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Schematic of the self-assembly problem considered in the dissertation. Right:
When the chemical potential is at equilibrium, peq, the assembly grows slowly
with structured determined by the equilibrium energy landscape E°Y and its free
energy G°4. Left: When the chemical potential is higher than the equilibrium
chemical potential, the assembly grows fast with a new structure. Let’s assume
that the new structure is determined by an effective energy landscape Eft with
its free energy G, .
Schematic of the possible structures the assembly can adapt. The probability of
observing structural and compositional fluctuations in the growing assembly, p(w)
can be different from the canonical distribution p®d(w) specified by the interaction
energies £°1. Our central result, Eq. 1.1 constrains the set of compositional
fluctuations that can be achieved under a chemical potential drive du. . . . . . .

Application of the bounds to 1D lattice growth model. Left: Schematic of the
1D assembly growth process. The assembly is assembled from a bath composed
of two particle types (Red and Blue). Right: Schematic of the Markov state
model. This Markov state model resolves the nature of terminal bond in the
self-assembled system (vertical rungs), S = bond between like particles and D =
bond between unlike particles, and the number of particles in the self assembled
system (horizontal axis). . . . . . . . ... L
Schematics of the Markov networks. The circles are all possible states of the
polymer. The circles in the first row represent the states in which two neighbor
particles are different. The circles in the second row represent the states in which
two neighbor particles are the same. Only horizontal and diagonal transitions
are allowed to reflect the fact that the particle cannot change from one type to
another type. Up: The full Markov network of the Growing 1D Polymer model.
Down: The reduced Markov network with modified growth rates. . . . .. . ..
Comparison between the results from effective model and simulations (a)du vs.
¢ at §g =100 (b) Growth Rate vs. £at §g=100. . . . . . . . . ... ... ...
Comparison between the results from effective model and simulations (a) Variance
vs. € at £ = 100 (b) Variance vs. £at =5 . . . . . . ...
Application of the bounds to 1D assembly growth model: Comparison between
the lower bounds of i obtained from Eq. 2.37 and the value of du obtained from
simulations. The equilibrium domain length, &y, for this plot is 50. Our thermo-
dynamic bounds are valid and in spite of their minimal nature, do reasonable job
of predicting the compositional fluctuations in the assembly. . . . . . . . .. ..
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3.6 Application of the bounds to the non-equilibrium two-dimensional growth process
(a) We assemble a two-dimensional structure from a particle bath containing
red and blue particles. The energy of interaction between similar particles is e
while that between dissimilar particles is €;. As discussed in the text, when the
assembly is grown at equilibrium, the statistics of compositional fluctuations in
the assembly are equivalent to that of an Ising magnet with coupling constant
J = %. (b) We compare the value of critical driving force du. obtained
by computing J.g using the Onsager solution, as described in the main text,
with that obtained by computing the variance of magnetization fluctuations as
described in ref. [1]. The agreement between the two estimates confirms that the
system has anomalously large fluctuations at the non-equilibrium critical driving
force we identify. (c) We calculate the probability of magnetization from the
non-equilibrium simulations and compare it with the distribution obtained by
sampling an Ising model at Jeff and Jb from Eq. 2.37. These data were obtained
for J = 0.65 and o = 0.1. The system grows rapidly for these parameters, as
evidenced by the value of J.g computed for these parameters. We expect the
system to be far from the linear response. The close agreement between the
distribution predicted by J, and the non-equilibrium distribution, even far from
the mean, suggests that our theoretical bound accurately captures the fluctuations
in this non-equilibrium system. . . . . . .. ... . oo

3.7 Comparison between Jeff from the simulations and Jb from Eqs. 2.36 and 2.37
for different values of J: J = 0.65 (A), J = 0.70 (B), J = 0.75 (C), and J = 0.80

(D).

4.1 Schematic of the growing assembly. When the assembly grows slowly, its shape
remains circular (top figure). As the assembly grows faster, its shape becomes
more distorted (lower left) and ultimately it buckles into a star-shaped morphol-
ogy (lower right). . . . . . . .. ...

4.2 Schematic of the simulation’s addition and removal moves. The addition rate is
W;}LNJA = N—lAMin(Exp[ﬁ(—(Ej — E;) 4+ 1), 1]). The removal rate is W]QHLN =

ﬁMin(Exp[ﬁ(—(Ei — E;j) — )], 1). Here, A is the area of the arc which we

keep constant A = 4, N is the number of particle in the assembly, £; = %(Z BE —
10)2 + & (lcp — 10) + kg(ABE — m)2 + kg(ABE — )2 + kg(ECD — 7)2 + C
and E; = & (Ipc — 10)? + kg(ABC — 1)% + kg(BCD — )% + C; C is the energy
contribution of the other angles and strings . . . . . . ... ... ... ... ..
4.3 The shaded region is the CDF of |0h(q)|* at q = 0.0606 obtained from sim-
ulations at equilibrium. The line is the CDF of the exponential distribution:
_ [6h(g)|?
b O TR () P
4.4 The shaded region is the CDF of |6h(q)|? at q = 0.0619 obtained from simu-
lations at o = 0.5 The line is the CDF of the exponential distribution: 1 —
[6h(q) ?

eXD 15k 0 P here (|6h(q)|?)gim is obtained from simulations. . . . . . .. ..

here (|6h(q)|?)sip, is obtained from simulations. . . . . . . .
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Power spectrum of interfacial fluctuations at equilibrium. For small wavevectors,
q, |6h(q)|? o ¢~2 while |6h(¢)|* o< ¢~% at high ¢ in agreement with expectations
Eq. 4.7. The data here is for ks = 4 and ky = 6. The diamond symbols are
fluctuations of the assembly with 200 particles. The square symbols are fluctua-
tions of the assembly with 500 particles. The circle symbols are fluctuation of the
assembly with 1000 particles. Because the fluctuations here follow the Helfrich
Hamiltonian, its standard deviation is exactly equal to its average magnitude due
to the exponential nature of the distribution. Here v = 1.76 and x = 39.1 from
the fit . . . . . L
Power spectrum of interfacial fluctuations at different du. Fitting these curves
to Eq. 4.7 allows us to estimate v and « as described in the text. This analysis
reveals that .4 decreases with increasing op. The data here is for ks = 4 and

k(1) vs. 0p. This graph shows how the bending rigidity , s, changes with du from
two different assembly’s sizes. Unlike the surface tension which decreases with
increasing ou, the bending rigidity does not change much from its equilibrium
value. The data here is for ks = 4 and ky = 6. The error bar represents the 95%
confidence interval from fitting. . . . . . . . ... ..o
~(l) vs. dp. This graph shows how the surface tension , vy, changes with o from
two different assembly’s sizes. The data here is for ks = 4 and kg = 6. The error
bar represents the 95% confidence interval from fitting. . . . . . . . . ... . ..
Phase diagram for data at ks = 4 and ky = 6. As du is increased, the effective
surface tension 7 decreases eventually reaching v ~ 0 for ou ~ 1.1. Increasing
op beyond this value induces a morphological change to a configuration with
spikes. The data was obtained with Ny = 200. The red curve in the figure
represents the surface tension v of the assembly before the instability. The error
bar represents the 95% confidence interval from fitting. After the instability, v is
negative and cannot be measure using the Fourier transform technique. We then
use the number of spikes (the blue curve) in the assembly, which can be used to
infer the instabilities’ wavelength, to indicate the systems at different drive post
the instability. . . . . . . . .
Schematic of the addition/removal and rescaled moves of our Markov system.
In our Markov network, to reach w’ from w, the system has to go through an
intermediate state w. From w to w, a new particle is added to the assembly.
From @ to ', a particle at the bottom is removed to preserve the same number of
particles. We have colored the to be added or removed particle blue to distinguish
it from the other particles in the assembly. . . . . . . ... ... ... ... ...
 Vvs. Op. In this case, kgT' is set to 1. The dark line is predicted from linear
response. The error bar represents the 95% confidence interval from the fit du =
v/D. The blue dot is from the assemblies of 200 particles, while the orange dot is
from the assemblies of 500 particles. The two measurements overlaps with some
ININOT €TTOL. . . . . . v e et b e e e e e e e
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4.12 Thermodynamic bounds on the surface tension as a function of the non-equilibrium

4.13

4.14
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driving force du. The bound stipulated by the blue curve is from Eq. 4.27. The
bound stipulated by the orange curve is from Eq. 4.29. The green curve is ob-
tained by measuring v from simulations and is consistent with the bounds spec-
ified by Eq. 4.27 and Eq. 4.29. These bounds provide rough estimates for the
energetic costs required to modify the morphology and fluctuations in the elastic
membrane. The error bars in the second bound is obtained from 95% confidence
intervals of fitting. 7. . .. ... ...
The shape of our 3D membrane model at equilibrium. The red dots represent the
particles in our 3D membrane model. The surface in this figure is made from the
particles( the red dot) using Mathematica. The particles are triangulated and
interact according to the Hamiltonian:

H =3 fices | (ka(A— A0)2 + Z?:l ko(0; — 7r/3)2 +3 koo — 7T)2)] , where > ¢ o

is a sum over the triangulated faces, A is the area of a triangulated face, 6; are
the angles inside a triangulated face, Z/ denotes a sum over different adjacent
faces and ¢ denotes the angle between two adjacent faces. . . . . .. .. .. ..
A heat map detailing the deviations of particles from the averaged radius of the
assembly. The heat map on the left is for the assembly near equilibrium. The
heat map on the right is for the assembly far from equilibrium. The fluctuations
in the heat map on the right are reminiscent of the buckling observed in the 2D
model far from equilibrium . . . . ... ..o L
This figure is similar to Fig. 4.12 but for 3D model. The reorganization cost €44
is computed by decomposing the membrane fluctuations into spherical harmonic
modes as explained in the text. We note that the contributions from v/D are
much lower in the three dimensional membrane system than they are in the 2D
membrane system. This could potentially be due to the fact that the overall
particle flux N is coarse grained and hence provides a weak bound on the driv-
ing force dp. Further decomposing N into growth rates associated with various
microscopic structures (such as individually considering growth rates of particles
with connectivity 5,6,7 might improve the performance of the bound. The red
curve in the graph is the analytical result for €g;55. . . . . . . . . . . ...

Schematic of adding one ABP at the tip of a growing actin bundle. Here, o and
B represent a-actinin and fascin, which are 35 nm and 8 nm in size, respectively.
The energetic cost of bending actin disfavors the binding a fascin after an a-
actinin, or vice versa, resulting in domains of consecutive v or 3 types of ABPs.
szjl and k:f}l (/’{:ij’2 and kff) are the forward and backward rates for the first
(second) site of an ABP binding, where i and j are the types of the last two
ABPs at the tip; k‘éé = k‘g’; because both rates represent the binding of the
R A

first site of an « ABP (similarly, 35 = Ko ). An analogous schematic can be

drawn for the case that the second-to-last ABP is «, and this case introduces four
additional pairs of forward and backward rates with corresponding constraints. .
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kgrow. The distance between neighboring ABPs is assumed to be 0.037 pm in
computing domain lengths [2]. Blue and red triangles are average domain lengths
Lq and Lg measured from KMC simulations. Up and down triangles represent
the average domain lengths measured in simulations with initial configurations
composed of either all « or all 5 types of ABPs, respectively. Each data point is
computed from a single KMC simulation of S = 105 steps. Gray lines (Eq. 5.7)
are the domain lengths computed by self-consistently solving the master equation
(Eq. 5.5). The parameters for both KMC simulations and the master equation

are k’éé,eq = 6, k’g’l’eq = 2, fdensity,a = fdensity,ﬂ = 100, fmolecular,a = 04,
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inset shows the domain lengths over a wider range of polymerization rates with
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Schematic of the Nt" cross-linker binds to the actin pairs. The states between
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a half-bound state. . . . . . . ...
Numerical verification of Eq. 5.1. The blue boundary marks the location of the
inequality Tr[M] > 24/Det[M] for a two dimensional square matrix M. The red
diamonds are results from the non-equilibrium KMC simulations with the pa-
rameters used in Fig. 5.2 and the red line is the theoretical mean field prediction
for those same parameters. Gray dots are computed by constructing the matri-
ces dp, D, and L1 using the the master equation results and computing the
eigenvalues of (§p — D — L)/ Jio using Mathematica [3] for randomly selected
parameters from Lg oy = [1,90000] , fgensity,3 = [1,100] and kgrow = [0.001, 100]
nm/s, with all other parameters the same as the red line. The inset shows these
two quantities for a wider range, with both axes in logarithmic scale. We do not
consider kgrow < 0.001 nm/s due to limitations of numerical precision. Eq. 5.1
provides strong constraints between the non-equilibrium forcing, morphology, and
speed of growth. . . . . . . ...
Comparison of bounds on the non-equilibrium driving force Ap. The black
line(5.9)is the actual driving force predicted by the master equation. The blue
curve(5.8) is the driving force required for morphology change. The brown
(Eq. 5.27) and red (Eq. 5.26) lines are the thermodynamic bounds computed
from KMC simulations using TUR and MTUR. Each of the brown and red data
points is generated with 500 independent KMC simulations, each of 107 steps.
All parameters of the KMC simulations are the same as in Fig. 5.2. . . . . . ..
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ABSTRACT

Self-assembly is a process in which components in a system organize themselves into struc-
tures and patterns without human intervention. Though design principles for self-assembly
for systems at global or local equilibrium have seen many advances recently, there has not
been much progress for self-assembly far from equilibrium. Indeed, many essential processes
in biophysics and chemistry occur far from equilibrium. The self-assembly of lipids into mem-
branes, the growing of nanowires using the VLS technique, the making of many pro-drugs,
vaccines, and the self-healing of intelligent materials are all examples of non-equilibrium self-
assembly. Design principles for non-equilibrium self-assembly can potentially revolutionize
our approach to making materials and understanding non-equilibrium processes. In this
work, we attempt to derive general design principles for non-equilibrium self-assembly with
ideas from stochastic thermodynamics.

First, we will develop a general framework to study self-assembly with master equations.
We then used ideas from stochastic thermodynamics to write down a general form for the
energy dissipation for these processes. The energy dissipation form then allows us to write
bounds that can be used to constraints possible structures that the assembly will adopt under
a non-equilibrium drive. In particular, using this framework, we can predict the necessary
driving force for a phase transition as shown in Chapter 3 or growth instability in Chapter 4.
We then further expand our frameworks to systems with multiple drive forces and systems

under periodic drive in the later chapters.
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CHAPTER 1
INTRODUCTION

The fields of colloidal and nanoscale self-assembly have seen dramatic progress in the last
few years. Indeed experimental and theoretical work has elucidated design principles for
the assembly of complex three-dimensional structures [4, 5, 6, 7]. Most of these advances,
however, are based on an equilibrium thermodynamic framework: the target structure mini-
mizes a thermodynamic free energy [8]. Understanding the principles governing self-assembly
and organization far from equilibrium systems remains one of the central challenges of non-
equilibrium statistical mechanics [9, 10, 1, 11, 12, 13, 14, 15]. This dissertation contributes to
this research by deriving design principles for a class of non-equilibrium driven self-assembly
processes. These principles can be used to predict possible structures that can be achieved
under non-equilibrium drives.

Imagine a self-assembly process in which interactions amongst the various monomers
are described by a set of energies F°4. The ratio of association and dissociation rates
is set by a combination of interaction energies and chemical potentials {...p;...} of the
monomers. This generic setup is sufficient to describe many self-assembly processes. Ex-
amples include growth of crystals from solution by nucleation [11], growth dynamics of cell
walls [16], growth of multicomponent assemblies [7] and growth dynamics of biological poly-
mers and filaments [17]. The chemical potential controls the growth of the assembly. If
the chemical potential is tuned to a coexistence value such that the assembly grows at an
infinitesimally slow rate, then the structure of the assembly and its composition can be pre-
dicted by computing the equilibrium partition function and free energy G4 appropriate to
the set of interaction energies (Fig 1.1 Right). For values of the chemical potentials more
favorable than the coexistence chemical potential, the assembly grows at a non-zero rate. In
such instances, the structure and composition of the growing assembly might not have suffi-

cient time to relax to values characteristic of the equilibrium partition function [11, 18, 19].
1
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Figure 1.1: Schematic of the self-assembly problem considered in the dissertation. Right:
When the chemical potential is at equilibrium, zieq, the assembly grows slowly with structured
determined by the equilibrium energy landscape F°1 and its free energy G4, Left: When
the chemical potential is higher than the equilibrium chemical potential, the assembly grows
fast with a new structure. Let’s assume that the new structure is determined by an effective
energy landscape E°ff with its free energy Geff.



Defects are accumulated as the self assembled structure grows at a non-zero rate. The time
taken for a defect to anneal increases rapidly with distance from the interface of the growing
structure (Fig 1.1 Left). Due to the resulting kinetically-trapped states, the crystal can as-
sume structures very different from those representatives of the equilibrium state [11, 18, 19].

