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ABSTRACT

This dissertation presents a series of compact perturbative methods to calculate neutrino
oscillations in matter with uniform density. In the method we implement multiple rotations
to figure out zeroth order approximations. The rotations are able to resolve zeroth order
degeneracy so the higher order corrections can converge for the complete matter potential
versus baseline divided by neutrino energy plane. The rotations also diminish scales of
perturbative terms of the Hamiltonian operator. The expansion parameter used in the
method is not a constant. Its scale can be restricted to be smaller than ratio of the solar
to the atmospheric Am? globally. In vacuum the expansion parameter is strictly equal to
zero, thus the zeroth order approximations return to the exact vacuum values. We use
analytic derivations and numerical tests to prove the favorable properties. Moreover, the
zeroth order eigenvalues of the Hamiltonian (differences of neutrino mass squares) can be
inserted into a recently rediscovered identity which relates a Hermitian operator’s eigenvalues
to eigenvectors to give simple and symmetric expressions of the mixing angles and CP phase
with extraordinary precision. Finally, the method can be extended from the standard three
flavors neutrino scheme to a scheme with one more sterile neutrino, with its advantages

inherited.



CHAPTER 1
INTRODUCTION

Neutrinos are elementary particles which have three possible flavors, ve, vy, and v;. A
neutrino created with one specific flavor has a non-zero probability (which is called oscillation
probability) to propagate into another flavor later. This phenomenon is called neutrino
oscillation. Since in Schrodinger’s equation the Hamiltonian operator generates the time
evolution, neutrino oscillations prove a non-zero Hamiltonian operator of neutrinos. The
Hamiltonian operator must have non-zero eigenvalues, thus the corresponding eigenstates
are massive. This is an assuredly signal of physics beyond the Standard Model because in the
Standard Model neutrinos are presumed to be massless. The discovery of neutrino oscillation
has provoked plenty of interests and inspired and triggered theoretical and experimental
researches in the past decades.

As the flavor eigenstates are not invariant in time evolution, they are not parallel to any
eigenstates of the Hamiltonian. The basis formed by the Hamiltonian’s eigenstates is called
energy or mass basis, and the flavor eigenstates form the flavor basis. As a straightforward
conclusion in linear algebra, the two basis can be related by a unitary transformation. The
unitary matrix representing this transformation is defined as Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix [47, 56]. For a Hilbert space spanned by the three flavor eigenstates
(also by the energy basis), both the Hamiltonian and the PMNS matrix are 3 x 3 matrices.
A 3 x 3 unitary matrix can be written as product of three complex rotations, each rotation
is constraint in a 2-dimensional plane. Therefore in mathematics the PMNS matrix can be
uniquely determined by at most three real rotation angles, which are defined to be mixing
angles, and three complex phases. On the other hand, in physics if all the flavor (or energy)
eigenstates multiply a same complex phase simultaneously, no observable will be changed
hence we are free to eliminate two complex phases. The only surviving phase is called CP

phase because it is related to neutrino CP violation. In modern theories, vacuum values of
1



the mixing angles and CP phase are fundamental parameters in nature. Values of the mixing
angles and CP phase are not observables, thus cannot be measured directly by experiments.
However, these values are closely related to the oscillation probabilities which are measurable.

Common solutions to measuring neutrino oscillation probabilities on the Earth are ac-
celerator neutrino projects. Present projects include but are not limited to T2K [40], NOvA
[14]. Projected ones include DUNE [8], T2HK [3], etc. Typical structure of such an ex-
perimental facility includes a source of neutrino beam, a near detector, and a far detector.
The near detector is quite close to the source and measure flux of the initial neutrino beam
(usually in a pure flavor). Then the neutrino beam propagates a significant distance to the
far detector and flux of a selected flavor (can be same as or different from the initial flavor)
is measured. In this way people can figure out a disappearance (same flavor) or appearance
(different flavors) probability of the given setup. If the neutrino beam’s energy is E, spatial
distance between the near and the far detectors (baseline length) is L, and the near detector
measures flavor a and the far detector measures flavor 3, in theory the oscillation probability
is given by

m2 L2

P S
Posp = ‘Z UsjUgje ' 38| (1.1)
j

where U, ; is the PMNS matrix’s element in the ath row, jth column and m? is the Hamil-
tonian’s jth eigenvalue (m; is a value of neutrino mass). It is trivial to prove that the
oscillation probabilities will not be changed if the Hamiltonian adds a multiple of identity
matrix. Therefore the oscillations probabilities depend on gaps between the eigenvalues
2 2

i_m]

Amgj =m rather than the eigenvalues themselves. In vacuum, only absolute value
of Am%Q can be determined but not its sign, we define Am§2 > () to be normal mass order
(NO) and < 0 to be inverted mass order (I0). A neutrino beam propagates in straight line
and L can be as long as hundreds of kilometers (e.g. 810km for NOvA, 1,300km for DUNE).
Because of curvature of the Earth surface, before reaching the far detector, the beam must

propagate through the Earth crust and interact with the crust materials by the Wolfenstein
2
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Figure 1.1: Bievents plots of NOvA (left) and T2K (right). In the left plot IH and NH mean
inverted order and normal order, respectively. CP phase is the running parameter. Plots are
taken from [15, 24]

matter effect [60]. Because of the matter effect, NH and IH will not give identical oscilla-
tion probabilities. Fig. 1.1 displays bievents plots of T2K and NOvA which can be used to
distinguish mass hierarchies.

The matter effect adds a potential term into the Hamiltonian operator in vacuum and ob-
viously the Hamiltonian’ eigenvalues will be changed. The added potential term is diagonal
in the flavor basis but not in the vacuum energy basis, which means that potential term does
not commute with the vacuum Hamiltonian and the two matrices cannot be diagonalzied
simultaneous. Therefore the PMNS matrix will also be changed. Density of shallow layer of
the Earth crust is about a constant value. For the Wolfenstein matter effect with uniform
matter density, exact analytic solutions for the standard three flavors scheme were calculated
[17, 62]. However, because of the exact solutions’ complex expressions which impede under-
standing of the structure of the neutrino oscillations, their usages have been seriously limited.
Alternatively, approximated methods based on perturbative expansions have been developed
for theoretical and computational approaches to neutrino oscillations. Possible options of

expansion parameter which have been used include vacuum values of sin 613 (013 is rotation
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angle of the 13 plane rotation of the PMNS matrix) and Am%/Amgtm = Am%l/Am§2
[13, 20, 48]. For sinf3, based on recent measurements its vacuum value is around 0.13,
which is not very small, therefore to achieve an acceptable level of precision one must go
to higher order correction terms making lengthy expressions. Moreover, if we expand with
sinf3, two Oth order eigenvalues (diagonal elements of the Hamiltonian) will cross near
E ~ 10GeV. Because of this degeneracy the higher order expansion terms will not converge.
In vacuum Am%l / Am§2 ~ (.03 which is smaller than sin#13. But a Oth order degeneracy
problem still exists near FF ~ 140MeV. Because of the defects of the previous perturbation
methods, we need to figure out new approximation approaches.

We develop and improve a series of new compact perturbative methods to calculate
neutrino oscillations in matter. We use rotations to resolve any possible Oth order degeneracy
and decrease scales of perturabtive terms. The expansion parameter will not be a constant
but guaranteed to be smaller than Am%l / Am?ﬂ and exactly zero in case of vacuum. The
new method will be simple and with high precision. Considering the plenty of computing
resources consumed in analysis process in neutrino experiments (for example, see [57] for
NOvA), the methods of this dissertation have potential usage in future analysis of neutrino
oscillations. In this dissertation a recently rediscovered identity in linear algebra called
ergenvector-eigenvalue identity and its application in neutrino physics will also be introduced.
Affects of this work in the high energy physics community and media can be found in [21, 59].

This dissertation is organized as follows. We first derive the new method of rotations
for the standard three flavors neutrino scheme in details in Chapter 2 and demonstrate its
desirable properties by analytic and numerical calculations. In Chapter 3 we compare the
rotations with perturbative expansions and strictly analyze precision of the eigensystems
given by the rotation method. In Chapter4 we introduce the eigenvector-eigenvalue iden-
tity and its application in neutrino physics and discuss how the approximated results from

the rotation method can be inserted into the identity. In Chapter5 we extend the rotation



method from the standard three flavors scheme to a scheme with one more sterile neutrino.
Conclusions are in Chapter 6. Some useful supplementary materials can be found in appen-
dices.

Materials of this dissertation include methods and conclusions from five published papers
27, 54, 29, 26, 28] by the author. [27, 29, 28] are coauthored with Peter. B. Denton and
Stephen Parke. [54] is coauthored with Stephen Parke. [26] is coauthored with Peter. B.

Denton, Stephen Parke, and Terence Tao.



CHAPTER 2
COMPACT PERTURBATIVE EXPRESSIONS FROM
ROTATIONS

We start from the standard three flavors neutrino scheme. The Schroger equation for neutrino

oscillations in matter is:

0
Z& vy =H|v). (2.1)
In the flavor basis [v) = |vf) = (ve, vy, vr)T, the Hamiltonian represented in the same basis
1s

1

H=H;= 25 Upning diag(0, Am3,, Am%l) UE’MNS + diag(a(z), 0, 0)] : (2.2)

The unitary PMNS matrix Uppng can be written as product of three complex rotations in

12, 13, and 23 planes as:

Upnns = Uas(023,0) U13(013) Ur2(612), (2.3)
with
1 13 513
U3 (23,0) = 93 soged |, Upz(f13) = 1 :
—593 e 10 €23 —513 €13
cl2 S12
Ura(b12) = | —s19 c1o (2.4)
1

In the above equations s;; = sinb;;, ¢;; = cos 0;;, 0;; represents the real rotation angle in the
ij plane and 4 is a complex phase. In neutrino physics 6;; are called (vacuum) mixing angles

and ¢ is called the CP-phase. For three complex rotations there should be three complex
6



angles but in Eq. 2.3 there is only one. The reason is that the whole flavor or energy basis
are free to multiply a same complex phase and this does not change any physics observable.
Therefore it is free to eliminate two complex phases. For a uniform matter density in Eq. 2.1

a(x)/2E = a/2F is a constant, a is given by

_ Yep E
=2V2Gr N, E~152x 104 ¢ 2.
oo i B 1) () o5

where Y, is the number of electron per nucleon and p is the matter density.

2.1 Zeroth Order Approximation from Rotations

In this section we are going to review a process [25] of implementing a sequence of rotations
to transform the Hamiltonian operator given in Eq. 2.2. The rotated Hamiltonian’s diagonal
elements will be zeroth order approximations of the eigenvalues with high precision and sizes
of the off-diagonal elements will be controlled small. Moreover, the rotations can resolve
crossings of the diagonal elements thus resolve possible zeroth order degeneracy and make
perturbative expansions well-defined for arbitrary neutrino energy. The flavor neutrino basis
will be rotated simultaneously and naturally induce zeroth order energy basis (eigenvectors
of the Hamiltonian) in matter.

In the flavor basis, it is observed that the matter potential term is invariant under any
23 rotation and the Hamiltonian’s complex phase, known as CP phase, is introduced by the
complex rotation in 23 plane Usz(fog, d). If we implement its inverse rotation, the Hamilto-
nian will be real and the following calculation will be significantly simplified. Therefore we

can first define
H= U§3(9~23, 5) Hf Ugg(égg7 5), with 523 = B3, 6=19. (2.6)

In the above equation even 93 and 0 have the same values with the corresponding vacuum

7



parameters, they should not be replaced by 63 and §. The reason is that we are using a
tilde symbol to indicate the zeroth order approximation of a parameter in matter. After

calculating the matrices production it can be shown that

Aa s13c13AmZ, 13

ot
I
|

A + €512C12 e c —S
28 b 2F 13 13

2
513C13Amg, A —513

(2.7)

In R.H.S. of Eq.2.7, s;; and ¢;; represent sin6;; and cos6;; respectively and € is a small
parameter defined as

e = Am3,/Am?2,, (2.8)

with

Amge = cos? 912Am§1 + sin? 612Am§2 = Am%l — sin? 912Am%1. (2.9)

The three diagonal elements of H are defined as

Aa = at (s73 + esiy) Amg,,

2
ees

Ap = ec%QAm

Ac = (0%3 + ES%Q)Amge. (2.10)

Observe the elements of H, it is evident that the 13 sector contributes the leading order
off-diagonal entries. Moreover, in Eq.2.3, the convention to write the PMNS matrix as
rotations’ product indicates that a rotation in 13 plane should be perform after the 23
rotation. Therefore it’s reasonable to make U13(9~13) diagonalize this sector. After this

rotation

1 = Ul3(013) HU13(013)



A= 9 “(15—013)
= L + €c19S Me 5 7] (2 11)
2F Ao 121279 “(013-613) S(br3—013) |77
A+ %(13—013)
where
1 ; 2 2 232
Ay = 3 (Ao + Ae) £ s1gn(Amee)\/()\a — Ae)? +4(s13¢13AmZ, )~ |,
Ao = ecioAm2,. (2.12)
With the diagonal elements above, 613 can be determined by
_ Ao — )\ _
sinfy3 = 22— 2¢ 15 € [0,7/2]. (2.13)
Ay — Ao

The next rotation will be in the 12 plane. It is not only because of the convention in
Eq.2.3. More importantly, it can be shown that after the first two rotations, the zeroth
order degeneracy near the solar resonance still exists [49]. This degeneracy will be removed
by a 12 rotation. Now U12(0~12) is required to diagonalize the 12 sector of I:I, and we define

H to be obtained after this rotation.

