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To my parents.



As a mathematician, and not a literary theorist, in my work I am obliged to constantly
rely not on proof, but on sensations, guesses and hypotheses, passing from one fact to
another with the help of that special kind of epiphany which makes you discern common
features in phenomena that, to a stranger, might appear completely unrelated. A right
kind of guess comes with a feeling of total needlessness of any further proof, an almost

painful, unforgettable feeling that is, however, difficult to communicate to another.

Vladimir Arnold, On the epigraph to “Eugene Onegin", 1997.
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ABSTRACT

Hydrodynamic flows with large numbers of vortices have been a staple of theoretical hydrodynamics
since Onsager and Feynman. Treating such vortices as constituents of a new fluid of their own leads
to an interesting anomalous hydrodynamics that exhibits curious phenomena such as odd viscosity.
Starting with the incompressible Euler equation, we rigorously derive the entire coarse-grained
hydrodynamics of the “vortex matter” consisting of many identical discrete point vortices on an
arbitrary closed 2D surface. The resulting flow of vortices differs from the original flow of the
underlying fluid by a term that can be related to odd viscosity and also leads to a particular interaction
between the vortex density and the scalar curvature.

We investigate the bulk hydrodynamics of the chiral vortex matter on an arbitrary closed surface,
extending the ideas of Khalatnikov [21]; Wiegmann and Abanov [43]. Placing this important
example of a chiral medium onto a curved geometry reveals the geometric nature of odd viscosity.
The anomalous odd viscosity of the vortex matter is associated with a special interaction of point

vortices with curvature.
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CHAPTER 1
INTRODUCTION

There is abundant literature on the N-vortex problem of ideal incompressible 2D fluids at fixed N
(e.g. see [3] on the integrability of the 3-vortex case), including an extended search for sophisticated
equilibrium solutions consisting of discrete vortices and/or patches of constant vorticity (see e.g.
[11]). Some of the more recent research has been focused on the collective motion of a large number
N of vortices in the limit when the ratio N/V of the particle number to the total area remains finite.
This limit is especially interesting since the dynamics of N > 3 vortices is believed to be chaotic
[1, 2]. Especially interesting flows are those consisting of identical sign-like vortices, the chiral
“turbulent Euler flow’. This appears to be a rather recent and unexplored subject [7, 10, 43, 6].

Itis natural to describe the chiral flow, a.k.a. vortex matter, in the coarse-grained, or hydrodynamic,
limit where vortices themselves constitute a new fluid. This is the limit when N — oo, the vortex
number density p remains bounded so that it can be replaced by a regular positive function with
f pdV = N, and the gradients of the density are kept small [Vp/p| < +/p. In this case the velocities
vf of the discrete vortices can be approximated by a continuous vector field v¥#. Such flows are
important in many contexts. A classical example of a chiral vortex flow is the rotating superfluid
Helium [22], but there are others, e.g. Onsager’s vortex clusters forming after an inverse cascade in
confined fluids, the Bose-Einstein condensate, etc. A coarse-grained description, albeit a heuristic
one, of a rotating superfluid was already known in the 1960s [22]. The main claim is that the

coarse-grained energy contains a correction to the naive kinetic energy:

E /”2 > 1
= — ——pln
2 gl P

where u is the “coarse-grained flow”, i.e. the one with vorticity w = V X u = I'p, and I is the

dv, (1.1

circulation of each vortex. A complete derivation for a rotating incompressible fluid in the infinite

plane was first given in [43]. This new energy term, despite being a Casimir, determines a peculiar

1



force acting within the vortex matter, the so-called odd viscosity. The effect of the odd viscosity can
be observed in the velocity of the vortex fluid v: while in a continuous flow the vorticity is convected
by the flow, in the vortex matter it is not. The vortex flow deviates from the coarse-grained velocity
u as

I
v =ut —ne’VyInp, n= - (1.2)
n

Here 7 is the odd viscosity coefficient. The anomalous term originates from the discreteness of
vortices: the velocity of the flow is infinite at the position of the vortex, so it is not clear what it
means for vortices to be convected by the flow. The anomalous term reflects the regularization of
the singularities in the vortex cores.

The anomalous force described above has a geometric nature. For this reason it is important to
extend the results obtained for unbounded fluids to confined geometries where the vortex matter
interacts with boundaries and with local geometry (like curvature). In this paper we develop a
framework for this task and apply it to the vortex matter on closed surfaces. The main question is:
how does odd viscosity manifest itself on curved surfaces, and how is (1.2) generalized? The answers
are in the coarse-grained velocity (2.31) and energy (2.34) of the vortex fluid. These also imply the
mean-field equation (2.32) for stationary distributions of vortices. We follow a strategy vaguely
similar to that of [43]: we compute the stress tensor of the vortex matter and use it to coarse-grain
the dynamics.

We now review vortices in the infinite plane. There vortices of strengths I'; follow Kirchhoff’s
equations [25]. In complex coordinates z; = x; +iy; they read

T

. 1 j
iz = — . (1.3)
2r ]Zi; i —Zj

We are interested in the chiral case, when all vortices are the same, I'; = I'. In this case the total
angular impulse of vortices L = % i (Zifi - z'l-Z,-) is conserved [36]. At fixed L and large N the

minimum energy configuration is a circular droplet of vortex matter of asymptotically uniform



density in the bulk.

For smooth flows the Euler equation is minimally coupled to a metric. Defining point vortices as
weak solutions of the Euler equation requires a resolution of singularities at the vortex cores. On
curved or bounded domains this is especially difficult due to the absence of translational symmetry.
While mathematical results in this context are limited [40], all existing methods lead to the classic
Kirchhoff-Routh equations that were established by 1941 [29, 30]. A review can be found in [14].
The Kirchhoff-Routh equations generalized to closed surfaces are the starting point of our work.

The Kirchhoff-Routh equations, originally written for fluids in planar domains, can be extended
to curved surfaces as follows. If the infinite plane is deformed so that its metric becomes +/gdzdz,

the Kirchhof-Routh equations are

. 1 Iy L'j
g(zj)lzj:gzzj_Zk +Eazjln,/g (z/) (1.4)

k#j

(they were obtained heuristically in [17] using the ideas of Routh [35]). The last term is the effect of
the regularized self-energy of the vortex core, which can be interpreted as the condition that the area
of the vortex core be independent of its position on the surface. These equations have since been
generalized to arbitrary surfaces [5], and we review them again below.

