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ABSTRACT

I consider a reputation based bargaining model with uncertainty of players’
initial beliefs, which comes from access to an exogenous signaling device. I char-
acterize the set of non-trivial equilibria satisfying initial posture constraints. The
analysis yields a unique equilibrium with a phased war of attrition structure —
players holding different beliefs have disjoint supports of conceding strategies. The
result implies that learning about each other’s type leads to players departing from
the strategies induced by the prior, which creates either efficiency improvement or
further delay depending on the realized posteriors. When ex ante probabilities of
behavioral types go to zero, the delay and inefficiency persist even if we allow initial
demands as strategic choices due to the expectation of the learning opportunity.

We also characterize the case with a rich set of posterior beliefs.
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1 Introduction

When players participate in bargaining games, they do not always have perfect informa-
tion about their opponents. Rather, players may acquire information and learn about each
other, consequently, they behave differently after getting different information. For example,
a negotiator may be informed about an opponent’s “stubbornness” (whether the opponent
would ever concede) before the negotiation starts and acts accordingly, a positive signal
about the opponent being less stubborn would make the negotiator more likely to delay
conceding. The goal of this paper is to show that additional information or the expectation
of additional information leads to players departing from the strategy induced by the prior,
but not necessarily in an inefficient way when compared to the model without the learning
opportunity. Depending on the realized posteriors, the signal could incur an ex post effi-
ciency improvement by reducing delay, or further delay could be induced by the expectation
of an informative signal.

To capture the role of exogenous information, I consider a two-person reputational
bargaining model in which both players have access to an exogenous signal revealing each
other’s type after initial demands were made and before the bargaining began. The signal
structure is assumed to be common knowledge, in the baseline model, the posteriors may be
either high or low. We construct a sequential equilibrium of the game and prove that it is the
unique equilibrium in which players with different posteriors never concede simultaneously
at any time after time zero.

In the equilibrium, players act according to their posteriors, a positive signal would
incur further delays of conceding, specifically, players holding optimistic beliefs (that the
opponent is more likely to be rational) would strictly prefer to wait until a time after which
the possibility of a rational opponent holding pessimistic belief is ruled out. Players holding
optimistic beliefs then proceed with a positive concession rate until they know for sure that
their opponents must be of the behavioral types. The main intuition of this model is that
both players learning from the signal are privately informed, this knowledge combined with
the secrecy of their realized posterior beliefs are encouraging optimistic players to mimic a
behavioral type while waiting for the possibly pessimistic opponents to concede.

Extensions of the model further explain the role of exogenous signal and starting prior.
We allow strategic choices of initial demands with perfect commitment, which can be justified
by the fact that a deviation from the initial demand would immediately reveal a player’s
type and incur a utility loss. While similar to Kambe (1999)’s framework, our results depend
not only on the starting prior, but also on the signal structure. We find that while prior is a
dominating factor in determining players’ conceding strategies in the limit, the expectation
of an exogenous signal also plays a crucial role in determining the bargaining postures,



players who expect a more accurate exogenous signal revealing their opponents’ types are
more likely to make higher initial demands instead of taking the immediate settlement.
In addition, we find that our results work with a continuum of priors/posteriors, where
players are ranked by their posteriors and each concedes at a specific point in time.

The rest of this paper is structured as follows: Section 2 reviews related literature;
Section 3 presents the baseline model; Section 4 discusses the details of the signaling device
and limiting cases; Section 5 investigates the case where players can strategically choose their
initial demands; Section 6 extends the set of posteriors to a continuum; Section 7 provides
the conclusions.

2 Related Literature

The basic framework of noncooperative bargaining theory was originated from Rubin-
stein (1982), where a complete information model was studied and the equilibrium was
determined by players’ impatience. As the seminal paper on reputational bargaining, Abreu
and Gul (2000) replaces the impatience between offers with uncertainty about opponents’
strategic postures, specifically, they follow a number of literatures in reputation games and
allow for ex ante probability of irrationality. By emphasizing the modeling of strategic pos-
tures, the reputational bargaining model departs from earlier literature on bargaining with
asymmetric information where the moving parts are more specific factors such as a player’s
discount factor or reservation value (see for example Sobel and Takahashi (1983), Chatterjee
and Samuelson (1987) and Rubinstein (1985)). In the unique sequential equilibrium, play-
ers mix between mimicking different behavioral types, where the mixing probability was
determined by the prior and the initial stage was ensued by a war of attrition. One of the
significant findings of Abreu and Gul (2000) is that the equilibrium is independent of the
bargaining protocol, as long as the offers can be made frequently by both sides. Building on
the model of Abreu and Gul (2000), Abreu et al. (2015) introduced behavioral perturbations
with additional one-sided asymmetric information about discount rates, and behavioral
types can differ in announcement time of their demands. In their model, non-Coasean equi-
libria can occur since patient rational players want to delay their initial demands to separate
themselves from impatient players.

This paper shares many features with the above models, including the equilibrium
concept and the requirement of transparency of types, where players announce their initial
demands (bargaining postures) at time zero, specifically, rational players pick a type to
mimic and players of behavioral types truthfully report their types.

In earlier works, one-sided reputation formation in bargaining was first developed in
Myerson (1991) under the name “r-insistent strategy”, Abreu and Gul (2000) extends the



reputation concerns to both parties of the bargaining and showed that rational agents’
strategies reduce to either imitating a behavioral type or conceding, in their results, the
limiting equilibrium entails delay and inefficiency unless the ex ante probability of a be-
havioral type goes to zero. Abreu and Gul (2000)’s results also rely heavily on the structure
of war of attrition once the initial offer has been made, among those are Hendricks et al.
(1988), Chatterjee and Samuelson (1987) and Chatterjee and Samuelson (1988). Abreu and
Gul (2000)’s model generates a unique equilibrium and simultaneous concession behavior
within a finite time, which are the key departures from the previous literature.

Reputational bargaining models” important antecedents include the literature on reputa-
tion effects in repeated games started with Kreps et al. (1982), Kreps and Wilson (1982) and
Milgrom and Roberts (1982). These papers considered models where a long-run incumbent
faces a series of short-run entrants and showed that by maintaining the reputation of being
“tough”, it can deter the entrants from entering the market given an initial probability of
“toughness”. Fudenberg and Levine (1989) improved on this literature by allowing for many
different types and making the conclusions robust to changes in information structure.
Many recent developments built upon Abreu and Gul (2000) benefit from this line of work.

There are various developments in the area of reputational bargaining: Kambe (1999) was
the first to introduce endogenous commitment demands, where each player starts with being
rational, but after making the initial demands, players commit to the demands with some
probability. In Section 5 we discuss an extension of our model where strategic choices of
initial demands are allowed before the exogenous signal reveals information about players’
types. More recently, Abreu and Pearce (2007) extended the model by allowing for complex
types in the context of infinitely repeated game where agents bargain over an enforceable
long-term contract. Fanning (2016) introduced a stochastically arriving deadline and found
high frequency of deals prior to the deadline. Our model fills in the literature by allowing
heterogeneous initial beliefs, which leads to phased concession events, this setting can be
expanded to any finite number of initial beliefs and the intuitions remain robust to those
changes. Our model includes an exogenous signaling device allowing players to learn about
their opponents’ types, on that front, our model is related to Daley and Green (2020), which
studies a bargaining model with one-sided incomplete information, however, in their model,
it is the uninformed party (the buyer) who makes frequent offers, while simultaneously
learning gradually about the seller’s type from stochastically arriving news. In our model,
both players learn from an exogenous signaling device independently after initial demands
were made.



3 The Model

There are two players, i = 1,2, who bargain over the division of a unit of good in
continuous time. Each player can be one of the two types: rational or behavioral. A behavioral
type of player i is defined by a’ € (0,1), who always demands a’ and accepts any offer
larger than or equal to a'. Denote C* C (0, 1) the finite set of behavioral types, and 7'(a’)
the conditional distribution of type &' given that the player is behavioral. A rational player
holds one of two initial beliefs: z, and z;, which are the probabilities of their opponents
being behavioral and z;, > z; by assumption. We assume that the distributions of initial
beliefs are symmetric between two players, the distribution is common knowledge while no
one has private information about the other player at time zero.