H = Uly(012) HU12(612)

A , —S12
1 Amee ~
- 2F A2 + 68(513—913)812012 2F €12 7 214)
A3 —S12 €12
where
1
Al2 = 9 (Ao +A-)F \/(/\0 —A 4(66(6713—913)812012Amge)2 ’



A3 = Ay, (2.15)

and
_ Ao — \ _
sin? 012 = 2 0, 012 € [0, 7/2]. (2.16)
A2 — A1
We can define a new expansion parameter
/ f— ~
€ = €55, _gy4)512€12- (2.17)

Then in the R.H.S. of Eq. 2.14 it is straightforward to find the zeroth order term Hy and the

perturbative term Hj:

H = Hy + Hjy, (2.18)
with
A1 Sy —512
. 1 . e Am
Hy = — Hi = ee c . 2.19
0~ 9F A2 Ml °F C12 (2.19)
A3 —512 €12

A, A9, and A3 are the three zeroth order eigenvalues. Plots in Fig. 2.1 show that their
crossings have been resolved so the zeroth order degeneracy has been removed.
The three rotations also give zeroth order approximations of the energy eigenvectors.

The zeroth order approximated energy eigenvectors are given by

)0 = U, (012) Ul (013) Uy (823, 6) [vy) - (2.20)

It is evident that in vacuum, i.e. when a = 0, we have 613 = 613 and 019 = 69 thus the
perturbative Hamiltonian term will vanish so the zeroth order approximations will go back

to the exact solutions.
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Figure 2.1: The upper two figures show the eigenvalues to zeroth order in matter as functions
of the matter potential. The upper-left plot is for normal mass ordering and the upper-right
plot is for inverted mass order. The lower plot shows the mixing angles sin“ 619, sin“ #;3 to

2
zeroth order in matter, and the solid (dashed) curves are for normal (inverted) mass ordering.
For sin? 619, the curves of both mass orders overlap but are not identical.

2.2 Perturbative Expansions

In this section we are going to go through the first two orders’ corrections using perturbative
expansion [25, 27]. Eq. 2.19 gives the zeroth order and the perturbative Hamiltonian. Zeroth

order eigenvalues and (energy) eigenvectors are given in Eq.2.15 and Eq. 2.20, respectively.
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2.2.1 FEigenvalues

We firstly focus on the eigenvalues. The exact eigenvalues can be written as
A=A+ Agl) + )‘2(2) +. (2.21)

It is noticed that all diagonal elements of the perturbative Hamiltonian are zero which means

all the first order corrections to the eigenvalues vanish, i.e.
A Zop (1) = 0. (2.22)

Actually we can prove that for the perturbative Hamiltonian Hy, all the oddth (e.g. lst,
3rd, 5th...) order corrections to the eigenvalues vanish, this will be discussed in details
in Section 2.3. The second order corrections to the eigenvalues can be figured out by the

equation below:

-\ 12
)‘1(2) _ Z [in(iflz\zk] ' (2.23)
ki i k

Second order eigenvalue corrections are:

(2) 1 A232  ST12
A= —(€ Amg,) N
-9
(2) _ / 22 “12
Ay = —(€ Amg,) N
S ) (2.24)
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2.2.2 FEigenvectors

The exact (energy) eigenvectors |7)®* and their zeroth order approximations are related by

an equation:
Y =w O, with w=a+wlw® ) (2.25)

In the above equation W () is an ith order 3 x 3 matrix. The first order correction is given

by )
2F (Hy)i
(W(l))ij = (05— 1) —)\i(_ 1;}’ : (2.26)

If we substitute Hy’s elements into the above equation, it is straightforward to have

25
371
w = ¢ Am2, an | (2.27)

Ns-o

512 __C12
A3—A1 A3—A2

The second order correction matrix W (%) can be calculated by

(2) Z |2]§ H/I\k)k‘ v=J
W@y, = ] . 2.98
( Vi 1 2E(Hy) i, 2E(H1)k; (2:28)

T
XNi—X; pyRy L]
C ki e

We can figure out all W (2)’s elements:

( 512 >2 _ 2512C12 0
A A3—A1 (A3—=A2)(A2—A1)
w® — _ (€ Amge)” 2519812 < 12 )2 0
2 (A3=A1)(A2—A1) A3—A2 ) )
S ¢
0 0 (Asg\l) + <A3¥A2>

13
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Figure 2.2: The absolute accuracy of the approximations of the mixing angles and CP phase
in matter in this chapter to first order (left) and second order (right) for the normal mass
ordering. The black dashed curves in the left and right plots are |¢’2| and |€3], respectively.
It is evident that the error of sin? of each mixing angle and phase at first (second) order is
about €2 (€3).

2.2.8  Mixing angles and CP phase

We can also figure out correction terms to the mixing angles and the CP phase. Let’s assume

that the exact PMNS matrix with the given a is

USking = € Uas (055, 0%) U3 (05) Ur2(055) €'P

= Ug(fa3,6)U13(013)U12(012)W, (2.30)

In the above equation éfyx and 6 °* are the exact mixing angles and CP phase in matter and
both A and B are some real numbers. Eq.2.30 can be solved orders by order (in €’). We
present the first two order of correction terms below [27]. Numerical tests of the precision

are presented in Fig. 2.2.
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The first order corrections are:

~(1) . 2 ~ = 1 !
03 = €' Amg,312¢19 ()\3 — Xy A3 =M1/

=2 -2
) — _ Am2 f13 2, 12 7
12 “Coz \ A3 - A1 A3
=2 -2
61 — A2 5 12, 12
23 Teets \ M A3 )

~ 2Co ;5 55 §2 62
RO _E/Amges %922 (A i2A +5 fA . (2.31)
265313 \ A3 — A 3 A2

The second order corrections are:

~(2 s 2

D (UL

5(2) 5

015 = (Wa)i2 — 13(W1)13(W1)23,
13

(2)  C5513 Cag 5 9
953): 2 (W3 (W1)as + —22 [(W1)23] 7,

13 52093 13
5 2cy5,.56513 2(1 +C o0 )85Cs
0@ = —<W1>13<W1)23+ B [(WY)a3)?, (2.32)
5904313 01332523

where W] and W9 are 3 x 3 matrices. W is in first order (of ¢') and W3 is in second order.

In the above equations (W7{)13, (W{)23, and (W5)12 are

1 1
D13 = € Am2. 5196 - 2.

22 ~2
(W!)gg = € Am? 12, ‘2
! NN =AM A3 A

~2
N (f Am2 V25007 ‘12
(W2)12 (6 mee) 512€12 ()\3 — )\2)()\2 _ )\1)

3%2 1 6%2 B 5%2 250
(/\3 - )\1)0\2 — )\1) 2 ()\3 — )\2)2 ()\3 — )\1)2 . .
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Figure 2.3: This figure shows AJ™ defined in Eq.2.40 through second order (red curve) for

the normal mass ordering. The black dashed line is €’ 3,

2.2.4 Some identities

In general all the mixing angles, CP phase and eigenvalues will be altered by the matter
effect. However, there are still some quantities which are invariant in matter, thus give some
identities.

One of such identities is the Naumov-Harrison-Scott identity [50, 39]. It is written as

s12c12513¢352302385 | [ Am; = 33 ef3 3{5 off 2 a5§ egf s [T =A%), (2.35)
1>] 1>]
As in Eq.2.30, the ex superscript means the exact values in matter. A simpler identity

known as the Toshev identity [58] is written as

_ o&X ~ex
5209355 = 595,35 (2.36)
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Combining the above two identities a third identity can be derived [43]

2 Hi>j Amlzj ~€X ~eX ~eX ~ex?2
S12612813C18 T ew = yex) — S12 €12 513 G137 (2.37)
1>9\"Y g

If we define

_ 2
Jr = 512€12513€13,

M — Z€X ~€eX zeX ~ex2
‘]7" = 812 012 813 013 s (238)

where J, is a reduced Jarlskog factor [41] and similarly for the matter values, the third

identity can be rewritten as

2
[1;>; Ami;

J,
" O =A%)

= Jm. (2.39)

For the third identity shown in Eq. 2.39, analytic verification is complicated. An alter-

native numerical test is provided. We define an error function as

2
Hi>j Amij
[Lis i (A = A7)

AJ = JM — (2.40)

With the exact solutions in matter the error function AJ;" should always be zero. However,

ex

if we use our second order approximations to replace the exact values §; I

EZ-‘}?(, A%, then
the expected error function should be in O(€"3) or smaller. We have shown the scale of it (as
a function of energy) in Fig. 2.3, in which we can see that the third identity holds to third

order of € or better.
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2.3 Arbitrary oddth order corrections to the eigenvalues

In Section 2.2 we have noticed that first order corrections to all of the eigenvalues vanish.
Actually this fact is a special case of a more general result that give H; in Eq. 2.19, arbitrary

oddth order corrections to the eigenvalues vanish.

2.3.1 A formal proof in mathematics

We define that H is the zeroth order Hamiltonian and V' is a first order perturbative term,
both of them are Hermitian. |n(0)) and Er(LO) are the zeroth order eigenvectors and eigenvalues

respectively. With the perturbative Hamiltonian, the eigensystem will be modified as

) =35 a0y,
7 k

En=3 EY. (2.41)

where the index ¢ indicates the ith order values. The modified eigensystem must satisfy the
following equation

(Ho+V)[n) = Enn), (2.42)

J

(Ho+V) > al 110) = (3B ) SO 5"l 160). (2.43)
1k 1k

Definition 1. Forp, q, N € N, an Nth order p-q path CZJ,\Q s a product of N matriz elements
of V and can be written in the form of
N-2

CZJX] - ‘/pk1< H Vkiki+1>VkN_1Q7 (244)
1=1

where V;; = (O v 15O, The set of czjg\g is represented by C]Z,\g.
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Definition 2. Forn, p, q, N € N, an Nth order closed n-path 07];7 1s an Nth order p-q path
with p=q =n, t.e.

AN =N (2.45)
We name set of all ¢ to be CYY.

Definition 3. A simple Nth order m-path is an Nth order m-path such that in Eq. 2.44

ki#n for1<i<N-—1.

Proposition 1. The product of an Nth order p-q path and an Mth order q-r path is an
(N + M)th order p-r path; the product of an Nth order closed m-path and an Mth order

closed m-path is an (N + M)th order closed m-path. (trivial to prove.)

Proposition 2. The complex conjugate of an Nth order p-q path is an Nth order q-p path.

Proof of Proposition 2 Because V' is Hermitian, VZ; = Vjj, so

N-2

*N _ 1r% * *

‘pg = pk1< H Vkiki+1>VkN—1q
=1

N-2
- Vklp( H Vki+1ki>quN—1
1=1
= (2.46)
[

Proposition 3. To the ith order corrections, ET(LZ) 1s the sum of monomials proportional to

(i)

ith order closed n-paths. a, . is the sum of monomials proportional to ith order k-n paths.

Before giving the proof of Proposition 3, we would like to give some examples to make

its expression more concrete. To first order

EY = Vi, W = TP o s, (2.47)



In the above equations Vj,y, is a 1st order closed n-path, and V},, is a 1st order k-n path. To

second order

(2) Vi Vien
By = —
;; 50 _ g0

k
2) Vil Vin VinVin
N~ — for k #n. (2.48)
' ; & - B EY - Yy (BY) - B2

In the above equations V,,;..V},, is a 2nd order closed n-path; Vi,;V;,, and V3., Vi, are 2nd

order k-n paths. With the above examples we are ready to give the proof of lemma 3.

Proof of Proposition 3 We are going to use the induction to give the proof. Obviously the
proposition is correct for the several low order corrections. Let’s assume that the proposition
is true until the (¢ — 1)th order corrections.

By Eq. 2.43 we have

(On| (Ho+ V) S 6% 16Oy = (O (Z E}ﬁ) S5 al) k0. (2.49)
A J ik

If we just extract the ith order equivalence

)
0 (i - N
E,(»L )a,(f% + Z Vnkask ) Z Eéj)aq(fn 2 (2.50)
k 7=0
Since a;?) = 0;4, the above equation gives
. . i_l . . .

