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CHAPTER 1

INTRODUCTION

One of the fascinating features of number theory is the deep connection between an object’s
arithmetic properties and the analytic properties of its L-function. Perhaps, one of the oldest
examples of such a beautiful connection is the class number formula, which we now give an
overview.

Let K be a finite extension of the rational number field Q. Suppose [K : Q] = 1 + 279
where 71 (respectively rp) is the number of real (respectively complex) places of K. We can

attach to K its Dedekind zeta function which is defined as

where the sume is taken over all nonzero integral ideals of K. This zeta function has a
meromorphic continuation to the whole complex plane with a simple pole at s = 1. For K,
one of its most important and interesting invariances is its class number hy which tells the
failure of unique factorization in its subring of algebraic intergers Oy . The class number

formula says that

lim Cr(s) 2" (2m)"2Regrhg

54)1 8_1_ ’LUK1/|DK| ’

where Regy, wg, D are respectively the regulator, the number of roots of unity in K, the

discriminant of K. This simple and elegant formula provides a bridge between the world of
analytic functions and the world of algebraic numbers.

In the 1960s, Birch and Swinnerton-Dyer did some numerical computations with the
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number of points of an elliptic curve E over a finite field. These numerical computations
led them to make a conjecture which relates the special values L(F,1) in terms of certain
invariants of the elliptic curves, including the rank of F and the size of the Tate-Shafarevich
group. Their conjecture can be considered as another instance of the class number formula.

In the second half of the 20th century, many attempts were made to put these two exam-
ples into a unified picture: how can we understand L(M,n) where M is a (mixed) motive,
and n is an integer? In his seminal work, Beilinson (and independently Deligne) made a
breakthrough by putting this question in the framework of mixed motives and motivic co-
homology. Unfortunately, this work only predicts L-values up to an undetermined rational
factor. Later on, with the advances in p-adic Hodge theory initiated by the pioneering work
of Fontaine; Bloch and Kato [3] formulated a more precise conjecture about the L-values,
which generalized the previous works of Beilinson and Deligne. They also verified their con-
jecture for the Riemann zeta function and provided partial results for M = H'(E)(2) where
FE is an elliptic curve with complex multiplication. Bloch and Kato’s approach was inspired
by the study of Tamagawa number of an algebraic group; hence their work is often referred
to as the Tamagawa number conjecture. Shortly afterward, Fontaine and Perrin-Riou, and
independently Kato reformulated and generalized Bloch-Kato’s work in the framework of
Galois cohomology and determinants of perfect complexes. More recently, in [13], K. Kato
defined and studied heights of motives with attempts to look at the Tamagawa number con-
jecture from another perspective. More precisely, he expects that it is possible to consider
the Tamagawa number conjecture as to the problem of counting the numbers of mixed mo-
tives of bounded heights with a fixed graded filtration. We will investigate Kato’s approach

in the first part of this thesis.



The analogies between number fields and function fields of one variable over finite fields
often provide an effective way to test a conjecture. For example, in the case of the Tamagawa
number conjecture mentioned in the previous paragraph, Bloch and Kato partially verified
their conjecture over number fields by considering an analogous problem over function fields
of characteristics p. More precisely, for the f-adic realization of a motive M over a function
field F with ¢ # p, Bloch and Kato showed that over function fields the Tamagawa number
conjecture is a consequence of the Grothendieck’s formula. When ¢ = p, Bloch and Kato
explained in their paper that their method would not work, and new ideas were needed. Very
recently, by using the work of Ogus on F-crystals, Kato essentially resolved the Tamagawa
number conjecture when ¢ = p by constructing certain syntomic complexes whose cohomol-
ogy groups are closely related to Selmer groups associated with F'. On another direction,
the success of classical Iwasawa theory in solving the Tamagawa number conjecture over
number fields suggests that it might be interesting to generalize Kato’s work for a family of

F-crystals over function fields. This will be carried out in the second part of this thesis.



CHAPTER 2
HEIGHTS AND TAMAGAWA NUMBER CONJECTURE FOR

MOTIVES

2.1 Introduction and main results

K. Kato has recently defined and studied heights of mixed motives and proposed some inter-
esting questions (see [13]). In this chapter, we relate the study of heights to the Tamagawa

number conjecture for motives. More precisely, we have the following theorem.

Theorem 1. Let M be a pure motives with integer coefficients of weight —d such that d > 3.

We assume further that M has semistable reduction at all places. Then

L #leeBQUH@<B) 1
B2y (1 € [Mpeoo B@y)Hoglw) < B) - Tam(M)

Here B(Q) B(Qy) are as defined in Bloch-Kato’s paper [3].

In theorem 1, we restrict ourselves to the case of pure motives because the Tamagawa
number conjecture was formulated this way in [3]. We expect that a similar statement hap-
pens if M is a mixed motive. To demonstrate this point, we will give a concrete computation
(up to a power of 2) of the terms appeared in left hand side of theorem 1 when M is a mixed

Tate motive with graded quotients Z(m), Z(n). More precisely, we have the following.

Theorem 2. Let m,n be two natural number such that m —n > 2, m is even and n is odd.



Let D be a mized Tate motive with graded quotients Z(m) and Z(n). Then

I11(D)
(n = DIC(n)¢(1 —m)

#{r € B(Q)|Hxo(x) < B} ~ 2! log(B)".

This theorem answers one of Kato’s questions [13] about the number of mixed motives
of bounded heights.

Bloch-Kato’s approach is to study B(Q), which should be considered the extension group
Ext! (Z; M) of a mixed motive, and how it is distributed in its corresponding extension groups
of the realizations. It is natural to ask whether it is possible to generalize this study to allow
more fixed graded quotients. To show that this question is interesting and important, we will
provide a concrete computation with the set of motives with graded quotients Z(12), Z(3), Z.

More precisely, we have the following theorem.

Theorem 3. Let X be the set of all mized motives with graded quotients Z(12),7(3),7Z.

Then, we have

1)) ma2) £ 2 1
o € Xllole) < B~ 0013 703) ¢9) ¢(-11) (@ - @> log ()"

In the above example, there are no contributions to heights from the non-archimedean
places. In general, this will not be the case. As K. Kato suggested, in order to understand
contributions from archimedean places (respectively non-archimedean places), we need to
study period domains (respectively p-adic period domains) classifying Hodge structures (re-
spectively p-adic Hodge structures). This study has been carried out in [14].
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2.2 Tamagawa numbers of motives

In this section, we briefly review the definition of the Tamagawa measure associated to
a motive with Z coefficients. We note that there is still no universally agreed definition of
mixed motives even up to this day. For our purpose, we will follow Jannsen’s definition: that
is a mixed motive with QQ coefficients over a number field I is a collection of realizations with
weight and Hodge filtrations, and these realizations are related by comparison isomorphisms
which are compatible with both these filtrations (for more details, see [12]). For simplicity,
we will assume that F' = Q as Bloch-Kato did in their paper. Also, to define heights, we will
assume that each graded quotient groVJV (M) (which is a pure motive of weight w) is equipped
with a polarization, gr/¥ (M) = 0 for w > —2, and M has semistable reduction everywhere.
In particular, each graded quotient grxv (M) is a polarized pure motive with semistable
reduction. We note that the condition grE/ (M) = 0 for all w > —2 guarantees that the
Tamagawa measure is well-defined (the product of local Tamagawa measure converges). In
principle, our argument should work even without this restriction.

To define Tamagawa measures and heights, we will restrict ourselves to motives with
Z-coefficients: that is a pair (M, ©) where M is a mixed motive with Q coefficients, and ©
is a free Z-module of finite rank equipped with a linear action of G on O =Z® 0O and an

isomorphism Q ®© = Mp where Mp is the Betti realization of M.

Remark 1. This definition of mixed motives with Z coefficients is almost the same as the

one defined in section 11 of Fontaine’s paper [10].



Following Bloch-Kato, we define

H}(Qp, (:)) if p<oo
A(Qp) = .
(Do ®g C)/(Fil° Doo ®@p C) + ©)F if p =00

We define B(R) = A(R) and B(Q)) to be the inverse image in H; (Qp, O) of
Im (\1/ — HYQ,, 0 ® AL)/H}Q,, 0 A{é)) .

Here Aé is the ring of finite adele of Q. We equip B(Q,) with the unique topology such
that the topology of B(Q,)/A(Q,) is discrete. Roughly speaking, these are elements of
H ;(Qp,@) such that the monodromy operators have motivic origin (for more details on
this see discussions in section 2.3.4 as well as section 2.1.6 of [13]). Finally, we define

A(Q) € B(Q) using V¥ insted of ®. The Tamagawa number of (M, ©) is defined to be

Tam(M) = p <H A(%)/A(@)) .
p

The Tamagawa number conjecture of Bloch-Kato says that

Conjecture 1.

_ #HYQ,M* 2 Q/2(1))
#II(M) '

Tam(M)

Note that the above sets all depend on the choice of ©, so we should write Bg(Q) instead

of B(Q). However, for simplicity, we will drop © in all related notations.