Throughout this section, the initial beliefs are assigned by nature before time zero, denote
the probability of a player being “optimistic” (holding belief z;) as p;, and the probability of
a player being “pessimistic” (holding belief z;,) as pj. Later we will see that starting from a
common prior, players receive an exogenous signal and update their beliefs through Bayes’
rule, we defer this generating process of initial beliefs z; and z; until Section 4, for now, we
take the probabilities p;, and p; as given.

At the moment, we assume that there is one behavioral type for each player. At time 0,
player 1 chooses the demand a! to mimic if she was rational, after observing the offer al, the
rational player 2 chooses either to accept or make a demand a?, both players of behavioral
types choose the demands according to their type(s). We assume a! + a? > 1 to eliminate
trivial equilibria. After player 2 makes his demand, player 1 can choose either to concede
or enter the stage of war of attrition. Finally, player i’s discount rate is r'. This bargaining
game is denoted as B = {(C, z;l, zf, it ri, pf, p;l)lgzl}.

We focus on the analysis of equilibrium in the case of a single behavioral type a'.
Rational player i’s strategy is represented by the cumulative distribution F' on R,. When
player i concedes at time t before player j, he/she gets (1 — a/) exp(~rit), and player j gets
al exp(—rit).

Our model inherits many features from Abreu and Gul (2000), for instance, the set
of equilibria is characterized by the properties that at most one player concedes with
strictly positive probability at time zero, after time zero, players’ mixed strategies make their
opponents indifferent between conceding within a certain interval and there exists a finite
time after which all types of players concede with probability one simultaneously. However,
in our model, only the most optimistic players concede with probability one at the same
time, players holding more pessimistic beliefs concede at earlier times without overlapping
with the support of optimistic types’ conceding strategies.

Given the strategy profile (F ;l, F;)il and the distribution of players’ initial beliefs p; and



pnr, the expected utility for optimistic player i who concedes at time ¢ is:

ui(t) =(1 - z;) {/xt a'exp(-r'x)dEF/(x) + (1 - ozj) exp(—r't) (1 - EFj(t))} )

+ z; exp(—rit)(l — o)

where EF/ == p ZF{ +p hF{l is defined as the expected strategy of player j. The term multiplied
by the probability (1 — z;) is the expected utility conditional on the opponent being rational,
the term multiplied by the probability z; is the expected utility conditional on the opponent
being behavioral, since behavioral opponents never concede, player i always gets (1 — a/)
discounted by factor r'. In order to make rational player i indifferent between conceding
at any time ¢, player j’s strategy has to be at a concession rate such that player i’s utility is
invariant with respect to time ¢. The differentiability of u' implies that F is differentiable, let
the time derivatives be flj and f]i , we get the differential equation:

0=(1- zl){ai exp (—rit) Efj(t) — (1 — aj) Efj(t) exp (—rit)
— (1 - ocj) rt (1 - EFj(t)) exp (—rit) } —z;r exp (—rit) (1-a)

In standard form:

(1-al)r _ (1-al)rt
(@ -(1-a)) @(A-z)(@-(1-a))

E fi(t) + EF/(t)

Solving the equation we have:

j

: Alt) -1 c
EF)(t) = exp(A't) +— )
exp(At)(1—z;1) exp(Ait)
where A! = M ! Condition (2) is the condition for a player i with optimistic belief
a’—(l—al

z; to be indifferent between conceding at different times. Symmetrically, for a player i with
pessimistic belief zj, to be indifferent, we have

exp(Ait) — 1 N cil
exp(Ait)(1—zp)  exp(Ait)

EF)(t) = 3)

fori € {1,2} and j € {1,2} \ i. Condition (2) and Condition (3) are the conditions for a

1See Appendix A for the calculations.



rational player i to be indifferent between conceding at each time ¢ when he/she holds the
belief of z; or zj, respectively. These expressions are not unique given each player’s type,
belief, time preference and initial demands, specifically, the constants in the solutions of the
differential equations are not uniquely pinned down yet. However, additional conditions
can help us determine the moving parts, the additional requirements come from the fact
that each player has a reputation for rationality, since only rational players concede and rates
of concession remain constant through the support, eventually, the posterior probability of
each player being behavioral must reach 1 at a finite time.

Since optimistic players concede at later times, the weaker player is the one whose
reputation for being behavioral reaches 1 at an earlier time conditional on holding the
optimistic belief, as a result, the player concedes with sufficient probability at time zero so
that both optimistic players’ reputation for being behavioral reaches 1 at the same time.

Define an agent’s exhaustion time as the time when the reputation of being behavioral
reaches probability 1 conditional on the agent holding initial belief z, or z; and not conceding
at time zero. Let Tli denote the exhaustion time of a rational player i holding belief zj,
(i-e., conditional on being rational and pessimistic, player i concedes on or before T, with
probability 1). Similarly, T} is defined as the exhaustion time of a rational player i holding
belief z;.

At the exhaustion time of each type of player, the probability of concession conditional
on rationality and a specific type of belief must equal to 1, starting with the pessimistic
players, by Bayes’ rule:

1=P ( player i concedes before Té | player i is rational and pessimistic)

P ( player i concedes before Thl)

- P( player i is rational ) * P( player i is pessimistic ) (4)
F (1)
-z
we have F} (T}) = pj(1 — zj,). By the same argument, for optimistic player i holding belief z;,
F/(T}) = pi(1 = z)).
Starting with the pessimistic players, if a player does not concede at time zero, then

Fi(0) = 0, which requires the constant ¢’ = 0, therefore, to calculate T}f, set c;'l =0 in

Condition (3)? and solve: o
exp(A/ Té) -1

exp(WIT;)(1 - 21)

= pn(1 —zp)

2The superscripts i and j in the expressions are interchangeable so they can represent either player.



The solution is:

i log(1 — pu(1 —z1)?)
= :

= )
fori € {1,2} and j € {1,2} \ i. Similarly, from the equation
exp(MTH -1
— =pi(1-2z)
exp(VT)(1 - z1)
the exhaustion times of optimistic players are:
. —log(1—pi(1-z)?
i - 1080 —pid - z)7) ©)

I Y

fori € {1,2} and j € {1,2}\ 1.

For each rational player, the one with larger exhaustion time conditional on being op-
timistic must concede with sufficient probability at time zero, which is dictated by the
constant cz, since at the end of bargaining, the player having longer exhaustion time has no
incentive to delay concession once he/she knows for sure that the other player is behavioral,
we require that F}(T;) = FA(T;) = 1 — z;, so that both players concede with probability 1 at
T; := min{T}', T?}, the calculation is done in Appendix B.

To pin down constant c;, note that the strategy F' must be continuous at any time ¢,
otherwise players would strictly prefer to wait an instance before conceding around the
discontinuity (this argument is detailed in the proof of Proposition 1), thus as a part of the
strategy at a later phase, we require that when the optimistic player i starts conceding at the
cutoff time le , a mass concession that equals to pj(1 — z;) must be made:

exp(/\prf) -1 cf
— + — = pu(1 - z) 7)
exp(MVT))(1 —z;) exp(MT))

F(T}) =

substitute Equation (5) into Equation (7), we get:

exp(AJ T}f) -1

(1-2z) ®)

cf = pu(l —zp) exp(/\jT;f) -
fori e {1,2} and j € {1,2}\i.

Now we have uniquely pinned down constants c;l and c;'. Combining the previous results,
we propose that in equilibrium, each player chooses a mixed strategy such that it makes
their opponents indifferent between conceding at any time within their respective stages,
which are determined by their exhaustion times. Therefore, at any given time, for each side,
only one type of player holding one type of belief concedes with strictly positive probability.



All players know their own types and the beliefs they are holding, so they choose to
concede at the previously calculated rates until their reputation for being behavioral reaches
1 conditional on the beliefs they are holding. The conditional distribution of concession
is common knowledge, but players do not know whether their opponents are rational or
behavioral, nor do they know the belief that each other’s holding.

