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ABSTRACT

This dissertation studies the estimation and statistical inference of a few methods that are
commonly used in empirical studies of economics, when the data is dependent. Chapter 1
studies the linear IV models with clustering dependence, which are widely used in empirical
studies. The common solution, the cluster covariance estimator, often produces undesirable
inferential results, especially with weak instruments. I propose a method that is robust
to both weak IV and (potentially heterogeneous) clustering dependence. The proposed
method is based on the idea of Fama-MacBeth estimation, with group-level estimators being
a truncated version of the unbiased IV estimator. Asymptotic validity is shown under both
strong and weak IV sequences, as well as under general requirements. Simulation results
indicate that the method has good finite-sample performance in both size and power. The
proposed method is applied to study the effect of city compactness on population density.
Chapter 2, coauthored with Damian Kozbur, Christian Hansen, and Lucciano Villacorta,
presents and analyzes an approach to inference for dependent data. The primary setting con-
sidered here is with spatially indexed data in which the dependence structure of observed
random variables is characterized by an observed dissimilarity measure over spatial indexes.
Observations are partitioned into clusters with the use of an unsupervised clustering algo-
rithm applied to the dissimilarity measure. Once the partition into clusters is learned, a
cluster-based inference procedure is applied to a statistical hypothesis test. The procedure
proposed in the paper allows the number of clusters to depend on the data, which gives re-
searchers a principled method for choosing an appropriate clustering level. The paper gives
conditions under which the proposed procedure asymptotically attains the correct size.
Chapter 3, coauthored with Connor Dowd, studies the synthetic control methods in the
presence of spillover effects. The synthetic control method is often used in treatment effect
estimation with panel data where only a few units are treated and a small number of post-
treatment periods are available. Current estimation and inference procedures for synthetic

X



control methods do not allow for the existence of spillover effects, which are plausible in many
applications. In this chapter, we consider estimation and inference for synthetic control
methods, allowing for spillover effects. We propose estimators for both direct treatment
effects and spillover effects and show that they are asymptotically unbiased. In addition, we
propose an inferential procedure and show that it is asymptotically unbiased. Our estimation
and inference procedure applies to cases with multiple treated units and/or multiple post-
treatment periods, and to ones where the underlying factor model is either stationary or

cointegrated.
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CHAPTER 1
ROBUST 1V INFERENCE WITH CLUSTERING
DEPENDENCE

1.1 Introduction

In linear IV models, accounting for clustering dependence has been a standard procedure
in conducting statistical inference in empirical research. A common solution is to use the
cluster covariance estimator (CCE), which is often referred to as the “clustered standard
error” method. In linear models CCE methods are shown to deliver valid inference under
either strong homogeneity across groups (the large-homogeneous-group approach, e.g., Bester
et al., 2011a) or lots of small groups (the many-small-group approach, e.g., Hansen and Lee,
2019). Those results provide theoretical justification for the usage of CCE methods in the
linear IV model under strong IV.! This chapter concerns statistical inference in the linear
IV model with clustering dependence.

However, for many common settings, whether either the large-homogeneous-group or
many-small-group approach can justify the usage of standard clustering methods is not clear.
Specifically, Bester et al. (2011a) assume all groups are similar in size and the same design-
matrix limit, which does not hold in many settings such as clustering by state. Hansen and
Lee (2019) require that maxg ng /n — 0, where ng is the number of observations in group g
and n is the sample size. In the case of equal-sized groups, this requirement implies n/ G? >
0, where G is the number of groups. MacKinnon and Webb (2017) conduct simulation studies
and show that the empirical rejection can be as high as 0.1073 at a level-0.05 test, when
(n,G) = (2000,50), thus with n/G2 = 0.8, and group sizes are proportional to population

of the 50 states in the US. A non-exhaustive search in recent empirical research suggests

1. Hansen and Lee (2019) cover both OLS and IV, whereas Hansen (2007) considers only the OLS case,
but the results can be extended to the strong IV model.
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n/G? is often large, for example, Coibion et al. (2017) with n/G? = 0.46 or 0.34 in Table 3,
Dell (2012) with n/G? ranging from 1.21 to 16.65 in Table 7, and Deryugina et al. (2019)
with n/ G2 = 2.43 in Table 2. For a discussion on the poor asymptotic approximation
of inference methods based on asymptotic theory, see Ferman and Pinto (2019a), Ferman
(2019), MacKinnon and Webb (2017), and Young (2019).

Moreover, standard methods suffer from size distortion when weak IV is a concern. Al-
though robust inference methods such as the Anderson-Rubin test (AR, Anderson and Rubin,
1949) work under standard assumptions described in the previous paragraph, whether those
methods have good inferential properties when standard assumptions break is not well un-
derstood. In the simulation section, I show that the extension of AR with the standard error
calculated by CCE methods can result in size distortion under imbalanced group sizes, with
sizes being as high as 0.116 at a level-0.05 test.

Alternatively, Fama-MacBeth methods (Fama and MacBeth, 1973b; Ibragimov and Miiller,
2010), sometimes referred to as mean group estimation (Pesaran and Smith, 1995; Pesaran
et al., 1999), provide another inferential approach that exploits the clustering dependence
structure. Those methods first perform group-level estimation for each group and consider
a weighted average of all group-level estimators. Under a wide variety of circumstances?,
the resulting average has well-understood properties, and a simple procedure such as a t-test
can be used to attain valid inference. In this chapter I introduce a group-based inference
method that is built on Fama-MacBeth methods, in order to simultaneously solve clustering
dependence and potentially weak IV.

In this chapter I study robust inferential methods to overcome the practical issues men-
tioned above, based on the idea of Fama-MacBeth estimation. Because the Fama-MacBeth
approach calculates the group-level estimator using only the data in a certain group, a po-

tential finite-sample problem may arise in the IV estimation. To account for that possibility,

2. For example, Ibragimov and Miiller (2010) only require the group-level estimators to be asymptotically
normal, without homogeneity across groups.



I propose a truncated version of the unbiased IV estimator introduced by Andrews and Arm-
strong (2017) in calculating the group-level estimator. I show that this estimator is nearly
unbiased, and that using it in the Fama-MacBeth approach produces valid inference. The
proposed method allows for a moderate number of moderate-sized groups (e.g., 30 groups of
around 30 observations as in the simulation section) and is robust to both weak IV and het-
erogeneous clustering dependence. Table 1.1 summarizes whether a certain aforementioned

method is robust to a non-conventional set-up.

Table 1.1: Robustness of Inferential Methods in Linear IV Models with Clustering Depen-
dence

n/G? >0 Heterogeneous Groups Weak IV

CCE (large-G) NO YES NO
CCE (small-G) YES NO NO
AR-CCE (large-G) NO YES YES
AR-CCE (small-G) YES NO YES
Fama-MacBeth YES YES NO
Proposed method YES YES YES

Notes: This table roughly summarizes whether a candidate inferential
method is robust to a certain non-conventional set-up. “YES” means
it generally delivers correct size and “NO” means it does not. “Large-
G” stands for the many-small-group approach and “small-G” stands for
the large-homogeneous-group” one. “AR-CCE” is the natural extension
of the Anderson-Rubin method to the case with clustering dependence
(described in Section 1.4.2). “Proposed method” is the Fama-MacBeth
approach with truncated unbiased estimators proposed in this chapter.

Both an unbiased group-level estimator and the truncation are important in implement-
ing the Fama-MacBeth approach in this setting. Without the former, the group-level IV
estimator may lead to substantial finite-sample bias and cause size distortion under the null.
The latter guarantees the group-level estimators have finite second moments such that the

test has power. Simulation studies show that direct usage of Andrews and Armstrong (2017)



produces far less power, and the proposed method is robust to many settings and has good
power properties.

Throughout, I assume one endogenous variable and focus on the case of one instrument.
Cases with multiple instruments can be dealt with using the averaging method introduced by
Andrews and Armstrong (2017). Similar to Andrews and Armstrong (2017), to implement
the proposed method, the sign of the first-stage parameter is assumed to be known. This
assumption is often a weak one in empirical studies, because the sign of the instrument is
typically embedded in the reasoning of instrument validity and comes in before the discus-
sion of the strength of the instrument. For instance, Mills (2019) shows that 82.35% of the
papers published in the American Economic Review from 2014 to 2018 and with “instru-
ment” in the abstract claim the first-stage sign is known. Additionally, Mills (2019) shows
that exploiting information of the first-stage sign may help improve test power. Another
underlying assumption throughout is the group-level normal model (see Section 1.3.1), for
which a sufficient assumption would be weak dependence as in the large-homogeneous-group
approach (Bester et al., 2011a).

The chapter contributes to two streams of literature. First, the proposed method fills
a gap in the literature on cluster-based inferential methods. Although those methods are
extensively studied under standard assumptions such as the large-homogeneous-group case
and the many-small-group case (Bertrand et al., 2004; Hansen, 2007; Bester et al., 2011a;
Cameron and Miller, 2015; Hansen and Lee, 2019), the properties of those methods outside
the standard assumptions are largely unknown. I show through simulation that existing
methods can break under many circumstances. I advocate the usage of the proposed Fama-
MacBeth approach with truncated unbiased IV estimation and show its validity.

Second, this chapter complements the recent literature on the Fama-MacBeth approach
and shows its usefulness. Fama and MacBeth (1973b) introduced this approach, but it was

only recently theoretically justified by Ibragimov and Miiller (2010). Ibragimov and Miiller



(2010), Canay et al. (2017), Cao et al. (2019), and Hagemann (2019a,b) have documented
the robustness and good power properties of this approach. Many of their results can be
either applied or extended to the strong IV case, but extension to allowing for weak IV is
non-trivial.

The remainder of the chapter is organized as follows. Section 1.2 introduces a truncated
version of the unbiased IV estimator with known first-stage sign. Section 1.3 proposes
the inferential method that applies the truncated unbiased IV estimator. In addition, the
primitive conditions for both strong and weak IV asymptotics are listed. Simulation studies
are presented in Section 1.4. In Section 1.5, I apply the proposed method to study the effect
of city compactness on population density. Section 1.6 concludes. Proofs are relegated to

the appendix.

1.2 Truncated Unbiased IV with Known First-Stage Sign

We first consider a simple linear IV model. Let X, Y, and Z be n x 1 data vectors for three

scalar variables. The reduced-form formulation of the linear IV model is

Y =ZnB+ U,
(1.1)
X=Zn+V,

where m and 8 are both scalars. We are interested in the structural equation parameter f3.
Assume the sign of 7 is known, and, without loss of generality, let 7 > 0. Assume the vector
of reduced-form and first-stage estimators follows

(Z2'z2)1z'y

= ~ N(p, %), (1.2)
(Zz'2)"172'x

<)
|
=)
|

)



where

w3 0% 0192
/J, = s E =
T 012 0%

The usual IV estimator is /3 v =7/7. We assume throughout that ¥ is known and positive
definite. Our analysis relies heavily on (1.2), which applies to cases where normality is a

good approximation of the reduced-form and first-stage coefficients zZ

Remark 1.1. The model (1.1) has an equivalent structural formulation. Generalization
of (1.1) to models with multiple instruments and/or other control variables can be done in
standard methods. For multiple instruments, we can use a weighted average of the proposed
estimators of a single instrument, because a weighted average of (nearly) unbiased estimators
is still (nearly) unbiased. Including other control variables can be done through projection

on the null space by the Frisch-Waugh-Lovell theorem.

Remark 1.2. The assumption that m has known sign is often weak in empirical studies.
According to a survey by Mills (2019) on papers published in the American Economic Review
from 2014 to 2018, 14 out of 17 papers with “instrument” in the abstract claim to have

known first-stage sign.

Remark 1.3. The normal model (1.2) is common in the literature on IV inference that is
robust to weak instruments (see, e.g., Andrews et al., 2006; Andrews and Mikusheva, 2016;
Kleibergen, 2002; Moreira, 2003; Moreira and Moreira, 2019; Staiger and Stock, 1997). One
motivation is that the vector (w3, B) can be considered a reqular parameter and well estimated
under mild reqularity conditions, whereas [ itself is only weakly reqular in the case of weak
instruments (Kagi, 2021). As a result, the least-squares estimator for (w3, ) can often be
approzimated by a normal distribution. One simple example for the model (1.2) to hold is

the case where Z is fized and the rows of [U,V] are i.i.d. or stationary. In this case, the



covariance matrix of {b\ 18
Y= (Lo (Z'2) 1 Z2War|(U VI, ® (Z'2)7 12" (1.3)

and can be consistently estimated. See Andrews et al. (2019) for a review on the normal

approzimation to the distribution of (7, 7).

We follow Andrews and Armstrong (2017) and define the unbiased IV estimator. Let

YN ~ 012 ~
0= (@/},Z)zv——QW
79

and

S B s 1/ S s
T= (%E)—UQ (b(%\/O'Q) _0_2\11( / 2)7

where U(z) = (1 — ®(z))/¢(x), and ®(-) and ¢(-) are cdf and pdf for the standard normal

distribution, respectively. The unbiased IV estimator is

5 A = 012
5U=5U(¢,E)=5T+O—%-

It is shown that E[3y] = 8 when 7 > 0.

Remark 1.4. The main idea of BU is to use the fact that T is an unbiased estimator for
1/m (Voinov and Nikulin, 1993). Because S can be considered the projection of ¥ on the null
space of T, S is independent of ™, and thus of T as a function of ©. Those facts lead to

E[B\U] = B (Andrews and Armstrong, 2017).

Define the truncated version of the unbiased IV estimator by



where

7=

1y (max{%\, w*}>’

o9 09
and 7* is some truncation parameter. That is, we “winsorize” the unbiased IV estimator
according to 7 by the threshold 7, when 7 is too small. We do so because V¥(-) is positive
and strictly decreasing on R, and ¥(x) — oo as x — —oo, which causes //B\U to have an
unbounded second moment. By truncation, we eliminate extreme values of B\U, which is

important in conducting inference.

Example 1.1. We visualize the truncation in Figure 1.1. Consider a simple case where
’l//J\ = (3,7) ~ N4, I5). Then, the unbiased IV estimator for 3 is B\U = g?, where § = ~ and
7= (1—®(7))/o(7). Define 7y = 1/7, then By = 7 /7y ; that is, By is the slope of the line
through (%U,g) and the origin. Then, the proposed truncated estimator B 18 the slope of the

~

line through (7,7) = (max{7y,7*},d) and the origin.

A/Y 71':71'>I<

B

1
|
|
|
|
|
|
|
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|
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|
|
|
|
|

I

Figure 1.1: Truncation is obtained through winsorizing 77y according to 7*.
The following result shows that the truncated estimator is nearly unbiased when the
truncation is appropriate.

Proposition 1.1. Assume 3 is fized. Suppose (i) |012/a%] < 00, (1) ™ /oy — —00, and

(iii) 7T7T*/0'% — —o0. Then, E[f] —  — 0.



Remark 1.5. Proposition 1.1 gives guidance on when the proposed estimator 3 is approz-
imately unbiased. A trivial example is where ™ — —oo and everything else is constant, in
which case, B is approaching the unbiased estimator EU- Under either the common strong
IV asymptotics where o9 = O(1/+/n) and 7 is constant, or the common weak IV asymptotics
where oo = O(1/+/n) and m = O(1/+/n), (ii) and (iii) require 7™ to be negative and not to

shrink as fast as 1/y/n.

1.3 Fama-MacBeth Inference with Truncated Unbiased IV

Consider a triangular array {{(Xy i, Y5, Zni)}i—q}tn>1 that follows the linear IV model

(L),

Yn,i = n,iﬂ'nﬁ + Un,ia

(1.4)

Xn,i = Zn,iﬂ'n + Vn,z’a
and a sequence of clustering dependence structures {Cp},>1 with C, = {In,g}fgl such
that Gy, — oo as n — oo, where C is a partition of {1,...,n}. That is, for any fixed n,

observations are independent across groups but may be dependent within a group. As in
Section 1.2, (X,Y, Z) is considered fixed and (U, V) is considered random. The parameter
of interest is 8, which does not vary with the sample size n. Our goal is to make inferential
statement on the hypothesis Hy : § = 3. The first-stage coefficient ), is allowed to change
with n but stays the same across groups for each fixed n.3 In the following presentation, we
suppress n for simplicity. All variables and parameters (except () should be considered a

function of n.

3. This assumption is made here for simplicity. In principle, we do not need to assume 7 is the same
across different groups, because of the nature of group-level estimation.



1.3.1 (General results

We consider a Fama-MacBeth-type procedure. Namely, we estimate a truncated unbiased IV
estimator Bg for each group g € {1,...,G}, using only {(X;,Y], Zi)}l’elg. Thus, we obtain
a set {39}5:1 of nearly unbiased IV estimators with bounded second moments. Define
group-level quantities {ng, ﬁg,gg,?g, U }5:1 accordingly. As in Section 1.2, we assume the
group-level reduced-form and first-stage coefficients follow a normal distribution with known

covariance g such that

~ g
Q/}g = NN(,UgaZg>7
/7%9

from which the group-level truncated unbiased IV estimator Bg is constructed.* There-
fore, either the errors (U, V') follow normal distribution or at least a moderate number of

observations are in each group. Also, define {01797 02,9, 012,9> I§ 0579} such that

g7

012,g

Y

o
Eg — 139
2
0-1279 0'279

2
fs.g = (B —012,4/03 4),

2 2 2 2
O5q =019~ 012,4/02 4

For the set of group-level estimates { Bg}G define the Fama-MacBeth estimator

g=0
_ 1 G
p= a Z By
g=1
and the standard error
1 G
— - 3 _ 3\2
AR\ Rel(eRuyy 921(59 o

4. In practice, {Eg}le can be estimated by model-based or HAC-type estimators.
10



The corresponding t-statistic is

We show that ¢ is asymptotically normal when the estimator is properly truncated.

Assumption 1.1. (i) limsup,, sup, |0127g/cr%’g| < 00;
(ii) supy 7y /09 g — —00, as n — 0o;

ii) sup, Tt /02— —00, asn — 0o.
979/ %24

Define M = sup, ¥(wg /09, 4)/09, 4. Conceptually, M guides the overall level of truncation
across groups with respect to 7;. The reason is that W(-) is a strictly decreasing one-to-one

map such that 7y > 77 if and only if 7y < W(my /02 4)/02 4.

Assumption 1.2. The truncation parameter M satisfies

= (e

where

o5 = mélx T5,g

2
1 K
k =max K —§,—;—ﬂ
g 2°2 20?
g

and K(a,b; z) is Kummer’s confluent hypergeometric function.

Remark 1.6. Assumptions 1.1 and 1.2 are high-level conditions that allow for many IV
configurations. Both a fized m (strong IV) or a local drifting sequence that shrinks at the
rate of n~Y/2 (weak IV) are discussed below. Assumption 1.1 is generally weak. Part 1.1(i)

implies 019 and O'gg are approximately of the same scale. This assumption is reasonable
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because they are typically O(1/ng) with weak dependence. Parts 1.1(ii) & (iii) require both
Ty /02,9 and WW;/U%Q to go to —oo, uniformly. Those assumptions are weak under strong IV
as long as 7y is negative and bounded away from zero. Under weak IV where m = O(1/y/n),
1.1(i1) is weak and 1.1(i1) holds when infyng/\/n does not go to zero too fast; that is, the
number of groups increases too fast. Assumption 1.2 puts restrictions on the truncation

parameter. Practical suggestions of how the truncation parameters are chosen are given in

Appendix A.1.
Theorem 1.1. Under Assumption 1.1 and 1.2, t 4 N(0,1).

Remark 1.7. This result implies that the test 1) = 1{[t| > z, o} delivers an asymptotically
correct size at level o, where Zq /2 U the (1 — «/2)-quantile of the standard normal distribu-
tion. In practice, some quantities in constructing the t-statistic need to be estimated. The

implementation details are in Appendiz A.1.

1.8.2  Strong IV asymptotics

In this subsection, I give the primitive assumptions under which the proposed method delivers
valid inference under strong IV.

Define

09 = maXg 02 4

(1.5)
g9 = ming o2 4
Assumption S1. (i) liminf, 7 > 0;
(i4) lim sup,, sup,, |012,g/a%7g| < 005

(i11) oo M — oo and a9 = O(1).

Assumption S2. (i) 59/09 = O(1);
(ii)) M = o(BG~1/3).

12



Remark 1.8. S1(i) implies a strong IV sequence and includes the case where 7 is fized as
n — 0o0. S1(ii) is the same as Assumption 1.1(i). The first half of S1(iii) together with S2(ii)
provides guidance on the choice of M. The second half of S1(ii1) is weak as long as groups are
not diminishing. S2(i) requires that no severe size imbalance exists across groups. Together
with the assumptions under the weak I'V asymptotics in Section 1.5.3, these assumptions have
implications on the selection of the truncation parameter. Practical suggestions are given in

Appendix A.1.

Proposition 1.2. Under Assumption S1 and S2 (strong IV sequence), Assumptions 1.1 and
1.2 hold.

1.5.8 Weak IV asymptotics

In this subsection, I give the primitive assumptions under which the proposed method delivers
valid inference under weak IV, where the first-stage strength parameter 7 follows a drifting
sequence towards 0 at the rate of n—1/2.

Let g9 and gy be defined in equation (1.5). Similarly, define 55 = maxg o5, and g5 =

ming og g

Assumption W1. (i) © = mp/y/n;
(i) sup,, sup, |0127g/a§,g| < 00;

(iii) n~Y2U Yoy M) /59 — —o0.

Assumption W2. (i) 7r2/g(25 — 0;

(ii) M = o(Bo5 1G~1/3).
Remark 1.9. W1(i) is standard in the weak IV literature (e.g., Staiger and Stock, 1997). In
the case of weak dependence with approzimately balanced groups, o9 4 = O(ng_l/Q), so W1(iii)
implies W1 (ay M) /G — —o0; a5 = O(1/ mingng), so W2(i) implies maxgng/n — 0 (cf.

maxg ng/n — 0 in Hansen and Lee, 2019).
13



Proposition 1.3. Under Assumptions W1 and W2 (weak IV sequence), Assumptions 1.1
and 1.2 hold.

1.4 Simulation

In this section, we study the finite-sample performance of the proposed estimator. In all
the following settings, the data generating process follows the linear IV model (1.4), where
n =900 and G' = 30 such that n/G? = 1, which deviates from the usual asymptotics. The
null hypothesis is Hy : 8 = 0. For each setting, 1,000 replications are conducted to calculate
the empirical rejection rate.

For each setting, we observe {(X;,Y;, Z;)}!"; and a partition {Ig}gzl of {i}i* ;. Let
consecutive observations belong to the same group; that is, It = {1,2,...,|1|}, Is = {| 1| +
L,...,|I1| + |I2|}, and so on, where | - | is cardinality. The data are drawn according to the

following process:

Y, = Z;n6+ U;
X, =Zimt+V;
U; 1 05 g
"I ~NJ|o, Jifi=1+ Y |I for some g =0,1,...,G — 1
V; 05 1 h=1
U U1 U g
=05 T+ VI-052 | | ifi A1+ Y Il forany g =0,1,...,G 1
Vi Vie1 e/ h=1
eV 1 05
~ N |0, and is i.i.d. across i.
e/ 05 1

Also, each dimension of the k-dimensional instruments Z; takes one draw from the distribu-
tion of {U;}7'_; and is fixed across replications. Thus, (U;, V;) within each group follows an

AR(1) process and is independent across different groups. The parameters (3, m, {1 9}5:17 k)
14



vary accordingly across settings.

1.4.1 Debiasing and truncation

We first investigate three Fama-MacBeth-type inferential procedures and show the necessity
of debiasing and truncation. We consider the ¢-test on group-level 2SLS estimators (FM), the
t-test on group-level unbiased IV estimators(FMU), and the proposed t-test on group-level
truncated unbiased IV estimators (FMUT), with truncation parameter selected as suggested
in Appendix A.1. The full-sample 2SLS with CCE estimates of standard errors is also
reported for comparison.

In this experiment, we have five instrumental (kK = 5) and one endogenous variable.
Groups are imbalanced in sizes, with five groups of 90 observations and 25 groups of 18
observations. For each group, the observations follow an AR(1) process as described before.
The first-stage coefficient is 7 = (0.1,0.1,0.1,0.1,0.1)’ /+/5 such that ||x|jo = 0.1.

The power curves are reported in Figure 1.2. Estimators used in CCE and FM are both
biased. FM has large bias between the two, because it uses group-level 2SLS estimators with
much larger finite-sample bias than the full-sample estimator. FMU is less powerful with
FMUT, because the unbiased IV estimator does not have a bounded second moment, such

that the resulting t-statistic has a tail that is too large.

1.4.2  Comparison with other methods

Here, we compare the proposed method with existing inferential procedures. We consider the
“clustered standard error” approach (CCE) and the natural extension of Anderson-Rubin
test to our settings (AR-CCE). To implement the AR-CCE method, we apply CCE to the
regression of Y — Xy on Z, where 3 is the hypothesized value as in Hy : 8 = Sy. In our
case, we test Hy : B = 0, so AR-CCE is equivalent to performing CCE to test the hypothesis
Hy : v =0 in the regression Y = Zvy + U.

