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5.21 Negative convergent reconstructions û∗ within a transverse (row 1), coronal (row
2), and sagittal (row 3) slices of the human subject obtained with program DKL-
fTV from full data at bed position 3 corrected for scatter events by use of 0.0gs
(column 1), gs, and 1.8gs, respectively. Display window: [-1600, 0]. . . . . . . . 125

5.22 A transverse slice of the IEC phantom containing six spheres, labeled as s1, s2,
s3, s4, s5, and s6. Hot spheres s1-s4 hold an identical level of activity concentra-
tion, 4 times of that in the background, whereas cold spheres s5 and s6 contain
no activity. The dark circle at the center of the phantom displays a cross sec-
tion of the central cylinder containing zero activity. Also, 12 identical circular
background ROIs of diameter 37 mm are drawn. Within each ROI, 6 concentric
sub-ROIs of sizes of the 6 spheres are also drawn, as indicated in the top ROI. . 127

6.1 2D Image arrays with uniform resolution (left) and variable resolution (right).
The variable-resolution array includes a rectangle-shaped ROI consisting of pixels
of size a, and a region surrounding the ROI composing of pixels of size b. When
a < b, different levels of resolution are obtained for the ROI and its surrounding
region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

6.2 Illustration of a 3D image with variable resolution. Voxels within ROI have size
of a and those outside the ROI have size of b. . . . . . . . . . . . . . . . . . . . 132

6.3 Ray p through an image with variable resolution: (a) linear interpolation is ap-
plied between high-resolution (or low-resolution) pixels only; (b) linear interpo-
lation is applied between high-resolution and low-resolution pixels. . . . . . . . 134

6.4 Finite differencing along x direction of a 2D image with variable resolution. . . . 142
6.5 Truth images (left) and ASD-POCS reconstructions of a numerical cadaver phan-

tom. Display window: [40, 55]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
6.6 Convergence metrics D`2(gm,gn) (left) and D(fn, ftrue) (right) as functions of

iteration number n. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

7.1 A modified Shepp-Logan phantom (top) discretized on a uniform-resolution array
with pixel size of 0.0195 cm, with an ROI enclosed by a white box; A zoomed-in
view of the ROI image (bottom). Display window: [0.6, 1.4] cm−1. . . . . . . . 151

7.2 Image of modified Shepp-Logan phantom (top row) reconstructed by use of the
ASD-POCS algorithm on a uniform-resolution array with pixel size 0.078 cm
(left), a uniform resolution array with pixel size of 0.0195 cm (middle), and a
variable-resolution array specified by the combination of a = 0.0195 cm and
b = 0.078 cm (right). Display window: [0.6, 1.4] cm−1. . . . . . . . . . . . . . . 152

7.3 A FORBILD head phantom (top) discretized on a uniform-resolution array with
pixel size of 0.01225 cm, with an ROI enclosed by a white box; A zoomed-in view
of the ROI image (bottom). Display window: [1.0, 1.1] cm−1. . . . . . . . . . . 153

xi



7.4 Image of FORBILD head phantom (top row) reconstructed by use of the ASD-
POCS algorithm on a uniform-resolution array with pixel size 0.049 cm (left), a
uniform resolution array with pixel size of 0.01225 cm (middle), and a variable-
resolution array specified by the combination of a = 0.01225 cm and b = 0.049
cm (right). Display window: [1.0, 1.1] cm−1. . . . . . . . . . . . . . . . . . . . . 154

7.5 An anthropomorphic head phantom image (a) reconstructed by use of ASD-POCS
on a uniform-resolution array with pixel size of 0.024 cm, with an ROI enclosed
by a white box; A zoomed-in view of the ROI image (b). Display window: [0.1,
0.3] cm−1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

7.6 ROI images reconstructed by use of ASD-POCS algorithm from data of the an-
thropomorphic head phantom on arrays of uniform-resolution array with pixel
size of 0.024 cm(a), a uniform-resolution array with pixel size of 0.196 cm (b),
and a variable-resolution array specified by the combination of a = 0.024 cm and
b = 0.196 cm (c). Display window: [0.1, 0.3] cm−1. . . . . . . . . . . . . . . . . 157

7.7 Toshiba Aquilion ONETM CT scanner. . . . . . . . . . . . . . . . . . . . . . . . 158
7.8 Patient (left) and swine (right) images reconstructed by use of the ASD-POCS

algorithm in which ROIs are indicated by the white solid lines. The pixel sizes of
0.064 cm and 0.0625 cm are used in the uniform-resolution arrays, respectively,
for the patient and swine reconstructions. . . . . . . . . . . . . . . . . . . . . . 159

7.9 Images reconstructed by use of the ASD-POCS algorithm from patient data on a
uniform-resolution array with pixel size 0.064 cm (column 1), a uniform-resolution
array with pixel size 0.128 cm (column 2), and a variable-resolution array specified
by the combination of a = 0.064 cm and b = 0.128 cm (column 3). A zoom-in
view of ROI images are displayed in the bottom row. A display window [-6, 13]
is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7.10 Images reconstructed by use of the ASD-POCS algorithm from patient data
on a uniform-resolution array with pixel size 0.064 cm (column 1)), a uniform-
resolution array with pixel size 0.256 cm (column 2), and a variable-resolution
array specified by the combination of a = 0.064 cm and b = 0.256 cm (column
3). A zoom-in view of ROI images are displayed in the bottom row. A display
window [-6, 13] is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

7.11 Images reconstructed by use of the ASD-POCS algorithm from patient data on a
uniform-resolution array with pixel size 0.064 cm (column 1), a uniform-resolution
array with pixel size 0.512 cm (column 2), and a variable-resolution array specified
by the combination of a = 0.064 cm and b = 0.512 cm (column 3). A zoom-in
view of ROI images are displayed in the bottom row. A display window [-6, 13]
is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

7.12 Images reconstructed by use of the ASD-POCS algorithm from swine data on
a uniform-resolution array with pixel size 0.0625 cm (column 1), a uniform-
resolution array with pixel size 0.125 cm (column 2), and a variable-resolution
array specified by the combination of a = 0.0625 cm and b = 0.125 cm (column
3). A zoom-in view of ROI images are displayed in the bottom row. A display
window [-8.5, 16] is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

xii



7.13 Images reconstructed by use of the ASD-POCS algorithm from swine data on
a uniform-resolution array with pixel size 0.0625 cm (column 1), a uniform-
resolution array with pixel size 0.25 cm (column 2), and a variable-resolution
array specified by the combination of a = 0.0625 cm and b = 0.25 cm (column
3). A zoom-in view of ROI images are displayed in the bottom row. A display
window [-8.5, 16] is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

7.14 Images reconstructed by use of the ASD-POCS algorithm from swine data on
a uniform-resolution array with pixel size 0.0625 cm (column 1), a uniform-
resolution array with pixel size 0.5 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.0625 cm and b = 0.5 cm (column 3). A
zoom-in view of ROI images are displayed in the bottom row. A display window
[-8.5, 16] is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

7.15 i-CAT dental CT scanner. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
7.16 A transverse slice of images reconstructed by use of the ASD-POCS algorithm

from patient data on a uniform-resolution array with voxels of size 0.3 mm (top
left), a variable-resolution array with voxels of size a = 0.3 mm and b = 1.2 mm
(top right), a variable-resolution array with voxels of size a = 0.3 mm and b = 2.4
mm (bottom left), and a variable-resolution array with voxels of size a = 0.3 mm
and b = 4.8 mm (bottom right). ROI is enclosed within a white box. A display
window [0.2, 0.5] cm−1 is used. . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

7.17 A transverse slice of images reconstructed by use of the ASD-POCS algorithm
from patient data on a uniform-resolution array with voxel size of 0.3 mm (top
left), a variable-resolution array with voxels of size a = 0.3 mm and b = 1.2 mm
(top right), a variable-resolution array with voxels of size a = 0.3 mm and b = 2.4
mm (bottom left), and a variable-resolution array with voxels of size a = 0.3 mm
and b = 4.8 mm (bottom right). ROI is enclosed within a white box. A display
window [0.05, 0.3] cm−1 is used. . . . . . . . . . . . . . . . . . . . . . . . . . . 171

7.18 A sagittal slice of images reconstructed by use of the ASD-POCS algorithm from
patient data on a uniform-resolution array with voxel size of 0.3 mm (top left),
a variable-resolution array with voxels of size a = 0.3 mm and b = 1.2 mm (top
right), a variable-resolution array with voxels of size a = 0.3 mm and b = 2.4
mm (bottom left), and a variable-resolution array with voxels of size a = 0.3 mm
and b = 4.8 mm (bottom right). ROI is enclosed within a white box. A display
window [0.05, 0.3] cm−1 is used. . . . . . . . . . . . . . . . . . . . . . . . . . . 172

xiii



LIST OF TABLES

2.1 Symbols of optimization programs formed by use of data fidelities in Eqs. (2.3)-
(2.5) and image constraints in Eqs. (2.6)-(2.8) to replace Φ and Ψ in Eq. (2.2).
For example, using DKL(f) and ||f ||TV to replace Φ and Ψ in Eq. (2.2) yields
program DKL-||f ||TV , as shown in Eq. (2.11) below. . . . . . . . . . . . . . . . 17

xiv



ACKNOWLEDGMENTS

Towards the end of accomplishing my thesis, I feel that I would never have been able to

finish my dissertation without the guidance of my mentor and committee members, the help

from colleagues and friends, and support from my parents.

I would like to express my deepest gratitude to my advisor, Dr. Xiaochuan Pan, for

introducing me into the field of medical physics, inspiring me with his rich knowledge, teach-

ing me about critical thinking, providing me with an excellent atmosphere for studying, and

offering me with his unwavering support. Looking back of my Ph.D. life, I feel fortunate to

be under the guidance of Dr. Pan, because not only the expertise I learned from him, but

also the serious and rigorous attitude for doing research. I sincerely appreciate his selfless

help.

I would like to thank my committee members, Dr. Chien-Min Kao, Dr. Patrick La Riv-

iere, Dr. Charles A. Pelizzari, and Dr. Emil Y. Sidky, for their inspiring advice for improving

my dissertation. In particular, I want to thank Dr. Kao for the insightful discussion on the

PET projection; I want to thank Dr. Patrick La Riviere and Dr. Charles A. Pelizzari for

showing me the clinical significance of optimization-based reconstruction; and special thanks

to Dr. Emil Y. Sidky, for leading me into the forefront of optimization-based reconstruction

in medical imaging. I would also like to thank Dr. Ingrid Reiser for helping me on a side

project on radiation shielding calculation.

I am thankful to many former and current colleagues in the group: Dr. Xiao Han, Dr.

Junguo Bian, Dr. Erik A. Pearson, Dr. Adrian Sanchez, Mr. Buxin Chen, Mr. Andrew

Davis, and Mr. Sean Rose. I learned a lot through the discussion with them.

I am also grateful to the support from all previous and current collaborators, including:

Dr. Joseph Manak from GE global research for providing GE C-arm data; Dr. Alex Zamy-

atin from Toshiba medical research institute for providing 320-slice diagnostic-CT data; Dr.

Budi Kusnoto from University of Illinois at Chicago for providing dental CBCT data; Dr.

Lingxiong Shao, Dr. Jinghan Ye, and Dr. Chi-Hua Tung for offering the sparse-PET idea

xv



and providing numerous PET data sets.

Ultimately, I would like to thank my parents for their understanding and unconditional

love throughout all my studies. None of my achievements have been possible without their

support.

xvi



ABSTRACT

Among all tomographic imaging devices, X-ray cone-beam computed tomography (CBCT)

and positron emission tomography are two important tools used widely in numerous medical

imaging applications, and both have enjoyed tremendous progress in both hardware and re-

construction algorithm development in the past few decades. Advanced optimization-based

algorithms, which have gained fast development recently in CBCT imaging, have demon-

strated the capability of accommodating a variety of CBCT imaging configurations, improv-

ing image quality, and exploiting image-sparsity properties with the intention of reducing

data sampling. In this work, we continue investigating optimization-based reconstructions in

CBCT for solving existing, practical issues. Meanwhile, we leverage the experience in CBCT

image reconstruction from sparse data, and develop advanced algorithms for enabling the

design of innovative PET systems with sparsely populated detectors, while not significantly

compromising the PET capability and image quality.

In this dissertation, we investigate numerous optimization programs and solve them by

using advanced iterative algorithms. Results of the work suggest that, with appropriately

designed optimization programs, optimization-based reconstruction tools can be obtained

for 1 ) reducing the artifacts existing in the off-middle planes of FDK reconstruction from

short-scan CBCT data, 2 ) enabling a sparse-PET configuration with reduced crystal while

not significantly compromising the image quality, and 3 ) allowing iterative reconstruction

based on an image with variable resolution. In addition, results indicate that the selection

of program/algorithm parameters may have significant impact on the outcome.
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CHAPTER 1

INTRODUCTION

1.1 Background: cone-beam computed tomography

1.1.1 Overview of CBCT

X-ray computed tomography (CT), since its introduction in 1972 [1, 2], has turned into an

important non-invasive tool in medical imaging to assess the internal structure of the scanned

object. It has been widely used in disease screening, diagnosis, and other applications requir-

ing image guidance [3–22]. In the past several decades, CT has enjoyed tremendous progress

in both hardware and reconstruction algorithm development, enabling a variety of configu-

rations, improving image quality, and facilitating a wide spectrum of clinical applications.

Recently, cone-beam computed tomography (CBCT) has become an emerging tool in

numerous medical imaging applications [23–34]. CBCT consists of a rotating gantry to

which an X-ray tube and detector are fixed, and a divergent pyramidal- or cone-shape X-

ray beam that transmits through a scanned subject onto a detector. The X-ray tube and

detector rotate around a rotation axis following a complete, or partial circular trajectory,

and multiple, sequential projection data are acquired during the rotation. CBCT, unlike a

conventional, fan-beam CT, acquires a volume of field-of-view (FOV) with only one rotation,

and the acquired data are used for reconstructing the three-dimensional volume of the FOV.

The advantages of such systems comparing to fan-beam CT scanners include reduction of

scan time, reduction of latent artifacts due to patient motion, and boosting X-ray tube

efficiency.

In general, there exist two types of CBCT scanners: the first type, such as the C-

arm system, the on-board-imager (OBI) system, or the dental CBCT scanner, etc., employ

a flat-panel detector [35], which is mounted on a gantry with lower mechanical precision

compared to conventional CT scanners; the other type is the state-of-the-art multi-slice CT
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(MSCT) scanner, with curved- or spherical-detectors consisting of 256 or 320 slices along

axial direction. Although differences exist between the two types of CBCT systems, similar

reconstruction algorithms can be developed and adapted to both.

1.1.2 CBCT applications

CBCT scanners possess great flexibility in scanning configuration and yield images containing

information of high practical utility. Therefore, they are used in a rapidly increasing number

of imaging applications.

Diagnostic imaging Many state-of-the-art diagnostic CT scanners employ multi-slice de-

tectors, such as 256- or 320-slices [36–38], which can be used for the circular cone-beam

scan configuration. A great body of work has investigated and demonstrated that MSCT

images following circular scanning protocols have virtually equal performance with CT im-

ages following helical scanning protocols [39–41]. MSCT is widely used in abdomen/brain

disease diagnosis and treatment planning. One of the important applications of MSCT is

cardiac imaging [42, 43], which requires high spatial and high temporal resolution. Due to

the heartbeat, cardiac imaging often requires several rotations in a short time to reconstruct

a series of images in which doctors can observe a dynamic procedure. MSCT with sufficient

axial coverage is capable of reconstructing a 3D-volume image including the heart in one

rotation (0.35-0.5 seconds), meeting the needs of cardiac imaging.

Image guided surgery During the past decade or so, there has been tremendous interest

in using C-arm systems as a CBCT unit to yield tomographic images [26, 44–47], which are

reconstructed from projection data acquired over an angular range of as small as π plus fan

angle (known as a short-scan). These advantages make C-arm CBCT an enabling technique

for a number of image guided surgery (IGS) applications, including tumor resection and

endovascular coiling of brain aneurysms during brain surgery. For the whole workflow in
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IGS, a C-arm CBCT scanner is used before surgery for procedure planning, during surgery

for intraoperative imaging guidance, and after surgery for surgery assessment.

Image-guided radiation therapy Development of CBCT for image-guided radiation

therapy (IGRT) is a rapidly growing field [31, 32, 48–50], where CBCT is used for patient

positioning and monitoring the variation of a tumor’s size or shape [34]. The IGRT is

performed in such a way that a CBCT scan of the patient on the treatment couch is obtained

before radiation treatment, and the reconstructed CBCT image can then be registered to

the CT image taken earlier for treatment planning to facilitate precise repositioning of the

patient to the treatment machine [51–57]. Advantages of IGRT technology are high spatial

resolution, sufficient soft-tissue contrast, and imaging in treatment position.

General dentistry and orthodontics Dental CBCT, as an emerging imaging modality

in dentistry and orthodontics, has enjoyed huge growth and widespread acceptance in the

dental field [58–62]. Dental CBCT can provide details of teeth and orofacial bone structures

with high spatial resolution, as well as 3D information of their position and orientation,

which allow precise understanding of the relationship of the structures in an anatomically

complex region. Therefore, the dental CBCT systems have great advantages and have been

widely used in many applications in dentistry, for example, examination of teeth and facial

structures for orthodontic treatment planning, planning for teeth extraction, assessment of

the jaws for placement of dental implants, etc.

Additional CBCT applications During the past few years, many CBCT systems have

been developed for facilitating other imaging modalities and for specific organ imaging. Ex-

amples include CBCT as a component of multimodality systems (e.g., PET-CT and SPECT-

CT) [63–67], pre-clinical CBCT systems such as micro-CT [68, 69], breast CT [59, 70–72],

extremity CBCT [73–76], and neuro CBCT [77–79]. In particular, dedicated breast CBCT,

which provides 3D-volume information of the breast, has demonstrated the potential to
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overcome some issues existing in mammography [80] and tomosynthesis [81].

1.1.3 CBCT reconstruction

There exist two general approaches to CBCT image reconstruction: analytic-based and

optimization-based reconstruction methods, which are based upon different imaging models,

and thus employ different algorithms for image reconstruction.

Analytic-based reconstruction Analytic-based algorithms, such as filtered-backprojection

(FBP) or Feldkamp-Davis-Kress (FDK) algorithm [82], are based upon continuous-to-continuous

(C-C) linear imaging models, and are used for reconstructing continuous images from con-

tinuous data. A general form of an analytic imaging model can be written as:

g = F(f), (1.1)

where f is a analytically described image, and the linear function F represents the X-ray

transform and generates the projection data g from image f . Analytic algorithms are then

derived in an attempt to invert, or pseudo-invert, function F , which solves Eq. (1.1), yielding:

f? = U(g). (1.2)

Note that, if F−1, the inversion of function F , exists, then U = F−1 and f? = f , which

means that the image can be accurately reconstructed; if F−1 does not exist, f? can be an

approximation of f . Discrete forms of an analytic-based algorithm can be devised so that it

can be applied to discrete data in realistic tomographic imaging. Because discretization is

applied only to the data space, the algorithms can still yield continuous image reconstruc-

tions.

For certain imaging configurations, for example, a fan-beam configuration, or a helical

cone-beam configuration, an exact, closed-form solution can be derived to invert the imag-
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ing model in Eq. (1.1) [83, 84]. However, for a circular cone-beam configuration, no exact

reconstruction algorithm can be derived because of the lack of Tuy’s data sufficiency condi-

tion [85]. In this scenario, an algorithm named FDK was developed by Feldkamp, Davis, and

Kress for approximate image reconstruction, which has been widely used for clinical CBCT

image reconstruction.

Further physical, mathematical, and/or statistical considerations often call for pre-conditioning

the data by multiplication of a weighting matrix with the data. Among all possible weighting

functions, those for normalizing the redundancy in the X-ray transform, a CBCT imaging

model, have been used as a leading motivation in image reconstruction [86].

Optimization-based reconstruction Optimization-based (i.e., iterative) algorithms are

based on a discrete-to-discrete (D-D) imaging model, which reconstructs discrete images

from discrete data. A general form of D-D imaging model can be expressed as:

g = Hf , (1.3)

where f is a discrete image vector, g a discrete data vector, and H a system matrix approx-

imating the X-ray transform.

Based upon the imaging model defined in Eq. (1.3), various optimization programs can

be defined, and numerous optimization-based algorithms derived to solve them, including

project-onto-convex-set (POCS) [87], expectation-maximization (EM) [88], simultaneous al-

gebraic reconstruction technique (SART) [89], and other algorithms solving programs with

image constraints. Optimization-based algorithms generally possess a higher degree of flex-

ibility than analytic-based algorithms in accommodating image reconstruction for a wide

variety of imaging conditions of practical significance. With the rapidly increasing computa-

tion power and significant advances in optimization theory for linear imaging models, there

has been a substantially increased interest in developing and applying optimization-based

algorithms to image reconstruction in CBCT.
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Optimization-based reconstruction, despite its potential advantages, has not yet been

accepted as a practical approach to image reconstruction in various applications. A leading

reason for this is that it generally requires substantially longer computational time, and

higher computer-memory consumption, than FDK-based reconstruction. This issue becomes

even more strenuous when one is interested in images with high spatial resolution represented

with an array consisting of a huge number of small-size voxels.

1.2 Background: positron emission tomography

1.2.1 Overview of PET

Positron emission tomography (PET), since its introduction to medical imaging application

in the late 1960’s, has become a powerful tool in nuclear medicine and functional imaging

applications [90–99], because it offers the ability to observe metabolic processes in the body.

Before a PET scan, positron-emitting radioactive tracer is injected into the scanned subject.

The emitted positrons then annihilate with an electron within the subject to form a pair

of photons of 511 keV energy, which travel in opposite direction to form a line-pair. If the

line-pair of photons intersect with the PET detector, we refer to this detected line-pair as

a coincident event. Note that both photons of the line-pair can be attenuated within the

scanned subject.

In general, a PET scanner consists of one or more rings of detector, which is usually circle-

or polygon-shape. Between two adjacent rings, if there exist "septa," which are composed

of dense materials and stop photons traveling between rings, we referred to this mode as 2D

configuration; if no septa exist, we refer to that mode as 3D configuration because coincident

event can be detected between rings. The detector materials in PET are scintillation crystals,

including bismuth germinate (BGO), lutetium oxyorthosilicate (LSO), and sodium iodide

(NaI), which convert the 511 keV photons to low-energy scintillation light. Conventional

PET scanners employ photomultiplier tubes (PMTs) to collect scintillation light and detect
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the 511-keV photon interaction. The most state-of-the-art PET scanners employ digital

detectors, which are capable of determining a photon interaction energy and location with

one detector that is linked to a single crystal or a few tiled crystals. Therefore, in digital

PET systems, different crystals are independent.

If a pair of detected coincident photons travel directly from an annihilation event, we

refer to it as a true coincident event. However, there exist another two forms of additive

events which corrupt the true measurements: scatter and randoms events. For a scatter

event, one or both of the annihilation photons has undergone Compton scattering, and the

detected line-pair is no long the true line-pair. For a random event, the detection is from two

independent photons but within the coincidence timing window. Note that the two photons

in a scatter event still originate from the same annihilation event, but those in a random

event do not.

Back in the 1960’s, at the early stage in PET development, people realized that it may be

beneficial to utilize the time-of-flight (TOF) information in PET image reconstruction [100].

In the early 1980’s, a fully functional TOF-PET was built. The concept of TOF-PET is that

we measure the difference in detection time for a pair of coincident photons, and the first

detected photon is nearer to the detector than the other. This TOF information can help

determine more accurately the location of the annihilated events along the line.

1.2.2 PET applications

Since its inception, PET has been used in a wide spectrum of medical imaging applications

such as oncology, neuro-imaging, cardiology imaging, infectious disease diagnosis, pharma-

cokinetics, and small-animal imaging. We briefly describe below some of the applications.

Oncology In clinical oncology, PET scanning with radio tracer F18 fluorodeoxyglucose

(FDG), which is referred to as FDG-PET, is widely used. FDG-PET has demonstrated

the ability to detect and stage cancers/tumor, and to monitor their treatment. Comparing
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to CT scan, FDG-PET shows enhanced sensitivity in detecting/staging of several types of

lymphomas and solid cancers, such as lung, breast, colon, and head and neck carcinoma

[90,94,98,101].

Neuro-imaging The brain consumes considerable glucose and oxygen, and the uptake of

glucose or oxygen is impacted by the brain activity and possible brain disease. In practice,

PET scan utilizing O15 is often employed in neuro-imaging, which is in an attempt to

monitor the brain activity [92,96,102], and FDG-PET has shown the possibility to investigate

Alzheimer’s disease [103,104].

Cardiology In clinical cardiology, a PET scan is used to diagnose cardiac disease and

detect areas of low blood flow in the heart, as well as identify abnormal heart muscle.

Radiotracers with different isotopes are used in cardiac PET imaging, such as Rb82, N13,

and O15, which are for different clinical purposes [105–108].

Small animal imaging Dedicated PET scanners designed for small-animal imaging are

often referred to as micro-PET [109, 110], which has been extensively used in bio-medical

research. Compared to a regular human PET scanner, micro-PET scans subjects of size

much smaller than a human, and the fine structures of small animals require high spatial

resolution, for example, a sub-millimeter level, to identify the organs of interest. As a result,

the size of micro-PET and the the size of its crystals should be adapted to yield such a

high-resolution demand.

1.2.3 PET reconstruction

Similarly to CT image reconstruction, PET image reconstruction can also utilize analytic

algorithms, such as FBP. However, due to the complex data rebinning and inferior noise prop-

erty in the reconstruction, FBP has become less used in the clinic nowadays. To date, PET

image reconstruction is usually performed by using iterative methods, and the maximum-
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likelihood expectation-maximization (MLEM) algorithm [111,112] and its variants have been

the dominant methods used in practice. The EM algorithm is a specific procedure for find-

ing an image that maximizes the likelihood of the measurement data that are assumed to

be mutually independent Poisson variates. While the algorithm is favored due to its quan-

titative properties, it has slow convergence and typically the converged solution appears

undesirably noisy. Hudson and Larkin introduced in 1994 the ordered-subsets (OS) version

of the EM algorithm that can considerably accelerate the reconstruction [113]. This OSEM

algorithm, however, no longer guarantees convergence. To address this issue, Brown and

De Pierro have developed the row-action ML algorithm (RAMLA) [114] and Hsiao et al

the convergent OSEM (COSEM) algorithm [115] that guarantee convergence; subsequently,

enhancements to these algorithms have been introduced [116–118]. The EM and OSEM

based algorithms have also been extended for reconstructing list-mode data [119–122], 4D

spatial-temporal data, and parameter images [123–133]. To reduce image noise, the popular

noise-regularization strategy is to modify the likelihood function by adding a priori con-

dition on the solution to seek the maximum a posteriori (MAP) or penalized ML (PML)

solution [111–114,134–141]. Generally, the a priori term favors smooth images and initially a

quadratic function on the difference between neighboring pixel intensity was used [142,143].

