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ABSTRACT

Computer simulation is a powerful tool for exploring real-world processes. Special consider-

ations need to be made at each point to ensure an accurate and e�cient simulation. This

thesis focuses on topics at di↵erent points in the simulation process. We present a finite ele-

ment algorithm for solving the Stokes system based on the Scott-Vogelius technique together

with the iterated penalty method. By projecting the Scott-Vogelius pressure onto a continu-

ous function space, we can recover an accurate, continuous pressure solution while retaining

a divergence-free velocity. This algorithm could be of particular interest when modeling in-

compressible complex fluids where there is a strong dependence on the pressure. Full details

of our implementation in the automated finite element software FEniCS are described and

numerical results are given. Next, we derive a stochastic performance model for traditional

and pipelined Krylov linear solvers. By using a description that accounts for stochastic noise,

modeled by an analytical probability distribution, we are able to clarify a folk theorem that

pipelined methods can only result in a speedup of 2⇥ over the naive implementation. Ex-

amining repeated runs, we are also able to study machine noise in depth. These results are

particularly applicable in unpredictable computing environments, such as computing plat-

forms with shared resources. Details of our experiments in the scientific computing software

PETSc are given.

viii



CHAPTER 1

INTRODUCTION

Simulation is the computer imitation of some real-world event. Through simulation, scientists

are able to better understand and predict physical processes. For example, the ubiquitous

Navier-Stokes equations can be used in medicine to model aneurysms or cerebrospinal fluid

flow and simulations help researchers study these events.

Computer simulation can be thought of as several distinct steps, shown as a pipeline in

Figure 1.1. Continuous physical models take the form of di↵erential equations. Computers

assist in the simulation of these models because obtaining analytical solutions can be di�cult

due to the domain, external forces, or equations themselves. An approximation algorithm or

discretization scheme is applied to transform a continuous problem into a discrete algebraic

equation that must be solved. Numerical linear algebra is an extensive field within compu-

tational science and care must be taken in the choice of algorithm and its implementation to

ensure an e�cient solution. Finally, the solution can be applied to a particular application

of interest.

This thesis contains topics at di↵erent points in the simulation pipeline. In Chapter 2, we

introduce a discretization scheme for the Stokes equations using finite elements. The finite

element method is a powerful tool that uses variational calculus to transform continuous

di↵erential equations into finite dimensional problems. Its success stems from its generality,

flexibility, and rigorous mathematical underpinnings (e.g. a priori error analysis). Further-

more, it can be thought of as a black box, making it amenable to automation. A flowchart

of the steps of the finite element method and related topics are shown in Figure 1.2. See [38]

Model
Approximation

algorithm
Linear algebra

Figure 1.1: Overview of the simulation pipeline.
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for a brief introduction and [9] for a mathematical approach.

In this work, we will use the user-friendly FEniCS Project framework for the implemen-

tation of finite elements. In FEniCS, we define a mesh, function spaces and functions, and a

variational problem using a syntax that looks similar to handwritten mathematics. FEniCS

automates basis function generation and finite element assembly and interfaces with linear

Begin with the strong form of the
PDE with unknown function u

Derive the weak form us-
ing a test function v

Pick a finite dimensional basis
over a triangulation of the domain

Assemble a linear system of equations
using basis functions on each element

Solve the linear system to re-
cover the approximate val-
ues of u in the finite basis

Mesh generation

Error analysis

Local to global
mapping

Linear solvers

ApplicationsVisualization

Figure 1.2: Overview of the finite element method.
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algebra libraries such as PETSc (Portable, Extensible Toolkit for Scientific Computation)

[4, 3, 5] and Trilinos [22] to solve the discrete problem. FEniCS can also handle nonlinear

and time dependent problems, complicated boundary conditions, and complex meshes and

subdomains.

The finite element method produces an algebraic equation that must be solved. Special

care must be taken when picking a linear solver because the system could be ill-conditioned,

sparse, or very large with the need to scale on parallel computers. In high performance

settings, it is di�cult to judge tradeo↵s between di↵erent solvers. Iterative Krylov solvers

are often employed because they use less memory and are easier to parallelize than direct

solvers based on Gaussian Elimination. However, they do not scale well on massively parallel

machines because of global communications used in vector normalizations and orthogonal-

izations. To mitigate these overheads, algebraically equivalent “pipelined” methods have

been introduced which rearrange the algorithms so that communication and computation

can overlap. Still, it is di�cult to describe the performance of these methods on HPC ma-

chines. In Chapter 3, we introduce a stochastic performance model for Krylov and pipelined

Krylov methods that captures a realistic representation of the performance of these methods.

For experiments in this work, we will use Krylov solvers implemented in the scientific

computing tool PETSc on supercomputers such as the Cray XC40 at the Argonne Leader-

ship Computing Facility. PETSc is a collection of data structures and associated functions

for the numerical solution of di↵erential equations (e.g. matrices, vectors, linear solvers, and

preconditioners) e�ciently implemented and designed for use on high performance comput-

ers.
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CHAPTER 2

TOWARDS A UNIFIED FINITE ELEMENT FOR THE

STOKES EQUATIONS

2.1 Introduction

The Stokes equations describe the low Reynold’s number limit of the Navier-Stokes equations

for steady, incompressible fluids, such as paint or lava. The Stokes system takes the form

��u+rp = f (2.1)

r · u = 0 (2.2)

for velocity u and pressure p with force term f in a domain ⌦ 2 Rd with, say, u = 0 on @⌦.

Finding stable finite element schemes for the Stokes system is di�cult because mixed

formulations (methods that require more than one approximation space) must satisfy the

Ladyzhenskaya-Babus̆ka-Brezzi or inf-sup condition [10]. Furthermore, it is di�cult to satisfy

the mass conservation (2.2) and the discrete variational form results in a saddle point problem

that requires special care to solve.

The Stokes system has been studied extensively and there are many well known stable

finite element methods suitable for simulation. Taylor and Hood introduced a widely used

finite element that uses continuous polynomials of degree k for the velocity space and contin-

uous polynomials of degree k � 1 for the pressure with k � 2 [45, 8]. The Crouzeix-Raviart

non-conforming element lets the velocity space be integral moments of order k over cell edges

and uses a discontinuous pressure space of order k� 1 [13]. Arnold, Brezzi, and Fortin used

piecewise continuous linear functions enriched with bubbles for the velocity space [2]. Stabi-

lization techniques have also been introduced that add a stabilization terms with parameter

� to the bilinear forms, see [16] for a discussion. Finally, Scott and Vogelius introduced an

iterative method that uses a higher order continuous approximation space for the velocity

4



and is exactly divergence free [41].

Here, we introduce a “unified” finite element that combines the strengths of the Taylor-

Hood and Scott-Vogelius methods and eliminates the weaknesses. In Sections 2.2 and 2.3

we give a review of Taylor-Hood and the Scott-Vogelius iterated penalty method, including

convergence results and show that this method does not result in “locking”. In Sections 2.4

and 2.5 we introduce the unified Stokes algorithm and give an implementation in FEniCS.

In Sections 2.6 and 2.7 we test our algorithm in a variety of domains and compare the results

to implementations of Taylor-Hood and Scott-Vogelius. We conclude our work in Section

2.8.

2.2 Taylor-Hood

The variational problem for the Stokes equations uses the bilinear forms

a(u,v) :=

Z

⌦
ru : rv dx

b(v, p) :=

Z

⌦
(r · v) p dx

(f ,v) :=

Z

⌦
f · v dx

(2.3)

and can be written: Find u 2 V and p 2 ⇧ such that

a(u,v)� b(v, p) = (f ,v) 8v 2 V

b(u, q) = 0 8q 2 ⇧.
(2.4)

Let Vh,k denote the space of C0 piecewise polynomials of degree k on a simplicial tri-

angulation Th of size h of ⌦. The Taylor-Hood method consists of applying (2.4) with

V = {v 2 V d
h,k

��v = 0 on @⌦} and ⇧ = Vh,k�1/R for k � 2. In practice, the two equations

in (2.4) are solved simultaneously. Although the Taylor-Hood pressure approximation is

continuous, the mass conservation (2.2) is enforced weakly over each element in the domain.

5



Some e↵ects related to the lack of mass conservation with Taylor-Hood are described in [29].

2.3 Scott-Vogelius

The Scott-Vogelius method consists of applying (2.4) with the same V as Taylor-Hood and

⇧ = r · V, typically for k � 4 in two dimensions [40, 41] and k � 6 in three dimensions

[47]. The solution of the Scott-Vogelius system is complicated by the fact that the pressure

space depends on the singular vertices in the mesh. This can be avoided by using the iterated

penalty algorithm for the Scott-Vogelius element [9, Equation 13.1.4], which uses the bilinear

form

ar(u,v) :=

Z

⌦
ru : rv + r(r · u)(r · v) dx (2.5)

to enforce the divergence constraint in (2.2). The variational form ar(·, ·) in (2.5) is also

advocated as a preconditioner in [31] and a stabilizer in [33].

The Scott-Vogelius iterated penalty method can be written as: find un 2 V such that

ar(u
n,v) = F (v)� b(v, pn) for all v 2 V

pn+1 = pn � rr · un,
(2.6)

where a typical choice is r = 1000 and we can start with p0 = 0. Equivalently, the pressure

can be determined by

pn+1 = r ·wn+1, wn+1 = wn � run, (2.7)

where we start with w0 = 0.
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Figure 2.1: Unified Stokes and Scott-Vogelius kr · unkL2(⌦) converge geometrically.

When there are no nearly-singular vertices, it is known that

sup
v2V d

h,k

b(v, q)

kvkH1(⌦)
� �SV kqkL2(⌦)/R 8q 2 ⇧ = r ·V, (2.8)

provided k � 4 in two dimensions [40, 41] and k � 6 in three dimensions [47]. We discuss

extensions to smaller values of k for special meshes in section 6. Convergence of the iterated

penalty solution algorithm is given in [9, Section 13.2] as follows.

