not the reason why the price changed), the difference n* — 7~ can be seen
as a measure of information asymmetry. We define 75 := 0 and recursively for ¢ any
positive integer
7, = inf {t >Tiog 0 Xy = Xﬁf“_l — oz(LZ- — é +7)_) or X; = XT(Z‘?‘_)I —|—a(LZ» — % + 77+)}.

Note that the HBT class contains this model and that it can be directly fitted if we
slightly modify 7 in Robert and Rosenbaum (2012) to estimate n* and n~. One possible
application would be to build a test of asymmetric information n* := n~. This is beyond

the scope of Chapter 2.

One other issue is that the authors don’t do any model checking in their work.
According to their empirical work (see pp.359-361 of Robert and Rosenbaum (2011)),
the estimated values for n are stable accross days for the ten French assets tested.
Stability of n favors their model but by doing so, the model doesn’t allow any other
structure than the full-endogeneity for the sampling times. Even if the true structure
of sampling times is (mostly) independent of the asset price, we will still estimate an
n that will be stable across days. If we allow the time process to be different from
the price process itself, we can estimate the correlation p'?® between them and see
how endogenous the sampling times are (the bigger | p1’3| is, the more endogenous the
sampling times are). We would need to add more general microstructure noise in the

model, and thus this is left for further work.
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2.4 Main result

2.4.1 Assumptions and Theorem

Without loss of generality, we fix the horizon time T := 1, and we consider [0, 1] to
represent the course of an economic event, such as a trading day. We first introduce the
definition of stable convergence, which is a little bit stronger than usual convergence
in distribution and needed for statistical purposes of inference, such as the prediction
value of the high-frequency covariance and the construction of a confidence interval at

a given confidence level.

Definition 1. We suppose that the random processes Y;, p; and o; are adapted to a
filtration (F;). Let Z, be a sequence of F;-measurable random variables. We say that
Z, converges stably in distribution to Z as n — oo if Z is measurable with respect to
an extension of F; so that for all A € F; and for all bounded continuous? functions f,

E[14f (Z,)] = E[14f (Z)] as n — oo.

In the setting of Section 2.2, the target of inference, the integrated covariation, can

be written for all ¢ € [0,1] as
¢
<X(1), X(2)>t = / crgl)af)p;’?ds.
0

We are providing now the asymptotics. We want to make the number of observations
go to infinity asymptotically. The idea is to scale and thus keep the structure that
drives the next return and the next observation time, while making the tick size vanish

(and thus the number of observations explode on [0, 1]). Formally, we let the tick size

2Note that the continuity of f refers to continuity with respect to the Skorokhod topology of D[0, 1].
Nevertheless, we can also use continuity given by the sup-norm, because all our limits are in C[0, 1].
One can look at Chapter VI of Jacod and Shiryaev (2003) as a reference. For further definition of
stable convergence, one can look at Rényi (1963), Aldous and Eagleson (1978), Chapter 3 (p. 56) of
Hall and Heyde (1980), Rootzén (1980), and Section 2 (pp. 169-170) of Jacod and Protter (1998).
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k=12

~o such that for £ =1,2 we

a > 0 and we define the observation times T, := {Tiﬁl;)

have Tég := 0 and for ¢ any positive integer

i—1,« i—1,« i—1,«

T-(,k) := inf {t > 78 AxER ¢ [adik) (t — ® ), au™ (t — ) )] }
We define the HY estimator when the tick size is equal to «

(2.2)

t,a

X, XYY = AXY Ax®1 .
( ’ ) Z 1 - {[Tm A T(2>)¢®}

i—1l, i, =10,

0<TZ-(71) s T](iz <t

@

We now give the assumptions needed to prove the central limit theorem of (2.2). We
need to introduce some definitions for this purpose. In view of the different models
introduced in Section 2.3, there are three different possible assumptions regarding the
correlation between the time processes Xt(t) and the price processes X;. The first pos-
sibility is that they can be equal for all 0 < ¢t < T. In this case we define \™" the
smallest eigen-value of (afi’j )){;122 . The second scenario is that for one k£ € 1,2 we have
Xt(k) = Xt(t’k), but the other time process is different from its associated price process.
In that case, we define A" the smallest eigen-value of (af’j ))f Sffisff:ffig}} . The third
possible setting is that the time process is different from its associated asset price for
both assets, and we let A\I"™™ the smallest eigen-value of o; in that case. Assumption (A1)
provides conditions on the price processes Xt(l) and Xt(2), the time processes Xt(t’l) and
Xt(t’2) as well as their covariance matrix o;. There are two types of assumptions in (A1).
First, we want to get rid of the drift in the proofs, and this will be done using condition
(A1) together with the Girsanov theorem and local arguments (see e.g. pp.158-161
in Mykland and Zhang (2012)). This is a very standard assumption in the literature

of high-frequency statistics. Furthermore, we assume that the covariance matrix o; is

continuous.

Assumption (A1). The drift p,, the volatility matrix o, and the (four dimensional)

Brownian motion W; are adapted to a filtration (F;). Also, y, is integrable and locally
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bounded. Furthermore, o; is continuous. Finally, we assume that i?f ])\f}lin > 0 a.s.
t€(0,1

The following condition roughly assumes that both time processes can’t be equal to
each other, even on a very small time interval. Specifically, we will assume that there
is a constant stricly smaller than 1 such that the module of the instantaneous high-

frequency correlation p;? 4 can’t be bigger than this constant. In practice, assumption

(A2) is harmless.

Assumption (A2). For all ¢ € [0, 1]

ot e (0% 0%, (2.3)

where max(| p>* |,| p3* [) < 1

The next assumption deals with the down process d; and the up process u;. It is
clear that d; and u; have to be known with information at time ¢, which is why we
assume that they are adapted to (F;). The rest of assumption (A3) is very technical
and we only try to be as general as we can with respect to the proof techniques we will
use. The reader should understand Assumption (A3) as “assume the worst dependence
structure possible between the return AX,, and the time increment Ar;, knowing that
they follow the HBT model”. We insist once again on the fact that we only make the
dependence structure as bad as we can in our model so that we can investigate how
biased the HY estimator can be in practice, and how much the estimates of the variance

assuming no endogeneity are wrong.

Assumption (A3). For both assets k = 1,2, define the couple of the down process

and the up process gt(k) = (dik), ugk)) and let g; := (gt(l),gt(m). We assume that

g®: Rt — (Rt =R~ xR")

t ggk)

is adapted to (F;). Moreover, there exists two non-random constants 0 < g~ < ¢g* such
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that a.s. for any ¢ € [0, 1] and for any s > 0
_ : k k k k
g~ < min(—di”(s),1"(s)) < max(=di"” (), 1" (s)) < g7 (2.4)
Furthermore, there exists non-random constants X > 0 and d > 1/2 such that a.s.

Vs > K, g:(s) = g (K), (2:5)
Vt >0, g, is differentiable and Vs > 0, max (](d,gk))’(s)\, ](ugk))'(s)]) <K, (26)

Vo (u,v) € 10,1 st. 0 <u<v, |9y — Gulloo < Klv —ul?, (2.7)

where ||(f1, f2)|le = Sli]%maxﬂfl (w) |, | f2 (w) ).

Remark 1. Consider the space C of constants defined in Assumption (A3)
1
C .= {(g*,gﬁK,d) st 0<g <gt,K>0,d> 5}.

For any ¢ € C, we define G(c) to be the functional subspace of RT™ — (RT — R~ x RT)?
such that Vg € G, g satisfies (2.4), (2.5), (2.6) and (2.7). When there is no room for

confusion, we use G. Assumption (A3) is equivalent to
deeCst. Vte[0,1], g € G(c).

Remark 2. The advised reader will have noticed that Example 3, Example 4, Exam-
ple 5 and Example 6, where time processes are piecewise-constant, don’t follow the
assumption (A3). Nonetheless, because of the IID structure (respectively Markovian
structure) in the size of the jumps in Example 3 (Example 4), the proofs of this work

can adapt straightforwardly, and we can still use the results of this chapter. Also, we
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can add Markovian conditions in Example 5 and Example 6 so that all the techniques
of this chapter would apply to them too. We have made the choice not to state more

general conditions to keep tractability of Assumption (A3).

The last assumption is only technical, and also appears in the literature (Mykland

and Zhang (2012), Li et al. (2014)).

Assumption (A4). The filtration (F;) is generated by finitely many Brownian mo-

tions.
We can now state the main theorem.

Theorem 1. Assume (Al) — (A4). Then, there exist processes AB; and AV, adapted
to (F;) such that stably in law as the tick size a — 0,

— t
a ! (<X(1>,X<2>>fg - (X(l),X(Q))t> — AB; + / (AV,)?dz,, (2.8)

0

where Z; is a Brownian motion independent of the underlying o-field. The asymptotic
bias AB; and the asymptotic variance AV, are defined in Section 2.4.3 and estimated

i Section 2.5.

Remark 3. (path-bias) Note that the asymptotic bias term AB; on the right-hand side
of (2.8) doesn’t mean that the Hayashi-Yoshida estimator is biased, but rather path-
biased. The latter is a weaker statement which means that once we have seen a path,
there is a bias for the HY estimator on this specific path of value AB;. In practice,
we only get to see one path and thus bias and path-bias can be confused easily. When
doing simulations, we can observe many paths and the reader should keep in mind that
the path-bias will be different for each path. In addition, note that if we assume that o,
is bounded and bounded away from 0 on [0, 77, there is no bias in Theorem 1 because
E[AB;] = 0.

Remark 4. (convergence rate) At first glance, the convergence rate a~! looks different

2

from the optimal rate of convergence n'/? we obtain in the no-endogeneity case. This
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is merely a change of perspective because we are looking from the tick size point-of-
view. Actually, if for £ = 1,2 we define Nt(’l;) as the number of observations before ¢ of
the kth asset and the sum of observations of both processes Nt(,i) = t(}a) + Nt(i), we
have that Nt(,i) is exactly of order O,(a™?). Thus, if we define the expected number of

observations n := E[Nt(i)], we obtain the optimal rate of convergence nz in (2.8).

Remark 5. (arbitrary number of assets) We chose for simplicity to work only with
two assets, but we conjecture that this result would stay true for an arbitrary number
of assets, and that our proofs would adapt to show it, at the cost of more involved

notations and definitions.

2.4.2  Definition of the bias-corrected HY estimator

Assume that we have a consistent estimator® ZEM of the bias AB,;, = a( fg ABgl)
axtt + fot ABgQ)dXS(Q)). Such an estimator will be provided in Section 2.5. We define
the new estimator (X, X(2))B¢ of high-frequency covariance as the estimate obtained

when removing the bias estimate @ta from the Hayashi-Yoshida estimator

(XD, X@)BC .= (X1 X@)IY _ 4B, . (2.9)
With the bias-corrected estimator (X1, X(2))B¢ we get rid of the asymptotic bias and

keep the same asymptotic variance as we can see in the following corollary.

Corollary 2. Assume (Al) — (A4). Then, stably in law as o — 0,

— t
o (X, X)PC — (X0, X)) — / (AV,) V2 dz,. (2.10)
0

SEt,a is consistent means that a‘lﬁt@ =a'AB; o + 0,(1)

24



2.4.8  Computation of the theoretical asymptotic bias and asymptotic

variance

We warn the reader interested in implementing the bias-corrected estimator that this
section is highly technical and we advise her to go directly to Section 2.5 and refer to
this section only for the definitions. On the contrary, if the reader wants to understand
the main ideas of the proofs, she should take this section as a reference. We also want
to emphasize on the fact that the theoretical values of asymptotic bias and asymptotic
variance found at the end of this section are rather abstract and don’t shed easily light
on how the change of parameters o; and ¢; in the model would influence the asymptotic
bias and asymptotic variance. The main purpose of this work is that we don’t need to

know the theoretical values in order to compute the estimators in Section 2.5

We need to introduce some definitions in order to compute the theoretical asymp-
totic bias AB; and the asymptotic variance term AV,. We first need to rewrite the HY
estimator (2.2) in a different way. For any positive integer ¢, consider the ith sampling

time of the first asset 7%

1o We define two times, 7,_, , and 7,°, ,, which are func-

i—1,« i—1,a

tions of 7"} _ and all the observation times of the second asset {T;i) }i>0, and which

i—1,«
correspond respectively to the closest sampling time of the second asset that is strictly

smaller than 7'(1) 4

i 1o » and the closest sampling time of the second asset that is (not

necessarily strictly) bigger than Ti(i)lya

(2)

Tite = maX{Tj(?a) L Tia < Ti(i)l,a , (2.11)
T;:La = min{rﬁ? : Tﬁ? > Ti(i)La}. (2.12)

4Connoisseurs will have noticed that Ti 4
in the proofs

o 1s not a Fy-stopping time, which will not be a problem
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We consider AX (2,),+ the increment of the second asset between 7,

+
i—1,« and Ti,a

i,

AXP = AX@D (2.13)

Ti,(’x [Ti_—l,a’Ti,a]

Rearranging the terms in (2.2) gives us (except for a few terms at the edge)

(X0, X@) 0= Y Ax{Ax® .. (2.14)
" io 1,0

T, <t

i,

The representation in (2.14) is very useful in the sense that it gives a natural order
between the terms in the sum. Nevertheless, any term of this sum is a priori correlated
with the other terms. We will rearrange once again the terms in (2.14), so that each
term is only correlated with the previous and the next term of the sum. In this case, we
say that they are I-correlated. For this purpose, we need to introduce some notation.
We remind the reader that T, is the two-dimensional vector of sampling times, where
for each k = 1,2 the kth component T flk) is equal to the sequence of sampling times
associated with the kth asset. We will construct a subsequence T of T that also
depends on the observation times of the second asset T((f), and will be such that we
can write the Hayashi-Yoshida estimator as a 1-correlated sum similar to (2.14), except

(1)

the new sampling times 7S’ will replace the original observation times Tiw- Lhe new

1C . (1)

' are obtained using the following algorithm. We define 74 := 75,

sampling times 7,

and recursively for ¢ any nonnegative integer

Tilfm ‘= min {7'1510)[ : there exists a nonnegative integer j such that

7 <r® < 1. (2.15)
1C

In words, if we sit at the observation time 7, of the first asset, we wait first to hit

an observation time of the second asset, and we then choose the next strictly bigger
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observation time of the first asset. In analogy with (2.11), (2.12) and (2.13), we define

the following times

7-11_01; = maX{T](i) : T](i? < 7'2-1,017(1 ; (2.16)
7-11_01’; = min{Tfa) :Tj(i) > Til—cl,a ) (2.17)

AXS)C,—,+ = AX[(?C,_ AO (2.18)
io i—l,a i,

First, observe that, except for maybe a few terms at the edge, we can rewrite (2.14) as

(XD, X@), = 3 Axax®_ .. (2.19)

7_IC’,-!—

(e

<t

Also, we define the following compensated increments of the HY estimator

rie

Nio = AX0AXS, |, — / c ¢H2ds. (2.20)

Tic1,a

Note that they are compensated in the sense that they are centered (if we decompose
AXS)C into a left (—), a central and a right (+) part and condition the expectation,

this is straightforward to show). Similarly, we can show that they are 1-correlated.

The idea of the proof is the following. If we consider the volatility matrix o; and
the grid function g; to be constant over time, we can express the conditional returns of
the normalized error of HY as a homogeneous Markov chain (of order 1), show that the
Markov chain is uniformly ergodic and thus use results in the limit theory of Markov
chains (see, e.g., Meyn and Tweedie (2009)) to show that it has a stationary distribution.
Then, we prove that we can approximate locally the returns of the normalized error
when the volatility matrix and grid function are not constant by the returns when
holding them constant on a small block. Finally, using limit theory techniques developed
in Mykland and Zhang (2012) together with standard probability results of conditional

distribution (see, e.g., Breiman (1992)), we can bound uniformly in time the error of
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the returns when holding the volatility matrix and grid function constant.

We define now all the previous quantities assuming the volatility matrix o, and the
grid function ¢, are constant. For that purpose, let W, be a four dimensional Wiener
process, ¢ := (g7, g7, K, d) a four-dimensional vector such that ¢ € C and & a constant
volatility matrix such that the associated A™*, which is the analog of An- defined
in Section 2.4.1 when we replace o, by &, is stritcly bigger than 0 and g € G(c) a
constant grid function. In analogy with the definition of the grid function ¢g; in (A3),
we assume that g can be written in terms of the down and up functions of both assets,
ie. g := (§M,3®) where for each k = 1,2 we have §g® = (d®,a®). Also, we

introduce Sy the subspace of R? defined as
S; = {(y,v) e Rx R s.t. dP(v) <y < a?(v)}.

If we set X = W and the corresponding sampling times of both assets T := (T, T®)),
where for k = 1,2 we have T®) := {#},5¢, we define the observation times of the first

asset as %él) := 0 and recursively for ¢ any positive integer

P = inf {t > 7Y AXP ¢ [dO @ — 7)), @V - 7))}

These stopping times will be seen as approximations of the observation times of the first
asset when we hold the volatility matrix o, and the grid g, constant. We will always
start our approximation at a I-correlated observation time Tzlf , which corresponds to
an observation time of the first asset. As the sampling times of the second asset are not
synchronized with the ones from the first asset, we need two more quantities (x,u) € S;
to approximate the observation times of the second asset. They correspond respectively
to the increment of the second asset’s time process Xt(t’Q) since the last observation of

the second asset occured and the time elapsed since the last observation time of the
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second asset. We define 7'( ) =0,

= inf {t> 02+ AXDY ¢ [do(t + ), Ga(t + )]},
and for any integer ¢ > 2
7 =inf {t > 78 AXD ¢ [dao(t — 72, a0t — 7))}

Similarly, we define the analogs of (2.11), (2.12), (2.13), (2.15), (2.16), (2.17), (2.18)
and (2.20) respectively as 7., 7;" ,, Af(g)w FrOm Flot Af(g)c,,’+ and N; by putting

tildes on the quantities of the definitions.

We can now define the instantaneous variance of the normalized HY estimate’s
error (2.21), which depends on the volatility matrix ¢ and the grid g. Similarly, we also
define the instantaneous covariance between the normalized HY’s error and the first
asset price (2.22), and the instantaneous covariance between the error and the second
asset price (2.23). Finally, we define the instantaneous 1-correlated time, which is the
approximation of ]ET&C [AT}JFCQ] where if 7 is a (F;)-stopping time, E, [Y] is defined as

the conditional distribution of Y given F..

vV (5,§,2,u) = E[NJ+2N,Ns], (2.21)
VAN G, G mu) = ]E[MAX%)C}, (2.22)
VA6, g,m,u) = E[MAXTL L], (2.23)
V(6,5 7,u) = E[ARC]. (2.24)
Set Zy := (z,u) and for any positive integer
5 (4 - ~10,~
Zii= (AXJo iop WO = 79T). (2.25)

For any nonnegative integer i, we consider 7;(7, g, x,u) the distribution of Zi. We
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also introduce the notation II(¢, g, z,u) := {7;(7, §,x,u) };>0. By the strong Markov
property of Brownian motion, we can show that Z:is a homogeneous Markov chain (of
order 1) on the state space S;. In the following lemma, we show that there exists a

stationary distribution of 7;(7, g, x, u).

Lemma 3. Let ¢ := (¢—, g%, K,d) be a four-dimensional vector such that ¢ € C and
consider & a constant volatility matriz such that \™® > 0 and § € G (¢) a constant grid.