2.3 Heights of mixed motives

Let (M,©) be a motive with Z-coefficients whose graded quotients are polarized. In this
section, we review the some key facts about the height functions H, 4 on local spaces
B(Qp), the height function H, 4 on its associated adelic space, and the height function on
the global space B(Q).

The definition of height functions depends on the validity of some conjectures in arith-
metic geometry. We refer to section 1.7.2 of [13] for precise statements about these conjec-

tures. Throughout this chapter, we will assume that these conjectures hold.

2.3.1 Height function on B(Q,)

Let M be a mixed motive with Q coefficients who graded quotients are polarized. As
mentioned earlier, we will also assume that M has semistable reductions. Let v be a place
of Q associated to a prime number p (we will often identify them) and ]/W\g be a semistable
(-adic representation of Gal(QTp/ Qp). Define A = Q, T = ]\/4\5 if £ # p, and A = Q)
T = Dst(]/w\g) if ¢ = p. Since J/W\g is a semistable representation of Gal(@/ Qp), there is a
nilpotent monodromy operator N : T — T(—1) preserving the induced weight filtration on
Y. In what follows, we will assume that N induces an increasing filtration Wy, (the relative

monodromy filtration) on T with the following properties:
1. NWy, CW,,—9 for all m € Z.

2. For every w € Z and m > 0, N induces an isomorphism

N gl eV (1) 2= g eV (7).
8



3. The weight monodromy conjecture holds for T with for this filtration.

We refer to section 1.7.2 of [13] for a precise statement of the third condition. For simplicity,
we call these properties WMC'. By some linear algebra arguments, we can show that if
M is an extension of two motives which verify WMC' and the class []\/4\ ] satisfies some
local conditions (see example 1 for a more thorough discussion of this) then M also has
semistable reductions and verifies W MC'. In general, because M is a successive extension
of its graded quotients, it is enough to check that its graded pieces’ realizations satisfy
WMC'. For pure motives of the form H™(X)(r) where X is either a curve, surface, abelian
variety, or a complete intersection in projective spaces, the W MC' holds by works of many
mathematicians, see [22] for a survey of known results on this conjecture.
As explained in [13], for each d > 2, we have a canonical element

Nyg € (ngVQ ngin Hom 4 (7, T)) : (2.3.1)

prim

We also have a non-degenerate A-linear pairing

(Ony (8 Homa (1, 1)) x (g% el Homo(1,7)) = 4,

prim prim

defined as

<CL, b)Nv - <Ad(NU)d—2(a’)7 b>Nv

Finally, define £, = |<Nv,d:Nv,d>NU|1/d and

H, g.,(My) == N(v)l. (2.3.2)
9



We expect that the following is true.

Conjecture 2. If My is the (-adic realization of a mixed motive M then ¢, does not depends

on . Moreover, (N, 4, Ny g) N, € Q>0. It is zero if and only if N, 4 = 0.

Suppose M = H"(X)(r) where X is a smooth projective variety over Q. We assume
further that X has proper strictly semistable reduction at p. In this case, using the weight
spectral sequence of Rapoport-Zink (for ¢ # p) or the weight spectral sequence of Mokrane
(for £ = p), we have a rather concrete understanding of the above monodromy operator N.
If dim(X) < 2, then we can show that conjecture 2 holds.

Let us give a concrete example of the above discussion.

Example 1. Let M be a mixed motive which is a successive extension of a pure motive M
of weight —d and the Tate motive Q. By taking the ¢-adic realization, we have a short exact

sequence of Gal(Q,/ Q,)-modules

0 — My — My — Qp — 0. (2.3.3)

Define T and T to be the A-module associated with M and M as explained above. Then,

T has the induced filtration with graded quotients gr‘jfd T =7 and grgv T= Q. We have

ngin Hom(7, Y’) =@y Hom(gruvg/ T, grg/_d Y’)

In our case, only w = 0 gives a nontrivial summand. Therefore, we have

gr‘j/d Hom('/f, ?) = Hom(Q;, T) =T.
10



This isomorphism is compatible with the relative filtration on both sides, so we have
<gr}/\} gr’” Hom(? T)) = (grg/v T) Vi eZ.

Moreover, under this isomorphism Ad(]\Afv) corresponds to N and we have a commutative

diagram
gtV 5 oV J Hom(T T) ngVQT
lAd(Kr )d-2 j Nd—2
gV 9442 8T Hom(?, ?) grk\;d_ﬂT

With this identification, we can interpret the pairing

(gr ogr” dHom(:f 'Y“)) (gr ogr” dHom(? ?)) — A,

prim prim

as the pairing

<g7’K\}2T)prim X (grk\}QT))prim — A.

Concretely, this is described by
(v, w) = (N2 (v), w), Vv, w € ngVQT.
More generally, if M has a weight filtration W, then the pairing

()N, (gr ogr!” dHomA(T T)) X (ngVQngVdHomA(T,T» = A,

prim prim

11



is the sum of the induced pairing on the graded quotients; i.e

<’ >Nv = Z <7 >w,NU'

WEZL

Here (, ), N, is the pairing associated with ng,V M explained above.
For each ¢ adic relization, there is class []/W\g] € H 1((@p, My) associated with the short

exact sequence of Gal(Q,/ Q,) modules
0—)Mg—>]ﬁg—)@g—>0.

Suppose M has semistable reductions everywhere. Then, M has semi-stable reduction ev-

erywhere if and only []\7 /| € H gl(Qp, My) for all ¢. Here we use the convention that

1 H(Qp, My) if £ #p
Hg (Qpa Mg) =

ker(H'(Qp. Mp) = HY(Qp, My ® Byy)) if € = p.
Next, we explain how to define the height function

Hyodae:B(Qp) = R>q.

By definition, there is a canonical map

B(Qy) — HY(Q), 0 ® AL)/HHQ, 0 @ AL := [[ HAQ,. M)/ HHQ,, My).
1

12



Under the assumption that M has semistable reductions, for ¢ # p, there is an isomor-
phism

Hy(Qp, M)/ H }(Qp, My) = (My(=1)/N M) #=".

Here N is the monodromy operator associated with M,. Furthermore, if M, satisfies the

weight monodromy conjecture, then we have a canonical isomorphism
p=1 W =1
(Mo(=1)/N M) = (& M(=D)prim )™
Let ay € Hgl((@p, Mjy). Then ay corresponds to an extension of Gal(Q,/ Q,)-modules:
0— My — (Eq)y — Qp— 0.

The image of ay under the isomorphism

(@ M)/ HN@y, M) = (5% Mo~ 1)prim)

is nothing but the monodromy operator Ny, ,, 4 of (Eqg)s, see 2.3.1. Here we use the identi-

fication (see example 1)

<g1")iv2 gIKVd Hom((Eq)y, (Ea)£> = (ngVQ Mf)

prim prim

For a € B(Q)) let ay be the image of a in € Hgl((@p, Mg)/H}c(Qp, My). As before, we define

1
lv,d(aﬂ) = <Nag7v,da Nag,v,d> /d‘

13



Similarly, when ¢ = p there is a canonical isomorphism

Hy(Qp, Mp)/H HQp, Mp) = (g% Dt (Mp))primn (1)) ¥ =",

Let ap € Hgl((@p7 Mp) be the image of a € B(Q)) in Hgl (Qp, Mp). Then ap corresponds to

an extension of Gal(Q,/ Q@) modules
0— My — (Eq)p — Q, — 0.
Moreover, under the isomorphism

HY(Qp, My)/H}Qp, My) = (81"% Dyy(My)) prim (—1))77,

ap is mapped to the monodromy operator Nap,v,d of (Eq)p. Here we again use the identifi-

cation

(2% & Hom(Dut(Ba)p). Dst((Ea)p))) = (e Dt (M)

prim prim

Define

1
lv(ap) = <Nap,v,d7Nap,v,d> /d'

Conjecture 2 then implies that for a € B(Q)), ly(ay) is a non-negative real number and is
independent of £. Moreover, it is 0 if and only if a; belongs to H}(Qp, M) for some ¢ (hence

for all £). From now on, we will write I, (a) for this value without referring to the choice of

14



Remark 2. With the above interpretation, it would be reasonable to think about H, gl (@p, O®
Aé) / H}(Qp, O® Aé) as the “space of monodromy operators” at the place v. Similarly, we

can think about B(Q,) as the space of monodromy operators which have motivic origins.
We have the following lemma.

Lemma 1. Under the above assumptions, H;(Qp, (:))/H}(Qp, @) is a free Z-module of finite

rank.

Proof. Let @)g be the ¢ component of 0. To prove this lemma, it is enough to show that
Hgl(Qp,@g)/H}(Qp,@g) is a free Zy module of finite rank and moreover, this rank does
not depend on ¢. First, we prove that Hgl(Qp, (:)g)/H}(Qp, ©y) is a torsion free Zy-module.
Suppose a € Hgl(Qp,@g) and m € Z, m # 0 such that ma € H}(@p,ég). By definition,
the image of ma in Hl(Qp, My) belongs to H}(Qp, My). Because Hl(@p,Mg) is a vector
space over Qy and m # 0, the image of a must belong to H}(@p,Mg) as well. Hence,

a € H}(Qp, ©y). This shows that H;(@p, @g)/H}(@p, Oy) is torsion free.

