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Abstract

This thesis uses methods from hyperbolic dynamics, Riemannian geometry, and analysis on
metric spaces to obtain new rigidity results for negatively curved Riemannian manifolds.

We prove that closed, negatively curved locally symmetric spaces are locally characterized
up to isometry by the Lyapunov spectra of the periodic orbits of their geodesic flows. This
is done by constructing a new invariant measure for the geodesic flow that we refer to as the
horizontal measure. We show that the Lyapunov spectrum of the horizontal measure alone
suffices to locally characterize these locally symmetric spaces up to isometry.

Our methods extend to give rigidity theorems for smooth flows obtained as perturba-
tions of the geodesic flows of these locally symmetric spaces. The techniques developed in
this paper are focused on the symmetric spaces of nonconstant negative curvature and ex-
tend many methods used to prove rigidity theorems for uniformly quasiconformal Anosov

diffeomorphisms and flows.

v



1 Introduction

This thesis is based on the paper [14]. Proofs of some of the propositions in Section 3
appeared previously in [13]. Section 4 is based on results from [13].

The primary objective of this thesis is to show how geometric properties of an Anosov flow
may be derived from properties of the Lyapunov spectra of its invariant measures. Our focus
will be on the geodesic flows of negatively curved Riemannian manifolds that are obtained
as perturbations of negatively curved locally symmetric spaces. The connection between
the Lyapunov spectra of invariant measures of the geodesic flow and the geometry of the
manifold itself is mediated through the quasiconformal geometry of the visual boundary
of the universal cover. This connection will feature prominently in our proofs. While we
cover primarily geometric applications in this paper, many of the techniques developed here
are more widely applicable, particularly to the study of the geometry of perturbations of
hyperbolic toral automorphisms.

All Riemannian manifolds we consider in this work are assumed to be closed. Given a
Riemannian manifold Y, we consider the geodesic flow ¢t : T'Y — T'Y on its unit tangent
bundle T'Y. Set n = dimY. By applying the multiplicative ergodic theorem [48] to the
derivative cocycle D¢t of the geodesic flow, we may associate to each gi-invariant ergodic

probability measure v a list of real numbers

Al(gé'?V) < )\2(g§,7y) <--- < AQn—l(g§/7V)7

such that for v-a.e. unit tangent vector v € T'Y and every unit vector £ € T,T'Y, we have

L IDg )

t—o0 t

= /\Z(ggf) V))

for some 1 < i < 2n — 1. These are known as the Lyapunov exponents of ¢t with respect to

v; they describe all possible asymptotic exponential growth rates of vectors ¢ € T, T'Y for v-



a.e. v € T'Y. Equivalently, they describe the possible asymptotic exponential growth rates
of Jacobi fields along a randomly chosen geodesic in Y, where this random choice is made
according to the distribution v. We write X(gg/, v) for the vector in R™ whose components
are the Lyapunov exponents \;(g, V), written in increasing order. For any choice of ergodic
invariant measure v we always have \, (g%, v) = 0; this corresponds to the fact that g} acts
isometrically on the direction of its flow. The smooth involution v — —v on T'Y conjugates
g% to gy and thus we also have \;(¢%, V) = —Agpn_i(gh,v) for 1 <i <2n — 1.

When X is a negatively curved locally symmetric space, the Lyapunov spectrum does
not depend on the choice of invariant measure v, i.e., there is a fixed vector X(gg() € R" such
that X(g%,v) = X(g) for all g’ -invariant ergodic probability measures v. Hence we will
omit the choice of invariant measure when we refer to the Lyapunov spectrum of g%. The
vector X(g&-) depends only on the isometry type of the universal cover of X; for example, any
negatively curved locally symmetric space with universal cover the real hyperbolic space HY
has Lyapunov spectrum (—1,—1,0,1,1), while any locally symmetric space with universal
cover the complex hyperbolic plane H% has Lyapunov spectrum (—2, —1,—1,0,1,1,2), pro-
vided we normalize H% to have sectional curvatures —4 < K < —1. The Lyapunov spectra
of negatively curved locally symmetric spaces in general are described in Section below.

For our rigidity theorems, we let X be a negatively curved locally symmetric space with
dim X > 3. We consider a neighborhood of X in the space of Riemannian manifolds in the
following sense: let S denote the underlying smooth manifold obtained by forgetting the
Riemannian metric on X. We then think of X as (5,7nx), where nx is the inner product
on T'S defining the Riemannian metric on X. We say that a Riemannian manifold Y is C”
close to X if Y = (.S, ny), where the inner product ny on T'S is C" close to nx.

Throughout this paper we fix a particular open neighborhood Uy of X in the space of
Riemannian manifolds that is described in Section The neighborhood Uy is C? open
when X is complex hyperbolic, and C?® open when X is quaternionic or Cayley hyperbolic.

When X is real hyperbolic one may take Ux to be the space of all closed Riemannian



manifolds of strictly 1/4-pinched negative curvature.

We say that Y is homothetic to X if there is a constant ¢ > 0 such that Y is isometric
to (S, c-nx). For each periodic point p of the geodesic flow gi we let v denote the unique
gt -invariant probability measure supported on the orbit of p. Our theorem below shows
that the Lyapunov spectra of gi with respect to the invariant measures vP) | ranging over

all periodic orbits p of g}, suffices to determine whether Y is homothetic to X.

Theorem 1.1. Let X be a closed negatively curved locally symmetric space with dim X > 3.
LetY € Ux. Then'Y is homothetic to X if and only if, for each periodic point p of gt , there

exists a constant £(p) > 0 such that

Xgt, v®) = () X(g%)-

Note that we only need to assume a priori that the Lyapunov spectrum of ¢ at a given
periodic point p is some multiple £(p) of the Lyapunov spectrum of g%, where £(p) is allowed
to depend in an arbitrary fashion on p. As part of the conclusion of the theorem one obtains
that &(p) is actually constant in p.

Theorem [1.1| will be deduced as a corollary of Theorem [1.2] below, which characterizes the
locally symmetric space X up to isometry by the Lyapunov spectrum of a single invariant
measure of the geodesic flow. We associate to each Y € Ux a certain canonically defined
gt-invariant ergodic probability measure py that we refer to as the horizontal measure for
gt-. We give a brief description of the horizontal measure here, using the thermodynamic
formalism. For the formal construction of the horizontal measure see Section 2.1l

Given Y € Ux, we will construct a Hoélder continuous function
(y : TY — (—00,0),

in a natural way out of the action of Dgi. on a certain Dgi -invariant subbundle of T'(T'Y).

We then solve the Bowen equation P(s¢y) =0, s > 0, where P(s(y) denotes the topological
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pressure of the function sy with respect to the flow g¢.. We obtain a unique number Qy > 0
such that P(Qy(y) = 0; we refer to Qy as the horizontal dimension of ¢i. The horizontal
measure py is then defined to be the unique equilibrium state of the potential Q)y(y. For
the locally symmetric space X itself, (x is a constant function, Q)x is easily described in
terms of the Lyapunov spectrum X(gé(), and px coincides with the Liouville measure my,

which is the invariant volume for g .

Theorem 1.2. Let X be a closed negatively curved locally symmetric space with dim X > 3.

LetY € Ux. Then'Y is isometric to X if and only if

Xgb, my) = Ngy).

The horizontal measure py is a gi-invariant measure that is specifically adapted to the
nonconstant negative curvature case; in general it does not coincide with any well-known
previously considered invariant measures, such as the Liouville measure or the measure of
maximal entropy for ¢gi,. One of the objectives of this paper is to show that, for rigidity
problems involving Lyapunov exponents, the horizontal measure is often the natural invariant

measure to consider.

Remark 1.3. Like the Liouville measure and the Bowen-Margulis measure of maximal en-
tropy, for Y, Z € Uy the horizontal measure is a homothety invariant in the following sense:
a homothety F' : Y — Z gives a derivative map DF : T'Y — T°Z for some constant ¢ > 0.
Let 1T : T°Z — T'Z denote the natural projection. Then (IT o DF),(uy) = pz. The hori-
zontal dimension is a homothety invariant as well, i.e., Qy = @z if Y is homothetic to Z.

See Proposition [6.7] below.

The author [13] previously obtained the conclusions of Theorems and in the
case in which X has constant negative curvature. In that setting one may replace py in
Theorem with an equilibrium state for ¢} with respect to any given Holder potential.

The novelty of Theorems [I.1 and [I.2] is that they treat the case of locally symmetric spaces



of nonconstant negative curvature, which is significantly more delicate and difficult than the
constant negative curvature case, and which requires many fundamentally new ideas.

Hernandez [34] and independently Yau and Zheng [62] proved that any 1/4-pinched
negatively curved metric on a closed complex hyperbolic manifold is isometric to the standard
symmetric metric. Gromov [24] extended these theorems to obtain 1/4-pinching rigidity
for closed quaternionic hyperbolic manifolds as well. Our final geometric rigidity theorem
addresses possible ways to generalize these rigidity theorems by weakening hypotheses on
curvature pinching to hypotheses on pinching inequalities among the Lyapunov exponents
of the geodesic flow.

Recall that we set n = dimY. We say that the Lyapunov spectrum of ¢i{ with respect
to a gi-invariant ergodic probability measure v is 1/2-pinched if there is a constant a > 0
such that

a < |\(gh,v)| <2a, for 1 <i<2n—1,i#n,

i.e., excluding the exponent corresponding to the flow direction of ¢¢, the Lyapunov expo-
nents of gt are pinched in absolute value between a and 2a.

Curvature pinching estimates on a negatively curved Riemannian manifold Y give rise
to pinching estimates on the Lyapunov exponents of gi: if the sectional curvatures of YV
satisfy —b* < K < —a? for constants b > a > 0, then for any given g} -invariant ergodic
probability measure v we have a < |\;(g},v)] < b for all i # n. In particular, if Y has
1/4-pinched negative curvature then the Lyapunov spectrum of g¢i with respect to any
ergodic invariantmeasure v is 1/2-pinched. Theorem below gives a partial result toward
understanding whether the curvature 1/4-pinching hypothesis in the rigidity theorems of
Hernandez, Yau and Zheng, and Gromov above can be weakened to a 1/2-pinching hypothesis
on the Lyapunov spectrum of a special choice of invariant measure for the geodesic flow.

Recall that, for Y € Uy, we denote the horizontal measure for ¢¢ by py and denote the
horizontal dimension of ¢¢. by Qy. Our theorem shows that, under the additional hypothesis

of a lower bound on the horizontal dimension )y, one can obtain a Lyapunov spectrum



1/2-pinching rigidity theorem for g¢, with respect to the measure py .

Theorem 1.4. Let X be a closed negatively curved locally symmetric space of nonconstant
negative curvature. LetY € Ux. Suppose that Qy > Qx and that the Lyapunov spectrum of

gt with respect to py is 1/2-pinched. Then'Y is homothetic to X .

Establishing the lower bound Qy > Qx under the hypothesis that X(¢%, uy ) = Xgk) is
a critical step in the proof of Theorem This, together with the role of this lower bound

in the hypotheses of Theorem [1.4] prompts the following question.

Question 1.5. Let X be a closed negatively curved locally symmetric space of nonconstant

negative curvature. Let Y € Ux. Do we always have Qy > Qx ¢

An affirmative answer to this question would give a full generalization of the 1/4-curvature
pinching rigidity theorems for nonconstant negative curvature locally symmetric spaces to
1/2-pinching rigidity theorems for their Lyapunov spectra with respect to their horizontal
measures. It would also lead to a positive answer to a question of Boland and Katok [§] that
is presented in Section 2.2}

Our rigidity results should be viewed in conjuction with other dynamical rigidity results
that characterize negatively curved locally symmetric spaces using dynamical invariants.
Perhaps the most famous of these dynamical invariants is the topological entropy hop(gh)
of the geodesic flow of Y. For nonpositively curved Riemannian manifolds the topological
entropy measures the exponential growth rate of the volumes of metric balls in the universal
cover. For X a hyperbolic surface of genus ¢ > 2 and Y another negatively curved surface
of the same area and genus, Katok [42] proved that hip(gh) > hiop(gl) with equality
if and only if Y has constant negative curvature. The minimal entropy rigidity theorem
of Besson, Courtois, and Gallot [6] gives a remarkable generalization of Katok’s theorem
to higher dimensions: on a negatively curved locally symmetric space X, the topological

entropy among all negatively curved metrics on X of the same volume is uniquely minimized



at the symmetric metric on X. Hence the symmetric metrics are extremal for topological
entropy, and are actually characterized by the topological entropy of their geodesic flows.
A previous result in the spirit of Theorem is Hamenstadt’s hyperbolic rank rigidity
theorem [28]. In our context her theorem is best viewed through the perspective of an exten-
sion due to Connell: if Y is a closed negatively curved Riemannian manifold with sectional
curvatures satisfying K < —a? for a given a > 0 then Y is isometric to a locally symmetric
space X if and only if the minimal positive Lyapunov exponent of gi, with respect to my is
a. These hyperbolic rank rigidity theorems have been extended further by Constantine [1§]
and Connell, Nguyen, and Spatzier [I7]. These theorems all have a fundamentally geometric
character; hypotheses on hyperbolic rank impose very strong restrictions on the geodesic flow
of the manifold, e.g. the existence of proper smooth invariant subbundles for the flow if the
manifold does not have constant negative curvature. In contrast, as we explain in Section
2.2] our theorems extend beyond the geometric setting to cover arbitrary perturbations of
the geodesic flows of negatively curved locally symmetric spaces among smooth flows.
There is a natural question that arises from the statement of Theorem and the
methods that are used in its proof. Recall that we let my denote the Liouville measure

for a Riemannian manifold Y.

Question 1.6. Let X be a closed negatively curved locally symmetric space of nonconstant

negative curvature and let Y € Ux. Suppose that X(g@,my) = X(gf;() Is Y isometric to X ¢

As remarked above, the author [I3] obtained a positive answer to the analogous question
in the case in which X has constant negative curvature. There is a specific technical ob-
struction to obtaining a positive answer to Question |1.6[ using the techniques from the proof
of Theorem [I.2} this is discussed in Remark [7.3]

One can also ask whether our theorems hold globally, that is, only under the hypothesis
that Y is a negatively curved manifold quasi-isometric to X, instead of Y being in the open
neighborhood Uy of X. Our techniques make strong use of the persistence of certain g -

invariant structures to g} -invariant structures for Y close to X; it’s unclear whether these
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techniques would continue to be effective globally. In particular, it is less clear how to define

the horizontal measure and how to use it effectively when Y is far from X.

2 The dynamical rigidity theorems

2.1 The horizontal measure

Let X be a locally symmetric space of negative curvature. In this section we construct
the horizontal measure py for Riemannian manifolds Y that are C? close to X. To do
this we recall some basic concepts in smooth dynamics. We will also need a description
of the dynamics of the geodesic flow on negatively curved symmetric spaces. We take this
opportunity to establish conventions for notation and terminology, as these vary in the
literature. A standard reference for the claims made below about Anosov flows is [44].

Let M be a closed Riemannian manifold and let f*: M — M be a C" flow on M, r > 1.
We say that f!is an Anosov flow if there is a D fi-invariant splitting TM = E* ® E° @ E*
such that E° is tangent to the flow direction of f*, and there are constants C' > 1 and a > 0

such that for every v € E* and t > 0,

IDf @)l < el
and for every v € E* and t > 0,

IDf ()l < e lv]l.

In other words, E* is exponentially contracted by f!, and E* is exponentially contracted by
f~t. For all of the Anosov flows considered in this paper, the distributions E* and E* will
have the same dimension; we set [ = dim £* = dim £°. Each of the distributions E“, E*,
E*) E¢® E*, and E° @ E° is uniquely integrable and tangent to a foliation W*, W€ W?*,

Wt and W respectively. The geodesic flow g} of a negatively curved manifold Y is an
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Anosov flow on T'Y .

We define two continuous flows f* and ¢* : M — M to be orbit equivalent if there
is a homeomorphism ¢ : M — M and a continuous map a : R x M — R such that
o(gt(z)) = fet2)(p(z)) for all t € R and x € M. We say that ¢ is a conjugacy if a(t, z) = t.

A key fact that we will use about Anosov flows is that they are structurally stable: if f*
is a C" Anosov flow and ¢ is a C" flow that is C! close to f?, then g’ is also an Anosov flow,
and furthermore there is a Holder continuous orbit equivalence ¢ from f! to g*. The orbit
equivalence ¢ is close to the identity and is unique up to time changes in the flow direction.
The invariant subbundles E*, E¢, and E* all depend continuously on f* in the C! topology.

The negatively curved Riemannian symmetric spaces fit into four families: the real hy-
perbolic spaces H, the complex hyperbolic spaces H, the quaternionic hyperbolic spaces
HZ, and the Cayley hyperbolic plane H%. We normalize HE to have sectional curvatures
K = —1, and we normalize the other nonconstant negative curvature hyperbolic spaces
to have sectional curvatures —4 < K < —1. A reference for the discussion below on the
structure of these spaces is [49].

The structure of the unstable manifolds of the geodesic flows of each of these symmetric
spaces is given by a 2-step Carnot group G, where for H this group is simply R"~! and for
HZ, HY, and H? the groups G are the complex, quaternionic, and octonionic Heisenberg
groups respectively. We recall from [49] that a 2-step Carnot group is a 2-step nilpotent Lie
group G whose Lie algebra g splits as g = b @ v, where [h,h] = g. We will consider G as
equipped with a left-invariant Riemannian metric for which h and v are orthogonal.

In the identification of the unstable manifolds with G, the geodesic flow acts by an
expanding automorphism on G. More precisely, for the left-invariant inner product (,) on

TG, we have

(Dgi (v), Dgx (w)) = e (v, w, );v,w € b,

and

(Dgx (v), Dy (w)) = e"(v,w, );v,w € v.



Hence Dg' expands b by a factor of ¢! and v by a factor of e*.
Letting K € {R, C,H, O} we have for the K-hyperbolic spaces that dimv = dimg K — 1,
where dimg K is the dimension of the division algebra K as a vector space over R. For a

negatively curved locally symmetric space X we then set
kE(X):=dimbh =dim X — dimg K

Then for a K-hyperbolic space X the geodesic flow g% has k(X)) positive Lyapunov exponents
of value 1 and has dimg K — 1 positive Lyapunov exponents of value 2. Similarly the geodesic
flow has k(X ) negative Lyapunov exponents of value -1 and has dimg K—1 negative Lyapunov

exponents of value -2. Lastly we set
h(X) == hiop(d) = k(X) + 2(dimg K — 1)

The splitting g = b @ v gives rise to a global Dg’-invariant splitting E*“9 = H“9 @ V"9,
where, in the G-coordinates, H"Y and V%9 are the left-invariant distributions tangent to
h and v respectively. This splitting is dominated and therefore persists under C! small
perturbations of the flow g% . For the definition and properties of dominated splittings used
below, see Section [3.2]

We conclude from the above that, for a C™ Anosov flow f!: T'X — T'X that is C*
close to ¢, there is also a dominated splitting E*/ = H%/ @ V*/ that is close to the
corresponding splitting for g%. The subbundles H*/ and V*/ are Holder continuous and
the restriction of V*/ to W/ leaves is a C"~! subbundle; see Proposition below. We
set B4/ = E%/ /V*/ to be the quotient bundle of E%/ by V%/. The bundle B*/ is Holder
continuous and is C"~! along W/ leaves as well.

We define a potential function ¢y : M — R on 2 € T' X by,

d
() =— — log Jac (Df£|l3;j’f) )
dt 0

10



The potential (; is Holder continuous and strictly negative. We show at the beginning of
Section that there is a unique number Q(f) > 0 such that the topological pressure of
Q(f)¢s with respect to f* satisfies P(Q(f)(s) = 0. The unstable horizontal measure s for f*
is defined to be the unique equilibrium state for Q(f)(;. We define Q(f) to be the unstable
horizontal dimension of f*.

Considering X = (S,nx) and Y = (S5,ny) as Riemannian manifolds with the same
underlying smooth manifold S and with 1y being C? close to X, we may consider g% and
g% as smooth flows on T'S. The codimension-one submanifolds 7* X and T'Y of T'S are C*?
close to one another and thus we have a natural smooth diffeomorphism ¥ : 7' X — T'Y
obtained by projecting 7' X to T'Y. We then consider f! = U~ o gl o ¥ as a smooth
flow on T'X. The flow f*is C! close to g% and so the above discussion applies; letting ¢
be the horizontal measure for f* and Q(f) the horizontal dimension, we set uy = ¥, (uy)
and Qy = Q(f). Both py and @y are independent of the choice of diffeomorphism ¥ by
Proposition [6.7]

For the locally symmetric space X we have (= —k(X), and therefore pix is the measure
of maximal entropy for g%, which is just the Liouville measure my. The horizontal dimension
n(X)
k

Qx is given by the formula Qx = Z69F

Remark 2.1. When we vary f* in the C? topology, the potential (; varies continuously in the
B-Holder topology for a small enough exponent § > 0. The pressure function (s, f) — P(s(y)
is then jointly continuous in f* in the C? topology and in s € R [55], [10]. We conclude that

Q(f) and py vary continuously with f*.

2.2 The dynamical rigidity theorems

Our main dynamical rigidity theorems extend beyond the geometric setting to cover all C”
small perturbations of the geodesic flow g% on T'X, with » = 1 or 2 depending on X.
We say that a continuous map 1 : M — N between two C"-manifolds M and N is C""¢

for some r > 0, 0 < a < 1, if ¢ is C" and the rth-order derivatives of ¢/ are a-Holder

11



continuous. For a C" Anosov flow f! that is C'-close to g%, our standard for rigidity in
this section is the existence of an orbit equivalence ¢ : T X — T'X from g% to f* such
that, for each x € T'X, the restriction ¢ : W9(z) — W (p(x)) is O+ for some o > 0
independent of x. We will refer to this as the orbit equivalence ¢ being C'*® on center-
unstable leaves. Since f*is C! close to g%, an orbit equivalence between these flows always
exists by structural stability. The questions the theorems below address is: under what
conditions can the regularity of this orbit equivalence be improved?

