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Abstract

Despite its generic title, this thesis is about a specific notion of sparsity, the one introduced
by McCullagh and Polson (2018) [51I]. In that paper, the intuitive idea that sparsity, in
a statistical framework, refers to those “phenomena that are mostly negligible or seldom
appreciably large”, has, for the first time, been given a mathematical definition. In study-
ing this definition of statistical sparsity as a limiting property of a sequence of probability
distributions, research has proceeded along different lines, which nevertheless intersect at all
times. In all cases, our work has been driven by both theoretical and practical motivations.

The notion of negligibility, for instance, is developed from the necessity of describing the
behavior of a sparse distribution in a region around zero, a necessity which is commonly
encountered in applied work. At the same time, doing this in a mathematical way, allows
us to define very clearly what is the perimeter within which this notion is informative,
and can be used. Another main direction of research we pursue, aims at extending the
definition of sparsity to distributions which are defined on R?, d > 1. Within this framework,
we consider two scenarios: in the first one, the d-dimensional measure is a product of d
one-dimensional sparse measures; in the second one, instead, the d-dimensional measure is
rotationally invariant with respect to the inner product imposed on R?, and sparsity is driven
by the radial component. For both cases, we develop some theory as well as present how

this theory can be in fact applied in the context of various statistical problems.
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Introduction

Despite its generic title, this thesis is about a specific notion of sparsity, the one introduced
by McCullagh and Polson (2018) [5I]. In that paper, the intuitive idea that sparsity, in
a statistical framework, refers to those “phenomena that are mostly negligible or seldom
appreciably large”, has, for the first time, been given a mathematical definition.

In studying this definition of statistical sparsity as a limiting property of a sequence of
probability distributions, research has proceeded along different lines, which, nevertheless,
intersect at all times. Therefore, only for the sake of organization of exposition, we structure
this thesis in three parts, but these should be considered separately only up to a limited

extent.

The aim of this introduction is three-fold: first, to give the reader some background
on the notion of sparsity introduced by McCullagh and Polson (2018) [51], this being the
starting point of everything thereafter presented; second, to highlight some of the critical
points that this initial definition presents under some circumstances, which in fact act as
motivations for our work; last, to provide the reader with a roadmap, which, in our best
intentions, would serve as a compass in the reading of the thesis, allowing the reader to see

how certain ideas are shared by different parts of the work.



McC&P’s definition of sparsity

McCullagh and Polson (2018) [51] (McC&P henceforth) first introduced the definition of
statistical sparsity as a limiting property of a sequence of probability distributions, {P,},,
defined on the real line, and indexed by v. This latter is called sparsity parameter since, as
v — 0, the sequence of measures P, is assumed to converge weakly to the Dirac delta measure
at zero, dg. In other words, if X ~ P,, then in the limit, X is equal to zero with probability
one. However, sparsity as defined in McC&P, does not concern the limit itself, but rather it
concerns the behavior of the sequence P, as the limit is approached. Put differently, for a
family of distributions P, to have a sparse limit according to McC&P, one needs to be able
to describe how P, approaches dy in terms of expectations of certain functions, which will
shortly be defined in a more precise way. For this description to be possible, two objects
need to exist: a rate parameter p, which is a function of the sparsity parameter, and an
exceedance measure H. These two objects characterize the behavior of the sequence P, in
approaching the Dirac delta limit at zero, providing a description of how fast the probability
concentrates around the origin and, at the same time, capturing its behavior in the tails.
So, in a sense, such probabilistic definition of the intuitive idea of sparsity, endows one with
an asymptotic approximation, which is driven by the sparsity parameter going to zero and
does not have any requirement in terms of the sample size on hand. As an approximation
device, sparsity can be used for inferential purposes in a sparse signal-plus-noise setting, to
derive for instance, the sparse approximation to the marginal distribution of the observation
and to the conditional distribution of the signal, given the observation.

All main sparsity models that have been proposed in the statistical literature on sparse-
signal detection are indeed sparse according to the probabilistic limit definition of McC&P.
In fact, for all of the following families of distributions, one can find their characteristic
sparsity pair (p, H): the two-component atom-and-slab mixtures, very frequently used in the
literature (see, for example, Jonhstone and Silverman, 2004 [45] and Efron and Tibshirani,

2001 [30]); the spike-and-slab mixtures proposed by George and McCulloch (1993) [40] and



Rockové and George (2018) [60]; the low-index gamma model by Griffin and Brown (2013)
[14], as well as all scale families with polynomial tails, such as the scaled Cauchy and scaled
horseshoe (Carvalho et al., 2010 [16]).

As a matter of fact, looking at the sparsity pair (p, H) for each of these families, one real-
izes that, if for each sparse family P,, there is only one exceedance measure, the reverse is not
true. In other words, different sparse families can have the same exceedance measure. This
is the case, for instance, of the scaled Cauchy family and scaled horseshoe family; or of the
spike-and-slab and atom-and-slab families, whenever they share the same slab distribution
and the spike distribution converges to the Dirac measure fast enough. Therefore, besides
serving as a classification tool which declares a family of distributions to be either sparse
or not sparse, the sparsity definition also establishes equivalence relations among different
families. This equivalence is to be interpreted in terms of the asymptotic approximations

that one is able to derive exclusively based on the pair (p, H).

We now report the formal definitions of exceedance measure, Lévy integrable functions,
and sparse sequence of distributions on the real line, which are given in McC&P, and to

which we will very often refer throughout all work.

Definition 0.0.1. A nonnegative measure H on the real line excluding the origin is termed
an exceedance measure if fR\ ) min(z?, 1) H(dz) < co. An exceedance measure is called a

unit exceedance measure if fR\{O}(l —e /2 H(dx) = 1.

Definition 0.0.2. The space W7 of Lévy-integrable functions consists of bounded and
continuous functions w(x) on the real line such that z=?w(z) is also bounded and continuous.
Lévy-integrability implies fR\ ) w(z) H(dr) < oo for every w € W# and every exceedance

measure H.

Definition 0.0.3. A sequence of probability distributions {P,} is said to have a sparse limit



with rate p, if there exists a unit exceedance measure H such that

tmg ! [ @) Pratdn) = [ wte) B, (1)

for every w € W#. Otherwise, if the limit is zero for every w, the sequence is said to be

sparse with rate o(p,).

From Definition [0.0.3], sparsity can be used as a mathematical tool to derive approxima-
tions of certain functionals of P,, which are expectations of Lévy integrable functions, as the

sparsity parameter goes to zero. Sometimes, we will refer to this as WW#-convergence.

Going back to the original intuitive idea of sparsity as a characteristic of phenomena
that are rarely appreciable, one may want to translate this W#-convergence definition into
a threshold-exceedance definition. Given a positive threshold ¢ > 0, the probability that the
sparse signal, in absolute value, is above the threshold, being an integral of a discontinuous
function, cannot be approximated directly from Definition Nevertheless, the hard-
threshold function x(c o) (|#]) can be approximated with arbitrary accuracy by a sequence of
soft-threshold functions, of the kind w.(z) =1 — e~**/2¢ which indeed belong to the class

W#. Therefore, applying to we(z), one has that
[ o) Put) = p [ o) Hds) + olp).

which, in terms of the hard-threshold event e = {|X| > €}, can be written as

P,(¢") = pH (") + o(p) . (2)

This last equation leads to interpreting the product pH as the rarity of threshold exceedances,

where p captures the velocity in approaching the zero limit, while H gauges the tail behavior



of the sparse measure, i.e., the exceedance probability. If H is atomless, then implies ,
but can hold even with some measure H, that is not a Lévy measure. An example of this
case is the family P,(dz) = (1 — v)dy(dz) + vN(0,1/v), which satisfies with p = v and
H(dx) = 0+00(dx), even if this latter is not a Lévy measure or a measure on R. Moreover,
can hold with H being a Lévy measure, even if does not hold. For instance, the family
P,(dz) = (1—v)e ¥V )2\ /v de+v/n(2® +1) dx satisfies (2)) with pH (dz) = v/n(2?+1) dz,

but, as v — 0,

e e/ VY dg dx

1—e™P(d) ~ [(1—e ™) tv [(1—e ™)
/ / 2\/v / m(x? + 1)
~U- /(1 — T2 (%50(@) + Wf—“;l)) :

and the measure appearing in the last integral is not an exceedance measure. However, in
most cases and are equivalent, and this is true also for spike-and-slab measures as
long as the variance of the spike distribution, as a function of v, is of order greater than the

sparsity rate.

Some examples

To give the reader an idea of how one can find the sparsity pair (p, H) for a given family P,,
we now present a couple of examples, out of the many more that can be found in McC&P.
We start with the scaled Cauchy family, whose density is v/(w(2? + v?)). Computing the
e-exceedance probability P,(e1), one obtains 2/m(7/2 — arctan(e/v)), which, for v going to
zero, behaves like 2/7 - v/e. Therefore, if H(dx) = 1/v/27 |z|~2dx, then H(e*) = \/2/7 -1/,
so that holds with p = \/2/_7T v. Before presenting the next example, we make a couple
of remarks: first, the constant 1/ V27 is chosen to make H a unitary exceedance measure;
second, one could have guessed the exceedance measure for scaled Cauchy by looking at the
tail behavior of the unscaled Cauchy density 1/(m(z% + 1)) as x — oc.

This is indeed a property of any sparse family whose sparsity is driven by its scale



parameter going to zero, so that P,(dx) = v~'p(z/v)dz. In this case, if there is a definite

sparsity rate, i.e., P, does not have exponential tails, then the exceedance density is an

«

inverse-power function h(x) oc 27! reflecting the tail behavior of p(x) at infinity. For this

reason, for a € (0,2), the class of unit inverse-power measures
2021y

HdY) = F o2 oot @)

is the class of exceedance measures which we will mostly use in applications.

The second example we report is instead the atom-and-slab mixture, such as that pro-
posed by Mitchell and Beauchamp (1988) [52] or that by Johnstone and Silverman (2004)
[45], only to mention a few references. In all of these cases, P,(dz) = (1 —v)d(dz) + v F(dx),
where F' is some probability distribution on R, usually symmetric around zero. Once again
from (2), it is easy to see that pH(dz) = vF(dz), so that, for this family, the exceedance
measure is finite and the sparsity rate is p = v [(1 — e*/2)F(dx). Notice that, if we re-
place the Dirac delta measure with a spike distribution having variance of order greater than
v, such as N(0,2?) (George and McCulloch, 1993 [40]), or scaled Laplace e~ 1#I/V /(2v) dx
(Rockova and George, 2018 [60]), then we still have the same pair pH (dz) = vF(dx), so that

all these families are first-order equivalent in the sparse limit.

Atom at zero and negligibility

The tail behavior determines the probability, under the sparse measure P,, of exceeding a
given positive threshold, but it is not enough to tell us what probability mass, the measure
P, gives to the atom at zero or how it is distributed near zero. In fact, consider two sparse

families: the scaled Cauchy
v

P, (dr) = (22 4+ v?)

dx



and the mixture

P2dz) = (1 v/5)o(da) + v —YY—da.

(22 4+ v)

These two sparse measures share the same first-order sparsity pair given by p = v \/2/_7T
and H(dz) = 1/v/2n |z|"2dz. Therefore the sparse approximations to the expectation of any
function w € W# with respect to P! and P2, are exactly the same, insofar they are solely
based on the pair (p, H). Yet, the two measures give very different probability mass to the
atom at zero, as P}(X = 0) = 0 while P2(X =0) =1 — /v.

This fact, in turn, highlights that Definition [0.0.3|is not enough to directly approximate
the probability of every event in the sigma algebra of X ~ P, : for all those events A whose
closure contains the atom at zero, we cannot write lim,_,0p~ 1P, (A) = H(A). Nevertheless,

in most cases, we can still approximate P,(A) by some, more or less artificial, modification

of the W#-function approximating x4(), so to be able to apply the W#-integral definition
.03l

This brings us to talk about one of the critical parts of the sparsity theory developed in
McC&P, the non-identifiability of the atom at zero. In fact, in many statistical applications,
it is often the case that the interest lies in establishing whether a signal is active or not,
so that one can identify the presumably few active, out of a large number of signals. And,
although in the literature, there is not a universal consensus nor a formal mathematical
definition of what constitutes signal activity, fairly often, in both theoretical and applied
work, the dichotomy of signal non-activity /activity refers to the events that the signal be
zero or not zero (see for instance, Donoho et al., 1992 [24] and Efron, 2007 [27]).

Yet, as illustrated above, the pair (p, H) is not sufficient to approximate the probability
mass of P, at zero. Indeed, this zero-non-identifiability issue strictly relates to the perimeter
within which the sparsity definition in applies and can be used: the limit-approaching
behavior of P, is described by looking at the expectations, with respect to P,, of bounded

and continuous functions w(z), for which the function z—2w(z) is also bounded and contin-



uous. Instead, the indicator function x,—¢ is a discontinuous function at the limit point and
such discontinuity at the limit opens the door to different answers from the sparse measures,

even when their limiting behavior in approaching the Dirac delta limit is the same.

The way we propose to circumvent the zero-non-identifiability issue is to take a slightly
different perspective in looking at the problem, and adopt a strategy that is similar in spirit
to the “limit-approaching” standpoint, from which the sparsity theory by McC&P has been
formulated in first place. The idea is to look at the atom {0} as the limit point of a sequence
of intervals [—e,,€,], where ¢, — 0 as v — 0, and to describe, as the limit takes place,
the approaching behavior of the moving sequence of measures P, over the moving region
[—€,,€6,]. So, instead of asking for the probability at the limit point P,(X = 0), which
requires the expectation of a discontinuous function at zero, we ask for the probability that
the signal is in a region converging to the limit point, P,(|X| < ¢,), which by contrast, can

be approximated by the expectation of a bounded and continuous function,

/e_”Q/Qel% P,(dx).

With some conditions on the speed of convergence to zero of the threshold sequence ¢, we

can use the sparsity integral definition in to obtain the sparse-negligibility approximation

/6_9”2/263 P,(dx) ~1— ,0/(1 — e %) H(dx),

where this approximation holds with an error of order p [(1 — e~ 2%) H(dx).

All this leads us to introduce a mathematical definition of signal negligibility. In what
follows, we use the notation F(w,) = [(1 — e */%") F(dx), where F is some non-zero

measure.

Definition 0.0.4. Let {P,}, be a sparse sequence of symmetric distributions on R, and let
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{€,}, be a sequence of strictly positive thresholds, €, > 0. We say that €, is a negligibility

sequence for P, if, as v — 0,
1. ¢, — 0,
2. P,(w.,) — 0,
3. P(we,) = pH(we,) + 0 (pH (we,))-

Given X ~ P,, we say that X is negligible if | X| <',.

With this limiting definition of signal negligibility, we can derive another integral approx-
imation for the sparse measure P,, alternative to , which is valid up to an error larger than
the usual o(p), but has a Dirac delta measure component in it. This last component makes
in fact negligibility equivalent to being zero in terms of integrals of bounded and continuous
functions.

For the case when H is the inverse-power measure in (3]) proportional to |z|~* !dx, this

integral approximation is

[ wle) o) = (= pe,®) [ wio)aude) + e, [ wla) fildo) +olpe,”) . (4)

where w is a bounded and continuous function, while H is the weighted exceedance measure

roportional to —672 31‘77 Z.
proportional to (1 — e=**/2¢)|z|=2~1d

The integral approximation we develop within the negligibility-sparsity theory can be
naturally seen as an alternative to many other Bayesian approaches developed for the so
called two-groups model (Efron, 2007 [27]). Yet, despite the general structure resemblance,
there are two main differences. The first most obvious discrepancy concerns the target event,

which leads to the mixture distribution for the signal. In our framework, this event is the



signal negligibility as defined in Definition whereas, in the two-group model, is the
event of the signal being absolutely zero. The second difference follows from the first one to
the extent that we obtain an atomic mixture (i.e., a Dirac delta measure component) for the
signal distribution, only as an asymptotic approximation, driven by the sparsity limit, and

true solely in terms of integrals of bounded and continuous functions.

Signal plus noise

The signal-plus-noise model is perhaps the most basic statistical setting in which sparsity
can be seen arise naturally. The model considered for instance by Johnstone and Silverman
(2004) [45], assumes that the observation Y is the sum of two independent components: a

sparse signal y and a standard Gaussian noise 7,

Y=p+n. (5)

In the statistical sparsity framework of McC&P, p has a sparse distribution P,, symmetric
around the origin, with sparsity rate p and unit exceedance measure H. Then, for each
y € R, the marginal of Y at y, being a functional of the symmetric P,, can be approximated

in the following way

moly) = 6ly) [ e 2 P (o)
= ¢(y) (/(cosh(ya:) - 1)6_”7:2/2 P,(dx)+1— /(1 - e_xz/Q) P,,(dx))
(6)
_— (p [teoshlya) ~ Ve ) 41 [(1- e H(dw)) +olp)

— o) (p [teoshtym) = e () + 1 - p) +olp),

where the last equality follows from the normalization chosen for the unit exceedance mea-

sure, [(1 — e *"/?) H(dz) = 1. The integral appearing in last expression is a transform of
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the exceedance measure H and, as a function of y, is called zeta function,

() = / (cosh(yz) — 1)e /2 H(dx). (7)

This function is analytic at the origin, and satisfies ((0) = 0. It is also positive and finite,
and this allows its product with the Gaussian density ¢(y)((y), to be a probability density
function. This in turn, means that the sparse approximation to the marginal density of Y

can be written as a mixture of two components,

po(y)C(y) + (L — p)o(y) +olp) .

The integrand of the zeta function is called zeta measure

((dz;y) = (cosh(yx) — 1)6_“”2/2H(d:v) : (8)

and it appears in the sparse approximation to the signal conditional distribution, given the

observation Y = y,

e¥e=**/2 P, (dx)

Bdely) = —p5—=
_ " (cosh(yx) — e 2P, (dx) + e */*P,(dx) (9)
cosh(yz) P(Y =y)

e pl(dzyy) + e 2P, (dx)
- cosh(yx) pCly) +1—p +ole).

This approximation is to be interpreted in terms of W#-integrals. Thus, if one wants to
compute the sparse approximation to P,(e™ | |Y| = y), then, as for the unconditional

probability of signal activity, we compute the expectation of w(x) =1 — e~/ 262,

p [we(z)C(dw;y) + p [ e **/? H(dx)

P | IY] =) = P

+o(p).- (10)
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Now, as v — 0 and y # 0, this approximation just converges to zero. In order not to get
the trivial limit, one needs to let y — oo in such a way that p((y) converges to a strictly
positive constant A > 0. However, for the double limit,

lim lim [ (cosh(yz) — 1)e="/2 B,(dz) = lim lim pC(y),

v—0 y—o0 v—0 y—oo

to be true for any sparse family P, having (p, H) as sparsity pair, H cannot have Gaussian
nor sub-Gaussian tails. We derive this extra requirement in Section of Chapter 8, and
refer to it as the double limit condition (DLC). If DLC holds, as it does for inverse-power
measures, then, as p((y) — A, the conditional probability of signal activity in can be
approximated by

p<(y)

m +0(1).

Symmetry and vector sparsity

The sparse signal-plus-noise model we presented in the previous section, is derived for a
one-dimensional signal, whose distribution is symmetric around zero. Now suppose that,
instead of one-dimensional, the signal is d-dimensional, with d > 1.

If the d components of the random vector are mutually independent, then we can regard
the random vector as a collection of d independent signals, each of which has a sparse
distribution in the sense of Definition [0.0.3} so in this case, we talk about component-wise
sparsity. For this kind of product of sparse measures, except for some further connection
with Lévy processes, the theory is really the same as for the univariate case, and the notion
of signal negligibility presented above can become particularly useful in some applications,
such as multiple testing, wavelet regression and Gaussian graphical models.

On the other hand, if this independence assumption is not very compelling, but one still

has exchangeability of the d components of the random vector, then the sparse measure P, 4

12



on R? can be taken to be invariant under rotations. This means that, for all Borel sets A,

Py,d(A) = P,/’d(O'A)

for every transformation o : R? — R which is orthogonal with respect to the inner product
chosen on R?, defining the metric d(z,y) = ||z — y|| = (x—y, r—y)/2. In fact, since rotations
are isometries, they preserve the distance between any two points z,y € RY, d(z,y) =
d(ox,oy). So, if the inner product on R? is defined by some positive definite matrix A € R4,
(x,y) = 2/ Ay, then o must be such that ¢’Ac = A and det(o) = £1.

Another way of seeing this is that if all directions are to be equally likely, then it is

possible to factorize the sparse measure P, 4 into two components,

L(dz) P (d|«l),

a spectral measure I' for the direction vector # = z/ |||| on the unit sphere 8¢ = {z : ||z||* =
1}, and a radial measure P for the radius of the vector ||z||. Rotational invariance requires
I to be the uniform measure on 8% so in order to have P, converging to the delta measure
at the origin, as v — 0, it is necessary that the radial measure P? converges to the Dirac
delta measure at zero. This can be easily achieved by assuming that P is two times the
positive part of some sparse measure P, on R.

Following this approach, the sparsity of the random vector is driven by the sparsity of
its radius, and the scalar notion of symmetry on R is generalized to spherical symmetry

(rotational invariance) on RY. In this case, we talk about vector sparsity.

The flexibility of choosing the metric that one wants to be preserved under rotations,
allows one to frame the linear regression problem Y = X3+, n ~ N(0,021I,), in such a
way that the coefficient 3 € R? has a sparse distribution which is rotationally invariant with

respect to the Fisher-information metric, given by || ||2 = /' X'X . With this assumption,
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the marginal distribution of Y only depends on the covariate matrix X through its projection
matrix Py = X (X'X)7' X, so the choice of basis for X is immaterial. Moreover, the sparse

approximation to the Bayes factor for the exceedance event {||3]| > €} is

CalllPryll /o),

where (y is the generalization of the zeta function to the d-dimensional case. Then it is

quite natural to start looking at this expression, or its generalization to the case when o2 is

estimated by the residual mean square, as a sparse counterpart to the ANOVA F-test.

Tour around thesis

As mentioned at the beginning of this introduction, the thesis is structured in three parts.
Here we try to give an insight of how we grouped certain topics together, even though, as

already pointed out, the reader should not think of them as separate.

Part I further investigates the univariate notion of sparsity as a probabilistic limit and
as an approximation device. The intention of this first part is two-fold: on the one hand, we
show the potential use of this theoretical definition in very practical ways. For instance, in
Chapter 2, we use the sparsity rate estimated from the data, as a likelihood-based criterion
to choose the sparsity scale of a large covariance matrix. On the other hand, we explore how
far one can push the limit definition of sparsity in terms of finding higher-order terms, py Hy,

in the integral expansion of the sparse measure P,.
Both second and third parts, instead, aim at extending the univariate notion of sparsity

to d-dimensional distributions, for d > 1, and present some examples of how these extensions

can be used in certain statistical problems.
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In Part II, we investigate d-dimensional measures that are the product of d univariate
sparse measures, and refer to this case as component-wise sparsity. We show how this kind
of sparsity assumption, together with the negligibility idea, can be used for different pur-
poses: (i) constructing a multiple testing procedure to declare negligible and non negligible
signals; (ii) obtaining a thresholding estimator such as the conditional median, to smooth
the estimated function in wavelet regression; (iii) obtaining a thresholding estimator based
on the conditional probability of non-negligibility, for the recovery of the graphical structure
in a Gaussian graphical model.

Nevertheless, Part II could very well be considered as a development of the univariate
sparsity theory, insofar the notion of signal negligibility, and its related integral sparse ap-
proximation, really refer to any univariate sparse measure P,. Thus, one should look at
component-wise sparsity as only one of the possible contexts in which the negligibility no-

tion and its machinery can be used.

In Part III instead, we study those sparse measures which are invariant under rotations
about the origin, and introduce the idea of vector sparsity. This latter refers to random
vectors whose sparsity is induced by the univariate sparsity of their radial part. Within
this context, we introduce the d-dimensional cosh, function and extend the signal-plus-noise
theory to the case when the signal is vector sparse. We also apply this notion of vector
sparsity to the linear regression setting, assuming that the coefficient vector S has a vector
sparse distribution which is rotationally invariant with respect to the Fisher-information
metric. This in turn allows us to derive a sparsity analog to the F-ratios, classically employed

in analysis of variance.
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Part 1

Univariate sparsity
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Chapter 1

Sparsity for comparing two means

1.1 Introduction

In our intentions, this chapter serves as a bridge between some of the ideas presented in a
somewhat condensed way, in the introduction, and the rest of the thesis, where these ideas
are further explored and developed in different contexts. To this end, we illustrate how one
can use the sparse signal-plus-noise model of Equation to analyze, in probabilistic terms,
the difference between two unknown quantities, which are indeed believed to be very close

to each other.

Motivated by this, we first derive the formulas for the scale-sparse signal-plus-noise model,
in the case when the error variance is unknown, and is estimated using a chi-square statistic,
independent of the signal-noise convolution. This leads us to introduce a zeta function for
t-statistics, the t-zeta function on k degrees of freedom. After studying some asymptotic
properties of this function, we use the sparse approximations to give a sparsity-based anal-
ysis of the ‘Hubble constant dilemma’, which has been at the center of a debate inflaming

the cosmological community for the last decade.

17



1.2 Comparing two means

Suppose that we are interested in the difference between two unknown quantities, p; and
12, which are expected to be very close to each other, and perhaps equal with some positive
probability. Then we can look at the difference between these two unknown quantities, as a

signal having a sparse distribution according to Definition 0.3. More specifically,

Ml—MzNPy,

where P, is a scale sparse distribution, which is symmetric around zero and has sparsity
rate p, and inverse-power exceedance measure H. Further, suppose that, for each of the two
unknown quantities, we have some Gaussian observations having mean p;. So, for i = 1,2,

we observe (Xi1,..., Xin,),
Xivj’:uh:UZNN(:uiuo-Z) for jzla'-wn’ﬂ

where ¢ is the unknown variance of the noise component. Then the difference between the

two sample means,
_ _ 1 1
XKoo= M=) Xag,
J J
is such that

X1 —Xo | pa,po ~ N (1 — pia, 0*(1/n1 + 1/n2))

SO one can write

Xi—Xo=(m—p2)+(m—m)=p+n, (1.1)

where p ~ P, is scale sparse with sparsity pair (p, H), and is independent of the noise

n~ N(0,0%(1/ny + 1/ny)).

Now, if 02 was known, after rescaling, this could be easily framed as the sparse signal-
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plus-noise problem presented in the introduction, for which the sparse approximations of
all the important functionals have already been developed in McC&P. However, if o2 is not
known, then one has to estimate it and take the variability of its estimator into account when
deriving the sparse approximations. In the next section, we extend the sparsity analysis of the

classical signal-plus-noise model to the case when the variance of the noise part is unknown.

1.3 Signal-plus-noise estimating the error variance

Consider the signal-plus-noise model
Y =p+n,

where u ~ P, is scale sparse with rate p and inverse-power exceedance measure H, while
n ~ N(0,0?), and o2 is unknown. Moreover, assume p and 7 to be independent. Then the

scaled variable

Y =

o=

Y

is the sum of the two independent components: a scaled sparse signal pu/oc ~ P,, and a
standard Normal /o ~ N(0,1). Now, because P, is assumed to be a sparse distribution
whose sparsity parameter coincides with its scale parameter, then P, , is also scale sparse
with sparsity-scale parameter given by 7 = v/o. This means that P,, = P; is sparse with

—Q

exceedance measure H and sparsity rate p = 0* = po~“. Indeed, H has density function

which is homogeneous of order a@ — 1, so that

H(d(oz)) = h(ocx)d(ox) = 0 “h(x)dx = 0" “H(dx).

This leads us to write the sparse approximation to the marginal density of Y at §, as

My (§) = (4) (pC(H) +1 = p) +0(p) .
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Now, suppose that s? is an estimator of o2 such that ks?/o? ~ x%, for some k > 1. If Y
and s? are independent, then letting

T =

Y

Y
S
the sparse approximation to the marginal density of T" at ¢ is

(1= p)t(t) + pte(t)Gi (t) + o(p) -

Here t; denotes the density function of Student’s ¢ distribution with £ degrees of freedom,

while

Tim 2 \" 27 T(r+ Y aT(r—a/2)
G <t)_;<t2+k> @0l T(E1) 2T(1-a/2)’ (12)

denotes the zeta function for the t-statistic on k degrees of freedom, associated with the

a-inverse-power measure H. See the appendix for the derivation.

Notice that, because ¥ (z) = ¢(2)((2) is a probability density function, also the product

Yr(t) = tx(t) (F(t) is a probability density function as

Juciwi= [ [ sty
//¢> (2)dzv/u” Xk(ku)k\/‘du_/xi(ku)kdu:L

In Figure [1.1} we compare the 1, function, depicted by the light blue solid curve, with
1, depicted by the black dashed curve, for different degrees of freedom k. We can see that
both densities are bimodal and symmetric around the origin. Yet, for small values of k,
the ¢ density has heavier tails than 1, while, as k gets larger, the two densities get closer
and closer. Indeed, as k — oo, the t-zeta function in converges to the ordinary zeta

function, which in fact, when the exceedance measure is the a-inverse-power measure, can
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Figure 1.1: Comparison of the product 1y (t) = t4(t) ¢F (t) (solid blue line) versus 1 (t) =
¢(t) ((t) (dashed black line), for different values of the degrees of freedom k.
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be written as a convergent power series

=, 2" al(r—a/2
CH=2_t (2r)!2r((1—a/2))' (13)

r=

See the appendix for a proof of this convergence. Therefore, as expected, k — oo implies

that the marginal density of T'=Y/s,

converges to the marginal density of ¥ = Y/o,

my(t) = o(t) (1 = p) +p¢(t) +o(p) -

This convergence is shown in Figure The top panel shows the convergence ([ () — ((t),

plotted on the log scale, while the bottom panel shows tx(t) — ¢(t), again on the log scale.

On the other hand, for fixed k, if we let the argument ¢ — oo, then t*" /(> + k)" — 1 so
that the t-zeta function converges to

=27 T(r+E)al(r — a/2)

Z; (2r)! F(%Q) oM(1— a/2)

This series is divergent so that in fact, [ (t) — oo as t — oco. Nevertheless, using the Laplace

approximation, we can gauge the behavior of ([ (t) for large ¢,

VAl(52)
T (EEL) jk/2-e/22T(1 — of2)

(2 + k)= [¢ ! (1.4)

See the appendix for all details. This asymptotic approximation is shown in Figure[I.3 The

Laplace approximation in ([1.4]), the dashed red curve, is quite close to the exact ¢}, the light
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Figure 1.3: Asymptotic behavior of log(¢[(t)) as t — oo, light blue solid line. The red
dashed line depicts the Laplace approximation in (|1.4]), also on the log scale.

blue solid curve, even for moderate values of t. Both functions are plotted on the log scale.

1.3.1 Signal conditional distribution with estimated error variance

From univariate sparsity theory, assuming ¢ = 1, the sparse approximation to the sym-

metrized conditional distribution of the signal, given |Y| =y, is

__l-p PR Ky ((dniy)
L—p+pcly) 1-=p L—p+pC(y) <(y)

By (de [ Y1) +o(p) .
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Analogously, one can derive the first-order sparse approximation of the symmetrized condi-

tional distribution of the scaled signal p/o given |T| =t

1—p e %' 12P, ,(dx) N pCl(t)  ¢E(dw;t)

Pu,cr(:u/a €dr | |T|) = 1— p~ + ﬁcg(t) 1— ﬁ 1 - ﬁ‘{‘ ﬁ(,?(t) C}?(t)

+o(p),

where ([ (du;t) denotes the t-zeta measure defined as

[e’e) r r u
et =5 () ZICEE sy

See the appendix for details. Then the conditional probability of the scaled signal activity,

|| /o > €, for any € > 0, can be approximated by

Pllulfo > e[ [T =0~ [ (=) P, (do | 7] =)

[(1 —e="/2¢) <ﬁe’x2/2H(d:E) + p¢ (de; t)>

- Tt () +old).

(1.5)

As p — 0 and t # 0, this expression converges to zero. In order to get a non trivial limit,
we need to let ¢ — oo so that (' (t) — oo in such a way p¢f(t) — A, for A > 0. Under
this double limit regime, the dominating term in the numerator of (L.5)), is p¢{ (¢) since, as

t — 00,

/ (1= e2) (T (dest) ~ (T (1),

when H has inverse-power tails. Therefore, as gl (t) — A,

pGi (t)

Pllulfo > el IT1 =1) = 122y

+o(1).

Since this ratio does not depend on the threshold e, if we instead consider €/o then, under the

double limit regime, the conditional probability of activity for the original unscaled signal is
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still
~ T

Pl > €171 =) = T2 o), (16)
Table reports the values of ¢ such that p¢} () = 1, corresponding to different degrees
of freedom k, for decreasing values of the rate p. The column with & = oo corresponds to the
values t such that p¢(t) = 1. We can observe that, for small values of the degrees of freedom,
the value of ¢ necessary for p¢/ () = 1 to hold, needs to be larger. In other words, when fewer
degrees of freedom are available to estimate 02, we need to observe more extreme values of

the statistic |T| for getting 1/2 as the conditional probability that the signal is larger than

€.

p k=5 k=8 k=10 k=15 k=20 k=00

10% 4.31  3.56 3.36 3.12 3.01 2.72
5%  5.62  4.35 4.03 3.66 3.50 3.07
1% 935  6.25 2.55 4.80 4.48 3.71
0.5% 1136 7.12 6.22 5.26 4.87 3.94
01% 1745 9.39 7.86 6.34 5.74 4.40

Table 1.1: Values of ¢ such that p¢f (t) = 1, for different values of j and k.

It then follows that the Bayes Factor for the event |u| > e,

Odds(|u| > €| |T] =)

BF >€) =
(lul =€) Odds(|p| > ¢)
under the double limit regime, behaves like
PG (t) +o(1) _ oG (1)

pH(e) /(1 — pH(et)) +o(p)  H(et) +0o(1),

where H(e") =2 [ H(dx). This last expression does not depend on the sparsity rate p and
can be estimated by
s G (1)

W +0(1).

If we choose € to be the standard activity threshold for which H(e™) = 1, then for the
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inverse-power exceedance measure, this threshold is

For this choice of threshold activity, under the double limit p¢f (t) — A, the Bayes factor for

the event that the original sparse signal is above the threshold, |u| > €, can be estimated by
sTCH(t). (1.7)

1.4 Comparing two means estimating the error vari-
ance

We now go back to the original problem of investigating the difference between two means

p1 and po, where, for each mean p;, the observations are independent
Xig | i~ N(M¢,U2) for j=1,...,n;.

Then,
Xi—Xo=(m—p2)+(m—m)=p+n, (1.8)

where u ~ P, is scale sparse with first-order pair (p, H), and is independent of n ~

N(0,0%(1/ny + 1/ny)). To estimate o2, one can use the pooled estimator

2 Tll—l 2 Tlg—l 2

S50l = 5 S5, 1.9
pool n1+n2—2 ! n1+n2—2 2 ( )
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where, for each i = 1,2, s} = > (X, — X;)?/(n; — 1) is the sample variance, for which

(n; —1)s7/0* ~ x2 _; . Then the variance of n can be then estimated by

1 1
2 2
s =s —+—,
pool <n1 n2>

which is a linear combination of two independent mean squares, s and s2, on n; — 1 and
ny — 1 degrees of freedom, respectively. Therefore we can use the Welch-Satterthwaite

approximation (Satterthwaite, 1946 [64]) to compute the degrees of freedom

k= ) (1.10)
= 2 )
n;—1 1 1 1 :
Sie (s (B4 ) 75

for which approximately s* ~ 2.

Since, for each of the two samples i = 1,2, X; and s? are independent conditionally on

1;, they are also unconditionally independent as

P(Xu 53) = /]P)(Xiv S? | i) P (i) dpi = /P(Xi | Ni)P(sg)P(Mi) dp; = P(Xi)P<S?)'

So it follows that X; — X, and s? are independent. Thus, letting

_ X, — X, _ X — X,
s ’ 1.11
\/812)001 (% +nl2> e

following the previous section, for any positive threshold €, given the observed value t, we

T

can compute the conditional probability that the signal y = p1 — uo is above that threshold.

Moreover, assuming the double limit regime p (;(t) — A > 0, the Bayes Factor for the event
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|1 — p2| > € can be estimated by

1.5 The Hubble constant debate

In this section, we provide an example of how the difference between two means can be
investigated using the theory presented in the previous section. The Hubble constant, the
subject of our example, has been at the center of a heated debate among cosmologists for the
last decade or so. In 1929 Edwin Hubble discovered that the universe is expanding, and, just
as two marked points on an expanding balloon diverge at a rate proportional to their current
separation, so too galaxies move away from Earth at a rate proportional to their distance
from Earth. In formulae, if v is the galaxy recessional velocity and D is its distance to the

Earth, the Hubble constant Hj is the proportionality constant relating speed and distance:

U:H()D.

Therefore, after computing the recessional velocity of a galaxy, the value of Hy can be
inferred by estimating its distance from the Earth. This last task can be carried out using
two different methods. The local universe method, proposed by Hubble himself, is based on
determining the distance D of far-away objects using the so called cosmic distance ladder
(CDL). This method relies upon identifying standard candles, objects that shine with an
intrinsic brightness, and then use parallax to convert this brightness to distance from the
Earth. The idea of CDL is to start by measuring brightness of nearby pulsating stars, for
instance the Cepheids in the Milky Way, and then, using geometry to calibrate the lumi-
nosity, move out in the universe, measuring brightness of exploding stars, like the Type 1A

Supernovae, present in much farther-away galaxies.
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The second method, on the contrary, looks back in time and uses the cosmic microwave
background (CMB), the electromagnetic radiation leftover from the Big Bang, to establish
a unit of distance at the early stage of the cosmos, when the universe was 380,000 years
old. These measurements can then be fast forward and used to predict the Hubble constant
following the ACDM model. This latter is the standard cosmology model which aims at
describing all the visible matter and energy, together with dark energy (A) and cold dark

matter (CDM), showing how they evolve according to Albert Einstein’s theory of gravity.

The debate about the Hubble constant began a few years ago when, despite the increased
accuracy of the measurements in both methods, the predictions for H, delivered by the local
universe and the CMB methods, started to get farther and farther apart. When cosmologists
from the Planck group (Aghanim et al., 2020 [2]), among others, used the data from the early
universe to predict the expansion rate, they found it to be 67.4 = 0.5. Yet, when adopting
the local universe method and using the data from the current stage of the universe, several
different teams of cosmologists found much higher estimates for Hy. For instance, the esti-

mate found by Professor Riess’s team was 73.5£1.4, roughly 4.10 above the other prediction.

Now, if in fact the two predictions were indeed not due to statistical and measurement
errors, then it would mean that something is missing in the ACDM cosmology model since
the universe would now be expanding at a faster rate than that predicted for the early-stage
universe. However, among cosmologists, there is not a consensus in regarding this difference
as real or not. Indeed, some of the most recent measurements delivering higher estimates
for Hy, such as those of Professor Riess and his team (Riess et al., 2019 [59]), are put into
question by Professor Wendy Freedman, who, despite having pioneered the usage of the
Cepheids as standard candles, now casts doubts on their reliability. Freedman’s team, in

their paper Freedman et al. (2019) [37], report a much lower estimate, 69.8 & 1.9, obtained
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using the “tip of the red giant branch” (TRGB) stars. These are stars that, being about
to die, gradually grow brighter until they reach a characteristic peak brightness, which is
always the same. This stability makes them good standard candles, besides the fact that, as
old stars, they can be observed in the clean peripheries of galaxies, and not the dusty and

crowded regions where the Cepheids are usually observed.

The debate is far from being closed and new developments are expected when new data
from the Gaia space telescope will enable much more precise calibrations of the Cepheids
and TRGB stars. For a gentle introduction to this fascinating dilemma, we refer to Verde
et al. (2019) [71] and to two articles published in the Quanta Magazine, Wolchover (2019)
[77] and Wolchover (2020) [7§].

1.5.1 Sparsity analysis for the Hubble constant

What we propose in this section is to look at the hypothetical difference between the early
and late Hubble constants, i.e., the difference between the cosmic expansion rate at the early
stage of the universe 1, and the present rate us, as a sparse signal. As such, the difference
1o — 11 can be thought of being zero with some positive probability and being different from

zero with a probability distribution having polynomial tails. In formulae,

Mz—MlNPy,

where P, is a scale sparse distribution with rate p and H is the inverse-power exceedance
measure. Then, we look at the discrepancies between measurements obtained from different

methods, as corrupted observations of the sparse signal, as in (1.8)).

The first comparison is between the CMB - Planck measurement and the CDL - Cepheids

measurement, and the data reported in Riess (2020) [58] are:
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e CMB - Planck: 7, = 67.4, SE; = j;Tl = 0.5,

e CDL - Cepheids: o = 73.5, SE; = \/57% =1.4.

For the second comparison instead, the CMB - Planck measurement versus the CDL - tip of

the red giant branch (TRGB) stars measurement, the data reported in Riess (2020) [58] are:

e CMB - Planck: 71 =67.4, SE; = \/87% = 0.5,

e CDL - TRGB stars: 75 = 69.8, SEy; = \/57% =1.9.

We do not know how the accuracy measures were determined, so we ignore on how many
degrees of freedom these standard errors were obtained. For this reason, we will present our
sparsity study hypothesizing different combinations of values for n; and ns, so to account

for different scenarios for the precision of the measurements.

Assuming equality of the variances for the Gaussian noises corrupting X;, i = 1, 2, we use
the pooled estimator for o2 in and let T" as in ((1.11]). Table reports the values for
t = (Za—71)/s and s = speo1y/(1/n1 + 1/n2) , shown in brackets, for different combinations of
(n1,n2). As expected, the t-values comparing the Planck estimate to the Cepheids estimate
(Table are much larger than those comparing the Planck estimate to the estimate using
the TRGB stars as standard candles (Table [1.2b]). This reflects both the larger difference
of 7o from z; for the Cepheids comparison, and the smaller estimated variance s. One side
note is the following. Looking at the first column in Table we can observe that the

relationship between s? and n;, for fixed no, is not monotone. In fact,

s = ——n;SE — nySE —+—,
(n1+n2—2 ! 1+n1+n2—22 2) (n1+n2
so keeping ny constant, as n; grows, the relative weights push spo0 towards the smaller s%

rather than the bigger s3. Yet, at the same time s? = n,0.5% also increases. On the other

hand, if we fix n; and let ny increase, then both effects push in the same direction, leading
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to a bigger estimate of s2.

(a) Planck versus Cepheids

7’L2:4 n2:6 n2:8 712:10 n2:15

np=4 410 340 297 267 2.20
(1.49)  (1.79) (2.06) (2.29)  (2.78)
np=6 480 410 361  3.26 2.69
(1.27)  (1.49) (1.69) (1.87)  (2.27)
n =8 514 459 410  3.73 3.10
(1.19)  (1.33) (1.49) (1.64)  (1.97)
n =10 527 490 447 410 3.44
(1.16)  (1.24) (1.36)  (1.49)  (1.77)
n=15 513 522 501l 474 4.10
(1.19)  (1.17) (1.22)  (1.29)  (1.49)

(b) Planck versus TRGB stars

n2:4 n2:6 TLQ:S n2:10 n2:15

np=4 122 100 087 078 0.64
(1.96) (2.41) (2.77)  (3.09)  (3.77)
np=6 148 122 106  0.95 0.78
(1.63)  (1.96) (2.26) (2.52)  (3.07)
np=8 164 139 122 110 0.90
(147)  (1.72) (1.96) (2.18)  (2.65)
np=10 173 152 135  1.22 1.01
(1.39) (158 (1.78) (1.96)  (2.38)
np=15 180 171 157 145 1.22
(1.34)  (1.41) (1.52) (1.65)  (1.96)

Table 1.2: Values of ¢ and s (in brackets), for different combinations of n; and na.

In terms of sparsity, we assume that the sparsity rate for ps — 1 is 0.05 and let the

exceedance measure be the inverse square measure, i.e., & = 1, so that the standard-activity

threshold is € = \/2/m = 0.8. For each different estimate of s corresponding to different

combinations of (ny,nsy), p is computed as s~ - 0.05 = s~! - 0.05.