Then, there exists a stationary distribution 7w(, g).

The proof of Lemma 3 can be found in the Appendix (proof of Lemma 14). The next
definition is the average (regarding the stationary distributions) of the instantaneous

variance, covariances and 1-correlated time. For any 6 € {AV, AC1, AC2, 7},
¢’ (3,9) = | ¥°(5,8,y,0)d7 (5,9) (y,v).

We introduce the notation ¢? := ¢? (a5, gs) and consider the following quantities needed

to compute the asymptotic bias and variance.

EO = (o)A (¢7) 7 (2.26)
k;,L — (1 - (pi’2)2)_1((0£2))_2¢f02 o (ng)ggg)) 11, 2¢ACI) (¢T) (2'27)

We express now AV, the quantity integrated to obtain the asymptotic variance.

AV, = (08 + 2KV (0 M@0l — (k) + k)6l ??)) (67) T (2.28)

(D) (RO)? + (02)* (1= (o)) (k24
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The asymptotic bias is defined as AB; := fot ABMaxM + f(f ABPdx® where

D= k(l)—k;’Lpizaf)(agl))_l, (2.29)
ABY = gLt (2.30)

Remark 6. (asymptotic bias) Looking at the expressions for ABS) and AB§2), one can
be tempted to think that because of the (1—(p!?)?) ! term in k1, the bias will increase
drastically when both assets are highly correlated. In this case, the reader should keep
in mind that the second term of AB§1), when integrated with respect to Xgl), and
AB§2), when integrated with respect to XS(Q), will be roughly of the same magnitude,
with opposite signs, and thus there is no explosion of asymptotic bias. We chose the
above asymptotic bias’ representation because it is straightforward to build estimators
from it. We can also express the asymptotic bias differently. For this purpose, we can

rewrite the log-price process as

ax” = oMaB",
ax? = p*oMaB + (1 - (o) PofVaB!

where Bt(l) and B} are independent Brownian motions. Let
dX = (1— (o)) PePaBlt (2.31)

be the part of Xt(2) that is not correlated with Xt(l). We can express the asymptotic
bias as AB, = [ ABMax™ + [* ABPdBL. In this case, AB" = k) and

ABY = 1lim (M7, B,

n—o0

where M" is defined in the proofs. We can show that this limit exists, and does not

explode when both assets are highly correlated.
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2.5 Estimation of the bias and variance

1)

o 1s the number of obser-

We need to introduce some new notations. We recall that Nl(
vations corresponding to the first asset before 1 and we also define N{§ the number of
1-correlated observations before 1, i.e. NI¢ := max{i € N s.t. Tllg < 1}. In practice,
the first step is to transform the returns of the first asset

(AXD) A7)}

(1) i,a /) fi=1
Ti [e% ’

into 1-correlated returns
NG
i=1

{(AX}C, AT}

using algorithm (2.15). Then, for each asset, we will chop the data into B,, blocks and
— —(1 ——(2
on each block i = 1,..., B, we will estimate AV, ,, AB,. and AB, .

7,00

pretending that

the volatility matrix o; and grid g, are block-constant.

Because there is asynchronicity in the observation times, the blocks of each asset

are not exactly equal. Let h, be the block size. For the first asset, we consider block

1 .= [O,Téga], block 2V .= [Tﬁf’a,ﬁ}i@L ..., block Bq(ll_)1 = [T(lBCnf2)hn,o¢7T(ch;fl)hn,aL
block BYY = [T(ﬁl_l)hma, 1]. For the second asset, we let block 1) := [T&g’ﬂr}fj],
block 2 .= [T;S;_,T;}i—;], ..., block Br(i)1 = [T(IBCT:—L_Q)hn,a7T(IBC,’;—i—_l)hn,aL block BY =

10+
[T(Bnq)hn,n’ 1]

Similarly, we say j € block i® when 7(2) € block i®). Finally, we define j € block i if

In the following, we will say j € block i when 7% € block iV

j’a

je{(@E—1h,+1,...,ih,}. First, we estimate the volatility of both assets using the
corrected estimator in Li et al. (2014). To do this, we need to define an estimate of the

spot volatility on each block for each asset k = 1,2

1/2
55,12 = ( Z (AXS;;Z))2> .

j€block (k)
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Then, we estimate the asymptotic bias of the volatility

—(k 2
ABo,, = S o@axy.

j€block (1)

We obtain the bias-corrected estimators of volatility on each block

- — (k)
¥ — o _ ABs".

2,0
Then, we estimate the correlation between both assets using the naive HY estimator

1

A12 (1) 2)

P =~ S AXBeAX .
i, 1,00 jEblock ¢

We then build an estimator of the compensated increments of the HY estimator, fol-

lowing the definition in (2.20),

s [N Ne'hgl We'l s Wo'ls

Nio = AXGLAXSL L = A7S6060 507

The next step is to estimate the instantaneous variance (2.21), both instantaneous co-
variances (2.22) and (2.23) and the instantaneous 1-correlated time (2.24) on each block.
This is done by taking the sample average of the corresponding estimated quantities.
Note that we don’t directly estimate 14V, At 44¢2 and 7, but rather a scaling
version of them, i.e. a2¢?V, a, ¢, a,1h4°? and a,1)". In practice, we can always
assume «, := 1 by scaling g; by the tick size, and thus we match the definitions of the
following estimators with (2.21)-(2.24). For the sake of simplicity, we assume that the
number of 1-correlated observations of the last block B, is also h,,. In practice, this will
be most likely different from h,,, and thus the denominator of (2.32)-(2.35) will have to

be changed so that it is equal to the number of 1-correlated observations in this last
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block. The estimates are given by

QEZA;/ = h,' Z NjQ,a+2Nj,aNj+l,aa (2.32)
j€block i

oA = bt )T NjAXUL (2.33)
jeblock i »e

o0 = it Y NWAXSL (2.34)
j€block i e

o = bt D AT (2.35)
j€block i

We estimate now the quantities (2.26) and (2.27) as

AR (&(1))—2%01(% )—1’ (2.36)
k= (L= (0i2)?) (65D 2017 — (G1aoio) i) (97a) - (2:37)

We follow (2.29) and (2.30) to estimate the bias integrated terms AB{" and AB{ on
each block

—(1 > - B
ABY = B - R,
—(2 >

ABE}Q = ki

For the variance term AVj, we decide not to use the direct definition in (3.55) because

it can provide negative estimates. Instead, we will be using the following estimator

Wi = (X )00 — X0
jeblock i o (i=Dhn,a
R 2
SR (X X )= e e —xt )Y
Tihn,o Tli—=1)hn,o ihn,a (i=1)hn,o
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We define the final estimators of asymptotic bias and asymptotic variance as

By

AR -5 —(2

AB, = Y AB (x4, ~XxU. ) +ABL(XC. XL ) (@23)
— ’ Tihm, o 7(1‘71)hn,a ’ Tihm,o T(ifl)hn,a

— Bn —

AVa = Z AVi,a (T,L'lhcma — T(lgl)hma) . (239)
=1

As a corollary of Theorem 1, we obtain the following result, which states the consistency

of (2.38) and (2.39).

Corollary 4. There exists a choice of the block size h,> such that we have the following

convergences when o — 0

o 'AB, 5 AB (2.40)

1
atAV, o / AV ds. (2.41)
0

In particular, in view of Corollary 2, the bias-corrected estimator

(XD, X@)BC . (x() X)IY _ 4B,
18 such that
(XD, X@)EC _ (X (), X)),
R — N(0,1). (2.42)
AV

Remark 7. (exchanging Xt(l) and Xt(2)) When estimating the asymptotic bias and the
asymptotic variance, we considered one specific asset to be Xt(l) and the other one to

be Xt(2). We could exchange Xt(1> and Xt(2), and find new estimators AB, and AV,

according to the previous definitions. One could then take ABLQABM (respectively
Ava+A~Vt,a

5—=) as final estimators of asymptotic bias (asymptotic variance).

5the exact assumptions on h,, can be found in the proofs of Theorem 1
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Remark 8. (optimal block size) In practice, the optimal block size h,, is not straightfor-
ward to choose. On the one hand, h,, should be as small as possible so that the volatility
matrix o, and the grid g; are almost constant on each block, and thus (2.32)-(2.35) are
less biased. On the other hand, we need as many observations as we can on each block,
so that the variance of approximations (2.32)-(2.35) is not too big. We are facing here

the usual bias-variance tradeoff.

2.6 Numerical simulations

We assume the same setting as the toy model described in Example 1, in two dimensions.
Thus, there exists a four-dimensional parameter 0 := (91(}), 9;1), 9&2), 9((12)) such that for
any t > 0 and any s > 0, ugl)(s) =0, dgl)(s) = 9;1), ul? (s) == 6% and d§2)(8> = Q((f).
We assume that the two-dimensional price process (Xt(l),Xt(z)) has a null-drift. Also,
we assume that the volatility of the first process is alfl) := 0.016 and the volatility of the
second process JEZ) := 0.02, and that the correlation between both assets is p; := 0.2.
We set 0 := (0.0007, 0.0001, 0.0006, 0.0()01). According to this rule, a change of price
occurs whenever the price of the first (respectively second) asset increases by 0.07%
(0.06%) or decreases by 0.01% (0.01%). Finally, we assume that the price processes
(Xt(l), Xt(Q)) and the time processes (Xl,/(t’l)7 Xt(t’Q)) are equal.

We simulate price processes and observation times for 10 years of 252 business
days. We provide in Table 2.1 a summary of the comparison results between HY and
the bias-corrected HY. As expected from the theory, the RMSE is improved when
using the bias-corrected estimator. In addition, the sample bias is almost the same
when using HY and the bias-corrected estimator which is also expected from Remark
3. Furthermore, this sample bias tends to 0, which comes from the fact that both
estimators are consistent. Finally, the standardized feasible statistic (2.42) is reported

in Table 2.2 and plotted in Figure 2.1.
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No. years | estim | sample bias RMSE % Reduced RMSE
1 HY 5.41e — 07 | 1.36e — 05 -
1 BCHY | 5.43e —07 | 1.19¢ — 05 13%
2 HY 2.73e — 07 | 1.39e — 05 -
2 BCHY | 2.74e — 07 | 1.23e — 05 12%
5 HY 1.10e — 07 | 1.42e — 05 -
5 BCHY | 1.07e — 07 | 1.26e — 05 11%
10 HY 5.54e — 08 | 1.39e — 05 -
10 BCHY | 5.53e — 08 | 1.20e — 05 14%

Table 2.1: Summary statistics based on simulated endogenous data of 1, 2, 5 and 10
years. The RMSE in the table corresponds to the square root of the squared distance
between the estimated value and the true value 6.4e — 05. HY stands for the usual
Hayashi-Yoshida estimator (1.5), and BCHY represents the bias-corrected estimator

(2.9).

No. years | 0.5 % |25 % | 5% |95 % | 97.5 % | 99.5 %
1 -248 | -1.99 | -1.59 | 1.66 2.13 2.57
2 -257 1 -1.83 | -1.60 | 1.68 2.13 2.67
) -2.60 | -1.96 | -1.64 | 1.64 2.05 2.62
10 -268 -198|-1.60| 1.65 2.01 2.73

Table 2.2: In this table, we report the finite sample quartiles of the feasible standardized
statistic (2.42). The benchmark quartiles are those for the limit distribution A(0, 1).
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Figure 2.1: Histogram and Normal QQ-plot of the standardized estimates (2.42) on a

10-year period of observations.

2.7 Conclusion

We have introduced in this chapter the HBT model, and we have shown that it is
more general than some of the endogenous models of the literature. This model can be
extended to a model including more general noise structure in observations, and even
noise in sampling times. The model with noisy observations is introduced in Chapter

3.

Under this model, we have proved the central limit theorem of the Hayashi-Yoshida
estimator. Our main theorem states that there is an asymptotic bias. Accordingly,

we built a bias-corrected HY estimator. We also computed the theoretical standard
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deviation, and we provided consistent estimates of it. Numerical simulations show that

the new estimator performs better.

The techniques used for the proof of the main theorem can be applied to more
general models and to other problems such as the estimation of the integrated variance
of noise, integrated betas, etc. In particular, independence between the efficient price
process and the noise is not needed in the model. As long as we can approximate the
joint distribution of the noise and the returns by a Markov chain, ideas of our proof

can be used. This is also left for Chapter 3.

2.8 Appendix

2.8.1 Preliminary lemmas

Without loss of generality, we choose to work under the third scenario defined in Section
2.4, i.e. the asset price is different from the time process for both assets. Because we
shall prove stable convergence, and because of the local boundedness of o (because by
(A1) o is continuous), and that infie 1) AP™ > 0 we can without loss of generarality
assume that for all ¢ € [0,1] there exists some nonrandom constants o~ and o such

that for any eigen value \; of oy
0<o <XN<o" (2.43)

by using a standard localization argument such that the one used in Section 2.4.5 of
Mykland and Zhang (2012). One can further supress u as in Section 2.2 (pp. 1407-1409)
of Mykland and Zhang (2009), and act as if X is a martingale.

We define the subspace M of matrices of dimension 4 x 4 such that VM € M, for

any eigen value \y; of M, we have
o <Ay <o’ (2.44)
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a D) 39 By (2.3) of (A2) and (2.43) ill in the followi
and T € [p2 py - By (2.3) o and (2.43), we will assume in the following
that Vvt € [0, 1], oy € M.

We define o® the process (of dimension 4 x 4) on R* such that

of = o Vtel0,1]
of = o1 Vte[l,00)

Define now X? the process such that for all ¢ > 0

de = O'det
X? = X,

Because XP and X have the same initial value and follow the same stochastic differential
equation on [0, 1], they are equalt for all ¢ € [0,1]. For simplicity, we keep from now

the notation X for XP.

In the following, C' will be defining a constant which does not depend on 7 or n,

but that can vary from a line to another. Also, we are going to use the notation Tgn as

a subtitute of 7, , where # can take various names, such that (1), (2) and so on. Let

[ N7

h:N — N a (not strictly) increasing non-random sequence such that

hn — 400 (2.45)
hpoyn — 0 (2.46)
To keep notation as simple as possible, we define T[fn = Tilhi’n, Ti’f{ = Zlhcn:l, i}f;:r =
Tzlhc;t We also let A, := {i > 1s.t. 7", < t}, where t € [0,1]. Also, we recall
the notation (Xt(?’),Xt(4)) = (Xt(t’l),Xt(m)) Finally, for 6 € {(1),(2),1C, h}, we define
st = sup A7f,. We show that these quantities tend to 0 almost surely in the following
T£n<T
lemma.

a.s

Lemma 5. We have s? =5 0.
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Proof. We can follow the proof of Lemma 4.5 in Robert and Rosenbaum (2012) to prove
that for k € {1, 2}, st ©3 0. Then, we can notice that a.s. sl < s + s to deduce
that sX¢ 2%20. To show that sh — 0, define the process Z such that Zy = 0 and Vi > 0

AXZle g+ Zpe,  VEe )G, ]

7 [rr< i—1,n) "i—1n
t = 1 1C+
AX! Zoacy Vte [t 710
[ ] t 2o [Tt T

Substituting X in Lemma 4.5 of Robert and Rosenbaum’s proof by our Z, we can follow
the same reasoning. The only main change will be that in their notation M,, < Ch,a,,,

but this tends to 0 by (2.46). O

Let f be a random process, s a random number, we define :

S(f,s) = sup

0<u,v<l,jlu—v|<s

fu_fv

Lemma 6. Let f be a bounded random process such that for all non-random sequence
<Qn)n20f if ¢go — 0, then S (f, qn) L0, Let also a random sequence (sn)n20 such that
S, E) 0. Then we have ¥Vl > 1

S(f,50) 50

Proof. As f is bounded, convergence in P implies convergence in L' for any [ > 1.
Hence it is sufficient to show that S (f, s,) 50, Let n > 0 and € > 0, we want to show
that AN > 0 such that Vn > N,

P(S(f,8n) >m) <e

3 non-random y > 0 such that P (S (f,x) >n) <
P (s, > x) < §. Thus

Also, N > 0 such that Vn > N,

£
5

P(S(f,sn) >n) = P(S(fisn) >n,5.>x) +P(s(f,80) > 1,8, < X)
< P@n>x)+P(S(fix) >n) <e
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We aim to define the approximations of observation times on blocks

(Ki,n = [Ti}fn7 Ti}fi-l,n])izo :

We need some definitions first. Let (C’t(i))l-zo a sequence of independent 4-dimensional
Brownian motions (i.e. for each i, C’t(i) is a 4-dimensional Brownian motion), indepen-

dent of everything we have defined so far. We define Vi,n > 0,

AW[Tl "7 l +1] \V/t € [0 AT i1, n]

AW, +c% vt > ATh

zn’Tz+1n 1+1n

hno,

and
7k —T(gin 4 h h,—
(Tivjv”)jzo;k:1,2 =T (S ) O-Ti’fn7 a/ngrih’na AX[ P~ rh K Tim — Tin

1”7

To keep symmetry in notations, we define for all integers ¢ and n positive integers,
h

ZTL’

( @) ) consisting of the observation times of the process 1 after 7 , substracting
Jj=0

7]’
(1) (1) +1)

the value of 7', i.e. 7, ;) = 7,1, — ;- where 7* is the (random) index on the original
grid of process 1 corresponding to Tw (Tl(*{ ) For process 2, we define 7'( ) =0

and for integers j > 1, 7-(3)” = 7'(213 n = e )

*.n

where J* is the index on the orlglnal
grid of process 2 corresponding to the smallest observation time of process 2 bigger (not
necessarily strictly) than 7. We also define 7, ., 7,7 ., 7%, plO= PO+ zm xt

Z-]n, l.]n’ Z?]?”’ Z7j7n ’ 17.77',7’ ) l?]?”’ 17.77,,7”

Flo - FlC= F 10+ followmg the construction we used to define (2.11), (2.12), (2.15),

27.]7”, 17]777/ ’ Z?]?”

(2.16) and (2.17). We also set
(ﬁi,j,n)jzo =1I (Sim? Orh >Oén97-,h 7AX(4h - _h ]7Tzhn - Tif;f)

[7,7171n

Lemma 7. For 0 € {(1),(2),1C}, any real | > 0, any positive integer i and n, any

42



non-negative integer j, we have 0 < C;” < C;" such that :

where Af'gj,n = 7~'£j,n - %gj—lvn and
!
Cro? <E { (ar®) ] <Cra? (2.48)

Proof. For 6 € {(1),(2)}, because of (7) and (2.43), we can deduce (2.47) using well-
known result on exit zone of a Brownian motion (see for instance Borodin and Salminen
(2002)). (2.48) can be deduced using Dubins-Schwarz theorem for continuous local
martingale (see, e.g. th. V.1.6 in Revuz and Yor (1999)). If § = 1C writing A7/, =
(%f}tl’n - 715]-_17”> + (%f;; - 7~'2ﬁ1,n> and working those two terms, we can obtain (2.47)

and (2.48). O

Now, we define for 6 € {(1),(2), 1C, h} the number of observation times before t.
Ny, =sup{i: 7/, <t}

We have the following lemma

Lemma 8. For 0 € {(1),(2),1C}, we have that the sequence (oﬁLZ\Tt‘%n)n>1 is tight
Proof. Here for 6 € {(1),(2)} we can follow the proof of Lemma 4.6 in Robert and
Rosenbaum (2012) together with Lemma 5. Also, by definition we have N} < Nt(jl) SO

we also deduce the tightness of (aiNt{g) O

n>1"
Lemma 9. Let (U,,,)
If

in>1 @n array of positive random variables and 6 € {(1),(2),1C}.