By applying the second law of thermodynamics and the formalism of stochastic thermo-
dynamics, we derive a surprising thermodynamic relation that is applicable to the above-
mentioned kinetic processes. This relation provides constraints on the configurations that

are achievable in a non-equilibrium self-assembly process,

Dlpy (@)||px (w)]

(N) |6 — N

>0, (1.1)

where NN is the size of the assembly at some instant of time, (N ) is the average rate of the
growth of the assembly, py(w) is probability distribution associated with a configuration w
in the growing assembly, p(;\(,l(w) = exp[—(F*Yw) — G?\(}) /kgT] is the equilibrium probability
distribution obtained when the assembly is grown at an infinitesimally slow rate and D|[p||q] =
f plnp/q > 0 is the relative entropy between distributions p and ¢. The relative entropy is
a measure of distinguishability between distributions p and ¢. It is zero only when the two
distributions are identical and is nonzero otherwise. We have assumed that the chemical
potential of each monomer is the same and exceeds the equilibrium coexistence value by
dp (i.e. the concentrations of monomers in solution exceeds the equilibrium concentration
required for assembly). The chemical potential difference du provides the non-equilibrium
driving force for self assembly.

An alternative and presumably more practical formulation of the central result is in
terms of interaction energies. Imagine that we wish to generate compositions and structures
in the growing assembly which are characteristic of a Hamiltonian E°ft different from the
Hamiltonian governing the interactions between species E°1. The central result places a
bound on the minimum required excess chemical potential du required to achieve such an

3
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w: configuration

Figure 1.2: Schematic of the possible structures the assembly can adapt. The probability
of observing structural and compositional fluctuations in the growing assembly, p(w) can be
different from the canonical distribution p®d(w) specified by the interaction energies £°d. Our
central result, Eq. 1.1 constrains the set of compositional fluctuations that can be achieved
under a chemical potential drive .



assembly,
(i —GSE + G + (B — Ee9)
N

+op| >0. (1.2)

Here G‘j\fff is the free energy of N particle system described by the Hamiltonian E* The
free energies differences can either be computed directly from simulations or estimated using
an analytical framework.

Hence, given a chemical potential drive Eq. 1.1, Eq. 1.2 constrain the set of allowed non-
equilibrium structures found in the assembly. Alternately, given a target distribution ppy(w)
or a target effective Hamiltonian Eeff, the central result sets a bound on the minimum chem-
ical potential driving force required to achieve the assembly. If the chemical potentials of the
monomers can be varied, dp in Eq. 1.1 and Eq. 1.2 is replaced by an average, (>, 6p;) n/N.
The bound can be used to variationally optimize non-equilibrium driving forces {...p; ...}
that result in configurations characteristic of a desired effective energy landscape.

An even tighter bound can be obtained with the thermodynamics uncertainty relations.
These newly discovered relations state that the relative fluctuations of all currents in a pro-
cess are bound by its entropy production. Close to equilibrium, these relations are equivalent
to statements of the fluctuation dissipation relation or linear response theory. Many appli-
cations and extensions of these relations have been proposed [20, 21, 22, 23, 24, 25, 26].
By adopting the thermodynamic uncertainty relations to the problem of non-equilibrium
self-assembly, we can obtain another form of the design principle:

| =G+ G+ (B — Eod)

2
(V) s o] > VQL&V) (1.3)

Here Var(N) is the variance for the growth rate of the system. Since the term on the right
is always positive, Eq. 1.3 offers a tighter bound than Eq. 1.2. Thus, with extra information
from the kinetics of the process, we can further refine our prediction on the structures of the

growing assembly:.



In the following chapters, we will derive our central results and explore its applications to
various models. But first, in Chapter 2, we will introduce many basic concepts and framework
about the self-assembly process that will be used throughout this dissertation. The design
principles will then emerge out from these foundations at the end of the chapter. Chapter 3
will examine the framework introduced in Chapter 2 by studying two simple but important
growing self-assembly systems, the 1D and 2D lattice assembly. The 1D lattice assembly is
one of the few problems that can be solved exactly with our approach. The results of the
model will then be compared directly to those from Kinetic Monte Carlo simulations. In
addition to confirming this approach, we will explore how non-equilibrium drive can affect
correlations and defects in the 1D lattice assembly and how the design principles can be used
to make predictions on the structure of the assembly. Next, we will look at the growing of
the 2D lattice assembly, which exhibits a phase transition from a demixed phase to a mixed
phase. Even though this transition is similar to the one in the 2D Ising model, it is driven
by the non-equilibrium driving force and not temperature. We will use our framework to
write an equation predicting how the chemical driving force drives the transition.

In Chapters 4 and 5, we will turn to problems with more biological flavors. Specifically,
Chapter 4 looks at a model of an elastic membrane in which non-equilibrium forcing can cause
the membrane to buckle and undergo a morphological transformation. We will demonstrate
how the design principles can be used to predict this transformation phenomenologically.
In the process, we will also extend our framework from a system with just compositional
fluctuation to one with continuous structural fluctuation. Inspired by recent experiments
showing how actin growth rates tune the morphology of the whole bundle [27], in Chapter
5, we develop a minimal model to study this phenomenon. There, we will also expand our
design principles to include multiple drives and kinetics.

In Chapter 6, we will look at self-assembly with periodic drive. Specifically, we will

extend our framework to work with a system under a periodic drive using a bipartile Markov



network setup and a mean-field setup. In chapter 7, we will give a conclusion and brief

outlook for future projects.



CHAPTER 2
SETTING UP THE PROBLEM

2.1 Introduction

Here we will sketch out the self-assembly growth process used throughout this dissertation.
As a matter of convenience, we will set kT = 1. Let’s first consider an assembly in a bath.
This assembly is made up by many elements n;. The elements here can mean many things:
it can be a monomer in a polymer; it can be a molecule, atom, or spin for other kinds of
assembly. For now, let us think of these elements as particles making up a 1D solid assembly
in a bath. As we go through the dissertation, we will see that the analysis described here
can be generalized to a more complex setup.

The state of the 1D lattice assembly is then fully described by the elements making it:
whV = {n1,n9,..nyx}. Here N is the total number of elements, and n; indicates a different
kind of elements. In the bath, the assembly will grow and shrink stochastically. We will
assume that the assembly only grows in one end nj;. In the limit of large N, this assumption
should not reduce the complexity of the problem since the behavior of the other end is
identical to the one we are considering. We will also assume that there are little or very
slow internal relaxations inside the assembly because fast internal relaxations will eventually
transform the assembly into its equilibrium structure. We will now use the probability
P(ny1,n9,..ny) to describe the assembly and its time evolution.

Usually, to analyze a growing assembly, we look at the complete configurations proba-
bilities of an assembly after a long time. This is usually done with simulations because the
probability space of the assembly is quite big for analytical consideration. Suppose there
are no internal relaxations inside the assembly. In that case, however, we can look at the
system in another way: observe and record the elements coming into the assembly one by

one during its growth, then reconstruct the entire configuration from there. This will be the
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main approach that we will use in this dissertation. There are two main reasons for this.
First, this will make writing down entropy production much easier because it focuses more
on all the possible transitions taking place, not the configuration of the whole assembly.
Second, the thermodynamics uncertainty relations that we adapt for our design principles
were originally derived for finite Markov state graphs with periodic boundary conditions not
on a system with increasing size like a growing assembly [21]. This issue can be overcome
with the second approach. We also would like to mention that this approach has been used

by many to study assembly in other contexts such as copolymerization [28, 29].

2.2 The Master Equations For Growing An Assembly

As the system grows from state (nl,...,ny) to (nl,...,ny,nN11), We assign its transitions
as:

Wadd(nla“'7nN _>n17"')nN+1> (2 1)

= Pgen(”ly ...,TLN_|_1|n1, ...,nN)kJadd(nl, N — N, ---anN—l—l)

Wrem(nl, NNy — Ny, ...,nN_H) = krem(”l, NNy — Ny, “'7nN+1) (2-2)

Here kyqq(n1,....nn — n1,...,ny11) and krem(ny, ..., nN < n1,...,ny41) are the addition
and removal rates of the ny . particle respectively. Pyen(ni,...,nn4+1|n1,...,nN) is the
probability of getting a particular np 1 from the bath which depends on the concentrations

in the bath and the property of the interface. With this, we can write out the master



equations for the probabilities of the full configurations:

dP(nl, ,nN)
dt

=—P(ny,...,nN) | krem(n1,...,ny_1 < ng, ..., nN)

+ Z Pgen(n17"'7nN+1|n17‘“7nN)kadd(n17‘”7nN _>n17"'7nN+1)i|
NN+1

+ [ Z P(”lv---anN+1)k'rem(”1,---7nN <—n1>---a”N+1)]
NN+1

+ [P(nla ---anN71>Pgen(n1> "‘7nN|n17 -'-aanl)kadd<n17 NN -1 — n, 7nN):|

To proceed forward, we will now make an assumption that the addition and removal rates
only depend on the two furthest particles of the assembly. If the actual rates depend more
than that, we can expand the element n until the rates depend only on the furthest two el-
ements. We then rewrite: kyqq(n1,....,nNy = n1,....nN+1) = kgdd(RN—1, "N = DN, N +1),
krem(ni,...,nN <= n1,...nN+1) = krem(nN_1,nN ¢ ny,nyy1) and

Pyen(ni, ...ny41|n1, -, nN) = Pgen(ny41|nn). We then define the probability:

PNny_1,ny) = lim Y P(ng,...ny) (2.4)

N—o0
N1y N -2

This is the probability of observing the two furthest elements when they are attached to a
big assembly. The first N in PV (ny_1,ny) is mainly to distinguish it from the normal
probability P(nq,...,ny). The other Ns in the parenthesis PN(nN_l,nN) are there as

indexes. Next, we sum over the master equations of the full probability, P(ny,...,ny), to

10



arrive at the master equations for the new one, PN(nN_l, ny):

dPN (ny_1,ny)
dt a

N
=-P (anbnN)[ > Poen(nyi1lnn)kgaa(ny—1,ny — ny,ny 1)
NN+1

> P, eny)krem(ny—o,nn_q nN—LnN)]
TNy N2

+ >

P, ....nNy1)krem(My—1,nN nN,nNH)}
ny,- s NMN—2"MN+1

[ N-1
> PV Hnn_g,nn_1) Pgen(nnlnn—1)keda(nn—2, nn—1 = nN—la”N)]
NN-2

(2.5)
Next we rewrite the second term as:

Z P(ny, ...

N )krem(MN_2, MN_1 < NN_1,1N)
N1y IN—2

P ni,...nNnN
ny,...,sNN_2 N1y s MIN—-9 1,---s NN

=PY(nn_1.nn) Y Pays(ny_olny_1,n3)krem(nn_o.nn—_1 + ny_1,ny)
nnN-—2

(2.6)
Similarly, we can write the third term as:
> P(ni,....nNy1)krem(ny—1,nN < Ny, nN+1)
N1y NN -2, N1
N+1
= Y Py 1y nn)krem(ny 1, ny = ny, i) (2.7)
NN+1

N+1
=Y PV ny,nn 1) Pays(uy_1ny, ny1)krem(ny_1,nn  ny,nyi1)
NN+1

11



In the limit of large N, we will assume that:

PN(ny_1,nx)
PN (ny)

PsyS(”N—1|”N7nN+1) = PsyS(”N—1|”N) = (2.8)

Eq. 2.8 says that one will only need the identity of the nearest element to predict the
probability of an element next to it. The conditional probability Psys(-|-) can then be used

to recover the full original probability of the entire assembly:

P(n1,ng, ...,ny) = Psys(n1|n2) Psys(na|n3)... Psys(ny_1ny) P (nyy) (2.9)
To get the probability of an element that is M deep inside the assembly we simply use:

N N
P (nn-n) = > Pgys(nN—mrInN+1-01)--Psys(ny—1|nn) P (ny)
NNSIUN 15N N41—-M

= ((Psys)MPN> (nN—nm)

(2.10)

Here we have written the conditional probability like an operator that transforms the prob-
ability vector of all elements in the interface to the probability vector of all elements inside.
In the limit of large M but still smaller than N, we have PN (ny_ys) = PN (ny_1_p) =
PsySPN (ny—ar)- Thus the normalized eigenvectors of Pgys corresponding to the eigenvalue
1 will give us the probabilities of the elements deep inside the assembly. With this, instead
of solving the large differential equations of P(ny,...,ny), we can solve reduced differential
equations of pN (nn—1,nN) at steady-state and use Psys to recover the probabilities deep
inside the assembly. However, the cost of reducing the differential equations is that we have
introduced non-linearity into the equations making it still if not more difficult to solve in
many situations. For better description, from now on we will use the notation PV (nj,nj)

in place of PN (ny_1,ny) to indicate the probability at the interface and the notation

12



P.JX side(Ti>nj) to indicate the probability inside the assembly. In the limit of large N, we

7

make our third assumption:
PN(ni,n;) = PN Yng,ng) = PN (0 ny) (2.11)

Eq. 2.11 means that in the limit of large N, the probabilities of observing an assembly with
different particles by a small amount are about the same.
With these assumptions, the master equations reduce to:
dPN (n;,n;)
) N
—y = F (n5,n;) [ZPgen(nk’nj)kadd(nia”j — nj,ng)

3

— PN(TLZ', n]) [Z Psys(”kmi)krem(nka n; <— ng, n])]
ng

(2.12)
+ [ZPN(”j,nk)PSyS(nz|nj)kT€m(nza n; < nj,nk)}

Nk
+ [Z PN (ng, 1) Pyen (n]13) kqaq(ng, ni — ni, ”j)}

Nk
With this, we have completely transformed an infinite hierarchy of coupled master equa-
tions 2.3 to a smaller set of master equations 2.12 with the cost of linearity. The above
master equations make up a Markov network. Each node in the network will consist of two
components: (n;,n;). nj, the element to the right, is the element that is directly exposed to
the bath while n;, the element to the left, is between the n; and the assembly. Because of

the structure of the assembly, node (n;,7;) can only grow into those of (n;,ny) and shrink

into those of (ny,n;). The current as the system grow from node (n;,n;) into (n;,ny) is:

J(TLZ,TL] — nj,nk) =

PN (n, 1) Pyen (ngln ) kgaa(ni, nj — nj,ng) — PN (g, np) Pays(ning)krem (ni, nj < nj,ng)

(2.13)

13



At equilibrium, the system will obey detailed balance ie every current will vanish and
the distribution will follow the Boltzmann distribution J(n;,n; — nj,n;) = 0. With some

rearrangements, we will have

kadga(nisnj — nj,ng) PR THng,ng) Pls(nglng)

Pgen(nk|”j) =

k?rem(nianj A njank) Pég(”ianj) (2.14)
_ gt '
_ P (ng,nj,my,) _ xp(—E, 1)
P (ng, n;) Z

Here ETQL?V% is the energy interaction between two elements and 7 is the partition function.
By setting the additional and removal rates according to Eq. 2.14, the assembly will adopt
a configuration following the Boltzmann distribution with an energy landscape E9 at equi-
librium. Every time Eq. 2.14 is violated the system will be out of equilibrium. If the left

side is bigger, the assembly will grow. If it is lesser, the assembly will shrink. Alternatively,

we can rearrange 2.14 to:
N e N
ZPy(nj,ng) = exp(—En;lmk)Peq (ni,n;) (2.15)
nj
which can be used to set up a matrix, exp(—E®?), with the partition function as its eigen-

values and the probabilities: Pejg (nj,ny), its eigenvectors.

2.3 The Currents Are Eigenvectors Of The Conditional
Probability. Pgys
As mentioned earlier, the elements of the eigenvector with eigenvalue one of the conditional
probability operator Pgys are the probabilities of the elements deep inside the assembly.

Here, we will prove that the currents constructed in 2.13 are also elements of the eigenvector

of the conditional probability operator Pgys with eigenvalue one. Thus, one can use the
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currents to figure out the probabilities of the element deep inside the assembly. This is
equivalent to saying that by observing the elements coming into the assembly, one can
predict the configurations inside the assembly when there is no internal relaxation.

