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Dedicated to my parents and Benson Farb



“I am a wild animal, not an animal trainer.

[ am going to chase you deep into the mountains and forests

and you are going to have to do your damnedest to run ahead of me.
The faster you run, the faster I will chase you.

If you run slowly, I will chase you slowly.

Whatever happens, you must run,

you must never stop, whatever difficulties you face.

The day that you stop running, our relationship is over

The day that you run deep into the woods and disappear from sight,
our relationship is also over.

In the first instance, I have given up on you;

in the second, you have set yourself free.”

-By Mai Jia, told by Benson Farb
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ABSTRACT

Given any n points on a manifold, how can we systematically and continuously find a new
point? What if we ask them to be distinct? In this thesis, I will try to answer these ques-
tion on surfaces. Then I will connect these questions to sections of some universal surface
bundles. In the end, I will classify automorphisms of n-strand surface braid group. The

slogan is "there is no center of mass on closed hyperbolic surfaces”.

1X



CHAPTER 1
INTRODUCTION

1.1 Point-picking

Let S be a surface and let PConf;,(S), the pure configuration space, be the space of or-
dered n-tuple of distinct points on S. Let fy,(S) : PConf,1(S) — PConf,(S) be the map
given by fn(zg,x1,...,2n) = (21,...,2n); the fiber bundle f,,(S) is called the Fadell-
Neuwirth fibration. Given n distinct points on S, how can we continuously associate a new
point on S that is distinct from the other n points? The sections of f,,(S5) gives the answer
in the situation of n ordered points. Let Sy be a surface of genus g and 52 a 2-sphere. In
this paper, we classify the sections of the fiber bundle f,,(S) for 3 cases: R2, 52 and Sg
when g > 1. Here by section we mean continuous section.

We call a section s of f,(R?) (resp. fn(S?)) “adding a point near x,” if s is homo-
topic to an element in the collection of sections Add,, 1 (R?) (resp. Add,, (S 2)). Infor-
mally, we assign z( at a sufficiently small distance to z;, along some nonvanishing vector
field. See Figure 1.1.1 for a demonstration of “adding a point near x;”. Notice that there
are infinitely many homotopy classes of sections in Add,, 1 (R?) and Add,, (S 2) and they
are classified by a kind of twists or sections of a circle bundle. See Section 2.1 and Section

3.2 for formal definitions of Add,, ;(R?) and Add,, ;(S?) respectively.
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Figure 1.1.1: “adding a point near x}.”
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Figure 1.1.2: “adding a point at infinity”

We call a section s of fn(RQ) “adding a point at infinity” if s is homotopic to an el-
ement in the collection of sections Addn,oo(RQ); see Figure 1.1.2. Informally, we consider
R? as S2 missing a point oo, we can assign zg at a sufficiently small distance to oo along
some nonvanishing vector field. See Section 2.1 for a formal definition of Addnpo(RQ).

9

Whether we can define “adding a point near x;” or “adding a point near x;” depends in

a delicate way on properties of S.

Theorem 1.1 (Classification of sections for ordered configurations). The following
holds:

(1) If S = RZ and n > 3, any section of fn(S) is either “adding a point at infinity”
or “adding a point near x.” for some 1 < k < n.

(2) If S = S? and n = 2, the bundle f,(S) does not have a section. If S = S? and
n > 4, any section of fn(S) is “adding a point near x” for some 1 <k <n.

(3) If S = Sy a surface of genus g > 1 and for n > 1, the bundle f,(S) does not have

a section.

There is a natural action of permutation group ¥, on PConf,(S) by permuting the
n points. Thus the quotient space is the space of unordered n-tuples of distinct points in
S. Permutation group ¥, acts on the fiber bundle f,,(S) as well. Let F},(S) : PConf,1(S)/%, —
PConf,,(S)/%, be the map given by Fy(xg, {z1,...,zn}) :={z1,...,2n}.

Corollary 1.2 (Classification of sections for unordered configurations). The fol-

lowing holds:



(1) If S =R2 and n > 3, any section of Fp(S) is “adding a point at infinity”;

(2) If S = S? and n > 4 orn = 2,3, the bundle Fy,(S) does not have a section.

We will discuss the exceptional cases when n = 3 for S = 52 in Section 3.5. Our
method does not work for the case n = 4 but in [19, Theorem 2], they proved that Fy(S?)
does not have sections. We do not do the g = 1 case because our methods do not apply to
it. But the construction “adding a point near x;,” works for the torus as well; see Section
2.1.

It is classical that f,(R?) admits a section. In [14, Theorem 3.1], Fadell showed that
when n > 2, the bundle fn(SQ) admits a section. The unordered case for S = R2, i.e.

(1) of Corollary 1.2 has been proved by [4, Main Theorem 2] and [7, Theorem 4]. In [19,
Theorem 2|, they prove the case (2) of Corollary 1.2, and even stronger, they deal with
the multi-section problems. All the previous proofs make use of the braid relation and the
presentations of braid groups and do not imply (1) and (2) in Theorem 1.1. Our main tool
is the canonical reduction system for a mapping class, which in turn uses the Thurston
classification of isotopy classes of diffeomorphisms of surfaces. This idea originated from
[5].

The ordered case for S = Sy of g > 1, i.e. (3) of Theorem 1.1 has been proved by
[18, Theorem 2|. Their proof makes heavily use of the presentations of surface braid group.
We give a simple proof using the cohomology of surface braid group and a classification

theorem in [8, Theorem 5.

1.2 Sections of n-pointed surface bundles

Let Diff(Sy,,) be the orientation-preserving diffeomorphism group of a surface S, of genus

g > 1 fixing n distinct points {1, 2, ...,x,} C Sy pointwise. There is a fiber bundle

Sy — UDIff(Sy.) ~2 BDIff(Sy.0), (1.2.1)
3



which is universal in the sense that any Sg-bundle endowed with n disjoint sections is a
pullback of this bundle. Since Diff(Sy ) fixes the n points x1, z9, ..., z, We associate n
points on each fiber, i.e. n disjoint sections of (1.2.1) which are denoted by s1, s9, ..., Sp. A
natural question is: are there more sections?

R. Hain conjectured that every section of (1.2.1) is homotopic to one of these n sec-

tions. This is the main theorem of this paper.

Theorem 1.3 (The classification of sections for ordered case). Forn > 0 and g >
2, every section of the universal bundle (1.2.1) is homotopic to s; for somei € {1,2,...,n}.

For g = 2, there are precisely 2n homotopy classes of sections of the universal bundle

(1.2.1).
Since each section s; has nontrivial self-intersection, we have the following corollary.
Corollary 1.4. The universal bundle (1.2.1) does not admit n + 1 disjoint sections.

What if we only fix the n points as a set? More precisely, let Diff(S; 7) denote the
orientation-preserving diffeomorphism group of a surface Sy of genus g > 1 fixing n points

{z1,29,...,2n} C Sy as a set. There is a fiber bundle

!

S, — UDIfi(S, ) —2 BDIff(S, 7). (1.2.2)

We also have the following result.

Theorem 1.5 (No sections for unordered case). Forn > 1 and g > 1, surface bundle

(1.2.2) has no sections.

We see below that Hain’s conjecture can be interpreted both in terms of mapping
class groups and also in terms of moduli spaces. Let Mg, be the moduli space of smooth
Riemann surfaces of genus g with m + n distinct points, m labelled and n unlabelled.

Earle-Kra [11, Theorem 2.2] proved that the only holomorphic section of the forgetful map
4



J i Mgmn — Mg o occurs when g = 2 and n = 6. This section is constructed by
marking all six Weierstrass points.

Corollary 1.4 and Theorem 1.5 give a topological proof of the fact that there is no
continuous section of Mg 1,110 = Mg 0 for m > 0 and there is no continuous section
of Mg1pn — Mgy on for n > 1. Recently, we found out that Theorem 1.8 can be deduced
from [2, Theorem 1.1]. Their proof substantially uses the tool of canonical reduction sys-
tem. We provide a more elementary proof of this result.

When we talk about fundamental group in this paper, we omit the base point and

that brings no ambiguity.

1.2.1 The strategy of proof

Let PConfy(Sy) be the space of ordered n-tuple of distinct points on Sy and let PB;,(Sy) =
m1(PConfy(Sy)). Let Modg, (resp. PMody ) be the mapping class group of Sgp, i.e. the
group of isotopy classes of orientation-preserving diffeomorphisms of Sy j, fixing n punc-
tures as a set (resp. pointwise). We omit n when n = 0.

We first translate the problem into a group-theoretical problem of determining a ho-
momorphism p satisfying the following diagram, where the horizontal exact sequences are

the Birman exact sequences.

le bk
1 — m1(Sy) — Mod,, | —+> Mody — 1.

The analysis of p is decomposed into two parts: first classifying R and then trying to
extend R to p. In the second part, we use the commutativity of diagram (1.2.3) and the

action of Mody on 71 (Sy). In classifying R, we have the following key ingredient.



1.2.2  The key ingredient

The key ingredient is the following question.
Question 1.6. How many homotopy classes of maps are there from PConf, (Sy) to Sq?

Let p; : PConf,(Sg) — Sy be the projection onto the ith component. Let p;, :
PBp(Sy) — m1(Sg) be the map on the fundamental groups of p;. Since p; does not fix a

basepoint, the map p;4 is only defined up to conjugacy. Do we have more maps?

Remark. The following figure is a cartoon version of what the following theorem talks

about.

Forget
—

We answer Question 1.6 by the following classification theorem.

Theorem 1.7 (The classification of homomorphisms PB),(Sy) = 71(Sy)). Let g > 1
andn > 0. Let R: PBy(Sy) — m1(Sg) be a homomorphism. The followings hold:
1)If R is surjective, then R = Ao p;y for some i and A an automorphism of w1 (Sy).
2)If Image(R) is not a cyclic group, the homomorphism PBp(Sg) — m1(Sy) factors

through p;s for some 1.

In our next paper [9], we classify the surjective homomorphisms between P By (Sy)
and PBy,(Sy) for any n and m. We also give a new proof of the result in [13, Theorem 1]

about the automorphism group of PBy,(Sy).



1.2.83  Other geometric applications

It is a basic question to understand the classification of sections of a surface bundle. The-
orem 1.7 has many geometric applications regarding the section problems. In this paper,
we also deal with the case of the universal hyperelliptic surface bundle. This result is re-
cently proved in [36, Theorem 1] as well. The genus 2 case in Theorem 1.8 is also part of

the hyperelliptic case.

1.3 Autormophism of surface braid groups

Given a surface S and a positive number n, we denote the pure configuration space of S by

PConfy(S) = {(z1,...,2n) € S" : x; # x; for i # j}.

There is a natural free action of the permutation group X, on PConf,(S) given by per-
muting the coordinates and we refer to the corresponding quotient Confy,(S) := PConf,(S)/%,

as the configuration space of S. Lastly, let

PBy(S) := w1 (PConfy,(S)) and By(S) := 71 (Conf,(S5))

denote the n-strand pure braid group and the n-strand braid group of S. Our goal in this
paper is to understand surjective homomorphisms between surface braid groups on differ-

ent numbers of strands. For example, when n > m > 0, there are natural maps PConf,(S) —
PConf,(S) forgetting n—m coordinates, which induce forgetful homomorphisms PBy(S) —

PBp,(S). In fact, up to automorphisms, these are the only surjections that arise:

Theorem 1.8 (Surjections PBy(S) — PBp,(S)). Let S be a (possibly noncompact) hy-

perbolic surface of genus at least two. For m,n > 0, every surjective homomorphism

F : PBp(S) — PBny(S) factors through some forgetful homomorphism, possibly post-
7



composed with an automorphism of PBp,(S).

In particular, when m > n, there is no surjection F' : PBy,(S) — PBp(S). Moreover,
when n = m, every surjection F' : PB,(S) — PBp(S) is an isomorphism. This gives a
new proof of the fact that PBy,(S) is Hopfian. Another consequence of our theorem is the

following;:

Corollary 1.9 (Surjections By (S) — PBi(S)). Let S be a (possibly noncompact) hyper-
bolic surface of genus at least two. For m > 0,n > 1, there is no surjective homomor-
phisms

F: By(S) — PBm(S).

Historically, the first nontrivial surjective homomorphism between braid groups arose
from a classical miracle: “resolving the quartic”. Indeed, let RQ : Confy(C) — Conf3(C)

be the map given by

RQ(a,b,c,d) = (ab+ cd, ac + bd, ad + bc).

By computation, the induced homomorphism on the fundamental groups RQ« : B4(C) —
Bs3(C) is surjective. Theorem 1.8 says that there is no such miracle map between pure sur-
face braid groups.

The readers may be wondering why we refer to RQ)« as a miracle. One of the rea-
sons behind this terminology is a result of Lin [28] proving that there is no surjective ho-
momorphism B (C) — By, (C) when n > m except the RQ4« map. In proving this, Lin
extended Artin [3] classification of all homomorphisms B, (C) — ¥, to the case By, (C) —
Ym. To get a similar result of surface braid group, we would need to classify homomor-
phisms By, (S) — %, extending the result of Ivanov [23, Theorem 1] classifying surjections
Bp(S) — X5. Based on the above discussion, we have the following conjecture:

Conjecture 1. Let S be a (possibly noncompact) hyperbolic surface of genus at least two
8



and m # n > 0. There is no surjective homomorphism
F : Bp(S) = Bn(9)

In light of our first theorem, in order to further understand all surjections between
pure surface braid groups, we need to study the automorphism groups of braid groups:
Aut(Bp(S)) and Aut(P,(S)). To this end, for g > 1 let Diff¥(Sy ) be the group of dif-
feomorphisms of Sy fixing two sets of punctures, one with p points and the other with n

points including both orientation-preserving and orientation-reversing maps. Let
Mod™ (Sg,pn) := o (Diff™ (Sg,p.n))

called extended mapping class group of Sgn . The following theorem computes Aut(PBp(Sg,p))

except whenn =1,p > 0.