We have
y(©0.00 o o Hy( @ M)
HKQ@, 0 7 Hp(Qp My)

By previous discussions, we have the following isomorphisms

" M~ Dpri) i D
Hy(Qps M)/ H (@, My) = (12 i) B
(&™) Dt (Mp))prim(~1)) " i £ = p.

15



As a corollary of conjecture 1.7.2 in [13], which we assume throughout this article, we have

aimgy, (e My(~1))guim) = dimgy, (2% Dt My)prima(—D)

Hence, dimg, <Hgl (Qp, Mg)/H}(@p, Mg)) is independent of . We conclude that

[_Ig1 (Qpa éf)/H}(@pa @f)

is a free Zy module of finite rank which is independent of /. O

We have the following inclusions
A(Qp) = Hf(Q,,0) C B(Qy) C Hy(Q),6).
By definition B(Q,)/A(Qy) is the inverse image in Hj(Qy, 8)/H}HQp, ©) of
Im(¥ — H}(Q,,0 ® Aé)/H}(@p, 6® Az’é))'

By lemma 1, we can see that B(Q,)/A(Q)) is a free Z-module of finite rank. Hence, as
a topological group B(Q)) is isomorphic to the direct product of A(Q,) x Z* for some
sp € Z>0. The measure on B(Q)) is the tensor product of the measure on A(Q),) defined in
[3] and the counting measure on Z°7.

It is natural to ask the following question.

Question 1. Suppose M = H™(X)(r) where X smooth projective variety over Q. Let X be

a proper regular model of X over Z. Can we describe s, from the geometry of the special
16



fiber X, of X at p?

Under the above assumption, we now can define a height function
Ho,ud : B(@p) — RZO' (234)

For a € B(Qy)

Hopa = N(v)@) = ph!®).
Definition 1.

1. We call H, ), 4 : B(Qp) — R>1 the height function on B(Q)).

2. Let hyp g B(Qp) = R>q be defined by

ho,p,d = (hl H<>,p,d>'

We call hy, ), ¢ the logarithmic height function on B(Q)).

By definition, H, , 4 and h,,, 4 are trivial when restricting to A(Qj). Therefore, they
are well-defined on the quotient B(Q,)/A(Q),) which is isomorphic to Z° for some integer
sp. We use the same notations H, ,, g and h, 4 to denote the induced height function and
logarithmic height function on B(Q),)/A(Q),). One we fix a basis for Z°, hg’p g the d—
power of the logarithmic height function is given by a positive definite quadratic form @, , 4

on Z%. A direct consequence of this observation is the following.

17



Proposition 1. For each positive real number B
ula € BQy)|Hopala) < B) < oo.

Proof. Let a € B(Q,), we denote by (ag,n) the image of a under the identification B(Q,) =

A(Qp) x Z°. Then

{a € B(Qp)Hopala) < B} = A(Qp) x {n € Z" |H, p 4(n) < B}
= A(Qp) x{n € Z" |hs p 4(n) < In(B)}

= A(Qp) x {n € Z"|Qq p.a(n) < In(B)}.

Because (), 4 is a positive definite quadratic form, there are only finitely many n € 7" such

that Qs p q(n) < log(B)®. Therefore

u(a € B(Qy)|Hopa(a) < B) = {n € Z"|Qo p.4(n) < log(B)}Hu(A(Qp)) < oo

We end this subsection with the following general remark.

Remark 3. If M is a motive of the form H™(X)(r) where X is a smooth projective va-
riety over QQ, then by the proof of Weil’s conjecture we can easily see that Hgl((@p, 0O®
Aé)/H}(@p, O® A(‘é) = 0 if X has good reduction at p. Consequently, we have B(Q,) =
A(Qp) and the height function on B(Q)) is trivial. Hence, the height functions H, , 4 are

only interesting at places v where X has bad reductions.

18



When X is a curve or a surface, by using the Rapoport-Zink spectral sequence for ¢-
adic cohomology (when ¢ # p) and the Mokrane spectral sequence for p-adic cohomology,
we have a concrete understanding of the height functions H, , 4 from the geometry of the

special fibers at p. It is expected that such an understanding also exists in higher dimensions.

2.3.2  Height function on B(R)

We define a height function H, ., 4 on B(R) as an analogue of the height functions H, , 4
on B(Q,) discussed in the previous section. Let v = oo the the only archimedean place of
Q corresponding to the canonical embedding Q — R.

We give some preparations. Let H be a mixed R-Hodge structure with a weight filtration
W and a Hodge filtration F'. As explained in section 1.7.6 of [13], there exists a unique pair

(s,0) such that
1. s is a splitting s : gr'V ﬁIR = lfIR.
2. ¢ is a nilpotent linear map ¢ : gr'V ﬁR — g ﬁR.

3. The filtration F of H is given by F' = s(exp(id) oW F). Moreover, the Hodge (p, q)

components 6y 4 of ¢ is 0 unless p < 0 and ¢ < 0.

For d > 2, Let

H =@ (el 1) @l H) =g", Hom (i, H).
wWEZ

Note that H' is polarized Hodge structure of weight —d. Let N, 4 € PAII'R be the weight
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(—d)-component of the nilpotent linear map ¢, associated with ﬁIR. By definiton,

Ny € €P Hom(gr)) Hy,gr!) ; Hg) = H'.
wEZ

Because H' is a polarized Hodge structure of weight —d, it is possible to define

~

[(00,d) = Uy g(H) = (Nyg, Npa)?.

Remark 4. In his paper [13], K. Kato uses the notation ,, 4 for N,, ;. We change his notation
because we want to emphasize the analogies between height functions at archimedean and

non-archimedean places.

We will give a concrete example to demonstrate the above discussion. This example is

an analogue of example 1.

Example 2. Let H be a R-Hodge structure of pure weight —d < 0. Let H be a mixed
R-Hodge structure with graded quotients gr%f[ = H and grgv H = C. By definition,

Ny @ =0 for all d' # d and

Ny.a € P Hom(gr)) Hg, gt} Hg) = Hom(R, Hg) = Hg.
wWEZ

There is an exact sequence in the category of mixed R-Hodge structure which is a natural

analogue of the exact sequence 2.3.3:

0—>H—>ﬁ—>R—>O
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in the category R MHS of mixed R-Hodge structure. By definition, [H] defines a class [H]

in Extﬁ vias (R, H). We have a canonical isomorphism

Exth vus(R, H) = He/(Hg + FUHe).

Moreover, if we define

<-1,<-1 . ;
Hy =Hgn € =YY,
p,q<—1,p+q=—d

then we also have a canonical isomorphism

He/(Hg + FOHg) 2= Hy V=1

Therefore, we have an isomorphism

Under this isomorphism, the class [f[ ] is mapped to the N, ;4 of H.

Consequently, we can define a height function H,, , 4 : Ext]i vins(R; H) — R as follow.
For each a € Ext[lR vus (R, H), let Eq be the corresponding mixed R-Hodge structure. We

define

Ho,oo,d(a) = exp(loo,d(Ea))'

Definition 2.
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1. We call H, o g : Extﬁ% vas(R, H) — Rx>q the height function on Extﬁ% vias (R, H).

2. Let hg g ¢ Exthypg(R, H) = R be defined by

hop.d = (I Hop q)-

We call h, ,, g the logarithmic height function on ExtIlR s (R, H).

We remark that hg’ co.d the d— power of the logarithmic height function is given by a

positive definite quadratic form ¢, 4 on ExtIlR vns (R, H).

Remark 5. We consider a special case of the above discussion in the case Hy is the mixed
R-Hodge structure arising from the motive M. In this case, Hy is Voo = Hp(M) ® R in
Bloch-Kato’s paper [3]. Here Hpg(M) is the Betti realization of M. In this case, the above

isomorphism can be written as

~ <713§71 )
Exth vus(R, Vao) 2 Hy = Voo N $ o2

In particular, we can define the height function H, o, 4 and the logarithmic height function

ho.oo.d O Exth g (R, Vio).

To define height function and logarithmic height function on B(R), we will construct a
map from B(R) to Ex‘cﬁQ vus (R, Voo). First, following section 2.1.10 of [13] we introduce the

following notation.
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Definition 3. We define

ERX —vi=ln P HEA
p,q<—1,p+q=—d

By definition EX is a subset of Ext[lR vas (R, Vo).

First, we observe that there is a canonical map
p: B(R)/B(R)cpt = Doo/(Fil® Dog + V1) — EX.
We have
Doo = (Vo ®C)7= L = (VI @ R) & (VI L @ Ri).

In particular, there is a projection map

Doo = VIl @Ri.

By composing this map with the map V=1 @ Ri — VZ~ ! sending e ® i — e, we get a

map Doo — Vo%zfl. We then get a map

p: Do — EX = (VZ—In P HEA).