B = S Vi S palis) 51

k j=1

(i—1)

n consists

Let’s look at the first summation on the R.H.S.. By the assumption that a
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of terms proportional to (¢ — 1)th order k-n paths, V,,;. is a 1st order n-k path, to apply
Proposition 1 their product consists of terms proportional to i¢th order n-n paths, i.e. ith
order closed n-paths. In the second summation, by the assumption E,(Lj ) consists of terms
proportional to jth order closed n-paths, ag{ 7) consists of terms proportional to (i — j)th
order closed n-paths, by applying Proposition 1 again, their product also consists of terms
proportional to 7th order closed n-paths.

Now let’s focus on the proposition related to asg in Proposition 3. The Eq. 2.43 also leads

to

(O] (Ho +V) >3 agin Im @) = (Ok| (3D E) 325" alids ml®) for b #n.
i m j 7 m

(2.52)

Again we can extract the ith order equivalence

. . 1 Z. .
E]go)aslz + Z ijagjf ) = Enm)a?(;,;m). (2.53)
j m=0
We can solve asz from the above equation
1
0 _ 1 (m) ,(i—m) (i-1)
Upg = (0) (0) ( Z En Uy o kajanj ) <2'54)
Ek - En m=1 i

On the right hand side, in the first summation in the bracket, E,(lm) consists of terms pro-

(i=m)

n consists of terms proportional to (i — m)th

portional to mth order closed n-paths, a
order k-n paths so their product consists of terms proportional to ith order k-n paths. In

(i—1)

nj consists of terms proportional

the second summation Vi, is a first order k-j path and a
to (i — 1)th order j-n paths, their product consists of terms proportional to ith order k-n

path.
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Finally we require the corrected eigenvectors to be normalized, i.e.
(nln)y = 1. (2.55)

Substitute Eq. 2.44 into the above equation we get
SO a0 S el 160 = 1, (2:56)
P q i j

Because agg) = 0;, the ith order equivalence is

SO () aiy + anyal) + 3 anialig ) opg = 0. (2.57)
P q j=1

This gives

a:;gl ZZ np. Anp (2'58)

p j=1
Since each eigenstate multiplies a pure complex phase is still an eigenstate, we are free to
set all the a%)l to be real, i.e.
1

ardali?). (2.59)
1

)

3\_/

%

l\DIH

J
Because of Proposition 2 and the initial assumption a:;g) must be proportional to a jth order
*(j) (i—7)

n-p path, anp any *’ must be proportional to a closed ith order n-path.

The above derivations complete the inductive step. O

Proposition 4. If i is an odd number, an ith order closed n-path c’ﬁ 15 not simple, there
must exist at least one odd number j and a simple jth order closed n-path cﬁl such that

() _ (i3)

Cn” = Cp
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Proof of Proposition 4 This proof is also trivial. Obviously a non-simple ith order closed
n-path can be written as the product of two or more lower order simple closed n-paths. If
all of these lower order paths are in even orders, the product must be also in even order.

This contradicts the precondition that 7 is odd. O

Proposition 5. With V = Hy in Eq. 2.19, an oddth order simple closed n-path vanishes.

Proof of Proposition 5 Now we have

—S12
V x e |- (2.60)

—512 €12

A first order closed n-path is just the nth diagonal element of V' which is obviously zero.
A simple 3rd order closed n-path is V,,p. Vi 1, Vo Neither k1 nor ko can be n otherwise
it breaks the simple condition. If k1 = kg, Vj 1, vanishes, if k1 # ko, the pairs nky, kiko
and kon traversing all the off-diagonal indices and Vi9 (or Voy) kills the whole path. For

i > 5, let’s consider Vi, Vi gy -+ ijij .

-+ Vi, n- Again any same neighboring index will
produce an diagonal element of V' and kills the whole chain. The only possible non-vanishing
choice is k; = kj 9. However, because ¢ is odd, k;_1 = ko # k1, then nkq, ki1ky and k; _1n

traversing all the off-diagonal indices again. Thus the whole path must be zero. O]
Proposition 6. This is the main result. If the perturbative Hamiltonian V = Hy defined in

Eq.2.19, Eq(li) =0 for i is odd.

Proof of Proposition 6 Apply Proposition 4 to Proposition 5, we see that all the oddth
order closed m-paths vanish. Then apply this conclusion to Proposition 3, we prove the

main result. n
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2.3.2  An extension to more general cases

The proof in the last subsection can apply to a more general perturbative Hamiltonian. Now

we consider an n X n Hamiltonian and a perturbative term which has a form of

0 Vi(n
Viscn = e rxtn=r) (2.61)

Vin—r)yxr Otn—r)x(n—r)
with 0 < r < n. The Propositions 1-4 still hold because their proofs do not rely on dimension
of the Hamiltonian. Therefore we only need to prove Proposition 5. We consider a 3rd order
non-zero closed ki-path Vi goVioks Vigk,- If k1 < 7, then we have kg > r otherwise Vi, 1,
vanishes, then we must also have k3 < r otherwise V., vanishes, finally we see V., is in
the 0,x, block thus the closed path is zero. Therefore we see a non-zero 3rd order closed
k1-path with k1 < r does not exist. We can do a similar reasoning if k1 > r. In this way we
can prove Proposition 5. Because the main result Proposition 6 is just applying Proposition
4 to Proposition 5, we prove that for an arbitrary perturbative Hamiltonian with the form
of Eq.2.61, all oddth order corrections to the eigenvalues vanish. Hp in Eq.2.19 is a special

case of n =3 and r = 2.
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CHAPTER 3
ROTATIONS VERSUS PERTURBATION THEORY

In Chapter 2, starting from the Hamiltonian in the flavor basis, we implemented three rota-
tions to figure out the zeroth order approximations then performed perturbative expansions
to calculate higher order corrections. The three rotations resolved zeroth order degeneracy
and diminished scales of the perturbative terms (off-diagonal elements). In principle, we
can perform more rotations to further decrease scales of the off-diagonal elements of the
Hamiltonian thus improve the zeroth order. This idea is initialized in [53] and studied in
details in [27]. In this Chapter, we will analyze relations between the additional rotations

and perturbation theory.

3.1 Detailed calculation to second order

In Section 2.2 we derived detailed second order approximations from perturbation theory.
In this section we are going to demonstrate that second order precision can alternatively be

achieved by three more rotations.

3.1.1 Neutrino case

For neutrinos, Y pE is positive and from [25] we have |513| 2 |¢12] in this case. Thus
in Eq.2.19 the 13 sector has the largest (absolute value) off-diagonal elements. We will
implement a rotation to diagonalize this sector. We define 13 to be the rotation angle. The

Hamiltonian after this rotation is defined to be

H' = Uj3(a13) HUp3(013). (3.1)
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Elements of H' can be found in Appendix A. It can be solved that

1 2 Am?2.5 ¢ Am2,5
a13 = —— arctan ee’l? _ = Teell2

13
e o . 2
2 A3 — A\ A3 — A1 +0() (32)

Because A3 — A\ 2 Amge, a3 is in order of € or smaller. We define )\; to be the new zeroth

order eigenvalues (diagonal elements), they are

N o= A A 452 A+ 23a13ca13§126/Am26 =\ — (elAmge)Qg;2 +O(€Y),

a13 13 >\ _ )\1
Ay = N,
;9 2 I a2 a2 1 ’4
A3 = Sayg A T CapaA3 — 28013Ca13512€ Amge = A3 + (€ Ame,) N — A +0(@7). (33)

From the above equations it is not hard to notice that the Uz («3) rotation only gives second
order corrections to the zeroth order eigenvalues. On the other hand, Eq.2.22 shows that
all first order corrections to the eigenvalues vanish. This equivalence indicates an intrinsic
relation between the additional rotations and the perturbation theory which will be discussed
in Section 3.1.4.

Since aq3 is small, the leading order off-diagonal elements of H’ are proportional to
C12Ca;5 SO the next rotation should diagonalize the 23 sector with a new angle ag3. The

rotated Hamiltonian is
q" = U%Lg(a23)UfL3(0413)ﬁU13(0413)U23(0623), (3.4)

details of H” can be found in Appendix A. The rotation angle is

1 2 Am2 cpy G ¢ Am2 ¢
(93 = — arctan ceCa13712 ee12

13
. N T e +O(3). (3.5)
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93 is also at least first order in € since A3 — Ao > Amge. The new eigenvalues are

=2
N =M= A — (Am2 )2 12 L o,

N — A
>\” = Coz23>‘ 342?,)‘/ 23@23%230@1351261Amge
=Xy — (€ Amg, ) —12— =y )\2 +0(Y),
)\g = a23 )\2 + CO%)\/ + 250@3CO@:aCOéli&Cl?6 Am@e
§2 &2
— A3 + (¢ Am2,)? (Ag R i%) +0(Y). (3.6)

Compare the above results with Eq.2.24, it is evident that eigenvalue corrections from the

two additional rotations are equivalent to ones from a second order perturbation theory.
@93 is a small angle (in scale of € or smaller). After the Usg(aag3) rotation the leading

order off-diagonal elements are in the 12 sector. We assume that Uq9(aq2) can diagonalize

the sector and after this rotation the Hamiltonian becomes

0" = Ul (a19) Ul (a23) Ul (a13) HU 3 (013) Uz (aig3) Ua(a12). (3.7)

Elements of H"” can be found in Appendix A. Value of a9 can be figured out by

2 Ay =M (A2 = A1) (A3 — A1)

+O>eY. (3.8)

The zeroth order eigenvalues become

" _ 2\ ~ 2
A 0412)‘ a12)\ + 25075Ca19Cagg Sai3C12€ Amg,
In 232 S
= A1 — (6 Amee) + O( )
)\ — )\1
" i ~ / 2
Ay = au)‘l +c 0112)‘ — 28a15Ca15Can35013C12€ Amg,
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C
= Ay — (Glﬁmgeﬁﬁ + O,
3 — A9

~2
Ny = = A+ (CAm)? [ -+ 22 | + o), (3.9)
A3—A1 Az — A2

It is noteworthy that )\;' " and )\;' are at least identical to second order. To understand this
observation, we need to study the perturbative Hamiltonian after each rotation. It is known
that in a perturbative expansion, leading order corrections to the eigenvalues are the diagonal
elements of the perturbative Hamiltonian. In Appendix A, we shall demonstrate that after
the first two additional rotations, the perturbative Hamiltonian whose diagonal entries are
all zero, is in second order; thus errors of )\;/ are already controlled to fourth order. And
after the third Ujg(aq2) rotation, the perturbative Hamiltonian (still with vanishing diagonal
entries) is in third order; thus errors of /\é’ " are further diminished to sixth order. Therefore,
it is not unexpected that )\;’ and )\;' " are identical to second order.

Terms of order ¢3

are no larger than 3 x 1076, In principle, we can continue perform-
ing rotations to control the off-diagonal elements to arbitrary precision. Considering the
precision of the experimental uncertainties ~ 1% [7, 55, 2, 4, 42|, stopping at Uja(a2) is

more than enough. In Section3.1.3 we will show that it is equal to second order (in €’)

perturbation theory when considering eigenvectors.

3.1.2 Anti-neutrino case

For anti-neutrinos, YepFE' is negative and from [25] we have |¢12| 2 |S12| in this case. The
following calculation process will be similar to the case of neutrinos. In Eq. 2.19 the 23 sector
has the largest (absolute value) off-diagonal elements. We will firstly implement a rotation
to diagonalize this sector. We define aio3 to be the rotation angle and it is solved as

1 2¢' Am2, 19 B e Am2,¢10

Aoa — — _ 13
a23 = 5 arctan N JV— + O(e?). (3.10)
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After this rotation the zeroth order eigenvalues are

M = A,
s 2 2 a2 Ino 22 T ’4
AY = Caoa A2 F S503 A3 — 25a93Can3C126 Amig, = Ag — (€ Amg,) Ny +0(€7),

~2
_ B c
Ny = 52,00 + €A A3 + 25a5;Cans C12€ AmZ, = A3 + (e’AmgeVﬁ +0O>€Y. (3.11)

Before performing the next additional rotation in 13 sector, there are some comments on
the above Usg rotation. In some former works, e.g. [19], a similar approach was followed
with a rotation in the 23 sector as above, although there the rotation was used for both
neutrinos and anti-neutrinos. In Section 3.1.4, we shall discuss the fact that one additional
rotation does not improve the accuracy of the approximated eigenvectors. More specifically,
if |7)®* are the exact eigenvectors in matter, errors of the initial zeroth order eigenvectors are
estimated as |7)** — \D)(O) ~ O(€'). After the Usg rotation, the eigenvectors are corrected
to be U;fg |1))(0), which still have first order errors, i.e. |7)® — U%L?) |1)>(0) ~ O(¢) still holds.
This indicates that to achieve better accuracy, we must perform an additional rotation.

