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ABSTRACT

Geostrophic turbulent eddies are ubiquitous in Earth’s oceans, but they are particularly active

and important in the Southern Ocean where they mix properties such as heat, salinity, and

chemical/biological tracers, thus controlling a key conduit between the surface and the deep

ocean. This dissertation aims to improve our understanding of these eddies, and how they

affect the responses of both the Southern Ocean and global ocean circulations to changes in

Southern Ocean surface wind stress. Geostrophic eddies are usually too small for ocean gen-

eral circulation models (GCM) to resolve, and therefore have to be parameterized. We first

study the parameterization problem in barotropic β-plane turbulence with a quadratic bottom

drag, which is arguably the most simplified yet relevant 2D model for the turbulence but has

remained unexplored thus far. We propose a prognostic theory for the eddy diffusivity, a quan-

tity that is central to eddy parameterizations. The theory matches well with a high resolution

numerical model that fully resolves the eddies, and highlights the role of Rossby waves in sup-

pressing turbulent mixing by their relative motions to the background mean flow. Second, we

test state-of-the-art eddy parameterizations in several idealized channel models for the South-

ern Ocean, where high resolution simulations can be performed to compare to coarse resolution

simulations with eddy parameterizations. We analyze the equilibrium response of the Southern

Ocean circulation to changes in surface wind stress, and how bottom topography modulates

this response. We find that topography significantly suppresses the Southern Ocean response

through creating standing meanders, which amplify the turbulent mixing. The coarse reso-

lution simulations with eddy parameterizations reproduce this suppression reasonably well.

Third, we explore the equilibrium response of the global ocean circulation to Southern Ocean

wind stress changes in an inter-hemispheric model, which builds upon the channel model by

including a basin to the north, thus allowing us to explicitly model the interactions between

the Southern Ocean and the basin. By comparing with a widely used theory for the global

pycnocline depth, we show that the theory underestimates the equilibrium pycnocline depth

while overestimating its sensitivity to wind stress changes, due to the theory’s inaccurate treat-
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ment of the low latitude upwelling. Last, we use the inter-hemispheric model to investigate the

time-dependent response of the global ocean circulation to a sudden change in the Southern

Ocean surface wind stress. We find that the pycnocline depth and the Antarctic Circumpolar

Current (ACC) need multiple millennia to fully equilibrate, while the meridional overturning

circulation (MOC) adjusts within several decades to a few centuries. Theoretical relations

between the pycnocline depth and the ACC & MOC, which are accurate in the equilibrium

state, break down throughout the adjustment processes. The relations break down because

the responses of various circulation components depend on the ocean stratification at different

depths, which adjusts on distinct timescales. This break-down explains why previous theories

for the time-dependent response of global pycnocline depth have been unable to capture the

multi-centennial adjustment timescale.
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CHAPTER 1

INTRODUCTION

Geostrophic turbulent eddies are crucial in geophysical fluids for the transport and mixing of

physical properties (e.g. heat, salinity) and chemical/biological tracers (e.g. CO2). There-

fore, to understand the global ocean circulation and biogeochemical cycles we need to first

understand the geostrophic eddies.

Geostrophic eddies are prevalent in Earth’s oceans, but are particularly active and impor-

tant in the Southern Ocean, which is exceptionally important and unique among Earth’s oceans.

Being the only zonally reentrant ocean, it connects the other three major oceans and makes

possible the exchanges of physical properties and chemical/biological constituents. This con-

nection has important climatic implications. For example, deep, cold water sinks in the north

Atlantic and upwells in the Southern Ocean, sequestering heat from the atmosphere and slow-

ing down global warming (e.g. Talley, 2003). The upwelled water also dissolves large amounts

of CO2 before it downwells near Antarctica or flows into the Indo-Pacific, making the Southern

Ocean an important carbon sink on Earth (e.g. Sabine et al., 2004).

The Southern Ocean circulation is fundamentally driven by surface westerlies, which push

water equatorward through the Ekman transport in the surface Ekman layer (e.g. Marshall

and Speer, 2012). The wind stress peaks around 53◦S and decrease both equatorward and

poleward (e.g. Lin et al., 2018). This structure results in a divergence of Ekman transport to

the south of the wind stress peak, which sucks water up from the interior of the ocean into the

surface layer, and a convergence of Ekman transport to the north of the peak, which pushes

water down into the interior of the ocean from the surface. To replenish the loss of water

due to the upwelling south of the wind peak, southward flow occurs in the deep ocean. These

four branches of circulation thus form the wind-driven Southern Ocean meridional overturning

circulation (SOMOC), which tilts the otherwise flat isopycnals and turns them into key passages

for deep-surface ocean communications.

The SOMOC is also fundamentally affected by geostrophic turbulence. As the SOMOC tilts
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the isopycnals, it increases the available potential energy and triggers baroclinic instability. As

a consequence, meso-scale eddies1 are excited. The eddies extract energy from the available

potential energy, thereby flattening the isopycnals and creating the eddy-induced SOMOC,

which counteracts the wind-driven SOMOC. The net result is the residual SOMOC, which is

relevant for the transport of chemical/biological tracers (e.g. CO2).

Apart from this zonally-averaged meridional circulation perspective, the major zonal cur-

rent of the Southern Ocean is the Antarctic Circumpolar Current (ACC), the strongest ocean

current on Earth. The ACC is dominantly baroclinic, maintained by a meridional buoyancy gra-

dient across the Southern Ocean through the thermal wind relation. Specifically, at the surface,

sea water gains buoyancy in the north via precipitation and radiative heating, while it loses

buoyancy in the south through brine rejection and heat loss to the atmosphere. The slanted

isopycnals, maintained by the aforementioned SOMOC, communicate the surface buoyancy

gradient into the interior.

The Southern Ocean circulation profoundly influences ocean circulations elsewhere on

Earth. One important example is that it controls the global ocean stratification through isopy-

cnal slope, which results from an interplay between the surface wind stress and meso-scale

eddies (e.g. Gnanadesikan, 1999; Wolfe and Cessi, 2010). Another important example is that

the Southern Ocean brings the North Atlantic deep water (NADW), formed by the Atlantic

meridional overturning circulation (AMOC), to the surface. The NADW is then split into inter-

mediate water, which flows back northwards at a depth of a few hundred meters, and Antarctic

bottom water (AABW), which sinks to the abyss around Antarctica, before spreading northward

into the basins. Therefore, what drives the Southern Ocean circulation (e.g. surface westerlies)

also influences ocean circulation elsewhere on Earth.

The westerlies over the Southern Ocean have been increasing for decades and are likely

to continue to increase in the future (e.g. Swart and Fyfe, 2012). Given how significantly

the global ocean circulation is influenced by the Southern Ocean surface westerlies, it is im-

1. In this work we use “meso-scale eddies” and “geostrophic turbulence” interchangeably.
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portant to understand the circulation response to this wind stress change. Much progress

has previously been made on the Southern Ocean circulation response to surface wind stress

changes. Importantly, the “eddy compensation” theory proposes that the eddy-induced SO-

MOC will compensate the changes in the wind-driven SOMOC, leaving the residual SOMOC

largely unchanged (Hallberg and Gnanadesikan, 2006; Viebahn and Eden, 2010). Addition-

ally, the “eddy saturation” theory argues that the meso-scale eddies will keep the isopycnal

slope, and hence (by thermal wind relation) the baroclinic ACC transport steady in response

to any wind stress changes (Straub, 1993). Both of the arguments focus on the equilibrium

responses in either idealized or regional models; only a few theoretical studies have considered

the time-dependent response and adjustment of the northern basins (Jones et al., 2011; Allison

et al., 2011; Samelson, 2011). These studies all predict a decadal adjustment timescale for the

mid-depth stratification, which is significantly shorter than the centennial timescale found by

their and others’ simulations (e.g. Jansen et al., 2018).

The key to understanding the response of the global ocean circulation to changes in South-

ern Ocean surface wind stress are the meso-scale eddies. A major challenge is their small

size: being only tens of kilometers in the Southern Ocean region, they are too computationally

expensive for comprehensive general circulation models (GCMs) to fully resolve (e.g. Flato

et al., 2013). Various eddy parameterizations have therefore been proposed, which relate the

sub-grid scale eddy properties to resolvable large-scale circulation parameters. One popular

method to parameterize the effect of meso-scale eddies is the diffusive closure, which assumes

that the turbulence-induced tracer transport (or, specifically, the along-isopycnal component of

the transport) can be related to the tracer’s mean large-scale gradient, via an eddy diffusivity.

The parameterization problem is then converted to one of determining this diffusivity.

In chapter 2 we aim to make progress towards improved parameterizations by proposing

a prognostic theory for the eddy diffusivity (Kong and Jansen, 2017). We do so by consider-

ing a simplified geophysical fluid system, namely, the barotropic (i.e. 2D) β-plane turbulence

with a quadratic bottom drag, which is arguably the most simplified yet relevant mathematical
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model for Earth’s oceans. We first review the classical scaling theories for the diffusivity and

identify three regimes: the friction regime, the β regime, and a transition regime in between.

We then propose a generalized prognostic theory for the eddy diffusivity in this model. An

analytical model for the eddy flux of a passive tracer is derived from the spectral vorticity and

tracer budget equations, which are closed by representing the non-linear eddy-eddy interac-

tions as a combination of a stochastic forcing and a linear damping. This treatment allows us

to analytically solve for the diffusivity at different spatial scales, before integrating to yield a

bulk diffusivity that can be used in a parameterization. The solution illustrates how turbulent

mixing is suppressed given a significant β , through relative motions of Rossby waves to the

background mean flow. The generalized theory reduces to the classical scaling arguments in

the limit regimes where either friction or the β-effect becomes dominant.

In chapter 3 we compare different state-of-the-art eddy parameterizations by investigat-

ing the response of the Southern Ocean circulation to changes in surface wind stress (Kong

and Jansen, 2020, under revision). We consider two idealized channel setups of the South-

ern Ocean, one with flat bottom and one with moderately complex topography. In each setup

we perform wind stress experiments with one group of high resolution simulations where the

meso-scale eddies are fully resolved, and several groups of coarse resolution simulations where

different state-of-the-art eddy parameterizations are implemented. We find that in the absence

of topography, coarse resolution simulations significantly overestimate the sensitivity of the

ACC transport to wind stress changes when comparing to the high resolution simulations, due

to an underestimate of the sensitivity of transient eddy diffusivity. When topography is present,

as a contrast, coarse resolution models capture the responses of both the ACC transport and the

SOMOC reasonably well, due to the models’ ability to resolve stationary eddies, which domi-

nate over transient meso-scale eddies. Mechanistically, the presence of topography significantly

suppresses the responses of both the ACC transport and the SOMOC by inducing standing me-

anders, which, by elongating the mixing contours and sharpening the cross-contour gradients,

substantially enhance turbulent mixing.
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In chapter 4 we investigate both the equilibrium and time-dependent responses of the global

ocean circulation to changes in Southern Ocean surface wind stress. To do so we use an inter-

hemispheric model, which is an extension of the channel model used in chapter 3 that includes

a basin to the north of the channel. This configuration not only allows us to explore the global

circulation outside of the Southern Ocean, but explicitly represents how the global ocean ad-

justment feeds back on the Southern Ocean circulation. For the equilibrium response, we find

that the SOMOC and ACC transport in the inter-hemispheric model are relatively insensitive

to Southern Ocean wind stress changes, consistent with previous findings. We compare the re-

sults with chapter 3 and find that the channel model setup with an adiabatic northern boundary

condition significantly underestimates the ACC transport, while overestimating the sensitivity

to wind stress changes. This is caused by the use of the adiabatic northern boundary condition,

which presumes a perfect eddy compensation, hence distorting the response of the isopycnal

structure. We also find that the inter-hemispheric model produces a similar SOMOC response

to the channel model with a restoring northern boundary condition. We then compare the

inter-hemispheric model simulations with a theory for the global pycnocline depth, proposed

by Gnanadesikan (1999). We find that the theory underestimates the magnitude of the pycn-

ocline depth while overestimating the sensitivity to wind stress changes, primarily because of

an inaccurate treatment of low latitude upwelling.

For the time-dependent response, we find that the e-folding adjustment timescale for the

ACC and global pycnocline depth is multi-centennial, while that for the SOMOC and AMOC

is only multi-decadal. The remarkable difference is because the adjustment of the MOC only

depends on the upper ocean stratification, which changes rapidly, while the adjustment of

the ACC and pycnocline depth also relies on the abyssal ocean stratification, which responds

much more slowly. This difference is not captured by existing two-layer theoretical models

that include only one depth scale to represent the global pycnocline depth. Relatedly, we find

that the relations between the pycnocline depth and the ACC & MOC that hold for equilibrium

solutions, do not generally apply during the adjustment processes, again because the relations
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do not account for the distinct stratification adjustment at different depths. These findings

explain why previous theories significantly underestimated the adjustment timescale for the

global pycnocline depth (Jones et al., 2011; Allison et al., 2011; Samelson, 2011) and suggest

a pathway to improve the theories.

Finally, in chapter 5 we conclude with a summary and discussion of our main findings.
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CHAPTER 2

THE EDDY DIFFUSIVITY IN BAROTROPIC β-PLANE TURBULENCE

2.1 Introduction

Geostrophic turbulent eddies are crucial in geophysical fluids for the transport and mixing

of properties. However, in the earth’s oceans they cannot be fully resolved by current IPCC-

class climate models, due to their relatively small size (Flato et al., 2013). Therefore, their

representation has to rely on adequate eddy parameterization schemes (e.g. Hallberg and

Gnanadesikan, 2006; Downes and Hogg, 2013; Farneti et al., 2015). A common practice to

parameterize sub-grid scale turbulence is to employ a diffusive closure, which assumes that

unresolved eddy fluxes can be related to the large scale mean gradient via an eddy diffusivity.

The eddy parameterization problem then comes down to expressing the eddy diffusivity based

on resolvable large scale quantities. This paper aims to improve parameterizations for the eddy

diffusivity by studying 2D turbulence as a reduced model for geostrophic turbulence.

2D turbulence is characterized by an inverse energy cascade. Once kinetic energy (KE) is

created by forcing at small scales, it will be transferred to larger scales via non-linear eddy-

eddy interactions, which will become increasingly sluggish as the scale increases. If large scale

friction is present, a steady state can be achieved when the non-linear interaction becomes as

slow as the energy dissipation rate by friction, and the cascade will be arrested at the so-called

halting scale, where most of the energy will be found (e.g. Vallis, 2006).

The simplest case to study this phenomenon is f -plane turbulence with linear drag and

forcing (e.g. Smith et al., 2002; Grianik et al., 2004). However, the f -plane approximation (i.e.

the assumption of constant background vorticity) excludes dynamics that are crucial to large-

scale geophysical fluids, such as the formation of Rossby waves. This limitation is overcome by

the use of a β-plane approximation, which accounts for the importance of a planetary vorticity

gradient. Unfortunately, including β significantly complicates the problem by adding a non-

dimensional parameter. Moreover, the introduction of β can lead to anisotropy, where eddy
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kinetic energy (EKE) is channeled into zonal modes, creating strong zonal flows or jets (Smith

et al., 2002; Rhines, 1975; Vallis and Maltrud, 1993; Galperin et al., 2006) and suppressing

meridional mixing.

While a linear drag is mathematically convenient, turbulent dissipation in the ocean’s bot-

tom boundary layer is arguably better described by a quadratic drag (e.g. Grianik et al., 2004;

Holton, 2004). In fact, presently a quadratic drag is prevalently implemented in numerical

ocean models (e.g. Willebrand et al., 2001; Egbert et al., 2004; Jansen et al., 2015). An im-

portant distinction lies in the dimensions: while a linear drag coefficient r provides a time scale

(the inverse of the damping rate), a quadratic drag coefficient CD has a dimension of inverse

length in a barotropic model. (The effective quadratic drag coefficient for a barotropic flow is

related to the standard non-dimensional C∗D as CD = C∗D/H, where H is the depth of the flow.)

As pointed out by Grianik et al. (2004), the quadratic drag coefficient by itself provides the

halting scale in f -plane turbulence, which differs significantly from the linear drag case. The

most realistic case of β-plane turbulence with quadratic drag has remained unexplored thus

far and will be the focus of this work.

The two limit cases where either friction or β dominates can likely be understood from

the existing work. Assuming that β is unimportant in the strong friction limit, the conclusions

drawn from f -plane turbulence are expected to hold, such that the problem reduces to that

studied by Grianik et al. (2004). In this case, the arresting scale solely depends on CD. The

turbulent flow in this regime is fully isotropic which implies the dominance of EKE over zonal

mean KE, enabling the use of total KE as a good approximation to EKE. Therefore, once the

KE budget is known, we can estimate both the characteristic eddy velocity and the halting

scale. Finally, the eddy diffusivity can be formulated based on mixing length theory (Prandtl,

1925). Alternatively the scaling relationship for the eddy diffusivity can be derived directly

from dimensional consideration, if we assume that β does not enter. In the strong β limit, a

large amount of KE falls in the zonal mean mode whose amplitude is unknown a priori, but

the characteristic turbulent eddy velocity can be determined dimensionally if we assume that
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friction only affects the zonal jets. Meanwhile, the mixing length is given by the so-called

β scale, which again follows directly from dimensional arguments, and is interpreted as the

largest scale that is reached by the isotropic KE cascade (Smith et al., 2002; Vallis and Maltrud,

1993).

The regime where both friction and β matter (a transition regime) remains poorly under-

stood, despite its relevance to Earth’s ocean. Jansen et al. (2015) investigate the diffusivity for

baroclinic turbulence for such an ocean-like transition regime and find that the mixing length is

well approximated by the Rhines scale, even as the total KE remains dominated by the eddies.

An equation for the EKE is formed based on a balance between the source of EKE and dissi-

pation by quadratic bottom drag, which then is used to formulate an expression for the eddy

diffusivity following standard mixing length theory. The resulting scaling relation provides a

useful approximation over a wide range of idealized simulations in an ocean-like parameter

regime.

A separate line of recent work has attempted to derive an expression for the eddy diffusivity

analytically by linearizing the equation of motion for a single wavenumber, κ, representing the

energy containing scale (Ferrari and Nikurashin, 2010, hereafter FN10; Klocker et al., 2012;

Klocker and Abernathey, 2014, hereafter KA14). The resulting expression highlights the impor-

tance of mixing suppression by the relative propagation of eddies to the mean flow (hereafter

“propagation-suppression argument”). (Srinivasan and Young, 2014, hereafter SY14) obtain

the same result (albeit generalized in a number of ways) for a barotropic flow, and point out

that it is in fact the intrinsic Rossby wave phase speed, arising from the meridional gradient

of potential vorticity, that suppresses the eddy diffusivity. While all theories point towards the

suppression of mixing for large β , it is not obvious how exactly the expression of FN10 or

SY14 relates to the classical β-plane turbulence scaling arguments. We will show below that

this connection can only be recovered by noting that mixing in reality is not necessarily dom-

inated by the most energetic eddies. Adopting the linearization technique used in FN10, we

have developed a generalized theory for the full diffusivity spectrum in barotropic turbulence,
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whose integral yields a “bulk” diffusivity that agrees with simulations across all three regimes.

This generalized theory is shown to reduce to the classical scaling relations for barotropic tur-

bulence in the limit cases of strong β and strong friction. The idea of considering the full

spectrum for the diffusivity is not new. In particular, Chen et al. (2015) proposed a way of rep-

resenting the eddy diffusivity that takes into account the multi-scale nature of eddy and mean

flow velocities. However, their formulation requires detailed knowledge of the flow field, and

therefore remains a highly diagnostic theory. Our work aims to predict the eddy diffusivity

based only on external parameters.

This study has four main goals: 1) document the results of a numerical exploration of

barotropic turbulence on a β-plane with quadratic drag; 2) test previously proposed scaling

arguments for the eddy diffusivity in the friction regime (Grianik et al., 2004), in the β regime

(Vallis and Maltrud, 1993), and in the transition regime (Jansen et al., 2015); 3) develop a

generalized theory for the eddy diffusivity based on the propagation-suppression argument

of FN10; and 4) clarify the connection between the propagation-suppression theory and the

classical scaling arguments for the eddy diffusivity in β-plane turbulence.