It is easy to see that (Fil’ Deo + V) belongs to the kernel of this map. Hence, p induces a
map
p: B(R)/B(R)ept — Ex.
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Because EX is a subset of Extﬁ% vs (R, Vao), we can consider p as a map from B(R)/B(R)cpt
to Ext%& vis(R; Vo). By composing p with the projection map B(R) — B(R)/B(R)cpt we

can define a canonical map

p: B(R) — Ext%&MHS(]R, Vo).

Finally, by composing p with the height function H, o, ; and the logarithmic height function
he. 00,4 00 Extﬁ% vs (R, Vao) we a height function and a logarithmic height function on B(R).

We will still denote them by H,, o 4 and hg o 4-

Question 2. We will probably need to assume that p : B(R)/B(R)cpt — EX an isomor-

phism?

By choosing a lift, we have an decomposition

B(R) = R x B(R)cpt.

By definition, hi so.d the d- power of the logarithmic height function on B(R) is given by a
positive definite quadratic form Q,, o, 4 on R*>. Moreover, it is trivially 0 on B(R)cpt. With
this observation, the following statement is obvious. We remark that it is the archimedean

analogue of proposition 1.

Proposition 2. For each positive real number B

u(a € B(R)|Hypa(a) < B) < oc.
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One can ask a similar question to question 1.

Question 3. Suppose M = H"(X)(r) where X smooth projective variety over Q. Can we

describe s, from the geometry of X7

2.3.3  Height function on adelic space [ ], B(Q,)

Having defined height functions and logarithmic height functions at all local places B(Q))
we can now define a height function as well as logarithmic height function on the adelic space

[1, B(Qp). More precisely, we define

Hyg: [ B(Qp) = Rz,
p<oo

by sending a = (ap) € [[<c B(Qp) to

Hoq(a) = 1 Hop.alap).
p<oo

By remark 3, all but finitely many terms in this product are 1 so the product makes sense.

Similarly, we define the logarithmic height h, 4 = In H,, 4, for a = (ap)

ho,d(a) = Z ho,p,d(ap)-

p<o0
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We can describe hy, 4 concretely as follows. For a € [], B(Qp) let ([a]p) be the image of a

under the projection

[12@) = (BR)/BR)ept) x [ B@p)/AQy,) =R x [] z*%.

p p<oo p<o0

Then

=3 hopallalp) = Qoallase) V4 + > (np)Qs pallalp) /e

p<oo p<oo
With this description, the following statement is relatively straightforward. We give proof

because we will use it later.

Proposition 3. For each positive real number B, the set

{ae [] B(@Qy)IH,ala) < B},

p<oo

1s compact. In particular,

wae T] B@p)IHsq4a) < B) < 0

p<oo

Proof. Let Sp be the above set. Then

S={ae [] B@)lhoala) <W(B)}

p<oo

Under the identification B(Q),) = A(Q)) x Z°» and B(R) = B(R)/B(R)cpt X B(R)cpt, it is
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the same as the following set

(aco X B(R cthH XAQp) )

p<oo

where

Qoallalo)/ + >~ (mp)Qs pallalp)/? < B.

p<o0
For each p, Qs 4 is a positive definite quadratic form, there are only finitely many [a], € Z°
verifying the above inequality. We also know that A(Q),) is compact for all p < oo. Therefore,
S is compact. Moreover, if we equip R%© x Hp <oo Z°P with the product measure, then it is

easy to see that

u(S) = R)ept) X H (A ) % u(Tp),
p<0

where

Tp = { (lalp) € R x [] 2| Qo.allaloc)/4+ 3 (Inp)Qs pallalp)/? < B

p<oO p<o0

2.3.4 Height function on B(Q)

Having defined height functions on local spaces B(Q),), we now define a height function on

the global space B(Q). First, we recall that B(Q) is defined by the following fiber product
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diagram

B(Q) HL(Q,6)
v H}(Q.0 ® Af)

We also recall that A(Q) is defined to be the fiber product diagram

A(Q)

I

H}(Q.6 0 A)

Remark 6. Philosophically, we think of ¥ as Ext}\/l (1, M) where MM is the category
of mixed motives with Q-coefficients. By definition, an element of B(Q) is of the form (a, b)
where a € ¥ and b € H; (Q, ©) such that the images of a and b in H'g1 (Q,0® A(é) coincide.

By definition, a corresponds to a mixed motives M, that fits into a short exact sequence
00— M — M, —Q—0.

Similarly b corresponds to an extension of Z-modules with a continuous Gal(Q/ Q)-action

~ ~ ~

0—+06—=0,—2%Z—D0.

The compatibility of @ and b means that (Mg, ©) is a motive with Z-coefficients. Therefore,
we should think about B(Q) as the extension group Ext!(Z, (M, ©)) in the category of

motives with Z-coefficients. Similarly, we should think about A(Q) the extension group
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Ext!(Z, (M, ©)) in the category of motives with Z-coefficients with local conditions at non-

archimedean places.

In what follows, we will use the following convention. If M is finitely generated abelian
group, then Mg, is the torsion subgroup of M and Mpee = M/Mioy. By definition, M e
is a free Z-module of finite rank.

By definition, A(Q) C B(Q) and both are a finitely generated abelian groups. Moreover

we have

~

AQ®Z=HHQ,6),AQ®Q=2 BQ®Z=H,Q6),BQeQ=7{.

We have a global analogue of lemma 1 that B(Q)/A(Q) is a free ablian group of finite rank.

Conjectures of Beilinson, Bloch, Kato, and Jannsen (see [2], [3], and [12]) predict that

1. The regular map induces an isomorphism
AQ®R=2®R = BR)/B(R)ep = Ex.

In particular, there is a map A(Q) — B(R)/B(R)¢pt. One can lift this map to be a
map h : A(Q) — B(R). In particular, the image of A(Q)tor belongs to B(R)cpt. It
is easy to see that we can choose a splitting B(R) = B(R)cpt x B(R)/B(R)cpt and
A(Q) = A@)gee X A(Q)tor in such & way that h = (hy, hy) where b : A@)e0 =
B(R)/B(R)¢pt and ho : A(Q)tor — B(R)cpt. The above isomorphism implies that hq

is an embedding and it identifies A(Q)gee With a lattice in B(R)/B(R)ept-
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2. The canonical projection map

B(Q)/A@Q) — [] B@p)/A@y),

p<oo
is an isomorphism.

As a corollary, we conclude that ranky A(Q) = ranky, ® = B(R)/B(R)cpt = Soo and sg, =
rank(B(Q)/A(Q)) = Zp<oo sp. Moreover, it is easy to we can define a splitting (up to a

choice of basis)

B(Q) = A(Q) x Z%n,

in such a way that Z°fin belongs to the kernel of the regulator map Rso : ¥ ® R —

B(R)/B(R)cpt. We then have

zoin = T] B@y)/AQy) = ] z*.

p<oo P<00

We define a height function and a logarithmic height function on B(Q). As explained

above, there is an evident map

B(Q) — ] B(@p).

p<o0

By composing this map with the height function and the logarithmic height functions defined
in section 2.3.4, we can define a height function and a logarithmic height function on B(Q)

as follows
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Definition 4. H, ;: B(Q) — R>1 is defined by

H(a)= ] Hepalap).

p<oo

Similarly, he 4 : B(Q) — R>q is defined to be

hog=W(H(@) = Y hopalap) = Qo oo alace)’+ S (Ip)Qe p alap) /e

P00 P<o0

As explained in section 2.3.3, we can describe logarithmic height function h, ;, 4 concretely
as follows. For a € B(Q) we write a = }_ [a]p under the splitting: B(Q) = A(Q) x [, Z",
then ([a]oc)p € A(Qp) for all p < oo, hence hy, ) 4(boo) = 0. Similarly, if p < oo, then
Ro([a]p) = 0in B(R)/B(R)cpt, hence hy, o 4([a]p) = 0. From this observation, we conclude

that

heg(a) =Y hopallalp).

p<o0
We also note that B(Q)tor = A(Q)tor is a finite group, and if b € B(Q)tor then hq, 4(a) = 0.

Note that there is a splitting A(Q) = A(Q)tor X A(Q)gee- Hence, there is also a splitting

B(Q> = B(Q)free X B(Q)tor = A(Q)tor X A(@)free X H 7°p = A(Q)tor X H Z°p .

p<oo P00
With this observation, the following statement is a direct corollary of 3.

Proposition 4. For each positive integer B, the set

{b € B(Q)|H, 4(b) < B},
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18 finite.

Proof. We have

{b € B(Q)|H, 4(b) < B} = B(Q)tor x {b € B(Q)ree|Hos q(b) < B}.

Under the above identification, the second component can be described as

{(alp) € I 27 1Q0 so.a(ase) '+ 3" (np)Qs p alap) /¢ < n BY.

p<oo p<o0

This is evidently a finite set. Hence {b € B(Q)|H,, 4(b) < B} is a finite set as well.