In Table we report pCi(t)/(1 4 pCk(t)), the sparse approximation to the conditional

probability that the difference between the two means is larger some positive threshold e > 0.
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The values are multiplied by 10%, so they can be read in terms of percentages. Here the de-
grees of freedom k are found using the Welch-Satterthwaite approximation in . Looking
at the posterior probabilities that |us — u1| > €, for € > 0, the two methods give very dif-
ferent answers. Using the TRGB stars (Table , the conditional probability ranges from
as low as 0.16% to roughly 4%, whereas, using the Cepheids stars (Table [1.3a]), the range
of probabilities goes from 3.2% to as high as nearly 82%. Overall, these figures seem to be
telling two stories hard to reconcile. However, some caution should be used when looking at
the results for the TRGB stars method. In fact, the t-values for this method are very low
and hardly justify the double limit regime under which the expression in is derived for

the conditional probability.

(a) Planck versus Cepheids

n2:4 n2:6 n2:8 n2:10 n2:15

n=4 1399 10.90 8.07 6.01 3.23
n=6 2489 20.78 14.33 11.08 2.95
np =8 43,56 33.18  23.97 18.90 9.73
ny =10 59.51 45.70  35.61 29.19 15.31
np =15 8180 76.55  67.99 99.15 36.14

(b) Planck versus TRGB stars

TL2:4 n2:6 n2:8 ngzl() n2:15

ng =4 1.46 0.75 0.46 0.32 0.16
ng =6 2.28 1.21 0.75 0.52 0.26
ng =8 2.97 1.66 1.05 0.73 0.37
ne =10  3.45 2.09 1.35 0.95 0.48
ne =15 3.94 2.87 2.02 1.48 0.78

Table 1.3: Conditional probabilities for |ps — p1| > €, for any € > 0, multiplied by 102.

Table shows the sparse approximation to the Bayes factor for the event | — 1| > e,
¢ = 0.8, estimated by s (y(t) as in (1.7). Recall that the unconditional probability for
this event is exactly p = 0.05, irrespective of any sample size. We also report in brackets,

the value of (x(t) to give an idea of the effect of n; and ny on the t-zeta function. Looking
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at these figures, the divergence between the two measurement approaches appears to be
even more remarkable. In fact, even if we were to assume that all three methods had the
same accuracy, with the Cepheids measurement we can get a Bayes factor over 30, while
the corresponding Bayes factor with the TRGDB stars measurement, does not even reach 0.5.
And this divergence is mainly driven by the values of (x(¢). Yet, once more, one should be
cautious in interpreting the Bayes factors in Table [[.4D] as the double limit regime is not
taking place. All the same, we can regard these figures as upper bounds of the exact values,

so the conclusion from TRGB stars is even more on the negligibility side.

After seeing this analysis, the tension arisen among cosmologists, should not come as a
surprise. Depending on which kind of stars are used as standard candles to construct the
cosmic distance ladder, the evidence in favor of a discrepancy between the hypothesized
early and late Hubble constants, varies dramatically. With Freedman team’s choice for the
TRGB stars, it seems there is not much evidence for hypothesizing two different Hubble
constants. On the contrary, following Riess’s approach, one can reach a totally opposite
conclusion. Yet, for this last method, the accuracy of the measurements plays a crucial role
in determining how strong the evidence is in favor of the accelerating expansion hypothesis.
Indeed, if the Planck measurement is much more precise than the Cepheids measurement,
then the posterior probability of a difference in the constants is around 90%; but if the

relative precision is inverted, then the same probability goes down to 5.6%.
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(a) Planck versus Cepheids

n2:4 n2:6 n2:8 n2:10 n2:15

np=4 460 379 287 216 1.18
(6.84) (6.80) (5.90) (4.95)  (3.29)
n=6 103 909 620  4.82 2.62
(13.1)  (135) (10.5)  (9.03)  (5.94)
n=8 252 184 126  9.83 4.92
(20.9) (24.5) (18.8) (16.1)  (9.70)
=10 497 326 233 184 8.86
(57.6) (40.6) (31.8) (27.4)  (15.7)
nm=15 160 135  97.1  70.9 31.0
(190)  (158)  (118)  (91.4)  (46.1)

(b) Planck versus TRGB stars

n2:4 n2:6 ’I’L2:8 n2:10 n2:15

m=4 042 023 015  0.11 0.06
(0.82) (0.56) (0.42) (0.33)  (0.22)
np=6 072 042 028  0.20 0.11
(1.18)  (0.83) (0.63) (0.51)  (0.33)
np=8 1.00 063 043  0.31 0.17
(1.46) (1.08) (0.84) (0.68)  (0.45)
n =10 121 083 058  0.43 0.24
(1.67) (1.30) (1.03) (0.84)  (0.56)
mo=15 146  1.22 094  0.73 0.43
(1.95) (1.72) (1.44) (121)  (0.84)

Table 1.4: Bayes factor for |pus — p1| > 0.8 and (j(t) shown in brackets.
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1.6 Appendix

1. Here we derive the sparse approximation to the marginal density of T'=Y/s. Denote by

Y =Y/o and W = s2/o2, then

P(T € dt) =

(5 ca)-

/P(Yf € d(tv/u), W € d(ku)) du =

/ Mo (t3/0) Xkt e/t s =

[ oV~ 5+ (e + ol )k =

(1= Ptalt) + 5 [ VGV (bl du + of5) =

(1= p)tu(t) + p / d(ty/u) / i t%“we‘x”z H(dx) xi(ku)ky/udu + o(p) =

t2r r 2r

a-pu+sf [ ¢>(tﬁ>2 k)i du e H(d) + o) -
(1 - P)telt) + 5 / Z
(1 — p)ti(t +,o/ztr ’ (ktr( (4,;%2) )(t2ik)7“> e~ 2 H(dz) + o(p) =

1t o025 (M g ) [ -
k41

(1= P00+ 3003 s e g | 7 e ol =

t2r 2r

( / o(tv/u)u Xﬁ(k»u)k\/adu) e H(dz) + o(p) =

~ o T T+ 2 al(r—a/2)
(1—p)tk(t)+ptk(t)§;(27a)! T(EL) (2 + k) 2F<1/a/é>

+o(p) =

te(t) (1= p) +p G (1) +0(p).
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2. Here we show that the t-zeta function on k degrees of freedom converges to the ordi-

nary zeta function as k — oo. Indeed, as kK — oo, the ratio

[(r + 2)Nk’”
(k

so that

GRRAGE DB A
t2+k (k+> 2 or 2r'

2
Now, write the t-zeta function as

o0 o0

Tin 2\ T(r+ 5L 22 al(r — a/2)
<k<t>—;<t2+k> T(5L)  (2r)!20(1 — a/2) ka

where fi(r) is an decreasing sequence of non-negative functions as, for all k > 1, fri1(r) <

fr(r) for all » > 1. This sequence has a limit function,

lim fi(r) = £ 2" al'(r — «a/2)

B0 21201 —a/2) f(r),

which is summable since

= = 2" al'(r —«a/2)
=) ¥ =((t).
; f(r) ; 2T —aj) W
Because the convergence is monotone and ), fi(r) < oo, we can conclude that

Jim G (t Z limfi(r) = C(t).

3. The series

— 2 FO“"%) 2 —22/2
25 r(Ed) /m e Hida),

r=1

38



diverges since its r*" term

2" F(’f’+ %)/ 2 2
— r _—x*/2 H(d )
Sy e x
(2r)! D&
2 P+ YT —af2) a2
(2r)! T(EL) 272 T(1—a/2)
2T+ 5 T(r—a/2)
(2r)! (&) I(l—a/2)2
22 k+1
=% 13— |r—14— —1—a/2
y 1(2r)(2r—1)( T )(T a/2)
= Sr—1 bra
where b, = % (r=1+5)(r-1-a/2)= (QT_IJE§2£T1;:_Q/2) — 1, as r — oo. There-

fore, we have that s, — s,_1 as r — oo, so that Z;fil s, = 0o. Similarly to above, we can

write the t-zeta function as

o0

Tim 2\ ' Dr+5L) 22 al(r —a/2) &
Ck(t)_;(t2+k) (L) @r)!2r(d —a/2) th

where the sequence of non-negative functions f;(r) is such that fi;(r) < fi.1(r). So by

monotone convergence theorem, we conclude

4. Using the Laplace approximation, we can investigate the behavior of the ¢-zeta function

as t — oo. In fact,

Ck /(bt\/_ t\/_)Xk(ku)k\/_ du
B W [ [ ottviricoshieviie) - e (de) st (huk du
Lt)//Qb(t\/a)etﬁx@_xz/QH(dI)Xi(ku)k;\/ﬂ du

u — x)|2| " T Y3 (ku)kvu du
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Now, the function f(x) = ¢(t\/u — x)|z|~*"! is maximized at approximately zq = t\/u with

second derivative roughly given by 1. So for the inner integral

/(ﬁ(t\/ﬂ —x)|z|~* Nz,

the Laplace approximation gives

1
\/—2_7T|t\/ﬂ|‘“‘1\/27r = [tv/u| >,

Then, substituting this expression for the inner integral, one has that

G (t

G / bl 2 (k) du

K, atl
Ntk(t) /u > xa(ku)kvu du
2 VEkr D g) ey @201 u-s (1/2)%> W) ke/2 gy,
~EART r(%) " i argy | 7 O !
(2 ki1 val (&) . a2e2! k/2<1/2)k/2 u—Sk/2-1 —ku/2 g
ey T T TR / !
o (42 L533 \/7_TF<§) —a—1 a 2021 k/2 1 F(k_Ta>
R ey Tt e M e )

T()

5. Here we derive the sparse approximation to the symmetrized conditional distribution

of u/o given T =Y/s. Let Z =n/o ~ N(0,1) and W = ks*/o? ~ xi. The joint distribu-
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tion of (u/o,T) is

P(u/o € de, T € dt) =

P(M/Uédac, /“L/UT/JF/_né(jedt) =

PB(ufo € dz, L7 ¢ W e du)du —

W]k

P(u/o € dx, Z € \Ju/kdt —x, W € du) du =
P(u/o € de)P(Z € \Ju/kdt —z)P(W € du) du =
Pua'dx \/ ¢\/ t—x) ()du—

1 2
P, (dx)\/u/kop(\/u/kt — x) /k:/2) uF2 e w2 gy =

Pralda)/io(yot - ) (/ Dt gy =

)h/2
o (dx)e™/ @2/ (k/2 / / Vute, k/2+1/2-1 ,—kv/2 ,—vt2/2 g
\/27TF (k/2)

k+1
Py,g(da:)e*ﬂ/%k(t) % / Vot k/2+1/2 1 71%/2 ,vt2/2 do |
(t2+ k)

— e S S —

e

Because we are interested in the symmetrized distribution, we can substitute cosh(y/v tz) =

Vot Vv (—tz) . . . . .
% to eV 5o the integral appearing in the last expression is

/Cosh<\/5m)vk/2+1/21ekv/2eut2/2 dv —

/(cosh(ﬁt:v) _ 1)vk/2+1/27167kv/267vt2/2 dv + /Uk/2+1/21ekv/2evt2/2 dv —

i (tx)QT/ +k/241/2—1 _—v(t?+k)/2 / k/241/2—1 _—v(t?+k)/2
v" e’ dv+ [ v e’ dv =

i (tz)? T(r + ELyor+557 . INCSSPiey
@)l (24 k)t (12 + k)5

H2 (N (ta)* T+ 2
(2 + k) (Z (2r)! T (5 )(t2+k)r+1> '
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Plugging this expression back in the former derivation, one obtains

P(p/o € dx, |T| € dt) =

COSh(\/5tx)vk/2+1/2—1€—ku/2€—vt2/2 dv —

v
Q
—~
QL
8
~—
|
8
V)
~
[}
~
—~
~
~—
/N
—~
~
[\
—|—1\:>
[ ~— T | ~—
N — DD
= =
[SIEH N
N———— ~—
|
_

TTeE (S T
©+ 0 <Z< ) TCEE)(® + >“>‘

r=1

4 ktlyor
22 ) +1>.

This last measure, as v — 0, in terms of W#-integrals, is equivalent to

Then to obtain the symmetrized conditional distribution, it suffices to divide by the sparse

approximation to the marginal of |T:

—x " r T8 r_—x
e 2P, o(dz) + § 02, e o (F(E))aﬂ e~ /2 [ (dx)

L —p+ pGih(t) ’

so that one can write

1—p e*x2/2py,g(dx)+ pCr)  ¢F(dx;t)

PI/,U(N/Ude||T|):1_'5_|_,5Cg(t) 1—-p 1—ﬁ+ﬁCkT(t) Cg(t)

+o(p).
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Chapter 2

Sparsity scales for large covariance

matrices

2.1 Introduction

Given n independent copies of a random p-vector (Xi,...,X,), the estimation of the covari-
ance matrix Y and of its inverse, the precision matrix 2, is central to multivariate analysis,
being a useful device to summarize the linear relationships between the variables. Estimat-
ing ¥ or {2 represents a crucial step in many statistical methods, such as linear discriminant
analysis and principal component analysis, among many others.

However, in high-dimensional settings, the estimation of ¥ and 2 becomes very challeng-
ing. Indeed, when the dimension p is larger than the sample size n, the sample covariance
matrix S, = %X X’ is not invertible and, despite being entry-wise consistent, is not consistent
in other metrics, such as the spectral norm, which are more useful in practical work. Many
results in random matrix theory, starting from the classical Marcenko-Pastur law, illustrate
the dramatic change of behaviour of S,, under the ‘large p, large n’ asymptotic assumption.
For a thorough introduction to these ideas, see for instance El Karoui (2008) [32]. In order

to progress with inference and obtain a better estimator for ¥, some sparsity assumptions
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need to be made.

Within the immense literature on estimation of sparse covariance matrices when p is
growing at the same rate or even faster than n, the novelty of Battey (2019) [§] is to not
assume that > is necessarily sparse on the original scale or on the inverse scale. What is
assumed is that there exists a transformation of ¥ such that the transformed matrix is in
fact sparse. Provided that one can find such transformation, the paper investigates under
what conditions it is possible to exploit the sparsity on the transformed scale to deduce
spectral-norm convergence results on the original scale.

Yet, in that paper, little detail is given on how to identify such ‘sparsity scale’, which is
in fact assumed to have been already determined. This chapter tackles the problem of how
to possibly identify a sparsity-inducing transformation. The idea is to exploit the sparsity
framework described in the introduction to provide a heuristic (data-dependent) guidance
for the choice of the sparsity scale. So differently from Battey (2019) [8], where sparsity
is an assumption made on deterministic matrices, we consider a matrix to be sparse if its
off-diagonal entries can be seen as random sparse signals. The sparsity rate, estimated from
the data under this assumption, is then used as a likelihood-based criterion for comparing

the level of sparsity induced by different matrix transformations.

2.2 Brief review of Battey (2019)

In this section, we briefly review some of the main ideas presented in Battey (2019) [§]
(B. henceforth). For clarity, we adopt the same notation as that paper. Let V; be the
space of symmetric positive-definite p X p matrices and V, a general space of p X p matrices.
The Frobenius, component-wise and spectral norm of a matrix A are defined as ||A||2 =
> uw 1@l [[A][max = maxyy [au,| and [|Allop = [Ai] respectively, where Ay, ..., ), are the
eigenvalues of A, ordered in absolute magnitude. The covariance matrix of the random

vector (Xi,..., X)), having zero mean, is denoted by ¥*, and Aj,... A% denote its ordered
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eigenvalues. Moreover, the symbol =< means equality in order of magnitude, while writing
Z = Opy(tn,) means that

P(Z < Cotnyp) > 1 —€nyp,

where () is some positive constant, and ¢, , is a deterministic sequence converging to zero

as n,p — oo such that ¢,, — 0.

The motivation of the paper is to find conditions under which an estimator ¥, € V, is
consistent for X* € V;r in spectral norm, under the double asymptotic regime p,n — oo,
where p grows at least as fast as n. This means that the p x p covariance matrix ¥* is also

converging to an operator 2% : N x N — R.

We now outline the necessary steps to identify such conditions, exploiting a sparsity-
inducing transformation f to apply to X*. Before proceeding though, we would like to
emphasize that in B., the population covariance matrix ¥*, and any transformation of it,
are considered fixed unknown parameters. So when using the term convergence in this
section, we refer to convergence in probability of some sample estimator to some unknown
deterministic matrix. Moreover, a symmetric positive-definite matrix is defined to be sparse
if all of its rows belong to a sufficiently small /,-ball around zero; more formally, if it belongs

to the class of matrices

P
F(s(p),q) ={A eV max|A,|<C, maxz |Awl? < s(p)}, (2.1)

v=1

where s(p)/p — 0 as p — oo and ¢ € [0, 1] while C' is just some positive constant.

The idea of B. hinges upon the fact that, if the transformed matrix F* = f(¥X*) € V), is

sparse in the sense of (2.1]), then on this sparsity scale, provided that one can find a pilot

45



estimator Ff € V, converging to F'* component-wise, then the hard-thresholding estimator

T(EY) = Fru (B > 7)., (22)

n,uv

converges to F™* in spectral norm. In fact, Bickel and Levina (2008) [12] showed that, for data
(X1,...,X,) drawn from a distribution with Gaussian or sub-Gaussian tails, thresholding
the sample covariance matrix leads to an estimator which is consistent for the covariance
matrix in spectral norm, when both dimensions of the matrices, n and p, go to infinity in
a regime such that log(p)/n — 0. Avella-Medina et al. (2018) [4] generalized this result to
less stringent requirements on the tails of the distribution of the data, by considering some

robust pilot estimators other than the sample covariance matrix.

There are two main steps necessary to convert this spectral norm convergence on the
sparsity scale f(3*), to the spectral norm convergence on the original scale ¥*. The first
step concerns under what conditions, when p > n, given a positive-definite estimator f]f
converging to ¥* component-wise, the transformed estimator Ff =f (if ) also converges to
the transformed matrix F* = f(3*) component-wise. The second step, on the other hand,
has to do with the opposite direction of the transformation and aims at finding conditions
under which the spectral-norm convergence on the transformed scale, ||T(FF) — F*||op — 0,
implies the same kind of convergence on the original scale, ||f = {T(EF)} — =1 (F*)||op — 0,

as n,p — Q.

The conditions for the first step are given in Theorem 1 of B., which we restate here for

completeness.

Theorem 1: Suppose that as p — oo, the sequence of smallest eigenvalue X5 of ¥* is bounded

away from zero. Let ¥F be a symmetric matriz with ordered eigenvalues Ay, ..., Ny, where as
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p — 00, the sequence of smallest eigenvalue N\, is bounded away from zero. Let F,f = f(f]f)
Then, as n,p — 0o, FX is component-wise consistent for F*, if ¥ is component-wise con-

sistent for ¥*, and

Res{ Af(z) ,S\k} + Res{ Af<z) ,)\;}, ze€C,
(z =)z = A}) (z = A)(z = A})
1 bounded in absolute value for all 1 < k,v < p as n,p — oo, where, for a function g of a

complex variable, Res(g,a) denotes the residue of g at a. If this condition is satisfied, then

Hﬁf - F*Hmax = ||25 - E*Hma)v

So now, suppose that the pilot estimator 25 of ¥* is component-wise consistent, so that
2P = 5| |max = Opy(Tnp), where r,,,, — 0 as n, p — oco. Usually this latter condition implies
that log(p)/n — 0. Further suppose that a transformation f satisfying the assumptions in
Theorem 1 has been found and is such that the transformed matrix F* = f(3*) belongs to
the class of matrices in ([2.1). So we have that the transformed pilot estimator X = f(£2)
is component-wise consistent for the sparse F*, with [|[FF — F*|[max = Op:(7p). Then,
Corollary 3 in B. states that as n,p — oo, the thresholded estimator T(Ff ), is consis-
tent for F* in spectral norm, ||T(EF) — F*||op = Op:(s(p)r, 7). Here T(FF) is defined as
in , with the threshold 7 chosen in such a way that 7 < r,,, where r,, is the rate
characterizing the component-wise convergence of the pilot estimator on the original scale

1327 = 2*|lmax = Opr(7nyp) -
At this point, however, it is not an easy task to establish general conditions under which

the spectral-norm convergence on the transformed scale implies the same kind of convergence

on the original scale. In the case where f~! has a bounded first derivative then, for some
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constant positive ¢, one has

1 E) = FHTED  op < el ool 1= TE op »

where ||g]|oc = sup, |g(x)| and ¢’ denotes the first derivative of g. Yet, in general the inverse

of f does not have a bounded first derivative and ad hoc justifications need to be provided.

For instance, Theorem 2 in B. considers the log transform and it implies that, if the
sequences of maximum and minimum eigenvalues of L* = log ¥* are bounded as p — oo,
then, letting L = 7 (log %F), one has that both & = exp(L) and Q = exp(—L), converge in

spectral norm to ¥* and (X*)~! respectively, as n,p — oo.

2.3 Estimating the sparsity scale

In the introduction of B. it is suggested that a likelihood-based criterion could be used to
estimate the sparsity scale associated to a given transformation. However this idea is not fur-
ther developed in the paper, and the estimation theory summarized in the previous section is
established under the assumption that a suitable sparsity scale has already been determined.
In this section we propose a heuristic strategy for finding such sparsity-inducing transforma-
tion f. In doing so, we take a completely different approach in which the unknown matrix
F* has random off-diagonal entries having a sparse distribution P,. Within this framework,
given a pilot estimator f]ff of >*, we consider some parametric family of scalar-valued trans-
formations, which can be applied to the eigenvalues of f]f to obtain a family of transformed
pilot estimators, £ = f(3F). Given this family of transformed matrices, we then construct
a likelihood-based criterion to select one scalar-valued transformation, out of the parametric

family, depending on the estimated level of sparsity characterizing each transformed matrix

= f(5%).

48



More precisely, first we define a transformation f to be sparsity-inducing if the off-
diagonal entries of the transformed matrix F* = f(¥*) can be considered to be independent
random variables with a common sparse distribution P,. Then the level of sparsity induced
by f is defined to be the sparsity rate p characterizing the convergence of P, to the Dirac

delta measure at zero.

Second, we assume that the transformation of the observed pilot estimator 25 , Ff =
f (f]f ), is such that each off-diagonal entry FP s the scaled convolution of the corresponding

n,Uv

entry F, with an independent Gaussian noise 7,,. In formulae,
Fyw = 0 (Foy + o)

where ¢ is an unknown scale parameter, which allows us to obtain the same likelihood esti-
mates for the sparsity parameters, under any arbitrary change of scale of the observed entries

of EP. We discuss this fact more at the end of this section.

Then, following the signal-plus-noise model presented in the introduction, the sparse

approximation to the marginal density of each off-diagonal entry Ff w b fis

my(f) = 30(f/o)(1 = p+pC(f/a)) +olp).

Here we consider the exceedance measure of P, to be an inverse-power measure indexed by

a € (0,2). In this case, denoting by { ff u < v}, the observed off-diagonal entries of FI¥,

uv

the sparse log likelihood for the triplet (p, o, «) can be written as

log L(p, 0, 0t; fr e < v) = ) log (id)( Af,uv/ff)> + 3 log (1= p+ plalfinn/)) . (2.3)

u<v u<v

where the subscript in {, aims at highlighting the dependence of the zeta function on the «
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parameter of the inverse-power exceedance measure. Maximizing (2.3) gives the maximum
likelihood estimate (p, &, &) associated to the transformation f. The estimated level of spar-
sity induced by f is p and this can be used to compare and select the scale of ‘maximal

sparsity’, i.e., the transformation f having the smallest estimated sparsity rate.

As in B., we define a transformation acting on a square matrix A by specifying a scalar
transformation to apply to each of its eigenvalues, while holding its eigenvectors fixed. For
example, the log transform would lead to a transformed matrix having the same eigenvectors
of A and the eigenvalues on the log scale. In general, given a one-dimensional transformation
f and the spectral decomposition A = QAQ’, the corresponding matrix transformation
simply is

[ A= Qf(MNQ,

where f(A) is the diagonal matrix of the transformed eigenvalues f(\;), i =1,...,p.

As far as the selection of the transformation is concerned, we only consider parametric

families of transformations, such as the family of power transformations

fs:iy—y’, BER, (2.4)

and the Box-Cox family

fory= (W’ =1)/8, BeR, (2.5)
where, in both cases, the limit 5 — 0 corresponds to the log transform. Both families in
(2.4) and (2.5)) are parametrized by 5 € R. In practice however, we only consider a finite
grid of possible values for 5 over a prespecified finite range R.

Notice that with both families of transformations, the estimation of the sparsity param-
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eters p and « is invariant under scalar multiplication of the observed matrix. In fact, if
A = QAQ' is multiplied by r > 0, then A, = QrAQ" and f3(4,) = Q (1’ fz(A) +¢) Q' =
r°Qfs(A)Q" + cI, where I is the identity matrix and ¢ = 0 for the power transform while
c = (1 — 1)/ for the Box-Cox transform. Since in (2.3)) we are estimating (p, o, «) only
from the transformed off-diagonal entries, the estimation based on {f3(rSF)}us, is equiva-
lent to that based on {r” fg(f]ff ) busw, S0 the only parameter that gets affected by the scaling
operation is indeed the scale parameter o. Here { A}, -, denotes the set of the lower-diagonal
entries of A. It is easy to show that the scale parameter estimated from {f3(rSF)} s, is 77

times the scale parameter estimated from {f3(3F)}uso.

2.4 Simulation study

To illustrate how the heuristic method described in the previous section works, we mimic the
simulation study presented in Section 4.1 of B., where ¥* € V;“ is constructed to be sparse,
in the sense of ({2.1)), on the logarithmic scale. More precisely, ¥* = exp(L*) and the matrix

L* is constructed as
|B]

L* = a},Bm,
m=1

with matrices B,, € B. Here B denotes the natural symmetrized basis for the space of

symmetric matrices which is the union of
Bi={B : B=e¢jej, j<pl},
and
By ={B : B =eje}, +exe}, j,k € [pl, j #k},

where e; denotes the j™ vector of the canonical basis of R?, with p = 200. The coefficient
vector a* has a support of non-zero entries which is randomly sampled from the index set

[p(p+1)/2] and has size K = 60. Given the non-zero support, half of these components are
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uniformly drawn from [0.5,1] and the other half from [—1, —0.5]. The resulting L* belongs
to the class F(s(p), q) with ¢ = 0.

For n = 20,60, 100, 140, we simulate n independent copies of a p-dimensional random

vector having distribution N,(0, ¥*), and we construct the pilot estimator if as
P —(1—-6)S,40D,,

which is a convex combination of the sample covariance matrix S, = %X X' and ﬁn =
diag(S,). Here § = ((logp)/n)'/?. This pilot estimator of ¥*, proposed in Proposition 2 of

B., is guaranteed to have its smallest eigenvalue pulled away from zero.

Following Section we consider the two families of transformations ) and (| .
with values of  ranging from —1 to 1 and, after applying each transformation fz to Zf ,
giving F! Py = fg( P, we obtain the maximum likelihood estimate of the triplet (p, o, ),
corresponding to each transformation fz. The estimation results are reported from Table
to Table 2.4 The minimum of p is not always reached at § = 0 so, if we were to choose
the transformation fg« based on the estimated sparsity rate, we would not necessarily se-
lect the log transform. In fact, since the sparsity assumptions of Section on f(X*) are
somewhat more general than the sparsity structure imposed on log >* in its construction,
there is no compelling reason why we should expect the log transform to be selected by our
likelihood procedure. Yet, in a similar fashion of how the Box-Cox transformation is chosen
in the linear regression setting, given the results of Theorem 2 in B., one might still prefer
to opt for the log transform, if the difference in the estimated sparsity rates is not dramatic.
Figure shows the estimated pair (p, &) for the two different families, black curves for the
power transform and red curves for the Box-Cox transform. The Box-Cox transformation

appears to correct for the discontinuity at zero, which instead can be easily detected in the
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curves corresponding to the power transform.

Table reports the performance of five different estimators of »*, averaged over 100
Monte Carlo replications. The performance of each estimator matrix FE, is assessed in terms
of relative errors in both spectral and Frobenius norm. The estimators considered are: the
sample covariance matrix S, its thresholded version 7 (.S,), the pilot estimator 25 and two
transformed, thresholded and transformed-back versions of %¥. Column 4 refers to 2fzg =
exp{T (log(2F))}, while column 5 reports results for f]g* = YT (F(EEN}, with f = fa
corresponding to the Box-Cox transformation with smallest estimated sparsity rate. The
hard-thresholding procedure is carried out following (2.2), and choosing 7 = ¢ ((log p)/n)'/?,
with ¢ = 1 on both original (column 2) and transformed scales (column 4 and 5). The
advantage of thresholding the pilot estimator on a transformed scale is evident for all sample
sizes, since the relative errors displayed in column 4 and 5 are always smaller than those of the
other three estimators. Moreover, except for the case n = 60, choosing the transformation

with smallest estimated sparsity rate delivers even better results than the log transform.

53



rho and sigma
0.00 0.05 0.10 0.15 0.20
|

0.0

beta

n =100

0.5

1.0

rho and sigma
0.00 0.05 0.10 0.15 0.20
|

T
0.0

beta

0.5

rho and sigma

rho and sigma

0.00 0.05 0.10 0.5 0.20

0.00 0.05 0.10 0.15 0.20

0.0 0.5

beta

Figure 2.1: Plots of the estimated parameters p and o associated to two different families
of parametric transformations: the power transform A — A (black lines) and the Box-Cox
transform A — (A? — 1)/3 (red lines). Here 3 ranges from —1, corresponding to the inverse
transform, to 1, the identity transform, while 5 = 0 corresponds to the log transform. The
vertical red line indicates the value of § with the lowest estimated p within the Box-Cox

family:.
(a) Power transform
B p-102 6-102 &
-1.00  7.36 3.26  1.58
-0.75 317 264 1.75
-0.50  0.18 1.92  1.85
-0.25  0.14 1.06  1.56
0.00  0.10 487 1.78
0.25 0.16 1.47  1.62
0.50  3.56 3.51 1.76
0.75  4.27 6.78  1.67
1.00  5.50 12.0  1.60

(b) Box-Cox transform

o - 102

A~

g p-10? Q
-1.00 737 326 1.58
-0.75  3.11 3.52 1.78
-0.50  0.11 3.84 1.82
-0.25  0.10 423 181
0.00  0.10 4.87 1.78
025 164 573 1.73
0.50  3.81 7.00 1.77
0.75  4.28 9.04 1.67
1.00  5.50 12.0  1.60

Table 2.1: Maximum likelihood estimates when n = 20, p = 200, § = 0.51.
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(a) Power transform

o - 102

~

(b) Box-Cox transform

B p-10? &
-1.00  6.23 7.77 1.5
-0.75 493 5.34  1.61
-0.50 548 3.28 1.66
-0.25  3.76 1.60 1.58
0.00 11.84 5.93 1.79
0.25  4.60 1.67 1.62
0.50  7.10 3.57 1.66
0.75  0.33 6.74  0.10
1.00 8.44 9.78 1.50

o - 102

A~

B p-10? &
-1.00  6.23 7.77  1.55
-0.75  4.99 712 1.62
-0.50  5.46 6.55 1.6
-0.25 7.61 6.16 1.72
0.00 11.84 593 1.79
0.25 11.81 6.21 1.78
0.50  7.27 713  1.66
0.75  6.79 8.26 1.56
1.00 8.44 9.78 1.50

Table 2.2: Maximum likelihood estimates when n = 60, p = 200, 6 = 0.3.

(a) Power transform

o - 102

~

(b) Box-Cox transform

B p-10? &
-1.00 7.16 9.80 1.53
-0.75  6.67 6.30  1.57
-0.50  6.39 3.70  1.59
-0.25  6.11 1.69 1.62
0.00 7.14 6.35 1.65
0.25 7.55 1.57 1.53
0.50  7.03 3.32  1.60
0.75  6.57 5.63 1.51
1.00  8.59 8.36  1.48

o - 102

A~

B p-10? &
-1.00 7.18 9.79 1.53
-0.75  6.69 8.40  1.57
-0.50 5.71 6.15 1.55
-0.25 6.42 6.74 1.62
0.00 7.14 6.35 1.6
0.25 5.54 6.43 1.58
0.50 4.84 6.79  1.50
0.75  6.73 7.36  1.52
1.00  8.59 8.36  1.48

Table 2.3: Maximum likelihood estimates when n = 100, p = 200, § = 0.23.

(a) Power transform

o - 102

~

(b) Box-Cox transform

g p-10? &
-1.00 7.68 1041 1.51
-0.75 11.39  6.31  1.78
-0.50  6.91 3.71  1.56
-0.25 6.88 1.65 1.60
0.00 3.35 6.35  1.40
0.25 1.83 1.58 1.17
0.50  2.52 3.23 1.24
0.75  5.71 5.07  1.43
1.00 8.92 7.41  1.43

o - 102

A~

g p-10? &
-1.00 7.69 10.41 1.52
-0.75  7.38 8.64 1.54
-0.50  6.92 742  1.56
-0.25  6.07 6.65 1.56
0.00 3.35 6.35 1.40
0.25 2.12 6.29 1.22
0.50  2.66 6.45 1.26
0.75  5.77 6.76  1.43
1.00 8.92 741 143

Table 2.4: Maximum likelihood estimates when n = 140, p = 200, 6 = 0.19.



n Error Sn T(Sn) S 4

log

20 |~ E|,,/IIZ]l,, 340.36 198.71 160.36 78.52 78.52
(20.42) (32.79) (13.63) (4.14) (4.14)
20 |2 —E|lp /IS, 25504 157.80 129.00 63.55 63.55
(7.82) (10.96) (3.37) (0.64) (0.64)

60 |2~ El,, /=], 15714  93.55 106.04 70.34 86.42
(11.12) (11.59)  (7.15) (5.24) (1.33)

60 S —E|p/ IS, 14749  89.09 10550 5551 T71.67
(2.56) ((3.53) (L1.61) (1.45) (0.55)

100 |2 =B, /5], 11159 67.98 8194 5590 42.66

(897)  (9.17) (6.28) (4.74) (4.97)
100 |2 —E|l, /1=, 11434  68.85 89.22 46.12 32.98
(1.58)  (2.34) (1.04) (1.21) (1.36)
140 [|2* = B, /1%, 90.12 5545  68.98 49.17 42.93
(6.01) (6.45) (4.45) (4.33) (4.50)
140 == E|p /1=l 96.66  58.07 7879 40.45 34.09
(1.34)  (1.97)  (0.96) (1.19) (1.11)

Table 2.5: Comparison of estimators for ¥*. Relative error in spectral and Frobenius norm,
averaged over 100 simulations. Standard errors shown in parenthesis.
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Chapter 3

Higher-order sparse integral

expansion

3.1 Introduction

As explained in the introduction, in McC&P, the definition of a sparse sequence of distri-
butions {P,}, identifies the pair (p, H) to be the rate function p = p, and the exceedance

measure H(dz) such that
lljiir(l)p;l/w(x) P,(dx) = /w(m) H(dx),
for any function w in the class
W# = {w: R — R s.t. w(z) and 2 %w(z) is bounded and continuous} .

Adopting an operator notation, another way of writing this definition of sparsity is
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where F : W# 5 R
Flo) = [ g(a)F(dz)

is the operator form of the measure I acting on the function g € W#. With this notation,
it is easy to see how the sparsity definition is constructing the W#-integral asymptotic
expansion of P,, driven by v — 0, and the pair (p, H) characterizes the first term in this
expansion. From this point of view, a reasonable question to ask is whether it is possible
to find subsequent pairs (pa, Ha), (ps, Hs), and so on, for some sequence of decreasing rates

{p;}i>2, such that

P,(w) = pH(w) 4+ paHa(w) + psHs(w) + - - - + pHp(w) + o(pr.) -

In this context, we let Hy, k > 2, be any linear functional defined on the space of functions

W?#. For this reason, we will refer to Hy(w) as the k'"-order exceedance functional.

A related question arising from this higher-order integral expansion concerns equivalence
relations. Indeed, as highlighted in McC&P, it is possible that two sparse families have
the same first-order pair (p, H). For instance, the scaled Cauchy and the scaled horseshoe
families are first-order equivalent in the sparse limit, since they share the inverse-power ex-
ceedance measure, and their sparsity parameters can be adjusted so to match the two rates.
Therefore, it comes natural to ask whether the equivalence carries over to second and higher

orders or whether, and at what point, this equivalence ceases to exist.

In the next sections, we examine different classes of sparse families separately: the mea-
sures having a density function which is analytic in the sparsity parameter; the scale sparse
measures; the mixture measures. For each of these, we illustrate how to identify the terms
beyond the first one, in their sparsity integral expansion. We conclude by giving two ex-

amples, one when the first-order equivalence relation carries over to higher orders, and one
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when it does not.

3.2 Analytic density with Lévy integrable coefficients

When the sparse measure has a density p,(x) which is an analytic function of the sparsity

parameter v, one can write the density function using its Taylor series at v = 0,

= o vk
po) = 2 G| g
k=0 ’

Given this expansion, it is natural to identify subsequent sparsity rates as the increasing

constitute the measures defining the
v=0

powers of v, while the coefficients u;(z) = 2 p,(z)

corresponding exceedance functionals

A case in point is the double gamma family

T V—le—\x|

In fact, the density function can be written as a convergent power series in the sparsity

parameter v,
v) =) un(®)gy (3.1)
k=0 ’

where
k—1

c;(log x)F=9=1.

ug(x) =
7=0

The numbers ¢; arise from the expansion ﬁ = Z;io ¢jz?. The functions uy(z) are all
Lévy integrable, since [(2% A 1)uy(z)dz < oo for all k. Therefore, for this sparse family,

one can find a sequence of measures { Hy}, which are all exceedance measures according to
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Definition 0.1, together with a sequence of rates {px}, with pp o v*, for which
P, (w) = pH(w) + paHz(w) + psHs(w) + - --

Interestingly, this expansion coincides with the symmetric version of the expansion pro-
posed by Barndorff-Nielsen and Hubalek (2008) [7] for the infinitely divisible distribution
on R, associated to the gamma process, which has Lévy measure A(dz) = e 2 'dz. The
authors propose this expansion as a point-wise expansion of the density function. They seem
to consider it valid in terms of integrals only against functions vanishing in a neighborhood

of the origin, while we state it for the larger class W#.

3.3 Scale sparse distributions

In this section we illustrate how to derive the sparsity integral expansion for those sparse
measures whose sparsity is driven by their scale parameter going to zero. To give an insight
of how we identify subsequent terms in the sparsity expansion for these families, we start
presenting the derivation for two examples, the scaled Cauchy and scaled horseshoe. Follow-
ing the same logic, we then extend it to the scaled Student’s ¢ with d degrees of freedom,

d e (0,2).

3.3.1 Scaled Cauchy and scaled horseshoe

Let C,(dx) = = dr be the scaled Cauchy. As shown in the introduction, its first-order
exceedance measure is H(dz) = dz/(v/2x|z|*), while its rate function is p = v /2/7. We

start by writing C,(dx) — pH (dx),

1 % (1 2
Cy(dx)—pH(dx):W;dx—y dr = —2 ( v ),

(2% 4+ v?) r|z|? x?
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and notice that this can be written as

2

C, (dx) — pH (dx) = ;—Z P*(dz), (3.2)

where Py = (), is another scaled Cauchy. This clearly, by definition, is a sparse measure

v

converging to dy(dz). Therefore, as v — 0,

(e (dr) — pH(dz)) = %Cy(dx) R %5()((19;).

—p2

Now, |2]726y(dz) is not an exceedance measure but

Hy(w) = /w(x)\x!Q do(dx) (3.3)

still defines a linear functional on W#, which returns the value of w(x)/z* at zero. This
value is finite as w(x) = O(z?) at the origin. If w has a second derivative at zero, then
Hy(w) = w"(0)/2. In any case, one can identify p; = —? and H, as in (3.3) to be the

second-order pair in the integral expansion of C,,
Cy(w) = pH(w) + paHa(w) + o(p2) -

At the same time, one can read Hy(w) as the ‘zero-term’ in the expansion of the measure
P} = C, for the integral of the function s(z) = Sw(z). Indeed, this function s ¢ W#, but,

because P is itself sparse with first-order pair (p, H), one can still write

P3(s) = 5(0) + / (s(x) — 5(0)) P (dx) = (0) + p / (s(2) — s(0) H(dz)  (3.4)

since s(x) — s(0) = O(x?) at the origin so that w(z) = s(z) — s(0) belongs to W#.
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Putting and together,
[ o) (€utd) = pitae)) = —v* [ sta) Pitde) =~ (5004 [ st - s () )

it comes natural to regard the integral appearing in the RHS of (3.4)) as the third-order

exceedance functional for the initial C),. In other words,

) = [ (G - [ e i) = [ (st - so) )

T2

is the linear functional on W# which, together with p3 = pyp, constitute the third term in

sparsity integral expansion of C',
Cy(w) = pH(w) + p2Ha(w) + psHs(w) + o(p3) -

Therefore, if w has a second derivative at zero, with a little sloppy notation, one can write

the third-order sparsity expansion for the scaled Cauchy as

C(w()) = ﬁ vH(w() -2 0 @ v H (%””) - “’"2(0)) folh),  (35)

from which one finds p = \/gy, p2 = —v? and p3 = —\/21/3.

We now turn to look at the scaled horseshoe, HS,(dz) = 52 log (1 + Z—i) dx, whose

2mv

first-order sparsity pair is p = \/%7 v and H(dx) = dz/(v/2r|z|?). As for the Cauchy, we

start by writing

HSV(dx)—,oH(dx):%%Oog(l—l—g—z))dx—y e v 1 (1—$—10g<1—|—%>>dx.

2w x? 2 2y
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Now, the measure % (1 — i—z log (1 + ;—2)) dx is not another scaled horseshoe. Nevertheless,

it is still a scaled measure indexed by the sparsity parameter v so, after normalization,

1 , 1 1

the probability measure

N 1 2 v?
P (dx) :32— (1—;10g (14—;))(&,

UNZ

is a sparse measure converging to the Dirac delta measure at zero as v — 0. It thus follows

that, as v — 0,

S (HS,(dx) — pH(dx)) = % P(dx) — %50(dm) ,

—12

so, for the scaled horseshoe family, the second term in the sparsity integral expansion is given

by

poH(w) — —éVQ/w(x)|x|_2 5olda)

At this stage, similarly to the Cauchy case, we can obtain the third term in the expansion
of HS, by finding the first term p*H*(w) in the expansion of the sparse measure P}(dx).
The first thing to notice is that P} is another scale sparse family so, as mentioned in the
introduction, its exceedance measure is an inverse-power measure and it can be determined
by looking at the tail behavior of the unscaled density p*(x) at infinity. Thus, it is sufficient
to find the exponent v of regular variation for which

lim P(z)

T—00 |J]|7

= L(z),

where L(x) is a slowly varying function, i.e., L(tz)/L(z) — 1 as x — oo for every ¢ > 0 (see
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Feller, 1966 [35]). Now,
2 (1-a?log(1+%)) 3

lim 2& = —

T—00 ‘J}|_2 47 ’

so the tails of p*, at infinity, behave like |z|72, and therefore the exceedance measure H*
is again the inverse-square H(dr) = dx/(v/2w|z|?), whereas its first-order rate is p* =

% 2my = #ﬂu. Thus, as for the Cauchy, writing

2

[ wie) (5, (d0) — ph () = e [ s@Pitdn) = 5= (5049 (s(0) = s (o).

we arrive at identifying the third-order term in the expansion of HS, to be

[ (ste) = 5(0)) () = 272; (swto) [ Gl duao)) H(do)

Again, if w has a second derivative at zero, with the same notation of (3.5, we can write

the third-order sparsity integral expansion for the scaled horseshoe as

HS,(w(x)) = ! vH(w(x)) — %V2 w”Q(O) — 2\/1% v H <w£2x) - w”2(0)> +o(v?), (3.6)

from which one finds p = \/%TTV, p2 = —3z v and py = —55= V.

