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3.4.3 Results on Hölder Continuous Functions . . . . . . . . . . . . . . . . 46
3.4.4 Extensions to Tree Ensembles . . . . . . . . . . . . . . . . . . . . . . 47

3.5 Implications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.5.1 Parsimony of G-BART . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.5.2 Some Examples and Exceptions . . . . . . . . . . . . . . . . . . . . . 49

3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.7 Proofs of Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4 APPLICATIONS OF BART TO DISCRETE CHOICE DATA . . . . . . . . . . . 64
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2 Adapting BART for Discrete Choice Modeling . . . . . . . . . . . . . . . . . 66
4.3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.4 Adapting to Monotonicity: . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

iv



4.5 Further Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
4.6 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5 DYNAMIC SPARSE FACTOR ANALYSIS . . . . . . . . . . . . . . . . . . . . . 82
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.2 Dynamic Sparse Factor Models . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.2.1 Dynamic Sparsity with Shrinkage Process Priors . . . . . . . . . . . . 88
5.2.2 Identifiability Considerations . . . . . . . . . . . . . . . . . . . . . . . 92
5.2.3 Estimating Factor Dimensionality . . . . . . . . . . . . . . . . . . . . 94

5.3 Estimation Strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.3.1 EM Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.3.2 MCMC . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.4 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.5 Empirical Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
5.6 Forecasting Evaluations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
5.7 Further Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
5.8 Appendix A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.8.1 Derivation of the E-step . . . . . . . . . . . . . . . . . . . . . . . . . 120
5.8.2 Derivation of the M-step . . . . . . . . . . . . . . . . . . . . . . . . . 123

5.9 Appendix: B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
5.9.1 MCMC on Simulated Examples . . . . . . . . . . . . . . . . . . . . . 128

6 DISCUSSION ON FUTURE WORKS . . . . . . . . . . . . . . . . . . . . . . . . 133

REFERENCES . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

v



LIST OF FIGURES

2.1 The k-d trees in two dimensions at various resolution levels. . . . . . . . . . . . 20

4.1 BART vs Monotone BART: True Monotone . . . . . . . . . . . . . . . . . . . . 76
4.2 BART vs Monotone BART: False Monotone . . . . . . . . . . . . . . . . . . . . 77

5.1 Simulation Study: True Latent Factor Loadings . . . . . . . . . . . . . . . . . . 99
5.2 Simulation Study: Heatmaps of True and Estimated Loadings . . . . . . . . . . 101
5.3 Simulation Study: RMSE & Estimated Number of Factors . . . . . . . . . . . . 103
5.4 Macroeconomic Study: Estimated Factor Loadings (Competitors) . . . . . . . . 107
5.5 Macroeconomic Study: Estimated Factor Loadings (Dynamic Factor Analysis) . 108
5.6 Macroeconomic Study: Estimated Factor Loadings of the ‘Crisis Factor’ . . . . . 111
5.7 Macroeconomic Study: Average Number of Active Factors . . . . . . . . . . . . 112
5.8 Macroeconomic Study: The idiosyncratic variance . . . . . . . . . . . . . . . . . 113
5.9 Forecasting: RMSE Computed over 50 one-step-ahead forecasts . . . . . . . . . 115
B1 Simulated Example: Absolute Value of Estimated Factor Loading (MCMC) . . . 129
B2 Simulated Example: Absolute Value of Estimated Factor Loading (EM) . . . . . 130

vi



LIST OF TABLES

3.1 Some Examples of Generalized BART Model . . . . . . . . . . . . . . . . . . . . 35

4.1 Discrete Choice Model: Empirical Performance . . . . . . . . . . . . . . . . . . 73

5.1 EM Algorithm for Dynamic Sparse Factor Analysis . . . . . . . . . . . . . . . . 95
5.2 Simulation Study: Performance Evaluation . . . . . . . . . . . . . . . . . . . . . 104
5.3 Forecasting RMSE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
A1 Kalman Filter and Smoother Algorithm . . . . . . . . . . . . . . . . . . . . . . 122
A2 Forward Filtering Backward Smoothing . . . . . . . . . . . . . . . . . . . . . . . 127
B1 MCMC Algorithm for Dynamic Sparse Factor Analysis . . . . . . . . . . . . . . 128
B2 Elapsed computation time for MCMC and EM . . . . . . . . . . . . . . . . . . . 130
B3 Macroeconomic Study: The list of economic variables used in the study. . . . . 132

vii



ACKNOWLEDGMENTS

I would like to thank my advisor Professor Veronika Rockova for introducing me to some very

interesting topics in Bayesian Statistics. Her constant tenacity and drive for excellence will

always be a great source of inspiration. I shall be eternally grateful to Professor Chao Gao

for motivating me to be a better researcher and helping me make important career decisions,

through his invaluable insight and meticulous feedback. I would also like to thank Professor

Matthew Stephens whose kind and generous suggestions have not only improved my disser-

tation but also made lasting impact on my entire research perspective. Professor Stephens

has been incredibly supportive and compassionate throughout the process of completion of

my dissertation. In this regard I would also like to thank Professor Yali Amit, who as the

Director of Graduate Studies has always been extremely kind and helpful. Without their

strong support, this dissertation would never have come to fruition. I am extremely thankful

to my amazing collaborator Professor Carlo Graziani who is not only a great mentor but also

a trusted friend whose wisdom and constant encouragement have helped me move forward

in my research, during the tough times of the pandemic. I would also like to thank all the

faculty and staff members and my fellow graduate students in the Department of Statistics

and my dear friends Koushiki, Kushal, Ritabrata, Sayar, Soudeep and Swarnali, with whom

I have spent the wonderful years of my graduate life.

I extend my sincere gratitude to Professor Anil Kumar Ghosh at ISI, Kolkata who taught

me how to take big problems of the world and formulate them in the form of a much more

tractable research question. I would also like to thank my amazing teacher Mr. Basudeb

Polley who taught me to look at tough mathematical problems through an explorer’s vision

and forever changed my life in the process.

I would like to thank my loving parents Dr. Biswa Kumar Saha and Mrs. Putul Saha,

my amazing brother and role model Dipankar, my sweetest sister-in-law Subhra, my beloved

soulmate Rahul and my two precious little friends Irtish and Aaditri, for their unconditional

love, unwavering support and unfathomable faith in me.

viii



ABSTRACT

We study flexible Bayesian methods that are amenable to a wide range of learning problems

involving complex high dimensional data structures, with minimal tuning. We consider

parametric and semiparametric Bayesian models, that are applicable to both static and

dynamic data, arising from a multitude of areas such as economics, finance and marketing,

to name a few. A special emphasis is given on deriving probabilistic guarantees of these

models, that corroborate their strong empirical performance and can potentially provide

insight into interesting avenues for future research.

Chapter 1 describes the broader theme of our research. We focus on two important

domains of Bayesian Statistics: Bayesian ensemble learning and latent factor models. As

part of the first topic, we explore the theoretical properties and empirical adaptability of

Bayesian trees and their additive ensembles, along with their multiple incarnations. In the

second part of our research we propose a sparse factor analysis model for dynamic data that

is suitable for discovering latent structures in multivariate time series arising from a wide

range of real life applications.

Bayesian additive regression trees (BART) is an ensemble learning technique that has

been adapted to a wide range of high dimensional learning tasks. In Chapter 2 we demon-

strate that the BART model has a near-optimal posterior concentration rate when the un-

derlying regression function is ν-Hölder continuous with 0 < ν ≤ 1. In Chapter 3 we

demonstrate that this theoretical guarantee extends beyond the regression problem, to en-

compass response variables belonging to the exponential family, thereby including variants

of BART that are adaptable to other important applications, such as classification and count

regression. We also prove that these results can be replicated not only for Hölder continuous

functions but also when the regression function is a step function or a monotone function. In

Chapter 4 we demonstrate the scope of BART for discrete choice modeling. We demonstrate

that BART exhibits superior predictive accuracy on several benchmark datasets compared

to some popular discrete choice models.
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In Chapter 5, we propose a Bayesian sparse factor analysis model for high dimensional

dynamic data. We address some important challenges that often hinder the practical deploy-

ment of many existing dynamic factor analysis tools. Firstly our model infers the number of

latent factors from the data, instead of fixing this number to a user-defined value. Moreover

both the number of latent factors, as well as the factor loadings are allowed to vary over time.

Second, we propose an EM implementation that requires minimal identification constraints

and is considerably faster than the MCMC sampler, for high dimensional applications. To

demonstrate the efficacy of our model, we study a large scale US macroeconomic data with

a special focus on the 2008 financial crisis.

Finally Chapter 6 concludes with a discussion on possible implications of our work and

some promising future research directions.
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CHAPTER 1

INTRODUCTION

In this age of information revolution, researchers in every field are facing challenges posed

by a massive influx of complex high-dimensional data structures. These data, where number

of features often exceed the sample size, require novel data analysis tools that are fast,

flexible and require minimal calibration by the practitioner. Our research focuses on Bayesian

models, that are capable of handling such large complex datasets, arising out of important

real life applications. We are particularly interested in deriving theoretical guarantees for

semiparametric Bayesian tools such as Bayesian trees and forests, that have demonstrated

significant empirical success but lack any theoretical justification supporting their impressive

performance. Another strand of our research concerns developing a sparse factor analysis

technique, capable of discovering interpretable latent structures in high dimensional dynamic

datasets. The objective is to answer key questions about the dynamic system and efficiently

employ these findings for forecasting purpose. While the common theme of our research

is Bayesian models for high dimensional data, we address two distinct areas of Bayesian

Statistics: ensemble learning and latent variable models. The first portion of this dissertation

is primarily a theoretical pursuit of an existing ensemble learning model applicable to static

data, the second portion concerns a novel methodology for dynamic data analysis, motivated

by a large-scale macroeconomic application.

Ensemble learning is a statistical paradigm built on the premise that many weak learners

can perform exceptionally well when deployed collectively. The BART method of Chipman

et al. [2010] is a prominent example of Bayesian ensemble learning, where each learner is

a tree. Due to its impressive performance, BART has received a lot of attention from

practitioners. Despite its wide popularity, however, theoretical studies of BART have begun

emerging only very recently. Laying the foundations for the theoretical analysis of Bayesian

forests, Rockova et al. [2020] showed optimal posterior concentration under conditionally

uniform tree priors. These priors deviate from the actual priors implemented in BART. In
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Chapter 2 [Rockova and Saha, 2019], we study the exact BART prior and propose a simple

modification so that it also enjoys similar optimality properties. To this end, we dive into

branching process theory. We obtain tail bounds for the distribution of total progeny under

heterogeneous Galton-Watson (GW) processes exploiting their connection to random walks.

We conclude with a result stating the optimal rate of posterior convergence for BART.

Since its introduction in 2010, the scope of BART has extended beyond high dimensional

regression and binary classification, to include a broad range of applications such as survival

analysis, causal inference, variable selection, interaction detection and varying coefficient

models, to name a few. Despite its wide adaptability, the existing theoretical results on

BART concentrate primarily around the continuous regression problem. In Chapter 3, we try

to remedy this situation by exploring the theoretical properties of some important variants

of BART that extend beyond regression. We describe a Generalized BART (G-BART)

model, analogous to generalized linear models that extend beyond the continuous regression

and classification setup, to response variables falling under the broader exponential family

distributions and hence encompasses the classical BART model [Chipman et al., 2010], along

with several of its important variants (e.g. log-linear BART by Murray [2020]). In the G-

BART framework described in this Chapter, another generalization emerges in terms of

the distribution of ‘step-heights’, that are allowed to come from a more general class of

distributions, including the Gaussian distribution typically considered in Bayesian trees and

forests. We examine the theoretical properties of G-BART, when the underlying regression

function is either a step function, a monotone function or a Hölder continuous function.

These results supplement the recently emerging literature on theoretical aspects of BART,

that have till date primarily focused on only Hölder continuous regression functions. We

demonstrate that this theoretical optimality persists through conventional adaptations of

BART, such as for classification [Chipman et al., 2010, Denison et al., 1998] and count

regression [Murray, 2020].

In Chapter 4, we introduce a novel application of BART for discrete consumer choice
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models. We demonstrate that BART has significantly superior predictive performance than

the widely popular Generalized Linear Models with fixed and/or random effects for ten

benchmark consumer choice datasets. We also discuss how the BART model for multi-class

classification can be suitably adapted to incorporate monotonic dependence of customer

preference on specific covariates such as price or income. Such monotonicity assumptions

are typical of consumer demand theory [Deaton and Muellbauer, 1980].

In the second portion of our research, Chapter 5 focuses on a Bayesian latent factor model

geared towards discovering interpretable unobserved structures in high dimensional time

series data. Latent factor models are extremely important in the arsenal of multivariate data

analysis. Besides being conceptually attractive due to their strong probabilistic foundation,

these models are efficiently adaptable to a broad range of static and dynamic applications.

Despite its popularity across many fields, there are outstanding methodological challenges

that have hampered wider implementation in practice. One major challenge is the selection

of the number of factors. This issue is exacerbated in dynamic factor models where factors

can disappear, emerge, and/or reoccur over time. Existing models that assume a known

fixed number of factors may provide a misguided data representation, especially when the

factor dimension is grossly misspecified. Another challenge is interpretability which is often

regarded as an unattainable objective due to the lack of identifiability. Motivated by a

topical macroeconomic application, we develop a flexible Bayesian method for dynamic factor

analysis (DFA) that can simultaneously accommodate a time-varying number of factors and

enhance interpretability through sparse mode detection. To this end, we turn to dynamic

sparsity by employing Dynamic Spike-and-Slab (DSS) priors within DFA. Besides MCMC,

a scalable Bayesian EM estimation is proposed for fast posterior mode identification via

rotations to sparsity, enabling Bayesian data analysis at larger scales. To highlight the

efficacy and usefulness of our proposed method, we study a high-dimensional balanced panel

of macroeconomic variables covering multiple facets of the US economy, with a focus on the

Great Recession of 2008. We demonstrate that the interpretation of the latent structures

3



discovered by our model corroborate the consensus among existing economic literature that

pin down the housing bubble deflation and the resulting devaluation of mortgage-backed

securities as a possible harbinger of the 2008 financial crisis.

In Chapter 6 we revisit the implications of our work and describe several promising

avenues for future research that include extensions of BART in novel empirical applications,

as well as exploring semiparametric inference from a theoretical perspective. We also discuss

several potential adaptations of our dynamic sparse factor analysis model to networks and

datasets with multiple response categories.
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CHAPTER 2

ON THEORY FOR BART

2.1 Bayesian Machine Learning

Bayesian Machine Learning and Bayesian Non-parametrics share the same objective: in-

creasing flexibility necessary to address very complex problems using a Bayesian approach

with minimal subjective input. While the two fields can be, to some extent, regarded as

synonymous, their emphasis is quite different. Bayesian non-parametrics has evolved into

a largely theoretical field, studying frequentist properties of posterior objects in inifinite-

dimensional parameter spaces. Bayesian machine learning, on the other hand, has been

primarily concerned with developing scalable tools for computing such posterior objects.

In this work, we bridge these two fields by providing theoretical insights into one of the

workhorses of Bayesian machine learning, the BART method.

Bayesian Additive Regression Trees (BART) are one of the more widely used Bayesian

prediction tools and their popularity continues to grow. Compared to its competitors (e.g.

Gaussian processes, random forests or neural networks) BART requires considerably less

tuning, while maintaining robust and relatively scalable performance (BART R package of

McCulloch (2017), bartMachine R package of Bleich et al. [2014], top down particle filtering

of Lakshminarayanan et al. [2013], parallel BART of Pratola et al. [2014] and XBART of

He et al. [2019]). BART has been successfully deployed in many prediction tasks, often

outperforming its competitors (see predictive comparisons on 42 data sets in Chipman et al.

[2010]). More recently, its flexibility and stellar prediction has been capitalized in multiple

application areas such as in causal inference tasks for heterogeneous/average treatment effect

estimation (Hill [2011], Hahn et al. [2017] and references therein), interaction detection [Du

and Linero, 2019], survival analysis [Sparapani et al., 2016], time series analysis [Taddy et al.,

. This chapter is based on the paper “On theory for BART” by Veronika Rockova and Enakshi Saha.
The 22nd International Conference on Artificial Intelligence and Statistics. PMLR, 2019.
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2011, Deshpande et al., 2020] and variable Selection [Bleich et al., 2014, Linero, 2018, Liu

et al., 2018, Liu and Rockova, 2020], to name a few. BART has also served as a springboard

for various incarnations and extensions including: Monotone BART (Chipman et al. [2016]),

Heteroscedastic BART (Pratola et al. [2017]), treed Gaussian processes (Gramacy and Lee

[2008]), dynamic trees (Taddy et al. [2011]), varying coefficient BART [Deshpande et al.,

2020] and BART with targeted smoothing [Starling et al., 2020] to list a few. Related non-

parametric constructions based on recursive partitioning have proliferated in the Bayesian

machine learning community for modeling relational data (Mondrian process of Roy et al.

[2008], Mondian forests (Lakshminarayanan et al. [2014]). In short, BART continues to have

a decided impact on the field of Bayesian non-parametrics/machine learning.

Despite its widespread popularity, however, the theory has not caught up with its appli-

cations. First theoretical results were obtained only very recently. As a precursor to these

developments, Coram et al. [2006] obtained a consistency result for Bayesian histograms in

binary regression with a single predictor. van der Pas and Rockova [2017] provided a pos-

terior concentration result for Bayesian regression histograms in Gaussian non-parametric

regression, also with one predictor. Rockova et al. [2020] (further referred to as RP20) then

extended their study to trees and forests in a high-dimensional setup where p > n and

where variable selection uncertainty is present. They obtained the first theoretical results

for Bayesian CART, showing optimal posterior concentration (up to a log factor) around

a ν-Hölder continuous regression function (with a smoothness 0 < ν ≤ 1). Going further,

they also show optimal performance for Bayesian forests, both in additive and non-additive

regression. Linero and Yang [2017] obtained similar results for Bayesian ensembles, but for

fractional posteriors (raised to a power). The proof of RP20, on the other hand, relies on

a careful construction of sieves and applies to regular posteriors. In addition, Linero and

Yang [2017] do not study step functions (the essence of Bayesian CART and BART) but

aggregated smooth kernels, allowing for ν > 1. Building on RP20, Liu et al. [2018] obtained

model selection consistency results (for variable and regularity selection) for Bayesian forests.

6



Albeit related, the tree priors studied in RP20 are not the actual priors deployed in BART.

Here, we develop new tools for the analysis of the actual BART prior and obtain parallel

results to those in RP20. To begin, we dive into branching process theory to characterize

aspects of the distribution on total progeny under heterogeneous Galton-Watson processes.

Revisiting several useful facts about Galton-Watson processes, including their connection to

random walks, we derive a new prior tail bound for the tree size under the BART prior.

With our proving strategy, the actual prior of Chipman et al. [2010] does not appear to

penalize large trees aggressively enough. We suggest a very simple modification of the prior

by altering the splitting probability. With this minor change, the prior is shown to induce

the right amount of regularization and optimal speed of posterior convergence.

This Chapter is structured as follows. Section 2.2 revisits trees and forests in the context

of non-parametric regression and discusses the BART prior. Section 2.3 reviews the notion of

posterior concentration. Section 2.4 discusses Galton Watson processes and their connection

to Bayesian CART. Section 2.5 is concerned with tail bounds on total progeny. Section 2.6

and 2.7 describe prior and concentration properties of BART. Section 2.7 wraps up with a

discussion. Relevant proofs are given in Section 2.9.

2.2 The Appeal of Trees/Forests

The data setup under consideration consists of Yi ∈ R, a set of low dimensional outputs, and

xi = (xi1, . . . , xip)
′ ∈ [0, 1]p, a set of high dimensional inputs for 1 ≤ i ≤ n. Our statistical

framework is non-parametric regression, which characterizes the input-output relationship

through

Yi = f0(xi) + εi, εi
iid∼ N (0, 1),

where f0 : [0, 1]p → R is an unknown regression function. A regression tree can be used to

reconstruct f0 via a mapping fT ,β : [0, 1]p → R so that fT ,β(x) ≈ f0(x) for x /∈ {xi}ni=1.
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Each such mapping is essentially a step function

fT ,β(x) =
K∑
k=1

βkI(x ∈ Ωk) (2.1)

underpinned by a tree-shaped partition T = {Ωk}Kk=1 and a vector of step heights β =

(β1, . . . , βK)′. The vector β represents the quantitative guesses of the average outcome

inside each cell. Each partition T consists of rectangles obtained by recursively applying

a splitting rule (an axis-parallel bisection of the predictor space). We focus on binary tree

partitions, where each internal node (box) is split into two children (formal definition below).

Definition 2.2.1. (A Binary Tree Partition) A binary tree partition T = {Ωk}Kk=1 consists

of K rectangular cells Ωk obtained with K − 1 successive recursive binary splits of the form

{xj ≤ c} vs {xj > c} for some j ∈ {1, . . . , p}, where the splitting value c is chosen from

observed values {xij}ni=1.

Partitioning is intended to increase within-node homogeneity of outcomes. In the tradi-

tional CART method (Brieman et al. [1984]), the tree is obtained by “greedy growing” (i.e.

sequential optimization of some impurity criterion) until homogeneity cannot be substan-

tially improved. The tree growing process is often followed by “optimal pruning” to increase

generalizability. Prediction is then determined by terminal nodes of the pruned tree and

takes the form either of a class level in classification problems, or the average of the response

variable in least squares regression problems (Brieman et al. [1984]).

In tree ensemble learning, each constituent is designed to be a weak learner, addressing

a slightly different aspect of the prediction problem. These trees are intended to be shallow

and are woven into a forest mapping

fE ,B(x) =
T∑
t=1

fTt,βt(x), (2.2)

where each fTt,βt(x) is of the form (2.1), E = {T1, . . . , TT } is an ensemble of trees and
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B = {β1, . . . ,βT }′ is a collection of jump sizes for the T trees. Random forests obtain each

tree learner from a bootstrapped version of the data. Here, we consider a Bayesian variant,

the BART method of Chipman et al. [2010], which relies on the posterior distribution over

fE ,B to reconstruct the unknown regression function f0.

Bayesian Trees and Forests

Bayesian CART was introduced as a Bayesian alternative to CART, where regulariza-

tion/stabilization is obtained with a prior rather than with pruning (Chipman et al. [1998],

Denison et al. [1998]). The prior distribution is assigned over a class of step functions

F = {fE ,B(x) of the form (2.2) for some E and B} (2.3)

in a hierarchical manner.

The BART prior by Chipman et al. [2010] assumes that the number of trees T is fixed.

The authors recommend a default choice T = 200 which was seen to provide good results.

Next, the tree components (Tt,βt) are a-priori independent of each other in the sense that

π(E ,B) =
T∏
t=1

π(Tt)π(βt | Tt), (2.4)

where π(Tt) is the prior probability of a partition Tt and π(βt | Tt) is the prior distribution

over the jump sizes.

Prior on Partitions π(T )

In BART and Bayesian CART of Chipman et al. [1998], the prior over trees is specified

implicitly as a tree generating stochastic process, described as follows:

1. Start with a single leave (a root node) [0, 1]p.
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2. Split a terminal node, say Ωt, with a probability

psplit(Ωt) =
α

(1 + d(Ωt))γ
(2.5)

for some α ∈ (0, 1) and γ ≥ 0, where d(Ωt) is the depth of the node Ωt in the tree

architecture.

3. If the node Ωt splits, assign a splitting rule and create left and right children nodes. The

splitting rule consists of picking a split variable j uniformly from available directions

{1, . . . , p} and picking a split point c uniformly from available data values x1j , . . . , xnj .

Non-uniform priors can also be used to favor splitting values that are thought to be

more important. For example, splitting values can be given more weight towards the

center and less weight towards the edges.

Prior on Step Heights π(β | T )

Given a tree partition Tt with Kt steps, we consider iid Gaussian jumps

π(βt | Tt) =

Kt∏
k=1

φ(βtj ; 0, 1/T ),

where φ(x; 0, σ2) is a Gaussian density with mean 0 and variance σ2. Chipman et al. [2010]

recommend first shifting and rescaling Yi’s so that the observed transformed values range

from -0.5 to 0.5. Then they assign a conjugate normal prior βtj ∼ N(0, σ2), where σ =

0.5/k
√
T for some suitable value of k. This is to ensure that the prior assigns substantial

probability to the range of the Yi’s.

The BART prior also involves an inverse chi-squared distribution on residual variance,

with hyper-parameters chosen so that the qth quantile of the prior is located at some sample

based variance estimate. While the case of random variance can be incorporated in our

analysis (van der Vaart et al. [2008]), we will for simplicity assume that the residual variance

10



is fixed.

Existing theoretical work for Bayesian forests (RP20) is available for a different prior on

tree partitions T . Their analysis assumes a hierarchical prior consisting of (a) a prior on the

size of a tree K and (b) a uniform prior over trees of size K. This prior is equalitarian in

the sense that trees with the same number of leaves are a-priori equally likely regardless of

their topology. RP20 also imposed a diversification restriction in their prior, focusing on

δ-valid ensembles (Definition 5.3) which consist of trees that do not overlap too much. The

prior on the number of leaves K is a very important ingredient for regularization. We will

study aspects of its distribution under the actual BART prior in later sections.

2.3 Bayesian Non-parametrics Lense

One way of assessing the quality of a Bayesian procedure is by studying the learning rate of

its posterior, i.e. the speed at which the posterior distribution shrinks around the truth as

n→∞. These statements are ultimately framed in a frequentist way, describing the typical

behavior of the posterior under the true generative model P(n)
f0

. Posterior concentration rate

results have been valuable for the proposal and calibration of priors. In infinite-dimensional

parameter spaces, such as the one considered here, seemingly innocuous priors can lead to

inconsistencies (Cox [1993], Diaconis and Freedman [1986]) and far more care has to be

exercised to come up with well-behaved priors.

The Bayesian approach requires placing a prior measure Π(·) on F , the set of qualitative

guesses of f0. Given observed data Y (n) = (Y1, . . . , Yn)′, inference about f0 is then carried

out via the posterior distribution

Π(A | Y (n)) =

∫
A

∏n
i=1 Πf (Yi | xi)d Π(f)∫ ∏n
i=1 Πf (Yi | xi)d Π(f)

∀A ∈ B (2.6)

where B is a σ-field on F and where Πf (Yi | xi) is the likelihood function for the output Yi

under f .
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In Bayesian non-parametrics, one of the usual goals is determining how fast the posterior

probability measure concentrates around f0 as n → ∞. This speed can be assessed by

inspecting the size of the smallest ‖ · ‖n-neighborhoods around f0 that contain most of the

posterior probability (Ghosal et al. [2007]), where ‖f‖2n = 1
n

∑n
i=1 f(xi)

2 denotes the L2

norm averaged over the available sample.

For a diameter ε > 0, we denote with

Aε = {fE ,B ∈ F : ‖fE ,B − f0‖n ≤ ε} (2.7)

the ε-neighborhood centered around f0. We say that the posterior distribution concentrates

at speed εn → 0 such that n ε2
n →∞ when

Π(Acεn,Mn
| Y (n))→ 0 in P(n)

f0
-probability as n→∞ (2.8)

for any Mn → ∞. Posterior consistency statements are a bit weaker, where εn in

(2.8) is replaced with a fixed neighborhood ε > 0. We will position our results using

εn = n−ν/(2ν+p) log1/2 n, the near-minimax rate for estimating a p-dimensional ν-smooth

function. We will also assume that f0 is Hölder continuous, i.e. ν-Hölder smooth with

0 < ν ≤ 1. The limitation ν ≤ 1 is an unavoidable consequence of using step functions to

approximate smooth f0 and can be avoided with smooth kernel methods (Linero and Yang

[2017]).

The statement (2.8) can be proved by verifying the following three conditions (suitably

adapted from Theorem 4 of Ghosal et al. [2007]):

sup
ε>εn

logN
( ε

36 ;Aε,1 ∩ Fn; ‖.‖n
)
≤ n ε2

n (2.9)

Π(Aεn,1) ≥ e−dn ε
2
n (2.10)

Π(F\Fn) = o(e−(d+2)n ε2
n) (2.11)
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for some d > 2. In (2.9), N(ε; Ω; d) is the ε-covering number of a set Ω for a semimetric d,

i.e. the minimal number of d-balls of radius ε needed to cover a set Ω.

A few remarks are in place. The condition (2.11) ensures that the prior zooms in on

smaller, and thus more manageable, sets of models Fn by assigning only a small probability

outside these sets. The condition (2.9) is known as “the entropy condition” and controls

the combinatorial richness of the approximating sets Fn. Finally, condition (2.10) requires

that the prior charges an εn neighborhood of the true function. The results of type (??)

quantify not only the typical distance between a point estimator (posterior mean/median)

and the truth, but also the typical spread of the posterior around the truth. These results

are typically the first step towards further uncertainty quantification statements.

2.4 The Galton-Watson Process Prior

The Galton-Watson (GW) process provides a mathematical representation of an evolving

population of individuals who reproduce and die subject to laws of chance. Binary tree par-

titions T under the prior (2.5) can be thought of as realizations of such a branching process.

Below, we review some terminology of branching processes and link them to Bayesian CART.

We denote with Zt the population size at time t (i.e. the number of nodes in the tth layer

of the tree). The process starts at time t = 0 with a single individual, i.e. Z0 = 1. At time t,

each member is split independently of one another into a random number of offsprings. Let

Yti denote the number of offsprings produced by the ith individual of the tth generation and

let gt(s) be the associated probability generating function. A binary tree is obtained when

each node has either zero or two offsprings, as characterized by

gt(s) = s0P(Yt1 = 0) + s2P(Yt1 = 2), 0 ≤ s ≤ 1. (2.12)

Homogeneous GW process is obtained when all Yti’s are iid. A heterogeneous GW process is a

generalization where the offspring distribution is allowed to vary according to the generations,
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i.e. the variables Yti are independent but not identically distributed. The Bayesian CART

prior of Chipman et al. [1998] can be framed as a heterogeneous GW process, where the

probability of splitting a node (generating offsprings) depends on the depth t of the node in

the tree. In particular, using (2.5) one obtains for 0 < α < 1 and γ > 0

P(Yt1 = 2) = 1− P(Yt1 = 0) =
α

(1 + t)γ
. (2.13)

The population size at time t satisfies Zt =
∑Zt−1
i=1 Yti and its expectation can be written as

EZt = E[E(Zt | Zt−1)] = (2α)t[(t+ 1)!]−γ .

Since EZ1 < 1 under (2.13), the process is subcritical and thereby it dies out with

probability one. This means that the random sequence {Zt} consists of zeros for all but a

finite number of t’s. The overall number of nodes in the tree (all ancestors in the family

pedigree)

X =
∞∑
t=0

Zt (2.14)

is thus finite with probability one. The number of leaves (bottom nodes) K can be related

to X through

K = (X + 1)/2 (2.15)

and satisfies

Tex + 1 ≤ K ≤ 2Tex , (2.16)

where Tex = min{t : Zt = 0} is the time of extinction. In (2.16), we have used the fact that

Tex − 1 is the depth of the tree, where the lower bound is obtained with asymmetric trees

with only one node split at each level and the upper bound is obtained with symmetric full

binary trees (all nodes are split at each level).