: PN (n;n;
When the system is at steady state we have: % =0

0= P (ni.nj)| 3 Poen(ngIng)kaga(ni ny = njony)|

Nk

53 nl,n] [Z sys (ng| i) krem (ng, ng < nl,n])]
(2.16)
[Z n]ank sys(nzmj)krem(nz,n] — nj,nk.)}

[Z s (Mg 1) Pgen(nj|ng)kaga(ng, ni — nz:”j)}

The ”ss” has been added to the variables to indicate steady state. Now in Eq. 2.16 we

will arrange the term into:

[Z nw”] Pgen(nk|n]) add(n@an] — n]ank)

N
Pyg (nj, ni) Peys(nilng)krem(ni, nj ”J"”kﬂ (2.17)

= [Z s (g 1) Pgen(nj|ng)kaqaa(ng, i — ng,nj)—

Pg(”iv ”j)ng}gs(nkmi)krem(”ka n; < ”ianj)]

15



We then write the first term of the equation to be:

N
> [P (n5,15) Pgen(ng|nj)kaqa(ni, nj — nj,ng)—
ng

PR (nj,ng) Péss(nilng)krem(ni,nj nj,nk)}

pN
Z [Pﬁﬁs n|nj) Pss (nj) Pgen(ng|n;)kaaa(ni, nj — nj,ng)—

P (nj. m) Pigs (il e (nimj = nj,my)|

N
= Pas(nilng) 3 [Pss () Pgen(nglng)kada(ni, nj — nj,ng)—

ng

(2.18)

Pg(nj, nk)krem(ni, n — nj, nk)}

N
= Pirg(nilng) > [Pss (35 n5) Pgen (ng|nj)kaqa(ni, nj — nj,ng)—
ng, M

Pé\s[(”p nk>PsyS(ni|”j)krem(nia ng <= Ny, nk)}

The transition from the third term to the fourth term is possible because in our first as-
sumption, the additional and removal rate depends only the first two term and not the inner

layer of the assembly. We then define the terms

Vinj,ng) = [ps]\sfmianj)Pgev”L(nk‘”j)kadd(”i,nj — N, Ng)—
n (2.19)

P;\s](nj, "k)PSyS(nimj)kTem(nia ng <= nj, nk)}

Ving) =Y [Pg(ni>nj)Pgen(nk’nj)kadd(nianj = nj,ng)—
N (2.20)

Pﬁ(nj, nk)PSyS(nﬂnj)krem(ni,nj < nj, nk)]
V(nj;) and V(nj,n;) are the rates the element n; and (n;,n;) is being added into the

assembly. Plugging Eq. 2.20, Eq. 2.19, Eq. 2.18 into Eq. 2.17 and we have:

V(nl,n]) = Psys(nl|n])V(nj) (2.21)
16



Sum over all n; in Eq. 2.21 and we obtain:
V(ni) =Y Peys(nilnj)V(nj) = (PsysV)(n;) (2.22)
7

This equation indicates that the growth rate of a certain element is also an eigenvector of
the conditional probability operator. However, we have also established earlier that the

probability of an element deep inside the assembly is also an eigenvector. This suggests that

V(n;) PZ-ZX side(17). Using the normalization of probability, we then have:
V(ni) V(n;)
PN . (n;) = L2 Wl 2.23
inside (nl) Enl V(nz) <N ( )
V(nj,n;)
N (2]
Binsige(ni, nj) = R (2.24)

2.4 The Entropy Production

Now let us calculate the entropy production of the growing process. Using the formula from
stochastic thermodynamics, the entropy production as the system grow from node (n;,n;)

into (nj,ny) is:

w
(ni,nj i k) (ni,n; i k) PY (nj, ng) W(ni, nj < ng, ny)

k .7 ] % .7 PN '7 .’
ln(Pgen(”k’nﬂ (s o L ”k;) —ln< SSJ(VnZ E nk))]

k(ni,nj S Ny, N Pss(ni7nj)

(2.25)

= J(ni,nj — nj,nk)

Here we have split the entropy production into two terms. Using Eq. 2.14, we can rewrite

the first term as:

(2.26)

_ &
k(ni, nj — nj, nk)> . exp(dp Enj|nk)
AL

In <Pgen(nk|nj) k(n;, nj <= N, ny)

17



Here 0y is the extra chemical potential that is driving the system out of equilibrium. Next,
we define an effective energy function E°f to describe the probability of the assembly as if

it is in equilibrium:

N eff
n P (ng, R ng) —In exp(— E—nj ‘nk) (2.27)
Pg(nz-, nj) Zeff
With this we can rewrite the entropy production of the growing process:
.o ' B o _ eq e eff eff
S(ng,nj — nj,ng) = J(ng,n; — nj,ng) |0 — Enj|nk —InZ%+ Enj n, T nZz
(2.28)
— Tl — e ed 4 peff eff
= J(nj,nj — nj,ng) 5u—Enj|n + G+ E; e~ G
As we sum over all possible transitions, the total entropy production is:
. _ o . eq e eff eff
Stoml_n;n J(nj,nj — nj,ng) 5,u—Enj‘n Gq~|—En |nk—G
i5T T
eq ff ff
Z side nj, ng) | op — Enj| + G 4 Ee e~ G°
rig i (2.29)

= (N) [(M — (B°) 4 G4 4 (g°fy — geft

= <N> (Op — €giss)

Here €g;5s = (E°1) — (E°ft) — Gea 4 Geff . Alternatively, we can write the left terms of Eq.

2.27 and 2.26 to:

m(PﬁX(ni,nj,nk)):ln(Pss;s(nﬂnj)PéX(nj,nk)) N ( Py (1), n) )
Pg(nianj) Pg(nianj) an ss(n2a j)
an g(njvnk) PN(nk)
Zn ss(nwnj)) ln(PSys( |nk))+1n<PN( ))

(2.30)

=1In (Psys( ilng)) +In (

18



k(ng,n; — n; nk)) P (i, nj, ny.)
In( P : i L = Su+1 i
H( gen(nkmj)k(ni?nj <—ni»nk) g Pé\é(nianj)

! N(nk)
=S+ In (PSL(ning)) +1n [ —2—=
( SYys\'hg ) PeNq<nj)

(2.31)

Pay (1) P() ) buti
The terms In | 5% and In | =%~ ) will sum up to 0 when we add all the contribution
Peq(nj) Pss (nj)

from all the currents. So the total entropy production reduces to:
X ) N
Stotal = (N) [(M = Py (ng) D (Pips(njlng )| Pals(njlng)) ] (2.32)
Nk

Eq. 2.29 and Eq. 2.32 say that to calculate the total entropy of the production we don’t need
to obtain all the individual edgewise entropy productions but simply the steady state and

equilibrium state of the system together with the driving force behind the process.

2.5 The Thermodynamics Uncertainty Relations

The thermodynamics uncertainty relation (TUR) is one of the most intriguing results from
the field of stochastic thermodynamics. It describes how a process’s dissipation bounds all
its current fluctuation. First discovered by Barato and Seifert [30], the TUR was later proven
in [21] through the use of large deviation theory. Briefly, it is shown that the rate function
of an arbitrary current j; of a Markov process satisfies the inequality:

(a = ) cor

1(jq) = WZ (2.33)

Here 37 is the entropy production of the system at steady state, I(j,;) is the rate function of
ja and jg = >, d(y,2)j(y, ) where j(y, z) is the current between nodes y,z and d(y, z)

are arbitrary constants that determine jg. j7 is the average steady state current. The rate
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function can then be further expanded into:

o 20a—3g)?
I(jg) v ———4— 2.34
(i) ~ st (230
Using 2.33 and 2.34, we arrive at the TUR:
2(j)*
o> Ml 2.35
— Var(j7) (2.35)

Using the above TUR, we can predict the entropy production of a process without the full
knowledge of the details of the system. Indeed, with its simplicity and generality, the TUR
has been applied to different systems and further extended to systems with time-dependent

drive and systems with unidirectional transitions. [24, 31]

2.6 The Design Principles

We now have all the ingredients for our design principles. The first design principle involves
the form of the entropy production in Eq. 2.29 and the second law of thermodynamics which
states that the entropy production has to be positive. Since the system is growing: <N ) >0,

we can simplify the second law into:
O 2 €djss (2.36)

This equation tells us the minimum energy required to transform an assembly with an
equilibrium energy landscape E®Y to an assembly with an effective energy landscape Eeft,
Next, we use the TUR with the current j7 = (N):

2(N)

Ol > €4 + ————
U = €diss Var(N)

(2.37)

20



Equations 2.36 and 2.37 are our main results. In the following chapters, we will explore how

to use these results in various systems.
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CHAPTER 3
APPLICATIONS TO LATTICE SYSTEMS

3.1 Introduction

This chapter will apply what we learn from the last chapter to lattice systems: the growing of
1D and 2D assembly. For the 1D assembly, we will first examine whether the reduced master
equations from the last chapter 2 can produce the same results from kinetic Monte Carlo
simulation with the full probabilities. We will then investigate how the design principles:
Eq. 2.36 and Eq. 2.37 can be used to predict how driving forces change the correlation length
of the system without solving the problem directly. Similarly, for the 2D polymer, we will

demonstrate that the bounds can be used to predict a phase transition of the model.

3.2 Growing of 1D Assembly

We first look at the application of the last chapter technique to a system of a growing 1D
assembly growing in a bath containing two types of particles: red and blue, as depicted in
Fig. 3.1. As a start, let’s first look at the case that there is no bias between the particles
in the bath. The bias here can come from different concentrations of monomers in the bath
or different energy interactions. We will then extend the cases to different biases for each
particle later. In the assembly, only nearest neighbors can interact with energy ey if they
are the same and ¢, if they are different. We then add particles into the assembly with
rate exp(u) and remove them with the rate exp(—e¢;) (i can be s or d depending on the
configuration of the particle). The chemical potentials, p, of particles, are related to its
concentration, c, by the relation: p = In(c). As the assembly grows, we only allow particles

to attach or detach at the outermost block of the polymer.
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Figure 3.1: Application of the bounds to 1D lattice growth model. Left: Schematic of the 1D
assembly growth process. The assembly is assembled from a bath composed of two particle
types (Red and Blue). Right: Schematic of the Markov state model. This Markov state
model resolves the nature of terminal bond in the self-assembled system (vertical rungs),
S = bond between like particles and D = bond between unlike particles, and the number of
particles in the self assembled system (horizontal axis).

3.2.1 Setting Up The Master Equations

We will now set up the master equations for the Growing 1D Lattice Assembly. Because the
concentrations and energy interactions between the particles are the same in this case, we

can simplify the master equations with:

PN(R,B) = PN(B,R) = PNQ(D)
N _ BN ~ PN(s)
PN(R.R) = PN(B,B) = — -

PN(R,R)+ PN(R,B) =05

PN(B,B)+PN(B,R) =05

Here R/B stands for red/blue particle. S/D stands for same/different particles. Following
the procedures in the last chapter, we transform the master equations with full probabilities

to reduced ones as shown in Fig. 3.2:

dPN (D)

o = (et e PN (D) + PY(D) (" PY(D) + e~ PY(S)) + S(PN(D)+ PN(S))

(3.2)
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Figure 3.2: Schematics of the Markov networks. The circles are all possible states of the
polymer. The circles in the first row represent the states in which two neighbor particles are
different. The circles in the second row represent the states in which two neighbor particles
are the same. Only horizontal and diagonal transitions are allowed to reflect the fact that
the particle cannot change from one type to another type. Up: The full Markov network of
the Growing 1D Polymer model. Down: The reduced Markov network with modified growth

tes.
rates 94



dPN(59)

= (e e PN (S) + PY(S)(e7PY(D) + T PY(S)) + S(PN(D)+ PN(S))

(3.3)
When the system is at a steady-state, the above differential equations are set to 0. Together
with the condition: PN (S) + PN (D) = 1, we can solve for PV(S) and PN (D) as long as
the system is not shrinking. When the system does not grow on average, it is at equilibrium,
and the Markov network satisfies detail balance; that is, all the currents between nodes have
to be zero. With the detail balance condition, we can solve for ceq, Pej(\; (S), Pé](\zf (D) for the

equilibrium system. For this system, these quantities equal:

2

Ceq = exp(es) + exp(eq) (3.4)
PN (D) = — @l (3.5)
q exp(es) + exp(eq)
PN () = — OPles) 56)

= exples) + expleg)

3.2.2  Connection to the 1D Ising Model

By assign the red particle with value 1 and the blue particle with value —1, we can write

the energy function of the assembly into:

N
E=-), [ES sy + < (3.7)

This energy is equivalent to the 1D-Ising model with magnetic coupling constant J =
(€s — €q)/2 with an extra term (es + €4)/2. Thus, when the system is at equilibrium, it can

be completely characterized by the 1D Ising model with a partition function:

€s t+€g

Z = exp < ) lexp(J) + exp(—J)] (3.8)
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The ceq, PN(S), Pejg(D) above can be rewritten as:

_ 2exp( ES+E“l) _ 2exp(— 6S+€d) _
Ceq = exp( ) + eXp(ed Es) - exp(J) + exp( J) = 2/Z (3.9)
N exp(—J)
Feq (D) = exp(J) + exp(—J) (3.10)
PN (S) = xp() (3.11)

exp(J) + exp(—J)

3.2.8 Comparison to Kinetic Monte Carlo Simulation

We will now perform Kinetic Monte Carlo simulation for the growing of the 1D polymer using
the above rules. We will use the average domain length as an observable in the simulation,

which can be connected to P(S5):

1

E=1+P(S)+ P9’ + . = {—prg

=1+ exp(2J) (3.12)

In Fig. 3.3(a), we compare the relation between du and € predicted by the effective model
with results from simulations. The agreement between the two is excellent. In Fig. 3.3(b), we
show that the average growth rate predicted by the effective model is in excellent agreement
with the results from simulations. The variance of growth rate predicted by the effective
model exhibits minor deviations from the simulation results, especially close to equilibrium.
Still, the agreement is excellent otherwise (see Fig. 3.4 (a)). This might be because the
current simulations were insufficient in sampling the system with a long correlation length
near equilibrium. As we decrease the equilibrium correlation length of the system from
&o = 100 to &y = 5, the variance predicted by the effective model fits much better with one

from simulations as shown in Fig. 3.4 (b).
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3.2.4  Entropy Production Formula

Next, we show that the entropy production rate from the Markov state caricature equals

that predicted by our thermodynamic result,
Stot = (N) [ — (E°) + Ged 4 (pefly — geft (3.13)

Let’s look at the transitions of the effective model from state N to state N+1 (Fig. 3.2).
For easy algebra manipulation, we group all possible transitions of the effective model into
four different types, as shown in Fig. 3.2. The entropy production of four transitions can be

written down as

Sy = (PN(D)g ~ pN(Dy? *Ed In (PN /2 _Gd) (3.14)
Sy = (PN(S)g ~ PN(9)2 —68 In (P C/2€ es) (3.15)
S5 = (PN (S)g — pPN(p)pN (S)e‘€d> In <$) (3.16)
Sy = (PN (D)g — pN(g)pN (D)e*s) In <$) (3.17)

Add all these transitions together and we obtain:

Shotal = (g — PN(D)e“)ln (#) + (g — PN(S)e™%)In (#)
~ (c— PN(S)ees — PN (D)e~e4) (ln<i> p G P ce)?

o) e PN(S)ee — PN(D)e—ea) " PN (D)eex)

N (5 — PN(S)e %) n( Ceq/?2 )
(c— PN(S)e=¢s — PN(D)e—€a) PN (S)e ¢d

(3.18)

The term ¢ — PN(S)e(=¢) — PN (D)e(=€a) in Bq. 3.18 can be considered as the average
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velocity of the particle or the average growth rate of assembly. From the last chapter, we

also have:
(% - PN(D)e_ed) N
(c— PN(S)e=€ — PN(D)e—¢d) =P (D) (3.19)
i = PN(s) (3.20)

(c — PN(S)e=€s — PN (D)e¢d)

With this, the total entropy production becomes:

Stotat = () n(-5) + PN (S)n( ey 4 PN<D>1n<%>>

Ceq PN(S)e PN(D)e—¢d
. RS 4o

) 4+ PN (9)In( ) 4+ PN (D)In(

— (N) ln(ceq PN(5)

(3.21)

— () (Gn+ (1= Pt + 1n<i>>

We have used Eq. 3.12 in the last line to convert the entropy production to the domain
length, an observable for our system. Next, we will use our approach to calculate the entropy
production. Since, at equilibrium, our system is already mapped to the 1D Ising model, we
will use the 1D-Ising model to describe the configuration of the non-equilibrium system but

with a modified J.g. Using the 1D-Ising model, we can readily write et pea geff Gea.

(E°y = —@ (1 - §> (3.22)
(B9 = —M (1 - g) (3.23)

G = —In(e) + @ (3.24)
G = —1In(&ey) + M (3.25)

Plug these into Eq. 2.29 will give us Eq. 3.21 indicating the validity of our framework. Next,
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Figure 3.5: Application of the bounds to 1D assembly growth model: Comparison between
the lower bounds of du obtained from Eq. 2.37 and the value of d 4 obtained from simulations.
The equilibrium domain length, &, for this plot is 50. Our thermodynamic bounds are valid
and in spite of their minimal nature, do reasonable job of predicting the compositional
fluctuations in the assembly.

in Fig. 3.5(c), we demonstrate how the thermodynamic bound in Eq. 2.37 for a particular
kinetic model of polymer growth [32] can be used to predict the necessary chemical potential,
o, to transform the system with an equilibrium domain length &4 to a new one, &.

These demonstrations prove the theoretical validity and effectiveness of our bound and
pave the way for applications to more complex systems. Specifically, for systems with more
than two particle types or particles with longer-ranged interactions, it is more convenient to
eXPress €4iss in terms of the actual £°% and effective E®ff interaction Hamiltonians. While ef-

fective Markov state caricatures for such systems can be complex and analytically intractable,

our thermodynamic bounds are easily accessible and provide instrumental intuition for the
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compositional fluctuations of the non-equilibrium assembly. We now demonstrate these ideas
by considering a two-dimensional analog of the fiber growth process described above [33]

(Fig. 3.6 (a))

3.3 Non-equilibrium two dimensional self assembly process

As a natural generalization of the one-dimensional assembly model, we imagine a two-
dimensional assembly growing at one end as described in Fig 3.6 (a). We again imagine
two particle types with interactions between like particles set by the energy scale €5 and in-
teractions between unlike particles set by the energy scale €;. When the chemical potential
is set to the intensive equilibrium free energy of the assembly, pcoex =~ 2¢5 — kT In2, the
assembly doesn’t grow on average. Assigning spin s = 1 to the red particles and spin s = —1
to the blue particles, the statistics of the compositional fluctuations in the equilibrium as-
sembly are equivalent to that of a 2D Ising model with coupling constant J = %. We
will work in regimes where the coupling constant is above the critical coupling constant of
the 2D Ising model, J > J. ~ 1/2.26. We are interested in the statistics of compositional
fluctuations as the growth rate of the assembly is tuned by changing the chemical potential.

