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ABSTRACT

We make a conjecture about all the relations in the E9 page of the May spectral sequence
and prove it in a subalgebra which covers a large range of dimensions. We conjecture that
the F9 page is nilpotent free and also prove it in this subalgebra. For further computations
we construct maps of spectral sequences which systematically extend one of the techniques

used by May and Tangora.

vil



CHAPTER 1
INTRODUCTION

The May spectral sequence

from [3] is one of the first effective methods to compute the cohomology of the Steenrod
algebra. In this paper, we will study this spectral sequence at the prime 2.

We start with the Fo page of the May spectral sequence. Compared with the cohomology
of the Steenrod algebra, the E9 page of the May spectral sequence can be computed in a
much larger range. In addition to Conjecture 2.3.7 by May about what all the indecom-
posables of the Fo page are, we state Conjecture 2.4.3 about all the relations among these
indecomposables and Conjecture 2.4.4 claiming that the F9 page is nilpotent free. We will
prove all three conjectures in a subalgebra which covers a large range of dimensions (The-
orem 2.4.9). It indicates that it is possible that these indecomposables and relations do in
fact describe the whole E9 page, and the Fo page is nilpotent free. This is startling because
all of the positive elements in the stable homotopy groups of spheres are nilpotent.

In Chapter 2 we state our main conjectures and theorems about the Es page of the
May spectral sequence. We also show how to obtain the indecomposables hg 7 from h;
under matric Massey products. In Chapter 3 we give a formula for the do differentials on
the indecomposables hgr of the Fy page. In Chapter 4 we set up some computational
tools including the Grébner bases in order to compute H X7 which proves Theorem 2.4.9 in
Chapter 2. Some of the work is aided by computer. We also construct some comparison
maps of spectral sequences in this section. Appendix A provides a list of charts of the

computational results of Chapter 4.



CHAPTER 2
THE £y PAGE OF THE MAY SPECTRAL SEQUENCE

The main goal of this section is to state the conjecture which fully describes the E9 page
of the May spectral sequence in terms of generators and relations. We will show that this

conjecture holds at least in a big subalgebra of F».

2.1 The May filtration

Recall May’s results in his thesis [3] that we can filter the Steenrod algebra as follows.

Let I(«7) C </ be the augmentation ideal. Let
Oy (AR QI(A) — ()

be the n-fold multiplication.
Define
Fho/ =/, n>0;, Fno =ImPy,,n > 0.

Then the associated graded Hopf algebra EV«7 of o is defined by
Eg,q”(z{ = (Fpd [Fp1 )p+q-

A theorem due to Milnor and Moore [5] states that any primitively generated cocommu-
tative Hopf algebra over a field of characteristic p is isomorphic to the universal enveloping
algebra of its restricted Lie algebra of primitive elements. The associated graded algebra

EV¢7 satisfies the conclusion as follows.

Theorem 2.1.1 (May). The associated graded algebra EVef can be represented by the as-



sociative algebra generated by P]i, 1> 0,7 > 0 with relations

i\ 2 . pi pk E
(PJZ') =0; [P;’Pl]:(si,k+fpj+ga i > k.

Here Pji € BV corresponds to the projection of the dual of 5?1 in the dual Steenrod algebra

e =Fol&1, &2, ... ]

with monomial basis.

We can also filter the the cobar complex of & based on this filtration. The resulting

spectral sequence is the May spectral sequence.

Theorem 2.1.2 (May). There exists a spectral sequence (Ey,d,) converging to the coho-
mology of the Steenrod algebra, and having its Fy term H*(EY<?). Each Ey is a tri-graded

algebra and each dy s a homomorphism
w,v,t u+ro—r+1,t
dy . B, — Ey

which is a deriwation with respect to the algebra structure.

2.2 The cohomology of E'</

For any Hopf algebra A, May [3] found a reasonably small complex with which to calculate

H*(EYA). As an application, for the Steenrod algebra &7 we get the following.

Theorem 2.2.1 (May). The cohomology of the associated graded algebra EV< is isomorphic

to the homology of the differential graded algebra

X =TFy[R}:i>0,j> 0]

3



with differentials given by
j—1
- ki
dR; =Y  RILR. (2.2.2)
k=1

Remark 2.2.3. May proved this theorem by showing that E0.«7®X* is an E¥.«7-free resolution
of F9 which is much smaller than the bar construction. In 1970 after May’s thesis, Priddy
[8][7] conceptualized this method into Koszul resolutions which apply to a more general kind
of algebras called Koszul algebras. The complex X can be interpreted as the co-Koszul

complex of EV¢7 in terms of Priddy’s setting.
Definition 2.2.4. We reindex the generators of X by
R

J—v
Rij =
0, if0<j<i.

if0<i<j

With a little rewriting, (2.2.2) now becomes

7—1
dRij = Y RyRp;. (2.2.5)
k=i+1

If we regard R as the strictly upper triangular matrix (R;;), then dR = R2.
Remark 2.2.6. The symbol R; is written as R;; by Tangora [10] but as R; ;4; in this paper.

The differential algebra X has interesting connections to matric Massey products. Note
that (2.2.5) takes exactly the same form as that of (5) in [4] which is the formula for the
defining system of a matric Massey product. The direct consequences are the following.

Let Xy =Fo[R;; : 0 < i < j <nl. It is a sub-differential algebra of X.

Theorem 2.2.7. If A is a commutative differential algebra, then the decompositions of zero

in HA as an n-ary Massey product (together with a defining system)

0€(ay,...,ap), a; € HA
4



are in one-to-one correspondence to maps of differential algebras:
f:Xn— A
where f induces the algebraic map
f« : HX, - HA

with fi(hi—1) = a;, 1 < i < n, where hj_1 is the homology class of R;_1 ;.

Theorem 2.2.8. A nontrivial element a € HA and a defining system for the Massey product
a€(ag,...,an)
corresponds to the obstruction to obtaining the dashed map

X, <L)Xn71
ilj \\\ lfo

X1 ——A

b5l
where fo corresponds to the sub-defining system for 0 € (ay,...,ap—1) and fi for 0 €

(ag,...,an). The embeddings ig and iy are given by ig(R;;) = R;j and i1(R;j) = Rt jy1-

2.3 The indecomposables of H*(E'«)

Definition 2.3.1. For two strictly increasing sequences of distinct numbers S = {s1,...,

snt, T ={t1,...,tn}, we define

RST det Rst Z Rslt (1) Rsnt o(n)
oEY,

5



Note that the value of Rg 7 does not depend on the ordering of numbers in S or T'. However
we prefer to put them in order, and in the rest of the paper, we assume all sequences S and

T are ordered.

Definition 2.3.2. For two sequences S and T, we write S < T if max(S) < min(7") and

S < T if max(S) < min(7T).
Proposition 2.3.3. The determinants Rg have the following properties
1. Rgr is nonzero if and only if s; <t; for1 <i <mn.

2. If T1 < Sy orTy < S, then

RSl USe, ThUTh — RSl Vi RSz VD)

3. dRg = > RSU{k},TU{k}' Note that the summand of the summation is zero
kEZZO\(SUT)

when k < min(SUT) or k > max(SUT) because of (1).

4. For any fived subset I of S,

Rgp= Y RyjRs_rr-y.
| J[=|1]

Similarly, for any fized subset J of T,

Rgp = Z RrjRs 17—
=]

Proof. We keep using the fact that Rg 7 is the determinant of (RSitj)'

6



1. If s; > t; for some ¢, then sttk = 0if j > ¢ > k which yields zero determinant. Thus

s; < t; for all 7.

2. If T1 < Sy or T < S; we have either an upper or lower triangular block matrix

associated to Rg, g, 1,ur, With determinants of the diagonal blocks being Rg, 7, and

RS27T2'

3. By the definition of Rg 7 and property (1), we have

dRS,T = Z d(RS1tU(1) T Rsntg(n))

o€,
- Z Z Z Rslta(l) o Rsita(i) "'Rsnta(n) Rk By (i)
cey, t k

= Y Rsuprue)
k¢ SUT

Here R?t\ means that we skip the factor in the monomial.
tbo(7)

4. This is the expansion of the determinant of (Rsitj) by the rows corresponding to I.
O

Definition 2.3.4. Assume we have two sequences S = {s1,...,sp} and T = {t1,...,tn}

such that s <t for 1 <k <n and
SUT ={i,i+1,...;i+2n—1}

for some integer 7. Then dRg 1 = 0 by (3) of the above proposition. Let . be the set of
homology classes of all such Rgp. Let 7 be the set of homology classes of all such Rg 1
with one extra condition that sg < ¢j,_; for 2 < k < n. For convenience we use hgp or
h;(S") to denote the homology class of Rg 7, where i = s1 and S'={s9 —51,...,50 — 81}

The simplest examples are h; ;11 = h; = [R; j11].
7



Remark 2.3.5. By Proposition 2.3.3.(2) we can see that every element in ##”’ can be decom-

posed as a product of elements in 7.
Theorem 2.3.6 (May). All elements in S are indecomposables in HX .

The way May proved this theorem is by studying the dual of X instead of X. The differ-
ential graded algebra X is actually a Hopf algebra. May was able to identify all monomial
cycles in the dual of X which are primitive in the homology. Each additive summand of the
determinant Rg for hgp € H corresponds to such a monomial cycle in the dual of X
and they are homologous to each other. Hence we can get the theorem by dualization. The
details can be found in [3, IL.5].

Beside elements of 7, we can also see that the homology classes of jo for j —i > 2
are also indecomposables of HX. Let bg denote the homology class of R%j. Especially,
bij = [jo} and b; ;11 = h2.

The following conjecture suggests that it is possible that these are all the indecomposables

we need in HX.

Conjecture 2.3.7 (May, [3, Conjecture 11.5.7]). The elements of S and b;; (j —i > 2)

form a basis of indecomposables of HX .

2.4 The relations in H*(E'<)

In addition to Conjecture 2.3.7, we will state a conjecture to describe all the relations in

H*(EVo ) = HX. We also conjecture that this algebra is nilpotent free.

Definition 2.4.1. For 0 < m < n, we define
o = {hg € 2 min(S) =m, max(T) =n}
and

A = {hsr € A - min(S) = m, max(T) = n}.
8



Note that %,y C H,, and Hny,, H), are empty if n —m is even.

Definition 2.4.2. For a sequence S = {sq,...,sn}, we define |S| to be the length n of S.

For a < b, let N, be the sequence {a,a +1,...,b}.

Conjecture 2.4.3. The algebra HX is generated by hg € H and b;j (j —1i > 2) with the

following relations.

(1) For all 0 <1i < j,

> bigbgj = 0.
k

(2) Assume hs, 1 € %Z/ a1 < ag < by < by and by — ag is even.

!/
by th,TQ e H

ag,by’
Then

h51,T1 h527T2 = 0.

(3A) Assume that S C N = {a,a+1,...,a+ 2k — 1} and |S| = k+ 1. Let T be the

complement of S in N. Then

Z bsth—{s},T—i-{s} =0

seS

for any 7 < a+ 2k.

(3B) Assume that S C N = {a,a+1,...,a+ 2k — 1} and |S| = k — 1. Let T be the

complement of S in N. Then

> bithsqey (1) =0
teT

foranyi>a—1.



(4A) Assume hg, 1, € ‘%2/1751’ hs, T, € ‘%Zlgbg’ a1 < ag < by < by and by —ay is odd. Then

hsyrhs, s = Y hgrirgrothsl s, 1Ty
ICT{/QSQ
2/11=|TY'| |57

Where S| = S1\N, S =81NNyyp» T =T1\Ngyp,» T{ = T1 NN,

2,b17 2,017 2,b17 2,b1°

(4B) Assume hg, 1, € !

/ .
a1.by’ hs, T, € ,%’;2762, a1 < ag < by < by and by —ag is odd. Then

hsymhs,m, = Y hgr_rmperhs sy I T
IcTy OSQ’
2|1|=|83| =73

Where Sé = SQ\Na Sl = So NN, Té = TQ\Na T = Th NN,

2,017 2,017 2,017 2,b1°

(5) Assume hg, 1, € %”alhbl, hs,T, € %27b2’ a1 < ag < by < by and by —ag is odd. Then

hsy sy, = Y bttty g - sbsrar e

Icsy
JCT}
Where S; = Si\Ngy p,» Si = Si OV Ngypy» T) = T\Noy by, T’ = Ti VW Ngy py» 1 = 1,2.

(6) Assume hg, 1 € Hyp, i=1,...,n, and

2 ihs;—{a) 1o} = 0

where x; 18 a product of elements in

U

a<a' <b' <b
a'—a is odd

10



Then
1
Conjecture 2.4.4. HX s nilpotent free.

In order to prove Conjecture 2.4.3, we have to prove that all the relations in the conjecture
hold and they imply all the other relations. We are not there yet although we have a great
deal of evidence for the conjecture. In the rest of the section we will describe the results we

already have, including evidence for Conjecture 2.4.4.

Theorem 2.4.5. The relations (1), (2), (3A), (3B), (4A) and (4B) in Conjecture 2.4.3 hold

in HX . The relations (5) and (6) hold in a large range of dimensions.

The following proposition for all n shows that the statement (3A) is symmetric to (3B)

and (4A) is symmetric to (4B). Hence we only have to prove one for each pair.

Proposition 2.4.6. The reflection map
Xn — Xp

Rij = Ry—jn—i

1s an isomorphism between differential algebras. Therefore HX,, is isomorphic to itself via

this reflection map.

The proof is straightforward. Before we prove Theorem 2.4.5 we need the following

lemma.
Lemma 2.4.7. Assume that S1,T1,S2, Ty are four sequences such that |S1| = |T1| — 1,

S| =Tl + 1, S1NTy =0 =S,NTy and

(STUT)\(S2 UTh) < (S1UT1) N (SeUTh) < (S UT2)\(S1UTY).
11



Then

> Bsr-BsmBsi= D Rsym-(nRs,-nmfic
SESTINS, 1€T1NSy
1€T1NSy teT1NIy

Proof. By Proposition 2.3.3.(4), these are both equal to

Z Re, 1y Rsy— sy 1 Bt

s€S1NSy
teT N1y

]

We now prove Theorem 2.4.5 by realizing the relations as boundaries via explicit con-

structions.

Proof of Theorem 2.4.5. (1). The relation follows from
d(R;jdRj) = (dRyj)* =Y Ry.R};.
k

(2). Let

v= Y Rg {3 n-{\Bss—{i}+{s}.1n-
S13s<ao
1€T1NSy

It suffices to show that dy = Rg, 1, Rs, 13- In fact,

dy =3 (Rsy - (i) +{s} BSa iy} o + B~ ()11 BSo (o) 1o
S19s<as
1€T1NSy

R, (s} i~ (i} Byt {sh Tt i} + D Rsl—{sm—{i}Rsz—{z'}Hj},TQRs,j)-

J<az

12



We apply 2.3.3.(4) and get

Yo D R m—{i R R = D Rey (i (s} Rsp—{i}+{s}.1n-

S12s<ag j<az S13s<as
i€T1NS2 i€T1NSy
Therefore

dy= ) (Rsl—{s},Tl—{z‘}Rsz+{s},Tz+{z'}+Rsl—{s}+{z‘},T1Rsz—{z‘}ﬂsm)
Y,

- Z Rg, sy, ~{i} 118y 1y IPsi + Z Ry (s} —{i} Sy —{s0)+{s} To Llsasi

S12>s<as S135<asg
1€T1NSy 1€T1NSy
$9€59N57

+ Z Rg, (s}, 11— {t1} ISy — (i} +{s} 1u Lli 1 -
S19s<as
1€T1NSy
t1€T1NTy

By Lemma 2.4.7 we have

Z RSl_{3}7T1_{i}RSQ—{82}+{S},T2RSQ,i
S19s<as
1€T1NSy
$9€55NS5

T Z R, {5y, 11~ {01} 05y —{i}+{s}, T2 Thita
S19s<as
1€T1NSy
t1€T NIy

- Z R, —{sy, 1 —{t:1} 152,12 15 11
S19s<as
t1€T1NTy

13



Therefore

dy - Z R517{3}7T1*{i}R827T2R57i + Z RSl*{S},Tl*{tI}RSQ,TQRs,tl

S13s<ag S13s<a9

1€T1NSy t1€T1NTy
= > Bs{spn—(nBsmhs

S13s<as

Tiot>as

= R517T1 RSQ,Tz'

The last equality holds because for every monomial o in Rg, 7, there is an odd number of

factors Rs ¢ in « such that S1 3 s <ag,T1 >t > as.
(3A). Let

Yy = Z RsljRS2jRS—{51732}7T
{81 <82}CS

dy= 3 > (RsiRijRs,j + ReyiRijRs,j) Rs (g )1
{81<82}CS 1

+ Z Ry j sy <RS_{51},T+{32} + RS—{82}7T+{31}>

{51<52}CS
= D D RaiRiRsjRs (o w)r+ Y RejReiRs ()71 {s)
81,8268 1 81,8268

51782 S1782
—T 11

where

L= > > ReiRijRsjRs (s s)1

81,8268 1
51782

14



and

IT= Z RSIjRSQjRS*{Sl}Jq‘{SQ}

81,8268
81782

= Y RajRejRinRs (o i1

51,52,0€S8
517592

S17#1

— Z RsljRinSQiRS—{81,32}7T

$1,1,82€8
S1#£1%
517592

The only difference between summations I and II is that ¢ can be equal to s; or i € T in

summation I. Therefore

dy = Z RSQiRinsljRS—{81a52}vT

81,8268
517592
iETU{Sl}

= > RyRyjRg (s )70}

s1€8
iETU{Sl}

- 2
= Z Ry jRs— {51}, T+{s1}
s1€8

where the right-hand side represents our relation. Hence our relation holds.

