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ABSTRACT

We study basic geometric properties of Kottwitz-Viehmann varieties, which are certain group
analogue of affine Springer fibers. We establish a dimension formula and formulate a con-
jecture relating the number of irreducible components of Kottwitz-Viehmann varieties to

certain weight multiplicities. The conjecture is proved in the case of split conjugacy class.



CHAPTER 1
INTRODUCTION

1.1 Background and motivation

In this article we study certain analogue of affine Springer fibres that we call Kottwitz-

Viehmann varieties whose underlying set is defined as
X} = {g € G(F)/G(O)|g~ g € G(O)="G(0)}

where
e (5 is a connected reductive algebraic group over a field k;

o [' = k((w)) is the field of Laurent series with coefficients in & and O = k[[w]] is the

ring of power series;
e v € G(F) is a regular semisimple element;

e )\ : Gy, — T is a cocharacter of a maximal torus 7T of G and

@ = \Nw) € G(F).

These sets were first studied by Kottwitz and Viehmann in [KV12]. More general versions
of them (replacing G(Q) by parahoric subgroups of G(F')) have also been studied by Lusztig
in [Lusl5]. When k is a finite field, they arise naturally in the study of orbital integrals
of functions in the spherical Hecke algebra H(G(F'), G(O)) consisting of G(O)-biinvariant
locally constant functions with compact support on G(F).

It turns out that XQ\ can be realized as the set of k-rational points of some algebraic

variety over k. We view them as group analogue of affine Springer fibers for Lie algebras



studied by Kazhdan and Lusztig in [KL88]:

Xy ={g € G(F)/G(0)[ad(g)" ' € g(O)}.

Here g is the Lie algebra of G, v € g(F’) is a regular semisimple element and “ad” denotes
the adjoint action of G on g.

Basic geometric properties of these affine Springer fibers X, have been well understood
through the works of Kazhdan and Lusztig [KL88|, Bezrukavnikov [Bez96], Ngo [Ngo10]. A
key ingredient in their approach is the symmetry on X arising from the centralizer G~ (F).
More precisely, the group G~(F) has a dense open orbit X3 (the “regular locus”) and
geometric properties of Xi‘ are reduced to the commutative algebraic group G~ (F') (more
precisely certain finite dimensional quotient Py of the infinite dimensional loop group G~(F)).

We would like to generalize these methods to study the Kottwitz-Viehmann varieties Xé‘.
Similar to Lie algebra case, the (connected) centralizer GQY(F ) acts naturally on X,i‘ and we
consider the open orbits X»)y"reg (the “regular locus”). However, there are the following

notable differences from the Lie algebra situation:
. 0 Areg . "
e In general the action of G5(F) on X}7"° is not transitive.

e A more serious problem is that in general the “regular locus” Xi‘ "% is not dense in

X~ and there might be irreducible components disjoint from Xi‘ o8

Thus X%‘ may have more irreducible components than Xi‘ "8 This makes it more difficult

to reduce geometric properties of X:/\ to the commutative group GQ(F ).

1.2 Main results

Our first goal is to prove a dimension formula of Xi‘.



Theorem 1.2.1. Xé‘ 18 a k-scheme locally of finite type with dimension

dim Xi‘ ={(p,\) + %(d(V) —c(7))

where

e p is half sum of the positive roots for G;
e d(v) is the discriminant valuation of v (cf. Definition 3.1.1);

o ¢(y) = rank(G) — rankp(Gy), the difference between the dimension of the mazimal

torus of G and the dimension of the maximal F'-split subtorus of the centralizer G.

In [Boulb5a] and [BC17], this theorem is proved when G is semisimple and simply-
connected. In this article we prove it for any split connected reductive group.

As in the Lie algebra case, there are two major steps. First we prove the dimension
formula for the regular open subset, this step generalize the method of Kazhdan-Lusztig in

[KL88]. The second step is to show that
dim X378 = dim X7

For this the argument of Kazhdan-Lusztig in [KL88] does not generalize, since otherwise it
would imply that the complement of the regular open subset has strictly smaller dimension
(see [Ng610, Proposition 3.7.1]), which in our situation may not be true due to the possible
existence of irregular components. In general, actually most components of X%‘ will be
irregular, see Remark 3.9.3. Instead, we bypass this diffulty by studying the global analogue
of Kottwitz-Viehmann varieties, the Hitchin-Frenkel-Ngo fibration. Similar ideas occured
previously in [BC17].

This major difference from Lie algebra case lead us naturally to the question of determin-
ing the number of irreducible components of X )‘, which is our second goal. We will formulate

a conjecture on the number of irreducible components of Xi‘ and prove the conjecture in the
3



case where v is an unramified (or split) conjugacy class. One formulation of the conjecture
involves the Newton point vy € (X4(T) ® Q)1 of 4, which is an element in the dominant
rational coweight cone. By the discussion in §3.9, if X,i‘ is nonempty, there exists a unique

smallest dominant integral coweight p such that v <@ p and p < A.

Conjecture (Conjecture 3.9.1). Let u be as above. The number of G,OY(F)—orbits on the set
of irreducible components of X%‘ equals to my,,, which is the dimension of u-weight space in

the irreducible representation V) of the Langlands dual group G with highest weight .

We remark that there is a similar conjecture made by Miaofen Chen and Xinwen Zhu
on the irreducible components of affine Deligne-Lusztig varieties, see [HV17] and [XZ17] for
statements.

In fact we will also give a conceptually better formulation of this Conjecture using the

extended Steinberg base of Vinberg monoid. See Conjecture 3.9.1 for more details.
Theorem 1.2.2. The Conjecture is true if v € G(F)™ is split.

This is proved in Corollary 3.5.2.

Remark 1.2.1. Although we restrict to equal characteristic local field, we expect that most
results involving only local arguments in this paper could also be generalize to mixed char-
acteristic Kottwitz-Viehmann varieties, which could be defined based on the work of X.Zhu
[Zhul7]. However, the dimension formula in full generality involves global argument and
currently it’s not clear how to generalize this to mixed characteristic case. It would be

interesting to see if there is a purely local argument to prove dimension formula.

1.3 Organization of the article

In §2, we review certain facts needed from the theory of reductive monoids. In §3, we
prove dimension formula and the conjecture on irreducible components in the unramified

case. In § 4, we review basic facts of Hitchin-Frenkel-Ngo fibration. The main result we

4



establish in this chapter is properness of the fibration over anisotropic open subset. In § 5,
we relate Kottwitz-Viehmann varieties and Hitchin-Frenkel-Ngo fibrations and finish the

prove of dimension formula for X,/y\.

1.4 Notations and conventions

1.4.1 Group theoretic notations

We assume throughout the article that k is an algebraically closed field. F' = k((w)) and
O = k[[w]]. We let G be a (split) connected reductive group over k. Assume that either
char(k) = 0 or char(k) > 0 does not divide the order of Weyl group of G.

Denote by Gger the derived group of G, a semisimple group of rank r. Let G°° be the
simply-connected cover of Gy, and G, the adjoint group of G.

Fix a maximal torus T of G and a Borel subgroup B containing G. Let A = {aq, ..., a,}
be the set of simple roots determined by T'C B. Let A := X*(T) (resp. A := X«(T)) be
the weight (resp. coweight) lattice. Let AT (resp. AT) be the set of dominant weights
(resp. dominant coweights). Let W be the Weyl group of G and S C W the set of simple
reflections associated to the simple roots A. There is a unique longest element wq of W under
the Bruhat order determined by S. Then wyq is a reflection and —wq defines a bijection on
the sets A, AT and AT.

Let G be the Langlands dual group of GG, viewed as a complex reductive group. For each
X e AT, viewed as a dominant weight for G, let V(A) be the irreducible representation of G
with highest weight A. For any p € AT with u < A, let m au Pe the dimension of y weight

space in V().

1.4.2 Scheme theoretic notations
For any k-scheme X, we let L;" X be its n-th jet space. Then L} X is the k-scheme whose
set of R points is L,y X (R) = X (R[t]/t") for any k algebra R. Let LT X := l'glL:{X be the
5



arc space and LX the loop space of X. More precisely, LX is the k-functor that associates
to any k-algebra R the set LX(R) = X (R((2))).

For any scheme X, we denote by Irr(X) the set of its irreducible components.



CHAPTER 2
REVIEW ON REDUCTIVE MONOIDS

In this chapter we summarize some results on reductive monoids needed later. We will
roughly follow the exposition in [Boulbal, with several modifications and improvements. We

refer the reader to [Vin95], [Rit98], [Rit01] for more backgrounds on this subject.

2.1 Construction of Vinberg monoid

In this section, we assume that G is semisimple simply connected.

The Vinberg monoid for G is an algebraic monoid Ving such that the derived group of
its unit group is isomorphic to G, and it is characterized by certain nice universal properties.
For our purpose, we construct it in an explicit manner as follows.

Let wi,...,wr € Xi(T)4 be the fundamental weights. For each 1 <i <, let p,, : G —
GL(V,,,) be the irreducible representation with highest weight w;.

We introduce the extended group G4+ := (T' x G)/Z where Z, the center of G, embeds
anti-diagonally in 7' x G. Then G+ is a reductive group with center Z, = (T'x Z)/Z =T
and derived group G. Let T4 = (T x T)/Z be a maximal torus of GT. We extend the

representations py, representations of G:

pi 1 G4 —— GL(V,)
(t. 9) —— w;(t)puy (9)

For each 1 <4 < r, we also extend the simple roots «; to a;r :GT — Gy by a;r(t, g) = a;(t).

Altogether, we get the following homomorphism
r
(a*,p"): Gt = Gy, x | GL(Vi,)
1=1

Definition 2.1.1. The Vinberg monoid of GG, denoted by Ving, is the normalization of the
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closure of G4 in the product

.
A" x ] End(Viy,).
=1

Then Ving is an algebraic monoid with unit group Gy. It has a smooth dense open

subvariety Vin((); defined as the normalization of the closure of G4 in the product

r

A" x T (End(V,,) — {0}).

1=1

Definition 2.1.2. The abelianization of the monoid Ving is the invariant quotient
AG = VinG//(G X G)

Let o : Ving — Ag be the natural map.

Using the maps a™ we get a canonical isomorphism A = A”. The adjoint torus T,q
embeds via the simple roots as the open subset where all the r-coordinates are nonzero.

Note that the fibers of o over points in 7,4 are isomorphic to G. One can construct a
canonical section of the abelianization map « as follows.

Let Tyiag be the image of the diagonal embedding T — T. Then there is a canoni-
cal isomorphism Tyj,e = T,q which extends to an isomorphism ng = Aqg between the
closure of Tyjae in Ving and Ag. The inverse of this isomorphism defines a section of the

abelianization map «, which we denote by
S AG — VinG (2.1.1)

The group G+ x G4 acts by left and right multiplication on Ving. More precisely, for all
(z,y) € G4 x Gy and v € Ving, the action is given by (z,y) -~y = zyy~ . The G4 x G-
orbits on Ving corresponds bijectively to pairs (1, J) of subsets of A such that no connected

component (in the sense of Dynkin diagram) of the complement of .J is entirely contained in



I. Each orbit Oy j containes an idempotent e; j € Ving, defined up to conjugation. We can
choose ey 5 € T4, the closure of T in Ving. Then it is well-defined up to W-conjugation.

Fix such a pair (I,.J). Let J¢ be the complement of .J in A and JY be the interior of J,
i.e. the elements in J that is not connected to any element of J¢ in the Dynkin diagram.
Let M :=I1nJ%UJ¢ Let Py (M) the corresponding standard parabolic subgroup of G.
Let PL (M)~ be the opposite of P4 (M) and L(M) their common Levi subgroup. Denote by
§:Pr(M)— Ly(M)and 06— : PL(M)~ — L4 (M) the canonical projections.

Lemma 2.1.1. The stabilizer of er j under G4+ x G+ is the subgroup of P+ (M) x Py (M)—

consisting of pairs (g,9—) such that

6(9) =0(9—) mod L4 (J)geTr g

where Ty 1s a subtorus of T .

2.2 Adjoint quotient

We keep the assumption that G is semisimple simply-connected. The adjoint action of G on
the Vinberg monoid Ving is the restriction of left and right multiplication by G x G along
the diagonal. In other words, for any g € G and v € Ving, the adjoint action is defined by
Ad(g)(7) := gyg~!. Note that this action factors through the adjoint group Gyq.

For any v € Ving, we let Gy be the centralizer of v in G, i.e. the stabilizer of v under
the adjoint action of G. If v € G4+ belongs to the unit group of Ving, we know that
dim G, > dimT = r. By upper-semicontinuity of stabilizer dimension (cf. [ABDT65, VI

B.4, Prop. 4.1]), we see that dim Gy > dim T for all v € Ving.

Definition 2.2.1. An element v € Ving is regular if dim G, = r (i.e. smallest possible).

Let Ving?g C Ving be the open subset consisting of regular elements.

Definition 2.2.2. The extended Steinberg base €4 = Ving//Ad(G) is defined to be the
9



invariant quotient. Let

X+ : VinG — Q:Jr
be the canonical quotient map.

The functions ozj' define a canonical map : €4 — A so that o = fox4. The following

result is [Boulba, Proposition 1.7]:

Theorem 2.2.1. The closed embedding Ty C Ving induces an isomorphism Ty / /W = €.

Moreover, the functions a4 and Tr(p;L) define isomorphism
Cr A x AT 2 AP

The canonical projection ¢ : Ty — € is a finite flat, generically Galois étale with Galois

group W.

2.2.1 Nilpotent cone

Our exposition in this part follow a suggestion of Xinwen Zhu. Let N := Xll(O) be the
nilpotent cone in the Vinberg monoid Ving. Let NV := AN Vin% and N := N'N Vingg
be the corresponding open subsets.

For any subset J C A, denote J¢:= A\ J, then we have
O@’J >~ (G/GjeUje x G/G jeU7) [ Z(L ge).

where Z(L jc), the center of the Levi L je acts diagonally on the product. There is a canonical
map

Mo J - O@7J — G/PJC X G/PJ_C

The diagonal G-orbits on the product G/Pje x G/Pj. corresponds bijectively to T
The element w € 7 “WJ° corresponds to the G-orbit of (w, 1) for any representative w of w
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in G. We denote this G-orbit by Yy 7, and let Xg j,, be its inverse image under g ;.
Then we have

X, g = Ad(G)(Z(L je)iveg. ). (2.2.1)

The G-orbit Yy s, has codimension I(w) in G/Pje x G/P}.. Hence we have

dim Xy j,y = 2dim(G/Pye) — l(w) + dim Z(L je)
(2.2.2)
=dim G —dim L je — l(w) + |J|.

Let S = {s1,..., s} be the set of simple reflections in W corresponding to our choice of
simple roots A. Let [ : W — N be the length function determined by S. For each w € W,

let Supp(w) C S be the subset consisting of those simple reflections which occurs in one

(and hence every) reduced word expression of w.

Definition 2.2.3. An element w € W is called an S-Coxeter element if it can be written
as products of simple reflections in S, each occuring precisely once. In particular, I[(w) = r

and Supp(w) = S. Denote by Cox(W,.S) the set of S-Coxeter elements in W.

In general, an element w € W is called a Cozeter element if it is conjugate to an S-Coxeter

element in W.
Lemma 2.2.2. Xy 7, C N if and only if J C Supp(w).

