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ABSTRACT

This dissertation applies stochastic control theory in portfolio optimization problems
in two different scenarios.

In the first part, we consider a partially-informed trader who does not observe
the true drift of a financial asset. Under price dynamics with stochastic unobserved
drift, including cases of mean-reversion and momentum dynamics, we take a filtering
approach to solve explicitly for trading strategies maximizing expected logarithmic,
exponential, and power utility.

In the second part, we study the problem of dynamically trading multiple futures
contracts subject to portfolio constraints under a stochastic basis model. The spreads
between futures and spot prices are modeled by a multidimensional scaled Brownian
bridge to account for their convergence at maturity. The optimal trading strategies

are determined from a utility maximization problem with risk preferences of CRRA

type.
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CHAPTER 1
INTRODUCTION

This dissertation applies stochastic control theory in portfolio optimization problems
in two different scenarios.

In the first scenario, we consider a partially-informed trader who does not observe
the true drift of a financial asset. Under price dynamics with stochastic unobserved
drift, including cases of mean-reversion and momentum dynamics, we take a filtering
approach to solve explicitly for trading strategies which maximize expected logarith-
mic, exponential, and power utility. We prove that the optimal strategies depend
on current price and an exponentially-weighted moving average (EMA) price, and
in some cases current wealth—not on any other stochastic variables. We establish
optimality over all price-history-dependent strategies satisfying integrability criteria,
not just EMA-type strategies. We solve explicitly for the optimal parameters of the
EMA-type strategies, and verify optimality rigorously.

In the second scenario, we study the problem of dynamically trading multiple
futures contracts subject to portfolio constraints under a stochastic basis model. The
spreads between futures and spot prices are modeled by a multidimensional scaled
Brownian bridge to account for their convergence at maturity. The optimal trading
strategies are determined from a utility maximization problem with risk preferences
of CRRA type. This leads to the analysis of the associated system of Hamilton-
Jacobi-Bellman (HJB) equations, which are reduced to a system of linear ODEs. A
series of numerical examples are provided to illustrate the optimal strategies and

examine the effects of model parameters.
1



1.1 Continuous Time Control

In general, we consider a filtered probability space (Q, F,F = (F¢)i>0, P) satisfying
the usual condition and a n-dimensional Brownian motion W = (W1, ...  W") with
respect to F. We recall the basics from stochastic differential equations(SDEs) valued
in R"™ :

dX = b(t, Xp)dt + o(t, X¢)dWy, t € [0,T], (1.1.1)

where the drift vector b(t,z) and dispersion matrix o(t,x) are deterministic func-
tions, satisfying the (locally)Lipschitz continuous condition in the space variable x

uniformly in ¢, i.e. there exists a constant K > 0 such that for every ¢ > 0,

16, 2) = bt y)|| + [lo(t, z) — ot y)|| < K|z —yl], (1.1.2)

in order to ensure the existence and uniqueness of a strong Markovian solution to
the SDE (1.1.1).

Control Process. Given a Borel subset A of Rd, we denote U to be the set of
progressively measurable processes a = (at);<7 valued in A. The elements of U are
called control processes.

Controlled diffusion process. Let

dX{ = b(t, Xi*, ap)dt + o (t, X, ap ) AWy, (1.1.3)



where the control a = (o) € U, and b(t, z), o (¢, x) are continuous functions satisfying

1b(t, 2, a) = b(t,y,a)| + |lo(t, z,a) — ot y,a)l] < K|z —yl, 114)

16, 2, a)l| + [lo(t, z, a)|| < K(1+ [[z]| + [lal),

for some constant K. We abuse the notation X;* with Xy if there is no confusion,
and denote Xﬁ’m as the solution to (1.1.3) satisfying Xy = x,a.s. Throughout the
paper, we will focus on controlled Markov processes and admissible controls?.

We denote A to be the set of admissible controls, i.e. a € A if it’s progressively

T 2
E (/O s ds) < . (1.15)

measurable and satisfies

Furthermore, we define
A(t,z) = {a € Al is independent with F3} . (1.1.6)

A control process o which is adapted to the natural filtration generated by FX is
called a feedback control; in the form of ag = h(s,Xﬁ’x), for some measurable
function h, is called a Markovian control; deterministic is called an open loop

control.

1. More general and rigorous conditions on controlled Markov processes and admissible controls
are given in Appendix A.



1.2 Optimal Portfolio Selection

Let U(z) be a non-decreasing and concave function used to describe an agent’s degree
of satisfaction with the outcome of wealth. This function is called utility function,

and commonly used examples include:

Ulog (z) = log(x).

=1
Upow(x) —

;v # 0.

z"—1

In fact, since lim = log(z), we will see log utility and power utility have quite

r—0
lots of similarities.

The risk tolerance of a utility function is given by

T(U)(z) = .

It’s easy to see that T'(Ujyg)(7) = z, T(Upow)(z) = 1f—p, T (Uegp)(z) = 2%.
Let X{* be some self-financed wealth process, and U(z) be the utility function
of an agent. We define an objective function as the expected utility function of the

final wealth at terminal T at time ¢ w.r.t control o € A(t, z) as:
J(t,z,0) =E (U(X})|F) =E (UXP) X =2), (1.2.1)

The objective is to maximize the objective function over admissible control pro-



cesses, and we introduce the associated value function:

v(t,z) = sup J(t,z, ). (1.2.2)
acA(t,x)
We say that & € A(t, z) is optimal control if v(t, z)% = J(t,z,&).
In each scenario we discuss, we will clarify the specific admissible conditions for

controls.

1.3 Thesis outline

In Chapter 2, we introduce dynamic programing principle and Hamilton-Jacobi-
Bellman(HJB) equation following chapter 3 in Pham (2009) and Touzi (2013). This
plays a role as bridges between the classical non-linear PDE approach to optimal
portfolio selection problems. In Chapter 3, we set up a price dynamic of single asset
with unobserved drift to describe partial information nature, and solve explicitly
for the optimal parameters of the EMA-type strategies, and verify optimality rigor-
ously. In Chapter 4, we investigate the problem of optimally trading futures portfolio
dynamically with and without budget constraints, and illustrate our model and so-

lutions through a series of numerical examples by simulation and solving a system

of linear ODEs.

2. It’s pointed out in Touzi (2013) Remark 3.2(iv), defining (¢, z) := sup J(t,x, ), we have
acA
o(t, z) = v(t, x).



CHAPTER 2
DYNAMIC PROGRAMMING

In this chapter, we introduce the dynamic programming method for solving stochastic
control problems, following (Pham, 2009; Touzi, 2013). This approach yields a certain
nonlinear second order partial differential equation(PDE), called Hamilton-Jacobi-

Bellman(HJB) equation.

2.1 Dynamic Programming Principle

The dynamic programming principle (DPP) is a fundamental technique in the theory
of stochastic control. For a controlled Markov process X; given by (1.1.3), and the
associated value function v(t,x) to maximize the expected utility of X;lx among

admissible controls.

Theorem 2.1.1 (Dynamic Programming Principle). Let (¢, z) € [0, T] x R™. Then

we have

v(t,z)= sup sup E <U(T, Xﬁ’x)> ,
Atx) T€T,
e Albe) TETT (2.1.1)

= sup inf E (U(T, X;’x)) ,
acA(t,x) €T

where T; 7 denote the set of stopping times taking values in [t, T7.

Proof. On one hand, by the strong Markov property of X and law of iterated condi-



tional expectation, we have for any 7 € T;

::E<U@xF@@0::E(NﬂxﬁﬂaD (2.1.2)

Hence,

v(t,z) = sup J(t,x,a) < sup  inf ]E(U(T,Xf—’x)). (2.1.3)
acA(t,x) acA(tz) €T T

On the other hand, fix some arbitrary control a € A(t, z) and stopping time 7 € T 7.

For any ¢ > 0, and probability measure u on [t, 7] x R induced by map

£: Q= [t,T] x R™
(2.1.4)

W — (T(w), Xf_’(z))

should be F,-measurable, according to Lemma A.1.4 there exists! a Borel measurable

map ¢° : [t,T] x R™ — A(t, z) as e-optimal control. Then

C:(QFr) — (A@vx)vBA(t,x))

(2.1.5)
w6 (1(w), X5 @),

is measurable. Then by condition B in Appendix A.1, there exists an admissible

1. A proof for weak dynamic programming principle without measurable selection theorem can
be found in Touzi (2013).



control a® € A(t, z) such that { = af, for any w € Q,s > 7, Leb x P-a.s.

ie, v <7’(w),Xt’x (w)) —e<J (T(w),Xt’x (w),ozg’w> , Leb x P-a.s.

7(w) 7(w)

We concat a and af to construct a new control process as
O = O{S]_Se[tﬂ-) + aE]‘SE[T7T] € A(t,x), (2.1.6)

by condition A of admissible controls, see Appendix A. Then,

t
7,X g

v(t,z) > J(t,z,&) = E (U(XT )) = J(, X;’x,ag) > (T, Xﬁ’x) —e, (2.1.7)
let € — 0, we have v(t,x) > v(r, Xi’x), for arbitrary o and 7. Therefore,

v(t,z) > sup sup E (1}(7', Xﬁ’z)> : (2.1.8)
acA(t,x) T€Ty T

In conclusion, Eq.(2.1.1) is verified by the two-side inequalities (2.1.3) and (2.1.8). [

Corollary 2.1.1. For any stopping time 7 € 7; 7, we have

v(t,x) = il(]; )E (U(T, X;’x)) :
acAl(t,x

2.2 Hamilton-Jacobi-Bellman Equation(HJB)

The Hamilton-Jacobi-Bellman equation (HJB) is derived by applying It6 formula

and dynamic programming principle, assuming the value function v(¢,x) given by

8



(1.2.2) is CL2([0,T) x R™, R).
The infinitesimal generator of the controlled diffusion process X; with constant

control ay = a € A in (1.1.3) is given by
a, _ 1 To?2
LY = b(t,z,a)Vzu(t,z,a) + 2tr o(t,x,a)o(t,z,a) Viu(t,z,a)). (2.2.1)

TakeThzzH—h, h > 0 and

oN = inf {s >t (% + .ca) o(s, XEO) + |(Vav) o (s, XET)|| > N} .

For sufficiently large N, we have ]P’(HN > t) > 0, and in that case, oN A 7h = £h

when h — 0. Let 7 = 6V A 7", and plug into (2.1.1), we have

T T
>E (v(t,x) +/ (% + Ea) o(s, X5 ds + / (va)Ta(s,Xg’x)dWs)
4 t
) U(S,Xﬁ’x)ds) ,
(2.2.2)
thus, E <% I <% -+ £a> U(S,Xg’x)ds> <0.
Let h — 0", we have <% + £a> v(t,z) < 0 by dominated convergence theorem

and Lebegue differentiation theorem. Since a is arbitrary, we have

sup (2 + Ea) v(t,z) <0. (2.2.3)
acA \Ot



On the other hand, suppose that o* € A(t, z) is the optimal control?, then all of
the inequalities above are equalities, therefore, we have <% + L% ) v(t,z) = 0.

In conclusion, we deduce the HJB for value function v(¢, x)

sup (2 - Ea) v(t,z) = 0. (2.2.4)
acA \ Ot

with terminal condition v(T, x) = U(z).

At this stage, we are equipped with the techniques, i.e. the HJB method for
our purpose of solving portfolio optimization problems. As a standard step, we
should verify the solution of (2.2.4) is exactly the value function, with some regular
conditions assumed ahead. We will see how we complete the verification at the end
in our next two chapters. As a matter of fact, the verification theorem can free us

from the delicate measurability questions.

2. A proof without assuming existence of optimal control is given in Appendix A.3, Proposition
A.3.1.

10



CHAPTER 3
EMA-TYPE TRADING STRATEGIES MAXIMIZE
UTILITY UNDER PARTIAL INFORMATION

In this chapter!, we consider a partially-informed trader who does not observe the
drift of a financial asset driven by a hidden stochastic state variable. This frame-
work includes cases where the drift pulls the market price to revert toward a hidden
stochastic state variable that represents the “fair value” of the financial asset, as
well as cases where the drift is a hidden “momentum” variable. The trader who
dynamically trades this asset faces the question of what strategy to follow, given the
price history.

On one hand, various popular “technical analysis” approaches include buy/sell
signals that depend on comparing the current price against a moving average or
exponentially-weighted moving average (EMA) of recent prices. It is common in
practice to assess the empirical performance of such signals by backtesting them
on historical data, but this does not address the foundational questions of proving
rigorously that trading strategies should even use moving average signals in the first
place, and justifying exactly what explicit functional form should map the moving
averages into optimal trades.

On the other hand, the mainstream academic literature defines the objective of
maximizing the expected utility of terminal wealth, and takes a stochastic optimal

control approach to solving the maximization problem under various assumptions,

1. This chapter contains joint work with Roger Lee.

11



beginning with the Merton problem(1971) which assumed a known constant drift,
more literatures can be found in (Mudchanatongsuk et al., 2008; Boguslavskaya and
Boguslavsky, 2004). Extensions allowed a stochastic but observable drift. Then
the filtering approach extended to optimization with hidden drift in (Lakner, 1995,
1998; Brendle, 2006, 2008), but still without settling the foundational questions listed
above.

Building on the filtering approach, this paper’s main contributions are threefold.

First, we prove that the optimal dynamic position (expressed in units of asset,
or in the power utility case, expressed as a fraction of wealth) is indeed a function
only of an EMA and the current price, and we express this function explicitly. It is
crucial here to emphasize that we do not merely optimize within some class of EMA
strategies, as discussed in Lorig et al. (2019); rather we optimize over all admissible
functions of the entire price history and we conclude that an EMA-type strategy
wins.

Second, in proving optimality relative to a specified universe of admissible strate-
gies, we verify rigorously not only that the claimed optimal strategy is indeed ad-
missible, but moreover that it satisfies a stronger regularity condition, namely a
simple and natural sup-integrability condition purely on the induced value function,
essentially establishing some control over the severity of the strategy’s drawdowns.

Third, we obtain exact and explicit formulas for the optimal trading strategies
given partial information in all cases: not only exponential and log utility, but also
power utility; and for dynamics which include both mean-reversion and momentum

cases. The explicit nature of the solutions not only simplifies implementation, but

12



also provides intuition and insight, into which factors drive which features of the

optimal trades in which directions.

3.1 Mean-reverting and Momentum Dynamics

On a probability space with filtration {F;};>0 supporting Brownian motions W and
Z with correlation p € (—1,1), let X and © be the unique strong solutions to the
linear SDEs

dX = (kppOr — ke Xp)dt + o, dWy, (3.1.1)

where k.9 > 0 and k; > 0 and o, > 0, and

dO; = (1 — kgOy)dt + opd Zy, (3.1.2)

where kg > 0 and og > 0.

Here X models the price of some underlying asset or combination of assets. For
instance, X could be the spread between two futures contracts, or X could be the
price of a long-short combination of two stocks, at some fixed ratio. The drift of X
contains the unobserved factor ©. The case K,y = Kz > 0 produces mean-reversion
dynamics where the level of X reverts toward ©. The case (k,g, kz) = (1,0) produces
“momentum” dynamics where the drift of X is ©.