We begin by assuming that the compositional fluctuations in the growing assembly can be
described by an effective nearest-neighbor coupling constant J.g. We performed simulations
in which we extracted the value of J.g as a function of the excess chemical potential du by
measuring the assembly’s average magnetization and converting it using Onsager’s solution.
The values of J.g obtained from simulations are plotted in Fig. 3.7. As shown in Fig. 3.7,
when the excess chemical potential is close to a certain value dpu., the value of the effective
coupling constant computed from simulations reaches the critical value of the two dimensional
Ising model, J,.

Using Eq. 2.36 and Eq. 2.37 we analytically computed a lower bound J;, on the values

of the effective coupling constant as a function of du. In Fig. 3.7, we plot Jp for various
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Figure 3.6:  Application of the bounds to the non-equilibrium two-dimensional growth
process (a) We assemble a two-dimensional structure from a particle bath containing red
and blue particles. The energy of interaction between similar particles is €5 while that
between dissimilar particles is €. As discussed in the text, when the assembly is grown at
equilibrium, the statistics of compositional fluctuations in the assembly are equivalent to that
of an Ising magnet with coupling constant J = 6%_#. (b) We compare the value of critical
driving force dpu. obtained by computing Jeg using the Onsager solution, as described in the
main text, with that obtained by computing the variance of magnetization fluctuations as
described in ref. [1]. The agreement between the two estimates confirms that the system
has anomalously large fluctuations at the non-equilibrium critical driving force we identify.
(c) We calculate the probability of magnetization from the non-equilibrium simulations and
compare it with the distribution obtained by sampling an Ising model at Jeff and Jb from
Eq. 2.37. These data were obtained for J = 0.65 and du = 0.1. The system grows rapidly for
these parameters, as evidenced by the value of J.g computed for these parameters. We expect
the system to be far from the linear response. The close agreement between the distribution
predicted by Jp and the non-equilibrium distribution, even far from the mean, suggests that
our theoretical bound accurately captures the fluctuations in this non-equilibrium system.
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values of the excess chemical potential. The bound obtained from Eq. 2.36 does a reasonable
job of predicting the effective coupling constant. Including information about higher order
cumulants again improves the bound and provides a close to an accurate estimate of the
effective coupling constant Jog. In particular, the bound obtained by including information
from the higher cumulants (Eq. 2.37) does particularly well for values of oy around the critical
value, due. This close agreement between the bound predicted by theory and the effective
value computed from simulations in the critical regime is surprising given the minimal nature

of our theory.

3.4 Applications and Conclusion

Using the framework of stochastic thermodynamics and physically justified approximations,
we have put forward a general predictive framework for non-equilibrium self-assembly. Our
central results, Eq. 2.36 and Eq. 2.37 are built around a simple and intuitive expression
for entropy production in non-equilibrium self assembly process. This expression relates
compositional fluctuations in the self assembled system to the chemical potential excess
driving assembly process. Given a set of programmed interactions between particles and
structures specified by the energy function E°I, our central result constrains the set of
allowed structures that can be obtained under a non-equilibrium drive. A unique feature
of our result is its thermodynamic character: the bound doesn’t depend on the details of
the kinetic model chosen. Many recent theoretical and experimental studies have postulated
that non-equilibrium protocols can potentially be used to overcome bottlenecks and enhance
the yield of desired self-assembled structures [34]. Our framework is ideally suited to verify
these postulates and explore connections between energy consumption and improved yield
of target structures.

We anticipate that our results will find important applications in studies of crystal nu-

cleation [19], self-assembly of metal organic frameworks [35], non-equilibrium roughening
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transitions, and the synthesis of nano crystals using DNA and other biopolymers as build-
ing materials. In all these instances, the assembly process can occur far from equilibrium
depending on the effective chemical potentials imposed. Our result provides a bound on the
chemical potentials under which the desired structures can be robustly obtained even far
from equilibrium. It also offers crucial intuition into how the equilibrium landscape [8, 6]
and the capacity of the system to store structures [36] are modified under non-equilibrium
conditions.

Finally, the variational structure of our central results provides a framework to optimally
tune the chemical potential driving forces to maximize the yield of desired structures. In
this context, our results complement recently derived theoretical results that suggest a het-
erogeneous set of excess chemical potentials is crucial for robust nucleation of large complex
nanoscale assemblies using DNA origami [37, 38].

A mismatch of chemical potentials provides the non-equilibrium driving force in Eq. 2.36.
Our results also apply to non-equilibrium error correction mechanisms for biopolymer as-
sembly in which the assembly process is driven by consumption of energy rich ATP/GTP
molecules. In such instances, the du term is replaced by the appropriate average energy
consumption rate. In these biophysical applications, the non-equilibrium driving force gen-
erates structures that posses correlations greater than those in equilibrium. While such fibers
are not achievable with the kinetic protocols described above, the thermodynamic nature of
our bounds allows their application to these biophysical error correction mechanisms. In-
deed, Sartori et al [39] have recently derived a similar bound for a specific model of kinetic
proofreading. Our general thermodynamic bounds, particular that in Eq. 2.37 can eluci-
date the tradeoffs between speed accuracy and energy consumption in such non-equilibrium

biochemical replication processes.
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CHAPTER 4
APPLICATION TO SIMPLE MEMBRANE MODEL

4.1 Introduction

Non-equilibrium forcing can be used to uncover new strategies for self-assembly and organi-
zation [40, 41, 42, 33]. In biophysical contexts, it has been established that non-equilibrium
forces play a crucial role in suppressing rogue fluctuations and enhancing the fidelity of
molecular recognition [43, 42, 44, 45, 46], support robust oscillations crucial for the main-
tenance of circadian rhythms [47], and drive sensory adaptation processes [41, 42]. Non-
equilibrium forces also play an important role in modulating cell shape and cell membrane
fluctuations [48, 49]. For instance, local changes in surface tension or lateral pressure due
to a spontaneous assembly of membrane proteins have been known to induce instabilities in
membrane fluctuations [50, 51, 52, 53]. Such instabilities have been implicated as impor-
tant precursors during cell division [48]. Non-equilibrium fluctuations are also important in
cases where the cell membrane interacts with growing actin filaments. The important role
played by such interactions in regulating the organization of the membrane has been well
established. [54, 55].

In this chapter, with a simplified model of elastic membrane (Fig. 4.1), we will illustrate
how the framework explored here can be used to investigate growth and morphological
changes in membrane’s growth [56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67]. Our model
consists of two-dimensional particles connected by elastic springs in a ring-like geometry
(Fig 4.1) [61, 62, 63, 64, 65]. The ring assembly is allowed to exchange particles with
a reservoir. The chemical potential of the reservoir controls the growth rate of the ring
assembly and sets the non-equilibrium driving force in this system. This elastic model is
adapted from an equilibrium model first introduced by Leibler and coworkers in Ref [61].

As demonstrated in Refs [61, 62, 63, 64, 65], despite their apparent simplicity, this class of
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Figure 4.1: Schematic of the growing assembly. When the assembly grows slowly, its shape
remains circular (top figure). As the assembly grows faster, its shape becomes more distorted
(lower left) and ultimately it buckles into a star-shaped morphology (lower right).

elastic models possess many features [68, 61, 62, 63, 57, 58, 59, 64, 60, 69, 65] characteristic
of three-dimensional membranes and can be used to obtain insights into how morphological
changes in such systems can be excited under a non-equilibrium driving force.

Indeed, as we describe below, our numerical analysis shows that the elastic ring’s effective
surface tension and bending rigidity get modified under non-equilibrium growth conditions.
Further, beyond a critical chemical potential driving force, the effective surface tension of
the elastic ring is renormalized to zero, and the elastic ring exhibits a buckling instability
and undergoes a non-equilibrium morphological transformation (Fig. 4.1). Such instabilities
have been observed in experiments investigating the growth of model lipid membranes [59]

and can potentially have implications for biophysical processes such as membrane fission and
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endocytosis. We note that phenomenology similar to that described above can be observed
in three-dimensional elastic membrane models in the later part of the chapter.

Using ideas from stochastic thermodynamics, we provide a thermodynamic prescription
for how the non-equilibrium forces modify the surface tension and bending rigidity. The
thermodynamic prescription only requires information about the magnitude of the non-
equilibrium chemical potential driving force, the equilibrium surface tension and bending
rigidity, the average rate of growth, and fluctuations in the growth rate. It is otherwise
independent of the kinetic details of the growth process. The thermodynamic prescription
is otherwise insensitive to any of the kinetic details used in the growth process. It provides
bounds on the energetic requirements to induce morphological transformations such as the

above-described non-equilibrium buckling transition.

4.2 Simulations and results

4.2.1 The Model and Stmulation Move Set

Our model consists a system of particles in a ring like geometry interacting according to the

energy,

N
k
E = Z ;(li,i—kl —10)? + kg (0; — )%, (4.1)

7

where [; ;11 is the distance between particle 7 and particle i+ 1, [y is the equilibrium distance
and 6; is the angle that particle ¢ makes with its neighbors. Fig. 4.2 describes the procedure
used to simulate addition and removal moves in our numerical calculations. The initial
configuration of the assembly is a circle consisting of Ny particles with equal distance between
them. Addition and removal events are chosen with equal probability. In an addition move,
first a random particle in the assembly is chosen. As described in Fig. 4.2, an addition
move is attempted in a region between the chosen random particle (B) and the next particle

in the clockwise direction (C). The area of the region in which the addition is attempted
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Remove Add

Figure 4.2:  Schematic of the simulation’s addition and removal moves. The addition
rate is Wé\/’,N—i—l = N—lAMin(Exp[ﬁ(—(Ej — E;) + p),1]). The removal rate is WJZZ—H’N =
ﬁMin(Exp[ﬁ(—(Ei —E;) — )], 1). Here, A is the area of the arc which we keep constant

A = 4, N is the number of particle in the assembly, E; = %(ZBE —1o)? + %S(ZCE —1p)% +
kg(ABE — )2 4 kg(ABE — )2 + kg(ECD — 7)2 + C and E; = % (Ipc — 19)? + kg(ABC —
)2 + k‘g(@ — )2+ C; C is the energy contribution of the other angles and strings
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(denoted in Fig. 4.2) is kept a constant. An addition move is accepted with the probability
Min(Exp[8(—AE + pu]),1). In a removal move, a random particle is simply removed from
the assembly with the probability Min(Exp[8(—AE — u)],1). Here 5 = kBLT' The transition

rates of the simulations are:

NN+1 1
Wi =y Min(Exp[5(—(Ej — Ej) + p)]. 1) (4.2)
N+1,N 1 :
Wi = N—HMm(EXP[ﬁ(—(Ei —Ej) =], 1) (4.3)
. . . . N,N+1 .
Here, i and j are used to denote the microstate the assembly is in. Thus, W, is

the transition that changes the assembly from state i to state j with a particle addition.

N+LN

i is the transition that the assembly goes from state j to i with a particle removal.

A is the area in which we attempt to add a new particle which we keep constant A = 4, N is
the total number of particles in the assembly, F; = 7];f+1 %(ln,wrl —10)% + kg (05, — )2,
E; = Zg %(ln,mrl —19)? + kp(6, — 7)%, where n labels the particles in the ring, lnnt1 is
the spring length between particle n and n+1, ), is the made by the bonds connecting the
nth particle. Monte-Carlo simulations are performed with these rules. Each Monte-Carlo
step in the simulation is an attempt to add or remove a particle. Each simulation is run for
at least 107 Monte-Carlo steps. For each value of du, we generate at least 100 trajectories

in this fashion and use this ensemble to measure the fluctuations of the membrane assembly

as described in the main text.

4.2.2  Equilibrium dynamics

When the system is at equilibrium, we have the condition of detailed balance:

N,N+1

Pi(l12,12,3, - IN1,01,00, ..., ON)W, =
. (4.4)
+1,

Pj(ll,2712,37 "'7lN,N+]_7 lN—i—l,lvelan? 70N79N+1)sz
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Here P;(l1 9,123, ..., In1,01,09, ..., 0 ) represents the probability associated with generating
an assembly with NV particles at state i. Similarly, P;(ly 2, ..., INN+1 IN+1,1,01, - 0N, Oni1)
represents the probability associated with generating an assembly with N + 1 particles at
state j. With some rearrangement, and using the Monte-Carlo dynamics described above,

we can rewrite Eq. 4.4 as:

Pi(l1,2,12.3, s INNt 15 INg 1,15 015 025 - 0N ONg 1)
Pi(l1 2,123, .., IN 1, 01,02, ..., ON)

SEXBI(— (B — By) + pog)] = (1.5

Here we have introduced the notation fpeq to denote the value of the chemical potential
parameter corresponding to equilibrium dynamics, and have used % ~ 1 in the limit of
large N. Using P;(l12.-In 1,01.-.0N) = exp(—=BE; + BG ) and Pj(l1,2..In111,01--On11) =
exp(—BE;+ G N1) in Eq 4.5, we have jieq = Gny1—G N + 6~ HnA. We also assume that
limpy_ 00 GN4+1 — Gy =~ g making jieq independent of assembly size in the large N limit.
Eq. 4.4 also implies that at equilibrium there is no particle current in average. With this,
we can numerically determine jieq as the value of ;1 for which the size of the system does not
change in our simulation. For the values of ks = 4 and kg = 6, the Bueq was approximately
2.23.

The rate of growth of the elastic assembly can be tuned by varying the parameter p. For
values of p above the coexistence value fieq, the system is driven away from equilibrium, and
the elastic ring polymer starts to grow. When op/kpT = (1t — pteq)/kpT is small, the elastic
assembly grows slowly and roughly retains its circular shape. With increasing du/kgT, the
elastic assembly grows faster; its shape becomes more distorted. Ultimately, the elastic

assembly buckles resulting in spikes growing out of the circle as shown in Fig. 4.1.
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4.2.3  Measurement of The Surface Tension and Bending Rigidity

To study the above-mentioned morphological changes (Fig. 4.1), we examine how the fluctu-
ations of the elastic ring polymer are modified as a function of its growth rate. Specifically,
we divide the circumference of the assembly into N equal segments with length (I) = L/N,
where N is the number of particles in the assembly at that instance of time, and L is the cir-
cumference of the assembly. We then measure fluctuations in a(z,) where z, = n(l), h(zy)
denotes the deviation of the nt® segment from the average radius of the elastic assembly,
h(zn) = h(xy) — (h). The ensemble over which the fuctuations are measured was con-
structed by initiating simulations with a certain initial elastic assembly nucleus with size Ny
and allowing the nucleus to grow for a time fyeasure- In ensembles constructed in this man-
ner, we measured (|6h(q)|?) where 6h(q) is the Fourier transform of the radial fluctuations
defined with the convention: lAz(xn) = \/—lﬁ Zq dh(q) exp(iqry),q = ?VW—ZZ;, m=1,2,.. N.

At or close to equilibrium, du/kgT < 1, by measuring fluctuations and averaging over
the above-described ensembles, we find that (|6h(q)|?) follows an exponential distribution as

2

shown in Fig. 4.3. Tts magnitude scales likes ¢~ in the low ¢ regime (red line in Fig. 4.5)

and scales like q_4

in the high ¢ regime (blue line in Fig. 4.5). This suggests that at
equilibrium, the fluctuations of the elastic ring can be effectively described using the Helfrich
Hamiltonian [68]:

Eed = / {%(w})? + %(Aﬁ)z} dz. (4.6)

L__( Fig. 4.5), we refer to the parameter Yeq

Motivated by the scaling of the model, P

as an effective surface tension and the parameter keq as an effective bending rigidity.
Even as the assembly starts to grow, Fig. 4.4 and Fig. 4.6 show that the radial fluctuations
are still described by an effective Helfrich Hamiltonian with renormalized surface tension and

bending rigidity, v and & respectively. Indeed, Fig. 4.6 shows that the average (|6h(q)|?) is
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Figure 4.3: The shaded region is the CDF of |h(g)|? at q = 0.0606 obtained from simulations
2
at equilibrium. The line is the CDF of the exponential distribution: 1 —exp |5—h((1)|f here

(10h()[*)sim
(|6h(q)|?)gim is obtained from simulations.

CDF for the g = 0.0619 mode at 6y = 0.5

1.0

0.8

e
2}

CDF(|6h(q)|?)

