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ABSTRACT

This dissertation consists of three essays. The first essay focuses on regression dis-

continuity with a donut, the second essay looks at spillovers in synthetic controls,

and the third essay examines a new two-sample test.

Regression discontinuity (RD) designs use policy thresholds to identify the causal

effects of policy. RD Donut designs allow identification in situations with some

manipulation, but they require extrapolation, typically projecting a polynomial, to

identify treatment effects. Chapter 1 extrapolates into a donut by leveraging high-

level smoothness conditions similar to those used to find optimal bandwidths. I start

using known derivative bounds before using data-determined bounds.

The synthetic control method (SCM) is often used in treatment effect estimation

with panel data where only a few units are treated and a small number of post-

treatment periods are available. Current estimation and inference procedures for

SCM do not allow for the existence of spillover effects. In a related paper [Cao and

Dowd, 2021], we consider estimation and inference for SCM, allowing for spillover

effects. In Chapter 2 we show simulations and empirical examples of this method.

Empirical cumulative distribution functions are used to test the hypothesis that

two samples come from the same distribution. Chapter 3 describes a statistic that

is usable under the same conditions as the Kolmogorov-Smirnov test, but provides

more power than other extant tests in that vein. I prove the validity of the procedure,

provide code, and show several simulations demonstrating substantial power.

xiii



INTRODUCTION

Modern econometrics works to study quantitative methods by which we can perform

social science. An important vein of work in this field struggles to assess the causal

consequences of some action or policy using only observational data. There are many

challenges in using observational data for determining causality.

In this essay, I detail two different common empirical approaches, identify fundamen-

tal challenges to assessing causality with those approaches, and provide guidance for

resolving those challenges, allowing us to move forwards with the study of our fellow

humans and ourselves. These techniques frequently rely on detecting a change in

average outcomes, rather than some other distributional statistic. The third part of

this essay focuses on computationally quick, and statistically powerful methods for

detecting other changes to the distribution than purely mean shifts.

The first, and longest, chapter of this essay focuses on the regression discontinuity

donut. Broadly, regression discontinuity leverages a threshold in some policy, allow-

ing us to compare individuals who fall just on either side of the threshold, in order

to understand the effects of the policy. However, this approach is susceptible to

substantial bias when individuals who are aware of the policy threshold engage in

manipulation to control their outcomes. A common response to this identification

threat is to use a “Donut”, dropping all observations in some region of the thresh-

old. This has the undesirable property that we are removing the very observations

that were most useful for identifying the parameter of interest. Chapter 1 works to
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identify solutions for the implicit extrapolation problem that results. At a high level,

the solution approach taken relies on some notion of smoothness in underlying mean

functions.

The second chapter of this essay, coauthored with Jianfei Cao, addresses a problem

arising with Synthetic Controls. Synthetic controls take advantage of a situation

where there are many observations and time periods, and only some units receive

policy treatment in some periods. The ’synthetic control’ is built by finding the best

weights for predicting the treated units in the pre-treatment periods. Relative to

other näıve estimators which use equal weights, this can result in improved efficiency

and a reduced burden of assumptions. However, if the policy of interest has effects

that extend beyond the units that recieve treatment, we can wind up with a large

asymptotic bias which doesn’t shrink. An earlier paper has theoretical results giving

an estimator which can adapt to this problem. Chapter 2 shows simulation results

and empirical examples using that estimator, providing anecdotal evidence both of

ease of use and of the actual improvements possible, even in datasets where original

authors felt they had dealt with any potential spillover problems.

The final chapter addresses a problem I found myself with frequently. There are

a number of ways to compare data from two different groups, but statistically and

computationally efficient comparisons which can detect any difference between two

distributions are rare. Chapter 3 provides details and intuition for a two-sample test

statistic which is publicly available on CRAN. That test statistic builds on two well

known test statistics – the Anderson-Darling statistic and the Wasserstein statistic,

2



by combining the best insights of each. Chapter 3 also provides proofs of consistency

and validity, as well as showing simulations demonstrating substantial power relative

to well known alternative test statistics in the same class.
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CHAPTER 1

REGRESSION DISCONTINUITY: DONUTS AND

EXTRAPOLATION

1.1 Abstract

Regression discontinuity (RD) designs use policy thresholds to identify the causal

effects of policy. Under standard conditions, these effects are identified solely at the

policy threshold. In many settings, treatment effects at other points may also be

of interest. Conversely, RD donut designs require extrapolation, typically project-

ing a polynomial, to identify treatment effects anywhere. This paper extrapolates

across the threshold or into a donut by leveraging high-level smoothness conditions

similar to those used to find optimal bandwidths. The paper starts by using known

derivative bounds before moving onto to learning those bounds from the data. By

constraining the derivatives, we bound the Taylor expansion, which lets us identify a

set containing the treatment effect and conduct inference. Shape restrictions derived

from underlying economic logic, such as monotonicity or convexity, are excellent can-

didates for pre-specified derivative bounds. Under the assumption that we observe

the maximum curvature, we can do away with the a priori bounds to provide more

data-driven results. Leveraging recent results in Cattaneo et al. [2018], we conduct

conservative inference for the maximum of a derivative, and subsequently for the

treatment effects. This routine requires much weaker assumptions about the mean

4



functions relative to standard assumptions in the literature for Donut designs.

1.2 Introduction

We study extrapolation of treatment effects in regression discontinuity designs. The

standard sharp regression discontinuity (RD) design can nonparametrically identify

treatment effects for units local to the treatment threshold. However, policy makers

may care about treatment effects for units away from the policy threshold. Moreover,

there are applications, like ”donut” designs, which drop all units local to the thresh-

old, where nonparametric identification is not possible even at the threshold. This

paper leverages global smoothness conditions to provide identification and inferential

guarantees in these situations.

The distinguishing feature of RD designs is that weak smoothness conditions identify

the treatment effect at the cutoff. Under the standard sharp RD design, our focus in

this paper, the researcher observes an outcome of interest, Y , and a running variable,

X. Units for which X exceeds some known threshold, c, receive treatment, and those

with X < c do not recieve treatment. If the conditional expectations of Y given X

are continuous on both sides of the threshold, the average effect of the policy on the

outcome, for units at the threshold, may be causally identified.

Identifying causal effects at other values of X requires additional assumptions. Our

approach is to make the weakest possible assumptions consistent with performing

5



Figure 1.1: Recidivism Rate based on time of first offense relative to threshold. Lo-
cal polynomials are used to estimate the confidence regions and point estimates.
The dark region contains µ0(x) = E[Y |X,T = 0] when that function has second
derivatives between -0.0004 and 0.0006, which are numbers estimated from the data.
Building a confidence region on top of that requires accommodating substantial un-
certainty in both those estimates and the lower derivatives of the function.

estimation and inference – which will lead to partial identification of the parameter

of interest. By using bounds on a given higher-order derivative of the conditional

means, which are known a priori or estimated, we can bound the error terms in

a Taylor expansion, allowing us to construct identified sets. Figure 1.1 shows an

example of how bounding the second derivative leads to a range of possible values

for the E[Y |X,T = 0], and a corresponding range of possible treatment effects. In

order to produce point estimates for the treatment effects, we would need to make

much stronger assumptions. For instance, we could assume that the second derivative

is 0 between the threshold and our point of interest – which would correspond to

6



making a linear projection from the threshold to any point we are interested in. This

paper then shows how to construct those identified sets, as well as how to conduct

inference on the sets containing the parameter of interest. We also show how the

identified set responds to the strength of the assumptions the researcher imposes.

To build an identified set, we use regions of the support where we can obtain point

identification of the conditional mean functions and their derivatives, as seen in fig-

ure 1.1. We extrapolate from those points to the desired parameter by bounding

the derivative terms in a Taylor expansion of E[Y |X,T = 0]. We consider several

approaches for bounding those derivatives, which are derivatives of the conditional

expectation functions. We allow for bounding an arbitrary derivative k, and show

how any given bound produces an identified set. The simplest bounds involve prior

information available to the researcher – for instance about the convexity or concav-

ity of the underlying function, or known limits on the curvature. We also consider

estimating bounds for the derivatives under a global smoothness condition. Lever-

aging recent results of Cattaneo, Farrell, and Feng [2018], we can use the data to

estimate bounds on this derivative using data away from the cutoff, allowing us to

identify the treatment effects in a fully data-driven manner. The general procedure

is described below:

Outline of Estimation Procedure

1. Set a confidence level α and a point of interest, x0

2. Find a set C that contains the kth derivative of µ1 with probability at least

1− κ > 1− α

7



3. Estimate the first k − 1 derivatives for µ1 at the threshold c.

4. Estimate the value of µ0 at the point of interest, x0.

5. Estimate µ1 at x0, using its first k− 1 derivatives and a Taylor projection.

6. Estimate τ(x0) = µ1(x0)−µ0(x0) and build a 1−α+κ CI for this projection.

This is a valid CI for the treatment effect if µ
(k)
1 (x) = 0 ∀x ∈ (x0, c).

7. Use the extreme values of C to find the maximal errors in the Taylor pro-

jection above.

8. Add the maximal errors to the 1− α + κ CI for τ .

This new range is a conservative 1 − α CI for a region containing the

treatment effect.

If we had precise estimates for the entire infinite sequence of derivatives,1 we could

make precise projections of the mean functions across the threshold to any point,

identifying the treatment effect at any point. In the absence of that detailed infor-

mation, we can make projections based on k − 1 derivatives, but these projections

will have large errors. By bounding the value of the kth derivative, we can bound

the size of those projection errors by assuming that the kth derivative is immedi-

ately and forever at its bounds. Any point estimate outside the bounds created by

that assumption would require that the kth derivative be outside its bounds at least

briefly. This turns a problem of projection into a problem of bounding the derivatives

of a mean function – which is also known as a smoothness condition. This paper

1. Along with a few technical conditions like the function being analytic.
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will require that there are some bounds on a derivative, which are either known,

or estimable somehow. Our primary technique will be to assume that we observe a

maximal value for the kth derivative of the mean function, somewhere in the range

of the data.

Because this approach relies solely on information which is identified in the support

of the data, to obtain information outside the support of the data, we can generalize

the approach. This allows us to study the ”donut” design. Donut designs are a

modification of sharp RD which attempt to deal with selection issues by dropping

observations in some radius of the threshold. The radius around the threshold is

dictated by the ability of units to manipulate their observed X value, and thus

decide on their treatment status. In an extension of the approach described above,

we use the extrapolation techniques to identify the treatment effect at the threshold,

after dropping all observations nearby – as is done in donut designs.

To fix ideas, we will revisit the recent application of Tuttle [2019]. Here the running

variable is the days after new SNAP policy is implemented, while the outcome of

interest is the recidivism behavior of convicted drug dealers. Broadly, convictions for

drug dealing after day 02 lead to a lifetime ban for SNAP benefits in Florida. We are

interested in the effect of the lifetime SNAP ban on recidivism for individuals who

are caught after the threshold. The original paper estimates the effect for individuals

on day 0, but policy makers may care substantially about the effect people beyond

the threshold. In Figure 1.1, we see the mean functions before and after treatment.

2. The drug dealing must have been after day 0, not the conviction.

9



Figure 1.2: Local Average Treatment Effects of lifetime SNAP bans on Recidivism as
we move away from the treatment threshold. Shown here are two different assump-
tions about structure of underlying mean functions, either that the first or second
derivatives are globally bounded.

That same figure also shows an example taylor projection of one mean function for

the control group using a second derivative bound. The area encompassed by the

dark region is the identified set – not the confidence interval. The difference between

that set and the point estimate for the treated group above it gives our estimate of

the LATE for these regions beyond the threshold.

See Figure 1.2 to see the estimated 95% confidence intervals arising from the as-

sumption of global bounds on either the first or second derivatives. This is the result

of actually calculating the difference between the two sets and incorporating our un-

certainty around them. Note that neither interval is a subset of the other – a clear

demonstration that neither assumption is strictly weaker or stronger than the other.
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Depending on the DGP, and point of interest, either set can encompass the other.

There is some prior work extrapolating RD treatment effects away from the threshold,

differing substantially in the type and strength of assumptions used for idenfication.

Angrist and Rokkanen [2012] assume that the researcher has access to additional

variables, and that potential outcomes are mean independent of the running variable,

given these additional covariates. Modelling the conditional expectation of outcomes

given those covariates, they are able to identify causal effects for other values of the

running variable. Our assumptions are much weaker, and we thus obtain weaker

identification results, while encompassing more general situations. Dong and Lewbel

[2015] use estimated derivatives, as we do, to consider causal effects of small changes

to the position of the threshold, which is not our focus.

We work within the standard RD framework which uses nonparametric smooth-

ness assumptions to identify the causal effects of interest [Hahn, Todd, and van der

Klaauw, 2001]. The RD literature is large and still expanding: for a recent review,

and numerous other references, see Cattaneo, Idrobo, and Titiunik [2019a]. For a

comparison of the continuity-based and other approaches to RD identification and

estimation, see Cattaneo, Titiunik, and Vazquez-Bare [2017].

This paper is organized as follows: Section 2 provides notation and necessary condi-

tions. Section 3 details the main results. Section 4 looks at an example in the world

of recidivism and SNAP benefits to examine the relative strengths of assumptions

bounding different derivative orders. Section 5 discusses a natural extension to the

11



world of RD donuts. Section 6 concludes.