The hidden X-drift driver © itself varies stochastically. If kg > 0, then © reverts
toward long-term level p/kg; on the other hand, if kg = 0 then © has constant drift
L.

Let us call F the full-information filtration, as both X and © are F-adapted.

13



Denote by FX the partial-information filtration generated by the observed price
process X alone. With respect to FX, the drift factor © is unobserved, but does

admit an estimate by Kalman-Bucy filter?
Oy = E(6¢|F¥) (3.1.3)
with an uncertainty quantified by the conditional variance
vt := Var(6;|F¥) = EO} — EO7, (3.1.4)

which is deterministic and satisfies the ODE

dy 2 K0t 2
Gt _ g - ( z ) . 315
& KoYt + o) o T o (3.1.5)
Hence
2 2Rt
o e +g9 0oL 0
Tt = 2.% (R 2Rt —kp— p—x>7 (316)
K e —g Oy
6
where
2
R:= \/ng + 2prp 000y (20%a0) (3.1.7)
Og Og
and

o 70’{29 + 0gorkpp + agﬁg — O'%R

= —2 ? o<1 (3.1.8)
Yok5g + 090xkeep + 05kg + oz R

2. The discussion on Kalman-Bucy filter can be found in Appendix B.

14



Thus, for all 79 > 0, we have v — 7 as t — 0o, where

2
_ o OgR
5= Tx<R — kg — pM) (3.1.9)
K20 Oz

represents the long-term or steady-state level of uncertainty about ©; moreover

sgn g = sgn(yg — 7), and in particular g = 0 if and only if vy = 7.

Define x by
1
dey = —dX; + 22 X,dt = 209,41 4 AW (3.1.10)
Ogx Ox Ox
Then
dO; = (1 — kgOp)dt + o(t)duy, (3.1.11)
where
2Rt
. BRaot _ Og € +9
o3lt) = "+ opp = (R62Rt—g —@) (3.1.12)

and the “innovation” process

t
vt =Tt —/ @@sds (3.1.13)
0

Ox

is an FX-Brownian motion. Therefore

dX; = opdat — ke Xpdt = (I{xgét — kg X¢)dt + opduy. (3.1.14)

15



3.1.1 The Filter Is a Moving Average

Proposition 3.1.1. We have

) —J(t)ﬁ+ié —Ué—m)x +Oé—(t)X —|—/tK(s t) X sds (3.1.15)
Fm oWy TF) Y g F) Y ey Ty O o

where

t 2Rs Rt —Rt
F(t) = exp (R/O %dﬁ) = %
ol —1)(eR — )
R(62Rt —9g)
K(s.t) = g(R+ kz)(R+ /ig)e_R(H_s) — (R —kg)(R— mg)e_R(t_s)
g (1= ge=27)

J(t) = (3.1.16)

Proof. We have

dét =(u— Kjgét)dt + O'é(t) (dl‘t — %étdt)
x

K ~
(u — (kg + Uieag(t))@t)dt + 0y(t)dzy (3.1.17)
X
2Rt
e + g~
= (,u — R62Rt — g@t>dt + Ué(t)dxt

and

d(F(t)O1) = OF'(t)dt + F(t)dOy = pF (t)dt + F(t)os(t)day

1
— pF()dt + —d(H)dX; + “Ld()X,dt,
O O
(3.1.18)

16



where ®(t) := F(t)o;

5(t). Then

t t
F(t)6; — F(0)8) = / F(s)ds + 7 [ ®(s)X,ds
0

O’x O
1 t
+— <®(t)Xt — ®(0) X — / XSdCD(s)).
O'x O
Hence,
~ 1 - 1 t O'é(t) Ué(O)
@tz—@o—l——/FSdS—l— Xt — X0
FO T Em o T o N 519)
. ) , 1.
+ o F 1) /0 (kg ®(s) — D'(s)) Xsds,
which implies (3.1.15). O

Let the notation f(t) ~ g(t) mean that f/g — 1 as t — oo. Then the coefficients

of u/ky, éo, X and X; have, respectively, asymptotic behavior

J(t) ~ (1= e
1 Rt
Fity " © -
3.1.20
740 - 29R
o) ~ Bk e~ Tt if R # kg, otherwise ~ _ 297 Rt
OxF(t) K Rgp
o;(t _
ol ) e if R # kg, otherwise ~ 29K —opt
ow Fd Kzo

In the case g = 0, these asymptotic equivalences hold with equality for all t > 0, and

K(S,t) _ (R — "il')(R — &Q)G—R(t—s)

Ka0

17



Remark 3.1.1. Let g = 0, let kg > 0, let ¢ be large. Then the nonvanishing terms
in (3.1.15) are

. . _ t
PO ffg(?f)Xt+ (ke — R)(R Ha)/ e~ R=5) s
0

K@ O K0

t

~ 00K (1 - @> i (Ext + (1 - ﬁ) / Re_R(t_S)Xsds> (3.1.21)
R kg R K0 K Kz /7 Jo

which is a weighted average of

> the long-term © mean p/ky (with weight xy/R) and

> an observed average X-level (with weight 1 — kg/R), scaled by ky/k.g to

convert into a © level, because :—;X reverts toward ©.
In turn, the average X-level is itself a weighted average (with weights R/k; and
1 — R/ky) of
> the current X; and
> an exponentially weighted moving average (EMA): fg Re_R(t_S)XSdS.

The decay rate of the EMA is R from (3.1.7), where

2 2 2.2
R KgOy + 2pRgogR90x + 09’%6'

o3

(3.1.22)

Intuitively, this ratio balances the trade-off between two factors: On one hand, the
greater the variation of the observed X levels — as measured by the a:% in the de-

nominator — the longer the period over which the X averaging should be done, and

18



therefore the smaller the decay rate R. On the other hand, the greater the variation
of the X-undetermined part of the © dynamics, the less informative the older X data
as an indicator of the current © level, and therefore the larger the R; this variation

of the X-undetermined part of © can be expressed by rewriting (3.1.2):
dr,Or = —(Iixg,u - lixli(gXt)dt — kpd Xy + kgoprdWi + Kpgopd Z, (3.1.23)

which has eliminated © from the dt¢ term, making both the d¢ and d.X terms FX.
observable; the remaining variation, taking into account the correlation between dW

and dZ, is given by the numerator of (3.1.22).

3.1.2 FX-dynamics of price, drift, and wealth

Denote the estimated instantaneous drift of X by
Vi i= kpg©Or — ke Xt (3.1.24)

which has dynamics

AY; = kg[(p — kgOy)dt + 04(t)dve] — Kz (Yidl + opdiy)
= (Kzoh — K@“zﬂét — kg Yy)dt + (legaé(t) — Kpog)dyy (3.1.25)

= (Kzgpt — rg(Ye + kp Xt) — ke Yp)dt + (kpgoy(t) — kpos)dvr.
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Suppose that some FX -adapted processes H and V satisfy
dV; = Hyd Xy, (3.1.26)

(for which sufficient conditions are given in Section 3.3.1). Refer to H as the con-
trol process or the trading strategy, and V as the wealth process. Implicit in the

specification (3.1.26) are zero interest rates and frictionless markets.

Then (X,Y, V) have FX-dynamics

dXt - Y;fdt + deVt
dY = (kggn — (kg + £2)Ye — kgria X¢)dt + 025 (t)dy (3.1.27)

dVy = Y Hydt + o Hydry

where

_ K90 y(t) 2l 4 g
O'(t) = O_——/Qg; :Rm
T _

— Ry — Kz (3.1.28)

is the ratio of the signed FX _volatilities of Y and X.

3.2 Optimal Strategies

For fixed T' > 0 we will solve for H to maximize expected utility of terminal wealth

E(U (V) (3.2.1)
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for a utility function U € {Uexp, Upow, Ulog} Where

vl
Upow(v) 1 qg>1 (3.2.2)
—q
Uexp(v) := — exp(—pv) p>0,

where ¢ and p are risk-aversion parameters in the cases of power and exponential
utility, respectively.
For any continuous function G : [0,7] x O — R that is C'12 on (0,T) x O, where
O is an open subset of R3, let £G denote the function (0,7) x O x R — R defined
by
0_2
LG, z,y,0,H) = Gt +yGy + (ukzg — Kgrzx — (kg + K2)y)Gy + yHGy + %Gm

25(4)2 2 2
t H
ax02( ) Gyy + = 2% Gy + 025 (t)Gay + Ho26 (1) Gy + Ho2 Gy, (3.2.3)

The partial derivatives of G are denoted by subscripts, and evaluated at (¢, z,y, v, H).

Proposition 3.2.1. If Gy, < 0 on (0,7) x O, then for each (¢, z,y,v,H) € (0,T) x

O x R,
& 2
LG < G+ yGr + (kpp — Kghat — (kg + Kz)y)Gy + ?Gm + 050(t)Gay
2 vy 202Gy R
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Equality holds if
 YGy + 062Gy + 025 (t) Gy

H
—U%va

(3.2.5)

Proof. This follows from regarding LG as a quadratic in H with negative coefficient

on HZ. ]

Given processes (X,Y,V,H) as introduced in the previous section, define the
process L2 @G by

(cH @)y = LG(t, Xy, Yy, Vi, Hy).

Remark 3.2.1. Intuitively, the operator £ is the infinitesimal generator of the H-
controlled process (t, X,Y, V). By finding G such that the right-hand side of (3.2.4)
vanishes, with terminal condition given by the utility of terminal wealth, we will

solve the Hamilton-Jacobi-Bellman equation

sup LG =0, G(T,x,y,v) =U(v). (3.2.6)
H

for G and H, which will be rigorously verified to be the value function and optimal

trading strategy respectively.

3.2.1 Log Utility

In the case of log utility (U = Ulyg), let

G(t,z,y,v) = A(t)z? + B(t)zy + a(t)y? + C(t)x + B(t)y + D(t) + Upg(v) (3.2.7)
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where A, B,C, D, a, S are given below.

Proposition 3.2.2. In the case U = U)yg define

A(t) = —kgrgA(t),  B(t) = kprgB(t),

C(t) = 2’%:9#121(75)7 B(t) = _’{mGNB(w

(3.2.8)

and D(t) = ftT (k50 0(s) + 02 A(s) + 026 (s)%a(s) + 025 (s)B(s)ds, where, with 7 :=
T —t,

T (kz — “9)2 + 46_(H2+H9)Tﬁx“9 - 62K9t’fx(/fx + Kg) — 62ﬂmt“9(“x + Kp)

At) = —
W 402 (ke — k)% (ke + Kp)
7(t) B (e—l-@gr o 6711337)2
20%(/% — /19)2
alt) = (kg — rig)? + de~RatRO)T g jop — =260 ko (1 + k) — € 2507 kg (ki + Kig)
402 (kg — k)2 (ke + Kg)
(3.2.9)
.7 142k, T4+26272)e 2827 —1 5 2, —2kgT
for ky # kg, otherwise A(t) = (14207 8’;%;93)6 , B(t) = —=55—, and
—2KxT —

Then G defined by (3.2.7) satisfies G(T, x,y,v) = Ujpg(v) and LHG < 0 for

arbitrary H. The trading strategy defined by
Hi =hiVy, hf = —, (3.2.10)

attains equality £H ‘G=0.

Proof. Direct substitution shows that, for this (G, H*), the right-hand side of (3.2.4)

vanishes, the right-hand side of (3.2.5) evaluated at (¢, Xy, Y%, V;) produces H;, and
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G(Ta%yﬂ)) = UlOg(v)' D

3.2.2  Exponential and Power Utility

In the cases of exponential and power utility, define

G(t,z,y,0) = AT+ B()ay+a(t)y’+C(t)a+5(t)y+D(t) U(v) (3.2.11)

where A, B,C, D, o,  will be defined below (and will depend on whether U = Uexp

3.2.3  Ezxponential Utility

In the case of exponential utility, the interdependencies of the ODEs for A, B, C, D, «,
may be resolved sequentially, by solving a sequence of scalar ODEs. The result is as

follows:

Proposition 3.2.3. In the case U = Uexp define

Fv’:%“z p Kzkg = 1
Al ==L AW. B =B, alt) = —5a()

O(t) = MM)’ B(t) = —“ig“f?(t)
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<\ 2RT -3+ de= BT _ o207 _ 0o 2RT (QRr — 4elT 4 o207 4 3)

Alt ,
( ) 2R3 (1 — ge_2RT)
Rt 2 2Rt
_ -1 _
2R2 €2RT _
g (3.2.13)
62R7 -1 €2Rt —q
a(t) = X
(t) 2R e2RT _ g

_ T 2 2-r\2 2
D(t) = /t pkpgB(s) + 02 A(s) + oz0(s)“a(s) + ozo(s)B(s)ds.

where 7 : =T —t.
Then G defined by (3.2.11) satisfies G(T,x,y,v) = Uexp(v) and LTG < 0 for
arbitrary H. The trading strategy defined by
Hr = Ct) +o)BE) 1+ o2 B(t) + 20%5(75)04@)% N

p po?

2A(t) + 5 (t)B(1)

Xt
(3.2.14)

attains equality £H ‘G=0.

Proof. Direct substitution shows that, for this (G, H*), the right-hand side of (3.2.4)
vanishes, the right-hand side of (3.2.5) evaluated at (¢, X, Y:, V;) produces Hf, and
G(T,z,y,v) = Uexp(v). O

Remark 3.2.2. The prospective optimal trading strategy (3.2.14) or equivalently

. kokp A(t) —a(t)B(t
(#26O1— i X))+ 2" ) 5 ) ()(M%xe—fﬁeﬂxXt)

-1+ wgroBl) — (a0
pU% oy
(3.2.15)

Hy

is a linear combination of two “drifts” of X:
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> First, Y; = ngét — kg Xt is the “instantaneous” drift of X. If k; # 0, then
this is the drift of X toward its estimated “instantaneous” estimated reversion

level Ok, /ke, and

> Second, kg — KekgXe is the “forward-looking” drift of X. If kzkg # 0, then

this is the drift of X toward its long-term reversion level ur,.g9/(kgrz)-

The coefficients on these two drifts have the effect of reducing the bet sizes when

some notion of overall “risk” (or aversion to risk) is high:

> The denominator po2 is higher (and therefore scales the position sizes toward

0) when risk aversion p is higher, or when the X volatility o, is higher.

> The 1 in the first numerator multiplies Y;/(po2), producing the purely myopic
component that depends only on the instantaneous drift Y%, instantaneous vari-
ance oy, and risk aversion p, in a ratio analogous to the Merton solution, but

here with a filtered drift.

> Ast — T, the myopic direction dominates the long-term prospects: the coeffi-
cient on the instantaneous drift approaches the Merton weight 1/(po2), while

the coefficient on the long-term drift approaches 0.