Proof. First suppose Xg ) C N. Then in particular weg j € N. Recall that the idempo-
tent ey j acts as projector to highest weight space in the representation V,,; if i € J and acts
by 0if i ¢ J. If there exists j € J but j & Supp(w), then py; (1) preserves the highest weight
space in Vi, and hence Tr(pw; (eg, 7)) # 0, contradiction the assumption that weg j € N.

Conversely suppose that J C Supp(w). Let x = tweg j where t € Z(Lje) C T. Then
puw;(x) =0if i ¢ J. If i € J, so i € Supp(w), then by a standard result in root system we
have w(w;) # w; (see, for example [HT06, Lemma 3.5]). Thus we have Tr(py,(z)) = 0 as

11



t € T preserve the weight spaces and w maps the highest weight space into the weight space

with weight w(w;). Thus x € N. O

Corollary 2.2.3. (a) There is a stratification of N into Ad(G)-stable pieces

N = |_| |_| X@,J,w-

JCA ’wE‘]CW‘]C
Supp(w)DJ

(b) NO = UWXQ,A,U/-
we

(c) For each w € Cox(W,S)(cf. Definition 2.2.3), Xz A 4 45 a single Ad(G)-orbit and

NTeS — || Xz Aw- In particular N*& C N,
weCox(W,S)

(d) dim N = dim N*® = dim G — r and the dimension of the complement N\ N*® is

strictly less than dim N

Proof. Part (a) and (b) are immediate from Lemma 2.2.2. For each strata Xy 7,, C N as

in Lemma 2.2.2, we have [(w) > |J| since J C Supp(w). From (2.2.2) we see that
dim X¢ j,p > dimG —dim Lje > dim G —r

and equality is reached precisely when J = A and [(w) = r. This condition means that
w € Cox(W,S). Hence part (d) follows from part (c).
It remains to show that for each w € Cox(W,S), Xg A 4 is a single Ad(G)-orbit. By
(2.2.1), we have
Xog Aw = Ad(G)(Twe@,A).

So it suffices to show that for each ¢ € T', the elements tweg A and weg A are conjugate.

Since w is a Coxeter element, by [Ste65, Lemma 7.6] there exists s € T such that ¢ =

s Mpsw—!. This implies that 8_1’Li)6@7A$ = tweg A since s, € T' and hence commute with

€®’A. O
12



Remark 2.2.1. Another way to show that Xg A 4, consists of a single Ad(G)-orbit is to show
that the centralizer of weg A in G has dimension r, i.e. weg A € N8, For then the Ad(G)-
orbit of weg A is contained in the irreducible set Xg A 4, and has the same dimension, thus

equals to Xg A -
Corollary 2.2.4. The morphism x+ : Ving — €4 is flat.

Proof. There exists a nonempty open subset U C € such that the fibres of x4+ over U have
dimension dim Ving —dim € = dim G —r. Since x4+ is Z4 equivariant, U is Z4-stable. By
Corollary 2.2.3(d) we know that 0 € U and hence we have U = €. By [BKO05, 6.2.9], Ving

is Cohen-Macaulay. Moreover, ¢ = A?" is regular and hence x is flat. O]
Corollary 2.2.5. Vingeg C VinOG,

Proof. Let F := Ving® \ Vind,. By Corollary 2.2.3(c), we have A& C AV and hence
FNN = @. On the other hand, F is a Z;-stable closed subset of Vinrég, so we must have

F=g. 0

Proposition 2.2.6. The nilpotent cone N is connected and equidimensional. Moreover,

there exist bijections
Cox(W, 8) = Trr(N™8) = Trr(N0) 55 Trr(W)

which send w € Cox(W, S) to the irreducible component containing Weg A-

Proof. Since x4 is flat, its fibre NV = Xll(O) is equidimensional. Since y 4 is the invariant
quotient under a reductive group, there is a unique closed orbit in A/, namely 0 € N. In
particular, A is connected.

From Corollary 2.2.3, we see that A8 is dense in A0 and AV and Irr(A"®8) is in bijection

with Cox(W, S). Hence Trr(N?) and Irr(N) are also in bijection with Cox(W, ). O

Remark 2.2.2. As a comparison, note that in the Lie algebra case, the fibers of the map

g'°® — ¢ are irreducible and consist of a single adjoint G-orbit.
13



2.2.2  Discriminant divisor

Recall that on T" we have the discriminant function

Disc(t) := [ (1 - (1))

aed

which is W-equivariant and descends to a regular function on the Steinberg base € :=T'//W.

We extend the function Disc to a function Disc4 on T5¢ = (T' x T') /Zg by
Discy (t1,t2) := 2p(t1)Disc(t9).

Then Disc extends to a regular function on T, which further descends to a regular function
on €. The vanishin loci of Discy is a principal divisor on € which we call eztended
discriminant divisor and denote by 2.

From the definition, we see that Disc. is an eigenfunction for the Zi-action on T and
¢, with eigen-value 2p. Hence the subschemes ® 4 is Z-invariant.

Forty = (t,t7 1) e TQiag C T4, we have

Di(ts)=2p(t) J] (1—a®)(d—alt™)

OéG‘I’+

= (=) T (1 - a)?

ozGCI)+

(2.2.3)

For each o € @4, Dy := (1 — a(t))? extends to a polynomial function on Tgiag = A"

2.2.3 Adjoint orbits in extended Steinberg fibre

An element v € Ving is called semisimple if it is G-conjugate to an element in T5. Let

Vinrg be the subset of Ving consisting of elements that are both reqular and semisimple.

Lemma 2.2.7. The centralizer of any semisimple element v € Ving in G is a Levi subgroup

14



of G.

Proof. We may assume that v € Ty so that v = tey j for some ¢ € T and idempotent ey ;.

1

For any g € G4, we have gyg~ " = v if and only if

1 1
U gler g~ =er .

By the description of the stabilizer of e; ; under the action of G+ x G+, we see that g € (G+)y

if and only if the following 2 conditions are satisfied:
o (t7'gt,9) € Py x Py

o 5t 1gt)o_(9)7! € (Lye)aeTT.s-

Here M := I N J% 1 J¢ Since t € Ly, the first condition implies that g € Ljys. Since the
roots in 1N.J and J¢ are orthogonal to each other, the second condition implies that (G4)y
is the subgroup of Ly generated by T, L je and the centralizer of ¢ in L ;0. This shows

that (G4)- is a Levi subgroup of G and hence G is a Levi subgroup of G. n

Lemma 2.2.8. For any closed point ¢ € €, the fibre Xj_l(c) 18 connected and equidimen-
sional of dimension dim G — r. The open Ad(G)-orbits in Xll(c) are precisely the regular
conjugacy classes in Xll(c). On the other hand, there is a unique closed Ad(G)-orbit in

Xll(c) which is also the unique semisimple conjugacy class in Xll(c).

Proof. By Corollary 2.2.4, x4 is flat. Hence Xjrl(c) is equidimensional of dimension dim G' —
r. Since x4+ is the invariant quotient by the reductive group G, there is a unique closed orbit
in Xll(c). This closed orbit is connected since G is connected. Consequently Xll(c) is also
connected.

The regular conjugacy classes in Xj_l(c) are locally closed subsets of the same dimension
as Xll(c). Hence they are precisly the open Ad(G)-orbits in Xjrl(c).

Finally by [Ren88], closed Ad(G)-orbits are precisely the semisimple conjugacy classes.

U
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Unlike the group case, there might be more than one regular conjugacy class in an
extended Steinberg fibre X:Ll(c), as we see in Proposition 2.2.6 for the nilpotent cone N =
X:Ll(()). On the other hand, regular semisimple conjugacy classes are the only Ad(G) orbit
in the extended Steinberg fibre they live in. We give another characterization of regular
semisimple conjugacy classes using the discriminant function Disct. The following is a

generalization of [Boulba, 2.19]

Proposition 2.2.9. Denote T; ° = Ty N Vinrc(;g. For any v € Ty, the following are

equivalent:
1y e TS,

2. Disc4(y) # 0

3. The map q : T+ — €. is étale at ;

Proof. (1)=(2): Suppose v € T ©. By Corollary 2.2.5, we have v € Vin% NTy. After
conjugation and multiplying by the center Z4, we may assume that v € ng' If Disc4 () =
0, then there exists a € @ such that D, () = 0. This implies that ~ lies in the closure of the
diagonal embedding of ker(cr). Since the centralizers of elements in ker(a) have dimension
at least r +1, the same is true for Gy by upper semicontinuity of centralizer dimension. This
contradicts the assumption that v is regular and we must have Disc4 () # 0.

(1)<(3)<(4): Since €4 = T //W, the finite cover ¢ : T} — € is étale at « if and only
if the stabilizer of v in W is trivial, which is equivalent to the fact G-, = T since G- is a
standard Levi subgroup of GG by the proof of Lemma 2.2.7.

(2)=(1): Let V C T} be the open subset where Disc is nonzero and we need to show
that V =T, °. In the implication “(1)=(2)” we proved that Ty ° C V.

Consider the stratification of T induced by the T,q-orbits on Ag = A”. The open

strata is 7'y, the unit group of 7. The codimension 1 stratas are described as follows: for
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each 1 < i <7, let O; be the codimension 1 strata consisting of z € T such that the i-th
coordinate of a(x) vanishes and the other coordinates are nonzero. Consider the complement
F:=V\ ﬁreg, which is a closed subset of V. It is a classical fact that F N1+ = @. Also,
we have ey A € ﬁreg by direct calculation of its centralizer. Hence ey A lies in the closure
O, for all 1 <4 < r. This shows that the generic point of ©; lies in ﬂreg for all 4, which
implies that I’ has codimension at least 2 in Ty. But by the equivalence “(1)<>(3)” we just
proved and purity of branch locus (see, for example [Stal7, Tag 0BMB]), the complement
T\ T, "°® is pure of codimension 1 in T'y. This forces F, an open subset of T \ T, to

be empty and hence V = ﬁreg. [l

Corollary 2.2.10. Ving = Xjrl((’:+ \ ©4). Moreover, G acts transitively on each fibre of

X+ over €L\ D

Proof. By Proposition 2.2.9, we have Ving C X;I(QZJF \Dy).
Let ¢ € €4 \ ©4+. By Lemma 2.2.8 and Proposition 2.2.9, the unique closed orbit in
Xll(c) is also open. Hence y~1(c) is a single Ad(G)-orbit consisting of elements that are

both regular and semisimple. This proves the inverse inclusion. O]

For this reason, we denote €T := € \ ® and call it the regular semisimple open subset

Of @4_.

2.2.4 FExtended Steinberg section

For each S-Coxeter element w € Cox(W,S) (cf. Definition 2.2.3), each choice of represen-
tatives $; € Ng(T') of the simple roots s;, Steinberg defines a section € : €5 — G of the
adjoint quotient map g : G — €g. Moreover, it is shown that the equivalence class of
€ depends neither on w nor the choices $;, see [Ste65, 7.5 and 7.8]. Here we say that two
sections €, € are equivalent if for all a € €¢, €(a) and €(a) are conjugate under G.

Following [Boulbal, we extend the Steinberg sections € to the Vinberg monoid Ving as
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follows. For each (b,a) € €4 =2 A?" where b € Ag = A", define a map
€y : €4 — Ving

by €V (b,a) := €(a)s(b) where s : Ag — Ving is the section of the abelianization map a

defined in § 2.1.1.

Proposition 2.2.11. The map € is a section of the adjoint quotient x4+ : Ving — €.

Moreover, the image of €Y is contained in Vingg :

Proof. The first statement is [Boulba, Proposition 1.10 |. The second statement is Proposi-

tion 1.16 in loc. cit. O

Remark 2.2.3. For each w € Cox(W, S), the equivalence class of the extended section € is
independant of the choice of representatives $; of the simple reflections. However, for two
different w,w’ € Cox(W,S), the sections € and eﬁ‘r’, are not equivalent since, as we will see,

€?(0) and ef(O) are not conjugate.

Next we examine the interaction of the extended Steinberg section €Y with the action of
the central torus Z.

To this end, we drop the semisimple simply connected assumption and allow G to be any
connected reductive group. Then the adjoint action of Gyq on Vingse induces an action of
G on Vingse which we also denote by “Ad”. Let €4 = Vingse//Ad(G) = Vingse //Ad(G°)
be the extended Steinberg base for Vingse. The central torus Z5¢ = T acts naturally on
Vingse and €4 such that the morphism x4 : Vingse — €4 is T"%-equivariant. Hence x4

induces a morphism between stacks
[x+] : [Vingse /(Ad(G) x T%)] — [€4 /T (2.2.4)
We would like to see if € induces a section [y]. It turns out that this is not true in general.

To remedy it we consider the homomorphism ¢ : T%¢ — G,q defined as the following
18



composition

W T 22 Gl 5 G5 = Gag (2.2.5)
where the first arrow is we := (w1,...,wr), the second arrow is induced by the canonical

section of the abelianization a (cf. Equation 2.1.1) and the third arrow is the canonical
quotient morphism.

Consider the action of 75 x 7% on Vingse where the first copy of T°¢ acts by composing
¥ with the adjoint action of G,q and the second copy of T5¢ acts as central torus. In [Boulba,
Proposition 1.11], by examining the action on weight vectors of fundamental representations,
it is shown that for all a4 € €4 and z € T°¢ we have

-1
(e -ar) = 2 - s(wa(2)e (ar )s(wa ()
This shows that €Y is equivariant with respect to the diagonal embedding T°¢ — T°¢ x T™¢

and hence induces a morphism
€4 /T = [Vingse /(T5) x T

If G = G,q, then this leads to a section [e}'] of [x+]. In general, let ¢ = |Z(G4e)| be the
order of the center of the derived group Gye,. Then by extracting c-th roots, we would

get a lifting 1/1[0] : T%¢ — Gyer C G of 1. More precisely, w[ is defined by the following

d
commutative diagram

Tsc 7/)[0]

where the left vertical map is raising to c-th power.

The c-th power map T°¢ — T5° induces a morphism between classifying stacks BT5¢ —
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BT"¢. Base changing [y4] along this map, we obtain a Cartesian diagram

[VIHGSC/(Ad(G) X TSC)]M e [VIHGSC/(Ad(G) X TSC)]

[X+] [c]l l[x+]

[€+/T™] [€+/T%]

where on the left, the T°¢ action is the composition of the c-th power map and the usual

action.

Proposition 2.2.12. The map € induces a section €' d (€4 /T 1) = [Vingse /(Ad(G) %

T°)jg of [x+]q whose image lies in the open substack
[Vlng}sgc/(Ad(G) X TSC)][C]
Proof. By what we have discussed, €Y induces a morphism
[€+/TSC][C] — [Vingsc/@b[c}(TSC) X TSC]

where on the right, the second copy of T5¢ acts by composing the c-th power map and the

usual action. Since 1 (T¢) C G, there is a canonical morphism
[VinGsc/l/}[C] (TSC) X TSC] — [VinGsc/(Ad(G) X Tbc)][c}

Composing the two morphisms above we obtain the morphism ¢

w . .
Y with the desired prop-

erty. O

2.3 Regular centralizer for the group

In this section we let (G,G’) be a pair of connected reductive groups equipped with an

isomorphism of their derived groups G,q = ng. Assume moreover that the derived group
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of G is simply connected. Then there is a natural adjoint action of G’ on G and the action
factors through G! ; = G,q. Let €g := G//Ad(G’) be the invariant quotient. Then there
is a canonical isomorphism €4 = T'//W. The natural map T — €4 is finite flat and its
restriction to €7 is a Galois étale cover with Galois group W.