To state our theorems, we first recall the formal definition of the Lyapunov exponents
of an f'-invariant ergodic probability measure v. For a linear transformation 7' : V — W
between two [-dimensional inner product vector spaces V and W, we let o (T") < --- < 0y(T')
denote the singular values of T" with respect to these inner products, listed in increasing order.
As a consequence of the multiplicative ergodic theorem [48], for each f'-invariant probability
measure v there are positive constants 0 < A¥(f%,v) < -+ < \(f*, v) — referred to as the

unstable Lyapunov exponents of f* with respect to v — such that for each 1 < ¢ <[ we have

. t U
)\;L(ft’y> — hm lOgO—Z(Dfa:’Ex)

t—o00 t

for v-a.e. € M.

We write X”( ft,v) for the vector whose components are the unstable Lyapunov exponents
written in increasing order. Likewise we have negative constants 0 > Xj(ff,v) > --- >
N (f*,v) — referred to as the stable Lyapunov exponents of f* with respect to v — such that

for each 1 < ¢ < [®* we have

)\S(ft V) — lim lOg O—Z—i-i-l(Dfatc‘E;)

t—o0 t

for v-a.e. z € M.

We write XS( ft,v) for the vector whose components are the stable Lyapunov exponents
written in decreasing order. We have chosen the differing orders on the stable and unstable

Lyapunov exponents in order for the equation Xs( ftv) = —X“( /7% v) to hold. We note that

12



what we called /_\’(gg/7 v) before is described in this notation as the vector

S

X(g;,y) = (A (ggfamy)’07xu(g§/7my))'

where Xs(gg,, my ) denotes the vector Xs(gg,, my ) with its entries written in reverse order.

Below we write Vx for a certain C” open neighborhood of g% in the space of C® Anosov
flows on T* X . This neighborhood is described in Section . When X is complex hyperbolic
we may take r = 1, and when X is quaternionic or Cayley hyperbolic we may take r = 2.
Note that if two Riemannian manifolds X and Y are C" close then their geodesic flows are
C"! close, once we smoothly identify 7' X and T'Y as at the end of Section [2.1]

We first state the counterpart of Theorem [I.1] for flows.

Theorem 2.2. Let X be a closed negatively curved locally symmetric space with dim X > 3.
Let f* € Vx. Suppose that, for each periodic point p of f*, there exists a constant £(p) > 0

such that

Then there is an orbit equivalence @ from g% to f' that is C1T® on center-unstable leaves.
We next state the counterpart of Theorem for flows.

Theorem 2.3. Let X be a closed negatively curved locally symmetric space with dim X > 3.

Let f* € Vx. Suppose there exists a constant & > 0 such that
N mp) = EX(gh).

Then there is an orbit equivalence @ from g% to f' that is C1T® on center-unstable leaves.

Lastly we state the counterpart of Theorem [2.5|for flows. Theorem [2.5|below is motivated

by the following question of Boland and Katok [g].

13



Question 2.4. Let X be a closed complex hyperbolic manifold, dim X > 4. Let f' be
a contact Anosov flow that is a C' small perturbation of g%. Suppose that \'(f*,v) <
2AY(f4v), 1 = dim X — 1, for all f'-invariant ergodic probability measures v. Is f* smoothly

orbit equivalent to gb ?

Our theorem uses the 1/2-pinching inequality of Question for the horizontal measure,
together with a lower bound on the horizontal dimension of f*, to build an orbit equivalence

from f! to g% that is C'™® on center-unstable leaves.

Theorem 2.5. Let X be a closed negatively curved locally symmetric space of nonconstant

negative curvature. Let | = dim X — 1. Let f* € Vx. Suppose that

Q(f) > Qx, and N'(f', pg) < 20V (f!, ).

Then there is an orbit equivalence @ from g% to f' that is C1T® on center-unstable leaves.

Observe that in the theorems above we do not make any assumptions on the specific values
of the Lyapunov exponents of f'. We instead only make assumptions on the structure of
the Lyapunov exponents of the flow. We are only imposing the condition that the Lyapunov
spectrum of f* should have the same multiplicities and ratios between exponents as the flow
g%. We assume no structure on f* beyond this.

We are able to deal with such general flows f! because our techniques draw on the classi-
fication theorems for uniformly quasiconformal Anosov diffeomorphisms and Anosov flows.
The cumulative results of Kanai [41], Sadovskaya [56], Kalinin and Sadovskaya [38], [37], and
Fang [19], [20] show that all such Anosov diffeomorphisms are linear toral automorphisms
and that all such Anosov flows are smoothly orbit equivalent to the geodesic flow of a real
hyperbolic manifold. The uniform quasiconformality condition — defined at the beginning
of Section [3| — is strong enough on its own to obtain these rigidity theorems without addi-
tional hypotheses. In the proof of Theorem [2.3] we will exploit a limited form of uniform

quasiconformality on a certain proper invariant subbundle for D f! inside of E“.
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Remark 2.6. By replacing g and f* with g* and f~! in the above theorems, one obtains
analogues of these rigidity theorems for the stable Lyapunov exponents of f*, which gives a
similar conclusion that there is an orbit equivalence from g% to f* that is C'* on center-
stable leaves. When f' is a contact Anosov flow, the hypotheses of the above dynamical
rigidity theorems hold for the unstable Lyapunov exponents if and only if they hold for
the stable Lyapunov exponents. In this case one can show that f! is actually C'*® orbit

equivalent to g’

2.3 The real hyperbolic case

In the case of real hyperbolic manifolds we do not need to use perturbative techniques. This
allows us to obtain global rigidity results in terms of the Lyapunov spectrum for Anosov flows
that are only orbit equivalent to the geodesic flow of some negatively curved Riemannian
manifold. In this case we do not need to use perturbative techniques.

In the hypotheses of Theorem we impose two conditions, one on the flow f! and the
other on the ff-invariant ergodic probability measures v* and v* under consideration, which
are defined later in the paper. The 1-bunching condition on f* should be thought of as the
analogue of the strict 1/4-pinching hypothesis for Anosov flows. 1-bunching is defined at the
beginning of Section [3.3] The local product structure condition on the measures v* and v*
should be thought of as both a nontriviality and a regularity hypothesis on the measures,
which requires them to respect the structure of the invariant foliations of f*. Local product
structure for fi-invariant measures is defined at the beginning of Section [3} All equilibrium
states associated to Holder continuous potentials for a transitive Anosov flow have local

product structure [10], [9].

Theorem 2.7. Let ft be a O Anosov flow which is orbit equivalent to the geodesic flow of a
closed negatively curved manifold of dimension [+1, with | > 2. Suppose that f* is 1-bunched
and that there exist fully supported f'-invariant ergodic probability measures v and v for

It with local product structure such that N¢(f*, v*) = N(f v") and X5 (f5v%) = N(f v9).
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Then there exists a closed real hyperbolic manifold X such that f' is C™ orbit equivalent to

gk

Note that we do not assume any relationship between the measures v* and v®. The
hypotheses imply that all positive Lyapunov exponents of v* with respect to f are equal
and all negative Lyapunov exponents of f! with respect to v* are equal. Although we do
not pursue this direction here, the condition that f* is orbit equivalent to the geodesic flow
of a negatively curved manifold can likely be weakened to the hypothesis that f! is orbit
equivalent to the geodesic flow of a closed Finsler manifold of negative flag curvature or the
geodesic flow of a Riemannian manifold whose geodesic flow is Anosov.

As with the above theorems, we have a theorem that characterizes by periodic orbits as

well. This theorem does not require the bunching condition of Theorem [2.7]

Theorem 2.8. Let f!' be a C™ Anosov flow which is orbit equivalent to the geodesic flow
of a closed negatively curved manifold of dimension | + 1, with | > 2. Suppose that f* is

1-bunched and that for each periodic point p of f' we have
N () = N (), % € {s, u),

Then there exists a closed real hyperbolic manifold X such that f' is C™ orbit equivalent to

gk

We prove Theorems [2.7] and 2.8 at the end of Section

3 Uniform quasiconformality and Anosov flows

In this section we recall in detail the setup of our previous work [13], closely following the
presentations of Sections 2 and 4 from that paper. This requires us to introduce linear co-

cycles over Anosov flows and several concepts associated to them, e.g. dominated splittings,
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holonomies, and uniform quasiconformality. We caution that we have made some changes

in notation from our previous paper.

3.1 Holonomies for invariant foliations

Throughout the paper we will use a convention that we also used in [I5]: let f*: M — M be
an Anosov flow on a Riemannian manifold M and let W* denote any one of the dynamically
defined invariant foliations for f*. We fix constants R > r > 0 depending only on f* and, for
each x € M, we write W _(z) for any connected open neighborhood of z inside W*(z) that
satisfies B*(z,r) C W () C B*(z, R), where B*(z,r) is the ball of radius r inside W*(z)
of the restriction of the metric d on M to W*(z). The constants r, R are chosen such that
all of the neighborhoods W (z) lie inside foliation charts for the foliation W*.

Given two nearby transversals T'(z) and T'(y) to an invariant foliation W* of f* passing
through x and y respectively, for each z € T'(z) we define hj;, (2) to be the unique point in
the intersection W} (2)NT'(y). We refer to these as the holonomy maps for the foliation W*.
The choice of transversals we are taking will always be clear from context; we will often be
taking local leaves of another invariant foliation as transversals. In this case, for example,

for v € M, y € W (z) when we write the center-stable holonomy

ey Wige(®) = Wig(y),

this should be understood as saying that the neighborhoods W} (z) and W}, (y) have been
chosen such that hZ; is a homeomorphism onto its image, and such that they satisfy the
hypotheses imposed in the previous paragraph. Similar interpretations should be used for
all other holonomy maps.

We will further choose the local neighborhoods W} _ to be compatible with the local prod-
uct structure of the invariant foliations for f!: for any # € M there is an open neighborhood

U, of x such that, if we consider the transversal W (z) to the local unstable leaf W} (x)
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of x, then we have W/ (x) x W (x) = U, via the map (y,z) — h¢(y), where we are
considering cs-holonomy from W} (x) to W}k .(z). We also require that we have a similar
homeomorphism W(z) x Wi (z) = U,.

We say that a fully supported f’-invariant ergodic probability measure p has local product
structure if for every x € M there is a neighborhood U, of x and a uniformly continuous
function &, : U, — (0,00) such that in the holonomy chart U, = W} (z) x WSS (x) the

loc

measure j splits as a product

,sza:'(,ux Xﬂ;:)>

of conditional measures p, and p/, on W . (x) and WS (x) respectively. We also require

that the analogous statement is true when we consider the product splitting U, = WS (z) x
W .(x) instead. We require the functions &, to also be uniformly continuous in the vari-
able x € M. Equilibrium states of Holder continuous potentials always have local product

structure [10].

3.2 Dominated splittings

Let M be a compact metric space. We define an [-dimensional vector bundle 7 : £ — M over
M to be a-Holder continuous if there is an open cover of M by open sets U; admitting linear
trivializations T; : 7= 1(U;) — U; x R! such that the transition maps 7T; o Tj’1 are a-Holder
continuous with respect to the Riemannian metric on M and the Euclidean metric on R!. We
equip £ with an a-Hélder continuous inner product ( , ) coming from these trivializations
which gives rise to a norm || - ||.

Let f': M — M be an a-Hoélder continuous flow. We define an a-Holder linear cocycle
on &£ over f! to be an a-Holder flow A? : £ — &£, such that f'or = 7o A', and such that for
each x € M and ¢t € R the map Al : & — Eji(y) is a linear isomorphism. Observe that the

linear maps A’ satisfy the cocycle condition: for every s,t € R and z € M,

t+s S t
Aa: R © A:L"
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When dim &€ = 1 we refer to ¢! := A" as a multiplicative cocycle. When we consider multi-
plicative cocycles in this paper we will always consider the case where £ is trivial and ° is
positive, so that we obtain a map ' : M — (0, 00) for each t € R which satisfies the cocycle
condition above. We define a continuous map (t,z) — 7(t,x) for t € R, € M to be an

additive cocycle over f! if it satisfies the additive cocycle identity,

T(t+s,2) = 7(s, fi(x)) + 7(t, 7).

Additive cocycles correspond to multiplicative cocycles through exponentiation 7 — exp(7).
A dominated splitting of index k for the linear cocycle A over f! is an A’-invariant
splitting £ = H @ V of £ into two continuous subbundles H and V', with dim H = k, such

that there are constants C' > 1, x > 0 for which we have for all x € M and t > 0,

o (Ay | He)

< CeXt
oAV, =7

where we recall that o; denotes the ith singular value of a linear transformation between
two normed vector spaces, listed in increasing order. Here we equip H and V with the norm
induced from our norm on £. The domination condition implies that there is a uniform
exponential gap between the largest singular value of A® on H and the smallest singular
value of A® on V. The subbundles of a dominated splitting for an a-Holder linear cocycle A’
are always uniformly S-Holder continuous for some exponent § that only depends on o and
the exponential expansion rates of A® on H and V respectively. In particular the restrictions

A'|H and A'|V are both Holder continuous linear cocycles as well.

Remark 3.1. It is always possible to choose a new continuous Riemannian metric on £ such
that the domination estimate for the splitting &€ = H & V above holds for all ¢t > 0 with
constant C' = 1 and the same exponent x [23]. In particular this holds for the trivial splitting

&, for which we conclude that if we have bounds for x € M, t > 0, a < b € R, and some
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constant C' > 1,

C7le™ < 01(4;) < oi(4y) < Ce”,

then a new Riemannian metric on £ can be chosen such that these bounds hold with the
same exponents a and b but with constant C' = 1. We will require this fact at a few points

in the paper.

Dominated splittings are stable under C%small perturbations of the linear cocycle A
[58]. Thus if B! is a linear cocycle which is C%-close to A" and A’ admits a dominated
splitting & = H @ V of index k then B' also admits a dominated splitting & = H' & V' of
index k with H' and V' uniformly close to H and V respectively.

We define a linear cocycle A to be uniformly quasiconformal if there is a constant C' > 1

such that for all x € M and ¢t € R we have

where we recall that [ = dim £. We say that A’ is conformal if this holds with C' = 1. Note
that the uniform quasiconformality condition is trivial if [ = 1 but highly nontrivial if [ > 2.
We will see in Sections[5.1]and [5.2] below that one can often derive uniform quasiconformality
of a cocycle A* from information about the Lyapunov exponents of A, with respect to those
fl-invariant ergodic probability measures which carry a certain amount of structure. Lastly,
by Remark given a uniformly quasiconformal linearly cocycle A’ it is always possible to

choose a Riemannian metric on € for which A? is conformal in that metric.

3.3 Holonomies for linear cocycles

We now assume that A is an a-Holder linear cocycle on an a-Holder I-dimensional vector
bundle £ over an Anosov flow f! on a closed Riemannian manifold M. The standard example
one should keep in mind in this section is the restriction of the derivative cocycle D f* to a

D ft-invariant a-Holder continuous subbundle of TM.
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We say that A’ is fiber bunched if there is some constant C' > 1 such that for all x € M

and t > 0 we have,

O'I(At)

xT

O'1<At)

xT

< Cmin{oy(Df,|E°),01(D fr| E*) "'} (1)

Fiber bunching is a technical condition which guarantees the existence of A’-equivariant
identifications of the fibers of £ along stable and unstable manifolds of f' which we refer
to as holonomies. These identifications are essential for our work in this paper. If A! is
uniformly quasiconformal then it is fiber bunched. Fiber bunching should be thought of as
a bound — in terms of the hyperbolicity of the base system — on the defect of A! from being
uniformly quasiconformal.

Sometimes it will be necessary to specify the choice of exponent in the fiber bunching
inequality . We define A’ to be fiber bunched with exponent o« if A’ is an a-Holder
continuous linear cocycle which satisfies the inequality , with exponent o on the right-
hand side. This is stronger than the fiber bunching condition alone: if A’ is S-Holder
continuous for some S > « then it can be fiber bunched — meaning it satisfies with
exponent  — without being fiber bunched with exponent «.

We next define unstable holonomies for A’. The definition and basic properties of these
maps are given in Proposition below; we refer to [39] for the proof of this proposition
and additional discussion. As a consequence of a-Holder continuity of the vector bundle &,
there is an open neighborhood O of the diagonal {(x,z) : € M} in M x M such that, for
each (z,y) € O, there is a linear isomorphism I, : £, — &, for which 1., depends uniformly
a-Holder continuously on the points (x,y) € O. We state Holder continuity properties of

the unstable holonomies L7, below through comparison to the identifications .

Proposition 3.2. Let A be an a-Holder linear cocycle over an Anosov flow f' and suppose
that A" is fiber bunched. Then for each v € M, y € W .(z) there is a linear isomorphism

Ly, : & — &y with the following properties,
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1. Ly, =1Idand Ly, oLy, =Ly, ;

2. Lgy - (AZ)il o L’l;txfty o Ai fOT every t € R.
3. There is a constant C' > 1 such that ||L}C‘y — I, |l < Cd(z,y)® for all y € WE (z).

Furthermore the family of linear maps L" satisfying the above properties is unique.

Note that from the third property and the Holder continuity of the identifications I, we
obtain that the maps Lj, are jointly a-Holder in z and y.

In the proof of Proposition below, we will need a more explicit statement of the
uniqueness of u-holonomies. The following may be extracted from the proofs of [39] (or

alternatively derived from the statements of Proposition above),

Proposition 3.3. Let A be an a-Holder linear cocycle over an Anosov flow f'. Suppose
that A' is [3-fiber bunched for some B < . Let x € M, y € W (z) be given. Let t, — 00
be a sequence of real numbers and let J,, be a sequence of linear maps Jy : Ep—tng —+ Ef—tny
satisfying

[ = Itaagiay |l < CA(F 0y,

for some constant C' > 1. Then Df]tﬁit oJ,oDf " — L% ast, — 00.
ny T Ty

We refer to the family of maps L* as the unstable holonomies for At. Likewise, by con-
sidering the cocycle A~ over f~* and applying Proposition [3.2, we obtain an Af-equivariant
family of linear isomorphisms L;, : & — &, for y € W} (z) which we refer to as the stable
holonomies of A'. We also define center holonomies for At along the flow direction of f*: if
v € M and y = f°r € Wi (v) then we set L;, = A*(x). When v € M and y € Wj.(z) we

define center-stable holonomies L, of A" by
Loy = Lig, @y © Lions, (@) = Lo, @y © Lons, )

In the second expression we are considering stable holonomy h® : W¢ (x) — W (y) and in

the third expression we are considering center holonomy h¢: W (z) — W2 (y). The maps
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L¢ and L* commute by the A'-equivariance properties of the stable holonomies. For z € M
and y € Wii(x) we define the center-unstable holonomies L3, similarly, replacing L* by L*
in the above. As a shorthand we will often refer to unstable holonomies as u-holonomies,
center-stable holonomies as cs-holonomies, etc.

Lastly we state a proposition that we will use in Section [7] to upgrade measurable con-
jugacies between linear cocycles to Holder continuous conjugacies. We let f': M — M be
a volume-preserving C? transitive Anosov flow on a closed Riemannian manifold M, and let
& be an a-Holder vector bundle over M. We write m for the invariant volume for f!. Given
two a-Holder linear cocycles A' and B! over f!, we say that a fiber-preserving continuous
map ® : £ — & is an a-Holder conjugacy if ® : £, — &£, is a linear isomorphism for each
x € M, and ® o A' = Bl o ® for every t € R. We say that ® is a measurable conjugacy
between A' and B! if instead ® is only defined m-a.e. , and the equation ® o A' = Bt o ®
only holds m-a.e for each t € R. We assume that both A* and B! are fiber bunched; we write

L*4 and L*® for the holonomies of A* and B! respectively.

Proposition 3.4. Let A", B! : £ — £ be uniformly quasiconformal o-Hoélder linear cocycles
over f'. Suppose that there is a measurable conjugacy ® between A' and B'. Then ® coincides
m-a.e. with an a-Holder conjugacy ® between At and Bt such that forze M, ye Wi (x),
x € {u,c,s,cu,cs},

£y «A _ 1t%B 3
o, 0 ny = ny od,.

Proof. First suppose that the foliations W* and W* for f* are jointly integrable. Then f*
is a special flow constructed over an Anosov diffeomorphism [53]. This easily reduces to the
case in which A and B are instead cocycles over an Anosov diffeomorphism, for which the
above proposition was proved by Sadovskaya in [57].

More precisely, there is some 7 > 0 such that we have M = N x [0,7]/(z,T) ~ (F(x),0)
for a closed Riemannian manifold N, where F': N — N is a C? volume-preserving Anosov

diffeomorphism. We consider A™ and B” as uniformly quasiconformal linear cocycles over
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F and apply [57, Theorem 2.7] to obtain that ®|yoy coincides m-a.e. with an a-Holder
continuous (on N) function ®, for which we have for z € N, y € Wy (z), x € {u, s}, that
5y oLyt = LxPo ®,. We then extend ® to M = N x [0,7]/ ~ by setting, for z € N,
s € R, &;(x,s) = A% o ®(,0) 0 (A5)7". It’s then easy to check that ® is well-defined, a-
Holder continuous, and equivariant with respect to all holonomies, so we obtain the desired
conclusion.