Yu>0, S5 UL 50 (2.49)

[ — — h
then Zj\[:tl" Uin 5o Also, if Yu > 0, Z;Z?"Qh(n) E Uin i 0, then ZZN;{” Uin i)
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Proof. Let € > 0 and u > 0.

NP
E U@n > € =
=1

—2
Luo, <

i:N9 ntl

Luan J

IN
=

Luan J

< P ZUM>

Luan J

< P ZUM>

(LUOCZTLJUZTL—F

Z Uin +

z : Uivnl{Lua;2J<Ngn}

-2
i=Luag, < o+1

Z Ui’nl{Lua;2J>NEn} > E)

z : Uivnl{pua;2J<Ngn} > €

= Lua;24+1

p ’ €
3| tP 2 Uinliwia >3

i=Luag, 2a+1

| +P (Luaf_n < Ngn)

DO |

We take the lim sup and uses (2.49). We obtain :

n—o0

0
Nt,n

lim suplP Z Uin>e€e] <limsup P (I_UO(;QJ < Ngn)

n—oo i=1

n—oo

We now tend u — oo and conclude using Lemma 8. The second statement is proved in

the same way.

O

Lemma 10. For any o >0, 0 € M,g € G, (x,u) € S,, we have that

v (0,9, 7, u

AC1
(o, 9,2,

N

wAC

V" (0,9,7,u

( )
( )
(0,9,2,u)
( )

a~ AV (U, ag, ax, oz2u)
a3yAct (O‘, ag, ax, a2u)
a 3ypAc? (O', ag, ax, a2u)

a 2" (0', ag, ax, a2u)
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Proof. For any Brownian motion (W}),,, by the scale property we have that (W;),-, £

(a7'Wa2¢) s Thus, if we define 7 = inf{t > 0 s.t. W, ¢ [d(t), u(t)]} and 7, = inf{t >
0s.t. Wi ¢ [ad(t), au(t)]}, we have that

r& inf{t > 0 s.t. W2y & [ad(t), au(t)]} £ a2,
We deduce that :
(1, W) £ (%70, Wo-2r,) £ (%7, W) (2.50)

We can prove the lemma based on the way we proved (2.50), at the cost of 2-dimension
definitions that would be more involved and straightforward applications of Strong
Markov property of Brownian motions that we won’t write, so that we don’t lose our-

selves in the technicality of this proof. m

We introduce the number of points in the i-th block in the k-process as the following

N® — max{j > 0s.t. 7/, + 7® < .

o 7,J,m —

We also introduce the total number of points in the i-th block N;, = Ni(jl) + Nﬁl)
We show now that we can control uniformly the error of the approximations of the

observation times.

Lemma 11. Let [ > 1, we have that

!
sup E “Aﬂ%jcm - A%il,](f:n } =0, (aZ) (2.51)
120, 2<j<hn
and
!
sup E “AT;J-C;L_’JF - A%iljc,’;’Jr) } =0, (o) (2.52)
i>0 , 2<j<hn ” ”
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Proof. We introduce the notation og where U stands for “uniformly in ¢ > 0”7, meaning

that the sup of the rests is of the given order

First step : We define 5" = sup7!¢ . We show in this step that
€A,

h

RNy (2.53)

5

We define the accumulated time of approximated durations, i.e.

=i
7~-i},ln = Z 7~-ll,}?n,n
1=0
Using Lemma 7 together with Lemma 8, M > 0 such that
P (7, < M) 1

We define Z§ = 0 and V¢ € [, 7],

i—1n in

ZZL — Z;lh

i—1,n

i—1,n
T St—%h

A slight modification of the proof of Lemma 5 will conclude.

Second step : We show that we can do a localization in the number of observations
in the i-th block, i.e. there exists a non-random M,, such that
P (max (N}jj, Ni{f}) > Mn> (2.54)
converges uniformly (in ¢) towards 0 and M,, increasing at most linearly with h,, i.e.
we have M, < Bh, where 8 > 0.
To prove (2.54), we need some definitions. Define for i > 0 the order of observation

times O; 1, and the order of the approximated observation times Ozkn in the following

way. Let Tgn = (TZ»O

7j,n)j>0 the sorted set of all observation times (corresponding to
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process 1 and 2) strictly greater than TZ-’fn. Then for j > 1, we will set O, ;, = 1 if
the j-th observation time in Tfn corresponds to an observation of the first process and

O, jn = 2 if it corresponds to an observation of the second process. Similarly, we set

Tgn the sorted set of all approximated times (%Z(l;)n

) . O; jn are defined in the
J20,k=1,2

same way. There exists a p > 0 such that for all integers i, j,n :
P (Ojs1n = 1’0m =2) > pand POy = 2’0m,n —1)=p (25

Indeed, let [ the (random) index such that 7 = 70 Conditioned on {me = 1},

iln ©,7,n°
we know that O; j41, = 2 if AX[(;L_,z ol crosses gt or —g*™ before AX®) -0

h
i,j,n"] [Ti,n+ z,j,n"]

crosses g~ or —¢g~. Using (2.3) of (A2) and (2.43), we can easily bound away from
0 this probability, thus we deduce (2.55). Now, using (2.15) together with (2.55) and

strong Markov property of Brownian motions, we deduce (2.54).

Third step : let g = (d,u) such that (9,9) € G, 0 € [07,0"] and e < Z-. We define
7(g,0,¢) = inf{t > 0 : oW} = u(t) + € or cW; = d(t) — €}, where W, is a standard

Brownian motion. We show that

E UT (g,0,¢) — 7 (g,0,0) ’l] <40 (e) (2.56)

e—0

where v (e) = 0.
In order to show (2.56), let

7' (g,0,€) = inf{t > 0: oWiir(y00) = min (u(7(g,0,0)) + Kt +¢€,97)

or cWiir(g,0,0) = max (d(T(g, 0,0)) — Kt — ¢, g*)}.

By (2.4) and (2.6) of (A3), we have 7(g,0,¢) — 7(g,0,0) < 7! (g,0,¢). Conditioned

on {T (g,0,€) } and using strong Markov property of Brownian motions, we can show

that E, (g0, “71 (g,0,¢€)

!
} " 0 using Theorem 2 in Potzelberger and Wang (2001)
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for instance.

Fourth step : let k € {1,2}. We show here

>

I<M,

7]7 7] n

0| =k @) (2.57)

l
) 2

iin — Tijn| | can be arbitrarily small

The idea is to show that by recurrence in j, E

when n grows. It is then a straightforward analysis exercise to use the localization
in second step and choose a different sequence h if necessary, that will still be non-
random increasing and following (2.45) and (2.46), so that the sum in (2.57) will be
also arbitrarily small. Let’s start with j =1 and k = 1.

l l
where F; ,, = Eﬁ) N EZ@”) with
Ez({n) = sup |AX 5] - AX(IQ s}| < Mn ¢
) Se[Th - h +T(11) \/7:(11) ] T»L n? Ti,n»
Ef) = sup 198 = 65 [l < mim ¢,
7 sE[rh 77' +T(11) \/~(11) ] Tin 79

1/2

Mp = qnQn, ¢p = Max < d-1/2 271/2> and z, = sup (E [(S (a“’“,sﬁ \% 52))2]) . By
1<u,v<4

(2.50) and (2.56),

?|

Tz(,]; )n - Tz( ]I )n

1En:| < Ca? (v (2g,) + Y (—24,))
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Using Cauchy-Schwarz inequality and Lemma 7,

I 1/2 c o\ /2
E { 10 } < Ca2P (EC)"? < Co? (]P <(E(§3) > +P ((E@) ))

On the one hand,

(k) ~ (k)
Titm — Tiin

c
P((E}ﬁ) ) < (mn) 'E sup axl)  —axl) |
SE[TZ n? +7—1( 1>TL ~1(]i)71} Z " Z "
i@ vrY) ) 1/2
S Clna)™ max ( N (72" =) dS)
< O(T]l )71 max E |:<< (1) \/7_() >S(O.u,v Sh\/§h)2>1/2]
— 1 1<u,v<4 zln i,1,n yOn n
1/2
< Clmn (&[D,v0]) "
< C’z}/2

where we used Markov inequality in the first inequality, conditional Burkholder-Davis-
Gundy inequality in the second inequality, Cauchy-Schwarz inequality in the fourth
inequality, Lemma 7 in the last inequality. On the other hand,

C
P((EE)) < B s -a
SE[TZ o T,Lh +T(1) VT,L(ll)n] o
S C (7]1,”>_1 E |:( z(l)n V; 7_(1) ) :|
< Cafl_l/Q

where we used Markov inequality in the first inequality, (2.7) of (A3) in the second

inequality, Lemma 7 in the last inequality. In summary, we have

?|

) ~(
Tign — Tign

l
:| = Cail (/y(l) (2(]71) + ’y(l) (_2(]71) + 2711/2 + Oéd_l/Q)
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which we can make arbitrarily small, because z, — 0 by first step together with Lemma
6 and the continuity of o (Al). The case with k = 2 is very similar. Finally, for j > 1,

the same kind of computation techniques, using in addition (2.6) of (A3), will work.

Fifth step : Prove that uniformly (in 7)

P <Vj <M,,0;jn= Ozgn) — 1 (2.58)
To show (2.58), let j < M,. We define the (random) index v such that 7, = TZ(I;),L

Modifying suitably h if needed, there exists (using fourth step) a sequence (e,) such
that

P (|90 = 70| S a2e) > 0 (2.60)

Using (2.59) and (2.60), we can verify (2.58) by recurrence.

Sixth step : We prove here (2.51) and (2.52). Using Lemma 7 and (2.58)

zgn

l l
~1C 1C U 21
|:‘A Tijn — AT :| |:)A Tijn ATZ]” 1{Vj<Mn,Oi,j,n=éi,j,n}:| + Op (&n)

The first term on the right part of the inequality can be bounded by

(]

Both terms can be treated with the same trick. Using the second step and Lemma 7,

l
10 _ 710
Tigmn — Tijm

1c  _ ~l1C

T J—1n Ti,jfl,n

l
1 <M o —0 .
{VJ_ naom,nfom,n}

l{VJ<Mn707, 7, n*oz \Js n}:| + E |:

the first term is equal to

> ||

v<Mp,

21
1{V‘]<Mn,oz s n—Oz s n}l{Tlc (1) }:| + O ( )

Tijmn n
J» 7] Tivm

20



The sum is obviously bounded by

>k

v<Mp,

1C ~1C
Tigmn — Tijmn

|
and using (2.57), we prove (2.51). We can deduce (2.52) with the same kind of compu-

tations. [

Let M™ the interpolated normalized error, i.e.

t
n_ -1 1) (2) . (1) (2) 1,2
My = a, (E :AX[TJC /\tTIC/\t]AX[Tl_Cl’;l/\t,Ti{g’_‘_/\t] /0 75795 Ps ds)

- i—1,n rin i
i>1

M corresponds exactly to the normalized error of the Hayashi-Yoshida estimator if we

observe the price of both assets at time ¢t. We remind to the reader the definition of

Ni,n in (2.20)
Tzlg
Ni, = AXS)CAX(?)C,,,+ — / ng)af)pigds
,n Tq;,n TlC
i—1,n

Lemma 12.

E »

2
T 1 n [(AM:’l ) :|

hn
= a,” Z ]E-r[glm [Z (N(zel)thru)z + 2N D) hn+u N (i~ 1) hn tut1

i€An

1€AR

+ 0p(1)

u=2

Proof. We obtain this equality noting that (V;,) ., are centered and 1-correlated, and

n>0

that the terms left converge to 0 in probability. m

We introduce the observation time at the start of a block, where “s” stands for “start”

s _ h h 1c
Tin = sup{ij st T, <Tin

o1



Lemma 13.

hn
2
)’ E.» [Z (Ne—1)hntu) + 2N(il)hn+uN(i1)hn+u+1]

Ti— 1,n
i€AR u=2

hn—2

=a? Z Z/ wAV 0’ n ,gnhilyn,a;lw,a;20> d7i—1jn (2,0) + 0p(1)

€A, j=0

Proof. First step : approximating with holding volatility constant. Set

rie

N N A AW ® T2 g
in =0, AWng ) om, AWne-a )= | G ds
Ti 1

where A® is the i-th component of the vector A. we want to show that :

’Ll’l’L

hn
2
an E.» [Z (N(i—l)hn—i-u) + ZN(i_l)hn+uN(i—1)hn+u+1]

i€An u=2
hn ~ 9 ~ ~
=a; E Z <N(i—1)hn+u> + 2NG— D hn+uN =1 htus1 | +0p (1)
1€EAR, u=2

~ ~ 2 ~ ~
Noting Fy,, = (Nin)? + 2NinNis1n and E, = (Nn> + 2N, Nisrn, it is sufficient

to show that
_2ZE Ti— 1,n |:

i>1

zn_E,n

P
1{7_2'51,7L<t}:| - 0

Fi,n - E,n

NO
that we can rewrite as a;,? 22;1” Ers [ Lirs | n<t}i| % 0. Using Lemma 9,

it is sufficient to show that Yu > 0 :

in _E,n

_2ZE11 [

P
571’n<t}i| — 0
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Thus, it is sufficient to show the convergence L' of this quantity, i.e. that

-2

02 Y B||Fn = Bl <] =0
i=1
We have that
where B( ‘ and B(Q) ‘NZ 10 dNin — N, 1 nNm We have that
B <col) o 4 cf)
where
) ? M @)\ 2
Ci,n = ' (AX 1cAXTlc +> - ((O’Tis1 nAWT_lc> (O'.,- Im AW 10,— +> )

Tzl,g
o) = 2faxiax [ q
T’L‘*l,’n
(1) (2) [Tin
— <UT.S ) AWT_10> (Ur.s AW 10m+> / df ds
i—1,n in i—1,n Tin 1c i—1,n
Ti—1,n

Let’s show that a2 Z"a" E [0(21{75_1 n<t}:| — 0. We can write it as C’i{ < D( VD

i, i\n?

23



where
2

2
1)
(axax® ) (e, ame)axs, )

(2) @ (2) ’
D, = ((77.211 nAWT_lc) AXTIC,—,+ -

i,n

(1) @)\ 2
B (UTf_l,nAWTﬁ) <UTf—mAWT‘C”‘*>

We want to show that «,? 2?31;2 E [D§71731{T;71 n<t}} — 0. We define :

Bl = AXSLAX:?C,,,+
) D@
Ei,n - (O-Tis—l,nAWTil,g> AXT.IC’_’+
Using Cauchy-Schwarz inequality, we deduce :
B[00, <] = E[(E0+ B2 (50 - 59) 10, ]
M, @) M _ p@)? v
E(E, +E) |E|(E, —En) 1, <y

Using Cauchy-Schwarz inequality together with Burkholder-Davis-Gundy inequality

IN

and Lemma 7, we obtain that :
2
E {(ESB +E()) } = 0" (o)

where U stands for “uniformly in 1 < ¢ < wua,?”. Another application of Cauchy-

Schwarz inequality gives us

2
1) (2)
E |i(Ez,n - Ez,n) 1{Tf1m<t}:|
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E

AXoe — (Urffl,nAWT;Q Loy <tt

47\ 1/2

Using once again Cauchy-Schwarz inequality together with Burholder-Davis-Gundy in-

equality and Lemma 7, we obtain that :

Similarly, we compute using conditional Burkholder-Davis-Gundy in first inequality,
Cauchy-Schwarz in third inequality, Lemma 5, Lemma 6 and Lemma 7 together with

the continuity of o (A1) in last equality.

E

) m\*
AXoe — (Unal,nAWT;s) Ly <ty

= E 1{Tz§—1,n<t}ETilfcl,n

) W\ 4
AXGL = (o7, AW
[ < (1)

2
A
< C sup E |1 yEc (07’ — o ) ds
. i—1,n i—1,n s Ti—1,n
1<j1<4 ’ T ’
i 2
Tzl,g » il 2
_ J» J— ’
= C sup E |14 <y (05 JTZ§_1n> ds
1<j<4 ’ T, ’
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< C sup E [(AT}’SS (aj’l, sﬁ)2> 2] + oV (o)

1<j,1<4

IN

o (e[an)]E s, (s )]) "+ o)

1<j,1<4
= 0Y (afl)

With the same kind of computations, we show that a2 Zua" E [D( )1{7 . <t}} — 0,
and we also can show «, 2 zua" E [C’ Lo, <t}} —0,a;? Z“a" E [le{T . <t}} —
0 (thus we have also that a2 ZW" E [Bml{T ) n<t}i| — 0) and

0472 E |:Bi(,2n)1{7'f_1 n<t}] — 0.

Second step : approximating using (7,j); ;>0 instead of (7;,), .-, We set

~1C

~ (1) 2) bin 19
Ni,jﬂ = (O’ h A[/[/~1JC ) <O’ h AWAC +> - Ci; ds
i,7,M z]n 7~_IC Tivn

ij—1,n
we want to show that :

ho ) i i
)’ K, n Z (N(ifl)thru) + 2N(i-1)hp+u N~ 1) +ut1

Ti— 1,n
i€AR u=2

hn _
= Oén E Th [Z <Ni71,u,n> +2Nz 1unNzu+1n +Op(1)

Ti—1 ,n
1€EAR u=2

Using the same kind of computations as in the first step together with Lemma 11, we
conclude.

Third step : express the result as a function of ¢4Y. Using Lemma 10 in last

o6



equality, we deduce for any integer u such that 2 < u < h,, :

E..

i—1,n

AV
= ¢ (0‘ Tz'h—

RQ

= 2 = =
|:<Ni—1,u,n> + 2Ni—1,u,nNi—1,u+1,n:|

in? Oéngq—ih_l n? Z, U) dﬂ—i,u—Q,n (.T, U)

= a, [ ¥V (CTT.h

1 _9 ~
) Yt g‘l’ih;l ) o, T, 0, U) d/ﬁi,u—2,n (flf, U)
R , ,

Lemma 14. Yo € M, g € G,3r (0,g) distribution such that :
hn—2

2 AV -1 -2 ~
an E E , @ZJ <0'7—ihilnyg7—ih71n704n T, Q, U) dﬂ-i—l,j,n (x,u)
R ’ ’

€A, j=0

2 E AV
= oy hn¢ <O-7—ih_1,nag7'-h

i—1,n
1€A,

) + 0p(1)

Proof. We define the transition functions of the Markov chains (ZZ (o, g)) defined
i>0
in (2.25). For (z,u) € Sy, B € B(S,) (borelians of S,)

P(o,9)((z,u),B) =P (Zl (0,9) € B

70 (0.9) = ()

First step : We prove that Vo € M, Vg € G, the state space S, is v-small, i.e.

there exists a non-trivial measure v on B(R?) such that V(z,u) € S,,VB € B(S,),

P(o,9)((x,u),B) > v(B). Let B = [x,, 2] X [uq,up]. We are choosing v such that

v = 0 outside [—2-, Z-] x [3,4]. Thus, without loss of generality, we have that [z, 2] X
4.