(3B). This follows from (3A) because of the symmetry given by Proposition 2.4.6.

15



(4A). Let

y= > Ry ron— gRst 48— 1-{jo} Tl +Tot
I,JCT{/OSQ
Jo=max(J\I)>I\J

Then

dy =1+ 11+ I + IV

where

I= > Rgnyry— Bt 8,1, T1+T5+7
I,JCT{IQSQ
Jo=max(J\I)>I\J

= > Ry 1 (o} 10—+ (o} By + 8o —T— (o} T+ Tot !
I,JCT{IQSQ
Jo=max(J\I)>I\J

II = Z Ry 15y 10— J+ {18+ 8y —I—{jo } TI+To+ !
I,JCT{IQSQ
Jo=max(J\I)>I\J
jeJ\I

V= >, Rgn gy g Bt 48y~ 1—{job+{i} I+ Tot- J'+{i}-
I,JCTINS,
Jo=max(J\I)>I\J
iel\J

16



In summation III, change index by Iy = I + {j}, J1 = J — {j}. We have

[T = > Rgny 1y 10— 5y B8t 4 80— 1+ {5} — (o} T+ To+ T +{5}
Il,JlCT{/ﬂSQ
j():maX(Jl\Il)>11\J1
jehi\J1

= Z RS{’H,T{’—JRSHSE—I—{jg}+{z‘},T{+T2+J’+{z'}
I,JCT{IHSQ
Jo=max(J\I)>I\J
iel\J

=IV

In summation II, change index by Iy = I + {jp}, J1 = J — {jo}. We have

II > Ronpp mr— g Bst v 80— 1y 11 +15+

Il,JlCT{/mSQ
Jjo=max(I1\J1)>J1\I1

Therefore

dy=1+11= > Re oy jRe s, 10{+1y1
I,JCT{/OSQ
£

Note that if we instead require I = J in the above summation, we get the right hand side of

Relation (4A). Hence in order to prove Relation (4A) it suffices to show that

Z RS{’H a1 —J RS{+SQ—J,T{+T2+J = Rg, 7y Rs, 1,
I,JCT{IQSQ

17



In fact, if we denote the summation on the left hand side above by V, then

V= > Rgnypqr—gBst_n+8y—1-1, 8 LT
I,JCT{/OSQ
McS]
LCSi—M—FSQ—I

Fix I, M and L. If
(SY+DN(S —M+Sy—1—L)=10 (2.4.8)

which is equivalent to

(ST + )N ((So\L)—I) =0 and to S/ NSy =5, NS, C L,

then by 2.3.3.4 we have

> RsvirargRe ais,-r-17
JCT{IQSQ

=R 1) 4(S]~ M+Sy—L—1T) T

=g _M+ySy—L.1I

Otherwise if (2.4.8) does not hold, then

Y. Reryrrr_gRs nisy—r-1,0 =0
JCT{/QSQ

18



Therefore

V= Z RS1—M+SQ—L,T{’RM,T{RL,T2
ICT{/QSQ
McS]
SlﬂSQCLCSi—M—I—SQ—I

- > R, M+8y—r,my B, RL T
Si’ﬂSg CLCS{“FSQ
McS{\L
IC(TINS)\L

_ T7NS2)\L
= Z 2( 1 2)\ RS&—M—&—SQ—LT{’RM,T{RL,B
SYQSQCLCS{%-SQ
McSi\L

The summand is nontrivial only if
(T NSO)\L =0 and S| — M + Sy — L < max(T7) = by,
which is equivalent to
(T NSy) C L and Ny 4q1p,NS2 C L.
Note that in the summation we also require (S{ N S3) C L. Hence

(ST + 0 + Npy 1) N S2 =52 C L

19



which implies S9 = L. Therefore

V=Y Rg_yprRymBs,m
McsS]

:Rsl ME RSQ VD)

(4B). This follows from (4A) because of the symmetry given by Proposition 2.4.6. [
Theorem 2.4.9. Conjectures 2.4.3 and 2.4.4 hold in HX7.

We will prove this theorem by computing H X7 in Chapter 4. This is strong evidence
for the two conjectures since the subalgebra HX7 C HX together with hy generates a

subalgebra isomorphic to HX in stems t — s < 285.

2.5 Massey products in H*(E'.«/)

A theorem due to Gugenheim and May [2] states that for a connected algebra A, the coho-
mology H*(A) is generated under matric Massey products by H1(A). As a concrete example,
we will show how to obtain the indecomposables hg € # from h; under matric Massey

products.

Theorem 2.5.1. For hgp € J where
SUT ={k,k+1,....k+2n—1}

we have

hsa € (Mg, b1, - -+ P2 —2, s {1y T— (k2 —1))-

Proof. Without loss of generality we assume & = 0. By the definition of matric Massey

products, we must find a defining system (4;;) with 0 < < j < 2n and (4, j) # (0,2n) such

20



that

RS—{sl},T—{tn} if0<i<2n-—1

Ajiy1 = (2.5.2)
R; i1 ifi=2n-1,
dAij = > ApAy; (2.5.3)
1<k<j
and
20,271 = Z Ao g Akon = Rs1- (2.5.4)
0<k<2n

In fact, for 0 < i < j < 2n — 1, if we let A;; = R;j, then (2.5.2) and (2.5.3) are

19
automatically true by (2.2.5).
We adopt the convention that RS—{O},T—{z’} =0ifi ¢ T. Welet A; 9, = RS—{O},T—{i}

(1 #0). Now for (2.5.3) we only have to show
dA; on = Z Aok Ak.2n
1<k<2n
le.

dRg _for 17— {i} = Z RipRs oy 17— {k)-
1<k<2n

If i € T, by (3)(4) of Proposition 2.3.3.

ARs(0y.7-(3) = Rs—qoy+ipr = D RiBs—qor-qn)
i<k<2n
If i ¢ T, the right-hand side is zero because i € S and hence
> RigRs 1oy r—1iy = Bs—qoy+{iy,r = 0

1<k<2n

since Rg_ (0} {i},T is the determinant of a matrix with repeating rows.
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Finally, to show (2.5.4) we have

> AwArzn= Y RokRs_{oyr—(k) = Bsr
0<k<2n 0<k<2n

]

Note that in Theorem 2.5.1 the s degree of hg g1y 7 (g1, 1) is one less than the s
degree of hg . The element hg_ (1 7 p 19,1} is either an element of # or a product of
elements in 7. Hence by induction on s all indecomposables hg 1 € 7 can be obtained

inductively from h; under matric Massey products.

Remark 2.5.5. Although the indecomposables b;; = [R2.] are represented by simpler cycles,

ij
the decompositions of b;; by matric Massey products are more complicated. The author
has followed the proofs in the work of Gugenheim and May [2, Chapter 5] and produced a
computer program to write elements in H X by “canonically defined matric Massey products”

as defined in [2, Theorem 5.6]. It means that we can generate a sequence of matrices

W1, Ws, ... such that we can write everything in H X in terms of
<Wl7 ey Wna Vn—|—1>

with indeterminacies where Vj,11 is some column matrix (not unique even if the sequence
Wi, Wy, ... is fixed). One can simplify the canonical form if V11 contains zero entries.

Here we list some decompositions of b;; via this method.

hy
bo2 € (ho, h1, ho, h1) C <h0,h1, (ho hg) , >
0

hy 0 hq
b03 € h07 h17 (h() hQ) ’ ) )h2
ho hs 0
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ha 0 hi hs hs
b04 € <h07h17 <h0 hQ) ) ) ) 7h2ah3 :
ho hs 0 ho h1

ho 0] h1 hs
Here Wy = hg, Wy = hy, W3 = {hy hg ), is a submatrix of Wy, is

ho hs 0 ho

a submatrix of Wi, .. ..
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CHAPTER 3
THE MAY SPECTRAL SEQUENCE

The main goal of this section is to compute the differentials on H*(EY.¢7) in the May spectral
sequence.

In this section we use the method of Ravenel [9] to obtain the May spectral sequence.
The reason behind this is that the associated graded algebra EORM of the Steenrod algebra
by the filtration suggested by Ravenel is E%EO% , which is Priddy’s associated homogeneous
Koszul algebra of May’s associated graded algebra of «/. When we interact with the cobar

complex this filtration is more efficient computationally.

3.1 The cobar complex

Recall that if I is the augmentation ideal of the dual Steenrod algebra <7, then the cobar

complex C() is the tensor algebra T*(I) with d : I%" — 19(+1) given by

do1 @ ®@ap) =Y Y 01 @aji_] D@ @i ®- S ay (3.1.1)

)
where

@D(ai):ai@l%—l@ai%—Za;@aé/
in 7. Then H*(&/) = Ext (Fo,F9) = HC().

Definition 3.1.2. The weight function w on 2% is given by setting w(f?z) =27 —1, ie.

w(é g =) 2k = Dag;

k

where rp, = >, ak’iZi is the 2-adic expansion.
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We also define w on C(4) by
wlag ® - ®ap) =w(ar) + - +w(ap).

Definition 3.1.3. The filtrations F, (%) and F,(C(%)) are given by elements in 2% and
C() with weight < p respectively. Note that we are using an increasing filtration indexed

positively. The associated graded algebra by this filtration is denoted with E%;zﬁk

It follows that the associated graded algebra E%szf* is an exterior algebra generated by
the projections of }N%Z-j = §J21_Z (0 < 4 < j), which are primitive. Therefore we have the

following.

Proposition 3.1.4. The E; page of the spectral sequence determined by the filtration
Fp(C(e)) is isomorphic to X = Fo[R;; 1 0 < i < j] with di(R;;) = > p RipRyj. Here R;j

corresponds to the primitive generator Rij = 5;_2 in the associated graded algebra.

Remark 3.1.5. dp(x) =) 1 ®@x9 in Eg’q = (FpC () [ Fp—10(x))s=p+q if v is a monomial
in 7 where the summation is taken over all ordered monomial pairs (z1,z9) such that z =

x1r9 in the augmentation ideal of E%;zf* In particular, dg(éijl:?kl) = Rij @Ry + Ry ® Rij.

Since w(ggi) = 2j—11is odd and the s degree of all differentials in the spectral sequence is
1, all nontrivial differentials d, in the spectral sequence must have odd index r. The following
is the comparison between the spectral sequence obtained by the method of Ravenel and the

May spectral sequence.

Table 3.1: Comparison of spectral sequences

Ravenel May

E =X E = C(E)

(E27“—17d27“—1)7 r Z 2 (Er,dr), T Z 2

Ey = E3 = H*(E,) | By = H*(EVd)
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3.2 The differentials in H*(E°«)

We will use the filtration in the previous section and we will therefore use the notations in
the left-hand side of Table 3.1. We want to compute the d3 differentials on H*(EY7).

The following was already proven by May.

ds(bo2) = h3 + hihs,

d3(bij) = hit1biy1,j +bij—1hji1, j—1>2,

o ds(hi(1)) = h;h?,,,

d3(hi(1,3)) = hihiyohiya(1) + hi(1)hZ, 4,

d3(hi(1,2)) = hi13hi(1,3).

The main goal of this section is to determine the differentials on hg € 7. Then all d3

differentials in H*(E.e7) will be determined if Conjecture 2.3.7 is true.

Definition 3.2.1. We say that « = a1 ® - - ® oy, € C() is a monomial in C(.%) if each
aj, is a monomial in 7. Note that all monomials form an additive basis of C'(%). We say

that the monomial « is simple if each o = R for some iy, jp. Note that dg(a) = 0 in

ik Jk
the Ey page if a is a simple monomial.

Definition 3.2.2. We denote the span of simple monomials in C(<%) by S(<%) and the
span of non-simple monomials by S(<%)+. Note that we have C(a%) = S() @ S()*.

Proposition 3.2.3. The map g : (Ey,dy) — Eq (with trivial differentials) given by

0 if o € S(et) T
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1s a homology isomorphism.

Proof. 1t is clear that the homology classes [RZ]] generate F7 while g is multiplicative.

Therefore g induces an isomorphism gy : H(Ey, dy) — Ej. O

Remark 3.2.4. We can project suitable chains in C'(<%) into cycles in E; (r > 1) via g.

Lemma 3.2.5. If o € C() is a non-simple monomial and (3 is a simple monomial sum-

mand of d(«), then either [ is a summand of dy(«) in Ey or w(f) < w(a) — 2.

Proof. Write a = a1 ® - - - ® o, If there is a simple summand  of d(«), then there must be
at most one factor oy which is not equal to some }N%Z-j by (3.1.1). Since « is not simple, there
must be exactly one such ay. Assume that S does not appear in dg(«) in Ey. To obtain the
simple summand 8y ® By, in d(ay), we have to replace at least one factor Rij of ay with
Rkj ® R;;, and either Rkj or R;j, will meet another copy of itself coming from another factor
of ay to become R%j = }N%;H_l’ﬁ_l or }N%?k = Ri+1,k+1' Noting that w(Rkj@)Rik) = w(Rij) -1

and in general

w((Rij)?) = w(Ris1 j41) = 2w(Rij) — (2 — 1) — 1) < 2w(Ry;) — 1,

we see that w(5) < w(a) — 2. O

Lemma 3.2.6. Assume that

in C(2), where a,_; consists of terms of weight p —i, i = 0,1,2,3 and b,_3 consists of
terms of weight p—3. Assume further that ap,b,_3 € S(%) and a,_1,ay—9,a,_3 € St )t

Then d3(ap) = by—3 in the E3 page of the spectral sequence determined by FpC(2).

Proof. Note that d(ap—2 + ap—3 +b,_3) = d2(ap +ap—1) = 0. Hence we have dy(a,—2) =0

in the Ey page. By Proposition 3.2.3, g(a,—2) = 0 in Ej implies that a,_9 is a boundary in
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Ey. Therefore we can find a;_z € F,_oC ()N S(a)* such that do(a;_2) = ap_9 in Ej.

By Lemma 3.2.5, we have

d(a;_Q) =ap—9 +cp—3 mod Fy_4C ()

where ¢,_3 € F,_3C(%) N S()*. Now consider
d(ap + ap_1 + a;j_Q) =bp—3 +cp—3 mod F)_4C ().

By Remark 3.2.4 we have d3(ap) = b,—3 in E3. O
Now we are ready to prove the main theorem of this section.

Theorem 3.2.7. The differentials on hgp € F are given by the following
dshsr = Y. hsr1si2hs (s){st1}T—{s+1}+{s}
s€S, s+1€T

Proof. We are going to compute the differentials via the cobar complex C(<%). Note that

in C(%), the differentials are given by
j-1
d(Rij) = Z Rkj ® R

k=i+1

To make the right-hand side look more like matrix multiplications, in this proof we are going

to write
7—1
d(Rij) = Y Rip® Ry
k=i+1

where r ® y = y ® x. We also write

_n_

®ai =op®ap_1Q - oy.