> Both numerators have a positive contribution from the product rkyr, of the
mean reversion rates of X and ©. Intuitively, the stronger this is, the smaller
the variability of the expected profits, and the bigger the bet sizes that the

trader should make.
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> Both numerators include —a(t), the negative of the ratio of the signed FX.
volatilities of Y and X. Intuitively, in the case that ¢ < 0, the random fluctua-
tions of Y and X have negative correlation, so when the price X moves against
the trader, the drift Y moves in favor of the trader, mitigating the losses. Of
course, prices X that move in favor of the trader are also mitigated, by drifts
Y that move against the trader; this two-sided mitigation of risk causes risk-
averse utility maximizers to increase position sizing, hence the negative sign on

g.

> The coefficient on the forward-looking drift can be negative. For instance, in

the case that g = ky = kg = 0, we have 5(t) = R and H} = (1—;2%(75))% _
i—i(})umw, which places a negative coefficient on the forward-looking drift

[k, in contrast to the positive coefficient on the instantaneous drift Y;. The
intuition is that increasing a positive forward-looking drift causes the optimal
current position to become less positive, because it becomes more advantageous
to delay up-sizing that bet until a later date, when the drift is expected to be

more favorable.

3.2.4 Power Utility

In the case of power utility, the interdependencies of the ODEs for A, B,C, D, «,
cannot be resolved sequentially, but rather require the solution of a matrix Riccati
equation. In the case where the initial uncertainty is at the equilibrium level vg = 7,
the a(t) and thus the Riccati coefficients are constant, leading to an explicit solution.

In the case of general initial level of uncertainty 7q, this matrix Riccati equation has
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time-dependent coefficients involving &(t), which still admits an explicit solution

provided that kzkg = 0.

Lemma 3.2.1. In the case 79 = 7 and kzrg #0let I € R2%2 be the identity matrix

and define
203 2030 0 1 0 0
S = 1 a P = 4 Q=
2025  2025° |’ (1—q)a ’ qg—1
q q —Rx kg q — K — Ry m
(3.2.16)

For £ > 0 define ®¢, ¥, : [0,7] — R?*2 by ®.(T) = I, U (T) = —¢I, and, for all

t<T, by

= = . (3.2.17)

Then M. (t) := ®Z(t)T.(t) is well-defined and negative semi-definite for all ¢t €

[0,77], all € > 0. In particular this conclusion holds for M, equivalently M.

Proof. The ODE (3.2.17) satisfies a Lipschitz condition, which implies the existence,
uniqueness, and continuous dependence on boundary conditions (and in particular,
on €) of ®.(t) and W.(t).

To show that ®.(t) and W, (¢) are invertible on [0, T), follow the proof of lemma
4.4.1 in W.T .Reid (1972). Suppose to the contrary that there exists some ¢y € [0,7)

and some nonzero = € R? such that ®.(tg)m = 0 or We(tg)r = 0. Let u(t) := P (t)m
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T
/t u* () Qu(t) + v*(¢)Sv(t)dt = u*(T)v(T) — u*(tg)v(ty) = —er*n.  (3.2.19)

Because (@ and S are positive semi-definite, we have ¢ = 0. So ®.(t) and W.(t)

are nonsingular for all ¢ > 0 and t < T. Let’s now focus on € = 0, and denote

Do (t) = (94,5(t)1<ij<2, Yo(t) = (i (t))1<i,j<2- Because tg < T, we have
F(OQult) = v (1)Su(t) =0, t € [to, T]. (3.2.20)

In particular 0 = «*(T)Qu(T) = 7*Qm, so m = cey for some scalar ¢ # 0, where
{e1,e2} is the standard basis of RZ. Hence u(t) = Po(t)m = cor1(t)er + coay(t)es.
Substituting into (3.2.20), we have ¢o1(t) = 0 for all t € [tg, T]. By (3.2.17), we have

® = PP + SU. Comparing the (2, 1) entry of both sides, at all t € (¢, T),

2025 20252
—Kgrked11(t) + ;¢11(t)+ Z Y91(t) =0,

but taking t — T contradicts rzrg # 0, hence ®q(t) is nonsingular. Then, M (t) :=
O L(t)W,(t) exists for all e > 0, < T, and is nonsingular when ¢ > 0. For ¢ > 0,
therefore, M.(T) negative definite implies M:(t) negative definite for all ¢t € [0, T].
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For each t € [0,T], by continuous dependence, My(t) = lim. .o M.(t) is negative

semi-definite. W

Proposition 3.2.4. In the case 79 = 7 let

(3.2.21)

where
._ = 2., .2, .2
a:=(q—1)(0 + Ky + Kg)" + Ky + Ky

b= /a2 — 4@“925“3 (3.2.22)

atb
2

JARRES

A) In case kgzk 0, define matrix-valued functions ®, ¥ : [0,7] — R2*2
( 0 y
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® = (¢)1<i j<2 and U = (1h;;)1<; j<2 where3

2 + Ky
oni= 3 (st i) EHED F T 0wk

+,—

- Ve L i Py
b12:= ) (i (b\/@ +3 “CB“G)HS (t) ;e (ﬂ)
+,—
24 —1)0+q(ke + K
do1 = (EF (2% + qﬁxﬁa)wﬁét(t) + Kykg ) 2 5z G)Hét(t))
+,-
Z4 + KgK
o= 3 (% (0= 00+ alws 4 o) 0 2 500 )
V4 b
+,—
(3.2.23)
and
(q— 1 qﬁm“g + D)kzkg,,,+
; 202bz Hy (t) Y12 = Z :i: 2ng ——F 5 — H¢ (t)
—1 Z4 +
= — = :i: 2.24
Ya1 V12 Pog 1= Z 202 b\/‘H (t)  (3.2.24)
Then @ is invertible for all ¢ € [0,T]. Define A, B,C, a, 8, and M by
2kgp
Ay E O = -, AW
5 =Mt)=0)® () and ,f g (3.2.25)
aft) B(t) = — 10 gy
/{9/{/1‘

3.If b ¢ R, it does not matter which branch to choose for the complex square root because
(3.2.23,3.2.24) are invariant under the transformation (b,zy, HE, HE) — (=b, 24, HT, ”HJF), and
likewise the branch of z does not matter due to the symmetry (z4, HE, HE) = (—2q, —HE, , HT).

FIRR
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D(t) = /tT (2qa%A<s> +24035(s) B(s) + 20030 ()0 (s)

2q
 20,03(5) + 2035 C(3)3(8) + 2O+ oFa(BR) )
2q '
(B) In the case kzrg =0, let A= B =C =0 and let
q—1 H(t)
M T T aloe o 0 HE () + AT D) -
s(0) = (L= Dv/Tsapr He(t) —1 -

oiva  aqHe () + (0 — alke + rg + ) HS (1)

Then, in both (A,B) cases, G defined by (3.2.11) satisfies G(T,z,y,v) = Upow(v)

and LG <0 for arbitrary H. The trading strategy defined by

C(t)+6()B(L) 1+ 02B(t) +2025(1)al(t).,  2A(t) +5(t)B(t)

0z
(3.2.28)
Hf = hiV, (3.2.29)

attains equality £ "G =0.

Proof. In the case rkzrg # 0, the definitions (3.2.23,3.2.24) of ® and V¥ satisfy the

e =0 case of (3.2.17), hence & = &y and ¥ = V. By Lemma 3.2.1, therefore, ® is
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invertible and M exists. We have

_d
o dt

= (Q(t) — P*U(1)® (1) — W(1)d~ ! (1) (PR(t) + SW()® (1)

M(1) = S ()@ (1) = V(e (1) - v()e ()@ ()2 (1)

= —M()SM(t) — PTM(t) — M(t)P + Q. (3.2.30)

Calculating the derivatives of (3.2.11) and simplifying using the A/, B/, and o/
formulas contained in the M’ expression (3.2.30), shows that, for this (G, H*), the
right-hand side of (3.2.4) vanishes, and the right-hand side of (3.2.5) evaluated at

(t, Xt,Y:, Vi) produces Hjf. Moreover G satisfies the Upow terminal condition. ]

Remark 3.2.3. Thus the prospective optimal trading strategy in the power utility

kekg 7 0 case is

_1+ KekgB(t) — a(t)a(t)
qo?

KekgA(t) — (1) B(t

| Fakg <;U% ()B()

Hi (Kpp©r — K X1)Vi

(3.2.31)

(Hzp — KaergXt)Vi.

where A(t) = —j%%iA(t), B(t) = ;2 B(t), and a(t) = —202a(0).

As in the case of exponential utility, the optimal control is proportional to a linear
combination of the “instantaneous” drift Iimgét — kXt and the “forward-looking”
drift K gp — kxkgX¢, and the coefficients on these drifts have similar interpretations
to the exponential case.

Unlike the case of exponential utility, the power-utility maximizer takes position

sizes that are proportional also to current wealth V4.
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The results (3.2.14) and (3.2.28) show that the only stochastic variables on which
the optimal strategy depends are: X;, V4, and an exponentially weighted moving

average (EMA) of X.
3.3 Verification
Let us rewrite the definitions (3.2.7) and (3.2.11)

G(t,x,y,v) = ef(t’x’y)U(U), U € {Uexp, Upow } (3.3.1)

G(t,z,y,v) = f(t,z,y) + U(v), U =Uyg (3.3.2)
where
Flt,z,y) = A@)z® + Bt)zy + a(t)y® + C(t)z + B(t)y + D(2).

Here A, B,C, D, o, 8 are defined by (3.2.12,3.2.13) in case U = Uexp, by (3.2.25) in
case U = Upow, and by (3.2.8,3.2.9) in case U = Ujoe. Any of G, f, A,B,C,D,«,j3

may be written with a subscript U if we wish to emphasize their dependence on U.

Lemma 3.3.1. In the cases U = Uexp and U = Upow we have

sup ft, Xe,Yr) < o0 (3.3.3)
(t,w)€[0,T]x2
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Proof. 1f kzkg # 0, then for all ¢ € [0,T) we have

f(t2,y) = At) (e = 20)> + B(#)(x — 20)y + a(t)y® + D(t) = 2§ A() where z := =22
zhvg
< D(t) — 23 A(t)

(3.3.4)
because < Bf(lt(; }2 B@%{ 2) is negative semi-definite, which is verified in the case U =
Uexp by

4A(t)a(t) — B(t i <6R7_1> (62m_9> Rr+efT(Rr —2) +2) >0
(ta(t) = B0 = — aprpamr gy (B + ¥ (Rr =2 +2) >0

(3.3.5)
and A(t) < 0; and is verified in the case U = Upow by Lemma 3.2.1.

If kykg = 0, then in both cases U = {Uexp, Upow }, we have a(t) < 0 hence
f(t,z,y) = a(t)y” + B(t)y + D(t) < D(t) — B(t)*/(4al(t)). (3.3.6)

From either (3.3.4) or (3.3.6), the result follows because D, A, and (2/a are all
bounded. O

3.3.1 Admissible Controls

Given (Xp,Yp), let (X,Y) be the unique strong solution to the linear SDE (from

(3.1.27))

dX; = Yedt + opdiy ( 7)
3.3.

dY; = (Hmﬂﬂ — (59 + /Qx)Yt — /ﬁglﬁxXt)dt + Ux'a-(t)dyt
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Let H denote the set of progressively measurable h such that
T
E/ h2dt < co. (3.3.8)
0
Moreover Y is Gaussian hence fOT Y2ds < co which allows us to define for h € H

t t
0 0

Given initial wealth V{; > 0 in case U € {Ulog, Upow}, or Vg € R in case U = Uexp,

define
VI =V + X} if U = Uexp
(3.3.10)
Vi =1 e(xM, if U € {Ulog, Upow}

where € denotes the stochastic (Doleans-Dade) exponential. Thus we have wealth

dynamics

AV = HydX;,  where Hy := (3.3.11)

mVHE i U € {Upow, Ulog

In cases U = Ugxp or U = Upow, let r := p or r := q — 1 respectively, and let

& = folt, X0, Yi)ow + fy(t, X, Y1)0u5(t) — roghy
T T
— 1
= imep ([ hav— g [ ehiar)
0 0

Definition 3.3.1 (Admissible trading strategies). Let Ay (abbreviated as .A) denote

(3.3.12)

the set of admissible controls: all A € H such that H satisfies (i) and (ii):
36



(i) In the cases U € {Upow, Ulog}7 the wealth process is a.s. positive: V;H > 0.

(i) In the cases U € {Uexp, Upow }, the strategy h satisfies
=hy _
E(=Z7) = 1. (3.3.13)

This condition is implied by a sufficient condition on the wealth process alone:

Proposition 3.3.1. In the cases U € {Uexp,Upow}, for h € H satisfying (i), a

sufficient condition for (3.3.13) is

E sup |G(t, Xy, Y, V)| < (3.3.14)
te[0,7]

In turn, a sufficient condition for (3.3.14) is the following sup-integrability condition,

involving no other stochastic variables aside from wealth:

E sup |U(V)| < o, (3.3.15)
t€[0,1]

For instance, a sufficient condition for (3.3.15) is that wealth be bounded below:

VtH > v for some nonrandom v € R in the exponential case or nonrandom

vH > 0 in the power case.

Proof. By Lemma 3.3.1, condition (3.3.15) implies (3.3.14).
To obtain (3.3.13) let Gy := G(t, X, Yz, V/"). Then

dG(t, X1, Y, V) = (L7 G)ydt + €1 Grduy (3.3.16)
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and

. h .
Gy =Gy & </0 (EGf)Sds +/O §hdy5>
t (3.3.17)

t ﬁhG t 1 [t
= Gpexp (/ ( e )Sds —i—/ §hdus — 5/ (5?)2013 < GOE?
0 s 0 0

because G < 0, and Propositions 3.2.1 and 3.2.3/3.2.4 imply £LZ G < 0. So if (3.3.14)

holds, then
G
E sup Eng sup ~ <o
te[0,7] tefo,1] GO
hence =" is a true martingale and (3.3.13) follows. O

This section verifies that G is the value function, and that the strategy h* is
optimal, where h* is defined by (3.2.14) in case U = Uexp, by (3.2.28) in case
U = Upow, and by (3.2.10) in case U = Ujyg.

Proposition 3.3.2 (Admissiblity). We have h* € A. Indeed it satisfies the stronger

condition (3.3.14).

Proof. We have h* Gaussian, therefore in H.

In the log and power cases, VOH S 0, and VH " is a stochastic exponential, hence
Vi " >0

In the power and exponential cases, to show H* satisfies (3.3.14), let G} :=

G(t, Xt, Y3, V). Then

dGj = (Ao(t) + M (6) Xy + /\Q(t)Y%)G%kdI/t (3.3.18)
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where the \;(t) are deterministic and bounded on [0, 7] for i = 0,1, 2. (Indeed, in the
exponential case, they are constant: \g = A\ = 0 and Ay = —1/0,.) In both power
and exponential cases, then, G* is a stochastic exponential. Lemma 3.3.2 shows
that G* satisfies the Benes condition; therefore F. Klebaner and R. Liptser (2011)
Theorem 2.2 concludes that G* is a martingale. Applying Doob’s Llog L maximal

inequality to —G* = |G*|, we have

e
E sup |Gf] < — (1 +E(IG}/log* |GT),
te[0,7] €—

so it suffices to show that E(|G7|log |GF|) < oo.
The proof of Theorem 2.2 in F. Klebaner and R. Liptser (2011) defines a sequence

of stopping times 7, T oo and establishes that sup, E(|G%, _ |log|G%.. _|) < oc.