Regularization is an essential remedy against overfitting and Bayesian procedures have
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a natural way of doing so through a prior. In the context of trees, the key regularization

element is the prior on the number of bottom leaves K, which is completely characterized

by the distribution of total progeny X via (2.15). Using this connection, in the next section

we study the tail bounds of the distribution π(K) implied by the Galton-Watson process.

2.5 Bayesian Tree Regularization

If we knew ν, the optimal (rate-minimax) choice of the number of tree leaves would be

K � Kν = np/(2ν+p) (RP20). When ν is unknown, one can do almost as well (sacrificing

only a log factor in the convergence rate) using a suitable prior π(K). As noted by Coram

et al. [2006], the tail behavior of π(K) is critical for controlling the vulnerability/resilience

to overfitting. The anticipation is that with smooth f0, more rapid posterior concentration

takes place when π(K) has a heavier tail. However, too heavy tails make it easier to overfit

when the true function is less smooth. To achieve an equilibrium, Denison et al. [1998]

suggest the Poisson distribution (constrained to N\{0}), which satisfies

P(K > k) . e−CK k log k for some CK > 0. (2.17)

Under this prior, one can show that P(K > C Kν | Y (n)) → 0 in P(n)
f0

probability (RP20).

The posterior thus does not overshoot the oracle Kν too much.

In the BART prior, the distribution π(K) is implicitly defined through the GW process

rather than directly through (2.17). In order to see whether BART induces a sufficient

amount of regularization, we first need to obtain a tail bound of π(K) under the GW process

and show that it decays fast enough. One seemingly simple remedy would be to set γ = 0

(which coincides with the homogeneous GW case) and α = c/n with some c > 0. Standard

branching process theory then implies Π(K > k) . e−CK k log n. This prior is more aggressive

than (2.17). Moreover, letting the split probability psplit(Ωk) decay with sample size is

counterintuitive. By choosing α = c, on the other hand, one obtains Π(K > k) . e−CK k
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which is not aggressive enough.

While the homogeneous GW processes have been studied quite extensively, the literature

on tail bounds for heterogeneous GW processes (for when γ 6= 0) has been relatively deserted.

We first review one interesting approach in the next section and then come up with a new

bound in Section 2.5.2.

2.5.1 Tail Bounds à la Agresti

Agresti [1975] obtained both upper and lower bounds for the extinction time distribution

of branching processes with independent non-identically distributed environmental random

variables Yti. These bounds correspond to bounding the extinction time of the process by

the extinction times of two varying environment GW processes. For our purposes, we will

require only the upper bound, as given in the next theorem.

Theorem 2.5.1. [Agresti, 1975] Consider the heterogeneous Galton-Watson branching pro-

cess with offspring probability generating functions {gj(s); j ≥ 0}. For each j, let g
′
j and

g
′′
j denote the first and second order derivatives of the function gj, respectively, satisfying

g
′′
j (1) <∞ for j ≥ 0. Denote Pt =

∏t−1
j=0 g

′
j(1). Then

P(Tex > t) ≤

P−1
t +

1

2

t−1∑
j=0

(g
′′
j (0)/g′j(1)Pj+1)

−1

. (2.18)

Using this result, we can obtain a tail bound on the extinction time under the Bayesian

CART prior.

Corollary 2.5.1. For the heterogeneous Galton-Watson branching process with offspring

p.g.f.’s (2.12) with (2.13) we have

P(Tex > t) < C0

(
tγ

2αeγ

)−t
(2.19)

for a positive constant C0 that depends on α and γ.
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Proof. We have g0(s) = s and for j ≥ 1

gj(s) = 1− α(1 + j)−γ + s2α(1 + j)−γ ,

Taking first and second order derivatives with respect to s, we get

g
′
j(s) = 2sα(1 + j)−γ ,

g
′′
j (s) = 2α(1 + j)−γ .

Thus we have g′0(1) = 1 and g
′
j(1) = g

′′
j (0) = 2α(1 + j)−γ for j ≥ 1. Then we can write

P−1
t =

∏t−1
i=0(1 + i)γ

(2α)t
=

(t!)γ

(2α)t
(2.20)

and
t−1∑
j=0

(g
′′
j (0)/g′j(1)Pj+1) =

t−1∑
j=0

1

Pj+1
=

t∑
j=1

(j)!γ

(2α)j
>

(t!)γ

(2α)t
.

Using (2.20) and the fact that t! > (t/e)te, we can upper-bound the right hand side of (2.18)

with C0[tγ/(eγ2α)]−t.

Remark 2.5.1. A simpler bound on the extinction time can be obtained using Markov’s

inequality as follows: P(Tex > t) = P(Zt ≥ 1) ≤ EZt ≤ (2α)t[(t+ 1)!]−γ .

Using the upper bound in (2.16) we immediately conclude that

P(K > k) < P(Tex > log2 k) ≤ C0

(
log

γ
2 k

2αeγ

)− log2 k

.

This decay, however, is not fast enough as we would ideally like to show (2.17). We try a bit

different approach in the next section.
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2.5.2 Trees as Random Walks

There is a curious connection between branching processes and random walks (see e.g. Dwass

[1969]). Suppose that a binary tree T is revealed in the following node-by-node exploration

process: one exhausts all nodes in generation d before revealing nodes in generation d + 1.

Namely, nodes are implicitly numbered (and explored) according to their priority and this is

done in a top/down manner according to their layer and a left-to-right manner within each

layer (i.e. Ω0 is the root node and, if split, Ω1 and Ω2 are the two children (left and right)

etc.)

Nodes that are waiting to be explored can be organized in a queue Q. We say that a

node is active at time t if it resides in a queue. Starting with one active node at t = 0 (the

root node), at each time t we deactivate (remove from Q) the node with the highest priority

(lowest index) and add its children to Q. Letting St be the number of active nodes at time

t, one finds that {St} satisfies

St = St−1 − 1 + Yt, t ≥ 1,

and S0 = 1, where Yt are sampled from the offspring distribution. For the homogeneous GW

process, St is an actual random walk where Yt are iid with a probability generating function

(2.12). For the heterogeneous GW process, St is not strictly a random walk in the sense that

Y ′t s are not iid. Nevertheless, using this construction one can see that the total population

X equals the first time the queue is empty:

X = min{t ≥ 0 : St = 0}.

Linking Galton-Watson trees to random walk excursions in this way, one can obtain a useful

tail bound of the distribution of the population size X. While perhaps not surprising, we

believe that this bound is new, as we could not find any equivalent in the literature.
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Lemma 2.5.1. Denote by X the total population size (2.14) arising from the heterogeneous

Galton-Watson process. Then we have for any c > 0

P(X > k) ≤ e−k c+(e2c−1)µ, (2.21)

where µ =
∑k
i=1 pi and pi = psplit(Ωi), where nodes Ωi are ordered in a top-down left-to-right

fashion.

Proof. For k > 0, we can write

P(X > k) ≤ P(Sk > 0) = P

 k∑
i=1

Yi > k − 1

 ,

where X is the number of all nodes (internal and external) in the tree and Yi has a two-point

distribution characterized by P(Yi = 2) = 1 − P(Yi = 0) = pi. Using the Chernoff bound,

one deduces that for any c > 0

P

 k∑
i=1

Yi > k − 1

 ≤ e−k c Eec
∑k
i=1 Yi = e−k c

k∏
i=1

[pie
2c + 1− pi] ≤ e−k c+(e2c−1)µ

where µ =
∑k
i=1 pi.

The goal throughout this section has been to understand whether the Bayesian CART

prior of Chipman et al. [1998] yields (2.17) for some CK > 0. The prior assumes pi =

α/(1 + d(Ωi))
γ . Choosing c = (log k)/2 in (2.21), the right hand side will be smaller than

e−a k log k, for some suitable 0 < a < 1/2, as long as µ ≤ (1/2− a) log k. We note that

µ =
k∑
i=1

pi <

dlog2 ke∑
d=1

α

(1 + d)γ
2d.

Because the split probability pi decreases only polynomially in depth of Ωi, this is not

enough to ensure µ < (1/2 − a) log(k). The optimal decay, however, will be guaranteed if
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Figure 2.1: The k-d trees in two dimensions at various resolution levels.

we instead choose

psplit(Ω) ∝ αd(Ω) for some 0 < α < 1/2. (2.22)

To conclude, from our considerations it is not clear that the Bayesian CART prior of

Chipman et al. [1998] has the optimal tail-bound decay. The following Corollary certifies

that the optimal tail behavior can be obtained with a suitable modification of psplit(Ω).

Corollary 2.5.2. Under the Bayesian CART prior of Chipman et al. [1998] with (2.22), we

obtain (2.17).

Proof. Follows from the considerations above and from (2.15).

2.6 Prior Concentration for BART

One of the prerequisites for optimal posterior concentration (2.8) is optimal prior concentra-

tion (Condition (2.10)). This condition ensures that there is enough prior support around

the truth. It can be verified by constructing one approximating tree and by showing that

it has enough prior mass. RP20 use the k-d approximating tree (Remark 3.1), which is a

balanced full binary tree which partitions [0, 1]p into nearly identical rectangles (in suffi-

ciently regular designs). This tree can be regarded as the most regular partition that can be
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obtained by splitting at observed values. A formal definition of the k-d tree is below and a

few two-dimensional examples.

Definition 2.6.1. (k-d tree partition) The k-d tree partition is constructed by cycling over

coordinate directions {1, . . . , p}, where all nodes at the same level are split along the same

axis. For a given direction j ∈ {1, . . . , p}, each internal node, say Ωk, will be split at a

median of the point set (along the jth axis). Each split thus roughly halves the number of

points inside the cell.

After s rounds of splits on each variable, all K terminal nodes have at least bn/Kc

observations, where K = 2s p. The k-d tree partitions are thus balanced in light of Definition

2.4 of Rockova et al. [2020] (i.e. have roughly the same number of observations inside).

The k-d tree construction is instrumental in establishing optimal prior/posterior concen-

tration. Lemma 3.2 of RP20 shows that there exists a step function supported by a k-d

partition that safely approximates f0 with an error smaller than a constant multiple of the

minimax rate. The approximating k-d tree partition, denoted with T̂ , has K̂ steps where

K̂ � nε2
n/ log n when p . log1/2 n (as shown in Section 8.3 of RP20 and detailed in the

proof of Theorem 2.7.1).

In order to complete the proof of posterior concentration for the Bayesian CART under

the Galton-Watson process prior, we need to show that π(T̂ ) ≥ e−c1nε
2
n for some c1 > 0.

This is verified in the next lemma.

Lemma 2.6.1. Denote with T̂ the k-d tree partition described above. Assume the het-

erogeneous Galton-Watson process tree prior with psplit(Ωk) ∝ αd(Ωk) for some suitable

1/n ≤ α < 1/2. Assume p . log1/2 n. Then we have for some suitable c1 > 0

π(T̂ ) ≥ e−c1 n ε
2
n .

Proof. By construction, the k-d tree T̂ has K̂ = 2p×s leaves and p× s layers for some s ∈ N

where p is the number of predictors. In addition, the k-d tree is complete and balanced (i.e.
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every layer d, including the last one, has the maximal number 2d of nodes). Since there are

K̂ − 1 internal nodes and at least 1/(p n) splitting rules for each internal node, we have

π(T̂ ) ≥ (1− αs p)K̂

(p n)K̂−1

log2 K̂−1∏
d=0

α2d ≥ (1− αs p)K̂

(p n)K̂−1
αK̂−1

≥ [α(1− α)]K̂
(

1

p n

)K̂−1

> e−K̂ log(2n)−(K̂−1) log(p n).

Since p . log1/2 n and K̂ � n ε2
n/ log n we can lower-bound the above with e−c1 nε

2
n for

some c1 > 0.

For the actual BART prior [Chipman et al., 2010] (similarly as in Theorem 5.1 of RP20),

one needs to find an approximating tree ensemble and show that it has enough prior support.

The approximating ensemble can be found in Lemma 10.1 of RP20 and consists of Ê =

{T̂ 1, . . . , T̂ T } tree partitions obtained by chopping off branches of T̂ . The number of trees

T is fixed and the trees Tt will not overlap much when 1 ≤ T ≤ K̂/2. The default BART

choice T = 200 safely satisfies this as long as p > 9, thus ensuring a diversified ensemble

of shallow trees {T̂ 1, . . . , T̂ T }. The component little trees T̂ t have K̂t leaves and satisfy

log2 K̂ + 1 ≤ K̂t ≤ K̂, depending upon the choice of T . Since T is fixed, using Lemma 2.6.1

and the fact that the trees are independent a-priori (from (2.4)), we then obtain a lower

bound for the prior probability on the forest mapping:

π(Ê) ≥ e−
∑T
t=1[K̂t log 2n+(K̂t−1) log(p n)]

> e−TK̂ log 2n−T (K̂−1) log(p n) > e−c2 nε
2
n

for some constant c2 > 0.

The BART prior thus concentrates enough mass around the truth. Condition (2.10) also

requires verification that the prior on jump sizes concentrates around the forest sitting on Ê .

This follows directly from Section 9.2 of RP20. We detail the steps in the proof of Theorem
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2.7.1, in Section 2.9.

2.7 Posterior Concentration for BART

We now have all the ingredients needed to state the posterior concentration result for BART.

The result is different from Theorem 5.1 of RP20 because here we (a) assume that T is

fixed, (b) assume the branching process prior on T and (c) we do not have subset selection

uncertainty. We will treat the design as fixed and regular according to Definition 3.3 of

RP20. Moreover, the BART prior support will be restricted to δ-valid ensembles with δ ≥ 1.

Theorem 2.7.1. (Posterior Concentration for BART) Assume that f0 is ν-Hölder con-

tinuous with 0 < ν ≤ 1 where ‖f0‖∞ . log1/2 n. Assume a regular design {xi}ni=1

where p . log1/2 n. Assume the BART prior with T fixed and with psplit(Ωt) = αd(Ωt)

for 1/n ≤ α < 1/2. With εn = n−ν/(2ν+p) log1/2 n we have

Π
(
fE ,B ∈ F : ‖f0 − fE ,B‖n > εn | Y (n)

)
→ 0

in P(n)
f0

-probability, as n, p→∞.

Proof. Section 2.9.

The logarithmic term in the expression εn = n−ν/(2ν+p) log1/2 n, is an unavoidable

consequence of the limitation of trees (step functions) in recovering smoother functions. As

will be seen in Section 2.9, in Theorem 2.7.1 we derive an approximating k-d tree partition

with kn leaves, that estimates f0 with a desired level of accuracy. In particular the prior

concentration condition (2.10) involves lower-bounding the left hand side of the inequality

by the prior probability on estimating partitions supported on kn ≈ np/(2ν+p) = nε2
n/ log n

leaves, which is “too coarse” to estimate the true function with high enough accuracy. For

example the tree construction procedure (2.27) suggests that while estimating the function

f0(x) = x, a Bayesian tree will require approximately n1/3 leaves (up to a multiplicative
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constant), yielding an approximation error of the order n−1/3, which is “too large” to attain

the minimax rate of n−5/2, over the class of all continuously differentiable functions.

Theorem 2.7.1 has very important implications. It provides a frequentist theoretical

justification for BART claiming that the posterior is wrapped around the truth and its

learning rate is near-optimal. As a by-product, one also obtains a statement which supports

the empirical observation that BART is resilient to overfitting.

Corollary 2.7.1. Under the assumptions of Theorem 2.7.1 we have

Π

 T⋃
t=1

{Kt > C np/(2ν+p)} | Y (n)

→ 0

in P(n)
f0

-probability, as n, p→∞, for a suitable constant C > 0.

Proof. The proof follows from the proof of Theorem 2.7.1 and Lemma 1 of Ghosal et al.

[2007].

In other words, the posterior distribution rewards ensembles that consist of small trees

whose size does not overshoot the optimal number of steps Kν = np/(2ν+p) by much. In this

way, the posterior is fully adaptive to unknown smoothness, not overfitting in the sense of

split overuse.

Remark 2.7.1. Interestingly, the posterior concentration rate derived in Theorem 2.7.1,

does not depend on the number of trees T in the BART ensemble. In other words the con-

centration rate is equally valid for a single tree (i.e. T = 1), as well as for tree ensembles (i.e.

T > 1), when the true regression function f0 is ν-Hölder continuous with 0 < ν ≤ 1. How-

ever as has been seen in multiple empirical applications [Chipman et al., 2010], Bayesian

forests consisting of multiple trees provide superior predictive performance, compared to a

single tree, the reason being that multiple weak tree learners, when woven together into a

forest, can accommodate a wider class of partitions, as opposed to a single tree. This phe-

nomenon can be reinforced by theoretical results, such as Theorem 6.1 of RP20. When the
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true function f0 is of the form f0 =
∑T0
t=1 f

t
0, where f t0 is a νt-Hölder continuous func-

tion, with 0 ≤ νt ≤ 1, a forest with multiple trees have a posterior concentration rate equal

to ε2
n =

∑T0
t=1 n

−2νt/(2νt+p) log n, provided T0 . n, whereas single regression trees fail to

recognize the additive nature of the true function and attain a slower concentration rate1.

Although the BART prior considered by RP20 is fundamentally different from the classical

BART prior [Chipman et al., 2010] considered here, their result on additive functions can be

replicated in the present set up as well, provided we allow the number of trees T in the BART

ensemble to be random. In particular, following in the footsteps of RP20, we can assume

π(T ) ∝ e−CTT , for T ∈ N \ {0}, with CT > log 2, (2.23)

thus enabling the number of trees in the forest to adapt to unknown T0, as n, p→∞.

2.8 Discussion

In this work, we have built on results in Rockova et al. [2020] to show optimal posterior

convergence rate of the BART method in the ‖ · ‖n sense. We have proposed a minor

modification of the prior that guarantees this optimal performance. Similar results have

been obtained for other Bayesian non-parametric constructions such as Polya trees (Castillo

et al. [2017]), Gaussian processes (van der Vaart et al. [2008], Castillo et al. [2008]) and

deep ReLU neural networks [Polson and Rockova]. Up to now, the increasing popularity of

BART has relied on its practical performance across a wide variety of problems. The goal of

this and future theoretical developments is to establish BART as a rigorous statistical tool

with solid theoretical guarantees. Similar guarantees have been obtained for variants of the

traditional forests/trees by multiple authors including Gordon and Olshen [1980], Donoho

et al. [1997], Biau et al. [2008], Scornet et al. [2015], Wager and Walther [2015]. Our posterior

1. A similar result is presented in Theorem 4 of Linero and Yang [2017], under a kernel-smoothed version
of the BART prior, where the individual smoothness levels νt of the component functions are allowed to be
greater than one.
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concentration results break the path towards establishing other theoretical properties such as

Bernstein-von Mises theorems (semi and non-parametric) and/or uncertainty quantification

statements.

2.9 Proof of Theorem 2.7.1

The proof follows from Lemma 2.6.1, Lemma 2.5.1 and a modification of proof of Theorem

5.1 of RP20. Below, we outline the backbone of the proof and highlight those places where

the proof of RP20 had to be modified. Our approach consists of establishing conditions (2.9),

(2.10) and (2.11) for εn = n−ν/(2ν+p) log1/2 n. The first step requires constructing the sieve

Fn ⊂ F . For a given n ∈ N, T ∈ N and a suitably large integer kn (chosen later), we define

the sieve as follows:

Fn =
⋃

K:Kt≤kn

⋃
E∈VEK

F(E), (2.24)

where F(E) consists of all functions fE ,B of the form (2.2) that are supported on a δ-valid

ensemble E . All δ-valid ensembles consisting of T trees of sizes K = (K1, . . . , KT )′ are

denoted with VEK . The sieve (2.24) is different from the one in the proof of Theorem 5.1 of

RP20. Their sieve consisted of all ensembles whose total number of leaves was smaller than

kn. Here, we allow for each tree individually to have up to kn leaves.

Regarding Condition (2.9), RP20 in Section 9.1 obtain an upper bound on the covering

number for F(E) as well as the cardinality of VEK which together yield (for some D > 0)

logN
(
ε
36 ,
{
fE ,B ∈ Fn : ‖fE ,B − f0‖n < ε

}
, ‖.‖n

)
< (kn + 1)T log(n p kn)

+DT kn log
(

108
√
T knn

1+δ/2
)
. (2.25)

With the choice kn = bC̃nε2
n/ log nc � np/(2α+p) (for a large enough constant C̃ > 0), fixed

T ∈ N and assuming p . log1/2 n, the Condition 2.9 will be met.

Next, we wish to show that the prior assigns enough mass around the truth in the sense
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that

Π(fE ,B ∈ F : ‖fE ,B − f0‖n ≤ εn) ≥ e−dnε
2
n (2.26)

for some large enough d > 2. We establish this condition by finding a lower bound on the prior

probability in (2.10), using only step functions supported on a single ensemble. According

to Lemma 10.1 of RP20 there exists a 1-valid tree ensemble fÊ ,B̂ that approximates f0 well

in the sense that

‖f0 − fÊ , B̂‖n ≤ ||f0||HνC p/K̂ν/p (2.27)

for some C > 0, where ‖f0‖Hν is the Hölder norm and where K̂ = 2s p for some s ∈ N.

Next, we find the smallest K̂ such that ||f0||HνC p/K̂ν/p < εn/2. This value will be

denoted by an and it satisfies

(
2C0p

εn

) p
ν

≤ an ≤
(

2C0p

εn

) p
ν

+ 1. (2.28)

Under the assumption p . log1/2 n we have an � np/(2ν+p). Denote by Ê the approximating

ensemble described in Section 2.6. Next, we denote with K̂ = (K̂1, . . . , K̂T )′ the vector of

tree sizes, where log2 an + 1 ≤ K̂t ≤ an. Then we can lower-bound the left-hand side of

(2.10) with

π(Ê)Π
(
fÊ ,B ∈ F(Ê) : ‖fÊ ,B − f0‖n ≤ εn

)
, (2.29)

where F(Ê) consists of all additive tree functions supported on Ê . In Section 2.6 we show

that π(Ê) > e−c2 nε
2
n . Moreover, RP20 in Section 10.2 show that, for some C > 0,

Π
(
fÊ ,B ∈ F(Ê) : ‖fÊ ,B − f0‖n ≤ εn

)
> Π

(
B ∈ Rãn : ‖B − B̂‖2 <

εn
2

1

C
√
ãn

)
,

where ãn =
∑T
t=1 K̂

t ≤ T an and where B̂ ∈ Rãn are the steps of the approximating additive

trees from Lemma 10.1 of RP20.
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This can be further lower-bounded with

e
− ε2n

8C2ãn
−an(C2‖f0‖2∞+log 2)

(
ε2
n

4C2ãn

) ãn
2
(

2

ãn

)ãn/2+1

. (2.30)

Under the assumption ‖f0‖∞ . log1/2 n, this term is larger than e−D ãn log n for some D > 0.

Since ãn . nε2
n, there exists d > 0 such that Π(fE ,B ∈ F : ‖fE ,B − f0‖n ≤ εn) > e−dnε

2
n .

Lastly, Condition (2.11) entails showing that Π(F\Fn) = o(e−(d+2)nε2
n) for d deployed

in the previous paragraph. It suffices to show that

Π

 T⋃
t=1

{Kt > kn}

 e(d+2)nε2
n → 0.

Under the independent Galton-Watson prior on each tree partition, Corollary 2.5.2 implies

that the probability above can be upper-bounded with
∑T
t=1 Π(Kt > kn) . T e−CK kn log kn .

With kn � nε2
n/ log n and a fixed T ∈ N, we have T e−CK kn log kn+(d+2)nε2

n → 0 for CK

large enough.
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CHAPTER 3

GENERALIZATIONS OF THEORY FOR BART

3.1 Introduction

In Chapter 2 we demonstrated that the Bayesian Additive Regression Trees (BART) esti-

mator has a near-optimal posterior concentration rate for continuous regression, where the

response variable is assumed to follow a Gaussian distribution and the underlying regression

function is Hölder continuous. However as discussed in Section 2.1, the scope of BART

and its various subsequent incarnations extend far beyond regression, to include many other

specialized applications involving a wide range of response variables, such as binary classifi-

cation [Denison et al., 1998, Chipman et al., 1998, 2010], regression on categorical and count

responses [Murray, 2020] and regression on censored data [Sparapani et al., 2016], to name a

few. Therefore a natural question to ask would be whether the optimality for BART models

in terms of posterior concentration persists when the response distribution is not Gaussian

and/or the regression function is not smooth.

In order to answer this question, we formulate a Generalized BART (henceforth referred

to as G-BART) model, where the response variable is assumed to come from an exponen-

tial family distribution (and hence can be considered to be a semiparametric extension of

Generalized Linear Models). Many prominent Bayesian CART and BART models used in

practice [Denison et al., 1998, Chipman et al., 2010, Murray, 2020], including the regression

model considered in Chapter 2, can be viewed as a special case of this generalized exten-

sion. Therefore theoretical properties of these conventional adaptations of BART can be

studied as direct corollaries of analogous properties for the G-BART model. In particular, in

this chapter we evaluate the posterior concentration rates of G-BART under the assumption

that the parameters of the response distribution are unknown functions of the covariates and

step functions supported on tree/forest partitions, equipped with the BART prior can be

employed to estimate these parameters. We consider two different tree priors, one of them
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being the BART prior proposed by Chipman et al. [1998] (considered in Chapter 2) and

the other being the Bayesian CART prior proposed by Denison et al. [1998]. The theorems

presented in this chapter extend the existing theoretical results on BART in three directions.

Firstly, previous theoretical results on BART [Rockova and Saha, 2019, Rockova et al.,

2020, Linero and Yang, 2017] focus on continuous Gaussian responses, with the only excep-

tion of Jeong and Rockova [2020], who consider the problem of density estimation, alongside

continuous regression and binary classification. We derive posterior concentration rates for

BART when the response variable belongs to a class of exponential family distributions that

includes Gaussian regression, both two-class (Bernoulli) and multi-class (Multinomial) clas-

sification / categorical response and count (Poisson) response variables, among others. We

derive sufficient conditions on the response density, under which any BART model enjoys

a near-minimax posterior concentration rate, under suitable regularity conditions on the

underlying function space. We will demonstrate that the results for continuous regression

discussed in Chapter 2 (e.g. Theorem 2.7.1) can be derived as a direct corollary of the

theorems presented in this chapter (in particular Theorem 3.4.3).

Secondly, existing theoretical results on BART [Rockova et al., 2020, Rockova and Saha,

2019, Linero and Yang, 2017] build upon the assumption that the underlying regression

function is Hölder continuous. Later Jeong and Rockova [2020] obtained similar statements

for anisotropic Hölder functions. We present theoretical results for both step functions and

monotone functions, alongside the set of all ν-Hölder continuous functions with 0 < ν ≤ 1.

The results on step functions are particularly important because posterior concentration

rates for more general class of functions can be built upon these, aided by the “simple

function approximation theorem” [Stein and Shakarchi, 2009]. Provisioned by these broader

theoretical understanding, specifically Theorems 3.4.1 and 3.4.2, we can also prove that the

theoretical optimality of BART demonstrated in Theorem 2.7.1 is not limited to Hölder

continuous functions only and can be extended to include a variety of regression surfaces

including step-functions and monotone functions.
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Finally, Chipman et al. [2010] approximate the regression functions through step func-

tions and assume that these step heights come from a Gaussian distribution. All subsequent

theoretical and empirical developments have adopted this specification. In the G-BART

setup we assume that the distribution of these step heights belong to a broader family of

distributions that include both the Gaussian distribution and also some thicker tailed dis-

tributions like Laplace. We demonstrate that the BART model maintains a near-minimax

posterior concentration rate, if the step heights come from any of the distributions belonging

to this broader family, thus providing a wide range of distributional choices without sac-

rificing optimal posterior concentration. The theory also shows how important modelling

choices such as link functions can impact performance of the posterior and hence can serve

as a guide for empirical implementations as well.

Our Contributions

To summarize our previous discussion, we now briefly highlight our key contributions. The

posterior concentration results discussed in this chapter, extend the existing theory on BART

in three directions:

Response Distribution: We assume that the response variable comes from an exponen-

tial family distribution and derive sufficient conditions on the response density under which

the posterior concentration rate of the BART model adapted to this particular response type

would be almost equal to the minimax rate. This extends the existing theoretical results on

BART for Gaussian regression.

Step Size Distribution: Instead of assigning any particular distribution on the step-

heights (e.g. Gaussian distribution as in all existing literature) associated to the BART

model, we impose sufficient conditions on the cumulative distribution function that guarantee

a near-optimal posterior concentration rate.
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Types of Functions: The objective of BART models is to estimate unknown functions

that characterize the relationship between the response and the covariates. All existing

results on BART assume this function to be Hölder continuous. We extend these results to

the situations where the underlying function to be estimated is either a monotone function

or a step function supported on an axes-paralleled partition.

This chapter is organized as follows. In Section 3.2 we describe the generalized BART

model with the associated priors. Section 3.3 revisits the notion of posterior concentration,

where we describe certain sufficient conditions for deriving posterior concentration rates.

These conditions, although analogous to conditions (2.9)-(2.11) described in Chapter 2,

have significantly wider applicability. We also highlight some key artifacts that distinguish

the proof of Theorem 2.7.1 with the proofs of the main theoretical results on G-BART

discussed in Section 3.4. Broader implications of these results are described in Section

3.5. In particular, Section 3.5.1 proves that the generalized Bayesian trees and G-BART

models are resilient to overfitting and Section 3.5.2 describes some important adaptations

of BART including classification and count regression and demonstrates how the results

discussed in Section 3.4 can be employed to infer theoretical optimality of the posterior.

We also demonstrate how some modelling choices can lead to better or worse posterior

concentration rates, which might be insightful for practical implementations. Section 3.6

concludes with a discussion on the significance of G-BART, along with some possible future

research directions. Proofs of major results are deferred till Section 3.7.

Notations:

For any two real numbers a and b, a∨ b will denote the maximum of a and b. The notations

& and . will stand for “greater than or equal to up to a constant” and “less than or equal

to up to a constant”, respectively. For example a & b would be equivalent to saying there

exists a constant M > 0 such that a ≥Mb.
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The symbol Pf will abbreviate
∫
fdP and P(n)

f =
∏n
i=1 Pif will denote the n-fold prod-

uct measure of the n independent observations, where the i-th observation comes from the

distribution P if .

For a vector β = (β1, . . . , βq) ∈ Rq and a function g : Rq → R, the notation ∇g(β) will

denote the column vector of partial derivatives
(
∂g
∂β1

, . . . , ∂g∂βq

)T
.

Let h(f, g) =
(∫

(
√
f −√g)2dµ

)1/2
and K(f, g) =

∫
f log(f/g)dµ denote the Hellinger

distance and the Kullback-Leibler divergence, respectively between any two non-negative

densities f and g with respect to a measure µ. We define another discrepancy measure

V (f, g) =
∫
f (log(f/g))2 dµ.

Finally, for any set of real vectors X1, . . . ,Xn ∈ Rq of size n, define the average discrep-

ancy measures Hn(f, g) = 1
n

∑n
i=1H (f(Xi), g(Xi)), Kn(f, g) = 1

n

∑n
i=1K (f(Xi), g(Xi))

and Vn(f, g) = 1
n

∑n
i=1 V (f(Xi), g(Xi)), where f(θ) and g(θ) denote the densities f and

g with respect to parameter θ. Also, for any Lp norm ‖·‖p, define the average norm

‖f − g‖p,n = 1
n

∑n
i=1 ‖f − g‖p.