This paper is organized as follows. Section 2.2 introduces the equations of motion and the

numerical model used to solve them. Section 2.3 discusses and tests the scaling arguments for

2D turbulence and mixing. In section 2.4 we derive a generalized theory for the eddy diffu-

sivity, building on the propagation-suppression argument of FN10. Section 2.5 discusses the

connections between the generalized theory and scaling arguments, and section 2.6 provides

a concluding discussion.

2.2 Equations of motion and the numerical model

We want to study the turbulent flow on a β-plane, described by the barotropic vorticity equation

∂ q
∂ t
+ J(ψ, q) + β

∂ψ

∂ x
= F − CD

�

∂ (|u|v)
∂ x

−
∂ (|u|u)
∂ y

�

(2.1)
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where q = ∇2ψ is the vorticity, ψ is the stream function, J(ψ, q) ≡ ∂xψ∂yq − ∂yψ∂xq is the

Jacobian operator, β is the background vorticity gradient, F is a small scale forcing that crudely

represents the generation of eddies by baroclinic instability, CD is a quadratic drag coefficient,

and u ≡ (u, v) = (−∂yψ, ∂xψ) is the velocity. A spectral filter (not explicitly included in

Eq. (2.1)) removes enstrophy near the grid scale (see Appendix 2.A).

To study turbulent mixing, we consider a passive tracer advected by the turbulent flow,

which stirs up a constant meridional gradient g:

∂ c
∂ t
+ J(ψ, c) + g

∂ψ

∂ x
= 0 (2.2)

where c is tracer concentration. Grid-scale variance is again removed using the same spectral

filter as for vorticity. The eddy diffusivity D is computed as

D = −
〈v′c′〉

g
(2.3)

where the overbar denotes a time mean and angle brackets indicate a domain average.

The numerical model used to solve Eqs. (2.1)(2.2) uses a pseudo-spectral barotropic solver

in a doubly-periodic domain with a real space resolution of 512 by 512 grid points. The forcing

is located at total wavenumber 140 or 80 (differing between simulations), and is formulated as

a Markovian forcing, following Maltrud and Vallis (1991). Details of forcing, filter, and integral

scheme are documented in Appendix 2.A. The model is integrated from a state of rest until a

statistical equilibrium is reached. The quantities β , CD, and the forcing amplitude are varied

across a wide range of experiments.

2.3 General results and scaling arguments

In this section we discuss scaling arguments for the eddy diffusivity based on classical β-plane

turbulence theory. We first discuss the qualitative role of β in affecting the inverse energy cas-
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cade and turbulent mixing. Then the scaling relations for mixing length and eddy velocity are

introduced, which finally provide estimates for the eddy diffusivity based on classical mixing

length theory.

The characteristic scales for quantities appearing in Eq. (2.1) are

|u| ∼ u∼ v ∼ U , x ∼ y ∼ L, q ∼
U
L

, ψ∼ U L, Fψ∼ ε (2.4)

where the last term ε is the energy generation rate which describes how fast KE is created by

F . Ignoring the size of the domain, and the forcing scale, the only external parameters in this

system are CD, β , and ε. Noting that we have two independent dimensions (length and time).

Buckingham π theorem implies the existence of one non-dimensional number, which we call

µ:

µ≡ ε−1/5β3/5C−1
D . (2.5)

µ describes the importance of β relative to CD and is the only factor controlling the transition

between different regimes. We shall point out that we have carefully chosen the range of

parameters in our simulations such that the energy containing scale and mixing length are

significantly larger than the forcing scale, but smaller than the domain size, such that neither

should interfere much with the scaling expressions achieved hereafter.

2.3.1 General results

We start by looking at three typical simulations from the three regimes discussed in the in-

troduction (Fig. 2.1). The three rows in Fig. 2.1 show simulations with µ = 14.3, 98.8, and

782.9, which puts them into the friction, transitional, and β regime, respectively. In addition

to kinetic energy, we show spectra of eddy diffusivity, defined as the ratio of the eddy tracer
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Figure 2.1: (left panel): total and eddy kinetic energy spectra and eddy diffusivity spectrum
as functions of total wavenumber κ in 3 simulations, with the same ε and CD but varied β;
(right panel): snapshots of stream function in the 3 corresponding simulations, where yellow
and blue color denotes positive and negative values, respectively.

flux cross spectrum to the background mean gradient of the passive tracer, g:

D(κ)≡
∑

k2+l2=κ2

D(k, l), where D(k, l) = −
Re
�

v̂k,l · ĉ∗k,l

�

g
. (2.6)

The hat denotes Fourier transforms, ∗ denotes the complex conjugate, and (k, l,κ) are zonal,

meridional, and total wavenumbers, respectively. The summation amounts to a (discretized)

integration in wavenumber space along circles with fixed total wavenumber. The diffusivity

spectrum shows at which scale most of the mixing happens. The right panels show snapshots
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of the streamfunction, illustrating how (an)isotropic the flow is.

Fig. 2.1 contains rich information about the flow and mixing behavior in each regime. The

flow in the upper panel is in the friction regime so the energy spectrum is similar to f -plane

turbulence, with a relatively smooth energy peak and nearly complete overlap between EKE

and total KE, as the flow is highly isotropic (see also right panels). The mixing length is larger

than the energy containing scale by roughly a factor of 2, due to the dependence of diffusivity

on the KE spectrum and on the wavenumber itself. Classical mixing length theory suggests that

the diffusivity spectrum can be estimated as

Dml(κ)∼
E(κ)
γ
∼

E(κ)
E(κ)1/2κ3/2

= E(κ)1/2κ−3/2 (2.7)

where γ is the eddy turnover rate and the subscript “ml” stands for “mixing length” theory.

Eq. (2.7) shows that a shift of the peak in the eddy diffusivity spectrum, as compared to the

EKE spectrum, results directly from the inverse wavenumber dependency of the eddy diffusivity

(given a smooth peak in the spectrum). A more quantitative test and modification of this

argument will be discussed in section 2.4.

As µ increases, the flow enters the transition regime (middle panel). In this case β starts

to suppress mixing, as reflected by the reduction in the eddy diffusivity at large scales. Nev-

ertheless, EKE remains the primary component of total KE, as can be seen from the similarity

between the EKE and total KE spectrum in the left panel; as well as by noting that the flow

field shown in the right panel remains largely isotropic.

Finally, in the β regime, the flow properties change significantly due to the dominant im-

portance of β . The EKE spectrum significantly deviates from the total KE spectrum near the

energy containing scale and at larger scales, reflecting the channeling of energy into zonal jets.

This is also illustrated by the stream function snapshot shown in the right panel, which clearly

shows the alternating zonal jets. Moreover, the eddy diffusivity is substantially suppressed,

due to the suppression of both EKE and mixing length. Notice that the location of the peak in
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the diffusivity spectrum is now at smaller scales than the peak of the EKE spectrum, indicating

that the energy containing scale and the mixing length can differ significantly.

2.3.2 Regime-based diffusivity scaling expressions

In this section, the scaling relations for eddy velocity, mixing length, and eddy diffusivity are

presented using both physical and dimensional arguments. The results from the scaling rela-

tions are compared to the numerical simulations.
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Figure 2.2: Testing the scaling expressions for the mixing length and characteristic eddy
velocity (defined here as the domain-averaged root mean square eddy velocity). The non-
dimensional mixing length (a) 2 and eddy velocity (b) are plotted as a function of the non-
dimensional parameter µ. Various scaling relations are indicated with colored lines (see legend
and text). Vertical black dashed lines indicate the boundaries between different regimes.

2. The mixing length is computed based on the inverse centroid of the diagnosed diffusivity spectrum, which
is a better representation of the mixing length than the centroid of the diffusivity spectrum:

κml ≡

∫∞
0 D(κ)dκ
∫∞

0
D(κ)
κ dκ
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Friction regime

The strong friction regime emerges at small µ, where β can be neglected, and the flow es-

sentially behaves like f -plane turbulence. In this case, the mixing length is expected to scale

with the energy containing scale (although it is typically slightly larger), which in turn is given

directly by the quadratic drag coefficient CD, as documented in Grianik et al. (2004):

L ∼
1

CD
, κfrc ∼

1
L
∼ CD (2.8)

where L is the mixing length and κfrc is the corresponding wavenumber, which will be called

the frictional wavenumber.

κfrc is shown in Panel (a) of Fig. 2.2, which compares the diagnosed mixing length with

various scales from the scaling arguments. The frictional wavenumber successfully captures

the mixing length at the smallest value of µ but tends to overestimate the mixing length as µ

increases.

The characteristic eddy velocity is determined based on the EKE budget, which in the fric-

tion regime is well approximated by the total KE budget. The KE budget can be derived by

multiplying Eq. (2.1) by −ψ and integrating over the whole domain:

∂ EKE
∂ t

≈
∂ KE
∂ t
= −

∫

ψ
∂ q
∂ t

dA= −
∫

ψFdA+ CD

∫

ψ

�

∂ (|u|v)
∂ x

−
∂ (|u|u)
∂ y

�

dA. (2.9)

In steady state, the time derivative term in Eq. (2.9) drops out, and using Eq. (2.4) we find a

scaling relationship between the rate of energy input, the bottom drag, and the eddy velocity

as

Ufrc ∼ (
ε

CD
)1/3, (2.10)

which is shown in Fig. 2.2(b). Ufrc provides an accurate prediction of eddy velocity. Combing

Eqs. (2.8) and (2.10), we recover the scaling expression for the eddy diffusivity in the friction
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regime by Grianik et al. (2004):

Dfrc ∼
Ufrc
κfrc
=
ε1/3

C4/3
D

. (2.11)

Notice that Eq. (2.11) can also be derived based on purely dimensional analysis: since β is

assumed to be negligible in the friction regime, it shall not appear in the scaling for the eddy

diffusivity, in which case the only dimensionally feasible way to express Dfrc is Eq. (2.11).

101 102

10-3

10-2

diffusivity predicted based on scaling arguments

diagnosed diffusivity

friction regime

transition regime

 regime

examples used in Figs. 2.1 & 2.4

Figure 2.3: Diagnosed and predicted eddy diffusivity based on scaling arguments. x axis is the
non-dimensional parameter µ, y axis shows the non-dimensionalized eddy diffusivity. Black
crosses are the diagnosed diffusivity from numerical simulations; colored lines denote the pre-
dicted eddy diffusivity for the three regimes; vertical black dashed lines denote the boundaries
between different regimes.

The scaling predicted by Eq. (2.11) is shown in Fig. 2.3, where eddy diffusivities have been

non-dimensionalized using CD and ε. The non-dimensional expression for the predicted eddy

diffusivity in the friction regime then becomes

D̃frc ∼ 1= µ0 (2.12)
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which captures the distribution of the eddy diffusivity in the friction regime reasonably well.

A slight overestimation of the diffusivity near the right boundary of the friction regime arises

from the overestimate of the mixing length as shown in Panel (a) of Fig. 2.2. Also notice that

the non-dimensional parameter, µ, captures most, but not all of the spread among different

simulations. The remaining spread between simulations is likely explained by the role of the

forcing scale and domain size, whose relevance cannot be completely eliminated due to nu-

merical constraints on the resolution and domain size.

β regime

If µ is very large, the flow enters the strong β regime. While friction necessarily remains

important to dissipate energy, it has been argued that the bulk of the dissipation occurs in

zonal jets, while the properties of the turbulent eddy field become independent of friction(Vallis

and Maltrud, 1993). If CD shall not appear in the scaling expression, the only dimensionally

feasible way to express the mixing length is

L ∼ ε1/5β−3/5, κβ ∼
1
L
∼ ε−1/5β3/5, (2.13)

which is called the β scale. κβ is generally interpreted as the crossover scale between isotropic

and anisotropic (wave-)turbulence. For scales smaller than the β scale, the β effect remains

negligible and the flow is isotropic. For scales larger than the β scale, however, the timescale of

Rossby waves becomes shorter than the eddy turnover timescale, leading to anisotropic flows,

where wave-like disturbances co-exist with zonal jets (e.g. Vallis and Maltrud, 1993; Smith

et al., 2002; Vasavada and Showman, 2005).

The idea that the β scale provides the mixing length in β-plane turbulence is well docu-

mented and tested in previous studies (Vallis and Maltrud, 1993; Smith et al., 2002), although

previous work assumed a linear rather than a quadratic drag. If eddy properties indeed become

independent of friction, we may expect the results to apply similarly in the case of quadratic
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drag, which is confirmed by our simulations. κβ is shown in Panel(a) of Fig. 2.2, which pro-

vides an accurate prediction for the mixing length in the β regime.

The characteristic eddy velocity at the β scale can be determined from the Kolmogorov -5/3

spectrum (hereafter “Kolmogorov spectrum”) which applies in the inertial range of isotropic

turbulence and thus at scales up to κβ :

E(κ) = Kε2/3κ−5/3 (2.14)

where K = 8 is the non-dimensional Kolmogorov constant. Uβ can therefore be estimated as

Uβ ∼
q

E(κβ )κβ ∼ ε2/5β−1/5. (2.15)

Notice that Uβ is not necessarily the velocity corresponding to the full EKE; but rather, it is the

characteristic velocity at the β scale, where energy is thought to be converted into both waves

(that don’t contribute to mixing, but do contribute to EKE) and jets (that don’t contribute to

either mixing or EKE). Nevertheless, Eq. (2.15) qualitatively predicts the reduction of EKE at

large β (as shown by the dash-dot green line in Panel (b) of Fig. 2.2).

Combining Eqs. (2.13) and (2.15), we obtain a relationship for the eddy diffusivity as:

Dβ ∼
Uβ
κβ
=
ε3/5

β4/5
. (2.16)

Again, Eq. (2.16) can also be retrieved directly from dimensional analysis by assuming that CD

does not appear in Dβ , but the derivation presented above highlights that the suppression of

eddy diffusivity in the β regime arises from the role of β in suppressing both the mixing length

and turbulent EKE.

Using the non-dimensional formulation, Dβ becomes:

D̃β ∼ ε4/15β−4/5C4/3
D = µ−4/3, (2.17)
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which successfully captures the distribution of the eddy diffusivity (green dash-dot line in

Fig. 2.3).

Notice that our non-dimensional parameter, µ, can be related to the friction and β scale as

µ≡ ε−1/5β3/5C−1
D ∼

κβ

κfrc
(2.18)

which makes its physical meaning clearer: while a small µ suggests the energy cascade is

arrested at κfrc, a large µ indicates the termination of the isotropic cascade at κβ .

Transition regime

The most realistic scenario for Earth’s ocean is one where both friction and β are important

- a transition regime between the strong β and strong friction limits. Analyzing idealized

simulations of baroclinic turbulence in a parameter regime thought to be crudely representative

of the Southern Ocean, Jansen et al. (2015) find that the mixing length is well approximated

by the Rhines scale:

κR ∼

√

√β

U
≈
√

√ β

Ufrc
, (2.19)

while the EKE remains controlled by bottom friction, similar to the friction regime. The notion

that EKE remains controlled by bottom friction throughout most of the transition regime is

supported by the results in Panel(b) of Fig. 2.2, which shows that the diagnosed eddy velocity

is well approximated by Ufrc throughout most of the transition regime. κR is also displayed in

Panel(a) of Fig. 2.2, and indeed appears to be a reasonable estimate for the mixing length in

the transition regime - although it’s not a perfect fit everywhere.

Combining Eqs. (2.10) for the EKE and Eq. (2.19) for the mixing length yields

Dtr ∼
Ufrc
κR
=

ε1/2

β1/2C1/2
D

. (2.20)

Notice that in this formulation β only suppresses mixing by decreasing the mixing length, and
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the suppression is more moderate compared to the β regime.

The non-dimensional form of Dtr is again shown in Fig. 2.3:

D̃tr ∼ ε1/6β−1/2C5/6
D = µ−5/6. (2.21)

Eq. (2.21) captures the first order distribution of the eddy diffusivity in the transition regime.

Nevertheless, notice that the eddy diffusivity in the transition regime is actually smoothly dis-

tributed along a curve, rather than following a straight line, indicating the limitations of using

a single power-law scaling relation to represent the eddy diffusivity in this regime.

2.4 A generalized theory for the eddy diffusivity

The scaling arguments above are useful but not perfect, as they fail to capture the smooth

transition of diffusivity between regimes, thus relying on a somewhat arbitrary specification of

regime boundaries. The scaling argument is particularly unsatisfying in the (oceanographically

relevant) transition regime where the eddy diffusivity does not follow a power law (Fig. 2.3).

This motivates us to develop a more general expression for the diffusivity, which captures the

behavior across all regimes.

In this section we adopt the linearization method in FN10 to derive a generalized expression

for the eddy diffusivity in barotropic turbulence and compare it with the scaling arguments

discussed above. In addition to providing a generalized expression for the eddy diffusivity,

the result helps to reconcile the propagation-suppression argument of FN10 with the classical

scaling arguments for the eddy diffusivity in the frictional and β regimes.

2.4.1 A stochastic model for non-linear eddy-eddy interactions

In FN10 the authors obtain an analytical solution for eddy diffusivity in a surface quasi-geostrophic

model for a single wavenumber, which is interpreted as the energy containing scale. Their

method is to linearize the non-linear eddy-eddy interaction as a combination of a stochastic
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white noise forcing and a linear damping process. Here we want to use this parameterization

not only for a single wavenumber but at every wavenumber pair (k, l). In spectral space, the

Jacobian term thus becomes

Ĵ(ψ, q)≡ −Q
p
γ r1(t) + γq̂. (2.22)

The hat denotes the Fourier transform, Q is the amplitude of the stochastic forcing and has the

same dimensions as q̂, γ is the linear damping rate that describes how fast eddies decorrelate

with itself, and r1(t) is the white noise process. Q and γ in general can also be functions of k

and l. Physically, the forcing term represents how enstrophy is transferred into the respective

wavenumber by non-linear eddy-eddy interactions, while the damping represents transfer to

other wavenumbers.

Similarly, we will parameterize the Jacobian term in Eq. (2.2) as

Ĵ(ψ, c) = −C
p
η · r2(t) +ηĉ (2.23)

where C is the forcing amplitude, η is the tracer’s linear damping rate, and r2(t) is again a

white noise process assumed to be independent of r1(t). η may or may not be the same as

γ. Notice that FN10 does not consider forcing and damping in the tracer equation, arguably

consistent with the assumption that stirring is dominated by a single most energetic wave.

With these parameterizations, Eqs. (2.1) and (2.2) can be formulated in spectral space as

∂ q̂
∂ t
+ ikβψ̂=Q

p
γr1(t)− γq̂ (2.24)

∂ ĉ
∂ t
+ ikgψ̂= C

p
η · r2(t)−ηĉ. (2.25)

The forcing term F̂ that appears originally on the right hand side of Eq. (2.24) has been dropped

as we are here only interested in scales larger than the forcing scale. The quadratic drag term

is also ignored because its amplitude turns out to be negligible at scales near or smaller than
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the mixing length.