Now consider the case where the invariant foliations W* and W* for f* are not jointly
integrable. Then, for each s € R\{0}, the map f* is a volume-preserving C? center-bunched
accessible partially hyperbolic diffeomorphism [12]. Consequently, by recent work of Kalinin
and Sadovskaya [40], for each s # 0 the measurable conjugacy ® coincides m-a.e. with a
continuous conjugacy ®° : £ — & such that for z € M, y € Wp(z), * € {u,s} we have
E)Z o L;g“ = L;’yB o 2152 Since the conjugacies ®* all coincide m-a.e. with ®, we conclude that
¢ = @ := P for all s # 0. Consequently D is equivariant under c-holonomy as well as s-
and u-holonomy since do Al = B'o® for all t € R. Since the holonomies L** and L*? for
A! and B! are all locally uniformly a-Holder, we conclude from the equivariance of ® with

respect to these holonomies that d is an a-Holder conjugacy from A’ to B. ]

3.4 Anosov flows with dominated splittings

Let ft: M — M be a C" Anosov flow, r > 2. We say that f* has a u-splitting of index
k if there is a dominated splitting E* = H* & V* for the linear cocycle D f*|E*, such that
dim H* = k. Here H" denotes the directions of weaker expansion for D f*, and V* denotes
the directions of stronger expansion in the splitting. We will sometimes refer to H* as the
horizontal bundle and V" as the vertical bundle. We do not preclude the possibility that the
splitting is trivial; in this case our convention will always be that H* = E* and V* = {0}.
In particular we will take H* = E" in the proofs of Theorems and 2.8 We define
an s-splitting E* = H® @& V* of index k similarly, with V*® being the direction of stronger

contraction under D f! in the splitting.
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Implicit in all of the statements of regularity results below is that the regularity is uniform.
For example, when we say that the leaves of a foliation W* are C", we mean that the leaves
are r-times differentiable with uniformly continuous derivatives of order r.

We have the following proposition which guarantees the existence of a foliation tangent

to V',

Proposition 3.5. Suppose that dim V* > 1. Then the subbundle V" is uniquely integrable.
The foliation W"* tangent to V" is Holder continuous with C” leaves. The subbundle V* is
C=1 when restricted to W* leaves and thus the foliation W™ gives a C" subfoliation of each

W leaf of f.

Proof. We take F' := f! to be the time one map of f!, E*f' = Vv E<' = H"® E°,
and E% = E*. Then F is a C" partially hyperbolic diffeomorphism of M with V* as its
unstable bundle. From standard results on partially hyperbolic diffeomorphisms, the bundle
E*I is uniquely integrable and tangent to a Holder continuous foliation W% with C” leaves.
Furthermore, since there is a foliation W = W with C" leaves tangent to E“f @ E¢F
given by the center-unstable foliation for f, we obtain that the unstable foliation of F' is a
C" subfoliation of the center-unstable leaves W of F, again from standard results. We
refer to [35] for the proofs of these claims.

Since the bundle V¥ is fi-invariant, the foliation W** := W% is flinvariant. The

desired conclusions of the proposition then follow from the claims of the previous paragraph.

]

Since W** subfoliates W*(z) for each x € M, we may define a quotient space Q"(x) by
the following equivalence relation: y ~ z if and only if z € W*%(y), for y,z € W*(x). We

establish below that this quotient space is a O™ manifold diffeomorphic to R¥.

Proposition 3.6. For each x € M, there is a proper C™ embedding 1, : RF — W¥(x) with

12(0) = p such that 1,(RF) meets each W leaf inside of W*(z) in ezactly one point.
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Proof. Let F = f! and consider this as a partially hyperbolic map as in Proposition with
Ewl = Vv and E¢F = H* @ E°. The theory of partially hyperbolic diffeomorphisms then
tells us that there is some R > 0 such that on any ball of radius R in M, the foliation tangent
to E“I = V' is trivial [35]. Furthermore, since there is a foliation tangent to E“ & EoF
and the unstable foliation W% tangent to E“! always C" subfoliates W', we can choose
this trivialization to be C" along W*" leaves. Choose a sequence of times ¢,, — co such that
f7(xz) = x in M. For each n € N, let D,, g be the disk of radius R centered at f~'*(z) in
e ftn(@)y.

By shrinking R if necessary, we can assume that f~* is a contracting map on D, g for
each n in the induced Riemannian metric on W*, which implies that f~**(D, r) C Dsr
for s > n. For each n, choose a compact transversal submanifold K, C D, g to the W**
foliation which contains f~™(p) and is tangent to Hj ., at f~"(z). K, meets each leaf
of the induced foliation of D, r by W"* in exactly one point.

Consider the collection of k-dimensional submanifolds f'(K,) of W*(x). We make three
claims. First we claim that if a W"* leaf intersects f™(K,), then it intersects f* (Kj) for
any s > n. Second, we claim that each W"* leaf meets each submanifold f'(K,,) in at most
one point. Lastly, we claim that for each W"* leaf in W¥(z), there is an n € N such that
fi"(K,) intersects this leaf.

For the first claim, if s > n, then f~%(f(K,)) C D,r by construction. Since Ky is a
full transversal inside of Dj g, any W"" leaf intersecting f~'(f™(K,)) also intersects K.
By f'-invariance of the W* foliation, any W"* leaf intersecting f'(K,) thus also intersects
Fie(K,).

For the second claim, suppose that W"*(y) intersects f' (K, ) in the points y and ¢/, for
y # y. W¥(x) is exponentially contracted under f~*, so for large enough s, there will be
a curve contained entirely in f~'(W"*(y)) N D, g which joins f~*(y) to f~*(y’). On the
other hand, since the splitting £E* = V" & H" is dominated, as s — oo, the tangent spaces

to f»~'+(K,) are uniformly asymptotic to the sequence of planes H,, ) Thus for large
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enough s, fi»~'(K,) will be a small disk that is almost parallel to H,, () 10 particular it
will meet each leaf of W** N D, g in at most one point. But this contradicts the existence of
the segment joining f~*(y) to f~%(y’) inside of [~ (W"(y)) N D; g.

For the last claim, recall that W*(z) is defined as the set of points in M asymptotic to
the orbit of z under f~*. Since f~'"(z) — x, it follows that for any y € W*(z), there is
some n > 0 such that f~'(y) € D, g; the last claim follows.

Having proven those three claims, we now construct the desired embedding inductively.
Set Uy := f"(K;). To construct U, from U, _;, take the submanifold f(K,,) of W*(x) and
use the smoothness of the W** foliation of W* to map f(K,,) smoothly onto a submanifold
of W*(z) which contains y € U,,_; for each y such that W**(y)N f(K,,) is nonempty. By the
first claim U,, C U, for s > n. By the second and third claim, the submanifold U := |J,~, U,
meets each W leaf in exactly one point. Properness of the embedding follows from the
fact that the W** foliation is locally trivial and that U meets each W*"* leaf in only one

point. O

Since the foliation W is f!-invariant, for each ¢ € R the map f' descends to a C"
diffeomorphism f* : Q%(x) — Q“(f*(z)) . When V* = {0}, we set Q%(z) := W*(x) in our
arguments. We let m : W"(z) — Q%(x) denote the projection for each z € M. Note that
the projection map 7 is C"-smooth, uniformly as we vary x.

We define B* = E*/V* to be the quotient of E* by the subbundle V*. Note that B" is a
Holder continuous vector bundle over M which is C"~! when restricted to any W* leaf. The
derivative of the projection map gives a linear isomorphism Dr, : BY — T,Q%(z) for each
xr e M.

In order to proceed further, we need to impose additional hypotheses on the Anosov
flow f* as well as the linear cocycle Df*|H". For 8 > 0 we say that an Anosov flow f* is
B-u-bunched if there is a constant C' > 1 such that for all z € M and ¢t > 0,

o (Df'EY)

IR 1 5a) : P N
o1 (DfY[E) < Cmin{o|(Df,|E®),o1(Df,|E*)"} 7.
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and we say that f!is S-s-bunched if f~! is S-u-bunched. We say that f! is S-bunched if it
is both f-u-bunched and [-s-bunched. Note that the S-u-bunching condition is equivalent
to requiring that the linear cocycle D f*|E" over f* be fiber bunched.

When f! is S-u-bunched, the center-unstable foliation W< is -Holder continuous and
likewise, when f? is (-s-bunched, the center-stable foliation W< is S-Holder continuous.
When 3 > 1 the bunching conditions imply that the corresponding foliations are C'*?
foliations for § = § — 1 [31]. Furthermore in the case § = 1 one actually obtains that the
foliations are C1*¢ for some small € > 0.

In what follows the S-bunching conditions will not be used explicitly. We will only use the
regularity of the foliations W and W, which one obtains as a consequence of the bunching
inequalities. The reason we state the bunching inequalities here is that these inequalities are
essentially the only way one can prove regularity of the foliations W and W in general.
In fact, in many settings these inequalities predict the optimal regularity of these bundles
[32].

For the rest of this section, given a u-splitting E* = H*@® V¥ for f* we will always assume
that D f*|H" is fiber bunched as a linear cocycle. We then have holonomy maps L* for the
linear cocycle D f*|H". The key proposition regarding these holonomy maps, the u-splitting
of f*) and the fiber bunching conditions is that if Df*|H* is fiber bunched with a small
enough exponent then we can still have differentiability of the center-stable holonomy maps
when restricted to the horizontal bundle H*. This is despite the fact that the holonomies of

the foliation W may not necessarily be C* under our hypotheses.

Proposition 3.7. Let E* = H* ® V" be a u-splitting of ft. Suppose that E* is a-Holder
continuous and that Df'|H" is fiber bunched with exponent . Then for each v € M,
y € Wii(x) the local cs-holonomy map hg; : Wit (x) — Wi (y) is differentiable along H".
For z € Wik (x) and w = h; (2) the derivative is given by

D.heS|HY = L%+ H* — H".

Y
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In particular, hi; maps Ct curves tangent to H* to C curves tangent to H".

Proof. Set d = dim M — 1. Let x, y be two points in M such that z € W (y). Set x, = "z
and y, = f"y. For each n > 0, choose a hypersurface S,, of uniform size and biLipschitz
to an open subset of R? with Lipschitz constants independent of n that is transverse to
the direction of the flow E°, and contains W}, (z,) and W .(y,). Let g, : Sh,—1 — S, be
the smooth map defined by g,(z) = f!*)(2) for z € S,_1, where t(z) is the unique time,
smoothly depending on z, with ¢(z,_;) = 1 and such that f%*)(z) € S,. g, is defined on a
neighborhood of z,_; of uniform size, independent of n. Further, g, is uniformly hyperbolic
on the interior of this neighborhood with the same contraction and expansion estimates
(up to multiplicative constants) as f! on the stable and unstable bundles E* and E*. Set
F" =g,0¢9, 10---0g¢g;. Note that I is defined on increasingly small neighborhoods of
r as n — oo; the only points for which F™ is defined for all n > 1 are the points on the
intersection of W () with S := Sp.

Let 8 be the minimum of the Holder exponents of H* and E" viewed as subbundles of
T M. Asremarked in earlier in this section, there is a S-Holder system of linear identifications
Iy, E) — Ej defined for p near ¢ with I, being the identity on E;. We can choose
these identifications so that I,,(H;) = H,. For each n, let A, : W(x,) — W (y,) be a
diffeomorphism with A, (z,) = y,. Since the unstable foliation is Holder continuous in the

C! topology with Holder exponent 3, we can choose A, such that
Hp © DA, — 1d]| < Cd(p, q)°

DA, o L, — Id|| < Cd(p, Q)ﬁ

for some constant C' > 0 and p € W*(x,,), ¢ € W*(y,). For z € S,,, let Ws(z) denote the
smooth projection of W#(z) onto S, along the orbit foliation E*, given by using ¢' to flow
these leaves onto S,,. Let H “ E“, and E* denote the projection of these subbundles onto

TS, by flowing along the orbit foliation.

29



Let ¢ be the holonomy map between W*(z) and W}*(y) induced by the projected stable
foliation TW*. Let on = F~™" 0 A, o F", which is defined on a neighborhood of x (dependent
on n) inside of W¥(z). Let v : [-1,1] be a C! curve tangent to H" inside of W"(x) with
7(0) = z. Our first goal is to prove that ¢ o~y is differentiable at 0, i.e., that the image of
the curve v under /Ws—holonomy along the transversal S is differentiable at p.

We first claim that the sequence of linear maps
{(DF,;" o DA, o DF})|HY : n € N}

is Cauchy (note that we have restricted the domain of these maps to HY). We closely follow

the proof of Proposition [3.2] given in [39]. We begin with the formula

n—1
(DF})™' o DA, o DF} = DAy + » (DF,)™ o R;0 DF}
i=0
where R; = (D,, giv1) Yo DA;y10D,.giv1 — DA,;. For the rest of the proof we will consider all

linear maps as restricted to E* for the purpose of calculating norms. We want to estimate

the product

n—1
IDEH T - IDEMHE"| < T 1(Dyg) Ml - || Dyl H|

=0

= (H 1(Dy,90) I - H(Dxigi)l\ff“!\l)

n—1
' (H 1(Dag0) ' H"|| - HDxigilH“H)

=0

To bound the first factor, we observe that ||(Dxlgz)*1|]?]“|| = ||(Dy,g:) | since H* is the less
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expanded term of the dominated splitting E* = V* @ H*. We then use the estimate

H(Dyigi)_lu < H(Dyigi)_l — Iy, 0 (Dmigi>_1 © Iw_ziwiﬂH
(D)2 — (D, g:) 7]
[ Lz © (D 90) ™ 0 Iy |l
(D, 9:) 7]

for some constant C’. Here we use the fact that ||1,,| is uniformly bounded when p and ¢
are close (say d(p,q) < r), and that the derivative D, f; is smooth as a function of p, hence
when we use the identifications I, it becomes Holder with Holder exponent 3.

To bound the second factor, we note that Dgi|ﬁl “ is fiber bunched since the cocycle

D fY|H" we derived it from was fiber bunched. Hence there is a constant § < 1 such that
1(Dpge) M H* | - | Dpgi H* || < || Dpgil (|77

for all p € S;, where ¢ is independent of 1.

Putting these two bounds together, we obtain

n—1 n—1
NDED - IDE2 ) < [[(C'dtwi ) + 1) T] 6102, £l B2
=0 =0

The first product is uniformly bounded since d(z;,y;) — 0 exponentially in i, so we get a

constant C” such that

n—1
I(DE) - |1DERE| < C"8" [ 11 D2l 2|7

1=0
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Now we can also estimate

IR\l < 11(Dy,gi+1) " © DAisa|l - | Do,giv1 — DALY © Dy, giss 0 DA

n—1

< Cd(w,y)” [T1Dw0il B

=0

for some constant C. In the first inequality we used the Holder closeness of DA; to the
identity, together with uniform bounds on the norms of all of the linear maps involved. In
the second inequality we use the fact that x and y lie on the same stable manifold in S. We

have the basic bound

n—1
I(DF})™" o DA, o DF} — DA|H"|| < ||(DF})™" o R; 0 DF;|H"|
=0
n—1 N
<Y WDE) | - I DEHY|| - || Rill

1=0

We replace the right side with the previously obtained bounds on the factors [[(DF;)™"| -
|DFi|H"|| and ||R;||. This gives an upper bound of

n—1 i—1 i—1

i=0 §=0 =0

for some constant C*. Also note that

[(DE'")" 0 DA,y 0 DEIF! — (DE")™' 0 DA, o DF"|H"|
= [|(DF})™" o R, o DF}|H"|

< C*§"d(z,y)?
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This second inequality immediately implies that the sequence of linear maps
{(DF})™" o DA, o DF}|H! : n € N}

is Cauchy. Hence this sequence converges to a linear map 15, : H o= E;j However, for any
given vector v € H", DA, o DF™(v) is a vector which makes an angle 6, with 1:-\[;‘, where
0y, is uniformly bounded away from 7/2, independent of n. Applying DF,™ exponentially
contracts this angle since the splitting Ev = Vv H" is dominated, so letting n — oo, we
conclude that T}, must have image in ?[;

For each 57 > 0, we can also consider the sequence of linear maps
{(DFj* o (DF})™")"' o DA,;j 0o DF}*/ o (DF])"'|HY : n € N}

For the same reasons as for the original sequence, this sequence is Cauchy and converges to
a limit that we denote T, which is a linear map from f-\I;‘j to ]?[;‘] . It is straightforward
to check that for each n we have (DF})"' o T, o DF} = T,, by writing out the limiting
expression for Ty, . Since we chose the transversal S to contain W*(z) and W} (y), we
have ﬁ;‘ = HY and the same for y. We now consider the center stable holonomy map
Lg, « Hy — Hy. This is equivariant with respect to DF™ as well and also depends in a
B-Holder manner on the points x and y. Then

ILS, = Poyll = I(DF}) ™ o (L5, — To,y,) © DEYIH||

InYn

< [(DE)) M - IDFRH - ILS: = T

InYn
n—1 N
< C6" [T I1Dasgil B P (0, )
1=0
< CHO"

for some constant C*. As n — oo, 0" — 0, so Ly, = Ty,
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To prove differentiability of ¢ o v, take a coordinate chart on S (as well as each of the
transversals S,,) so that we can work with the linear structure on R?. Let y correspond to
the origin. We will not change the notation for the maps, so they should be understood in
this chart. Let v = 4/(0). We need to show that ¢(y(s)) agrees with its claimed linearization
s - Lg (v) to first order at the origin. First observe that the calculations above are valid
if we replace z and y by any two points 2/, ¢/ in S such that ¢’ € /V[Z“Zc(x’), whenever n
is small enough (relative to 2/ and %) that the iterates F, F?, ... F™ are all defined on a

neighborhood of 2/ and 3'. This implies that
I(DF™)™" o DA, o DEy,(Y(s)) — DAo(v(s))]| < Cls]?

whenever s is small enough that F™ is defined on a neighborhood of 7(s) and A, (F™(v(s)))
lies in the image of F. The constant C is independent of n, so (DF™)~! o DA, o DFJ (7'(s))
is a Holder continuous function of s with Holder exponent and constant independent of n
for |s| small. Note that A, (F™(y(s))) will not necessarily lie on /I/I?S(F"('y(s))), but it will
be -Holder close to the intersection of WS(F "(y(s))) with W*(y,), so our estimates remain

valid. By the mean value inequality, we thus obtain

lon(7(5)) — 5 - Den(7/(0)]| < C|s|*

for a constant C'.
We next estimate the difference between ¢ and (,, near v(0). Observe that ¢ = (F")~'o
by o F™, where v, is the W*-holonomy map from /W;‘(xn) to W(y,). Hence for s small

enough that (s) is in the domain of definition of the expressions below,

len(v(5)) = e(y(s)Il = I((F") " 0 Ay o F™ — (F") ™" othy 0 F™)(v(s))

< CIDFY B - |4y 0 F*(5(5)) — a0 F"(1(5))]

34



since F'~™ exponentially contracts distances on unstable leaves. Next we note that 1, and

A, are f-Holder close in the C° topology. As a consequence, since they both map z to v,

CI(DE™)THE"|| - | An 0 F"(4(5)) — thn © F"(7(s))]
< C(DF™)THEd(F" (), F" ()" [|1F™ (v(s)
< CI(DF™)THE"| - | DE™[E*|)7 - | F™(v(s))
< C|(DF™)7| B - |IDF"E*|)” - | DE"|H"|| - |s|

< Co"s|

where we have not paid much attention to the constant C' in front (which will change from
line to line). In the third line we use the exponential contraction of stable leaves by F™,
and in the fourth line we use the fiber bunching property on H" transferred to the induced
bundle H*, noting that ||[(DF™)~|E*|| = |[(DF™)~|H"|.

We now compare @ o+ to the linearization Lg; (v)-s at 0. Fix n € N. For |s| small enough

that all of the expressions above are defined for this n, we obtain

le(y(s)) = L5, (0) - sl < llo(v(s)) = en(v())]l + lln((s)) = s - Den(v)||
+ [s] - [[Den(v) — Lz, (v)]]

< C(0"|s] + [sI"7 + |s] - [ Deon(v/(0)) = Ly, (0)])

Dividing through by |s|, we obtain

l(v(s)) — Ly (v) - s
5]

< C(0" + s + | Dgn(v) = LT, (v)])

We can consider n := n(s) as an integer function of s such that n(s) — oo as s — 0. Then
as s — 0, the right side converges to 0. We thus obtain that ¢ o v agrees to first order

with its linearization at 0, i.e., ¢ o7 is differentiable at 0, and furthermore, (¢ o v)’(0) =
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L0)pt0n (7' (0))-

Now observe that holonomy from W¥(z) to W¥(y) along the projected stable foliation
Wwe corresponds precisely to W-holonomy in M. Hence the curve ¢ o~ is also the image of
7 under the We-holonomy hg;. We can apply our calculations to the other points of v by
recentering at each pair of points 2/, ¥ lying on v and ¢ o 7y respectively with y' € W (z').
This proves that ¢ o v is differentiable for every ¢ € [—1,1], and furthermore we have the

derivative formula

(o) (t) = L5ty (Y (@)
which completes the proof. O]

The holonomy maps L* for D f*|H" also serve as holonomy maps for the quotient cocycle
D f!|B*, by the canonical Holder identification H* — B, which we will still denote by L*. Tt
will always be clear from context which bundle we are considering. We extend the definition

of L* to all of a given unstable leaf by setting, for € M and y € W"(x),
u t u —t
Lay = Dfjry 0 L-top—ry o Do,

where we choose ¢ such that f~'y € W} ().

Lemma 3.8. Let x € M and let S1,Sy € W¥(z) be any two local transversals to the W"*
foliation such that m,(S1) = m,(S2) C Q“(z). Identify the tangent bundles T'Sy and T'Sy with
the restrictions of B* to S1 and Sy respectively. Then the derivative of the W**-holonomy

map h"** from Sy to Sy is given by
Dh* = L* . Bu‘gl — Bu‘ST

Proof. Fix a Hélder continuous family of identifications I, : By — By, y € Wit (), that
is uniformly C' on W leaves (this can be done since B* is C* on W* leaves). Let Si, Sy

be two given local transversals to the W** foliation inside of W"(x) with 7,(S;) = m.(S2).
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Let h** . S7 — S5 denote the W**-holonomy map and for each x € M let D, h"* denote the
derivative considered as a map Bl — Bju.,. Our goal is to show that D,h"" = LY ...