Vortex matter on surfaces with boundaries develops a separate boundary with sophisticated
dynamics [6]. To avoid the complications caused by the boundary we focus on vortices on closed
surfaces.

The paper is organized as follows: after introducing the necessary notation we define point vortex
solutions on arbitrary closed surfaces. Next, to emphasize the geometric nature of the problem
we introduce a new geometric force which characterizes a non-minimal coupling of the Euler and
the Kirchhoff equations to the metric. Then we compute the stress of the vortex matter by varying
the Kirchhoff-Routh energy w.r.t. the metric and relate it to the odd viscosity. We notice that the
coarse-graining problem becomes trivial for the stress tensor. Taking the coarse-grained limit of the

stress we then obtain the coarse-grained energy. This yields the hydrodynamics of the vortex matter.
3



In the Appendices, we provide more information about the general behavior of vortices on surfaces,

and give detailed derivations of the main claims of the paper.



CHAPTER 2
VORTEX FLOWS ON CLOSED SURFACES

2.1 Background

2.1.1 Green functions on closed surfaces

Let X be a closed surface of genus g with a Riemannian metric g,,,. Denote the corresponding volume
element by dV (z) = /g(z)d?z = %\@dz A dZ and the total area of X by V. Let G, (z) = G (z, w)

be the Green function of the (positive) Laplace-Beltrami operator —A defined [4] by

~AGy, (2) = 6y (2) = - o

Js GwdV =0.

We also write (-A) ™1 £ (z) = f G (z,w) f(w)dV (w). It is known that G (z,w) = G (w, z) and
G(z,w) = —% Ind (z,w) + O(1) as z — w, where d (z,w) is the geodesic distance. The Robin

function of the surface is defined by a regularization of the Green function:
R . 1
G" (x)=1lim (G (x,y)+ —1Ind (x,y)]. (2.2)
y—x 2n

For the main properties of Robin functions and their applications see [15].



2.1.2  Euler equation on surfaces

An ideal incompressible flow on X is described by a divergence-free velocity field u*, V,u* = 0.

Such a field admits a unique L2—orthog0nal decomposition of the form
uy = Vi + curl-free (2.3)

(we use asterisks to denote the clockwise 90-degree rotation: a** := € ya’), where y is the stream
function. The curl-free (and harmonic) part of the flow is present only on multiply connected
surfaces, and we will suppress it until Sec. 2.3.4.

The vorticity of the flow is w = €#”V,u,, = =Ay. On a closed surface, any incompressible flow
has zero total vorticity, /Z wdV =0.

We shall also allow the fluid to be electrically charged and placed in a constant uniform magnetic
field B orthogonal to the surface. Then for a smooth flow, the total energy is simply the Dirichlet

functional of ¥, constituting a minimal coupling of the Euler hydrodynamics to a metric:
L[5 1 2
H=— [ u"dV == [|Vy|=dV, (2.4)
2Js 2Js
and the dynamics is governed by the Euler equation
u* +u’Vyut = But™t — VHp, (2.5)
which is also conveniently written as
u2
i — (w+ B)u™ + VH > +p|=0. (2.6)

On a sphere (and all simply connected domains) the set of solutions is independent of B. The Euler



equation for incompressible fluids implies the Helhmholtz vorticity equation:
O+ ulVyw =0, ut=VH(=A) "+ curl-free. 2.7)

In general, the Helmholtz equation does not imply the Euler equation and must be accompanied by

the equations of motion of the curl-free harmonic part of u#, which we discuss later in Sec. A.3.

2.1.3 Vortices on closed surfaces

A point vortex is usually defined as a flow whose vorticity is localized at one point. However, on a
closed surface we must have f w dV = 0. This means that a consistent definition of a point vortex
must include a compensating negative vorticity. This background vorticity becomes non-dynamical
if we choose it to be a constant, i.e. the vorticity of a vortex of strength I" at point z is '(6; — 1/V).
Therefore we define the (chiral) flow of N point vortices of equal vorticities I" at points {zi}f\i | by

the equations

N N N
w=F(p—V),p(Z) =Z5zi (2), ¥ (2) :FZGZi(Z)- (2.8)
i=1 i=1

We use symbols x, y, z to denote points of the surface and their local complex coordinates at the
same time, hopefully not causing any confusion.

In the presence of point vortices, the energy (2.4) becomes infinite, so a new form of the
Hamiltonian is needed. The most natural, from the geometric point of view, resolution of this
singularity is to regularize the infinite self-energy of a vortex wyr ~ 2 z0 * Gz as in the definition
of the Robin function. Thus the vortex-dependent part of the Hamiltonian, also known as the

Kirchhoff-Routh path function [29, 30] of the N-vortex flow as described above is postulated as

2 2
HN:TZklZG(Zj,Zk)+72GR (z7) - (2.9)
J

j#k



Physically this choice of regularization is equivalent to replacing each point vortex by a disk of a
fixed (geodesic) radius & of uniform vorticity inside and subtracting out the large self-energy of the
disk « In € (see the standard derivation in flat space e.g. in [36, §7.3]). In particular, the area of the
core of each vortex must be independent of its position on the surface.

It is known [5] that regardless of the regularization, the result satisfies Kimura’s conjecture [24]
that vortex dipoles move along geodesics. Some of the effects of the Robin function on the dynamics
of vortices were explored in [42, 41]. It has also been employed in the formulation of the quantum

Hall effect on surfaces [27].

2.1.4 Geometric forces

We assume that all vorticity fluxes are quantized in units of I', which is the case in e.g. superfluids.
Apart from the optional magnetic field, this is the only energy scale in the problem. Using this scale,
we introduce an additional Lorentz-like force into the Euler equation (2.6) which is the simplest
non-minimal coupling of the Euler equation to a metric and will be important to us in the discussion

of odd viscosity and other geometric properties of vortices:

2
r_o-
i = wu + VH (”7 +p) = (B+’Z— (R—R))u*'“, (2.10)
/4

where by the Gauss-Bonnet theorem the average value R of the scalar curvature R (twice the

Gaussian curvature) of the surface equals

- 1
R=—=
Vv

4
/Rdv:%. 2.11)



The dimensionless parameter m, interpreted as the geometric spin of the fluid, takes integer or

half-integer values (see Appendix B). The corresponding Helmholtz equation is

r
o +uhvV,, (w+ m—R) =0. 2.12)
4

In other words, the quantity w + 4F R is convected by the flow instead of the vorticity itself.

