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“To think without the world, is that possible? Is thinking more material than we know?
There are affinities that escape our perception: the unknown is an immense reality.”

— Etel Adnan, Fog
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ABSTRACT

The brain is a distributed computational system. While the brain has been understood to
exhibit at least weak modularity for over a century, numerous important questions about
the degree and consequences of that modularity remain. My thesis work consisted of three
projects, which are each related to distinct questions about the nature and function of

modularity in the brain.

First, I investigated how the neural code within distinct regions of the brain could be made
reliable in the face of the unreliability of individual neurons. In this work, I found that in-
creasing the dimensionality of neural representations through conjunctive mixing of multiple
stimulus features improves the reliability of those representations by orders of magnitude rel-
ative to representations without mixing. This work provides an explanation for a commonly
observed phenomenon in experiments: The apparent random conjunctive mixing of stimulus
features in single neurons. However, it also intersects with questions about modularity. In
particular, the benefits that can be derived from this conjunctive mixing depend strongly on
the size of the neural population available to participate in the representation — that is, on
the size of a particular brain region. Further work will explore how this pressure for larger

regions is tempered by other constraints in the brain.

Second, I investigated how the neural code across distinct regions of the brain could be
made reliable in the presence of multiple heterogeneous objects that are represented only
partially within each region. As an example, two cats in the world have both visual and
auditory representations in the brain. To guide behavior, the brain must integrate these
different facets of the same animals. We describe the necessary conditions for this integration
process to be reliable. Further, we outline a tradeoff, in which the fidelity of each individual
representation can be increased at the cost of a greater risk of catastrophic integration errors,

in which the auditory features of one cat are integrated with the visual features of the other
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cat. More generally, this work provides another constraint on the modularity exhibited by
the brain. We show that redundancy in the information represented by distinct brain regions
is absolutely necessary for reliable integration. Thus, this work illustrates a pressure for the
brain to use fewer distinct modules, so that it can satisfy the overall goal of redundancy

reduction for producing efficient neural codes.

Third, I performed electrophysiological experiments to investigate the role of a particular
brain region, the lateral intraparietal area (LIP), in two distinct tasks. These experiments
revealed that the putative function of LIP in the representation of both visually guided
actions and the behavioral relevance of different parts of the visual field is highly task-
dependent. In particular, our results indicate that LIP may serve this role primarily in
the context of directed tasks, while it is less engaged in undirected, free-viewing behavior.
These results illustrate the extreme context-dependence of many of our inferences about the

functional role of different brain regions.

Together, my thesis work refines our understanding of the role and reason for modularity
in the brain — and points to numerous directions for future work. In particular, my work
provides many of the necessary tools for beginning to build a more comprehensive normative
theory of neural modularity that will be necessary to a comprehensive understanding of the

brain.
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CHAPTER 1

INTRODUCTION

1.1 Distributed computation and modularity in the brain

The structure of the brain has long been understood to dictate much about its function.
In some cases, the relationship of structure to function is relatively direct: For instance, an
important cue for horizontal sound localization is the difference in onset time of the sound
to each ear. If the sound arrives earlier in the left ear, then the sound likely originates from
a point in space to the left of the head — and the precise difference in onset can be used to
localize the origin point with high accuracy on the horizontal plane. In the barn owl, auditory
localization is performed through neural “delay lines” that are exquisitely designed to exploit
the information contained in this onset difference. In particular, neural transmission delays
and physical distance in the brain are both designed so that distinct neurons in a central
structure receive coincident input from both ears only when sounds have particular, distinct

onset differences and thus are likely to emerge from a particular point in space[l}, 2].

However, the link between structure and function is not always so direct. In particular,
mammalian cortex is thought to be highly modular[3-6]. This modularity in structure is
suggested by cytoarchitectural differences between different areas[3} |4] and anatomical trac-
ing of connections between those areas|5-8|. Further, modularity in function is suggested by
electrophysiological recordings within different areas (e.g., [8411] and many more) and lesion
experiments, in which specific behavioral deficits are observed after different areas are dam-
aged or removed (e.g., [12-16] and many more). However, the direct functional consequences

of this modularity have proven difficult to fully understand.