For each t > 0 we consider the holonomy map h"“! : f~%(S;) — f7%(S,) that satisfies
h' = fto hu! o f~t Since E* = H" @ V" is a dominated splitting, it is straightforward
to show that, for ¢ = 1,2, all tangent spaces of the transversal f~*(S;) make a uniformly
small angle with H*. Since W* is a uniformly C! subfoliation of W*, this implies that the
holonomy maps h*“! are uniformly C! in ¢t. In particular, there is a constant C' > 1 such

that, for each y € Sy,

HDthhuU,t _ If;thuu’t(f_ty) H g Cd(f—ty’ huu,t(f_ty)).
Then, by Proposition 3.3} for each 2 € S; we have
Dmhuu = Df}tLuu,t(f—tm) o Df—txhuu’t [} Df;t — Lgh““xv

as t — oo, which completes the proof. O
Let f* be the induced action of f* on the quotient spaces Q*. We define u-holonomies
L* for the derivative action Df! on TQ"(z) by, for each y, z € Q%(z),

(= Dmy0Ly, o (Dm,)~".

()

Using the relation Ly, = Ly, o Ly, for x, y, z in the same unstable leaf, together with the
fact that L* gives the derivative of W*“-holonomy maps between transversals by Proposition
E, it is straightforward to show that L* does not depend on the choice of preimage of 7 (y)
or m(z) in W*(z) under 7. For any 2 € M, the u-holonomies L% on TQ"(x) are jointly
uniformly locally Hoélder continuous in y, z, and .

We use the holonomies L* to define a connection on TQ%(z) whose parallel transport is

given by L.
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Proposition 3.9. For each © € M there is a complete, flat, torsion-free ft-invariant C!
connection V on Q%(x) such that the parallel transport of V on TQ"(x) is given by the

u-holonomies L*.

Proof. Since V* is a smooth subbundle of E* when restricted to W*, the quotient bundle
BY = E"/V* over W" is smooth. The projection E* — B* induces a bundle isomorphism
H* — B* which is equivariant with respect to the action of Df* on H* and the induced
action of D f! on B%. We push forward the Riemannian metric on H* to a Riemannian metric
on B, with respect to which the induced action of D f* is fiber bunched. The isomorphism
H" — B also induces an unstable holonomy L* for the action of D f* on B*. Since B* has
a smooth structure along W* leaves with respect to which D f* is smooth and the action of
D! on B" is fiber bunched, the unstable holonomy L* is C' along W* leaves.

By Lemma above, we have the following alternative construction of L*. Take two
compact transversals K; and K5 to the W** foliation which meet the same collection of W**
leaves (or equivalently, they have the same projection to Q“(p)). The projection E* — B"
induces natural bundle isomorphisms T'K; — B* over each of these transversals. Then the
derivative of the chart transition map (II|g,) ™! o Il| g, is the unstable holonomy L* when we
make the identifications T K; = B".

The projection II : W*(p) — Q*“(x) is smooth and hence induces a derivative map
DIl : BE* — TQ" with V* = ker DII. Hence for each x € W*(p) the induced map DII :
B; — T'Qfy, is an isomorphism. For w, z € Q" (p) which are the image of x and y € W*(p)
respectively, we define P, : TQY — TQ" by P,,, = DI, o h,, o ﬁ;l. We claim that P,,
does not depend on the preimages x and y of w and z which were chosen. Suppose that z’

and 13/ are two other points projecting to w and z respectively. Then

ﬁy/ (@] [_/x’y’ (@] ﬁ;l = ﬁy (@) Ey/y (@) _Zx/y/ (@) -sz" O ﬁ;l

—_ —_—1

= DII, o Ly, o DII

ry T
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where we have used the observation that the derivatives of the transition maps for II are
given by the unstable holonomy L%, and also the properties of the unstable holonomy L*
itself.

It’s straightforward to check that P, is equivariant with respect to the induced derivative
action Dft : TQ"(p) — TQ"(f*(p)), using the equivariance property of L*. P, is also C"
in the variables w and z and has the property that for z,y, 2 € Q*(p), Py, © Py, = P,,. This
implies that for each X € TQ"(p),

P(X)={Y eTQ": P,y(X)=Y for some z,y € Q“(p)}

is a C'! submanifold of TQ" which is transverse to the tangent spaces TQ%. The tangent
spaces to the foliation of T'Q" by these subfoliations define an Ehresmann connection on
Q" (p) which we can then use to define a connection V on Q"(p). The parallel transport of a
vector by V is given by the linear maps P,.. Thus V is a C! flat affine connection on Q*(p).
Since the maps P,. are equivariant with respect to D ff, V is also f* invariant.

We next show that V is torsion-free. Let 7' be the torsion tensor of V. T is a mixed
tensor of type (2,1) on TQ" which is invariant under f*. But the fact that Df'|H" is fiber
bunched implies that D f* acts by exponential contraction on tensors of type (2,1) on TQ".
This forces T'= 0 so that V is torsion-free.

Completeness of V follows from the fact that V is locally complete — due to the uniform
continuity properties of L* — and the fact that V is f~*-invariant, and f~* contracts any

given bounded open set to lie inside a small open ball for ¢ large enough. O]

3.5 The neighborhoods in the theorems

In this section we describe the neighborhoods Ux and Vyx in our main theorems. For X a
complex hyperbolic manifold, we define Vx to be the C' open neighborhood of g in the

space of C? Anosov flows on 7' X such that all of the above discussion applies to any f! € Vx,
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i.e., there is a u-splitting £/ = H*f @ V*/ and an s-splitting £/ = H>/ @ V*/ for f!
such that Df!|H*“/ and D f!|H*/ are fiber bunched, and the hypotheses of Proposition
hold.

When X is quaternionic or Cayley hyperbolic, the C! open neighborhood described
above is sufficient for most of the propositions in this paper. The only exception to this is
Proposition . Hence for these spaces we take Vx to be the C? open neighborhood of g
on which all of the assertions of the previous paragraph hold, and in addition the hypotheses
of Proposition are satisfied.

We define the neighborhood Ux of X in the space of Riemannian manifolds in terms of
the neighborhood V. For Y a Riemannian manifold C? close to X, we let ¥ : T'X — T'Y
be the projection diffeomorphism as defined at the end of Section We then define Ux
by saying that Y € Uy if and only if U1 o gl. o U € Vx. Since U1 o gl o ¥ is C" close to

g if Y is C™* close to X, we see that we may take Ux to be C"™™! open if Vx is C" open.

4 Continuous Amenable Reduction

We now adapt the main results of [39] to our setting. Let £ be a d-dimensional Holder
continuous vector bundle over a Riemannian manifold X with an Anosov flow g'. We let
i be a fully supported ergodic g'-invariant measure with local product structure. For the
results in this section we will assume that the stable and unstable distributions £* and E"
for ¢g* are not jointly integrable; this is true for the geodesic flow because the geodesic flow
is a contact Anosov flow.

Two Riemannian metrics 7 and o on £ are conformally equivalent if there is a function
a: X — R such that 7, = a(p)o,. A conformal structure on £ is a conformal equivalence
class of Riemannian metrics on £. A! transforms a conformal structure by pulling back the

associated Riemannian metric. A conformal structure represented by a Riemannian metric
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7 is 1nvariant under A if for each ¢ € R there is a map ' : X — R satisfying

(AN ='r

In this case we say that ¢! is the multiplicative cocycle associated to the invariant conformal

structure 7. 1" satisfies the cocycle property

Y (p) = V' (p)Y* (g (p))

for any t,s € R.
Two multiplicative cocycles ! and ¢! are cohomologous if there is a map ¢ : X — R

such that

for every t € R.

If a cocycle A over X admits stable and unstable holonomies, we say that a subbundle
V C & is holonomy invariant if for y € W*(x) we have h}, (V) =V, for * = u or s. Similarly
we say that a conformal structure is holonomy invariant if it is invariant under pulling back

by stable and unstable holonomies.
Lemma 4.1. Let A be a fiber bunched cocycle over an Anosov flow g* for which E* and E*
are not jointly integrable. Suppose that

At (A ) = A (A, )

Then any measurable A-invariant subbundle V- C & coincides p-a.e. with a A-invariant
holonomy invariant continuous subbundle. Under the same hypotheses, any A-invariant
measurable conformal structure T on & coincides p-a.e. with a A-invariant holonomy in-

variant continuous conformal structure.
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Proof. The cocycle generated by A! is a fiber bunched cocycle over the partially hyperbolic
diffeomorphism ¢'. Since E* and E° are not jointly integrable, g' is accessible as a partially
hyperbolic diffeomorphism [12]. In the first case V is a measurable invariant subbundle for
A': in the second case, 7 is an invariant measurable conformal structure for A!. Theorem

3.3 and Theorem 3.1 respectively from [39] then apply to give the desired result. O

Lemma 4.2. Let A be a fiber bunched cocycle over an Anosov flow g* such that E* and E*

are not jointly integrable. Suppose that

A (A ) = A (A, p).

Then there is a finite cover X of X and a flag

ocelcec...ceh=¢
of continuous holonomy-invariant subbundles £ which are invariant under the action of the

lifted cocycle A on the lifted bundle E over X. Furthermore the induced action of the cocycle

A; on E1/ET preserves a continuous holonomy invariant conformal structure.

Proof. The vector bundle £ admits a measurable trivialization on a set of full y-measure
by Proposition 2.12 in [5]. Since p is fully supported on X, this implies that there is a
measurable map P : £ — X x R? commuting with the projections onto X and which is
linear on the fibers. B = PAP~! is a measurable linear cocycle over ¢' on the trivial vector
bundle X x R% We can apply Zimmer’s amenable reduction theorem [63] for R-cocycles
to conclude that there is a measurable map C' : X — GL(d,R) such that the cocycle
F = CBC~! takes values in an amenable subgroup G of GL(d,R).

The maximal amenable subgroups of GL(d,R) are classified in [47]. Any such group G
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contains a finite index subgroup K which is conjugate to a subgroup of a group of the form

Al x % %

0 Ay * *
H(dh' 7dk> =

0 0 . x

0 0 0 A

where Zle d; =d and A; € R- SO(d;,R). Thus, by conjugating the cocycle F if necessary,
we may assume that F takes values in a group G which contains a finite index subgroup K
that is contained in one of the groups H(ds, . ..,dy). Let G, be the stabilizer in G of the flag
VicVv2c...cVF=R?corresponding to the group H(dy,...,dy) containing K. Thus V7
is the span of the first ZZ:1 d; coordinate axes in R?. Let ¢ be the index of G, in G, which
is finite since K has finite index in G and K C G,.

Let V&, j =1,...,¢be the at most ¢ distinct images of the subspace V' under the action
of G. Let U' = J{_, V. Then let £ = (C'o P)"\(z) -V, U’ = (C o P)"(x) - U'. The
proof of Theorem 3.4 in [39] shows that if the union of measurable subbundles U' is invariant
under a fiber bunched cocycle with equal extremal exponents over an accessible partially
hyperbolic system (which we can take to be the time 1 map A! of the cocycle A over g'),
then there is a finite cover X of X such that the individual subbundles aﬁj lift to subbundles
£ of the lifted bundle £ over X which agree p-a.e. with continuous subbundles which we
will also denote £%/. By construction the lifts U* are invariant p-a.e. under the action of
the lift A of the cocycle A. This is because we constructed these unions of subbundles using
amenable reduction over the R action given by A, and under our measurable trivialization
A takes values in the group G. Since A is continuous and the lifts ¢/¢ are continuous after
modification on a p-null set, we conclude that each U* is everywhere invariant under A.

For each i € {1,...,k}, z € X, t € R, and j € {1,...,¢}, there is thus an integer
Si(x,t, ) such that AY(EH) = S;Li(x’t’j). For a fixed 7 and j, S;(z,t,7) depends continuously

on z and t since both At and all of the subbundles £ are continuous. Since for a fixed i and
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j we have that S;(z,t, j) is continuous, integer valued, and has connected domain X x R, we
conclude that S;(z,t,7) := S;(j) is constant in z and ¢t. Furthermore, since S;(z,0,7) = 7,
we conclude that S;(j) = j. Hence all of the subbundles £%/ are invariant under A as well.
In particular A preserves the flag €' C --- C £* which arises as the continuous extension of
the lift of the flag coming from the standard flag V* c V2 C --- C V*.

To prove the second claim, note that for any » > 1, the induced action of the cocycle
F on Vxi=idi/ VESd = R preserves the standard Euclidean conformal structure on
R? . This immediately implies that A preserves a measurable conformal structure on the
corresponding quotient bundle £7 /€77, By Lemmal4.1] this measurable conformal structure

coincides p-a.e. with a holonomy invariant continuous conformal structure. O

Lemma 4.3. Suppose that there is a finite cover X of X such that the lifted cocycle A on
the lifted bundle g preserves a continuous holonomy-invariant conformal structure. Then A

also preserves a continuous holonomy-invariant conformal structure.

Proof. Let (2 be the space of conformal structures on the vector space gx (Z,; can be identified
with the Riemannian symmetric space SL(d,R)/SO(d,R) and in fact carries a canonical
Riemannian metric of nonpositive curvature for which the induced map 5:,; — é:qtz over the
cocycle A is an isometry [39]. In particular, for compact subsets K C CNx there is a natural
barycenter map K — bar(K') mapping K to its center of mass.

Let 7 be the continuous holonomy-invariant conformal structure preserved by A. Let
H be the group of covering transformations for X over X, which also acts as the group of
covering transformations for € over €. Let K, = |J el T} C C,. The collection
of compact subsets K, depends continuously on z, is holonomy-invariant, and is invariant
under A. Hence all of the same is true of the family of barycenters o, := bar(K,). We
thus get a conformal structure ¢ that is continuous, holonomy-invariant, invariant under .,Z(,
and also invariant under the action of the deck group H. o then descends to the desired

conformal structure on &. O]
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In subsequent sections we will use Lemmas and together to construct invariant
conformal structures for our cocycles of interest. We will first use Lemma to construct
an invariant flag on a finite cover, then we will show this flag must be trivial, then lastly

we will use Lemma [4.3] to push the invariant conformal structure back down to our original

bundle.

Remark 4.4. The assumption that the stable and unstable distributions E* and E* of ¢'
are not jointly integrable is likely unnecessary in Lemmas and [4.2] Different arguments
are needed in the case that E* and E?® are jointly integrable however, as one cannot use

accessibility of the time one map ¢! in this case.

5 From Lyapunov exponents to quasiconformality

5.1 From horizontal exponents to horizontal quasiconformality

In this section we will consider Anosov flows f* that are orbit equivalent to the geodesic
flow of a closed negatively curved Riemannian manifold Y, dimY > 3. We will consider
u-splittings E* = H" @ V" for f' and show how to derive uniform quasiconformality of
D fY|H" from hypotheses on the unstable Lyapunov exponents of f. We devote this section

to the proof of the following proposition.

Proposition 5.1. Let f! be a C? Anosov flow which is orbit equivalent to the geodesic flow
of a closed negatively curved manifold Y with dimY > 3. Let E* = H* @& V" be a u-splitting
of indezx k for ft. Suppose that there is some o > 0 such that E* is a-Holder continuous and
DfYH" is fiber bunched with exponent o. Suppose further that there exists a fully supported
ft-invariant ergodic probability measure pu with local product structure such that we have

NSt ) = Ne(ft p). Then DY H™ is uniformly quasiconformal.

The hypothesis that A{(f, ) = A\(f, 1) is equivalent to all Lyapunov exponents of the

linear cocycle D f*|H" with respect to p being equal. We use the local product structure of

45



w only to apply the combination of Lemmas [4.2] and [4.3] above.

Proof. Suppose first that f! admits a u-splitting E* = H* & V¥ of index k such that f! is
S-bunched and D f*|H" is S-fiber bunched. From the combination of Lemmas and if
there exists a fully supported f'-invariant ergodic probability measure px with local product
structure such that we have \¢(f* ) = A¢(f*, u) — or equivalently, in the terminology of
that paper, the extremal Lyapunov exponents of D f|H" with respect to p are equal — then
either D f*|H" is uniformly quasiconformal, or there is a proper nontrivial D f‘-invariant
subbundle £ C H" such that £ is both s- and u-holonomy invariant. It thus suffices to prove
that, under the additional hypothesis that f* is orbit equivalent to the geodesic flow of a
closed negatively curved manifold, H* admits no such subbundle £.

We first establish that u-holonomy invariant vector fields tangent to H* are (not neces-
sarily uniquely) integrable inside of W* leaves. For this first lemma we assume only that

DfY|H" is fiber bunched and thus admits unstable holonomies L".

Lemma 5.2. Let x € M and let X : W"(x) — H" be a nonzero L"-invariant vector field.
Then there exists a continuous foliation X of W*(x) by C' curves tangent to X. Furthermore

every curve of the foliation X is properly embedded in W*(x).

Proof. Let € M be given and let X : W"(x) — H" be an L"-invariant vector field. For
t>0let X! = DfY(X): W f'(z)) — H". Now smooth X' to obtain a C' vector field
Z* satistying || Z" — X*|| < 1 (one can perform the smoothings locally and then glue using a
partition of unity). Since Z! is a C* vector field it is uniquely integrable; let Z¢ be the C*
foliation of W*(f*(x)) by C? curves tangent to Z°.

Observe that Df~*(Z') — X as t — oo, as we have

IDF 42 — X = [DFH(Z = X)| < e 2 = X1 < e

for some constant @ > 0. This implies that the curves of the foliation Z* converge to a

continuous foliation X of W*"(z) by curves tangent to X.
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To prove the last claim, let v be any curve in the foliation X'. The vector field X projects
to an LU-invariant vector field X on Q%(z). This implies that X is V-parallel, where V is the
invariant connection on the quotient spaces constructed in Proposition Thus y =moxy
is a V-geodesic.

Since V is complete, flat, and torsion-free, it induces a proper affine chart Q*(z) — R*
in which the V-geodesics are straight lines in R*. It follows that all V-geodesics are properly
embedded in Q“(z), so in particular this is true for 7. Thus 7(t) — oo as t — +o0 in Q(x).
This immediately implies that v(t) — oo as t — £oo in W*(z), and therefore v is properly
embedded in W*(z). O

Now let £ be a D f'-invariant subbundle of H* which is invariant under u-, s-, and c-
holonomies. We will show that, given any two points y, z in an unstable leaf W*(x) of f*, we
can join y and z by a well-behaved C* curve which is tangent to £. Our argument, applied
to the case & = H", gives interesting results on accessibility properties of paths tangent to
H" even when we do not make any assumptions on the Lyapunov exponents of D f|H*. We
will use some standard properties of the visual boundary dY of the universal cover Y of a

negatively curved manifold Y'; we refer to [3] for an exposition of these properties.

Proposition 5.3. Suppose that ft: M — M is a C? Anosov flow which is orbit equivalent
to the geodesic flow g% of a closed negatively curved manifold Y. Let E* = H* @& V" be a
u-splitting for f' and assume there is an o > 0 such that E* is a-Hoélder continuous and
DfYH" is fiber bunched with exponent . Let € be a nonzero D f'-invariant subbundle of
H" which is invariant under s- and u-holonomies.

Then for each x € M and y € W"(x) there exists a continuous curve v : [0,1] — W*(x)
such that v(0) = x, v(1) = y and v is C* on [0,1) with +'(t) € & for each t € [0,1).
Furthermore v/ (t) # 0 for all t € [0,1).

Proof. We write W*/ for the invariant foliations of f* and W*9 for the invariant foliations

of gt,. Let x € M and y € W*/(z) be given. We assume that x # y, as otherwise the
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proposition is trivial. We also assume that dimY > 3, as for dimY = 2 the proposition
is also trivial. We let ¢ : M — T'Y denote the lift to the universal cover of the orbit
equivalence @ : M — T'Y from f* to ¢gi.. For a unit tangent vector v € T'Y, we let &, (v)
denote the forward projection (as t — 0o) of v to ) along the geodesic flow ¢}, and let £_
denote the backward projection (as ¢ — —o0) of this vector to aY.

Choose a point z € M such that its image (z) € T'Y satisfies £_(p(2)) = &4 (o(y))
and &, (¢(2)) = &4 (¢(x)). By construction, we then have p(z) € W9(p(z)) and therefore
r € WeJ(z). Choose a nontrivial u-holonomy invariant vector field X : W/ (z) — H"
which is tangent to £. By Lemma there exists a continuous foliation X of W"/(2) by
C' curves tangent to X. Consider the curve 7 in this foliation X for which we have 7(0) = z.
By Lemma n is properly embedded in W%/ (2), and therefore n(t) — co as t — oo.

Since the invariant foliations W*9 for ¢¢ have global product structure on le, the same
is true for the invariant foliations W*/ for f* on M. Let o be the cs-holonomy image of n
in W/ (z). By cs-holonomy invariance of & and Proposition , we conclude that o is a C1
curve tangent to & with ¢(0) = z and ¢'(¢) # 0 for all ¢ € [0,00). We claim that o(t) — y
as t — o0.

Consider the curve p o C W9(p(z)). By construction of 7, we have p(n(t)) — oo as

t — oo. Projecting to the boundary 6}7, this implies that

Ex(pn(t) — E-(v(2)) = & (v(y),

as t — oo. Let § € W™9(p(x)) be the c-holonomy image of ¢(y) inside of W*9(p(z)). The
above implies that if we take the ¢s-holonomy image 7 of ¢ o n inside of W*9(p(x)), then
1(0) = ¢(z) and 7(t) — ¥ as t — oo.

The curve o is the c-holonomy image (projection by f) of o' o7 inside of W*/(z), and
y is the c-holonomy image of ¢~ 1(). We conclude that o(t) — y as t — oco. The curve

v(t) = o((2/7) arctan(t)), t € [0, 1], then has the desired properties of the proposition. [
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We now complete the proof of Proposition 5.1} Fix a point « € M. Since £ is u-holonomy
invariant, it projects to a V-parallel C! subbundle £ of TQ"(z). Since V is a flat connection,
by the C* Frobenius theorem [54] there is a C? foliation F of Q¥(x) which is tangent to &.