In this system the definition of an N-vortex flow has to be corrected:

mI’ - N
:/JVV :—A e R—R +F -—1, 213
w =€V, uy W = ( ) (,0 V) ( )
N
p= Z 8y w=T) Ggy-mIU, (2.14)
i=1
where
R
U=(-A)"1= (2.15)
4
is the curvature potential.
The corrected vortex Hamiltonian is
r R(
Hy ZG 2j»7%) 7Z(G (2)) = 2mU (2)). (2.16)
J¢k J

The curvature potential happens to coincide with the Robin function up to a constant on surfaces of

genus 0, so in that case we have

ZG 2 2k +—(1—2m)ZU zj) - 2.17)

]ik

A single vortex then moves with velocity v along a level line of U enclosing an area D in such a way
that 95 v2dt o« 2m - 1) /D (R — R)dV. Thus we can call s = m — 1/2 the spin of a vortex. On higher

genus surfaces, the Robin function differs from a curvature potential only by an extra term dependent



only on the moduli of the underlying Riemann surface, hence this analogy is still meaningful.

The Kirchhoff equations express the velocities vf of the vortices in terms of this Hamiltonian:
— 1%
Vi =TV Hy. (2.18)

Again, the harmonic part of u* evaluated at z; has to be included on the r.h.s., but for now we

ignore it.
2.2 Results

2.2.1 Stress tensor

This is the central section of the present work. Here we introduce new objects necessary for the
coarse-graining procedure and execute the procedure itself.

The coarse-grained limit is the limit when N — oo and the vortex density p can be replaced by a
regular positive function with f pdV = N. To be able to coarse-grain an object like the energy or the
velocity of vortices, we need to obtain expressions for them that do not refer to individual vortices,
and instead involve only p and its functionals. Since the explicit Hamiltonian and the Kirchhoff
equations include summations over i # j, there is no way to coarse-grain these objects directly. This
is why we first introduce a new, less singular object which we call the vortex stress tensor.

Denoting by p = }’; 6, the number density of vortices, we define the number current of vortices

as

TovH = Z Sk, (2.19)
i

Now, if Hy is understood as a functional of the metric g, we can employ a very general exact

10



Ward-type identity (B.27) to rewrite

oH
* _ Mmoo _ N
~Tpvy=-T Z Szevuvt = Z 64V vHy = 2VH S (2.20)
l 1
This motivates us to introduce a new object called the vortex stress tensor, defined as
0Hy
Puy(z) =2 2.21

(variation at fixed {z;} and I'). We will see that P, can be coarse-grained trivially, thus becoming a
well-defined functional of p. Furthermore, if the energy is to be successfully coarse-grained as a

functional of p, denoted Hcg[p], it must satisfy the continuum analog of the last equality in (2.20):

oV =V'Py, (2.22)

(see Appendix C for a proof). Now (2.22) immediately gives the coarse-grained Hamiltonian Hcg

and (2.20) gives the velocity vector field of the coarse-grained flow of vortices:

oH,
v =V; €6
6p

(2.23)
Now we restate the last few relations in a compact form and give an explicit expression for P,
as a functional of p.

Proposition 1. For any number N of vortices of the same vorticity I" with the Hamiltonian (2.16),
located at points {z,-}l].\i | of a closed surface of genus g with a Riemannian metric .y, their equations

of motion (Kirchhoff equations) (2.18) can be written as
vaz = _VVPVIu, (2.24)

where p = }; 6;; is the number density of vortices, pv¥ = 3,; 6 Zl.v'u is the number current of vortices

i
11



and Py is the symmetric “vortex stress” tensor defined in (2.21). In this equation we have ignored
the possible global circulations along the cycles of the surface, which we elaborate on in Sec. 2.3.4.

The stress tensor can be decomposed as
Puv = P/SV + Pﬁv + 2mPiV + Oluy, (2.25)

where the last term is an irrelevant divergenceless tensor (moreover it is flow-independent, i.e.
independent of the z;’s, at least on surfaces of genus 0 and 1). The first term has the form of the

naive “classical” stress expected for a continuous vorticity distribution,

(N —my)l’

1

Pioy = | =Vt Vb + 28| VU P | + gy —— . (2.26)

PlSN is the stress corresponding to the Lorentz-like spin force

FZ
S
P,uv =Tuy t+ g,uvgp, 2.27)
where
r 1 mI2

= — |V VW — gAY | - ——R. 2.28
Tuv a7 | VK vy Zg,uv v - 8uv 3072 ( )

PILS“, is divergenceless wherever curvature is zero. Finally, Pﬁv is the remaining anomalous stress

2

r
P4, = ~8uvg=p- (2.29)

In these formulas, \ is the stream function (2.14) for the N-vortex flow.
The second order pole type singularities at z; in P,Ev need to be understood in a specific
distributional sense, see Appendix C.

For additional remarks on the case g > 1 see Sec. 2.3.4 and Appendix D.

We call Pﬁv the anomalous stress because it is associated with the “excluded volume” of vortex

12



cores, enforced by the summation rule j # k in the pair interaction (2.16). More concretely, it comes

C

11v> Which is of

from the self-energy of the vortex cores represented by the Robin function. Unlike P
order N 2, the anomalous term is of order N.

Nevertheless, the notion of the anomalous stress is ambiguous, as Plf}v is not the only contribution
of the Robin function to the stress. This ambiguity is related to the discrepancy between the spins

of the original fluid and of the vortices in it. Namely, using the identity Pﬁv = Tuy — PS5, we can

uvs
rewrite (2.25) as

g:O: P#y:ng+Tﬂy+(2m—I)Piy'l'olly. (2.30)

We recognize the third term as the spin of vortices, corresponding to the last term in the vortex
Hamiltonian (2.17). We can therefore interpret 7, as the alternative anomalous stress, first
introduced as the traceless part of the anomalous momentum flux tensor in [43]. While Pﬁv is
the stress that appears anomalous from the point of view of the Euler equation, 7, is the stress

anomalous to the Kirchhoftf equations. It is 7, that is sometimes called odd stress.

