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ABSTRACT

In the classical node-disjoint paths problem, one is given as input an n-vertex graph G and
a collection M = {(s1,t1),...,(sg,tx)} of pairs of vertices of G called source-destination
or demand pairs, and the goal is to find a maximum-cardinality set of pairwise vertex-
disjoint paths connecting the demand pairs. While the node-disjoint paths problem is one
of the most basic routing problems, there has been a wide gap in our understanding of its
approximability status. Currently, the best upper bound of O(y/n) is achieved by a simple,
greedy algorithm, while until very recently, the best known hardness of approximation result
was a Q(logl/ 29 n) lower bound for any constant §, under standard complexity assumptions.
Even for special cases of the problem, including when the input graph G is constrained to be
planar, and surprisingly, even when G is a square grid, no better upper bound was known,

while only NP-hardness was known on the negative side.

This thesis studies the approximability of the node-disjoint paths problem and three of its
special cases. The first part of the thesis presents approximation algorithms for the special
cases of the problem. In the first chapter, we investigate when the input graph is constrained
to be a square grid. We show an O(nl/ 4)—approximation algorithm for this case and extend
the approximation algorithm to show that the same upper bound holds for the closely related

edge-disjoint paths problem in wall graphs.

In the second chapter, we focus on two cases of node-disjoint paths when the input graph G
is planar. In the first case, we assume that we are given a planar graph G embedded into
a disc, where all of the terminals participating in the demand pairs lie on the boundary of
the disc. In the second case, we assume that we are given a cylinder obtained by removing
two disjoint, open discs from it. We assume that G can be embedded into the cylinder such
that all source terminals lie on the boundary of one of the discs and all destination terminals
on the boundary of the other. We present an O(log k)-approximation algorithm for both

problems of routing node-disjoint paths on a disc and a cylinder.

X



The third chapter of the thesis presents an improved inapproximability result for the node-
disjoint paths problem which holds for planar graphs. We show that the problem is 9(VIogn)_
hard to approximate, unless all problems in NP have deterministic, quasi-polynomial time
algorithms. The result holds even when the underlying graph is a vertex-induced sub-graph

of a grid with all sources of the demand pairs lying on the boundary of the outer face.
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CHAPTER 1

INTRODUCTION

The main focus of this thesis is the Node-Disjoint Paths (NDP) problem: given an undirected
n-vertex graph G, together with a collection M = {(s1,t1),..., (s, t)} of pairs of its
vertices, called source-destination, or demand pairs, find a maximum-cardinality set of paths
P connecting the demand pairs that are pairwise node-disjoint. More specifically, a path
P € P is said to route a demand pair (s;,t;) iff the endpoints of P are s; and t;. The goal
of the problem is to compute the largest subset M’ C M and a set of paths P routing the

demand pairs in M/, such that no two paths in P intersect at a vertex.

NDP is a fundamental graph routing problem that has been extensively studied in different
contexts. The study of NDP-Grid, A special case of NDP where the underlying graph G is a
square grid, dates back to the 1970’s, initially motivated by VLSI design. Other technical
problems studied in this context included obtaining upper and lower bounds on the area
required for routing the demand pairs [22, 1] and finding disjoint paths connecting the
demand pairs given a prescribed homotopy, or a rough routing of the paths connecting the

terminals [21].

NDP has also played an important role in the famous Graph Minors Series of Robertson and
Seymour [38, 41]. They showed an efficient algorithm for solving the problem if the number
k of the demand pairs is bounded by a constant. More specifically, they showed that NDP
can be solved in time O(f(k)n3) for some function f depending on k, and currently, the
best running time is obtained by an O(f(k)n?)-time algorithm [26]. However, when k is
part of the input, the problem becomes NP-hard [24, 23], even on planar graphs [33] and grid
graphs [31].

The approximability status of NDP has had a wide gap in the best known upper and lower

bounds, until very recently. Currently, the best known approximation factor for NDP is



O(y/n), obtained by a simple, greedy approximation algorithm [30]: while G contains any
path connecting a demand pair, choose the shortest such path P, add P to the solution, and
delete all vertices of P from G. Surprisingly, the upper bound of O(y/n) achieved by this
simple, greedy algorithm was the best known even for NDP-Planar, the special case of NDP

when the input graph is a planar graph, and even for NDP-Grid.

One of the difficulties to obtaining better than an O(y/n)-approximation for NDP, even for
NDP-Planar and NDP-Grid, is that the integrality gap of the standard multi-commodity flow
LP-relaxation for NDP is Q(y/n), even in grid graphs. In the multi-commodity flow LP-
relaxation, one is allowed to send fractional flows between the demand pairs, where at most
a unit of flow is sent per demand pair, under the constraint that the total flow carried at each
vertex is at most 1. The objective of the LP-relaxation is to maximize the total flow sent
between all of the demand pairs. It turns out that the simple, greedy algorithm above can
be cast as an LP-rounding algorithm of the multi-commodity flow LP-relaxation, implying

that the O(y/n) approximation factor of the algorithm is tight, even for NDP-Grid.

Until recently, the best known lower bound for NDP was an Q(logl/ 2=€p)-hardness of ap-
proximation result, for any constant e, unless NP C ZPTIME(nPo108(m)) [6, 5]. However,
the hardness result did not hold for NDP-Planar and NDP-Grid, and it was only known that

both problems are NP-hard [33, 31].

NDP-Planar and NDP-Grid now have better approximation algorithms beating the Q(y/n)
integrality gap. An O(nl/ 4)—approximation algorithm was presented in joint work with
Chuzhoy [16], and the full approximation algorithm is also presented in the first chapter of

this thesis.

9/ 19)-approximation algorithm was shown for NDP-Planar in joint work

Subsequently, an O(n
with Chuzhoy and Li [17]. At a very high level, the O(n%/19)-approximation algorithm for
NDP-Planar defines a new LP-relaxation for the problem and employs the ellipsoid algorithm.

The approximation algorithm either returns a good LP-rounding solution, or reduces the



problem to an instance of NDP-Disc or NDP-Cylinder. In the latter case, the approximation
algorithm computes an O(log k)-approximate solution to the optimal integral solution of the
NDP-Disc or NDP-Cylinder instance. Since the approximate solution does not depend on the
solution to the LP-relaxation, the algorithm is able to use it in serving as a separation oracle
for the new LP-relaxation. The approximation algorithms for NDP-Disc and NDP-Cylinder

from [17] are presented in the second chapter of this thesis.

Significantly improved inapproximability results for NDP have been proven in recent years.
In addition to the O(nl/ 4)-approximation for NDP-Grid, it was also shown in the same
paper that NDP-Grid is APX-hard [16]. In joint work with Chuzhoy and Nimavat [19], it
was recently shown that NDP is hard to approximate to within a 20(Viogn) factor, unless
NP C DTIME(nO(log n) ), even if the underlying graph is a planar graph with maximum
vertex degree at most 3, and all source vertices lie on the boundary of a single face. This
result holds even when the input graph G is a vertex-induced subgraph of a grid, with all
sources lying on the outer face. This thesis presents the hardness proof for when the instance
is a sub-graph of a grid with maximum vertex degree at most 4, with all source vertices lying
on the boundary of the outer face. Even more recently, it was shown that NDP-Grid is
9920108~ 7)_pard to approximate for any constant € unless NP C RTIME(npOly log ™), and

nS(1/(0glogn)®)_ard unless NP C RTIME(Z"(S) for some constant § > 0 [18].

A problem closely related to NDP is the Edge-Disjoint Paths (EDP) problem. The problem
is very similar to NDP, except that the paths in the solution are allowed to share vertices
as long as they are pairwise edge-disjoint. More precisely, in EDP, one is given as input an
undirected n-vertex graph G, together with M = {(s1,t1),...,(Sk,tr)} of demand pairs.
The goal is to find M’ C M and a set of paths P routing the demand pairs in M’, such that
no two paths in P share an edge. In general, EDP can be seen as a special case of NDP: given
an EDP instance (G, M), computing the line graph of the input graph G transforms it into
an equivalent instance of NDP. However, the transformation may inflate the number of the

graph vertices, and so approximation factors that depend on n may no longer be preserved.
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Moreover, this transformation does not preserve planarity, and no such relationship is known

between NDP and EDP in planar graphs.

The approximation status of EDP is similar to that of NDP. The best upper bound on the
approximation factor is O(y/n) [14]. Until recently, the best lower bound for EDP has also
been an Q(logl/ 2—ec n)-hardness of approximation result, for any constant €, unless NP C
ZPTIME(npOlylog(n)) [6, 5]. However, unlike NDP, there are constant-factor approximation
for the special case of EDP on grid graphs [9, 29, 28]. The analogue of grids for EDP is the
wall graph, where the integrality gap of the standard multicommodity flow LP-relaxation is
Q(y/n). We let EDP-Wall denote the special case of EDP where the input graph is restricted
to walls. Until recently, the best approximation factor achieved by an efficient algorithm
for EDP-Wall has also been O(y/n). In this thesis, we extend the O(n!/4)-approximation
algorithm for NDP-Grid to EDP-Wall. However, the best upper bound known for EDP on

planar graphs still remains O(y/n).

The recent hardness of approximation results for NDP also hold for EDP. EDP-Wall was shown
to be APX-hard in [16]. In joint work with Chuzhoy and Nimavat [19], it was shown that
EDP is hard to approximate to within a 92U Vlogn) factor, unless NP C DTIME(nO(log ”)),
even if the underlying graph is a subgraph of a wall graph, with all sources lying on the wall
boundary. The recent, almost-polynomial hardness of approximation results for NDP-Grid
also hold for EDP-Wall. That is, EDP-Wall is 222098 “7)_hard to approximate for any con-
stant € unless NP C RTIME(nPoly1087) "and pnSt(1/(log log7)*)_hard unless NP C RTIME(2"6)

for some constant § > 0 [18].

We note that many special cases of EDP have been studied extensively, and better approx-
imation algorithms are known for them: Kleinberg and Tardos [29, 28] showed O(logn)-
approximation algorithms for nearly-Eulerian uniformly high-diameter planar graphs, and
nearly-Eulerian densely embedded graphs. Building on the work of Chekuri, Khanna and

Shepherd [13, 12|, Kleinberg [27] has shown an O(log? n)-approximation LP-rounding algo-



rithm for even-degree planar graphs. Extending on this work, Kawarabayashi and Kobayashi
[25] gave an O(logn)-approximation algorithm for EDP when the input graph is either 4-

edge-connected planar or Eulerian planar.

A variation of NDP and EDP that has also been extensively studied is the NDPwC and EDPwC
problems, where small congestion is allowed in the routing. In both problems, the input is
the same as in the original problems, and a non-negative parameter c is given additionally.
In NDPwC, the solution paths are allowed to have congestion at most ¢ on the vertices. That
is, every vertex may have at most ¢ paths containing it in the routing solution. Similarly,
in EDPwC, the paths are allowed to have congestion at most ¢ on the edges. A constant-
factor approximation algorithm with congestion ©(logn/loglogn) for both NDPwC and
EDPwC follows from Raghavan and Thompson’s randomized rounding technique [35]. Many
developments since [13, 34, 4, 36, 15, 20, 11, 10] have led to a O(poly log k)-approximation
algorithm for both problems with congestion 2. A constant approximation with congestion
2 is known for EDPwC in planar graphs [42]. On the negative side, it is known that for any
1<e< O(lolgo{gol%), there is no O((log n)%)—approximation algorithm for EDPwC with
congestion ¢ unless NP C ZPTIME(nPOlY 1087) [5],

This thesis represents the author’s contributions in the line of papers [16, 17, 19] that led to
improvements in understanding the approximability of NDP. The improved approximation
algorithm for [16] also appears in the authors master’s paper and was joint work with and
under guidance from Julia Chuzhoy. The second result of approximation algorithms for
NDP-Disc and NDP-Cylinder were joint work with Julia Chuzhoy and Shi Li in [17]. The
author’s main contribution was the development of a constant approximation algorithm for
the Demand Pair Selection Problem (DPSP) which both problems are reduced to. Lastly, the
new hardness result [19] was joint work with Julia Chuzhoy and Rachit Nimavat. The author
developed the level-1 instance and the technique to boost the gap in higher level instances
by removing vertices from the grid and replacing each demand pair with a previous level

instance.



CHAPTER 2

IMPROVED APPROXIMATION FOR NODE-DISJOINT
PATHS IN GRIDS

2.1 Introduction

In this chapter we show an O(nl/ 4)—approximation for NDP-Grid. Our algorithm distin-
guishes between two types of the demand pairs: an (s;,t;) pair is bad if both s; and ¢; are
close to the grid boundary, and it is good otherwise. Interestingly, the standard integrality
gap examples for the multicommodity flow LP relaxation usually involve a grid graph, and
bad demand pairs. Our algorithm deals with bad and good demand pairs separately, and
in particular it shows that if all demand pairs are good, then the integrality gap of the LP
relaxation becomes O(nl/ 4. logn) (but unfortunately it still remains polynomial in n - see

Section 2.5).

NDP in grid graphs has been studied in the past, often in the context of VLSI layout.
Aggarwal, Kleinberg and Williamson [2] consider a special case, where the set of the demand
pairs is a permutation — that is, every vertex of the grid participates in exactly one demand
pair. They show that for any permutation, one can route 2(y/n/logn) demand pairs. They
also show that with spacing d, every permutation contains a set of Q(v/nd/logn) pairs that
can be routed on node-disjoint paths. Our algorithm for routing on grids is inspired by their

work.

Cutler and Shiloach [22] studied NDP in grids in the following three settings. They assume
that all source vertices appear on the top row Ry of the grid, and all destination vertices
appear on some other row Ry of the grid, sufficiently far from the top and the bottom rows
(for example, ¢ = [n/2]). In the packed-packed setting, the sources are a set of k& consecutive

vertices of R1, and the destinations are a set of k consecutive vertices of Ry. They show a



necessary and a sufficient condition for when all demand pairs can be routed in the packed-
packed instance. The second setting is the packed-spaced setting. Here, the sources are again
a set of k consecutive vertices of R1, but the distance between every consecutive pair of the
destination vertices on Ry is at least d. For this setting, the authors show that if d > k, then
all demand pairs can be routed. We extend their algorithm to a more general setting, where
the destination vertices may appear anywhere in the grid, as long as the distance between
any pair of the destination vertices, and any destination vertex and the boundary of the
grid, is at least (k). This extension of the algorithm of [22] is used as a basic building
block in both our algorithm, and the APX-hardness proof. We note that Robertson and
Seymour [40] provided sufficient conditions for the existence of node-disjoint routing of a
given set of demand pairs in the more general setting of graphs drawn on surfaces, and they
provide an algorithm whose running time is poly(n)- f(k) for finding the routing, where f(k)
is at least exponential in k. Their result implies the existence of the routing on grids, when
the destination vertices are sufficiently spaced from each other and from the grid boundaries.
However, we are not aware of an algorithm for finding the routing, whose running time is
polynomial in n and k, and we provide such an algorithm here. The third setting studied
by Cutler and Shiloach is the spaced-spaced setting, where the distance between any pair
of source vertices, and any pair of destination vertices is at least d. The authors note that
they could not come up with a better algorithm for this setting, than the one provided for

the packed-spaced case.

2.2 Preliminaries

We consider the NDP problem in two-dimensional grids: The input is an (N x N)-grid graph
G = (V,E), and a collection M = {(s1,t1),..., (s, 1)} of demand, or source-destination,
pairs. The goal is to find a largest-cardinality collection P of paths, where each path in P

connects some demand pair (s;,t;), and every vertex participates in at most one path in P.



The vertices in the set {s1,t1,..., Sk, t;} are called terminals. By convention, we denote

n=|V|,son= N2

We assume that the grid rows are indexed Rq,..., Ry in the top-to-bottom order, and the
columns are indexed C1,...,Cp in the left-to-right order. We denote by v(i,j) the unique
vertex in R; N C;. Given a vertex v € V, let col(v) denote the column, and row(v) denote
the row in which v lies. The boundary of the grid is I'(G) = R{ U Ry U C1 U Cy. We
call Ry, Ry, C1,Cy the boundary edges of the grid. Given any integers 1 < i < i/ < N,
1 <j <j < N, we denote by G[i : 7,5 : j'] the sub-graph of G, induced by the set
{v@,j") i <" <, j < j" <j'} of vertices. We sometimes say that G[i : i/, 5 : j'] is the

sub-grid of G, spanned by rows R;, ..., Ry and columns Cj, ..., Cj.

Given a path P in GG, and a set S of vertices of G, we say that P is internally disjoint from

S, if no vertex of S serves as an inner vertex of P.

Observation 2.2.1. Let G be a (h x w)-grid, with w,h > 2, and let k < min{w — 2, h — 2}
be an integer. Then for any pair L # L' of distinct boundary edges of G, for any pair
S CV(L), T C V(L") of vertex subsets on these boundary edges, with |S| = |T| = k, there is
a set P of k node-disjoint paths, connecting the vertices of S to the vertices of T in G, such
that all paths in P are internally disjoint from V(L U L"). Moreover, the path set P can be

found efficiently.

Proof. Let G’ be the sub-graph of G, obtained by deleting all vertices of (LU L")\ (SUT)
from G. It is enough to show that there is a set P of k disjoint paths connecting the vertices

of S to the vertices of T in G’.

Assume first that L and L’ are opposite boundary edges, e.g. L is the top and L’ is the
bottom boundary edge of G. Assume for contradiction that such a set P of paths does not
exist. Then from Menger’s theorem, there is a set Z of at most k — 1 vertices, such that in
G'\ Z, there is no path from a vertex of S\ Z to a vertex of T'\ Z. However, the vertices of S

lie on £ distinct columns of GG, so at least one such column, say C', does not contain a vertex
8



of Z. Similarly, there is some column C” of G that contains a vertex of T', and V(C")NZ = ().
Finally, since there are at least k42 rows in G, there is some row R # Rq, R}, that contains
no vertex of Z. Altogether, (CURUC’)NG’ lie in the same connected component of G'\ Z,
and this connected component contains a vertex of S and a vertex of T, a contradiction.
The set P of paths can be found efficiently by computing the maximum single-commodity

flow between the vertices of S and the vertices of T'in G/, and using the integrality of flow.

The proof for when L and L are neighboring boundary edges is similar. O]

Consider the input grid graph G. The Lo-distance between two vertices v(4,j) and v (i, j/)

is defined as

doo (v(i, 5),v(i', §')) = max(|i — |, |5 — §|).

The distance between a set S C V(G) of vertices and a vertex v € V(G) is

deo(v,8) = gleHSl {dso(v,u)} .

Multicommodity Flow LP Relaxation. For each demand pair (s;,t;) € M, let P;
be the set of all paths connecting s; to t; in G, and let P = Ule P;. In order to define
the multicommodity flow LP-relaxation of NDP, every path P € P is assigned a variable
f(P) representing the amount of flow that is sent on P, and for each demand pair (s;,;),
we introduce variable x;, whose value is the total amount of flow sent from s; to ¢;. The

LP-relaxation is then defined as follows.

(LP-flow) max Zle x;
> pwep f(P)S1 YweV

f(P)=0 V1<i<kVPeP;



Even though this LP-relaxation has exponentially many variables, it can be efficiently solved

by standard techniques, e.g. by using an equivalent polynomial-size edge-based formulation.

It is well known that the integrality gap of (LP-flow) is Q(y/n) even in grid graphs. Indeed, let
G be an (N x N)-grid, and let k = N —2. We let the sources s1,. .., S} appear consecutively
on row Ry, starting from v(1,1) in this order, and the destinations appear consecutively on
row Ry starting from v(N, 1), in the opposite order: tj,...,t; (see Figure 2.1). It is easy
to see that there is a solution to (LP-flow) of value k/3 = Q(N): for each pair (s;,t;), we
send 1/3 flow unit on the path P;, where P; is an s;—t; path lying in the union of columns
C;,Cn_;—1 and row R;+1. On the other hand, it is easy to see that the value of any integral
solution is 1, since any pair of paths connecting the demand pairs have to cross. Since the
number of vertices in G is n = N2, this gives a lower bound of Q(+/n) on the integrality gap
of (LP-flow).

)
w

)
=

—o0—0—0—0—0—9
—o0—0—0—0—0—=9 (n
N

—o0—0—0—0—0—@
— 171
—o0—0—0—0—0—9 .
O—O0—0—0—0—0—

Figure 2.1: Integrality gap example
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2.3 Routing with Well-Separated Destinations

In this section we generalize the results of Cutler and Shiloach [22], by proving the following

theorem.

Theorem 2.3.1. Let H be the (N x N)-grid, and let M = {(s1,t1),..., (s, t;)} be a set of
k > 4 demand pairs in H, such that: (i) s1,...,sy are all distinct, and they appear on the
first row of H; (i) for all 1 <i # j <k, doo(t;,tj) > 4k +4; and (iii) for all 1 < i <k,
deo(t;, V(I'(H))) > 4k +4. Then there is an efficient algorithm that routes all demand pairs
i M in graph H.

The rest of this section is devoted to proving Theorem 2.3.1. For each destination vertex
tj, we define a sub-grid B; of H of size ((2k + 3) x (2k + 3)), centered at ¢;, that is,
if t; = v(i,i'), then B; is a sub-grid of G spanned by rows Rz’—(k+1)7-'-aRz‘+(k+1) and

columns Ci'—(k—i—l)? e 701"—1—(/{—1—1) of H.

We call the resulting sub-grids By, ..., B} boxes. Notice that all boxes are disjoint from each
other, due to the spacing of the destination terminals. We start with a high-level intuitive
description of our algorithm. For each box Bj, we can associate an interval I(B;) C (1, N)

with Bj, as follows: If C; , C, are the columns of H containing the first and the last columns
k

j=1
of intervals is aligned, if for all i # j, either I(B;) = I(Bj), or I(B;) N I(B;) = (). For

of Bj, respectively, then I(Bj;) = (i1,i3). We say that the resulting set Z = {I(B;)}

simplicity, assume first that all intervals in Z are aligned, and let {I1, Io, ..., I} be the set
of all distinct intervals in Z, ordered in their natural left-to-right order. For each 1 < h <,
let Bj, be the set of all boxes B; with I(B;) = Ij,, and let B= {B; | 1 < j < k}. We define
a “snake-like” ordering of the boxes in B as follows. For all 1 < h < b/ < r, the boxes of
Bj, appear before all boxes of By, in this ordering. Within each set By, if h is odd, then
the boxes of By, are ordered in the order of their position in H from top to bottom, and
otherwise they are ordered in the order of their position in H from bottom to top. We then

define a set P of k paths, that start from the sources sq,..., s, and visit all boxes in B in
11



this order (see Figure 2.2). We will make sure that when the paths of P traverse any box

Bj, the path P; € P that originates at s; visits the vertex ¢;. In order to accomplish this,

we need the following lemma.

Figure 2.2: Traversing the boxes

Lemma 2.3.2. Let B be the ((2k +3) x (2k + 3)) grid, t = v(k + 2,k + 2) the vertex in the
center of the grid, and 1 < j < k any integer. Let X = {x1,...,x1} be any set of k vertices
on the top boundary edge L of B and Y = {y1,...,yr} any set of k vertices on the bottom
boundary edge L' of B, both sets ordered from left to right. Then we can efficiently find k
disjoint paths P{, cee Pl/c in B, such that for 1 <i <k, path PZ.' connects x; to y;; all paths

are internally disjoint from V(L U L'); and path Pj’- contains t.

Proof. Let U = {uy,...,u;} be any set of k vertices on row Ry 9 of B, ordered from left to
right, such that u; = t. Let B’ C B be the grid spanned by the top k + 2 rows of B, and

B" C B the grid spanned by the bottom k + 2 rows of B. Note that B’ N B"” = Ry_».

From Observation 2.2.1, there is a set P; of k node-disjoint paths in B’, connecting the

vertices of X to the vertices of U, and there is a set Py of k node-disjoint paths in B”,
12



connecting the vertices of U to the vertices of Y. Moreover, the paths in P; U Py are
internally disjoint from V(Rj,o U LU L"). By concatenating the paths in P; and Py, we
obtain a set P’ of k node-disjoint paths in B, connecting the vertices of X to the vertices
of Y, such that the paths in P’ are internally disjoint from L U L’. The intersection of each
path in P’ with the row R} o is exactly one vertex. Since graph B is planar, the paths in
P’ cross the row Ry 9 in the same left-to-right order in which their endpoints appear on L
and L'. Therefore, for 1 < i < k, the ith path connects x; to y;, and the jth path contains

the vertex t. N

Since in general the intervals in Z may not be aligned, we need to define the ordering between
the boxes, and the set of paths traversing them more carefully. We start by defining an order-
ing of the destination vertices {tj };?:1’ which will define an ordering of their corresponding

boxes.

We draw vertical lines in the grid at every column whose index is an integral multiple of
(3k + 2), and let {Vq, Va,...} denote the sets of vertices of the resulting vertical strips of

width 3k + 2, that is, for 1 <m < [N/(3k + 2)],

Vin = {v(j,5) | (m —1)(3k +2) < 5 <min{m(3k +2), N};1 < j < N}.

Notice that {Vl, e V[N/(3k+2ﬂ } partition V (H). We assign every terminal t;j to the unique
set Vi containing ¢;. We then define a collection § of vertical strips of H as follows: For
each set Vjy,, such that at least one terminal is assigned to Vi, we add H[V},] to S. We
assume that the set of strips § = {Sl, cee Sp} is indexed in their natural left-to-right order.

Abusing the notation, we will denote V' (S;;,) by Vi, for 1 <m < p.

Consider some vertical strip Sy, and let t;,1; € Vip, for j # i. Then the horizontal distance
between ¢; and t;, | col(t;) — col(t;)| < 3k + 2, and since doo(t;,tj) > 4k + 4, t; and t; must

be at vertical distance at least 4k + 4. Therefore, we can order the destination terminals

13



assigned to the same vertical strip in the increasing or decreasing row index. We define the

ordering of all destination terminals as follows:

1. for every 1 < m < m/ < p, every terminal t; € V;;, precedes every terminal tj € Viprs

and

2. for t;,t; € Vi, with row(t;) > row(t;), if m is odd then #; precedes t;, and if m is

even, then ¢; precedes t;.

Let B = {Bj 1< < k} be the set of boxes corresponding to the destination vertices. The
ordering of the destination vertices now imposes an ordering on B. We re-index the boxes B;
according to this ordering, and we denote by #(B;) the unique destination terminal lying in
Bj. We will say that a box B; belongs to strip Sp, iff the corresponding terminal ¢(B;) € Vpp,.

(Note that Bj; is not necessarily contained in Sp,). The following observation is immediate.

Observation 2.3.3. If box Bj belongs to strip Sy, then at least k + 2 vertices from the top

boundary of Bj, and at least k + 2 vertices from the bottom boundary of Bj belong to Vi,

In order to complete the construction of the set P of paths routing all demand pairs, we

define, for 1 <1 < k, a set P; of k disjoint paths, with the following properties:

P1. Paths in P; connect {si}i?:l to some set of k vertices on the top boundary of By;

P2. For ¢ > 1:

e if B; 1| and B; belong to the same strip Sj,, and m is odd, then paths in P;
connect k vertices on the bottom row of B;_; to k vertices on the top row of
Bj;

e if B,_1 and B; belong to the same strip Sy,, and m is even, then paths in P;
connect k vertices on the top row of B;_; to k vertices on the bottom row of
Bj;

14



o if B, 1 belongs to strip Sy, and B; to strip S),4+1, and m is odd, then paths in
P; connect k vertices on the bottom row of B;_j to k vertices on the bottom

row of B;;

o if B; 1 belongs to strip Sy, and B; to strip S;,+1, and m is even, then paths
in P; connect k vertices on the top row of B;_; to k vertices on the top row of

B;; and

P3. All paths in Ule P; are disjoint from each other, and each path is internally disjoint

from (Jgep V(B).

Theorem 2.3.4. There is an efficient algorithm to find the collections Py, ..., Py of paths

with properties (P1)-(P3).

Proof. For each box Bj, for 1 < j < k, we define four sub-graphs of H, Zt.,Z]l-’, Z]t.t, Zjbb,

that will be used in order to route the sets P;, Pj 1 of paths.

Consider some box Bj, and assume that it belongs to strip Sp,. Let Cp, Cy be the columns
of H that serve as the left and the right boundaries of Sy, respectively. Let Ry, R be the
rows of H containing the top and the bottom row of B, respectively. Intuitively, Z; is the
sub-grid of strip Sy, containing the k£ + 1 rows immediately above row Ry, in addition to the
row Ry, and Z}’ is defined similarly below B;. Formally, Z; is the sub-grid of H spanned by
columns Cp, ..., Cy, and rows R;_p_1,..., R, so Z; contains k+ 2 rows and 3k + 2 columns.
Similarly, Z;’ is the sub-grid of H spanned by columns Cy, ..., Cy, and rows Ry, ..., Rp1 41,

SO ZJ{-’ contains k + 2 rows and 3k + 2 columns (see Figure 2.3).

We now turn to define the grids Z;-t and Z;’b. Graph Z;t is defined as follows. Assume
w.l.o.g. that m is odd (recall that Sy, is the strip containing ¢(5;)). If B; is not the topmost
box that belongs to Sj,, then let R, be the row of H containing the bottom row of Z;?_l;
otherwise let Ry = Rop,q if j > 1 and Ry = Ry if j = 1. Let R, be the row of H

containing the top row of Z;. We would like Z;t to be the grid containing the segments of
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Figure 2.3: Graphs Zl?, Z;i, Zé?b and Z;.t

the middle & columns of Sy, between rows R, and R,. Formally, we let Z;.t be the sub-grid

of H spanned by rows Rg, ..., R,, and columns Cypiry9,...,Cpiokt1-

We define the graph Z;?b similarly. If B; is not the bottommost box of Sy,, then let R, be
the row of H containing the top row of Z§+1, and otherwise let R = Ry _p_1. Let Rs be
the row of H containing the bottom row of Z;?. Graph Z;?b is the sub-grid of H spanned by

rows Ry, ..., Re, and columns Cpypy9,...,Cpiofpt-

Notice that if B; is not the topmost box of Sy, then Z;t = zbb

-1 and if Bj is not the

bottommost box of By, then Zjbb = Z;Z_l. We need the following observation.

Observation 2.3.5. For all1 < q <k, BgN Z;t, By N Z;’b = (. Moreover, if ¢ # j, then

.- b t
additionally By N Z3,BgNZ; = 0.