After the Usg(aog) rotation, the following rotation should be in the 13 sector and the
rotation angel is a3 given by

1 . 26’Amgecd23§12 B _E'Amgefélg
Q13 = —7 arctan ST S TTmo N
37 M B

+O(3). (3.12)
The zeroth order eigenvalues after this rotation are

N/ 2 3/ 2 3/ - 9
N = 0@13>‘1 + 3@13)\3 + 25a,3Ca,3Cag3512€ Ameg,

S
=\ — <e’AmZe)2ﬁ + O3,
3— A1
9
C12

Y 212
Ay =Xy = Ag — (€ AmZ,) =y

+O(?),
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/i 2 2 \/ ~ ! 2
A3 = 013/\ 0é13)‘ — 25a,3Ca13Ca93512€ Amg,

2o 3 G 3
= A3+ (€Am?2,) 2 12 )03 (3.13)

A3 — M A3 —As

Then we will perform a rotation Ujs(ai2) to diagonalize the 12 sector. The rotation

angle is
_ 1 ) 2¢/ Am2, SaCa15512 (€ Am2,)?512¢19 Lo (3.14)
@19 = — arctan = = = € ). .
2 Ay =N (A2 = A1) (A3 — A2)
The rotated zeroth order eigenvalues are
N = g—é )‘1 - 0!12)‘” - 255412654126@13554235125/Amge
~2
2
N — )\ 4 96 e e o o A2
2 0‘12 a12 2 1t 28a15Ca19Ca135a3512€ AMee
9 1o
= )\2 - (E/Amee) )\ _ )\2 + O( )
)\ 212 5 & 3
Ay =N = M3+ (fAmZ,) 12, 2 )4 o3 (3.15)
A3— A1 A3 — A2

3.1.8 Rotated eigenvectors

Now let’s consider the zeroth order eigenvectors after the additional rotations. We first define

r | U1s(e13)Usz(azs)Utz(a1z)  for neutrinos
W , (3.16)

Uss(avo3)Urs(@13)Ura(a12) for anti-neutrinos

Then after the addition rotations the zeroth order eigenvectors become

Wyyr = WET 7)) (3.17)
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We firstly consider the case of neutrinos. Substitute the values from Eq. 3.2, Eq. 3.5, and

Eq. 3.8 into W, it can be verified that

W = U3(a13)Usg(ag3) Uz (1)

N3—M
5 :
=1+¢AmZ, T
512 __C12
A3—A1 A3—A9
(% )2 oS erery 0
_M 2512C12 < €12 )2 0
2 (A3=A1)(A2—A1) A3—A2 ) )
5 é
0 0 <A3i2A1> + (/\33\2)
+O(?). (3.18)

Compare with Eq.2.27 and Eq. 2.29 we find that
WE=1+wl 4wl 1 o) (3.19)

It can also be verified that the above equation holds for the anti-neutrino case. Therefore,
we demonstrate that for the eigenvectors implementing the three additional rotations is
equivalent to perturbation theory to second order.

Several remarkable observations in Eq. 3.18 are listed below.

e Both Uy3(aq3) and Uss(ag3) contribute to the first order term W), For example, if
a3 = 0, (W(l))13 and (W(l))31 equal zero; and if agg = 0, (W(l))gg and (W(l))32

vanish.

e Since a9 contributes only at second order, if we just perform the first two additional

rotations, i.e. ajg = 0 , the first order W) will not be affected.

e Uio(a12) does contribute to the second order term W@, For example, (W(Z))gl =0
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if a9 = 0. That is, although the eigenvalues after two and three additional rotations,

ie. )\;' and )\;' " are identical to second order, the eigenvectors are not.

These observations are necessary to the discussions in the next section about the relations

between the additional rotations and perturbation theory.

3.1.4 Discussion and summary

From Eq.3.18 and observations at the end of last subsection, we can draw following conclu-

sions about the eigenvectors.

e After performing one additional rotation (Uyg(c3) for neutrinos and Usg(aeg) for anti-
neutrinos), the accuracy of the rotated eigenstates is not improved compared with the

0)

initial zeroth order \1)>( , i.e. errors of the eigenstates are still in O(¢).

e For neutrinos (anti-neutrinos), after performing two additional rotations in 13 and then
23 sectors (23 and then 13 sectors), errors of the rotated eigenstates are diminished to
O(€'?). Thus the eigenstates are equivalent to the ones of a first order perturbation

theory through O(¢) terms.

e Errors of the eigenstates will be further diminished to O(¢’ 3) by performing just one
more rotation in 12 sector. Now the eigenstates have the same accuracy as the ones

from a second order perturbation theory.

From Eq.3.6 and Eq.3.9 (and the corresponding equations for the anti-neutrino cases), we

can make following conclusions about the eigenvalues.

e Errors of the eigenvalues after the first two additional rotations are already lower than
O(€'3) (that is, the eigenvalues are correct through O(e'?)). To reconcile with the
conclusions of the eigenstates, we say that the eigenvalues after the first two additional

rotations have at least the accuracy of the first order perturbation theory.
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e Errors of the eigenvalues after the three additional rotations are even smaller, so of
course lower than O(¢/3). Again to reconcile with the the conclusions of the eigenstates,
we say that their accuracy is at least equivalent to the ones’ corrected by a second order

perturbation theory.

If we combine the conclusions about the eigenvectors and the eigenvalues together, we can
figure out some equivalences between performing the additional rotations and perturbation

theory.

e By performing two additional rotations in 13 and 23 sector (the order is exchanged for
anti-neutrinos), we can improve the eigenvectors and eigenvalues to be as precise as

the ones from first order perturbation theory.

e By performing three additional rotations, we can improve the eigenvectors and eigen-

values to be as precise as the ones from a second order perturbation theory.

3.2 Fibonacci fast convergence of the rotations

In the last section we have shown that a second order perturbation theory can be replaced
by three additional rotations. In this section , we are going to provide an analytic approach
to study improvement of precision by the rotations [28].

For an arbitrary nxn Hermitian matrix H, we choose two diagonal elements Hy;, and Hgq
and the two corresponding off-diagonal element Hj;,, and Hgp. The selected four elements
form a 2 x 2 Hermitian submatrix h,

Hpp H
h— pp Pq ' (3'20)

qu qu
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It can be diagonalized by a single 2 x 2 complex rotation

COos 7y elB sin vy
u= , ; (3.21)
—e Pginy  cosy
namely
ulhu = diag(\a, ), (3.22)
where
1 [Hpq|
v = sarctan ————, [ = Arg[Hy,], (3.23)
2 qu - pr
and the new diagonal elements are
1 2 2
Aup =5 | Hpp +Hoq F \/(pr = Haq)” + 4 Hpgl*| - (3.24)

From Eq. 3.24 we see that the gap between Ay, is at least 2|Hyq| so any level crossings
of the chosen diagonal elements will be resolved. Since the rotation will not increase the
scales of any other elements, if the chosen Hyq is the largest in absolute value among all the
off-diagonal elements of the full matrix, the leading scale of perturbative terms (off-diagonal
elements) has been reduced. The above process can be repeated. By implementing a series of
rotations one can eliminate all the crossings of the eigenvalues and squeeze the off-diagonal
elements as much as desired.

This procedure, selecting the largest off-diagonal element (LODE), maximizes the preci-
sion of the entire matrix. If however, only certain elements of the matrix are necessary for
a given calculation, different techniques may be more optimal. In the context of neutrino
oscillations, our goal is to provide as unified of a framework as possible to apply equally to
all channels. There is also an alternative approach to select the rotated sector. We can select
the sector which requires the largest rotation angle (LROT) to diagonalize it. However, the

LDOE strategy is superior in precision so we do not adopt the LROT. We will discuss the
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LROT strategy in details in Appendix B.

3.2.1 Fibonacci recursive

For simplicity we focus on a 3 x 3 Hamiltonian, although our results are generally valid.

After the preliminary rotations, the Hamiltonian is

H=Hy+ Hy, (3.25)

where Hj is a diagonal zeroth order Hamiltonian and Hj is the perturbative part where all

diagonal elements vanish. That is,

Au
Ho=| (3.26)
Aw
and WLOG H;j has a form
e x
H1 — eb Yy , (327)
€@ ¥ Eb y*

where 0 < € < 1 is a small scale, a, b are some positive numbers, and |z|, |y| ~ O(1). Please
note that in this example (Hy)12 is zero since for neutrino oscillations the final rotation to
remove the level crossings is the 12 rotation. Depending on the initial Hamiltonian before
the preliminary rotations, the pair of vanishing off-diagonal elements of H{ may be different,
it will not affect the following derivation.

Again WLOG, we assume that b > a > 0, thus €?z is the leading order off-diagonal

element now so we should implement a rotation in the 13 sector. Substitute H; into Eq. 3.23
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we get

1 e |x|

713 = 5 arctan o — N P13 = Arglz]. (3.28)

After this rotation the perturbative Hamiltonian in the new basis becomes

—y* sin i3 €13
Hi = | ysinogg e | - 320

y* cos 13

By Eq. 3.28 we see that siny;z ~ O(e"), therefore the orders the H]’s elements are (H{ )23 ~
O(eb) and (H{)12 ~ O(et?). Then H{ can take the place of H; and one more rotation in
the (2-3) sector will extinguish the element (H7)23.

For the sake of simplicity we define Hj to have the order of (a,b) and H] have the order
of (b,a+b) where in this definition the first number is smaller (corresponding to the order of
the largest off diagonal term). It is easy to see that the rotation angle which can extinguish
(H{)23 must be in order of O(eb) and after that the rotated perturbative Hamiltonian must
have order of (a+b,a+b+0b). This is the famous Fibonacci sequence; that is, the order of the
size of the largest off-diagonal element is the sum of the order after each of the previous two
rotations. The order of the smallness parameter in the perturbative part of the Hamiltonian
will increases exponentially in the number of rotations since the Fibonacci sequence grows
exponentially. This means that the diagonal part of the Hamiltonian will converge on the
true expression very rapidly. Starting from Hj o €, to achieve precision at the €"* level, the
rotation method takes just O(logn) rotations.

A wuseful special case of H; is a = b = 1. We define Hl(N) to be the perturbative

Hamiltonian after NV rotations (not including the preliminary rotations). Then, we have
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Figure 3.1: Here we show the relative growth in precision by using rotations or following
perturbation theory. The horizontal axis is the number of operations: either the number
of rotations of the order in perturbation theory. The vertical axis shows the power m of
the size of the error, €"*. Left: The order of the error of the eigenvalues scales like n + 2
using perturbation theory and 2F}, ;1 using rotations where F}, is the n' Fibonacei number.
Right: The order of the error of the eigenvectors scales like n + 1 using perturbation theory
and Fj, 1 using rotations.

that the size of the Hamiltonian shrinks exponentially as described by

N
1 (145
log, ™) ~ = ( 2f> . (3.30)

Moreover, we notice that all the perturbative Hamiltonian’s diagonal elements are zero.
Since the first order corrections to the eigenvalues are the diagonal elements of the perturba-
tive Hamiltonian, therefore the order of errors of the eigenvalues will be double of the order
of the perturbative Hamiltonian [29].

For a = b = 1, we compare orders of errors of the eigenvalues and eigenvectors given by
perturbation expansions and the rotation method in Fig. 3.1. The order of the size of the
error in the eigenvalues (eigenvectors) grows like 2F;, 11 (F),41) where Fj, is the Fibonacci

sequence defined as Fp =0, F1 =1, and F, = F,,_1 + F,,_o forn > 1.
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Figure 3.2: Ratio scales of the perturbative Hamiltonian to the zeroth order Hamiltonian. N
is the total number of rotations implemented (not counting the three zeroth order rotations).
The scale of Hy is typically of the order of Amge /2E, E is the neutrino beam’s energy. The
scale of each H %N) is represented by its leading order element. The vacuum parameters used
are sin? 612 = 0.31, sin? 013 = 0.022, sin? g3 = 0.58, § = 215°, Am3; = 7.4 x 107° eV?, and
Am3, = 2.5 x 1073 eV? [32].
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3.2.2  Numerical test

Now we illustrate this procedure. We set

Hy = Hy,

Hy = Hjy, (3.31)

where Hy and Hj are defined in Eq. 2.19. In Fig. 3.2 we display the ratio of the perturbative
Hamiltonian after N rotations (not counting the preliminary rotations) to the zeroth order
Hamiltonian. As expected, it is shown that the order spans of each rotation increase with

the total number of rotations.
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CHAPTER 4
EIGENVECTOR-EIGENVALUE IDENTITY IN NEUTRINO
PHYSICS

The most essential motivation of the work of this dissertation (and all other approximation
methods for calculating neutrino oscillations in matter) is the complexity of the exact analytic
solutions. For 3vSM, the first full exact solution was published by Zaglauer and Schwarzer
(ZS) in 1988 [62]. The process to derive the exact solution encounters a cubic equation and
the final expressions of the eigenvalues include puzzling COS(% arccos(...)) terms. Besides
developments of approximation methods, multiple works of rewriting and simplifying the
exact solution have also been published, see [61, 43, 12, 34, 37, 51].