Solving Eq. (2.24) yields the streamfunction (see also Appendix 2.B):

ψ̂(t) = −
Q
p
γ

κ2

∫ ∞

0
r1(t − t1)exp[(

ikβ
κ2 − γ)t1]dt1. (2.26)

The EKE at wavenumber (k, l) can then be computed as (see Appendix 2.C)

E(k, l) =
1
2
|κψ̂|2 =

Q2

4κ2 . (2.27)

Using Eqs. (2.2) and (2.26) we can solve for the tracer concentration:

ĉ(t) = C

∫ ∞

0
r2(t − t2)e

−ηt2dt2

+
ikgQ

p
γ

κ2

∫ ∞

0

∫ ∞

0
r1(t − t3 − t4)exp

�

(
ikβ
κ2 − γ)t4 −ηt3

�

dt3dt4 (2.28)

Together with Eq. (2.26), the mean meridional eddy tracer flux at wavenumber (k, l) can be

computed as (see Appendix 2.C)

Re
�

v̂ · ĉ∗
�

= −
k2Q2g

2κ4 ·
(γ+η)

(γ+η)2 + k2β2

κ4

. (2.29)

Consequently, the eddy diffusivity spectrum at wavenumber (k, l) can be written as

Dk,l ≡ −
Re
�

v̂ · ĉ∗
�

g
=

2k2

κ2 ·
1

1+ k2β2

κ4 ·
1

(γ+η)2

·
E(k, l)
γ+η

(2.30)

which is similar to Eq.(12) in FN10, except that: 1) β2/κ4 is the barotropic analog to [cw −

U(z)]2 in FN10; 2) the damping rate γ in FN10 is replaced by γ+η; 3) Eq. (2.30) is here taken

to represent the entire diffusivity spectrum, as opposed to just a single wavenumber; and 4)

the factor 2 is missing in FN10 (which we believe is due to a mistake).

The last term on the right hand side, Dml(k, l) ≡ E(k, l)/(γ+ η), gives the scaling for the
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eddy diffusivity spectrum based on mixing length theory. The first term, 2k2/κ2, accounts for

the anisotropy of turbulence. The suppression is given by the middle term, which modifies

Dml(k, l) in the presence of β via the ratio of the intrinsic Rossby wave frequency ω = kβ/κ2

to the sum of the two damping rates, γ + η. Eq. (2.30) shows that eddy phase propagation

relative to the mean flow (which controls the wave frequency) will suppress the diffusivity, as

pointed out in FN10.

In its present form, Eq. (2.30) requires knowledge of the full two-dimensional EKE spec-

trum, which makes it not very useful for practical purposes. As a first step to simplify the

expression to a more useful relationship, we want to reduce it to an equation for the one-

dimensional diffusivity spectrum D(κ):

D(κ) =
1

1+ β2

2κ2(γ+η)2

·
E(κ)
γ+η

(2.31)

where we have made the simplifying substitution that k2/κ2 = 1/2, following FN10. This

formally implies the assumption that the EKE is located along the diagonals with |k| = |l| in

wavenumber space, which is not realistic. A more realistic assumption would be to assume that

the EKE is isotropic in wavenumber space, a case that has been discussed by SY14. However,

in practice we find that the difference between the solutions arising from the two assumptions

is small. We therefore proceed with the assumption of FN10, which simplifies the algebra

considerably.

2.4.2 Relating eddy diffusivity to the EKE spectrum

Following FN10, the eddy damping rate γ can be interpreted as the eddy turnover rate, which

scales as

γ∼ E(κ)1/2κ3/2. (2.32)

We will similarly assume that η scales with the eddy turnover rate, which allows us to
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combine the two as

γ+η= c1E(κ)1/2κ3/2 (2.33)

where c1 is a non-dimensional constant of proportionality. We here simply set c1 = 1, which

provides a reasonably good fit to the results of the numerical simulations. However, since this

is not a priori clear, we will include the parameter c1 in all following equations for generality.

Substituting Eq. (2.33) into Eq. (2.31) gives

Dd(κ) =
1
c1
·

E(κ)1/2κ−3/2

1+ β2

2c2
1 E(κ)κ5

. (2.34)

where the superscript d indicates that the diagnosed EKE spectrum, E(κ), is used.

Fig. 2.4 shows Dd(κ) for the same three simulations as previously discussed in Fig. 2.1.

The generalized theory provides a useful prediction for the diffusivity spectrum, giving a con-

siderably better fit than the unsuppressed mixing length scaling Dml(κ). However, Dd(κ) still

overestimates the eddy diffusivity in the β regime, i.e. when µ is large.

The reasons for this overestimation remain unclear to the authors. The role of the anisotropy

does not appear to explain the misfit: no significant improvement is found when using the

equation for the full 2D diffusivity spectrum D(k, l) with the diagnosed 2D EKE spectrum (not

shown). Another potential candidate is the vorticity gradient associated with the jets. However,

over the parameter regime considered here, this gradient remains relatively small compared to

β , suggesting that this effect is unlikely to explain the observed discrepancy. Another possible

cause for discrepancy lies in the spatial inhomogeneity. As pointed out by Nakamura (2008),

significant variations in the meridional gradient of zonal mean vorticity can create large dif-

ferences between the arithmetic and the harmonic meridional mean of the diffusivity, with the

latter arguably being more relevant. However, this can here only explain up to about 20%

of the difference between the diagnosed and predicted diffusivity, hence leaving it as a minor

factor.

We speculate that one possible explanation for the misfit is that the eddy turnover rate γ

25



10-6

10-4

D
(

)

friction regime

diagnosed

D
ml

( )

Dd( )

Dd( ) w/ c
2

Dp( ) w/ c
2

10-7

10-6

10-5

10-4

10-3

D
(

)

transition regime

100 101 102

total wavenumber 

10-7

10-6

10-5

10-4

D
(

)

 regime

Figure 2.4: Diagnosed and predicted eddy diffusivity spectra for the same three simulations as
in Fig. 2.1 (see legend and text for an explanation of the different theoretical spectra). Notice
that the prediction Dp(κ) assumes no energy (and thus no mixing) at wavenumbers below the
frictional halting scale κfrc.

itself needs to be altered as the eddies become more wave-like. Additionally, the meridional

shear of the zonal velocity, created by the formation of jets, may suppress the eddy diffusivity
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when µ is large: we find that the shear at the flanks of the jets is comparable to the eddy

turnover rate γ (not shown). Unfortunately, we did not find a way to quantitatively incorporate

these factors into our theory, without making the model overly complicated.. SY14 include

the suppression of mixing by a constant background shear in their linearized model, but even

with the simplifying assumption of a given constant background shear, the expressions become

highly involved.

In practice, we find that an improved fit can be obtained by including an empirical fudge

factor, c2 = 5.5, in front of the β2 term in Eq. (2.30), which is shown by the dashed curves in

Fig. 2.4. Eq. (2.34) then becomes

Dd′(κ) =
1
c1
·

E(κ)1/2κ−3/2

1+ c2β2

2c2
1 E(κ)κ5

. (2.35)

It is worth noting that FN10, albeit not explicitly discussing this issue, effectively include

a similar factor to enhance the suppression effect in their equation (21). From footnote 2 in

FN10 and the text below equation (17), one gets d2 = 4α2d2
1 (using the definition of FN10).

α here represents the ratio of the eddy phase speed to the surface current velocity. In the

Southern Ocean we generally find 0 < α < 1, which leads to d2 < 4d2
1 . However, combining

their Eqs.(19) and (21) one retrieves d1 = 0.32 and d2 = 4, implying that d2, which governs

the strength of the suppression, is chosen much larger than what is suggested by the theory.

The adopted values for d1 and d2 therefore reflect the same need to enhance the suppression

effect, which in the current work is achieved by introducing the fudge factor c2. Throughout

the rest of this manuscript, we will include this fudge factor, but for readability we will drop

the prime sign in the diffusivity.

For practical purposes, we may be more interested in the total “bulk” diffusivity, as opposed
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Figure 2.5: As Fig. 2.3, but showing the generalized theory for the eddy diffusivity using the
diagnosed EKE spectrum (blue triangles), as well as the single wavenumber theory based on
FN10 (red squares). The vertical black dashed lines are the same regime boundaries as in
Figs. 2.2 & 2.3.

to the full diffusivity spectrum. The bulk diffusivity can be obtained by integrating Eq. (2.34)

Dd =

∫ ∞

0
Dd(κ)dκ=

1
c1

∫ ∞

0

E(κ)1/2κ−3/2

1+ c2β2

2c2
1 E(κ)κ5

dκ, (2.36)

which is compared against the numerical simulations in Fig. 2.5. Dd successfully reproduces

the eddy diffusivity across all regimes, although it somewhat underestimates the diffusivity in

the transition regime.

While providing a single bulk diffusivity, the prediction in Eq. (2.36) is based on the entire

energy spectrum, which is the key aspect that distinguishes it from the approach of FN10 and

KA14, who focus on a single wavenumber representing the scale of the most energetic eddies.

To demonstrate the difference quantitatively, we compare our results to those obtained by
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evaluating Eq. (2.30) for a single wavenumber taken as the diagnosed energy containing scale3

κ0. E(κ) is taken to be the diagnosed EKE, and γ = c1

p

κ2EKE. Consistent with FN10 and

KA14, we still assume |k|= |l|. Including again the fudge factor c2 we obtain

Dsw =
EKE

γ+ c2β2

2κ2γ

=
EKE

c1κ
p

EKE+ c2β2

2c1κ3
p

EKE

(2.37)

where the subscript “sw” denotes the “single wavenumber” approximation. The results from

Eq. (2.37) are shown in Fig. 2.5. The single wavenumber theory captures the distribution of

the diffusivity in the friction and transition regimes reasonably well. However, Dsw signifi-

cantly underestimates the diffusivity when µ gets large. This misfit can readily be understood

by noting that mixing is no longer dominated by the energy containing scale at large µ (see

e.g. the bottom row of Fig. 2.1). As the eddy diffusivity becomes strongly suppressed at the

energy containing scale, smaller-scale eddies, which are ignored in the single wavenumber

approximation, maintain the bulk of the mixing.

Fig. 2.5 may also explain some of the discrepancy between the theory and observations

found in KA14. Fig. 2.6 in KA14 suggests that the theory accurately predicts the eddy dif-

fusivity only in the Southern Ocean; at most other latitudes, the diffusivity is systematically

underestimated. Meanwhile, FN10 only focus on a sector in the Southern Ocean. It is plausi-

ble that the Southern Ocean falls within a regime where the single wavenumber theory remains

appropriate. In less energetic regions and at lower latitudes, µ instead may be larger, causing

the single wavenumber theory to overestimate the mixing suppression.

3. κ0 is computed based on the inverse centroid of the diagnosed EKE spectrum, similar to the way the mixing
length is calculated (see footnote 1):

κ0 ≡

∫∞
0 E(κ)dκ
∫∞

0
E(κ)
κ dκ
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2.4.3 Towards a predictive theory

Despite its success, Dd is not able to predict the diffusivity without the knowledge of E(κ).

We seek to close this problem by assuming that E(κ) can be approximated by the Kolmogorov

spectrum [Eq. (2.14)] for κ § κfrc, while dropping rapidly to zero for κ < κfrc. Generally, we

may not expect the Kolmogorov spectrum to extend all the way to κfrc when β is large. How-

ever, since mixing at large scales is strongly suppressed in this limit, the results are expected

to depend only weakly on the choice of the cut-off wavenumber. For the sake of simplicity we

therefore refrain from introducing another halting scale for the energy spectrum. Combining

Eqs. (2.14) and (2.34) we get:

Dp(κ) =
p

K
c1
·

ε1/3κ−7/3

1+ 1
2Kc2

1
· c2β2

ε2/3κ10/3

(2.38)

where the superscript p indicates the use of the prognostic relation for E(κ). Eq. (2.38) is

assumed to hold for κ§ κfrc, while Dp(κ) = 0 is assumed for κ < κfrc.

Dp(κ) is included in Fig. 2.4 where it is denoted by red curves. Generally speaking, it is

able to capture the basic features of the diffusivity spectra, albeit with some caveats. First,

Dp is unable to predict the detailed shape of the spectrum near the mixing length, which

is unsurprising as the Kolmogorov spectrum is not applicable outside of the inertial range.

Second, as µ becomes large, Dp is overestimated at scales larger than the mixing length. This

"over-reaching" to large scales results directly from the use of the Kolmogorov spectrum all the

way to κfrc.

The bulk diffusivity can again be computed by integrating Dp(κ):

Dp ≈
∫ ∞

κfrc

Dp(κ)dκ=
p

K
c1

∫ ∞

κfrc

ε1/3κ−7/3

1+ 1
2Kc2

1
· c2β2

ε2/3κ10/3

dκ. (2.39)
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The non-dimensional form of Dp plotted in Fig. 2.6 is:

D̃p =
p

K
c1

∫ ∞

c0

κ̃−7/3

1+ c2
2Kc2

1
· (µκ̃)10/3

dκ̃, (2.40)

where c0 ≡ κfrc/CD and κ̃≡ κ · C−1
D .

101 102

10-3

10-2

generalized theory using predicted EKE spectrum

diagnosed diffusivity

Dp  w/ c
2

scaling argument for friction regime

scaling argument for  regime

Figure 2.6: As Fig. 2.5 but showing the closed generalized theory using the Kolmogorov spec-
trum to predict the EKE spectrum. The scaling arguments for the friction and β regimes are
also plotted in colored dashed lines.

D̃p is shown in Fig. 2.6 and successfully reproduces the smooth transition of the diffusivity

across regimes. The diffusivity is slightly overestimated in the transition regime, which is

contrary to the result in Fig. 2.5. The overestimate in the transition regime appears to be a

result of the overestimate of the large-scale EKE by the Kolmogorov spectrum, and is thus not

unexpected. One could attempt to include the effect of β in the formulation of the energy

spectrum, but this would introduce at least one additional free parameter. Considering the

overall success of Eq. (2.39), the benefit of such further complications is questionable.
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2.5 Connecting the generalized theory to scaling arguments

In this section we will discuss the relationship between the generalized theory for the eddy

diffusivity, discussed in section 2.4, and the scaling arguments discussed in section 2.3. In

particular, it will be shown that the generalized theory reduces to the scaling arguments in the

limits of strong friction and strong β .

In the friction limit, µ is small, so that the second term in the denominator of the integrand

in Eq. (2.40) can be neglected, and we obtain the same scaling as Eq. (2.11)

lim
µ→0

D ≈
3
p

K

4c1c4/3
0

·
ε1/3

C4/3
D

∝ Dfrc. (2.41)

In this limit, the suppression has no effect, and the EKE spectrum (by assumption) peaks at

κfrc. As a result, the generalized theory reduces to the classical mixing length argument in this

limit.

On the other hand, when µ is large, the scaling in the β regime is most easily retrieved by

normalizing κ by κβ , in which case Eq. (2.39) becomes

Dp =
p

Kε3/5

c1β4/5

∫ ∞

c0/µ

d�κ

�κ7/3 + c2
2Kc2

1�κ

. (2.42)

Taking the limit of large µ, we arrive at

lim
µ→∞

D =
p

Kε3/5

c1β4/5

∫ ∞

0

d�κ

�κ7/3 + c2
2Kc2

1�κ

∝
ε3/5

β4/5
∝ Dβ . (2.43)

The physical connection between the two theories can be seen by noting that the integrand of

Eq. (2.43) (or the dimensional form in Eq. (2.39) for that matter) maximizes when the two

terms in the denominator become equal, which yields

�κ= (
c2

2Kc2
1

)3/10 ≈ 0.73. (2.44)
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That is, the major contributions to the eddy diffusivity come from the eddies near the β scale,

which is consistent with the classical mixing length theory. In fact, the physical reasoning is

essentially the same, highlighting the importance of the wave-turbulence crossover wavenum-

ber, below which the Rossby wave frequency exceeds the eddy turnover rate, thus rendering

mixing inefficient.

The two limits have been included in Fig. 2.6 as the colored straight lines at both ends of the

generalized theory. Taking the limits of the generalized theory therefore provides an alternative

way to determine the non-dimensional constants in the scaling arguments for the friction and β

regimes, relating them back to the Kolmogorov constant K , the non-dimensional factor c0 in the

frictional halting scale, the decorrelation constant c1 (here taken to be 1), and (unfortunately)

our fudge factor c2. The connection between the generalized theory and the scaling argument

in the transition regime instead is not obvious, as the generalized theory predicts a smooth

transition from the friction to the β limit, rather than an independent intermediate power law

regime.

2.6 Conclusions

This work sets out to investigate the eddy diffusivity in barotropic turbulence on a β-plane

with quadratic drag. Specifically, we use a series of numerical simulations to test previously

proposed scaling arguments for the eddy diffusivity in the friction regime, in the β regime, and

in the transition regime. We then develop a generalized theory for the eddy diffusivity based

on the propagation-suppression argument proposed by FN10. Finally, we show that the scaling

arguments and the generalized theory are connected in the two limits of strong friction and

strong β .

The scaling theory, which for the first time is applied to β-plane turbulence with quadratic

drag, identifies 3 regimes depending on the relative importance of CD and β . The scaling rela-

tions for the characteristic eddy velocity, mixing length, and eddy diffusivity are formulated for

each regime, with the last quantity given by mixing length theory. In the strong friction limit,
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the role of β can be neglected, and the eddy velocity is determined from a balance between

the forcing and the energy dissipation by quadratic drag, while the mixing length is set by the

frictional halting scale. In the strong β limit, on the other hand, it is the drag that is not im-

portant such that both the turbulent eddy velocity and mixing length follow from dimensional

arguments. In a transitional regime, both drag and β are important: the eddy velocity re-

mains controlled by bottom drag, while the mixing length is reasonably well approximated by

the Rhines scale. The scaling arguments are tested against diagnosed diffusivities from high-

resolution eddy-resolving numerical simulations, and found to successfully predict the eddy

diffusivity in the respective regimes.

The generalized theory is motivated by an argument about the suppression of mixing by

flow-relative eddy propagation, proposed by FN10. Their approach is here extended to the

full diffusivity spectrum. The integral of the diffusivity spectrum then yields a bulk diffusiv-

ity, which generally differs from the single-wavenumber theory proposed by FN10 who only

applied the argument to the energy containing wavenumber. Assuming that the non-linear

decorrelation timescale is identical to the eddy turnover timescale, and that the EKE spectrum

can be approximated by the Kolmogorov spectrum, we obtain a prognostic equation for the

eddy diffusivity that is verified against the numerical simulations, and adequately captures the

smooth transition across all parameter regimes.

The generalized theory highlights the importance of considering the entire energy spec-

trum. At least in the context of barotropic turbulence, the single-wavenumber approximation

used by FN10 and KA14 breaks down once the suppression becomes sufficiently strong, at

which point mixing is no longer dominated by the energy-containing scale. An estimate of the

suppressed diffusivity considering only the energy containing scale is then likely to overesti-

mate the suppression effect and thus underestimate the eddy diffusivity.

This work helps to clarify the connection between classical scaling theories for β-plane

turbulence and the recently proposed propagation-suppression argument. Classical β-plane

turbulence theory shows that β will suppress the eddy diffusivity via decreasing turbulent
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eddy velocity and mixing length. Turbulent EKE is reduced due to the channeling of energy

into Rossby waves and zonal jets. Similarly, the mixing length is reduced by the transition from

isotropic turbulence to waves and jets at the β scale. Since the inverse energy cascade nev-

ertheless proceeds to larger scales, this transition leads to the divergence between the energy

containing scale and mixing length. Meanwhile, the generalized diffusivity theory highlights

the propagation of eddies relative to the mean flow as responsible for the suppression of the

diffusivity. Noting that the flow-relative phase propagation is related to the intrinsic Rossby

wave phase speed, it is readily seen that the flow-relative suppression argument similarly pre-

dicts strong suppression of eddy mixing at scales beyond the wave-turbulence crossover scale.

Indeed, the generalized theory is shown to reduce to the classical diffusivity scalings in the

strong friction and strong β limits.