Theorem 1.10 (Automorphism group of PBy(Sgp) and By (Sgp)). When g > 1, either

n>1p>0o0rn>1p=0,
Mod™ (S pn) =2 Aut(PBn(Sy,p)) = Aut(Bu(Syp))-

Remark. When n = 1,p > 0, the statement of Theorem 1.10 is simply false. The group
PB1(Sy,p) is a free group and there are many isomorphisms of PB1(Sy,) that are not in-
duced from diffeomorphisms. But as Theorem 1.10 shows, as long as we have more strands

in the braid group, every automorphism is induced from a diffeomorphism again.

It should be mentioned at this point that Theorem 1.10 had a predecessor: Irmak-—
Ivanov-McCarthy [22, Theorem 1] first computed the automorphism group of PBy(Sy)
and showed that every element is geometric in the sense that it comes from a diffeomor-
phism of Sy. After this work was completed, we also found out that An [1] obtained The-

9



orem 1.10 through similar method as [22, Theorem 1]. Moreover, Kida—Yamagata [25] [26]
showed that all injective homomorphism from a finite index subgroup of PBy(Sy) to itself
is induced by a diffeomorphism of surface. Nevertheless our method is new and appears to
be much simpler than all of the above. In particular, we do not rely on canonical reduction

systems but we use cohomology obstruction theory.

10



CHAPTER 2
POINT-PICKING

2.1 The case when S = R?

Let S be a surface and let PConf,,(S) the pure configuration space be the space of or-
dered n-tuple of distinct points on S. The natural embedding PConf,(S) C S™ gives the
topology on PConf,(S). Let f,(S) : PConf,,+1(S) — PConf,(S) be the map given by
fn(zg, z1,...,xpn) == (T1,...,%n).
There is a natural action of permutation group ¥, on PConf,(S) by permuting the
n points. Thus the quotient space is the space of unordered n-tuples of distinct points in
S. Permutation group %, acts on the fiber bundle f,,(S) as well. Let F},(S) : PConf,,+1(5)/%, —
PConf,,(S)/%, be the map given by Fy(xg,{z1,...,zn}) := {x1,...,2n}. The subject of
this section is to classify the sections of the fiber bundles f,,(R?) and Fy,(R?). We omit the
base point throughout the whole paper when we use fundamental groups and that does

not bring ambiguity in our discussions.

2.1.1 Constructing sections

In this subsection we give constructions of sections of the fiber bundle f,(R?). There are
two cases: “adding a point near z;” and “adding a point at infinity”. The construction
originated from [12].

Case 1: adding a point near xj. Let

on = (v, x1,...,20)|21, ..., Tn, DEe n points on and v be a unit vector at x. ¢.
PConf,, j,(R? 3 b i R? and vy, b i i

11



This is the total space of a circle bundle by forgetting the vector vy,
S! — PConf,, ;(R?) — PConf, (R?). (2.1.1)

Equip R2 with the Euclidean metric. Let

1 .
€(@1, ooy @n) = Ny gizj<pid(z, 25)}-

By the definition of €(x1, ..., zy), setting xg to be the image of the v.-flow at time €(xq, ..., zy)

from x}; gives a map:
emmk(Rz) : PConfn’k(Rz) < PConf), 41 (R?).
Composing a continuous section s : PConfy,(R?) — PConfnJg(]RQ) of the fiber bundle

(2.1.1) with emn’k(RQ) gives a section of the fiber bundle f,(R?).

Definition 2.1 (Adding a point near xp). We denote by Addnvk(R2) the collection of

sections of f,(R?) consisting of compositions of a section of (2.1.1) with emy, 1 (R?).

Notice that there are infinitely many homotopy classes of sections in Add,, k(RQ) and
they are in one-to-one correspondence with the homotopy classes of sections of (2.1.1).
Case 2: adding a point at infinity. Let us call the north pole of a 2-sphere the point

at infinity co. Then RZ >~ 5% _ o through the stereographic projection. Let
PConfnvoo(R2) = {(Vo0s 1, ..ry Tp)|T1, ..., Ty, be n points on R and vse be a unit vector at oo}.

This is the total space of a circle bundle by forgetting the vector

ST — PConfy, o0 (R%) — PConf, (R?). (2.1.2)

12



Equip S? with the spherical metric; i.e. the metric that is induced from the standard

embedding S2 c R3. Let

1 .
€1, ap) = gmini<i<nid(z;, 00)}.

By the definition of €(x1, ..., zp), setting xg to be the image of the vyo-flow at time e from
00 gives a map:

emn’oo(Rz) ; PConfn’oo(]RQ) — PConfn+1(R2).

Composing a continuous section s : PConf, (R?) — PConf,, ~(R?) of the fiber bundle

(2.1.2) with emy, oo(R?) gives a section of the fiber bundle f,,(R?).

Definition 2.2 (Adding a point at infinity). We denote by Addy, oo (RR?) the collection

of sections of f,,(R?) consisting of compositions of a section of (2.1.2) with emy, oo (R?).

Notice that there are infinitely many homotopy classes of sections in Addmoo(RQ)

and they are in one-to-one correspondence with the homotopy classes of sections of (2.1.2).

2.1.2 Background

In this subsection we discuss some properties of canonical reduction systems and the lantern
relation. Let S = Sgp be a surface with b boundary components and p punctures. Let
Mod(S) (reps. PMod(S)) be the mapping class group (resp. pure mapping class group) of
S, i.e. the group of isotopy classes of orientation-preserving diffeomorphisms of S fixing
the boundary components pointwise and punctures as a set (resp. pointwise). By “sim-
ple closed curves”, we often mean isotopy class of simple closed curves, e.g. by “preserve a
simple closed curve”, we mean preserve the isotopy class of a curve.

Thurston’s classification of elements of Mod(.S) is a very powerful tool to study map-
ping class groups. We call a mapping class f € Mod(S) reducible if a power of f fixes a

nonperipheral simple closed curve. Each nontrivial element f € Mod(.S) is of exactly one
13



of the following types: periodic, reducible, pseudo-Anosov. See [16, Chapter 13| and [17]

for more details. We now give the definition of canonical reduction system.

Definition 2.3 (Reduction systems). A reduction system of a reducible mapping class
h in Mod(S) is a set of disjoint nonperipheral curves that h fixes as a set up to isotopy. A
reduction system is maximal if it is maximal with respect to inclusion of reduction systems
for h. The canonical reduction system CRS(h) is the intersection of all maximal reduction

systems of h.

For a reducible element f, there exists n such that f fixes each element in CRS(f)
and after cutting out CRS(f), the restriction of f™ on each component is either periodic or
pseudo-Anosov. See [16, Corollary 13.3]. Now we mention three properties of the canonical

reduction systems that will be used later.
Proposition 2.4. CRS(h™)=CRS(h) for any n.
Proof. This is classical; see [16, Chapter 13]. ]

For a curve a on a surface S, denote by T}, the Dehn twist about a. For two curves
a,b on a surface S, let i(a, b) be the geometric intersection number of a and b. For two sets
of curves P and T, we say that S and T intersect if there exist @ € P and b € T such
that i(a,b) # 0. Notice that two sets of curves intersecting does not mean that they have a

common element.

Proposition 2.5. Let h be a reducible mapping class in Mod(S). If {v} and CRS(h) in-

tersect, then no power of h fizes 7.

Proof. Suppose that h" fixes 7. Therefore v belongs to a maximal reduction system M.
By definition, CRS(h) C M. However ~ intersects some curve in CRS(f); this contradicts

the fact that M is a set of disjoint curves. O]
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Proposition 2.6. Suppose that h, f € Mod(S) and fh = hf. Then CRS(h) and CRS(f)

do not intersect.

Proof. By conjugation, we have that CRS(hfh_l) — h(CRS(f)). Since hfh™!t = f, we
get that CRS(f) = Rh(CRS(f)). Therefore h fixes the whole set CRS(f). A power of h

fixes all curves in CRS(f). By Proposition 2.5, curves in CRS(h) do not intersect curves in

CRS(). 0

Now, we introduce a remarkable relation for Mod(S) that will be used in the proof.

Proposition 2.7 (The lantern relation). There is an orientation-preserving embedding
of Sp.4 C S and let x,y, z,b1, b9, b3,b4 be simple closed curves in Sy 4 thal are arranged as

the curves shown in the following figure.

In Mod(S) we have the relation

Proof. This is classical; see [16, Chapter 5.1]. O

2.1.8  An algebraic result and how it implies (1) of Theorem 1.1

In this subsection we give an algebraic result about the braid groups and prove how it im-
plies (1) of Theorem 1.1.
PConf,(R?) and PConf,, 1(R?) are both K (m,1) spaces. This can be seen by in-

duction on n and taking the long exact sequence of homotopy groups of the fiber bundle
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fn(R?). Therefore, the homotopy classes of sections of f,,(R?) only depend on the homo-
morphisms of the fundamental groups. Let PB;,, = m(PConf,(R?)) and let F}, be a free
group of n generators. The fundamental groups of the fiber bundle f;,(S) gives us the fol-
lowing short exact sequence, i.e. the Fadell-Neuwirth short exact sequence:

n(R?)x
1 — Fp, — PBpy1 M PB, — 1. (2.1.3)

Let Dy, be the disk with n punctures {z1,...,zp} and D), 1 be the disk with n +
1 punctures {zg, 21, ..., zp} and the forget map forgets the point xy. We view PB,, and

PB,, 1 as mapping class groups as the following:
PBy, = PMod(Dy,) and PB),+1 = PMod(D,,11).

A simple closed curve a on D, separates D), into two parts: the outside of a, i.e. the com-
ponent containing the boundary of D, and the inside of a, i.e. the one not containing the
boundary of D,. We say that a surrounds x;, if x;. € the inside of a. The following alge-
braic result on the splittings of the exact sequence (2.1.3) is a key ingredient in the proof

of Theorem 1.1.

Theorem 2.8. Suppose that we have a section s : PBy, — PDByy1. Then the image
s(PBy) either preserves a simple closed curve ¢ surrounding points {x1, ...,z }, or pre-

serves a simple closed curve ¢ surrounding {x;, xo} for some i € {1,2,...,n}.

The rest of this subsection focuses on how Theorem 2.8 implies part (1) of Theorem
1.1. Let ¢ be a curve inside D, 1 surrounding k points. Let Dgﬂ be a disk with k& punc-
tures and [ open disks removed. We call the boundary of the [ disks the small boundary
components and the original boundary of D the big boundary component. See the following

figure for a geometric explanation.
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Big boundary

Small boundary

OO -0

l

Figure 2.1.1: Dé where small boundaries are the [ small circles and big boundary is the

outside circle.

Let

PBy,; == PMod(DY})

be the pure mapping class group of Dfﬂ. The difference between punctures and boundary
components is that the Dehn twist about a puncture is trivial but the Dehn twist about a
boundary component is nontrivial. The following proposition describes the centralizer of

T.. Denote the centralizer of T, by CanH(TC).

Proposition 2.9 (Centralizer of T¢). Cpp,  (1¢) satisfies the following exact sequence

(TC»Tc_l)

1—)Z———>PB]€><PB”+1_]€,1—>CPB TC)—>1.

n—l—l(

Proof. This is classical. The centralizer of T¢ is the subgroup of Mod(D),) that fixes c.
The curve c separates D), into two components: C that contains the boundary and Cs
that does not contain the boundary. Since C'; and C9 are not homeomorphic, we have that

Cpa, +1(Tc) only contains elements that preserve C; and Cy. Therefore, our statement

holds. O
Now we are ready to prove (1) of Theorem 1.1.

Proof of (1) of Theorem 1.1 assuming Theorem 2.8. Let g : PConf,(R?) — PConf,, 1 (R?)
be a section of the fiber bundle fn(RQ). Let s = g« : PBy, — PByj 41 be the induced map

on the fundamental groups of g. By Theorem 2.8, the image s(PBy,) preserves a curve ¢
17



that either surrounds 2 points or n points. Therefore, s(PBy,) is in the centralizer of T¢ in
PB,, .1 by the fact that fT.f~! = Tt(e)-
Case 1: when c surrounds {xg,xi}. PBy = 7Z, which is generated by the Dehn twist

about the boundary component. From Proposition 2.9 we have

T, T 1
1—=7Z g Zx PBy_11 — (JanH(TC) — 1.

Therefore Cpp,  (T¢) = PBp_1 1. The inclusion PBy_11 < PBj41 is induced by gluing

1
n—1-

a 2-punctured disk inside the small boundary of D

On the other hand, we have that
m1(PCont,, 1 (R?)) = PBy,_1,1.
The fundamental groups of the fiber bundle (2.1.1) is the following exact sequence:
Ty
1—=7%Z— PBp_11— PBp — 1. (2.1.4)

Here T} is the Dehn twist about the small boundary component. The embedding em,, j:
PConfmk(RQ) < PConf,;1(R?) induces a homomorphism on the fundamental group
empy s + PBp—11 — PBpy1. On the mapping class group level, since Ty in PBj,—1 1
is mapped to the Dehn twist about a curve surrounding {zq, 7}, we know that em,, ., is
also induced by gluing a 2-punctured disk inside the small boundary of D}z—l' The theo-
rem holds.

Case 2: when c surrounds {x1,...,Zn}. Since PBj 1 = Z x Z, which is generated

by the Dehn twists about the two boundaries, we have the following exact sequence:

(07TCaTc_1)

1—=>Z ZxZx PBy — Cpp, . (T¢) = 1.
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On the mapping class group level, PB;, x PB11 — C’an+1(Tc) — PDB,,4+1 is induced by
gluing D% outside the big boundary component of Dy,. Therefore Z x PBy, = Cpp_ +1(TC)
and the generator of Z is mapped to Tch_1 where b is the big boundary of D,, 1.

On the other hand, we have that
71 (PConfy, 5 (R?)) = Z x PBy,.

The embedding emp oo : PConfn,oo(RQ) — PConfn_H(RQ) induces emy, 0o 1 Z X PBy —
PB,, 1 on the fundamental groups. On the level of mapping class groups, since Z maps
to TcT,~ 1, we know that emy cox is induced by the embedding of D, in D)1 and maps
the generator of Z to TcT,~ L Therefore, emy, oo« is induced by gluing D} outside the big

boundary component of D), as well. Our theorem holds.