The use of this a priori term often leads to images that are over-smoothed and have spatially

variant resolution. Therefore, various priors to preserve edges [141, 144–146] and achieve

uniform and isotropic image resolution [126, 147] have been investigated. MAP or PML

methods have also been applied for list-mode, spatial-temporal and parametric image recon-

struction [129,148,149].
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1.3 Focus of work

1.3.1 Artifact reduction in short-scan CBCT image reconstruction

In short-scan circular CBCT imaging, the Parker weighting function or its variants can ap-

propriately normalize the redundancy of the X-ray transform for the middle plane, i.e., the

plane containing the scanning trajectory, and diagonal weighing matrices designed based

upon the Parker weighting functions have been shown to yield adequate reconstructions

within the middle plane from discrete data by use of existing analytic algorithms in discrete

forms. However, the X-ray transform possesses no redundancy for planes parallel to the mid-

dle plane, and diagonal weighting matrices such as those devised for the middle plane may

lead to reconstruction artifacts in off-middle planes, depending upon the amount of data,

subject structure, and distances of the non-middle planes to the middle plane. Optimization-

based algorithms, from previous experience, may have the potential to reduce such artifacts.

Therefore, in chapters 2 and 3, we investigate different designs of optimization-based re-

construction along with different weighting functions, and study how they impact artifact

reduction, especially in the off-middle planes.

1.3.2 Algorithm enabled image reconstruction from sparse-PET data

In the most state-of-the-art digital PET scanners, the detector materials constitute the most

significant cost portion, and therefore it is interesting to consider alternate PET design with

a reduced number of detectors. However, this will result in reduced measurements as well

as degraded image quality. Recently developed optimization-based algorithms may be used

for enabling the design and assessment of innovative PET systems, while not significantly

sacrificing the PET capability and image quality.

In particular, among all the optimization-based reconstructions, we consider optimiza-

tion programs with image total-variation (TV) constraints, because it has demonstrated

the potential for exploiting image sparsity. In chapters 4 and 5, we design an innovative
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sparse-PET configuration, and investigate optimization-based reconstructions with image-

TV constraint. The purpose of the study is to examine whether an image can yield potential

utilities with a sparse-PET configuration, and how image quality is affected by different

designs of optimization-based reconstruction.

1.3.3 Optimization-based reconstruction on images with variable resolution

In numerous CBCT applications, one is often interested in detailed information only within

a particular region-of-interest (ROI) and rough knowledge outside the ROI. Yet, information

is sought only about an ROI containing the tumor or disease, while some reference knowledge

about the region outside the ROI could suffice. Therefore, one may use an image array in

which the ROI and the rest of the support of the imaged subject are represented with fine

and coarse voxels, respectively. The use of such an image representation, which is referred

to as an image array with variable resolution, can substantially lower computation time

and computer-memory consumption in optimization-based reconstruction, thus allowing the

exploitation of its potential advantages over existing reconstruction approaches in practical

applications.

Current optimization-based reconstructions are based only upon image arrays with uni-

form resolution, not being applicable to image arrays with variable resolution. Therefore,

it is of theoretical and practical significance to develop new optimization-based reconstruc-

tion for an image array with variable resolution, thus being capable of efficiently yielding

an ROI image with high spatial resolution. In chapters 6 and 7, we develop and investigate

optimization-based algorithms for image reconstructions with variable spatial resolution.
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CHAPTER 2

OPTIMIZATION-BASED ALGORITHM FOR SHORT-SCAN

FLAT-PANEL CBCT

2.1 Introduction

Flat-panel cone-beam computed tomography (CBCT) has widely been used for guidance,

monitoring, and assessment tasks in interventional [23–26], surgical [27–30], and therapeutic

applications [31–34]. Due to workflow and radiation-dose considerations, it is often de-

sirable to scan a patient with the shortest possible rotation scan that provides sufficient

data for reconstruction. It can be shown that data collected over 180◦+ the-full-fan-angle,

which is typically referred to as the short-scan angular range [86], are sufficient for image

reconstruction of the middle plane by use of Feldkamp-Davis-Kress (FDK) algorithm (or its

variants) [82,150].

Optimization-based reconstruction [151–159] remains the focus of current research on

CBCT algorithms. In general, optimization programs often are comprised of two important

components: data fidelities and image constraints, both of which play important roles in the

design of optimization-based reconstruction in CBCT. Among numerous data fidelities, data-

`2, data-`1, and data-Kullback-Leibler (KL) fidelities have been investigated extensively; and

among various image constraints, image-total-variation (TV), image-`2 norm, and image-`1

norm are used widely in the design of optimization programs. It is of theoretical as well as

practical interest to investigate how different data fidelities and image constraints impact

optimization-based reconstructions, especially in short-scan CBCT imaging applications.

Based upon the CBCT-imaging model for analytic algorithms, it can be shown that the

data in a short-scan CBCT possesses “redundancy” within the middle plane, i.e., the plane

containing the source trajectory. A weighting function such as the Parker weighting function

[86] is used widely for normalizing the data-function redundancy so that the FDK algorithm

can, when applied to the weighted data-function, yield accurate images within the middle
12



plane. It is well-known that different weighting functions may lead to FDK reconstructions

with different degrees of artifacts especially away from the middle plane [160–162]. Therefore,

we also investigate possible impact of different weighting functions, especially those that

normalize the data-function redundancy, on optimization-based reconstruction in short-scan

CBCT.

In this chapter, we design optimization programs consisting of (1) different data fidelities,

(2) different image constraints, and (3) different weighting functions. In an attempt to solve

these optimization problems, we employ a primal-dual algorithm developed by Chambolle

and Pock (CP) [163], which has been proved mathematically to converge to a solution of

a general set of convex optimization problems, to be capable of handling effectively system

matrix of large size of practical CT interest [164], and to provide solid convergence conditions

to check the solutions. The use of a single algorithm for solving all of the optimization pro-

grams may also avoid any reconstruction differences as a result of using different algorithms

for solving different optimization programs.

In Sec. 2.2, we introduce the imaging model with weighting matrix, design the optimiza-

tion programs with different data fidelities and image constraints, and derive the correspond-

ing algorithms. In Sec. 2.3, we carry out numerical studies to verify and demonstrate the

capability of the optimization-based algorithm in achieving the designed solution determined

by the optimization programs, and the high accuracy of this designed solution compared to

the ground truth image. Remarks about the study are given in Sec. 2.4.

2.2 Methods

The imaging model used in the optimization-based reconstruction considered is given by

g = Hf , (2.1)
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where vector g of sizeM denotes discrete model-data, vector f of size N the discrete image of

N voxels, and H the system matrix of sizeM×N . In this work, an entry in g or f represents

the data or image value within a detector bin or image voxel; and an element in system

matrix H represents an intersection of an X-ray detected with a voxel in the image array.

The imaging model in Eq. (2.1), linking a discrete-image vector to a discrete-data vector, is

referred to as a discrete-to-discrete (D-D) model. We denote experimentally measured data

in practical CBCT imaging as vector gm of size M in which an entry represents a particular

data sample collected. In contrast, the imaging model upon which analytic algorithms such

as the FDK algorithm are developed is referred to a continuous-to-continuous (C-C) model

because it maps an object function of continuous variables to a data function of continuous

variables.

2.2.1 Design of system matrix

In this part of the study, we will investigate and analyze the system matrix for an image

array in a general CBCT imaging model.

For given data and image vectors, the data model is determined completely by system

matrix H [165, 166]. Therefore, different data models can be designed by the ways of cal-

culating H. In the work, we investigate one system matrix whose elements are determined

by the intersection segments of a given X-ray with a given voxel. Based upon our previ-

ous experience in optimization-based reconstruction, the matrix seems to provide reasonable

descriptions of X-ray imaging and can be easily calculated in reconstruction.

Consider a given ray i in Fig. 2.1 that divides the connection between pixels j and j + 1

into two segments ∆Xij and W − ∆Xij , where W denotes the pixel width. In this case,

intersection length Lij , weighted by the ratio of W − ∆Xij to W , will be used as element

Hij of H. Because the size of the system matrix in CBCT imaging is exceedingly large,

it is virtually impractical to pre-calculate and store the system matrix. The design of the

matrix above allows their efficient calculation, without consumption of excessive memory, in
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Figure 2.1: Ray i travels through an image with uniform resolution. Element Hij is calcu-
lated as the intersection length Lij weighted by the ratio of W −∆Xij to W .

the process of image reconstruction.

2.2.2 Design consideration of optimization programs

In optimization-based reconstruction, an image is obtained by solving the optimization pro-

gram that specifies the image. In this work, we consider optimization programs of form

f?= argmin
f

Φ(Wgm,WHf) s.t. Ψ(f) ≤ α and fj ≥ 0, (2.2)

15



where Φ(Wgm,WHf), referred to data fidelity in the work, denotes a measure of inconsis-

tency between measured data gm and model data g, weighted often by a matrix W of size

M ×M , Ψ(f) an image constraint function, α a constraint parameter, and fj the jth entry

of the vector f , j = 1, 2, ..., N .

Data fidelities

Several data fidelities and image constraints of potential practical interest are considered in

the work. Specifically, the data fidelities are given by

(a) data-`1 fidelity

D`1(f) = ||Wgm −WHf ||1, (2.3)

where || · ||1 denotes `1-norm;

(b) data-`2 fidelity

D`2(f) = ||Wgm −WHf ||22, (2.4)

where || · ||22 denotes the square of `2-norm; and

(c) data-Kullback-Leibler (KL) fidelity

DKL(f) =
M∑
i=1

[−WHf +Wgm +Wgmln(Wgm)−Wgmln(WHf)]i, (2.5)

where i is the index of the ith entry of data vector gm, and the entries in vector (WHf) that

are smaller than 10−20 are replaced with 10−20. In contrast to practical FDK reconstruction

in which measured data gm is pre-conditioned by a diagonal weighting matrix of sizeM×M ,

a weighting matrix in an optimization-based reconstruction is multiplied with both measured

data gm and model data g, thus modulating inconsistency between gm and g, instead of gm

alone.
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Ψ
Φ D`1(f) D`2(f) DKL(f) α

N/A D`1 D`2 DKL N/A

||f ||`1 D`1-||f ||`1 D`2-||f ||`1 DKL-||f ||`1 l1

||f ||`2 D`1-||f ||`2 D`2-||f ||`2 DKL-||f ||`2 l2

||f ||TV D`1-||f ||TV D`2-||f ||TV DKL-||f ||TV t1

Table 2.1: Symbols of optimization programs formed by use of data fidelities in Eqs. (2.3)-(2.5) and image constraints in Eqs.
(2.6)-(2.8) to replace Φ and Ψ in Eq. (2.2). For example, using DKL(f) and ||f ||TV to replace Φ and Ψ in Eq. (2.2) yields
program DKL-||f ||TV , as shown in Eq. (2.11) below.
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Image constraints

The image constraints considered are given by

(a) image-`1 constraint

||f ||`1 =
N∑
j=1

|fj |; (2.6)

(b) image-`2 constraint

||f ||`2 =
N∑
j=1

f2j ; (2.7)

and

(c) image-TV constraint

||f ||TV = || |∇f |MAG ||1, (2.8)

where |∇f |MAG denotes the magnitude image of the spatial gradient of f defined above Eq.

(2.26).

2.2.3 Optimization program with image-TV constraint

Using the data fidelities and image constraints defined above to replace, respectively, Φ

and Ψ in Eq. (2.2), we form and study a number of optimization programs in the work,

and, for discussion convenience, dubbed with respective symbols summarized in Table 2.1.

Image-constraint parameter α corresponding to image constraints ||f ||`1 , ||f ||`2 , or ||f ||TV

is denoted, respectively, as `1, `2, or t1, as shown in the last column of Table 2.1. For the

purpose of clarity and brevity, without loss of generality, we give below explicit forms of

optimization programs with the image-TV constraint, shown in row 5 of Table 2.1. In Sec.

3.3.3 we also present results of two additional optimization programs using image-`1 and

image-`2 constraints, respectively.
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Program D`1-||f ||TV : Image-TV-constrained data-`1 minimization

f?= argmin
f

D`1(f) s.t. ||f ||TV ≤ t1 and fj ≥ 0, (2.9)

where t1 ≥ 0 denotes a pre-selected image-constraint parameter.

Program D`2-||f ||TV : Image-TV-constrained data-`2 minimization

f?= argmin
f

D`2(f) s.t. ||f ||TV ≤ t1 and fj ≥ 0. (2.10)

Program DKL-||f ||TV : Image-TV-constrained data-KL minimization

f?= argmin
f

DKL(f) s.t. ||f ||TV ≤ t1 and fj ≥ 0. (2.11)

Program parameters Even if the mathematical form of an optimization program is given,

parameters are needed also for completely specifying the program. As mentioned above,

system matrix H needs to be determined, and, in this work, each of its elements is selected

as the intersection length of an X-ray with an image voxel. The selection of weighting matrix

W , which modulates data inconsistency, is discussed below in Sec.2.2.4. Additionally, the

programs in Eqs. (2.9)-(2.11) also depend upon voxel size of the image array and image-

TV parameter t1. When image-`1 or image-`2, instead of image-TV, is used as an image

constraint, the optimization program depends upon constraint parameter l1 or l2 (see row

3 and 4 in Table 2.1). Different selections of parameters specify generally different solutions

(i.e., different reconstructions). We discuss in Sec. 3.2.2 below the determination of the

program parameter in real-data studies.
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2.2.4 Weighting matrix

In short-scan CBCT, let um and vm denote detector sizes in directions tangential to the cir-

cular trajectory and perpendicular to the middle plane; and u and v are continuous variables,

depicting the Cartesian coordinates of a point on the detector plane, satisfying |u| ≤ um and

|v| ≤ vm. At continuous projection angle φ, the weighting function normalizing data-function

redundancy within the middle plane satisfies

w(u, v, φ) + w(−u, v, φ+ π + 2γ) = 1, (2.12)

where γ = atan( uL), and L the distance from the source to the detector surface. Even

though the weighting function is designed for the middle plane, it is used also for normalizing

approximate data-function redundancy within the off-middle planes (i.e., v 6= 0) in circular

CBCT. An additional condition is considered often on the weighting-function smoothness [86]

for FDK reconstruction:



∂w(u,v,φ)
∂φ

∣∣∣
φ=2γm−2γ

=
∂w(u,v,φ)

∂φ

∣∣∣
φ=π−2γ

= 0

∂w(u,v,φ)
∂u

∣∣∣
φ=2γm−2γ

=
∂w(u,v,φ)

∂u

∣∣∣
φ=π−2γ

= 0,

(2.13)

where γm = atan(
|um|
L ). It has been shown that the smoothness condition is critical for min-

imizing sampling artifacts in FDK reconstruction from discrete data. The Parker weighting

function [86]



w(u, v, φ) = sin2(π4
φ

γm−γ ) 0 ≤ φ < 2γm − 2γ

w(u, v, φ) = 1 2γm − 2γ ≤ φ < π − 2γ

w(u, v, φ) = sin2(π4
π+2γm−φ
γm+γ ) π − 2γ ≤ φ < π + 2γm

w(u, v, φ) = 0 π + 2γm ≤ φ < 2π.

(2.14)
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satisfies conditions in Eqs. (2.12) and (2.13), and is used widely for image reconstruction in

short-scan CBCT.

In analytic reconstruction, a weighting function is used for normalizing the data-function

redundancy within the middle plane of short-scan CBCT. In real-data imaging, only dis-

crete data gm of size M can be measured, and, a diagonal weighting matrix is constructed

thus by using M values, in a concatenated form, calculated from a weighting function sat-

isfying Eqs. (2.12) and (2.13) at M discrete points in data space (u, v, φ) at which gm

are sampled. The FDK algorithm then reconstructs an image from the measured, discrete

data weighted by the diagonal weighting matrix. On the other hand, optimization-based

reconstruction can accommodate weighting matrices that are designed based upon physical,

statistical, and/or mathematical motivations other than data-redundancy normalization. In

an attempt to compare with FDK reconstructions that use the diagonal weighting matrix

obtained from the Parker weighting function, the same weighting matrix is used in optimiza-

tion programs considered in the work, while additional weighting matrices that are designed

without consideration of normalizing the data-function redundancy are also studied in Sec.

3.3.3 below.

2.2.5 Algorithm derivation

The optimization programs considered in Table 2.1 are convex, and they can thus be solved

by use of the primal-dual algorithms. In the work, we use the primal-dual algorithm devel-

oped by Chambolle and Pock (CP) [163, 164] because it appears to be capable of handling

effectively system matrix H of large size of practical CT interest [167], and because it solves

not only smooth, but also non-smooth, programs listed in Table 2.1. The use of a single

algorithm for solving all of the optimization programs may also avoid any reconstruction dif-

ferences as a result of using different algorithms for solving different optimization programs.

In the following, we will briefly introduce the generic form of the CP algorithm, and adapt

it for solving convex optimization programs in Table 2.1.
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Generic form of primal and dual objectives The CP algorithm applies to a general

form of the primal minimization:

x? = min
x
{F (Kx) +G(x)} , (2.15)

and a dual maximization:

y? = max
y

{
−F ∗(y)−G∗(−K>y)

}
, (2.16)

where primal variable x is a vector of size N , and dual variable y a vector of size M ; K is a

linear transform from image space to data space; functions F and G are convex, which map

Kx and x to non-negative real numbers; the > superscript denotes matrix transposition; and

the superscript ‘∗’ in the dual maximization problem refers to convex conjugation, which is

given by

F ∗(y) = max
y′

{
y>y′ − F (y′)

}
G∗(y) = max

y′

{
y>y′ −G(y′)

}
.

(2.17)

The CP algorithm simultaneously performs the minimization over x in Eq. (2.15), and

the maximization over y in Eq. (2.16). The difference between the two objectives is referred

to as the duality gap, and the convergence is achieved when this gap becomes zero. For the

convergence check in practice, we introduce a conditional primal-dual gap (cPD), which is

the difference between the primal and the dual objectives ignoring all indicator functions.

Theoretically, cPD should approach zero as the algorithm converges.

With the designed primal and dual objectives, we will then derive a general update

procedure for the CP algorithm.
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CP algorithm for prototyping of convex optimization problems There exist four

steps for prototyping a particular convex optimization problem with the CP algorithm: 1 )

formulate the optimization problem to the generic minimization problem in Eq. (2.15); 2 )

derive the dual maximization problem in the form of Eq. (2.16), by computing the convex

conjugate F ∗ and G∗ of function F and G, respectively; 3 ) derive the proximal mappings

of function F ∗ and G. The proximal mapping is used to generate a descent direction for a

convex function, and its form will be given after Algorithm 1. 4 ) obtain the CP algorithm

by use of the derived proximal mapping in step 3 ).

A general form of CP algorithm is listed in Algorithm 1.

Algorithm 1: Pseudo-code for N steps of the basic CP algorithm.
1: L← ||K||SV , τ ← 1/L, σ ← 1/L

2: θ ← 1, n← 0

3: INITIALIZE: x0, y0 to zero

4: x̄0 ← x0

5: repeat

6: yn+1 ← proxσ[F ∗](yn + σKx̄n)

7: xn+1 ← proxτ [G∗](xn + τKTyn)

8: x̄n+1 ← xn+1 + θ(xn+1 − xn)

9: n← n+ 1

10: until the practical convergence conditions are satisfied

11: OUTPUT: image fconv ← fn

In Algorithm 1, ||K||SV denotes the largest singular value of matrix K, parameters τ ,

σ, and θ are non-negative CP algorithm parameters, n is the iteration index, and fconv the

convergent reconstruction when the practical convergence conditions are satisfied. Operators

proxσ[F ∗](·) and proxτ [G](·) are proximal mappings for functions F ∗ and G, respectively,
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which are defined below:

proxσ[F ∗](y) = argmin
y′
{F ∗(y′) +

||y − y′||22
2σ

}, (2.18)

and

proxτ [G](x) = argmin
x′
{G(x′) +

||x− x′||22
2τ

}. (2.19)

With the basic CP algorithm listed above, we can formulate all the convex optimization

problems in Table 2.1 into the form of Eq. (2.15), derive the corresponding dual objectives

and the proximal mapping. After substituting the proximal mapping into Line 5 and 6 in

Algorithm 1, a CP algorithm for a specific optimization program can be obtained. Details

of the formula derivation can be found in the Appendix of this chapter.

2.2.6 Pseudo-code for CP algorithms

The pseudo-codes for the CP algorithm used are given in Algorithm 2.

In Algorithm 2, vector gm of sizeM = Mu×Mv×Mφ denotes measured data, whereMu

and Mv are number of detector bins along the u- and v-axis on the detector plane, and Mφ

represents the number of views at which data are collected; vector fn of sizeN = Nx×Ny×Nz

image at the nth iteration, where Nx, Ny, and Nz are the numbers of voxels along the x-, y-,

and z-axis, respectively; fconv the convergent reconstruction when the practical convergence

conditions are satisfied;W and H weighting and system matrices; parameter νH =
||WH||SV
||X ||SV

,

where || · ||SV denotes the largest singular value of a matrix [164]; matrix HX has a transpose

H>X = (H>W>, νX>); pos(f) enforces fj = 0, if fj < 0, where fj denotes the jth entry of

vector f of size N ; vectors pn and Θ are of size M , whereas vectors qn and Ω have the same

size, which depends upon the programs considered. The specifics of vectors Θ, Ω, along

with matrix X , are discussed below for optimization programs under study. Parameter ζ

denotes νl1, νl2, and νt1, respectively, for programs with image-`1, image-`2, and image-

TV constraints. For each study, the values of l1, l2, and t1 were determined in Sec. 3.2.2.
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Algorithm: Pseudo-codes of the CP algorithm for solving programs in Table 2.1
INPUT: gm; H, W , and X ; ζ and λ

1: ν ← νH, L← ||HX ||SV , τ ← 1/L, σ ← 1/L

2: θ ← 1, n← 0

3: INITIALIZE: f0, p0, and q0 to zero

4: f̄0 ← f0

5: repeat

6: pn+1 ← Θ(λ,pn,W ,Hf̄n,gm)

7: qn+1 ← Ω(qn, ν, σ,X f̄n, ζ)

8: fn+1 ← pos[fn − τ(HTWTpn+1 + νX>qn+1)]

9: f̄n+1 ← fn+1 + θ(fn+1 − fn)

10: n← n+ 1

11: until the practical convergence conditions are satisfied

12: OUTPUT: image fconv ← fn

Algorithm parameter λ has no impact mathematically on the feasible solution set specified

by an optimization program, but it can affect the convergence rate of the algorithm. We

select λ between 0.01 to 1.0 in the study, because previous empirical studies have shown that

this selection generally yields a reasonable convergence rate.

Updates in Line 6 Update vector Θ(λ,pn,W ,Hf̄n,gm) of size M in Line 6 depends

upon the specific form of data fidelity considered. For programs in column 2 of Table 2.1,

Θ(λ,pn,W ,Hf̄n,gm) = [pn + σW(Hf̄n − gm)]/(1 + σ/λ); (2.20)

for optimization programs in column 3 of Table 2.1,

Θ(λ,pn,W ,Hf̄n,gm) =
pn + σW(Hf̄n − gm)

max(1D, |pn + σW(Hf̄n − gm)|/λ)
, (2.21)
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where 1D denotes a vector of size M with all entries set to 1, |p| takes entry-wise absolute

values of vector p of size M , and max(·) is performed component-wise; and for programs in

column 4 in Table 2.1,

Θ(λ,pn,W ,Hf̄n,gm) =
1

2
[λD + pn + σWHf̄n]

−
√

[λD − pn − σWHf̄n]2 + 4σλWgm, (2.22)

where λD is a vector of size M with entries set to λ, and √p takes entry-wise square roots

of vector p of size M .

Updates in Line 7 For programs in row 2, X is an identity matrix of size N , and vector

Ω of size N is given by

Ω(qn, ν, σ,X f̄n, ζ) = 0, (2.23)

where 0 is a vector of size N with entries set to zero.

For program in rows 3 and 4 of Table 2.1, X is an identity matrix of size N , image-

constraint parameter ζ = νl1 for programs in row 3 and ζ = νl2 for programs in row 4, and

vector Ω of size N is given by

Ω(qn, ν, σ,X f̄n, ζ) = %(1I − σs/|%|MAG), (2.24)

where vector % of size N is defined as

% = qn + σν f̄n,

vector 1I of size N with entries set to 1, and vector s of size N is given by

s = ProjOnto`pBallc(|%|MAG/σ), (2.25)
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operator ProjOnto`pBallc projects vector |%|MAG/σ onto the `p-ball of scale c, |%|MAG

depicts a vector of size N with entry j given by (|%|MAG)j = |%j |, and %j indicates the jth

entry of %. Furthermore, p = 1 and c = νl1 for programs in row 3 of Table 2.1, and p = 2

and c = νl2 for programs in row 4 of Table 2.1.

For program in row 5 of Table 2.1, matrix X = ∇ denotes a spatial gradient matrix

of size 3N × N , with its transpose ∇> = (∇>x ,∇>y ,∇>z ), where matrices ∇x, ∇y, and ∇z

of size N × N represent the finite difference matrices along x-, y-, and z-axis, respectively,

yielding vectors ∇xf , ∇yf , and ∇zf of size N , which are used to form vector ∇f of size 3N

in a concatenated form in the order of x, y, and z, |∇f |MAG depicts a vector of size N with

entry j given by (|∇f |MAG)j =
√

(∇f)2j + (∇f)2j+N + (∇f)2j+2N , and (∇f)j indicates the

jth entry of vector ∇f . Moreover, image-constraint parameter ζ = νt1, and vector Ω of size

3N is given by

Ω(qn, ν, σ,X f̄n, ζ) = %(1I − σs/|%|MAG), (2.26)

where vector % of size 3N is defined as

% = qn + σν∇f̄n,

vector 1I is of size N with entries set to 1, and vector s of size N is given by

s = ProjOnto`1Ballνt1(|%|MAG/σ), (2.27)

operator ProjOnto`1Ballνt1 projects vector |%|MAG/σ onto the `1-ball of scale νt1 [167],

|%|MAG depicts a vector of size N with entry j given by (|%|MAG)j =
√
%2j + %2j+N + %2j+2N ,

and %j indicates the jth entry of vector %.

cPD gap Conditional primal-dual, which is the difference between primal function and

dual function, is an important metrics for checking algorithm convergence. Theoretically,

cPD should approach 0 as iteration number n increases. We list below the forms of cPD for

27



all programs listed in Table 2.1. Details of the derivation and symbol explanations can be

found in the Appendix of Chapter 2.

Program D`1

cPD(fn) = λ||WHfn −Wgm||1 (2.28)

−
[
− g>mW>pn

]
. (2.29)

Program D`2

cPD(fn) =
1

2
λ||WHfn −Wgm||22 (2.30)

−
[
− 1

2λ
||pn||22 − g>mW>pn

]
. (2.31)

Program DKL

cPD(fn) = λ
∑
i

[WHfn −Wgm +Wgmln(Wgm)−Wgmln(WHfn)]i (2.32)

−
[
−
∑
i

[−λg>mW>ln(1D −
pn
λ

)]i

]
. (2.33)

Program D`1-f`1

cPD(fn) = λ||WHfn −Wgm||1 (2.34)

−
[
− g>mW>pn − νl1||qn||∞

]
. (2.35)

Program D`2-f`1

cPD(fn) =
1

2
λ||WHfn −Wgm||22 (2.36)

−
[
− 1

2λ
||pn||22 − g>mW>pn − νl1||qn||∞

]
. (2.37)
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Program DKL-f`1

cPD(fn) = λ
∑
i

[WHfn −Wgm +Wgmln(Wgm)−Wgmln(WHfn)]i (2.38)

−
[
−
∑
i

[−λg>mW>ln(1D −
pn
λ

)]i − νl1||qn||∞
]
. (2.39)

Program D`1-f`2

cPD(fn) = λ||WHfn −Wgm||1 (2.40)

−
[
− g>mW>pn − νl2||qn||2

]
. (2.41)

Program D`2-f`2

cPD(fn) =
1

2
λ||WHfn −Wgm||22 (2.42)

−
[
− 1

2λ
||pn||22 − g>mW>pn − νl2||qn||2

]
. (2.43)

Program DKL-f`2

cPD(fn) = λ
∑
i

[WHfn −Wgm +Wgmln(Wgm)−Wgmln(WHfn)]i (2.44)

−
[
−
∑
i

[−λg>mW>ln(1D −
pn
λ

)]i − νl2||qn||2
]
. (2.45)

Program D`1-fTV

cPD(fn) = λ||WHfn −Wgm||1 (2.46)

−
[
− g>mW>pn − νt1||(|qn|MAG)||∞

]
. (2.47)
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Figure 2.2: Numerical Shepp-Logan phantom used in the inverse crime study. Display
window: [0.99, 1.07] cm−1.