The presented work can provide a foundation for the development of eddy parameteriza-

tions in numerical ocean models. We have shown that the mixing suppression formulation

has the potential to predict eddy diffusivities over a wide range of parameters, as long as the

entire energy spectrum is considered. To apply the closure to meso-scale eddy fluxes in Earth’s

ocean, we need to predict the energy spectrum, as well as the wave dispersion relationship,

which is complicated by the effects of a baroclinic background flow and bottom topography

(e.g. Rhines and Bretherton, 1973; Killworth and Blundell, 1999; Wang et al., 2016). How-

ever, it is evident that flow-relative propagation of waves and eddies strongly affects mixing

in the ocean (e.g. KA14). Improvements in the representation of eddy transports in coarse

resolution ocean circulation models will therefore rely crucially on an adequate incorporation

of these propagation effects.
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Appendix 2.A Details of the numerical model

The expression for the forcing term used in our numerical model in spectral space is

F̂n+1 = c F̂n + A · eiθ̂ n+1p

1− c2 (2.45)

where superscript n denotes the timestep, c = 0.99 is the correlation coefficient, A is the forcing

amplitude and is varied from case to case, i is the imaginary unit, and θ̂ is a random phase,

which is independent for each wavenumber and timestep. The forcing is centered at wavenum-

ber 80 or 140 (differing between simulations), with the width of the “forcing window” being

4 wavenumbers, i.e. κ f − 2 ≤
p

k2 + l2 ≤ κ f + 2. Notice that for the purpose of testing scal-

ing relationships in this paper, the total inverse energy flux ε is diagnosed in the simulations

based on the total frictional dissipation rate. Unlike the total energy generation rate, the fric-

tional dissipation remains a good approximation of the inverse energy cascade flux, even when

energy dissipation by the grid scale filter is non-negligible.

The time integration is performed using a 3rd-order Adams-Bashforth scheme:

q̂n+1 = T
�

q̂n +
δt
12
(23˙̂qn − 16˙̂qn−1 + 5˙̂qn−2)

�

(2.46)

where δt is the timestep and dotted quantities are time derivatives at the corresponding

timesteps.

The filter T removes enstrophy and tracer variance at small scales in Eqs. (2.1) and (2.2),

respectively, and takes the form

T =











exp[−b · (κ− κc)p] if κ > κc ,

1 if κ≤ κc .
(2.47)

where κ =
p

k2 + l2 is the total wavenumber, b = 18 governs the strength of the damping,
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κc = 187 is a cut-off wavenumber, and p = 7 governs the sharpness of the spectral filter. The

model is not de-aliased as it was found that de-aliasing has no significant effect on our results.

Appendix 2.B Solving the linearized stochastic model

In this appendix we will sketch the derivation of Eqs. (2.26) and (2.28). In spectral space we

have q̂ = −κ2ψ̂, therefore Eq. (2.26) becomes

∂ q̂
∂ t
+ (−

ikβ
κ2 + γ)q̂ =Q

p
γr1(t). (2.48)

Eq. (2.48) has the general form

dP(t)
dt
+ A · P(t) = R(t) (2.49)

which (assuming that the equation has been integrated long enough for the initial conditions

to be "forgotten") has the solution

P(t) =

∫ ∞

0
R(t −τ)e−Aτdτ. (2.50)

Plugging in the appropriate constants for A and B yields

q̂(t) =Q
p
γ

∫ ∞

0
r1(t − t1)exp[(

ikβ
κ2 − γ)t1]dt1 (2.51)

and we retrieve Eq. (2.26).

Substituting the result for ψ̂ into Eq. (2.25) and rearranging yields

∂ ĉ
∂ t
+η · ĉ = C · r2(t) +

ikgQ
p
κ

κ2

∫ ∞

0
r1(t − t1)exp

�

(
ikβ
κ2 − γ)t1

�

dt1 (2.52)

which again takes the form of Eq. (2.49). Using again the general solution in Eq. (2.50), we
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get Eq. (2.28).

Appendix 2.C Computing EKE and eddy tracer flux

In this section we sketch the derivation of Eqs. (2.27) and (2.29). For EKE,

E(k, l) =
1
2
|κψ̂|2

=
Q2γ

2κ2

∫ ∞

0

∫ ∞

0
δ(t1 − t2)exp

�

(
ikβ
κ2 − γ)t1 − (

ikβ
κ2 + γ)t2

�

dt1dt2

=
Q2

4κ2 (2.53)

where we have used that r1(t − t1) · r∗1(t − t2) = δ(t1 − t2).

For the eddy tracer flux we have

v̂ · ĉ∗ = −
k2Q2gγ
κ4

∫ ∞

0

∫ ∞

0

∫ ∞

0
δ(t3 + t4 − t1)

exp
�

(
ikβ
κ2 − γ)t1 −ηt3 − (

ikβ
κ2 + γ)t4

�

dt1dt3dt4

= −
k2Q2g

2κ4 ·
1

− ikβ
κ2 + γ+η

(2.54)

where we have used that r1(t − t1) · r∗2(t − t2) = 0 because r1(t) and r2(t) are assumed inde-

pendent. The real part of Eq. (2.54) yields Eq. (2.29).
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CHAPTER 3

THE IMPACT OF TOPOGRAPHY AND EDDY PARAMETERIZATION ON THE

SIMULATED SOUTHERN OCEAN CIRCULATION RESPONSE TO CHANGES

IN SURFACE WIND STRESS

3.1 Introduction

The Southern Ocean plays a crucial role in Earth’s climate and global ocean dynamics. It con-

nects major ocean basins through its Antarctic Circumpolar Current (ACC) and the associated

meridional overturning circulation (MOC). Both of these components are fundamentally driven

by surface wind stress, which has been increasing for decades and is projected to further in-

crease in the future (e.g. Swart and Fyfe, 2012). An important question therefore is how the

ACC and MOC respond to changes in surface wind stress.

Straub (1993) proposes that the baroclinic ACC transport may remain steady despite the

changes in surface wind stress, due to the role of meso-scale eddies in adjusting the isopycnal

structure, a scenario that has been called “eddy saturation”. An increase in surface wind stress

steepens the isopycnals, which increases the baroclinic ACC transport (following the thermal

wind relation), builds up available potential energy, and enhances baroclinic instability. Con-

sequently, meso-scale eddies strengthen and tend to flatten the isopycnals, which weakens the

ACC transport response. In fact, the ACC transport has been argued to have changed little

despite significant surface wind stress increase during the past decades (Böning et al., 2008).

Meso-scale eddies are also crucial in the maintenance of the Southern Ocean MOC by gener-

ating an eddy-induced MOC that flattens the isopycnals and counteracts the wind-driven MOC.

Hallberg and Gnanadesikan (2006) propose that when wind stress increases, the eddy-induced

MOC will adjust so as to compensate for the increase in the wind-driven MOC, resulting in an

insensitive residual MOC, an effect that has been called “eddy compensation” (Viebahn and

Eden, 2010).
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The key ingredient to both the eddy saturation and compensation arguments are meso-

scale eddies, which, due to their small size, have to be parameterized in most comprehensive

general circulation models (GCMs). The effect of meso-scale eddies on the density field is typ-

ically parameterized via the Gent and McWilliams (1990) (hereafter: GM) parameterization,

which induces an eddy-driven overturning proportional to the isopycnal slope times the GM

“diffusivity". However, models differ significantly in their choices for the GM diffusivity, which

can itself be a function of the mean flow. Previous studies have shown that the ACC and MOC

response to wind stress changes in ocean and climate models is often sensitive to the choice of

GM diffusivity (e.g. Farneti et al., 2010; Farneti and Gent, 2011; Kuhlbrodt et al., 2012; Far-

neti et al., 2015; Poulsen et al., 2018). Farneti et al. (2015) compare simulations of 1958-2007

climate across a number of ocean GCMs configured with different eddy parameterizations or

at eddy-permitting resolutions, and find that the degree of eddy saturation is almost perfect

in all models, while the degree of eddy compensation diverges significantly across the GCMs.

Particularly, they find that the degree of eddy compensation tends to be higher in the models

that either use an eddy-permitting resolution without eddy parameterizations, or adopt a 3D

spatial structure for the GM diffusivity; by contrast, the degree of eddy compensation is lower

in the models that employ only a 2D or 1D spatial structure for the GM diffusivity. Poulsen

et al. (2018) compare the transient response of the MOC to wind stress changes in two con-

figurations of the same GCM, one with fully resolved meso-scale eddies and the other with

parameterized eddies. They find that the MOC in the two configurations responds similarly to

decreased wind stress but significantly differently to increased wind stress. Complex GCM sim-

ulations hence tend to suggest that eddy compensation is more pronounced in high resolution

simulations or those with sophisticated eddy parameterizations. However, the results are not

always consistent and interpretation is challenging due to the general complexity of the mod-

els, the potential sensitivity on simulation time and initial conditions (Sinha and Abernathey,

2016; Jansen et al., 2018), and the fact that different models typically differ in many aspects

other than their representation of meso-scale eddies.
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Idealized models have therefore played an important role for both testing eddy parameteri-

zations and improving mechanistic understanding (Hallberg and Gnanadesikan, 2006; Viebahn

and Eden, 2010; Abernathey et al., 2011; Allison et al., 2011; Munday et al., 2013; Morrison

and Hogg, 2013; Abernathey and Cessi, 2014; Nadeau and Ferrari, 2015; Mak et al., 2018;

Constantinou, 2018; Constantinou and Hogg, 2019). Yet only a few studies have compared

the degree of eddy saturation and/or compensation in non-eddying simulations with state-of-

the-art eddy parameterizations, against an eddy-resolving simulation in the same model config-

uration. Mak et al. (2018) find almost perfect eddy saturation in an idealized eddy permitting

model of the Southern Ocean. They show that coarse resolution simulations using their new

GEOMETRIC parameterization can reproduce this result, while simulations with a constant GM

diffusivity fail to adequately capture the eddy saturation. By contrast, their coarse resolution

simulations using GEOMETRIC or a constant GM diffusivity can both produce a similar degree

of eddy compensation as in the eddy-permitting simulation. Viebahn and Eden (2010) instead

find that coarse resolution simulations with eddy parameterizations predict a lower degree of

eddy compensation than an eddy-permitting simulation. One difference between the two stud-

ies is the topography: while both studies use a model that has a reentrant channel connected

to a basin in the north, the channel region in Viebahn and Eden (2010) has a flat bottom, while

the model of Mak et al. (2018) includes a meridional ridge in the channel area, which blocks

bottom zonal flow and generates stationary meanders.

Topography plays a crucial role in modulating the Southern Ocean circulation. It creates

local hotspots of eddy kinetic energy (EKE), which are collocated with flattened isopycnals

(Thompson and Naveira Garabato, 2014). Topography has also been shown to suppress the

response of the ACC transport to wind stress changes through enhancing local buoyancy gra-

dients and elongating buoyancy contours across which the eddies transport buoyancy (Aber-

nathey and Cessi, 2014). Emphasizing the importance of barotropic dynamics, Constantinou

(2018) argues that, in the presence of topography, eddy saturation can even occur in the ab-

sence of baroclinic instability. Although the effect of topography on ACC transport has thus
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received significant attention, the effect on the MOC, and especially eddy compensation, has

not been systematically explored.

In this work we use an idealized model setup to investigate the influence of topography on

both eddy saturation and compensation, and examine in how far these processes can be repro-

duced in coarse resolution simulations with state-of-the-art eddy parameterizations. We show

that topography significantly amplifies the degree of both eddy compensation and saturation,

leading to relatively insensitive MOC & ACC transport. Moreover, the ACC and MOC responses

to wind stress changes are reasonably well captured by coarse resolution simulations with a

range of different eddy parameterizations if, and only if, topography is present.

3.2 Model configuration

We perform our experiments using an isopycnal configuration of the GFDL Modular Ocean

Model 6 (MOM6), with 30 isopycnal layers. We employ two different topographic configura-

tions, shown in Fig. 3.1. Both configurations share the same domain size, spanning from 65◦S

to 30◦S in latitude and covering 60◦ in longitude with periodic zonal boundary conditions. The

longitudinal extent is chosen to minimize computational expense while still allowing for sub-

stantial stationary meanders associated with large topography. The flat bottom configuration

(left panel) is a zonally reentrant channel, similar to the one used by Abernathey et al. (2011),

but with a continental slope along Antarctica. The full topography configuration (right panel)

has a meridional continental barrier (mimicking Patagonia) and a sub-surface ridge encircling

Drake Passage (mimicking Scotia Arc). Drake Passage is the only reentrant part, which opens

between 61◦S to 53◦S at the surface and becomes slightly narrower at depth. We have also

included a topographic slope along the southern, eastern, and western boundaries, as well as

along Scotia Arc. Away from the topographic features, the sea floor is 4km deep, and Scotia

Arc rises to a depth of 2.5km.

We use two horizontal resolutions: 0.1◦ for the eddy-resolving simulations, and 1◦ for

the non-eddying simulations where eddy parameterizations are used. The model adopts a
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Figure 3.1: The two topography configurations used in this study. A no-flux condition is applied
at the northern boundary. Where indicated, a 1◦ wide sponge layer is applied to restore the
buoyancy profile at the northern end.

Mercator grid so its latitudinal grid spacing (in physical distance) roughly matches that of its

longitudinal grid spacing. The aforementioned resolutions refer to the longitudinal increment.

The latitudinal increment decreases poleward to maintain roughly square grid boxes.

The model is forced with zonally symmetric wind stress that peaks at 53◦S and vanishes at

the southern & northern boundaries (panel (a) of Fig. 3.2):

τ(θ ) =











τ0 cos[15
2 (θ + 53◦)], θ ≤ −53◦;

1
2τ0

�

1+ cos(36
5 (θ + 53◦))

�

, θ > −53◦
(3.1)

where θ is latitude, τ0 = 0.2 Pa is the peak wind stress in the reference case, and τ0 = 0 Pa,

0.05 Pa, 0.1 Pa, and 0.3 Pa in the wind stress sensitivity experiments.

The model’s surface potential density is restored towards a target density profile (panel (b)

of Fig. 3.2), with a piston velocity of 2m day−1:

σ2(θ ) = 1031.30− 0.0954θ . (3.2)

We employ two types of buoyancy boundary conditions at the northern end of the domain to
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Figure 3.2: The model’s boundary conditions. (a): Surface zonal wind stress profile; (b): the
target surface potential density profile; (c): the target potential density profile towards which
buoyancy is restored in the sponge layer (where applied - see text).

explore the responses of the MOC and ACC transport to wind stress changes. To investigate the

response of the MOC, we use a “sponge layer” at the northern boundary, which represents the

diabatic transformation of water masses taking place in the basin to the north of the Southern
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Ocean in the real world (Abernathey et al., 2011; Morrison and Hogg, 2013). In the sponge

layer, vertical stratification is restored towards a prescribed profile1, shown in panel (c) of

Fig. 3.2. The sponge layer is 1◦ wide latitudinally. The restoring rate is (7 day)−1 at the

very boundary and decreases linearly towards the southern edge of the sponge layer where it

becomes 0. The sponge layer enables us to investigate the response of the MOC to changes in

surface wind stress with the channel configuration because it allows for a non-trivial residual

MOC. However, the sponge layer is not suitable to investigate the response of the ACC transport,

because, together with the surface restoring condition, the two boundary conditions specify the

baroclinicity in the channel to a level where there is very little room for the ACC transport to

adjust. In other words, the sponge layer allows us to investigate the eddy compensation in a

limit where eddy saturation is essentially enforced.

To investigate the response of the ACC transport, we adopt an adiabatic boundary condition

(i.e. no sponge layer; as e.g. in Abernathey and Cessi, 2014). This allows isopycnals to freely

evolve so that changes in the ACC transport in response to varying surface wind stress can be

represented. By construction, this setup does not allow any non-trivial MOC to exist (except

for that induced by diapycnal mixing within the Southern Ocean), and is therefore not suitable

to investigate the MOC’s response to wind stress changes. This setup can be used to explore

eddy saturation in the limit of approximate eddy compensation. We summarize key model

parameters in Table 3.2. All simulations have been integrated to a statistically steady state, for

at least 250 model years.

1. This profile has been determined by running an extended version of the model (with full topography)
which includes an inter-hemispheric basin with northern deep water formation to the north of the channel. This
extended version of the model was run at 1◦ resolution with a simple eddy parameterization that has a constant
GM diffusivity of 700m2 s−1. The detailed structure of the sponge layer does not alter the conclusions of this
work.
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Parameter Value
Piston velocity for surface density restoring 2m day−1

Maximum sponge layer restoring rate (7 day)−1

Biharmonic viscosity 0.05m s−1 ×∆3 (∆ is grid spacing)
Diapycnal diffusivity 5× 10−5m2 s−1

Quadratic bottom drag coefficient 0.003

Table 3.1: Key model parameters

3.3 Eddy parameterizations

The eddy parameterizations we test in this work are all based on the GM framework (Gent and

McWilliams, 1990; Gent et al., 1995). The GM framework parameterizes the eddy-induced

streamfunction as

ψGM = k×κGMs (3.3)

where k is the vertical unit vector, κGM is the GM diffusivity, and s = ∇σz is the isopycnal

slope (the subscript σ denotes that the gradient is taken along an isopycnal; Vallis, 2006). The

parameterized overturning circulation,ψGM, flattens the isopycnals that are tilted by the wind-

driven Ekman transport, and hence releases available potential energy from the resolved flow.

Notice that the GM parameterization represents the advective effect of eddies, which makes the

interpretation of κGM as an eddy “diffusivity” questionable. However, for small isopycnal slopes

(a good assumption outside of the mixed layer), κGM relates the horizontal component of the

eddy buoyancy flux to the mean horizontal buoyancy gradient (e.g. Plumb and Ferrari, 2005).

We therefore here adopt the common interpretation of κGM as a horizontal eddy buoyancy

diffusivity, although we note that, in the ocean interior, a vertical eddy flux component that

aligns the buoyancy flux along the isopycnal slope is implied.

The eddy parameterizations we test in this work vary only in their formulations of the

GM diffusivity. The first suite of simulations use a constant GM diffusivity: 0, 100, 200, ...,

700 m2 s−1. The second eddy parameterization we test is based on Visbeck et al. (1997)

and computes the GM diffusivity based on the local baroclinicity and stratification. The third
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Acronym Eddy parameterization
κ7,κ6, ...,κ0 Constant GM diffusivity: 700, 600, ..., 0 (m2 s−1)
Visbeck Based on Visbeck et al. (1997)
MEKE Meso-scale eddy kinetic energy (Jansen et al., 2015)
TMEKE Topographic MEKE

Table 3.2: Acronyms for eddy parameterizations (see Appendix 3.A for a detailed description)

eddy parameterization is based on Jansen et al. (2015) and computes the GM diffusivity based

on a prognostic equation for the meso-scale eddy kinetic energy (MEKE; see also Eden and

Greatbatch, 2008). The last eddy parameterization is a modified version of the MEKE param-

eterization that considers the suppression of the GM diffusivity by the topographic β effect,

and therefore is named TMEKE (“T” for topographic; see also Jansen et al., 2019). The GM

diffusivity in the Visbeck, MEKE, and TMEKE eddy parameterizations varies temporaly and

horizontally but not vertically. We have also tested vertically varying GM diffusivities, either

through imposing an equivalent barotropic structure to the GM diffusivity, or by solving a ver-

tical elliptic equation for the eddy-induced streamfunction (Ferrari et al., 2010). However, we

have found that including a vertical structure in the eddy parameterization does not improve

our results, and have thus not included it in the eddy parameterizations discussed in this paper.

The acronyms for the various eddy parameterizations are listed in Table 3.3, and additional

details are provided in Appendix 3.A.

3.4 Results

We compare different eddy parameterizations by running the same model configurations with

two resolutions: a 0.1◦ eddy-resolving simulation, and several 1◦ non-eddying simulations with

different eddy parameterizations. We first consider the reference setup, where we include the

full topography and force the model with present-day wind stress (τ0 = 0.2 Pa), with and

without the sponge layer at the northern boundary. The setup with the sponge layer is used

to investigate the MOC, while the one without the sponge layer is used to investigate the
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ACC transport. We then vary wind stress to test how the eddy parameterizations capture the

response of the ACC transport and the MOC to wind stress changes under different topography

and using different eddy parameterizations.

3.4.1 Performance of eddy parameterizations in the reference setup

In this part we test the eddy parameterizations’ ability to reproduce high resolution simulations

in the reference case with full topography and wind stress τ0 = 0.2 Pa. Three metrics are used

to evaluate the eddy parameterizations: a) the baroclinic ACC transport in the simulations with

an adiabatic northern boundary condition, b) the MOC in the simulations with a sponge layer

at the northern boundary, and c) the isopycnal interface height error ε in both configurations.