15



||1r||2:0.1, imbalanced groups

Figure 1.2: Power comparison among Fama-MacBeth procedures (o = 0.05)

We look at several configurations. The number of instruments & varies in the set {1,5,10}.
The first-stage strength is chosen such that ||7||o € {0.1,0.5}, with 7 = ||7[|2tx/VE and ¢,
being a k-vector of 1’s. For example, in the case of |7l = 0.1 and k£ = 5, we have
7 =(0.1,0.1,0.1,0.1, ().1)’/\/5. We also consider both balanced and imbalanced groups. In
the balanced-group case, we have 30 groups of 30 observations; in the imbalanced-group
case, we have 5 groups of 90 observations and 25 groups of 18 observations.

The sizes are reported in Table 1.2 and the power curves are in Figures 1.3, 1.4, and 1.5.
Among all methods, only FMUT is able to deliver a robust inference result at the null across
all settings. CCE displays a noticeable bias under ||7||2 and over-identification. AR-CCE is

robust to weak instruments, but not under group imbalance.
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Table 1.2: Simulation results: comparison on estimation and inference (o = 0.05)

Balanced Groups Imbalanced Groups
Median MAD  Size Median MAD  Size
k=1 7nm=0.5 CCE 0.002  0.050 0.040 0.001  0.049 0.062
AR-CCE - - 0.040 - - 0.060
FMTU  -0.010 0.057 0.039 -0.035  0.087 0.052
m=0.1 CCE 0.010  0.254 0.043 0.007  0.251 0.048
AR-CCE - - 0.040 - - 0.060
FMTU 0.032  0.303 0.066 0.002  0.354 0.048
k=5 m=0.5 CCE 0.011  0.051 0.051 0.010  0.052 0.063
AR-CCE - - 0.037 - - 0.092
FMTU  -0.068 0.110 0.033 -0.078  0.141 0.034
m=0.1 CCE 0.194 0.256 0.119 0.202 0.256 0.136
AR-CCE - - 0.037 - - 0.092
FMTU 0.073  0.260 0.047 0.029  0.312 0.044
k=10 w=0.5 CCE 0.022  0.051 0.076 0.021  0.050 0.082
AR-CCE - - 0.063 - - 0.116
FMTU  -0.055 0.105 0.046 -0.074  0.131 0.037
m=0.1 CCE 0.277  0.284 0.259 0.279  0.285 0.267
AR-CCE - - 0.063 - - 0.116
FMTU 0.067  0.247 0.075 0.026  0.294 0.046

1.5 Empirical Application: Urban Geometry in India

In this section I use the proposed inferential method to study the effect of city shape on
population density. The data used in this section were originally collected and analyzed in
Harari (2020). The shape of a city affects its compactness, where compactness is measured
by how convenient its residents travel for daily activities. Ideally, a compact city should look
like a circle, whereas cities develop into various shapes for many reasons including geographic
constraints. Conceptually, compact cities are attractive to residents because their daily ac-
tivities operate more efficiently than those in cities that are less compact. This argument

suggests the hypothesis that more compact cities should have higher population density.
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Figure 1.4: Power curves with nominal size o = 0.05 and k£ = 5.
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However, city shape is highly endogenous because it is the outcome of economic activities.
Harari (2020) proposes a solution to this endogeneity problem by utilizing geographic ob-
stacles such as mountains and lakes as an instrument. I apply the method proposed in this

chapter, FMTU, in order to obtain a more robust set of empirical results.

1.5.1 Methodology

To facilitate quantitative analysis, Harari (2020) proposes a shape metric that is based on the
average distance between any two points in a polygon, in order to measure the compactness

of a city. Namely, the Shape index is defined by

B

1
Shape = B(B——l) Z Z de7

1=1 j#i

where ¢ and j stand for two points sampled from interior points of the city, d;; is the
Euclidean distance between ¢ and j, and B is the number of sampled points. We consider
the Normalized Shape obtained by dividing Shape by the radius of the Equivalent Area Circle
(EAC), where EAC is the circle with the same area as the city. That is, Normalized Shape
measures how much the city shape is different from a circle.

The instrument is the Normalized Shape index for the projected city. Constructing the
projected city is a two-step procedure. First, predict the area that a city should occupy in
a given year, based on its projected historical population growth. Second, predict the shape
of the city given projected area and geographic constraints. We then instrument the shape
of the actual city with shape of the potential one.

I consider the same setup as Harari (2020) does. The regression of interest is
A Population density = « + SANormalized shape + U,

where the dependent variable is the change in population density from 1951 to 2011, the
21



endogenous variable is the change in the city shape index from 1950 to 2010, and the in-
strument is the change in the city-shape index for the projected city expansion from 1950
to 2010. The instrument is the difference of Normalized Shape for projected cities. This
model can be interpreted as a difference-in-difference design with continuous treatment and
endogeneity.

I consider the potential dependence among observations by applying the framework sug-
gested by Cao et al. (2019). Namely, I first apply k-medoids to generate a partition of cities
using their geographic locations, and then use the given clustering structure to perform
the proposed group-based inference method. I use this method to obtain inference results
robust to spatial correlation. Factors that affect population density in a city may include
climate, culture, economy, personal preferences, etc. Those factors are multidimensional and
the natural administrative division® does not necessarily capture the underlying dependence
structure. That is, cities in neighboring states may be highly correlated in factors that
contribute to population density.

The idea of Cao et al. (2019) is to use k-medoids, a clustering algorithm, to generate a
partition of observations that helps obtain robust results in group-based inferential methods.
Cao et al. (2019) show that the clustering generated by k-medoids satisfies group-balance and
diminishing-boundary. The former, group-balance, requires there is no diminishingly small
group, and the latter, diminishing-boundary, requires across-group dependence is approxi-
mately ignorable. The algorithmic details are presented in Algorithm 2.2. T apply k-medoids
to generate a clustering of 10 group. The resulting structure is visualized in Figure 1.6.
Distances are Euclidean distances based on latitude and longitude coordinates recorded at
cities’ centroids. Different colors correspond to different clusters in the partition. Marks are

plotted at city centroids.

5. India is a federal union comprising 28 states and 8 union territories.
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Figure 1.6: Partition of cities in India by k-medoids using 10 clusters.

1.5.2 Results

Table 1.3 compares the original results in Table 8 of Harari (2020) with those obtained from
the proposed method. Note that the first-stage t-statistic being 5.311 does not imply we
can ignore the instrument strength. Lee et al. (2020) show that in order to have a level-
0.05 second-stage test in a single IV model, the first-stage F-statistic needs to exceed 104.7,
which translates into a t-statistic of 10.23. Comparing 2SLS and the proposed method of this
chapter, the estimates are qualitatively similar (-171.79 vs. -199.26), whereas the standard
errors are quite different. Although the new p-value still suggests rejecting the null at some
levels such as 0.1, the implication is vastly different from the original p-value, suggesting

that including spatial correlation in analysis is crucial.
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Table 1.3: Results for the effect of city shape on population density

A Normalized shape A Population density

First stage 2S5LS FMUT
1) ) (3)
A Potential normalized shape 0.0996
(0.0188)
A Normalized shape -171.8 -199.3
(37.32) (88.35)
t-stat 5.311 -4.603 -2.255
p-value 0.000 0.051
Observations 351 351 351

Notes: This table reports estimates of the impacts of city shape on population.
Column 1 reports the first-stage results. Column 2 reports 2SLS results with
the White robust standard error. Column 3 reports results from the truncated
unbiased Fama-MacBeth method. The p-value for FMUT is calculated using a
Student’s t-distribution of 9 degrees of freedom.

1.6 Conclusion

In the setting of IV regression, this chapter proposes an inferential method that is based
on the idea of Fama-MacBeth estimation, in order to deal with weak IV and heterogeneous
clustering dependence. To overcome the finite-sample bias of IV regression, the group-
level estimator is a truncated version of the unbiased IV estimator proposed by Andrews
and Armstrong (2017). I give high-level conditions under which the proposed method is
asymptotically valid. Asymptotic validity is also shown under both strong and weak IV
sequences. Finite-sample performance is shown by simulation. The proposed method is

applied to study the effect of city compactness on population density.
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CHAPTER 2
INFERENCE FOR DEPENDENT DATA WITH LEARNED
CLUSTERS

2.1 Introduction

Conducting accurate econometric or statistical inference with data featuring serial or cross-
sectional dependence requires carefully accounting for the respective underlying dependence
structure. A variety of methods are available for researchers analyzing dependent data. An
important class of inferential methods is the class of cluster-based methods. Cluster-based
methods work with a partition of observations into clusters. Inference proceeds by treating
as negligible any covariance between observations that fall in different clusters, followed by
performing appropriate tests for a statistical hypothesis of interest.

Though the term can apply more generally, in empirical economics settings “clustering”
is most commonly used in the special case of an n X T' panel data setting, in which individual
level observations ¢ = 1, ..., n are clustered together across the T" dimension. This setting has
been analyzed extensively, and one comprehensive reference is the textbook by Wooldridge
(2010). In the case of a panel data setting, there is natural, ‘known’ way to partition data
into clusters, which is justified from an assumption on the data, namely that observations 7
and j are independent whenever i £ j.

In many settings, however, there is not an immediate ‘natural’” way to partition the
available observations into clusters. This paper considers the case in which a dissimilarity
measure is available to the researcher, and this measure is informative about the underlying
correlation structure. Specifically, the maintained assumption is that dependence between
observable quantities is suitably small when the distance between them is suitably large.
The need to cluster general dissimilarity measures can arise in several ways. For instance,

this need may arise when observations are equipped with a notion of economic distance.
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Examples of applications applying a notion of economic distance include Conley and Dupor
(2003), which constructs a notion of economic distance based on a input output tables, or
Conley and Topa (2002), who construct a notion of economic distance based on demographic
compositions of zip codes. The need for automated partitioning of observations into clusters,
may also arise when observations are indexed geographically over an irregular geographical
region. To address inferential problems arising in such a way, instead of assuming a natural
known partition of observations into clusters, this paper proposes using an unsupervised
clustering algorithm to generate a partition.

There are many ways to construct groups from measures of dissimilarity and such prob-
lems fall under the category of unsupervised learning; see Hastie et al. (2009) for a gen-
eral review. Within unsupervised learning, commonly used clustering algorithms include
k-medoids, k-means, and hierarchical clustering.

This paper proposes an inferential procedure with three main components for testing a
hypothesis Hy. In the first component, given an observed dissimilarity matrix d, a collection
of unsupervised clustering methods is used to a collection of partitions C of the observations
into clusters. Next, estimates of size and power for cluster-based procedures over each
partition C in the collection of the previous step are calculated. Finally, a chosen cluster-
based inferential procedure is applied using the learned clusters. In the proposed inferential
procedure, the total number of clusters in C may be data-dependent. As a result, the
proposed procedure encompasses a method for choosing the level at which to cluster the
data.

This paper builds on three commonly used cluster-based methods, which take as input
a given known clustering C. Bester et al. (2008) present a simple method for conducting
inference using the cluster covariance matrix estimator (CCE) under asymptotics that treat
the number of groups as fixed and the number of observations within a group as large.

Ibragimov and Miiller (2010) provides a formal treatment of the famous Fama-MacBeth
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procedure by Fama and MacBeth (1973a), focusing upon properties of t-tests using point
estimates from all clusters. Canay et al. (2017) develops a theory of randomization tests
under an approximate symmetry assumption, i.e., when the classes of transformations applied
to the original data do not change the distribution. Those methods have been shown to be
very robust in simulations.

The chosen cluster-based inferential procedure is based a constrained optimization, choos-
ing the procedure which maximizes power while estimated size is nominal. The method is
similar to a recent proposal in Mueller and Watson (2014) for selecting a bandwidth in the
context of spatial HAC estimation.

The main theoretical results in this paper concern the behavior of cluster-based inference
of the procedures defined in Ibragimov and Miiller (2010) and Canay et al. (2017) with fixed
number of clusters, each of which is determined by an unsupervised data-driven clustering
method. The regularity conditions involve moment and mixing rate restrictions, weak ho-
mogeneity assumptions on second moments of regressors and unobservables across groups,
and restrictions on group boundaries. These moment and mixing conditions are implied
by routine assumptions necessary for use of central limit approximations and the required
homogeneity is less restrictive than covariance stationarity. Thus the assumptions are no
stronger than those routinely made with the plug-in HAC approach or in the Canay et al.
(2017) approach.

Intuitively, cluster-based methods are related to truncation or downweighting of auto-
covariances in traditional time series heteroskedasticity autocorrelation robust inference.
Choosing a partition is analogous to choosing a bandwidth. Moreover, the theoretical re-
sults in this paper contribute to the growing literature on inference with spatial data; that
is, data in which dependence is indexed in more than one dimension. Examples of papers in
this literature are Conley (1996), Conley (1999), Kelejian and Prucha (1999), Kelejian and
Prucha (2001), Lee (2004) Lee (2007a) Lee (2007b), Jenish and Prucha (2007). Note that
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analysis of spatially dependent data is not a trivial extension of results for scalar-indexed
(time series). Complications arise due to such concerns as set boundaries being of large
order of magnitude relative to set sizes and the number of potential neighbors of any partic-
ular point increasing rapidly with the dimension in which dependence increases. This paper
provides formal conditions under which inference based on the CCE remains valid in very
general settings.

In the course of analysis, this paper develops results about the behavior of the k-medoids
clustering algorithm that are important for cluster-based inference and are new to the unsu-
pervised learning literature. More specifically, the partitions produced by k-medoids satisfy
suitably defined balance and small boundary conditions. The results do not require a no-
tion of consistency to a true partition. The results about k-medoids complement insights in
Bester et al. (2011b). In particular, Bester et al. (2011b) notes that asymptotically correctly
sized inferential procedures can be constructed with a small number of clusters under certain
regularity conditions, when the clusters have small boundaries and balanced clusters for data
indexed in Euclidean spaces with fixed (known) clusters. As a result, this paper shows that
unsupervised clustering algorithms may be used to produce clusters which may be used for
inference.

This paper also presents simulation evidence on the performance of the proposed proce-
dures in the context of linear panel models. The simulations examine inference in both the
context of ordinary least squares (OLS) and instrumental variables (IV) estimation. The
simulations illustrate that inference procedures that ignore cross-sectional dependence, such
as clustering based on only location, can be severely size distorted. Even modest serial or
spatial dependence needs to be accounted for in order to produce reliable inference. The
simulation also demonstrates that plug-in spatial-HAC inference procedures may suffer from
substantial size distortions. However, when the number of groups is small and correspond-

ingly the number of observations per group is large, the proposed test procedure achieves
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nominal size and has good power properties. Finally, the proposed procedure is applied to

Condra et al. (2018) to investigate the effect of insurgent attack on voter turnouts.

2.2 Methodology: Inference with Unsupervised Cluster Learning

Consider data given by Z = {(; };ex. Here, (; are observable random variables and X is a
(spatial) indexing set of cardinality n. This paper assumes that X is equipped with a known
dissimilarity measure d, which is an n x n array of nonnegative real dissimilarities. When
added emphasis is helpful, X is written (X,d). The data Z is distributed according to an
unknown joint probability distribution 2 ~ Pq. The object X will be the main object used
to characterize any dependence in the data & over ¢. Finally, P is an element of a larger
known class of distributions Py € P.

Let Py C P be a subclass of data generating processes of interest. Consider the testing
problem

Hy: Py e Pg.

As a concrete example, this framework includes cases of the problem of testing a coefficient
in a linear regression model (i.e. testing Hy : 6y = 0, when 6 is a parameter in a linear
regression). Then P consists of all possible data generating processes (DGPs) for the re-
gression data. P might include DGPs in which regression observations are be correlated
with each other. Correspondingly, P consists of all data generating processes considered
for which 6y = 0. An example of this form is expounded in detail in the next sections.

As discussed in the introduction, failure to account for dependence in & across ¢ € X
may lead to substantial size distortion when testing Hq. This paper studies an approach to
the above inferential problem with cluster-based inferential procedures, in which the clusters
are generated with an unsupervised clustering algorithm.

Let C = {Cyq,...,Cq} be a partition of X of cardinality G > 2. The elements Cy,...,Cq
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are referred to as clusters. A Cluster-Based inferential procedure for testing Hy : Py € Py
is a (possibly random) assignment

(2,C)—T

where

T e {Fail to Reject, Reject}.

There are many important cluster-based inferential procedures used commonly in econo-
metrics. This paper focuses on the following three cluster-based inferential procedures in the

simulation study, empirical example, and formal theoretical development.

IM.  The procedure of Ibragimov and Miiller (2010).
CRS. The procedure of Canay et al. (2017).

CCE. Inference based on the cluster covariance estimator as described in Bester et al. (2011b).

The procedures are reviewed in the Section 2.6. FEach of the above procedures depend on
a parameter «, the nominal testing level (in addition to Z and C as noted above). Each of
the above testing procedures has the favorable property of asymptotic nominal size control
under respective regularity conditions whenever dependence in observations (;, (; with i, j
in different clusters is suitably negligible. The appropriate formal definition of negligible is

method-specific. Use the notations

T' =Ty T =Tcrs(a) and T =Tocg(a)

to refer to the respective IM, CRS, and CCE testing procedures. Similarly T,(a) is used
when the choice of IM, CRS, or CCE is unspecified.

The second important definition is that of an Unsupervised Clustering Algorithm, which
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is an assignment that returns, to every X, a partition of X given by

X = (X,d) — C.

There are also many commonly used unsupervised clustering algorithms. This paper
focuses primarily on k-medoids. Other methods included hierarchical clustering, spectral
clustering methods, k-means; see Hastie et al. (2009). In particular, all simulations, the em-
pirical example, and theoretical results printed here pertain to k-medoids. A full description
of the version of k-medoids used here (included the method of computation) is given in the
appendix. The purpose of such clustering algorithms is to partition X into clusters which
contain either common features or a small diameter.

By composition, a cluster-based inferential procedure and an unsupervised clustering

algorithm are sufficient for defining a statistical test by

(2.X) 5 (2,C) = T.

The idea behind using an unsupervised clustering algorithm is that if the dissimilarity d
appropriately reflects the dependence in (;, then the resulting partition C may have the de-
sired property that observations belonging to different clusters exhibit negligible dependence.
In the formal analysis that follows, the mixing conditions imply that dependence between
¢; and ¢ vanishes as dp (i, j) becomes large (in the context of a sequence of X;). Then, if C
places distant observations (as defined by d) in different clusters, favorable properties of the
test T may be anticipated.

The final layer to this paper’s proposed testing procedure is that both the cluster-based
inferential procedure yielding 7" and unsupervised clustering procedure yielding C themselves
may depend on the data. This allows for data-dependent choices of tuning parameters which

may be inputs into T',C. One important specific consequence of this additional generality in
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this paper is that the researcher may explicitly control the final resulting number of clusters
G in the partition C, by treating GG as a tuning parameter. Let .7 be a set of pairs of cluster-

based inferential procedures and unsupervised clustering procedures of the form (7',C). Use

~

a pair of circumflexes to denote the possibly data-dependent choice (f, ) € 7. Then any

~

method for defining (f, ) also defines an assignment
(2,X) — T

where again

T e {Fail to Reject, Reject}

which in turn fully defines a statistical testing procedure for Hj.
Sensible plans for choosing tuning parameters in statistical testing problems consider si-
multaneous control of Type-I and Type-II error rates. Let Errpype.1(T,C) denote type-I error

for (T',C). For a finite set of alternatives Py, C P disjoint from Py, let Errpyperp,, (7,C)

alt (

denote average type-II error. Note that in nearly all practical testing settings, the researcher
may not know both Errpype1(7,C), Errryperp,, (15C) exactly. However, in many cases,

estimates E/r\rType_I(T, C), E/r\rType—H,P T,C) may still be available.

alt (

This paper proposes a simple method for choosing data-dependent (f , CA) from 7. Let

a be the nominal testing level for Hy. Consider a setting in which observable estimates

~

E/;rType_I(T,C) and Er\rType-H,P T,C) for some P, exist. Choose (T,C) € 7 by solving

alt (

~

(T',C) € argmin E/h?rType-ILP T,C)

alt (

st. (1,0) € 7, Errpype1(T,C) < a.

Such a strategy is particularly well suited for testing with dependent data. In particular,
let Gmax be a researcher-chosen upper bound on the number of clusters considered. Let

T, o(a) be as described above for nonnegative a, and let C (@) be an unsupervised clustering

32



procedure which yields exactly G clusters. Let
T = {(T,(a),C(G)) ae0,a],Ge {2, ...,Gmax}}

so that .7 has a two-dimension parameterization by a and G. Then the optimization defining
T ,CA is a two-dimensional optimization problem with one constraint (constraining type-I
error). The resulting optimization problem is therefore non-degenerate. In this context,
corresponding to f,CA are parameters a and G. Importantly, G gives researchers guidance
on how finely a level to cluster on. The idea of using a constrained optimization problem
(rather than maximizing a weighted average of estimated size and power) was previously
proposed in Mueller and Watson (2014) in the context of spatial HAC-type estimation.

This proposal departs from several recent methods in the literature which suggest choos-
ing a single tuning parameter (groups in the cluster-based context, bandwidth in the time-
series context) to optimize a weighted combination of size distortion and power. See, for
instance, Lazarus et al. (2019) and references therein. Instead, this proposal leverages the
fact that most commonly used inferential procedures for dependent data depend on two
parameters: nominal size and bandwidth.

In the concrete calculations in the following sections, E/r\rType—I(T ,C), E/r\rType—H,P T,C)

aie
are obtained using a combination of Gaussian QMLE to estimate dependence between rel-
evant observed random variables and simulation to estimate relevant size and power. The
simulation studies focus on a simple and intuitive specification with exponential correlation
structure which depends on d;. The theoretical results that follow do not require the con-
sistency of the estimated dependence structure of P in order to control size. As a result,
misspecification in the model for dependence leads only to potential loss of power. The
implementation details are listed in the appendix.

For convenience of reference in the following sections, the above described procedure is

stated under Algorithm 2.1 below.
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Algorithm 2.1. (Inference with Cluster Learning): Hg: Py € Pg C P, level 0 < a < 1;
Data inputs. 7 = {(i}tiex, (X,d).
Method inputs. 7, (T,C).

Output. T € {Fail to Reject, Reject}.

2.3 Empirical Application: The Logic of Insurgent Electoral

Violence

In this section, the inferential method proposed in Section 2.2 is applied to study the effect
of insurgent attacks on voter turnout using a dataset originally collected and analyzed in
Condra et al. (2018). The data consists of district-level observations for 205 voting districts
in Afghanistan in 2014. Each observation contains information on direct morning attacks,

voter turnout, and district level control variables for 2 separate election rounds.

2.8.1 Empirical specification

The following linear model is specified.
Yo = ag + g Attacksg, + W0 + Uge,

Here, Y, is the turnout in district d and election round e, Attacksg, is the number of
morning attacks in district d and election round e. The covariates in W, include election
round fixed effects, voting hour wind conditions, population, a measure of precipitation and
ambient temperature and the average of predawn and morning wind conditions during the
pre-election period. Uy, is an idiosyncratic disturbance term. The parameter 6 measures
the effect of interest, namely the voter turnout after nearby morning attacks. In order to
overcome possible endogeneity, the authors use early morning wind conditions Z,4, as an

instrument for Attacks,g, in the following first stage regression
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Attacks g, = g + m0Zge + Wéefo + Vie-

The analysis in Condra et al. (2018) reports inference for the parameter 6 based on clus-
ter standard errors (CCE) at the district level which are robust to within-district correlation
(LOC). However, if both the instrumental variable and shocks that affect voting exhibit
spatial correlation across districts that are geographically close, then inference based on an
assumption of independence might not capture all sources of variability of estimates 9. To
test for spatial dependence, a profile of Moran tests was constructed. Weights for all Moran
tests are first constructed using positive equal weights for a district’s two nearest neighbors
(defined by Euclidean distance over latitude and longitude.) Moran tests are run using the
estimated observation-specific contributions to the score. Using only observations in the
first time period, the calculated Moran I statistic is 4.338 (p-value < 10&-05). Using only
observations in the second time period, the calculated Moran I statistic is 2.546 (p-value =
0.011). Using observations in both time periods, treating time periods as very far apart, the
calculated Moran I statistic is 5.387 (p-value < 10e-05). An additional Moran test focused
on inter-temporal correlation (using only terms for same district in different time periods)
delivers a Moran [ statistic of 2.755 (p-value = 0.006). The outcomes of all Moran tests are
displayed in addition in Table 1. The outcomes of the Moran tests suggest that the spatial
and the serial correlation may be important features of this dataset. This section uses the
learned cluster-based methodology described in the previous section to perform inference on
0 allowing for between-district spatial dependence.

To capture spatial correlation, and implement the procedure defined in the previous
section, an unsupervised clustering algorithm is used to partition the districts into clusters.