1.3 Framework

For each individual, the econometrician observes a variable X, known as the running

variable or forcing variable, which has a compact domain χ ⊂ R. There is also a

known threshold, c ∈ χ, such that treatment status T = 1 [x ≥ c]. Without loss

of generality, we assume that c = 0. We also observe another variable, Y , referred

to as the outcome. We will focus on the standard heteroscedastic non-parametric

framework.

Y = µT (X) + ε E [ε] = 0 V ar(ε) = σ2
T (X) (1.1)

Where µt and σt are defined as:

µt(x) = E [Y |X = x, T = t] σ2
t (x) = V ar(Y |X = x, T = t)

The parameter of interest is the local average treatment effect (LATE) on the out-

come variable at some known point x0. Thus, our parameter of interest is:

τ = τ(x0) = µ1(x0)− µ0(x0) = E [Y |X = x0, T = 1]−E [Y |X = x0, T = 0] (1.2)

Most RD papers require that the point at which we evaluate the LATE, x0, coincide

with the treatment threshold, c. The restriction that x0 = c simplifies the problem
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faced by the econometrician substantially, as in principle, µ1(c) and µ0(c) are both

nonparametrically identified by the data. Notably, it is rare that the point of interest

for policymakers is actually c.

For notational simplicity, I will assume throughout that the point of interest, x0 < c.

This will allow me to denote the mean function being projected as µ1. This condition

is by no means necessary, and will be relaxed in the section on donuts.

In order to learn about the LATE at points less than the threshold, we need to pre-

dict Y in the counterfactual where those individuals were treated. Specifically, we

need the ability to conduct inference for µ̂1(x0), which under standard RD assump-

tions is not possible. Then we can use our information about µ̂1(x0) to estimate

the treatment effect using µ̂0(x0). Learning µ̂1(x0) is not simple, so this paper finds

weak assumptions that will bound the possible values of µ̂1(x0).

A simple fix to this would be to assume that the function µ1 is an order k polynomial

or some other known parametric function. Under that assumption, the projection

becomes quite simple. We can use standard regression confidence intervals, projected

over to the point x0. However, this is not typically a reasonable assumption. Over

the past 15 years a large literature developed examining the behavior of nonpara-

metric estimators for the LATE in RD settings. This literature is the direct result

of overly strong parametric RD estimates which frequently relied on polynomial re-

gressions.

Non-parametric RD does not make strong enough assumptions to identify µ̂1(x0)

when x0 6= c, but that literature frequently makes strong assumptions in order to
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select the optimal bandwidth. In nonparametric estimators like local polynomial

regressions, bandwidths balance a trade-off between the curvature of the underly-

ing mean functions and the variance of the errors. As the curvature increases and

the mean function becomes less smooth, relatively distant observations become less

informative, and so dropping them by shrinking the bandwidth is sensible. At the

same time, as the error variance increases, nearby observations become noisier and

less informative, and so increasing our effective sample size by expanding the band-

width becomes attractive.

Data-driven bandwidth choice requires making some assumption about the maximal

extent of the curvature and the maximum variance, thus bounding the worst case

outcome. Those conditions have a tendency to look like placing an upper bound on

the kth derivative of the mean function. This paper will strengthen and extend those

conditions. Broadly, I will require an assumption of the form:

Condition 1 (Bounded kth Derivative). For each t = {0, 1}, for some k > 1,

∂
(k)
L,t ≤ µ

(k)
t (x) ≤ ∂

(k)
U,t ∀X ∈ χ (1.3)

where µ
(k)
t indicates the kth derivative of the function µt, χ continues to represent the

domain of the running variable, and ∂
(k)
L,t & ∂

(k)
U,t represent upper and lower bounds. In

some settings, researchers may be able to use domain knowledge to state reasonable

bounds ∂L,t. Results in this paper will show the validity of that approach. Perhaps

more frequently, researchers can make the additional assumption that µ
(k)
t (x) attains

its extreme values in the region where we observe T = t. Under that condition, this
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paper will show results for data driven methods to estimate the treatment effect.

Bounds of the form in equation 1.3 are strictly weaker claims than requiring that

µt be a polynomial of degree k, as that would imply that for some constant C,

µ
(k)
t (x) = C ∀x ∈ χ.

In order to make use of the bounds above, we need to recall the Taylor projection

for a function.

P∞(µt, x) =
∞∑
j=0

∂jµt
∂xj

(x− c)j

j!

Notably, once we have finite bounds on the kth derivative and we know c = 0 we can

simplify this somewhat to the Taylor projection below:

P (µt, x0, ∂
(k)
L,t , ∂

(k)
U,t) =

k−1∑
j=0

∂jµt
∂xj

x
j
0

j!
+

∂(k)
U,t

∂
(k)
L,t

 xk0
k!

=

µt(x0)U

µt(x0)L

 = Φt (1.4)

The vector created by that projection defines an interval, which Lemma 1 shows will

contain the true µt(x0). That interval is the identified set, which I will refer to as Φ.

In order to make the projection feasible however, we will have to estimate or know

the first k − 1 derivatives, as well as the two bounds on the kth derivative. The

rest of this section will examine the conditions under which we show that estimating

those derivatives to build an interval works.

Condition 2 (Regularity Conditions). Technical conditions on the DGP in order

for the results below.
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(i) (X,Y,T) are i.i.d. observations from a d.g.p. satisfying Eq (1.1)

(ii) µt(·) has k + 2 continuous derivatives

(iii) The density of the running variable, fx is absolutely continuous and bounded

away from 0 over χ.

(iv) The kernel function K(x) = 0.51 [|x| < 1].

(v) σt(·) is positive, bounded above, bounded away from 0, and has two continuous

derivatives.

(vi) sup
x∈χ

E
[
|εi|3exp(|εi|)|xi

]
= x <∞ which implies E

[
|εi|3exp(|εi|)

]
<∞.

(vii) There is no other treatment policy with a discontinuity in χ which affects Y .

Condition 1 and Condition 2(i,ii) are sufficient for us to establish that the taylor pro-

jection described in equation 1.4 is valid and will contain the true value of µ1(x0).

Condition 2 parts (iii), (iv), and (v) are closely related to standard conditions for

asymptotic normality of local polynomial estimates.[Fan et al., 1995] This makes

them sufficient (with some mild rate conditions) for us to be able to take a known

set of bounds on the kth derivative from equation 1.3 and make the projections

feasible. At this point we could build a confidence region for µ1(x0) which is asymp-

totically valid for the true region. At the same time these conditions allow us to

perform inference for µ0(x0). As the these two procedures use independent pieces of

data, it is simple to construct a valid confidence region for τ .
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Condition 3 (Rate Conditions). For local polynomial estimates of derivatives to be

asymptotically normal I will require hp(n)→ 0 such that as n→∞:

(i) nh3
p →∞

(ii) nh2k+3
p → 0

Further, if we would like to estimate a global bound on the derivatives using b-splines

I need the following conditions on a potentially different bandwidth, hb:

(iii)
log(n)3/2√

nhb
= oP(1/log(n))

(iv)
log(n)4

nhb
= o(1/log(n))

(v) nh1+2k
b = o(1/log(n))

The top conditions are sufficient for asymptotic normality of local polynomial re-

gressions.Fan et al. [1995] The bottom half of these rate conditions will be necessary

for us to get a valid uniform confidence band on the kth derivative. For that to be

useful, we need the following condition to hold.

Condition 4 (Derivative bounds are observed). Recall that c = 0 and T = 1 [x ≥ 0].

Define C1,...,C4 as follows

sup
x>0∈χ

∂kµ1(x)

∂xk
= C1 inf

x>0∈χ

∂kµ1(x)

∂xk
= C2

sup
x<0∈χ

∂kµ0(x)

∂xk
= C3 inf

x<0∈χ

∂kµ0(x)

∂xk
= C4
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Then, for known, continuous, weakly monotonic functions f1, ..., f4

∂
(k)
L,1 = f1(C1, C2) ∂

(k)
U,1 = f2(C1, C2)

∂
(k)
L,0 = f3(C3, C4) ∂

(k)
U,0 = f4(C3, C4)

Broadly, condition 4 says that we observe values which are known functions of the

bounds in condition (1). In practice we will usually take these functions to be the

identities. The generality allows for the inf and sup to be absolute values of the

biggest observed derivative, as well as allowing for other situations – e.g. we know

some maximal bound, but may wish to use the data-driven results below to tighten

the bounds if possible.

1.4 Main Results

1.4.1 Φ Contains µt(x0)

To prove that the set Φ contains the true value of the mean function, we will show

that the approximation error of a Taylor projection using k − 1 derivatives, when

the kth derivative is bounded, are at most the projection of the bounds of the kth

derivative.

Lemma 1 (Φ contains the true value of µt(x0)). The projection error of a k − 1
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derivative Taylor projection is bounded by the Taylor projection of the kth derivative’s

bounds.

Proof. P∞(µt, x)−Pk−1(µt, x) =
∑∞
j=0

∂jµt
∂xj

(x−c)j
j! −

∑k−1
j=0

∂jµt
∂xj

(x−c)j
j! =

∑∞
j=k

∂jµt
∂xj

(x−c)j
j!

If µ
(k)
t (x) ≤ ∂

(k)
U,t∀X ∈ χ, then

∑∞
j=k

∂jµt
∂xj

(x−c)j
j! ≤ ∂

(k)
U,t

(x−c)k
k! .

If µ
(k)
t (x) ≥ ∂

(k)
L,t∀X ∈ χ, then

∑∞
j=k

∂jµt
∂xj

(x−c)j
j! ≥ ∂

(k)
L,t

(x−c)k
k! .

Thus ∂
(k)
L,t

(x−c)k
k! ≤ P∞(µt, x)− Pk−1(µt, x) ≤ ∂

(k)
U,t

(x−c)k
k!

1.4.2 Results for Φ

In order to actually estimate the values C1, ..., C4, much less perform inference on

functions of them, we will need to rely on the results in Cattaneo et al. [2018]. If

we use b-splines with equally sized partitions to estimate the kth derivative, that

paper tells us that we can construct uniform confidence intervals for that derivative.

Specifically we can find a q(α) such that we can build asymptotically valid uniform

(1− α) CIs which are:

[
µ̂t

(k)(x)± q(α)

√
Ω̂t(x)/n : x ∈ χ

]
(1.5)

This implies that I can make statements like:

lim P

[
sup
x∈χ

µt(x) ≥ C

]
≤ α/2 (1.6)
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Where C = max
x∈χ

[
µ̂j(x) + qj(α)

√
Ω̂j(x)/n

]
, i.e. C is the upper bound.

The reverse is also true, and so we can make statements about the sup and inf of

the kth derivative over compact domains.

These statements are extremely conservative. This is a function of the confidence

band construction which relies on fixed critical values to obtain uniformity. For

the purposes of inference on extrema, this means that the bounds obtained will not

achieve nominal size, even in the limit. Nevertheless, obtaining any valid probability

statement for the sup of an unobserved function is a difficult problem. Chernozhukov

et al. [2013] provide a direct approach to this problem, however, their bounds are

conservative in the opposite direction, and so cannot be used in this paper.

With the ability to conduct inference for the extrema of derivatives, we can turn

to conducting inference for the identified set. Recall that the set Φt(x0) is the set

identified by the taylor projection which contains the mean function at x0. Asymp-

totically, without stronger assumptions on the DGP, it is impossible to identify as

smaller set. Therefore, we will attempt to contain that region with given size.

Theorem 1 (Containing Φt(x0)). Under conditions 1-4, using local polynomials to

learn the 0,...,k-1 derivatives at 0 and using b-splines to learn the sup and inf of the

kth derivative, we can build a 1− α confidence region CRg such that:

limP
[
Φt(x0) ⊂ CRg

]
≥ 1− α
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The result in theorem 1 builds somewhat naturally on well known results about local

polynomials, proofs are in the supplemental appendix. The projection P is linear in

the estimated derivatives and extrema, which makes for easy projections once we can

make statements like the one in 1.6. Combining the results of the extrema estimation

routine and the local polynomial is more difficult. For now, this paper relies on a

union bound.

Namely, given two statements of the form P [Xi > qi] ≤ α/2, we can also state

that

P [X1 +X2 > q1 + q2] ≤ α

As each estimation routine can return a straightforward confidence region, we can

combine those regions upper and lower bounds as above.

1.4.3 Inference for τ in Standard RD

The focus of this section so far has been inference of the region Φt. The results above

give a region which asymptotically contains Φ with at least given size. In the same

way that union bounds let us move from just the CR for extrema to a region for Φ,

we can extend to a region around τ . But first we should discuss the identified set.

Once again, the assumptions above are not adequate to identify a point estimate.
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Rather, the nature of the derivative bounds in 1.3 is that they allow us to identify a

set which will contain the value of interest. In this case, we can identify the following

set:

T (x0) = Φ1(x0)− µ0(x0) =

µ1(x0)U − µ0(x0)

µ1(x0)L − µ0(x0)

 (1.7)

Recall that for simplicity, we are relying on x0 < 0 ∈ χ. As a result, we know that

we can identify the parameter µ0(x0) using standard results for local polynomials.

Theorem 1 gives us a region containing Φ, and so we can combine the two for T̂ .

Applying the union bound again leads to the following lemma regarding the estimand

of interest, τ .