Consider the centralizer group scheme /s over G defined by
I = {(g,2) € G’ x G|Ad(g)x = x}.

In other words, the fiber of I over z € G is the centralizer G, of  in G’. Since the derived
group of G is simply connected, G, is connected for semisimple x € G If moreover z € G™
is regular semisimple, then G/, is a maximal torus in G’. More generally, the restriction
Icv|Gres to the regular open subscheme G™® is a smooth commutative group scheme of
relative dimension dim(7"). The following lemma is the group version of [Ng610, Lemme

2.1.1]

Lemma 2.3.1. There exists a unique smooth commutative group scheme Jg over € such

that we have a G'-equivariant isomorphism

(X*JG/)Greg = IG/’Greg.

Moreover, this isomorphism extends uniquely to a homomorphism x*Jor — Icy.

Proof. The proof of [Ng610, Lemme 2.1.1] works in the group case. For the last statement,

we use the fact that the complement of G**® in G has codimension at least 2, c.f. [Ste65]. [

Fix a maximal torus 77 C G’. Consider the Weil restriction of the torus 77 x T on T to
Ca:
g := Mg, (T x T).
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In other words, for any €-scheme S, we have
Mg (S) = Homp(S xco T, T x T)

The diagonal action of W on T’ x T induces an action of W on Ilg. The fixed point
subscheme of Hg;v is a closed smooth subscheme of Il since the characteristic of the base

field does not divide the order of W.
Proposition 2.3.2. There exists a canonical open embedding Jor — Hg/.

Proof. We follow the argument for the Lie algebra case in [Ngo10, §2.4]. First we define a
morphism J — HVGV. By adjunction, this is the same as giving a morphism ¢*J — T x T
where ¢ : T" — € and we view T X T" as a constant group scheme over 7. One construct
this morphism by descent along the smooth morphism x*8 : G™8 — T which sits in the

Cartesian diagram

Gres 4 Gres

{ |

T—9 ¢,

Hence it suffices to construct a G-equivariant morphism (x'°®)*¢*Jg — T X G*8. The
upshot is that for all x € G and Borel subgroup x € B C G, we have [, C B by the
argument of [Ng610, Lemme 2.4.3]. Hence when composed with the quotient B — T', we
obtain a map I, — T depending on the choice of Borel B containing x. Thus we get the
desired morphism (7"8)*¢* Jo = §* Ires — T x G'®8 which is G-equivariant by construction.

To show that the morphism J; — HIéV constructed above is an isomorphism, it suffices
to show the isomorphism over an open subset of € whose complement has codimension at
least 2.

For each simple root o« € T, let T}, be the kernel of o, which is a subscheme of codi-
mension 1 in 7. Then the discriminant divisor ® C € is the union of ¢(7y) for all simple

root a. Let T; C Ty, be the open subscheme consisting of points that does not lie in T for
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any 3 # a. Then
U (| aTd)

acdt

is an open subset of € whose complement has codimension 2. It follows from construction that
it is an isomorphism over €. Hence it remains to show that Jg; — Hgf is an isomorphism
when restricted to ¢(T5) for each positive root «.

Let t € T, and we will show that J — HVGV is an isomorphism in an étale neighbourhood
of t. Let G be the centralizer of Ty, in G and € its adjoint quotient. Then the natural
morphism 7, : €g, — € is étale in a neighbourhood of go(t) where ¢o : T — g, is
the natural map. This implies that in an étale neighbourhood of ¢, (t) the group schemes
Hg/ X¢ €q,, and HSGO; are isomorphic.

There is a natural open embedding G™8 N G, C G4 2. Consider the open subset
G’freg L Greg G
o = Xa( NGa)

As t € Ty, one can choose a unipotent element u € Gy such that tu € G™ N G. In

particular, gq(t) € @S‘mg. It is clear that

Ig |greena, = Iglgresna,

This implies that (WZJg)|€aG_reg = (JGa)|€aG_reg.

In summary, the base change of J; and Hg;v to an étale neighbourhood of ¢(t) are
isomorphic to the corresponding groups defined for the group GG,. Note that by assmption,
G is of rank 1 and has semisimple derived group, thus isomorphic to the product of a torus
with either GLo or SLg. So we are finally reduced to the case of GLg and SLg, on which the

isomorphism follows by direct calculation. O
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2.4 Regular centralizer for Vinberg monoid

In this section we let G be an arbitrary connected reductive group over k. Let G*¢ be the
simply-connected cover of its derived group. Then there is a natural adjoint action of G on
Vingse and the action factors through G,q.

Consider the centralizer group scheme Z over Vingse defined by

T ={(g9,7) € G x Vingsc|Ad(g)y = v}

Then Z |Vinre§c is smooth of relative dimension 7. By [Ren88], the fibres of Z over Vings.
G
are maximal tori in G. In particular, I|Vian§sc is commutative. Hence I’Ving};ﬁ is also

commutative.

2.4.1 Open cover of reqular locus

For each w € Cox(W, ), define J% := (e¥)*Z. Then J" is a smooth commutative group

scheme on €4. The morphism

cw:GxCh —>Vin§§c

(g,a) —— ge¥(a)g ™

factors through (G x €4)/J% and induces a quasi-finite morphism

Gw : (G x €4)/TY — Vinge

. _ . . . sc.re o . . . . re . _ .
Since ¢ is an isomorphism over G & it is birational. Since VmG;gC is normal, ¢, is an

open embedding by Zariski Main Theorem.

Denote by VingsC the image of ¢,,, which is an open subscheme of Vingfg. The union

U := UweCox(W,S) Vingsc is a Z5-stable open subset of Vingsgc. By Proposition 2.2.6, it

coincides with VinlgsgC over 0 € €. Hence it equals to Ving}sgc. In other words, the sets
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. . TIe
lec‘ésC form an open cover of VIHG;‘%CZ

Vinge = | Ving (2.4.1)
weCox(W,S)

We generalize Lemma 2.3.1 to Vingsc:

Lemma 2.4.1. There is a unique smooth commutative group scheme J over €1 such that
we have a G-equivariant isomorphism (ng)*j o Z[VianegC. Moreover, this isomorphism

extends uniquely to a homomorphism x*} J — T.

Proof. By the same argument as Lemma 2.3.1, for each w € Cox(W,.S), JY is the unique

commutative smooth group scheme over €4 such that

OGT ) Vingee = Zlvings

Next we show that for any w, w’ € Cox(W, S), the group schemes J% and J v’ are canonically
isomorphic. It suffices to show that they are canonically isomorphic over certain open subset
whose complement has codimension at least 2. From Lemma 2.3.1, we have the isomorphism
over the open subset Cse. Over €8, each fiber of x4 consists of a single Ad(G) orbit by
Lemma 2.2.8. In other words, GG acts transitively on each fibre of x4 over €I. Hence
Vinré:sc - Vinlé’;SC for all w € Cox(W,S). Thus by uniqueness of J% we see that J% and
J w' are isomorphic over Qfljf.

The complement of Q:Gﬁf is the union of the closure of codimension 1 stratas in €. Since
the idempotent ez is regular semisimple and belongs each of the strata closure we see that
on each strata, the regular semisimple locus is nonempty open. Hence the complement of
QGic U €% C €4 has codimension at least 2.

Consequently there is a unique commutative smooth group scheme J over € which
comes with a unique isomorphism (X:_eg)*j =27 |Vin£§§c' We know from Lemma 2.3.1 that

this isomorphism extends uniquely to a homomorphism between x* J and Z over the open
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subset G U\/imgsgC whose complement has codimension at least 2. Hence it extends further

to the whole space Vingsc. O

Proposition 2.4.2. The classifying stack BJ acts naturally on [Vingse /Ad(G)]. The action
preserves the open substacks [Vin%sc/Ad( ), [VlnG JAA(G)] and [Vingsc/Ad(G)] for each

w € Cox(W,S). Moreover, the morphism
XY] - [Vingse/Ad(G)] — €4

induced by x+ is a BJ gerbe, neutralized by the extended Steinberg section €Y .
The proof is the same as [Ng610, Proposition 2.2.1].

Proposition 2.4.3. The number of irreducible components of the fibers of the map
g VmGSC — Cy

is bounded above by |Cox(W,S)| and equality is achieved at N8 = (xfg)_l(()).

Proof. The first statement follows from (2.4.1). The second statement is in Proposition 2.2.6.
[

Remark 2.4.1. Consequently, unless all simple factors of G are SLo, the action of BJ on
[\/'mGSC /Ad(G)] is not transitive. In other words, [VmGSC /G] is not a BJ-gerbe, but rather a
finite union of BJ gerbes as in Proposition 2.4.2. This is different from Lie algebra situation,

cf [Ngo10, Proposition 2.2.1].

2.4.2  Galois description of universal centralizer

Let [] (Tx T_JSFC) be the restriction of scalar which associates to any €-scheme S the set
TE/ey
+

[I (T xT9)(S) = Homg(S x¢, T4, T x T)

Ty/C
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Then W acts diagonally on [[ (7’ x T'+) and we consider its fixed point subscheme
T /ey

The following is proved in [Boul7, Proposition 11].

Proposition 2.4.4. JIY is a smooth commutative group scheme over €. Moreover, there

exists an open embedding J — J* whose restriction to ¢'¥ is an isomorphism.

2.5 Arc space of Vinberg monoid

In this section, we assume that G is semisimple and simply connected.

There is a stratification of the space of nondegenerate arcs of Ag D T,q by T,q(O) orbits:

AcO)NTu(F) = || LMg
ANeX(Taa)+
where LA A is the T,q(O)-orbit of w=wo(A),
This inducs a stratification of the space of nondegenerate arcs of Ving D G4 into G4 (O)-

stable pieces:

Ving(O)NG(F)= || L'Ving
X (Taa)+

where LAVinG is the inverse image of L)‘AG under the abelianization map L™« : Ving(O) —
Aq(O). Also we denote

LMVindy := L'Ving N Vind (O).

Lemma 2.5.1. For any gy € G4(F), we have g € L Ving if and only if a(gy) €
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oW NT (O) and the image of g4 in Guq(F) belongs to

Gaa(0)TGoa(0) = | Gada(0)@"G,q(0).

peXsx (Tad)Jr
HEA

Moreover, g4+ € L)‘VinoG if and only if a(g4) € w_“’O()‘)Tad(O) and the image of g+ in
Goq(F) belongs to the double coset Gog(O)w Gaq(O).

Proof. The coweight lattice for Ty can be expressed as
X(Ty) = {(A1, A2) € Xu(Toa) X Xu(Taa)| A1 + A2 € Xu(T)}

For (A1, X2) € X«(Ty), we have w*:*2) € LA Ving if and only if
o a(wMM2)) e oM 1(O) and
e The matrix pjgi (wr1r2)) e End(V,,,) has entries in O for all 1 < ¢ <.

Since a(@MA2)) = @A the first condition means that A\; = —wg()). Then the second

condition means that

<(_w0()‘)7 )‘2)7 X+> >0

for all 1 <4 < r and all weights x4+ in the G-representation ,0:2.. Since the weights of the
representation pj}i lie in the convex hull of the W-orbit of the highest weight (w;,w;) where

W acts on the second factor, the above inequality is equivalent to
(—wo(A), wi) + (A2, w(w;)) = ((—wo(A), A2), (wi, w(w;))) >0
for all w € W and 1 < i < r. This can be further reformulated as

(A=w(A),w;) >0
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foralwe W and 1 <i<r.

By the discussion so far, we have

NVing Ty (F) = | w=7wMar (o)

HEXx(Taq)
:udomg)‘

where f13om, denotes the unique dominant coweight in the W-orbit of p. As L)‘VinG is stable
under the action of G4 (O) x G4(0), it is a union of G4 (O) double cosets in G4 (F). Thus

by Cartan decomposition we get

NVing= || GOz (0)

neXx(Toa) ™
P

Similarly we can get a description of L)‘Vin%. The difference is that we require furthermore
that pj}i (w(_w()(/\)’/\2)) have nonzero reduction mod w for all 1 <7 < r. Hence besides the
inequality (A — w(A2),w;) > 0 for all w € W and 1 < i < r, we require furthermore that
for each i, there exists w € W such that (A — w(Ay),w;) = 0. This condition means that

implies that A9 is in the W-orbit of A and hence
LMVind, = G4 (0) " NN G (0).

From these description the lemma follows. O]

Lemma 2.5.2. Suppose n > b(\) = max (A w;i — wo(w;)). Then for all v,+' € LMing
SIST

having the same image in Ving(O/w"O), there exists g € G4+ (O) such that ' = vg.

Proof. The following argument is due to Zhiwei Yun. Let ¢ — i* be the involution on the

set {1,...,7r} such that w;* = —wp(w;). For each 1 < i < r, there exists natural pairing
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between V; and Vj+ such that for all x € G4, v € V; and v* € Vjx, we have

(i (2)v, pi(2)v*) = (w; + wir) (alx)) (v, v7).

Thus for each x € G4 (F), under the natural pairing above, the lattice pj’(x)%(@) in V;(F)

is dual to the lattice

(wi + wix)(a(z) )P (9)Vix(0) C Vix(F).

7

For v € L*Ving C Ving(O), we have pj(y)Vi(O) C V;(O) for all 1 < ¢ < r. Taing duals,
we get
Vie(0) € ™ Mt ol (3)Vie (O).

l*

In other words, we have shown that for all 1 <7 <7,
@MV (0) C pf (7)Vi(0) C Vi(O).

Thus if v and 7/ have the same image in Ving(O/@™O) for n > b()), the lattices pj(fy)Vi(O)

and p;(7')V;(O) are the same and hence 7/ = g for some g € G+ (O). O
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CHAPTER 3
KOTTWITZ-VIEHMANN VARIETIES

We fix a connected reductive group G. Let T C G be a maximal torus and A € Xy (7)1 a
dominant coweight. Let v € G™(F') be a regular semisimple element.
We study the following sets associated to the pair (7, A), which we both refer to as

Kottwitz- Viehmann varieties:

X3 ={g € G(F)/G(0)|Ad(9)" ' (7) € G(O)=*G(0)}

X5A = {g € G(F)/G(0)|Ad(9) "1 (7) € G(O)=m*G(0)}

3.1 Nonemptiness

The first immediate question is when the sets X%‘, XVSA are nonempty. To answer this we

need to recall the notion of Newton points and Kottwitz map.

3.1.1 Newton Points

Following [KV12, §4], for each v € G(F)™, one associate a rational dominant coweight

Uy € Xy (T)(S, called the Newton point of .

Definition 3.1.1. The discriminant valuation for v € G(F)™ is defined by

d(7) := valdet(Id —ady : g(F)/gy(F) = 6(F)/g,(F))

where g is the Lie algebra of G' and 7 is the centralizer of «, i.e. the fixed locus of the

adjoint action ad-.
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Lemma 3.1.1. Let v € G(F)"® and vy € A@ its Newton point. Let ¥ € T(F)'™ be a

G(F)-conjugate of v such that val(a(vy)) > 0 for all positive root oe. Then we have

diy) =2 ) val(a(y) = 1) = (2p,v4)

acdt

where we have extended the valuation on F to its separable closure F.

Proof. From the definition we see that
d(7) =Y val(a(y) - 1).