If £ is a proper subbundle of H", then F is a nontrivial foliation of Q“(z). Hence there
exists a point y € W*(z) such that n(y) ¢ F(z). On the other hand, since we assumed
that f* is orbit equivalent to the geodesic flow g} of a closed negatively curved Riemannian
manifold Y, we have by Proposition [5.3| that there is a curve v : [0,1] — W*"(z) tangent to
& with v(0) = z, (1) = y, and such that v is C' on [0,1). Then 7w o+ is a C' curve tangent
to € that joins 7(z) to 7(y) in Q*(z). However, this is impossible since the curve v must be
contained inside of F(x) and we have assumed that y ¢ F(z).

Thus Df'|H" has no invariant subbundles which are both s- and u-holonomy invari-
ant. Therefore by the discussion at the beginning of the proof we conclude that D f*|H" is

uniformly quasiconformal. O
We now prove Theorem [2.7]

Proof of Theorem [2.7. We apply Proposition to the case H* = E" and V" = {0}, un-
der the hypothesis that AY(f% ") = N(f% v¥) for an f'-invariant fully supported ergodic
probability measure v* with local product structure. We conclude that D f*|E* is uniformly
quasiconformal. Using the hypothesis A{(f%, v%) = Aj(f*,v*) for another f‘-invariant fully
supported ergodic probability measure v* with local product structure, we conclude from ap-
plying Proposition to f~* (which has horizontal unstable bundle H* = E*) that D f*|E*
is uniformly quasiconformal as well. From Fang’s theorem [19, 20], we conclude that f* is

smoothly orbit equivalent to the geodesic flow of a closed real hyperbolic manifold. O]
We can then deduce Theorem 2.8 from Theorem 2.7l

Proof of Theorem[2.8 By Kalinin’s periodic approximation theorem for Lyapunov expo-
nents [36], the hypothesis A¢(ft, v®) = A¢(f*,v®) for all periodic points p of f im-

plies that AY(f*,v) = A(f%v) for all fi-invariant measures v. Likewise the hypothesis
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AN (fv®) = Xs(ft, v®)) for all periodic points p of f* implies that A;(f*,v) = A\{(f%,v) for
all f'-invariant measures v.
By [36, Theorem 1.3], we conclude that for every € > 0 there is a constant ¢. such that

for all ¢ > 0 we have
a(DfIEY) _ .
oi(Dft|EY) = 7

and

et

o(DfHE?)

We can then take ¢ small enough that these estimates imply that f* is I-bunched. Now take
to be the measure of maximal entropy for f!, which is fully supported and has local product
structure. From the above we have that AY(f*, u) = N(f% p) and N(f%, 1) = A (fF w).
Hence, by Theorem , f* is smoothly orbit equivalent to the geodesic flow of a closed real

hyperbolic manifold. O

We end this section with an interesting corollary of our arguments. If f* has a u-splitting
E" = H* @® V" of index 1, then the linear cocycle D f*|H" is 1-dimensional. Thus it will
always be the case that there is some a > 0 such that E* is a-Holder continuous and
D f*|H" is fiber bunched with exponent a. Hence we may run the arguments in the proof of
Proposition |5.1| with & = H" to show that Anosov flows orbit equivalent to geodesic flows

of negatively curved manifolds never admit u-splittings of index 1,

Corollary 5.4. Let ft be a C? Anosov flow which is orbit equivalent to the geodesic flow of
a closed negatively curved Riemannian manifold Y with dimY > 3. Then f' does not admit
a u-splitting or an s-splitting of index 1.

In particular, if f* = g% is the geodesic flow of a closed negatively curved 3-manifold,

then f' does not admit a nontrivial dominated splitting of either its unstable or stable bundle.

Proof. Tt suffices to prove that f' does not admit a wu-splitting of index 1, as the claim

regarding s-splittings of index 1 then follows by considering f~‘. Assume that f* admits a
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u-splitting of index 1, and choose a point x € M and a point y € (). By Proposition
5.3} there is a curve 7 : [0,1] — W*(z) which is C* on (0, 1), tangent to H* with 7(0) = z,
7(1) =y, and such that +/(¢) # 0 for all ¢ € (0, 1).

Consider the projection ¥ = o vy of 7 to Q%(x). Note that 7/(t) # 0 for all ¢t € (0,1).
Using the invariant connection V from Proposition we identify Q*(z) with R, mapping
m(z) = 7(y) to 0. Then 7 : [0,1] — R is a curve which is C' on (0,1) such that 7(0) =
(1) =0 and 7'(t) # 0 for all t € (0, 1), which is absurd. We conclude that f* cannot admit

a u-splitting of index 1. O

The conclusion of Corollary [5.4] for geodesic flows on closed negatively curved 3-manifolds
M should not be surprising: if M has strictly 1/4-pinched negative sectional curvature then
the boundary M has a C' structure. Using this structure one can show that if f? admits
a u-splitting E* = H" & V" of index 1 then H" extends to a nonvanishing line bundle on

OM = S2. This is impossible because S? has no nonvanishing line bundles.

5.2 From vertical exponents to vertical quasiconformality

In this Section we restrict specifically to the case where we obtain our flow f! by perturbing
the geodesic flow g% of a closed quaternionic or Cayley hyperbolic manifold X. We assume
dim X > 8 so that X is not also real or complex hyperbolic. In this case, for a C* small
enough perturbation f! of g%, the flow f! will have a u-splitting E*/ = H“/ & V*/ with
dim V% = 3 if X is quaternionic hyperbolic, or dim V*/ = 7 if X is Cayley hyperbolic.

In the course of the proof of the theorems of Section [2] we must show that the hypotheses
on the Lyapunov exponents of f* imply that D f? is uniformly quasiconformal on both H*/
and V*%/. To show uniform quasiconformality on H*f, we use Proposition However, the
argument we use to derive quasiconformality of Df* on H"/ from equality of all Lyapunov
exponents on this subbundle breaks down when we consider V*/ instead. In particular,
the cs-holonomy maps between W™/ leaves are not necessarily differentiable along V*/.

Furthermore, they do not necessarily preserve the vertical unstable foliation W4/ of f*.
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Note that this is not an issue when X is complex hyperbolic, as in this case dim V*/ = 1
and therefore uniform quasiconformality on V%/ is trivial.

We will instead use a strategy adapted from our work with D. Xu [I5]. This strategy
requires that f* be C? close to g%, not just C* close. This is why we lose C'! openness of the
neighborhood Vx in our dynamical theorems in the case where X is quaternionic hyperbolic

or Cayley hyperbolic. Below we set k = k(X).

Proposition 5.5. Let X be a closed quaternionic hyperbolic or Cayley hyperbolic manifold.
There is a C* open neighborhood Vx of g% in the space of C* flows on T* X with the following
property: if f* € Vx and there exists a fully supported f'-invariant ergodic probability measure
p with local product structure such that N, (f*, 1) = N'(f*, ), then D f{|V*S is uniformly

quasiconformal.

Proof. Our arguments follow the methods of [I5, Section 7] very closely. Hence we only
sketch the modifications to the argument given there that are necessary. We write g* := ¢'.

For f* C'-close enough to g*, we have a u-splitting £/ = H*/ @ V*/ which is uniformly
close to the u-splitting E“9 = H“9@® V"9 for g'. Furthermore, since Dg' is conformal on V%9,
it’s easy to see that, for f! C'-close enough to g', we have that Df!|V*/ is fiber bunched.
We conclude that the linear cocycle D f*|V%/ admits u-holonomies J*/ and s-holonomies
J*'. We let J*9 and J*9 denote the u- and s-holonomies for Dg!|V*9. Let PV** denote the
projectivization of the bundle V%* over T*X. Below we will think of 7' X as being equipped
with its Sasaki metric corresponding to the symmetric metric on X.

An su-path for g* is a piecewise C! path 7 consisting of finitely many segments ~;, for
which each ~; is tangent to either W*9 or W*9. We refer to each 7; as a leg of the path.
An su-loop for g' based at v € T'X is an su-path which starts and ends at v. We define
su-loops and su-paths similarly for f*, replacing W*9 with W*/.

There is a positive integer d such that each unit tangent vector z € T'X is tangent to a
unique totally geodesic submanifold S(z) of X , which is an isometrically embedded copy of

a real hyperbolic space of constant negative curvature K = —4, recalling that we normalized
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X to have sectional curvatures —4 < K < —1. When X is quaternionic hyperbolic we have
d = 4, and when X is Cayley hyperbolic we have d = 8. The tangent bundle T'S(z) C T'X
is a g'-invariant submanifold of 7' X that is subfoliated by the W*“9 and W**9 foliations,
which in turn are the stable and unstable foliations for ¢' restricted to T'S(z).

We now think of the real hyperbolic space S(z) in isolation for a given z € T'X. Note
that we have T(T'S(z)) = V"9 @ E9 @ V9 and also dim V*9 = d —1. An su-loop v based
at z inside of T'S(v) induces an isometry T,(y) : PV*9 — PV*9 by composing s- and
u-holonomies of Dg'|PV*9, since the s- and u-holonomies on both the stable and unstable
bundles for real hyperbolic manifolds are conformal, hence isometric after projectivization.
As a consequence of work of Brin and Karcher [II] on the frame flow for real hyperbolic
manifolds, there are finitely many su-loops 71, ..., 7, such that, identifying PV 9 isomet-
rically with the projective space RP?~2, the isometries T,(v1), ..., T,(Vm) generate the Lie
group PO(d — 1) of isometries of RP?2. Furthermore the total number m of loops used,
and the total lengths of these loops may be chosen to only depend on the curvature and the
dimension of the real hyperbolic space S(z) in question. In particular, they are independent
of the chosen point z.

Given the above, the proposition below is a straightforward exercise with proof identical

to [15, Proposition 34],

Proposition 5.6. For any 6 > 0 there is a constant L > 0 and an integer { > 0 such
that given any z € T*X there is a finite collection V1, ...,v: of su-loops based at z of total
length at most L for which the collection of points {T,(v:)(v)}i_y is 6-dense in PV*9 for any

ve PV,

Since S(z) is totally geodesic inside of X , the s- and u-holonomies on V*¢ and V"9 of
the restriction of ¢g' to T'S(v) coincide with the s- and w-holonomies of Dg!|V*¢ when g'
is considered as a flow on all of T7'X. Each of the su-loops 7; of Proposition is also an
su-loop for g' in T'X, with each leg tangent to either W"*9 or W*9. The map T,(;) is

thus given as a composition of the holonomy maps J*9 and J*9 of Dg'|V*9 along each leg
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of the loop.

From this point on the arguments are identical to those given in [I5, Section 7], only with
our bundles V** replacing the bundles E"* of those arguments. We sketch the concluding
arguments and refer the reader to that paper for more details.

We now pass to our C?-small perturbation f! of g. We recall that the holonomies of
a fiber bunched linear cocycle vary uniformly continuously with the cocycle in the Hoélder
topology [2]. Hence, after perturbing ¢* to f*, we obtain the following lemma for the corre-

sponding holonomy maps for D f¢|V*/ around su-loops for f*.

Lemma 5.7. Given any § > 0, there is a C?-open neighborhood Vx of ¢g' such that, if
ft € Vx, we have that for any z € T'X there is a finite collection i, ..., of su-loops for
f based at z such that the collection of points {T¢(v;)(v)}i, is 0-dense in PV for any

ve PVH.

There is a technical issue in the proof of Lemma , since an su-loop based at z for ¢ is
not necessarily an su-loop for f! based at z. However there will be an su-path 4 for f* which
is uniformly close to ~, and whose endpoint is close to z. By using a proposition of Katok and
Kononenko [43] on accessibility properties of partially hyperbolic diffeomorphisms obtained
as C%-small perturbations of the time-1 map g* of a contact Anosov flow, we can close 4 by
a short su-path for f! to obtain an su-loop for f! based at z, which is uniformly close to the
original su-loop v for g'.

Let § be given and let f' € Vx. Suppose that there exists a fully supported f!-invariant
ergodic probability measure p with local product structure such that Ay, (f, 1) = N (f*, ).
By the work of Avila, Santamaria and Viana [2], there is a D f*-invariant probability measure
v on PV, which projects down to the f!-invariant measure y on T X, such that v has a
disintegration {v,}.cr1x into probability measures v, on the projective fibers PV* which
depend continuously on the basepoint z. Furthermore this disintegration is equivariant
under s- and u-holonomy.

If DfY|V*/ is not uniformly quasiconformal, then using the equivariance of the con-
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ditional measures of ¥ on PV fibers under s- and u-holonomy we can construct a point
z € T'X and a sequence of projective linear maps A, : PV%/ — PV*/ with (A,).v, = v,
for all n. If we identify PV*/ with RP?~2 and realize A, as a sequence of elements of the
projective linear group PSL(d—1,R) acting on RP?~2 then A,, — co in PSL(d—1,R). See
the end of the argument of [15, Section 7] for details. This implies that A,, converges to a
quasi-projective transformation @ of RP4~2? [22]. From this and the equations (A, ).v. = v.,
we conclude that v, is supported on the projectivization of the union of two proper linear
subspaces ker Q and Im Q of V7.

The support of v, is invariant under holonomies around su-loops based at z. By Lemma
we conclude that the support of v, must be §-dense in PV*/. But we can choose §
small enough that the projectivization of the union of any two proper linear subspaces of
VS is not d-dense. This gives the contradiction that implies that D f!|V*/ is uniformly

quasiconformal. O

6 Hamenstadt metrics and synchronization

Throughout the rest of the paper we will write < for equality of two quantities up to a
multiplicative constant that is independent of the parameters involved. For example, for two
functions ( : R x M — R and £ : R x M — R we write ¢ < £ if there is a constant C' > 1

such that C71¢(¢,x) < ((t,) < C&(t,x) for all t € R and = € M.

6.1 Hamenstadt metrics

Let M be a smooth manifold and let W be a continuous foliation of M with C! leaves,
such that TW is equipped with a continuous inner product with norm || - || that induces a
Riemannian metric d, on each leaf W (z). Note that d, = d, for y € W(z). We consider
a continuous flow f!: M — M that preserves the W foliation and is C' when restricted

to each leaf W (x). We assume that f* uniformly expands the leaves of W; we fix a > 0
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to be a constant such that oy (D fHTW) > e for every ¢t > 0. This implies that we have
deo(flx, fly) > e™dy(z,y) for every x € M, y € W(x), and t > 0.
We define for x € M and y € W (z),

Blx,y) = sup{t € R : dpo(f'(2), f'(y)) < 1},

Note that f3 is finite because f! uniformly expands W leaves by hypothesis. We then define

the Hamenstddt metric p, on W(x) by, for y,z € W(x),

paly, 2) = e~ B(y:2)

We clearly have p, = p, for y € W(z). We denote the ball of radius r centered at z in the
metric p, by B,(x,r). Similarly, we denote the ball of radius r centered at z in the metric

dx by Bd(xa T)'

Remark 6.1. It is not obvious that p, satisfies the triangle inequality on W (z). A proof of
this fact may be found in [30]. The constant a in the definition of the Hamenstadt metric

is not canonical; for definiteness we will choose the maximal a such that the inequality

o (DfYTW) > e holds for every ¢t > 0.

These metrics were introduced by Hamenstadt [27] in the context where f' is a geodesic
flow and W is the unstable foliation. Hasselblatt [30] showed that her formulation of this
metric extends to the setting of Anosov flows. The metric p, satisfies pse.(fly, f2) =
e"p.(y, z) for every t € R, i.e., f* is conformal on the W foliation in this family of metrics.

It is easy to check that the metrics p, vary continuously with x, in the sense that the
function (x,y, z) = p.(y, z) is jointly uniformly continuous in z € M and y, z € W (x). This
implies that the Hamenstadt metrics induce the Euclidean topology on the leaves of W. As
a consequence of this continuity, the Hamenstadt metrics and the Riemannian metrics are

uniformly comparable at any fixed scale: given any r > 0, there is a constant C' = C'(r) > 1
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such that for all x € M,
By(z,C~'r) C B,(z,7) C By(x,Cr),

and

B,(z,C7'r) C By(z,r) C B,(x,Cr).

6.2 Thermodynamic formalism

In this section we let f! be a transitive C? Anosov flow on a closed Riemannian manifold
M. We briefly discuss here the thermodynamic formalism for Anosov flows. We refer to
[10] for details and proofs of the claims made in this discussion. Let ¢’ : M — R be a
Holder continuous function. Define ¢ : R x M — R by ((t,z) = fot ¢'(f*x)ds. The map ¢
is an additive cocycle over f! as defined at the beginning of Section For our purposes
the additive cocycle ¢ and the function ¢’ contain the same information, as we can recover
¢’ through the equation ('(x) = %| 1o C(t,x). We will use the additive cocycle ¢ in what
follows.

We let P(C) denote the topological pressure of ¢ with respect to f*, given by the formula

1
P(Q) = Jim —log ( t).f;) exp (¢(t, 7))
7t-€[O,T]7 7

The variational principle for pressure states that P(() may alternatively be described as

P(O)= s h(f)+ /M ¢(1,2) dv(z),

vEMerg(f?)

where the supremum is taken over all f’-invariant ergodic probability measures v, and h,, (f*)
denotes the entropy with respect to the measure v There is a unique f’-invariant ergodic

probability measure pe — referred to as the equilibrium state for ¢ with respect to f* —
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which achieves the supremum in the variational principle. We note that one may replace the
integrand (1, z) in the variational principle with (’(z); that is the usual formulation of the
variational principle.

Two additive cocycles ¢ and v over f! are cohomologous if there is a continuous function

¢ M — R such that
C(tz) —¥(t, ) = &(f'z) — &(@).

We refer to £ as the transfer function from ¢ to 1. The transfer function has the same
regularity as ¢ and v: if both ¢ and ¢ are C"* for some integer » > 0 and some 0 < o < 1
then & is C"* as well [45]. Two additive cocycles ¢ and 1) have the same equilibrium state p
if and only if there is a constant ¢ € R such that ¢ is cohomologous to ¥.(t,z) = ¥ (t, z) + ct.

The Bowen-Margulis measure of maximal entropy for f* is the equilibrium state asso-
ciated to any additive cocycle of the form ((t,z) = ct for some constant ¢ € R. Another
equilibrium state of interest to us is the SRB measure my for f*; this is the equilibrium state
associated to the additive cocycle (¢,x) — —log Jac(D f*|E"). The SRB measure is charac-
terized by absolute continuity of the conditional measures m, ; on unstable leaves W*(z);
when f* is volume-preserving, m; is the invariant volume for f*[10].

We recall that, as noted at the beginning of Section [3] equilibrium states for Holder
potentials (i.e., equilibrium states associated to Holder continuous additive cocycles) have
local product structure. We take the measures ji, on local unstable leaves W} (z) defined
by the local product structure to be the conditional measures of ;4 on unstable leaves. We
caution that, in general, even if y € W} (z) we only have that the measures p, and y, are
equivalent up to some positive continuous density; they are not necessarily equal. However
we will usually be considering the case where p is the measure of maximal entropy for f?,
for which we do have py = py for all y € W*(x). This can be seen, for example, from
the Hamenstédt [26] and Hasselblatt [30] constructions of the unstable conditionals for y as
Hausdorff measures of the Hamenstadt metric p defined at the beginning of the section. It can

also be seen from the holonomy invariance of the conditionals p, in Margulis’ construction
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of the measure of maximal entropy for f* [46].
Fix a Riemannian metric on E" that gives metrics d, on unstable leaves W*(z). The
equilibrium state p of a Holder continuous additive cocycle ¢ has the Gibbs property: for

any x € M, t>0and r <1,

Mf*tw(f_%Bd(x? T))) = €Xp (_P(g) + C(t,l‘)) ,U@(B(ZE, 7”))

We are particularly interested in the Gibbs property for potentials { for which we have
P() =0,

We now let p denote the measure of maximal entropy for f' and let h := hiop(f*).
Consider the additive cocycle ((t,z) = —ht over f*, for which we have P(¢) = 0. From the

Gibbs property, we have for any x € M and t > 0,

prra(f(Ba(, 1)) < e o (Ba(w, 1)).

Let a > 0 be given such that oy (Df!|E*) > e* for ¢ > 0, and let p, be the associated
Hamenstadt metric on W*"(z) with exponent a. Using the uniform comparability of the
Hamenstadt metric to the Riemannian metric with » = 1 as at the end of Section 6.1}, we

conclude that

a(Ba(w, 1)) = 1B (. 1)).

Since f! acts conformally with respect to the Hamenstadt metrics, the previous two

proportionality statements imply that we have, for all x € M and t € R,

1 (B,(z, ™)) < e

Setting r = e, and recalling that u, = p, and p, = p, for y € W*(x), this implies that for
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all x € M, y € W*%(x), and r > 0,

h

pa(By(y, 7)) < 7o

This property has an important formalization in analysis on metric spaces. A metric
measure space is a triple (W, p, i), where W is a metric space with metric p and p is a Borel
probability measure on W. Given @ > 0, the metric measure space (W, p, ) is Ahlfors Q-
regular if for all r > 0 we have (B, (x,r)) < r?, where the implied multiplicative constant is
independent of r. The Gibbs property estimate for the Hamenstadt metric p, implies that the
metric measure space (W*(x), ps, i) is Ahlfors 2-regular. Furthermore, the multiplicative

constant can be taken to be independent of x.

6.3 Synchronization

In this section we carefully review a process known as synchronization for transitive Anosov
flows. This process goes back to Parry [52] and Ghys [21] and has proved useful in the
study of rigidity problems for Anosov flows. Hamenstiadt [29] also used it to describe the
unstable conditional measures of an equilibrium state as Hausdorff measures with respect to
modifications of her metrics constructed in Section We will adapt the synchronization
procedure to our specific setting.