Proof. We prove for Z]t. and Z;t. The proofs for Z]b and Z;?b are symmetric.
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Consider some box By with ¢ # j, and assume for contradiction that By N Z;- # (). Then the
vertical distance between #(By) and #(B;) is less than 4k +4, and so the horizontal distance
between them must be at least 4k + 4. However, ¢(B;) lies in the strip Sy, and, since By
intersects Z;, the horizontal distance between ¢(B;) and the left or the right column of S,
is at most k + 1, and so the total horizontal distance between t(B;) and #(B;) is at most

4k + 4, a contradiction.

Consider now some box By, for 1 < ¢ < k, and assume for contradiction that By N Z;t =+ .
If B; is the topmost box in Sy, then By cannot belong to Sp,. If B; is not the topmost box
of Sy, then By cannot belong to Sy, due to the definition of Z;t. Therefore, t(By) lies in
either Sy,41 or Sp,—1. But since By is a box of width 2k + 3, with ¢(B,) lying in (k + 2)th

column of By, it is impossible for B, to intersect Z]'”ft. O

We are now ready to define the sets P; of paths. In order to do so, we define a collection
{Hy,...,H;} of disjoint sub-graphs of H, and each such sub-graph H; will be used to route
the set P; of paths. We start by letting H; be the union of three graphs, Z¢, Zi and the
sub-grid of H spanned by the top k£ + 1 rows of H. We denote this latter graph by H{.
Recall that the terminal ¢(Bp) lies in strip S;. Let A be the set of k vertices on the top
boundary of th, As the set of k vertices on the bottom row of Zi, and let Az be any set of k
vertices on the top row of By, that lie in Sy (from Observation 2.3.3, such a set exists). From
Observation 2.2.1, we can construct three sets of paths: set 73{ in H {, connecting each source
vertex to some vertex of Ap; set 73{' in Zit connecting the vertices of A; to the vertices of
Ay (the paths in P; are just the columns of Z{t), and set P{” in Z’{, connecting the vertices
of Ao to the vertices of A3. We let P; be obtained by concatenating the paths in 73{, 77{',

and Py

Consider now some index 1 < j < k, and assume that B;_1 belongs to some strip Sp,. We
assume w.l.o.g. that m is odd (the case where m is even is dealt with similarly), and we

show how to construct the set P; of paths. We consider two cases. The first case is when
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B; also lies in .5;,. We then let H j be the union of Z?—l? ij?b_l and Z;. The set P;j of paths
will be contained in Hj, and it is defined as follows. Let Ay be any set of k vertices on the
bottom row of B;_1, that lie in Vj;, (this set exists due to Observation 2.3.3); let Ag and Ag
be the vertices of the top and the bottom rows of Z?El, respectively, and let A4 be any set
of k vertices on the top row of Bj that lie in Vjy,. As before, using Observation 2.2.1, we can

construct three sets of paths: set 73]’- in 20 connecting each vertex of Ay to some vertex of

J—1
Ag; set P;’ in Z?Iil connecting the vertices of Ay to the vertices of Ag (the paths in 735/ are
just the columns of Zé’lil), and set P}’ "in Z;f, connecting the vertices of Ag to the vertices

of Ag. We let P; be obtained by concatenating the paths in P, 79]/-, and 73]/-/’ .

Finally, assume that B; belongs to Sj,41. Let Cp and C; be the columns of H that serve
as the left boundary of Sj, and the right boundary of S, 1, respectively. Let H ; be the
sub-grid of H, spanned by columns Cy,...,Cy, and rows Ry_p_1,...,Ry. We let H; be

the union of Zb , 7zt

1250 H ;-, Zjl-’ and Zjl-)b. Using methods similar to those described above,

it is easy to find a set P; of k disjoint paths in H;, connecting k vertices on the bottom row

of B;j_1 to k vertices on the bottom row of B;.

The case where m is even is dealt with similarly. The only difference is that in the case
where B; belongs to Sy,11, we use rows Rjio,..., Roj 1 to define H}, instead of rows

RN_k+1,---, Ry, to avoid collision with the graph H{.

From the construction of the graphs H;, it is easy to see that all such graphs are mutually
disjoint, and therefore we obtain the desired sets Py, ..., P of paths with properties (P1)-
(P3).

]

Given the path sets Pp, ..., P, with properties (P1)-(P3), it is now easy to complete the
proof of Theorem 2.3.1. For each box Bj, let X; C V(B;) be the set of k vertices that serve
as endpoints of the paths of P;, and let Y; C V(B;) be the set of k vertices that serve as

endpoints of the paths in Pjq. (For j = k, we choose the set Y}. of k vertices on the top
18



or the bottom boundary of B}, (opposing the boundary edge where the vertices of X;. lie)

arbitrarily).

We construct the set P of paths gradually, by starting with P = P;, and performing &
iteration. We assume that at the beginning of iteration ¢, set P contains k disjoint paths,
connecting the k source vertices to the vertices of X;. This is clearly true at the beginning of
the first iteration. The ith iteration is executed as follows. Assume that ¢(B;) = t,-, and let
u € X; be the vertex where the path of P originating at s, terminates. From Lemma 2.3.2,
we can find a set Q; of paths inside B;, connecting the vertices of X; to the vertices of Yj,
that are internally disjoint from the top and the bottom boundary edges of B;, such that
the path originating at u contains the vertex t,. We then concatenate the paths in P with
the paths in Q;, and, if ¢ < k, with the paths in P; 1, to obtain the new set P of paths, and
continue to the next iteration. After k iterations, we obtain a collection of k node-disjoint
paths that traverse all boxes B, such that for each 1 < i < k, the path originating from s;

contains the vertex t;.

2.4 An O(n'/*)-Approximation Algorithm

We assume that we are given the (N x N) grid graph G = (V, E), so n = |V| = N?, and
a collection M = {(si,ti)}le of demand pairs. We say that a demand pair (s;,t;) is bad
if both doo(s5, T(G)), doo(t;, T(G)) < 4v/N + 4, and we say that it is good otherwise. Let
M M C M denote the sets of the good and the bad demand pairs in M, respectively.
We find an approximate solution to each of the two sub-problems, defined by M’ and M”,

separately, and take the better of the two solutions.
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2.4.1 Routing the Good Pairs

Let (f,z) be the optimal solution to the linear program (LP-flow) on instance (G, M), and
let OPTp be its value. We show an algorithm that routes Q(OPTp/(n!/4-logn)) demand
pairs. The algorithm consists of two steps. In the first step, we reduce the problem to routing
between two square sub-grids of G. We note that a similar reduction has been used in prior
work, e. g. by Aggarwal et al. [2]. In the second step, we show an approximation algorithm

for the resulting sub-problem.

Reduction to the 2-Square Problem. In this step, we reduce the problem of routing
on G with a general set M’ of good demand pairs, to a problem where we are given two
disjoint sub-grids (or squares) Q1, Q2 of G, and every demand pair (s;,?;) has s; € 1 and

tj € Q2, or vice versa.

We start by partitioning the set M’ of the demand pairs into [log N subsets. We denote

the subsets by M, ... ,./\/lﬂog N> where
My, ={(sj.t5) € M| 2071 <o (s, t) < 2}

For each 1 < h < [log N, let

(Sj,t]')EMh
where x; is the amount of flow sent from s; to ¢; in the solution to (LP-flow). We let h* be

the index maximizing Fj,«, so
Fh* > OPTLP/ [IOgN—I .

From now on, we focus on routing the pairs in My, and we will route Q(Fj,« /nl/ 4) such

pairs.
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Assume first that h* < 6. In this case, we partition the grid into sub-grids of size at
most (256 x 256) with a random offset, as follows. Select an integer 0 < z < 256 uni-

formly at random, and use the set C = {Cz+256¢}}(:]§_2)/ 256 of columns and the set

R = {RZ+2561-}ZL(:]X_Z)/256J of rows to partition the grid into sub-grids. Let Q be the

resulting collection of sub-grids.

We define a new LP-solution as follows, starting with the original LP-solution:

e for every demand pair (s;,t;) € My, set x; = 0, and f(P) = 0 for all paths P € Pj;

e for every demand pair (s;,t;) € Myy, if s; or t; lie on a row of R or a column of C,
or if they belong to different sub-grids in Q, set x; = 0 and f (P) = 0 for all paths
Pe Pj.

Since for each pair (sj,1;) € My, doo(s,t;) < 64, it is easy to see that the expected value

of the resulting LP-solution is
C = Q(Fh*) = Q(OPTLP/ IOgN) = Q(OPTLP/IOgn).

By trying all possible values 0 < z < 256, we can find a partition Q of GG, and a corresponding
LP-solution, whose value is at least C'. Notice that for each sub-grid ) € Q, the number
of vertices in Q is bounded by 2562, and so the total amount of flow routed between the
demand pairs contained in @ is bounded by 2562. For each sub-grid Q € Q, if there is
any demand pair (sj,t;) € My« with s;,¢; € @Q, and a non-zero value x; in the current
LP-solution, we select any such pair and route it via any path P contained in (), which is
disjoint from the boundary of (). It is easy to see that the total number of the demand pairs

routed is Q(C) = Q(OPTp/logn). From now on, we assume that h* > 6.

For convenience, we denote h* by h from now on. Let m = oh /16. We partition the grid

into a collection

Q={Qpg|1<p<|N/m|,1<q<|N/m|}
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of disjoint sub-grids, or squares, as follows:

1. First, partition G into | N/m| disjoint vertical strips Vi, ..., VL N/m)> each containing
m consecutive columns of GG, except for the last strip, that may contain between m

and 2m — 1 columns.

2. Next, partition each vertical strip V}, into [ /N/m| disjoint sub-grids, where each sub-
grid contains m consecutive rows of V), except possibly for the last sub-grid, that

may contain between m and 2m — 1 rows.

The width and the height of each such sub-grid is then between m and 2m — 1, where
m < N/16. Notice that for each such grid Qp 4 € Q, if L is the left boundary edge of Qp 4,
and L’ is the left boundary edge of G, then either L C L', or L and L’ are separated by
at least m — 1 columns. The same holds for the other three boundary edges. We need the

following observation.

Observation 2.4.1. Let (sj,t;) € My, be a demand pair, and assume that s; € Qpq and
i € Qp’,q" Then:

5<p—p+g—d| <34

Proof. We first show that |p — p| + |¢ — ¢/| > 5. Indeed, assume otherwise. Then both the
horizontal and the vertical distance between s; and ¢; is less than 8m = 8- oh /16 = oh=1,

while doo(sj,15) > 2h=1"a contradiction.

Assume now for contradiction that [p — p/| 4 |¢ — ¢/| > 34. Then deo(sj,t;) > 16m = oh.

contradicting the fact that deo(sj, ;) < oh. O

We say that a pair (Qp,q; Qp/,q/) of squares in Q is interesting iff
5< p =1l +1g—q| <34
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Let Z be the set of all interesting pairs of squares in Q. We associate an NDP instance with

each such pair Z = (Qp,q, @y ), as follows.

Let M(Z) € My, be the set of all demand pairs (s;,t;) € My where s; € Qpq and
tj € Qp/yq/, or vice versa. We also define a box A(Z), that contains Qp 4 U Qp/g/, and adds
a margin of m around them, if possible. More precisely, let ¢ be the smallest integer, such

that

RyN (Qp,q U Qp’,q’) #+ @,

and let ¢/ be the largest integer, such that

Ry N (Qpaq U Qp’,q’) # 0.

Similarly, let b and b be the smallest and the largest integers, respectively, such that

C'b N (Qp,q U Qp/,q’)7 Cb’ n (QP#] U Qp’,q’) # 0.

We then let A(Z) be the sub-grid of G spanned by rows Riyax{1,6=m}> - - -» Bin {0 +m,N}>
and by columns Cmax{l,b—m}> ey Cmin{b’+m,N}-

For every interesting pair of squares Z € Z, we now define an instance of the NDP prob-
lem on graph A(Z), with the set M(Z) of demand pairs. Let F'(Z) be the total amount
of flow routed between the demand pairs in M(Z) in the current LP-solution F} to our
original problem (notice that in our LP-solution, the fractional routing of the demand pairs
in M(Z) is not necessarily contained in A(Z)). From the above discussion, ),z F(Z) =
Q(OPT p/log N). We will show an algorithm that routes, for each Z € Z, Q(F(Z)/n/%)
demand pairs in M(Z) integrally, in graph A(Z). However, it is possible that for two pairs
77" € Z, A(Z)N A(Z'") # 0, and the two routings may interfere with each other. We

resolve this problem in the following step.

From Observation 2.4.1, it is easy to see that for each interesting pair of squares Z € Z,
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the number of pairs Z' € Z with A(Z) N A(Z') # 0 is bounded by some constant c. We
construct a graph H, whose vertex set is V(H) = {vy | Z € Z}, and there is an edge
(vz,v7) iff A(Z)NA(Z') # 0. As observed above, the maximum vertex degree in this graph

is bounded by some constant ¢, and so we can color H with ¢+ 1 colors.

Let U; C V(H) be the set of vertices of color i. We select a color class i*, maximizing the

value F7" = ZUZEUi* F(Z). Clearly,
F" = Q(OPTp/log N).

For every pair vy, v, of vertices in U;x, we now have A(Z) N A(Z') = ). In order to obtain
an O(nl/ 4 log n)-approximation algorithm for the special case where all demand pairs are

good, it is now enough to prove the following theorem.

Theorem 2.4.2. There is an efficient algorithm, that, for every interesting pair Z € Z of
squares, routes Q(F(Z)/n'/*) demand pairs of M(Z) inside the grid A(Z).

The Rounding Algorithm. From now on we focus on proving Theorem 2.4.2. We assume
that we are given an interesting pair Z = (Q, Q') of squares, where the width and the height
of each square is bounded by 2m — 1. We are also given a collection M(Z) of demand pairs,

that, for convenience, we denote by M from now on.

For each demand pair (s;,t;) € M, we can assume without loss of generality that s; € Q
and t; € Q. We are also given a fractional solution (f,z) that routes F* = F(Z) flow
units between the demand pairs in M, in the grid G. Additionally, we are given a square
A = A(Z), containing @ and @', as defined above. Recall that for any pair v € Q, v' € @’

of vertices, doo(v,v") > 5m.

Recall that from our definition of good demand pairs, it is possible that for a pair (sj, tj) €
M, dx(sj,T(G)) < 4v/N + 4, or deo(tj, I'(G)) < 4v/N + 4, but not both. We say that

(s4,t5) is a type-1 pair if doo(s;,T(G)) < 4v/N + 4, and we say that it is a type-2 demand
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pair otherwise.

Let F be the total flow in the LP-solution between the type-1 demand pairs, and F5 the
total low between type-2 demand pairs. We assume without loss of generality that F| < Fj,
so Fp > F* /2. From now on we focus on routing type-2 demand pairs. Abusing the notation,

we use M to denote the set of all type-2 demand pairs.

We next define a sub-grid QT of A, obtained by adding a margin of m around the grid @,
if possible. Specifically, let Ry, Ry be the rows of G, containing the top and the bottom
rows of (), respectively. Similarly, let Cp,Cy be the columns of G, containing the left
and the right columns of Q, respectively. We let QT be the sub-grid of G, spanned by
TOWS Rmax{l,ﬁ—m}a e 7Rmin{N,€’—|—m} and columns CmaX{Lb—m}? ey Cmin{N7b’+m}- From
our definition of A, QT C A. Moreover, since m < N, and since we have assumed that all
demand pairs are type-2 good pairs, all source vertices corresponding to the demand pairs
in M are within Lo distance at least 4y/m + 5 from the boundary of Q*. We start with

the following simple observation.

Observation 2.4.3. Let L' be a boundary edge of Q', such that L' € T'(G), and let Y C
V(L) be any set of its vertices. Then there is a boundary edge L of Q, and a set P of |Y|
disjoint paths in graph A, connecting every vertex of Y to a distinct vertex of L, such that

the paths in P are internally disjoint from QT U Q.

Proof. If the top boundary edge L of Q7T is separated by at least m rows from the top
boundary edge of G, then set L = L; otherwise, let L be the bottom boundary edge of QF
- notice that it must be separated by at least m rows from the bottom boundary edge of
G. Let X C V(L) be any set of |Y| vertices, and let A’ be the graph obtained from A, by
deleting all vertices in QT \ X and Q" \ Y from it. It is enough to show that there is a set
P of | X| = |Y] disjoint paths in A’ connecting the vertices of X to the vertices of Y. Let
z = | X|. From Menger’s theorem, if such a set of paths does not exist, then there is a set

J of at most z — 1 vertices, such that in A’ \ J there is no path from a vertex of X \ J to
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a vertex of Y\ J. But from our definition of QT,Q’, and A, it is clear that no such set of

vertices exists. O

Let 7 be the smallest integral power of 2 greater than 4v/m + 4, so r = O(y/m). Our next
step is to partition @ into a collection X' of disjoint sub-grids of size at most (r x r) each.
For 1 < p,q < m/r, we let X4 be the sub-grid of @, spanned by rows R(p—l)r—l—l? R

and columns C(Q71)T‘+1’ ..., Cgr of Q. We then let
X={Xpql1<pg<m/r}.

The next theorem is key to finding the final routing.

Theorem 2.4.4. There is a subset M1 C M of Q(F*/n1/4) demand pairs, such that every
vertez of QU Q' participates in at most one demand pair. Moreover, if S1 and Ty denote the

sets of all source and all destination vertices of the pairs in My, respectively, then:

o for every square X, 4 € X, at most one vertex of Xp 4 belongs to S1; and

e there is a boundary edge L' of Q', with L' € T(G), and a set P1 of node-disjoint

paths in graph Q', connecting every vertex of Tq to a distinct vertex of L.

Proof. Let U be the union of the boundary edges L’ of @', with L’ € T'(G). We build a flow
network A/, starting with the graph Q’. We add a source vertex a, that connects to every
vertex in U with a directed edge. Let S C @) be the set of all vertices participating in the
demand pairs in M as sources. Observe that each vertex s € S may participate in several
demand pairs in M. We add every vertex s € S to graph N, and for each demand pair
(s,t) € M, we connect t to s with a directed edge. Next, for each square X, € X, we add
a vertex uy 4, and we connect every vertex s € SNX) 4 to up ¢ with a directed edge. Finally,
we add a destination vertex b, and connect every vertex up 4 for 1 <p,q < m/r to b with a

directed edge. We set all vertex-capacities (except for those of a and b) to 1.
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We claim that there is a valid flow of value Q(F*/y/m) from a to b in N. Indeed, consider
the multicommodity flow between the demand pairs in M, given by our current LP-solution.
For each (s;,t;)-pair in M, we send x;/4r flow units on the edge (t;,s;) in N. For each
flow-path P € P;, notice that P must contain some vertex of U. Let v be the last such
vertex on P (where we view P as directed from s; to ¢;), and let P’ be the sub-path of P
from v to t;. We send f(P)/4r flow units on every edge in P'. For every vertex v € U, we
set the flow on the edge (a,v) to be the total flow leaving the vertex v; for each vertex s € S,
with s € X 4, we set the flow on the edge (s, up,q) to be the total amount of flow entering
s. The flow on edge (upq,b) is then set to the total amount of flow entering uy, 4. Notice
that for each square X, 4, every flow-path originating at a vertex of SN X ; must cross the
boundary I'(X), 4) of Xj 4, that contains at most 4r vertices. Therefore, the total amount of
flow in the original LP-solution leaving the vertices in SN X 4 is at most 4r. It is now easy

to see that we have defined a valid a-b flow of value F' = Q(F*/y/m).

From the integrality of flow, there is an integral flow of the same value in A/. Let P be the
set of paths carrying one flow unit in the resulting flow. Then there is a boundary edge L'
of @', such that L' Z T'(G), with at least ﬁ’/4 of the paths in P containing a vertex of L’.

Let P’ C P be this set of paths.

We are now ready to define the final set M of the demand pairs, and the corresponding set
P1 of paths. Consider some path P € P, and let (¢, s) be the unique edge with (s,t) € M
on this path. We then add (s, t) to M. Let P’ be the sub-path of P, starting from the last
vertex on P that belongs to L', to vertex t. We add P’ to P;. This finishes the definition of

the subset M of demand pairs, and the corresponding set Py of paths. O

If M| > y/m, then we discard pairs from Mj, until | M7| = \/m holds, and we update the

sets S1,7T1, and Pp accordingly.

For w,w’ € {0,1}, let Sw,w’ be a subset containing all vertices s € S lying in the squares
Xp,q, where p=w mod 2 and ¢ = w’ mod 2. Then there is some choice of w,w’ € {0,1},
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so that [S,, ,v| > |S1]/4. We let Sy = S,,, s for this choice of w,w’, and we define My =

{(s,t) € M1 | s € Sy}, and Ty as the set of all destination vertices for the pairs in Mo.

Let Po C P; be the set of paths originating from the vertices of To. Let Y be the set
of endpoints of the paths in Py that lie on the boundary edge L' of Q'. Finally, from
Observation 2.4.3, there is a boundary edge L of QT, a set Y’ of |Y| vertices of L, and a
set Pé of disjoint paths in A, connecting every vertex in Y to a distinct vertex of Y, so
that the paths in 735 are internally disjoint from Q% U @Q’. By concatenating the paths in

Py and Pé, we obtain a new set P* of paths, connecting every vertex of Ty to a distinct

vertex of Y. Denote My = {(sj, @)}'jff‘, and let u; € Y’ be the vertex where the path
Pj € P*, originating at vertex ¢;, terminates. Notice that all vertices in Sy are now at the
Lso-distance at least r > 44/m + 4 from each other, and at distance at least 4./m + 5 from

the boundaries of @™, and |[M1| < y/m. From Theorem 2.3.1, we can efficiently find a set Y
of disjoint paths in graph Q™, connecting every vertex s;j € 52 to the corresponding vertex
uj € Y’. By concatenating the paths in P* and ), we obtain a set of paths routing all pairs

in Mo.

Notice that from the above discussion,

Mo = min {Q(v/m), QF*/v/im) }

It is easy to see that F* < 4m, since every flow-path routing a pair in M must cross the

boundary of @’. Therefore,

My] = QF* /y/m).

Since m < N = y/n, our algorithm routes Q(F*/n/4) demand pairs.

2.4.2 Routing the Bad Pairs

The goal of this section is to prove the following theorem.

28



Theorem 2.4.5. Let d* > 1 be a parameter, and let (G, M) be an instance of the NDP
problem, where G is an (N x N) grid, and M = {(s1,t1),...,(sg,tx)}. Assume further
that for each demand pair (s;,tj), both doo(s;,T'(G)), doo(tj, T'(G)) < d*. Then there is an

efficient algorithm that finds an O(d*)-approzimate solution to the NDP instance (G, M).

Notice that by setting d* = 4v/N + 4, so that d* = ©(n'/%), we obtain an O(n!/4)-

approximate solution for NDP instances on grid graphs, where all demand pairs are bad.

The rest of this section is dedicated to proving Theorem 2.4.5. Let T be the set of all
vertices participating in the bad demand pairs. We call the vertices in T' terminals. Let
Ly, Ls, L3, Ly be the four boundary edges of the grid G. Notice that a terminal ¢ € T" may

be within distance d* from up to two boundary edges.

For each terminal ¢t € T', we let L(t) be any boundary edge of G, such that
doo(t, V(L(t))) < d*.

We now partition all bad demand pairs into 16 subsets: for 1 < p,q < 4, set My, ;, contains

all pairs (sj,t;), where L(s;) = Ly and L(t;) = Lq.

Let OPT be the optimal solution to the NDP instance. For every possible choice of 1 <
p,q < 4, let OPT) 4 be the optimal solution restricted to the pairs in M, 4. Clearly, there is
a choice of p and ¢, such that at least |OPT|/16 of the demand pairs routed in OPT belong
to My 4, and so |[OPT, 4| > OPT/16. For each choice of values 1 < p,q < 4, we show an
algorithm that routes Q(OPT), 4/d*) demand pairs in My, ;. We then take the best of these

solutions, thus obtaining an O(d*)-approximation algorithm.
Fix some 1 < p,q < 4. We consider three cases.

The first case happens when L, and L, are two distinct opposing boundary edges of G. We
assume without loss of generality that L, is the top, and L, is the bottom boundary of G.

We say that a subset M’ C My, q of demand pairs is a monotone matching, if the following
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holds. Let S’ be the set of all source vertices, and T" the set of all destination vertices,

participating in the pairs in M’. Then:

All vertices of S’ lie in distinct columns of G;

All vertices of T” lie in distinct columns of G;

Every vertex of S’ U T’ participates in exactly one demand pair; and

For any two distinct pairs (s, ), (sj,t;) € M/, col(s;) < col(s;) iff col(t;) < col(t;).

The following observation is immediate.

Observation 2.4.6. Let M’ C M, , be any monotone matching with |M'| < N/2. Then

there is an efficient algorithm to route all pairs in M’ in graph G.

Our algorithm then simply computes the largest monotone matching M’ C M, 4, using

standard dynamic programming.

We maintain a dynamic programming table I, that contains, for all 0 < z,y < N, an entry
II(z,y), whose value is the size of the largest monotone matching M(z,y) € My 4, such
that every source vertex s participating in pairs in M(x,y) has 1 < col(s) < z, and every
destination vertex t participating in pairs in M(z,y) has 1 < col(t) < y. We fill the entries
of the table from smaller to larger values of x + y, initializing I1(x,0) = 0 and I1(0,y) = 0

for all x and y.

Entry II(x,y) is computed as follows: If there is a pair (s,t) € My 4, with col(s) = z and
col(t) = y, then we let II(x,y) be the maximum of II(x — 1,y — 1) + 1, II(z — 1,y), and
II(z,y — 1). Otherwise, II(z,y) is the maximum of II(x — 1,y), and [I(z,y — 1). The size
of the largest monotone matching M’ C M, , is then stored in II(N, N), and we can use

standard techniques to compute the matching itself.

Finally, we show that there is a large enough monotone matching M’ C M, ,.
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Lemma 2.4.7. There is a monotone matching M C My, 4 of cardinality Q(OPTy, 4/d*).

Proof. For every source vertex s of a demand pair in My, 4, let P(s) denote the segment of
the column in which s lies, from the first row of G to s itself. Similarly, for each destination
vertex t of a demand pair in My, 4, let P(t) denote the segment of the column in which ¢

lies, from ¢ to the last row of G.

Consider the solution OPTj, 4, and let M* C M, ; be the set of the demand pairs routed in
it. For each pair (s;,t;) € M*, let P; € OPT, 4 be the path routing this demand pair in the
solution. We say that two terminal pairs (s;,%;) and (s;,t;) in M* have a conflict iff either

P; contains a vertex of P(s;) U P(t;), or P; contains a vertex of P(s;) U P(t;).

Let H be a directed graph, that contains a vertex v; for every pair (s;,t;) € M*, and a
directed edge (v;,v;) iff path P; intersects P(s;) or P(t;). Notice that the length of every
path P(s;) or P(t;) is bounded by d*, and so every vertex of H has in-degree bounded by 2d*.
Therefore, any vertex-induced sub-graph H’ of H with z vertices has at most 2d*z edges,
and contains at least one vertex whose degree (including the incoming and the outgoing

edges) is at most 4d*.

We now construct the set M’ of demand pairs as follows. Start with M’ = (). While H is
non-empty, let v; be any vertex of degree at most 4d*. Delete v; and all its neighbors from

H, and add the pair (s;, ;) to M’

When this procedure terminates, it is easy to see that M’ contains at least

|OPTyp 4|/ (4d" + 1) = Q(OPT,, q/d")

demand pairs. Moreover, if (s;,t;) and (sj,t;) are distinct pairs in M/, then there is no
conflict between (s;, ;) and (s;,t;). In particular, this means that col(s;) # col(s;) and
col(t;) # col(t;). Moreover, if we assume that col(s;) < col(s;), then col(¢;) < col(t;) must

hold: this is since the union of P;, P(s;) and P(t;) partitions the face defined by I'(G) into
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two sub-faces, and both s; and ¢; must be contained in a single sub-face, as the path P;

cannot intersect the paths P;, P(s;) and P(t;). O

This concludes the analysis of the algorithm for the case where L; and L4 are two distinct
opposing boundary edges of G. The case where L; and Lq are two adjacent boundary edges

of G is dealt with very similarly.

Finally, we consider the case where L, = Ly. Assume without loss of generality that L, is
the bottom boundary of the grid. We say that a subset M’ C Mp.q is a nested matching, if
the following holds. Let S be the set of all source vertices, and 7" the set of all destination

vertices, participating in the pairs in M’. Then:

All vertices of S’ lie in distinct columns of G

All vertices of T” lie in distinct columns of G;

Every vertex of S’ U T’ participates in exactly one demand pair; and

For any two distinct pairs (s;, t;), (s;,t;) € M/, with col(s;) lying to the left of col(s;),
either both col(s; ), col(t;) lie to the left of both col(s;), col(t;), or both col(s;), col(t;)

lie between col(s;) and col(t;), or both col(s;), col(t;) lie between col(t;) and col(s;).

It is immediate to see that any nested matching M’ C M, 4, with |[M’| < N/2 can be routed
efficiently in G. As before, we can find a largest-cardinality nested matching M’ C Mp.q
using standard dynamic programming techniques. The following claim will then finish the

proof.

Claim 2.4.8. There is a nested matching M’ C My 4 of cardinality Q(OPT,, 4/d*).

Proof. We construct the paths P(s), P(t), the graph H', and the matching M’ corresponding

to an independent set in H' exactly as in the proof of Lemma 2.4.7. As before,

(M| = Q(OPT) 4 /d").
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Moreover, if (s;,t;) and (sj,t;) are distinct pairs in M’ then there is no conflict between

(si,t;) and (sj,t;). As before, this means that col(s;) # col(s;) and col(t;) # col(t;).

Assume now col(s;) lies to the left of col(s;). Then the union of P;, P(s;) and P(t;) partitions
the face defined by I'(G) into two sub-faces, and both s; and t; must be contained in a
single sub-face, as before. In this case, this means that either both col(s;), col(t;) lie to the
left of both col(s;), col(t;), or both col(s;), col(t;) lie between col(s;) and col(t;), or both

col(s;), col(t;) lie between col(t;) and col(s;). O

2.4.8 Putting Everything Together

Our algorithm for an input NDP instance (G, M), where G is an (N x N) grid, applies the
algorithm from Section 2.4.1 to the set M’ of the good demand pairs, and the algorithm
from Section 2.4.2 to the set M" of the bad demand pairs, and returns the better of the two

1/4 log n)-approximation to the

solutions. Since each of the two algorithms achieves an O(n
corresponding problem, and since at least half of the demand pairs routed in the optimal
solution are either all good pairs, or all bad pairs, we obtain an O(nl/ 4 log n)-approximation

overall.