Separate the sum over ® according to whether («, ) = 0 or not, then we get

dy)= Y. valla(y) -1+ > (a,v). (3.1.1)
aced aed
(a,vy)=0 (a,v4)<0

By our assumption that val(a(v)) > 0 for a € T, the first term in (3.1.1) equals to

2 Z val(a(y) — 1) =2 Z val(a(y) — 1)

acdt acdt
(a,vy)=0

while the second term of (3.1.1) equals to
Z (a,vqy) = — Z (a,vy) = =(2p,1y).
acd— acdt

Hence the lemma follows. O]

3.1.2  Kottwitz map

The fundamental group of G is 71 (G) := X« (T)/ X«(T5), the quotient of coweight lattice by

the coroot lattice. Let pg : X«(T') — 71 (G) be the canonical projection. Following [KV12],
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one defines a group homomorphism
ka: G(F) — m1(G)

which we refer to as Kottwitz homomorphism. Note that in loc. cit., this map is denoted

by wg.

Lemma 3.1.2. Suppose that kg(y) = pg(X). Then there exists an element vy € G°¢(F)

such that
e the image of vy in Guq(F) coincides with the image of v in Goq(F);

o a(yy) = w W0ad) e T, (F) N Agse(O) where A\yg € Xo(Tyq) is the image of

A€ X (T)T.
Moreover, 7y is uniquely determined up to multiplication by an element in Zgsc(F).

Proof. Let 7,94 € Guq(F) be the image of 7. Choose any 7 € G%°(F) that maps to 7,q.
Suppose a(7) € whT,q(O) for p € X«(T,q)". By the assumption xg(7) = pg()\), we have
Aad — 1t € X«(T). Let 7y := w?ad~H5 where we view w?ad ™ € T(F) = Z, (F) as a central
element in G5¢(F"). Then we have a(y)) = w~%0(Aad) and the image of 7y in Guq(F) equals

t0 Yaq-

Suppose %\,’yg\ € G%(F) both satisfy the requirement of the Lemma. Then 73\7;1 €

G®(F) and its image in G,q(F) is the identity. Hence 73\7;1 € Zgse(F). O
Now we can state the non-emptiness criterions.

Proposition 3.1.3. The following are equivalent:
1. X2 s nonempty;

v

2. XVS)‘ 1S nonempty;
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3. kg(7) = pa(\) and vy <g A, i.e. A — vy is a Q-linear combinition of simple coroots

with non-negative coefficients;
4. kg(7) = pg(A) and x4 (7)) € €4(O), where v\ € GX(F) is defined in Lemma 3.1.2.

Proof. The implication “(1)=(2)” is tautological. The implication “(1)=(3)” is done in
[KV12, Corollary 3.6].

(3)=(4): Let F'/F be a finite extension of degree e so that v (and hence 7, ) is split in
G(F'). Let @’ = @ be a uniformizer of F' and O’ = k[[']] € F’ be the ring of integers.
Then e - vy € X4(T)4 and 7 is G(F')-conjugate to an element in (’)**7T(O’). From (3)

we deduce that vy is G5¢(F')-conjugate to an element in Ving$(O’). Therefore

X+(n) € €L (O)NEL(F) =€, (0).

(2)=(4): Let g € XVS)‘. Then Ad(g9)~1(v) € G(O)m"G(O) for some p € Xy(T)+ with
i < A. Then we have wg(vy) = pg() = pq(A). In particular we can define the element
Y\ € G%(F) as in Lemma 3.1.2. Then by Lemma 2.5.1 we have Ad(g)"Y(7y) € LMNingse ©
Vingse (O). Thus x4+(7y) € €4+(0).

(4)=(1): Let ay := x+(7)\). So a € €4(O) by condition (4). Then for any Coxeter
element w € Cox(W,S) (cf. Definition 2.2.3), we have €Y (a) € Vin%sc(O). It remains to
show that there exists h € G(F) such that Ad(h) ™ (yy) = €Y (a), for then h € XQ\. To see
this, notice that the transporter from ~ to €{(a) in G is a torsor under the torus G, over
F. Any such torsor is trivial since H!(F, G, ) by a theorem of Steinberg (using the fact that

the residue field k is algebraic closed). Thus the transporter has an F-point h € G(F). O
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3.2 Ind-scheme structure

3.2.1 Fuirst approach

We will equip the sets Xi‘ and XVQ‘ with an ind-scheme structure. We present two ap-
proaches, one based on the original definition, the other using Vinberg monoid.

Let Grg := LG/LTG be the affine Grassmanian for G, which are known to be ind-
projective ind-scheme over k. The positive loop group LTG acts by left multiplication on

Grg. Let (L@)y == LYGw LT G (resp. (LG)<)) be the k-scheme whose set of k-points is

G(OYTG(O) (resp. G(O)m G(O)).

Definition 3.2.1. Let X,i‘ be the k-functor which associates to any k-algebra R the set
X(R) = {g € Grg(R)lg ™19 € (LG)A(R)}.

Also, we define the k-functor XVSA by replacing (LG)y with (LG)<) in the above definition

By definition, XVS)‘ is a closed sub-indscheme of Grg and XW)\ is an open sub-indscheme

of X»YS/\. Let Xﬁ‘ (resp. XWS)‘) be the reduced structure of XVA (resp. XWS)‘).

3.2.2  Second approach

Now we use Vinberg monoids to define certain analogue of affine Springer fibers, which turns
out to be isomorphic to Kottwitz-Viehmann varieties.
Let €4 be the extended Steinberg base for the monoid Vingse. Let a € €4 (O)NEL(F)™
and suppose that
Bla) € @ 0T, (0) € Agee(0) N Toq(F)

where \yq € X« (Tyq) is the image of A € Xi(T'). Moreover, let v € G5(F) be an element

such that y4+(v+) = a.

Definition 3.2.2. The generalized affine Springer fibre Spg -, associates to any k-algebra
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R the set of isomorphism classes of pairs (h, ¢) where h is the horizontal arrow in the following
commutative diagram
Spec R[[w]] —™% [Vingse /Ad(G))]
\ l
s

and ¢ is an isomorphism between the restriction of h to Spec R((w)) and the composition
Spec R((w)) 15 Vingse — [Vingse /Ad(G)].

Also, we define k-functors Sp% vy (resp. Sprc(;g,y +) by replacing Vingse with VinOGSC (resp.

Ving)SgC ).

By definition Spg ,, is a closed sub-indscheme of Grg and Sp]gg,wr C Sp% -, are its

open sub-indschemes. We let Spg . (resp. Sp%, o Splgjg,y +) be the reduced structures of

SPG s (resp. SpOG,%L, Spréjgwr).

The isomorphism class of Spg ,, and Sp%’ v only depends on a = x4 (v4), so we will
also denote them by Sp¢ , and SpOG’ o We will simplify notation as Sp,. , Sp, etc. if the
group G is clear from the context.

Next we relate the two definitions given above. Let (7, A) be as in the beginning of this
chapter. Suppose that the ind-scheme Xi‘ is nonempty. Then by Proposition 3.1.3 we have
kq(7) = pg(A) and a := x4+ (7)) € €4+(O) where vy € G5(F) is defined in Lemma 3.1.2. It

is not hard to see that

X,)y‘ = Spg and X,YS’\ = Sp,-

Conversely, let a € €4 (O) N €L (F)™ and suppose that
Bla) € @ 0N T(0) € Agee(0) N Ty (F)

for some A € Xy(T,q)+. Let 75 € Goq(F') be the image of €{(a) € G(F)N VinOGSC(O)
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under the natural quotient G4 (F) — Goq(F'). Then we have
Spg = X%U and  SpQ = Xi‘gj.

Note that the isomorphism class of X %3‘ and X2, does not depend on the choice of w €
a a

Cox(W, S).

3.3 Symmetries

Assume X%‘ is nonempty. Then by Proposition 3.1.3 we have kg (v) = pg (M) and

@ =X+ (1) € Ce(F) N €4(0).

Let J, be the commutative group scheme over Spec O obtained by pulling back J along
a : Spec O — €4. Since a is generically regular semisimple, there is a canonical isomorphism
LJ, = LG% which allows us to identify the positive loop group L™.J, as a subgroup of LG%.

Consider the quotient group
Py = LJo/L" Jo = LGY /LT Ja.

In other words, P, is the affine Grassmanian of J, classifying isomorphism classes of
Jg-torsors on Spec O with a trivialization of its restriction to Spec F.

The loop group LG,OY acts naturally on X,i‘ and this action factors through FP,. Using
the isomorphism XQ\ >~ SpY. the P, action is induced by the BJ action on [Vgsc JAd(G)]
in Proposition 2.4.2. Moreover, P, preserve the open subspaces Spg e and Sp& for each

w € Cox(W,5).
Proposition 3.3.1. For each w € Cox(W,S), Sp¥ is a torsor under P,.

Proof. This is a consequence of 2.4.2. O]
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Remark 3.3.1. Unlike the Lie algebra case, Spy ¢ may not be a P,-torsor in general. See the

discussion in § 3.9.3.

Let R, be the finite free O-algebra defined by the Cartesian diagram

Xg = Spec Ry —— Ty (3.3.1)

|

Spec O —4—— ¢,

Let RZ be the normalization of R, and )?2 := Spec RZ. Then W acts naturally on the
O-algebras R, and Rz.

Let Jg be the finite type Neron model of J,. Hence Jg is a smooth commutative group
scheme over O such that JE(F) = Ju(F) = Gg(F) and Jg((’)) is the maximal bounded

subgroup of Gg (F).

Lemma 3.3.2. There is a canocical isomorphism

L= (] Txx)W
R /O

Proof. The proof is the same as [Ngo610, Proposition 3.8.2]. ]
Corollary 3.3.3. Lic(P,) = (t®y, (R’ /Ra))W

Proof. The quotient L™ Jg /LT J, is an open subgroup of P,. Hence we have isomorphism of
O modules

LieP, = Lie(L*.J?)/Lie(L J,).

On the other hand, by 2.4.4, we have
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and by 3.3.2,
LieLt.J) = (t&y R)W.

Hence the Corollary follows. O]

3.4 Admissible subsets of loop spaces

In this section we closely follow [GHKRO06, §5].

Let M be a standard Levi subgroup of G and P = M N the standard parabolic subgroup
where N is the unipotent radical of P. Let Z(M)Y be the neutral component of the center of
M. Then Z(M) is a subtorus of T'. Let ®x be the set of roots of Z(M)? acting on N and
CDXI the corresponding set of coroots. For each a € ®py, let N, be the corresponding root
subgroup. Then each N, is isomorphic to a product of several copies of G, and is preserved
by the adjoint action of M. Denote dp; half sum of elements in AYV.

For each a € Ay, denote hty(a) := (dy,a). Let | = max,ecq, hty(a). For each
1 < i <, let N[i] be the subgroup of N generated by root groups N, with hty(a) > i.
Also we denote N[l + 1] = 1. Then N[1] = N and for each 1 <i < s+ 1, N[i] is a normal
subgroup of N and the successive quotients N (i) := N[i]/N[i + 1] are commutative groups
isomorphic to products of some copies of G,. Let LN and LTN be the loop space and arc
space of N. For each integer n > 0, let Ny, := ker(LT™N — L;7N). Then {Ny,},>0 form a
decreasing sequence of compact open subgroups of LIN.

For each v € M(F)NG(F)™, consider the map

fy: LN ——— LN (3.4.1)

U — u_lfywy_l

Then fy preserves the root subgroups N, and hence each normal subgroup N[i]. In partic-
ular, f- induces morphism f+[i] : LN[i] = LN[i] and fy(i) : LN (i) — LN (3).

For each 1 < i < [, denote 7; := valdet(fy(i)). Note that there is a M-equivariant
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isomorphism N (i) = LieN (i) from which we see that
r; = valdet(ady : LieN (i)(F) — LieN (i)(F)).
Consider the following invariant of ~:
rn(7) := valdet(ad, : LieN(F) — LieN(F)) (3.4.2)

Then we also have ry () = Zé:l T

Now assume that v € M(F)y, we have fy(Up) C Uy for all n > 0.

Let fo: LTN — LTN be the restriction of f~ to the arc space LTN.

+1

Lemma 3.4.1. For any 1 < i <[+ 1 and any positive integer n such that n > Z rj we
have Nil, C fo(LTNIi]). .
Proof. We prove by desending induction on i. The case i = [+ 1 is trivial since N[+ 1] = 1.
Assume the statement is true for i + 1. Let « € Nli],. To show that z € f,(LTN[i]) it
suffices to find u € N[i](O) with % u = 1, for then fy(u™!) = a.

Let x; € N(i)n be the image of x. Since valdet(f~(i)) = r;, we have @i N(i)(O) C
fy (i) (N (i)(O)). Hence there exists u; € Nli]p—p, such that z; * u; = 1 in N(i)(O) and
hence x * u; € N[i+ 1], ;. By induction hypothesis, there exists v € N[i 4 1](O) such that

(x *u;) *v=1. Then u = u;v satisfies x * u = 1. O]

A subset of LT N is admissible if it is the pre-image of a locally closed subset of L}t N
for some n. A subset Z of LN is admissible of it is conjugate under G(F’) to an admissible

subset of LTN.

Lemma 3.4.2. Let V be an admissible subset of L™ N. Let n > rn(Y) be a positive integer
such that V is right invariant under Ny. Suppose moreover that V. C fo(LTN). Then the

set fal(V) is admissible and right invariant under Ny. Moreover, fo induces a smooth

40



surjective map

f(;1<v)/Nn — V/Np,
whose fibers are isomorphic to ATN(Y),

Proof. Let fo: LN — L." N be the map induced by fj. Since V' is right invariant under Ny,
a straightforward calculation shows that f, 1(V) is also right invariant under N,. Denote
V := V/U,. Then we have fo_l(V)/Un = fo_l(V), a locally closed subset of L' N. In
particular, fy L(V) is admissible. Since V' C fo(LTN), the induced map Iy V) = Vis
surjective and it remains to show that it is smooth with fibers isomorphic to ATO),

Denote H := L/ N, H[i] := L7 (NJi]) and H(i) := L} (N(i)). Then for each 1 <1i < [+1,
HJi] is a normal subgroup of H and H[i|/H[i + 1] = H(i). For each 1 < j < n, we define
a normal subgroup H; := ker(H — LjN ) of H; and similarly we define normal subgroups
H[i]; (vesp. H({i); = @I H{i)) of H[i] (resp. H(i)).

Consider the right action of H on itself defined by v*u := v foyuy ™! for u,v € H(k) =
N(O/w"O). Then fo(u) = 1 * u and hence fy is the orbit map at 1 of the H-action. In
particular, all fibres of f are isomorphic to the stabilizer S := f_o_ 1(1).

Now we take a closer look at the structure of the stabilizer S. First note that the action
« induces actions of H[i] and H (i) on themselves. Let S[i] (resp. S(i)) be the stabilizer of
1 under the H[i| (resp. H(i)) action.