Theorem 1. Suppose that (u, p) represents the solution of the Stokes system (2.1), and let

(uSVh,k, p
SV
h,k) denote the solution to (2.4) with V = {v 2 V d

h,k |v = 0 on @⌦} and ⇧ = r ·V
for k � 4 in two dimensions and k � 6 in three dimensions. Finally, let let un 2 V be

defined by (2.6) and let pn 2 r · V be equivalently defined by (2.7) or (2.6), with r � 1.

Then

���u� uSVh,k

���
H1(⌦)

+
���p� pSVh,k

���
L2(⌦)/R

 Chk kukHk+1(⌦)

���un � uSVh,k

���
H1(⌦)

+
1

r

���pn � pSVh,k

���
L2(⌦)/R

 C kr · unkL2(⌦)

kun � ukH1(⌦)  Chk kukHk+1(⌦) + C kr · unkL2(⌦)

kpn � pkL2(⌦)/R  Chk kukHk+1(⌦) + Cr kr · unkL2(⌦) ,

(2.9)

where the constant C depends only on k, �SV and ⌦. Moreover, kr · unkL2(⌦)  (C/r)n,

7



that is, it converges to zero geometrically with a rate C/r.

One consequence of the theorem is that kr · unkL2(⌦) can be used to monitor convergence

of (2.6). In [27], direct solvers were used for the linear systems related to (2.6) involving

ar(·, ·).

2.3.1 No locking

The paper by Linke et al. [30] shows that for high-degree piecewise polynomials, adding

a divergence term to a form does not cause locking. More precisely, they consider the

Taylor-Hood finite element solution uTHh to (2.4) but using the form ar instead of a. The

Scott-Vogelius solution uSV is the same whether ar or a is used. Then for k � 4 in two

dimensions [40, 41] and k � 6 in three dimensions [47], it is shown that [30]

���r(uTHh,k � uSVh,k)
���
L2(⌦)

 C

r
, (2.10)

at least under suitable mesh restrictions for which the Scott-Vogelius method satisfies the

inf-sup condition. The result (2.10) shows that locking does not occur.

2.3.2 Velocity and pressure are independent

The conventional way of thinking about both the Taylor-Hood and Scott-Vogelius methods

is that they simultaneously solve for uh and ph. It is known that the approaches have

complementary positives and negatives [46]. In particular, the Scott-Vogelius method can

produce a uh whose divergence is zero to within roundo↵ error, but the pressure ph is

discontinuous. By contrast, the Taylor-Hood pressure is quite smooth, but the divergence

of the velocity is only O(hk). Here we define an algorithm that combines the best of these

two behaviors and eliminates the worst.

The pressure and velocity approximations can be completely decoupled [9]. For example,

8



we can define

ZTH
h,k =

�
v 2 V

�� b(v, q) = 0 8q 2 Vh,k�1/R
 
, ZSV

h,k =
�
v 2 V

��r · v = 0
 
. (2.11)

We have ZSV
h,k ⇢ ZTH

h,k . Then uTHh,k and uSVh,k in V can be characterized by

a0(u
⇤
h,k,v) = F (v) 8v 2 Z ⇤h,k, (2.12)

where ⇤ stands for either SV or TH. Once u ⇤h,k has been obtained, then pTHh,k 2 Vh,k�1/R

and pSVh,k 2 ⇧ = r ·Vd
h,k can be determined via

b(v, p ⇤h,k) = F (v) 8v 2 �Z ⇤h,k
�?, (2.13)

where
�
Z ⇤h,k

�? denotes the space orthogonal to Z ⇤h,k inVd
h,k with respect to the inner product

a0(·, ·). The existence of pTHh,k is determined by the inf-sup condition

sup
v2V d

h,k

b(v, q)

kvkH1(⌦)
� �TH kqkL2(⌦)/R 8q 2 Vh,k�1/R. (2.14)

It is known that �TH > 0 can be chosen independent of h with only mild mesh restrictions [8].

Similarly, the existence of pSVh,k is determined by the inf-sup condition (2.8). Unfortunately,

the characterization (2.13) does not provide a useful computational algorithm, but it does

establish that the pressure and velocity can be viewed as independent. This is the motivating

idea behind the unified Stokes algorithm.
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2.4 Unified Stokes algorithm

The unified Stokes approach is to first solve for uSVh,k via (2.6), and then to define pUSh,k 2
Vh,k�1/R via the L2 projection of pSVh,k onto Vh,k�1/R:

(pUS
h,k, q) = (pSVh,k, q) 8q 2 Vh,k�1/R. (2.15)

More precisely, we define the pair (uSVh,k, p
US
h,k) to be the unified Stokes approximation of the

Stokes system.

Note that we can approximate pUSh,k defined by:

(pUS,n
h,k , q) = (r ·wn, q) = �(wn,rq) 8q 2 Vh,k�1/R, (2.16)

where wn is defined via the iterated penalty method (2.7). Thus there are three mathemat-

ically equivalent ways to compute pUS,nh,k 2 Vh,k�1/R:

(pUS,n
h,k , q) = (r ·wn, q) 8q 2 Vh,k�1/R,

(pUS,n
h,k , q) = (pn, q) 8q 2 Vh,k�1/R,

(pUS,n
h,k , q) = �(wn,rq) 8q 2 Vh,k�1/R,

(2.17)

where pn 2 V disc
h,k�1/R, the space of discontinuous piecewise polynomials of order k � 1, is

defined by (2.6) and wn 2 V is defined by (2.7).

Mathematically, pUS
h,k = PpSVh,k, where P is the L2 projection onto the space Vh,k�1/R.
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r = 1 L2 maximum���pUS
1 � pUS

2

��� 2.76e-16 1.33e-15
���pUS

1 � pUS
3

��� 7.57e-14 3.51e-13
���pUS

2 � pUS
3

��� 7.57e-14 3.52e-13

r = 1000���pUS
1 � pUS

2

��� 2.16e-12 1.09e-11
���pUS

1 � pUS
3

��� 7.29e-11 3.34e-10
���pUS

2 � pUS
3

��� 7.34e-11 3.40e-10

Table 2.1: Equivalence of the expressions in (2.17) after one iteration with h = 1/2 and
k = 4 for various values of r.

More precisely, pUS,n
h,k = Ppn. Thus

���p� pUS,n
h,k

���
2

L2(⌦)/R
= kp� Ppnk2L2(⌦)/R

=
��p� Pp+ P�p� pn

���2
L2(⌦)/R

=
���P?p

���
2

L2(⌦)/R
+
��P�p� pn

���2
L2(⌦)/R

= kp� Ppk2L2(⌦)/R +
��P�p� pn

���2
L2(⌦)/R

 kp� Ppk2L2(⌦)/R + kp� pnk2L2(⌦)/R

 � kp� PpkL2(⌦)/R + kp� pnkL2(⌦)/R
�2.

Thus
���p� pUS,n

h,k

���
L2(⌦)/R

 kp� PpkL2(⌦)/R + kp� pnkL2(⌦)/R . (2.18)

Using Theorem 1 for the Scott-Vogelius algorithm, we have thus proved the following.

Theorem 2. Suppose that (u, p) represents the solution of the Stokes system (2.5). Let

uh 2 V be defined by the iteration (2.6) with r � 1, and let pUS,nh,k 2 Vh,k�1/R be defined by

11



(2.17). Then

���p� pUS,nh,k

���
L2(⌦)/R

 inf
q2V

h,k�1/R
kp� qkL2(⌦)/R + Chk kukHk+1(⌦) + Cr kr · unkL2(⌦) ,

(2.19)

where the constant C depends only on k, �SV and ⌦. Moreover, kr · unkL2(⌦)  (C/r)n.

Proof. From (2.9), we have

kp� pnkL2(⌦)/R  Chk kukHk+1(⌦) + Cr kr · unkL2(⌦) . (2.20)

From (2.18) and (2.20), we have

���p� pUS,nh,k

���
L2(⌦)/R

 kp� PpkL2(⌦)/R + kp� pnkL2(⌦)/R

 kp� PpkL2(⌦)/R + Chk kukHk+1(⌦) + Cr kr · unkL2(⌦) .

(2.21)

Since kp� PpkL2(⌦)/R = infq2V
h,k�1/R kp� qkL2(⌦)/R, the proof is complete.

This demonstrates that the velocity and pressure approximations are fully decoupled.

2.5 Implementation

In this section, we will discuss our implementation of the unified Stokes algorithm in the

automated finite element software, FEniCS, as well as implementations of Scott-Vogelius

and Taylor-Hood for comparison. This will be followed by numerical results.

The flow of the unified Stokes algorithm (as well as Scott-Vogelius and Taylor-Hood for

comparison) is shown in Figure 2.2, where

V ⇤h,k�1 =

8
>><

>>:

V disc
h,k�1 SV

Vh,k�1 US

.
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There are several details worthy of noting in our implementations. We advocate the use of

the first form in (2.17) so that the iterated penalty method becomes: Find un 2 V such that

ar(u
n,v) = F (v)� b(v,r ·wn) for all v 2 V

and update wn 2 V using

wn+1 = wn � run.

Note that we use the substitution shown in (2.7) instead of using the pressure explicitly

and compute the pressure only when it is needed. This could be particularly useful in time

dependent or nonlinear iterations where the pressure is not explicitly needed at each step.

On the other hand, it requires retention of an additional velocity field which increases storage

requirements.