From player 2’s perspective, conditional on player 1 being rational:

exp(A2)-1 % 2
1 exp(A2t)(1-z) exp(lj\2t) for t € [0, Th]
F'= o)
exp(A2t)-1 ¢/

fort € (T2, T?]

exp(A2t)(1-z;) ~ exp(A2t) Rl

and from player 1’s perspective conditional on player 2 being rational:

exp(Alt)-1 sz .
’ exp(Alt)(1-zp) exp(,)\lt) fort € [0, Th]
Fc = 10)
exp(Alt)-1 cf

for t € (T}, T!]

exp(Alt)(1-z;) ~ exp(Alt) Rl

where ¢ = py(1 - zp,) exp(VT)) - (exp(AfT]i) — 1) A=z, A =71 (1-a]) [(a' = (1-al))
and c;l is determined by Equation (31).

To illustrate the dynamics of this bargaining game, we plot the timeline showing the
reputation and concession rates stipulated in this section, take the case where A! < A2 as an

example:

F, =) F,=(2) F/ =(2)
0 < > < > < >
: 1 1
1's reputati ¥ g
s reputation ° °
2’s reputation ‘ o
2 : 2
T T
< > < > < >

F2 =(3) F? =(3) F =(2)

Figure 1: Equilibrium timeline when A! < A?

In Figure 1, we can see that each player concedes with a rate such that the rational opponent
that the player potentially faces at any given time is made indifferent. The concession rate

9



switches at the exhaustion time of each player’s opponent, while the identities of players
implementing the strategies switch at each player’s own exhaustion time.

As next steps we want to prove the following two results: 1. Players with z; strictly prefers
to wait until their pessimistic opponents” exhaustion time. 2. The proposed strategy profile
forms the unique sequential equilibrium.

We want to show that players holding optimistic belief z; will prefer to wait until their
pessimistic opponents drop out before conceding:

Lemma 1. Given a strateqy F/ such that a pessimistic player i with the belief zj, is made indifferent
between conceding at any t € [0, T}f 1, an optimistic player i with the belief z strictly prefers to wait
until T}f before conceding.

Proof. The utility difference between conceding at time Thi and t forany t € [0, T}f] for player
i holding zj, is:

o | rT . . t . .
u, (Ty) —uy (t) =(1 - zh){ocl (/x:O exp(—r'x)dE F/(x) — /x:O exp(—r'x) dEP](x))

+(1-al) [exp(—riThi) (1 _E Pf(T,j)) — exp(~rit) (1 - EPf(t))] }
+zp(1—al) [exp(—riT}f) — exp(—rit)]

By Condition (3), we know that player i holding zj, is indifferent between conceding at
any t € [0, T}f] under F/, thus uZ(T}f) - u;;(t) = 0. Note that since the second term z(1 — a/)
: [exp(—riTpf) — exp(—rit)] is negative, the first term must be positive. When the belief zj,
is switched to zj, the first term is larger as the multiplier (1 — z;,) goes up to (1 — z;), the
second term is also larger as the multiplier zj, goes down to z;, this means the overall utility
difference is positive and an optimistic player i holding z; would strictly prefer to wait when
player j’s strategy takes the form in Equation (10).

Alternatively, to see this,

() = uj() = (wh(T}) - i 0))

T, . . . .
=(zh—zl){ai (/ exp(—rlx)dEFf(x)—/t exp(—rlx)dEF](x))

+(1—-al) [exp(-rfT,{) (1 _E Pf(T;)) — exp(~rit) (1 - EFf(t))] }
+ (21— z3)(1 = o) [exp(-rl’Thf) - exp(-rit)]
:uli(T}f) - uli(t) >0

10



where the last equality was due to the fact that u,i(TZ) —u }i(t) =0fort € [0, TZ].
Q.E.D.

Let (ﬁ L 152) be the unique strategy profile characterized by Equation (9), Equation (10),
Equation (8) and Equation (31).

. ) n A\2
Proposition 1. If C' = {a'} for i = 1, 2, then the unique sequential equilibrium of B is (F;, Pll) y
i=

Proof. We want to show that the equilibrium must have the specified form and it is indeed
an equilibrium.

Claim (a) Tl1 = le, meaning the most optimistic players must concede at the same time,
if not, the one with higher T; will be strictly better off to concede immediately at T;.

Claim (b) For all t > 0 such that F'(t) — F! (t7) > 0, we have that F?(t) — F?(t7) = 0. This
claim follows because player j would get higher expected utility by not conceding at all on
the interval (f — ¢, t] for small ¢ > 0 and instead conceding an instant later because player i
has a positive probability of conceding at time ¢.

Claim (c) For i € {1,2} and j € {1,2}\ i, if F/ (t) = F/(t), then u' is continuous at ¢ if
te(0,THu (Thi, T/!), since:

t
lir?_ |ui(t) - ui(s)| = lir?_ ‘(1 — z)ai/ exp(—rix) dF/(x)

+ Sli_)rrtl_ |(1 —2)al(1-a)) [exp(—rit) (1 - Fj(t)) — exp(-r's) (1 - 1:]'(3))”
+ lim [2(1 ~ o) [exp(=r't) — exp(~r's) |

=0

where the second term equals to zero due to continuity of strategies F. This works similarly
fors — t*.

Claim (d) Let T° := T! = T?, there is no interval (s,s’) such that 0 < s < s’ < T°
Fl(s) = F1(s’) and F%(s) = F? (s').

Proof of Claim (d). Assume by way of contradiction that such an interval exists and without
loss of generality, let:

s* =sup {S’ <T%:Fi(s)=F'(s') fori =1,2and s < s’}
Fix s’ € (s, s*), note that for a small ¢ > 0, forany t € (s* — ¢,5%), 36 > 0 such that:

u'(s")y =6 = u'(t)

11



for i = 1,2 (since the other player is not conceding). Note that by (b) and (c) there exists
an i such that u(-) is continuous at s*, since if F/ (s*) — F/ ((s*)”) > 0, we have that F’ (s*) =
Fi((s*)7). Thus for this player i and for some n > 0, u'(t) < u’ (s’) for any t € (s*,s* +17).

Therefore, F' must be constant on (s*,s* +17) since F’ is optimal. Not conceding at s’
means that you shouldn’t concede at any ¢ for which u’(s’) > u(t). But then F/ is also
constant on (s*, s* + 1), and thus s* could not have been the supremum as defined. [

Claim (e) If 0 < s < s’ < TV then Fi(s) < Fi(s’) for i = 1,2. This follows since if F’ is
constant at some interval, then the optimality of F/ implies that F/ is constant at the same
interval, contradicting claim (d).

Claim (f) F' is continuous at time t > 0 for i = 1,2. If F’ has a jump at time ¢ (i.e.
Fi(t) — F' (t7) > 0), then F/ is constant on the interval (¢ — ¢, t), contradicting claim (e).

The optimality and continuity requirements have uniquely pinned down constants cll,

c¢?, ¢l and ci. Given the equilibrium strategies (ﬁ 1,152), u! and u? are constants within

17 "h

their respective intervals [0, Thl], (T;, Tll] and [0, Thz], (Thz, TZZ]. We also know that uli (s) <
u ll(Thz) Vs < T/, i = 1,2, hence any mixed strategy on the support is optimal for all types of
players 1 and 2, which shows that (ﬁ L j 2) is indeed an equilibrium.

Q.E.D.

In the unique equilibrium above, rational players with different beliefs concede during
different time intervals. Optimistic players would strictly prefer to wait until they know
for sure that their opponents are either behavioral or holding optimistic beliefs. Pessimistic
players, on the other hand, would start conceding immediately on or after time zero and
finish concession before they know for sure that their opponents are either behavioral or
holding optimistic beliefs. Rational players’ payoffs are also dependent on the signal they
receive, a player i receiving a pessimistic signal about his/her opponent’s type holds the
belief zj, in equilibrium, the player is indifferent between conceding at any time t € (0, Thl],
his/her expected payoff is:

(1= 2i) (@'puF}(0) + (1 = @)1 = piFJ(0) +24(1 - o)

which is exactly (1 — &) if player i is the one who concedes at time zero. Note that players
receiving positive signals have payoffs higher than (1 — /) in equilibrium by Lemma 1, this
means that in expectation, players holding optimistic beliefs are strictly better off than not
receiving any signal, which is the degenerate case where each player holds the prior belief
with certainty.