[ta, ws] C [—4-, 4] x [3,4]. We want to show that 3¢ > 0 such that uniformly

P(o,9)((x,u), B) = ¢(xp — xa) (up — a)
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There are two useful ways to rewrite (X®), X)), The first one is :

x® = o®B® (2.61)
~ ~ 1/2 ~
Xt(4) = p3’40(4)B§3) + (1 - (p3’4)2> 0(4)Bt3’L (2.62)

where B®) and B! are independent, p** € [p>*, p3*] and max (—p?l’4,pi4) < 1 (be-

cause 0 € M),

d = (1 — max ((p31’4)2 , (pi’4)2>>1/2 (2.63)

The other way to rewrite it is :

where B® and B** are independent. For (Bt),>, a standard Brownian motion,

a < x < b, we denote the exiting-zone time of the Brownian motion

70 —inf{t >0st. 2+ B, =aorx+ B, = b}

and pi(z,a,b,t) the density of 740

B, + = conditioned on {7%* > s}. Finally, let p3(z,a,b,t) the distribution of 7%°

We also define py(x,a,b,s,y) the distribution of

conditioned on {B a» = b}. All the formulas can be found in Borodin and Salminen
(2002). Consider the spaces C; = C3 = {(z,a,b,t) € R*s.t. a < z < bt > 0},
Co = {(z,a,b,t,y) €e R°st. a <x <b,a<y<b,t >0} The functions p; are
continuous on C; and positive. Thus, for all compact set K; C C;, we have

inf p;(k) >0 (2.66)

keK;
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We can bound below

P(o,9) ((x,u),B) > P(EoﬂElﬂEQQEgﬂ@

Jo = <x,u>)

where
-~ minlo—. 1
B, = { sup eoc” min(o—, 1) ’7:1(2) SK}
o<s<%(2> 150
Bo={ >’ L swp |aBh < L0
P <s<k 1 100 P <s<K 41 nsl 4 (o)
Bo= { sw >‘§f Ve K +2,K+3)}
K+1<s<#? 5
By — {Vse #D K+ 4] X9 e [dy(K), w(K)), X9, e [ul(K)—Qe,ul(K)—e]}
ﬂ{ sup ’AX ) g }
D <s<K+4 ] 12
By = {#V e+ u+ 7, it AKX, > -2}
K+a<s<#)
ﬂ{ sup AX[(;()Q) S}‘ <g , AX[(;%) A € [ma,xb]}
K+a<s<#M) 20 200
where € = 5;;;’; Using extensively Bayes formula, we can rewrite

]P’(EoﬂElﬂEng3ﬂE4ﬂ{Zl € B}

Zoz(a:,u)>:IXIIXIII><IV><V

where I = P (Eo

{Zy = (x,u)}), II =P (E1
P (E2 EiNEsN{Z = (x,u)}), IV ="P (E3 E;NE.NEN{Z = (:c,u)}) and V =

P (E4 EsNE-NE1NEsN{Zo = (. u)})
We prove that [ is uniformly bounded away from 0. Using (2.44), (2.61), (2.62) and

Ey({Z = (x,u)}), and also 1] =

29



(2.63), we deduce that E(()l) N E((]Q) C Ey where

EY = { sup ‘3&3) < & min(02,1)}
0<s<K 15(c™)
T - T e min(o,1
B = { sup 1/2+B§”l‘2 . o )}
0<s<K | g(4) (1 — (,03’4)2) do 15 (o)

Conditionally on {Zy = (z,u)}, Eél) and Eé2) are independent. Thus, we deduce

I>P (Eg” {Zo = (=, u)}) P (Eé” {Zo = (x, u)})

Using Markov property of Brownian motions, we obtain that the right part of the

inequality is equal to

K _ . _ _ . _ K
eoc”min(oc~,1) eo” min(o, 1) ) ) / 1) @) (2
1— 0, — , ) at ( ), ,t)dt
( /0 P1 ( 15 (U+)2 15 (J+>2 ; P1 | Yo Yo > Yo

(1 z (2 _ gt eoc” min(c7,1) . . . .
where y; ' = o (1—(p3:4)2)/* Y = 5=+ T i5ir» Which is uniformly (in z, o and
g) bounded away from 0 using (2.44) and (2.66).

We prove that I1 is uniformly bounded away from 0. Conditionally on Ej ﬂ{ZO =

(x,u)}, the two quantities of F; are independent. Thus, we bound below 7 (the same

way we did for I) by :

K+1 3 -
— 5@3) €0 co
(1 /7:1@) b (8;1(2)7 10003 100+53)’ t) dt)
K+1 o -
g o g o
(1 - /%@’ n (0’ Cdoto® 4oto®’ t) dt)
1

which is uniformly bounded away from 0 using (2.44) together with (2.66).
We prove that 11 is uniformly bounded away from 0. Using (2.44), (2.61), (2.62)
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and (2.63), we deduce that Eél) N Eég) C E, where

BV = { sup ‘Bf’) < }
2 K+1<s<K+3 ~ b0t
- +
EP = { su AB*S | < 9 , su ABM | > 9 + ¢ }
2 K+1§SEK+2 [7:1(2)75} 207t K+2§SI§)K+3 [7:1<2>75] — do~ 5010

Conditionally on Fy (VEo({Zo = (x,u)}, Eél) and E§2) are independent. Thus, we

deduce

[IT>P (Egl)

E () Eo( (2o = (x,u)}) P (Erf) Ei()Eo[ %o = (=, U)}>

Using Markov property of Brownian motions, we obtain that the right part of the
EiNEyN{Zy = (z,u)}} is equal to

inequality conditioned on {BELI : AB[?T(J;) K]
7,

L (B9 < Nar) (1o [ o (a5 AN AP
_ ; p1< K+1’_E>a_+’5a_+’ ) - . b1 [%1(2),K+1]’_20_+’20_+’

Lo 2 + +
20 qg € q €
- t)dtd
. /2g_+ /1 b (y7 <50 * 50*5) "o~ * 5019’ ) 1)

where ¢ is the (conditional) distribution of Aéfjé) 4] + B conditioned on
7,

il
T 25.% >1,.
AB ’(2)

3 K1)

Using the definition of E; together with (2.44) and (2.66), we have 1] which is uni-

formly bounded away from 0.

We prove that IV is uniformly bounded away from 0. Using (2.64) and (2.65), we
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deduce that Eél) NEY ¢ E; where

Eél) = { sup ‘ABM)

[~(2) 5]
#P<s<K+4 2>

€0~
< 50tc®) }

B = {vse B K +4 a8 el o) A € 0]
2 ’
: 1 _ di1(K)+2¢/5 (2 _ u1 () —2¢/5 (3) _ u1 (K)—8¢/5
Wlth y - 0'(4)(1*(93’4)2)1/27 y3 - 0_(4)( (P ) )1/27 y3 0_(4)( (p3 4) )1/27 as Well asS

gl = (4;‘(11”(()226)/25)1/2. Conditionally on By Ey () Eo({Zo = (z,u)}, ES" and B
o —(p>

are independent. Thus, we deduce

E2ﬂE1ﬂEo ﬂ{Zo (z U)}>

[VzP(

P (E?Ez) Ex(VEr () Eo[ {20 = (=, u)})
Using Markov property of Brownian motions, we obtain that the right part of the
EsNEiNEo{Zo = (z,u)}} is equal to

K+4—7" - - K+4-7
. _ €0 €0 B 2 1) (2 >
(1 /0 D1 (07 50‘+0'(4) ) 5O'+O'(4) ) t) dt) (1 /0 D1 <07 yS ) y3 7t dt

(4)

Ys3
></(3> pa (0.8, 087 K+ 4 = 77, y) dy
Y3

inequality conditioned on {7’2

which is uniformly bounded away from 0 using (2.44), (2.63) and (2.66).
We prove that V' > c¢(zp — x4)(up — u,). Using (2.61) and (2.62), we deduce that
b N Ef) C E4 where

Eil) = {Te[ua+72(),ub+ (2)],XE3):u1(K)}
59~

AB3L :
60'(4) (1 i (p374>2)1/2

[K+4,s] <

Ef) = { sup

K+4<s<7

2
AB[L+4 7 € [?Ji )7y4(1 )]}
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F=inf{t >K+4: X =u(K) or AX[(;)JFM] = —2¢},

z, — AXW —
w_ ¢ 757 K+4]
Yg = 1/2 ’

o® (1= (p4)?)

&(4) 3.4 (4 3)) 1 & (3)
o —AX ) —p* e (o) (ul(K)—XK+4)
and y'? = PaCisa We have
Yy N1/2 .
o (1= (p34)%)

V=P (& = w(K))

P (Eff) N ED | B E (B[ Eo[ V(%0 = (. u)} [ [{X = ul(K)}>

The first term on the right part of the equation is uniformly bounded away from 0

(Borodin and Salminen (2002)). Because 7 is a function of X and B** is independent
with X®, 7 and B** are independent. Thus the second term on the right conditioned

on
{?/511)» .%(12)7 XSLU 7:2(2) ‘E?, ﬂ Es ﬂ Ey m N ﬂ{Zo = (z,u)}}
can be expressed as :
2)_

N 2)
up+7s) —(K+4)  pyl? X}?}A Xég’3r4—2e uy(K) 59~ 99~
P\ 5@ G e ) P2\ Oy by | didy
uat+ 7y —(K+4) Sy o a a Yi' Ya

4

here v — 6o® say2) 2 (1) 2) -
where y,” = 66 (1 — (p*) . We have that y,”’ and y,” are dominated by

4U<4)(1f’f/;)’4)2)1/2. Using this together with (2.44), (2.63) and (2.66), we deduce that

V > e(xy — z4) (up — ug)-

Second step : We prove that HwAVH = sup VA (0,9, 2,u) | < co. To
o0 ceEM,geG,(z,u)ES,
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show this :
~ ~ ~ 2 ~ ~ 2 ~ 2
E [(AX%LAX;?CH+ - {2ai0) } < 9K {(AX;;AX;;Q + (B2270) }

The second term in the right part of the inequality is uniformly bounded using (2.44) and
Lemma 7. Using successively Cauchy-Schwarz and Burholder-Davis-Gundy inequality,
(2.44) and Lemma 7, we can also bound uniformly the first term. The other term of

(2.21) can be bounded in the same way.

Third step : Define ¢ = (0, g, z,u) and
Q={(0,9,z,u)st. ce M,ge g, (r,u) €S,}.

Prove that Vg € Q, there exists a measure 7 (o, g) such that

n—1

v (0,9,y,0) dit (0,9, 2,u) (y,v) —=n | Y (0,9,y,v) d7 (0, 9) (y,v)
—o R2 R2

sup
qeQ

= no,(1)
To show this, we use first step together with 74.16.0.2 (v) (Meyn and Tweedie (2009)).

We obtain that there exists 7 (o, g) where

|9 (@w. ) -7, <2

where 7 = 1 — v (R?). Thus, we deduce :

[ e o) (o) = [ 0 010000 0 (0.0) 00

T N I

r
oo
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We want to show that Ve > 0, 3N > 0 such that Vn > N :

,lvbAv 0 g,Y,v )dﬁ-l (0,g,$,U) (y,U) —-n ¢AV (Uagayav) dm (07 g) (y,v)
R2

<en (2.68)

The rest is a straightforward analysis exercise. Let ¢ > 0. 3IN; > 0 such that
rM < £ Choosing N > 8Nye !4V}
then split the sum of the left part of (2.68) in two parts, one up to N; and the other
one up to N. We use (2.67) in the second part to obtain (2.68).

we first use the triangular inequality, and

o0 )

Fourth step : Proving the Lemma. Let w > 0. From Lemma 9, we just have to

show that

LW,

2h(n
2
anZ

hn
Z AV 1,2\ -

2 ’QD (0-7-[11’”7 gTih—l,n7 o, Y, o, U) dﬂ-i—l,j,n (yv U)
Jj=

—hp¢t” (%.h_l 1 Geh )'

tends to 0 in probability. Using third step together with standard results on regular
conditional distributions (see for instance Breiman (1992)), we prove the lemma.

[]

Lemma 15.

2 2 —1
T (o) () e (o, ) (5, )

! i—1,n
1€Ap

-1
=2 B {éﬁAV <Ufggl,n,9¢1,n> Tim <¢T M) } + 0,(1)

11—
1€EAR
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Proof. First step : Defining

T 2 u> dmti—1jn (T, u)

hp—2
Uin = Zjio X¢T <07ih—1,n

-1
AQ = 06721 ZieAn ETih—l,n hnd)AV (O-Tl.h‘_l’n7 gTih‘_l’n) AT’L},ZTL <ETz-h_1 [AT:”]> :|

._ 2 AV h -1
Al =y ZieAn ]E'Th hngb (UT{L_Ln? 975-1,71) ATi,n (ul,n) ]

i—1,n

we have that Ay = Ay + 0, (1). To show this, in light of Lemma 11, we have that

Eon (AT ] = win| < h(n)C,

where C), tends to 0 in probability. From this, we can easily show that Ay = A;+o0, (1).

Second step : We have that

-1
Ap=) B {W‘V (Uf,h_l,n’gn-’il,n> A, (Gﬂhn) } +op(1)
€Ay, ’
To prove it, we can mimic the proof of Lemma 14, together with Lemma 11. O

2.8.2  Computation of the limits of (M™);, (M™, X1, and (M", X?)),

o = Yk, [(80 )] + e

icAn
hn
_ 2
= Eon [Z (NG—t)hntu)” + 2NG-1)htuN =1 hntut1 | + 0p(1)
1€A , u=2
B2
= a2y > /R2 Pt (Uflhflm,gnhm,042196,042%) dfti 1 jn (T, 1) 4 0p(1)
i€A, j=0

where we used Lemma 2.2.11 of Jacod and Protter (2012) in first equality, Lemma 12

in second equality, Lemma 13 in third equality.
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We deduce (using Lemma 14 in first equality and Lemma 15 in third equality)

M) = a2 3 hod +o,()

€A,
-1
= o1 En,, [hnd)iﬁfyl,nmz-’?n (Enr, [Al]) } +oy(1)
I€AR
= Y E.,, {qﬁ;@ﬂnm{z (om,) } +0,(1)
i€A,

Using Lemma 2.2.11 of Jacod and Protter (2012) again, we deduce :

)y = 3ol arh(6) " +ou(0)

€A,

Using Lemma 5 together with Prop. I.4.44 (page 51) in Jacod and Shiryaev (2003),

we obtain
(e [ o) s 2:69)
0

Using the same approximations and computations, we also compute :

(M, Xy, — / t ¢ (¢7) " ds (2.70)
0

o x@), [ 5802 (47)7 ds (2.71)
0

2.8.8  Computation of the asymptotic bias and variance

We follow the idea in 1-dimension in pp. 155-156 of Mykland and Zhang (2012), and

define an auxiliary martingale

t t
M= M} — / EMdx ) — / kitdx it
0 0
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where X" is defined in (2.31). Using (2.70), we deduce :

t
(M, XDy, = (M, XW), — / EDd(X W),
0

t t
5[t tas = [ K0 (o) as
0 0

Hence, we choose
KD = (o) 0l (o)

By the same techniques that we used to compute (2.70), we have that :
y
. t
(M™, / p2oPaB), — / (00) " o pk2gACt (67) 7 ds (2.72)
0 0

Using (2.71) and (2.72) we compute :

t
<Mn’X1,L>t — <Mn,X1,L>t_/ k;,Ld<X1,L>S
0
. t
= 00X [ po@at, - [ Etapes),
0 0
. t
= e x®) - o, [ poan®) - [ Baee),
0 0
t
5[ (00— (o) o ptai) (01 s
i t 2 2
_ / B (1= (07)) (o) ds
0

Hence, we choose

-1 _ —
it = (1= (7) (o) 0007 = (o) 1200 (0

By (A4), there exists S > 0 such that the S Brownian motions {DW ..., D)} generate
the filtration ()5, To show that (M™, D®), tends to 0 in probability, we decompose
D®) = D*' 4 D*2? where D*! belongs to the space spanned by {X1) X®} D2 is
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orthogonal to this space. By what precedes, we have clearly <M n D%}, tends to 0 in
probability. Also, D*? is a martingale that is, conditionally on the observations times
of both processes, independent of M™. Thus we also deduce that <M n. D%?); converges
to 0 in probability.

We can now compute :

<Mn>t _ <Mn . / kgl)dXs(l) _ / k;’LdXSI’L%
0 0

= o+ | (o) () ds + / o) (1 (0h)?) (k1) as

t t
- 2/ k§1>d<X<1>,M">S—2/ kbd(X b M,
0 0

t
5 [ (08 2 (K0 (o) k00 — (k) 622 ) )
0

£ ) )+ @) (1 (o)) () s

By letting

AV, = (QS?V +92 (k‘gl) (Ugl))*l 0§2)pi72¢;401 _ (/{5; + k;,J_) ¢;402>> (¢§),1

) () + (0)° (1- (2)7) (114)?

we deduce using Theorem 2.28 in Mykland and Zhang (2012) that stably in law as

a, — 0, :
— t t t ~
a, (RCVt,n — RCW) — / EDdx® +/ kbtax !t _|_/ (Avs)l/? AW,
0

0 0

Now, we can express the asymptotic bias AB;, = f(f EVax V4 fg kbtd X1+ differently
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as

t t
AB, = / EVdxM + / KN (1= (p12)*) V26 PaBit
0 0

t t t
- / DX — / E 20 @ dBO / E 120D g RO
0 0 0
t 1/2
[ (= )
0

t t
- / (kg”—k;vip;%f) (ag))‘l) dXW + / KiLdx®
0 0

We thus deduce the expression of ABY and ABY.
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CHAPTER 3
ESTIMATING THE INTEGRATED PARAMETER IN THE
LOCALLY PARAMETRIC MODEL

3.1 Introduction

3.1.1 Time-varying parameter models

Modeling dynamics is very important in various fields, such as finance, economics,
physics, environmental engineering, geology or sociology. (Semi)parametric time de-
pendent models can deal with one type of dynamics, the temporal evolution of systems.
This was extensively studied in Baillie and Bollerslev (1992), Robins and Tsiatis (1992),
Fan et al. (2003) and Chen and Fan (2006) among others. By definition, semipara-
metric approaches come with the strong assumption that an underlying parameter is
non time-varying. Au contraire, as time goes by, the structure driving the observa-
tions is most likely evolving. Thus, questions about the constancy of the parameter,
which would stay the same through thick and thin, are raised. To corroborate this
natural skepticism, it can even be the case that empirical work strongly suggests that
the non time-varying assumption is too restrictive. To acknowledge the issue, one can
for instance build a varying-coefficient model as in Fan and Gijbels (1996), Hastie and
Tibshirani (1993) or Fan and Zhang (1999) when regression and generalized regres-
sion models are involved, locally stationary processes following the work of Dahlhaus
(1997, 2000), Dahlhaus and Rao (2006), or any other time-varying parameter model,
e.g. Stock and Watson (1998) and Kim and Nelson (2006).