As an example, the primate visual system is understood to be elaborately modular in both



structure and function (Figure [L.1j)

5, 6]. One example of this modularity comes from the
two stream hypothesis (Figure [[.1p)[17H20]. This idea, now over half a century old, splits
the primate visual system into two anatomically and functionally distinct processing hier-
archies, each of which is composed of many cortical regions. The ventral visual stream —
also referred to as the “what” or vision-for-perception stream — is thought to be specialized
for extracting complex, detailed representations of the component objects of visual scenes.
This stream culminates in the inferotemporal cortex (ITC), where single neurons have been
shown to exhibit rich representations of conspecific (and related species) faces|21] as well as
highly invariant[22, 23] representations of objects. The second visual processing stream, the
dorsal stream — also referred to as the “where” or vision-for-action stream — is thought to
be specialized for the planning of visually guided actions|13| 24], spatial representations|25],
and the deployment of spatial attention|[26]. This stream culminates in the posterior pari-
etal cortex, which has a rich representation of motor intention|26] and which is thought to
implement a spatial priority map|27]. That is, a topographic map of sensory space where
the neural activity at a point in the map reflects the behavioral relevance of that location in

space — and, thus, the likelihood that the animal will deploy attention to that location.

This dichotomy has profoundly shaped our understanding of the primate visual system, both
by providing an organizing framework but also by shaping the kinds of experiments that are
performed. In particular, while there are hundreds of studies that elaborate on how individ-
ual brain regions contribute to the function of the processing stream that they are located
within, relatively little is understood about the role those brain regions have in functions
that are thought to belong to the complementary processing stream. Yet, when such func-
tion is investigated directly it is often discovered — as with rich three-dimensional object
representations|29, |30] and shape representations|31] in the dorsal stream. This richness of
function in single brain regions suggests that the brain’s modularity may, in fact, be weaker

than strong dichotomies, like the two streams hypothesis, suggest. Further, theoretical work
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Figure 1.1: Hierarchies of visual cortical areas.

A The van Essen diagram depicts the primate visual system as a modular system of inter-
connected brain regions. Adapted from , @ B The two-streams dichotomy takes a more
explicitly functional view of a similar set of brain regions, dividing them into dorsal and
ventral regions, each with distinct functional specialization. The ventral stream (in red) for
object recognition; and the dorsal stream (in blue) for spatial processing and visually guided
actions. Adapted from .

described in chapter [3| demonstrates that strong modularity, where two brain regions rep-
resent completely distinct information about the sensory world, is not a computationally

feasible strategy in rich environments with multiple distinct objects. In general, precisely



characterizing the function of distinct cortical regions has proven difficult. In part, this is
because experiments are limited to detecting only the limited set of functions that they ex-
plicitly test for — and because inferences made from these finite observations often fail to

generalize (see chapter [4)).

Further, recent experimental work has shown that the causal experimental techniques often
used to establish the unique function of different brain regions are more difficult to inter-
pret than previously thought|32]. In particular, to test whether a region is necessary for
a particular behavioral function, common practice is to either chronically ablate[12-16] or
acutely inactivate[33], 34] the region of interest, and then perform behavioral testing during
the manipulation. However, chronic and acute causal manipulations produce biases in oppo-
site directions. Chronic ablations often underestimate the effects of removal, as the animals
typically need time to recover from the procedure and they are able to learn to compensate
for the deficit in that interim[32]. On the other hand, acute inactivations often overestimate
the importance of a region to a particular behavior|32]. This is because the abrupt silencing
of a particular region can cause unanticipated perturbations in the dynamics of downstream
brain regions, through cross-region interactions|35, 36]. Thus, while anatomically distinct
brain regions have been conclusively demonstrated, the precise function of these regions is
often difficult to isolate relative to the function of a collection of regions. That is, a mapping

between the structural and functional modularity in cortex has remained elusive.