T ATy, TATy,
Therefore
E(|G ] log |G5) = E(lim inf |G, [108] Gy, )
(3.3.19)
< linrgiorcl)fE(|G}/\Tn| log |G |) < 00
as claimed. O

Lemma 3.3.2. Given 7" > 0, there exists some constant C' such that for all t € [0, 7]

(1+ 1 X¢| + [¥2])* < C<1 +sup V?)- (3.3.20)
S
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Proof. We have

t
O = e*net@o + aé(t)l/t + / (n— (Kjg(fé(t) + gé(t))ys)ene(sft)ds
0

/ (3.3.21)
Xp = e ™l Xo + oy + / (/@9@3 — ﬁxaxus)e“w(s_t)ds
0
Therefore there exists C' such that
64| + | X3 < C(1 + sup |vs]). (3.3.22)
s<t
which implies (3.3.20). O

3.3.2  Verification Theorem

To verify optimality of h*, some key steps, that h* satisfies (3.3.14) and hence the
true martingale condition (3.3.13), were already verified in Propositions 3.3.1 and

3.3.2. The conclusion then follows from:

Proposition 3.3.3 (Verification Theorem). In all cases U € {Uexp, Upow, Ulog }, We
have

sup EU(VE) = BU(VET) = G(0, X, Yo, Vo) (3.3.23)
heA

where H is driven by h via (3.3.11).

Proof. For any h € A we have £LHG < 0 by Propositions 3.2.2/3.2.3/3.2.4. Let
G = G(t, Xy, Yy, V).
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For 0 <r <t < T, by Ito’s rule,

t
GH =gl +/ LHG(s, Xg, Y, Vs + My — My, < GH + My — M., (3.3.24)

r

where in the Uexp and Upow cases, My = :é‘ is a true martingale by (3.3.13); and in

the U)yg case

M; = /t (Ux(2A(t)X5—|—B(s)3G+C'(s))—I—Uxﬁ(t)(B(t)Xs+2oz(s)Y3+6(s))+Ug;ht)st

" (3.3.25)
from (3.3.2,3.3.7,3.3.11), which is a true martingale because X and Y are Gaussian,
and h satisfies (3.3.8).

So in all cases of U we have
G(0, Xo, Yo, Vo) > EU(VE). (3.3.26)

In particular if A = h*, then by combining h € A by Proposition 3.3.2 and i a =
0 by Propositions 3.2.2/3.2.3/3.2.4, the inequalities (3.3.24,3.3.26) then hold with

equality, proving (3.3.23). ]

Now, let’s move back and suppose the trader has access to complete market

information.
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3.4 Full Information Case

The spread price X and mean reversion factor © satisfy the same SDEs (3.1.1, 3.1.2).

dX; = (’%;H@t — IixXt)dt + o, dWy,
(3.4.1)

de; = (,u — lig@t)dt + opdZ;.

We are considering the full-information filtration F, where both X and © are F-
adapted, and © is a constant. The control process H now is also F-adapted, and

the wealth process V' satisfies
dVy = Hd Xy = HY;dt + o HydWy, (3.4.2)
where Y; = k,,9O; — K X¢, and then satisfies

dY; = (kg — (Kz + ko) Y — kekgXe)dt + KpgopdZy — KpopdWr. (3.4.3)

3.4.1 Log Utility Rewisited

Let’s begin our comparison between the trader accessing complete information and
those only being exposed to partial information in the logarithmic utility case. Here
we would apply a direct approach without ‘ansatz’. And let’s follow (3.3.11), where

H; = htVy, then we can rewrite the wealth process from SDE(3.4.2) to integral as

T h20'2 T
V= Vyexp / (this - 52 "’”) ds +/ orhsdWs | . (3.4.4)
0 0
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Then take the expected log utility, we have

T h2(72 T
E (Ulog(VT)) = Ulog<V0) + E /0 (hSYS — 52 x) ds —i—/o ophsdWy

st o5 ([ (s 222) ) a9
3.4.5

T Y2
s
< Ulog(Vo) + E /O o7

T 2
= Ulog<VO) +/0 E(Y)

ds
202

where the equality holds when h; = %.

Proposition 3.4.1. The second moment of the Gaussian process Y; is given by

E(Y?) = 12 Fy(t) + pFa(t, Xo, Yo) + F3(t, Xo, Y0), (3.4.6)
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where

4€—I€9t e—2/€9t

Fi(t) = —k2 ( —
1) 20\ kg(2kz — Kg)  (Ky — Kp)?
e—2l€zt(4ﬁ% — Brgkg + Fd%) 26—(/%4—/@9)1‘(3/{9 _ 21’495)
k(262 — Kg) (ke — Kg)? KoKz — Kg)?

2k pp (e ot — e~ rot _ _ _ _
Byt z,y) = & 5 : <(e "y — e g )y + Rakg(eT e —e RG%)
(K2 — Kg)
F . 1 —kpt _ —Kgl —Kpt _ o hKgt 2
3(t,7,y) = ————5 (Karogle e " r 4 (e kg — e Ry )y
(K — Kg)
N 26_(“96‘*"%9)@%/@9/%909(2/£xl<;9p + (Hx + Ha)ﬂaa: + ’%0‘79)
(kz — #g)?(ka + Kg)
- 6—2;@9%96%900(2@[,(@ +0y) + Kpp09)  2Kakpekepog + /135903
kg — k)2 2(kg + Kg)
2 =2kt w202 49 2 o2
| he0r ¢ ka((ke — Kg) 03 + 2kgkpp(Ke + 00)og + K3 y0p)
2 2(ke — Kp)? .

Proof. Denote £ = E(x), where x stands for X, Y, © or X2.Y2 ete. Let’s start with

calculating &, Ex and Eg for all t € [0, T)]. Since Oy is an OU process, we have

Eo(t) = e r0tey + Hﬁe(l e rot), (3.4.7)
and
t
Ex(t) = Xo+ /0 (kr0€0(s) — ke€x(s))ds (3.4.8)

by integrating the SDE for X. Then

Ex(t) = e—mtXOJr( K900 n HEK 20 ) <€—ﬁ9t _ e—mmt)erxa (1 B e"‘wt> ’
Ky — kg Kg(kg — Kg) KoKy
(3.4.9)
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where kg = Ky, we need to take the limit by L’hopital’s Rule. Therefore,

Ey (1) =rzp€e(t) — kalx (1)

— R — _
—rppe 010 + M(1 — e hol) — e et X
ko

. (5309“36@() 1 HExohx ) <e—119t . efnzt> _ HhRgg <1 _ efn$t> .
Ke — Ky  Kg(kz — Kg) Ky
(3.4.10)

Applying [t6 formula, we have the following SDEs

dY? =2Y;dY; + d[Y];
- (%an — ki + kg) Y — Qfsxm(,xm) dt + 2k,909VidZp — 25305V, AW;
+ (/{2903 + 2K,909K: 0P + /{%0%) dt,
dX1Y; =X;dY; + YidX; + d[X, Y],
=(kpppt — (Kz + ko) Y — kapkgXt) Xedt + K909 XedZt — Kpop Xed W
+ Y2dt + 0, YidW; + (pkpgorog — kpo2)dt,

AdX7? =2X;dX; + d[X]; = 2X;Yidt + 00 XpdWy + o2dt.

(3.4.11)
Then Ex2(t), Exy (1), Ey2(t) would satisfy an ODEs system as below:
Elea(t) =2Exy (1) + 02,
Exy (t) =prppEx (1) — (ko + rg)Exy (1) — KakgEx2(t) + Ey2(t)
+ PRygOE0g — Kpoo, (3.4.12)

Era (t) =20k 4pEy (1) — 2(ky + rg)Ey2(t) — 2hzkpExy (E)

+ /f%oag + 2K,909K:02p + K%U%.
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Solve the ODEs (3.4.12), we can verify Eq(3.4.6). O

Remark 3.4.1. 1. The optimal holding position for investor who has access to
complete information only depends on the spot processes of ©; and X, while
for investor who only has partial information should depend on the whole price

process, i.e. on Xg<s<¢.

2. Taking the integration of Eq(3.4.6), we can derive again that the value function
satisfying Eq(3.4.4) should be a quadratic polynomial w.r.t the initial value X

and Y, as it’s the case for E(Y}2).

Next, let’s consider a simplified model where © is simply a Brownian motion, i.e.
the parameters u = ky = 0 and oy = 1, which is equivalent the price dynamics with

mean reverting drift as discussed in Lakner (1995), etc.

3.4.2 A Special Case: ©, = Z;

Let’s consider the case where investor has access to complete market information
with exponential and power utility preference. In this case, the dynamic system is

reduced to be

dX; = Yidt + 0,dWy,
(3.4.13)
dY; = =k Yidt + kp9d 2t — KpopdWy.
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Then the infinitesimal generator for the Markov system (X, Y, V) is

0 0
ot TVay T ¥y, TV G,
2 92 2 2 2.2 o2
oy 0 9, 0 Ko — 2pKg9kz0x + K303 O
T2 (Prizgo = Kxgx)ﬁxy = 2 dy?
H20'2 82 2 82 2 82
5 = 902 + O'xH% + (pRpgor — mxax)HaTy
(3.4.14)
The corresponding HJB equation is
sup LI HG =0, G(T, 2, y,v) = U(v). (3.4.15)
Then a candidate optimal control would satisfy:
2 2
fullx YGy + 052Gy + (phpeoz — Ko )Gvy
H; = L _025 L . (3.4.16)
X
Substituting back in to the HIB Eq (3.4.15), we have
O'2 2
N “39 — 2Pk pkp0r + H%U%G B (yGy + U%Gm + (prpgor — /fxag%)Gvy)Q o
2 vy 202Gy
(3.4.17)

One observation is that the coefficients of the above Eq(3.4.17) does not depend on

x, let’s assume the value function G does not depend on z first. Then Eq(3.4.17)
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can be simplified as

2

/1339 — 2pKpgka0x + H%OIG
vy —

2

(yGv + (pRpeor — “xU%)Gvy)z

= 0.
202Gy

Gt — /fxyGy +

(3.4.18)

Denote A2 = /fio — 20K 9Kz0: + /—i?ca%, and A = pr o — ﬁmag, we can rewrite
Eq(3.4.18) as

22 (yGo + AGy)?
Gt — kpyGy + =Gy — _
ey W T T 000G,

(3.4.19)

With ansatz G(t, y,v) = e/ BV U (v), where f(t,y) = a(t)y? + B(t)y + D(t),U =

Uexp or Upow, then Eq(3.4.19) is equivalent to solving

(' (t)y® + B/ (t)y + D'(t) — kay(2a(t)y + B(1))
A

2
\2 a 2 N2
+at) + (aty + alo)?) - LHACN IO ES

(3.4.20)

AV n2
where (ISJT)” =1, when U = Uegxp, (ISJT)” = %, when U = Upow-
Then a(t) and §(t) can be explicitly solved by collecting polynomial coefficients

in the exponential and power utility cases separately. In this way, we can figure out

that B(t) = 0 in both cases. Then it suffices to solve the ODE for a.

( 1
2K,90 (coth (W) — ,0>

’ U= Uexp7
at) = * 3.4.21
(t) 124 - ( )
) — Ypow,

\ 20, (—qw coth <%> +(q— 1)kzp + /fl;ax>

—1)kr2,+K202
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Therefore, the optimal strategy in both cases are given below:

1+ 2)\a(t)
) STy, U=,
gfullx _ Yol +2Xa(t)) v po " o 3.4.22
t T —02  U" ) 1+42xa(t) (3.4.22)
— o YiVi, U = Upow.

T

From Eq (3.4.22), we conclude in this special case where Oy is a standard Brownian
motion, the optimal position in both U = Uexp, and U = Upew cases, is myopic,
i.e. only depends on the spot drift(and current wealth, respectively). Though the
coefficient of H%* here, unlike in the log case is time dependent, we can find it

positive as well.

Proposition 3.4.2. The coefficient function for Htfu”’*, ie.

1+ 2Xa(t)

poZ

1+ 2)a(t)

qo?

) U'::L%Xp7
(3.4.23)
) U'::UbOW7

is positive.

Proof. Since coth(x) is monotonic and lim coth(z) = oo, it suffices to show that

R z—0 _
M > 0 in exponential case, and M
boy 4oy

equivalent to show the numerator 1+ 2Aa(0) > 0 in both cases, as the denominator

> 0 in power case. Then it’s
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pa% and qa% are positive. In exponential case,

K0 (coth (—’Z—”fT) — p)

1+2Xa(0) =1+

3.4.24
Ky coth (%T> + Kpog ( )
- - > 0,
K0 (coth (’Z—zx@T) + p>
since coth (’Z—ZHT> > 1.
In power case,
_ 1 _ .
1+2Xa(0) =1+ ( q)(Kgpp — Ka0x)
qw coth (%T> + (C] - 1)"§x0P + KpOg

(3.4.25)

(k202 + qu coth (%T)

- >0,
quw coth <U%T> + (g — DEgpgp + kzox

since qw coth (%T) +(q=Drzpp = qu+ (g — Drgpp = (¢ — 1)kgg(1+p) 2 0. O

For cases where investors are only exposed to partial information. In this simpli-
fied case, plug u = kg = 0,09 = 1 into (3.2.15, 3.2.31), we have the optimal strategy

in exponential and power cases as below:

14 2025 (t)a(t)

_ Yi, U = Uexp,
N —02 U ) 1+ 2025 (t)alt o
T + 0-1?0-2( )Oé( )}/;f‘/t’ U — Upow;
qo;

Then similar discussion as Proposition 3.4.2 can be carried out for the partial infor-
mation case.
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CHAPTER 4
OPTIMAL DYNAMIC FUTURES PORTFOLIOS WITH
CONSTRAINTS

In this chapter!, we study the problem of dynamically trading multiple futures con-
tracts subject to portfolio constraints under a stochastic basis model. We present a
utility maximization approach to generate optimal trading strategies for futures port-
folio under a stochastic basis model, taking into consideration portfolio constraints.
The stochastic basis is modeled by a multidimensional Brownian bridge that con-
verges to zero at maturity, while the underlying asset’s spot price is assumed to be
a multidimensional geometric Brownian motion. Then, we determine the optimal
futures trading strategy by solving a power utility maximization problem with con-
straints, such as market neutral and dollar neutral. By analyzing and solving the
associated Hamilton-Jacobi-Bellman (HJB) equations, we derive the investor’s value
function and optimal trading strategies. We also provide verification theorem that
indicates the solution to value function is indeed the solution to the associated HJB
equation. In addition, we also define the investor’s certainty equivalent to quantify
the value of the futures trading opportunity to the investor. Numerical examples are
provide to illustrate how certainty equivalent depend on number of traded futures
and different portfolio constraints.