12



4 Signal Structure and Limiting Cases

To utilize the results we get in the previous section, we need an alternative way of
thinking about how the beliefs z;, and z; were formed. In Section 3, we assumed that the
initial beliefs were assigned by nature before time zero, now we discuss in detail how the
initial beliefs were formed starting from the prior. Instead of nature assigning the beliefs as
well as types, before the bargaining begins, nature assigns players’ types only according to
a prior distribution such that a player is behavioral with probability zg, which is common
knowledge.

Assuming that the players have access to an exogenous signal before time zero, denoted
as y, distributed according to:

yn, with probability p(y,|b) if i is behavioral;
with probability p(yy|r) if 7 is rational

<
Il

y1, with probability p(y;|b) if i is behavioral;

with probability p(y;|r) if 7 is rational

where p(ynlb) 2 p(y1lb), p(yilr) = p(ynlr), p(ynl) + p(y1lb) = 1 and p(ynlr) + p(yilr) = 1.
Player i updates his/her belief after observing signal y, let prior be zp, by Bayesian
updating, there are two possible posteriors generated under each fixed signal structure:

zop(ynlb)
zop(yulb) + (1 = zo)p(ynlr)

zp = p(blyn) =

zop(y11b)
zop(yi1b) + (1 = zo)p(yilr)
Therefore, the probabilities of holding beliefs z, and z; are pj, := zop(y1|b)+(1—2z0)p(yn|7)

z; = p(bly) =

and p; = zop(y1|b)+(1—z0)p(yi|r), respectively. The two probabilities took part in the analysis
in Section 3, and the simplified notation does not change the results derived above.

The signaling device gives us a foundation for the analysis of limiting cases in terms
of the prior z¢. Fixing the signal structure, we want to show the dynamics of equilibrium
payoffs and strategies.

To approach this problem, we start with the model in Section 3, again, the indifference
condition told us that to make the other party indifferent, one must have the concession rate:

exp(At) — 1 N c]

(ry —
) = exp(Ait)(1 —z) exp(Ait)

(11)
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where z denotes any belief a player’s holding. When the prior belief zg goes to 0 (i.e. players
are more likely to be rational), z;, and z; go to 0 as well, the exhaustion time is now determined
by: ’

exp(A't) -1
exp(Ait)(1—-z)

Setting zo = 0, we get that the exhaustion times for both types of players go to infinity:

FL(t) =

knowing the opponent’s full rationality, each player is more patient and never concedes with
probability 1 at any finite time t. We demonstrate the equilibrium timeline in Figure 2:

FL = (11)
0 < >
T! = o0
1’s reputation
2’s reputation
T? = o0
< >
F2=(11)

Figure 2: Equilibrium timeline when zo = 0

In this case, every player is holding the same posterior belief z = 0, meaning that both
sides are certain of their opponents’ rationality. Consequently, the two intervals we have seen
in the previous section collapse to the positive real line, and the bargaining game becomes
the war of attrition in the limit, as the signal realizations no longer matter and each player
concedes with strictly positive probability over R, .

When z — 0, no player concedes at time zero, the corresponding payoffs in the limit
becomes:

t

lim ul(t) =(1 - 2) { / . a exp(=rx) dFi(x) + (1 - af) exp(=r't) (1 - Ff(t))}
+z exp(—rit)(l — o) (12)

= / a' exp(—rix) dF/(x)
x=0

The structure degenerates to a perfect information war of attrition model with known
values, however, the degenerate case arises because we have fixed initial demands while
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assuming full commitment, next, we allow for strategic demands where players make the
choices with only the knowledge of the common prior zg and the signal structure y.

5 Strategic Demands

Similar to Kambe (1999), we now allow for strategic choices of initial demands, which
means instead of taking demands (a!, a?) as given, we allow players to strategically choose
their initial demands based on their prior zo but before getting the exogenous signal y to
maximize their ex ante expected utilities.

At time zero, both players simultaneously announce their initial demands (a!, @), where
a' €[0,1).Ifa'+a? < 1, players split the surplus equally (i.e., player i gets a’ +(1-a'—a/) /2),
though the tie-breaking assumption does not change the results. We call any pair of demands
(al, a®) compatible when a' + o? < 1 and just compatible if a' + a® = 1. After time zero, if
al +a? > 1, players enter the next stage where they decide whether and when to concede. In
the setting of this section, after making the initial demands, nature assigns the type of each
player, which can be either rational or behavioral, if a player becomes behavioral, he/she
never concedes. The assignment of the types follows a prior distribution zg, which means
each player turns behavioral with probability zg. Both players know the prior distribution
and have access to the exogenous signal that reveals information about each other’s type, the
signal distribution is the same as in Section 4. The equilibrium concept, conceding strategies
and form of utility functions after the making of initial demands are identical to those in
Section 3.

The natural candidate for an equilibrium outcome is the pair of just compatible demands
such that optimistic players” exhaustion times are aligned without requiring mass concession
at time zero from one of the players. As before, the exhaustion times are essential elements
reflecting each player’s reputation and determining the identity of the player who concedes
at time zero, for player i:

i —log(1—pu(1 - 2zp)?)
Ti = :
Al

. —log(l—pi(1—z)%)
I = :
Al

wherei € {1,2},j € {1,2} \iand MV = +/ (1 - a') /[&/ — (1 - a')].

Let (@, a?) be a pair of just compatible demands that aligns the exhaustion times of
optimistic players, for reasons discussed in Section 3, the one who concedes at time zero is
the one with longer exhaustion time after receiving a positive signal and hence holding an
optimistic belief z;.
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Setting the ratio of exhaustion times Tli / Tl] =1, we have:

1

—log(1 — pi(1 - z1)?) / —log(1—pi(1 - z1)?) _
A Al B
=AM =1

r(1-al) r(1-af)
:[w—u—w‘)]/ [ = (1= )]
= (1 - ozf) =7 (1 - ai)

combined with the just compatibility: al + a? = 1, we get:

vl
ri+ri

al =

fori € {1,2} and j € {1,2} \ i. We call this pair of initial demands the Nash demands as it
coincides with the case where players have no uncertainty about each other’s rationality.
Under the initial demands (af, 041), no player concedes at time zero since the exhaustion times
are automatically aligned. Due to the symmetry of (optimistic) beliefs, we can see that the
belief z; does not enter the expressions here, we defer the discussion of asymmetric beliefs
to a later section. The following proposition shows that despite the reputation alignment
feature of the just compatible demands (a!, 0(1), an equilibrium is not guaranteed.

For every fixed pair of incompatible initial demands @ = (a!, a?),let F (% be the equilibrium
strategies conditional on a specified by Equation (9) and Equation (10). The expected utility
for optimistic player i who concedes at time ¢ is denoted as u li(t) with the same expression
as Equation (1).

Proposition 2. The immediate settlement at Nash demands (al, a?) is an equilibrium outcome if
and only if‘v’ai e(ai,1],i=1,2,

(1= z0p(uln) f uj() dFL)

- <1-a
T! . . T/ . .
1 -1 —=2zo)p(ynlr) —zo | p(ynlb) fo "exp(—rix) dF%(x) + p(y1|b) fl.l exp(—rix) dP;_t(x))
h
, (13)
where @ = (&', al).
Proof. In the proof, we let player i represent any one of player 1 and 2, and j € 1,2\ i.

First, player i has no incentive to decrease the demand when facing a, as it will strictly
decrease the resulting immediate settlement and hence the player’s utility. Assume player
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i unilaterally deviates to a higher demand a' > a!, we first calculate the mass of initial
concession at time zero by the pessimistic player, which is exactly c;l.

Since player i demands more than !, this means Tli > le and player i needs to make a
mass concession at time zero. To see this, first notice that JT; /dA/ < 0, by the expression of
M=rl(1-a')/[a/ - (1-a')],itis clear that JA//da/ < 0, this leads to IT/da/ > 0.