2.5 Integrality Gap of (LP-flow) for Good Pairs

We prove that the integrality gap of (LP-flow) is Q(nl/ 8) even when all of the terminals are
far from the grid boundary. We note that the family of instances that we construct here
was previously used by Cutler and Shiloach [22], to provide a lower bound on the size of

permutation layouts. Our analysis also closely follows theirs.

Given any integer p > 10, let k = p2 and N = 6k. We show that the integrality gap of
(LP-flow) on the (N x N) grid G, where all terminals are within distance at least N/6 from
I(G) is Q(k/%) = Q(nl/8).
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In order to define the demand pairs, we let S be any set of k£ consecutive vertices on row Ry,
of G, where all vertices are at distance at least 2k from both the left and the right boundary

of G, and define a set T" of k consecutive vertices on row R4 similarly.

We partition the set S into p subsets S1,...,5) of p consecutive vertices each, where for
1 < 1,5 < p, the jth vertex in set S5; is denoted by s; ;. Similarly, we partition 7" into p
subsets 11, ..., T} of p consecutive vertices each, and for 1 <7, 5 < p, the jth vertex in set

T; is denoted by t; ;. The set M of the demand pairs is then:
M= {(sijitji) |1 <i,5 <p}.

It is easy to see that there is a solution to (LP-flow) of value k/3: for each pair (s; j,t;;),
we send 1/3 flow unit on the path P, lying in the union col(s; j), col(t;;) and Rjy,y;, that
connects s; ; to t;;. We next show that the value of any integral solution is O(k3/ 4), thus

establishing the integrality gap of Q(kl/ )

In our analysis we use the notions of graph drawing and graph crossing number. A drawing
of a graph H in the plane is a mapping, in which every vertex of H is mapped into a point
in the plane, and every edge into a continuous curve connecting the images of its endpoints,
such that no three curves meet at the same point, and no curve contains an image of any
vertex other than its endpoints. A crossing in such a drawing is a point where the images
of two edges intersect, and the crossing number of a graph H, denoted by OPT¢(H), is
the smallest number of crossings achievable by any drawing of H in the plane. We use the

following well-known theorem [3, 32].

|E[?
20|V |2°

Theorem 2.5.1. For any graph H = (V, E) with |E| > 7|V, OPT(G) >

Let OPT denote the optimal integral solution for the instance (G, M), M* C M the set
of the demand pairs routed by OPT, and let + = |OPT|. We define two bipartite graphs.

The first bipartite graph, H = (S, T, E*) is defined over the sets S and T' of the source and
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the destination vertices of M, and it contains an edge e = (s,t) for every pair (s,t) € M*.
The second graph is H' = (A, B, E'), where A = {vl, o ,vp}, B = {ul, o ,up}, and £
contains all edges (v;,u;), where (s; j,t;;) € M*. The following claim is central to our

analysis.

Claim 2.5.2. There is a drawing of H' with at most 2px crossings.

If |E'| < 14p, then |OPT| = O(vk) and we are done, so we assume that |E’| > 14p. Then

from Theorem 2.5.1,
3
/ x
OPTcr(H) Z @’
while from Claim 2.5.2,

OPT(H') < 2px.

Therefore, z = O(p3/2) = O(k3/%). It now remains to prove Claim 2.5.2.

Proof of of Claim 2.5.2. Notice that the natural drawing of the grid GG, together with the

solution OPT to the NDP instance gives a planar drawing ¢ of the graph H in the plane.

For each 1 < i < p, let SZ( C S, be the set of the sources that have an edge incident to them
in £, and define Tz/ C T; similarly. Let z; = ]S;] and y; = |TZ’\ For each 1 < i < p, if
x; = 0, then the vertex v; of H', corresponding to S; is an isolated vertex, and we can draw
it anywhere. Otherwise, let s; ; € S/ be any vertex. We draw v; at ¢(s; ;). Let I(4) be the
segment of row R9;. containing the vertices of S;, and no other vertices. Let L; be a very
thin strip (of height 1/10) around the segment (i) (see Figure 2.4). We alter the drawings
of all edges in E*, originating at the vertices of S/, so that they now originate at ¢(s; ;), by

re-routing them inside the strip L;.

Since the number of paths in OPT containing the vertices of .S; is bounded by p, it is easy
to do so, by introducing at most px; crossings. We perform the same transformation for
the sets T; of destination vertices, and obtain a drawing of the graph H’ with at most

p Zle(%' + y;) < 2px crossings. 0
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Figure 2.4: Altering the drawing around 5.

2.6 Approximation Algorithm for EDP on Wall Graphs

In this section we show that the algorithm from Section 2.4 can be adapted to give an
O(n1/4 -log n)-approximation on wall graphs of width and height N = Q(y/n) for EDP. In
order to construct a wall W of height h and width r (or an (h x r)- wall), we start from a

grid of height h and width 2r. Consider some column C’j of the grid, for 1 < j < r, and

let e{, e%, ce ,6‘2_1 be the edges of €, in the order of their appearance on C';, where ejl is

incident on v(1, j). If j is odd, then we delete from the graph all edges eg where i is even. If
7 is even, then we delete from the graph all edges e‘g where 7 is odd. We process each column
Cj of the grid in this manner, and in the end delete all vertices of degree 1. The resulting

graph is a wall of height h and width r, that we denote by W (See Figure 4.2).
I . I . I . I

e
B SEeS

Figure 2.5: A wall graph.

Let E7 be the set of edges of W that correspond to the horizontal edges of the original grid,

and let F9 be the set of the edges of W that correspond to the vertical edges of the original
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grid. The sub-graph of W induced by Ej is a collection of h node-disjoint paths, that we
refer to as the rows of W. We denote these rows by Rq,..., Ry, where for 1 <¢ < h, R; is
incident on v(i,1). Let V] denote the set of all vertices in the first row of W, and V}, the set
of vertices in the last row of W. There is a unique set C of r node-disjoint paths, where each
path C' € C starts at a vertex of V7, terminates at a vertex of V},, and is internally disjoint
from V1 U V},. We refer to these paths as the columns of W. We order these columns from
left to right, and denote by C'; the jth column in this ordering, for 1 < j < r. The sub-graph

(W) =Ry UC1URy,UC, of W is a simple cycle, that we call the boundary of .

For every vertex v € V(W), we let col(v) and row(v) denote the column and the row of W

to which v belongs. As before, for a pair u,v € V(W) of vertices, we define:
doo (u, v) = max {| col(v) — col(u)]|, | row(v) — row(u)|},
and for a vertex v and a subset U C V(W) of vertices, we let

doo(v,U) = Lrtrél[r} {doo(u,v)}.
Assume now that we are given an (N x N)-wall graph G = (V, E), so n = |[V| = O(N?), and
a collection M = {(s;, ti)}le of demand pairs. As before, we say that a demand pair (s;, ;)
is bad if both deo (54, T'(G)), deo(t;, T'(G)) < 4V/N + 4, and we say that it is good otherwise.
Let M/, M" C M denote the sets of the good and the bad demand pairs in M, respectively.
We find an approximate solution to each of the two sub-problems, defined by M’ and M”,

separately, and take the better of the two solutions.

The algorithm for the bad pairs remains exactly the same as the algorithm from Section 2.4.2.
We now focus on the problem defined by the set M’ of the good pairs. Let G’ be the (N x N)-
grid obtained from G, by contracting, for each 1 <4, j < N, the unique edge e € R;NC};, and

consider the NDP problem instance (G’, M’). Any collection P’ of node-disjoint paths in G,

37



routing a subset M C M’ of the demand pairs immediately gives a collection P of edge-
disjoint paths in GG, routing the same subset of the demand pairs. Moreover, it is easy to see
that there is an LP-solution to (LP-flow) on instance (G’, M") of value OPT’/2, where OPT’
is the optimal solution for the EDP instance (G, M'). Indeed, for every path P € OPT’, we
simply set f(P’') = 1/2, where P’ is the path of G’ corresponding to the path P of G, and
for every demand pair (sj,t;) routed by OPT/, we set z; = 1/2. Tt is immediate to verify
that this is a feasible solution to (LP-flow) on NDP instance (G’, M), of value OPT’/2. We

1/4

then use the algorithm from Section 2.4.1 to find an O(n"/* logn)-approximation solution to

(G', M"), which in turn gives an O(n1/4 log n)-approximation solution to the EDP instance
(G, M),
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CHAPTER 3

ROUTING ON A DISC AND A CYLINDER

3.1 Introduction

In this chapter, we present approximation algorithms for NDP-Disc and NDP-Cylinder, two
special cases of NDP-Planar. NDP-Disc is the NDP problem on a disc, where the input graph
G can be drawn in a disc, such that all terminals lie on the boundary of the disc. Likewise,
NDP-Cylinder denotes the NDP problem on a cylinder, obtained from the sphere by removing
two disjoint open discs from it. We assume that the input graph G can be drawn on the
cylinder with all of the source terminals appearing on the boundary of one of the open discs

and all of the destination terminals on the boundary of the other.

Theorem 3.1.1. There is an efficient O(log k)-approzimation algorithm for NDP-Disc and
NDP-Cylinder.

We note that Robertson and Seymour [39] showed an algorithm that, given an instance of
NDP-Disc or NDP-Cylinder, decides whether all of the demand pairs in M can be routed
simultaneously via node-disjoint paths, and efficiently find the routing if it exists. In fact,
they gave exact characterizations of instances of NDP-Disc and NDP-Cylinder for which all
demand pairs can be routed, respectively. A linear time algorithm for NDP-Cylinder is shown
in [37], while an O(nlogn)-time algorithm is presented in [43] for the more general Steiner

forest problem for planar graphs with the terminals lying on two face boundaries.

However, for the optimization version of NDP-Disc and NDP-Cylinder, it is not known whether
the two problems are even NP-hard. The O(logk)-approximation algorithm for the two
problems was developed as a subroutine for an O(ng/ 19)_approximation algorithm for NDP-

Planar and appears in the joint work with Chuzhoy and Li [17].
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3.2 Preliminaries

Routing on a disc. Assume we are given an instance (G, M) of NDP-Disc, where G
is drawn in a disc D whose boundary is denoted by C'. We start with the following two

definitions.

Definition 1. We say that two demand pairs (s,t),(s',t') € M cross iff either {s,t} N
{S/,t/} £ 0, or (s,s',t,t') appear on C in this circular order. We say that the set M of

demand pairs is non-crossing if no two demand pairs in M cross.

Definition 2. Let C be a closed simple curve and M a set of demand pairs with all vertices
of T(M) lying on C. We say that M is an r-split collection of demand pairs with respect
to C, iff there is a partition My, ..., M, of the demand pairs in M, and there is a partition
{o1,00,...,00.} of C into disjoint segments, such that o1,...,09, appear on C in this
circular order, and for each 1 < i <r, for every demand pair (s,t) € M;, either s € g9;_1

and t € o9;, or vice versa.

The following lemma allows us to partition any set of demand pairs into a small collection

of split sets.

Lemma 3.2.1. There is an efficient algorithm, that, given a closed simple curve C' in the
plane and a set M of k demand pairs, whose corresponding terminals lie on C, computes a
partition M1, . .. ,M4ﬂog K] of M, such that for each 1 < i < 4[logk), set M is r;-split

with respect to C' for some integer r; > 0.

Proof. We denote by T the set of all vertices participating in the demand pairs in M, and
we refer to them as terminals. Consider any demand pair (s,t) € M, and let o(s,t), 0’ (s, 1)
be the two segments of C' whose endpoints are s and t. We assume without loss of generality
that |o(s,t) N T| < |o/(s,t) N T|, and we denote (s, t) = |o(s,t) N T| — 1. By possibly
renaming the terminals s and ¢, we assume that s appears before t on o(s,t) as we traverse

it in counter-clock-wise direction along C'.
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Our first step is to partition the demand pairs in M into [log k] subsets N7, ... ,/\/'“Og K> 8
follows. For each 1 < i < [log k], N contains all demand pairs (s, t) with 2/~ < §(s,t) < 27,
In order to complete the proof of the lemma, it is enough to show that for each 1 < i <
[log ], we can partition N; into four sets of demand pairs, each of which is r-split, for some

integer r.

Fix some 1 <i < [log k|, and assume that 7 = {vq, ..., v9,}, where the vertices are indexed
in the circular order of their appearance on C'. We let A contain all vertices v, where j =1
modulo 2/=1. For convenience, we denote A = {aq, ..., a.}, and we assume that the vertices

of A appear in this circular order on C', with a1 = vy.
If |[A| = 1, then |T] < 21, and so (s, ) < 2¢=2 for all (s,t) € M, and N = 0.

If |[A| = 2, then let 8, 3" be the two segments of C' between a1 and ag, where 3 contains aj
but not as, and 3’ contains ag but not aj. Then for every pair (s,t) € N, one of the two
terminals lies on 3 and the other on /', and so N is 1-split. We assume from now on that
z > 3. For each 1 < j <z —1, let 3; be the segment of C' from a; and a;;1, as we traverse
C in the counter-clock-wise order, so that §; includes a; but excludes a;1. We let 8, be
the segment of C' from a, to ay, as we traverse C' in the counter-clock-wise order, so that (3,
includes a;, but not aj. Then for every segment 3; with 1 < j <z, [8;NT| = 20=1 while
1.0 T| < 20=1 Notice that for every demand pair (s,t) € Nj, one of the following must

happen:

1. s € B, t € Bj4q for some 1 < j < 2, where we treat z + 1 as 1; or
2. s € fB,,te Py;or

3. s€ B, 1,t€ Py

We are now ready to partition N into four subsets. The first subset, J\/'Z-l, contains all pairs
(s,t) € N; with s € 8,1, t € $1. The second set, ./\fiQ, contains all pairs (s,t) € Nj, with

s € By, t € f1U[By. It is immediate to verify that each of these two sets is 1-split. The third
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set, /\/;3, contains all pairs (s,t) € M\(Ml U/\/?), where s € §;, for an odd index 1 < j < z.
This set is |z/2]-split, with the segments (1, ..., 3, giving the splitting. The last set, J\/i4,
contains all pairs (s,t) € N; \ (/\/’Z1 UN? U./\/‘i3). This set is similarly |z/2|-split, since for all
(s,t) € ./\f2-47 s € f3; for an even index 1 < j < z. Overall, we obtain a partition of M into

4 [log k| sets, each of which is r-split for some integer r. O

Routing on a cylinder. Assume we are given an instance (G, M) of NDP-Cylinder, where
we are given a cylinder 3, obtained from the sphere by removing two disjoint open discs
(caps) from it. We denote the boundaries of the two discs by I'y and I'9, respectively, and
also call them the cuffs of the cylinder . We assume that G can be drawn on ¥ with all

source terminals appearing on I'y and all destination terminals appearing on I'g.

Definition 3. We say that a set M' C M of demand pairs is non-crossing if there is an
ordering (i, ti),- - (si,,ti,) of the demand pairs in M', such that s;,, s,, ..., s;, are all
distinct and appear in this counter-clock-wise order on I'1, and t;,,t;,,...,t; are all distinct

and appear in this counter-clock-wise order on I's.

It is immediate to verify that if we are given any instance (G, M) of NDP-Cylinder, and any
set M’ C M of demand pairs that can all be routed via node-disjoint paths in G, then set

M is non-crossing.

Tight Concentric Cycles. We start with the following definition.

Definition 4. Given a planar graph H drawn in the plane and a vertexv € V(H) that is not
incident to the infinite face, min-cycle(H,v) is the cycle C in H, such that: (i) v € D°(C);
and (ii) among all cycles satisfying (i), C is the one for which D(C') is minimal inclusion-

wise.

It is easy to see that min-cycle(H,v) is uniquely defined. Indeed, consider the graph H \ v,

and the face F' in the drawing of H \ v where v used to reside. Then the boundary of F
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contains exactly one cycle C' with D(C') containing v, and C' = min-cycle(H,v). We next

define a family of tight concentric cycles.

Definition 5. Suppose we are given a planar graph H, an embedding of H in the plane,
a simple closed H-normal curve C, and an integral parameter r > 1. A family of r tight
concentric cycles around C' is a sequence Z1,Za, ..., Zy of disjoint simple cycles in H, with

the following properties:

e D(C)C D(Z1) € D(Z9) € -+ C D(Zy);

o if H' is the graph obtained from H by contracting all vertices lying in D(C) into a

super-node a, then Z1 = min-cycle(H’, a); and

o for every 1 < h < r, if H' is the graph obtained from H by contracting all vertices

lying in D(Zy,_1) into a super-node a, then Zj, = min-cycle(H’, a).

We will sometimes allow C' to be a simple cycle in H. The family of tight concentric cycles

around C' is then defined similarly.

Monotonicity of Paths and Cycles. Suppose we are given a planar graph H, embed-
ded into the plane, a simple H-normal curve C' in H, and a family (Z1,...,Z;) of tight
concentric cycles around C'. Assume further that we are given a set P of x node-disjoint
paths, originating at the vertices of (', and terminating at some vertices lying outside of
D(Z}). We would like to re-route these paths to ensure that they are monotone with respect
to the cycles, that is, for all 1 < h < r, and for all P € P, PN Z; is a path. We first
discuss re-routing to ensure monotonicity with respect to a single cycle, and then extend it

to monotonicity with respect to a family of concentric cycles.

Definition 6. Given a graph H, a cycle C' and a path P in H, we say that P is monotone

with respect to C, iff PN C is a path.
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We prove the following lemma below.

Lemma 3.2.2. Let H be a planar graph embedded into the plane, C' a simple cycle in H,
and P a collection of k simple internally node-disjoint paths between two vertices: verter s
lying in D°(C), and vertex t ¢ D(C), that is incident on the outer face. Assume further
that H is the union of C' and the paths in P, and that C' = min-cycle(H,s). Then there is
an efficient algorithm to compute a set P’ of k internally node-disjoint paths connecting s

tot in H, such that every path in P’ is monotone with respect to C.

Proof. Consider any path P € P. A sub-path @ of P is called a bump, if the two endpoints
of @ lie on C, and all the intermediate vertices of @ do not lie on C' (notice that () may be

simply an edge of C'). Since path P is simple, a bump ) cannot contain s.

We now define a shadow of a bump Q. If @) is an edge of C, then the shadow of @ is @
itself. Assume now that ) is not an edge of C'. Let u,v € V(C') be the two endpoints of @,
and let 0,0’ be the two segments of C' with endpoints u and v. Let C] be the union of ¢
and @, and Cy the union of ¢/ and Q. Then one of the two corresponding discs, D(C7) and
D(C9) contains s - we assume that it is the latter disc. We then let o be the shadow of @

on C (see Figure 3.1).

Q

Figure 3.1: A bump ) and its shadow

We note that all inner points on the image of ) must lie outside D°(C), as otherwise, we
can find a cycle ¢’ in H with D(C”) containing s and D(C’) € D(C), contradicting the fact

that C' = min-cycle(H, s). We obtain the following two simple observations.
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Observation 3.2.3. Let P € P be any path, and let R be the longest segment of P, starting
from s and terminating at a vertex of C, such that R does not contain any vertex of C' as
an inner vertex. Let v € V(C) be the endpoint of R, and let R’ be the sub-path of P from v

to t. Then every point p on the image of R’ lies outside D°(C).

Proof. 1f any such point p lies in D°(C'), then for some bump @ of P, some inner point on

the image of @ lies in D°(C'), and this is impossible, as observed above. O

Observation 3.2.4. Let P, P’ € P be two distinct paths, let Q be a bump on P, and let Q'

be a bump on P'. Then the shadows of Q and Q' are node-disjoint.

Proof. Let o be the shadow of @, and let a, b be its endpoints. Let ¢’ be the shadow of @Q’,
and let a’,b be its endpoints. Since the inner points of the images of both @ and Q' lie
outside D°(C), and their endpoints are all distinct, if ¢ and o’ are not disjoint, then either

/ /
cCo,oro Co.

Assume without loss of generality that the latter is true. Let A be the disc whose boundary
is 0 UQ. Then t € A, but some vertex of P’ lies in A. Let R’ be the longest sub-path of P’
starting from s and terminating at a vertex of C, such that R’ is internally disjoint from C.
Then there is a vertex v € V(Q'), that does not lie on R’. Let R” be the sub-path of P’
from v’ to t. Then path R” originates in disc A and terminates outside A. But it can only

leave A by traveling inside D°(C'), which is impossible from Observation 3.2.3. m

We now re-route each path P € P, as follows. Let u and v be the first and the last vertex
of P that belong to C, respectively. Let P be the union of the shadows of all bumps of P.
Then P is a path, contained in C, that contains u and v. Let P’ be a simple sub-path of
P connecting u to v, and let P’ be obtained by concatenating the segment of P from s to
u, P', and the segment of P from v to t. Notice that path P’ is monotone with respect
to C, and all paths in the resulting set P’ = {P' | P € 73'} are internally node-disjoint by

Observation 3.2.4.
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We now define monotonicity with respect to a family of cycles.

Definition 7. Let H be a graph, Z = (Z1,...,Zy) a collection of r disjoint cycles, and P a
collection of node-disjoint paths in H. We say that the paths in P are monotone with respect

to Z, iff for every 1 < h <r, every path in P is monotone with respect to Zp,.

The following theorem allows us to re-route sets of paths so they become monotone with
respect to a given family of tight concentric cycles. Its proof is a simple application of

Lemma 3.2.2.

Theorem 3.2.5. Let H be a planar graph embedded in the plane, C any simple closed H -
normal curve or a simple cycle in H, and Z = (Z1,...,Zy) a family of r tight concentric
cycles in H around C. LetY C H be any connected subgraph of H lying completely outside
of D(Zy), and let P be a set of k node-disjoint paths, connecting a subset A C V(C) of k
vertices to a subset B C V(Y') of k vertices, so that the paths of P are internally disjoint
from V(C)UV(Y). Let H = (U},_; V(Zy)) UP. Then there is an efficient algorithm to
compute a collection P’ of k node-disjoint paths in H', connecting the vertices of A to the
vertices of B, so that the paths in P’ are monotone with respect to Z, and they are internally

node-disjoint from V(C)UV(Y).

Proof. We perform r iterations. At the beginning of the hAth iteration, for 1 < h < r, we
assume that we are given a set P,,_ of x node-disjoint paths in H’, connecting the vertices
of A to the vertices of B, so that the paths in Pj,_q are internally disjoint from V(C)UV (Y),
and they are monotone with respect to Z1, ..., Z;_1. The output of iteration h is a set Py,
of k node-disjoint paths in H’, connecting the vertices of A to the vertices of B, so that the
paths in P}, are internally disjoint from V' (C) U V(Y'), and they are monotone with respect
to Z1,...,2y. The output of the algorithm is the set P, of paths computed in the last

iteration. For simplicity of notation, we denote Zy = C', even though C' is not a cycle of H.
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We start with Py = P. It is immediate to see that this is a valid input to iteration 1.
Assume now that we are given a set Pp_1 of paths, which is a valid input to iteration h.
The iteration is then executed as follows. Let H” be the graph obtained by starting with
H" = (U,—o V(Z1,))UP},_1, and then contracting all vertices lying in D(Z,_1) into a source
vertex s', and all vertices of B into a destination vertex t'. Since B C V(Y), where Y is a
connected sub-graph of G, YN D(Z,) = (), and the paths in P},_1 are internally disjoint from
V(Y), graph H” is a planar graph. Moreover, Z;, = min-cycle(H”, s') from the definition of
tight concentric cycles. We consider the drawing of H” in the plane where ¢’ is incident on
the outer face. It is easy to see that Z;, = min-cycle(H”, s') still holds with respect to this

new drawing of H”.

From Lemma 3.2.2, there is a set Q of & internally node-disjoint paths in H”, connecting s’
to ¢/, that are monotone with respect to Zj,. In order to construct the set P}, of paths, let
P € Pj,_1 be any path, and let vp be the last vertex of P lying on Zj,_1. Let P’ be the
sub-path of P starting from vp and terminating at the endpoint of P lying in B. Notice
that from the monotonicity of the paths in Pj_; with respect to Z1,...,Z;_1, there are
exactly x edges leaving the vertex s’ in H” each edge lying on a distinct path P € Pj,_;. If
edge e is leaving s’ in H”, and e lies on P, then it is incident on vp, and so exactly one path
of Q originates at vp. We denote this path by @Qp. For each path P € P;,_1, we let P* be
the path obtained from P by replacing P’ with Qp. Notice that, since the paths in Pj,_;
are internally disjoint from B, exactly x edges are incident on ¢’ in graph H’, each of which
is incident on a distinct vertex of B in H. It is now easy to verify that the set P}, contains
r node-disjoint paths, connecting the vertices of A to the vertices of B, and the paths in
Py, are internally disjoint from V(C) U V(Y) and monotone with respect to Z1,...,Z;. We

return P; as the output of the algorithm. O]
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3.3 Demand Pair Selection Problem

In order to prove Theorem 3.1.1, we define a new problem, called Demand Pair Selection
Problem (DPSP). We first define the problem and show an 8-approximation algorithm for
it. We then show that both NDP-Disc and NDP-Cylinder reduce to DPSP.

We assume that we are given two disjoint directed paths, ¢ and ¢/, and a collection M =
{(s1,t1), ..., (S, tr)} of pairs of vertices of o U o that are called demand pairs, where
all vertices of S = {s1,...,s,} lie on o, and all vertices of T = {t1,...,t;} lie on o’
(not necessarily in this order). We refer to the vertices of S and T' as the source and the
destination vertices, respectively. Note that the same vertex of o may participate in several
demand pairs, and the same is true for the vertices of o’. Given any pair a,a’ of vertices of
o, with a lying before a’ on o, we sometimes denote by (a,a’) the sub-path of o between a
and @’ (that includes both these vertices), and we will sometimes refer to it as an interval.

We define intervals of ¢’ similarly.

For every pair v,v" € V(o) of vertices, we denote v < v’ if v lies strictly before v’ on o, and
we denote v < v/, if v < v/ or v = v’ hold. Similarly, for every pair v,v" € V(o) of vertices,
we denote v < v/ if v lies strictly before v/ on ¢’, and we denote v < v/, if v < v/ or v =/

hold. We need the following definitions.

Definition 8. Suppose we are given two pairs (a,b) and (a’,V') of vertices of o U o', with
a,a’ € o and b,V € o'. We say that (a,b) and (a’,V') cross iff one of the following holds:

either (i) a=d'; or (it) b="1V; or (iii) a < a’ and ¥/ <b; or (iv) ' <a and b < V.

Definition 9. We say that a subset M’ C M of demand pairs is non-crossing iff for all

distinct pairs (s,t), (s',¢') € M, (s,t) and (s',¥') do not cross.

Our goal is to select the largest-cardinality non-crossing subset M’ C M of demand pairs,
satisfying a collection KC of constraints. Set K of constraints is given as part of the problem

input, and consists of four subsets, K1, ..., 4, where constraints in set K; are called type-
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i constraints. Every constraint K € K is specified by a quadruple (i,a,b, w), where i €

{1,2,3,4} is the constraint type, a,b € V(o Uo’), and 1 < w < | M| is an integer.

For every type-1 constraint K = (1,a,b,w) € K, we have a,b € V(o) with a < b. The
constraint is associated with the sub-path I = (a,b) of 0. We say that a subset M’ C M
of demand pairs satisfies K iff the total number of the source vertices participating in the

demand pairs of M’ that lie on [ is at most w.

Similarly, for every type-2 constraint K = (2,a,b,w) € Ka, we have a,b € V(¢') with a < b,
and the constraint is associated with the sub-path I = (a,b) of o’. A set M’ C M of demand
pairs satisfies K iff the total number of the destination vertices participating in the demand

pairs in M’ that lie on I is at most w.

For each type-3 constraint K = (3,a,b,w) € K3, we have a € V(o) and b € V(o'). The
constraint is associated with the sub-path L, of o between the first vertex of ¢ and a
(including both these vertices), and the sub-path R} of ¢’ between b and the last vertex
of ¢/ (including both these vertices). We say that a demand pair (s,t) € M crosses K iff
s € Lg and t € Ry. A set M’ C M of demand pairs satisfies K iff the total number of pairs

(s,t) € M’ that cross K is bounded by w.

Finally, for each type-4 constraint K = (4,a,b,w) € K4, we also have a € V(o) and
b € V(o'). The constraint is associated with the sub-path R, of o between a and the last
vertex of o (including both these vertices), and the sub-path L; of o’ between the first vertex
of ¢/ and b (including both these vertices). We say that a demand pair (s,t) € M crosses
K iff s € Rg and t € Ly. A set M’ C M of demand pairs satisfies K iff the total number of

pairs (s,t) € M’ that cross K is bounded by w.

Given the paths 0,0, the set M of the demand pairs, and the set K of constraints as
above, the goal in the DPSP problem is to select a maximum-cardinality non-crossing subset
M’ C M of demand pairs, such that all constraints in K are satisfied by M’. We now focus

on proving the following theorem.
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Theorem 3.3.1. There is an efficient 8-approzimation algorithm for DPSP.

The following definition and observation allow us to slightly relax the problem.

Definition 10. Let ¢ > 1 be an integer, and let M’ C M be a subset of the demand pairs.
Given a constraint K = (i,a,b,w) of type 1 or 2, we say that M’ violates K by a factor of
at most c, iff the number of the demand pairs (s,t) € M’ with either s or t lying in (a,b)
is at most cw. Likewise, given a constraint K = (i,a,b,w) of type 3 or 4, we say that M’
violates K by a factor of at most c iff the number of the demand pairs in M’ crossing K is

at most cw.

Observation 3.3.2. There is an efficient algorithm, that, given a DPSP instance (o,0', M, K)
and a non-crossing set M’ C M of demand pairs that violates every constraint in K by a
factor of at most ¢, for any integer ¢ > 1, computes a subset M" C M’ of at least |M'|/c

demand pairs, satisfying all constraints in IC.

Proof. Assume that

M ={(sjy,tj1)s - (85.0t5.) }

where Sj; < <8y, and by, < <tj,. Let
M = {(sj,,tj,) | 1<l<zand =1 mod c}.

Clearly, M" C M’ and |M"| > |M’|/c. We now claim that all constraints in K are satisfied

by M”.