Program D`2-fTV

cPD(fn) =
1

2
λ||WHfn −Wgm||22 (2.48)

−
[
− 1

2λ
||pn||22 + g>mW>pn − νt1||(|qn|MAG)||∞

]
. (2.49)

Program DKL-fTV

cPD(fn) = λ
∑
i

[WHfn −Wgm +Wgmln(Wgm)−Wgmln(WHfn)]i (2.50)

−
[
−
∑
i

[−λg>mW>ln(1D −
pn
λ

)]i − νt1||(|qn|MAG)||∞
]
. (2.51)
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2.3 Algorithm validation

In an attempt to verify the implementation of the CP algorithm, and its appropriate applica-

tions to solving the optimization programs, we have performed, for each of the optimization

programs considered, an inverse-crime study in which model data were generated by use of

a system matrix from a known truth image, and the same system matrix is used also in

reconstruction. Therefore, in each inverse-crime study, program parameters such as image-

voxel size and image-constraint parameters (i.e., t1, l1, or l2) are known [72,168] with which

the CP algorithm was validated quantitatively to converge to the truth image numerically

through solving the optimization program.

2.3.1 Study design

For the purpose of validation and computation-efficiency consideration, we use the fan-beam

CT configuration with circular geometry, the distance from the source to rotation axis is

100 cm, and the distance from the source to detector is 150 cm. The detector consists of 80

detector elements of size 0.45 mm. We generate 168 projections uniformly distributed over

193 degrees (short-scan angle). We discretize the Shepp-Loggan phantom on an image array

consisting of 32 × 32 identical square pixels of size 0.75 mm, shown in Fig. 2.2, which is

referred to as the truth image ftrue. With the configuration and image array given, system

matrixH can be calculated as described in Sec. 2.2.1 above. The model data gm is generated

as gm =WHftrue, whereW denotes the diagonal weighting matrix obtained from the Parker

weighting function.

For designing the practical convergence conditions, we introduce normalized data diver-

gence, such as normalized data-`1 divergence:

D`1(gm,g) = D`1(gm,g)/D`1(gm,0), (2.52)

where fn denote reconstructions at iteration n, and vector 0 is of size N with all entries set
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to 0; normalized data-`2 divergence:

D`2(gm,g) = D`2(gm,g)/D`2(gm,0); (2.53)

and normalized data-KL divergence:

DKL(gm,g) = DKL(gm,g)/DKL(gm,gς); (2.54)

When computing DKL(gm,g) in the work, the entries in g that are smaller than 10−20 are

replaced with 10−20, and gς is obtained by replacing all of the entries in g with 10−20. Here,

we define D(fn) = D`2(fn), D`1(fn), and DKL(fn) for programs containing data-`1, data-`2,

and data-KL fidelities, respectively.

When image constraint exists, we introduced unitless metrics for normalizing image con-

straints, respectively, which are defined as:

TV (fn) = | ‖ fn ‖TV −t0|/t0, (2.55)

L1(fn) = | ‖ fn ‖1 −l1|/l1, (2.56)

and

L2(fn) = | ‖ fn ‖2 −l2|/l2. (2.57)

Here we define C(fn) = TV (fn), L1(fn), and L2(fn) for programs containing image-TV,

image-`1, and image-`2 constraints, respectively.

In addition, we define a normalized cPD gap, which is given by:

cPD(fn) = |cPD(fn)/cPD(f1)|. (2.58)

The mathematical convergence conditions for the CP algorithms include C(fn) → 0,

D(un) → 0, and cPD(fn) → 0, as n → ∞. They are unachievable, however, due to
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limited computer precision and computation time involved in any practical, numerical study.

Therefore, for the inverse-crime study considered, we design practical convergence conditions

D(fn) < 10−5,

cPD(fn) < 10−5,

∆(fn) < 10−5,

(2.59)

where ∆(fn) =
||fn−ftrue||2
||ftrue||2

. When there exists image constraint, we also consider the con-

vergence condition

C(fn) < 10−5 (2.60)

It requires that the convergence metrics maintain their decaying trends even after that the

conditions are satisfied, as n increases.

2.3.2 Study results

We have performed inverse-crime studies on reconstructions based upon the 12 optimization

programs in Table 2.1. It can be observed in Fig. (2.3) that all convergent reconstructions

are visually identical to the truth image ftrue. Also, Figs. 2.4–2.15 show how convergence

metrics, for each optimization program, evolve as functions of the iteration number, demon-

strating that the practical convergence conditions in Eq. (2.59) are satisfied, which indicates

that the reconstruction converges to the truth image.
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ftrue D`1 D`2 DKL

ftrue D`1-||f ||`1 D`2-||f ||`1 DKL-||f ||`1

ftrue D`1-||f ||`2 D`2-||f ||`2 DKL-||f ||`2

ftrue D`1-||f ||TV D`2-||f ||TV DKL-||f ||TV

Figure 2.3: Reconstructions of a numerical Shepp-Logan phantom obtained by use of CP
algorithm solving, respectively, optimization programs in Table 2.1. Display window: [0.99,
1.07] cm−1.
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Figure 2.4: Convergence metrics D`1(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program D`1 .
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Figure 2.7: Convergence metrics L1(fn), D`1(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
D`1-||f ||`1 .
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Figure 2.8: Convergence metrics L1(fn), D`2(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
D`2-||f ||`1 .
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Figure 2.9: Convergence metrics L1(fn), DKL(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
DKL-||f ||`1 .
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Figure 2.10: Convergence metrics L2(fn), D`1(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
D`1-||f ||`2 .
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Figure 2.11: Convergence metrics L2(fn), D`2(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
D`2-||f ||`2 .
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Figure 2.12: Convergence metrics L2(fn), DKL(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
DKL-||f ||`2 .
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Figure 2.13: Convergence metrics TV (fn), D`1(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
D`1-||f ||TV .
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Figure 2.14: Convergence metrics TV (fn), D`2(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
D`2-||f ||TV .
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Figure 2.15: Convergence metrics TV (fn), DKL(fn), cPD(fn), and ∆(fn) as functions of iteration number n for solving program
DKL-||f ||TV .
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2.4 Discussion

In this chapter, we have derived CP algorithms tailored to solve numerous convex optimiza-

tion programs with different data fidelities and image constraints, which are of potential re-

search and application interest. Both data fidelities and image constraints play an important

role in the design of optimization-based reconstruction in cone-beam computed tomography

(CBCT). We consider data fidelities such as data-`2, data-`1, and data-KL fidelities, and

image constraints such as image-`2, image-`1, and image-TV. It is of theoretical as well as

practical interest to investigate how different data fidelities and image constraints impact

optimization-based reconstructions.

Because all the optimization programs considered in this work are convex, the investi-

gation in this study is enabled by a primal-dual algorithm that is shown mathematically to

solve convex optimization programs, especially for those under consideration in this chap-

ter. By using a single algorithm for solving all of the optimization programs, it may avoid

any reconstruction differences as a result of using different algorithms for solving different

optimization programs.

In an attempt to validate the derived CP algorithms, we have carried out inverse-crime

studies, where data were simulated with a known system matrix, and images were recon-

structed by use of the exact system matrix. The results showed that the CP algorithm can

accurately solve the designed programs. Therefore, the CP algorithm has been verified for

its capability of solving the optimization programs. The inverse-crime study, however, does

not imply algorithm properties in reconstruction scenario where data contain inconsistency,

which are the cases to be studied in the following chapter.

2.5 Appendix

We take optimization program D`2-||f ||TV as an example, formulate the primal and dual ob-

jectives in accordance to Eqs. (2.15) and (2.16), and derive its proximal-mapping. Derivation
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for other optimization programs can be conducted in the same manner.

Derivation for program D`2-||f ||TV We modify Eq. (2.10) by introducing two positive

parameters, λ and ν,

f?= argmin
f

1

2
λD`2(f) s.t. ||f ||TV ≤ νt1 and fj ≥ 0. (2.61)

It is worth noting that, parameter λ and ν have no impact on the designed solutions. We

show below the CP algorithm tailored specifically to solve the program in Eq. (2.61), or

equivalently, Eq. (2.10), which can be formulated into an unconstrained problem as:

f? = argmin
f

{
1

2
λ||W(Hf − g)m||22 + δDiamond(νt1)

(|ν∇f |MAG) + δP (f)

}
(2.62)

where ∇ denotes a spatial gradient matrix of size 3N × N , with its transpose ∇> =

(∇>x ,∇>y ,∇>z ), in which the superscript “>” indicates a transpose operation; matrices ∇x,

∇y, and ∇z of size N × N represent the finite difference matrices along x-, y-, and z-axis,

respectively, yielding vectors ∇xf , ∇yf , and ∇zf of size N , which are used to form vector

∇f of size 3N in a concatenated form in the order of x, y, and z; |∇f |MAG depicts a vector

of size N with entry j given by (|∇f |MAG)j =
√

(∇f)2j + (∇f)2j+N + (∇f)2j+2N , and (∇f)j

indicates the jth entry of vector ∇f ; the indicator function δDiamond(νt1)
(x) is defined as

δDiamond(νt1)
(x) =


0 ||x||1 ≤ νt1

∞ ||x||1 > νt1,

. (2.63)

and the indicator function δP (e) is written as:

δP (x) =


0 x ≥ 0

∞ x < 0.

. (2.64)
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For the convenience of discussion, we consider two vectors a and b of sizes kN and N ,

where k ≥ 1 is a positive integer. Let aj denote the jth entry of a, j = 1, 2, ..., kN , and bj

the jth entry of b, j = 1, 2, ..., N , respectively. We use vectors ab and a/b of sizes kN to

denote the multiplication and division of a and b, with entry j given by

(ab)j = ajbjm

(a/b)j = aj/bjm ,

where j = 1, 2, ..., kN , and jm=mod (j,N) indicates the remainder of j dividing by N , and

bjm 6= 0. In particular, when k = 1, a and b are of the same size N , and vectors ab and a/b

thus are of size N and depict element-wise multiplication and division.

In order to match the form of primal minimization in Eq. (2.15), we introduce the

following assignments:



G(x) = δP (x),

F (r, z) = F1(r) + F2(z),

F1(r) = 1
2λ||r−Wgm||22,

F2(z) = δDiamond(νt1)
(|z|MAG),

(2.65)

and the symbols in Eq. (2.15) are defined as:



x = f ,

r =WHf ,

z = ν∇f ,

K =

 WH
ν∇

 .

(2.66)

Conjugate functions: For functions F1, F2 and G, the convex conjugate functions, F ∗1 , F
∗
2
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and G∗, are given by:

F ∗1 (p) =max
r
{p>r− F1(r)}

=max
r
{p>r− 1

2
λ||r−Wgm||22}

=
1

2λ
||p||22 + g>mW>p,

(2.67)

F ∗2 (q) =max
z
{q>z− F2(z)}

=max
z
{q>z− δDiamond(νγ)(|z|MAG)},

=νγ||(|q|MAG)||∞

(2.68)

G∗(y) =max
x
{y>x−G(x)}

=max
x
{y>x− δP (x)}

=δP (−y)

(2.69)

where || · ||∞ norm denotes the largest component of the argument.

Therefore the dual optimization of Eq. (2.62) can be written as

(p∗,q∗) =max
p,q
{−F ∗(p,q)−G∗(KT

 p

q

)}

=max
p,q
{− 1

2λ
||p||22 − g>mW>p− νt1||(|q|)||∞ − δP (−H>W>p− ν∇>q)}.

(2.70)

In an attempt to implement Chambolle-Pock algorithm, we need to derive the proximal

mapping for functions F ∗1 , G, and F ∗2 , which are given below:
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The proximal mapping for F ∗1 :

proxσ[F ∗1 ](p) =argmin
p′

{
F ∗1 (p′) +

||p− p′||22
2σ

}

=argmin
p′

{
1

2λ
||p′||22+ <Wgm, p′ > +

||p− p′||22
2σ

}

=(p− σWgm)/(1 + σ/λ)

(2.71)

The proximal mapping for F ∗2 : By using Moreau identity [169], the proximal mapping

proxσ[F ∗2 ](q) can be written as

proxσ[F ∗2 ](q) =argmin
q′

{
F ∗2 (q′) +

||q− q′||22
2σ

}

=argmin
q′

{
νγ||(|q′|MAG)||∞ +

||q− q′||22
2σ

}

=q− σprox 1
σ

[F2](
q

σ
)

=q− σargmin
q′

{
δDiamond(νt1)

(|q′|) +
σ||q/σ − q′||22

2

}
(2.72)

We rewrite q = |q|MAGq̂ and q′ = |q′|MAGq̂′, where q̂ and q̂′ are vectors of 3N denoting

the direction of q and q′. Because the indicator function in Eq. (2.72) is independent of q̂′,

the second term in Eq. (2.72) is minimized for a given |q′|MAG as q̂ and q̂′ are pointing to

the same direction. Therefore, Eq. (2.72) can be expressed as:
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proxσ[F ∗2 ](q) =q− σ argmin
|q′|MAG,q̂′

{
δDiamond(νt1)

(|q′|MAG) +
σ||(|q|MAGq̂)/σ − (|q′|MAGq̂′)||22

2

}

=q− σq̂argmin
|q′|MAG

{
δDiamond(νt1)

(|q′|MAG) +
||(|q|MAG)/σ − (|q′|MAG)||22

2/σ

}

=q− σ q

|q|MAG
s

=q(1I − σs/|q|MAG),

(2.73)

where 1I is a vector of size N with all entries set to be 1, and vector s of size N is given by:

s = argmin
|q′|MAG

{
δDiamond(νt1)

(|q′|MAG) +
||(|q|MAG)/σ − (|q′|MAG)||22

2/σ

}
= ProjOnto`1Ballνt1(|q|MAG/σ),

where operator ProjOnto`1Ballνt1 projects vector |q|MAG/σ onto the `1-ball of scale νt1.

The proximal mapping for G∗:

proxτ [G](x) =argmin
x′

{
G∗(x′) +

||x− x′||22
2τ

}

=argmin
x′

{
δP (−x) +

||x− x′||22
2τ

}

=[pos(x)]i

=


xi xi > 0

0 xi ≤ 0

(2.74)

The proximal-mapping for other programs in Table 2.1 can be derived in the manner. It

is worth noting that, for programs containing data-`2 fidelity, the function F1 in Eq. (2.65)
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can be written as:

F1(r) =
1

2
λ||r−Wgm||22, (2.75)

whose conjugate function and proximal-mapping have been derived in Eqs. (2.67) and (2.71),

respectively. For programs containing data-`1 fidelity, the function F1 in Eq. (2.65) is:

F1(r) = λ||r−Wgm||1. (2.76)

For programs containing data-KL fidelity, the function F1 in Eq. (2.65) is:

F1(r) = λ
∑
i

[r−Wgm +Wgmln(Wgm)−Wgmln(r)]i, (2.77)

where all entries in vector r of size M that are smaller than 10−20 are set to be 10−20.

We also derived the corresponding conjugate functions and the proximal-mapping for

different image constraints in Table 2.1. For programs containing image-TV constraint, the

function F2 in Eq. (2.65) is:


F2(z) = δDiamond(νt1)

(|z|),

z = ν∇f ,

(2.78)

whose conjugate function and proximal-mapping are derived in Eqs. (2.68) and (2.72),

respectively. For programs containing image-`1 constraint, the function F2 in Eq. (2.65) is:


F2(z) = δDiamond(νl1)

(|z|),

z = νf .

(2.79)

47



For programs containing image-`2 constraint, the function F2 in Eq. (2.65) is:


F2(z) = δBall(νl2)(z),

z = νf

(2.80)

Here, δBall(a)(x) is an indicator function defined as:

δBall(a)(x) =


0 ||x||2 ≤ a

∞ ||x||2 > a

(2.81)

In the following section, we will derive the conjugate functions and the proximal-mapping

of Eqs. (2.76) and (2.77) for function F1, and Eqs. (2.79) and (2.80) for function F2.

Data-`1 fidelity Computing the convex conjugate of Eq. (2.76) yields

F ∗1 (p) =max
r
{p>r− F1(r)}

=max
r
{p>r− λ||r−Wgm||1}

=g>mW>p + δBox(λ)(p).

(2.82)

The corresponding proximal-mapping of F ∗1 is:

proxσ[F ∗1 ](p) =argmin
p′

{
F ∗1 (p′) +

||p− p′||22
2σ

}

=argmin
p′

{
g>mW>p + δBox(λ)(y) +

||p− p′||22
2σ

}

=
(p− σWgm)

max(1D, |p− σWgm|/λ)
,

(2.83)

where 1D is a vector of size M with all entries set to be 1.

Data-KL fidelity Computing the convex conjugate of Eq. (2.77) yields
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F ∗1 (p) =max
r
{p>r− λ

∑
i

[r−Wgm +Wgmln(Wgm)−Wgmln(r)]i}

=
∑
i

[−λg>mW>ln(1D −
p

λ
)]i + δP (λD − p),

(2.84)

where λD is a vector of size M with all entries set to be 1, and all entries in vector (1D−
p
λ )

that are smaller than 10−20 are set to be 10−20.

The corresponding proximal-mapping of F ∗1 is:

proxσ[F ∗1 ](p) =argmin
p′

{
F ∗1 (p′) +

||p− p′||22
2σ

}

=argmin
p′

{∑
i

[−λg>mW>ln(1D −
p′

λ
)]i + δP (λD − p′) +

||p− p′||22
2σ

}

=
1

2
(λD + p±

√
(λ− p)2 + 4σλWgm

λ−p′>0
=

1

2
(λD + p−

√
(λ− p)2 + 4σλWgm

(2.85)

Image-`1 constraint Computing the convex conjugate of Eq. (2.79) yields

F ∗2 (q) =max
z
{q>z− F2(z)}

=max
z
{q>z− δDiamond(νl1)

(z)},

=νl1||q||∞,

(2.86)

where q is a vector of size N .

The corresponding proximal-mapping of F ∗2 is:

proxσ[F ∗2 ](q) = q− σprox 1
σ

[F2](
q

σ
)

= q− σargmin
q′

{
δDiamond(νl1)

(|q′|) +
σ||q/σ − q′||22

2

} (2.87)
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We rewrite q = |q|q̂ and q′ = |q′|q̂′, |q| depicts a vector of size N with entry (|q|)j = |qj |,

and qj is the jth entry of vector q. Then Eq. (2.87) is expressed as:

proxσ[F ∗2 ](q) =q− σargmin
|q′|,q̂′

{
δDiamond(νl1)

(|q′|) +
σ||(|q|q̂)/σ − (|q′|q̂′)||22

2

}

=q− σq̂argmin
|q′|

{
δDiamond(νl1)

(|q′|) +
σ||(|q|)/σ − (|q′|)||22

2

}

=q(1I − σs/|q|),

(2.88)

where vector s of size N is given by:

s = argmin
|q′|

{
δDiamond(νl1)

(|q′|) +
||(|q|)/σ − (|q′|)||22

2/σ

}
= ProjOnto`1Ballνl1(|q|/σ),

where operator ProjOnto`1Ballνl1 projects vector |q|/σ onto the `1-ball of scale νl1.

Image-`2 constraint Computing the convex conjugate of Eq. (2.80) yields

F ∗2 (q) =max
q′
{q>q′ − F2(q′)}

=max
q′
{q>q′ − δBall(νl2)(q

′)},

=νl2||q||2,

(2.89)

where q is a vector of size N .
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The corresponding proximal-mapping of F ∗2 is:

proxσ[F ∗2 ](q) =q− σprox 1
σ

[F2](
q

σ
)

=q− σargmin
q′

{
δBall(νl2)(q

′) +
σ||q/σ − q′||22

2

}

=q− σargmin
|q′|,q̂′

{
δBall(νl2)(|q

′|) +
σ||(|q|q̂)/σ − (|q′|q̂′)||22

2

}

=q− σq̂argmin
|q′|

{
δBall(νl2)(|q

′|) +
σ||(|q|)/σ − (|q′|)||22

2

}

=q(1I − σs/|q|),

(2.90)

where q = |q|q̂ and q′ = |q′|q̂′; |q| depicts a vector of size N with entry (|q|)j = |qj |, and

qj is the jth entry of vector q; and vector s of size N is given by:

s = argmin
|q′|

{
δBall(νl2)(|q

′|) +
||(|q|)/σ − (|q′|)||22

2/σ

}
= ProjOnto`2Ballνl2(|q|/σ),

where operator ProjOnto`2Ballνl2 projects vector |q|/σ onto the `2-ball of scale νl2.
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CHAPTER 3

ARTIFACT REDUCTION IN SHORT-SCAN CBCT BY USE OF

OPTIMIZATION-BASED RECONSTRUCTION

3.1 Introduction

The previous chapter focused on optimization problem design and derivation of the CP algo-

rithm instances, which were verified numerically in inverse-crime studies. In this chapter, we

carry out qualitative characterization and evaluation studies on the optimization algorithms

by employing data acquired from Catphan and Rando phantoms.

This study serves two purposes. The first is to characterize and evaluate the CP algorithm

for solving different optimization programs in practical CBCT imaging applications, where

data unavoidably contain inconsistencies. In the Catphan-phantom study, the ground truth

is available from the phantom manufacturer, thus allowing us to verify the reconstruction

against the known truth. In the Rando-phantom study, the scanned object contains more

realistic and complex structures, which yielding CBCT images of practical interest.

The second purpose of the study is to investigate how different designs of optimization-

based reconstruction impact artifact reduction, especially in the off-middle plane. In clinical

CBCT applications, although the FDK algorithm can provide images of high practical util-

ity for a wide class of applications, it has also been observed to yield reconstructions with

noticeable artifacts especially in the off-middle planes for short-scan CBCT with data insuf-

ficiency and inconsistency [170, 171]. Evidence from previous experience seems to suggest

that appropriately designed optimization-based algorithms may be less susceptible to data

inconsistency and insufficiency than analytic algorithms such as the FDK algorithm, thus

possibly yielding reconstructions with reduced artifacts [86,170]. In this work, we carry out a

study on optimization-based reconstructions from short-scan CBCT data with an emphasis

on demonstrating whether different designs of optimization programs of potential practical

interest impact the reduction of artifacts observed in the FDK reconstruction.
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Figure 3.1: On-board Imaging (OBI) system on a Trilogy LINAC.

This chapter starts with an introduction in Sec. 3.1, followed by the study design in

Sec. 3.2. Results of real-data studies and final remarks are presented in Secs. 3.3 and 3.4,

respectively.

3.2 Study Design and Materials

3.2.1 Data collection and FDK reference

Short-scan CBCT data We collected data from two physical phantoms, the RANDO

man and the Catphan 504 (The Phantom Laboratory, Salem NY), using a Varian on-board-

imager (OBI) on a Trilogy LINAC (Varian Medical System, Palo Alto CA), shown in Fig.

3.1. The two phantoms are selected because they contain both anthropomorphic structures

in RANDO and geometric, quantitative structures in the Catphan that can be used for

evaluating the impact of reconstruction algorithms. The OBI CBCT system consists of
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a keV X-ray source and a flat-panel detector of sizes 2um = 39.73 cm and 2vm = 29.80

cm, composed of 1024 × 768 identical square-shaped-detector bins of size 0.0388 cm. The

distances from the source to the rotation axis, and to the flat-detector surface, are S = 100

cm and L = 150 cm, respectively. Data were acquired at 353 and 347 views, respectively, for

the Rando and Catphan phantoms, uniformly distributed over a short-scan angular range of

196 degrees. Therefore, the sizes of data vectors considered are M = 1024× 768× 353 and

1024× 768× 347 for the cases involving, respectively, the Rando and Catphan phantoms.

FDK reference For comparison, we also carried out reconstructions by using the FDK

algorithm, with a Hanning filter and a cutoff at 0.5 of the Nyquist frequency, from weighted

real-data Wgm. For revealing details of artifact reduction, soft-tissue display windows are

used for reconstructions; and, as shown in Fig. 3.2, two regions of interest (ROIs) enclosed

by rectangles within each of the FDK reconstructions of the Rando and Catphan phantoms

are selected for showing ROI images in zoomed-in views.

3.2.2 Program-parameter selection

Weighting matrix and image-voxel size Results below were obtained with a diagonal

weighting matrix that is formed from discrete values of the Parker weighting function, except

for the two cases in Sec. 3.3.3, in which different weighting matrices were used. In a real-data

study, image-voxel size and image-constraint parameter need to be estimated, because only

measured data gm are available experimentally [72,168]. In the Rando and Catphan studies,

we use image arrays of sizes N = 512×512×451 and 512×512×239, respectively, consisting

of cubic voxels of size 0.488 mm, identical to that used in clinical IGRT CBCT imaging, which

is 1.258 times of the detector-bin size of OBI CBCT scanner used for collecting data.

Image-constraint parameter We performed multiple reconstructions from each data set

collected, with different t1 values. Based upon a visual inspection of these reconstructions,

we then select t1 that yields a reconstruction with reduced artifacts comparing to the FDK
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Figure 3.2: ROIs indicated by rectangles within transverse slices at 3.37 cm (top left) and
7.32 cm (top right) from the middle plane of the Rando phantom, and at 4.15 cm (bottom
left) and 6.0 cm (bottom right) from the middle plane of the Catphan phantom. ROI images
are displayed in zoomed-in views below.
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image, yet without worsened, or with improved, contrast and spatial resolution. Such a way

of selecting t1 is admittedly subjective, but it seems sufficient for the purpose of the work

which is qualitatively demonstrating the potential of image-TV-constrained reconstruction

for reduction of artifacts observed in FDK reconstruction from short-scan CBCT data. Sim-

ilarly, we determined image-constraint parameters l1 or l2 in optimization programs using

image-`1 or image-`2 constraint by performing reconstructions with varying values of l1 or

of l2 instead, and then selecting the l1 or l2 that yields the reconstruction with visually the

least significant artifacts. The specific selection of an image-constraint parameter is generally

data- and object-dependent.