Throughout this section we will assume that there is some 0 < o < 1 and an integer » > 1
such that our transitive Anosov flow f!is C""17, Note that this hypothesis is satisfied if f*
is a C* Anosov flow. Given a Hélder continuous additive cocycle ¢ : M — R with ((t,z) <0
for t > 0, we consider the family ¢, ¢ > 0 of additive cocycles. The topological pressure
P(q() is analytic and strictly decreasing in ¢ (see [55] for the discrete time case, [10] for the
adaptation of this method to flows). Since P(0) = hiop(f) > 0 and P(¢() — —o0 as ¢ — oo,
there is a unique @ > 0 such that P(Q¢) = 0. We let i denote the equilibrium state for Q¢.

We will construct a Holder time change ft of f! such that there is an ft—invariant measure
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it equivalent to p that is the measure of maximal entropy for f L,

We will assume that ¢ is C"* along W-leaves as a function on R x M. This is a
natural hypothesis for the potentials we will consider in this paper, e.g., the additive cocycle
(t,2) = —log Jac(D f*|E*) for the SRB measure is C""* on W leaves if f*is C"+1+e,

We define an additive cocycle 7: R x M — R by setting, for ¢ > 0 and = € M, 7(t,z) to

be the unique positive number such that

(1(t,x),z) = —t.

and setting 7(—t,z) = —7(t, f'x) for t < 0. The solution to the above equation is unique
because we assumed ((t,z) < 0 for ¢ > 0. By the implicit function theorem it’s easy to see
that 7 is C"™ along W leaves, since ¢ is C""* along W leaves. Furthermore 7 is Holder
continuous on M. We define a new flow ft by fi(z) = f70)(z) for 2 € M and ¢ € R. This
flow is C"*® on W leaves but may only be Holder continuous on M.

We summarize now the discussion from [52] of how time changes transform invariant mea-
sures and entropy. Let Z be the generating vector field for f*, and let Z(z) = 7/(x)Z(z) be
the vector field generating our time change f*(z), where we recall that /() = < o Tt 2) s
the generator for 7. Let w(z) = (7/(z))~! and let w(t, z) = fot w(f*x)ds. The cocycle T(t, x) is
the inverse self-homeomorphism of R to w(t, x), i.e., we have t = w(z, 7(t, x)) = 7(x,w(z, t)).

If v is an ergodic f'-invariant probability measure, then 7 = w(z)v/ [, wdv is an ft-

invariant ergodic probability measure equivalent to v. By Abramov’s formula for the entropy

_ (Y

o ywdr’

For the equilibrium state p for Q¢ with respect to f' defined above we let /i be the

of time changes of a flow [I], we have h,;(ft)

corresponding f! = f7®)_invariant probability measure constructed as above.
Lemma 6.2. The following claims hold for the time change f' of ft,

1. The foliations W, W and W€ are invariant under ft. The flow ft is O™ when

restricted to the leaves of the W foliation.
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2. Define for each x € M,

~ ~

W“(x) ={ye M :d(f (), f(y) = 0ast— oo}

Then W(z) is a C"* embedded submanifold of W (x) which is the graph of a C™+®

function over W¥(z). W* is tangent to a C"'** subbundle E* of E* & E°.

3. For each x € M define
We(z) = {y € M :d(f'(z), f'(y)) = 0 as t — oo}.

Then W*(z) is a Holder graph over W*(x).
4. The measure [i is the measure of maximal entropy for ft, and we have hﬂ(f) =
httw(f) =Q.

Proof. Any time-change of f! will preserve the foliations W<, W¢, and W¢. The C"t*-
smoothness part of claim (1) is obvious from the discussion regarding the regularity of 7 on
Wet leaves.

To prove (2), we give an alternative description of W(z). For y € W*(z), we define

(,y) = Jim 7(=,2) = 7(~t,y). 2)

Standard results on additive cocycles over hyperbolic systems imply that this limit exists
and converges uniformly in x € M, y € W}.(z); one can see this for instance by applying
the results of to the multiplicative cocycle exp(7). Applying this to 7, as well as its

derivatives, we conclude that &(x,y) is C"" in z, y. We note that £ satisfies the equation,

E(f' (@), f(y) = (2. y) +7(ty) — 7(t,2), (3)

forallte R,z € M, y € W"(x).
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We claim that, for x € M, we have

W) = (S (y) - y e W'(x)}.
Using , and setting § = f¢®¥) we have

f—t(g) — fT(—t,y)Jré(w,y) (y) = fT(—tyx)Jr&(f*t(x),f*t(y))(y).
Since y € W"(x), we have
d(f7) (2), f7ER) (y)) — 0 as t — oo.
Since £(f (), [ (y)) — 0 as t — 0o, we also have

d(f71(9), FTC) (y)) — 0 as t — oo

~

These two equations then imply that d( f‘t(g)), /%)) — 0 as t — oo, which implies the
desired description of W*(z).

For part (3), we carry out the calculations of part (2) with ¢ replacing —t, and W*(x)
replacing W*(x). Since 7 is only Hélder along W*(z), we obtain that W#(z) is a Holder
graph over W*(z).

Lastly we prove (4). Let B(z,r) denote the ball of radius r centered at z in W*(z). We
have fiy(B(2,1)) < po(Ba(z,1)), where we recall that By(x,r) denotes the ball of radius r
centered at z in W¥(z). We now apply f~* = f~") to each side; by equation and
the Gibbs property for p we have ufff(t,@(x)(f_t(Bd(a:, 1)) < uf,f<t,z>(x)(f‘T(t’I)(Bd(:z, 1))).

Applying the Gibbs property for p again gives

:uf—f(iv“f)(z)(f_T(tJ)(Bd(x’ 1))) = €xp (Qg(T(ta I), :L‘)) :ux(Bd(I’ 1)) = e_Qt:U’x<Bd(x7 1))
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Running this back through our calculations gives ﬂf_tx(f*t(é(x, 1)) =< e~ @, (B(x,1)), for
all t > 0. This implies that [ is the equilibrium state for ft with respect to the potential —(Q),
which is equivalent to fi being the measure of maximal entropy with A ( f) = Rtop ( ) =q,

by the variational principle for pressure. O

We now assume that f? admits a w-splitting E* = H* & V" of index k. We will show
that this transforms under synchronization into a wu-splitting E* = H*® V" of index k for
the flow f*. For each 2 € M we let ¢* : W*(x) — W*(z) denote the C™**-projection map
along the flowlines of ff. The function ¢® is given by ¥?(y) = f¢@¥)(y), where ¢ is defined

as in the proof of Lemma (6.2
Proposition 6.3. Suppose that ' admits a u-splitting E* = H* ® V" of index k. Then

1. ft admits a u-splitting E*=H'q Vv of index k that, for each x € M, is the image of

the u-splitting for f* under the projection Di)*.
2. The bundles V* and B* = E“/V“ are C™ along W*.

3. For each x € M, the image of the W""-foliation of W*(x) under ¢* gives a C™*

foliation W of W*(x) tangent to V*.
Proof. We begin by observing that Dy (Ey) = E’j;z(y) for each y € W*(x). It’s also easily

checked (using the representation ¥ (y) = f¢@¥)(y)) that, for y € W*(z), we have

T(t,2) (g 7(t,x T z T 3 T
I (D (y)) = frEON G (y)) = f (" (y)), (4)
and thus by differentiating , we obtain the equation

(o) (2 T(t,x £ x
DY! o o Df) = D, 0 Dy, (5)

For each 2 € M we define H* = Dy?(H") and V;* = Di*(V*). By applying equation

at y = x, we obtain that the splitting Ev=H*@V*is D ft—invariant. Since both D7 and
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V* are C"T in the variable € W (x), we conclude that V¥ and B* are both C"+* along
wee,

For x € M we define W*(z) = ¢*(W"(z)). We can view W*"(z) as the intersection of
the leaf W< (z) tangent to V* @ E° with W*(x). Then W"(z) is tangent to the subbundle
of V* @ E°, which is tangent to W"(z), i.e., it is tangent to V*. This proves (3).

It remains only to check that the u-splitting E* = H* @ V¥ is a dominated splitting
for Dft|E". Since the splitting E* = H* & V* is dominated for Df!, there are constants
C > 0 and x > 0 such that, for every t > 0 and every z € M, we have op(DfL{HY|| <
Ce g (Dft|VH). Let & € M be given, and let & € H* and @ € V* be a pair of unit
vectors. We set v = D(¢%)71(0) € HY, w = D(¥%)"'(w) € V*. The domination estimate

x?

for D f' then implies that, for ¢ > 0,

IDFIED ()] < Ce XTI D 70 (w)]].

From the compactness of M and the continuity of 7, there is a positive constant ¢ > 1 such
that, for every x € M and t > 0,

T(t,z) > ct.

We thus conclude that

IDf3(v)]| < Ce=X|| D fy(w)l-

By the uniform continuity of the function x — D this implies that there is a constant C’

independent of x such that we have

IDf2(9)]| < C'e=| D f5(w)].

Taking the supremum over all unit vectors on the left side and the infimum over all s on the

right then gives
on(Df'|Hy) < C'e” ™oy (D 'V},
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which is our desired domination estimate for the splitting Ev=Hv oV [

If DfY|{H" is fiber bunched, then the u-holonomies for the linear cocycle D f|H" over
ft give rise to u-holonomies for Dff|H", and likewise if D f*|V* is fiber bunched then the
u-holonomies for this cocycle also translate into u-holonomies for D ft|\7“ More precisely,
if L* are the u-holonomies for D ff|H" then we define u-holonomies L* for Dft|H* by, for
€M and y € W¥(x),

LY, =DyfoL! o(Dy2).

It’s easily checked that the maps L* with respect to the linear cocycle D ft|H “ over ft satisfy
the properties of Proposition . This all holds in particular if we assume that Df|H" is
uniformly quasiconformal, which we will do in Proposition [6.4] below.

We now consider the case of a particular potential (; associated to a w-splitting E* =

H" @ V* for f! of index k. We set
(st x) = —log Jac(D f,|By).

Observe that ( is C"** along the W -foliation if f*is C" "'+ and that we also have (; < 0.
We let Q(f) be the horizontal dimension of f*, so that P(Q(f)(s) = 0. We let f* be the
synchronization of f* with respect to the additive cocycle (¢/k. Lastly we let s be the

horizontal measure for f*, which is the equilibrium state of the potential Q(f)¢;.

Proposition 6.4. Suppose that D f'|H" is uniformly quasiconformal. Then the following

claims hold.

1. There is an inner product (, ) on H" such that, for all v,w € ﬁ;; and all t € R,

(D]E;(U), ngi(w))ftz = et(vv w)m‘
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2. For ally € W*(z) and v, w € HY,

(L2, (v), Ly, (w), = (v,0)s.

Likewise for all y € W (x),
(L5, (0), L3, (w))y = (v, w)a.

3. We have htop(f) = kQ(f). The measure of mazximal entropy fiy for ft corresponds to

the horizontal measure iy for f*.

Proof. Since D f*|H" is uniformly quasiconformal, we can find an inner product (, ) on H"
such that there is a multiplicative cocycle ¢! over f! for which we have for every x € M and
v,w e HY,

(Df2(v), Dfp(w)) o = (¢')*(v, W),

and furthermore for y € W} (x) we have

(Lay(v), Ly (w))y = (€3)*(v, W),

where £;, denotes the holonomies of ¢'. See [39] for details. Using uniform quasiconformality,

we conclude that we have

1D £z ()l =< exp (=Cp(t, )

for every x € M, every t € R, and every v € HY. This implies, taking ||v|| = 1 in the above,

that for all x € M and t € R,

¢'(x) < exp (= (s(t, @)
This implies that ¢' is cohomologous to exp (—(s(t,2)). As a consequence, (,) is equivalent
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to another inner product (, )’, for which we have instead,

(Df2(v), Dfo(w) )iy = exp (=C4(t, ) (v, W),

i.e., —(s gives the rate of expansion of the inner product (, )’ under D f*.

We define (, ) on H" by setting, for v,w € I:I;j,

(v,w)e = (DY)~ (v), (DY5) ™ (w));.

Since

£ T(:2) (g T(t,x T\ —
Dfi = Dyf i) o DIT o (DY),

and exp (—C¢(7(t,x),t)) = €', it’s straightforward to check that for all x € M, ¢t € R, and v,
w e H;L,

(Dfi(v), Dfi(w)fe, = €' (v, w),.

This completes the proof of (1).

For (2), the inner product (, ) is L*-invariant up to a scalar factor, i.e., L* is conformal
with respect to this inner product, since this conformality also holds for L*. Furthermore
the holonomies of L* correspond to the holonomies of the scaling factor of the inner product
with respect to D ff. Since this scaling factor e’ is independent of the point x € M, we
conclude the holonomies of the scaling factor are trivial. Thus equation (2) holds.

Lastly, part (3) of the lemma follows immediately from part (4) of Lemma [6.2] O

We next give a formula for the horizontal dimension that comes from the variational
principle for pressure. This formula is the source of the usefulness of Q(f) for controlling

the behavior of the unstable Lyapunov exponents of u; with respect to f*.
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Proposition 6.5. Suppose that f' admits a u-splitting of index k. Then we have

_ ho(f*)
Q(f) B VEAS/Il:rl;)(ft) )‘qf(ft’ V) +oee )‘}é(ft> V)’

with equality if and only if v = py is the horizontal measure for f*.

Proof. By the variational principle for pressure for the additive cocycle Q( f)(y defined above,

0= swp  h(f)+Q() /M ¢(1, ) dv(x)

vEMerg(f?)

= sup  h(f) = QUM )+ + X)),

vEMerg(f?)

Note that the sum \¥(f%, v) + - -+ AE(f%, v) is always positive for any f'-invariant measure

v. The formula for Q(f) then follows by rearranging the above expression. O

We end this section by justifying Remark of the Introduction. We first show that the
horizontal measure and horizontal dimension are both invariant under a flow conjugacy that

is C'!' on unstable manifolds.

Lemma 6.6. Let g' and f' be two C? Anosov flows on M with u-splittings of index k.
Suppose that there is a constant ¢ > 0 and a flow conjugacy ¢ : M — M from g* to f that
is C* on center-unstable manifolds. Then .(py) = iy and Q(g) = Q(f).

Proof. We first claim that, for a C? Anosov flow f! with a w-splitting of index k, replacing
ft with f¢ for any constant ¢ > 0 does not change the horizontal measure and horizontal
dimension, i.e., fiyee = ppe and Q(f) = Q(f"). Note that a probability measure v is invariant
for f*if and only if it is invariant for f< for all ¢ > 0. For all ergodic f*-invariant probability

measures v we then have,

h(J) _ chy(f)
N w) + A NI 0) - (L) + o+ N ()
(")

X))
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We conclude from Proposition [6.5 that Q(f) = Q(f*) and pifee = puye.
Thus we may assume, after possibly replacing f! with f<, that our map ¢ conjugates g
to ft. Since ¢ is a conjugacy, we have, for all g'-invariant ergodic probability measures v,

that hy,,(f*) = h,(g¢"). Furthermore, since ¢ is C'' on unstable manifolds, we have that

)"zl't(ftu ()O*V) = /\ZL(gt7 V))

for each 1 < ¢ < dim E™.
We may write each ergodic f'-invariant probability measure x as k = @,v for a g'-
invariant probability measure v. From the above we have

(") _ hu(g)
NULR) + -t MR G0 T+ AL )

We thus conclude from Proposition that Q(f) = Q(g) and @.(uy) = iy ]

We now prove the claim of the Remark [[.3] Recall that, for a homothety F : Y — Z
of two Riemannian manifolds, we let DF : T'Y — T°Z be the derivative map (¢ > 0 a
constant) and let [To DF : T'Y — T'Z denote the composition given by composing F' with

the natural projection IT: T°Z — T Z.

Proposition 6.7. Let X be a closed locally symmetric space of nonconstant negative curva-

ture. LetY and Z be two Riemannian manifolds that are C? close to X. Suppose that we

have a homothety F Y — Z. Then (Ilo DF),(uy) = pz and Qy = Q7.

Proof. For ¢ > 0, let Z. denote the Riemannian manifold given by scaling the metric on Z
by the constant factor ¢. By the first half of the proof of Lemma [6.6], under the projection
I1:T'Z, = T°Z — T'Z, the horizontal measures of g, and g, are the same and we have
Rz, = Qz.

Hence it suffices to prove the proposition in the case where ' : Y — Z is an isometry.

We then have g%, o DF = DF o ¢}, i.e., gi are smoothly conjugate by DF. We conclude
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from Lemma that DF,(uy) = pz and Qy = Q7. O

6.4 Quasisymmetry of orbit equivalences

We begin this section with an important remark that will be in effect for the rest of the
paper.
Remark 6.8. We will be considering Anosov flows ¢ : M — M and f* : M — M on a
Riemannian manifold M, together with a Holder continuous orbit equivalence ¢ : M — M
from ¢' to ff. We will always assume that ¢’ is at least C%. However, we allow for the
possibility that f! was obtained from another C” Anosov flow f! by the synchronization
procedure of Section This means that f* may only be Holder continuous. However, we
will always assume that f* is at least C? on W/ = wews leaves.

We will only consider ¢ as a map ¢ : We9(z) — W (¢(x)) for one choice of z at a
time. In particular the transverse regularity of f* along W*/ leaves will never appear in our

proofs.

Let (W, pw) and (Z,pz) be two metric spaces. A homeomorphism ¢ : W — 7 is
quasisymmetric if there is a homeomorphism 7 : [0,00) — [0, 00) such that, for all z,y, 2 €
W,

pw (2, y) < spw(w,2) = pz(e(x), 0(y) < n(s)pz(p(x), ¢(2)).

When the specific form of 7 is important, we will say that ¢ is n-quasisymmetric.

We will consider unstable leaves W*(z) for an Anosov flow f! with the Hamenstadt
metric p, from the beginning of this section, defined as usual using a constant a > 0 such
that oy (DfLEY) > e for all x € M and t > 0.

We now let ¢' and f! be two Anosov flows on M which are orbit equivalent by a Holder
continuous function ¢. We let a > 0 be a common constant such that oy (Dgt|E"9) > e*
and oy (D fL|E%) > e for all z € M and t > 0, and define the Hamenstadt metrics p, and

ps accordingly.
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We let o be the Holder continuous additive cocycle over gt satisfying ¢ o gt = fo®®) o ¢,
i.e., a describes the failure of ¢ to be a flow conjugacy. As in the proof of Lemma for

x €M, ye W9 (x), we define

g(xay) = lim Q(—t, ZL‘) - a(_tv y)7

t—o00

with this limit existing because ¢g~! exponentially contracts W9 leaves. As before, we have

the relation for t € R and v € M, y € W"9(x),

£(g'(x), 9" (v)) = &z, y) + alt,y) — alt, z).

For each z € M and y € W™9(x) we define p,(y) = f~¢@¥)(y). We note that ¢,(y) €

Wl (p(x)), as we have

d(f* T, (y), T p(x)) = d(fEITEEN(y), FOR) (o(x)))
_ d(fa(—t,y)—ﬁ(g‘t(m),g‘t(y))gO(y)7 fa(—t,r)(go(x)))

= d(f @@ W97 (y)), p(g 7 (2))),

and the last expression converges to 0 as ¢t — oo since £(g*(z),¢9 *(y)) — 0. Finally, we

note that we have the equivariance relationship for y € W*9(x), t € R,

0aa(9' W) = F2U (0u(y)).

We thus have a homeomorphism ¢, : W%9(z) — W%/ (o(z)). We will show below that
this homeomorphism is 7-quasisymmetric with respect to the Hamenstadt metrics on each

of these leaves, with 1 being independent of the choice of x.

Proposition 6.9. There is a homeomorphism n : [0,00) — [0,00) such that, for every

x € M, the map @, : (W*I(x), prg) = (W (0(2)), poa).f) i n-quasisymmetric.

72



Proof. By the continuity of ¢, f*, and ¢, and the fact that the Hamenstadt metrics p, , and
pz,r depend continuously on the choice of point € M, there is a constant C' > 1 such that,

for every x € M and y, z € W;29(x), if p,4(y,z) =1 then

loc

ct < ng(z),f((px(y)a ng(Z)) <C.

Let © € M, and let y € W*9(z). Let § = B(z,y) be the unique real number such that

Peinq(9° (%), 9°(y)) = 1. We have from the above that

pcp(gﬁm),f(spgﬁx(gﬂw% (pgﬁz(gﬁy» =1

By using equivariance and the scaling property of the dynamical metrics for f!, we have

Po(e),f (P (1), 02(y)) X exp(—aa(B(x,y), T)).

We next take two points y, z € W*9(x) with 5(x,y) > f(x, z). The above implies that

e ey ) = 0(8).) (P10 2.

By the additivity of a we have

a(B(z,y),r) — a(B(x, 2),x) = a(f(x,y) — Bz, 2),x).