We claim that for all ¢, the canonical homomorphism S[i] — S(i) is surjective. Let

s € S(i) and choose a representative h € H[i] of s. Since

S(i) = ker(fo(i)) C @" " H (i)

we have h € Hlilp—pr, and 1 x h € H[i]p—p, N H[i + 1] = H[i + 1]p—y;. By assumption
n—r; > Z‘Z;LFI rj, then we can apply Lemma 3.4.1 to obtain an element &’ € H[i+ 1] such
that 1% (hh') = 1. Thus hh' € S[i] maps to s € S(i) and the claim follows.
The kernal of the surjective homomorphism S[i] — S(i) is S[i] N H[i + 1] = S[i + 1].
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Moreover, we have
S(i) = (fo(i)) " (=" N(@)) /=" N (i) = A"
From this we see that § =2 A"V as a scheme. O
The proof of the following lemma is inspired by [KV12, Lemma 3.8].
Lemma 3.4.3. For any n > ry(7), we have fv_l(Nn) C N, (9)-

n—rn

Proof. Let uw € N(F) with f~(u) € Ny. We will show by induction that

u € N[i|(F)- N,

”*Zja‘ rj*

The case ¢ = 1 says u € N[1|(F) = N(F) which is clear and the case i = s+ 1 gives the
lemma since Y ;_yr; =ry(y) and N[s+1] = 1.
It remains to finish the induction step. By induction hypothesis we have u = u;v with

u; € N[i](F) and v € N”*Zj@‘ r;- By assumption,

Fy(w) = fy(ui) = o™t i by ™oy e Ny
from which it follows that

-1 — . -1 -1 .
u; YUYy Le NE(F)nv-Ny- (w1 ¢ N[z]n_zjd r;

Let u; € N (i) be the image of u;. Then we have

Fy (i) (ui) € N{iyp s

j<iTj

Since valdet( fy(i)) = r;, we get that @; € N (1) and hence

”_Zj<i+1 rj

U = UV € N[Z + 1](F> ’ Nn—2j<i+1 rj
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This finishes the induction step. O]

Proposition 3.4.4. Let Z be an admissible subset of the loop space LN. Then f;l(Z) 18
admissible and there exists a positive integer m such that for all n > m, fﬁy_l(Z) and Z are

right invariant under the group Ny and the map
£ H2) /N — Z/Ny,

induced by fv is smooth surjective whose geometric fibers are irreducible of dimension ry (7).

Proof. Let ng > r(7) be a positive integer. Choose a coweight i € X4 (Z(M)Y) such that
ZH0 = Ad(wh0)(Z) C Ny,.
Then by Lemma 3.4.3 we have

fy_l(ZMO) - f'y_l(Nno) CN 7) CL'N

nog—r

Hence in particular

Ad(@"0)(f51(2)) = fy1(210) = fy ' (2)

Moreover, since ZH0 is an admissible subset of LY N, f° 1(ZM0) is an admissible subset of
LTN by Lemma 3.4.2. This shows that f,y_l(Z) is admissible.

Let n1 > ng be a positive integer such that Z#0 and f,° L(z10) are invariant under right
multiplication by Ny, . For all n > nq, since the map f, commutes with conjugation by w0,
Z and fy 1(Z) are right invariant under the group Ny, ** := w™H0N,,w"0. Then we get the

following commutative diagram

1 2) /N1 —— Z/ N MO

f71(210) /Ny —— ZH0 N,
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where the horizontal arrows are induced by fy and the vertical arrows are isomorphisms
induced by Ad(w0).

By Lemma 3.4.1, ZH0 C Ny, C fW(LJrN). Therefore we can apply Lemma 3.4.2 to
conclude that the lower horizontal map is surjective smooth whose fibers are isomorphic to
A" (). Hence the same is true for the upper horizontal map.

Let m be a positie integer such that for all n > m, N, D N;/”LO for some n' > nj.

Consider the following diagram

f;l(Z)/N;’“LO . Z/N;MO

| |

FU2) /Ny ——— Z/Ny,

The two vertical maps are smooth surjective with fibers isomorphic to the irreducible scheme
Un/ UT:,“ 9 and the upper horizontal map is smooth surjective with fibers isomorphic to A"~ (7)
as we have just seen. Hence the lower horizontal map is smooth surjective with irreducible

fibers of dimension 7y (7). O

3.5 The case of unramified conjugacy class

In this section we assume that v € G(F)™ is an unramified regular semisimple element.
Since the residue field k is algebraically closed, after conjugation we may assume that v €
whT(O)NG™(F), where it = v € X4(T)+ is the Newton points of 7. In this case, we have

GO

5 =T. By Lemma 3.1.1 the discriminant valuation for v is

d(y) =2 ) val(a(y) = 1) = (2p, ).

acdt
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We will apply the results in previous section to the case N = U is a maximal unipotent

subgroup. In this case, the corresponding invariant for ~ is

r) = rp() = 3 valla(s) — 1) = 5d(x) + (o). (351)
aedt

Fix a dominant coweight A € Ay such that u < A. By Proposition 3.1.3, this implies that

X é‘ is nonempty.

3.5.1 Relation with MV-cycles

Let YV)\ be the locally closed sub-indscheme of Xﬁ‘ whose set of k-points is

Y (k) = {u € UF)/U(O)|Ad(u) 1y € G(O)=*G(0)}

To understand the structure of YW)\’ we use the map fy : LU — LU (cf. (3.4.1)). In the

following, we denote K := LTG. Then we have
V) = (KK # 0 LU)/LTU
Recall the Mirkovic-Vilonen cycles in the affine Grassmanian:
S, NGry = (LUw'K N Ko K) /K
From this description we get an isomorphism

(LU N Ko Ko™ H) Jolt LT Uw™* —— S, N Gry, (3.5.2)

U uzoh
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In summary, we have the following diagram

U Kw Ko #n LU) D ke Ko h O LU

| |

V) Su N Gr)y

where the left vertical arrow is an LT U-torsor and the right vertical arrow is a torsor under
the group whLTUw H.

Theorem 3.5.1. YVA is an equi-dimensional quasi-projective variety of dimension (p, \) +
%d(v), where d(v) is the discriminant valuation, cf. Definition 3.1.1. Moreover, the number

of irreducible components of YV/\ equals to my,, the dimension of p-weight space in the

wrreducible representation Vy of G with highest weight .

Proof. Apply Proposition 3.4.4 to the admissible subset Z = Kw*Kw *N LU of LU, we

see that there exists a large enough positive integer n such that in the following diagram

fFHUK@ Ko™ 0 LU) /Uy h, (Ko Kw "N LU) /Uy,

| |

1. All schemes are of finite type;

2. The map fy induced by fy is smooth surjective whose geometric fibers are irreducible

of dimension 7 (), where we recall that r(7y) is defined in (3.5.1);
3. U, is contained in wh L Uw *, hence also LTU;

4. The left vertical map is smooth surjective with fibers isomorphic to the irreducible

scheme LTU/Uy;

5. The right vertical map is smooth with fibers isomorphic to the irreducible scheme

ol LT Uw™ /U,
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Since YV)\ is of finite type, it is a locally closed subscheme of a closed Schubert variety. In
particular, YV)\ is quasi-projective since closed Schubert varieties are projective.
Recall that the MV-cycle S, N Gr) is equidimensional of dimension (p, A + ). Hence by

(2)-(5) we see that YV)\ is equidimensional of dimension

dim Y3 = dim(8), N Gry) + dim U (O)e™# /Uy + r(7) — dim U (0) /Uy (3.5.3)

= (P, A+ p) — 2p, ) +7(7) = (p, \) + %d(’v)

Moreover, by [Stal7, Tag 037A] the 3 maps in the diagram above induces a canonical

bijections between set of irreducible components

Irr(Yv)‘) = Irr(S), N Gry).

Hence the number of irreducible components of Yv/\ equals to the number of irreducible

components of the MV-cycle 5, N Gry, which is known to be m),,. O]

Corollary 3.5.2. Suppose v € G(F)™ is unramified (or split) and v = p € X«(T) 4, then

X,i‘ s a scheme locally of finite type, equidimensional of dimension
. A 1
dim X’y = (p,\) + §d<7)'

Moreover, the number of GQ(F)—orbits on its set of irreducible component Irr(Xé) equals to
m)\u.

Proof. There is a natural morphism

Y x Xo(T) — X2

(u,v) ——— uw”

which induces bijection on k-points and a stratification of Xé‘ such that each strata is iso-

morphic to Y,;‘. Thus Xé‘ is a scheme locally of finite type and the assertions about equidi-
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mensionality and dimension formula follows from the corresponding statements for YW)\'
The LGg action on the set Irr(Xﬁ‘) factors through WO(LGQ) = X (T') and hence LG-
orbits on Irr(Xé‘) corresponds bijectively to the set Irr(YW/\). Thus the number of orbits

equals to the weight multiplicity my,. O]

3.6 Finiteness of Kottwitz-Viehmann varieties

In this section we let v € G(F)™ be any regular semisimple element and A € A™. Assume
without loss of generality that Xé‘ is nonempty and det(y) = det(w>‘). Then we get an
element vy € Viné(F ) as in Lemma 3.1.2. Moreover, the Newton point of y satisfies vy, <g A
and x(7v) € €<) by Proposition 3.1.3.

We show in this section that X2

s a’priori an ind-scheme, is actually a scheme locally of

finite type. This has already been proved for unramified conjugacy classes in Corollary 3.5.2.
It remains to reduce the general case to the unramified case. This reduction step is completely
analogous to the Lie algebra case. For the reader’s convenience, we include the details,
following the exposition in [Yunl5, §2.5]. See also [Boulbal.

Let F’/F be a finite extension of degree e so that v splits over . Let @’ = wlle e F!
be a uniformizer and O’ = k[[=’]] the ring of integers in F’. Let o be a generator of the
cyclic group Gal(F'/F)

Choose h € G(F') such that Ad(h)GY = T. Then ho(h)~! € Ng(T)(F') and we let
w € W be its image.

Consider the embedding

by i A= X (T) ——— G (F)

1

pr——— Ad(h) ot

Let Ay =15 L(G4(F)). Tt follows immediately that Ay C A where A is the fixed point set

of w on A. Moreover, A can be identified with the coweight lattice of the maximal F-split
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subtorus of Gi. In particular, (Ay)g = (A")g so that Ay, C A" is a subgroup of finite index.

Proposition 3.6.1. There exists a closed subscheme Z C Xﬁ‘ which s projective over k

such that Xi‘ = Ug€A7€ - Z. Here { € Ay acts on Xi‘ via the embedding v~ .

Proof. We reprase the argument in [Yunlb, §2.5.7]. Let )??‘ be the generalized affine
Springer fiber of coweight e for v in GrGF/, the affine Grassmanian of G . Then o acts
naturally on )?gA and the fixed points sub-indscheme ()?s)‘)a contains X§\ (but they are not
equal in general). Let o/ = hyh™! € T(F’) and X'f;,)‘ the corresponding generalized affine
Springer fiber in Grg . Then

X3 =h- X5

By Theorem 3.5.1, there is a locally closed subscheme 57,;3,)‘ of )?s,)‘ such that
X = Upenl - Y5

Let Z be the closure of h_l}?e,)‘ in )?f;)‘. Then Z is projective over k and X’}?‘ = Upenl - Z.
Recall that w € W is represented by ho(h)~!. One can check that o(Z) = Z and more

generally o(£ - Z) = w(l) - Z for all £ € A.Consequently,
(X7 = Upepuwl - Z = Ugep L+ (C - Z)

where ' C A" is a finite set of representatives of the quotient A" /A,. Hence, C' - Zis a
finite type scheme.
Finally let Z := (C - Z) N XQ\‘ Then Z is a finite type subscheme of X&‘. Hence Z is

projective over £ and X%‘ = Urenl- Z. []

As a consequence, we immediately get:

Theorem 3.6.2. The ind-scheme Xé‘ 1s a finite dimensional k-scheme, locally of finite
type. Moreover, the lattice A acts freely on X%‘ and the quotient Xé‘/Afy 15 representable by

a proper algebraic space over k.
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3.7 Dimension of the regular locus

Recall that the regular locus Xé’reg is an open subscheme of X,>y‘ on which the action of

P, = LG% /LT Jg is free (but not necessarily transitive).

Theorem 3.7.1.

d(vy) —c(v)

dim P, = dim X278 = (p, ) + 5

where

o d(7) := val(det(ld —ad(7) : g(F)/gy(F) = g(F)/gy(F))).

e () :=rank(G) — rankpG-,, where rankpG.y is the dimension of the mazimal F'-split

subtorus of G.
Moreover, X(Y\’reg 18 equidimensional.

Proof. The first equality follows from the fact that the P,-orbits in Xé‘ ® are open and the
action is free.

When 7 is unramified (hence split as k is algebraically closed), the second equality follows
from Corollary 3.5.2. It remains to reduce to this case. The argument is similar to that of
Bezrukavnikov’s in Lie algebra case, cf. [Bez96], which we reformulate using the Galois
description of universal centralizer.

Let A be the finite free O-algebra defined by the Cartesian diagram (3.3.1) and A° the
normalization of A. Then W acts naturally on the O-algebras A and A’ and by 3.3.3, we
get

dim Py = dimy (t @ (A°/ANV.

Let F'/F be a ramified extension of degree e, with ring of integers O = k[[w%]], such that ~y
is split over F. Let o be a generater of the cyclic group I' := Gal(F'/F). Let A == A®p O

and A its normalization. We remark that A” is not the same as A” ®o O in general. Let
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Po = LG, pr/ Lt Jy, - Then by the dimension formula in split case, we have
. AW A 1
dimp(t®, A”/A)" =dim P, = (p,e)) + 5€" d(7).

As v split over O, we have
A >~ OW] = O &y, k[W]

as W-module. Here W acts on O[W] via right regular representation. Moreover, there exists
an element wy € W of order e such that under the above isomorphism, the natural action
of ¢ € T on A” becomes o @ lw., where [y, denotes the left regular action of w,y on k[W].
In particular, the action of W and I' commutes with each other. With these considerations,

we obtain an isomorphism

(teo, AW ~2tw, 0

which intertwines the action of o € I" on the left hand side with the action of w ® o on the
right hand side.

Moreover, we have an equality
(top A =tg, A

which remains true after taking W-invariants since the I" action commutes with W action.
In particular, we have

M = (t®;, O)F = (te;, AW
Moreover, it is clear that from the definition of W action that

(top AW = (te, AV @ O.
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Thus we get

dim Py = dimy,(t @y A’/A)W = %dimk(t o (A°/4) 80 O)W = L dimy <(M 5 )

& t®k[1)W
B 1 1 . t®k@
= (o0 + 2 — L dim, (M®O @)

(37.1)

Since the element wy € W has order e, its eigenvalues are e-th roots of unit. Let ¢ be a
primitive e-th root of unit and t(¢) the subspace of t on which w, acts via the scalar ¢ . In

particular, £(0) = t"7 is the w, invariant subspace. Then we have

|
—

e .
M= (to, O = Pti)®pw e

7

Il
o

The existence of a WW-invariant nondegenerate symmetric bilinear form on t gaurantees that

dimy, t(i) = dimy, t(e — @), from this we obtain that
dimy, <—~) = e(dimy, t — dimy, t“7) = e - ¢(v)
Combined with (3.7.1), we obtain
. 1
dim Pq = {p, A) + 5 (d(7) = c(v)).
Finally, Xi‘ T is equidimensional since it is a finite union of Pg-torsors. O]

3.7.1 Some 0-dimensional generalized affine Springer fibers

Suppose X ﬁ‘ is nonempty. Then there exists vy € G5 satisfying the conclusion of Lemma 3.1.2.

Let a := x+(7)) € €£(O)N QrSiC(F ). Recall the extended discriminant divisor ©®4 C €4
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defined in § 2.2.2. We define the extended discriminant valuation to be
d+(a) :==val(a*D4) € Z

From equation (3.1.1) we get

dy(a) =2 -val(p(a(vy))) +d(v)
= (2p,A) +d(7)

= > val(a(y) = 1)+ (20, A —v,)
acd
(a,v4)=0

(3.7.2)

Proposition 3.7.2. Suppose di(a) = 0. Then ~ is split and dimXi‘ = 0. Moreover,

Xi‘ = X(Y\’reg and it is a torsor under P,.