Practical convergence conditions The CP algorithm has been shown to converge math-

ematically to solutions specified by a convex optimization program, including the optimiza-

tion programs considered, but with an infinite number of iterations, which cannot be achieved

in practice. Instead, using the mathematical convergence conditions as a guide, we developed

practical convergence conditions such that they can be achieved within a finite number of

iterations [72,168]. Of course, practical convergence conditions should be interpreted as ad-

ditional program parameters because they play now, along with other program parameters,

a role in specifying feasible solutions. We consider in real-data studies three practical conver-

gent conditions to be satisfied collectively as functions of iteration numbers: 1 ) the image-`1,

image-`2, or image-TV constraint of the reconstructed image arrives at its corresponding,

designed image constraint value; 2 ) the data fidelity data-`2, data-`1, or data-KL sufficiently

plateau; and 3 ) the conditional primal-dual gap (cPD) [164] continuously decreases when

conditions 1 ) and 2 ) are reached. (The mathematical cPD condition on the CP-algorithm

convergence is that the cPD approaches zero. Depending upon the property of the system

matrix, data condition, optimization program, and computer precision, it is often unrealistic

to achieve numerically the cPD condition in a practical reconstruction. As the results below

show, however, the three practical convergence conditions defined above are able to yield
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reconstructions of practical interest.)

3.3 Study Results

From the perspective of a C-C data model for circular CBCT, short-scan data sufficient

for accurate reconstruction within the middle plane are insufficient for non-middle planes.

In a real-data study, data inconsistency, including noise and scatter, can lead to artifacts

within the middle plane. However, for non-middle planes, artifacts result from not only

data inconsistency but also data insufficiency. The results below highlight three major

studies: (1) We first study optimization programs in Table 2.1 for reconstructions within

the middle plane, which contains no data-insufficiency artifacts. (2) Based upon the study

results, we select the optimization programs that are shown to perform well based upon

visual inspection for further investigation of their potential in reduction of artifacts observed

within non-middle planes of FDK reconstructions caused by data insufficiency. (3) Additional

studies are performed on how the artifact reduction is affected by the selection of additional

optimization programs and weighting matrices.

3.3.1 Impact of optimization programs on reconstructions

Reconstructions based upon optimization programs in row 2 of Table 2.1 We

reconstructed images from Rando data by solving the optimization programs in row 2 of Table

2.1, and show the convergent reconstructions in row 1 of Fig. 3.3. As expected, because the

optimization programs contain only data fidelities (except for an image positivity constraint,)

the convergent reconstructions are all highly noisy, with image textures considerably different

than that in the FDK reconstruction. Visual differences exist among the reconstructions

because different designs of optimization programs necessarily respond differently to data

inconsistencies such as data noise. It can be observed that the reconstruction of program D`1

with data-`1 fidelity appears with sprinkled-salt texture, and is noisier than those obtained
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with programs D`2 and DKL containing data-`2 and data-KL fidelities. Results similar to

Rando reconstructions have been obtained also for Catphan reconstructions, which are not

shown. The study suggests the need of adequate image constraints for image reconstruction

from real data.

Reconstructions based upon optimization programs in rows 3-5 of Table 2.1 We

then performed reconstructions from Rando data by solving the optimization programs in

rows 3-5 of Table 2.1, each of which containing a data fidelity and an image constraint

(in addition to the image positivity constraint.) As discussed in Sec. 3.2.2, for each pro-

gram studied, we performed a number of reconstructions with different values of its image-

constraint parameter; and, based upon visual inspection of the reconstructions, we selected

a final value and used it to yield convergent reconstructions, as shown in rows 2-4 of Fig.

3.3, according to the practical convergent conditions discussed in 3.2.2. Result in row 2

reveals that reconstructions with image-`1 constraint retain a noisy, sprinkled-salt texture.

This is not surprising because image-`1 constraint encourages sparse solutions, while the

Rando-phantom image is substantially non-sparse. Conversely, as the image-`2 constraint

promotes non-sparse solutions, optimization programs with image-`2 constraint thus lead to

reconstructions of the Rando phantom with visually reasonable appearance, as shown in row

3 of Fig. 3.3. On the other hand, reconstructions with an image-TV constraint in row 4 of

Fig. 3.3 appear comparable to those obtained with image-`2, but with bony structures of

enhanced spatial resolution. For the cases considered, image constraints appear to impact

reconstruction textures more significantly than do data fidelities, as reconstructions vary

visually more significantly within each column than within each row. Observations similar

to those for reconstructions of the Rando phantom can also be made for reconstructions of

the Catphan phantom.
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FDK D`1 D`2 DKL

FDK D`1-||f ||`1 D`2-||f ||`1 DKL-||f ||`1

FDK D`1-||f ||`2 D`2-||f ||`2 DKL-||f ||`2

FDK D`1-||f ||TV D`2-||f ||TV DKL-||f ||TV

Figure 3.3: Reconstructions within the middle plane of the Rando phantom obtained by use
of the FDK algorithm, and by use of the CP algorithm solving, respectively, optimization
programs shown in Table 2.1. Display window: [0.22, 0.30] cm−1.
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3.3.2 Optimization-based reconstructions and artifact reduction

We investigate below optimization-based reconstructions for possible reduction of artifacts

within non-middle planes in FDK reconstructions.

Reconstructions As Fig. 3.3 shows, optimization programs with image-TV constraint

appear to yield reconstructions with visually reasonable spatial and contrast resolution as

well as image texture. Therefore, for brevity, without loss of generality, we present below

results of reconstructions specified by optimization programs with image-TV constraint in

row 5 of Table 2.1 (i.e., Eqs. (2.9)-(2.11)). In the study, using the strategy described in

Sec. 3.2.2, we determined image parameter t1 for the Rando data, and display in Fig. 3.4

convergent reconstructions, accompanied by the corresponding FDK reconstructions. For

revealing reconstruction details, zoomed-view images within the ROIs defined in Fig. 3.2 are

depicted immediately below each corresponding reconstruction. Also, in Fig. 3.5, we display

convergent reconstructions of the Catphan phantom obtained by solving the programs with

image-TV constraint in row 5 of Table 2.1. Similar results have also been obtained for

reconstructions within other transverse, coronal, and sagittal slices of the two phantoms,

which are not shown for brevity.

Artifact reduction Results in Figs. 3.4 and 3.5 indicate that reconstructions specified by

the programs with image-TV constraint in row 5 of Table 2.1 appear to suppress effectively

artifacts observed in FDK reconstructions. In particular, as a result of artifact reduction,

low-contrast structures, highlighted by arrows, within the Rando phantom can now be ob-

served in Fig. 3.4. Some residual artifacts remain visible in the reconstructions due to data

insufficiency and inconsistency, such as beam-hardening and scatter, which are not included

in the imaging model. It is also interesting to notice that image texture obtained with the

programs appear differently, because they respond differently to data inconsistency and in-

sufficiency. Reconstructions with image-TV constraint seem to be robust relative to different
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data fidelities in terms of compensating for the artifacts. Again, remarks similar to those

for the Rando reconstructions above can be made for the Catphan reconstructions. Fur-

thermore, inspection of Figs. 3.4 and 3.5 indicates that the performance of the optimization

programs considered appears to be comparably effective for objects such as the Rando and

Catphan phantoms with distinct anatomies.

Reconstruction evolution as a function of iterations The discussion above focuses

on convergent reconstructions satisfying the practical convergent conditions, obtained at

about 1090 iterations for the Rando phantom, and about 950 iterations for the Catphan

phantom, respectively. For demonstrating the reconstruction convergence, we show in Fig.

3.6 convergence metrics, including data-`2, image-TV, and cPD, as functions of iterations

for the Rando reconstruction in solving program DKL-||f ||TV in Eq. (2.10). It can be

observed that the convergence metrics plateau considerably before 1090 iterations. It is

possible, however, that artifacts are compensated effectively for in reconstructions at earlier

iterations. In Fig. 3.7, we display reconstructions of the Rando phantom at iterations 30,

50, and 150, and of the Catphan phantom at iterations 10, 30, and 100, as well as the

corresponding convergent reconstructions, i.e., the final reconstructions, shown in column 4.

It can be observed that Rando and Catphan reconstructions at, e.g., about iterations 150

already resemble visually their respective convergent reconstructions in terms of effective

reduction of artifacts in FDK reconstructions.
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FDK D`1-||f ||TV D`2-||f ||TV DKL-||f ||TV

Figure 3.4: Reconstructions, together with zoomed-in images within ROIs defined in Fig. 3.2, of the Rando phantom within
transverse slices at 3.37 cm (row 1) and 7.32 cm (row 2) from the middle plane, reconstructed by use of the FDK algorithm and
the CP algorithm solving, respectively, optimization programs in row 5 of Table 2.1. Arrows in the reconstruction in panel 4 of
row 2 highlight the low-contrast structures in the Rando phantom. Display window: [0.22, 0.30] cm−1.
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FDK D`1-||f ||TV D`2-||f ||TV DKL-||f ||TV

Figure 3.5: Reconstructions, together with zoomed-in images within ROIs defined in Fig. 3.2, of the Catphan phantom within
transverse slices at 4.15 cm (row 1) and 6.00 cm (row 2) from the middle plane, reconstructed by use of the FDK algorithm and
the CP algorithm solving, respectively, optimization programs in row 5 of Table 2.1. Display window: [0.22, 0.32] cm−1 for row
1 and [0.22, 0.35] cm−1 for row 2.
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3.3.3 Additional study results

Reconstructions with image-`1 and image-`2 constraints We have investigated arti-

fact reduction with the optimization programs in Table 2.1, and show results above obtained

from the optimization programs with image-TV constraint. In the discussion below, we

present reconstructions obtained from optimization programs with image-`1 and image-`2

constraints instead, i.e.,

f?= argmin
f

D`2(f) s.t. ||f ||`1 ≤ l1 and fj ≥ 0, (3.1)

and

f?= argmin
f

D`2(f) s.t. ||f ||`2 ≤ l2 and fj ≥ 0, (3.2)

which are denoted as D`2-||f ||`1 and D`2-||f ||`2 , respectively, in Table 2.1. For each study,

image-constraint parameters `1 and `2 were determined as described in Sec. 3.2.2. Using the

CP algorithm to solve the programs, we reconstruct images from the Rando and Catphan

data, and display them in Fig. 3.8. Reconstructions in Fig. 3.8 demonstrate that opti-

mization programs with image-`1 and image-`2 constraints appear to be considerably less

effective than the optimization programs with image-TV constraint in reducing the FDK-

reconstruction artifacts. Moreover, as expected, reconstructions with an image-`1 constraint

appear with noisy, sprinkled-salt textures because both Rando and Catphan are highly non-

sparse. It is also interesting to notice that reconstructions based upon program D`2-||f ||`2
in Eq. (3.1) have an appearance resembling that of the corresponding FDK reconstruc-

tions. This is because program D`2-||f ||`2 without image-positivity constraint is equivalent

to the Tikhonov-Phillips method, which has been shown to be an analog of the filtered-back

projection (i.e., the FDK) algorithm [172,173].
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Figure 3.6: Data-`2 (left), image-TV (middle), and conditional primal-dual gap (cPD) (right), as functions of iteration number
n for Rando-phantom reconstruction by use of the CP algorithm solving program D`2-|f |TV in Eq. (2.10). Dashed line in
image-TV plot (middle) is specified by image-constraint parameter t1 determined. The plot scales are in arbitrary units.

65



Figure 3.7: Reconstructions of the Rando phantom (row 1) within transverse slice at 7.32 cm (row 1), and of Catphan (row 2)
phantom within transverse slice at 6.0 cm, from their respective middle planes at iteration numbers indicated, along with their
respective, convergent reconstructions (column 4), obtained with the CP algorithm solving program D`2-|f |TV in Eq. (2.10).
Display windows [0.22, 0.30] cm−1 and [0.22, 0.35] cm−1 are for Rando and Catphan images, respectively.
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FDK D`2-||f ||1 D`2-||f ||2 D`2-||f ||TV

Figure 3.8: Reconstructions of the Rando phantom (row 1) within transverse slice at 7.32 cm, and of the Catphan phantom
(row 2) within transverse slice at 6.0 cm, from their respective middle planes, reconstructed by use of the FDK algorithm, and
by use of the CP algorithm solving optimization programs in column 3 of Table 2.1, respectively. Display windows [0.22, 0.30]
cm−1 and [0.22, 0.35] cm−1 are for the Rando and Catphan images, respectively.
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Effect of different weighting matrices on image reconstruction In analytic, such as

FDK, reconstruction, a weighting function used for designing a weighting matrix is required

to satisfy the normalization and continuity conditions in Eqs. (2.12) and (2.13) for avoiding

significant numerical artifacts. We have investigated weighting functions with different forms

in optimization reconstructions. Using a weighting matrix formed from a weighting function



w(u, v, φ) = 1
2 0 ≤ φ < 2γm − 2γ

w(u, v, φ) = 1 2γm − 2γ ≤ φ < π − 2γ

w(u, v, φ) = 1
2 π − 2γ ≤ φ < π + 2γm

w(u, v, φ) = 0 π + 2γm ≤ φ < 2π,

(3.3)

which satisfies the normalization condition in Eq. (2.12), but not the continuity condi-

tion in Eq. (2.13), we carried out reconstruction based upon the optimization programs

considered, and display example reconstructions in Fig. 3.9 obtained by solving program

D`2-|f |TV in Eq. (2.10) from the Rando and Catphan data. As shown in row 1 of Fig. 3.9,

optimization-based reconstructions are virtually free of the prominent numerical artifacts

seen in FDK reconstructions, resulted from the weighting-function discontinuity in φ. Fur-

thermore, we studied reconstructions using an identity matrix, corresponding to a uniform

weighting function without satisfying Eq. (2.12), and display them in row 2 of Fig. 3.9.

Again, optimization-based reconstructions appear free of the numerical artifacts seen in the

FDK reconstruction, as a consequence of the uniform weighting function not satisfying the

normalization condition. The results of the investigation indicate weighting matrices de-

signed by use of weighting functions satisfying, or not satisfying, Eqs. (2.12) and/or (2.13)

appear to have little impact on the performance of optimization-based reconstructions.
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FDK D`2-||f ||TV FDK D`2-||f ||TV

Figure 3.9: Images of the Rando phantom within transverse slice at 7.32 cm, and of the Catphan phantom within transverse
slice at 6.0 cm, from their respective middle planes, reconstructed by use of the FDK algorithm (column 1 & 3), and by use of
the CP algorithm (column 2 & 4) solving optimization program D`2-||f ||TV in Eq. (2.10) with weighting matrices calculated
from a non-smooth weighting function in Eq. (3.3) (row 1) and a smooth, but uniform, weighting function (row 2), respectively.
Display windows [0.22, 0.35] cm−1 and [0.22, 0.30] cm−1 are for the Rando and Catphan images, respectively.
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3.4 Discussion

In this work, we have investigated optimization-based reconstructions by using the CP algo-

rithm for possible reduction of image artifacts often observed in FDK reconstruction from

short-scan CBCT data. In an attempt to appreciate how different designs of optimization-

based reconstruction may impact the artifact reduction, numerous convex optimization pro-

grams of potential research and application interest were considered. The focus of the

study is not on quantitative assessment of an optimization-based reconstruction in a spe-

cific, clinically or practically, relevant task; it is tailored, instead, to demonstrating whether

optimization-based reconstructions can be designed for reducing artifacts observed in FDK

reconstruction. The study confirms that optimization-based reconstruction with appropriate

image constraints such as image-TV constraint can reduce FDK-reconstruction artifacts in

CBCT with a short-scan configuration. As the results demonstrated, a direct benefit of such

an artifact reduction can be an improved contrast level of low-contrast anatomic structures

that are otherwise obscured by the artifacts.

The performance of optimization-based reconstructions in a specific imaging task is de-

pendent upon the forms and parameters specifying the optimization programs, as the study

results demonstrated. In terms of the reduction of artifacts observed in FDK reconstruction

from short-scan CBCT data, visual inspection of the study results reveals that reconstruc-

tions based upon image-TV-constrained data-discrepancy minimization appear to be capable

of reducing the artifacts. Furthermore, although the selection of different weighting matrices

considered in this work has a significant impact on FDK reconstruction, it appears to have

insignificant effect on optimization-based reconstructions. Using two phantoms of IGRT

CBCT relevance, we show that the image-TV-constrained reconstruction remains effective

in reduction of off-middle-plane artifacts in FDK reconstructions from short-scan CBCT

data for objects with substantially distinct anatomies.

We considered in the study reconstruction only from short-scan CBCT data. However,

the work has implications for reconstruction from data acquired with other scanning con-
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figurations in CBCT. It is not uncommon that a scan with an angular range between those

of short-scan and full-scan configurations is used in practical applications. The investiga-

tion and analysis approach in the work can readily be tailored to investigating appropriate

optimization-based reconstruction for possible reduction of artifacts that may appear in the

corresponding FDK reconstruction. The study method and results can also be adopted to

investigate optimization-based reconstruction from data collected with an offset detector in

CBCT.

The evaluation of the study results was based largely on visual inspection, which serves

adequately the focus of the study, which is on whether optimization-based reconstruction

can reduce some of the prominent artifacts observed in FDK reconstructions from short-scan

CBCT data. However, as the results reveal, different optimization-based reconstructions

may behave distinctly differently, depending upon numerous factors, including their design

parameters, data conditions, and object properties. More importantly, their performance

is likely to be task-specific and thus should be measured with metrics of task-performance

utility. Quantitative study of task-specific performance of optimization-based reconstructions

can be a topic of theoretical and practical interest for future research.
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CHAPTER 4

OPTIMIZATION-BASED ALGORITHMS WITH AN

IMAGE-TOTAL-VARIATION CONSTRAINT FOR DIGITAL

PET

4.1 Introduction

In Chapters 2 and 3, we have investigated numerous designs of optimization problems and

their applications to flat-panel CBCT imaging applications. The studies have demonstrated

that appropriately designed optimization-based algorithms may have the potential to im-

prove image quality in CBCT image reconstruction, and possess the flexibility to accommo-

date many non-conventional CBCT imaging configurations, including some employing sparse

data sampling. In particular, extensive efforts have been devoted to exploiting image-sparsity

properties by employing an image-TV regularizer, with the intention of reducing data sam-

pling. Recently, there exists much interest in designing an innovative PET scanner with

sparsely populated crystals. This is because detector materials constitute a significant cost

portion of a clinical PET scanner, and reducing the number of detectors could significantly

reduce cost. However, using reduced number of detectors results in reduced measurements,

which may be challenging in image reconstruction for current clinically used algorithms. It is

therefore an interesting idea to leverage the experience in CBCT image reconstruction from

sparse data, and develop advanced algorithms for enabling the design of innovative PET

systems with sparsely populated detectors, while not significantly compromising the PET

capability and image quality.

Image reconstruction is a key component in the development and application of ad-

vanced PET imaging. A great body of work exists on PET-image reconstruction algo-

rithms of theoretical significance and practical value, including those developed based upon

expectation-maximization (EM), row-action maximum-likelihood (RAMLA), maximum a
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posteriori (MAP), and penalized maximum-likelihood (PML) algorithms [111–114,134–141].

The algorithms have also been extended to list-mode [119–122], time-of-flight (TOF) [174–

177], and 4D spatial-temporal/parametric image reconstructions [123–133]. Strong interests

remain, however, in research on reconstruction algorithm development for further improve-

ment on image quality in PET imaging, and for enabling, together with empowering detection

and electronic technologies, innovative PET systems tailored possibly to enhance existing,

and facilitate new, applications [178–185]. In this work, we investigate tailoring optimization-

based reconstructions with an image-total-variation (TV) constraint, which has been demon-

strated to have potential utility for CT imaging in recent years [153, 154, 156, 165, 167, 168],

for PET scans with standard and non-standard scan configurations.

It is worth noting that, there exist differences in CT and PET imaging: 1 ) the transition

between different uptake regions in the PET activity map is expected to be smoother than

that in the CT attenuation map, and 2 ) PET data often contain more significant noise than

conventional CT data, which may become an issue when implementing TV minimization

for image reconstruction. Therefore, additional regularization other than TV are needed for

image reconstruction from PET data. Recently, Wolf et al., proposed an algorithm intended

for few-view single photon emission computed tomography (SPECT) reconstruction, where

the SPECT object is modeled as piecewise constant subject to a Gaussian blurring opera-

tion. Results of that work suggest that by appropriately modeling the blurring parameter,

further sampling reduction may be enabled, and artifacts such as streak and noise may be

reduced. In this work, we will design and investigate image-TV constrained optimization

programs containing such a Gaussian blurring operation. In addition, we will formulate dif-

ferent designs of the optimization programs with different data divergences and derive the

corresponding CP algorithms for the PET reconstruction.

In Sec. 4.2, we introduce the PET imaging model, design the optimization programs with

different data fidelities, and derive the corresponding CP algorithms. In Sec. 4.3, we carry

out numerical studies to verify and demonstrate the capability of the optimization-based
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algorithm in achieving the designed solution determined by the optimization programs, and

the high accuracy of this designed solution compared to the ground truth image. Remarks

of the study are given in Sec. 4.4.

4.2 Methods

We describe briefly in this section the PET configurations in a digital prototype PET/CT

system and optimization-based reconstructions considered in the work.

4.2.1 PET configurations

As shown in Fig. 4.1, a full-scan configuration is formed by tightly assembling P identical

detector modules, each of which itself is a flat panel containing L × K identical tiles of

square shape, on a cylindrical surface of radius R. In particular, the centers of the modules

are placed on the same circular ring on the cylindrical surface, while the horizontal central

lines of the modules are parallel to the central axis of a cylindrical surface. Therefore, the

full-scan configuration consists effectively of L rings of P × K tiles. Each of the tightly

congregated tiles itself within a module is composed of J × J identical crystal bins of square

shape and length d. A straight line connecting the centers of two crystal detector-bins forms

a line-of-response (LOR) along which a data sample is collected. A PET configuration with

M distinct LORs thus yields a data set of at mostM samples. In the work, this configuration

is referred to as the full-scan configuration, and data collected with the configuration the full

data.

In the Monte-Carlo-simulation and real-data studies performed below, PET data were

collected by use of a PET configuration, in a digital prototype PET/CT system, identical

to that described above, with P = 18, L = 5, K = 4, J = 8, and d = 4 mm, yielding

a total of M = 153, 446, 400 distinct LORs. We also investigated image reconstruction

from data collected from a sparse-scan configuration that is formed by removing odd- or
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even-numbered tiles in odd- or even-numbered rings in the full-scan configuration. The

sparse-scan configuration thus consists of L rings each of which is composed only of P/2×K

uniformly, but sparsely, distributed tiles, as depicted in Fig. 4.1, and we refer to data

collected with the sparse-scan configuration as sparse data. It can be shown that the sparse-

scan configuration has a total of M = 38, 361, 600 distinct LORs. The investigation of the

sparse-scan configuration is motivated by an interest in PET imaging with a considerably

reduced number of crystals and associated electronics (relative to the full-scan configuration.)

4.2.2 PET-data model

In this work, we consider a discrete image defined on a three-dimensional (3D) array con-

taining N = Nx×Ny×Nz identical voxels of cubic shape, where Nx, Ny, and Nz denote the

numbers of voxels along the Cartesian x-, y-, and z-axis, respectively. The z-axis coincides

with the central axis of the PET configuration shown in Fig. 4.1. We use vector u of size

N to denote the image in a concatenated form. The PET-data model used in the study is

given by

g = Hu + gs + gr, (4.1)

where vector g of size M denotes the model data, H is an M × N system matrix in which

element hij is the intersection length of LOR i with voxel j, vectors gs and gr of size M

denote scatter and random events, which are assumed to be known in the work. We use

vector gm of sizeM to denote the measured data. In this work, gm, gs, and gr are corrected

for the effect of photon attenuation. The goal of PET-image reconstruction is to determine

(i.e., reconstruct) u from knowledge of gm, H, gs, and gr.
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Full-scan configuration Sparse-scan configuration

Figure 4.1: Full- and sparse-scan PET configurations considered. In the full-scan configuration, 18 modules, each of which
consists of 5× 4 identical tiles of square shape, are assembled tightly on a cylindrical surface, forming effectively 5 full rings of
tiles. Each tile itself is composed of 8×8 identical, square-shaped crystal bins of size 4 mm. The sparse-scan configuration is
obtained by the removal of odd- or even-numbered tiles in an odd- or even-numbered ring in the full-scan configuration.
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4.2.3 Optimization programs

Using Eq. (4.1), we form an optimization program in the form of

u? = argmin
u

D(gm,g) s.t. ||f ||TV ≤ t1 and fj ≥ 0, (4.2)

where D(gm,g) denotes a measure of data fidelity between measured data gm and model

data g, image u to be reconstructed is related to latent image vector f of size N through [186]

u = Gf , (4.3)

G a matrix of size N × N , ||f ||TV image TV (see Eq. (2) in Ref. [165]), t1 TV constraint

parameter, fj the jth element of vector f , and j = 1, 2, ..., N .

The program in the form of Eq. (4.2) has been investigated for CT imaging in which G is

generally an identity matrix. As the selection of data divergence D(gm,g) can significantly

impact PET reconstructions, we consider below three different data divergences of potential

research and practical interest. In PET imaging, data generally have a signal-to-noise ratio

(SNR) substantially lower than that of typical CT data, and the gradient-magnitude image

of a typical CT image of practical interest is generally sparser than that of a typical PET

image (i.e., u). Therefore, we formulate PET image u desired as latent image f blurred

by matrix G, and apply the image-TV constraint to f instead of u. This formulation can

potentially avoid yielding an image with significant patchy textures when data have a low

level of SNR [167].

In the work, the blurring matrix is obtained as follows: for a 3D, isotropic Gaussian

function centered at a given voxel in the image array, we calculate its values at the center

locations of N voxels within the image array, and use the calculated values in a concatenated

form identical to that of vector u to create a vector of size N . Repeating the calculation for

each of the N voxels in the image array, N such vectors can be formed; and matrix G of size
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N × N can subsequently be built in which a row is the transpose of one of the N vectors,

and the N rows are in an order consistent with the concatenated order of entries of u. The

unit of standard deviation of the Gaussian function is defined in terms of voxel size. With

standard deviation taking zero value, G becomes identity matrix I.

(1) Optimization program DKL-fTV Using the data-Kullback-Leibler (KL) divergence

to replace D(gm,g) in Eq. (4.2), we obtain the program

u? = argmin
u

DKL(gm,g) s.t. ||f ||TV ≤ t1 and fj ≥ 0, (4.4)

where DKL(gm,g) denotes the data-KL divergence given by

DKL(gm,g) =
M∑
i

[g − gm + gmlngm − gmlng]i, (4a)

[·]i denotes the ith element of vector [·], and lng a vector of size M in which entry i is

lngi, where gi indicates the ith entry of vector g. When computing DKL(gm,g) in this

work, the entries in g that are smaller than 10−20 are replaced with 10−20. We refer to the

optimization program in Eq. (4.4) as program DKL-fTV.

(2) Optimization program DL2-fTV We also consider the program

u? = argmin
u

D`2(gm,g) s.t. ||f ||TV ≤ t1 and fj ≥ 0, (4.5)

which is obtained by the replacement of D(gm,g) in Eq. (4.2) with

D`2(gm,g) = ||gm − g||2. (5a)

This fidelity metric takes the `2-norm of the difference between the measured data and model

data. We refer to the optimization program in Eq. (4.5) as program DL2-fTV.
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(3) Optimization program DL1-fTV In addition to DKL(gm,g) and D`2(gm,g) that

have been used widely for formulating optimization programs in image reconstruction, we

consider an optimization program below

u? = argmin
u

D`1(gm,g) s.t. ||f ||TV ≤ t1 and fj ≥ 0, (4.6)

which is obtained by the replacement of D(gm,g) in Eq. (4.2) with

D`1(gm,g) = ||gm − g||1, (6a)

denoting the `1-norm of difference between measured data and model data. We refer to the

optimization program in Eq. (4.5) as program DL1-fTV.