We choose to stop the iterated penalty method when kr · ukL2(⌦)  10e-10 and thus

need to compute this value in each iteration. There are many ways to do this, but we find

it e�cient to compute
qR

⌦(r · u)2 dx directly using the assemble function in Dolfin as

opposed to, say, finding a function g such that g = r · u and calculating the L2 norm. A

full implementation of unified Stokes in FEniCS with h = 1
16 and k = 4 can be found in

Program 2.3.

13



Construct the mesh
and velocity space V d

h,k

Define forcing term f and
boundary condition on u

Define u, w, and the
variational problem

Solve for u and
update w according to (5)

Find kr · ukL2(⌦). Is it
below the chosen threshold?

Construct the pressure space
V ⇤h,k�1 and solve for the pres-
sure by projection of r · w

yes

no

Scott-Vogelius, unified Stokes

Construct the mesh,
velocity space V d

h,k, and
pressure space Vh,k�1

Define forcing term f and
boundary condition on u

Define u, p, and the
variational problem

Solve for u and p

Find kr · ukL2(⌦)

Taylor-Hood

Figure 2.2: Algorithm flow for Scott-Vogelius and unified Stokes (left) and Taylor-Hood
(right).
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# create mesh and define velocity and pressure function spaces

mesh = UnitSquareMesh(16, 16, "crossed")

k = 4

V = VectorFunctionSpace(mesh, "Lagrange", k)

# define boundary condition

boundary_exp = Expression(("sin(4*pi*x[0])*cos(4*pi*x[1])",

"-cos(4*pi*x[0])*sin(4*pi*x[1])"))

bc = DirichletBC(V, boundary_exp, "on_boundary")

# set the parameters

f = Expression(("28*pow(pi, 2)*sin(4*pi*x[0])*cos(4*pi*x[1])",

"-36*pow(pi, 2)*cos(4*pi*x[0])*sin(4*pi*x[1])"))

r = 1.0e3

# define test and trial functions, and function that is updated

u = TrialFunction(V)

v = TestFunction(V)

w = Function(V)

# set the variational problem

a = inner(grad(u), grad(v))*dx + r*div(u)*div(v)*dx

b = -div(w)*div(v)*dx

F = inner(f, v)*dx

u = Function(V)

pde = LinearVariationalProblem(a, F - b, u, bc)

solver = LinearVariationalSolver(pde)

# Scott-Vogelius iterated penalty method

iters = 0; max_iters = 100; div_u_norm = 1

while iters < max_iters and div_u_norm > 1e-10:

# solve and update w

solver.solve()

w.vector().axpy(-r, u.vector())

# find the L^2 norm of div(u) to check stopping condition

div_u_norm = sqrt(assemble(div(u)*div(u)*dx(mesh)))

iters += 1

# unified Stokes solution

p_US = project(div(w), FunctionSpace(mesh, "Lagrange", k - 1))

Figure 2.3: Unified Stokes algorithm
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2.6 Numerical experiments

2.6.1 Manufactured solution problem

First, we will use the method of manufactured solutions so that we can easily measure the

error of our algorithm. We choose our data so that the exact solution is

u =

2

64
sin(4⇡x) cos(4⇡y)

� cos(4⇡x) sin(4⇡y)

3

75 (2.22)

p = ⇡ cos(4⇡x) cos(4⇡y). (2.23)

Di↵erentiating, we find

f =

2

64
28⇡2 sin(4⇡x) cos(4⇡y)

�36⇡2 cos(4⇡x) sin(4⇡y)

3

75 .

Let the domain ⌦ be the two dimensional unit square with a crossed computation mesh and

constant r = 103.

First, we numerically validate Theorem 1.1, which states that kr · ukL2(⌦)  (C/r)n.

Figure 2.1 shows that kr · unkL2(⌦) converges independently of mesh size or polynomial

order with r = 103, which is in agreement with Theorem 1.1.

Similarly, we want to show that all terms in (2.17) are equivalent numerically. We do one

loop of the iterated penalty method using each of the three forms (call them pUS
1 , pUS

2 , and

pUS3 ) and compare their L2 and maximum di↵erences. The results are given in Table 2.1.

The di↵erences are within roundo↵ error when r = 1 and small when r = 1000. We choose

to use r = 1000 in our experiments since the magnitude of this constant is the coe�cient

of the penalty term in the iterated penalty method and dictates the convergence rate of the

method. A choice of r with a smaller magnitude will take more iterations until convergence.
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(a) (b)

Figure 2.4: Computed maximum error as a function of (a) mesh size with fixed k = 6 and
(b) polynomial order with fixed h = 1/16.

(a) (b)

Figure 2.5: Computed L2 error as a function of (a) mesh size with fixed k = 6 and (b)
polynomial order with fixed h = 1/16.
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Taylor-Hood Scott-Vogelius, unified Stokes
1
h k kr · ukL2(⌦)

��r · u1��L2(⌦) kr · unkL2(⌦)

2 4 7.05e-01 2.22e-03 8.51e-11
2 5 9.09e-02 1.63e-03 7.25e-11
2 6 5.49e-02 1.57e-03 3.44e-11
4 4 8.28e-03 1.57e-03 3.47e-11
4 5 1.03e-02 1.57e-03 3.33e-11
4 6 1.93e-04 1.57e-03 3.24e-11
8 4 3.63e-03 1.57e-03 3.26e-11
8 5 2.75e-04 1.57e-03 3.18e-11
8 6 1.69e-05 1.57e-03 3.14e-11
16 4 2.25e-04 1.57e-03 3.14e-11
16 5 9.45e-06 1.57e-03 3.10e-11
16 6 2.61e-07 1.57e-03 3.10e-11

Table 2.2: kr · unkL2(⌦) for varying h and k after one iteration and after termination, n = 4
iterations.

FEniCS
1
h k Taylor-Hood Scott-Vogelius Unified Stokes
2 4 2.55e-02 2.82e-02 2.89e-02
2 5 2.96e-02 3.41e-02 3.68e-02
2 6 3.84e-02 4.55e-02 4.72e-02
4 4 4.66e-02 5.15e-02 5.27e-02
4 5 7.43e-02 8.40e-02 8.59e-02
4 6 1.22e-01 1.31e-01 1.31e-01
8 4 1.48e-01 1.55e-01 1.54e-01
8 5 6.62e-01 3.29e-01 3.29e-01
8 6 1.26e+00 5.83e-01 5.84e-01
16 4 9.72e-01 6.63e-01 6.58e-01
16 5 2.17e+00 1.70e+00 1.69e+00
16 6 4.33e+00 3.14e+00 3.12e+00

Table 2.3: Runtimes in seconds for varying h and k (one solve for Taylor-Hood, four iterations
of (2.6) for Scott-Vogelius and unified Stokes).
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We also want to show that unified Stokes is indeed a useful approach by comparing

our results to both Taylor-Hood and Scott-Vogelius. We use Taylor-Hood, Scott-Vogelius,

and unified Stokes to solve the Stokes system and compare each velocity and pressure to

(2.22) and (2.23), respectively. The maximum and L2 errors with varying mesh size and

polynomial order can be found in Figures 2.4 and 2.5. The maximum errors for velocity and

pressure were calculated by interpolating the exact solution onto the appropriate function

space for each method and taking the maximum di↵erence across the nodes. We used the

Dolfin function errornorm with a degree rise of 3 to calculate the L2 error. We see that all

velocity solutions are approximately equivalent, but Taylor-Hood and unified Stokes compute

a more accurate pressure than Scott-Vogelius in all cases that were tested. Table 2.2 details

kr · ukL2(⌦) for each method. For Scott-Vogelius and unified Stokes we show the result after

one iteration and after each algorithm terminated (four iterations for all values of h and k

for both) and
qR

⌦(r · u)2 dx was calculated directly as described above. Scott-Vogelius

and unified Stokes compute the same velocity, so we report them together.

In Table 2.3, we see that, surprisingly, unified Stokes and Scott-Vogelius are more e�cient

than Taylor-Hood, even though the former methods require multiple linear solves. The reason

is that the Taylor-Hood system is much larger, since u and p are found simultaneously. For

example, with h = 1
16 and k = 6 the Taylor-Hood system has 50,211 unknowns compared to

37,250 for unified Stokes and Scott-Vogelius.

We choose a direct linear solver with full pivoting (the default solver in PETSc) to do our

comparisons since that is a solver that is fully justified for the indefinite system in Taylor-

Hood. We could have used a more e�cient solver for unified Stokes and Scott-Vogelius, such

as Cholesky, which would make the comparisons with Taylor-Hood even more favorable. A

more extensive comparison of the linear algebra for Taylor-Hood on the one hand and unified

Stokes and Scott-Vogelius on the other would require an in-depth study of possible solution

algorithms.

We have limited our computational experiments for Scott-Vogelius and the unified Stokes
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Figure 2.6: Computed L2 error on a crossed mesh of size h = 1/16 and polynomial order
k  4.

algorithm to k � 4 since this is the case that does not have significant mesh restrictions (in

two dimensions). However, on crossed meshes, it is known that this approach is optimally

convergent for all k � 1 [35], and on other specialized meshes for low degree as well [26].

Moreover, convergence is assured even if only a fraction of the triangles come from crossed

quadrilaterals, provided only that the fraction does not degenerate to zero as the mesh size

is reduced [35]. Thus the unified Stokes approach can be used on such specialized meshes

for k � 2 as demonstrated in Figure 2.6 for the problem in Section 2.6.1. In the case k = 1,

the pressure is only piecewise constant, so there is no simple analog of a continuous pressure,

nor is there a corresponding Taylor-Hood method.

2.6.2 Lid-driven cavity problem

Now we will test the methods using the lid-driven cavity problem with lower regularity than

before. We will take the domain ⌦ again to be the two dimensional unit square and use the

unstructured mesh generator Gmsh [19] to discretize the domain. Let u = (1, 0) on the top

of the square and u = (0, 0) elsewhere, with f = (0, 0).