In the literature, early studies of optimal futures trading that incorporates the

dynamics of basis include Brennan and Schwartz (1988) and Brennan and Schwartz

1. This chapter contains joint work with Tim Leung and Yang Zhou at Department of Applied
Mathematics, University of Washington.
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(1990). They assumed that the basis of an index futures follows a scaled Brownian
bridge and calculated the value of the embedded timing options to trade the basis.
They then used the option prices to devise open-hold-close strategies involving the
index futures and the underlying index. Also under a Brownian bridge model, Dai
et al. (2011) provided an alternative trading strategy and specification of transaction
costs. Another related work by Liu and Longstaff (2004) assumed that the basis fol-
lows a scaled Brownian bridge and the investor is subject to a collateral constraint.
They derived the closed-form strategy that maximizes the expected logarithmic util-
ity of terminal wealth. For another thing, the stochastic control approach has been
applied to stock portfolio optimization dating back to Merton (1971), but much less
has been done for dynamic futures portfolio in continuous time. In a number of
companion papers (Tourin and Yan, 2013; Leung and Yan, 2018, 2019; Leung and
Zhou, 2019; Angoshtari and Leung, 2019, 2020), the utility maximization approach
is used to derive dynamic futures trading strategies under various stochastic models
without portfolio constraints. Market neutral constraint is taken into consideration
to determine optimal pair trading in Angoshtari (2016) and Liu and Timmermann
(2013), while Zhao and Palomar (2018) propose a mean-reverting portfolio design
with an investment budget constraint. Besides, Li and Papanicolaou (2019) an-
alyze the optimal portfolio for multiple co-integrated assets with a general linear
constraint. Compared to these studies, the current paper provides analytic analysis
for the futures trading under a multidimensional stochastic basis framework, with
and without portfolio constraints. For the constrained case, we can deal with mul-

tiple constraints at the same time. Our analysis show how optimal strategies and
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value function depend on the stochastic basis. Moreover, we decompose the optimal
strategies based on different portfolio constraints, and find the optimal “leverage”

for value function semi-analytically.

4.1 Model Formulation

We fix a physical probability space (2, F,P), where P is the physical probability
measure. The market consists of M risky underlying assets Sy ; for i € {1,..., M},
along with a positive constant rate r > 0. The asset’s spot prices S; ; evolve according

to a multidimensional geometric Brownian motion:

i
dSt; = St (Ni,Sdt +) Ui,k,Sth,k> , 1€{L,..., M}, (4.1.1)
k=1

where p; ¢ is the constant drift, o; . g, for 1 <k <, are constant volatility param-
eters, and (W 1,.. ., Wi, M)T is a standard M-dimensional Brownian motion under
the measure P.

For each underlying asset Sy ;, there are IN; futures contracts Fj; ; written on
this asset with expiration dates T; ;, for j € {1,..., N;}. For counting and indexing,
we define the order numbers

i—1

Fij= Npt+i, ie{l....M}, je{l.. N}
k=1

and total number
M

N=> Np=Pyn,
k=1
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Then, we can line up all IV futures one by one, where the futures ¢ ; ; is the P; ;-th
contract.
Next, we derive the futures price dynamics via the random basis process. To that

end, we define the log-value of the random basis for the futures contract Fy; ; by

Zy ;= log (%) —r(T;j—t); 0<t<T;,;, ie{l,....M}, je{l,...,N;}.
’ (4.1.2)
Then, we assume the log-basis Z; ; ; evolve according to multidimensional Brownian
bridge:
M
dZ;; 5 = (m” T’]Zt“> dt+ Z op, ke zWe i € {1,..., M}, j € {1,...,N;},
(4.1.3)
where drift m; ;, coefficient x; ; and volatility parameter o P, jk,Z are constants for
1 <k<P;+M and (Weg,...,Wynyn) ! is a standard N + M dimensional
Brownian motion under the measure P. We define the filtration F = (F;);>( being
the augmented o-algebra generated by {(Wy,1,..., Wy, n4ar); 0 < u <t} and satis-
fies the usual conditions. By construction, each log-basis Z; ; ; converges to 0 at the
corresponding futures maturity 7; ;.
From the basis process, we derive the futures price dynamics using Ito’s lemma.

Precisely, each futures price satisfies the stochastic differential equation (SDE)

Z Pij+M
9 t7 9
dFt,iJ' = Ft,i,j (92,] — T] ’L]) dt + Z O-szakF thk| (4.1.4)
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where the drifts 0; ; are given by

Fig+M

1{. < )
O;j =—r+m;;+ps+ 3 2 Z 0ik,SOP; k.2 T+ Z OB k7 | (4.1.5)
and volatility parameters o P j .k, F satisfy
0ik,S T OP, ; k.2 1<k <i,
op; ik F = (4.1.6)
O-Pij,k;,Zv Z<k§P1,j+M,

forie{1,...,M}and j € {1,...,N;}.
In order to rewrite SDEs (4.1.1), (4.1.3), and (4.1.4) in matrix form, we denote

the vectors of assets, log-bases, and futures, respectively, as

St = (St1,--- Sear) (4.1.7)
Zi = (Zigje s Zea Ny 20200 Zip Ny, | (4.1.8)
Fri=(F1n, - Frang Frone- o Frarng,) - (4.1.9)

Also, we define the coefficients vectors by

T M
= (Ml,Sv"'?/LM,S) € R,

0 := (9171, . ,917]\[1,9271, - ,9M7NM)T € RN,

. T N
m o= (Mg 11, M1 Ny 2,15 - - amt,M,NM) e R,
. k1,1 K1 N K21 KM,N
K(t):=d1ag< .., A S — .., M )ERNXN,
T171 -1 Tl,Nl —1 T271 —1 TM,NM —1
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and the vectors of independent standard Brownian motions by

Wt,l = (Wt71, .. ,Wt’M)T S RM7

T _ N
Wioi=Winmst1,-- - Wenenm) €RY.

Next, we define the volatility parameter matrix is e RM*M for the M underlying

assets by
O’LLS 0 0
~ 0'2,175 0'2’2’5‘ 0
g =
_UM,l,S oM2,8 --- UM,M,S_

The volatility parameter matrices £zg € RV*M 33, ¢ RVXN for N log-bases are

defined by

o11,7Z - OLMZ 01, M+1,7Z 0
= 021,72 --- O2MZ = 0o M+1,Z  O2,M+2,7
Yizs = . ' , Yz =

ON1,Z -+ ON,M,Z| |ONM+1,Z ON,M+2,Z

ON,M+N,Z |

The volatility parameter matrices iFS e RV*M, f)F e RVXN for N futures are
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defined by

Ul,l,F UI,M,F Ul,M—I—l,F 0 0
~ O 1,F --- O9MF ~ OQM+1,F  O2MA42,F - 0
Yps= | . , Xp =

[ONJ1,F -+ ONM,F| |ONM+1,F ON,M+2,F -+ ONM+N,F |

With these notations, the SDEs (4.1.1),(4.1.3) and (4.1.4) can be written in ma-

trix form:

dS; = diag(Sy) [,udt + SgdWy |,
dZ; = (m — K(t)Zt)dt + iZSth,l + iZth,Z

dFy = diag(Fy) [(0 — K (t)Zy)dt + EFSdWLl + iFth’g] .

4.2 Futures Portfolio Optimization

We now consider the futures trading problem under the stochastic basis model. The
portfolio consists of futures with different underlying assets and different maturities.
The underlying assets are not traded. As such, we are in an incomplete market
setting where not all risks can be traded away.

Let m; ; be the trader’s position, measured in cash amount, on the futures F; ;
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at time ¢. The trader’s portfolio value is denoted by X/* and evolves according to

dF,

— rdt + Z Z Tt t’f_ (4.2.1)
Z ]_ ] ]_ 7 7.]

= rdt +m, [(0 K (t)Z4)dt + SpgdWy 1 + SpdWis) | (4.2.2)

where we have defined the strategy vector
T o= (T2 1, TN TE2 L s TEMNy) |
The trader’s risk preferences are encapsulated by the power utility function
U(z) = —, (4.2.3)

with a constant parameter p < 0. The relative risk aversion parameter 7y is given by

B U (z)
U'(x)

We only consider the case that p < 0, which means the power utilities are less risk
seeking than logarithmic utility. In particular, when 0 < p < 1, the analysis is more
intricate, and involves identifying the so-called nirvana solutions where the expected
utility becomes infinite. For details on these solutions under the stochastic basis
framework, we refer the reader to Angoshtari and Leung (2019) and Angoshtari and
Leung (2020).

We consider futures portfolios with and without constraints. The portfolio op-

o8



timization problem leads to the study of the associated Hamilton-Jacobi-Bellman
equation (HJB), which is reduced to a system of ODEs. In addition, we provide the
verification theorem for our utility maximization problem.

Let’s begin with general strategies without constraints, which we use superscript

‘no’ to denote ‘no constraints’.

4.2.1 The Portfolio Optimization Problem without Constraints

Without portfolio constraints, the trader seeks an admissible strategy w € A",
that maximizes the expected utility of wealth at 7', where 0 < T" < T; ; for all
i€ {l,...,M} and j € {1,...,N;}. It means trading stops strictly before the
expiry of the futures contracts. Then, the convergence between asset’s price Sy ; and
futures price Fy; ; is not realized in the market. This non-convergence has practical
relevance since speculative futures trades are always closed out before the delivery
date.

Before defining the set of admissible trading strategies, we construct an auxiliary

process for a given strategy 7 by
t ~ ~
Y;" :/ (—ZJH”O(t) +gn0(t)T) <EZSdWs,1 + Edesz)
0
+ o] (SrsdWi1 + SpdWiz)

where H™(t),g"°(t) are deterministic functions that only depends on the model
parameters, which will appear later in Theorem 4.2.1 by solving the corresponding

ODEs. Then, the admissible strategy set is given as:
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Definition 4.2.1 (Admissibility). We denote A™° the set of all F-adapted processes

{m¢}o<t<T, such that
() E(J 7] Zl + lmedt) < oo;

(i) X[ € D, P-as., for all t € [0,T], where D = RT and (X[ )g<t<7 is given by

(4.2.1);
(iii) E <exp (YT” - %(Y”)T)) ~ 1

Condition (7) is a general integrability condition to ensure the existence of the
wealth process. Condition (7i) is to assure that the wealth should be positive almost
surely, and Condition (iii) can be found in many places, e.g. Kuroda and Nagai
(2002), which is equivalent to say the stochastic exponential of Y;™ is a martingale.

Then the value function is defined as

V(t,z,x) = sup E[U(XT)|Z; =z X[ =zl (4.2.4)
weAno

To solve the portfolio optimization problem, we define the volatility matrices Xz €

RVN sipy € RVXN and Bp € RV*N matrix, as

g = iZSE—ZrS + izi—zr, (4.2.5)
N3 S w1

EFZ = ZFszzs + EFE , (426)
N s S

dp = EFSEFS + EFEF- (4.2.7)
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Then, we define the linear operator

1
L-=r2d +(m—K(t)z) 'V, - +§Tr(2zv§-), (4.2.8)
where V- = (82171-, ey Oz Ny Ozg 1o -0z NM-)T is the nabla operator and Hes-

sian operator V2- satisfies

2
azl,l' a21,16)21,2' s a21,18«2‘J\/,N]\4'
2
v2. _ 0219021 ang e 82'1,28ZN,NM
z . . . . ’
2
_aZN,NM Oz - aZN,NM Do - aZN,NM' i

and column-valued-function a"°(t, z, x)
a"(t,z,x) = (0 — K(t)2)rd,u"’ + XpgzaV 0,u". (4.2.9)

Then, we obtain the HJB equation for u"°(t, z, z),

$2 Oy u™0

2

weAn0

O™ + Lu"° + max {ﬂ'TanO(ta z,7) + WTEFT"} =0, (4.2.10)

for (t,z,2) € [0,T) x RY x D, where operator £ is defined in (4.2.8). The terminal
condition is
P
u"(T, z,x) = —,
p
for (z,2) € RN x D.

To solve the HJB equation (4.2.10), we have:
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Theorem 4.2.1. Define £ € RV*N py

0 — 5, + ﬁzgzzglzm. (4.2.11)

Then, the following statements hold.

1. The matrix Riccati differential equation below has a unique solution that is

positive semi-definite for all ¢ € [0, T,

%H”O(t) = (K(t) + %K(t)EEIEFO H"™(t)

-
+ H"™(t) <K(t) + %K(z&)EFEFZ) (4.2.12)

_pK(t)TzilK(t),

HnO(T) = ONXNJ

where Opy v denotes the zero matrix of dimension N x N.

2. The solution of the HIB equation(4.2.10) is given by

u(t, z,z) = U(x) exp (—%zTH”O(t)z +2zg"@) + f”o(t)>,

for (t,z,x) € [0,T] x RV x Rt where H™(t) € RN*N gatisfies the matrix

Riccati differential equation (4.2.24), g"°(t) x RY satisfies the following ODE
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system,

5970 = K0g"0) + B Om o+ (H02 + K05 S ) 9700

p no T -1
1 (K(t) +H (t)EFZ> ) (4.2.13)

gno(T> =0nx1,
and f"°(t) € R follows the ODE;,

d
() = —m T g"(0) + Str (SZH™(0) ~ 56"(0) S29™ (1) b

21— p) 0+ Zpzg"(1)| S (0 + Spzg™(t), (4.2.14)

(T = 0.
3. The optimal strategy is given by
1 _
i (t,z) = 1—EF1 (0 — K(t)z 4+ Xpz(g"(t) — H”O(t)z)>. (4.2.15)

Proof. To show the existence and uniqueness of positive semi-definite solution to
Riccati equation (4.2.12), it suffices to show X™° is positive semi-definite, which

stands out as a lemma below.

Lemma 4.2.1. X"° is positive semi-definite.
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By (4.2.11), we can decompose 3" into two components, i.e.

_ 1 R
R TR R A

no

(27 — Xpz 5 Zpz).

Since p < 0, the first term is obviously positive semi-definite. It suffices to show that
g — EEZEﬁlEFZ is positive semi-definite. Define Ag = EES — i;s Then by

(4.2.6), (4.2.5) and (4.2.7), we have
S 1z5p 2z = (5F — SpsAg)  Sp' (S — SpgAg).
Therefore, we obtain
Yy — Sz X Tpz = AG(I - TigSp' Spg) A

Then, we only need to show I — 2E32§1§FS is the non-negative matrix. Suppose

v is an eigenvector for igsﬁﬁliFs such that
igsﬁflipsv = .
Then, we have

)\’UT’U = UTigszﬁliFsv = UTEESEEIEszlipsv

> vTigsEilipsiESZlElipsv = v,

where the inequality is from the (4.2.7), the definition of ¥g. We obtain A € [0, 1],
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i.e. the eigenvalues for I — igsEfliFs are also in [0, 1], which therefore, should
be positive semi-definite.

Now, we proceed with the proof of Theorem 4.2.1. According to Appendix A in
Angoshtari and Leung (2020), the Riccati Equation (4.2.12) has a unique symmetric
non-negative definite solution, since 214?1 and X"° are positive semi-definite.

Next, performing optimization in (4.2.10) with the first-order condition for the

optimal strategy 7},
a"’(t,z,x) + ($28xxu)EF7Tz< = 0.