2.4 Proof of main theorem

We give a proof for theorem 1. First, we recall the definition of Tam(M) as defined in [3]

Tam(M) = p (H A(%)/A(@)) .
p

Because A(Q)) and A(R)cpt is compact for all p < oo, this can be rewrite as

Tam (M) = [A(Q)tor| " X p((B(R)/BR)ept) /AQ)free) X AR ept) x [ [ 1(AQy).
p

We know from previous discussions that thet set {x € B(Q)|H,, ¢(z) < B} is finite and
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nla € I, B(Qp)|Hs g(a) < B) < co. Hence, the quotient

#{a € B(Q)|H, 4(b) < B}
pla € [T, B(Qp)|Ho d(a) < B)

makes sense. By the discussions around proposition 3 and proposition 4 we have
LHS = |A(Q)t0r| x Np,

where

Np =#{(ldp) € T] 2 1Qoso.alase) /4 + 3" (0p) Qs palap)/? < BY.

p<oo p<oO

Also

p<oO

where

Tp = {([a]p> e R x [ 2%|Qo.a(laloc) /! + > (np) Qo pallalp)? < 1nB}.

p<oo p<oo

We then have

LHS _ p((B(R)/B(R)cpt)/A(Q)gree) X N
RHS Tam(M) x u(Tg)
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Therefore, theorem 1 is equivalent to

) Np _
gim_ =7 = (((BER)/ BR)ept) /A Qfreo)) L

Once we fix a basis, we can assume that A(Qgee) is the standard basis for B(R)/B(R)cpt.

N
The above statement then becomes limpg_, (TB) = 1 which is a consequence of the
HdpB

following general statement.

Proposition 5. Let f = (f1, fo) : R" T2 = R x R™ — R. Suppose for each i = 1,2 the

following conditions are satisfied
1. fi(z) > 0 for all x. Moreover, fi(x) =0 if and only if v = 0.
2. fi(x) is continuous.

3. There exists a positive real number ¢ such that f(Ax) = |Nf(x) for all x € R" and

AeR

We equip Z'' with the counting measure dug and R R"2 the usual Lebesgue measures

dpy,dpsg. Let
I[(B) = ((n,y) € Z" xR |[f(n,y) = f1(n) + fa(y) < B),
and
V(B) = ((z,y) € R xR [fi(z) + fa(y) < B).
Then
im AUB)
Booo p(V(B))



Proof. By propety (iii) of f1, fo, f(x,y) < B is equivalent to

x y
N1 (m) + f2 (m) <1l

From this observation

WV (B)) = (BYeytrzsy),

where

S1 = ((w,y) € R xR |fy(x) + foly) < 1).

Let D = {z € R"|fi(x) < 1}. For each x in D, we define

g(x) = Ldps.

/f2(y)él—f($)

By our assumption, g(x) is an integrable function on D. We have

S1) = 1lg,.
uso= [ s,

By Fubini’s theorem, we have

n(S1) = /Dg(w)dm.

We also have Similarly,

I(B) ={(n,y) € Z"" xR |f; (BT/C> + f2 (ﬁ
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By a similar argument as above we have

fi(n)<B fa(y)<1=fi(

=BY92x 3 gl

1 r
aeBl/CZ 1NnD

— (BYeyritra Z o(a) (ﬁ)rl-

ac

We observe that second term is nothing but the Riemann sum of g with respect to the

partition # Z" ND. Since g(x) is integrable on D, we have

i | Y (o) | e

The above statement follows immediately from this.

2.5 Some computations with mixed Tate motives

In what follows, let us fix a mixed motive M = (V, D) with Z coefficients with graded
quotients Q(12),Q(3). We will compute the numbers of = € Ext!(Z, (V, D)) with height
bounded by a positive number B. More generally, we will do computations with a mixed
motives D with graded quotients Z(m),Z(n) where m is an even positive integer, and n is
an odd positive integer and m > n + 2. The reason we include this concrete example is that
we want to compare it with the situation in the next section where (V, D) also moves among
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mixed motives with Z-coefficients and with graded quotients Q(12), Q(3).
For each prime p, let us denote D), the p-adic component of of D ® 7 abd Vp = DpRQy,.
By definition D), is a Galois stable Zj, lattice inside V). Up to a power of 2, we have the

following.

Proposition 6. Let X = Ext'(Z, D). Then

oo WD) .\ p3
#{r € X|Hyo(x) < B} ~2 RO log(B)”.

We recall the definition of III of a mixed motive. For a fixed prime p and for each
place v of Q, we have special subgroups of H}(Qv, Dy), H}(Qv, Vp) and H}(Qv, Vp/Dp) of

HYQ,, Dy), HY(Q,, Vp) and H}(Qv, Vp/Dp) respectively. For example:

Hyr (Qy, Dyp) if vip
H}(Q’Ua Dp) =

ker(H'(Qy, Dp) — HY(Q,, Dp ® Beys)) if v | p.

The Selmer group of D), is defined to be
HH(Q,Vp/Dp) = {z € HY(Q,Vp/Dp)lwy € H(Qy, Vp/Dp), Vo).
Similarly, we define
HHQ,Vp) = {z € H'(Q, Vp)lww € HH(Qy, V), Yo}

By definition, we have a canonical map H}(@, Vp) — H}f(@, Vp/Dp).
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Definition 5. Define III(Dj) to be the cokernel of the map

We define the global III(D) to be:

(D) = [[1I(Dy).
p

It is conjectured to be a finite group. Recall that V), fits into an exact sequence
0—Qpy(12) = Vp — Q,(3) — 0.

We have the following simple lemma.

Lemma 2. As a Galois represenation of Gal(Q,/Q,), Vp is unramifed if v { p and it is

crystalline if v | p. Moreover,
1. If vt p then Hi(QU,Dp) =0 fori=0,1,2.

2. If v p then H)(Qy, Dp) = H*(Qy, Dp) = 0. Also H}(Qy,Vp) = H'(Qy, Vp)-
We also have the following proposition.

Proposition 7. Let V), Dy, be defined as above. Then
(D) = ker (H2(Z[1/p], Dy) — H*(@y, Dy))
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Proof. By lemma 1, we have
HNQ.Vy) = H(ZI1/p]. V).
The long exact sequence associated with the short exact sequence
0—Dy—Vy—=Vy,/Dy—0
gives

H}(Qu, Vy/Dy) =T (H' @y, Vy) = H' (@, Vp/ Dy))

= ker(H'(Qy, Vp/Dyp) = H*(Qy., Dy)-
Therefore, we have

HHQ,Vp/Dy) = ker(HY(Q,Vp/ Dy) — €D H*(Qy, Dp))

—ker (H'(Z[1/p], Vp/ D) — H(Qy, D)) .

Moreover, we have the following commutative diagram

HY(Z[1/p], Vp) HY(Z[1/p), Vp/Dp) H?(Z[1/p], Dp)

| | |

H}(Q,Vp/Dp) HY(Z[1/p], Vyp/ Dyp) H*(Qp, Dyp)
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By snake lemma, we see that
(D) = ker (H2(Z[1/p], Dy) ~ H(@y, Dy))

]

We want to relate III(Dp) with III(Zy(3)) and HI(Zy(12)). For simplicity, we will denote
the later groups by I1L,(3) and I1L,(12) respectively. Taking long exact sequences associated
to

0 — Zp(12) — Dy — Zp(3) — 0,

we have the following commutative diagram

0—— H*(Z[1/p], Zp(12)) /im(8) — H?(Z[1/p], Dp) — H*(Z[L/p], Zp(3)) —0

| | |

0 —— H?(Qp, Zy(12))/im(3) H%(Qy, Dp) H?(Qp, Zp(3)) ——=0

here § are the connecting homomorphisms

5 - HNZ[1/p). Zp(3)) — HA(Z[1/p). Zp(12))

and

8+ HHQp, Zy(3)) — H*(Qp, Zp(12)).

Note that if we think about D, as an element [a] in Ext!(Z(3),Zp(12)) then ¢ is the cup
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product of the H'(Z[1/p], Z(3)) with [a]. Also, by Tate duality
HY(Qp, Zp(12)) = H(Qp, Qp / Zp(-11))" = 0.
So by snake lemma, we have the short exact sequence
0— HZ(Z[l/p],Zp(H))/im(&) — HI(Dy) — II(Zy(3)) — 0. (2.5.1)

To complete our proof, we will use the following zeta elements in K groups of Z.

Lemma 3. (see [0]) Let m be a positive odd integer. Then, there exists an element by, such

that
1. by, is the generator of Koy,—1(Z) modulo torsion.

m — 1)¢(m)

2. Too(bm) = 2a( M(m) where a is an unknown number.

For simplicity we will write by, ; the image of by, under the Chern class map
Kom-1(Z) ® Zy — HY(Z[1/p], Zp(m)).

As a consequence of Quillen-Lichtenbaum theorem, the above Chern class map is an iso-
morphism for p odd. Consequently, by, is the generator of H Lz /pl, Zp(m)) for all p

odd.