The classification of the sections of the fiber bundle f,,(.S) is not entirely the same
as the classification of the splittings of the exact sequence (2.1.3). There is an subtlety
coming from the choice of base point in the fundamental groups. Therefore, we classify the
splittings of the exact sequence (2.1.3) up to conjugacy. In Theorem 2.8, all the choices of

¢ is coming from a conjugacy by an element Fj,; thus they decide the same sections.

2.1.4 The proof of Theorem 2.8

Throughout the subsection we will prove Theorem 2.8. We assume that there exists a sec-
tion s : PB;, — PB4, ie. fn(R?), 05 =id. The strategy is that we first determine s(7})
for any simple closed curve a on D,,. We will prove that the lift s(7,) is always a multi-
curve about at most two curves on D,,11; these two curves or one curve are either trivial
or isotopic to a after forgetting the point xg. Then we decompose the discussion into cases

depending on whether s(7) is a multicurve on two curves or a single twist. We use the
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lantern relation to simplify each cases and derive a contradiction. The following lemma

determines s(7T}) for any simple closed curve a on Dy,.

Lemma 2.10 (The lift of a Dehn twist). Let a be a simple closed curve on Dy, then
s(Ty) can only be one of the following three cases:

(1) It can be a Dehn twist Ty about a curve a’ on Dyyq such that after forgetting x,
we have a’' = a.

(2) It can be a multitwist T,yT7" (i.e. a product of twists on disjoint curves) about
two curves a’ and ¢ on Dy q for m € 7Z, where ¢ surrounds 2 points {xy,x}} and after
forgetting x(, we have that a’ = a.

(3) It can be Ta/(Ta/Ta_,,l)", where a' and a”" are disjoint on Dy, 1 such that after for-

getting xo, we have that o’ = a” = a.

Proof. We break our proof into two steps.

Step 1: The proof of the fact that “after forgetting xg, any element of
CRS(s(Ty)) is either a or surrounding one puncture (trivial).”

Firstly by [31, Theorem 1], the centralizer of a pseudo-Anosov element is virtually
cyclic. However the centralizer of s(T},) at least contains a copy of Z? when n > 3. There-
fore we know that s(7) is not pseudo-Anosov. Since s(7g) is not torsion element, we have
that s(Ty) is reducible. Assume there exists b’ € CRS(s(Ty)) such that after forgetting x(,
we have that b is not trivial and b # a. Since b’ € CRS(s(Ty)), we have that a power of
s(T,) fixes b'. Also a power of any mapping class that commutes with s(T,) fixes b as well.
We break our discussion into the following two cases.

Case 1: If i(a,b) # 0, then no power of T}, fixes b. However we also have some power
of s(T,) fixes b'. This is a contradiction.

Case 2: If i(a,b) = 0 but b # a, then there exists a curve ¢ such that i(c,b) # 0 but
i(c,a) = 0. Since s(T) commutes with s(7}), we know that s(7;) preserves CRS(s(7y)).

However i(b, c) # 0, which shows that no power of T, preserve b. This contradicts the fact
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that a power s(71¢) preserves b.

By the disjointness of curves in canonical reduction system, we have that CRS(s(7}))
contains at most 2 curves.

Step 2: Finishing the proof of the lemma. We break the proof into 3 cases.

Case 1: CRS(T,) only contains one curve a’. It depends on the location of x(,
only one side of a’ will contain xj. Assume without loss of generality that the inside of a
contains z(, then s(7y) is the identity on the outside. If the inside contains more than 2
points, there is a curve b inside of a containing 2 points, therefore s(7}) fixes CRS(s(1})),
which means s(T,) does not acts as pseudo-Anosov inside a’. This proves that a power of
s(Tq) is the identity on the inside. Therefore a power of s(7},) is a power of the T}/. Since
s(Ty) is a lift of T, we have that a power of s(Ta)Ta_,1 is the identity. Therefore s(7y) =
T,

Case 2: CRS(T,) only contains two curves a’ and ¢ such that ¢ surrounds
2 points {xg, z}. By the same argument as Case 1, we show that s(Tj,) = T T,

Case 3: CRS(T,) only contains two curves a’ and a’’ such that after for-
getting xg, both curves a’ and a’’ become a. By the same argument as Case 1, we

show that s(Ty) = T, (TT," )"

Notation. In the following argument, we will use small letters like a, b, c, ... to represent
simple closed curves on D,, and small letters with a prime or double primes like o/, a”, ¥, ...

to represent the canonical reduction systems of s(7y), s(Tp), .... If we have two curves in

CRS(s(Ty)), we use a’ and a”.
The following proposition characterizes intersection number 2 of two curves.
Proposition 2.11. Let i(a,b) # 0. Then T,T}, is a multitwist if and only if i(a,b) = 2.

Proof. This result was previously obtained by Margalit [29] and Hamidi-Tehrani [20]. We

give a different proof using Thurston’s construction; see e.g. [16, Theorem 14.1]. There is
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a subspace T of S that a,b fills, i.e. the tubular neighborhood of a U b. Let (T, T}) be
the group generated by Ty, and Tj, in Mod(T"). Thurston’s theorem says that when a, b fill,
there is a representation p : (Ty, T3,) — PSL(2,R) such that

1 —i(a,b) 1 0

Ty — and 1p —
0 1 i(a,b) 1

p(h) is parabolic if and only if A is reducible on 7. We know that

1 —i(a,b) 1 0 1—i(a,b)? —i(a,b)
p(TaTy) = =
0 1 i(a,b) 1 i(a,b) 1
Since Trace(p(TyT})) = 2 — i(a,b)?, we know that T,T} is reducible on T if and only if

i(a,b) = 2. By the lantern relation, we know that 7,7}, is a multitwist when i(a,b) =

2. [l

On Dy, we call a simple closed curve surrounding 2 points by a basic simple closed
curve. The following lemma gives one condition for s(PBy,) to preserve a simple closed

curve surrounding {x1, ..., zn}.

Lemma 2.12. If the canonical reduction system of any basic simple closed curve does not

contain a curve surrounding xq, then s(PBy) preserves a simple closed curve surrounding

{Z’l, ...7];”}.

Proof. Suppose that there exists a simple closed curve a such that CRS(a) contains a
curve surrounding zg. We call a the innermost if a surrounds k points and the canonical
reduction systems of all curves surrounding £ — 1 points does not contains a curve sur-
rounding xg. Take an innermost curve a such that a surrounds k points in Dy. By the as-
sumption of Lemma 2.12, we have that k > 2. There are three cases according to Lemma

2.10.
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Figure 2.1.3: Case 2:

: ) . ISV
Figure 2.1.2: Case 1: CRS(a) = {d’,a"} and Figure 2.1.4: Case 3:
CRS(a) = {a’}. a” can possibly be inside CRS(a) = {a’, a”}.

/
a’.

Case 1: CRS(a) = {a’} such that after forgetting xo, we have a’ = a. We take b

and c inside Dy, like the following figure, we have the lantern relation 737 = T¢T, aTd_l.

Because b, ¢, d, e surround less points than k£ and a is the innermost curve, we know
that CRS(s(T})), CRS(s(T¢)), CRS(s(Ty)) and CRS(s(T¢)) each only contains one curve
not surrounding x( and we denote them by ¥, ¢, d’, ¢’. Since Te, Ty, and T, commute with
each other, their canonical reduction systems would be disjoint. By Lemma 2.10, we know
that s(TeTaTd_l) is also a multitwist. Therefore by Lemma 2.11, we know that i(¥', ') = 2.
However CRS(TyT,s) does not contain a’. This is a contradiction.

We have two more cases:

Case 2: CRS(a) = {a’,a’”’} such that a’’ surrounds 2 points {zg, z;} and

after forgetting xg, we have that a’ = a.

Case 3: CRS(a) = {a’,a’’} such that after forgetting xy, we have that

Case 2 and 3 can be proved using the same argument as Case 1. We construct the
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same lantern relation and use the fact that a is the innermost curve to read a contradic-
tion. Therefore if canonical reduction systems of all basic simple closed curves do not con-
tain a curve surrounding z(, then the canonical reduction systems of any curve does not
surround xg. This is true for the center element of PB,, as well. Let ¢ be the boundary
curve of Dy,. Then CRS(c) = {¢} does not contain xy. However, all Dehn twists commute

with T, which preserves ¢’ O

Now we need a generating set of PB,,. Let Figure 2.1.4 be an n-punctured disk Dy,.
Let L be a segment below all the other points. Let Lq, ..., Ly, be segments connecting x1, ..., Tp,

to the segment L. Figure 2.1.6 is the corresponding figure for D), 1.

Figure 2.1.7: An example of
Figure 2.1.5: Dy,. Figure 2.1.6: D,, 1.
Notation 2.1.4 for ajo4.

Notation. For {iy,...,i;} a subset of {1,...,n}, let a;,4,. 4, be the boundary curve of the

tubular neighborhood of L U Uﬁz:lLik' Denote by A; the Dehn twist about a;,4,...4, -

102...0%

For {iq, ..., } a subset of {0,1,....,n}, let b; be the boundary curve of the tubular

Vi,

neighborhood of L U UfnzlLik. Denote by B; the Dehn twist about b See

1990k 1112...9)

Figure 2.1.7 for an example representing aj94.
The following proposition describes a generating set of the group PBjy,.

Proposition 2.13. There is a generating set of PBy, consisting of all the Dehn twists

about the basic curves a;; for 1 <i < j<n.

Proof. This is classical and can be prove it by induction on the exact sequence

1— frk — })lgk—kl — })lgk — 1.
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This generating set is given by Artin; e.g. see [30, Theorem 2.3] [
Now, we are ready to prove Theorem 2.8. We break the proof into several cases.

The proof of Theorem 2.8. By Lemma 2.12, we only need to consider the case that
there exists at least one basic simple closed curve a such that some element of CRS(a)
surrounds zg. The curves in following four figures represent CRS(a). We will break our
discussion into the following four cases.

Proof of Case 1: The canonical reduction systems of all basic curves only con-
tain one curve and a’ surrounds xg. By the assumption of Case 1, for any basic curve
¢, there exists ¢ such that s(T.) = T.s. Let a,b, c,d be the curves in Figure 2.1.8. We have

the lantern relation 7, 7)1 = T}.

: . R /o
Figure 2.1.8: Dp: a = ajg, b = a3, ¢ = ayg ~ Ligwe 2.1.9: Dpyy: ab = bopz, b = ags,

/ /
and d = aj93. c=ap13, € =bo1 and d’ = bp23.

Since T and Ty commute, s(1¢) = T, and s(T;) = T also commute. Therefore
s(Ty)s(Ty) = TCTle/ is a multitwist by Lemma 2.10. By Lemma 2.11, we know that
i(t,a’) = 2 as in Figure 2.1.9. Suppose that ¥’ does not surround zg. By the lantern rela-
tion, T,/Ty = Td/Te/T071. Since s(T};) and s(T,) are commuting multicurves, s(7y;)s(T,) !
is multicurve as well. Since a, b, e are basic curves, we know that s(7;) = TyT, and

s(T¢) = T,y. By the same reason, we have that s(Ty) =T in Figure 2.1.10 and 2.1.11.
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Figure 2.1.10: Lantern relation T',T, T, = ' '

Figure 2.1.11: Lantern relation Tf/Ta/Tb/ =
;.

T.Ty.

In the following, we will prove that s(PBy,) preserves bg;. Under Notation 2.1.4 for
PBy,, we have a = aj2, b = a3, ¢ = a3 and d = a123. We also have that s(A12) = By12,
s(Ag3) = Bgg and s(A13) = Bp13. Since A;; generates PBy,, all we need to show is
that s(A;;) preserves bgi. Since CRS(d) contains byp, any curve disjoint from d preserves
bg1- We only need to consider the curves that intersect with d. Without loss of general-
ity, we only need to show that s(A14), s(Aoyg) and s(Asy) preserve by;. By the assumption
of Case 1, we only need to show that the CRS(a14), CRS(ag4) and CRS(as4) are disjoint
from bg;.

Since i(a12,a34) = 0, we have that CRS(a12) is disjoint from CRS(a34), which means

that CRS(agy) is disjoint from bgp. Since s(7'y) = T}/ in Figure 2.1.10 and 2.1.11, CRS(a24)

is also disjoint from bg1. We have the following lantern relation:

A13A34A14 = Aq34.

The image of relation under lift s is:

Bo13B345(A14) = s(A134).

A134 commutes with Aj3 and Asy, thus CRS(ay34) is disjoint from bg13 and b34. The only
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possible curves are bg; and bgi34. If s(A134) = B34, we have another lantern relation in
Dpy1:

By13B34Bp14 = Bp134Bo1-

This proves that s(A4) = 301430_11 preserving by; = ¢/. If CRS(aj34) contains bgy, we

also have that s(Aq4) preserves by = ¢/. The case when b surrounds z( follows from the
same argument.

Proof of Case 2: CRS(a) has two curves and both are isotopic to a after for-

getting xg.

x0.©

Let b, c,d, e be curves in Figure 2.1.12. We have the lantern relation T)1.7,; = TeTy,.

Figure 2.1.12: Lantern relation T;7.T; = Figure 2.1.13: Lantern relation TyT Ty =
TaTe. Ta/Te.

Since b, ¢, d, e are disjoint from a, we have that CRS(b), CRS(c), CRS(d) and CRS(e)
are disjoint from {a’, a”’}. Therefore s(T}) = Ty, s(T¢) = T., s(T;) = Ty and s(Te) = T

(&

as in Figure 2.1.13. But we also have the lantern relation TyT,Ty = TT,,. Thus s(1,) =
T,s. This contradicts the assumption of Case 2.