Then, we obtain

i = - 2}10,”0(15, z,1)

(4.2.16)
220,01

Plugging (4.2.16) back to the HJB (4.2.10), we have

1

o™ + L0 — ————
t 2020, um0

a(t, z, x)Tﬁilano(t, z,x) = 0.

With the ansatz u"°(t, z,z) = U(x) exp (—%zTH”O(t)z +zTgmo(t) + f”o(t)) , where
H"™(t) € RN*N is a symmetric matrix and g"°(t) € RY | we obtain the matrix Ric-
cati equation (4.2.12) for H"°(t), ODE system (4.2.13) for g"°(¢) and ODE (4.2.14)

for f°(t). In addition, Ozzu = p(p — 1)u < 0. O

It’s common practice to seek dynamic futures trading strategies with portfolio
constraints, among which dollar neutrality or market neutrality are most popular.

We are going to give a rigorous definition of portfolio constraints, and introduce a
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neutrality concept that includes both dollar and market neutrality.

4.2.2  Constrained Futures Portfolio

We now incorporate portfolio constraints of the form

I'nr=c, (4.2.17)

for T € RV*4 and ¢ € R?. Furthermore, we assume these d constraints are linearly
independent, i.e. rank(T') = d. Otherwise, some constraints are either redundant or
infeasible. The admissible set A for constrained case are almost the same as given
in Definition 4.2.1, except that H"°, g"° in the auxiliary process Y™ should be re-
placed by H, g, given below, respectively. The trader seeks a constrained admissible
strategy 7 € {m € A[l'"m = ¢} over the trading horizon [0, 7], that maximizes the
expected utility of wealth at T'.

Then, the value function is defined as

V(t,z,x)=  sup  E[UXT)|Z; =z, X[ =], (4.2.18)
e ATl Tr=c

and column-vector-valued function

a(t,z,z) = (x0,u)(0 — K(t)z) + 2Xpgz(0:V2u). (4.2.19)
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Then, the corresponding Hamilton-Jacobi-Bellman equation (HJB) follows

29
ou+ Lu+  max {ﬂ'Ta(t, z,r)+ T Geatl
wc ATl Tn=c

nTsz} =0, (4.2.20)

for (t,z,2) € [0,T) x RY x D, where the set D contains all possible values for the

wealth . The terminal condition is
w(T, z,x) = U(x),

for (z,z) € RN x D.

The following result provides the solution to the HJB equation (4.2.20).

Theorem 4.2.2. Assume the trader’s utility is given by (4.2.3). Define Dy € RIxd

Yr e RVN and e RVXN a5

Dr =T's;'T, (4.2.21)
Sr =S DT 2. (4.2.22)
D _
Y =3+ WEEZ(EFl — ¥p) gy (4.2.23)

We note that Dy is invertible due to the assumption that rank(I') = d. Then, the

following statements hold.

1. The matrix Riccati differential equation below has a unique solution that is
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positive definite for all ¢ € [0, T,

H(1) = (K(t) P Ky - 2r>ze) H()

l—p
+ H(t) (K(t) + %K(t)(i]]_;l = 2F>2FZ) ! (4.2.24)
+HOSH() + %K(t)(EFl ~_Sp)K(1),
H(T) = Onxn;

where Oy v denotes the zero matrix of dimension N x N.

. The solution of the HJB equation(4.2.20) is given by

u(t, z, ) = U(x) exp (—%zTH(t)z +z'g(t)+ f(t)),

for (¢t,z,x) € [0,7] x RN x Rt, where H(t) € RV*N satisfies the matrix
Riccati differential equation (4.2.24), g(t) x RV satisfies the following ODE

system
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and f(t) € R follows the ODE,

J(t) = —m T g(t) + “Tx (SZH(1) — Lg(t) Sgg(t) — rp

2 2
- 2(1p— o @ Srz9() ' (S5 —Zr) (0+Spzg(t)  (4.2.26)
—p(0+Zpzg(t) " EflI‘Dl?lc + MCTDE%,

£(T) =0,
3. The optimal strategy is given by

7t z) = E]j?lI‘Dl?lchl%p(El;l—Er) (0—K(t)z+EFZ(g(t)—H(t)z)).
(4.2.27)

Again, we begin with two lemmas.

Lemma 4.2.2. Efl — Xy is positive semi-definite.

Proof. By (4.2.22), we have

-1 _ y—1 -1 -1 Ty -1
Spl - S =g - splrppirTsgt

Since X is symmetric positive definite matrix, there exists a invertible matrix B

such that BBT = Ep. Then, we define an auxiliary matrix A = B™IT e RNV*d,

Thus, we obtain Dp = AT A. Then, it suffices to show

Try—1 -1 —1pTy—1 T AL 4T
Bl (zp! - =p'rDpIr s B =1 - AATA)1AT,
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is non-negative definite. Since, Awv is the eigenvector of A(ATA)_lAT, for any
v € R? and rank(A) = d, the eigenvalues for A(AT A)~"1AT are 0 or 1. Therefore,

I-A(ATA)TAT is positive semi-definite. O
Lemma 4.2.3. ¥ is positive semi-definite.

Proof. By (4.2.23), we can decompose ¥ into two components, i.e.

=" %EEZEI‘EFZ

p)

According to Lemma 4.2.1, X" > 0. Besides, since p < 0, the second term is also

positive semi-definite. Therefore, 3 is positive semi-definite. ]

Now, we present the proof of Theorem 4.2.2. To show that the Riccati Equation
(4.2.24) has a unique symmetric positive semi-definite solution, it suffices to demon-
strate that 2];1 — 3 and X being the coefficients of quadratic and constant terms
are positive semi-definite, which are proved in Lemma 4.2.2 and Lemma 4.2.3.

Next, we turn to solve the HJB equation (4.2.20) by the method of Lagrange mul-
tiplier, similarly seen in Li and Papanicolaou (2019). Let A(t) = (A (t),..., A\g(t)) "
be the (vector) Lagrange multiplier. We define the Lagrangian function correspond-
ing to the constrained case by

2
Lt,m,A) =7 a(t,z,z) + MTMUWTZFT&' AT —e¢).
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Then, it suffices to solve the system of equations:

Val = a(t, z,z) + (£20pu)Spm — TA(t) = 0,

VaL=T'mw—c=0.

Therefore, we obtain

_q1a(t,z,x) —TA(t)
SE g bk 4.2.28
it F 1205 ’ ( )
and

At) = TS0 M T s a(t 2, 2) + (2205u)0). (4.2.29)

Inserting A back to formula (4.2.28), we have

> - Sr)a t,z,x

m =Xp' TDple - B~ Zrjal ), (4.2.30)

2200

where Dy and X are given by (4.2.21) and (4.2.22), respectively. We can verify

that the optimal strategies satisfy the constraints,

1. TT(SE —Zpa(t, z,2)
FTﬂt = I‘TEFII‘DFIC — F 9 =c.
rxr

Plugging the candidate 7; back to the HJB(4.2.20), we obtain

T —1
a(t,z,r) (EF —Yr)al(t,z, ) —i—cTD_lI‘TE_la(t 2, 1)
I‘ F ) 9

oru + Lu —
t 202 O (4.2.31)

2
T amu T -1
+ e Dple=0.

With the ansatz u(t, z, x) = U(x) exp (—%zTH(t)z +2zg(t)+ f(t)), where H (t) €
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RV*N g a symmetric matrix and g(t) € RV we obtain the matrix Riccati equation

(4.2.24) for H(t), ODE system (4.2.25) for g(t) and ODE (4.2.26) for f(t).
Plugging the solved equation u(t, z, x) into (4.2.30) gives us the formula of optimal
strategy. The verification will be provided as Theorem 4.2.3.
We now examine the optimal strategies more closely under the two common

constraints.

Example 4.2.1 (Dollar Neutral). A trading portfolio is said to be dollar neutral if
T
1NX17T = O,

where 1,7 is an all-ones vector of dimension N. This amounts to set I' = 11
and ¢ = 0 in (4.2.17). Then, according to Theorem 4.2.2, we obtain the optimal

strategy for dollar neutral portfolio,

T = —(251 -3r) (0 - K(t)z + Xpg (g(t) — H(t)z)>
When N = 1, meaning we trade only one futures, the strategy @ must be zero for

dollar neutral constraint.

Example 4.2.2 (Market Neutral). A trading portfolio is said to be market neutral
if
dX{ dS;; =0,
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for i € {1,..., M}, which reduces to the market neutral constraints
‘S s I\ T
(XpsXg) 7 =0n/x1-

This amounts to set I' = ispig and ¢ = 0 in (4.2.17). Then according to Theorem

4.2.2, we obtain the optimal strategy for market neutral portfolio,

= —(EEI - 3r) (0 ~ K(t)z+Zpz(g(t) — H(t)z)>

Since ¥p, H(t) and g(t) depend on the choice of portfolio constraints, I' and
c, the optimal strategy presented in two examples are different even though they
have the same formula. It also implies the admissible strategy set A depends on the
portfolio constraints.

Next, we introduce a more general class of constraints.

Definition 4.2.2 (I'-Neutral). We say a strategy = is I'-Neutral if it satisfies the
following equality:
I'm=o.

Remark 4.2.1. The definition of I'-Neutral is universal whenever the constraints are

imposed on strategies that are describing either invest fractions or dollar amounts.

With the definition of I'-Neutral strategy, we can integrate the dollar neutral
and market neutral conditions to be I'-Neutral that I' = 1 or f]SFflg Moreover,
we can decompose the optimal strategies for general constraints I'' 7w = ¢ into two

components, one of which is dominated by the I'-Neutral case, and the remaining
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component reveals the hedging demand for ¢ # 0. With this idea, we decompose the

coefficient functions g(t) and f(t) firstly as following:

Lemma 4.2.4. There exists W(t), B(t), A(t), which are N x d,1 x d and d x d

matrices, respectively, such that

g(t) = go(t) + ¥(t)c, (4.2.32)

Ft) = fot) + Bt)e+ e A(t)e, (4.2.33)

where gg(t), fo(t) are the unique solutions to ODEs (4.2.25), (4.2.26) when ¢ = 0.

Moreover, A(t) is positive semi-definite.

Proof. The existence of W(t), B(t), A(t), is guaranteed by solving an ODEs system
below. Firstly, we observe from the matrix Riccati equation (4.2.24) that H(t)
doesn’t depend on ¢. Then, plugging the decomposition (4.2.32) and (4.2.33) into
ODE system (4.2.25) and ODE (4.2.26), and collecting the coefficients of ¢, we obtain

the ODE system for gg(t) € R,

g6(t) = K(t)go(t) + H(t)ym + (H(t)z - KOS - zrsz) 90(t)
p

o~ (K@)~ HOSkz) (S5 - Sr)wr,

gO<T) = ONXl?
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the ODE for fy(t) € R,

7o) = ~mTgolt) + ir (SzH() ~ S00(0) Sza0(t) ~ v

P (0 +Zpzg0(1) | (Sp' — =r) (0 + Spzgo(t) .

and ODEs for W(t), B(t), A(t),

w(0) = KO + (HOE - K0 - 0% ) ¥0),

—p(K(t) - H)Z4z) S5'TD;,

B0) = —m (1)~ go()2U(1) — T (' — Tr)Trz

—p(pr + 90(t)SFz) ' Sp' T DY,

1 p Al P _
A(t) = —§\Il(t)TE\Il(t) — im(t)TEEZEFlI‘Drl — 5DrerzFleZ\IJ(z&)
p(1—p)

-1
- Dyt

Besides, we can check that gg, fo solve the corresponding ODEs for I'-Neutral con-

straint.
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As for matrix A(t), we have

1 [ _ _
A(t) = —§\Il(t)TE\Il(t) - §\Il(t)TEFZZF1I‘DF1

P =1pTs—ls:T p(l—p) 1
~ 5D TS S, (1) + =Dy
p Ts T
< W) 2, S Sp Ut
Do T Ayl P _ p(1—p)
—5¥(t) SpyBp IO — DT B! Spz ¥(1) + =D
p Ty-1 T =1 (pTs-1
= 51— (T Zez®() — (1-p)) DRt (172 Spg ()~ (1-p)).

where the first inequality comes from (4.2.23) that

p _ p
=%y + ——3h, (5" - Zp)Spz > —TPEEZEFEFZ.

(1-p)

Since A(T) = 0 and we’ve shown that A’(t) is semi-negative definite, we prove A(t)

is semi-positive definite. ]

Though g(t), f(t) are given by solving an ODEs system, which may not be fully
explicit, the decomposition in Lemma 4.2.4 reveals some good properties to analyze
the influences for different ¢, since those W(t), B(t), A(t) functions are independent
with e. And since the ODEs for H (t) do not depend on ¢, in other words, H (t) is
the same as that in I'-Neutral case. Hence, we have the following decomposition for

optimal strategy:
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Corollary 4.2.1. We can decompose the optimal strategy into two parts,

7 (t,z) = Xp'TDple + %p(z;l —3r) (e ~K(t)z+Zpz(g(t) — H(t)z))

- (%' - =p) (0 — K(t)z + Zpz(go(t) — H(t)z)>

I'-Neutral holding position

1
+ (251I‘Dfl + Tp(Efl — EF)EFZ(I)(t)> C.

hedging demand for ¢

The first component is exactly the optimal strategy corresponds to I'-Neutral
constraint. And the remaining component has linear dependence on ¢, which are
called hedging demand as it is extra holding positions required for general linear
constraints.

As we can see, the admissible strategies for constrained cases and non-constrained
case may vary. But we can observe that the optimal strategy in constrained case
is also admissible in unconstrained case, i.e the intuitive comparison relationship
between their value functions V' < V™ holds. But in our paper, we provide a
direct way to look into the relationship for candidates of value functions between the

constrained HJB solution u(t, z, x) and the unconstrained HJB solution u"°(t, z, z):

Proposition 4.2.1. Let’s define the auxiliary functions below,

H(t) = H"(t) — H(t),g(t) = g"°(t) — g(t), f(t) = f"°(t) = f (D),

7



then we obtain the equation between u(t, z, z) and u"°(t, z,x) :

—gn’, —2f@) ) \1

N | —

u(t,z,r) = u"°(t, z,x) exp

EDIAls

—~

| HE®), —g@) ) . N .
The matrix is semi-positive definite. Therefore,

-7, —2f(t)

u(t, z,x) <u"(t, z,x).