Proof. The assumption d4 (a) = 0 implies that a € €'¥(O). Let X, = Spec Ry be defined by
the Cartesian diagram
Xy ——T5

|

Spec O —— €4

By Proposition 2.2.9, )f(va is an étale cover Spec O which must be trivial since the residue
field k is algebraically closed. Then we see that vy € T4 (F) is split and hence v € T'(F) is
split.

Since X,)y‘ is nonempty, we have vy <@ A and hence the terms on the right hand side of
(3.7.2) are non-negative. In particular, d4 (a) = 0 implies that vy = A. Thus the proposition

follows from Corollary 3.5.2. [
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3.8 The case of central coweight

In this section we deal with the case where A € X, (T4 is a central coweight, i.e. (A\,a) =0
for all roots a. Then A € X.(Z") where ZV is the maximal torus in the center of G.
Consequently we have Xﬁ‘ = X;*/\'y‘ Hence the essential case is when A = 0 and the

corresponding Kottwitz-Viehmann variety becomes
Xy = {g € G(F)/G(O)|Ad(9) "1y € G(O)}.

We first do some routine reductions. Let P = M N be a standard parabolic subgroup with
standard Levi M and unipotent radical N. For v € M(O)NG™(F) C M(O) N M"™(F),
we consider the Kottwitz-Viehmann variety X (resp. X,]yw ) defined for the groups G (resp.
M). We have the discriminant valuation d(v) (resp. dps(7y)) defined for G (resp. M). The

two discriminant valuations are related by

d(y) = dp(v) +2ry(v) (3.8.1)

where rp(7) is defined in (3.4.2).

Proposition 3.8.1. With notation as above, we have

dg(v) —du ()
2

dim X, = dim X +

Proof. Let P = M N be the standard parabolic subgroup with Levi factor is M and unipotent
radical N. The connected components of Gry; and Grp both corresponds bijectively to
m1(M), the quotient of X4 (7T") by the coroot lattice of M. The canonical map Grp — Grg
induces bijection on k-points by generalized Iwasawa decomposition. For each A € w1 (M),
let X \ be the intersection of X, and the connected component of Grp corresponding to

A. Similarly, let X é\/& be the intersection of X%W with the connected component of Grj,
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corresponding to A. Then there is a canonical morphism
M . M

It suffices to show that the fibres of this map have dimension (7).
Let h e X%. Then vy, := h™!yh € M(O) and we consider the fibre Y}, := (pA7)~1(h).

Its set of k points is
Yy, (k) = {u € N(F)/N(O)|u"'yu € G(O)}
In other words, we have
Yy, = £, (N(0))/N(0)
where fy, : N(F) — N(F) is defined by f,(u) = u_lfyhu'ygl. Apply Proposition 3.4.4 to

the admissible set Z = N(O) we see that Y}, is an irreducible affine space of dimension

dimYy, = ry(yy) = rv(7)

and hence we conclude by (3.8.1). O

Corollary 3.8.2. Let A € X«(T) be a central coweight and v € G(F)™. Then
: AL

Proof. We first assume that v € G(O) is topologically unipotent mod center. In other
words, the reduction mod w of v is unipotent mod center. After multiplying by an element
in Z(0O), we may assume that v € G*¢(0) is topologically unipotent. Then when G = G5 the
argument of [KL88, §4] and [Ng610, Proposition 3.7.1] generalize verbatim to our situation
and proves dim X};eg = dim X, and hence the dimension formula in this situation. More

generally, we argue as in [Tsal6, Lemma 4.1] to reduce to the case G = G*.
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It remains to reduce to the case where v is topologicallly unipotent mod center. After
multiplying v € G(O) by an element in Z(O) we may assume that v € G®(0O). Then G
is a maximal torus in G and v € Gy(F) N G(O). Let S be the maximal split subtorus in
the centralizer G. After conjugation we may assume that S C T. Let M = Cg(S) be
the centralizer of S in G. Then M is a standard Levi subgroup of G and v € M(O). Let
aprr = xym(y) € €ur(0). Then the pullback of T along ayy : SpecO — € is a totally
ramified cover of Spec O and we deduce that « is topologically unipotent mod center in

M(O). Thus the result follows from the case already proved and Proposition 3.8.1. n

3.9 Irreducible components

3.9.1 Stratification on dominant coweight cone

Let A == Xi(T) and Ag := A ®z7 Q. Let D C Ag be the positive coroot cone. In other
words, D consists of QQ-linear combinations of simple coroots with non-negative coefficients.

For A € AT, we define the dominant coweight polytope to be:
Py :=Ag N Conv(W - A) = A§ N (A D).

where Conv(W - ) denotes the convex hull of the W-orbit of A.

Lemma 3.9.1. For each A\, \s € AT with kg(M\) = kg(\2), there exists u € At such that
<A, < A9 and
(Al—D)ﬂ()\Q—D):,u—D.

In particular, we have Py, NPy, =P.

Proof. Since kg(A1) = kg (A2), the difference A1 — Ao lies in the coroot lattice. There exists

a partition of the set of simple coroots AY = Ai/ L Ag such that

Al — Ay =1 — B2
56



where (3; is a non-negative integral linear combinations of simple coroots in Az\'/ fori € {1,2}.
Let A = A1 U Ay be the corresponding partion of the set of simple roots. Consider the
coweight 1 := A1 — 81 = A9 — fB2. Then clearly p < A1 and p < Ag.

We claim that @ € AT. Take any simple root o € Aj. Since B9 is positive linear
combination of coroots in A9, we have (a, 33) < 0 and hence (u, ) = (Ao — o, ) > 0.
Similarly, using 1 = A\ — f1, we see that for all & € Ag, (i, &) > 0. Thus we conclude that
we A

It is clear that 4 — D C (A; — D) N (A2 — D). Now we prove the reverse inclusion. Let
v € (A\—D)N(Aa—D). Then fori € {1,2}, \;—v € D is a non-negative Q-linear combination
of simple coroots and we need to show that © —v € D. For any fundamental weight w, there
exists ¢ € {1,2} so that w is orthogonal to all coroots in A;/. Without loss of generality

assume ¢ = 1, then we have
<M_V7w> - </\1 _ﬁl _V7w> - <>\1 _V7w> Z 0.

This means that v <g y, or v € (1 — D). Therefore we have shown that 1 —D = (A\; —D) N
(Ao — D).

Finally, taking intersection with A, we get Py, NPy, =Pu. O

For each A € AT, define
PS:=P,— |J Pu (3.9.1)

peAT,
B<A

Corollary 3.9.2. For any A1, \g € A with A\ # Ao, we have Pf’\l N PS’\Q = @. In particular,

we get a well-defined stratification
{v € Aflpa.ov) € Xu(Gu) C m(G)g} = | ] P

Proof. If det(w>‘1) =+ det(w>‘2), it is clear that Py, and P, are disjoint. Suppose det(w)‘l) =+
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det(w)‘2). Then by Lemma 3.9.1, there exists i € AT such that g < A1, u < A9 and
Pg\l N Pi2 - P)\l N P)\2 = PM‘
But by (3.9.1), we have PuﬂPii = @ since p < \; for i € {1,2}. Therefore PilﬂP§\2 =o. O

3.9.2  Stratification on extended Steinberg base

To get a conceptually simpler formulation of the conjecture on irreducible components, we
introduce a stratification on €4 (O) N Cse.

Recall that €4 = Agsc x A”. Consider the strata
Q:f\,_ = win(A&d)Tad(O) x O" C €4(0)

where A\yq € X«(T,q)+ is the image of A.

For each p € AT such that ;1 < A, we have an embedding
iy € et
defined by the formula

ign(at, .. ar,by, . by) =

(wl—woA=men g, - lmwoA=plar) g o (=wolA=p)wi)yy ol mwoA—m)wr)p

1y« --

(3.9.2)

Note that we need to choose a uniformiser to define the embedding i, but its image does

not depend on this choice.

Proposition 3.9.3. For any A\, i1, s € AT with pg < X and pg < N, there exists g € AT
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such that pusg < p1, pusy < po and
G A (€)M (€2) = 10 (€0).
Proof. By Lemma 3.9.1, there exists u3 € A1 such that
(1 —=D)N(p2—D)=p3—-D (3.9.3)
To prove the proposition, it suffices to show that
i#lA(Cil) a Z'M/\(@f) - iusA(Qi?))

Let ¢ be the involution on the set {1,...,7} such that w,(;) = —wo(w;) for all 1 < <r. For
each ¢ = (c1,...,¢r) € O, let a; := val(c,(;))-

Suppose that w(~wo(Xad) ) € imx\(@il) N iM)\(Q:lf), then we get
a; > (AN —pp,w;) and a; > (A — po,w;) forall 1 <i<r (3.9.4)

and we need to show that a; > (A — u3,w;) for all 1 <i <.
Let pf == > i_1{u1,w;)e and define i, pih. Then we have pif, i, iy € Aar. Consider
the coweight v := Y7 ((\,w;) — a;)e) € Ag. By (3.9.3) and (3.9.4) we have

v € (phy — D) N (sy — D) = i — D,

This implies that

(N wi) —a; = (v,wi) < (uz,wi) = (p3,w;)

which is what we want. O
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For any A\, u € A* with g < ), define

A . .

=i (@) - | (@) (3.9.5)
V€A+
v<p

Corollary 3.9.4. For any \, i1, o € A+ with py # X and pg < A\, we have Qﬁi‘r’” NCLAug =

. In particular, we get well-defined stratifications

A A
= || & epF)ne 0= [|
peAy AHEAL
HEA <A

Proof. The argument is similar to the proof of Corollary 3.9.2, using Proposition 3.9.3 instead
of Lemma 3.9.1. O

The following lemma relates the stratas (3.9.5) the stratas (3.9.1).

Lemma 3.9.5. For any A\ € AT and v € G(F)™ with vy <g A, there ezists a unique
dominant integral coweight p € Ay with p < X that satisfies any (hence all) of the following

equivalent conditions:
1. p € Ay is a minimal dominant integral coweight such that vy <q p;
2. vy €P, f. (3.9.1);
3. x+(7y) € Q:)J‘FM, cf. (3.9.5).

Proof. The equivalence between (1) and (2) folows from the definition of P,,. The equivalence
of (1) and (3) follows from Proposition 3.1.3.

Finally, the uniqueness of u follows from Lemma 3.9.1 or Proposition 3.9.3. O]
Now we state our conjecture on irreducible components of X?‘:

Conjecture 3.9.1. Let A € AT and v € G(F)™ with vy <@ A Let p € Ay be the

“best integral approximation” of v, i.e. the unique dominant coweight that satisfies the
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equivalent conditions in Lemma 3.9.5. Then the number of GQY(F )-orbits on Irr(Xé‘) equals

to the weight multiplicity my,.

By Corollary 3.5.2, this conjecture is true when 7 is an unramified conjugacy class.

Remark 3.9.1. For irreducible components of affine Deligne-Lusztig varieties, there is a simi-
lar conjecture made by Chen-Zhu, see the discussion in [HV17] and [XZ17]. In their setting,
they also approximate Newton points of twisted conjugacy classes by integral coweight. How-
ever, the “best integral approximation” as defined in [HV17] is the largest integral coweight
dominated by the Newton point. Whereas in the formulation of Conjecture 3.9.1, we use
the smallest integral coweight dominating the Newton point. Simple examples suggest that
these two integral approximations are very likely in the same Weyl group orbit, so we expect

the two weight multiplicities to be the same.

3.9.3 Components of the reqular locus

The Gg(F )-orbits on Irr(X(Y\ '%8) corresponds bijectively to Gg(F ) orbits on Xﬁy\ T8 which are
precisely the Py-orbits of maximal dimension on Spg = X,i,‘. We know from Proposition 3.3.1
that these are the varieties Xi"w = Spy for w € Cox(W,S).

However, for two different w,w’ € Cox(W,S), Xi"w

and X§\ ' might coincide. For
example, in the case A = 0 and v € G(0O), all Xi"w coincide (hence equal to Xi"reg). So in
this particular case Xi‘ T is the unique Pg-orbit of maximal dimension. In general, we know
from (2.4.1) that the number of GQ(F ) orbits in X?y‘ ®8 is bounded above by the Cardinality

of Cox(W,S). We will see that in many situations, this upper bound can be achieved (in

other words Xfy\ " are mutually disjoint).

Theorem 3.9.6. Let A € AT and v € G(F)"™ with v, <g A Letp € AT be the “best integral

approzimation” of the Newton point v as in Lemma 3.9.5. Then we have an inequality

{GY(F) orbits on X3"8}| < [Cox(W, S))|
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where Cox(W, S) is the set of S-Coxeter elements defined in Definition 2.2.3. Moreover,
when X lies in the interior of the Weyl chamber and X\ — p lies in the interior of the positive

coroot cone, the equality is achieved.

Proof. It remains to show the last statement. Suppose A lies in the interior of the Weyl
chamber and A — p lies in the interior of the dominant coroot cone. Consider the following
Cartesian diagram

X_T_l ((I) —_— VinGsc

| lx+

SpecO 24— ¢,

For ¢ € G(F) such that ¢G(O) € X?’reg, let Ad(g)~1v be the reduction mod @ of
Ad(g)~ 1y € VinIg;gC(O). The condition that A lies in the interior of the Weyl chamber
means that (A, ;) > 0 for all simple roots «;. Hence the special fiber of Xjrl(a) lies in the
asymptotic semigroup As(G5¢) := a~1(0) and in particular Ad(g)~1y € As(G®¢) N VianeSgC.

Furthermore, the assumption that A — p lies in the interior of the positive coroot cone
implies that (A — p,w;) > 0 for all fundamental weight w;. Therefore the reduction mod w
of a equals to 0 and the special fiber of Xll(a) is the nilpotent cone A/. In particular, we
get Ad(g)~ 1y € N8,

Consequently there is a bijection between Gg(F ) orbits on Xfy\ " and G orbits on N8,

the latter of which corresponds bijectively to Cox(W,S) by Proposition 2.2.6. O

As an immediate consequence, we mention the following purely combinatorial result,

which might be of independant interest:

Corollary 3.9.7. Let A > u be dominant weights of a complex reductive group G. Suppose
that A lies in the interior of the Weyl chamber and \— i lies in the interior of the positive root

cone (the “wide cone”). Then we have the following lower bound for the weight multiplicity

myy, = |Cox(W, 5)]
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where the set Cox(W,S) is defined in §2.2.3.

Proof. We consider the dual group GV of G over k. Then A > ;1 are dominant coweights for
GV. Let TV C GV be a maximal torus and v € @wHTY(0O) N GY(F)*. Then the generalized
affine Springer fibre X,)y‘ is nonempty and by Corollary 3.5.2, the number of G>y/ ’O(F )-orbits on
Irr(Xé‘) equals to my,. On the other hand, by Theorem 3.9.6, the number of G%,/’O(F)—orbits

on Irr(X(Y\ "¢8) equals to |Cox(TW, S)|, hence the inequality. O

Remark 3.9.2. If G,q is simple of rank 7, then |Cox(W, S)| = 2"~1. In general, if the simple

factors of G,q has rank rq,..., 7y, then
m
Cox(W, 8) = [ 2"
=1
We expect that there should be a more straightforward proof of Corollary 3.9.7.