Lemma 4.
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1. We have the following

0 if p# 691
H*(Z[1/p], Zy(12)) =

Z /691 if p=691.

2. The cup product of b3 , Ubg ,, € H?(Z[1/p), Zp(12)) is non-zero at p = 691 and is 0 at

p # 691.

With these preparations, let us prove proposition 6. First, we know that the class of D
is an element in Ext!(Z(3),Z(12)) = Ext}(Z, Z(9)) = Z by ® Z /2. Under this identification
let us assume that the class of D in Ext!(Z(3),Z(12)) is (ubg,v) where u € Z and v € Z /2.
There are two cases that we need to deal with separately.

Case 1: 691|u. By lemma 4, the connecting homorphism

6 - HY(Z[1/p], Zy(3)) — H*(Z[1/p], Zp(12)),

is 0. Therefore, the short exact sequence 2.5.1 becomes

0 — H*(Z[1/p), Zy(12)) — TIL(D,) — TIL,(3) — 0.

Combing all p, we get the short exact sequence

0 — II(12) — LI(D) — OI(3) — 0.

In particular, #11(D) = #111(12) x #I11(3).
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Note that because Ext!(Q,Q(12)) = 0, we can easily compute that X = Ext'(Z, D) =

Z b3 & T where T is the torsion part. If we ignore the prime p = 2 then

T =P H (Z[1/p]. Zy(12)).
p

By a theorem Mazur-Wiles, which is a consequence of their proof for the Iwasawa main

conjecture, we know that

_ H#HA(Z[1)p), Zp(12)) #1101 (12)

e = L@ /), 2,(02) ~ FHEL), 2y(12))

Therefore, we have

LTIT,(12)
#HN(2(1/p) 2,(12)) = T B

Hence
#{z € X|Hyo(x) < B} = |T|#{m € Z | exp(|roo(ubg)|/* + [mras(b3)[1/3) < B}.

This is asymptotically equal to

3 _oga LUD) 53
log(B)” =2 C(3>C(—11)1 g(B)”.

#I1(12) #111(3)
¢(=11)  2¢(3)

Note that we do not know the exact power of 2 in this formula.

Case 2: 691 { u. In this case, by lemma 4 the connecting homomorphism ¢ is a surjection.
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Therefore, the short exact sequence 2.5.1 becomes

HI(Dp) = ,(3).

Combining all p we have HI(D) = III(3). As in case 1 we can easily compute that

X =7Z691b3 & T.

Here as above #T1T = % By a similar computation as in case 1 we see that the number

#{x € X|Hyo(z) < B}

is asymptotically equal to

1 11(3) LI(12)

691 2¢(3) ¢(—11)

I(D)
¢(3)¢(=11)

log(B)? = 2¢ log(B)3.

One can generalize proposition 6 to a more general situation.

Proposition 8. Let m,n be two natural number such that m—n > 2, m is even and n s odd.
Let D be a mized Tate motive with graded quotients Z(m) and Z(n) and X = Ext'(Z, D).

Then
I(D)

~ t
e XIH@) < B~ 2 et = m)

log(B)".
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Proof. By a similar argument, we have a short exact sequence

0— HQ(Z[l/p], Zp(m))/im(6) — HI(Dyp) — II(Zy(n)) — 0. (2.5.2)

where ¢ is the connecting homomorphism

5 - HNZ{1/p], Zp(n)) — HA(Z[1/p], Zp(m).

Note that because H(Z[1/p], Zy(n)) is a free Z, module of rank 1, the im(§) is a cyclic
subgroup of H?(Z[1/p], Zy(m)). Suppose that the order of im(6) is p®. Note that we have

an exact sequence

HY(Z[1/p), Zp(m)) = HYZI1/p], Dp) — HYZ[1/p). Zp(n)) > HA(Z[L/p], Zy(m))

So,

ker(s) = p* H'(Z[1/p], Zy(m)) = [im(6)| H' (Z[1/p], Zp(m)).

Let |6 =[], [im(d)p|. As before, we can see that

X =Z|6|bp & T,

where by, the the generator of Ko, 1(Z) described in lemma 3 and

T = H'(Z[1/p], Zp(m))
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au. Again, by Mazur-Wiles theorem we have

_ 1 _ #Hi(m)
Also, by the exact sequence 2.5.2 we have
L (0 #10(n)

Therefore, the order of the set {z € X|H(x) < B} is given by

IT| x #{z € Z| exp(|roo(ubm—n) Y™™ + |2r00(16]bn)| /™) < BY.

This is asymptotically equal to

log(B)" ¢ #(m)  #I(n)

T—"———=2 log(B)"
M Blrac b ~ 2 S = m) ol — i) )
14 #IH<D) n
= log(B)".
(= Dicme—m )
Note that we do not know the exact power of 2 in this formula. O]

In the above proof, we do not have to know whether the cup product is 0 or not. In the
end, the factor || is canceled. An important point here is that H(Z[1/p], Zp(n)) is a free

Zp-module when n is odd.
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2.6 Heights of motives with graded quotients Z(12),Z(3), Z.

In this section, we answer Kato’s questions about the number of mixed motives with fixed
graded quotients Q(12),Q(3),Q and bounded heights. Unlike the situation in the previous
section, the mixed motives with Z-coefficients and with graded quotients Q(12), Q(3) will
also vary. More precisely, if we denote by X the set of mixed motives with Z-coefficients and

with graded quotients Q(12),Q(3),Z then

X = Ext!(Z, M).
MeExt!(Z(3),2(12))

For the definition of heights in this case, see [13] for more details. We note that in this
case, only archimedean places contribute to heights. Therefore, this problem is purely a

problem of finding a “basis” for X. The rest is a basic counting problem.

2.6.1 Some lemmas on counting integer points

We discuss some simple lemmas about counting integer points in bounded domains in R2.

Lemma 5. Let f be a continuously differential function on |y, x]. Then

> )= [ fwar+ [ = )@+ )} - F)s)
y<n<zx Y Y
Proof. See [1]. O

We will use the following lemma repeatedly.
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Lemma 6. Let s,t be positive integer. For each positive real number X, define
d(X) =#{(m,n) e Nx N|aml/8 +nl/t < X}

Then
Lo b st
d(X) ~ GB) prr S
t

Proof. We see that aml/s £/t < X is equivalent to

(X—bnl/t>8
m< | —— .
a

_nl/t\°
- %A
0<n<(X/b)t

X —b 1/t 5
Let f(X) = (_u) , then by lemma 5 we have
a

Therefore

(X/b)t (X/b)t
a(X) = /0 £ (u)du — /O (u— [u]) f () ).

Because 0 < u — [u] < 1 we have

/O(X/b)t(u — [u]) ' (u)du| < /O(X/b)t | (u)|du = (%)S
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We will estimate the first term

(X/b)" (X _ bul/t>8
/ X g
0 a

By changing variable u = (X /b)!v!, we see that this integral is equal to

xstt ol
s—bt/ (1 —v)%' .
a 0

The above integral is a Gamma function; and by checking the table of values we see that

1 1
+t
d(X)NmWXS , as X_)OO
t

2.6.2 Proof of theorem 3

Let Y = Ext!(Z(3),Z(12)) = Ext!(Z,Z(9)). By the previous section we know that as a

group

Y =7Zbg ®Z /2.

Here bg is the zeta element described in lemma 3. By definition of X, we have a canonical
projection map

p: X —Y.
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Therefore, as a set

X=|| X,

acY

where X, is the fiber of p over a point a. In the following, our convention is follow: for each
notation appeared in the previous section we add a letter a to indicate that the corresponding

object depends on a. With this convention we have

#{z € X|Hyo(x) < By = Y #{x € Xo|Hso(x) < B}.
a€Y

Suppose that a correspond to ubg then the order of {z € X,|H(z) < B} is given by

| Tal#{m € Z | exp(|roc (ubg) Y/ + (|m|0alrec(b3))1/?) < B}.

We know that for all a

#T, = [[#H"(Z[1/p), Zp(12)) =
p
Therefore up to some power of 2 we have

#{r e X|H(zx) < B} =

m(l? #{(m,u) € Nx N},

¢(=11)

where

exp(|uroe (bg)| 9 + (Jm]dalros (b3)))Y/3) < BY.
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In this particular case, dq p can only be nontrivial when p = 691 by lemma 4. For simplicity,

let us define

S(B) = {(m,u) € Nx N|exp(|urso(bo) [ + (jm|da|rec(b3))1/?) < B}

= {(m,u) € N x N||uroo(bg)[V/? + (|m|dalreo(b3))1/?) < log(B)}

As ), depends on a we consider two cases.

Case 1: 691|u. Then, 044 = 0 for all p. In this case

Xa :ZbS@Ta

Case 2: 691 { u. Then 45 # 0 when p = 691 by lemma 4. In this case X, is a little

smaller then the previous case; i.e

Combining these two cases we have

1S(B)| = [S1(B)| + [S2(B)| — [51(B) N S2(B)],

where

S1 = {(m,u) € N x N||urso(bg)|"/? + (|m|da|rec (b3))/?) < log(B): 691|u}

o1



and

S1 = {(m,u) € Nx N|Juroo(bg)|¥/? + (|m|0alroc(b3))1/?) < log(B); 691]m}.