Models of the variance of the return terms followed exactly this path. Originally, it

was assumed that the returns R; := Y;—Y;_; of a time-series {Y7, Y5, ..., Y, } observed at
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regular times {71, 72, ..., T,} were conditionally homoskedastic with variance parameter
o, and they were split as R; = 0z; where z; was the stochastic piece, typically a Gaussian
with a time-increment variance A7, := 7; — 7;,_1. However, on the parametric side,
Engle (1982) allowed conditional heteroskedasticity, the variance component following
a moving-average (MA) model. He was soon followed by Bollerslev (1986) and many
other authors like Nelson (1991) and Engle and Ng (1993) who allowed respectively
an auto-regressive-moving-average (ARMA) and more general models for the evolution
in time of the variance parameter . Taking a nonparametric approach, the analysis
of high-frequency financial data gave rise to the Stochastic Volatility model where log

prices follow a local martingale and returns are of the form
Ri = / Utth. (31)

The object of interest, which used to be the fixed volatility parameter, became the

integrated volatility (IV), defined as

t
m:/ olds. (3.2)
0

Time-varying volatility is of substantial importance in modeling for options pricing
(see Hull and White (1987), Stein and Stein (1991), Heston (1993) and Ball and Roma
(1994)). In order to price using the formula (3.2), one can first estimate it as in An-
dersen and Bollerslev (1998a,b), Andersen, Bollerslev, Diebold and Labys (2001,2003),
Barndorff-Nielsen and Shephard (2001,2002), Barndorft-Nielsen (2004), Jacod and Prot-
ter (1998), Zhang (2001) and Mykland and Zhang (2006).
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3.1.2 The serious statistical implications of assuming that a parameter
1s mon time-varying when it s

We remind the reader that assuming that 6* is constant when it’s not can raise serious
estimation issues. It means that we are using the estimator with the wrong model. In
likelihood theory, ever since Fisher (1922, 1925) introduced the method of maximum
likelihood, a significant body of the literature has taken an interest in the asymptotic
behavior of the MLE when the model is misspecified. This was pioneered by Berk (1966,
1970) for the Bayesian approach and Huber (1967), who took the classical perspective.

More recently, White (1982), among numerous other authors, also investigated the
issue and showed that the Quasi Mazimum Likelihood Estimator (QMLE) is no longer
necessarily consistent with the object of interest, in our case the integrated parameter
(1.6). The author showed that the QMLE can converge to a value, but this is not
necessarily the one the econometrician has in mind. Also, the estimated standard

deviation can be wrong.

Consequently, this has lead to wrong inferences, building confidence intervals of
the wrong size, rejecting or accepting hypothese with a probability different from the
acceptance rate, setting wrong forecast intervals and so on. This is much of the same
problem as the one we face when we are fitting a general linear model (GLM) and we
encounter over-dispersion (see p.124 of McCullagh and Nelder (1989)). This issue is

easily and very often overlooked, even if it seems to be the norm in practice.

3.2 The setup

3.2.1 Data-Generating Mechanism

We assume that we infer from the d,-dimensional vectors { Ry, ..., Ry, »}, which are
functions of the observations where NV,, can be random, the observation times are such

that 7o, =0< 1, <...<7n,n <T and [Ti_l,n, TM} is the time block corresponding
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to R;,. As an example, R;,, can be defined as the (possibly log) returns of the original
observations. As such, we will refer abusively to R;, as returns in the rest of the
chapter. The reader should keep in mind that it is not always the case that {R;,,
..., RN, n} can be expressed as returns from the original observations. We assume that

the returns depend on the underlying parameter process 0;.

3.2.2  The parameter

We will assume that the p-dimensional parameter process 6; := ((6;)1, ..., (6;)®),
which is restricted to lie in K, a (not necessarily compact) subset of R?, is a continuous

local martingale of the form

t
0F = / o?aw? (3.3)
0

where of is a random nonnegative process (of dimension p x p), and W/ a standard

p-dimensional Brownian motion. The parameter 6; can be for example equal to the

volatility, the high-frequency covariance, the betas, etc.

We don’t assume any independence between 6 and the other quantities driving
the observations, such as the Brownian motion W; of the efficient price process. In
particular, there can be leverage effect (see e.g. Wang and Mykland (2014), Ait-Sahalia
et al. (2014)). Also, the arrival times 7;,, and the parameter 65 can be correlated, i.e.

there is endogeneity in sampling times.

In the rest of this chapter, for any u-dimensional vector v := (v(V, ... 1) we will
use the notation | v |:= >_;_, [v®)| when referring to the Manhattan norm. Also, for
any 6 € K, we define the subvector % of 1-dimensional parameters restricted to be
positive. We assume that | 6 | is locally bounded and (0;)" is locally bounded away

from 0. Furthermore, we assume that the volatility of the parameter, ¢?, is locally
bounded.
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3.2.3  Asymptotics

There are commonly two choices of asymptotics in the literature: the high-frequency
asymptotics, which makes the number of observations explode on [0, 7], and the low-
frequency asymptotics, which takes 7" to infinity. We chose the former one. Investigating

the low-frequency implementation case is beyond the scope of this chapter!.

Furthermore, when assuming high-frequency asymptotics, there are several ways to
make the number of observations explode. Zhang et al. (2005) considered the fixed
noise case. Consequently, the rate of convergence to estimate volatility is no longer
n%, but n. In the model with uncertainty zones, Robert and Rosenbaum (2011, 2012)
made the tick size vanish. The volatility’s convergence rate is preserved in this case.
We follow the latter idea by scaling (and thus keeping) the structure which drives the
observations asymptotically. In particular, the variance of the efficient returns and the

variance of the microstructure noise goes to 0 at the same speed n.

3.3 Estimation

We need first to fix the vocabulary for the rest of this chapter. Parametric model will
refer to the (non time-varying) parametric model of the econometrician, and not to the
time-varying parameter model. Correspondingly, parametric estimator stands for the

parametric estimator (in the parametric model).

Since the stochastic parameter 67 is continuous, the parametric model is not too far
from the time-varying parameter model locally. We recall that h,, corresponds to the
block size. If we let ©;,, := 0 be the initial parameter value and we define on the first
block for j = 1,--- , h, the returns approximations éjm which follows the parametric

model with mixture of parameters él,m then R{n and R;, are very close to each other

'Tf we set down the asymptotic theory in the same way as in p.3 in Dalhaus (1997), we conjecture
that the results of this chapter would stay true.
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since the observation times 7y, -, 7, are in a small neighborhood of 0. Thus,
because true and approximated returns are approximately the same, one can apply the
parametric estimator to the observed returns R;,,, even though they are not following
the parametric model. We thus obtain an estimate @Ln of the initial parameter value
él,n- We also define the spot parameter’s average on the first block as

e

TO,n
@1 n =

=T 3.4
) ATLn ? ( )

where the first block inital time Ty, := 0 and final time T, = 75, ,. Since the first
block length AT, ,, is very small, the value of él,n is approximately equal to the average

of the spot parameter on the first block 0, ,. Thus, @l,n can be used to estimate ©1,,.

More generally, for any ¢ = 2, --- | B,, we define the spot parameter’s average on the
ith block as

. o frds
in = — ; 3.5

= TR (3.5)
where T;, := min(ry,,T). Let B, := "N,h,'7 be the number of blocks. For any
i =2,---, B, we estimate in the same way ©,, with initial value éim := 01, ,, using
the parametric estimator on the ¢th block (:)m Then, we take the weighted sum of @m

and obtain an estimator of the integrated spot process
1 oo
On 1= 2; OinAT; . (3.6)
1=

Note that each block includes exactly h,, observations, except for the last one, which
might include fewer observations. We call (3.6) the local parametric estimator (LPE),

since we are are estimating with the parametric estimator on each block.
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3.4 Outline of the problem

3.4.1 A simple model

We focus on a simple setting in this section. First, we work with d, := 2. Also, we
assume that the observations occur at equidistant time intervals A7, := %, so that
Tin = %T and thus Rﬁz := Ar,. For the rest of this section, we will forget about the
second component of the returns R; ,,, which doesn’t provide us any further information,
and pretend that R;, is real-valued. Furthermore, the parametric model is assumed
to be very simple. It assumes that there exists a parameter 6* € K such that R;,, are
independent and identically distributed (IID) random functions of #*. If we introduce
Ui, an adequate IID sequence of random variables, we can express the returns as

Rin = Fn(Ui,n79*>7 (37>

)

where F,(z,y) is a non-random function. In Equation (3.7), U;,, can be seen as the
random innovation. Since ¢; can in fact be time-varying, R;, don’t necessarily follow
(3.7). A formal time-varying generalization of (3.7) will be given in (3.10). In general,
R, ,, are neither identically distributed nor independent. R;, are not even necessarily
conditionally independent given the true parameter process 6;, as we can see in the

following two toy examples.

Ezample 7. (estimating volatility) Consider when 67 := o7 (the volatility is thus as-
sumed to follow (3.3)), and R, ,, := f:’jn osdW,, where W, is a standard 1-dimensional
Brownian motion. In this case, the parameter space is K := R}. The parametric
model assumes 6* := ¢? and that the distribution of the returns is R;,, = o AW, .,
where AW, =W,

Ti,n

— W, is the increment of the Brownian motion between the
(1 — 1)th observation time and the ith observation time and o is the fixed volatility.
Under that assumption, the returns are IID. Under the time-varying parameter model,

R, ,, are clearly not IID, and they are also not conditionally independent given the whole

7



volatility process o} if there is a leverage effect.

Ezxample 8. (estimating the rate of a Poisson process) Suppose an econometrician ob-
serves data on the number of events (such as trades) in an arbitrary asset, and thinks
the number of events happening between 0 and ¢, Ny, follows a homogeneous Poisson
process with rate A\. Because she doesn’t have access to the raw data, she can’t ob-
serve directly the exact time of each event. Instead, she only observes the number
of events happening on a period (for instance a ten-minute block) [7;,_1,,7; ), that is

Yin = N, —N

Ti—1,mn"

This is an example where the series is already stationary un-
der the parametric model assumption, and thus Y;, = R;,. If the econometrician’s
assumption of homogeneity is true, the returns are IID. In case of heterogeneity, the
parameter rate A\; will be assumed to follow (3.3), N; will be a nonhomogenous Poisson

process, and the returns R;,, will be neither identically distributed nor independent.

We need to introduce some definitions. On a given block ¢ = 1,--- | B, the ob-

served returns will be called R}

0,1

x ,RZ;;. Formally, it means that an = Ri—Dhptin

J
i,m)

for any j = 1,---  h,. In analogy with R; . we introduce the approximated returns

i,m

R, ..., an on the ¢th block. We also introduce the corresponding observation times

T = T(i—1)hn+jm for j = 0,..., h,. Note that ’/'i?n = Tihfl,n. Finally, for j = 1,...,h,

2y
we define the time increment between the (j — 1)th return and the jth return of the

ith block as A7/ =7/ — /"

n in

We are now providing a generalization of the parametric model (3.7) as well as an
expression of the approximated returns. To deal with the former, we assume that in

general

Rip = Fn<Ui,m{gz}nq,nSSST@n)- (3.8)

The time-varying parameter model in (3.8) is a natural extension of the parametric
model (3.7) because the return R;, can depend on the parameter process path from

the previous sampling time 7,_;, and up to the current sampling time 7,,,. As R;,
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depends on the whole parameter path, it seems natural to allow U, to be itself a
process path. For example, when assuming that the parameter is the volatility process,
we will assume that U, is equal to the underlying Brownian motion W; path (see
Example 9 for more details). Also, as U;,, is the random innovation, it should be
independent of the parameter process path, but not on the current parameter path. In
the case of volatility, it means that we allow for the leverage effect. A simple particular
case of (3.8) is

Rin = F,(Up. 0% | ), (3.9)

’ MY YT 1

i.e. we fix the path parameter equal to its initial value. The time-varying friction pa-
rameter of the model with uncertainty zones is defined as a mix of (3.8) and (3.9) of the
model with uncertainty zones (see Section 3.7.1 for details). Finally, the approximated
returns Rm follow a mixture of the parametric model (3.7) with initial block parameter

value. We are now providing a formal definition of our intuition. We assume that

Rg,n = Fn(Ugna{G:}T?—lgsgﬂ) (3.10)
R, = Fu(U},.0in) (3.11)

where the random quantity Uf ., takes values on a space U,, that can be functional® and
that can depend on n, Uf , are IID for a fixed n but the distribution can depend on

n, and F,(z,y) is a non-random function®. Note that (3.10) is a mere expression of

2U,, is a Borel space, for example the space C[0, A7,] of continuous paths parametrized by time
t € (0,7,

3Let C(R™) be the space of continuous paths parametrized by time ¢t € RT, which is a Borel space.
Consequently, U, x C(RT) is also a Borel space. We assume that F,(z,y) is jointly measurable real-
valued function on U, xC(R™). Note that the advised reader will have seen that a priori {65} -1 . ;

is defined on C[0,7,] (after according translation) in (3.10) and ©;,, is a vector in (3.11), whereas
they should be defined on the space C(R*) according to the definition. We match the definitions by
extending them as continuous paths on R*. Formally, if 6, € C[0, 7,,], we extend it as 6; := 6, for all
t > 7,. Similarly, if § € K, we extend it as 6, := 6 for all ¢t > 0.
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(3.8) using a different notation. For any block ¢ = 1,..., B,, and for any observation
time j = 0,..., A, of the ith block, we define Iijm4 the information up to time Tij;n. The

crucial assumption is that Ufn has to be independent of the past information® (and in

. ~ y . . _1 .
particular of ©;,). U/, can be seen as the "random innovation" between 77" and 77,,.

Note that we don’t assume any independence between the "random innovation" Ufn

and the parameter process {0;} ;1 . We provide directly the definitions of F;, and

<s<r!,
Uf ,, in the two toy examples. 7

Ezxample 9. (estimating volatility) In this case, U, is defined as the space C[0, A7,] of
continuous paths parametrized by time ¢ € [0, 7,,], Ufn = {AW[Ti;I,S]}Tf;;IésSTf;n are the
Brownian motion increment path processes between two consecutive observation times.
If we assume that (W7, ;) is jointly a standard 2-dimensional Brownian motion, then
the random innovation Ufn is indeed independent of the past in view of the Markov
property of Brownian motions. We also define F),(uy, 6;) := OT" O,du,. We thus obtain

J
Tin

that the returns are defined as R{n = J Sy oidW, and the approximated returns
an = U:BnAW[Tg,ZlvTin] are the same quantity when holding the volatility constant
on the block.

Ezample 10. (estimating the rate of a Poisson process) We assume that the rate of
the inhomogeneous Poisson process is 8,\;, where 3, is a non time-varying and non-
random quantity such that 8,Ar, := 1. In this case, we assume that U/, is the space
of increasing paths on RT starting from 0 which takes values in N and whose jumps
are equal to 1. We also assume that for any path in U,,, the number of jumps is finite
on any compact of RT. Ufn can be defined as standard Poisson processes {N;”"};so,

independent of each other. We also have F,(u,0;) := uym g,9,q0,- Thus, if we let

4Tn this chapter, we will be using the term information to refer to the mathematical object of
filtration. Let (2, F, P) be a probability space. Define the sorted information {I ,}r>0 such that
for any non-negative integer k£ that we can decompose as k = (i — 1)hy, + j where i € {1,...,B,}
and j € {0,...,hn}, Tip := I} ,. We assume that Ty, ,, is a (discrete-time) filtration on (2, F, P). In

addition, we assume that {65}, .. ; and U’

in

are 77 -measurable.
l

. . : j—1
®past information means up to time 77,
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. i

t], = f:jf‘l L Axds, the returns are the time-changed Poisson processes
R, = N7 (3.12)
~] J— /L'7j’n
fiw = NBnATi{n,\jQ : (3.13)

i,m

3.4.2  Consistency

In the following of this section and Section 3.6, we will make the block size h,, go to

infinity
h — 00. (3.14)

Furthermore, we will make the block length AT;,, vanish asymptotically. Because we

assumed observations occur at equidistant time, this can be expressed as
hon™t — 0. (3.15)

We can rewrite the consistency of (:)n as
> (Bin — ©in) ATy = 0. (3.16)

where the formal definition of (:)m can be found in (3.22). In order to show (3.16), we can
decompose the increments (ém —0,,,,) into the part related to misspecified distribution
error, the part on estimation of approximated returns error and the evolution in the

spot parameter error

) )
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where @i,n, which is defined formally in (3.23), is the parametric estimator used on
the underlying non-observed approximated returns. It is not a feasible estimator and
appears in (3.17) only to shed light on the way we can obtain the consistency of the
estimator. We first deal with the last error term of (3.17), which is due to the non-

constancy of the spot parameter 0;. Note that

Bn Bn T'L',n
Z <@i,n - @z,n) ATz,n = Z (9:‘([‘1.7177LAT1'771 - / (9:(18) (318)
i=1 i=1 Tic1,n
and thus we deduce from Riemann-approximation® that
B"L
(€1 — ©:n) ATy, 0 (3.19)

1

To deal with other terms of (3.17), we make another key asymptotics assumption for
this section. We further assume that there exists a sequence «,, with for all § € K

anFy (U7, 0) 2 F (U}

i,n?

0) (3.20)

The equality (3.20) means that we scale and keep the structure that drives the next
return asymptotically. This is a relatively strong assumption, and in particular it
prevents us from allowing different returns distribution shape when n is varying, except

for the scaling constant. We provide examples of a,.

Ezample 11. (estimating volatility) Because we assume that F,(U?

i,m)

0) are normally
distributed with null-mean and variance QZATM and since the normal distribution is

scale invariant, we have (3.20) with o, = n"2.
Example 12. (estimating the rate of a Poisson process) (3.20) is satisfied with «,, = 1.

Furthermore, we assume that for any positive integer k, the practitioner has at

bsee i.e. Proposition 4.44 in p.51 of Jacod and Shiryaev (2003)
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hand an estimator ékn = ékyn(rl,n; ...} Tkn), which depends on the input of returns

{rin;...;7en}, and also asymptotically of n in the following sense
ék,n(h,n; i Thn) = 01 (0 Ty a0 ). (3.21)

This makes sense to use the same estimator on a scaled version (which in practice
depends of the sampling frequency) of the returns in light of (3.20). In other words,
the estimator ék,n is scale invariant. We provide the estimators in the couple of toy

examples.

Erample 13. (estimating volatility) The estimator is the scaled usual RV, i.e. Oy (r1n;
coiThn) =Tk n 25:1 77, Note that O can also be asymptotically seen as the

MLE (see the discussion pp. 112-115 of Mykland and Zhang (2012)). We can verify
(3.21) easily.

Example 14. (estimating the rate of a Poisson process) The estimator to be used is the

return mean ék7n(r17n; i) =k Z?Zl rin. It is straightforward to see (3.21).

On each block i = 1,..., B, we estimate the local parameter as

@iﬂ = éhn,n(Rl ]

i,mn "

R, (3.22)

The non-feasible estimator (:)i,n is defined as the same parametric estimator with ap-

proximated returns as input instead of observed returns

@

in = éhn,n (Rl )

i,mn "

L RM. (3.23)

Note that (3.23) is infeasible because the approximated returns Rﬁn are non-observable
quantities. For any M > 0, we define Ky, :=={# € K: |0 |< M and 67 > M~ '} a
subset of K. In order to obtain the consistency of (3.6), we make the assumption that
the parametric estimator is L'-convergent, locally uniformly in the model parameter @ if

we actually observes returns coming from the parametric model. This can be expressed
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in the following condition.