We find that the simulations using variable GM diffusivities generally better reproduce the ACC

transport, the MOC, and the isopycnal height field of the high-resolution reference simulations,

with the energy-budget based parameterization with topographic β effect (TMEKE) performing

best overall.

Baroclinic ACC transport

We focus on the baroclinic component of the ACC transport, which is computed as the total

zonally-averaged ACC transport minus the transport associated with the bottom geostrophic

flow:

TACC =

∫∫

[ubc]dydz=

∫∫

[u+
1

f ρ0
∂y p(zbot)]dydz, (3.4)

where [·] denotes a zonal average, (·) denotes a temporal average (over 20 years in the 0.1◦

simulations and 50 years in the 1◦ simulations), ubc is the baroclinic zonal velocity, u the

full zonal velocity, f the Coriolis parameter, ρ0 the reference density, and ∂y p(zbot) is the

hydrostatic pressure gradient at the sea floor (with the meridional derivative taken at fixed

depth).

We find that the baroclinic ACC transport can be well reproduced in the coarse resolution
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simulations with either a variable GM diffusivity or a constant GM diffusivity κGM ∼400m2

s−1, as is shown in Fig. 3.3. When a constant GM diffusivity is adopted, the qualitative relation

between the diffusivity and the ACC transport is as expected: because the GM diffusivity works

to flatten the isopycnal slope, a larger GM diffusivity leads to smaller isopycnal slopes, which

in turn results in a weaker baroclinic ACC transport.
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Figure 3.3: Baroclinic ACC transport using different eddy parameterizations in the reference
experiments (full topography, τ0 = 0.2Pa) without northern sponge layer. The horizontal line
denotes the ACC transport in the 0.1◦ simulation; blue crosses indicate the transport in the 1◦

simulations using the various eddy parameterizations denoted on the x-axis (c.f. table 3.3).

MOC

Next we compare the MOC across the simulations employing a northern sponge layer. The

MOC in the 0.1◦ simulation is computed as

ψ(y,σ) =

∮

x

∫ σ

σs

v(x , y, σ̂) · h(x , y, σ̂) dσ̂dx. (3.5)

where σs is the surface density and h = −∂ z/∂ σ is the isopycnal layer thickness (h = 0 on

isopycnals that vanish due to in- or out-cropping). In the 1◦ simulations the MOC is computed

as

ψ(y,σ) =

∮

x

∫ σ

σs

v(x , y, σ̂) · h(x , y, σ̂) + vhGM(x , y, σ̂) dσ̂dx (3.6)
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where vhGM = ∂ψ
y
GM/∂ σ is the parameterized eddy thickness flux. The magnitude of the

upper MOC cell is defined as the maximum of ψ along the σ = 1037kg m−3 isopycnal, where

the center of the upper cell resides in the high resolution simulation. The magnitude of the

lower cell is defined as the minimum of ψ along the σ = 1037.42kg m−3 isopycnal. The main

results in this work are insensitive to where exactly the MOC is evaluated.
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Figure 3.4: Upper and lower cell MOC magnitude with different eddy parameterizations in
the reference case with sponge layer (full topography, τ0 = 0.2Pa). Horizontal lines denote
results from the 0.1◦ reference simulation. Maroon crosses (blue open circles) denote the upper
(lower) cell MOC from the 1◦ simulations. Notice that we are plotting the absolute values of
the lower cell strength, whose streamfunction is by definition negative.

We find that the upper MOC cell is relatively well represented with either variable GM

diffusivities or a small constant GM diffusivity, as is shown in Fig. 3.4. By contrast, the lower

cell is generally less well represented in the non-eddying simulations, with large constant GM

diffusivities in particular leading to a significant overestimate. We will focus on the upper cell

in the rest of the paper.

Together with the comparison of the ACC transport, we conclude that there is no optimal

value for a constant GM diffusivity: large GM diffusivities reproduce the ACC transport well but

misrepresent the MOC, and vice versa for small GM diffusivities. The variable GM diffusivities,

and particularly the MEKE-based parameterization with topographic β-effect (TMEKE), are

able to reproduce both the ACC transport and the MOC reasonably well, although the lower
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cell MOC strength remains overestimated.

Bulk isopycnal interface height error ε

As a third metric for evaluation, we consider the bulk isopycnal interface height error, defined

as

ε ≡
30
∑

k=2

g′k



η′2k
�

, (3.7)

where k is the isopycnal interface index, g′k = g(σk −σk−1)/ρ0 is reduced gravity (g is the

gravitational acceleration), η′ is the difference in isopycnal interface height between the eddy-

resolving simulation and any non-eddying simulation, and 〈·〉 denotes a horizontal average

over the whole domain (c.f. Jansen et al., 2019). ε quantifies the non-eddying models’ ability

to reproduce the density structure of the eddy-resolving simulation, with small ε indicating an

accurate representation.

We find that the simulations using the TMEKE parameterization have the smallest isopycnal

interface height error ε in both cases - with and without the sponge layer, as shown in Fig. 3.5.

Comparing the two panels in Fig. 3.5 we find again that there is no optimal value for the

constant GM diffusivity, κGM: while an intermediate GM diffusivity leads to a smaller error in

the simulations without the sponge layer, it actually results in a larger error in the simulations

with the sponge layer. We also notice that the overall amplitude of the isopycnal interface

height error is smaller in the simulations with a sponge layer, as the density structure is more

tightly constraint by the boundary conditions.

In the rest of this paper, we will focus on four formulations of the GM diffusivity that provide

reasonably good results in the reference configuration: two values of constant κGM (κ4 and

κ7), the Visbeck scheme, and the topographic MEKE parameterization (TMEKE).
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Interface height error  in the reference experiments with sponge layer
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Figure 3.5: Isopycnal interface height error ε in the reference case: τ0 = 0.2 Pa, with full
topography, with (top) and without (bottom) the sponge layer. (Notice the different y-axes in
the two panels.)

3.4.2 The sensitivity of ACC transport to wind stress changes

In this section we focus on the response of the baroclinic ACC transport to changes in surface

wind stress. To allow for an easier comparison to the established theories, we start with results

from the flat bottom channel simulations, before proceeding to the full topography setup. We

will show that the ACC transport sensitivity is significantly overestimated by the coarse reso-

lution simulations in the flat bottom setup, because the parameterizations underestimate the

sensitivity of the transient eddy diffusivity. By contrast, in the presence of topography, the sen-
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sitivity of the ACC transport is only slightly overestimated by the coarse resolution simulations,

as stationary eddies play a dominant role.
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Figure 3.6: The response of baroclinic ACC transport (left) and meridional transient GM dif-
fusivity (right) to surface wind stress changes in the flat bottom setup without sponge layer.

In the flat bottom simulations, all eddy parameterizations lead to a significant overestimate

of the ACC transport response to wind stress changes, especially when a constant κGM is em-

ployed (Fig. 3.6). This result is expected for constant or insufficiently sensitive κGM because

eddy fluxes will be increasingly inefficient at flattening the isopycnals as wind stress increases,

resulting in a larger baroclinic ACC transport (c.f. Munday et al., 2013; Mak et al., 2018). To

test the hypothesis that the overestimate of the ACC transport sensitivity results from an un-

derestimate of the sensitivity of the eddy diffusivity, we compare the prescribed or predicted

GM diffusivities to the resolved meridional eddy buoyancy diffusivity in the high resolution

simulations (c.f. Viebahn and Eden, 2010). The domain averaged meridional transient eddy

buoyancy diffusivity κy
tr, from the 0.1◦ simulations is estimated as

κ
y
tr = −

{[v′b′] · [∂y b]}

{[∂y b]2}
(3.8)

where {·} denotes a volumetric domain average, (·)′ denotes a departure from the temporal av-
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erage, v is the meridional velocity, and b = −g(ρ−ρ0)/ρ0 is the buoyancy 2. Correspondingly,

κ
y
tr in the 1◦ simulations with a variable GM diffusivity is computed as

κ
y
tr = −

{[−κGM∂y b] · [∂y b]}

{[∂y b]2}
(3.9)

where κGM denotes the GM diffusivity, which is here assumed to represent the effect of tran-

sient eddies. (We confirmed that resolved transient eddies are negligible in the coarse reso-

lution simulations.) The motivation for the specific averaging in Eqs. (3.8) and (3.9) is docu-

mented in Appendix 3.B.

The sensitivity of κy
tr to wind stress changes qualitatively explains the discrepancy of the

ACC response across simulations (compare the left & right panels of Fig. 3.6). By definition,

κ
y
tr remains constant in the κ4 and κ7 simulations, and these consequently have the most

sensitive ACC transport response. Focusing on the 3 groups of simulations that either resolves

eddies (0.1◦) or have implemented a variable κGM (Visbeck & TMEKE), we further observe

an inverse relationship between the sensitivities of κy
tr and ACC transport: the weakest ACC

response among the three is obtained in the eddy-resolving simulation, which is associated

with the most sensitive κy
tr response, while the strongest ACC response is obtained with the

Visbeck scheme, which shows the lowest sensitivity in κy
tr. These observations support the

hypothesis that an underestimate of the GM diffusivity sensitivity will lead to an overestimate

of the sensitivity of the baroclinic ACC transport.

Another noteworthy result in Fig. 3.6 is that among all the 5 suites of simulations, the trend

of the baroclinic ACC transport always saturates as wind stress increases: i.e. the response of

the ACC transport to wind stress is sub-linear (which is also seen in the constant κGM simula-

tions of Mak et al. (2018) - their Fig. 1). This sub-linear tendency is not consistent with simple

2. Notice that although our numerical simulations employ isopycnal coordinates, Eq. (3.8) is defined using
z-coordinate diagnostics, which are provided by MOM6 via run-time coordinate mapping. A z-coordinate formu-
lation has been favored to avoid ambiguities in the definition of eddy fluxes and GM transport in the presence of
isopycnal outcrops and non-zero vertically integrated eddy volume flux (Khani et al., 2019).
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scaling arguments, which suggest that in the adiabatic limit:

TACC ∼ −
∆bL2

yτ
2

ρ2
0 f 3κ

y
tr

2 , (3.10)

where ∆b is the meridional buoyancy contrast across the channel, L y is the latitudinal width

of the channel, τ is the domain averaged surface wind stress, and f is a characteristic value

for the Coriolis parameter in the ACC (see Appendix 3.D for the derivation of Eq. (3.10)).

For constant κGM and hence constant κy
tr (i.e. the κ7 & κ4 cases), the ACC transport is thus

expected to increase with the square of the wind stress, which is clearly inconsistent with the

results of Fig. 3.6.

We argue that, at least in the constant κGM cases, the saturating trend of the baroclinic

ACC transport at high winds is not due to the intensified meso-scale eddies but arises from a

simple geometric constraint on the baroclinic transport. Specifically, the scaling argument in

Eq. (3.10) starts to break down once isopycnals in the ACC start intersecting with the bottom

of the ocean, at which point the sensitivity of the baroclinic transport to further wind stress

increase starts to decline. Eventually, the transport will approach a theoretical limit, which is

achieved when all isopycnals become vertical and the meridional buoyancy gradient becomes

equal to the prescribed surface gradient throughout the depth of the ocean. A toy model that

captures the effect of isopycnals intersecting with the sea floor is discussed in Appendix 3.E,

and yields qualitatively similar results as seen in Fig. 3.6.

ACC transport response with full topography

In the presence of topography, the simulations with parameterized eddies (especially with vari-

able κGM) only relatively slightly overestimate the sensitivity of the ACC transport to wind

stress changes, when compared to the eddy-resolving simulations (panel (a) of Fig. 3.7). More-

over, the overestimate is not always due to an underestimate of the parameterized transient

eddy diffusivity, κy
tr. Comparing panels (a) and (b) in Fig. 3.7 we find, for example, that κy

tr is
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slightly more sensitive to wind stress changes with TMEKE than in the high resolution simula-

tions, yet the ACC transport is also more sensitive in the simulations using TMEKE.
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Figure 3.7: The response of (a) baroclinic ACC transport, (b) transient GM diffusivity, (c) sta-
tionary eddy buoyancy diffusivity, and (d) combined total eddy buoyancy diffusivity to changes
in surface wind stress in the simulations with full topography and no sponge layer.

The key to understanding the sensitivity of ACC transport to wind stress changes in the sim-

ulations with topography is the role of standing eddies. To capture this influence we compute

a mean stationary eddy buoyancy diffusivity, analogously to the transient eddy diffusivity as

κ
y
st = −

{[v∗b
∗
] · [∂y b]}

{[∂y b]2}
(3.11)
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where ()∗ denotes a departure from the zonal mean.

The magnitude and sensitivity of the stationary diffusivity is much higher than that of the

transient diffusivity (panel (b) vs. (c) of Fig. 3.7), supporting the conclusion that, in the pres-

ence of topography, it is insufficient to consider only transient eddies to understand the ACC

transport response to wind stress changes. Moreover, the sensitivity of κy
st to wind stress

changes appears to compensate to some degree for the diverging sensitivities in the param-

eterized κy
tr, such that the combined eddy diffusivities are relatively similar across simulations

configured with different eddy parameterizations and resolutions. The adequate represen-

tation of the combined diffusivity in the coarse resolution simulations explains their ability

to capture the ACC transport sensitivity reasonably well. The simulations with the relatively

large constant GM coefficient, κ7, remain as somewhat of an outlier, as their ACC transport

falls outside of the spread of the other simulations, even though the combined diffusivity falls

within the range of the others, at least at strong wind stress. Nevertheless, we conclude that it

is crucial to take into account the full set of “eddies”, including both transient and stationary

components, to understand the sensitivity of the ACC transport. Our results moreover sug-

gest that even simulations with constant κGM are potentially able to reasonably represent the

ACC transport under varying wind stress, as long as topographic features and the associated

standing eddies can be resolved adequately.

An alternative approach to account for standing meanders, that has been taken in some

previous studies, is to apply a zonal average along streamlines or time-mean buoyancy con-

tours (e.g. Karsten and Marshall, 2002; Abernathey and Cessi, 2014). In this framework, the

standing meanders, by construction, do not appear explicitly, but their effect is to enhance

cross-contour transport through the stretching of buoyancy contours and associated sharpen-

ing of the local gradients (c.f. Nakamura, 1996, 2001; Abernathey and Cessi, 2014). Based on

this idea, we derive an effective diffusivity diagnostic in Appendix 3.C that directly illustrates

the effect of standing meanders via contour stretching. The stretching effect not only increases

with wind stress, but also partially compensates for differences in the transient eddy diffusivity.
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Such compensation may be expected as a large transient eddy buoyancy diffusivity will inhibit

the formation of sharp meanders and vice versa.

3.4.3 The sensitivity of the MOC to wind stress changes

In this section we focus on the response of the MOC to changes in surface wind stress. We will

first analyze how topography affects the MOC response to wind stress changes in the eddy-

resolving simulations, before considering the representation of MOC changes with parameter-

ized eddies. We show that in the flat bottom setup, eddy compensation is relatively weak and

the MOC response is almost perfectly reproduced by coarse resolution simulations with eddy

parameterizations, but this result arises from a peculiar compensation between errors in the

responses of the eddy diffusivity and isopycnal slope. Adding topography significantly sup-

presses the MOC response to wind stress changes, just as found for the ACC transport, and the

sensitivities of MOC, isopycnal slopes, and eddy diffusivity are all reasonably well represented

by our coarse resolution simulations.

MOC response in eddy-resolving simulations

Topography again significantly suppresses the response of the MOC to surface wind changes,

leading to a much smaller sensitivity than in the flat bottom channel (Fig. 3.8). Compared to

the theoretical maximum Ekman transport, some eddy compensation (i.e. a reduced residual

MOC response compared to the Ekman-driven MOC) is observed even in the absence of topog-

raphy, but the degree of compensation becomes significantly more pronounced in the presence

of topography. Therefore, topography appears to significantly reduce the response of the MOC

to changes in surface wind stress, through the effect of stationary eddies.

This dominant role of stationary eddies is confirmed by decomposing the residual MOC

streamfunction into zonal & temporal mean flow (hereafter: mean flow), stationary eddy,

and transient eddy components (Fig. 3.9). The residual MOC, mapped into depth-space, is
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Figure 3.8: The response of the upper cell MOC to changes in surface wind stress, in the 0.1◦

simulations with sponge layer.

computed as

ψ(y, z)≡ψ(y,σ(y, z)) =

∮

x

∫ σ(y,z)

σs

v(x , y, σ̂) · h(x , y, σ̂) dσ̂dx. (3.12)

where σ(y, z) is the isopycnal with mean depth z, i.e. the inverse of [z(y,σ)] (e.g. Young,

2012) and σs is the minimum potential density at the surface.

We then decompose Eq. (3.12) into a temporal mean and a transient component. The

temporal mean component is

ψ(y, z)≡
∮

x

∫ σ(y,z)

σs

v(x , y, σ̂) · h(x , y, σ̂) dσ̂dx, (3.13)

and the transient component is

ψtr(y, z)≡ψ−ψ=
∮

x

∫ σ(y,z)

σs

v′(x , y, σ̂) · h′(x , y, σ̂) dσ̂dx. (3.14)

The temporal mean MOC ψ is further decomposed into an Eulerian zonal mean and a
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Figure 3.9: The response of MOC components to changes in surface wind stress in 0.1◦ sim-
ulations with full topography and northern sponge layer. Each column shows the MOC com-
ponents for one value of wind stress (left: τ0 = 0.1Pa; center: τ0=0.2Pa; right: τ0 = 0.3Pa).
The rows from top to bottom correspond to: residual MOC ψ, zonal & temporal mean flow
[ψ], stationary eddies ψst, and transient eddies ψtr. The contour interval is 1 Sv.

stationary eddy component. The Eulerian zonal mean part is defined based on an average at

fixed depth, such that:

[ψ](y, z)≡
∮

x

∫ z

zs

v(x , y, ẑ) dẑdx, (3.15)
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where zs is sea surface height. 3

Last, the stationary eddy component ψst is

ψst(y, z)≡ψ− [ψ]. (3.16)

The dominant role of stationary eddies in counterbalancing the response of the wind-driven

mean flow component to wind stress changes is clearly demonstrated in Fig. 3.9. While the

transient eddies also intensify with wind stress, thus contributing to eddy compensation, their

role is significantly smaller than that of the stationary eddies.

MOC response with parameterized eddies in the flat bottom channel

In the flat bottom channel, we find, somewhat surprisingly, that the coarse resolution simula-

tions with all eddy parameterizations almost perfectly reproduce the response of the MOC to

wind stress changes (panel (a) of Fig. 3.10). However, it turns out that this perfect representa-

tion is caused by a compensating effect between the responses of the transient eddy diffusivity

and isopycnal slopes, neither of which is correctly represented in the coarse resolution simula-

tions, but together they provide the correct response of the residual MOC.