2.2.2  Coarse-grained vortex flow

We have expressed P,y solely in terms of the vortex density p. The possibility of doing so is a
remarkable property of the logarithmic pair interaction of vortices. This form of the tensor allows for
an easy passage to the coarse-grained limit: it is natural to assume that the formula for P, in terms
of p remains unchanged after coarse-graining. In particular, the formula for the stream function
always remains ¢ = ['(-A) "1 p — mI'U.

With this assumption, formulas (2.22-2.23) let us find the anomalous difference between the

vortex flow v# and the flow of the original fluid u*.

Proposition 2 (Coarse-grained flow). In the limit N — oo on a closed surface of any genus, if

the vortex density p = Zf\; | 0z; approximates a continuous ( “coarse-grained”) distribution p with

13



f pdV = N, the coarse-grained vortex flow v¥ is incompressible and deviates from the “naive” flow

uM with the continuous stream function = r(-A)~! p —ml'U as follows:
|-
v =ut — —V*HInp. (2.31)
8

Stationary solutions (V¢ = uH = 0) with nowhere vanishing p must satisfy = SLn In p + const,

equivalent to the Liouville-type “mean field” equation on p:

1 m k
+—Alnp=—R+—, k=N-my. 2.32
prAlnp = % my (2.32)

In the large-N limit it has a solution that is close to uniform density and has the following gradient

expansion in terms of curvature:

s g Y AR 0k7?)). (2.33)

_k
P=v T k 87

We emphasize the disappearance of the Robin function from the coarse-grained dynamics
of vortices. In particular, in the m = 0 model the two-particle contribution combines with the
single-particle effect of the Robin function (the latter was discussed e.g. in [41]) leading to the full
cancellation of the curvature response in the coarse-grained dynamics.

The above result therefore derives from a microscopical description and generalizes the mean
field equations of [33, 23]. One obvious stationary solution for m = 0 is p = % = const, but for a

generic N this equation may have many solutions. Since N is large, non-uniqueness e.g. on a flat

torus follows from the results in [34].

Proposition 3. The coarse-grained Hamiltonian on any genus equals (up to flow-independent

14



constants and ignoring the harmonic part of ut)

dv =

1 , I?
H. =_ -l
CG[p] 2/ llx[ pinp

I? 1
=— [ |lp-(=A)'p——plnp-2mR-(-A)"'p|dv, (2.34)
2 4r
where ut = V*H ((—A)_lp — mFU) is the coarse-grained flow of the original fluid in terms of the

coarse-grained density p of vortices. The p-p Poisson brackets are given by

oF oF
{Fi,Fa} [p] =T / p- eV, LV, —2dV (2.35)
op op

for any two functionals F| and F of p. The brackets with the harmonic part of the flow will be stated

in Section A.3, and the resulting equation of motion for p is, as expected, p = {p, Hcg} = —vFVp.

The term / p In pdV, like any local function of p, is a Casimir in these Poisson brackets, but it

does affect the energy and the vortex flow.
2.3 Discussion

2.3.1 Vortex matter and negative temperatures

The coarse-grained energy that we have obtained directly from the Hamiltonian of point vortices
contains a term that looks like the von Neumann entropy. However, this is not an entropy since we
have done everything at zero temperature (unlike in the statistical mechanics approaches such as
[31]). Interestingly, the result is identical to the free energy of a statistical vortex ensemble at a
special negative temperature.

Namely, if H in (2.34) is interpreted as a free energy H = I'> (E — §/f) with entropy S =

- / plnpdV, this system appears to have precisely the negative inverse temperature 8 = —8x.
15



There is only a limited understanding of the equilibria at 3 < —87 in some special cases [7, 8].
In the context of the Dyson gas [44, (1.1), (1.4), (2.11)], the ratio between the corresponding

terms in the free energy is = 8712%, where 2 is the power of the Vandermonde determinant in

. 2, . .
the corresponding ensemble. There, § = kl;TT is interpreted as the inverse temperature of the gas,

which is believed to form a Wigner crystal at large 3, i.e. precisely when 3\, —8x.

2.3.2 Oddviscosity

On flat regions of the surface, the m-dependent part 2mP/‘§V of the stress tensor is divergenceless,
making it impossible to observe the real value of m in the bulk of the vortex matter.

The traceless part of 7, (2.28) is also known as odd stress and in complex coordinates
A7z = Tox — Tyy — i (Txy + Tyx), 2uz = uy —iuy = 2i0) itis 1o = —2nidu; = 277531# with the
odd viscosity coeflicient

=—. 2.36
n= g (2.36)

In [43], only the case m = 1/2 was examined, when this is the only surviving new term in the stress,
see (2.30). Note that n matches the coefficient of the anomalous term p In p, since both originate

from the same phenomenon.

2.3.3 Momentum flux tensor

P,y 18 not a conserved current in the sense that its divergence does not equal the time derivative of
any quantity that has appeared so far. However, using the continuity equation p + v#V;p = 0, we
observe the relations

— !V, VP, =V x (Tpv*) =Tp = V x . (2.37)

16



This lets us find #* up to a gradient term (assuming no external forces aside from the ones we have
already announced). This way we recover the original Euler equation that, up to a redefinition of p,
can be now written as

2
iH 4V, PYH = _yH (”7 + p) . (2.38)

The pressure p can be found from the incompressibility constraint V,u* = 0. Therefore P, differs

from the momentum flux tensor I1,, of this anomalous Euler equation only by a trace term:

it + Vv, I = 0, (2.39)
1

Whereas the momentum flux tensor provides the acceleration of the fluid, P, describes the
velocities of vortices. This observation has to do with the fact that the vortex Hamiltonian and
symplectic form can be obtained by a reduction of the original infinite-dimensional system with
respect to the relabeling symmetry [32], giving equations of motion that are first order in time.

Moreover, P, does not account for the global circulations encoded in the harmonic part of u*
(see Sec. 2.3.4). Therefore it can be understood as exactly the part of the momentum flux tensor that
generates local torques (shears) in the original fluid, driven by the vortices. All other forces acting
on the fluid are curl-free, don’t create any local torques and therefore don’t influence the motion of

vortices.