<o
~

0 500 1000 1500 2000 2500 3000
I6h(a)| >
Figure 4.4: The shaded region is the CDF of |6k (q)|? at q = 0.0619 obtained from simulations
2
at dp = 0.5 The line is the CDF of the exponential distribution: 1 — exp M)'r here

(I0n(q)[%)sim
(I6h(q)|*) i is obtained from simulations.
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Figure 4.5: Power spectrum of interfacial fluctuations at equilibrium. For small wavevectors,
q, [0h(q)]? o ¢~2 while |0h(q)|? ¢~% at high q in agreement with expectations Eq. 4.7.
The data here is for ks = 4 and ky = 6. The diamond symbols are fluctuations of the
assembly with 200 particles. The square symbols are fluctuations of the assembly with 500
particles. The circle symbols are fluctuation of the assembly with 1000 particles. Because
the fluctuations here follow the Helfrich Hamiltonian, its standard deviation is exactly equal
to its average magnitude due to the exponential nature of the distribution. Here v = 1.76
and k = 39.1 from the fit

well described by
kT

2
(h(@)P) o -yl

(4.7)

in accordance with Eq. 4.6 with renormalized effective surface tension and bending rigidity
values. Closer inspection of the effective surface tension and bending rigidity extracted from
Fig. 4.6 shows that the effective surface tension,y decreases as dyu is increased, dropping to
v ~ 0 at a critical value of du = ou. (Fig. 4.9). Beyond this point, the elastic assembly
buckles and undergoes a morphological transformation to ring populated by spikes. The
number of spikes appearing in a process increases with du and is proportional to the initial
size of the assembly (see Fig. 4.9) and remains constant during the growing period. Re-
flecting the diminished effective surface tension cost under non-equilibrium conditions, the

configurations with spikes allow the system to grow with minimal penalties for stretching.
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Figure 4.6: Power spectrum of interfacial fluctuations at different ou. Fitting these curves
to Eq. 4.7 allows us to estimate v and x as described in the text. This analysis reveals that
Yeff decreases with increasing dp. The data here is for ks = 4 and ky = 6.

The bending rigidity does not seem to change by a large amount as indicated by fits obtained
from Fig. 4.6.

In order to study how these elastic quantities depend on membrane size, we extracted
the effective renormalized values of the surface tension and bending rigidity for multiple
values of initial size Ny and simulation time tpeasure. We find that to a good numerical
approximation, the effective elastic constants, v, k and values of the parameters jicoex, and
Ofic, are time and size-independent in all our simulations as shown in Fig. 4.7 and 4.8.

Before moving on to develop a theory of membrane effective surface tension, we would
like to mention the method we used to calculate the surface tension and bending rigidity.
Since the distribution of |6h(q)|? is exponential, its standard deviation is the same as its
average. This is a property of the exponential distribution. And since the average value of
|6h(q)|? is proportional to (7q2—41r/€q4_)’ the smaller q, the bigger the average and its standard
deviation will be. When fitting the power spectrum data to obtain estimates of v and k, we

accounted for the varying standard deviation by appropriately reweighting the errors in a q

mode by its inverse magnitude. With this, the fit will not overvalue the contribution of the
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Figure 4.7: k(l) vs. dp. This graph shows how the bending rigidity , x, changes with o from
two different assembly’s sizes. Unlike the surface tension which decreases with increasing o,
the bending rigidity does not change much from its equilibrium value. The data here is for
ks = 4 and ky = 6. The error bar represents the 95% confidence interval from fitting.

errors from the small g modes.

4.3 A non-equilibrium thermodynamic theory for

renormalization of surface tension and morphological changes

Compare to the systems in the previous chapter, the membrane system here has some funda-
mental differences. First, the membrane does not have a bulk like a lattice system. Second,
the fluctuation considered here is structural and not compositional. Thus, it is not clear if
the framework developed for lattice systems can be applied here. We now show how these
issues can be overcome in order to adapt our framework to the membrane growth process.
Towards this goal, we will focus on, and represent using a Markov process, the dynamics of
a segment of the ring-like assembly depicted in Fig. 4.10 as the membrane assimilates and
gives up particles. The ring-like segment is assumed to be composed of M beads with peri-

odic conditions at the ends. A state w of this segment can transition to a state w’ after an
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Figure 4.8: ~(l) vs. ou. This graph shows how the surface tension , «, changes with dpu
from two different assembly’s sizes. The data here is for ks = 4 and kg = 6. The error bar
represents the 95% confidence interval from fitting.

addition event through a pathway of the sort depicted in Fig. 4.10. Specifically, a particular
particle addition event is allowed to take place with a rate kyqq(w,@) where @ denotes an
intermediate state with M + 1 beads. Since we are only interested in focusing on segments
with M beads, we then construct w’ from & by simply resolving the first M beads in the
clockwise direction without loss of generality:.

A transition from w’ to w due to a particle removal event proceeds according to the
schematic in Fig 4.10. Here, we first imagine extending the segment w’ to construct a
M + 1 bead segment, @ by including the bead from the full membrane that is adjacent
to the clockwise end of w’. The probability associated with generating this intermediate
configuration can be represented as P(w|w’) and depends on the correlations and steady-
state generated as the membrane is grown at a given value of du. Next, a particle removal
event is allowed to take place with a rate kremove(@,w).

As an aside, we note that this set of dynamics of the M bead segment requires an
input: the conditional probability P(©|w’). Alternately, one can imagine evolving the above

described dynamics for a test conditional probability distribution Pyest(@|w’). For sufficiently

47



12

1.5

-----

1.0/~

v
Spikes

0.5

0.0le—— - - -
00 05 10 15 20

Figure 4.9: Phase diagram for data at ks = 4 and ky = 6. As dpu is increased, the effective
surface tension 7y decreases eventually reaching v ~ 0 for o ~ 1.1. Increasing du beyond
this value induces a morphological change to a configuration with spikes. The data was
obtained with Ny = 200. The red curve in the figure represents the surface tension = of
the assembly before the instability. The error bar represents the 95% confidence interval
from fitting. After the instability, v is negative and cannot be measure using the Fourier
transform technique. We then use the number of spikes (the blue curve) in the assembly,
which can be used to infer the instabilities” wavelength, to indicate the systems at different
drive post the instability.

large values of M, the steady-state generated under the above described dynamics can be
used to self consistently generate the conditional probability P(w|w’) where the subscript
ss is meant to denote that the conditional probability has been generated by analyzing the
steady state of the M bead segment. For instance, let’s imagine on a subsection consisting
of M beads segment of size L. For dynamics generated with the correct input conditional
probability, P(®]w’), when L, M > 1 and the size of the M bead segment is far greater
than any correlation length in the system, the conditional probability computed from the
M bead subsections, Psg(@[w'), should closely resemble P(@|w’). Now, coming back to

the dynamics generated with a test conditional probability, Piest(@|w’), the self consistency

condition Piegt(@]w’) = Pss(@|w’) can be used to progressively refine the input estimate.
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Figure 4.10: Schematic of the addition/removal and rescaled moves of our Markov system.
In our Markov network, to reach ' from w, the system has to go through an intermediate
state @. From w to @, a new particle is added to the assembly. From @& to w’, a particle at
the bottom is removed to preserve the same number of particles. We have colored the to be
added or removed particle blue to distinguish it from the other particles in the assembly.
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In this manner, the dynamics of the M bead segment can potentially be used to obtain
estimates of the correlations and steady states generated in the original non-equilibrium
growth process.

Following the set up above, the addition rate and removal rate of a bead in our segment

are
. 1 -
Wada(w, @) = 77 kaaa(w, @) (4.8)
. L -
Wrem (w, w, W/> — MP(W|w/)kremove <w7 W) (49)

In addition, we note that the ratio of add and removal transition rates are informed by the

microscopic dynamics and satisfy

Faga@.©) _ B([Fif@)-Fif @) +n) (4.10)
kremove(w, w)

where 371 = k BT sets the thermal energy scale, E;}(w) is the intrachain potential energy
of the M bead segment and Eje\% 41(@) is the intrachain potential energy of the M + 1
bead segment. The condition in Eq. 4.10 is consistent with the microscopic dynamics used
in this paper. Because the intermediate state @ can be inferred from the initial state w
and final state w’, we will shorten our notations into: W,gq(w,@,w’) = Wyqq(w,w’) and

Wrem(w, @, w') = Wyem (w,w’)
Now, let’s consider the probability pM (wp—1,wn) that is the probability of a transfor-
mation of a segment of M beads with configuration w,_1 to configuration w;, through an
addition of a bead. The n subscript here is simply used as index for convenient of distin-

guishing between addition and removal move in the equation. We can then write down the
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master equation for this probability.

dPM (w » W41
(th nt1) - Z PM(wnfl,wn)Wadd(menH)

Wn—1

+ > P (wy0)Wrem (@ns 1, wna2) PM (wnlwng)
Wn+2

- Z PM(‘Un—i—l)Wrem(WnaWn—i—l)PM(Wn—ﬂwn)

Wn—1

- Z PM(Wn—l—l)Wadd(Wn—l—l,Wn+2)PM<Wn|Wn+1>
Wn+4-2

:PM(Wn)Wadd(Wn:Wn+1) + PM(Wn|Wn+1) Z PM(Wn+2)Wrem(Wn+1awn+2)
Wn+-2

- PM(Wn+1)Wrem(Wnawn+l) - PM(Wn|Wn+1) Z PM(wn+1)Wadd(Wn+1vwn+2)
Wn+2

(4.11)

Now we consider the system at steady state:

sté/[(wn)Wadd(wn, Wn+1)) - Ps]é/[(wnJrl)Wrem(Wna Wn+1) =

P (wnlwnt1) () PA (wni1) Wadd @nt1, wnt2) — Pat! (@nt2) Wrem (Wnt1, Wnt2))

Wn+42
(4.12)
IAN@n,wnt1) = PR (wnlwni1) D JAN(@nt1, wns2) (4.13)
Wn+-2
Here we have write:
IAN (Wns wnt1) = Y (wn) Wagd (wns wnt1) — Pl (win1) Wrem (W wnt1) (4.14)

We have add the ss subscript to indicate steady state. Next, we write VAn(wpt+1) =

an+2 JAN (Wnt1,wn+2). VAN(wp41) is the growth rate of the configuration wy, 1 in the
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segment, and its sum, anﬂ V¥ (wp+1) = (N), is the growth rate of the assembly. We then

sum over all wy 41 configuration in Eq. 4.13.

Z JAN (Wn, Wnt1) = Z sty(wnlwn+1>vAN(wn+l) (4.15)
Wn+1 Wn+1
Van(wn) = Y Pl (wnlwns1)Van (@ns1) (4.16)
Wn+1

If we consider P (wy|wy41) as an element of the matrix PM and Va y(wn) an element of
the vector V AN, the above equation indicate that V AN is the eigenvector of matrix Pé\S/I

with eigenvalue 1. In addition, we also have

P (wn) = > Pl (wn,wni1) = D Pl (wnlwns1) P (1) (4.17)

Wn+1 Wn+1

Eq. 4.16 and Eq. 4.17 suggests that Van(wn) o< PM(wy). Using the normalization of the

probability, we then have:

‘LSN'W y Wn+1
PS]¥<wn) B Van (wn) B anﬂ (wn, Wp+1)

S Van(en) i 415

4.4 Entropy Production For The Membrane Growth

Given the description of the above dynamics, an expression for entropy production rate for
a particle addition event resulting in a transition from a state w to a state w’ through an

intermediate state w is simply given by

(4.19)




where

(4.20)

Note also that the conditional probability can be expressed as Pss(@0|w') = Pas(@,w')/PM (W)
where Py (@, w’) is simply the joint probability associated with sampling @ and w’. Since the
M bead segment w’ is a subset of the M + 1 bead segment @, the joint probability Pss(@, w’)
can be compactly expressed using the symbol sty +1((IJ), the steady state probability distri-
bution associated with sampling the M + 1 length segment, .

We also define Pé\é[(w) = exp(—ﬁEJe\;(w)) Zﬁi} where Z}e\/f} = > L, €xp —BEJQ\;(w) and
Pé\(erl(d;) = exp(—BE]e\;+1(¢D))/Z]e\2+l where Zf\}_ﬂ = Y 5 €xp —BEJG&+1(¢D). Formally,
Pezg (w) and Pe]g +1(%) denote the equilibrium Boltzmann probability distributions associated

with the M and M + 1 segments, w and @ respectively.

Using these definitions and symbols, and using Eq. 4.10, we can write Eq. 4.19 as

) pM pPM+1
k;ls(w,oﬁ,w/) = Jan(w,@,W) |In PS]D(CU) —1In Sj’“_l(ci))
e (W) P TH@) (4.21)
+Jan(w, @, W) Bop
where dp = p — (G?\}Jrl - G?&) — B~ HnA where G?\}Jrl = —ﬂ_lanf\}Jrl and G?\Zl =

—B~tn Zﬁ?, is the excess chemical potential driving the non-equilibrium growth process.
To get an expression for the overall entropy production rate, we now sum over all possible
transitions. Since every allowed transition between a pair of states w and w’ has a unique
M + 1 bead intermediate state, @, the sum over allowed transitions is formally equivalent to
summing over all possible pairs of M and M + 1 bead states, w and @.

Performing this summation, an expression for the total entropy production can be written
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as

Yy : PM () ~ PM (@) -
kp S = B(N)du+ ZlnM— ZJAN(M,M) — ZanzJAN(WaW) (4.22)
o Teq (w) o 5 Peq (@) 5

where we have dropped the dependence of J on w’ for ease of notation and we have used the
fact that the sum of all currents J is simply the net average rate of growth, <N ). To proceed
further, we use Eq. 4.18 to arrive at: .- Jay(w, @) = (NYPM(w). Similarly, with Eq. 4.18
and the condition of probability flux conservation we have: 3 Jan(w, @) = (N)PM+1(&).

With these equations, the expression for entropy production reads

k58 = () [80u — (D[P (@) | M (@)] — DIPY (@)1 PA )] (4.23)

where D|p||q] denotes the relative entropy between distributions p and ¢. Finally, noting the
fact that D[PM (o) |Pé\q4 (@) and D[PM (w)| |Pé\q4 (w)] are relative entropies between non-
equilibrium and equilibrium distributions of segments of length M + 1 and M respectively,

and using

D[P (w)l|Peg (w)]

DIPYH @)1 P T (@)] = DIPY ()| P& ()] = 7 (424)
in the limit M > 1 we can write Eq. 4.23 as
k5L = (N) | Bop — D[Pg(“]\)}w% Sl (4.25)
and since <N ) > 0 for all our cases, the second law of thermodynamics requires that:
o DR @IRN @) w26,

M

Finally, by defining a new energy E]e\gf (w) with: PM (w) = exp (—ﬂE]e\g(w))/Zf\glc and Gﬁ}\f} =
o4



—57tn Zﬁg =7 Y, exp (—ﬁE]e\g(w)) we can rewrite the Eq. 4.26 as:

Eeq _Eeff +Geff _Geq
5u—<M M>M MM > (4.27)

By focusing on a ring segment with finite M beads instead of the whole assembly, we can
write down a finite periodic Markov network for the segment. This then allows us to import
the proof of the thermodynamics uncertainty relations, which has been previously proven
for arbitrary periodic Markov network [20, 21]. The thermodynamics uncertainty relation
states that:

Lo Ja
— (0%
k™S> D (4.28)

o
Here J, is any current of the Markov network and Dy, is its diffusion constant. If we use the
particle current Jo, = (N) and plug in Eq. 4.25 then we have:
(Eyj — B3j) + G5 — Gif o (V)

— > .
Sy 7 > 35y (4.29)

4.5 Entropy Production As A Function Of Surface Tension

Here we will detail how to expression the entropy production as a function of surface ten-
sion. From simulations (see Fig. 4.7), the normalization of the bending rigidity, &, is
minimal. Thus, we will further assume that x = keq to make the calculation simpler.
With this approximation, we have (E®1) = (I)>_, <%'quq2 + %/ﬂeqq4) 16h(q)|2, (E°ff) =

1,21 4 2 2 _ kpT
(>4 (77q + 5keqq ) |0h(q)|* and [0h(q)|* = m . If we convert the sum here

to integral using dq = 2%:

LknT 2w/ 2 4
(E°9) = kp / Yeqq” + Keqq dg (4.30)
0

47 Y42 + Keqq?

Here X is the smallest wavelength allowed by the assembly which we will take to be
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(1) = ly. With some algebra we will have:

Ay — Yeq)arctan [% ﬁeq}

NkpT ~leq

(B = —5— | 1- V7 (4.31)
2 27\ /VKeq

We have used: N = % = %.The same procedure with Fqg yields:

NkgT

(B = —

(4.32)

The free energy is G = —kpTIn (f exp [—Eeﬂ((Sh)] 5h>. Here if we plug in B and

realize that the integral of dh is a Gaussian integral, we can simplify the free energy to:

(1/2)
o 2m —kpT 2m
G = —kpTn (H —) = 2B E In (—) (4.33)

i Y92 + Keqq? : Y42 + Keqq?