Proof of Case 3: CRS(a) has two curves a’,a’’ such that a’ is isotopic to a and

a’’ is trivial after forgetting =g, and a’ surrounds a”.
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In this case, we have s(Aj2) = 3012351 for k # 0 by Lemma 2.10. Without loss of
generality, we only need to show that CRS(a13) and CRS(a93) are disjoint from bgp. First

of all, we have the following lantern relation:

A193A34A194 = A12A1934.

Figure 2.1.14: Lantern relation Figure 2.1.15: Lantern relation

A193A34A124 = A12A1934. By123B34Bp124 = Bp12Bp1234-

Since all of the curves above are disjoint from aq9, their canonical reduction systems

are disjoint from a9 = bp12 and a'1’2 = bg1. We have the lantern relation:

By123B34Bp124 = Bp12Bp1234-

Since s(A12) = BOlgBIO‘“l, there exists at least one other curve in ay93, as4, ajo4, a1234,
whose canonical reduction system contains bg;. We break our discussion into the follow-
ing four subcases depending on whether by is an element in CRS(Aj234), CRS(A1923),
CRS(A194) or CRS(A34), respectively.
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CE) . @y

Figure 2.1.19:

_ Figure 2.1.17: Figure 2.1.18:
Figure 2.1.16: Subcase 4: bg1 €
Subcase 2: by € Subcase 3: by €
Subcase 1: bg; € CRS(Asy).
CRS(A123). CRS(A124).

CRS(A1234).

Subcase 1 and 2: In the first two cases, it is clear that CRS(a13) and CRS(ag3) are dis-
joint from by because a3 and ag3 are disjoint from ajo3 and aj234.

Subcase 3: By i(a14,a124) = 0, we have that by;4 € CRS(a14) and by does not
intersect CRS(a14). Since i(a93,a14) = 0, we have that byi4 does not intersect CRS(as3).
Suppose CRS(ag3) contains another curve z that is trivial after forgetting xg. Since ags
is disjoint from a193 and a4, we have that z has to be disjoint from bg14 and bgi23. The
only possibility is that z = bgy.

Because of the disjointness of a93 and aj2, we have that s(Aj93) preserves CRS(a13).

This shows that s(Aj23) preserves bg;. We have a lantern relation

A19Agz3A13 = Aq93

After applying the homomorphism s to the above relation, all of the above element except
s(Aq3) preserves bgi. Therefore s(Aq3) fixes by;.

Subcase 4: Since i(a934,a34) = 0, we have that begqy € CRS(ag34). Since i(a123,a12) =
0, we have that byj23 € CRS(aq23). Therefore bog € CRS(ag3) and CRS(a93) may contain
another curve z that is trivial after forgetting xg. However asg is disjoint from aq93 and
a934, which implies that z is disjoint from bg123 and bogy. Therefore z can only be bg. By

the same argument as Subcase 3, we know that A3 also fixes byq.
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Proof of Case 4: CRS(a) has two curves a’,a’’ such that a’ is isotopic to a and

a’’ is trivial after forgetting xg, and a’ does not surround a’’.

@a,

Let a’, a” be positioned into the following Figure 2.1.20 such that a’ = b3y and o’ =
bp1- If a curve c is disjoint from agy, then s(7;) preserves by;. Therefore without loss of

generality, we only need to show that s(As3) and s(Aj3) preserve by .

SN

Figure 2.1.20: @’ = b3y and a” = byy.

Since i(a12,a34) = 0, we have that by;o € CRS(a12). Since i(ajo4,a12) = 0, we

have that by124 € CRS(ay94). Possibly CRS(a124) contains another curve z that is trivial

after forgetting xg. However boy € CRS(ag4) because bogy € CRS(a934) and i(a9sy, asq) =
0. Therefore, z is disjoint from boy and bgyjo, which means z = bg1. By the same reason,
we can prove that bgjog3 € CRS(aj23) and s(Aq923) preserves by;. We have the following

lantern relation.

Aj93A34A124 = A19A1234. (2.1.5)

Since Agy = B?,4B(])“1 for nonzero k, therefore the canonical reduction system of one of the
curves in the relation (2.1.5) contains bgy. The rest of the discussion is similar to Case 3

by doing a case study.
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2.1.5 The proof of (1) of Corollary 1.2

Proof of (1) Corollary 1.2. Let B, = m (PConf,(R?)/%,,) and By = 71 (PConf,1(R?)/Z,).

The fiber bundle F;,(.S) gives the first line of the following commutative diagram:

1——PBy.1 Bua o, 1
lfn(RQ)* an(R%* l—
1 PB, By >n 1.

Every splitting of F,(R?)4 induces a splitting of f,,(R?)s. Therefore, we only need to
study the extension of a splitting of f,(R?)4 to a splitting of F,(R?)s. Let ¢ : By, — By1

be a splitting of Fn(RQ)*. Let x € PB,, and e € B,,. We have that

Denote by Ce the conjugation of e on PB),. Therefore, we have the following diagram:

Ce

PB, PB, (2.1.6)
l¢PBn j¢|PBn
Co(e)

By Theorem 2.8, there are two possibilities of ¢|pp, :

(1) ¢ fixes a simple closed curve ¢ surrounding {xy, zo}

(2) ¢ fixes a simple closed curve ¢ surroundding {z1, ..., zp }.

We claim that ¢|pp  fixes a simple closed curve surroundding {z1, ..., zp}. To prove
this claim, we assume the opposite that ¢|pp  fixes a simple closed curve ¢ surround-
ing {xy,zo}. There exists an element e € Bj, such that e permutes punctures k£ and
J # k. Since ¢(PBy,) fixes ¢, we have that ¢(Ce(PBy)) = PBy, fixes ¢ uniquely. However

Co(e)(@(PBn)) fixes ¢(e)(c) swrrounding {xz;, 2o} uniquely. This contradicts the diagram
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(2.1.6). Therefore, ¢|pp, fixes a simple closed curve surrounds {z1, ..., 2, }. In this case,

the section is the section that adds a point at infinity.

2.2 The case when S is the 2-sphere 5S>

In this subsection we give a construction of sections of the fiber bundle f,,(S?).

2.2.1 Nonexistence of a continuous section for n = 2

We prove a more general result on the sections of the fiber bundle f;,(S 2) for n = 2. Let
52k he 2k-dimensional sphere for £ > 0 integer. Let x1,z9 be two distinct points in S2k

The following is classical; see [15, Chapter 3].

Proposition 2.14. The following fiber bundle

2%
S2F — {21, 9} — PConfs(5%F) M PConfy(S5%¥)

does not have a continuous section.

Proof. Suppose that there is a continuous map s : PConfy(S?*) — PConf3(S?*) such
that fo(S 2k ) o s = identity. Then after post-composing with a forgetful map to the last
coordinate, we get a map f : PConfg(S%) — S2kWe denote by p; : PCoan(S%) — G2k

the projection to the 7th component. Let

g - PConfy(52F) Y2, pronsy(52) ¢ 52% x 52F.

Let A € S x S2F be the diagonal subspace in the product. Let [A] € H2¥(S%F x

S2k Q) be the Poincaré dual of A. By the Thom isomorphism, there is an exact sequence
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for the computation of cohomology:

diagonal
e

0—Q (5% x $%F Q) — H?F(S?F x $2F — A;Q) — 0.

Let ¢ € H28(52F: Q) be the fundamental class and ¢; = p; (c). The image of diagonal is the
Thom class ¢ + ¢9. Therefore in sz(S% x §2k _ A Q), we have ¢; 4+ ¢o = 0. This means
that

H?* (5% % $%F — A Q) = Zey.

Suppose that f*(z) = kcp for k an integer. Therefore we will have g ([A]) = kep +¢;.
Since the image of g; misses the diagonal A, we have that g7 ([A]) = ke; + ¢ = 0 and
g5([A]) = kep + cg = kep — ¢ = 0. Since ¢q is a generator of H2k(52k x §2k _ N;Q), we
have that kK +1 =0 and £k — 1 = 0. These two formulas cannot happen at the same time.

]

2.2.2  Constructing sections when n > 2

Let
PConfn’k(SQ) ={(v1, 21, ..., zn)|21, ..., Ty, be n points in 52 and v be a unit vector at . }.
This is the total space of a circle bundle by forgetting the vector:

S! — PCont, 1,(S?) — PConf,(S?). (2.2.1)

Proposition 2.15. For n > 2, the fiber bundle (2.2.1) is a trivial bundle.

Proof. Any S1 bundle is classified by Euler class, i.e. a second cohomology class of the
base. We investigate H2(PConfy,(S?); Z) first. There is a graded-commutative Q-algebra

G;| defined in |35, Theorem 1], where the degree of the generators G;; is 1. By Totaro
1] 1]
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35, Theorem 1], there is a spectral sequence E5"? = HP((S*)™; Q) [G;]9 converging to
H*(PConf,(S?); Q). Since we only compute H?, the differential involved is dy : Eg S
HO(S%,Q)[Gy] — B3 = H2(5%Q). Let [Ay] € H2(5%Q) be the Poincaré dual of
A;; C S2. By [35, Theorem 2], the differential do(G;;) = [2;;]. Let p; : (S?)" — S? be
the projection to the ith coordinate and [S?] € H?(S?;Z) be the generator of H?(S?;7Z).

Therefore we have that

H*(PConf,(5%); Z) = @ Zp;[S°]/ (0} [S%] + p}[S7) = Z/2,
=1

which is generated by pj [52] and we have that QpZ[SQ] = 0. The circle bundle (2.2.1) is
induced from the circle bundle

S — PConfy 1(S?) — S2 (2.2.2)

by the projection to the kth coordinate. The bundle (2.2.2) is the unit tangent bundle

over S2. Since the Euler characteristic of S? is 2, the Euler class of (2.2.2) is eu = 2[S?] €

H?(S?;7). Therefore the Euler class of (2.2.1) is pileu] = 2p; [S?] = 0 € H?(PConf,(5?); 7).
O

Equip S2 with the spherical metric; i.e. the metric that is induced from the standard

embedding S2 ¢ R3. Let

1 .
e(@1, .., xp) = gming<icj<pld(zi, )}

Set z( to be the image of the vi-flow at time € from z; that is

emmk(SQ) : PConfn,k(SQ) < PConf,41(5?)
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Composing a continuous section s : PConfy,(S?) — PConfmk(SQ) of the fiber bundle

(2.2.1) with emn’k(Sz) gives a section of the fiber bundle f,,(S?).

Definition 2.16 (Adding a point near xj). We denote by Addnvk(52) the collection of

sections of f,(S2) consisting of compositions of a section of (2.2.1) with emn’k(SQ).

Notice that there are infinitely many homotopy classes of sections in Add,, k(S 2) and
they are classified by sections of (2.2.1).
A special section for n = 3. Since there is a unique Mobius transformation ¢(x1,x9,x3)

that transforms (0, 1, 00) to any ordered three points (z1,z9,x3). we have that
PConfy($?) % PSL(2, C).
We can assign any new point g = ¢(x1,x9,x3))(a) such that a # 0, 1, co.

2.2.3  The proof of (2) of Theorem 1.1

In this subsection we prove (2) of Theorem 1.1. Let Sy, a sphere with n punctures. Let
Diff(Sp,,,) be the orientation-preserving diffeomorphism group of Sy, fixing the n punc-
tures pointwise. While the following is surely known to experts, we could not find this
statement or a proof in the literature. I am thus incluing it for completeness. We believe

that it follows from Earle-Eells [10, Theorem 1] in the punctured case.

Proposition 2.17. For n > 2, we have that
BDiff(Sp,,) = K(PMod(Sp,,), 1)

Proof. We only need to prove that the homotopy group 7, (Diff(Sp ,,)) = 0 for & > 0. For
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n = 0, by Smale [34, Theorem A], Diff(52) ~ SO(3). By fiber bundle
Diff(S()?n_H) — Diff(S()?n) — Som, (2.2.3)

we deduce that Diff(Sp 1) ~ SO(2) and Diff(Sp 2) ~ SO(2). The long exact sequence of

homotopy groups of the fiber bundle (2.2.3) is
1— ™ (Diff(SQg)) — T (Diﬁ‘(S()’Q)) — T (5072) — PMOd0’3 — PMOdO,Q — 1.

However we know that PModg 3 = 1 (see [16, Proposition 2.3]), we get that w1 (Diff(Sp 3)) =

0. The other cases are the same. O
Let PBy(S?) = m1(PConf,(S?)). Now we are ready to prove (2) of Theorem 1.1

Proof of (2) of Theorem 1.1. Let
Som+1 — UDiff(Sg 41) —— BDIff(Sp 1)
be the universal Sy 5, 1-bundle in the sense that any S 2 bundle with n + 1 sections
Sont1 — EF— B

is pullback from u,41 by a continuous map f : B — BDiff(Sy,1). By Proposition
2.17, BDiff(Sp 1) = K(PMod(Spn41),1). This means that UDiff(Sg ;1) is also a
K(m, 1)-space. Therefore Sp ;,41-bundles are determined by their monodromy representa-
tions and the sections of an S ;,11-bundle are also determined by the maps on fundamen-

tal groups. A splitting of the following exact sequence will gives us a section of the fiber

bundle f,(S?).

Fn(S?)s
L

1 — Fp, = PB,49(5?) PBp41(5%) — 1.
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We have the following diagram:

So,n+1 —=PConfy, 11(So 1{—> PConfy,(S0,1)
So,n+1 — PConfy, (52 il iDCOanH(SO)
lpn—f—l lpn-i-l
S? s2.

By the long exact sequence of homotopy groups of the fiber bundle
PConfp(Sp,1) — PConf,,11(S%) — S2,

we have that PB,,1(S?) = PBy/Z where Z denotes the center of PBy, and is generated
by the Dehn twist about the boundary of Dy,; see [16, Page 247]. Therefore a section of
fn(S0,1) induced from a section of fni1(S?) satisfies that fn(S0,1)x maps the center to the
center.