Lemma 2 (CR for τ). Under all the conditions of theorem 1, we can build a 1− α

confidence region CRτ such that:

limP [T (x0) ⊂ CRτ ] ≥ 1− α

This result follows naturally from theorem 1, but in many ways this is the real meat

of the paper. Given a point, we can take an RD design and some higher order

derivative bounds, and with them we can partially identify treatment effects at that

point – even when it doesn’t overlap with the threshold. In section 5 the paper I

will discuss applications of this idea to the closely related setup that is an RD donut

design.
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1.5 Example: Snap Benefits and Recidivism

This example is from the paper by Tuttle [2019]. That paper looks at recidivism as

affected by a food assistance program. The treatment effect is identified by lever-

aging a discontinuity in policy which imposed a lifetime ban on SNAP benefits for

individuals who engage in drug trafficking after August 23rd, 1996. The high level

finding of that paper is that individuals who received a lifetime ban were about 10%

more likely to commit more crimes in the future, with the effects predictably con-

centrated among crimes with financial benefits.

This is an excellent paper. I merely use the setting to demonstrate the extrapolations

discussed here, and certainly not because of concerns about the results. A common

question around these extrapolations is what derivative order makes the most sense.

The notion that higher order derivative bounds are weaker conditions seems quite

intuitive to many people. One critical takeaway from this example is those compar-

isons are not as straightforward as they may seem. Broadly speaking, as we change

the derivative order being bounded, the other assumptions we make are also chang-

ing, which may make the overall procedure more conservative or not. Moreover, the

location of the LATE to be estimated also can affect the relative strength of these

assumptions.

To see this, recall that a second derivative bound will grow at O(x2), while a third

derivative bound will grow at O(x3). For x near the threshold, the third derivative

may well be a stronger assumption, while far away, the second derivative can be

more restrictive. I will compare the use of several different derivative bounds for
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extrapolating the treatment effect.

In context, the assumption of bounds on a derivative corresponds to a bound on the

changes in probability of recidivism for treatment and control groups. For a second

derivative bound, this suggests that the acceleration of the control group’s recidivism

is restricted. Perhaps more importantly, the assumption that we observe the extrema

of the derivative implies that there are not other structural changes on August 23rd

which would cause the control group function to change drastically.

Figure 1.2 shows the CI for a set containing the LATE across a number of different

derivative restrictions. As we can see, the first and second derivative bounds each are

fairly comparable for the LATE at the threshold. Nevertheless, the second derivative

bound starts substantially wider than the first derivative bound. As time goes on,

the second derivative bound also grows faster, eventually containing the entire first

derivative set.

The difference in starting positions and variances comes down to the additional

information and variance associated with estimating more parameters in the local

polynomial regression at the threshold. The more rapid growth is the natural result

of allowing the first derivative to grow without limit.

The important point here is that these are different assumptions. One is not neces-

sarily weaker or stronger, but rather different.
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1.6 Special Case: Donut Designs

A special case of extrapolation in RD settings is that of a Donut. Donut designs are

used when we have fairly standard RD settings – that is some sort of policy threshold

– but we are worried that individuals have control over where they fall relative to the

threshold. If individuals can shift their x position by a bounded amount, then there

may be selection across the threshold. Some individuals may choose to cross it, while

others do not. In order to retrieve the LATE for individuals who were exogenously

at the threshold, we need to eliminate the selection effect. Donut designs do this

by dropping all individuals within some distance d of the threshold. In essence, this

corresponds to saying that we do not trust those observations.

However, having thrown out the observations near the threshold, we have gotten

rid of the very observations that identify the LATE at the threshold under standard

assumptions. Currently donut designs deal with this by implicitly projecting polyno-

mials across the region of the donut.3 This paper presents an alternative – estimate

the extrema of some derivative k, and use that to project an identified set across the

region of the donut.

In order for this to be useful, we need to make an additional assumption.

Condition 5 (Donuts).

(i) Donut Exclusion. There is a known region, D = (d−, d+), with d− < d+,

hereafter referred to as the donut, such that all manipulation (M = 0 in the

3. This is what dropping those observations and re-running your local polynomial RD estimator
does.
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absence of manipulation) is contained to the donut.

∀i s.t. Mi 6= 0, x′i, xi ∈ D

(ii) Unique Threshold. There is one, and only one, policy relevant to the outcome

of interest, which has a threshold inside the region defined as the donut and its

boundaries, [d−, d+].

Condition 5(i) ensures that all manipulation is contained to the interior of the donut.

Nobody from outside that region was induced to change their behavior by the pres-

ence of the policy. This is critical – without this assumption, we retain the selection

problems which we had before we decided to use a donut.

Condition 5(ii) replaces condition 2(iii) in the donut setting. This assumption looks

much more like a natural extension of the standard RD assumption that there is no

other co-located policy threshold.

Lemma 3 (Donut). Under Conditions 1-5, we can find a 1 − α confidence region

CRd such that

limP [T (0) ⊂ CRd] ≥ 1− α

This is the result that we need in order to perform inference for the LATE at the

threshold under a donut design. In the absence of this, or some other extrapolation

result, the LATE is not asymptotically identified in donut designs. The problem is
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that in most situations, the ability to manipulate the running variable is unrelated

to sample size. Thus asymptotics based on observing data arbitrarily close to the

threshold don’t work without these extrapolation results.

1.6.1 An Example Donut

In their paper, Lindo, Sanders, and Oreopoulos [2010] assess the effect of academic

probation using a treatment threshold at a GPA of 1.5. They look at a variety

of outcomes split on multiple dimensions, but the focus is about whether students’

GPAs rise in subsequent semesters. They acknowledge the risk of manipulation –

specifically that students may be “convincing teachers to give them a higher grade”.

After testing for a discontinuity and finding nothing, as well as checking that a

number of covariates are smooth across the threshold, the authors move on.4

Assuming that students are able to convince 1/3 professors to raise their grade one

partial letter (a max of 0.6 on the GPA scale), that implies that students have the

ability to move up to 0.2 units of GPA in a semester (and year). This creates the

circumstances in which a donut is reasonable.

In order to make progress, we will rely on the assumptions in section 2.5 We set the

4. Thanks to Cattaneo et al. [2019a] the data and code needed to replicate these results are
widely available.

5. Continuity of the density of the RV is somewhat questionable, the RV takes 160 unique values
in the region containing the donut and bandwidths, while there are 16,000 observations in that
region.
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donut D = (−0.25, 0.25). We will use k=2 – thus it is the second derivative which is

bounded. A full plot of the outcome variable against the RV shows that µ0 and µ1

may be exactly linear, so assumptions about the second derivative are reasonable.

We use the bandwidth the authors selected of 0.6. Together, these assumptions give

us the results seen in table 1.1.

In the original paper, the authors find a treatment effect of 0.233 GPA (95% CI:

[0.18,0.285]) points gained by a person on the threshold. Breakdowns across sub-

groups give results of a similar magnitude. Those results are consistent with the

outcomes from a donut.

Estimate CI Lower CI Upper

Bias-Corrected 0.213 0.136 0.291
Robust 0.213 0.122 0.304

Derivative Bounds: τ̂ [0.275, 0.407] 0.034 0.727

Table 1.1: Comparison of Estimates from rdrobust and Donut routines

Overall, this example lets us conclude that the treatment effect of academic probation

is inside the region [0.07, 0.68] with confidence. This is consistent with the results in

both the original paper and the replication by Cattaneo et al. [2019a]. The treatment

effect on future GPA is not the only outcome of probation which should be considered

for policymakes, but if there was no effect, the justification for such a policy would

be thin.
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1.7 Conclusion

This paper provides a simple approach to extending the LATE regime of regression

discontinuity away from the threshold. I provide asymptotic size control for the

partially identified set. An application of this work to the world of RD donuts was

discussed. I hope to demonstrate the utility of this work in the future by looking at

other example settings, as well as looking into the possibility of estimating the ATE

using this design.

A task closely related to this paper’s goals involves attempting to detect where the

donut should be. In general this is infeasible, however, under similar (but stronger)

smoothness conditions on the mean functions, we may be able to determine where

relevant manipulation exists, and place the boundaries of our donut there. This is a

rich vein for future work.

1.8 Proofs

1.8.1 Theorem 1

Condition 2(ii) implies that a taylor projection is a valid technique for approximating

the functions µt. Condition 1 is somewhat unusual in combination with taylor pro-

jections – which usually are infinite sums – but in this case, but putting bounds on

the extreme values of the derivative, we can say with certainty that µt(x0) ∈ Φt(x0).
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The issues here arise from the feasibility of estimating Φt, and worse, conducting

inference.

Conditions 1-4 are substantially stronger than the needed conditions for asymptotic

normality of point estimates and derivatives using local polynomial estimators. They

are sufficient for the conditions in Section 5.4 of Fan et al. [1995]. This will allow

us to conduct inference on the vector θt(·) = (µ
(0)
t (·), ..., µ(k)

t (·))T at x=0 for each

of t=0,1. This will also allow inference on the point µt(x0) for whichever treatment

status is observed at x0. This is critical for Lemma 2.

Conditions 1-4 also imply the necessary conditions for Lemma SA-5.1 and Theorems

SA-5.1, SA-5.3, and SA-5.7 in Cattaneo et al. [2018]. Many of the rate restrictions

and technical conditions come directly from that paper. That paper provides us with

the ability to construct a confidence band that contains the entire function µ
(k)
t (·)

with given probability. By finding the extreme values of that band, and using the

mappings defined in Condition 4, we can learn about the distribution of ∂
(k)
U,t and

∂
(k)
L,t .

As the projection P is linear in the derivatives, we are simply taking the parameters

we have now built confidence regions for, scaling them as the projection requires,

and adding them. The scaling does not affect our size control.

We have several options to add the parameters together and retain a valid confi-

dence region. If we had a full distribution for the extrema, we could think about

the joint distribution and the optimal adding of the two. However, in pushing a

supremum through the results in Cattaneo et al. [2018], the outcome statement is

substantially conservative, and does not correspond to a proper distribution for the
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true value. Thus we will use union bounds. This means we can take any α1 and

α2 such that α1 + α2 = α, and where we know that P
[
∂U,t > C

]
≤ α1 (with C

as defined in equation 1.6) and P

[∑k−1
j=0

∂jµt
∂xj

xj0
j! > C5

]
≤ α2, and conclude that

P

[
∂U,t

xk0
k! +

∑k−1
j=0

∂jµt
∂xj

xj0
j! > C5 + C

xk0
k!

]
≤ α. As the first part of that probability

defines the upper bound of our identified set Φt, and the statement is true for the

lower bound as well, we can contain the set Φt, with whatever probability given. See

Imbens and Manski [2004] for details about construction of such a set.

1.8.2 Lemma 2

With a set containing Φ1(x0) with some probability, and an asymptotically normal

estimate of µ0(x0) from Fan et al. [1995], we can again apply the union bounds to

build a set T which contains the value τ with given probability. Because there is no

other policy which affects Y with a threshold in χ, the difference here is the LATE.

This is not the most efficient construction of the LATE however. There are sub-

stantial power gains to be had from constructing the LATE equation, which can be

decomposed into the projection of the extrema, the projection of a normal, and a

normal. By combining the normal distributions then using the needed union bound,

we manage to limit the power loss associated with union bounds.
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1.8.3 Lemma 3

Donuts are an interesting application of Theorem 1. In order to use them properly,

we need to recenter our projection on the boundaries of the donuts. Condition 5

tells us that the donut has successfully gotten rid of all selection issues. Theorem 1

tells us that projections from those boundaries to the threshold will give us some-

thing meaningful. Taking the difference between the two set-identified parameters

projected from the edges of the donut uses the same union bound procedure as above.
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CHAPTER 2

SCM WITH SPILLOVERS: EXAMPLES AND

SIMULATIONS

This paper is coauthored with Jianfei Cao.

2.1 Abstract

The synthetic control method is often used in treatment effect estimation with panel

data where only a few units are treated and a small number of post-treatment periods

are available. Current estimation and inference procedures for synthetic control

methods do not allow for the existence of spillover effects, which are plausible in

many applications. In a related paper [Cao and Dowd, 2021], we consider estimation

and inference for synthetic control methods, allowing for spillover effects. We propose

estimators for both direct treatment effects and spillover effects and show they are

asymptotically unbiased. In addition, we propose an inferential procedure and show

it is asymptotically unbiased. Our estimation and inference procedure applies to

cases with multiple treated units and/or multiple post-treatment periods, and to

ones where the underlying factor model is either stationary or cointegrated. In

this paper we show simulations and empirical examples. With them, we confirm

that the presence of spillovers renders current methods biased and have distorted

sizes, whereas our methods yield properly sized tests and retain reasonable power.
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We apply our method to a classic empirical example that investigates the effect of

California’s tobacco control program as in Abadie et al. [2010] and find evidence of

spillovers.

2.2 Introduction

The synthetic control method is often used in treatment effect estimation with panel

data where only a few units are treated and a small number of post-treatment periods

are available. Current estimation and inference procedures for synthetic control

methods do not allow for the existence of spillover effects, which are plausible in

many applications. This paper alleviates these concerns by showing that given some

knowledge about the spillover effects, it is possible to provide asymptotically unbiased

estimators and inference in the presence of spillovers. The theoretical results for this

reside in a related paper [Cao and Dowd, 2021], while this paper is our practical

demonstration of the technique. Our results extend to scenarios with multiple treated

units and periods, and cases with stationary or cointegrated factor models.