2.3.4  Details on nonzero genus
Here we list the necessary changes to the above formulas if one restores the harmonic part of the

flow u* (present only for g > 1), which we have ignored so far.

According to Hodge theory, an incompressible flow admits a unique L2—0rthogonal decomposition
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of the form

Uy = fy + 0y = Vi + iy, €V, =0. (2.41)

The total energy of such a flow now includes the energy of i#:

S | _ 1
H=H0+4H, H:—/|V1//|2dV, H:—/ﬁzdv. (2.42)
2y 2 )y

The Euler equation describes the dynamics of both i## and i##. The vortex Hamiltonian (2.16) should
really be denoted H N, and the velocities of vortices need to include the value of i7#:
i =l vz, W =TIV AY. (2.43)
Therefore the curl-free part of the flow ## has to be included in the symplectic structure for vortices,
correcting the symplectic form proposed in [5]. The full Poisson brackets are stated in Sec. A.3.
The Ward-type identity (2.20) gets corrected as

6Hy

CTho* = YUK
I'p?), =2V Sghv

(2.44)

The stress P,y can be defined as the variation of the total energy Hy = Ay + H taken at fixed A, in

addition to previous constraints. The statement of Proposition 1 is now
vaz =-V'Py,+ Fpﬁz, (2.45)
and the Euler equation in terms of P, reads
. v mI’ =\ u?
W+ VPP =|w+B+—(R-R)|a™* -V*|—+p]|. (2.46)
4r 2
All terms except Bii* on the r.h.s. can be written as the divergence of a symmetric tensor, therefore

18



we can redefine I, as

"+ V,ITH = Bi*H, (2.47)

*

and the expression for I,y is the one for P, after the substitution V¢ - —u 1

in the traceless part

and the replacement of the trace by u?/2 + p as before.
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CHAPTER 3
CONCLUSIONS

We have developed a new framework for point vortices on curved surfaces and coarse-grained
the flows of vortices on arbitrary closed surfaces. Our method of coarse-graining should work in
principle on surfaces with boundaries, although we expect many nontrivial effects related to the
appearance of boundaries of the vortex matter itself, not coinciding with the boundaries of the
surface [6].

In addition, we have related the anomalous behavior of the vortex matter to its odd viscosity,
which is found to be a universal fraction of the vorticity quantum I". We have distinguished this effect
from the completely classical effect of spin, which is merely a curvature-dependent force acting on
the fluid. It is apparent that odd viscosity is related to the anomalous difference of 1/2 between the
spins of the original fluid and of discrete vortices in it. Comparing the vortex Hamiltonian with the

free energy of a Laughlin state of particles with conformal spin s [13], we find

2m =1+ 2s. 3.1

This further justifies treating s = m — 1/2 as the spin of a vortex.
Finally, the anomalous negative “temperature” of vortex matter might explain the recent

observations of negative-temperature states of vortices in the Bose-Einstein condensate [16, 20].
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APPENDIX

A Applications

A.1 Quantization of spin

First we argue that the spin parameter m in the Euler equation (2.10) has to be integer or half-integer,
provided that all vorticity is quantized in units of I'. The argument is analogous to the Dirac
quantization condition. Namely, if we want (2.10) to apply to arbitrary initial vorticity distributions,

then we can consider a solution with a single point vortex (an analog of a Dirac string)

mlI’
A7

w =

R+ Aby,. (A.1)

Because of the neutrality condition, A = myI". Finally, the quantization of vorticity requires that

my € Z. Since y is even, this means that most generally m € Z/2.

A.2  Conical singularities

In our derivation of the Liouville equation (2.32) we have tacitly assumed smoothness of the
coarse-grained density p, which is why strictly speaking it cannot be directly applied to surfaces
with singular curvature. Here we only make a naive attempt to extract the leading behavior of the
density.

Consider a surface whose curvature is concentrated at one point z¢:

R(z) =4rnad(z) +O(1), z— 2p. (A.2)

Such a singularity corresponds to a conical point with the cone angle 27(1 — @). We assume
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0 < a < 1. Let us look for solutions of (2.32) that turn to zero at zq as a power-law of the distance r
from zg:

o ~r2. (A.3)

We have Aln p ~ 4nyéd,,, which matches the singular term on the right hand side of (2.32) if and
only if
v/a=2m € Z. (A.4)

Moreover, since away from the singularity we have p & po = k/V, we find the number of

vortices concentrated at the singularity

/ (p — poo)dV = % / RAV = ma. (A.5)

These formulas are similar to those for the classical contributions to the density of Quantum Hall

fluids on a cone [9].

A.3  Transport of vortices

The curl-free part ## of the incompressible flow on X of genus g can be decomposed as

i, = Z Yab%, (A.6)

where Qﬁ are fixed curl-free and divergence-free (closed and co-closed) one-forms, and can be
chosen so that 02“1 =¢,"0y and / g”VHZHQdV = 6P. They form a harmonic orthonormal basis of
the de Rham cohomology H'! (2, R). The numbers y, = /Z ut0},dV parametrize the space H I(zZ,R)
and express the mean “homological circulations”. Namely, if we let C,; be a fundamental loop on X
and choose ¢ so that -9§Ca o = caéab , then vy, ¢, is the extra non-vorticity-generated circulation

included in yg u evaluated along any loop homological to Cj.

22



The energy of the flow can now be rewritten as
~ 1 2
H_H+§Za:ya (A7)

and the dynamics of the vorticity w and the y,’s is determined by the Poisson brackets

I oF _ oG
{F,G} [w] = / w + ZZ—HR) . E'“VV,J%VVEdV, (A.8)
r oF
{Flwl,ya} = / w + ’Z—HR) -HﬁV"“‘%dV, (A.9)
I _
Yarvs) :/ w+3+’f—ﬂ(1e_1e)) M gagbay (A.10)

for any functionals F' and G of w. The complete equations of motion then read w = {H, w}, which

is (2.12), and

ml’ "
Ya ={H,Ya} = / (a)+ ER) 0 u #dv"'zyb{?’ba)’a}- (A.11)
b

We see that the uniform magnetic field affects the dynamics only on multi-connected surfaces
through the Poisson brackets between y,’s. The structure of incompressible flows on surfaces of
arbitrary genus was studied in [19, 18].