To each pair of distinct districts, d, d’, a dissimilarity measure d is defined by

d(d,d') = | Ly — Lallz = \/(latg — latg)2 + (long, — long,)?
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where L; = (latg, long) consists of the latitude and longitude coordinates of the centroid of
the district and || - |2 denotes Euclidean distance. The data is partitioned using k-medoids
with the Euclidean metric over latitude and longitude coordinates of district centroids. Note
that because of the nonuniform locations of district centers (i.e. districts are not on a
rectangular grid) it is unclear ex ante how to partition them or how many clusters to use.
Let Gmax = 8. This value for Gpax is chosen according to [(N T)l/ 3] and this choice is
discussed more in simulation section. For each G = 2, ..., Gpax, apply k-medoids to the
data, yielding a set of partitions € = {C (2), o, C (Gmax)} . The procedure therefore generates
a sequence of group structures ¢ = {C(Q), ...,C (8)}. For any G, the resulting partition is of
the form C(G) = {Cy,Cy, ..., C}

Once the districts have been assigned to clusters, cluster-based inference may proceed.
The hypothesis of interest here is Hy : 65 = 0. Let C C X and gc be the least squares
estimate (or the IV estimate) of 6 using only data corresponding to observations in C. Now

define the t-statistic function ¢ : RC — R such that

N G_1/2 ECGC Oc

t(bc) = = —
\/(G 1)1 ¥ cec <9c —G 1 Y e 90)

for fp = (é\C)CGC' At significance level «, the IM, CRS, and CCE tests relative to partition

C for this particular hypothesis have simple expressions and are given by

~

Tiv(a)c = Reject if ‘t(ec)) >t —a/2,6-15

Tors(ayc = Reject if  |t(8)| > auantile;_q o ({[t(hfc) bnere)
ax > G X

S 1—a/2,G-1>

VecEee G-1 o/

Teck(a)c = Reject if

where ¢1_, /5 g_1 is the (1 — a/2)-quantile of ¢-distribution with G — 1 degrees of freedom;
the set {hgc}he}[c is the orbit of the action of {£1}¢ on O, so that for each h, hf € RC
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has Cth component iac’c for some sign in {£1}; ?CCE,C is the standard cluster covariance

matrix estimate.

An estimated ‘optimal’ estimated number of clusters G for each inferential procedure

(CCE, IM, and CRS) is set by selecting GG that maximizes simulated average power using

critical values that control size within a parametric bootstrap. To calculate power and

size for each inferential procedure, a parametric bootstrap in performed over the residuals

Uge, Vige in the above specification. The parametric model for the residuals’ covariance is

an exponential covariance function that depends on the dissimilarity measure d(d, d’). The

following steps describe the procedure to calculate G. Full implementation details of each

step are provided in the appendix.

Step 1.

Step 2.

Step 3.

Step 4.

Let U\de and XA/de be the second stage and first stage estimated residuals from the 2SLS
regression of Y, on Attacksg, with controls Wy, and instrument Z;.. Estimate by
QMLE the parameters of a parametric model for the covariance matrix of fjde and the

covariance matrix of ‘7de (see Section 2.7).

For « = 1,...,1000, simulate values of U&Z and Vj . from the estimated parametric
models in Step 1. Using U}, and V , simulate values of the dependent variable Y =

a+W) 7+Uj, (operating under the assumed null that 6y = 0) and values of Attacks’, .

For each partition C that belongs to C = {0(2), o ,C(S)}, for each a € [0,.05], compute

simulated size ErrType—I(TIM(a),C)v ErrType—I(TCRS(a),C)a ErrType—I<TCCE(a),C) by
conducting the corresponding test Hy : 6y = 0 on each simulated dataset from Step 2.

Set arnv ¢, anv,c» @, to be the largest value a € [0, o] such that Er\rType—I(TIM(a),C) <

a, Errtype-1(Ters(a).0) < @ Errrype-1TecE()0) < o

For each partition C that belongs to C = {C(Q), e ,C(S)}, compute simulated av-

erage Type-II error, Errrype 11 P,y (TiM(ange).¢)> B Type 1Py (TCRS (Gops ¢).0)> and

Errrype1rp,, (Tocr@g CE, 0),C)s USINg @\ ¢, AcRrs ¢, accE ¢ and by conducting the cor-
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responding test H( : 8y = 0 on each simulated dataset from Step 2. Set CA;CCE, CA;IM,
@CRS corresponding to the highest simulated average power. Details on which al-
ternative hypotheses are using in calculating average power are given in Section 2.7.
Set

Trarle) = TIM@IM,G),C@IM’

T, —T .
ors (@) CRS(acrs c).CECRS’

~

T, a)=T A .
copl@) CCE(dccp,c).CYCCE

2.3.2 Results

Table 1 reports inferential statistics for the IM, CCE, and CRS cluster-based inferential
procedures. Figure 1 displays the resulting partition of the data for G = 6. Districts
rendered with common markers belong to common clusters C € C 6),

In Table 1, Panel A shows the results of the inferential procedures based on selected
clusters. Row labels indicate which procedure is used, including LOC using cluster standard
errors at the district level as in Condra et al. (2018), as well as CCE, IM, CRS. For each
method, Panel A reports the IV estimate of 6, the standard errors, t-statistic, confidence
interval using the simulation-adjusted critical values, 95% confidence interval using usual
critical values and G , which denotes the optimal number of groups selected in each procedure.
The optimal number of cluster G is estimated at eight in CCE, which is the maximum allowed
by construction, and at six in IM and CRS. Confidence intervals are obtained by inverting
relevant hypothesis tests.

Only inference based on LOC using usual critical values rejects the null that 8y = 0 at the
5% (C.I. = [—0.265, —0.025]). This is the inferential procedure considered in Condra et al.

(2018). Note that this resulting confidence interval leads to the conclusion that morning
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attacks have a negative and significant effect on voter turnout. The LOC confidence interval
using the simulation-adjusted critical value is wider (C.I. = [—0.308, 0.018]) and includes

both positive and negative values for §y. The IM procedure with adjusted critical values gives

confidence interval C.I. = [—0.896, 0.411]. The CRS procedure with adjusted critical values
gives confidence interval C.I. = [—1.497, 0.084]. Similarly, the CCE procedure with adjusted
critical values gives confidence interval C.I. = [—0.382, 0.093]. In each of the previous three

cases, the resulting confidence interval includes the null value 6y = 0. Overall, using either
simulation-adjusted critical values or usual critical values, inference based on CCE, IM, or
CRS does not reject the null that 8y = 0.

Table 1, Panel B reports the IV and first-stage estimates of 6y for the six subgroups
generated using k-medoids as well as for the full sample. Results with 6 groups are reported
because 6 is the optimal number of clusters selected by CRS and IM. Note that the column
for the full sample reproduces the results in column 4 of table 2 in Condra et al. (2018),
which found a significant negative effect of -0.145 (standard error 0.061) of violence over
voter turnout.

Table 1 shows that there is less strength in the instrument in the first stage and the
IV estimate in the second stage, when looking at the subgroups. For example, in the full
sample, the t-statistic associated with the instrument in the first stage is 3.252 whereas in
the subsamples the t-statistic is less than 1 in 4 of the six subgroups selected by k-medoids .
In the same line, the IV estimate in the second stage is not significant in any of the subgroups

selected using k-medoids.

2.4 Simulation

This section conducts a study of the finite sample performance of inference with learned
clusters in a series of simulation experiments. The design of the simulation study is largely

based on the structure of the empirical example from the previous section. Consider again
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Figure 2.1: Display of partition of districts in Afghanistan by k-medoids using final number
of clusters given by G = 6. Distances are Euclidean distances based on latitude and longitude
coordinates recorded at district centroids. Different marks correspond to different clusters
in the partition. Marks are plotted at district centroids.

a N x T panel from the following process.
Yie = ag + 00X ge + W0 + Uge-

The unknown parameter of interest is 0y. Wy, € RP is a vector of control variables
with dimension p with effect on the outcome given by the unknown parameter 7. Spatial
indexing for the indexes d are drawn based on locations of districts in the empirical example
in the previous section and are described further below.

Throughout, let N = 205, T = 2. In addition, Gmayx is set at Guax = [(NT)Y/3]
which gives Grax = 8 = [(205 x 2)1/3]. Additional settings with N = 820 are provided in
the supplemental materials. This model is simulated with several settings which vary the
joint distribution of the underlying observable random variables {(Yge, Xge, Wee) ba<n e<T-

Specifically, Section 2.4.1 considers OLS estimation of the above panel model under an
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orthogonality assumption. Section 2.4.2 assumes an additional observable random variable
Z4e which is an instrument for X ;.. The final subsection, Section 2.4.3 studies properties of
clustering (for instance, the distribution of the number of chosen group).

The next subsections consider the following inferential procedures.

1. SK. Inference based on spatial HAC estimator from Sun and Kim (2015) with optimal

bandwidth selection described in Lazarus et al. (2018)

2. LOC-U. Inference based on cluster covariance estimator only by location d with the

usual critical values (¢-distribution with G — 1 degrees of freedom).

3. LOC. Inference based on cluster covariance estimator only by location d with the

simulated critical values.

4. CCE. Inference based on the cluster covariance estimator described in Section 2.2, i.e.,

T = TeeE, (o)
5. IM. Inference based IM as described in Section 2.2, i.e., T = TIM,(a)'

6. CRS. Inference based CRS as described in Section 2.2, i.e., T' = TCRS,(a)'

In all settings, inference is conducted with the null hypothesis Hy : g = 0. To obtain the
candidate clusterings, k-medoids is applied to the locations {Ld}évzl over a set of numbers
of groups {2,...,Gmax}, which produces Gmax — 1 partitions. For the CCE method, also
consider clustering by location as a benchmark, in which case G = N. Implementations

details for each of the inferential procedures are provided in the appendix.

2.4.1 OLS simulation

The observable data for the OLS simulation study is given by 2 = {Yye, Xge; Wee ta=1,... Ne=1,..T-

The data satisty Y, = ag + 0pX g + Wc/l670 + Ug.. Each observation de is associated with
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a spatial location which depends only on L, € R2. Dissimilarity is defined by d(de,d'e’) =
|Lg — Lg|l2- To define a dependence structure over observed random variables, define a

function f which depends on positive scalar parameters &, p by
Frap(L0), (2 1) = exp (=ML = Ll = o7 = 1])

The values for L; € R? used in the simulation study correspond to the locations (district
centroid) in the empirical example which has 205 observations. Throughout replications,
{Xdes Waeti=1,...Ni=1,..,.7 are held fixed and drawn once and for all from the following

distribution.

Xge ~ N(0,1), Waer ~ N(0, 1)
cort(Xge, Xgrer) = cort(Wyer, Wyren)) = frep(Las€), (L, €'))
corr(Xge, Waer) = corr(Wep, Waem) = v

This simulation study consider two settings for the distribution of Uy,.

A. Homogeneous exponential covariance (BASELINE).

Udge ~ N(O, 1)

COI"I"(Ude, Ud’e’) = fK,P<<Ld7 6)7 (Ld'7 6/))

B. Spatial auto-regression (SAR).

Uge = 0153 qr2q Uare || Ly—L |l 1<0.3} + Ede
Ede ™ N(Ov 1)

corr(eqy, £q42) = exp(—1)
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Throughout, 6y =0, 9 =0, = (0,...,0)", T =2, p=10, v =0.5, k = 3, and p = 1.

The OLS simulation study calculates the above described inferential procedures on the
described data generating process on 1000 simulation replications. The results from this
simulation are printed in Table 2.2 and discussed in Section 2.4.4 below. Table 2.2 reports
size for each of the 6 inferential procedures considered. Table 2.2 also reports power against
alternatives 6y = —1,—0.5,0.5,1. Table 2.2 also presents statistics about the estimation
quality é\, specifically estimation bias and estimation root mean square error. For the SK,
LOC-U, LOC, and CCE procedures, 0 is the OLS estimate on the entire sample. For IM and
CRS, g is given by éZCe CA§C‘ In addition, Figure 2.2 presents a power curve comparing
power of the SK, LOC, CCE, IM, and CRS estimators various alternatives for 6y ranging
between -3 and 3. Table 6 and Figure 4 in the supplemental material report analogous results

using a larger sample size of N = 820, keeping all other settings the same.
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Figure 2.2: OLS power curves
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2.4.2 IV simulation

This section conducts a similar simulation study but in an IV setting. The observable data
for the IV simulation is given by 7 = {Yye, Xge, Wae, Zde fd=1,....Ne=1,... 7- The data satisfy

the system of equations

Yde =qop + Gone + Wc/le’m + Udev

Xge = Mo + T0Zge + W(’zeéo + Vie-

In the same way as in the OLS simulation, each observation de is associated with a spatial
location which depends only on L; € R? with dissimilarity is d(de, d’e’) = || Lg— Ly||2. A de-
pendence structure over observed random variables is generated using fy, p, which was defined
also in the OLS simulation section. Throughout replications, {Zg., Wye bi—1,... Nt=1,.. T are

fixed and are drawn once and for all from the following distribution.

Zde ~ N(0,1), Wgep ~ N(0,1)
cort(Z e, Zd’e’) = corr(Wge, Wd’e/l) = fli,P<(Ld7 e), (Ld’? 6/))
corr(Zge, Wer) = corr(Wep, Waem) = v

The following settings for the distribution of the disturbance are considered.

A. Homogeneous exponential covariance (BASELINE).

Ude ~ N(07 1)7 Vde ~ N(07 1)7
COI"r(Ude, Ud/6/> = COl“r(Vde, Vd’e’) = fﬁ’p((Ld, 6), (Ld/, 6/))

cort(Uge, Vige) = 0.8
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B. Spatial auto-regression (SAR).

Uge = 0153 3124 Udrel{||Ly—Ly)2<0.3} T Ede
Vie = 0152 g 2a Ve 1| Ly Ly o<0.3} T Tde
Ede ~ N(Ov 1)a 77de ~ N(O’ 1)

corr(eq1,€42) = corr(ngy, 142) = exp(—1)

corT (€ e, Nge) = 0.8

Throughout, ag = 6y = pp =0, 70 = & = 0p = (0,...,0), mp = 2, T = 2, p = 10,
v = 0.5, k =3, and p = 1. Note that 7y controls the relevance of the instrument Z;, with
7o = 0 indicating an irrelevant instrument.

The IV simulation study calculates the above described inferential procedures on the
described data generating process on 1000 simulation replications. The results from this
simulation are printed in Table 2.3 and discussed in Section 2.4.4 below. Table 2.3 reports
size for each of the 6 inferential procedures considered. Table 2.3 also reports power against
alternatives 6y = —1,—0.5,0.5,1. Table 2.3 also presents statistics about the estimation
quality «/9\, specifically estimation bias and estimation root mean square error. For the SK|
LOC-U, LOC, and CCE procedures, 0 is the IV estimate on the entire sample. For IM and
CRS, g is given by %ZCG CAé\C‘ In addition, Figure 2.3 presents a power curve comparing
power of the SK, LOC, CCE, IM, and CRS estimators various alternatives for 6y ranging
between -3 and 3. Table 7 and Figure 5 in the supplemental material report analogous results

using a larger sample size of N = 820, keeping all other settings the same.

2.4.3 Clustering simulation

The final simulation studies more detailed properties of method for choosing the number of

clusters G to use. This simulation considers all settings listed above, including both the OLS
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Figure 2.3: IV power curves

and IV designs. This simulation study limits consideration of testing procedures to CCE,
IM, and CRS. For each G = 2, ...,8 = Gax in the case of N = 205, this simulation records
the frequency that G = G, as well as size of the procedure using G clusters regardless of
whether G = G. The results are printed in Table 2.4 and Table 2.5 and discussed in Section
4.4. Tables 8 and 9 in the supplemental material report analogous results using a larger

sample size of N = 820, keeping all other settings the same.

2.4.4  Discussion of simulation study

This section discusses the results of the above simulation studies.

The OLS simulation study results indicate that in both settings, the SK and LOC-U
procedures exhibit substantial size distortion (BASELINE estimated size 0.452 for SK and
0.687 for LOC-U; SAR estimated size 0.338 for SK and 0.638 for LOC-U) . The LOC proce-
dure shows nearly nominal size in BASELINE (estimated size 0.044) but has size distortion

in SAR (estimated size 0.307). Note that only in the BASELINE specification, the critical
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value of LOC is simulated under the correct specification. The CCE, IM, and CRS proce-
dures achieve sizes that are near nominal (with ranges 0.037-0.059 across all settings). The
IM and CRS have similar performance in powers and are more powerful than the CCE in
both BASELINE and SAR over all alternatives considered in Table 2.

The IV simulation study results indicate similar findings to the OLS simulation study.
In both the BASELINE and SAR settings, the SK and LOC-U procedures exhibit substan-
tial size distortion (BASELINE estimated size is 0.426 for SK and 0.682 for LOC-U; SAR
estimated size ). The LOC procedure has a near nominal size in BASELINE (estimated size
0.076) but shows size distortion in SAR (estimated size 0.248). The CCE, IM, and CRS
procedures achieve sizes that are near nominal (with ranges 0.036-0.075 across all settings).
The IM and CRS have similar performance in powers and are more powerful than the CCE
in both BASELINE and SAR over all alternatives considered in Table 2. For both BASE-
LINE and SAR, the IM has similar behavior as the CCE near the null hypothesis and higher
power away from the null. In general, The CRS procedure has higher power than the CCE
on the left (6y < —1) and smaller on the right (g > 2), partly because of asymmetry in the
distributions of respective IV estimators.

In clustering simulation study indicates that across nearly all settings, G = 8 has the
highest frequencies of being chosen. The exception for this is that the IM method in the
case of IV with SAR, where G = 5 is chosen with 74.9% chance.! The CRS has no power

when G < 6, so the number of groups is always chosen to be large than or equal to 6.

1. In the supplemental materials, it is shown that the interior solutions for choosing G show up more
often when a larger number of locations (N = 820) is considered.
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2.5 Preliminaries to the Formal Analysis of Inference with

Learned Clusters

The analysis of Algorithm 2.1 requires preliminary theoretical groundwork. This section
develops regularity conditions on increasing sequences of dissimilarity measures which are
sufficient for a mixing central limit theorem to hold. The next section applies the results
to analyze Algorithm 2.1 formally for various settings and choices of cluster-based inference

procedures.

2.5.1 Conditions on an increasing sequence of dissimilarity measures

The analysis of Algorithm 2.1 relies on asymptotic theory. Consider a sequence of datasets
Dy with n = 1,2, 3, ... in which the index n in %, is identically associated with the sample
size. For each n, there is an associated spatial indexing space and dissimilarity (X, dy,).
The analysis in this paper is based on a condition over dissimilarity matrices. The most
basic condition on X, is that the triangle inequality holds, in other words, each X, is a
genuine metric space. which is related to the notion of Ahlfors regularity in the theory of
metric spaces. The asymptotic frame defined by the condition below allows the definition of

mixing conditions which are analogous to those in Jenish and Prucha (2009).

Definition 2.1. Let |X| be the cardinality of X. A finite metric space X is (C,J)-finite-
Abhlfors reqular if |X| vV o0 < | Bx - (4)] < Cr® A1 for any r > 0, for any = in any X,

where By () is the r-ball centered at x in the space X.

(C, §)-finite-Ahlfors regularity is a modification of the notion of Ahlfors regularity encoun-
tered in the theory of metric spaces equipped with a Borel measure (in which case [By ()]
is replaced by p(By (7)) and the conditions [X|V ... and ... A1 are dropped). This notion
has several advantages, relative to assuming that X,, be a subset of a Euclidean space. First,

the definition refers only to intrinsic properties of the space. Second, this simple condition
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is sufficient both for realizing mixing central limit theorems, and for analyzing clustering.
Not every dissimilarity measure X,, satisfying (C,d)-finite-Ahlfors regularity admits an
isometric embedding into RY for some v. In fact, the condition is not even sufficient to
guarantee that X admit a bi-Lipschitz embedding (defined so that the maximum distortion
is bounded by a constant) into some R”. However, the condition is strong enough to ensure
that X can be “regularized.” The new space (X,d!~¢), in which the exponent 1—e¢ is applied
element-wise to d, is a metric space for all € € (0,1) and is called the e-snowflake of X. The
exponent ¢ serves to regularize the distance d so that it can be embedded into RY with
bounded distortion. This follows from the fact that the doubling constant of finite Ahlfors
spaces can be effectively controlled, after which Assoud’s embedding Theorem (Assoud (1977)

) applies. More details are given in the appendix.

Assumption 2.1. (Ahlfors Regularity) The sequence of spaces Xy, is a uniformly Ahlfors

sequence of finite metric spaces.

Assumption 2.1 defines a spatial asymptotic frame. Note, more explicitly, a sequence X,
of metric spaces is called uniformly Ahlfors if there are nonzero finite constants C,d which
do not depend on n such that each X, is (C,d)-finite-Ahlfors regular. The utility of this
notion is that gives enough structure to allow analysis of k-medoids techniques analytically
as well as derive dependent central limit theorems and laws of large numbers. The condition
is also parsimonious and simple to express. Examples of a sequence of metric spaces which
satisfy Assumption 2.1 include a sequence Z™ N Sq,, where Sq,, is the m-dimensional cube
of side length 2n centered at the origin, or a sequence of annuli Z™ N A,, where A,, is the
m-~dimensional annulus of outer radius length 2n and inner radius length n centered at the
origin. An example of a sequence for which no constituent metric space can be embedded
into Euclidean space is the product {1,2,3,...,n} x W where (W, dyy) is any fixed finite metric
space which cannot be embedded into Euclidean space, and the metric on the product is given

by the sum of dy applied to the first component and dyy applied to the second component.
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2.5.2  Mixing conditions and a central limit theorem

This section develops a central limit theorem for arrays of random variables on uniformly

Ahlfors sequences of metric spaces.

Definition 2.2 (Mixing coefficients). Let %, = {(;}iex, be an array of random variables
on a probability space (2, F,Pr) taking values in some measurable space (V,¥") with spa-
tial indices given by Xp,. Let of and % be two (sub-)o-algebras of F and let (o, B) =
sup{|Pr(AN B) — Pr(A)Pr(B)|: A€ o&/,B € B}. For UV C X, let an(U,V) = ao(( :
ieU),o(¢:i€eV)). Let

ak‘,lm(r) = Sup {an(va)a |U| <k, |V| < l7d(U7V> > T}’

Qg (r) = SUD O ) n (1)

The above definition is the same definition as used in Jenish and Prucha (2009). The
next condition, Assumption 2.2, relies on the above definition as well as the following fact.
Let (X,d) be C,d-regular. Then (X,d3/4) has an L-bi-Lipschitz map into R” where v and

the Lipschitz constant L depend only on C,¢. Define g such that v = ¢g(C, ).

Assumption 2.2 (Mixing for an Array of Real Scalar Random Variables). Let %, =
{Gitiex, be an array of real scalar random wvariables on a probability space (2,7, Pr) with
spatial indices given by Xy satisfying Assumption 2.1 with Ahlfors constants C,6. Let
v = g(0,C) where g(6,C) is the function defined above. For any C C X, where X = Xy, for
somen, let 02(C) = var() ;cc (i) There exists an array of positive constants {{c; }iex, }oe1

and a positive > 0 such that,
(i) E[G] = 0.

(i1) limj,_, o0 Supy>1 supiex,, BIG/cil* #1¢, e s] = 0.

VX'LL+2—1

(m) Zronozl 641,1(m)m s < 0.
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(iv) S0 4 ml’_lo_%l(m) < oo for k+1<4.
(1) Gi1,00(m) = O(m™751)

(vi) infp,>1 infcex 1)~ (max;ec cZ-_Q)a(C)2 > 0.

The conditions are similar to those given for the mixing central limit theorem in Jenish
and Prucha (2009) which requires that X;, be a possibly uneven lattice in a finite dimensional
Euclidean space with a minimum separation between all points. Note that Assumption 2.1
automatically implies a minimum separation between points. Note also that in the case
that X;, embed isometrically into R” without the need for apply the snowflake regularization
construction, then there are only two differences between Assumption 2.2 and the conditions
for Corollary 1 of Jenish and Prucha (2009). First, here aq oo(m) = O(m_”_%“) rather
than the slightly weaker & oo(m) = O(m™""#). Second, Assumption 2.2(vi) now entails an
infinum over n and over all subsets C C X,, while Jenish and Prucha (2009) only requires
the condition hold for an infinum over n with the particular choice C = X,,. In terms of
notation, here, ¢; is used rather than the more explicit (; ,,, because formally the indexes ¢
belong to distinct sets, Xy, for each n. As a result, Assumption 2.2 is a condition on arrays

of random variables.

Proposition 2.1. Suppose that Assumption 2.1 holds for X, and Assumption 2.2 holds
for Zn = {Gi}iex,,- Let Cn be the singleton partition C, = {Xp}. Let Sg, be a random
vector with (only) component S¢, x, = o(Xp) 1 >iex,, Gi- Then there is a probability space
(Q,.Z,Pr) with random variables S'C,gé e RC for every C = Cp such that S has the
distribution of Se, S’é has Gaussian distribution with Var(S’aC) = Val"(gc’c) and Pr-almost

surely, limp—0o chn - génHQ = limp o0 |§Cn,Xn - §5n7xn| — 0.

The proposition proves a notion of convergence to a Gaussian measure for spatially

indexed arrays % = {(;};ex, which satisfy Assumptions 2.1 and 2.2. It is expressed in
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a way so as to match the high-level conditions required in the analysis of IM, CRS, and
CCE in the coming sections of this paper. The proof is carried out in detail in the appendix.
The proposition can be proven by regularizing X,, using the snowflake construction described
above with e = 1/4, on which the Jenish and Prucha (2009) central limit theorem can then be
applied. Thus, the proof first establishes the more familiar-appearing notion of convergence

in distribution under the conditions of Proposition 1:

For every z € R, Pr(a(X,)™! diex, G < z) = ®(2) where ® is the standard Gaussian

cumulative distribution function and o(Xp)? = var(d _iex, Gi)-

The proof then applies Theorem 2.19 in van der Vaart (1998). The same argument can be
carried out more generally for other € € (0,1/2), however the single € = 1/4 snowflake is

referenced for added concreteness.

2.5.8 Balance and small common boundary conditions

The key observation in BCH which enables the analysis of the CCE procedure inference is
that partitions of X;,, with balanced cluster sizes and small boundaries can lead to asymp-
totically correctly sized inference under mixing conditions. This section formalizes notions
of balanced cluster sizes and small boundaries. This section then gives a proposition which
shows that under the appropriate regularity conditions, the endpoint of the k-medoids algo-

rithm satisfies these two desired properties.