The synthetic control method (SCM) has gained popularity in empirical studies since

its introduction in Abadie and Gardeazabal [2003]. When we observe panel data

with only a few treated units and post-treatment periods, the SCM can estimate

treatment effects. This setting is common in program evaluation, where we often

consider state-level policies and have state-level aggregate data. The SCM models

the relationship between the treated and untreated units using pre-treatment data.
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Then the SCM uses the post-treatment data from untreated units to predict the

counter-factual values of the treated unit. This process gives us the synthetic control,

while the difference between the outcome and predicted counter-factual outcome is

the treatment effect estimate. The SCM exploits the pre-treatment data to form

better counter-factual values, and so in comparative case studies it is often favored

over other program evaluation methods such as difference-in-differences. See Abadie

and Cattaneo [2018] for review and comparison of econometric methods used in

program evaluation.

However, the SCM and its variants assume explicitly or implicitly that untreated

units are not affected by the treatment. That is, they rely on the Stable Unit

Treatment Value Assumption (SUTVA). This dependence is natural since the SCM

uses post-treatment control units to predict the counter-factual values of the treated

units, which, however, is not always realistic. In our empirical example in Section

2.5, when California imposes a cigarette tax, SUTVA implies (among other things)

that nobody decides to shift their cigarette purchases to Nevada.

Under SUTVA and a few other regularity conditions within a factor model, treatment

effect estimators using a demeaned version of SCM are shown to be inconsistent but

asymptotically unbiased by Ferman and Pinto [2019], even when the pre-treatment

fit is imperfect. Unfortunately, in the presence of a spillover effect, this estimator

can be severely biased. Intuitively, the reason is that post-treatment controls are

contaminated by the spillover effect, resulting in a biased estimator of the counter-

factual value of the treated unit in post-treatment periods, which implies a biased
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treatment effect estimate. Contamination inducing bias is a standard problem in

program evaluation, even within difference-in-differences and RCTs. This problem

is worse for the SCM. If by chance the spillover is concentrated in control units that

the synthetic control method puts significant weight on, the bias will be substantially

worse than in difference-in-differences. Moreover, it is possible the spillovers prop-

agate along the same channels as the underlying factor model, which would mean

that the SCM may actively select for units which will induce bias. In our simulation

section, we will explore this bias in more depth.

It is worth noting that the problem caused by spillover effects cannot fully solved

by näıve methods such as not including contaminated units in estimation. This is

because the contaminated units are often the most important control units that can

be useful in forming the synthetic control. Simply not including them in estimation

can potentially cause efficiency loss. Moreover, there are cases where most or even

all control units are affected by the spillover, which cannot be solved by throwing

away affected control units. This is also true for synthetic control methods that are

modified to estimate treatment effects with multiple treated units, since the current

methods in the literature use only the units that are not affected by the treatment in

order to form the synthetic control. For examples of multivariate synthetic control

methods, see Cavallo et al. [2013], Firpo and Possebom [2018], Kreif et al. [2016],

Robbins et al. [2017], and Xu [2017].

The goal of this paper is to demonstrate our relaxation of the SUTVA condition

and to perform estimation and testing. Particularly, we look at the cases where
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there are spillover effects, which are defined by a Rubin model as the difference

between the actual outcomes and the counterfactual ones. To facilitate estimation,

we assume some knowledge about the spillover effects is known. More specifically,

the treatment effect and the spillover effects are linear in some unknown parameters.

We give examples where this assumption is plausible. For each unit of observation,

we estimate a model between it and all the other units, using the SCM with pre-

treatment data. Thanks to the known spillover structure, we obtain asymptotically

unbiased estimators for the treatment and spillover effects. We also characterize the

asymptotic distribution of the estimator. Unlike the current methods, our method

uses information from all control units in estimation.

In addition, we proposed an inferential procedure based on Andrews [2003]’s end-of-

sample instability test, or P -test. We first generalized the P -test to the synthetic

control method without spillover effects and then generalize it further to incorporate

cases with spillover effects. Similar to the P -test, our testing procedures use the idea

of approximating the null distribution of the statistic using pre-treatment data.

In our related paper, we gave high-level conditions under which our methods are

valid. Specifically, our conditions adapt to factor models with either stationary or

cointegrated common factors, which are often used to justify the usage of synthetic

control methods. Furthermore, we consider extensions where treatment applies to

multiple units or periods, and where there are extra covariates.

In this paper, we examine an empirical example from Abadie et al. [2010]. In 1989
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California implemented a cigarette tax. Abadie et al. [2010] gather data from 38

states starting in 1970 for comparison. They dismiss 12 states for potentially being

affected by spillovers or later treatment. Despite this precaution, we find evidence of

spillover effects in every year after 1990. Moreover, those spillovers appear to have

a substantial impact on the treatment effect estimate in 4 of the first 5 years after

treatment.

This paper mainly contributes to three developing literatures. First, it complements

the fast-developing literature on synthetic control inference by relaxing SUTVA. Due

to its popularity among empirical researchers, many formal results have been devel-

oped for statistical inference in similar settings. For example, Conley and Taber

[2011] consider hypothesis testing in a similar data structure where only a few

units are treated and both pre- and post-treatment periods are short. They con-

sider difference-in-differences, and use control units to form the null distribution of

the statistic. In this particular setting with only a few treated units, difference-in-

difference estimator can be treated as a speical case of the SCM with equal weights.

In Ferman and Pinto [2017] and Hahn and Shi [2017], similar ideas are used to con-

duct placebo tests which permute across observed units. Among all, Chernozhukov

et al. [2017] is the most related to our work, since they also use outcomes across

periods rather than across units like the above citations. Li [2019] proposes a testing

procedure that is based on the idea of projection onto convex sets and results in

Fang and Santos [2018]. However, none of the papers mentioned above allows for the

existence of spillover effects. Our methods provide formal statistical results in this

setting, without assuming SUTVA. Furthermore, our estimation and testing proce-
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dure applies to factor models with cointegrated common factors, which is of special

interest even in cases without spillover effects.

We also contribute to the literature on spillover effects. This fast-growing literature

looks into both estimation of treatment effects in the presence of spillover effects, as

well as estimation of spillover effects themselves. For example, Vazquez-Bare [2017]

consider a framework where observations are grouped into clusters, and spillover

effects are allowed within a cluster, but not across clusters. It discusses estimation of

heterogeneous treatment effects as a function of the number of treated units within

the same cluster, and spillover effects as a function of whether the unit is treated, and

number of treated units within the same cluster. Basse et al. [2017] and Rosenbaum

[2007] use randomization test for inference in the presence of spillover effects. Also

see Basse et al. [2017] and Vazquez-Bare [2017] for a literature review on spillover

effects. However, this literature seldom looks at the panel data setting with only

a few treated units and short post-treatment periods. This limitation is in part

because we usually do not have enough information about the spillover effects in

this particular setting. We overcome this problem by requiring a potentially weak

assumption that the spillover structures be pre-specified and follow a pattern that is

linear in some underlying parameters. With that specification, we can estimate the

spillover effects and perform statistical tests on the spillovers.

Third, our results extend the literature on Andrews [2003]’s end-of-sample insta-

bility tests. Andrews [2003] uses data across time periods to approximate the

null distribution of the test statistic, and apply this idea to OLS, IV, and GMM.
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Chernozhukov et al. [2017] propose a permutation test that is more general, but sim-

ilar in cases where serial correlation matters. We extend this idea to the the SCM

case, and further to more complicated cases with spillover effects. As Andrews and

Kim [2006] extends Andrews [2003]’s results to the cointegrated cases, we also show

that our method is still valid for a cointegrated factor model.

The remainder of this paper is organized as follows. Section 2.3 introduces a model

with spillover effects, proposes an estimator of the spillover effects and discusses its

asymptotic distribution. In the companion paper [Cao and Dowd, 2021], we consider

the P -test introduced by Andrews [2003] and explains how it can be applied in

our settings, with proofs in the Appendix Section. In that paper, we also extend our

methods to cases with multiple treated units and/or multiple post-treatment periods,

and briefly discusses cases with extra covariates. In this paper, we present Monte

Carlo simulation results in Section 2.4 and in Section 2.5 we present an empirical

example of our method. Section 2.6 concludes.

2.3 Model and Estimation

2.3.1 A Rubin Model with Spillover Effects

We consider Rubin’s potential outcome model. In Rubin’s model with violation of

SUTVA, the potential outcomes are functions of treatment assignments on all units.
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y1,1(0, . . . , 0) . . . y1,T (0, . . . , 0) y1,T+1(1, 0, . . . , 0)

y2,1(0, . . . , 0) . . . y2,T (0, . . . , 0) y2,T+1(1, 0, . . . , 0)
...

. . .
...

...

yN,1(0, . . . , 0) . . . yN,T (0, . . . , 0) yN,T+1(1, 0, . . . , 0)

} treated unit control units

↑ treatment

Figure 2.1: Example Synthetic Controls Data Structure

Namely, the outcome of unit i at time t is

yi,t = yi,t(dt),

where dt = (d1,t, . . . , dN,t)
′ and di,t = 1 if unit i has been treated at time t.

We consider a standard synthetic control setting where only one unit is treated and

only one period is available after the treatment is implemented. We consider cases

with multiple treated units and multiple post-treatment periods in the related paper.

Let unit 1 be treated between time T and T + 1, and there be another N − 1 units

that are not directly treated by the policy. Thus, we observe an N × (T + 1) panel

as shown in Figure 2.1.

Note that we only observe outcomes with dT+1 = (0, . . . , 0)′ or dT+1 = (1, 0, . . . , 0)′.

This is the fundamental limitation of the dataset we are currently studying. Unless

other homogeneity conditions are assumed, we cannot say anything about yi,T+1(dT+1)

for dT+1 6∈ {(0, . . . , 0)′, (1, 0, . . . , 0)} because only a few units are treated and only a
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few post-treatment periods are available. For notation simplicity, let


yi,t(0) = yi,t(0, . . . , 0)

yi,t(1) = yi,t(1, 0, . . . , 0)

for each (i, t). Let αi = yi,T+1(1) − yi,T+1(0) be the potential deviation from unit

i’s counterfactual outcome yi,T+1(0) where no unit is treated at time T + 1. That is,

α1 is the direct treatment effect on unit 1, while αi with i 6= 1 is the indirect effect

or spillover effect. Throughout, we consider the case where N is fixed and T goes to

infinity.

In case studies, we are often interested in estimating the treatment effect α1. For

example, Abadie et al. [2010] consider the direct treatment effect on California of the

tobacco control policy implemented in the state. A common choice is the synthetic

control estimator. Namely, we obtain the synthetic control weights by solving the

optimization problem

â1

b̂1

 = arg min
ã∈R,b̃∈W (1)

T∑
t=1

(yi,t − ã− Y ′t b̃)2, (2.1)

where Yt = (y1,t, . . . , yN,t)
′ and W (1) = {(w1, . . . , wN )′ ∈ RN+ : w1 = 0,

∑N
j=2wj =

1}. An estimator of the treatment effect α1 is given by

α̂1 = y1,T+1 − (â+ Y ′T+1b̂),
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i.e., the counter-factual value y1,T+1(0) is approximated by â + Y ′T+1b̂. For this

paper we use an constraint set as in the demeaned synthetic control method [Ferman

and Pinto, 2019]. That is, we do not restrict the intercept but require the other

coefficients to be positive and sum up to one. 1

2.3.2 Assumptions

Spillover Structure

Throughout the paper, we assume some knowledge about the spillover effects is

known. Namely, assume that the full effect vector α is a linear transformation of

some unknown parameter γ ∈ Rk, i.e. α = Aγ. Typically, γ has less dimensions

than α does. Here are some examples that fit in this framework.

Example 1. Assume a subset of control units, but not all of them, are equally affected

1. Other choices of constraint set for (â1, b̂
′
1)′ include {0} × {0} × ∆N−1 as in the original

synthetic control method of Abadie and Gardeazabal [2003] and Abadie et al. [2010], and R ×
{0} × RN−1

+ as in the modified synthetic control of Li [2019], where ∆N−1 = {w ∈ RN−1 : wi ≥
0 for each i,

∑N−1
i=1 wi = 1} is a (N − 1)-dimensional simplex. See Doudchenko and Imbens [2016a]

for a discussion of other restriction sets.
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by the spillover effects, i.e.

A =



1 0

0 1

...
...

0 1

0 0

...
...

0 0



, γ =

α1

b

 .

Example 2. Assume the spillover effect shrinks as the geometric distance goes up.

For i = 2, . . . , N , αi = b exp(−di) where di is the distance between unit 1 and unit i

and b is some unknown parameter of interest. Then, we have

A =



1 0

0 exp(−d2)

...
...

0 exp(−dN )


, γ =

α1

b

 .

Example 3. Assume the spillover effect is likely to take place at some known locations,

but not at other locations, while the sizes of spillover effects are allowed to vary across

those units. For example, assume there are potential spillovers at locations whose

distance to unit 1 is less than d̄. Then, the treatment and spillover effect vector can

also be represented by Aγ. WLOG order the units by increasing distance from unit
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1, and let p the number of units experiencing spillovers. Then

A =


1 01×p

0p×1 Ip

0(N−p−1)×1 0(N−p−1)×p

 , γ =



α1

αk1
...

αkp


.