3.3.2 Scaled Student’s ¢

We now derive the sparsity integral expansion for the scaled Student’s ¢ distribution with

a € (0,2) degrees of freedom,

Ua
P(de) = Ky——FV—dz,
(dz) (:U2+a1/2)%1
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where K, = I'(2H)a®/?/(\/7T'(a/2)). This sparse family has first-order rate

Il —a/2) ,
p=Ko— oo
and exceedance measure
a2a/271
H(dr) = ———|z| 7 'dx.

Taking the cue from the Cauchy and horseshoe examples, we start by writing the difference
between P, (dz) and its first-order term pH (dx) and try to obtain another sparse probability

measure. S0,

(67 e}

v v
P,(dr) — pH(dz) = Ko— " K,
(de) = pH{de) (22 + ar?) "z (z2)"%
-2 K, 2?12 2?13
"\ E @)
_ 1,2 1
= Z[a p* <£> dx
T v \y

where [, is the normalization constant

2 2
Ia = /Ka $a+1 - : atl dr = “ y
@ @ro® )" 2

and p*(x) is the probability density function

1 x? x?
() = —K, — )
P() I, ((;ﬁ)azl (332+0z)a§1>

So, similarly to the Cauchy and horseshoe cases, we have

2

P,(dx) — pH(dx) = ;—ZIQ - P*(dz),

where P’ is another scale sparse measure: it converges to do(dz) as v — 0 and has a first-

order sparsity pair (p*, H*), with H* being an inverse-power measure. Again, to find H*, we
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just need to determine the tail behavior of p*. Since

i 2@ _ Kaala+ 1)
I, 2

T—00 |{L’|*O‘*1

. . a/2—1 P
the exceedance measure of Py is the a-inverse-power measure H(dzr) = %m a=ldy,

and the rate is p* = i O‘(a;rl) K, 1;(21;2{21) v = i @ p. Then

/ w(@)(P,(dz) — pH(dz)) = —?1,, / s(@)Pi(dx) = —v*L, (s(0) + 5 / (s(x) —5(0)) H(d)

leads to the third-order sparsity integral expansion of the scaled ¢, of Student

w” (0 w(x w” (0
Pwte)) = pit(u(e)) + oo T2 ot (UG- O oy
where p = K, —2(21;/(;{21) v, py = —52%=v* and p3 = —O‘(a2+1) K, 1;(21(:/3121) vte,

Comparing (3.7)) to (3.5)) and , we can recognize the same pattern in the alternation
of the measures. Indeed, after eliminating the first-order term, one is left with two functionals
which are closely related to another sparse measure, having the same tail behavior as the
starting one. All three cases share the same second-order exceedance functional, while the
third one retains the inverse power characterizing the initial sparse measure. And, as needed,
the expansion for the scaled t,, with a = 1, coincides with the expansion for the scaled

Cauchy.

3.3.3 Normalization

To give an illustration of the sparsity integral expansions derived in the previous sections,

consider the function w(x) = (1 — e **/2). By definition, any unitary exceedance measure
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H(dz) is normalized in such a way that

71‘2 1"
Now, s(z) = “& — (1_6902 ) 5o that s(0) = w0 — 5. Suppose that H(dz) is the a-inverse-

2 2
power measure, then

(s(z) — s(0) ||~ dar =

1 1

(;<1 _ efx2/2) . 5) |x|fa71 dr =
o (_1)rx27’—2 o

(3 et
r=2

'l —a/2)
oo+ 2)20/2-1°

H (% - me)) = /(S(x) = S(O”r(afi—/z/lz)lwl‘“‘l Ll

Then, for a scale sparse measure P, with rates p, ps, p3 and exceedance functionals H, Hs, H3

So

as those in (3.6) and (3.7)), the third-order sparsity expansion of [(1 —e~*"/2) P, (dx) gives

w”(0) w(z) w"(0) B 1 1
ptpa—y— +psl (? — ) tolm)=p+ 5p2— a+2p3+0(p3). (3.8)

In light of (3.8]), we could decide to renormalize the second and third-order exceedance

functionals Hy and Hj in such a way that

Hy(1—e®/?) =1 and Hy(1—e*/?)=1.
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More generally, any exceedance functional of order £ such that
Hi(1—e /) =1

will be called a unitary exceedance functional. So, for the sparse scale family, the unitary

second-order exceedance functional is

) =2 [ dia).

while the unitary third-order exceedance functional is

Hy(w) = —(a +2) / (w—/ﬁao(dx)) H(dz).

2

Clearly, this requires adjusting the second and third-order rates to be p = %pg and p3 =

— 45 3. In this way, the sparse approximation of order o(ps) for [(1 — e~*"/2) P, (dx) is

p+ p2+ps. (3.9)

Suppose that p = 0.1, then (3.9) is equal to 0.0927 for the scaled Cauchy with scale-sparsity
parameter p\/7r_/2 = (0.125, while is equal to 0.0906 for the scaled horseshoe with scale-
sparsity parameter pv/2m = 0.251. On the other hand the first-order approximation 0.1 gets
corrected downwards to 0.0649 when the scale sparse measure is Student’s ¢t with o = 1.5

degrees of freedom.

3.3.4 Impact on signal-plus-noise marginal density

We conclude this part on scale sparse distributions investigating the impact of including
higher-order terms in the sparsity expansion of a scale sparse measure on the inference for

the signal-plus-noise model.
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Let Y = pu+ n, where u ~ P, is a scale sparse signal, independent of 7 ~ N(0,1). Then

the marginal density of Y can be written as

() = 006 ( [ (cosbit) = e Py +1 -

R

(- )

Both functions appearing inside the two integrals are in the class W#. Thus, we can apply
the sparsity integral expansions derived in the previous sections to both of these functions,

to obtain the third-order sparse approximation for m,,.

For doing so, we suppose that P, has unitary exceedance functionals given by H(w) =
Jw(z)H(dz), Hy(w) = w"(0) and Hs(w) = —(a + 2) [(w(z)/2* — w"(0)/2)H(dx) respec-
tively, where H(dx) = I?“(Qla_—/;;;)mr“*ldm is the inverse power measure with index «. This

is the case when P, is any scaled t, distribution, o € (0,2), as well as when P, is a scaled

horseshoe. Then, given the associated rates p, p9, p3, we can write

my(y) = 6(y) (W) + Pav” + 5sCP (y) + 1 — p— 2 — ps) + 0(fs) - (3.10)

Here ((y) = fR\{O}(COSh(y$) — 1)e™**/2 H(dz) is the zeta function introduced by McC&P,

while

O =—(a+2) |

R\{0} a? 2

<<COSh<yI) e y—2> H(da)

is another integral transform of H;, which can be similarly written as a power series

Yy =y a(a+2(r—1—a/2)2772
(@235 -2 (2r)! T(1—a/2)

See the appendix for derivation.

Notice that because of the normalization chosen, all three functions appearing in (3.10)),

69



C(y), y* and ¢® (y), when multiplied by the Gaussian density, integrate to one over the real
line. However, while both ¥ (y) = ¢(y)((y) and ¥ (y) = ¢(y)y? are also always non negative,
which means they are density functions, v3(y) = ¢(y)¢® (y) is not always non negative. This
is shown in Figure [3.1, where we plot all three psi functions for « = 0.5, 1 and 1.5. Recall

that a = 1 is the index for the scaled Cauchy and scaled horseshoe.

Figure shows the impact of the subsequent inclusion of higher-order terms on the

tail-inflation factor in the sparse approximation to m,,:

o(y) (pCW) + 2y + 53 CH(y)) -

In this case, we fix p = 0.1 and a = 1, and compute py and p3 for the Cauchy case. The
inclusion of the second-order term has the effect of lowering the first-order function at the
two symmetric peaks around the origin. On the other hand, the impact of including also the

third-order term goes in the opposite direction but it is much less appreciable.

Figure [3.3] instead shows the consequences of subsequently including higher-order com-
ponents in the sparse approximation to the marginal density m, as in . Again, we
consider the case when the signal distribution is the scaled Cauchy, with first-order rate
p = 0.1. We compare the sparse approximations of different orders (colored solid lines)
to the exact convolution density (black dashed line). We can see that the third-order ap-
proximation, depicted by the yellow line, is closer to the exact density than the first-order
approximation, the blue line, both in the central part around the origin, as well as in the

tails.
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Figure 3.1: Psi functions appearing in the sparse approximation of m,(y), for « = 0.5, 1, 1.5.
Blue curves depict ¥(y) = ¢(y)((y), brown curves depict 19(y) = ¢(y)y?, while yellow curves

depict ¢3(y) = o(y)¢® ().
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Figure 3.2: Impact on tail inflation factor of the sparse approximation for m,(y). Blue curve
depicts only pé(y)¢(y), brown curve includes second-order term, ¢(y)(p¢(y) + p2 ), while
yellow curve includes the third-order term as well, ¢(y)(pC(y) + p2y? + p3 (P (y)). We fix
p=0.1, « =1 and compute p, = —0.005 and p3 = 0.27 - 1073 as for the Cauchy case.

3.4 Mixtures

In this section, we examine another class of sparse families, namely those which can be
written as a mixture of two distributions. This kind of mixture measures frequently appear
frequently in the Bayesian literature on the signal-plus-noise model and all of its extensions.
See for instance, Mitchell and Beauchamp (1988) [52], Johnstone and Silverman (2004)
[45], Rockové and George (2018) [60], among many many others. Indeed, the mixture idea
captures the prior information that, with some probability p, the signal might be zero, or
very close to zero, and, with probability 1 — p, the signal has a non-trivial distribution over
R. See Efron (2007) [27] and references therein for the two-group model and its use in the

microarray data literature.
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Figure 3.3: Impact of higher-order terms in the sparse approximation to the marginal
density of Y, when it is the convolution of a scaled Cauchy and a standard Gaussian:
o(y) (pC(y) + pay® + p3¢P(y) + 1 — p— po — p3) + o(p3), when first-order sparsity rate is
p = 0.1. Blue curves include only first-order term, brown curves include up to second-order
term while yellow curves include up to third-order term. The dashed black curves instead
show the exact density for the convolution. Top panel: central part of the density. Bottom
panel: tail of the density.
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3.4.1 Atom-and-slab family

Consider the following atom-and-slab model

P,(dz) = (1 = v)dp(dx) + vF(dx), (3.11)

where F' is any symmetric distribution on R. In this case, it is immediate to identify the
first-order sparsity rate to be p o v and finite exceedance measure proportional to F'(dz).
Once we eliminate this first-order term vF' from P,, we are left with just the Dirac delta
measure at zero, which, being the limit itself, does not have a non-trivial sparse expansion.

Thus, for this family, one can simply write

Now instead, consider a slightly different family

P,(dz) = (1 — v)by(dz) + vF,(dz) (3.12)

where the slab distribution F), is parametrized by the sparsity parameter. If F), is sparse with
first-order pair (p, H), then the first-order term in the sparsity expansion of P, is given by
the pair (vp, H). Similarly, if F,, has a non-trivial second-order term in its sparse expansion,
say po and Hy, then P, will also have a second-order term. More generally, if F, has a

kth-order sparse expansion, then one can write

P, (w) =v(pH(w) + p2Ha(w) + ... prHir(w)) + o(vpy) -

On the other hand, if F) is not sparse, then it might be the case that, even if P,
converges to the Dirac delta measure as v — 0, P, does not have a first-order spar-

sity term. For instance, if F, is a Cauchy distribution with scale parameter 1/v, i.e.,
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P,(dr) = (1 —v)éo(dx) + v ydz, then

v _
(v2z2+1

V—Q/w(g;) P, (dx) :U_Q/w(:p)d—x :/w@)d—‘”.

(22?2 + 1)

Yet, the functional w — [ w(:c)d?x is finite only if w is integrable with respect to Lebesgue

measure on R, which is not necessarily true for all functions in W¥.

In conclusion, for the atom-and-slab family in (3.12)), the sparsity integral expansion of

P, strictly depends on the behavior of the slab distribution F),, as v goes to zero.

3.4.2 Spike-and-slab family

The spike-and-slab family is usually referred to as a mixture distribution of the kind

P,(dz) = (1 — )G, (dz) + vF(dz), (3.13)

where F' is any symmetric distribution on R, while G, is a sparse measure converging to
the Dirac delta at zero as v — 0. Depending on how fast this convergence occurs, we use

different techniques to derive a sparsity integral expansion for P,.

Spike distribution with non-exponential tails

When the spike distribution G, is itself a sparse measure for which a non trivial sparsity
integral expansion can be derived, then, besides the first-order term v F', the expansion of
P, follows the expansion of GG,,. For example, if G, is the scaled Cauchy C,2 then, following

(3.5)), the first four terms in the expansion of P, are




Clearly, if in the expansion of G, there is a number of rates py, say from k£ =1 to j — 1,

such that v = o(pg) and p; o v, then the j term in the expansion of P, will be
piHj(w) + vF(w).

For example, if GG, is the scaled Cauchy C/, then p; = \/g\/; and py = —v, S0

Po(w(@)) = 1/ 22 H(w(z))+v (F(w(x)) - “’(2)(0)) JEn (w(“”) - “’(2)@) +o(ViR).

T 21 T 2 2

Spike distribution with exponential tails

If G, has exponential tails, such as N(0,?) (George and McCulloch, 1993 [40]), or Laplace
with scale parameter v? (George and Rockovd, 2018 [60]), then there is no definite rate for
which the sparsity limit integral definition of McC&P holds with a non trivial measure H.
However, since we are now considering a broader class of operators for the higher-order ex-
ceedances, even for this class of measures, we can find a sparsity integral expansion, following

our previous logic.

Because GG, has exponential tails, given X ~ G,, X has all finite moments. Thus, for
those symmetrized functions w € W?# having a convergent Taylor expansion at zero, with

non-zero coefficients only for even powers, it is possible to write

°p(28) 2 (2
[t 6utan) = [ 325 60 = 3 1V B0,

where the first term w(0) = 0 because w(x) = O(z?) at the origin. Now, for each k > 1, one

can write
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where the functions wg(z) for £ > 1, are defined recursively by

wi(r) = wir(2) g — / wer(r) - g dold), (3.14)

and wp(x) = w(x). So, one has

et cetera. Therefore, for every k > 1, we can define the functional H; on W# to be

w(2h)
Hi(w) = /wkl(x) . l%éo(dx) = (2]{:§?) .

So the function wy as in (3.14) can now be written as

1
2

w(x) = w1 () - ol Hy(w).

If the even moments of X ~ G, are denoted by

P1 :EV(X2)7
P2 :EV(X4>7
Pk :EV(X%)v

then, provided p, = o(v) for all £ > 1, we can write the sparsity integral expansion of P, as

P, (w) = vF(w) + Z (25)! E,(X?*) = vF(w) + pyHy(w) + poHa(w) + - --
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3.5 Higher-order equivalences

We now turn to investigate the question whether the equivalence relationship established by
the first-order sparsity pair carries over to higher-orders, and in what ways this can happen.
We first recall the concept of sparsity equivalence as defined in McC&P. Given two sparse
families of distributions, they are said to be first-order equivalent in the sparse limit if they
share the same exceedance measure. In fact, this sharing allows one to reparametrize one
of the two families in such a way that the two rates also match. Therefore, the first term
pH(w) in the sparsity integral expansion is exactly the same for both families. Below, we
give two examples, one for which the relation carries over, and one for which this does not

occur.

Scaled Cauchy versus scaled horseshoe

As highlighted in McC&P, the scaled Cauchy and scaled horseshoe are equivalent in their
sparsity expansion since they both have the square inverse-power exceedance measure. Com-
paring and (3.6)), we can immediately notice that the two functionals H, and Hj on
w € W¥ are the same for both families, so that their first-order equivalence carries over to
higher orders, in terms of exceedance functionals. On the other hand, the higher-order rates
of one family are scalar multiples of those of the other family. In fact, suppose we match the

first-order rates

1 _ _HS __ C’_\/§
\/%VHS_p _p - 7TI/C’

by setting the scale-sparsity parameter for the horseshoe family to be two times that of the
Cauchy family: vgs = 2v¢. Then the second-order and third-order rates are found to be in

the following relations

4
py® = gpgc, pi® =205 .
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Atom-and-Slab versus Spike-and-Slab

The atom-and-slab family and the spike-and-slab family as in and , respectively,
sharing the same slab distribution, are first-order equivalent. Yet, they are not second-order
equivalent in their sparse limit. In fact, for the former family, after the first term vF, all
remaining terms are just trivially equal to zero. On the contrary, for the latter family, if
the spike distribution G, is, for instance, N(0,2?), then after the first term vF, one can
identify the second-order term in the expansion of P, to be v?w®(0)/2. This means that
the equivalence relation between the two families holds up to first-order but it breaks down

when we look at the second-order term.
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3.6 Appendix

1. Here we derive the zeta function associated to the third-order exceedance functional,

Hs(w) = —(a+2) / <M - / w(z) 50(dx)) H(dz) .

x? 2
Let w(x) = (cosh(zy) — 1)e~*"/2. Then

w(z)  (cosh(zy) — 1)6_;52/2

2 x? 7
W 2 . o a a/2—1
so that s(0) = 2(0) = 4. Letting ko = ~ ;:(21)—1/2) ’
h — 1)e /2 2
C(B)(y) _ _(a_|_ 2)/ ((COS (Iy) - )6 . %) H(dl’)
x

(S )
—~ (2r)!/2 2 2 | |zlott

2 o .25, 2
_ y_ y 712/2 . _—2?)2 —z2/2 Ko
2 ; e )> 2o
2 o .2 2
Y y? —22/2  Ra Y —22/2y _ Ra
_¥v 1 dr— L [ d
2 / ;(27”)'/2 ) C et T /( ‘ )|~T!a+1 !
2 0 2] 2
_y Y —2%/2_Fa Y,
-5/ 25 >'/2> e ¥ g7 2)
9 00 2j 2
_v Y 220 o= /2 de + 2 92
5 Z( )|/2/ € ‘|a+1 x+2(0‘+)
7j=1

V¥ ~ ¥ TG—a/2) ¥
) Z G2 (jayer et glet?)

e
242

y2
DA Ti—a 2@t

y? =y Tr—1—0a/2)27 2a(a+2)
=@+ -2 5 T(1—a/2)

r=2
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So the third-order sparsity expansion of [(cosh(zy) — 1)e~**/2 P,(dx) is given by

/(cosh(:cy) — 1)6"‘2/2 P,(dx) =

2 w” cosh(zy) — 1)e /2 2
p/(cosh(xy) — 1De /2 H(dz) + po ) —I—,Og/ (( hzy) — 1) — ‘%) H(dx)

2 2

pCY) + P2 y? + ps CP(y) .
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Part 11

Component-wise sparsity

82



Chapter 4

Component-wise sparsity and

negligibility

4.1 Introduction

With this chapter, we start our investigation of d-dimensional sparse distributions, which
will be the main theme of the rest of the thesis. Therefore, we begin by giving the definition
of multivariate sparsity, which is the natural extension of the original definition of sparsity
of McC&P, to sequences of probability distributions defined on R?, d > 1. This definition is
very general and we will refer to it also in Part III. In this part of the thesis, we focus our
attention on those multivariate sparse distributions which are product of univariate sparse
measures. We call this kind of multivariate sparsity, component-wise sparsity. Thus, in a
sense, we keep the scalar notion of symmetry on the real line and regard the multivariate

signal as a collection of d independent scalar signals.
In a context of independence like the present one, fairly often the interest lies in estab-

lishing which signals can be considered as ‘active’ and which can be considered as ‘negligi-

ble’. However, as explained in the introduction, the univariate sparsity theory developed in
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McC&P relies on the sparsity pair (p, H), which, by itself, does not allow one to identify
the null atom {X = 0}. For this reason, we frame the question from a slightly different
perspective, introducing a formal notion of negligibility. This idea of signal negligibility is
to be understood as a limit-approaching description of the sparse sequence of measures over
a sequence of positive-length intervals converging to the limit point {0}. Given this limiting
notion of signal negligibility, we derive an alternative integral approximation for the univari-
ate sparse measure P,. This alternative approximation is valid up to an error larger than
the usual o(p), but has a Dirac delta measure component in it, so that, in terms of integrals

of bounded and continuous functions, negligibility is equivalent to being zero.

The integral approximation we develop within the negligibility-sparsity theory can be
naturally seen as an alternative to many other Bayesian approaches developed for the so
called two-groups model (Efron, 2007 [27]). Yet, despite the general structure resemblance,
there are two main differences. The first most obvious discrepancy concerns the target event,
which determines the mixture distribution for the signal. In our framework this event is the
signal negligibility, whereas, in many formulations of the two-groups model, is the event of
the signal being absolutely zero. The second difference follows from the first one to the
extent that we obtain an atomic mixture (i.e., a Dirac delta measure component) for the
signal distribution as an asymptotic approximation, driven by the sparsity limit, and true

solely in terms of integrals of bounded and continuous functions.

This alternative sparse integral approximation turns out to be a useful tool in many
different applied statistical contexts. In the next chapters, we will use it for: (i) constructing
a multiple testing procedure to declare negligible and non negligible signals; (ii) obtaining
a soft-thresholding estimator for the coefficients in wavelet regression; (iii) estimating the
graphical structure in a Gaussian graphical model on the basis of the conditional probability

of edge non-negligibility.
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4.2 Multivariate sparsity

To extend the definition of sparsity of McC&P to sequences of distributions defined on R¢,
d > 1, we first introduce the definition of exceedance measure and Lévy-integrable function

for the d-dimensional case.

Definition 4.2.1. A non-negative measure Hy defined on (R?\ {0};]-]|) is termed an
exceedance measure if fRd\{O}(HI”Q A 1)Hy(dz) < oo. A measure satisfying [pa roy(1 —

e IeI*/2Y H,(dx) = 1 is called a unit exceedance measure.

Here ||-|| is any norm induced by an inner product (-, -) defined on R?. As in the univari-
ate case (see §2.1 in McC&P), there is a one-to-one correspondence between the exceedance

measure Hy and the Lévy measure of an infinitely divisible distribution on (R ||-]|).

Definition 4.2.2. The space Wf of Lévy-integrable functions on R? consists of bounded
and continuous functions w : R¢ — R such that ||z| > w(z) is also bounded and continuous.
Lévy-integrability implies fRd\ 0 w(x) Hy(dz) < oo for every w € Wf and every exceedance

measure Hy.

We now naturally extend Definition to a sequence of d-dimensional probability

distributions {P, 4}, which, as v — 0, converges to the Dirac delta measure at the origin

{o0}.

Definition 4.2.3. A sequence of probability distributions {P, },, defined on (R% [|-|)), is
said to have a sparse limit with rate p, if there exists a unit exceedance measure H, such

that

v—0

iy [ o) Puatde) = [ ) Bl

for every function w € Wf.
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This definition of multivariate sparsity is very general and comprises of many different
families of distributions {P,4},. In this part of the thesis, we mostly study d-dimensional
sparse measures which are product of scalar sparse measures. In Part III instead, we derive
some theory for those d-dimensional sparse measures which are rotationally invariant and
their sparsity is induced by the sparsity of their radial part. Clearly, these are just two
instances of multivariate sparsity, and future research could be directed to study other dif-

ferent kinds of multivariate sparsity.

Before proceeding introducing component-wise sparsity, we define the d-dimensional
analogs to the zeta function and zeta measure, which will appear in both this part of the

thesis and the next.

For any given d-dimensional exceedance measure Hy on (R?\ {0}; [|-)), its zeta transform
1s

Caly) = /Rd\{o}(cosh((y,x)) — 1)6*”99||2/2 Hy(dz) (4.1)

while the associated zeta measure defined on (R?\ {0};]|]|), is the integrand

Ca(dz;y) = (cosh({y, z)) — 1)6’”3‘“”2/2Hd(dx). (4.2)

4.3 Component-wise sparsity

As anticipated in the introduction to this chapter, component-wise sparsity refers to those
d-dimensional measures which are product of scalar sparse measures. Since this means that
the d components of the random vector are independent, it is natural to take the inner
product on R? to be the standard Euclidean inner product (y,z) = y'z = 2?21 y;x;. We

now give a more formal definition of component-wise sparsity.
Definition 4.3.1. Let P, 4 be a sequence of distributions defined on (R% ||-||), where ||z]|* =
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Z?Zl x?. If it is possible to write

P, 4(dx) HP’ (dz;),

where, for each i = 1,...,d, the one-dimensional sequence {P'}, is symmetric around zero
and sparse according to Definition [0.0.3, with rate p!, = ¢;p,, ¢; > 0, and unit exceedance

measure H’, then we say that P,  is component-wise sparse.

As a matter of fact, if {P, 4}, is component-wise sparse then it is also sparse according

to Definition 4.2.3| Indeed for any function w € W¥, one has

d
hmp,,/wx demi—/ w(x) Hy(dx),
g [ o) [TR) = || wlo) Hd)

where the rate p, = p, 4 is proportional to the sum of the rates of the scalar sparse measures,

p.,, while the d-dimensional unit exceedance measure defined on R, \ {0} is

&Iv—l

Z *(dx;) H(50 dz;). (4.3)

J#i

This exceedance measure is concentrated along the Cartesian axes, so it is singular with
respect to Lebesgue measure defined on R/, for any j > 2. Indeed, integrating a function w

defined on R? against Hy is the same as projecting the function on each Cartesian axis,
wi(z;) = w((0,...,0,240,...,0)),

integrating w;(x;) against H*, and then average the d integrals.

We check that H; is a d-dimensional Lévy measure by computing the integral
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QL

2 2 1
x /\1Hd3c:/ z||"AL) | = *(dxy;) do(dz;)
L el A0 ) = [ (e (dZ Lo )

=1 J#i
xi A1) H(dx;),
~d Z /R\{O}

which is finite as long as, for each i = 1,...,d, H' is a Lévy measure.

The characteristic function of P, 4 is, up to first-order sparsity, the same as the charac-
teristic function of the infinitely divisible distribution on R? having some scalar multiple of

H, as its Lévy measure A,

/eit,x P, q(dz) = H/eit”’“ P¥(dxy,)

k=1
= H (1 + peg / (cos(tpay) — 1) H*(dxy) + o(,o))
k=1
d
_ H <6p0k Jr\ g0y (cos(tezi) 1) H* (dxy,) + 0(0))
k=1

(cos(tpzx) — 1) Hk(dmk)} +o(p)
k=1 R\{0}

/R \{o} (cos(t'@) 1) Z Ch Hk(dxk) H 50(dxj)} + o(p)

J#k

I
@
"
<
— — —
D

p/Rd\{O} (cos(t'z) — 1) A(dx)} +o(p) .

An infinitely divisible distribution on R? has Lévy measure proportional to H, if and only
if it has independent components (see Sato, 1999 [63], and Samorodnitsky and Taqqu, 1994
[62]). As a matter of fact, H; can be written as the sum of d measures, each concentrated

along one Cartesian axis,

23 (3 02) + 38, _(a) ) 1 (a ol
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Here 7 = x/ ||z|| is the direction of the vector on the unit sphere S = {z : ||z|| = 1}, while,
foreachi=1,...,d,

siv =(0,---,0,4+1,0,---,0) € {0, +1}*

and

si_=(0,---,0,-1,0,---,0) € {0, —1}"

denote the two intersections of the unit sphere with the ¥ Cartesian axis. On the other
hand, H®® is the radial exceedance measure on (0,00) corresponding to the scalar sparse
measure P!, for each i = 1,...,d. We consider H®' to be two times the positive part of the

symmetric exceedance measure H* corresponding to P.

Notice that if the d independent components of x are also identically distributed, then

P! =P, foralli=1,...,d. This means that we can write Hy(dz) as

%zz (%@Mdf) + %5&,(%)) L HR(d]|])). (4.4)

Thus H, factorizes into a spectral measure on S,

dZ( o (dE) + 531 (df)),

which is discrete and concentrated on the intersections of the axes with the unit sphere, and

a radial measure on (0, c0),

HE(d||z]),

which is just two times the positive part of the exceedance measure H of the scalar sparse
components. In Part III, we will see that the exceedance measure for vector-sparse distri-
butions, i.e., sparse distributions that are rotationally invariant, can also be factorized in a

spectral measure on S and a radial measure on (0, 00).
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From now on, unless differently specified, we will consider the case where P¢ = P, for all

components ¢ = 1,...,d, so that the rate p, 4 is dp,, and the unit exceedance measure is
1 d
i=1 ji
4.3.1 Component-wise inverse-power exceedance

If the scalar exceedance measure H is the inverse-power measure

H(dz) = Ku|z| ™ dx,

2(1/2 1

and a € (0,2), then
d
Hy(dw) = Kao Y |27 ] ] do(dzxy) (4.5)
i=1 i
is the component-wise inverse power exceedance measure. Here

K 1 204/271
Kjp=—2= s
’ d dT'(1—a«/2)

is the scalar such that H, is a unit exceedance measure,

/(1 e 1#I°/2) 1, (dx) Z/ e HVK o =1

The measure in (4.5)) is, up to a multiplicative constant, the Lévy measure associated with
the symmetric a-stable (Sa.S) process having independent components (see Sato, 1999 [63],

and Samorodnitsky and Taqqu, 1994 [62]), whose characteristic function is the exponential
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of

00 d
irt's = |
/S/O (et — ra“ /S It's|* Z( o (ds) + 58i’_(ds)) _—;m :

=1

In particular, when o« = 1, Hy is proportional to the Lévy measure of the product of d

Cauchy distributions

d
Hﬂ'l-}-l‘).

i=1
4.3.2 Component-wise zeta function

Following the definition given in Section [4.2] the zeta transform of a component-wise ex-

ceedance measure is
Caly) = / (cosh((y, )) — 1)e "I/ H(dx)
R4\{0}

= cosh(y/x) — 1)e ¥%/? 1 : H(dz; do(dx;
JANCETERY <d2< Lo >)

i=1 ji

d Z /R\{O} COSh yzxz) - 1) :cf/? H(dxl)

= é;((%),

where ((y) is the usual univariate zeta function. Similarly, the corresponding d-dimensional

zeta measure 1s

d
1
Caldz;y) = EZ dxi§yi)1;150(dxj>'
=1 VE=

Notice that the component-wise zeta measure has the same structure of the component-
wise exceedance measure. So when integrating against it, we project the function onto each
Cartesian axis, integrate the one-dimensional function w;(z;) against ((dz;;y;), and then

average the d integrals.
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When the scalar exceedance H is the inverse-power measure, i.e., H, is as in (4.5]), then
one can use the Taylor series for the univariate zeta transform of H, and write the zeta

transform of H, as

o0 27"

1 d
)= L2 Eg(g

"T(r— a/2)> .

4.4 Component-wise sparse signal plus noise

In this section, we study the signal-plus-noise model in the case when the observations are

independent and identically distributed, and can be written as
Y;:/,Lz—i-ﬁl, z:l,,n

The signals p; are independent, with common distribution P, having sparsity pair (p, H),
while 7; are independent standard Gaussian random variables. Using vector notation, letting

Y, u,n € R™ we can equivalently write
Y =p+n,

where the signal vector y ~ P,,, is component-wise sparse with scalar rate p and scalar

exceedance measure H, and is independent of n ~ N, (0, I,,).
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Then the first-order sparse approximation of the marginal density for Y at y is

Masl) = 0nl) [ e P, )
= on(y) (np/(cosh(x/y) — 1)@‘”””2/2 H,(dx)+1— np) + o(np)
= ¢n(y) (np Caly) +1 = np) + o(np)

v)(p Z (i) +1=np) +o(np).

Notice that this expression is equivalent, in first-order sparsity, to the product of the sparse

approximations for the univariate m, (y;),

my, (yi) = oY) (p¢(ys) +1 —p) +o(p) .

In fact,

n

[T =TT 6w (ys) + 1= p+0(p) = duly) [ [(0C () + 1= p + 0(p))

=1 i=1 =1

= 0n(y) (pC(y1) +1—p) (p¢(y2) + 1= p) ... (pC(yn) + 1 — p) + 0(p)

= 00(0) (D6l + 1= m0) +olp)

4.4.1 Estimation of sparsity parameters

If one considers P, to be a scale sparse measure, then its exceedance measure is the inverse-
power measure H(dz) oc |x|7*7! for a € (0,2). In practice, both p and «a are unknown
parameters and need to be estimated. In applied work, it is important that the estimates
for p and a are not dependent of the scale on which the observations are made, as a change

of scale simply corresponds to a change in the units of measurement.
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Therefore, suppose that the actual observations are
Y, =71Y;, 1=1,...,n,

where each Y; = u; + n; is scaled by a factor 7 # 0, so we can say that the group 7 : y — Ty
acts on the observation space component-wise. Then each Y; has marginal density, in first-

order sparse approximation, given by

Lzl o(@/171) (1 = p+ pC(g/17])) + o(p)

This marginal density is parametrized by the triplet 8 = (p, a, 7%) corresponding to the spar-
sity rate, the activity index of the exceedance measure and the scale of the observations. The
sparse approximation to the log-likelihood for # based on the scaled observations 91, ..., ¥,
is

U3 G, G) = —n Tog(|7]) - %Zﬂf/TQ + 2 _log(t=p+pCH/IT)),  (46)

so that maximization of with respect to 6 delivers the maximum likelihood (ML)
estimate. The ML estimator, as a function from the observation space ) to the parameter
space O, is equivariant under the group action 7 : (p, o, 02) — (p, o, 720%) for 7 # 0. In fact,
given y € R", denoting by

ML(y) = (p(y), a(y), o> (1))

the maximum likelihood estimator for (p, o2, ), it is not hard to show that

ML(7y) = (p(1y), a(ry), 0*(7y),) = (p(y), a(y), 0> (y)) = [7| ML(y) .

This means that, if we include the scale parameter in our estimation, then the maximum
likelihood estimates for the sparsity parameters, the rate p and the inverse-power «, do not

change if the observations are measured in different units. For this reason, in the following
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chapters, we will always estimate the triplet (p, a, 0?).

4.4.2 Signal conditional distribution

The first-order sparse approximation to the conditional distribution of the n-dimensional

signal u, given y, is

npGu(da;y) + e "B, (da
Punlde | ) = 2B DSl ) o)
0 i G y) T So(day) + [Ty e/ P, (day)

Py Cly) +1—mnp

+ o(np) .

If we look at the n signals as a vector in R™, then we can compute the first-order sparse
approximation to the conditional probability that the norm of the signal ||u|| is greater than
some threshold e. In this case, supposing that the one-dimensional H is atom-free and does

not have Gaussian nor sub-Gaussian tails, then for any positive €, approximating x> with

2 2
—||x 2e
1 — elalP/2e

Puo(lull > €| 9) = / (1= e 1’22y P (e | y)

S = e ) (oG ) + e 0H (dy))
B PO C(y) +1—np +ole).

The reason why H cannot have Gaussian or sub-Gaussian tails is explained in more detail
in Section [8.5.2| of Chapter 8. In this context, not to get a trivial zero limit as p — 0, we
need a double limit regime under which, for all © = 1,...,n, p — 0 and y; — oo in such
a way that p((y;) — A; > 0. In this case, the conditional probability of {||u| > €}, for a

component-wise sparse signal, converges to

P D C(yi)
L+p >, Cly)
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4.5 Negligibility

At the end of the previous section, a sparse double limit is given for the conditional probabil-
ity of the event {||u|| > €}. However, when the components of the signal are assumed to be
independent, each with a sparse distribution, it is common in many statistical applications
to be interested in establishing the ‘activity /negligiblity’ of each individual signal separately.
In this section, we introduce a formal notion of signal negligibility, which in fact refers to
any unidimensional sparse signal. So for the rest of this chapter, the number of observations
(hence the number of signals) can really be just one, since the signal negligibility, as much
as the sparsity of its distribution, is thought as a limiting notion, driven by the sparsity
parameter rather than by the sample size getting large. To make this section self-contained,
we report here part of the discussion presented in the introduction, when we first talked

about negligibility.

Even if in the literature, there is not a universal consensus nor a formal mathematical
definition of what constitutes signal activity, fairly often, in both theoretical and applied
work, the dichotomy of signal non-activity/activity refers to the events that the signal be
zero or not zero (see for instance, Efron, 2007, Johnstone and Silverman, 2004). However,
in the sparsity theory developed in McC&P, the probability that the random signal with
a sparse distribution, is exactly zero is not identifiable only from the sparsity pair (p, H).

Indeed, when implied by the W#-integral definition the sparse approximation

only holds for strictly positive thresholds e. Here F(z") is the probability that the random

variable X ~ F exceeds z, in absolute value. To see this, consider two sparse families such
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as the spike-and-scaled slab

—lz|/v v
Pldz) = (1 — o) —d d
and the atom-and-scaled slab
9 v

These two sparse measures share the same first-order sparsity pair given by p = v/%/2 \/2/_7r
and H(dx) = 1/v/2n |z|2dx. Therefore the first-order sparse approximations to the expec-
tation of any function w € W# with respect to P! and P?, are exactly the same, insofar they
are solely based on the pair (p, H). Yet, the two measures do give very different probability
mass to the atom at zero, as PZ(X = 0) = 0 while P2(X =0) =1 — /v.

The reason why this happens is that the indicator function x,—q is a discontinuous func-
tion at the limit point and such discontinuity at the limit opens the door to different answers
from the sparse measures even if their limiting behavior in approaching the Dirac delta limit

is the same.

The way we propose to circumvent this zero-non-identifiability issue is to take a slightly
different perspective in looking at the problem, and adopt a strategy that is similar in spirit
to the “limit-approaching” standpoint, from which the sparsity theory by McC&P has been
formulated in first place. The idea is to look at the atom {0} as the limit point of a sequence
of intervals [—€,,€,], where ¢, — 0 as v — 0, and to describe, as the limit takes place,
the approaching behavior of the moving sequence of measures P, over the moving region

[—€,,€,]. So, instead of asking for the probability at the limit point P,(X = 0),

P,(X =0) = / Xa=o0 P (dz)
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which requires the expectation of a discontinuous function at zero, we ask for the probability
that the signal is in a region converging to the limit point, which by contrast, can be approx-
imated with arbitrary precision, by the expectation of a bounded and continuous function,

such as

/ e=*1%% P, (dx) .

With some conditions on the speed of convergence to zero of the threshold sequence €,, we

can use the sparsity integral definition in (|1)) to obtain the sparse-negligibility approximation

/6x2/2512/ Py(d$> -1 p/(l o 6—12/2612/) H(dl‘),

where this approximation holds with an error p [(1 —e*/2%) H(dx).

All this leads us to introduce a mathematical definition of signal negligibility. In what
follows, we use the notation F(w,) = [(1 — e™*/?%") F(dz), where F is some non-zero

measure.

Definition 4.5.1. Let {P,}, be a sparse sequence of symmetric distributions on R with
sparsity pair (p, H), and let {€,}, be a sequence of strictly positive thresholds, €, > 0. We

say that €, is a negligibility sequence for P, if, as v — 0,
1. ¢, — 0,
2. P,(w.,)—0,
3. P(we,) = pH(we,) + o(pH (w,)) .

Given X ~ P,, we say that X is negligible if | X| <'¢,.

Such a sequence exists for every sparse family and, because of condition 2 in Defini-

tion [4.5.1} a signal X ~ P, is negligible with probability converging to one as v — 0. The
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reason why we need the third condition is that for some sparse families, P,(w,,) — 0 by itself
does not impose any requirement on the negligibility sequence, so that it is not sufficient to
guarantee the sparse-negligibility approximation P,(w,,) ~ pH(w.,). An example of when

this occurs is for the sparse family

P2(dz) = (1 — Vo) 8o(dz) + o ———da .

m(x? 4+ v?)

In fact,

P%(w,,) \/_/ (1-— e~ /2e ) dr =+\/v (1 — et Erfc(y/ﬁey)> ,

where FErfc(z) =1— —= fo e~*/2 dt. Now, this expression converges to zero as v — 0, re-
gardless of the behavior of €, /v. However, in order to have P?(w.,) = pH (w.,)+o(pH (w,,)),

given that

2 1 2
we — /2] e~ /26 = dr= \/> 3/2 ! ’
p v / / /271_:1;2 T l/

one needs €,/v — 0o, in which case,
Vv (1 P Erfc(y/\/éey)> = (\/2/_7T ‘v/e, + o(u/e,,)> = \/%1/3/26,/1 +o(*?/e,).
Now, the second and third conditions in Definition [4.5.1] require that
pH(we,) =0,

even though €, — 0 might lead to H(w,,) — oo, if H is not finite. For instance, if H is the

inverse-power measure, then H(w.,) is
/(1 _ E_IQ/ZE?’)KQ |.T’_a_1 dr = E;a
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which indeed goes to infinity as €, — 0, since a € (0,2). Thus, pH(w,,) — 0 if and only if

where g(p) — 0 and p/g(p) — 0, as p — 0. Therefore, if there are no more stringent re-
quirements on €, from the other conditions, then one can choose the sequence €, to behave,
for instance, like log(1/p)~"/¢, for some positive 1. In this way, pe,* ~ plog(1/p)”, and this

converges to zero as p — 0.

To see the advantage of considering signal negligibility rather than signal nullity, we look

again at the two sparse families presented at the beginning of the section,

o—lal/v y
Pldr) = (1= Vo) S o 4 Vg,
and

As already highlighted, despite having the same sparsity rate p = v*2,/2/m and same
exceedance measure H(dz) = |z|~2/v/2rdx, the two families give different mass at the atom
at zero: PH(X = 0) = 0 while P?(X = 0) = 1 — \/v. Instead, in terms of negligibility, one

v

has that

olal/v

2v

v

Plw.) ==y [a=em) = i (1) s o

=(1-+v) (1 - %\/W_/Qesgﬂ”2 Erfc(e,,/x/@ﬁ) +Vv (1 P Erfc(u/\/gey)> ,

and this last expression, provided that €,//v — 0o, behaves as

(1= V) (/& + 0 ) + Vo (Vafm v/e, + OW2/E)) = Vafm ' 6t + 002/€)
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Now, if we compute the non-negligibility integral for the second family, given that €, /v — oo,

we have
P2, ) = /(1 2 <(1 — V) bo(d) + ﬁm d.r)
=V / e ) (x2y+u 3y 4
— (1 _ et Erfc(y/\/ieu))
2/m V%€, + 0?2
Indeed,

2 2 1
2/ Vet = 2#V3/2'/1—€m/26”—d$: H(w,),
VAR et = 2] ( oy o = H(,)
so that, provided €,//v — o0,
Plll(wfu) = Pl?(wﬁu) = 1 - pH(weu) + O(pH(weu)) :

As already observed, in these cases of mixture measures, given ¢, — 0, one needs to ensure
that both P,(w.,) — 0 and P,(w.,) ~ pH(w,,), as v — 0. By contrast, when the sparse
measure is a scale sparse measure, conditions 2. and 3. of the negligibility definition
imply one another, and are met whenever ¢,/v — oo. In fact, let P,(dz) = 1/vP(dx/v),
where P is any symmetric distribution on the real line. Then, because in this case the

distinction between hard and soft threshold functions is irrelevant, we can see that

P(ch) = 2/00 P,(dz) = 2/600 P(dz) — 0,

V/l/
if and only if €, /v — co. Moreover, because P, is scale sparse, the density of P is regularly

varying at infinity so that its tail behavior is the same as that of the exceedance measure for
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P,. So, provided €, /v — oo, the tail integral of P(dz) behaves as

P(eh) =2 / O/O P(d) = 2ey /1) + o(v*/e2).

which in fact coincides with
pH, () = 21/“/ |z|~* ' = 0%~

Therefore, P,(¢}) ~ pH, (&) if and only if P,(¢}) — 0. This in turn means that, for scale

sparse families, it is sufficient to choose the negligibility sequence ¢, in such a way to guar-

antee pH(ef) — 0, i.e., €, /v — o0.

Building upon this definition of negligibility, in the next section we show how to construct
a new sparse integral approximation for the sparse measure P,. This alternative integral ap-
proximation will be less accurate than the o(p) approximation, but will have a component

given by the Dirac delta measure at zero.