The tremendous effect that the uniform magnetic field can have on the dynamics of the fluid on
multi-connected surfaces can be easily seen in the simplest example of a torus.

Consider a flat torus with a metric corresponding to a rectangle of size L X L, with identified
edges. In the standard Cartesian coordinate system, we can let 8¢, a = 1,2 be the L2-normalized
coordinate vector fields. Let the torus be uniformly filled with vortices, p = N/V. This is clearly a
configuration with zero coarse-grained vorticity, which means that ¥ = # = 0. Furthermore, let us
enable a constant and uniform external force by adding the term f = f101 + f202 to the right-hand

side of our Euler equation. Due to translational symmetry, we also have V(u2/2 + p) = 0.
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The Euler equation (2.6) then takes the form

i =Bi* + f. (A.12)

This equation admits a simple solution — the steady uniform flow u = B~Lf* orthogonal to the
direction of the force. More generally, a rotating initial state u = 7101 + 7202 moves according to
¥1 = Byy + f1, 2 = —By| + f». The apparent Hall conductance pv = o f* is found to be equal to
ol = % = v, the “filling fraction”.

This argument can also be interpreted as a hydrodynamic analog of Laughlin’s pumping argument
[28], where enabling a temporary electric force f that slowly increases the magnetic flux along
a non-contractible cycle on the torus by I" leads to v vortices being transported in a direction

orthogonal to f. Of course, the force f can be of any nature, as long as over the time of its presence

it pumps total momentum flux of magnitude I" into the system.

A.4  Rotating surfaces

In the plane rotating at an angular frequency €, Kirchhoft’s equations read

. 1 r
i5 = -QF + — Z . (A.13)

In the Hamiltonian formalism for vortices, this corresponds to an addition of the centrifugal potential
rQy; |zi|? to the energy. The analog of this potential on arbitrary surfaces is the addition of a large
vortex of strength 2QV and same sign as I" at a fixed point zq (viewed as the “infinity”) of our closed

surface. For simplicity we only consider the case g = m = 0 here. The Hamiltonian for this system is

Hy — Hy +20QV Z Gy (2)) (A.14)
j>0

24



and the corrected stress tensor is given by the same formulas with the substitutions

Y g +2QV - Gy, (A.15)

W w—2Q+2QV5,,. (A.16)

In the lowest-energy states, vortices are repelled from zq and it is easy to see that the Liouville
equation (2.32) after a shift of the 1.h.s. by 2Q does not have any smooth solutions. Instead, the
coarse-grained density is nonzero only inside a bounded domain whose area is approximately equal
to NI'/2Q. One can introduce a notion of angular impulse (or generalized angular momentum) for

such configurations, which we do in the next section.

A.5  Sum rules

Kirchhoft’s equations (A.13) satisfy an exact sum rule for the angular impulse [36]:
i P r
L= EZ(ZiZi—ZiZi) - EN(N‘”‘QZ'Z”Z' (A1)

The term linear in N can be called anomalous since it comes from the exclusion of self-interactions
of vortices. The generalization of the sum rule to closed surfaces requires a choice of an “axis of
rotation”. For this purpose we once again pick a point z € X and consider the potential G ;. The

angular impulse relative to z( is defined as

A%
L=2V / PVHGyeuyy’dV = = / Py VHV GV (A.18)

Z\{z0} Z\{z0}

This quantity is conserved only if the surface has a special symmetry w.r.t. zg, e.g. if itis
axisymmetric like an ellipsoid. More precisely, the vector field e#”V, G, has to be a (singular)

Killing vector.

25



Moreover, we see immediately that the anomalous stress Pﬁv is directly related to the anomalous
angular impulse:
2V r
A A
A= / P VHVGydV = =N, (A.19)

r b
Z\{z0}

since AG 4, = 1/V away from z.

Finally, using the relation between v, u and p, we obtain the formula for L in terms of the density:

L= % //p(z)L (z,w) p(w)dV(z)dV(w) — %N, (A.20)

L(z,w) = —47V (V#GZO(Z)V'gG (z,w) +7 & w) . (A21)

If we also enable the ““solid rotation” of angular frequency € as above, we arrive at the generalized

sum rule

L= % // p(2)L (z.w) p(w)dV(2)dV (w) — %N—

- (4v2+2nTV) / VG| pdv. (A22)

On a sphere, we can always choose a single coordinate chart covering X \ {z(}, in which case
Gy = 1K where K is the local Kihler potential defined by 90K = g/—g. Then a simple computation

in complex coordinates leads to

L(z,w)=2VRe (A.23)

Note that in the limit of the infinite plane, VK — % | z|2 and L(z,w) — 1, so we get back the

original sum rule (A.17) (provided that QV > I'N in the limit).

Remark. The sum rule in the plane can be alternatively derived from the Hamiltonian by performing a

uniform infinitesimal dilatation z; — e z; (or p(z) — e 20 p (€77 z) in the continuous formulation)

and equating the derivative oH to zero. On a closed surface, the necessary transformation is not

9o | 5=0
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a dilatation of the surface. Instead all vortices need to be displaced along the vector field VAG, i.e.
roughly towards or away from the large vortex at z. This displacement still looks like a dilatation

locally since the divergence of this vector field is constant.

B Variation of the Green function

First, let §,,, be a reference metric of a constant curvature that is conformal to g,,,,. We denote its
total volume by V, its covariant derivative by V, its Green function by G (x, y), and so on.
Furthermore, for any conformal deformation g,,, — g,y we introduce a potential K (not to be

confused with the local Kihler potential we used above) defined up to an additive constant by

Ak ==Y _ 2 (B.24)

where A is the Laplace-Beltrami operator of the final metric.
The main instruments for our derivation are the formulas for the metric variations of the Green

and the Robin functions.

Proposition 4. For any genus, the variation of the Green function G (x, y) with respect to the metric,

defined as 6G (x,y) = [ $o25gHY (2)aV (2), is
6G (x,) 1 1
5gHY (2) = V(,UGXVV)G)’ - EgHVvPGprGy + ﬁg,uv (Gx + Gy) . (B.25)

Here, all omitted arguments are z.