Then, player i’s ex ante expected utility becomes:

o - N v
Bul, =ch(1 - 2)(1 - al) + (1 - (1 - 20) (p(yhm | i arie + ptln) | u;(x>ng<x>)

. . ‘ T : - :
+zoch (1 - al) + zo(1 — c}) (P(yhlb) (1 - al) exp(—r'x) dFL(x)
0

T . o
+ p(y1|b) i (1 - al)exp(-r'x) dFZ(x) )

h

. . . T . U
—ci(1-al)+ (1-c}) [(1—ZO>(p<yh|r> | war +puin) [ u;<x>dF;<x))

T . o T . o
+z0 (p(yhlb) i (1-al)exp(-r'x) dF_(x) + p(yilb) (1 - al)exp(-r'x) dFZ_X(x))]

T

. | . T
=ci(1-al)+(1—-c}) [(1 - 20) (p(yhlr)(l —al) +p(yilr) /Ti u)(x) dF%(x))
U L T; | o
+20 (p(yh|b) A (1-al)exp(-r'x) dFZ(x) + p(yi1lb) . (1 - al)exp(~r'x) dF;_((x))]

h

(14)

which takes into account of the potential signals that a player receives and the corresponding
posterior beliefs. To compare E ! with the utility from the immediate settlement (1 — al),
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we only need to compare (1 — a}) with the term

. T .
(1 - zo) (P(yh|7’)(1 —al)+ p(yilr) /Ti u;(X)ng(X))

h

T . S 7 . S
+ 2o (p(yhlb) i (1-al) exp(—r'x) dP&(x) + p(yi1|b) i (1-al) exp(—r'x) dF{%(x))

. T S T S
~(1 - al) l(l—zO)p<yh|r)+zO (p@hw) é exp(—rix) dFL(x) + p(yi[b) /T | eXp(—r’X)ng(X))]

T/

+ (= 20)pyl) [ i) dFL) (15)

When player j demands o), the best response for player i is demanding al =(1- a,{) if and
only if Equation (15) is less or equal than (1 — &), which gives:

T
(1 =z0p(ulr) [ @ ary o

. T ‘ . T/ . ‘
<(1-al) (1—(1—zO>p<yh|r>—zO (pu/hw) /0 exp(=r'x) dFL(x) + p(yilb) /T | eXp(—rZX)ng(x)))

where u; (x) is given by Equation (1). This is the desired condition for (a!, a?) to be an
equilibrium outcome, both terms in the right-hand side are strictly positive, so Condition (13)
is well defined. If the condition is satisfied for all &' € (ai, 1], there exists no profitable
unilateral deviation, and immediate settlement at (a!, @2) is an equilibrium outcome.

As the dual of the main condition, we have the condition for player i to strictly prefer to
enter the war of attrition stage: Ja' € (al,1],i = 1,2 such that,

(1= zp(lr) [ ) AP x)

_ > 1-al
1- (1 - z0)p(yalr) — zo | pyalb) [ exp(=rix) dFi(x) + p(yiIb) fTT exp(~rix) dp;(x))

(16)
where uli(x) is given by Equation (1). If Condition (16) is satisfied, (a!, %) cannot be an
equilibrium outcome since there exist profitable unilateral deviations a! > a! for player i,
and the game goes to the war of attrition stage.

Q.E.D.

The above proposition showed that despite the demands being deterministic and just
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compatible, players still cannot reach immediate agreement at Nash demands unless ad-
ditional conditions were satisfied, the below proposition summarizes this finding. The
intuition behind this phenomenon is that ex ante, players are expecting access to an ex-
ogenous signal, the accuracy of this signal combined with the prior collectively determine
players” behaviors in equilibrium, e.g., if a signal accurate enough was expected and the
prior zg was not too high, players would strictly prefer to wait instead of settling at time
zero. The conditions derived above are the starting points for explorations of comparative
statics on equilibrium outcomes with respect to different sets of parameters such as the prior
and signal accuracy, which will be discussed next.

The above-discussed observations formulated the key departure from Kambe (1999):
the just compatible demands are no longer guaranteeing an equilibrium, the exogenous
signaling device is generating additional payoff by improving the accuracy of each player’s
information, we first discuss the role of the prior zg and then proceed to defining and
discussing the accuracy of the exogenous signal.

Proposition 3. As long as p(y;|r) < 1 and p(yy|b) < 1, there exists z. such that when zop < z.,
Nash demands (a!, a2) are not an equilibrium outcome.

Proof. We only need to show that Condition (16) is satisfied when zyp — 0. Rearranging the
terms gives us:

T .
/, u;(x) dFZ(x)
Ty

(1-al) (1 — (1= z0)p(yulr) — 2o [ p(yul) [ expl=rix) dFL (x) + p(ylb) [ T exp(~r'x) ng(x)))

g 1= zo)p(nlr)

By Bayes’ rule:
T
lim u(x)dFZ(x) (17)
20=0J1, ’
7 X ‘ | | . ‘
= lim [(1 - 2) {/ a'exp(-r'h)dEF/(h) + (1 - a]) exp(—r'x) (1 — EF](x))}
20 Jri 0

+z; exp(—rix)(l —a) ng(x)

T/ X
= / l {/ a’ exp(—r'h)dEF/(h) + (1 — Oéj) exp(—7'x) (1 - EFj(x))} dP%(x)
T, h

=0
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Taking the limit of the right-hand side gives:

(1-al) (1 — (1= 20)p(ynlr) = zo | p(ynlb) fOT’f exp(=r'x) dFL(x) + p(yi|b) f? exp(-rix) ng(x)))
lim

20—0 (1= zo)p(yilr)
(1 -al) (@ = p(ynlr))
- p(yilr)
=(1- ai)

Notice that u;(x) is a constant on the interval [Té , le ], Equation (17) must be larger than

1- ai), if not, player i with optimistic belief z; would never wait to concede on [T}f, Tl] ], a
contradiction to Proposition 1.

Q.E.D.

When the prior zg goes to zero, rational players’ identities are almost fully revealed, in
this case, both sides have less incentive to settle immediately as they expect to face rational
opponents, eventually, each player strictly prefers to wait.

Example 1. Figure 3 demonstrates the ex ante expected utility and how it varies with initial
demands and the prior zo. In this example, both players have a discount factor of 7’ = 0.8,
resulting in a pair of symmetric Nash demands (0.5,0.5), assuming player 1 deviates to a
higher demand, we plot player 1’s expected utility under different signal structures, the left
panel shows her utility under an informative signal structure with p(y;|r) = p(yn|b) = 0.75
and p(yx|r) = p(y1|b) = 0.25 while the right panel shows the uninformative signal structure
with p(yi|r) = p(yn|b) = p(yulr) = p(y1|b) = 0.5 that degenerates to a case similar to that in
Kambe (1999), in this example, a player’s expected utility improves under optimal demands
with and without an informative signal. Under an informative signal, the expected utility
for the player who deviates is single-peaked, specifying an optimal departure from his/her
Nash demand within the domain.

In addition to the prior belief of the other player being behavioral, the informativeness
of the exogenous signal y is also playing a crucial part in characterizing the equilibrium. A
measure of “distance” between signals and the definition of accuracy and informativeness
is required for subsequent analyses.

Let y* denote the perfectly informative signal such that conditional on the type of a
player, there is only one signal realization within the support, without loss of generality, we
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Informative signal Uninformative signal
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Figure 3: Expected utility and initial demands
assume the following signal structure:

y =

yn, with probability 1 if i is behavioral;
yi1, with probability 1 if i is rational

And the informativeness of a signal y is measured by the relative entropy between the
signal structures of y and y".

Definition 1 (Relative entropy, Cover and Thomas (2006)). The relative entropy or Kullback-
Leibler distance between two probability mass functions p(x) and g(x) is defined as

_ p(x)
D(pllg) = ;zo(x)log e

P

=F,lo
P8 4 (X)

We follow the convention that 0log § = 0 and the convention that 0log % =0andplogh =
co. Therefore, if there exists x € X such that p(x) > 0 and g(x) = 0 then D(p||g) = oo.

Before we proceed to the relationship between signal structures and equilibrium out-
comes, we study how the bound of zy for Condition (16) to be satisfied moves with the
conditional probability of each signal realization p(yn|r), p(yi|r), p(yx|b) and p(y:|b). Given
the fact that p(yx|r) = 1 — p(y1lr) and p(y1|b) = 1 — p(yx|b), with a slight abuse of notation,
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let f(y|0c) f (p(y1l7), p(yn|b)|@) be defined by:
T . -
fyla) =1 = zo)p(yilr) /TI, uj(x) dFL(x) = (1 - al) [ 1—(1-zo)p(ynlr)

T o T o
) (p(yh|b)/0 exp(—r'x) dFZ(x) + p(yi|b) /Ti exp(—rlx)dF%(x)) ]

Lemma 2. f (y|a) is strictly increasing with p(y|r) and p(yn|b).