Since Sy 1 ~ R2, the section problem for Jn(S0,1) has been fully discussed in Section
2. Every section of f,11(S 2) induces a section of fn(Rz), thus we could use the classifi-
cation of sections of f,(IR?) to study the sections of f,,1(S?). Let s : PB,1(S?) —
PB,,12(5?) be a splitting of f,,+1(5?)« such that f,,11(S?)s o s = id. By (1) of Theo-
rem 1.1, we break the discussion into the following two cases according to the sections of
fn(So,1)-

Case 1: the section of f,,(Sp,1) is adding a point near x. In this case, s(PBn+1(SQ))

fixes a curve ¢ around {xg,x}}. Then the image lies in the stabilizer of ¢. The stabilizer of

¢ in PMod(Sp 5,42) is PMod(Dy,) = PBy,. The boundary of Dy, is ¢ surrounding {21, ..., 2x_1, Zj41, .-

On the other hand by Proposition 2.15 the circle bunlde

S' — PConf, 1.(S?) — PConf,(S?)
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is trivial, we have that
m1(PConf,, 1 1(5%)) = Z x 71 (PConfy11(S?)) 2 Z x PBy,+1(S%) = PB,,.

The last isomorphism is coming from the splitting of the following exact sequence; see [16,
Page 252].
11— 27— PB, - PBy/Z — 1.

Since the Z component of ﬂl(PConfm_Lk(SQ)) is mapped to the Dehn twist about a
curve d surrounding {zg, z}} thus d also surrounds {x1,...,2_1, %11, ..., Tp+1}. There-
fore we have that f,,1(S?) is adding a point near .
Case 2: the section of f,,(Sp,1) is adding a point near co. In this case, $(PBy,41(S?))
fixes a curve ¢ around {x1,...,x,}. Then the image lies in the stabilizer of ¢. The stabi-
lizer of ¢ in Mod(Sp 4-2) is PMod(Dy,) = PBy. The boundary of Dy, is ¢ surrounding

{z1,...,zn}. On the other hand by Proposition 2.15 the circle bunlde
S — PConf, 41 41(S%) — PConf,41(S?).
is trivial, we have that
71 (PConfy 4 17011(5%)) = Z x 1 (PConfy 4 1(S%)) = Z x PBy11(S?) = PB.

Since the Z component of 71 (PConf,, +1,k(52)) is mapped to the Dehn twist about a curve
d surrounding {zq, 11}, thus d also surrounds {x1, ..., x,}. Therefore we have that fn+1(52)

is adding a point near z,, 1.
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2.2.4 The unordered case

Proof of (2) of Corollary 1.2. By the same argument as the proof of (1) of Corollary

1.2, we show that none of the sections of
fn(S?) : PConf), 1(5?) — PConf, (5?)
can be extend to a section of

F(S?) : PConfy,11(52)/%, — PConf,(52)/%,.

2.2.5 The exceptional cases

For the special cases n = 3, we have the following classification.

Theorem 2.18 (Classification of sections of f3(S?) and F3(S2)). There is a unique
section for the fiber bundle f3<52) up to homotopy. There is no section for the bundle
F3(S?).

Proof. By Proposition 2.17, we have that BDiff(Sy 3) = K(PMod(Sp 3),1). Since PMod(Sy 3) =
1, the classifying space BDiff(Sp 3) is contractible. Therefore every S2-bundle with 3 sec-

tions is a trivial bundle. Thus f3(S?) is a trivial bundle. Therefore, a section of f3(S?) is
determined by a map PConfz(S2) — Sp,3- Since Sp 3 = K(Fy, 1), a map PConfs(S?) —

Sp,3 up to homotopy is determined by Hom(PBs3(5?), F») up to conjugacy. However PB3(S?) =
PBy/Z = 1 implying that Hom(PBg(Sz), F5) = 1. Therefore, there is a unique section up

to homotopy. For the unordered case F3(S2), let Mod(Sp 3,1) be the mapping class group
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of S2 fixing a set of 3 points and a set of 1 point. There is an exact sequence
1= PMOd(SOA) — MOd(So’gJ) — X3 — 1. (2.2.4)

Since 71 (PConf3(52)/23) = Y3 and m1(50,3) = PMod(Sp.4), we have that Mod(Sp 3.1) =
71 (PConfy(S?)/%3). Therefore, the section of F3(S?) is the determined by the splittings of
the exact sequence (2.2.4).

Let WE(SOQ,J) be the orientation-preserving diffeomorphism group of S? fixing a set
of 3 points and a set of 1 point. By definition there is a map p : m(8073’1) — Mod(Sp.3.1)
which induces isomorphism on 7. A version of the Nielsen Realisation Theorem (e.g. [16,
Theorem 7.2] and [37]) tells us that a finite subgroup of Mod(Sp 3,1) has a lift to Diff(Sp 3 1).
However every finite subgroup of Wf(so’g’l) is cyclic because Wf(so,g’l) fixes a point.
Therefore every finite subgroup of Mod(Sp 3 1) is cyclic. Since X3 is noncyclic, (2.2.4) does

not split. []

For the special cases n = 4, we have the following classification.
Theorem 2.19 (Classification of sections of f4(52)). The sections of fiber bundle

f4(52) correspond to the splittings of the exact sequence

52),
1—>F3—>PB5(52) M>FQ—>1

up to conjugacy.

Proof. We have the following Birman exact sequence; see [16, Theorem 4.6].

5?),
1 — m(S0,3) — PB4(32) M} PB3(82) — 1.
Since PB3(S?) = 1, we have that PB,(S?) = m1(S0,3) = Fy. By Proposition 2.17, the

sections of f4(S 2) is determined by the splittings of the following Birman exact sequence
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up to conjugacy.

2
1 — m1(So4) — PB5(5?) ELICHLN PBy(5?) — 1. (2.2.5)

2.3 The case when S = 5, a closed surface of genus g > 1

In this subsection we give a construction of sections of the fiber bundle fy(Sy).
Let Sg be the product of n copies of Sy. There is a natural embedding PConf;,(Sg) C
Sy Let p; : PConf,(Sg) — Sy be the projection onto the ith component. Denote by
Ny~ Sg_l C Sy the ijth diagonal subspace of S, i.e. AA;; consists of points in Sy such
that the ¢th and jth coordinates are equal. Let H; := p;‘Hl(Sg; Q) and let [Sy] be the
fundamental class in H?(Sy; Q). Now, we display the computation of H*(PConf,(Sy); Q)
from [8].
Lemma 2.20. (1) For g > 1 and n > 0,
n
H*(PConf,(S,): Q) = H'(S5;Q) = P H;. (2.3.1)
1=1
(2)We have an ezact sequence
¢ - p
~ r
L= ©12ij<nQGy] = H(S5: Q) = D Qi [Sy) © €D H; ® Hj — H*(PConf,(Sy); Q)

i=1 i#j
(2.3.2)

where ¢(Gj;) = [Aij] € H2(Sg; Q) is the Poincaré dual of the diagonal ;.

Proof. See [8, Lemma 3.1]. O
Let {ay, bk}i:l be a symplectic basis for Hl(Sg; Q). For 1 <i,5 < m, we denote
n
M; ;= prak ®p}k~bk —p; by ®p;fak.

k=1
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Lemma 2.21. The diagonal element [A;;] = pi[Sg| + p}'f [Sq] + M;; € @i1 Qp[Sy] ®

@, Hi ® Hj = H*(S}; Q).
Proof. See [8, Lemma 3.2]. O

The following lemma is the classification of homomorphisms 71 (PConf;,(Sg)) —

m1(Sy) from [8].

Theorem 2.22 (The classification of homomorphisms 71 (PConf,(Sg)) — 71(Sg))-
Let g > 1 andn > 0. Let R : m(PConf,,(Sy)) — m1(Sg) be a homomorphism. The follow-
ings hold:
(1)If R is surjective, then R = Ao pj;, for some i and A an automorphism of m1(Sg).
(2)If Image(R) is not a cyclic group, the homomorphism w1 (PConfy,(Sq)) — m1(Sq)

factors through p;s for some 1.
Proof. See [8, Theorem 1.5]. O
Now, we are ready to prove (3) of Theorem 1.1.

Proof of (3) of Theorem 1.1. Suppose that there is a map s : PConf;,(S;) — PConf;,1(Sy)
such that f,,(Sg)os = identity. Then after post-composing with a forgetful map to the last
coordinate, we get a map f : PConf;,(S;) — S;. We denote

gi : PConfy(Sy) M PConfy(Sy) C Sy x Sy

Let A C Sy x Sy be the diagonal subspace. Let [A] € H?(S; x Sg; Q) be the Poincaré
dual of A. Let f* : H'(S;) — HY(PConf,(Sy)). Let fs : 71 (PConfy(Sy)) — m1(Sg) be
the induced map on the fundamental groups. By Lemma 2.22; either f, factors though a
forgetful map p;, or Image(fx) = Z. We break the proof into two cases according to the
image of fx.

Case 1: Image(fx) = Z. There are two subcases:
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(1) If f* =0, then g;([A]) = p;[Sg] # 0. This contradicts the fact that the image of
g; misses A.

(2) If f* # 0, then Imf* = Z. We can assume that there exists a symplectic basis
{ag, bk}gzl for H1(Sg; Q) such that f*(a;) = 0 for any i # 1 and f*(b;) = 0 for any i. Let
fHla1) = (v1,29,..,7p) # 0 € @4 H; = HY(PConfy,(Sy); Q). Assume without loss of

generality that x1 # 0. Therefore for k£ # 1 by Lemma 2.21, we have that
n n
gi([A]) = pilSgl +ap — ppbi+ Y zi@pib € P Qpi(S) e P H; @ H; = H*(S}: Q).
i=1,i#k i=1 i#j

The coordinate x1 ® pj.by is not zero, therefore g7 ([A]) # 0. This contradicts the fact that
the image of g; misses A.

Case 2: fy« factors though the forgetful map pi,. We have that
g5 (1)) = [*[Sg] + p5[Sg) + D frag — by — by — phay.
k

Since Image(f*) C Image(p]), we have that g5([A]) only has the terms in QG2 ® Hy ® Ho.

The fact that go misses A implies

F1Sgl+P5[Sgl + ) fra @ p3by, — fFbr @ phag = M[A12]) € Qpi[Sy) ® Qp3[Sy] @ H1 © Ha.
2

The coefficient of p5[Sy] tells us that A = 1. Therefore we have that f*[Sy] = p][S,] and
> (ffay, — piay) @ psby, — (f*by, — piby) @ phay, = 0 € H @ Hy
k

By the property of tensor product, we know that f*a; — pja; = 0 and f*b; — pib; = 0.
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However in this case, if we look at the map g; : PConfy,(Sy) M Sy x Sg. We have that

gL ([A]) = fH[Sgl+pi[Sgl+D  frag — pibp—f by — plag = 2pT[Sgl—2gpi[Sy) = (2—29)pi[Sy] # 0.
k

This contradicts the fact that the image of g; misses A

2.4 Further questions

In this section we list a few further questions. Let m,n be two positive integers. Let (z1,...,zp) €
PConf,,(S) for any manifold S. Let the permutation group ¥, acts on PConfy, 4, (S) by

permuting the last m points. We have the following fiber bundle:

fn—l—m,n(S)
_—

Here denote by f4m n(S) the forgetful map that forgets the first n points. A section of
the fiber bundle (2.4.1) is called a multi-section.

Main Problem. Classify the continuous sections of the fiber bundle (2.4.1) up to homo-

topy for S a surface.

Main Problem. Classify the continuous sections of the fiber bundle (2.4.1) up to homo-

topy for any manifold S.
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CHAPTER 3
SECTIONS OF N-POINTED SURFACE BUNDLES

3.1 The translation of the problem into a group-theoretical

problem

In this section, we translate the problem of finding a section of the universal surface bun-
dle into a purely group-theoretical problem of finding homomophisms of mapping class

groups.

3.1.1 The translation of the section problem

In this subsection, we will translate the problem of finding a section of a surface bundle
into a purely group-theoretical problem of finding homomophisms of groups.
Let Diff(S;) denote the orientation-preserving diffeomorphism group of a surface Sy

of genus g > 1. We have the universal Diff(Sy) principal bundle
Diff(Sy) — EDiff(S,) — BDiff(Sy).

Here EDiff(Sy) is the total space of the universal Diff(Sy) bundle, i.e. a contractible prin-
cipal Diff(Sy) bundle. Let UDiff(S;) = EDiff(Sy) XDifi(s,) Sg be the universal surface
bundle

Sy — UDIfE(S,) —% Diff(S,).

BDiff(Sy) classifies surface bundles, which means that any surface bundle S, — E —
B is the pullback of u4 via a continuous map fo : B — BDiff(Sy). Let Modg s, (resp.
PModg ) be the mapping class group (resp. pure mapping class group) of Sqp, i.e. the
group of isotopy classes of orientation-preserving diffeomorphisms of Sy fixing n punctures

as a set (resp. pointwise). We omit n when n = 0.
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Earle and Eells [10, Theorem 1] says that Diffy(Sy), i.e. the identity component of
Diff(Sy), is contractible for g > 1. Therefore we have BDiff(Sy) = K(Modg, 1). By the
property of K(m, 1) space, f : B — BDiff(Sy) is determined by the monodromy representa-
tion

We have the following correspondence:

Conjugacy classes of [somorphism classes
representations } — { of oriented } (3.1.1)
f:m(B) = Mody Sg-bundles over B

Let Diff(Sy 1) be the orientation-preserving diffeomorphism group of a surface Sy of

genus g > 1 fixing one point. There is a natural inclusion Diff(S, 1) < Diff(.Sg).

Proposition 3.1. For g > 1,
UDiff(Sq) = BDiff(Sg1)-
Proof.