Thus the units indexed 2, ..., (p+ 1) each experience their own size spillover effect.

The assumptions in Example 3 are often plausible. We give an empirical example

in Section 2.5. If mis-specification of the spillover structure is a concern, one can

always choose an A matrix that incorporates more potential spillovers, i.e., a bigger

p.

Invertibility Assumption

In order to back out the spillover effects, we proceed as follows. We first define the

individual synthetic control weights and their limits. Namely, let

âi
b̂i

 = arg min
ã∈R,b̃∈W (i)

T∑
t=1

(yi,t − ã− Ytb̃′)2, (2.2)

where W (i) = {(w1, . . . , wN )′ ∈ RN+ : wi = 0,
∑N
j=1wj = 1}. Then, let

ai = plim âi, bi = plim b̂i,
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and we only consider cases where they are well-defined. We show in the related paper

that ai and bi exist for each i in factor models with stationary or cointegrated common

factors. In general, ai and bi do not coincide with the weights that reconstruct the

factor loadings [Ferman and Pinto, 2019].

For each (i, t), define the specification error by

ui,t = yi,t(0)− (ai + Yt(0)′bi). (2.3)

Note that the i-th entry of bi is zero. Define a = (a1, . . . , aN )′, B = (b1, . . . , bN )′,

and M = (I −B)′(I −B). Stacking Equation (2.3) for all i’s gives

ut = Yt(0)− (a+BYt(0)),

where and ut = (u1,t, . . . , uN,t)
′. For t = T + 1, this becomes

uT+1 = (I −B)(YT+1 − α)− a, (2.4)

where YT+1 = (y1,T+1, . . . , yN,T+1)′. We will use this equation to estimate the

spillover effect.

Defining M = (I −B)′(I −B), we introduce the following invertibility assumption:

Condition IN. A′MA is non-singular.

First note Condition IN is testable in principle. We can consistently estimate B so
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the data informs us of the validity of this assumption. To understand this assumption

better, we replace α by Aγ in Equation (2.4) and have

(I −B)Aγ = (I −B)YT+1 − a− uT+1. (2.5)

Equation (2.5) is the key to learning α. Under mild regularity conditions, a and B are

identified from the model and learned by the synthetic control method. We do not

observe uT+1, but the distribution of uT+1 can be learned using pre-treatment data

under stationarity of {ut}t≥1. Therefore, if A′MA is non-singular, or equivalently,

(I − B)A has full rank, we can form an estimator of γ whose limiting distribution

is identified by multiplying both sides of Equation (2.5) by (A′MA)−1A′(I − B)′.

Note that we do not identify γ or α. This is because we have only one observation

of the outcome in post-treatment periods.

We illustrate Condition IN in the following toy example.

Example 4. Assume there are 3 units in total, where unit 1 is treated. Let the

synthetic control weight matrix B be

B =


0 w1 1− w1

w2 0 1− w2

w3 1− w3 0

 .

Suppose the researcher first assumes unit 2 and 3 are equally exposed to the spillover
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effects. That is, they assume

A1 =


1 0

0 1

0 1

 , γ =

 γ1

γ2

 , and α =


γ1

γ2

γ2

 .

Then, Condition IN does not hold, because

(I −B)A1 =


1 −1

−w2 w2

−w3 w3

 .

If they instead assumes only one of the controls is exposed to the spillover effects,

Condition IN is satisfied in general. In this case,

A2 =


1 0

0 1

0 0

 , γ =

 γ1

γ2

 , and α =


γ1

γ2

0

 ,

and

(I −B)A2 =


1 −w1

−w2 1

−w3 w3 − 1

 .
It can be shown that (I −B)A2 always has full rank for (w1, w2, w3) ∈ [0, 1]3.

This applies to more general settings. That is, if all controls are equally hit by the
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spillover effects, then (I − B)A does not have full rank and we lose Condition IN.

Allowing a few units to be exempt from the spillover effects makes (I − B)A have

full rank in general.

A more interesting case is Example 3, where we only restrict the range of spillover

effects and allow the levels to vary. In this case, (I − B)A can be obtained by

eliminating columns that correspond to units that are neither treated nor exposed to

spillover effects. Again, as long as at least one control is not exposed to the spillover

effects, (I − B)A has full rank in general. This assumption is more convincing if a

moderate number of columns are eliminated from (I − B), i.e. only a few units are

exposed to the spillover effects.

2.3.3 Estimation

We form estimators for (a,B) using synthetic control methods as in (2.2). We do that

for each i = 1, . . . , N , as if each i is the treated unit and other units are controls.

Then, the estimators for a and B are â = (â1, . . . , âN )′ and B̂ = (̂b1, . . . , b̂N )′

respectively. Let M̂ = (I − B̂)′(I − B̂) be an estimator for M . Let an estimator of

γ be such that

γ̂ = arg min
g∈Rk

‖(I − B̂)(YT+1 − Ag)− â‖

= (A′M̂A)−1A′(I − B̂)′((I − B̂)YT+1 − â). (2.6)

49



Note that the FOC implies

A′(I −B)′uT+1 = 0,

i.e. it requires that some weighted sum of the residuals to be zero. Under that

condition, the treatment and spillover effect vector α can be estimated by α̂ = Aγ̂.

Assumption 1. (a) {ut}t≥1 is stationary, and has mean zero.

(b) ‖â− a‖ = op(1), ‖B̂ −B‖ = op(1)

(c) ‖(B̂ −B)YT+1(0)‖ = op(1).

(d) A′MA is non-singular.

Note that Part (c) excludes polynomial time trends.

Theorem 1. Suppose Assumption 1 holds. Then, α̂− (α+GuT+1)→p 0 as T →∞,

where G = A(A′MA)−1A′(I −B)′. Moreover, E[GuT+1] = 0.

The structure of the limiting distribution is similar to the case as in Ferman and Pinto

[2019], as it is inconsistent but asymptotically unbiased (i.e. that the difference

between the estimator and the true value has zero mean). Note that consistent

estimators are impossible because only one post-treatment period is available.

Moreover, we can form an estimator of α with possibly lower variance. For some

positive definite matrix W ∈ RN , we minimize ‖W 1/2εT+1‖ instead of ‖εT+1‖. The
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resulting estimator is

γ̂W = arg min
g∈Rk

‖W 1/2((I − B̂)(YT+1 − Ag)− â)‖

= (A′M̂WA)−1A′(I − B̂)′W ((I − B̂)YT+1 − â),

where M̂W = (I − B̂)′W (I − B̂). The corresponding estimator for α is α̂W = Aγ̂W .

In the spirit of GMM with an efficient weighting matrix, let Ω = Cov[u1] and W e
T

be a consistent estimator of Ω−1. Then an estimator of α with lower variance can

be achieved by α̂e = α̂W e
T
.

Let MW = (I−B)′W (I−B), GW = A(A′MWA)−1A′(I−B)′W for some weighting

matrix W , W e = Ω−1, Me = MW e , and Ge = GW e . Then, we have the following

results.

Proposition 1. Suppose Assumption 1 holds, WT is a consistent estimator for W ,

and W e
T is a consistent estimator for W e. Then, α̂WT

− (α + GWuT+1) →p 0, and

specifically, α̂e − (α + GeuT+1) →p 0, as T → ∞. Moreover, (Cov[GWuT+1] −

Cov[GeuT+1]) is positive semi-definite.

In practice, we need to estimate Ω, and for that we would need relatively large sample

size (large T ) to have a good approximation.
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2.4 Simulation

We present Monte Carlo simulation results in this section. For each case considered,

we use 1000 simulation repetitions.

2.4.1 Estimation with Spillover Effects

In this subsection we examine the finite sample performance of our estimation pro-

cedure proposed in Section 2.2. The model considered here is similar to Li [2019],

where yi,t(0) follows a factor model structure. We show both stationary and I(1)

case.

Stationary Case

The underlying factor model is

yi,t(0) = ηt + λ′tµi + εi,t,
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Figure 2.2: Distribution of treatment effect estimates. The true treatment effect is 5.
SCM is using the standard synthetic control method assuming no spillover effects. SP is
the estimation procedure proposed in this paper that takes spillover effects into account.
Estimates are fitted using kernel density.

where λt = (λ1,t, λ2,t, λ3,t)
′,

ηt = 1 + 0.5δt−1 + ν0,t,

λ1,t = 0.5λ1,t−1 + ν1,t,

λ2,t = 1 + ν2,t + 0.5ν2,t−1,

λ3,t = 0.5λ3,t−1 + ν3,t + 0.5ν3,t−1,
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and εi,t and νj,s is i.i.d. N(0, 1) for each (i, j, s, t). Each entry of µi is drawn from an

independent uniform distribution on [0, 1] and fixed for each repetition. At t = T+1,

the observed outcome is yi,T+1 = yi,T+1(0) + αi, where αi is either treatment effect

or spillover effect and is specified below. The treatment effect is set to 5 and the

spillover effect is 3.

The empirical bias and variance (in parentheses) of the treatment effect estimator

using two methods are shown in Table 2.1. We consider three spillover patterns. No

spillover effects is the case where unit 1 receives a treatment effect of 5 at t = T + 1

and other units are not affected. Concentrated spillover effects is the case where

1/3 of the control units receive a spillover effect of 3. Spreadout spillover effects is

the case where 2/3 of the control units receive a spillover effect of 3. SCM is the

original synthetic control method, and SP is the corrected synthetic control method

proposed in Section 2.3.3. Throughout the simulations we assume the coverage of

spillover effect is known, but not other information, so A is constructed as in Example

3. For No spillover effects, we are being conservative in our use of the SP estimator

and run it as if 1/3 of the control units are exposed to spillover effects.

To better compare results, we fit the simulation results using kernel density for the

(N, T ) = (10, 50) case with concentrated spillover effects and plot it in Figure 2.2.
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I(1) Case

For the I(1) case, the underlying factor model follows

yi,t(0) = λ′tµi + εi,t,

where λt = (λ1,t, λ2,t, λ3,t)
′,

λ1,t = λ1,t−1 + 0.5ν1,t,

λ2,t = λ2,t−1 + 0.5ν2,t,

λ3,t = 0.5λ3,t−1 + ν3,t,

and εi,t and νj,s follows i.i.d. N(0, 1) for each (i, j, s, t). The factor loadings are

constructed such that condition CO is satisfied. Namely, we let µ1 = (1, 0, 0)′,

µ2 = (0, 1, 0)′, µ3 = (1, 0, 0)′, µ4 = (0, 1, 0)′, and for µj with j = 5, . . . , N , we draw

independent uniform distribution on [0, 1] for each entry and then normalize each

loading vector such that three entries of each µj sum up to one. The constructed

factor loadings are fixed for each repetition while other settings are same as the

stationary case. The results are shown in Table 2.2.
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2.4.2 Test for Treatment Effects

In this section we compare test procedures against the null hypothesis H0 : α1 = 0,

i.e. the treatment effect is zero. The results are shown in Table 2.3 and Table 2.4.

The DGP is exactly the same as in Section 2.4.1 (the stationary case), except that

α1 = 0 (the null) for Table 2.3 and α1 = 5 (the alternative) for Table 2.4. Placebo

test is as in Abadie and Gardeazabal [2003] and Hahn and Shi [2017]. Andrews’ test

is as in Andrews [2003]. SP is the spillover-adjust test proposed in Cao and Dowd

[2021].

Among the three testing procedures, SP test has correct sizes and outperforms the

other two methods in power. Placebo test has correct sizes in some cases but has

lower power, and Andrews’ test over-rejects under null. The reasons are discussed in

Cao and Dowd [2021].

2.4.3 Test for Existence of Spillover Effects

In this section we examine the power of the proposed test against the null hypothesis

that there are no spillover effects. We also look into its behavior when the range

of the spillover effect is not correctly specified. In this set of experiments, the level

of spillover effects varies from 0 to 2, corresponding to the strength of alternative

hypotheses. We set (N, T ) = (20, 50) and α1 = 5. There are 9 units that are affected

by spillover effects. Other settings follow exactly as in Section 2.4.1 (the stationary
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Figure 2.3: Empirical rejection rate of testing for existence of spillover effects. There
are 20 units in total and half of them are affected by the treatment. Include too few is
assuming only 5 of them are affected by the treatment. Correct specification assumes the
researcher knows exactly which set of units are affected. Include too many assumes 15
units are affected, 5 of which are in fact not affected.

case). The model for the range of spillover is as in Example 3.

The empirical rejection rates against various levels of spillover effects using our

method proposed in Cao and Dowd [2021] are plotted in Figure 2.3. Here Include

too few misses half of the units that are actually affected by the treatment (assuming

that unit 1 as well as four other units are affected), Correct specification assumes we

know exactly which units are affected, and Include too many assumes 15 units are

affected in estimation, 5 of which are actually not affected by spillover effects.
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The simulation results show that the proposed test is quite robust to model misspec-

ification. Among the three cases, Include too many is still a correct specification but

is supposed to be more conservative, so it has less power than Correct specification

does. The range of spillover effects is misspecified in Include too few, but the test is

still correctly sized under the null2 and has reasonable power under alternatives.

2.5 Empirical Example

To demonstrate our method, we use it on the classic SCM example from Abadie et al.

[2010] (ADH), which looks at the effect of Proposition 99 on California cigarette

consumption. In this section, we will walk through the results from our method,

with interruptions to point out key features and issues.