4.5.1 A different integral expansion

Let P, be a sparse sequence of one-dimensional distributions with first-order sparsity pair
(p, H) and let €, be a negligibility sequence for P,. Because the signal X ~ P, is said to be
negligible if | X| < ¢,, once more, we approximate the hard-threshold function x|y <., with

the soft-threshold function e=**/2% and decompose P, into two parts

P,(dx) = P,(dx)e % + P,(dz)(1 — e /?%) | (4.7)
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The first component in the RHS of (4.7)) is proportional to

. e~ %’ 2¢ P, (dx)
P, (dx) = - .
< x) f 6_12/26’2/ Py(dx>

The measure P, is a sparse probability distribution converging weakly to the Dirac delta
measure at zero exponentially fast. There is no definite sparsity rate for P, satisfying the
integral definition of sparsity with a finite non-zero limit. Thus, for any bounded and con-

tinuous function, as v — 0

[ wte) Putdn) ~ [ wta) s,

On the other hand, sparsity of P, implies

/ w(@)(1— /%) P, (dx) ~ p / w(z)(1— e /%) H(dw),
R R\{0}

so that the second component in (4.7)) is, in the sense of integrals of bounded and continuous

functions, equivalent to

p(1— e %) H (dx) .

Thus, we write as

< / e—e/28 Pl,(dx)> B, (dz) + (1 - / e=e/2 P,,(da:)) f;lieex;;jz)ﬁgf?;;). (4.8)

Assuming P, to be a scale sparse measure, then H is the inverse-power exceedance measure

so, as long as pe;* — 0 as v — 0, the negligibility integral is

/6—m2/2512, P,,(d(l]) —1— p/ (1 o €—r2/2€12,) H(de’) + 0()05;&) =1- pe;f" + 0(p6;a) .
R R\{0}

(4.9)
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Therefore, taking the sparse approximation of each component appearing in (4.8)), the inte-
gral of a bounded and continuous function w against the scale sparse measure P, is asymp-

totically equivalent to the integral of w against

(1 — pe; *)do(dx) + pe, *H(dx) (4.10)

with an error of order pe,“. Here

(1 — e **/2<)H (dx)
Jangoy (1 — e7%°/24) H{(dx)

H(dz) =

is the weighted exceedance measure, defined on R \ {0} and finite for every ¢, > 0. Notice
that the error in the integral approximation o(pe,“) is larger than the usual approximation

error o(p).

Therefore, negligibility is a “limit-approaching” notion, in the sense that:
1. the signal is small, but it is not declared to be necessarily zero;

2. at the same time, whether the signal is negligible or is exactly zero, it does not matter

as long as expectations of bounded and continuous functions are involved.

4.5.2 Signal plus noise revisited

Given the alternative integral approximation to the scale sparse distribution P, in (4.10)),
we can derive the corresponding approximation for the relevant functionals in the one-

dimensional signal-plus-noise model,

Y=pn+n.

Here p ~ P, is sparse with sparsity pair (p, H,), and is independent of n ~ N(0,1). We

104



would like to stress that now the error is of order o(pe;“).

The joint probability of the signal p and the symmetrized observation |Y'| can be approx-

imated by

Pluedn|Yiedy) o0~ —a22p g
o) coshlue TR (4.11)

= pe;® cosh(yz)e ™ *H(dz) + (1 — pe, “)oo(dz) + o(pe, ).

It follows that the sparse approximation to the marginal of Y of order pe,® is

P(Y € dy) = /IP’(,u € dzr;Y € dy)

= o) (pe® [ coshiyye =2 (d) + (1 pe®) ) + ol

Analogously to the zeta function, we introduce the A function defined as

Aly) = /cosh(yx)e_zg/2 H(dz),
which is the normalization constant of the A measure

A(dz;y) = cosh(yx)e ™ /*H(dz) .
Since H is the inverse-power measure, A(y) can be computed as

Aly) = 5 (Cly) —7C¢(y/7) = 1+ 7%),

where 72 = 14 1/€2, and ((y) is the usual zeta function (see the appendix). With this, we
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can rewrite the above approximation to the marginal of Y as a mixture of two components

(1= pe, ") p(y) + pe, “d(y) Aly) + o(pe, ) - (4.12)

As for ¥ (y) = ¢(y)((y), also ¢(y)A(y) is a probability density function, as it is non negative

for all y and it integrates to one (see the appendix).

Figure [6.5|shows two comparisons: the left panels depict A(y) together with ((y), plotted
on the log scale; the right panels instead show the product ¢(y)A(y) versus ¢(y)((y). We
choose ¢, to behave like log(1/p)~"* n = a/240.01, so that pe;* ~ plog(1/p)*/?+°01 Now
A(y) depends on p through €,, so in each panel we fix the value of a and consider the set of
values {0.01,0.025,0.05,0.10,0.20} for p, corresponding to the different colors ranging from
dark blue to light yellow, respectively. One can notice that, even if the two functions, A(y)
and ((y), have the same tail behavior, their difference around the origin is clearly reflected
in the difference of shape of ¢(y)((y) and ¢(y)A(y), where the first one is zero at zero and

bimodal, while the second one is unimodal with its mode at zero.

Notice that, except for the error term, the approximation in (4.12)) is equivalent to

(1= p)o(y) + po(y)C(y) + olp)

as long as the sequence of negligibility thresholds €, converges to zero in such a way that
e27y? = o(pe, ). In fact, as €, — 0, 7 ~ €, ! so that y/7 ~ ye,. Moreover, the zeta function

at the origin behaves like a quadratic and this implies

Aly) =g (Cly) —mCly/T) =1+ 7%) ~ exC(y) — yel — g + 1,
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Figure 4.1: Left panels: comparison, on the log scale, between ((y) (black curve) and A(y)
(colored curves). Right panels: comparison between ¢(y)((y) (black curve) and ¢(y)A(y)
(colored curves). Different colors for the A(y) and ¢(y)A(y) functions correspond to different
values of p which imply different values of ¢, = (log(1/p))™"%, with n = a/2 + 0.01. From
dark blue to light yellow, the p parameter is 0.01,0.025,0.05,0.10,0.20. The dashed black
line depicts the standard Gaussian density.
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so that
pe, “Ay) + 1= pe,* ~ pC(y) — pes “y* — p+ pe,* + 1 — pe,®

~pC(y) +1—p+olpe,).
4.5.3 Signal conditional distribution revisited
From (4.11)), it is easy to see that the sparse approximation to the conditional distribution

of p given |Y'| of order pe,® is

pe; @ cosh(yx)e ™2 H (dx) + (1 — pe,®)do(dx)
pe,“AlY) +1 = pege

P(p e de | Y] € dy) = +olpe, ). (413)

Clearly, the approximation in (4.13)) is meant in terms of integrals of bounded and continuous

functions. It can also be written as a mixture of the Dirac-delta measure at zero and the

normalized A measure, A(dz;y) = A(dx;y)/A(y),

w(y)A(dz;y) + (1 —w(y))do(dz) + o(pe, ),

where

wly) = pe, “Aly)
pe,*Aly) + 1 — pe;*

(4.14)

In Figure , the weight function w(y) is plotted for different values of a and p, which
in turn imply different values for €, = log(1/p)~"%, n = a/2 4+ 0.01. The three panels are
for « = 0.5,1 and 1.5, while the different colors ranging from dark blue to light yellow,
correspond to different values of p, ranging from 1% to 20%. It can be observed that,

regardless of «, for larger values of p, w(y) is consistently higher over the whole range of y.

This is as expected since smaller a priori p, and therefore smaller a priori non-negligibility

—Q
v

probability pe requires more extreme observations to support the claim of signal non
negligibility. On the other hand, the inverse power a mostly affects the value of the weight
function w(y) for small values of |y|: when oo = 1.5, w(y) is larger relative to the cases when

« 1s smaller.
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Figure 4.2: Plots of the weight function w(y) as in . Different colors correspond to
different values of p which imply different values of ¢, = (log(1/p))~"®, with n = a/2+0.01.
From dark blue to light yellow, the p parameter is 0.01, 0.025,0.05,0.10, 0.20. We also report
the values of p and pe,® = plog(1/p)*/?+%91 "in percentages.
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Now, if we want to compute the conditional probability of non-negligibility, this can be

approximated by

pe,” [ we, (x) Aldr; y)
pe, “Aly) +1— pe @

P(lul > e ||Y]=y) = o(pe, ), (4.15)

where w,, () = 1 —e~*/2%. For small ¢,, the integral [ w,, () A(dz;y) behaves like A(y) —

y?€2 (see the appendix), so that the behavior of the numerator in (4.15)) is the same as

2 «

pe, “Aly) — py’e, .
Now, the double limit regime under which p¢(y) — A, with A > 0, requires y* ~ log(1/p).

So suppose we choose the sequence of thresholds to behave like

€y ™~ log(l/p)_n/a ’

then

yPey ~ log(1/p)' 71/

Choosing 7 such that 1 —2n/a < 0, i.e., n > a/2, the function log(1/p)'=2"* — 0 as p — 0.
In this case, we have

2 2—« -
174

Py~ €, ~ pe,“g(p) = o(pe,”) .
It follows that, under the double limit regime for which p{(y) — A, provided the negligi-
bility sequence converges to zero at an appropriate rate, then the conditional probability of
signal non-negligibility can be approximated by

pe, “Aly) _

Pl > e | 1Y =) = 22200 + 0l ). (416)
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From this, one can write the approximation for the conditional odds for {|u| > €,} to be

Bul >e Y=y
Blpl < e [IY]=vy)

= pe, “A(y)

so that the Bayes Factor reduces to

odds(lu| > &, | y)

BF,- (y) =
W) = sl > &)

= A(y),

when the initial odds for {|u| > €,} are pe,® to one.
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4.6 Appendix

1. Here we derive the sparse approximation of order pe,® to the marginal density of Y,

/cosh(yx)exz/2 P,(dx) =

/cosh(yx e~ 22 P, (dx) + /cosh(yx)e‘x2/2(l — e 12U Py (dx) =

)
)+ p

(1— pe, /cosh yx)e *f2g=a? /2 do(dx) + pe,* / Cosh(ym)e_””Q/2 H(dz) + o(pe;®) =

(1— pe, @ /cosh yr)e ™ /2 e_x2/2€’2’) H(dx) + o(pe, ) =

(1—pe, ) + ,0/ ((cosh(yz) — 1)e —t/2 6712/2)(1 — e % %0) H(dz) + o(pe,®) =
(1—pe,*)+p (/ (cosh(yz) — 1)e™"*/2(1 — e=**/*%) H(dx) +/e‘x2/2(1 — e H(d:v))
+ o(pe,*

(1—pe, ) +p <C —7%C(y/7) + /(6902/2 e H(diﬁ)) +o(pe, ) =

(1= pe,®) +p(C(y) = C(y/7) = 1+ 77) + 0(pe,”) -

2. Here we show that [ ¢(y)A(y)dy = 1,

fows

( [otwcwas == [owcwima- - [ 6w dy)

= (1 - Ta/qb r2)C(2)rdz — 1+ Ta) (4.18)

= oo (1—7 / &(72)C(2) dz) .
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Now, the integral appearing in the last expression can be computed as

/ o(ry)C(y)dy = / o(ry) / (cosh(yz) — 1)e /2 H(dz) dy

= [ [otrmeraye=rhian) - [ [ oraye = )
1

1 —1/2(r%y* —yz+a?/72) —z2/2(1-1/72%) / -
= e T /T ) dy e ™) H(dx e
// NGz Y (dz) T

_ / Loa2/20-1/7) () — / L2 gy

T T
1

== / (e 2017 _ 1 41— e=/) H(dx)
-

= % (—(1 -1/ +1)

_1 (1 B Gl i _a1>a/2) :

So, plugging this expression back in (4.18)), we obtain

/aﬁ(y)A(y) dy = ;7 (1 — 7'/(;5(7'2)((2) dz)

N

= e(r2—1)*? =1

since 72 = 1+ 1/€2 so that (72 — 1)*/2 = (1/€2)*/? = ¢,

3. Here we report the few passages for establishing the behavior of

/ we (2) A(dz: y) — / (1= 2% Adasy),

appearing in the conditional probability of non-negligibility. So,

22 H(dx)

/ (1= 2% A(dzsy) = A(y) — / /2% cosh(ya)e=™/2(1 — /2% H(dx) |
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and because ¢, is small, the integral in the RHS behaves like

2,2 2 2 q
/ vy x—H(d:c) ~ %—/ lz|* e ~ P 2
|z|<ev

2
2€z

Therefore, putting things together,

/ (1= 122 A(dasy) ~ Aly) — g2 2.
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Chapter 5

Multiple testing for negligible signals

5.1 Introduction

In the context of many observations generated from a sparse signal plus noise model, iden-
tifying simultaneously which signals are negligible and which, on the contrary, can be con-
sidered as active, is often an object of primary interest. In this section, we make use of
the negligibility notion we introduced in Chapter 4, to outline a multiple testing procedure
to simultaneously test a collection of null hypotheses, where each of these null hypotheses

states the negligibility of a single signal.

We present this testing procedure to show how the negligibility notion can be exploited in
the sparsity theory developed by McC&P, but the procedure is not thought to be innovative
in its formulation. As a matter of fact, it mimics the testing procedure first proposed by
Benjamini & Hochberg (1995) [9] to control the false discovery rate (FDR). The BH proce-
dure, in turn, despite its initial formulation in a frequentist framework, has been shown, by
many authors, to have close connections with empirical Bayes methods, which control the

Bayesian Fdr. See for instance Efron and Tibshirani (2001) [30].
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The algorithm we develop within the negligibility-sparsity theory might be labelled as
an empirical Bayes procedure. Yet, despite the general structure resemblance, there are
two main differences between our method and other Bayesian approaches proposed for the
two-groups model. The first most obvious discrepancy concerns the null hypothesis being
tested, which, in our framework is on the signal negligibility rather than on the signal be-
ing absolutely zero. The second difference follows from the first one to the extent that the
mixture, with a Dirac delta measure at zero, for the signal distribution, is an asymptotic ap-
proximation, driven by the sparsity limit, and only true in terms of expectations of bounded

and continuous functions.

5.2 Multiple testing procedure

Let the observations be

Yi=pi+mn i=1,...,n. (5.1)

The signals p; are independent and identically distributed according to P,, which is a scale
sparse distribution with rate p and inverse-power exceedance measure H, with exponent
a. The errors 7n;, on the other hand, are independent standard Gaussian, and each p;
is independent of each n;. Then, using the o(pe;*) integral approximation for the signal
distribution P,,

(1 — pe,*)doldz) + pe, " H(dx),

the sparse approximation of order o(pe, ), to the marginal density of each Y;, can be written

as

my(y) = (1 — pe, “)d(y) + pe, “o(y)Aly) + o(pe, ),

where

Ay) = /cosh(y:v)ex2/2ﬁ(dx).
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Let €, be a negligibility sequence for the sparse measure P,, and consider the collection

of null hypotheses

Hi:’/u‘gﬁy izl,...,n,

which we would like to test based on the corresponding observed values ¥y, ..., y,. To this

end, we propose the following testing procedure.
1. Choose a desired level g € (0, 1].

2. Denote by yq) the i" largest observation in absolute value, i.e., Yi) = Yo(i) Where
o € 8" is the permutation o : [n] — [n] which ranks the collection |y|, |y2], ..., |yn| in
decreasing order, so that ya) > y@2) > -+ > ym) = 0. Denote by p) and Hey @ |pe)| <

€, the signal and the null hypothesis corresponding to ;).

3. For each v =1,...,n, compute

fay = (1= pe, )@ (yay+)

where ®(z+) = 2P(Z > z) for Z ~ N(0,1). This is the sparse approximation of order
o(pe,*) to the joint probability that the signal is negligible and the corresponding

observation Y is larger than y(;, in absolute value. In fact,

P(lul <e, YV Zy) =P(Y| 2y | [yl < e)P(ul < &)

2/ P(utn€dz | ] <€) dz-P(ul < )

2/0O RIP’nEdz—u))IP’(,uedu||,u|<ey)dz P(|u| <€)
—2/ /gbz—u&)du)dz (1 — pe, ) + o(pe, )
= O(y+)(1 = pe,”) + o(pe,®) .
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Observe that, by monotonicity of ®(z+), the increasing ranking

fo<fo << fw,

corresponds to the decreasing ranking of the observed absolute values

Yy ZYe) = 2 Ym)-

. Find
(1= pe,*)®(y+)
#{i€n] ys =y}t/n ~

yl =inf{y > 0:

and the corresponding

fi= (1= pe,*)@(yi+) .
. Reject all null hypothesis H; corresponding to fu < f1.
CIf

(1 — pe, )@ (y+)
#{i € n]:yw >y}/n

{y>0: <q}=0,

then no hypothesis is rejected.

Now, for any testing procedure which identifies a rejection region I' on some domain, one

can define R,(I") and V,,(I") to be the total number of rejections and the number of wrong

rejections, respectively, out of n hypothesis. Then, the false discovery proportion (FDP) is

defined as a function of the rejection region,

FDP(I') = (5.2)

as the proportion of wrong rejections among all rejections.
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From this point of view, it is easy to see that, analogously to the Benjamini-Hochberg
procedure which is discussed in more detail in the next section, for given values of p, €,
and «, the procedure outlined above proceeds in the following way. For each data point y,
it estimates the false discovery proportion corresponding to the rejection region defined by

that point, by computing
(1= pe)2t)
#{i €]y = unt/n’

based on these estimates, it chooses the rejection region I' = {y : |y| > y2}, in such a way

that the FDP is controlled at some predetermined level gq.

In practice, however, we do not know the sparsity parameters p, €, and «, so we estimate
them by maximum likelihood. As a matter of fact, because we need the negligibility sequence
€, to converge to zero at a slower rate than the sparsity rate p, we can just set €, to be some
function of p and a, such as ¢, = log(1/p)~'/?*, and only estimate p and a. Yet, as explained
in Chapter 4 Section in applied work, it is important that the estimates for the sparsity
parameters are not dependent of the scale on which the observations are made. So we assume

that the independent observations are

UY;:M‘FUZ i:]-?"'anu

where p; and 7; are the same as in (5.1]), while o is an unknown scale parameter. From this
formulation, one can write a sparse approximation to the log likelihood function for the triplet

(p, o, 0%), and maximize it to obtain the maximum likelihood estimates for these parameters.
In the next section, we investigate the multiple connections of the sparsity-negligibility

procedure outlined above, with only a few of the many existing approaches which have been

developed in this context.
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5.3 Connections with some literature

5.3.1 Benjamini-Hochberg’s FDR and Bayesian Fdr

The concept of false discovery rate (FDR) was introduced by Benjamini and Hochberg’s
seminal paper [9] (B&H from now on) as a new approach to simultaneous testing. The intro-
duction of FDR control was proposed as an extension of the frequentist hypothesis testing
framework to the setting where a large number of independent hypothesis are to be tested

simultaneously.

For a given multiple testing procedure, the false discovery rate (FDR) is defined as the
expected proportion of the wrongly rejections decided by the procedure. In other words, the

FDR is the expected value of the false discovery proportion defined in ([5.2)),

FDR(T) = E (%) . (5.3)

In the Benjamini and Hochberg’s frequentist approach, the signals p; are unknown but fixed
parameters, so the only randomness in Y; is given by the noise component 7;. Therefore the
expectation in is taken over the noise distribution. Taking the cue from Simes (1986)
[65], to test a collection of sharp null hypotheses H; : u; = 0, for any given proportion of

true nulls 7y, B&H proposed the following algorithm:
1. Choose a desired level g € (0, 1].

2. Compute the p-values py,...,p, and sort them in increasing order

Py < < D) -
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3. Find
i/n

. n
tq = argmax{py) < - g}

=1,...,n

4. Reject all null hypotheses H;) having pu) < p,)-

5. 1
i/

. n
{i:pe < —q} =0,
o

then no hypothesis is rejected.

B&H prove that, following this procedure, one is guaranteed to control FDR at any
required level ¢. In that paper, the proportion of true null hypotheses 7 is fixed to one,
corresponding to the most conservative approach. However, in later works such as Benjamini
and Yekutieli (2001) [I0], it is suggested to estimate my from the data in order to reduce the

conservative bias.

After B&H, a large number of papers, such as Efron et al. (2001A [30], 2001B [31]), Efron
and Tibshirani (2002) [29], Genovese and Wasserman (2002) [39], Storey (2003) [68], among
many others, showed a close relationship between empirical Bayes methods and FDR theory.
The common starting point is to consider for each hypothesis, some univariate summary
statistic Z;. In empirical Bayes approaches, the assumed model is the so called two-groups
model, for which Z,...,Z, are independent and identically distributed according to the

mixture density f

f(zi) = mofo(2:) + (1 — mo) f1(zi) -

This mixture model can be interpreted in terms of a hierarchical model where, for each
i =1,...,n, the latent variable

r; ~ Ber(m)
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determines which class, null or not null, the signal u; belongs to, so that

pilri=0~0d, pi|ri=1~G, (5.4)

where G is some non zero distribution. Then Z; = p; + n; is such that

ZZ‘|T’Z':0NF0, ZZ'|TZ‘:1NF17

where Fj is the distribution function of the n;’s while Fj is the convolution of G with Fj.
Denoting by F' the cumulative distribution function (c.d.f.) of f, Efron and Tibshirani (2002)
[29] (E&T henceforth) defined the Bayesian Fdr to be

o 7TOF0(Z)

Fdr(z) = F) (5.5)

for rejection regions I' = {z; : z; < z}. The non-parametric estimate of Fdr(z) is

=\ 7o Fo(2)
Fdr(z) = #{zi 2z < z}/n’

where #{z; : z; < z}/n is the empirical version of F(z). The Equivalence Theorem in E&T
states that, for known my and Fp, the rule in step [l of the B&H procedure is equivalent to

rejecting all those hypotheses with z; < 2z, where
z, = max{Fdr(z) < ¢} .

In fact, if we sort zqy < -+ < 2y, then #{z : z; < 2y }/n = i/n and Fy(z4)) = pe)- So

rejecting all hypotheses with z; < z, is equivalent to rejecting all hypothesis with

To P(i)

<q.
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In the testing procedure described in Section[5.2] the signals are considered to be random
with a sparse distribution P,. Keeping in mind that the hypotheses being tested there are
on the negligibility of the y;’s rather than on the sharp events {u; = 0};, mutatis mutandis,
it may come natural to identify (1 — pe, ) with my and ®(yu)+) with Fy(z)). However,
besides the shift from testing the hypothesis {; = 0} to testing {|u;| < €, }, there is another
main conceptual difference, which is that in Section [5.2, we use sparse approximations rather
than exact distributions: (1 — pe, ) is the sparse asymptotic approximation to P(|u;| < €,)

and @ is the sparse approximation to the conditional distribution of Y; | |u;| < e,.

Since we are going to estimate the sparsity parameters (p, a) using maximum likelihood,
the procedure in Section can be seen as an empirical Bayes approach to multiple test-
ing. Yet, the Equivalence Theorem makes the connection between the Bayesian and the
frequentist approach. So, supposing that the true null proportion is my = 1 — pe,;“ and the
distribution of Y, under the null hypothesis, is ®, then, if the rejection region I' = {y;) > y}

is chosen as large as possible subject to the constraint that

(1 — pe, )P (y+) .
#{iyey <y}/n 7

then the expected proportion of wrong rejections, from a frequentist point of view, is also

less than gq.

5.3.2 Connections with Storey’s ¢-value and Stephens (2017)

Since, when R,(I') = 0, the FDR is also equal to zero, then not rejecting any hypothesis

would always guarantee FDR control at any level. For this reason, Storey (2003) [68] argues
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for controlling another quantity,

Va(T)
R, ()

pFDR(I') = E < | R, (T") > 0) : (5.6)

which is called positive false discovery rate, since it is conditioning on having a positive
number of rejections. Here I' is the rejection region on the sample space of the Z statistic.
To further make the frequentist-Bayesian connection clear, Storey (2003) [68] shows that,

under the two-groups model in (5.4 and the Z;’s independence assumption,
pFDR(I') =P(u; =0| Z; €T).

We report here the short proof. Write pFDR(T") as

B (gm0 > 0) = 308 (VR = k) B = k| ) > 0)

1z()€FM1 0’Z1)7"'7 EF Z(k+1)>7Z(n)¢F>

) -z(3
(Z 1#1 0‘ Z(l), RN ) € I'; Z(k+1) Z(n) ¢ F)
k
2

I (1u¢=0} Z) € F)

Il
o
~
—~
|
=2
N
m
ﬂ
N

So then
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as desired.

Notice that, under (5.4)), since P(u; = 0, Z; € I') = moFy(I"), this proves that the pFDR(T)

defined in (5.6)), with T' = {z; : z; < z}, is actually equivalent to the Bayesian FDR defined

in .

Together with pFDR, Storey (2003) [68] also introduced the g-value, defined as

_val — inf pFDR(TY).
g-value(z) o P (T'y)

Yet, in light of the equivalence proved above, an alternative definition is

-value(z) = inf P(u; =02, €T)),
q (2) (Ty:2eTy) (1 | )

whose empirical counterpart, for rejection regions of the type I' = {z; : z; < z}, is indeed

the non parametric estimate of the Bayesian Fdr

G-value(z) =

Once again, with the necessary caution highlighted at the end of the last section, if we
want to match this setting with the sparsity-negligibility framework of Section then

Zi = |}/7,| and
. (1 — pe,*)2(y+)
g-value(y) = : :
) #i:ye <yt/n

It is now evident that the multiple testing procedure of Section [5.2]finds the data-dependent

threshold

y! =inf{y > 0: g-value(y) < ¢},

and so any rejected null hypothesis {|u;| < €,} has corresponding ¢-value(yq)) < ¢. Yet,
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while the theoretical version of the tail conditional probability P(|u;| < €, | |Y;| > v) is nec-
essarily a decreasing function of y, the empirical version may not be so. Thus, it is possible
that some of the not rejected null hypotheses have a corresponding g-value(y(;)) which is still

less or equal than the level q.

Still within the empirical Bayes paradigm, but coming from a somewhat different per-
spective, perhaps more focussed on estimation rather than testing, Stephens (2017) [66] puts
forward three main ideas in approaching large-scale studies. The first one is the so called uni-
modal assumption (UA) for the distribution of all the signals. So instead of pre-specifying a
given distribution for the signals, Stephens (2017) [66] only assumes the unimodality of such
unknown distribution g, symmetric around the origin, and estimates it in a non-parametric
fashion. This is done by considering a large fixed grid of scale parameters {0¢,01,...,0k},
and construct a scale mixture of zero-mean Gaussian distributions, whose variances corre-

spond to the grid points:

K
g(dx;m) = ZﬂkN(dx; 0,07),

k=0

where N (dz;0,07) denotes the Gaussian distribution with mean zero and variance o3, and
oo = 0 allows one to include the Dirac delta measure at zero, dyp(dx). The mixture weights
To, 1, - - -, T are estimated by maximum likelihood. Even if the actual implementation for
estimating the signal distribution is far from the sparsity-negligibility framework, both ap-
proaches share the same instance of comprising more than just one specific model, since also
the sparse distribution is only identified through its sparsity pair (p, H). However, we have
seen that two different scale Gaussian mixtures can have the same sparsity pair; thus, this
choice of g does not characterize the tail behavior of the signal distribution as it does the

exceedance measure.

The second idea is to retain two statistics, both the signal sizes and their standard errors,
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rather than converting them into z-values or p-values. This approach has the potential of
being more informative, as it allows one to account for differences in measurements precision.
In Stephens (2017) [66], the standard errors are used as empirical Bayes estimates for the
unknown error variances 7; ~ N(0,72). In the sparsity-negligibility framework presented
here, we assume 7; ~ N(0,1) for all ¢ = 1,...,n, and estimate by maximum likelihood a
common scale parameter for all observations. Yet, if strong reasons are given to believe in

heteroskedasticity, then one could follow the ¢-statistic generalization presented in Chapter 1.

Lastly, Stephens (2017) [66] introduces the local false sign rate (1fsr), which is analogous
to Efron’s local FDR we discuss in the next section, but the emphasis is put on the sign of
the signal, rather than on its being non-zero. Even in this change of perspective, we can
trace a resemblance with the negligibility-sparsity approach, whose standpoint is indeed that

of considering the negligibility hypothesis rather than the sharp zero hypothesis.

5.3.3 Efron’s local fdr and empirical null

In Efron et al. (2001A [30], 2001B [31]), the local FDR at point z, is defined as

fdr(z) = mofo(2) 7

/()

which is the conditional probability of the signal being null given that the observed statistic
is exactly equal to z. More generally, for any subset Z of the sample space of the Z statistic,

one can define
71-OPf 0 (Z )
Fdr(2) = ———+
P (2)
According to E&T, the advantage of fdr(z) is its ‘specificity’ since it provides a measure of
belief on the " hypothesis that only depends on the exact value of Z;. However, there is one

difficulty arising from using fdr(z) rather than Fdr(z), which is the estimation of f(z). A

non parametric option implemented in E&T, described in more detail by Efron (2007) [27],
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is to estimate f using a Poisson spline regression. So, after binning the z-values in, say, K
bins, one obtains a maximum likelihood fit to the histogram of these bin counts, by fitting

a J-parameter exponential family,

J
fs(z) = exp {Z ﬁjzj} :
§=0
Quite naturally, one can see that the expression

(1—pe,*)oly) _ 1—pe,”
my,(y) 1 — pe;® + pe, @ A(y)

is the sparsity-negligibility analog to the local fdr, being the sparse approximation of order

pe,” to P(lp| < €)P(y | || < e)/P(y).

Besides estimating the marginal mixture f, Efron (2004) [26] proposes to also estimate
fo, the density of Z under the null hypothesis H; : u; = 0. His idea is to fix the kernel
of fy to be Gaussian, and then, as explained below, use various techniques, such as central
matching, to estimate the mean and variance parameters, (dy,02). In this way, one obtains
what Efron calls the empirical null density. The motivations for doing so are multiple. One
of these is that correlation among the z-values and unobserved covariates arising in obser-
vational studies, might make N (0, 1) a non appropriate choice for describing the empirical
distribution of the observed (z1,...,2,), even when marginally Z; ~ N(0,1) for all i. See
Efron (2012) [28], p. 105, for a complete and more detailed list of reasons. For a different
treatment of the problem of having correlated z-values due to correlation among the noise

components, see Stephens and Sun (2018) [70].
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5.3.4 Estimation of the null atom

Regarding the proportion of true null hypothesis H; : p; = 0, Efron et al. (2001A) [30],
and Storey (2002) [67] suggest obtaining an estimate of 7y via the following reasoning. Let
Ap be a region around the origin. The zero assumption states that all the non-null cases
give z-values outside Ag; in other words, the distribution of Z under the alternative gives
zero mass to the region Ag. Then the expected number of z-values in Ay, Ny, is n times
moFo(Ap), where Fy(\Ap) is the probability of Ay under the null distribution F. This suggests

estimating my with
No

- n- Fo(.Ao) ’

A

o

where ng is the actual number of z-values observed in A,.

Efron (2007 [27], 2012 [28]) on the other hand, proposes to estimate 7y together with the
two parameters of the empirical null N (&, 07), either by central matching or by maximum
likelihood. The former method assumes the zero assumption, so that around the origin
log(f(2)) = log(mofo(2)), and it also assumes that log(f(z)) is quadratic near z = 0. So,

first it estimates the parameters of the parabola

log (f(2)) = Bo + Prz + B2,

from the histogram counts of the z;’s around zero. Then it matches BO, 31,32 with the

corresponding terms in the expression for log (g fo(2))

log my — %log(Qwag) — %53/08 - 0—12502' — #z?

to obtain the estimate for (7, d, 03). The maximum likelihood (ML) estimate method, on

the other hand, also starts with the zero assumption, fi(z) = 0 for z € Ap, and estimates
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(70, 00, 05) from the likelihood of the z-values observed in Ajg

(”)9”0(1—9)”—"0 I Pmat(z)

o z€Ap (I)(So,ag <AO)

In this expression, § = P(Z € Ag) = mo®s, ,2(Ao), Whereas

¢50,03 (Zi)/q)&),o'g ("40)

is the probability density of Z at z; given that Z € Ay, assuming Z ~ N (&, o2).

Notice that the zero assumption, meaning fi(z) = 0 for z € Ay, is not satisfied by the
hierarchical model in (5.4) if Fy is assumed to be a Gaussian distribution. In fact, if F} is the
convolution of Fy with a non-zero distribution G, then clearly F(Ag) = G * @y, ,2(Ag) > 0
and not zero. The violation of the zero assumption in a setting like this, introduces some
bias in both ML and central matching estimates. Still Efron (2012) [28] claims that the bias

in those obtained using central matching is not very large as long as 1 — 7y is small.

5.3.5 Comparison for Leukemia data

In this section, we would like to give an idea of how the methods described in previous
sections compare to each other. To this end, we analyze a dataset coming from a leukemia
study (Golub et al., 1999 [41]), freely available on Efron’s website. The Leukemia dataset
is an example of microarrays data, which is one kind of data that first posed the statistical
problem of testing thousands of hypothesis simultaneously (see for instance Efron et al.,
2001B [31], E&T). As described in Efron (2012) [28], for this dataset, high density oligonu-
cleotide microarrays provided expression levels on 7128 genes for 72 patients, 45 with acute

lymphoblastic leukemia (ALL) and 27 with acute myeloid leukemia (AML). The scientific

130



interest lies on establishing whether there are some genes which show a different expression
level between the AML and ALL groups of patients. To this end, the raw expression levels
on each microarray, X;; for gene ¢ = 1,...,7128 on patient array j = 1,...,72, were first
transformed to a normal score value z;; via an empirical quantile-matching transform. These
kinds of standardization steps are very common in microarrays data for removing response
disparities among the microarrays as well as some wild outlying values. Following this, two-
sample t-statistics ¢; were computed, gene by gene, for comparing the sample mean from the

AML group with the sample mean from the ALL group,

—ALL _ =AML

Xy T

t;, =
Si

Here s; is the estimate of the standard error of the numerator of ¢; and the pooled sample
variance is used to estimate the variance, which is assumed to be the same for both groups.

These t-statistics were then transformed into z-values so that the actual data consists of
2z =0 Y(F, () i=1,...,7128.
Within the sparsity-negligibility setting, we assume that, for each ¢ = 1,..., 7128,

Zi = o( + )

where p; p, sparse with first-order pair (p, H,) and n; "N (0,1), with p; and n;

independent of each other. The sparse approximation of order o(pe, ®) to the marginal of Z;
is

(1= pe, ) 50(2/0) + pe,” sa(z/0), (5.7)

where ¥ 4(z) = ¢(2)A(z), while the sparse approximation of order o(p) is

(1= p) go(z/0) + pJ(z/0), (5-8)
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where $(2) = 6(2)¢(2):

On the other hand, the empirical Bayes approach assumes that, for each 7 = 1,..., 7128,

the marginal density of Z; is

mofo + (1 —mo) f1(2),

where, following Efron (2004 [26], 2007 [27]), fo is the density function of the empirical null
distribution N(dp, 02), while f; is assumed to satisfy the zero assumption, i.e., F1(Ay) = 0

for some region A, around the origin.

It is interesting to notice that the tail-inflation component in the o(p)-sparse approxima-

tion to the marginal density of Z; in (5.8]), does satisfy

$(0) = ¢(0)¢(0) =0, (5.9)

whereas, as mentioned before, if Fj is the convolution of Fy with some distribution G, then

710 = [ fo(~2) Gldn) = [ 64,53(2) Glde) > 0

whenever G(dz) is not identically zero. From (5.9), one can also see that, if the exceedance
measure H was known, so would be (, and one could estimate the sparsity rate p exploiting
the fact that 1 — p = m,(0)/#(0). All the same, one should still bear in mind that, even
if the signal distribution was in fact an atom-and-slab mixture with mixing parameter m,
as in the two-groups model in , p would not be the proportion of non-null hypothesis,

since p =7 [(1 — e~%/?) G(dz) < m.

As a way of comparing the two approaches, we can derive what negligibility threshold is

required in the sparsity-negligibility procedure in order to identify the same rejection region
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as that obtained using Efron’s empirical null estimation. In other words, we derive what
negligibility hypothesis |u| < €,, the ‘sharp’ null hypothesis i = 0 corresponds to. So, given
the estimates for the two-groups model (7, do, 67), we first estimate the sparsity parameters

(p,a,0?), and then find the threshold €, such that

(1 — pe,*)Ps(2+) < }: E

inf{z>0: #{ZG [n] : |ZZ| ZZ}/TL B

where the value

’ﬁ'()ﬁo(Z‘i‘) < q }

ke U e e A sy

is the data dependent threshold for controlling the Bayesian Fdr at level ¢ using the estimated

empirical null Fy = N (b, 62). So, given zZ, we solve for ¢,

(1= pes®)0s(P+)
Hicln:|al = F)n

and obtain the ‘matching’ threshold

= (o (- i€ bl al = P ﬁ))/ S G0)

To estimate the sparsity parameters, we maximize the log likelihood from the whole

sample
7128

Up o, 0% 21,0y zn) = 3 _log (36(=/0)(1 = p+ pla(2i/0) + o(p)

This is the log likelihood derived using the sparse approximation of order o(p) and not order
o(pe;,®). In this way, the log likelihood is free of the negligibility threshold €,, and so are
the estimates of (p,a, 0?), so that we can then set €, as in (5.10) and match the sparsity-

negligibility rejection region with that found by Efron’s empirical null method.

Yet, because there is an appreciable asymmetry in the Leukemia z-values, we estimate
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the sparsity parameters (p, ) separately for the 3719 positive observations, and the 3403
negative ones, holding fixed the common estimate for the scale parameter o2. From the
estimation on the whole sample, we get 6% about 1.86%, and then obtain (p, &) = (0.02,1.39)

for the positive observations and (p, &) = (0.11, 1.68) for the negative ones.

The sparse marginal densities m,, of order o(p) corresponding to these estimates are shown
in Figure [5.1] depicted by the light blue curves. We also plot the estimated sparse approxi-
mations of order o(pe; ) (dashed yellow curves). For these last ones, we set the negligibility
thresholds to €Z using the two triplets (p, 62, &), estimated separately for positive and neg-
ative z-values. The difference between the two sparse approximations is appreciable only for
the negative part. In Figure [5.2/instead, we only plot the mixture component (1 — ﬁ)%qﬁ(z /o)
of the approximation of order o(p), once again split for positive and negative z-values (dark
green lines), and compare them with Efron’s estimate 7o Fy, which is 0.93 - N(0.09, 1.682)

(red curve).

The data threshold z¥ to control the estimated Bayesian Fdr

—_— ToFo(z

Fdr(z) = e :(]zi()(g)z}/n ,

at level ¢ = 10% is found to be around 5.31. In order to match the rejection regions,
using , the negligibility threshold for the signals generating the positive observa-
tions needs be 0.074, while that for those signals generating the negative z-values needs
be 0.408. The corresponding sparse approximations to the probability of non negligibility
are: P(|u| > 0.074) = 0.02- 0.074713% = 0.68 for the signals generating the positive observa-

tions; P(Ju| > 0.408) = 0.11 - 0.408~ 158 = 0.5 for the signals generating the negative ones.

In some sense, this means that testing the sharp null hypothesis p; = 0 after estimating
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Figure 5.1: Estimated densities for Leukemia z-scores. Light blue solid curves correspond
to the sparse approximations of order p to the marginal densities for positive and negative
observations, respectively. Yellow dashed curves instead show the sparse approximation of
order pe,“ to these two marginals.
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Figure 5.2: Estimated null densities for Leukemia z-scores. Dark green curves show the
mixture components (1 — p)}fgb(z/ o) appearing in the order p sparse approximations, for
both positive and negative observations. The red curve, on the other hand, depicts the
Efron’s estimate of the empirical (sharp) null distribution, common to positive and negative
values.
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P(u; # 0) = 0.07, and after estimating the density of the Z;’s under the sharp null to be

N(0.09,1.68?), is equivalent to test the sparse negligibility hypothesis

e |u;] < 0.074 for positive observations having sparse marginal density of order p

L (2/1.86) (1 — 0.02 +0.02 (1 39(2/1.86)), 2 >0

e |1;] < 0.408 for negative observations having sparse marginal density of order p

L ¢(2/1.86)(1 — 0.11 + 0.11 (1.65(2/1.86)), 2 <0,

In Table [5.1] we report the empirical version of the conditional tail probability of the signal

negligibility, given by

(1 — pe, )P4 (]2]+)
#{i € [n] : [z = [2[}/n

P(lul < e | 12] 2 |2]) =

corresponding to the top ten rejected z-values, negative and positive respectively. Notice

that this also coincides with our empirical estimate of Storey’s g-value.

Figure shows P(|u| < e, | |Z] > |z|) for the Leukemia z-scores, split according
to their sign. The dashed vertical lines indicate the smallest (in absolute value) z-value
rejected by the sparsity-negligibility procedure, with the negligibility thresholds as specified
in the previous paragraph. As expected, the empirical conditional tail probability of signal
negligibility, which is also the sparse version of Fdr(z), is below the level ¢ = 10% for all

z-values whose signal negligibility hypothesis is rejected.
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Figure 5.3: Estimated conditional tail probability of signal negligibility for the Leukemia
dataset z-scores. The left panel shows P(|u| < 0.408 | |Z| > |z|) as a function of z < 0 while
the rug reports the observed negative z-scores. The right panel shows P(|u| < 0.074 | |Z]| >
|z|) as a function of z > 0 together with the observed positive z-scores. The dashed vertical
lines indicate the smallest (in absolute value) z-score rejected by the sparsity-negligibility
procedure having as negligibility thresholds those specified above.
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z-score  P(|u| < 0.408 | |Z] > |z]) z-score  P(|u| < 0.074 (2| > |z|)

-7.855 0.042 7.855 0.029
-7.763 0.026 7.737 0.019
-7.412 0.039 7.531 0.020
-7.300 0.037 7.462 0.018
-7.268 0.032 7.432 0.015
-7.267 0.027 7.019 0.032
-7.264 0.023 6.905 0.035
-7.255 0.021 6.731 0.044
-7.097 0.026 6.690 0.042
-7.097 0.023 6.631 0.043

Table 5.1: Top ten rejected z-values, positive and negative, with the corresponding tail
conditional probability that the underlying signal is negligible.
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Chapter 6

Sparsity for wavelet regression

6.1 Introduction

In the Gaussian non-parametric regression problem, the observations of an unknown function

f, are taken at regularly spaced points, and are subject to noise. In formulae, one can write

V()= ft)+Et) i=1,...,T, (6.1)

where ¢(t;) are independent random variables with distribution N(0,07), the variance of the
errors being constant, while f is the unknown mean function, which is the object of interest.
The index i € [T] is derived from the ordered set {t;} of T" regularly spaced points in a

one-dimensional space.

The wavelet approach to the estimation of f entails expressing f € L?(R) in terms of an

orthonormal basis of L*(R), {t;x};rez, called wavelet basis,

fl@)=Y_ > Optl),

Jj=—00 k=—o00
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and estimating the wavelet coefficients

O = () = [ f@ula)ds ke, (6.2

to obtain an estimate of f. The underlying rationale for carrying out the estimation in
the wavelet domain rather than in the original domain is that if the unknown function has
some kind of spatial structure, then it is possible to well approximate f by a function whose
wavelet representation is sparse, in the sense that the majority of its wavelet coefficients are
zero or very near zero, and relatively few of them are in fact non-negligible. The second
reason why the estimation in the wavelet domain is convenient, is that, when represented in
wavelet form, a Gaussian function is still a Gaussian function so that, in the wavelet domain,
the observed function can indeed be seen as the superposition of a sparse signal function and
a Gaussian function. This in turn, allows one to carry out signal detection in the wavelet

domain, and be able to reconstruct separately, the two components in the original domain,

f and &.

Now, since wavelet regression in some sense reduces to signal processing, in its form
of shrinking or thresholding the observed coefficients to estimate the unknown function
coefficients, it goes without saying that a plethora of methods are available to perform this
task. In this chapter, after giving some background on wavelet regression and a short review
of some Bayesian approaches to this problem, we illustrate how it can be formulated within
the sparsity and negligibility framework. In fact, we take the problem of estimating the
wavelet coefficients 5, as an opportunity to compare the two sparse integral approximations,
which we first discussed in the introduction. The original sparse approximation of order o(p)
can in fact be used to obtain a shrinking estimator for 6;;, while the negligibility sparse
approximation of order o(pe;®) can be employed to obtain a soft-thresholding estimator for

k. To have an external benchmark, we also compare these two sparsity proposals to a
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cornerstone in the literature of wavelet estimation, which is the empirical Bayes approach

proposed by Johnstone and Silverman (2005) [47].