This compensating effect can be understood via the residual MOC framework proposed by

Marshall and Radko (2003), where the MOC is approximated as the sum of the wind-driven

and transient eddy-induced components:

ψ≈ [ψ] +ψtr ≈ −
τ

ρ0 f
+ κy

tr s (3.17)

where s = −∂y b/∂z b is the isopycnal slope. The response of ψ to (small) wind stress changes

3. One could alternatively also define the time and zonal mean component based on isopycnal averages, as
done e.g. in Bishop et al. (2016). However, using isopycnal averaging will lead to a systematic eddy Ekman
transport component (directed opposite to the net Ekman transport), because the Ekman transport is distributed
over at least one isopycnal layer such that the Ekman velocity in that layer is inversely correlated with the layer
thickness. We therefore here choose to isolate the Eulerian mean component as it better captures the wind-driven
Ekman transport contribution. However, our main results are not sensitive to this choice.
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Figure 3.10: The response of the upper cell MOC to changes in surface wind stress in the
0.1◦ and 1◦ simulations with sponge layer, using (a) the flat bottom setup and (b) the full
topography setup.

can then be approximated as

∂τψ≈ −
1
ρ0 f

+ ∂τκ
y
tr · s+κ

y
tr · ∂τs. (3.18)

As is shown in panel (a) of Fig. 3.11, the sensitivity of κy
tr to wind stress changes is un-

derestimated in all parameterized simulations. Instead, the response of the isopycnal slopes

is overestimated by the parameterized simulations (panels (b)-(f)). The simulations with con-

stant GM diffusivity (κ4 & κ7) show the largest response in isopycnal slopes — developing a
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Figure 3.11: panel (a): Domain averaged meridional transient GM diffusivity as a function of
wind stress from various simulations in the flat bottom setup with sponge layer at the northern
boundary. panels (b)-(f): zonal mean isopycnal structure under wind stress τ0 = 0.1Pa (black
solid lines) and τ0 = 0.3Pa (red dashed lines). Bold lines denote the σ = 1037 kg m−3

isopycnal, along which the upper MOC cell strength in Fig. 3.10 is evaluated.
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pronounced V-shape in the isopycnal structure at strong winds. In the 0.1◦ simulation, where

the eddy diffusivity is most sensitive to wind stress changes, the isopycnal slopes instead change

relatively little, except in the abyssal ocean and at the highest latitudes. The simulations using

Visbeck or TMEKE parameterizations show intermediate sensitivities in both κy
tr and isopycnal

slopes. Why this almost perfect compensation between the sensitivities of κy
tr and isopycnal

slopes exists, unfortunately, remains not clear to us, although the strong constraint imposed by

the sponge layer appears likely to affect this result.

The compensating effect illustrated in Fig. 3.11 is reminiscent of the results shown in

Viebahn and Eden (2010, their Fig. 5), whose eddy-permitting simulations produce the same

amplitude of residual MOC response at different resolutions, due to a similar compensating

effect. However, different from our result, Viebahn and Eden (2010) do not find the same

compensation effect in their non-eddying simulations with parameterized eddies. Whatever

the specific reason for the almost perfect error compensation in our simulations is, it is clear

that the simulations with parameterized eddies do not adequately capture the response of the

flat-bottom channel to wind stress changes.

MOC response with topography

When topography is included, the MOC response is reasonably well represented by the coarse

resolution simulations (panel (b) of Fig. 3.10), and, unlike in the flat bottom simulations, the

adequate MOC response does not arise from compensating errors. Instead, the sensitivities of

both the total eddy diffusivity (i.e. κy
tr+κ

y
st) and isopycnal slope are relatively well captured in

all coarse resolution simulations, as is illustrated in Fig. 3.12. The sensitivity of the total eddy

diffusivity to changes in the wind stress is again strongly modulated by the effect of standing

meanders (not shown) which reduces the sensitivity to the representation of transient eddies.

The isopycnal structure is comparatively insensitive to wind stress changes in all simulations,

indicating that any compensation is dominantly caused by the increase in the total eddy diffu-

sivity with wind stress.
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3.5 Discussion

In this study we employ four versions of an idealized channel model to study the response of

Southern Ocean circulation to changes in surface wind stress. The idealized setup allows us to

perform a large suite of equilibrated simulations under varying wind stresses and resolutions,

but naturally also comes with a number of limitations.

Perhaps the most significant limitation of our study is the need for a northern boundary

condition. To investigate the response of the ACC transport to wind stress changes we use an

adiabatic northern boundary condition, which allows isopycnals to adjust freely at the north-

ern boundary. By construction, this boundary condition only allows a very weak residual MOC,

balanced by diffusion within the Southern Ocean, and hence amounts to assuming almost per-

fect eddy compensation: any increase in the wind-driven MOC needs to be almost completely

compensated by the response in the eddy-induced MOC. However, when a basin is included

to the north of the channel, previous studies (e.g. Gnanadesikan, 1999; Nikurashin and Val-

lis, 2012) suggest that any changes in the depth of the isopycnals in the basin should lead to

a response in the rate of northern deep water formation and hence a change in the residual

MOC in the Southern Ocean, which would exclude the possibility of perfect eddy compensation

without perfect eddy saturation.

To study the MOC response to wind stress changes we adopt a sponge layer at the northern

boundary, where the buoyancy is restored to a reference profile. The restoring crudely mimics

water mass transformation processes that occur in the basins north of the Southern Ocean,

and it is crucial to maintain a non-trivial residual MOC. However, the sponge layer essentially

prohibits any substantial change of the stratification at the northern boundary, even as wind

stress changes significantly. The circulation simulated with the sponge layer configuration

may be a reasonable approximation for the short time-scale response of the real ocean, before

the stratification in the basins has time to adjust. By contrast, this model configuration is

probably unable to address the question of how the real MOC responds to wind stress changes

in its final, equilibrium state. An alternative approach is to implement an enhanced diapycnal
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mixing at the northern boundary, as adopted e.g. by Hogg (2010). However, this approach

will generally only induce a counterclockwise MOC that is more similar to the abyssal cell. To

quantitatively gauge the role of stratification adjustments in the basin on different time-scales,

a direct comparison to inter-hemispheric model simulations is needed, which is part of ongoing

work.

Our results may also depend on the specifics of the topography, which has previously been

shown to affect the response of the ACC transport to surface wind stress changes (Nadeau

et al., 2013). In the current study, our topography is smooth enough to be reasonably well

resolved, even in our coarse resolution simulations. As a result we may expect that standing

meanders excited by the topography can also be resolved reasonably well. Yet in the real ocean,

topography spans a wide spectrum of spatial scales, and hence the ability of coarse resolution

models to capture the effects of stationary eddies is likely to be more significantly impaired.

How this difference impacts the conclusions of the current work needs to be addressed in the

future.

Our results for the sensitivity of the ACC transport to wind stress changes differ from those

of Mak et al. (2018), who find almost perfect eddy saturation in their eddy-permitting simula-

tions. The perfect eddy saturation is also largely captured by their coarse resolution simulations

configured with the GEOMETRIC eddy parameterization, but is not reproduced with a constant

GM diffusivity. The difference between their and our results may be related to multiple differ-

ences in the model configurations, but one distinction that is highlighted by the theory behind

the GEOMETRIC parameterization lies in the form of the bottom drag: while bottom friction is

represented via a linear drag in their model setup, our model adopts a quadratic drag. Perfect

eddy saturation arises with the GEOMETRIC parameterization if and only if the eddy energy

dissipation is assumed to follow a linear drag law (Marshall et al., 2017).

Our results for the ACC transport sensitivity with topography are broadly consistent with

those of Farneti et al. (2015). However, our results for the MOC response with topography seem

to stand in contrast with those of Farneti et al. (2015) and Poulsen et al. (2018). Particularly,
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Farneti et al. (2015) find that GCMs that either are eddy-permitting or have implemented a

κGM with 3D spatial structure tend to have a significantly higher degree of eddy compensation

than the models whose κGM is constant or employs a 2D spatial structure. Yet our Fig. 3.10

shows that both a constant κGM (the κ4 case) and a 2D varying κGM (Visbeck, TMEKE) are able

to reproduce a similar degree of eddy compensation as the eddy-resolving simulations, due to

the effect of stationary eddies, which allow a realistic representation of the total (stationary

plus transient) eddy diffusivity (Fig. 3.12). One obvious difference in our study is the idealized

model configuration, in particular the use of a sponge layer to restore the stratification at the

northern boundary, as well as the relatively smooth simplified topography (as discussed above).

Perhaps even more importantly, the simulations in Poulsen et al. (2018) are only integrated

for 17 years, and the GCMs in Farneti et al. (2015) are forced with wind stress changes over a

60-year period, which leads to a strongly diabatic non-equilibrium MOC response pattern. The

MOC changes in our fully equilibrated simulations instead are largely adiabatic in the interior,

which adds a significant constraint on the MOC response. The time-dependent response of the

ACC and MOC to wind stress changes will be addressed in a follow-up study.

3.6 Conclusions

The surface wind stress over the Southern Ocean has been increasing significantly for decades,

yet the response of the Southern Ocean circulation to the wind stress change has not been

fully understood. In this work we have used four versions of idealized models of the South-

ern Ocean to investigate the circulation response to changes in surface wind stress. We have

explored the role of topography in modulating this response and tested several state-of-the-art

eddy parameterizations to analyze in how far coarse resolution simulations with parameter-

ized eddies can reproduce the response, with and without topography. Our main finding is

that some degree of both eddy saturation and compensation exist in our model, even in the

absence of topography. However, topography significantly increases the degree of eddy satu-

ration and compensation, by inducing strong stationary eddies that substantially amplify the
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effect of the transient eddies. The coarse resolution simulations with parameterized eddies are

able to reproduce the circulation response reasonably well in the presence of topography. Al-

though state-of-the art eddy parameterizations with variable GM diffusivity generally perform

better, the ACC and MOC responses to wind stress changes are surprisingly well captured even

when using a constant GM diffusivity. We attribute this result to the key role played by stand-

ing meanders, which dominate the meridional buoyancy flux. In the absence of topography,

however, the simulations with parameterized eddies struggle to represent an accurate ACC

transport response. The MOC response is reproduced correctly, but only due to compensating

errors in the responses of the eddy diffusivity and isopycnal slopes.

Our results highlight the importance of topography in modulating the response of the

Southern Ocean circulation to changes in surface wind stress, which deserves more attention

in future development and testing of eddy parameterizations. In the meantime, our results

provide hope that GCMs with realistic topography are less sensitive to the choice of meso-scale

eddy parameterizations than suggested by idealized flat bottom models and theories.

69



Appendix 3.A Eddy parameterizations

3.A.1 Visbeck scheme

The Visbeck scheme used in our model is based on Visbeck et al. (1997). It is implemented in

MOM6 as

κGM = αl2 〈S · N〉 (3.19)

where α = 0.015 is an empirical non-dimensional coefficient, chosen as in Visbeck et al.

(1997); l = 100km in our setup, which allows us to roughly match the ACC transport and

the upper cell MOC of the 0.1◦ simulations in the reference case; S is the isopycnal slope, N is

the Brunt-Väisälä frequency, and 〈·〉 denotes a vertical average.

3.A.2 MEKE

The MEKE scheme is based on Jansen et al. (2015), and uses a prognostic equation for the

vertically integrated sub-grid meso-scale eddy kinetic energy (MEKE; their Eq. (1)):

∂t E = ĖGM − Ėfric −∇ · T (3.20)

where E is MEKE, ĖGM is the large-scale energy loss associated with the GM parameterization,

Ėfric is the frictional dissipation of MEKE, and T is the horizontal transport of MEKE, here

parameterized via a diffusion of MEKE with a diffusivity κMEKE = 1000m s−2.

The meso-scale kinetic energy E is then combined with the mixing length lM to form the

GM diffusivity

κGM = lM
Ç

γ2
t U2

e (3.21)

where Ue =
p

2E, lM = α/(L−1
e + L−1

R + L−1
∆ ) (α = 0.12 has been optimized based on the

reference case; Le = Ue/(|S|N) is the Eady scale, LR =
p

Ue/β is the Rhines scale, and L∆ is

the grid spacing), and γ2
t =max[(1+ 50Ld/L f )−1/4, 1× 10−4] is an estimate for the ratio of
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barotropic to total EKE (with Ld the Rossby radius of deformation, L f = H/CD the frictional

halting scale, H the ocean depth, and CD = 0.003 the quadratic drag coefficient). Additional

details are provided in Jansen et al. (2015).

3.A.3 Topographic MEKE

The topographic MEKE formulation is similar to MEKE but considers the suppression of the

GM diffusivity by the topographic β effect. Specifically, the Rhines Scale LR is computed using

a topographically modified barotropic potential vorticity gradient:

β∗ =

√

√

(∂x f −
f
H
∂x H)2 + (∂y f −

f
H
∂y H)2. (3.22)

Appendix 3.B Domain averaged meridional transient and stationary GM

diffusivity

The effective domain-averaged GM diffusivity in Eq. (3.8) is computed by minimizing the RMS

error of the implied meridional eddy buoyancy flux. We aim to approximate the zonally aver-

aged meridional transient eddy buoyancy flux [v′b′] in the 0.1◦ simulations with a represen-

tative transient eddy diffusivity κy
tr as

[v′b′] = −κy
tr[∂y b] +δ, (3.23)

where δ is the residual. Our goal is to find the κy
tr that minimizes the domain-averaged δ2:

{δ2}= {([v′b′] +κy
tr[∂y b])2}= {[v′b′]2}+ 2κy

tr{[v′b′] · [∂y b]}+κy
tr

2{[∂y b]2}. (3.24)

Let ∂κy
tr
{δ2}= 0 and we retrieve Eq. (3.8).
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Similarly, for the 1 deg simulations, Eq. (3.23) is replaced by

−[κGM∂y b] = −κy
tr[∂y b] +δ, (3.25)

and following the same procedure we retrieve Eq. (3.9).

The derivation of Eq. (3.11) is almost identical to Eq. (3.8), except we replace [v′b′] in

Eq. (3.23) by [v∗b
∗
].

Appendix 3.C Interpreting the effect of standing eddies via stretching of

mean contours

In Eqs. (3.8), (3.9), and (3.11), the total eddy buoyancy flux across any latitude circle is defined

in terms of the sum of a transient and a stationary component

Fy = Lx

�

v∗b
∗
+ v′b′

�

= −Lx (κ
y
st + κ

y
tr)
�

∂y b
�

, (3.26)

where Lx is the zonal length of the domain at this latitude.

An alternative streamwise mean perspective has also been taken by previous studies, where

the zonal average is taken along temporarily averaged streamlines or buoyancy contours (Karsten

and Marshall, 2002; Abernathey and Cessi, 2014). In this case, the standing eddy flux vanishes

by construction, and the transport across a mean buoyancy contour b̄ = b0 is

Fb0
≡
∫

b=b0

v′nb′ds≡
∫

b=b0

u′b′ ·
∇z b

|∇z b|
ds= −

∫

b=b0

Ktr|∇z b|ds, (3.27)

where vn ≡ u · ∇z b/|∇z b| is the normal velocity across the buoyancy contour, ∇z denotes

the horizontal gradient (at constant z) and we defined a local (cross-contour) transient eddy

buoyancy diffusivity as

Ktr ≡ −
u′b′ · ∇z b

|∇z b|2
. (3.28)
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Following Nakamura (1996), the cross-contour flux in Eq. (3.27) can be expressed as

Fb0
= −

∫

b=b0

Ktr|∇z b|ds= −
∂A (Ktr|∇z b|2)

∂ b0
= −

¬

Ktr|∇z b|2
¶ ∂ A
∂ b0

, (3.29)

where

A (·)≡
∫∫

b≤b0

(·)dA (3.30)

denotes an integral over the area delimited by the mean buoyancy contour b̄ = b0, A=A (1),

and 〈(·)〉 ≡ ∂AA (·) defines an average along the mean buoyancy contour. With an effective

latitude, Y (b0), defined such that Lx∂b0
Y = ∂b0

A (Nakamura and Zhu, 2010), we get

Fb0
= −Lx Keff

∂ b0
∂ Y

, (3.31)

where

Keff ≡

¬

Ktr|∇z b|2
¶

|∂Y b0|2
. (3.32)

Eqs. (3.31) and (3.32) illustrate that standing meanders increase the effective meridional

buoyancy diffusivity via a stretching of buoyancy contours, which sharpens the local gradi-

ents. This effect is analog to the amplification of mixing by eddy-induced contour stretching

discussed by Nakamura (1996), except we are here considering only the stretching effect of

standing meanders, with the transient eddy diffusivity replacing micro-scale diffusion.

Assuming that Fy ≈ Fb0
and |∂Y b0|2 ≈ [∂y b̄]2, comparison of Eqs. (3.26) and (3.31)

shows that Keff ≈ κ
y
st + κ

y
tr. Assuming further that, on average,

¬

Ktr|∇z b|2
¶

≈
�

Ktr|∇z b|2
�

,

the effective diffusivity can be approximated as

Keff ≈
[Ktr|∇z b|2]
[∂y b̄]2

. (3.33)

Following the same argument as in Appendix 3.B, we can define a domain-averaged (cross-
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contour) transient buoyancy diffusivity as

Kd
tr ≡

¦

Ktr|∇z b|2
©

¦

|∇z b|2
© (3.34)

and a domain averaged effective diffusivity as

Kd
eff ≡

¦

Ktr|∇z b|2
©

¦

[∂y b]2
© = Kd

tr

¦

|∇z b|2
©

¦

[∂y b]2
© . (3.35)

As shown in panel (b) of Fig. 3.13, the effective diffusivity Kd
eff is qualitatively similar to the

combined (stationary plus transient) diffusivity shown in panel (d) of Fig. 3.7. As illustrated in

panel (c), the effective diffusivity Keff is significantly amplified by the stretching effect, espe-

cially in the 0.1◦ simulations, where the stationary meanders are relatively strong. Moreover,

for any given wind stress, the stretching effect tends to be stronger in simulations that have a

small transient diffusivity and vice versa, therefore compensating to some degree (albeit not

completely) for differences in the transient diffusivity. This compensating effect may be ex-

pected, as a large diffusivity tends to smooth standing meanders, and it is somewhat similar to

the insensitivity of Nakamura’s effective diffusivity to the magnitude of micro-scale diffusion

(although true insensitivity cannot be expected unless the stretching factor is much larger than

one, which is not the case here).

Appendix 3.D A simple scaling for the baroclinic ACC transport in an

adiabatic, flat-bottom channel

In an adiabatic limit, the residual circulation has to vanish and Eq. (3.17) reduces to

κ
y
tr s =

τ

ρ0 f
, (3.36)
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Figure 3.13: (a): Transient GM diffusivity Kd
tr as a function of wind stress, in the simulations

with full topography and no sponge layer; (b): Effective diffusivity Kd
eff as a function of wind

stress in the same simulations. (c): The stretching factor, Kd
eff/K

d
tr.

where s ∼ −h0/L y , with h0 the depth of the densest isopycnal at the northern boundary and

L y the width of the channel (see panel(a) of Fig. 3.14 for a schematic), and τ is the wind
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Figure 3.14: Schematics for the ACC toy model. In each panel, south is on the left. (a) |s| ≤
H/L y : no incropping occurs. (b) |s|> H/L y : incropping occurs.

stress. Therefore, h0 scales as

h0 ∼ −
τL y

ρ0 f κy
tr

. (3.37)

Assuming that the baroclinic ACC flow follows the thermal wind relation, we obtain a scaling

for the baroclinic zonal velocity as

u∼ −
h0∆b
f L y

. (3.38)

Integrating Eq. (3.38) and using Eq. (3.37) yields the scaling in Eq. (3.10):

TACC ∼ uh0L y ∼ −
∆bL2

yτ
2

ρ2
0 f 3κ

y
tr

2 . (3.39)

Appendix 3.E A toy model for the baroclinic ACC transport in a channel

with finite depth

To understand the effect of isopycnal incrops on the baroclinic ACC transport at strong wind

stress, we construct a simple toy model, assuming:

(1) a zonally symmetric and flat bottomed channel, with a prescribed constant surface buoy-

ancy gradient;

(2) isopycnal slopes are constant with depth and latitude;

(3) variations in the Coriolis parameter are negligible;
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(4) the residual MOC, balanced by diapycnal mixing within the channel, can be approximated

as ψ≈ −κd/s, where κd is the diapycnal diffusivity (Ito and Marshall, 2008).