Condition (C1). For any M > 0,

sup E Uéhmn(Fn(Uin,H); L F (UM 6)) — 9\] 0.
0Ky
Remark 9. (consistency) Note that L!-convergence is slightly stronger than the simple

consistency of the parametric estimator. Nonetheless, in most applications, we will

have both.

Under Condition (C1), standard results on regular conditional distributions” give
us that the error made on the estimation of the underlying non-observed returns tends

to 0, i.e.
> (61 — 61) AT, 5 0. (3.24)

To deal with the first term of (3.17), we need to make sure that we can control the
discrepancy between the estimate made on the observed returns and the estimate made
on the underlying approximated returns, uniformly in the initial parameter and in the
future path of the parameter process. This can be expressed as the new following
assumption. For any M > 0, we define &£, the space of all null-drift continuous p-
dimensional Ito-process 6; such that the initial value 6y is non-random, 6; € K,; for
all 0 <t < T, the volatility of 6, is bounded by M for all 0 < ¢t < T, and for any
j=1,---, h, we have Uin independent of the past path {95}099{:.

Condition (C2). We have

sup E Uéhn,n (Fn(Ull,m 6.0)7 s 7Fn(U1h,T7;a 90))

0t€5M

"see for instance Leo Breiman (1992), see Appendix for more details.
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—éhn,n (Fn(Ull,m {Qs}ogsﬁnl,n)’ T F”(Ulh,?w {es}rﬁzflgsgrﬁz)) ” — 0.

Condition (C2) implies® that the error due to the local model approximation vanishes
in the limit, i.e.
Bn
P

> (Oin — ©in) AT, — 0. (3.25)

=1

~

We can now summarize the theorem on consistency in this very simple case where ob-
servations occur at equidistant time intervals and returns are IID under the parametric

model.

Theorem (Consistency). Under Condition (C1) and Condition (C2), we have the
consistency of (3.6), i.e.
0, = ©.

We obtain the consistency in the couple of toy examples®.

Remark 10. (adding a drift) In Example 7, by Girsanov’s theorem, together with local
arguments (see, e.g., pp.158-161 in Mykland and Zhang (2012)), we can weaken the
price and volatility local-martingale assumption by allowing them to follow an Ito-
process (of dimension 2), with volatility matrix locally bounded and locally bounded

away from 0, and drift locally bounded.

Remark 11. (LPE equal to the parametric estimator) The advised reader will have
noticed that in the couple of examples, the parametric estimator is equal to the LPE.
This is because in those very basic examples, the parametric estimator is linear, i.e. for
any positive integer k and [ =1,..., k —1

[~ E—1 -

ék,n(ﬁ,n; T = Eel,n('rl,n; C 3 Tn) F Ok—in(Ti1m5 - -3 Theon) (3.26)

8see Appendix for more details

9see Appendix for proofs
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In more general examples of Section 3.7, (3.26) will break, and we will obtain two

distinct estimators.

3.4.3 Challenges

There are three empirical reasons why the presentation above is too simple. In practice,
the observed returns can be autocorrelated, noisy and there can be endogeneity in
sampling times. Accordingly, we will build the general LPM in Section 3.5. Also, we

will investigate the limit distribution in Section 3.6.

3.5 The LPM

Let m be a nonnegative integer (which can be infinite) which stands for the order
of memory in the model. We assume that under the parametric model, R;, is an
homogeneous partially observed (m-dependent) Markov chain of order m, i.e. there
exists a d,-dimensional vector Q;, such that (Q;,, R;,) is an homogeneous Markov
chain of order m. Under the time-varying parameter model, it is not necessarily even
a nonhomogeneous Markov chain. Nonetheless, we will see in (3.28) that it is almost a
nonhomogeneous Markov chain (of order m), except for the evolution of the parameter
0; part which is not necessarily Markovian. In particular, if we assume that the volatility
o? of the parameter 0} is not time-varying, (Q;.,, R;,) is a nonhomogeneous Markov
chain (of order m). In the following, we will use the expression "Markov chain" but the
reader should understand "Markov chain under the parametric model" or even "locally

Markov chain". We also drop the part "of order m".

The interpretation of @);, is straightforward: it can be seen as the quantities we
don’t observe. In particular, it can include the efficient price return, whereas R; ,, would
include the noisy version of the efficient return. The reader should look at Section 3.7

to see how we identify ();,, and R;, to the quantities of different models.
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Note that the simple model introduced in Section 3.4.1 is a particular case with m =
0. If we assume that we have regular observation times and that the microstructure noise
is uncorrelated with the efficient price and IID normally distributed, the parametric
model of the observed returns is an MA(1) (see Ait-Sahalia et al. (2005) and Xiu
(2010)). Thus, we have m = 1 in that example. The details are to be found in Section
3.7.3.

We introduce the notations d := d,+d, as well as M, ,, := (Q; n, Ri») for the Markov
chain quantities, and assume that M, takes values on the space M,,, which is a subset
of R%. Also, we define the m initial values M_(m-1)mn,---, Moy, of the Markov chain.
Finally, we introduce the m-dimensional "memory" vector of Markov chain quantities
M, == (Min, ..., Mi_(m-1)), which takes values on a space M,,,, (subset of M").

The parametric model can be expressed as
Mi,n = Fn(Mi—l,ny Ui,ny 0*>7 (327)

where F,(x,y, z) is a R%-valued non-random function'®, U; ,, are IID for a fixed n but
the distribution can depend on n. The parametric model (3.27) can be compared to
the simple parametric model (3.7): the only change is that we allow past-correlation in
the model. In analogy with (3.8), we assume that the time-varying parameter model

can be expressed as

Mi,n = Fn(Mi—Lm Ui,n? {9:}71'71,6592-,”)- (328)

10We assume that for i any positive integer, U, ,, € U,, where U,, is a Borel space and that F,(z,y, 2) is
defined on M, ,, x Uy, x X,,. Additionally, we assume that F,,(z,y, z) is a jointly measurable R?-valued
function such that for any (M, Uy, xn) € My n X Up X Xy, we have E | F,(M,,, Uy, xpn) |< 00

87



3.6 Asymptotic properties

In analogy with (3.20) of Section 3.4.2, we keep asymptotically the structure of the
returns by scaling the distribution of M, ,,. Formally, we need to introduce some defi-

nitions. For any M € M,, 1, we can write

Ml’l . Ml,m
M = : :
Md,l . Md,m
For any d-dimensional vector a := (oM, ..., a®) we let
aprr oo O pLm
axM = :
a@prdt oo qd)prdm
Also, if a and 3 are u-dimensional vectors, we define a * 3 := (aM3W . o pW),

Finally, we consider o, * M, = {a, * M s.t. M € M,,1}. We assume that there

exists a d-dimensional v, such that M,, , := o, * M,,,; and we have
% Fy (M, U1, 0) 2 Fo(a « M, Uy, 6). (3.29)

We insist on the fact that «,, has the same signification as in (3.20) (the returns are
scale-invariant) and that the notations are more involved only because the model is past-
correlated. The reader should go to Section 3.7 to see how «,, is defined on different

models. Equation (3.29) is a key assumption for the proofs.

We investigate in the following the limit distribution. Formally, for a [ > 0 (with
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corresponding rate of convergence n%), we aim to find the limit ditribution of

Specifically, we want to show that (3.30) converges stably to a limit distribution. We
remind the reader that we defined stable convergence in Chapter 2.4.1. Since the
stable convergence needs a corresponding information 7 to be defined with, we need
to be more specific about how to obtain J. We will be needing the following technical
assumption, which turns out to be easily verified on examples of Section 3.7. The idea

goes back to Heath (1977). We define Z; ,'* the information up to time 7, ,,.

Condition (E0). Z;,, can be extended into ; ,*?, where 7; ,, is the interpolated infor-

mation of a continuous information 7., i.e. Tin = \77(3

In the following of Chapter 3, when using the conditional expectation E.[Z]'3,

we will refer to the conditional expecation of Z knowing T Finally, we consider

J = j:ﬁc) the information to go with stable convergence.

We are now more specific about the form of the parametric estimator. As in Section
3.4.2, the parametric estimator will include the returns {ry,, ..., s} as inputs. More-
over, because the Markov chain is past-correlated, we allow the parametric estimator
to possibly depend on the m-dimensional vector of initial returns ry,. To sum up, the

parametric estimator takes the following form

ék,n = ék,n(rl,n; Tk r0,71)- (331)

' We assume that Z; ,, is a (discrete-time) filtration of (Q, F, P) such that {6} }o<s<r,, and U;, are
adapted to Z; ,. Also, we assume that the initial m-dimensional vector My ,, is Zy ,-measurable.

12Tt means that J; ,, is a discrete filtration and for any i nonnegative integer Z; ,, C Ji.n,

137 has to be a jt(c)—stopping time
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We keep the same asymptotic property as in (3.21) and we adapt it to the multi-
dimensional case. We need some notations for this purpose. Define the part ag, =
(a;dqﬂ), . ,a%d)) related to the observed returns R; ,, of av,. Let ar,, := (Ogn, - -, Orn)
consisting of m ag,, appened together. Also, for any matrix a with non-zero entries,
we define a@~! the matrix of same dimension with each entry equal to the inverse of the

same entry of @. In analogy with (3.21) in Section 3.4.2, we assume that
Okn(Tin; - Tk Ton) = Hk,l(ag’lnrl,n; . ;@g}nrk,n; a;z’lnro,n) (3.32)

Let ¢ be any positive integer. In analogy with the "block notations" of Section 3.4.1, we
define the Markov chain elements on the 7th block Mljn = M—1)h,4jn forj =1,... hy.
We also define the initial vector of the ith block as (Mz-(fn, e Mi’_n(m_l)) = M- 1) tjn-
For M € M,,,, and j = —(m —1),..., h, we let Mfivl be the approximations of the
Markov chain on the ith block with starting vector M. As such, we first define the initial
vector of approximation as the vector M itself, i.e. (M&M, ey Mgn(mfl)’M) = M.
Second, we define the m-dimensional "memory" vector of approximation as 1\7152/[ =
(]\7[23 ;ILVI, ce ]\;[f " (mfl)’M). Thirdly, for any positive integer j, we define the approximated

returns by the recurrence relation similar to (3.28)

i,n?

The approximated returns MZJM follow a mixture of the parametric model with pa-

,n

rameter (:)m Finally, the infeasible estimator on the ith block (:)%IL with initial vector
M € M,, , is defined as

= éhn,n(R{’M- - RZ;’L’M; R?,llvl) (3.34)

The spot parameter estimator on the ith block @m is defined with the same parametric
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estimator, but with observed returns as input

Oin = O n(RL;. . RIm:RY). (3.35)

4,1 i,n)

~

Let M; € M,,,1 and M, := a,, * M}. We can decompose (®i,n — @i’n) as

2 MO 2 MO
My, My,

(G — Orn) + (O — OM) + (O —6,,) + (61— ©10)  (3.36)
where the first term is the error in estimation due to the use of the approximated model
(3.33) instead of the time-varying parameter model (3.28), the second term is the error
made when taking M instead of MY, as initial value of the block in the mixture of the
parametric model (3.33), the third term corresponds to the error of the estimation of
the constant parameter by the underlying approximations starting with a fixed initial
value My and the last term is the error made by holding the process parameter constant
on each block. Note that éivl”l

0
. " 1s a mixture of the parametric model with parameter
©;,, and a mixture of starting value MY, .

It is instructive to consider (3.36) when we assume that the time-varying parameter
model is equal to the parametric model. In that simple case, the first term and the

fourth term are equal to 0. Additionally, we can hope that under right conditions

B, ~ MO ~
1 § a i,mn a M:L ~
nt (®Z7n - @z,n )AT’L,TL ~~ 0.
i=1

Finally, if we assume that we know the convergence rate n? and the limit distribution
1.
N (0, Vy+) of the parametric estimator, for any ¢ = 1,..., B, we have that h2 (@m -
0*)ATM ~ N (0, Vp<)AT;,, and thus we can hope that
By,

n% Z (éz,n - 9*)ATz,n ~ TﬁlN(Oa ‘/9*)

i=1
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under right assumptions (in particular on the block size h,,).

The time-varying parameter model case will be very similar to the parametric model

case. Formally, we will be providing in the following conditions such that

By

ntY (610 —6i) = 0, (3.37)
=1
B P - T 1
nty o (OM -6, 3 T‘1</ X/Q;ds>2/\/(0, 1), (3.38)
=1 0
1 Bn 2 MO 2 «
nty (On" —Om) = 0, (3.39)
=1
1 Bn N ,’:MO
nty (6, -6,,") = 0. (3.40)
=1

We make the first assumption, which is on observation times.

Condition (E1). The observation times are such that for k = 1,2,4, 8

- Ok Ok —k

1511'15\7” Er o, [(AT0)"], 1521)% E. .. [(A7,)"] are exactly of order O,(n™*). (3.41)
Remark 12. Note that condition (E1) is satisfied by the HBT model introduced in
Chapter 2.

We make a second assumption on the observation times, which is due to endogeneity.
Indeed, when approximating the returns on a block holding the parameter 6; constant,
we also induce a change in the observation times. In the following assumption, we
make sure that we can bound the difference in length between the approximated block
and the true block, uniformly in the initial value parameter 6y, the path of parameter
process 6; and the initial Markov-chain M. For that reason, we introduce the following
notations. Let M > 0, M € M,,,, and 0, € . For any i = —(m — 1),--- , h, we

define M}},{ﬁ and Mi{\g’at the Markov chain with initial vector M and fixed parameter
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0 € Kjs (respectively with time-varying parameter process ;). The initial vectors are

M0 M,0, M6 M6,
defined as (M~ ..., My,,") == M and (M, ", ..., My,,™) := M. Also, we
define the m-dimensional "memory" vectors as M?’/ff = (MZ%’G, e Mz‘l\f{fnq),n) and

M%ﬁ’et = (M%’et, e ,le\_/l(’f,i_l)m). Finally, for any positive integer ¢, the ¢th element of

the Markov chains are obtained by the same recurrence relations as (3.27) and (3.28).

Mi{\gﬁ = Fn (M?ili{%m Ui,m 0)7 (342)
Mil,\gﬁt = F, (M%fﬁw Uin, {es}Ti—l,nSSSTi,n)' (3.43)

We define now the lengths of the first block Tll\f[f = Z?;l(Mi\g’e)(d) and Tll\ffl’gt = Z?ﬁl
(M@,

Condition (E2). For any M > 0, we define Dy, := &y X M,,, 1 and we have

sup B [(Ton Mo _pansMubnydl _ pdp =ty (3.44)

1n 1n
(6¢,M1)€Dr

Remark 13. Condition (E2) is also satisfied by the HBT model.

The following assumption provides the existence of I’ > 0 such that the convergence
rate of the parametric estimator is n?. In most examples, such as the MLE under
regular conditions, we have I’ = 2. Condition (E3) also assumes that the parametric
estimator is not too biased. For that purpose, we introduce the definition of the bias
on the first block Bfﬁ;e = E[(éhmn(RM’@' ... RMY. M) — G)Tll\flf] for any M € M,,,

1,n > hn,m?

and any 0 € K.

Condition (E3). For any parameter § € K, we assume that there exists a covariance
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matrix Vp > 0 such that for any M > 0, we have uniformly in 6 € K,

N[

Var [1f (O, (R R M) = 0)TY, ] = VoTY, hyn™  (3.45)
"‘Op(hin_Q)
4 4

E[((Bnn(RY% RS ME) =0T )Y = O(he "0t (3.46)
BM = O(h,n™71) (347

1n

Remark 14. (regular observations case) The reader might get confused at first reading
with the block length term T{ , showing up in (3.45), (3.46) and (3.47). One should keep
in mind that in the simple case where observations are regular, we have T‘in :=Th,n™L.
In that case, (3.45) only assumes that the variance of the normalized error of the
parametric estimator converges uniformly, (3.46) assumes that the fourth moment of
the normalized error has bounded expectation and (3.47) that the parametric estimator
used on a block of h, observations has a bias of order at most O(n~1). If we assume
that | = 2, as we know that h, can be of order up to n? in view of (3.48), we obtain
that the bias must be of order o(h,). In the case where observations are not regular,
the presence of the random block length term T?}n doesn’t seem to make Condition
(E3) harder to verify than in the regular case, at least in the model with uncertainty

zones (See Appendix).
Remark 15. Condition (F3) is used to show (3.38).

We make a fourth assumption, which is on the block size h,,. In practice, Condition
(E4) provides us with the maximum block size h,, to use for constant approximation
of parameter. Note that in the most common case when [ = 2 and " = 2, (3.49) is
automatically verified. Also in that case, (3.48) can be written as h, = o(n2), which
is the same block size’s order found in Mykland and Zhang (2011), who investigated
how constant we can hold volatility in a small neighborhood in the case of regular

observations of the price following a continuous It6-process.
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Condition (E4). The block size h,, is such that

Remark 16. (3.48) is in particular used to show (3.37).

The next condition assumes that uniformly in the parameter value and future pa-
rameter path, we can bound the discrepancy on the time-varying parameter model
starting with two different initial vectors. The reason why Condition (E5) doesn’t as-
sume also uniformity in the starting vector is that in the MA(1) example in Section
3.7.3 we don’t have such uniformity. Consequently, we need a weaker assumption. For
any M > 0, any 6, € €y and any M € M,, ,, we introduce the bias with parameter
0, as Bﬁ’et = E[(éhn’n(Rll\{Ift; o Rthiit; M) — Q)Tll\fln’et]. For any N € M,, ,,, we also
define the difference in bias as

BY N = B[ (On, (R Ry s M) = O, (RYS o Rt N)) TR .

1,n 1n » 1n » 1n

We finally define the variance of the estimated difference

BN = Var [(Oh, o (R RS M) = O (RYY o Rl ND)) T

1n > kn > 1n > kmn

Condition (E5). For any M > 0 we have

Bn
MO M0 1
D sup [BL | = op(n7), (3.50)
i=1 QtGSM
Dn MO M0 _2
sup E " = o0p(n" 7). (3.51)
i—1 0t€€m ,

Remark 17. Condition (E5) is used to show (3.39).

The last condition is very similar to Condition (E5), except that we are not looking
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at the discrepancy induced by different initial vectors but rather the difference between
the time-varying parameter model and the parametric model when initial vectors are

equal. For that reason, we introduce the difference in bias

BN = B[ (O (R Ry M) = O, (RIS RS M) T,

1,n n, 1n > 1n > kn 1,n

as well as the variance of the difference

BN = Var [(Oh, (R Rpnl M) = Oy, o (RY o R M) T

1n > k,'fL ) 17” )

Condition (E6). For any M > 0, we have

B

MO, 0,0 _1
Z sup |BL," | = op(n %) (3.52)
i—1 0t€€m
o M0 6.0 2
sup B, """ = op(n71) (3.53)
i=1 0:€EN ’

Remark 18. Condition (E6) is used to show (3.39).

We now state the main theorem of Chapter 3, which investigates the limit distribu-

tion of (3.36).

Theorem (Central Limit Theorem). Assume conditions (EQ) — (E6). Then, stably

i law as n — o0,

T 1
nt (6, - 0) - T—l(/ Vo:ds) >N (0, 1). (3.54)
0

Remark 19. (convergence rate and asymptotic variance) In most examples, we have
that [ = 2, which is the best convergence rate in the parametric model. In view of
(3.49) in Condition (FE4), in that case we also have I’ = 2 and thus the convergence
rate in (3.54) is the best attainable (Gloter and Jacod (2001)). If we also assume that

we have a parametric estimator which achieves the Cramér-Rao bound of efficiency, we
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conjecture that the variance in the right term of (3.59) is the nonparametric efficient

bound, at least in the case where there is no endogeneity.