=1
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The homology class hg € E3 = H*(EY27) can be represented in Ey by

o= Z Qo = Z RSlta(n@'”@RSnto(n)'
oEY, oEY,

Note that di(a) = 0 in Ey but d(a) # 0 in C(%%) because C(o%) is not commu-
tative. In fact, every monomial summand of d(«) can be paired with another summand

the two being equal in the Ej page. Two typical examples are pairs (disj g, disj a,r) and

(dz'tg(j)aa, djto_(j)ao-/) where

and

Here the permutation o’ is the same as o but with values o(i) and o(j) swapped and d;; s

is the summand of d(ay) which replaces Rsita(i) in ay with Rsi E® Rkta 0
Observe the typical example

dp(ab@cRd+bR@ac®d+b@c®ad) =a@bRcRA+bRcRd®a

where each a, b, ¢, d is equal to some Rgt. We can find a chain in C () whose dp-boundary
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is the sum of either typical pair above. In fact, we define

p= Z Z 702]k+Z Z 701]]'*‘2 Z 502]]{;

0 i<k<j 1<J o i<k<j

a(i)>o(j) a(i)>a(j)

where
_n_ _n_
Vo,ijk = ®'70,ijk:l7 o,ijk ® o,ijkl
=1 =1
and
& sito (1) otherwise
(
Rsito(j) ifl=i
(5 . . = » > 3 J—
o,ijkl Rto‘(j)ta(i) Rslta(l) ifl =k
Rslto(l) otherwise
\

/

The careful reader can check that for every (0,0 = 0 o (ij),1,j) with o(i) > o(j),

-1
do | D (oijk +orijk) +Voijj | = dis; oo + dis 000
k=i+1

and

do Z 502]1@’ _dzt aa+d]t () Yo'
k=i+1

Therefore dy(f) agrees with d(«). Here if v is in weight p, 8 and d(«) are all in weight p— 1.
Noting that 3 € S(% )T, by Lemma 3.2.5, all simple summands of d(a + f3) live in weight
< p — 3 since dy(B) is the same as d(«). Therefore, by Lemma 3.2.6, in order to compute

d3(h;(S")) we only have to compute all simple summands of d(f3) in weight p—3 = w() — 2.
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By the proof of Lemma 3.2.6 such summands can only occur in the d-boundary of

Z Z Vo,ijj

o i<y
o(i)>o(j)

because to get a simple summand of d(f) in weight < w(f) — 2, we can only replace the

tensor factor
Yo,ijjj — RSth(i) RSjto.(j)

of 70’,Z'jj with

~2 —_ ~ _ ~
stta'(j) & Rto—(j)ta(i) - R3J+1ata'(_])+1 ® Rtg(])tg(l)

in d(7,,j;;) which has weight < w(v,;57) — 2. In this typical example,
w(RSj—&-LtU(j)-i-l ® Rtg(j)tg(i)) = w(V0,ijjj) — 1 = (e(j) — 5)-
To reach the equality
w(Vo,ijj5) — 1 = (o(y) = 85) = w(Voizjj) — 2

we can further restrict our attention to the terms where toj) — 55 = L. Hence the simple

part in d(8) of weight p — 3 is

/
YT
o i<j
o(i)>o(j)
ta(j) —8j=1

where

n
/ /
Voisi = @ Vg
=1
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and

Rsisj ifl =1

/ _ ~ = = = 75 . .

PYU,UJZ B R8j+1,to.(j)+1 ® Rta'(j)ta(i) = R5j+1,8j+2 ® Rta(j)vta(i) if | = J
\R‘glta(l) otherwise

If we pass v to the E3 page, we get
Y= D RyrispeeRe (g els 1) 0 {514 sy)
Jj=nor s;j<sjii1—1

which is exactly

Y hsrtsrohe (st 1) T—{s+1}+{s}-
s€S, s+1€T

By Lemma 3.2.6 this is d3(hg 7). O

Remark 3.2.8. If we use the notation h;(S’) instead of hg, the differential can be written

in the following form

d3hi(st,... sp—1) = Y hits;j41hi(s1, - 851,85 + 1,841, sn—1)-
j=n—1or
sj+1<sji1

Keep in mind that this is do in May’s grading.
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CHAPTER 4
GROBNER BASES AND COMPUTATIONS

In order to do computations in H.X, we need the help of Grobner bases, to which we will give
a brief introduction. Grobner bases are usually used in computer algebra and computational
algebraic geometry, where the algebras are usually ungraded. But in algebraic topology most
algebras are graded. Therefore we will introduce Grobner bases in this context. We only
consider algebras over [Fq.

We also prove a result on polynomial differential graded algebras. We will use this result
to compute the algebra H X7 with an inductive method. The computational results show

that Conjectures 2.4.3 and 2.4.4 are both true in HX7; C HX.

4.1 Grobner basis

In this section we always assume that P = Fa[x1,...,xy] is a connected graded polynomial

algebra over Fo.

Definition 4.1.1. All operations related to Grobner bases require the choice of a total
order on the monomials in each degree, with the following property of compatibility with

multiplication. For all monomials M, N, P where M, N are in the same degree,
M <IN« MP < NP.

A total order (in each degree) satisfying this condition is called an admissible ordering.

Example 4.1.2. Lexicographical ordering is an obvious example of admissible ordering.
In this article we are primarily interested in the reversed lexicographical ordering, where if

/ /
M = x? cexfh and N = x? .-y are in the same degree, then M < N if and only if

/ / !/
€]l =€1,---,€k—1 = €_1,€k > €
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for some k.

Definition 4.1.3. Once a total ordering is fixed, we let LM(f) denote the largest monomial

in f € P. It is called the leading monomial of f.

Remark 4.1.4. If we use the reversed lexicographical ordering, then the leading monomial of

f € P is the least monomial of f in the lexicographical ordering.

From now on we assume P is alway equipped with an admissible ordering.

Definition 4.1.5. Given two polynomials f and g in P, one says that f is reducible by g if

some monomial M in f is divisible by LM(g). In this case we define the one-step reduction

of f by g by
M

Note that compared with f, red;(f, g) replaces M in f with other monomials less than M.

Definition 4.1.6. For f € P and a finite subset S C P, we say that f is reducible by S if
f is reducible by some g € S. In order to define red(f,S), if f is reducible by some g € S,
we replace f by redq(f,g), and we iterate this until f is not reducible by any g € S. The
iteration always terminates because there are only finitely many monomials in each degree
since P is a connected algebra. The final result depends on the ordering of choices of g, and

we define red(f, S) to be the set of all possible outcomes.

Definition 4.1.7. A Grobner basis G of an ideal I in P is a generating set of I such that
the set of images of all monomials not divisible by LM(g) for any g € G under the canonical

map P — P/I form an additive basis for P/I.

Remark 4.1.8. If G is a Grobner basis, then red(f, G) is exactly the standard representation
of fin P/I as a linear combination of the additive basis mentioned above. Hence red(f, G)

consists of a single element of P.
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Algorithm 4.1.9 (Buchberger). Given a finite generating set G of an ideal I in P, we can

change G into a Grobner basis of I by doing the following

1. For f,g € G, let
L = lem(LM(f),LM(g)).

Find two monomials m,n such that LM(mf) = LM(ng) = L. If red(mf + ng,G)

contains a nonzero polynomial, then add it to G.
2. Repeat (1) until red(mf + ng, G) is zero for every pair f, g in G.

Remark 4.1.10. In Step (1), each time we add a new element to G the ideal generated by all
leading monomials of G will strictly increase. Therefore the algorithm always terminates in

finitely many steps, because P is a Noetherian ring.

Definition 4.1.11. Let R = P/I for an ideal I of P. For (ay,as,...,a,) € R"™ we define
Ann(aq, -+ ,ap) ={(b1,...,bp) € R" | a1by + - - - + anby, = 0}.
This is an R-submodule of R™. Note that for 1 <i < j < n,
(0,...,0,d;,0,...,0,d;,0,...,0) € Ann(ay, - , an).

These are called the commutators of ay,aq, ..., ap.

Lemma 4.1.12. Assume [ is trivial and R = P. Then Ann(xq,...,xy) is generated by

commutators of x1,...,%p.

Proof. This is a consequence of the fact that Torp(Fo, Fo) = Eloxq,...,0xy], so that oz; A
oxj is an additive basis of Tor% (F9,F3). In the Koszul complex this means that all P-linear

relations among zj, are generated by z;z; + z;x; = 0 O
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Definition 4.1.13. For f € P, f denotes the image of f in P/I.

Theorem 4.1.14. Assume P is equipped with the reversed lexicographical ordering and G
is the Grobner basis of an ideal I in P. For the images Z1,...,%} of the first k generators
Z1y...,xp of P in R = P/I, Ann(Zq,...,Z}) is generated as a R-submodule of RF by
commutators of T1, ..., Ty and all (f1,..., fr) € R* such that fie Pandx1f1+ - +2x1 [} €

G.

Proof. Assume that x1g1 + -+ + 29 € I. By the definition of a Grobner basis, we can
always choose representatives g; of g; such that no g; is reducible by G. In order to show
that (g1,...,dx) is an R-linear combination of commutators of Z1,...,7Z; and (f1,..., f%)
described in the theorem, by Lemma 4.1.12 it suffices to show that x1g7 + -+ + 219 is a
P-linear combination of elements of G of the form z1f; + - + x1 fi, i.e. elements of G in
which all monomials contain at least one of z1,..., 7.

In fact, since red(z1g1 + -+ - + 2493, G) = 0, for some 1 < i < k, x;¢g; is reducible by
some g € GG. Since g; is not reducible by G but z;g; is reducible, LM(g) must contain ;.
Since LM(g) is the least monomial in g ordered lexicographically, other monomials of g must
contain at at least one of z1,...,z;. Therefore if we replace z;g; with red;(z;g;,¢g), then
191+ - - - + 219y becomes another polynomial of the form a:lg/l +- 4 xk,gz. We can iterate
this until z1g1 + - - - + 21 g5 becomes zero. Hence x1g1 + - - - + g is a P-linear combination

of g € G in which all monomials contain at least one of x1, ..., z}. O

By the theorem for ay,...,a; € R we can make an algorithm for finding a generating set

of Ann(ay,--- ,ap) € R= P/I.

Algorithm 4.1.15. Given an ideal I in P, R = P/I and f1,..., fi € P, a generating set

of Ann(fi,..., f) as an R-submodule of R can be obtained by doing the following

1. Equip Q =Faly1,..., Yk, 21, ..., xy] with the reversed lexicographical ordering.

2. Compute the Grobner basis G of I+ (y1 — f1,.- -,y — fi)-
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3. Find all elements g of G such that LM(g) contains at least one of y1,. ..,y and write
g in the form g = y1hy + - -+ + yphp. where h; € Q. We can do this because we are

using the reversed lexicographical ordering.
4. Replace h; with a polynomial in x1,...,x, using the relations y1 = f1, ..., ¥ = fi-

5. All images of (hy,...,h;) in R = P/I together with commutators of fi, ..., f; form

a generating set of Ann(/fy,..., f;) as an R-submodule of RF.

Theorem 4.1.16. If the Gréobner basis G of I C P with respect to some monomial ordering
has the property that all the leading monomials of g € G are square free, then R = P/I is

nilpotent free.

Proof. By the properties of Grobner bases, the set of all monomials not reducible by G forms
a basis for P/1. If all the leading monomials are square free, we show that this basis is closed
under the squaring map.

In fact, given a square free monomial o = x;, -+~ (i1 < -+ < i) in P, another
€2

monomial g = xfljlmz . is not divisible by « if and only if 42 is not divisible by «. This is

because
alf = e;; >0 (1<j<k) < 2¢,>0(1<j<k) < a|f”

Therefore R is nilpotent free since we have a basis closed under the squaring map. [

4.2 Polynomial differential graded algebras

Note that the differential graded algebra X is also a polynomial algebra. The following

proposition will help us calculate the homology of these kinds of algebras.
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Proposition 4.2.1. Assume that A is a commutative differential graded algebra over Fo and
c € Ais a cycle. Consider B = Alz| as a differential graded algebra which extends A with
dr = c.

If [ =0 in HA, then HB = HA ® F9[Z] where T corresponds to x + a where da = ¢ in

If [c] # 0 in HA, assume that the ideal
Amngry([e]) = {y € HA : y[c] = 0}
of HA is generated by yi,...,yn (n =0 if the ideal is zero). If we filter B by
FpB:{a:vi:aeA, i < p},
then the associated graded algebra EYHB can be represented by
HA®TFo0b,g1,...,9n]/ ~

where the relations are given by [c] = 0 and

(i) if ary1 + -+ apyn =0 in HA for a; € HA then

aigr +---+angn = 0.

(ii) 9i9; = by;y;.

Proof. Note that z is in filtration 1 and dz = c is in filtration 0. Hence
FE1 2 HA® Fylx]

with dx = [c].
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If [¢] =0, then E] = Ex because x is a permanent cycle represented by z + a for some
a € A such that da = ¢. There is no extensions since there is no relations on x. Hence
HB = HA® Fq|7].

If [c] # 0, noting that b = [2?] is a permanent cycle, the set of elements in Fy = HE] in

even filtrations is isomorphic to

D> HA/([)

while the set of elements in odd filtrations is isomorphic to

D> Az a(ld)

The multiplication by b = [2?] will map elements in filtration p isomorphically onto elements
in filtration p+2. They are both modules over H A and the module structure of xAnn g 4([c])
(elements in filtration 1) is precisely given by (i) with g; = [xy;]. Relations in (ii) are direct
consequences of zy; - ry; = 22 y; - yj in Eq. The spectral sequence collapses in Ey because
the g; = [zy;] are represented by cycles xy; + a; € B where da; = cy; in A. Therefore the g;

are all permanent cycles. O]

Remark 4.2.2. The proposition does not solve the extension problem for computing H B.
However, it constrains the number of relations we have to deal with, which is very important

for our computation of H X7 in the next section.

Remark 4.2.3. A generating set of (r1,...,rm,) € (HA)" in (1) in the proposition can be
obtained by Algorithm 4.1.15.

4.3 The computation of HX;

In this section, we are going to compute H X7 by an inductive method using Proposition

4.2.1. We will see that Conjectures 2.4.3 and 2.4.4 hold in HX7; C HX.
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It is helpful to see that X has a lot of symmetries. These will be useful in our induction.

Definition 4.3.1. For 0 < m < n, let X[m,n| denote the sub-DGA of X
X[m,n] =F[R;; :m <i<j<n
Note that Xy, = X[0,n]. Let X, . = Fo[Rq; : i < k] ® X[1,n] which is also a sub-DGA of

X.

Proposition 4.3.2. The map

r: X — X[m,n]
given by

Rij> fm<i<j<n
r(Rij) =

0, otherwise

is a retraction of DGAs. Therefore the homomorphism in homology HX[m,n| — HX is

mjective.
In addition to Proposition 2.4.6, we have another property of symmetries in X.

Proposition 4.3.3. The translation map

Jr: X[myn] = X[m + k,n+ k|

Rij = Ritp jik

1s an isomorphism between differential algebras. Therefore

HX[m,n]= HX|m+ k,n + k|

as algebras.
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Remark 4.3.4. The map fj. is actually the same as the squaring operation (Sqo)k. Here S¢

is a power operation in the May spectral sequence (See [6]).

Our strategy to compute H X7 is to show that Conjecture 2.4.3 holds in HX,, for n =
1,2,...,7 inductively. For m < n, if we can prove that Conjecture 2.4.3 on H X1, n] implies
Conjecture 2.4.3 on HX|[0,n] = HXp, then by ignoring all R;; with j > m in the proof, we
can obtain a proof of the fact that Conjecture 2.4.3 on HX|[1, m] implies Conjecture 2.4.3

on HX|[0,m] = HXy,. Moreover, by Proposition 4.3.3, we have
HX[L,n] = HX[0,n — 1] = HX,_1.
Therefore the statement
Conjecture 2.4.3 holds on HXg = Conjecture 2.4.3 holds on H X7 (4.3.5)

implies the statement
Conjecture 2.4.3 holds on HX},_; = Conjecture 2.4.3 holds on HX},

for 2 < k < 5. Since Conjecture 2.4.3 holds in HX; = Fa[hg], it suffices to prove the
statement (4.3.5).

Now we have our assumption on HXg = HXJ[1,7]. See Appendix A.1 for a list of
generators and relations we generate for H X1, 7] according to Conjecture 2.4.3.

We are going to compute HX[1,7] = HX79, HX71, ..., HX77 = HX7 one by one.
Note that X7 ; = X7,;_1®F2[Ry;]. We apply Proposition 4.2.1 to the case where A = X7,;_1,
B = X7, v= Ry and c = ;;11 Ry;Rj; to obtain the homology H X7 ; from HX7; .

Recall that Proposition 4.2.1 does not solve the extension problems for us. I managed
to solve all of the extensions via many different approaches, including pure guesses, and to

check them with the aid of a computer by realizing the relations as boundaries of chains.
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Appendix A.2-A.8 list the generators and relations of HX71,..., HX7 7 computed by
the author. In these charts, the relations are grouped into two parts. Part (i) corresponds
to relations (i) in Proposition 4.2.1 and Part (ii) corresponds to relations (ii) in Proposition
4.2.1. For Part (i), the author put the extension part of the relations on the right-hand side
of the equations.

Appendix A.9 reorganizes the relations of H X7 = HX7 7 in the form of Grobner bases.
We can see that all of the leading monomials are square free. Hence Conjecture 2.4.4 holds
in H X7 by Theorem 4.1.16.

Appendix A.10 lists the relations of H X7 according to Conjecture 2.4.3. It has been
checked by the computer that these relations indeed generate the same Grobner basis as
that in Appendix A.9. Hence we see that Conjecture 2.4.3 indeed holds in H X7.

Combining the results above Theorem 2.4.9 is proved.