Table 2.4 shows kr · ukL2 for each method. Like before, we terminate the iterated penalty

method after kr · ukL2 < 10e-10. The last column of Table 2.4 is the number of iterations

needed. More iterations of the penalty method are used by Scott-Vogelius and unified Stokes
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Taylor-Hood Scott-Vogelius, unified Stokes
1
h k kr · ukL2

��r · u1��L2

��r · u4��L2 kr · unkL2 n
2 4 1.16e-01 3.52e-03 4.78e-08 8.57e-11 6
2 5 8.23e-02 3.88e-03 1.44e-08 1.84e-11 6
2 6 6.01e-02 4.20e-03 8.10e-09 1.02e-11 6
4 4 1.17e-01 4.58e-03 3.56e-07 1.01e-11 8
4 5 8.46e-02 4.89e-03 1.73e-07 5.78e-11 7
4 6 6.16e-02 5.18e-03 9.70e-08 3.00e-11 7
8 4 1.35e-01 5.48e-03 3.59e-09 7.43e-11 5
8 5 9.85e-02 5.79e-03 2.57e-09 6.96e-11 5
8 6 7.32e-02 6.06e-03 1.49e-09 2.66e-11 5
16 4 2.15e-01 6.76e-03 1.33e-08 2.38e-11 6
16 5 1.63e-01 6.89e-03 1.28e-08 9.36e-12 6
16 6 1.27e-01 7.05e-03 6.64e-09 2.43e-12 6

Table 2.4: kr · unkL2(⌦) for varying h and k after one iteration, four iterations, and after
termination in the lid-driven cavity problem.

for this problem, resulting in longer runtimes than Taylor-Hood. If the tolerance is relaxed

to, say, 10e-6 the method converges in just a few iterations with competitive runtimes. Table

2.4 also shows that Taylor-Hood does not deal well with the divergence constraint in this

problem compared to the one in Section 2.6.1. That is, kr · ukL2 is about the same for

all values of h, rather than going to zero as the mesh is refined or the polynomial degree is

increased.

2.6.3 Collision in a square domain

Consider domain ⌦ = [�1, 1]2. Define vector functions

gx(x, y) = (1� y2, 0) and gy(x, y) = (0, 1� x2).

We have that gx, gy 2 H1(⌦) and r ·gx = r ·gy = 0 in ⌦. Similarly, define scalar functions

px(x, y) = �2x and py(x, y) = �2y.
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These are both in L2(⌦) and have mean zero. In ⌦, ��gx = (2, 0) = �rpx, and ��gy =

(0, 2) = �rpy. Then (gx, px) and (gy, py) are strong solutions of Stokes in ⌦. Since the

Stokes equations are linear, any linear combination of these solutions is also an exact solution

of the Stokes equations.

We will try to recover the exact solution (gx+gy, px+ py), representing colliding flow in

a square domain, by solving the Stokes equations in the domain ⌦ = [�1, 1] with boundary

conditions

u(x, y) =

8
>><

>>:

(0, 1� x2) x = �1 or x = 1

(1� y2, 0) y = �1 or y = 1

and forcing term f(x, y) = (0, 0). Here, we stop the iterated penalty method after 10 itera-

tions. Unified Stokes results are shown in Table 2.5 where ue and pe are the exact solutions

and runtime is in seconds. It is likely that the inconsistencies in the pressure approxima-

tion is due to the presence of triangles with two sides in the corners of the domain. The

Taylor-Hood method had similar results in this experiment.

1/h k kr · ukL2 ku� uekL2 kp� pekL2 Runtime
2 4 1.96e-13 7.81e-10 3.88e-01 1.35e-01
2 5 1.50e-13 1.24e-09 2.62e-01 1.50e-01
2 6 3.77e-13 2.76e-09 1.88e-01 1.84e-01
4 4 2.95e-13 7.34e-10 1.56e-06 2.07e-01
4 5 3.85e-13 1.77e-09 2.45e-07 3.34e-01
4 6 7.99e-13 2.88e-09 5.71e-07 4.25e-01
8 4 5.39e-13 1.51e-09 1.51e-06 5.17e-01
8 5 9.24e-13 1.62e-09 4.22e-07 8.55e-01
8 6 1.84e-12 3.50e-09 6.09e-07 1.42
16 4 1.47e-12 1.55e-09 3.43e-02 1.71
16 5 3.55e-12 5.06e-09 2.31e-02 3.15
16 6 3.68e-12 5.92e-09 1.66e-02 5.64

Table 2.5: Unified Stokes results for collision in a square domain after 10 iterations of the
penalty method.
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Figure 2.7: Cross shaped domain with inflow on the bottom and left sides and outflow on
the top and right.

2.7 Complex domains

It has been shown that mass conservation is important for numerical stability [29]. In this

section, we study mass conservation in problems with complex domains or irregular flows.

We compute solutions to the Stokes equations in a cross shaped domain similar to [29]

in 2.7.1 and in a bow tie domain with parabolic inflow and outflow in 2.7.2. Again, we

use FEniCS to compute solutions using the Taylor-Hood and unified Stokes methods and

compare kr · ukL2 . For the iterated penalty method used by unified Stokes, we let the

penalty parameter r = 104 and stop the iterations when either kr · ukL2 < 10�12 or 100

iterations are reached.

2.7.1 Cross shaped domain

Consider the cross domain shown in Figure 2.7, defined by

⌦x = {(x, y) : |x| < 32, |y| < 1} and ⌦y = {(x, y) : |y| < 32, |x| < 1} ,

so that ⌦ = ⌦x [⌦y, the domain used in [29]. We take boundary conditions so that there is

inflow on the bottom and left and outflow top and right. For this, we let u on the bottom
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and top of the cross be u(x, y) = (0, 1 � x2) and on left and right be u(x, y) = (1 � y2, 0),

similar to what was described in 2.6.3. We impose no-slip boundary conditions u = (0, 0)

elsewhere and let f = (0, 0).

Table 2.6 shows the mass conservation of Taylor-Hood and unified Stokes for various

discretizations and polynomials. In this complex domain, it takes many iterations of the

penalty method to drive kr · ukL2 to zero. Furthermore,
��r · u4��L2 is quite small and in

some cases more iterations of the penalty method is not very helpful. Many iterations also

makes the unified Stokes method less e�cient than Taylor-Hood without a much di↵erent

velocity estimate. However, we do not see improvement in kr · ukL2 using the Taylor-Hood

method as the mesh is refined and polynomial order increased, as we did in the previous

section. We also do not see that a better velocity approximation is correlated with better

mass conservation, as was suggested in [29].

2.7.2 Bow tie domain

A “bow tie” is a unit square mesh with triangles cut out of top and bottom so that the domain

resembles a bow tie. We use parabolic inflow on the left edge and outflow on the right edge

with u(x, y) = (�y2 + y, 0). We take the no-slip conditions u(x, y) = (0, 0) elsewhere and

let f(x, y) = (0, 0). Figure 2.8 shows a close-up of the computed unified Stokes solution and

a comparison between unified Stokes and Taylor-Hood with h = 1
32 and k = 4.

Mass conservation is shown in Table 2.7 and we see results similar to 2.7.1. The unified

Stokes method takes many more iterations to push kr · ukL2 below the threshold so that

it is less e�cient, although it converged in fewer iterations than the cross shaped domain.

Taylor-Hood does not improve much as the mesh is refined and polynomial order increased.

Using a very fine mesh and high-order polynomials, a standard laptop did not have enough

memory to compute the Taylor-Hood solution.
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(a) Unified Stokes computed velocity. (b) Di↵erence between solutions.

Figure 2.8: Comparison of computed solutions with h = 1
32 and k = 4 in a bow tie shaped domain.

2.8 Conclusion

We have described an algorithm for e�ciently solving the Stokes system based on the Scott-

Vogelius technique and the iterated penalty method. We used the iterated penalty method

to compute a divergent-free velocity and a continuous function space to compute an accu-

rate pressure. Additionally, this method is more e�cient than a Taylor-Hood approach in

some cases, which similarly computes a continuous, accurate pressure. We have given a full

description of our implementation in FEniCS as well as numerical results that show that

our algorithm is competitive. Furthermore, we study our method in complex domains where

mass conservation is known to be important for numerical stability.
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Taylor-Hood Unified Stokes
1/h k kr · ukL2

��r · u1��L2

��r · u4��L2 kr · unkL2 n
16 2 1.33e+00 4.46e-02 2.00e-05 5.40e-11 9
16 3 1.00e+00 5.26e-02 7.09e-05 2.27e-11 12
16 4 5.93e-01 5.21e-02 6.73e-05 1.43e-11 11
16 5 5.00e-01 5.21e-02 6.70e-05 1.63e-11 11
16 6 4.18e-01 5.20e-02 6.63e-05 2.66e-11 11
32 2 1.15e+00 6.26e-02 1.43e-02 2.61e-03 100
32 3 7.94e-01 5.24e-02 7.22e-05 6.28e-11 15
32 4 5.93e-01 5.21e-02 6.74e-05 1.16e-11 11
32 5 4.73e-01 5.20e-02 6.66e-05 1.78e-11 11
32 6 3.92e-01 5.19e-02 6.61e-05 9.97e-12 11
64 2 7.99e-01 5.23e-02 7.53e-05 8.64e-11 22
64 3 5.33e-01 5.19e-02 6.61e-05 2.20e-11 11
64 4 4.02e-01 5.19e-02 6.57e-05 1.36e-11 11
64 5 3.21e-01 5.18e-02 6.56e-05 2.52e-11 11
64 6 2.67e-01 5.18e-02 6.55e-05 1.44e-11 11
128 2 5.57e-01 5.20e-02 1.67e-04 1.14e-05 100
128 3 3.69e-01 5.19e-02 6.57e-05 6.53e-08 100
128 4 2.77e-01 5.18e-02 6.55e-05 6.54e-08 100
128 5 2.21e-01 5.18e-02 6.54e-05 8.70e-09 100
128 6 1.84e-01 5.18e-02 6.54e-05 7.96e-09 100
256 2 3.70e-01 5.19e-02 6.77e-05 7.93e-06 100
256 3 2.48e-01 5.18e-02 6.55e-05 4.08e-08 100
256 4 1.87e-01 5.18e-02 6.54e-05 6.07e-10 100
256 5 1.49e-01 5.18e-02 6.54e-05 2.91e-10 100
256 6 1.23e-01 5.18e-02 6.54e-05 9.09e-11 35