3.2 The Generalized BART Prior

The BART method of Chipman et al. [2010] is a prominent example of Bayesian ensemble

learning, where individual shallow trees are entwined together into a forest, that is capable

of estimating a multitude of nonlinear functions with exceptional accuracy, while simulta-

neously accounting for different orders of interactions among the covariates. Building upon

BART, we describe a generalized framework, where the response variable is assumed to come

from an exponential family distribution. For continuous Gaussian response variables, this

generalized BART model reduces to the original BART prior of [Chipman et al., 2010].

The data setup under consideration consists of Y i = (yi1, . . . , yip)
′ ∈ Rp, a set of p-

dimensional outputs, and Xi = (xi1, . . . , xiq)
′ ∈ [0, 1]q, a set of q dimensional inputs for

1 ≤ i ≤ n. We assume Y follows some distribution in the exponential family with density
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of the following form:

Pf0
(Y |X) = h(Y )g [f0(X)] exp

[
η (f0(X))T T (Y )

]
, (3.1)

where h : Rp → R, g : R → R, η : Rp → RJ , T : Rp → RJ for some integer J and

f0 : Rq → RD, for some integer D, are all real valued functions. Among these functions, h,

g, η and T are usually known depending on the nature of the response Y . The function f0,

connecting the input X with the output Y , is the only unknown function and estimating

this function is the primary objective of the G-BART estimator.

We assume that f0 is an unconstrained function, i.e. the range of f0 is the entire space

RD for some integer D. A suitable link function Ψ(·) is used to transform f0 to the natural

parameter of the distribution of Y , which is often constrained. For example, in the con-

tinuous regression problem, Y |X ∼ N (µ(X), σ2) for some σ > 0 [Chipman et al., 2010].

Since the natural parameter µ(X) ∈ R is unrestricted, we use Ψ(z) = z as our link function.

In contrast, for the binary classification problem, Y ∼ Bernoulli (p(X)). Here the natural

parameter p(X) ∈ (0, 1) is restricted and hence we can use Ψ(z) = 1
1+exp(−z) , the logistic

function (or a probit function, as in Chipman et al. [2010]) to map the unconstrained function

f0(X) to the natural parameter p(X). There are usually several different choices for the link

function. As we will see in Section 3.5.2, the BART estimator might have different posterior

concentration rates depending on which link function is used to transform the function f0

to the natural parameter of the response distribution.

The univariate regression and the two-class classification problem considered in the orig-

inal BART paper [Chipman et al., 2010] and many of its important extensions, such as the

multi-class classification and the log-linear BART [Murray, 2020] for categorical and count

responses can be formulated as special cases of (3.1). The specific forms of the functions

h, g, η and T for the continuous (regression), binary (two-class classification)), categorical

(multi-class classification) and count response variables are given in Table 3.1.
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Table 3.1: Univariate Regression (column 2), Two-class Classification (column 3), Multi-class

Classification (column 4) and Count Regression (column 5), as special cases of the Gener-

alized BART model. Ψ denotes the logistic function and B(·) refers to the Binomial(1, ·)
distribution. Φ denotes the Softmax function andM(·) denotes the Multinomial(1; ·) dis-

tribution.
(
{I{Y = i}}pi=1

)′
denotes the row vector where the i-th coordinate equals to one

if Y belongs to class i and zero otherwise. P denotes the Poisson distribution.

Response (Y ) Continuous Binary Categorical Count

Dist.(Y ) N
(
f0(X), σ2

)
B (Ψ(f0(X))) M (Φ(f0(X))) P (exp (f0(X)))

h(Y ) 1/
√

2πσ 1 1 1/Y !

g (f0(X)) exp
(
−f0(X)2/σ2

)
1−Ψ(f0(X)) 1 exp (− exp (f0(X)))

η (f0(X)) (f0(X), 1) f0(X) f0(X) f0(X)

T (Y )
(
2Y/σ2,−Y 2/σ2

)
Y ({I{Y = i}}pi=1)

′
Y

f0(X) Rq → R Rq → R Rq → Rp−1 Rq → R

Just as in the BART framework, in the generalized model also, a regression tree is

used to reconstruct the unknown function f0 : Rq → RD via a mapping fT ,β : [0, 1]q →

RD so that fT ,β(X) ≈ f0(X) for X /∈ {Xi}ni=1. Each such mapping is essentially a

step function of the form (2.1), supported on a tree-shaped partition T = {Ωk}Kk=1 and

specified by a vector of step heights β = (β1, . . . , βK)′. The vector βk ∈ Rp represents

the value of the expected response inside the k-th cell of the partition Ωk. Just as in

the classical BART model [Chipman et al., 2010], each partition T consists of rectangles

obtained by recursively bisecting the predictor space by an axis-parallel surface. Partitioning

is intended to increase within-node homogeneity (while simultaneously promoting inter-node

heterogeneity) of outcomes. While depending on the number of offsprings, there are multiple

tree topologies described in literature, we focus on only binary tree partitions, where each

internal node (box) is split into exactly two children. A formal definition of a Binary Tree

Partition is given in Definition 2.2.1 in Chapter 2.

Bayesian Additive trees consist of an ensemble of multiple shallow trees, each of which
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is intended to be a weak learner [Zhou, 2012], geared towards addressing a slightly different

aspect of the prediction problem. These trees are then woven into an additive forest mapping

of the form (2.2), where each fTt,βt(x) is of the form (2.1), E = {T1, . . . , TT } is an ensemble

of T trees and B = {β1, . . . ,βT }′ is a collection of jump sizes corresponding to the T trees.

The next step is to assign a suitable prior distribution on the approximating function space

given by equation (2.3) in Chapter 2.

Since each individual member of the approximating space is a step function of the form

(2.2), supported on a Bayesian additive forest, the prior distribution should include three

components: (i) a prior π(T ) on the number of trees T in the ensemble, (ii) a prior on

individual tree partitions π(T ) and their collaboration within the ensemble and (iii) given a

single tree partition a prior π(β | T ) has to be imposed on the individual step heights.

In this chapter we follow the recommendation by Chipman et al. [2010] and assume the

number of trees T to be fixed at a large value (e.g. T = 200 for regression and T = 50 for

classification). This is equivalent to assigning a degenerate prior distribution on T , where

all probability mass is concentrated on a single positive integer. Alternatively, one can also

assign a prior with higher dispersion, as in Rockova et al. [2020] and Linero and Yang [2017]

and replicate the steps of the proofs in Section 3.7 with minor modifications. Given the

total number of trees in the ensemble, individual trees are assumed to be independent and

identically distributed with some distribution π(T ). This reduces the prior on the ensemble

to be of the form (2.4). The specific forms of the priors π(T ) and π(β | T ) are described

below. We will see that the scope of both these priors are wider than their analogous versions

considered for the regression problem in Chapter 2.

Prior on Partitions π(T )

We consider two distinct prior distributions on the partitions π(T ). The first prior we

consider is a variation of the Bayesian CART prior by Chipman et al. [1998]. We discussed

the original form of this prior in Section 2.2. Starting with a single leaf (a root node)
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[0, 1]q, every terminal node, say Ωt, is split with a probability psplit(Ωt), which is typically a

decreasing function of d(Ωt), the depth of the node Ωt. In the last chapter we showed that

the prior decay rate condition (C2) for near-optimal posterior concentration is not satisfied

by (2.5), the splitting probability proposed in the original BART model [Chipman et al.,

2010]. Therefore as per the recommendation in Chapter 2, we use psplit(Ωt) ∝ α−d(Ωt)

instead, for some 0 < α < 1/2.

However one thing to keep in mind regarding this modification of the original BART

prior is that the prior decay rate condition (C2) adapted from Ghosal et al. [2007] is only

a sufficient but NOT a necessary condition for near-minimax posterior concentration. So

the prior with (2.5) might still have a near-optimal posterior concentration rate, even if it

hasn’t been proved yet. In fact empirical evidence favors this proposition. Given that the

node Ωt splits, the splitting rule and the split point are chosen uniformly at random from

the available directions and available data values, as described in Section 2.2.

Another alternative prior we consider is the Bayesian CART prior proposed by Denison

et al. [1998]. The prior on individual Bayesian trees is assigned conditional on the number

of terminal nodes/ leaves K and all prior probability is concentrated on the set of all valid

tree partitions, as defined below (Definition 3.1 of Rockova et al. [2020]):

Definition 3.2.1. Denote by Ω = {Ω}Kk=1, a partition of [0, 1]p, We say that Ω is valid if

µ(Ωk) ≥ C

n
∀k = 1, . . . , K (3.2)

for some C ∈ N \ {0}.

Valid partitions have non-empty cells, where the allocation does not need to be balanced.

Now the prior on tree partitions is specified as follows:

1. The number of leaves in a tree K follows a Poisson distribution with parameter λ > 0

P (K) =
λK

(eλ − 1)K!
, k = 1, 2, . . . (3.3)
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2. Given the number of leaves K, a tree is chosen uniformly at random from the set of all

available valid tree-partitions with K leaves. Number of valid tree partitions is given

by

∆(VK) =
qK−1n!

(n−K + 1)!
(3.4)

This is a slightly modified version of the original prior proposed by Denison et al.

[1998]. This modified version was used by Rockova et al. [2020] to derive posterior

concentration rates for the BART estimator under this prior.

3. At each node, the splitting rule consists of picking a split variable j uniformly at random

from the available directions {1, . . . , q} and picking a split point c, also uniformly at

random from the available data values x1j , . . . , xnj .

Prior on Step Heights π(β | T )

We impose a broad class of priors on the step heights that incorporate the corresponding

component of the classical BART model as a special case. Given a tree partition Tt with Kt

steps, Chipman et al. [2010] considers identically distributed independent Gaussian jumps:

with mean 0 and variance σ2, after shifting and rescaling the response variables Y i’s so that

the observed transformed values range from −0.5 to 0.5. Then they impose a conjugate

Gaussian prior βtj ∼ N(0, σ2), where σ = 0.5/k
√
T for some suitable value of k. The

objective is to ensure that the prior assigns substantial probability to the observed range

of the Y i’s. In the G-BART set-up we assume that the step heights βtj
i.i.d∼ Fβ , where Fβ

is any general distribution with the following property: For some constants C1, C2, C3 such

that C1 > 0, 0 < C2 ≤ 2 and C3 > 0,

Fβ(‖β‖∞ ≤ t) &
(
e−C1t

C2
t
)p

for 0 < t ≤ 1 (3.5)

Fβ(‖β‖∞ ≥ t) . e−C3t for t ≥ 1 (3.6)
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where ‖‖∞ represents the L∞ norm and Fβ(‖β‖∞ ≥ t) denotes the tail probability of the

distribution on the step heights β ∈ Rp. Both the multivariate Gaussian Np(0, Iq) and the

multivariate Laplace Lp(0, Iq) distribution come from this family of distributions and so do

any sub-Gaussian distributions. A proof of this statement is provided in the supplement. We

will see in Section 3.4.1 and Section 3.4.3 that these conditions are sufficient to guarantee

that the G-BART estimator has a near-optimal posterior concentration rate. Student’s t-

distributions with small degrees of freedom usually violate condition (3.6).

However we should note that the conditions (3.5)-(3.6), although sufficient, are not nec-

essary conditions and distributional assumptions on the step sizes that do not satisfy these

conditions, might still guarantee a near-optimal posterior concentration rate. For instance, in

a binary classification problem, the response Y |X ∼ Bernoulli(π(X)). Suppose we approx-

imate π(X) by a step function π(X) =
∑K
k=1 πkI{X ∈ Ωk} on a tree-partition {Ωk}Kk=1

and assign prior πk
i.i.d∼ Beta(2, 2) on the step-heights. We will see in Section 3.5.2, that this

estimator has a near-optimal posterior concentration rate, even though Beta(2, 2) violates

condition (3.5). A proof of this statement is given in Section 3.7.

3.3 Posterior Concentration Revisited

As discussed in Chapter 2, posterior concentration statements are a prominent artifact

in Bayesian nonparametrics, where the primary motivation is to examine the quality of

a Bayesian procedure, by studying the learning rate of its posterior (defined in (2.6) in

Chapter 2), i.e. the rate at which the posterior distribution, centralizes around the truth

as the sample size n → ∞. Ideally under a suitable prior, the posterior should put most

of its probability mass around a small neighborhood of the true function and as the sample

size increases, the diameter of this neighborhood should go to zero at a fast pace. Formally

speaking, for a given sample size n, if we examine an εn-neighborhood of the true function

Aεn (such as in (2.7) for the regression scenario), where εn → 0 and nε2
n → ∞, we should
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expect

Π(Acεn | Y
(n))→ 0 in P(n)

f0
-probability as n→∞, (3.7)

where Acεn denotes the complement of the neighborhood Aεn .

In the context of G-BART, given observed data Y (n) = (Y 1, . . . ,Y n)′, we are interested

in evaluating whether the posterior concentrates around the true likelihood P(n)
f0

=
∏n
i=1 P

i
f0

at a near-minimax rate, where P if0
= Pf0

(Y i |Xi) is of the form (3.1), for i = 1, . . . , n.

Following the suggestions of Ghosal et al. [2007], we look at the smallest Hn-neighborhoods

around P(n)
f0

that contain the bulk of the posterior probability, whereHn denotes the Hellinger

distance between the true and estimated density, averaged over the observed sample (defined

in Section 3.1). Specifically, for a diameter ε > 0 define

Aε = {f ∈ F : Hn(Pf , Pf0
) ≤ ε} (3.8)

In Chapter 2 we considered the case where Y |X ∼ N (f0(X), σ2), which reduces the Hn-

neighborhood of P
(n)
f0

to an L2-neighborhood of f0. However for a general exponential family

density of the form (3.1), these two neighborhoods are not always equivalent.

Just as in Chapter 2, we will follow the strategy proposed by Ghosal et al. [2007] for

deriving the posterior concentration rate of G-BART. Let us first define a sequence of ap-

proximating sieves Fn ⊆ Fn+1, such that Fn → F as n → ∞. For a given n ∈ N \ {0},

define

Fn = Fn ∩ {β : ‖β‖∞ ≤ Cnβ}, (3.9)

where Fn is as defined in (2.24) and {Cnβ}n≥1 is an increasing positive sequence such that

Cnβ . nM for some M > 0. The construction of sieves will depend on which exponential

family distribution the response Y comes from. For a given n, the approximating sieve (3.9)

considered here is a subset of the approximating sieve (2.24) considered in Chapter 2. The

additional constraint is required to control the rate of variation of the likelihood P(n)
f within
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each sieve. We will justify this construction under “Assumption 1” in Section 3.4.

Theorem 4 of Ghosal et al. [2007] demonstrates that the statement (3.7) can be proved

by verifying three sufficient conditions, which albeit being analogous to the conditions (2.9)-

(2.11), are significantly wider in scope. The first condition, henceforth referred to as the

“entropy condition” specifies that

sup
ε>εn

logN
( ε

36 ;Fn ∩ Aε;Hn
)
. n ε2

n, (C1)

where N(ε; Ω; d) denotes the ε-covering number of a set Ω for a semimetric d, i.e. the minimal

number of d-balls of radius ε needed to cover the set Ω.

The second condition requires that the prior puts enough mass around the true likelihood

P(n)
f0

, meaning that for a given sample size n ∈ N \ {0} and for some d > 2,

Π(f ∈ F : Kn(f, f0) ∨ Vn(f, f0) ≤ ε2
n) & e−dn ε

2
n , (C2)

where Kn and Vn are the Kullback-Leibler divergence and the variation, averaged over the

observed data points, as defined in Section 3.1.

The final condition, referred to as the “prior decay rate condition” stipulates that the

sequence of sieves Fn ↑ F captures the entire parameter space with increasing accuracy, in

the sense that the complementary space F\Fn has negligible prior probability mass for large

values of n.

Π(F\Fn) = o(e−(d+2)n ε2
n) (C3)

The conditions (C1), (C2) and (C3) are generalized versions of the conditions (2.9),

(2.10) and (2.11) respectively described in Section 2.3. The key distinction is that unlike

the conditions in Chapter 2, the above statements are formulated in terms of the average

Hellinger distance Hn, the Kullback-Leibler divergence Kn and the variation Vn between

the estimated likelihood P(n)
f and the true likelihood P(n)

f0
of the response variable Y . For
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continuous regression, all three of these divergences can be reduced in terms of the average

L2 distance between the true and estimated mean parameters of the model, thus giving rise

to the conditions described in Section 2.3. In essence, the conditions (C1)-(C3) described

above can potentially be employed to study the posterior concentration rates of any density

estimator, while the analogous conditions considered in the previous chapter are specific to

the Gaussian regression setup.

3.4 Main Results

In this section we describe our main theoretical findings, which describe the posterior con-

centration rates of the generalized Bayesian trees and their additive ensembles (G-BART),

when the true function f0 connecting the response Y with the covariates X, is either (a)

a step function (Theorem 3.4.1), or (b) a monotone function (Theorem 3.4.2), or (c) a ν-

Hölder continuous function with 0 < ν ≤ 1 (Theorem 3.4.3). We start by proving that the

Generalized Bayesian tree estimator, described in Section 3.2, has a near-optimal rate of

posterior concentration, under suitable conditions. These results are then extended to the

G-BART estimator on additive tree ensembles or forests. We make two important assump-

tions: the first assumption (subsequently referred to as Assumption 1), given below restricts

the distribution of the response variable {Y 1, . . . ,Y n} ∈ Rp to a specific class of exponential

family distributions while the second assumption (subsequently referred to as Assumption

2) concerns the spread of the covariates {X1, . . . ,Xn} ∈ Rq.

Assumption 1: Let Y 1, . . . ,Y n ∼ Pf , where Pf denotes a probability density function

of the form (3.1), such that, η(z) = z and there exists strictly increasing positive sequences

{Cng }n≥1 and {Cnβ}n≥1, such that

∣∣∣∣∇g(β)

g(β)

∣∣∣∣ ≤ Cng 1p, ∀β ∈ Bn =
{
β : ‖β‖∞ ≤ Cnβ

}
, (3.10)
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where 1p = (1, . . . , 1) ∈ Rp denotes a p-dimensional vector of ones. We assume {Cng } ∨

{Cnβ} . nM for some M > 0. The significance is that the function g(·) should not change

too rapidly, and the higher the sample size the larger the rate of change is allowed. The

above assumption is satisfied by most distributions commonly used in the regression and

classification settings, as will be demonstrated in Section 3.5.2.

The second assumption is the same as the design condition described in Section 2.6 and

hence omitted. This condition ensures that for a k-d tree partition, the maximum diameter

of the cells does not exceed a constant multiple of the average cell diameters.

3.4.1 Results on Step-Functions

Let us suppose f0 is a step function supported on an axes-paralleled partition {Ωk}
K0
k=1. For

any such step function f0, we define the complexity of f0, as follows:

Definition 3.4.1. Complexity of f0 is defined as the smallest K such that there exists a

partition {Ωk}Kk=1 with K cells, for which the step function f(x) =
∑K
k=1 βkI{x ∈ Ωk} can

approximate f0 without any error, for some step heights (β1, . . . , βK) ∈ RK .

This complexity number, denoted by Kf0
, depends on the true number of step K0, the

diameter of the intervals {Ωk}
K0
k=1, and the number of covariates q. An illustration of such

approximation by a k-d tree can be found in van der Pas and Rockova [2017] for q = 1. The

actual minimax rate for approximating such piecewise-constant functions f0 with K0 > 2

pieces, is n−1/2
√
K0 log (n/K0) [Gao et al., 2017]. The following theorem shows that the

posterior concentration rate of G-BART is almost equal to the minimax rate, except that

K0 gets replaced by Kf0
. The discrepancy is an unavoidable consequence of the fact that

the true number of steps K0 is unknown. Had this information been available, the G-BART

estimator would have attained the exact minimax rate.

Theorem 3.4.1. If we assume that the distribution of the step-sizes satisfies (3.5) and (3.6),

then under Assumptions 1 and 2 with q .
√

log n, the Bayesian Tree estimator satisfies the
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following property:

If f0 is a step-function, supported on an axes-paralleled partition, with complexity Kf0
.

√
n and ‖f0‖∞ .

√
log n, then with εn = n−1/2

√
Kf0

log2γ
(
n/Kf0

)
and γ > 1/2,

Π
(
f ∈ F : Hn(Pf ,Pf0

) > εn | Y (n)
)
→ 0,

in P(n)
f0

-probability, as n, q →∞.

The above statement is true for both tree priors considered in literature: the prior by

Denison et al. [1998] and a modified version of the prior by Chipman et al. [1998] with

psplit(Ωt) = αd(Ωt) for some 1/n ≤ α < 1/2.

Proof. Proof is given in Section 3.7.

From the above theorem we see that the Generalized BART prior adapts to the unknown

complexity of the true function f0, without imposing any additional constraints on the

number of leaves in the estimating partition space.

3.4.2 Results on Monotone Functions

An important implication of Theorem 3.4.1 is that posterior concentration results on step

functions can potentially build the foundation for similar results on broader class of functions,

aided by the “simple function approximation theorem” [Stein and Shakarchi, 2009], which

states that for any measurable function f on E ⊆ Rq, there exists a sequence of step functions

{fk} which converges point-wise to f almost everywhere [Stein and Shakarchi, 2009]. As

a corollary to this theorem, we can derive the following result on the set of all monotone

functions. A function f0 : Rq → R is defined as monotone increasing (or decreasing) if

f0(x1) ≥ f0(x2) (or, f0(x1) ≤ f0(x2)) for all x1,x2 such that every coordinate of x1 is

greater than or equal to the corresponding coordinate of x2.

Lemma 3.4.1. Any monotone bounded function f0 can be approximated with arbitrary

precision ε, by a step function supported on a k-d tree partition with number of leaves
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Kf0
(ε) ≥ d1/εe. We define Kf0

(ε) to be the complexity of the monotone function f0 with

respect to ε > 0.

The complexity Kf0
(ε) also depends on the dimension of the domain q as well as on

the magnitude of the true function ‖f0‖∞. This paves the way for deriving the posterior

concentration rate of G-BART when the true function f0(·) connecting the covariates X

with a univariate response Y is a monotone function. The minimax rate of estimation for

such densities is n−1/(2+q) [Biau and Devroye, 2003]. The following theorem states that the

posterior concentration rate of G-BART equals to this optimum rate up to a logarithmic

function, provided that the magnitude of the true function f0 is not “too large”.

Theorem 3.4.2. If we assume that the distribution of the step-sizes satisfies (3.5) and (3.6),

then under Assumptions 1 and 2 with q .
√

log n, the Bayesian Tree estimator satisfies the

following property:

If the true function f0 : Rq → R is monotonic on every coordinate, with ‖f0‖∞ .
√

log n,

then with εn = n−1/(2+q)√log n,

Π
(
f ∈ F : Hn(Pf ,Pf0

) > εn | Y (n)
)
→ 0,

in P(n)
f0

-probability, as n, q →∞.

The above statement is true for both tree priors considered in literature: the prior by

Denison et al. [1998] and a modified version of the prior by Chipman et al. [1998] with

psplit(Ωt) = αd(Ωt) for some 1/n ≤ α < 1/2.

Proof. The first step of the proof involves finding an approximating step-function f̂0 by

Lemma 3.4.1, such that ‖f0 − f̂0‖2,n < εn/2. The rest of the proof follows by retracing the

steps as in the proof of Theorem 3.4.3 given in Section 3.7.

The above result demonstrates that the Generalized BART model adapts to monotonic

patterns in the true function f0, without any additional prior assumptions. In fact this the-

45



oretical observation is in line with the empirical evidence obtained in Section 4.4. Chipman

et al. [2016] proposed a Monotone-BART model, where the step-heights are constrained to

exhibit a monotone pattern over consecutive cells, geared towards high dimensional mono-

tone function estimation. They demonstrated that in multiple simulated and benchmark

datasets, the unconstrained BART model has comparable performance with the specially

designed Monotone BART model. Theorem 3.4.2 provides a frequentist theoretical justifi-

cation for this phenomenon.

3.4.3 Results on Hölder Continuous Functions

This section describes the posterior concentration results on G-BART when the true function

f0 connecting X with Y is a ν-Hölder continuous function with 0 < ν ≤ 1. Rockova et al.

[2020] and Rockova and Saha [2019] proved that the posterior concentration rates of the

BART model (under the priors of Denison et al. [1998] and Chipman et al. [2010] respectively)

are equal to n−α/(2α+q), the minimax rate of estimation for such functions [Stone, 1982],

except for a logarithmic factor. These results can be derived as direct corollaries of the

following theorem for G-BART, when Y is a univariate continuous response and the step-

sizes are assumed to follow a Gaussian distribution. Thus the following result can be treated

as a generalization of Theorem 2.7.1 given in Chapter 2, for higher dimensions and wider

class of distributions on the response as well as the approximating step heights.

Theorem 3.4.3. If we assume that the distribution of the step-sizes satisfies (3.5) and (3.6),

then under Assumptions 1 and 2 with q .
√

log n, the Bayesian Tree estimator satisfies the

following property:

If f0 is a ν-Hölder continuous function with 0 < ν ≤ 1, where ‖f0‖∞ .
√

log n, then

with εn = n−α/(2α+q)√log n,

Π
(
f ∈ F : Hn(Pf ,Pf0

) > εn | Y (n)
)
→ 0,

46



in P(n)
f0

-probability, as n, q →∞.

The above statement is true for both tree priors considered in literature: the prior by

Denison et al. [1998] and a modified version of the prior by Chipman et al. [1998] with

psplit(Ωt) = αd(Ωt) for some 1/n ≤ α < 1/2.

Proof. Proof is given in Section 3.7.

3.4.4 Extensions to Tree Ensembles

Theorems 3.4.1, 3.4.2 and 3.4.3 demonstrate that generalized Bayesian trees have a near-

optimum posterior concentration rate under suitable conditions. These results can be easily

extended to tree ensembles or generalized BART models. For G-BART, one needs to find an

approximating tree ensemble and show that it has enough prior support. The approximating

ensemble can be constructed by Lemma 10.1 of Rockova et al. [2020]. This consists of

Ê = {T̂ 1, . . . , T̂ T } tree partitions obtained by chopping of branches of T̂ , the approximating

tree considered in the proofs of Theorems 3.4.1, 3.4.2 and 3.4.3. The number of trees T is

fixed and assumed to satisfy 1 ≤ T ≤ K̂/2. The default BART choice T = 200 [Chipman

et al., 2010] safely satisfies this as long as p > 9. The little trees T̂ t have K̂t leaves and

satisfy log2 K̂ + 1 ≤ K̂t ≤ K̂ (depending on the choice of T ). Using the fact that the trees

are independent a-priori (from (2.4)) and that T is fixed, we then obtain analogous theorems

for G-BART following similar steps as in the proofs of Theorems 3.4.1, 3.4.2 and 3.4.3.

However one thing to keep in mind is that in most empirical applications tree ensem-

bles/forests provide significantly superior out-of-sample predictive performance compared to

a single tree. Even though not apparent in the previous paragraph, this distinction can also

be demonstrated theoretically by comparing the posterior concentration rates for single trees

and forests when the true function f0 is of additive nature and the individual component

functions have different degrees of smoothness (e.g. Theorem 6.1 of Rockova et al. [2020]

and Theorem 4 of Linero and Yang [2017]). This issue has been discussed in Remark 2.7.1.
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3.5 Implications

The primary significance of Theorems 3.4.1, 3.4.2 and 3.4.3 is that these results provide a fre-

quentist theoretical justification for superior empirical performance of generalized Bayesian

trees, claiming that the posterior concentrates around the truth at a near-optimal learning

rate. Since this generalized framework encompasses most prominent regression and classi-

fication tasks, the theoretical implications transcend to these examples as well. Another

important consequence of these results is that, as a direct corollary, we can show that the

generalized Bayesian trees and forests favor simpler partitions and hence are resilient to

overfitting. Another implication of posterior concentration statements as in Theorems 3.4.1,

3.4.2 and 3.4.3 is that they can build the foundation for obtaining uncertainty quantification

statements such as semiparametric Bernstein-von Mises type theorems.

3.5.1 Parsimony of G-BART

In Chapter 2 we demonstrated that the BART model for regression is resilient to overfitting

(Corollary 2.7.1). As a by-product of the theoretical results discussed in Section 3.4, we can

also obtain similar statements for the generalized Bayesian trees and its additive ensembles

(G-BART). In fact, Corollary 2.7.1 can be derived as a special case of part (iii) of the

following corollary, when both the response variable and the step-heights are restricted to

follow univariate Gaussian distributions.

Corollary 3.5.1.

(i) Under the assumptions of Theorem 3.4.1 we have Π
(
K & Kf0

| Y (n)
)
→ 0 in P(n)

f0
-

probability, as n, q →∞.

(ii) Under the assumptions of Theorem 3.4.2 we have Π
(
K & nq/(2+q) | Y (n)

)
→ 0 in

P(n)
f0

-probability, as n, q →∞.

(iii) Under the assumptions of Theorem 3.4.3 we have Π
(
K & nq/(2ν+q) | Y (n)

)
→ 0 in
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P(n)
f0

-probability, as n, q →∞.

Proof. The proofs of (i), (ii) and (iii) follow from Lemma 1 of Ghosal et al. [2007], in

conjunction with the proofs of Theorems 3.4.1, 3.4.2 and 3.4.3 respectively.

In other words, the posterior distribution on the number of leaves in a generalized

Bayesian tree does not exceed the optimal number of splits by more than a constant multiple,

when the true function f0 is either a step-function, a monotone function or a ν-Hölder con-

tinuous function with 0 < ν ≤ 1. These results can be easily generalized to tree ensembles,

i.e for G-BART following the technique discussed in Section 3.4.4. The only exception is

that Π
(
K & z | Y (n)

)
gets replaced by Π

(
∪Tt=1{Kt & z} | Y (n)

)
for all three parts.

3.5.2 Some Examples and Exceptions

In this section we demonstrate the breadth of applicability of Theorems 3.4.1, 3.4.2 and

3.4.3 in proving analogous theoretical results for a wide range of BART models. As direct

corollaries to these theorems, we show that the original BART model [Chipman et al., 2010],

along with some of its commonly used variants (such as BART for multi-class classification

and regression on count data) has a near-optimal posterior concentration rate.

Continuous Regression:

For the univariate regression setup, G-BART reduces to the original BART [Chipman et al.,

2010] model when the step-heights are assumed to follow a Gaussian distribution. In Chapter

2, built upon the results of Rockova and Saha [2019], we showed that the posterior concen-

tration rate of BART equals to the minimax rate, up to a logarithmic factor, when the

function f0 connecting the input X with the output Y is a ν-Hölder continuous function.

In this section we demonstrate that the same result (Theorem 2.7.1) can be obtained as a

direct corollary of Theorem 3.4.3. In addition, we show that similar posterior optimality

statements are also valid for multivariate regression, when the true function f0 is either a
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step function, a monotone function or a ν-Hölder continuous function with 0 < ν ≤ 1. For

modelling a (multivariate) continuous response Y , assume

Y |X ∼ Np(µ(X),Σ),

where Σ is a known positive definite matrix. As a special case, for univariate regression,

Chipman et al. [2010] assumes σ = 0.5/k for some suitable value of k. Since the natu-

ral parameter µ(X) is unconstrained, we use an identity link to connect f0(X) to µ(X).