UDiff(Sy) = EDiff(Sy) X Diff(S,) Sy By definition
= EDiff(Sy) X Diff(5,) Diff(Sq)/Diff(S, 1) Because Sy = Diff(Sg)/Diff(S, 1)
= EDiff(Sy)/Diff(S, 1) Diff(S,1) is a subgroup of Diff(Sy)

= BDiff(S, 1). EDiff(Sy) is contractible
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Proposition 3.1 implies that the universal surface bundle is
Sg — K(Mody 1,1) — K(Modg, 1). (3.1.2)
The fundamental groups of surface bundle (3.1.2) gives the following short exact sequence.
1 — 7 (Sg) = Mody 1 — Modg — 1. (3.1.3)

Question 3.2 (Section problems). For a surface bundle Sy — E i> B, denote by
p: m1(B) — Modg the monodromy representation of f. The fundamental groups of surface

bundle f gives the following short exact sequence.
1 m1(S,) = m1(E) 2 m(B) = 1. (3.1.4)

How many splittings are there of exact sequence (3.1.4)%

It is well-known that exact sequence (3.1.3) has no splittings. This is n = 0 case of
Theorem 1.8. The answer is no because of torsion, e.g. [16, Corollary 5.11]. The key fact is
that there are noncyclic finite subgroups in Modg but there does not exist noncyclic finite
subgroups in Modg ;.

By the property of the pullback diagram, finding a splitting of fs is the same as find-

ing a homomorphism p making the following diagram commute, i.e. 71 o p = p.
Wl(E)ﬁ-MOdg,l (3.1.5)

2 o

m1(B) AN Mody.
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For a surface bundle Sg — F i> B, we have the following correspondence:

Homotopy classes of Homomorphisms p satisfying diagram
{ continuous sections of } = { (3.1.5) up to an conjugacy by an element }
Sy = E ENyS in Ker(mg1) = m1(Sg)
(3.1.6)

Remark 3.3. The conjugation is needed here for the lack of base points on the spaces.
The classification of homomorphisms of fundamental groups classifies continuous maps

fizing a point.

3.1.2  The translation of Theorem 1.8 and 1.5

In this subsection, we translate Theorem 1.8 and 1.5 into group-theoretic theorems. We

also study the section problem for the universal hyperelliptic surface bundle.

The mapping class groups

In this subsection, we translate Theorem 1.8 and 1.5 into group-theoretical theorems.
Let Diff(Sy,,) denote the orientation-preserving diffeomorphism group of a surface
Sg of genus g > 1 fixing n distinct points {x1,x2,...,xn} C Sy pointwise. There is a fiber
bundle
Sy — UDIff(Sg.n) —2% BDiff(Sy.0), (3.1.7)

which is universal in the sense that any Sg-bundle endowed with n disjoint sections is a
pullback of this bundle. Since Diff(Sy ) fixes the n points x1, x9, ..., 7y, We associate n
points on each fiber, i.e. n disjoint sections of (3.1.7) which are denoted by s1, s2, ..., $n.

Let Diff(S;7) denote the orientation-preserving diffeomorphism group of a surface Sy
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of genus g > 1 fixing n points {x1,x2,...,xn} C Sy as a set. There is a fiber bundle
ul
Sy — UDiff(Sy7) —— BDIff(S, 7). (3.1.8)

Since Diffy(Sg,,) and Diffy(S,7) are contractible by Earle and Eells [10, Theorem 1},
we have that BDiff(Sg,,) = K(PModyg,, 1) and BDiff(S; ) = K(Modgpn, 1).

Let PConfy(Sy) be the space of ordered n-tuple of distinct points on Sg. There is a
natural permutation group ¥p-free action on PConfy(Sy). Let Confy,(Sy) := PConf;,(Sy)/3n
be the ordered n-tuple of distinct points on Sy. Let PB;,(Sy) := m1(PConfy(Sy)) and
Bp(Sg) := m1(Confy(Sy)) be the n-strand ordered and unordered surface braid groups. We
have the following Birman exact sequences describing the monodromy representations of

fiber bundle (3.1.7) and (3.1.8).

o )
1 = PBy(S,) 22PN, pyfod,,, —2% Mod, — 1 (3.1.9)
and
. ‘h. 7.[./ "
1 = Bp(Sy) P N od, , —20 Mod, — 1. (3.1.10)

Because of correspondence (3.1.6), the classification of continuous sections of fiber
bundle (3.1.7) and (3.1.8) is the same as the classification of homomorphisms p and p’ up

to conjugacy that make the following diagrams (3.1.11) and (3.1.12) commute.
1 = PBy(Sy) —= PMod, , 2%~ Mod, —~ 1 (3.1.11)

fr v

1 — m(Sg) ——Mod, 1 e, Mody —1
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and
!

1 — By(Sy) —= Modg,p ~2" Mody —~ 1 (3.1.12)
éR/ gp/ l
7(-97]_
1 — m(Sg) — Mod, 1 Mody L.

For p and p’ satisfying diagrams (3.1.11) and (3.1.12), denote by R and R’ the re-

strictions of p and p’ on the subgroups PB;,(Sg) and Bp(Sy). Let PModg Pont, Modg 1

be the forgetful homomorphism that forgets the fixed points {1, ..., Z;, ..., xn}. Theorem

1.8 is thus equivalent to the following Theorem.

Theorem 3.4. For g > 2 and n > 0, every homomorphism p satisfying diagram (3.1.11)

is conjugate to py p i for some i by an element A in 7 (Sg).
Theorem 1.5 is thus equivalent to the following.

Theorem 3.5. For ¢ > 1 andn > 1, there is no homomorphism p’ satisfying diagram

(3.1.12).

The hyperelliptic mapping class groups

In this subsection, we translate the section problem of the hyperelliptic surface bundle into

a group-theoretical statement. Let 7 be the involution as in the following figure.

"y Yy D

180°

Figure 3.1.1: Hyperelliptic involution 7 for g = 3 case

Let Hg4 be the hyperelliptic mapping class group, i.e. the subgroup of Mod, consist-

ing of all the mapping classes that are commutative with 7. Denote by Hg 5 (resp. PHgp)
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the hyperelliptic mapping class group fixing n points as a set (resp. pointwise), i.e. they

satisfy the following pullback diagrams.

. .
Modgvn —— Modg PMOdg’n —— MOdg

Let BPH g = K(PHgn, 1) be the pure universal hyperelliptic space fixing n punc-
tures pointwise and let

Hug

be the pure universal hyperelliptic bundle, i.e. the bundle that corresponds to the mon-
odromy pgr g5 @ PHgpn — PModg . Surface bundle (3.1.13) classifies smooth Sg-bundle
equipped with a 7-action and n unordered points on each fiber. For any section s, we could
generate another section ¢ = 7(s). Denote by Hs; the pullback of s; as a section of bundle
(3.1.13) and denote by Ht; their hyperelliptic conjugates.

Let BHyn = K(Hgp,1) be the universal hyperelliptic space fixing n punctures as a
set and let

Sg — UHgn Hu—lg’n> BHgn (3.1.14)

be the universal hyperelliptic bundle, i.e. the bundle that corresponds to the monodromy
p}L gn Hgn — PMody . Surface bundle (3.1.14) classifies smooth Sg-bundle equipped
with a 7-action and n unordered points on each fiber. We have the following classification

of sections for bundles (3.1.13) and (3.1.14).

Theorem 3.6 (Hyperelliptic case). 1) Forn > 0 and g > 1, every section of the uni-
versal hyperelliptic undle (3.1.13) is homotopic to Hs; or Ht; for somei € {1,2,...,n}.

2) Forn > 1 and g > 1, the universal hyperelliptic bundle (3.1.14) has no sections.

By correspondence (3.1.6), we can translate Theorem 3.6 into the following group-
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Hmgn Tgn
theoretical statement. Let PHg i Hg and Hypn SELLN Hgy be the forgetful maps
H n,t .
forgetting the punctures. Let Hg p L Modg 1 be the forgetful homomorphism forget-

ting the fixed points {x1, ..., Z;, ...,z }.

Proposition 3.7. 1) Every homomorphism p satisfying the following diagram is either
conjugate to the forgetful homomorphism Hpg  ; by an element in PHgp or factors through

Hrgp, i.e. there exists f such that p = f o Hmgp.

Hrgn

NN

1 — 71(Sy) — Mod,, | —2> Mody — 1.

2) For n > 1, every homomorphism p’ satisfying the following diagram factors through

Hwém, i.e. there exists f' such that p' = f' o ng’n

1 — Bp(Sy) —— Hgn ——H, 1 (3.1.16)
I
Hrg 1

Proof of Theorem 3.6 assuming Proposition 3.7. By Proposition 3.7, p has the fol-
lowing two cases.

Case 1: p is conjugate to the forgetful homomorphism Hp, , ; by an ele-
ment A € PH, .

By the commutativity of diagram (3.1.15), the mapping class Hrmg 1, (A) is in the cen-
ter of Hgy. Since Center(Hy) = (7), e.g. see [16, Section 3.4 and Section 9.4], we have that
Hmgn(A) =1 or 7, which represent section Hs; and Ht;.

Case 2: p factors throught Hry .
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To prove the result, we only need to show that the exact sequence
1= m(Sg) = Hg1 — Hg— 1 (3.1.17)

does not split. The following finite order mapping class ¢ is commutative with 7.

(1) 180°

Figure 3.1.2: Torsion mapping class o for g = 3 case

In Hy4, mapping classes 7 and o generate a Z/2 x Z/2 subgroup; this contradicts the
fact that every finite subgroup of Mod, 1 is cyclic. Therefore exact sequence (3.1.17) does

not split.

3.2 The classification of homomorphisms PB,(S,) SR m1(Sy)

This section is divided into three parts. We first compute H*(PConf,(Sy)); Q), then study
an algebraic property of H*(PConf;,(Sy)); Q), Finally we use the computation and the
property to prove Theorem 1.7. The key idea is an argument of [24] that there is some
cohomological constraint on the existence of homomorphisms P By, (Sy) EiR m1(Sq¢). We

assume throughout that g > 1 and n > 0.
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3.2.1 The computation of H*(PConf,(S,); Q)

In this subsection, we compute H*(PConfy,(Sy,p); Q). Let Sy be the product of n copies
of Sy. There is a natural embeddings PConfy,(Sg) C Sg. Let p; : PConf,(Sg) — Sy be
the projection onto the ith component. Denote by A;; ~ Sg_l C Sg be the ijth diagonal
subspace of S, i.e. AA;; consists of points in S;‘ such that the ith and jth coordinates are

equal.. Let H; := p;‘Hl(Sg; Q) and let [Sy] be the fundamental class in HQ(Sg; Q).

Lemma 3.8. 1) For g > 1 andn > 0,
H!(PConf,(S,); Q) = H'(Sy: Q) = P H;. (3.2.1)

2)We have an ezact sequence

1 B1cicj<nQlGij] & H2(S15Q) = @ QpilSy) @ @ H; © H; L5 H(PConf,(S,); Q),
i=1 i#j
! (3.2.2)

where ¢(Gj;) = [Aij] € H2(Sg; Q) is the Poincaré dual of the diagonal N C Sy,

Proof. There is a graded-commutative Q-algebra [G;;] defined in [35, Theorem 1], where
the degree of the generators G;; is 1. By Totaro [35, Theorem 1], there is a spectral se-
quence Eg’q = HP(S7;Q)[G;5]? converging to H*(PConfy,(Sy); Q). Since we only compute
H' and H?, the differential involved is da : By = HO(SI;Q)[Gyj] — By = H2(SI; Q).
Let [A;] € HQ(SEL; Q) be the Poincaré dual of A;; C Sy By [35, Theorem 2], the differ-
ential do(G;;) = [A;j]. All the isomorphisms in the lemma are coming from the Kiinneth

formula. L
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Let {ay, bk}%zl be a symplectic basis for Hl(Sg; Q). For 1 <i,7 < m, we denote
n
Mij = piag @ plby — piby, @ play.
k=1
The following lemma describes [A;;] € HQ(SS; Q) = @i Qp[Sy] © D,z Hi @ Hj.

Lemma 3.9. The diagonal element [A;;] = pf[Sg] + p}[Sg] + M;; € @iy Qpj[Sy] &
@iy Hi© Hj = H*(S; Q).

Proof. This is classical. See [32, Section 11]. O

3.2.2 A property of the cup product structure of H*(PConf,(S,); Q)

In this subsection, we talk about a property of the cup product H 1o HY — H? for
PConf;,(Sy).

Definition 3.10. We call an element = (z1,...,2") € @I | H; = H'(PConf,(S,); Q) a
crossing element if #{i : ' # 0} > 1, i.e. x ¢ H; for any i.

Lemma 3.11. Let x = (2!, ...,2") and y = (y,...,y™) be two elements in Hl(PCOnfn(Sg);Q).
Suppose that © ory is a crossing element. If x — y =0 € HQ(PConfn(Sg); Q), then x and

y are proportional, i.e. \x = py for some constants A € Q and pu € Q.
Proof. The multiplication of x and y is the following:
r—y=a <y .. +2" vy”—i-Z(xZ@yj —y' ) e @@pf[sg] @@Hi@)Hj.
7] i=1 i#]

By z — y = 0 € H*(PConf,(Sy); Q) and exact sequence (3.2.2), we have the following

equality in @?:1 Qp: [Sgl ® @i;éj H; @ Hj:

l‘l — y1+...—i—xn — y”+ E (xi®yj—yi®xj) = E k@j [Az,]] = E ki,j(pi[sg]+pj [Sg]—i-MiJ).
i#]
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By the independence of all the terms in Q" & @i;éj H; ® Hj, we have
2t ® yj - yi ® ) = ki,jMi,j for all 1, 5.

If 2 and y* are proportional in H;, since g > 1, we have at least 4 terms in M; ;, we
don’t have enough basis to span our M; ;. If z' and y’ are independent in H;, since g > 1,
we have 2 @ y/ — y' @ 27 # M; ;. Therefore k; j =0 and 2! @ yJ —y' @ 27 =0 € H; ® H;.
Assume without loss of generality that = a crossing element and x1 # 0 and x9 # 0. We
break the proof into the following cases.

Case 1) y! # 0 and y! is not proportional to x!

oy =yloal e HH® H; implies that y/) =0 and 27 = 0 for j. However xy # 0.
Therefore this case is invalid.

Case 2) y! # 0 and Az! = py!

oy =yle e H® Hj implies that \zJ = pyl for all j, which verifies oi=1lur
lemma that z and y are proportional.