4.4 A localization of the May spectral sequence

One of the useful tools to compute the May spectral sequence is the Adams vanishing theo-

rem.

Theorem 4.4.1 (Adams [1]). Exty(FQ,Fg) =0 if t—s < q(s) where the function q is given

by
g(4k) =8k —1;
q(4k +1) = 8k + 1;
q(4k +2) = 8k + 2;
q(4k + 3) = 8k + 3.
Note that May [3] and Tangora [10] both used this theorem to compute some differentials
in the May spectral sequence. This is based on the fact that all the infinite hg-structure

lines in the May spectral sequence have to be truncated by some differentials in order for

the vanishing line to appear in the E5 page. One of the examples is the first nontrivial dg
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differential

de(z) = hiy

where

T = hob%Qbogho(l), Yy = h4b%2h0(1) + hgbogblg

in Fg. Here h(i)y # 0 for all ¢« > 0 and z is the only thing that can truncate this infinite
ho-structure line supported by y. By computing the filtration degrees this differential is dg.

These infinite hg-structure lines inherit structures from the May spectral sequence and
form another spectral sequence which converges to zero in positive stems because of Theorem
4.4.1. A better way to process this information is to invert hg in the May spectral sequence
and study the localized spectral sequence which converges to [Fg [hgﬂ]. The following theorem
shows the structure of the F9 page of the localized May spectral sequence. What is surprising
is that it contains a subalgebra H X [2, oo] which is isomorphic to the original Fo = HX with

a shift in degree t.

Theorem 4.4.2.

ho THX 2 Folht! by : j > 2] © HX|[2,00]

Proof. Note that as a differential algebra,
ho ' HX = Falhg'] @ H(X/(Ro1 — 1)),
since hy is represented by Rgp. It suffices to show that
H(X/(Ro1 — 1)) = Falby; : j > 2| ®@ HX[2,00]. (4.4.3)

Let

Y = X[Z,OO] ®F2[Roj,R1j 17 < TTL]/(ROl — 1).

43



Observe that

X = co%m Yin and Yy, 2V, 1 @ Fo[Rom, Rim)-

Now it suffices to show by induction that for all m
HYm = Falbg; : 2 < j <m]® HX[2,00].

The claim is trivial when m = 0, 1.
Assume it is true for Y, 1. First we consider Y,,, 1 ® Fo[Ry,,]. Note that dRy,, is a

boundary in HY,,,_1 since
d(eom) = d(Ro1Rim + RogRom + -+ + Rom—1Rm—1,m) =0

which implies

d(R1p) = d(Ro2Rom + -+ + Ry m—1Rm—1.m)-

By Proposition 4.2.1 we have
H(Yim—1 @ Fo[Rip]) = HY 1 @ Falegp)-

Now we consider Y}, = Yy, 1 ®F2[R1,,|®@F2[Ry,,]. Note that dRg,, = egnm and Ann(eq,,)

is trivial in HX[2, 00] ® Faleq,,]. Therefore by Proposition 4.2.1,
HYm = HY 1 @ Falbom] = HX[2,00] @ Falby;,2 < j < m].

Hence the induction is complete. O

By the Adams vanishing theorem on the Ey page of the Adams spectral sequence we
know that

hy TExt’ (Fa, Fo) = Folhg].
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Hence after inverting hg in the May spectral sequence we get a spectral sequence with
Ey = hy *HX = Fy[ha].
By the theorem above this is the same as

Folhit, boj - j > 2] ® HX (2, 00] = Fo[hi!]

Note that H X2, oo is isomorphic to HX with a shift of degrees. Therefore the following

composition is an embedding

Sq0)2
prmx O gy holHX

where the second map is the localization. Since the operation S¢¥ (see Remark 4.3.4) com-

mutes with all d, differentials in the May spectral sequence we have a comparison map

HX —— Ext 7 (Fa,Fy) (4.4.4)

‘ J

ho "HX ——= Fa[hi"]

The bottom spectral sequence has an advantage in calculation since all elements in positive
stems have to be killed by differentials. We intend to use the bottom spectral sequence to
aid in computing the top. Interestingly, computations in low degrees lead us to the following

conjecture.

Conjecture 4.4.5. The localized spectral sequence

By = hy 'HX = Fo[hd!]
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15 1somorphic to a sub-spectral sequence

FEy = Fg[ﬁ 1] >2]® HX[2,00] = Fo (4.4.6)
0

tensored with Fo [ha—Ll] :

Although the author cannot yet prove this, there is another spectral sequence with the
same Fo and Fo as (4.4.6). The advantage of the new spectral sequence is that it is also

tri-graded.

Theorem 4.4.7. Consider the cobar resolution C(<) of Fo over o where Cs(aty) consists

of elements [a1]|- - |as|la and
dla]---lasla=Y Y [a]---lajlaf] - lasla+ ) la1] - [aflaf] - -~ as|e(a’)]a”"
}

There is a filtration on é’(ﬂf*) such the resulting spectral sequence has a Eo page isomor-

phic to

b .
FQ[% > 2] ® HX[2, 00]
0

with a degree shift in t, and it converges to Fo.

Proof. We continue the use of Ravenel’s filtration in Chapter 3. Consider the weight function
w on @ and C(Z) in Definition 3.1.2. We define another linear function w’ on <7 given
by

k
w' (R =) 20
1=1
We can define a weight function w on Cs(e%) = Cs() ® o by
wlay| - lasla = w(ay) + - - +w(as) + w'(a).

46



Note that

and

w(llén) = 2n > w(lE2 J€) = 2k +2(n— k) — 1 =2n — 1.

Therefore on the Ey page dy([]&n) = 0. Hence by Proposition 3.1.4, the Fq-term is isomorphic

to X ® . The d; differentials are given by
di(Rij) = > RipRy;,
k
d1(&5) = Roj + Y &Ry
k
By (4.4.3) it suffices to show that
X ® o= X/(Ro1 — 1)

as differential algebras. In fact, it is not hard to check that the following map gives the
isomorphism.

X @ e — X/(Ro1 — 1)
Rij @1+ Rit1j+1

1® fj — R07j+1.
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In contrast to the comparison map in (4.4.4) we now build another comparison

HX Ext’ (Fa, F2)

f |

Fg[% 15> 2] @ HX[2, 00] —— T,
using the composition of the map of complexes C(a%) — C(o%) and the operation Sq.
The map ¢ is again an embedding. A stronger version of Conjecture 4.4.5 includes the claim
that (4.4.6) is isomorphic to the bottom spectral sequence above.
The localization map and other comparison maps with compositions of (.S qo)i yield dif-
ferent indeterminacies for computing the May spectral sequence. The author has been col-
laborating with the computer and feeding these data into the program to obtain higher

differentials in the May spectral sequence.

48



APPENDIX A
CHARTS

There is a new symbol in the following charts. Note that for each indecomposable h;(S’) =

hs T € I,
1—1

> RojRs i)+ ()1
=0

is a cycle in HX7;. We let r;(S") = rg denote the homology class of this cycle in H X7 ;.
Al HX[LT]

Generators
hiy 1<i<6
hi(l),1<i<4
hi(1,3), hi(1,2), 1 <i <2

b, 1<i<i+2<j<T.

i
Relations
hiho =0
hohg =0
h3biz = hyhi(1)
hahy = 0
h3hi(1) = hiby4
hahy(1) = 0
bi3bag = h3b1g + hy (1)
h1ha(1) =0
habay = haha(1)

hghs =0
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ho(1)b13 = hahybi4

haha(1) = habss

h1(1)he(1) =

bi3bss = h2bgs + h3biy

h1(1)bgs = h1hgbas

hsha(1) =0

bagbss = h3bas + ha(1)?

hah3(1) =0

hsbgs = h3hs(1)

h3(1)b1g = h1hy(1,3)

h1(1)h3(1) = h3hi(1,3)

h3hi(1,3) = h1hsbas

h3(1)bag = hghsbas

hshg = 0

h1(1)h1(1,3) = h3hsbis + hsbizbas
h3(1)b1g = h1h1(1,2) + hghsbis
hsh3(1) = hbag

hi(1,3)bag = h2h1(1 2) + hshi(1)bgs
ha(1)h3(1) =

h1(1,2)big = hshi(1)b1s + hi(1,3)b14
h1(1)bsg = hsha(1,3)

h1(1)h1(1,2) = hsbaabis + hsbiabos
ha(1)hi(1,3) = hahahi(1,2)

basbas = h3bse + hZbas

bagb14 = h3bag + h2b1s + b13bsg
h1(1,3)bss = hihg(1)bas + hihi(1,2)
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h1(1)b3g = h1hsbag + hshi(1,2)

ha(1)bsg = hohybsg

heh3(1) =0

b3sbas = h3bs + h3(1)?

hgh1(1,3) =0

hghy(1) =0

h3(1)h1(1,3) = h1h3bog + hibsgbos

hebas = haha(1)

h1(1)hy(1) =0

hgh1(1,2) =0

b13bagbas = h3h3big + h3basbis + hibisbag + hi(1,3)?
hiho(1,3) =0

ha(1)bag = haho(1,3)

h3(1)h1(1,2) = h1b3sbag + h1basb3e

ha(1,3)b13 = hahy(1)b14

b13basbss = hibasbas + h3bssbis + h3bssbis + h3biabos + h(1,3)h1(1,2)
ha(1)ha(1) = haha(1,3)

hyho(1,3) = hahgbsg

h1(1)ha(1,3) =0

ha(1)bss = hahgbse

h1(1,2)bsg = h1hg(1)bag + h1(1,3)b3g

b14basbss = h3bisbag + ha(1)?big + hi(1,2)? + boabssbis + bssbiabag
hiha(1,2) = 0

hy(1)bos = hoha(1,2) + hyhgbag

ha(1)ha(1,3) = h3hebas + heb2abse

heha(1) = habsy
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ho(1,2)b13 = hohyhgbig + hahy(1)b15
ha(1,3)bss = h3ha(1,2) + hgha(1)b3g
hy(1

Jha(1,2) = 0
hs(1)h

(
(
(
(Dha(1) =
ha(1,2)bas = heha(1)bas + ha(1, 3)bas
ha(1,2)b14 = heha(1)big + ha(l,3)b15
ha(1)h1(1,3) =0
ha(1)bs7 = heha(1,3)
ha(1)ha(1,2) = hebssbas + hebasbse
h3(1)ha(1,3) = h3hsha(1,2)
b3sbs7 = h3bar + hibsg
ha(1)h1(1,2) =0
h1(1,3)h9(1,3) =0
bs7bos = h3bsy + hibag + basbyr
b14ba7 = h3baz + h2big + b13bsy + bs7bis
ho(1)ba7r = hahybsr + heha(1,2)
9(1,3)byg = hoha(1)bss + hZho(1,2)
ho(1,3)h1(1,2) =0
h3(1)bs7 = hghsbaz
h1(1,3)bs7 = hshi(1)ba7
h1(1,3)h9(1,2) =0
bagbs7 = h2byy + ha(1)?
h1(1,2)bs7 = hihghsbar + hshi(1)bs7
(1,2)ho(1,2) =0
ha(1)ha(1,3) = hah2bsr + habs7bsg
(

h1(1,2)bs7 = h1h3(1)ba7 + h1(1,3)b37
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b24b57b36 = h3hEbay + h3bs7bog + hEbaabsr + ha(1,3)

ha(1)ha(1,2) = habssbsr + habsebar

baabsebar = h3bsabst -+ h3bugbar + h3byzbag + hibasbsr + ha(1,3)ha(1,2)
ha(1,2)bs7 = hohy(1)bs7 + ha(1,3)baz

basbsgbar = hibagbst + h3(1)2bay + ho(1,2)% + basbarbag + bagbasbsr

A2 HXq

It is obvious that HX71 = HX[1,7] ® Fa[hg].

A.3 HX;,

Consider dRys = Ry1 R12 whose homology class is r1 = hghy in HX7 1. We have

Amngrx, , (r1) = (hg, ha(1), ha(1,3), ho(1, 2))

obtained by Algorithm 4.1.15. Apply Proposition 4.2.1 on X792 = X71 ® Fo[Rp2]. The
Eo = Ex page is generated by Rpsho, Rooha(1), Rooha(1,3), Rooho(1,2) and R%Q which
are represented by ro, 79(1), r2(1,3), ro(1,2) and bpg in HX7 o respectively. In addition to

relations in H X7 1, the new relations in H X7 o are r1 = 0 and

Part (i)!
roh1 =0,
rohs =0,
ra(1)h1 =0,
ra(1)hi(1) =0,
ra(1)hs =0,

1. Here there are no nontrivial extensions

93



ro(1)ho + roho(1) = 0,

ro(1)b13 + rohgbi4 = 0,
T2

1)h1(1,3) + rohghi(1,2) =0,

)

)
1)hy + robgs = 0,

r2(1)

)

r9(1)bgg + r2hgbzg = 0,
r9(1,3)ho 4+ roha(1,3) =0,
1,3)b13 + rohy(1)b14 = 0,
1,3)hg +ra(1)hy(1) =0,
1)hg(1) + rohgbss = 0,
1,2)hg + 1r2ho(1,2) =0,

ho(1) +r2(1)he(1,3) = 0,

ro
ro
o
ro
1,3)
3)he +ra(1)bs7 =0,
1,2)ho(1) + r2(1)ha(1,2) =0,

)

)

)

—_
[\

hghs +ra(1,3)h3(1) = 0,
1,2 h2(1 3) +7‘2(1 3)h2(1 2) =0,

o~ o~ o~~~ o~~~ o~~~ o~~~ o~ o~~~ o~~~ o~~~

b1z + r2hahebig + r2ha(1)b1s =0,



ra(1,2)h3 + ro(1)hgbsg + r2(1, 3)bss = 0,
r2(1,2)bag 4 12(1, 3)bas + 12(1) hebag = 0,
r9(1,2)b14 +12(1,3)b15 +r2(1)hebis = 0,
r2(1,2)hg + rohy(1)bs3g 4 12(1,3)by = 0,
ra(1,3)hg(1) + roh2bsy + robsrbsg = 0,

ha(1) + r2b3ebay + rabagbsr = 0,

<

(1,2)
(1,2)
(1,2)
(1,2)h3
ra(1,2)he + r2(1)ba7 + r2habsy =0,
(1,3)
2(1,2)
(1,2)

r9(1,2)bs7 + r2ha(1)bg7 + 1ro(1,3)bs7 = 0,

Part (ii)
79,3793 45 = bp1b1,4h4 5 + o202 474 5,
12.37235 467 = b0101,4h45 67 + bo2b2 4h45 67,
72,37234,567 = 00101, 504567 + bp2b2 5145 67 + D161 646,57 + bo2b2 646 57,
793.457235,467 = 001013 4616,7 + 02023 466,75
793,457234,567 = b01013 5616,7 + 02023 566,75
7935.4677234,567 = b01b135,567 + 0020235 567
72,3723 = bo1b1,3 + bp2b2 3,
793,45723,45 = b01013,45 + bo2023 45,
7935.4677235,467 = b01b135.467 + 0020235 467

7234,5677234,567 = b010134,567 + b02b234,567-

A4 HXqy

Consider dRy3 = Rp1R13 + Rp2Rog whose homology class is 79 in H X7 9. We have

Annpx, ,(r2) = (b1, h3, hy(1)).
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Apply Proposition 4.2.1 on X73 = X709 ® Fo[Rp3]. The Ey = E page is generated by
Rosh1, Roshs, Rozhs(1) and R%3 which are represented by ho(1), r3, r3(1) and byz in H X7 3

respectively. In addition to relations in H X7 1, the new relations in HX7 3 are ro = 0 and

Part (i)
ho(1)ho = bozha,
ho(1)hg = hobis,
rgha = hoh1(1),

r3hy =0,

ho(1)ha(1) = hobi4ha,
ho(L)ra(1) =0,

r3(1)hg = hoh1(1,3),
r3(1)ha(1) = hohahi(1,2),
r3(1)ra(1) =0,

r3(1)he =0,

rghy(1) =0,

r3big + ho(1)h1(1) =0,
rgh1(1) + ho(1)bag = hohabia,
r3(1)h1 + ho(1)h3(1) =0,
r3(1)hg +r3h3(1) =0,
r3(1)b13 + ho(1)h1(1,3) =0,
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r3(1)h1(1) + ho(1)hsbes = hohahsbis,
r3h1(1,3) + ho(1)hsbas = hohohsbis,
r3(1)bag + r3hsbas = hohahi(1,2),
r3(1)hs + rgbgg = 0,

rs3(1)ha(1,3) 4+ r3hsha(1,2) =0,

r3(1)ra(1, 3) + r3h5ra(1,2) = 0,

r3(1)b14 + 73h5b15 + ho(1)h1(1,2) = 0,
r3(1)h1(1,3) + ho(1)bagbas + ho(1)h3bag = hohabia 56,

)

)

)

)

)bs7 + r3h5ba7 =0,
)

)h1

r3(1)h1(1,2) + ho(1)basbas + ho(1)bgsbag = hohabi3 56,

(
(
(
(
r3(1
(
(
(

Part (ii)
ho1,2373,4 = bo,2h12,34 + bo 3h13,24,
ho1,23734,56 = bo,2h124.356 + b0,3M1134,256,
73,4734,56 = bo1b1,515 6 + bo2b2 505 6 + bo3b3.5h5 6,
ho1,23h01,23 = bo1,23,
73,4734 = bo1b1 4 + bo2b2 4 + b3b3 4,

734,56734,56 = 001014,56 + bo2b24 56 + b03b34,56-

A5 HXny

Consider dRy4 = Ry1 R14+ Ry2 R24 + Ry3 R34 whose homology class is 3 in H X7 3. We have

AI]IIHX7’3 (T‘g) = (h47 h4<1))

Apply Proposition 4.2.1 on X74 = X73 ® Fo[Rpy]. The E9 = E page is generated by
Roshyg, Roghg(1) and R34 which are represented by 74, r4(1) and by in HX7 4 respectively.