One difficulty in understanding the functional modularity of the brain may arise from a lack
of precision in language about neural computations and representations more generally. In
particular, if a brain region is found to represent a particular quantity, it is often then inferred
that the brain region has some role in computing that quantity. We believe that sharpening
the delineation between representation and computation may help to resolve ambiguity in

functional modularity. As an example, there is compelling evidence that complex and invari-



ant object representations are computed from natural images across the hierarchy of regions
in the primate ventral visual stream[37] [38]. Further, the representations at each stage in the
hierarchy are well-matched by a feedforward deep neural network trained to perform object
recognition[39, 40]. This observation implies that much of the computation occurs in the
communication between brain regions, rather than through recurrent processing within brain
regions. That is, while each region has progressively more refined object representations, the
bulk of the computation occurs outside of any particular region. Thus, it is necessary to
compare neural representations a step apart from each other in the processing hierarchy to
make inferences about the computation itself. As an example, in the ventral stream, ex-
perimental and theoretical work has demonstrated that object representations emerge, in
part, through the progressive untangling of object identity information from general visual
information (e.g., this untangling process would cause distinct objects with similar low-level
features to be represented increasingly differently) in transitions between V4 and ITC[37]
as well as ITC and perirhinal cortex|41]. While the primate ventral visual stream may be
particularly well-suited to this explicit understanding of computation, the recent move to-
ward understanding neural population activity in terms of dynamics on a manifold may help
clarify which computations happen across regions, as expressed by deformations between
the manifolds in two distinct brain regions[42, |43, and which happen within a region, as

expressed by particular dynamics on the manifold in that region[44, 45].

To move toward this understanding, it is important to understand the constraints on repre-
sentations and dynamics within each region, constraints on how distinct regions can interact
with each other, as well as how these interactions depend on distinct behaviors. First, con-
straints on representations and dynamics within single regions have been studied extensively
in the literature on neural coding. We will review how neural representations can achieve
the three normative goals of reliability in the face of neural noise and cell death, efficiency

in terms of both population spiking activity and the number of neurons required in the
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population, and accessibility of both general and specific information to downstream neural
populations. Second, the interactions between distinct populations have received relatively
little attention in theoretical and experimental neuroscience. We will review constraints on
neural dynamics that can be produced by interacting brain regions and recent theoretical
work that describes constraints on the information represented by interacting brain regions.
Third, neural activity is often surprisingly context-dependent. While one might expect brain
regions in a modular system to perform a single computation in the same way across all be-
havioral contexts, experimental work has illustrated that this is often not the case. We will
review experiments demonstrating this phenomenon and connect it to difficulties in under-
standing the brain as a modular system. Finally, we will briefly discuss the integration of

these three threads into a unified understanding of distributed computation in the brain.

1.2 Reliable, efficient, and accessible neural representations

The theoretical study of neural representations has followed the normative principles of the
efficient coding hypothesis[46, 47| for more than half a century. This hypothesis suggests that
neurons are constrained to represent the sensory environment efficiently; that is, a neuron
should communicate as much unique information about the sensory environment as possible
while using as few energetically expensive spikes as possible. Relatedly, this also means that
neurons should seek to transmit as little redundant information about the environment as
possible. In practice, this redundancy reduction aspect of efficient coding can be achieved
by learning the statistical structure of the sensory environment. Then, for instance, if two
phenomena are highly correlated with each other, redundancy can be reduced by transmit-
ting only one of them. This relatively straightforward principle of efficient coding through
redundancy reduction can be made concrete using the mathematics of information theory.
With that formalization, efficient coding has proven effective at predicting the structure of