Continuity of o and compactness of M implies that there is a constant b > 0 such that

a(t,z) > bt for all t > 0 and = € M. This implies in particular that

Oé(ﬁ(l‘,y) - B(%,Z),:L‘) > b(ﬂ(l‘,y) - 6(‘@72))7

which implies, recalling the definition of the dynamical metric for g*, that there is a constant
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C > 1, independent of x,y, and z, such that

Po)s (9o(2), 0a(y)) _ exp(=abB(z,y)) _ [ purg(z,y)\’
<C =C (== .
Po(x), 1 (P2(T), 0z (2)) exp(—abB(z, 2)) Pg(T,2)
The inequality B(x,y) > B(x, 2) holds if and only if p, ,(z,y) < paq(z, 2).
Now let w,y,z € W*9(z) be any given triple of points. By applying the above with

x = w and recalling that p,, ; = p, 4, we have the inequality

Pyt (Pw(W), 0o (y)) prg(w, )\’
Pow).f(Pul(w), ou(2)) =¢ ( ) ’

for pyg(w,y) < pag(w, z). For y € W*"9(z) we have the relationship

Puly) = [V (y) = fEn= @0 (o(y)) = F7E0D (0, (y)),

that is, we have ¢,, = f~¢% o o This implies, using the conformality of f* with respect

to the Hamenstadt metrics py, that we have

a&(z,w)

Po(w),f (Puw(w), u(y)) =€~ Po(a).f (02 (W), 02 (y))

This implies, going back to our inequality for ¢,,, that we have

Po(a).f (P2 (W), 2 (Y)) prg(w, )\
Po(a).f (P (W), 0z(2)) =¢ (px,g(w,z)> ’

for puq(w,y) < peg(w,2), as the factors of e=%€@®) on the top and bottom cancel. This
inequality again is valid for p} (w,y) < p} ,(w,2). We conclude that there is a constant

C' > 1 such that, for each z € M and w,y,z € W*9(z),

Pag (W, Y) < Prg(W, 2) = pyay (02 (W), 02(y) < Cppay,p(pz(w), pu(2)).
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This implies that ¢, is weakly C-quasisymmetric [33, Chapter 10]. Let ., and pu, ¢ be
the unstable conditionals for the measures of maximal entropy of g* and f* respectively.
Since both of the metric measure spaces (W*9(x), py g, fzg) and (W (o(x)), po(a).fs o f)
are Ahlfors (),- and @) j-regular respectively for some @)y, Q¢ > 0 with constants independent
of x, this implies that ¢, is n-quasiymmetric and that n can be chosen independently of x

[33, Theorem 10.19]. O

6.5 A criterion for conjugacy

We next give a criterion for two Anosov flows ¢' and f! to be conjugate, given that we have
a Holder continuous orbit equivalence ¢ from ¢* to f*. We will use this criterion in the proof
of Proposition . We recall that Remark is in effect here, so that f' may be a flow
obtained through the synchronization of a C* Anosov flow ft.

Let m be the measure of maximal entropy for ¢* and let p be the measure of maximal
entropy for f*. For an unstable leaf W*“9(z) we let m, denote the conditional measure of
m on W*™9(x), which is a Hausdorff measure for the Hamenstadt metric p,, on W*"9(x),
by the discussion at the end of Section . Likewise for an unstable leaf W*/(z) we let
p2 be the conditional measure of u, on W*/(x), which is also a Hausdorff measure for the
Hamenstadt metric p, ;.

We let ¢ be a Holder continuous orbit equivalence from ¢ to f*!, so that we have
o(gt(x)) = foE?)(p(z)) for a Holder continuous additive cocycle a. We define &(x,y) for
y € W%9(x) and we define the homeomorphism ¢, : W%9(z) — W™/ (p(z)) as in Section
[6.4] Since the Borel measures m, and p, are o-finite, by the Radon-Nikodym theorem there
is an m,-integrable function J, : W*9(x) — [0, oo], and a signed measure k, that is mutually

singular with respect to m,, such that we have

A((p2): @) = Judmy + dr,.
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We thus have, for every x € M, an m,-integrable measurable function J, : W*9(z) — [0, o0].

We give below a criterion for producing flow conjugacies in terms of the functions J,.

Proposition 6.10. Let g' and f' be two Anosov flows, with g being C?, and let ¢ be a

Hoélder continuous orbit equivalence from g* to ft. The following are equivalent.

1. There is a constant ¢ > 0 and a Holder continuous function w : M — R such that

@(x) = (g“@ (x)) satisfies po gt = fFo .
2. We have m ({x € M : J,(y) = 0 for mg-a.e. y € W*(z)})=0.

Proof. Suppose that (1) holds. Then ¢ maps the measure of maximal entropy for ¢g* to the
measure of maximal entropy for f (which is the same as the measure of maximal entropy
for f). We thus have ¢.m = p1. For m-a.e. « € M, we then have that ¢, fi,(,) is absolutely
continuous with respect to m,, with a density that is positive m,-a.e. Since ¢' acts with
positive Jacobian on the conditional measures m,, this implies that for m-a.e. = € M we
have that (¢;').iu(z) is absolutely continuous with respect to m,, again with a density that
is positive m,-a.e. Thus (1) = (2).

Now suppose that (2) holds. Let h, := hiop(f) and hy := hyop(f). For z € W*9(x), we
first relate the measures (¢.); " fp(x) and (pz); @) on W*9(z). As noted in the proof of
Proposition , we have ¢, = f~¢#) 0 ¢, We then have

(sz)glﬂgo(z) = (@x)ll(ij&(zw)utp(:p))

= M (00)  ta)-

We also compute how these measures behave under iteration by ¢°. For x € M, we have

Qgtz 0 gt = [ 0 o, This implies that

(R T (e Wy e T

_ ehfa(t7x)_hgt(90:r:)>k_lﬂap(z) )
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By the Radon-Nikodym theorem, for each z € W*9(z) there is a signed measure . and

a locally m,-integrable function J, : W*9(z) — [0, co] such that
d((pz)glﬂw(z) = J.dm, + dr,.

By our previous calculations,

(02)5 oy = €778 (o) o

= ¢ MEED (T dm, + dk,).

We conclude that we may take J, = e 7€) J and dk, = e "¢=%) g, in the Radon-Nikodym

decomposition for (¢,);  fip(-)- We now define, for my-a.e. z € W"9(z),
J(z) = J.(2) = e héza) g

The function J is locally m,-integrable on W™9(x), so as a consequence we have J(z) < 0o
for my-a.e. z. By the formula J(z) = J,(2) we can then extend J to a well-defined locally
m-integrable function J : M — [0, oo] that is finite m-a.e. We also have from our calculations
above that

J(gt:L“) — ehfa(t,:c)—hgtj(x).

We conclude that Z := {x : J(x) # 0} is a g'-invariant set.
By ergodicity of ¢g' with respect to m, we have m(Z) = 0 or m(Z) = 1. Suppose that

m(Z) = 0. Then for m-a.e. x € M and my-a.e. z € W"9(x),
0 = ehr8E2) J(2) = D) ] (2) = J,(2).

Thus for m-a.e. = € M and m,-a.e. z € W"9(z), we have J,(z) = 0 This contradicts our

hypothesis that (2) holds.

7



Thus m(Z) = 1. Since J(z) < oo for m-a.e. x, we have
log(J(g'z)) —log J(x) = ha(t,x) — hyt.

Thus Z—Za(t, x) and the linear additive cocycle ¢ are measurably cohomologous over g*. By
the measurably rigidity of the Livsic equation for Anosov flows [45], these additive cocycles
are continuously cohomologous. By the standard criterion for two orbit equivalent flows to

be conjugate [44], this implies that ¢' is conjugate to f< with ¢ = “; and this conjugacy

E7
takes the form ¢(z) = ¢(g*® (x)) for some Hélder continuous function w : M — R. Thus

2) = (1). O

7 Differentiability of the orbit equivalence

In this section we will complete the proofs of all of our major theorems. We begin by reducing
all of our major theorems to Theorem [2.3] The bulk of the section is then devoted to proving

Theorem 2.3l

7.1 Reductions

We first reduce Theorem to Theorem [2.3] To do this we use the following lemma.
Recall that we denote the SRB measure for an Anosov flow f* by my. We also recall that

[=dimX — 1.

Lemma 7.1. Let X be a closed locally symmetric space of nonconstant negative curvature.

Let f' € Vx. Suppose that Q(f) > Qx and N'(f*, pus) < 2X¢(f*, ug). Then
1. ,uf = mf.
2. Q(f) = Qx.

3. There is a constant & > 0 such that X“(ft,uf) = EX(gh).
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Proof. After a homothety of X, we may assume that X has sectional curvatures satisfying
—4 < K < —1, as replacing f* by f for a constant ¢ > 0 does not change the hypotheses on
the flow. We then have Qx = h(X)/k(X), where k(X) denotes the index of the u-splitting
for g% and h(X) =k +2(l — k). Set k := k(X) and h := h(X).

By Ruelle’s inequality we have

S )
O = S e (o)

Furthermore, equality holds in the Ruelle inequality if and only if yy = my [I0]. By the

inequalities Q(f) > Qx and A (f*, pus) < 2XY(f*, uy), we conclude that

o 2 EH20=E) _ T M)
ES S ey
1y 2= DX )
Zz 1 'L(ft’:uf)
21— B)NU(F. )
=T ()
k=R

k

Thus all of the inequalities above are actually equalities. Since the unstable Lyapunov
exponents A¥( f!, us) are positive and strictly increasing in 7, equality in the second inequality
above holds if and only if A}(f*,mY) = 2A{(f*, m%) for all k +1 <4 <, and equality in the
third inequality holds if and only if Af(f*,m%) = A{(f*,m}) for all 1 < i < k. This implies
that there is a constant &€ > 0 such that X*(f, us) = EX*(g% ).

The above string of equalities also immediately implies that Q(f) = Qx, and also that

equality holds in the Ruelle inequality. Thus we also have py = my. O

From Lemma we see that Theorem implies Theorem We next show that
Theorem [2.3] implies Theorem [2.2]
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Theorem [2.3 = Theorem [2.4. We define
Ix ={veR 1 v=c(g), c>0},

to be the positive ray from the origin generated by X“(gfx) This is a closed subset of R!. The
hypotheses of Theorem imply that X“( ft,v®) € £y for all periodic points p of f*.

By Kalinin’s periodic exponent approximation theorem [36], any f-invariant ergodic
probability measure v can have its unstable Lyapunov vector X“( f*,v) approximated arbi-
trarily well by the unstable Lyapunov vectors X“( ft,v®) of periodic points. This implies
that X“( ft,v) € £x for all v. In particular this holds for v = py, which implies that the
hypotheses of Theorem [2.3] hold. O

We now explain how Theorem [2.3] implies Theorems [I.1], [[.2] and [I.4l First note that
the hypotheses of Theorem [1.1] and Theorem [I.4] imply that the hypotheses of Theorem
and Theorem hold respectively for f* = gi.. In turn this implies from the above that the
hypotheses of Theorem hold for f* = ¢g¢,. By a homothety of Y we may assume that the
constant ¢ is equal to 1.

Clearly the hypotheses of Theorem imply that the hypotheses of Theorem hold as
well, with & = 1. Hence it suffices to show that that if we assume the hypotheses of Theorem
with f* = ¢}, and £ =1 then Y is isometric to X. We prove this below.

For a Riemannian manifold Y we let oy : T'Y — T'Y denote the involution v — —uv.

For all t € R we have oy o gt = g;' 0 oy, i.e., oy smoothly conjugates gt to gy

Theorem [2.3 = Theorem [1.4. By the conclusion of Theorem we have an orbit equiva-
lence ¢ : T'X — T'Y from ¢ to ¢¢ that is C'™ on center-unstable leaves. By Proposition
below, we conclude that the center-stable foliation WeY for gi. is C'™*. Since gt is a
contact Anosov flow, this implies that the stable foliation W*Y is C'**. Since the smooth
involution oy maps the WY foliation to the W*Y foliation, this implies that W™ is a

C*e foliation of T'Y as well. We conclude that the Anosov splitting of ¢t is C'™*. This
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implies that the boundary dY of Y carries a C' smooth structure.

Let FF : X — Y be the diffeomorphism from X to Y given by these two Riemannian
manifolds having the same underlying smooth manifold S. The map F' lifts to a quasi-
isometry F : X — Y that gives rise to a homeomorphism OF : 0X — 0Y.

Recall that, for v a unit vector in X , & (v) denotes the forward projection of v
to 0X along the geodesic through v, and _(v) denotes the backward projection to 0X.
We use the same notation for projections to Y from T'Y. Fix some ¢ € 90X and fix a
v € T'X with £.(v) = ¢. Since ¢ is C**, it maps W*X(v) onto a C*** submanifold
(WX (v)) C WY (p(v)) that is transverse to the flow direction of gi.. We then have a

Ot diffeomorphism,

£ 0o (€5)71 10X \{¢} = IV\{OF(Q)}.

But the map above is simply dF, as can be seen by the standard construction of this boundary
homeomorphism using the Morse-Mostow lemma [3].

We conclude (after performing this construction as well for some ¢’ # ¢) that OF is
a C'*o diffcomorphism. In particular it preserves the Lebesgue measure class on these
boundaries. Since the Anosov splitting of gt is C', by work of Hamenstadt[25, Corollary
4.6] we conclude that there is some ¢ > 0 such that g’ is C'-conjugate to g¢; the assumption
that (gt puy) = A(gt) implies that ¢ = 1. We can thus apply a corollary of the minimal
entropy rigidity theorem [7, Theorem 1.3] to obtain that X and Y are homothetic. By again

appealing to the equality X(¢%, 11y) = Mg ), this implies that X and Y are isometric. [

7.2 Starting the proof

We proceed now with the proof of Theorem 2.3l We assume that f* € Vx and that there
is a constant & > 0 such that X“(ft,,uf) = §X“(g§() We will assume that X has sectional

curvatures normalized to K = —1 when X is real hyperbolic and —4 < K < —1 when X
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has nonconstant negative curvature. Since the hypotheses and conclusion of the theorem
are not affected by replacing f* with a rescaling f, ¢ > 0, we may assume without loss of
generality that & = 1.

We first observe that the equality X“(f',s) = X“(g%) implies that f* satisfies the hy-
potheses of Propositions and . We conclude that D f!|H*/ and Df!|V*/ are both
uniformly quasiconformal. We next apply the synchronization of Proposition [6.4] using the
fact that D ff|H%/ is uniformly quasiconformal. We obtain a Hélder continuous flow ft that
is a time change of ff, such that this flow is C? on W/ leaves, and we obtain an inner

product (, ) on H™J such that for all z € M and v,w € f]g’f,

<Df;(v)v Df;(v»ftx = €t<v7 w>$'

Furthermore the holonomies L* of D ft|I:I w.f are isometric with respect to this inner product.
Fix a continuous inner product on V*/ with norm | - |. Since the splitting Bl =
A"/ @ V! is dominated and obtained as a small perturbation of the corresponding splitting

for g%, there are constants ¢ > 0 and v > 1 such that for all z € M,
o1(Dfy|VyT) = e,

By Remark , we may choose a new continuous inner product on V*/ with norm || ]| such
that the above inequality holds with the same exponent v and with ¢ = 1.

We extend the inner product (, ) defined above on H™J to an inner product on Ewl
by declaring H*/ and V*/ to be orthogonal, and using the inner product with norm | - ||

described above on V*f. We then have, for all z € M and t > 0,
o1 (Dfy(v)| ExT) = ¢
We set M :=T'X and let ¢ : M — M be the orbit equivalence from g' := g% to f* that
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is given by structural stability. We will use ¢ to create a conjugacy ¢ : M — M satistying
pogt= ft o ¢, such that ¢ is C'* on W/ leaves. Since ¢ is an orbit equivalence from g
to ft, this will complete the proof.

To simplify notation, from now on we will write f!, H*/, etc. for f!, H*/,
etc., i.e., we will proceed as if f' already satisfies the conclusions of the syn-
chronization. This means that Remark [6.8] will be in effect for the rest of the
paper.

As shown above, in our inner product on E*“/ we have oy(Df{|E“/) > et for t > 0.
We have the analogous inequality for ¢*, using the inner product on W*9(z) coming from a
left-invariant inner product on the Carnot group G' described in Section 2.1 We let p, , and
pz.s denote the Hamenstadt metrics for ¢* and f* respectively, taking the constant a = 1 in
the definition. From now on, we will write m for the invariant volume for g* (which is the
measure of maximal entropy) and u = py for the horizontal measure for f* (which is also

the measure of maximal entropy for f*).
Lemma 7.2. We have Q(f) > Qx.

Proof. For each x € M, the metric measure space (W™9(z), ps.4, M) is isometric to a Carnot
group G = Gx equipped with its left-invariant Carnot-Caratheodory metric and Lebesgue
measure. This space is Ahlfors kQ) x-regular. Furthermore this metric measure space admits
a positive kQ y-modulus family of curves [50].

By Proposition , r 2 (WI(2), prg,ma) = (W (0(2)), poia). s Ho(x)) 18 @ quasisym-
metric homeomorphism between an Ahlfors k() x-regular space and an Ahlfors kQ( f)-regular
space. Since, by the remarks of the previous paragraph, (W"9(x), p, 4, m,) admits a positive

kQ x-modulus family of curves, by Tyson’s theorem [59] we conclude that kQx < kQ(f),

ie, Q(f) = @x. O

Given the horizontal dimension inequality of Lemma and the fact that X“( ffop) =

—

A“(g%), we conclude from Lemma [7.1| that we actually have Q(f) = Qx. This lemma also
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implies that 4 is the SRB measure for f!; we will not need to use this until Section [7.5

Remark 7.3. To provide a positive answer to Question using our methods, one would
have to replace the horizontal measure pi in the hypotheses of Theorem with the SRB
measure my. Our methods require the equality Q(f) = Qx; using my it is possible to prove

the lower bound Q(f) > Qx as in Lemma , but it is unclear how to obtain the upper

bound Q(f) < Qx.

7.3 From orbit equivalence to conjugacy

In this section we will assume that Q(f) = Qx and that D f!|H®*/ is uniformly quasiconfor-
mal. We will assume that the synchronization of f* has been carried out as above. However,
we will not make any assumptions on the Lyapunov exponents of f* on V*/ for this section
or the next section. Set @) := Qx.

Let V be the affine f*-invariant connection on Q%f(x), z € M, from Proposition .
Recall that we write 7 : W™/ (z) — Q®/(z) for the projection map, f* for the induced
action of f! on Q%“/(z), and L* for the holonomies of D f*, which coincide with the parallel
transport maps of the connection V. The L“invariant inner product (, ) on H*/ descends
by projection to an L“invariant inner product on Q%f, which we will also denote by { , ).

We let d, be the Riemannian metric on W*/(x) coming from the continuous inner prod-
uct chosen above on E%f and d, denote the Riemannian metric on Q“/(z) given by the
projection of this inner product onto TQ*. Of course in our notation d, = d, and d, = d,
for y € W%/ (x). Then 7 : W%/ (z) — Q%/(x) is a Riemannian submersion; in particular we

have for y, 2 € W™/ (z),

de(m(y), m(2)) < du(y, 2),

and

dz(ﬂ-(y)vﬂ-(Z» > 1)r_lf )dx(pv Q)‘

m(y)=m(p

m(2)=m(q)

Lastly, since D f* is conformal with respect to our inner products on 7T7Q" with expansion
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factor ef, we have for each y, z € Q“/(z),

thx(ft(y)v .ft(z)) = €tdx(y, Z)
We show below that 7 is actually globally Lipschitz for the Hamenstadt metrics p, s as
well.

Lemma 7.4. There is a constant C' > 1 independent of x € M such that, for each y,z €

Wl (z), we have

do(m(y), 7(2)) < Cpas(y, 2).

Proof. Let x € M be given. By the uniform comparability of the Hamenstadt metric p, ;
to the Riemannian metric d,, together with the fact that 7 is a Riemannian submersion, we

conclude that there is a constant ¢ > 0 independent of = such that for any y, z € W%/ (x),

de(m(y), 7(2)) = 1= pas(y,2) = ¢
Now let y, z € W/ (x) be arbitrary and set r = d,(7(y), 7(2)), s = —logr. Then
dpea(w(fy), 7(f72)) = €*da(m(y), 7(2)) = 1.

Thus we have

pfsx,f(fsya fsz) > c,

and so

Pm,f(y, Z) = e_spfsm,f(fsya fsz)
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]

For a given z € M we let T, : Q“/(z) — R* be the affine chart given by the connection
V. By V-invariance, this maps ( , ) to the standard Euclidean inner product on RF.

Furthermore, the transition maps
T,oT," :R" —» R,

are isometries of R*.

Similarly, recalling that G denotes our 2-step Carnot group on which the unstable man-
ifolds of ¢g' are modeled, for each z € M we have charts S, : W*9(x) — G that map G
equipped with its Carnot-Caratheodory metric pg isometrically onto (W™9(z), py4). The
transition maps S, o S are left translations of G, which are isometries for pg. We write
mg for the Lebesgue measure on GG, which is the kQ-dimensional Hausdorff measure for pg.

We have a 1-parameter family of expanding automorphisms A’ of G such that, writing
g = h @ v for the Lie algebra of G split into horizontal and vertical subspaces, DA* expands
b by €' and v by e?. Likewise we have the standard 1-parameter family of expanding linear
maps B’ on RF given by B!(z) = e'r. We say that a homomorphism v : G — RF is
homogeneous if 1) o A* = Bt o), i.e., 1 commutes with these dilations.

We say that F'is Pansu differentiable at x € G if there is a homogeneous homomorphism

DF, : G — R¥ such that for all y € G we have

DF,(y) = lim B~ (f(x- A'y) — f()).

t—o00

We say that DF, is the Pansu derivative of F' at z. See [51] for basic properties of the Pansu
derivative and its uses. The Pansu derivative may be defined more generally for continuous
maps between any pair of Carnot groups, but we will only need the formulation for G' and

R* described above.

We begin with the orbit equivalence ¢ from ¢' to f! coming from structural stability. We
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will use Proposition below to produce a conjugacy between g* and f¢! for some constant
¢ > 0. Since both f* and ¢' have the same topological entropy kQ, we then have ¢ = 1, and

so g* and f! are conjugate.

Proposition 7.5. There is a Holder continuous homeomorphism ¢ : M — M such that
pogt = ftop. Furthermore there is a constant C > 1 independent of x € M such that
@ (WI(x), prg) = (W (0(2)), poa).) is C-Lipschitz.

Proof. By the remarks above, to produce the conjugacy ¢ it suffices to show that assertion

(2) of Proposition holds.