In addition to relations in H X7 3, the new relations in H X7 4 are r3 = 0 and
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rahg = ro(1),
rahy(1) =0,
rahs =0,
r4(1)hg = ra(1,3),
rq(1)hi(1) =0,
ra(1)h3(1) = ra(1,2)hs,
ra(1)r3(1) =0,
ra(1)hi(1,3) =0,
ra(1)h1(1,2) =0,
r4(1)72(1,2) = h3(bo1b14,67 + bo2b24, 67 + b03b34,67),
ra(1)hg +r4hy(1) =0,
ra(1)ha(1) +r4ho(1,3) = 0,
r4(1)bgs + rahebss = r2(1,2)hs3,
r4(1)h1bas + rah1hebas = 0,
r4(1)he +r4bs7 = 0,
r4(1)bogbas + r4heboobas + ra(1)h3bis + rahdhebis = ra(1,2)boshs,
r4(1)ho(1)b2s + r4(1)hohbis + r4heho(1)bag + rahohahebie = 0,
r4(1)b13bos + rahebisbag + rah3hebis + ra(1)h3b1s = 0,
r4(1)b14bos + 74hebrabog + 14hebosbis + 14(1)bo4bis = 0,
Part (ii)

14,5745,67 = bo1b1,616,7 + bo2b2 616, 7 + b0303.6h6,7 + boabache 7,
74,5745 = bo1b1 5 + bo2ba 5 + bo3b3 5 + bosbs 5,

745.67745,67 = b01015,67 + bo2025 67 + b03b35,67 + bo4bas 67
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A6 HXrs

Consider dRgs = > i_1 Ro;R;5 whose homology class is r4 in H X7.4. We have

Anngx, ,(ra) = (hihs, hi(1), hs).

Apply Proposition 4.2.1 on X75 = X74 ® Fo[Rp5]. The E9 = E page is generated by
Roshihs, Roshi(1), Roshs and R%5 which are represented by hg(1,3), ho(1,2), r5 and bys

in H X7 5 respectively. In addition to relations in H X7 4, the new relations in H X7 5 are

ry = 0 and

Part (i)
ho(1,3)ho = bogha(1),
ho(1,3)hg = hgb14hy,
ho(1,3)ho(1) = bo1,245h4,

ho(1) = bo1 34h4,
hohabis + ho(1)bas,

>
(e
=
[\
>
=~
I

(1,3)
(1,3)
(1,3)
ho(1,2)hg = bozha(1) + boshha,

(1,3)
(1,2)
(1,2)

)

rshe = 0,

ho(1,3)ha(1) = ho(1)bzshe,
ho(1,2)ha(1) = hohabishe + ho(1)bashe,
ho(1,3)ra(1) =0,

ho(1,3)ha(1,3) = hob13 a6hs,
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ho(1,2)ry(1) =

ho(1,2)ha(1,3) = hobi2,46hs

ho(1,3)ha(1,2) = hobi3 56he

ho(1,3)ro(1,2) =0,

ho(1,2)ha(1,2) = hobi2,56h6,

ho(1,2)re(1,2) =

ho(1,2)hF + ho(1,3)b13 = ho(1)hybis,

ho(1,2)boz + ho(1, 3)bog = ho(1)haboa,

ho(1,2)h1hs + ho(1,3)hi(1) =0,
ho(1,2)h3 + ho(1,3)bag = hoha(1)b14,

rshihs + ho(1,3)hs =0,

r5h1(1) + ho(1,2)hs =0,

ho(1,2)bgs + ho(1, 3)bas = hoha(1)bis,
rsh1b3s + ho(1,3)h3(1) =
rshibas + ho(1,2)h3(1) =
ho(1,2)h1h3(1) 4+ ho(1,3)h1(1,3) = ho(1)hahi(1,2),
rsh1h3(1) + ho(1, 3)bag = ho(1)habsg,

r5h1(1,3) + ho(1,2)bag = ho(1)habas + hohohabie,
rsb13bas + 150315 + ho(1,2)hq(1,3) =0,

r5bgsbia + ho(1,3)h1(1,2) + r5h3bis = 0,

r5b14b25 4+ ho(1,2)h1(1,2) + r5b24b15 = 0,
rshi1(1,2) 4+ ho(1,2)bse + ho(1, 3)bag = hoha(1)bie,

Part (ii)
ho13,2451012,345 = b013,345,
ho13,24575,6 = bo,2h123 456 + bo,4h134,256 + b0,51135,246,
ho12,34575.6 = bo,3h123.456 + b0 4M124,356 + bo.5hP125.346,
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ho13,2451013,245 = b013,245,
ho12,3451012,345 = b012,345,

75,675,6 = b0101,6 + bo2b2,6 + bo303,6 + boaba,6 + bosbs 6-

AT HXng
Consider dRyg = Y ;1 Ro;Rig whose homology class is r5 in H X75. We have
Anng x, ;(r5) = (he).

Apply Proposition 4.2.1 on X7 = X75 ® Fo[Rgg]. The E9 = E page is generated by
Rpghg and R(Q)6 which are represented by rg and bp2 in H X7 g respectively. In addition to

relations in H X7 5, the new relations in H X7 g are r5 = 0 and

Part (i)
rehs = r4(1),
reh3(1) =ra2(1,2),
reh1(1,3) =0,
rehi(1,2) =0,

Part (ii)

76,776,7 = bo1b1,7 + bo2b2 7 + bo3b3 7 + boaba 7 + bosbs 7 + bosbe 7-
A8 HXy;
Consider dRy7 = > i_1 Ro;Ry7 whose homology class is rg in H X76- We have

Anng x, ¢ (r6) = (hihshs, hi(1)hs, hih3(1), hi(1,3), hi(1, 2)).
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Apply Proposition 4.2.1 on X77 = X746 ® Fo[Rg7]. The E9 = E page is generated by
Rorhihshs, Rorhi(1)hs, Rorh1hs(1), Ro7rhi(1,3), Ro7hi(1,2) and R(%? which are represented
by ho(1,3,5), ho(1,2,5), ho(1,3,4), ho(1,2,4), ho(1,2,3) and by7 in HX7 7 respectively. In

addition to relations in H X7 g, the new relations in H X7 7 are rg = 0 and

ho(1,3,5)hg = boaha(1,3),

hg = ho(1)ha(1,3),

ho(1) = bo1,24h4(1),
ho(1,2,5)hg = bozha(1,3) + boghoha(1),

1,3,5

ho(1,3,5)hg = ho(1,3)hg(1),
ho(1,2,5)ho(1) = bo1,34ha(1),
ho(1,2,5)hy = ho(1,2)hy(1),
ho(1,3,4)hg = boaha(1,2),
ho(1,3,5)ha(1) = ho(1,3)ha(1,3),
ho(1,3,4)hg = ho(1)ho(1,2),

3
ho(1,3,4)ho(1) = bo1,25h4(1) + bo1,26h4h6,

ho = bogha(1,2) + boshaha(1) + boghahahs,

no
ot

ha(1) = ho(1,2)ho(1,3),
ho(1,2) = by12,246N6,

(
(
ho(1,3) = bo13 34616,
(
(

—_
no
(@

ho(1) = bo1,35h4(1) + bo1,36h4he,

—_
no
(@)

)

,5)

)

)

)

)

)

)

)

)

,3,5)ho(1,3) = bo13,246h6,

4)

4)

)

)

)

)

)ho(1,2) = bo12,346h6,
ho(1,2,3)hg = bo,aha(1,2) + by 5h2(1,3) + by gha(1)he,
ho(1,3,5)hg = hy(1,3)bs7,
1,2,3)ho(1) = bo1,45ha(1) + bo1 a6hahe,
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h0(173’4)h2(1):: h0(173)h2(1v2%

ho(1,2,5)he = ho(1,2)bs7,

ho(1,3,4)ho(1,3) = by13,256N6

ho(1,3,4)ho(1,2) = bo12.256/6

ho(1,2,4)ho(1,3) = bo13 3566

ho(1,2,4)ho(1,2) = by12,356N6

ho(1,3,4)he = ho(1)habs 7 + ho(1,3)bs.7,

ho(1,2,3)ho(1,3) = bo13.4566,

ho(1,2,4)he = hohahabi7 4 ho(1)habo7 + ho(1,2)by7,

ho(1,2,3)ho(1,2) = bo12.4566

ho(1,2,3)he = hoha(1)b17 + ho(1,3)bay + ho(1,2)b37,

h0<17375>h4(1)

ho(1)b35,67,

hohobis.67 + ho(1)b25 67,

ho(1,3,5)ha(1,3) = hob135 467,

h0<1’275)h4(1)

ho(1,2,5)ha(1,3) = hob12s 467,

h0(173’4)h4(1)

ho(1)b34,67,

hohabia,67 + ho(1)b24.67,

ho(1,3,4)ha(1,3) = hob134,467,

h0(17274>h4(1)

ho(1,3,5)ha(1,2) = hob135 567,

h0<17273>h4(1)

hohab13,67 + ho(1)b23 67,

ho(1,2,5)ha(1,2) = hobi2s 567,

ho(1,2,4)ha(1,3) = hob124,467,

ho(1,2,3)ha(1,3) = hob123 467,

ho(1,3,4)ha(1,2) = hob134 567

ho(1,2,4)ha(1,2) = hob124,567;

ho(1,2,3)ha(1,2) = hob123 567,
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hihshs + ho(1,3,5)h1(1,2) = 0,
h% + ho(1,2,5)bsg = ho(1)ha(1)bze + hohaha(1)big,
1,2,5)h1(1,2) = 0,

0

0
1,2,4)h1(1,2) = 0,
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ho(1,2,3)bo2 + ho(1,3,4)bos + ho(1,3,5)bos = ho(1, 3)hebos,

ho(1,2,3)h3 + ho(1,2,4)bag + ho(1,2,5)bas = ho(1,2)hebag,
b1z + ho(1,2,4)b1a + ho(1,2,5)b15 = ho(1, 2)hebie,
boz + ho(1,2,5)bos + ho(1,2,4)boa = ho(1,2)hebos,

3)
3)
ho(1,2,3)
ho(1,2,3)
3)h3 + ho(1,2,4)b3s + ho(1, 3, 4)bas = hoha(1,2)b1s,
)h3
)
)
)

ho(1,2, + ho(1,2,5)b3e + ho(1,3,5)bas = hoha(1, 3)bis,
bag + ho(1,2,4)bge + ho(1, 3, 4)bs = hoha(1,2)big,
bs7 + ho(1,3,5)bar + ho(1,2,5)b37 = hoha(1,3)b17,

ho(1,2,3)ba7 + ho(1,2,4)b37 + ho(1,3,4)ba7 = hoha(1,2)b17,

(

(

(

(

ho(l, 2,

( 3

ho(1,2,3

ho(1,2,3

(

Part (ii)
ho135,246710134,2567 = 0135,2567,
ho135,2467h0125,3467 = 00135,3467,
ho135,246710124,3567 = b0135,3567
ho135,246710123,4567 = b0135,4567,
ho134,256710125,3467 = b0134,3467,
ho134,256710124,3567 = b0134,3567,
ho134,256710123,4567 = b0134,4567,
ho125,346710124,3567 = b0125.3567,
ho125,3467h0123,4567 = b0125,4567,
ho124,3567h0123,4567 = b0124,4567
ho135,246710135,2467 = b0135,2467,
ho134,256710134,2567 = b0134,2567,
ho125,3467h0125,3467 = b0125.3467,
ho124,356710124,3567 = b0124,3567,

ho123,4567h0123,4567 = 00123,4567-
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A.9 Grobner basis of HX-

Monomial ordering
The monomial ordering we use here is the reversed lexicographical ordering by the se-

quence of the following generators

name degree (s,t,v) range of i
h; (1,2%,1) 0<i<6
hi(1) (2,920 4) 0<i<4
hi(1,3) | (3,41-217) 0<i<?2
hi(1,2) | (3,49 -2 9) 0<i<?2
ho(1,3,5) | (4,169,10)

ho(1,2,5) | (4,177,12)

ho(1,3,4) | (4,201,12)

ho(1,2,4) | (4,209,14)

ho(1,2,3) | (4,225,16)

by (2,2(20 —21),2(j —i)) |0<i<j—2<j<T7

Here b;; is ordered first by j — and then by 1.

Grobner basis?
hohy = 0
hihg = 0
habo2 = hoho(1)
hohs = 0
haho(1) = hob13
haho(1) = 0

boabiz = h2bo3 + ho(1)?

2. An element g of the Grobner basis here is presented in the form LM(g) = g — LM(g)
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hohy (1) = 0

h3b13 = hih(1)

hahy = 0

h1(1)boz = h1hsbos

h3hi(1) = hiba4

ho(1)h1(1) =0

bogbos = hib14 + h3bos

ho(1)b2g = hohabi4

hyhy(1) =0

bi3bay = h3b1a + hi(1)?

hihg(1) =0

habay = haha(1)

ha(1)bog = hoho(1,3)

ho(1)ha(1) = hohabia

haho(1,3) = hohabi4

hghs =0

ho(1)b13 = hohybi4

ha(1)bos = hoho(1,2) + hahabos
ho(1)ho(1,3) = h3habos + haboabra
haha(1) = habss

ho(1,3)b1g = hiho(1,2) + haho(1)biy
hi(1)he(1) =

ho(1,2)bo2 = haho(1)bos + ho(1, 3)bo3
ho(1)bss = haho(1,3)

ho(1)ho(1,2) = hab13bos + habosbiy
h1(1)ho(1,3) = hihsho(1,2)



b13bss = h3bos + hibiy

hahabosbia = hoho(1,2)bi3 + hahabi3bos
b3sbos = hibis + h3bos + boabas
ho(1,3)bag = hoha(1)bra + h3ho(1,2)
ho(1)bas = hohabis + haho(1,2)
h1(1)bss = h1h3bas

hsha(1) = 0

hahaho(1,2) = hoh3b1s + hobi3bes
bagbss = h3bas + ha(1)?

hsho(1,3) =0

hah3(1) =0

ha(1)ho(1,3) = hoh3bis + hobssbi
hsbgs = h3hg(1)

ho(1)h3(1) =0

hsho(1,2) =0

boabssbra = h2h3bos + h2bssbos + h3boabis + ho(L,3)?
hoh1(1,3) =0

h3(1)b1g = h1hy(1,3)

ha(1)ho(1,2) = hobabis + hobrabas
h1(1,3)boz = h1h3(1)bo3

h1(1)h3(1) = hihsbas

boab14bas = h3brabis + h3basbos + hbasboa + h3bosbis + ho(1,3)ho(1,2)
h3hi(1,3) = hihsbas

ho(1)h1(1,3) =0

hsbobas = h3hsbis + hahs(1)bos
hshg = 0
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h3(1)bag = h3hsbas

ho(1,2)bgs = hoha(1)b1s + ho(1, 3)bas
bo3b1abas = h3boabis + hi(1)%bos + ho(1,2)? + b13basbos + b24bosbis
hoh1(1,2) =0

h3(1)b1g = h1h1(1,2) + hghsbis
h1(1)h1(1,3) = h3hsbis + hsbizbos
hohsb13bas = hoh3hsbys

h1(1,2)bo2 = h1hghsbos + h1hs(1)bos
hsh3(1) = hbag

h1(1,3)bag = h3h1(1,2) + hshy(1)bos
ho(1)h1(1,2) =0

ha(1)h3(1) =

hi1(1,2)b13 = hsh1(1)b15 + h1(1,3)b1a
h1(1,2)boz = hshi1(1)bos + hi(1,3)bos
h3(1)ho(1,3) =0

h1(1)bsg = hsha(1,3)

h1(1)h1(1,2) = hsboabis + hsbrabos
hohsb14bas = hohsbaabis

ha(1)h1(1,3) = hahahi(1,2)

bagbag = h3bsge + h2bos

hg(1)ho(1,2) =0

ho(1,3)h1(1,3) =0

h1(1,3)bogb14 = hsh1(1)bi3bos + hshi(1)bosbis + ha(1,3)b13boa
h3hsbiabas = hihi(1,2)bag + hghsbaabis
bagb14 = h3bag + h2b1s + b13bsg

bosbse = hibie + h2bos + boabag + bagbos
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h1(1,3)b3s = hihg(1)bos + hihy(1,2)
h1(1)b3g = h1hgbag + hshi(1,2)
h1(1,3)hg(1,2) =0

ha(1)bsg = hohybsg

heh3(1) =0

ho(1,3)bag = haho(1)bse

hshshi(1,2) = h1h3bag + h1basbss
ho(1,3)h1(1,2) =0

b3sbag = hibse + h3(1)?