6.2 Wavelet regression

The discrete wavelet basis functions {1, }; xez are generated by dilation and translation of

the mother wavelet ¢ as follows
bip(x) =292 (x — k/2)) 4 kEL.

Here the index j defines the resolution level, in that it determines the width 277 of the equal-
length intervals in which the domain of the mother wavelet is split up. Higher values of j
correspond to finer resolutions while lower values correspond to coarser ones. The index k
instead determines the location, since for each level of resolution j, it identifies which of the
2/ intervals to consider. Because of this construction by dilation and translation, wavelets
are said to be localized in both time and frequency domains. The mother wavelet ¢ has two
peculiar properties: it oscillates above and below zero in such a way that has at least the first
moment equal to zero, f Y(z)dr = 0, and has fast decaying tails, if not compact support.
The first property aims at capturing a variation feature in the function, while the second
property constraints this variation to be local. With this in mind, for any given j, the wavelet

coefficients in ([6.2)) capture the amount of local variation happening in f at resolution level j.

So now suppose that f is spatially structured, in the sense that f(t) and f(¢') are expected
to be similar if |t —#| is small and abrupt changes are allowed as quite rare exceptions. Then,
by virtue of the properties of the wavelet basis described above, f in the wavelet domain,
will have coefficients at finer resolutions which will be mostly close to zero, with only few
large exceptions. Intuitively, this is why the wavelet coefficients can be effectively charac-

terized by sparsity patterns when the underlying function exhibits some spatial structure.
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Borrowing from the engineering language the notion of energy of a vector as its L? norm, by
Parseval’s identity, one can show that the energy of the original signal is conserved in the

wavelet domain but gets compressed into few high-energy coefficients. (*)

Yet, as mentioned above, the amount of sparsity induced in the wavelet representation of
a function crucially depends on the function itself. For instance, if £(¢) is a Gaussian process
(GP) with zero mean and covariance function C(t,t') = d;y, then its wavelet transform is
also a GP with zero mean and same covariance function. Therefore, no sparsity is induced

in a Gaussian random function when passing from the original domain to the wavelet domain.

In the context of data observed at a finite number of points {t1,...,tr}, usually T = 27,
the discrete wavelet transform (DWT) maps a vector Y of length T to a vector Y of equal
length, containing its wavelet coefficients, all but the first, corresponding to a translation-

dilation of the mother wavelet function :

Yik=,0p) j=0,...,J-1,k=0,...,2 —1.

Mallat (1989) showed that the DWT can be represented by an orthogonal matrix W which
stores in each row a scaled wavelet vector, i.e., a vector with entries given by the val-
ues of a wavelet function v, at the T equally-spaced points ¢; = /7. In other words,
identifying each row index | € {1,...,T} with a pair (j,k), the W matrix is such that
VIWi; = NTWi = (i) T) = 20/%(20i)T — k).

If the observation process Y (t) is the superposition of a signal process f(t) and a white

noise process &£(t), as in (6.1]), then the discrete wavelet transform of the observed vector
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WY = W§+ WE,

is the sum of a compressed signal § = W (f(t,), ..., f(tr)), and an unchanged Gaussian noise
i = W(&(ty), ..., &(tr)). Since  concentrates the energy of f in just few components, while
the energy of £ remains equally distributed among the components of 7, the observed sum
in the wavelet domain,
Y =0+,

exhibits an appreciably improved signal-to-noise ratio between the two components. This
in turn means that we can estimate the wavelet coefficients 6, by applying some form of
thresholding or shrinkage to Y in order to remove the noisy part and be left with the sparse
wavelet representation of f. After carrying out this denoising procedure on Y, the last step
is to return to the original domain by taking the inverse discrete wavelet transform W1, so

to obtain an estimate of f.

In practice, it is not necessary to perform matrix multiplications as both the DWT and
its inverse can be computed using the pyramid filtering algorithm proposed by Mallat (1989)
[50]. This allows one to reduce the computational time from O(7?) to O(T'), beating the
computational time of another very common transform in signal processing, the fast Fourier

transform, which instead takes O(T'logT').

(*) Note: the reason why the wavelet expansion gives rise to fewer high-energy coefficients
than other orthogonal function basis has to do with the fact the wavelet coefficient sequences
are highly symmetric about the coefficient axis and any rotation applied to these sequences
would result in a loss of such symmetry. For an exhaustive and rigorous discussion of this

fascinating topic, we refer to Donoho (1993) [22].
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6.3 Bayesian approaches to wavelet regression

Within the Bayesian paradigm, the expected sparsity in the representation of the unknown
function in the wavelet domain is naturally accomodated by a precise choice of the prior
distribution for the underlying wavelet coefficients. Since the beginning of its development,
the Bayesian approach has seen many different proposals for this prior distribution. For
example, Clyde, Parmigiani and Vidakovic (1998) [I8], and Abramovich, Sapatinas and Sil-
verman (1998) [1], among others, considered an atom-and-slab mixture prior with a Gaussian
distribution as the slab component, while Chipman, Kolaczyk and McCulloch (1997) [17]
proposed a mixture of two Gaussian distributions, one concentrated around zero and the
other dispersed. More recently, Xing, Carbonetto and Stephens (2021) [79] extended the
two-component scale mixture of normals to a K-component scale Gaussian mixture, with
the possibility of including the Dirac delta measure as a degenerate Gaussian distribution.
A cornerstone in the Bayesian wavelet estimation literature is the paper by Johnstone and
Silverman (2005) [47] (J&S henceforth), who proposed a class of prior distributions given by
the mixture

(1 —w)do(du) + wl'(du) ,

where the non-zero measure I' is assumed to have a unimodal symmetric density . Clearly,
the normal density is a viable option for v but, following Wainwright, Simoncelli and Willsky
(2001) [73], J&S emphasize the advantage, in the wavelet context, of choosing « to have
heavier tails, such as those of the Laplace density. As an another possibility for ~, the authors
proposed a scale mixture of normals, N(0,x~! — 1) with a Beta prior on k ~ Be(1/2,1).

The resulting density

y(u) = 2m) V2 (1= Jul (1 = @(Jul)) /¢(w)) (6.3)
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has tails decaying as u~2, for which reason they name it ‘quasi-Cauchy density’. This scale
Gaussian mixture was in fact already considered by Strawderman (1971) [69], as well as

Berger (1980) [11].

For any given choice of the prior for the signal wavelet coefficients 6, the correspond-
ing conditional distribution, given the observed coefficients Y, can be utilized to obtain an
estimator for . The conditional mean, considered by Clyde, Parmigiani and Vidakovic
(1998) [18] and Chipman, Kolaczy and McCulloch (1997) [17] among others, shrinks the ob-
served coefficients towards zero and has been shown to give good results. As an alternative,
Abramovich, Sapatinas and Silverman (1998) [I] proposed to use the conditional median.
The advantage of this last choice is that, if the prior contains an atom at zero, then the
conditional median takes the form of a soft-thresholding operator. In this case, a subset of
observed coefficients is thresholded to zero while the remaining coefficients are shrunk to

zero by an amount depending on their size.

In the next section, we describe how we adapt the approach of J&S to the sparsity-
negligibility framework, taking the wavelet coefficient estimation as a chance to make a com-
parison between two sparse integral approximations: the original sparse o(p) approximation,

and the sparse-negligibility o(pe,*) approximation.

6.4 Model assumptions and estimation

6.4.1 Sparsity assumptions

Since wavelet coefficients are naturally grouped by their level of resolution, it is appropriate
to model each level separately, and, in light of the discussion of Section [6.2] we only model
the coefficients of the higher levels of resolution, say from level m to level J. For each of

these higher levels, we assume that the coefficients are independently distributed with a
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level-specific sparse distribution P?. This means that for j = m, ..., J, the observed j-level
coefficients

Yie = O3, + iijr = 05(05 + nje) k=1,...,27,

are the scaled sum of a sparse signal 6;; ~ P? and an independent noise n;; ~ N(0,1).
Here P/ is a sparse distribution with first-order sparsity pair (p;, H;); H; is an inverse-power
exceedance measure; o; is the j-level scale parameter. Allowing a different scale parameter
for each level of resolution is appropriate, especially when the noise function exhibits some
form of autocorrelation in the original domain. In fact, Johnstone and Silverman (1997)
[44] explains that, even when there is an appreciable autocorrelation in the Gaussian noise
process £(t), its wavelet transform yield coefficients with much less dependence. We refer
the reader to Section 6 of the aforementioned paper for a formal treatment. For simplicity
of exposition, from now on, we suppress the j-level script, and refer to Yj, 6) and 7, as the
random variables at level j, implicitly meaning that the same estimation procedure can be

carried out for each level of resolution separately.

As mentioned in the introduction to this chapter, depending on what kind of regular-
ization rule we want to adopt, we consider different sparse integral approximations to P,.
In fact, if the smoothing of the observed function is to achieve by shrinking the observed
wavelet coefficients, then we can use the conditional mean of 6. For this shrinkage to hap-
pen, no atom at zero is needed in the integral sparse approximation to P,(dz), so that the

approximation of order o(p),
pH (dz), (6.4)

can be employed. Under this approximation, the marginal density of Y, at § is

my(§) = ¢s(y) (1 = p+ p¢(5/0)) +o(p) , (6.5)
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where ¢,(2) = 1/0 ¢(z/0), and the moment generating function of the conditional distribu-

tion of 0, given Y}, = 7, is

te jxg/o—a? /2 C(~/O'+t)
P, (dx | j) = 66~—~Pydaz: Py - +o(p) .
/ (@ ]9) my(§)/ 6o (Y) (o) =1_ p+ pC(G/o) )

By Eddington-Dyson’s formula, the conditional mean of 6, is

. p¢'(g/o)

w(g/o) = —

Wlo) =1 —p+p8(G/0)

so the shrinkage estimator of the k-translated coefficient at level j is
ou(Yy/o). (6.6)

If instead one wants to denoise the observed function by means of some sort of thresh-
olding in the wavelet domain, then the conditional median of ; can be used as a soft-
thresholding rule, provided that the sparse integral approximation to P, has an atom at
zero. In this case, we consider the integral approximation of order o(pe,*) introduced in

Chapter 4,

(1 — pe,*)do(du) + pe, “H(du) . (6.7)

Here ¢, is a negligibility sequence for P, according to Definition Henceforth, we

—1/2a

consider €, to be the function (log(1/p)) , so that the unconditional probability of non-

negligibility pe,;* = py/log(1/p) — 0 as v — 0. Under this approximation, the marginal

density of Yy at § is

my () = ¢o(§)(1 — pe,* + pe,*A(y/0)) + o(pe, ), (6.8)
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where we recall that

Aly) = / cosh(yz)e /2 H(dr) = 3(C(y) — 7C(y/7) — 1+ 7%,

for 72 = 1+ 1/e2. Then the sparse approximation of order o(pe;®) to the conditional

distribution of 6y, given |Y;| = 7, is

(1 —w(g/o))do(dx) +w(y/o)Aldz; §/o), (6.9)

which is a mixture of a Dirac delta measure at zero, and the non-zero measure

Aldzy) cosh(yx)e /2 H (dx)
= [ cosh(yx)e==*/2 H(dx)

with relative weight

B pe, “Ay)
wly) = pe, “A(y) + 1 — peye

Denote by ¢°°(3/0) the conditional median of 8, given Y; = 7, i.e., ¢*(§/0) is the value ¢
for which

q
/ Py(dz | §) = 0.5.

Strictly speaking, the indicator function x(_oo,q () is not a continuous function; nevertheless
it can be approximated to any level of precision by some bounded and continuous function.

So, because the conditional distribution is

~ ewyj/a ~
P, V)= ————P Y
V(dx | ) COSh(.ﬁEg/O’) V(dx ’ | |)7

applying the integral approximation to P,(dx | |}~/|), we obtain the sparse approximation

q q /o

/_q by(dr | g) = (1—w@/0))/ 5o(dﬂ?)+w(ﬁ/0)/ A(dx; g/o) + o(pe, )

% oo _oo COsh(zy /o)
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So, letting a(u;y) = ffoo Cosh(zy)/_l(du; y), consider > 0. The conditional median ¢*°(y) is

zero if

1 —w(g/o) +w(y/o)a(0;y/c) > 0.5;

otherwise ¢"?(7) is equal to the value ¢* for which

1 —w(y/o) +w(g/o)alg";9/0) = 0.5.

Putting these last two observations together, we have that the conditional median, given

y > 0, can be written as

0.5/~ 0 if 1 —w(y/o)+w(y/o)a(0;5/0) = 0.5,
q(5/o) =

q else.

By antisymmetry of the conditional median, for § < 0, ¢**(y/0) = —¢"?(—g/c). So, the
conditional median naturally gives rise to the soft-thresholding estimator for the k-translated

coefficient at level j,
oq™* (Y3 /o). (6.10)
In Figure [6.1} we plot the conditional mean in (6.6)), and conditional median in (6.10),
as functions of the observed y, for values of p = 0.05,0.1,0.2 and a = 0.5, 1, 1.5, while o is
fixed to one. We can see how the conditional mean (red curve) shrinks all values but does

not threshold any of them to zero; by contrast, the conditional median (light blue curve)

defines a symmetric region around the origin,

{g - w(lgl) (1 =a(0;|g])) <05}, (6.11)

which gets thresholded to zero. The curve w(|g|) (1 —a(0;]|y|)) is plotted for positive ¢ in

Figure [6.2]

149



10

-5

-10

10

10

p=0.05

Threshold is
3.11

p=0.05

Threshold is
3.087

p=0.05

Threshold is
3.319

10

10

10

Threshold is
2.792

Threshold is
2.749

p=0.1

Threshold is
2.984

Threshold is
2.438

10

Threshold is
2.368

p=0.2

10

10
|

Threshold is
2.589

10

Figure 6.1: Conditional median ¢°?() (blue curve) and conditional mean u(g) (red curve)
for different values of the sparsity parameters p and «. The top three plots have o = 0.5,
the middle ones have a = 1 while the bottom ones correspond to @ = 1.5. In each plot, the
threshold refers to the g-value that determines the region in which is thresholded to
zero by the conditional median.
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Figure 6.2: Plot of the curve w(g) (1 — a(0;7)). The black vertical line depicts the g-
threshold that defines the region of y-values for which the corresponding signal estimate gets
thresholded to zero, bu the conditional median. The parameters are set to p = 0.1, a = 1,
and 0 = 1.

6.4.2 Translation-invariant wavelet

Despite their well developed theory, which includes results of near optimality in comparison
to other methods, wavelet de-noising methods were criticized for producing some kind of
artifacts in proximity of the discontinuities in the underlying function. As explained in
Coifman and Donoho (1995) [19], wavelet reconstructions can excessively oscillate up and
down, whenever a discontinuity in the signal function occurs not exactly at one point of
the dyadic segmentation of the domain. In other words, the alignment of the wavelet basis
elements with the discontinuities of the signal function is crucial for the success of the signal
reconstruction. From this perspective, it comes natural to consider shifting the signal in such
a way to produce a better alignment and eliminate the unwanted artifacts. This means that
one can apply a circulant shift operator on the signal, denoise the shifted version and then

shift this back. However, when the function exhibits multiple discontinuities, it is not obvious
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which shift would be best to apply, as a shift aligning one discontinuity, could be detrimental
for moving another one. For this reason, Coifman and Donoho (1995) [19] proposed to apply
a range of possible shifts and then average over the results obtained from each of these
shifts. When the average is taken over all T' possible circulant shifts, this procedure, called
‘cycle-spinning’, is translation invariant, and produces a T-long vector of coefficients for
each level of resolution, since at level j, the number of coefficients 2/ gets multiplied by
the number of possible shifts 2777, This translation invariant wavelet transform (TIDWT)
can be computed rapidly with only O(T'J) = O(T'log,T) computations. For a different

exposition of the TIDWT, see Section 2.7.2 of Nason (2008) [55] and references therein.

6.4.3 Parameter estimation

As in J&S and many others after them taking an empirical Bayes approach, for each level
of resolution, we estimate the sparsity parameters by maximum likelihood. However in our
setting, as explained in Section [6.4.1] depending on the regularization rule we want to use to
smooth the observed function, we consider two different integral approximations to P,, which
in turn imply two different approximations to the marginal density of Y. With the former
approximation in , given the observed coefficients {g}x from the standard DWT, the
log likelihood for the j-level sparsity parameters is

27 -1

log L(p, o, 0% 3o, - -, Gas—1) = > log{d (i) (1 — p+ p¢(§i/0))} - (6.12)

Instead, if we use the approximation in ([6.8), the log likelihood is

211

log L(p, a, 0% o, - ar—1) = Y _ log{ e (i) (1 — pe, + pe, “Aliji /) } - (6.13)
k=0

Yet, if we work with the TIDWT, then the T coefficients obtained for each level j are

not independent, and in principle one should consider separately the different packets corre-
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sponding to the different choices of the origin. However, the tendency in the literature has
been instead to treat the entries of the whole T-long coefficient vector as independent and
maximize a log likelihood averaged over the choice of origin. So letting {0, ..., ¥p2i—1}
denote the observed coefficients in the p packet of level j, for each j, we maximize

27=3

_ 1 5 B
l(p7 a, 02) = 9J—j Z 1OgL(p7 a, 02; Yp,05 - - - 7yp,2j—1) (614>

p=1

in such a way to borrow strength in the estimation of (p, o, o) between the different locations
of the origin. For a more detailed discussion about this ‘as-if-independence’ strategy, we
refer the reader to J&S. The estimated parameters can then be used to perform one of the
shrinkage or thresholding procedures discussed above, on the observed coefficients of the
TIDWT. After this, the smoothed coefficients are transformed back on the original scale

using an average basis approach, as mentioned at the end of the previous section.

6.5 Simulation study

In this section, we simulate some data to illustrate the functioning of the sparsity-negligibility
methods described in the previous section. For the underlying signal function, we use the
four test functions, Doppler, Bumps, Blocks and Heavisine, first considered by Donoho and

Johnstone (1994) [23].

We set T = 512 and generate the signal vector u over the interval [0,1] so that the

points t1, ...ty are equally spaced by 1/2. Then we simulate Y by adding to u the vector

2

n 18 set so

n whose entries are independent and identically distributed as N (0, 02), where o
that the signal-to-noise ratio is one. We transform the noisy signals using the Daubechies
least-asymmetric wavelet basis with ten vanishing moments, which is the default option im-

plemented by the wd command of the wavethresh R package (Nason, 2016 [50]). These
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wavelets belong to a larger family of wavelets introduced by Daubechies (1988) [20], con-
structed with the aim of having compactly supported functions which were smoother than

the original Haar wavelets.

Since J = log, T' = 9, after applying the translation invariant wavelet transform to Y,
we estimate the sparsity parameters following Section [6.4.3], for the resolution levels ranging
from four to eight. In Figure we compare the estimates for (p, a, o) obtained by max-
imizing [(p, o, 0?) using the two options for the log likelihood as in and (6.13). As
expected, the estimate for the sparsity rate p is decreasing as the resolution level increases,
with the only exception of the case when a very large scale parameter is estimated for the
coarsest level four. If we were to fix the scale parameter across levels, for instance estimating
it by the mean absolute deviation (MAD) of the finest level coefficients, an option considered

by J&S, the decreasing pattern of the sparsity rate would be much more pronounced.

Regarding the differences between using Versus as log likelihood, one can
observe that there are no major differences for the estimates of the o parameter and almost
identical estimates for the scale 0. On the contrary, the second log likelihood, derived from
using the atomic mixture integral approximation , leads to an estimated weight pe @

for the component A(y) in

My (§) = o (§)(1 — pe, ™ + pe, *A(g/a)) + o(pe, ™),

which is systematically higher than the estimated weight p for the component ((y) in

my(§) = éo(y) (1 = p+ p¢(y/0)) +o(p) .

This is more clearly shown in Figure where we plot these two estimated weights, or rates.

To get a sense of why the weight in the first mixture is estimated to be higher than the
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weight in the second one, it is helpful to look at the product A(y)¢(y) versus the product
((y)#(y), which are plotted in Figure[6.5, for different values of a and p. Indeed, even if the
two functions have the same tail behavior, around the origin the behavior is very different,

the former being unimodal while the latter is bimodal.

In order to give an overall idea of what the two estimation strategies, shrinkage and
soft-thresholding, produce in terms of signal reconstruction, in Figure [6.6], over the original
signal vector u, we plot the estimated vector fi. This latter is obtained by averaging the
transformed-back cycle-spinning coefficients, after de-noising. The dark blue line depicts the
signal reconstructed using the conditional median of the TIDW'T coefficients, while the light
blue line shows the denoised signal obtained using the conditional mean. We also report
two measures of error, the mean absolute error (MAE) and the mean square error (MSE).
In general, the shrinkage method leads to lower errors, but this is at the cost of a loss in
smoothness of the curve, as in fact, no coefficient gets shrunk to exactly zero when using the

conditional mean.
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and Blocks. The dark blue lines refer to the estimation using the conditional median for
soft-thresholding the TIDWT coefficients while the light blue lines refer to the shrinkage
estimation, using the conditional mean.

6.5.1 Sparsity and EbayesThresh

We now present a comparison between the two sparsity-based approaches described in Sec-
tion with the soft-thresholding and shrinkage methods described in J&S, derived from
adopting either the ‘quasi-Cauchy’ or the Laplace density as the prior for the TIDWT coeffi-
cients. These last estimations are easily implemented in R using the EbayesThresh package

(Johnstone and Silverman, 20058 [46]).
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To see how the methods compare, Figure shows the denoised TIDWT coefficients
obtained for the Doppler function, using six different strategies. We consider the conditional
median and the conditional mean obtained using: the sparse integral approximations (la-
belled as sparsity); the ‘quasi-Cauchy’ density (labelled as Cauchy); and the Laplace density
(labelled as Laplace). In all cases, we only denoise the coefficients from level 4 to level 8, leav-
ing those at coarser levels unchanged. No major differences are observed across the different
distributions of the signal coefficients; while the impact of choosing to use the conditional
mean or the conditional median is again observed in the number of coefficients that are esti-
mated to be zero. In fact, when using the conditional median, no matter what distribution
is chosen, the coefficients for the levels 6, 7 and 8 are thresholded to zero, so that those
resolution levels do not contribute to the reconstruction of the signal vector. Accordingly,
it is not surprising that the sparsity-based approaches overall perform quite similarly to the
J&S’s methods, both in terms of MAE and MSE. We summarize their performance for the

reconstruction of the four signal functions in Figure [6.8|
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Figure 6.7: Plots of the TT wavelet coefficients for the Doppler function. These are estimated
by either the conditional median or the conditional mean, under different formulations of the
unconditional distribution for the signal wavelet coefficients: the sparsity models described
in Section [6.4.1] (top), the ‘quasi-Cauchy’ prior as in (6.3) (middle), and the Laplace prior
(bottom).
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6.5.2 Image smoothing

As a last example for comparison, we replicate the image smoothing exercise presented in

Johnstone and Silverman (2005B) [46] (J&SB henceforth). The image is a black-and-white
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photograph of Ingrid Daubechies, after whom the Daubechies wavelets are named. This
image is contained in the waveslim package and is stored as a 256 x 256 matrix. After cor-
rupting the image by adding to each entry of the matrix, a Gaussian noise having standard
deviation of ten, we obtain the two-dimensional wavelet transform of the noisy image using
the command dwt.2d. If interested in reproducing the code, the reader is referred to J&SB.
We apply the sparsity soft-thresholding method to the coefficients contained in the first nine
of the 13 matrices produced by dwt.2d. We group the nine matrices in sets of three since
in a two-dimensional wavelet transform, there are three filters interacting with the original
matrix for each resolution level: one for the vertical direction, one for the horizontal direction
and one for the diagonal. For each of these three sets, we estimate the sparsity parameters
by maximizing , with as the approximated log likelihood. Once estimated the
level-specific sparsity parameters, we estimate the coefficients of the nine matrices using the
conditional median and then transform everything back to the original domain to obtain the

denoised image.

As in J&SB, together with the original, noisy and sparse denoised image, in Figure [6.9)
we also plot the image denoised using a kernel smoothing method. One can notice that the
sparsity-based smoothed image has less background noise than the kernel smoothed image,

whereas this latter, on the other hand, preserves some contrasts more faithfully.
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Figure 6.9: Comparison of images of Ingrid Daubechies: original (top left), noisy (top right),
denoised using sparsity methods (bottom left) and denoised using kernel methods (bottom
right).
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Chapter 7

Sparsity for (zaussian graphical

models

7.1 Introduction

Understanding the relationship between variables can sometimes be the main question of
interest, especially in those settings where the number of recorded variables p is large. Indeed,
data of this kind arise in many applications, such as gene array expression levels, climate
data and spectroscopy, among many others.

Unfortunately, when the dimension p is large, inference on the covariance matrix > and
on its inverse, the precision matrix €2, becomes very problematic, if not unfeasible, and
additional assumptions need to be made in order to handle the high dimensionality of the
matrices. An assumption which has been very commonly considered in the recent literature
on high-dimensional inference, is in fact sparsity.

Tapering, banding and thresholding (see for instance Bickel and Levina 2008A[12], 2008B
[13], and the references given in the introduction of Banerjee and Ghosal, 2015 [3]) are all
methods aimed at inducing a degree of sparsity in either ¥ or €2, and can be successfully

applied in situations where there is some natural ordering in the underlying variables, for
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instance in time series data or spatial data. When such natural ordering among the variables
is not present, then it is necessary to have an estimation method that is invariant under
variable permutations. In these cases, it is particularly useful to pose the problem in terms
of inferring the underlying undirected graph structure. Indeed, when the data are assumed to
be Gaussian, the precision matrix can be read in terms of its corresponding graphical model,
where the vertices represent the variables and the presence or absence of an undirected edge
between two vertices corresponds to the presence or absence of a dependence between the
two variables, conditionally on all the others.

Gaussian graphical models have been extensively studied, from different perspectives.
Penalized likelihood methods have been developed together with their corresponding opti-
mization algorithms. Graphical lasso sets the regularization term to be an L;-penalty on
the entries of €2, and the coordinate-descent approach of Friedman et al. (2008) [38] is one
of the many algorithms proposed in the literature to solve the maximization problem. See
the introduction of Bickel and Levina (2008B) [13] for a more comprehensive discussion.

Bayesian methods have also been developed, with different choices for the prior distribu-
tion to induce sparsity in the precision matrix 2. Wang (2012) [74] proposed the Bayesian
version of the graphical lasso by considering the Laplace prior for the off-diagonal entries
and the exponential prior for the diagonal entries. This prior leads to a posterior mode
of € coinciding with the graphical lasso estimate. However, this prior for the off-diagonal
entries does not induce any sparsity in the posterior graphical structure, for which reason,
Banerjee and Ghosal (2015) [5] modified it by inserting an atomic component at zero. This
choice, though, leads to greater difficulties in terms of computations, which are overcome by
employing the Laplace approximation.

As an alternative to these entry-wise priors, one can consider priors on the entire matrix
space. After Dawid and Lauritzen (1993) [21] introduced the hyper inverse Wishart prior
for 3, Roverato (2002) [6I] generalized it and defined the conjugate family of priors, named

G-Wishart prior, for precision matrices ) having GG as underlying graphical structure. Since
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then, the use of the G-Wishart prior has become common in this kind of settings and a lot of
different techniques, such as Monte Carlo integration (Atay-Kayis and Massam, 2005 [3]) and
block Gibbs sampler (Lenkoski and Dobra, 2011 [48]) among others, have been considered to
simplify computations and sample from this distribution. See Wang and Li (2012) [75] for a
more comprehensive review of the methods. Recently Liu and Martin (2019) [49] proposed
an empirical G-Wishart prior, where the prior center hyper-parameter is estimated from the
data. This in turn, allows them to make an effective use of the Laplace approximation to
compute the normalization constant of the G-Wishart distribution so that computations are

much faster.

Our approach is developed within the sparsity framework described earlier and the es-
timation of the graphical structure relies on the negligibility theory presented in Chapter
4. To go around the computational difficulty similar to that encountered by other methods
mentioned in the previous paragraph, we use the Laplace approximation to approximate the
joint probability of the data and the graph structure. To check the reliability of this ap-
proximation, we compare it with a Monte Carlo estimate, which we obtain following a very
similar strategy of Atay-Kayis and Massam (2005) [3]. We then design a simple Metropolis-
Hastings algorithm to sample from the conditional distribution of the graph given the data
and estimate the median probability model, i.e., the graphical model comprising of those
edges having a conditional probability of being non-negligible, larger than one half. We also
discuss how the estimation of sparsity parameters can be carried out in this special context.
We conclude by presenting some results which illustrate how our method works on both

simulated and real data.
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7.2 Model assumptions

Let X = [x1,...,%,] be a collection of n independent vectors, identically distributed as the
random vector x = [Xj,..., X, having distribution N,(0,02Q~"). Here o is an arbitrary
scale parameter multiplying the random vectors z; ~ N,(0,Q~'). Both the dimension p and
the sample size n can be large, but we still assume p < n. The log likelihood for the precision
matrix € is

—Flog2m + 3 (1og det Q2 — plog 02) — 5tr(SQ)

where S = L X X" is the sample covariance matrix.

To induce sparsity, we suppose that the off-diagonal elements of Q, {w;; : ¢ < j, 7,7 € [p|}
are independent and identically distributed with distribution P,, a univariate scale sparse
measure with first order pair (p, H), where H is the « inverse-power exceedance measure.
For the diagonal elements {w,; : j € [p]}, we suppose that they are independent and identi-
cally distributed with continuous distribution P(dx) = p(x)dz, and they are independent of

the off-diagonals.

As mentioned in the previous section, we are interested in understanding the relation-
ships among the p variables X;,..., X,. This can be achieved by assuming an underlying
graph structure and estimating the non-negligible conditional dependencies. So consider
an undirected graph G = (V, E), where V = {1,...,p} = [p] is the set of vertices and
E C {(i,j) € [p] x [p] : ¢ < j} is the set of undirected edges, and let ¢, be a negligibility
sequence for P, according to Definition [4.5.1] defining the negligibility of the partial corre-
lations {w;;}i<j. For each subset I' C {(4,7) € [p] x [p] : i < j}, we want to compute the

probability of the event

Ar ., = {|wij| > €, for (i,75) € I, |wi;| <€, for (i,7) ¢ '}
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given the observed value of X. Note that, besides the non-negligible off-diagonal indices
(i,7), i < j with |w;;| > €, ' will always include the diagonal indices (7,7), i = j. So the
number of elements of I' can be written as p + s, where s € [p(p — 1)/2] denotes the number

of edges corresponding to non-negligible partial correlations.

For a fixed set I', the conditional probability of Ar ., given X is proportional to

IED(X7 Aryfu)

P(X | Are,) - P(Are,)

P(X,Q | Ar.,)dQ - P(Ar.,) (7.1)

2 (det(Q/0?)) e 2 "SY PO | Ap,) - P(Ar.,)

I
\\

PF JEV

where Pr, is the set of symmetric positive definite p x p matrices having |w;;| > €, for all

i <j, (i,j) €I and |w;;| <€, forall i < j, (i,7) ¢ T

Following the negligibility theory developed for univariate sparse measures, for bounded

and continuous functions of (w;;); ;, integrating against

P(dQ | Are,) = [] Podwij | wyl > ) [ Poldws; | wil <) J] Pldws)

(i,§)€r (i.§)¢T (ij)er
1<J 1<) =)

is, up to an error of order pe,*, asymptotically equivalent to integrating against

H H(dwi;) [] do(dws;) [ Pldwsy),

(i,)€T (i,5)¢T (,5)er
1<j 1<j 1=J

where H(dx) = h(z)dz is the normalized exponentially-tilted exceedance measure. Notice
that, now that we are integrating against F', the domain of integration can be set to be Pr,
the cone of symmetric positive definite p x p matrices having w;; = 0 for all (¢,7) ¢ I' and

w;; # 0 for all (4,5) € I'. A matrix in Pr is guaranteed to have exactly p + 2s non-zero
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entries. Thus, the sparse approximation to the integral appearing in ([7.1)) is

(2r) % / (det(©2/02))5 e 5 #(59°) paq) =
PF €y

(2m)" % /p (det(©/0%)2e™ 3 "6V T Hdwy) [ Pldwy) =

G)er G)er

1<J =]

(2m)" % / e 1R de(0/0%) = 5 rS0/0% 5 e o e + Eowrn) TT oy T o
Pr

(i,5)el’ i

where the notation (i,j) € I' is the short version of (i,j) € I';i < j, since the other case

(1,7) € I';i = j can simply be denoted by 1.

On the other hand, under the independence and sparsity assumptions,

P(Ar.,) = (1= pe, * )P D275 (pe, ) + o(pe, ) .

Hence, the sparse approximation to the conditional probability of Ar ., given X is propor-

tional to
(1= pe, P02 pe, @) (2m) ™2 / e2*® 40, (7.2)
Pr
where
»(Q) = logdet (/%) — Ltr(SQ/0?) Z log h(wi;) + 2 Z log p(wi;) -
(i,5)€r 7

To compute the integral appearing in (7.2)), we will use the Laplace approximation. The
following section is devoted to describe this integral approximation and compare it with
a Monte Carlo integration method to verify its validity numerically. In the appendix we
also provide some guarantee on the size of the error of the Laplace approximation when the

sample size grows large.
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7.3 Laplace Approximation

In this section we treat the sparsity parameters p, o, 0 as known quantities. Moreover, to
slightly simplify the notation, from now on, instead of referring to the event Ar ., , we will

just denote by I" the set of non-negligible edges. The integral that we want to compute using

/ e%w(m ds).
Pr

To this end, it is helpful to write it as

the Laplace approximation is

T — / elogL(Q/02)+logF(Q) A = O,2p / elogL(Q)JrlogF(UQQ) dQ, (73)
Pr Pr

where

log L(Q2) = 5 logdet Q — $tr(SQ)

is the log likelihood function while

log F(Q2) = Z log h(wij) + Z log p(wi;)

(i,5)€l i<j (1,5)€T ,i=j

is the log prior density of the entries of Q2 given I'. Here p(w) = e7“1,¢, while H(dw) =

h(w)dw is the inverse-power exceedance measure with exponent «, defined on R\ {0}. So,

(1= e )h(w)
(1 — e 2o h(w) dw

log h(w) = log

= log(ka(1 — ™ 2%)|w| 771

= log(ka) + log(1 — ™" /2%) — (a + 1) log |w]

where 1/k, = [(1 — e*/?%)|w|~*"' dw. In Figure , we plot the functions h(x), log h(x)

and its first derivative (logh(z))', for o = 0.5,1,1.5.
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Figure 7.1: Plots of the functions h(x), logh(z) and (logh(x)) for different values of «,
a = 0.5,1,1.5, while ¢, = 0.3. The limit of fz(z) as x — 0 is zero for a < 1, finite and
different from zero for v = 1, and is infinite for a > 1. However, h(x) is defined on R \ {0}
so that there is no trouble in taking the logarithm. The first derivative of logA(z) is finite

for any |z| > t, for t > 0.

Let

~

() = arg max log L(2) (7.4)
QEBT

denote the maximum likelihood estimator of €2 over the set

Or ={Q€Pr: " < Anin(2) < Anax() <&}
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where &, is a deterministic sequence converging to infinity as n — oo.

Then the Laplace approximation for ([7.3]) can be written as

~

s 1/2
O_2p610g L(Q)+log F(o24)) (47T)p+ ; (75)
det(H(Q))

where H(Q2) =n (271 ®@ Q1) is two times the negative Hessian of the function log L(Q2). In
the appendix, we show that, under some mild assumptions, as n — oo, the relative error

between the exact integral and the Laplace approximation goes to zero.

For finite n, we can assess the accuracy of the Laplace approximation by comparing it to
the result obtained using a Monte Carlo integration technique. To obtain such an alterna-
tive for computing (7.3)), we follow the procedure which Atay-Kayis and Massam (2005) [3]
proposed to compute the G-Wishart normalizing constant. In the appendix, we report the
main passages presented in that paper, with the necessary adjustments to our setting. For

simplicity, we make this comparison fixing the scale parameter ¢ to be one.

The Monte Carlo method aims at expressing the integral as an expected value of a certain
function g of some random variables which are relatively easy to simulate. In this context,
the random variables are U7 ~ x2,,,,, where v; = #{j >i: (i,j) € [} forall i = 1,...,p
and Z;; ~ N(0,1) for all i # j : (¢,j) € I, all independent of each other. Then the integral
in can be written as

1= CT,&,F E(Q(Uiia Zij)) )

where g(u, z) is as defined in (7.26) and Crsr is a constant dependent of the sample size
n =0 — 1, the set T and the Cholesky decomposition (X'X)~! = T'T. The Monte Carlo
technique estimates the expected value E(g(Uj;, Z;;)) by first generating the collection of

Zt} for t =1, ..., Ny simulations, and then computing the average

random variables {U ?

227
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of g(Uii, Z;;) over the simulations

~

E(Q(Uii>zij)) = Q(Uﬁ

Nsim w?

7).
Now, following the Laplace approximation method, we approximate logZ with
logZ" = log L(Q) + log F(Q) + B2 log(2m) — 5 log det(H (),
while the Monte Carlo simulation method gives
log M = log Crsr + log E(g(Uii, Zij)) -

Figure shows the relative error between the two methods, as a function of the sample size
n, where each panel corresponds to one of the five scenarios considered for the true precision
matrix €2, described in detail in Section We can see that the relative error is quite small
even for n = 100, meaning that the Laplace approximation is reliable for relatively moderate
values of n. Moreover, the error decreases as n increases in all scenarios. This should be
confirming what we show in the appendix regarding the relative error between the Laplace

approximation and the exact value of Z.

7.4 Metropolis-Hastings algorithm

We now describe how we design a Metropolis-Hastings algorithm in order to estimate the
conditional distribution of the non-negligible set ' given the observed matrix X. Again, we
treat the sparsity parameters as known. Recall that the conditional probability that the set

of non-negligible edges is T, is

P | X) =c - P(X | T)P(I)
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Figure 7.2: Relative error between the Laplace approximation and the Monte Carlo method
for computing logZ, as a function of the sample size n. For each sample size, we repeat
the comparison 100 times and plot the average relative error £ one standard error. Each
panel corresponds to a different model for generating €2, as described in Section [7.6] with
p = 30. The Monte Carlo computations are based on Ng,,, = 1000 simulations. The sparsity
parameters are set to be p =0.07,a=1,0 = 1.

where the normalizing constant ¢ is just the reciprocal of

P(X) =) P(X|D)PT).

Here the sum is taken over all possible graphs corresponding to precision matrices with the
set of non-negligible partial correlations given by I', comprising of the p diagonal elements
and s € [p(p — 1)/2] off-diagonal entries. Since all graphs include the diagonal entries, what
changes from graph to graph is the set of non-negligible undirected edges. Thus, the sum
ranges over the power set 2P(°P~D/2l  Clearly, this computation is prohibitive even for very
small values of p. To overcome this computational infeasibility, we design a Metropolis-
Hastings (M-H) algorithm to construct a Markov chain having P(T" | X)) as stationary dis-

tribution.
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Given the estimated conditional distribution for the non-negligible I" set, we can also esti-
mate for each edge its marginal inclusion probability, i.e., the conditional probability of that
edge belonging to the set of non-negligible edges, given the data. Then, following a common
practice in the literature (see for example, Liu and Martin, 2019 and Banerjee and Ghosal,
2015), we can select the median probability model I'y;, by classifying as non-negligible those

edges whose marginal inclusion probability is greater than 0.5, and as negligible otherwise.

Following is a schematic description of our M-H algorithm.

1. Generate an initial subset Sy from the power set 2P®P~=1/2 by setting the size kg to
be the rounded integer of 0.05 - p(p — 1)/2 and then drawing at random, without
replacement, ko elements from {(i, j)}i<;. Set I'o = {(4, 5) }i=; U So.

2. Let 0 = (1 — ko/(p(p — 1)/2)) *0>1. Generate & ~ Ber(6).

If £ = 1, add a new element x uniformly drawn from {(, j) }i<;\So: set S; = SpU{x}
and Fl = {(Z7J>}z:] U Sl.

If £ =0, remove a current element x uniformly drawn from Sy: set S; = Sy \ {z}

and Fl = {(7'7]>}z:] U Sl.

3. Accept I'y as the new 'y with probability

A:min{l,pl.qw}
Po - o1

where p; = P(I'; | X), for ¢ = 0, 1, is the conditional probability that I'; is the set of
non-negligible edges while g;; is the probability of proposing set .S; given we have set
S;, for 1,5 =0, 1.

Otherwise, keep the current I'y as the new I'.

4. Repeat steps 2-3 until the target probabilities converge.
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With this proposal mechanism, we add or remove a new index from the current set with
probability depending on its size: the bigger the set already is, i.e., ko/(p(p — 1)/2) is large,
the less likely is to add a new element and the more likely is to remove one. On the other
hand, given the uniform distribution for the selection of the index to add or remove, the
transition probability from S; to S; is

P(add)P(X =z | add) = (1 — k;/(p(p — 1)/2)) k> itk =k +1

11
p(p—1)/2—k;
qi; =

P(remove)P(X = x | remove) = (k;/(p(p — 1)/2))1’“?1% ifkj =k —1
where k; = #5; is the size of S;. Therefore, the ratio % determining the acceptance
probability A, is indeed proportional to the ratio of the two conditional probabilities p; /po.

The advantage is that this ratio can be approximated by combining (|7.2)) and (7.5)), and be

computed as

log L(Q log F(62Q) A —1/2
(pﬁ_a)kl_ko(l _pe—a)ko—k1(4,ﬂ)(k’1—k’0)/2 e ® (AF1)+ B F Arl)det(H(er)) / ‘
v v elog L(Qry ) +log F(o2Qry) det(H(on))—l/z

In the simulation study presented in Section [7.6, we use this Metropolis-Hastings Markov
chain (MHMC) to estimate the median probability model for different underlying graphical

structures.

7.5 Sparsity parameter estimation

In this section, we discuss how we can estimate the sparsity parameters in this context,

which is made particularly challenging by the latent graphical structure. To overcome some
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of the difficulties, we make use of the Expectation-Maximization (E-M) algorithm as well as

the Self-Normalizing Importance Sampling (SNIS) integration technique.

7.5.1 E-M algorithm and SNIS integration

If the graphical structure of €2, summarized by the non-negligible I" set, was observable, then

we could write the log likelihood for the sparsity parameters based on both X and I
lp,a,0; X, 1) = log P(X, T, p, v, 0).

However, I is not observed so [(p, a, o; X, T') is not computable. One possibility to overcome

this latency is to take expectation over 2PP—1/2 with respect to some measure ¢,

Eq(l(p,Oé,U;X, F)) = Z IOgP(X,F;p,Oé,O') 'q(r)v (76)

re2lp(p—1)/2]

and then maximize (7.6 to obtain an estimate for p, o and «, which will clearly depend on
the measure q. The E-M algorithm chooses ¢ to be the conditional distribution of I' given
X, which in turn depends on the parameters p, @ and o. So the E-M algorithm proceeds as

follows:

1. set Oy = (po, v, 00) to be the parameter in ¢(I') = P(I' | X; po, v, 0p) and compute

E,(l(p,a,0; X,T)) as a function of 0 = (p, 0, a);
2. maximize E,({(p, o, 0; X,I")) over § = (p, 0, a) and update 6, to be the solution 0;
3. repeat steps 1-2 until the two parameters Qo,é are close enough.