Therefore g(f0(X)) = g(µ) = e−µ
TΣ−1µ/2, which satisfies (3.10) with Bn = [−n, n]p and

Cng = nλ(Σ), where λ(Σ) denotes the maximum eigenvalue of Σ. Hence from Theorems

3.4.1, 3.4.2 and 3.4.3, we can conclude that for the (multivariate) continuous regression

problem, the G-BART estimator has a near-minimax posterior concentration rate, provided

that the true function f0 connecting the input X with the output Y is either a step func-

tion, a monotone function or a ν-Hölder continuous function with 0 < ν ≤ 1. This can be

suitably adapted, with minor modifications, to demonstrate the near-optimaliy of the Mono-

tone BART [Chipman et al., 2016] model which is specifically designed for high dimensional

monotone function estimation.

Classification with Gaussian Step Heights:

For a multi-class classification problem with p classes, where the response variable Y is a

categorical random variable with p categories, Y can be written as a p dimensional binary

vector that has 1 at the l-th coordinate if Y belongs to category l ∈ {1, . . . , p} and 0

elsewhere. We can assume

Y |X ∼ Multinomial(1;π(X))

for some π : Rq ∈ (0, 1)p such that π′1p = 1. The unrestricted function f0(X) can be

transformed to the natural parameter π(X) by a logistic (softmax) or an inverse-probit link
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function [Chipman et al., 2010] denoted by Ψ(·), so that π(X) = Ψ(f0(X)). In either case,

the function g(f0(X)) = 1 trivially satisfies condition (3.10). Hence from Theorem 3.4.1 and

Theorem 3.4.3, we can conclude that for the multi-class classification problem, the G-BART

estimator has a near-optimal posterior concentration rate, provided that the true function

f0 connecting the input X with the output Y is either a step function supported on an axes

paralleled partition, or a ν-Hölder continuous function with 0 < ν ≤ 1.

Classification with Dirichlet Step-Heights

For the same multi-class classification problem with p classes described above, an alternative

prior specification is recommended by Denison et al. [1998]. Assume

Y |X ∼ Multinomial(1;f0(X)), (3.11)

where f0 =
(
f01, . . . , f0p

)′
: Rq → (0, 1)p is a constrained function with f0(X)′1p = 1 for

any X ∈ Rq. Each f0l(·) can be approximated by a step function of the form

fT ,P (x) =
K∑
k=1

PkI(x ∈ Ωk) (3.12)

on a tree-partition {Ωk}Kk=1. Denison et al. [1998] assumes

Pk =
(
Pk1, . . . , Pkp

) i.i.d∼ Dirichlet(α1, . . . , αp), (3.13)

where αl > 0, ∀l ∈ {1, . . . , p}.

For example, in a binary classification (p = 2) problem, we can assign prior Pk
i.i.d∼

Beta(2, 2) on the step-heights. The prior Beta(2, 2) violates condition (3.5). But we can

show that this estimator has a near-optimal posterior concentration rate, even if we cannot

conclude this from the results discussed in Section 3.4. A proof is given in Section 3.7. This

demonstrates that the assumptions we make in Section 3.4 are merely sufficient but not nec-

51



essary conditions for proving that the generalized Bayesian tree (or G-BART) estimator has

a near-optimum posterior concentration rate, and this optimality property goes far beyond

the class of estimators discussed in this chapter.

Count Regression:

For count response variable, Y ∼ Poisson [λ(X)] with λ(X) > 0. There are several choices

for the link function Ψ(·) to map the unconstrained function f0(X) to the constrained

parameter λ(X). The posterior concentration rate of the Generalized Bayesian tree estimator

might differ depending on which link function is used. For example, if we use Ψ(z) =

log (1 + exp(z)), the Softplus link function, then g(f0(X)) = 1/(1 + exp (f0(X)), trivially

satisfies condition (3.10) and we can conclude that the generalized tree estimator has a

near-minimax concentration rate from Theorems 3.4.1, 3.4.2 and 3.4.3.

In contrast, if we use Ψ(z) = exp(z) as the link function, then g(f0(X)) =

exp (− exp(f0(X))) does not satisfy the condition (3.10), when the true function f0 is a

ν-Hölder continuous function. Therefore we cannot apply Theorem 3.4.3 anymore to im-

ply that the generalized tree estimator has a near-optimal rate of posterior concentration.

When f0 is a step function with complexity Kf0
, the condition (3.10) is satisfied with

Bn = [−Kf0
log n,Kf0

log n] and Cng = nKf0 . The posterior concentration rate becomes

εn = n−
1−α

2

√
Kf0

log2η(n/Kf0
) under the assumption Kf0

. nα for some 0 < α < 1.

This is slower than the near-optimal concentration rate n−
1
2

√
Kf0

log2η(n/Kf0
), if we use

Ψ(z) = log (1 + exp(z)), the Softplus link function, instead. This demonstrates the need for

choosing suitable link functions in empirical applications.

3.6 Discussion

So far in this chapter we have examined G-BART, a general framework for Bayesian Additive

Regression Tree Models that encapsulates a broad range of regression and classification
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tasks, where the response variables are allowed to follow any distribution belonging to a

wide subset of the exponential family. The near-optimal posterior concentration rate of

G-BART proved in this paper supports the empirical success of BART and its variants,

from a theoretical perspective. The significance of our work is three-fold: firstly it extends

the theoretical understanding on BART beyond the univariate Gaussian regression set-up.

As direct corollaries of the main results discussed in Section 3.4, we have shown that the

Bayesian trees and forests have a near-optimal posterior concentration rate for a wide range

of regression and classification problems. Moreover the posterior concentration statements

for step-functions discussed in this chapter pave the way for deriving similar statements for

broader class of functions, beyond the realm of Hölder continuity, that has till date dominated

the theory for BART. Theoretical results on monotone functions discussed in this section

demonstrates the potential of this approach. Finally, these results also build the foundation

for Bernstein-von-Mises-type theorem and /or uncertainty quantification statements for a

wide variety of BART models, opening up several interesting avenues for future research.

Among empirical implications, we have established the need for careful modeling choices such

as selecting appropriate link functions. The theoretical results also substantiate the scope of

a wider variety of distributions on approximating step-heights, that can prove advantageous

for applications where extreme values are of special importance. These theoretical findings

also provide strong motivation for exploring novel application areas for flexible BART-like

models. In the later parts of this chapter, following the proof of main results discussed in the

next section, we will discuss adaptations of BART to some interesting practical problems.

3.7 Proofs of Main Results

This section contains the proofs of the main results regarding posterior concentration, along

with some additional results required for these proofs. We start by discussing some pre-

liminary lemmas, followed by the proof of Theorems 3.4.1 and 3.4.3. Next we move on to

the posterior concentration rate (with derivation) for the Bayesian classification tree with
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Dirichlet step heights [Denison et al., 1998] discussed in Section 3.5.2.

Preliminary Results with Proof

Lemma 3.7.1. The multivariate Gaussian Np(0, Ip) and the multivariate Laplace Lp(0, Ip)

distribution belong to the general family of distributions with CDF Fβ that has the following

property: For some C1 > 0, 0 < C2 ≤ 2 and C3 > 0 and any t > 0,

Fβ(‖β‖∞ ≤ t) &
(
e−C1t

C2
t
)p

for t > 0 (3.14)

Fβ(‖β‖∞ ≥ t) . e−C3t for t ≥ 1 (3.15)

Proof. If Fβ = Np(0, Ip), then for any t > 0,

Fβ(‖β‖∞ ≤ t) &

(
e−t

2/2
∫ t

−t
dβ

)p
& e−pt

2/2tp

For t ≥ 1

Fβ(‖β‖∞ ≥ t) .

(
e−t

2/42

∫ ∞
t

e−z
2/4dz

)p
. e−C3t

If Fβ = Lp(0, Ip), then for any t > 0,

Fβ(‖β‖∞ ≤ t) &

(
e−t

∫ t

−t
dβ

)p
& e−pttp

Also, for any t ≥ 0,

Fβ(‖β‖∞ ≥ t) =
e−pt

2
< e−pt

Lemma 3.7.2. Let f and f0 denote step functions of the form f(X) =
∑K
k=1 βkI(X ∈ Ωk)

and f0(X) =
∑K
k=1 β

0
kI(X ∈ Ωk) respectively, on a tree-shaped partition {Ωk}Kk=1. Let Pf

and Pf0
denote two probability densities belonging to an Exponential family distribution of
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the form

Pf (Y |X) = h(Y )g [f(X)] exp
[
η (f(X))T T (Y )

]
, (3.16)

with parameters f and f0 respectively. If

∣∣∣∣∇T g(β)
g(β)

∣∣∣∣ ≤ Cng 1p, for some positive sequence

{Cng }n≥1, then

Kn(Pf , Pf0
) ∨ Vn(Pf , Pf0

) . Cng

K∑
k=1

∥∥∥βk − β0
k

∥∥∥
1

(3.17)

and Hn(Pf , Pf0
) . Cng

K∑
k=1

∥∥∥βk − β0
k

∥∥∥
1

(3.18)

Proof. Denoting fi = f(Xi) and fi0 = f0(Xi), we can write

Kn(Pf , Pf0
) =

1

n

n∑
i=1

g(fi)

∫
h(Y ) exp (fiT (Y )) [log

g(fi)

g(fi0)
+ exp

[
(fi − fi0)TT (Y )

]
]dY

=
1

n

n∑
i=1

[
log

g(fi)

g(fi0)
+ (fi − fi0)TE [T (Y )]

]

=
K∑
k=1

µ(Ωk)

[
log

g(βk)

g(β0
k)
− ∇

T g(βk)

g(βk)

(
βk − β0

k

)]

By triangle inequality and Taylor series approximation of log∇g(βk) about β0
k, we get

Kn(Pf , Pf0
) . sup

∣∣∣∣∣∇T g(·)
g(·)

∣∣∣∣∣
K∑
k=1

∥∥∥βk − β0
k

∥∥∥
1

= Cng

K∑
k=1

∥∥∥βk − β0
k

∥∥∥
1
,

Similar technique works for Vn(Pf , Pf0
)

Also, Since Hellinger metric is bounded from above by Kullback-Leibler divergence, Hn

satisfies,

Hn(Pf , Pf0
) . Cng

K∑
k=1

∥∥∥βk − β0
k

∥∥∥
1

Lemma 3.7.3. Any bounded monotone function f0 can be approximated with arbitrary

55



precision εn, by a step function supported on a k-d tree partition with K̂ ≥ d1/εne leaves.

Proof. Without loss of generality, assume 0 ≤ f0(·) ≤ 1. Partition interval [0, 1] by 0 = y0 <

y1 < · · · < yk < · · · < yK−1 < yK = 1, with K = d1/εne. Then | yk − yk−1 | < εn and we

can approximate f0(X) by the step function:

f(X) =
K∑
k=1

ykI{X ∈ Ωk}, where Ωk = f−1[yk−1, yk]

If f is monotone, Ωk =
∏q
j=1{xj ∈ Ij}, where Ij is an interval and xj denotes the j-th

coordinate of X ∈ Rq.

Since any step function supported on an axis-paralleled partition has an equivalent step

function supported on a k-d tree, we can approximate the axis paralleled partition {Ωk}Kk=1

by a recursive binary tree partition {Ω̂k}K̂k=1 with number of leaves K̂ ≥ K.

Proofs of Theorems 3.4.1 and 3.4.3

In this section we prove Theorem 3.4.1 and Theorem 3.4.3. Most steps in the proofs are

identical and hence for simplicity we describe the common steps of the proofs together and

mark the steps that are different by the corresponding theorem number. As discussed in

Section 3.3, in order to prove the theorems regarding posterior concentration, it suffices to

individually prove three conditions: entropy condition (C1), prior concentration condition

(C2) and prior decay rate condition (C3). Below we describe the necessary steps required

for proving each of these three conditions.

Entropy Condition (C1)

Since ‖z‖1 ≤ Kp ‖z‖∞ for any z ∈ RKp, by the bounds (3.17) and by definition of Fn,

N
(εn

36
,Fn ∩ Aε, Hn

)
.

kn∑
K=1

N

(
εn

36CngKp
, {β : ‖β‖∞ ≤ Cnβ}, ‖·‖∞

)
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The RHS of the above can in turn be simplified to reduce the condition further:

N
(εn

36
,Fn, Hn

)
.

kn∑
K=1

(
36CnβC

n
gKq

εn

)Kq

Therefore the LHS of (C1) can be bounded from above by

(kn + 1)p
[
log 36 + log(CnβC

n
g ) + log kn + log p− log εn

]

Since Cnβ , C
n
g . nM for some M > 0, ignoring smaller terms, proving condition (C1) reduces

to proving

(kn + 1)p log n . nε2
n (3.19)

(Theorem 3.4.1): When f0 is a step function with complexity Kf0
we can prove (3.19)

by replacing εn = n−1/2
√
Kf0

log2η(n/Kf0
) and kn ∝ nε2

n
p log(n/Kf0)

= Kf0
log2θ−1(n/Kf0

)

for some θ > 1/2.

(Theorem 3.4.3): When f0l is a ν-Hölder continuous function with 0 < ν ≤ 1 for all

l = 1, . . . , p, replacing εn = n−ν/(2ν+q)√log n and kn ∝ nε2
n

log n = nq/(2ν+q) proves (3.19).

Prior Concentration Condition (C2)

Let f̃0 =
(
fT ,B0

1
(x), . . . , fT ,B0

p
(x)
)

denote the projection of f0 onto a balanced k-d tree

partition with an leaves, where an is chosen so that
∥∥∥f0 − f̃0

∥∥∥
2,n

< εn/2.

(Theorem 3.4.1:) If f0 is a step function, an = Kf0

(Theorem 3.4.3:) If f0 is a ν-Hölder continuous function, an is chosen by the following

lemma, which is analogous to Lemma 3.2 of Rockova et al. [2020].
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Lemma 3.7.4. Denote f = {fl}
p
l=1 and assume fl ∈ Hνl where νl ≤ 1 for all l = 1, . . . , p

and X is regular. Then there exists tree structured step functions f̂ = {fT ,Bl
}pl=1 ∈ FK for

some given tree partition T with K ∈ N leaves such that for some constant C > 0,

∥∥∥f̂ − f∥∥∥
2,n
≤ Cd

p∑
l=1

(
1

Kνl/q
‖fl‖Hνl

)
≤ C

q

Kν/q

p∑
l=1

(‖fl‖Hνl ) ,

where ν = min
p
l=1 νl.

As a corollary, replacing C0 = C
(∑p

l=1 ‖fl‖Hν
)
, an satisfies

(
2C0q

εn

)q/ν
≤ an ≤

(
2C0q

εn

)q/ν
+ 1 (3.20)

Using (3.17) and by triangle inequality, we can bound the LHS of (C2) from below by

Cπ(an)Π

(
β ∈ Bann :

∥∥∥β − β0
∥∥∥

1
≤ ε2n

2Cng

)

For the prior by Chipman et al. [2010], C = 1 and π(an) & e−an log an (by Corollary 5.2 of

Rockova and Saha [2019]).

For the prior by Denison et al. [1998], C = 1
| Fan |

> (andn)−an > e−an log an (by Lemma

3.1 of Rockova et al. [2020]) and π(an) & e−an log an (by proof of Theorem 4.1 of Rockova

et al. [2020]). Thus for both priors Cπ(an) & e−2an log an .

For any v ∈ RM , for some M ∈ N \ {0}, we have ‖v‖1 ≤ M ‖β‖∞. Hence by using the

definition of Bann we can write

Π

(
β ∈ Bann :

∥∥∥β − β0
∥∥∥

1
≤ ε2n

2Cng

)
≥ Π

(
β : ‖β‖∞ ≤ Cnβ ,

∥∥∥β − β0
∥∥∥
∞
≤ ε2n

2anqCng

)
.

Since Cng and Cnβ both are increasing with n, for sufficiently large n, we will have Cnβ ≥
ε2n

2anqCng
, which would imply that the set {β : ‖β‖∞ ≤ Cnβ ,

∥∥β − β0
∥∥
∞ ≤

ε2n
2anqCng

} is

exactly equal to the set {β :
∥∥β − β0

∥∥
∞ ≤

ε2n
2anqCng

} for all n large enough.
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Thus the above expression gets bounded below by

Π

(
β :
∥∥∥β − β0

∥∥∥
∞
≤ ε2

n

2anpCng

)
&e
−C1anp

(
‖β0‖∞+

ε2n
2anpCng

)C
2

(
‖β0‖∞ +

ε2
n

2anpCng

)anp

Since ε2
n → 0 and both an and Cng are both increasing with n, assuming ‖f0‖∞ .

√
log n,

the above bound reduces to

e−C1anp logC2/2 n ‖β0‖
anp/2
∞ & log

[
−C1anp logC2/2 n

]

We can prove e−an log n & e−nε
2
n for Theorem 3.4.1 and Theorem 3.4.3 separately by

replacing appropriate values of εn. Since C2 ≤ 2, this would complete the proof.

Prior Decay Rate Condition (C3)

(Theorem 3.4.1:) When f0 is a step-function with complexity Kf0
,

Π(F \ Fn) ≤ Π(F \
kn⋃
K=1

FK) + Π(
⋃

K≤kn
{f ∈ FK : ‖β‖∞ > Cnβ})

≤ Π(
⋃

K>kn

FK) + e−Kf0 log n/2

When the true function f0 connecting the input X with the output Y is a step-function

with complexity Kf0
, we get Cnβ & Kf0

log n and the second term becomes negligible. Thus

the above condition reduces to proving

Π(F \ Fn) . Π(
⋃

K>kn

FK) + o(e−nε
2
n)

When f0 is a smooth function, similar simplification steps proceed as follows:
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(Theorem 3.4.3:) For a ν-Hölder continuous function f0, the LHS of condition (C3) can

be bounded from above by

Π(F \ Fn) ≤ Π(F \
kn⋃
K=1

FK) + Π(
⋃

K≤kn
{f ∈ FK : ‖β‖∞ > Cnβ})

By simplifying the second term, we get

Π(F \ Fn) ≤ Π(
⋃

K>kn

FK) +

kn∑
K=1

Π({β : ‖β‖∞ > Cnβ})

Thus for proving condition (C3) it suffices to individually bound the two terms in the RHS

of the above expression.

By condition (3.6), we can bound the term Π({β : ‖β‖∞ > Cnβ}) and get

Π(F \ Fn) . Π(
⋃

K>kn

FK) +

kn∑
K=1

e
−Cnβ

≤ Π(
⋃

K>kn

FK) + kne
−Cnβ

= Π(
⋃

K>kn

FK) + o(e−nε
2
n)

The last line is due to the fact Cnβ & n, when f0 is a ν-Hölder continuous functions. Thus

the second term in the RHS of the above expression can be ignored and it suffices to suitably

bound the first term only.

Therefore it is enough to show that

Π(
⋃

K>kn

FK) . e−nε
2
n

This condition is satisfied for both priors under consideration. This follows from Section

8.3 of Rockova et al. [2020] for the prior by Denison et al. [1998] and from Corollary 5.2 of
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Rockova and Saha [2019] for the prior by Chipman et al. [2010].

Classification with Dirichlet Step-Heights

The following theorem demonstrates that the conditions (3.5) and (3.6) are sufficient but

not necessary conditions for guaranteeing that the posterior concentration rate for G-BART

is near-minimax.

Theorem 3.7.1. If we assume that the distribution of the step-sizes satisfies (3.13), then un-

der Assumptions 1 & 2 described in Section 4 of the manuscript, the Bayesian Tree estimator

satisfies the following property,:

(i) If f0 is ν-Hölder continuous with 0 < ν ≤ 1 where ‖f0‖∞ . log1/2 n, then with

εn = n−α/(2α+p) log1/2 n, and

(ii) If f0 is step-function with complexity Kf0
.

√
n, then with εn =

n−1/2
√
Kf0

p log2ν
(
n/Kf0

p
)
n,

Π
(
f ∈ F : Hn(Pf ,Pf0

) > εn | Y (n)
)
→ 0,

in P(n)
f0

-probability, as n, p→∞.

The above statement is true for both tree priors considered in this paper: the prior by

Denison et al. [1998] and a modified version of the prior by Chipman et al. [1998] with

psplit(Ωt) = αd(Ωt) for some 1/n ≤ α < 1/2.

Proof. We need to prove three conditions: entropy condition (C1), prior concentration con-

dition (C2) and prior decay rate condition (C3). Among these (C1) and (C3) can be proved

by the same technique as in Section 3.7. Therefore we will only prove Condition (C2) here.

We need to show, for some c > 0

Π
(
f ∈ F : max{Kn(f, f0), Vn(f, f0)} ≤ ε2

n

)
& e−cnε

2
n (3.21)
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Let f̃0 =
(
fT ,P 0

1
(x), . . . , fT ,P 0

q
(x)
)

denote the projection of f0 onto a balanced k-d tree

partition T with an leaves, where an is chosen so that
∥∥∥f0 − f̃0

∥∥∥
2,n

< εn/2. If f0 is a step

function, an = Kf0
. If f0 is a ν-Hölder continuous function, an is chosen by Lemma 3.2 of

Rockova et al. [2020], where replacing C0 = C
(∑p

l=1 ‖fl‖Hν
)

we get

(
2C0q

εn

)q/ν
≤ an ≤

(
2C0q

εn

)q/ν
+ 1 (3.22)

fT ,P 0
l

(x) is of the form (3.12) for some tree topology T with an leaves and P 0
l = {P 0

kl}
an
k=1 for

l = 1, . . . , p. We assume there exists some δ0 > 0 such that min f0l > δ0 for all l = 1, . . . , q.

This implies P 0
lk > δ0 for all l = 1, . . . q and all k = 1, . . . , K. Therefore by (3.17), we can

bound the LHS of (3.21) from above by

Cπ(an)Π
(
P ∈ [0, 1]anp :

∥∥∥P − P 0
∥∥∥

1
≤ δ0ε

2
n/2
)

For the prior by Chipman et al. [1998], C = 1 and for the prior by Denison et al. [1998],

C = 1
| Fan |

> (andn)−an > e−an log an (by Lemma 3.1 of Rockova et al. [2020]). By

Corollary 5.2 of Rockova and Saha [2019] for the prior by Chipman et al. [1998] and by proof

of Theorem 4.1 of Rockova et al. [2020] for the prior by Denison et al. [1998], we can show

π(an) ≥ e−an log an . Thus for both priors,

Cπ(an) > e−2an log an (3.23)

Since Pk ∼ Dirichlet(α1, . . . , αp) for all k = 1, . . . , K and P 0
lk > δ0, for all l = 1, . . . , p and

all k = 1, . . . , K, we can bound Π
(
P ∈ [0, 1]anq :

∥∥P − P 0
∥∥

1 ≤ δ0ε
2
n/2
)

from above by

Π

(
P ∈ [0, 1]anp :

∥∥∥P − P 0
∥∥∥
∞
≤ δ0ε

2
n

2anp

)
& Cα(

δ0ε
2
n

anp
)anp, (3.24)

where Cα is a constant that depends on the Dirichlet parameters α = (α1, . . . , αq). Com-
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bining (3.23) and (3.24) completes the proof.

This concludes the discussion on the posterior concentration properties of Generalized

Bayesian trees and G-BART models discussed in this chapter. The most important implica-

tion of these results is that they demonstrate that the theoretical optimality of BART models

can be extended beyond the Gaussian regression setup discussed in Chapter 2. These the-

oretical strength in conjunction with extraordinary empirical success already demonstrated

in a decade’s worth of Bayesian machine learning literature, provide strong motivation for

future research on discovering novel empirical applications for BART-like models.

63



CHAPTER 4

APPLICATIONS OF BART TO DISCRETE CHOICE DATA

4.1 Introduction

Discrete choice models are useful in situations where a rational agent makes a choice between

several alternative options (e.g. when a voter tries to decide between several candidates in

a democratic election) and the goal of the researcher is to analyze how different charac-

teristics of the agent (voter) and/or the choice alternatives (candidates) impact the choice

decision. These models have been extremely popular in marketing literature for modeling

demand and brand loyalty [Keane, 1997, Kim et al., 2020, Lockshin et al., 2006, Sammer and

Wüstenhagen, 2006] for consumer products. The seminal work of Domencich and McFadden

[1975] on the urban transportation choice demonstrated the efficacy of employing choice data

to estimate the consumer utility functions [Hausman and Wise, 1978]. The estimated model

of consumer utility can be implemented to interpret counterfactual scenarios, such as the

potential impact of a change in price on sales. The discrete choice models have been effec-

tive for analyzing not only consumer product market, but also transportation and tourism

[Bates, 1987, Golob and Regan, 2002, Albaladejo and Dı́az-Delfa, 2020, Truong and Hen-

sher, 1985, Morey et al., 1991, Hackbarth and Madlener, 2013], labor market [Kornstad and

Thoresen, 2007], political science [Poole and Rosenthal, 1985], criminology [Bernasco and

Block, 2009], psychometry [Morikawa et al., 2002] and social behavioral analysis [Soetevent

and Kooreman, 2007], to mention a few.

Conventional discrete choice models [Chintagunta and Nair, 2011, Keane et al., 2013,

Hanemann, 1984] depend on strong parametric assumptions to predict consumer demand of

particular products, depending on product characteristics and consumer attributes. These

models are also an efficient tool for analyzing the influence of various factors in determining

product sales, often dynamically across time [Keane et al., 2013] and across various demo-

graphics. The resulting inference often provides useful insights into customer segmentation
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and targeted promotion of particular brands [Ruiz et al., 2020]. Counterfactual inference

regarding inclusion of new products [Donnelly et al., 2019] is another important objective

of large scale choice models. Beyond discrete choice, multiple-constraint models with non-

exclusive preferences [Satomura et al., 2011] are another important component of choice

model literature. Model for ordered alternatives [Small, 1987] have also been studied using

latent variable formulations. Researchers have applied the discrete choice framework to a

wide range of data sets, including aggregate, market-level data [Berry et al., 1995, Nevo,

2001, Petrin, 2002], as well as data from individual choices for a cross-section of individuals.

Recently a new avenue of research has emerged that employ latent factor models for

predicting large-scale consumer demand in both single and multiple product categories [Ruiz

et al., 2020, Görür et al., 2006, Athey et al., 2018]. These models, often dependent on

infinitely many latent factors, have been extremely successful in demand forecast, as well

as counterfactual inference such as examining price sensitivity [Donnelly et al., 2019, Wan

et al., 2017]. Machine learning models such as deep neural networks have also been used

for discrete choice modeling [Munro, 2018, Sifringer et al., 2018, Kanodia and Ganeriwal].

However these models lack interpretability despite good predictive performance.

In this chapter we describe a semiparametric model of consumer choice using Bayesian

Additive Regression Trees (BART) [Chipman et al., 2016]. We consider situations, where

given several alternatives, each customer chooses exactly one product. Our objective is to

predict preference of the customer using information on the customer’s characteristics (e.g.

age, income etc) and attributes of the different product varieties (e.g. price, color, size etc).

We implement a multinomial BART model using existing software (the BART R Package)

that partitions the entire consumer space based on various product features and customer

attributes and then models individual preferences locally, within each partition, using a

multinomial distribution.

BART provides several advantages for large-scale consumer choice modeling. First BART

is an efficient tool for estimating nonlinear utility functions. Most conventional discrete
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choice models discussed above (except the deep learning models) assume a linear relationship

between the choice response and the customer and product characteristics and thus often miss

interesting nonlinear patterns and interactions. In contrast BART employs step functions to

accommodate nonlinearity and interactions among covariates. This is particularly suitable

for nonhomothetic choice situations with asymmetric switching [Rossi et al., 2012] between

different products. BART incorporates different degrees of interactions between customer

and/or product attributes, thus facilitating heterogeneity in price-sensitivity and income-

dependence across varieties. The entire consumer space is divided into smaller homogeneous

segments based on customer attributes and their relative sensitivity to different product

features, that might facilitate targeted marketing. Moreover BART relaxes some of the

strong assumptions implicit in using multinomial choice models, such as “independence of

irrelevant alternatives” [McFadden, 1974] which states that if a certain product variety is

removed from the market, the customers preference for the other products remain unaffected.

This assumption is often unrealistic and we will see in Section 4.2 that BART can alleviate

the limitation by incorporating competing product attributes in the partitioning scheme.

This chapter is organized as follows. Section 4.2 describes the multinomial BART model

for discrete choice data. Section 4.3 compares BART with some popular alternatives: multi-

nomial probit models with varying coefficients and/or mixed effects and a multinomial log-

linear model fitted with neural networks, on ten benchmark consumer choice datasets. In

Section 4.4 we discuss how the BART model can be adapted to account for monotonic de-

pendence of customer preference on certain covariates. Finally Section 4.5 concludes with

a discussion on the efficacy of BART for consumer choice modelling along with possible

directions of future research.

4.2 Adapting BART for Discrete Choice Modeling

The data setup under consideration consists of a categorical response Y that records which

alternative is chosen by the consumer and several covariates X recording customer and/or
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product attributes. Specifically, if a customer chooses to buy the i-th product out of ‘q’

available alternatives {1, . . . , q}, the response Y can be formulated as a q-vector which has

1 at the i-th coordinate and 0 elsewhere. Since the customer is assumed to choose exactly

one option (i.e. the alternatives are mutually exclusive), the response vector Y has exactly

one non-zero entry. The objective is to predict customer choice Y based on d1 product

attributes (such as price, display activity etc) X1 ∈ Rd1 and d2 customer attributes (such

as income, age etc) X2 ∈ Rd2 . Denote the set of all covariates by X = (X1,X2) ∈ Rd

where d = d1 + d2 is the total number of covariates.

Each such covariate is recorded for every choice instance. For example, if the choice

situation involves a customer choosing one out of two brands of bread, every instance of the

data might record which brand the customer chose (Y ), prices of the two brands at the time

of shopping (X1) and the customer’s yearly income (X2). The covariate values may change

over each shopping instance, even for the same customer, if the prices of one or both brands

change and/or the income of the customer changes.

We can assign a Multinomial distribution to the response variable, while treating the

individual parameters as functions of the covariates. Subsequently we can approximate these

unknown functions with Generalized BART models (Section 3.2), equipped with suitable link

functions. Specifically, we assume that

Y ∼Multinomial (1; γ(X)) , (4.1)

where the parameter γ(X) = (γ1(X), . . . , γq(X)) is a q-dimensional function of the covari-

ates X, such that γ(X)′1q = 1 for any given X. Here 1q denotes a q-dimensional vector

with all entries equal to 1. Assume γj(X) = Φj
(
f1(X), . . . , fq(X)

)
for some unconstrained

functions {fj}
q
j=1, where the transformation functions Φj(z1, . . . , zq) = e

zj∑q
l=1 e

zl
is assumed

to be the softmax link function. Our goal is to estimate these unknown functions {fj}
q
j=1.