Assumption 2.3. The sequence of partitions Cp of Xy, for n = 1,2,... and for which
ICn| = o(n), is asymptotically balanced with small boundaries in the sense of the following

conditions.
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(i) The ratios of minimal cluster size to maximal cluster sizes satisfy

min C
lim inf M > 0.
n—o0 maxpec,, |D

(ii) There is a sequence ¥ = T(n) — oo so that

Dax [{i € C:d(i,Xp \ C) < 7(n)}| = O(CHEicﬂ D).

This definition differs slightly from the definition of small boundary given in BCH. In
particular, BCH leverage the fact their spatial domain is a subset of the integer lattice to
define neighbor orders for pairs of locations. Their definition of small boundaries entails
a bound on the number of first order neighbors from C to X\ C. BCH assume that their
given spatial clusters are contiguous and use that fact to bound the number of higher order
neighbors from C to X\ C. In this context, there is no available definition of first order
neighbor since X, can be irregular (even non-Euclidean). As a result, this paper works
instead with an asymptotic notion of boundary which entails a sequence 7 which allows
boundaries to widen as n — oo. A high-level implication of having asymptotically balanced

with small boundaries clusterings is the following proposition.

Proposition 2.2. Suppose that Assumptions 2.1 and 2.2 hold for Zn = {(;}iex, and that
Assumption 2.3 holds for partitions Cp, of Xy, of bounded size |Cp| < Gmax with Gmax indepen-
dent of n. For any C = Cp, and C € C, let Sg € RC have components Se.c= o(O) e G-
Then there is a probability space (Q,.Z,Pr) with random variables S‘C,Sé e RC for ev-
ery C = Cp, and every n such that SC has the distribution of Sg, Sg has Gaussian dis-
tribution with independent components with V&I‘(gé’(:) = var(S’C,C) and Pr-almost surely,

The proof is carried out in detail in the supplemental material. Similarly to the proof of
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Proposition 1, this proof first establishes that under the conditions of proposition 2,

limy, 00 SUPCA£DeC,, COV (J(C)’1 > iec G cr(D)*1 > icD CZ-) — 0.

The argument establishing the above fact is related but not identical to arguments in Bester
et al. (2011b), (which were previously also given in Jenish and Prucha (2009) and Bolthausen
(1982)). Instead of counting points in “shells” around the boundaries of clusters, the proof
of Proposition 2 instead relies on the doubling structure implied by the fact that X, are
Ahlfors regular. Both arguments leverage a bound on covariances cov((;, ¢;) for sufficiently
far spatial as implied by the mixing conditions stated in Assumption 2.2.

The Assumption 2.3 acting as a high-level assumption on clusterings will also be sufficient
for asymptotically valid inference in the proposed procedure. In the next section, Assumption
2.3 is verified for k-medoids under an additional convexity assumption. k-medoids is also
investigated further in the simulations and in the empirical application below. k-medoids
is a popular clustering technique which is related to k-means and in many cases produces
very similar clustering results as k-means does. In dealing with a dissimilarity which does
not necessarily arise from a FEuclidean space, k-means centroids are not necessarily defined.
Instead of centroids of clusters as in k-means, k-medoids requires that clusters are defined
around elements of X,, called medoids, which must themselves also be elements of X,,. For
a detailed description of k-medoids see Hastie et al. (2009). The next proposition derives

relevant properties of this version of k-medoids algorithm.

Proposition 2.3. Assume Assumption 2.2 holds for a sequence X,,. Assume the following
additional convexity condition holds. There is a constant K independent of n such that (1)
Xp is K -coursely isometric? to a subset of a Euclidean space with dimension N = N(K),

and (2) for any two point i,j € Xy, and any a € [0,1] there is an interpolant k € Xy, such

2. f:(Y,dy) = (Z,dz) is a K-course isometry if dz(f(7), f(j)) — K < dv(4,7) < dz(f(9), f(4)) + K.
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that |dp(i, k) — adn (7, k)| < K and |dp(i, k) — (1 — a)dn(j, k)| < K. Then the k-medoids

algorithm described in the text satisfies Assumption 2.3.

The proposition does not require that the sequence of resulting partition C,, of X;, into
clusters to converge in any way. Nor does the proposition require there to be any notion of

true clusters or a true partition associated to any of the X,.

2.5.4 Central Limit Theorems in the cases of OLS and IV

Previous propositions show the asymptotic normality and diminishing across-group corre-
lation for means. This section gives a similar limiting result in the context of ordinary
least squares (OLS) and instrumental variables (IV) estimators. These are the precise cen-
tral limit theorems which are relevant to the subsequent analysis of cluster-based inferential
procedures.

Consider data 2, = {(;}iex,,» With ¢; = (Y, X;, W, Z;) in which for each i € X;, a linear
model holds as follows. Y; = 0y X; + WZ' Yo+ U;, where Yj is a scalar outcome variable, X is a
scalar variable of interest, U; is a scalar idiosyncratic disturbance term, Wj is a p-dimensional
vector of control variables, and Z; is a (p + 1)-dimensional vector of instruments. Consider
the IV estimator for 6 using only observations C C X, and, as earlier, denote this by @\C-
Note, the OLS estimate is a special case where Z; = X;. Let C be a partition of X, for some
n with G clusters. Define Sp € RC by Sp € RC, Sec= \/m(gc —0g) for C € C. Note in
general that if C is a partition containing G clusters, then RC is a G-dimensional real space
with components indexed by C € C.

The following proposition holds and verifies the relevant conditions of Theorems 2.1 and

2.2.

Proposition 2.4. Let 2y, = {(Y;, X;, Wi, Z;) }iex,, and {(Xn, dn)},;2 be an array of random
elements on a probability space (0, %, Pr) indexed by Xy, satisfying Y; = 0pX; + Wi”yo + u;.

Suppose Assumption 2.1 holds for the sequence Xy,. For each i in each Xy, E[Z;U;] ezists
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and is equal to 0 and E[ZiXﬂ exists and equals some My, which does not depend on i@
or n and which has positive eigenvalues. Let s; = Z;U; and let n; = ZiXZ( — E[ZZXZ']
Assumption 2.2 holds for the arrays defined by each component of s; and each component of
n;. Suppose that Assumption 2.3 holds for C,,. Then there is a probability space (Q, j, f;r)
and random variables S'Cn,gzin such that S'Cn =4 Sc,» Sgn is zero-mean and independent

Gaussian, liminf, o mincee, Var(Sé c) > 0, limsup,,_,, maxcee, var(Sg ) < oo and
s n

chn - SEHHQ — 0 Pr-almost surely.

2.6 Analysis of Cluster-Based Inference with Learned Clusters

This section formally develops these applications and states results on the asymptotic va-
lidity of the proposed inferential procedures with unsupervised cluster learning. The central
limit theorem presented in the earlier section is sufficient (along with additional regularity
conditions) for application to show that IM and CRS procedures achieve asymptotically
correct size in testing problems associated to OLS and IV estimation problems.

Consider a sequence of spatially indexed datasets %, = {(;};ex,,- Suppose that each %,
is distributed according to Pr(j, which belong to larger classes Pp. Consider the problem of

testing a sequence of hypotheses
HO,n : PO,n € PO,n

where Pg ,, C Py, is a sequence of nulls. This section discusses formal properties of sequences
of tests of the from sets T},. Recall from Section 2.2 that T}, is chosen from (T\ ", CAn) € I.
In the cases of IM and CRS inference, for a given partition C, the definition of T,(a)
depends on a random vector Sg € RC, which depends on Z,, and contain information about
departures from P ;. In the OLS or IV examples discussed in the previous section, S¢ with

C-th component Sg ¢ = v/ IC[(Ac — 0), may be used for testing the hypotheses Hy 2 0y = 0.
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Other examples of Sp might include rescaled and recentered estimates of linear combinations
of coefficients in the OLS or IV model, etc.

The results in the next subsections will imply that, correctly defined, the IM and CRS
procedures achieve asymptotically correct size when coupled with an unsupervised clustering
algorithm when the data %, X, under appropriate regularity conditions. The procedures
will be defined and reviewed in the following sections. Proving formal statements about
asymptotic size of the procedures follows directly from the results of IM and CRS if each
%n contains only one partition C, and |C,| = G for some common integer G independent
of n. To show that the conclusions of Theorems 2.1 and 2.2 continue to hold when T,(a) is
replaced by T in the cases of IM and CRS, it is required to show that the action of selecting
a partition has negligible effect on 7.

This section derives properties of fn when the sequence of sets .7, is sufficiently regular.
Specifically, results here are stated when .7, consists of tests of the form Tyyy(,) and Torg(q)
and partitions C,, satisfying Assumption 2.2. Discussion of TCCE(a) is also provided. For
any n let €, be its collection of partitions 6, = {C : (T,C) € 7, for some T'}. The
next assumption is a high-level condition which almost immediately guarantees that the
conclusions of the previous two theorems continue to hold under a selected C. Discussion on

more primitive assumption is given afterwards.

Assumption 2.4. For each n, there is a set 6y, C €, such that as n — oo,

(Z) Pr(é\n ¢ %,n) = 0(1)7
(ii) supceigy , | Pr(Tog) ¢ = Reject|Cn = C) — Pr(Ty(4) ¢ = Reject)| = o(1).

Note that if 6, exist, then each %p, may be taken finite and each C € %, may be
taken to have Pr(C, = C) > 0. The method for selecting C in this paper is through a
combination of QMLE and constrained minimization of a loss function (defined as estimated

weighted average power) as described in Section 2.
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Under sufficient regularity conditions, the QMLE procedure defined in the appendix is
consistent for a fixed object which may depend on n. If the loss function is sufficiently
regular, than 6, is a singleton. Alternatively, if a single fixed G is used in conjunction

with k-medoids clustering, then Assumption 2.4 is automatically satisfied.

2.6.1 Definition and analysis for IM with learned clusters

The IM procedure is given as follows. Consider any S &€ RC and let G be the number of

clusters in C. Define the two quantities

CeC CeC

S=G1Y 8¢ sd(S) = \/(G 1)1y (sc - §)2

In addition, define a t-statistic by

=008

At significance level a, the IM test relative to partition C is given by

Tin(a),c = Reject  if - [¢(Se)| > t1_n/2,6-1-

where t_ /9 g—1 is the (1 — a/2)-quantile of ¢-distribution with G’ — 1 degrees of freedom.
Then define for each n,

Tiv(a)m = TIM(a),é

~

where (1 #C) € Tn.

M(@),

Assumption 2.5 (Regularity Conditions for IM).

(i) The significance level satisfies o < 2®(—+/3) = 0.083..., ® the standard Gaussian

distribution function.

(i4) iminfy o0 infcceey, var(Se) > 0 and limsup,,_,o supcecey, var(Se,c) < oo.
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(iii) There is a probability space (Q, F,Pr), random variables Se, S‘g € RC for every C € €,
and every n, and U € [0,1] all defined on Pr. Se has the distribution of Sg, S'é has
Gaussian distribution with independent components with var(Sc c) = var(gé c) and U

is uniformly distributed. Furthermore, limy o0 SUPceg;, ||§C—§é||2 — 0 almost surely.

Assumption 2.5(i) is also needed in Ibragimov and Miller (2010). Assumptions 2.5(ii)
and (iii) are standard non-degeneracy and regularity conditions for Sg. Assumption 2.5(iii)
is simultaneously a high level central limit theorem and almost sure representation theorem.
Other conditions are possible. The analysis of the CRS procedure in the next section re-
quires an almost sure representation result, and thus it is assumed here to maintain parallel
exposition. Assumption 2.5 was verified for the OLS and IV models in the previous section

with partitions generated by k-medoids with fixed G.

Theorem 2.1. Suppose that Assumptions 2.1 and 2.2 hold for Zn = {(;}icx, and that
Assumption 2.3 holds uniformly (with the same set of O constants and o sequences) for

partitions Cy, € € on Xy. Suppose Assumption 2.4 holds for fIM(a), and for some fized

n

a > 0. Suppose Assumption 2.5 holds for Sp € RC. Then under Hy.n,

lim sup Pr(fIM(a),n = Reject) < a.

n—oo

2.6.2  Definition and analysis for CRS with learned clusters

Another possible statistical test for Hy j, is that given by TCRS(a),n- This test was developed
in Canay et al. (2017) and is a randomization test which requires that the distribution of the
observed data exhibits approximate symmetry. The procedure defining TCRS(a),n depends
on the availability of a real-valued test statistic W, which is defined such that large values of
W provide evidence against Hy. Given a partition C of X;;, the CRS procedure also depends
on the availability of a finite group H, symmetries of the data which act within component

C of C. These symmetries are formalized by a group action %, — h%, for all h € H.
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In the context of cluster-based inference in this paper, the only type of group action of
interest is a set of signs He = {—1, —I—l}c that operates within clusters. For concreteness, the
group elements of H¢ are simply referred to as signs. Elements, h, which are tuples of signs
hc € {—1,41} indexed by C € C will act by ordinary multiplication, with the component
hc multiplying variables indexed by observations ¢ € C C X;,. The action on the data is

defined in such a way that
D — h Dy,

induces a map

SC — hSC

which respects the original action in the sense Sg(h%y) = hSe(Zy). Within the cluster-
based inference framework, the induced maps have the additional structure that the action
of h on S¢ decomposes componentwise so that Se ¢ — hcSe ¢

In the context of the OLS and IV models, one action %, — h%)y, is given by
(YiaXi7 Wi, Zi) — (YZ, hcX;, Wi, Zi) fori e Ce(Cy

where h¢c X is ordinary multiplication of hc € {—1, 41} with X;. Note that for S¢ as defined
previously, such action does imply that S¢ ¢ — hcSe c. Le., multiplying all variables y; by
a sign results in multiplying the \/E(éc — 0p) by the same sign under Hy : g = 0.
Let w be a statistic depends on the data &, only through Sg. Therefore, with slight
abuse of notation, write w(%y,) = w(S¢). In all implementations in this paper, w is chosen
to be the absolute value of the mean w(S) = |S|. Let M = |He| and let w! (S¢) < w?(Se) <
- < wM(Sp) denote the order statistics of the orbit {w (hZp) : h € H}. Let k = M(1—a),
M*(X) = | {1 <j<M:wi(Sp) > wksc} | and MO(X) = | {1 <j<M:wl(X)= wk(sc)} .
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Ma—M™(Se)

Let a (S¢) = M0(Se)

. A randomization test is given by:
TeRS(a),n = Reject  if w(Se) > wk(SC) or (w(SC) = wk(Sc) and a(S¢) = 1) :

In Canay et al. (2017) it was shown that if (i) S¢ 4 * for some fixed S*, (ii) hSx=4S*
for all h, (iii) for distinct h, i/, either wo h = wo k' or Pr(w(hS*) # w(h'S*)) = 1, (iv) w is

continuous and the action of A is continuous for each h, then Pr(fCRS(a),n = Reject) — a.

Assumption 2.6 (Regularity Conditions for CRS).

(i) liminf,, o0 infcecey, var(Se c) >0 and limsup,,_,., supcecey, var(Se,c) < oo.

(i) There is a probability space (Q,.Z,Pr) with random variables 50752 e RC for ev-
ery C € €n and every n, and U € [0,1] all defined on Q. Se has the distribution
of S, S’é has Gaussian distribution with independent components with var(Sc c) =
var(gac) and U is uniformly distributed independent of Sg and SC' Furthermore,

limy,— 00 SUPCey, 1Sc — S’EHQ — 0 Pr-a.s..

(1i1) hgé has the same distribution as gg for all h € He, for all C in all €y; for distinct
h,h, either woh = woh' or P;r(w(hé'é) # w(h'gg)) = 1; w is continuous and the

action of h is continuous for each h in each He. In addition, either

a. |6n| and maxgcq, |C| are each bounded by a constant independent of n; or

b. For any sequence Gn — oo sufficiently slowly, the following hold. There is a
sequence o, — 0 and sets Ac C R for each C € €, with |C| > Gy, which are
closed under the action of He such that, limp o0 infCE(fn,|C|>é Pr(Ac) =1, w(-)
can be renormalized to have Lipschitz constant 1 respect to the Euclidean norm on
all Ac, and it holds that supcee, sup,cr Pre(|r — w(hgziﬂ < bp) — 0 where Prp
be the uniform probability measure over h € He. Finally, |{C € %, : |C| < Gp}|

depends only Gy,.
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Assumption 2.6(ii) is a high-level uniform central limit theorem, which is similar to what
was required for the analysis of IM, with the only difference being that U is also defined
on Q. Assumption 2.6(iii) is a high-level assumption about anticoncentration of w o h as
h ranges over He after w has been suitably renormalized. The next proposition gives an

example in which Assumption 2.6(iii) holds.

Proposition 2.5. For S € RC, let w(S) = t(S). Let S¢ be a Gaussian random variables with
independent components with variances bounded from below and above (as in Assumption
2.6(i)). Suppose that €, = {C™2), .. c"(Cmax)} where Guax may depend arbitrarily on
n. Then Assumption 2.6(iii)a is satisfied if Gmax s bounded and Assumption 2.6(iii)b is

satisfied if Gmax — 00.

The above proposition verifies that the test statistic, w, defined in the text above and used
for the empirical example and simulation study satisfy the anticoncentration requirement of
Assumption 2.6. The next theorem shows that under the stated regularity conditions, the
procedure proposed in this paper in conjunction with CRS cluster-based inference achieves

asymptotically correct size.

Theorem 2.2. Suppose that Assumptions 2.1 and 2.2 hold for Zn = {{(i}iex,,» Xn,dn) }oey
and that Assumption 2.3 holds uniformly (with the same set of O constants and o sequences)

o and for some

for partitions Cp, € 6n, on Xy. Suppose Assumption 2.4 holds for fCRS(a),

fized o > 0 and Assumption 2.6 holds for Sy € RC. Then under Hy .,
C )

lim sup PT(TCRS(a),n = Reject) < a.
n—oo

The theorem is proven in the appendix. In the case of bounded partitions C (ie. Gax >
supy, supceg, |C| for some Gax independent of n), the proof of Theorem 2.2 follows CRS.
The argument for handling sequences of partitions of increasing size is new relative to CRS

and depends strongly on the anticoncentration condition, Assumption 2.6(iii).
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2.6.3 Discussion for BCH with learned clusters

An alternative to the IM and CRS procedures above is the CCE estimator as described in
BCH. Note that the CCE estimator is the standard cluster standard error estimator. In
the context of the linear model in previous sections, the CCE test for Hy : g = 0 using a

partition C,, with G clusters is defined by

~

Ox,,

Teck(a)n = Reject if A

>\ a=1 X o261

where VCCECn is the standard cluster covariance estimator (without a degrees of freedom
correction). BCH analyzed the CCE estimator under an asymptotic frame with a fixed,
finite number of clusters G' (i.e. G independent of n). The resulting inference is based on
calculating a ¢ statistic based on an estimated standard error. Under regularity conditions,
BCH show that the resulting ¢ statistic is asymptotically pivotal, but distributed according
to \/m X t_1 where t_q is the ¢ distribution with G' — 1 degrees of freedom.

The regularity conditions required in BCH are strong, and in particular, require that the
clusters have equal numbers of observations. The k-medoids algorithm does not generally
return such a partition. As a result, the CCE estimator is not anticipated to have asymptot-

ically correct size. In the simulation study presented below, in some settings CCE exhibits

moderate size distortion relative to the IM and CRS procedures.

2.6.4 Discussion of uniformity

The high-level conditions used for proving Theorems 2.1 and 2.2 involve the assumption
of uniform central limit theorems for convergences supcey, [S¢ — Sgll2 — 0 for Gaussian
random variables §C~ Uniform convergence results may be explicitly derived in several cases
of interest. First, when each %, contains only finitely many partitions C all of which have

cardinality bounded by some Gpax independent of n, then uniform convergence follows
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immediately from a pointwise convergence result like that presented in Proposition 2.4.

Another cases is to increasing sequences Gax. In particular, if Gax increases sufficiently
slowly, then uniform analogous of the results Theorems 2.1 and 2.2 may be anticipated by
establishing Berry-Esseen-type bounds for dependent processes. Note, for instance, that
Jirak (2016) establishes a unidimensional Berry-Esseen bound for sums of weakly depen-
dent random variables. Note also that standard dimension-dependent Berry-Esseen bounds
for independent data scale as O(Gl/ Ap-t/ 2) for total variation distance, implying bounds
O(G3/4n_1/2) when passing to Euclidean distance, i.e., ch — 5'5“2 To maintain focus, this
paper does not carry out such a program further.

A final case to consider is to fix G but allow %), to contain many different partitions.
For example, this may be the case encountered by considering the output of k-medoids
algorithm with initial starting medoids. In this case, arguments from standard empirical
process theory may be used. For brevity, this paper does not carry out such a program
further. Note, however, that the set of G-tuples of points in a bounded subset of Euclidean
space has known metric entropy properties. These metric entropies may be used to control
the metric entropy of tuples in X, after embedding X}fg into a Euclidean space for suitable
e>0.

Note also, this paper treats the sequence of metric spaces X;, is a fixed (non-random)
sequence. As a result, the associated sequence C, is non-random given a deterministic
clustering procedure. In cases in which the associated metric spaces are random may be
handled with an associated random sequence of partitions C,. Proof of results analogous
to Theorems 2.1 and 2.2 could proceed by leveraging the uniform results presented in the
appendix, in conjunction with formal definitions and bounds of the complexity of the space

of clusterings for classes of distributions on metric spaces X,.
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2.7 Implementation Details

2.7.1 Implementation of k-medoids clustering

This section states the k-medoids algorithm used in the main text. For finite (X, d), let C C X
and define the cost of a cluster C with medoid i € X to be cost(C,i) = 3" jcc d(i, j)%. The

total cost for a partition C and set of medoids {ic}cee is defined by summing over clusters

total cost(C, {ic}cec) = Z cost(C,ic) = Z Z d(i, j)>.
CeC CeC jeC
Algorithm 2.2. (k-medoids)
Input. (X,d), G.
Procedure.
Initialize cluster centroids {iy,...,iq} C X, arbitrarily.
While total cost decreases,
(a) For each k < @G, for each j ¢ {i1,...,ig} compute the cost with new medoids
{it, s ih—1, 05 Tpg 15 --iG )
(b) Update to new medoids if total cost decreases.

Output. C with |C| = G.

2.7.2 Implementation of cluster-based inference

This section gives additional implementation details for the three inferential procedures,
CCE, IM, and CRS, considered in the main text in both the OLS and IV specifications.
Specifically, this section gives all omitted details from Steps 1, 2, and 4 of Section 2.3 in the
main text.

In order to describe the procedure, introducing vector and matrix notation is helpful.

Let Y, X, W, and U be (NT)-row matrices obtained by stacking Yge, Xg, (W7, 1), and
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Uyge, respectively. In the IV model, let Z and V' be (NT')-row matrices obtained by stacking
Z4e and Vy,, respectively. Let My = I, — A(A’A)~1 A’ for some matrix A, and for some
B € R™ " with rank k, let Pg be some bijective linear transformation from the subspace

orthogonal to the one spanned by columns of B (thus (n — k)-dimensional), to R" ¥,

Step 1: The implementation details in this step differ slightly in the cases of OLS and IV

estimation.

— In the OLS model, let U be the vector of residuals from the full-sample least-

square estimation. Then, under U ~ N (0, X)),

U ~ N(0,Spyr),

(X, W]

where
_ /
2PMU = Prtpy vy Mix,w 2Mix,w) Phi g
Note that the covariance matrix X pj 7 is made non-singular by applying the ma-
trix PM[X Wl to U. X is estimated by QMLE using the model with the parameter

7= (11,72, 73)"

Se.der(7) = cov[Uge, Ugrer; 7) = exp(ri) exp(—75 Y| Lg — Lall2 — 5 e — €]),
(2.1)

which, in the BASELINE case, is the correct model. To implement, calculate

R 1 1~ -1 7
T = arginax {5 logdet(Xppr (7)) + §U/P]/\4[X7W](ZPMU(T)) PM[X,W]U} ’

where

Epau(T) = Pasy y Mix w20 Mix w) Py

and 3(7) = (Xge @¢/(T)) g, arer 18 the implied covariance matrix of U under 7. The
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covariance matrix estimator is thus (7).

— In the IV model, the covariance matrices for the structural and first-stage equa-
tions are estimated separately. Let U= My Y — MWX@\ and V = My X —
My Z7, where 0 is the 2SLS estimator for 0p and 7 is the least-square estimator

for . Then, the covariance matrices for U and V are estimated by solving

T

N 1 1 _ ~
7° = arg max {5 logdet(Xpase(7)) + §§IPZI\4W(2PM€(T)) 1PMW€} ,

where Epj\/[5 = PMWMWE(T)MWP]/MWN E(T) = (Ede,d’e’<7—>>de,d’e’7 Zde,d’e’(T) is
as previously defined, and ¢ is either U or V. Then, the covariance estimators for

U and V are 2(7V) and 2(7V), respectively.

Step 2: This step simulates size and power for all candidate partitions C € € = {C (2), o C (Gmax) }.
Given the covariance estimator(s) from Step 1, simulate independent copies of the ob-

servable data for each * = 1,..., 1000 as follows.