Remark 3.9.3. In general, the weight multiplicity m),, will increase with A while the right
hand side in Corollary 3.9.7 is a fixed constant independant of A, u. Thus in general there

will be much more irreducible components in Xé‘ than the regular open subvariety Xi‘ o8
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CHAPTER 4
THE HITCHIN-FRENKEL-NGO FIBRATION

In this chapter we study global analogue of Kottwitz-Viehmann varieties, the Hitchin-
Frenkel-Ngo fibration. These are certain group analogue of Hitchin fibrations, first intro-
duced in [FN11] and later studied in more detail in [Boul7] and [Boul5b].

Throughout this chapter we let X be a projective smooth curve of genus g over k£ and G

a connected reductive group over k.

4.1 First definitions

Let £ be a Z5° = T torsor on X. Then we can twist the schemes Vingse (resp. €4, Agsc)

by L to form corresponding affine spaces VinéSC (resp. £ , Aésc) over X.

Definition 4.1.1. The Hitchin-Frenkel-Ngé moduli stack associated to the T®¢-torsor L is
the mapping stack
My = Hom(X, [Vins /Ad(G)])

In other words, M, classifies pairs (€, ¢) where £ is a G-torsor on X and ¢ is a section
of £ NG VimésC where G acts on Vin’éSC by adjoint action, and the action factors through
Gaq-

Replacing Vingse by VinOGSC (resp. Vinrc(jsgc) in the definition of M, we define open

substacks MOL (resp. Mrﬁeg C My). Also we define
A = Homy (X,¢%), By := Homy (X, Ak)

as the space of sections of the affine space €§_ (resp. Aésc) over X. More concretely, we can
describe A, and B as follows.
For each w € X*(T'), let w(L) be the invertible sheaf on X defined by pushing £ along
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the morphism w : T' — Gy,. Then we have

Br = HY(X, Aks) = éHO(X, a;(£))
i=1

and

.
Ap=Br o @@ H(X,w(L)).
=1

Let B, : Ay — By be the natural projection.

Definition 4.1.2. The Hitchin-Frenkel-Ngo fibration is the morphism
he: Mg — Af

induced by x4+ : Vingse — €.

Also, let ap : My — By be the map induced by a : Vingse — Agse. In particular, we
have ap = Bpohp.
Each point b € By can be written as b = (by,...,b.) where b; € HY(X, a;(£)). Denote

by B C By the open subset consisting of those b such that b; is nonzero for all 4.

Definition 4.1.3. The generically reqular semisimple locus Ag is the open subset of A,

consisting of sections a : X — €£ such that 8.(a) € By and a(X) generically lies in the

open subset Q:is’ﬁ = Q:Jﬁr — QJEF

4.1.1  Global Steinberg section

Let ¢ = |Z(Gger)| be the order of the center of the derived group of G. Suppose there exists a

T5¢-tosor L such that £ = (£')®¢. By definition, there is a canonical map [ev], : Ap x X —

65



(€4 /T%¢] making the following diagram commutative:

Ay x X 510 sy

| |

X— £ . Brsc

Here the left arrow is projection to X and the bottom arrow corresponds to the T°%-torsor

L.
The choice of c-th root £ of £ defines a morphism [ev] : Ag x X — [€4/T5] lifting

lev],. Then for each w € Cox(W,S) (cf. Definition 2.2.3), the composition of [ev],s and the

w

section €
+

i of [x+][q (cf. Proposition 2.2.12) induces a section of h:
E%/ A — Mrﬁeg C Mp.
We refer to € as the global Steinberg section.

4.2 Symmetries of Hitchin-Frenkel-Ng6 fibration

Definition 4.2.1. Let P,y be the Picard stack over A, that associates to any S-point
a € Ap(S) the Picard groupoid P, of J, torsors on X x S. Here [, is the pull back of the

universal centralizer J, on (’2£ along the map a : X x § — (’:ﬁ.
Proposition 4.2.1. P, is a smooth Picard stack over Ap.

Proof. The argument of [Ng610, Proposition 4.3.5] generalize verbatim to our situation. [J

The action of BJ on [Vingse/Ad(G)] (resp. [Ving}gc /Ad(G)]) induces action of P, on
M (resp. Mrﬁeg).

To understand the connected components of the fibres of P, we utilize cameral covers.

Definition 4.2.2. The cameral cover associated to each a € Ap(k) is the finite flat cover
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Ta )N(a — X defined by the following Cartesian diagram

Xy ——TF"

]

a L
X et

For any closed point a € A(Z, we define the discriminant divisor for a to be the effective
divisor

Ay = ail(@Jﬁr)

Over the nonempty open subset U, := X — A, the cameral cover 7, is Galois étale with

Galois group W. Choosing a point @ € X, with u := 7a(1) € Uy, we get a homomorphism
pa : ™ (Uqg,u) — W

whose image is a subgroup W, C W. Note that the conjugacy class of W, in W is indepen-
dant of the choice of base point .

Let Jg C Ja be the fibrewise neutral component and consider the Picard stack P/, :=
Bun 70 of j(g)—torsors on X. Then there is a natural homomorphism of Picard stacks P/, —

Pa. The following Lemma is parallel to [Ng610, Lemme 4.10.2] with exactly the same proof.

Lemma 4.2.2. The homomorphism Pl — Pq is surjective with finite kernel. Same is true

for the induced homomorphism my(PL) — 7o(Pa).
Corollary 4.2.3. w(Py) is finite if and only if TWa is finite.

Proof. By previous lemma, 7o(Pg) is finite if and only if 7o(7P}) is finite. By [Ngo06, Corol-
laire 6.7], mo(PL) = TWa. Since the finiteness of TWa is equivalent to the finiteness of 7Wa,

the result follows. O

Definition 4.2.3. The anisotropic locus is the subset A%ni C .A(Z consisting of a € Ag such

that the component group m(P,) is finite.
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For each subset I C A, we consider the invariant quotient WWI . Then the natural

Fec WL — TSC

morphism T_JSFCWI — €4 is finite and Z5° = T°¢ equivariant. Denote T5¢
L.
Let AWT .= HO(X, 750" 1 F
X. Consider the map
v A?/I — Ap

7scWr,L

induced by the finite morphism 7%¢ — Q:ﬁ Let AWI = 1/1_1(./42)).

) be the space of sections of the affine scheme T__waf

ZSC

L
over

Proposition 4.2.4. Suppose G is semisimple. Then the complement of Aaﬁm mn Ag s a

finite union

AN A= | wp(Ay ™).
F{STN

Proof. Let a € Ag — Aaﬁni. Then by Corollary 4.2.3, TWe contains a nontrivial torus S.

Since G is semisimple, the centralizer of S is a proper Levi subgroup of G whose simple roots

form a proper subset [ ;Cé W. Then we have W, C W7.

Consider the following diagram in which both squares are Cartesian:

Let % C )fﬁ\'; be the union of all irreducible components that contain a point in the Wj-

orbit of u. Then the image of }N/a in Y, is isomorphic to X and hence gives a section of the

7

morphism 7Ta In other words, there is a section ay : X — Tt’C

This proves that

am C U VI AWL
ISA

such that vr(ay) = a

Conversely, for any I ; Aandaj € AEVI ¥ with vi(ay) = a, the morphism 7r£ in the diagram
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above has a section given by ay. This implies that W, C W} so that TWa is not finite. By

Corollary 4.2.3 again we see that a € Aaﬁni. O

Corollary 4.2.5. Suppose G is semisimple. Then A%ni 15 an open subset of Ag. Moreover,
for any b € By and any integer N with N > max{2g — 2,rg}, if degw;(L) > N for all

1 <i <, then the complement of Aaﬁnli) in Agb has codimension at least N — rg.

Proof. By valuative criterion and [Ngo06, Lemme 7.3] we see that vy is proper. So the
images V[(A?/I ’Q) are closed subsets of Ag and their complement Aaﬁni is open. It remains
to calculate the dimension of AE/I :

Let 1 ; A and Lj a corresponding Levi subgroup of G5¢. We label the fundamental
weights wy, . . ., wy of G5¢ so that wy, . . ., ws are fundamental weights for L; where s = |I| < r.
There is a natural morphism

ql : T__SFCWI — AGSC x A*

given by the W-invariant functions (a;,0) for 1 <i <r and (wj, Xcldz> for 1 <i < 's, where
ngi is the character of the irreducible representation of L with highest weight w;. The map

qI induces a map

S
wW o
dk - APV = By @ @@ HO(X, wi(L)
1=1

The fibres of ¢/ over the open subset T,q x A® C Agse X A® are isomorphic to G/, This

implies that the nonempty fibres of qgf are (k*)"~5. Hence
S
dim A7 < dim By + ) (deg(wi(£)) +1—g) +7 = s.
=1

ani

Therefore, the codimension of Ag p — A7} is bounded below by
r S

> (deg(wi(£)) +1—g) = [Y_(deg(wi(£)) +1—g) +r —s] > N —rg.
1=1 i=1
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Denote M?:ni = th(Aaﬁni) the anisotropic open substack. This is nonempty when G is

semisimple. Also, let P%ni be the restriction of P, to A%ni.
Proposition 4.2.6. /\/l%ni and P%ni are Deligne-Mumford stacks.

Proof. Let (€,¢) € Maﬁni(k;) and a = hp(E,p). Then the k-group Aut(€,¢) classifies
sections of the group scheme Autg(€), over X, which is the closed subscheme of centralizer
of ¢ in the group scheme Autg(&).

Choose a geometric point 7 over the generic point 1 of X. Restricting the cameral cover
to 1 along a, we obtain a homomorphism pq : Gal(7/n) — W. Let W, be the image of p.
Furthermore, choose a trivialization of £ over the generic point 1 under which ¢ maps to
a regular semisimple element in T4 (k(X)). With these choice we get a closed embeddings
Aut(&, ) € TWa and HO(X, J,) € TWa,

Since a € Aaﬁni, TWa is finite. Since char(k) is coprime to the order of W, TWa is finite

ani ani

unramified k-group. This shows that M7 and P,™ are Deligne-Mumford stacks. O

Theorem 4.2.7. Assume that the TSC-torsor £ admits a c-th root L. Then for any a € A2

there is a homeomorphism of quotient stacks

Ma/Pa) = ] [SPa,/Pa.l (4.2.1)
rzeX—-U,
In particular, we have
dim M, —dimPy = Y (dimSp,, — Pa,).
zeSupp(Ag)

Proof. Choose a Coxeter element w € Cox(W,S). The c-th root £ of £ induces a global
Steinberg section e%,, in particular a base point e%,(a) € M 8. Using Corollary 2.2.10, we
argue as in the proof of [Ng606, Théoreme4.6] to show that there is a morphism as (4.2.1)
inducing equivalence of groupoids on k-points. Then the argument of [Ng610] shows that

the map (4.2.1) is a homeomorphism. O
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4.3 Properness over the anisotropic locus

Throughout this section, we assume G is semisimple so that .A%ni is nonempty. Our goal is

to show that the morphism haﬁni : M%ni — A%m is proper.

4.83.1 Finiteness properties

We first show that the Hitchin-Frenkel-Ngo fibration is of finite type over the anisotropic
locus.

We start with a more general situation. Let p : G — GL(V) a finite dimensional rep-
resentation such that ker(p) is contained in the center of G. Fix a torus T" and a Borel
subgroup B containing T". Let V(l), e ,V(m) be the irreducible consitituents of V' (counted
with multiplicity) and )\(1), ey Am) be the corresponding highest weight.

For each V)| we choose a basis {ez(.j), 1 <i<dj} (where d; = dim V}) as follows. Each
()

e;”’ 1s a weight vector with weight )\Z(-j) € X*(T). Then we can express AW — /\Z(-j ) as a linear

combination of positive simple roots with non-negative integer coefficients and we call the

Z(-j ) . The basis elements el(j ) are indexed so that the height
(7) (7)

is non-decreasing with respect to ¢. In particular, e;”” is a highest weight vector and e’ is
j

sum of coefficients the height of e

a lowest weight vector in Vj.

Then under the basis {ez(-j), 1 <i<dj,1<j<m}, p(B) consists of upper triangular
matrices in J]; End(Vj), which are the stabilizers of the standard flags 0 = L(()J ) ¢ ng ) ¢
e C Lg) = V) where Ll(j) = Span(egj),...,eg‘j)) for 1 <i < dj.

Let I C A be a subset of simple roots and P; C G the standard parabolic subgroup

whose Levi factor has simple roots in I. Then there exists standard parabolic subalgebras

ng) C End(V(j)) such that

m .
p(P1) = p(@) N (P},
7=1
More precisely, p(lj ) is the stabilizer of the partial flag in V() obtained from the standard
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flag by replacing L(j ) with the span of L(j ) and all basis vectors whose corresponding weight

()

differs from the weight of e;”’ by a linear combination of simple roots in 1.

Fix a divisor D on a smooth projective curve X. Consider the following stack

My = Hom(X, (] ] End(v)(D))/@)
j=1

where the action of G on H;”zl End(V(j )) is induced by p. More concretely, the moduli stack
My classifies tuples (E, p;, 1 < j < m) where E is a G-torsor and ¢; : p; E — p;E(D) is a
meromorphic endomorphism of the vector bundle p; F := F AGP) (),

From the definition, we have
My = M1 XBung M2 XBung *** XBung Mm
where for each 1 < j < m, we define
M; = Hom(X, [(End(V1))(D))/G)).

By 777 we know that there exists a constant C' > 0 such that for any G-torsor £ on X there

exists a Borel reduction Eg of F so that deg(FER) belongs to
C:={H € Ag,a(H) > —cVa € A}.

Let N be a positive integer which is larger than the sum of coefficients of AU) — )\l(j ) under

the basis A for all 4, j. Let d be an integer such that

d > deg(D) +2Nc (4.3.1)
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For each subset I C A, consider the following cone
Cr={H e Ag,a(H) <dVae€land a(H) >dVa € AT}

Lemma 4.3.1. Let (E,p;) € My and Eg a B-reduction of E. Suppose that deg Ep €
CNnCy, then we have

¢ € p(D) NP Ep

where p = @, pgj)

Proof. We can treat each factor M separately and assume that V' is irreducible. It suffices
to prove that under the adjoint action of ¢, Eg AP b is sent into F B NB p(D). Consider a

filtration of End(V(7)):
(0)=byCby C---Cb.=bCp=psCps_1 C---C po=End(V)).

stable under adjoint action of B, with one-dimensional successive quotients.
Suppose the image of Eg AP b under ad(¢) is not contained in Ep AP p(D). Then there
exists 0 < i < r and 0 < j < s such that ad(y) induces a non-zero homomorphism of line

bundles

Ep AP (6;/0;-1) — Ep AP (p;/pj11)(D).

In particular, the degree of the source is not larger than the degree of the target. More
precisely, let v be the weight of B on b;/b;1 and ¢ the weight of B on p;/p;yq1. Then we
have the inequality

(deg Eg,vy —9) < deg D.

Note that v is the difference between the highest weight AU) and certain weight of the G-

representation %% ), hence a non-negative linear combination of simple roots with the sum
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of coeflicients bounded by N. Since deg Eg € C, we then have
(deg Ep,~y) > —Nec.