Remark 20. (MLE) The MLE is a natural and popular estimator. In order for the
practitioner to be able to apply the local MLE and show the associated central limit
theorem, one has to keep in mind that in finite sample, the MLE is biased, with a bias
magnitude of the order of the number of observations inverse. To verify bias conditions
(3.47), (3.50) and (3.52), one has to apply a bias correction to the MLE discussed for
instance in Firth (1993).

Remark 21. (block size) Condition (E4) provides the asymptotic order to use for the
block size h,. Thus, it gives a rule basis to use on finite sample, but it is left to the
practitioner to ultimitalely choose h,. If the parametric estimator is badly biased, the
practitioner should increase the value of h,. Also, if the parameter process 0; seems
not to be moving a lot, h, can be chosen to be bigger. In Section 3.8, we show on the
model with uncertainty zones that the estimated volatility is not h,-dependent if we

1
choose h,, =~ N,7.

Remark 22. (subset parameter estimation) In practice, one can be interested in esti-
mating only a p/-dimensional integrated parameter =, where p’ € {1,...,p} and = is
a subset of ©. If we define in analogy with the quantities depending on €5 the p'-
dimensional subquantities &/, é;m, Zin, Em én as well as the p’ x p’-dimensional matrix

Ve, the Central Limit Theorem still holds in that case under the same assumptions

1

T 1
nt (&, - 2) —>T—1</ Visds)™.
0

Remark 23. (Estimating the Asymptotic Variance) If the practitioner doesn’t have
a (parametric) variance estimator at hand and that her parametric estimator can be
written as in Mykland and Zhang (2014), one can use the techniques of the Chapter 3 to
obtain a variance estimate. Investigating if such techniques would work in our setting is

beyond the scope of this Chapter 3. If she has an estimator, then for any i =1,..., B,
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she can estimate the ith block covariance Vj,, as Vi, := O, n(R},;...; Rim:RY, ), and

i,m)

she can estimate the asymptotic variance as the weighted sum
Vo= ViaATj, (3.55)

Under conditions similar to the ones of Section 3.4.2 and Section 3.6, we can obtain

the consistency of (3.55).

Remark 24. (Estimator with unobservable returns as input) As a function of several
non-observable quantities can be observed, we can define the parametric estimator with
a slight difference élm = ékm(Ml,n; ...; Myn;Mg,,). The central Limit Theorem still
holds in that more general case. An example of such ékn will be given with the HY in

Section 3.7.2.

Remark 25. (asymptotic assumption on returns) As discussed in Section 3.4.2; the
assumption (3.29) is relatively strong. We conjecture that under a more general as-
sumption, such as the uniform convergence in distribution of F),(c, * M, Uy ,,,0) to a
non-degenerate limit, the Central Limit Theorem would still hold. In particular, that
would permit the noise to have a different convergence rate and the observation times

to follow more general point processes.

3.7 Examples

We have two purposes in this section. First, we want to document that assumptions of
the LPM are widely satisfied by models of the literature used to estimate high-frequency
quantities. In addition, in Section 3.7.4, we introduce a new model where efficient price
follows a continuous local martingale and the correlation structure between efficient

price, noise and arrival times is very general and then show that this model is contained
in the LPM class.

Moreover, we aim to show that theoretical conditions provided in Section 3.6 can
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be satisfied for specific problems. As a first example, to estimate high-frequency covari-
ance in the HBT model, Chapter 2 provided a bias-corrected HY estimator and used
techniques similar to the ones given in Chapter 3 to find the limit distribution. We
provide insight into their work in Section 3.7.2. As a second example, we introduce a
time-varying friction parameter extension of the model with uncertainty zones intro-
duced in Robert and Rosenbaum (2011) to estimate volatility and show that conditions

of Section 3.6 are easily satisfied in that case. This can be found in Section 3.7.1.

3.7.1 Volatility in the HBT model

The HBT model was introduced in Chapter 2 as a general multidimensional endogenous
model which can possibly include microstructure noise of a specific form. In this section,
we consider the one-dimensional case and notation of Chapter 2 are "in force". We recall
the definition of the two-dimensional process Y; := (X, Xt(t)), where Xt(t) is the time
process and assume that Y; follows a null-drift Ito-process with (matrix) volatility o} .
In order to embed the HBT model into the LPM, we need to assume that d; and wu;
depend on a multidimensional parameter y; such that there exists a partially observed
Markov chain following (3.28) with 67 := (¢ (¢))T, j1;). The parameter thus includes
information on the volatility and also on observation times (which in particular depend
heavily on ;). We propose in the following to have a look at p; and other LPM
quantities on a couple of HBT examples, Example 1 in Chapter 2 and the model with
uncertainty zones. Furthermore, we investigate an associated LPE and the Central

Limit Theorem in the latter model.

Hitting Constant Boundaries

In Example 1 of Chapter 2, we assume no noise in observations and we have p; =
(6,,04), and because X; = X, the information contained in ¥ (¢¥)7 can be expressed
as the one-dimensional volatility o7 of X;. Thus, we obtain that 6f := (¢7,0,,04).

With the technology of Chapter 3, we can assume that 6, and 6, are continuous local
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martingale parameters in the model where arrival times are defined recursively as 79, :=

0 and for any positive integer ¢
Tim = inf {t > Ticin  AXr s = Oury, OF AX g = Gd,ﬂ.fl’n}. (3.56)

In (3.56), the boundaries are piece-wise constant equal to the initial-parameter value.
We can write (3.56) as a LPM with M;, = R;, := (AX,  ,A7,), in particular
no unobserved quantity @);, is needed. Also, we have that the order of memory is
m := 0. The "random innovation" is defined as the future path of the Brownian
motion U, , = (AX[n,l,mt])tzTi,m
Rin = Fy(Uin, {05 )+, .<s<r.,.)- If we define

t t
v = inf {t >0: / osdus = 0, or / osdug = 9d,o}
0 0

we can express F,(u, (0, Oy, 0ar)) = (fov osdug,v). Thus, Example 1 can be written

as a LPM.

and since m = 0, the returns can be written as

Model with uncertainty zones

The model with uncertainty zones assumes that p; := (1, x;) where x; is the M-
dimensional time-varying parameter driving the conditional distribution of the jump
sizes in ticks, see p.5b in Robert and Rosenbaum (2012). Thus, we have that 0; :=
(04,1, xt). We are not interested in estimating x; and thus we follow Remark 22 and
consider the subparameter & = (04, 7) to be estimated. Following the setting of this
Chapter 3, we will assume that 7 is a time-varying parameter 7; and we will extend the
model with uncertainty zones in (3.57). We call this extension the time-varying model
with uncertainty zones. We define atick) (in lieu of v, in the cited paper) the tick size

(which vanishes asymptotically). The sampling times are defined recursively for any
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positive integer 7

(tick) . 1
Tin = inf {t > Ticip Xp = Xﬁf_{n ) — oszwk) (Lm —3 + 777@-71,n)

(tick))

. 1
or X, = X2 a0 (L, — L)), (3.57)

2

We want to estimate the integrated parameter = := ( OT oldt, fOT ndt). We define the
ATi,n)a

where the observed price is defined in Example 4 in Chapter 2. The order of memory

unobserved return as Q;, := AX;, , the observed returns as R;, = (AZ

Ti,n?

is m := 1. The "random innovation" is defined as the two-dimensional path U;, =
(AXp o t)ezria, (AW 9)iesr_y,) where W' is a Brownian motion independent
of the other quantities which deals with the jump size and which is defined in p.11 of
Robert and Rosenbaum (2012). We also define

t
wt = inf {t >0: / asdugl) = —oc,(fmk) ((b(XO, u§2)) -1+ 27]0)
0

¢
or / asdugl) :agiCk)¢(Xo,u§2))}
0
and

t
w” = inf {t >0: / Usdugl) = _O‘Efwk)ﬁb(Xmul(tg))
0

t
or / odult) = atik) (gb(XO, UEQ)) — 1+ 2770) },
0

where ¢(xo, u?)) corresponds to the size of the next jump (in absolute number of ticks)

and can be found in p.11 of Robert and Rosenbaum (2012). Furthermore, we define

w = w+1{T(1)>0} + w_l{r(1)<0}.
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We can express
Fu((a,r™r®), (), (o7, e, xe)

= (/ asdug, P (o, u”) sign (/ osdus), w).
0 0

We estimate on each block the volatility and the friction parameter using respectively
the estimator RV (tick) and a slight modification of 7 wics) , (see p.8 in Robert and

Rosenbaum (2012), we use w in place of m) defined as

A(m = Z)\atkuatk (358)
k=1
with
N+ N . N©
Ag’?k = atk(a) ( and u((f?k = max (O,min (1, ~(k( O(éat)k ) 1>>)’
Z (NO‘ i T N ) 2 Natk

where we assume that C = 00, and in particular uq ¢, = 1 when N k = 0. We choose
to work with this modlﬁed estimator for both reasons because the deﬁmtlon of 7o+ Was
slightly unclear when N k = 0 in p.8 of Robert and Rosenbaum (2012) and because
the finite sample bias of 1 na’t is slightly smaller with the modified estimator. We have
a, = (@ ol (af*®)2). We obtain the following theorem as an application of

the Central Limit Theorem.

Theorem (Time-varying friction parameter model with uncertainty zones).

Stably in law as n — oo,
' R T
@) & =3 - ([ Wan0.) 359
0

where Vy can be straightforwardly inferred from the definition of Lemma 4.19 in p.26 of
Robert and Rosenbaum (2012).

The proof, checking that conditions (E0)-(E6) are satisfied, can be found in Ap-
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pendix.

Remark 26. We can add a drift to the volatility process following the techniques in
Remark 10.

1 -1 .
,n"2,n" ') and the convergence rate is

[NIES

Remark 27. Note that equivalently a,, := (n

1 .
n2, see Remark 4 for more details.

3.7.2  High-frequency covariance in the HBT model

We recall the definition of the four-dimensional process Y; := (X, W x® xt x (t’2))
in Chapter 2 and assume that Yt follows a non-drift Ito6-process with volatility o). We
also assume that dg and ut can be embedded in a multidimensional parameter py
such that there exists a partially observed Markov chain with two-dimensional returns
following (3.28) with 67 := (o) (6)), p1;). We are concerned with the estimation of the
high-frequency covariance and thus & := (o) (o} )7)"2. We are exactly in the setting
of Remark 22 with p’ = 1. We choose to work with the bias-corrected HY introduced

in Section 2.4.2.

We first show that the 2-dimensional HBT model is contained in the LPM class.
For that purpose, we identify the local Markov chain quantities used in the proof of
Chapter 2. Following the notation of Chapter 2, we define the non-observed part as

equal to

Qi, (AX(t 2) 1c + AX(ZZ(B — 1C])

)
11n’z 1n] [ 71n

and the observed-part as equal to

. (-1C+ 1C 1c 1C (1) 1c
R;, = (Ti_Ln — T T; ,AX rICs AT )

) i—1,n 'in

In view of Lemma 10 in Appendix of Chapter 2 and Remark 4, we have that a,, :=
(n_%,n_%,n_l,n_l,n_%,n_l).

We now point to the parts of the proof in Chapter 2 that can be used to verify
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the conditions of Section 3.6. Condition (CO0) is straightforwardly satisfied by the
assumptions of Chapter 2. Condition (C1) is satisfied by Lemma 7 and Condition (C2)
can be proven using the proof of Lemma 11. In Condition (C3), Equation (3.45) can be
satisfied using the same techniques than in the first three steps of the proof in Lemma
14. Equation (3.46) is straightforward to show. Finally, as the bias-corrected HY
estimator is unbiased for a fixed 6 € K, we show directly (3.47). We obtain Condition
(E4) with I =1, ' =1 and h,, = o(n?). Equation (3.50) in Condition (C5) comes from
the unbiasedness of the estimator. Proof techniques of the first three steps of the proof
in Lemma 14 can be used to prove (3.51) in Condition (C5). In Condition (C6), (3.52)
also comes from the unbiasedness of the estimator and (3.53) can be satisfied using a

similar proof to Lemma 13.

Remark 28. Because the sum of two unobserved variables from consecutive Markov

chain element AX (t’IQC),_ o and AX (tfc) 10,4

- e - is actually the increment of the second

i—1,nTi—1,n ifl,n”rifl,n}

asset (and thus observed), we are actually in the case of Remark 24.

We could add noise in the model extending the one-dimensional model introduced
in Section 3.7.4. We conjecture that a local parametric (bias-corrected) MLE would
satisfy the conditions of Section 3.6, and it would then be interesting to compare it
to the pre-averaged Hayashi-Yoshida estimator of Christensen et al. (2010, 2013) and
Koike (2014), two scales covariance estimator in Zhang (2011), the multivariate realised
kernel in Barndorff-Nielsen et al. (2011) and the high-frequency covariance estimator
of Ait-Sahalia et al. (2010).

3.7.8  Volatility in an asset price with non auto-correlated noise not

correlated with the efficient price

We assume that the observations occur at regular times 7;,, = n~'T. We consider the

noised-return model

Rin:=AX,  +ér, =€, (3.60)
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where the noise ¢; := n=2 (v;‘)%xt is time-varying, x; are standard independent normally
identically distributed and independent of the (null-drift It6-process with volatility
of) efficient process X; := fOT o:dWs. The parameter process is defined as the two-
dimensional volatility and noise process 0; := ((07)? v;). We are interested in the
estimation of © := (fOT(af)th, fOT vidt). First, note that the model (3.60) can be

easily written as an LPM of order m = 1 with

Qin = (AXn,n: 67'1',71)’
Ri,n = AXTi,n t €~ €riin
Ui,n = <{AW[T¢71,n,S} }Tifl,nSSSTz‘,n’ XTi,n)'
Define G : R; — R such that G(z) = —% — x?. If we assume that the parameters are

constant equal to ((0*)?,v*), we can rewrite (3.60) as

Ri,n = Nin + Bni—l,na

where 1= G7! ((‘70ﬂ + 2) and 7, , are IID normal with variance w,, := —% and thus
the returns follow locally an MA(1) process, as Ait-Sahalia et al. (2005) and Xiu (2010)
pointed out when the volatility and noise were non time varying parameters. In the
latter paper, the author showed that we can still use the MLE of MA(1) when volatility
is a time-varying quantity pretending that it is constant on the whole dataset. He
showed the consistency and the associated limit distribution of the QMLE in a slightly
different asymptotic setting than in Chapter 3 (with the noise component not shrinking
to 0 asymptotically). Nonetheless, the author assumed non time-varying noise. The
techniques of Chapter 3 allows us to go one step further by allowing time-varying noise.
We define the parametric estimator é;m as the bias-corrected MLE of the MA(1) process.

We obtain a, := (n’%, n’%,n’%). We conjecture that we can verify the assumptions of

Section 3.6 in this model with the local MLE.
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3.7.4  Volatility in an extended noisy HB'T model where noise can be

auto-correlated and correlated with the efficient price
We go one step further the HBT model by allowing noise in the model as well. We keep
the structure generating the sampling times (2.1), but we observe now a noisy return

Ri,n = (AX

Ti,n

+ eTi,n - 67’«;71,”7 ATi,n)- (361)

We also define the unobserved return @;, := (AX,, €, ) and we assume that there
exists 0 and U;,, such that they satisfy (3.28) for a positive integer order of memory
m. Note that the assumption (3.28) together with the assumption (3.61) allow for a
very general model. In particular, the noise and the efficient price can be correlated
with each other and the noise auto-correlated. In the simplest (non realistic) case, we
can imagine that the noise follows the same assumption as in Section 3.7.3. Because

observations occur on the tick grid, a realistic model assumes that the observed price

A

Ti,n

= X, t+¢€,, takes only modulo of the tick size values. One possible extension of

the model introduced in Section 3.7.3 assumes that the price is rounded, i.e. 7  :=

(tick) . .
(Xr, + enyn)(“"t ) 1t can be written as an LPM of order m = 1 with
Qin = (AX,, €r,,Xs,, mod aﬁfidﬁ)),
Rip = AXTi,n t€nn ~ Enisin

Ui,n = ({AW[TFLTL,S]}Ti—l,nSSSTi,n7XTi,n)‘

Furthermore, we can show that one other simple model, the floor rounding with
probability % and ceiling rounding with probability % of the efficient price model, which
is decribed in p.7 of Dahlaus and Neddermeyer (2014), can be expressed as a LPM.
We insist on the fact that those are basic examples and that the LPM class is much

broader.
We conjecture here again that a local MLE would satisfy the conditions of Sec-
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tion 3.6, and that we could then infer in particular about the integrated volatalitity,

observation times parameter and integrated microstructure noise.

3.7.5  High Frequency Regression and ANOVA

We are interested in systems of the form dV; = §,dX; + dZ;, where the high-frequency
correlation between X; and Z; is null, i.e. (X, Z); = 0, we can observe the two processes
V; and X; and X; can be multidimensional. We can see f; as the beta from portfolio
optimization and Z; the idiosyncratic noise, or ; can be the hedging delta of an option,
with Z; the error. There are two different objects of interest. First, the regression
problem seeks to infer about the integrated beta (Mykland and Zhang (2009, Section 4.2,
pp. 1424-1426), Kalnina (2012), Zhang (2012, Section 4, pp. 268-273), Reiss, Todorov,
and Tauchen (2014)). The ANOVA problem seeks to estimate the (Z, Z)7 := fOT(O'SZ)2dS
(Zhang (2001) and Mykland and Zhang (2006)). We define Y; := (V;, X;) and assume
that Y; is a null-drift It6-process with volatility o). We can define the multidimensional
parameter 07 := (8,0}, (07)?). We are interested in the estimation of the integrated

sub-parameter & := (B, (67)?).

In the case where there is no microstructure noise in observations and the observa-
tions occur at regular times, it is easy to show that the LPM class contains the model
and that the estimator to be used locally is the usual least squares estimator, together
with the residual variance estimator. Furthermore, the assumptions of Section 3.6 are
easily satisfied. In the more general case where there can be microstructure noise, we
can use a model similar to Section 3.7.4. We conjecture in this case again that a local

MLE (or possibly another estimator) would satisfy the conditions of Section 3.6.

3.7.6 Limit Order Book (LOB)

A LOB is a multidimensional queuing system, that gathers for any ¢ > 0 the total

volume of non-executed orders for every price level. Each 1-dimensional Order Book
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can be seen as a stochastic process of its inter-arrival times between two consecutive
events. Consequently, we can describe a LOB as a high-dimensional point process,
where each component counts the number of orders of a given type and a given price
level. Very often it is assumed in the literature that the LOB process is a function of
a non time-varying parameter 6* as in Ogihara and Yoshida (2011). This constancy
assumption is seldom checked properly. Using the techniques of Chapter 3, The LOB
user could allow for a time-varying parameter. First, she would need to investigate if
the LPM class contains her parametric model, build a time-varying parametric model
and then check the conditions of Section 3.6 to use a LPE. We saw in Example 8 that a
1-dimensional Poisson-process is a LPM. In particular, we conjecture that we can build
a time-varying parameter extension of the Hawkes process introduced in Hawkes (1971)
and used in Bacry et al. (2013) and Ait-Sahalia et al. (2015) which is contained into
the LPM class and that the LPE of the QMLE in Clinet and Yoshida (2015) would

satisfy the conditions of Section 3.6.