Table 2.6: kr · ukL2 for di↵erent test cases in the cross domain for Taylor-Hood and unified
Stokes after one iteration, four iterations, and after termination and number of iterations
used to satisfy the stopping condition.
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Taylor-Hood Unified Stokes
1/h k kr · ukL2

��r · u1��L2

��r · u4��L2 kr · unkL2 n
16 2 5.21e-01 2.38e-03 4.16e-05 4.19e-11 17
16 3 3.63e-01 1.71e-03 9.33e-09 5.62e-11 6
16 4 2.67e-01 1.68e-03 4.76e-09 2.52e-11 6
16 5 2.15e-01 1.66e-03 2.22e-09 1.09e-11 6
16 6 1.79e-01 1.65e-03 1.41e-09 9.67e-11 5
32 2 3.57e-01 2.01e-03 6.86e-05 5.47e-08 100
32 3 2.47e-01 1.81e-03 6.36e-06 6.98e-11 34
32 4 1.82e-01 1.79e-03 1.71e-07 7.21e-11 24
32 5 1.45e-01 1.79e-03 1.56e-07 9.74e-11 23
32 6 1.21e-01 1.78e-03 1.33e-08 7.33e-11 14
64 2 2.43e-01 1.95e-03 4.75e-05 3.57e-08 100
64 3 1.62e-01 1.84e-03 3.53e-07 3.79e-10 100
64 4 1.21e-01 1.83e-03 4.85e-07 9.06e-11 19
64 5 9.58e-02 1.83e-03 1.64e-07 7.96e-11 17
64 6 7.92e-02 1.82e-03 6.42e-08 9.15e-11 15
128 2 1.66e-01 1.86e-03 2.18e-05 1.43e-07 100
128 3 1.13e-01 1.84e-03 1.76e-07 7.02e-10 100
128 4 8.25e-02 1.84e-03 6.21e-08 9.04e-11 41
128 5 1.83e-03 2.90e-08 9.88e-11 39
128 6 1.83e-03 6.15e-08 8.12e-11 40

Table 2.7: kr · ukL2 for di↵erent test cases in the bow tie domain for Taylor-Hood and unified
Stokes after one iteration, four iterations, and after termination and number of iterations
used to satisfy the stopping condition.
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CHAPTER 3

A STOCHASTIC PERFORMANCE MODEL FOR PIPELINED

KRYLOV METHODS

3.1 Introduction

Krylov methods [36] iteratively solve systems of equations Ax = b by building a basis and

looking for the solution x in the Krylov subspace

Km = {b, Ab, A2b, . . . , Am�1b}

in iteration m. These subspaces are natural places to look for solutions to matrix equa-

tions since the inverse of a nonsingular matrix A�1 can be written as a linear combination

of the powers of A through its minimum polynomial. Krylov methods have become an

indispensable tool for the scalable solutions of large, sparse linear systems, which in turn

have enabled an explosion in massively parallel scientific simulation [28]. Krylov methods

use global operations such as vector norms and orthogonalizations in each iteration so that

processors must perform in lockstep. As we move to larger massively parallel architectures,

the latency cost for reduction operations, central to Krylov methods, has ballooned [17]. In

an e↵ort to control these costs, “pipelined” versions of many Krylov algorithms have been

developed, which allow some of the latency cost to be hidden by computational work. One

cannot arbitrarily remove synchronizations from algorithms and expect comparable behavior,

so pipelined variants of Krylov methods employ rearrangements which give arithmetically

equivalent methods with looser data dependencies and with possibility to overlap compu-

tation and global communication, at the cost of additional intermediate storage and local

computation, increased latency as a pipeline is filled, and degraded numerical stability.

A pipelined version of the classical conjugate gradient (CG) method was already de-

veloped in [11] for vector machines, revisited for large scale parallelism in [21], and imple-
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mented for field-programmable gate arrays in [44]. Similarly, pipelined versions of CG [15],

GMRES [20] and BiCGStab [25] have also been put forward. We have included a GMRES

algorithm (Algorithm 1) and a pipelined version by [20] (Algorithm 2) for completeness.

Algorithm 1 GMRES

1: r0  b� Ax0; v0  r0/kr0k2
2: for i = 0, 1, . . . ,m� 1 do

3: z  Avi

4: hj,i  hz, vji, j = 0, 1, . . . , i

5: ṽi+1  z �Pi
j=1 hj,ivj

6: hi+1,i  kṽi+1k2
7: vi+1  ṽi+1/hi+1,i

8: # apply Givens rotations to H:,i

9: end for

10: ym  argmink(Hm+1,mym � kr0k2e1)k2
11: x x0 + Vmym

Algorithm 2 PGMRES

1: r0  b� Ax0; v0  r0/kr0k2; z0  v0

2: for i = 0, 1, . . . ,m+ 1 do

3: w  Azi

4: if i > 1 then

5: vi�1  vi�1/hi�1,i�2
6: zi  zi/hi�1,i�2
7: w  w/hi�1,i�2
8: for j = 0, 1, . . . , i do

9: hj,i�1  hj,i�1/hi�1,i�2
10: end for

11: hi�1,i�1  hi�1,i�1/h2i�1,i�2
12: end if

13: zi+1  w �Pi�1
j=0 hj,i�1zj+1

14: if i > 0 then

15: vi  zi �
Pi�1

j=0 hj,i�1vj
16: hi,i�1  kvik2
17: end if

18: hj,i  hzi+1, vji, j = 0, 1, . . . , i

19: end for

20: ym  argmink(Hm+1,mym � kr0k2e1)k2
21: x x0 + Vmym

It has been di�cult to understand the performance of these solvers on existing machines,

judge the impact of algorithmic tradeo↵s, and predict performance on future architectures
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due to the lack of a coherent performance model [23].

Some runs in [21] exhibit a speedup of slightly more than a factor of 2, which is dif-

ficult to explain in a deterministic setting. Operating system interrupts cause detours in

computations, degrading performance in highly synchronous applications [24] and making

them di�cult to characterize. While some detours (e.g., timer updates) are periodic and pre-

dictable, others are not easy to predict, making it di�cult to develop performance models

for highly synchronous methods [6, 32]. Some work has been done using stochastic models

to predict performance in HPC environments. For example, [1] studied the impact of dif-

ferent noise distributions on a single collective operation and [42] modeled operating system

“jitter” as random variables in order to compute computational slowdown in the presence of

noise.

In this work, we present a stochastic performance model for traditional and pipelined

Krylov solvers, examine the implications of di↵erent waiting time distributions on algorithm

performance, and clarify a “folk theorem” which says that speedup gained from pipelined

methods is bound by 2⇥. In Section 3.2, we derive performance models and study them under

di↵erent analytical distributions. In Sections 3.3, 3.4, and 3.5, we describe an experimental

environment and use PETSc runs to verify the models and study the noise distribution for

various simulations. A conclusion is given in Section 3.6.

3.2 Mathematical Model

Wemodel a Krylov iterative method as a set of P communicating processes who must perform

a calculation consisting of local computations, separated by periodic global synchronizations,

and interrupted by waiting, perhaps due to unsatisfied requests to memory, actions of the

operating system, etc. We will label the set of computations and waiting by the index

k, which corresponds to the iteration number for the Krylov method. The removal of the

global synchronizations will correspond to the introduction of split-phase collectives [23] for

the norm calculation and orthogonalization step. A split-phase, or non-blocking, collective

30



p = 0

p = 1

Figure 3.1: Computation with P = 2 processes for K = 3 steps. The green rectangles
represent computation, the purple waiting, and the dotted lines are synchronization.

is a collective operation, such as a broadcast, which has been split into two parts so that it

no longer requires a global synchronization at the point of the call. Rather, the collective

operation is first initiated, say with MPI Ibcast(), and then later finalized with MPI Wait().

This strategy removes the global synchronization and allows the operation to be overlapped

with useful work between the initialization and finalization. The ratio between times with

and without synchronization will give us a bound on the speedup of the pipelined algorithm

over the classical variant. We illustrate this model using P = 2 processes.

3.2.1 Deterministic Computation and Waiting Times

In the simplest scenario, each process takes a certain time cp for local computation, wp for

waiting, which is independent of the step k. Fig. 3.1 represents computation with three

steps. The total running time T (or makespan) of the computation is then given by the

expression

T =
X

k

max
p

(cp + wp) = K max
p

Tp, (3.1)

where K is the total number of steps, and Tp = cp+wp is the time on process p for one step

excluding waiting for the global barrier. Clearly, without loss of generality, we can replace

the separate computation and waiting timing with a single process time Tp.

If we remove the synchronizations, as shown in Fig. 3.2, then the makespan is given by

T 0 = max
p

X

k

(cp + wp) = Kmax
p

Tp, (3.2)
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so that no speedup is achievable. The removal of synchronizations can in general be modeled

by the interchange of the sum over steps and the maximum over process times.