We also develop a new expression of the exact solution based on a recently rediscovered
and extensively surveyed fundamental identity in linear algebra: eigenvector-eigenvalue iden-
tity [29, 26]. The new approach provides simple, clear, and symmetric formulas of the mixing
angles. Moreover, the simple zeroth order eigenvalues derived from the rotation method in
Chapter 2 can be easily inserted into the new expressions to achieve even simpler results with

second order precision.

4.1 A formal description and proof of the identity

A is an n x n Hermitian matrix. The n real eigenvalues of A are A{(A), ..., \p(A). The
corresponding n eigenvectors of A are vy, ..., vp. We can get an (n — 1) X (n — 1) minor M;
by deleting the jth row and column of A. Obviously M; is an (n — 1) x (n — 1) Hermitian
matrix. We define M;’s real eigenvalues to be A\1(M;), ..., A —1(M;). Then for an arbitrary

vj, its ith component v; ; is related to eigenvalues of A and M; by the following equation.

Theorem 1.

n n—1
il TT i4) = 2(A)) = TT i(A) = a(M) (4.1)
k=1;k#i k=1
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Proof of Theorem 1 There are multiple proofs of the identity, a comprehensive survey
of it can be found in [26]. We only present one proof here. If we see v; as a column vectors,

it is trivial to see that

n
A= N(A) v (4.2)
=1
adj(A) is the adjugate matrix of A and
adj(A) A = Aadj(A) = det(A) L xn- (4.3)

adj(A) and A can be diagonalzied simultaneously, it can be written as
n
adj(A) =" [ M) viv]. (44)
In the above equation if we replace A by \;(A)l,xn — A, we can immediately have

adj(N(Alnsn —A) = [ Mi(A) = Ap(A)) v 0] (4.5)
k=1:k#£i

If we only consider jth diagonal element of the above equation, by the definition of adjugate

matrix we get

det (N 11y~ M) = [ ulA) = A(A)) Jog g2 (4.6)

k=1;k#i

Because .
det (Ni(A)L (1) (n1) — Mj) = [ [ i(A4) = Me(M)), (4.7)

k=1
we complete the proof. O]
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4.2 Mixing angles and CP phase

Now we are ready to apply the identity to neutrino oscillations. The Hamiltonian of 3vSM is
a 3 x 3 Hermitian matrix which can be diagonalized by its PMNS matrix. Thus each column
vector of the PMNS matrix is a normalized eigenvector of the Hamiltinian. Norm square of

an element of the PMNS matrix in matter is

Uail® = —= (4.8)

In the above equation, 5\1 is an eigenvalue of (2E)H and &, xo are the two eigenvalues of
the minor formed by deleting ath row and column with o € {e, v, 7}, they can be figured
out by solving quadratic equations. (i,j, k) is a permutation of (1,2,3). Analytic solutions
of the eigenvalues 5\17273 from ZS are listed in Appendix C. Details of calculations of &, and
Yo in the standard three flavors scheme can be found in Appendix D.

The mixing angles and elements of the PMNS matrix are related by

82,2, = [0, = ()\2 o) (Ao — xe) ’
(A2 = AD)(Ag — A3)
2, = |2 = (A3 — &) (A3 — xe) ’
(A3 = A)(A3 — A2)
2 ()‘3 fu)()‘?) - X,u)
$55e13 = |0, u3l” = (s — ) (s — Xa). (4.9)

Here we need a short clarification of the symbols and notations. In Chapter 2 and Chapter 3,
the tilde superscripts have been used for the zeroth order values of the mixing angles and CP
phase in matter. However, in this chapter the tilde superscript is generally used for values in
matter, no specific precision is indicated by it. Precision of the mixing angles and CP phase
will be determined by the eigenvalues’ precision.

Egs. 4.9 do not give information of the CP phase. We can derive the CP phase from the
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Naumov-Harrison-Scott (NHS) identity [50, 39] as mentioned in Section 2.2.4, i.e.

2 2 2
A miyy A mgq A m3y

= (A2 = M)Az = M)Az — Ag)

J, (4.10)

with

J = 59323 513 0%3 $19 €12 Sin . (4.11)

If we know the mixing angles and the eigenvalues in matter, the NHS identity can give the
value of sin ¢ in matter.
A simpler way to calculate the CP phase in matter is using the Toshev identity [58] which

shows that sin 2093 sind is invariant under the matter effect. Therefore we have

~  sin2693sind

sin d = (4.12)

sin 2523
4.3 Combine the rotation method

In Eqgs.4.9, we still need to figure out the eigenvalues in matter. As mentioned in the
first paragraph of this chapter, the exact analytic solutions from ZS are complicated and
puzzling. An alternative approach is using the zeroth order eigenvalues given by the rotations
in Eqgs.2.15. Section 2.2 has shown that all the first order corrections to those eigenvalues
vanish, thus we would obtain simple expressions of the mixing angles and the CP phase in

matter with second order precision.
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CHAPTER 5
ROTATION METHOD FOR MODEL WITH ONE MORE
STERILE NEUTRINO

The phenomenon of neutrino oscillations can not be reconciled with the Standard Model
since in the Standard Model neutrinos are massless particles. To reveal the origin of the
neutrino masses, many studies of neutrino scenarios beyond the three flavors Standard Model
(3vSM) have been conducted. One promising solution is a theoretical scheme with additional
sterile neutrinos. In such a scheme, neutrino oscillations will be modified because of the
additional mixing with sterile neutrinos. In matter, calculations of neutrino propagation
will be significantly more complicated since the sterile neutrinos also change the Wolfenstein
matter effect term [60] in the Hamiltonian. There have been some analytic derivations of
the matter effect in a 341 scenario [46], i.e., one sterile neutrino in addition to the three
active ones. However, just as the case of 3vSM, the exact analytic solutions are intricate and
impenetrable. Consequently, alternative perturbation approaches should be considered. We
will extend the rotation method from the standard three flavors scheme to a scheme with

one more sterile neutrinos (3+1). Materials of this chapter follow [54].

5.1 The 3+1 model and its PMNS matrix

If there are 3 + n neutrino mass eigenstates, the leptonic charged current is written as [38]

g ,_ _ _
L=——— (€L7 v, TL) PYMU(VL Vo, V3, ..., V3+n)T W;j_ +h.c.. (51)

V2

Obviously in the above equation U is no longer a square matrix as in the standard 3v scheme
but has dimensions 3 x (3 4+ n). Since we see the flavor basis as an orthonormal basis, U
must satisfy

UUT = 13,3 (5.2)
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Then it is trivial to demonstrate that by the Gram-Schmidt process we can find at least one
(3+mn) X (34 n) unitary matrix such that U is just the top three rows of the unitary matrix.
Arbitrary (3 + n) x (3 + n) unitary matrix can be written as product of (n + 3)(n + 2)/2
complex rotations.

For a scheme with one more sterile neutrino (3+1), there are at most six complex rotations
to determine the unitary matrix. Compared with a scheme of n = 0, there are three more
mixing angles and three more complex phases. However, the flavor eigenstates do not contain
a fourth vector thus we can free one more complex phase. In summary for the 3+1 scheme
there will be three more mixing angles and two more CP phases (compared with the standard
three flavors scheme).

In the flavor basis, the Hamiltonian is given by

1 .
H3 4 =35 [UPMNS diag(0, Am3;, Am3;, Am3;) ULMNS

+ diag(a, 0, 0, b)]. (5.3)

Now the PMNS matrix Uppyng is a 4 x 4 unitary matrix. Besides a given by Eq.2.5, we
have one more potential term

b=V2GpN,FE, (5.4)

where N, is the number density of neutrons. For the Earth crust N, >~ N, so we have
b~a/2.

To write the PMNS matrix as a product of a series of (complex) rotations [47, 56], in
the standard three flavors case, the convention is chosen to be U?I)DIT\/INS = U3 U3 Uqo. In
a 3 + N scheme, there will be extra rotations mixing with sterile neutrinos. It is natural
to require that the convention is equivalent to that of the standard three flavors scheme if
all the extra rotations are trivial. Therefore, we will keep the relative positions of the three

rotation matrices in the active sector when defining the PMNS matrix with sterile neutrinos.
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Also, it is observed that both the second and the third rows vanish in the matter potential
term in Eq. 5.3; thus, we will keep Usg as the first rotation in the PMNS matrix so the rhs of
Eq. 5.3 will be independent of the 23 mixing parameters if we perform the Ug3 rotation. The
last step to determine the convention of the PMNS matrix is finding places after the Uos for
the rotations mixing with the sterile neutrinos. By trying different choices to simplify the

calculation processes, we adopt the following convention of the PMNS matrix,

Upning = Uas(023, 023) Ugterile U13(013) U12(012), (5.5)

where Ug;erile 1s the product of all the rotations mixing with sterile neutrinos. This choice
leads to significant reductions in the complexity of the calculations and the resulting expres-
sions. Physics, of course, is independent of this choice.

In the following sections, we develop details of the expressions for the scheme with one

sterile neutrino. In particular, we choose 1

UL o = Usa(634, 34) Uza(ba4, 24) Ur4(014). (5.6)

Current global fits [23, 30, 31] suggest |U;4| ~ 0.1, so in this chapter, we assume that
Ugterile =~ 1+ O(y/€), which means that s;4 ~ O(y/€) for i =1, 2, 3. The small parameter ¢
is defined in Eq.2.8.

The convention in Eq.5.5 is different from the usual one used by many papers in which
Ugierile comes before (i.e. on the left side of) all the three rotations in the active sector (see,
e.g., Ref. [18]). We will derive the relations of the mixing angles and phases connecting both

conventions in Appendix E.1.

1. Convention of the C'P phases is chosen to simplify the calculation process. Different conventions can
be related by pure phase transformations.
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5.2 Zeroth order from rotations
We first define a rotated basis |7) by

7) = U e Ubs 1)

—U!,(014)U (024, 624) UL, (034, 634) UL5 (623, 823) |v) , (5.7)

After the rotations, the Hamiltonian becomes

H= Ulterile U£3(923, 693) HU23(023, 023) Ugterile

= 2 +Hy,. (5.8)
2F
In the above equation M?2(b) = Amil + bc%4c%4c§4, H is a 3 x 3 submatrix in the active

sector and in Hj; all the elements not in the fourth column or row vanish.

Based on the scales, we can distribute the elements of H into two parts, i.e.,

[:I:ff()—i—[j[l. (5.9)
The leading order term is
Aa 513613Amge +e€ bk13624(234€_i634
~ 1
Hy=—
s13¢13Am2, + € bk13cascgqei?s Ac
(5.10)
where
S48
ki = 2 L 0(1), i,je{1,2,3) (5.11)

€
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and the diagonal elements, which can be approximations to the eigenvalues are

2 2 2 2 2 9

Aa = (813 + €879) Ame, +acly + ebkyy c3ycsy,
2 2 2

)‘b =€ (Cl2 ATnee + b koo 034)7

Ae = (0%3 +es3y) Am2, + ebkss. (5.12)

In the first order term Hj, all the diagonal elements vanish, and the off-diagonal elements

are

nd € -
(Hi)12 = 55 (012812013 AmZ, +bk1g cosciy e “534>,
(Hi)o3 = % [ — 12512513 AmZ, + bkog ¢34 ei(524—534)} :
(H1)13 = 0. (5.13)

Nonzero elements of Hj; are listed below (the Hamiltonian is a Hermitian matrix)

= 1
(Hara = —55 (a+ bc34¢5y) c1as14,
(Har)2g = “5E C14C24524¢3, €924,
5 b .
(Har)sa = =5 c14¢2434534 el31,
(Hpr)ag = 0. (5.14)

Since sj4 ~ O(y/€), it is easy to see that Hy; ~ O(y/€). Although Hj; is not as small as
O(e), it will be a part of the perturbative Hamiltonian. However, this does not mean that the
first order corrections must be as large as O(y/€). The mass of the heavy sterile neutrino will
be an alternative parameter which controls scales of the correction terms. More specifically,
in a perturbative expression, all nonzero elements of H A are divided by M 2. For large M2,

the quotient gives a small term in the perturbation expansion. Another condition that is