This is nothing but a covariant form of the well known Hadamard variational formula (more
often presented as a variation of the boundary of a domain) or Schiffer’s interior variation formula
[37, (7.8.16)]. The special case of conformal variations (trace part) is often used in string theory [12,

(2.87)], and the quasi-conformal variation (traceless part) can also be found in [38, 39][26, (10)].
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The Green function is modular invariant, which is why this formula is universal for surfaces of any
genus.

Any purely geometric functional A [g], i.e. a diffeomorphism invariant functional dependent only
on the metric, has a divergenceless metric variation. Namely, for any infinitesimal diffeomorphism

given by a vector field £¥, the resulting variation must vanish:

Alg] [g]
S¢A [g] = _/ T )V(,ufﬂdV( )_/g Vﬂ 5o dv =0, (B.26)
therefore Vﬂéﬁ—‘[,‘%]z) =0.If A[g] (xq1,...,x) is also a function of several points, we can similarly

derive the Ward-type identity

0A [g] (x1,...,xr)
K 08 (2)

1 r
= Z 6x; (2) VYA [g] (oo Xim1s 20 Xig1s - - 2) (B.27)
i=1

where all derivatives act on z. For instance, using (B.25), we can instantly verify that

6G (x.y) 1 1
v % = 50x(VyG (2.) + 76, (Vv G (2.%) . (B.28)

The Ward identity (B.27) is also helpful in computing these variations in two dimensions. Namely,
conformal variations are often known or easy to compute, which gives the trace of the variation.
The Ward identity then reduces the problem to finding a traceless symmetric tensor with a given
divergence, which is a d-problem in local coordinates (since V4 Juv = 26_2”8_Z [z for a traceless
symmetric tensor fy;). Such a problem has a unique solution up to a holomorphic quadratic

differential, and in particular unique on a sphere.

28



C Proofs of main results

On genus zero, the Robin function satisfies
~AGR=—_Z (C.29)

The following key relationships between the curvature, the conformal factor g, = e27 3 wuv»> and the

potential (B.24) hold on genus zero and follow from (B.24, C.29):

o—-0

2
GR=U+C, C=C|g]=const (C.31)

U=(-A)"" % =(K-K)+ (C.30)

The bars denote averaging over the surface. Therefore, at least on genus zero, we can easily vary GR
once we know how to vary the Green function, the scalar curvature, and the constant C. However, to
obtain a universal answer for any genus, we will follow a different tactic: we will make an educated
guess of the answer and prove it by verifying the trace and the divergence. But first we need a
technical result that is at the heart of coarse-graining.

From now on, we use [a uv = tr] as a shorthand notation for the traceless part a,, — % guvgp/la ol

(unambiguous no matter which of the conformal metrics we use).

Lemma 5 (Generalization of algebraic identity (19) in [43]). On a Riemann surface of genus g
with a metric g of total volume V and Green’s function G, fix a point x and consider the following

traceless symmetric tensor as a functional of the metric:

@y iy = — [VuGyV, Gy — tr] + ﬁ [VuV, Gy —tr], (C.32)

29



or in complex conformal coordinates
2, Lo 1
CDX,ZZ(Z) = - (an) + E@ Gx - E (8 In \/g) an (C33)

Then

1. Denoting d°>x, uv = @x v [&] for the reference metric § of constant curvature, we claim that

Cf)w, is locally integrable and

(<] o 1 o o o
Vb v = 56,9, G5 - %VVGX. (C.34)

Moreover, &)x,ﬂv = 0 in the infinite plane and on the round sphere. The flat torus case will be

stated in (D.59).

2. Ifg= 62033’ and K is the potential (B.24), then @,y is locally integrable and

o o 1
SN [V(IquVy) (K N g) - tr] + 5 (C.35)
where
1 1 1 .

In addition, its divergence is

1
VED, 1y = E(SXVVGR + (— - —) V,Gy. (C.37)

Proof. Since locally

. 1 1 1 1. 1.
Gr(z) = 5 In |z — x| — el Vé(z) - -l VE(x) + 5GR(z) + 5GR(x) +0(z—x) (C.38)
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with a smooth error term, the absence of second order poles in ¢ uy follows from the identity

- ialn| - |2—if)2 i1n| —x||=0 (C.39)
2n S 47 op TR )

Therefore (i),uv is well-defined as a distribution and in turn has a well-defined divergence. The value

2
V8

rest has to be concentrated at z = x. The only delta-like term can come from the first order pole in

of the divergence ~=d®, ., away from x is immediately found to be the second term in (C.34). The

&, and by substitution of the above short distance expansion of the Green function into (C.33) we
find it to be equal to Sx(z)%é)(o?R.
The second part of the proposition follows from the transformation rule G (x, y) = G (x,y) +

%K (x) + %K (y) + const and the transformation rule for the Christoffel symbols

(V” - %ﬂ) ay = -Clay, (C.40)

Cr, = 680y0 +680u0 - guvgPdp0, VECL, = 5iA0. (C41)

An alternative field-theoretical derivation of these identities, as well as a more explicit formula for

® ;;, can be found in [26]. m|

This Lemma defines VGV, Gy as a distribution: the double derivative V,V, Gy can be
understood as a second derivative of a regular distribution (which is always well-defined), and ®,,
is a regular distribution too. This gives a precise distributional meaning to the vortex stress P, and

finalizes the statement of Proposition 1.

Lemma 6. On surfaces of any genus,

oGR(x)
5gH(z)

1 S 2
— [VuGxVy Gy — tr] + hyy + S8y (—ﬁ + VG,C) , (C.42)

where hy,y(z) is a (possibly x-dependent) holomorphic quadratic differential (i.e. a divergenceless

and traceless symmetric tensor). On genus zero surfaces h;y = 0 and on genus one surfaces hyy,
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is x-independent. The first term in the variation has to be understood as the distribution equal to

CI)#V - (V/JVVG.X - tr)/47T.