3.2.2 Stochastic Process Times

If we allow the amount of local computation and waiting to fluctuate over the steps, as shown

in Fig. 3.3, we will see that speedup is achievable, as shown in Fig. 3.4. Most simulation

codes, including most linear solvers, statically partition the data so that computation times

do not show large fluctuations. Waiting times, however, are more volatile and fluctuate

across processes and steps [43], which can arise from interactions with the OS [18].

In the very simple scenario that one process waits for a long time W on the first step,

the other on the second, and on other steps the processes both take time T0, as shown in

Fig. 3.3, then the makespan with and without synchronizations is given by

T =
X

k

max
p

Tp = 2W +KT0, (3.3)

T 0 = max
p

X

k

Tp = W +KT0. (3.4)

Thus the possible speedup is

T

T 0 =
2W +KT0
W +KT0

=
2 + ↵

1 + ↵
(3.5)

where ↵ = KT0/W , which is bounded above by 2. Extended to P processes this gives an

upper bound of P on the speedup, since all the waiting time is collapsed to the first interval

when synchronization is removed and computation time becomes small. This is related to

p = 0

p = 1

Figure 3.2: Computation with P = 2 processes for K = 3 steps. The green rectangles
represent computation, the purple waiting, and there is no synchronization.
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p = 0

p = 1

Figure 3.3: Computation with P = 2 processes for K = 5 steps. The green rectangles
represent computation, the purple waiting, and the dotted lines are synchronization.

p = 0

p = 1

Figure 3.4: Computation with P = 2 processes for K = 5 steps. The green rectangles
represent computation, the purple waiting, and there is no synchronization.

the folklore result that speedup from covering communication with computation is limited

to a factor of 2, where we have two players, computing and communicating. This is because

if we cover all communication by computation, then one is larger than the other and is more

than half of the computational time.

We will employ a stochastic description of the waiting time variation making it amenable

to analysis by letting the time of iteration k on process p be a random variable. We begin

with a stochastic process time T k
p at each step that is drawn from a distribution independent

of process and stationary in step number. Let T be the total Krylov time (computation

and waiting) of the classical algorithm with synchronization, and T 0 the total time for the

pipelined version without synchronization where T =
P

k maxp T k
p and T 0 = maxp

P
k T k

p .

We can ask for the expected total time with and without synchronizations,

E[T ] = E[
X

k

max
p

T k
p ] =

X

k

E[max
p

T k
p ], (3.6)

and

E[T 0] = E[max
p

X

k

T k
p ]. (3.7)

These stage times will be modeled as random variables, drawn from some underlying dis-
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tribution. Since the time spent computing should not fluctuate, within our measurement

accuracy, it only a↵ects the mean of the distribution. The variability in the distribution

models the waiting times which can arise from interactions with the OS [43, 18]. We assume

that waiting times across processes are independent because we have no expectation that OS

operations will be correlated across processes. In this section, we compute the ratio of these

quantities for a range of representative distributions for waiting times, in order to estimate

the potential speedup.

3.2.3 Stochastic performance models

We would like to calculate the speedup after k steps, E[T ]
E[T 0] , where expected total time E[T ]

is defined by (3.6) and likewise E[T 0] is defined by (3.7). First, we will derive an expression

for the expected value of the maximum of a set of random variables in order to find an

expression for E[T ]. Then we will find one for E[T 0].

A general expression for the expected value of the maximum of a set of random variables

can be found in [34] and is described here for completeness. Let X1, X2, . . . , Xn be inde-

pendent, identically distributed (iid) random variables with probability distribution function

(pdf) f(x) and cumulative distribution function (cdf) F (x). Let Xmax be another random

variable such that Xmax = max{X1, X2, . . . , Xn}. By noticing that Xmax  x if and only if

Xi  x for all i’s,

Fmax(x) = P (Xmax  x)

= P (X1  x,X2  x, . . . , Xn  x)

= P (X1  x)P (X2  x) . . . P (Xn  x)

= F (x)F (x) . . . F (x)

= F (x)n
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using the fact that the Xi’s are independent and identically distributed. Furthermore,

fmax(x) =
d

dx
Fmax(x) =

d

dx
F (x)n = nF (x)n�1f(x)

since by definition d
dxF (x) = f(x). The expected value of Xmax, integrating over the support

of x, is

E[Xmax] = n

Z 1

�1
xF (x)n�1f(x)dx. (3.8)

At step k = 1, we have P iid random variables T 1
0 , T 1

1 , . . . , T 1
P�1 from an underlying

distribution with pdf f1(x), cdf F1(x), and joint cdf F (x0, x1, . . . , xP�1). Similarly, for a

given step k, T k
0 , T k

1 , . . . , T k
P�1 are iid random variables with pdf fk(x), cdf Fk(x), and joint

cdf F (x0, x1, . . . , xP�1). Since the random variables are stationary in k, the joint cdf and

thus the individual pdfs and cdfs remain the same at step k so that f1(x) = fk(x) and

F1(x) = Fk(x). Then using (3.8), we have

E[max
p

T 1
p ] = P

Z 1

�1
xF1(x)

P�1f1(x)dx = E[max
p

T k
p ].

Then

E[T ] =
X

k

E[max
p

T k
p ] = KE[max

p
T 1
p ]. (3.9)

Also because the random variables T k
p are stationary in k, E[T k

p ] = µ for all k. The sum
P

k T k
p will approach Kµ in the limit of large K so that we also have

E[T 0] = E
⇥
max
p

X

k

T k
p

⇤! Kµ. (3.10)
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In this case, speedup is given by
E[T ]

E[T 0] !
E[maxp T 1

p ]

µ
.

We will examine a of range of common analytical distributions. As the tails of fk(x)

become heavier, the potential speedup increases and can eventually exceed 2⇥.

3.2.4 Uniform Distribution

Let the Tp’s from P processes be independent random variables from a uniform distribution

on [a, b] with pdf f(x) = 1
b�a , cdf F (x) = x�a

b�a , and mean µ = a+b
2 . Using (3.8), we calculate

the expected value of the maximum

E[max
p

Tp] = P

Z b

a
x

✓
x� a

b� a

◆P�1 1

b� a
dx

=
a+ Pb

P + 1

to find speedup on P processes

E[T ]

E[T 0] =

a+ Pb

P + 1
a+ b

2

=
2(a+ Pb)

(P + 1)(a+ b)
.

On the interval [0, b], we find that the asynchronous speedup,
2P

P + 1
, is bounded from above

by 2.

3.2.5 Exponential Distribution

Let T0, T1, T2, T3, the times for four processes, be independent random variables from an

exponential distribution with pdf f(x) = �e��x, cdf F (x) = 1 � e��x, and mean µ = 1
� .
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Again, using (3.8), we calculate the expected value of the maximum

E[max
p

Tp] = 4�

Z 1

0
x
�
1� e��x

�3e��xdx

=
25

12�
.

We find that the speedup on four processes is

E[T ]

E[T 0] =
25/12�

1/�
=

25

12
> 2.

When the Tp’s are from an exponential distribution, asynchronous speedup is greater than

2 on four or more processes. Furthermore, the speedup on P processes

E[T ]

E[T 0] =
E[maxp Tp]

µ
=

�P
R1
0 x

�
1� e��x

�P�1e��xdx
1/�

= HP .

Here, HP = logP + �+O(1/P ) is the P th harmonic number and � is Euler’s constant [39].

3.2.6 Log-normal Distribution

Let the Tp’s from P processes be independent random variables from a log-normal dis-

tribution with pdf f(x) = 1
x
p
2⇡�

e
�(ln(x)�µ)2

2�2 , cdf F (x) = 1
2 + 1

2 erf
� ln(x)�µp

2�

�
, and mean

µ0 = eµ+
�

2
2 . Note that if a random variable X is normally distributed with mean µ and

variance �, then Y = eX is a random variable from a log-normal distribution with mean µ0.

After fixing P , µ, and �, we can calculate the speedup from P processes numerically using

equation (3.8) and Octave’s quad function. First, let P = 2, µ = 0, and � = 1. Equation

(3.8) becomes

E[max
p

Tp] = 2

Z 1

0
x

✓
1

2
+

1

2
erf

✓
ln(x)p

2

◆◆✓
1

x
p
2⇡

e
�(ln(x))2

2

◆
dx ⇡ 2.5069,
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so that the speedup on two processes is

E[T ]

E[T 0] =
E[maxp Tp]

µ0 ⇡ 2.5069p
e
⇡ 1.5205.

Now let P = 4, µ = 0, and � = 1. Equation (3.8) becomes

E[max
p

Tp] = 4

Z 1

0
x

✓
1

2
+

1

2
erf

✓
ln(x)p

2

◆◆3✓ 1

x
p
2⇡

e
�(ln(x))2

2

◆
dx ⇡ 3.6406.

We again find that on four processors, the potential speedup is greater than 2:

E[T ]

E[T 0] ⇡
3.6406p

e
⇡ 2.2081 > 2.

3.3 Experimental Results

The speedups reported in [21] for PIPECG and PIPECR on an Intel Xeon cluster using

Infiniband seem limited by 2⇥ speedup, but at the limit of 20 processes exceed this slightly

(2.09 and 2.14 respectively). However, understanding the origin of speedup exceeding 2⇥
requires the examination of many identical runs and collection of per iteration per processor

runtimes in order to amass statistics. The PIPECG and PGMRES algorithms are similar in

that work involving sparse matrix-vector products (SpMV) is juxtaposed with work involving

vector dot products. The dot products are reductions which require some sort of global

synchronization. Thus the computational portion of our model is associated with the SpMV

and orthogonalization with the BLAS AXPY calls, whereas the synchronizations apply to

the dot product portion. These algorithms decouple these two operations, so that as long

as the SpMV is more expensive than a global synchronization, the dot product operation

involves negligible waiting.