48



Normal Order

’4‘——-_—_
2 ’
10 —_— /7
~~~~ /
\\\\\ //
1073 | . 7
’
\
\ [I
\
\‘ 1
1074+ ||'
I
]
1070 |
10—6 —
| | | | | | | |
-40 -30 -20 -10 0 10 20 30 40

Y. PE (g cm™ GeV)

Figure 5.1: The perturbing parameter ¢ as function of Y, pE with b = a/2. In the region
where a is comparable to Amge, ¢/ < e. The parameters used are in Table5.1.
necessary for H 27 being a perturbative Hamiltonian is that it consists of terms proportional
to a and b, which means that it vanishes in vacuum. This is crucial because we require the
perturbative expressions to be exact in vacuum.

Now, the dominating off-diagonal term (except the ones in H ) comes from the 13 sector
of ﬁo. Because of the complex phase d34, the rotation will not be real. Let us assume that
the rotation is U13(§13, a13), where élg is a real rotation angle and 32 is a complex phase.

After this rotation, the neutrino states becomes

0y = Uly(f13,013) |7)

= U13(9~13, 0413)UlterﬂeU£3(923, 623) [vg) (5.15)

2. Here, we are not using the usual phase symbol § since a3 is not an effective physical phase in matter.
In Appendix E.2 it can be eliminated by implementing a pure phase transformation of the neutrino basis.
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where U]L

sterile

= UJ{4(914)U£4(924, 524)Ug;4(934, 934). The Hamiltonian becomes
H= U{3(9~13, a13) HU13(013, a13). (5.16)

Since the fourth index is not engaged in the rotation, we can just focus on the first three

indices and define a 3 x 3 submatrix U;3 to be the active sectors of Uys, i.e.,

U
Uiz = ' . (5.17)

After the rotation, the sub-Hamiltonian in the active sector H becomes
H= Uirg(él& ay3) H Uy (bh3, a13). (5.18)

We require the 13 sector of H to be diagonalized by U13(9~13, a13). Since the 13 sector of Hj

vanishes, it is equivalent to diagonalizing this sector of Hy, i.e.,

Hy= U1Tg(9~13,0413) Hy Uys(613, 13)

_ b " , (5.19)

with A+ and Ay to be determined. Simultaneously, H; becomes

I = Ung(§13, a13) Hy Urs(013, a13). (5.20)
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It can be shown that

DN | —

)\$:

A=Ay = 66%2 Amze + ebkoo C§4.

The real rotation angle and the complex phase can be determined by

Ae — Aa

W3 = 2
COS 13 )\+_/\_7

2 —id
w13 = Arg [313013 Amee + ebkygcogcage ! 34}.

The elements of H 1 are

~ €

H)p = —
(H1)12 5
- - 2
X {012812 (c13¢13 + s13513€ 13 ) Amg,
+b [/m 0240:2))4513 — ko3 34513 H(93a+0a13) } e 1024 },
. €
Hy)og = —
(H1)23 5F
- ~ Xe} 2
X {012812 (—s513613 + 13513 € 13 ) Amg,

+b ( k12 6240?))4513 et M3 kos c34C13 6_2534 ) 62524 },

(Hy)13 = 0.

The Hamiltonian in the sterile sector becomes

H) = UJ{g(él?n a13) Hyy Uig(bhs, a13).

o1

. ; 2
(A + ) F &gn(Amge)\/()\c —Xa)? 4+ 4 }313013 Am?2, + eb ki3 coscsy 6_2534} ,

(5.21)

(5.22)

(5.23)

(5.24)
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Figure 5.2: Values of sin?#f;3 and sin?f;5. The solid lines are values in the 3+1 scheme;
as a comparison the dashed lines are the values in 3vSM. The differences are small but
non-negligible. The parameters used are in Table 5.1.

We define a real parameter ¢ and a phase a,

2F .
€ = ‘ (H1)23|,
Am2,
2F .
Qe = Arg[Am2 (H1)23)- (5.25)
ee

Obviously, € ~ e and (Hy)sg = €%’ Am2,/2E. Tt is not hard to see that in the standard
three flavors scheme €' = |e sin (513 — 013) s12¢12|, which reconciles with the one defined in
Chapter 2. The two new defined parameters will frequently emerge in the following calcula-
tions. Since in vacuum a, b = 0, 913 = f13, and a13 = 0, ¢ must be zero then, as shown in
Fig.5.1. This guarantees that the perturbative expressions will be exact in vacuum.

As pointed out in Ref. [25] and Chapter2, to resolve the A\; and \g crossing at the
solar resonance, one more rotation that diagonalizes the 12 sector is necessary. Again, since
(f] 1)12 is complex, the rotation cannot be real in general. We assume that the rotation in

the 12 sector is Ulg(élg, a13), and after this rotation, the neutrino states becomes

7) =Uy (012, 012) |9)

52



=Ul, (012, 012) U5 (013, 013) UL, 1 UB, (623, 023) 1) (5.26)

where Ugiorile = U]£4(014)U£4(024, 524)Ug;4(934, d34) The Hamiltonian becomes

H= UJ{2(9~12a a12) HUo(019, a19). (5.27)
Similar to the case of the 13 rotation, we can again define a 3 x 3 submatrix Uyg by

U
U = 12 . (5.28)

Now we require the U12(§12, a19) to diagonalize the 12 sector of H. After the rotation the

sub-Hamiltonian is

H = Uy (61, a12) H Ura (12, a12)

:[:fo—l—Hl, (5.29)

where Hy and Hj are in zeroth and first orders, respectively, i.e.,

Al
. 1
A3
g ¢ Am?
H _ ee
! 2F
—§qg eilaratac)
—Fpgeilanztad g, i

93



The diagonal elements of Hy are

1 N
M =5 [ O +20) F /(O = 202+ 4l(H)al? |

A3 = Ap. (5.31)

S P
cos 2019 = e
arg = Arg[(H1)12]. (5.32)

Values of sin? 513 and sin? ;9 are plotted in Fig.5.2. After this 12 rotation, crossings
of the first two diagonal elements A; o have been resolved, as shown in the top panels of
Fig.5.3. They will be the zeroth order eigenvalues in the following perturbation expansions
in the next section. The difference between 341 and 3vSM is small in both panels of Fig. 5.2
and the bottom panels of Fig. 5.3 but is not insignificant.

The Hamiltonian in the sterile sector now is

H) = UJ{z(élZa a12) Hyy Upa(012, aq2). (5.33)

From H;; to Hy,, we implemented two rotations in the 13 and 12 sectors. Because the active
and sterile sectors are not mixed by the two rotations, the elements are still a combinations
of the terms proportional to s;4 ~ O( /). Elements of Hj; can be found in Appendix E.3.

In principle, there are still some possible crossings of the diagonal elements, namely the
crossings to the fourth diagonal element. Since both the 13 and the 12 rotations are in the

active space (first three rows and columns), the fourth element is still

M2(b) = Am?3| + bc%4c%4c§4. (5.34)
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Since Am?ﬂ is much larger than the active eigenvalues in vacuum, the crossings to M? can
only happen with very high neutrino energy, as shown in the top panels of Fig.5.3. From
the figure, we can see that if Yop = 1.4g - cm ™3, for the Earth’s crust, the neutrino energy
must be O(1) TeV. Considering the energy scales of the current and future accelerator
based oscillation experiments, we are therefore not considering the energy region of these
additional crossings, so they will not affect our result. For much higher energy experiments
these additional level crossings would have to be dealt with using matter additional rotations.

Now, Hy’s diagonal elements, A12,3, do not cross (crossings to M 2 will not happen in
the energy region of interest). All the off-diagonal elements in the active sectors are of the
scale €. We will distribute all the diagonal elements to the zeroth order Hamiltonian and

all the off-diagonal elements to the perturbative Hamiltonian, i.e.

H, = , | Hi= +Hy,. (5.35)
M= 0
2F

The zeroth order effective PMNS matrix in matter is

UBnins
=Uy3(023, 623)U34(034, 634)U24(024, 624)U14(614)

x Uy3(013, a13)U12(012, a12). (5.36)

Since all possible degeneracies have been removed in the energy scale in which we are
interested, we are free to implement a perturbation expansion to achieve even better accu-
racy. The process of reducing errors by performing rotations and perturbative expansions is

summarized in Fig. 5.4.
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5.3 Perturbative expressions

Since all the crossings of the zeroth order eigenvalues have been resolved (except for the
crossings with A2, which are not in the energy region of interest) by the rotations and all
the off-diagonal elements are small, we can now calculate the higher order corrections to the

eigenvalues and eigenvectors by perturbation methods.

5.3.1 Deriwe the perturbative terms

We define V to be the exact PMNS matrix in matter. It can be related to the zeroth order

Uphins by
V =Upyns(1+ Wi+ Wy +---), (5.37)

where Wy, is an nth order correction (here Wy, is similar to W) in Eq.2.25. The exact

eigenvalues are

1 1 1
where A1 o 3 are defined in Eq.2.15 and Ay = M2, )\Z(n) is the nth order correction.
First order corrections to the eigenvalues are

A —opEy); =o. (5.39)

7

First order corrections to the eigenstates are determined by W7 defined in Eq.5.37, which

are

0 i=

(W1)ij = (5.40)

2E(Hy);;

BT

The detailed first and second order formulas of the perturbation expansions can be found in
Appendix E.4. In general, with crossings of the zeroth order eigenvalues ruled out, pertur-
bative expansions can go to arbitrary precision. However, numerical tests will suggest that
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it is sufficient to terminate the approach at second order.

5.3.2 Numerical tests

We now test the accuracy of our perturbative expressions. We choose the v, — ve channel
and 1300 km baseline of DUNE to do the numerical test. The density of the earth crust is
chosen to be Yep = 1.4 gem 3, b = a/2, and all the mixing parameters are listed in Table 5.1.
The exact oscillation probabilities can be figured out by Ref. [46] or given by a computer
algebra system?3. The results are shown in Fig. 5.5. The error in the zeroth order expression
is expected to be no more than e ~ 10~2, which is confirmed by the red curve in the plot;
the green curve depicts the error of the first order perturbative expansion, which is under
€2 ~ 10_4; to second order, the error further declines to € ~ 10_6, which also coincides
with the prediction. In Fig. 5.5, the expectation values are obtained by averaging over the

fast oscillation terms, i.e., the terms with angular velocities proportional to (Ag4 — \;). More

specifically,
(A= N)L

.o (A —N\)L 1
> =0, <31n2 = -
2F

T> =3 (5.41)

(sin / cos

Based on the numerical results, we confirm that at least the second order perturbative

expansion is significantly more accurate than any experimental results [7, 55, 2, 4, 42].

5.4 Oscillation probabilities and detecting sterile neutrinos

In this section, we will discuss a possible application of the perturbative expressions above
for detecting sterile neutrinos. The principle of the approach is that one can calculate
the theoretical predictions of the oscillation probabilities in different schemes and compare
them with the experimental results. Usually, for a given baseline and neutrino energy, the

predictions from different schemes are close; therefore, it is essential to figure out sufficiently

3. Only considering the 341 scheme, an analytical solution is still possible since one just need solve a
quartic equation; but it is not the case for schemes with more sterile neutrinos
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— 2 2 2 2 2 2

Usteritle U23 U3 Utz_| (5 | 09 | 0441040 | 0o [0010.10 [0.1 [ 0
Us3 Ustorite U3 Ut2 | = | 7 [0.49[-0.39 | “[0.02]0.50 | 0.09 | 0.08

Table 5.1: Mixing parameters and vacuum eigenvalues used for the numerical calculations
133, 45, 22, 1]. In different conventions to define the PMNS matrix (orders of Ugg and Ugteriles
where Ugterile = Usq Uag U1y, see Eq. 5.6), some of the parameters are different, and formulas
to relate the parameters in both conventions are in Appendix E. In both conventions, the
energy eigenvalues in vacuum are Am%l = 75x107%eV2 Am%l = 25x1073eV2, and
Am3, =0.1eVZ.

accurate expressions for the oscillation probabilities. A similar discussion can be found in
Ref. [36].
In a scheme with N sterile neutrinos, the neutrino oscillation probabilities for vo — vg

(v, B € {e,pu,T}) are

3+N Al 2
Pag=| Y VaiVgie "2 |, (5.42)
=1

exr . . .
where >‘z(' ) are exact eigenvalues. We can chose the zeroth order results as an approximation;
i.e., we adopt

V =~ Upjxs: (5.43)

where Upjng is defined in Eq.5.36 and

A i=1,2,3.4, (5.44)

?

where A1 2 3 are defined in Eq.2.15 and \y = M 2(b). For the mass of the sterile neutrino,
since it is significantly larger than the active ones, the oscillations related to it will be
averaged out.