Proof. Using the previous Lemma, we directly check the Ward identity

SGR(x) 1
u _ 2 R
\% T zdeVG . (C43)
Moreover, the trace part of the variation (corresponding to conformal deformations of the metric)

follows directly from the definition of GR and Proposition 4:

sGR 16GR 2 1
- g'“"dgw(é; ~2 50((;;) =y G+ o). (4

Therefore §GX /5gH” can differ from the stated result only by a traceless divergenceless term. On
genus zero surfaces such a term has to be zero. We show that this term also has to be x-independent

(and therefore irrelevant to the physics of vortices) at least on genus one surfaces in Appendix D. 0O

Lemma 7. The metric variation of the curvature potential (2.15) is

oU(x) 1
08 (2) T Tin [V'“VVGX - tr] - [V(/,szVV)U - tr] +

1 ox X 1 1
— -—+= — — 4
+2guv 47T+VGx+VU+47TV (C45)

Proof. The variation of R is standard,

§ (RAV) = V,kHdV, (C.46)
kH = =V,68" + g2,8"" V, 08" . (C.47)
This together with Proposition 4 gives the result, since U(x) = % f G(x,2)R(2)dV(2). ]

Proof of Proposition 1. Combining all of the above lemmas we find that the variation of the total

Hamiltonian (2.16) gives the stress tensor (2.25). There, the result is intentionally written in terms
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of the full stream function ¢ instead of just F(—A)_1 p, which leads to the extra term

1 1

2V (C.48)

*2 4V )’

1 R 2 N
gﬂv( XU

This term is divergenceless and can be eliminated by an addition to the Hamiltonian of a constant
dependent only on the metric. On higher genus surfaces, oy, will also absorb 4, coming from
the variation of GX. The proof that hyy and therefore 0, remains z;-independent on genus one

surfaces will be given in Appendix D. O

Lemma 8. Let Hy ({z;}) be a symmetric function of the positions z; of N identical particles, such
that in the coarse-graining limit it is represented as a functional Hcg|p] of the coarse-grained
density p. We also assume that Hy and Hcg are known functionals of the metric g,y on the space
on which the particles reside. Then

0HcG _ ,yv9Hco
op oghv’

PV, (C.49)

Proof. This is nothing but a manifestation of diffeomorphism invariance, i.e. just a continuous form
of the Ward identity (B.27). It can be proven by considering an infinitesimal displacement of all

particles along a vector field £, given by the Lie derivative of the density

p(ri{zh) = ) 6(xz), (C.50)

Sgp (x;{zi}) = ) € (1) Oz 6 (x,70) (C51)

Using the definition of the delta function and the integration properties of covariant and Lie

derivatives along ¢ (denoted Vg () = EH(x)Vy,y and Oz () = €H(2) 0z, respectively), we can verify
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the identity

Gep = 37 0c(c)0 (6 20) = = 37 (V02 () + 02,0 - V) =

1

= _ Z Y (6#(x)65,(x)) = =V, (0H) . (C.52)

Now we let this identity define the variations of the coarse-grained density. Then for any Hamiltonian

Hp,g]
SH SH
5 H:/—5 pdvzfpgﬂv —qv. (C.53)

On the other hand, we have the diffeomorphism-induced metric variation gH” = —VHEY — VVEH,

giving the metric variation
1

Diffeomorphism-invariance is exactly the statement that 64 H = 6¢H. Comparing the two variations

for all £#, we get VP, = pvﬂ%. O

Proof of (2.23). The formula for the coarse-grained flow follows directly from the previous lemma.
The velocity of the particles, as prescribed by the symplectic structure, is I' p\’/‘z =—pVy %, which

gives the result after dividing by p. O

Proof of Proposition 2. On the discrete level, the divergence of P, has to be computed carefully
by referring to ®,,,, and gives the exact Kirchhoff equations. But now we use the power of the
representation of P, in terms of p to coarse-grain. Assuming that the flow has been coarse-grained
(u* no longer has singularities), we compute the divergence directly using the final expression for
Puy:

F2
VHPuy =T2pV(=A)"!p = mIZpVU - == Vp, (C.55)
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We can divide both sides by the coarse-grained p, proving the general coarse-graining formula. The

stated mean-field equation is obtained by taking a curl of v# and equating it to zero. O

D Torus

In this section we rederive the expression for the stress tensor on genus one surfaces, and in particular
we show that the term o, remains z;-independent. Tori are special among all closed surfaces in
that we can in fact obtain a formula for the metric variation of o-(x), K(x) etc. They have g = 1 and
X =0, so the general relation

o—-0 X

+

s+ 5 (K -K). (D.56)

1 R
U = (=A) 152

simply states that o = 2zU, therefore we already know how to vary it. Finally, on a torus, just like
on a sphere, GK = % + K + C|[g], whose variation is now computable since K = % (—A)_1 e 27 is
expressed in terms of o-. The only remaining unknown will be the traceless part of the variation of
C|[g] (the total trace of the variation is already known from (C.44)). However, this part will be a
smooth tensor independent of x that is not physically relevant anyway.

Since the variation of o = 27U follows from (C.45) with y =0,

6 (20(x))

1
s (n) ~ | VWOV (20) = 58y Vp G VT (2@] -

1
- lV,quGx - EguvAGx

| 1 20

we can derive the total variation of K on a torus,

oK (x)
6gh(2)

- [V(,quVv)K - tI'] +

1 2 1

24,V (&)_IG t
= - —tr
v ! 22 \v

(note no circle above Gy). Once again, all omitted free arguments here are z and all derivatives are
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w.r.t. z. It is now easy to notice that on a flat torus

° 2 ° o -1 o
cpx,wzkvﬂvy((—A) Gx)—tr + hyy, (D.59)

where /1,y is a holomorphic quadratic differential (4;; = const). By translation invariance, &, has
to be x-independent.
Considering that we know what the exact trace part of & GR/5gHY should be from (C.44), all of

this adds up to the same variation of G® as on a sphere up to the uninteresting uv:

6GR(x)
ogHv(z)

1 0 2

where as usual the first term has to be understood as ®,,, — (V;,V, Gy —tr) /47.

This implies that the final form of the stress tensor given in Proposition 1 remains correct with a
zi-independent o0,,,. The question of whether o0,y is z;-independent on surfaces of higher genus as
well remains open. If it were dependent on the vortex positions, it would affect the dynamics of the
boundary of vortex matter in subtle ways. However, in the bulk of the vortex matter, which is the

only case studied here, it would still be unobservable.
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