Under these assumptions, Eq. (3.17) can be written as

κd
L y

h0
=

τ

ρ0 f
+ κy

tr
h0
L y

(3.40)

where κd = 5× 10−5m2 s−1, h0 = −sL y is the depth of the densest isopycnal at the northern

boundary, ρ0 = 1037kg m−3, and f = −1× 10−4s−1. Solving Eq. (3.40) for h0 we find

h0 =







−τ
2ρ0 f κy

tr
+

√

√

√

√

�

−τ
2ρ0 f κy

tr

�2

+
κd

κ
y
tr






L y . (3.41)

Notice that once the densest isopycnal begins to incrop with the sea floor (right panel), h0

becomes a hypothetical depth, which is the depth of this isopycnal at the northern boundary

if the ocean were infinitely deep (panel(b) in Fig. 3.14). In this case, we use l to denote the

distance between the southern boundary and the incropping location of this densest isopycnal

(with l = L y if no incropping occurs):

l =min
�

H
h0

L y , L y

�

. (3.42)

Meanwhile, the thermal wind relation, ∂zubc = −
1
f ∂y b, provides the baroclinic zonal velocity

as

ubc(y, z) = −
1
f

∫ z

−h(y)
∂y b dz= −

∆b
f L y
(h(y) + z) (3.43)

where h(y) = min
�

h0 y/L y , H
�

is the depth of the densest isopycnal interface, below which

the stratification and the baroclinic zonal flow both vanish. Using that h(y) = h0 y/L y for
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wind stress in Eq. (E2) than the peak wind stress τ0.

y < l and h(y) = H for y ≥ l, we can compute the baroclinic ACC transport as

TACC =

∫ L y

0

∫ 0

−h(y)
ubc(y, z)dzdy

= −
∆b
f L y

∫ L y

0

h(y)2

2
dy

= −
∆b

2 f L y

�

∫ l

0

h2
0

L2
y

y2dy+

∫ L y

l
H2dy

�

= −
∆bh2

0

6 f L3
y
· l3 −

∆bH2

2 f L y
· (L y − l) (3.44)

where h0 is given by Eq. (3.41) and l is given by Eq. (3.42).

The toy model qualitatively captures the response of the ACC transport to wind stress
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changes in our simulations (Fig. 3.15). Importantly, it reproduces the sub-linear trend of the

transport with wind stress in the simulations with parameterized eddies, including those that

adopt a constant κy
tr. The sub-linear trend appears once the ACC transport exceeds the dashed

red line, which denotes the largest ACC transport before isopycnals start to incrop (h0 = H).

The results show that it is primarily the incropping of isopycnals, rather than the response of

meso-scale eddies, that leads to the saturating trend of the ACC transport in the coarse resolu-

tion simulations with flat bottom and parameterized eddies. By contrast, in the high resolution

simulations, the critical value of ACC transport is never reached, indicating that little incrop-

ping occurs even at strong wind stress, and the saturating trend of the ACC transport is indeed

caused by meso-scale eddies.
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CHAPTER 4

TIME-DEPENDENT RESPONSE OF THE GLOBAL OCEAN CIRCULATION TO

CHANGES IN SOUTHERN OCEAN SURFACE WIND STRESS

4.1 Introduction

Surface wind stress is a most important driving force for the global ocean circulation. There-

fore, given the increasing trend of surface wind stress over the Southern Ocean during the

recent decades (e.g. Swart and Fyfe, 2012), it is important to understand the response of both

the Southern Ocean and global large-scale ocean circulations to this wind stress increase.

Observational and theoretical progress has been made on the local response of Southern

Ocean circulation to the wind stress increase. In general, on timescales longer than 1 year,

the Antarctic Circumpolar Current (ACC) transport seems to remain relatively unaffected (e.g.

Straub, 1993; Böning et al., 2008; Munday et al., 2013), while the Southern Ocean meridional

overturning circulation (SOMOC) shows a mild increase (e.g. Hallberg and Gnanadesikan,

2006; Viebahn and Eden, 2010; Abernathey et al., 2011).

In chapter 3 we analyzed the equilibrium response of the ACC transport and the SOMOC

to changes in surface wind stress using an idealized channel model, as considered in several

previous studies (e.g. Abernathey et al., 2011; Abernathey and Cessi, 2014; Nadeau and Fer-

rari, 2015; Constantinou, 2018; Mak et al., 2018). The reason for choosing a channel model is

because it computationally allows the meso-scale eddies to be fully resolved due to the chan-

nel’s small domain. However, one potential issue with the channel configuration is that we

have to explicitly specify its northern boundary condition. Specifically, to investigate the re-

sponse of the ACC transport, in the channel model we used an adiabatic northern boundary

condition (see also Abernathey and Cessi, 2014). This allows the isopycnals to freely evolve

but precludes a residual MOC, which implies that the eddy-driven MOC has to adjust such

that it always balances the wind-driven MOC. Meanwhile, to explore the response of the SO-

MOC, in the channel model we used a sponge layer at the northern boundary to restore the
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stratification (see also e.g. Abernathey et al., 2011). This allows the existence of a non-trivial

residual MOC, but together with the restoring surface buoyancy condition it largely constrains

the adjustment of the isopycnal structure in the channel. Therefore, there is no perfect choice

of northern boundary condition to study the ACC transport and the SOMOC simultaneously in

a channel model.

To overcome this boundary condition issue we need an inter-hemispheric model that in-

cludes a basin to the north of the channel, which permits explicit water mass transformations

and hence a non-trivial residual MOC, while retaining the flexibility for the isopycnals to ad-

just. An inter-hemispheric model can represent the interaction between the Southern Ocean

and other basins, which is crucial for the circulations in both places (e.g. McDermott, 1996;

Nikurashin and Vallis, 2011; Close and Naveira Garabato, 2012). For example, Gnanadesikan

(1999, hereafter G99) proposes an elegant conceptual model, which shows that the SOMOC

helps to determine the global pycnocline depth, thus strongly affecting the global ocean strati-

fication and circulation. This result is also supported by high-resolution numerical simulations

(e.g. Wolfe and Cessi, 2010).

While much work has been done to understand the equilibrium response of the global ocean

circulation to wind stress changes, significantly less has focused on the theoretical understand-

ing of the time-dependent response. Jones et al. (2011, hereafter J11), Allison et al. (2011),

and Samelson (2011) have proposed similar theories for the time-dependent response of the

global pycnocline depth to changes in various factors, including the Southern Ocean surface

wind stress. However, these theories all predict a multi-decadal adjustment timescale, which

is significantly shorter than found by their and others’ simulations (e.g. Jansen et al., 2018).

In this chapter we use an inter-hemispheric model (“the shoebox”) to study both the time-

dependent and the equilibrium response of the large-scale ocean circulation to changes in

Southern Ocean surface wind stress. We first compare with the equilibrium results to those

from the channel model simulations and discuss the impact of having the basin. We also com-

pare the results with the G99 theory and point out its limitations, particularly with respect to
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the representation of low latitude upwelling. We then investigate the time-dependent response

of the global ocean circulation to sudden Southern Ocean wind stress changes. By comparing

the results with the theory of J11, we find that the equilibrium scaling theories, which are

used to relate transport in different model regions to the global pycnocline depth, do not hold

throughout the adjustment process, which leads to the failure of the J11 theory in predicting a

correct adjustment timescale. We argue that most of the drawbacks of the G99 and J11 theories

can ultimately be attributed to the fact that the deep ocean stratification and its adjustment

cannot be adequately captured by a single pycnocline depth.

4.2 Theories

4.2.1 Equilibrium pycnocline depth

Gnanadesikan (1999, hereafter G99) proposes an elegant two-layer model for the global pyc-

nocline depth D, which is the model’s upper layer depth (Fig. 4.1). The model considers the

Southern Ocean upwelling Ts (the SOMOC), the low latitude upwelling Tu, and the northern

sinking Tn (the AMOC):

Ts + Tu − Tn = 0. (4.1)

𝐷

𝐿!

Northern sinking

𝑇"
Upwelling

𝑇#

Low latitude light water

Ekman transport 𝑇$%

Eddy-induced 
flow 𝑇&''(

𝑇)

Dense water
Southern Ocean Northern oceans

Figure 4.1: Schematic of the model by G99 (reproduced from G99).
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Specifically, the Southern Ocean transport is

Ts ≡ TEk − Teddy, (4.2)

where

TEk =
τ

ρ| f |
Lx (4.3)

is the wind-driven SOMOC: τ is the wind stress over the Southern Ocean, Lx the zonal extent

of the ACC, ρ the density, and f the Coriolis parameter; and

Teddy = K
D
L y

Lx (4.4)

is the eddy-induced SOMOC, where L y is the meridional extent of the ACC and K the effective

diffusivity. The effective diffusivity is represented as

K = κ0

�

D
D0

�n−1
, (4.5)

where κ0 is the reference diffusivity, D0 the reference pycnocline depth, and n a positive integer.

The general form of the diffusivity in Eq. (4.5) follows J11. If n = 1 we retrieve the original

formulation in G99 and if n = 2 we get an eddy parameterization similar to Visbeck et al.

(1997), where the diffusivity is proportional to the isopycnal slope.

The low latitude upwelling Tu, in equilibrium, is determined by the balance between down-

ward buoyancy diffusion and upward water mass advection

∂z

�

κv
∂ b
∂ z

�

= w
∂ b
∂ z

, (4.6)

where κv is the diapycnal diffusivity, b the buoyancy, and w the vertical velocity. Assuming

that κv is a constant and using the scalings w ∼ Tu/A (A being the area of the upwelling) and
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d/dz ∼ 1/D we have

Tu =
κvA
D

. (4.7)

The northern sinking takes the form of

Tn =
cg′

f
D2, (4.8)

where c is a constant of proportionality and g′ the reduced gravity. Notice that we have re-

placed the original β L y term from G99 by f in Eq. (4.8), where β is the meridional gradient

of Coriolis parameter and L y the meridional extent across which the pycnocline shoals in the

northern hemisphere. Eq. (4.8) arises from the thermal wind relation and the assumption that

the northern sinking can be related to a zonal geostrophic transport in the north of the basin

(see also Nikurashin and Vallis, 2012). Mathematically Eq. (4.8) is equivalent to the original

formulation in G99, as long as the parameter c is re-tuned accordingly1.

Last, to test the theory we also diagnose D from the numerical simulations, where D is

computed, following G99, as

D =

∫ 0
z=−H∆σ2zdz
∫ 0

z=−H∆σ2dz
, (4.9)

where H = 4000 m is the depth of sea floor and ∆σ2 ≡ σ2(z) − σ2(max), with σ2 being

the potential density referenced to z = − 2000 m. In practice, Eq. (4.9) is computed as the

average between 30◦S and 30◦N, where the isopycnals are largely flat. The values of the model

parameters are summarized in Table 4.1, and the procedure used to determine the parameters

is documented in Appendix 4.A.

4.2.2 Adjustment timescale of pycnocline depth

Several theories have been proposed to predict the adjustment timescale of pycnocline depth

(J11; Allison et al., 2011; Samelson, 2011). Here we follow the formulation of J11, but we

1. See Appendix 4.A for how c is determined.
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Parameter Value Parameter Value
Lx 4×106m L y 1.5×106 m
ρ 1035 kg m−3 f 1.16×10−4s−1

κ0 3000 m2 s−1 D0 794 m
κv 5×10−5 m2s−1 A 6.41×1013 m2

g′ 0.01 m s−2 c 0.16

Table 4.1: Values of parameters used in our solution of the G99 model

note that all three papers suggest essentially the same scaling theory.

J11 generalizes the G99 theory by including a tendency term on the R.H.S. of Eq. (4.1),

such that

A
dD
dt
= Ts + Tu − Tn. (4.10)

Linearizing Eq. (4.10) about the equilibrium solution, such that D(t) ≡ Deq + D′(t), where

|D′(t)| � |Deq| is assumed, we get the e-folding adjustment timescale for D′(t) (see Appendix

4.B for the derivation)

t0 =
ADeq

Tu,eq + 2Tn,eq + nTeddy,eq
, (4.11)

where the subscript “eq” denotes the equilibrium solution.

4.3 Model setup

We use an idealized inter-hemispheric model to test how adding a basin may modify the conclu-

sions from chapter 3, and to study the time-dependent response of the global ocean circulation

to changes in Southern Ocean surface westerlies. We refer to this new model as the “shoebox”

(Fig. 4.2). The shoebox is simply an extension of the channel we used in chapter 3, by adding

a flat-bottomed basin to its north such that its northern boundary is located at 65◦N, instead

of 30◦S. Continental slope is also added to the eastern/western/northern boundaries of the

basin part, as is consistent with the channel configuration. Readers are referred to chapter 3

for a detailed description of the channel part’s geometry.
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Figure 4.2: 3D view of the shoebox topography.
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Figure 4.3: (a) Surface zonal wind stress profile. Black curve denotes the reference case. All
5 cases share the same wind stress profile north of 30oS. (b) Target density profile for surface
restoring.

Similar to the channel, the shoebox is forced at the surface by zonally symmetric eastward

wind stress, which is also meridionally symmetric around the equator between 30◦S and 30◦N
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(Panel (a) of Fig. 4.3). The surface density is restored towards an idealized profile (Panel (b)

of Fig. 4.3). The densest water in the northern hemisphere is lighter than that in the southern

hemisphere, to ensure Antarctic Bottom Water (AABW) forms in the southern hemisphere.

For the wind stress experiments, we first force the model with reference wind stress (South-

ern Ocean peak wind stress τ0 = 0.2 Pa; the thick black curve in Panel (a) of Fig. 4.3) and

integrate the model to full equilibrium. We then change the Southern Ocean wind stress pro-

file in one timestep and continue the simulation until the model equilibrates again. Both the

spin-up and adjustment processes take thousands of years to complete, making the shoebox

computationally too expensive to run at an eddy-permitting resolution (1/4◦ or finer). More-

over, in chapter 3 we have shown that state-of-the art eddy parameterizations are adequate

in producing a similar circulation field as in the 1/10◦ eddy-resolving configuration of the

channel. Therefore, we choose to configure the shoebox at 1o resolution. The Topographi-

cally modified Meso-scale Eddy Kinetic Energy (TMEKE) eddy parameterization (Jansen et al.,

2019) is implemented in the shoebox, following what is documented in Appendix 3.A.2 &

3.A.3, with the only exception being that Eq. (3.21) is replaced by

κGM = lM
Ç

γ2
t U2

e + 100, (4.12)

that is, an extra background diffusivity of 100 m2 s−1 has been added, to reduce unrealistic

variability in the basin, where κGM is otherwise too small.

We have also performed the identical simulations but with a different eddy parameteriza-

tion, proposed by Visbeck et al. (1997, see Appendix 3.A.1 of chapter 3), which yields qualita-

tively similar results as obtained by using TMEKE. Therefore, we only show the results using

TMEKE in the current chapter. The model parameters are summarized in Table 3.1.
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4.4 Results

In this section we first analyze the equilibrium response of circulation to changes in Southern

Ocean wind stress and compare with the results from the channel simulations and the G99

theory. We then analyze the time-dependent response of the global ocean circulation and

compare with the J11 model. We show that the evolution of the SOMOC, the AMOC, and the

pycnocline depth differ significantly from each other, which is inconsistent with the J11 model.

4.4.1 Equilibrium response

SOMOC

The shoebox produces a SOMOC of 0.22 Sv at 53◦S under the reference wind stress of 0.2 Pa

(Fig. 4.4), broadly consistent with Lumpkin and Speer (2007)2. The SOMOC in the shoebox

is relatively insensitive to wind stress changes, increasing only ∼3.5 Sv over a wind stress

range from 0 to 0.3 Pa, compared to a 10.1 Sv increase of the wind-driven MOC, consistent

with the “eddy compensation” theory (Hallberg and Gnanadesikan, 2006; Viebahn and Eden,

2010). The insensitivity is caused by the sensitive responses of both the stationary and transient

eddies, which are comparable in magnitude.

The shoebox and the channel share a similar SOMOC, suggesting that the channel is able

to reproduce the SOMOC response with the help of the sponge layer. Slight differences remain

in both the magnitude and the sensitivity of the SOMOC, dominated by the difference in the

stationary eddies when the wind is weak and by the difference in the transient eddies when

the wind is strong. These differences are attributed to the use of the sponge layer in the

channel, which restores the stratification in the channel model towards fixed zonally symmetric

stratification. In the shoebox where no such restoration occurs, the isopycnals and hence the

MOC have more flexibility to adjust, resulting in more sensitive stationary and transient eddy

2. Notice that our domain is only 60◦ wide longitudinally, so the 0.22 Sv transport would translate into a 1.32
Sv transport for a 360◦ domain.
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Figure 4.4: SOMOC decomposition at 53◦S, where the wind stress maximizes. ψEk denotes
the Ekman transport, ψ the residual MOC, ψ∗ the (resolved) stationary eddies, and ψ′ the
parameterized transient eddies. Blue color denotes the shoebox simulations, and red color the
channel simulations with sponge layer.

responses.

ACC

The shoebox ocean has a baroclinic ACC transport of 155 Sv under the reference wind stress

of 0.2 Pa (Fig. 4.5), broadly consistent with the observations (e.g. Donohue et al., 2016). The

simulated ACC transport is again relatively insensitive to the wind stress changes, increasing by

only 47 Sv across a wind stress range from 0 to 0.3 Pa, qualitatively consistent with the “eddy

saturation” theory (Straub, 1993) and other numerical studies (e.g. Munday et al., 2013; Mor-

rison and Hogg, 2013; Farneti et al., 2015). As a comparison, the channel has significantly

underestimated the magnitude of the ACC transport, while producing a higher sensitivity, par-

ticularly in terms of relative changes.

The underestimate of the ACC transport by the channel model is consistent with the fact

that isopycnals in the abyssal ocean are too flat (Fig. 4.6). The flat isopycnals are in turn

caused by the channel’s adiabatic northern boundary condition, which presumes a complete

89



0 0.05 0.1 0.2 0.3

peak wind stress (Pa)

40

60

80

100

120

140

160

T
ra

n
s
p

o
rt

 (
S

v
)

Baroclinic ACC transport

shoebox

channel

Figure 4.5: Response of the baroclinic ACC transport to wind stress changes, simulated by the
shoebox and the channel.

65
o
S61

o
S 53

o
S 40

o
S 30

o
S

latitude

-4000

-3500

-3000

-2500

-2000

-1500

-1000

-500

0

z

zonal mean interface height 

channel

shoebox

Figure 4.6: Zonal mean isopycnal interface height from the shoebox and the channel, under
the reference wind stress τ0 = 0.2 Pa. To improve the presentation, only a subset of the model’s
isopycnal layers are plotted.

eddy compensation (Hallberg and Gnanadesikan, 2006; Viebahn and Eden, 2010); that is, the

eddy-induced MOC always adjusts such that it cancels any change in the wind-driven MOC,

maintaining a trivial residual MOC (except for the weak residual MOC driven by the diapycnal

diffusion, as shown by Panel (b) of Fig. 4.7). This is not an issue for the upper ocean because the

residual circulation from the shoebox is already very weak at the Drake Passage latitudes (53◦S

to 61◦S); it is, however, an issue for the abyssal ocean, where the residual MOC is much weaker
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(c) channel: parameterized 
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(b) channel: residual MOC
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Figure 4.7: The residual MOC from the shoebox (a) and the channel (b), and the eddy-induced
MOC (including both the stationary and transient eddies) from the shoebox (c) and the channel
(d), under the reference wind stress τ0 = 0.2 Pa. The thick black curve denotes the bottom of
the surface layer. Notice that the vertical coordinate is non-linear in σ2. The contour interval
is 1 Sv.

(in terms of absolute magnitude) in the channel than in the shoebox. The weaker abyssal

MOC is realized via a weaker eddy-induced MOC. Since the eddy-transport increases with the

isopycnal slope, the weaker eddy transport in the channel model requires a reduced isopycnal

slope. The perfect eddy compensation also explains why the channel model overestimates the

sensitivity of the ACC transport: since its eddy-induced MOC always adjusts to compensate

the changes in the wind-driven MOC, its isopycnal slope, and hence the ACC transport, must

be more sensitive than in the shoebox model. These results suggest, although the qualitative

results found in the channel simulations appear to carry over to the global shoebox model, the

quantitative results are affected by the artificial northern boundary conditions.
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Comparing with the equilibrium theory of G99

The equilibrium theory of G99 (Eq. (4.1)) does a reasonably good job in predicting the pycno-

cline depth, yielding D ≈ 700 m under the reference wind stress of τ0 = 0.2 Pa, compared to

800 m from the shoebox simulation (Fig. 4.8). However, the theory systematically underesti-

mates the pycnocline depth under all wind stresses considered, while it also overestimates the

response of pycnocline depth to wind stress changes. These biases are especially significant

when a typical value of n is used, such as n= 1 (constant K) or n= 2 (roughly consistent with

Visbeck et al. (1997) or TMEKE).
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Figure 4.8: The equilibrium pycnocline depth D solved from Eq. (4.1). Also plotted is the
diagnosed low latitude (averaged between 30◦S ∼ 30◦N) pycnocline depth from the shoebox
simulations.