4.2.4 Row-action maximum-likelihood algorithm (RAMLA)

Reconstruction techniques based upon the RAMLA algorithm [114] are used frequently in

PET research and application for yielding reconstructions of practical utility. It can be

viewed as a relaxed ordered-subset algorithm in which the step size is subset-independent

and gradually decreases to zero. Under certain conditions, the RAMLA algorithm is math-

ematically equivalent to the EM algorithm [114], but they involve different implementation

procedures and can lead to different solutions when a finite number of iterations are used as

in all practical reconstructions.

In the work we applied the RAMLA algorithm to reconstructing from full data PET

images uref , and use them as reference reconstructions to gauge the relevance of the study

considered. Specifically, the RAMLA implementation in the study consists of subsets with

the number of LORs varying from 291 to 291 × 40, and yields the reconstruction after two

full iterations, as is done typically in practical research and clinical applications. RAMLA

reconstructions from sparse data were also carried out in each of the studies described below,

and were observed of quality substantially lower than that of the reference reconstructions.
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Therefore, they are not included in the work.

4.2.5 Derivation of CP algorithms

Optimization programs DKL-fTV, DL2-fTV, and DL1-fTV in Eqs. (4.4)-(4.6) are convex,

and can be solved in the CP framework. The explicit forms of the CP algorithms for the

programs considered can readily be derived by taking the approach in Ref. [164] and the

Appendix in Chapter 2. In particular, we will take optimization program DKL-fTV as

an example, formulate the primal and dual objectives in accordance to Eqs. (2.15) and

(2.16), and derive its proximal-mapping. Derivation for other optimization programs can be

conducted in the same manner.

Derivation for program DKL-fTV We modify Eq. (4.4) by introducing two constants,

λ and ν,

u?= argmin
u

λDKL(gm,g) s.t. ||f ||TV ≤ νt1 and fj ≥ 0. (4.7)

By introducing an indicator function and in accordance to Eq. (2.15), the above constrained

optimization problem can be formed as:

u? = argmin
f


M∑
i

[g − gm + gmlngm − gmlng]i + δDiamond(νt1)
(|ν∇f |MAG) + δP (f)

 .

(4.8)

where ∇ denotes a spatial gradient matrix of size 3N ×N , and |∇f |MAG depicts a vector of

size N . The definition of ∇, |∇f |MAG, and indicator function δDiamond can be found in the

Appendix of Chapter 2.

In order to match the form of primal minimization in Eq. (2.15), we introduce the

following assignments:
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

G(x) = δP (x),

F (s, z) = F1(s) + F2(z),

F1(s) =
M∑
i

[s + gr + gs − gm + gmlngm − gmln(s + gr + gs)]i,

F2(z) = δDiamond(νtt)(|~z|MAG),

(4.9)

and the symbols in Eq. (2.15) are defined as:



x = f ,

s = HGf ,

z = ν∇f ,

K =

 HG
ν∇

 ,

(4.10)

where z is a vector of size 3N . The convex conjugate function for functions F2 and G can

be found in the Appendix of Chapter 2. For function F1, its convex conjugate functions can

be written as:

F ∗1 (p) = max
s
{p>s− F1(s)}

= max
s
{p>s−

M∑
i

[s + gr + gs − gm + gmlngm − gmln(s + gr + gs)]i}

=
∑
i

[−(g>r + g>s )p− λgmln(1D −
p

λ
)]i + δP (λD − p),

where 1D is a vector of size M with all entries set to be 1, λD is a vector of size M with all

entries set to be λ, and all entries in vector (1D −
p
λ ) of size M that are smaller than 10−20

are set to 10−20.
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Therefore the dual optimization of Eq. (4.8) can be written as

(p∗, z∗) = max
p,z
{−F ∗(p, z)−G∗(K>

 p

z

)}

= max
p,z
{
∑
i

[(g>r + g>s )p + λg>mln(1D −
p

λ
)]i − δP (λD − p)

−νt1||(|z|MAG)||∞ − δP (−G>H>p− ν∇>z)}.

In an attempt to implement Chambolle-Pock algorithm, we need to derive the proximal

mapping for functions F ∗1 , G, and F ∗2 . The proximal-mappings for F ∗2 and G can be found

in Appendix in Chapter 2, and that for function F ∗1 is:

proxσ[F ∗1 ](p) = argmin
p′

{
F ∗1 (p′) +

||p− p′||22
2σ

}

= argmin
p′

{∑
i

[−p>(gr + gs)− λgmln(1− p

λ
)]i + δP (λD − p) +

||p− p′||22
2σ

}

=
1

2
(λD + p + σ(gr + gs)−

√
[λD − p− σ(gr + gs)]2 + 4σλgm)

Derivation for program DL2-fTV The proximal-mapping for other programs DL2-

fTV and DL1-fTV can be derived in the manner. It is worth noting that, the only difference

between those two program and program DKL-fTV is that they possess different F1 function.

For programs containing data-`2 fidelity, the function F1 in Eq. (2.65) is:

F1(s) =
1

2
λ||s + gr + gs − gm||22. (4.11)
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Computing the convex conjugate of Eq. (4.11) yields

F ∗1 (p) = max
s
{p>s− F1(s)}

= max
s
{p>s− 1

2
λ||s + gr + gs − gm||22}

=
1

2λ
||p||22 + (g>m − g>r − g>s )p

The corresponding proximal-mapping of F ∗1 is:

proxσ[F ∗1 ](p) = argmin
p′

{
F ∗1 (p′) +

||p− p′||22
2σ

}

= argmin
p′

{
1

2λ
||p′||22 + p′>(gm − gr − gs) +

||p− p′||22
2σ

}
= (p− σ(gm − gr − gs))/(1 + σ/λ)

Derivation for program DL1-fTV For programs containing data-`1 fidelity, the function

F1 in Eq. (2.65) is:

F1(s) = λ||s + gr + gs − gm||1. (4.12)

Computing the convex conjugate of Eq. (4.12) yields

F ∗1 (p) = max
s
{p>s− F1(s)}

= max
s
{p>s− λ||s + gr + gs − gm||1}

= (g>m − g>r − g>s )p + δBox(λ)(p).
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The corresponding proximal-mapping of F ∗1 is:

proxσ[F ∗1 ](p) = argmin
p′

{
F ∗1 (p′) +

||p− p′||22
2σ

}

= argmin
p′

{
p>(gm − gr − gs) + δBox(λ)(y) +

||p− p′||22
2σ

}

=
p− σ(gm − gr − gs)

max(1D, |p− σgm|/λ)
.

4.2.6 Pseudo codes of CP Reconstruction algorithms

The explicit forms of the CP algorithms for the programs considered can readily be written

as:

Algorithm: Pseudo codes of the CP algorithm for solving Eqs. (4.4)-(4.6)
INPUT: gm, gs, and gr; H and G; t1; and λ

1: ν ← νH, L← ||H∇||SV , τ ← 1/L, σ ← 1/L

2: θ ← 1, n← 0

3: INITIALIZE: f0, u0, p0, and q0 to zero

4: f̄0 ← f0

5: repeat

6: pn+1 ← Θ(pn, ḡn,gm)

%← qn + σν∇f̄n

qn+1 ← %(1I − σs/|%|MAG)

7: fn+1 ← pos(fn − τ(G>H>pn+1 + ν∇>qn+1))

8: un+1 ← Gfn+1

9: f̄n+1 ← fn+1 + θ(fn+1 − fn)

10: n← n+ 1

11: until the practical convergence conditions are satisfied

12: OUTPUT: image uconv ← un

For the convenience of discussing the operations in the pseudo codes, we consider two
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vectors a and b of sizes kN and N , where k ≥ 1 is a positive integer. Let aj denote the jth

entry of a, j = 1, 2, ..., kN , and bj the jth entry of b, j = 1, 2, ..., N , respectively. We use

vectors ab and a/b of sizes kN to denote the multiplication and division of a and b, with

entry j given by

(ab)j = ajbjm

(a/b)j = aj/bjm ,

where j = 1, 2, ..., kN , and jm=mod (j,N) indicates the remainder of j dividing by N , and

bjm 6= 0. In particular, when k = 1, a and b are of the same size N , and vectors ab and a/b

thus are of size N and depict element-wise multiplication and division.

In the pseudo codes, algorithm parameter λ is used for potentially improving the con-

vergence rate of the CP algorithms. Parameter νH =
||HG||SV
||∇||SV

, where || · ||SV represents the

largest singular value of a matrix [164]; ∇ denotes a spatial gradient matrix of size 3N ×N ,

with its transpose given by ∇> = (∇>x ,∇>y ,∇>z ), in which the superscript “>” indicates a

transpose operation; matrices ∇x, ∇y, and ∇z of size N ×N represent the finite difference

matrices along x-, y-, and z-axis, respectively, yielding vectors ∇xf , ∇yf , and ∇zf of size

N , which are used to form vector ∇f of size 3N in a concatenated form in the order of x,

y, and z; matrix H∇ has a transpose H>∇ = (G>H>,∇>); vector ḡn of size M is given by

ḡn = HG f̄n + gs + gr; vector 1I denotes a vector of size N with all entries set to 1; vectors

pn and Θ are of size M , whereas vectors % and qn are of size 3N ; vector s of size N is given

by

s = ProjOnto`1Ballνt1(|%|MAG/σ), (4.13)

where operator ProjOnto`1Ballνt1 projects vector |%|MAG/σ onto the `1-ball of scale νt1

[167], |%|MAG depicts a vector of sizeN with entry j given by (|%|MAG)j =
√
%2j + %2j+N + %2j+2N ,

and %j indicates the jth entry of vector %; operator pos(f) enforces fj = 0, if fj < 0, and

keeps fj unchanged if fj ≥ 0, where fj represent the jth entry of vector f of size N .
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We note that all of the lines in the pseudo codes are identical for the three optimization

programs in Eqs. (4.4)-(4.6), except for vector Θ of size M in line 6, which may vary

depending upon the specific data divergence considered [164]. For the program in Eq. (4.4),

Θ(pn, ḡn,gm) =
1

2
[λD + pn + σḡn]

−
√

(λD − pn − σḡn)2 + 4σλgm,

(4.14)

where λD is a vector of size M with all entries set to λ, and √p takes entry-wise square

roots of vector p of size M . For the optimization program in Eq. (4.5),

Θ(pn, ḡn,gm) = [pn + σ(ḡn − gm)]/(1 + σ/λ); (4.15)

and for optimization program in Eq. (4.6),

Θ(pn, ḡn,gm) =
pn + σ(ḡn − gm)

max(1D, |pn + σ(ḡn − gm)|/λ)
, (4.16)

where max(·) is performed element-wise, 1D is a vector of size M with all entries set to 1,

and |p| takes entry-wise absolute values of vector p of size M .

The iterative reconstruction stops when the appropriate practical convergence conditions

defined in Secs. 4.3 or 5.2 below are satisfied. The reconstruction and its latent image at

the iteration are denoted as uconv and fconv.

cPD gap In the below, we list the forms of cPD for all programs considered.

Program DKL-fTV

cPD(fn) = λ
∑
i

[gn − gm +Wgmln(Wgm)−Wgmln(WHfn)]i (4.17)

−
[
−
∑
i

[−(g>r + g>s )p− λgmln(1D −
p

λ
)]i − νt1||(|qn|MAG)||∞

]
. (4.18)
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Program D`2-fTV

cPD(fn) =
1

2
λ||gn − gm||22 (4.19)

−
[
− 1

2λ
||p||22 − (g>m − g>r − g>s )p− νt1||(|qn|MAG)||∞

]
. (4.20)

Program D`1-fTV

cPD(fn) = λ||ḡn − gm||1 (4.21)

−
[
− (g>m − g>r − g>s )p− νt1||(|qn|MAG)||∞

]
. (4.22)

4.2.7 Reconstruction parameters

Each of the optimization programs in Eqs. (4.4)-(4.6) includes numerous parameters such

as system matrix H, image array (i.e., voxel shape and size), and TV-constraint parame-

ter t1, scatter and random components gs and gr, and blurring matrix G. Furthermore, a

reconstruction depends upon the specific form of an optimization program. Therefore, the

optimization program itself constitutes a program parameter. This is the reason that we

study programs with different data divergences in Eqs. (4.4)-(4.6). We refer to these pa-

rameters as program parameters in the work, because their different choices specify different

feasible solutions (i.e., reconstructions). In contrast, the CP algorithm derived also involves

parameter λ, which is referred to the algorithm parameter. Unlike program parameters, al-

gorithm parameters have no impact on the specification of feasible solutions. Instead, they

can affect the algorithm’s convergence path and rate. For the studies carried out in the work,

λ = 0.01 was used because it has been shown in the study to yield a reasonable convergence

rate. We discuss below the determination of the program parameters for the studies carried

out in the work.

As mentioned above, system matrix H contains M row vectors of size N in which each

entry depicts the intersection of an LOR with a voxel in the image array. In the verification
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and Monte-Carlo-simulation studies in Secs. 4.3 and 5.2, scatter and random events gs and

gr are not considered; whereas in the IEC and human studies performed in Secs. 5.3 and 5.4,

the single-scatter simulation method [187] and the delayed coincidence method [188] were

employed for estimating gs and gr, respectively. A voxel size of 4 mm was selected for the

studies because it is used often in clinical studies. Results of previously relevant [186] and

current studies indicate that matrix G generated by use of a 3D isotropic Gaussian function

with a standard deviation of 2.4 mm, which is 0.6 times the image-voxel size, appears to

yield appropriate reconstructions for data conditions considered.

The CP algorithm solves mathematically the convex optimization programs in Eqs. (4.4)-

(4.6), but like any other iterative algorithms, they only converge to a solution in the limit

of infinite iterations. In a practical study, due to the limitation of computer precision and

computation time, one can obtain reconstructions only at finite iterations. Therefore, it is

necessary to specify practical convergence conditions under which reconstructions can be

achieved within a finite number of iterations; and the practical convergence conditions thus

play a role in defining an actual solution set achievable within a finite number of iterations.

For designing the practical convergence conditions, we introduce two unitless metrics as

D(un) = D(gm,gn)/D(gm,g1) (4.23)

TV(fn) = | ‖ fn ‖TV −t1|/t1, (4.24)

where un and fn denote reconstructions at iteration n, gn = Hun + gs + gr the model data

estimated at the nth iteration, obtained by replacing u with un in Eq. (4.1); and D(gm,gn)

in D(un) takes the form of DKL(gm,gn), D`2(gm,gn), and D`1(gm,gn), respectively, for

programs DKL-fTV, DL2-fTV, and DL1-fTV. Practical convergence conditions are devised

with TV(fn) and D(un) for the studies performed in Secs. 4.3-5.4 below.

With the program parameters and practical convergence conditions discussed, only image-

TV-constraint parameter t1 remains to be discussed. We illustrate the determination of t1
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in each specific study carried out below, because different data conditions in the studies can

impact differently on the appropriate selection of t1.

4.3 Algorithm Validation

We first performed a study to validate that under ideal, sufficient data conditions, the CP

algorithms and their computer implementation numerically recover the truth image by solv-

ing the optimization programs. In the study, which is referred to as an inverse-crime study,

a known truth image represented on a discrete array of identical voxels is used for generating

model data by use of a known, system matrix, which is used also in reconstruction from the

model data on the same image array. It should be pointed out that an inverse-crime study

reveals no information about the practical utility of an optimization reconstruction in real-

data studies. Such information can be obtained only through carefully designed evaluation

studies of task-specific significance.

4.3.1 Study design

For the purpose of verification and computation-efficiency consideration, we use the full-scan

configuration described in Sec. 4.2.1 but with only one ring of tiles, and a 3D image array

consisting of N = 50×50×8 identical cubic voxels of size 4 mm. With the configuration and

image array given, system matrix H, and Gaussian matrix G can be formed, as described in

Sec. 4.2.6 above. According to Eq. (4.3), we create truth image utrue shown in Fig. 4.2a

by application of matrix G to a known, numerical IEC phantom ftrue, i.e., the truth latent

image. Subsequently, model data g is generated from utrue by use of system matrix H.

Without loss of generality, random and scatter are not considered (i.e., gs = 0 and gr = 0)

in the study.

In the inverse-crime study, the mathematical convergence conditions for the CP algo-

rithms include D(un) → 0, TV(fn) → 0, and cPD(un) → 0, as n → ∞, where cPD(un) =
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|cPD(un)/cPD(u1)|, and cPD(un) denotes the conditional primal-dual (cPD) gap [163,189].

The explicit form of a cPD depends upon the specific form of the corresponding optimiza-

tion program. Using the approach in Ref. [163], we have derived the cPD as a function of

n for each of the programs in Eqs. (4.4)-(4.6). The mathematical convergence conditions

are unachievable in practical, numerical study, however, due to limited computer precision

and computation time. Instead, for each of the programs Eqs. (4.4)-(4.6), we design the

practical convergence conditions

D(un) < 10−5,

TV(fn) < 10−5,

cPD(un) < 10−5,

(4.25)

in the inverse-crime study. Obviously, practical convergence conditions tighter or looser than

those in Eq. (4.25) can readily be designed, depending upon the amount of computation

resources to be invested for the study.

4.3.2 Study results

We have performed inverse-crime studies on reconstructions based upon the three optimiza-

tion programs in Eqs. (4.4)-(4.6) in which t1 =‖ ftrue ‖TV is computed from truth-latent-

image ftrue. For brevity, we show results obtained only for program DKL-fTV in Eq. (4.4),

as similar results are obtained also for programs in Eqs. (4.5) and (4.6). It can be observed

in Fig. (4.2) that convergent reconstruction uconv is visually virtually identical to truth im-

age utrue. Also, Fig. 4.3 shows how convergence metrics evolve as functions of the iteration

number, demonstrating that the practical convergence conditions in Eq. (4.25) are satisfied.

Because utrue is known, we also calculated ∆(un) =
||un−utrue||2
||utrue||2

, and display it in Fig. 4.3,

which indicates that the reconstruction converges to the truth image. Furthermore, it can be

observed that the convergent metrics maintain their decaying trends beyond the convergence
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conditions in Eq. (4.25). Therefore, the results of the inverse-crime study numerically assure

the correctness of computer implementation of the CP algorithms.

4.4 Discussions

In this chapter, we have investigated image reconstruction by using the CP algorithm, a

primal-dual optimization algorithm, for solving image-TV-constrained optimization prob-

lems associated with different data fidelities. In particular, we studied configurations con-

taining less detectors than a conventional PET configuration. Again, we have carried out

inverse-crime studies to verify whether the CP algorithm can accurately solve the designed

optimization programs. In the next chapter, we will evaluate the performance of the CP

algorithm in reconstruction scenarios where the data contain inconsistency. It is worth not-

ing that, the behavior of the optimization-based reconstruction may depend on numerous

factors, which include the selection of program parameters (e.g., image constraint γ and

voxel size), different designs of optimization problem (e.g., different data fidelities and image

constraints), and data conditions, etc.

Optimization programs with different data divergences were investigated in the work,

because evidence exists indicating their potential theoretical and practical utility in CT

imaging. In each of the programs considered, an image-TV constraint was used, because

accumulating results in CT imaging appear to suggest that the TV-constrained programs

may yield reconstructions superior, or at least comparable, to those obtained with other

optimization-based reconstructions. It is meritorious to investigate additional optimization

programs with different data divergences and image constraints.

A Gaussian blurring matrix is included in the designed optimization programs. This is

because data collected in PET imaging generally have SNR considerably lower than that

of data in typical CT imaging, and transitions among different uptake regions in a PET-

activity map are observed to be generally not as sharp as that among some anatomic regions

in a CT-attenuation map. Therefore, a desired PET image is formulated as a product of a
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utrue uconv uconv − utrue

Figure 4.2: Truth image utrue, convergent reconstruction uconv, and difference uconv−utrue.
Display window [0.0, 0.1] for the truth image and reconstruction, and display window [-
0.0001, 0.0001] for their difference. Image values are in arbitrary units.
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Figure 4.3: Convergence metrics DKL(un), TV(fn), cPD(un), and ∆(un) as functions of
iteration number n.

latent image and Gaussian blurring matrix, and the TV constraint is applied to the latent

image instead of the desired PET image. This formulation thus allows for a latent image

with sparser gradient magnitude image than the desired image, and avoids yielding an image

with significant patchy textures when the data have low SNR [186].
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CHAPTER 5

INVESTIGATION OF OPTIMIZATION-BASED

RECONSTRUCTION IN PET

5.1 Introduction

The previous chapter focused on designing optimization programs containing 1) image-TV

constraint, 2) Gaussian blurring operation, and 3) different data fidelities, such as data-KL,

data-`2, and data-`1. The investigation of the proposed optimization problems is facilitated

by CP algorithm instances. In an attempt to verify the correctness of the derived algorithms

as well as their implementation, we carried out inverse-crime studies where the system matrix

used in image reconstruction is exactly the same as that used in data generation. In this

chapter, we will further carry out quantitative characterization and qualitative evaluation

studies on the optimization algorithms.

The focus of this chapter is to investigate technical characteristics of TV-constrained, op-

timization reconstructions of PET images from Monte-Carlo-simulation/real data, instead

of showing whether it is superior to existing reconstruction techniques. Specifically, we

study how different designs of the optimization programs with different data divergences af-

fect PET-image properties, and we identify clearly parameters involved in, and demonstrate

their impact on, the optimization-based reconstructions considered. With the understanding

of the characteristics of TV-constrained optimization programs and their associated parame-

ters, insights may be gained for development of practically useful algorithms for PET-image

reconstruction in preclinical and clinical applications.

The robustness of the TV-constrained, optimization-based reconstruction was investi-

gated by applying it to objects with considerably different uptake maps, and to data with

different levels of quality/quantity. In this work, we conducted a Monte-Carlo-simulation

study from a digital Jaszczak phantom, a real-data study using a physical IEC phantom,

and a patient study. Moreover, a study was conducted for image reconstruction from data
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collected by use of a PET configuration with sparsely populated detectors, amounting to only

half the number of detectors in a digital prototype PET/CT system. The study demonstrates

the potential for algorithm-enabled design of a PET configuration with a reduced number of

detectors. The saved detectors can be exploited, e.g., for extending the longitudinal coverage

of a PET scanner. It is worth noting that, in the Jaszcak-phantom study, the knowledge of

the truth image is known, and in the IEC-phantom study, the ground truth is available from

the phantom manufacturer. Therefore, quantitative characterization of the algorithm can be

performed via comparing the reconstruction to the truth image, or true information about

the phantom. In the patient study, visual assessment is conducted to evaluate the potential

practical utilities of the reconstructions.

In this chapter, we carried out a Monte-Carlo-simulation study in Sec. 5.2, a physical

IEC-phantom study in Sec. 5.3, and a human-data study in Sec. 5.4. Sections 5.2, 5.3, and

5.4 follow a similar structure in which a brief description of the data is provided followed by

investigations of TV-constraint, different optimization programs, convergent reconstructions

from full and sparse data, and reconstructions as a function of iteration. Remarks about the

work are given in Sec. 5.5.

5.2 Monte-Carlo-Simulation Study

For studies in Secs. 5.2-5.4 below, we design practical convergence conditions

∣∣∣∣∂D(un)

∂n

∣∣∣∣ < 10−3

TV(fn) < 10−3,

(5.1)

which are less restrictive than those in Eq. (4.25) for the inverse-crime study. The conditions

are designed based upon the practical considerations: (a) in a real-data study, because some

inconsistency always exists between measured data gm and model data g, D(u) > 0 is

generally non-zero, (b) due to the considerably large size of data and image arrays in real-
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data studies, it is often challenging computationally to achieve convergence conditions as

tight as those given in Eq. (4.25) used for the inverse-crime study, and (c) our study also

suggests that the convergence conditions in Eq. (5.1) yield reconstructions similar to those

obtained with a tighter convergence conditions. Also, because the inconsistency between the

measured and model data is generally unknown, D(un) converges to an unknown non-zero

number. It is thus unclear how an upper bound on D(un) can be determined. Conversely,

we expect that, as the algorithm converges, the absolute difference in D(un) between two

successive iterations diminishes. Therefore, an upper bound (i.e., 10−3) on
∣∣∣∣∂D(un)

∂n

∣∣∣∣ is set

as a practical convergence condition. Moreover, unlike metrics TV(f) and D(u) that provide

direct measures of physical properties of reconstruction and data estimation in a practical

study, metric cPD(un) yields a check on the mathematical correctness of the algorithm

implementation. Consequently, once the implementation correctness is verified in the inverse-

crime study, metric cPD(un) is not used in real-data studies, and practical convergence

conditions in Eq. (5.1) thus were used instead in Monte-Carlo-simulation and real-data

studies.

Prior to physical-phantom and human studies, we conducted a Monte-Carlo-simulation

study in which full data of ∼200 million total counts were generated from the digital Jaszczak

phantom by using the GATE simulation package [190] for the full-scan configuration dis-

cussed in Sec. 4.2.1. From the full data, we also extracted sparse data and carried out

reconstructions for the sparse-scan configuration. Without loss of generality, the simulation

study includes only truth events. Images are reconstructed on a 3D array of N = 70×70×41

identical cubic voxels of size 4 mm. Digital phantom utrue consists of cold- and hot-rod sec-

tions each of which contains six types of cylindrical-shaped rods of diameters 4.8, 6.4, 7.9,

9.5, 11.1, and 12.7 mm. Although GATE data contain only true coincidence events, they are

inconsistent with the model data in Eq. (4.1) due to noise and other physical factors included

by GATE, but not in the data model. Using GATE data and knowledge of truth image utrue,

we characterize how optimization-based reconstruction responds to data inconsistency prior
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to its application to real data in which knowledge of the truth image is unavailable.

5.2.1 Determination of TV-constraint parameter t1

In the study, given the convergence conditions in Eq. (5.1), all of the program parameters

are determined, as described in Sec. 4.2.7, except for the TV-constraint parameter t1, which

is determined by use of the root-mean-square error (RMSE),

RMSE =
1√
N
||utrue − uconv||2, (5.2)

between truth image utrue and convergent reconstruction uconv. For each of a set of t1

values, we solve program DKL-fTV in Eq. (4.4) to obtain convergent reconstruction uconv

from full data and calculate the RMSE. Repeating the reconstruction and calculation for

all values of t1, we obtain an RMSE of t1, as depicted in Fig. 5.1. Based upon the RMSE

result, we select t1 = 13488, which yields a minimum RMSE, for obtaining reconstruction

results in subsequent sections. The RMSE metric was used for selecting t1 in the study

simply because knowledge of truth image utrue is available, and the recovery of the truth

image is the “utility” goal in the study.

5.2.2 Reconstructions based upon different optimization programs

Using the selected t1, we obtain reconstructions from full data by solving programs DKL-

fTV, DL2-fTV, and DL1-fTV in Eqs. (4.4)-(4.6), and display them in Fig. 5.2, along with

the reference image reconstructed by use of RAMLA introduced in Sec. 4.2.4. It can be

observed that all of the convergent reconstructions uconv for the cold-rod section appear

visually comparable, only with slightly different noise textures, while program DKL-fTV

yields a reconstruction of the hot-rod section with spatial resolution slightly superior to those

obtained with programs DL2-fTV and DL1-fTV. However, the DL1-fTV reconstruction of

the hot-rod section appears to contain prominent zero-valued artifacts. In fact, the DL1-fTV
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reconstructions from data of the IEC phantom and human subject also comprise significant

artifacts, as shown in Figs. 5.8 and 5.15 below.