ho(1,2)bsg = hohahabie + haho(1)bog
hehy(1,3) = 0

ho(1,2)h1(1,2) =0

h3ha(1) =0

h3(1)h1(1,3) = h1h3bog + hibsgbos
boabagbas = h3h3big + h3basbis + hiboabag + hs(1)%bos
hebag = hahy(1)

ho(1,2)bze = hoha(1)bis + ho(1, 3)bag
h1(1)hy(1) =0

hgh1(1,2) =0

bi3baghas = h3hibis + habagbis + hibigbag + hi(1,3)
hiha(1,3) =0

ha(1)bay = haha(1,3)

ha(1,3)bo2 = hoho(1,3,5)
h3(1)h1(1,2) = hybgsbas + h1basbse
ho(1)ha(1,3) = hoha(1)b14
haho(1,3,5) = hoha(1)b14
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boabasbss = h3bssbie + hdbsebis + h3bagbos + hg(1)2bos + bo2bssbag
ha(1,3)b13 = hahy(1)b14

ha(1,3)boz = hoho(1,2,5) + hahy(1)boa

ha(1)bo2b14 = hha(1)bos + ho(1)ho(1,3,5)

ha(1)ha(1) = hahebse

b13basbss = h2basbag + h3bssbig + h3bsebis + h2b1abeg + hi(1,3)hi(1,2)
haha(1,3) = hahgbsg

ho(1,3,5)b13 = hho(1,2,5) + ho(1)ha(1)by4

h1(1)ha(1,3) =0

ho(1,2,5)bog = ho(1)ha(1)bos + ho(1,3,5)bos

hy(1)ho(1,3) = haho(1,3,5)

heho(1)bsg = haho(1, 3, 5)

ha(1)bosbra = ho(1)ho(1,2,5) + ha(1)b13bos

h1(1)ho(1,3,5) = hihsgho(1,2,5)

heb13b3s = hihebag + haha(1)b14

h(1)bgs = hahgbse

ho(1,3,5)bag = hoha(1,3)brg + h3ho(1,2,5)

ha(1)ho(1,2) = haho(1,2,5)

heho(1)bag = hohahebis + haho(1,2,5)

h1(1,2)bse = h1hg(1)bog + h1(1,3)b3e

b1abasbgs = h3bisbag + ha(1)%b16 + h1(1,2)? + baabgebis + bssbiabag
hahiho(1,2,5) = hoh3hebie + hohebi3bag

hiha(1,2) = 0

ha(1)bgs = hoha(1,2) + hyhgbog

ha(1)ha(1,3) = h3hebas + heb2abse

h1hgbaabss = h1h3hebag
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ha(1,2)bo2 = hoho(1,3,4)

ho(1)ha(1,2) = hohahgbie + hoha(1)b15

ho(1,3)ha(1,3) = hoh3hebis + hohebiabse

haho(1,3,4) = hohahgbi6 + hoha(1)b15

ha(1)ho(1,3,5) = hoh3hebi + hohebi4bse

ha(1,2)b13 = hohyhgbis + haha(1)b15

heha(1) = habsy

ho(1,3)basbss = hoha(1)bssbie + hoha(1)b3ebis + ho(1, 3)b3sbag
ha(1,2)boz = hoho(1,2,4) + hahahebos + haha(1)bos
ha(1)bobis = hhyhebos + h3ha(1)bos + haheboabie + ho(1)ho(1,3,4)
ho(1,3)ho(1,3,5) = hih3hebos + hihebssbos + h3hebo2bie + hebozbrabss
ha(1,3)bss = h3ha(1,2) + hgha(1)b3g

ho(1,3,4)b13 = hiho(1,2,4) + hahgho(1)big + ho(1)ha(1)b1s
ho(1,3)ho(1,2) = hohgbaabis + hohgbrabog

ha(1)ho(1,2,5) = hohgb2abie + hohgbrabog

hi(1)hs(1,2) = 0

ho(1,2,4)bo2 = hahgho(1)bos + ho(1)ha(1)bos + ho(1, 3, 4)bo3
h3(1)ha(1) =

ho(1,3,5)bs5 = h2h0(1 3,4) + hgho(1, 3)bsg
ho(1,2)ho(1,3,5) = hdhgbiabig + hihebaabos + hiheboabas + h3hebosbie + heboabiabas
ha(1)bogbrs = hahgbi3bos + hahebosbis + ho(1)ho(1,2,4) + ha(1)b13bos
ho(1,3)ho(1,2,5) = hdhgbiabig + hihebaabos + hiheboabas + h3hebosbie + heboabiabas
h1(D)ho(1,3,4) = hyhgho(1,2,4)

ha(1,2)bag = heha(1)bas + ha(l, 3)bas

ha(1,2)b14 = heha(1)bis + ha(1,3)b1s

ho(1,3,4)bag = hohgha(1)b16 + hoha(1,3)b15 + h3ho(1,2, 4)
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ho(1,2,5)b35 = hohgha(1)b1g + h3ho(1,2,4) + heho(1, 3)bag
ho(1,3,5)bas = hohgha(1)b1g + hoha(1,3)b1s + h3ho(1,2,4) + heho(1, 3)bog
ha(1)h1(1,3) =0

ha(1,2)bos = hoho(1,2,3) + heha(1)bos + ha(1, 3)bos

ho(1,2)ho(1,2,5) = h3haboabie + hehi(1)*bog + hebi3boabas + heb2abosbie + hebozbiabae
ho(1)bs7 = heha(1,3)

ho(1,3,4)b14 = h? ho(l 2,3) + hgho(1,3)b1g + ho(1,3,5)b15

ho(1,2,3)boa = heho(1,3)bos + ho(1,3,5)bos + ho(1,3,4)boy

ha(1)ha(1,2) = hebssbas + hebasbse

ho(1,2,4)bag = h3ho(1,2,3) + heho(1,2)bog + ho(1,2,5)bas

ho(1,3)bs7 = hghg(1,3,5)

h1hgbasbse = h1heb3sbag

ha(1)bosb1s = hahgbrabos + hahebosbis + ho(1)ho(1,2,3) + ha(1)b14bos
h3(1)ha(1,3) = h3hsha(1,2)

ho(1,2,3)b13 = heho(1,2)b1g + ho(1,2,5)b15 + ho(1,2,4)b14
ho(1,3)ha(1,2) = hohgbssbie + hohebsebis

ha(1)ho(1,3,4) = hohebgsbie + hohgbseb1s

ho(1,2,3)bos = heho(1,2)bos + ho(1, 2, 5)bos + ho(1,2,4)bos

b3sbs7 = h3bar + h2bsg

ho(1,2)bs7 = hgho(1,2,5)

hs(1)ho(1,3,5) = hghshg(1,3,4)

heho(1)ho(1,3,5) = h?hybs7bog + haboobs7biy

ha(1)h1(1,2) =0

ho(1,3)ho(1,3,4) = hihebsbos + h3hebssbos + hebozbssbie + hebozbssbis
hsho(1,2,4)b14 = h1h1(1)ho(1,2,3) + hghgho(1,2)b1g + h3ho(1,2,5)b15
ho(1,2,5)b13bas = h3hgho(1,2)b1g +h3ho(1,2,5)b15 +heho(1, 2)b1gbag + 1 (1)2ho(1, 2, 4)
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ho(1,2)ha(1,2) = hohgbasbis + hohebisb2e

ha(1)ho(1,2,4) = hohebasbie + hohebisbae + hahaho(1,2,3)

h1(1,3)ha(1,3) =0

ho(1, 3)b1abas = heha(1)bagb1s + heha(1)b14bag + ha(l, 3)basb1s

hahgbasbse = haha(1,2)bgs + hahgbssbag

bs7bos = h3bgr + h2bag + bagbar

haho(1,2,5)bas = hohahgbasbie + hohohebisbos + haheho(1,2)b2g

hs(1)ho(1,2,5) = hghshg(1,2,4)

heho(1)ho(1,2,5) = hab13bsrbos + habsrboszbiy

ha(1,3)basboa = hoho(1,2,3)baa + heha(1)baabos + heha(1)boabas + ha(1, 3)baabos

ho(1,2)ho(1,3,4) = hihebasbos + h3hebasbos + hebozbasbie + hebozbisbag

ho(1,3)ho(1,2,4) = h2hgbasbog + h2hebagbos + haho(1)ho(1,2,3) + heboobasbig +
hebo2b15b26

ho(1,2,4)bogb14 = heho(1,2)b13bos + heho(1,2)bogbie + ho(1,2,5)b13bos5 +
ho(1,2,5)bo3b1s + ho(1, 2, 4)b13bos

h1(1,3)hg(1,3,5) = h1hshshg(1,2,4)

b14ba7 = h3boy + h2big + bi3bsy + bs7bis

ha(1,3)boab1s = hoho(1,2,3)b1a + heha(1)b14bos + heha(1)boabis + ha(1, 3)b14bos

bazbos = h3b17 + hdbog + boabar + bszbos + bosbsy

ho(1,2,4)bss = hoha(1,2)b1s + h3ho(1,2,3) + ho(1,3,4)bos

ho(1,2)ho(1,2,4) = h3hebisbos + h3hebosbis + hebi3basbos + hebi3bagbos + hebosbasbie +
hebozbi5b26

h1(1,3)ho(1,2,5) = hshy(1)ho(1, 2, 4)

ha(1,3)bag = hoha(1)b3s + hZha(1,2)
ho(1)ba7 = hahybz7 + heha(1,2)
(

ho(1,2,5)b14bos = hgho(1, 2)bagb1g+heho(1, 2)b1abag+h1 (1)2ho(1, 2,3)+ho(1,2, 5)bagbrs
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hebasbssboa = hoha(1)ho(1,2,3) + hihebagbos + heha(1)?bos + hebaabssbos + hebssboabas

ho(1,3)h1(1,2) =0

h3(1)bs7 = h3hsbay

ho(1,3,5)bsg = h2ho(1,3,4) + ho(1)ha(1)bs

ho(1,3)ba7r = haho(1)b37 + heho(1,3,4)

ho(1,3)ho(1,2,3) = h3hebisbog + h3hebosbie + hebssb1abos + hebssboabie + hgb14bssbos +
hebasboabis

h1(1,2)ho(1,3,5) = hihsghsho(1,2,3)

hohgbsgboabis = hohaho(1,2,3)b14 + hohgbssb14bos + hohgbssboabig + hohebi14b36bos

ho(1,2,5)bsg = hohoha(1)big + h2ho(1,2,4) + ho(1)ha(1)bog

ho(1,2)ba7 = hohohybi7 + haho(1)bo7 + heho(1,2,4)

heho(1)ho(1,3,4) = hhah3bog + h3habs7bos + hah3boabie + haboabsrbis
h1(1,3)bs7 = hshi(1)baz

ho(1,2)ho(1,2,3) = hgbaabi5bos + hebaabosbi6 +heb14b25bos + heb14bagbos +hebasboabis +
heboabisb2e

hi(1,2)hg(1,2,5) = hshi(1)ho(1,2,3)

hahgha(1,2) = hah3bsy + habssbay

hohghgbosbi5b26 = hoh%ho(l, 2,4)b15 + hohg(1,2,4)b13bo5 + h%h4h6b15b06 +
h3hahgbosbie + hahahgbi3basbos + hohahebi3bagbos + hahahgbosbasbie

h1(1,3)h9(1,2) =0

bosb1absy = h3b1ab17+h3bosbaz +h3b14bos +h3boabig+boab1abar +b13boabs7 +bs7b1abos +
bs7b04b15

heho(1)ho(1,2,4) = hyhZbisbos + hahZbosbis + habi3bs7bos + habs7bosbis

h1(1,3)ho(1,3,4) = h1hs(1)ho(1,2,4)

hahabs7bogbis = hoheho(1,2,4)b1s + hahgh2bisbog + hahah3bosbig + hahabi3bs7bos

bagbs7 = h2bgy + hy(1)?
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hsho(1,3,4)bas = hohsha(1,2)b1s + hghz(1)ho(1,2,4)

ho(1,2,5)b3s = hoha(1,3)big + hZho(1,2,3) + ho(1,3,5)bg

ho(1,2)b37 = hoha(1)bi7 + heho(1,2,3) + ho(1, 3)b2y

hebaabssboabrs = hoha(1)ho(1,2, 3)b1a+h3heb1abasbos+h3heboabisbas+heha(1)?b1abos+
heha(1)2bosbis + heb2ab14bssbos

h1(1,2)bs7 = h1hghsbar + hshi(1)bsz

hahahgho(1,2,4) = hoh3h3bi7 + hoh3barbis + hoh3bizbar + hobizbasbar

hahahgboabisbag = hoh3ho(1,2,3)b1s + hoheho(1, 2)basbig + hoho(1,2,5)basbis +
hoho (1, 2,4)b14bas + h3heha(1)b15bog + h3heha(1)bosbies + hahahebiabasbos +
hahaheb14bagbos + hahahebasbosbie

h1(1,2)ho(1,2) =0

ho(1,3)bosbsr = hiho(1,3)b17 + haho(1)boabst + hgho(1,3)bos + heho(1, 3, 5)bos +
heho(1,3,4)bos + ho(1, 3)bo2ba7

heho(1)ho(1,2,3) = hah2b14bos + hahZbosbi + habs7brabos + habs7boabis

h1(1,2)ho(1,3,4) = hi1hs(1)ho(1,2,3)

heha(1)bsgboabis = hoh3ho(1,2, 3)b1s + hoho(1,2, 3)bssb1a + h3heha(1)b15bos +
h3heha(1)bosbig + heha(1)bssbiabos + heha(1)bssboabis + heha(1)b14b3ebos

hahabs7boabis = hohiho(1, 2)b1g+hoheho(L, 2, 5)b1s+hoheho(L, 2, 4)b1g+hahahZbiabos+
hahah2bosbig + hahsbszbi4bos

h1(1,2)ho(1,2,4) = h1(1,3)ho(1,2,3)

ha(1)ho(1,3) = hoh2bsy + habsrbsg

hahghgho(1,2,3) = hoh3bssbi7 + hoh3bisbsr + hohibiabay + hobisbasbsy

hgha(1)boabisbag = hohgo(1,2,3)bagbis + hoho(1, 2, 3)b14bos + hgha(1)bagbi5bp6 +
heha(1)b2bosbis + heha(1)b1abasbos + heha(1)b14basbos + heha(1)basboabie

ha(1)ho(1,3,5) = hgho(1)bs7 + ho(1)bs7b36

b13b57b36 = h2h2bar + h2bs7bog + h2bi3bsy + ha(1)2b1y
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ho(1,2,3)bag = hoha(1,2)bie + ho(1,3,4)bog + ho(1,2,4)b3g

ha(1)ho(1,2,5) = hohah2bi7 + hohabszbis + h2ho(1)baz + ho(1)bs7bag

h1(1,2)by7 = hihg(1)ba7 + h1(1,3)bs7

heha(1)ho(1,2,3) = hoh3bisbar + hoha(1)2b17 + hobaabisbs7 + hobssbiabar + hobrabasbsy

hohgbssboab1sb26 = hohohao(1)ho(1,2,3)b15 + hohaho(1, 2, 3)b14b2s + h2h6h2(1)2b15b06 +
hahgha(1)%bosbie + hahebssbiabasbos + hahebssbiabasbos + hahebssbasbosbie

bagbs7bse = h3h2bar + h3bsrbag + h2basbsy + ha(1,3)?