neural codes, especially on the sensory periphery[48-50] and in early sensory areas[51, [52].
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However, efficient and wholly non-redundant codes also have drawbacks[47]. In particular,
redundancy is essential to constructing reliable codes — as, in the presence of significant noise,
it is precisely redundant information that allows noise to be disentangled from signal, and
corrected. Further, while single neurons in isolation can be highly reliable, neurons in cortex
are often highly variable in their activity[53, 54], potentially due to their heterogeneous input
that reflects a wide variety of sensory, contextual, and motor features[55, |56]. Thus, overcom-
ing noise to produce reliable neural representations is a significant challenge for cortical and
some subcortical representations. Combining the ideas of efficient and reliable coding have
also been successful in predicting the structure of some neural representations. In particu-
lar; grid cells in the entorhinal cortex can be viewed as implementing an exquisitely reliable
analog code for spatial position[57] and the high-dimensional representations of sensory, cog-
nitive, and motor variables observed in cortex[58] have also been shown to implement a
reliable and efficient code (see chapter [2 and [59]). These results indicate that reliability, in

addition to efficiency, is an important constraint on the structure of neural representations.

Information theory addresses the dual concerns of efficiency and reliability, and provides
theoretical limits on the level of reliability that can be achieved given a particular amount
of energy. However, one drawback of many codes that achieve theoretically optimal reli-
ability and efficiency is in decoding. In coding theory as studied for telecommunications,
the decoding step for optimal codes often requires a sequence of complex operations to be
performed on the received information before all of the theoretically correctable errors in-
troduced during transmission are corrected in practice[60, 61]. This poses a problem for
neural implementations of these codes, as the implementation of similar operations would
require recurrent processing that is inconsistent with the rapid feedforward transmission of
information through hierarchical neural systems, such as the ventral visual stream[37, 38].
This suggests a third constraint on neural representations: They must format information

in a way that is accessible for rapid error correction and reformatting.
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This accessibility constraint has been most clearly described in work on a common form
of neural selectivity known as nonlinear mixed selectivity[62, 63]. In these mixed codes,
the response of a single neuron is nonlinearly modulated by multiple sensory, cognitive,
and motor features — in particular, mixed selective neurons typically respond strongly to
one or more combinations of these feature values, but are unresponsive to the constituent
features alone. This nonlinear conjunction operation has the consequence of expanding the
dimensionality of the representation of all of the stimulus features, and simple linear decoders
can then be used to decode any individual stimulus or any combination of stimuli. Thus,
mixed selectivity can support rapid and flexible decoding. These mixed codes have been
shown to be implemented across cortex, including in sensory[64-69], frontal[62, 63|, and
motor cortices[70-72]. Further, recent work|59] (and see chapter |2)) has demonstrated that
mixed codes are also more reliable and efficient than non-mixed codes — though less reliable
and efficient than optimal codes. Further, this work showed that mixed codes provide these
accessibility, reliability, and efficiency benefits in the sensory context as well as for mixtures
of higher-level stimulus features as was previously the focus. Thus, mixed representations
may provide a compromise between the necessity of rapid decoding and reformatting as well

as reliability and efficiency.

However, mixed representations alone also have an important drawback. While the high-
dimensional representations produced by mixed selectivity are beneficial to accessibility,
efficiency, and reliability as described above, they can be detrimental to learning and gener-
alization[59, |73, 74]. As an example, the representations of a pair of stimuli that are close
to each other in stimulus space will become less and less similar to each other as the de-
gree of mixing in the code increases. Thus, it can become impossible to infer that the two
stimuli are similar to each other from their neural representations alone. Recent work has
shown that neural representations in the prefrontal cortex implement a compromise between

highly mixed representations and low-dimensional structure that can be used to support gen-
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eralization and abstraction[75]. A similar implementation of a high-dimensional code with
low-dimensional structure has recently been observed for representations of natural images in
mouse visual cortex as well[58]. Further, unpublished work from the author has shown that
these heterogeneous mixed and non-mixed combination codes preserve many of the efficiency

and reliability benefits produced by mixed codes alone.