Indeed, consider any constraint K = (i,a,b,w) € K. Assume first that K is a type-1
constraint. Then at most cw demand pairs in M’ have a source vertex in the interval (a, b).
It is easy to see that the number of the demand pairs of M” that have a source vertex in
the interval (a,b) is at most w. If K is a type-2 constraint, the argument is similar. Assume

now that K is a type-3 constraint (the case where it is a type-4 constraint is symmetric).
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Let My C M/ be the set of all demand pairs of M’ crossing K. The key observation is that
the demand pairs of M g appear consecutively in the ordered set M’. Since |Mg| < cw, it

is easy to see that |M"” N M| < w, and so set M” satisfies the constraint K. [

Let r = [log|M]], and for 1 < j <r+ 1, set W; = 2J. We partition the constraints of K

into r levels, where for 1 < j < r, the jth level contains all constraints (i, a, b, w) with
Wj—l <w<2- Wj—l = Wj.

Forall1 <i<4and 1 < j <r, we denote by Sj(.i) the set of all type-i constraints that

belong to level j. Let S; = Ule SJ(-i) be the set of all level-j constraints.

Our algorithm employs dynamic programming. It is convenient to view the algorithm as
constructing r dynamic programming tables - one for each level. Consider some level 1 <
j<r. Let I =(x,9) Co, I'=(2',y') C o’ be a pair of intervals. We say that it is a good

level-j pair if the following conditions hold for every level-j constraint K = (i,a,b,w) € S;:

Cl. if K is a type-1 constraint, then [ is not contained in (a,b);
C2. if K is a type-2 constraint, then I’ is not contained in (a, b);

C3. if K is a type-3 constraint, then either I is not contained in L, or I’ is not contained

in Rp; and

C4. if K is a type-4 constraint, then either I is not contained in Ry, or I’ is not contained

in Lb'

For each 1 < j < r, let P; denote the set of all good level-j pairs of intervals. The level-
j dynamic programming table, II; contains an entry II;[I,I'] for every good level-j pair
(I,I') € P; of intervals. The entry will either remain empty, or it will contain a collection
of non-crossing demand pairs from M of cardinality exactly W}, whose sources lie in I and

destinations lie in I’.
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We now describe an efficient algorithm that computes the entries of the dynamic program-
ming tables. We start with j = 1. For every pair (I,I’) € P; of good level-1 intervals,
if there are two distinct non-crossing demand pairs (s,t),(s',t') € M with s,s' € I and

t,t' € I', then we set

L[, 1) ={(s,t), (s, )}

Otherwise, we set

41, 1'] = 0.

Assume now that we have constructed the tables for levels 1, ..., j—1, and consider the level-
j table, for some 1 < j <, and its entry II;(I, I') for some good level-j pair (I,1") € P; of
intervals, where I = (z,y) and I’ = (2/,y/). If there exist two pairs of vertices u,v € I and
u',v" € I' such that u < v, v’ </, and both IL;_q[(x,u), (z/,«)] and IL;_1[(v,y), (v, )]

are non-empty, then we set

(1 1] = T [(2, ), (2, u)] UTL (v, 9), (0, 3))-

Otherwise, we set

IL; (1,1 = 0.

This completes the description of the algorithm that computes the entries of the dynamic
programming tables. We now proceed to analyze it, starting with the following easy obser-

vations.

Observation 3.3.3. For all1 < j <r and (I,I") € P}, either |I;[I,I']] = 0 or [II;[1,1']] =
w;.

Proof. The proof is by induction on j. Clearly, the claim holds for j = 1 and all (I,I") € P;
by our construction. Consider now some 7 > 1, and assume that the claim holds for all

values j/ < j. Consider some entry IL; (1,1 ') of the level-j dynamic programming table. Our
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algorithm either sets IT;[I, I'] = @ or II;[1, I') = T1;_4[(z, u), («/,u)] UTI;_1[(v,y), (v, %)].
The latter only happens when both IT;_;[(z, u), (z/,u/)],IL;_1[(v, ), (v, /)] are non-empty,

and so by the induction hypothesis,

1L -1 [(2, w), (2", )], [T —1 (v, ), (0, )] = Wi,

giving us

L[| =2-W;_1 =W;.

[]

Observation 3.3.4. For all 1 < j < r and (I,I') € Pj, I;[I,1'] is a non-crossing subset

of the demand pairs in M, where every (s,t) € Tj[I,I'] has s €I andt e I'.

Proof. The proof is again by induction on j. Clearly, the claim holds for 7 = 1 and all

(I,I') € Py from our construction.

Consider now some level j > 1 and assume that the claim holds for levels 1,...,(j —1). Let
(I,I') € Pj be a good level-j pair of intervals, with I = (z,y) and I’ = (2/,y'). The claim

trivially holds when II;[1, I 'l =0, so we assume that

(1,1 = T [(w, ), (2, )] UTLi (v, ), (v, )],

where z <u<v <yand 2/ <u < <9

From the induction hypothesis, no two demand pairs from II;_y[(z, u), (z/,u’)] can cross,
and the same holds for the demand pairs of II;_1[(v,y), (v/,3)]. Since every demand pair
(s,t) € Hj_q1[(z,u), («/,u')] has s € (z,u),t € (2/,u'), and every demand pair (s',t') €
ILi_1[(v,y), (W, 9)] has &' € (v,y),t' € (v/,y/), it is immediate to verify that no pair of
demands (s,t) € IL_q[(x,u), (z/,«)] and (¢',t') € IL;_1[(v,y), (v/,4')] can cross, and for
every demand pair (s,t) € T;[I,I'], s € I and t € I’ holds. O
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Observation 3.3.5. For all 1 < j <1 and (I,I') € P}, the set IL;[I,I'] of demand pairs

wviolates every constraint in K by at most factor 4.

Proof. Fix some 1 < j < r and (I,I') € P;, and consider the corresponding table entry
I1;[Z,I"]. The claim holds trivially when [IL;[I, I']| = 0, so we assume that [IL;[I, I']| = W;.
Consider some constraint K = (i,a,b,w) € Sj(.z), for some level 1 < §/ < r. if 7/ > j, then
w > W;_1 must hold, while [IL;[/, I N = Wj, so the constraint is violated by the factor of

at most 4.

Consider now the case where j' < j. Assume first that ¢ = 1. Note that II;[7, I'] is the union
of exactly 27 =’ non-empty level-j’ table entries, each of which contains a set of demand
pairs of cardinality exactly Wi Let R be the set of all these level-j’ table entries. We claim
that there are at most two table entries Hj/(f I') € R with I N (a,b) # 0. Indeed, assume
for contradiction that there are 3 such distinct entries in R, say I 11, [{], IL; (1o, Ié], and
Hj/[lg, ], with 11N (a, b), IaN(a,b), I3N(a, b) # 0. Then at least one of the intervals I, Iy, I3
must be contained in (a,b), violating our condition for good level-j’ pairs of intervals. We
conclude that the number of the demand pairs in II;[7, I'] with a source vertex in (a,b) is

bounded by 2- Wy =4-Wjy_1 < 4-w. The proof for the case where ¢ = 2 is analogous.

Assume now that K is a type-3 constraint. As before, I; [I,1'] is the union of exactly i =7’
non-empty level-j’ table entries, each of which stores a set of demand pairs of cardinality
exactly Wy, Let R be the set of these level-j' table entries. We claim that there are at most
two entries Hj/(.f, Iy € R, with INLg # 0 and I’'NRy, # 0. Indeed, assume otherwise, and let
(I, 17, T (12, 15), T [ I3, I5] be three distinct entries in R, such that for each 1 < ¢ <3,
I)NLg # 0 and Ié N Ry # (. Assume that I, I, I3 appear on ¢ in this order, and recall that
from our construction they are disjoint. Then it is easy to see that Iy C L, and ]é C Ry
must hold, contradicting our definition of good level-j pairs of terminals. Therefore, there
are at most two entries Hj/(_f, I') € R, with INLy # 0 and I' N Ry # 0. Demand pairs

participating in solutions corresponding to other entries in R cannot cross K, and so the
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number of the demand paris crossing K is at most 2 - Wir=4-Wy_1 <4 w. The case

where K is a type-4 constraint is treated similarly. O

From the discussion so far, every entry of every dynamic programming table contains a non-
crossing set of demand pairs, that violates every constraint of U by at most factor 4. Let
M be the largest-cardinality set of demand pairs stored in any entry any of the tables, and
let OPT be the value of the optimal solution to the DPSP problem instance. The following

theorem is central to our analysis.

Theorem 3.3.6. If OPT > 2, then | M| > OPT/2.

We can now apply Observation 3.3.2 to compute a subset M/ C M of at least |M|/4 >
OPT /8 non-crossing demand pairs satisfying all constraints in X (if | M| = 0, then OPT < 1
must hold, and finding an optimal solution is trivial). In order to complete the proof of

Theorem 3.3.1, it now remains to prove Theorem 3.3.6.

Proof of Theorem 3.3.6. Denote xk = OPT, and let M* = {(s1,¢1),...,(sx,tx)} be the
optimal solution to the DPSP instance, where s;1 < ... < s, and t] < ... < tx. Let 7’ be

the largest value for which

R/WT/ >1

(this is well-defined since we have assumed that OPT > 2).

Let M** C M* contain the first W,, demand pairs of M*, so |M**| > |M*|/2. We will
show that some entry of the level-r’ dynamic programming table stores a solution whose

cardinality is at least W,..

For every level 1 < j < 7/, we define a partition Sj of M™ into o' = subsets, each containing
exactly W; consecutive demand pairs from M**. For every set S € S; of the partition, we
define a pair (I(S),I'(S)) of intervals, with I(S) C o and I'(S) C ¢, as follows. Let
(s,t),(s',¥) be the first and the last demand pairs of S, respectively (this is well-defined

since the demand pairs are non-crossing). Then I(S) = (s,s') and I'(S) = (t,t'). We
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denote by Q; the resulting collection of or'=J pairs of intervals. Note that for every pair

(I1,17), (I3, I3) € Qj, [y NIy = 0 and I] N Iy = 0. We need the following claim.

Claim 3.3.7. For every 1 < j < v/, every pair (I,I') € Q; of intervals is a good level-j

pair.

Proof. Fix some 1 < j < r’ and some pair (1,1 ! ) € Qj of intervals. From our definition of
the pairs of intervals in Q;, there are exactly W; demand pairs (s,t) in M* with s € I and
t € I'. Consider any level-j constraint K = (i,a,b,w) € §j, and recall that W;_1 <w < W;

must hold.

Assume first that K is a type-1 constraint. Then I cannot be contained in (a, b), since then
M* would have W; > w demand pairs whose sources lie in I, and hence in (a,b). The

analysis for type-2 constraints is similar.

Assume now that K is a type-3 constraint, and assume for contradiction that I C L, and
I' € Ry. Then M* has W; > w demand pairs (s,t) with s € I and ¢ € I', each of which
crosses the constraint K, a contradiction. The case where K is a type-4 constraint is proved

similarly. O

From the above claim, for all 1 < j < +" and (I,1’) € Q;, there is an entry II;[I, I'] in the
level-j dynamic programming table. It is now enough to show that each such entry contains

a solution of cardinality W.

Claim 3.3.8. For each 1 < j < v, for every pair (I(S),I'(S)) € Q; of intervals, entry

IL;[1(S), I'(S)] contains a solution of value W;.

Proof. The proof is by induction on j. The claim clearly holds for 5 = 1, since there are
two distinct non-crossing demand pairs (s, t), (s, ') with s, s’ € I(S), t,t' € I'(S) - the two
demand pair lying in S. Assume now that the claim holds for levels 1,...,7 — 1, for some

1 < j < 7', and we would like to prove it for j.

o6



Our definition of the partitions Sy of M** ensures that there are exactly two distinct sets
51,89 € §j_1, with S1, S92 € S (and in fact S; U Sy = 5). From the induction hypothesis,
the entries of IT;_1 corresponding to pairs (I(S1),1'(S1)) and (I(S2),I'(S2)) each contain

W;_1 demand pairs, and so IL;[(S), I'(S)] must contain W; demand pairs. O

Recall that S,, contains a single set of demand pairs - the set M**. We conclude that
the corresponding entry of the level-r’ dynamic programming table contains W,, > OPT/2

demand pairs. 0

3.4 Approximating Node-Disjoint Paths on a Disc

In this section we prove Theorem 3.1.1 for NDP-Disc. The proof builds on the work of
Robertson and Seymour [39], who gave a precise characterization of the instances NDP-Disc,
where all demand pairs can be routed simultaneously. Many of the definitions below are
from [39]. Let ¥ be a disc, whose boundary is denoted by I', and let G be any graph drawn
on X. Suppose we are given a set M = {(s1,t1), ..., (Sk, tr)} of pairs of vertices of G, called
demand pairs, and let T be the set of all vertices participating in the demand pairs in M,
that we refer to as terminals. We identify the graph G with its drawing. A region of G is
a connected component of ¥\ G. We say that the drawing of G is semi-proper if no inner
point on an image of an edge of G lies on I', and we say that it is proper with respect to M,

if additionally V(G)NT' =T.

Suppose we are given a planar graph G, together with a set M of demand pairs, such that
G is drawn properly (with respect to M) on 3. Let W be a set of points on I', constructed
as follows. First, we add to W all points corresponding to the vertices of 7. Next, for every
segment 5 of I'\ 7, we add one arbitrary point p € 8 to W. A vertex v of G is peripheral if
v € I', and a region of G is peripheral, if it contains a segment of I' \ 7. Given two points

z,y € W, we denote by A p(z,y) the total number of the demand pairs (s,t) € M, where
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either {s,t} N{x,y} # 0, or s and ¢ belong to different segments of "\ {x,y}. We need the

following definition.

Definition 11. Given G, M and W as above, for any x,y € W, an (x,y)-chain is a sequence

Ay, As, ..., Ay, such that:

o forall1 < i <r, one of A;j, A;j+1 is a vertex of G, the other is a region, and they

are incident;
e if Ay is a vertex then Ay = x; if Ay is a region then v € Aq;
o similarly, if Ay is a vertex then A, =y, and if Ay is a region then y € Ay; and

o foralll <i<r, A;is peripheral if and only if i =1 ori=r.

The length of an (x,y)-chain is the number of its terms that are vertices. The redundancy

of an (x,y)-chain is its length minus A pq(x,y).

The following theorem, proved by Roberston and Seymour [39] characterizes routable sets

of demand pairs for the NDP-Disc problem.

Theorem 3.4.1 (Theorem 3.6 in [39]). Let G be a planar graph properly drawn on a disc
33, with respect to a set M of demand pairs, and let W be defined as above. Then there is
a set of node-disjoint paths, routing all demand pairs in M if and only if: (1) M is a non-
crossing set of demand pairs; and (ii) for all x,y € W, every (x,y)-chain has a non-negative
redundancy. Moreover, there is an efficient algorithm to determine whether these conditions

hold, and if so, to find a routing of the demand pairs in M.

Notice that if G is a graph drawn on a disc Y, such that all terminals appear on the boundary
I’ of the disc, then, by slightly altering I', we can ensure that the drawing of G is proper
with respect to M. Therefore, we assume from now on that we are given a proper drawing

@ of G on X with respect to M. We prove Theorem 3.1.1 for NDP-Disc in three steps. In
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the first step, we prove a stronger version of the theorem for the case where G is connected
and the set M of terminals is 1-split. In the second step, we prove the theorem for the case
where G is 2-connected, and we make no assumptions on the demand pairs. In the third

step we prove the theorem without any additional assumptions.

3.4.1 Special Case: G is Connected and M is 1-Split

In this section, we prove the following theorem.

Theorem 3.4.2. There is an efficient algorithm, that, given a connected planar graph G
with a set M of demand pairs, and a proper drawing of G on the disc > with respect to M,
where M is 1-split with respect to the disc boundary, computes a routing of OPT(G, M)/8

demand pairs of M via node-disjoint paths in G.

Recall that if M is 1-split with respect to the boundary I'" of the disc X2, then we can partition
I into two disjoint segments, o and o’ such that for every demand pair (s,t) € M, one of
the vertices s,t lies on o, and the other on ¢/. We assume without loss of generality that
all source vertices of the demand pairs in M lie on ¢, and all destination vertices lie on o’.
Let T be the set of all vertices participating in the demand pairs in M, that we refer to
as terminals. We denote by S and T the sets of the source and the destination vertices of

the demand pairs in M, respectively. As before, we construct a set W of points: start with

W = T then for every segment of I' \ T, add one arbitrary point of that segment to W.

The idea is to reduce this problem to the DPSP problem. We let ¢ be a directed path, whose

vertices correspond to the points of W N o, ordered in their counter-clock-wise order on I'.

We let ' be a directed path, whose vertices correspond to the points of W N ¢/, ordered in

their clock-wise order on I'. Therefore, all vertices of S lie on &, and all vertices of T' lie on
/

&'. Moreover, M’ is a non-crossing set of demand pairs with respect to & and & iff it is

non-crossing with respect to I'.
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Suppose we are given any pair (z,y) of vertices of W. Let v(x,y) denote the shortest G-
normal curve connecting  to y in the drawing of G on ¥, so that v(z,y) is contained in the
disc 3. Curve v(z, %) can be found efficiently by considering the graph G’ dual to G, deleting
the vertex corresponding to the outer face of G from it, and computing shortest paths between
appropriately chosen vertices of G/ (that correspond to the faces of G incident on x and v).
Let ¢(z,y) be the length of v(x,y). Notice that, since G is connected, if A ((z,y) > 1, then

l(x,y) > 1. We now construct a collection C of constraints of the DPSP probem, as follows:

e For every pair x, y of vertices of WNa&, with A y(x,y) > 1, we add a type-1 constraint
(17 l’, y7 g({[‘7 y)) tO IC

e Similarly, for every pair z,y of vertices of W N &/, with Axg(z,y) > 1, we add a

type-2 constraint (2, x,y, ¢(x,y)) to K.

e For every pairz € WnNna,y e WnN o' of vertices, with A (z,y) > 1, we add a

type-3 constraint (3,x,y, ¢(x,y)) and a type-4 constraint (4, x,y, {(x,y)) to K.

This finishes the definition of the DPSP problem instance. The following observation is

immediate.

Observation 3.4.3. Let M’ C M be any set of demand pairs that can be routed via disjoint

paths in G. Then M’ is a valid solution to the DPSP problem instance.

We apply the 8-approximation algorithm for the DPSP problem, to obtain a set M’ of
non-crossing demand pairs (with respect to & and ¢') satisfying all constraints in K, with
|IM'| > |OPT(G, M)|/8. As observed above, the pairs in M’ are non-crossing with respect
to I'. It now only remains to show that all demand pairs in M’ can be routed in G. The
algorithm from Theorem 3.4.1 can then be used to find the routing. The following theorem

will finish the proof of Theorem 3.4.2.

Theorem 3.4.4. Let M' C M be a set of non-crossing demand pairs (with respect to & and

'), that satisfy all constraints in K. Then all demand pairs in M’ can be routed in G.
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Proof. Let T' = T(M’), and let ¢ be the current proper drawing of G' with respect to M.
Notice that ¢ is not necessarily a proper drawing of G with respect to M/, since the vertices
of T\ 7' may lie on I". We can obtain a proper drawing ¢’ of G with respect to M’ by
moving all such terminals inside the disc, so they no longer lie on I'. It is immediate to verify

that the demand pairs in M’ remain non-crossing with respect to I' in the new drawing.

As before, we construct a set W’ of points of I, by first adding all points corresponding to
the terminals of 77 to W’. Additionally, for every segment 3 of I'\ 77, we add an arbitrary
point of 3 to W’. It now remains to show that for every pair z,y of points in W/, for every

(z,3)-chain in ¢, the redundancy of the chain (with respect to M) is non-negative.

Assume otherwise. Let x,y € W/ be any pair of points, and let A = (Aq1,..., A;) be an z-y
chain in the drawing ¢’, such that the redundancy of A is negative. We modify the chain

A, by replacing A1 and A, with elements A} and 4], as follows.

If Ay is a vertex of 77, then we let A% = A;, and we let 2/ = A’l. Otherwise, Ay is a region
of G in the drawing ¢’. Let v = Ao, so v € V(G). Then v must lie on a boundary of
some peripheral region R of G in the drawing ¢. Let A} = R, let S(R) be the segment of
" that serves as part of the boundary of the region R, and let 2’ € W be the point lying
on the interior of 3(R). Similarly, if A, is a vertex of 77, then we let Al. = A, and we let
y' = Al. Otherwise, A, is a region of G in the drawing ¢’. Let v/ = A,_1, so v/ € V(G).
Then v’ must lie on a boundary of some peripheral region R’ of G of the drawing ¢. Let
Al = R’ let B(R’) be the segment of I that serves as part of the boundary of the region
R, and let 3/ € W be the point lying on the interior of 3(R). We then obtain a sequence
A= (Al Ag ... A1, Al) (it may not be a valid chain for the drawing ¢, since some of
the elements A;, for 1 < i < r’, may be peripheral with respect to ¢). We can then construct
a G-normal curve 7/ in the original drawing ¢ of G, connecting 2’ to 3/, such that v/ NV (G)
only contains the vertices that participate in A’, and +' is contained in 3. Let ¢ denote the

length of the chain A, and let A = |A y/(x,y)|. We can assume that A > 1, since otherwise
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it is immediate to verify that A < ¢. Then ¢(2,y’) < ¢, from the definition of /(2 y’).
Notice that one of the segments of T"\ {x, z! } contains no terminals of 77, and the same

holds for one of the segments of I" \ {y, Y’ } We now consider three cases.

Assume first that both 2’ and ¢’ lie on ¢. Then pair (s,t) € Ap(z,y) iff s belongs to
the sub-path (z/,%9/) of 5. Since we assumed that A > 1, we get that A (2/,9) > 1, so

constraint (1, 2,4/, £(z',y')) belongs to K, and we get that A < ¢(z',4') < ¢, a contradiction.
The case where z’,y' € & is dealt with similarly.

Assume now that 2/ € & and ¢ € &'. As before, since we assumed that A > 1, we
get that A (2/,9y') > 1. Consider the two corresponding type-3 and type-4 constraints
K= 3,2y, 0, y), K" = 4,2,y ,0',y)) € K. Let L/, R,y be the segments of & from
its first endpoint to 2/, and from 2’ to its last endpoint, respectively, where both segments
include 2’. Define segments Ly, Ry of &' similarly. Recall that a demand pair (s,t) crosses
K iff s € Ly and t € Ry, and it crosses K'iff s € Ry and ¢ € Ly. Let My C M’ be
the set of the demand pairs crossing K, and let My C M’ be the set of the demand pairs
crossing K’. Since M’ is a non-crossing set of demand pairs, it is easy to verify that either
MINA{(@,y)} =0, or Mo\ {(/,y/)} = 0. We assume without loss of generality that it
is the latter. Notice that if (z/,y") € M/, then it belongs to both M7 and Msy. Constraint
(3,2",y/, (', 9/)) then ensures that M1 U Ms| < |My| < U(2,y) < L. Tt is easy to verify

that A vy (z,y) € M1 UMas, and so A < ¢, a contradiction. ]

3.4.2 Special Case: G s 2-Connected

The goal of this section is to prove the following theorem.

Theorem 3.4.5. There is an efficient algorithm, that, given any 2-connected planar graph
G, and a set M of k demand pairs for G, such that G is properly drawn on a disc with

respect to M, returns an O(log k)-approzimate solution to problem (G, M).
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Proof. Let M| = k, and let z = 4 [logk]. We use Lemma 3.2.1 to compute a partition
ML, M? of M into z disjoint subsets, so that for each 1 < i < z, M is r;-split for some

integer ;. We prove the following lemma.

Lemma 3.4.6. There is an efficient algorithm, that, given an index 1 < i < z, computes a

solution, to instance (G, M) routing Q(OPT(G, M")) demand pairs.

Theorem 3.4.5 then easily follows from Lemma 3.4.6, since there is some index 1 < i < z,
for which
OPT(G, M%) = Q(OPT(G, M)/ logk).

In the rest of this section, we focus on proving Lemma 3.4.6.

For simplicity, we denote M’ by M and r; by 7. We assume that we are given a partition
{Myq,..., My} of M, and a collection o1, ..., 09, of disjoint segments of ", such that for

all 1 < j <r, for every demand pair (s,t) € M, s € 09j_1 and t € 09;.

Clearly, for each 1 < j < r, set M, is l-split. Therefore, we can use the algorithm from
Section 3.4.1 in order to compute a set P; of disjoint paths, routing a subset /\/l; C M, of

demand pairs, with |/\/lg| > Q(OPT(G, M;)). Since

.
> OPT(G, M;) > OPT(G, M),
j=1

we get that

,
> IM)| = QOPT(G, M)).
j=1
For every 1 < 5 < r, we compute a subset ./\/l"j/ - /\/l; of demand pairs, as follows. If
|M;| < 3, then we let M}’ contain any demand pair from /\/l; Otherwise, we assume that

./\/l"7 = ((s{, tjl), ce (Séj,t‘éj)>, where the vertices sjl, s% ey s(]Jj appear in this counter-clock-

wise order on o9;_1. We then add to ./\/l;.’ all demand pairs (szl, té), where a = 1 modulo 3.
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Notice that

D IMY =D (M) = QOPT(G, M)).
j=1 j=1

It is now enough to prove that all demand pairs in M = ngl M}' can be routed in G. It
is easy to verify that the demand pairs in M are non-crossing, since for each 1 < j < 7,
the demand pairs in /\/l; are non-crossing, and pairs that belong to different sets M cannot
cross. Let 7" = T(M"), and let ¢” is a proper drawing of G in ¥ with respect to M”,
obtained from the original drawing ¢ by moving all terminals of 7\ 7" to the interior of
the disc. We define a set W of points on I' as before: it contains all terminals of 7", and for

every segment of I'\ 7", W contains an arbitrary point in the interior of the segment.

Let (z,y) € W be any pair of points, and let A = (Aq, Aa,..., Ap) be any (z,y)-chain.
Let ¢ denote the length of A. It is now enough to prove that |A\w(z,y)| < ¢. Assume
first that for some 1 < j < 2, o,y € 09;_1 Uog;. Then A n(x,y) only contains demand
pairs from ./\/l"]»’ . Since all demand pairs in /\/l}' can be routed in G via node-disjoint paths,

|AM//(ZL‘,y>| S f

Assume now that z € o9;_1 Uog;j and y € g91_1 U o9y for some j # 7. Then Ay (z,y)

only contains demand pairs from /\/13-’ U M; /. Let

Nl = AM//(ZE,y) N ./\/l;/

NQ = AM//(I‘, y) N ,/\/l;/,
Also, let

J\/ll = App(z,y) F‘l/\/l/j,

Ny = App(z,y)N /\/l;.,.
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Since both /\/l; and M;., can be routed in GG via node-disjoint paths,
N NGl < e
From our selection of the sets ./\/l;-’ , ; ! of demand pairs,
N1 < max {|N7]/2,1},

and

Vo] < max {|N5|/2,1}.

Since graph G is 2-vertex connected, we can assume that either |A yw(z,y)| <1, or £ > 2.
In the former case, £ > |A \n(x,y)| since the graph is connected. In the latter case, we are

now guaranteed that

A (@, y)] = V]| + N3] < €

3.4.3 The General Case

In this section, we complete the proof of Theorem 3.1.1 for NDP-Disc. We assume that the
input graph G is connected, since otherwise we can solve the problem separately on each

connected component of G.

We use a block-decomposition of GG. Recall that a block of G is a maximal 2-node-connected
component of G. A block-decomposition of GG is a tree 7, whose vertex set consists of two
subsets, V(1) = V4 U Vs, where V7 is the set of all cut-vertices of G, and V5 contains a
vertex vp for every block B of G. There is an edge between a vertex v € V| and vg € Vo iff
u € vg. We choose an arbitrary vertex r € V7 as the root of 7. We assume that the value

of the optimal solution is at least 10, as otherwise we can route a single demand pair. We
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then discard from M all demand pairs in which r participates — this changes the value of

the optimal solution by at most 1.

Over the course of the algorithm, we will gradually change the tree 7, by deleting vertices
from it. Given any vertex u in the current tree 7, we let 7, denote the subtree of 7 rooted at
u, and we let Gy, be the subgraph of G induced by the union of all blocks B with vg € V(7).
For every block B, we denote by p(B) the unique vertex of B that serves as the parent of

the vertex vp in 7. As the tree 7 changes, so do the trees 7, and the graphs G,,.

If any block B of GG contains all the terminals, then we can apply the algorithm from
Theorem 3.4.5 to instance (B, M) of NDP-Disc to obtain an O(log k)-approximate solution.
Otherwise, for every block B, if we denote by I'( B) the set of all cut vertices of G that belong
to B, and by T (B) the set of all terminals lying in B, then we can draw B inside a disc, so

that the vertices of I'(B) U 7T (B) lie on its boundary.

We gradually construct a solution P to the NDP-Disc instance (G, M), starting from P = ().
Throughout the algorithm, we ensure that all paths in P are disjoint from the vertices of
G, where r is the root vertex of 7, and G, is computed with respect to the current tree 7.

Clearly, the invariant holds at the beginning of the algorithm.

We maintain a collection B of blocks, that is initialized to B = (). For every B € B, we will
define two subsets, M g, /\/lgg C M of demand pairs, so that eventually, {MB, /\/l/B | B € B}

is a partition of M.

In every iteration, we consider all vertices vg € V5 that belong to the current tree 7, such
that Gy \ p(B) contains at least one demand pair (s,t) € M. Among all such vertices, we
choose one that is furthest from the root of the tree, breaking ties arbitrarily. Let vg be the
selected vertex. We add B to B, and we define two new subsets of demand pairs Mg, 33,
as follows. Set M p contains all demand pairs (s,t) with s,t € Gy \p(B). Set My contains
all demand pairs (s, ) with exactly one of s,t lying in Gy \ p(B), while the other terminal

must belong to G. Notice that any path connecting any demand pair in ./\/ljB must use the
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vertex p(B).

Next, we construct a new instance of the NDP-Disc problem, on the graph B. The corre-
sponding set of demand pairs, that we denote by Np, is defined as follows. Consider any
demand pair (s,t) € Mp. We define a new demand pair (s',t') representing (s,t), with
s',t' € V(B), and define two paths: Q(s) connecting s to s, and Q(t) connecting ¢ to t'. If
s € V(B), then we let s’ = s, and Q(s) = {s}. Otherwise, we let s’ € V] be the unique child
of the vertex vg in 7, such that s € Gy. Notice that s’ must be a vertex of B. We then let
Q(s) be any simple path connecting s to s’ in graph G. We define the vertex t' € B, and

a path Q(t) connecting t to ' similarly. Notice that it is possible that s’ = t'.