Suppose that this is not the case. Then there is an © € M such that for m,-a.e. y €
W9(x) we have J,(y) = 0. From Proposition we then have a quasisymmetric homeo-

morphism of Ahlfors kQ-regular metric spaces,

V=, 08,1 (G payma) = (W (0(2)), o). 1 o))
For y € G we define

L(y) = limsup sup{pr, (1), ¥(2)) : ply, 2) =1}

r—0 r

to be the Lipschitz constant of ¢ at y. For y € G we define

7(0) — tim P2 B 1)

=0 mg(Bpe(y,r))
As per the discussion in [4, Section 4], by the Radon-Nikodym theorem this limit exists and
is finite for mg-a.e. y € G. Since G is a Carnot group, since 1 is quasisymmetric, and since
both G and W%/ (p(z)) are Ahlfors kQ-regular, we may apply [4, Theorem 5.2] to conclude
that L(y)*? < J(y) for mg-a.e. y € G.

Recall that we have d(gp;l)*uw(x) = J.dm, + dk,, where k, is mutually singular with
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respect to m,. Hence we can rewrite the limit defining J as

_ 1 - . (S2)skz(Bog(y, 1))
J(y) = lim / Jp 0 S, dmg + lim pe
( ) r—0 mG(BpG (y? ’l“)) By, (y,1) “ r—0 mG(BPG (ya T))

Since G is Ahlfors kQ-regular and my; is a o-finite Borel measure, the Lebesgue differentiation
theorem holds on G [33]. Hence, for mg-a.e. y € G, the first limit is J,(S; ' (y)), and the
second limit is 0. We conclude that J(y) = J,(S,;'(y)) for mg-a.e. y € G.

By hypothesis J,(S;1(y)) = 0 for mg-a.e. y € G. Hence by the inequality £(y)*? <

J (y) we conclude that L(y) = 0 for mg-a.e. y € G. By Lemma , the projection
Tpom: (W™ (), pus) — (RY, i),
is C-Lipschitz for some constant C' > 1. Set
Y=Toomot: (G, pc) = (R, dir),
and observe that
’ sup{dzr (v (), ¥(2)) : paly, 2) =r}

L(y) = limsup

r—0 T

< CL(y) =0,

for mg-a.e. y € G.

By the Pansu-Rademacher-Stepanov theorem for Carnot groups [61], this implies that
1 is Pansu differentiable mg-a.e., with Pansu derivative 0 at mg-a.e. point. This implies
that ¢ : G — RF is a constant function, i.e., its image is a single point. But 1 is clearly
surjective, which gives a contradiction. Hence assertion (2) of Proposition holds.

We thus have a Holder continuous conjugacy ¢ : M — M satisfying f' o ¢ = @ o g'.

Since m is the measure of maximal entropy for ¢* and y is the measure of maximal entropy
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for f!, we have ¢,m = p. Since these are measures of maximal entropy, this implies that
DxMy = [lp(z), OF in other words, we have J, = 1.
By the inequality £(y)*? < J(y) = 1 of [4, Theorem 5.2], this implies that ¢ is Lipschitz

with respect to the Hamenstadt metrics. O

7.4 The horizontal derivative

Once again for simplicity of notation, we let ¢ denote the homeomorphism ¢ of the previous
section, so that o g' = f'o . In this section we will construct a horizontal derivative map
P : H“9 — H™' for p. We first give a standard lemma that characterizes rectifiable curves
for the Hamenstadt metric on an unstable leaf (see [28], [16]). Below we let I be a closed

subinterval of R.

Lemma 7.6. Let f* be an Anosov flow with a u-splitting E* = H*®V™ such that | D f*(v)|| =
etllv]| for allv € H* and t € R. Then a continuous curve y : I — W*(z) is rectifiable with
respect to the Hamenstadt metric py ¢ if and only if v is Lipschitz on I and for a.e. s €1

we have '(s) € HY.

Proof. We first suppose that - is Lipschitz on I and that for a.e. s € I we have 7/(s) € H};(s).
By reparametrizing v with respect to arc length (which does not affect p, j-rectifiability),
we may assume that ||7/(s)|| = 1 for all s € I. Pass to Euclidean coordinates on W} (z), for
which we have the affine structure on Euclidean space. Let a < b € I. We can then write
Y(b) = () + [} ' (s) ds

Since 7/(s) € HY,, we have [[Df*(7/(s))[| = €'[7(s)|| for all ¢ € R. This implies that,

for t > 0, we have

I760) - o)l < [ 15l b
/ I (s) s
Hb - a),
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since 7y is parametrized by arc length. Thus, for a fixed T for which || f7(y(b))—f* (v(a))|| = 1,

we must have e” (b — a) > 1 which implies that 7" > —log(b — a). This implies that

B((a),7(b)) = —log(b —a),

which implies that
p(1(@),7(b)) = ¢ PO < g,

In other words, the restriction of p, ¢ to v in the parametrization of v with respect to arc
length is 1-Lipschitz. It follows immediately that v is p, s-rectifiable.

Now assume that v is p, s-rectifiable. By uniform comparability of the Hamenstadt
metrics and Riemannian metrics at unit scale, there is a constant ¢ > 0 such that, for all
r € M and y,z € W%/ (x),

do(y,2) = 1= poy(y,2) > c.

By applying f~* to each side and using the estimate ||Df~|E%|| < e~ for t > 0, this implies

that

df—tx(fity7 fitz) S eitdﬁf(ya Z)
<c e puy(y, 2)

= ppre (Y, [2).

From this we see that d,(y, 2) < ¢ 'p.f(y, 2) for z € M, y, z € W%/ (). Thus rectifiability
of v with respect to p, s implies that v is also rectifiable with respect to d,. Hence v is
Lipschitz, and so ~ is differentiable at a.e. s € I. By reparametrizing, we may assume
that v is parametrized with respect to arc length for the metric d,. Let {4 denote lengths of
curves measured in the Riemannian metric d,, and let £, denote lengths of curves measured

in the Hamenstadt metric p, s. Let x denote the Lipschitz constant of the curve v in the

metric p, ;.
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Assume to a contradiction that there is a positive measure subset K C [ on which
v'(s) ¢ H". By passing to a compact subset of K, we may assume that there is a # > 0 such
that £(7'(s), Hy,) = 0 for all s € K. By our domination estimates in the norm || - ||, there

is a constant y > 1 and a constant § > 0 such that for every s € K and t > 0,

DAY (DI = deX [/ (s)]]

Let sp € K be a Lebesgue density point in I for the set K. Let B, denote the interval of

radius r centered at sg. For r small enough we have

| B, |
2

|B,NK|>

=7

Let 7, : B, — W%/(x) denote the restriction of v to B,. There is a constant ¢ > 0 such
that, for ¢ > 0 such that £,(f" o~,) <1 - so that we can still compare d, and p, ¢ locally —

we have

Ed(ft © %") < C_lgp(ft © ’77“)

= cle'ly(v)

On the other hand we have, recalling that v is parametrized with respect to arc length,

Ca(f' o) > € la(velBok) + 0¥ a(Ve| Brkc)
= ce'|B\K| + 6eX'| B, N K|

> réeXt,

Choose T large enough that deX” > kc'e’. Then choose r = r(T) > 0 small enough
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that £,(f7 o~,) < 1. We conclude from the above that we have
ke re’ > Uy(ff o) = rée”,

which, after canceling r from each side, gives the inequality kc~te? > deX?, which contradicts

our choice of T'. We conclude that 7'(s) € HY, for ae. s € I. O

Our next proposition gives us, for each x € M, a horizontal derivative of the map

p WhI(z) = Wl ().

Proposition 7.7. There is a Hélder continuous homeomorphism ® : H*9 — H“S linear
on fibers, such that ® o Dgt = Dfto® for allt € R, and such that if v is a C! curve tangent

to HY9 then p o~y is a C* curve tangent to H/ satisfying (p o) = ® o',

Proof. Fix x € M. Recall that S, : W*9(x) — G is the chart for W"9(z) and the transition

maps S; 0.5, L. G — @ are isometries of G. Consider the composition of maps
1 T Tr(e
UGS W (z) S Wl () 5 Qv () 2 RE

By Proposition [7.5, we have that ¢ is Lipschitz. By Lemma[7.4] 7 is also Lipschitz. Finally,
Tr(z) is an isometry to the Euclidean metric on R*. We conclude that ¥ is Lipschitz with
respect to the Carnot-Caratheodory metric pg on G and the Euclidean metric dge on RF.
By the Pansu-Rademacher-Stepanov theorem for Lipschitz maps between Carnot groups
[51], the map ¥ is Pansu differentiable mg-a.e. on G. The Pansu derivative DU, : G — RF
is a homogeneous homomorphism; since [h, h] = v in the Lie algebra g of G, and since R*
is abelian, the vertical subgroup V' of G satisfies V' C ker DW,. Hence DV, descends to a
homogeneous homomorphism DW¥, : G/V — R¥; since both G/V and R* are abelian, DV,

actually gives a linear map between these two groups.
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For m,-a.e. y € W*9(x), we then define ®, : H»9 — HZ&];) by the composition

_1
DT,,<I))\I/(7rz) Dﬂ)gl

y rus L s

w(y)

(
B, : HY0 25 v 200 RE

A straightforward exercise gives that ®, is independent of the chosen basepoint = above,
for y € W"(x). We can then extend ®, to be defined m-a.e. on all of M. Since DV,
is homogeneous and both G/V and R* have the same scaling factor ¢!, we also have the
equality

gy © Dg, = Dfi,) 0 By,

for all t € R, for m-a.e. y € M.
We next show that ®, is invertible for m-a.e. y € M. By the above measurable semicon-
jugacy equation, the set

J:={y e M :®,is invertible},

is g'-invariant and thus either m(J) = 0 or m(J) = 1. Hence it suffices to show that we
cannot have m(J) = 0.

Suppose otherwise, so that for m-a.e. y € M we have that ®, is not invertible at y.
Then, again by the above equation, ker ® C H"“9 is a measurable Dg'-invariant subbundle
defined m-a.e. By Proposition [5.1], ker ® cannot be a nontrivial subbundle of H"9, so that
we must have ker &, = H;9 or ker &, = {0} for m-a.e. y € M. In the first case we conclude
that DV, = 0 for m-a.e. y € M. This implies that ¥ : G — R* has Pansu derivative 0
at mg-a.e. y € G, which implies that ¥ is a constant function. This contradicts the fact
that W is surjective. Thus the second case must hold, so that we have ker &, = {0} for
m-a.e. y € M, ie., ®,is invertible for m-a.e y € G.

Since ¢g' and f* are C' close, the Holder continuous subbundles H%9 and H"/ of T M
are uniformly close. Hence there is a Holder continuous homeomorphism Zy : H%9 — H%/

that is an isomorphism on fibers. From D f!|H"/ we define a new Holder cocycle A! on
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H"9 over g¢ by At =T,'0 Df;(x) o Zy. Then ® = ;' o ® satisfies ® o Dgt|H"9 = Al 0 ®
m-a.e. for all ¢ € R. Thus, by Proposition the map ® coincides m-a.e. with a Holder
continuous conjugacy between Dg'|H"9 and A'. Unwrapping the identifications, we obtain
that ® agrees m-a.e. with a Hoélder continuous conjugacy — for which we use the same
notation — ® : H*9 — H*/ such that ® o Dg* = D f* o ® everywhere for all ¢ € R.

As a consequence, since ®, is Holder continuous in y we obtain that DV, is Holder
continuous in y as well. In particular we conclude that ¥ : G — R¥ is continuously Pansu
differentiable with Pansu derivative DW. This implies that for any C*! curve 7 in G that is
tangent to the horizontal distribution H C T'G, we have that W o~ is a O! curve in R* with
(Poy) =DVoxy.

Set ® = D7 o ®. The assertions of the previous paragraph show that if v : I — W*9(x)
is a O curve tangent to H*9, then ¢o~ is a C* curve in Q%/(z) with (po~) = ®o~’. Since
o @ (W9(x), prg) = (W™ (p(2)), poa),r) is Lipschitz, the curve o := ¢ o~ is rectifiable
with respect to p, r. By Lemma , o is a Lipschitz curve in the Riemannian metric dg )

on WS (p(x)) with o/(s) € Hg&ﬁ) for a.e. s. Since m oo = @ o+, we have

!/

Drog' = (pon) =Bo,

with this equality holding a.e. on I. Since ¢/ € H%/ a.e. on I, we can invert Dr in this
equation to obtain

o_/ — @ o /y/’
a.e. on I. This implies that o = po+~ is a C* curve tangent to H*/ with (povy) = ®oy/. 0O

Our next lemma shows that ¢ maps the vertical W*“9-foliation to the vertical Wuw/-

foliation.
Proposition 7.8. For each x € M we have o(W*9(x)) = WS (p(z)).

Proof. From Proposition one obtains that the map ® is equivariant with respect to
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L*9 holonomy on H™9 and L/ holonomy on H"“/. We claim that we may assume that
® : H*9 — H™ is an isometry on fibers. If this is not the case, then we replace the norm
|-l on H*% with the norm |- | given by |v] = ||®~*(v)||,, which in turn is given by pulling
back by ® and measuring the norm in H“9. By equivariance of ® with respect to L™“*
holonomies, the corresponding inner product (, ) on H%/ is preserved by L%/ holonomies,
and we have |Df!(v)| = e|v| for all v € H%/.

We thus assume that ® : H*9 — H™/ is an isometry on fibers. Let z € M and
y € W*9(z) be given. It suffices to show that ¢(y) € W/ (¢(z)). We view W¥9(z) as a
homogeneous copy of G with x at 0. Since [h, h] = v, there are two orthogonal left-invariant
vector fields X; and X, on G, which are tangent to h at 0, such that Y := [X;, X, is a
left-invariant vector field G for which exp(Y'(0)) = y, i.e., y is the image of Y (0) by the
exponential map exp : g — G.

Let P, be the plane in R* spanned by the projection of X;(0) and X5(0) to R*. Since
(X1, X5] =Y, there is a clockwise oriented rectangle in P, with sides %;, 1 < i <4 — each of
which are tangent to either the projection of X; or the projection of X, to R¥ — such that
the curve 74 lifts to a smooth curve v tangent to H*9 which has initial point  and endpoint
y. We let ;, 1 < i <4, denote the lifts of the sides of the rectangle.

Thus o := poryis a C! curve tangent to H*/ which starts at ¢(z) and ends at ¢(y). Set
o; := po~y;. Since the tangent vectors to the curve o are given by ® o~/ and ® is an isometry
on fibers of H*9 and H*Y9, we conclude that ¢(c;) = £(;) for 1 <i < 4, where ¢ denotes the
length of the curve. Since the projections 7, : W**(z) — Q™* on each side are isometries
on the H"* bundle (for x € {f, g}), we have that &; := 7 o g; satisfies £(7;) = (7).

Let Py be the plane in R;, spanned by the vector fields DT,y o Drpo®o X;, fori = 1,2,
where we recall that T,y denotes the affine coordinates on Q*(x) given by the f'-invariant
connection V. Note that these vector fields are V-parallel, and so in the R* coordinates they
are constant and tangent to a foliation of R* by parallel lines. Both ® and the projections

Dry and Dy also preserve orientation and angles, so ¢ gives a clockwise oriented curve
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tangent to Py such that its sides ; and o3 are parallel lines of the same length in P; and
the same is true for 65 and 4. Furthermore, for ¢ = 1,2, 3 the lines 7; and ;.1 meet at
a right angle with the clockwise orientation. This implies that & is simply a rectangle in
P;. In particular the endpoint of o4 coincides with the initial point of ;. This implies that

o(y) € WS (p(x)) which completes the proof. O

7.5 Vertical differentiability

At this point we split into two cases, depending on whether dim V*¢ = 1 or dim V"9 > 1, i.e.,
depending on whether X is complex hyperbolic or quaternionic/Cayley hyperbolic. As in
the proof of Proposition , since g* and f! are C! close, the Holder continuous subbundles
Vw9 and V% of TM are uniformly close. Thus, as above, there is a Holder continuous
homeomorphism Zy : V%9 — V% that is a linear isomorphism on fibers.

We first consider the case where dim V%9 = dim V*f = 1. We recall that, under our
hypotheses, p is the SRB measure for f!, as shown in Section This implies that p, is

the Riemannian volume on W*/(x).

Lemma 7.9. Suppose that dim V™9 = dimV*/ = 1. Then we have that ¢ is C'** on

WHwd-leaves for some o > 0.

Proof. Let v, 4, v € M denote the conditional measures of m on W**9-leaves, and similarly
let v, ¢ denote the conditional measures of g on W/ leaves. Then v, , is the Riemannian
arc length on W**9(z). Similarly, since p is the SRB measure for f*, y, is the Riemannian
volume on W*/(z) and so v, ; is the Riemannian arc length on W%/ (z).

Since p,m = p and (W*9(z)) = WS (p(z)) for each x € M, we have p,v,, =
c(2)Vyp(a),f for m-a.e. & € M, where c(x) > 0 is a measurable function of . We conclude

that for x € M, y € W"9(x),

L(x) = limsup sup{da s (), 0(v)) : dus(@y) = 1)} _

96



for m-a.e. x € M. Thisimplies by the Rademacher-Stepanov theorem that ¢ is differentiable
a.e. on W9 leaves, and thus we have an m-a.e. defined derivative map Dy : V%9 — Y/
that satisfies D¢" o Dg! = Df' o Dy". By the same construction as at the end of the
proof of Proposition [7.7, but with Zy instead, we conclude by applying Proposition to
this mutiplicative one-dimensional cocycle Dy" that D¢V agrees m-a.e. with a Hélder
continuous homeomorphism from V*/ to V%9 that is linear on fibers. This implies that ¢

is Ot on W¥w9-leaves for some o > 0. O

For the case when dim V** > 1, we use the fact that our derivative cocycles are uniformly

quasiconformal on the vertical subbundles as well.

Lemma 7.10. Suppose that diim V%9 = dim V*/ > 1 and that both Dg'|V*9 and D ft|V*/

are uniformly quasiconformal. Then ¢ is C*® on W¥%9-leaves for some o > 0.

Proof. We first show that there is a K > 1 independent of x € M such that ¢|W, 9 (x) is
K-quasiconformal. After replacing the Riemannian metric on V*/ with an equivalent one
(see Remark , we may assume that there is a Holder continuous multiplicative cocycle 1)t
over f*such that | DfL(v)|| stz = ¢'(2)||v]l.. Since G is a Carnot group and we are assuming
Dg' expands H%9 by €', we then have that Dg’ expands V9 by e* for each t € R.

Let r > 0 be given and let y, z € W9 (z) satisty d, 4(y, z) = r. Setting t = —(logr)/2,

loc

we then have d, ,(¢'y, g'z) = 1. By the uniform continuity of ¢, we have

dr(f' (), f'(0(2) = ds(e(g'y), p(g'2)) < 1,

with multiplicative constant independent of y, z,7. Since f'(o(y)), f(¢(2)) € W/ (¢(z))

(because ¢ preserves the vertical foliations by Proposition [7.8]), we then have

ds(p(y), (2)) < (=B 2(y)) 71,

for any z € W""9(z) that satisfies d, 4(y, z) = r. We conclude that there is a constant K > 1
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such that ¢ : W9(x) — W/ (p(x)) is K-quasiconformal.

As a consequence of the K-quasiconformality, |y uus(y) is differentiable a.e. on this leaf
with respect to volume [60], and so we obtain a measurable m-a.e. defined derivative map
DV . V9 — VS that satisfies DpY o Dgt = Dft o DpY. Once again appealing to the
construction at the end of the proof of Proposition (with Zy instead), we conclude by
Proposition that Dy agrees m-a.e. with a Hélder continuous homeomorphism from
Vel to V%9 that is linear fibers. This implies that ¢ is C'* on W"“9-leaves for some

a > 0. O

We use an elementary calculus lemma to show that if f! and ¢' satisfy all of the hypotheses
of the propositions of this section then ¢ is C**®. Recall that, by Proposition @ is C1Fe
when restricted to each smooth curve tangent to H%9 for some o > 0, i.e., ¢ is C'T* along

the subbundle H*9.

Lemma 7.11. Let x € M and suppose ¢ : W»9(x) — W/ (z) is C1 along H“9 and V*9.

Then ¢ is C'Te,

Proof. Without loss of generality, it suffices to show that ¢ is differentiable at x € W™9(zx).
Pass to coordinates on G for which x corresponds to 0 € G. Let u € g = TyG be the
direction in which we wish to show ¢ is differentiable. Write w = h+ v for h € h and v € v.
We may assume that A # 0 and v # 0, as otherwise ¢ is differentiable in the direction u by
hypothesis. There are unique left-invariant vector fields X and Y on G tangent to A and v
respectively. Since [X,Y] = 0, these two vector fields span a plane P in G and we can choose
coordinates on P such that X is parallel to the x-axis (first coordinate direction) and Y is
parallel to the y-axis (second coordinate direction). Then, by hypothesis, ¢ has C1* partial
derivatives in these coordinates and so ¢ is C'"® on P. Repeating this for all coordinate
directions u, we conclude that ¢ has C'*® partial derivatives in all directions at all points.

We thus conclude that ¢ is C** on G. O

This completes the proof of Theorem [2.3]
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Our final proposition of this section is required to show that Theorem [2.3]implies Theorem
. We will use the regularity of ¢ to obtain C'*® regularity of the W/ foliation for f*.
Note that this invariant foliation is the same for all time changes of f!, and so if we obtained
ft as the synchronization of a C*® Anosov flow f!, then Lemma implies that W/ is a

O foliation as well.
Proposition 7.12. The W/ foliation is C1+.

Proof. Let € M and let y € W7 (z). Consider the local center-stable holonomy map

loc

hest W“f(x) — W“f(y) for the Wes/ foliation. Since ¢ is a conjugacy from ¢* to f*, we

loc loc

have he/ = p o h®9 o ! where

hes9 - W%g((,D_l(l')) N Wuvg((p—l(y)%

loc

is the local center-stable holonomy map for the W9 foliation. Since the W9 foliation is
smooth and ¢ is C'*® on W™9 leaves, this implies that h°*f is C'T*. We then have two
continuous transverse foliations W%/ and W/ with C? leaves such that the W ¢/ holonomy
maps between W/ leaves are O+, By [15, Lemma 31], this implies that W/ is a O+«

foliation. []
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