1.2.1 The geometry of reliable, efficient, and accessible codes

All of these constraints on neural codes can be expressed in a unified way through the code
geometry. That is, each stimulus that is represented by a code will correspond to a point
in representation space. Each neuron in the code population corresponds to an axis of this
representation space. The metabolic cost of spiking activity in the code will be related to the
average distance from the origin of each stimulus representation. Similarly, the reliability of
the code is related to the distance between the representations of two stimuli that are nearby
to each other in stimulus space. As an example, one way to increase the reliability of the
code is to increase the gain of every neuron in the population — that is, where a neuron fired
n spikes to a particular stimulus before, it will fire 2n spikes to the same stimulus now. This
gain increase in spiking necessarily scales the distance between all stimulus pairs by a factor
of 2 as well. Thus, two things happen: First, the code becomes more reliable because all of
the stimuli are now further apart; second, the metabolic cost increases as all of the neurons
now have higher firing rates on average. In a similar context, coding theory has illustrated

that this mechanism of increasing code reliability is highly inefficient[60].

Instead, manipulation of the geometry of the representation space itself can increase relia-
bility without decreasing efficiency. In the case of nonlinear mixed selectivity, the increased
reliability arises from the expanded dimensionality of the representations (Figure[L.2)). Even
if all stimulus representations are constrained to be a fixed distance from the origin, a high-

dimensional representation will have more ways to arrange the representations such that
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they are further apart, while a lower-dimensional representation will be forced to place the
representations closer together. While this is perhaps easiest to conceptualize with a discrete
set of points, this is true for a continuous manifold as well. To illustrate this, consider the ex-
treme case where each stimulus is represented on its own dimension in the high-dimensional
code (Figure eft). For positive firing rates and a fixed distance from the origin, every
stimulus will be at the largest possible distance from every other stimulus. Thus, any lower-
dimensional code will be forced to place at least one stimulus at a distance that is at least

slightly smaller than that maximum (Figure [1.2Fight)[59].

On the other hand, it is precisely this uniformly maximal distance that can make high-
dimensional codes difficult to learn. To understand why this is, we again return to our
extreme example where each stimulus is represented along its own dimension. Here, because
all stimuli are at the same distance from each other, we have destroyed any information
about whether two stimuli are similar — either in the sense of being nearby to each other
in stimulus space or sharing a subset of feature values. Thus, anything that we want to
learn about a particular feature value (say, a single feature value predicts reward) must be
learned about each stimulus with that feature value individually. To ameliorate this difficulty,
neural codes can incorporate low-dimensional structure that provides this information, while
still maintaining high-dimensional representations. This can be done both by increasing
receptive field size[h9] as well as by including non-mixed terms in the representation|75].
Both strategies decrease reliability and efficiency from the maximum achievable by mixed

selectivity, but still retain benefits over non-mixed representations.

Thus, reliable and efficient codes that provide accessible and learnable information have
a distinct geometry: They should be high-dimensional to provide accessible, efficient, and
reliable representations, but they should be mixed in with relatively low-dimensional struc-

ture to provide information useful for learning abstractions and generalizing across distinct
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contexts. Recent experimental and theoretical work has indicated that both the monkey
prefrontal[62, (63, [75] and parietal[59] cortices and the mouse visual cortex|58| exhibit codes
with this characteristic mixture of high- and low-dimensional structure. In the mouse visual
cortex, it was shown that the representations of natural images appear to lie at the optimal

point on a trade-off between that high- and low-dimensionality[58].
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Figure 1.2: Differences in representation separation between low- and high-dimensional neu-
ral codes. (left) A low dimensional representation of three stimuli, constrained to exhibit
representations with fixed distance from the origin. (right) A representation of the same
three stimuli with expanded dimensionality. (bottom) The smallest distance between any
pair of representations in each code. This minimum distance provides a good approximation
of code performance.