Proof. Holding everything other than p(y;|r) and p(yx|b) fixed, since p(yi|r) = 1 — p(y1l7)
and p(y;|b) = 1 — p(yy|b), we can rewrite f(y|a) as:

T . ~
fyla) =(1 = zo)p(yilr) /Ti j (x) dFE(x) — (1 - o) [ 1= (1=z0)1=p(yilr)
h
T o T o
- 29 (p(yhlb)/ exp(—r'x) dFZ(x) + (1 — p(yn|b)) / exp(—r'x)dFZ(x)
0 T
Taking the partial derivative with respect to p(y;|r) gives:

T]
S ) =(1- ) / () AFL) + (1= 20)p(n 1) s [, weoari

h

9P(y |7

‘ , 7/ ‘ .
—(1-al)(1 - zp) +zo(1-al) / exp(—r'x) dFZ(x)

8If)(yzlr) 0

o _ .
Here, we evaluate each term, first notice that (1—zg) fT ¢ uj(x)dFL(x)—(1- al)(1-zg) > Osince
h
i ) .
f T’ u)(x) dF{’i(x) > (1 - al), otherwise, players with the posterior belief z; would not wait
h

i .
to concede during the second phase. To determine the sign of d fT T’ u;(x)dFZ(x)/dp(yilr), it
. h
is sufficient to evaluate the sign of du;/dp(yi|r) since in equilibrium player i is indifferent

between conceding at each time ¢ € [Té, Tl] ].
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O RAR

0
Ip(yilr)

[(1—21){/xa exp(— rh)dEF](h)+(1— )exp( rx)(l EF](x))}
0

+z exp(=rit)(1 - ai)]

S {/Oa exp(—r'h) dE Fi(h) + (1— )exp( rix) (1 E Fi(x ))} &pf;’m
+ exp(—rix)(l - ai)g ?;llr)

. ; Jz
={exp(—r1x)(1—0c1)—/0 o exp(~rih) dE F/(h) - (1— )exp( rix) (1 E Fi(x ))} ap(yllm
>0
where the last inequality comes from the definition of z;:

dzi 0 zop(y11b) <0

p(yilr) — Ip(yilr) zop(yilb) + (1 — zo)p(yilr)

and
exp(-rix)(1 - al) < /x o exp(—r'h) dEF/(h) + (1 - 051) exp(—r'x) (1 - EFf(x))
0

Finally, from the definitions of T;f and le , we get

! T . .
ap(—yllr)/o exp(—rlx) dF%(X) >0
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Therefore, df (y|a)/dp(yi|r) > 0, next we take the partial derivative with respect to p(y,|b):

f (yla) P 7/ 1‘ |
R Y MEREES

| T . . T . .
+20(1 - ai)[/o exp(—r'x) dFL(x) + P(yhlb)mfo exp(-r'x) dFZ(x)

_/Ti

h

j
T

. . P 7 . .
exp(—r'x)dFZ(x) + (1 - p(yhlb))w /T,j exp(—r'x)dFZ(x)

i ) . j . . i ) .
Note that [} exp(~r'x)dFL(x) > [/ exp(~rix) dFi(x), @ [, exp(~rix) dFi(x)/ap(yalb) >
. h

] . .
0 and o f;’ exp(—r'x)dFL(x)/dp(yn|b) > 0, this concludes the proof.
h
Q.E.D.

Proposition 4. For a bargaining game B = {(zo, 1!, y)le}, the immediate settlement at Nash
demands (al, a?) is an equilibrium outcome if and only if one of the following conditions holds:

(a)
D(ylly") =0
(b) D(y|ly*) > 0and Va' € (a,1],i = 1,2, and a = (al,al),

i T '
1—a,— fTZl u;(x)dFL(x)

zZo =
T

C1-d) /OTé exp(—rix) dFi(x) - fTﬁ’j uj (x) dFé(x).

Proof. By definition, let X = {yy, y;}, denote the generic element of X as x and consider the
two distributions over X, y(x) and y*(x), since y* represents the perfectly informative signal
which always takes the value v, (17;) when the respective player is behavioral (rational), the
two random variables y and y* have the following joint distribution:

*

/ Yn Yi

Yn | zop(ynlb) (1= zo)p(ynlr)
vi | zop(yilb) (1 —zo)p(yilr)
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Their relative entropy is given by:

D(ylly") = ) y(x)log )

xeX y*(x)

zop(yu|b) + (1 = zo)p(ynlr)
Zo

zop(y11b) + (1 = zo)p(y1|7)
1- 20

=(zop(ynlb) + (1 = zo)p(yulr)) log

+ (zop(y1|b) + (1 = zo)p(yilr)) log (18)

Since both y and y* have full support, then

_ "o y(x)
D(ylly") = ;{y(x)log 7

=) vos L

xeX ( )

<log ZX y(x)i((f)) (19)

=log Z Y (x)

xeX

=log1
=0

where Inequality (19) comes from Jensen’s inequality. Now we know that D(y|ly*) > 0
whenever y and y* have full supports. Next, we want to show that the equality holds if
and only if y(x) = y*(x) Vx € X. Notice that when y 4 y*, setting p(yx|b) = p(yi|r) = 1in
Equation (18), we have

. z 1-z
D(ylly*) =zo 1og£ + (1~ 20) log 7= Zg

=0

Since we also know the function log x is strictly concave in x, the equality holds in Inequal-
ity (19) if and only if y*(x)/y(x) is constant everywhere (i.e., y*(x) = cy(x) Vx € X for some
¢ € Ri;). Meanwhile, we know that log >’ . c v y(x)% =logc Y ex y(x) =log > ex v (x),
therefore ¢ = 1. We now have established that the global minimum of D(y/||y”) is attained if
and only if y(x) = y*(x) Vx € X.

Thus, we have established the relationship that D(y||y*) = 0 © p(yi|r) = 1, p(yn|b) = 1.
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Combined with D(y|ly*) = 0, the relationship D(y|ly*) > 0 & min{p(y;|r), p(yn|b)} < 1is
also true, this allows us to work directly with p(y;|r) and p(yn|b) (resp. p(yn|r) and p(y:|b)).

Next, we want to show that the bound for zp indeed has the specified form. To achieve
this, it first needs to be shown that for any

. .
1-al - /T/fl u;(x) dFL(x)
zp <

- =: By,
. i . ] . .
(1-al) /OTh exp(—rix) dFL(x) - f?l u;(x) dFL(x)
h

we can always find a signal y with D(y||y*) > 0 such that Condition (16) is satisfied and
players prefer to go on to the war of attrition stage and By is the supremum of all such
bounds.

By Lemma 2, f(y|a) is strictly increasing with p(y;|r) and p(yx|b), the optimizers are
arg max, .. 1) »(y, b)) f(yla) = (1,1). Assume that we have almost perfect signals, let p(y;|7) =
1—-¢€,p(ynlr) =€, p(yn|b) =1 -0 and p(y;|b) = 6, by Condition (16), players strictly prefer
to enter the war of attrition stage in any equilibrium if and only if:

T
(=z0ptlr) [ i) dEL o)

>(1-al) | 1= = zo)p(yalr)

T o Tl o
- 20 (p(yhlb)/o exp(—r'x) dFZ(x) + p(y:|b) /Ti exp(—rlx)dF%(x))]

T .
—=(1-2z9)(1—-¢€) /Ti up(x) dFZ(x)

. T o T o
>(1-al) [1 —e(l-29)— 2z ((1 - 6)/ exp(—r'x)dFZ(x) + 6 / exp(—r'x) dF%(x))]
0 T
A-e)t-a)~(1-e) [ ul(x)dFL(x)
— 7 < d = Bes

(1-al) ((1 ~8) [ exp(=rix) dFL(x) + 6 [ hT/ exp(~rix) dpg(x))

—e(l-a)—(1-¢) /flj ui(x)dFi (x)
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Since Be 5 is monotonically decreasing in € and 6, we have that for any fixed a:

- ,
1-al- fThil u;(x) dFZL(x)

sup Be,s = limsup Be,s = : -
— i T! . . T . .
520 5220 (1-a) Jy " exp(=rix) dFL(x) — [ ! () dFg(x)

Therefore, for any zy < By, by continuity and monotonicity, there exist € > 0 and 6 > 0
such that zg < B¢,s, and we can find the corresponding signal y with D(y||y*) > 0 (since
p(yilr) =1—€ > 0and p(yn|b) =1 - 0 > 0) that satisfies Condition (16) and players prefer
to enter the war of attrition over immediate settlement.