By letting v = 6917/ in the first case we have

S1 = {(m,u') € N x N|[6910/ro(bo)[V/? + (|m|dalrec(b3))1/?) < log(B)}.

Therefore, by the counting lemma 5 we have

1 1
691 (12) Toc(by)roc (b3)

1S1(B)| ~ log(B)".

Similarly, we have

1

12
591(12) rooBo)roabs) 5P

152(B)] ~

and

151(B) 1 $(B)| = 69121(132) i e

Consequently, we have

1 1 2 1
S ) (1~ o) e

L mEmEO (2 1N
s21(2) CB) ) ( ) st

691 6912
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In conclusion

1 MI3)II9) I(12) [ 2 1
#lr € XMHheolo) < BY~ 0 13 763) ¢(9) C-11) (@ - @) log ()"

Remark 7. In general, the same computation can be performed for mixed motives with
graded quotients Z(m), Z(n),Z where m (respectively n) are even (respectively odd) natural

number and m > n + 2.

93



CHAPTER 3
TAMAGAWA NUMBER CONJECTURE FOR UNIFORM

F-CRYSTALS OVER FUNCTION FIELDS

The study of special values of L-functions of uniform F-crystals has been initiated by Kato
in [15] to treat the remaining cases of the Tamagawa number conjecture over function fields.
More precisely, for each uniform F-crystal over a smooth projective variety X over a finite
field of characteristics p, Kato constructed a syntomic complex associated to F' and expressed
the special values of the L-function attached to F' in terms of the cohomology groups of
this syntomic complex. In this chapter, we will give a quick overview of Kato’s work and
generalize it to a family of F-crystals. Specifically, we will first reformulate proposition 5.3
in [15] in using K groups. We then use the same approach to treat the case of a tower of

F-crystals.

3.1 Uniform F-crystals

Let X a smooth projective variety over a finite field k& of characteristics p. Let us denote by

W (k) the ring of Witt vectors associated with k.

Definition 6. An F-crystal on X is a pair (D, ®) where D is a crystal on the crystalline
site of X/W (k) and

D . F*D@p — DQP’

is an isomorphism in the category which Hom is replaced by Q,®Hom. Here F' is the

Frobenius map F': X — X and F*D is the pullback of D by F.
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For each q € Z, let wg( = Qg( the sheaf of differential ¢-forms on X. Let Dy be the

vector bundle together with an integrable connection V on X associated with D:

V:DX_>DX®OXW}('

Let X C Y be a closed immersion of X into a p-adic formal scheme Y over W (k). Let
Dx (Y) the PD envelop of X in Y and Op, (y) be the structure sheaf of the formal scheme
Dx(Y). Let wg, = ng, be the sheaf of differential forms on Y. Let Dy be the locally
free Op (y)-module together with an integrable connection V associated with D which is
defined by

V: DY — Dy ®OY w}lf.

For an F-crystal (D, ®) we will use the same notation ® for the induced isomorphism:

®: Qp®z, " Dy — Q,®z,Dy.

We remark that ® is compatible with the integrable connection V endowed with Dy .
To define syntomic complexes, we first need to introduce several filtration on Dy and

F*Dy-.

Definition 7. For each r € Z, we define

NT(D)Y = Dy N p_rq)(F*Dy),

N"(D)y = DY np"®(F*Dy),
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and

MT(D)Y = {33 € F*Dylp_rq)(l’) € Dy} C F*Dy.

We have the following proposition.

Proposition 9. ([21], 1.10.1) Forr € Z

1. The image of Ny(D)y in Dx is independent of the choice of an embedding X C Y.

We will denote this image by Nyp(Dx)

2. The image of M"(D)y in F*Dx is independent of the choice of an embedding X C Y.

We will denote this image by M"(Dx)

Following Ogus, we introduce the following definition of uniform F'-crystals.

Definition 8. We say that D = (D, ®) is a uniform F-crystal if one the following equivalent

conditions holds

1. For all r € Z, N, (Dyx) is locally a direct summand of Dx.

2. Forall r € Z, M"(Dx) is locally a direct summand of F*Dy

Remark 8. One of the main reasons that we restrict our study to uniform F-crystals is that
uniform F-crystals form a good category. They also have good integral properties which will

allow us to define integral syntomic complexes.

In fact, we have the following proposition.

Proposition 10. ([15], proposition 2.14) The category of uniform F-crystal is stable under

P, ®, the dual, and Tate twists.
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Most “geometric” F-crystals are uniform. More precisely, suppose 7 : X — Y is a proper
smooth morphism of smooth schemes then under mild assumptions, the higher direct image

R4 (O x )eris 18 a uniform F-crystal on X (for more details, see [16], [17], [21], [19]).

3.2 Syntomic complexes

Let X be a projective smooth scheme over a finite field k of characteristics p and F' is a
uniform F-crystals on X. As explained in the previous section, we fix a closed immersion
X C Y where Y is a p-adic formal scheme over W (k).

First, we explain the construction of some de Rham complexes using the filtration on Dy
and F* Dy constructed in the previous section. Following Deligne and Kato, we make the

following convention. Let C be a filtered complex. We define C' to be the following complex
C? = {x € (2C)Ydz € (4T1C)9}.

A key property of this construction is that if if f : C' — C’ is a homomorphism of filtered

complexes such that for all ¢ f :9 C =% C' is a quasi-isomorphism then the induced map

C — (' is a quasi-isomorphism.

Recall from the previous section that we have the de Rham complex associated with D:

v v \Y
DR(D)y = [Dy —+ Dy ®¢@, wy — Dy ®0, wy ~ .. ]
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Using the filtration on Dy and F*Dy defined in 7, we define the following complexes.
N; DR(D)y = C,where C = DR(N,—_4(D))y,

N"DR(D)y = N_, DR(D)y,

and

M"DR(D)y = C,where 9C = p? DR(M"~(D))y-.

We remark that
N(_ o0y DR(D)y = N(®) DR(D)y = p~"N" DR(D)y,

is independent of r > 0.

We define the syntomic complex S(D)y as the mapping fiber of the map
1-— (I)77 : NO DR(D)Y — N(—oo) DR(D)Y

Here 1 is the inclusion map No DR(D)y — N(_o) DR(D)y and @7 is the map defined as
follow. First, n: Dy — F*Dy is the map sending x € Dy to n(z) =1 ® x € FEX(Y)DY =
F*Dy. We then define ®7 as the induced map from Q, ®7, DR(D)y — Q, ®z, DR(D)y

whose degree g-part is given by
z@w e ®(n(r)) @ Fy (w).
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The constructions of the complexes No DR(D)y, N(_) DR(D)y,S(D)y, are local in na-
ture. However, we can glue these local constructions to get global complexes S(D) in the
derived category of sheaves of abelian groups on the etale site of X. In other words, we have

the following distinguished triangle.
S(D) — NyDR(D) — N(—o0) DR(D) — S(D)I[1].
We also define 7 (D) as the complex obtained by gluing the following local complexes
T(D)y = N(—o0) DR(D)y /NyDR(D)y .
As above, we have the following distinguished triangle.

NoDR(D) = N(_) DR(D) — T(D).

3.3 Formulation of Tamagawa number conjecture using K-theory

Let R, R’ be two Noetherian rings equipped with a ring homomorphism R — R’. We then

have the following exact sequence of abelian group (see section 1.1 of [4] for more details).
/ aR R/ / /
Ki(R) - K1(R') —— Ko(R,R') — Ko(R) — Ko(R'). (3.3.1)

Example 3. Let R = Z; and R’ = Q,, then K1(Q,) = Q) and K¢(Zp,Q),) = Z and the
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boundary map

. X
azp’@p : Qp — 7,
is nothing but the p-adic evaluation map.

Let X, D be as in the previous sections. We are now ready to reformulate proposition

5.4 of [15] in terms of K-theory.

Proposition 11. ([15], proposition 5.4) Suppose that

1—®: H™(X, DR(D)g, — H"(X, DR(D)q,)

is an isomorphism for all m. Then, the complezes S(D) and T (D) over the etale site of X
have finite cohomology groups. Let |RT'(X,S(D))] and [RT'(X,T(D))] be the corresponding

classes in Ko(Zp,Qp). Then, we have

OL(D,1) = [RT(X,S(D))] + [RT(X, T(D))).

Here 0 is the boundary map defined in 3.3.1.

3.4 Tamagawa number conjecture for a p-adic family of

F-crystals, Preparations

In this section, we will assume that X is a projective smooth variety over a finite field k£ and
D = (D, ®) is a uniform F-crystals on X.