Case 3) yl =0

oy =yler e H® Hj implies that yJ = 0 for all j. This means y = 0 therefore

x and y are also proportional. O

3.2.83 The proof of Theorem 1.7

In this subsection, we use the computation of H*(PConf,(Sy); Q) and Lemma 3.11 to
prove Theorem 1.7. Let p;y : PBp(Sg) — m1(Sg) be the induced map on the fundamen-

tal groups of p; : PConf;,(Sg) — Sy.

Lemma 3.12. Let F}, be a free group of h generators and let Sy be a surface of genus r.
If we have a surjective homomorphism PB;,(Sg) Sy T when T = Fyp withh > 1o0or =

m1(Sr) with r > 1, and we also have p;‘(Hl(Sg; Q)) N S*(HY(T;Q)) # {0}, then S factors
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through p; for some i.

Proof. The proof of this lemma uses the same idea as [24]. The method can also be found
in [33, Lemma 3.3 and 3.4]. If there is a common nonzero cohomology element S*(z) =
pi(y) for x € H1 (F;Q) and y € Hl(ﬂ'l(Sg); Q), we have the following commutative
diagram by the identification H'(_;Q) = Hom(__, Q).

PB(Sy) —>~ Fy

| l

Wl(Sg)y—>Q

Let K be the kernel of p;,, which is a finitely generated normal subgroup of PB(Sy).
The image of S(K) is also a finite generated normal subgroup of 71 (F},). However every
finitely generated normal subgroup of F}, either is finite index or is trivial. For a surface
group of genus 7 case, any nontrivial finitely-generated normal subgroup of 71(S;,) has fi-
nite index; see Property (D6) in [24]. If S(K) C F}, has finite index, then after compos-
ing with z, the image x o S(K) won't be trivial in Q; however K is the kernel of p;, so
70 S(K) = yopin(K) = 1.

If the S(K') = 1, then S factors through p;,. O

To prove Theorem 1.7, we have to include a lemma talking about the possible image

of the homomorphism.

Lemma 3.13. Every finitely generated subgroup of m1(Sy) is either finitely generated free

group Fy, or surface group w(Sy) with r > g. When r = g, the subgroup is the whole group
m1(Sg)-

Proof. A subgroup G of m1(Sy) corresponds to a cover S of S, such that G = w1(5). If
S is noncompact, then m1(.S) is free group. If S is compact, it is a finite cover. Therefore

m1(S) = Sy for some r. If S is a k-cover. The Euler characteristic is multiplicative under
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cover, thus x(Sy) = kx(Sq¢). If g > 1 and k > 1, we have r > g. If n = 1, this is trivial

cover. n

Proof of Theorem 1.7. Let R : PB,(Sg) — m1(S5) be a homomorphism. By Lemma 3.13,
if Im(R) = Z, the image has to be Fj, with A > 1 or 71(S;) with » > g. Furthermore, if
S does not factor through p;, for some 4, then by Lemma 3.12, S*(H!(Im(R); Q)) does not
intersect nontrivially with any H;. This means that all nonzero elements of S*(H 1(Im(R); Q)
are crossing elements. However » > g > 1 and h > 1 mean that there are two crossing el-
ements z and y in S*(H!(Im(R); Q)) that are independent and their cup product is zero.
Lemma 3.11 tells us that this is impossible, which successfully proves 2) of Theorem 1.7.

Now to prove 1), we have a surjection homomorphism P By (Sy) Dix, m1(Sg) LN
71(Sy). However surface groups are Hopfian which means that a surjective self homomor-

phism between the surface group m1(Sy) must be an automorphism. Therefore A is an au-

tomorphism, which concludes the proof of 1) in Theorem 1.7.

3.3 Applications of Theorem 1.7

In this section, we apply Theorem 1.7 to the study of section problems of universal surface

bundles.

3.3.1 The proof of Theorem 3.4

Since we already established all possible homomorphisms R in Theorem 1.7, the key idea
of extending the homomorphism to PModg,, is that it has to be equivariant with the ac-

tion of Mody. We then use homology to rule out other possibilities.

Definition 3.14. Let a subspace H C Hl(PConfn(Sg); Q) = @} H; be an isotropic
subspace if any a,b € H, we have a — b=0 € H2(PConfn(Sg); Q).
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The following lemma is needed in the proof.
Lemma 3.15. Mody does not fix any isotropic subspace of Hl(PConfn(Sg); Q).

Proof. If there exists a crossing element x € H, because of Lemma 3.11, we know that
x — y = 0if and only if y is proportional to x. Therefore if H is isotropic, H = Qx C
H1(PConfy(S,); Q).

If dim(H) > 1, then H does not contain crossing elements by Lemma 3.11. In this
case, if there exist v,y € H and i # j € {1,2,...,n} such that x # 0 € H; and y # 0 € H;;,
we would have x 4+ y a crossing element. Therefore there exists ¢ such that H C H;.

Mod, acts on Hl(PConfn(Sg); Q) = ;- H; by acting on each component. We
know that the action of Mody on H 1(Sg; Q) does not fix any isotropic subspace, therefore

if H C H;, Modg does not fix H. If dim(H) = 1, Mody also does not fix it. O
Now we finish the proof of Theorem 3.4.

Proof of Theorem 3.4. If we can extend R, then for e € PMody,, and f € PBy(Sy) we
have R(efe™1) = p(e)R(f)p(e)~!. The action of PMod,,, and Modg,,, on PBy(S,) and
Bp(Sg) are given by conjugation in the exact sequence (3.1.9) and (3.1.10), respectively.

Therefore we have a commutative diagram:

PBy(Sg) —— PBy(Sy)

R R
T (LSg> ﬂ) 1 (Lg)-

Since both e and p(e) are isomorphisms of groups, we have that Im(R) = Im(R o e).

This gives us the following diagram:

PBy,(Sg) —== PBy(Sy) (3.3.1)
| |=
mm(R) —2 tm(R).



Because of Lemma 3.13, we know that we have 4 possibilities for Im(R): Fj, for h =
0, h > 0 and 7 (Sy) for r = g or r > g. Now, we go over all possibilities.
Case 1) Im(R) =1

In this case, we have a homomorphism PModg,,/PBp(Sy) = Modg — Mody 1.
However, the n = 0 case has already been proved, for example in [16, Corollary 5.11].
Case 2) Im(R) = F},, while h > 0

We have the following diagram.

PBy(Sy) —— PBy(Sy) (3.3.2)
| |#
P p(e) F,

For every e € PMody,,, diagram (3.3.2) means that R*(H!(F},; Q)) € H'(Sy; Q) has to be
fixed under the action of Modg. This is impossible because R*(H'(F},; Q)) ¢ H!(PConf,(Sy); Q)
is an isotropic subspace of H!(PCon In(Sq); Q), but Mody does not fix any isotropic sub-
space.
Case 3) Im(R) = m(95,)
If R is one of the forgetful homomorphism p;, then for e € PMody, and f € PBy(Sy),

pilefe™t) = ple)p;(f)ple) L.

We get that pi(e)pi(f)pi(e)_l = p(e)pi(f)p(e)_l. Therefore p(e)_lpi(e) commutes with
pi(f) for any f € PBj,(Sy). The image of p; on PBy(Sy) is the whole group m1(Sy).
Therefore, p(e)~Ip;(e) € Modg 1 commutes with the subgroup 71(Sg). However, the cen-
tralizer of 71(Sy) < Modg 1 is 1, so we get that ple)"Ipi(e) =1 € Mody 1. This tells us
that p = p;.

If R is one of the forgetful homomorphism p; post-composing with an automorphism

A, with a similar argument as above, we get that p(e) = Ap;(e)A~1. Considering that
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the images of Ap;(e)A™1 and p;(e) have to be equal in Mody for any e, we have Ap;(e) =
pi(e)A for any e € Mody. Therefore, we have A € Center(Mody). For g > 2, Center(Mod) =
1, therefore we have A € m1(Sy). For g = 2, we could have A = 7.
Case 4) Im(R) = m(S,) while r > ¢

Because of Lemma 1.7, R factors through p;. However there is no surjective homo-

morphism from m1(Sg) — m1(S;) since Rank(H1(S,;Q)) > Rank(Hl(Sg; Q)).

3.3.2 The proof of Theorem 3.5

In this section, we begin with the proof of Theorem 3.5

Lemma 3.16.

HY(Conf,(Sy); Q) = HY(Sg; Q)

and the image of H(Conf,(Sy); Q) — HY(PConf,(Sy); Q) is equal to the image of the
diagonal map, i.e. x — (x,x,...,x) € Hl(PConfn(Sg);Q) =~ @ H;.

Proof. Since Conf,,(Sy) = PConfy(Sy)/3n, we can use the transfer map to get
HY(Confy,(Sy); Q) = H' (PCon fy(Sg); Q)>n.

It is not hard to see that H'(PConf,(Sy); Q) is the diagonal subspace. O

Proof of Theorem 3.5. If we have a homomorphism p’ in the diagram in Theorem 3.5,
after composing an injection PMody p, 4 Modg n, we get a homomorphism p as in Theo-
rem 3.4. Let C'y4 denote the conjugate by A € m1(Sy). We have already proved Theorem

3.4 that p’ oi = Cy o p; € m(Sy) for some i and A € m1(Sy). Restricting to the kernel of
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g,n’

Tgn and the following diagram holds.

PBn(Sg) L>Bn(Sg)

b

7Tl(Sg) 4 Wl(Sg)

Cpo i *
The image of H'(Sy; Q) %

HY(PConf,(Sy); Q) is H;; however the image
of H! (Conf,(Sy); Q) — Hl(PConfn(Sg); Q) as described in the previous lemma is the

diagonal. Thus this is a contradiction. O]

3.3.8 The hyperelliptic case

In this subsection, we prove Proposition 3.7. The proof follows the same argument as the

proof of Theorem 3.4. The following lemma is a key ingredient in the proof.
Lemma 3.17. The action of Hy on Hl(Sg; Q) does not preserve any isotropic subspace.

Proof. Let Spay(Z)[m] be the kernel of the map Spoy(Z) — Spay(Z/m). By [6, The-
orem 3.3], the image of the monodromy representation ps : Hyg — Spo,(Z) contains
Spog(Z)[2]. Since Spoy(Z)[2] is a finite index subgroup of Spyy(Z), we only need to show
that Spoy(Z)[2] does not preserve any isotropic subspace. We prove a stronger result that
the stabilizer of any isotropic subspace of H!(Sg; Q) has infinite index in Spagy(Z).

For an isotropic subspace H C Hl(Sg; Q), let Stabp(Spay(Z)) be the stabilizer of
H in Spg,(Z) and let Orbp (Spay(Z)) be the orbit of H under the action of Spy,(Z). We

have the following equation:

[Spag(Z) : Stabpr (Spag(Z))] = Orbp (Spay(Z)).

Since the order of the Orby (Spay(Z)) is infinite, we have that Stabg (Spoy(Z)) has infinite

index in Spg,(Z). This concludes the proof since the ps(Hg) C Spay(Z) has finite index.
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The proof is identical to the proof of Theorem 3.4 with the help of Lemma 3.17.

The proof of Proposition 3.7. The proof of Case 1), 3), and 4) are the same. Case 2)
needs the fact that PHmy j, does not preserve any isotropic subspace in H 1(59; Q) which

can be deduced by Lemma 3.17 that Hmy does not preserve any isotropic subspace in

Hl(Sg§@)‘
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CHAPTER 4
AUTOMORPHISM OF SURFACE BRAID GROUPS
4.1 Proof of the classification of surjections

Let S = Sy be a surface of genus g with p punctures and let
PConfy, (S) = {(1, ..., 2m) € S : a; # xj for i # j}.

In this section, we will compute H*(PConf;;,(Sgp); Q) and use this to prove Theorem 1.8.

Most computations here are similar to the computations in [8]. Let
Aij = {($1, ...,ZEm) S Sg}p HETIES :L‘j} - ngp>
which is a real codimensional two subspace of Sg?p. By Poincaré, subspace A;; determines
2 .
a class [Aj;] € H2(S7",; Q).

Lemma 4.1. (1) Let g > 1 and p,m > 0 be integers. We have the following
HY(PConfy(Sgp); Q) = H'(SI; Q) = H'(Sy,; Q)™

(2)The following sequence is exact:

0 = @1<icjemQlA;;] = H2(Si; Q) — H*(PConfy(Sgp); Q).

Proof. There is a graded-commutative Q-algebra [G;] defined in [35, Theorem 1], where
the degree of the generators G;; is 1. By Totaro [35, Theorem 1], there is a spectral se-

quence Ey? = H"(Sg ;Q)[G5]? converging to H*(PConfy,(Syp); Q). Since we only com-

pute H' and H?, the differential involved is dg : Eg’l = HO(S’;p; Q)[Gy;] — ES’O =

).
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HQ(Sng;Q). Let [A;;] € H2(Sgp;(@) be the Poincaré dual of A;; C Sy By [35, Theorem

9. J.

2|, the differential do(G;j) = [A5]. O

Let {ay, bk}i:l be a symplectic basis for H'(Sy; Q). The natural embedding Sy LN
Sy gives us the pullback map * : Hl(Sg; Q) — Hl(Sg,p; Q). We denote the pull-backs of
{ag, b} in H1(Sy; Q) as the same notations. Let p; : Sy — Sg,p be the projection to

the ith component. For 1 < 1,7 < m, we denote
M;j = piag @ piby, — piby @ play.
k

Lemma 4.2. The diagonal element [A;;] = p;[Sqp] + p}f[ngp] + " M;; € HQ(Sg’}p;Q).

When p > 0, we have A;j = i*M;; € HQ(Sg?p; ).

Proof. This is classical. See Milnor—Stasheff [32, Section 11]. O
Denote by H; = p;‘(Hl(Sg,p; Q)) € HY(PConfy,(Syp); Q). We have the following

property of the cup product structure of H*(PConfy;,(Sgp)).

Lemma 4.3. Letz = 2! + ..+ 2™y =y + ... +y" € @1 H; = H (PConfp,(Sy,); Q).