We then use a similar procedure as in the case of Egq to turn the sum into an integral. With

a few line of algebras, we will obtain:

NkgTA 2 /_} 2m\2
geff — B ( X arctan {—W Feq) T (2 +In [%})) (4.34)
2m Keq A v A 4T%Keq + YA

Similarly, the expression for the G®1 is:

NkgT\ 2 2 \2
e — L( [Yed, ion {_77 /@} o7 (2 S { - 2])) (4.35)
27 Keq AV Yeq A 4% Keq + YeqA
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If we plug in the definition of €y;4:

<Eeq _ Eeff> + Geﬁ — G
€diss = N

2 Re 27T Re 47r2ffeq+'7eq)\2
kpT\ ((”y + Yeq)arctan| 7;‘/\;] (2, /’yequ)arctan[)\#\/%] 27 (ln [W >

4 VVFeq V/TFeq B A

(4.36)

Before proceeding to use Eq. 4.29 to elucidate how the thermodynamic driving forces con-
trol the renormalization of material properties and morphologies, we first consider Eq. 4.29
without the term non-negative term eg;5 *. The bound in Eq. 4.29 reduces to the following
relation between driving force dp and ratio v/D, du > M%T. In Fig. 4.11 we numerically
verify that our simulations at two different sizes do indeed satisfy this simplified connection.
Further, in the limit of slow driving, ou/kpT < 1, Fig. 4.11 reveals that most of the driving
force is used up in maintaining a growth rate with very little remaining for renormaliza-
tion of material parameters. In this limit, du &~ v/D. At larger values of the driving, du
deviates significantly from v/D. Larger value of the thermodynamic cost associated with
renormalized fluctuations, €4;45, are hence allowed by our thermodynamic bound in these
regimes. Indeed, our simulations (Fig. 4.1) show how a dramatic change in morphologies
can be achieved for du/kgT ~ 1. We will now use Eq. 4.29 to understand how v can be
controlled by tuning du. The predicted dus are plotted in Fig. 4.12 alongside the scaling of
~v with dp extracted from simulations. In particular, the lower bound suggested by Eq. 4.29
is surprisingly close to the actual non-equilibrium driving force du required to renormalize
membrane tension and induce morphological transformations (y ~ 0). Unlike the usual ap-

proaches, the bounds here do not require extensive knowledge of the kinetics of the system.

Indeed, as evidenced by the performance of the bound in Eq. 4.29 in Fig. 4.12, our results

1. The statement eqiss > O can be proven by applying Jensen’s inequality to: (exp [—(E®t — E°T)]) =
exp [— (G — Geﬂ)]
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Figure 4.11: % vs. Op. In this case, kgT is set to 1. The dark line is predicted from linear
response. The error bar represents the 95% confidence interval from the fit 6u = v/D. The
blue dot is from the assemblies of 200 particles, while the orange dot is from the assemblies
of 500 particles. The two measurements overlaps with some minor error.

show how a large component of the non-equilibrium renormalization of membrane material

properties is effectively controlled by two (experimentally accessible) parameters, the driving

force 6y, and the ratio v/D.

4.6 3D Model Membrane Simulation

In this section, we detail calculations that qualitatively suggest that the results obtained
with the 2D model in the main text can be extended to non-equilibrium growth problems
with three dimensional vesicles/membranes. Following Ref. [66], we model a three dimen-
sional fluid vesicle using a triangulated mesh. The nodes of the mesh are meant to represent
membrane particles in a coarse-grained fashion. The energy associated with a specific con-
figuration of the vesicle is given by

H =Y foces | (kaA(A = A0)? + S0 k(6 — 7/3)% + 3 kg(¢ — )% |, where 3op, s s a sum

over the triangulated faces, A is the area of a triangulated face, 0; are the angles inside a
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Figure 4.12: Thermodynamic bounds on the surface tension as a function of the non-
equilibrium driving force dpu. The bound stipulated by the blue curve is from Eq. 4.27.
The bound stipulated by the orange curve is from Eq. 4.29. The green curve is obtained by
measuring v from simulations and is consistent with the bounds specified by Eq. 4.27 and
Eq. 4.29. These bounds provide rough estimates for the energetic costs required to modify
the morphology and fluctuations in the elastic membrane. The error bars in the second
bound is obtained from 95% confidence intervals of fitting. 7.

triangulated face, Z/ denotes a sum over different adjacent phases and ¢ denotes the angle
between two adjacent faces.

In our model, the number of bonds or connections a particular particle can make is limited
from 5 to 7. Similar to the 2D model, we attempt to add and remove particle in our Monte
Carlo simulation. In the addition move, a point is chosen in a triangulated surface to add
the new particle. In the removal move, a particle will be fused with one of its neighbors. Like
the 2D model simulation, the acceptance rate for addition is Min(Exp[S(—AE + u]), 1) and
the removal rate is Min(Exp[3(—AE — u)], 1). Since the overall connectivity of the particles
changes in the course of the addition and removal moves, this membrane model will exhibit
fluid like behavior and will not have crumpling transitions of the sort in [70]. Fig. 4.13
shows the shape of our 3D membrane model at equilibrium. Fig. 4.14 is a heat map showing

the relative radii of the models when it is at equilibrium and at the instability.
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In order to apply the bounds in the main text, we decompose the fluctuations of the 3D
membrane model into spherical harmonic modes [71]. Fig. 4.15 shows how our bounds apply

to the 3D membrane model. We plan to further investigate these ideas in future work.

4.7 Conclusion

The role played by non-equilibrium forces in biological processes such as those responsible for
modulating cell shapes, and dynamics is well established [48, 50, 51, 49, 58, 59]. In this paper,
we have shown how ideas from stochastic thermodynamics, particularly an adaptation of the
recently derived thermodynamic uncertainty relations, can be used to obtain general non-
equilibrium thermodynamic constraints on membrane morphologies and material properties.
Our thermodynamic bounds are minimal depending on the details of the kinetic processes
responsible for membrane growth. We anticipate that such thermodynamic ideas will find
broad applicability and reveal how material properties and morphologies can be robustly

controlled even far from equilibrium.
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Figure 4.13: The shape of our 3D membrane model at equilibrium. The red dots represent
the particles in our 3D membrane model. The surface in this figure is made from the particles(
the red dot) using Mathematica. The particles are triangulated and interact according to
the Hamiltonian:

H =73 fcos [(kA(A — Ag)? + Z?:l ko(0; — /32 + 3 kg9 — 7)2)] , where ) . . is a sum
over the triangulated faces, A is the area of a triangulated face, 0; are the angles inside a
triangulated face, Z/ denotes a sum over different adjacent faces and ¢ denotes the angle
between two adjacent faces.
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Near Equilibrium Far From Equilibrium

Figure 4.14: A heat map detailing the deviations of particles from the averaged radius of
the assembly. The heat map on the left is for the assembly near equilibrium. The heat map
on the right is for the assembly far from equilibrium. The fluctuations in the heat map on
the right are reminiscent of the buckling observed in the 2D model far from equilibrium
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Figure 4.15: This figure is similar to Fig. 4.12 but for 3D model. The reorganization cost
€4iss 18 computed by decomposing the membrane fluctuations into spherical harmonic modes
as explained in the text. We note that the contributions from v/D are much lower in the
three dimensional membrane system than they are in the 2D membrane system. This could
potentially be due to the fact that the overall particle lux N is coarse grained and hence
provides a weak bound on the driving force du. Further decomposing N into growth rates
associated with various microscopic structures (such as individually considering growth rates
of particles with connectivity 5, 6,7 might improve the performance of the bound. The red
curve in the graph is the analytical result for €g;4s.
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CHAPTER 5
APPLICATION TO THE SORTING OF ACTIN BUNDLE

5.1 Introduction

The actin cytoskeleton harnesses chemical energy to perform mechanical work that enables
cells to migrate, divide, and exert forces on their surroundings, among other functions [72,
73, 74, 75, 76, 77]. To perform these varied functions, a cell must be able to control the
organization of its many components in both space and time. A growing body of evidence
suggests that, surprisingly, much of this organization can arise due to passive competition
between actin-binding proteins (ABPs) [78]. At the same time, other processes such as the
formation of a cytokinetic ring require irreversible polymerization and motor activity [79, 80].
This suggests that cells can regulate their internal structures and, in turn, function by tuning
the relative contributions of passive and active processes. Support for this idea comes from
recent in wvitro experiments and simulations that demonstrate that the morphology of a
growing actin bundle can be tuned not only by the binding affinities of the crosslinkers but
also by the actin polymerization rates [27].

These observations, together with recent advances in non-equilibrium statistical mechan-
ics [81, 82, 83, 84, 21, 41], raise the question of whether the non-equilibrium driving—here
due to polymerization—can be related to the emergent structure quantitatively. Here, we
address this question and present a theoretical framework that bounds the dynamics of a
growing actin bundle. In particular, expanding from the previous chapters, we derive con-
straints on a set of three matrices characterizing the process—a matrix containing the various
non-equilibrium driving forces (dp, Eq. 5.23), a matrix encoding the equilibrium and non-

equilibrium morphologies (D, Eq. 5.24), and a matrix characterizing the covariance of the
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molecular fluxes (L™1). For these three matrices, we show that

Tr[dp —D — L1 >0, Detfdp—D—-L71] >0. (5.1)

Eq. 5.1 has a flavor of the fluctuation-dissipation relation. Indeed, when the equality is
satisfied, Eq. 5.1 can be used to obtain a linear-response-like formula connecting the non-
equilibrium forcing, the bundle morphology, and the response to fluctuations in molecular
fluxes (Eq. 5.25). Eq. 5.1 thus provides strong thermodynamic constraints on the non-
equilibrium forcing, actin bundle morphology, and speed of growth. Notably, D and L~1
are experimentally accessible, such that Eq. 5.1 can be used to bound du, which is not
straightforward to measure directly.

In what follows, we first outline a minimal model that captures the salient features of
actin polymerization and bundling and show that it captures the observations described
above. We then proceed to derive our central results and show how these thermodynamic

uncertainty relations constrain the dynamics.

5.2 Actin polymerization drives sorting of actin bundling

proteins

Inspired by the experiments in Refs. [2, 27], we consider a bundle consisting of two parallel
actin filaments and two types of ABPs, a and 3. The growth of a parallel actin bundle
involves continuous actin monomer addition at one end, as well as continual binding and
‘zipping’ of the bundle by ABP binding at that same end. In the specific case shown in
Fig. 5.1, a and [ represent crosslinking proteins a-actinin and fascin, respectively, such that
the bundles formed by the o ABPs are substantially more widely spaced than those formed
by the f ABPs. Consequently, the bending penalty of actin implicitly favors addition of

the current crosslinker at the growing end, as it costs energy to switch from one type to the
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Figure 5.1: Schematic of adding one ABP at the tip of a growing actin bundle. Here, «
and 3 represent a-actinin and fascin, which are 35 nm and 8 nm in size, respectively. The
energetic cost of bending actin disfavors the binding a fascin after an a-actinin, or vice versa,

resulting in domains of consecutive o or 8 types of ABPs. kj;’ and kb 1 (kf ’“ and kZbJ’Q) are
the forward and backward rates for the first (second) site of an ABP blndlng, where 7 and
j are the types of the last two ABPs at the tip; ké’é = kg’; because both rates represent

the binding of the first site of an « ABP (similarly, ké’é = k£ E ). An analogous schematic
can be drawn for the case that the second-to-last ABP is «, and this case introduces four
additional pairs of forward and backward rates with corresponding constraints.
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other. Under conditions of equilibrium, the cost of bending actin favors the formation of
distinct domains of only « or § ABPs. In the case of in vitro experiments using an equimolar
mixture of fluorescently labeled a-actinin and fascin binding to growing actin bundles, these
domains are on the order of several micrometers (~ 100 crosslinkers) long [2]. As noted
above, it has been demonstrated that the domain length statistics can be modulated by the
rate of actin polymerization [27] .

We construct a minimal model of this system with the following simplifications: first, we
assume that the actin-binding proteins can only bind and unbind from the sites at the leading
edge and not from the bulk of the bundle, and second, we assume that the two binding sites
of each ABP bind sequentially and do not allow an ABP to bind to a single filament with
both its sites. As a result, we need two pairs of forward rates szj’l and backward rates k:zbj’l
to describe the binding of first site of each ABP and two other pairs, kiJ;’Q and /{:?312, for their
second site Fig. (5.1). The consideration of both ABP binding sites independently is more
sophisticated than the kinetic Monte Carlo (KMC) models considered in Refs. [2, 27] but is

consistent with the experimental and simulation data therein.

Here, we further decompose the forward rate of k{;’m into an equilibrium component,

kLM

ieq that satisfies a local detailed balance rule and accounts for all the energetics associated

with ABP binding and filament deformations, and a component dklfj’m that can model any

non-equilibrium contributions to the rate,

fom _ o fm g fm
Kij " = kijeqthif - (5:2)

We assert that only the forward rates are modified by any non-equilibrium effects, including

fm

accounts
17,eq

actin polymerization, and we set all the klbj’m to unity. The equilibrium factor k
for the binding affinity of an ABP. In cases where an attached ABP binds to the second actin
filament, this equilibrium part also accounts for the energy penalty associated with bending

the actin filament if the newly bound ABP is different from the previous ABP at the tip
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Ba,eq

2 2
(e.g., rates kgﬁ,eq and kéa,eq

The non-equilibrium component in our model, dszj’m, heuristically accounts for any ef-

(e.g., rate k in Fig. 5.1) and the free energy associated with zipping the actin bundle

in Fig. 5.1).

fects due to the finite rate of actin growth and polymerization, excess concentration or
chemical potential of various ABPs in solution, and their molecular structure. Given this,

we generically decompose the non-equilibrium components as

dklszm - dkj =1+ fmolecular,jfdensity,jfpol,j (5.3)

where i and j are the types of ABPs at the bundle tip. The factor f,,] models the modulation
of the rates due to the finite rate of growth of the actin filaments (kgrow). Specifically, over

a time scale 7, the average increase in the number of binding sites on the filaments is kgrow7

1
and ki]}eq

the net rate of ABP binding is hence modulated by the factor,

7 is the number of binding events per binding site. Assuming Poisson statistics,

fi1 2
Fpor = 1= ¢ beats (5.4)

The factor fpe is essentially the probability of binding at least one ABP within time 7.
fp01 increases from a value of 0 when kgrow is negligible to a value of 1 for rapid actin

polymerization. It acts as a scaling factor that tunes the rates from their equilibrium values

kM

7" to their maximum rates.
1],€eq

The ABP concentrations also influence the rates of ABP binding in solution around the
actin filaments. The phenomenological factor fqensity accounts for these effects. Finally, the
phenomenological factor, fiojecular 1as been introduced to account for any remaining kinetic
differences between the ABPs. Such factors could modulate the maximum rates of adding
ABPs in fast-growing bundles. Still, they do not affect the equilibrium rates szjgbq and the

corresponding equilibrium structure of the bundle [27].
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KMC simulations of this minimal model reproduce the crossover of domain lengths in
fast-growing actin bundles (Fig. 5.2) [27]. It thus captures the essential physics of the system
and serves as a meaningful starting point for the development of a theoretical framework

that shows that a general energy-speed-morphology relation bounds the behavior.

5.3 Connections between the growth and morphology of actin

bundles: A Markov state model

We now introduce a mean-field treatment for the various configurations that arise at the
tip as ABPs associate and dissociate sequentially ( Fig. 5.3). The forward rates l{:zfj’m are
consistent with those used in KMC simulations, accounting for the energetic terms in binding
ABPs and the effect of actin polymerization. The backward rates in the finite-state model
self-consistently account for the probability of finding the appropriate ABP in the bulk of
the actin bundle. For instance, using L, to denote the domain lengths of o type ABPs and
Lpg for its # counterpart, the probability of finding one a at the bundle tip is Lo /(Lo + Lg)
and the probability of finding a consecutive pair aa is (La — 1)/(La + Lg). The chance
of reaching an aax configuration (where * stands for half bound state as in Fig. 5.3) after
unbinding an « at the bundle tip is essentially the conditional probability of finding a« in
the bundle given that the bundle tip is an «, which can be computed by dividing the a«
probability by the a probability to obtain (Lo — 1)/(Lg). In computing the unbinding rate
kg.’m used in the finite-state model, we multiply the backward rates k‘fj’m in KMC simulations
by these corresponding conditional probabilities. Note that the effective backward rate for
unbinding the first head of an ABP, k?;’l, is equal to k:fj’l in KMC simulations because the
conditional probabilities in these transitions are 1. The difference in k?;’l and kg-g is because
the unbinding of an ABP’s first site k:?j/.’l initiates from state ij% and reaches state ¢, so the
type of the preceding ABP is known from the current state, while the unbinding of ABP’s

/
second site k?j’Q initiates from state j and the type of the preceding ABP i is uncertain (see
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Figure 5.2: Average domain length of @ and § ABPs as a function of polymerization rate
kgrow. The distance between neighboring ABPs is assumed to be 0.037 pym in computing
domain lengths [2]. Blue and red triangles are average domain lengths Ly and Lg measured
from KMC simulations. Up and down triangles represent the average domain lengths mea-
sured in simulations with initial configurations composed of either all a or all § types of
ABPs, respectively. Each data point is computed from a single KMC simulation of S = 106
steps. Gray lines (Eq. 5.7) are the domain lengths computed by self-consistently solving

the master equation (Eq. 5.5). The parameters for both KMC simulations and the mas-
. 1 1
ter equation are kéa,eq = 6, kéﬁ,eq = 2, fdensity,a = fdensity,ﬁ = 100, fmoleculana = 0.4,

fmolecular,3 = 1, La,eq = 900(33.3um), Lgoq = 300(11.1uym) and 7 = 1s. The inset shows
the domain lengths over a wider range of polymerization rates with the same symbols. The
plateaus toward the left of the inset represent the domain lengths approaching their equilib-
rium values.
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Figure 5.3: Schematic of the N cross-linker binds to the actin pairs. The states between
two pink dashed lines describe the N th ABP binding. Arrows link states between which the

transitions are allowed. klf " and k?’-m are the forward and backward rates, where 7 and j
are the types of the last two ABPs at the tip, and * represents a half-bound state.
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Fig. 5.3). We summarize the expressions of the rates in the KMC and the Mean Field Master

Equations in the following table.