Former and running experimental facilities have provided parameter fitting results of neu-
trino oscillations for different schemes, With these parameters, for future baselines, one can
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predict the probabilities in different schemes and this is a potential approach to determining
the existence of sterile neutrinos [36]. We present the probabilities given by the 341 scheme
and the differences of the probabilities |<P3+1> — P390/, in different channels, in Figs. 5.6,
5.7, and 5.8. The probabilities in the Standard Model are given by Refs. [62, 17]; the 3+1
scheme is calculated by the zeroth order rotation method developed in this chapter. All the
parameters are given in Table5.1.

In the figures, we can identify several regions in which the differences are significantly
larger than errors of the perturbation expansions. For example, in the v, — Ve channel,
around the band of L/E ~ 700 (km/GeV), |(P341) — P3,gm| may be larger than 0.02, and
the differences will be even larger than 0.05 if L/E 2 1500 km/GeV and the baseline is longer
than 500 km. In this channel, baselines of T2K /HyperK, NOVA and DUNE (estimated) are
marked [5, 9, 52]. For the channel of v, — v, shifts from the 3vSM will be more than
0.05 with L/E ~ 1000(km/GeV) and the baseline is longer than 1000 km. For the v, — v;
channel, the scale of the greatest difference is larger than 0.16 if L/E ~ 500(km/GeV)
or ~ 1500(km/GeV). Future experiments may measure the oscillation probabilities with
baselines and neutrino energies in the region of interest predicted above and compare the

results with the numerical outcomes.

5.5 Compare to existing approximation formulas

Approximation methods to calculate neutrino oscillations in matter in the 341 scheme have
been studied by many researchers; for example, see Refs. [44, 11, 10, 35, 36]. All these
works chose to ignore the Hamiltonian’s fourth row/column (except for the fourth diagonal
element) in the zeroth order approximations; thus, the problem was reduced to the 3 x 3
case. However, solving a three-dimensional eigensystem is still not simple. Fong et al. (FMN)
adopted the exact three-dimensional solutions [36], which was complicated; see Refs. [62, 43].

Klop and Palazzo (KP) used one more approximation method for the 3 x 3 submatrix [44],
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which introduced extra errors. Figure. 5.9 compares fractional errors of the rotations method
developed in this chapter (referred as PZ) with Oth order FMN and KP, assuming baselines
of T2K/Hyper-K (T2K/HK), NOVA, HyperK-Korea (T2HKK), and DUNE. Compared with
KP, just to zeroth order PZ is significantly more precise for almost all baselines and energy
ranges. Based on Fig. 5.9, FMN’s precision is similar to PZ’s for most baselines and energy
regions; however, we can still identify PZ’s advantage for T2K’s baseline or low energy (less

than or similar to 1GeV) regions.

Method Pz [ Pz | FMNO)| KP Analytic solution | Numerical method
Time Units 1.0 1.8 2.1 0.16 2.2 5.7

Table 5.2: Computation time consumed by different methods. Since a real time will depend
on a specific computer’s performance, zeroth order PZ’s (rotation method developed in this
chapter) time is set to be one unit time. FMN is from Fong, et al. [36]; KP is from Klop
and Palazzo [44]; the analytical solution is given by Ref. [46]; and the numerical method is
referred to Eigen 3.3.7.

We compare the computing time of the different methods in Table 5.2. Since any specific
computing time heavily depends on performance of the computer, we provide a list of relative
computing time, i.e., zeroth order PZ’s computing time is set to be one unit time. The speed
of a numerical method (using Eigen 3.3.7, http:/ /eigen.tuxfamily.org/http: / /eigen.tuxfamily.org)
is also included in the comparison. A similar comparison of the methods for the 3vSM
scheme can be found in Ref. [16]. Table 5.2 shows that, compared with the rotation method
developed in this chapter (PZ), only the KP method is faster; however, its advantage in
speed will be offset by the relatively poor precision. The FMN method is comparable in
time consumed to the exact analytical solution. For experimentalists, the speed of a numer-
ical method for evaluating the oscillation probability is relevant because it affects the time
and computing resources consumed by large multidimensional parameter scans.

Besides simplicity and better precision, the rotation method of this chapter also gives
explicit expressions of zeroth order eigenvalues and mixing angles and CP phases with high

precision which are not covered by any former references.
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Figure 5.3: The top two panels give the crossing of the fourth eigenvalue (black), using
Amil = 0.1eV2, with the active eigenvalues (red, green and blue). The active eigenvalues,
A12,3 can cross \y = M 2(b) only if the neutrino energy is very large (O(1) TeV for earth
densities). The bottom two panels are zoomed in to the region of primary interest; they
show the zeroth order active eigenvalues in normal and inverted order; also for comparison,
the dashed lines are the values in 3vSM. Again the differences are small but non-negligible.
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Figure 5.4: Summary of the rotations and the following perturbative expansions. We first
implemented vacuum rotations in the (2-3) and sterile sectors. The red circle with text
sterile inside indicates the rotations in sterile rotations, i.e., the rotations represented by
Usterile = Usq Uagq U14; see Eq. 5.6. Then, two matter rotations in the 13 and 12 sectors were
performed. After the series of rotations, the zeroth order approximations of the eigenvalues
and eigenvectors achieved O(e€) accuracy. Perturbative expansions will be used to further
improve the precision.
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V= Ve, L=1300(km), NO
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— <P3,> — [<APY)>|  — |<APY)>|  — [<APY),>|

Figure 5.5: In the 341 scheme, errors of the zeroth, first, and second order approximations
are presented by red, green, and blue curves, respectively. The light colors (which look like
bold shadows in the low energy region) are representing true corrections; the darker ones
are showing the expectation values. The exact probability (expectation value) in the 3+1
scheme, which is plotted by the gray solid (black solid) curve, can be calculated by Ref. [46].
As a contrast, the dashed black line is showing the probabilities in the Standard Model, with

Yep=14g- cm 3.
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Figure 5.6: For the v, — v channel, the left plot is showing the probabilities predicted
by the 3+1 scheme; differences of the probabilities (expectation values; with fast oscilla-
tions averaged out) predicted by the standard three-flavor scheme and the 3+1 scheme are
presented in the right plot. P31 in both figures is computed by the zeroth order rotation
method developed in this chapter. Parameters used are given in Table 5.1. Neutrino flux
energies used are 0.4 — 1.2 GeV for T2K/HyperK (295 km), 1.2 — 3.0 GeV for NOVA (810
km), 0.4 —1.5GeV for T2HKK (1100 km), and 1.0 —4.0 GeV for DUNE (1300 km), see Refs.
[5, 9, 52, 6].
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Figure 5.7: For the v, — v, channel, the left plot is showing the probabilities (expectation
values, with fast oscillations averaged out) predicted by the 3+1 scheme; differences of
the probabilities predicted by the standard three-flavor scheme and the 3+1 scheme are
presented in the right plot. P31 in both figures is computed by the zeroth order rotation
method developed in this chapter. Parameters used are given in Table 5.1. See Fig. 5.6 for
neutrino flux energies of the listed facilities.
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Figure 5.8: For the v, — v channel, the left plot is showing the probabilities (expectation
values, with fast oscillations averaged out) predicted by the 3+1 scheme; differences of
the probabilities predicted by the standard three-flavor scheme and the 3+1 scheme are
presented in the right plot. P31 in both figures is computed by the zeroth order rotation
method developed in this chapter. Parameters used are given in Table 5.1. See Fig. 5.6 for
neutrino flux energies of the listed facilities.
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Figure 5.9: Fractional errors of oscillation probabilities (fast oscillations averaged out) given
by different methods. The solid blue curve (PZ) indicates the zeroth order rotation method
of this chapter, and the dashed blue line is the first order result; the green curve (FMN) is
from Fong, et al. [36]; and the red curve (KP) is from Klop and Palazzo [44]. Parameters
used for this sample calculation are listed in Table5.1. The relative speed of the methods

can be found in Table 5.2.
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CHAPTER 6
CONCLUSION AND SUMMARY

Based on the standard three flavors scheme, we have developed a new simple and compact
approximation method to calculate neutrino oscillations modified by the Wolfenstein matter
effect with uniform density by implementing rotations. In this method, level crossings of
zeroth order eigenvalues can be resolved by the rotations thus degeneracy near solar and
atmospheric resonances can be eliminated and the method is applied to the whole range of

L/E and matter potential. The expansion parameter used in the method is ¢ which is not

2 ~Y
ee =

larger than slgclgAmgl/Am 0.014. Moreover, when the matter potential a goes to zero
¢’ will also go to zero, the approximated results will converge to the vacuum values when
a=0.

After performing the rotations which produce zeroth order results, we can use perturba-
tion theory to derive higher order correction terms. However, we can also implement some
additional rotations to replace the perturbative expansions to obtain equivalent precision.
We strictly prove that two more additional rotations can improve precision to be as good as
a first order perturbation theory; after three (one more after the two) additional rotations
precision can be improved to second order. Moreover, by analytic and numerical approaches,
we prove that implementing additional rotations can increase order of errors in a Fibonacci
recursive process, thus in exponential of number of rotations.

Besides the approximated method, we introduce a recently rediscovered identity in linear
algebra into neutrino physics and use it to derive simple, clear, and symmetric formulas
to calculate mixing angles and CP phase in matter. The identity relates norm squares of
elements of the PMNS matrix with eigenvalues of the Hamiltonian operator and its principal
minors. The new formulas can also be combined with the approximated results from the

rotation method. Because all the first order corrections to the eigenvalues vanish, we can

insert the zeroth order eigenvalues into the formulas to get concise approximated expressions
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of mixing angles and CP phase with a second order precision.

Finally, we extend the rotation method from the standard three flavors scheme to a
scheme with one more sterile neutrino. To simplify derivation and calculation process, we
adopt a new convention to define the PMNS matrix as product of several real or complex
rotation matrices. In our convention, Usg is the last rotation from the energy basis to
the flavor basis. The extended method inherits good properties of the initial one. By
numerical tests, we also compare the rotation method’s precision and computing speed with
other approximated methods previously developed for schemes with sterile schemes and show

supremacy of the approach of this dissertation.
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APPENDIX A