On the other hand, by definition of p = p(Ij ), we see that —0 is a non-negative linear
combination of simple roots such that the sum of coefficients is bounded by N and the

coefficient of some root in A — [ is positive. Hence because deg Eg € CN Cy, we have
(deg Eg,—d) > d — Nec.

Combining the above two inequalities, we get d — 2N¢ < deg D which contradicts (4.3.1)

and thus the lemma follows. O
Proposition 4.3.2. The stack /\/l%ni s of finite type.

Proof. The natural morphism M — Bung is of finite type. For each v € X*(T), the
moduli stack Bun’; of B-bundles on X with degree v is of finite type. It suffices to show
that there is a finite subset S C X*(T) such that the image of M® in Bung is contained
in the image of U,cgBuns in Bung.

Let m = (€,¢) € M%ni(k) and g a B-reduction of £ such that deg(€p) € C. Let
a = hp(m) € Aaﬁni. Suppose that deg(€p) € Cy for some proper subset I C A. Then ¢
maps the generic point of the curve into the proper parabolic subgroup Py i of G°¢. This
implies that W, is contained in the Weyl group of the Levi L; and hence TWa is not finite,
contradicting the fact that a € Aacni(k). Consequently, we have det Eg lies in the intersection
of C and the complement of C; for any proper subgroup I C A. This intersection is a bounded
subset of X*(T")g and hence the set of weights S C X*(T) lying in the intersection is a finite

set. OJ
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4.3.2  Valuative criterion

First we have the existence part of the valuative criterion, which is true over the larger open

Q
subset A [

Proposition 4.3.3. Let R be a complete discrete valuation ring with algebraically closed
residue field containing k. Let K be the fraction field of R. Then for all a € AE(R)
and mg € Mg(K) such that hg(mg) = a, there exists a finite extension K' of K and

m € Mqg(R'), where R’ is the integral closure of R in K', such that
1. The image of m in Mg(K') is isomorphic to that of my;
2. hg(m) = a.

Proof. The argument is the same as [CL10, §8.4]. The key points are: 1. Any G-torsor
extends uniquely over a codimension 2 subset; 2. the universal twisted monoid Vg over

Aq x X is affine, so that Higgs fields extends over any codimension 2 subset. O]

Proposition 4.3.4. Suppose G is semisimple. Let R be a complete discrete valuation ring
with algebraically closed residue field r containing k. Let m,m’ € M®(R) be two elements
and mK,m’K € Mani(K) their base change. Suppose that the following two conditions are

satisfied:

. . . . /
2. there exists an isomorphism v @ mp — M.
Then there exists a unique isomorphism ¢ : m — m' extending vy .

Proof. We follow the argument in [CL10, §9]. Let m = (£, ¢) and m’ = (&', ¢’). Consider the
local ring B of the generic point of the special fiber of Xp. Then B is a discrete valuation
ring whose residue field is the function field k(X)) of X, and whose fraction field is the
function field F' of Xp.
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By §9.2 of loc. cit., it suffices to extend ¢ to an isomorphism of G-torsors ¢ : & — &’
over Spec B. As in §9.3 of loc. cit., it suffices to show that for some finie extension K’, the
base change ¢+ of Lz extends to an isomorphism between £, " over Spec B’. Here B’ is the
integral closure of B in the function field F’ of X where R’ is the integral closure of R in
K’

To achieve this, after taking a finite extension K’/K one can assume that £, &’ are trivial
over Spec B (since by [DS95, Theorem 2|, they will be trivial in a Zariski open neighbourhood
of the generic point of the special fibre of Xp after a finite extension of K'). Moreover, as in
[CL10, Lemme 9.3.1], one can choose trivialization of & and & over Spec B such that they
map the “Higgs fields” ¢ and ¢’ to some element v € Ving(B). Under these trivializations,
the isomorphism ¢ is identified with an element g € G(F') such that gflfyg = . In other
words, g € G(F). Since m,m’ lies in the anisotropic open substack and y € Ving3(B), G is
an anisotropic torus over Spec B and hence G~(B) = G~(F). Thus in particular, g € G(B)

and the isomorphism ¢ g extends. O
Theorem 4.3.5. The morphism h%ni : Maﬁni — Aaﬁm is proper.

Proof. This follows from what have been proved in this section and the valuative criterion

of properness for algebraic stacks. O
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CHAPTER 5
FROM GLOBAL TO LOCAL

In this chapter we finish the proof of dimension formula for Kottwitz-Viehmann varieties
using a local-global argument.

Let A € Xy(T)+ and v € G(F)™. Suppose that kg(y) = pg(A) and vy <g A so
that the generalized affine Springer fibres XQ\ and XVS)‘ are nonempty. Let a := y4(7v)) €
(0N gic(F) where vy, € G (F) is defined in Lemma 3.1.2. Then we have XVS)‘ = Sp,
and we have a commutative algebraic group P, acting on Sp, so that Spi® is the union of

open orbits.

5.1 Local constancy of generalized affine Springer fibers

Theorem 5.1.1. There exists an integer N such that for all ' € €4 (Oz) N €rC§+(FI) such

that

! N

a=a modw

the generalized affine Springer fiber Sp,s equipped with the action of P, is isomorphic to Sp,,

equipped with the action of Py.

We may assume that G = G%°. Fix a Coxeter element w € Cox(W,S5), cf. 2.2.3. Let
Y0 := € (a) (resp. ) := € (a)) be the extended Steinberg sections for a (resp. a’). Then

we have canonical isomorphism between groups schemes over Spec O:
Ja g]'y(), Jal g[,y(/)
Lemma 5.1.2. For any g € G(F), we have Ad(g) " (y0) € Vingse(O) if and only if
Ad(9) " (70149(0)) C Vingse(0).
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Proof. Since vy € 701, (O), the condition is sufficient. Now assume that v := Ad(g)" (o) €
Vingse(O). Then the centralizer I, is a group scheme over Spec O. By Lemma 2.4.1, the

isomorphism of F' groups

Ad(g) i Jup =Ly p— L

extends to Spec O. Thus we have
Ad(9) ™! (15p(0)) € (0) € G(O)
from which we obtain

Ad(9) " (10Iy0(0)) = vAd(9) (14, (O)) C Vingse(O).

]

Lemma 5.1.3. Leta,d’ € €+((’))ﬂ€rsic (F) witha = a’ mod w!V. Suppose that there exists
a W -equivariant isomorphism between the cameral covers )?a and Xa/ lifting the identity

modulo w™ . Let v := ¢¥(a) and v = € (a’). Then there exists g € G(O) such that

Ad(g) ™ (015 (0)) = 1L ()

Proof. We follow the argument of [Ng610, Lemme 3.5.4]. Let X, = Spec R, and )N(a/ =
Spec R, where Ry, R, are finite flat O-algebras. Let Fi, := R,®p F (resp. Fy = F @0 F)
and RZ (resp. RZ,) be the normalization of R, (resp. R,) in Fy (resp. F).

By assumption, we have R,/ oV = R,/ @™ and there exists a W-equivariant O-isomorphism
L Rg = Ry
that lifts the identity modulo w?".

By Proposition 2.4.4, the isomorphism ¢ : Ry = R
78

o induces an isomorphism ¢y : Iy, —



IV(’) between group schemes over Spec O. Since vy € I, (F), we have ¢7(vg) € ]’y(’) (F). We
can choose h € G(R?) and 1 € G(RZ,) such that on F-points, the map ¢y is given by the

following composition

W 1, (F). (5.1.1)

Ly (F) = T(F)V 5 T(F, "

a

where the first map is Ad(h) the and third map is Ad(h’) 1. In other words, t; = Ad(R'~1i(h))

on F-points. In particular, we have

X+(t1(10)) = x+(0) = a.

The assumption that ¢ is identity modulo ! implies that Ad(%'~1i(h)) = Id mod =!.
Thus we get
L([fyO(F) N ViHGSC (O)) C 176 (F) N VinGsc(O).

In particular, we have ¢(vg) € I v N Vingse (O) and moreover

t1(70) =70 =76 in Vingee (0/z™).
Since the map
G x Ving — Ving X¢ N Ving

is smooth and surjective, there exists g € G(O) with g = 1 mod @’ such that Ad(g) ™! (vg) =

t7(70). Therefore

Ad(9) M (Tyg) = I,y = Ly.

Finally by Lemma 2.5.2, we have (76)*%[(70) € G(O) ﬂ]%/)(F) = I.,(O) which implies that

tr(0) € 76[76(0) and hence we are done. O
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5.2 Finishing the proof of dimension formula

By Theorem 3.7.1, the dimension formula for Xi‘ = Sp,, is reduced to the following
Theorem 5.2.1. dim Sp, = dim F,.

We use a local-global argument to prove this.

Let X be a projective smooth curve over k and x € X a closed point. Let O, be the
completed local ring at x and F), its fraction field. Choose a uniformiser w, at x so that we
have Oy = k[[wz]] and Fy = k((wwyz)). Also we let X' = X — {x} be the open curve.

We view a € €4(0O;) as a power series in w; with coefficients in €. Form the Cartesian
diagram

Xy — T4
wal lﬁ
Spec O -L— ¢
where X, = Spec R, for a finite flat O algebra R,. Moreover, F, = R, ®¢ F' is a product
of finite totally ramified extension of F' of degree e. Then a(w$) € €4 (Oz) N régf(Fx) will
be a split conjugacy class.

For each s € k we define

as := a(swy + (1 — s)wy) € €L (O)NEq, (F)™. (5.2.1)

Then a1 = a and ag = a(wy). For each s # 0, Sp,, is isomorphic to Sp, since as is
obtained from a = a1 by changing uniformizer.

Let N > 0 be a positive integer such that both Sp, and Sp,, only depends on a (resp.
ag) modulo wiv . Then for all s € k, Sp,_ only depends on as modulo wév .

Now we choose a T%-torsor £ on X trivialized on the formal neighbourhood of x such

that

1. There exists a T%-torsor £’ such that (£/)®¢ = L;
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2. For all y € X' = X — x, choosing a trivialisation of £ on a formal neighbourhood of v,

the induced map
eVNptoy  Ar = HU(X,€5) = € (O /@) ) x €4 (Oy/m}) (5.2.2)

is surjective.

By Riemann-Roch, condition 2 is satisfied if for all 1 < i < r we have deg(«;(£)) > 29+ N
and deg(w; (L)) > 2g+ N.

To each point b € B}, we can associate a X« (T,q)+-valued divisor A, on X defined by
T
Ap = Z(IJZD(Z)Z)
1=1

where D(b;) is the effective divisor on X associated to the global section b; of the line bundle
@;(£) and w; is the i-th fundamental coweight. For any a4 € Ay such that 8z(ay) € By,

we denote Ag, = Aﬂﬁ(a+)~

Lemma 5.2.2. Let ¥ C X be a finite subset. The subset A% C AQZ consisting of ay € Ag
such that

Supp(Aay ) N Supp(Aq, ) C X
18 constructible.

Proof. For each 1 < i < r, consider the closed subscheme D; C AQZ x X whose fibre over
ay € Ag is the effective divisor D(b;) where b; is the i-th coordinate of . (a+) as above.
Similarly, we have the closed subscheme A C AQZ x X whose fibre over a4 is the discriminant
divisor A, . Let DF = D;N(A) x (X —%)) and A¥ := AN (A} x (X —%)). Then DFNA”

is a locally closed subset of Ag x X. By construction A% is the image of (DZE NAY)
1<i<r

in Ag, hence constructible. H

The one-parameter family (5.2.1) defines a curve C' in €4 (O, /wlY). Let Lo € Az be
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the closed subset defined as the inverse image of C' under the map (5.2.2). For all s € k,
let Lq, C Ag be the inverse image of as under the map (5.2.2). Since as € € (F') for all

Q@
s € k, we have Lo C Aj.

Definition 5.2.1. Let Z C L be the subset consisting of a4 € L with b = (a4 ) such

that
e a4 € aﬁni;
e Supp(Aa,) NSupp(Ag, ) C {z};

e a4 (X') intersects the discriminant divisor @f_ transversally, where X’ = X — {z}.

Lemma 5.2.3. Zg is a constructible subset of Lo that is fibrewise dense with respect to the
projection Lo — C. In particular, there exists a fibrewise dense open subset Uq of Lo such

that Uo C Z¢.

Proof. First we show that Z is constructible. The first condition in Definition 5.2.1 defines
an open subset of Lg. By Lemma 5.2.2, the set L := Lo N A7 determined by the second
condition in Definition 5.2.1 is a constructible subset of L.

Let U C X' x Lo be the open subset whose fibre over ay € L¢ is the open curve

X" — Supp(Aa, ). The local evaluation maps define a morphism
U — Tek
where ']I‘€£ is the relative tangent bundle of Qlfr over X. Let Uy be the inverse image of
TS U TS x et DEsing,

Then the image of Uy in L is a constructible subset that satisfies the third condition in

Definition 5.2.1. Hence Z is a constructible subset of L.
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Next we show that Z is fibrewise dense with respect to the map Lo — C. We fix a
point ag € C.

For any closed point y € X/, the map
La, = Te4 , = ¢4 ®p, Oy/m)

is surjective by our choice of L.

Let X" := X'\ Supp()\,). By the same argument as in [Ng610, Lemme 4.7.2], we know
that the subset Z C L, consisting of at € Ly, such that a4 (X") intersects @f’r transversally
is dense in L.

For each y € Supp()\p) — {z}, since the map evy : Lq, — Qﬁfﬁy is surjective, the subset
Yy = evy_l(CD‘JCr) C Lg, has codimension 1.

Finally, since Lq, has codimension 2rN in Ag and the complement of Aaﬁni in AQZ has

codimension strictly larger than 2r N, we see that

Zay=(Z— |J =y)nAap
y€Supp(Ap,)

is dense in L. O

Thus we can choose a section ¢ of the surjective linear map (5.2.2) such that ¢’ :=
o(C) N Ug is nonempty and contains the point o(ag).

By the product formula 4.2.7, we have

Am M) = Po(ag) = D (dimSpy(gy), — dim Py(qy),)
vESUpp(Aq)U{z}

where o(ag)y denotes the image of o(ag) in €4 (Oy).

For summands with v # z, since o(ag) € Zo we have in particular )\J( = 0 and

ao),’U

hence by Corollary 3.8.2 dim Spa(ao)v = dim Pa(ao)v' On the other hand, for the term v = x,
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we know that o(ag)z = ag is split and hence by Corollary 3.5.2 dim Sp,,, = dim Pp,. Thus

the above equality simplifies to
dim Ma(ao) — dim Po(ao) =0.

Since C' C Aaﬁm, the restriction of the Hitchin-Frenkel-Ngo fibration to C’ is proper. Hence

by upper semicontinuity of fibre dimension we have for
dim Mo (q,) < dim My (45) = dim Py (q)

for all o(as) € C’ with s # 0. Since P is smooth over A, by Proposition 4.2.1, we have

dim Pg(as) = 730(@0), which forces
dimMU(as) = dimpcr(as)
Apply product formula 4.2.7 again we get

0 = dim Ma(as) — dim Po(as) = Z (dim Spa(as),v — dim Pa(as),v)
vESupp(Agg)U{z}

By similar reasoning as above, all terms in the right hand side where v # x are zero; at

v = x notice that o(ag); = as and then we get

dim Sp,,, — dim Py, = 0.
Since s # 0, we have Sp,_ = Sp, and hence

dim Sp, = dim F;,

This finishes the proof of Theorem 5.2.1 and hence Theorem 1.2.1.
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