Table 5.1: Forward and Backward rates for ABP in Master Equation (ME) and KMC Sim-

ulations
Forward ME and Backward Rates ME KMC
Rates KMC
7
Ko | ko =KDy | Kd or Ko 1 1
First head of kf’l kb’,l kb,l 1 1
ABP i SO G, " e
)1 1 o f1 1 1
kb’ﬁ kﬁﬁ = kaﬂ k:ﬁ/g or kﬂﬁ 1 1
kf’l kb ,1 kb’l 1 1
Ba ﬂ,a or Ba
k% k%az r k%% (Lo — 1)/La |
S d head ) ; ;
OF(X]I;P ea K kﬁ/a or kg, 1/Lq 1
£.2 V.2 b,2
kﬁﬁ kﬁﬁ or kﬁﬁ (Lﬁ—l)/Lﬁ 1
12 v,2 b,2
kaﬂ kaﬂ or kaﬁ 1/Lg 1

Given these expressions for the rates, we can write a master equation describing the

evolution of probabilities of the various tip configurations, P;;:

1 b1
WP= 37 (WP -k Py

hj=a,p

[2p V2py _

(5.5)

Together with the mean field relations at steady state as demonstrated in the last chapters:

JN—l,a,]\La: Liot Jtot
0

IN-18N,5= itot Jtot

LO(_]-

Lg—1

1

JN_17a7N7B = JN_1767N304 - mJtOt
O
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here N — 1,4, N, j denotes the tip configurations at position N —1 and N, Jiot is the sum of
the four currents, and Lot = Lo+ Lg. The master equation (Eq. 5.5) can now be solved and

expressions for the non-equilibrium domain lengths Ly and Lj can also be readily obtained:

(La = DK = KAE Lok + Dkba + Lo = 1)

Ba 8
Ly=
KLk Lk (1 + KL KAa = (Lo = DELTRGD) = (La = 1)1+ kLS + Lkl K55)
12 0200 F2 4 (bl
. (Lﬂ_l)kaﬂ _kﬁﬁ’([’/@(kaﬂ +1)/€B5 +L5—1)
"=
KD (Lak D3+ REDRE — (L — DELZRL) — (Lg — D)1+ K2 + Lokl 2kE)

(5.7)

We measure the currents and domain lengths from KMC simulations, and Fig. 5.2 demon-
strates the validity of the relations between the fluxes and domain lengths in Fig. 5.6. The
gray lines in Fig. 5.2 illustrate that these predictions are in excellent agreement with the
domain lengths in KMC simulations for the full range of actin polymerization rates. This
model also recovers the trend shown previously by simulations [27] that as the binding affin-
ity of the short crosslinker (equivalent to 5 ABP in our model) is weakened, the crossover of
domain lengths is deferred to a faster growth speed. Thus our mean-field treatment is able

to capture the behavior of the model quantitatively.

5.4 Thermodynamic constraints between the non-equilibrium
forcing, fluctuations, and morphology
The non-equilibrium thermodynamics of the growing actin bundle can now be probed. Using

the master equation (Eq. 5.5) and the finite-state Markov model in Fig. 5.3, the entropy

production rate ¢ for our effective Markov model can be written as

0 = Jiot (Ap — €giss) = 0. (5.8)
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The factor Apu represents the non-equilibrium forces driving polymerization; it is defined as

5 (8
Ap = > Lilogdk; | . (5.9)
tot i

The factor €445 is a measure of the difference between the non-equilibrium and equilibrium

morphologies as characterized by the respective average domain lengths Lg oy and Lq,eq-

o,

1 L;
Ediss:_Ltt(E LilogLZ
O .

)

i,eq

(5.10)
_ Oﬁﬂ:(ﬂ ~1lo Li-1
- 2 gL 1 .

1,eq

When we compare the expression of the €;;5 to the one in Eq. 3.21, we see that some of
the terms are very similar. In fact, the expression for the €;;4s in Eq. 5.10 can be readily
obtained if we were to use the energy expression of a 1D-Ising model with an effective
magnetic constant and magnetic field. This suggests that the expression of €4;44, in general,
does not matter if the process goes through many intermediate states. We can also rewrite

the expression of the entropy production in vector form:

6 = Jiot(Apt — €giss) = 237 (dk — D[p]) (5.11)

with JT = (Ja, Jg), the rates in which the crosslinkers are being added into the system. The

microscopic force vector dk and the relative entropy term D|p] are defined as

e [ 1oz dha
log dk
. (5.12)
b | PPN @)
D(P(B)||P1(85))
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with

—1. Li—1 Liog—1, 1 1

+ log — — log
) 2Li( L; Li’eq>

D(P()||Pi(i)) =

oL, (5.13)

Eq. 5.8 is a statement of the second law of thermodynamics. However, we can improve on
this bound substantially by adapting recent works in [85, 86]. Specifically, let’s consider
general currents Jy that can be written as a linear combination of edge currents j in the

Markov networks according to:

Jg(n) = j(€)d(e,n) (5.14)

here d(n,€) are elements in a matrix d that describes how each of the generalized currents
depends on the edge currents.

We now proceed by first “inverting” Eq. 5.14 and defining a set of edge currents:

i(€) = Jy(n)G(n,e) (5.15)

where G is a pseudoinverse of the matrix d. Note that since G and d are pseudoinverses of

one another, we have

> J(ed(e k) =" Jy(n)G(n,e)d(e, k) = > j(€)d(€,n)G(n, e)d(e, k) =Y j(€)d(e, k) = (k)

n,e,e’

(5.16)
Eq. 5.16 suggests that the sets of currents j do not have to be identical to j. The matrix
G, however, has to be constructed to ensure that the resulting sets of currents j meet the
following two requirements: first, the sets of j satisfy current conservation; second, the
resulting sets of j at steady state match j at steady state.

Then, we use the findings of Ref. [21] which showed that the large deviation rate functions
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associated with the fluctuations in the various edge currents satisfy the following inequality,

16) < 37 () — 77 (e))? -2 (5.17)

where I(j) is the rate function of the edge currents, j7 is the average current of the edge and
o™ (€) is the entropy production of edge e. Note that the entropy production along the edge

€ that links states ¢ and j with forward rate k;; and backward rates k;; can be written as

o™ (e) = j™(e) log k;lj B The sum of entropy production along all the edges should result in
the total entropy as in Eq. 5.11.We can then use the arguments in Ref. [21, 85] to substitute
Eq. 5.15 into Eq. 5.17 and obtain a bound on the large deviation rate function associated

with the generalized currents, I(Jg)

2
I(Jg) < Z (ZJg —JZ(e )G(n,e)) %. (5.18)

Now we consider the system at steady state, with Jg™ denoting the vector of average gen-
eralized currents and Jg denoting the covariance of generalized currents. The rate function

I(Jg) can be expanded around the average generalized currents, Jg™, as
~ 1~ ~
I(Jg) = I(Jg™) + D [1(Ig)|Tg™] - Tg + §Jg H [I(Jg)|dg™] - Tg (5.19)

Here Jg is a vector with elements (Jg(n) —Jg™(n)), and D [1(Jg)|Ig™] is the vector contain-
ing the derivatives of the rate function I(Jg) with respect to the current Jg. Since the rate
function is at its minimum at Jg™, 1(Jg™) and D [I(Jg)|Jg™] equal zero. H [I(Jg)|Jg™] is
the Hessian matrix of I(Jg) evaluated at Jg™ which can be related to the covariance matrix
L as shown in [87]:

H[I(Jg)|Jg"] =L 1. (5.20)
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Eq. 5.19 and Eq. 5.20 then allow us to rewrite Eq. 5.18 as
T -1 3 3T T 3
Jg L7 - Jg <Jg -GSG™ - Jg (5.21)

Here G is the matrix form of G(n, €) with n indicating the row and € indicating the column,
GT is its transpose and S is a diagonal matrix with elements o™ (€) /2|57 (¢)|2. Since Eq. 5.18
is valid for any arbitrary fluctuation about the mean, GSGZ — L~ has to be positive semi-
definite, which is to say that all of its eigenvalues have to be non-negative. For a 2 x 2

matrix, this is equivalent to
Tr(GSGT — L1 >0, Det(GSGT —L71)>0. (5.22)

We then rewrite GSGT into §pu — D where 8 contains all the term with the driving forces:
dk,, /8 while D contains the rest.

We now define the matrices dp, D and L™ precisely. This is mainly determined by the
choice of the general currents in interest. In this system, the two important currents are the
Jo and Jg, the rate in which the crosslinkers are being added into the system. With this
choice, we can write down a matrix d that relates the particle currents J to the edge currents
4 and its pseudo-invert matrix G with the conditions: the resulting currents j = GTJ satisfy
current conservation and the match j at steady state. With this and some algebra, the matrix
o becomes:

S + Yy Onar§ + oy
op = 5 5 (5.23)
OpaYg +0ugys  OpaYy + opgYy

where o1,/ 5 = logdk,, /3, W?/B = [(Ltot — 1)2/(La/ﬂ —1) 41}/ Liot, 7;/6 =[1/(La/p—1)+

1]/ Ltot, and yg/ﬂ = —Lg/a/[Ltot(Ly/s—1)]. The matrix D depends on the non-equilibrium
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and equilibrium domain lengths of ABPs and is defined as

dpar{ + dpmg +¢ dpa§ + dpmgﬂ + €

D= (5.24)

dpa”§ + dpmg +e dpay + dpmf + €

where dp, 3 = (1/2)((Ly5-1)/Losl-Inl(L%%—1)/L ) and € = (1/ (2Ltor)) (n( L3~
1)/(Lo —1)] + ln[(L%q —1)/(Lg — 1)]). The D matrix only depends on the equilibrium and
non-equilibrium morphologies of the bundle. L1 is proportional to the inverse of the co-
variance matrix of fluxes and is computed as L™1 = limy_,oo JiotM ™1 /t, in which M has
the elements M;; = (0.J;6.J;) and t is the time of growth. In Fig. 5.4, we numerically ver-
ify Eq. 5.1 for various parameter combinations. The equality in Eq. 5.21 holds only when

dp—D =L~ In that case multiplying Eq. 5.21 by the column vector J we readily obtain
dk —D[p]=L7'.J (5.25)

where L™! = L7/ Jiot, dk and D[p] are defined in Eq. 5.12. Eq. 5.25 can be viewed
as an extension of the fluctuation dissipation relation to our non-equilibrium bundling and
polymerization process. It relates the various driving forces dk and a relative entropic
measure of the distance between the non-equilibrium and equilibrium structures, D[p], to

the various observed fluxes J through the flux covariance matrix L.

5.5 Connection to the Thermodynamics Uncertainty Relations

The so called thermodynamic uncertainty relations (TUR) [84, 21, 86, 88, 85] can also be
readily derived from Eq. 5.1. The TURs have emerged as universal constraints on the fluctu-
ations of currents in non-equilibrium processes, which present tighter bounds for microscopic
driving compared than the second law (Eq. 5.8). Specifically, our central results in Eq. 5.1

implies that JT - [§p — D — L™ - J > 0 for any vector J. Hence, this TUR bound takes

78



into account the correlation between individual molecular fluxes and we derive the following

multidimensional thermodynamic relation (MTUR) [86] for biopolymer bundling:
Jrot (A — €gigs) = 23T - (dk — D[p]) > 2J7-L~1J. (5.26)

Our central result provides a connection between the microscopic driving forces repre-
sented by dp or dk, the non-equilibrium structure of the bundle as encoded by matrix D
or D[p], and the fluctuations of the various fluxes denoted by L™ (obtained in the non-
equilibrium steady state). Experimentally, it is possible to measure the fluxes of various
bundling proteins, and the structure of the bundles. Then, one can use Eq. 5.1 to bound the
microscopic driving forces. These microscopic forces generally cannot be measured directly.
Further, in non-equilibrium regimes where the L™1 matrix exhibits singular or close to sin-
gular behavior, our results suggest that the system might be insensitive to perturbations that
tune the various microscopic driving forces, dk. Our results suggest that the non-equilibrium
bundling morphology can be effectively tuned away from such points.

Finally, Eq. 5.1 can also be used to assess the relative importance of accounting for the
statistics of the individual fluxes. To do so, we use the TURs to derive a bound for the rate

of entropy production in terms of the total flux, Jiot:
(5.27)

Here, t is the growth time of the bundle, (Jiot) is the average total flux of adding ABPs to
the bundle, and <5<]t20t> is its variance. In Fig. 5.5, we compare the performance of Eq. 5.27
(brown) with that of Eq. 5.8 (blue). We see that the TUR bound is closer to the real driving
Ap compared with the second-law bound. Nevertheless, it still fails significantly at kgrow =~ 1
nm/s, where it only recovers about 6% of the actual driving. This implies that controlling

the overall kinetics is not enough for facilitating the sorting of ABPs.
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Figure 5.4: Numerical verification of Eq. 5.1. The blue boundary marks the location of the
inequality Tr[M] > 24/Det[M] for a two dimensional square matrix M. The red diamonds
are results from the non-equilibrium KMC simulations with the parameters used in Fig. 5.2
and the red line is the theoretical mean field prediction for those same parameters. Gray
dots are computed by constructing the matrices dp, D, and L™1 using the the master
equation results and computing the eigenvalues of (§p — D — L)/ Jiot using Mathematica
[3] for randomly selected parameters from Lgeq = [1,90000] , fqensity,s3 = [1,100] and
kerow = [0.001,100] nm/s, with all other parameters the same as the red line. The inset
shows these two quantities for a wider range, with both axes in logarithmic scale. We do
not consider kgrow < 0.001 nm/s due to limitations of numerical precision. Eq. 5.1 provides
strong constraints between the non-equilibrium forcing, morphology, and speed of growth.
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In Fig. 5.5, we also plot the MTUR bound (Eq. 5.26) using cumulants of fluctuations in
the individual fluxes from KMC simulations. Although not perfect, this bound recovers at
least 46% of the actual driving Ay for the full range of polymerization rates. The increasing
gap between the MTUR bound and the actual driving is consistent with our central result
in Fig. 5.4 that Tr[6p — D — L™1] becomes further away from zero as microscopic driving

becomes stronger and makes growth faster.

5.6 Conclusions

In conclusion, we have derived a strong thermodynamic constraint relating the microscopic
driving of a growing bundle (denoted by du in Eq. 5.1), the morphology of the bundle in its
non-equilibrium steady state as described by the matrix D, and the statistics of the rates of
incorporation of crosslinkers as described by the matrix L™1. Our central results, which can
be viewed as extensions of the fluctuation dissipation relations, also have practical applica-
tions. As an example, they potentially provide a route to estimate microscopic driving forces
(contained in the dpu matrix) from experiments in which the various fluxes and morphologies
are measured using microscopy and quantitative image analysis.

While this current work is focused exclusively on the growth dynamics of bundled actin
networks, we anticipate that the formalism presented here can be used in other contexts,
such as the interplay between structure, speed, and non-equilibrium forcing in the growth
dynamics of branched actin networks [89, 90, 91], the self-organization of other ABPs to dis-
tinct actin network architectures (e.g., networks initiated by formin or the Arp2/3 complex)

[78], and the sorting of ABPs to distinct networks under confinement [92].
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Figure 5.5: Comparison of bounds on the non-equilibrium driving force Ap. The black
line(5.9)is the actual driving force predicted by the master equation. The blue curve(5.8) is
the driving force required for morphology change. The brown (Eq. 5.27) and red (Eq. 5.26)
lines are the thermodynamic bounds computed from KMC simulations using TUR and
MTUR. Each of the brown and red data points is generated with 500 independent KMC
simulations, each of 107 steps. All parameters of the KMC simulations are the same as in
Fig. 5.2.
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CHAPTER 6
EXTENSION TO TIME DEPENDENT DRIVE

6.1 Introduction

In the previous chapters, we have developed a framework to model non-equilibrium self-
assembly at a steady-state and apply it to various growing systems such as actin and mem-
brane. One important non-equilibrium self-assembly that we have not touched is assembly
under periodic drive. Indeed, time-periodic forcing has been used to create non-equilibrium
states with enhanced order in many contexts [93, 94, 95, 96, 97, 98, 99, 100]. It was showed
that dynamic phase transition can occur by tuning the frequency of inputting the energy
into the system [101, 102]. Unfortunately, there is no general framework to study how the
pattern of the assembly changes under periodic drive or how entropy production plays a role
in it. These issues will be the focus of this chapter.

Under the periodic drive, the self-assembly system is no longer steady-state, and many
mean-field conditions in the previous chapters are no longer valid. In general, the mathemat-
ical treatment of deterministic periodic systems is not trivial, especially in calculating the
entropy production [103]. However, we will show that many of our mean-field approaches
can still be used to probe the periodic assembly effectively under certain conditions. Inspired
by works in [104, 105, 106, 107, 108, 109, 110], we develop a more general treatment that
works for wider conditions using bi-partite Markov Network. Finally, we will demonstrate
the relationship between the entropy production and the regime in which a field is effectively

driven into the assembly.