An immediate corollary of Lemma 2 is that —f(y|a) is strictly decreasing with p(y;|r)
and p(yx|b), by the same argument, when zy > By, players strictly prefer the immediate
settlement at Nash demands, the equality holds since D(y||y”) is bounded away from zero
and Condition (13) is satisfied when zy = By by monotonicity of —f(y|a).

Finally, when D(y||y*) = 0, since the signals are perfect, players have common knowledge
of rationality and the multiplicity of equilibria occurs in the perfect information model
where the Nash demands are among the equilibrium outcomes.

To establish the sufficiency, first notice that condition (a) guarantees an equilibrium at
Nash demands since the game degenerates to a perfect information bargaining model; when
condition (b) is satisfied, we know that a player has no incentive to unilaterally deviate to a
higher demand, thus Nash demands form an equilibrium outcome. Q.E.D.

Proposition 4 highlights two facts: First, even though additional incentives were gen-
erated, the exogenous signal alone cannot guarantee that players would prefer to delay
into a war of attrition stage in equilibrium, not even when the signal is almost perfectly
informative. Second, we have the least restrictive bound on z( for a war of attrition stage to
happen when the exogenous signal goes to perfect informativeness.

In the following example, I illustrate the relationship between the signal accuracy and
players” ex ante utilities.

Example 2. Consider a bargaining problem where players have incompatible demands
al! =0.7,a% = 0.8 and a common prior zg = 0.2. Signal structure is assumed to be symmetric
across different types of players for ease of demonstration, for example, p(yy|r) = 0.3,
p(yilr) = 0.7, p(yn|b) = 0.7 and p(y;|b) = 0.3 would be a signal structure that has symmetric
conditional probabilities across the types. Discount factors are set to be r! = 0.2, ¥ = 0.1.
In this case, Tl1 > le, player 1 should be conceding at time zero with rate c;q. At the
limit, when we have a perfect signal revealing each player’s type (i.e., D(y|ly*) = 0), the
game admits a Nash bargaining solution. As we can see from Figure 4, the expected utility
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is strictly increasing with signal accuracy for each player, when D(y||y*) — 0, the ex ante
expected utilities for both players exceed those from immediate settlement at the Nash
solution. When the accuracy decreases, players have lower expected utilities and are set to
settle at time zero once they hit their respective thresholds. At any time, players can opt out
and take their reservation utilities by conceding, which are gl =0.2 and gz = 0.3, however,
as long as signals are sufficiently informative, players would strictly prefer to wait instead
of settling immediately at time zero.
Eu
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0.551

050}

0.45F

0.40F

0.35F

L 1 L L L 1

0.0 0.1 0.2

—————— D(ylly")
0.3 0.4

— Player1 — Player 2

Figure 4: Ex ante expected utilities and signal accuracy
Proposition 5. Given zy < 1, there exists y with D(y||y*) > O such that immediate settlement at
(al, a?) cannot be an equilibrium outcome.

Proof. Without loss of generality, for i = 1,2, let player i be the one who deviates from
(al,al), denote (ai, &l) as @, for each fixed pair of incompatible initial demands @, when
D(y|ly*) — 0, by Proposition 4, we have the bound for the prior z¢:

. joo )
1-al - [ ui(x) dFi(x)
h

Ba = : ;
(1-al) [T exp(=rix)dFi(x) - [, ul(x)dFi(x)

When zy > Bz, the deviation a' is not profitable conditional on an imperfect signal y
. i ) ) i ) ;
with D(y|ly*) > 0. Note that (1 — a)) fOTh exp(—r'x)dFL(x) - fTTZ uj(x)dFi(x) < 1- al —
h
j

/T ? u li(x) dF é(x) < 0, by the indifference conditions, uli(x) is constant over [Té, le | for a fixed
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i ) .
a and fT T’ u;(x) dF%(x) is bounded for all @ by definition and the range of a'. Differentiat-
h

ing /OT’; exp(—rix) dF{%(x) and applying Leibniz’s rule, we get d /OT’i exp(—r'x) dFé(x)/&ai =
exp(—riT}f)fEi(leWTé/&ai + /OT’; 8exp(—rix)f0_’;(x)/c9ai < 0. When a! — al, B; — 1, therefore,
for each zp < 1, we can always find a' = ! + € such that B; > zo, and makes player i strictly
better off than choosing immediate settlement. Thus, when the signal can be arbitrarily
close to perfect informativeness, for any prior zg < 1, immediate settlement cannot be an
equilibrium outcome since there exists a profitable deviation a' > a! arbitrarily close to a’

such that it is strictly preferable to the immediate settlement at Nash demands.
Q.E.D.

6 Continuous Beliefs

What would happen if there was a rich set of exogenous signals informing the players?
This is the question we seek to answer in this section. Starting from the prior zp, assume there
exists a continuum of signal realizations, and we have a continuum of posteriors through
Bayesian updating.

As the goal here is to establish the phased bargaining timeline rather than discuss the
effects of different signals, we can start directly from the set of posteriors for simplicity. Now
we assume there’s a continuum of posterior beliefs Z = [z, Z], with the generic element
denoted aszand 0 < z <z < 1.Let G : Z — [0, 1] be the cumulative distribution function
on posterior beliefs with full support, and its corresponding probability density function
is¢g:Z — Ryy. Let F: Ry — [0, 1] be the cumulative distribution function for the mass of
players that concede until time ¢.

The first thing to notice is that the following condition must be satisfied:

1-Gi(z)) = Fi(t)

fori = 1,2, which means for player i, the mass of players holding posterior beliefs larger than
or equal to z must equal to the mass of players conceding before time ¢. This is essentially a
corollary of Lemma 1, for any given pair of posterior beliefs z, we can always find an order
so that applying the lemma in the discrete setting leads to the fact that a player concedes at
the time ordered by the realization of posterior beliefs (ex post, only one belief gets realized).

The baseline setting in Section 3 works with little modification with continuous beliefs.
To get the indifference condition and the strategies for concession, we first write the utility
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function for player i = 1, 2:

u;(t) =(1-2) {/xt ol exp(—rix) dF/(x) + (1 - aj) exp(—rit) (1 - Fj(t))}

=0
+z exp(—rit)(l —a))

(20)

where j = {1,2} \ i and F’ here denotes the mass of player i that would have conceded by

time t. u!(t) is a combination of continuously differentiable functions, hence differentiable
with respect to t. Differentiating u’(t),

atﬁf):41._2){aiexp<—r%>ffa>—-(1—-af)exp<—r%)fuf>—1J(1-—af)exp<—r%>(1—-Pfa>)}

—zrl exp(=r't)(1 - a/)

. (21)
Set % = 0, we have a similar solution as in Condition (2):
Fé(t) _ eXp(?cit) -1 C; '
exp(k't)(1—2z) exp(x't) 22
) I’i (1 _ 0(]) ( )
KZ

o= (=)

which determines the optimal time ¢ for player i to concede. To get the hazard rate of
concession, we first find f(t) by differentiating F L(#):

‘ ' exp(—«'t) [1 — cé(l - z)]
£ = - (23)

We now have the hazard rate:

ki(1—-cl +z2)

A=
- - .
1-zexp(xit)—(1- z)cl

(24)

Since at each time ¢, the mass of players that have conceded equals to the mass of players
holding beliefs larger than or equal to z, in equilibrium, it is required that:
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FL(t) =1 - G(z(t))
— f(t) = —g(z(t)2/(t)

; (25)
NN CT0):40
T He Gew)
Combined with Equation (24), we get the differential equation:
A6 _ gz -d+z) 26

1- Fi(t) -GG 1—zexp(xit) - (1 - z)cé

where ci =z(1-G(2))/(1 - (1 - G(2))(1 - 2)?))

While there is no closed-form solution in sight, we provide a numerical example to
illustrate the solution of this differential equation, z(t), which specifies the type of players
conceding at each time.