3.7.7 Leverage effect

The leverage effect describes the (usually) negative relation between stock returns and
their volatility (see e.g. Wang and Mykland (2014), Ait-Sahalia et al. (2014)). In
that case, the parameter of interest can be defined as & = d(X, F(c*));/dt where
conditions on the nonrandom function F' can be found in p.199 of Wang and Mykland
(2014). Note that the convergence rate is | = i if there is no microstructure noise. In
light of Condition (E4), this example would require probably extrawork, and provide
a new estimator with a convergence rate not as good as the parametric estimator. If
we assume that the model is the same as in Section 3.7.4, a LPE could work but a

parametric estimator would first need to be given.
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3.7.8 Volatility of volatility

This is similar to the leverage effect, one would have to investigate first a parametric
estimator. In that case, the parameter of interest is defined as & := d((c*)?, (0*)?),/dt.

The convergence rate is also [ = }1. We can find results on this inference problem in

Vetter (2011) and Mykland, Shephard and Sheppard (2012).

3.8 Empirical work

In this section, we are interested in estimating the integrated parameter in the time-
varying friction parameter model with uncertainty zones introduced in Section 3.7.1.
We remind the reader that the parameter of interest is defined as & = (02, 7). We
are looking at Orange France Telecom stock price on the CAC 40 on Monday March
4th, 2013. The number of returns between 9am and 4pm corresponding to a "change
of price" is equal to N,, = 3306, and the tick size aniCk) = 0.001 euro. We assume that

T :=1, consider that ¢ = 0 corresponds to 9am and that ¢ = T" corresponds to 4pm.

When assuming the non time-varying model with friction parameter equal to 7,

we can estimate the non time-varying endogeneity parameter ﬁé"}) Note that in finite

(m
a7

sample, 7 ) is biased and that this bias can be estimated following the estimate B
in Appendix 3.10.7. Also, we define the standard deviation s,(n) and a standard
deviation estimate $,(n) where the expression is also provided in Appendix 3.10.7. We
will estimate the standard deviation as $,, ;= §,(n). We find empirically ﬁé”}) = 0.155

and §,, := 0.008.

We define 7);,, the estimate of 7 on the ith block following (3.35). We also define
the standard deviation estimate of 7 ,, as §; ,, := S n, (7,). Note that s, j,, is not block-
dependent except for the last block which is thus removed from the analysis in the
following. Consequently we define 53, := 51 ,,. Figure 3.1 shows the evolution of ),

for different values of h,,. Based on those estimates and the standard deviation estimate
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sn, we compute the associated chi-square statistic

Rl = 2
= 3 (e
i=1 n

Under the null hypothesis which states that 7; is non time-varying, x2 follows approx-
imately a chi-square distribution with B,, — 1 degrees of freedom. We report x? for
different values of h,, in Table 3.1. The obtained values indicate that we have strong
evidence against the null hypothesis, thus it provides us very good reasons to use the

techniques of Chapter 3.

Estimated Eta Estimated Eta

Estimated Eta
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Figure 3.1: Evolution of ), for different values of h,,. The red line corresponds to 7).
The blue lines are one standard deviation §,, away from 7. The purple lines are two

standard deviations away from 7).
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h, | B, | Chi Sq. Stat | Dg. Fr. | p-value
50 | 67 719 66 0
100 | 34 268 33 0
150 | 23 155 22 0
200 | 17 116 16 0
250 | 14 109 13 0
300 | 12 68.5 11 0
350 | 10 90.6 9 0
400 | 9 91.5 8 0
450 | 8 42.6 7 6e 7

Table 3.1: Summary chi-square statistics based on the block size h,,. Note that since
the number of observations of the last block is arbitrary, the last block estimate 7g, »

is not used to compute the chi-square statistic.

We now compute O, for different values of hy, following the time-varying friction
parameter model with uncertainty zones. In view of (3.49), because Né ~ 57.5 we will
choose to work with h, = 43,...,63. We can see in Figure 3.2 that we obtain different
estimates of volatility using the techniques of this work compared to the estimates of
the model with uncertainty zones, which is one reason why it is crucial to use a proper
time-varying model for ;. The estimates of the model with uncertainty zones seems to
underestimate the integrated volatility. In addition, the RV estimator, which doesn’t
take account of the microstructure noise, seems to be overestimating the integrated
volatility. This is what to be expected and thus indicates that the correction made
to the estimated volatility by @)n is reasonable. Finally, the estimates are very similar
for different values of h,,, which seems to indicate that the method is robust to small

variation of the block size.

111



Estimated Volatility with different block size

Estimated Volatility

00020 00022 00024 0.0026 00028 0.0030
.
.
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Block size

Figure 3.2: Evolution of the estimated volatility &i%n for different values of h,,. The red
line corresponds to the RV estimator. The blue line stands for the estimated volatility

if we use the volatility estimator E‘?a““’“) - of the model with uncertainty zones.

3.9 Conclusion

We have introduced in this chapter a general class of time-varying parameter models
called LPM. In particular, if the asset price is assumed to follow a stochastic process, the
LPM allows for auto-correlated time-varying noise and correlation between the efficient
process, the microstructure noise and the sampling times. If the econometrician has
a specific LPM and a parametric estimator at hand, we provided an estimator of the
integrated parameter. We also gave conditions under which the econometrician can

show the limit distribution.
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Depending on the problem, verifying those conditions is not necessarily straightfor-
ward. Nonetheless, Chapter 3 simplifies consequently the work of the econometrician
because she can solve a nonparametric problem using only a parametric estimator. As
a matter of example, we showed that we were able to estimate the integrated volatility

when assuming a time-varying model with uncertainty zones.

In the future, we would like to verify the conditions of Section 3.6 with the model
introduced in Section 3.7.3 and Section 3.7.4. Also, most examples of this chapter
are coming from the efficient price-process point-of-view, but the LPM class is also
conjectured to contain numerous point process models used to model the LOB, such as
self-exciting point processes. For that purpose, as discussed in Remark 25, we would

need to weaken the asymptotic returns assumption.

Chapter 3 was focused on the estimation of the integrated parameter of the LPM.
Condition (E6) states that the normalized discrepancy between the estimator on the
observed returns and the approximated returns with the same starting value vanishes
asymptotically. Roughly speaking, it means that we can see the LPM as a block-
constant parameter model. Thus, we conjecture that parametric tests can also be
used. As an example, the log-ratio statistic could test for nested models and provide
us evidence on the structure driving the returns. This would most likely enable us
to investigate the question of presence of noise in, say, 5-minute returns, the question
of correlation between efficient price and noise, the asymmetric information problem
using the extension of the model of uncertainty zones in Section 2.3.2, the presence of

endogeneity etc.

One other possible application of the fact that the LPM can be seen as a block-
constant parameter model is in model selection. Given data and a set of candidate
LPM, on the one hand we could sum up their block-local maximum likelihood functions.
Because of the Markov property of the LPM, we would obtain an estimate of their

maximum likelihood function on the whole interval [0,7]. On the other hand, we
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could build a measure of the integrated volatility of the parameter (0*,6%);, based
on techniques used in Mykland and Zhang (2014). Then, we could generalize the
Akaike Information Criterion (AIC) and LPM could be compared on the basis of their
maximum likelihood function and a penalization which would include the number of

parameters and the volatility of the parameter.

Finally, we also believe that the ideas of Chapter 3 can be useful to forecasting at
time 7. The question of estimating the parameter of a time series or more generally
parametric model which admit a LPM time-varying extension in order to "plug-in" the
value into the forecast model could be modified to the problem of estimating the spot
parameter 7 and using this estimate instead. One idea could be to use a weighted
sum of ©,, with increasing weights so that the information contained in the most recent

observations will be used more that the information contained in older observations.

3.10 Appendix

3.10.1 Preliminaries

Since | 0; | is locally bounded and (6;)" is locally bounded away from 0, we can follow
standard localisation arguments (see, e.g., pp. 160— 161 of Mykland and Zhang (2012))
and assume without loss of generality that there exists M > 0 such that 0f € K}, for all
0 <t < T. Furthermore, because we assume that the volatility of the parameter o? is
locally bounded, we can use the same techniques and assume without loss of generality

that there exists o™ > 0 such that ¢ < ot forall 0 <t < T.

Finally, we fix some notation. In the following of Chapter 3, we will be using C' for

any constant C' > 0, where the value can change from one line to the next.
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3.10.2  Proof of Theorem (consistency)

Proof (C1) =(3.24)

It suffices to show that (C'1) implies that

sup E “(E)m — @mu = 0,(1) (3.62)

1>0

By (3.11) and (3.23), we can write

LNttt Yamn) Zﬁ)

where g, is a jointly measurable real-valued function such that

E|gn (UL, ... U, 0;0)| < 0.

Uhn @i,nﬂéi,nﬂ

imr o Yino

~ | [ nlu Oun ()]

E |ga(UL,, ... UM ém)] - E[E [gn(Ul

2,m)

where p,(du) is a regular conditional distribution for (U}

1,n) "

e.g., Breiman (1992)). From Condition (C1), we obtain (3.62).

hnY o A
., Upr) given O, (see,

Proof (C2) =(3.25)

It is sufficient to show that (C2) implies that

sup E “(:)m — (i)mu = 0,(1) (3.63)

1>0
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By (3.10), (3.11), (3.22) and (3.23), we can write

éi,n - éi,n‘ = 97(12)(Uz no e Uzh;zlv {Q:}TE_Lngnggna (:)z,n)

E[16in—6il] = E[E[g@UL, ..U A0 | cocrp, 010)1O0]

where f1,(dv) is a regular conditional distribution for (U},,,.. m,{é’*}T ) | s )

given ©,,, and where we used Condition (C2) in the last equahty.

3.10.3  Proof of Consistency in FExample 7

Let’s show Condition (C1) first. For any M > 0, the quantity

G (Fu(Ut s 0%); s Fu(Uf, 0%)) — 0

can be uniformly in {o? € K/} bounded by
C‘ Z (AW, )T = 1‘ (3.64)
We can prove that (3.64) tends to 0 in probability as a straightforward consequence of

Theorem 1.4.47 of p.52 in Jacod and Shiryaev (2003).

To show Condition (C2), let M > 0 and 6, € &y It is sufficient to show that the
following quantity goes to 0.

J
Tl,n

hn
nh,! Z]E
j=1

[(B0aWyps )P~ ([

1,n -1

HSdWS)Z‘] (3.65)

1,n
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Using Conditional Burkholder-Davis-Gundy inequality (BDG, see inequality (2.1.32) of
p. 39 in Jacod and Protter (2012)), (3.65) can be bounded by

b
-1 . S ’
O D B | [frs, AWy / - BV ] (3.66)
]21 T'L,n
We can also bound (3.66) by
h7L .
Ch,' > (Arf,)'°E sup |6 — 0,
j=1 T~ | el
O(n=1/2) ~— >
op(n=1/2)

where we used BDG another time to obtain o,(n~1/2).

3.10.4  Proof of Consistency in Example 8

(C1) can be shown easily. Similarly (C2) is a direct consequence of the definition in

(3.12), (3.13) together with (3.15).

3.10.5 Proof of Theorem (central limit theorem)

We show (3.37)

We aim at showing that

Bn,
Ei=Y n7(0in — 1) ATy, = 0 (3.67)
=1 e

€in
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Note that Er,_, , [e,] = 0 and thus that Ej,, is a discrete martingale. We compute the

i\n

limit of n% ZZB:TH ]E'Ti—l,n [62 ]

\n

Br Bn Tin
nt Y Er_,,[e3] = nt Yy Er, [( / (05— 05, )du)’]
i=1 i=1

Tici,n
By 1
< oty (B (0T
i=1 e

Op(hn=2)

(ETi—l,’n [ sup (9: - 9:}1'71,71)4] )%
Ti_l,nSSSTi,n

N J/
-~

Op(hpn=1)

= 0p(1)

where we used Conditional Cauchy-Schwarz in the inequality, (3.41) of Condition (E1)
together with BDG inequality to obtain the big taus, and the last equality by (3.48) of
Condition (E4). Because we showed that ni S Er, ., [ein] tends to 0 in probability,
we obtain (3.67).

We show (3.38)

Without loss of generality, we can assume that the prameter #; is a 1-dimensional
process. Because the parametric estimator can be biased, in all generality, A;, :=
ni (éi\in — (:)m)ATm is not the increment term of a discrete martingale. Thus, we
need first to compensate it in order to apply usual discrete martingale limit theorems.
Let By = A —Er,_, , [Ain]. We want to use Corollary 3.1 of pp. 58 — 59 in Hall and
Heyde (1980). First, note that by Condition (E0) condition (3.21) in p.58 of Hall and
Heyde (1980) is satistfied. We turn now to the two other conditions of the corollary in

the two following steps.
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First condition : We will show in this step that for all € > 0,
2 P
ZETFl,n [Bin1{3¢7n>e}] — 0 (368)
i=1

The conditional Cauchy-Schwarz inequality gives us that each term of the sum in (3.68)

can be bounded by

<]ETifl,n [Bzél,n] ETifl,n |:1{Bi,n>€}:| > : (369)
Consider the approximated time AT, = Z (~f n)(d). Define A;,, = %(@M; -
@m)ATm and the compensated quantity B fl Er_.. [[lm] By (3.44), we
have
Bn .
Z (ETi—Ln [Bgn} ETi—lm [1{Bi,n>6}} ) ’
i=1
B - 1
— Z (B, [ BBy [Liasa]) ? + 0p(1) (3.70)
i=1

To show that the right term of the sum in the right-hand side of (3.70) vanishes uni-
formly, we use regular condition together with (3.41), (3.45) and (3.48). We apply
regular conditional distribution together with (3.46) on the left term of the sum in the
right-hand side of (3.70). Then, we use the block assumption (3.49) when taking the
sum of all the terms in the right-hand side of (3.70) and we can prove (3.68).

Second condition : We will prove that

T
ZETZ (B2 / Vp-ds (3.71)
0
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By regular conditional ditstribution and (3.44), we have

B, Bn,
ZETFLTL [Bin] = ZETFl,n [an} +0p(1)
=1 i=1

By regular conditional distribution and (3.45), we have that

B, Bn,
S Er, L [BR] = b et S Ee Vi AT+ 0,(1)
=1 =1

i—1,n

Using Lemma 2.2.11 of Jacod and Protter (2012) with (3.44), we obtain

B, By,

1-2 2 = -2 2

ho i Er, [V%_ ATM] —hn TniTY Vi AT 4 0,(1)
=1 =1

We can apply now Proposition 1.4.44 (p. 51) in Jacod and Shiryaev (2003) and (3.49)

and we get

1-2 2 O T

by Upil E V% ) AT;,, — / Vo=ds
- i—1,n 0
=1

We are interested in the stable convergence of the sum of A;, terms, but by using
Corollary 3.1 of pp. 58 — 59 in Hall and Heyde (1980), we only obtain the stable
convergence of the increment martingale terms B, ,,. We will show now that the sum
of the conditional means S,, := ZZBZ"I Er, ,,[Ain] tends to 0 in probability. First, by
(3.44), we have S, = >°7" Eq [flm} +0,(1). Then, an application of (3.47) together

with regular conditional distribution will give us the convergence to 0 of S,,.

i—1,n
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We show (3.39)

We want to prove

nt S (O — M) B (3.72)

i,n
i=1
We define the conditional expectation of the terms in the sum of (3.72)
2z 0 <

Mi n M7
Civn = ETi*l,n [@1,n - @z,nn} N

In analogy with the previous part, we can rewrite the left term of (3.72) as

1 B 2 MY I~ M* Bn
nt ( Z (@i7nz,n _ ('—')Z-ﬂ") — C@n + Z Cun)
i=1 " ~- i1

Di,n

Note that Zle D, ,, is a discrete martingale, and thus to show that it vanishes asymp-

totically, it is sufficient to show
Bn
2
nty Er_,,[D?] =0 (3.73)
i=1
Regular conditional distribution, (3.44) and (3.51) implies (3.73). Similarly, regular con-

ditional distribution together with (3.44) and (3.50) enables us to deduce 2" C;, 5.
Thus, we proved (3.72).

We show (3.40)

The proof is very similar to the one of Second term, using the Condition (E6) instead
of Condition (E5).
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3.10.6  Proof of Theorem (Time-varying friction parameter model with

uncertainty zones)

We verify Conditions (E0) — (E6) of Section 3.2.

Condition (EQ) : The continuous information can be defined in this problem such
that X, 02, m;, x¢, W/ are adapted to T, where W! is an Brownnian motion inde-
pendent of the other quantities, which was defined in p.11 of Robert and Rosenbaum
(2012) and which is used to define the absolute size of the next jump price L, ,,.

Condition (E1) : This follows exactly Corollary 4.4 in Robert and Rosenbaum
(2012).

Condition (E2) : This can be shown exactly the same way as Lemma 11.

Condition (E3) : In this case, we have ' = 2. Let M > 0. Because in the model
with uncertainty zones T{ , can be written as a sum of IID variables with a finite fourth

moment, we have uniformly in 6 € Ky,

N[

Var [hf] (éhmn(Rll\’/If’e; e RhMjf; M) — H)T?JJ

N[

= Var [hﬁ
= Var [hﬁ

(O (RY 5 Rp? M) — 0)] (E[TY,])? + 0p(h2n72)
(O (RY 5 Ry? M) — )] T ™ + 0, (R2072)

1n

N

By lemma 4.19 in p. 26 of Robert and Rosenbaum (2012) in the special case where the
volatility is constant, we obtain the existence and the value of Vj such that (3.45) is
satisfied. Also, (3.46) and (3.47) are straightforward to verify.
Condition (E4) : We choose | = 2 and I’ = 2, and h,, which satisfies (3.48).
Condition (E5) : Because of the symmetry in the model with uncertainty zones,
note that for any M, N € M,, ,,, we have
Ony (RS i RS0 M) = O (R 5 Ry 0N,

1,n>
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Thus, Condition (E5) is satisfied.
Condition (E6) : This proof is similar to the proof of (3.67).

3.10.7 Estimation of the friction parameter bias and standard deviation

in the model with uncertainty zones

The notation of Section 3.7.1 are in force. We define §,(n) = V, where an expression
of V will be provided at the end of this section. First, we assume that the absolute

jump size is constant equal to the tick size, i.e. L;, := 1. In view of (3.58), we have

N(C)

~(m) . otk
Mo, = Min <1, —a)
Nyt
We also have by definition that the number of alternations is N C(Yat)k =N, - N C(yczk If
we assume that NV, is non-random, then
N© | ~ Bin(N,, —21) (3.74)
a,t,1 ns 277 4 1 )

where Bin(n,p) is a binomial distribution with n observations and probability p. Let

B ~ Bin(N,, 52-). We can define the bias

) op+1
B
B = ]E 1 (17 —> -
i (1 3, ) | =

and the variance as

V = Var [min (1,2(#3_3))} .

B and V' can be computed easily numerically.

If N,, is random, we can work conditionally on NN,,. Nonetheless, as the sampling
times are endogenous, (3.74) is not true in that case. We can still approximate Nc(vf;l

by Bin(N,, %) if the number of observations is large enough.
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