Proposition 99 intended to disincentivize smoking, which was primarily achieved by

introducing a $0.25 tax on each pack of cigarettes. By measuring sales in California,

ADH and others have attempted to determine the effect of the policy on smoking

rates. However, traditional SCM is not guaranteed to produce an unbiased treatment

effect estimator in the presence of spillover effects. In this tobacco control program

example, we are concerned about two kinds of spillover effects. The first spillover is

based on concerns about “leakage”. A common problem with cigarette taxes is that

measured local consumption might fall as people move their purchasing behavior

across legal boundaries. In order to accommodate this, we allowed for a spillover

2. The model is always correctly specified under null.
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Figure 2.4: Trends in per-capita cigarette sales: California, synthetic California, and
spillover-adjusted synthetic California. SP synthetic California is using our estimation
procedure, which accounts for spillover effects. The vertical line indicates the start of
treatment.

affecting states neighboring California and a spillover affecting states which a state

away from California. The second spillover type we considered was a cultural change.

If tobacco is discouraged in California, it might reduce the cultural appeal of smoking.

Reasoning that the northeast is culturally close to the west coast, we allowed for the

northeastern states to experience this cultural spillover.

One might also think that there could be a policy contamination whereby culturally

close states also enact policies with similar targets. Our method can allow for this
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Figure 2.5: Per-capita cigarette sales gap between California and (spillover-adjusted) syn-
thetic California (with 90% confidence interval). The lines to the right of passage of
Proposition 99 are treatment effect estimates. SCM is obtained by using standard syn-
thetic control method. SP is using our estimation procedure, which accounts for spillover
effects. Shaded area denotes our test rejects there is no spillover effects in those years.

kind of spillover in our estimation. However, the initial paper took that type of

problem into account, and 12 states which experienced legislative changes in the

ensuing years were removed in that paper (and thus in our data).

The data used is per capita cigarette consumption in 38 of the 50 states running from

1970 to 2000. Twelve states were removed from the data because of concerns that

they were either contaminated, or received treatment later on. In 1989 California en-

acted Proposition 99, so all periods from 1989 onwards are considered post-treatment
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periods. We replicate this program evaluation using the method introduced in previ-

ous sections, allowing for possible spillover effects. We use the spillover structure as

in Example 3. That is, we allow for arbitrary spillover effects in those geographically

close and culturally similar states as described in the last paragraph, but not the

others. We also perform hypothesis testing on both treatment effects and spillover

effects.

The results are shown in Figure 2.4 and Figure 2.5. The method in Abadie et al.

[2010] is indexed by SCM and our method is SP. Figure 2.4 shows the “synthetic

California” and Figure 2.5 elaborates on this by specifically looking at the estimated

treatment effects. The error bars are built using the methods described in this paper,

at a significance level of 90%. We do not use a 95% significance level because there

are only 19 pre-treatment periods.

As Figure 2.4 shows, our estimated consumption in the “synthetic California” does

not differ qualitatively from what a standard SCM would predict. Quantitatively,

Figure 2.5 shows that our results are more consistent with an addiction story, that

tobacco consumption is addictive and should not fall immediately after the policy.

From the tests of spillover effects (shaded area of Figure 2.5), we see that likely

there were substantial spillover effects, which in some periods lead to statistically

significant changes in the treatment effect estimates. For example, the SCM estimate

of year 1990 lies outside our confidence interval, which potentially results from the

over-estimation of scale of the treatment effects in the presence of spillover effects.
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2.6 Conclusion

The synthetic control method is a powerful tool in treatment effect estimation in

the panel data settings, but it does not work in the presence of spillover effects. In

a related paper, we relax this assumption and propose an estimation and testing

procedure that is robust to the presence of spillover effects. Our method requires

specification of the spillover structure, which can be weak (Example 3). We derive

a set of conditions under which our estimators are asymptotically unbiased. We

develop a testing procedure based on Andrews [2003]’s end-of-sample instability tests

and show that it is asymptotically unbiased under a set of conditions. We show our

conditions are satisfied by the commonly used factor models, with either stationary

or cointegrated common factors. Our methods can be extended to cases with multiple

treated units and multiple post-treatment periods, and with extra covariates. In this

paper, we provide simulation results certifying the validity of our estimation and

testing procedure in the presence of spillover effects. The simulations also indicate

that our testing procedure is relatively robust to misspecification of the spillover

structure. Finally, we illustrate our method by applying it to Abadie et al. [2010]’s

California tobacco control program data.
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Table 2.1: Treatment effect estimation with stationary common factors.

N = 10 N = 30 N = 50

T = 50 200 50 200 50 200

No spillover effects

SCM 0.011 -0.003 0.114 0.016 -0.041 -0.033

(1.249) (1.586) (1.244) (1.273) (1.290) (1.182)

SP 0.013 0.018 -0.012 0.010 -0.031 -0.040

(1.417) (1.710) (1.362) (1.486) (1.516) (1.270)

Concentrated spillover effects

SCM -0.986 -1.333 -0.880 -1.543 -1.070 -0.796

(1.451) (2.065) (1.654) (1.392) (1.638) (1.461)

SP 0.025 0.140 0.038 0.025 -0.055 0.110

(1.425) (1.756) (1.435) (1.250) (1.581 ) (1.408)

Spreadout spillover effects

SCM -1.910 -2.114 -1.859 -2.398 -2.112 -2.154

(1.470) (1.696) (1.472) (1.369) (1.538) (1.313)

SP 0.007 0.029 -0.025 0.018 -0.048 -0.028

(1.438) (2.061) (1.296) (1.602) (1.450) (1.290)

Notes: The numbers without parentheses are empirical bias in simulation.
The ones with parentheses are empirical variance. SCM is the standard
synthetic control method assuming no spillover effects. SP is the estimation
procedure proposed in this paper that takes spillover effects into account.
No spillover effects stands for the cases where the true DGP has no spillover
effects. Concentrated spillover effects is the case where 1/3 of the control
units receive a spillover effect. Spreadout spillover effects is the case where
2/3 of the control units receive a spillover effect of the same level.
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Table 2.2: Treatment effect estimation with I(1) common factors.

N = 10 N = 30 N = 50

T = 50 200 50 200 50 200

No spillover effects

SCM -0.018 -0.043 -0.088 -0.031 0.038 -0.038

(1.642) (1.772) (1.539) (1.900) (1.810) (1.866)

SP -0.057 -0.017 -0.053 -0.044 0.013 -0.017

(2.249) (4.523) (2.121) (2.184) (1.849) (1.952)

Concentrated spillover effects

SCM -1.400 -2.234 -2.026 -1.954 -1.408 -2.325

(1.854) (1.856) (1.921) (2.079) (2.043) (1.976)

SP -0.057 -0.017 -0.053 -0.044 0.013 -0.017

(2.249) (4.523) (2.121) (2.184) (1.849) (1.952)

Spreadout spillover effects

SCM -2.599 -2.885 -2.536 -2.465 -2.402 -2.889

(1.779) (1.795) (1.759) (2.037) (1.921) (1.900)

SP 0.027 -0.022 -0.008 0.010 0.006 -0.045

(3.447) (7.367) (2.412) (2.740) (2.279) (2.712)

Notes: The numbers without parentheses are empirical bias in simulation.
The ones with parentheses are empirical variance. SCM is the standard
synthetic control method assuming no spillover effects. SP is the esti-
mation procedure proposed in this paper that takes spillover effects into
account. No spillover effects stands for the cases where the true DGP has
no spillover effects. Concentrated spillover effects is the case where 1/3
of the control units receive a spillover effect. Spreadout spillover effects
is the case where 2/3 of the control units receive a spillover effect of the
same level.
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Table 2.3: Empirical rejection rate of testing for treatment effects under null.

N = 10 N = 30 N = 50

T = 15 50 200 15 50 200 15 50 200

No spillover effects

Placebo 0.000 0.000 0.000 0.072 0.053 0.062 0.034 0.031 0.040

Andrews 0.076 0.061 0.060 0.108 0.082 0.065 0.141 0.078 0.072

SP 0.048 0.049 0.058 0.055 0.064 0.052 0.066 0.046 0.059

Concentrated spillover effects

Placebo 0.000 0.000 0.000 0.066 0.046 0.116 0.035 0.029 0.026

Andrews 0.411 0.207 0.224 0.417 0.279 0.346 0.519 0.346 0.184

SP 0.065 0.050 0.043 0.111 0.069 0.061 0.109 0.092 0.054

Spreadout spillover effects

Placebo 0.000 0.000 0.000 0.129 0.063 0.147 0.060 0.059 0.072

Andrews 0.576 0.478 0.399 0.685 0.563 0.616 0.741 0.621 0.544

SP 0.036 0.035 0.042 0.034 0.042 0.046 0.030 0.042 0.044

Notes: SP is the estimation procedure proposed in this paper that takes spillover effects
into account. No spillover effects stands for the cases where the true DGP has no spillover
effects. Concentrated spillover effects is the case where 1/3 of the control units receive a
spillover effect. Spreadout spillover effects is the case where 2/3 of the control units receive
a spillover effect of the same level.
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Table 2.4: Empirical rejection rate of testing for treatment effects under alternative.

N = 10 N = 30 N = 50

T = 15 50 200 15 50 200 15 50 200

No spillover effects

Placebo 0.000 0.000 0.000 0.908 0.939 0.966 0.922 0.936 0.931

Andrews 0.797 0.948 0.926 0.785 0.901 0.983 0.797 0.972 0.827

SP 0.835 0.956 0.923 0.823 0.937 0.965 0.839 0.964 0.993

Concentrated spillover effects

Placebo 0.000 0.000 0.000 0.461 0.502 0.448 0.465 0.434 0.464

Andrews 0.651 0.765 0.329 0.704 0.754 0.542 0.680 0.746 0.737

SP 0.860 0.932 0.991 0.957 0.918 0.967 0.834 0.816 0.853

Spreadout spillover effects

Placebo 0.000 0.000 0.000 0.348 0.378 0.331 0.305 0.255 0.294

Andrews 0.337 0.403 0.277 0.563 0.414 0.278 0.406 0.309 0.343

SP 0.866 0.978 0.981 0.969 0.950 0.991 0.909 0.985 0.974

Notes: SP is the estimation procedure proposed in this paper that takes spillover effects
into account. No spillover effects stands for the cases where the true DGP has no spillover
effects. Concentrated spillover effects is the case where 1/3 of the control units receive a
spillover effect. Spreadout spillover effects is the case where 2/3 of the control units receive
a spillover effect of the same level.
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CHAPTER 3

TWO-SAMPLE TEST

3.1 Abstract

Empirical cumulative distribution functions (ECDFs) have been used to test the

hypothesis that two samples come from the same distribution since the seminal

contribution by Kolmogorov and Smirnov. This paper describes a statistic which is

usable under the same conditions as Kolmogorov-Smirnov, but provides more power

than other extant tests in that vein. I demonstrate a valid (conservative) procedure

for producing finite-sample p-values. I outline the close relationship between this

statistic and its two main predecessors. I also provide a public R package (CRAN:

twosamples1) implementing the testing procedure in O(N log(N)) time with O(N)

memory. Using the package’s functions, I perform several simulation studies showing

the power improvements.

3.2 Introduction

Determining whether two samples came from the same distribution is an old problem

with constant relevance. Particularly when two distributions may have the same

1. Package was published in 2018.
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mean, but differ in other important ways, testing their similarity can be both difficult,

and critical. In this paper, I characterize a new testing procedure for this situation,

which builds on the literature started by Kolmogorov and Smirnov.

Consider the following situation: there are two independent samples: A and B,

of sizes na and nb. Within each sample, all observations are independently drawn

from the same distribution: a
iid∼ E and b

iid∼ F . Our null hypothesis is that the

two (cumulative) distributions are the same, H0 : E = F . Without making any

further assumptions, we would like a valid (and ideally consistent/powerful) test of

this hypothesis.

Validity in the testing setting refers to a testing procedure which has the correct

rejection rate when the null is true. That is to say, when we set a critical value

of 5%, the test should only reject 5% of the time if the null hypothesis is true.

Consistency refers to the ability of the test to detect small differences in the limit.

For a consistent test, there is a sample size beyond which it rejects the null with high

probability, when the null is false. I prove validity for this test statistic, and I will

outline a proof that the test is consistent – able to eventually detect any differences

between two CDFs.2 But two tests which detect a difference asymptotically may

still have massively difference performance. Power is how we discuss performance

differences in pre-asymptotic samples. In some situations, there are already tests

2. This is weaker than being consistent for any difference between two distributions. The PDF,
not the CDF, uniquely identifies a distribution. By the same token, there are different PDFs which
do not cause differences in the PDF. No test based solely on the ECDF will be able to detect the
difference between such distributions.
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which have been proven to be maximally powerful, and I will compare directly to

those tests. The primary benefit of this new test is greater power across a wide range

of possible differences between distributions.

There are several non-standard use cases which readers may be interested in. I

discuss using weighted observations, parallelizing, and comparisons to a known null

distribution in Appendix A. In Appendix B I discuss code runtime and memory

usage, as well as showing some real world runtime data.

The rest of the introduction will introduce the extant testing procedures in the liter-

ature, and compare their methods in a single example simulation. That simulation

consists of one sample from a standard normal, and another sample from a N(0.5, 4).