Proof. The ODEs for the auxiliary functions ﬁ(t) =H"(t)-H(t),g(t) =g"(t)—

g(t) and f(t) = f™°(t) — f(t) can be described in multiple ways. We choose the one

without involving H™°(t), g(t) or f°(t). Precisely, we have

H'(t) = (K(t) - %K(t)EFllez + H(t)2”0> H(t)

. T
+H() (K(t) - %K(t)ZFlﬁFz + H(t)2”0>
+HOSH() + %(H(tm]?z — K(1)Sp(SpzH(t) — K (1)),

gt =Kbgt)+ Htym + H)E"g + HX"g + HX"°g
p -1 ~ P T3« T -1

+ Tp(H(t)EEZ — K(1)Zr(Zpzg + ur — (1 - p)Zpm),

(4.2.34)
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Pt =~ mTg(0) + yir (SzH())

1. - - D _ -
5 (t) ="°g(t) — g ' ="0g — Tpﬂgz}?lezg -

P X
2(1—p)

(0 + Spzg(t) — (1 - p)Zpm)| Sp (0 + Zpzg(t) — (1 — p)Spm),

H/(T) = 0N><N7

al(T) =O0nx1,
(@ =o.
H(t), —g(t) . . .
Now, we denote M (t) = , and show the matrix function satis-

-g()", —2f)

fying some proper Riccati differential equation as following by direct calculation:

K(t)+ HZ" — (&K ()25 Tpz, 0 M)
—m! —g %" — oS Sy, 0

.
K(t)+HS™ — (L K(t)Sp'Spz, 0 Q1. @2
+ M) =p F1 + ,
—m! — g2 — Lo Sp Spg, 0 Qy, Qu
(4.2.35)
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where

Q1= L —(SpzH(t) — K (1) Sp(SpzH (1) — K (1)),

l—p
Q2= =T (H(1) Sy ~ K(1)Sr(Spzg + pp — (1 p)Tpm),
Qq = —tr(SzH)
+ L (0+Spzg(t) — (1 - p)Zpm) " Sp (0 + Spzg(t) — (1 — p)Sp).

(1-p)

Moreover, (4.2.34) implies that H is positive semi-definite. Therefore, there exists
matrix B such that H = B B, then —tr(EZﬁ) = —tr(BXzB") < 0. Combining

p < 0, we know that

Qla QZ _ 0’ 0 -+ LN(t)E]_"NU:)Tv

o~ 1_
Qg, Q4 0, —tr(SgzH) b

. . o K(t) — H(t)Spy
is negative semi-definite, where N (t) = . In

0" +g(t) gy — (1 —p)7'=p

addition, ¥"° is positive semi-definite. Therefore, M (t) is the corresponding unique

positive semi-definite solution for Riccati equation (4.2.35). O

Next, we verify that the value function (4.2.18) coincides with the solution of
HJB equation (4.2.20) from Theorem 4.2.2. We also identify the optimal trading

strategy.

Theorem 4.2.3 (Verification Theorem). 1. The value function in (4.2.4) is equal

to the function u"? given in Theorem 4.2.1. Furthermore, the optimal trading
80



strategy is given by (4.2.15).

2. The value function in (4.2.18) is equal to the function u given in Theorem 4.2.2.

Furthermore, the optimal trading strategy is given by (4.2.27).

Proof. Since the unconstrained scenario is just a special constrained case where I' =
0, and ¢ = 0, it suffices to prove the first statement. Let u be the solution given in

Theorem 4.2.2. We prove the following two assertions:

(a) With any admissible strategy m € A, satisfying linear constraints 7' ' = ¢,
we have

u(t, z,x) > By 2 . [U (XT)],

for all (t,z,2) € [0,7] x RN x D, where E; » ;[] denotes the conditional ex-

pectation E[-|X]" = x, Z; = 2| and XT is the terminal wealth.

(b) There exists an admissible strategy 7* € A, satisfying 7* T = ¢ such that
u(t, z,x) = By 5 . [U (XT¥)],

for (t,z,x) € [0,T] x RN x D.

Combining the above two statements, (a) implies u > V, and (b) implies u < 'V,

therefore, u = V as desired.

(a) Given m € A, satisfying the constraint I'' 7 = ¢, we apply Ito’s formula to
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u(t, z,x), to get

1
du(t, Z¢, X[') = {ut + (m — K(t)Zy)Vau + §tr(§3zvzu) + reug
1
+ 7 (pp+ K()Z)zug + 7 SpzVa(ug)z + EWTEFWQJ28MU} dt

+ (VZU)T <§3ZSth71 + iZthQ) + l‘umﬂ'T <§3FSth,1 + iFth,2> .

According to the HJB equation (4.2.20) for u(t, z, x), we have

dult, Zp, XF) < (Vau) | (izdem s ZthQ)
e _
+ zugm <2FSth,1 n EFth,g)
= u(t, Z;, XT) ((g(t) ~H(HZ)' (Sg5dWy,1 +Z5dW, )
+ pﬂ'T (iFSth,l + iFth,Q) >

= u(t, Z¢, X7)AY;".
This results in the inequality:
U(XT) <u(t,Zy, XF)EXYT =Y )p.

Taking the conditional expectation for both sides completes the proof of (a).

Moreover, the equality holds when 7 = 7*.

(b) It suffices to show that 7* is admissible. We combine the integral form of

Z; according to Remark 3.5 in Angoshtari and Leung (2020) and integration
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by part technique to check that Z; satisfies Benes condition below, thus, the
corresponding integrand of Y™ also satisfies Benes condition. That is, there

exists some constant K such that

(2 H )+ 9(0) )78l < K1+ max, [(We, Wao)l|1),
(2 H )+ 90 < K+ max (Wt We2)l10)
I sl < K+ max [|(Was, Wao)).

I TSl < K (14 s, [(We, Wao)ll),

where 7* is given by (4.2.27). See Benes (1971) or p.200 in Karatzas and

Shreve (1991), which verifies the admissibility conditions.

4.3 Certainty Equivalent

We can interpret value functions from another perspective by its corresponding cer-
tainty equivalent (CE). We denote by CE(t, z,x) (CE™(t, z,x) for unconstrained
case, respectively) the certainty equivalent value of the trader at the state (¢, z, ),

which is defined as following:

Definition 4.3.1 (Certainty Equivalent(CE)). Certainty equivalent is the guaran-
teed cash amount that would yield the same utility as that from dynamically trading

futures according to (4.2.18). This amounts to applying the inverse of the utility
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function to the value function. Precisely, we have
CE(t.20) = vexp (5 2 HOz + 12 a(0) 4 1))
, 2, ) =Texp | ——=z Z+ -z g - )
2p p p

specifically, for I'—=Neutral case, we denote

1 1 1
CEy(t,z,x) = zexp (—%ZTHOU)Z + Z—QZTQO(L‘) + ];fo(t)) :

and for unconstrained case,

1 1 1
CE™(t,z,z) = x exp (—2—zTHnO(t)z + =21 g™) + —fno(t)> .
P p p

where gg, fo are defined in Lemma 4.2.4 Jand H(t) = H(t) as explained.

After introducing certainty equivalent to measure the dynamically trading value
for both cases, we can rewrite the relation given in Theorem 4.2.1 to be with certainty

equivalent.

Corollary 4.3.1. We have the following equality between constrained and uncon-

strained case:

H(t), —g(t pe
CE(tvsz) = CEno(t;z,fE) exp QL (ZT 1) ( ) g( )
p

S\ =g, —2r) 1

Obviously, CE(t, z,z) < CE"(t, z, ).
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Theorem 4.3.1. We can decompose the certainty equivalent into two parts,

1 1 1

CE(t,z,x) = CEy(t,z, ) exp (—leIl(t)c + =B(t)e+ —cTA(t)c> .
——— p b p

I-Neutral CE™ 4

opportunity multiplier by ¢

The first part in the certainty equivalent corresponds to I'-Neutral case, and the

second part is a multiplier in quadratic form w.r.t c.

Proof. Plugging in the decomposition given in Lemma 4.2.4 for g and f, we can

directly get the decomposition for certainty equivalents as above. ]

Now we are capable of seeking the best investment proportion at time ¢, with
investment horizon T'. By Theorem 4.3.1, the second part is exponential of a quadratic
form, whose convexity is guaranteed by semi-positiveness of A(t) and p < 0. So the

corresponding cash equivalent C'E(t, z, x) has a global maximum.

Definition 4.3.2. The ¢ for maximizing the certainty equivalent in power utility is
denoted by

c*(t,z,z) = arg max CE(t,z,1).
ceRd

If A(t) is strictly positive, then ¢*(¢) is unique.

With Theorem 4.3.1, seeking the optimal ¢ is equivalent to maximize the ‘op-
portunity multiplier generated by ¢’ part. And if A(t) is strictly positive, then the

formula for the unique ¢* is given by

c(t,z,x) = —A(t)"! <\I/(t)Tz + ﬁ(t)T) .
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Remark 4.3.1. 1. ¢* does not depend on the initial wealth x. Moreover, it has

linear dependence on the basis z.

2. When I' = 1, then ¢ means the constraint on investment fraction of the wealth.
In this case, ¢* is the optimal proportion of investment set up at the beginning
to maximize the corresponding certainty equivalent, which is the counterpart

of Kelly Criterion in power utility optimization.

We provide some numerical examples for certainty equivalents in Section 4.4.

4.4 Numerical Illustration

In this section, we simulate the asset’s spot prices, futures prices and optimal strate-
gies for our basis model. We also generate empirical wealth distribution at terminal
time and certainty equivalents for different constraints and parameters. Primarily,
we consider a market with two different assets S7 and S9 and three futures that
Fy 1 is written on S, while Fo 1 and F5 o are written on So. Their maturities are
Thq = Tyy = 2/12 year and Th9 = 3/12 year, respectively. Then, our trading
horizon is set to be T" = 1/12 year, strictly less than the futures maturities. We
use ‘months’ or ‘trading day’ as the x axis in figures. For clarification, we assume
there be 252 trading days in a year and 21 trading days for a month. Therefore, our

trading horizon is 21 trading days in total. For other model parameters, we list them
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as follows.

r=001, p=(01,02)", m=(0,0,0", (k11,r21,r92) = (0.5,0.5,0.5),

—025 0 01 0 0
_ 05 0 _ _
3g = ., Xzs=| —-015 —02 |, 2z=1] 0 01 0
0.3 0.4
~0.15 —0.2 0 0 0.1

We obtain the values for 8, ¥pg and Xp by equations (4.1.2), (4.1.5) and (4.1.6):

0.17625 025 0 01 0 0
6= 026625 |, Zps=1| 015 02 |. Zp=| 0 01 o0
0.22625 0.15 0.2 0 0 01

In Figure 4.1, we show a set of simulated paths for asset price S¢, futures price
F; and log-bases Z;. In the top figure, we plot price paths for asset 57 and its
2-month futures Fj 1. The price paths for asset So and its two futures (F5 1 and
Fy 9) are presented in the middle figures. The bottom figure shows the simulated
paths for log-bases Z;. The initial prices for both assets are $10. The log-bases Z;
is a multidimensional Brownian bridge that starts from Zy = (0.02,0.02,0.02) " and
converges to zero, which guarantees that each futures price is equal to corresponding
asset’s price at its maturity, which are 77 1 = T5 1 = 2 months and 75 o = 3 months,
respectively. We show the optimal strategies for multiple portfolios in Figure 4.2.
In the left panels, we illustrate optimal unconstrained strategy and optimal dollar

neutral strategy for three-futures portfolio. For the dollar neutral strategy, the sum
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Figure 4.1: Simulated path for assets prices S, futures prices Fy and log-bases Z;.
Top: asset Sy with its 2-month futures F7 ;. Middle: asset Sy with its 2-month
futures F5 1 and 3-month futures Fyo. Bottom: log-basis Z;. Initial value: Sy =

(10,10) " and Zy = (0.02,0.02,0.02) .
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of positions for all futures has to be zero. The two sets of strategy look alike, which
reasons the comprehensive use of dollar neutral strategy in the industry. Also, we
observe that it always put opposite positions between two sets of futures, i.e. Fy1
vs F1 1 and Fo9, which shows that the long-short strategy is optimal. Same phe-
nomenon can be observed from the right panels as well, which presents the optimal
strategies for two-futures portfolios, consisted of Fy 1 and Fb 1. In the bottom left
figure, due to the dollar neutral constraint, the investor is forced to invest equal
fraction of wealth in opposite positions on two futures. Besides, in our model, the
optimal strategies depend on the log-bases Z;, unlike the optimal strategies obtained
by Leung and Yan (2018, 2019), which are time-deterministic.

In Figure 4.3, we present empirical distributions of terminal wealth for different
strategy constraints, different number of futures and different risk parameter p. Like
Figure 4.2, we use the combination of Fj 1 and Fy as the two-futures portfolio.
Recall that the market neutral strategy for the two-futures portfolio is zero, we do
not present it in second and fourth figures. Among three strategies, the market
neutral strategy is the most centralized, while no constraint strategy is the most
diversified with the heaviest tail. It essentially reflects that no constraint strategy has
highest degree of freedom and the investor is more risk when no constraint is posted.
For another thing, the terminal wealth distribution for more risk averse investor
(p = —1), is more centralized than those for less risk averse investor (p = —0.5), see
top 2 figures vs lower 2 figures. It is because the optimal strategy 7* is inversely
proportional to 1 — p according to Theorem 4.2.2. Therefore, less risk averse investor

is likely to bet more on futures, which leads to more diversification for the associated
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Figure 4.2: Optimal strategies.
Top left: unconstrained three-futures portfolio. Top right: unconstrained two-futures
portfolio. Bottom left: dollar neutral three-futures portfolio. Bottom right: dollar
neutral two futures portfolio.
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wealth distribution.
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Figure 4.3: The distribution of terminal wealth.
From top to bottom: (i) three-futures portfolio with p = —1; (ii) two-futures portfolio
with p = —1; (iii) three-futures portfolio with p = —0.5; (iv) two-futures portfolio
with p = —0.5.

We also provide the averages, standard deviations and quartiles for distributions
in Figure 4.3 in the Table 4.1. We present them as the annualized average log-return,
annualized standard deviation and three quartiles. We also present the Sharpe ratio
for each portfolio, which is ratio between annualized average log-return and annu-

alized standard deviation. The statistics for more risk averse investor (p = —1) is
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shown in the upper table, while the other one (p = —0.5) is shown in lower table. As
discuss in the Figure 4.3, the no constraint strategy is most profitable and also most
risky, while the market neutral strategy is the most conservative and stable. Take
the three-futures portfolio with p = —1 as an example. The no constraint strat-
egy achieves 82.14% average log-return with 79.66% standard deviation. On the
contrary, the market neutral strategy brings 36.11% average log-return and bears
42.52% standard deviation. The average log-return and standard deviation for dol-
lar neutral strategy lie in the middle, which are 66.58% and 61.36%, respectively.
However, in terms of the Sharpe ratio, the dollar neutral strategy performs best in
this portfolio. It achieves 1.07, which is at least 0.05 higher than other two strategies.
When p = —0.5, the dollar neutral strategy also performs the best for three-futures
portfolio. It achieves 0.97, while the other two are 0.89 and 0.74 respectively. Be-
sides, compared to the upper table (p = —1), the less risk averse investor (p = —0.5)
has higher average return, bears higher volatility but achieves lower Sharpe ratio.
Take two-futures portfolios as an example. The less risk averse investor could achieve
43.75% for average log-return and 63.26% for standard deviation under dollar neutral
constraint, while the more risk averse investor only gets 35.93% and 47.40% for av-
erage log-return and standard deviation respectively. However, the more risk averse
investor obtains 0.74 for Sharpe ratio in the dollar neutral strategy, which is 0.06
higher than the Sharpe for less risk averse investor with dollar neutral constraint.
Next, we show some examples for certainty equivalents. In Figure 4.4, we plot
the certainty equivalents for dollar constraint portfolios, where the strategy sum

1]—[,><17r is set to be a fixed parameter ¢ and N is the number of futures in the
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-1 3 Futures 2 Futures
p= NC DN MN NC DN
Annualized Average Log-Return | 82.14% 66.58% 36.11% 56.42% 35.93%
Annualized Standard Deviation 79.66% 61.36% 42.52% 71.54% 47.40%
Lower Quartile -93.53%  -57.04%  -34.76% | -103.42% -56.49%
Median 53.84% 55.04% 37.36% 17.28% 11.33%
Upper Quartile 231.52%  178.04%  113.81% 181.31% 96.84%
Sharpe Ratio 1.02 1.07 0.83 0.77 0.74
p=—05 3 Futures 2 Futures
’ NC DN MN NC DN
Annualized Average Log-Return 96.33% 80.01% 42.59% 65.68% 43.75%
Annualized Standard Deviation 106.61% 81.45% 55.87% 96.03% 63.26%
Lower Quartile -137.66% -81.51% -48.50% | -148.12%  -79.03%
Median 61.69% 66.27% 46.98% 17.18% 13.37%
Upper Quartile 297.97%  228.26 % 144.95% | 234.45%  126.98%
Sharpe Ratio 0.89 0.97 0.74 0.67 0.68

Table 4.1: Annualized average log-return, annualized standard deviation, Sharpe
ratio and quartiles for wealth distributions in Figure 4.3.