Let N = {(s/,t') | (s,t) € Mp} be the resulting set of demand pairs. All vertices partic-
ipating in the demand pairs in Ng belong to B. Consider the NDP instance (B, N). It is
immediate to verify that we can draw B in a disc, so that all vertices participating in the
demand pairs in M(B) lie on the boundary of the disc, and clearly B is 2-connected. We

need the following immediate observation.

Observation 3.4.7. OPT(B,Npg) > OPT(G, Mp).

Proof. Let P be the optimal solution to instance OPT(G, Mp). We can assume that all
paths in P are simple. Let P € P be any such path, and assume that P connects some
demand pair (s,t) € Mp. Then it is easy to see that s’,# € P, and moreover, the segment
of P between s’ and ¢’ is contained in B. By appropriately truncating every path in P, we

can obtain a solution to instance (B, Ng) of the NDP problem of the same value. ]

Since B is 2-vertex connected, and can be drawn in a disc with all vertices participating
in the demand pairs in Ag lying on the disc boundary, we can apply the algorithm from
Theorem 3.4.5 to instance (B, Np), to compute a set P(B) of node-disjoint paths, routing
a subset of at least Q(OPT(B,Np)/logk) demand pairs of Mp in B. We can assume that

|P(B)| > 1, since otherwise we can route any demand pair in Ng. We would like to ensure
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that all paths in P(B) avoid the vertex p(B). If |[P(B)| = 1, then, since B is 2-vertex
connected, we can re-route the unique path in P(B) inside B, so that its endpoints remain
the same, but it avoids the vertex p(B) (since Gy \ p(B) contains at least one demand pair,
we can ensure that the endpoints of the path are distinct from p(B)). Otherwise, we discard
from P(B) the path that uses vertex p(B), if such exists. By concatenating the paths in
P(B) with the paths in {Q(s), Q(t) | (s,t) € M(B)}, we obtain a collection P'(B) of at least
Q(OPT(B,N)/log k) node-disjoint paths, connecting demand pairs in M(B). We add the
paths in P’(B) to P, and delete from 7 all vertices of Tyg. Since we have ensured that the
paths in P/(B) are disjoint from p(B), the invariant that the paths in P are disjoint from the
new graph G, continues to hold. The algorithm terminates when no demand pair (s,t) € M

is contained in G;.

We claim that the resulting collection {M(B), M'(B) | B € B} of sets of demand pairs
partitions M. Indeed, consider any demand pair (s,t) € M, and consider the last iteration
© when both s,t € G. Let vg be the vertex that was processed in the following iteration. If
both s,t € Gy \ p(B), then (s,t) was added to M p. Otherwise, exactly one of s,¢ belongs
to Gyg \ p(B), while the other belongs to G, so (s,t) was added to M’;. We now obtain a

set P of disjoint paths, routing a subset of vertices in M.

We show that |P| > Q(OPT(G, M)/logk). Let P* be the optimal solution to instance
OPT(G, M), and let M™* be the set of the demand pairs routed by P*. For every block
B € B, let M(B) = M*N Mgpg, and let M/B = M* N M.

From Observation 3.4.7, set P’(B) of paths routes at least

Q(OPT(B,Ng)/logk) > QOPT(G, Mp)/logk) > Q(|IMp|/logk)
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demand pairs. Therefore,

Pl=3 IP'(B) = Y QMpl/logk).
BeB BeB
On the other hand, as observed above, for every block B € B, |/\;ljg| < 1 (since all paths

routing the pairs in ./\;ljB contain vertex p(B)), while |P’(B)| > 1. Therefore,

P> My
BeB

Overall,

Pl =) Q(IMpl| + M)/ logk) = Q(M*|/log k).
BeB

3.5 Approximating Node-Disjoint Paths on a Cylinder

In this section we prove Theorem 3.1.1 for NDP-Cylinder. Recall that in the NDP-Cylinder
problem, we are given a cylinder ¥, obtained from the sphere, by removing two open discs
from it. We denote the boundaries of the two discs by I'; and I'9, respectively. We assume
that we are given a graph G, drawn on X, and a set M of demand pairs. We denote by S

and T the sets of all source and all destination vertices participating in the demand pairs in

M.

We say that a drawing of GG is proper with respect to S and T iff the vertices of S lie on I'y,
the vertices of T' lie on I'9, and no other edges or vertices of GG intersect 'y or I'y. We can
assume without loss of generality that we are given a proper drawing of the input graph G
on X with respect to S and T'. We also assume that the graph G is connected, as otherwise

we can solve the problem for each connected component of G separately.

We assume that we know the value OPT of the optimal solution to instance (G, M), and a

demand pair (s*,t*) € M that is routed by some optimal solution to instance (G, M). We
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can make these assumptions by solving the problem for every possible value of OPT between
1 and M|, and every choice of (s*,t*) € M. It is enough to show that the algorithm returns
the desired solution when the value OPT and the pair (s*,¢*) are guessed correctly. We can
also assume that OPT > 10, since otherwise routing a single demand pair gives a desired

solution.

We define a set Wy of points on 'y, as follows. First, we add to I'; all points corresponding
to the vertices of S. Next, for every segment of I'y \ W7, we add an arbitrary point on the
segment to Wy. We define a set W9 of points on I'9 similarly, using 7" instead of S. Our
first step is to compute the shortest G-normal curve v* C ¥, connecting a point of W7 to a

point of Ws. We consider two cases.

Assume first that the length of 4* is less than OPT /2. Then we can cut the cylinder ¥ along
the curve v*, deleting from G all vertices lying on v*, to obtain a disc ¥/, and a drawing
of G on ¥/, where all terminals of S U T lie on the boundary of the disc. It is easy to see
that the value of the optimal solution of the resulting problem instance is at least OPT /2.
We can now apply the O(log k)-approximation algorithm for NDP-Disc from Section 3.4 to
obtain an O(log k)-approximate solution to the new NDP-Disc instance, which in turn gives

an O(log k)-approximate solution to the original instance of NDP-Cylinder.

We assume from now on that the length of v* is at least OPT/2. We reduce the problem
to DPSP. Let o be cycle, whose vertices are W7, and they are connected in the order of
their appearance on I'{. We delete the edge of o incident on s*, that appears after s* in
the counter-clock-wise traversal of I'{, and direct all edges of the resulting path away from
s*. We define a path ¢’ similarly - start with the cycle, whose vertices are W5, and they
are connected in the order of their appearance on I'y. Delete the edge incident on ¢*, that
appears after t* in the counter-clock-wise traversal of I'9, and direct all edges of the resulting

path away from t*. Our next step is to define a set K of constraints for the DPSP problem

instance. The instance we construct will only contain type-1 and type-2 constraints.
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Let a* be the last vertex of o. The first constraint that we add to K is (1, s*,a*, OPT/2).
This constraint ensures that overall we will not attempt to route more than OPT /2 demand

pairs.

Consider now any pair x,y € Wy of points. Let 81(z,y) and fo(x,y) be the two segments
of I'y whose endpoints are z and y. For i € {1,2}, we let ¢;(x,y) be the smallest number of
vertices that need to be removed from G, in order to disconnect all vertices of 5;(x,y) NS
from the vertices of T' - this value can be computed efficiently using standard minimum cut
algorithms. Let w; = ¢;(z,y). We assume w.l.o.g. that x lies before y on o. If s* is not
an inner vertex on [3;(z,y), then we add the constraint (1, z,y,w;) to . Otherwise, we add
two constraints: (1,s*, z,w;) and (1,y,a*,w;) to K. For every pair of points (z,y) € Wy,

we therefore add at most three type-1 constraints to K.

We process all pairs of points (x,y) € Ws, and add corresponding type-2 constraints to K
similarly, except that we use t* instead of s*. This finishes the description of the DPSP

instance. We start with the following easy observation.

Observation 3.5.1. Let P* be the optimal solution to the NDP instance (G, M), such that
(s*,t*) is routed by P*, and let M* be the set of the demand pairs routed by P*. Let
M**C M* be any subset of ||M*|/2| demand pairs. Then M** is a feasible solution to

the DPSP instance (o,0', M, K).

Proof. Since we assume that the demand pair (s*,t*) is routed by P*, and since the demand
pairs in M™* must be non-crossing with respect to I'; and I'y, due to the way in which we

have defined the paths o and o', set M** must be non-crossing with respect to o and o’.

Recall that we have added the constraint (1,s*,a*,|OPT|/2) to K, where s* and a* are the
endpoints of o. Since

M| < |MT|/2 = |OPT]/2,

set M** satisfies this constraint.
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Consider now any pair (z,y) of points in W7y, and fix some i € {1,2}. Since set M™* of
demand pairs is routable in G, the number of the source vertices of the demand pairs in M*
that lie on (3;(x,y) is at most ¢;, as the value of the minimum cut separating the vertices of
SN Bi(z,y) from the vertices of T' is ¢;. Tt is now easy to verify that all type-1 constraints in K
corresponding to the pair (z,y) are satisfied by M*, and hence by M**. Type-2 constraints

are dealt with similarly. O

Our next step is to use the algorithm from Theorem 3.3.1, in order to compute a set M’ C M

of non-crossing (with respect to o and ¢’) demand pairs, satisfying all constraints in K,

with |[M'| > Q(OPT(G, M)/logk). We assume that M’ = {(s1,t1),...,(sr,tr)}, where
S$1,...,8 appear in this circular order on I'y, and if (s*,t*) € M/, then 51 = s*. If
|IM'| < 10, then a routing of a single demand pair gives a feasible solution to the NDP

problem instance and achieves the desired approximation ratio.

Therefore, we assume that |M'| > 10. We let M” contain all demand pairs (s;,¢;), where
j = 0 modulo 8, and 1 < j < r. Notice that M” excludes the pair (s*,t*). Let S” and T"
be the sets of the source and the destination vertices of the demand pairs in M”. We need

the following theorem.

Theorem 3.5.2. There is a set P of |S”| node-disjoint paths in G, connecting the vertices

of S" to the vertices of T".

We prove Theorem 3.5.2 below, after we complete the proof of Theorem 3.1.1 using it.
Denote |M”| = k*, and recall that from our constraints, x* < |OPT|/4. Our first step is to
construct a collection Z = (Z1,..., Z,+) of k* tight concentric cycles around I'{, where we
consider a planar drawing of G, whose outer face contains I'y. In order to do so, we denote
I'1 = Zp, and perform «* iteration, where in the ith iteration we construct the cycle Z;. In
order to execute the ith iteration, for 1 < ¢ < k™, we contract D(Z;_1) into a single vertex
s, to obtain a new graph H;. We view the face of H; containing Iy as the outer face in the

planar drawing of H;, and we then let Z; = min-cycle(H, s). Since the length of the shortest
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G-normal curve connecting a point of I'; to a point of 'y is at least |OPT|/2 > k¥, it is easy
to verify that we can successfully complete the construction of the set Z of k* cycles, so that

all cycles are disjoint from the vertices lying on I's.

Our next step is to re-route the paths in P, so that they become monotone with respect
to Z. In order to do so, we construct a graph H, as follows. We start with the union of
the paths in P and the cycles in Z. We then add a new cycle Y connecting the vertices
of 7" in the order in which they appear on I'y. We can now use Theorem 3.2.5 to find a
collection P’ of k* node-disjoint paths in H, connecting vertices of S” to vertices of T, that

are monotone with respect to Z. It is easy to see that the paths of P’ are contained in G.

We assume that P’ = {Py, P, ..., P.+}, and for each 1 <i < k*, we denote by a; € S” and
b; € T" the endpoints of P;. We assume that aj,as,...,a. appear in this circular order
on I'y. Consider the source vertex a; € S”, and let (a1, b14,) € M” be the demand pair in
which aq participates. We can assume without loss of generality that z < x*/2, since if this
is not the case, we can re-order the vertices aq, ..., a,* in the opposite direction around I'y.
Observe that for all 1 < j < |[£*/2], pair (a,bj4,) € M”, since the demand pairs in M”

are non-crossing.

We now show how to route all demand pairs in {(aj, bj+2)}1§z§Ln*/2j‘ Fix some 1 < j <
|k*/2]. We view the paths in P’ as directed from S” to T”. Let P]’. be the sub-path of P;
from a; to the first vertex v; of P; lying on Zy+ ;1. Let PJ’Q_Z be the sub-path of P; .,
from the last vertex U9+Z of Pjy, lying on Zy+_j 1 to bjy,. Finally, let @); be the segment
of Zyx_j11 between v; to v}+z, that intersects the paths Pj, Pjiq,..., Pjy,, but no other
paths of P’/. By combining P?, Pj’;Z and ();, we obtain a path ij“, connecting a; to bj .
We then set P* = {Pj‘ 1< < z} It is immediate to verify that the paths in P* are
node-disjoint. Therefore, we obtain a solution routing Q(OPT(G, M)) demand pairs in M.

It now only remains to prove Theorem 3.5.2.

Proof of Theorem 3.5.2. Assume for contradiction that there is no such set of paths.

73



Denote |S”| = k and recall that k < OPT/2. Then there is a set Y of at most x — 1
vertices, so that G \ Y contains no path connecting a vertex of S to a vertex of T'. Consider
the drawing of G on the sphere ¥”, obtained from the drawing of G on the cylinder X, by
adding back the two caps with the boundaries I';y and I'9. We can then construct a simple
closed G-normal curve 7 of length at most x — 1 in X", so that all vertices of S” lie in one
of the discs of ¥ with boundary «, and all vertices of 7" lie on the other disc (but the
vertices of S” and T” may lie on 7). Notice that + has to cross I'; or I's. Indeed, otherwise,
since there are OPT node-disjoint paths connecting the vertices of I'y to the vertices of I'g,
all such paths would have to cross v, and so the length of v should be at least OPT > &, a
contradiction. Moreover, since the length of the shortest G-normal curve connecting a point
of 'y to a point of 'y is at least OPT /2 > k, curve v may not intersect both I'y and I'y. We

assume without loss of generality that v crosses ['1, and not I'p.

Let R be the set of segments of ~, obtained by deleting all points of v that lie outside the
cylinder 3 (that is, the points that lie in the interior of the cap whose boundary is I'). All
curves in R are mutually disjoint. For each curve 7/ € R, let S(7/) C S” be the set of
the source vertices that 7/ separates from T'y in the cylinder ¥. Then Uyer S () =9"
must hold, and so there must be some curve v* € R, such that the length of v* is less than

|S(7*)|. Let £* denote the length of v*.

Let 2,7 be the endpoints of the curve v*, so o/, € I'y. If 2’ € Wy, then we let z = 2.
Otherwise, we let x be the closest to 2’ point of W; \ S” on I'1. We define point 3’ for y
similarly. Consider the two segments 51 (x,y) and fa(x,y) of I'1, whose endpoints are x and
y. One of the segments, say (31 (x, y) must contain all points of S(~*). Since the vertices lying
on v* separate all vertices of S(v*) from the vertices of T, ¢1(z,y) < ¢*. Assume without

loss of generality that z lies before y on o.

Assume first that s* does not lie on 1(z,y), and consider the corresponding constraint

K = (1,z,y,wy) € K. As observed above, wy < ¢*. Due to the way we have selected the
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subset M” C M’ of the demand pairs, we are guaranteed that |S(7*)| < wy/2 < (*, a

contradiction.

Assume now that s* lies on 81 (z, y). Using the same reasoning as above, wy < ¢*. Let 3], 81
be the segments of f1(z,y) between x and s*, and between s* and y, respectively, where the
last segment excludes s*. Let Aq, A’l be the number of the source vertices lying on 3 and Bi’
respectively, that participate in the demand pairs in M’. Since the constraints (1, s*, z,w1)
and (1,y,a*, wy) belong to K, A1 + A} < 20*. Due to the way we have selected the subset
M" C M’ of the demand pairs, we are guaranteed that [S(7*)| < max{w,1} < ¢*, a

contradiction. |
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CHAPTER 4

IMPROVED HARDNESS RESULT FOR PLANAR GRAPHS

4.1 Introduction

Our main result of this chapter is the proof of the following theorem.

Theorem 4.1.1. There is a constant c, such that no efficient algorithm achieves a factor
2ev108 1 _onnrozimation for NDP, unless NP C DTIME(nO(log”)). This result holds even for
planar graphs with mazximum vertexr degree 4, where all source vertices lie on the boundary

of a single face.

The proof is based on the joint paper with Chuzhoy and Nimavat [19]. The paper also con-
tains an extension of the above theorem that shows that the same hardness of approximation
result holds for planar graphs with maximum degree 3, where the source vertices lie on the
boundary of a single face. It also shows that the same lower bound holds for EDP, where the
input graph is planar with maximum vertex degree 3, with all source vertices lying on the
boundary of a single face. In this thesis, we show the proof for planar graphs with maximum

vertex degree 4, with sources on the boundary of a single face.

We first provide an informal high-level overview of the proof of Theorem 4.1.1. We perform a
reduction from the 3SAT(5) problem. In this problem, we are given a SAT formula ¢ defined
over a set of n Boolean variables. The formula consists of m clauses, each of which is an OR
of three literals, where every literal is either a variable or its negation. Every variable of ¢
participates in exactly 5 distinct clauses, and the literals of every clause correspond to three

distinct variables.

We say that ¢ is a YES-INSTANCE, if there is an assignment to its variables that satisfies all
clauses, and we say that it is a NO-INSTANCE, if no assignment satisfies more than a (1 —¢)-

fraction of the clauses, for some fixed constant 0 < € < % The famous PCP theorem |8, 7]
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shows that, unless P = NP, no efficient algorithm can distinguish between the YES- and the

NoO-INSTANCES of 3SAT(5).

We perform O(logn) iterations, where in iteration ¢ we construct what we call a level-i in-
stance. We use two parameters, N; and Ni’ , and ensure that, if the reduction is performed
from a formula ¢ which is a YES-INSTANCE, then there is a solution to the level-i instance
of NDP that routes N; demand pairs, while if ¢ is a NO-INSTANCE, then no solution routes
more than Ni' demand pairs. We let g; = V; /NZ’ be the gap achieved by the level-i instance.
Our construction ensures that the gap grows by a small constant factor in every iteration,
S0 g; = 2@@), while the instance size grows by roughly factor-O(n - g;_1) in iteration i.

log ”), while the instance size be-

Therefore, after ©(logn) iterations, the gap becomes allt
comes n! = 20(log? ”), giving us the desired 20UV 10g ™) hardness of approximation, unless

NP C DTIME(n©Uogn)y,

In all our instances of NDP, the underlying graph is a subgraph of a grid, with all sources lying
on the top boundary of the grid; all vertices participating in the demand pairs are distinct.
In the first iteration, a level-1 instance is constructed by a simple reduction from 3SAT(5),
achieving a small constant gap ¢1. Intuitively, once we construct a level-: instance, in order
to construct a level-(i 4+ 1) instance, we replace every demand pair from a level-1 instance
with a collection of level-i instances. In order to be able to do so, we need the instances to
be “flexible”, so that, for example, we have some freedom in choosing the locations of the

source and the destination vertices of a given level-: instance in the grid.

We achieve this flexibility by defining, for each level 7, a family of level-i instances. The
graph associated with a level-i instance Z is a subgraph of a large enough grid G;. The
construction of the instance consists of two parts. First, we construct a path Z(Z), and
place all source vertices on this path. Second, we construct a vertex-induced subgraph B(Z)
of a relatively small grid G;, and we call B(Z) a box. We place all the destination vertices

inside the box B(Z). Graphs Z(Z) and Gg are completely disjoint from the grid G; and from
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each other.

In order to construct a specific level-i instance, we select a placement of the path Z(Z) on
the first row of the grid G;, and a placement of the box B(Z) in G;, far enough from its
boundaries (see Figure 4.1). In other words, we choose a sub-path P of the first row of the
grid, of the same length as Z(Z), and map the vertices of Z(Z) to P in a natural way. We also
choose a sub-grid Gg’ of G, of the same dimensions as Gé, and map the vertices of Gg to the
vertices of Gé’ in a natural way. Since B(Z) C G;, this also defines a mapping of the vertices
of B(Z) to the vertices of G;. Once these placements are selected, the mapping of the vertices
of Z(Z) to the vertices of P determines the identities of the source vertices, and the mapping
of the vertices of B(Z) to the vertices of G7 determines the identities of the destination
vertices. We delete from G; all vertices to which the vertices of G \ B(Z) are mapped. In
other words, all vertices that were removed from G; to construct B(Z), are also removed

from G

i» and hence from G;. We note that box B(Z) may be constructed recursively, for

example, by placing several boxes B(Z') corresponding to lower-level instances Z’ inside it.
The mapping of the vertices of B(Z’) to the vertices of B(Z), the placement of the destination
vertices, and the removal of the vertices of B(Z) corresponding to the grid vertices removed

from B(Z') is done similarly.

The most natural intuitive way to think about our construction is the one described above.
An equivalent, and somewhat easier way to define our construction is slightly different: we
let a level-0 instance be an instance consisting of a single demand pair (s,t), with s lying
on the first row of the grid and ¢ lying far from the grid boundary. We then show, for each
i > 0, a procedure that constructs a level-i instance by combining a number of level-(i — 1)
instances. The latter definition is somewhat more convenient, because it saves us the need
to provide a separate correctness proof for level-1 instances, which is essentially identical
to the proof for higher-level instances. However, we still feel that defining level-1 instances
explicitly is useful for the sake of intuition. Therefore, we describe our construction of level-1

instances in Section 4.3, together with an intuition for constructing higher-level instances.
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Figure 4.1: A schematic view of a level-i instance Z. All source vertices lie on Z(Z), whose
location can be chosen arbitrarily on the first row of G;. All destination vertices belong to
B(Z), that can be located anywhere in Gj, far enough from its boundaries.

4.2 Preliminaries

Grids. For a pair £, h > 0 of integers, we let G denote a grid of length ¢ and height h.
The set of vertices of GE is V(GEM) = {v(i,j) |1 <i < h,1 < j <}, and the set of its

edges is the union of two subsets: the set of horizontal edges

B = {(v;jvi501) | 1<i<h1<j</t}
and the set of vertical edges

BV ={(vijviy15) |1 <i<h1<j<(}.

The subgraph GHM induced by the edges of EH consists of h paths, that we call the rows
of the grid; for 1 < < h, the ith row R; is the row containing the vertex v(i, 1). Similarly,

the subgraph induced by the edges of EV consists of ¢ paths that we call the columns of the
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grid, and for 1 < j </, the jth column W} is the column containing v(1, 7). We think of
the rows as ordered from top to bottom and the columns as ordered from left to right. Row
Ry, /91 is called the middle row of the grid GER. Given two vertices u = v(i, j), v = v(7, j')

of the grid, the distance between them is
d(u,u') = li =i +1j = 7|
Given two vertex subsets X,Y C V(Gg’h), the distance between them is

d(X,Y) = ue)rgiur}ey {d(u,u)} .

Given a vertex v = v(i,7) of the grid, we denote by row(v) and col(v) the row and the

column, respectively, that contain v.

Given a set R of consecutive rows of a grid G = GEM and a set W of consecutive columns of
G, we let T(R,W) be the subgraph of G induced by the set {v(j,j') | Rj € R,W; € W}
of vertices. We say that T = T (R, W) is the sub-grid of G spanned by the set R of rows and

the set W of columns.

Assume now that we are given a grid G, a sequence S = (G1,. .., G,) of disjoint sub-grids of
G, and an integer N. We say that the grids of S are aligned and N -separated iff the middle
row of each grid G; is a sub-path of the middle row of G the grids in {Gy,...,G,} appear
in this left-to-right order inside GG; every pair of consecutive grids G; is separated by at least
N columns of G; and every grid in S is separated by at least N columns from the right and

the left boundaries of G.

Let R, R” be two distinct rows of some grid G, and let P be a set of node-disjoint paths,
such that every path in P has one endpoint (called a source) on row R’ and another (called
a destination) on row R”. We say that the set P of paths is order-preserving iff the source

vertices of the paths in P appear on row R’ in exactly the same left-to-right order as their
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destination vertices on R”.

Walls. Let G = G%" be a grid of length ¢ and height h, where ¢ > 0 is an even integer,
and h > 0. For every column W; of the grid, let e{, e ,egl_l be the edges of W; indexed
in their top-to-bottom order. Let E*(G) C F(G) contain all edges eg, where z # 7 mod 2,
and let G be the graph obtained from G\ E*(G), by deleting all degree-1 vertices from it.
The resulting graph is called a wall of length €/2 and height h (see Figure 4.2). Consider the
subgraph of G induced by all horizontal edges of the grid G that belong to G. This graph
is a collection of h node-disjoint paths, that we refer to as the rows of é, and denote them
by Ry, ..., Ry in this top-to-bottom order; notice that R; is a sub-path of the jth row of GG
for all j. Graph G contains a unique collection W of ¢/2 node-disjoint paths that connect
vertices of R; to vertices of R;, and are internally disjoint from R; and Rj. We refer to
the paths in W as the columns of G, and denote them by W1, ..., WZ/Z in this left-to-right
order. Paths Wy, W, /2 Ry and Ry, are called the left, right, top and bottom boundary edges

of é, respectively, and the union of these paths is the boundary of G.

!
:

D
I o1

Figure 4.2: A wall of height 5 and length 4; the columns of the wall are shown in red.

Given a wall G, a consecutive subset R’ of its rows, and a consecutive subset W' of its
columns, the sub-wall of G spanned by the rows of R’ and the columns of W' is the subgraph
of G induced by the set {v |FRe R, W eW :ve RN W} of vertices. The first and the
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last columns of W serve as the left and the right boundary edges of the sub-wall, and the

top and the bottom rows of R’ serve as its top and bottom boundary edges.

Throughout our construction, we use the notion of a box. A box B of length ¢ and height h
is a vertex-induced subgraph of Gt We denote U(B) = V(G5")\ V(B), and we sometimes
think of set U(B) as the “set of vertices deleted from B”. We say that B is a cut-out boz iff
U(B) contains all vertices lying on the left, right, and bottom boundaries of GEh: note that
U(B) may contain additional vertices of GUI The remaining vertices of the top boundary
of GO that belong to V(B) are called the opening of B. We sometimes say that the vertices

of B that belong to row R[h/Q] of G4 lie on the middle row of B.

Given any set M of demand pairs, we let S(M) denote the set of all source vertices partic-
ipating in M and T'(M) the set of all destination vertices. Given a path P, the length of
the path is the number of vertices on it. We say that two paths P, P are internally disjoint
iff every vertex in P N P’ is an endpoint of both paths. Given a set P of paths and some
set U of vertices, we say that the paths in P are internally disjoint from U iff for every path
P € P, every vertex in PNU is an endpoint of P. Given a subgraph G’ of a graph G and a
set P of paths in G, we say that the paths in P are internally disjoint from G’ iff they are

internally disjoint from V(G’).

For every level 0 < i < O(logn), we construct a level-i instance Z. In fact, it is a family of
instances, but it is more convenient to think of it as one instance with different instantiations.

A definition of a level-: instance Z consists of the following ingredients:

integral parameters L;, L;- and an even integer Hj;

a path Z(Z) of length L;;

a grid Gg of length L; and height H;, together with a cut-out box B(Z) C G;-; and

a set M of demand pairs, together with a mapping of the vertices of S(M) to distinct

vertices of Z(Z) and a mapping of the vertices of T'(M) to distinct vertices on the
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middle row of B(Z).

In order to instantiate a level-i instance Z, we select a grid Gi; of length at least 2Li+2L§—|—4Hi
and height at least 3H;, a sub-path P of the first row of G; of length L;, and a sub-grid
G;’ of G; of height H; and length Lg, so that the distance from the vertices of G;’ to the
vertices lying on the boundary of G; is at least H;. We map every vertex of Z(Z) to the
corresponding vertex of P in a natural way, and this determines the identities of the source
vertices in the instance we construct. We also map every vertex of G;- to the corresponding
vertex of G;’ , and this determines the identities of the destination vertices. Finally, for every
vertex u € U(B(Z)), we delete the vertex of G to which u is mapped from G;. This defines
an instance of NDP on a subgraph of G;, where all the sources lie on the top boundary of

G; and all source and destination vertices are distinct.

Assume now that we are given an instantiation of a level-i instance Z and a set P of node-
disjoint paths routing a subset M’ of the demand pairs in that instance. Assume for con-
venience that M" = {(s1,t1),..., (sr,tr)}, that the vertices sq,..., s, appear in this left-to-
right order on Z(Z), and that P = {Py,..., P}, where path P; connects s; to t;. Let A
be the set of all vertices of the top row of the grid G;’ that were not deleted (that is, these
are the vertices lying on the opening of B(Z)). We say that the set P of paths respects the
box B(Z) iff for all 1 < j < r, P; N A is a single vertex, that we denote by u;, and u; is
the jth vertex of A from the left. Intuitively, the paths in P connect the sources to a set
of consecutive vertices on the opening of B(Z) in a straightforward manner, and the actual

routing occurs inside the box B(Z).

We perform a reduction from the 3SAT(5) problem. In this problem, we are given a SAT
formula ¢ on a set {x1,...,z,} of n Boolean variables and a set C = {C{,...,Cp} of
m = 5n/3 clauses. Each clause contains 3 literals, each of which is either a variable or its
negation. The literals of each clause correspond to 3 distinct variables, and each variable

participates in exactly 5 clauses. We denote the literals of the clause Cy by €4, {4, and £g4,.
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A clause is satisfied by an assignment to the variables iff at least one of its literals evaluates

to TRUE.

We say that ¢ is a YES-INSTANCE if there is an assignment to its variables satisfying all its
clauses. We say that it is a NO-INSTANCE with respect to some parameter ¢, if no assignment
satisfies more than (1 — €)m clauses. The following well-known theorem follows from the

PCP theorem [8, 7].

Theorem 4.2.1. There is a constant € : 0 < € < %, such that it is NP-hard to distin-
guish between the YES-INSTANCES and the NO-INSTANCES (defined with respect to €) of the

3SAT(5) problem.