Example 3. Assume that the posterior beliefs follow a uniform distribution on [0.1, 0.8]:

0 forz < 0.1
201 forz €[0.1,0.8]
1 forz > 0.8

G(z) =

Let discount factors be r! = 0.8 and r? = 0.7. The initial demands of players are set to be
a' =0.7 and a® = 0.6.

Z

0.8
0.6

0.4f

0.2}

Time

0.0 0.5 1.0 1.5

Figure 5: An example of function z(t) with initial condition z(0) = 0.8
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In Figure 5, the numerical solution of the function z(#) was shown with the initial
condition z(0) = 0.8 to ensure the most pessimistic type of player i concedes at time zero.
We can see that as expected, players with more pessimistic beliefs concede at earlier times
and their conceding times are strictly decreasing with their posterior beliefs after updating
through the exogenous signal.

This example illustrated that with a rich set of signals, our results remain valid. In
equilibrium, each player follows a strategy that maps each posterior belief to a time point at
which concession happens with probability 1.

7 Conclusion

This paper considers a reputation based bargaining model with heterogeneous beliefs
generated through a learning process. It is shown that starting from a common prior, when
players receive different signals, they concede in different phases in equilibrium, specifically,
players never concede at the same time when holding different posterior beliefs.

Departing from the results in Kambe (1999), we also find the prior and signal accuracy
to be the deciding factors in determining equilibrium outcomes at limiting cases, when
players strategically choose their initial demands, immediate settlement at Nash demands
is no longer guaranteed as an equilibrium outcome, instead, it depends on the prior whose
bound is determined by the informativeness of the exogenous signal.

In the case with a continuum of signals (hence a continuum of posterior beliefs), we can
extend our findings in the binary signal realizations case, where more optimistic players
concede at later times than those more pessimistic. In any case, the existence of the exogenous
signal can substantially influence the conceding behaviors of players and create additional
delay and inefficiency.
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Appendix
A Solving Condition (2) and Condition (3)
For simplicity, denote E f/(t) as f(t) and E F/(t) as F(t), take the standard form:

(1-a®rt (1-a?)r!
(@' -=(1-a2) (1-z)(a'-(1-a?)

f(&) +E(t)

(1-a?)r!
Denote m

by exp(At):

(1-a?)r!

as A and G o)

as b, we are solving f + AF = b, multiply both sides

exp(At)f + Aexp(At)F = exp(At)b

dexp(At)F

Notice that the left-hand side equals to —;

, we then have:

dexp(At)F

T = exp(At)b

We now integrate both sides to get:

eMF = /e“b dx +c¢
X

or:
t

1 c
F=— eMbhdx + —
M S o Y

The solution is:
b (exp(At) — 1) c

+
Aexp(At) exp(At)
note that b/A = 1/(1 - z;), finally we have:

_exp(At) -1 c
~exp(At)(1 - z)) " exp(At)

. (1-adr!
Where A= m
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B Calculation of Constants c; and c3
Assume A! > A2, the other case is similar. We require that Tl1 = le. And F! (Tll) =F 2(le) =
1 — z;, starting with the second phase, we have the expressions:

1

exp(A%t) — 1 €
+ =1-2z
exp(A2t)(1—z1)  exp(A2t) (27)
Alh) -1 cf
exp( ) 1 =1- ]

exp(AL)(1 - z;) " exp(Alt)

Focusing on the side of player 2, after plugging in Equation (8), we want to get the time that
satisfies Condition (27), namely the exhaustion time le for optimistic player 2:

exp(Alt) -1 c7

exp(Alt)(1 - z)) i exp(Alt) -
= exp(Alt) [1 —-(1- 21)2] = exp(/\lThz) [1—-(1—=zp)( = 2z)ps]

o B0 2 og 112

Similarly, we have

- ]_+logfl—(l-zhxl-zﬂph]—log[l-(l-zﬂz]
I = ~h A2

Solving T11 = le, we get the requirements on Th1 and ThZ:

- log [1~ (1~ zx)(1 = z1)pn] — log [1 - (1 - z;)?]

h A2
) (28)
, log[1—(1—2zp)(1—z)pn] —log [1 - (1-2z)?
=T, +
11
If no one concedes at time zero, by Equation (5), we know Th1 = _IOg(l_f\’zl(l_zh)z) and

_ _ _ 2
Th2 — Zlosll K’l’(l Z1) ). By assumption, Al > A2, which means that Condition (28) is violated,
in this case player 1 must concede with appropriate probability at time zero in order for

Condition (28) to be satisfied, this is achieved through constant c}l.
First, notice that only one player has the incentive to concede at time zero, in this case
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¢7 =0, plugging in T = - IOg(l_ﬁf(l_z”)z), we get the expression of T):
log(1 - pu(1 = z)?)
1
log [1-(—-zp)(1—2z1)py] —log [1 —(1- 21)2] (29)
1
_log[1 - (1 =z,)(1 - z1)pn] ~log [1-(1 -2z
12

1_
T, =-

We calculate cll1 by first plugging in Equation (29) into exp(/\ZThl):

2
exp(AzThl) =exp {—% log [1-pu(1 - zh)z]
A2
+ ' (log [1-(1 =2z —-2z)pn] —log [1 —(1- zl)z]) (30)

—bgﬂewl—ZWO—ZDWJ+k%[1_ﬂ_Zﬂq}

By Bayes’ rule, F 1(Thl) = pu(1 — zp), rewriting Equation (9), we get:

exp(AzThl) -1 C}l
+

=pp(l-2z
exp(AzThl)(l —zp) exp(/\zThl) pil 2
1_Ph(1_zh)2_1 21
=), = 12, exp(A°T,) + T

where
exp(AzT1 —exp{ Og 1 Ph(l—Zh)2]
12
+5 (tog (1= (1= 2)(1 = z)pi] ~ log [1 - (1 - =11

—log[1 - (1 -z,)(1 = z)ps] +log [1 - (1 —21)?] }

In a more general form, when Al > A/, we have:

i opn(l=zp)? -1 i 1
c, = T exp(MT,) + 1z, (31)
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where
o A )
exp(A/T,) =exp {_F log [1 —pn(1—2zy) ]
+ ;L\_j (log [1-(1 -2z - z)pr] - log [1 -(1- zl)z])

—log[1—(1-zp)(1-z)pp] +log [1 - (1 -2z)] }

C Further Discussions

In the main body of the paper, we base our analyses on the assumption that players
receive signals with the same distribution, starting from a common prior, the realized
posteriors are symmetric among players (in other words, z, and z; are not dependent on
players’ identities). As a matter of fact, our results still hold under asymmetric beliefs, even
if one of the players faces only one type of opponent, as long as both sides concede with
probability 1 at a finite time. However, when we have asymmetric posteriors, it is no longer

sufficient to infer one’s reputation dynamics and associated bargaining power from initial

—log(1-pi(1-21)%)
Al !

under a symmetric signal setting, the relative length between Tl1 and le is only dependent

on A! and A2, however, with asymmetric signals, now we must take the signal structures into

demands and time preferences. For example, for the exhaustion time Tli =

consideration in determining the identity of the player that concedes at time zero if existed.
In a setting with strategic demands, the direct impact is that the Nash demands are now
dependent on the beliefs zf, setting the ratio of exhaustion times Tli / Tl] =1, we have:

~log(1 - p;(l —zi)?) / —log(1 — p{(l - 2))?) .

Al Al
/AT = —log(1 - pi(1 - 21)?)/~log(1 - pl(1 - 2])?)
ri(1-al) / rl (1 - at) ~log(1 - pj(1 - z))?)
e - - N7 i '
[az_ (1_04])] [a] — (1—&1)] —log(l—p{(l—zg)z)

combined with the just compatibility: al + a? = 1, we get:

rilog(1 - pf(l - Zf)z)
rilog(1 - pi(1 - z)?) + rilog(l — P{(l - Z{)z)

a, =

fori=1,2.

In this case, our Proposition 3 still works as the prior goes to zero, since zl1 and zl2 both
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converge to zero and the asymmetry of signal structures does not affect the asymptotic
features with respect to zp as long as the signal is informative. In Proposition 4, special
attention is needed in determining the identity of the player who concedes at time zero,
as the exhaustion times are now heavily dependent on the signal structures and realized
posterior beliefs.
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