— In the OLS model, draw U* from the distribution N(0,%(7)). Reproduce data
by
Yj@ = a + Wclle;y\ + U;e’
where @ and 7 are full-sample least-square estimators, and U* = (U},)ge. For

each partition and cluster-based inferential procedure, size is calculated under the

assumed null Hy : g = 0 and power is calculated over varying 6.

— In the IV model, draw (U*, V*) such that

a a1/2,81/2
U* vl Sy PSPy
lal/2,.a1/2 a ’
v oAy Sy

where iU =%FY), iv = %(7V), and p is the empirical correlation between U
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and V. Reproduce data by

~

= /
Yje =a+ QXZlke + Wde’y + Uglke

X(}(e - 'E + %Zde + ch/le5 + Vc;ke

where @ and 7 are full-sample 2SLS estimators, j1, 7, and 5 are full-sample least-
square estimators for the first-stage equation, U* = (U}, )ge, and V* = (V1) ge.
For each partition and a given cluster-based inferential procedure, size is calcu-
lated under the assumed null Hy : g = 0 and power is calculated over varying

alternative values 6.

Step 4: Alternative hypotheses for estimating simulated average power correspond to 6 €

{-10/v/NT,—-9//NT,...,-1//NT,1//NT,2/v/NT,...,10//NT}.
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Table 2.1: Impact of Early Morning Attacks on Voter Turnout during the 2014 Election

A. Cluster-based Inference

6o s.e. t-stat C.I (sim adj CV) C.I. (usual CV) G
LOC -0.145 0.061 2.385 [-0.308, 0.018] [-0.265, -0.025] 205
CCE -0.145 0.090 1.609 [-0.382, 0.093] [-0.358, 0.068] 8
IM -0.243  0.254 0.954 [-0.896, 0.411] [-0.896, 0.411] 6
CRS -0.243 [-1.497, 0.084] [-1.497, 0.084] 6

B. Estimates
Within 6 clusters defined by k-medoids
Full (1) (2) (3) (4) (5) (6)

First stage

Estimate 0.281 -0.020 0.272 0.420 0.432 0.132 0.098
s.e. 0.086 0.214 0.232 0.490 0.180 0.231 0.257
t-stat 3.252  0.092 1.173 0.858 2.402 0.573 0.379
Second stage

Estimate -0.145 -0.180 0.054 0.021 0.085 -1.498  0.063
s.e. 0.061 2.384 0.134 0.073 0.071 2.590 0.617
t-stat 2.385  0.075  0.404 0.288 1.196 0.578 0.102

C. Moran tests for spatial dependence

Test for spatial dependence in first time period only: Moran I = 4.338, (p-value = 0.00001)
Test for spatial dependence in second time period only: Moran I = 2.546, (p-value = 0.011).
Test for spatial dependence in both time periods: Moran I = 5.387, (p-value < 10=-06).

Test for inter-temporal dependence: Moran I = 2.755, (p-value = 0.006).

Notes: Panel A presents results of the inferential procedures based on selected clusters. Row
labels indicate which procedure is used. Column labeled 6y reports the IV estimate of 6 for
the full sample in the rows labeled LOC and CCE and the average of IV estimators of 6y of
the six clusters in the rows labeled IM and CRS. Column labeled s.e. reports the estimated
standard errors for each of the procedures. t-stat reports t-statistic of the IV estimate of 6
for each of the procedures. Column C.I (sim adj CV) reports confidence intervals of the IV
estimate of 6y using the simulation-adjusted critical values for LOC, CCE and IM and using
the simulated p-value threshold for CRS. Column C.I (usual CV) reports confidence intervals
of the IV estimate of Ay using usual critical values. Column G indicates the optimal number
of clusters selected in each procedure. Panel B presents IV and first stage estimates of 6 and
their associated standard errors and t-statistic for the full sample and for six groups generated
using k-medoids based on geographic distance. Column labeled “Full sample” reproduces the
results in Condra et al. (2018). Columns 3-8 display the IV and first stage estimates for each of
the 6 sub-groups generated by k-medoids. Panel C presents Moran tests for spatial dependence
as described in the main text.

69



Table 2.2: Simulation Results: OLS

Method Estim. Bias Estim. RMSE  Size Power
-1 -0.5 0.5 1
A. BASELINE
SK 0.011 0.435 0.452 0.930 0.671 0.676 0.931
LOC-U 0.011 0.435 0.687 0.980 0.817 0.816 0.974
LOC 0.011 0.435 0.044 0.682 0.262 0.257 0.662
CCE 0.011 0.435 0.059 0.553 0.209 0.216 0.534
IM 0.004 0.257 0.058 0.925 0.430 0.430 0.906
CRS 0.002 0.260 0.039 0.841 0.378 0.380 0.858
B. SAR
SK -0.028 0.858 0.338 0.683 0.498 0.480 0.675
LOC-U -0.028 0.858 0.638 0.759 0.666 0.670 0.768
LOC -0.028 0.858 0.307 0.650 0.451 0.463 0.674
CCE -0.028 0.858 0.037 0.398 0.166 0.171 0.405
IM -0.007 0.327 0.048 0.728 0.289 0.284 0.734
CRS -0.006 0.319 0.045 0.728 0.296 0.256 0.739

Notes: Simulation results for estimation in the design described in Section 2.2.
The nominal size is 0.05. Estimates are presented for the estimators, SK, LOC-
U, LOC, CCE, IM, CRS described in the text. This table displays settings A
and B described in the text. For each estimator and settings, columns display
method, estimated bias, estimated RMSE, size, and power against 4 alternatives
(-1,-0.5, 0.5, 1). Figures are based on 1000 simulation replications.
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Table 2.3: Simulation Results: IV

Method Estim. Median Estim. MAD  Size Power
-1 -0.5 0.5 1
A. BASELINE
SK 0.005 0.148 0.426 1.000 0.988 0.823 0.969
LOC-U 0.005 0.148 0.682 0.982 0.892 0.997 1.000
LOC 0.005 0.148 0.076 0.849 0.588 0.655 0.973
CCE 0.005 0.148 0.074 0.802 0.541 0.507 0.924
IM -0.052 0.106 0.056 0.933 0.693 0.941 0.987
CRS -0.051 0.104 0.051 0.998 0.979 0.612 0.886
B. SAR
SK -0.003 0.279 0.263 0.872 0.600 0.629 0.752
LOC-U -0.003 0.279 0.488 0.798 0.666 0.785 0.936
LOC -0.003 0.279 0.248 0.742 0.606 0.551 0.844
CCE -0.003 0.279 0.071 0.662 0.477 0.338 0.656
IM -0.063 0.156 0.036 0.682 0.452 0.583 0.820
CRS -0.089 0.175 0.036 0.820 0.759 0.387 0.661

Notes: Simulation results for estimation in the design described in Section 2.2.
The nominal size is 0.05. Estimates are presented for the estimators, SK, LOC-U,
LOC, CCE, IM, CRS described in the text. This table displays settings A and B
described in the text. For each estimator and settings, columns display method,
estimated median, estimated median absolute deviation, size, and power against
4 alternatives (-1, -0.5, 0.5, 1). Figures are based on 1000 simulation replications.
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Table 2.4: Clustering: OLS

G G
2 3 4 5 6 7 8
A. BASELINE

CCE size 0.037 0.050 0.052 0.053 0.061 0.053 0.049 0.059
G frequency 0.000 0.000 0.026 0.112 0.189 0.296 0.377 -

M size 0.042 0.054 0.064 0.053 0.050 0.051 0.055 0.058
G frequency 0.000 0.000 0.000 0.004 0.010 0.103 0.883 -

CRS size 0.000 0.000 0.000 0.000 0.003 0.030 0.039 0.039
G frequency 0.000 0.000 0.000 0.000 0.013 0.285 0.702 -

B. SAR

CCE size 0.046 0.023 0.037 0.048 0.037 0.030 0.034 0.037
G frequency 0.000 0.001 0.017 0.058 0.145 0.261 0518 -

M size 0.022 0.039 0.037 0.039 0.047 0.050 0.041 0.048
G frequency 0.000 0.000 0.004 0.281 0.057 0.300 0.358 -

CRS size 0.000 0.000 0.000 0.000 0.030 0.040 0.041 0.045
G frequency 0.000 0.000 0.000 0.000 0.003 0.296 0.701 -

Notes: Simulation results for the design described in Section 2.2. Inferential prop-
erties are presented are presented for the estimators, CCE, IM, CRS, described in
the text. This table displays settings A and B described in the text. Columns
under G report results with the number of groups fixed at a certain G. G is the
number of clusters chosen by the criterion on size-power tradeoff described in the
text. The rows “G frequency” is the frequency of a particular G achieving the
highest simulated power among candidate G’s in the setting.

72



Table 2.5: Clustering: IV

G G
2 3 4 5 6 7 8
A. BASELINE

CCE size 0.044 0.057 0.054 0.064 0.063 0.071 0.070 0.074
G frequency 0.000 0.005 0.035 0.076 0.166 0.289 0.429 -

M size 0.045 0.058 0.062 0.053 0.057 0.049 0.060 0.056
G frequency 0.000 0.000 0.002 0.006 0.012 0.081 0.899 -

CRS size 0.000 0.000 0.000 0.000 0.002 0.034 0.050 0.051
G frequency 0.000 0.000 0.000 0.000 0.002 0.252 0.746 -

B. SAR

CCE size (simulated cv) 0.036 0.042 0.071 0.078 0.064 0.066 0.071 0.071
G frequency 0.005 0.015 0.050 0.039 0.090 0.215 0.586 -

M size 0.027 0.033 0.039 0.038 0.036 0.031 0.025 0.036
G frequency 0.014 0.038 0.063 0.749 0.034 0.047 0.055 -

CRS size 0.000 0.000 0.000 0.000 0.026 0.032 0.029 0.036
G frequency 0.000 0.000 0.000 0.000 0.022 0.393 0.585 -

Notes: Simulation results for the design described in Section 2.2. Inferential properties
are presented are presented for the estimators, CCE, IM, CRS, described in the text. This
table displays settings A and B described in the text. Columns under G report results
with the number of groups fixed at a certain G. G is the number of clusters chosen by
the criterion on size-power tradeoff described in the text. The rows “G frequency” is the
frequency of a particular G achieving the highest simulated power among candidate G’s

in the setting.
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CHAPTER 3
ESTIMATION AND INFERENCE FOR SYNTHETIC
CONTROL METHODS WITH SPILLOVER EFFECTS

3.1 Introduction

The synthetic control method is often used in treatment effect estimation with panel data
where only a few units are treated and a small number of post-treatment periods are available.
Current estimation and inference procedures for synthetic control methods do not allow for
the existence of spillover effects, which are plausible in many applications. This chapter
alleviates these concerns by showing that given some knowledge about the spillover effects,
it is possible to provide asymptotically unbiased estimators and inference in the presence of
spillovers. Our results extend to scenarios with multiple treated units and periods, and cases
with stationary or cointegrated factor models.

The synthetic control method (SCM) has gained popularity in empirical studies since its
introduction in Abadie and Gardeazabal (2003). When we observe panel data with only a
few treated units and post-treatment periods, the SCM can estimate treatment effects. This
setting is common in program evaluation, where we often consider state-level policies and
have state-level aggregate data. The SCM models the relationship between the treated and
untreated units using pre-treatment data. Then the SCM uses the post-treatment data from
untreated units to predict the counter-factual values of the treated unit. This process gives us
the synthetic control, while the difference between the outcome and predicted counter-factual
outcome is the treatment effect estimate. The SCM exploits the pre-treatment data to form
counter-factual values with potentially smaller variance, and so in comparative case studies
it is often favored over other program evaluation methods such as difference-in-differences.
See Abadie and Cattaneo (2018) for review and comparison of econometric methods used in

program evaluation.
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However, the SCM and its variants assume explicitly or implicitly that untreated units
are not affected by the treatment. That is, they rely on the Stable Unit Treatment Value
Assumption (SUTVA). This dependence is natural since the SCM uses post-treatment control
units to predict the counter-factual values of the treated units, which, however, is not always
realistic. For example, when California imposes a cigarette tax, SUTVA implies (among
other things) that nobody decides to shift their cigarette purchases to Nevada.

Under SUTVA and a few other regularity conditions within a factor model, treatment ef-
fect estimators using a demeaned version of SCM are shown to be inconsistent but asymptot-
ically unbiased by Ferman and Pinto (2019b), even when the pre-treatment fit is imperfect.
Unfortunately, in the presence of a spillover effect, this estimator can be severely biased.
Intuitively, the reason is that post-treatment controls are contaminated by the spillover
effect, resulting in a biased estimator of the counter-factual value of the treated unit in post-
treatment periods, which implies a biased treatment effect estimate. Contamination inducing
bias is a standard problem in program evaluation, even within difference-in-differences and
RCTs. This problem is worse for the SCM. If by chance the spillover is concentrated in
control units that the synthetic control method puts significant weight on, the bias will be
substantially worse than in difference-in-differences. Moreover, it is possible the spillovers
propagate along the same channels as the underlying factor model, which would mean that
the SCM may actively select for units which will induce bias. In our simulation section, we
will explore this bias in more depth.

It is worth noting that the problem caused by spillover effects cannot be fully solved
by naive methods such as not including contaminated units in estimation. This is because
the contaminated units are often the most important control units that can be useful in
forming the synthetic control. Simply not including them in estimation can potentially
cause efficiency loss. Moreover, there are cases where most or even all control units are

affected by the spillover, which cannot be solved by throwing away affected control units.
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This is also true for synthetic control methods that are modified to estimate treatment effects
with multiple treated units, since the current methods in the literature use only the units
that are not affected by the treatment in order to form the synthetic control. For examples
of multivariate synthetic control methods, see Cavallo et al. (2013), Firpo and Possebom
(2018), Kreif et al. (2016), Robbins et al. (2017), and Xu (2017).

The goal of this chapter is to relax the SUTVA condition and to perform estimation and
testing. Particularly, we look at the cases where there are spillover effects, which are defined
by a Rubin model as the difference between the actual outcomes and the counterfactual
ones. To facilitate estimation, we assume that some knowledge about the spillover effects
is known. More specifically, the treatment effect and the spillover effects are linear in some
unknown parameters. We give examples where this assumption is plausible. For each unit of
observation, we estimate a model between it and all the other units, using the SCM with pre-
treatment data. Thanks to the known spillover structure, we obtain asymptotically unbiased
estimators for the treatment and spillover effects. We also characterize the asymptotic
distribution of the estimator. Unlike the current methods, our method uses information
from all control units in estimation.

In addition, we propose an inferential procedure based on Andrews (2003)’s end-of-sample
instability test, or P-test. We first generalize the P-test to the synthetic control method
without spillover effects and then generalize it further to incorporate cases with spillover
effects. Similar to the P-test, our testing procedures use the idea of approximating the null
distribution of the statistic using pre-treatment data.

We give high-level conditions under which our methods are valid. Specifically, our con-
ditions adapt to factor models with either stationary or cointegrated common factors, which
are often used to justify the usage of synthetic control methods. Furthermore, we consider
extensions where treatment applies to multiple units or periods, and where there are extra

covariates.

76



This chapter mainly contributes to three developing literatures. First, it complements the
fast-developing literature on synthetic control inference by relaxing SUTVA. Due to its pop-
ularity among empirical researchers, many formal results have been developed for statistical
inference in similar settings. For example, Conley and Taber (2011) consider hypothesis
testing in a similar data structure where only a few units are treated and both pre- and
post-treatment periods are short. They consider difference-in-differences, and use control
units to form the null distribution of the statistic. In this particular setting with only a
few treated units, difference-in-difference estimator can be treated as a special case of the
SCM with equal weights. In Ferman and Pinto (2017) and Hahn and Shi (2017), similar
ideas are used to conduct placebo tests which permute across observed units. Among all,
Chernozhukov et al. (2017) is the most related to our work, since they also use outcomes
across periods rather than across units like the above citations. Li (2019) proposes a testing
procedure that is based on the idea of projection onto convex sets and results in Fang and
Santos (2018). However, none of the papers mentioned above allows for the existence of
spillover effects. Our methods provide formal statistical results in this setting, without as-
suming SUTVA. Furthermore, our estimation and testing procedure applies to factor models
with cointegrated common factors, which is of special interest even in cases without spillover
effects.

We also contribute to the literature on spillover effects. This fast-growing literature
looks into both estimation of treatment effects in the presence of spillover effects, as well
as estimation of spillover effects themselves. For example, Vazquez-Bare (2017) consider a
framework where observations are grouped into clusters, and spillover effects are allowed
within a cluster, but not across clusters. It discusses estimation of heterogeneous treatment
effects as a function of the number of treated units within the same cluster, and spillover
effects as a function of whether the unit is treated, and number of treated units within

the same cluster. Basse et al. (2017) and Rosenbaum (2007) use randomization test for
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inference in the presence of spillover effects. Also see Basse et al. (2017) and Vazquez-Bare
(2017) for a literature review on spillover effects. However, this literature seldom looks at
the panel data setting with only a few treated units and short post-treatment periods. This
limitation is in part because we usually do not have enough information about the spillover
effects in this particular setting. We overcome this problem by requiring a potentially weak
assumption that the spillover structures be pre-specified and follow a pattern that is linear
in some underlying parameters. With that specification, we can estimate the spillover effects
and perform statistical tests on the spillovers.

Third, our results extend the literature on Andrews (2003)’s end-of-sample instability
tests. Andrews (2003) uses data across time periods to approximate the null distribution of
the test statistic, and apply this idea to OLS, IV, and GMM. Chernozhukov et al. (2017)
propose a permutation test that is more general, but similar in cases where serial correlation
matters. We extend this idea to the SCM case, and further to more complicated cases
with spillover effects. As Andrews et al. (2006) extends Andrews (2003)’s results to the
cointegrated cases, we also show that our method is still valid for a cointegrated factor
model.

The remainder of this chapter is organized as follows. Section 3.2 introduces a factor
model with spillover effects, proposes an estimator of the spillover effects and derives its
asymptotic distribution. Section 3.3 considers the P-test introduced by Andrews (2003) and
Andrews et al. (2006), and explains how it can be applied in our settings, with proofs in
the Appendix. Section 3.4 extends our methods to cases with multiple treated units and/or
multiple post-treatment periods, and briefly discusses cases with extra covariates. Section

3.5 concludes. All proofs are in the appendix.
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y1,1<07 50 yLT(O, ) yl,T—i—l(L 0,...,0) } treated unit
yQ’l(O,...,O) y27T(O,...,O) y2,T+1(1707"'70)

: : : control units
yN,l(Ow"vO) yN,T(Oa"'70) yN,T+1<170a"'70)

1 treatment

Figure 3.1: Data structure for comparative case studies

3.2 Model and Estimation

3.2.1 A Rubin model with spillover effects

We consider Rubin’s potential outcome model. In Rubin’s model with violation of SUTVA,
the potential outcomes are functions of treatment assignments on all units. Namely, the

outcome of unit 7 at time ¢ is

Yit = Yit(de),

where dp = (dy 4, . .. 7dN,t)/ and d; ; = 1 if unit ¢ has been treated at time ¢.

We consider a standard synthetic control setting where only one unit is treated and only
one period is available after the treatment is implemented. We consider cases with multiple
treated units and multiple post-treatment periods in Section 3.4. Let unit 1 be treated
between time 7" and 7"+ 1, and there be another NV — 1 units that are not directly treated
by the policy. Thus, we observe an N x (T'+ 1) panel as shown in Figure 3.1.

Note that we only observe outcomes with dp 1 = (0,...,0)" or dp 1 = (1,0,...,0)".
This is the fundamental limitation of the dataset we are currently studying. Unless other
homogeneity conditions are assumed, we cannot say anything about y; 71 (dp1) for dpyq &

{(0,...,0)',(1,0,...,0)} because only a few units are treated and only a few post-treatment
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periods are available. For notation simplicity, let

Yi +(0) = 4;£(0,...,0)

yi,t<1) = yi,t(L 07 e 70)

for each (i,t). Let a; = y; 741(1) — y;741(0) be the potential deviation from unit i’s
counterfactual outcome y; 741(0) where no unit is treated at time 7'+ 1. That is, oy is the
direct treatment effect on unit 1, while a; with ¢ # 1 is the indirect effect or spillover effect.
Throughout, we consider the case where N is fixed and T goes to infinity.

In case studies, we are often interested in estimating the treatment effect ay. For exam-
ple, Abadie et al. (2010) consider the direct treatment effect on California of the tobacco
control policy implemented in the state. A common choice is the synthetic control estimator.

Namely, we obtain the synthetic control weights by solving the optimization problem

-~ T

al -
| = amgmin Y (yy —a—Y/b)?, (3.1)
by acRbew®) 1 —1

where Y; = (y14,-..,yn¢) and wl) = {(wy,...,wy) € Rf\r] cwy =0, Z?LQ wj =1}. An

estimator of the treatment effect o is given by
~ ~ / ™
a1 =y1r+1 — (@+Ypqb),

i.e., the counter-factual value y; 71 1(0) is approximated by @ + Y7, +1/b\. For this chapter
we use an constraint set as in the demeaned synthetic control method (Ferman and Pinto,
2019b). That is, we do not restrict the intercept but require the other coefficients to be

positive and sum up to one. 1

1. Other choices of constraint set for (a1,b,)" include {0} x {0} x Ay_; as in the original synthetic
control method of Abadie and Gardeazabal (2003) and Abadie et al. (2010), and R x {0} x RY ™! as in the
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3.2.2  Spillover structure

Throughout the chapter, we assume that some knowledge about the spillover effects is known.
Namely, assume that the full effect vector « is a linear transformation of some unknown
parameter v € R ie. a = A~. Typically, v has less dimensions than « does. Here are

some examples that fit in this framework.

Example 3.1. Assume a subset of control units, but not all of them, are equally affected by

the spillover effects, i.e.

10
0 1
aq
A= 0 1, =
b
00
0 0

Example 3.2. Assume the spillover effect shrinks as the geometric distance goes up. For
i=2,...,N, a; = bexp(—d;) where d; is the distance between unit 1 and unit i and b is

some unknown parameter of interest. Then, we have

1 0
0 exp(—d «Q
A p(—d2) o 1
b
0 exp(—dy)

Example 3.3. Assume the spillover effect is likely to take place at some known locations,

but not at other locations, while the sizes of spillover effects are allowed to vary across those

modified synthetic control of Li (2019), where Ay_; = {w € RN~1 : w; > 0 for each i, Zf\:ll w; =1} is a
(N — 1)-dimensional simplex. See Doudchenko and Imbens (2016) for a discussion of other restriction sets.
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units. For example, assume there are potential spillovers at locations whose distance to unit
1 is less than d. Then, the treatment and spillover effect vector can also be represented by
A~. WLOG order the units by increasing distance from unit 1, and let p the number of units

experiencing spillovers. Then

aq
1 lep
Oékl
A - OpX]. [p ) '7 =
ON—p-1)x1 O(N—p-1)xp
_Oékp_

Thus the units indezed 2, ..., (p + 1) each experience their own size spillover effect.

The assumptions in Example 3.3 are often plausible. If mis-specification of the spillover
structure is a concern, one can always choose an A matrix that incorporates more potential

spillovers, i.e., a bigger p.

3.2.3  Invertibility assumption

In order to back out the spillover effects, we proceed as follows. We first define the individual

synthetic control weights and their limits. Namely, let

~ T

= argmin Y (yiy —a— Yib)?, (32)
b; acR,beWw @ y—1

where W () = {(wy,...,wy) € R]X cw; =0, Z‘évzl wj = 1}. Then, let
a; = plim a;, b; = plim gi,

and we only consider cases where they are well-defined. We show later by Lemma 3.1 that

a; and b; exist for each ¢ in factor models with stationary or cointegrated common factors.
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In general, a; and b; do not coincide with the weights that reconstruct the factor loadings
(Ferman and Pinto, 2019b).

For each (i,t), define the specification error by
it = i 1(0) — (a; + Y2(0)'by). (3-3)

Note that the i-th entry of b; is zero. Define a = (aq,...,ay)’, B = (b1,...,by), and

M = (I — B)'(I — B). Stacking Equation (3.3) for all i’s gives

ug = Yi(0) — (a + BY3(0)),

where and u¢ = (u1 4, ... aUN,t),- For t = T + 1, this becomes

upyy = = B)(Ypy —a) —a, (3.4)
where Y711 = (Y1741, --yn1+1) - We will use this equation to estimate the spillover
effect.

Defining M = (I — B)'(I — B), we introduce the following invertibility assumption:
Condition IN. A’M A is non-singular.

First note Condition IN is testable in principle. We can consistently estimate B so the
data informs us of the validity of this assumption. To understand this assumption better,

we replace o by A7y in Equation (3.4) and have

(I —B)Ay= (I - B)Ypy1 —a—upyy. (3.5)

Equation (3.5) is the key to learning ov. Under mild regularity conditions, a and B are iden-

tified from the model and learned by the synthetic control method. We do not observe up 1,
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but the distribution of wp, | can be learned using pre-treatment data under stationarity of
{ut}4>1. Therefore, if A’M A is non-singular, or equivalently, (I — B)A has full rank, we can
form an estimator of v whose limiting distribution is identified by multiplying both sides
of Equation (3.5) by (A’MA)~1A'(I — B)'. Note that we do not identify v or a. This is
because we have only one observation of the outcome in post-treatment periods.

We illustrate Condition IN in the following toy example.

Example 3.4. Assume there are 3 units in total, where unit 1 is treated. Let the synthetic

control weight matriz B be

0 w1 1—uy
B = |wy 0 1 — w9

wg 1 —w; 0

Suppose the researcher first assumes unit 2 and 3 are equally exposed to the spillover effects.