ha(1,3)ho(1,3,5) = hoh3h2bi7 + hoh3bsrbie + hoh2biabsy + hobs7bi4bse

ho(1,3)basbsr = hoha(1)b3sb17 + hoha(1)b15bs7 + heho(1, 2, 3)bss + ho(1, 3)bssbaz

boabs7b14b3e = h3h3h2bo7 + h3h3bsrbos + hih2boabsy + hibs7bsebos + h3h2boabi7 +
h3boabs7bie + h2bogbiabsy + ho(1,3,5)

ha(1)ha(1,2) = habsgbsr + habssbar

hohgho(1,2,3)bss = hohaha(1)b3sbi7 + hohoha(1)b15b37 + hohabssbiabar + hohab14basbsy

ha(1,3)ho(1,2,5) = hoh2basbi7 + hoh2biabar + hobaabstbig + hobsrbiabag

ha(1)ho(1,3,4) = ho(1)bagbs7 + ho(1)b3sbaz

boabs7brabag = h3h2bisbir + h3bszbiabig + h2h2basbor + h3h2boabar + h3bogbsrbos +
h2bs7boabag + h3h2bosbir + h3bs7bosbie + h2boabiabar + ho(1,3,5)ho(1,2,5)

b13bssbar = h3bagbar + hibarbas + hibsrbis + ha(1)*b15 + bisbagbsy

ho(1,3,4)bagbas = hohha(1,2)big + hoha(1, 2)bagbis + hiho(1, 3,4)bag + hg(1)%ho(1, 2,4)

ha(1)ho(1,2,4) = hohabsgb17 + hohabazbie + ho(1)bagbar + ho(1)barbog

bs7bosbrabag = h3h2boabi7 + h3bszboabrs + h2hy(1)%bo7 + h2bigboabar + h2basbosbrr +
h2bogb14bay + h1(1)2b57b0s + ho(1,2,5)? + bigbsrboabas + boabsrbosbie

baabssbar = h3bsabsy + h3bagbar + h3bazbag + h2basbsy + ha(1,3)ha(1,2)

ha(1,2)ho(1,3,5) = hoh3bsebr7 + hoh3bazbie + hoh2bisbsy + hoh2bssbie + hobsrbsebis

ha(1,3)ho(1,3,4) = hoh3bagbi7 + hoh3bazbig + hoh2bisbsy + hoh2bsebig + hobsrbsebis

ho(1,3,4)basbss = hoha(1, 2)bssbig+hoha(1,2)bsgbs+h3(1)2ho(1, 2,3)+ho(1, 3, 4)bssbag
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ha(1)ho(1,2,3) = hohabgeb17 + hohabsrbie + ho(1)b3ebar + ho(1)basbs7

boabs7b3eb1s = h3h3bagbor + h2h3bazbos + h3h2bszbos + h2hZbsebog + h3bsrbsebos +
h3boabagbi7 + h3boabazbis + hEboabisbsr + hiboabsebis + ho(l, 3,5)Rho(1,3,4)

ha(1,2)ho(1,2,5) = hoh3bszbig + hoh2basbi7 + hoh2bisbar + hohZbagbig + hobaabarbie +
hobs7b15b26

ha(1,3)ho(1,2,4) = hoh3bsebi7 + hoh2basbi7 + hoh2bisbar + hohZbagbig + hobi3bsebar +
hob13ba6b37 + hobabarbie + hobs7bi5b26

boabs7bisbag = h3h2bisbi7 + h3h2b2 s + h3b13bsgbir + hibisbarbie + h2bsrbisbis +
h2h2basbo7+h2h2bosbar+hh2bagbos+h3baabarbos+hibs7bosbos +h3bagbogbi7+h3bosbarbig+
hZbo2b15bar + h§bozbasbis + ho(1)2bssbar + ho(1)?bagbsr + ho(1,3,5)ho(1,2,4)

ho(1,2,5)ho(1,3,4) = h3bisbsabir + h3b13bsrbi + ho(1)2bsgbar + ho(1)2bagbsy +
ho(1,3,5)ho(1,2,4)

heho(1,2,4)b36 = hohohabsebi7 + hohahabszbis + hoheha(1,2)b1s + haho(1)bsgbr +
haho(1)bogbs7 + heho(1,3,4)bog

bs7bogbisboes = h3h2bisbor + h3h2bosbir + h3h3bigbos + h3bsrbosbie + h3bosbsrbis +
h2b13basbo7 + h2b13bosbar + h2bosbasbir + h2bogbisbay + hibisbasbos + habosbagbis +
h1(1)bazbos + ho(1,2,5)ho(1, 2, 4) + bi3bsrbagbos + b2abosbarbie

ha(1,2)bs7 = hohy(1)bs7 + ha(1, 3)baz

ha(1,3)ho(1,2,3) = hoh3bagbr7 + hoh3biebar + hobaabsebi7 + hobaabsrbis + hob14bsebar +
hob14b26b37

basbagbar = h3baebsr + ha(1)%bar + ha(1,2)? + bysbarbag + bagbasbsy

ho(1,3,4)bs7 = ho(1)ha(1)bg7 + ho(1,3,5)baz

bs7bseboabis = h3h3bigbir + h3h3bagbor + h3h3barbos + h3basbssbor + hbasbszbos +
h3h2bosb17 + h3boabiabar + h3bagboabir + h3bogbsrbis + h2b1absrbos + hboabisbsy +
h&b14bssbos + habssboabis + ho(1,3,5)ho(1,2,3) + bsrb1absgbos

boab1abagbsy = h3h3bigb1r + hdbiabsebir + h3biabsrbig + h¥h3bagbor + h3h3barbos +
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h3baabssbor + h3basbsrbos + hibssboabar + hiboabosbsy + h3hEbosbiz + hiboabigbor +
h3basboabr7 + h3bosbsrbis + ho(1,3,5)ho(1, 2,3) + boab1abssbar

ha(1,2)ho(1,3,4) = hoh3bsrbis + hoh3(1)*b17 + hobssbarbis + hobagbisbsr + hobssbarbis

ho(1,3)bagbs7 = hoha(1)b3ebi7 + hoha(1)b37big + heho(1,2,3)bse + ho(1, 3)bsgbar

ho(1,2,4)bs7 = hohoha(1)b17 + ho(1)ha(1)bar + ho(1, 2, 5)bsz

boabaebarbis = h3h3bsrbos + hhs(1)2bo7 + h3bssbarbos + hibagbsrbos + hibssbarbos +
hiboabsrbis + h3(1)2boabi7 + ho(1,3,4)? + boabssbarbis + bo2bagbisbsy

bs7boabisbag = h3basbiebi7 + h3b1abibar + h2bagbarbos + h3boabsrbie + h3bosbigbar +
h2boabsbor + h2basbosbi7 + h2b1abasbor + h2biabosbar + h2basboabir + h2boabisbor +
h&b14bagbos + hboabasbie + h1(1)?bsrbos + ho(1,2,5)ho(1, 2, 3) + baabosbsrbie + bs7b1abasbos

hohgho(1,2,3)bss = hohaha(1)bsebi7 + hohoha(1)bs7bi6 + hohabi4bssbar + hohab14bagbsy

ha(1,2)ho(1,2,4) = hohfbagbi7 + hohibisbar + hobagbasbi7 + hobagbisbar + hobasbarbis +
hoba7b15b26

ho(1,3,5)ho(1,2,4)b1g = hEh2b14b34 + h3b13b14bsgbi7 + hdb13b14b37b16 + h2 hibasbigbos +
h2hZboabagbis + hiho(1,2,5)ho(1,2,3) + h3hZbosb3s + hdboabiabagbis + ho(1)%b1absabor +
ho(1)2b14bagbs7 + ho(1,3,5)ho(1, 2, 5)b1s

boobazbisboes = h3hibigbir + h3basbisbir + h3hibagbor + h3h3barbos + h3bagbasbor +
hibagbosbar + hibasbarbos + hibarbagbos + hboabigbar + h3(1)2bosbir +ho(1, 3,4)ho(1,2,4) +
bo2baeb15b27 + bo2b25b47016

ho(1,2,3)bs7 = hoha(1,3)b17 + ho(1,3,5)ba7 + ho(1,2,5)bs7

h1(1,3)b36bar = h1h3(1)bagbar + h1h3(1)bazbos + ha(1, 3)bagbsz

bosbarbisbag = h3h3bosbi7 + h3bacbosbrr + h3barbisbos + h3barbosbis + hibizbarbos +
h3bosbagbi7 + hibosbibar + h1(1,3)%bo7 + ho(1,2,4)? + b13bagbosbar + b13basbarbos +
b13b47b26b05 + babozbasbi7 + bagbo3bisbar + bo3basbarbie

ho(1,2)ho(1,2,3) = hobssbagb17 +hobssb16b27 + hobasbssbi7 +hobasbsrbie +hobssbisbar +

hob15b26b37
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heho(1,2,3)baabsg = hoh3ha(1)bagbr7 + hoh3ha(1)bigbar + hoha(1)basbsgbi7 +
hoha(1)baabsrbie + hoha(1)b1absgbar + hoha(1)biabagbsy + h3heho(1,2,3)bag

boabisbagbsr = h2bssbiebi7 + h3bssbisbir + h2bssbagbor + hbssbarbos + hibasbssbor +
h2bosbsrboe + hbsabosbar + hbagbszbos + h3bagbosbir + hs(1)2boabi7 + ho(1, 3, 4)ho(1, 2, 3) +
bo2b35b16b27 + bo2b25b37b16 + bo2036b15027

bogbisbacbsy = hdbasbigbir + h3bisbagbir + h3basbarbos + h3bssbogbi7 + h3bsebosbir +
h3b15bs7bo6 + h3bsrbosbie + hib1abarbos + hiboabagbiz + h3boabigbar + h2basbosbir +
h2bisbosbar + h1(1,3)h1(1,2)bo7 + ho(1,2,4)ho(1,2,3) + bogbasbisbar + boobisbagbar +
b13b25b37bos + b13b36b05b27 + b13b26b37005 + bagbasboabi7 + bagboabisbar + bosbasbsrbie

ho(1,2,3)baz = hoha(1,2)b17 + ho(1, 3, 4)ba7 + ho(1,2,4)b37

boabisbagbsr = h3bisbarbos -+ h3basbosbiz + h3bosbiebar + ha(1)2bogbi7 + h1(1,2)%bo7 +
ho(1,2,3)2 + baabssbosbi7 + baabisbszbos + baabsrbosbie + bssbrabarbos + basboabagbi7 +
b3sboabiebar + b14basb37bos + b14b36b05027 + b14baeb37005 + b25b36b04b17 + b25boab3zbie +
b3eboabisbar

heho(1,2, 3)basbss = hoha(1)b3sbagbi7 + hoha(1)bssbiebar + hoha(1)basbsebir +
hoha(1)basbsrbie + hoha(1)b3ebisbaz + hohao(1)b15b26bsr + heho(1, 2, 3)bssbos

ho(1,3,5)ho(1,2,4)b36 = hZh3bsgbrebrz + h3h3bazb?s + h3h2bisbsrbis + h3h3bsab?s +
h3b13b3sb17 + hdbisbasbsrbis + habsrbssbisbie + hEho(1,3,4)ho(1,2,3) + ho(1)2b3sba7 +
ho(1)2b36bagbsr + ho(1,3,5)ho(1, 3, 4)bag

ho(1,2,4)b3gbar = hoha(1,2)bagbr7 + hoha(1,2)barbi + ho(1, 3,4)bagbar +
ho(1, 3, 4)bazbag + ho(1,2,4)basbs7

A.10 Relations of HX; organized by patterns

This section is coordinating with Conjecture 2.4.3 and Theorem 2.4.5.

Relations (1)
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h3bia + h3bos + bogbas = 0

h3b1s + h3boa + bozbas + b3sbog = 0

h3b16 -+ h2bos + boabag + bagboa + bogbss = 0

h3b17 + hZbog -+ bozbar + bs7bos + bogbsy + bazbos = 0

h3bis -+ h3bo7 + bogbas + besbos + bosbss + bssbos + boabag = 0

Relations (2)

hoh1 =0
haho(1) =0
hoh1(1) =0

ho(1)hi(1) =0
hsho(1,3) = 0
ho(1)h3(1) =0
hsho(1,2) = 0
hoh1(1,3) = 0
ho(1)h1(1,3) =0

h7ho(1,3,5) =0
h7ho(1,2,5) =0
hs(1)ho(1,3) =0
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hiho(1,3,4) = 0
ho(1)hs(1,3) =0
hs(1)ho(1,2) =0
hrho(1,2,4) = 0
hoh1(1,3,5) = 0
ho(1)h1(1,3,5) = 0
h7ho(1,2,3) = 0
hoh1(1,2,5) = 0

ho(1)h1(1,2,5) =0
ho(1,3)h3(1,3) = 0
hs(1,3)ho(1,2) = 0
ho(1,3)h1(1,3,5) =
ho(1,2)h1(1,3,5) =
ho(1,3)h1(1,2,5) =0

hohi(1,3,4) =0
ho(1,2)h1(1,2,5) =0
ho(1)hi(1,3,4) =0
hohi(1,2,4) =0
ho(1)h1(1,2,4) =0
ho(1,3)hs(1,2) =0
ho(1,2)h3(1,2) = 0
ho(1,3)h1(1,3,4) =0
hoh1(1,2,3) =0
ho(1,2)h1(1,3,4) =0
hs(1)ho(1,3,5) =0
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ho(1)h1(1,2,3) =0
ho(1,3)h1(1,2,4) =0
hs(1)ho(1,2,5) = 0
ho(1,2)h1(1,2,4) =0
hs(1)ho(1,3,4) = 0
ho(1,3)h1(1,2,3) =0
h3(1,3)ho(1,3,5) =0
hs(1)ho(1,2,4) = 0
ho(1,2)h1(1,2,3) =0
h3(1,3)ho(1,2,5) =0
ho(1,3,5)h1(1,3,5) =0
hs(1)ho(1,2,3) =0
hi(1,3,5)ho(1,2,5) =0
ho(1,3,5)h1(1,2,5) =0
ha(1,3)ho(1,3,4) =0
ho(1,2,5)h1(1,2,5) =0
h3(1,3)ho(1,2,4) =0
hi(1,3,5)ho(1,3,4) =0
hi(1,3,5)ho(1,2,4) =0
h3(1,3)ho(1,2,3) =0
h1(1,2,5)ho(1,3,4) =0
h3(1,2)ho(1,3,5) =0
hi(1,2,5)ho(1,2,4) =0
hi(1,3,5)ho(1,2,3) =0
h3(1,2)ho(1,2,5) =0
(1,

ho(1,3,5)h1(1,3,4) =0
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ho(1,2,5)h1(1,3,4) =0
hi(1,2,5)ho(1,2,3) =0
ho(1,3,5)h1(1,2,4) =0
h3(1,2)ho(1,3,4) =0

ho(1,2,5)hq(1,2,4) =0
h3(1,2)ho(1,2,4) =0

ho(1,3,4)h1(1,3,4) =0
hi(1,3,4)ho(1,2,4) =0

(
(
(
(
(1,
(1,
(1,
(1,
h3(1,2)ho(1,2,3) = 0
(
(
(
(
(
(
(
(
(

Relations (3A)
hohabig + ho(1)b2g4 =0
hoha(1)b14 + h3ho(1,2) + ho(1,3)bag = 0
hoha(1)b15 + ho(1,3)bas + ho(1,2)bgs = 0
haho(1)b3g + ho(1,3)bsg = 0
hohahabig + haho(1)b2 + ho(1,2)bag = 0
hoha(1)bi6 + ho(1,3)bag + ho(1,2)bge = 0
hoha(1,3)b14 + h3ho(1,2,5) + ho(1,3,5)bey = 0
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hoha(1,2)b14 + h3ho(1,2,4) + ho(1,3,4)bg = 0

hoha(1,3)b1s + ho(1,3,5)b2s + ho(1,2,5)bgs = 0

hoha(1,2)b15 + h3ho(1,2,3) + ho(1,3,4)bas + ho(1,2,4)bg5 = 0
h2ho(1,3,4) + ho(1)ha(1)bge + ho(1,3,5)bss = 0

hohahy(1)big + h2ho(1,2,4) + ho(1)ha(1)bag + ho(L,2,5)byg = 0
hoha(1,3)b16 + h2ho(1,2,3) + ho(1,3,5)bog + ho(1,2,5)bg6 = 0
hoha(1,2)b1g + ho(1,3,4)bog + ho(1,2,4)b3g + ho(1,2,3)bsg = 0
ho(1)ha(1)bg7 + ho(1,3,5)ba7 + ho(1,3,4)bs7 = 0

hohaha(1)b17 + ho(1)ha(1)ba7 + ho(1,2,5)ba7 + ho(1,2,4)bs7 = 0
hoha(1,3)b17 + ho(1,3,5)bay + ho(1, 2, 5)bg7 + ho(1,2,3)bs7 = 0
hoha(1,2)b17 + ho(1, 3,4)ba7 + ho(1,2,4)bg7 + ho(1,2,3)bg7 = 0
hgho(1,3)bsg + ho(1,3,5)bggs = 0

heho(1,2)bss + ho(1,2,5)bgg = 0

haheho(1)b3s + heho(1,3)bas + ho(1,3,4)bes = 0

hohahyhgbis + haheho(1)bas + heho(1,2)bas + ho(1,2,4)bgs = 0
hohgha(1)b1g + hgho(1, 3)bag + hghg(1,2)bsg + ho(1,2,3)bgs = 0
ho(1)ha(1)bsg + ho(1,3,5)bsg + ho(1,3,4)bsg = 0

hohaha(1)b1g + ho(1)ha(1)bag + ho(1,2,5)bag + ho(1,2,4)bsg = 0
hoha(1,3)b1g + ho(1,3,5)bag + ho(1,2,5)bsg + ho(1,2,3)bsg = 0
hoha(1,2)b1g + ho(1,3,4)bag + ho(1,2,4)bss + ho(1,2,3)bsg = 0