‘NC’, ‘DN’ and ‘MN’ stand for ‘no constraint’, ‘dollar neutral’ and ‘market neutral’,
respectively. Upper: more risk averse investor (p =

—1). Lower: less risk averse
investor (p = —0.5).

portfolio. Specifically, when ¢ = 0, it is dollar neutral strategy. We show the certainty
equivalents for more risk averse investor (p = —1) on the left and the certainty
equivalents for less risk averse parameter (p = —0.5) on the right. The green and
red curves represent the certainty equivalents for three-futures portfolio and two-
futures portfolio, respectively. Since, with respect to dollar constraint, the admissible
strategy for two-futures portfolio is always the admissible strategy for three-futures
portfolio, the three-futures portfolio’s certainty equivalent will be always larger than
two-futures portfolio’s certainty equivalent as shown in the figures. For comparison,
we use the blue dashed lines marking the certainty equivalent for no constraint three-
futures portfolio and naturally it is larger than the certainty equivalent for any other
portfolios.

We also provide the dark dashed lines as the initial wealth for each

portfolio. If portfolio’s certainty equivalent is lower than its initial wealth, then it
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is not worthy to trade. Most importantly, we mark down the optimal parameter
c* for each portfolio by crosses. For more risk averse investor, the best parameters
c* for three-futures and two-futures portfolios are ¢] = 0.763 and c5 = 0.712, which
bring best certainty equivalents CE} = 1.063 and CE5 = 1.037, respectively. On the
contrary, for the less risk averse investor, they could achieve best certainty equivalents
CE3 = 1.084 and CE} = 1.052 for two portfolios by letting constraint parameter be
c3 = 1.103 and ¢} = 1.018, respectively. Naturally, the less risk averse investor could

achieve higher certainty equivalent than more risk averse investor for each portfolio.
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Figure 4.4: Certainty equivalent (CE) as the function of constraint parameter c.
Left: the risk parameter p = —1. Right: the risk parameter p = —0.5. The blue
dashed lines show the certainty equivalents for three-futures portfolio with no con-
straints. The green curves show the CE for three-futures portfolio with budget
constraint. The red curves show the CE for two-futures portfolio with budge con-
straint. The black dashed line represents the initial wealth. The crosses mark the
optimal parameter ¢* and maximum certainty equivalent C'E*. Optimal parame-
ters: ¢] = 0.763, ¢ = 0.712, c¢§ = 1.103 and ¢; = 1.018. Best certainty equivalent:

CEf =1.063, CE} = 1.037, CE§ = 1.084 and CE} = 1.052.

In Figure 4.5, we present the certainty equivalents as functions of parameter c
for market constraint three-futures portfolios with different parameter p. For the
market constraint, the strategy satisfies (iFsi—Sr)Tﬂ' = c for some fixed ¢ € RM*1,
where M = 2 is the number of assets in our example. On the left, we show the
certainty equivalent for more risk averse investor (p = —1), while on the right, we

show the certainty equivalent for less risk averse investor (p = —0.5). The dashed
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contours denote the certainty equivalent equal to the initial wealth Xy = 1. For
portfolio with constraints lies in the contour, it is worth to trade, since its certainty
equivalent is higher than the initial wealth. Moreover, the contour region for less
risk averse investor is larger than the contour region for more risk averse investor,
which also reflects that the less risk averse investor could achieve higher certainty
equivalent with same portfolio. As for the optimal parameters ¢* and best certainty
equivalent C'E™, we mark them by crosses that investors could achieve CE} = 1.020
and C'E} = 1.026 by letting the constraint parameter be ¢} = (0.091,0.152) T and

3 = (0.131,0.212) T, respectively.

1.00 ‘ 1.0 1.00

Parameter ¢,
Parameter c;

—-0.25 -0.25

_l'gq.00—0,75—0.50—0.25 0.00 0.25 0.50 0.75 1.00 _1'9(1.00—0.75—0.50—0.25 0.00 0.25 0.50 0.75 1.00
Parameter ¢, Parameter ¢;

Figure 4.5: Certainty equivalents (CE) for market-constraint three-futures portfolios
with different risk parameter p.

Left: the risk parameter p = —1. Right: the risk parameter p = —0.5. The dashed
contours denote the certainty equivalent equal to the initial wealth Xy = 1 and
the optimal parameters c¢* are marked down by crosses. Optimal parameter: ¢} =
(0.091,0.152) T and ¢§ = (0.131,0.212) T. Best certainty equivalent: CE} = 1.020

and CE5 = 1.026.
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APPENDIX A
ADMISSIBLE CONTROLS AND CONTROLLED STATE
PROCESSES

A.1 Admissible Controls

The control set A is a Borel subset of R%, and U is the set of all progressively
measurable processes. The admissible controls A C U is composed with L2—integrable
controls « : [0,T] x 2 — A, satisfying the following two conditions.

Given aq and a9 in A and a stopping time 7 € T, we define the 7-concatenation
of a7 and ag by:

-
a1 P ag = Oql[oﬂ_) + a21[T,T]’

A. Stability under concatenation:
aq GTBOQ €A, forall aj,ap e A, 7€T.
B. Stability under measurable selection: For any 7 € T, and any measurable map
¢ (L, Fr) = (A Ba),
there exists a € A such that
p=a on[r,T| xQ, Leb x P a.s.
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Lemma A.1.1. Suppose that A is a separable metric space. Then condition B

holds.

Proof. The key point is to show that for any ¢ given above, define

a(t,w) == o(w)(t,w)li>r(w) + a(w)licr(w), (A.1.1)

for some & € A is progressively measurable.

We can divide the proof into two steps:

(a) For simple function ¢ = Y772 a;1p, for some o) € A and disjoint subsets
By, € Fr. To show that the concatenated oy, given by (A.1.1) is progressively
measurable, it suffices to show that for any ¢ € [0, 7], and Borel subset B C A,

we have

U:={(s,w) € [0,t] x Q| a(s,w) € B} (A.1.2)
is B([0,t]) ® Fy-measurable. Let
Up :={(s,w) € [0,t] x By| 7 < s and ap(s,w) € A}, k> 1,
and
Up = {(s,w) € [0,t] x Q| s <7 and ax(s,w) € A},

then Uy, is B([0,t]) ® Fi-measurable, for all k£ > 0.

Then U = Up>oUy, is also B([0,t]) ® F-measurable.

(b) Since A is separable metric space, for any given map ¢, we can approximate
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it by simple functions ¢, then the corresponding concatenated «j given by
(A.1.1), is progressively measurable by (a), also goes to the one for ¢, should

also be progressively measurable.

The separability discussion on A can be found p.8 in Soner and Touzi (2003).
The following two lemmas are crucial in proving the existence of e-optimal control

in Theorem 2.1.1. The proofs can be found in Bertsekas and Shreve (1978). O

Lemma A.1.2 (Von Neumann Measurable Selection Theorem). Let X and Y be
Borel sets and A an analytic subset of X xY. And the projection from A to X defined

as

nx(A) :={zr € X| Jy € Y such that (z,y) € A}. (A.1.3)

Then there exists a analytically measurable function

¢:mx(A) =Y (A.14)

such that

Gr(¢) = {(z, ¢(z))|r € mx (A))} C A. (A.1.5)

Lemma A.1.3. Let X be a Polish space, then every Borel subset is analytic, and

every analytic subset is universally measurable, i.e. B(X) C A(X) C BU(X).

Lemma A.1.4 (e-optimal control). For any product measure p on [0,7] x R,

induced by a Lebesgue measure on [0,7] and probability measure on R, there
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exists a Borel measurable function

G ([0, T] x R™, B([0,T] x R™)) — (A, B(A)), (A.1.6)
such that ¢,(¢,z) is an e-optimal control for starting point X(¢) = =, for each
(t,x) € [0,T] x R™, p-a.s.
Proof. The proof is divided into three steps:

(a) For any € > 0, define set

Ge = {(t,r,a) € [0, T) x R x A| v(t,z) — J(t,x,a) < €}. (A.1.7)

We want to prove G¢ is Borel measurable, hence analytic by Lemma A.1.3.
It suffices to show that J(t,x,a) is Borel measurable, and since v(t, ) is the
supremum within a separable metric space A of J(t, z, «), it’s also Borel mea-
surable. And the measurability of J(¢, x, «) is guaranteed by the measurability
of @ and X.

(b) Since G: is Borel measurable, applying Lemma A.1.2, there exists an analyti-

cally measurable function

e [0,T] x R™ — A, (A.1.8)

such that Gr(¢:) C Ge, i.e. ¢c(t,z) is an e-optimal control, for all (t,z) €
[0, T] x R™,
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(c) Let P be the set of all probability measures on [0,7] x R™. For any i € P,
denote B;([0,T] x R™) to be the fi-completion o-algebra of B([0,T] x R™).
Then the universal o-algebra U = N;cpB; ([0, T] x R™) C B, ([0, 7] x R™). By
Lemma A.1.3, any analytic function is also universal measurable, thus there

exists a Borel measurable map ¢, = ¢¢, p-a.s.

For more details, see Cerqueti (2009). O

A.2 Controlled State Processes

For 7 € T, L%, (6) is the set of all p integrable, R™-valued random variables which
are measurable with respect to F(#). We also introduce the set S of all pairs (7,§) €
T x L2,(#). The controlled state process X is assumed to satisfy the following

conditions:
El. Initial data: X% =0 on [0,0) and X062 (9) = ¢.

E2. Consistency with deterministic initial data: for all (t,x) € S,

E (£(X34)(6,€) = (t.2)) =B (X5"°)

for any bounded Borel function f and s > t.

E3. Pathwise uniqueness: for all 7 € T with # < 7 a.s., we have
X086 = X760 o [7,T] where ( := Xo’g’a(T).
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E4. Causality if two admissible controls aj,as are equal between two stopping

times 0 < 7 in T, then,

x08e1 = x0802 on [0, 7].

E5. Measurability: the map
(t,z,a) € [0,T] x R™ x A X%

is Borel measurable.

A.3 The Dynamic Programming Equation

Let Sy, be the set of all m x m symmetric matrices, and define map H : [0,77] x

R™ x R™ x &, by

H(t,z,p,) := sup {b(t, x,a)-p+ 1T?“ <00T(t, x, a)y)} (A.3.1)
a€A 2

Proposition A.3.1. Assume the value function v in (1.2.2) is C12([0, T) x R™, R),
and H(t,x, Vv, V%v) < 00. Assume further that H is upper semicontinuous, then
for (t,x) € [0,T) x R™

vt + H(t, 2, Vv, Viv) > 0. (A.3.2)
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Proof. Let (tg,zg) € [0,T) x R™ be fixed, assume to the contrary that
v+ H(t,x, Vv, V%v) <0,

then

1. Given € > 0, define a smooth function ¢ > v by
o(t,x) = vt 2) + e (|t = to* + |}z — ao||*) .

Then (v — ¢)(tg,zg) = 0,(Vzv — Vz0)(tg, zg) = 0, (v — ¢¢)(tg, z9) = 0 and

(V20 — V2¢)(tg, zg) = 0, and it follows the continuity of H, we have
ht,z) = ¢ + H(t, 2, Vid, V2g) <0, (A.3.3)

for small nbhd N around (tg,zq) in [0,7") x R™.
2. Let

—n = Igﬁfx(v —¢) < 0.

T

and for an arbitrary control a € A(tg, z(), we define the stopping time
T := inf {t S (t,Xt(tO’IO’O‘)) gZNT},
then (7, Xﬁto,xo,a)) € ON;, it follows that

o(7, x0Ty >y (7, xTom00)) (A.3.4)
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3. Apply Ito’s formula to ¢, we have

v(to, wo) = ¢(to, x0)
=E (¢<r, xffomwedy (0 + £ (s Xﬁ’*@’“%ds)
0

> E (6, X{07)) 2 5+ E (o(r, x[070))

by (A.3.3) and (A.3.4). Contradicted with Corollary 2.1.1 by the arbitrariness

of control a.
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APPENDIX B
KALMAN-BUCY FILTER

In a probability space (2, F,P), given some observation process Yz, and the filtration
(fty )t>0 generated by Y;, we want to filter out the signal process X;, with respect to
Ft, i.e. find Xt =E <Xt\]-"ty ) . Kalman-Bucy filter is a linear filtering model dealing
with Gaussian signal and linear observation function. To find more introduction on
filtering theory, please see Xiong (2008).

We consider the signal-observation given by the following system

dX; = (b + by Xy)dt + ¢;dWy + opd By,
(B.0.1)

AY; = (hy + he Xy)dt + dW;, Yy = 0,

where X is a normal random vector with mean XO and covariance matrix g € R x
]Rd, (W4, By) is an m~+d-dimensional Brownian motion, the coefficients Et, by, Ct, o¢, ﬁt, h
are deterministic matrices (or vectors) of dimensions d x 1,d x d,d x m,d x d,m x

1, m x d, respectively.

Theorem B.0.1 (Kalman-Bucy filtering). The filtered process X; = E (Xt|.7-"tY>

can be expressed as below:

t ) t
0 0

where 1y = Y} — fot (ﬁs + hSX s)ds, is a d-dimensional Brownian motion adapted to

106



(FtY)tZQ, and 7 is the covariance matrix for X; and Xy, i.e.
v = E(XiX]) - E(X{X]),
satisfying the following matrix Riccati Equation:

dy
dit = b{ + byt +cref + ool — (e +ehd e+ ek )T (B.0.3)

This is a direction application of Kushner-FKK equation to Gaussian linear sys-

tem. All of the proofs can be found in chapter 9 of Xiong (2008).
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