Now, from a practical point of view, choosing the measure ¢ to be the conditional distri-
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bution of I given X,

]P(X7 F7 Po, Qo, UO)
P(X; po, ao, 00)

C_I(F) = IPD(F | X;Po,aoﬁo) = = COCIU(F),

is problematic insofar, as discussed earlier, computing ¢, ' = P(X; po, o, 0¢) is prohibitive.
Thus, once more, we need to find a way to avoid computing the normalizing constants. In this
framework, we take advantage of the so called self-normalizing importance sampling (SNIS)
integration technique. The idea behind this method is to sample from another probability
measure ¢, which can itself be known up to some normalizing constant ¢, and then, get rid of

all unknown constants by taking ratios. More precisely, letting ¢ be this second probability

measure on 2PP~Y/2 rewrite (7.6)) as

r
E,(logP(X,I;p,a,0)) =E; (logP(X,F;p,oz,o) . %) ,
q

where the subscript in E, indicates the measure g, with respect to which the expectation is
taken. Now imagine drawing N times from ¢ to obtain {I'; ~ ¢} ;. By strong law of large
numbers, as N — oo, almost surely,

1 Cqu<Fi)

- 1 IP) X Fz; , O, T

~ 2 108 P(X, I p. 0, 0) Fa0 (T

Li~q

— Eq <logP(X, F;,0>aaa) ’ %) )

where G(T') = ¢¢Y(T"). Similarly, almost surely,

1 coqV () ) cog? (T) - @~ )

so that, taking the ratio of the two expressions, the two normalizing constants ¢y and ¢ cancel

out and, as N — 00,

L log P(X,T;; ). L)
NZFZN g ) 1/7p7a’g Fi
— - = By(log P(X, T3 p,,0)), (7.7)
N ZFiwq El)
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with probability one. In this way, knowing the two measures ¢ and ¢ up to a constant is

sufficient to estimate the expected value required in the E-M algorithm.

7.5.2 Computational aspects and choice of ¢

Before going further in the discussion of how we implement the SNIS integration within the
E-M algorithm, we first review the quantities appearing in ([7.7). First of all, recall that we

can compute log P(X,I; p, o, 0) as
log P(X [ I'; p, a0, 0) + log P(Is p, @) .
Since X | Q ~ N(0,0%Q71), we have

P(X |T;p,a,0) = o / eloa L(Q)+Hog Fap(%9) () (7.8)
Pr

where

log L(Q2) = —"2log(2m) + 2 log det(Q) — 2tr(2 X X'Q)

and

log F,, ,(0°Q) = Z log h(c’wij; o, p) + Z log p(0*wy;) .

()€ <5 (i.§)€T ji=j
On the other hand,
]P)(F, P, Oé) — (,06;0‘)8(1 - pe;a)p(p_l)/z_s ‘

Now, we approximate the integral in ([7.8)) using the Laplace approximation

p+s 1

0 L(Q) Fap(0°Q) (4) 7 det(H(Q)) 7,

where

~

= arg Lax log L(Q2) = arg max 3 log det(€2) — 5tr(S9Q).
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Therefore, denoting by Jointy(I') = P(X,T';0), for each set I', we can write
log Jointy (') ~ log () + log Priorse(I') ,

where

while

Going back to the E-M algorithm, since ¢V (') = P(X,T’;6y), we can rewrite the two

steps of the E-M algorithm as follows

1. compute the expected value E,(log P(X,I';6)) as
Z log Jointy(T';) - Ry, (I;) ,

where
JOintgo (FZ)/qNU(Fl) )
Zriwq Jointg, (T';)/q" (T:) ’

R90 (FZ> =

2. solve the maximization problem

max Z log Jointy(T';) - Ry, (I';) .

Li~g

Here we make two observations.

The first observation is that f (Q) does not depend on any sparsity parameters. Therefore,
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the solution to

max E,(logP(X,I;60)) ~ max Z log Jointy(I';) - Ry, (I';)

Li~q

is the same as the solution to

mgxl%log Priorsy(T;) - Re, (T) .

The second observation concerns the choice of ¢§. Indeed, we decided to draw from this
distribution to overcome the difficulty of drawing from ¢(I') = P(T" | X;6p). In principle,
we could draw directly from ¢ after estimating it using the MHMC as described in Section
[7.4 However, this estimation would need to be repeated at every iteration of the E-M
algorithm corresponding to a different value of 6y, and this would result in a very cumbersome
procedure. Alternatively, we could choose ¢ to be a distribution from which sampling is
very simple. For example, one could first draw the size of the set I'; from a binomial
Bin(p(p — 1)/2,r), for some r € (0,1), and then, given the size, draw that number of
elements uniformly at random from [p(p — 1)/2], without replacement. Nevertheless, despite
this being a viable option for sampling the sets I';, it is not a good choice because the resulting
measure on 2PP~D/2 s very different from the ¢ measure we are trying to substitute. In fact,
if for all the sets {I'; ~ ¢};, sampled from ¢, Jointg, (I";) is on a different scale of magnitude
compared to ¢V (T;), then

log Jointg, (T';) — log ¢¥ (T';)

can be huge, in absolute value. This means that

exp{log Jointg, (I';) — log ¢V (T;)}

are almost all numerically zero. The all-zeroes case can be avoided by subtracting M =
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_____ ~ log(Jointg, (T;)) — log(q¥ (T;)). Yet, even doing so, the expression

exp{log Jointg, (T;) — log ¢V (T;) — M}

is extremely polarized, giving roughly mass equal to one to the I' set corresponding to M
and zero mass to all the other sets sampled from ¢. This in turn implies that the expected

value in the E-M algorithm gets estimated by the average of just a single value.

This extreme example highlights the necessity of choosing ¢ in a non automatic manner.
Indeed, taking the cue from this extreme case, in order to have ¢V and ¢V on the same
magnitude order, suppose we choose ¢ to be the conditional distribution P(I" | X ;é), for

some fixed parameter é, so that

log Jointg, (T';) — log ¢ (T';) = log Jointg, (I';) — log Joint4(T;) . (7.9)

Now the advantage of this choice is that, since log Jointy(I;) is approximated by

log f(€2) 4 log Priorsy(T;) ,

it is immediate to see that ((7.9) can be reduced to

log Priorsg, (I';) — log Priors;(I';) ,

where we recall that, for any 6 = (p, «, o),

log Priorsy(I") = plog a® 4 log F., ,(c*Q) + slog(pe;®) + (p(p — 1)/2 — ) log(1 — pe; ).

Thus, besides simplifying the computations as we no longer have to compute log f (Q), this

choice leads to quantities in ([7.9)) which are now on comparable magnitude scales. The ratio
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measure with ¢ = P(I' | X; ) can then be computed as

exp{log Priorsy, (I';) — log Priors;(I';) — M}
Zi]\il exp{log Priorsy, (I';) — log Priors;(I';) — M}

Ry, (T) = , (7.10)
where now M = max;—; __ n log Priorsy, (I';) —log Priors;(I';). This measure is not degenerate
at just one I' set, rather is diffuse on the whole range of sets sampled from ¢. Clearly this
choice for ¢ requires running a MHMC to estimate P(T" | X; é), prior to the actual estimation

of the sparsity parameters, but this needs to be done just one time.

In Figure [7.3], we compare the ratio measure, denoted by R.binom, obtained using the
binomial-uniform sampling scheme described above as ¢ (left panels) with the ratio measure,
denoted by R.tilde, obtained using the conditional P(I' | X;6) as ¢ (right panels). In both
scenarios, the red triangles depict the values of ¢ for the N = 1000 sampled sets I'; ~ ¢,
while the black circles depict the corresponding ratio measures for those same sampled sets.
The two plots in the bottom row are the zoomed-in versions of the plots in the top row.
From these, we can better appreciate the difference between the two choices for §: with the
binomial-uniform sampling, the ratio measure is zero everywhere but at one single set; with
the conditional P(I' | X;6) estimated from an MHMC, the ratio measure gives non-zero mass

to all sets which were sampled from q.
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Figure 7.3: Comparison of two choices for ¢. Left panels depict the values of the ¢ measure
(red triangles) and the corresponding ratio measure (black circles), when ¢ is the binomial-
uniform sampling scheme on 2P®-1/2 Right panels depict the values of the § measure
(red triangles) and the ratio measure (black circles), when ¢ is the conditional distribution
P(T' | X;6), with § = (0.07,1,1). P(I'| X;8) is estimated from an M-H Markov Chain with
30,000 total iterations, of which 5,000 are burn-in period.

7.5.3 Algorithm for estimating the sparsity parameters
To summarize, our final algorithm for estimating 6 = (p, o, o) goes as follows:
1. fix § = (j,&, ) and run a MHMC to obtain ¢(I') = P(T" | X;6);
2. draw N samples I'y,..., 'y from ¢(I") (which in fact means drawing from the M-H
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Markov Chain relative frequencies);

3. fix 6y = (po, g, 0¢), for all i = 1,..., N, compute Ry,(I';) as in (7.10) and write

N
n(0,0y) = Zlog Priorsy(I';) - Rg,(I';)

i=1
as a function of § = (p, a, 0);

4. solve the maximization problem

mgxn(@,@o);

5. update 0y to be the solution 0 and repeat steps 2 to 4, until 6, and 0 stabilize.

7.6 Simulation study

To illustrate how the sparse approximation described in previous paragraphs works, we
perform a simulation study, with different true graph structures for 2. To have a direct
comparison with other methods previously proposed in the literature, we generate the data
as in Banerjee and Ghosal (2015) [5] and Martin and Liu (2019) [49], considering five different

models specified in terms of the entries of ¥ or €2 as follows:
1. Model 1: AR(1) model where the entries of ¥ are given by oy; = 0.7/777..

2. Model 2: AR(2) model where the entries of €2 are set to zero except wy; = 1, w;—1; =

wii—1 = 0.5 and w;_9; = w;;—o = 0.25, for all ¢ € [p].

3. Model 3: Star model where the entries of €2 are set to zero except w;; = 1, w1 ; = w; 1 =

0.1, for all 7 € [p].

4. Model 4: Circle model where the entries of (2 are set to zero except w;; = 2, w;—1,; =

wii—1 =1, for all i € [p] and wy, = w,1 = 0.9.

186



5. Model 5: Sparse model with no special structure where Q = (B + B') 4 71, where B
is a p X p matrix, in which all diagonals are set to zero while each off-diagonal entry is

independently distributed like

0.5 with probability 0.05
wij ~
1 with probability 0.95

The parameter 7 is chosen in such a way that the condition number of € is equal to p,

and then 2 is standardized to have unit diagonals.

For each of these models, we generate n = 100 independent and identically distributed
samples from N,(0,Q~!) with dimension p = 30 or p = 50. Then, we set 0 = (0.07,1,1)
when p = 30 and 6 = (0.01,1,1) when p = 50, and follow the steps described in Section
to obtain some estimate of the sparsity parameters. To simplify the computations a
little, we fix the o parameter to be one, and only estimate the sparsity rate p and the scale

parameter o. The results are reported in Table [7.1] for p = 30, and Table [7.2] for p = 50.

px 10> &
AR(1) 2.49 0.786
AR(2) 6.35 0.846
Star 2.10 1.001
Circle 2.43 0.864

No structure 5.11 0.882

Table 7.1: Estimated values for p and ¢ when o = 1 and p = 30.

Given the values 6 = (p, &, 0) for the sparsity parameters, we then run the MHMC in
order to estimate the conditional distribution P(I' | X; ). We set the total number of simula-
tions to 24,000, with a burnin period of 4,000 iterations. At the end of the Markov chain, we
select the median probability model I');, by classifying as non-negligible those edges whose

marginal inclusion probability is greater than 0.5. Here by marginal inclusion we mean the
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px102 &

AR(1) 1.43  0.746
AR(2) 3.75 0.859

Star 1.05 0.846
Circle 1.45 0.870

No structure 3.75 0.941

Table 7.2: Estimated values for p and ¢ when o = 1 and p = 50.

event that the edge appears in the I' set of non-negligible edges. Then, given the selected
set of edges I'ys, using the glasso function of the homonymous R package, we obtain the
maximum likelihood estimate 2 constrained to have T'j; as graphical structure, and use this

estimate of ) to assess the performance of our method.

Following the literature, we compute three measures: specificity (SP), sensitivity (SE)
and the Matthews Correlation Coefficient (MCC), named after the biochemist Brian W.

Matthews, who introduced it in 1975. In formulae,

TN
SP=-
TN +FP’

TP
E=—
= TN

TP x TN — FP x FN

MCC - )
V/(TP + FP)(TP + FN)(TN + FP)(TN + FN)

where TP, TN, FP, and FN denote, respectively, the number of true positives, true nega-

tives, false positives and false negatives in the model considered.

We compare the performance of our sparsity method with the G-Wishart prior approach
proposed by Liu and Martin (2019) [49] (L&M henceforth), which also makes use of a MHMC
algorithm to estimate the conditional distribution of the graphical structure. For each model,

we run the two different Metropolis-Hastings Markov chains 100 times and, in Table [7.4], we
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display averages and standard errors of the three measures, SE, SP and MCC, the standard
errors being multiplied by 103. Overall the two methods perform quite similarly in terms of
MCC. Yet, the method based on the G-Wishart prior seems to always favor a very high level

of sensitivity, whereas the sparsity approach is generally superior in terms of specificity.

Sparsity G-Wishart

p =30 SE SP MCC SE SP MCC
AR(1) 0.997 1.000 0.985  0.998 1.000 0.989
(0.262)  (0.000) (1.267) (0.247) (0.000) (1.208)

AR(2) 0.988 0.875 0.885 0.990 0.848 0.873
(0.605) (3.738) (3.259) (0.527)  (4.385)  (3.452)

Star 0.994 0.369 0.542  0.999 0.345 0.564
(0.401) (2.489) (3.279) (0.131)  (0.930)  (1.282)

Circle 1.000 1.000 0.998 0.999 1.000 0.996

(0.111)  (0.000) (0.543) (0.177) (0.000) (0.853)
No structure 0.987 0.862 0.872 0.992 0.826 0.865
(0.636) (4.498) (3.954) (0.512) (4.286) (3.363)

Table 7.3: Averages and standard errors in parenthesis multiplied by 103, over 100 simula-
tions.

Sparsity G-Wishart
p =50 SE SP MCC SE SP MCC
AR(1) 0.998 1.000 0.984 0.999 1.000 0.991
(0.145)  (0.000) (1.151) (0.097) (0.000) (0.791)
AR(2) 0.990 0.850 0.863 0.994 0.771 0.837
(0.292) (3.362) (2.645) (0.242) (4.739) (3.424)
Star 0.992 0.381 0.512 0.999 0.342 0.571

(0.277)  (2.555) (3.128) (0.027)  (0.970)  (0.970)

Circle 0.999 1.000 0.996 0.999 1.000  0.995
(0.068)  (0.000) (0.558) (0.0801)  (0.000)  (0.649)

No structure  0.984  0.615  0.690  0.991 0.551 0.674
(0.342)  (3.412) (3.146) (0.202)  (4.059)  (3.368)

Table 7.4: Averages and standard errors in parenthesis multiplied by 102, over 100 simula-
tions.
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7.7 Gene regulatory network

In this section we apply our sparsity framework to a real data example which concerns gene
regulatory network rewiring in patients having a specific type of breast cancer. This example
was also analyzed by L&M, so we have a benchmark for comparison. The data was origi-
nally collected by the National Cancer Institute within The Cancer Genome Atlas (TCGA)
Program, and is freely accessible through their website. However, the version of the data we
use, the Agilent G450 microarray dataset, can be easily downloaded from the DiffGraph R
package developed by Zhang et al. (2017) [80], who also provide a detailed description of the
data set. As in L&M, we only consider luminal A subtype breast cancer, so the total number
of patients is n = 207. For each patient, the p-long observed vector consists of standardized

mRNA expression levels exhibited by 139 genes.

In this context, given the standardization of the mRNA expression levels, we set a = 1
and ¢ = 1. And, because with real data is a little arbitrary to declare some connection
to be totally absent, we take advantage of our sparsity-negligibility framework, which, per
se, just makes statements on the negligibility of the connections. So we decide to choose
different values for the parameter p, depending on the negligibility statements we would
like to make about the correlations among the genes. In fact, the sequence of thresholds
€, defining the negligibility of a sparse random signal can be written as a function of the
sparsity rate p, provided that pH (€}) = pe;* — 0 as v — 0. So given €, = (log(1/p,)) /%,
we can choose the desired negligibility threshold to be ¢, = 0.33 and set the sparsity rate to

be p = exp{—e,?*} which is roughly 1.2-107%, so p,e,* = 3.6 - 10~

With this choice of the negligibility threshold and the corresponding p, we run the M-H
Markov chain to obtain samples from the conditional distribution of the gene regulatory
network given the observed levels of expression. As before, we select the median probability

model I'y; by including an edge (i, ) between two genes if its marginal probability of being
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non-negligible, i.e., of corresponding to |w;;| > 0.33, given the data, is higher than 0.5. In
Figure [7.4] we show the weighted graph corresponding to I');, where the color intensity of
each edge is proportional to its marginal probability of inclusion (which, by definition, is
larger than one half). Besides the one-to-one relations, another important feature in gene
network analysis is the number of connections that a gene has to other genes, which is called
gene degree. In Figure [7.5, we show the unweighted graph where the different sizes and
colors for the nodes reflect the different gene degrees: genes with degree greater or equal
than ten are depicted in blue, those with degree between five and ten in yellow, while those
with less than five connections are depicted in red. Those few genes that have largest degrees
are also known as gene hubs, insofar they are important poles in the network wiring and,
for this reason, are of great interest to clinicians. With our model, the top six genes with
largest degree are the following: RPS6KB2 (S6K2), E2F1, AKT3, KIT, IGF1, and NCOAS3.
In Figure [7.6] we also plot the conditional distribution of the degree for these six genes, as

derived from the estimated conditional distribution of the gene network.

All six hub genes identified by our model have strong association with breast cancer risk.
Indeed, RPS6KB2 (S6K2) overexpression have proved to have prognostic and treatment pre-
dictive significance in breast cancer (Pérez-Tenorio et al., 2011 [57]). Similarly, the E2F1
gene has been recently found by Hollern et. al (2019) [43] to be a master regulator of genes
that coordinate tumor cell metastasis, while it is well known that high levels of expression of
the IGF1 gene are positively associated with breast cancer (see for instance, Farabaugh et al.,
2015 [34], and Monson et. al 2020 [53]). Likewise, proto-oncogene KIT (c-KIT) is frequently
amplified in basal-like cancers (Nalwoga et al., 2008 [54]). As for the AKT isoforms, namely
AKT1, AKT2, AKT3, these genes are known to regulate all stages of breast cancer, from
initiation, prognosis, and metastasis to resistance to chemotherapy and improved hormonal
therapy. We refer to Hinz and Jiicker (2019) [42] for a comprehensive review on the AKT

isoforms role in breast cancer.
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© degree5<=d <10
® degreed<5
© degreed>=10

Figure 7.4: Gene regulatory network identified by the median probability model. The inten-
sity of the color of the edges is proportional to its marginal probability of inclusion.

This selection overlaps with the top four hub genes found by L&M, where, instead of
the KIT gene, they identified the EFGR gene. It is interesting to notice that both EGFR,
Epidermal Growth Factor Receptor, and KIT, the gene encoding the receptor tyrosine kinase
protein, are tyrosine kinase growth factor receptors (Nalwoga et al., 2008 [54]). Tyrosine
kinase inhibition has become a common strategy in treatment of breast cancer, since cancer
research assessed the relevance of the role that many protein kinases play during human
tumorigenesis and cancer progression. L&M also identified NCOA3, whose degree is ranked
sixth in the sparsity median model. Burwinkel et al. (2005) [15] found that a high percent-
age of primary human breast tumors shows elevated levels of expression for this gene, and

overexpression of NCOAS3 is correlated with worse survival rate.
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© degree 5<=d< 10
@ degreed<5
® degree d >=10

Figure 7.5: Gene regulatory network identified by the median probability model. Different
sizes and colors for the nodes reflect the different gene degrees.
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Figure 7.6: Gene degree conditional distribution for the top six hub genes: RPS6KB, E2F1,
KIT, AKT3, IGF1 and NCOA3. These distributions are estimated from the M-H Markov
chain used to sample from the conditional distribution of the gene network.
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7.8 Appendix: Laplace approximation

7.8.1 Preliminaries

Recall that for any subset I' C {(4, ) € [p] % [p] : @ < j}, Pr denotes the cone of symmetric
positive definite p x p matrices having w;; = 0 for all (¢,7) ¢ I" and w;; # 0 for (i,5) € I.
We want to compute

T — / 6logL(Q)JrlogF(Q) dQ, (711)
Pr
where
log L(Q2) = 5 logdet Q — $tr(SQ)

is the log likelihood function while

log F(Q2) = Z log h(wi;) + Z log p(wi;)

is the log prior density of the entries of Q2 given I'. Here p(w) = e™“1,5¢, while H(dw) =

h(w)dw is the inverse-power exceedance measure with exponent «, defined on R\ {0}. So,

(1= e )h(w)
J(1 = e 2o h(w) dw

log h(w) = log

= log(ka(1 — ™ 2%) |71

= log(ks) + log(1 — e‘“ﬂ/zeﬁ) — (a+1)log |w|,

where 1/ky = [(1 — e*/?%)|w|~*' dw. In Figure , we plot the functions h(x), log h(x)

and its first derivative (log h(z))', for & = 0.5, 1, 1.5.

We make the following two observations.
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Figure 7.7: Plots of the functions h(z), logh(z) and (logh(z)) for different values of a,
a = 0.5,1,1.5, while ¢, = 0.3. The limit of ﬁ(x) as x — 0 is zero for a < 1, finite and
different from zero for v = 1, and is infinite for a > 1. However, h(x) is defined on R \ {0}
so that there is no trouble in taking the logarithm. The first derivative of log ﬁ(x) is finite

for any |z| > t, for t > 0.
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O1. The function log h(w) has derivative given by

we /2 a+1
€2(1 — e w?*/22) W

() = ~-log h(w) =

Now, the absolute value of g can be bounded by

()| 2 wle w2 a+1
w)| =|— —
g w \ 2e2(1 — e~w?/2) 2
2 wre w2 a+1
< |Z]. =b(w).
= w‘ (2612,(1 e ng) T @)

Both |g(w)| and the majorating function b(w) are symmetric around zero, so we can just
look at the positive axis. On (0, 00), b(w) is monotone decreasing, being the product of two
non-negative functions that are decreasing. Therefore, given ¢t > 0, b(t) > b(w) for every

w > t, so that, thanks to symmetry,

lg(w)| < b(t),

for every w such that |w| > ¢. This means that, for any ¢ > 0, letting B;) = {w € R : |w| >
t}, one has that

| log h(w) — log h(w)| < b(t)|w — /|

for all w,w’ € By).

Now, since we consider p(w) = e, then we can bound the absolute value of the first

derivative of log p(w) by one. So, for any given ¢ > 0, let

197



Then,

[log F(Q) —log F(Y)| < Y [logh(wy) —logh(w))|+ > |logp(w;) —logp(wi)|

(3,7)€T i<y (3,7)€T i=j
< D bB)wy — Wl D wiy — ]
(3,5)€rl i<y (3,7)€T yi<=j
< F(t) ) fwiy —wll,
(¢,5)€r

provided wij,w); € By for all (4, j) € T.

02. Given ¢ > 0, for every w in Byg) = {w € R : |w| > t}, clearly

sup log h(w) — log h(1) > log h(w) — log h(1),

|w[>t

and similarly

sup log p(w) —log p(1) > log p(w) — log p(1).

|w|>t

So, let

|w|>t |w|>t

Fy(t) = <sup log iL(w) — log B(l)) Vv (sup log p(w) — 10gp(1)> ,

and denote by 1y the matrix that has (7, j)-entry equal to one if (i,j) € I' and zero

otherwise. Then

log F/(Q2) — log F'(1yat) = Z (log B(wij) —log fz(l)) + Z (log p(w;;) — log p(1))

(i,§)€r i<j (.9)€T yi=j
< D BB+ Y, B
(i) €T ,i<j (i,j)el i=j

S Fg(t)(p + 28) s

provided w;; € Bt(o) for all (i,7) € T
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Moreover, recall that

A

() = arg max log L(12) (7.12)
QeOr

is the maximum likelihood estimator of {2 over the set

@F = {Q € PF : 67:1 S )\min<Q) S )\maX(Q) < gn}a

where &, is a deterministic sequence converging to infinity as n — oo.

Also, in what follows, £ > 0 is the scalar for which |;;| > ¢ for all (i, j) € T.

7.8.2 Assumptions

As n — 0o, we assume
Al. p ~ n€ for some c € (0,1/3).

A2. &, ~ p™ where m > 0 such that

&((p + s)logn)*? = o(v/n) .

For instance, if s ~ p, then 0 < m < (1 — 3¢)/(16¢) would suffice in order to have

3 3
g2\/(10—1—8) log n_>0.

n

Moreover, since m needs be positive, then ¢ < 1/3, so that p ~ n® = o(n'/?). This matches

with Shun and McCullagh (1995), where it is suggested that the Laplace approximation for
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high-dimensional integrals is reliable with no correction term, provided that the dimension

of the integral is o(n'/?).

A3. Q solution to
Iax log L(£2)

satisfies

ij

where l%n such that, for any positive constant F},

b _ (g
np+s)/2+1 NYE

For instance, if k, = /3 (p + s)logn then e’ 1hn — pBFI(P+s) 0 that the requirement

i\ g
noto2+1 — \ pl/2 n_° NG

would be easily verified with g < ﬁ

7.8.3 Laplace approximation error

We want to show that, under assumptions [A1.| - [A2.| - |A3.] for n large enough, the integral

in ((7.11)) can be sufficiently well approximated by the Laplace approximation

~

Lo\ 12
Pos L@ gy (M7 ) (7.13)
det(H(Q))

where H(2) =n (Q7!' ® Q71) is two times the negative Hessian of log L(f2).

To this end, we follow the same strategy presented in Barber et al. (2016) [6], also used
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by L&M. We split the integration domain Pr into two regions: a neighborhood of Q
N ={Q e Pr:|[H(Q) *vec(— Q)||2 < ¢}
and its complement

N¢={Q e Pr:||HEQ)" ?vec(Q —D)||s > Ca}.

2

Here vec(A) stands for the vectorization of the matrix A, so if A € RP*? then vec(A) € RP".

We can then write ([7.11)) as the sum of the following two integrals

I, = / elogL(Q)+logF(Q) dQ,
N

T, = / elogL(Q)-‘rlogF(Q) Q) .

(i) We start by approzimating Z;. Since this integral is computed over a neighborhood
of Q, we can approximate the log likelihood function with its Taylor expansion centered at

() and write

log L() = log L(Q) — 1ATH(O)A + RE(A),

1
4
where A = vec(Q — Q) € R””. Yet A has only p + 2s non-zero entries since both Q and

are supposed to be in Pr and only p + s free entries since both € and Q) are symmetric.

By Lemma 3 in L&M, since Q defined in (7.12) is such that

5771 S Amin(Q) S /\max(Q) S §n7
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the approximation error in the Taylor series expansion of the log likelihood function can be

bounded by

R (A)] < () 1Al + e 1A, (7.14)

where ¢; and ¢y are positive constants.

Let us now look at log . Consider ¢ € (0,] arbitrarily small. Then, by ,

| log F(2) — log F(Q

(6) > lwiy — @yl

(3,5)€T

provided that |w;;| > ¢ for all (¢, j) € I'. So using the vectorized notation, we have

|log F(©) — log F()] < R()|Al, < (1) v/p + 25 Al . (7.15)

where the last inequality follows from the known norm inequality |la||, < /n||a|, for any

vector a € R".

Putting (7.14) and (7.15) together, we get that, for Q € A and any arbitrary ¢ € (0,],

log L(£2) + log F(2) can be lower and upper bounded by

log L(§2) +log F(2) — jATH(Q)A = §(er] [|All + oy | All2) £ Fi(t) /b + 25 Al -

Now, on A we have ||H(Q)2A||5 < ¢, so that

1A, < |[H ()72 || H(Q)/2Al]
< Tfl/QHQil Q Qflugl/? o

<n 2192 G

&nn
< \/ﬁ )
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where the last inequality follows from the fact that /\maX(Q) < &,. Therefore, denoting by

‘9n = fngn/\/ﬁa
2 AL + c2n [IAI) + Fi () /o + 25 [All, < 5(1&o + cabiby) + Fi(t) /p+ 256,

and so

n

T, = elogL(Q)+logF(Q)/ o1 A HQA gA . (5 0157519%+02§;1L0i)+}7‘1(t)\/7p+230n)
N

Y

where a = b-e*¢ denotes a € [b-e¢, b-¢°]. By making the change of variable n = H()'/2A,

we have that the integral in the above expression is

1 2 A pts A
/ e a7 dy - det(H (€))7 < (4m) "5 det(H(Q)) /2 Pr(x2,, < ).
lInll<¢n

By Lemma A.1 in Barber et al. (2016), if (, = 1/5(p + s)logn, then Pr(x2,, < ¢2) can be
bounded by e*/vV™ so that

1/2
T, = €% L(Q)+log F()) (4m)Pts _ ei(g(C15202+c25i9i)+F1(t) VPF25 0n+1/y/n) '
det(H ()

Let us examine the term in the exponential appearing in the RHS. Recalling that 6, =

£nCn/\/1, We can rewrite it as

_< n\/_+ €8C>+F1 \/méngz_'_%

So choosing ¢, = /5(p + s)logn, with the appropriate assumptions and on the

growth of p and &,, we have that

n

12 310g?
52\/ 5(p + s)?log n_}O
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as n — oo. Thus, for n large enough and ¢ arbitrarily small, denoting by F; = Fj(t), the
term in the exponential is smaller than one. So we can use the fact that e™ > 1 — 2x and

e’ <1+42x forall 0 <z <1, tofind

1/2
T, —elos L) +Hog F(@) ( 4m )
)

det(H (2
» (7.16)
12 3] |
1i€i\/ 5(p+8) ogn<61+02 M+QF1+2)
n n

(i) We now pass to approzimate I,. As before we start analyzing log L(£2). As the inte-
gration region is now further away from Q, the quadratic approximation of the log likelihood
might not be accurate anymore. However, we can exploit the concavity of log L to bound

the difference log L(Q) — log L(€2). To this end, given 2 € N and A = vec(Q — Q), define

Q00 0).
(@) 72Al,

It is casy to see that € is on the boundary of N as A’ = vec( — Q) is such that

|H()'/2A/||; = ¢,. Then by the concavity of log L, we find that
log L(€Y) > Mog L(Q) + (1 — A) log L(€)
where A = ¢, /[|H(Q)2A|,, so that

log L(Q) —log L(Q) < ~(log L(QY) — log L()) .

> =

Using the bound on the Taylor expansion for log L(§) derived in the previous part and the
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fact that [|A']|, < 0, = &.(n/v/n, We get

log L(2) — log L(2) < 5 (—2ATHQA + 3@l | A3 + ea6d |A]3))

/
M( LG+ (&0 + e26,0,)) (7.17)

2 3
< @ 2all (-3 + 46 (oSt + )

Let us now look at log F'. Since log F'(£2) is not concave, we cannot utilize the same
expedient. Yet, to find a bound on log F'(§2), we first use and consider the same

t € (0,1] as in the previous part. Then Fy(t) > 0 is such that
log F(Q) — log F(1yar) < Fo(t)(p + 2s) . (7.18)
Moreover, given t € (0,], since @;; € By for all (i, ) € I, using we also have that

[log F($2) — log F(1yw)

)| < Bt Z |1 — @il (7.19)

(3,7)€T

Putting ((7.18) and - 7.19) together,

log F () — log F(Q) = log F(Q) — log F(1ygat) + log F(1ya) — log F(€)
< Fy(t)(p + 25) + ‘ log F(1at) — log F(€)

< Fy(t)(p+2s)+ Fa(t) Y |1 -yl
(3,7)€T

Now, since by |A3. we are furthermore assuming that >, |1 — @] < kn, then we have

log F(Q) < log F(Q) + Fy(t)(p + 25) + Fi(t)kn (7.20)

provided that |w;;| > ¢ for all (¢,7) € T
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Combining (7.17)) and ([7.20)),

~ ~ 2 3
g L(®) + log F(8) <log L) + () A1k (-1, + 368 (a5 +a2))

+log F(Q) + Fy(t)k, + Fo(t)(p + 2s) .

So we find that the integral Z, can be bounded as

T, < 61ogL(s”2)+1<>gF(Q)€F1(t)l%mLFa(t)(zur2s)/ eHH(Q)l/QA“?(’%14"(1*“’")) dA (7.21)

[&

where

Wy = 262 (Cl% + CQ%) .

The integral in the inequality above can be further bounded by changing variable to n =
H()'2A and applying Lemma A.2 in Barber et al. (2016)

/ @28 (- 36 0-wn) gA

o 1
Sdet(H(Q))l/z/ ellnllz(—4cn(1—wn)> dn

Inlly>Cn

(27)PFs 12 2~ (P+s)/2(pts—1 1.y
< ( n —16n(1-wn)
- ) T

det(H () PE) C (1 —w,)/4° ’

where n is large enough so that 1 — w,, > 0. Indeed, recalling that ¢, = 1/5(p + s) logn, we
have that

I I
Wy = 268 (Cl (p+s)logn —|—02<p+8) ogn)
n n

converges to zero as n — oo. Therefore choosing n large enough, say to guarantee 1 — w,, €

(4/5,1), with some further algebraic passages we can get that the last expression can be
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bounded by

1
2 H_PEs pts
( (27T>p+8 ) 2 2 5 +1(5 P+ 8) log n>p2 ! e—%(p—i—s) logn-(1—wn)
A p+ (

det(H@)) T () (- w/d
o _(emp 1/2 G NG logn)"" ! - FOR
@) TR 0w/
B (27 )7+ 2 (k)5 ‘ (5logn)"s ! -n_S(pZ—S)%
~ \det(H() I (%) 51
< (2m)Pts i e ~(5log n)pTH—l .
~ \det(H(2)) m(p+ s) 5 ’

where the last inequality follows from Stirling’s lower bound on the Gamma function. Going

back to ([7.21]), incorporating these last passages, we find that

A N N 2 p+s / pT'*'S
Ty < o8 LQHog F(Q)  Fi(8)n+Fa (1) (0+25) (27) ] € (51og n)%j_l ()
- det(H(Q))  Vap+9)
s 1/2 pts pts_q
< los L(Q)+log F(Q) (2m™ — <510gn> 2 oFL(Okn .7{@*1
B det(H(Q2)) (p+s) n
s 1/2 pts _q N
< JosL(@-+log p@) [ (217" ettt (5€2F2(t)+1 10?3”) T _enth
- det(H(Q)) ) /alp+9) n Rl

If we assume that k, = S(p + s) logn with 8 < 1/(2F(t)) as specified in then

Fi(t)kn 8 3
e 1(t) B npl(t)ﬁ(p+s)—(p+8)/2—l — 0 <€nCn> )

npt+s)/2+1 NG

So, for sufficiently large n and arbitrarily small ¢, denoting by Fy = Fy(t), Zy can be very

loosely bounded by

- NV

1/2
7, < dosr@iogr) [ (M7 ) GG (7.22)
= det(H ()
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Combining the two bounds for Z; and Z, in ([7.16)) and ((7.22)), we can finally derive
+s 1/2
T — (lor L(Q)+og () ( (4m)P A
)

det(H (2

125 310g> 5 1 4F+1
1:1:52\/ (p+5) Og"<c1+c2 Spts)logn oy o € )
n n N3

Since under our assumptions and as n — 0o,

" n

12 3 log®
58\/ 5(p + s)3 log n_}o,

we have that, as n gets large, the relative error between Z and the Laplace approximation

to Z,

~

1/2
TL — elogL(Q)-ﬁ-logF(Q) (4m)pte
det(H(Q)) ’

becomes negligible.

7.8.4 Monte Carlo computation

In order to assess the accuracy of the Laplace approximation to
T = / 6log L(Q)+log F(020Q) dO
Pr

we compute this integral using a Monte Carlo integration technique. To this end, we follow
the procedure proposed by Atay-Kayis and Massam (2005) [3] (A-K&M from now on) for
computing the G-Wishart normalizing constant, making some small adjustments to our case.
We report here the main passages appearing in that paper with the necessary modifications

to our setting. For simplify the exposition, we fix the scale parameter o to be one.
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The integrand can be written as

108 L(Q)+log F(Q) _ det(Q)%ef%tr(X’XQ)+logF(Q) _

So letting 6 =n+ 1 and D = X'X, the integral in (7.11]) can be rewritten as
5—1 1
/ det(Q)TS_Etr(DQ)—HOg F(Q) a0 .
Pr

Now let D™! = T'T be the Choleski decomposition of D™! = (X’X)~! and let Q = ¢/¢ be

the Choleski decomposition of €. If 2 € Pr then the entries of ¢ are such that, for (i,j) € I’

i—1
Wiy — ;:1 ¢ki¢kj

)
(bii

(bij =

while for (i,7) ¢ T,
o1k =0 fork=2,...p,

Sl Pt
¢ii

forl<i<j5<p.

¢ij:_

These expressions show that the entries ¢;;, (i,7) ¢ I', are functions of ¢;;, (i, j) € I'. So let
ér be the projection of ¢ on to PL, the set of ['-incomplete upper-triangular matrices with
positive diagonal elements and completion ¢. That is, ¢r has specified entries for (i,j) € T’
such that ¢r,; = ¢;; and has empty entries for (7,j) ¢ I'. Thus we can make the change
of variable Q € Pr — ¢r € PE. The determinant of this transformation, given in Roverato
(2000), is

J1 = QPH( ?i)yiﬂ

(2
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where, for each i =1,...,p, v; = #{j >i:(i,j) € T'}. So we have

= / det(Q)é;;@_%tr(DQ)-&-lOgF(Q) 40
P,

T
o—1+y; 1 s —1 ot
— 9P 2\ T e at((T'T) T ' d)Hog Fy(9) g
/’PFT H(¢zz) € ¢r (7.23)
_ / op H(gb%)%e_%tr((T/T)—1¢/¢)+logF¢(¢) H deii H déy; .
(R+)P xRS i i i#j:(i,5)€l

Here the function Fy is such that

log Fy(¢) = log F(€) =Zfr<wij> = > fr(wy)

(3,5)erl’

and it can be found by expressing {w;; }jjer as a function of {¢;;}. In fact, for all (i,j) € T’

Wij = D pey Pridhj » SO that

log Fy(¢) = Z fr (Z%zﬁ%) .

(3,7)€T

Now the strategy is to make a second change of variable ¢r € PL — ¢r € PL, where the

completion of ¥r is ¢ = ¢T 1. Then,

1 s—1
wrs = E <¢rs - ;wrltls> )
and the Jacobian of this second transformation, given in Lemma 3 of A-K&M, is
J2 — H ti?ii-i—l 7

i

where, for each i = 1,...,p, k; = #{j < i : (i,j) € I'}. The integral in (7.23) can be
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rewritten as

I—/ 2P 2
(RT)PxRs H< )

%

o—1+u; 1
2

e*itr((T/T)—ld)/ +10gF¢ Hd¢zz H d¢2j

i#j:(1,5) €l
6—1+l/i 1

S0 Gl D (Gt | CT )

(R+)P><RS i Z#] )

(7.24)

Similarly to before, the function Fy, is such that

log Fy () = log Fy(9)

and it can be found by expressing {¢;;} as a function of {1;;}. In fact, as ¢,s = >_,_, Yutss ,

log Fy(¥) = Y fr <Z (Z wﬂtlSZwﬂtls» .

(i,j)er k=1

Lemma 2 in A-K&M shows that it is possible to express ¢;;, with ¢ # j : (i,5) ¢ I as
a function of {%;;} er, so again, one can rewrite the integrand as a function of only
{#ij}ij)er- To keep the notation lighter, from now on, when writing {ts; }it;.: jy¢r, we will
implicitly refer to the expressions (31) and (32) appearing in A-K&M.

Since

—Ltr(y'y) = —3 Zw+ Soowh+ > v,

i#5:(4,j) €T i#5:(4,§)¢T
it is easy to express the integral in ([7.24]) as a constant times the expected value of a function

of independent standard Normal and Chi-squared random variables. In fact,

[T 5 rvorsmmron _
%
o—1+y;

[T = exp{=3> wi—% Y witexp{-5 Y ¥} +logFu(v)}.

i i i#j:(i,5)eT i#5:(1,5) ¢l
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So the integrand in ([7.24)) can be written as

I n 7 ) _Lle
9(%@',%]‘)1—[@@‘2@‘) 2 e 2% H e 2V (7.25)
i ij:(i,j)€T
where
g(Pii, ) = exp{=% Y W +log Fy(v)}. (7.26)
i#:(3,4)¢r

Here we use (1, 1;;) as a short notation for indicating (vi, ¥izj.ij)er)-

From the expression in ([7.25)), one can see that the integral can be computed as the ex-
pected value of the function g of the random variables ¥2 ~ x? 1, and ¥y ~ N(0,1), all

independent of each other. That is,

7= CT,(;J‘ E(Q(Uiia Zij)) )

where

CT6F _ Ht(s-i—ul-l—k 1/1/2F (6—1—1/1) 2(6—1—1/1)/

while U7 ~ x3,,, foralli=1,...,pand Z; ~ N(0,1) for all i # j : (i,j) € I, all indepen-

dent of each other.
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Part 111

Vector sparsity
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Chapter 8

Vector sparsity

8.1 Introduction

At the beginning of Chapter 4, we proposed an extension of the mathematical definition of
sparsity to sequences of distributions defined on R¢, d > 1. Given this general definition, in
part I, we focused our attention on d-dimensional sparse measures which are product of d
scalar sparse measures. Assuming this kind of multivariate sparsity, and combining it with
the negligibility theory developed for univariate sparse measures, we looked at how some

statistical problems can be formulated within the sparsity-negligibility framework.

In this part of the thesis instead, we study another kind of multivariate sparsity. We
consider those d-dimensional measures which are rotationally invariant with respect to the
inner product defining the metric on R?, and the sparsity of the vector is induced by the
sparsity of its radius. We call such measures vector-sparse measures. In this context of rota-
tional invariance, we introduce the d-dimensional coshy function, and study some asymptotic

properties of the corresponding (; function.

In this chapter, we derive the sparse approximations to some relevant functionals arising
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in the signal-plus-noise model, assuming that the signal has a vector-sparse distribution. In
particular, we derive the conditional distribution, given the observed vector, for both the
signal direction and the signal magnitude. In the next chapter on the other hand, we study
the Gaussian linear regression problem, and in that framework, the random vector assumed

to have a vector-sparse distribution will be the coefficient vector.

8.2 Vector sparsity

We start by recalling the definition of multivariate sparsity given in Chapter 4.

Definition 8.2.1. A sequence of probability distributions {P,4},, defined on (R% |-||), is
said to have a sparse limit with rate p, if there exists a unit exceedance measure H, such

that

iy, [ (o) Pualdn) = [ w(o) Hilda),

v—0 Rd\{O}

for every function w € Wf .

Component-wise sparsity assumes that the d components of the vector X ~ P, ;, are
independent, and usually identically distributed. If instead of the i.i.d. assumption, which
requires the exchangeability of the components, but it is made with respect to a specific
coordinate system given by the Cartesian axes, one is willing to treat any linear combination
of the d components on equal footing, then one can assume the sparse measure P, 4 on R?
to be invariant under the group of rotations and reflections. This means that, for all Borel
sets B,

Pl/d(B) = Pu,d(OB)

’

for every transformation O : R — R? which is orthogonal with respect to the inner product

/2.

(-,-) chosen on RY, inducing the metric d(z,y) = ||z —y| = (x —y,x — y) Since or-

thogonal transformations are isometries, they preserve the distance between any two points:
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d(z,y) = d(Ox, Oy), for every x,y € RL Therefore, given a Euclidean inner product defined
by some positive definite matrix A € R4 (z,y) = 2’ AA’y, then O must be such that
O'AA'O = AA" and det(0) = +1.

The probability of the set B, P, 4(B), does not change after rotating and/or reflecting B,
for any arbitrary rotation and/or reflection, i.e., the probability measure P, 4 on (R, (-,-))
is invariant under the orthogonal group O(d), if and only if it is possible to factorize P, 4

into two components:
L(dz)PH(d ), (8.1)

the uniform measure T' for the direction vector ¥ = =/ ||z|| on the unit sphere ¢ = {z :
|2||*> = 1}, and a radial measure PF for the radius of the vector ||z|. See Theorem 2.5 in
Fang, Kotz and Ng (1990) [33]. Therefore, in order to have P, converging to the Dirac
delta measure at the origin, as v — 0, it is necessary that the radial measure P on [0, 00)
converges to the Dirac delta measure at zero. This can be easily achieved by assuming that

P is two times the positive part of some sparse measure P, on R.