3.2.1 Test Statistics

Kolmogorov and Smirnov were the first two to study this problem Kolmogorov [1933],

Smirnov [1948]. Their statistic calculates the two empirical cumulative distribution

functions, takes the difference, and finds the maximal absolute value of the resulting

function.

KS = max
x∈R
|F̂ (x)− Ê(x)|

They also used innovative techniques to find the resulting asymptotic distribution,

and generate p-values. Figure 3.1 shows a black line, the height of which is the KS

test statistic in that simulation. Other versions of the KS statistic are one-sided in
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Figure 3.1: A demonstration of the Kolmogorov-Smirnov statistic – the height of
the black line is the KS stat. The other two lines represent the ECDFs of two
independent samples.

the sense that they focused solely on max(F̂ (x)− Ê(x)) or min(F̂ (x)− Ê(x)) – thus

focusing their power on mean shifts in either direction.

Later researchers realized that by focusing solely on the maximum value, power

against other hypothesis was being lost. The Kuiper test sums the max and min

values of that difference.Kuiper [1960]

Kuiper = max
x∈R

(F̂ (x)− Ê(x)) + min
x∈R

(F̂ (x)− Ê(x))

This provides more power against possible variance changes – which produce the

situation in figure 3.2. The Kuiper stat would be the sum of the heights of the two

black lines.
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Figure 3.2: A demonstration of the Kuiper statistic – the sum of the heights of
the black lines is the Kuiper stat. The other two lines represent the ECDFs of two
independent samples.

Cramer and Von Mises developed this further.Cramér [1928], von Mises [1928] Their

test statistic takes the sum of all the observed differences between the two ECDFs.

Denoting the combined sample X, it can be written as follows.

CVM =
∑
x∈X
|F̂ (x)− Ê(x)|

Figure 3.3 shows an example of this. The CVM test statistic would be the sum of

each black line.

At this point, Anderson and Darling [1952] noticed a central issue. Under the null,

the variance of F̂ (x)− Ê(x) is not remotely stable across x. At any given point x0,

naÊ(x0) ∼ Binomial(na, E(x0)). That is to say, if the true CDF makes it such that

P [x < x0] = 0.5 for any one observation, then the ECDF, which is the fraction which
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Figure 3.3: A demonstration of the Cramer-Von Mises statistic – the sum of the
heights of all the black lines is the CVM stat. The other two lines represent the
ECDFs of two independent samples.

are less than a given point, is distributed like a binomial with that same probability.

And we know that binomial distributions have variance np(1−p), which is maximized

when p = 0.5. We also know that in general, putting less weight on high variance

observations, and more on low-variance observations will improve the power of a

procedure. This leads naturally to the question – how do we estimate the variance

to adjust for in a two-sample version of the test? The answer is to compensate for

the predicted variance of the combined sample’s ECDF (denoted D̂ below) at each

point. It turns out, that under the null that the two samples come from the same

distribution, this is the best estimate of the variance we can get at each point, and

in the limit, it is a constant multiplier away from the true variance of F̂ (x)− Ê(x).

Their estimator is:

AD =
∑
x∈X

|F̂ (x)− Ê(x)|
D̂(x)(1− D̂(x))
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Figure 3.4: A plot showing how the variance of F̂ (x)− Ê(x) varies over x

Figure 3.4 plots the predicted variances of the combined sample we’ve been exam-

ining. Figure 3.5 shows a plot very similar to the CVM plot above, but where the

bars are shaded by the weight they will recieve in the estimation routine.

In a different area of statistics, Wasserstein developed a metric closely related to

optimal transport problems.Vaserstein [1969] Broadly, the question ”how little can

I have to move to get from this position to that?” turns out to be related to the

question of distance metrics between pdfs. The answer is not merely the sum of the

distances between the ECDFs at each point, but the integral of the distance between

ECDFs. Intuitively, this is a statement that the distance between observations is

important and should be considered in this framework. The estimator is:

wass =

∫ ∞
−∞
|F̂ (x)− Ê(x)|dx
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Figure 3.5: A demonstration of the Anderson-Darling statistic – the weighted sum of
the dark vertical lines is the AD stat. The color of those lines represents the weight
each line will get. The other two lines represent the ECDFs of two independent
samples.

We can see what this looks like in figure 3.6.

In building up to the last two estimators, substantial power to detect differences be-

tween two distributions has been wrung out of the simple ECDF framework. How-

ever, each of the last two contributions has moved in a different direction – each

incorporating a different important bit of information. The test statistic I provide

here is a synthesis of these two distinct strands in the literature. It combines the

Wasserstein notion of distance as important with the Anderson-Darling realization

that the variance of the estimator is changing rapidly.

DTS =

∫ ∞
−∞

|F̂ (x)− Ê(x)|
D̂(x)(1− D̂(x))

dx

74



Figure 3.6: A demonstration of the Wasserstein statistic – the two colored lines
represent the ECDFs of two independent samples, and the Wasserstein statistic is
the area between them.

Broadly, this serves to offer substantial power improvements in many situations over

both the Wasserstein test and the AD test, as I’ll show in simulations below. Figure

3.7 shows what the test statistic looks like in an example, where the weights are

being represented by the shading of the area being integrated.

3.3 Theory

Before diving into the proper theoretical results a few notes about the applicability

of the test are in order. Broadly, this test will work with any two samples that

are made up of ordered data. Unlike the Chi-squared test, it cannot test categori-

cal data. However, for data which is purely ordered, with no meaningful distances
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Figure 3.7: A demonstration of the DTS statistic – the two colored lines represent the
ECDFs of two independent samples, and the DTS statistic is the weighted integral
of the their difference. The color of each region represents the weight it receives.

between the ranks, the Anderson-Darling test is the best bet. Nevertheless, if the

implied distances between ranks are all the same (e.g. if we give the test the ranks

of the observations in a sample), it can be shown that the AD test and the DTS test

will give the same result.

As for distributional features which make this test more or less appropriate, I am not

aware of any features that would break this test. Bounded domains, non-continuous

PDFs, and more all lead to the same valid testing procedure.3 There are of course

some assumptions that can be made allowing a more powerful testing regime. As-

suming that the two samples have smooth PDFs may allow for entirely different

constructions. I do not compare to such tests in simulation or the rest of this paper,

3. Even though, as discussed below, some discontinuities in a PDF will be undetectable, the test
will remain valid.
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as the comparison is not apples-to-apples.

3.3.1 DTS Test Validity

Broadly, to get from the test statistics to a full testing procedure requires finding the

sampling distribution of the test statistic and then comparing our observation to that

distribution. Fortunately, in our setting, this will be quite straightforward. As all the

observations are independent from eachother, and under the null both distributions

are the same, we get a nice exchangeability condition. Specifically, under the null,

our observed sample labels are just as likely as any other permutation of labels from

the joint sample.

Thus any permutation of labels is another draw from the same sampling distribution.

We can generate a p-value by permuting labels a large number of times, and then

finding the quantile in that distribution that the observed test statistic represents.

Because “smaller distance between observed samples” is not indicative of anything

we care about, this will be a one-sided test statistic – i.e. we only need to compare

to the right tail.

Further, because each of the permutations generated in this way is equally likely

under the null, the rank order of our observed test statistic in the set of possible

permuted test statistics is uniformly distributed over the possible rank orders. The

test will only reject when there are sufficient unique test statistic values to generate

a 1-in-20 event,4 and we observe that event.

4. Or whatever level you set your critical threshold to.
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Thus, under the null, the observed test statistic is drawn from a distribution of

equally likely test statistics, which we can ennumerate. In order to reject the null

with confidence level α, the test statistic must be larger than 100 − 100α% of the

ennumerated values, which will only happen 100α% of the time. Therefore the test

is valid under the null.

3.3.2 DTS Test Consistency

Proving test consistency is a bit trickier than proving test validity, so I will only

outline such a proof here. Broadly there are two questions: what is the distribution

of the test statistic, and what is the distribution the test statistic is compared to.

Under the null, both of these distributions are the same, which substantially eases

the proof of validity. However, to show consistency, we must assess these two sepa-

rately.

As I discussed in the introduction, this test will only be consistent for distributions

which have different CDFs. This is not the same as the distributions being different,

as two different PDFs can have the same CDFs – and be totally undetectable to test-

ing regimes relying on the ECDF. Also importantly, we can only detect distinctions

between CDFs that are not measure 0. A 0-width difference between two CDFs will

be indetectable even in the limit – something that is true for all other ECDF based

test statistics.
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For starters, we are given two samples, e ∼ E (length ne) and f ∼ F (length nf .

Given those n = ne + nf observations, we can estimate the CDF for each using the

ECDF, defined as

Ên(x) =
1

ne

ne∑
i=1

1 [ei ≤ x]

and

F̂n(x) =
1

nf

nf∑
i=1

1 [fi ≤ x]

We can also combine the two samples into one sample of length n, d which is drawn

from a distribution D which is a mixture of F and E dependent on the relative

sample sizes nf and ne. We can estimate the CDF D the same way.

D̂(x) =
1

n

n∑
i=1

1 [di ≤ x]

Our test statistic is defined as:

DTSobserved =

∫ ∞
−∞

|Ê(x)− F̂ (x)|
D̂(x)(1− D̂(x))

dx

A minor problem occurs for values x outside range(d). Namely, for those values,

F̂ (x) = Ê(x) = D̂(x) ∈ {0, 1}, which in turn means that |Ê(x)− F̂ (x)| = D̂(x)(1−

D̂(x)) = 0. Thus, for values of x outside the range of the data, the interior of the
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integral above becomes 0
0 . In practice, defining 0

0 = C <∞ for any constant C will

simply shift both our observed test statistic and all permutation statistics by the

same amount – and so for simplicity, we take C = 0. Defining Hn = range(d) and

its complement Hn
C we can rewrite our integral as:

DTSobserved =

∫ ∞
−∞

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx

=

∫
Hn

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx+

∫
Hn

C

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx

=

∫
Hn

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx+

∫
Hn

C

0

0
dx

=

∫
Hn

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx+

∫
Hn

C
0dx

=

∫
Hn

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx+ 0

=

∫
Hn

|Ên(x)− F̂n(x)|
D̂n(x)(1− D̂n(x))

dx

The distribution of the test statistic is the easier of the two notions to examine. We

know that ECDFs converge almost surely to the CDF of the underlying distribution,

so Ê(x) → E(x), and likewise F̂ (x) → F (x). Holding the ratio of sample sizes

constant asymptotically,5 our joint ECDF also converges almost surely to the CDF

of the mixture of the two distributions, D̂(x) → D(x). Thus, in the limit, our test

statistic ˆDTS =
∫
|F̂ (x) − Ê(x)|/(D̂(x)(1 − D̂(x))) will converge in probability to

5. This is critical for there to be a stable mixture for the joint ECDF to converge towards.
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the true distance between the distributions γ =
∫
|F (x)− E(x)|/(D(x)(1−D(x))).

This distance is strictly some positive number whenever E 6= F over some measur-

able range. We can prove this because if E 6= F over a measurable range, there must

be some range of x for which |F (x)−E(x)|/(D(x)(1−D(x)) 6= 0. At the same time,

by construction there can be no x for which that same expression is negative. Thus

the integral of that expression, γ, must be positive if E 6= F over any measurable

set.

We can now state that if E 6= F, ˆDTS → γ > 0. However, to make claims about

consistency, we need to know about the distribution to which ˆDTS will be compared.

In the permutation procedure outlined above, we take our joint sample and permute

the labels indicating from which sample each observation came, which keeps sample

sizes constant. In the limit, with each permutation we are essentially taking two

independent samples from the mixture distribution characterized by D(x). As n→

∞, each of those samples ECDFs will converge towards the ECDF of the mixture

D̂1(x), D̂0(x) → D(x). Denoting the permuted observations e(j) and f(j), we can

estimate their respective ECDFs Ê(j),n and F̂(j),n. Finally, the joint sample stays the

same, and so we continue to use the same denominator. Thus for each permutation

j, we observe the permuted test statistic:

DTS(j),n =

∫
|Ê(j),n(x)− F̂(j),n(x)|/(D̂n(x)(1− D̂n(x)))
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We know that Ê(j),n
a.s.→ D and likewise F̂(j),n

a.s.→ D. Thus, in the limit, |Ê(j),n(x)−

F̂(j),n(x)| a.s.→ 0. As the numerator converges almost surely to 0, the permuted test

statistics will converge to 0.

The final step is to link the two statements. We know that the each resampled test

statistic, ˆDTS(j),n is converging in probability to 0, and we know that our observed

test statistic, ˆDTSn is converging in probability γ, which is positive when E 6= F

over a measurable set. In order to complete the proof, we need to establish the

relationship between DTSn and DTS(j),n. Assuming that conditional on a sample

and in the limit DTSn ⊥ DTS(j),n, we can say that P [DTSn > DTS(j),n|d] =

P [DTSn > 0|d]P [DTS(j),n = 0|d] → 1. Extending that probability statement

across possible samples d , and demonstrating the independence holds are areas for

further work. The independence within a sample should derive from the randomness

creating the permuted labels, but formally demonstrating this is incomplete.

3.4 Simulation Results

To demonstrate the strengths of each test, I’ve run several simulations, leveraging

the speed of the twosamples package which implements these test statistics. In the

first set of simulations, I compare all the tests described above6 as we change the

amount of information observed. Two samples are generated, then each test runs on

those two samples, then the whole process is repeated several thousand times to get

6. As well as either the T-test or F-test depending on context.
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estimates for the power of the testing procedures.