We can impose independent BART priors on each of fj , for j = 1, . . . , q, and estimate
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them using step-functions supported on binary tree/forest partitions. Consider an approxi-

mating tree ensemble consisting of T trees where the t-th tree has Kt leaves that generates

a partition {Ωtk}
Kt
k=1 of the covariate space. Then each fj can be approximated by a step-

function of the form f̂ j =
∑K
k=1 βjkI{X ∈ Ωk} which in turn reduces the estimate of each

parameter γj to be of the form:

γj =

∑T
t=1

∑Kt
k=1 β

t
jkI{X ∈ Ωtk}∑q

l=1

∑T
t=1

∑Kt
k=1 β

t
lkI{X ∈ Ωtk}

, (4.2)

The multinomial logit model described above is equivalent to the solution for a linear utility

function with extreme value distribution of the form p(u) = e−ue−e
−u

[McFadden, 2001].

The solution is always to choose the product with maximum marginal utility. If instead the

error distribution is assumed to be Gaussian, this gives rise to the multinomial probit model.

Note that every fj depends on all the available covariates. For example suppose a cus-

tomer tries to choose between three different brands of yogurt and the only covariate infor-

mation available is the prices of the three brands. Let pi denote the price of brand i. So

the covariate vector is X = (p1, p2, p3) ∈ R3 and each of the three functions {f1, f2, f3}

would depend on all three prices. This would mean that the estimating partition for every

tree {Ωtk}
Kt
k=1 can potentially depend on the prices of all three brands. Thus the probability

that the customer chooses brand j would depend on the price of the j-th brand, as well as

the prices of all the competing brands. Therefore if a particular brand is removed from the

market, the relative preferences of the remaining brands change as well. Thus the assump-

tion of “independence of irrelevant alternatives” is no longer valid. The model (4.1)-(4.2) is

in fact same as the BART model for multiclass classification and hence can be implemented

using existing software (the BART R package of McCulloch [2017]).

In case of a quantitative choice situation, i.e. when information is available on the

quantities purchased, a hierarchical model can be specified where the first level involves a

qualitative model, such as the one specified above, that selects the preferred alternative
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and the second level models the logarithm of the purchased quantity as a Gaussian random

variable, where the parameters might depend on the selected variety.

4.3 Empirical Results

In this section we compare the empirical predictive performance of the BART model (4.1)

with popular alternatives: multinomial logistic regression and its variants [Train and Crois-

sant, 2012], over ten benchmark data sets (Table 4.1), each of which considers some discrete

consumer choice situation where a consumer chooses exactly one product out of several al-

ternatives. We consider two competing models: (i) popular variants of the multinomial logit

model commonly used for marketing data analysis [Train and Croissant, 2012]: equipped

with varying coefficients where the slope and intercepts are allowed to vary across different

product categories (choice alternatives) and mixed effects with random intercept for every

customer (referred subsequently as “MLogit”) and (ii) the traditional multinomial logistic

regression fitted with a neural network (referred subsequently as “NNet”).

The Multinomial logit model with varying coefficient and/or mixed effects are imple-

mented through the R package mlogit [Croissant and Croissant, 2020], following the in-

structions provided by Train and Croissant [2012]. The multinomial logistic regression is

implemented through the function “multinom” in the widely used R package nnet [Ripley

et al., 2016]. This function fits a multinomial log-linear model via neural networks. In

contrast to the “MLogit” model that includes a customer specific random intercept, the

“Multinom” function considers each individual observation as independent, even if repeated

choice instances are reported for the same consumer. Finally the multinomial BART model

(4.1) is implemented through the R package BART.

Now let us describe the ten discrete choice datasets used for the empirical comparison

in Table 4.1. Among these ten datasets, the data on “Electricity” is obtained from the R

package mlogit [Croissant and Croissant, 2020], the data on “OrangeJuice” is obtained from

the R package ISLR [James et al., 2017], while all the other eight datasets are from the R
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package Ecdat [Croissant and Graves, 2020]. The package Ecdat contains a wide range of

Econometrics data sets, which are also available in the Journal of Business Economics and

Statistics web site https://amstat.tandfonline.com/loi/ubes20.

For every dataset considered here, consumers choose exactly one option out of several

alternatives (e.g. one out of four brands of ketchup or one out of two travel mode: train

and car). For every choice instance the decision of the customer is recorded along with some

characteristics of the customer (e.g. age) and also some attributes of the choice alternatives

(e.g. price). Customer preferences are transformed into binary vectors. For example if the

customer chooses the ‘i’-th option out of ‘p’ alternatives, the response is encoded as a ‘p’-

vector which has the ‘i’-th entry equal to one and the other entries equal to zero. Below

we give a brief description of the corresponding choice situation, along with the number

of recorded choice instances (the sample size), number of choice alternatives and available

information on product and/or customer attributes (the covariates).

Car: This is a dataset on 4654 customers who choose to buy a vehicle among 6 possible

alternatives. Every choice instance records information on different choice attributes such

as type of vehicle, type of fuel required, fuel range, acceleration, highest attainable speed,

emission, size and space capacity of the vehicle, cost/mile of travel and the fraction of

stations that can refuel/recharge the vehicle. Every observation also contains information

on individual customer such as whether they received college education, size of the household

and their average amount of commute per day. Information on choice attributes are recorded

for every choice instance and they might not be same for every customer, meaning that two

different customers facing the exact same choice decision between the same five cars, might

have different covariate vectors if the ‘cost/mile of travel’ of a particular car changes.

Cracker: This is a panel data containing 3292 choice instances for some customers who

choose among one of the four brands of cracker: sunshine, kleebler, nabisco and private.

Information is available on three attributes for each of the brands: their price, a binary
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indicator recording whether there was a display for that brand and another binary indicator

which reports whether there was a newspaper feature advertisement for that brand. Indi-

vidual customer identifiers are also available. These customer identifiers can be coded as a

factor and supplied as a covariate while training the BART model. However including cus-

tomer identifiers in the partitioning scheme would mean that we will not be able to predict

the choice decision of a customer who is not in the training data. Therefore we choose to

ignore these customer identifiers while implementing the multinomial BART model (4.1).

Electricity: This is a dataframe describing the choice of Electricity provider among 4

possible alternatives (marked 1, 2, 3, 4) for 2308 households. Information is recorded on the

individual household index, as well as several attributes of the supplier such as fixed price at

a stated cents per kWh, with the price varying over suppliers and experiments, for scenario

i (= 1, 2, 3, 4), the length of contract that the supplier offered, in years (such as 1 year or 5

years.) During this contract period, the supplier guaranteed the prices and the buyer would

have to pay a penalty if the customer switched to another supplier. The supplier could offer

no contract in which case either side could stop the agreement at any time, and the contract

length is recorded as 0. There are two binary indicators that denote whether the supplier

is a local company and if the supplier is well-known. Two other covariates are available: a

time-of-day rate under which the price is 11 cents per kWh from 8 am to 8 pm and 5 cents

per kWh from 8pm to 8am. These TOD prices did not vary over suppliers or experiments.

And finally a seasonal rate under which the price is 10 cents per kWh in the summer, 8 cents

per kWh in the winter, and 6 cents per kWh in the spring and fall.

Fishing: This is a data on the fishing mode choice for 1182 consumers each of whom choose

a preferred mode of recreation from 4 available options: beach, pier, private boat and charter

boat. Information on the price and catch rate for every mode option is available, along with

the monthly income of the consumer.
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Heating: This dataset contains information on the choice of heating mechanism for 900

households, each of which chooses a preferred heating system out of 5 possible alternatives:

gas central, gas room, electric central, electric room and heat pump. The installation cost

and annual operating cost for each alternative is recorded. Customer attributes such as the

annual income of the household, age of the household head and numbers of rooms in the

house are also available.

Ketchup: This is a panel data on 4956 choice instances for several customers, each of

whom choose to buy a preferred brand of ketchup from 4 possible options: heinz, hunts, del

monte and store brand. Price of every brand for each shopping trip is available, along with

identifying information for every customer.

ModeChoice: This is a data on preferred travel mode choice for 840 consumers, each of

whom choose to travel by one of the 2 alternatives: car vs train. Travel cost and travel time

are recorded for the preferred mode for each trip, along with household income and party

size travelling through the chosen mode.

OrangeJuice: The data set contains 1070 purchases where the customer either purchased

Citrus Hill or Minute Maid orange juice. A number of characterstics of the customer and

product are recorded (18 variables), such as price, discount, list price and sale price corre-

sponding to both brands, a binary indicator denoting whether there is a special promotion

on a particular brand at that time, Customer attributes such as brand loyalty, the week of

purchase and identifying information for the store where the sale took place.

Tuna: This is a choice data on 13705 shopping instances where customers choose to buy

one of the five possible brands of canned tuna: Starkist (in water), Chicken of the sea (in

water), a store–specific private label (in water), Starkist (in oil) and Chicken of the sea (in

oil). Price of every brand and the customer identifier for each shopping trip is recorded.
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Data Sample Choices MLogit NNet BART

Car 4654 6 0.6266 0.6477 0.6867
Cracker 3292 4 0.4551 0.6652 0.8891

Electricity 2308 4 0.7307 0.7397 0.7500
Fishing 1182 4 0.5128 0.9120 0.9787
Heating 900 5 0.4662 0.6387 0.7362
Ketchup 4956 4 0.4553 0.7235 0.8100

ModeChoice 840 2 0.7045 0.7285 0.9810
OrangeJuice 1070 2 0.6684 0.8742 0.8868

Tuna 13705 5 0.7612 0.7855 0.8926
Yogurt 2412 4 0.3903 0.6774 0.9091

Table 4.1: Area Under the ROC Curve (AUC) [Hand and Till, 2001] computed by averaging

over AUC obtained from a 4-fold cross validation. Comparison is conducted over three meth-

ods: (i) a varying coefficient and/or random intercept multinomial logistic model (referred to

as MLogit), (ii) the multinomial logistic regression fitted through a neural network (referred

to as NNet) and (iii) a multinomial logistic BART model (referred to as BART).

Yogurt: This data records the choice of yogurt brand over 2412 shopping trips by multiple

consumers. There are 4 available yogurt brands the customers can choose from: yoplait,

dannon, hiland and weight watcher. Two product characteristics are recorded for every

brand: their price and whether there is a newspaper feature advertisement for that brand at

the time of purchase. Individual customer identifiers are also recorded.

Table 4.1 records a predictive performance comparison between the multinomial BART

model (4.1) and two popular alternatives: the multinomial logit model (referred to as

‘MLogit’) with varying coefficient and customer specific random effects, where applicable

[Croissant and Croissant, 2020] and a multinomial log-linear model fitted with a neural net-

work (referred to as ‘NNet’). We consider the ten benchmark datasets described above.

Each data is split into four cross-validation segments. For every segment, the models are

trained on the three remaining segments and individual choice probabilities are predicted

on the left-out segment based on the trained model. Then the area under the ROC curve

(AUC) [Hand and Till, 2001] is computed for each of the four segments and the average

AUC is recorded in Table 4.1. From the table, we see that the BART model demonstrates
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significant predictive superiority over the multinomial logistic regression with varying coef-

ficients and/or mixed effects (MLogit) for all the ten data sets under consideration. BART

also outperforms the multinomial log-linear model fitted with neural networks (NNet), even

though the performance gain is less dramatic compared to the “MLogit” model. Now let us

dig deeper into the specific examples considered in Table 4.1 in order to discover possible

causes for such huge discrepancy between BART and linear parametric models like MLogit,

in terms of out-of-sample prediction.

Interestingly, the average AUC values for BART and the multinomial logit model are

almost equal for choice situations that are less frequent in a customer’s lifetime and /or are

“more pricey” investments, such as choosing an electricity provider or buying a car. The

cost of switching between different alternatives is higher but the alternatives themselves do

not differ much in price, e.g. the cost of different cars in the data do not differ much but the

switching cost is high, meaning that if after buying a car the customer does not like it and

wants to exchange it for a different car, the entire procedure is expensive. Also, the product

options vary greatly in terms of specific attributes. For example different cars might differ

a lot in emission and attainable speed. While some customers might put more importance

on the highest attainable speed, others might prefer an alternative with low emission. In

these kinds of situations, customers tend to choose the option that meets their specific needs

and a change in price of other alternatives might not influence the customer’s decision at

all, which means that the interactions between the features of one alternative with another

might not have much influence on the customer’s decision.

In contrast, the highest gain in predictive accuracy for BART, compared to the multino-

mial logit (MLogit) model is observed for products that are bought more often and are “less

pricey”, such as yogurt, cracker, ketchup etc. For these frequently bought products, how

much of one brand the customer prefers might be heavily influenced by the price of the com-

peting brands or how much advertisement was observed for the competing brand. So there

tends to be much more interaction between features of competing alternatives. It is much
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harder to account for different degrees of interactions among the covariates while using para-

metric linear models such as multinomial logit. In comparison, BART easily accommodates

different degrees of interactions and exhibits superior predictive performance.

4.4 Adapting to Monotonicity:

Consumer theory states that for most product categories, a rational consumer chooses to

buy less of a product if its price increases [Deaton and Muellbauer, 1980]. Sales might

also decrease when income decreases and the customer chooses to spend less. There are

many such product or customer attributes that have a monotonic effect on sales volume.

Such monotonic constraints might be incorporated into discrete choice models discussed

above by suitably adapting a Monotone version of the BART model, proposed by Chipman

et al. [2016]. This model assumes a similar prior as the classical BART model [Chipman

et al., 2010] on tree partitions Π(T ). Unlike BART, the monotone BART model imposes a

monotonic constraint on the step heights Π(β). A brief description of the monotone BART

prior [Chipman et al., 2016] is given in the appendix of this chapter.

For discrete choice situations, the monotone BART model needs to be implemented with

caution. For example, in the ‘Orange Juice’ data described in the “Empirical Results” section

below, the average Area under the ROC Curve (AUC) over a four-fold cross validation equals

0.8868 for BART and 0.886 for Monotone BART. However the Monotone BART prior can

exhibit poor performance if the sign of the covariates are not adjusted properly to have an

increasing relationship with P (Y = 1). For example, if we use the covariates in the orange

juice data without any alterations, the average AUC drops to 0.7612. In another example,

in the ‘Tuna’ data described in the “Empirical Results” section, customers choose one out

of five brands of canned tuna. If we assume the probability of buying a particular brand has

a monotonic decreasing relationship with its price and a monotonic increasing relationship

with the price of its alternatives, which is in line with consumer theory, the Monotone

BART model gives an average AUC = 0.7539, over a four-fold cross validation, whereas the
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Figure 4.1: Comparing BART and Monotone BART estimates for a monotone one-

dimensional function f(z) = z3. Even though the Monotone BART fits are better through-

out, BART manages to recover the overall monotonicity of the function, without imposing

any additional assumption [Chipman et al., 2016].

average AUC for the BART model is 0.8926. This indicates that for real data, anticipating

the monotonic nature of relationship between sales and prices is often not simple. In such

situations applying Monotone BART can significantly diminish predictive accuracy.

In fact a similar phenomenon was pointed out by [Chipman et al., 2016], who demon-

strated that even though for a truely monotonic function (Figure 4.1), the Monotone BART

model performs slightly better than regular BART, in terms of squared error, BART still

manages to recover the underlying monotonicity fairly well without imposing any additional

constraints. However if the true function is not monotonic (Figure 4.2), the Monotone BART

model performs poorly and the estimated function grossly deviates from the truth.

Consumer theory states that keeping other covariates constant, sales volume of a par-

ticular product decreases as its price increases and/or the price of a close substitute drops

down. Therefore it might seem reasonable to impose a suitable monotonicity assumption

on the relationship between sales and price. However quite often for a real data, the re-
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Figure 4.2: Comparing BART and Monotone BART estimates for a non-monotone one-

dimensional function f(z) = z2. The monotone BART estimator suffers poorer performance

due to the lack of monotonicity of the true function [Chipman et al., 2016].

lationship between price and sales is not monotone, unless accounted for relative product

quality. For example, if price of an inferior substitute drops, the sales of other available

options might remain the same. Since the information on relative product quality is of-

ten unavailable and accounting for all possible confounders that might interact with price

is almost always impossible, it is safer to use BART instead of Monotone BART, because

implementing Monotone BART requires calibrating the signs of each covariate so that they

have a monotone increasing relationship with the response. Guessing the nature of such rela-

tionships is often cumbersome, to say the least. BART on the other hand requires negligible

tuning while providing comparable predictive accuracy, as observed from both empirical

applications [Chipman et al., 2016] and theoretical findings (Theorem 3.4.2).

4.5 Further Comments

In this section we have demonstrated how Bayesian tree ensembles can be suitably adapted

to model discrete choice situations. BART provides a flexible tool that can efficiently model

nonlinear dependence of choice probabilities on customer and/or product attributes, simul-
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taneously accounting for possible interactions among different covariates. BART can poten-

tially eliminate many stringent assumptions such as “independence of irrelevant alternatives”

and “constant marginal utility”, that often torment conventional linear models for discrete

choice data. Moreover, BART does not require any variable transformation unlike most para-

metric linear models for discrete choice data. In Section 4.3 we see that the BART model

exhibits impressive predictive performance over several benchmark datasets, compared to

popular existing alternatives. However several research questions remain unexplored.

We have observed the empirical performance of the BART model only for situations where

the rational agent (e.g. consumer) chooses exactly one out of several alternatives (Model

4.1). However in many real life situations customers often choose multiple alternatives at

the same time. For example, for aggregated goods like “food” and “shelter”, consumers

might choose all the alternatives by some amount. For differentiated product offerings such

as ‘yogurt’ or ‘soft drinks’ the customer might choose more than one flavor at the same

shopping instance. These kinds of choice situations might be modelled using a “multivariate

probit” [Rossi et al., 2012] adaptation of BART. Quantity information, if present can also

be utilized by using a hierarchical extension of Bayesian trees where individual quantities

are assumed to come from a log Normal (for continuous quantity information such as in

produce) / Poisson distribution (for discrete quantity information such as in packs of soft

drinks), conditioned on the alternatives chosen.

Another interesting direction would be to explore the scope of Bayesian trees and forests

for panel data, where customers are tracked over multiple shopping instances over time.

A simple extension would be to include random customer-specific intercepts to the step-

heights, thus enabling information sharing among correlated observations. This would be a

multinomial extension of the random intercept BART model proposed by Tan et al. [2016].

However this method ignores the time variability in consumer behavior and a dynamic ex-

tension of BART connecting past choice behavior with current preference, might be worth

exploring. A common feature in time series data on consumer choice is that certain brands
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might become unavailable and new brands might get introduced over time. In this context,

a dynamic spike-and-slab (Chapter 5) extension of the individual choice probabilities might

be interesting, where a point-mass spike distribution accounts for the situation where the

corresponding product variety is unavailable.

An important avenue for future research would be to design Bayesian tree ensembles

that are more interpretable and/or suitably adapt existing BART models that facilitate effi-

cient counterfactual inference for discrete choice data, thus making flexible machine learning

models like BART more amenable to marketing research applications. A very important

objective of discrete choice models is to quantify the influence of individual covariates on

the volume of sales of a certain product, for linear models which amounts to measuring the

individual gradients of the linear function with respect to the covariate of interest. However

BART being a sum of step functions, measuring contributions of individual covariates is al-

most unattainable, even though a relative ranking of “covariate-importance” can be obtained

[Sparapani et al., 2019]. An interesting development in this direction is “BART with tar-

geted smoothing”, proposed by Starling et al. [2020], that can be used to model functional

response variables that are smooth over a covariate, such as time. A potential approach

would be to design a multivariate analog of this model, without constraining the estimator

space too much and hence avoiding significant loss in predictive accuracy. Another important

extension would be to build a hierarchical BART model that can incorporate multiple prod-

uct categories at the same time, such as in grocery store data [Donnelly et al., 2019]. Such

models often benefit from accounting for unobserved inter and intra-consumer heterogeneity

[Krueger et al., 2020]. Moran [2019] propose a factor analysis framework with BART that

can be potentially adapted for incorporating latent consumer and product characteristics.

Evaluating computational feasibility and empirical performance of these adaptations would

provide a promising avenue for future research.
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4.6 Appendix

The Monotone BART Prior [Chipman et al., 2016]

The tree generation process for the monotone BART model [Chipman et al., 2016] is same

as in the unconstrained BART model [Chipman et al., 2010] described in Section 2.2. The

two models primarily differ in terms of the prior on the step heights π(β | T ).

Let Y denote the response and X = (x1, . . . , xd) ∈ Rd denote the covariates, among

which a subset of the covariates S = {xi1 , . . . , xiM } has a monotonic relationship with

the response and the dependence of the response on the other covariates are unrestricted.

The monotone BART model puts positive prior on only those trees that are monotone in

coordinates S. Such a monotone tree is defined as follows.

For a tree each terminal node region will be a rectangular region of the form

Ωk = {X : xi ∈ [Lik, Uik), i = 1, . . . , d},

where the interval [Lik, Uik) for each xi is determined by the sequence of splitting rules

leading to Ωk. Two nodes Ωk and Ωk′ are called separated if Uik < Lik′ or Uik′ < Lik for

some i. If Ωk and Ωk′ are not separated, Ωk is called an above-neighbor of Ωk′ if Lik = Uik′

for some i and it is called a below-neighbor of Ωk′ if Lik′ = Uik for some i. A tree function

will be monotone in coordinate xi if the step-height of each of its terminal node is

(i) not greater than the minimum level of all of its above-neighbor regions in the xi

direction, and

(ii) not less than the maximum level of all of its below-neighbor regions in the xi direction.

Let C be the set of all trees T which satisfy these monotonicity constraints on each

xi ∈ S. The monotone BART prior puts all prior mass on the trees in this set C.

Next, given a monotone tree partition T with K steps, the distribution of the step

heights are assumed to be normal, just as in the unconstrained BART [Chipman et al.,
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2010] model but with different prior variance choices depending on whether or not the step-

height is constrained by the set C. If the k-th step height βk is unconstrained, assume

βk ∼ N (0, σ2
β). On the other hand if βk is constrained by C, assume N (0, c2σ2

β) with the

choice c = π
π−1 ≈ 1.4669. For a detailed justification of this choice, please refer to Section

3.3 of Chipman et al. [2016].

Software

All empirical results presented in this chapter have been implemented using the opensource

software R. All the relevant code are available in the following GitHub repository:

https://github.com/Enakshi-Saha/Discrete-Choice-Model
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CHAPTER 5

DYNAMIC SPARSE FACTOR ANALYSIS

5.1 Introduction

The premise of dynamic factor analysis (DFA) is fairly straightforward: there are unob-

servable commonalities in the variation of observable time series, which can be exploited

for interpretation, forecasting, and decision making. Dating back to, at least, Burns and

Mitchell [1947], the fundamental idea that a small number of indices drive co-movements of

many time series has found plentiful empirical support across a wide range of applications

including economics [Stock and Watson, 2002, Bai and Ng, 2002, Bernanke et al., 2005,

Baumeister et al., Cheng et al., 2016], finance [Diebold and Nerlove, 1989, Aguilar et al.,

1998, Pitt and Shephard, 1999, Aguilar and West, 2000, Carvalho et al., 2011], and ecology

[Zuur et al., 2003], to name just a few. More notably, in their seminal work on DFA, Sargent

et al. [1977] showed that two dynamic factors could explain a large fraction of the variance

of U.S. quarterly macroeconomic variables. Motivated by a similar (but significantly larger)

application, we develop scalable Bayesian DFA methodology to glean insights into the hidden

drivers of the U.S. macroeconomy before, during and after the Great Recession.

With large-scale cross sectional data becoming readily available, the need for developing

scalable and reliable tools adept at capturing complex latent dynamics have spurred in both

statistics and econometrics [Kaufmann and Beyeler, 2018, Kaufmann and Schumacher, 2017,

Frühwirth-Schnatter and Lopes, 2018, Nakajima et al., 2017]. A wide variety of factor-type

models exist with varying degrees of modeling flexibility. One popular class is factor stochas-

tic volatility models [Pitt and Shephard, 1999, Aguilar and West, 2000, Kastner et al., 2017]

which, in their simplest form, assume (a) constant loadings, (b) independent factors, and

(c) time-varying structures on residual variances and factor variances. Extensions to time-

varying loadings that allow for more flexible correlation modeling have been considered in,

e.g., Aguilar et al. [1998], Aguilar and West [1998, 2000], Lopes and Carvalho [2007] and later

82



extended by Nakajima and West [2013,], Nakajima et al. [2017] to sparse factor models via la-

tent thresholding. Sparsity has also been a key component in dynamic covariance estimation

models, such as in Kastner [2019], who proposes a factor stochastic volatility model in com-

bination with a global–local shrinkage prior. This prior is a generalization of the Bayesian

Lasso [Park and Casella, 2008] and has also been adopted in the context of Bayesian vector

autoregressive (VAR) models [Huber and Feldkircher, 2019, Kastner and Huber, 2020] that

are capable of handling vast-dimensional time series. Other developments include large-scale

Bayesian VAR methods [Bańbura et al., 2010, Koop and Korobilis, 2013, Korobilis, 2013, Gi-

annone et al., 2014, 2015, Kuschnig and Vashold, 2019]. More recently, Koop et al. [2019] and

Aunsri and Taveeapiradeecharoen [2020] extended random compression dynamic regression

methods [Guhaniyogi and Dunson, 2015] to the VAR framework giving rise to the Bayesian

Compressed VAR (BCVAR) model that exhibits an impressive forecasting performance in

high dimensions. VAR models have also been integrated within dynamic factor structures in

factor augmented vector autoregressive (FAVAR) models [Bernanke et al., 2005, Stock and

Watson, 2005] and in their recently introduced sparse extension [Kaufmann and Beyeler,

2018]. These FAVAR models have been particularly effective in high-dimensional macroe-

conomic applications [Wagan et al., 2019, Evgenidis et al., 2019, Potjagailo, 2017, Daniele

and Schnaitmann, 2019]. A detailed discussion on FAVAR models in macroeconomics can

be found in Stock and Watson [2016].

Sparsity is an indispensable tool in high dimensional inference situations where the num-

ber of parameters exceed the number of observations by a large extent. The fundamental

goal of our research is to build a dynamic factor analysis method that discovers a dynamic

sparse factor structure with an unknown and possibly time-varying number of latent factors

and with factor loading matrices that evolve somewhat smoothly over time. There are three

important ingredients of dynamic sparsity that reside at the core of our methodology.

Firstly, the latent factor loadings should account for time-varying patterns of sparsity. In

(macro-)economics and finance, the sequentially observed variables may go through multiple

83



periods of shocks, expansions, and contractions [Hamilton, 1989]. It is thus expected that

the underlying latent structure changes over time– either gradually or suddenly– where some

factors might be active at all times, while others only at certain times. For example, in our

empirical analysis we find that certain factors exert influence on some series only during a

crisis and later permeate through different components of the economy as the shock spreads.

Dynamic sparsity plays a very compelling role in capturing and characterizing such dy-

namics. Recent developments in sparse factor analysis reflect this direction of interest [West,

2003, Carvalho et al., 2008, Yoshida and West, 2010, Lopes et al., 2010]. More recently,

Nakajima and West [2013], Nakajima et al. [2017] deployed the latent threshold approach

of Nakajima and West [2013] in order to induce zero loadings dynamically over time. Our

methodological contribution builds on this development, but poses less practical limitations

on the dimensionality of the data.

Related to the previous point is the question of selecting the number of factors. This

modeling choice is traditionally determined by a combination of a-priori knowledge, a vi-

sual inspection of the scree plot [Onatski, 2009], and/or information criteria [Bai and Ng,

2002, Hallin and Liska, 2007]. In the presence of model uncertainty, the Bayesian approach

affords the opportunity to assign a probabilistic blanket over various models. Bayesian non-

parametric approaches have been considered for estimating the factor dimensionality using

sparsity inducing priors [Bhattacharya and Dunson, 2011, Rockova and George, 2016]. The

added difficulty stemming from time series data, however, is that the number of factors may

change over time [Bai and Ng, 2002]. As a remedy, we turn to dynamic sparsity as a compass

for determining the number of factors without necessarily committing to one fixed number

ahead of time.

The third essential requirement is accounting for structural instabilities over time with

time-varying loadings and/or factors. One seemingly simple solution has been to deploy

rolling/extending window approaches to obtain pseudo-dynamic loadings. These estimates,

however, lack any supporting probabilistic structure that would induce smoothness and/or
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capture sudden dynamics. Recent DFA developments [Del Negro and Otrok, 2008, Nakajima

and West, 2013, Kaufmann and Schumacher, 2019] have treated both the factors and loadings

as stochastic and dynamic. Adopting this point of view, we blend smoothness with sparsity

via Dynamic Spike-and-Slab (DSS) priors on factor loadings [Rockova et al., 2020]. This prior

regards factor loadings as arising from a mixture of two states: an inactive state represented

by very small loadings and an active state represented by smoothly evolving large loadings.

The mixing weights between these two states themselves are time-varying, reflecting past

information to prevent from erratic regime switching. The DSS priors allow latent factors

to effectively, and smoothly, appear or disappear from each series, tracking the evolution of

sparsity over time.

In this work, we develop methodology for sparse dynamic factor analysis that is built

on the three principles mentioned above. Using this methodology, we examine a large-scale

balanced panel of macroeconomic indices that span multiple corners of the U.S. economy

from 2001 to 2015. Our method helps understand how the economy evolves over time and

how shocks affect its individual components. In particular, examining the latent factor

structure before, during, and after the Great Recession, we obtain insights into the channels

of dependencies and we assess permanence of structural changes.

To ensure that our implementation scales with large datasets, we propose an EM algo-

rithm for MAP estimation that recovers evolving sparse latent structures in a fast and potent

manner. An important consideration for any factor analysis tool is the interpretability of

the latent factors. While interpretation can be achieved with ex-post rotations [Bai and Ng,

2013, Kaufmann and Schumacher, 2017, 2019], here we deploy parameter expansion, with

rotations to sparsity inside the EM algorithm (Section 5.3.1) along the lines of Rockova and

George [2016] to (a) accelerate convergence and (b) obtain better oriented sparse solutions.

We also provide a more traditional estimation strategy using MCMC (Section 5.3.2) using

the conventional lower triangular identification constraint [Nakajima and West, 2013,] on

the factor loading matrices.
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The chapter is structured as follows. Section 5.2 outlines the dynamic sparse factor model.

Section 5.3 summarizes our estimation strategy with a parameter expanded EM algorithm,

followed by an alternative MCMC implementation technique. A detailed simulation study

that highlights the interpretability of our strategy relative to other methods is in Section 5.4,

followed by an empirical study on a large-scale macroeconomic dataset in Section 5.5. In

Section 5.6, we demonstrate the forecasting accuracy of our method, compared to some

key competitors, on simulated and real datasets. We conclude the paper with additional

comments in Section 5.7. Details of the implementation are in the appendix.

5.2 Dynamic Sparse Factor Models

The data setup under consideration consists of a matrix of high-dimensional multivariate

time series Y = [Y 1, . . . ,Y T ] ∈ RP×T , where each vector Y t ∈ RP contains a snapshot of

continuous measurements at time t. Dynamic factor models are built on the premise that

there are only a few latent factors that drive the co-movements of Y t. Evolving covariance

patterns of time series can be captured with the following state space model:

Y t = Btωt + εt, εt
ind∼ NP (0,Σt), (5.1)

ωt = Φωt−1 + et, et
ind∼ NK(0, IK), (5.2)

which extends the more standard dynamic factor models [Sargent et al., 1977, Geweke,

1977] in at least two ways. First, the observation equation (5.1) links Y t to a vector of

factors ωt through multivariate regression with loadings Bt ∈ RP×K and with residual

variances Σt = diag{σ2
1t, . . . , σ

2
Pt}, where both Bt and Σt are dynamic, i.e. are allowed to

evolve over time. In this section, we tacitly assume that any location shifts in Y have been

standardized away and thereby we omit an intercept in (5.1). The (dynamic) intercept can

be however included, as we demonstrate in Section 5.5. Second, the transition equation

(5.2) describes the unobserved factors ωt as following a stationary autoregressive process
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with a transition matrix Φ = diag(φ̃1, . . . , φ̃K) with 0 < φ̃k < 1 for k = 1, . . . , K and with

Gaussian disturbances et. As is customary with state-space models of this type, we assume

that ωt, et and εt are cross-sectionally independent.