That is, they assume

10 7
7

Alz 0 1(,7= ,anda: Y2
72

01 72

Then, Condition IN does not hold, because

1 —1
—w3 w3

If they instead assumes only one of the controls is exposed to the spillover effects, Condition
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IN is satisfied in general. In this case,

10 71

71
Ary= 1|0 1|,v= ,and o= |49 ,

Y2

0 0 0

and
1 —wq

I=B) A= |—wy 1

—wg w3 —1

It can be shown that (I — B)Ay always has full rank for (wq,ws,ws) € [0,1]3.

This applies to more general settings. That is, if all controls are equally hit by the
spillover effects, then (I — B)A does not have full rank and we lose Condition IN. Allowing
a few units to be exempt from the spillover effects makes (I — B) A have full rank in general.

A more interesting case is Example 3.3, where we only restrict the range of spillover
effects and allow the levels to vary. In this case, (I — B)A can be obtained by eliminating
columns that correspond to units that are neither treated nor exposed to spillover effects.
Again, as long as at least one control is not exposed to the spillover effects, (I — B)A has
full rank in general. This assumption is more convincing if a moderate number of columns

are eliminated from (I — B), i.e. only a few units are exposed to the spillover effects.

3.2.4 Estimation

We form estimators for (a, B) using synthetic control methods as in (3.2). We do that
for each 2 = 1,..., N, as if each 7 is the treated unit and other units are controls. Then,

~

the estimators for a and B are @ = (ay,...,ay)" and B = (31, ..., by) respectively. Let
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M=(I- B\)/(I - §) be an estimator for M. Let an estimator of vy be such that

7 = argminl||(/ — B)(Yp1, — Ag) —a|
geRF

= (A'MA)'A(I — BY((I — B)Yp4q — Q). (3.6)

Note that the FOC implies
A'(I = B)'upyy =0,

i.e. it requires that some weighted sum of the residuals to be zero. Under that condition,

the treatment and spillover effect vector « can be estimated by a = A7.

Assumption 3.1. (a) {ut}y>1 is stationary, and has mean zero.
(b) [la —all = 0p(1), | B = Bl = 0p(1)

(©) (B = B)Y741(0)]] = 0p(1).
(d) A’M A is non-singular.

Note that Part (c) excludes polynomial time trends.

Theorem 3.1. Suppose Assumption 3.1 holds. Then, @ — (o + Gupy1) —p 0 as T — oo,
where G = A(A'MA)~1A'(I — B)'. Moreover, E[Gug.41] = 0.

The structure of the limiting distribution is similar to the case as in Ferman and Pinto
(2019b), as it is inconsistent but asymptotically unbiased (i.e. that the difference between the
estimator and the true value has zero mean). Note that consistent estimators are impossible
because only one post-treatment period is available.

Moreover, we can form an estimator of o with possibly lower variance. For some posi-
tive definite matrix W € RV, we minimize |[W1/ 2ep. 1] instead of |lepo1]|. The resulting

estimator 1s

T = arg min|WY2((I = B)(Yri1 — Ag) —a)||
geRk
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= (A' My A)TA (I - BYW((I — B)Yyyq — a),

where ]\//_TW = (I — E)/W(] - B\) The corresponding estimator for « is ayy = A7yy. In the
spirit of GMM with an efficient weighting matrix, let Q = Cov[u1] and W be a consistent
estimator of Q1. Then an estimator of a with lower variance can be achieved by a¢ = &W%.

Let My, = (I — BYW(I — B), Gy = A(A' My, A)~YA/(I — B)'W for some weighting

matrix W, W€ = Q=1 M€ = Mype, and G¢ = Gype. Then, we have the following results.

Proposition 3.1. Suppose Assumption 3.1 holds, W is a consistent estimator for W, and
Wi is a consistent estimator for W€. Then, ay,, — (o + Gwurg1) —p 0, and specifically,
a—(a+G%upyq) =p 0, as T — co. Moreover, (Cov[Gyury1]—Cov[GCury]) is positive

semi-definite.

In practice, we need to estimate €2, and for that we would need relatively large sample

size (large T') to have a good approximation.

3.2.5 The factor model as an example

Factor models are often used to justify the usage of synthetic control methods. Here we
show that our assumptions are satisfied by factor models with stationary and cointegrated
common factors. We follow Ferman and Pinto (2019b) and consider a factor model such

that fort=1,..., Nandt=1,...,T+1,

Yi 1 (0) = m + i + €i g, (3.7)

where \; is F-dimensional common factors, and ¢;; is noise that is uncorrelated with A.

For notation simplicity, we write Y;(0) = (y1,4(0),... L unt(0)), Yy = (Wit ,yn,t), and
€t = (El,ta ce 7€n,t>l-
We focus on two sets of conditions in our discussion.
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Condition ST (model with stationary common factors). Assume {(nt, A, €t) }y>1 is sta-
tionary, ergodic for the first and second moments, and has finite (2 + &)-moment for some

d > 0. Assume cov[Y;(0)] = Qy is positive definite.

Remark 3.1. We show in the proof of Lemma 3.1 that in this case

b; = argmin (w — ;) Qy(w — ¢;),
weW (@)

a; = E[y; 1(0) — Y1(0)'b],

where e; 1s a unit vector with one at the i-th entry and zeros everywhere else, and wi) =
{(wy,...,wy) € RJJ\! cw; =0, Zﬁéi w;j = 1}. Note that in general b; does not recover the

factor structure, because p; # (p1, ..., uN)b; in general.

Remark 3.2. We do not impose any restriction on the factor loadings {,ui}fil except for
Qy being positive definite. In the stationary case, the key for the treatment estimator to be
asymptotically unbiased and the test proposed below to be valid is to include an intercept in

the optimization problem (3.2).

Condition CO (model with cointegrated Z(1) common factors). Rewrite Equation (3.7) as

yit(0) = A\ ki + O 1 + €4,

and ny can be either in )\% or )\g. Assume {()\g7€t)}t21 is stationary, ergodic for the first
and second moments, and has finite 4-th moment. Without loss of generality, Ele; ;] = 0.
Assume {)\%}tzl is Z(1). Further assume for each i, y; +(0) is such that weak convergence
holds for T_1/2yi,[rT](O) = v;(r), where = is weak convergence and process v;(r) is defined
on [0,1] and has bounded continuous sample path almost surely. For each i, let W) =
{(wy,...,wy) € Rﬂ\_] tw; =0, 54;wj = 1}, Assume for each i, there exists w® e W)

such that le = Zévzl w](.i),u%. That is, (w(i) — ¢e;) 1s a cointegrating vector for Y(0), where
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e; 1S a unit vector with i-th entry being one and zeros everywhere else.

Note that Condition CO puts restrictions on the factor loadings. The restrictions are
similar to those in Ferman and Pinto (2019b).

The relevance of the factor model is given by the following lemma:

Lemma 3.1. Under Condition IN, either Condition ST or Condition CO implies Assump-

tion 3.1.

Thus, results derived in Theorem 3.1 apply to factors models with Condition ST or
Condition CO.

3.3 Inference

In this section, we discuss formal results on inference. At a high level, our test uses pre-
treatment data to form the null distribution of a pre-specified post-treatment quantity. Flex-
ibility in defining that quantity leads to a variety of hypotheses. In Section 3.3.1, we consider
the case without spillover effects, and state the assumptions under which Andrews’ P test
(Andrews, 2003) is valid. In Section 3.3.2, we generalize P test to cases where spillover

effects cannot be ignored.

3.3.1 Cases without spillover effects

Suppose for now there are no spillover effects, i.e. ag =--- = a) = 0. We want to test for
the existence of treatment effect on unit 1. The null and alternative hypotheses of interest
are

Hy:a1 =0,

Hy:a1 #0.

The test procedure we consider here is the end-of-sample instability test (P-test) in Andrews

(2003). The usage of Andrews’ test in the context of synthetic control methods is mentioned
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in Ferman and Pinto (2019a), where they focus on the difference-in-differences estimator. We
formalize this idea and derive conditions under which Andrews’ test delivers valid inference
results.

We assume the «q is independent of 1" under H;. That is, we consider fixed, not local,
alternatives, as in Andrews (2003) and Andrews et al. (2006). Specifically, a; does not
change as T' grows, which facilitates our analysis of the test statistic under Hj.

Now we translate our hypothesis into the linear formulation considered in Abadie and

Gardeazabal (2003). Namely, we have

a1+be1+u17t, fort=1,....T,
Yt =
a’{ + Yt/bl +uy ¢, fort =T+ 1.

A non-zero treatment effect is equivalent to a shift in the intercept a; (or equivalently, change

of the distribution of uj ¢, at t = 7'+ 1). The null and alternative hypothesis become

Hy :a] = ay,

Hy:a] # ay.

Let the synthetic control regression residuals be w1 4 = y1 4 — a1 — Ytpbl The test statistic is
defined by

_ 2
P=uiriy

For notational simplicity, let 31 = (&1,6’1)’ and 2 = (1,Y/). For f € RVF1 define
Pi(B) = (y0 — 218)>.

Then, P = (y1, 741 — x’TJrlBl)? = PT+1(51). Let Py be a random variable with the same
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distribution as Ppyq(81) with 81 = (a1,b})’. Let P, = Pt(@\gt)), where B{t) = B\l for each t.2

Define

1

Fpr(z) = T

M=

I{P; <z},
=1

and let Fp(z) be the distribution function of P(f1). Finally, let gp;_, = inf{z € R :
ﬁp7T(x) > 1 -7}, and gp1_, be the (1 — 7)-quantile of Py(81). The assumptions and

validity of the testing procedure are established as follows.

Assumption 3.2. (a) {ut}4>1 are stationary, ergodic, and have mean zero.

(b) Eflue] < o0.

(c) 3 a non-random sequence of positive definite matrices {Cr}r>1 such that max;<7q HC’ElxtH =
Op(1)

(@) [C7(By = B)ll = 0p(1), and maxi—y,_r |C7 (B = Bl = 0p(1).

(e) The distribution function of Pi(B1) is continuous and increasing at its (1 — T)-quantile.

Theorem 3.2. Suppose Assumption 3.2 holds. Then, as T — oo,

(a) P —4 Pxo under Hy and Hy,

(b) pr(x) —p Fp(x) for all v in a neighborhood of qp1_; under Hy and Hy,
(¢) @p1—r —p qp,1—7 under Hy and Hy,
(

d) Pr(P > gp1_;) — 7 under Hy.

In addition, we show the relevance of the factor model in this context by the following

lemma:

Lemma 3.2. Suppose the distribution function of Pi(51) is continuous and increasing at its

(1 — 7)-quantile. Then, either Condition ST or Condition CO implies Assumption 3.2.

2. Readers can also use leave-one-estimator to construct P; as in Andrews (2003) and Andrews et al.

(2006). Fort = 1,...,T, the leave-one-out estimator B%t) is defined by the synthetic control weight estimator
using only observations indexed by s =1,...,t —1,t+1,...,T.
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3.3.2  Clases with spillover effects

Now we allow for non-zero spillover effects. We propose a testing procedure that is based on
Andrews’ P-test and accounts for the spillover effect. The null and alternative hypotheses
we consider are Hy : Ca = d and Hy : Ca # d, with C and d known. For example, we want
to test for the hypothesis that there is no treatment effect at the treated unit (unit 1), then
we let C' = (1,0,0,...,0) € RN and d = 0. This effectively makes Section 3.3.1 a special
case of our test, although Theorem 3.2 has slightly stronger results than Theorem 3.3 does. If
we want to test that there is a spillover, then we can let C'= [0 y_1)x1 IN-1] € RWV-1)xN
and d = (0,...,0) e RW-Dx1

The test statistic we consider here is P = (Ca — d)Wp(Ca — d) for some weighting
matrix Wy —, W. Recall G = A(A’MA)~1 A/(I — B) and can be consistently estimated by
G= A(A/]\/ZA)_lA/(I —~B)if B —p B. By Theorem 3.1, P is asymptotically equivalent to

u'T Jr1G’ C'WCGur.y1. To construct critical values, define
Pi(0) = (Yz — 0x4) G'C'"WCG(Ys — Oy),

and

Pi(6) = (Y; — 02y) G'C'WpCG(Y; — 0y),

for some § € RVXNV+1D) g — (1,Y/), and G = A(A’]\//TA)_lA'(I — B). Let P, = ﬁt(g(t)),
where 01 = § for each t.3 Let Py, = P1(8p) for Oy = [a B]. Define

T

N 1 N

Fpr(z) =+ > 1P <a},
=1

and let Fp(z) be the distribution function of Puso. Finally, let gp1_, = inf{z € R :

3. Similar to the case without spillover effects, the leave-one-out estimator o) = [a® E(t)] is defined by
the synthetic control weight estimator using only observations indexed by s =1,...,t —1,t4+1,...,T.
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ﬁpj(x) >1—7}, and gp1_; be the (1 — 7)-quantile of Px. The assumptions and validity

of the proposed testing procedure are given as follows.

Assumption 3.3. (a) Assumption 3.1 holds.

(b) {ut}i>1 is ergodic and El|lu]|] < oc.

(c) There exists a non-random sequence of positive definite matrices { Dp}r>1 such that
maxy<y 1 [| Dy ot = Op(1).

(d) 118 = 60) D7l p = 0p(1), and max,_y 7 [|(0) — 00)Drllp = 0p(1), where | - || is
the Frobenius norm.

(e) The distribution function of P1(0y) is continuous and increasing at its (1—7)-quantile.

(f) Wp =p W as T — oo.
Theorem 3.3. Suppose Assumption 3.3 holds. Then, under Hy, as T — oo,

(
(b) ﬁP’TCC) —p Fp(x) for all x in a neighborhood of qp1_+,
(C) Z]\P,l—T —p 4P1—1 >

(d) Pr

d) Pr(P > Gpy_r) > 7.

Again, we show the relevance of the factor model in this context by the following lemma:

Lemma 3.3. Suppose the distribution function of Py(0g) is continuous and increasing at its
(1 — 7)-quantile. Then, under Condition IN, Assumption 3.3 is satisfied if either of these
holds:

(i) Condition ST with Wy = I or Wy = (CG(T~ 1 Z?:l ﬁtﬂg)@'C')fl;

(ii) Condition CO with Wp = 1.

3.3.83 Other testing procedures

When we allow for existence of non-zero spillover effects, the existing testing procedures

including the placebo test and the original Andrews’ test will have poor performance. Here
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(a) No spillover effects (b) Spillover effects

Figure 3.2: Placebo test with spillover effects

we intuitively explain what happens to placebo test as in Abadie and Gardeazabal (2003)
and Andrews’ test as in Andrews (2003) in the presence of spillover effects.

Suppose we want to test for the treatment effect being zero and are not aware of the
spillover effects. Placebo test and Andrews’ test are similar in the sense that they use data
to form the null distribution of uy 7741 in order to perform hypothesis testing. The difference
is that the placebo test exploits variations of {@',T+1}i]\i 1> while Andrews’ test uses variations
of {ay 414

We illustrate the placebo test first by Figure 3.2. Area with lines is 95% probability region
of the error of the treated unit. Filled area is 95% probability region of null distribution
formed in placebo test. A test is rejected when the error of the treated units falls outside of
the filled area. When there is no spillover effect, the distribution of %y 741 and distribution
of {ai,T—I—l}i\; o overlap asymptotically. As shown in Figure 3.2(b), when there are positive
spillover effects, we will underestimate the treatment effect and the density function of uy 714
moves to the left. At the same time, some of the control units shift to the right because
of the positive spillovers, so density of {ai,T+1}i]i o moves to the right and gets wider. In
terms of test performance, the shift of @y 711 is offset by the wider density of {ﬂi,T+1}£\; 9
(harder to reject Hp). In essence, the placebo test becomes much more conservative and has

low power.
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~— 95% —
(a) No spillover effects (b) Spillover effects

Figure 3.3: Andrews’ test with spillover effects

Now we consider Andrews’ test and illustrate it by Figure 3.3. Again, area with lines
is 95% probability region of the error of the treated unit. Filled area is 95% probability
region of null distribution formed in Andrews’ test. A test is rejected when the error of the
treated units falls outside of the filled area. When there is no spillover effect, the distribution
of U1 741 and distribution of {ﬂl’t}le overlap asymptotically. As shown in Figure 3.3(b),
when there is positive spillover effect, we underestimate the treatment effect and the density
function of uy 711 shifts to the left, while the density of {ﬂu}tT:l doesn’t, since they are
pre-treatment and the spillover only happens after the treatment. This results in an invalid

test.

3.4 Extensions

3.4.1 Multiple treated units

Our method readily extends to cases where multiple units are treated. In our setting, spillover
effects are not distinguished from treatment effects, since one can think of spillover as the
treatment on the units that are not directly treated. With a corrected specified structure
matrix A, we can perform estimation and testing just as previous sections. For example,

suppose N = 4, unit 1 and unit 2 are treated, unit 3 is affected by spillover effect, and unit
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4 is neither treated nor exposed to spillover effect. Then we can specify

and the resulting estimator 5 = (31, 72,73)’ by (3.6) is such that 71 and 45 are the treatment
effect estimator for unit 1 and unit 2, respectively, and 73 is the spillover effect estimator
for unit 3. Tests can be performed accordingly. If one wants to test for the hypothesis that

there are no spillover effects, the null is then Hy : Ca = d, where C' = (0,0, 1,0) and d = 0.

3.4.2  Multiple post-treatment time periods

Suppose now we have observations of {y; +} fori =1,...,Nandt =1,...,T+m. Treatment

is received at t =71 + 1. The model becomes

Y(0), if t < T
Y%:

Y;(0) + o, otherwise.

Note that we do not allow for spillovers in time. That is, the treatment effect or spillover
effects cannot affect future selves. For each ¢t =T + 1,...,T + m, we need to specify the

spillover structure matrix A;. Then, an estimator of oy is
ay = Af(AMA) AN - BY' (1 - B)Y; —a).

That is, we treat T+ s period as 7'+ 1 and do the same procedure as before. For each
t=T+1,...,T+m, we can perform separate tests as introduced in previous sections.

To answer simultaneous questions such as whether there is spillover effect at all, we
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can extend the P-test discussed above. Consider the null hypothesis Hgy : Cray = dy for
t=T+1,....,T +m. Let ﬁt be constructed as in Section 3.3.2 for ¢t = 1,...,7T. For

t=T+1,...,T +m, let ﬁt = (Cray — dy)' W (Cray — di). We can now form
m—1 N
PO =" Py
s=0

fort =1,...,T+ 1. The test statistic is then P(T+1), and we use {P(t)}tT:1 to form its null

distribution.

3.4.3 Including covariates

Many empirical researchers are interested including extra covariates when using synthetic
control methods. Our framework can be readily adapted to settings with covariates. Suppose
we have a vector of observable variables z;; and want to estimate the treatment effects,
while being worried about spillover effects. Following Li (2019), we estimate the least square

coefficients for the model

Yit(0) = a; + > by e(0) + 20w + uig,
J#i

with the simplex constraints on b; ; and obtain coefficient estimates (EZ-,?)\Z-, 7;). This is done
for each 7. Let g = (Zi,t%i’ . ,zg\,,ﬁN)’ . Under appropriate regularity conditions, the
results of the chapter apply when the intercept estimator a is replaced by @ + g; at time .

For example, the treatment effects estimator now becomes

7= (AMA)TA(I = BY((I - B)Yp41 — @ — Gria)-
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3.5 Conclusion

The synthetic control method is a powerful tool in treatment effect estimation in the panel
data settings, but it does not work in the presence of spillover effects. In this chapter, we
relax this assumption and propose an estimation and testing procedure that is robust to
the presence of spillover effects. Our method requires specification of the spillover structure,
which can be weak (Example 3.3). We derive a set of conditions under which our estimators
are asymptotically unbiased. We develop a testing procedure based on Andrews (2003)’s
end-of-sample instability tests and show that it is asymptotically unbiased under a set of
conditions. We show that our conditions are satisfied by the commonly used factor mod-
els, with either stationary or cointegrated common factors. Our methods can be extended
to cases with multiple treated units and multiple post-treatment periods, and with extra

covariates.
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APPENDIX A
APPENDIX FOR CHAPTER 1

A.1 Implementation of the Group-Wise Method with Truncated

Unbiased IV Estimator

In this section, I describe the details of implementing the proposed procedure. The idea is
simply to replace each quantity by its sample analog. Section A.1.1 discusses the case with

only one instrument. Section A.1.2 covers the case with more than one instrument.

A.1.1 One single instrument

The algorithm consists of three steps: group-level estimation, debiasing and truncation, and

a t-test.

Step 1 We fix some group g and only use observations in this group. Let the corresponding
group-level estimators be ng = (QZLQ,'(ZQ’Q)/ as in (1.2), and the residuals be {(7@, XA/i}Z-GIg.

Let Kg be a heteroskedasticity and autocorrelation correction estimator (HAC) of

1 Z;U;
Var | — e
V' ic1, \ ZV;

In the simulation section, we use the Newey-West estimator with [4(7/100)1/4] lags (Newey

-~

and West, 1987). The estimator for Var|[] is thus

. QL 0o \ . [0} 0
Eg _ Z7Z.9 A Z7Z.q9

0o QL ! 0o QL
ZZ,g ZZag

Y
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where Q774 = ng_l Y ic I, ZZ-ZZ( . The group-level (3\, T) is given by

-~ ~ o~ o~

59 = 5(¢ E )a ? = ?(77/}9729)
and the unbiased IV is Eg =07 + 81279/6\%9.

Step 2 Consider a uniform truncation parameter where m: = 7* for each ¢. Let

g

1 n
ﬂgn/ = min v l|e =
9 /Mg ng

1 n n
o min gl —U —c\/j>) :
wiv = 7 r— ( ng ( —

where 7 = maxgng and n = mingng. The former is suggested by assumptions under the

and

3

strong IV asymptotics in Section 1.3.2 and the latter by the weak IV asymptotics in Section
1.3.3. The truncation parameter is chosen to be 7* = min{ng,, 7y} In practice, I
recommend using ¢ = 10. Using the selected threshold 7*, we can obtain a set of group-level

truncated unbiased IV estimators {5g} g=1-

Step 3 We apply the t-test to the set of group-level estimators {Bg} "_1- Namely, let

t:ﬁ_%,
se
where
1 &
B=52 0
g=1
and




We reject the null hypothesis Hy : 5 = (y if [t| > cv, where cv is the (1 — «)-quantile of the

t-distribution of G — 1 degrees of freedom.

A.1.2 Multiple instruments

When multiple instruments are available, we follow Andrews and Armstrong (2017) and
use a weighted average of unbiased IV estimators with respect to all instruments. Namely,
for the j-th instrument, we perform Steps 1 and 2 as in section A.1.1 and obtain the j-th

unbiased IV estimator 597 j- The group-level estimator is then given by
By = Z w;j By,
J

where {w; }é‘?:l is a set of weights that sum up to one. See Andrews and Armstrong (2017)
for a discussion on optimal weight selection. In the simulation section, {wj}§:1 are simply

chosen to be equal weights. Finally, we follow Step 3 in section A.1.1 using {Bg}g?:l'

A.2 Truncation Parameter Choices

In this section, we investigate the impact of the choice of the truncation parameter. As in
Appendix A.1, we recommend using 7* = min{7g,, Ty} with ¢ = 10 as the truncation
parameter. We look into different choices of ¢ in this experiment.

The data regenerating process is the same as in Section 1.4.1. FMUT methods with
three different values of ¢ are reported. The CCE method is also reported for comparison.
The power curves are shown in Figure A.1. Generally, the proposed method is quite robust
to the choice of the truncation parameter in terms of null rejection rate. Moreover, Figure
A.1 exhibits a “bias-variance” tradeoff. That is, a smaller ¢ corresponds to high power but

causes more bias.
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Figure A.1: Power comparison among truncation-parameter choices (a = 0.05)
A.3 Useful Results

In this section, I present some results that are useful for proofs in Appendix A.4.

Lemma A.1. E[F1{7 > n*}] = nr !, where

n=(1—®((r* —7)/02)) — (1 — ®(n*/02)) exp(r7* /0§ — 7%/ (203)).
Proof.

EF1{7 > 7*}]
(11— 0 o)
- F [02 o(7/0o2)

Y A T et 1) BV
a /7r*/02 oo o) # /o2)d

{7 > n"}
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- ai /OO (1 —®(x)) exp(xm/o9 — 7T2/<2U%>>dx

1 T o o
= ew(-r/o) (G- ehen (Zo)| - [T elen/ondn - afa)
™ 09 7.‘.*/0.2 7-[-*/02
_ 1
-
The fourth equality is integration by parts. O

Kummer’s confluent hypergeometric functions

| Q

z_
k!

k‘ |

0
K(a,b,z2) Z

where the rising factorial is defined by

Bl

¥ =zxz(z+1)...(x+n-1).

For z < 0,
T(b)
To—a) )

K(a,b,z) = “UL+0(2 7)),

where the Gamma function is

See Abramowitz and Stegun (1965) for reference.

A.4 Proofs

Proof of Proposition 1.1. Let 1 be defined as in Lemma A.1. Note



~

= |E[]] - |E[T — 7]

)

= |E[]|- E[(F — ) I{7 < 7"}]

< |E[)| BFL{7 < ©*}]
= |n(B—o12/03)| - (x L —yr )
= |B—o12/03]- (1 —n)

— 0.