HAMILTONIANS AFTER THE ADDITIONAL ROTATIONS

In the case of neutrinos, after the Uy3(aj3) rotation, in Eq.3.1 the Hamiltonian is H' =

H(/) + H{ where

7! 2 2 = 2
2E(H0)11 - chgAl + Salg)\3 + 280&130()[13 S12€ Am667

2E(H()12 = 0,

2E(H6)13 = — Saj3Ca13AN31 + (8313 — 0313) 512€/Amg€, A1)
2E(Hp)22 = Ao,
2E(Hp)23 = 0,
2B(H})33 = 52, A1 + 2 A3 — 2 5196 Am?
( (])33 Salg 1 +Coz13 3 Sa13Caq3 S12€ AMge,
and (H();; = (H})ji, and
S o S
-y €AmZ.C1o
Hy = 226 —Sas Cays (A-2)
Cans
We require the 13 sector to be diagonalized, i.e «r13 must satisfy an equation:
- AN 2 =2 ) E1ad AmZ, =0 A3
5041300413 31 + (3a13 Calg) 512€ AMee = U. ( : )

The solution is Eq. 3.2.

After the Usg(an3) rotation, in Eq. 3.4 the Hamiltonian is H” = FI(/)’ + H{’, where

2E(H{)11 = A,
2E(H{)12 =0,
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Neutrinos

Angles 2F H 2F (H1)13/N 2E(Hy)19/N 2E(Hy)o3/N N
3 (Aas Ap, Ac) $13C13 €13 812C12€ $13 S12C12€ Am?Z,
9~13 (A=, Aos At) 0 “(B13-013) %(13—013) X S12¢€12 €
2 | (A1, A2, A3) =512 0 C12 X 5 (f15—013)
13 ()\;/, X//’ )\g}/) 0 —Saq3 Caqs X €19
93 (i\”; >\///> )\;,//) Sagg Cags 0 X (=Say3)
12 (AT, A9, A3) Cayg 0 Sz X Sagg

Anti-Neutrinos

Angles 2FE H 2F (H1)13/N 2E(Hy)19/N 2E(Hy)o3/N N
) (Aas Ap, Ac) $13C13 €13 812C12€ $13 S12C12€ Am?,
8}3 (A= Ao, At) E] “(613-013) 8(51§—913) X S12€12 €
012 | (A1, A2, A3) —512 0 C12 X 8 (f15—013)
asg | (A}, Ay, A3) Cas — 5493 0 x (—512)
R P (e
a19 ()\ , Ao )\3 ) —Saqy 0 Cano X Sas

Table A.1: Entries of the Hamiltonian after each rotation for neutrinos and anti-neutrinos
are presented. N in the last column is a normalization factor. For each row, N is equal
to the product of all elements on and above this line. The first three rows are identical for
neutrinos and anti-neutrinos.

1
2E(Hy)13 =0,
2E(H{)22 = €Ay My + 520 M
0/22 = Can3 A2 T Sagz N3
2809 Carnn CapiaC10€ A2
ag3Cagz Cay3€12€ BMge,
1!/ /
QE(HO)23 = — 3a23Ca23A)\32
2 2 ~ 2
— (3a23 — COQB) Cap3C12€ Amge,
sl 2 ! 2 !
QE(HO )33 = Sa23/\2 + Ca23)\3.

~ ! 2
+ 25093 Cans Cay3C12€ AmZ, (A.4)
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and ([:I(/)/)ZJ = (H(l)/)ﬂ, and
Sx o Cagz  Sags
-y € AmZ.C125a13
H]. - 28 Cagg (A5)
Sagg
Now the (2-3) sector must be diagonalized, i.e. ao3 must satisfy
/ 2 2 ~ 2
— 93 Can3 ANy — (sa23 — ca23)ca130126 Amg, = 0. (A.6)

The solution is Eq. 3.5. Since aq3 is a first order (in €) term, it is evident that ]:I{/ is in
second order.

After the U (aqs) rotation, in Eq. 3.7 the Hamiltonian is H" = ]:16” + ﬁi”, where

rrl!! 2 /! 2 /!
2E(Hy )11 = ¢app M+ SagpAa
2 G1o€ Am?
+ 28a19Ca9Cagg Sa3C12€ AMMge,
rrl!! /!
2E(Hy )12 = — Sai3Ca128091
2 2 ~ ! 2
+ (Salz - Coz12)0042350é13012€ Amg,,
e
2E(Hy )13 =0, (A7)
TN 2 NI 2 N
QE( 0 )22 = 30412)‘1 + Ca12)\2
-9 ~ /A 2
Sa12Ca12Can3Sa3C12€ AMee,

2E(H{")23 =0,

2E(H{")33 = Aj,

71



and (Hy")ij = (Hg'")ji, and

5 Caqo
/ ~
g — € AmgeC125a135a3 s

1 2F 12

Cara  Saqa

It is easy to verify that H {’ "is already a third order term in ¢’. And aj9 must diagonalize

the (1-2) sector, i.e.

2

2 ~ 2
oy Ca12)0a233a13012€ AmZ, = 0. (A.9)

"
—SaipCa;nAAgy + (s

The solution is Eq. 3.8.

The approach for anti-neutrinos is quite similar so we will not provide the detailed pro-
cedure. The first additional rotation diagonalizes the (2-3) submatrix with = @93, and
Az = &12¢ Am2,; the second additional rotation diagonalizes the (1-3) submatrix with
0 = ay3, and A\ = —0@235126’Amge; the third additional rotation diagonalizes the (1-2)
submatrix with 6 = a9, and A\, = 0@133@235126’Amge.

For both cases of neutrino and anti-neutrino, the Hamiltonian after each rotation is

summarized in Table A.1.
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APPENDIX B
LODE VERSUS LORT

In Chapter 2 and Chapter 3, after the vacuum rotation Uss, our strategy to determine order
of the rotations to produce the zeroth order results is killing the largest (absolute value) off-
diagonal elements (LODE) of the Hamiltonian. However, there is another possible strategy
that we may choose a 2 x 2 sector which can be diagonalized by a largest rotation angles
(LROT). In most ranges of YepFE, these two strategies give exactly the same procedures
and results. We do find some ranges that the two strategies give different orders of rations,
for example when a is around Am%l, after the vacuum Usg rotation, for LROT we need to
implement a rotation in the 12 sector rather than the Uy rotation for LODE. We built codes
to execute both strategies and compare their precision by calculating the largest absolute
values of off-diagonal elements (perturbative terms) of the Hamiltonian after the rotations.
The results are displayed in Fig. B.1. The vacuum parameters used in the computation are
sin? 019 = 0.31, sin? 013 = 0.022, sin® fp3 = 0.58, CP-phase is 215°, Am3; = 7.5 x 1079V,
Am%l =2.5x1073eV [32]. We consider cases with/without the first vacuum Us3 rotation. In
the case of without the vacuum Usg, we start implementing the strategies from the flavor basis
Hamiltonian. It is evident that whenever LROT and LODE give different results, LODE has
better precision (same number of rotations). On the other hand, the two approaches have

the same computation complexity, thus we have no reason to adopt LROT in practice.
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Figure B.1: The size of the corrections to the eigenvectors, maxj>k(2E(H1)ij/ATh?k) after
N rotations by the LODE and LROT strategies.
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APPENDIX C
THE EXACT EIGENVALUES IN MATTERS FOR 3vSM

In the standard three flavors scheme, if the matter potential term is a defined in Eq. 2.5, the

corrected eigenvalues of the Hamiltonian are [62]:

i} m1+———\/AQ—SB——\/AQ—SB\/l—SQ (C.1)
A
3 :m§+§—§ A2 —BB+—\/A2—BB\/1—52 (C.2)
3 =m3 + + —\/A2 — 3B, (C.3)
with
A =Am}y + Am3; + a, (C.4)
B =Am3,Am3; + a[Am3; ¢i5 + Am3 (cF3ciy + s13)], (C.5)
C =aAm3;Am3, 353, (C.6)
243 —9AB + 27C

S = cos — arccos . C7
3 2v/AZ _3B (G7)
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APPENDIX D
EIGENVALUES OF THE 2 x 2 MINORS
In Eq.4.9, & 4,7 and Xe - haven’t been given. It is observed that to calculate Uy il2, we

need £n X and €4+ xo- To derive these values, we first define H = U2T3(023, 6) Hy Ugg(023,0).

Hy can be found in Eq.2.2. After some calculation we have

2 .2 2 2 2 2
a+ AmZ.sis + Ams 579 c13512c12AM5, s13€13Amé,
1
- 2 2 2
"= 2F * Amiy iy —s13512¢12Am5, . (D.1)
* * Amgec%?’ + Am%ls%Q

‘H is a symmetric. With H we can get

e+ Xe =2E)(Hpp + Hrr)
EeXe =(2B)* HupHrr — H.r)
Eu + Xp =(2E)(Hee + 33Hrr + s33Hu — 2593¢23 cos 0H iz )
EuXu :(QE)2 [Hee(cgg)%ﬂ + 8%37-[”# — 2s93c93 cos OH i7) — |casHer — 3236_i57{eu|2].

(D.2)

We can get {-xr and & + xr from & x, and &, + x, under the interchange 033 > 353 and

§23C23 <> —523C23.
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APPENDIX E
SOME CALCULATION DETAILS OF CHAPTER 5

E.1 Mixing angles and phases in the new convention of the

PMNS matrix

The PMNS matrix in the new and the usual conventions can be expressed as

Uy3(093, 023) Usa (634, 034) Uy (624, 024) U14(014) U13(013) U12(612)

Usy (04, 054) Uaa (b, 0b,) Ura(6]4) Uas(bhs, 053) Uiz(63) Ura(6]s)

3+1
UPMNS

(E.1)

We will express the parameters of the new convention (without the prime) in formulas of the
parameters of the usual convention (with the prime). We notice that Uj4Ug3 = UgzUyy,
and then

010 = 019, 013 =013, 014 =0],, (E.2)

and

U23(623,623) Uga (034, 034) Uog(b24,24)

= 'AU(b,634) Uz (6hy, 0y) Uns (03, 8h3), (E3)
where A is a traceless real diagonal matrix. Solving Eq. E.3 we get the following relations:

VY, /
§34 = !3340/23 + s93854C3y ¢(023—024+03y) I

/)
Co Cay\ 2
2434
i = 1 (Cachay?
€34
! ]
SoqC
€34

7



and

BV T P (8, =45

034 = Arg [534023 €934 4 $93594C34 61( 24 23)]’
- o/ ol /

024 = Arg[shychychy €21 — shyslyy /P20,

Y, /
023 = O3 + Arg|ch3chy — s9359453 ¢!(023 624+634)]- (E.5)

The approximated formulas, with O(e) corrections, are also listed below:

2 12 2 12
534 =~ [023334 + 593C34

2 / / / / 5/ 5/ 5/ 1/2 O
+ 2593894534 C93 c0S(0g3 + 034 — Joy) + O(e),

2 12 12 12
524 = [023324 + 593534

1/2
/ / / / / / /
— 259389534 C93 C0S(dg3 + 034 — 524)} + O(e),

s23 ~ sh3 + O(e),

) : !/ !/ I : /
/ / !/ !/ ) /

034 =~ arctan

s .
t3 [1 — sign(shychs + sh3shychy)] + O(e),

/ / : / / / : !/ !/
CogS9y SiN 0y, — S9a55, Sin(dg + 054)
/ / / / / !/ /

094 ~ arctan

™

2
893 = Ghs + O(e). (E.6)

+ = [1 — sign(shych3chy — sh3szy)] + O(e),

E.2 Complex phases convention

In Section 5.1 we chose U1g and Uqg to be real; however, now a9 and a3 are nonzero. To
recover the initial convention of the complex phases, we need to implement a phase transfor-
mation. Firstly, we multiply the first row by e ¢®12 and the first column by e?®12; then the
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third row is multiplied by ei(@13=012) anq the third column is multiplied by el(—aiztaiz)
Finally, all the complex phases are absorbed into Usgg, U9y, and Usy. The zeroth order

phases are

d12 =0,

013 =0,

093 = 093 — 13 + 112,
024 = 024 + 12,

034 = 034 + a13. (E.7)

E.3 Elements of Hy,

Since the Hamiltonian must be Hermitian, we will just present the fourth column.

. 11
(Har)14 =37 [012013814014@ +bc5yc3)

. 2 (bt
— 195040140245 /024 T012)

5138 (6
— b13¢12834c14C24034 €' 34+°‘13)]7

1 7. .
(Hpr)24 =55 [812013814614(61 + bC%4C§4)

. 2 s
+ bé1asagciacaacyy €0

— b 5812513534C14C24C34 €

9

i(534—0412+a13)}

- 1. -
(Har)34 =5F [813814014(a + bc%4c§4)e a3

+ b ¢13534€14C24C34 6i534} : (E.8)
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E.4 Perturbation expansions

E./.1 First order corrections

Since all diagonal elements have been absorbed into the zeroth order Hamiltonian, by
Eq.5.39, the first order corrections to the eigenvalues, which are the diagonal elements of

the perturbative Hamiltonian, are zero, i.e.,

A —9g (1), = 0. (E.9)

7

As for the eigenvectors, to first order, by Eq. 5.40,

0 0 —Ag%@i(aquae) 0
31
c Ol
w Cont| K
SLemilonztad  _Q2c—ine 0 0
0 0 0 0
0
0 0 R
H )4
0 0 0 —Hu
+ (2E) (AI?I—A)W . (E.10)
0 0 0 -
M), (s @y

AM—M2  M—M?2  A3—M?
E.4.2 Second order corrections

The second order corrections to eigenvalues are

2
)\2(2) _ Z |2§(IE1)>\7,]€| 7 (E.11)
i+k i k
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or explicitly as

) - 2
2E(Hpr)14]
A2 A2 )2 S12 |
1 (E mee) A>\3]_ )\1 . M2 9
-9 - 2
2E(H )24
A2 Am2 )2 C12 |
(6 mee) A)\32 + )\2 o M2 9

-2 2 : 2
2E(Hpy)34|
V2 am2 2 (12, C12 |
35 =) (O Y angy) T a0
V@) _ REHp)ul> 2B Hp)2s*  [2E(Hpy)z4/? (F.12)
4 A — M2 Ay — M2 A3 — M2 ‘

where AN;; = A — A
The second order corrections to eigenvectors can be calculated by the corrections to the

PMNS matrix:
1 > 12B(Hy) >

T2 & i) 1=J
k
(Wa)ij = 7 ) . . (E.13)
1 2E(Hy)y2EHy)g; ., .
NN vy i
k#i,k#]
We list the elements of W9 below:

51 (2E)%|(Hp) 14

W — ,A 21\2 _
( 2)11 (6 mee) 2<A)\31>2 2(M2 _)\1)2 )

9 319819 /12

(Hap)a(Hpp)sy

(M2 — Xg)A)gy

(Far)14(Hpp)sy

(M2 — X3)AN3;

2 §19619 €112

AA31ANy

o (Hap)2a(Hyy)ly

(M2 — X)AXg;’

(Wa)12 = (€Am?2,)

- (2B)

(Wa)13 = —(25)>
(Wa)a1 = — (' Am?

ee

+ (2E)

2 2 2
Hp )24

Wolon — —(Am2 2 12 o2 [(Hy

( 2)22 (6 mee) 2<A>\32>2 ( ) 2(M2—)\2)27
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o (Hpp)2a(Hpp)ky
(M2 — XA3)AXzy’

(Hpp)za(Hpp)y

(M2 —X)AN3;

(

(Wa)o3 = —(2F)

(Wa)31 = (2E)?

H ) )s34(Hpp)dy
M2 — )\Q)A)\32 ’
(€Am2)% 1§, n G ]
2 (AX31)%2  (A)g2)?
i ( )2 |(HM)34|2
2(M2 - )\3)27

(2E)313(H p)34¢!(13F )

(A2 — M2)(A\3 — M?)

(Wa)32 = (2E)?

(Wa)33 = —

(Wa)14 = —€'Am?,

2F)é13(H pp)g4e"
Wo)as — € Am2,
( 2)24 € QMee ()\1 _ MQ)()\?, _ MQ)?
» S1o(H )14€—ia13
W — /A 2 2F 10 813( M
( 2)34 € mee( )6 (/\3 o M2)<>\1 o MQ)
c13(H )24

+

(A3 — M2)(Ag — M?) ]’
(2B)313(Hyy)5qe 013F00)
(M2 — \1)AN3; ’

2F)¢13(H )5 e "0
Wi = ¢ Am2, ! 34
( 2)42 € AMge (M2 _ )\2)A)\32

(Wa)g1 = —€'Am?,

S13(Hyp)5 et

(M2 — X3)A)31
Gr3(Hpp)3y
(M2 = X3)ANz2 ]’

(Wa)yg = € AmZ, (2E)e' [

[(Hpp)oal? | [(Hpp)sal? }
(M2 —X9)2 (M2 —\3)2)
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