With this geometric intuition in mind, we now give a more formal definition of a vector-

sparse probability distribution.

Definition 8.2.2. Given an inner product (-,-) on RY defining the norm ||u| = /(u,u)
and the corresponding unit sphere S = {z : ||z|| = 1}, let O : R? — R? be an orthogonal
operator such that (Ou,Ov) = (u,v), for all u,v € R% If P, is a sequence of probability
distributions defined on (R% ||-||), which is a sparse according to Definition 8.2.1] and is such
that, for any Borel set B,

P,a(B) = P,4(0B),

where OB = {z € R?: O~z € B}, then we say that B, 4 is vector sparse.
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Notice that if P, is vector sparse, i.e., it can be written as in (8.1), then also its ex-

ceedance measure Hy has the same structure, and can be factorized as

T(dz)H™d||z), (8.2)

where I is the uniform measure on S¢, while H” is the one dimensional exceedance measure
on R, \ {0} corresponding to the radial sparse measure PE. If this latter is two times the
positive part of any symmetric distribution P,, analogously H is two times the positive
part of the symmetric exceedance measure H corresponding to P,. Any such exceedance
measure Hy is absolutely continuous with respect to Lebesgue measure on RY, so it gives

zero mass to any proper subspace of R%.

We can easily check that Hy is a Lévy measure on R?\ {0} by computing the integral

z|> A1) Hy(dx) = (dz R2A1) HE(AR
/Rd\{o}m 12 A 1) Hyde) / ( >/(Om)< A1) H(dR)
1 2
:é[R\{O}(R A1) H(dR)

which is finite as long as H is a Lévy measure on R\ {0}.

Before proceeding, we would like to conclude this section by highlighting that spherical
symmetry, which we also call rotational invariance, is a statement on the probability measure
as a function defined on the Euclidean vector space (R?, (-, -)), seen as an inner product space.
The orthogonal group O(d) is the set of d x d orthogonal matrices, with group operation being
the usual matrix multiplication AB =}, > A;;B;;, where A, B € R4 When the group
O(d) acts on R?, the function f : R? — [0, 00) defined by f(z) = ||z||, is maximal invariant,
since f(x) = f(Ox) for all O € O(d), and f(x;) = f(x) implies that there is some group

element O such that z; = Ozy. The first requirement follows immediately. For the second

217



one instead, suppose that ||x1]| = ||z2]|. For any z, we can find O such that Ox = ||z ey,
where €/ = (1,0,...,0). So let O;,0 be such that Ojx; = ||z1]|e1 = ||x2]|e1 = Oqxs.
Then z; = O;'Oyz5. The maximal invariance of f(z) = ||z|| can be used to prove that a
probability distribution is spherically symmetric if and only if its characteristic function, ¥ (t),
can in fact be written as a function of only the norm of its argument. Indeed, (O't) = ¥ (t)
for all O € O(d) means that () is an invariant function with respect to the group O(d),
which in turn means that ¢(¢) needs to be a function of the maximal invariant ||¢||. For an
introduction to the incredibly fascinating subject of group invariance and its applications in
Statistics, we refer to the series of lectures given by Morris Eaton in 1987 at the University

of Michigan, and gathered in Eaton (1989) [25].

8.2.1 Rotationally invariant inverse-power exceedance

If the inner product imposed on R? is the standard Euclidean inner product {(u, v)y = u'v =
Zle w;v;, then the orthogonal operator on R? is such that O’O = I;, where I; is the identity
matrix, while the unit sphere is S = {z : 2’2 = 1}. Suppose that the radial exceedance

measure H' is the inverse-power measure
HR(dz) = Koo~ Ydr,

where K, = F(ﬁ—ijm, and « € (0,2). Then

Hy(dz) = Ky |||, 4 dz, (8.3)

is the rotationally invariant inverse-power exceedance measure, where

a2%/? T'(d/2)
(1—a/2) 272

Koo = Oé/Area(Sd) =T
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is the scalar such that H, is a unit exceedance measure.

The measure in (8.3)) is, up to a multiplicative constant, the Lévy measure p associ-
ated with the rotationally invariant, symmetric a-stable (Sa.S) process, whose characteristic

function is the exponential of

. / dT
ird's — /ol E—— a
/5/0 (e i Area Area(S?) / 6's] Ar Sd) clie]

for some ¢ > 0 (Samorodnitsky and Taqqu, 1994 [62]). In particular, when o« = 1, Hy is

proportional to the Lévy measure of the multivariate Cauchy distribution

NG dx

P;(dzx) =
) = e (o1 )T

In the one-dimensional case, the sparsity rate for the scaled Cauchy defining the rarity of
threshold exceedance, P,(|X| > ¢) = pH(|X| > ¢€), is given by p = y/2/7mv. When passing
to the d-dimensional analog, the sparsity rate for the scaled version of P, describes the rarity

of norm threshold exceedance

Pra(| X[ > €) = paHa(]| X]| > €).

V2I'(d/2+1/2)

Td/2) can be found from

So pg =v

=v [ — z|| +o(v) = €) +o
Pl > 9 =v st | el o) = paBal1X) > 9 +olp)

Therefore, the one-dimensional rate gets scaled by a factor of %, shown in Fig-

ure . As the dimension d becomes large, the scaling factor behaves like /7 (d/2)"/2.

219



Scaling factor

JRr(1/2+d/2)/r(d/2)

Figure 8.1: Dimension scaling effect on the one-dimensional sparsity rate. The dashed green

line depicts the limiting behavior W ~ /7(d/2)/? as d — oo.

8.2.2 More general rotationally-invariant exceedance

If instead of the standard Euclidean inner product, given any positive definite matrix A €
R4 we consider its induced inner product (u,v) 4 = u’AA’v. Then the orthogonal operator
O determining the rotational invariance is such that 'O’ AA'Ov = '/ AA'v, for all u,v € R,

while the unit sphere is S4 = {z : ||z||, = 2 AA'z = 1}.

Generalizing (8.3]), we can define the A-rotationally invariant inverse-power exceedance

measure on R%\ {0} to be

Hya(de) = Kyg ||z]| " det(A)dz . (8.4)

Clearly, (8.4) coincides with ({8.3)) when A is the identity matrix. Otherwise, having the mea-
sure in (8.4)) on x is equivalent to having the measure in (8.3 on the linearly transformed

vector £ = A'x.

Indeed, more generally, whenever P, 4 is vector sparse on (R%, [|-]| ), i.e., B, 4 is rotation-
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ally invariant with respect to (-, -) 4, then its exceedance measure is
Hd,A<d$) = Hd(d(A,fL’)) s

where Hj is rotationally invariant with respect to (-, -)s.

8.3 Activity thresholds

From the normalization chosen in Definition 4.2.1] for defining a unitary exceedance measure,
J(1- e‘”IH2/2)Hd(dx) = 1, we can interpret the sparsity rate p as the unitary soft-threshold

exceedance rate under P, 4,

/(1 — e W) p, y(dx) = p+ o(p).

Alternatively, for any given Hy, one can find the threshold €; > 0 for which the hard-threshold

exceedance probability is one,

Hileh) = [ () Hatdo) =1

where for any positive threshold ¢ > 0, we denote ™ = {||z|| > €}. Then, calling such ¢; the
standard activity threshold, the sparsity rate p can be seen as the standard hard-threshold

exceedance rate under P, 4,

Pa(ef) = p+olp).

For vector-sparse measures,

) = [ [ ) ey el = [ )
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Thus, for instance, when H* is the inverse-power measure,

V2

T TA —a/2)i/a”

so the standard threshold is 0.94 for a = 0.5, 0.8 for @« = 1, and 0.60 for « = 1.5. Notice
that these thresholds are independent of d, and this is because the exceedance event is in
terms of the norm of the signal. If one prefers the standard activity thresholds to scale with
the dimension, then one can express the exceedance event in terms of the root mean square
(RMS) of the signal: ¢t = {||z|| /v/d > €}. Then clearly, ¢ such that Hy(&}) = 1, is just
given by €, = €1/ V/d. Thus, the RMS-standard threshold scales the standard threshold by a
factor of 1/+/d.

8.4 (; and cosh,; functions

We now investigate the zeta function and zeta measure associated to rotationally invariant
exceedance measures. In this setting, we introduce a d-dimensional analog of the ordinary
cosh function, which appears inside the integral of the zeta function. This coshy function
is defined to be the same exponential function as in the unidimensional case, but now it
is uniformly averaged over the d-dimensional unit sphere. The derivation of some of the

formulas and facts presented in this section, can be found in the appendix.

Recall that for any exceedance measure Hy defined on (R4 \ {0}, ||-||), its zeta transform
1s

Caly) = /Rd\{o}(cosh(@,a:)) — 1)e—|lz||2/2 Hy(dx),

and its corresponding d-dimensional zeta measure is the integrand

Caldus y) = (cosh((y, x)) — Ve 112 Hy(dx) .
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For vector-sparse measures, the factorization of H,; into the uniform spectral measure on

the unit sphere S = {z : ||z|| = 1}, and the sparse radial measure on (0, 00), leads to

/ / (cosh(||z]| (y, #)) — 1)e Il ”Are‘ifsd) HE(d|lz]).

This suggests defining the function coshy on (R4, ||-||),

o dT
h — () =2 ]
cosha(y) /Sd ‘ Area(S?) (8:5)

When (y,z) = ¢’z and d = 1, coshy(y) coincides with the usual cosh(y) = £, The coshy
function is the exponential function g(Z) = e®®, uniformly averaged over the unit sphere.

It is analytic with Taylor expansion

S
coshg( Z (d]2)Tr 27 ) (8.6)

r=

where o'" denotes the ascending factorial function o' = I'(a + r)/T'(«). For d > 2, the
integrand in (8.5)) is the kernel of the von Mises-Fisher density over the unit sphere with
polar direction y/ ||y|| and concentration parameter |ly||. So one can also write cosh, as

0P Lap () 1
g Avea(ST)

coshy(y) =

where I, denotes the modified Bessel function of the first kind of order v.

Exploiting the symmetry of coshy, the zeta transform of any rotationally invariant ex-

ceedance measure can be written as

@@rzAm@%mmﬂmw—neW”ﬂHmem. (8.7)

223



In particular, if H” is the inverse-power measure, then (4(y) has Taylor expansion given by

= lyl™  al(r—a/2)
; (d/2) "2 20 (1 — a)2) (88)

Notice that, thanks to rotational invariance of Hy, not just coshy(y), but also (4(y) only
depends on the norm of the argument y € R?. So from now on, we will either use the vector

argument or the norm argument depending on the convenience of the context.

8.4.1 Limiting behavior of (; and cosh, for d large

In this section, we investigate the behavior of the functions coshy and (; when the dimension
d gets large. We restrict our analysis to the zeta function of the inverse-power radial measure.
We consider vectors y € R? having unit root mean square, RMS = ||y|| /v/d = 1 and compare
the d-dimensional coshy and (; to the one-dimensional versions, cosh and ( respectively. In
Figure[8.2] we show the scaling factor by which the one-dimensional functions are multiplied,
when the dimension increases. We can see that for the zeta function, the impact of the

dimension is larger when the inverse power « is smaller.

In Figure we show the limiting behavior of coshy(v/d) and (4(v/d) as the dimension
goes to infinity. From the left panel, it appears quite clearly that, as d — oo, coshd(\/a)
approaches /e, indicated by the dashed line, while looking at the right panel, we can see

that, even if slowly, (4(v/d) — 1 as d — co.

Indeed, exploiting the Taylor series in , one can write

= (d/2)
COShd Z d/Q/TrQTTI Z‘fd

r—=

where fq(r) = % is a sequence, indexed by d, of non-negative functions such that, for
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Figure 8.2: Left panel: dimension scaling effect on the one-dimensional cosh function:
coshy(v/d)/ cosh(1). Right panel: dimension scaling effect on the one-dimensional ¢ function:
Ca(Vd)/¢(1), for o =0.5,1,1.5.

all d > 1, fa(r) < faya(r) for all v > 0, as

fa(r) _ _d'_(d)2+1/2"
foa(r) @+ (d/2)r  —
Since the sequence fy(r), as d — oo, has a limit
a1
M J) = 1 Gy =~ g — 1)

which is summable, Y 2 f(r) =>"7 (l/r ?) = /e, then by monotone convergence theorem,

So limg coshd(\/a) = /€.

With a similar argument, one can show that

lim Cd(\/c_i) =1.

d—00

225



Limiting behavior of coshy Limiting behavior of {4

8 O
I —
i © a=15
8 °
= o © a=
=z - S o
) -
§ B ‘5 3 a=05
o - ©
— N
<t S 7
Lq —
- o _|
T T T T T T © T T T T T T
0 1 2 3 4 5 0 1 2 3 4 5
log(d) log(d)

Figure 8.3: Left panel: limiting behavior of coshd(\/c_l) as d — oo. Right panel: limiting
behavior of (4(v/d) as d — oo, for v = 0.5,1, 1.5.

More generally, if we consider (4(v/dz), then we have

1—(1—2%)%2for |z < 1

lim (4 <\/C_Z$) = 1 for |z| =1

d—00

00 for |z| > 1.

\

See the appendix for all derivations. In Figure , we show (4(v/d z) slowly approaching the

o
2

limit function 1 — (1 — 2%)2 as d gets large, for « equal 0.5, 1, and 1.5.

8.4.2 Limiting behavior of (; for ||y| large

It is also interesting to investigate the limiting behavior of (4(||y||), with fixed dimension d,
while |ly]| — oco. Once again, we study the case when Hy is as in (8.3). For simplicity of
exposition, here we consider the standard Euclidean inner product, but the same holds for

any Euclidean inner product. Now,

Kya
Caly) = / (cosh(y/z) — 1) el Baa_ gy
R\ {0} IEd]

_ / (e — 1y lelt2 B g,
RY\{0} [
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Figure 8.4: Limiting behavior of Cd(\/ax), as a function of x, when d — oco. The black
curves depict the limit function 1 — (1 — 22)%. Left panels: colored curves depict (q(vVd x)
on |z| <1 for d = 1,10,20,50. Right panels: behaviour of log(¢4(v/d x)) around one, with d
ranging from 1 to 250.

227



When ||y|| is large, (e¥* — 1) & e¥®, so that in this scenario, we can approximate (4(y) with

/ e f(z) d,
R\ {0}

where ¢(z) = —y/z + ||lz||° /2 and f(z) = Kgo/||z]|*?. Since f is such that f(z)™! =
o(el#I*/2)  the function —y/z+ ||z||* /2 —log f(x) is dominated by —y'z + ||z||* /2. Therefore,

expanding ¢ around its point of maximum Z = y, the Laplace approximation gives

/ =0 f(2) da ~ / ¢~ 08— H =88 @) a=) £ (3) g
RY\(0}

Therefore, for ||y|| large, the zeta function of the rotationally invariant inverse-power measure

can be approximated by

llw)? atd

e2 al(d/2)22

Iyt 20(1 —a/2) (8.9)

In Figure [8.5] we compare, on the log scale, the exact (; function with the Laplace
approximation in for d = 2 and d = 6, while @« = 1. We can see that the approximation

works quite well in both cases.

8.5 Vector-sparse signal plus noise

In this section, we study the signal-plus-noise model where the observation vector Y € R? is

a sum of two independent unobserved random vectors

Y=p+n.
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log Za(lyl)

]
Figure 8.5: Limiting behavior of the d-dimensional zeta function as ||y|| — oo. The «
parameter is fixed to 1, whereas d = 2 for the orange curves, and d = 6 for the blue curves.

The solid darker lines show the exact zeta functions, while the dashed lighter lines depict
the corresponding Laplace approximations, both are plotted on the log scale.

Here we assume that the signal and the noise distributions are rotationally invariant with
respect to the standard Euclidean inner product. So p ~ P, 4, vector sparse with unit ex-
ceedance measure H, and rate p, and it is independent of the Gaussian noise 17 ~ N4(0, 1,).
However, the derivations presented below do not rely on this specific choice of inner product.
If for instance n ~ Ny(0,%), where ¥ is a known positive definite matrix, then one can
consider rotational invariance with respect to (u,v)sx-12 = w/X7'v, as long as the geome-

try on signal vector space is believed to be the same as the geometry on the error vector space.

The first-order sparse approximation to the marginal distribution for Y at y is

my,(y) = . ¢a(y — x) P, a(dx)
R
= da(y) (P/ (cosh((y, x)) = Ve 11/ H(dz)+
R4\ {0}
R4
= ¢a(y) (pCay) +1 —p) +0(p) .
Since both ¢4 and (; are spherically symmetric with respect to (-, -), so is the sparse approx-
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imation to m,. Similarly to the univariate sparsity setting, this latter is a two-component

mixture

my(y) = pa(y) + (1 = p)da(y) + o(p),

where the function

Ya(y) = ¢a(y)Ca(y)

is the multivariate analog of the ¢ function introduced in McC&P. Indeed, thanks to the
normalization of the unitary Hy, 4(y) is a probability density function on R?, and its

characteristic function is given by
/ei<z’y>”¢d(y) dy = e~ lI71°/2 (1 — / (1 — cos((z,u))) Hd(dx)) . (8.10)
R\ {0}
See the appendix for derivation. When the radial measure is the inverse power, the charac-

ot (1 _ T L)
2a/2 F(a—f—d) ’

Indeed, for d = 1, we obtain e="/2 (1 —|z]- W%)’ which agrees with the characteris-
2

teristic function of ¥y is

w‘

tic function of the univariate ¢ function derived in McC&P.

8.5.1 Signal conditional distribution

The parallelism with the univariate case carries on to the conditional distribution of the signal

1 given the observed vector y. This distribution is proportional to the joint distribution of
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(Y, 1)

P(p € dx,Y € dy) = qbd(y)e<y’w>e_HIHQ/QP,,’d(dx)
= ¢a(y) <(COSh(<y7x>) - 1)6_”zll2/2py,d(d$) + €_Hz||2/2pu,d(dx)>

= uly) (plaldrsy) + e 12 Bo(dn) + op)

where the last equality holds in the sense of integrals of functions in Wf. Once normalized
by m,(y), the first-order sparse approximation to the conditional distribution of the signal

can be written as

 pCa(dz;y) + e 1#P2 P, 4(dx)
Poa(dz | y) = oG 1= p +o(p) .

This expression is just a generalization of Equation (12) of McC&P. However, because we
assume P, 4 factorizes into a spectral and a radial measure, it is interesting to derive the
conditional distributions for the two separate components of the signal, i.e., its direction

i = p/ ||p] and its magnitude ||pu|.

Signal direction conditional distribution

We start by expressing the joint distribution of (x,Y") in spherical polar coordinates,

2
o—llvl?/2

RN COP AT T IR C
™

P(f € dz, ||p|l € dl=],Y) =

Integrating (8.11)) over S¢, one obtains

1

2 2
(27)61/26_”1’” 2 cosha(llyll |]]) eI P(d |l2]]),
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so that, conditionally on the magnitude ||| and on y, the signal direction has distribution

elolll=l- G5 (47
cosha([ly | |l=[l)

This is the von Mises-Fisher distribution on &¢ with polar direction § = y/ ||y|| and con-
centration parameter ||y||||z]|. On the other hand, the distribution of the signal direction

conditional only on ¥ is found after integrating out the radial component

/"PmedQWMEdmeedw.
0

So, after a few passages (see the appendix), we find

pallyl (g.2) +1-p

Flpedrly e d) =TUn = i +1- 5

This density can be written as a mixture of two components: the uniform measure with
relative weight 1 — p, and a zeta-tilted uniform measure ¢ (||y|| (7, Z))I'(dz)/Ca(||y]]) with

relative weight pCy(|lyl]),

pCallyl) Gyl (g, £)T'(dx) 1—p T(dz) (8.12)
: : :

_|_
plalllyl) +1—p Ca(llwl) pla(llyll) +1—p
Signal magnitude conditional distribution

We now derive the conditional distribution of the signal magnitude. Integrating (8.11]) over

(0,00), one obtains

['(d7) (p¢i ((y, 7)) +1 = p) ,

so that, conditionally on the direction i and on y, the signal magnitude has distribution

pCu(d |z 5 (y, 7)) + e 112 PR(d ||]|)
pG((y, 7)) +1—p
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Unconditionally of fi, instead, the distribution of ||| given Y =y is

p(cosha(|ly| ||z]|) — e 12 HR(d ||x]) + e =" /2PR(d\IfE|D
pCa(llyl) +1—p

This also can be written as a mixture of two measures with same weights as for (8.12)): the

central spike density
P(|ull € dlz]| | Y = 0) = e 2RI d ) /(1 = p),

with weight proportional to 1 — p, and the non-central component given by the normalized

zeta measure

(coshy([lyll =])) — Ve 2 H(d|]]) /Cal 9]

with weight proportional to plu(]y]|)-

Signal conditional moments

Given the sparse approximation for the signal conditional distribution, we can derive its

moment generating function,

/ 6<t,x> Py’d(dl‘ ‘ y) ¢d(y) / t+y,x)€fHaz||2/2 Pz/,d<d H'%H)
Rd

m,,()
_ plalt+y)+1—p
pCaly) +1—p

Then the conditional expected value of u given y is simply

o Pllt+y)+1—p p 0
E(ply) =V o)+ 1=p | "G 1= 52 5(@) » Vellt +yll|
pCa(llyll) y

~ oGl + 1=yl
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where (), denotes the scalar derivative of the (; function as a function on (0, 00). Similarly,

the conditional moment generating function of the signal magnitude given y is

[ e Rl 1) = 24 [ ot e+ ) e R )

_ Gty +1—p
pCa(llyll) +1—p

Y

so that

pCalllyl)

gl +1=p

_ OpGlt+lyl)+1—0p
Bl ) = g ool + 1=

Thus,

Ew\wzﬁwmumﬁﬁ.

In a similar fashion, one can compute the r** conditional moment for both u and ||u]|.

8.5.2 Double limit condition (DLC)

Consider the rotationally invariant event et = {||u|| > €}, and the corresponding conditional
activity probability P, 4(e"|y), given the observation y. As in the univariate setting, instead
of computing the integral for the hard-threshold function y.+(dx), we consider the soft-

threshold function w,(z) = 1 — e7Il2I7/2¢* in W# Then

p [ we(@) Calda;y) + [we(x)e 17172 B, y(dx)
pCa(y) +1—p

Poa(llpll > €ly) = +o(p) .

For any fixed y # 0, this expression tends to zero as p — 0. Indeed, the signal conditional
distribution itself converges to the Dirac delta measure at zero as p — 0, regardless of the

observed vector y.

So, as already done in multiple occasions, in order to get a nontrivial sparse limit for the

234



conditional probability of the signal activity, we need to let ||y|| — oo in such a way that

lim lim ply(y) = A, (8.13)

v=0 [jy[l—o0

for some A > 0.

Before deriving the sparse approximation for P, 4(¢*|y) under this double limit regime,
in this section, we investigate what extra conditions are necessary for this regime to be, in
some sense, consistent over all sparse measures having sparsity pair (p, Hy). In what fol-
lows, we consider d-dimensional sparse measures which are rotationally invariant. However,
as we briefly mentioned in the introduction, the same exact reasoning holds for univariate
sparse measures as well, with the appropriate change of dimension. So whenever in the
thesis, the double limit regime is invoked, one should have in mind the following discussion.
This latter, in fact, leads us to identify an extra condition on the exceedance measure, which

we call double limit condition (DLC), that needs to be verified, under the double limit regime.

Given a pair (p, Hy) for which (8.13]) holds, we want to establish whether there exists

some sparse family P ; having exceedance measure H, and rate p, for which the equality

lim lim (cosh(y'u) — 1)e’”“||2/2 P, ;(du) = lim lim pC4(y) (8.14)

v=0 1yl =00 JRa v=0 [jy[l o0

does not hold.

To this end, consider the e-perturbed family

saldu) = (1= p'*) Poa(du) + p'*Fy(du),

where P, 4 is sparse with (p, Hy) as rate and exceedance measure, while P, is an arbitrary
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measure. Then P, has same exceedance measure Hy and rate p as P, 4, at least in first

order sparsity, as long as € > 0. Since we assume p(;(y) — A, then as v — 0 and ||y|| — oo

/Rd(cosh(y'u) — 1) ul*/2 P 4(du)

~ (1= p"*)pCaly) + p** / (cosh(y'u) — 1)e™II"/2 Py(du) + o(p)

Rd

~ A= ptTEN 4 ptte /d(cosh(y'u) - 1)6_”“”2/2 Py(du) + o(p) .
R

Since lim,_,o p' T\ = 0, then for (8.14) not to hold, we need the arbitrary measure P,(du)
to be such that

lim lim p1+€/ (cosh(y'u) — 1)6_”“”2/2 Py(du) = ¢, (8.15)
Rd

v=0ly[|=o0

for some non zero constant c.

I+ we need to choose the arbitrary measure Py(du) in such a way that

To balance p
the integral appearing in (8.15) grows at least as fast as p~'7¢, as ||y|| — oco. Now, this
can happen when Pd(du) puts all of its mass at the maximum of the integrand; in other
words, when the arbitrary measure Py(du) is chosen to be the Dirac delta measure at
arg max, (cosh(y'u) — 1)e~I*I’/2. Now, as already observed in the derivation of the Laplace
approximation in Section when ||y|| is large, (e¥™ — 1) & e¥“, so that in this scenario,
arg max, (cosh(y'u) — 1)e~1"I°’/2 ~ arg max, ¥ e~ II*/2. Thus, for ||y|| large,

m@x/ (cosh(y'u) — 1)6’”“”2/2 Py(du) ~ max eV ueul/2 — elvl*/2
Py JRd w

In this way, choosing Py(du) = 8, (du), the limit in the LHS of (8.15) becomes

. . 2
lim lim plteelvl’/2,
V=0 ly[|—o0

236



so that, for P ,(du) = (1 — p'*) P, a(du) + p'*0,(du),
/Rd(cosh(y'u) - 1)6_”"”2/2P57d(du) ~ A+ ,01“6”3’”2/2 +o(p) .

Going back to our original question, we have that, under the double limit regime (8.13]),

for the e-perturbed family Py ;, (8.14) holds if and only if the additional condition

lim lim pteelvl/2 = o, (8.16)

v—0 y—o00

also holds for all € > 0. Therefore, the question becomes for which exceedance measures the
two conditions (8.13]) and (8.16)) cannot hold together. We start by looking at a couple of

explicative examples.

1. Let Hy be the rotationally invariant inverse-power measure. Then, as ||y|| — oo,
Ca(y) ~ elvP/2 ]|y 7% so the requirement pCy(y) — A implies p ~ e~ I¥I7/2 ||y [>T,

Therefore,

1+e€
2 . 2 d 2 _ 2
plreelul?/2 o <e Iwl/2 |+ > elvlI?/2 o o=ellull®/2.

which means that, under double limit regime, pl*<elvl*/2 — .

2. Let Hy be rotationally invariant with a radial measure having bounded support [0, M].
Then Cy(y) < eMIWl so the requirement plq(y) — A at most implies p ~ e Myl

Therefore,

2 _ 1+e€ 2 25
p1+€€llyll /2 (e MllyH) ellvll/2 o cllvll™/2 (1+6)Mllyl\7

which means that, in this case, under double limit regime, pHee”y”Q/ 2 5 0.

These two examples suggest that some kind of conditions on the tail of the density of H

is needed. Indeed, since for vector-sparse measures, H, is rotationally invariant, then its
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density hy can be written as
ha(du) oc [|uf] =Y B (|[u]))du,

where h® is the exceedance radial density. So if h%(||ul)) = o(e~1"I"/2) as |ju|| — oo, then,

using the Laplace approximation as in Section [8.4.2] one obtains

/ /vl /2= (a=1) gl Hog AR (lul) gy, P72 1y () (27)4/2
R\ {0}

—llyli?/2
€~ then

Since p(4(y) — A requires p ~ @ ™~ Thay)

o—llvl/2

1+e llyll*/2
p 6 ~Y
( hd(y)

1+e
) WIP/2 o omelwl/2 BByl (8.17)

Thus, if indeed hE(||y||) = o(e 1¥I°/2) as ||ly|| — oo then e~IWI*/2 BE(||y[|)~1=¢ — 0, so that

(8-13) and (8.16) do hold together. On the contrary, if h%(|y||) = O(e~1¥I°/2), then
Caly) ~ ey e

1+4€
1+K

for some positive K. Then, there exists some ¢ > 0 such that — 1 < 0, and this implies

for such e,

2 _ 2 1+e
peelul/2 =l /2(355 1)

diverges to infinity.

In conclusion, given a pair (p, Hy), Hy rotationally invariant, in order to have

lim lim (cosh(y'u) — 1)€7HUH2/2 P,ﬁ’d(du) =lim lim pCi(y) = A,

v=01ly[|—o0 JRa v=0 [yl o0
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for any P) ; having (p, Hg) as sparsity pair, the tail of the radial exceedance density cannot
be Gaussian nor sub Gaussian. We refer to this requirement on H% as double limit condition

(DLC).

8.5.3 Bayes exceedance factor

Having investigated the conditions for which we can consider the double limit regime, we now
return to its initial motivation. Suppose that DLC holds. Then, the conditional probability

of signal activity,

p J we(w) Calda; y) + [ we(x)e 1172 P, 4(dx)

pCa(y) +1—p Tole),

Bra(llpll > ely) =

under the double limit regime (8.13)), up to an error o(1), behaves like

pCa(y)
pCa(y) +1°

This means that, in the double limit, the conditional odds ratio for the exceedance event
et = {||u]| > €}, reduces to p4(y). From Section [8.3, we know that the unconditional

probability of € is pHy(e™), so the Bayes factor for signal activity is

Codds(lull > e|Y)  plaly)  Gly)
BF+(y) = odds([[u] > €) - pHy(e) "~ Hglet)

Therefore, if we consider the standard activity threshold e such that Hy(e™) = 1, then the
Bayes factor for this event reduces to (4(y). For instance, if Hy is the rotationally invariant
inverse-power measure with o = 1, the standard threshold is roughly 0.8; so the observation
vector for which the conditional odds for the event ||u|| > 0.8 equal the marginal odds, has
magnitude ||y|| = 1.778 when y € R?* (RMS(y) = 1.25), and magnitude ||y|| = 3.618 when
y € R (RMS(y) = 1.14).
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In Table 8.1 and Table [8.2] we report the values for the norm and the root mean square
(RMS) of the observation vector y € R? which lead to a Bayes exceedance factor of 1, 10,
and 100, for the signal activity event ||u|| > 0.8. The values in the second and third rows,
being such that (4(y) = 10 and (4(y) = 100, respectively, are also the values that give a

conditional odds ratio of one, when the sparsity rate is p = 10% and p = 1% respectively.

d=1 d=2 d=3 d=5 d=10

BF.(y)=1 131 1.78 212 266 3.62
BF.+(y) =10 272 328 366 423 523
BF.+(y) =100 3.71 418 452 504 5098

Table 8.1: Values of ||y|| required for having a given BF+(y) for the event ||u|| > 0.8, a = 1.

d=1 d=2 d=3 d=5 d=10

BF,+(y) =1 1307 1257 1226 1.189 1.144
BF,(y) =10 2721 2318 2.114 1.893 1.655
BF.+(y) =100 3.713 2956 2.609 2254 1.891

Table 8.2: RMS(y) required for having a given BF .+ (y) for the event ||u| > 0.8, a = 1.

Now suppose we let the dimension d — oco. Then, for the standard activity threshold for

which BF .+ (y) = (a(y), the Bayes exceedance factor in the limit is
BFZ(y) = Jim Ca(lyl)) = Jim ¢ (Vd RMS(y)) -
d—o0 d—o0
At the end of Section [8.4.1] we derived that

1—(1—a?)2for |z| < 1

Jim G (V=) =

1 for |[x] =1

| for |z| > 1.

Thus, the Bayes factor for the signal standard activity event {||u|| > €}, as the dimension

of the signal goes to infinity, has a different limiting behavior depending on the root mean
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square of the observed vector y: it converges to a number in [0, 1) if RMS(y) < 1; it is equal

to one if RMS(y) = 1; while it diverges to infinity if RMS(y) > 1.
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8.6 Appendix

1. Taylor series for coshy(y), Eq. (8.6). We start by considering (y,z) = y'z. Let 6; be the

angle such that §'Z = cos(f;). Then, expressing Z in spherical coordinates,

iz dT
ha(y) = [ Vi
cosha(y) = /Sd Area(S?)

/ / / / / lly|| R cos 01 Rd 1 d_2 01 Sind_s 92 -.-8in 9d72
Area(S?)

- d6y dbs - - - dfy_ 16, (dR) .

Now, since

™ ™ ™
/ ol cosr id-2 9. g9, — / el cos(m=t2) gipd=2( _ g yip — / elvlocoses =2 ¢ e
0 0 0

we can write

4 7 ollylly cos0r | p—Iyll; cosr
. de [ +e 2 . de
/ elvllz 001 gind=2 9, 4, = / 5 sin®2 6, dé,
0 0

so that d
T 0 rt5t T(d
cosh(||y||, cos 0;) sin?~2 6, db, - 7T (5)

coshy(y) =

! a—2_1 dt F(C—l)
cosh([lyl| VE)(1 —1)"2 72 — - —=25s

I
S— S—

W ) )]

lyll3"
(d/2)Tr 22l

NE

r

NE

I
o

Any other inner product inducing a norm on R¢, is of the kind (y,z), = 3y’ AA’z for some

positive definite matrix A. In this more general case,

~ dz
h e (y’I>A YN
coshg a(y) /s‘j, € Area(S4¢)’
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is the same exponential function averaged over the unit ellipsoid defined by A. However,
there is an obvious relation between coshy 4(y) and cosh,(y), which makes the definition
coshy the only necessary. In fact,
1A A det( )
cosh _ Y AA z/ ||z 4 d(z/ ||zl 4)
44(Y) /Sd c Area(S9)

[ et S
5 Area(S9)

= coshy(A'y).

Now, because coshy(y) is indeed only a function of the norm of its argument, coshy(||y|[,),
coshg,a(y) = cosha(A'y) = coshq([|Ayll,) = cosha([ly]l 1) -

So we can simply define

cosha(y) /Sd ‘ Area Sd d/2 )22yl

r=

for any inner product (-,-) on R? and its corresponding unit sphere S = {z : (z,2) = 1}.

2. Expressing (4(y) with coshy(y), Eq. (8.7).

Caly) = /Rd\{o} (cosh ((y,z)) — 1) e~llall*/2 Hgy(dx)
= [ teosh (Gl ) = 1) S e )

ellzlly.z) 4 o= (lzlly.z) di Ji .
= ) el gR
/(; (Ld 2 Area(Sd) Ld Area(8d>> € (d ”x’D

e (coshduwn y) + cosh(— lelly) _ 1) eI/ FR(d ]
2
0

- /Ooo (cosha(||z]| y) — 1) e 1I°/2 LR (d |1 ])) .
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3. Taylor series for (4(y) when H is the inverse-power measure, Eq. (8.8)):

<g<y):=u/“ (cosha(llull y) — Ve 2K [lul 2 d|Ju]
0

HyH > r—a—1 _—|u?
—KZWWW,HW I g )

02" Z ly|” T —a/2)
F 1-— Oé/2 — d/2 T'r’22'r’,r| ( )7‘70{/271

1
2

vl al(r—a/2)
; (d/2)t2rr! 2T(1 — «/2)

4. We here prove that for all d > 1,

far) _d” (d/2+1/2)"
fapr(r)  (d+ 1) (d/2)Tr

<1 forallr>0. (8.18)

First we recall that I'(n/2) = (n — 2)!ly/7/2", where n!! denotes the double factorial as

defined in Arfken (1985), p. 547. So,

d+2'r

(d/2+1/2)"  (d+2r —1)N/2°5°  (d—2)1/2% (d+2r =D (d—2)
/27 @d—1n2r d+2r -2t (d-) (d+2r -2

Now, for any fixed d > 1,

e ([8.18) holds for r = 0 since fj ﬁ%) =1;
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e if (8.18]) holds » = K, then (8.18) holds for r = K + 1 since

fa(K+1)
Jar (K +1)
dETL (d+2(K +1) — 1! (d—2)! B
(d+ 1)K+1 (d—1)! (d+2(K+1)—2)!l
dft (d4+2K +2—1)(d+ 2K — 1)!! (d—2)! B
(d+1)K+1 (d—1)!! (d+2K +2—2)(d+2K —2)!!

d(d+2K+1) fuK)
(d+1) (d+2K) fa(K)

<1,

where the last inequality holds because:

1. by the inductive step, fﬁ(f(?() <1

. if d > 1, then (dﬂ)% < 1 for any K > 0 since

d__ (d+2K)
(d+1) = (d+2K +1)

= dd+2K+1)— (d+2K)(d+1) <0

— d*+2Kd+d—d®>—2Kd—d—2K <0

— 2K <0.

Then, by induction, for any fixed d > 1, (8.18)) holds for all » > 0.

5. Here we show that limg o Cd(\/a) = 1. In fact, write

X (df2)r eT(r—9)
Zd/QTT’r‘Q (1—a/2) Zfd

where the sequence of functions fy(r) = (;72/)22;, ;I;( - /2 for » > 1, is again an increasing

sequence of non-negative functions, as for all d > 1, for all r > 1

M) @2y
faa(r)  (d+1)r  (@/2)7  ~
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Now,
gF(r -3) 13500 —3%)

_ (d/2)" 3 > 2 2) _
and
0o 00 r—a ) a 1\
Zf(T):l—Z%:1—2%:1_(1_1)01/2:1,

because /2 > 0 so the binomial series converges absolutely on [—1, 1]. Then, once more, by

monotone convergence theorem,

lim Ca(Vd) =1.

6. Limit for ¢4(vdz) as d — co.

~—

Oo —~z¥ §T(r— %)
;f(T)ZZWW

a2 §T(r—9)  §T(=%)
_; T T(1—a/2) T(1-a/2)

:1+i%(7’—%—1)(7’—%—2

— 7! o
S
_ _ % r_2r
=1 ;(T)( 'z

where the last equality is true if and only if |z| < 1.

7. Characteristic function for ¥ (y) = ¢a(y)Ca(y), Eq. (8.10).
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/eiz/y%z(y /Rd ¢ /Rd\{o} (cosh(y'u) — 1)e™ 11"/ Hy(du) ga(y) dy

ey 4 eV .
A G
R4\ {0} JRd
(iztw)'y 1 pliz—u)'y Iyl /2
/ / (6 + : - 1) . o Ay e Hoy(du)
RA\{0} JR4 (2m)
||zz+uH /2 liz— u|| /2
¢ re eI2/2 | =12 b ()
Rd\{O} 2
|l /24iz"u llull?/2—iz'u
:/ A (= 2 — 1) e P2 p )
RI\{0} 2

_ e—|z||2/z/ (& _ e_“2/2) Hy(du)
R4\ {0} 2

_ Il / (cos('u) — e~ 1I°/2) Hy(du)
R4\ {0}

So that, using the normalization of H,;, one can write

/eiz’ywd(y)dy — ¢ lI=IP/2 (/ (cos(z'u) — 1) Hy(du) +/ e—HuHQ/?) Hd(du)>
R%\{0} Rd\{‘)}
— e ll=l?/2 (1 _/ (1 — cos(2'u)) Hy(du) )
R4\ {0}

8. Passages for the conditional distribution of i given y, Eq. (8.12)).

| B e dzlul € dlel ¥ € g Y] € dlyl)
0
/°° Wllell-5:2) ¢ =1e1 /2D 4y PR(d |12]) =

0

I'(dz) /_OO cosh(z - [|y[| (7, &)e "> P,(dz) =

[e.e]

r(d?) (p [ (coshie gl . — e 1) + 1 p (1= ) H(dz)) -

[e.9]

I(dz) (pGu(llyll (g, 7)) + 1= p) .

247



Chapter 9

Vector-sparse ANOVA

9.1 Introduction

Analysis of variance is a cornerstone of statistical practice, and its relevance in the analysis
of factorial experiments can hardly be exaggerated. Given the observation space (R", (-, ")),
and a nested sequence of subspaces A9 C A; C ... C Ay C R", to each pair of these
subspaces, A C B, it corresponds the subspace A+ N B. ANOVA specifies a sequence of
subspace pairs so to identify a set of mutually orthogonal subspaces, for which mean squares
are calculated. For any such subspace, under the ANOVA null hypothesis, the mean square

for that subspace has the same expected value as the mean square for the residual subspace.

In this chapter, we propose a vector-sparse approach to the linear regression problem,
exploiting the assumption that the distribution of the coefficient vector 3 € R?, comprising
the effects associated with the subspace, is vector sparse. The rotational invariance on the
parameter space is defined with respect to the Fisher-information metric, so that a matrix
O € R4 defining the symmetry is such that OX’'X0O’ = X’X. Given this choice of met-
ric, we derive the sparse approximation to the marginal density of the response m,(y), as

a mixture of the n-dimensional Gaussian density and its product with the d-dimensional
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zeta function defined in Chapter 4. Interestingly, it turns out that m,(y) depends on the
covariate matrix X only through its orthogonal projection matrix Py = X (X'X)™1X’, so

that the choice of basis in which the matrix X is expressed, is not relevant.

Given the sparse approximations to the marginal distribution of the response and to the
conditional distribution for the coefficient vector magnitude, we derive a sparse approxi-
mation to the Bayes factor for the exceedance event |||, > €. This Bayes factor can be
compared, to some extent, with the standard ANOVA F-test. In this attempt, we look at
how the tail probability, under the ANOVA F-test, matches up with the sparse exceedance

Bayes factor, and how this varies for different dimensions of the vector 5.

The ANOVA null hypothesis is 5 = 0, while the vector-sparse analysis presented in this
chapter considers the event ||3|| , < €, for some € > 0. Having said that, with the negligibility
theory developed in Chapter 4, it would be easy to extend our vector-sparse analysis to give
an approximation the uncertainty of the event ||3|| , < €,, where ¢, is a negligibility sequence

for radial sparse measure PZ.

9.2 Vector-sparse linear regression

Consider the linear regression model on the Euclidean space (R, ||-[|,)

Y =po+ X5 +e.

Here € ~ N, (0,0%1,) while the vector g contains the additive effects on the response, of
some matrix X, € R"*% which are not expected to be negligible. By contrast, the matrix
X = (x1,...,24) € R™? is the covariate matrix whose effects on the response are expected

to be sparse. For this reason, the coefficient vector 5 € R is assumed to be random with a
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vector-sparse distribution. Then, conditionally on 8 ~ P, 4,
Y — po ~ N(XB,0%1,).

We assume that X has full column rank and spans X C X5, where X = span(Xj).

As highlighted in the previous chapter, a vector-sparse measure is a measure whose
sparsity is driven by its radial component. Clearly, the inner product chosen on R? determines
the radius as well as the rotational invariance which we assume for P, 4. In this linear
regression context, we choose the inner product on the parameter space to be dictated by

the matrix A € RP*P in such a way that, given u,v € R?,
(u,v) 4 = v AAv = W' X' Xv/o?.

This choice has multiple advantages for it makes the linear map X /o : R? — R" an isometric
embedding: in mapping a vector 3 in the parameter space (RY, (-,-)4), to the vector X3/o

in the observation space (R", (-, -)2), the norm is preserved

1BIEs = 11X Bl /o®.

Let p and H? be the sparsity pair characterizing the sparse measure for the radial part
of 3, ||5]| - For simplifying the notation, for the moment let pp = 0. Then, denoting by

Ono(y) = 0 "Pn(y/o), the marginal density of the response vector at y is

ml,(y) — (bw(y)/ ele'B/Uz67“X5H§/202Py7d(d5).

R4
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Now, thanks to the vector sparsity assumption, P, 4(df) can be written as

dp

Area(S7) Pl ),

where 3 = 3/]|8]| , is the direction on the unit sphere S¢ = {2 : ||z|%, = 2/ X'X z/0? = 1}.
Following the theory developed for the rotationally invariant measures in Chapter 8, we write

the exponent in eV XPB/* a5 an inner product on the parameter space
Y XBJo? =y X(AA) TAAB/o® = (X' X) ' X'y, B)a = (n,B)a,
where n = (X'X)7' X’y € R% Then, using the coshy function, we can write

= ' 2 2002 dfS
_ YXBJ0® (- IXBI? 20 PRy
ml/(y) ¢n,0(y)/0 /S‘f‘e € Area(si) V( HBHA)
— bnaly) /Oo/ Blandag—oz__ 0 pregisy
’ 0 Jst Area(S89) A

= G0(W) / coshy (] m)e 1915/ PR ||B]1,).