The mismatch is mainly caused by the G99 model’s inaccuracy in capturing the low latitude

upwelling Tu (Eq. (4.7)). Specifically, Eq. (4.7) significantly underestimates the magnitude of

the upwelling, which becomes even worse when the diagnosed Deq from the shoebox simula-

tions is used to evaluate Tu (Panel (a) of Fig. 4.9). Eq. (4.7) also overestimates the sensitivity

of Tu to wind stress changes (also Panel(a)). These results suggest that Eq. (4.7) is not rep-

resentative of Tu: most likely it is that the pycnocline depth D is not a good measurement for

the characteristic curvature of the stratification profile, which controls the advective-diffusive
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Figure 4.9: (a) Low latitude upwelling Tu, computed using Eq. (4.7), with Deq predicted by
Eq. (4.1) (red) and diagnosed from the shoebox simulations (blue). The upwelling area A is
the model’s surface area between 53◦S (where Ts is evaluated) and 45◦N (where Tn is evalu-
ated). We also show the diagnosed upwelling Tu = Tn (45◦N)-Ts (53◦S). (b) Northern sink-
ing/AMOC, computed using Eq. (4.8), with Deq predicted by Eq. (4.1) (red) and diagnosed
from the shoebox simulations (blue). We also show the diagnosed AMOC at 45◦N.

balance used to derive the scaling. To let the theoretical results approach the simulations, we

need a significantly smaller and less sensitive depth scale, which better characterizes the isopy-

cnals of the upper ocean, whose depth is much less sensitive to the wind stress changes than

the abyssal isopycnals (Fig. 4.10). If we replace Eq. (4.7) by

Tu =
κvA
bD

, (4.13)

that is, by adding a constant of proportionality b = 0.41 in front of D, we are able to match

the theory with the simulated Tu and D much better (Fig. 4.11), although the sensitivity of Tu

to wind stress changes is still overestimated.

As a contrast, Eq. (4.8) captures the equilibrium dependence of northern sinking Tn on the

pycnocline depth D accurately (Panel (b) of Fig. 4.9). Comparing with the above discussion,

we argue that the circulation in different regions cannot be adequately captured by a single

depth scale D, which is why the G99 model fails to accurately predict the pycnocline depth and
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its response to wind stress changes.

4.4.2 Time-dependent response

In this section we analyze the time-dependent response of several important large-scale ocean

circulation features. We show that the pycnocline depth D shares a similar adjustment timescale

as the baroclinic ACC transport, but the two do not evolve concurrently. We then show that

both the SOMOC and the AMOC adjust much faster than the pycnocline depth or the ACC

transport, suggesting different dynamics in play. We argue that the reason why the J11 model

fails to predict the correct adjustment timescale for the pycnocline depth is that the equilibrium

relations between the pycnocline depth and Ts, Tu, & Tn (Eqs. (4.2)(4.7)(4.8)) do not apply to
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Figure 4.11: (a) Similar to Fig. 4.8 but Tu is computed according to Eq. (4.13), instead of
Eq. (4.7), when solving Eq. (4.1). (b) Similar to Panel (a) of Fig. 4.9 but Tu is computed as
Eq. (4.13).

the time-dependent adjustment process. In fact, the evolution of the ACC transport and MOC

are governed by the adjustment of ocean stratification at different depths, which cannot be

related directly to the evolution of a single pycnocline depth, D.

The temporal adjustment of the low latitude pycnocline depth D follows an exponential

curve almost perfectly, with e-folding timescale on the order of centuries, and needs as long as

several millennia to fully equilibrate (Fig. 4.12). The ACC transport adjustment shares a similar

e-folding timescale, although the evolution is less well captured by a single exponential curve

(Fig. 4.13). In fact, it seems two timescales dominate the ACC response: a short timescale over

the first∼50 years, and a multi-centennial timescale that dominates the later phase of response

and can be accurately captured by an exponential curve (Fig. 4.14). The double-timescale

adjustment of the ACC transport suggests that the ACC transport and pycnocline depth do

not occur concurrently, as further illustrated in Fig. 4.15, which shows the temporal relation

between the ACC transport and the pycnocline depth. Clearly, the scaling that TACC ∼ D2 does

not hold throughout the adjustment process, although it does capture the equilibrium relation

rather accurately. The multi-decadal adjustment of the ACC transport appears to be related

to the fast response of the upper ocean stratification (see Fig. 4.16), which is not adequately
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Figure 4.12: Time-dependent response of the low latitude pycnocline depth D, averaged be-
tween 30◦S and 30◦N, and between 5◦E and 55◦E, to avoid topography. A best-fit exponential
curve is superimposed, with the corresponding e-folding timescale given in each panel.

reflected in the response of D, which is largely determined by the deep ocean stratification.

Both the magnitude of the SOMOC and AMOC adjust much faster than the pycnocline

depth and ACC transport (Figs. 4.17, 4.18). In fact, the bulk response of the SOMOC takes

place in about 50 years, and the AMOC response takes a bit longer but still less than 200

years. This quick response indicates that the adjustment mechanism of the SOMOC and AMOC

differs fundamentally from that of the pycnocline depth. The scaling of Tn (Eq. (4.8)) does

not capture the temporal relation of the AMOC and pycnocline depth during the adjustment

process, although it is skillful in capturing the equilibrium relation between the two (Fig. 4.19).

It appears that the adjustment timescale of MOC’s magnitude is consistent with the adjust-

ment timescale of the isopycnal depth at the center of the MOC. The isopycnal depth at the

center of the AMOC (σ2=1036.7 kg m−3) reaches its equilibrium value in about 100 years
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Figure 4.13: Similar to Fig. 4.12 but for the response of the ACC transport.

(Fig. 4.16). It is the slow adjustment of the abyssal layers, those denser than the lower bound-

ary of the AMOC (σ2 = 1037 kg m−3), that contribute significantly to the slow adjustment

of the pycnocline depth, the latter being a bulk measurement of the stratification across the

whole water column. But the AMOC seems not to be affected much by these deep ocean isopy-

cnals. The distinction between the upper ocean adjustment (which dominates MOC strength)

and abyssal adjustment (which dominates the diagnosed pycnocline depth) appears to explain

why Eq. (4.8) breaks down throughout the time-dependent adjustment process.

It is now helpful to take a look back at one important hypothesis we made for the channel

model in chapter 3. When studying the response of the SOMOC in the channel, we applied a

sponge layer, and postulated that using a sponge only captures the transient (decadal or shorter

timescale) response. According to the results shown above, this hypothesis seems not to hold.

In fact, the SOMOC adjusts so fast that only in the 2nd decade after the wind stress change,

its magnitude is already very close to its final, equilibrium magnitude (Fig. 4.17). In other
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Figure 4.14: Similar to Fig. 4.13 but the exponential curve is fitted only to the data 50 years
after the wind stress change. Refer to the text for more details.

words, the SOMOC’s “transient” response is already very similar to its equilibrium response.

Therefore, the hypothesis fails, in that the channel model can reasonably capture the SOMOC

response to the wind stress changes on both decadal and equilibrium time-scales.

Comparing with the time-dependent theory of J11

The theory of J11 (Eq. (4.11)) predicts a multi-decadal adjustment timescale for the pycnocline

depth (red marks in Fig. 4.20), much shorter than the multi-centennial timescale diagnosed

from the shoebox simulations (Fig. 4.12). This result is not improved by replacing the predicted

Deq with the diagnosed Deq (blue marks in Fig. 4.20). In fact, even if we compute Eq. (4.11)

using all diagnosed quantities of Deq, Tu, Teddy, and Tn, we still only get a multi-decadal

adjustment timescale (black marks in Fig. 4.20). We argue that this is because the equilibrium

relations between the pycnocline depth and Teddy, Tu, & Tn do not apply to the time-dependent
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Figure 4.15: Time-dependent response (averaged every 10 years) of the baroclinic ACC trans-
port vs. the low latitude pycnocline depth D, on a log-log scale. Data points are colored ac-
cording to the time period after the wind stress change. The power dependence of TACC ∼ D2

is added as a reference.

adjustment process. In particular, the adjustment of Tu and Tn relies more on the stratification

change in the upper ocean, which adjusts much faster than D. To develop a more accurate

theory for the time-dependent response of ocean circulations we need to consider these depth-

dependent relations.

4.5 Conclusions

In this work we have used an inter-hemispheric “shoebox” ocean model to study the time-

dependent response of the large-scale ocean circulation to changes in Southern Ocean surface
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Figure 4.16: Hovmöeller diagram of the isopycnal interface height anomaly, averaged between
30◦S and 30◦N. The isopycnal at the center of the AMOC is indicated by the solid cyan line;
the isopycnals at the upper and lower boundaries of the AMOC are indicated by the dashed
cyan lines. Negative values denote a deepening of the isopycnals. The calculation is based on
10-year averages for the first 500 years, after which 50-year averages are used. The contour
interval is 10 m.

wind tress. We first investigated the equilibrium response of the SOMOC, the ACC transport,

and the global pycnocline depth to the wind stress changes, and compared with the results

from two channel model setups (one with an adiabatic northern boundary condition and one

with a sponge layer) as well as the G99 theory. We find the channel with the sponge and

the shoebox ocean share a similarly insensitive response of the SOMOC, suggesting that using

a sponge layer to simulate the SOMOC in a channel model is effective. We also find that,

compared to the shoebox ocean, the adiabatic channel has a much weaker yet more sensitive

ACC transport, due to its adiabatic northern boundary condition that presumes a complete

eddy compensation. By comparing the shoebox simulations with the G99 theory, we find that

the theory underestimates the magnitude but overestimates the sensitivity of the pycnocline
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Figure 4.17: Hovmöeller diagram of the SOMOC anomaly, evaluated at 30◦S. The anomalies
are computed as relative to the equilibrated reference simulation with τ0 = 0.2 Pa, which
served as the initial condition. The calculation is based on 10-year averages for the first 500
years, after which 50-year averages are used. The contour interval is 0.25 Sv.

depth, because the pycnocline depth is not a good proxy for the depth scale of either the low

latitude upwelling or the Southern Ocean eddy-induced transport. A smaller and less sensitive

depth scale fits better with the upwelling, while a larger and more sensitive depth scale is

needed to match the eddy transport.

We then investigated the time-dependent response of the global pycnocline depth, the ACC,

and the MOC. We find a multi-centennial e-folding adjustment timescale for the pycnocline

depth and the ACC transport, and a multi-decadal timescale for the MOC. We argue that the

difference is because the magnitude of the MOC seems to only depend on the upper ocean

stratification, while the responses of the pycnocline depth and the ACC transport also involve

the adjustment of deep ocean stratification. The different adjustment timescales cannot be cap-

tured by existing two-layer theoretical models that include only one depth scale. Last, we find
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Figure 4.18: Same as Fig. 4.17 but for the AMOC, evaluated at 45◦N.

that the time-dependent relations between the pycnocline depth and the ACC/SOMOC/AMOC

differ from their equilibrium relations, because the adjustment of the ACC/SOMOC/AMOC

depends on the adjustment of the stratification at different depths, which occurs at different

timescales. These findings suggest that to understand the time-dependent adjustment of the

large-scale ocean circulations, we need to consider the effect of the depth-dependent change

in the stratification, which may provide an avenue to improve the existing theories.
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Figure 4.19: Similar to Fig. 4.15 but between the AMOC (at 45◦N) and the pycnocline depth.

Appendix 4.A Tuning G99 model parameters

There are three parameters in the model of G99 that need to be determined: the coefficient c

(Eq. (4.8)), the reference diffusivity κ0, and the reference pycnocline depth D0 (both appear

in Eq. (4.4)). c = 0.16 is easily determined by matching Eq. (4.8) with the diagnosed AMOC

at 45◦N from the shoebox simulation under the reference wind stress of τ0 = 0.2 Pa, which is

10 Sv.

It is less straightforward to determine κ0 and D0, since we only have one equality (match-

ing Eq. (4.4) with the diagnosed eddy-induced MOC) but two free parameters. Our strategy

is to choose D0 such that it matches the shoebox simulation at the reference wind stress, i.e.

D0 = Deq|τ0=0.2Pa. With this, we find that κ0 = 3000 m2s−1 yields the best fit with the diag-
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Figure 4.20: Predicted adjustment timescale using Eq. (4.11). Red marks denote the timescale
computed using the predicted Deq, by solving Eq. (4.1); blue marks denote the timescale com-
puted using the diagnosed Deq from the shoebox simulations; black marks denote the timescale
computed using the diagnosed Deq, Teddy, Tu, and Tn from the shoebox simulations.

nosed Teddy from the shoebox simulations. This value is somewhat larger than the diagnosed

stationary + transient diffusivity (i.e. κy
tr + κ

y
st; see chapter 3) of 2092 m2 s−1 averaged over

the Southern Ocean domain under the reference wind stress.
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Appendix 4.B The adjustment timescale for the pycnocline depth in J11

theory

Assuming that D deviates only slightly from Deq at any time t throughout the adjustment

process, we write D(t) = Deq + D′(t) and substitute into Eq. (4.10) to have

A
dD′

dt
=

τLx
ρ| f |

−
Lxκ0

L y Dn−1
0

(Deq + D′)n +
κvA

Deq + D′
−

C g′

f
(Deq + D′)2

= TEk,eq − Teddy,eq(1+
D′

Deq
)n + Tu,eq(1+

D′

Deq
)−1 − Tn,eq(1+

D′

Deq
)2

≈ TEk,eq − Teddy,eq(1+
nD′

Deq
) + Tu,eq(1−

D′

Deq
)− Tn,eq(1+

2D′

Deq
)

=
�

TEk,eq − Teddy,eq + Tu,eq − Tn,eq
�

−
�

nTeddy,eq + Tu,eq + 2Tn,eq
� D′

Deq

= −
�

nTeddy,eq + Tu,eq + 2Tn,eq
� D′

Deq
, (4.14)

where we have applied Eq. (4.1) and discarded the higher order terms. Eq. (4.14) can be

rewritten as
dD′

dt
= −

Tu,eq + 2Tn,eq + nTeddy,eq

ADeq
D′, (4.15)

whose solution is

D′(t) = D′(t = 0)exp

�

−t ·
Tu,eq + 2Tn,eq + nTeddy,eq

ADeq

�

, (4.16)

which gives the e-folding adjustment timescale of Eq. (4.11).
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CHAPTER 5

CONCLUSIONS

Geostrophic turbulent eddies are crucial in Earth’s oceans for transporting and mixing physi-

cal properties and chemical/biological tracers. They are ubiquitous in Earth’s oceans but are

particularly active and important in the Southern Ocean. The Southern Ocean circulation is

also fundamentally driven by surface wind stress, which has been increasing for decades. The

intertwined impact by the eddies and wind stress makes it difficult to fully understand the

Southern Ocean circulation, which also significantly interacts with other oceans on Earth.

In this dissertation we first present a new theory for the meso-scale eddy diffusivity by study-

ing mixing in barotropic β-plane turbulence, which helps us better understand meso-scale eddy

transport in Earth’s oceans. We then test several state-of-the-art eddy parameterizations in ide-

alized channel models, by investigating the equilibrium response of Southern Ocean circulation

to changes in surface wind stress. We also analyze how topography modifies this response, and

how well the parameterizations capture this modification. Finally, we use an idealized inter-

hemispheric model to study both the equilibrium and time-dependent responses of the global

ocean circulation to the changes in Southern Ocean wind stress, and compare the results with

the channel model simulations as well as previous theories.

Our main findings and takeaways are,

• Barotropic β-plane turbulence with a quadratic bottom drag can be divided into 3 regimes,

depending on the relative importance of β versus bottom friction: a β regime, a friction

regime, and a transition regime in between. Depending on the regime, it is β , bottom

friction, or both β and friction that constrain the eddy diffusivity, and thereby turbulent

mixing.

• An approximate solution for the eddy diffusivity in barotropic β-plane turbulence can

be analytically found by treating the non-linear eddy-eddy interactions as a stochastic

forcing and a linear damping. The solution compares accurately with eddy-resolving
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simulations, and echoes with previous findings that Rossby waves suppress turbulent

mixing by their relative motions to the mean flow. The theory unifies previous arguments

and reduces to the known scaling relations in the appropriate limit regimes.

• In an idealized flat bottom channel model for the Southern Ocean, compared to eddy-

resolving simulations, coarse resolution simulations using state-of-the-art eddy parame-

terizations significantly overestimate the response of ACC transport to surface wind stress

changes, due to an underestimate of the transient eddy diffusivity; the SOMOC response

is reasonably well reproduced by the coarse resolution simulations.

• When topography is included in the channel model, it significantly suppresses the re-

sponses of the ACC transport and SOMOC to wind stress changes. This suppression is

well reproduced by coarse resolution simulations, resulting from an appropriate repre-

sentation of the stationary eddies, which dominate over the transient eddies. Stationary

eddies enhance turbulent mixing by elongating contours of mixing and sharpening the

gradients across contours of mixing.

• Due to the key role played by resolvable standing meanders, coarse resolution GCMs with

eddy parameterizations (even simple ones such as a constant GM diffusivity) may be able

to capture the equilibrium Southern Ocean response to wind stress changes much better

than indicated by studies using more idealized flat bottom models.

• Idealized channel models with an adiabatic northern boundary condition underestimate

the magnitude of the ACC transport while overestimating its response to surface wind

stress changes, even when topography is included and the eddies are faithfully repre-

sented. This inaccuracy is due to the use of the adiabatic northern boundary condition,

which presumes a complete eddy compensation. Idealized channel models with a restor-

ing northern boundary condition reproduce a realistic SOMOC response.

• The theory for the global pycnocline depth by Gnanadesikan (1999) underestimates
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the pycnocline depth while overestimating its sensitivity to Southern Ocean wind stress

changes, because the theory does not accurately describe low latitude upwelling.

• The pycnocline depth and the ACC transport need several millennia to fully equilibrate,

while the magnitude of the MOC adjusts in only a few centuries. The difference is because

the adjustment of the MOC only depends on the upper ocean stratification, while the

pycnocline depth and the ACC transport are also sensitive to the deep ocean stratification,

which adjusts more slowly. The different adjustment timescales cannot be captured by

existing two-layer theoretical models that include only one depth scale.

• The equilibrium relations between the pycnocline depth and the ACC and MOC break

down during the transient adjustment process, because the ACC and MOC depend on the

adjustment of ocean stratification at different depths, which occur at different timescales.

This depth-dependency explains why previous theories predict a too short adjustment

timescale for the pycnocline depth. An improved theory will need to consider the depth-

dependence of deep ocean stratification adjustment.

The results of this thesis are expected to contribute to improved global ocean and climate

simulations and increased confidence in climate projections. The theoretical work in chapter

2 will inform future developments of improved ocean eddy parameterizations, and the direct

testing of state-of-the-art eddy parameterizations in chapter 3 will inform parameterization

choices for global climate models. Improved eddy parameterizations will help GCMs to better

project future climate, reconstruct past climate, and explore climates of other planets. The

results of chapter 3 and 4 facilitate comparisons between global ocean GCMs and various ide-

alized models, by highlighting the role of topography, boundary conditions in regional models,

and time- & depth-dependence of circulation responses, thereby explaining apparent discrep-

ancies between previous studies and increasing our confidence in climate model projections.
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