In an attempt to illustrate the artifact source, we define

g′m = gm − gs − gr and g′ = Huconv, (5.3)

where g′m denotes the measured data with scatter/random corrected for, and g′ the model

data estimated from the convergent reconstruction uconv, also with scatter/random corrected

for. In particular, we use g′KL, g′`2 , and g′`1 to specify explicitly the model data estimated,

respectively, by use of programs DKL-fTV, DL2-fTV, and DL1-fTV, and display in Fig. 5.3

their example profiles for the Jaszczak and IEC phantoms and the human subject. The

profile results suggest that the minimization of data `1-norm in program DL1-fTV yields

the estimated model data “biased” toward zero due to the prevalence of zero or small-valued

measurements, thus producing artifacts observed in the DL1-fTV-based reconstruction of

the hot-rod section in Fig. 5.2. It is possible that artifacts in DL1-fTV reconstructions may

be different when program parameters are different than those used in the work.

5.2.3 Reconstructions based upon optimization program DKL-fTV

The results above indicate that overall, program DKL-fTV appears to produce reconstruc-

tions of reasonable visual textures for both cold- and hot-rod sections. Program DKL-fTV

was chosen for further investigation based on visualization of converged patient data recon-

structions — the data set used in section 5.4 — at different values of t1 for each optimization

program. As can be seen from the example in Figure 5.15, the DKL-fTV reconstructions

tended to have better delineated boundaries than the DL2-fTV reconstructions, while DL1-

fTV yielded zero-valued reconstructions. Convergent reconstructions uconv obtained from

both full and sparse data by use of the CP algorithm to solve DKL-fTV with t1 = 13488

are displayed Fig. 5.4, along with the reference reconstruction. The results indicate that,
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uconv, t1=6225 uconv, t1=10375 uconv, t1=13488 uconv, t1=17638 uconv, t1=25938

6000 18000 30000
t1
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DKL-fTV

Figure 5.1: Convergent reconstructions uconv within transverse slices containing cold (row
1) and hot (row 2) rods in the Jaszczak phantom obtained from full data with program DKL-
fTV for different t1 values. The plot shows metrics RMSE calculated from uconv (solid) and
the reference reconstruction (dashed), as functions of t1.

in general, reconstructions from full data appear visually to possess better spatial resolution

and lower noise level than do those from sparse data, and that reconstructions obtained with

program DKL-fTV seem to reveal enhanced spatial and contrast resolution in which hot/cold

rods of size 6.4 mm appear to remain resolved. As shown in the pseudo code for the CP

algorithm, latent image f defined in Eq. (4.3) can also be reconstructed. It is interesting to

display convergent reconstructions uconv and fconv of desired and latent images u and f . As

shown in Fig. 5.5, it can be observed that fconv tends to have noisier textures than uconv.

98



uconv, DKL-fTV uconv, DL2-fTV uconv, DL1-fTV
Figure 5.2: Convergent reconstructions uconv within transverse slices containing cold (row 1) and hot (row 2) rods in the
Jaszczak phantom obtained from full data with programs DKL-fTV, DL2-fTV, and DL1-fTV in Eqs. (4.4)-(4.6), respectively.
Display windows: [0, 40000] (row 1) and [0, 15000] (row 2). Note that the DL1-fTV reconstruction of the hot-rod section
contains a large, zero-valued region.
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Figure 5.3: Profiles of measured data g′m (thin solid), and model data g′KL (thick solid), g′`2 (dotted), and g′`1 (dashed)
obtained with programs DKL-fTV, DL2-fTV, and DL1-fTV for (a) the Jaszczak phantom, (b) the IEC phantom, and (c) the
human subject.
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uref uconv, full data uconv, sparse data
Figure 5.4: Reference reconstructions (column 1), and convergent reconstructions uconv within transverse slices containing cold
(row 1) and hot (row 2) rods in the Jaszczak phantom obtained from full (column 2) and sparse (column 3) data with program
DKL-fTV. Display windows: [0, 40000] (row 1) and [0, 15000] (row 2).

101



uconv, full data fconv, full data uconv, sparse data fconv, sparse data
Figure 5.5: Convergent reconstructions uconv and fconv within transverse slices containing cold (row 1) and hot (row 2) rods
in the Jaszczak phantom obtained from full (columns 1 & 2) and sparse (columns 3 & 4) data with program DKL-fTV. Display
windows: [0, 40000] (row 1) and [0, 15000] (row 2).

102



u50 u300 u800 uconv

101 103 105

10-6

10-3

100

n
101 103 105

10-9

10-5

10-1

n

∣∣∣∣∂D(un)
∂n

∣∣∣∣ TV(fn)

Figure 5.6: Reconstructions un at iteration n =50, 300, and 800 within a transverse containing cold rods in the Jaszczak
phantom from full data with program DKL-fTV, along with convergent reconstruction uconv (iteration 71160). Display windows:

[0, 40000]. The two plots display convergence metrics
∣∣∣∣∂D(un)

∂n

∣∣∣∣ and TV(fn) as functions of iterations n.
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5.2.4 Reconstruction as a function of iterations

The reconstructions above were obtained when the convergence conditions in Eq. (5.1) were

satisfied. In an attempt to inspect how they evolve as functions of iterations, we display in

Fig. 5.6 those obtained from full data with program DKL-fTV in Eq. (4.4) at iterations

n =50, 300, and 800, as well as convergent reconstruction uconv. Furthermore, convergence

metrics DKL(un) and TV(fn), computed from the reconstructions are shown in Fig. 5.6 as

functions of iterations. Similar reconstructions and plots were obtained also for the sparse-

data study, but are not shown here. These results reveal that the reconstruction at, e.g.,

about iterations 300 is visually similar to the convergent reconstruction.

5.3 Physical-Phantom-Data Study

The IEC phantom is adopted widely for quantitative characterization of PET-image recon-

structions. We collected full data of ∼100 million total counts from the phantom by using

a full-scan configuration, as depicted in Sec. 4.2.1, in a digital prototype PET/CT system.

From the full data, we extracted sparse data to mimic data collected with the sparse-scan

configuration. As shown in the Appendix, the IEC phantom is composed of 6 fillable spheres

of diameters 10, 13, 17, 22, 28, and 37 mm, respectively, in which the two largest spheres have

zero activity, while the other four are filled with positron-emitter activity at a concentra-

tion level 4 times the background-activity level. Scatter and random events were measured,

and used as known components in the study. Images are reconstructed on a 3D array of

100× 100× 41 identical cubic voxels of size 4 mm.

5.3.1 Determination of image-constraint parameter t1

In the study, given the practical convergence conditions in Eq. (5.1), all program parameters

but image-constraint parameter t1 were determined as described in Sec. 4.2.7. Percent con-

trasts of hot and cold spheres and percent background variability, described in the Appendix,
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are standard metrics designed for evaluation of reconstruction quality of the IEC-phantom.

In this study, full knowledge of the truth image is unknown. Therefore, combining the

metrics, we form in the Appendix a single quality metric, referred to as the QNR, for deter-

mination of t1. For a set of t1 values, convergent reconstructions from full data of the IEC

phantom were obtained by use of the CP algorithm to solve program DKL-fTV in Eq. (4.4);

and the QNRs calculated from the reconstructions are plotted in Fig. 5.7, along with the

reconstructions with QNR s highlighted by black diamonds. Based upon the QNR result,

we select t1 = 977, which appears to yield a maximum QNR, for reconstructions from full

and sparse data of the IEC phantom below.

5.3.2 Reconstructions based upon different optimization programs

Using the selected t1, we reconstruct IEC images from full data by solving programs DKL-

fTV, DL2-fTV, and DL1-fTV in Eqs. (4.4)-(4.6), and display them in Fig. 5.8. Again,

the observation can be made that convergent reconstructions obtained with programs DKL-

fTV and DL2-fTV appear visually comparable, while the latter has slightly noisier textures

than the former, and that program DL1-fTV yields reconstructions with prominent cupping

artifacts. Similar to that in the Jaszczak-phantom study, the data-`1-norm minimization

yields the estimated model data of the IEC phantom “biased” toward zero, as shown in Fig.

5.3b, and such a data-estimate “bias” thus gives rise to the artifacts observed in the DL1-

fTV-based reconstruction of the IEC phantom in Fig. 5.8. Again, artifacts in the DL1-fTV

reconstruction may vary with program parameters different than those used in the work.

5.3.3 Reconstructions based upon optimization program DKL-fTV

For reasons described in section 5.2.3, we select program DKL-fTV for further study on

image reconstruction from full and sparse data of the IEC phantom. In Fig. 5.9, we show

convergent reconstructions uconv obtained with program DKL-fTV from full and sparse data

of the IEC phantom. As expected, the reconstruction from full data appears to have a level
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of spatial and contrast resolution slightly higher than the reconstruction from sparse data,

while both convergent reconstructions have a relatively low level of background noise in which

the hot spot of the smallest size (i.e., diameter of 10 mm) remains visible. We subsequently

computed from the reconstructions quantitative metrics described in the Appendix, and

display them in Fig. 5.10. These results suggest that convergent reconstructions from sparse

data are slightly inferior to those from full data, as expected, and that they appear to be

largely comparable to, or better than, the reference reconstructions from full data. Again,

we display in Fig. 5.11 convergent reconstructions uconv and fconv of desired and latent

images u and f , and observe that the latter is slightly noisier than the former.
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Figure 5.7: Convergent reconstructions uconv within the central transverse slice of the IEC phantom obtained from full data
with program DKL-fTV for different t1 values. The plot shows metrics QNR calculated from uconv (solid) and the reference
reconstruction (dashed), as functions of t1.
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uconv, DKL-fTV uconv, DL2-fTV uconv, DL1-fTV
Figure 5.8: Convergent reconstructions uconv within the central transverse slice of the IEC phantom obtained from full data
with programs DKL-fTV, DL2-fTV, and DL1-fTV, respectively. Display window: [0, 16000]. Note that prominent artifacts can
be observed in the DL1-fTV reconstruction.
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uref uconv, full data uconv, sparse data
Figure 5.9: Reference reconstructions (column 1), and convergent reconstructions uconv, within the central transverse (row 1)
and central coronal (row 2) slices of the IEC phantom, obtained from full (column 2) and sparse (column 3) data with program
DKL-fTV. Display window: [0, 16000].
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Figure 5.10: Percent contrast QH,j of hot spheres, where j =1, 2, 3, and 4, percent contrast QC,i of cold spheres, where i =5
and 6, and percent background variability Nk, where k =1, 2, 3, 4, 5, and 6, respectively, calculated based upon reference
reconstruction (©) and convergent reconstructions uconv from full (X) and sparse (∇) data of the IEC phantom shown in Fig.
5.9.
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uconv, full data fconv, full data uconv, sparse data fconv, sparse data
Figure 5.11: Convergent reconstructions uconv and fconv within the central transverse (row 1) and central coronal (row 2) slices
of the IEC phantom obtained from full (columns 1 & 2) and sparse (columns 3 & 4) data with program DKL-fTV. Display
window: [0, 16000].
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u10 u50 u200 uconv

Figure 5.12: Reconstructions un at iteration n =10, 50, and 200, along with the convergent
reconstruction (iteration 2701), within the central transverse slice (row 1) and central coronal
slice (row 2) of the IEC phantom obtained from full data with program DKL-fTV. Display
window: [0, 16000].

5.3.4 Reconstruction as a function of iterations

Convergent reconstructions uconv of the IEC phantom above were obtained again when the

convergence conditions in Eq. (5.1) are satisfied. In an attempt to reveal the reconstruction

evolution, we display in row 1 of Fig. 5.12 images of the IEC phantom reconstructed from full

data at iterations n =10, 50, and 200 as well as convergent reconstruction uconv. It can be

observed that the reconstruction at, e.g., about iteration 200 visually resembles convergent

reconstruction uconv. Similar observations can be made for reconstructions obtained from

sparse data, which are not shown here. We also calculated quality metrics described in the

Appendix from full- and sparse-data reconstructions at different iterations, and show in Fig.

5.13 QH,2 of the hot sphere 2 with a diameter of 13 mm, QC,5 of the cold sphere 5 with a

diameter of 28 mm, and N3 within the ROIs of size 17 mm of sphere 3. Results in Fig. 5.13

confirm that reconstructions at about iteration 200 resemble their corresponding convergent

reconstructions.
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Figure 5.13: Percent contrast QH,2 of hot sphere 2, percent contrast QC,5 of cold sphere
5, and percent background variability N3 of an ROI of the size of sphere 3, respectively,
as functions of iterations n, computed based upon un, and upon converged reconstruction
û∗, obtained from full (X) and sparse (∇ ) data with program DKL-fTV, along with results
obtained from the reference reconstruction (dotted).

5.4 Human-Data Study

In the human-data study, full data were acquired from the subject by use of a full-scan

configuration, as depicted in Sec. 4.2.1, in a digital prototype PET/CT system at a single

patient-bed position. In an effort to increase the longitudinal coverage of the human subject,

5 full scans were performed at 5 bed positions along the central axis of the system with a

separation of 70 mm between the centers of two consecutive bed positions. The 5 sets of

full data acquired contain approximately 23.9, 25.0, 26.7, 24.3, and 22.1 million total counts.

Again, we also obtained five sparse data sets each of which was extracted from one of the

five sets of full data by use of the method described in Sec. 4.2.1. Scatter and random

measurements were included in the study. We reconstruct the human image on a 3D array

consisting of N = 144× 144× 41 identical cubic voxels of size 4 mm.

5.4.1 Determination of image-constraint parameter t1

In the study, again, given the practical convergence conditions in Eq. (5.1), all of the program

parameters, but image-constraint parameter t1, are determined as described in Sec. 4.2.7.
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Unlike the studies on the digital Jaszczak phantom in Sec. 5.2 and the physical IEC phantom

in Sec. 5.3 in which quantitative metrics were used for selecting t1, we selected t1 for the

human study based simply upon visual inspection. (It is not entirely clear how a technical

efficacy metric analogous to those in the phantom studies can be devised meaningfully for

the human study. Although clinical efficacy metrics for a specific clinical task may be

devised and used meaningfully for the determination of t1 optimal for the clinical task, it

is beyond the scope of the current work.) For full data collected at bed position 3, we

reconstructed human images by solving program DKL-fTV in Eq. (4.4) for a set of t1

values, and display in Fig. 5.14 convergent reconstructions, obtained with t1 =230, 287,

345, 460, 575, and 690, respectively. As expected, high t1 values yield reconstructions

with noisy texture while revealing some structural details; conversely, low t1 values lead

to reconstructions with smoothed texture but missing structural details. Based upon the

visual inspection of the reconstructions, we select t1 = 460 because it appears to yield

reconstructions with a reasonable balance between structural details and image-noise texture.

Using the same method, t1’s were determined for reconstructions from other full- and sparse-

data sets.
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uconv, t1=230 uconv, t1=288 uconv, t1=345

uconv, t1=460 uconv, t1=575 uconv, t1=690
Figure 5.14: Negative convergent reconstructions uconv within a transverse slice of the human subject obtained from full data
at bed position 3 with program DKL-fTV for different t1 values. Display window: [-1600, 0].
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uconv, DKL-fTV uconv, DL2-fTV uconv, DL1-fTV
Figure 5.15: Negative convergent reconstructions uconv within a transverse slice of the
human subject obtained from full data at bed position 3 with programs DKL-fTV, DL2-fTV,
and DL1-fTV. Display window: [-1600, 0]. Note that program DL1-fTV yields a zero-valued
reconstruction.

5.4.2 Reconstructions based upon different optimization programs

In an attempt to investigate the impact of optimization programs, we carried out a study

on reconstructions by using the CP algorithms to solve programs DKL-fTV, DL2-fTV, and

DL1-fTV in Eqs. (4.4)-(4.6). For full data collected at a single bed position, we selected t1 as

described above and then reconstruct human images by solving the three programs. We show

in Fig. 5.15 the reconstructions from full data collected at bed position 3. The reconstruction

obtained with program DKL-fTV appears to possess better delineated boundaries, more

structural details, and lower texture noise than does that obtained with program DL2-fTV.

However, program DL1-fTV yields a convergent reconstruction with strong artifacts, i.e.,

with numerically zero values, as depicted in panel 3 of Fig. 5.15. Again, the estimated

model data become negatively “biased” as a result of the data-`1-norm minimization and

scatter correction. Consequently, the zero-valued estimated model data revealed in Fig. 5.3c

and the zero-valued uconv (or, equivalently, zero-valued fconv) shown in Fig. 5.15, were

obtained with the positivity constraint. Clearly, when different program parameters such as

t1 are used, program DL1-fTV may yield reconstructions different than a zero-valued image.

Similar results were obtained for reconstructions from full and sparse data collected at this

and other bed positions.
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5.4.3 Reconstructions based upon optimization program DKL-fTV

Based upon the observation above, we select program DKL-fTV for further study on im-

age reconstruction from human data. For a single bed position, using t1 selected in Sec.

5.4.1 we reconstructed images from full data collected by using the CP algorithm to solve

program DKL-fTV. Repeating this for all of the five bed positions, we obtained five conver-

gent reconstructions, and then concatenated them to form a final-convergent reconstruction

with an extended longitudinal coverage. Following the same procedure, we also obtained the

final-convergent reconstruction of the human subject from the five sets of sparse data. In

Figs. 5.16-5.18, we display the final-convergent reconstructions within transverse, coronal,

and sagittal slices of the human subject. It can be observed that program DKL-fTV appears

to yield reconstructions from full data with well-delineated boundaries and suppressed noise

in the background region. Similar observation can be drawn for reconstructions from sparse

data as well, despite the fact that reconstructions from sparse data are visually somewhat

noisier than those from full data, as expected. We also display in Fig. 5.19 final-convergent

reconstructions uconv and fconv of desired and latent images u and f .

5.4.4 Reconstruction as a function of iterations

Reconstructions of the human images above were obtained again when the practical con-

vergence conditions in Eq. (5.1) are satisfied. We also investigated how the concatenated

reconstruction of the human subject evolves as a function of the iteration number. We show

in Fig. 5.20 concatenated reconstructions within a coronal slice of the human subject at

iteration numbers n =10, 100, 300, 500, 600, 800, and 1000, together with final-convergent

reconstruction uconv. It can be observed that the reconstruction at, e.g., about iteration 600,

visually resembles the convergent reconstruction. Similar observations can also be made for

reconstructions obtained from sparse data of the human subject.
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uref uconv, full data uconv, sparse data
Figure 5.16: Negative reference reconstructions (column 1), and negative final-convergent reconstructions uconv, within two
transverse slices (rows 1 and 2) of the human subject obtained from full (column 2) and sparse (column 3) data with program
DKL-fTV. Display window: [-1600, 0].
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uref uconv, full data uconv, sparse data

Figure 5.17: Negative reference reconstructions (column 1), and negative final-convergent reconstructions uconv, within two
coronal slices (rows 1 and 2) of the human subject obtained from full (column 2) and sparse (column 3) data with program
DKL-fTV. Display window: [-1600, 0].
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uref uconv, full data uconv, sparse data

Figure 5.18: Negative reference reconstructions (column 1), and negative final-convergent reconstructions uconv, within two
sagittal slices (rows 1 and 2) of the human subject obtained from full (column 2) and sparse (column 3) data with program
DKL-fTV. Display window: [-1600, 0].
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uconv, full data fconv, full data uconv, sparse data fconv, sparse data
Figure 5.19: Negative final-convergent reconstructions uconv and fconv within a transverse
(row 1), coronal (row 2), and sagittal (row 3) slices of the human subject obtained from full
(columns 1 & 2) and sparse (columns 3 & 4) data with program DKL-fTV. Display window:
[-1600, 0].
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u10 u100 u400 u500

u600 u800 u1000 uconv

Figure 5.20: Negative reconstructions un at iteration n =10, 100, 400, 500, 600, 800, and 1000, along with negative final-
convergent reconstruction uconv, within a coronal slice of the human subject obtained from full data of all bed positions with
program DKL-fTV. Display window: [-1600, 0].
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5.5 Discussions

In this chapter, we have performed an investigation in which TV-constrained optimization

techniques were applied to the reconstruction of PET images. In particular, we have studied

whether they can be exploited for enabling a PET configuration with sparsely populated

detectors by extracting a sparse data from full data. We point out that, in a realistic sparse-

scan configuration, the sensitivity of detector blocks and scatter/random behavior may be

considerably different than that of the simulated sparse-scan configuration considered. The

work is not intended to demonstrate whether the optimization-based reconstruction investi-

gated is superior to existing reconstruction techniques, because such a demonstration, which

is beyond the scope of the work, can meaningfully be carried out only in carefully designed

evaluation studies in which imaging tasks and the associated utility metrics are clearly de-

fined. Instead, the goal of the work is to investigate technical characteristics in the application

of TV-constrained optimization reconstructions to PET imaging.

A central focus of this work is to clarify parameters involved in, and to demonstrate

their impact on, optimization-based reconstructions. While it is natural to appreciate the

impact of parameters in a given optimization program, the form of the optimization program

itself is also a parameter that can significantly affect PET-image reconstruction. This is the

motivation of the study carried out on optimization programs with different data divergences.

In addition to the program form, numerous parameters used for specification of a pro-

gram can have a significant impact on the final reconstruction. Numerous parameters were

identified explicitly and investigated, as discussed in Sec. 4.2.7. Among the parameters,

image-TV-constraint parameter t1 remains a leading factor affecting reconstruction prop-

erties. Therefore, we have specifically investigated the effect of parameter t1 in real-data

studies, and on devising the selection of t1 specifically tailored to a set of given study con-

ditions, involving different scanning configurations, imaged objects, and data properties.

Although some evidence was given in the work that justifies the selection of other parame-

ters, including voxel size, matrix G, scatter/random events, and convergence conditions, it
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remains interesting and necessary to investigate more thoroughly their optimal selections for

specific applications.

For example, scatter component gs with attenuation-effect corrected is considered a pro-

gram parameter that is estimated from experimental measurements in the work. Clearly, the

degree of estimation variability of gs can impact the reconstruction. In an attempt to inspect

the impact, we repeated the DKL-fTV reconstruction from full data of the human subject

at bed position 3. Using gs obtained experimentally at bed position 3, we created hypothet-

ically “under”- and “over”-estimated scatter events by scaling gs with a factor ranging from 0

to 2. In Fig. 5.21, we show convergent reconstructions from the data corrected with scatter

events 0, gs, and 1.8gs, respectively. The visual difference among these images indicates

the effect of different estimates of the scatter events on the reconstruction. The study can

conversely be exploited for fine-tuning the estimate of the scatter events for yielding desired

reconstructions.

We have carried out image reconstructions in different studies involving objects with

considerably different activity-uptake distributions of practical relevance and data with dif-

ferent quality/quantity conditions of interest. The results show that the reconstruction based

upon program DKL-fTV appears to be robust for the different activity uptakes and data

sets under consideration. Moreover, a study was conducted for image reconstruction from

data collected with a PET configuration containing only half of the detectors in a digital

prototype PET/CT scanner. The study reveals, on one hand, the robustness of DKL-fTV

reconstruction with respect to significantly different data conditions, and, on the other hand,

its potential for enabling PET-scanner configuration with a sparse detector distribution. It

is of merit to investigate possible enabling of additional designs of PET configurations, which

are of application-, workflow-, and/or cost-reduction-interest, by use of optimization-based

reconstructions. Such an investigation can also provide a further assessment of the ro-

bustness of optimization-based reconstructions under additional, different imaging and data

conditions.
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û∗, 0.0gs û∗, gs û∗, 1.8gs
Figure 5.21: Negative convergent reconstructions û∗ within a transverse (row 1), coronal
(row 2), and sagittal (row 3) slices of the human subject obtained with program DKL-fTV
from full data at bed position 3 corrected for scatter events by use of 0.0gs (column 1), gs,
and 1.8gs, respectively. Display window: [-1600, 0].
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In this study, the investigation was based upon a data model in which list-mode and/or

TOF information is not considered because an element of the system matrix is designed

as the intersection of an LOR with a voxel in the image array. Therefore, the data model

and optimization programs considered cannot be applied to list-mode and/or TOF-PET

data. We are currently developing optimization-based reconstruction to incorporate list-

mode and TOF information, and expect to report the results elsewhere in the future. It

would be of high interest to exploit list-mode and TOF information for possibly enabling

the design, investigation, and implementation of innovative PET configurations of workflow-,

cost-reduction-, and/or application-significance.

5.6 Appendix

We display in Fig. 5.22 a transverse slice of the IEC phantom used widely for evaluating

PET-image quality. Six spheres labeled as s1, s2, s3, s4, s5, and s6 are embedded within the

background and are with diameters of 10, 13, 17, 22, 28, and 37 mm, respectively. Spheres s1-

s4, referred to hot spheres, have an identical concentration level of positron emitters, which

is 4 times of that in the background, whereas spheres s5 and s6 referred to as cold spheres

contain no positron emitters. The dark circle at the center displays a transverse cross section

of the cylinder containing zero activity in the phantom. Additionally, 12 identical circular

background ROIs of diameter 37 mm are drawn in the slice, as shown in Fig. 5.22, and also

in each of its four nearest neighboring slices, thus amounting to a total of 60 background

ROIs. Within each ROI, 6 sub-ROIs of sizes corresponding to those of the hot and cold

spheres are also drawn, as indicated in the top ROI, and thus a total of T = 60 sub-ROIs

for each of the sphere sizes is obtained, which are used below for calculating the average

background activity for the corresponding sphere.

Using CB,t,k to denote the average background activity within sub-ROI t of the size of

sphere k, we define an average background activity corresponding to sphere k as CB,k =∑T
t=1CB,t,k. With this, percent contrasts QH,j and QC,i for hot sphere j, where j = 1, 2, 3,
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Figure 5.22: A transverse slice of the IEC phantom containing six spheres, labeled as s1, s2,
s3, s4, s5, and s6. Hot spheres s1-s4 hold an identical level of activity concentration, 4 times
of that in the background, whereas cold spheres s5 and s6 contain no activity. The dark
circle at the center of the phantom displays a cross section of the central cylinder containing
zero activity. Also, 12 identical circular background ROIs of diameter 37 mm are drawn.
Within each ROI, 6 concentric sub-ROIs of sizes of the 6 spheres are also drawn, as indicated
in the top ROI.

and 4, and cold sphere i, where i = 5 and 6, and background variability Nk for sphere k,

where k = 1, 2, 3, 4, 5 and 6, defined in NEMA NU 2-2012 [191] are calculated as

QH,j =
CH,j − CB,j
aH − aB

× 100%,

QC,i = (1−
CC,i
CB,i

)× 100%, (5.4)

Nk =

√∑T
t=1(CB,t,k − CB,k)2/(T − 1)

CB,k
× 100%, (5.5)

where aH and aB denote truth activity concentrations in a hot sphere and background,

aH = 4 × aB , and CH,j and CC,i are the average activities within hot sphere j and cold

sphere i.

We define a metric, which takes into account the trade-off between contrast and back-

ground noise, as

QNR =
QH,2
N2

QC,5
N5

, (5.6)
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where QH,2 and QC,5 denote percent contrasts for hot sphere s2 of diameter 13 mm and

for cold sphere s5 of diameter 28 mm, and N2 and N5 percent background variabilities

corresponding to the two spheres.
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CHAPTER 6

OPTIMIZATION-BASED ALGORITHM WITH VARIABLE

SPATIAL RESOLUTION

6.1 Introduction

In medical imaging, including CBCT imaging applications, one is interested generally in

detailed information only within a particular ROI and rough knowledge outside the ROI.