If x,y independent and x — y = 0, then there exists i such that x € H; ory € H;.

Proof. The multiplication of z and y is the following:
. . . . n
r—y=al -yl +.. +2" vy"+2(xz®y] —y'®))e @pr[Sg,p] @@Hﬂ}?Hj
i#j i=1 i#j
Byx — y =0 € HQ(PConfn(ngp);(@) and (2) of Lemma 4.1, we have the following

equality

oty Y ey —y'ead) = Y ki) = Y ki (il Sg.pl+pilSepl+Mi )
i#j
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in P;; Qp} [Sg7p]@@i7éj H;®H;. By the independence of all the terms in Qn@@#j H;®
Hj, we have

Ry -y = ki,jMi,j for all 4, j.

If 2% and y* are proportional in Hj, since ¢ > 1, we have at least 4 terms in M; j, we
don’t have enough basis to span our M; ;. If 2! and y! are independent in H;, since g > 1,
we have 2! @ yJ — y! @ 2] # M;_ ;. Therefore k; ; = 0 and oy —yerl=0e H;® Hj.
Assume without loss of generality that x ¢ H; for any i and that x1 # 0 and z9 # 0. We
break the proof into the following cases.

e Case 1) yl # 0 and y! is not proportional to z!:
oy =ylowr e H ® Hj implies that y) =0 and 27 = 0 for j. However a9 # 0.
Therefore this case is invalid.

e Case 2) y! # 0 and Azl = pyl:
ey =yleosd e HHo H ;j implies that \zJ = gyt for all j, which verifies our
lemma that x and y are proportional.

e Case 3)yl =0:

zl ®yj = y1 ®z) € Hy ® Hj implies that yj = 0 for all j. This means y = 0 therefore

x and y are also proportional.

Lemma 4.4. For g > 1,p,n >0, an homomorphism
R : PBn(Sgp) = m1(Sgp)
either factors through some forgetful map or Image(R) = Z.
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Proof. The proof of this lemma uses the same idea as [24]. The method can also be found
in [33, Lemma 3.3 and 3.4]. We use group cohomology in what follows. By the classifi-
cation of subgroups of 71 (Syp), if Image(R) 2 Z, then Image(R) is either a free group
Fj. with £ > 1 or a surface group m1(Sy) such that h > g. In both cases, there are in-
dependent elements z,y € H!'(Image(R); Q) such that z — y = 0. Denote by S :
PB,(Syp) — Image(R) the map to the image of R, which is surjective by definition.
Then S*(z), S*(y) € HY(PBy(Syp); Q) are independent and S*(z) — S*(y) = 0. By
Lemma 4.3, we have S*(z) or S*(y) € H; for some i. Without loss of generality, assume
that S*(z) = pj(z). We have the following commutative diagram by the identification
H'(;Q) = Hom(_, Q).

PB,(S,) 2> Tmage(R)

771<Sg) = Q

Let K be the kernel of p;,, which is a finitely generated normal subgroup of PBy(Sy).

The image S(K) is also a finite generated normal subgroup of Image(R). However every
finitely generated normal subgroup of Image(R) is either finite index or trivial; see Prop-
erty (D6) in [24]. If S(K) < Image(R) has finite index, then after composing with z, the
image x o S(K) won’t be trivial in Q. This is a contradiction because K is the kernel of

Pix; 1e. 10 S(K) =1’ op;(K) = {1}. If the S(K) = 1, then S factors through p;. O
Now we are ready to prove Theorem 1.8.

Proof of Theorem 1.8. We will prove that every surjective homomorphism F' : PBy,(S) —
PBy,(S) factors through some forgetful homomorphism by induction on m. The case m =
1 is Lemma 4.4. We assume that when m < k, Theorem 1.8 is true. For m = k, we have
a surjection f : PBp(Sgp) — PBy(Sgp). By post-composing with a projection py, :
PBy(Sqp) = PBy_1(Sg,p), we have a new surjection py o f : PByp(S¢p) = PBy_1(Sg,p)-

By the inductive hypothesis, p; o f must factor through some forgetful map. We have the
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following commutative diagram.

forget
1—=PBy_41(Sgptk—1) —= PBn(Sgp) —= PBy_1(Sgp) —=1

| b |

1 PB1(Sgptk-1) PBy(Sg,p) —= PBj,_1(Sgp) —=1

Using the fact that PB,_11(Sg pyk—1) — PB1(S

9.p+k—1) factors through a for-

getful homomorphism, we get our result that PB,,(Sg,) — PBy(Sgp) factors through a

forgetful homomorphism.

Now we are ready to prove Corollary 1.9.

Proof of Corollary 1.9. We only need to prove that there does not exist a surjective ho-
momorphism F' : Bp(S) — m1(S) when n > 1. Assume that we have a surjection

F : Bp(S) — m(S). Restricting to the index n! subgroup PB;,(S), we have a map
F‘PBn(S) : PBp(S) — Image(F|PBn(S)). As a finite index subgroup of m1(.S), the group
Image(F|an(S)) is not cyclic. Then Lemma 4.4 says that F|an(5) = () o forget for some
Q : m1(S) — Image(F|pp, (5))- However @ cannot be surjective because Image(F|pp, (5))

has higher first betti number than 71 (S). O

4.2 Automorphism group of PB,(5,,)

In this section, we will compute the automorphism group of PBy(Sy,). The main idea is
to use the existence of a pseudo-Anosov element in the point-pushing subgroup. Before the
proof of the result, we will introduce 3 classical results we will use in the proof. Firstly, we

have the following result of Handel-Thurston [21, Lemma 2.2].

Theorem 4.5 ([21]). A pseudo-Anosov element of mapping class group does not fix any

nonperipheral isotopy class of curves (including nonsimple curves).
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Another ingredient is Kra’s construction [27]. Let S be a surface possibly with punc-
tures. The extended mapping class group Modi(S) is defined to be the group of isotopy
classes of diffeomorphisms of S fixing punctures as a set. Later, we will define other types
of extended mapping class groups by specifying exactly how they preserve punctures. Let
Mod™ (S, b) be the extended mapping class group of S fixing a point b (Mod(S, b) also
fixes punctures of S as a set). The following is the Birman exact sequence for S (see Farb—

Margalit [16, Section 4.2]):

1 - m1(S,b) 24 Mod®(S, ) — Mod*(S) — 1.
We say that an element « of 71(S,n) fills S if a curve representing of + intersects every

essential simple closed curve in S.

Theorem 4.6 (Kra’s construction [27]). Let S = Sg 5 and assume that S is hyperbolic.
Let v € m1(S,b). The mapping class Push(y) € Mod™(S,b) is pseudo-Anosov if and only
if v fills S.

The third ingredient is the following punctured Dehn—Nielsen—Baer theorem; e.g. see
[16, Theorem 8.8]. For a group G, denote by Out(G) the outer automorphism group of G;
i.e. Out(G) = Aut(G)/Inn(G), where Inn(G) denotes the group of conjugaction automor-

phisms.

Theorem 4.7 (Punctured Dehn-Nielsen-Baer Theorem). Let S = Sy be a hyperbolic
surface of genus g with n punctures. Let Out™(m(S)) (resp. Aut™(m1(S))) be the subgroup
of Out(m(S)) (resp. Aut(my(S))) consisting of elements that leave invariant the set of
conjugacy classes in w1(S) of the simple closed curves surrounding individual punctures.

Then the natural map

Mod™(S) — Out*(71(S)) and Mod™(S,b) — Aut*(m1(5))
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are isomorphisms.

Another result of this paper is described as the following, which is the main ingre-
dient in proving Theorem 1.10. Given any element in Modi(Sg’ern), there is an induced
action on the fundamental group 71 (Sg.p+n). Since Mod®(Sy p+n) does not fix any base
point, the action is only defined up to conjugation. Therefore we have an injective ho-
momorphism Modi(Sg,ern) — Out(m1(Sg,p+rn)). The braid point-pushing subgroup
PBn(Syp) < Mod*(Sgptn) is a normal subgroup; in other words, the normalizer of
PBy(Sgp) < Out(m(Sg,prn)) contains Modi(Sg7p+n). Let Modi(Sg,pm) be the ex-
tended mapping class group that fixes two sets of punctures, one with p points and the

other with n points. The following proposition computes the normalizer of PBy(Sqp) <

Out (71 (Sg,ptn))-

Proposition 4.8. Forn > 0,9 > 1,p > 0, the normalizer of PBy(Sgp) < Out(m1(Sgpin))
is Mod®(Sg p.n)-

Proof. Let R be an element of the normalizer of PB;,(Sgp) in Out(m1(Sg,n4p)). Therefore
R acts as an automorphism A on PBy(Sg ) by conjugation. That is Roeo R™1 = A(e),

which gives the following equation.
Roe=A(e) o R € Out(m1(Sqg,pin))

By Theorem 4.7, R € Modi(Sg,p+n) if and only if R fixes the set of conjugacy
classes of the punctures. We plan to prove R € Modi(ng_m) by contradiction. Let {¢;}
be the set of homotopy classes of closed curves surrounding punctures. Assume that R
does not fix the set of punctures. Without loss of generality, we can assume R(c1) = a
where a is nonperipheral. Since PB;,(Syp) fixes all punctures, we have Roe(c1) = R(c1) =
a. Therefore A(e)(a) = A(e)(R(c1)) = R(c1) = a which is true for any e € PBy(Sgp)-

However, because of Theorem 4.6, we know that that there is an element in PB;,(Sy p)
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that is pseudo-Anosov. By Theorem 4.5, we know that the pseudo-Anosov element does
not fix any nonperipheral isotopy class of curves a. This is a contradiction. Therefore we
have that

We just established that R € Modi(ng_m). What remains to be proven is that R €
Modi(Sg,pm). An element R € Modi(Sg,ern) induces an automorphism of PBy(S,p) if

and only if R acts on all terms of the following exact sequence

As a result, R fixes the p punctures as a set, which implies that R should also fixes the

other n punctures as well. Therefore R € Modi(Sg7p7n). O
Let Modi(Sg’pm_Ll) be the extended mapping class group that fixes three sets of

punctures, one with p points, one with n — 1 points and one with one point. Let

PBTL(‘SQJD) < MOdi(Sg,m—n—l,l) - AUt(7Tl<Sg,p+n—l))

be the natural embedding as before. By a similar argument, we have the following:

Proposition 4.9. For g > 1,n > 1,p > 0, the normalizer of
PBy(Syp) < Aut(m1(Sgpin—1)) is Mod*(Sypn-1,1).

We are now ready to prove Theorem 1.10; that is Modi(Sgp,n) = Aut(PBn(Syp))-

Proof of Theorem 1.10. First of all, as PB;,(Sg) is a normal subgroup in MOdi(Sg,p7n>7
there is a map
C' : Mod™*(Sypn) — Aut(PBp(Sgp))
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given by conjugation. Let F; : PBy(Sqp) — PB;,—1(Sg,p) be the forgetful map forget-
ting the ith coordinate. By Theorem 1.8, given any automorphism A : PB;,(Sgp) —
PBp(Sg,p), we have that F; o A factors through F} for some j. Denote by AutO(PBn(Sg))
the subgroup of Aut(PBy(Sy)) such that F; o A factors through F; for all i. Therefore we

have the following exact sequence
1 — Aut?(PB,(Sy)) — Aut(PBn(Sy)) = S — 1,

where for A € Aut(PBy(Sy)), the image S(A) satisfies that FjoA factors through Fg4);)-
Let Modi(Sg%ﬁ) be the extended mapping class group of Sy that fixes p points as a set
and n points individually. By Five lemma, the following commutative diagram implies

that to show that C' is an isomorphism, it suffices to show that C’ is an isomorphism.

1——=Mod* (S, p7) —= Mod®(Sgpn) Y, 1

[ Ny

Now we want to find the inverse of C’. Let A € AutY(PBy(Sy,)). Then Fj, o A

factors through Fj,, which gives the following commutative diagram.

Fy
1—>7T1(Sg,p+n—1) —>PBn(Sg,p) —>PBn—1(Sgyp) ~ 1
E g |
Fy

The above diagram gives us the following map P such that P(A) = R.
P Aut®(PBy(Syp)) — Aut(m1(Sypin—1))

Now we want to show that C’ is an isomorphism and P is the inverse of C’. This will con-
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clude the proof of the result for PB;,(Sgp).

e Step 1: P is injective.

If R = id, then for any e € PBy(Sgp), z € m1 (S p+n—1), we have that

R(exe ™) = A(e)R(x)A(e) "t = ¢ T A(e) commutes with z for x € 71 (Sgprn—1)
However, the map PBy,(Syp) — Aut(m1(Sg,p)) given by the conjugation action is
injective so e "L A(e) = id; i.e. Ale) =e = A =id.

e Step 2: Image(P) = Modi(ng’ﬁ).

For any e € PBy(Sg,p) and x € 71(Sy pyn—1), we have

That is to say
Roe=A(e)oR=> Roeco R~ ! = Ale) € Aut(m1(Sgprn—1)),

where e, A(e) € PBy(Sg,p) acts on 71(Sy p4n—1) by conjugation. By Proposition 4.9,
we have that R € Modi(Sg’pyn,l’l). Let {¢;} be the set of closed curves surrounding
punctures. By observation, Fjj(c;) = 1 if and only if j = i. However for every i, we

have the following commutative diagram (not exact sequence):

F;
Wl(Sg,ern—l) - PBn(ngzJ) - PBn—l(Sg,p)

E |4 |4

F;
1 (Sg,ernfl) - PBn(‘Sg,p) —PB, 1 (Sg,p)-

If R(c;) = ¢j where i # j, then on the one hand, we should have that F; o R(c;) =
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Fi(cj) # 1; on the other hand, A; o F(c;) = A;(1) = 1. This is a contradiction.

Therefore, we have that R € Modi(Sg7p7ﬁ).
e Step 3: by definition P o C’ = id.

The result for By, (S) follows from Ivanov [23, Theorem 2| that PBy,(S) is a characteristic

subgroup of By, (S). O
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