The second equality uses the independence between 5 and 7, which implies the independence
between & and functions of 7. The inequality is because ¥ is strictly decreasing, and thus
0 <7 —7* <7 under the event T < 7*. The fourth equation is by Lemma A.1 and the fact
that E[7] = 1/m. The convergence is because n — 1 under (i), (ii), and (iii), and 012/0% is
bounded. O

Proof of Theorem 1.1. By Assumption 1.1 and following the proof of Proposition 1.1,
sup | E[Gg] — | — 0.
g

So

_1vG 2
oy TRy

where 3 B
. G g (B — ElBy))

se

t

Under Assumption 1.2, for some absolute constant C,

IN

G
CB73Y " E[y - 1%
g=1
CB—3GmgaxEH3g|3]EHfg\3]

sup | Pr(t* < x) — ®(z)|
X

AN

< CB3Ga3sM?
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= o(1). (A1)

The inequality is by a Berry-Esseen bound for Student’s statistic in Bentkus et al. (1996).
The third line uses a representation of the third raw absolute moment of normal distribution
(e.g., see Winkelbauer, 2012). Combining (A.1) with ¢t = ¢t* + 0p(1), we obtain ¢ 4 N(0,1).

O
Proof of Proposition 1.2. Assumption 1.1(i) holds automatically by Assumption S1(ii).

For 1(ii), note

*

max —Z = max \If_l(ag’gM) — — < U HogyM) = -0
g 029 g 92,9

T, — T

by S1(iii) and the fact that W1 (z) = —oo as & — oo. For 1(iii), note

* —1 -1
s T (o9 M TV (ago M
mang = max ( -9 ) < _(_2 ) — —00
g 0'279 g 0.279 g9

by S1(iii).

To see Assumption 1.2, first note for some constant C7, Co,

9 9\ 3/2 9\ 1/2
31 s Hs Hs -3
K(-—So-0)<a|%)] +0(%] Sce
( 2’2 20§> 1(20§> 2(20§ 150

by properties of Kummer’s confluent hypergeometric function (e.g., 13.1.5 of Abramowitz

and Stegun, 1965). Therefore,

B B
M=o <g2(52_3G)1/3> -0 <Q2(HG)1/3) .

]

Proof of Proposition 1.3. Assumptions 1.1(i) and (ii) follow the same reasoning as in
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the proof of Proposition 1.2. For 1(iii), note

Ty _ Ul (o9 M)

7 O’%’g ~ /nay

=
»
A

—0Q.

To see Assumption 1.2, for some constant C'

2 2 2
31
K(-2 -5 ) <ivol-2l-1v0(5), (A2)

by properties of Kummer’s confluent hypergeometric function. Combining (A.2) with W2(ii)

gives Assumption 1.2. m
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APPENDIX B
APPENDIX FOR CHAPTER 2

This supplement contains proofs as well as additional simulation results as described in the

text.

B.1 Proofs of Propositions 2.1-2.3

Before proving those propositions, the basic structural results about sequences of uniformly
Ahlfors spaces are gathered. The first preliminary result is due to Assoud (1977) and ensures
the existence of certain embedding of metric spaces of bounded doubling into Euclidean

spaces.

Theorem B.1 (Assoud). Let (X,d) be an arbitrary (not necessarily finite) metric space
such that the doubling dimension K = dimgy (X) < co. Let € € (0,1). Then there exists an

L-bi-Lipschitz map (X,d*) — R" for some L,v which depend only on ¢ and K.

Ahlfors regularity of X implies constant doubling. As a result, the Proposition 2.5 holds by
standard arguments. Proposition B.1 is the relevant corollary for the contexts of Propositions

1 and 2 in the main text.

Proposition B.1. Suppose that X satisfies C, d-finite-Ahlfors reqularity. Then the doubling
dimension dimsgy (X) is bounded by dimgy (X) < 6logy(3C?).

Proposition B.2. Let (X, d) be C,d-reqular. Then (X, d3/4) has an L-bi-Lipschitz map into

R" where r and the Lipschitz constant L depend only on C, 4.

B.1.1  Proof of Propositions 2.1

In the case that X;, do not embed isometrically, let L be the bi-Lipschitz constant from the

maps (Xp, d711_1/4) — Xn € RY where v can be taken v = g(C, §) for the function g defined
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prior to the statement of Assumption 2.2. The array {{(;};ex, }ne indexed on X, yields
an array {{fl}l e)?n}%ozl indexed on X,,. It is sufficient to check the conditions of Corollary 1
in Jenish and Prucha (2009) for this new process. Apply the same set array of constants ¢;
to 5@ Assumption 1 in Jenish and Prucha (2009) is satisfied by the fact that distances are
at least pg in X;, for some pg > 0 by Ahlfors regularity. Note that L depends only on C, 9
and in particular, does not change with n. Then Vi, j, an(z, j) is also bounded away from
zero by a constant which does not depend on n. Assumption 2.2(ii) is identical to Equation
3 in Jenish and Prucha (2009).

The next conditions in Jenish and Prucha (2009) are mixing conditions. To verify these,
let ag, j p(r) and Gy, g, () denote the corresponding mixing coefficients for (; over X,,. Note
that d(U,V) > r = d(U,V) > L1243 Let ¢ = L1/, Then ay () < dk’l(cr3/4).

To verify Equation 4 in JP, it is sufficient to show that

o0
- pt2_
Z dljl(m)myx <o,
m=1

yx“—”—l

Note that &y 1(m) is nonincreasing and defined for nonnegative real m and m™ "~ *»
is a polynomial in m. Thus, the above summation is bounded up to a constant by the

corresponding integral

oo pt2
/ dlvl(m)myx i Lam
m=0

Substituting dy 1(m) < 07171(cm3/ 4) and a standard calculus change of variables m/ = cm3/4

Y

dm' = %cm_l/ 4dm shows that it is sufficient to verify

o 4 /H‘Q_l 1
/1 0541,1(711/)”/3(1/>< v D Bdm! < oo,
m' =
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This integral is in turn bounded by a constant times the summation
oo oo
4 pt2 pt2
_ auxE=—1 _ xE==—1
E a171(m/)m/3y z = g aLl(m/)m/y p < 00
m/=1 m'=1

which is assumed to be finite under Assumption 2.2(iii), thus verifying Equation 4 in Jenish
and Prucha (2009). Using similar arguments, Assumption 2.2(iv) implies Assumption 4(2)

in Jenish and Prucha (2009). Next, Assumption 2.2(v) implies that
i100(m) < i1 oo (em®) = O((em®/H)371) = O(m¥ 1)

thus verifying Assumption 4(3) in JP. Finally, Assumption 2.2(vi) implies Assumption 5
in Jenish and Prucha (2009). This verifies the assumptions of Corollary 1 in Jenish and
Prucha (2009). The Almost-Sure Representation theorem (Theorem 2.19 in van der Vaart
(1998)) then gives a random variables S* and Sg such that limy, e [|S* — Se|l2 — 0. Setting

5‘2 = §* for all C gives the result.

B.1.2  Proof of Propositions 2.2

Proposition 2.2 is proven in the case |C| = 2. In this case for C C X, take D = X;, \ C.
The general case follows by applying the same arguments, and by retracing boundaries when
necessary. By arguments in Bester et al. (2011b)( which as noted in the main text were pre-
viously also present in Jenish and Prucha (2009) and Bolthausen (1982)), o(C)~'o(D)~1n =
O(1) and

cov O(C)_l Zgj’ O'(D)_l Z Cj < O'(C)_IJ(D)_I Z @1,1((dn(i,j)])u/(2+u)

ieC jeb (,7)€CxD
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= o(C)"to(D)1 i {(1,7) e CxD:k—1<dy(i,j) < k}|@171(k)u/(2+u)_
k=1

Note that
{(i,7) e CxD:k—1<dy(i,7) <k} <|{E,J) e XxX:k—=1<dy,(i,j) <k} San(S

by Assumption 2.1. By Assumption 2.3 it also follows that

max|{(i,5) € Cx D : k1 < du(ij) < k}| < ofn)
ST

Then the original covariance is bounded by

r

o(Q) (D) D o(mari (k) + > nCkoay (k)

k=1 m=r

The first term satisfies J(C)_1051 > =1 0(n)ay 1(k) — 0 by
r 0
> o(mari(k) <Y o(n)ay(k) < oo
k=1 k=1

and agla(D)’lo(n) — 0. The second term satisfies 061061 S an’(;@l,l(k’) — 0 by
no(C)~to(D)™t = O(1), =2 nCkoay 1 (k) < oo and r — 0o = Y00 Ck%ay 1 (k) —
0. The Cramer-Wold device (over a common space RS and linear maps ) may applied
using a composition of linear maps (¢ : RCn ¢ RG gg R where ¢, are inclusions. Applying
the Almost-Sure Representation theorem (Theorem 2.19 in van der Vaart (1998)) in the same

way as in the proof of Proposition 2.1 then gives the result.
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B.1.3  Proof of Propositions 2.3

First for simplicity consider the case in which G is independent of n. Let 7, = logn. When
possible, from this point on, n is excluded from notation. Consider two points 7, 7 € X. Let
M = {1 :|d(i,1) —d(j,1)| < 7}. Let My be an 72-net of M. Suppose for sake of contradiction
that [M| # o(n). Then |My| # o(n/7?0). Let A C [% %] satisfy |a — /| > 7 /d(i, j)
for each a,a’ € A. Take |A] > 4 d( ’] /7. For a € A, let M, consist of interpolants I,
such that |d(i,l,) — ad(i,1)| < K and |d(lq,1) — (1 — a)d(i,1)] < K for each | € My. Then
by trigonometry, U,ec 4 M, is a 3r-separated for n sufficiently large and contains |A| x | M|
elements. This can be checked in more detail, by constructing the line segments m and
W where ¢ is the coarse isometry to Euclidean space E. Then there are points u,u’
which belong to the above constructed line segments with distances dg(1(ly), u), dg(e(1h), u')

bounded. u,u’ are then shown sufficiently separated to yield the claim. As a result,

4d( 7)

MalC-176
2 25 | M|

U Brll)] = 4] x [Mple™!
acAl,eM,

But by |My| # o(n/ Fzé), it follows that the above quantity must be larger than n infinitely
often provided d(i, j) > 7410 for sufficiently large. This is impossible. Therefore, the small
boundaries result is shown once it is shown that k-medoids terminates with medoids i1, ..., i
such that d(ig,4;) > (log n)4+5 for n sufficiently large. Again for contradiction, suppose
there is a sequence ¢,, = o(1) such that for infinitely many n, there are two clusters Cy, Co
with medoids i1, i satisfying d(i1,i9) < Opnt/o By the pigeonhole principal, there must be
a cluster C3 with n/G members. Then diam(Cs) must be at least C~1(n/G)Y/9. Let x5 be
the corresponding medoid. Then there must be i € Cg such that d(ig, i5) > }lC_l(n/G)l/‘S
and d(i§, 1)) > leC_l(n/G)l/‘S for any other medoid 4;. Then consider the update in the
partitioned medoid algorithm given by i9 < zg This update is cost reducing for n sufficiently

large. To see this, note that for elements, i € Bi()—l(n/G)lﬂs (z'3) the total cost reduction

111



from being reassigned from a medoid centered around 7o to a medoid centered around zg is at
least \B%C_l(n/G)l/(g(ig)]%C‘l(n/G)l/‘S > Lot n/e) Pc=1 (L= (n/G)1/%) . The total
cost increase from reassigning elements in Co to C; is at most fnn1/5|C2| < Ennl/‘sn. The
difference between the above two quantities is a lower bound on the cost reduction for the
update. Comparing the above to quantities for n sufficiently large, the k-medoids algorithm
could not have stopped at a step with d(i1,i0) < €nn1/ J giving the desired contradiction.
Finally, note that d(iy, i;) > ¢,n'/® for all medoids iy, i;, some £, bounded uniformly away
from 0, and for n sufficiently large implies the balanced clusters condition after applying
Ahlfors regularity. For G increasing with G = o(n) the same argument holds with i := |n/G|

replacing n in the appropriate places.

B.2 Proof of Theorem 2.1

Define the function ¢ by (S) = Lig(s) where S has G groups. Let E be

>t _a/2,6-1°
expectation with respect to the measure Pr. Note that for a partition C, Tinv(a)c = »(Se).
By construction of Sg and Theorem 1 of Ibragimov and Miiller (2010), for any n and any

C € 6y,

Note that (E[1)(55)] — o)+ < [E[(55)] — E[w(Sé)H + (E[Qﬁ(S(*:)] — a)4+ which is equal to

IE[¢(Se)] — E[w(Sé)]] Next, to show supccy, |E[¢(Se)] — E[w(gé)]\ — 0, define the events

E1c = {I(50) = ti—ayajc)—1l > b}, Eac = {IsA(SE)| > b}

for some bc,bé € R. Note that by the upper and lower bounds on the variances of 5{;
in Assumption 2.6, t(S’é) and sd(gé) are all random variables with well-defined density
which are all upper bounded everywhere by some common constant, denoted M, which is
independent of C. Thus, Pr(& ¢ N &) > 1 — M(be + bp). Then on & ¢, a sufficient
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condition for 9(S¢) = @A(S’é) is that [t(Sg) — t(§2)| < be. By supceg, ||SE — Scll2 = 0, and
by continuity properties of #(-) outside of & ¢, there are be < by — 0, b’c < b, — 0 such
that |t(Sp) — t(§§)| < bc is satisfied on & ¢ N & . Therefore, IE[¥(Se)] — E[@/J(S’é)“ <
1 — M(by + b)), for all C € 6, from which the uniform result follows. Finally,

Pr(Ti\(a),n = Reject ) = Pr(TIM(a),

= Z Pr(Ti\i(a),c = Reject IC =C)Pr(C =C)
Cetn

¢ = Reject ) < Pr(TIM(a),5: Reject )

Bound the above expression by o(1)+> ceq - Pr(Ti\j(a),c = Reject ) Pr(é\: C)<o(l)+a

by using both Assumption 2.4(i) and (ii). This concludes the proof of Theorem 2.1.

B.3 Proof of Theorem 2.2

Define functions ¢(S) and ¢(S,U) for S € RC and U € R according to

(

1, if w(S) > wk)(9)

o(S) = { a(9), ifw(S)=wk(9)

0, if w(S) < wh(9)

\

and define (S, U) = ¢(5) if W(S) # WH)(S) and 174 (g) otherwise.
By Theorem 2.1 in Canay et al. (2017), using the fact that h(S’é) =4 5'(’5 for all h by
the fact that h acts as component-wise multiplication by signs, it follows that E[gb(gé)] = a.

Note,

E[¢(S¢)] — a = E[¢(Sc, U) — o(5¢, U))-

Therefore, it is sufficient to show lim sup,,_,~, supceg, E[o(Sc,U) — (;3(5?, U)] = 0.

Consider an integer G, and decompose %), = an,é U %”TCLC where ‘Kmé ={Ce%, :|C| <
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G} and ‘56 &= {C € %, : |C| > G}, which are handled separately. For each C € ¢, & let
&c be the event in which the order statistics of {w(hS¢) : h € He} and {w(hSC) h e He}

Hel)

correspond to the same transformations (1 ), cee Al . Then the previous expression can

be controlled by

E[0(Se, U) = 6(55, U)]| =[E[¢(Se, U)le, + d(Se, U)les — o(Sg, U, — 6(S5, U)leg]|

=|E[¢(S¢, U)1eg — 6(SE. U)gg|

=|E[(¢(S¢, U) — ¢(5¢, U))1ge]| < 2E[1gg].
Furthermore, supgcy & E[1 55] can be controlled using Fatou’s Lemma by

limsup sup E[l gc] <limsupE[ sup 1 gc] E[lim sup sup 1 gc]
n—oo Ce% n—oo Ce%na n—0o0 Ce%
To further bound the right-hand side of the above expression, consider any fixed w €

which satisfies the conditions supece, |Se(w) — S’E(w)Hg — 0 and

inf inf  Jwe(h(SE) (W) — we (W (SE)(w))| > 6w > 0
cdil Bl ue(h(EP) — w51 ) > b
for some &, > 0. Here, the equivalence ~ is defined by h ~ h’ whenever wo h = w o h'. By
Assumption 2.6, the set of such w €  has Pr-measure 1. Note, more explicitly, choosing

such d,, > 0 is possible due to (1) the continuity of the function w and the continuity of the

action of h outside a set of P-measure 0, and (2) the fact that €, &

Let B (w), ..., hIHeD (@) be such that w(h() (@) F5(w)) < -+ < w(hdHeD () S5 (w)). Then

the expression

WbV (@)8e () — whp(w)Se () = whl T (w)Se(w)) — wh ) (w) S (w)

+w(hI ) @)8; o)) — wh (@) 55 o (W)

)
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+w(h0(@)5; (@) — whY ) (w)Se(w))

)

is nonnegative and is furthermore strictly positive for at least one j unless h ~ A’ for all
h,h' € He in which case Theorem 2.2 holds trivially. Positivity of the above expression in
the case of non-equivalent-under-~ action follows from noting that the first and the third
terms are smaller than J,,/2 in absolute value for n sufficiently large, while the second term
is greater than d,,.

The claim lim sup,,_,~, supceg;, 1 £ (w) = 0 Pr-a.s. follows. Thus,

limsup sup E[lge] = 0.
n—00 Ceb, ¢

Therefore, there is a sequence G;, — oo sufficiently slowly such that

limsup sup E[lgc] = 0.
n—0 CeE, i ¢

Next consider the partitions in the complementC € %< . Let As C RC be of the form

Ag = {hS : h € Hc} for some S € RC. Then w” is constant over Ag and thus w”(Ag) is

well defined. Then for any 6 > 0,

Pr(|jwk(Ag) — w(SH)| < 8|S} € Ag) < sup Pr(|r — w(S5)| < 8|55 € Ag).
reR

Let Pre be the uniform probability over h € He. Then the above expression is bounded by

pe,s(0) = sup Pr(jr —w(hS)[ < 9)

T
reR C

115



Next, for any Ay which is a disjoint union of sets of the form Ag. Then
Pr([wk(SF) — w(SE)| > 6) > Pr(|w™(S§) — w(SE)| > 8|S € Ac)Pr(A
r(jw™(S¢) = w(Se)| = 0) = Pr(jw™(S¢) —w(Se)| = d]S¢ € Ac)Pr(Ac)

> (1—suppe,5(6))Pr(Ae)

where the supremum runs over S indexing Ag C Apg.

Note that a sufficient condition for qg(gz;, U) = ¢(S¢, U) is that sign(wk(gé) - w(Sé)) =
sign(w”(Sg)—w(Se)). A further sufficient condition for this is that for some § > 0, |wk(§é) -
w(SH) > 6, [wF(Sp) — wF(Se)| < 6/2, and |w(SE) — w(Se)| < §/2. By Assumption 2.6(iii),
w has Lipschitz constant 1 with respect to Euclidean norm on RC on a suitably chosen
sequence of events of probability approaching 1. Then |wk(5'é) — wh(Sp)| < §/2 whenever
||§2—§c||2 < 0/2 in which case it also holds that |w(§é) —w(Se)| < 6/2. By Assumption 2.6,
a sequence o, may be chosen such that 6, — 0 sufficiently slowly such that for n sufficiently
large, each of the above three inequalities may be achieved with common bounds on an event
with probability 1 —op (1).

Finally, using the same reasoning as at the conclusion of Theorem 2.1, invoking Assump-
tion 2.4, Pr(Teps(a),n = Reject ) = o(1) + ey, Pr(Ters(a)c = Reject ) Pr(C = C) <

o(1) + a. concluding the proof of Theorem 2.2.

B.4 Proof of Proposition 2.5

Fix S € RC. Let D be a constant chosen later, and consider a rescaled version of w defined

by w(S) = |C|71/2|S’|/(Dsd(5)). Next bound the following anticoncentration quantity:

sup Pr(w(hS) € [r,r +§]).
reR €

Because H, is finite, the range of the supremum above can be restricted and the above
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quantity is further reduced by

= sup Pr(w(hS) € [r,r + 0])
r€[ming e, w(hS) maxyey, w(hs)]

< sup Pr(|hS| € [ min aDsd(hS), max (a + §)Dsd(hS)])
remingeg, w(hS) maxpey, w(hs)) € heHe heHc

Note that the length of the interval inside the Pry never exceeds

t=10,D,9) := sup max (r + §)Dsd(hS) — min rDsd(hS).
r€[minp ey, w(hS) maxpey, w(hs)] hete heHe
Therefore,
sup Pr(w(hS) € [r,r +4]) < sup Pr(C| /2|5 € [r,r + 1)).
reR C reR C

By considering both branches of the absolute value function, (which gives an additional
factor of 2), and expressing the above quantity more explicitly in terms of components hc,

it follows that

sup Pr(lr — €] 7V 3" heSe)ll < ) < 2sup Pr(lr — |72 heSe)| < 0).
reR C ceC reR C ceC

By corollary 2.9 in Rudelson and Vershynin (2008), which states an anticoncentration

bound for bernoulli sums, this is bounded by

3
2 4 cl-1/2g
QSupPr(‘T—‘C‘_l/Qthsd<£)§2 \/j 7 + OB ||| | — ||3

rek ¢ cec ™ [[lc|=1/25])y Il 1725,
where (7 is an absolute constant, and B = 1 is the third moment of a Bernoulli random

variable.

For a sequence G — oo, Gaussian concentration properties coupled with the assumed
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bounds on the variances of the components of S‘é imply that there is are sets Ae closed under
the action of He with Pr(Ag) — (oo 1 and a fixed choice D which makes w Lipschitz with
constant 1 on all of Ag, such that ¢ is bounded by a fixed constant times § for all S in all
Ac. Gaussian concentration properties for [|[C|1/25%|y and (|[[C|=Y/255]3//1C|~1/25%2)?
then also allow the construction of 4, — 0 such that the right hand of the above expression

side also — 0 provided that G grows sufficiently slowly.