All of the test statistics above are calculated in a standard manner, however the

p-values are calculated using the resampling logic described in the theory section

above, so that they should all be perfectly sized under the null. For some, such as

the Kolmogorov-Smirnov test, this gives substantial power improvements relative to

the usual asymptotic p-values – which are known to be very conservative in smallish

samples. It should be clear that without ensuring that all the tests had the same

size control, the comparisons between tests wouldn’t be fair. I do not make this

adjustment for the T-test and F-test – as they are very standardized, and I want to

compare to the standard implementation.

For each simulation exercise, I plot every test’s power across the parameter that is

changing. The color assigned to each test is ordered by the mean power that test

had in the simulation – so that by looking at the legend, we can see which tests

performed best.

The first four simulation exercises are simple comparisons of shifted means and in-

flated variances – situations which most tests should have been benchmarked on pre-

viously. Even here we see the DTS test showing performance improvements beyond

its predecessors on the variance changes, while remaining competitive at detecting

mean shifts. The later simulations involve both mean and variance changes, or mix-

tures of normals. In all of those simulations, the DTS test outperforms every other

test run. At times the DTS test demonstrated a power 1.8 times as much as the best
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of the other advanced ECDF tests.7

3.4.1 Simulations Across Parameter Values

In this section I look at two simple simulations showing the rejection rate as the

difference between two sample’s distributions grows. In each example, the leftmost

point is a no-difference condition, so the rejection rate there represents the size of

the test. As we will see, that rate consistently equals 5% – the nominal test size – so

all of these tests are properly calibrated. For each of these, both samples will have a

sample size of 50 – representing a total sample of 100 observations every time a test

is run.

Mean Shifting

In this example, the first distribution is a standard normal, and the second distri-

bution is a N(µ, 1), where µ is on the x-axis. Because it is provably optimal in the

circumstances, I also include a T-test. See Figure 3.8 for results. Broadly we can see

that performance for all the tests except KS and Kuiper was very comparable.

7. I exclude the Kuiper and KS tests from the ‘advanced’ category for their abysmal performance
on the first four simulations. 71% rejection/38% rejection = 1.87.
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Figure 3.8: Rejection rates for different two-sample tests as the mean changes. N =
50 for both samples. When the difference in means is 0, this is the test size.

Variance Inflation

In this simulation, one sample is from a standard normal, and the other is from a

N(0, σ2), where σ2 is on the x-axis. Because it is provably optimal in this circum-

stance, I also include an F-test.See Figure 3.9 for results. We see immediately that

the F-test does very well. DTS follows at some distance, with Kuiper and Wasserstein

a little behind it. The rest of the tests lag behind.

3.4.2 Simulations Across N

In this section I look at five simulations, as the size of both samples grow.
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Figure 3.9: Rejection rates for different two-sample tests as the variance changes.
N = 50 for both samples. When the ratio of variances is 1, this is the test size.

Mean Shift

In this simulation, one sample is from a standard normal distribution, and the other

is from a N(1, 1), i.e. the same distribution with a mean shift. Because it is provably

optimal in the circumstances, I also include a T-test for comparison. See Figure 3.10

for results. Much like the mean simulation above, we can see that the KS and Kuiper

tests lag behind, while the rest of the tests are very comparable, and indeed near the

optimal power of the T-test.
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Figure 3.10: Rejection rates for different two-sample tests as the sample size changes.
The difference in means between the samples is 1.

Variance Inflated

In this DGP, one sample is from from a standard Normal, and the other is from a

N(0, 4), i.e. the same distribution but with larger variance. Because it is provably

optimal under the circumstances, I also include an F-test for comparison. See Figure

3.11 for results. Much like the variance simulation above, we can see that the F-

test is far and away the best test, with DTS lagging it and followed by Kuiper and

Wasserstein tests.
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Figure 3.11: Rejection rates for different two-sample tests as the sample size changes.
The ratio of variances between the two samples is 4.

Mean and Variance Shift

In this DGP, one sample is from a standard Normal, and the other is from a

N(0.5, 2.25). I also include a ttest for comparison, though strictly speaking it is

not testing the same null hypothesis. See Figure 3.12 for results. In this test, we

see the T-test fall away, with its performance decaying substantially relative to the

competition. DTS takes a consistent lead, with Wasserstein and Anderson-Darling

following.
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Figure 3.12: Rejection rates for different two-sample tests as the sample size changes.
One sample is a standard normal and the other is a N(0.5, 1.5).

Mixtures

In this section I look at a much harder to detect class of distributions – mixtures.

The first sample in each dgp will be a standard normal, while the second sample in

each will be a mixture of two normals. However, in order to make the problem more

difficult, the mixture itself is recentered and scaled so that it has a mean of 0 and

variance of 1 – leaving only the higher moments to identify it as different from the

standard normal. Because these are harder differences to detect, I’ve inflated the

sample sizes.

The first mixture is a N(0.8, 1) with probability 0.2, and a N(−0.2, 1) with prob-

ability 0.8. See Figure 3.13 for results. On the whole, the DTS test has the best

performance, followed by the Kuiper test. As expected, the t-test detects no differ-
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Figure 3.13: Rejection rates for different two-sample tests as the sample size changes.
The second sample is a mixture of two normals with different means, centered so that
the overall mixture has a mean of 0.

ence in the means of the two samples.

The second mixture is a N(0, 0.625) with probability 0.2, and a N(0, 2.5) with prob-

ability 0.8. See Figure 3.14 for results. Again we see the DTS test outperforming

everything else, followed by the Kuiper test. By the time the DTS test had power

to detect the difference 71% of the time, the Wasserstein test was only detecting a

difference 38% of the time, and other advanced tests were even worse. Thus at that

point, 1-in-3 simulations the DTS test could reject the null while other advanced

tests couldn’t.

The third mixture is a N(0.8/1.76070.5, 4/1.7607) with probability 0.2 and a

N(−0.2/1.76070.5, 1/1.7607) with probability 0.8 – which holds the mean at 0 and

variance at 1. See Figure 3.15 for results. Again, we see the DTS test as the most
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Figure 3.14: Rejection rates for different two-sample tests as the sample size changes.
The second sample is a mixture of two normals with different variances, scaled so
that the overall mixture has a variance of 1.

powerful, followed by the Kuiper test. Here we see that when the DTS test can reject

71% of the time, the Wasserstein test only rejects 47% of the time – so that in nearly

1-in-4 samples at that sample size, the DTS test rejected while other advanced tests

couldn’t.

3.5 Conclusion

The DTS test is a powerful tool for detecting differences between two samples. Par-

ticularly when we don’t know how what kind of difference exists, or how much power

to detect that difference we will have, the DTS test shows promise, with uniformly

large power against a wide variety of distributional test statistic. As shown in sim-
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Figure 3.15: Rejection rates for different two-sample tests as the sample size changes.
The second sample is a mixture of two normals with different means and variances,
centered so that the overall mixture has a mean of 0, and scaled so that the overall
mixture variance is 1.

ulations above, it offers power which exceeds that of other tests making comparably

few assumptions about the data. Moreover, while other test statistics like the Kuiper

test tended to do well in some simulations and poorly in others, the DTS test was

consistently at the top, or very close to it. This suggests that while it is not uniformly

more powerful than other tests, the tradeoff it manages sacrifices very little power in

some situations, to gain substantial power in most situations. However, it is by no

means the last word. While the DTS stat adjusts appropriately for the variance in

F̂ (x)−Ê(x), it is not clear that it adjusts correctly for the variance in
∫
F̂ (x)−Ê(x).

A different perspective on the situation could be desribed as the following. The

chi-squared test is proven optimal for this task when the values are sample from a
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distribution which takes nominal values. The Anderson-Darling test, under the same

assumptions, is optimal for samples from distributions with merely ordinal values.

The DTS test, under the same assumptions, offers substantial improvements towards

optimality for distributions with interval values. Work towards finding the truly

optimal test in this setting may require making additional technical assumptions to

optimally accommodate the variance in the width of each weighted cell that the DTS

stat adds. Not to mention the substantial work I’ve left untouched simply proving

things like consistency, and power improvements over other tests. But work could

also progress to the next step in the measurement framework – looking for tests which

make sense for a ratio scale. It seems likely that either taking the log of all the values

before using the DTS stat, or taking the log of the widths between observations is a

good step towards such a framework – but that is a question for someone else.

3.6 Alternate Uses

This section will address some nonstandard uses of the code in twosamples. Specifi-

cally, it will look at parallelization, testing against a known distribution, and weight-

ing observations.
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3.6.1 Parallelizing

To keep things simple, twosamples does not internally support parallelizing the test

statistics. However, the outputs from any of the test functions make it easy to

run your own parallelized code. The p-values the code outputs are a count of the

number of more extreme values of the test statistic observed, divided by the number

of resamplings performed. If you wish to run many resamplings across cores, you

could run the same code (e.g. dts test(x,y)) on each core. So long as you keep the

number of resamples the same on each core, the average of your p-values will give

you a new, valid p-value. If you wish to change the sample sizes, you merely need to

find the appropriately weighted average of the p-values.

This works because when the number of resamples in each core is the same, the num-

ber of resamples automatically drops to the outside of the ‘correct’ sum procedure.

1

ncores

ncores∑
i=1

pvali =
1

ncores

ncores∑
i=1

extremei
nresamples

=
1

ncoresnresamples

ncores∑
i=1

extremei

A small issue may arise when running the test code in parallel. When the observed

test statistic is the most extreme value observed, without ties, the code defaults to

a p-value of 1/(2nresamples), instead of 0. This prevents the test from rejecting the

null inappropriately when either the number of observations or number of resamples

is quite small. However, when performing the averaging procedure I outlined above,
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it would make sense to take any p-values that are 1/(2nresamples), and convert them

into the more accurate 0. Then, after averaging all the p-values together, if the new

p-value is 0, you should move it back up to 1/(2ncoresnresamples).

Because each core will calculate the observed test statistic independently, there is

some duplication of effort. However, so long as the cores are not doing anything else

important, and ncores > 2, this can still make sense even when nresamples = 1 on

each core.

3.6.2 Weighted Observations

Sometimes the data being used is weighted. In principle, incorporating those weights

into these functions should be possible. The resampling routine can resample with

appropriate weights, and then the observations contributions to the ECDF’s height

merely need to be adjusted to accomodate the appropriate weights. Someday, I may

update the code to incorporate this ability. In the meantime however, I suggest that

users desiring an ECDF test for weighted observations, find some integer k such that

mini(k ∗ weightsi) = 1, and all values of k ∗ weightsi are within 0.1 of an integer.

Then, create new vectors A and B, which contain the elements of a and b, k∗weightsi

times for each element. At that point you can run dts test(A,B). This should give

each observation the appropriate resampling probability and weight in the ECDF.
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3.6.3 One Sample Tests

This entire paper has examined the use of dts test for the two sample problem.

However, we should be able to use it to test against known distributions, like the

normal. At the moment, to test whether sample A comes from a known distribution,

I suggest taking nb = k ∗ na draws from the known distribution to create sample

B, with k ∈ 10, 100 and running dts test(A,B). In practice, when k = 10 this

compares your sample A to a distribution which is a mixture of 91% the known

distribution and 9% the distribution A came from.8 While there is some power lost

in this procedure, relative to comparing our observed test statistic against the true

null sampling distribution9, this is a valid (and consistent) procedure which is easy

to implement. In practice, particularly with large k, the power loss is quite minimal.

8. The mixture probabilities become 99.1% and 0.9% when k = 100.

9. This is what a true one sample version of dts test would look like.

96



3.7 Run Time and Memory Usage

The code in twosamples has three main components of relevance to run time. The

test function consists of a loop running the test stat function nresamples times.

Each iteration of the test stat function requires one sorting of na + nb observations,

and then another loop calculating the test statistic using that sorted data, which

has na + nb iterations. The sort uses std::sort, which operates O(n log(n)) on

average,1011 when denoting n = na +nb. The internals of the loop through n points

is not of obviously growing complexity, so this is O(n) on average. Thus the test stat

function operates O(n log(n)) on average. Therefore the overall test function takes

O(nresamplesn log(n)) time. Of course, theory and reality rarely interact in the way

we would like. Figure 3.16 shows real world execution times as sample sizes change,

holding nresamples at 2000.

3.7.1 Memory Usage

The memory usage of the twosamples package is approximately O(N). The test

function primarily performs a loop which operates sequentially, that loops’ only side

effect is to increment counters, so from iteration to iteration memory usage shouldn’t

change. Outside the loop the test function creates a duplicate vector of length N .

10. Because we run this many times, the average is the main thing that matters, but std::sort
claims an O(n log(n)) worst case as well.

11. Special thanks to Github user sircosine for spotting some bugs with speed.
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Figure 3.16: Execution time for dts test as n = na + nb grows. The black line is
the mean execution time, while the ribbon represents a 95% predictive interval for
the execution time in one set of simulations.

Inside the loop, there are 4 vectors created with lengths totalling 2N , half of which

are passed on to the test stat function. That function creates 7 more vectors of

length N , as well as about a dozen counters, for an anticipated memory use of 7N .

Thus the total memory usage from running the function once should be on the order

of 10N . Planned updates to this code should reduce the internal vector creation by

3N , for a total memory usage of O(7N). This is theoretical usage, not real-world

measured memory, so plan accordingly.
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