In our experiments, we will use PETSc tutorials ex23 and ex48. Tutorial ex23 uses a

simple tridiagonal system which is a one-dimensional discretization of the Laplacian. PETSc
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ex48 solves the hydrostatic, that is Blatter-Pattyn, equations for ice sheet flow, where the

ice uses a power-law rheology with Glen exponent 3. This generates a much denser system

of equations with about 10x more nonzeros per row than ex23.

In Section 3.4 we look at the statistics for repeated runs of ex23, further stressing the

need for a nondeterministic performance model and in Section 3.5 we collect per iteration

per processor data to verify our model and study the noise present in our simulations.

3.4 Repeated runs

We have generated repeated runs for PETSc KSP tutorial ex23 using CG, PIPECG, GMRES,

and PGMRES on 8192 processors of the Piz Daint Cray XC30 supercomputer at CSCS [14],

storing the data in an open repository [37]. We force 5000 iterates of the Krylov method

on a tridiagonal system of size 2,097,152. The pipelined methods produce almost identical

residuals to the original methods for this problem. Most of the runtime for CG and PIPECG

is concentrated in dot products, the VecTDot() operation in PETSc, rather than in SpMV.

This means there is no computation to cover the communication cost, and very often we see

no speedup, or even slowdown, for these runs. In [21], PIPECG achieves 2⇥ speedup for

SNES tutorial ex48 because the much denser matrices in ex48 provide enough computation

to cover the communication costs. However, we see some outliers in the data where speedup

exceeds 2⇥. This could potentially be explained by assuming a noise distribution and using

the prior results from Sec. 3.2. Summary statistics for the GMRES, PGMRES, CG, and

PIPECG runs are given in Table 3.1. It appears that some level of system noise is present

in these simulations.

3.5 Fine-grained analysis

We also run PETSc tutorials ex23 and ex48 using GMRES and PGMRES on the Cray XC40

supercomputer Theta at the Argonne Leadership Computing Facility and use the data to
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GMRES PGMRES CG PIPECG
x̄ 0.9465 0.5902 0.9349 0.7521
median 0.9932 0.5856 0.8632 0.6792
s 0.1303 0.0962 0.2385 0.2429
s2 0.0170 0.0092 0.0569 0.0590
� 1.0565 1.6942 1.0696 1.3295
Xmin 0.6617 0.4644 0.6051 0.5545
Xmax 1.0740 0.7697 1.6060 1.6950

Table 3.1: PGMRES and PIPECG runtime statistics

verify the Krylov and pipelined Krylov methods in Section 3.2.

3.5.1 PETSc KSP tutorial ex23

We analyze one run of PETSc tutorial ex23 using 5000 iterations of Krylov solver GMRES

on 4096 processors on Theta. This run was submitted Friday September 15, 2017 at 2:26PM

CST and began less than one minute later.

To collect per iteration per processor runtimes, we add calls to MPI Wtime() at the

beginning and end points of the while loop in KSPGMRESCycle() in the PETSc GMRES

solver and stored iteration times in an array. IO was done after the solve was complete. We

show that the model (3.1) for the total runtime T and our data collection is consistent. We

calculate

T =
X

k

max
p

T k
p = 1.643

from the collected data compared to T = 1.514, the KSPSolve given in the PETSc -log view

file.

The stochastic model (3.9) assumes that the runtimes T k
p are independent and identical

with respect to process p and identical with respect to iteration k. Figure 3.5 shows a

visualization of these assumptions. Although we do not expect OS noise to be correlated

across processes, Figure 3.5a suggests that the runtimes T k
p are highly dependent on the node

to which processor p belongs. In particular, we notice that the runtimes for process p on

node n are approximately equal so that T k
p1 ⇡ T k

p2 if p1 and p2 are on the same node. Since
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(a) Independent with respect to processor. (b) Identical with respect to processor.

(c) Stationary in time.

Figure 3.5: Assumptions on T k
p for stochastic Krylov model.
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(a) Histogram of aggregate runtimes. (b) Distribution fitting using scipy.

Figure 3.6: Aggregate runtimes T k
p for stochastic Krylov model.

each node on Theta has 64 cores, we will model P dependent processes as P
64 independent

processes. Figure 3.5b shows that it is reasonable to assume that the runtimes are identical

with respect to process. That is, fT k

p1
⇡ fT k

p2
for processors p1 and p2. For a more rigorous

argument, future work will include results from a Two-sample KolmogorovSmirnov test which

can be used to test whether or not the underlying distribution of two data sets di↵ers. From

Figure 3.5c, it is clear that the iterations are not stationary in time. This is more problematic

since we would like to drop the sum in (3.9) in favor of multiplication. To circumvent this

issue, we could take a “representative” iteration k as a stand in, but at this time we have

not identified a pattern for the shifts in iteration length.

Instead, we will take bulk statistics over all iterations and use the aggregate runtimes to

find a suitable distribution. Figure 3.6a shows a normalized histogram of T k
p for all k and

p. We use Python’s scipy package for distribution fitting and fit available distributions to

our data. We calculate the sum of squared errors between our data and a fitted distribution

and pick the “best” distribution that minimizes the error. The bulk data can be reasonably

represented by di↵erent distributions, shown in Figure 3.6b. It’s worth noting that a handful

of distributions were good fits, including an inverse Gaussian, right-skewed Gumbel, Johnson

SB, and others.
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Analytical bounds were used in [42] that bound the maximum of a set of random variables

X = {x1, x2, . . . , xN} using the sample mean µX and sample standard deviation �X . Cramer

[12] bound the maximum of N identical and independent random variables by

E[Xmax (N)]  µX +
�X(N � 1)p

2N � 1

and Bertsimas [7] bound the maximum of N identical, but not independent random variables

by

E[Xmax (N)]  µX + �X
p
N � 1,

which corresponds to our situation.

We compute E[T ] using our integral formulation (3.8) and model (3.9) with fitted distri-

butions, using Python’s quad function and integrating over the bounds of the data. Using

the bulk statistics to calculate µX and �X with N = 64, we also compute the Cramer and

Bertsimas bounds. Results are shown in Table 3.2. The actual runtime was T = 1.514

seconds.

We want to see how features of a computation will influence the underlying runtime

distribution and use our model to calculate the expected runtime. To do this, we collect

data from runs of PETSc tutorial ex23 varying the matrix size and number of processors

used, still with 5000 iterations of GMRES on Theta at Argonne’s ALCF. We see how the

bulk iteration time distribution changes on a fixed number of nodes as we change the problem

size (Figure 3.7) and on a varying number of nodes with a fixed amount of work per node

E[T ]

distribution
NCT 2.956
Log-normal 2.097

bound
Cramer 2.935
Bertsimas 3.558

Table 3.2: Expected runtimes using stochastic Krylov model and analytical bounds.
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(a) Histograms of aggregate runtimes. (b) Expected and actual runtimes.

Figure 3.7: Problem size scaling results.

(weak scaling, Figure 3.8). Increasing the problem size and number of nodes increases the

variability of the runtimes and flattens out the distribution. There was no distribution that

was the best fit in each case, so we use Log-normal to calculate E[T ] for all our experiments.

The model consistently overestimates the runtime for our experiments and seems to degrade

as the number of processors increases.

We repeat this analysis with data from one run of PETSc tutorial ex23 using 5000

iterations of Krylov solver PGMRES on 4096 processors on Theta at Argonne’s ALCF.

Data was collected in a similar way, using calls to MPI Wtime() in the for loop of PETSc’s

KSPPGMRESCycle(). The run was submitted Wednesday February 28, 2018 at 2:46PM CST

and began about 21 minutes later.

We check that the model (3.2) for the total runtime T 0 is of a pipelined method reasonable.

From out data, we have

T 0 = max
p

X

k

T k
p = 1.843

compared to T 0 = 1.910, the time given for KSPSolve in the PETSc -log view file.

The stochastic model (3.10) again assumes that the iteration times T k
p are independence

in p, identicalness in p, and stationary in k, as before, shown in Figure 3.9. Runtimes T k
p

for a fixed k are not dependent on node than we saw in the traditional Krylov case. As we
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(a) Histograms of aggregate runtimes. (b) Expected and actual runtimes.

Figure 3.8: Weak scaling results.

saw before, the runtimes appear to be identical with respect to processor (Figure 3.9b), but

not stationary in time (Figure 3.9c). We use the bulk statistics again to find the underlying

distribution of process times, excluding the iterations that fill the PGMRES pipeline (two

for every restart). Like before, a number of distributions are good fits, including exponential

and Log-normal, shown in Figure 3.9d.

Using our stochastic model, we calculate the expected runtime E[T 0] using the good

fitting Log-normal and exponential distributions, shown in Table 3.3. The total time for

this run was T 0 = 1.910. This model is better approximation than the traditional Krylov

stochastic model.

We perform problem scaling and weak-scaling experiments like before and use our model

again to predict E[T 0]. Figure 3.10 shows the results of the stochastic model using a Log-

normal distribution compared to actual runtimes. Below are some results from varying

the amount of work done by process and a weak scaling experiment using a Log-normal

distribution E[T 0]
Exponential 1.784
Log-normal 1.709

Table 3.3: Expected runtimes using stochastic pipelined Krylov model.
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(a) Independent with respect to processor. (b) Identical with respect to processor.

(c) Independent with respect to processor. (d) Fitted distributions.

Figure 3.9: Assumptions on T k
p for stochastic Krylov model.
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(a) Problem size experiments. (b) Weak-scaling experiments.

Figure 3.10: Actual and calculated expected runtimes for experiments.

distribution to model the runtimes. The model does a good job of predicting the execution

time.

3.5.2 PETSc SNES tutorial ex48

Now we will look at data from one run of PETSc SNES tutorial ex48 using 5000 iterations

of Krylov solver GMRES on 4096 processors on the Cray XC40 Theta at Argonne’s ALCF.