A related approach was proposed in Aguilar and West [2000] and Lopes and Carvalho

[2007], who also permit time-varying loadings, but do not impose the AR(1) process on the

factors. Instead, their factors are cross-sectionally independent and linked over time through

a stochastic volatility evolution of their idiosyncratic variances. Bai and Ng [2002] and Stock

and Watson [2010], on the other hand, assume that factors follow vector autoregression, but

the loadings are constant over time. As in Nakajima and West [2013], our model (5.1) and

(5.2) differs from these more standard dynamic factor model formulations because it com-

bines the AR(1) factor aspect together with dynamic loadings. A few remarks are in place.

The assumption of independent and homoscedastic factor innovations may be unnecessarily

restrictive. Estimating the factor covariance matrix in our framework is precluded due to

lack of identification. This is because our auxiliary covariance matrices At (in the expanded

model, to be described in Section 5.2.2) are not linked over time. We use parameter expan-

sion to intentionally over-parametrize (Section 5.3.1) as a computational trick rather than as

an attempt to model the co-volatilities. However, in related work Zhou et al. [2014] assume

the factor covariance matrices At to be non-diagonal and time varying. These matrices

can be reduced to diagonal matrices Ψt by pre and post multiplying by lower triangular

matrices Lt, with diagonal elements equal to one, which are in fact the Cholesky factors of

the matrices At. Suitable dynamic priors are then imposed on individual elements of both

Ψt and Lt. The model is made identifiable by assuming the factor loading matrices Bt to

be lower-triangular. Another way to makes the identification problem less severe would be

assuming certain dynamics on At with identifiability inherited from the initial condition A0.

The equations (5.1) and (5.2) imply that, marginally, Y t ∼ NP (0, Σ̃t), where Σ̃t =

BtVB
′
t + Σt with V being the stationary autoregressive covariance matrix of the latent
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factors.1 This decomposition provides a fundamental justification for factor-based dynamic

covariance modeling. The information in high-dimensional vectors Y t is distilled through

latent factors into lower-dimensional factor loadings matrices Bt, which completely charac-

terize the movements of covariances over time. Other authors [Del Negro and Otrok, 2008,

Lopes and Carvalho, 2007] consider a stochastic volatility (SV) evolution (either log-AR(1)

or Bayesian discounting) on the variance of the latent factors and/or the innovations εt in

(5.1). While both are feasible within our framework, here we impose Bayesian discounting

SV formulation on the innovation variances: σjt = σjt−1δ/υjt, where δ ∈ (0, 1] is a discount

parameter and where υjt ∼ B(δηt−1/2, (1 − δ)ηt−1/2) with ηt = δηt−1 + 1. We use this

stochastic discounting model due to its computational convenience (with Kalman filtering

equation) as explained in, for example, Chapter 10 of West and Harrison [1997] and Chapter

4 of Prado and West [2010].

Parsimonious covariance estimation is only one of the objectives of dynamic factor mod-

eling. The more traditional objective is disentangling the covariance structure and un-

derstanding its driving forces and how they change over time. Sparse modeling has been

indispensable for both of these objectives, where fewer estimable coefficients yield far more

stable covariance estimates and where nonzero patterns in Bt yield superior interpretable

characterizations [Carvalho et al., 2008, Yoshida and West, 2010]. Next, we explore the role

of dynamic sparsity in DFA.

5.2.1 Dynamic Sparsity with Shrinkage Process Priors

No assumption has been as pervasive in the analysis of high-dimensional data as the one of

sparsity. Sparsity is a practical modeling choice that facilitates high-dimensional inference

and/or computation. In factor model contexts, it can also be used to anchor on identifi-

able parametrizations [Frühwirth-Schnatter and Lopes, 2009] and/or for estimating factor

dimensionality [Rockova and George, 2016, Bhattacharya and Dunson, 2011]. The potential

1. V is the implicit solution to V = ΦV Φ′ + IK , e.g. when Φ = φ̃IK , V = 1

1−φ̃2
IK .
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of sparsity in dynamic factor models has begun to be recognized [Nakajima and West, 2013,

Kaufmann and Schumacher, 2017, 2019, Kaufmann and Beyeler, 2018].

In this work, we complement the factor model formulation (5.1) with dynamic sparsity

priors on the factor loadings Bt for 1 ≤ t ≤ T . In other words, rather than imposing a dense

model by assigning a random walk (or a stationary autoregressive) prior on the loadings

[such as Stock and Watson, 2002, Del Negro and Otrok, 2008], we allow for the possibility

that the loadings are zero at certain times.

We will write Bt = (βtjk)
P,K
j,k=1 and impose a shrinkage process prior on individual time

series {βtjk}
T
t=1 for each (j, k). Several authors have reported on the benefits of dynamic

variable selection in the analysis of macroeconomic data [Frühwirth-Schnatter and Wagner,

2010, Bitto and Frühwirth-Schnatter, 2019, Lopes et al., 2010, Nakajima and West, 2013,

Koop et al., 2010]. We build on one of the more recent developments, the Dynamic Spike-

and-Slab (DSS) priors proposed by Rockova et al. [2020].

DSS priors are dynamic extensions of spike-and-slab priors for variable selection [George

and McCulloch, 1993, Rockova and George, 2018]. Each coefficient in DSS is thought of as

arising from two latent states: (1) an inactive state, where the coefficient meanders randomly

around zero, and (2) an active state, where the coefficient walks on an autoregressive path.

The switching between these two states is driven by a dynamic mixing weight which depends

on past values of the series, making the states less erratic over time.

As DSS processes are a mixture of states, it relates closely to the broader framework of

mixture autoregressive (MAR) processes, where the mixing weights are time dependent, e.g.

Markov switching models, [Wong and Li, 2000, 2001, Kalliovirta et al., 2015, Wood et al.,

2011]. Here, we utilize DSS priors in the context of dynamic latent factor modeling. A key

feature of DSS priors is that, compared to latent thresholding, it yields benchmark continuous

spike-and-slab priors (such as the Spike-and-Slab LASSO of Rockova and George 2018) as its

marginal stationary distribution, guaranteeing marginal stability in the selection/shrinkage

dynamics and probabilistic coherence.
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We begin by reviewing the conditional specification of the DSS prior. For each coefficient

βtjk, we have a binary indicator γtjk ∈ {0, 1}, which encodes the state of βtjk (the “spike”

inactive state for γtjk = 0 and the “slab” active state for γtjk = 1). Given γtjk and a lagged

value βt−1
jk , we assume a conditional mixture prior (independently for each (j, k)):

π(βtjk|γ
t
jk, β

t−1
jk ) = (1− γtjk)ψ0(βtjk|λ0) + γtjkψ1

(
βtjk |µ(βt−1

jk ), λ1

)
, (5.3)

where

µ(βt−1
jk ) = φ0 + φ1(βt−1

jk − φ0) with |φ1| < 1 (5.4)

and

P(γtjk = 1|βt−1
jk ) = θtjk. (5.5)

The conditional prior (5.3) is a mixture of two components: (i) a spike Laplace/Gaussian

density ψ0(β|λ0) that is concentrated around zero and (ii) a Gaussian slab density

ψ1(βt|µ(βt−1
jk ), λ1), which is moderately peaked around its mean µ(βt−1

jk ) with variance λ1.

This mixture formulation is an extension of existing continuous spike-and-slab priors [George

and McCulloch, 1993, Ishwaran et al., 2005, Rockova, 2018], allowing the mean µ(βt−1
jk ) of

the non-negligible coefficients to evolve smoothly over time (through a stationary autore-

gressive process of order 1).2 The spike distribution ψ0(βt|λ0), on the other hand, does not

depend on βt−1
jk , effectively shrinking the negligible coefficients towards zero. In this regard,

the conditional prior in (5.3) can be seen as a “multiple shrinkage” prior [George, 1986,] with

two centers of gravity.

In time series data (as will be seen from our empirical study), it is reasonable to expect

that some factors are active only for some periods of time. Such “pockets of predictability”

[Farmer et al., 2018] can be captured with spike/slab memberships γtjk that evolve somewhat

2. While our framework can be extended to higher order autoregressive processes, we outline our method-
ology for first order autoregression with φ0 = 1 due to its universal usage in practice ([West and Harrison,
1997, Prado and West, 2010])
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smoothly. This behavior can be encouraged with dynamic mixing weights θtjk (defined in

(5.5)) that reflect past information. Thus, in a context where we expect the latent structure

to change somewhat smoothly over time, it is important that the sequence of slab probabil-

ities, θ1:T , seamlessly evolve over times as well. Because each series {θtjk} is a key driving

force behind the sparsity in {βtjk}, it is crucial that it be (marginally) stable. To this end,

we deploy the deterministic construction of Rockova et al. [2020] defined, for some global

balancing parameter 0 < Θ < 1, as follows

θtjk ≡ θ(βtjk) =
ΘψST1

(
βt−1
jk |λ1, φ0, φ1

)
ΘψST1

(
βt−1
jk |λ1, φ0, φ1

)
+ (1−Θ)ψ0

(
βt−1
jk |λ0

) , (5.6)

given (Θ, λ0, λ1, φ0, φ1). This mixing weight has an interesting interpretation. It is defined

as the marginal inclusion probability P(γt−1
jk = 1 | βt−1

jk ) for classifying βt−1
jk as arising from

the stationary slab distribution ψST1

(
βt−1
jk |λ1, φ0, φ1

)
, as opposed to the stationary spike

distribution ψ0

(
βt−1
jk |λ0

)
, under the prior P(γt−1

jk = 1) = Θ. As θtjk’s evolve over time,

they project the latent state (active/inactive) of the past value onto the next values. These

weights induce marginal stability in the sense that each coefficient βjk has a marginal spike-

and-slab distribution, i.e. π(βjk) = ΘψST1

(
βtjk|λ1, φ0, φ1

)
+ (1 − Θ)ψ0

(
βtjk|λ0

)
, which

follows from the theorem by Rockova et al. [2020] given below:

Theorem 5.2.1. Assume {βt}Tt=1 ∼ DSS(Θ, λ0, λ1, φ0, φ1) with |φ1| < 1. Then {βt}Tt=1

has a stationary distribution characterized by the following univariate marginal distributions:

πST (β|Θ, λ0, λ1, φ0, φ1) = ΘψST1 (β | λ1, φ0, φ1) + (1−Θ)ψ0 (β | λ0) , (5.7)

where ψST1 (β | λ1, φ0, φ1) is the stationary slab distribution.

Having introduced the DSS priors, we can now fully specify our dynamic latent factor

model with (5.1)-(5.5). It is possible to extend our model to non-stationary random walk

slab process, (obtained with φ1 = 1) by allowing transition weights θtjk to be random, equal
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to some deterministic sequence (e.g. as in Nakajima and West [2013]) or to a fixed value

θtjk = θ̃ for 1 ≤ t ≤ T . When treated as random, the weights may be prone to transitioning

too often between the spike/slab states creating instabilities over time.

Our sparse dynamic factor model is related to the approach of Nakajima and West [2013],

who zero out loadings whenever their autoregressive path drops below a certain threshold

[see Rockova et al., 2020, for comparisons]. Another related approach is by Kaufmann and

Beyeler [2018], who induce a point-mass spike and slab prior on the loadings. However, their

approach (a) does not link the inclusion indicators and loadings over time, and (b) MCMC

is deployed for calculations. Here, we develop both MCMC and an EM estimation procedure

which does not rely on strict identifiability constraints.

5.2.2 Identifiability Considerations

Factor models are not free from identifiability problems owing to the fact that the model

(5.1) and (5.2) is observationally equivalent to Y t = B?
tω

?
t +εt and ω?t = Φω?t−1 +et, where

ω?t = Atωt and B?
t = BtA

′
t for any orthonormal matrix At. Identification restrictions are

particularly important for Bayesian analysis with MCMC, where meaningful interpretation

of Bt could be prevented by averaging over various model orientations in the Markov Chain.

To ensure identifiability, it is customary to restrictBt to be lower-triangular, with ones on the

diagonal [Nakajima and West, 2013, Aguilar and West, 2000, Lopes and West, 2004, Lopes

and Carvalho, 2007, Zhou et al., 2014] or some variant of this form [Frühwirth-Schnatter

and Lopes, 2009]. Identifiability in sparse factor models is even more delicate [Frühwirth-

Schnatter and Lopes, 2009]. Nevertheless, these constraints render the analysis dependent

on the ordering of the responses. Even without strict identifiability constraints, one needs

to verify ex-post that the estimated sparse loadings satisfy identifiability constraints (as

discussed e.g. by Frühwirth-Schnatter and Lopes [2009]). Bayesian ex-post MCMC strategies

have been proposed that do not deploy identifiability constraints during the estimation stage

[Kastner et al., 2017, Kaufmann and Schumacher, 2019]. Instead, posterior draws coming
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from potentially very different orientations (identification schemes) are rotated ex-post.

For implementing our EM algorithm, we also do not impose any strict identifiability

constraints on our model. Instead, we induce soft identifiability through sparsity priors and

we let the EM optimization strategy converge towards one sparse posterior mode. Unlike

with MCMC (an averaging strategy mixing over various sparse orientations), the EM output

is conditional on one particular orientation and can be interpreted as such. To accelerate

convergence and improve the chances of reaching better local modes, we use parameter

expansion with automatic rotations to sparsity, as implemented by Rockova and George

[2016]. Unlike the ex-post rotations deployed in Frühwirth-Schnatter and Lopes [2009], our

rotations are performed inside the algorithm to gear the EM trajectory towards promising

modes. This corresponds to a variant of the PX-EM algorithm of (Liu et al. [1998] and

the one-step late PX-EM of Van Dyk and Tang [2003] for Bayesian factor analysis, where

the augmented data log likelihood is maximized as a function of the augmented parameter

within each EM iteration. This is in contrast to conditional data augmentation of Meng and

Van Dyk [1998], where one seeks an optimal value of the augmented parameter before starting

the EM algorithm. Similar data augmentation strategies can also be used to speed-up MCMC

covergence, as demonstrated by the conditional and marginal data augmentation approaches

of Meng and Van Dyk [1999]. In the context of Bayesian factor analysis, Ghosh and Dunson

[2009] proposed a prior specification through parameter expansion that facilitates posterior

computation. Yu and Meng [2011] proposed an ancillarity-sufficiency interweaving strategy

for speeding-up MCMC convergence. This strategy was applied in the context of factor

models in Kastner et al. [2017]. For our MCMC implementation, we will impose the usual

constraints on loading matrices with a block lower triangular structure and with diagonal

elements strictly positive [Geweke and Zhou, 1996, Aguilar and West, 2000, Lopes and Migon,

2002, Lopes and Carvalho, 2007]. Similar identifiability constraints has also been adapted

by Nakajima and West [2013,], Zhou et al. [2014], in conjunction with latent thresholding.
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5.2.3 Estimating Factor Dimensionality

The factor model (5.1) and (5.2) is formulated conditionally on the number of factors K ∈ N.

As noted by Bai and Ng [2002], “the correct specification of the number of factors is central to

both the theoretical and empirical validity of factor models.” The authors propose a criterion

and show that it is consistent for estimating K in high-dimensional setups. In another strand

of research, sparsity has been exploited for determining the effective factor dimensionality

[Frühwirth-Schnatter and Lopes, 2009]. In particular, Bayesian non-parametric formulations

have been proposed [Bhattacharya and Dunson, 2011, Rockova and George, 2016], where K

is extended to infinity, while making sure that the number of nonzero columns in Bt is finite

with probability one. Treating the number of active factors as unknown and bounded by K

in this way, the posterior output under our spike-and-slab priors can be used to determine

the effective dimensionality. We adopt a similar approach to Rockova and George [2016],

where K in (5.1) is purposefully over-estimated and the number of nonzero columns obtained

under strict sparsity priors will indicate how many effective factors there are.

5.3 Estimation Strategy

To estimate the proposed dynamic latent factor model with DSS priors, we develop two

computational methods: an EM algorithm [Dempster et al., 1977], which allows for fast

identification of posterior modes by iteratively maximizing the conditional expectation of

the log posterior, and a standard MCMC implementation that is comparatively slower and

thereby less appealing for large data applications. We describe both approaches in the

following subsections.

5.3.1 EM Algorithm

The EM algorithm is well-suited for latent variable models, such as factor analysis, where

it has been deployed by multiple authors including Rubin and Thayer [1982], Watson and
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Algorithm: EM algorithm for Automatic Rotations to Sparsity

Initialize ∆ = (B0:T ,Σ1:T )
Repeat the following E-Step, M-Step and Rotation step until convergence

The E-Step
For t = 1, . . . , T

E1: Latent Features: Get ωt | T ,V t | T and V t,t−1 | T from the Kalman filter and smoother

E2: Latent Indicators Compute 〈γtjk〉 for j = 1, . . . , P , k = 1, . . . ,K,

〈γ0
jk〉 =

Θψ1(β0
jk|0,

λ1
1−φ2

)

Θψ1(β0
jk|0,

λ1
1−φ2

)+(1−Θ)ψ0(β0
jk|0,λ0)

〈γtjk〉 =
θtjkψ1(βtjk|φβ

t−1
jk ,λ1)

θtjkψ1(βtjk|φβ
t−1
jk ,λ1)+(1−θtjk)ψ0(βtjk|0,λ0)

(5.8)

The M-Step
M1: Loadings For t = 0, . . . , T

Update βt∗jk, for j = 1, . . . , P , k = 1, . . . ,K following equation (5.15) in the Appendix A.

M2: Rotation Matrix Set A0 = IK
For t = 1, . . . , T
Update At = M1t −M12t −M ′

12t +M2t, where

M1t = φ2
[
ωt−1 | Tω

′
t−1 | T + V t−1 | T

]
M12t = φ

[
ωt−1 | Tω

′
t | T + V t,t−1 | T

]
M2t = ωt | Tω

′
t | T + V t | T

M3: Idiosyncratic Variance Compute Σ1:T using Forward Filtering Backward Smoothing
The Rotation Step

R: Rotation For t = 0, . . . , T
Get Cholesky decomposition At = AtLA

′
tL

Rotate Bt = B∗tAtL

Table 5.1: Parameter Expanded EM algorithm for sparse Bayesian dynamic factor analysis

Engle [1983], Zuur et al. [2003] and, more recently, Rockova and George [2016]. EM can

be motivated by two simple facts. First, if we knew the missing data, standard estimation

techniques can be deployed to estimate model parameters. Second, once we update our

beliefs about model parameters we can make a much better educated guess about the missing

data. Iterating between these two steps provides a fast way of obtaining maximum likelihood

estimates and posterior modes.

Our EM algorithm has a few extra features that make it particularly attractive for dy-

namic factor analysis. First, the DSS priors (with a Laplace spike at zero) create spiky

posteriors with sparse modes at coordinate axes. These modes yield interpretable latent fac-

tor structures that are anchored on sparse representations without arbitrary identifiability

constraints. Second, the number of active factors does not have to be pre-specified and can

be inferred from the dynamically evolving sparse structure.

As we discussed in Section 2.2, the model is invariant under rotation of factor loading
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matrices. While this lack of identifiability has been regarded as a setback, it can also be

regarded as an opportunity. Rotational invariance creates ridge-lines in the posterior that

connect posterior modes and that can guide optimization trajectories [Rockova and George,

2016]. We follow the parameter expansion approach [see also Liu et al., 1998, Liu and Wu,

1999] that intentionally over-parametrizes the model and takes advantage of the lack of

identification to speed up convergence. Similarly as Rockova and George [2016], we work

with the expanded model discussed in Section 5.2.2. We assume the initial condition ω0 ∼

NK(0, 1/(1−φ̃2)IK) which is the stationary distribution of the latent factors when Φ = φ̃IK

for some 0 < φ̃ < 1. We impose the DSS prior on the individual entries of the rotated matrix

B?
t = BtA

−1
tL . The idea is to rotate towards sparse orientations throughout the iterations

of the EM algorithm. The key observation is as follows: while matrices At for 1 ≤ t ≤ T

cannot be identified from the observed data Y , they can be identified from the complete

data. Denoting Γt =
{
γtjk

}
j,k

, we treat both Ω = [ω0, . . . ,ωT ] and Γ = {Γ0, . . . ,ΓT } as

missing data. The reduced model is obtained by setting At = IK for all 1 ≤ t ≤ T .

All the unknown components of our model can be divided into three categories: missing

data (Ω, Γ), estimated parameters (B0, B1:T , Σ1:T ) and parameters whose values are pre-

specified (φ̃, φ1, λ0, λ1, Θ and δ). Among the pre-specified parameters we set the AR

coefficients φ̃ and φ1 close to (i.e. slightly smaller than) 1. This is because we want the

AR processes to be stationary but, at the same time, we do not want the current values

to deviate too far away from the past. We recommend setting values in the range [0.9, 1]

for the AR parameters. For similar reasons, the discount factor δ is also set close to unity

(0.95 to be precise). However, instead of being treated as fixed values, the AR coefficients φ0

and φ1 can be easily estimated by assigning suitable priors, as demonstrated in the MCMC

implementation discussed in Section 3.2. Following the recommendation of [Rockova et al.,

2020], we set a moderate penalty for the spike distribution λ0 = 0.9 and a comparatively

large slab variance λ1 = 10(1−φ2
1). This is to ensure that the penalty on the factor loadings

is unimodal. The marginal importance weight Θ = 0.9 is chosen to be large because smaller
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values provide an overwhelming support towards zero factor loadings.

Let us denote by ∆ = (B0,B1:T ,Σ1:T ) the model parameters. The matrix B0 contains

the initial conditions that are assumed to arise from the stationary spike-and-slab prior dis-

tribution and B1:T denotes all matrices Bt for 1 ≤ t ≤ T . The goal of the EM algorithm is

to find parameter values ∆̂, which are most likely (a posteriori) to have generated the data,

i.e. ∆̂ = arg max∆ log π(∆ | Y ). This is achieved indirectly by iteratively maximizing the

expectation of the augmented log-posterior, treating the hidden factors Ω and Γ as missing

data. Starting with an initialization ∆(0), the (m + 1)st step of the EM algorithm outputs

∆(m+1) = arg max∆Q(∆ |∆(m)), where Q(∆ |∆(m)) = E
Γ,Ω|Y ,∆(m) [log π(∆,Γ,Ω | Y )]

with E
Γ,Ω|Y ,∆(m)(.) denoting the conditional expectation given the observed data and cur-

rent parameter estimates at the mth iteration. The EM algorithm iterates between the

E-step (obtaining the conditional expectation of the log-posterior) and the M-step (obtain-

ing ∆(m+1)). The parameter-expanded EM works in a slightly different manner.

The E-step of the parameter-expanded version operates in the reduced space (keeping

At = IK), while the M-step operates in the expanded space (allowing for general At).

Namely, the E-step computes the expectation Q(∆ |∆(m)) with respect to the conditional

distribution of Ω and Γ under the original model anchoring on Bt and At = IK , rather

than on B?
t and unrestricted At. Thus, the updated A is not carried forward throughout

the iterations. Instead, each E-step is anchored on A = IK . The M-step obtains updates of

values ∆ by first computing the solution in the expanded space and by rotating back to the

original space to obtain ∆(m+1). The steps are detailed in the Appendix. The M-step, on the

other hand, is performed in the expanded parameter space, where optimization takes place

overB?
0:T , Σ1:T , andA1:T . UpdatingB

?(m+1)
0:T boils down to solving a series of independent

penalized dynamic regressions. The idiosyncratic variances Σt = diag{σ2
1t, . . . , σ

2
Pt} for

t = 1, . . . , T are estimated in the M-step using Forward Filtering Backward Smoothing (Table

A2 in the Appendix) [Ch. 4.3.7 Prado and West, 2010] using the discount SV specification

(as discussed in the Supplemental Material). Since A1:T can be inferred from the complete
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data, one can estimate these matrices in the M-step to leverage the information in the

missing data. Nevertheless, the updated matrices A1:T are not carried forward towards

the next E-step (which uses At = IK), but are used to rotate the solution B
?(m+1)
0:T back

towards the reduced space via B
(m+1)
t = B

?(m+1)
t AtL. The steps of the algorithm are

carefully explained in Section 5.8.2. The computations are summarized in Table 5.1. The

convergence of the EM algorithm with parameter expansion is provably faster [Liu et al.,

1998, Rockova and George, 2016].

5.3.2 MCMC

This section describes an MCMC algorithm for our dynamic factor model with dynamic

spike-and-slab priors. The DSS prior specification here is slightly different from the setup

considered for the EM algorithm. The Laplace spike distribution ψ0(β|λ0) = λ0/2e−λ0|β|

yields sparse posterior modes, a favorable feature for the EM algorithm. However, MCMC

ultimately reports the posterior mean which is non-sparse even under the Laplace prior. We

will therefore assume a Gaussian spike (instead of Laplace) to utilize its direct conditional

conjugacy for posterior updating. In particular, we assume the following spike density for

λ0 << λ1

ψ0(β | λ0) = exp{−β2/(2λ0)}/
√

2πλ0. (5.9)

This yields the following conditional Gaussian distribution for individual factor loadings βtjk

βtjk | γ
t
jk, β

t−1
jk ∼ N

(
γtjkµ

t
jk , γ

t
jkλ1 + (1− γtjk)λ0

)

and transition weights θtjk in (5.6) with the Gaussian stationary spike distribution

ψST0 (βt−1
jk |λ0) = ψ0(β | λ0). An extension to the Laplace spike is possible with an addi-

tional augmentation step, casting the Laplace distribution as a scale mixture of Gaussians

with an exponential mixing distribution [Park and Casella, 2008]. The MCMC algorithm has

a Gibbs structure, sampling iteratively from the conditional posteriors of the regression co-
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Figure 5.1: Simulation Study: The true latent factor loadings B0
t at t = 1, 101, 201, 301.

efficients B0:T , latent indicators Γ0:T and variances Σ0:T (Frühwirth-Schnatter 1994; Prado

and West 2010, Sect 4.5).

For the stationary DSS prior, we assume that the autoregressive parameter |φ1| < 1 is

assigned the following beta prior (as in [Rockova et al., 2020])

π(φ1) ∝
(

1 + φ1

2

)a0−1(1− φ1

2

)b0−1

I(|φ1| < 1) with a0 = 20 and b0 = 1.5, (5.10)

implying a prior mean of 2a0/(a0 + b0) − 1 = 0.86. We will update φ1 with a Metropolis

step, using a uniform proposal density on the interval [0.8, 1]. While we assume φ0 = 0

throughout, one can update φ0 in a similar fashion. Table B1 in the appendix gives a step-

by-step summary of the MCMC algorithm. A small demonstration on a simulated dataset

is given in Appendix B.

5.4 Simulation Study

We illustrate the usefulness of our proposed approach, relative to multiple existing methods,

on synthetic data reflecting the following characteristics that can occur in real applications:
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dynamic patterns of sparsity, smoothness, and a time-varying factor dimension.

First, we generate a single dataset with P = 100 responses, K = 10 candidate latent

factors, and T = 400 time series observations (extra 100 data points are generated as training

data for the rolling window analysis, as will be described below). The dimensionality of this

example is already beyond practical limits of many Bayesian procedures. The elements

of latent factors Ωt and idiosyncratic errors εt are generated from a standard Gaussian

distribution. Only the first five factors are potentially active over time, with the latter

five being always inactive. We now describe the true loading matrices B0 = [B0
1, . . . ,B

0
T ],

which were used to generate the data, where B0
t = {β0t

jk} ∈ RP×K . At time t = 1, the active

latent factor loadings form a block diagonal structure with 28 active loadings per factor, of

which 10 overlap with another factor. In other words, we have 60 series with only one active

factor, and 40 with two active factors (see the leftmost image in Figure 5.1). The sparsity

pattern changes structurally over time where (a) at time t = 101 the loadings of the third

factor become inactive, (b) at t = 201 the loadings of the fifth factor become inactive, and

(c) at t = 301 the loadings of the fifth factor are re-introduced and active until T = 400

(Figure 5.1). The true nonzero loadings are smooth and arrive from an autoregressive process,

i.e. β0t
jk = φβ0t−1

jk + vtjk with vtjk
iid∼ N (0, 0.0025) for φ = 0.99, initiated at β01

jk = 2 for all

1 ≤ j ≤ P and 1 ≤ k ≤ 5. When loadings β0t
jk become inactive, they are thresholded to zero.

The true factor loadings are thereby smooth until they suddenly drop out and can emerge.

We compare our proposed dynamic spike-and-slab factor selection with three other ap-

proaches. The first one is the “rolling window” version of the static factor analysis with

rotations to sparsity by Rockova and George [2016] using K = 10 (i.e. overshooting the

true factor dimensionality). The rolling window size is set to 100, where we generate extra

100 data points as a training set, using the same sparsity pattern B1
0 as the first 100 ob-

servations. The rolling window strategy allows one to capture quasi-dynamics by iteratively

incorporating new data in the training set. We compare this approach with “Adaptive PCA”

of Bai and Ng [2002], which corresponds to a rolling-window principal component analysis
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(a) t = 100

(b) t = 200

(c) t = 300

(d) t = 400

Figure 5.2: Simulated Example: Heatmaps of true and estimated factor loadings at t =

{100, 200, 300, 400}. Comparisons are made between (from left to right), the true factor

loadings, “Adaptive PCA,” “Sparse PCA” (K = 10), rolling window spike-and-slab factor

analysis (K = 10), and our dynamic spike-and-slab factor analysis. The first three methods

are estimated using a rolling window of 100 data points. Factor loadings are absolute and

capped at 0.5 for visibility.
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(PCA) with estimated number of factors, and with “Sparse PCA” using K = 10, which is

a rolling-window LASSO-based regularization method with cross-validation for selecting the

level of shrinkage [Witten et al., 2009]. All these methods are estimated using a rolling win-

dow of size 100, where we generate extra 100 training data points using the sparsity pattern

B0
1. We choose Φ = φ̃IK with φ̃ = 0.95 and K = 10. Choosing φ̃ close to 1 ensures that the

latent factor processes are stationary and their means do not deviate too far away from past

values. To deploy the dynamic spike-and-slab priors, we set φ0 = 0, φ1 = 0.98, λ0 = 0.9,

λ1 = 10(1− φ2
1), and Θ = 0.9. To improve the performance of our EM method, we initialize

the procedure using the output from the rolling window static spike-and-slab factor model

of Rockova and George [2016].

Focusing on the reconstruction of factor loadings, we take snapshots at times t =

{100, 200, 300, 400} and visually compare the output to the truth (Figure 5.2). We see

that both spike-and-slab methods achieve good recovery. However, the static spike-and-slab

cannot fully contain the dynamic loadings, where we see a lot of spillover to other factors.