6.2 Model And Simulations

We consider a one-dimensional growth of an assembly made up of two kinds of particles as

shown in Fig. 6.1. We will assign the red particle with a value of 1 and the blue particle
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Figure 6.1: Schematic of the one dimension growth assembly with rates affected by a time-
varying magnetic field h(t).

J

with —1. In this particular case, we will add particles into the assembly at a constant rate:

k:,?dd(ni, nj — nj,ny) = exp(p) = exp(teq + opt) (6.1)

Here n represents the configurations/properties of the elements or particles that make up the
assembly (like spins). pu is the chemical potential of the particles on the bath, which we have
further separated into fieq + 0pi. pieq is the chemical potential of the bath when the system
is at equilibrium with no magnetic field, and oy is the extra chemical potential driving the
system. The particles, however, are removed with a time-dependent rate:

2
ki€ (ng, n; <= nj,n;) = exp(—Jn;nj — hcos <%t>nj) (6.2)

Here J is the magnetic constant, h is the amplitude of the magnetic field, ¢ is time, and
w is the period. As the assembly grows, we only allow particles to attach or detach at the
outermost block of the assembly. We then run simulations with the above rates using the

First Reaction Method (FRM) [111]. In the limit of small w, the magnetic field will oscillate
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Figure 6.2: Fourier Transform of the assembly obtained using simulations at o = 6.5, J = 4,
h = 0.2 and w = 1000. The period of the peak is the same as the period of the magnetic
field.

very fast, resulting in the assembly only see the average magnetic field. In the opposite
limit, when the magnetic field is extremely slow, the assembly can be modeled using the
steady-state equations at every instant in time. Both of these limits can be solved using the
techniques we develop in previous chapters. Therefore, in this chapter, we will focus on the
regime between these two extremes and investigate how an extra driving force du affects the
pattern inside the assembly.

To analyze how well the magnetic field affects the pattern inside the assembly, we take the
whole assembly generated by the simulation through a Fourier Transform. We then convert
the frequency in the assembly to period in time using the growth rate: (N) = % Fig. 6.2
shows the result of the Fourier Transform for an assembly consisted of 107 particles. The
location of the peak of the Fourier Transform corresponded to the period, w, of the magnetic
field.

We repeat this analysis to assemblies obtained with dp from the range: ou : 4.0 — 9.0
and plot the magnitude square of the peak varying with the number of particles in the
assemblies which go through the Fourier Transform in Fig. 6.3. From Fig. 6.3, we see that
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Figure 6.3: Peak of the Fourier Transform as a function of the number of particles in the
assembly. Top: in this range, du = 4.0 to 6.0 , the peak keeps decaying as the number of
particles increases. Down: in this range, du = 6.5 to 9.0, the peak stays constant with the
number of particles.
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Figure 6.4: Decay coefficient as a function of du. The decay coefficients, a, are extracted
using In max(|m|?) = aln N +b.

the peak of the assembly first increases with increasing du. It then caps out and decreases
with increasing du. Closer inspection reveals that the peaks in the profiles from dp = 4 to
op = 6 keep decaying with increasing particles while the profiles with higher du seem to stay
constant. To quantify this, we fit the peak to the number of particles using the formula:
In max(|m|?) = aln N + b. The parameter a is the decay coefficient of the assembly peak.
Fig. 6.4 shows how this decay coefficient change with the du. This suggests that to effectively
drive a pattern from a varying field into the assembly, a minimum amount of driving force,
O, is required.

In addition to the assemblies’ peaks obtained from Fourier Transform, the probability of
obtaining a certain particle at a certain time can also be used to measure how the magnetic
field drives its pattern into the assembly. This is done by recording the time in which
a particle is added into the inner layer of the assembly. Fig 6.5A shows the probability
profiles inside the assembly of some dus. Similar to the peaks of the Fourier Transforms,
the amplitude of the probability profiles also maximizes at certain du as shown in Fig 6.5B.

However, the location of this peak is not the same as the one obtained from the Fourier
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Figure 6.5: Up: Probability profiles of obtaining a red particle as a function of time. Down:
Amplitudes of the probability profiles of obtaining a red particle.
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Transform. From now on, we will use the probability profile as a metric to measure how well
our approach model the simulations. We choose this mainly because the probability profile
converges much faster in the simulation and can be readily obtained from the mean-field

model.

6.3 Mean-Field Approach

Before developing a bi-partite Markov Network to describe our process fully, let’s first try
applying the mean-field approach developed for steady-state assembly. We consider the

probability: P!(n;, n;) and master equations:

dPt(nj,nj) ¢
—a = —P'(nj,n [Zpgen nglnj)k U (n;,n nj = nj,ng)+

Z sys (1k[77) Ykt ™ (ng, i < nianj)}“‘

(6.3)
[ngs(nﬂnj) Z P(nj, nk,)k{em(ni, nj < nj, nk)} +
ng
[Pgen |nZ ZP nka nz)kadd(nkvni — Ny, nj>:|
ng

The conditional probability ngs(nﬂnj) can be expressed through the other probabilities:

Pt(n;,n;)

t 7]

Psys(nl|nj) S Pl(ng,n ])
n; ’

(6.4)

One approach in solving the above master equations assumes that the system is at a quasi-
steady state. With this, we can set the left-hand side of Eq. 6.3 to 0 and solve the master
equations consistently at every point in time. However, this naive approach only works in
the limit where the oscillation is extremely slow (high w). In general, we cannot assume the
system is at a quasi-steady state, and the master equations have to be solved numerically. In

Fig 6.6, we compare the probability profiles obtained from the FRM simulations (blue dots)
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and those from solving the mean-field master equation, Eq. 6.3, numerically (red curve),
which indicates that in the regime of high du and high w, the mean-field master equations
can be used to predict the structures inside a periodic assembly. This is because, in these
regimes, the rates at which particles going into the assembly are relatively high compared
to the rate that the field is changing. However, this does not mean the assembly is in
a quasi-steady state. In Fig. 6.6B, we plot the probability profile by solving the master
equations assuming steady-state (green dot) to contrast the one obtained from solving the

time-dependent master equations numerically (red curve).

6.4 Bi-Partite Markov Network

When we develop our mean-field model, one assumption that we take is that the conditional
probability operator is universal across the assembly. This, however, is no longer true when
the different parts of the assembly experience different fields. To take in account this effect,
we have to include a time-dependent term in our probabilities: P! (njty, njty). Here for the
part n;t,, the t, represents the time that the particle n; is added into the assembly. In order
words, a particle will remember the time it is deposited into the assembly. The Z; is on the
interface particle and represents the current time of the system. With this setting, there
will be two different kinds of transitions in this process. One is the additional and removal
of particles. Another one is the moving of time at the tip of the particle. The possible

transitions in addition and removal of particles are:

Kadd

k?rem

krem
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Figure 6.6: Probability profile for obtaining a red particle at a certain time in the assembly
at A: This profile is at o = 3,J = 4,h = 0.2,w = 10. B: This profile is at du = 3,J =
4,h = 0.2,w = 1000. C: This profile is at du = 6,J = 4,h = 0.2,w = 10. The blue dots
are obtained from FRM simulations. The orange dots are obtained from simulations of the
bi-partite Markov process with Eq. 6.9. The red curve is obtained by solving the mean-
field master equations, Eq. 6.3, numerically with time-dependent rates. The green dots are
obtained from solving the mean-field master equations, Eq. 6.3, by assuming the assembly
is at quasi steady-state at every point in time.
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The transition in time is simply: n;ty, njtxgnity, njtyy+1 Here A = %, M is the number
of time states we have partitioned the field into.

With the above transitions, the master equations for this bi-partite Markov process are:

dt

Nk

+ > Plys(ngtylnita)kf < (ngty, nite < nite, njty)
Nty

+ [ > Pl s(nitalnjty) PH(njty, ngte) ki ™ (nite, njty njty,nktx)}
Nty

nk,ty

+ /\Pt(nitx, njtx_l) — )\Pt(nitx, njtx)

dt

ng

nk,ty

+ [ > Pl (nitelnty) PH(njty, ngt) k[ (nite, njt. njty,nktz)]
nk,ty

+ )\Pt(nitx, njtz_l) — /\Pt(nitx, njtz)

(6.7)

In the Eq. 6.7, x # z. With this setup, we can construct self-consistent formulas that connect
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the probabilities at the interface and the probabilities inside the assembly like we did before:

Pztngide(nitl'v njtave) X Z [Pgen(njtxlnitx)k?dd(nkty, Nite = Nitly, njtm)Pt(nkt% nitz)
”k;tyvtz

(6.8)

Usually for the removal move, the term k" (nty, nit; < n;tz,njt.) doesn’t depend on the

inner configuration nyt,. This allows us to simplify the last term to:

ngnside(nitl‘u njtave) X Z [Pgen(njtx|nita:)/€?dd(nkty, Nite — Nits, njtm)Pt(nkty,nitx)
le,ty,tz

(6.9)

Figs. 6.6 show that the probability profiles obtained using Eq. 6.9 (orange dots) match very
well with ones from FRM simulations (blue dots). We have also tested Eq. 6.9 using different
kinetics and harmonics, Eq. 6.9 (orange dots) still captures the probability profiles very well

when the mean field method (red curve) does not (Fig .6.7).

6.5 Entropy Production

Now we can proceed to calculate the entropy production for the system. Because of the
system’s setup, some of the transitions are unidirectional, so the normal definition of entropy

production does not apply to them. The total entropy production, however, only depends
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Figure 6.7: Probability profile for obtaining a red particle at a certain time in the assembly
with two magnetic fields at different periods wy = 2 and w9 = 3 with J = 4,h = 2. A:
This profile is for o = 5. B: This profile is for i = 3. The results from bi-partite Markov
processes agree very well with ones from FRM simulations. The mean-field method, however,
only works well at high dpu.
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on the bidirectional transitions [112]. The total entropy production, thus, is:

txatyank,'ani7nj

ngs(”ktymitx)krem(nk:tya Nty < nity, njtm)Pt(nitxa njtx)

However, this entropy production increases without limit with the number of time partitions
in the bi-partite Markov Network. This is because we have artificially labeled timestamps
into the particles, which cost information making the entropy production increase. We then
have to look at a coarse grain probability to get an entropy production that converges with

increasing time partition.

P'(njtaye, njty) = > P'(nitz, njty) (6.11)
to
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The master equation for this coarse grain probability is:

dPt(nitave, n]ty)
dt B

t.Z’ 9 7tZ 7nk

Pstys (ngtzlnits) k™" (nytz, nity < njty, njty)] +

’I’Lk atl‘ 7tz

Np,ta

+ /\Pt(nitave, njty—l) — )\Pt<nitave, njty)

:—Pt(nitave,njty)< > Pl(telni,nty)

tl‘ntzank

Z (Pt(njtave7 nyty) [ Z ngs(nita:|njtz)P§ys(tz|nj7nkty)krem(nitm njty < njtz, nkty)]
Nk tzitz

+ Pt(nktave, nity) [Z Pgen(njty|nity)P§ys(tx|nka nity)kadd(nktx, nity — nity, nﬂy)])
2
+ /\Pt(nitave, njty—l) — )\Pt<nitave, njty)

(6.12)

Unlike the master equations for the full probabilities, the master equations for the coarse
grain probabilities cannot be self-consistently solved at a steady state. So to get the coarse
grain probabilities, we have to solve the master equations of the full probabilities first.
However, in the limit of high du, high w, and for the case, the rates are independent of the

inner block, Eq. 6.12 reduces to the mean-field master equations we have earlier. Fig. 6.8
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Figure 6.8: Entropy production of the one dimension growth assembly with rates affected
by a time-varying magnetic field h(t) with J =4, h = 0.2, w = 1000

shows that entropy production from the coarse grain master equation and one from the

mean-field equation are indistinguishable from each other.

S?“educed = Z

Ly, g, M1

tx

t$7tz
Pl(njtave, nity) [ Yo, Poen(njty|nity) Peys(ta|ng, nity )k (nyt e, ity — nity,njty))]

(6.13)

As the system approaches the transition in which pattern is added into the assembly
(around du = 7), the entropy production of the coarse grain system approaches an inflection
point. And the entropy production of the bi-partite Markov network model starts to decrease.
These indicate that in the regime where patterns are deposited effectively into the assembly,

there’s little correlation in an assembly pattern deposited from one time to those at another
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time. The results in Fig. 6.8 also suggest we can use the entropy production to predict the

required ou to deposit particles into the assembly effectively.

6.6 Conclusion

In this chapter, we have developed a framework to study the growing of an assembly under
periodic drive. In the regime of high du and w, the mean-field equations for steady-state can
be used to predict the probability profile inside the assembly. A bi-partite Markov network
has also been constructed that works in a wider regime than the mean-field equations. We
demonstrate that a minimal driving force is required to grow an assembly under a certain
pattern effectively. As the system goes through these two regimes, the entropy production
also goes through an inflection point. We plan to test this observation with more complicated

systems with thermal phase transition such as 2D-Ising in future studies.
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CHAPTER 7
CONCLUSION AND OUTLOOK

7.1 Conclusions

In this dissertation, we have developed a general framework to study steady-state and pe-
riodic non-equilibrium self-assembly. Using ideas from stochastic thermodynamics, we have
argued that the energy dissipation of a process can potentially be used to constrain self-
assembly properties, correlations, material properties, and phase transition behavior in many
non-equilibrium systems. Biology uses non-equilibrium activity to support a variety of novel
functional states. We anticipate that the frameworks reviewed here can provide a start-
ing point to address some of the unique phenomenology seen in biophysical systems and

potentially replicate them in synthetic materials.

7.2 Outlooks

7.2.1 Hydrodynamic generalizations

Eq. 2.37 and its various proposed generalizations, we have assumed that the dominant non-
equilibrium forces are tied to growth. Our approach does not consider other dissipative
effects such as those due to hydrodynamic modes [113] and particle transport, which can be
important factors. If the contributions from such considerations are to be considered, Eq. 2.37
needs to be generalized so that the entropy production rate includes these effects. Following
the theoretical framework laid out above, the thermodynamic uncertainty relations can be
potentially be used to obtain a set of inequalities constraining the fluctuations in various
fluxes. Such sets of inequalities can be viewed as generalizations of the classical linear
irreversible thermodynamics approach that is commonly used to obtain phenomenological
equations of motion in near equilibrium settings [114, 115].
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7.2.2  Modulating structure and phase transformation behavior of

self-assembled colloidal crystals using non-equilibrium forcing

Building on the results in Ref [116, 117] we anticipate that this thermodynamic framework
can be used to study the properties of colloidal or nanoscale crystals assembled under non-
equilibrium growth conditions. Indeed, experiments and simulations have shown that non-
equilibrium forcing can potentially modify crystal structures and phase behavior in such
setups [118, 119, 120]. For example, Ref [120] used computer simulations to study the non-
equilibrium phase diagram of a binary A — B mixture. Their work showed that the location
of the line separating the BCC and CP phases shifted if the crystals were grown out of
equilibrium. The non-equilibrium theoretical framework in Eq. 2.37 can potentially reveal
how energy landscapes are different from the equilibrium landscapes or, alternately, how
crystals characteristic of interaction energies other than the ones encoded physically can
be generated by non-equilibrium forcing (for example, using du). Such studies can clarify
how the equilibrium phase diagram and boundaries can be modified by non-equilibrium
forcing [120].

Adapting Eq. 2.37 so that it applies to finite time processes, for example by using general-
izations of the thermodynamic uncertainty relations to finite time processes [22, 23], it might
be possible to develop predictive thermodynamic frameworks that explain the self-assembly
of large complex terminal structures (i.e. finite structures as opposed to the non-terminal
assemblies considered above) [121] from patchy nanoparticles [122, 123] and DNA mediated

interactions [37].
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7.2.83  Thermodynamic bounds on membrane morphologies due to
non-equilibrium activity.

Building on the above-described applications of Eq. 2.37 to understand non-equilibrium mor-
phologies of model membranes (embedded in two dimensions), future work should explore
whether similar relations can be written down for more realistic membrane models that are
embedded in three dimensions (Fig. 4.13) and to include cases where detailed balance is
broken due to other membrane remodeling events. One important example of this is binding
and unbinding of curvature-preferring proteins, which are often involved in active membrane
remodeling processes such as endocytosis and cell fission [58, 124]. Non-equilibrium thermo-
dynamic bounds, if derivable in a manner that accounts for the various hydrodynamic flows,
can provide intuition for the microscopic energy requirements to drive such an organization.
It can provide a general far from equilibrium framework for controlling membrane material

properties, such as the local surface tension, at the cost of energy consumption.

7.2.4  Biological polymerization reactions

Proofreading mechanisms used during various DNA replication processes provide a very
illustrative example of the tradeoffs between dissipation, speed, and error or functionality
in biology. We anticipate that connections like those in Eq. 2.37 will further elucidate these
tradeoffs. Indeed, expressions for entropy production for various model replication processes
have already been obtained. Such expressions can be used to extend Eq. 2.37 to study the
energy-speed-accuracy tradeoffs in replication and translation processes in biology [125, 39,

17]
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