Relations (3B)
hih3bos + h1(1)bpz = 0
h2ho(1,2) + haho(1)brg + ho(1,3)b13 = 0
haho(1)boa + ho(1, 3)bog + ho(1,2)bo2 = 0
h1h3(1)boz + hi(1,3)bo2 = 0
h1h3hsbos + hihg(1)bos + hi(1,2)bo2 = 0
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hshi(1)bos + hi(1,3)bos + h1(1,2)bp3 =0

h1ho(1,2,5) + ho(1)ha(1)b14 + ho(1,3,5)b13 = 0

ho(1)ha(1)bos + ho(1,3,5)bo3 + ho(1,2,5)bga = 0

h2ho(1,2,4) + hahgho(1)big + ho(1)ha(1)b1s + ho(1,3,4)b13 = 0
haheho(1)bo6 + ho(1)ha(1)bos + ho(1,3,4)bo3 + ho(1,2,4)bg2 = 0
h3ho(1,3,4) + heho(1, 3)bsg + ho(1, 3,5)bzs = 0

heho(1, 3)bag + ho(1,3,5)bas + ho(1,3,4)bas = 0

h2ho(1,2,3) + heho(1, 3)b1g + ho(1,3,5)b15 + ho(1,3,4)b1g = 0

(1,
(
(1,
hgho(1,3)boe + ho(1,3,5)bos + ho(1,3,4)bos + ho(1,2,3)bga = 0
h3ho(1,2,3) + heho(1,2)bag + ho(1,2,5)bas + ho(1,2,4)boy = 0
heho(1,2)b1g + ho(1,2,5)b15 + ho(1,2,4)b14 + ho(1,2,3)b13 =0
hgho(1,2)boe + ho(1,2,5)bos + ho(1,2,4)bos + ho(1,2,3)byz = 0
h1hs(1,3)bos + h1(1,3,5)bg2 = 0

hihghs(1)bos + hihs(1,3)boa + h1(1,2,5)bp2 = 0

h1(1)h5(1)bos + h1(1,3,5)bos + h1(1,2,5)bp3 = 0

hihs(1,2)by3 + h1(1,3,4)bgo = 0

hihshsh7bo7r + hihshs(1)bog + h1hs(1,2)bog + hi(1,2,4)bg =0
hshzhi(1)bo7 + h1(1)hs(1)bos + h1(1,3,4)bosg + h1(1,2,4)bo3 = 0
hihzhs(1)bor + h1hs(1,3)bos + h1hs(1,2)bos + h1(1,2,3)bo2 = 0
hrhi(1,3)by7r + h1(1,3,5)bog + h1(1,3,4)bos + h1(1,2,3)by3 = 0
h7ha(1,2)bo7 + h1(1,2,5)bos + h1(1,2,4)bos + h1(1,2,3)bos = 0

Relations (4A)
haho(1,3) + ho(1)h2(1)
haho(L,3,5) + ho(1)h2(1,3) = 0
hahgo(1,3,5) + hg(1)ho(1,3) =0
haho(1,2,5) + ha(1)ho(1,2) = 0
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hoho(1,3,4) + ho(1)ho(1,2) =0

ho(1)hg(1,3,5) + ho(1,3)ha(1,3) =0

ho(1)hg(1,2,5) + ho(1,3)hg(1,2) =0

ho(1)hg(1,3,4) + ho(1,3)ha(1,2) =0

hohgho(1,2,3) + ho(1)ho(1,2,4) + ho(1,2)ha(1,2) =0
ho(1,3)ho(1,3,4) + ho(1,2)hg(1,3,5) =0

hohg(1)ho(1,2,3) + ho(1,3)ho(1,2,4) + ho(1,2)hy(1,2,5) =0

Relations (4B)
ho(1,3)ho(1,2,5) + ho(1,2)ho(1,3,5) =0
haho(1)ho(1,2,3) 4+ ho(1,3)ho(1,2,4) + ho(1,2)ho(1,3,4) =0

Relations (5)
hoho(1) + habog =0
hob1s + haho(1) =0
hibos + ho(1)% + bozbiz = 0
hoho(1,3) + ha(1)bo2 = 0
hohabia + ho(1)ha(1) =0
hoho(1,2) + hohgbog + ho(1)bgg = 0
hihabos + haboabis + ho(1)ho(1,3) = 0
hahg(1,3) 4+ ho(1)b3s =0
hab13bos + habozbis + ho(1)ho(1,2) =0
hohabis + haho(1,2) 4+ ho(1)bos =0
hoh3b1s + hobssbia + ha(1)ho(1,3) = 0
h2h3bos + h3bssboa + h3boobis + ho(1, 3)% + boabssbis = 0
hob24b15 + hob1abes + ha(1)ho(1,2) =0
h3bi3bos + h3bosbis + ho(1, 3)ho(1,2) + bisbssboa + bssbosbia = 0

h3b1abos + h3boabis + ho(1,2) + bigbasbos + bi3basbos + baabosbis + bogbiabos = 0
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hoho(1,3,5) + ha(1, 3)bgs
hoha(1)b1g + ho(1)ha(1,3) =
hoho(1,2,5) + haha(1)bos + ha(1,3)boz = 0
hiha(1)bos + ho(1)ho(1,3,5) + hy(1)bozbrs = 0
heho(1)bge + ha(1)ho(1,3) =
ho(1)ho(1,2,5) 4+ ha(1)bi3bos + ha(1)bozbra =0
hohahebie + heho(1)b2e + ha(1)ho(1,2) =0
hoho(1,3,4) + ha(1,2)bge = 0
hohahebie + hoha(1)b15 + ho(1)ho(1,2) =0
hoh3hebie + hohebi4bss + ho(1,3)ha(1,3) = 0
hoho(1,2,4) + hahahebos + haha(1)bos + ha(1,2)bog = 0
h2hahgbog + h3hya(1)bos + hahebozbis + ho(1)ho(1, 3,4) + ha(1)babis = 0
h2h2heboe + h2habssboa + h3hebozbis + hebozbiabss + ho(1,3)ho(1,3,5) =0
hohgbaabie + hohebrabog + ha(1,3)ho(1,2) =0
haheb13boe + hahebozbie + ho(1)ho(1, 2, 4) + ha(1)b13bos + ha(1)bo3bis = 0
h3hebisbos + h3hebosbie + hebi3bssboa + hebosbiabse + ho(1,3)ho(1,2,5) = 0
hoho(1,2,3) + hgha(1)byg + ha(1,3)bgs + ha(1,2)bggy =0
h3heb14bos + h3heboabig + hebizbasbos + heb13boabas + heba4bosbis + hebozbiabas +
ho(1,2)hg(1,2,5) =0
hgho(1,3,5) + ho(1,3)bs7 =0
hahgb14bos + haheboabie + ho(1)ho(1,2,3) + ha(1)b14bos + ha(1)boabrs = 0
hohebssbie + hohebsebis + ho(1,3)ha(1,2) =0
hgho(1,2,5) + ho(1,2)bs7 =0
hthebssbos + hihebssbos + hebo2bssbie + hebozbssbs + ho(1,3)ho(1,3,4) =0
hohgbasbie + hohebisboe + ho(1,2)ha(1,2) =0

heb13b35bo6 + heb13b36bos + hebssbozbie + hebosbsebis + ho(1, 3)ho(1,2,4) =0
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h3heb1sbos + h3hebosbie + hebisbasbos + habi3bagbos + hebozbasbie + hebosbisbes +
ho(1,2)hg(1,2,4) =0

hahg(1)bs7 + hgho(1,3,4) + ho(1,3)bg7 =0

h3hebisbos + h3hebosbie + hebssbiabos + hebssboabie + hebiabssbos + hebsgboabis +
ho(1,3)ho(1,2,3) =0

hohahyb17 + haho(1)ba7 + heho(1,2,4) + ho(1,2)bg7 = 0

heb24b15bo6 + heba4bosbie + hebrabasbos + hebiabagbos + hebasboabie + heboabisbag +
ho(1,2)ho(1,2,3) =0

hoha(1)b17 + heho(1,2,3) + ho(1, 3)bar + ho(1,2)bg7 = 0

h2ho(1)bs7 + ho(1)bsrbge + ha(1)ho(1,3,5) =0

hohah2b17 + hohabszbi + h2ho(1)bar + ho(1)bs7bag + ha(1)ho(1,2,5) = 0

hoh3h2b17 + hoh3bs7bi + hoh2b14bsy + hobsrbrabse + ha(l, 3)ho(1,3,5) = 0

h2h2h2bo7 + h2h3bs7bos + hh2boabst + h3bs7bsgbos + h3h2boobir + h3boobsrbie +
h2boab1abst + ho(1,3,5)2 + boabs7brabss = 0

hoh2baab17 + hoh2b1abar + hobaabsrbie + hobszbrabag + ha(1,3)ho(1,2,5) = 0

ho(1)bagbs7 + ho(1)b3ebar + ha(1)ho(1,3,4) =0

h3h2b13bo7 + h3h2bosbi7 + h3b13bsrbos + h3bs7bogbis + h2bizboabst + h2bogbiabsy +
ho(1,3,5)ho(1,2,5) + b13bs7b36b04 + b57b03b14b36 = 0

hohabagbi7 + hohabazbie + ho(1)bagbar + ho(1)bazbas + ha(1)ho(1,2,4) =0

h3h2b14bo7 + h3h2boabi7 + h3bsrb1abos + h3bs7boabis + h2bizbaabor + h2bigbosber +
h2baabogbi7 + h2bosb1abar + ho(1,2,5)? + bigbaabsrbos + bi3bsrboabas + baabs7bosbis +
bs7bo3b14b26 =0

hoh2bssbi7 + hoh2bisbsr + hobssbsrbie + hobs7bsebis + ha(1,2)ho(1,3,5) = 0

hohabsebi7 + hohabszbie + ho(1)b3ebar + ho(1)bagbs7 + ha(1)ho(1,2,3) =0

h2h2bssbor + h2h2bsrbos + h3bssbsrbos + hibs7bssbos + h2boabssbiz + h2boabisbsy +

ho(1,3,5)ho(1,3,4) + bp2b3sbs7bie + bo2bs7b3sb1s = 0
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hoh2basbi7 + hoh2bisbar + hobsrbasbig + hobszbisbag + ha(1,2)ho(1,2,5) = 0

h2b13bs5bo7+h2b13b37b05+h2b35b03b17+h2bosbisbsr+ho(1, 3, 5)ho (1, 2, 4)+b13b35bs7006+
b13057b36b05 + 035057003016 + b57b03036D15 = 0

h3b13ba6bor+h3b13ba7b06+h3bagbosbi7+h3bosbarbis+ho(1, 2, 5)ho(1, 3,4)+b13bagboabsr+
b13b36b47004 + bagbo3b14b37 + bo3b14b36047 = 0

h3h2bisbo7 + h3h2bosbi7 + h3bsrbisbos + h3bs7bosbis + h2bisbasbor + h2bisbosbar +
h2bogbasbi7 + h2bosbisbar +ho(1, 2, 5)ho(1, 2, 4) 4+ b13bsrbasbos +b13bs7basbos + bsrbosbasbie +
b57b03015026 = 0

hoh3bagbi7 + hoh3bigbar + hobaabsebi7 + hobaabszbig + hobiabsebar + hobiabagbsy +
ho(1,3)hy(1,2,3) =0

h3h2bisbor + h3h2bosbi7 + h3bs7bisbog + h3bs7bosbie + h2bssbiabor + h2bssboabir +
h2b14b37bos + h2boabisbsr +ho(1, 3, 5)ho(1, 2, 3) +bssbs7b14b06 +b3sbs7boabis + bsrb1absebos +
b57b36004b15 = 0

hoh3bsgbi7 + hoh3bsrbig + hobssbagbi7 + hobssbazbis + hobasbisbst + hobssbarbis +
ho(1,2)hy(1,3,4) =0

hih3bssbor + hihibsrbog + h3bssbasbor + hibssbarbos + hibagbsrbos + hibssbarbos +
h3bo2b3sb17 + hibozbsrbie + ho(1,3,4)% + boobssbagbi7 + bo2bssbarbie + bozbagbisbsr +
bo2036047b15 = 0

h2boabisbor + h2basbosbir + h2b1abasbor + h2biabosbar + h2basbosbir + h2boabisbar +
ho(1,2,5)ho(1, 2, 3)+b24b57b15b06+b24b57b05016 + 57014025006 +b57b14b26b05 +b57025b04b16 +
b57b04b15026 = 0

hoh3bagb17 + hoh3bigbar + hobagbasbi7 + hobagbisbar + hobasbarbie + hobazbisbeg +
ho(1,2)hy(1,2,4) =0

h3b13b36bo7+h3b13b37b06+h3b03b36b17+h3bosbsrbi+ho(1,3,4)ho(1,2, 4)+b13b35bagbor+
b13b35b47b06 + b13ba6b37005 + b13b36b47b05 + b35b46b03b17 + b35003b47016 + bagbo3bisbsr +

bo3b3eba7b1s = 0
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h3h3b16bor + h3h3boabi7 + h3bagbisbor + h3bagbosbi7 + h3barbisbos + h3bazbosbie +
h3b13bagbo7 + hib13barbos + hibosbagbir + hibosbibar + ho(1,2,4)% +
b13b46b25007 + b13bagbosbar + b13bas5barbos + b13barbagbos + basbosbasbiz + bacbozbisbar +
bogbasbarbie + bo3barbisbag = 0

hobasbaeb17 + hobasbiebar + hobasbsebi7 + hobasbsrbie + hobasbisbar + hobisbagbar +
ha(1,2)hg(1,2,3) =0

h3h3b1sbo7 + h3h3boeb17 + h3bagbisbor + h3basbosbiz + h3barbisbos + h3barbosbie +
h3b14b36bo7 + h3b1absrbog + h3bssboabr + hiboabsrbis + ho(1,3,4)ho(1, 2, 3) + basbagbiabor +
b35b46b04b17 + 35014047006 + b35047b04b16 + bacb14b37b05 + ba6b0ab15037 + b14b36baTbO5 +
b36ba7b0ab15 =0

h3boabigbor + h3basbosbr7 + h3brabagbor + hibiabarbos + h3boabagbiz + h3boabigbar +
ho(1,2,4)ho (1,2, 3)+b24ba6b15007+b24b46b05017+b24b47b15b06 +b24b47b05016 +bagb14b2sbo7 +
bagb1abosbar + bagbasboabi7 + bagboabisbay + b14basbazbos + b14ba7b26b0s + b25barboabie +
ba7boabi5b26 =0

h3basbibor + h3basbosbi7 + h3bisbagbor + h3bisbarbos + h3bagbosbir + h3bosbigbar +
ho(1,2,3)? + bagbssbigbor + b24b3sbosbi7 + baabssbisbor + b2abssbosbir + basbsbsrbos +
b24b37bosb16 + b35b14b26b07 + b35014b27b06 + b35b04bab17 + b35004b16b27 + b14b25b36bo7 +
b14b25b37b06 + b14b36bo5b27 + b14b26b37005 + b25b36D04b17 + b25b0ab37b16 + b36boab15b27 +

boab15b26b37 = 0
Relations (6)

hihsho(1,2) + hi(1)hy(1,3) =0
+ h1(1)ho(1,3,5

hihsho(1,2, 1)ho(1,3,4

(
hihsho(1,2,5 (

( + ha(

( + hg(1

I
o o o o

) ) )
4) ) )
hshsho(1,3,4) )ho(1,3,5)
4) ) )

hshsho(1,2,4) + hg(1)ho(1,2,5

hihghsho(1,2,4) + h1(1,3)ho(1,3,5) =0
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hshi(1)ho(1,2,4) + hq(1,3)hg(1,2,5) = 0
hihshsho(1,2,3) + hi(1,2)ho(1,3,5) = 0
3) 2)ho(1,2,5) =

hih3(1)ho(1,2,4) + hi(1,3)hg(1,3,4) =
hihg(1)ho(1,2,3) + hi(1,2)ho(1,3,4) =
)ho
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