Dynamic spike-and-slab shrinkage, on the other hand, smooths out the sparsity over time,

clearly improving on the recovery. “Adaptive PCA” performs well, correctly specifying the

number of factors. However, the factor loadings are non-sparse and rotated. “Sparse PCA”

with K = 10 is fairly successful, recovering the blocking structure correctly, but splitting the

signal among multiple factors [an observation made also by Rockova and George, 2016]. For

the spike-and-slab methods, these patterns can be alternatively obtained by thresholding

conditional inclusion probabilities rather than just looking at nonzero entries in B̂1:T .

We further explore how the root mean squared errors (RMSE) change over time for one

of the simulations (Figure 5.3). This is calculated for each t = 1 : T by

RMSE(B̂t) =

√
tr(B0

t − B̂t)′(B0
t − B̂t)

P ×K
, (5.11)

where B̂t are the estimated factor loadings at time t. Since this comparison is not entirely
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(a) RMSE (b) K̂

Figure 5.3: Simulation Study: (Left) The root mean squared error (5.11) and (Right) the

estimated number of factors for “Adaptive PCA,” “Sparse PCA,” static spike-and-slab, and

dynamic spike-and-slab, calculated for each t = 1:400.

meaningful due to the rotational invariance, we compute (5.11) for the left-ordered variants

of these matrices. By looking at the speed of decrease in RMSE after a structural change, it is

clear that dynamic spike-and-slab adapts faster compared to its rolling window counterpart.

The drop of RMSE for “Adaptive PCA” in periods 101:200 and 201:300 can be attributed

to the fact that the number of factors was estimated correctly, resulting in many true zero

discoveries. On the other hand, the large estimation error of “Sparse PCA” is due to the

lack of sparsity and scattered structure of the factors.

Additionally, we plot the estimated number of factors for each method and compare it

to the true number of factors. “Sparse PCA” overestimates the number of factors (where

we regard a factor as active if it has at least one nonzero loading). This indicates that

unstructured sparsity is not enough. Looking at “Adaptive PCA” and our dynamic spike-

and-slab factor model, we find that both perform similarly well in terms of estimating the

number of factors. Furthermore, we note that dynamic spike-and-slab adapts faster to factors

disappearing, while “Adaptive PCA” adapts faster to factors reappearing.

We repeat the experiment 10 times and report the average RMSE over each of the four

stationary interim time periods in Table 5.2. Dynamic spike-and-slab achieves good recovery,

improving upon the rolling window spike-and-slab by as much as 8% to 34% (except for
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t=1:100 t=101:200 t=201:300 t=301:400
RMSE % K̂ RMSE % K̂ RMSE % K̂ RMSE % K̂

Adaptive PCA 1.0660 -266.07 5 1.0590 -400.24 4.97 0.9730 -250.38 3.97 1.033 -430.01 3.88
Sparse PCA 0.7862 -169.99 10 0.7260 -242.94 10 0.6377 -129.64 10 0.7383 -278.81 10
Spike-and-Slab 0.1919 34.10 8 0.2843 -34.29 8 0.2988 -7.60 8 0.2447 -25.60 8
Dynamic Spike-and-Slab 0.2912 - 4.89 0.2117 - 4.72 0.2777 - 3.84 0.1949 - 3.71

Table 5.2: Simulation Study: Performance evaluation of the latent factor methods compared to

the true coefficients for t = 1:400. Performance is evaluated based on RMSE within each evaluation

period. % is the performance gain compared to dynamic spike-and-slab. K̂ is the average number

of factors estimated during that period.

the first period). Large recovery errors of the “Sparse PCA” method can be explained by

factor splitting. While “Adaptive PCA” does recover the correct number of factors at each

snapshot, the loadings are non-sparse, rotated and non-smooth over time.

5.5 Empirical Study

The empirical application concerns a large-scale monthly U.S. macroeconomic database, (col-

loquially known as the FRED-MD dataset [McCracken and Ng, 2016] in the Macroeconomics

literature) comprising a balanced panel of P = 127 monthly macroeconomic and financial

variables tracked over the period of 2001/01 to 2015/12 (T = 180). These variables are

classified into eight main categories, depending on their economic meaning: Output and In-

come, Labor Market, Consumption and Orders, Orders and Inventories, Money and Credit,

Interest Rate and Exchange Rates, Prices, and Stock Market. A detailed description of how

variables were collected and constructed is provided in McCracken and Ng [2016]. A quick

table of names and groups of each variable is in the Appendix (Table B3). The variables

were centered to have mean zero and standardized following the procedures in McCracken

and Ng [2016].

This data, and its various subsets, have been widely studied in the literature, either

as a standalone dataset (for macroeconomic forecasting and an impulse/response analysis)

or as an essential part of broader data contexts. We review these analyses briefly below.

For example, Stock and Watson [2018] deployed this dataset for estimation of dynamic
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causal effects in Macroeconomics. In other analyses, Miranda-Agrippino and Ricco [2018]

extracted a set of lagged macro-financial dynamic factors to project monetary policy shocks

and Gargano et al. [2019] computed the Ludvigson-Ng (LN) macro factors for predicting

bond values. Using a quarterly aggregated version of this data, Huber and Feldkircher [2019]

fitted a Bayesian vector autoregressive model to forecast a subset of 21 variables. A larger

forecasting exercise was conducted by Koop et al. [2019], who used 129 variables spanning

over years 1960 to 2014 to predict GDP growth, inflation and short-term interest rates. A

subset of this data, in conjunction with additional economic variables has been analyzed in

Daniele and Schnaitmann [2019] who study the effects of a monetary policy shock through

a regularized factor-augmented vector autoregressive (FAVAR) model. While the central

theme of these works has been forecasting and/or impulse response analysis, the primary

focus of our analysis in this section is discovering latent interpretable structures and glean

insights into the interconnectivity between different sectors of the US macroeconomy, with

a particular focus on the 2008 financial crisis. Forecasting will be discussed later in Section

5.6.

Stock and Watson [2005] analyzed a similar macroeconomic dataset (often referred to as

the “Stock and Watson” dataset in Econometrics literature), containing 132 series over the

sample 1959:1 to 2003:12. After performing variance decompositions, they found six factors

that explain most of the variation in the data. With the same dataset, the IC1 and IC2

criteria developed in Bai and Ng [2002] find seven static factors explaining over 40 percent

of the variation in the data. Bai and Ng [2013] used the same data extended to 2007:12 and

showed first 7 factors still explain 45 percent of the variation in the data, though the IC2

criterion found the optimal number of factors to be 8.

The purpose of conducting a sparse latent factor analysis on a large-scale economic

dataset, such as this one, is at least twofold. Due to the group structure of the data, it

is natural to assume that the measured indicators are tied via a few latent factors, the basic

premise of latent factor modeling. Moreover, we expect the sparse latent structure to detect
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clusters of dependence structures that capture the interconnectivity of indicators spanning

many different aspects of the economy. Sparsity will help extract such interpretable struc-

tures. Second, given the dynamic nature of the economy, there is a substantial interest in

understanding how these dependencies change over time and– in particular– how they are

affected by shocks. We anticipate non-negligible shifts in the economy, as the data spans

over the housing bubble deflation after 2006 and the great financial crisis in late 2008, which

led to the Great Recession. Understanding the interplay between contributing factors to the

financial crisis has been a subject of rigorous research [see for example, Commission, 2011,

Reinhart and Rogoff, 2008, Mian and Sufi, 2009, 2011, Mian et al., 2013, Chodorow-Reich,

2014, Benmelech et al., 2017]. Our analysis is purely data-driven and thereby descriptive

rather than causally conclusive. We attempt to characterize patterns of shock proliferation

and permanence of structural changes of the economy using our dynamic factor model.

As the dataset is considerably richer than our simulated example, we expand the model

(5.1) by incorporating a dynamic intercept to capture location shifts that could not be easily

standardized away. The intercepts cjt follow independent random walk evolutions with

an initial condition c0 ∼ N(0, 1). The initial condition for the SV variances is 1/σ2
j0

ind∼

G(n0/2, d0/2) for 1 ≤ j ≤ P with n0 = 20 and d0 = 0.002. The discount factor is set to

0.95.

First, we examine one snapshot of the output from “Adaptive PCA” and “Sparse PCA”

(described in Section 5.4) at time 2015/12 (Figures 5.4). Both methods do pick up certain

groupings, but do not yield interpretable enough representations. This is likely due to

overestimation of the number of factors (Figure 5.4 (b)), factor rotation and lack of sparsity

(Figure 5.4 (a)) and/or factor splitting (Figure 5.4 (c)). Next, we deploy the rolling window

spike-and-slab factor method with a training period of 10 years to obtain starting values

for our dynamic factor model. Priors and their hyper-parameters were chosen as in the

simulation study. We choose a generous upper bound K = 126 on the number of factors,

letting the sparsity rule out factors that are irrelevant.
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(a) “Adaptive PCA” (b) ”Sparse PCA” (c) ”Sparse PCA”

Figure 5.4: Macroeconomic Study: Estimated factor loadings using “Adaptive PCA” (Left),

“Sparse PCA” with number of factors set as 30 (Middle), and “Sparse PCA” with number

of factors set to 8 from the results of “Adaptive PCA” (Right) at t = 2015/12, with the

number of series on the y-axis and the number of factors in the x-axis. The factor loading

are estimated using a 10 year rolling window.

We now examine the output of our procedure at three time points: 2003/12, 2008/10,

and 2015/12. These three snapshots are of particular interest as they represent three distinct

states of the economy: relative stability (2003), sharp economic crisis (2008), and recovery

(2015). 2008/10 is at the onset of the great financial crisis, where deflation of the housing

bubble after 2006 lead to mortgage delinquencies and financial fragility [Commission, 2011].

This distress permeated throughout the rest of the economy, including the labor market,

leading to the deepest recession in the post-war history.

The heatmap of estimated factor loadings at time 2003/12 is in Figure 5.5 (left). The

output has been left-ordered based on the results at 2015/12, where the more active factors

are on the left, in the order of data series, and some of the less active right-most factors

(with small or zero loadings) are omitted. There are 24 active factors in total (i.e. factors

with at least two non-negligible non-zero factor loadings), with only 5 factors that cluster
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Figure 5.5: Macroeconomic Study: Estimated factor loadings using dynamic sparse factor

analysis at t = 2003/12 (left), t = 2008/10 (center), t = 2015/12 (right), with the original se-

ries on the y-axis and the factors in the x-axis. The factor loading are estimated dynamically

over the period 2001/1:2015/12.

eight or more series (Factors 2, 10, 22, 23, and 25). Since the variables are grouped by their

economic meaning, this type of clustering is not entirely unexpected. For example, Factor 2

includes CMRMTSPLx (real manufacturing and trade industry sales), all industrial produc-

tion indices except nondurable materials, residential utilities, and fuels, CUMFNS (capacity

utilization), DMANEMP (durable goods employment), and ISRATIOx (manufacturing and

trade inventories to sales ratio). This factor could be interpreted as a factor for durable

goods, which include industries that are more susceptible to economic trends, where sales,

inventories, industrial production, capacity utilization, and employment are all connected.

Conversely, we expect nondurable goods, such as utilities and fuels, to have a different dy-

namic than durable goods, which is reflected in the exclusion of those indices in Factor

2. Similarly, Factor 10 includes employment data (except for mining and logging, manu-
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facturing, durable goods, nondurable goods, and government), Factor 22 includes interests

rates (fed funds rate, treasury bills, and bond yields), Factor 23 includes the spread between

interest rates minus fed funds rate, and Factor 25 includes consumer price indices except

apparel, medical care, durables, and services, as well as personal consumptions expenditures

on nondurable goods. All of these factors produce meaningful and mostly separated clusters

that largely conform with economic intuition.

During the crisis (Figures 5.5; center), radical changes occur in the factor structure.

Concerning Factor 2, the dependence structure expands, now spanning over nondurables

and fuels, as well as HWI (the help wanted index), UNEMP15OV (unemployment for 15

weeks and over), CLAIMSx (unemployment insurance claims), and PAYEMS (employment,

total non-farm, goods-producing, manufacturing, and durable goods). This indicates that

the shock might have affected relatively stable industries and unemployment, with the co-

movement across industries being largely synchronized under distress (with the exception

of residential utilities). Another interesting observation is the emergence of new factors. In

particular, Factor 11, which includes housing starts and new housing permits in different

regions in the U.S., was not present pre-crisis and now surfaces as a connecting thread

between housing markets across regions. While in 2003/12 the latent factors were largely

separated (loadings had little overlap), we now see at least two factors (namely Factor 25

and 28), whose loadings are non-sparse and far-reaching. In particular, Factor 28 emerges

as a non-sparse link between many different sectors of the economy, including retail sales,

industrial production, employment (in particular financial services), real M2 money stock,

loans, BAA bond yields (but not AAA), exchange rates, consumer sentiment, investment

and, most importantly, the stock market indices, including the S&P 500 and the VIX (i.e.

the fear index), a popular measure of the stock market’s expectation of volatility. This factor

loads heavily on stock market indices, which were isolated pre-crisis, but are now connected

to the various corners of the economy. Factor 25, on the other hand, is driven mainly by

prices (e.g. CPI). Both of these factors could potentially be interpreted as crisis factors as
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they permeate through various sectors of the economy, that had little interconnectivity in

the pre-crisis era. The only sectors not influenced by these factors are Consumption and

Orders and, more interestingly, the housing market.

There is an ongoing discussion on what were the main catalysts of the Great Reces-

sion. One line of reasoning focuses on the financial market, where the devaluation of securi-

ties, including mortgage backed securities, led to curtailed lending and thereby consumption

[Chodorow-Reich, 2014, Benmelech et al., 2017]. The second one focuses directly on the

downturn of the housing market [Mian and Sufi, 2009, 2011, Mian et al., 2013]. The “or-

thogonality” between the housing market factor (Factor 11) and the “crisis factors” (Factor

25 and 28) may suggest that, while the crisis was triggered by the housing market, the main

catalyst of the recession was probably the financial market. While our analysis does not

necessarily prove this hypothesis, it aligns with the previous lines of reasoning.

Finally, Figure 5.5 (right) shows the end of the analysis at 2015/12, where the economy

has mostly recovered from the Great Recession, but has fundamentally changed from what

it was before. Although most of the factor overlap has dissipated, we see a notably different

structure compared to 2003. In particular, Factor 5 (employment) and Factor 11 (housing)

persevere from the crisis. Moreover, the “crisis factors” Factor 25 and 28, representing the

prices and the stock market, are no longer strongly tied to other parts of the economy

(labor, output, interest and exchange rates, etc.). In addition, the VIX indicator for market

sentiment, is no longer connected to many of the key factors, even the stock market, and is

only connected to Factor 5, implying that the market’s anticipation of volatility is no longer

severely intertwined with the rest of the economy. Factor 2 is one of the few factors that have

returned back to its original structure, except for CMRMTSPLx and industrial production

of nondurable consumer goods. Its dependence with the labor market (e.g. unemployment)

has disappeared, suggesting that industry production is no longer in co-movement with the

labor market.

We also obtain insights into the effects and duration of the crisis by looking at the
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Figure 5.6: Macroeconomic Study: Estimated factor loadings for Factor 28 using dynamic

spike-and-slab from t = 200/12:2015/12, with a heatmap of the entire factor loadings (Left)

and a 3-D plot of the factor loadings with the loadings on 123-126 (S&P related indices) set

to zero to increase visibility.

evolution of the factor loadings for one of the “crisis” factors, Factor 28. Figure 5.6 shows

a dynamic heatmap and a 3-D plot of βtjk for 1 ≤ j ≤ 127 (y-axis) and 1 ≤ t ≤ 180 (x-

axis) with k = 28. For the 3-D plot, the loadings on the S&P indices are suppressed to

zero in order to improve visibility. The figure reveals a spur of activity around the sharp

financial crisis (late 2008 and early 2009), where the contagion battered multiple corners of

the economy. The duration of the active loadings provide additional insights. For example,

the loadings on VIX (series 127) emerges and disappears in a eight month span from 06/2008

to 02/2009, while the loadings on the exchange rate between U.S. and Canada lasts for 17

months. However, most factor loadings seem to only emerge for about 4-6 months.

To understand the degree of connectivity/overlap between factors, we plot the average

number of active factors (with absolute loadings truncated to above 0.1)3 per series over time

(Figure 5.7). More overlap indicates a more intertwined economy. We observe an increase

in late 2008, reflecting the emergence of pervasive crisis factor(s), as well as its build up

3. We use the 0.1 as cutoff, because (−0.1, 0.1) is approximately the shortest 10-percent confidence interval
of the spike distribution (Laplace distribution centered at 0 and with variance being equal to 0.9) used in
the dynamic spike and slab prior.
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Figure 5.7: Macroeconomic Study: The average number of estimated active factors (with

absolute loadings above 0.1)per series over the period 2001/1:2015/12.

from mid-2006. Another point to note is that the level pre-crisis is comparatively lower than

post-crisis, indicating a structural shift is the economy brought on by the crisis.

We further our analysis with a few insights into the idiosyncratic variances for vari-

ables related to the housing market: HOUST (total housing starts) and its regional variants

(North East, Mid-West, South, and West). We choose the housing market for deeper anal-

ysis, because the housing market has been subjected to intense scrutiny, following the great

recession of 2009, as a suspected trigger of the crisis [Mian and Sufi, 2009, 2011, Mian et al.,

2013]. Housing starts is the seasonally adjusted number of new residential construction

projects that have begun during any particular month and, as such, is a key part of the

U.S. economy, which relates to employment and many industry sectors including banking

(the mortgage sector), raw materials production, construction, manufacturing, and real es-

tate. In our earlier analysis (Figure 5.5) we found that, while regional indicators were not

clustered pre-crisis, persistent clustering occurs post-crisis. Figure 5.8 portrays the series of

residual uncertainties {σ2
jt : 1 ≤ t ≤ T} for each regional housing starts indicator. We find

several interesting patterns. Figure 5.8 indicates that increased uncertainty in housing starts
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Figure 5.8: Macroeconomic Study: The idiosyncratic variance, Σt, of U.S. housing starts,

over the period 2001/1:2015/12.

is a global phenomenon but that there is heterogeneity across regions as to the magnitude

and timing. For example, we find that the West region to react the earliest, followed by

Mid-West and South. North-East is somewhat of an exception, as the idiosyncratic variance

starts out greater than the other series, falling off pre-crisis, increasing during the crisis, and

tapering off to a level similar to the other regions. The speed of mounting uncertainty could

be associated with the deflation of the housing bubble after 2006 [Commission, 2011]. As

the economy recovers from the Great Recession, we find a steady decrease in uncertainty in

all regions, except for the South region, which is persistently high throughout the analysis

long after the crisis. Interestingly, the South region was one of the hardest hit regions during

the great recession, with the increase in unemployment being the highest of all the regions.

Possibly due to this characteristic, we find that the South region does not return to the

pre-crisis state. This is an important insight for the decision/policy maker, as this indicates

some unique circumstances in the South region that requires further investigation, where the

housing bubble from 2004-2006 bursts after mid-2006.
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5.6 Forecasting Evaluations

In this section, we compare the forecasting performance of our method (point-wise predictions

as well as forecast distributions) with three alternatives. The first one is a static version of

our model that assumes that factor loading matrices are constant over time, keeping all the

other model assumptions the same. The second method is the sparse Bayesian latent factor

stochastic volatility model implemented in the R package “factorstochvol” [Kastner, G.,

2017]. The third method is the hierarchical Bayesian vector autoregressive model (BVAR)

of Kuschnig and Vashold [2019]. It implements a hierarchical modeling approach to prior

selection in the fashion of Giannone et al. [2015]. For both “factorstochvol” and “BVAR”

methods, we draw 15, 000 MCMC samples, of which 5, 000 samples are discarded as a burn-in.

Both these methods are implemented through their corresponding R packages with default

parameter settings. Forecasting comparison is conducted for four examples: (i) a smaller

simulated data (described later in this section) with p = 10 and T = 100 , (ii) the same

simulated data as in (i) but extended to T = 400, (iii) the simulated data discussed in

Section 5.4 and (iv) the macroeconomic data discussed in Section 5.5.

For all three factor analysis models: our “Dynamic FA”, “Static FA” and “fac-

torstochvol”, we use the same upper bound on the number of latent factors (K). For the

lower dimensional simulated datasets (i) and (ii) we assign K = 6 and for the higher di-

mensional simulated dataset (iii) we fix K = 10. In Section 5.5, we discovered that for the

macroeconomic data, the number of active factors never exceeds K = 28. Therefore, for

evaluating forecasting performance, we used K = 30 for all three factor analysis models to

facilitate faster computation and higher accuracy.

Forecasting can be performed using both the EM (Section 5.3.1) and the MCMC (Section

5.3.2) implementations. Even though the EM algorithm is more practically feasible for larger

datasets, a common drawback of this method is that we get only point estimates of the

variables of interest over the forecast period, as opposed to the MCMC which provides the

entire predictive distribution. Point forecasts for the time period T + 1 can be obtained by
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Figure 5.9: Root mean squared error (RMSE) computed over 50 one-step-ahead forecasts

from a simulated data with p = 10 and T = 100. The dynamic sparse factor analysis model

(Dynamic FA) is compared against (i) the Static spike and slab factor analysis (Static FA),

(ii) FactorStochvol and (iii) Bayesian VAR (BVAR). The plot on the left shows forecasting

RMSE over time for all four methods and the plot on the right zooms in on the Dynamic

FA and Static FA models.

training the EM algorithm with data Y 1:T and then computing Ŷ T+1 = B̂T+1ω̂T+1, where

B̂T+1 and ω̂T+1 are expectations of the future value conditional on the estimates obtained

from the EM algorithm. Forecasting comparisons of predictive distributions obtained from

MCMC are described towards the end of this section.

For the smallest simulated data (with p = 10 and T = 100), we conduct a sequential

one-step ahead forecast for 50 consecutive time points into the future with the EM imple-

mentation of our model. The same forecasting exercise is also performed with the three

competing methods under consideration. Then we plot the root mean squared prediction

error (RMSE) over time for all the four methods in Figures 5.9(a) and 5.9(b). We simulate

the p = 10-dimensional data Y 1:150 for T = 150 time points as follows: The elements of

latent factors Ωt and idiosyncratic errors εt are generated from a standard Gaussian distri-

bution. At time t = 1, the active latent factor loadings form a block diagonal structure with

5, 6 and 4 active loadings for factor 1, factor 2 and factor 3 respectively, of which factor 1
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and factor 2 overlap for 2 series, while factor 2 and factor 3 overlap for 3 series. Factor 1

and factor 3 never overlap. The sparsity pattern changes structurally over time where (a) at

time t = 35 the loadings of the third factor become inactive, (b) at t = 45 the loadings of

the third factor are re-introduced and remain active until T = 110, (c) at time t = 111 the

loadings of the third factor become inactive again and finally, (d) at t = 120 the loadings of

the third factor are re-introduced and they remain active until T = 150. The true nonzero

loadings are smooth and arrive from an autoregressive process, i.e. β0t
jk = φβ0t−1

jk + vtjk

with vtjk
iid∼ N (0, 0.0025) for φ = 0.99, initiated at β01

jk
iid∼ N (2, 1) for all 1 ≤ j ≤ P and

1 ≤ k ≤ 5. When loadings β0t
jk become inactive, they are thresholded to zero. The true

factor loadings are thereby smooth until they suddenly drop out and can re-emerge. Figure

B2 in the Appendix shows a heatmap of the (absolute values of) true factor loadings for

times t = 20, t = 40 and t = 80 respectively.

We start the forecasting exercise for the above data by first estimating the model with

Y 1:100 and then forecasting for T = 101. Then we incorporate the next observation Y 101

into the training data, estimate the model again and forecast for T = 102. This process is

repeated through T = 101 : 150. For each time point we compute the RMSE over the p = 10

simulated time series. Figure 5.9(a) shows how the RMSE varies over the 50 forecast points

for all the four methods under consideration and Figure 5.9(b) zooms in onto our dynamic

sparse factor analysis model and the static spike and slab factor model. We see that our

dynamic factor model maintains superior forecasting performance, compared to the three

competing methods throughout the forecast period. An interesting point to note here is that

the forecast accuracy of our dynamic model persists even when the time series structurally

changes at time points T = 111 and T = 120, where the number of factors changes from 3

to 2 and then again from 2 back to 3 respectively. In contrast, the factor models with static

loadings (static FA and “factorstochvol”) cannot adapt to these structural changes and their

forecasting performance decline resulting in higher RMSE.

Next, we compare the five-step ahead forecasting performance of our dynamic model
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Data Dimension Dynamic FA Static FA FactorStochVol BVAR

Simulation p=10, T=100 20.427 34.359 63.287 752.157
Simulation p=10, T=400 1.158 13.435 2.613 230.75
Simulation p=100, T=400 1.407 15.319 2.389 392.186

Macroeconomy p=127, T=180 0.623 1.018 1.384 1.3453

Table 5.3: Root mean squared forecasting error over five time points into the future

(referred to as “Dynamic FA”) with the static model described above (referred to as “Static

FA”), the “factorstochvol” method and the BVAR method in Table 5.3. Comparison is done

with respect to the cumulative root mean squared forecasting errors (RMSE), computed over

five time points into the future. This is a five-step-ahead forecasting exercise, as opposed

to the one-step-ahead forecasting over 50 time points demonstrated in Figures 5.9(a) and

5.9(b). The five-step-ahead forecast is conducted by sequential point forecasts from the EM

algorithm over five time points into the future. Specifically, we fit the model based on the

first T observations Y 1:T , and compute the one-step ahead forecast Y T+1. Then, we add

this forecast for Y T+1 into the training data Y 1:T and compute a forecast Y T+2 based on

Y 1:(T+1). We repeat these sequential updates for five time points to predict Y (T+1):(T+5).

These predicted values are compared with the observed/simulated data to get a cumulative

root mean squared prediction error. Similarly, for the macroeconomic data we use the first

175 months (2001/01 to 2015/07) to get sequential one-step-ahead forecast for the last 5

months (2015/08 to 2015/12). Table 5.3 shows that, for all the simulated datasets, the three

factor analysis models (Dynamic FA, static FA and FactorStochVol) perform significantly

better than the Bayesian VAR model. For the macroeconomic data, our Dynamic factor

analysis model appears to perform considerably better than the alternatives. This reiterates

the merits of using dynamic factor loadings as opposed to constant loading matrices.

The above observations are confirmed after computing the one-step-ahead log predictive

density scores (LPDS) measuring the quality of the entire forecast distributions. For this

forecasting comparison, we use our MCMC implementation (Section 5.3.2). As described by

Kastner [2019], the one step ahead LPDS for the dynamic factor model can be computed
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by first drawing M MCMC samples from the distribution of Y1:T and then averaging over

m = 1, . . . ,M densities of

Np
(
0,B

(m)
(T+1):[1:T ]

B
(m)′

(T+1):[1:T ]
+ Σ

(m)
(T+1):[1:T ]

)

evaluated at Y T+1, where B
(m)
T+1:[T+1]

and Σ
(m)
(T+1):[1:T ]

denote the m-th draw of BT+1 and

ΣT+1 respectively, from the posterior distribution up to time T . Next, we compute the

one-step ahead log predictive Bayes factor between our dynamic factor model and the static

spike-and-slab factor model. Such Bayes factor between any two models M1 and M2 is

defined as logBF (M1,M2) = logPLT+1(M1)− logPLT+1(M2), where PLt(M) denotes

the predictive likelihood of modelM at time T + 1. When the log predictive Bayes factor is

greater than zero at a given point in time, there is evidence in favor of modelM1 as opposed

to model M2, and vice versa. For the simulated examples with p = 10 and T = 100, the

Bayes factor computed between our dynamic factor model and the static factor model turn

out to be equal to

logBF (Dynamic FA, Static FA) = 2.161

implying (strong) evidence in favor of the dynamic sparse factor model.

5.7 Further Comments

Motivated by a topical macroeconomic dataset, we developed a Bayesian method for dynamic

sparse factor analysis for large-scale time series data. Our proposed methodology aims

to tackle three challenges of dynamic factor analysis: time-varying patterns of sparsity,

unknown number of factors, and identifiability constraints. By deploying dynamic sparsity,

we successfully recover interpretable latent structures that automatically select the number

of factors and that incorporate time-varying loadings/factors. We successfully applied our
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methodology on a nontrivial simulated example as well as a real dataset comprising of 127

U.S. macroeconomic indices tracked over the period of the Great Recession (and beyond)

and obtained several interpretable findings.

Our methodology can be enriched/extended in many ways. One possible extension would

be to develop a latent variable method that can capture within, as well as between, con-

nectivity of several high-dimensional time series. This could be achieved with a dynamic

extension of sparse canonical correlation analysis [Witten et al., 2009]. By examining two

large sets of data using this approach, one would be able to uncover the latent structure

among and across multiple groups, a topic that has garnered increased interest after the

Great Recession with questions regarding the dynamic change in inter-connectivity between

the stock market and the macroeconomy. Our method can also be embedded within FAVAR

models [Bernanke et al., 2005] that include both observed and unobserved predictors. Addi-

tionally, throughout our analysis we have assumed the covariance of the latent factors to be

fixed over time and equal to an identity matrix, one could in principle incorporate dynamic

variances with stochastic volatility modeling, along the lines of Zhou et al. [2014].

One possible shortcoming of our EM-based estimation strategy, is the lack of uncertainty

assessment, which is essential for forecasting. The EM algorithm, however, was the key to

obtaining interpretable latent structures for very high dimensional data. To achieve uncer-

tainty quantification along with interpretability, one could impose structural identification

constraints, such as Nakajima and West [2013,], and perform MCMC for DSS priors, as

demonstrated in Appendix 5.9. Another approach would be to apply our method simply

as a means of obtaining identifiability constraints (i.e. the sparsity pattern) and then rees-

timate the nonzero loadings with an MCMC strategy. While this would not quantify any

sparsity-selection uncertainty, it would be an effective way to balance interpretability and

forecasting/decision making. Another unavoidable feature of our method is its sensitivity

to starting values. We strongly recommend using the output from the rolling window spike-

and-slab factor model.
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5.8 Appendix A

5.8.1 Derivation of the E-step

In this section we outline the steps of the parameter expanded EM algorithm. In the E-step,

we compute the conditional expectation of the augmented and expanded log-posterior with

respect to the missing data Ω and Γ, given observed data Y and the parameter values ∆(m)

obtained at the previous M-step setting At = IK . The conditional expected log likelihood

E = EΓ,Ω | Y ,∆(m) [log π(B?
0:T ,Σ1:T ,A1:T ,Γ,Ω | Y )] can be split into

E = Q1(B?
0:T |Σ1:T ) +Q2(Σ1:T ) +Q3(A1:T ) + C, (5.12)

where C is a constant and B?
0:T denotes the factor loading matrices in the expanded space.

To simplify the expression for (5.12), we first define the retrospective and prospective

penalty functions (as introduced in [Rockova et al., 2020]).