This run was submitted Thursday September 7, 2017 at 10:17PM CST and began about 2

minutes later. We expect the results to be di↵erent from ex23 given that the sparsity pattern

of the matrix in ex48 is complex, complicating the communication between processors during

a sparse matrix vector multiplications, for example.

Using our data collection and our model, we have

T =
X

k

max
p

T k
p = 99.178

compared to the actual T = 102.00 seconds, the time given for KSPSolve in the PETSc

-log view file.

Figure 3.11 shows visual representations the assumptions on our data as before. Runtimes
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(a) Independent with respect to processor. (b) Identical with respect to processor.

(c) Stationary in time. (d) Fitted distributions.

Figure 3.11: Assumptions for stochastic Krylov model and fitted distributions.

T k
p for a fixed k are still dependent on node, but there is much less variation between the

nodes. Still, we will use P = 64 independent variables to model 4096 dependent processors

as before for consistency. The runtimes are not stationary in time.

We use the bulk statistics to find the underlying distribution of process times, shown

in Figure 3.11d. The runtime distribution is very di↵erent than what we found for ex23.

The runtimes are grouped and there are fewer outliers. Not surprisingly, we find di↵erent

distributions when fitting this data. We calculate the expected runtime E[T ] again using the

good fitting distributions and analytical bounds, shown in Table 3.4. The total time for this

run was T = 102.00 seconds. Like before, our model consistently overestimates the actual
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E[T ]

distribution
Half Logistic 130.099
Johnson SB 128.390

bound
Cramer 210.632
Bertisimas 257.719

Table 3.4: Expected runtimes using stochastic Krylov model and analytical bounds.

distribution E[T 0]
Semicircular 106.235
Johnson SB 104.894

Table 3.5: Expected runtimes using stochastic pipelined Krylov model.

execution time, possibly because of the unrealistic assumptions made to simplify the model.

Now we will look at data from one run of PETSc tutorial ex48 using 5000 iterations of

Krylov solver PGMRES on 4096 processors on Theta at Argonne’s ALCF. This run was

submitted Thursday March 1, 2018 at 3:30PM CST and began about 23 minutes later.

Again, we check the actual execution time T 0 with our data and model. We have

T 0 = max
p

X

k

T k
p = 107.851

calculated from the collected data compared to T 0 = 111.09 seconds, the actual KSPSolve

time.

Figure 3.12 shows the assumptions on the data, which do not appear to be dependent

on which node a process belongs to, and which are again not stationary in time. In Figure

3.12b, the group of very fast runtimes belong to iterations which fill the pipeline at the

beginning of each restart.

Figure 3.12d shows two distributions fit to the aggregate data that we will use to calculate

the expected runtime E[T 0]. The results are shown in Table 3.5. The total time for this run

was T 0 = 111.09 seconds.
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(a) Independent with respect to processor. (b) Identical with respect to processor.

(c) Stationary in time. (d) Fitted distributions.

Figure 3.12: Assumptions for stochastic pipelined Krylov model and fitted distributions.
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(a) Independent with respect to processor. (b) Identical with respect to processor.

Figure 3.13: Assumptions for stochastic pipelined Krylov model and fitted distributions.

3.5.3 Complications

Ultimately, we would like to be able to calculate the expected runtime for a Krylov or

pipelined Krylov computation under some specific conditions (e.g. problem size and sparsity

pattern, number of processors used). However, there is evidence that there are features of a

computation that are di�cult to capture with a stochastic description (e.g. machine state,

physical nodes used). In this subsection, we will demonstrate some of these complications.

Figure 3.13a shows aggregate data from two identical runs of ex23 using GMRES on

4096 processors submitted with the same script on the same day about an hour apart.

Despite their similarities, the results are very di↵erent. One possible explanation could be

the “busyness” of the machine during the separate runs, since they sat the in queue for

di↵erent lengths of time before execution (the run at 22:03 waited for approximately 50

minutes and 23:14 waited for about 30 minutes).

Figure 3.13b shows 100 runs of ex23 using GMRES on 4096 processors, where each bar

is the total KSPSolve time for one run. These runs were submitted on a single script and

executed in a loop so that they were allocated the same nodes. However, the runtimes show

periodic behavior on a time scale larger than the simulation. This behavior could impact,

for example, repeated Krylov solves during Newton’s method.
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3.6 Conclusion

According to the performance data in publication dealing with asynchronous Krylov meth-

ods [21], overall speedup did not exceed 2⇥, confirming the folk theorem for the case that

we do no more than overlap communication with computation. However, looking at a large

number of repeated runs, we find that operating system noise makes a measurable contribu-

tion, and can raise the speedup bound necessitating a new analysis. In this work, introduced

a stochastic model showed that uncommon delays, which could quite possibly have been

rejected as outliers in other work, are well-modeled by this description. Combined with our

new analysis, this demonstrates that speedup greater than 2⇥ is possible for isolated runs,

and in a statistical sense. By collecting fine-grained data, we verified our models and studied

the noise distribution in di↵erent computations.

In future work, we will apply these algorithms to high latency situations where we ex-

pect unpredictable delays, such as heavily loaded machines, loosely coupled networks such

as those employed for cloud computing or wireless computing clusters, and heterogeneous

machines such as those using GPUs. These workloads must be seen in a statistical sense

since most users will see computations contaminated by unpredictable, stochastic delays.

Our analysis shows the e↵ectiveness of asynchronous methods in these situations, the neces-

sity of characterizing the distribution of noise, and can perhaps guide performance tuning of

current algorithms and the development of new projection methods.
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[27] Héctor Juárex, Ridgway Scott, Ralph Metcalfe, and Babak Bagheri. Direct simula-

tion of freely rotating cylinders in viscous flows by high-order finite element methods.

Computers & Fluids, 29:547–582, 2000.

[28] D E Keyes, editor. A Science-based Case for Large-scale Simulation. U.S. Department

of Energy, 2004.

[29] Alexander Linke. Collision in a cross-shaped domain – A steady 2d Navier—Stokes ex-

ample demonstrating the importance of mass conservation in CFD. Computer Methods

in Applied Mechanics and Engineering, 198:3278–3286, 2009.

[30] Alexander Linke, Leo G Rebholz, and Nicholas E Wilson. On the convergence rate

of grad-div stabilized Taylor-Hood to Scott-Vogelius solutions for incompressible flow

problems. Journal of Mathematical Analysis and Applications, 381:612–626, March

2011.

[31] Kent-Antre Mardal and Ragnar Winther. Preconditioning discretizations of systems of

partial di↵erential equations. Numerical Linear Algebra with Applications, 18(1):1–40,

2011.

[32] Alessandro Morari, Roberto Gioiosa, Robert W Wisniewski, Francisco J Cazorla, and

Mateo Valero. A quantitative analysis of OS noise. In Parallel & Distributed Processing

Symposium (IPDPS), 2011 IEEE International, pages 852–863. IEEE, 2011.

[33] Maxim Olshanskii and Arnold Reusken. Grad-div stablilization for Stokes equations.

Mathematics of Computation, 73(248):1699–1718, 2004.

56



[34] J Pitman. Probability. Springer Texts in Statistics. Springer, New York, Berlin, and

Heidelberg, 1993.

[35] Jinshui Qin. On the convergence of some low order mixed finite elements for incom-

pressible fluids. PhD thesis, Penn State, 1994.

[36] Yousef Saad. Iterative Methods for Sparse Linear Systems, 2nd edition. SIAM, Philadel-

pha, PA, 2003.

[37] Patrick Sanan. PGMRES and PIPECG test data, 2015.

[38] Francisco-Javier Sayas. A gentle introduction to the finite element method. Lecture

notes, University of Delaware, 2008.

[39] L R Scott. Numerical Analysis. Princeton University Press, 2011.

[40] L R Scott and M Vogelius. Conforming finite element methods for incompressible

and nearly incompressible continua. In B. E. Engquist and et al., editors, Large Scale

Computations in Fluid Mechanics, volume 22 (Part 2), pages 221–244. Providence:

AMS, 1985.

[41] L R Scott and M Vogelius. Norm estimates for a maximal right inverse of the divergence

operator in spaces of piecewise polynomials. Mathematical Modelling and Numerical

Analysis, 19(1):111–143, 1985.

[42] Seetharami Seelam, Liana Fong, Asser Tantawi, John Lewars, John Divirgilio, and

Kevin Gildea. Extreme scale computing: Modeling the impact of system noise in mul-

ticore clustered systems. In Parallel & Distributed Processing (IPDPS), 2010 IEEE

International Symposium on, pages 1–12. IEEE, 2010.

[43] David Skinner and William Kramer. Understanding the causes of performance variabil-

ity in HPC workloads. In Workload Characterization Symposium, 2005. Proceedings of

the IEEE International, pages 137–149. IEEE, 2005.

57



[44] R Strzodka and D Göddeke. Pipelined mixed precision algorithms on FPGAs for fast

and accurate PDE solvers from low precision components. In Proceedings of the 14th

Annual IEEE Symposium on Field-Programmable Custom Computing Machines, pages

259–270. IEEE Computer Society, 2006. FCCM ’06.

[45] Cedric Taylor and Paul Hood. A numerical solution of the Navier-Stokes equations

using the finite element technique. Computers & Fluids, 1(1):73–100, 1973.

[46] Andy R Terrel, L Ridgway Scott, Matthew G Knepley, Robert C Kirby, and Garth N

Wells. Finite elements for incompressible fluids. In A Logg, K A Mardal, and G Wells,

editors, Automated solutions of di↵erential equations by the finite element method: The

FEniCS Book, pages 381–394. Springer-Verlag New York Inc, 2012.

[47] Shangyou Zhang. Divergence-free finite elements on tetrahedral grids for k � 6. Math-

ematics of Computation, 80(274):669–695, April 2011.

58