1.3 Neural representations in a distributed system

While normative theories of neural representations — such as efficient coding — produce
constraints on neural representations within a single brain region, the modular nature of
the brain implies that there is an additional set of constraints on representations across
interacting brain regions. First, structural modularity implies constraints on the dynamics
in individual brain regions due to their placement within a hierarchy of interacting brain
regions; second, functional modularity implies constraints on the information represented
within each brain region, such that interactions between regions can be reliable. These

dynamical and information constraints have yet to be integrated with one another. Further,
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a comprehensive theory of neural coding that integrates both the constraints on within region
representations discussed in the previous section and the constraints implied by the brain’s

modularity has yet to be developed.

The dynamics of neural activity within a region have long been understood as being primarily
the result of local circuit properties. In particular, phenomena such as divisive normaliza-
tion[76] and diffusion-to-bound decision dynamics|77] have been shown to be well-explained
by interactions between neurons within a single brain region. Even the sustained activity
that is thought to support working memory has been explained in terms of local network
interactions|78, [79] (though see [36]). However, each of these explanations assume that the
region being studied receives an input relevant to its function and produces an output. In
the brain, the situation is much more complicated. Not only do neural populations tend
to receive extremely heterogeneous inputs|56, 58|, but the activity in one region affects the
activity in connected regions. The activity in these connected regions is then, in some cases
almost immediately, fed back into the original region — thus, there are additional inter-
region recurrent loops that can strongly affect the dynamics within any particular region. It

is unclear what the role of this larger scale of recurrence is for computation.

1.5.1 Constraints on neural dynamics from distinct brain regions

The broad dynamic effects of this recurrence has been studied using a large-scale model of
monkey cortex, where the dynamics of 29 interconnected brain areas were modeled using
experimentally determined functional connectivity weights[35]. The most striking effect of
this contextualization of single region dynamics within dozens of interconnected regions is
an increase in the time constant of neural dynamics in regions that are located increasingly
higher in the hierarchy, even given neuron models with fixed time constants in every re-
gion|35]. This means that regions that are higher in the cortical hierarchy, such as regions in

prefrontal cortex and at the apex of the dorsal and ventral visual streams (in posterior pari-
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etal cortex and the inferotemporal cortex, respectively) tend to integrate inputs over much
longer timescales and have dynamics that reflect inputs from more distant points in the past
than primarily sensory regions that are lower in the hierarchy (Figure . In addition,
areas that were higher in the hierarchy, were also more likely to exhibit stable persistent

activity[35], which is viewed as a hallmark of more cognitive computations.
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Figure 1.3: Each different colored trace is the response of a brain region to pulsed input
(top). The duration of the response indicates the time constant of the dynamics in that
brain region. Brain regions lower on the plot are higher in the cortical hierarchy, and have
properties matched to the properties of that region, including connection weights to the
other region. Adapted from [35].

Further investigation of a similar model reveals that the extensive feedback and recurrent loop
projections present in cortex can destabilize signal propagation from lower to higher regions
in the hierarchy[80]. In particular, these dynamics appear to force the network of regions into
one of two states: a state of extreme signal attenuation, in which signals from lower regions
in the hierarchy are scarcely able to reach higher regions, and a state of global instability,
where inputs to lower regions can produce massive global activations that are coupled across
all the regions in the network|[80]. Both regimes are unrealistic. To achieve reliable signal
transmission across the network of brain regions, excitatory coupling between the regions
and inhibitory coupling within each region was increased[80]. This manipulation also had

the effect of creating a threshold effect on transmission — in which inputs to lower sensory
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areas are only represented in parietal and frontal areas if they are sufficiently strong[80]. This
filtering mechanism could not be inferred from the study of single brain regions in isolation.
The network of regions explored in these two modeling studies provide non-trivial constraints
on population dynamics both within and across single regions. To develop a comprehensive

understanding of neural computation, it is important to incorporate these constraints.