Definition 5.8.1. For a given set of parameters (Θ, λ0, λ1, φ0, φ1), we define a prospective

penalty function implied by (5.3) and (5.6) as follows:

pen(β | βt−1) = log {[1− θt(βt−1)]ψ0(β | λ0) + θt(βt−1)ψ1(β | µt(βt−1, λ1)} . (5.13)

Similarly, we define a retrospective penalty pen(βt+1 |β) as a function of the second argument

β in (5.13). The Dynamic Spike-and-Slab (DSS) penalty is then defined as

Pen(β | βt−1, βt+1) = pen(β | βt−1) + pen(βt+1 | β) + C, (5.14)

where C ≡ −Pen(0 | βt−1, βt+1) is a norming constant. For t = T , the DSS penalty is

defined simply as Pen(βT |βT−1) ≡ pen(βT |βT−1).

The individual penalty terms are defined as follows:
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Definition 5.8.2. For all j = 1, . . . , P , prospective penalty for β0
j is defined as

pen(β0
j |β

1
j ) =

K∑
k=1

[
(1− 〈γ0

jk〉)|β
0
jk|λ0 + 〈γ0

jk〉(β
0
jk)2(1− φ2)/2λ1) + 〈γ1

jk〉(β
1
jk − φβ

0
jk)2/2λ1

]

Similarly, prospective penalty for βtj is defined as

pen(βtj |β
t+1
j ) =

K∑
k=1

[〈γt+1
jk 〉(β

t+1
jk − φβ

t
jk)2/2λ1]

For all t ≥ 1 and j = 1, . . . , P , retrospective penalty for βtj is defined as

pen(βtj |β
t−1
j ) =

K∑
k=1

[(1− 〈γtjk〉)|β
t
jk|λ0 + 〈γtjk〉(β

t
jk − φβ

t−1
jk )2/2λ1]

There is no retrospective penalty for the initial factor loadings β0
jk.

Define ωt|T = EΩ[ωt | Y ,∆(m)], V t|T = cov[ωt | Y ,∆(m)]. The terms ωt|T and V t|T

represent the best linear estimator for ωt using all observations and the corresponding covari-

ance matrix, respectively. With V t,t−1|T = cov[ωt,ωt−1 |Y ,∆(m)] we denote the covariance

matrix of ωt and ωt−1 given the data Y and ∆(m). These quantities can be obtained from

the Kalman Filter and Smoother Algorithm (Table A1).

For estimating the observational variances σ2
jt, we use forward filtering backward smooth-

ing (FFBS) algorithm A2 (Section 4.3.7 in [Prado and West, 2010]). For notational simpli-

fication, throughout this section we will denote the estimate of Σ1:T obtained from FFBS,

also by Σ1:T . Now Denote

〈γ0
jk〉 =

Θψ1(β0
jk|0,

λ1
1−φ2 )

Θψ1(β0
jk|0,

λ1
1−φ2 ) + (1−Θ)ψ0(β0

jk|0, λ0)
,

〈γtjk〉 =
θtjkψ1(βtjk|φβ

t−1
jk , λ1)

θtjkψ1(βtjk|φβ
t−1
jk , λ1) + (1− θtjk)ψ0(βtjk|0, λ0)

,
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Algorithm: Kalman Filter and Smoother

Initialize ω0 | 0 = 0 and V 0 | 0 = 1/(1− φ̃2)IK
Repeat the Prediction Step and Correction Step for t = 1, . . . , T

Prediction Step ωt | t−1 = ωt−1 | t−1

V t | t−1 = V t−1 | t−1 + IK
Correction Step Kt = V t | t−1B

′
t(BtV t | t−1B

′
t + Σt)

−1

ωt | t = ωt | t−1 +Kt(Y t −Btωt | t−1)

V t | t = V t | t−1 −KtBtV t | t−1

Initialize V T,T−1 | T = (I −KTBT )V T−1 | T−1

Repeat the smoothing step for t = T, . . . , 1

Smoothing Step ωt−1 | T = ωt−1 | t−1 +Zt−1(ωt | T − ωt | t−1)

V t−1 | T = V t−1 | t−1 +Zt−1(V t | T − V t | t−1)Z ′t−1

V t,t−1 | T = V t−1 | t−1Z
′
t−2 +Zt−1(V t,t−1 | T − V t−1 | t−1)Z ′t−2

where Zt−1 = V t−1 | t−1V
−1
t | t−1

Table A1: Kalman Filter and Smoother Algorithm for Parameter Expanded EM using rotated

loading matrices B1:T

The functions Q1(·), Q2(·) and Q3(·) in (5.12) can be written as follows:

−Q1(B?
0:T |Σ1:T ) =C +

1

2

T∑
t=1

P∑
j=1

log σ2
jt

+ tr

1

2

T∑
t=1

Σ−1
t

[
(Y t −B?

tωt|T )(Y t −B?
tωt|T )′ +B?

tV t|TB
?′
t

]
+

P∑
j=1

K∑
k=1

[
〈γ0
jk〉(β

0∗
jk)2

2λ1/(1− φ2)
+ (1− 〈γ0

jk〉)|β
0∗
jk |λ0

]

+
T∑
t=1

P∑
j=1

K∑
k=1

[
〈γtjk〉(β

t∗
jk − φβ

t−1∗
jk )2

2λ1
+ (1− 〈γtjk〉)|β

t∗
jk|λ0

]
,

where the terms ωt|T and V t|T are obtained from the Kalman filter and smoother algorithm

given in Table A1. Next, write Q2(Σ1:T ) as

−Q2(Σ1:T ) =
T−1∑
t=1

P∑
j=1

[
pen(σ2

jt | σ
2
j(t−1)) + pen(σ2

jt | σ
2
j(t+1))

]
+

P∑
j=1

pen(σ2
jT | σ

2
j(T−1))

The terms pen(σ2
jt | σ

2
j(t+1)

)) and pen(σ2
jT | σ

2
j(T−1)

) in the above expression represent the

prospective and retrospective penalties corresponding to the idiosyncratic variance. These
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terms are defined as

pen(σ2
jt | σ

2
j(t−1)) =

(
δnt−1

2
− 1

)
log σ2

jt −
(

(1− δ)nt−1

2
− 1

)
log

1−
δσ2
j(t−1)

σ2
jt

,
pen(σ2

jt | σ
2
j(t+1)) = −

(
δnt
2
− 1

)
log σ2

jt +

(
(1− δ)nt

2
− 1

)
log

1−
δσ2
jt

σ2
j(t+1)

,

Finally, the term Q3(A1:T ) can be written as

−Q3(A1:T ) =
1

2

T∑
t=1

log |At|+
1

2
tr{A−1

t (M1t −M12t −M ′
12t +M2t)},

where

M1t = (ωt−1 | Tω
′
t−1 | T + V t−1 | T ),

M12t = (ωt−1 | Tω
′
t | T + V t,t−1 | T ),

M2t = (ωt | Tω
′
t | T + V t | T ).

5.8.2 Derivation of the M-step

In the M-step, we optimize the function Q1(·) with respect toB?
0:T , given values of Σ1:T from

the previous M-step. Given the new values B
?(m+1)
0:T and the posterior moment estimates of

the latent factors obtained from the Kalman filter, we optimize Q1(·) + Q2(·), with respect

to Σ1:T . Finally, we optimize the function Q3(·) with respect to A1:T .

Optimizing Q1(·) with respect to B?
0:T boils down to solving a series of independent

dynamic spike and slab LASSO regressions. This is justified by the following lemma.

Lemma 5.8.1. Let Y t = (Y t1 , . . . , Y
t
P )′ ∈ RP denote the snapshot of the series at time

t and for 1 ≤ j ≤ P define a zero-augmented response vector at time t with Ỹ
t
j =
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(Y tj , 0, . . . , 0︸ ︷︷ ︸
K

)′ ∈ RK+1. For the SVD decomposition V t | T =
∑K
k=1 skU

t
k(U t

k)′, we denote

with Ũ
t
k =
√
skU

t
k and with Ωt = [ωt|T , Ũ

t
1, . . . , Ũ

t
K ]′ ∈ R(1+K)×K and we let βt?

′
j ∈ RK

be the jth row of B?
t . Then we can decompose

Q1(B?
0:T |Σ1:T ) = C +

P∑
j=1

[
Qj(β

t?
j ) +Q0(β0?

j ) + Q̃(β1?
j , . . . ,β

T?
j )
]
,

where

Q0(β0?
j ) =

K∑
k=1

[
〈γ0
jk〉(β

0∗
jk)2

2λ1/(1− φ2)
+ (1− 〈γ0

jk〉)|β
0∗
jk |λ0

]

Qj(β
t?
j ) =

T∑
t=1

[
1

2
log σ2

jt +
1

2σ2
jt

||Ỹ t
j −Ωtβt?j ||

2
2

]

Q̃(β1?
j , . . . ,β

T?
j ) =

T∑
t=1

K∑
k=1

[
〈γtjk〉(β

t∗
jk − φβ

t−1∗
jk )2

2λ1
+ (1− 〈γtjk〉)|β

t∗
jk|λ0

]
.

Proof. Denote with

L ≡ tr

1

2

T∑
t=1

Σ−1
t

[
(Y t −B?

tωt|T )(Y t −B?
tωt|T )′ +B?

tV t|TB
?′
t

] .

where the terms ωt|T and V t|T are obtained from the Kalman filter and smoother algorithm

given in Table A1.

Since by singular value decomposition, B?
tV t | TB

?′
t = B?

t

∑K
k=1 skU

t
kU

t′
k (B?

t )
′ =∑K

k=1(0−B?
t Ũ

t
k)(0−B?

t Ũ
t
k)′, we can write

tr
{

Σ−1
t B?

tV t | TB
?′
t

}
=

K∑
k=1

(0−B?
t Ũ

t
k)′Σ−1

t (0−B?
t Ũ

t
k).

Since Σt = diag(σ2
1t, . . . , σ

2
Pt), the RHS can be written as a sum of P × T quantities. Thus
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we can write

L =
1

2

P∑
j=1

T∑
t=1

(Y tj − ω
′
t | Tβ

t?
j )2

σ2
jt

+
K∑
k=1

(0− Ũ t′
kβ

t?
j )2

σ2
jt


=

T∑
t=1

P∑
j=1

1

σ2
jt

||(Y tj , 0, . . . , 0)′ − (ω′t | Tβ
t?
j , Ũ

t′

1β
t?
j , . . . , Ũ

t′

Kβ
t?
j )′||2

=
P∑
j=1

T∑
t=1

1

2σ2
jt

||Ỹ t
j −Ωtβt?j ||

2
2.

Each summand corresponds to a penalized dynamic regression with K + 1 observations

at each time t. Given Σt, finding B?(m+1) thereby reduces to solving these J individual

regressions. As shown in Rockova et al. [2020], each regression can be decomposed into

a sequence of univariate optimization problems. We use the one-step late EM variant in

Rockova et al. [2020] to obtain closed form one-site updates for each β?tjk for (j, k, t). Note

that this corresponds to a generalized EM, which is aimed at improving the objective relative

to the last iteration (not necessarily maximizing it).

These univariate updates are slightly different from Rockova et al. [2020], because we now

have K + 1 observations at time t, not just one. Denote with β̂∗tjl the most recent update of

the coefficient β?tjl . Let

ztjk =
1

σ2
jt

K+1∑
r=1

(Ỹ tjr −
∑
l 6=k

ω̃trlβ̂
t∗
jl )ω̃

t
rk

and denote

Ztjk = ztjk +
〈γtjk〉φ1

λ1
β̂t−1
jk +

〈γt+1
jk 〉φ1

λ1
β̂t+1
jk

and

W t
jk =

1

σ2
jt

K+1∑
r=1

(ω̃trk)2 +
〈γtjk〉
λ1

+
〈γt+1
jk 〉φ

2
1

λ1
.

Then from the calculations in Section 5 of Rockova et al. [2020] (equations (5.16)-(5.18))
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we obtain the following update for β̂∗tjk:

β
t?(m+1)
jk =


1

W t
jk+(1−φ2

1)/λ1M
t
jk

[Ztjk − Λtjk]+sign(Ztjk) for 1 < t < T

1
〈γ1
jk〉φ

2
1+〈γ0

jk〉(1−φ
2
1)

[〈γ0
jk〉β̂

1
jkφ1 − (1− 〈γ0

jk〉)λ0λ1]+sign(β̂1
jk) for t = 0

(5.15)

where M t
jk = 〈γt+1

jk 〉(1− θ
t+1
jk )− (1− 〈γt+1

jk 〉)θ
t+1
jk and Λtjk = λ0[(1− 〈γtjk〉)−M

t
jk].

Given B?(m+1), optimizing Q1(·)+Q2(·) with respect to Σ1:T is done using the Forward

Filtering Backward Smoothing algorithm [Ch. 4.3.7 Prado and West, 2010]. In order to

maximize the posterior log likelihood with respect to Σ1:T , we first estimate the parame-

ters of the posterior distribution π(Σ1:T | Ω,Y ), given the updated factor loading matrices

B1:T , and then calculate the mode of the posterior. Although the exact analytical posterior

is unattainable, a fast Gamma approximation exists [Ch. 10.8 West and Harrison, 1997].

Appropriate Gamma approximations to the posterior have the form

π(1/σ2
j,T−k | Ω,Y ) = G[ηjT (−k)/2, djT (−k)/2],

where djT (−k) = ηjT (−k)sjT (−k), with

sjT (−k)−1 = (1− δ)s−1
j,T−k + δsjT (−k + 1)−1

, and filtered degrees of freedom defined by

ηjT (−k) = (1− δ)ηj,T−k + δηj,T−k+1,

initialized at ηjT (0) = ηjT . Here sj,T−k denotes E(σ2
j,T−k | ΩT−k,Y T−k). The details of

the algorithm is given in Algorithm A2. In the algorithm we denote the diagonal matrices

with diagonal entries ηj,T−k by ηT−k and analogously define matrices DT (−k), ST−k and

ST (−k) for k = 0, 1, . . . , T − 1 so that we can update the parameters of the posterior
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Algorithm: Forward Filtering Backward Smoothing

Input: B1:T and Σ1:T from previous iteration

Initialize η0, D0, S0 = D0η
−1
0

Repeat the Forward Step for t = 1, . . . , T

Forward Step ηt = δηt−1 + I

Dt = δDt−1 + St−1EtE
′
tQ
−1
t

St = Dtη
−1
t

where Et = Y t −Btωt | t−1

Qt = B′tV t | t−1Bt + Σt

Initialize ST (0) = ST
Repeat the Backward Step for k = 1, . . . , T − 1

Backward Step ηT (−k) = (1− δ)ηT−k + δηT−k+1

ST (−k)−1 = (1− δ)S−1
T−k + δST (−k + 1)−1

DT (−k) = ηT (−k)ST (−k)
ΥT−k = (ηT (−k)− I)DT (−k)−1

Compute Mode ΣT−k = Υ−1
T−k

Table A2: Forward Filtering Backward Smoothing algorithm for estimating idiosyncratic variances.

distribution simultaneously for all j and fixed t. In our study, we set the prior degrees of

freedom η0 to its limit η0 = (1− δ)−1 in order to achieve stability and efficiency. Given the

parameters of the posterior distribution (the expectation and degrees of freedom), computing

the posterior mode is straight forward.

Finally, the updates for the covariance matrices A1:T , obtained by maximizing Q3(·),

have the following closed form

A
(m+1)
t = M1t −M12t −M ′

12t +M2t for t = 1, . . . , T.

After completing the expanded M-step in the (m + 1)st iteration, we perform a rotation

step towards the reduced parameter space to obtain

Bt
(m+1) = B

?(m+1)
t AtL

(m+1),

where At
(m+1) = A

(m+1)
tL AtL

(m+1)′ is the Cholesky decomposition. These rotated factor

loading matrices are carried forward to the next E-step, where we again use the reduced

parameter form by keeping At = IK .
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Algorithm: MCMC algorithm for DSS with a Gaussian spike

Initialize (B0:T ,Σ0:T ) and choose n0, d0.
Sampling Latent Factors

Kalman Filter and Smoother Compute ωt | T ,V t | T and V t,t−1 | T for 1 ≤ t ≤ T
Sample ωt ∼ NK(ωt | T ,V t | T )

Sampling Factor Loadings
Forward filtering For t = 1, . . . , T and j = 1, . . . , P ,

Compute atj = Ht
j + Γtj.(m

t−1
j −Ht

j).

Compute Rt
j = ΓtjC

t−1
j Γtj.

′ +W t
j .

Compute f tj = ω′t | Ta
t
j .

Compute qtj = ω′t | TR
t
jωt | T + σ2

jt and etj = ytj − f tj .
Compute mt

j = atj +At
je
t
j and Ct

j = Rt
j −At

jA
t
j
′qtj with At

j = Rt
jωt | T /q

t
j .

Backward sampling Simulate BT
j. ∼ N (mT

j ,C
T
j ).

For t = T − 1, . . . , 0 and j = 1, . . . , P

Compute aTj (t− T ) = mt
j +Ltj [B

(t+1)?
j. − at+1

j ].

Compute RT
j (t− T ) = Ct

j −LtjRt+1
j Ltj

′, where Ltj = Ct
jΓ

t+1
j.
′Rt+1

j
−1.

Simulate Bt
j. ∼ N (aTj (t− T ), RTj (t− T )).

Sampling Indicators
For j = 1, . . . , p and k = 1, . . . ,K

Compute θtjk = θ(βt−1
jk ) for 1 ≤ t ≤ T from (5.6).

Compute p?jk
t = p?jk

t(βtjk) for 1 ≤ t ≤ T from (5.8).

Compute p?jk
0 = θ(β0

jk) from (5.6).

Sample γtjk ∼ Bernoulli[p?jk
t(βtjk)] for 0 ≤ t ≤ T .

Sampling Precisions νtj = 1/(σtj)
2

For t = 1, . . . , T and j = 1, . . . , P

Forward filtering Compute ntj = δnt−1
j + 1 and dtj = δdt−1

j + (rtj)
2, where rtj = ytj − ω′t | Tβ

t
j .

Backward sampling Sample νTj ∼ G(nTj /2, d
T
j /2).

For t = 1, . . . , T

Sample ηT−tj ∼ G[(1− δ)nT−tj /2, dT−tj /2].

Set 1/(σT−tj )2 = ηT−tj + δ/(σT−t+1
j )2.

Table B1: An MCMC algorithm with DSS priors and a Gaussian spike. Note that G(a, b) denotes

a gamma distribution with a mean a/b.

Ht
j = φ0Γ

t
j
′, m0

j = φ0γ
0
j , W t

j = diag{Γtjλ1 + (1− Γtj)λ0}

5.9 Appendix: B

5.9.1 MCMC on Simulated Examples

In this section, we apply our MCMC estimation procedure on a simulated example (using the

lower-triangular identifiability constraint). First, we generate a single dataset with P = 10

responses, K = 3 candidate latent factors, and T = 100 time series observations. We choose

the dimensionality of this example to be much smaller than our in EM implementation

in Section 5.4 because the computational times of our MCMC sampling procedure are less

favorable compared to our EM approach. Table B2 shows a comparison between computation
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Figure B1: Simulated Example: Absolute Value of factor loading matrices estimated by

MCMC (with 2000 draws after discarding 8000 burn-in samples) for a simulated data with

P = 10 and T = 100. True number of nonzero factors are 3, 2 and 3 for t = 20, t = 40

and t = 80 respectively. (a) First row shows true factor loading matrices. (b) Second row

shows estimated loading matrices with K = 3. (c) Third row shows estimated factor loading

matrices with K = 6.
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Method Kmax Time (sec)

MCMC 3 2439.3
MCMC 4 2526.9
MCMC 6 2852.2

EM 6 302.5

Table B2: Comparison between elapsed computation time (in seconds) for MCMC (10000

draws) and EM algorithm. Kmax denotes an upper bound on the number of factors, used

in the implementation of MCMC and EM.

Figure B2: Simulated Example: Absolute Value of factor loading matrices estimated by EM

algorithm with maximum number of factors K = 6.

times for MCMC and EM for this example.

The elements of latent factors Ωt and idiosyncratic errors εt are generated from a standard

Gaussian distribution. We now describe the true loading matricesB0 = [B0
1, . . . ,B

0
T ], which

were used to generate the data, where B0
t = {β0t

jk} ∈ RP×K . At time t = 1, the active latent

factor loadings form a block diagonal structure with 5, 6 and 4 active loadings for factor 1,

factor 2 and factor 3 respectively, of which factor 1 and factor 2 overlap for 2 series, while

factor 2 and factor 3 overlap for 3 series. Factor 1 and factor 3 never overlap.

The sparsity pattern changes structurally over time where (a) at time t = 35 the loadings

of the third factor become inactive, (b) at t = 45 the loadings of the third factor are re-

introduced and active until T = 100. The true nonzero loadings are smooth and arrive from

an autoregressive process, i.e. β0t
jk = φβ0t−1

jk + vtjk with vtjk
iid∼ N (0, 0.0025) for φ = 0.99,

initiated at β01
jk

iid∼ N (2, 1) for all 1 ≤ j ≤ P and 1 ≤ k ≤ 5. When loadings β0t
jk become
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inactive, they are thresholded to zero. The true factor loadings are thereby smooth until

they suddenly drop out and can re-emerge.

Figure B2 shows a heatmap of the (absolute values of) true and estimated factor loadings.

Row 1 shows the true factor loading matrices for times t = 20, t = 40 and t = 80 respectively.

Row 2 and 3 show estimated factor loadings when upper limit of latent factors are set to

K = 3 and K = 6 respectively. Posterior mean estimates of factor loadings are obtained

from an MCMC sample of size 2000, after discarding 8000 burn-in samples. We see that

for K = 6, MCMC is not able to identify actual number of factors due to factor splitting.

However estimated loading structures are close to the true loadings for K = 3.

Software

All empirical results presented in this chapter have been implemented using the opensource

software R. All the relevant code are available in the following GitHub repository:

https://github.com/Enakshi-Saha/Dynamic-Sparse-Factor-Analysis

131



O
u

tp
u

t
a
n

d
In

co
m

e
L

a
b

o
r

M
a
rk

et
C

o
n

su
m

p
ti

o
n

a
n

d
O

rd
er

s

O
rd

er
s

a
n

d
In

v
en

to
ri

es

M
o
n

ey
a
n

d
C

re
d

it

In
te

re
st

ra
te

a
n

d
E

x
ch

a
n

g
e

R
a
te

s
P

ri
ce

s
S

to
ck

M
a
rk

et

1
R

P
I

1
7

H
W

I
4
8

H
O

U
S

T
5
8

D
P

C
E

R
A

3
M

0
8
6
S

B
E

A
6
7

M
1
S

L
8
1

F
E

D
F

U
N

D
S

1
0
3

W
P

S
F

D
4
9
2
0
7

1
2
3

S
&

P
5
0
0

2
W

8
7
5
R

X
1

1
8

H
W

IU
R

A
T

IO
4
9

H
O

U
S

T
N

E
5
9

C
M

R
M

T
S

P
L

x
6
8

M
2
S

L
8
2

C
P

3
M

x
1
0
4

W
P

S
F

D
4
9
5
0
2

1
2
4

S
&

P
:

in
d

u
st

3
IN

D
P

R
O

1
9

C
L

F
1
6
O

V
5
0

H
O

U
S

T
M

W
6
0

R
E

T
A

IL
x

6
9

M
2
R

E
A

L
8
3

T
B

3
M

S
1
0
5

W
P

S
ID

6
1

1
2
5

S
&

P
d

iv
y
ie

ld
4

IP
F

P
N

S
S

2
0

C
E

1
6
O

V
5
1

H
O

U
S

T
S

6
1

A
M

D
M

N
O

x
7
0

A
M

B
S

L
8
4

T
B

6
M

S
1
0
6

W
P

S
ID

6
2

1
2
6

S
&

P
P

E
ra

ti
o

5
IP

F
IN

A
L

2
1

U
N

R
A

T
E

5
2

H
O

U
S

T
W

6
2

A
N

D
E

N
O

x
7
1

T
O

T
R

E
S

N
S

8
5

G
S

1
1
0
7

O
IL

P
R

IC
E

x
1
2
7

V
X

O
C

L
S

x
6

IP
C

O
N

G
D

2
2

U
E

M
P

M
E

A
N

5
3

P
E

R
M

IT
6
3

A
M

D
M

U
O

x
7
2

N
O

N
B

O
R

R
E

S
8
6

G
S

5
1
0
8

P
P

IC
M

M
7

IP
D

C
O

N
G

D
2
3

U
E

M
P

L
T

5
5
4

P
E

R
M

IT
N

E
6
4

B
U

S
IN

V
x

7
3

B
U

S
L

O
A

N
S

8
7

G
S

1
0

1
0
9

C
P

IA
U

C
S

L
8

IP
N

C
O

N
G

D
2
4

U
E

M
P

5
T

O
1
4

5
5

P
E

R
M

IT
M

W
6
5

IS
R

A
T

IO
x

7
4

R
E

A
L

L
N

8
8

A
A

A
1
1
0

C
P

IA
P

P
S

L
9

IP
B

U
S

E
Q

2
5

U
E

M
P

1
5
O

V
5
6

P
E

R
M

IT
S

6
6

U
M

C
S

E
N

T
x

7
5

N
O

N
R

E
V

S
L

8
9

B
A

A
1
1
1

C
P

IT
R

N
S

L
1
0

IP
M

A
T

2
6

U
E

M
P

1
5
T

2
6

5
7

P
E

R
M

IT
W

7
6

C
O

N
S

P
I

9
0

C
O

M
P

A
P

F
F

x
1
1
2

C
P

IM
E

D
S

L
1
1

IP
D

M
A

T
2
7

U
E

M
P

2
7
O

V
7
7

M
Z

M
S

L
9
1

T
B

3
S

M
F

F
M

1
1
3

C
U

S
R

0
0
0
0
S

A
C

1
2

IP
N

M
A

T
2
8

C
L

A
IM

S
x

7
8

D
T

C
O

L
N

V
H

F
N

M
9
2

T
B

6
S

M
F

F
M

1
1
4

C
U

S
R

0
0
0
0
S

A
D

1
3

IP
M

A
N

S
IC

S
2
9

P
A

Y
E

M
S

7
9

D
T

C
T

H
F

N
M

9
3

T
1
Y

F
F

M
1
1
5

C
U

S
R

0
0
0
0
S

A
S

1
4

IP
B

5
1
2
2
2
S

3
0

U
S

G
O

O
D

8
0

IN
V

E
S

T
9
4

T
5
Y

F
F

M
1
1
6

C
P

IU
L

F
S

L
1
5

IP
F

U
E

L
S

3
1

C
E

S
1
0
2
1
0
0
0
0
0
1

9
5

T
1
0
Y

F
F

M
1
1
7

C
U

S
R

0
0
0
0
S

A
0
L

2
1
6

C
U

M
F

N
S

3
2

U
S

C
O

N
S

9
6

A
A

A
F

F
M

1
1
8

C
U

S
R

0
0
0
0
S

A
0
L

5
3
3

M
A

N
E

M
P

9
7

B
A

A
F

F
M

1
1
9

P
C

E
P

I
3
4

D
M

A
N

E
M

P
9
8

T
W

E
X

M
M

T
H

1
2
0

D
D

U
R

R
G

3
M

0
8
6
S

B
E

A
3
5

N
D

M
A

N
E

M
P

9
9

E
X

S
Z

U
S

x
1
2
1

D
N

D
G

R
G

3
M

0
8
6
S

B
E

A
3
6

S
R

V
P

R
D

1
0
0

E
X

J
P

U
S

x
1
2
2

D
S

E
R

R
G

3
M

0
8
6
S

B
E

A
3
7

U
S

T
P

U
1
0
1

E
X

U
S

U
K

x
3
8

U
S

W
T

R
A

D
E

1
0
2

E
X

C
A

U
S

x
3
9

U
S

T
R

A
D

E
4
0

U
S

F
IR

E
4
1

U
S

G
O

V
T

4
2

C
E

S
0
6
0
0
0
0
0
0
0
7

4
3

A
W

O
T

M
A

N
4
4

A
W

H
M

A
N

4
5

C
E

S
0
6
0
0
0
0
0
0
0
8

4
6

C
E

S
2
0
0
0
0
0
0
0
0
8

4
7

C
E

S
3
0
0
0
0
0
0
0
0
8

T
ab

le
B

3:
M

ac
ro

ec
on

om
ic

S
tu

d
y
:

T
h
e

li
st

of
ec

on
om

ic
va

ri
ab

le
s

u
se

d
in

th
e

st
u
d
y.

132



CHAPTER 6

DISCUSSION ON FUTURE WORKS

Our research focuses on developing flexible Bayesian tools for the analysis of large datasets

and on providing theoretical justifications for their effectiveness. In the initial parts of this

dissertation we have examined the posterior concentration properties of Bayesian Additive

Regression Trees (BART) and its various incarnations, adapted to a wide range of high

dimensional learning tasks including regression, classification, causal inference and survival

analysis, thus demonstrating the adaptability of Bayesian trees and their ensembles to a

wide range of practical problems. From a theoretical perspective, these results build the

foundation for deriving uncertainty quantification statements, thus providing a very promis-

ing future research direction. From a practical perspective, these results also emphasize the

flexibility of BART models, thus motivating us to explore the adaptability of Bayesian trees

in novel empirical applications. For instance, we have demonstrated that BART exhibits

superior predictive performance compared to existing models for discrete consumer choice

data. BART provides a semi-parametric nonlinear tool for discrete choice modelling which

are the centerpiece of numerous marketing applications. Till date such models have mostly

relied on strong parametric assumptions, often built upon the assumption of linearity. BART

has the potential of relaxing several stringent assumptions that plague most conventional

discrete choice models used in Econometrics as well as various social and behavioral sci-

ences. However for most applications involving choice decisions made by an active agent,

besides prediction, another very important objective is counterfactual inference which tries

to evaluate the potential impact of an unobserved intervection. Machine learning models

such as BART are notorious for their lack of interpretability, which might curtail the scope

of these models for practical applications. An important future research direction would be

to develop strategies for inference using BART.

Another strand of our work has focused on dynamic factor analysis (DFA) for high-

dimensional time series. We have developed a comprehensive Bayesian framework for sparse
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factor analysis endowed with the following features: (1) time-varying factor dimensionality,

(2) residual stochastic volatility and (3) dynamic sparsity priors on the factor loadings. Our

new scalable EM implementation has extended the reach of Bayesian DFA to larger datasets.

To highlight the efficacy and usefulness of our proposed method, we applied our model to

a large-scale balanced panel of macroeconomic variables covering multiple facets of the US

economy. Our model captures dynamic changes in the factor structure and dimensionality, in

particular around the Great Recession of 2008. Future research in this line of work will focus

on the development of factor models on dynamic networks. We are particularly interested

in examining how spike and slab prior based dynamic factor analysis tools, as discussed in

Chapter 4 can be adapted to community detection tasks [Gopalan and Blei, 2013, Abbe,

2017] in time varying social and biological networks. Another interesting avenue of research

would be adapting our sparse factor analysis model to multiple response categories, both

in static and dynamic setup. Traditionally these kinds of responses are transformed to

unconstrained spaces before subjecting them to factor analysis. Another popular technique

is to use an unsupervised analogue of a generalized linear model [Wedel and Kamakura,

2001, Collins et al., 2001]. Our goal would be to devise flexible factor analysis methods for

multiple response categories, that require less calibration and/or exhibit robust performance,

with minimal identifiability constraints, while allowing for non-trivial dependencies between

data variables with different distributions.
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