B.5 Additional Simulation Results

This section provides an additional set of simulation results. The same settings as in
Section 2.4 are considered, except that the number of locations is N = 820 instead of
N = 205. In those settings, four copies of the locations from the empirical example are
created by reflecting the original locations over the 29° latitude and 75° longitude lines. The
data generating process follows Section 2.4. The maximal number of groups to be considered
in CCE, IM, and CRS is chosen to be Gax = 12 = ((NT)1/3]

The results are shown in Table B.1, B.2, B.3, B.4 and Figure B.1, B.2 are qualitatively
similar to the results from Section 2.4 (cases with N = 205). One major difference is that
interior solutions for choosing G are more likely to be chosen. For example, IM has 81.2%

chance of choosing G = 8 as the optimal number of groups in the case of IV with SAR.
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Figure B.2: IV power curves - N = 820
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Table B.1: Simulation Results: OLS - N = 820

Method Estim. Bias Estim. RMSE  Size Power
-1 -0.5 0.5 1
A. BASELINE
SK 0.007 0.253 0.326 0.997 0.844 0.835 0.998
LOC-U 0.007 0.253 0.682 1.000 0.959 0.939 1.000
LOC 0.007 0.253 0.046 0.963 0.525 0.497 0.961
CCE 0.007 0.253 0.044 0.899 0.451 0.406 0.908
IM 0.003 0.146 0.048 1.000 0.857 0.870 0.999
CRS 0.002 0.145 0.044 1.000 0.868 0.853 1.000
B. SAR
SK 0.008 0.320 0.189 0.951 0.624 0.666 0.945
LOC-U 0.008 0.320 0.535 0.992 0.827 0.824 0.987
LOC 0.008 0.320 0.199 0.953 0.664 0.625 0.957
CCE 0.008 0.320 0.035 0.781 0.377 0.361 0.772
IM 0.001 0.275 0.029 0.883 0.435 0.440 0.872
CRS 0.005 0.256 0.040 0.899 0.519 0.530 0.914

Notes: Simulation results for estimation in the design described in Section 2.2.
The nominal size is 0.05. Estimates are presented for the estimators, SK, LOC-
U, LOC, CCE, IM, CRS described in the text. This table displays settings A
and B described in the text. For each estimator and settings, columns display
method, estimated bias, estimated RMSE, size, and power against 4 alternatives
(-1,-0.5, 0.5, 1). Figures are based on 1000 simulation replications.
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Table B.2: Simulation Results: IV - N = 820

Method Estim. Median Estim. MAD  Size Power
-1 -0.5 0.5 1
A. BASELINE
SK 0.003 0.085 0.316 1.000 1.000 0.969 1.000
LOC-U 0.003 0.085 0.682 1.000 0.991 1.000 1.000
LOC 0.003 0.085 0.056 0.996 0.875 0.998 1.000
CCE 0.003 0.085 0.049 0.981 0.807 0.948 1.000
IM -0.049 0.068 0.044 0.981 0.902 0.992 0.994
CRS -0.051 0.068 0.042 0.997 0.997 0.885 0.978
B. SAR
SK 0.012 0.110 0.161 1.000 0.991 0.857 0.980
LOC-U 0.012 0.110 0.526 0.994 0.935 1.000 1.000
LOC 0.012 0.110 0.177 0982 0.861 0.992 1.000
CCE 0.012 0.110 0.045 0.941 0.728 0.838 0.998
IM -0.059 0.150 0.027 0.729 0.518 0.721 0.845
CRS -0.042 0.141 0.047 0.886 0.848 0.614 0.796

Notes: Simulation results for estimation in the design described in Section 2.2.
The nominal size is 0.05. Estimates are presented for the estimators, SK, LOC-U,
LOC, CCE, IM, CRS described in the text. This table displays settings A and B
described in the text. For each estimator and settings, columns display method,
estimated median, estimated median absolute deviation, size, and power against
4 alternatives (-1, -0.5, 0.5, 1). Figures are based on 1000 simulation replications.
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Table B.3: Clustering: OLS - N = 820

G G
2 3 4 5 6 7 8 9 10 11 12
A. BASELINE

CCE size 0.041 0.052 0.043 0.048 0.044 0.047 0.037 0.035 0.048 0.043 0.047 0.044
G frequency 0.000 0.002 0.015 0.046 0.100 0.122 0.107 0.098 0.141 0.134 0235 -

M size 0.047 0.042 0.039 0.042 0.041 0.041 0.048 0.036 0.053 0.038 0.037 0.048
G frequency 0.000 0.000 0.000 0.000 0.000 0.000 0.014 0.008 0.179 0.162 0.637 -

CRS size 0.000 0.000 0.000 0.000 0.025 0.040 0.041 0.033 0.051 0.040 0.039 0.044
G frequency 0.000 0.000 0.000 0.000 0.000 0.000 0.004 0.009 0.153 0.162 0.672 -

B. SAR

CCE size 0.064 0.041 0.040 0.042 0.031 0.032 0.025 0.024 0.036 0.035 0.039 0.035
G frequency 0.000 0.000 0.000 0.008 0.043 0.069 0.091 0.121 0.129 0.199 0.340 -

M size 0.050 0.032 0.048 0.038 0.026 0.027 0.025 0.030 0.036 0.042 0.042 0.029
G frequency 0.000 0.000 0.000 0.011 0.007 0.151 0454 0.176 0.013 0.014 0.174 -

CRS size 0.000 0.000 0.000 0.000 0.036 0.042 0.045 0.045 0.053 0.050 0.049 0.040

@frequeney 0.000 0.000 0.000 0.000 0.000 0.095 0.246 0.163 0.039 0.054 0.403 -

Notes: Simulation results for the design described in Section 2.2. Inferential properties are presented are presented

for the estimators, CCE, IM, CRS, described in the text. This table displays settings A and B described in the
text. G is the number of clusters chosen by the criterion on size-power tradeoff described in the text. The rows
“G frequency” is the frequency of a particular G achieving the highest simulated power among candidate G’s in
the setting.
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Table B.4: Clustering: IV - N = 820

G G
2 3 4 5 6 7 8 9 10 11 12
A. BASELINE

CCE size 0.049 0.053 0.043 0.059 0.051 0.050 0.044 0.044 0.051 0.043 0.046 0.049
G frequency 0.000 0.001 0.003 0.035 0.042 0.058 0.073 0.109 0.128 0.140 0.411 -

M size 0.050 0.042 0.040 0.046 0.038 0.041 0.046 0.034 0.046 0.036 0.041 0.044
G frequency 0.000 0.000 0.000 0.000 0.000 0.000 0.006 0.000 0.179 0.067 0.748 -

CRS size 0.000 0.000 0.000 0.000 0.025 0.036 0.041 0.027 0.050 0.038 0.040 0.042
G frequency 0.000 0.000 0.000 0.000 0.000 0.000 0.008 0.007 0.199 0.133 0.653 -

B. SAR

CCE size 0.049 0.049 0.037 0.045 0.039 0.036 0.034 0.036 0.041 0.042 0.046 0.045
G frequency 0.000 0.001 0.000 0.002 0.009 0.030 0.045 0.094 0.134 0.200 0.485 -

M size 0.045 0.029 0.045 0.034 0.019 0.021 0.024 0.029 0.021 0.026 0.024 0.027
G frequency 0.000 0.000 0.013 0.081 0.008 0.074 0.812 0.011 0.000 0.000 0.001 -

CRS size 0.000 0.000 0.000 0.000 0.037 0.033 0.043 0.048 0.039 0.039 0.041 0.047

@frequeney 0.000 0.000 0.000 0.000 0.000 0.095 0.568 0.265 0.020 0.010 0.042 -

Notes: Simulation results for the design described in Section 2.2. Inferential properties are presented are presented

for the estimators, CCE, IM, CRS, described in the text. This table displays settings A and B described in the
text. G is the number of clusters chosen by the criterion on size-power tradeoff described in the text. The rows
“G frequency” is the frequency of a particular G achieving the highest simulated power among candidate G’s in
the setting.



APPENDIX C
APPENDIX FOR CHAPTER 3

Proof of Lemma 3.1. (i) First assume Condition IN and Condition ST holds. The proof
follows Ferman and Pinto (2019b), except that we do not assume that there is a set of weights
that reconstruct the factor loadings and belong to the simplex.

We first show part (b). It suffices to show |a; — a;| = 0p(1) and ||/b\Z —b;|| = op(1) for each
1, i.e. a; and b; are well-defined. We show it for the ¢ = 1 case and other cases follow the

same strategy. Let g; =T -1 Z:trzl yjt- Write down an (equivalent) optimization problem

N
O =argmin | (y1s— 1) = > _(Yjs — ¥ :
veV ]:2

where V' = {v = (vg,...,vy) € R]Jy_l ; ZéVZQ vj = 1}. The objective is strictly convex
(with probability approaching one), so the solution is unique. Note that it implies /b\l is
numerically equivalent to (0,7’)’, otherwise the minimization problem in forming a; and 31
may have a lower objective evaluated at (7 Z] 5 3;0;,0,7')'. Now we let Q(v) denote

the objective function such that

2

1 T N
=22 | e —90) = D i =gy |
j=2

t=1

and its population analog be

/

Let vg be a minimizer of Q(v) in V. We verify the conditions for consistency (see Newey and
McFadden, 1994, Theorem 2.1) : (i) Since €2y is positive definite, Q(v) is strictly convex.
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Also, V is convex. Therefore, Q(v) is uniquely minimized at vg. (ii) V' is compact, since it is
a (N — 1)-dimensional simplex. (iii) Q(v) is continuous, since it has a quadratic form. (iv)

To see uniform convergence, note

/
~ —1 1 T _ _ -1
sup [Q(0) - Q(v)| = sup e SR I S
veV veV v —1 v
2
-1 1 T - .
< sup =2 =V —¥) -9,
F
< N -op(1)
= Op(l)v
where || - || is the Frobenius norm. The second inequality is by ergodicity for the second

moments. Therefore, ¥ —) vg. This implies H/l;l — b1]| = op(1). By ergodicity,
ar=41 5293 - INIT —p Ely1,4(0) — ¥2(0)'01] = ar.

This shows part (b) and Efujs] = 0 by definition of u;;. We also have that {u;};>1 is
stationary since it is a linear combination of stationary and ergodic processes. This shows
part (a) in Assumption 3.1.

Part (c) follows from part (b) and the stationarity of {Y741(0)}7>;. Part (d) follows by

Condition IN. Thus, Assumption 3.1 holds under Condition IN and Condition ST.

(ii) Now we instead assume Condition IN and Condition CO holds.
We first show part (c¢). We will show ||YT+1(O)’(51 — b1)|| = op(1) and other i’s follows
the same strategy. Since the synthetic control estimator can be written as a projection of

the OLS estimator onto a closed convex set, we will first derive the asymptotic properties of
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the OLS estimator, and then use the properties of projections to obtain the desired results.
For examples of this strategy, see Li (2019) and Yu et al. (2019). For some positive definite
matrix D € RN, let RN be a Hilbert space with the inner product (-,-)p such that for
01,05 € RY,

(61,02) p = 01D0s.

The norm || - || p is defined accordingly, i.e. ||8]|p = V0'D0, for # € RN For a closed convex
set A C RN, define a projection I1p such that for each § € RV T1pf = argming 5 |0—0'|| p-

Zarantonello (1971) shows that for each 6,6 € RN,
Mo —Tpd'llp < 116~ ¢'llp- (C.1)

With some abuse of notation, let 2y = V; — T} Zstl Ys. Then, 31 is the synthetic
control weight estimators of regressing (y1 ¢ — 71 Zstl Y1,s) on ¢, subject to {0} x Ax_1
with Ap_1 being an (N —1)-dimensional simplex. Let by be the OLS estimator of regressing

_ T — T
(e —T 1 Y s—1Y1,s) on xp. Let Xp =T 1 i1 Ty

Appendix A.2 in Li (2019) establishes that /b\l = HZTBI- Thus, we have

-~ —1/21/2 o~
by —ball = (552526 — b))
—1/2 1/2 o
< ISP E - 1520 — b
—1/2 -~
= 1572 1By = il
—1/2 ~
= 157 - Mg, By — Ty b,
—1/2 >
< 1572 E - 1B = bils,
—1/2 1/2

= 127 21E - 1S40 - 181 — ba
= Op(1)op(T71/?)

= op(T71/?), (C.2)
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where ||-|| g is the Frobenius norm of a matrix. The third equality is because by € {0} x An_1.

The second inequality is by (C.1). To see the fifth equality, note

T /
1 ) 1 1

SO

- _ 1
1272 12721 = (S7hix(Sr) = 0p(1) - - T+ Op(1) = Op(1),

where the second equality is standard results for Z; process (see Hamilton, 1994, part (g)
and (i) of Proposition 18.1). Also, ||by —by|| = op(T_l/Q) is by Proposition 19.2 in Hamilton

(1994). This shows (C.2). Apply part (a) of Proposition 18.1 in Hamilton (1994), we have
1V 41.(0)' (b = )| = 1T~ 2¥7 1 (0)) (T2 (1 = )| = Op(1)0p(1) = 0p(1).

Now we show part (b). Again, it suffices to show [a; — a;| = 0p(1) and ||/b\Z —bi|| = op(1).
We consider the ¢ = 1 case and other cases follow the same strategy. We have showed
ng — bi|| = op(1) in part (c) of the proof. Section A.6.1 in Ferman and Pinto (2019b)

establishes that

g g - (b1 —e1) =0, (C.3)

where e; is the unit vector with one at the ¢-th entry. Thus,

a1 =[01 52 .- gn](er —b1)

=192 - ynller —b1) + g1 2 - yn](b1 — b1)
T
=S (0D i+ fens o ewdl) f (er )

(L[ﬂl Jo .- ﬂN]) VT(by —by)
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= ENY[1] . 1R](er = b1) + 0p(1) + Op(1)op(1)
—p B[] .. ] (er — by).

=a] (C4)

The third equality is by (C.3). The fourth equality is by stationarity of {()\?, €t)}¢>1 and
results in part (d) of the proof. This shows part (b) of the Assumption 3.1 .

Combining (C.3) and (C.4), we have part (a) in Assumption 3.1. Part (d) is assumed by
Condition IN. ]

Proof of Theorem 3.1. Using formula of 7 in Equation (3.6), we have

7= (AMA)TA(I - BY((I - B)Yp41(0) + (I — B)a — @)
= (A'MA) YA — B) (upyy + (B — B)Yp,1(0) + (a—a) + (I — B)Ay)

— (A'MA) T AT = BY upy1 + 0p(1) + 0p(1) + 7.

The first equality is by Y71 = Y71(0) + . The second equation is because Y7, 1(0) =

a+ BY7,1(0) + upyq. The third equation is by (b) and (c¢) in Assumption 3.1. Therefore,

a—(a+Gupyq) = A(A’]\//TA)_lA’([ - E)/uTJrl + Ay +op(1) —a — Gupyq
= (AA'MA) AT = B) = G)ugp i1 + 0p(1)
= 0op(1)Op(1) + 0p(1)

= op(1).

The third equality is by (b) in Assumption 3.1 and stationarity of {uz};>1. O

Proof of Proposition 3.1. The proof for the first half of the proposition is similar to the
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proof for Theorem 3.1, and thus is omitted. Too see the second half, note
Cov[Gruria] = AQ'WQ) ' QWaWQQWQ) ' A’

and

Cov[Gur 1] = A(Q'QQ) A,

where Q = (I—B)A. It suffices to show that ((Q'WQ)~1Q'WaWwQ(Q'WQ)~!—(@'QQ)~h
is positive semi-definite. Note that the first term is asymptotic variance of using W as the
weighting matrix in GMM exercise and the second term is the one using the efficient weight-
ing matrix (see Hayashi, 2000, Proposition 3.5). Thus, (Cov|Gyursq] — Cov[Gurpyq]) is
positive semi-definite. O
Proof of Lemma 3.2. Since Assumption 3.3 implies Assumption 3.2, we only need to show
Lemma 3.3. [

Proof of Theorem 3.2. We follow the proof of Theorem 2 in Andrews et al. (2006). Let

L) = {lerr - sl < e o [Cr B = sl < o).

=1,..,

—1
Lor(e) = { 16570 < e}

By Assumption 3.2(d), there exists a positive sequence {er}r>1 such that ez — 0 and
Pr(Ly p(er)) = 1. Let cp = 1/ /ép. So we have cp — oo and cpep — 0. By Assumption
3.2(c), we must have Pr(Lop(cy)) — 1. Let Ly = Ly p(er) N Lo p(cr), then we have
Pr(Ly) — 1 and Pr(L%) — 0.

Suppose L holds. Then, for g = B\l or f = Bﬁt) for some t =1,...,T, we have

|P(8) = P(B1)] = |(B— B1) wpay(B— B1) — 224(8 — Br)u1 4]

= ‘(5 — B1) Cp(Ch) rapa;Cp O (B — Br) — 224C- 1 Cp(B — Br)ury
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< |08 = B)IPIIC we||* + 21 Cp e || Cr (B — Bl

< E%C% + 2eper|ug gl

Define g¢(ep, cr) = e%c% + 2epcr|ug ¢|. Note that g¢(er, cr) is identically distributed across
t for a fixed T', by Assumption 3.2(a).

We first prove part (a). Let x be some continuous point of distribution function of

Pri1(p1). Then,

Pr(Pryi(B1) <z) = Pr({Pry1(B1) <a} 0 Ly)+Pr({Pryi(B1) < x} N L)
Pr(Pp 1(51) <@+ giler, cr)) + Pr(L§)

< Pr(Pry1(81) <)+ o(1).

IN

To see the last equality, pick e > 0. By continuity, 3§ > 0 such that for each y € (z—40,x+9),
| Pr(Pry1(61) <y) —Pr(Pry1(B1) < z)| < e. Therefore,

~

Pr(Pry1(B1) < o+ giler.er)) = Pr({Pri1(B1) < =+ giler,er)} N {|gi(er, er)| > 8})
+Pr({Pry1(B1) < o + giler, er)} N {|ge(er, er)| < 8})
Pr(|gi(eg, er)| > 8) + Pr(Pryq(B1) < )

< Pr(Pryq(B1) <) +o(1).

IN

Similarly,

~

Pr(Ppi1(61) < @) = Pr(Ppyq(B1) < @) + o(1).

This shows part (a).
To see part (b), let k : R — R be a monotonically decreasing and everywhere differentiable
function that has bounded derivative and satisfies k(z) = 1 for < 0, k(z) € [0,1] for

x € (0,1), and k(x) = 0 for > 1. For example, let k(z) = cos(mx)/2 + 1/2 for x € (0,1).
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Given some {3 (t)}?zl, a smoothed df is defined by

T
Fr(e, (8} hr) = }2}(3 )

for some sequence of positive constants {hr} such that hp — 0 and cpep/hp — 0. For

example, we let hp = elT/ 4 Wwhen cr =1/ /ér. Also, define,

Pr(z {61}) = TZMPt Br) <},

ie., ﬁT(x, {B1}) is the empirical cdf of P; as if the true parameter 5 is known.

We write

|Fpr(z) |<ZD2T7

for

Dy 7 = |Fpr(x) — Fr(z,{B;}, hr)l,
Do = |Fr(x,{B;}, hr) — Fr(z,{p1}, hr)],
D37 =|Fp(z, {1}, hr) — Fr(z,{f1})], and

Dy7 =|Fp(z,{41}) — Fp(2)|.

We want to show that all four terms vanish. First note that

Thus, for any § > 0,

Pr(Dl,T > 5) < Pr({DLT > 5} N LT) + Pr(L%)
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E1l {Pt(A(t)) —x € (—gilep,cr), hp + gi(er, CT)}
< : +o(1), (C.5)

where the last inequality is by Markov’s inequality. Recall Pr(Pi(81) # z) = 1 and

gi(ep,cer) — 0 as., so I{P(51) —z € {—giler,cr),hr + gi(ep,cp)} — 0 as.. By the

dominated convergence theorem, (C.5) implies Pr(Dy 7 > §) < o(1) and thus Dy 7 = op(1).

For Dy , we have

T (1)
|1 p (P —a\ B(B7) — B(B)
< EET: gt(er, cr)
Tt:l hr

The equality is by the mean value theorem and we have P; lies between Pt(ﬂt)) and P(f1)

In the inequality, k is a bound for the derivative of k. Also, note

2 2
€T, C €C €pe
ge(er T)]: LT 4 9 TT gy /= o(1).
hr hr hr ’

e|
Therefore,
PY<D2,T > (5) < Pr({DQ,T > (5} N LT) + Pr(L%)

k< giler, or)

< ]—CEgt(ET, cr)
- 5hT

— 0.
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The third inequality is by Markov’s inequality. This shows Dy 7 = op(1).

D3 7 is similar to the Dy 7 case. Finally, by stationary and ergodicity of up ¢, we have
Dy = op(1). This shows part (b).

Now we show part (¢). Pick any small e such that F\p’T(l’) —p Fp(x) for v € (qp1—7 —

€,qp1—7 + €). Note

Pr(gp1—7 > qp1-—r+€) < Pr(Fprlgp1—r +€) <1-7)
=Pr(Fprlgpi—r +€) = Fplap1—7 +€) < (1 = 7) = Fp(ap1—r +€))

— 0.

The inequality is by definition of gp1_;. The convergence is because of part (e) of Assump-

tion 3.2 and part (b) of Theorem 3.2. Similarly,

Pr(gp1—7 < qpi—7 —¢€)
<Pr(Fprlgpyr—€) >1—1)
=Pr(Fpr(qpi—7 —€) — Fplgp1—7 —€) > (1 = 7) = Fp(qgp1—7 — €))

— 0.

Again, the inequality is by definition of gpj_;, and the convergence is because of part (e)
of Assumption 3.2 and part (b) of Theorem 3.2.
Finally, we show part (d). Under null, P5, and P;(f;) have the same distribution, so

qp1—r is (1 — 7)-quantile of P. Therefore,

Pr(P > a\Rl—T) =1-Pr(P< aP,l—T)
=1—-Pr(P+ <QP,1—T — Z]\P,l—q—) < qp,l—T)

— T,
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where the convergence is by combining part (a) and (c). This concludes our proof. ]
Proof of Lemma 3.3. (i) Assume Condition ST holds.

By Lemma 3.1, part (a) of Assumption 3.3 holds.

Part (b) is because wu; is a linear combination of 7, A, €.

For part (c), pick some 7 such that 1/(2+6) < 7 < 1/2, where 0 is defined in Condition

ST. Let
1 0
Dp = ) (C.6)
0 TTIy
Then, we have
1 2
max || Dp, Loy| =  ax =4/1+ ( max ||T_TY%||) : (C.7)
t<T+1 <T+1 T—TY't t<T+1
Also, for any € > 0, note
Pr (177701 > ) = vl > 17
t<T+l t<T+1
< Pr(|lYel| > T7€) | + Pr([[Y741(0) + afl > T7¢)
1

I "
TT( ) e2+0

= o(1). (C.8)

The second equality is due to Markov inequality and stationarity of {Y7.1(0)}¢41. The last
equality is because 7 > 1/(2 4 0). Combining (C.7) and (C.8), we obtain part (c).

For part (d), we use Dp defined in (C.6). Following the same reasoning as in (C.2), for
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eachi=1,..., N, we have

~1/2 1/2

17 - 1%y

= 0p(1)0p(1~1/?)

i = bill < 157 I - 116; — bl

— 0p(T~/?). (C.9)

The first equality is because {Y;(0)}¢>1 is ergodic for the second moment, and b; is the OLS

estimator for b;. Thus,

orGi-sn=| 11 ) G-
0 T Y215 | |0 TYV2Iy
- 1 0 a; — a;
0 77121y | . VT (b; — b;)
= V14 NT27-1|0,(1)
= op(1).

The second equality is due to (C.9). The last equality is because 7 < 1/2. Therefore,

16 — 60) Dyl p = J > IDr(B; = 8)12 = op(1).
Also, since 61) = § for each t,

_max_[|(0®) — 09) Drlp = |6 ~ o) Drll = 0p(1).

geeey

This shows part (d).

Part (e) is assumed.
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Part (f) is trivial if Wp = I. Assume now Wy = (C@(T_l Zg;l ata;)@’()’)—l. Then,

a|=> Y |- B +ad
t=1
— Eluguyl,

by ergodicity and Assumption 3.1(b). Therefore, WT —p W = (CGE[uu})G'C") 1,

This concludes part (i) of Lemma 3.3.

(ii) Assume Condition CO holds.

By Lemma 3.1, Assumption 3.1 holds. This shows Part (a).

By (C.3), ug is a linear combination of A{ and €, so {ut}¢>1 is ergodic and has finite first
moment. This shows Part (b).

Now we show Part (c). Let

Then, we have

2
max | Dylay = \/1 + ( max ||T1/2Yt||)
t<T+1 t<T+1
N
=1

2
_\ + § <t§mjaxl |7 yz,t|)

- 2
1+ T=1/2|04] + T7-1/24. (0
\ ; < o tglzgi{1| Yi,t (0)]

IN
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The second equality is because
max [T712y;4(0)] = max [(T+1)7"%y, 741 (0)] = max w;(r)

t<T+1 ref0,1] r€(0,1]

by the continuous mapping theorem.

To show Part (d), we combine (C.2) and (C.4), and have

~ ai—c@
| D7(B; — ;) 5 5 = op(1).

Therefore,

16 — 60) Dl = Z ID7(B; — Bi)]|12 = op(1).

The second half of Part (d) is also satisfied since 9) = § for each ¢.
Part (e) is assumed and Part (f) is trivial for Wp = I. O

Proof of Theorem 3.3. We use similar strategy as we do in the proof of Theorem 3.2. Let

Ly (e 16 — 60) Dl F < e, , maXT||(§(t) —0p)Drl||F < 6} 7

geeey

t<T+1

Lo 7(c) { max HD fli'tH < c},
Ly1(n {||G’O’WTOG G'C'W G| p < n}

By Assumption 3.3(d), there exists a positive sequence {er}r>j such that ep — 0

and Pr(Ly p(er)) — 1. Let ep = 1/\/ép. So we have ¢y — oo and cpep — 0. By
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Assumption 2(c), we must have Pr(Ly 7(cy)) — 1. By Assumption 3.1(c) and Assumption
3.2(f), there exists a positive sequence {ny}7>1 such that np — 0 and Pr(Lg 7(n7)) — 1.
Let Ly = Ly r(er) N Ly p(er) N L3 7(nr), then we have Pr(Ly) — 1 and Pr(L%) — 0.

Suppose L holds. Then, for some 6 = 0 or 6 =0 and for some t = 1,...,T, we have
|Pi(0) — Py(60)| < |P(8) — PL(O)| + | Po(8) — Pi(6p). (C.10)
Note that

Pi(0) — Py(0)] = |(Y; — 0z)(G'C'WpCG) — G'C'WCG)(Y; — 0xy)
< |Y: — 02| [[(G'C'WpCG — G'C'WCG||p
< lug + (8 — )i ||* -
< (Juell + (B — 0) Dy D ]| *nr
< (lugll + 1180 — O) Dl pIIDF 24l *nr

< (|Jut]| + eper)?nr (C.11)
and

|P(0) — Pr(p)| = |(Y: — 0x)' G’ C'WCG(Yy — Oy) — (Vi — o) G'C'WCOG (Vi — Opay)|
<|(Yi = 021) G'C'WCG(Yy = ) — (Vg — 020)' G'C'WOG(Yy — Opay )|
+ (Y — 024) G'C'WCG(Y; — Opy) — (Y — bom)' G C'WCG(Y; — bpy)|
— |(ut + (6p — 0)20)' G'C'WCG (B — 0)t| + | ((By — 0)at) G'C'WC Gy
< |lut + (6o — 0) Dp Dy e[| ' C'WCG| pl| (6o — 6) Dp Dt
+ (6o — 0)Dp D3 ||| G'C'WCG| o
< (utll + erep) |G'C'WCG| | peer + eper||G'C'WCG| | pllu

= (2flut|| + erep)||G'C'WCG| pepey. (C.12)
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Combining (C.10), (C.11), and (C.12), we have

|P(6) — Pi(60)] < gler, e, nr),s

where

gi(erseronr) = (|l + eper)®nr + 2llur|| + erer)|G'C'WCG| perer.

By Assumption 3.1(a), g¢(ep, cp, nr) is identically distributed across ¢ for a fixed T'.

To show part (a), note that under null,

P = (Ca— d)Wp(Ca — d)
= (Cla+ Gupyy +0p(1)) — &) (W + 0p(1))(Cla + Gur g + 0p(1)) — d)
= (CGupy1 + 0p(1)) (W + 0p(1))(CGup 1 + 0p(1))

= u’T+1G/C/WC'GuT+1 + op(1).

The second equality is by Theorem 3.1. Since Po = u)G'C"WCGuy, we have P —; P by
stationary of {ut}s>1.
Part (b)-(d) can be shown using the same strategy as in the proof of Theorem 3.2, with

gt(ep, cp,mr) in place of g¢(ep, cr), and € in place of 3, so is omitted here. H
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