Given an input formula ¢, we will construct an instance (G, M) of the NDP problem with
V(@) = n' = nOUo8n) that has the following properties: if ¢ is a YES-INSTANCE,
then there is a solution to the NDP instance routing N demand pairs, for some param-
eter N; if ¢ is a NO-INSTANCE, then at most N/g demand pairs can be routed, where
g= 9logn) — 9@(v/logn’)  Thig will prove that no efficient algorithm can achieve a better
than factor 20(\/m>—approximation for NDP, unless NP C DTIME(nO(10g ")). The instance
we construct is a subgraph of a grid with all source vertices lying on its top boundary, so
the hardness result holds for planar graphs with maximum vertex degree 4, with all sources

lying on the boundary of a single face.

4.3 The Level-1 Instance

In this section we define our level-1 instance Z and provide intuition for generalizing it to
higher-level instances. Since Section 4.4 contains all formal definitions and proofs, including
those for the level-1 instance, the description here is informal, and we only provide proof

sketches.

We assume that we are given a 3SAT(5) formula ¢ defined over a set {x1, ..., zy} of variables

84



and a set C = {C1,...,Cp} of clauses, so m = 5n/3. For every variable zj of p, we will
define a set M(x;) of demand pairs that represent that variable, and similarly, for every
clause Cy € C we will define a set M(Cy) of demand pairs representing it. We call the

demand pairs in set
n

MY =) M(x))
j=1

variable-pairs and the demand pairs in set
MY = ] M(Cy)
CyeC
clause-pairs.

We now define the parameters we use in the construction:

h = 1000 /¢

§ = 8¢2/10'2
where € is the parameter from Theorem 4.2.1. We also set

Np = (200h/3 + 1)n

Ni = (1-6)Ny.

Our construction will ensure that, if the input formula ¢ is a YES-INSTANCE, then for every
instantiation of Z, there is a collection P of node-disjoint paths that respects the box B(Z)
and routes N1 demand pairs. On the other hand, if ¢ is a NO-INSTANCE, then no solution
can route more than N{ demand pairs in any instantiation of Z. This gives a gap of 1/(1—49)
between the YES- and NO-INSTANCE solution costs. In the following levels we gradually

amplify this gap.
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We set

Ly = (80h + 2)n
L} = 20N}

Hy = 20MV;.

In order to construct a level-1 instance Z, we start with a path Z(Z) of length L and a grid
G’1 of length [/1 and height Hi. We delete all vertices lying on the bottom, left and right
boundaries of G} to obtain the initial cut-out box B(Z); we will later delete some additional

vertices from B(Z).

We define two sub-grids of G{: grid BY, that will contain all vertices of T(MV) (the
destination vertices of the demand pairs in MV), and grid BC, that will contain all vertices
of T(M®). Both grids have sufficiently large length and height: length 9Ni3 and height
16NN for each grid are sufficient. We place both grids inside G/, so that the middle row of
each grid is contained in the middle row of G”, there is a horizontal spacing of at least 2.Nq
between the two grids, and both grids are disjoint from the left and the right boundaries
of G’l. It is easy to see that at least 2Ny rows of G’l lie above and below both grids (see
Figure 4.3).

Next, we define smaller sub-grids of the grids BY and BC. For every variable xz; of o, we

select a sub-grid B(x;) of BV of height
HY = 4Ny +3

and length
LY = 4Ny + (70h + 2).

This is done so that the sequence B(x1),..., B(xy) of grids is aligned and (2N7)-separated

in BY (see Figure 4.3). It is easy to verify that grid BV is large enough to allow this. For
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each variable z; of ¢, the vertices of T(M(x;)) will lie in B(z;). Note that there are at least

2N rows of BY above and below each box B(x1), ..., B(xp).

Similarly, for every clause Cy € C, we define a sub-grid B(Cy) of B of length
LY =3h

and height
HC =3.

As before, we select the sub-grids B(C1),...,B(Cy) of BY so that they are aligned and
(4N1)-separated. As before, box BC is sufficiently large to allow this, and there are at least
2N; rows of B¢ both above and below each such grid B(Cy) (see Figure 4.3).

2N, B(1) 2N,
BY B¢
B(z1) B(z2) B(zy,) B(Cy) B(Cs) B(Cy,)
4 2N>
2N, s Isz1
Figure 4.3: High-level view of the level-1 construction. Boxes B(z1),...,B(zy,) are at

a distance at least 2N from each other and from the boundaries of BY, and boxes
B(Cq),...,B(Cy,) are at a distance at least 4Ny from each other and from the left and
right boundaries of BC.

Recall that the length of the path Z(Z) is L1 = (80h+2)n. We partition Z(Z) into n disjoint
sub-paths I(z1), I(z2),...,I(zy) of length 80h + 2 each, that we refer to as intervals. For
each 1 < j < n, vertices of S(M(x;)) will lie on I(x;). Additionally, for every clause Cj

in which variable x; participates, path I(z;) will contain some vertices of S(M(Cy)). The

remainder of the construction consists of two parts — variable gadgets and clause gadgets,
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that we define next, starting with the variable gadgets.

Variable gadgets. Consider some variable x of the formula ¢ and its corresponding interval
I(z) of Z(T). We partition I(z) as follows. Let I (x), I¥ (x) C I(x) denote the sub-intervals
of I(x) containing the first and the last (10h 4 1) consecutive vertices of I(x), respectively,

and let IX () be the interval containing the remaining 60h vertices.

Consider the box B(x), and recall that it has length 4 N1 + 70h + 2 and height 4N1 + 3. Let
B'(x) C B(x) be a sub-grid of B(z) of length 70h + 2 and height 3, so that there are exactly
2N rows of B(x) above and below B’(x), and 2N7 columns of B(x) to the left and to the
right of B’(z). Notice that the middle row of B’(z), that we denote by R'(z), is aligned with
the middle row of B(x) and hence of B(Z). We delete all vertices of B'(x) that lie on its
bottom row, and we will place all destination vertices of the demand pairs in M(z) on R'(z).
In order to do so, we further partition R'(z) into three intervals: interval I7 (z) contains the
first 5h + 1 vertices of R'(z); interval T () contains the following 5h + 1 vertices of R(x);
and interval IX () contains the remaining 60h vertices of R/ (z) (see Figure 4.4(a)). The set

M(zx) of demand pairs consists of three subsets:

e (Extra Pairs). Let

60h
M () = {55 @) 57 @)
be a set of 60h demand pairs that we call the EXTRA pairs for z. The vertices

s{( (x),..., sé%h(x) appear on IX () in this order, and the vertices t{((:v), . ,té%h(x)

appear on 1% (z) in this order.

e (TRUE Pairs). We denote the vertices appearing on [ T(x) by

T .7 T ;T T T
aj,by,ay, by, .,b5h,a5h+1
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in this left-to-right order. Let

5h+1
M () = { (s} @), ] (o) }

be a set of (5h + 1) demand pairs that we call the TRUE demand pairs for z. For
each 1 <y < 5h+1, we identify SZ(I) with the vertex ag of IT(x), and we let tg(x)
be the yth vertex on I7 ().

e (FALSE Pairs). Similarly, we denote the vertices appearing on I (x) by

bF’ bF o F

F F
aj ,by ,as, o bepy a0

in this left-to-right order. Let

Sh+1
F F F
M (@) = {(s} ().t @)}
be a set of (5h 4 1) demand pairs that we call the FALSE demand pairs for z. For
each 1 <y <5h + 1, we identify 35(91;) with the vertex ag, and we let tg(a;) be the
yth vertex on I (x).

We let M(z) = MX (2) U MT(2) U MF (2) be the set of demand pairs representing .

Consider the set C(z) C C of clauses in which variable z appears without negation. Assume
w.lo.g. that C(z) = {Cq,...,Cr}, where r < 5. For each 1 < ¢/ < r, we will create h

demand pairs {(s;(Cps, ), t;(Cpr, z)) }h

i1 representing the literal x of C,,. Consider the

interval 11 (x). We will use its vertices bf as the sources of these demand pairs, where,

intuitively, sources corresponding to the same clause-literal pair appear consecutively.

Formally, for each 1 < 7/ < r and 1 < j < h, we identify the vertex s;(Cyr, ) with the
vertex bg I_1)h+j of IF (x). Intuitively, if  is assigned the value FALSE, then we will route
all demand pairs in M¥ (x). The paths routing these pairs will “block” the vertices bf , thus

preventing us from routing demand pairs that represent clause-literal pairs (C,s, x).
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B'(m) 2N
2N1 l L |." Lol L 2N1 B(C{I)
J ) L] |-0—0— 50 80 80 80 80
IT(z) I (z) IX(x) 2N, e Bl . —I,
L(Cy) I(Cy) 1(Cy)
(a) A variable gadget. The (5h) green vertices of I () are (b) A clause gadget. Vertices of differ-
partitioned into 5 groups of h consecutive vertices; each ent colors correspond to different literals.
group is used by a different clause that contains the literal The vertices on the bottom boundary of

x. The green intervals of I7 are dealt with similarly, but B(C,) are deleted.
they are used by clauses containing —x. The vertices on
the bottom boundary of B’(x) are deleted.

Figure 4.4: A variable gadget and a clause gadget

We treat the subset C'(z) C C of clauses containing the literal =z similarly, except that we

identify their source vertices with the vertices of {blT, . ,bgh} of IT(z).

Clause Gadgets. Consider some clause Cy = (g, V lgy V {g3). For each one of the three

literals ¢ € {ﬁql,éqz,éqg} of Cy, let
M(Cq, ) = {(5j(Cq. 0),t(Cq, 0)) | 1 < j < h}

be a set of h demand pairs representing the literal ¢ for clause Cj.

Recall that B(Cy) is a grid of height 3 and length 3h. We delete all vertices that appear
on the bottom row of this grid, and we let R(Cy) be the middle row of B(Cy). Partition
R(Cy) into h intervals I1(Cy), ..., [,(Cy), each containing three consecutive vertices (see
Figure 4.4(b)). Fix some 1 < j < h. We identify the three vertices of fj(Cq) with the
destination vertices t;(Cq, {q, ), t;(Cq, £qy), and t;(Cy, £gy) in this order. For each 1 < 2 <3,
the corresponding source vertex s;(Cy, £g,) has already been defined as part of the definition

of the variable gadget corresponding to the literal ¢4,. Let M(Cy) = Uizl M(Cq, 4y,) be
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the set of all demand pairs representing Cy, so |[M(Cy)| = 3h. Let

MC = Lﬂj M(Cy)
q=1

be the set of all clause-pairs, and let
n
MY =) M(z))
j=1

be the set of all variable-pairs. Our final set of demand pairs is M = M"Y U M. This

concludes the definition of the level-1 instance. We now proceed to analyze it.

Yes-Instance Analysis. Assume that ¢ is a YES-INSTANCE. We show that for every
instantiation of the level-1 instance Z, there is a set P of node-disjoint paths routing Ny =
(200h/3 + 1)n demand pairs, that respect the box B(Z). Assume that we are given some
instantiation of Z. We first select the set M C M of demand pairs to route, and then define

the routing.

Fix some assignment A to the variables of ¢ that satisfies all the clauses. For every variable

x, if A assigns the value TRUE to x, then we let

~

M(z) = MT (z) U MX (2),

and otherwise, we let

~

M(z) = M () U MX (2).

Notice that in either case, |M(z)| = 65h + 1.

For each clause Cy = ({g; V Uy, V Ug3) € C, let g, be a literal which evaluates to TRUE by A

(if there are several such literals, select one of them arbitrarily). We let

~

M(Cq) = M(Cy, Ly.).
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Let

n
MY =) M(z))
j=1
m ~
MY = M(Cy)
q=1

We then set M = MY U MC, SO
IM| = (65h + 1)n + mh = (200h/3 + 1)n = Nj.

We now show that all demand pairs in M can be routed by a set P of paths that respects
the box B(Z). We only provide an intuitive description of the routing here; a formal proof

appears in Section 4.5.

Consider some variable z, and assume that it is assigned the value TRUE. Let M/ (x) C MC

be the set of all clause-pairs, whose source vertices lie on the interval I(x). Since the current

~

assignment to x must satisfy their corresponding clauses, all vertices of S(M’(x)) lie on
IF (). Similarly, if x is assigned the value FALSE, then all vertices of S(M/'(x)) lie on
1 T(x) Therefore, for every variable x, the sources of the demand pairs in M(as) appear

consecutively on Z(Z) (relatively to the vertices of S(M)), and the same holds for the

sources of the demand pairs in M(Cq), for every clause Cy.

We build the paths in P gradually, growing them from the source vertices. We start by
selecting, for every variable z, a set A(x) of |M(az)\ vertices on the top boundary of B(x),
and similarly, for every clause Cy, a set A(Cy) of |M(Cy)| vertices on the top boundary of
B(Cy). We discuss this selection later. In the first step, we route the paths from their source
vertices to these newly selected vertices, so that for every variable x, all paths originating

~

from the vertices of S(M(z)) terminate at the vertices of A(z) and they are order-preserving,

~

and similarly for every clause Cy € C, all paths originating from the vertices of S(M(Cy))
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terminate at the vertices of A(Cy) and they are order-preserving.

In order to execute this step, we carefully select a set I" of |M| vertices on the top boundary
of BV a set T” of | MY vertices on the bottom boundary of BY; and the set T" of |MC]
left-most vertices on the top boundary of B¢. We first connect all vertices in S(M) to
the |M| leftmost vertices on the opening of B(Z) via a set of order-preserving node-disjoint
paths, and then extend them to the vertices of I' via node-disjoint order-preserving paths.

This part of the routing is straightforward.

~

For every variable x, the paths originating at the vertices of S(M(x)) then continue to their
corresponding boxes B(x), while for each clause Cy, the paths originating at the vertices
of S(M(Cy)) continue to the bottom boundary of BY and terminate at a consecutive set
of vertices of I (see Section 4.5 and Figure 4.11 for more details). We select the vertices
I' and I'” in a way that ensures that every path that we route inside the box BV can be

implemented by a sub-path of a column of BY .

We then connect the vertices of I to the vertices of I'"” via a set of node-disjoint order-
preserving paths, that are internally disjoint from the boxes BY and BC; these paths exploit
the spacing between the two boxes. Finally, we complete the routing inside the box BC,
ensuring that for every clause Cy, the paths originating at the vertices of S(M(Cy)) terminate
at the vertices of A(Cy). This is done via a standard snake-like routing. This routing critically

uses the fact that the endpoints of the paths that we have constructed so far, which originate

at the vertices of S(M(Cy)), appear consecutively on I,

By appropriately choosing, for every clause Cy € C, the set A(Cy) of vertices on the top

~

boundary of B(Cy), it is easy to extend the paths originating at the vertices of S(M(Cy)),

so that they terminate at the vertices in T'(M(Cy)). Since the resulting paths are order-

preserving, we will route all demand pairs in M(Cq).

We now consider some variable z and show how to complete the routing of the demand pairs

in M(z) inside the box B(z). Assume first that x is assigned the value TRUE. Then the
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paths routing the demand pairs in M(x) arrive at the top boundary of B(z) in the same
order as the ordering of their source vertices on Z(Z). The order of their corresponding
destination vertices on the second row of B’(z) is identical, and so it is immediate to extend

the paths inside B(z) to complete the routing.

Assume now that z is assigned the value FALSE. Let J and J’ be the intervals of the
top boundary of B(z) where the paths routing the pairs in M¥ (z) and MX(z) arrive,
respectively. Unfortunately, J lies to the right of J/, while interval 1% (x) lies to the left
of the interval I (z) on the second row of B'(z). Therefore, we need to “switch” the
ordering of these two sets of paths before we can complete the routing. It is easy to do so
by exploiting the ample spacing between the box B’(z) and the boundaries of the box B(z)
(see Figure 4.14).

No-Instance Analysis. Assume now that ¢ is a NO-INSTANCE, and that we are given
some instantiation of the level-1 instance Z and a set P of node-disjoint paths routing some

subset M C M of demand pairs. Our goal is to prove that
IM| < N{ = (1—=6)Ny = (1 —6)(200h/3 + 1)n.

Assume for contradiction that |[M]| > Ni. In order to analyze the NO-INSTANCE, it is
convenient to view the construction slightly differently. Let C’ be the set of clauses obtained
by adding, for each clause Cy € C, h copies C(}, e ,C(? of Cy to C'. We will refer to the
clauses in C as the original clauses, and the clauses in C’ as the new clauses. Notice that
|C'| = mh, and it is easy to verify that no assignment to the variables of ¢ can satisfy more
than (1 —e)hm clauses of C’. We will reach a contradiction by defining an assignment to the

variables of ¢ that satisfies more than (1 — €)hm clauses of C’.

For each new clause Cg e C', we let M(Cg ) € M be the set of all demand pairs whose
destinations lie on interval T j(Cq); we view these demand pairs as representing the clause
J
Cy.
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For every variable z of ¢, let M(z) = M N M(z), and let M7 (z), MF (z), M¥X (z) denote
MT () n M, MF (2) " M and MX (2) N M, respectively.

For every new clause C’g e, let ./\;I(Cg) = Mn M(C’g). We also denote by

n

MY =) M(z))

j=1
and by

ME = | M),
chec

the sets of the variable-pairs and the clause-pairs, respectively, that are routed by P. We
use the following claim.

Claim 4.3.1. For each variable x of ¢, at least one of the sets ML (z), MF (2), MX () is

empty.

The proof is omitted here; we prove a somewhat stronger claim in Section 4.6 (see also
Observation 4.6.6 from which the claim follows immediately). Notice that from the above

claim, |MV'| < (65h + 1)n.

Consider now some variable z. Assume first that M (z) = (. We then assign = the value
TRUE. We say that an index 1 < j < 5h+1 is bad for z, iff the pair (Sj{(l‘), t;‘r(x)) ¢ M(x).
Otherwise, if MF(x) # (), then we assign = the value FALSE. In this case, we say that an
index 1 < j < 5h + 1 is bad for z, iff (sf(m), tf(a:)) ¢ M(zx). We later show that the total

number of pairs (z,j), where j is a bad index for variable z, is small.

Consider some new clause C’g . We say that it is an interesting clause if |M(C§)| > 1 (in
other words, at least one pair in the set {(s;(Cq,%q,),t;(Cy, Zqz))}izl is in M), and we say
that it is uninteresting otherwise. We say that C’g is troublesome iff \M(C’g )| > 1. The proof
of the following simple observation is omitted here; we prove a more general statement in
Section 4.6.

Observation 4.3.2. For each clause Cy, at most three of its copies are troublesome.
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We conclude that

IMC| < m(h+6) = 5n(h +6)/3.

Let Ci C C’ be the set of all interesting new clauses. A simple accounting shows that, if

M| > (1 —5)(200h/3 + 1)n, then |C]| > (1 — ¢/10)hm must hold.

Notice that for each new clause C’g € C', at least one demand pair from the set

{(51(Car la.). 15(Cort )}y

is in M. We select any terminal £ € {{g,, (g, {gs } such that (5j(Cq, 0),t(Cy, 0)) € M, and
we say that clause C’g chooses the literal . Let x be the variable corresponding to the literal
¢. We say that C’g is a cheating clause iff the assignment that we chose for = is not consistent
with the literal ¢: that is, if ¢ = z, then A(x) = FALSE, and if ¢ = =z, then A(x) = TRUE.
Notice that, if Cg is an interesting and a non-cheating clause, then the current assignment
satisfies C’g. Therefore, in order to compete the analysis, it is enough to prove the following
claim.

Claim 4.3.3. The number of cheating clauses in Ci is bounded by emh/2.

We prove a stronger claim in Section 4.6 (see Lemma 4.6.11), and provide a proof sketch
here. Let C"g € C’ be a cheating clause, and suppose it has chosen the literal ¢, whose
corresponding variable is x. We say that Cg is a bad cheating clause, iff at least one of the
indices 7, j+1 is a bad index for variable x (recall that j is a bad index for x if A(x) = TRUE
and (sf(x),th(x)) ¢ M, or A(z) = FALSE and (sf(m),tf(x)) ¢ M). Otherwise, we say
that Cg is a good cheating clause. A simple accounting shows that the number of pairs (z, j),
where j is a bad index for z is bounded by emh/16. Each such pair (x, j) may contribute to

at most two bad cheating clauses, and so there are at most emh/8 bad cheating clauses.

Our final step is to show that the number of good cheating clauses is bounded by emh/4.
We show that for each original clause Cy, at most 3 copies of Cy are good cheating clauses.

It then follows that the total number of good cheating clauses is at most 3m < emh/4, since
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h = 1000/e.

Consider some original clause Cy. It is enough to show that for each literal ¢ of Cy, the
number of copies of Cy that choose ¢ and are good cheating clauses is at most 1. Assume for
contradiction that there are two such copies Cg and Cg/. Assume w.l.o.g. that the variable
x that corresponds to £ is assigned the value TRUE, so ¢ = —z. Then vertex s;(Cy, () lies

T

on interval I (z), between 5 (z) and sT

JJrl(x), while vertex s;/(Cy, £) lies on interval IT(2),

between s?(x) and s§+1(x). Assume w.l.o.g. that j < j’. Consider the plane with only
the top boundary of the grid G, the bottom boundary of the box B’(z), and the images of
the paths of P routing the pairs (sf(x),t?(:v)), (s?+1(:v),t?+1(x)), and (sg;Jrl(a:), t§+1(:c))
present. Let f, f/ be the two faces of this drawing that differ from the outer face, such that
f has s;(Cq,0) on its boundary and f” has sj1(Cq, €) on its boundary. Then f # f’, and the
bottom boundary of B(Cy) must belong to a single face of the resulting drawing. Assume

w.lo.g. that this face is f* # f. Then ¢;(Cqy, () lies on f*, and so it is impossible that a

path of P connects 5;(Cq, L) to t;(Cq, ).

We conclude that the current assignment satisfies at least
(1 —¢€/10)hm — ehm/2 > (1 — €)hm

clauses of C’, a contradiction.

Generalization to Higher Levels and the Hardness Gap. Assume now that we are
given a construction of a level-i instance, and we would like to construct a level-(i + 1)
instance. Intuitively, we would like to start with the level-1 instance described above, and
then replace each source-destination pair (s,t) with a distinct copy of a level-i instance Z'.
So we would replace the vertex s with the path Z(Z’), and the vertex ¢ with the cut-out box
B(Z'). We say that a level-i instance Z’ is routed by a solution P to this resulting instance,

iff P routes a significant number of the demand pairs in Z.

The idea is that, due to the level-1 instance analysis, the number of such level-i instances
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that can be routed in the YES- and the NO-INSTANCE cases differ by a constant factor,
while within each such instance we already have some gap g; between the YES- and the NoO-
INSTANCE solutions, and so the gap grows by a constant factor in every level. Unfortunately
this idea does not quite work. If we consider, for example, level-1 instances Z’, then their
destination vertices appear quite far — at distance ©(N1) — from the bottom boundary of the
box B(Z'). In general, in a level-i instance, this distance needs to be roughly ©(N;), to allow
the routing in the YES-INSTANCE case (recall that N; is the number of the demand pairs
that can be routed in the YES-INSTANCE case). Therefore, if we replace each level-1 demand
pair by a level-i instance, some of the paths in the new level-(7 4 1) instance may “cheat” by
passing through the boxes B(Z') of level-i instances Z’, and exploiting the spacing between
the destination vertices and the bottom boundary of each such box. For example, it is now

possible that in a variable gadget, we will be able to route many demand pairs from each set

MX(2), MT (z) and MF (z) simultaneously.

A simple way to get around this problem is to create more level-i instances, namely: we
replace each source-destination pair from a level-1 instance by a collection of ¢;11 level-¢
instances. The idea is that, if the number of the demand pairs we try to route in many such
cit+1-tuples of level-i instances is large enough, then on average only a small fraction of the
routing paths may cheat by exploiting the spacing between the destination vertices and their

corresponding box boundaries, and this will not affect the overall accounting by too much.

However, if the formula ¢ is a NO-INSTANCE, then we will only attempt to route NZ( demand
pairs from each level-i instance, and therefore we need to ensure that c¢; 1 Ni’ > N; in order
for the gap to grow in the current level. In other words, the number of copies of the level-:
instances that we use in the level-(i + 1) instance construction should be proportional to the

gap between the YES- and the NO-INSTANCE cost at level i (times n).

A simple calculation shows that, if we follow this approach, we will obtain a gap of 282(7)

in level-i instances, with construction size roughly n®0) . 90(?). Therefore, after O(logn)
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iterations, we obtain a gap of 28U/ log ”,), where n' is the size of the level-i instance. This
rapid growth in the instance size is the main obstacle to obtaining a stronger hardness of

approximation factor using this approach.

4.4 The Full Construction

In this section we provide a full description of the construction of the hardness instance. We

start with setting the parameters.

4.4.1 Parameters

The two main parameters that we use are h = 1000/¢ and § = 8¢2/10'2, where € is the
constant from Theorem 4.2.1. We define the remaining parameters in terms of these two

parameters.

For every level i > 0 of our construction, we use two parameters, N; and Ni, . We will ensure
that for every instantiation of the level-i instance Z, if the initial 3SAT(5) formula ¢ is a
YES-INSTANCE, then there is a solution to Z routing N; demand pairs, that respects the box
B(Z), and if ¢ is a NO-INSTANCE, then no solution to Z can route more than NZ( demand

pairs.

We define the parameters N, NZ( inductively, starting with Ny = Né = 1. Assume now that

for some ¢ > 0, we are given the values of N; and NZ( . Let
gi = Ni/Nj
be the gap between the YES- and the NO-INSTANCE solution values at level 7, and let

ciy1 = 10%h%g; = O(g;).
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Parameter ¢; 1 will be used in our construction of the level-(i + 1) instance. We then set

Ni+1 = nci+1(200h/3 + I)NZ'

NIy = (1 —0)nei1(200h/3 +1)N].

It is immediate to verify that g;;1 = 19—_%, and so for all ¢ > 0,
1 )
9i = (m) )

N; = O(n-gi_1) - Ni_1 = (pn)’ - 200,

and

for some absolute constant p.

We set the parameters L;, L; and H; below, but we will ensure that each of these parameters
is bounded by ZONZ-?’. Our construction has i* = logn levels, giving us a gap of 9f(logn)
between the YES- and the NO-INSTANCE solution values. For our final level-i* instance, we

can choose the grid G;* to be of size (@) x Q)), where
Q =2L;x + 2L;* +4H;x = O(NZ?;),
and so the instance size is bounded by

n = O(NG) _ pOllogn) 20(10g2 n) _ 20(10g2 n)

Overall, we obtain a factor 2Q(vV1og ™) hardness of approximation, unless all problems in

NP have deterministic algorithms running in time nOlogn),

For ¢ > 0, we set the parameter H; = 20N;. The following bound on H; follows immediately

from the definitions of our parameters, and we use it several times in our analysis:
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200i+1Nz', B 20i+162NZ-/
10852 1013

H; = 20N; = 20g; N/ = (4.1)

For all 7 > 0, we set L; = QONZ?). Parameter L; is defined as follows: Ly = 1, and for ¢ > 0,

Li = (80h + 2)¢;Li_1n < (80h + 2)¢; - 20N3_1n < 20N3.

Level-0 Instance. A level-0 instance Z consists of a single demand pair (s,t). In order to
be consistent with our definitions, we let Z(Z) be a path of length Ly = 1, with s mapped to
the unique vertex of Z(Z). Recall that Ny = N, = 1, Hy = 20Ny = 20, and L{, = 20N = 20.
Let G6 be a grid of length L6 = 20 and height Hy = 20.

We obtain the box B(Z) from G6 by deleting all vertices lying on the left, bottom, and right
boundaries of G6. Let R’ be the middle row of G6. We map ¢ to any vertex of B(Z) that
belongs to R’. It is immediate to verify that for every instantiation of this level-0 instance,
there is a solution that routes one demand pair and respects B(Z), regardless of whether we

are in the YES or the NO-INSTANCE.

From now on we focus on constructing instances of levels ¢ > 0.

4.4.2  Level-(i + 1) Construction

A level-(i + 1) instance is obtained by combining a number of level-i instances. We start

with a quick overview of the level-2 construction.

Level-i Construction Overview. Recall that a definition of a level-: instance Z consists
of a path Z(Z) of length L;, a grid G; of height H; and length L;, together with a cut-out
box B(Z) € G, and a collection M of demand pairs, such that all vertices of S(M) are

mapped to vertices of Z(Z), while all vertices of T(M) are mapped to distinct vertices of
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B(Z) N R', where R’ is the middle row of G/. Path Z(Z) will eventually become a sub-path
of the first row of the larger grid G;, and box B(Z) will be placed inside G;, within distance

at least H; from its boundaries.

For every destination vertex t, we draw a straight line Q¢ from ¢ to the bottom of B(Z).
This line contains at most H;/2 vertices of the graph. We will use these lines in the analysis

of the NO-INSTANCE case of the level-(i 4+ 1) construction.

It will sometimes be useful to place several level-: instances side-by-side. For an integer
¢ > 0, a c-wide level-i instance T is constructed as follows. Intuitively, we construct c
disjoint level-i instances 7y, ..., Z., placing their intervals Z(Z;) side-by-side on Z(Z) and
placing their boxes B(Z;) side-by-side inside B(Z). Formally, for each 1 < j < ¢, let M, be
the set of the demand pairs of the level-i instance Z;, and let GJ be the corresponding grid

G; for that instance. The set of the demand pairs of instance Z is M = U§:1 M;.

We let Z(Z) be a path of length ¢ - L;, partitioned into ¢ equal-length intervals Ay, ..., Ac.
We let G’ be a grid of length cLé and height H;, that we partition into ¢ sub-grids of length
Lg and height H; each. For 1 < j < ¢, we map the vertices of Z(Z;) to the vertices of A;
in a natural way. This defines the mapping of the vertices of S(M) to the vertices of Z(Z).
For each 1 < j < ¢, we map the vertices of G7 to the jth sub-grid of G, and delete from
G’ all vertices to which the vertices of G7 \ B (Z;) are mapped. The resulting subgraph of
G’ becomes the box B(Z), and the above mapping defines the mapping of the destination
vertices in T'(M) to the vertices of B(Z). Note that if R’ denotes the middle row of G’; then

all vertices of T'(M) lie on R'.

In order to instantiate this instance, we need to select a grid G of length at least ¢(2L; +
2L; +4H;) and height at least 3cH;, a sub-path P of the first row of G of length cL;, to which
Z(T) will be mapped, and a sub-grid G” of G of the same dimensions as G, to which the
vertices of G’ will be mapped. The vertices of G” must be at a distance at least cH; from the

boundaries of GG. Clearly, for any instantiation of this instance, in the YES-INSTANCE case,
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there is a solution P routing cN; demand pairs, such that, if we denote, for each 1 < j <,
by P; C P the set of paths routing demand pairs in M, then |P;| = N; and P; respects
the box B(Z;). On the other hand, in the NO-INSTANCE case, no solution to Z can route

more than CNZ( demand pairs.