We know that Gal(k/k) = 7 = [1,Zp. By Galois theory, there exists a p-adic Galois
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extension keoo/k such that Gal(koo/k) = I' = Zp. Let us denote by I', the abelian group
Z |]p" Z and by ky, the unique subfield of ko such that Gal(k,/k) = I';,. We call ky, the n-th

layer of koo /k. Let X, be the variety X ® k;,. We define the following total complexes
In = RI'(Xn, NoDR(D)),

Py = RT'(Xp, N-oocDR(D)),
N, = RI'(X,,,S(D)),
Ly = RT(Xp, T(D)).

We also define Ny, be the inverse limits of (Ny,)
n

For each S € {L,I, P}, we define Sy similarly.
For S € {N,L,I, P}, Sy is a natural module over Z,[I',]. Consequently, S is a module

over the Iwasawa algebra A(I") where

We denote by N = (N;) the object in the derived category Db(E(Zp —mod)) of normic
systems along the profinite group I' (see section 2 of [23] for the precise definition of normic

systems).For each S € {L, I, P}, we define S similarly.
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By construction, we have the following proposition (see proposition 5.1 of [23] for a similar

statement).

Proposition 12. Let W = (W(ky)) €r (Zp—mod) be the natural normic system of Zy-

modules along I'. For X € {I, P, L}, there is a canonical isomorphism in Db(E(Zp —mod)):

1%

L
E@Xo

X.

Remark 9. Note that this is note true for V.

We have the following result, which is a natural generalization of proposition 11 to a

family of F-crystals.

Proposition 13. Ny and Ly are torsion over A(I'). Furthermore, there exists an element
Lp € K{(AI")) such that

a(ﬁD) = [Noo] + [LOO]v

where [Noo| and [Loo] are the corresponding classes of Noo and Loo in Ko(A(T')) and O is

the boundary map defined in 3.3.1.

We provide a proof for the first statement. The second statement will be proved in a
more general setting discussed in the next section. Our proof is based on the ideas of the
paper [23] and we are thankful to its authors of for the innovative ideas. We refer the readers

to section 2 and section 3 of that paper for some of the notions that we use here.

Proof. By the above construction, we have the following distinguished triangles in D(A(T)):

1_
Qp ®ZpNoo — Qp ®Zp[oo —¢> Qp ®ZpPoo — NOO[]-]a
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and

1
Qp ®z,100 = Qp®z,Poc = Qp @z, Loc — Q) ®7,Iso[1].

By proposition 12, we can rewrite these triangles as

Qp ©7,Noo = Woo ®% (@ ©7,10) = Woo @7 (Q)®7,P0) = Qp @z, Noo[l],  (34.1)
and

1
Wee @F (@ @z,10) —~Woe ©F (Q, ©2,P)

|

Woo ®£p (Qp®z,Lo) —= Weo @ép (Qp @z, T0)[1].

Because L is Zp-torsion, we have Q, ®ZpLO = 0. Consequently, 1 gives an isomorphism
Woo ©7 (Qp®z,10) = Wos @7 (Q) 7, P).

Let us denote by ¢ the inverse of the the isomorphism 1. Because Q) and W are flat

over Zp, the long exact sequence associated with the triangle 3.4.1 can be written as
1—¢e

o= Qpz, H' (No) = Woo @7 (Q©7,H'(Po)) —— Woo ®% (Qp @7, H' (Pxo))

By lemma 5.3 of [23], the map 1 — ¢¢ is injective. Consequently, the above sequence gives
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rise to the following short exact sequence
i+1 1—¢ i+1 i

Let us denote by Q(I") the total quotient field of A(G). By applying Q(I) ®AT) (—) to

the short exact sequence 3.4.2, we have
0= Q(T) @) H'(Pso) 2 Q(T) @p(r) H'(Poo) = Q(T) @5y HH (Nog) — 0.

Because H'(Pxo) is a finitely generated A(T')-module, Q(T") ®A(T) H'(Px) is a finite dimen-

sional vector space over Q(I"). Consequently, the map

) 1—¢1

Q) @p(ry H (Pa QL) @y HH (Poc)

must be an isomorphism. We conclude that Q(I') @) H'(Ny) = 0 for all i, and hence

N« is torsion over A(T).

3.5 Tamagawa number conjecture for a p-adic family of

F-crystals

In this section, we provide a generalization of proposition 13. We will follow the notation in
[3].

Let K be the function field of X. Let k be the total constant field of K and let ks be
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the unique Zp-extension of k introduced in section 2.4. Let Ko be a Galois extension of K

satisfying the following conditions (i)—(iii).
(i) The extension K /K is unramified at every point of X.
(i) Koo D Kkoo-
(iii) Let G := Gal(K/K). Then G is a p-adic Lie group having no element of order p.

Let H := Gal(Koo/Kko), I' := G/H = Gal(Kkoo/K). Let A(G) = Zy[[G]] be the
completed group ring of G and define A(H) and A(I") similarly.

Take finite Galois extensions K, of K in K (n > 1) such that K,, C K, and
Ky = Uy K. Let X, be the integral closure of X in Ky, so X,, is a finite étale Galois
covering of X. This X, is a natural generalization of X, of §2.4.

Let S be the set of all elements f of A(G) such that A(G)/A(G)f are finitely generated
A(H)-modules. Let S* = U,>p pS. Then by [8] Theorem 2.4, S* is a multiplicatively
closed left and right Ore set in A(G) and all elements of S* are non-zero-divisors of A(G).
Hence we have the ring of fractions A(G) g+ by inverting all elements of S* and the canonical
homomorphism A(G) — A(G)g+ is injective.

Asin [8], let Mg (G) be the category of finitely generated S*-torsion A(G)-modules. If M
is a finitely generated A(G)-module and M (p) denotes the A(G)-submodule of M consisting
of all elements killed by some powers of p, M belongs to Mg (G) if and only if M /M (p) is
finitely generated as a A(H)-module.

We have a long exact sequence of K-groups (see [8], (24))

S K (MG)) = K (M) ge) B Ky(My(G)) = Ko(MG)) — ...
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We have the following lemma.
Lemma 7. Let D = (D, ®) be a uniform F-crystal on X. We have

(1) Rlim R (X, NgDR(D)) and Rlim RT(Xn, N_owDR(D)) are bounded complezxes

and their cohomology groups are finitely generated A(G)-modules.
(ii)) R m RY(Xp, T(D)) is a bounded complex and its cohomology groups belong to Mg (G).
(1i1) Rlim RI(Xp,S(D)) is a bounded complex.

(iv) Assume that there is a finite extension K' of K in K such that Gal(Kso/K') is
pro-p and such that if X' denotes the integral closure of X in K' and T denotes
Gal(K'koo/K'"), then the p-invariants of the cohomology groups R Hm RU(X'®pkn, S(D)),
which are finitely generated torsion A(T")-modules by Proposition 13, is zero. Then the

cohomology groups ole'gln RT(Xp,S(D)) belong to My (G).

Proof. Let K’ be as in the assumption of (iv). Let G’ = Gal(Koo/K'), H = Gal(Kxo /K ko).
These are pro-p groups. Let X’ be the integral closures of X in K'.

By Theorem 2.11 of [23], we have
Zp ®ﬁ<GI)ngnRF(Xn, NoDR(D)) = RT'(X', NgyDR(D)).
n

The right hand side is a finitely generated Z;-module. Hence (i) follows from theorem 2.11
of [23] and Nakayama’s lemma applied to the local ring A(G’) (this is a local ring because
G' is a pro-p group). The proof for N_soDR(D) is similar. (ii) and (iii) follow from (i) by
the distinguished triangles
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(1) Rlim RT(X,,S(D)) = Rlim RT(Xn, NoDR(D)) = Rlim  RI'(Xp, N-oo DR(D)) —,
(2) Rlim RT(Xy, NgDR(D)) = Rlim RT(Xn, N-oDR(D)) = Rlim RT(X,, T(D)) —

By the assumption of (iv), cohomology groups of Rlim RI(X' ®j, kn, S(D)) are finitely

generated Zpy-modules. By theorem 2.11 of [23], we have also

Zp @ gy Rlim RT(X,,, S(D)) = Rlim RT(X @y, kn, S(D)).

n

By Nakayama’s lemma applied to the local ring A(H’), we have that all cohomology
groups of Rlim A RIT(Xp,S(D)) are finitely generated A(H')-modules and hence finitely gen-

erated A(H)-modules. This proves (iv). O

In the rest of this §2.5, we assume that the assumption of 7 (iv) is satisfied.
We define the p-adic L-function Lp € K{(A(G)g+) as the minus of the class of the
automorphism 1 — ¢¢ of A(G)g+ @ () Rlim R rys(Xn, N-oo DR(D)).

The special values of Lp in the sense of [8] §3 are L-values of D:
p(Lp) = L(X,D,p",0)

for every finite dimensional continuous p-adic representation p of G which factors through a
finite quotient of G. This is reduced to proposition 5.4 of [14] by the proof of [23] Theorem
1.1 (ii).

By the above distinguished triangles (1) and (2), we have (a version of Iwasawa main

conjecture)
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Proposition 14.
96(Lp) = [Rlim RD(X,,, S(D))] + [Rlim RD(X,,, T(D)))]

in Ko(Mg(G)).
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