So the first-order sparse approximation to the marginal density of Y at y is

my(Y) = Pno(y) (pCa(n) + (1 —p)) ,

so that, also in the case of linear regression, the marginal density of Y is approximated by
a mixture of two components: the Gaussian density ¢, ,(y) and its product with the d-
dimensional zeta function (4(n) = (4((X'X)"'X"y). Now, recall that (; is indeed a function

only of the norm of its argument, so

Ca(n) = Calllnll4)
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and because of our choice of norm,
Il = v’ X(X'X) "' X"y/o” = || Payll; /o7,

where Py = X(X'X)7 ' X"’ is the orthogonal projection matrix onto X = span(z1,...,1q).
So we can interchangeably write (4(n), Ca(||7]l 1), and Ca(||Pry|| /o), where, for simplicity of

notation, henceforth we will write ||y|| = [ly||,.

Now, if the mean vector g € Xy is non zero, then

my(y) = (1 = p)bno(y — o) + pono(y — po)la(|Pryll /o) + o(p) (9.1)

since X C X4 implies Py(ug) = 0. It is interesting to notice that the marginal density of
the response depends on X only through the orthogonal projection matrix Py. Thus, the

choice of the basis vectors for X is irrelevant insofar the image space X is what matters.

9.2.1 Coefflicient conditional distribution

The conditional distribution of the coefficient vector g given the observed response y is

proportional to the joint distribution of (Y, 3). So, letting n = (X’ X))~ X"y,

P(B € dB,Y € dy) = bn(y) eV X7 IXBI/2% p 1 (43)
— ¢n,o‘(y) <(COSh<<T], ﬂ)A) _ 1) 6_”6”?4/2 Pl/,d(dﬁ) + e‘HﬁHE&/Q Py,d(dﬁ)>

= fno(y) (pCd(dB; n) + e I81G/2 Py,d<dﬁ)) +o(p),

where the last equality holds in the sense of integrals of functions in Wf . Once normalized

by m,(y), the first-order sparse approximation to the conditional distribution of the signal
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can be written as

pCa(dBin) + o—l1BI1% /2 P,.q(dp)
pCa(n) +1—p

PadB|y) = + o(p) .

Similarly to the signal plus noise model, we can derive the conditional distribution for the

direction and magnitude of the coefficient vector.

Coefficient direction conditional distribution

Conditionally on the magnitude ||3|| , and on y, letting 7 =1/ ||n|| 4, the coefficient direction

£ has distribution
el allBlla- @8 (dﬁ)

coshy(|[nll 4 1511 4)

where T'(d3) = df/Area(S%) is the uniform measure on the unit sphere S¢. This is the

von Mises-Fisher distribution on 8¢ with polar direction 7 = (X'X)"'X"y/ || Pyy/c|| and
concentration parameter |||, [|3]] 4 = || Pxyl| [|3]| - On the other hand, the distribution of

3 conditional only on y is

PG X)Xy, B)a) +1—p

P(3 € dp Y edy) = (dﬁ) pCa(||Pry/o|]) +1—p

This density can be written as a mixture of two components: the uniform measure with

relative weight 1 — p, and a zeta-tilted uniform measure with relative weight p(y(||Prxy/c||),

sallPryfol) G (XX XBANED) 4,
wlPeyol) +1=p  GallPeylol wlPeyol) 71— )

(9.2)
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Coefficient magnitude conditional distribution

We now derive the conditional distribution of the coefficient magnitude. Conditionally on

the direction B and on y, the coefficient magnitude has distribution

pCi(drs (n, B)a) + e 2PE(dr) .

pG((n, B)a) +1—p

Unconditionally of 3, instead, the distribution of ||3], given Y = y is

p(coshy(||Pxy/o|| 7) — Ve " /2HE(dr) + e~ /2 PE(dr)

o[ Peyjol) + 17 ' (5:3)

This also can be written as a mixture of two measures with same weights appearing in (9.2)):

the central spike density
(8] 4 € dr | Y =0)=e /2P dr)/(1-p).

with weight proportional to 1 — p, and the non-central component given by the normalized

zeta measure

(cosha(||Prxy/o|| ) = Ve 2H(dr) /Cal| Pxy/oll)

with weight proportional to plu(||Pry/o||).

9.2.2 Bayes exceedance factor

Given the sparse approximation for the conditional distribution of ||| , in (9.3), we can ask
for the probability of the exceedance event {||5]|, > €}, where ¢ > 0, given the data, and
look at how it compares to the initial exceedance probability P(e"). As done many times
already, we approximate the hard-threshold exceedance probability with the soft-threshold

exceedance probability by computing the expectation of the function of w.(xz) =1 — e~ /2%
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SO

J welr) (p(cosha(llnll,r) = 1)e /2 HE(dr) + /2 P(ar) )
pCalllnlla) +1=p

PHBla>ely) = +o(p) .

Suppose that H® does not have Gaussian nor sub Gaussian tail, i.e., it satisfies DLC of

Section [8.5.2] Then assuming p — 0 and || Pyy/o|| — oo in such a way that

pCa(l|Pxy/all) — A,

for some A > 0, the conditional probability that the coefficient magnitude is above € > 0,

{118l 4 = €} ={l|XB]| /o > €}, behaves like

pCa(l|Pxy /o)
pCa(l|Pry/all) +1

+o(1). (9.4)

In this case, the posterior odds ratio for {||5|| , > €} does not depend on the threshold e and

can be approximated by pli(|| Pyl /o).

Therefore, if we consider the activity threshold e for which the unconditional exceedance

probability is
PRty = L +o(p),
et) = T2+ olp)

then the prior odds ratio for {||5]| , > €} is simply p. So the Bayes factor for this exceedance

event 1s

odds(|| B, > €| v)
odds([|B]l4 =€)

BFe+(y) = = CalllPxyll /o) - (9.5)

We can regard (9.5)) as the factor by which the evidence, provided by the data, multiplies

the initial odds ratio p/(1 + p).

2

Notice that, if the residual variance o* is estimated by the residual mean square on
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k =n —d — dy degrees of freedom, then

fo = (1Pyll” /d) /(1 Qauxoyll” /F)

is the observed value of the standard F-ratio statistic. In this case, the argument of the zeta

function in (9.4 and (9.5)), reduces to be \/d - f,, so, if k is very large, then the Bayes factor

can be computed as

BF.: (y) = Ca(\/d- f,). (9.6)

9.3 Sparse Bayes factors and F'-ratios

At the end of Chapter 8, we studied the asymptotic behavior of the {; function as d — oo

and found that, for f > 0,

1—(1—f)*? for f <1

dlglolo Ca (W) = 1 for f=1 (9.7)

00 for f > 1,

where « is the inverse power of the exceedance measure. For a fixed value of the F-ratio,
f, if this is less or equal than one, as the dimension of § gets larger and larger, the Bayes
factor converges to a number in [0, 1]. On the other hand, if f is larger than one, then, as
d — oo, the Bayes factor diverges, even if slowly. So, when the observed value of the F-ratio
is resulting from the response being projected onto a large dimensional subspace, then the
evidence-multiplicative factor (9.15) grows large if f > 1, but if f < 1, it does not collapse

to zero, unless f = 0.

We now try to compare, to some extent, the sparse Bayes factor in (9.15)) for the ex-

ceedance event |||/, > €, to the standard ANOVA test, which employs the F-ratio f, to
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test the null hypothesis 5 = 0. To this end, we start by fixing the degrees of freedom for the
residual sum of squared to be k = 100, and consider a set of tail probabilities, or p-values,

as if they were obtained from observed values of

Fy = (|PxY)” /d) /(| Qe Y [I” /), (9-8)

which, under the null Hy : 8 = 0, has Fisher’s F-distribution F;;. So, for varying dimension
d, we compute the Fy; quantiles which give rise, under the ANOVA null hypothesis, to each
p-value: fqr = Fy, ! (p-value). Then for each of these fy, values, we compute the conditional
probability of |||, > e,

pCd ( Fczl(p—value)>

1+ plq < Fil(p—value)> .

(9.9)

In Figure 9.2] we show this conditional probability, when o = 1, for a range of p-values
from 0.5% to 10%. Since the conditional probability depends on the sparsity rate of the
radial sparse measure PZ, we consider two options for this rate: in the left panel we fix
p = 0.1 regardless of the dimension d of the vector; in the right panel, instead, we let p = 0.1
be the rate for when d = 1, and for d > 1, we let the rate for P¥ scale with the dimension,
so that py = 0.1- %. The scaling factor, already mentioned in Chapter 8, is shown
in Figure [0.1]

Looking at Figure 9.2] as expected, the conditional probability for the signal magnitude
to be active gets larger as the associated level of significance, i.e. tail probability, gets smaller.
This happens irrespective of both the dimension d, and the rate chosen. If instead we look
at the behavior of as a function of d, then we observe different behaviors depending on
the choice for the rate. For fixed p, as d grows, the conditional probability of ||3|| , > € first
decreases and then increases, the curvature being more prominent for very small p-values.

Instead, when also the rate gets scaled by the dimension, for any given p-value, the corre-

sponding conditional probability increases monotonically as the dimension increases.
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Scaling factor

JRr(1/2+d/2)/r(d/2)

Figure 9.1: Dimension scaling effect on the one-dimensional sparsity rate. The dashed green

line depicts the limiting behavior W ~ /7(d/2)/? as d — oo.

In Table 9.1, we report the Bayes factor

e <\/d . Fy} (p-value) ) , (9.10)

for different p-values and dimension d ranging from 1 to 10, while £ = 100. Roughly speaking,
moving from a p-value of 1% to 0.5% corresponds to multiplying the Bayes factor by 1.5,

while when passing from 5% to 1%, the Bayes factor gets multiplied by approximately 2.6.

To look into the reasons for the curvature observed in the left panel of Figure [9.2] in
Figure we plot the Bayes factor in as a function of log(d), under two scenarios:
one with & = 100 (left panel), one with & = oo (right panel). This last scenario, corresponds
to the hypothetical case when o? is known, so the F-ratio in reduces to a scaled
quadratic form, distributed as a scaled chi-square random variable on d degrees of freedom.
We can see that, for fixed k& = 100, across all significance levels, the behavior of the Bayes
factor as a function of log(d), is not monotone. By contrast, when k = oo, as d gets larger,

the Bayes factor decreases and, as d — o0, it seems to converge to one, for any level of
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Figure 9.2: Conditional probability of the exceedance event {||5]| , > €} as a function of the
dimension d. In each plot, the different curves correspond to different p-values, ranging from

0.5% to 10%. These in turn determine the fy; values used to compute (9.9)), where k is

fixed to 100. Left panel: p = p = 0.1 for all dimensions d. Right panel: p = % p=

0.1/#T(d/2+1/2)
I'(d/2)

significance.

The reason why this happens is that , when & = oo, the Fy; quantiles are indeed Y2
quantiles divided by d; so asymptotically as d — oo, F_ 010 (p-value) =< 1, irrespective of the
significance level. This can be easily shown by using the asymptotic approximations for the
X3 quantiles, proposed either by Fisher (1928) [36] or by Wilson and Hilferty (1931) [76]. So

from (9.7)), as d — o0,

Cd (\/d~F¢;(p—value)) — 1.

Whereas, when k < oo, as d — oo, F| L (p-value) — fi(p-value), and for this range of p-values

from 0.5% to 10%, fi(p-value) > 1. This in turn leads to divergence,

Ca (\/d . FLL,i(p—V&lue)) — 00,

since (4(v/df) converges to the finite function 1 — /1 — f only if 0 < f < 1.
So in a sense, the curvature in the Bayes factor for large d is due to the fact that if

the residual degrees of freedom are kept constant, as d grows larger, the Iy quantiles get
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p-valuex10? d=1 d=2 d=3 d=4 d=5 d=6 d=7 d=8 d=9 d=10

0.5 13.25 11.41 10.66 10.28 10.08 9.98 9.95 9.97 10.02 10.11
1.0 844 723 6.71 643 6.25 6.15 6.08 6.05 6.03 6.04
1.5 6.52 561 520 497 483 474 467 463 4.61 4.59
2.0 043 470 437 418 405 397 391 387 3.8 383
2.5 4.72 410 382 3.66 355 348 343 339 337 3.35
5.0 299 269 255 246 240 235 232 230 228 227
7.5 225 209 201 19 191 189 187 18 184 1.83
10.0 .81 1.73 168 165 1.63 161 1.60 1.59 158 1.58

Table 9.1: (4 <\/ dFy, 1(p—value)) for different dimensions d and different p-values, with fixed
k = 100.

smaller, so the relative weight of the residual mean square in the F-ratio becomes larger.
Indeed, if k is relatively small, one should consider d - Fz = || X 8|1> /(||Qxuxull” /k), rather
than |||, = || X8]]> /o?, and derive the distributions of Fj3 and F, taking into account the

variability of the estimator for o2. We extend our theory to this case in Section .

9.4 Illustrative example 1

To illustrate the vector-sparse approach to the analysis of variance, we now present a real-
data example, coming from a randomized experiment, described and analyzed by Villa et al.
(2019) [72]). The aim of the study was concerned with reproductive isolation, and consequent
ecological speciation, occurring in response to body-size evolution in isolated lineages of
pigeon lice. The experiment started by founding 32 lice lineages from a total of 800 lice,
on 32 host lice-free pigeons, and comprised observing the evolution of each lineage over 60
generations. To induce differentiability in the body-size of the evolving lice lineages, half of
these were randomly assigned to be placed on normal-sized captive feral pigeons, while the
other half were placed on giant runts. The body size of a giant runt pigeon is roughly three
times that of a captive feral pigeon. This was done with the expectation that the host size was
to cause a different evolution of the louse size. The two groups of pigeons were then further

randomly assigned to four aviaries each, maintaining the two groups separate, in order to
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Figure 9.3: Bayes factor for the exceedance event {||5]|, > €} as a function of the dimension
d, on the logarithmic scale. In each plot, the different curves correspond to different p-values,

ranging from 0.5% to 10%, which in turn determine fy; = F Y kl (p-value) used to compute

(9.10). Left panel: k£ = 100. Right panel: k = oc.

MS dof

Host type 12 1

Aviary 290 6
Lineage 83 24
Residual 111 oo

Table 9.2: Mean squares times 10° of the log body length in pm, with corresponding degrees
of freedom, for the three factors and residual, as measured at baseline.

avoid interference. The experiment was designed in such a way that every six months, a
random sample of lice was taken from each pigeon, photographed and then returned to the
bird. On each occasion, the sex and three body-size measurements were recorded for each

louse.

If the randomization procedure was successful, at baseline, the expected value of the
mean squares (MSs) of any of the responses, associated with the treatment factor, Host, and
the two block factors, Lineage and Aviary, must be the same as the expected value of the
residual mean square. However, if we look at Table [9.2] which reports the mean squares of

the log body length immediately after randomization, two figures call for attention. On the
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one hand, the Host MS appear to be significantly smaller than the residual MS; on the other
hand, the MS for Aviary seems to be significantly bigger than the residual MS. Yet, if the
former of these anomalies could be explained by an effort, in the randomization procedure,
directed to minimize the baseline variability due to the treatment, the latter anomaly is
a little more suspicious. The F-ratio for the Aviary factor is 290/111 = 2.61 on d = 6
and k = oo degrees of freedom, which corresponds to a tail probability of roughly 1.6%.
This small value could be interpreted as an indication that something went wrong in the
randomization procedure. Now, if we adopt the vector-sparse approach, calling Bx, € R
the coefficients associated with the subspace Aviary N Host™ N 1+, the Bayes factor for
1Bav]l4 = | XavBav|| Jo > € in (0.1F)), is (s(v6 - 2.61) = 3.8. Here we are considering the
threshold e for which the prior odds ratio is equal to p. So, for a = 1, this threshold is
roughly given by 0.8 - (14 p). Clearly, for small p, € can be simply taken to be the standard
threshold 0.8 for which H®(e*) = 1. So, say that the starting odds are of 1 to 10 in favor
of ||Bav||, > 0.88, reflecting the belief about the possibility that something, in the random
assignment of the lice to the pigeons, and/or of the pigeons to the aviaries, goes wrong. Then

the odds become 1 to 38 after seeing the outcome of the randomization.

9.5 Unknown variance

So far, we have treated the error variance o2 as known, even when we estimated it with the
residual mean square. In this section, we generalize the theory we derived for o2 known,
taking into account the variability of |Qxux,Y||” /k. In other words, we derive the analog
of Fisher’s F' distribution when the coefficient vector  is random with a vector-sparse dis-
tribution. For notational convenience, we let o = 0, so that the residual mean square can
be written as ||Qxy||” /k, where k = n — d. Also, for the sake of space, here we present only

the main facts, and we refer to the appendix for the full derivation of each formula.

262



In order to obtain a conditional distribution for the coefficient vector not dependent of o,

instead of ||3|| , = || XB|| /o, we derive the conditional distribution of the parameter F-ratio

Fy— 18I /d — _ IXBI*/d
1QxY/all* /k (|IQaY|* /E

given the observation F-ratio
_ 1Py /d

T QaY Pk
In fact, when two random variables are both scaled by the same scalar, considering events
for their ratio, is the same as restricting the sigma algebra of each of the two random vari-
ables, to those events which are scale invariant, i.e., to those events A € Fx such that
Px(AA) = Px(A), for every A # 0. For this reason, in the derivations that follow, without

loss of generality, we can fix o2 to be one.

We start by writing the observation F-ratio as P/Q, where the sum of squares in the

numerator d - P = || PyY || has density function at p?

Xa(p?) (1 —p+pCd(\/z?)> : (9.11)

whereas the sum of squares in the denominator k - Q = ||QxY||> ~ x3. Moreover P and Q

are independent so one can derive the density of Fy at f, to be

mag(fy) = Far(fy) (L= p+pl(fy) +o(p), (9.12)
where F;, denotes Fisher’s F' density with d and k& degrees of freedom, while

_ i (df,) (§+5)"al(r—a/2)
n (df, + k) (d/2)Trr! 2D(1 — o /2)

(9.13)

is the zeta function for F-ratios on d and k degrees of freedom.
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- 4)
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G ()

Figure 9.4: Zeta functions for F-ratios ([ (f,) when d = 1 (black solid lines) and zeta

functions for t-statistics ¢! (1/f,) (red dashed lines). The residual degrees of freedom k
range from 1 to 100.

When d = 1, the zeta function for the F-ratio on 1,k degrees, coincides with the zeta

function for the t-statistic ¢, we introduced in Chapter 1,

) =G W)

This is shown in Figure [9.4] for different values of k ranging from 1 to 100: the black solid
curves depict ¢{,(f,) while the red dashed curves depict ¢['(1/fy ).

On the other hand, as the residual degrees of freedom k go to infinity, <£ . (fy) converges
to the d-dimensional zeta function (d(\/% ) We show this convergence on the log scale, in
Figure . For d = 3 (left panel) and d = 10 (right panel), the black lines show ¢J.(f,) for
k ranging from 1 to 500 and 5000, respectively, while the dashed red curve depicts Cd(\/d_ ).
This fact in turn, implies that, as £ — oo, converges to

Xa(df,) (1 —p+ pCd(\/d—y)> +0(p),
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which is the same expression we would get for the sparse approximation to the density of

2
”PXU#I , if 0% was known. (See appendix).

The marginal density written in is, once more, a mixture of two components:
Fisher’s F' density and its product with the zeta function for F-ratios. It can be shown that
this latter component ¢ 1 (fy) = Fai( fy)Cf i (fy) is itself a probability density function. (See
appendix). In Figure , we plot both the tail inflating component 14 ;(f,) (left panels)
and the sparse approximation to the marginal density of Fy, mgx(f,) (right panels), for
different combinations of d and k. In each panel, as a term of comparison, we also plot the

corresponding non-sparse Fisher’s F' density function, Fyx(f,)-

In a similar fashion, with some more algebra, one can derive the joint probability of
(Fs, Fy) at (fs, fy). This can be found in the appendix. Here we directly write the condi-
tional density for the scaled parameter F-ratio, d - F, given the observation F-ratio f,. To

avoid notational confusion, instead of dx, we write 0z to denote the differential form of x.

So,
P (02) wan(fy ) + pChy(0n; f,)
P(dFs € 0z | Fy = f,) = 1_/)};/)%@ “)““ = +o(p), (9.14)
R Y
where k4 enisos
Wa(f x)z( Ayt )2 2 (G+3)e2me

g dfy +k+a (dfy +k+z)"2"

while

df, + k > S )@ T+ s+or—5)2 8

F £ — R 9y
Cax(0w fy) = H(92) (dfy +k+x (@/2)"r! T+ 5) (dfy + k+2)> 2

r=1

is the zeta measure for F-ratios on d and k degrees of freedom. One can indeed check that

/ CEW(Om; £,)0m = CEL(f,).
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Figure 9.5: Convergence of (j.(f,) = Ca(y/dfy) as k — oo. Left panel: d = 3, and k ranging
from 1 to 500. Right panel: d = 10, and k ranging from 1 to 5000. In both panels, the red
dashed curve depicts the limit function (4(\/df,).
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Figure 9.6: Tail inflation component 14 (f,) and sparse marginal density of Fy, mgx(fy,),
solid curves, compared to the corresponding non-sparse Fisher’s F' density function, Fgp,
dashed curves. The sparsity rate is p = 10%. Top panel: d = 3 and k£ = 6 (red curves)
and k£ = 15 (black curves). Middle panel: d = 6 and k£ = 6 (red curves) and k = 15 (black
curves). Bottom panel: d =10 and k£ = 6 (red curves) and k& = 15 (black curves).
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(See appendix). It is also possible to show that, as kK — oo, (9.14)) converges to

e~ PR (9x) + p Ca (973 \/dF,) )
1—p+pCa(\/dfy)

+o(p),

and this is the sparse approximation to the conditional distribution

P (|84 €0z | Fy = f,)

when 0?2 is known. (See appendix).

9.6 Sparse Bayes factor and F'-ratios revisited

In Section [9.2.2] assuming o? was known, we approximated the conditional probability of

18114 = € with

pCa(l|Pxy/ol|l)
1+ pCa([|Pxy/oll)

Now that we are estimating o2 with the residual mean square s, instead of {||8]|, > €} =
{|IXB| /o > €}, we can consider {|| X /s > €} = {| X8| /s> > €} = {dFs > €}, and

approximate the conditional probability of this event with

Pccfk(fy)
I+p Cgk(fy) ‘

So when the unconditional odds for {dFj > €*} are p : 1, then the Bayes factor for this event

reduces to
odds(|| XSl /s > €| f,)

BFe (y) = odds([| X || /s > ¢)

= Caxl(fy)- (9-15)

In Figure [9.7, we show this Bayes factor for d = 3,5,10,15 and k£ = 3,5, 10, 15,30. For
all values of d, there is a transition observed approximately around f, = 1.2, even though,
in no case, the curves do all intersect at the same point (the appearance from the plots is

misleading). For values of f, smaller than roughly 1.2, larger k leads to smaller BF+(f,),
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whereas for values of f, greater than 1.2, larger k leads to larger BF.+(f,). So larger values
of k act as a deflating / inflating factor for BF +(f,), depending on the size of the observed
F-ratio. On the other hand, larger degrees of freedom for ||Pyy||* has the effect of exagger-
ating this phenomenon, leading to larger Bayes factors when either both £ and f, are large,
or both £ and f, are small. For all d, the value of f, giving a Bayes factor of one, needs to

be larger as k decreases.

In Figure instead, we compare Céf w(far) with Ca(+/dfar ), where we plot these two

Bayes factors as functions of the dimension d, for different F-quantiles,

faxr = Fd_k1 (p-value) ,

corresponding to p-values ranging from 0.5% to 10%. In Section [0.3] we investigated the

sparse Bayes factor for the norm exceedance event {||5|| , > €}

Ca([1Pxyll /o)

and estimated it with

GalIPeyll /) = Ca (VAR ) -

treating s? as if it was o2, i.e., as if s? was estimated on k = oo degrees of freedom. Yet,
when k is in fact finite, treating o2 as known leads to some kind of divergence when d — oo.
This divergence of the Bayes factor, (4 (\/% ), is shown in the top left panel of Figure ,
where k = 25 and d is growing large. By contrast, from the top right panel, we can see that,
when we estimate the Bayes factor for the F-ratio with Cgk(fd7k), as d — 0o, it converges to

one, even if k = 25. On the other hand, if we assume k£ = oo, and consider

face = xa~ ' (p-value)/d,
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then the two Bayes factors, (4 (\/dfdvoo) and Cf 5000 fd.00), practically coincide and slowly

converge to one. This is because (j,(f,) = Ca (\/df, ) when k — oco.

[N\
()

Tiow ()
T ()

Figure 9.7: ¢1,.(f,) for d = 3,5,10,15, and k = 3,5, 10, 15, 30.

For a last comparison, we look at the asymptotic behavior of the zeta function for F-
ratios for fixed values of the argument f. In Figure , we fix k to be small and plot ij w(f)
as a function of log(d), for values of f ranging from 1 to 10. We can see that in the limit, even
for large f, as d — oo, (J(f) — 1. In Figure , instead, we let k = d, and look at (J4(f)
when d gets large. Under this scenario, the limiting behavior depends on the argument: if
f <1, then (j,(f) = 1—((1—f)/(1+ )2, whereas if f > 1, Cia(f) diverges to infinity

as d — 00.
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Figure 9.8: Comparison of (4(y/dfar) (left panels) with (f}(fax) (right panels) as func-
tions of log(d). Top panels have k = 25, while bottom panels have & = oo. In each
panel, different curves correspond to different fz; = Fy, L (p-value), where p-valuex10? =
0.5,1,1.5,2,2.5.5,7.5, 10.
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Figure 9.9: Behavior of the Bayes factor C(fk(f) as a function of log(d), as d — oo, while k
is fixed: k£ = 10 in left panel, kK = 25 in right panel. Different curves correspond to different
argument values f, ranging from 1 to 10.
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Figure 9.10: Behavior of the Bayes factor Cf «(f) as a function of f, when d = k are growing

large. Left panel: when f < 1, (j,;(f) converges to 1 — ((1— f)/(1 + )™ (red dashed
curve) as d — oo. Right panel: when f > 1, {J4(f) diverges as d — oo.

9.7 Illustrative example 2

To illustrate how it works in practice, we apply our extended version of the vector-sparse
theory for linear regression to a genetic dataset. This dataset came from the department

of Neurobiology of the University of Chicago, to the Statistics department, through the
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consulting program. It contains the genetic expression level corresponding to 770 genes,
recorded during a laboratory experiment on 21 five-week-old male transgenic mice. Each
mouse belonged to one of three possible genotype groups, named huPS1IWT, huPS1AE9
and huPS1M146L. The experiment was designed in such a way that, within each genotype
group, approximately half of the mice were randomly assigned to a treatment, while the
other half was not to receive the treatment and served as a control group. The treated mice
were housed for one month in a so called ‘enriched environment’, consisting of large cages
containing running wheels, tunnels, toys, and chewable materials. Control groups of animals

were instead maintained in standard laboratory housing conditions.

Given the structure of the data, we model the expression level for each gene separately
and consider the genotype as a covariate whose impact on the genes expression level is not
necessarily expected to be negligible. By contrast, we look at the treatment effect and its

interaction with the genotype as potentially not relevant.

Thus, for g =1,...,770, we assume

Yy = pog + X By + 1y

Here Y, € R?! is the vector of the expression levels of gene g as recorded on the 21 mice;
oy = XoBoy is the additive effect of the matrix Xo = [1 G; Ga] € R*'*3 spanning Xj, the
space of the genotype classification factor; X; = [T Gy * T Go x T| € R**3 is the matrix
containing the treatment factor and its interactions with the genotype factor. Yet, instead
of X, we consider X = LX; which is the matrix X; after being projected onto the kernel
of Xy. Really, L € R?>*3 is any full column rank matrix whose column span is a subspace
of Ker(Xy) = Xg-. This implies that X has a column span X C X3, so that the effects

of X refers solely to the treatment and interaction factors, as these are depurated of their
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covariation with the genotype factor.

Concerning distributional assumptions, the errors n,,, ¢ = 1,...,21, are independent

Gaussian with unknown gene-specific variance 03,

779 ~ N(O, 0'5121) .

On the other hand, to reflect the expectation that the treatment and its interaction with

genotype, might not have a relevant effect on the gene expression level, we assume that

ﬁg ~ Iy3,

where P, 3 is a three-dimensional vector-sparse distribution, rotationally invariant with re-
spect to the inner product (u,v)s = v/ X'Xv/0;. Letting p be the sparsity rate, we further
assume that the radial exceedance measure for ||f,|| , is the inverse-square measure, so that

the three-dimensional exceedance measure for P, 3 can be written as

1 V2
Hya(dz) = ————— 2|} dx,

"~ Area(S3) /7

where 8% = {z € R®: ||2||}, = 2/X'Xz/0? = 1} is the unit sphere with respect to (-, ).

Notice that

Hy a(dz) = mg | A2~ det(A)dz = Hy(d(A'z))

where Hj is the inverse-square measure which is rotationally invariant with respect to (-, -)s.
For this choice of radial measure, Hs is proportional to the Lévy measure of the symmetric a-

stable (Sa.S) process generated by the three-dimensional Cauchy distribution. Therefore, we

274



can consider the scaled version of this distribution as a possibility for the sparse distribution

Pl/,37

9.16
di () vl o

 Area(SY) VAT(E) (o)} +v2)F

where the last expression shows how the density factorizes into the spectral and radial

)4

components. For the three-dimensional scaled Cauchy, the sparsity rate is

_ V2 VAD(3/2+1)2)
= r(3/2)

V2

so that the one-dimensional rate RV gets scaled by VALB/241/2) _ o

I'(3/2)

The aim of the analysis is to obtain, for each gene g, a sparse approximation to the
exceedance conditional probability of the parameter F-ratio Fj , given the observed value

of the observation F-ratio Fy,
]P)(F/jg > € | Fyg = fyg)'

To this end, we start by estimating, for each gene, the noise variance 03 with the residual

sum of squares

2
o QY
g L ’

where k = 21 —6 = 15. Then we estimate by maximum likelihood, the sparsity rate p, which

is assumed to be common to all genes. This is done by considering the sparse approximation

to the marginal density of each F-ratio Fy,,

ma21(fy) = Fz21(fy) (1 —p+ PC3,21(\/3_@)> +o(p),
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and maximizing the log likelihood

max » _log (1=p+pGa(y/36,)) -

The result of this maximization gives the estimate p = 0.348, which corresponds to 7 = 0.218,

and a one-dimensional rate of approximately 0.17.

We check this estimation by assuming that the sparse distribution for g, is (9.16)), and
compute (numerically) the exact distribution for Fy,. The estimated v, found by maximu-
mum likelihood, is 7 = 0.218, which leads to p = 0.347. These estimates are very close to

those obtained using the sparse approximation.

Because the estimated sparsity rate is not that small, instead of invoking the double limit

regime, we numerically integrate (9.14)), to compute the sparse approximation to

P(Fs, > €| Fy, = f,).

We choose € = 0.945 so that the unconditional probability is equal to the estimated sparsity

rate
P(ng > 6) = ,5 .

Figure shows P(Fp, > 0.945 | Fy, = f,) for both the sparse approximated model
(black curve) and the exact scale Cauchy model (green curve). Even though the first one
is only based on the exceedance measure and the estimated sparsity rate, while the second
one is derived from a fully specified model, the two conditional probabilities are quite close
to each other. Interpreting the sparsity rate p = 0.347, shown by the dashed horizontal line,
as the probability of the event Fj > 0.945 before seeing the data, then this unconditional
probability is overcome by the corresponding conditional probability when the observed value

of Fy, is greater than four.
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Figure 9.11: Conditional probability of Fj, > 0.945 as a function of the observed value of
Fy,. The green curves correspond to the exceedance probability obtained when P, is the
scaled three-dimensional Cauchy. The black curves, instead, correspond to to the exceedance
probability obtained under the sparse approximation. The dashed line shows p which is set
to match the unconditional probability that Fpg, > 0.945.
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9.8 Appendix

1. We here show that 14 x(y) = ¢no(y)Ca((X'X) "1 X'y) is a probability density. Indeed, it

is non negative for any y and it integrates to one. Indeed,

[ nalica X3 X'y =

b0ale) | " (cosha(r(X'X) " X'y) — 1)e*/2 B (dr)dy =
R4 0

o ’ —1x/0 R d 2
/ ¢na( )/ (6 (X' X)" X'y,B)a 1)Areafsd) dy e /2 HR(d?") =

eV X(X'X) TrANB —ﬁ —r2/2 7R .
/ /S‘i R ¢n0' ¢n0( )) Area(Sd) e H (d?‘) =

7"2,1')(5/0’2 _ dﬁ —r2) R B
/0 /Sd /ﬂgd((bn"’(y)e Pno(y)) dy —Area(Sj) e "2 H (dr) =

oo / dﬁ 2
rPAX'Xp/20° _ 4 =2 gR(4r) =
0 / ) Ky * )

dj )
,5,8 Ya/2 1) — 7 /2 HR d —
st ) Area(S9) ‘ (dr)

> /2 o -r2/2 7R —
(/ Area Sd) 1) e H*"(dr)

(e ) 12 HE(dr) =

(1= HR(dr) =1

No\éh

2. Here we derive the sparse approximation to the density function of HPXYH2, Eq. (9.11)).

Since 02 = 1, we can write the sparse approximation to the density of Y as

bn (y) (1 = p+ pCa(|| Pryll)) + o(p) -

On the other hand, given 8
Y |B~NXB 1),
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so one has that

PY cdy[|Bll,edr)=

P(Y cdy|Bedrd)E(3edd| |l cdr)=

I |
/  Only = XrB/ U)Areifsd) - )

/ o2 XrB || xB| P2 A8
sd 21 Area(S?)

! ne—y|2/2/ o xrir? A48 _
Sd Area(S?)

o2 / wxrp__ 48
Sd Area(S?)

P(v edyBedd ||l edr) =

d

V)

d

0}

(V)

N
-

N
-9

e WIP/2e=m12 coshy(r || Xyl|,) =

n

N
o

e WIP2e=2/2 coshy (r || Pyyl|) =
2m

e IPvl/26=7212 cogh ||pr||)%€quxyn2/2 _
27

P(PrY € dPyy | 6]l € dr) - P(QuY € dQuy) .

5~ 3

From this last expression, we can integrate over the d — 1 spherical coordinates of PyY,

1, ..., b4 1, to obtain that the density of | PxY||* at p?, given ||| ,, is

P(IPeY | € dp? | 18], € dr) =

/dP(HPXYH2 €dp®,¢1 €don, -+, Pa1 € ddpg_1 | ||B]| 4 € dr) =
s
1

de_(p2+r2)/2 coshg (rp) p¢~? / sin?2 ¢y . ..sinpg_o doy . .. dog_1 =
Sd

2 2 A. d
e~ W2 coshy (rp) (p2)3_1—rez(8 ) -

) coshy (rp) e /2.
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So now to get the unconditional density, it suffices to integrate over the sparse radial measure,

P (|PxY[* € dp®) = /P (1PxY|1* € dp? | [1B]14 € dr) P ([15]4 € dr)
— [ ) cosha ) ¢ P
= 30%) ([ coshalom) = e ) 41~ [0 e P
= 0%) (| cosha () — 0 ) 11 )

=x30*) (pCa (p) +1—p) .

This last expression is the sparse approximation of order p to the density of |PxY|* as

shown in ((9.11]).

3. Here we derive the sparse approximation to the density function of Fy, Eq. (9.12).
Let P = ||PyY > /d and Q = ||QxY||* /k, where dP has distribution given in (9.11)) and is
independent of

kQ ~ X3 -

Then the marginal distribution of Fy = P/Q can be found by

P(P/Q € 0f) = [ P(P/(KQ) € Bf,/b), kQ € D) 1/kw
_ /P((dP)/(kQ) € (df,/k), kQ € dw) d/k du
_ /IP’((dP) € O(f, wd/k), )P (kQ € dw)w d/kow
_ /]P’((dP) € a(f,w),) P (kQ € d(uk/d)) uk/ddu
- [t p+ st ar (5u) Suo

where we used the notation Ox instead of dz to denote the differential form, to avoid nota-

tional confusion with the d indicating the dimension of the vector.
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Substituting the analytic form for the chi-square density function and the Taylor series

for the coshy function, the last integral can be developed as follows

I\J\Q.

d_ppkoy _ydytk B > (ufy)” ol'(r—a/2) k B
/u 1+5-1, 1 p—i—pz (@/2)7 271 20 (1 — a/2) uau
r=1

dik g, Yutk = (uf,)” al(r—a/2)
: 1— ou =
/“2 ©e p+p; (d/2)r2rr 2T (1 —aj2) ) "

iy (K\PT(E+ ><2d>%+%
() <d) (df, + )&+

'<1_p+”2< )y ol ol F<a+5(+r>2’" >_

oo (dfyy O{F(’f’ _ &/2) P(g + g + T’)
' (1 —et p; (df, + k)rrl 20(1 — a/2) T(4 + %)(d/W’“)

> (df,)” G+ al(r—a/2)\
Far(fy) (1—P+ﬂ; @, + o7 2" zr(l—a/2>> B

Far(fy) (L=p+pllu(fy)) -

This last expression is the sparse approximation of order p to the density of Fy as shown in

(0.12).
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4. Here we show that as k — o0, converges to
Xa(dfy) (1= p+ pCa(f,))
Now, as k — oo, Fisher’s F};; density converges to a scaled chi-square x3,
Far(fy) = xaldfy),
so we really just need to show that

Cgk(fy) - Cd(\/d—) :

To see this, notice that, for each r,

E+5T  TE+5+r2

= 2 N
(dfy + k) INCEN (dfy2+lc>
so then we have that, for each r,
(dfy)” (§+5)7"al(r—a/2) (df,)”  ol(r —a/2)

(df, + k) (dj2)irrl 20(1 —a/2)  (d/2)1 27 2T(1 — o/2)

Now because the convergence is monotone, we can pass the limit inside the infinite sum, and

conclude that

lim ¢ (f,) = G(V/df, ) -
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5. Here we derive the sparse approximation to the joint density function of (Fj, Fy).
Again, let P = ||PyY > /d and Q = ||QxY|* /k, and let b = ||3||% /d. Also, denote by
pr and A", the sparse density and corresponding exceedance density for the squared norm

181 Then

P(Fy - 8fy, Fﬁ - 8f5,) =

/]P’(Eeafy,%eafﬁ,cgeau)ﬁu—

Q
/IP(P € O(uf,),| b€ dufs)) P(Q € du)B(b € d(ufs)) w?du =
/Xfl(ufy) coshy <\/ufy\/uf/3> e e 2 (gu) §u2p52(u fs)O0u =
/ >(uf,) cosh (x/uf Vvuf, > e e 2 Eu EthRz(uf )Ou =
P Xa\Wly d y B Xk a')d B =

E \k 0
o [ ity cosha (Vi) et (Gu) G S, -

p/xfl(ufy) coshy <\/ufy\/uf5> e~ ufs X% (gu) %ug_aﬂ_l@u . hRQ(fﬁ) )

Again, by substituting the analytic form for the chi-square density function and the Taylor
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series for the coshy function, the last integral can be developed as follows

dik 1, k_ 0
th2(f ) (1/2)=7"2 fy k2 1/u2 1+ 5 -142- 51 —u(fy+fot /22 (ufy) (ufs)" k
YTETE) dE = @/2) T’“?”“‘d

T (fs) (1/2)545 f 1kg_l/u§+'§—— - dfy+df5+ki (ufy)"(ufs)
ENOEE @y
d o0 T
R? (1/2)5+2 a1 (k2 Jols prpdyk_a_y Stk
" v \a) Xy T =

fj fif; T+ d+h - g)edprrits
(/272 (df, + dfy + k)>

I

d_ - : X .
R/ BN o o i
TCETTE) (0, 1 s+ TS 2 22T + 2y + s+ KPP T

2 1 Felasks o N (df,) (dfs)” T(2 4 £ 427 — 2)225%
ph (fﬁ)B d k MC“Z d2TT22rlI‘£1 kY (d d k)2r—5
6(2’2>(dfy+dfb’+k 202 / r (2 2>(fy+ f5+ ) 2

r=

" _dfy kTS () (dfs) T4+ 2 —§)270
PO Far ) (dfy+k+dfg) Z (d/2)trrl T(4+ %) (dfy + dfs + k)* 2

Recalling that PF*(du) = pH® (du) + o(p), in the sense of integrals against functions in

W# we can split the summation in two addends:

vl
+
SIS

(4+ )52
(dfy +dfs + k)2

i df, + k
Far(Lo) B, (0(dfs)) (m)

284



and

&

d E 0o a\o—2
dfy + k > QZ (df,) (dfs)” T(%+%5+2r—9)27%

R2
Fasthpo™ @) (2 ]

r=1

The sum of these two last expressions is the sparse approximation of order p to the joint

density of (Fp, Fy).

We can also write it in a more compact form,

Farlfy) (PE Of) warl s f5) + pCEx(O(dfs): ) (9.17)
where
B df, +k '3 (44552735
watho i)~ (755 0m) vy
while o
2 df, +k  \2'2
o) =" o) (7))

' i (df,)"(dfs)”  T(5+5+2r—§)2°%
(d/2)trrl T(d 4+ 5) (df, + dfs + k)5

r=1

is the zeta measure for F-ratios on d and k degrees of freedom.

6. Here we check that

/ CE(O(df); df,)0(dfs) = CEL(f,)
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In fact, the RHS can be computed as

w2 df,+k O\ () (dfs) TE+E+2r—9)278
[ H o) (dfy+k+dfﬁ) 2 D T D) @y 4 s T

i (df, ) (df, + k)35 T(E + £+ 2r — %)27% / (dfs)"
= 2 F(%l +5) (df, + k+df) 228

2
i (df, )" (dfy, + K)$ET(§ + 5 +2r —§)2°8 / (dfs) 51
r=1 (d/2)trr! F(%l +5) (df, + k + dfﬁ)§+§+27‘—%

vl

" (a(dfs)) =

o(dfs) -

2

We write the integral as

a d  k
Z’r—%—l p r—5—1 1 st+s+r+l
0z = 0z .
/(v+z)z+z+2’“ /(v—l—z) <v+z>

Now make the change of variable t = z/(v + 2),

trfgfl 11—t g+§+r+1 v ot =
v (1—t)2"

So plugging this back, we obtain,

i (df,)(df, + k)2te T(d + 5+ 2r — 2)273% « D(r— 2)(df, + k)5 5T(4 + & + ) )
= @ I(5+3) ’ Mg+ Ev2r—9)

i": (df,)" yos 028 Tr-§lE+5+7)

— (dfy + k) (d/2)trt T(1—a/2) r(d+Ey

= (df,)" al(r—a/2) (2+5HT
Z (df, + k) 2I'(1 — «/2) (d/2)trr!’

r=1

which indeed is the same expression we have for ¢J(f,).
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7. Here we show the convergence of (9.17)), as k — oco. Start by noticing that, as k — oo,

Fisher’s Fy . density converges to a scaled chi-square x3,

Far(fy) = X?l(dfy) )

while

ISES

g4
(M) Y
dfy + k + dfs

On the other hand, as £ — oo, both

and
d k e r—%
DS+ 5+2r—5)2% 2

—~ 1
D+ 5d(f, + ) + 7%

+

So as k — o0,

wag(fy, f5) — e Yo/

while

thk(a<dfﬁ)a dfy) — HR2 (a(dfb)) e_dfﬁ/2 Z % '

r=1

Thus, the sparse approximation of the joint density of (Fj, F,) converges to

P (PfQ(c‘)(dfg)) T O(df) S %) -

r=1

X (df,) (2P (D(dfs)) + plcosha(v/dfy /AFs) = e H™ (2(df)) ) =

\3(dfy) (e 2P O(df)) + pCalOldfs): df,) )

From this convergence and the one proved for the marginal density of Fy, one can easily

deduce the analog for the conditional density of Fj given Fy-.
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