For example, in image-guided-surgery (IGS) and image-guided-radiation-therapy (IGRT),

information about an ROI containing the tumor or lesion is of clinical significance, while some

reference knowledge about the region outside the ROI could suffice. Therefore, one may use

an image array with variable resolution in which the ROI and the rest of the support of the

imaged subject are represented with fine and coarse voxels, respectively. In this chapter and

the next, we investigate optimization-based image reconstruction with variable resolution in

CBCT applications.

Attempts to develop iterative reconstruction with variable resolution exist [192, 193].

However, the attempts generally involve multiple analytic and iterative reconstructions as

well as a considerable number of parameters; their optimization and generalization for dif-

ferent practical problems remain unclear. Conversely, our proposed approach yields a re-

construction directly from data via solution of a single optimization problem, thus reducing

the steps and parameters involved in the existing iterative approaches to the problem, and

allowing its adoption to various practical applications. Therefore, in addition to its po-

tential clinical significance, the approach proposed is also of technical significance. Among

optimization-based algorithms developed recently, algorithms exploiting image-sparsity prop-

erties have attracted considerable attention as they have shown some potential to yield

reconstructions of practical utility. The adaptive-steepest-descent (ASD)-projection-onto-

convex-set (POCS) algorithm is one such algorithm, and it has been applied to numerous

CBCT imaging applications. In this work, we focus on tailoring the ASD-POCS algorithm
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to reconstructing images with variable resolution.

The chapter is organized as below. Following the introduction in Sec. 6.1, we describe

in Sec. 6.2 the imaging model, optimization program, and ASD-POCS algorithm for image

reconstruction with variable resolution, in both 2-dimension and 3-dimension scenarios. In

Sec. 6.3 we carry out inverse crime studies for validating the proposed algorithms. Remarks

of this chapter is given in Sec. 6.4.

6.2 Development of optimization-based image reconstruction with

variable resolution

In an optimization-based reconstruction, three key components need to be developed: (1)

a data model that relates the data and the underlying image of interest, (2) an optimiza-

tion program that employs a data model and information about data and image to design

reconstructions, and (3) algorithms that can achieve the designed reconstructions through

solving the optimization program. Furthermore, an optimization program and its associated

algorithms generally involve a number of parameters such as the number of voxels which can

considerably affect the reconstruction quality. In the following, we will describe and discuss

each of the components and the impact of program/algorithm parameters.

6.2.1 Data model for optimization-based reconstruction with variable

resolution

In this part, based upon a data model for an image array with uniform resolution, we will

investigate and develop a data model for an image array with variable resolution.

Data model and system matrix The extension from data model to system matrix is rela-

tively straightforward, involving the design of schemes for calculating forward and backward

projection of an X-ray through an image array with spatially variable resolution. Mathe-
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matically, the data model [165] can be written as

g0 = Hf, (6.1)

where H denotes a system matrix of size M × N that relates the model data g0 and the

image vector f. The model data g0 contain M measurements, which is determined by the

number of detector bins Nbin and the number of views Nview. It is important to notice that

the properties of the system matrix depend not only on the total number of measurements

M , but also on the number of voxels N of the image array.

6.2.2 Uniform- and variable-resolution image arrays

In a practical optimization-based reconstruction, an image array consisting of voxels of iden-

tical sizes is generally used. We refer to such an array as a uniform-resolution array. In

the work, instead, we develop optimization-based reconstructions that use an image array

formed by voxels of different sizes, and thus refer to it as a variable-resolution array. In Fig.

6.1, we display a 2D version of a variable-resolution array, which includes a rectangle-shaped

ROI consisting of pixels of size a, and the region surrounding the ROI composing of pixels

of size b. Obviously, when a = b, a variable-resolution array becomes a uniform-resolution

array. However, if a 6= b, different levels of resolution are obtained for the ROI and its sur-

rounding region. In particular, when a < b, the array thus includes an ROI with resolution

higher than that in the region surrounding the ROI. When a variable-resolution array is

used, the calculation method of the system matrix remains largely unchanged except that

care should be taken for calculations involving voxels along boundaries between an ROI and

its surrounding region. The same concept can be applied to a 3D image array and an illus-

tration of 3D image array of variable resolution is shown in Fig. 6.2. In the below, we define

the ratio of b to a as w, that is, w = b/a.

Calculation of system matrix For given data and image vectors, the data model is
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Figure 6.1: 2D Image arrays with uniform resolution (left) and variable resolution (right).
The variable-resolution array includes a rectangle-shaped ROI consisting of pixels of size a,
and a region surrounding the ROI composing of pixels of size b. When a < b, different levels
of resolution are obtained for the ROI and its surrounding region.

Figure 6.2: Illustration of a 3D image with variable resolution. Voxels within ROI have size
of a and those outside the ROI have size of b.
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determined completely by system matrix H [165,166,194], and different data models can be

designed by the different ways of calculating H. In the work, we will investigate a system

matrix whose elements are determined by the intersection segments of a given X-ray.

Without loss of generality, the calculation of the elements of system matrix H based on

an image of variable resolution can follow similar procedures as that based on an image of

uniform resolution in Sec. 2.2.1. It is worth noting that the calculation involves the in-

tersection length of ray j within a pixel or a row, which is proportional to the pixel size.

Therefore, the elements of the system matrix based upon an image of variable resolution

should be weighted differently due to the different pixel sizes inside and outside the ROI.

Moreover, the calculation of the elements of the system matrix for the boundary pixels be-

comes non-trivial, and should be treated differently. Details of the system matrix calculation

will be discussed in Sec. 6.2.5.

6.2.3 Optimization programs for reconstructions with variable resolution

For a selected data model, we investigate and design optimization programs for image re-

construction with variable resolution in CBCT.

Optimization programs Using data and a data model, one can form data metrics to be

used in an optimization program. In addition, image metrics that exploit information about

the underlying image can also be devised for use in the optimization programs. Optimization

programs can be divided into two broad classes: constrained and unconstrained optimization

programs [153, 154]. In this chapter, we will focus primarily on constrained optimization

programs because they allow natural incorporation of physical constraints into the programs.

A constrained optimization program can be written in a general form as

f? = argminΦ(g, f) s.t. Ψ(g, f), (6.2)

where Φ(g, f) denotes the objective function to be minimized under the constraint Ψ(g, f).
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(a)

(b)

Figure 6.3: Ray p through an image with variable resolution: (a) linear interpolation is
applied between high-resolution (or low-resolution) pixels only; (b) linear interpolation is
applied between high-resolution and low-resolution pixels.
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Both objective and constraint can be dependent on data, data model, image metrics, and

additional parameters, which will be discussed in the two example constrained optimization

programs below.

Constrained TV-minimization program The constrained TV-minimization program has

been studied extensively in CBCT and MRI in the last several years, and yielded promising

results for CBCT reconstructions with uniform resolution. This program can be expressed

mathematically as [153]

f? = argmin ‖ f ‖TV s.t. D`2(gm,g) ≤ ε and f ≥ 0, (6.3)

where gm = Hftrue, g = Hf , D`2(gm,g) =|| gm − g ||2 denotes the `2-norm of the dif-

ference between data and data model, and ε a pre-selected, positive parameter accounting

for the minimum inconsistency between data g and data model Hf. In the work, we will

extend the program to reconstructions with variable resolution. It is known that, for given

data, the complete specification of the program for reconstruction with uniform resolution

involves several key parameters: the voxel size, the total number of voxels, the number of

measurements, the system matrix H, and the parameter ε. In reconstructions with variable

resolution, however, additional parameters will be involved in specifying the program: the

sizes and numbers of the two types of voxels. Therefore, the extension of the program to re-

construction with variable resolution will be be accomplished by incorporating appropriately

these new parameters into the calculation of system matrix H and image TV.

6.2.4 Algorithms for optimization-based reconstruction with variable

resolution

When an optimization program is determined, it in effect specifies a set of feasible solutions.

Algorithms can be developed for achieving the solution set through solving the optimization

program. In this part of the research, we will develop algorithms that reconstruct images
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with variable resolution through solving the corresponding optimization programs. In prac-

tice, only iterative algorithms can be developed for optimization programs considered in the

project.

Calculation of data and image metrics Several basic components need to be developed

for use in algorithm development, and they have been investigated and implemented for

reconstructions with uniform resolution. The focus of this part of the research is to ex-

tend these components to accommodate reconstructions with variable resolution. The first

component is the calculation of forward and backward projections based upon a given data

model. A generalization of the calculation for an image array with uniform resolution will

be carried out for an image array with variable resolution. The generalization is straight-

forward except for computing the part when a ray passes through the boundary between

voxels with different sizes. In the design of optimization programs, in addition to regular

data divergence, some kind of difference between the derivatives of the data and the data

model will be used. In this case, we will carefully design the calculation of the derivative

of the data model so that it can be carried out for an image array with variable resolution.

We will also consider a number of image metrics for use in the design of the optimization

program. A leading image metric to be considered is the image TV. The generalization of

the image TV to an image array with variable resolution is, again, straightforward when

the voxel sizes are taken appropriately into the calculation. When derivatives of an image

TV are calculated during its minimization, however, extra care needs to be taken for deal-

ing with the boundaries between regions with voxels of different sizes so that they result in

no artifacts in reconstructed images. We have performed a preliminary study involving 2D

reconstruction with variable resolution, and learned that an adequate design of numerical

calculation of image TV derivatives is critical in eliminating reconstruction artifacts.

ASD-POCS algorithms It has been demonstrated in extensive studies [153,156,165,195,

196] that the ASD-POCS algorithm can be effective in solving constrained optimization pro-

grams such as those in Eqs. (6.3) for reconstructions with uniform resolution. A primary
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focus of the work will be on the extension of the ASD-POCS algorithm to reconstruct images

with variable resolution. In this algorithm, POCS and gradient descent (GD) algorithms will

be used adaptively for reducing data divergence and image TV. Other algorithms such as

conjugate gradient will also be used for robustly lowering data divergence in the vicinity of

a feasible solution set designed by the optimization program. As described above, the basic

components developed specifically for reducing data divergence and image TV based upon an

image array with variable resolution will be incorporated into the ASD-POCS algorithm. An

emphasis will be placed on the investigation of an adequate design of a balanced reduction

of data divergence and image TV, thus enhancing the algorithm robustness and efficiency.

In particular, a scheme will be investigated that specifically incorporates the boundary in-

formation between different types of voxel sizes in the determination of the step sizes and

relaxation parameters at each iteration of the ASD-POCS algorithm. Convergence condi-

tions of the original ASD-POCS will also be generalized to accommodate reconstructions

with variable resolution. A relationship between data divergence and image TV, as a func-

tion of iteration numbers, will be used for monitoring and assessing algorithm convergence.

An additional convergence condition

cα =
dTV · dD
|dTV||dD|

, (6.4)

which accounts for the direction between the data divergence gradient descent dTV and

image TV gradient descent dD, has been shown to be a very useful convergence condition.

In this part of the work, it will be generalized to monitor and evaluate the convergence of

reconstructions with variable resolution.

6.2.5 Forward Projection on an image with variable resolution

Without loss of generality, we consider a 2D image array with variable resolution, and explain

how to modify the forward projection procedure for yielding such a variable-resolution image.
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Forward projection for 3D images with variable resolution can be adapted in the same

manner.

In this work, we employ a 2D variable-resolution image consisting of two sets of pixels:

one set, labeled as fH , is within the ROI, with pixels of size a; and the other, labeled as fL,

is outside the ROI, with pixels of size b.

Forward projection in high- and low-resolution regions In Fig. 6.3(a), ray p travels

through an image with variable resolution. To make the calculation below simple, we define

b = 2a, and w = b/a = 2. In general, the element of system matrix H can be considered as

the contribution of pixels to a rays, where we use ray-driven model and linear interpolation

method. In order to differentiate the index for the pixels in the high- and low-resolution

regions, respectively, we index the former with symbol q and the later with t. Thus, an pixel

in the high resolution region can be labeled as fHt , and one in the low-resolution region fLq .

The first row in Fig. 6.3(a) that ray p travels through contains low-resolution pixels only,

and the second row contains high-resolution pixels only. In this scenario, the elements of H

corresponding to ray p can be calculated in the high- and low-resolution regions indepen-

dently. For example, in Fig.6.3(a), the line integral of ray p in the first row (low-resolution

region) is calculated as the length of ray p within the row, L, multiplied by a value interpo-

lated from pixel values fLq and fLq+1:

fLq
b−∆p

b
L+ fLq+1

∆q

b
L, (6.5)

where b is the size of the low-resolution pixels, and ∆p is the distance from pixel fLq to the

intersection point of ray j and the line connecting fLq and fLq+1. Thus, we can write the two

elements of system matrix H, corresponding to two low-resolution pixels, as:

Hp,q =
b−∆q

b
L

Hp,q+1 =
∆q

b
L

(6.6)
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Similarly, the line integral of ray p in the second row (low-resolution region) is calculated

as the length of ray p within the row, L/w, multiplied by a value interpolated from pixel

values fHt and fHt+1:

fHt
a−∆t

a

L

2
+ fHt+1

∆t

a

L

2
, (6.7)

where a is the size of the high-resolution pixels, and ∆t is the distance from pixel fHt to the

intersection point of ray j and the line connecting fHt and fHt+1. We then can write the two

elements of system matrix H, corresponding to two high-resolution pixels, as:

Hp,t =
a−∆t

a

L

2

Hp,t+1 =
∆t

a

L

2

(6.8)

It is worth noting that the value of system matrix elements are proportional to the travel

length of ray p within the row of pixels, which is proportional to the pixel size.

Forward projection at the boundaries of high- and low-resolution regions If an

image row consists of both high- and low-resolution pixels, and when ray p travels though this

row, part of the segment is in the low-resolution region, and the other in the high-resolution

region, as illustrated in Fig. 6.3(b). Again, we assume b = 2a, and w = b/a = 2. In Fig.

6.3(b), high-resolution pixels, fHt and fHt+x, sit on the right hand side of a low-resolution

pixel, fLq , and ray p travels between pixels fLq and fHt , fHt+x. For calculating the system

matrix H, a ray-driven model and linear interpolation method are used.

We draw a line connecting pixels fLq and fHt in Fig. 6.3(b) which intersects with ray p

at point O1, then we connect pixels fLq and fHt+x and the line intersects with ray p at point

O2. We label the distance between pixel fLq to O1 as ∆′q1, that between pixel fLq to O2 as

∆′q2, that between pixel fHt to O1 as ∆′t, and that between fHt+x to O2 as ∆′t+x. In this

scenario, the line integral of ray p in the first row of low-resolution region is calculated as

the summation of (1) the length of ray p within the first row of high-resolution region, L/2,

multiplied by a value interpolated from pixel values fLq and fHt , and (2) the length of ray
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p within the second row of high-resolution region, L/2, multiplied by a value interpolated

from pixel values fLq and fHt+x, which can be written as:

fLq
∆′t

∆′q1 + ∆′t

L

2
+ fHt

∆′q1
∆′q1 + ∆′t

L

2
+ fLq

∆′t+x
∆′q2 + ∆′t+x

L

2
+ fHt+x

∆′q2
∆′q2 + ∆′t+x

L

2

=fLq (
∆′t

∆′q1 + ∆′t
+

∆′t+x
∆′q2 + ∆′t+x

)
L

2
+ fHt

∆′q1
∆′q1 + ∆′t

L

2
+ fHt+x

∆′q2
∆′q2 + ∆′t+x

L

2
.

(6.9)

Thus, we can formulate three elements of the system matrix H as:

Hp,q = (
∆′t

∆′q1 + ∆′t
+

∆′t+x
∆′q2 + ∆′t+x

)
L

2

Hp,t =
∆′q1

∆′q1 + ∆′t

L

2

Hp,t+x =
∆′q2

∆′q2 + ∆′t+x

L

2
.

(6.10)

In the same manner, we can derive all the element values in the system matrix H.

6.2.6 Total Variation of an image with variable resolution

Again, for the modification of image total variation for a variable-resolution image, we con-

sider a 2D case as an example. Firstly, we consider a continuous 2D image f and its TV can

be formulated as:

fTV =

∫∫ √
(
∂f(x, y)

∂x
)2 + (

∂f(x, y)

∂y
)2 dx dy. (6.11)

A discrete image can be considered as the expansion of the continuous image in a finite set

of basis, which are generally square pixels.

Then we consider an image on uniform grids with pixel sizes of ∆x and ∆y, which are in

the x and y dimensions respectively. TV of such a discrete image can be formulated as:

‖ f ‖TV =
∑
i,j

√
(
fi,j − fi−1,j

∆x
)2 +

fi,j − fi,j−1
∆y

)2. (6.12)
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Image of uniform resolution If the pixels are isotropic and we assume ∆x = ∆y = 1,

then Eq.(6.12) can be further simplified to be:

‖ f ‖TV =
∑
i,j

√
(fi,j − fi−1,j)2 + (fi,j − fi,j−1)2 =

∑
i,j

||(∇f)i,j ||2. (6.13)

Let f represent an Nx × Ny image and fi,j refer to the (i, j)th voxel of f , we introduce

the differencing images ∆xf and ∆yf .

(∇xf)i,j =


fi+1,j − fi,j i < Nx

−fi,j i = Nx − 1

(6.14)

(∇yf)i,j =


fi,j+1 − fi,j i < Ny

−fi,j i = Ny − 1

(6.15)

Using the definitions above, ∇ can be written as

(∇f)i,j =

(∇xf)i,j

(∇yf)i,j

 (6.16)

Images of variable resolution Now we consider image-TV for an 2D image with variable

resolutions. Remember that in a variable-resolution image there are at least two sets of pixels:

in the high-resolution region the pixel size is ∆xH ×∆yH and in the low-resolution region

the pixel size is ∆xL ×∆yL. Then the TV of such a discrete image can be expressed as the

expansion of Eq. (6.11) with two basis sets:

‖ f ‖TV =
∑
r,s

√
(
fHr,s − fHr−1,s

∆xH
)2 + (

fHr,s − fHr,s−1
∆yH

)2∆xH∆yH

+
∑
k,l

√
(
fLk,l − fLk−1,l

∆xL
)2 + (

fLk,l − fLk,l−1
∆yL

)2∆xL∆yL,

(6.17)
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Figure 6.4: Finite differencing along x direction of a 2D image with variable resolution.

where fHr,s are pixel indexes in high-resolution region and fLk,l are pixel indexes in low-

resolution region.

If the pixels in each basis set are isotropic and we assume ∆xH = ∆yH = 1 and ∆xL =

∆yL = w, then Eq. (6.17) can be simplified as:

‖ f ‖TV =
∑
r,s

√
(fHr,s − fHr−1,s)2 + (fHr,s − fHr,s−1)2

+ w2 ×
∑
k,l

√
(fLk,l − fLk−1,l)

2 + (fLk,l − fLk,l−1)2

=
∑
r,s

||(∇fH)r,s||2 + w2
∑
k,l

||(∇fL)k,l||2,

(6.18)

where (∇fH)r,s and (∇fL)k,l can be calculated in the way shown in Eq. (6.16).

Boundary conditions in image-TV calculation Without loss of generality, we can

take the finite differencing along x-direction, ∇xf , for example, and the calculation of the

finite differencing along y-direction, ∇yf can be derived in the same manner.

In Fig. 6.4, we show an image with variable resolution: the top and bottom two rows of

pixels in the low-resolution region, and the middle of pixels are in the high-resolution region.

The direction for taking the derivative along x is indicated as the direction of the arrow.
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We first consider a pixel fHr,s in the high-resolution region, and its finite differencing along

x-direction is:

(∇xfH)r,s =


fHr+1,s − f

H
r,s for r < Nh

x − 1

fL
[ rw ]+1,[ sw ]

− fHr,s for r = Nh
x − 1,

(6.19)

where operator [·] calculates the largest integer not greater than the argument.

We then consider a pixel fLk,l in the low-resolution region, and its finite differencing along

x-direction is:

(∇xfL)k,l =


fLk+1,l − f

L
k,l for r < NL

x − 1

1
w2

w(k+1),w(l+1))∑
wk,wl

fHr,s − fLk,l for r = NL
x − 1.

(6.20)

In this section, we have derived image-TV calculation and considered scenarios for the

low-resolution region, high-resolution region, and their boundaries. The calculation of image-

TV is a preparation for calculating the gradient of image-TV, which will be introduced in

the following part.

6.2.7 TV gradient descent of an image with variable resolution

TV gradient descent of uniform-resolution image We first consider an image with

uniform resolution, and the gradient of image TV can be written as:

∇
∑
i,j

||(∇f)i,j ||2 =∇T diag{||(∇f)i,j ||2}−1∇f

=∇Tx diag{||(∇f)i,j ||2}−1∇xf

+∇Ty diag{||(∇f)i,j ||2}−1∇yf

(6.21)
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and ∇Tx and ∇Ty are:

(∇Tx a)i,j =


−ai,j for i = 0

ai−1,j − ai,j for i > 0

(6.22)

(∇Ty a)i,j =


−ai,j for j = 0

ai,j−1 − ai,j for j > 0

(6.23)

TV gradient descent of variable-resolution image Similarly, the gradient of image

TV with variable resolution can be written as:

∇(
∑
r,s

||(∇fH)r,s||2 + w2
∑
k,l

||(∇fL)k,l||2)

=∇T diag{||(∇fH)r,s||2}−1∇fH + w2∇T diag{||(∇fL)k,l||2}−1∇fL
(6.24)

where (∇Tx aH)r,s and (∇Tx aL)k,l are:

(∇Tx aH)r,s =



1
w2a

L
[ rw ]+1,[ sw ]

− aHr,s for r = 0

1
w2a

L
[ rw ]+1,[ sw ]

+ aHr−1,s − a
H
r,s for 0 < r < w

aHr−1,s − a
H
r,s for w ≤ r < Nh

x

(6.25)

(∇Tx aL)k,l =



−aLk,l for k = 0

e=w−1∑
e=0

aHwk−1,w(l−1)+e − a
L
k,l for wk = NH

x

aLk−1,l − a
L
k,l for otherwise

(6.26)
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6.3 Verification of the developed optimization-based

reconstruction with variable resolution

It is important to verify that the algorithms and their implementation perform as they are

designed to. Because optimization-based algorithms can, in general, solve their correspond-

ing optimization programs iteratively, they and their implementation can be verified only

numerically. In this section, we will design and carry out numerical verification studies of

the optimization-based algorithms and their computer implementation.

Inverse-crime study In a verification study, data will be generated from a discrete image

represented on an image array, and image reconstruction will be carried out by use of the

same system matrix in the data generation and on the same image array. We refer to such

a study as an inverse-crime study. In essence, in an inverse-crime study, the data and the

data model are completely consistent, and the difference between the reconstruction and the

truth image used for generating the data should be numerically diminished when sufficient

data are used. Although inverse-crime studies do not incorporate any physical factors, they

can verify the proposed algorithms, examine their robustness, and provide guidance for

image reconstructions from real data. It is reasonable to assume that, if the reconstruction

program and algorithm fail to perform in an inverse-crime scenario, it is unlikely that they

would perform well in real-data studies where inconsistencies exist. Inverse-crime studies

based on images of uniform resolution have already been carried out to verify the proposed

ASD-POCS algorithm. However, images of variable resolution have not been used for image

reconstruction before, and the properties of the system matrix as well as the algorithms

based on images of variable resolution have barely been analyzed. In the work, we focus on

inverse-crime studies based upon images of variable resolution.

Inverse-crime study design and results In the inverse-crime study, we use a numer-

ical, cadaver CT image as a truth phantom, which is shown in the left panel of Fig. 6.5.

The numerical cadaver image consists of square pixels of size 0.4 mm in the left region and
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Figure 6.5: Truth images (left) and ASD-POCS reconstructions of a numerical cadaver
phantom. Display window: [40, 55].

square pixels of size 4 mm in the right region. We mimick a fan-beam CT configuration

with the source-to-detector distance of 150 cm, and the source-to-rotation-axis distance of

100 cm. The 2-dimensional detector consists of 800 detector element of size 0.4 mm. We

generate data from the numerical cadaver image at 721 views uniformly distributed over 2π.

For given data, we verify numerically the ASD-POCS algorithm to solve the constrained

TV-minimization program in Eq. (6.3). Practical convergence conditions in this study

include

D`2(gm,gn) < 10−6

∆(fn, ftrue) < 10−6
(6.27)

where gn = Hfn, D`2(gm,gn) =
||gn−gm||2
||gm||2

and ∆(fn, ftrue) =
||fn−ftrue||2
||ftrue||2

. We show in

the right panel of Fig. 6.5 the reconstructed images, and in Fig. 6.6 the convergence

conditions defined in Eq. (6.27), for the inverse-crime studies. It can be observed that the

reconstructions are virtually identical to their corresponding truth images, demonstrating

that the ASD-POCS (and its computer implementation) can solve the constrained TV-

minimization program in Eq. (6.3).
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Figure 6.6: Convergence metrics D`2(gm,gn) (left) and ∆(fn, ftrue) (right) as functions of
iteration number n.

6.4 Discussion

In this chapter, we have proposed the concept and design of optimization-based reconstruc-

tion with variable resolution. In particular, we designed the data-`2-constrained image-TV-

minimization program, and investigated the ASD-POCS algorithm for reconstruction with

variable resolution. The calculation of key components of the algorithm, such as the forward

and backward projections, the image TV, and the gradient of image TV, have been tailored

to images of variable resolution. An inverse-crime study was carried out to validate the

implementation of the modified ASD-POCS algorithm. Results have demonstrated the fea-

sibility of the ASD-POCS algorithm employing variable resolution for image reconstruction.

It is worth noting that, the total number of voxels in images of variable resolution is less

than that in images of uniform, high resolution (Assume that the size of voxels in the ROI

of the variable-resolution images is the same as that in the uniform, high-resolution images.)

Although the focus of the work is to develop the optimization-based approach to recon-
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struction with variable resolution in CBCT, the concept and techniques developed can readily

be generalized to other linear-model-based imaging technologies such as magnetic resonance

imaging (MRI) and nuclear medicine imaging for yielding reconstruction with variable res-

olution and for enabling the design and optimization of innovative scans tailored to specific

applications. With the perspectives and techniques developed, existing iterative algorithms

such as expectation maximization (EM) [111, 197], simultaneous iterative reconstruction

technique (SIRT) [198], simultaneous algebraic reconstruction technique (SART) [89], and

primal-dual algorithms can be generalized to reconstruct images with variable resolution.
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CHAPTER 7

OPTIMIZATION-BASED IMAGE RECONSTRUCTION WITH

VARIABLE SPATIAL RESOLUTION

7.1 Introduction

In Chapter 6, we have designed optimization-based program with images of variable resolu-

tion, and used the ASD-POCS algorithm to solve it. Such optimization-based reconstruction

with variable resolution may be useful in many CBCT imaging applications because a) one

is often interested in detailed information only within a particular ROI and rough knowledge

outside the ROI; b) it allows the exploitation of potential advantages of optimization-based

approaches over existing, analytic-based reconstruction methods; and c) the use of an im-

age array with variable resolution can substantially lower computation time and computer-

memory consumption of optimization-based reconstruction.

Specifically, in IGRT and IGS, repeated imaging of the subject is performed for the

purpose of acquiring detailed information about the changes within the ROI containing the

tumor/lesion [49, 50, 199]. Such detailed information is necessary for planning, monitoring,

and assessing the treatment of the tumor/lesion within the ROI, while rough knowledge

outside the ROI could suffice in providing some global positioning reference. Therefore, the

proposed optimization-based reconstruction with variable resolution can be of particularly

high practical merit, in terms of reducing computational burden and improving workflow in

repeated imaging involved in IGRT and IGS.