1.3.2  Constraints on neural representations from distinct brain regions

While the general constraints on dynamics discussed above fundamentally shape interactions
between brain regions, they give relatively little insight into the specifics of information in-
tegration and computation performed between those regions — particularly in the coding
theoretic sense of investigating efficiency, reliability, and accessibility of neural representa-
tions across regions. Information integration across multiple regions has received the most
attention in the context of multisensory integration. In particular, there is an extensive
literature studying the estimation of heading direction from combined visual and vestibular
signals[81} |82]. This work indicates that neural systems optimally combine the two sources
of information to arrive at a more precise estimate of heading direction than could be derived

from just one of the forms of information alone|81].

Further, modeling work has developed a recurrent neural network system that performs both
optimal cue integration and provides a solution to the so-called recoding problem|83]. The
recoding problem concerns how representations of the same quantity that are encoded in dif-
ferent frames of reference can be integrated with one another. As an example, the auditory
system estimates spatial position in a head-centered frame of reference, while the visual sys-
tem estimates spatial position in an eye-centered frame of reference. Given information about
eye position, these two estimates of spatial position can be integrated with one another, and
an estimate that leverages this combined information will be more accurate than estimates

that rely on either individually (just as with visual and vestibular integration above). In this
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work, an intermediate population of neurons is hypothesized to simultaneously recode from
eye-centered to head-centered and from head-centered to eye-centered reference frames, given
designed connectivity between the three populations of neurons representing eye-centered po-
sition, head-centered position, and eye position. Through recurrent dynamics between these
four total populations, the estimates in each population are iteratively refined and converge
toward the optimal estimate in each domain|83]. Interestingly, this integration strategy does
not assume a dominant frame of reference. Instead, optimal estimates are developed within
both head- and eye- frames of reference. Further, the model predicts that the intermediate
population that mediates the integration process will exhibit shifting patterns of selectivity
according to changes in the eye position, similar to those observed in the posterior parietal
cortex|84], 85]. Thus, this work provides a neurally plausible and experimentally supported

mechanism for solving the recoding problem.

However, the previously discussed work and almost all theoretical work on multisensory
integration in general supposes that there is only a single stimulus representation within
each modality, and that the representations in each modality are guaranteed to emerge from
the same source in the world. In visual and vestibular integration, this is true for static
visual environments where the only motion present corresponds to self motion, but it is not
true in natural environments, which often have many moving components. Behaviorally,
both humans[86] and animals[87] have been shown to integrate vestibular and visual self
motion cues in the presence of distractor object motion. While humans have been shown to
perform this integration near optimally using a causal inference framework|86], the neural

implementation of this computation remains unclear.

Further, in other multisensory integration contexts, there is no guarantee that integration
should proceed at all. As an example, when presented with a single auditory stimulus in

conjunction with a single visual stimulus, two possible scenarios can be true. First, both
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stimuli can arise from the same source — that is, the same cause in the world is responsible
for both stimuli. Second, each stimulus can arise from a different source — that is, there are
two distinct causes, one for each of the stimuli. Discriminating between these two scenarios
is highly non-trivial, though humans are, again, shown to do so near-optimally according to
a Bayesian inference framework|88|. However, this integration process becomes even more
complicated in the presence of additional stimuli. Even if we make the simplifying assumption
that each stimulus in one modality will necessarily have the same cause as one (and only one)
stimulus in the other modality, the number of possible integrations grows as the factorial of
the number of stimuli. The integration of distinct sets of representations is referred to as the
assignment problem|[89]. This assignment problem must be solved when integrating any sets
of representations, not only representations that arise from distinct modalities. Thus, insight
into necessary conditions for a solution to the assignment problem will also give insight into

constraints on neural representations across brain regions.