We now assume that we are given a construction of a level-i instance, for ¢« > 0, and describe
a construction of a level-(i + 1) instance Z. For convenience, we denote ¢;11 by ¢. We
use parameters L; 1, H;41, L;Jrl described above, so H;41 = 20N, 1, L;~+1 = 20N1‘3+17 and
L;i1 = (80h + 2)cL;n.

In order to construct the box B(Z), we start with a grid G}, ; of length L; ; and height
H; 1. We define two sub-grids of B(Z), of length 9Ni3+1 and height 16N, each: grid BV
that will contain all destination vertices of the demand pairs representing the variables of
the formula ¢, and grid B¢ that will contain all destination vertices of the demand pairs

representing the clauses of the formula ¢. In order to construct both grids, let R be the set

of all rows of G§+1, excluding the top 2N; 1 and the bottom 2N; 1 rows, so that
IR| = Hjy1 — 4Njy1 = 16N; 1.

Let W be a consecutive set of 9]\@3le columns of G; 1, starting from the second column,
and let W be a consecutive set of 9Ni3+1 columns of G; 41, terminating at the penultimate
column. We then let B be the sub-grid of Gg 1 spanned by the rows in R and the columns
in W, and we let B be the sub-grid of G;- 1 spanned by the rows in R and the columns
in W (see Figure 4.5). Notice that at least 2N; 1 columns of G; 1 separate the two grids.
We delete the bottom, left, and right boundaries of G; 1 to turn it into a cut-out box, that

we refer to as B(Z) from now on. We will later delete some additional vertices from B(Z).

Next, we define smaller sub-grids of the two grids BY and BC. For every variable z; of ¢,
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Figure 4.5: High-level view of box B(Z)

we define a sub-grid B(z;) of BV, of length
LV = 4Njy 1 + (T0h + 2)cL

and height
HV = Hi + 2Nz'_|_1.

This box will contain all destination vertices of the demand pairs that represent the variable
xj. We place the boxes B(x1),...,B(zy) inside grid BV, so that they are aligned and
2N;1-separated. In other words, the middle row of each box is contained in the middle row
of BV, and the horizontal distance between every pair of these boxes, and between each box

and the left and right boundaries of BY is at least 2N;41. Since
n- LV 4 (n+1)-2N; 11 < TaNjyq + (T0h + 2)cLin < TnN; 1 + 1500heNin < 9N, 4,

we can find such grids B(x1),..., B(zy). Since

HY = H; +2N; 1 = 20N; + 2N; 1 < 3Nj 1,
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there are at least 2/N; 1 rows of BY above and below these new grids (see Figure 4.6).

Bv
\Z 2N

> 2Niy Blzy) 2 2Niy1, Béxz) B(z,) > 2Ny
| > 2Nt

Figure 4.6: Box BY. Each box B(z;) has length LV = AN, 1 + (70h + Q)CL; and height
HY = H; + 2N, 1.

We similarly define sub-grids B(CY),...,B(Cy,) of BY. Each such sub-grid has height
HY = H; and width L¢ = 3chL}. For each clause Cy € C, box B(Cy) will contain all

destination vertices of the demand pairs that represent this clause.

We let B(C}),. .., B(Cy) be sub-grids of H that are aligned and 4N, 1-separated. Since
m- LY+ (m+1) - 4N; 11 < 20nN; 1 + 15hcLin < 200Ny q + 300heNPn < ON3, |,
we can find such grids (see Figure 4.7). Since
HY = H; = 20N; < N4y,

there are at least 2N; 41 rows of BY above and below these new grids.

Our construction consists of two parts, called variable gadgets and clause gadgets. For each
variable x;, we construct a number of level-i instances 7', whose corresponding boxes B(Z)
are placed inside B(z;). Whenever we do so, we delete the corresponding vertices of B(z;)

as described in the preliminaries. We also construct clause gadgets similarly.
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Figure 4.7: Box B®. Each box B(Cy) has length LC = 3ch L height HC = H;.

Variable Gadgets Let Z(Z) be a path of length L;, 1, and let II be a partition of Z(Z)
into disjoint contiguous sub-paths (that we sometimes refer to as intervals) of length cL;
each. For each 1 < j < n, we let I(x;) be a sub-path of Z(Z), containing exactly 80h + 2
consecutive intervals of 1, so that I(x1), I(x2),...,I(xy,) appear on Z(Z) in this left-to-right

order.

Consider some variable = of the 3SAT(5) formula ¢ and the corresponding interval I(x) of
Z(I), containing 80h + 2 consecutive intervals of II. We further partition I(z) as follows.
Let I7(x), ¥ (2) C I(x) denote the subpaths of I(z) containing the first (10h + 1) and the
last (10h + 1) consecutive intervals of II, respectively. Let [ X () denote the union of the

remaining 60h consecutive intervals of II (see Figure 4.8).

e (Extra Pairs). We use 60h copies of c-wide level-i instances, that we denote by
Ijx(x), for 1 < j < 60h. For each 1 < j < 60h, we let Z(Ij((x)) be the jth interval
of I (z). We place the corresponding boxes B(If( (x)),... ,B(Iggh(m)) side-by-side,
obtaining one box Bx (z) of width 60th; and height H;. We define the placement of
this box inside B(z) later. We denote by MX (z) the resulting set of demand pairs,

and we refer to them as the EXTRA demand pairs of x.
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e (TRUE Pairs). We denote the intervals of II appearing on I (x) by:
T T AT T T AT
AL YT A Y Y Ay,

and we assume that they appear on I (z) in this left-to-right order. We use (5h+1)
copies of the c-wide level-i instance, that we denote by IJT(J:), for 1 < j <5h+1. For
each 1 < j <5h+1, welet Z (IJT) be the interval AJT. We place the corresponding
boxes B(Z{ (z)),..., B(Igfl+1(x)) side-by-side, obtaining one box Bp(x) of width
(5h 4 1)cL] and height H;. We denote by MT (z) the resulting set of demand pairs,

and we refer to them as the TRUE demand pairs of x.

e (FALSE Pairs). Similarly, we denote the intervals of I appearing on IF (x) by:

F yF AF F F 4F
AP AL YE v A

and we assume that they appear on [ i3 (x) in this left-to-right order. We use (5h+ 1)
copies of the c-wide level-i instance, that we denote by If(x), for1 <75 <5h+1. For
each 1 < j <bh+1, welet Z (IJF ) be the interval Af . We place the corresponding
boxes B(If(x)), e B(Ié;LJrl(x)) side-by-side, obtaining one box Bp(x) of width
(5h 4 1)cL! and height H;. We denote by MF () the resulting set of demand pairs,

and we refer to them as the FALSE demand pairs of x.

We let M(z) = MX (2)UMT (2)UMF (). We call the demand pairs in M (z) variable-pairs

representing T.

Recall that the length of box Bx (x) is 60hcL}, while boxes By(x), Bp(z) have length (5h +
1)cL! each. The height of each box is H;. Recall also that box B(z) has length LV =
4ANjy1 + (T0h + 2)cL! and height HY = H; + 2N;.

We place the boxes Bp(z), Bp(z) and Bx (x) side-by-side inside B(x) in this order, so that
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Br Br Bx

Figure 4.8: Variable gadget for level-(i+1) instance. Index x is omitted for convenience. Blue
sub-intervals of I belong to instances ZF whose destinations lie in B F; green sub-intervals

belong to instances Z;(C,r) associated with clauses C' € C(z). The (5h) green intervals
are partitioned into 5 groups of h consecutive intervals each, and each group belongs to a
distinct clause. Blue and green intervals of [ T are dealt with similarly.

the middle row of each box is contained in the middle row of B(x), and there is a horizontal
spacing of 2N;;1 between the left boundaries of Bp(x) and B(x), and between the right
boundaries of By (x) and B(x) (see Figure 4.9). Notice that there is no horizontal spacing
between Bp(z), Bp(x) and Bx(x), and all destination vertices lying in B(z) belong to the
middle row of B(x), and hence to the middle row of B(Z).

Consider the set C(x) C C of clauses in which variable x appears without negation. Assume
without loss of generality that C(z) = {C1,...,Cy}, where r < 5. For each 1 <1/ < r, we
will create h level-i instances of width ¢, that represent the variable z of C,,. We denote these
instances by Z;(C,, ), for 1 < j < h. Consider the interval [ F(z). We will use the sub-
intervals YjF of I (x) as intervals Z (Z;(Cyr, x)), where, intuitively, intervals corresponding
to the same clause-variable pair appear consecutively. Formally, for each 1 < v/ < r, for
each 1 < j < h, we use the interval Y(17T’—1)h+j
is the sub-interval of I (z) that belongs to instance Z;(C,/, x). Intuitively, if x is assigned
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Figure 4.9: Box B(x). Height: HY = H; + 2N, 1, length: LV = AN;11 + (7T0h + 2)CL;.

the value FALSE, then we will route a large number of demand pairs in M (). The paths
routing these pairs will “block” the intervals YjF of IF (), thus preventing us from routing

demand pairs that belong to instances Z;(C,s, ), for 1 < j < h and C,» € C(x).

We treat the subset C'(z) C C of clauses containing the negation of z similarly, except that

we assign to each resulting instance an interval YjT of 1 T(x)

Clause Gadgets. Consider some clause Cy = (lg; V {gy V {gy). For each one of the

h

three literals of Cy, we construct h level-i width-c instances, with instances {Z;(Cy, ¢4,) }jzl

representing the literal {g,, for 1 < z < 3. Recall that B(Cy) is a grid of height H ¢ _
H; and length LC = 3chL]. We partition B(Cy) into h sub-grids BY(Cy), ... ,Bh(Cq),
each of which has height H; and length BCLQ. For each 1 < j < h, we place the boxes
B(Z;j(Cq,Lq,)), B(Zj(Cq,Lgy)), B(Zj(Cy, Lgs)) inside BJ(Cy) side-by-side in this order (see
Figure 4.10).

The intervals Z(Z;(Cy,{q,)) are the same as the ones defined in the constructions of the
variable gadgets. We denote by M(Cy) the set of all demand pairs whose destinations lie

in B(Cy), and we call them clause-pairs representing Cy. For each 1 < z < 3, we denote by

M(Cy, ly,) the set of all demand pairs that belong to instances Z;(Cy, g, ), for 1 < j < h,
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Im

Figure 4.10: Box B(Cy). Different colors show boxes that represent the three different
literals.

N
v

3hcl

and we sometimes say that they represent literal £, of clause Cy. We then let

m
MY = M(Cy)
q=1
be the set of all clause-pairs, and
n
MY =) M(z))
j=1

the set of all variable-pairs. Our final set of demand pairs is M = MV UMC. This completes

the definition of the level-(7 4+ 1) instance.

4.5 Yes-Instance Analysis

The goal of this section is to prove the following theorem.

Theorem 4.5.1. Assume that the input 3SAT(5) formula ¢ is a YES-INSTANCE. Then for
all i > 0, for every instantiation of the level-i instance I, there is a solution routing N;

demand pairs, that respects the box B(Z).

The remainder of this section is devoted to proving this theorem. The proof proceeds by
induction. For ¢ = 0, Ny = 1, and it is easy to see that for any instantiation of the level-

0 instance Z, there is a solution that routes the unique demand pair of this instance and
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respects the box B(Z).

We now assume that the theorem holds for some ¢ > 0, and prove it for a level-(i + 1)
instance, that we denote by Z. We assume that we are given an instantiation of instance Z,
that consists of a grid G;1 of length at least 2L;,1 + 2L2 41 T 4H; 41 and height at least
3H;41, the placement of the path Z(Z) on the top boundary of G, 1, and the placement
of the box B(Z) inside G, 1, at distance at least H;,; from its boundaries. We denote
the resulting graph by G, and the resulting set of demand pairs by M. Recall that our

construction combines a number of level-i instances.

From the induction hypothesis, for each such instance Z’, for every instantiation of instance
7', there is a set P(Z') of disjoint paths, routing a set of N; demand pairs of Z’, such that
the paths in P(Z’) respect the box B(Z'). It is easy to verify that, if a set M*(Z’) of demand
pairs of Z' has a routing that respects B(Z') in one instantiation of Z’, then it has such a
routing in every instantiation of B(Z'). Therefore, for every level-i instance Z’, we can fix
one such set M*(Z') of demand pairs with |M*(Z')| = N;, and assume that M*(Z’) has a

routing that respects B(Z') in every instantiation of Z'.

Recall that our construction combines level-¢ instances into ¢;;1-wide level-¢ instances. Let

Z" be any such c¢;1-wide level-i instance, and assume that it consists of level-i instances

Ty, Zejyq- We set
Ci+1

MHT") = | M*(I)),
j=1

IM*(Z")| = cit1N;.

It is easy to see that for any instantiation of Z”, there is a routing of all demand pairs in
M*(Z"), such that for each 1 < j < ¢; 41, the demand pairs in M*(Z;) are routed via paths

that respects the box B(Z;).

Consider now the given instantiation (G, M) of the level-(i + 1) instance Z. We first select
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the set M C M of demand pairs that we route, and then compute their routing. We fix

some assignment A to the variables {z1,...,z,} of ¢, that satisfies all clauses.

Variable Pairs. Let x be some variable, and let

60h
X X
M (z) = [ M(Z} (@)
j=1
be the set of all demand pairs that are routed by the solutions to the c¢;y1-wide level-¢
instances IiX (x),... ,Iggh(x). Notice that |[MX ()] = 60hc; 1 N;.

If x is assigned the value TRUE, then we let

) 5h+1
M (z) = [ M*I](2))
7=1

~

MF(x) = 0.

Notice that [MT (z)] = (5h + 1)¢; 41 N; in this case. Otherwise, we let

R 5h+1
ME(z) = | M*(IZ] ()
j=1

MT(z) =0,

so that |[MF (z)] = (5h + 1)¢j 41 N;.

We denote M(z) = MX(z) U MT (2) U MF(2), and we let MV = UxM(x), so [MV| =
nci+1(65h + 1)N;.

Clause Pairs. Let Cy € C be a clause, and let {4 be a literal of Cy whose value is TRUE (if
there are several such literals, we select any one of them arbitrarily). We say that clause Cy

chooses the literal ¢. For simplicity, we denote Mj((]q) = M*(Z;(Cy, {y)), forall 1 < j < h,
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and we let M(Cq) = ngl Mj(cq)-

Let MC = Uger M(Cq). Clearly, for each 1 < ¢ < m, ]M(Cq)| = he¢;11Nj, and overall,

|MC‘ = thi+1Nz‘ = 5nhc¢+1Ni/3.

Finally, we let M=mM"U MO’ SO
IM| = ncjy1 - (65h + 1)Nj + 5nciyp 1hN; /3 = n - Niciy1(200h/3 + 1) = Nj 1.

It is now enough to prove the following lemma.

Lemma 4.5.2. There is a set P of node-disjoint paths in graph G, routing all demand pairs
in M, such that P respects box B(T).

For convenience, we denote the first row of the grid G;41 by R. Let S C S (M) be any
subset of the source vertices of the demand pairs in M. We say that the sources of S” appear
consecutively on R, iff there is a sub-path P of R that contains all the vertices of S’ and does
not contain any vertex of S(M)\ S’. We let O be the left-to-right ordering of the vertices

~

of S(M) on row R.

Consider some variable z, and denote by M/ (x) the set of all demand pairs in M whose
sources lie on the interval I(x) — these are the demand pairs representing the clauses Cy
that chose either x or -z as their literal. Assume first that x is assigned the value TRUE.
Then all sources of the demand pairs in M (z) lie on the intervals I (z) and I7 (z), while
all sources in set S(M/(z)) lie on IF'(z): indeed, since z is assigned the value TRUE, the
corresponding clauses must contain z without negation and so their sources lie on I ().
Therefore, the sources of each set M(x) and M’ (x) are consecutive on R. If x is assigned
the value FALSE, then similarly all sources of the demand pairs in M(x) are consecutive on
R, while all sources of the demand pairs in M’ (x) appear on [ T(:z:) and are therefore also

~

consecutive on R. In either case, for every clause Cy € C, the vertices of S(M(Cy)) are
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consecutive on R.

In order to construct the routing, it is convenient to use special subgraphs of GG that we
call snakes, in which routing can be done easily. We start by defining a corridor, and then

combine several corridors to define a snake.

Recall that our graph G is a subgraph of a grid G;1. Recall also that, given a set R
of consecutive rows of ;11 and a set W of consecutive columns of Gj1, we denoted by
T(R,W) the subgraph of G; 1 induced by the set {v(j,j/) | Rj € R, Wy € W} of vertices.
We say that T = T(R, W) is a corridor iff every vertex of T belongs to G. For convenience,
we will say that Y is a corridor spanned by the rows in R and the columns of W. Let R’
and R” be the first and the last row of R respectively, and let W/ and W” be the first
and the last column of W respectively. Each of the four paths YN R, Y N R”, YT N W' and
T NW" is called a boundary edge of Y, and their union is called the boundary of Y. We
say that two corridors Y, Y’ are internally disjoint, iff every vertex v € T N Y’ belongs to

the boundaries of both corridors. We say that two internally disjoint corridors Y, Y’ are

neighbors iff YT N Y’ # 0.

We are now ready to define snakes. A snake ) of length ¢ is a sequence Y1, Yo,..., Ty
of ¢ corridors that are pairwise internally disjoint. Moreover, for all 1 < ¢/, ¢ < ¢, Ty is
a neighbor of Yy iff [¢/ — ¢"| = 1. We say that the width of the snake is w iff for each
1 < ¢ <, Yy is spanned by a set of at least w rows and by a set of at least w columns,
and for all 1 <0/ < £, Ty N Yy 11 contains at least w vertices. We use the following simple

claim for routing in snakes.

Claim 4.5.3. Let Y = (Y1,...,Y)) be a snake of width w, and let A, A" be two sets of
vertices with |A| = |A'| < w — 2, such that the vertices of A lie on a single boundary edge
of Y1 and the vertices of A’ lie on a single boundary edge of Yy. Then there is a set Q of
node-disjoint paths contained in U§/:1 Ty, that connect every vertex of A to a distinct vertex

of A’
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Proof. The proof is by induction on ¢. For the base case, assume that £ = 1, and let A, A
any pair of vertex sets (that are not necessarily disjoint), such that the vertices of each set
lie on a single boundary edge of the corridor T = Y1, and |A| = |A’| = v’ < w—2. We show
that there is a set Q of node-disjoint paths in T, connecting every vertex of A to a vertex
of A’ with a slightly stronger property: namely, the paths in Q are internally disjoint from
the boundary of Y. Let Y/ be the graph obtained from Y, by deleting all vertices lying on
the boundary of Y, except for the vertices of AU A’. It is enough to show that there is a
set Q of w’ node-disjoint paths in Y/, connecting vertices of A to vertices of A’. Assume for
contradiction that such a set of paths does not exist. Then from Menger’s theorem, there
is a set J of w’ — 1 vertices, such that Y’ \ J has no path connecting a vertex of A to the

vertex of A’. We consider three cases.

The first case is when A and A’ lie on the opposite boundary edges of Y. Assume without
loss of generality that the vertices of A lie on the top boundary edge, and the vertices of A’
on the bottom boundary edge of T. Let R and W be the sets of rows and columns of G 1,
respectively, that span T. Let W, W/ C W be the sets of columns of T where the vertices of
A and A’ lie, respectively, so |[W'| = [W"| = w’. Since |J| < v/, there is a column W' € W/
and a column W € W', with W/ N J,W" N J = 0. There is also some row R’ € R of Y/,
that is not its top or bottom row, such that R N.J = (. But W/ UW"” U R’ is a connected

subgraph of Y/\ J, that contains a vertex of A and a vertex of A’, a contradiction.

The other two cases, when A and A’ lie on adjacent boundary edges of T, and when A and

A’ lie on the same boundary edge of T are analyzed similarly.

Assume now that the claim holds for some value ¢ > 0. We now prove it for £ + 1. Denote
|A| = |A'| = v, and let U be any set of w’ vertices in Ty N Yy 1, so the vertices of U lie
on the boundaries of both corridors. Notice that the vertices of U must belong to a single
boundary edge of Ty, and a single boundary edge of T/, ;. Using the induction hypothesis,

there is a set P; of w’ node-disjoint paths in Y1 U---UY,, connecting every vertex of A to a

115



distinct vertex of U. From our analysis of the base case, there is a set Py of w’ node-disjoint
paths in Ty 1, connecting every vertex of U to a distinct vertex of A’. Moreover, the paths
in Py are internally disjoint from the boundary of Ty, ;. We obtain the desired set of paths

by concatenating the paths in Py and the paths in Ps.

O

~

Our routing consists of two steps. In the first step, we connect each source vertex s € S(M)
to the top boundary of the unique box in B = {B(z1), ..., B(zy),B(C1)...,B(Cnp)}, that
contains its corresponding destination vertex. We will later select specific vertices on the
top boundary of each such box to which the sources are routed. The resulting paths will be
internally disjoint from the boxes in B. In the second step, we complete the routing inside

each box. The first step is summarized in the following claim.

Claim 4.5.4. Suppose we are given, for every variable xj, a set A(x;) of |M(x])| vertices
on the top boundary of B(x;), and for every clause Cyq € C, a set A(Cy) of ]M(Cq)\ vertices
on the top boundary of B(Cy). Then there is a collection P’ of node-disjoint paths in G with

the following properties:

e the paths of P’ are internally disjoint from all boves in

B ={B(z1),...,B(xn), B(C])...,B(Cn)}:

e for every variable x; of p, there is a subset P(x;) C P’ of paths, that connect every

vertexr in S(M(z;)) to a vertex of A(x;), so that the paths in P(x;) are order-

preserving; and

o for every clause Cy € C, there is a subset P(Cy) C P’ of paths, connecting every

vertez in S(M(Cy)) to a vertex of A(Cy), so that the paths in P(Cy) are order-

preserving.

116



Proof. Consider two consecutive variables x;, zj,1, for 1 < j < n. Recall that the vertices
S(M(a:])) appear consecutively on R, and so do the vertices of S(M(xj+1)). Let V; C
S (Mc) be the set of all source vertices that correspond to clause-pairs, and lie between the

vertices of S(M(x;)) and the vertices of S(M(zj41)) on R. Notice that the vertices of V;

may only correspond to clauses in which z; or ;11 participate, so
Vj| < 10hN;cit1 < Nitr.

Similarly, we let Vp,V, C S (MC) be the sets of all source vertices that correspond to
clause-pairs and lie before the vertices of S(M(z1)) and after the vertices of S(M(zy,)) on
R, respectively. We still have |Vpl, |[Vi| < N;iq. For all 0 < j < n, let M]/ = |V;]. For all
1 <5< n,let

Mj = [M(zj)| = ciy 1 Ni(65h + 1) < Niy1.

We now select a set I' of vertices on the top row of BV7 as follows. First, for every variable
x; of g, for every vertex a € A(x;), we select a vertex ' on the top row of BV, lying in the
same column as a, and we let P, be the sub-path of the column col(a) between a and d’.

Let I'; denote the resulting set of vertices that we have selected for z;.

For 1 < j < n, let W; be the set of columns of BV that lie between the boxes B(z;) and
B(zj41). We also let Wy be the set of all columns of BV that lie before B(x1), and W, the
set of all columns lying after B(zy). For all 0 < j < n, we select an arbitrary set F;- of M j’
distinct vertices on the top row of BY that belong to the columns of W;. Since [W;| > N1,
while M j’ < Nj41, such a set of vertices exists. For each selected vertex v € F;., we let Py,
be the column of BY in which v lies, and we let v/ be the other endpoint of the column.

Let T = {U/ |ve F;} We denote I' = <U;~l:1 Fj> U (U?:O F}), and I = Jj_o I}
Finally, we let I'"” be the set of |MC\ consecutive left-most vertices on the top boundary of

BC.
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We construct five sets of node-disjoint paths, Py, ..., Ps. The final set P’ of paths will be

obtained by combining these sets of paths.

Set Py:  Let Z’ be the set of |M| leftmost vertices on the opening of B(Z). Set Py consists
of ]/\;l\ node-disjoint paths, connecting every vertex of § (M) to a vertex of Z’, so that
the paths in Py are order-preserving and internally disjoint from B(Z). Since the distance
between B(Z) and the boundaries of G 1 is at least H;,1 > Nj, 1, while [M| = N, it is

easy to verify that such a set of paths exists.

Set P;: This set of paths connects every vertex of Z’ to a distinct vertex of I' in a node-
disjoint and order-preserving manner. In order to construct it, we use a snake i consisting
of two corridors, T% and T%. The first corridor T% is simply the set of the top N;i1 + 2
rows of B(Z). In order to construct the second corridor, T, we denote by WY the set
of all columns of G;41 that intersect the box BV, and we denote by R the row of Git1
that contains the topmost row of BY. Let R be a consecutive set of rows of B (Z), starting
from row Ry, 4o and ending at row R. Let T% be the corridor spanned by the set WV
of columns and the set R of rows. By combining the two corridors, we we obtain a snake
Y1 of width at least N1+ 2. From Claim 4.5.3, there is a set P; of node-disjoint paths,
connecting every vertex of Z’ to a distinct vertex of I' inside the snake. It is immediate to

verify that the set Py of paths must be order-preserving.

Set Py:  Set P9 contains, for every vertex v € I', the path P, that we have defined above.
Note that for each 1 < j < n, paths in Py connect the vertices of I'; to the vertices of A(xj),
lying on the top row of B(x;), and for each 0 < j < n, paths in Py connect the vertices of

F;- to the vertices of F}’ , lying on the bottom row of BY.

Set Ps3: This set contains \MC] node-disjoint paths, connecting every vertex of I'” to a

distinct vertex of I, The paths in P5 will be internally disjoint from BY and B, and
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Figure 4.11: Routing the sets Pq, Py and Pg of paths inside B(Z). The paths in Py are
shown in red; the paths of Py are routed inside the orange snake, and the paths of Pg are
routed inside the green snake.

order-preserving. In order to construct the set P3 of paths, we construct a snake V2. Let
WV and WY be the sets of columns of G;41 that intersect BY and BC, respectively, and
let WM be the set of columns lying between these two sets. Let R’ be the row of Git1
containing the bottommost row of BV, and let RY be the set of Ni11 — 2 consecutive rows
of Gj;1 lying below R, including R’. Let R” be the row of G;;1 containing the topmost
row of BC, and let R be the set of N1 — 2 consecutive rows of G;41 lying above RC,
including RC. Finally, let RM be the set of rows lying between the top row of RC and the
bottom row of RV, including these two rows. The snake J? consists of three corridors (see

Figure 4.11).

The first corridor, T%, is spanned by the set RV of rows and the set WY of columns. The
second corridor, T%, is spanned by the set RM of rows and the set WM of columns. The

third and the final corridor, T%, is spanned by the set R of rows and the set WC of columns.
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We extend corridor T% by one column to the right, so that it intersects the boundary of T2,
and similarly we extend corridor T% by one column to the left. It is now easy to verify that
we obtain a snake of width at least N;;1 — 2, and so from Claim 4.5.3, there is a set P3 of
node-disjoint paths, connecting every vertex of I'/ to a distinct vertex of I'"”/. It is immediate

to verify that the paths in Pg are order-preserving.

By combining the paths of Py, ..., P3, we obtain a set P” of node-disjoint paths, that are
internally disjoint from BC. For every variable zj of p, set P’ contains a set P(z;) of paths
connecting every vertex of S(M(x])) to a vertex of A(z;), so that the paths in P(z;) are
order-preserving. For every clause Cy € C, set P” contains a set P'(Cy) of node-disjoint
order-preserving paths, connecting every vertex of S (M(C’q)) to a distinct vertex of I'"". We
denote by T'(Cy) C I the set of vertices that serve as endpoints of the paths in P’(Cy).
Note that for each clause Cy € C, the vertices of I'(Cy) appear consecutively in ' We
define an ordering O’ of the clauses in C as follows: clause C; appears before clause Cy in
this ordering iff the vertices of I'(Cyy) appear to the left of the vertices of I'(Cy/) on the top

row of BC.

Set P4: In our final step, we construct, for each clause Cy € C, a set 12 (Cyq) of paths,
connecting the vertices of I'(Cy;) to the vertices of A(Cy), so that the paths in P”(Cy) are
order-preserving and the paths in UCq€C P"(Cy) are node-disjoint. We then let Py be the

union of these sets of paths.

Claim 4.5.5. For each clause Cy € C, there is a set P"(Cy) C B¢ of paths, connecting every
vertex of I'(Cy) to a distinct vertex of A(Cy), such that the paths in set Py = UquC P"(Cy)
are mutually node-disjoint and internally disjoint from the boxes { B(Cy), ..., B(Cm)}. More-
over, the paths in Py are internally disjoint from the top boundary of BC, and for each

1 < q < m, the paths in P(Cy) are order-preserving.
We obtain the final set P’ of paths by combining the paths of Py,...,Ps. In order to
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complete the proof of Claim 4.5.4, it now remains to prove Claim 4.5.5.

Proof. Consider some clause Cy € C, and let W(Cy) be the set of columns of Gy that
intersect B(Cyq). We let WL(C’q) be the set of N; ;1 columns lying immediately to the left
of W(Cy), and similarly we let WR(C’Q) be the set of N;;1 columns lying immediately to
the right of Cy. Let R be the set of all rows of G;11 that intersect the box B(Cy) (this set
is the same for all clauses Cy). We let B'(Cy) be the sub-grid of G;;1 spanned by the set

WE(Cy) UW(Cy) UWE(C,) of columns and the set R of rows.

The idea is to define a snake-like routing, where the paths visit the boxes B'(C1), ..., B'(Cp)
in turn. For each clause Cy, only the paths corresponding to the clauses Cyq, Cyi1,...,Cnp
will visit the box B’ (Cyq). The paths corresponding to clause Cy will terminate on the top
boundary of B(Cy). For each ¢ +1 < qd < m, if C’q/ appears before Cy in the ordering
O’ then the paths corresponding to Cy will traverse the box B'(Cy) to the left of B(Cy);
otherwise, they will traverse the box B'(Cy) to the right of B(Cy). In order to implement
this, we select a subset of vertices on the top and the bottom boundaries of B’ (Cy), through

which the paths will enter and leave the box (see Figure 4.12).