In certain CBCT imaging applications, there exist special requirements which may result

in non-conventional CBCT imaging configurations. For example, in repeated CBCT imaging,

the amount of radiation dose delivered to the patients remains a significant concern. It is

thus desirable to develop imaging approaches using reduced radiation. Imaging radiation

can be lowered through the reduction of the number of projections, amounting to sparse-

view CBCT imaging [156, 196, 200–202]. In addition, for practically optimal workflow in
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applications of IGS [23], it is often of interest to relax the requirement on the angular range

of data sampling [203]. Image reconstruction from such limited-angle-range data, however,

becomes mathematically an ill-posed problem. Existing work [204, 205] suggests that when

applied to sparse-view or limited-angular-range data, the image quality of reconstructions are

degraded due to artifacts. The proposed optimization-based reconstruction based on arrays

of variable resolution may yield high-resolution ROI with substantially reduced artifacts from

sparse-view or limited-angular-range data.

In this chapter, by using the developed tools, we will carry out 2D simulation studies by

using a FORBILD head phantom and modified Shepp-Logan phantom, a physical-phantom

study with 2D bench-top CBCT data, animal/patient study by using 2D diagnostic-CT data,

and a patient study with 3D dental CBCT data. Remarks about this study will be given in

Sec. 7.6.

7.2 Simulation studies with variable resolution

In this section, we conduct simulation studies, by using analytic described phantoms, for

characterizing the algorithm performance under realistic CBCT imaging conditions. We

focus in the characterization study on image reconstruction from data collected by mimicking

CBCT imaging configurations with a modified Shepp-Logan phantom and a FORBILD head

phantom. The Shepp-Logan phantom is chosen because it is used widely for testing algorithm

development in the CT field. In an attempt to increase its complexity degree, we add a set

of fine structures of various shapes in the ROI, as shown in Fig. 7.1. The FORBILD head

phantom is the second phantom to be used in the study, which contains numerous structures

with challenging spatial and contrast resolution. In particular, a region simulating the inner

ear volume is included in the phantom, as shown in Fig. 7.3, and the fine geometric shapes

of varying sizes in the region poses a significant challenge to the algorithms.

A particular emphasis is placed on the adaptation and tailoring of the proposed al-

gorithms to simulation-data reconstruction through careful determination of program and
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Figure 7.1: A modified Shepp-Logan phantom (top) discretized on a uniform-resolution
array with pixel size of 0.0195 cm, with an ROI enclosed by a white box; A zoomed-in view
of the ROI image (bottom). Display window: [0.6, 1.4] cm−1.

algorithm parameters. We then characterize the properties of the reconstructed images by

using visualization assessment.

7.2.1 Modified Shepp-Logan phantom study

Study design We mimic a C-arm CBCT configuration with a source-to-detector distance

of 119.7 cm, and a source-to-rotation-axis distance of 72.4 cm. The 2-dimensional detector

consists of 512 detector element of size 0.02 cm. We generate data from an analytic Shepp-

Logan phantom, shown in Fig. 7.1, at 720 views uniformly distributed over 2π. The modified

shepp-logan phantom contains three bar objects with different orientations, a cross object

and a moon-shape object. The goal is to reconstruct an image with the bars resolved and

the shape of other objects accurately recovered.

We consider variable-resolution arrays determined by the selection of different combina-
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Figure 7.2: Image of modified Shepp-Logan phantom (top row) reconstructed by use of
the ASD-POCS algorithm on a uniform-resolution array with pixel size 0.078 cm (left), a
uniform resolution array with pixel size of 0.0195 cm (middle), and a variable-resolution
array specified by the combination of a = 0.0195 cm and b = 0.078 cm (right). Display
window: [0.6, 1.4] cm−1.

tions of pixel sizes a and b. Specifically, in this study, we select a = 0.0195 cm to combine

with b = 0.0195 cm and 0.078 cm, respectively. Clearly, the first combination yields a

uniform-resolution array, whereas the second combination results in a variable-resolution

array with a decreasing ratio between a and b.

Study results In order to better resolve the bar phantom and reveal the shape of other fine

structures, we firstly performed image reconstruction on a uniform-resolution array consisting

of pixels of size a = 0.0195 cm, and showed the high-resolution ASD-POCS result in the

middle panel of Fig. 7.2. The ROI image in a zoomed-in view was also illustrated in the

second row of Fig. 7.2. We also performed ASD-POCS reconstruction on a uniform low-

resolution array with pixel size of 0.078 cm, which was shown in the left panel of Fig. 7.2.

Comparing the reconstructed images with the truth, it is obvious that the high-resolution

image can resolve all the four bars for each bar object, and make the shape of other fine

structures comparable to the truth; but in the low-resolution image, the bar objects become

rectangular blocks and the shape of other fine structures are severely distorted.
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Figure 7.3: A FORBILD head phantom (top) discretized on a uniform-resolution array with
pixel size of 0.01225 cm, with an ROI enclosed by a white box; A zoomed-in view of the ROI
image (bottom). Display window: [1.0, 1.1] cm−1.

We also performed image reconstruction on a variable-resolution array, with the pixel

size outside the ROI 4 times as large as the pixel size within the ROI, which is shown in the

right panel of Fig. 7.2. Comparing the reconstruction on a variable-resolution array with

the reconstructions on uniform-resolution arrays, we observed that the ROI in the variable-

resolution image is comparable to the ROI in the uniform high-resolution image, while the

region outside the ROI in the variable-resolution image is comparable to the corresponding

region in the uniform low-resolution image. In such a variable-resolution image, all the bar

phantoms can be resolved and the shape of fine structures are well recovered and comparable

to the truth. Although the ROI images in the variable-resolution image and in the uniform

high-resolution image are identical to each other, the total number of elements in the former

array is much less than in the latter one.

7.2.2 FORBILD head phantom study
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Figure 7.4: Image of FORBILD head phantom (top row) reconstructed by use of the ASD-
POCS algorithm on a uniform-resolution array with pixel size 0.049 cm (left), a uniform
resolution array with pixel size of 0.01225 cm (middle), and a variable-resolution array spec-
ified by the combination of a = 0.01225 cm and b = 0.049 cm (right). Display window: [1.0,
1.1] cm−1.

Study design We mimic a C-arm CBCT configuration with a source-to-detector distance

of 200 cm, and a source-to-rotation-axis distance of 100 cm. The 2-dimensional detector

consists of 512 detector element of size 0.02 cm. We generate data from an analytic FORBILD

phantom, shown in Fig. 7.1, at 360 views uniformly distributed over 2π.

In this study, we select image arrays with a = 0.01225 cm to combine with b = 0.01225 cm

and 0.049 cm, respectively. Clearly, the first combination yields a uniform-resolution array,

whereas the second combination results in a variable-resolution array with a decreasing ratio

between a and b.

Study results Again, we firstly reconstruct images by using of ASD-POCS algorithm on

two uniform-resolution arrays, the pixel size of one array is four times as large as the pixel

size of the other one. Similar to the previous case, the ROI in the uniform high-resolution

image is comparable to the ROI in the truth: the boundary of each ear-hole is round, but

154



(a) (b)

Figure 7.5: An anthropomorphic head phantom image (a) reconstructed by use of ASD-
POCS on a uniform-resolution array with pixel size of 0.024 cm, with an ROI enclosed by a
white box; A zoomed-in view of the ROI image (b). Display window: [0.1, 0.3] cm−1.

the shape ear-holes in the uniform low-resolution image is changed: the boundaries are not

round any more and become stair-shaped or flat.

We also performed optimization-based image reconstruction on a variable-resolution im-

age array, illustrated in the right panel of Fig. 7.4. In this result, although the structures in

the region outside the ROI become distorted, the ear-holes within the ROI are still compa-

rable to those in the high-resolution reconstruction result and the truth image. Therefore,

to obtain a high-resolution ROI image, it is not necessary to perform image reconstruction

with uniform fine pixels and a coarse grid outside the ROI is enough. But the total number

of elements in the array can be significantly reduced.

7.3 Physical-phantom studies with variable resolution

7.3.1 Data acquisition

As a preparation towards investigating animal/patient image reconstruction from data ac-

quired with clinical CBCT systems, we first conducted a study by using physical-phantom

data collected with a bench-top CBCT system. Full knowledge about the phantom and the
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system is available, which offers a unique advantage in algorithm development/tailoring and

reconstruction characterization.

In this study, data were collected from an anthropomorphic head phantom, which is

constructed based upon real human skeleton, with low-contrast spheres mimicking soft-

tissue organs embedded in the brain region. The scanner is a turn-table-based CBCT system

consisting of an X-ray source operated at 120 kVp and a 1024×1024-bin flat-panel detector.

A circular scanning geometry was employed, in which X-ray exposures were taken at 960

views uniformly distributed over a 2π angular range.

7.3.2 Reconstruction results

We reconstructed from the phantom data three images by using the ASD-POCS algorithm.

First, two images were reconstructed with uniform-resolution arrays, a high-resolution array

of 0.024 cm pixels and a low-resolution array of 0.192 cm pixels. The image reconstructed

on the high-resolution array is displayed in Fig. 7.5(a). An ROI is defined in Figs. 7.5(a) by

a white box, which is centered at the sinus, a region of rich details of bone structures often

critical for performing IGS tasks. We then performed the third image reconstruction from

the same data on a variable-resolution array, by using the approach developed. The variable-

resolution array is composed by pixels of size a = 0.024 cm within the ROI, and pixels of size

b = 0.192 cm outside of the ROI. The images within the ROI of those reconstructions are dis-

played in Fig. 7.6. Observation can be made that the image quality of the variable-resolution

reconstruction is visually comparable to that of the uniform high-resolution reconstruction

within the ROI. This result suggests that the considerable reduction on the number of image

pixels outside of the ROI appears to have little impact on the reconstruction quality within

the ROI, while a large amount of computation burden and memory consumption can be

spared.
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(a) (b) (c)

Figure 7.6: ROI images reconstructed by use of ASD-POCS algorithm from data of the
anthropomorphic head phantom on arrays of uniform-resolution array with pixel size of 0.024
cm(a), a uniform-resolution array with pixel size of 0.196 cm (b), and a variable-resolution
array specified by the combination of a = 0.024 cm and b = 0.196 cm (c). Display window:
[0.1, 0.3] cm−1.
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Figure 7.7: Toshiba Aquilion ONETM CT scanner.

7.4 Animal/patient studies from diagnostic-CBCT data

7.4.1 Data acquisition

In the work, we focus on image reconstruction from patient and swine data collected with

an Aquilion ONETM CT scanner (Toshiba American Medical Systems, Tustin, CA, USA),

shown in Fig. 7.7. In the CT scanner, the distance between the X-ray source and the center

of rotation is 60 cm; the detector consists of 320 rows of bins, each of the 320 rows composes

896 bins, thus forming a fan angle of 49.2◦.

The patient and swine data were collected at 1200 views over 2π. Specifically, in the

patient study, the subject was scanned with X-ray energy of 135 kVp and current at 100

mAs, whereas for the swine study, the animal was scanned with X-ray energy of 100 kVp

and current at 275 mAs. The projection data were corrected for scatter and beam-hardening

by use of Toshiba’s standard method installed on the scanner. In this study, data of the

middle row was extracted for image reconstruction.
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Figure 7.8: Patient (left) and swine (right) images reconstructed by use of the ASD-POCS
algorithm in which ROIs are indicated by the white solid lines. The pixel sizes of 0.064 cm
and 0.0625 cm are used in the uniform-resolution arrays, respectively, for the patient and
swine reconstructions.

7.4.2 Selection of image arrays

In our studies below, without loss of generality, we consider four variable-resolution arrays

determined by the selection of four different combinations of pixel sizes a and b, as shown in

Fig. 1. Specifically, for the patient study, we select a = 0.064 cm to combine with b = 0.064

cm, 0.128 cm, 0.256 cm, and 0.512 cm, respectively. Clearly, the first combination yields

a uniform-resolution array, whereas the other three combinations result in three variable-

resolution arrays with a decreasing ratio between a and b. Similarly, for the swine study,

four image arrays were determined by the four combinations of a = 0.0625 cm with b = 0.0625

cm, 0.125 cm, 0.250 cm, and 0.500 cm, respectively. Again, the first combination produces

a uniform-resolution array, whereas the other three combinations result in three variable-

resolution arrays, also with a decreasing ratio between a and b.

7.4.3 Results

Reconstruction from patient data We first performed optimization-based reconstruc-

tions on a uniform-resolution array consisting of pixels of size a = 0.064 cm, and show

the ASD-POCS reconstruction in the left panel of Fig. 7.8. The ROI image enclosed by

the white lines is also shown in a zoomed-in view in the first rows of Figs. 7.9-7.11, and

it is used as a gold standard against which ROI reconstructions on variable-resolution ar-
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rays are compared. We then carried out ASD-POCS reconstructions on three additional

uniform-resolution arrays with pixel sizes of 0.128 cm, 0.256 cm, and 0.512 cm, respectively,

and display the corresponding ROI images in the second rows of Figs. 7.9-7.11. Clearly,

reconstruction resolution decreases as the pixel size increases from 0.064 cm to 0.512 cm.

We also performed optimization-based reconstructions on three different, variable-resolution

arrays, in the patient study, as described in Sec. 7.4.2. In row 3 of Figs. 7.9-7.11, we display

the respective ROI images reconstructed by using the ASD-POCS algorithm.

Comparing ROI reconstructions of Figs. 7.9-7.11 with the gold standard in the first row

of Figs. 7.9-7.11, we observe that images within regions outside the ROI, with increased pixel

sizes, rapidly lose their resolution, as expected. However, image resolution within the ROI

remains virtually unchanged, and is comparable to the gold standard resolution, even though

the ratio between the pixel sizes within and outside the ROI has decreased considerably.

Reconstructions from swine data Again, we carried out optimization-based recon-

structions on a uniform-resolution array consisting of pixels of size a = 0.0625 cm, and show

the ASD-POCS reconstruction in the right panel of Fig. 7.8. The ROI image enclosed by the

white lines is also shown in a zoomed-in view in the first rows of Figs. 7.12-7.14, and it is also

used as a gold standard against which ROI reconstructions on variable-resolution arrays are

compared. We also did ASD-POCS reconstructions on three uniform-resolution arrays with

pixel sizes of 0.125 cm, 0.25 cm, and 0.5 cm, respectively, and display the ROI images in the

second rows of Figs. 7.12-7.14. It can be observed that reconstruction resolution decreases

as the pixel size increases from 0.0625 cm to 0.5 cm.

We then performed optimization-based reconstructions on three different, variable-resolution

arrays, in the swine study, as described in Sec. 7.4.2. In row 3 of Figs. 7.12-7.14, we display

the respective ROI images reconstructed by using the ASD-POCS reconstruction algorithm.

Comparison of ROI reconstructions in row 3 of Figs. 7.12-7.14 with the gold standard

reconstruction displayed in row 1 of Figs. 7.12-7.14 reveals that observations similar to those

made for the patient study above can also be made for the swine study.
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Figure 7.9: Images reconstructed by use of the ASD-POCS algorithm from patient data on a uniform-resolution array with
pixel size 0.064 cm (column 1), a uniform-resolution array with pixel size 0.128 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.064 cm and b = 0.128 cm (column 3). A zoom-in view of ROI images are displayed in the
bottom row. A display window [-6, 13] is used.
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Figure 7.10: Images reconstructed by use of the ASD-POCS algorithm from patient data on a uniform-resolution array with
pixel size 0.064 cm (column 1)), a uniform-resolution array with pixel size 0.256 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.064 cm and b = 0.256 cm (column 3). A zoom-in view of ROI images are displayed in the
bottom row. A display window [-6, 13] is used.
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Figure 7.11: Images reconstructed by use of the ASD-POCS algorithm from patient data on a uniform-resolution array with
pixel size 0.064 cm (column 1), a uniform-resolution array with pixel size 0.512 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.064 cm and b = 0.512 cm (column 3). A zoom-in view of ROI images are displayed in the
bottom row. A display window [-6, 13] is used.
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Figure 7.12: Images reconstructed by use of the ASD-POCS algorithm from swine data on a uniform-resolution array with
pixel size 0.0625 cm (column 1), a uniform-resolution array with pixel size 0.125 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.0625 cm and b = 0.125 cm (column 3). A zoom-in view of ROI images are displayed in
the bottom row. A display window [-8.5, 16] is used.
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Figure 7.13: Images reconstructed by use of the ASD-POCS algorithm from swine data on a uniform-resolution array with
pixel size 0.0625 cm (column 1), a uniform-resolution array with pixel size 0.25 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.0625 cm and b = 0.25 cm (column 3). A zoom-in view of ROI images are displayed in the
bottom row. A display window [-8.5, 16] is used.
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Figure 7.14: Images reconstructed by use of the ASD-POCS algorithm from swine data on a uniform-resolution array with
pixel size 0.0625 cm (column 1), a uniform-resolution array with pixel size 0.5 cm (column 2), and a variable-resolution array
specified by the combination of a = 0.0625 cm and b = 0.5 cm (column 3). A zoom-in view of ROI images are displayed in the
bottom row. A display window [-8.5, 16] is used.
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7.5 Patient Studies from dental-CBCT data

7.5.1 CBCT imaging system and data acquisition

We collected patient data with an iCAT dental CBCT system, shown in Fig. 7.15, operated

with X-ray energy of 120 kVp and tube current of 20 mAs. The distances from the source to

the rotation axis and to the detector are 49.77 cm and 71.69 cm, respectively. The detector

consists of 480× 384 elements of size 0.508× 0.508 mm2. The diameter of the field-of-view

(FOV) is about 13 cm within a transverse plane. In this study, the patient was scanned over

2π angular range at 300 projection views. The data contain truncation due to the limited

size of FOV.

7.5.2 Image arrays of variable resolution

In this study, we employ 3D arrays of variable resolution, which includes a rectangle-shape

ROI consisting of voxels of size a, and volume surrounding the ROI composing of voxels

of size b. When a = b, a variable-resolution array becomes a uniform-resolution array. If

a 6= b, as the ratio a/b varies, different levels of resolution are obtained for the ROI and

its surrounding volume. In particular, when a < b, the array thus includes an ROI with

resolution higher than that in the region surrounding the ROI.

In our studies below, we consider four arrays determined by the selection of four different

combinations of voxel sizes a and b. Specifically, we select a = 0.3 mm to combine with

b = 0.3 mm, 1.2 mm, 2.4 mm, and 4.8 mm, respectively. The first combination yields

a uniform-resolution array, whereas the other three combinations result in three variable-

resolution arrays with an increasing ratio between b and a.

7.5.3 Reconstruction results

We first performed optimization-based reconstructions on a uniform-resolution array con-

sisting of voxels of size a = 0.3 mm, and showed the ASD-POCS reconstruction in the top
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Figure 7.15: i-CAT dental CT scanner.
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left panel of Figs. (7.16)-(7.18). The ROI image is enclosed by the white box, and it is used

as a reference to those ROI reconstructions on variable-resolution arrays.

We then carried out reconstructions by using ASD-POCS on three different, variable-

resolution arrays, as shown in Figs. (7.16)-(7.18). Comparing reconstructions on variable-

and uniform-resolution image arrays, we observe that images within regions outside the ROI

lose rapidly the resolution with increased voxel sizes, as expected, while image resolution

within the ROI remains virtually unchanged. For instance, in Figs. (7.16) and (7.17),

the ROI images on variable-resolution arrays is comparable to that on uniform-resolution

array, and detailed information of root canals of teeth and sinus are clearly revealed. It

is worth noting that, although image quality within the ROI are comparable in the four

reconstructions, the ratio between the voxel sizes outside and inside the ROI has increased

considerably.

7.6 Discussion

In this chapter, we have investigated 2D and 3D optimization-based reconstructions by using

the modified ASD-POCS algorithm on images with variable resolution, from both simula-

tion and real-data. The results demonstrate that properly designed iterative algorithms

can reconstruct an image on an array with variable resolution, yielding an ROI image with

quality comparable to that obtained with an image array with uniform, high resolution. Re-

sults of this work may have implications for practical applications of iterative reconstruction

algorithms as they can be exploited for reducing computation memory and time.

It is worth noting that, in certain CBCT imaging applications, there may exist special

requirements which may result in non-conventional CBCT imaging configurations, such as

sparse-view CBCT imaging, imaging with limited angular range, or truncated data. Ex-

isting work suggests that when applied to those data, the image quality of reconstructions

are degraded due to artifacts. Due to the reduced total number of pixels, the proposed

optimization-based reconstruction based on arrays of variable resolution may yield high-
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Figure 7.16: A transverse slice of images reconstructed by use of the ASD-POCS algorithm
from patient data on a uniform-resolution array with voxels of size 0.3 mm (top left), a
variable-resolution array with voxels of size a = 0.3 mm and b = 1.2 mm (top right), a
variable-resolution array with voxels of size a = 0.3 mm and b = 2.4 mm (bottom left), and
a variable-resolution array with voxels of size a = 0.3 mm and b = 4.8 mm (bottom right).
ROI is enclosed within a white box. A display window [0.2, 0.5] cm−1 is used.
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Figure 7.17: A transverse slice of images reconstructed by use of the ASD-POCS algorithm
from patient data on a uniform-resolution array with voxel size of 0.3 mm (top left), a
variable-resolution array with voxels of size a = 0.3 mm and b = 1.2 mm (top right), a
variable-resolution array with voxels of size a = 0.3 mm and b = 2.4 mm (bottom left), and
a variable-resolution array with voxels of size a = 0.3 mm and b = 4.8 mm (bottom right).
ROI is enclosed within a white box. A display window [0.05, 0.3] cm−1 is used.
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Figure 7.18: A sagittal slice of images reconstructed by use of the ASD-POCS algorithm
from patient data on a uniform-resolution array with voxel size of 0.3 mm (top left), a
variable-resolution array with voxels of size a = 0.3 mm and b = 1.2 mm (top right), a
variable-resolution array with voxels of size a = 0.3 mm and b = 2.4 mm (bottom left), and
a variable-resolution array with voxels of size a = 0.3 mm and b = 4.8 mm (bottom right).
ROI is enclosed within a white box. A display window [0.05, 0.3] cm−1 is used.
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resolution ROI with substantially reduced artifacts in such scan conditions.
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CHAPTER 8

DISCUSSION

In this thesis, we have developed and utilized optimization-based reconstruction tools for

enabling non-conventional tomographic imaging configurations, and for remedying existing

challenges of interest in practical applications. We have demonstrated that, with appro-

priately designed optimization programs, optimization-based reconstruction tools can be

obtained for 1 ) reducing the artifacts existing in the off-middle plane of FDK reconstruction

from short-scan CBCT data, 2 ) enabling a sparse-PET configuration with reduced crystal

while not significantly compromising the image quality, and 3 ) allowing iterative reconstruc-

tion based on an image with variable resolution.

In Chapters 2 and 3, we have investigated optimization-based reconstruction from short-

scan CBCT data and focused on artifact reduction at the off-middle plane. We first designed

numerous optimization programs, with data fidelities such as data-`2, data-`1, and data-KL

fidelities, and image constraints such as image-`2, image-`1, and image-TV. It is worth

studying both data fidelities and image constraints, because both play an important role

in the design of optimization programs in CBCT. We then employ a primal-dual algorithm

developed by Chambolle and Pock (CP) for solving those convex optimization programs.

By using a single algorithm for solving all of the optimization programs, it may avoid any

reconstruction differences arising as a result of using different algorithms for solving different

optimization programs. We further carried out inverse-crime studies to validate the derived

CP algorithms. After the algorithm derivation and validation, we have utilized the developed

tools to investigate optimization-based reconstructions by using CP algorithm for possible

reduction of image artifacts often observed in FDK reconstruction from real short-scan CBCT

data. The study confirms that optimization-based reconstruction with appropriate image

constraints such as the image-TV constraint can reduce FDK-reconstruction artifacts in

CBCT with a short-scan configuration. As the results demonstrated, a direct benefit of such

an artifact reduction can be an improved contrast level of low-contrast anatomic structures
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that are otherwise obscured by the artifacts. Furthermore, we notice that, although the

selection of different weighting matrices in Chapters 2 and 3 has a significant impact on FDK

reconstruction, it appears to have insignificant effect on optimization-based reconstructions.

In Chapters 4 and 5, we have designed a sparse-PET system containing fewer detectors

than that in a conventional PET configuration, and we investigated image reconstruction by

using the CP algorithm for solving image-TV-constrained optimization problems associated

with different data fidelities, such as data-`2, data-`1, and data-KL fidelities. A Gaussian

blurring matrix is included in the designed optimization programs. This is because data

collected in PET imaging generally have SNR considerably lower than that of data in typ-

ical CT imaging, and transitions among different uptake regions in a PET-activity map

is observed to be generally not as sharp as that among some anatomic regions in a CT-

attenuation map. Therefore, a desired PET image is formulated as a product of a latent

image and Gaussian blurring matrix, and the TV constraint is applied to the latent image

instead of the desired PET image. This formulation thus allows for a latent image with

sparser gradient magnitude image than the desired image, and avoids yielding an image

with significant patchy textures when the data have low SNR. Again, we have carried out

inverse-crime studies to verify whether the CP algorithm can accurately solve the designed

optimization programs. Employing the developed CP algorithms, we have performed an

investigation on applying TV-constrained optimization techniques to reconstructing PET

images from real data, with both full- and sparse-PET configurations. Results show that

the proposed CP algorithm can be exploited for enabling a PET configuration with sparsely

populated detectors by extracting the sparse data from the full data. Further, we show that

the behavior of the optimization-based reconstruction depend on numerous factors, which

include the selection of program parameters (e.g., image constraint and voxel size), different

designs of optimization problem (e.g., different data fidelities and image constraints), and

data conditions, etc.

In Chapters 6 and 7, we have studied optimization-based reconstruction on images
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with variable resolution. In particular, we designed the data-`2-constrained image-TV-

minimization program, and investigated the ASD-POCS algorithm for reconstruction with

image of variable resolution. The calculation of key components of the algorithm, such as the

forward and backward projections, the image TV, and the gradient of image TV, have been

tailored to images of variable resolution. An inverse-crime study was carried out to validate

the implementation of the modified ASD-POCS algorithm. Further, we have investigated

2D and 3D optimization-based reconstructions from both simulation and real-data, by using

the modified ASD-POCS algorithm on images with variable resolution. Results show that

images of variable resolution can be used in optimization-based reconstruction, and the total

number of image voxels can be reduced, thus relieving the computational burden. It is worth

noting that, although the focus of the work is to develop the ASD-POCS with variable res-

olution in CBCT, the concept and techniques developed can readily be generalized to other

existing iterative algorithms such as EM, SART, and CP algorithms.

In summary, optimization-based reconstruction in tomographic imaging offers great flex-

ibility in program design, shows capacity for improving image quality, and demonstrates the

potential for enabling innovative imaging configurations. To date, many optimization algo-

rithms, such as CP and ASD-POCS algorithm, have demonstrated to be able to solve those

convex optimization problems, mathematically or practically. However, it is worth noting

that, optimization algorithms often involve numerous parameters for image reconstruction,

the selection of which may have huge impact on the outcome. Therefore, in studies of

optimization-based reconstruction, it is of interest and significance to carefully investigate

program/algorithm/convergence parameters, and how those parameters affect image recon-

struction.
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