B'(Cy) o B'(Cr)
S

BC

Figure 4.12: Selecting the sets I'(Cy) and IV(Cy) of vertices for the clauses C;. The vertices
of I'"" are shown in green.

Fix some clause Cy, for 1 < ¢ < m. Let nqL be the number of clauses Cy, with ¢ < qd <m,
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such that C,r appears before Cy in the ordering ', and let an be the number of such clauses
with Cs appearing after Cy in O'. Recall that for each clause Cy/, ]/\;I(C(’])| = he¢; 11 N;, and
mhej1N; < Nijy1 — 2. We select an arbitrary set FL(Cq) of né - hejy1N; vertices on the
top boundary of B'(Cy), strictly to the left of B(Cy), and similarly, we select an arbitrary
set TR(Cy) of n? - hej 1 N; vertices on the top boundary of B'(Cy), strictly to the right
of B(Cy). For each vertex v € TE(C,) UTE(Cy), we let P, be the column of B'(Cy) that
contains v, and we let v/ be its other endpoint. For each vertex v € A(Cy), we let P, be a

path consisting of a single vertex v.

We define I'(Cy) = TH(Cy) UA(Cy)UTR(C,), a set of vertices on the top boundary of B'(Cy).
We define I'(Cy) = {v' |v e I‘L(C’q) U I‘R(Cq)}, a set of vertices on the bottom boundary
of B'(Cy). Finally, we let 75(/] = {P, | v eD(Cy)}. It is easy to verify that for all 1 < ¢ < m,
T(C)l = ID(Cysn)].

In order to compute the routing, we use the following simple observation.

Observation 4.5.6. For all 1 < g < m, there is a set 75q Cc B¢ of paths, such that:

e Paths in Py connect every vertez in I to a distinct vertex of T'(C1) and are order-

Preserving;

e For 1l < q < m, paths in 75q connect every vertex in F'(Cq) to a distinct vertex of

['(Cyy1) and are order-preserving;
e The paths in Uq 75q are mutually node-disjoint, and they are internally disjoint from
all bozes in {B'(C1),...,B'(Cn)}.

Notice that combining the paths in sets Ug;l Py and Uger 75(9 finishes the proof of Claim 4.5.5

and Claim 4.5.4. We now prove the observation.

Proof. We construct, for each 1 < ¢ < m, a snake Y(Cy), and route the set 75q of paths

inside it (see Figure 4.13 for an illustration). Since |M%| < Nj 1 — 2, it is enough to ensure
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that each snake has width at least IV, 1.

1111111 A B R B

BC

Figure 4.13: The snakes used to route the sets 75q of paths.

Recall that R is the set of all rows of G, that intersect the boxes B(Cy). Let R’ and
R” be the topmost and the bottommost rows of R, respectively. Let R’ be the set of N; 1
consecutive rows lying above R including R’, and let R” be the set of N, 1 consecutive

rows lying below R, including R".

The first snake, (C7) consists of two corridors. The first corridor, Y1(C1), is spanned by
the first N; 1 columns of BC. For the second corridor, T9(C1), we let W be the last column
of T1(C7), W’ the last column of WR(Cl), and W the set of all columns lying between W
and W’ including these two columns. We then let T9(C7) be the corridor spanned by the

columns of W’ and the rows of R'.

For each 1 < ¢ < m, we construct a snake J(Cy), that consists of three corridors. The first
corridor, Y1(Cy) is spanned by the rows of R” and the columns of WL(Cq_l) UW(Cy-1)U
WR(C'q_l). The third corridor, Y3(Cy) is spanned by the rows of R’ and the columns of
WE(Cy) UW(Cy) UWT(C,). For the second corridor, To(Cy), we let R* be the set of
consecutive rows starting from the top row of R’ and terminating at the bottom row of

R”, including these two rows, and we let W/ (Cy) be the set of all columns lying between
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B'(Cy—1) and B'(Cy). We then let To(Cy) be the corridor spanned by the rows in R* and
the columns in W/(Cy). In order to obtain a valid snake, we extend T1(Cy) by one column

to the right and Y3(Cy) by one column to the left (see Figure 4.13).

It is immediate to verify that for each 1 < ¢ < m, we obtain a valid snake ) (C’q) of width at
least N;11; the resulting snakes are mutually disjoint from each other, and each snake Y(Cy)
intersects the boxes in {B(CY),..., B(Cy)} only on their boundaries. For each 1 < ¢ < m,
we can now find the desired set 75(C'q) of paths inside the snake Y(Cy), using Claim 4.5.3.

It is immediate to verify that the paths are order-preserving. O]
O
O

We now define the sets {A(z;) | 1 < j <n}U{A(Cy) | Cq € C} of vertices and complete the

routing.

Consider first some clause Cy € C, and assume that it has chosen the literal /;. Fix some
index 1 < j < h, and consider the width-c; 1 level-i instance 7' = T;(Cq, Lg). Instance 7
consists of ¢; 1 level-i instances, that we denote by Z7, . . . ,Iél. - Then set M(C’q) contains
¢;+1N; demand pairs that belong to instance Z’, with exactly N; pairs from each instance
7.
For each such instance Z,., we select N; leftmost vertices on the opening of the box B(Z}.).
We then let A(Cy) be the set of all such vertices we have selected, for all 1 < j < h and
1 <r<ciyq,s0

|A(Cq)| = heip1 N; = |M(Cq>|-

Notice that, if we are given any set P(Cy) of \M(Cq)] node-disjoint order-preserving paths,

that connect the vertices of S(M(Cy)) to the vertices of A(Cy), such that the paths in P(Cy)

are internally disjoint from the box B(Cy), then we can extend the paths in P(Cy) inside
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B(Cy), so that they route the set M(Cq) of demand pairs. In order to do so, for each c¢;4 ;-
wide level-i instance Z' = Z;(Cy, {y), for each level-i instance Z;. that was used to construct
7', we use the routing that respects the box B(Z}.), which is guaranteed by the induction
hypothesis and by our choice of the demand pairs to route, in order to connect the vertices

we have selected on the opening of B(Z].) to the corresponding destination vertices.

Consider now some variable x;, for 1 < j < n. We now show how to select a set A(xj) of

| M(z;)| vertices on the top boundary of box B(x;). We start with A(z;) = () and then add

vertices to it.

Assume first that z; is assigned the value TRUE. Let Z' be any of the (65h + 1)¢; 41 level-i
instances whose box B(Z') is contained in By (x) U Bp(z). Recall that M(xj) contains V;
demand pairs that belong to this instance. Let A’(Z") be the set of N; leftmost vertices on
the opening of the box B(Z'). For each vertex v € A'(Z'), we add to A(z;) the vertex v that
belongs to the top boundary of B(z;) and lies on the same column W as v. We let P, be the
sub-path of T between v and v’. Notice that |A(z;)| = |M(a:j)|, and, given any set P(z;)
of node-disjoint order-preserving paths connecting the vertices of S (M(x])) to the vertices
of A(zj), such that the paths in P(z;) are internally disjoint from B(z;), we can extend
these paths inside the box B(z;), so that they route the set M(:Ej) of demand pairs. This

is done using the box-respecting routing of each level-i instance as before, together with the

set { Py | v' € A(z;)} of paths.

Finally, assume that z; is assigned the value FALSE. Notice that the sources of the EXTRA
demand pairs for x; appear to the left of the sources of the FALSE demand pairs of z;,
while the box Bp(x;) appears to the left of the box Bx (z;). Therefore, the straightforward
routing as above cannot be employed here and we need to “switch” the two sets of paths. In
order to do so, we exploit the spacing between the boxes Br(z;), Bp(z;), Bx(z;) and the

boundaries of B(x;) (see Figure 4.9).

For each of the (5h + 1)c; 41 level-i instances whose box B(Z') is contained in Bp(x), we
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define the set A'(Z') of N; vertices on the opening of the box B(Z'), and for each such vertex
v, the corresponding path P, and vertex v/ that is added to A(azj) exactly as before. Let
J denote the set of vertices added to A(z;) so far. We also add to A(z;) the set J" of

60hc;41N; leftmost vertices on the top boundary of B(x;). This ensures that

~

|A(z)| = (65h + 1)hcip 1 N; = |[M(xj)|.

Assume now that we are given any set P(Ij) of node-disjoint order-preserving paths con-
necting the vertices of S(M(:cj)) to the vertices of A(z;), such that the paths in P(z;)
are internally disjoint from B(z;). We now show how to extend these paths inside the box
B(xj), so that they route the set M(x]) of demand pairs. We partition the set P(z;) into
two subsets: set P¥X contains all paths that originate at the sources of the demand pairs in
MX (z;) — that is, the EXTRA demand pairs of z;, and PF contains all remaining demand
pairs, that must originate at the source vertices of the FALSE demand pairs for z;. Since
the set P(:Ej) of paths is order-preserving, the paths in PX terminate at the vertices of J/,
while the paths in P terminate at the vertices of J. We extend the paths in set 23 exactly
as before, using the paths in set {PU v e J }, and then using the box-preserving routing

of each corresponding level-i instance to connect each source vertex of S (MF (z5)) to its

destination.

In order to extend the paths in P¥X we do the following. For each level-i instance Z' whose
box B(Z') is contained in Bx(x;), we let A'(Z") be the set of N; left-most vertices on the
opening of B(Z'). Let A’ be the set of all such vertices, for all such instances Z’, so |A’| = |.J'|.
It is now enough to construct a set Q of order-preserving node-disjoint paths contained in
B(x;) that connect every vertex in J to a distinct vertex of A’, such that the paths in Q
are internally disjoint from Bp(z;) U Bp(xj) U Bx(z;) and are completely disjoint from
{Pv | e J } We show the existence of the set Q of paths by constructing a snake ), that

consists of four corridors. The first corridor, 11, is the set of the first V; 1 columns of B(z;).
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The third corridor, T3, is the set of the last N; ;1 columns of B(x;). Let W' be the last
column of Y1 and let W be the first column of Y3. The second corridor, Y9, is spanned by
the bottom Njyq rows of B(z;) and the columns of B(z;) from W’ to W”, including these
two columns. Let W be the leftmost column of G that intersects Bx (z;); let R’ be the
topmost row of G;11 that intersects By (), and let R be the set of N;;1 consecutive rows
lying above R’, including R’. The last corridor, T4, is spanned by the set R of rows, and the
set of all columns from W to W” (see Figure 4.14). Using Claim 4.5.3, it is immediate to
verify that the desired set Q of paths exists inside the resulting snake. We then extend the

routing inside each box B(Z') of each corresponding level-i instance Z’ exactly as before.

J’ J
N N N N 2000000
Br(z;) Bp(z;) Bx (z;)

Figure 4.14: Routing inside box B(x;) if x; is assigned value F'.

Using Claim 4.5.4 with our definitions of the sets {A(z;) | 1 < j < n}U{A(Cy) |1 < g < m}
of vertices, and the above discussion, we can route all demand pairs in M via a set P of

node-disjoint paths that respects the box B(Z).
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4.6 No-Instance Analysis

In this section we analyze the NO-INSTANCE case, by proving the following theorem.

Theorem 4.6.1. Assume that ¢ is a NO-INSTANCE. Then for every integeri > 0, for every

instantiation of the level-i instance I, and for every solution P to this instance, |P| < Ni’.

The proof is again by induction. For the base case of i = 0, NZ-' = 1, and the corresponding
level-0 instance contains a single demand pair, so the theorem clearly holds. We now assume
that the theorem holds for some value ¢ > 0 and prove it for a level-(i 4+ 1) instance Z. We
assume that we are given some instantiation of Z, and from now on our goal is to prove that
no solution to this instance of NDP can route more than

Nj 1 = (1—0)nciyq - (200h/3 + 1)N]

7

demand pairs, where § = 8¢2/10'2.

We assume for contradiction that this is not the case, and we let P be a collection of more
than Ni/ 1 node-disjoint paths, routing a set M C M of demand pairs. For every demand

pair (s,t) € M, we let P(s,t) € P be the path routing this pair in the solution.

Recall that our construction of a level-(i + 1) instance Z consists of a number of copies of
¢i+-1-wide level-i instances: For every variable x of ¢, we have constructed (70h + 2) such
instances (60h instances for the extra pairs, and (5h+ 1) instances each for TRUE and FALSE
pairs); for every clause C' € C, we have constructed 3k such instances. Therefore, overall we

use

(70h + 2)n + 3hm = 75nh + 2n
copies of ¢;1-wide level-i instances (we have used the fact that m = 5n/3). We assume (by
induction) that at most Cz'JrlNi/ pairs from each such instance are in M.

We say that a c¢;1-wide level-i instance Z' is interesting iff at least 25H; demand pairs of
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M(T") belong to M; otherwise we say that it is uninteresting. We let M C M be the set of
all demand pairs that belong to uninteresting instances, and we call them excess pairs. We

need the following simple observation.

Observation 4.6.2. |M| < §(200h/3 + 1)nc; 1 N/

Proof. As observed above, there are at most 75nh+2n uninteresting instances, each of which

SN
contributes at most 25H; < % excess demand pairs. Therefore, it is enough to show
that:

50¢i 4162 N! 200
which is immediate to verify, substituting § = 8¢2 / 1012, [

It would be convenient for us to assume that no excess pairs exist. In order to do so, we

discard all excess pairs from M. From Observation 4.6.2,
M| > (1 — 26)nci41(200h/3 + 1)N]

still holds.

For every variable x, we let M(x) = M N M(z), and for every clause Cy, we let M(Cy) =
M N M(Cy). We also denote by MY = Uj=1 /\;l(xj) and by M¢ = Uger M(Cy).

For the sake of the NO-INSTANCE-analysis, it is convenient to view our construction slightly
differently. Let ¢ be the input 3SAT(5) formula, and recall that C = {C,...,Cy,} is the
set of its clauses. For each clause Cy € C, we create h new clauses C(}, e ,Cél, each of which

is a copy of the original clause. We let
¢ ={cjli<g<m1<j<h}

129



be the resulting set of clauses, and ¢ the corresponding 3SAT formula.

In order to avoid confusion, we refer to the clauses in C as the original clauses, to the clauses
of C" as the new clauses, and for each 1 < ¢ < m, 1 < j < h, we call Cg the jth copy of clause
Cy. Recall that the clause gadget for C; € C contains h boxes Bl(Cq), . ,Bh(Cq), where
box BJ(Cy) is the union of three boxes: B(Z;j(Cq,Lq,)), B(Zj(Cq,Lgy)) and B(Z;(Cq,Lys))

(see Figure 4.10). We think of the box B7(Cy) as representing the new clause C’g el

For convenience, we denote by M(C’g, ) C M(Cq) the set of all demand pairs routed by our
solution whose destinations lie in B’ (Cyq). This set is further partitioned into three subsets,
M (C(g Aagy)s /\;((Cg Aaga), M(C’g, {45), each of which contains demand pairs from the instances

Ti(Cqlgy ), Lj(Cy, Lyy), and Tj(Cy, gq) respectively. The following observation is immediate:

Observation 4.6.3. If ¢ is a NO-INSTANCE, then for any assignment to its variables, at

most (1 — €)mh clauses of C' are satisfied.

Encircling and its Resolution Let (s,t) € M be any demand pair routed by the solution.
Recall that (s, t) belongs to some level-i instance Z’, and we have defined a line Q¢ containing
at most H; /2 vertices of the graph, that connects ¢ to the bottom of the box B(Z') (which is
a cut-out box). We say that a demand pair (s, ') € M encircles pair (s,t) iff path P(s',t)
contains a vertex lying on (). Since (¢ contains at most H; /2 vertices, at most H;/2 demand

pairs may encircle (s,t). We repeatedly use the following simple lemma.

Lemma 4.6.4. Let Sy,...,S, be a collection of disjoint subsets of M, such that for all
1<j<r [S]> r2H;/2. Then there is a collection M' = {(s1,t1), ..., (sr,tr)} of demand
pairs, such that for all 1 < j <, (s;,t;) € Sj, and for all distinct (s, 1), (s, t")y e M, pair

(s',t') does not encircle pair (s,t).

Proof. We perform (r — 1) iterations. At the beginning of iteration ¢, we are given a set
M =A{(s1,t1), .-, (s¢—1,tp—1)} of demand pairs, where for all 1 < j < —1, (sj,t;) € S,

and no two pairs in M’ encircle each other. Additionally, for each ¢ < j < r, we are given a
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subset Sg- C §; of (r2—r(¢—1))H;/2 demand pairs, such that no pair in S} encircles a pair in
M, and no pair in S} is encircled by a pair in M’. Therefore, at the end of iteration (r — 1),
set M’ contains one pair from each set Si,...,S,_1, and S, # 0. We add an arbitrary pair

of Sy to M’ to obtain the desired output.

At the beginning of the algorithm, M’ = (), and for each 1 < j < r, set S;- contains any
subset of 72 H; /2 demand pairs of S 7. We now describe an execution of some iteration ¢. Let
M = U;f:g 1 S}, and let U be the set of all vertices appearing on lines ()¢, where t is a

destination vertex of a demand pair in M”. Then
M| < (r=1)(r* = r(€ = 1))H;/2

and

Ul < (r = 1)(r® = r(t = 1) H /4,

2 _ (0 —1))H;/2 demand pairs. Therefore, there is some demand pair

while Sy contains (r
(s¢,tp) € Sy that contains at most (r—1)H; /2 vertices of U. We add (s, ty) to M'. Consider
now some set S}, for some /41 < j <r. Then pair (sy,t;) may encircle at most (r—1)H;/2
pairs of S;, and at most H;/2 pairs in Sé. may encircle (sp,ty). We discard from Sg- all pairs

that either encircle (sp,ty) or are encircled by it. At the end of this procedure,
|5 > (r* = r(€ = 1))H;/2 — rH;/2 > (r* — r{)H;/2.
If |S§| > (r?2 —rl)H;/2, then we discard arbitrary pairs from S} until the equality holds. [

Variable Gadget Analysis We fix some variable x and consider its corresponding gadget.

We start with the following lemma.

Lemma 4.6.5. Let My = M N MX(z), Mp = M ML(z), and Mp = M n MF(2)
be the subsets of M~ (x), ML (z), and MF (), respectively, that are routed by our solution.
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Then at least one of the sets Mx, Mp, Mp is empty.

Proof. Assume otherwise. Since we have discarded all excess pairs, each one of the three sets
My, Mp, Mp contains at least 25H; demand pairs. From Lemma 4.6.4, we can find three
pairs, (sx,ty) € Mx, (sp.t7) € Mp and (sp,tp) € Mg, with neither pair encircling
the other. We now claim that it is impossible to route all three pairs simultaneously via

node-disjoint paths. In order to do so, we use the following simple observation.

Observation 4.6.6. Let X be the sphere, and let D, D' be two disjoint closed simple discs on
Y, whose boundaries are denoted by I' and I, respectively. Let ¥ be the cylinder obtained
from X by removing the open discs D\ T, D'\ T” from it. Assume further that we have
three distinct points a1, a2, as appearing on I' in this circular order, and three distinct points
a’l,aé,aé appearing on T in this circular order (see Figure 4.15). Let v1,792,73 be three
simple curves on ', where for each 1 < j < 3, 7v; connects a; to a;-. Then the three curves

cannot be pairwise disjoint.

Proof. Assume otherwise. We can twist the cylinder so that the curve v; becomes a straight
vertical line, and then cut the cylinder along this line, obtaining a square, with ag appearing
to the left of ag on the top of the square, and aé appearing to the left of a’2 on the bottom
of the square. It is now immediate to see that it is impossible to connect a9 to a’2 and ag to

ag via disjoint curves.

]

Assume for contradiction that there are three node-disjoint paths, routing demand pairs
(sx,tx), (sp,tp), and (sp,tp). We embed the grid G;,1 onto a sphere in a natural way,
and then construct a curve vy, by concatenating the image of the path P(sx,tx) with the
line Q¢ , denoting by bx the endpoint of this curve that is distinct from sx. If this curve is
not simple, we delete all loops from it until it becomes simple. We define curves y7, vp, and
their endpoints by and b for the pairs (s7,tr), and (sp,tp), respectively, in a similar way.
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Figure 4.15: Illustration to Observation 4.6.6.

Let I’ be the top boundary of the grid, and let I'' be the union of the bottom boundaries
of the boxes By (z), Bp(z) and Bx (). By slightly thickening I' and I”, we can create two
disjoint discs D and D’ in the plane, with I' being the boundary of D and I’ the boundary
of D', so that the curves vx,vy and v are internally disjoint from D and D’. Vertices
s, sy and sp appear on I in this circular order, while vertices by, bp and by appear on I
in this circular order. But then we obtain a collection of three disjoint curves on a cylinder

that contradicts Observation 4.6.6. OJ

The following corollary is now immediate.

Corollary 4.6.7. |[M"| < (65h+1) -n - cip1 V]

Consider some variable z of . If M N M (z) = 0, then we assign it the value FALSE, and

otherwise we assign it the value TRUE.

Fix some variable x € X and some index 1 < j < 5h + 1. We say that index j is bad for

variable z if either
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1. z is assigned the value TRUE, and instance I]T(x) is uninteresting; or

2. x is assigned the value FALSE, and instance I]F (x) is uninteresting.

We will later show that the total number of pairs (z,j) where j is a bad index for = is

bounded by 12n.

Clause Gadget Analysis Consider a new clause Cg € C" and its three literals (g, , {4y, (gs-
We say that clause C‘g is a troublesome clause, or a troublesome copy of Cy, iff there are at
least two values 1 < z < 2/ < 3, for which instances Z;(Cq, (g, ), Z;(CysLq,,) are both

interesting.

Lemma 4.6.8. For every original clause Cq € C, at most three of its copies are troublesome.

Proof. Assume otherwise, and let Cy; € C be a clause, such that at least four of its copies are
troublesome. Then there are two indices 1 < z < 2/ < 3, and two indices 1 < g < j/ < h,
such that each one of the four instances Z;(Cy, lq, ), Z;j(Cy, bq ), Tj1(Cq, Ly, ), Ljr(Cy. bq ) is
5 ) N . - v ~ 7
interesting, and so each of the four sets M(Cy, €y, ), M(Cy,{q ), M(C] ,{q.), M(C] ,{q,)

contains at least 25H; demand pairs.

From Lemma 4.6.4, we can find demand pairs (s1,t1) € M(C’j,éqz), (s9,t9) € /\;I(Cj,ﬁqz,),
(s),t) € /\;l(C’j/, ly,), and (sh,th) € M(Cj/, lq.,), such that none of the four resulting pairs
encircles another. Notice that the sources of these pairs appear on the top boundary of
the grid in one of the following two orders: (sq, 5’1, 59, 3'2), if the variable corresponding to
fq

. appears before the variable corresponding to £y, in the ordering (x1,29,...,2p) of the

variables, or (sg, s, s1, s}) otherwise.

We draw a curve 77 by concatenating the image of the path P(s1,¢1) and the line Q. We
draw curves 71, ~v9 and ’yé for the remaining pairs similarly. On the one hand, none of the
the resulting curves may cross each other, while on the other hand the vertices lying on the

bottom boundary of the box B(Cy) have been deleted, which is impossible. O
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Corollary 4.6.9. For each original clause Cy € C, |IM(Cy)| < (6 + h)N/ciy1, and overall
IMC| < 5n(6 + h)Nlcis1/3.

Proof. Consider some original clause Cy € C. Each of its non-troublesome copies Cé
contributes at most Cz‘+1NZ'/ demand pairs to MC, while a troublesome copy may con-
tribute at most 30i+1Ni’ demand pairs. Since at most three copies are troublesome, overall

|M(Cy)| < (64 h)N/ciy1 and
M| < m(6 + h)Njcir1 = 5n(6 + h)Ncis1 /3,

since m = 5n/3. O

In the rest of our proof, we will reach a contradiction by proving that the current assignment
to the variables of ¢ satisfies more than (1 — €)hm clauses in C'. In order to do so, we
gradually discard clauses from C’, until we obtain a large enough subset of clauses that is

guaranteed to be satisfied by the current assignment.

Our first step is to define uninteresting clauses. Recall that for each new clause C’g € C’, there
are three corresponding c;11-wide level-i instances, Z;(Cy, £q, ), Z;(Cq, £g,), and T;(Cy, £gz).
We say that clause Cg is interesting iff at least one of these three instances is interesting,
and we say that it is uninteresting otherwise. Let C6 C (' be the set of all uninteresting

clauses.

Claim 4.6.10. |Cj| < 12n.

Proof. Assume otherwise. From Corollary 4.6.7, |MV| < (65h + 1)nci+1N{, while from
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Corollary 4.6.9, it is easy to see that

n(6 + h)NZ(CH_l
3

< 5n(6 4+ h)N/cit1

- 3

Sh

~ 5
MY < — €| Nlciy1

- 12nNZ(CZ‘_|_1

But then:

- 5h
|IM| < (65h + 1)nc; 1N/ + (? — 2) nNlc; i1

200h
S (—00 — 1) ”N£Ci+1

3
200h
< (1 — 25) (T + 1) TLNi,Ci_i'_l,

since h = 1000/¢ and § = 8¢2/10'2, a contradiction. O

Consider some clause Cg € C' that is interesting. Then there is an index z € {I1,2,3},
such that instance Z;(Cy, lq,) is interesting. If there are several such indices z (if Cg is
troublesome), then we choose one of them arbitrarily. We say that clause C’g chooses the
literal £4,. We say that C’g is a cheating clause iff the variable x4, corresponding to literal
{4, is assigned the opposite value: In other words, if {4, = x4,, then x is assigned the value
FALSE, and otherwise, {4, = —xq,, and x4, is assigned the value TRUE. We further say that
it is a bad cheating clause iff at least one of the indices j,j + 1 is bad for the variable x4, ,
and we say that it is a good cheating clause otherwise. Let Ci cc\ C(’) be the set of all the

cheating clauses. In the following lemma we bound the number of the cheating clauses.

Lemma 4.6.11. There are at most 24n bad cheating clauses, and at most 3m good cheating

clauses.

We provide the proof of the lemma below, after we complete the analysis of the NO-INSTANCE
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using it. Notice that if a clause C’g is an interesting non-cheating clause, then the current

assignment must satisfy it. From Claim 4.6.10 and Lemma 4.6.11, there are at least
hm —12n — 24n — 3m = hm — 123m/5 = (1 — 123¢/5000)hm > (1 — €)hm

such clauses, contradicting Observation 4.6.3. It now remains to complete the proof of

Lemma 4.6.11.

Proof of Lemma 4.6.11. In order to bound the number of bad cheating clauses, we first
bound the total number of bad indices for variables. Let 5 denote the total number of pairs
(x,j), where x is a variable of ¢ and 1 < j < 5h+1 is an index, such that j is a bad index for
x. Recall that, assuming that x is assigned the value TRUE, this means that instance IJT(ZL‘)
is uninteresting, and if z is assigned the value FALSE, then instance IJF (x) is uninteresting.
For every variable z, let 5(x) be the total number of indices 1 < j < 5h + 1 that are bad for
x. Then
M(@)| < (65h + 1)Nieiy1 — Blx) - Nicir.

Therefore, overall,

M| < n-(65h+ 1)Nlejpq — B+ Niejpq + |MC|
<n-(65h+1)N/ciy1 — B Njcit1+5n(h+6)N/cii1/3

= (200h/3 + 11)nN/c;11 — B - Nlcii1.
Assume now for contradiction that g > 12n. Then
IM| < (200h/3 — 1)nNlcir1 < (1 —26)(200h/3 + 1)nN}ciy1,

a contradiction. It is immediate to verify that each pair (z,j) where j is a bad index for
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variable x may be responsible for at most two bad cheating clauses, and so the total number

of bad cheating clauses is bounded by 24n.

We now turn to bound the number of good cheating clauses. In order to do so, it is enough

to prove the following claim:

Claim 4.6.12. For each original clause Cy € C and index z € {1,2,3}, at most one copy of

Cq that chooses the literal £y, is a good cheating clause.

Notice that from the above claim, for each original clause Cy; € C, there are at most 3 copies
of Uy that are good cheating clauses, and so overall there are at most 3m good cheating

clauses in C" \ C(’). It now remains to prove Claim 4.6.12.

Proof of Claim 4.6.12. Let Cy € C be an original clause, and let £ € {fql,ﬁqz, fqg} be one
of its literals. Assume for contradiction that two distinct copies of Uy, that we denote by
Cg and C’g/ are good cheating clauses and that they both select the literal ¢ of Cy. Let x be
the variable corresponding to /. We assume without loss of generality that z appears in Cy
without negation (so ¢ = z), but we assigned z the value FALSE; the other case is dealt with

similarly. We also assume without loss of generality that j < j'.

. /
Since both Cg], Cg are good cheating clauses, indices j, j+1 and j' 41 are good indices for x.
Therefore, each of the instances IJF(:L‘),Iﬁ_l(x) and Iﬁ_ﬂ(x) is an interesting instance, and
M contains at least 25H; demand pairs that belong to each of the three instances. Moreover,

M contains at least 25H; demand pairs that belong to each of the two instances Z;(Cq, 1)

and Ij/(C'q, ¢), from the choice of the literal ¢ by each corresponding copies of Cy.

We let M be the set of all demand pairs of Z;(Cy, ¢) that belong to M, and we define My
for instance Ij/(Cq, ?) similarly. We also let M3, My and Mj be the sets of the demand pairs

(), and ZF

1 (x) that belong to M, respectively. From the above

; F F
from instances Z; (x), Iity

discussion, each of the five sets contain at least 25H; demand pairs. From Lemma 4.6.4, we

can find, for each 1 < y < 5, a demand pair (sy,t,) € My, such that none of the five

resulting demand pairs encircle each other.
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Consider the plane into which the grid GG; is embedded with only the following curves. First,
we add the boundary of the grid. We also add the bottom boundary of the box Bp(z), and
for every 3 <y < 5, a curve vy, obtained by concatenating the image of P(sy,t,), with the
line @¢,. Notice that the three curves cannot intersect. Let f and f" be the faces of the
resulting drawing, that are distinct from the outer face, and are incident to the intervals
YjF and le,? , respectively. Let I' be the bottom boundary of the box B(Cy). Then I" must
lie in the same face of the drawing as t; and t9, since none of the five pairs encircles the
other. Assume without loss of generality that this face is f* # f. Then the source of the
pair (s1,t1) lies on the part Y]-F of boundary of f that is also incident to the infinite face,

while its destination lies strictly inside another face (and this other face is disjoint from Y]F ),

which is impossible. l
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