The mechanisms of the general assignment problem are relatively understudied. While there
is an extensive literature in human psychophysics on feature integration for object segmen-
tation[90, 91], there is relatively little quantitative modeling that addresses the integration
of arbitrary numbers of objects. Recent work (see chapter |3)) generalizes the insight that in-
tegration processes rely on shared representations of at least one object feature — in the cases
discussed so far, this is a shared representation of position —and describes how the assignment
error rate depends on changes to this shared information. This framework describes a quan-
titative trade-off between increasing the level of redundant information represented between
two brain regions, which leads to a decrease in the assignment error rate, and decreasing the
level of redundant information, which allows all of the information to be represented with
greater accuracy. However, crucially, representations across distinct processing hierarchies
cannot be mutually independent, as the efficient coding hypothesis would suggest. Redun-

dancy between representations of the sensory world is strictly necessary for disambiguating

16



which objects (or causes) in the world are giving rise to which sensory phenomena. This
constraint on neural representations across brain regions may be the reason that modularity
in the brain is not as strict as originally suggested by strong dichotomies, such as in a strong

interpretation of the two streams hypothesis for the primate visual system.

To understand the solution to the assignment problem, a geometric perspective is again
helpful. Each of two, for instance, sensory brain regions represents K1 and K9 object features.
That is, for N stimuli, each brain region represents N points in a K{- or K9-dimensional
space. For a reliable solution to the assignment problem to exist, some of these dimensions
must be overlapping. This overlap does not need to be explicit. For instance, if two features
in the first region are correlated with one of the features in the second region, that is enough.
The set of N objects represented in each region can then be projected into this lower-
dimensional, common representation space. In this framework, the solution to the assignment
problem is a mapping between the two sets of representations in the common representation
space. In chapter [3, we show that the optimal mapping is the one that minimizes the
sum squared distance between the integrated representation pairs. Thus, we can see that
assignment errors are most likely to occur when clusters of stimuli are nearby to each other
in this common feature space. In human psychophysical data where assignment errors have
been demonstrated, these errors are indeed most likely[92]. While a neural implementation
of this solution to the assignment problem is straightforward using the ingredients developed
previously in the literature and described above, there are interesting questions about how
dynamics specific to multiple object representations, such as divisive normalization, affect
the assumption that the estimates of each object are independent from each other, and how

this depends on the geometry of the neural representations in each individual region.

There is still work to be done toward a unified theory of distributed neural representations.

However, the above work provides key ingredients to this theory by outlining constraints on
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neural dynamics and information representation in a weakly modular neural system. The
mutual interaction between these constraints and the geometry of neural representations in a
single brain region remain to be determined. Further, so far, we have elided any discussion of
the rich behavior that these neural representations and dynamics produce. Recent work has
illustrated difficulties in understanding the function of different brain regions from limited
behavioral probes. In particular, neural representations in different brain regions appear
to be richly context-dependent, which complicates attempts to succinctly describe their
function. Thus, a unified theory of distributed neural representations must account for this

dynamic as well.

1.4 Context-dependent coding

Behavioral context has been shown to significantly shape neural activity, sometimes in sur-
prising ways. The behavioral contexts that can be explored in a laboratory setting are often
limited, and occupy a relatively unnatural subspace of all possible behaviors[93]. While
strictly controlled experiments with constrained and unnatural stimuli can give fundamental
insight into information processing in the brain, it is important to then test these conclusions
with both more natural stimuli[94] and in additional, potentially more naturalistic, behav-
ioral contexts. As an example, activity in some regions of the songbird song-production
system, activity is highly dependent on the animal’s social context[95]. In particular, when
the animal is singing in the presence of a conspecific as opposed to singing alone, the activity
in several nuclei involved in song production is markedly reduced and markedly less vari-
able|95]. This contrast in behavioral contexts provides unique insight into the function of
these brain regions for song production: They indicate that the two nuclei are preferentially

involved in song learning during private rehearsal[96].

Behavioral context has also been shown to be deeply important to cortical activity in the
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mouse as well. When animals are running, the responsiveness of visual cortical neurons
typically doubles relative to when the animal is still — though the stimulus tuning of those
responses remains similar[97]. This change has been shown to increase the signal-to-noise
ratio of visual representations[98], and may reflect an overall increase in attention to visual
inputs. One interpretation of this result is that the mouse weights visual information more
heavily while ambulating and weights it less while staying still — perhaps giving priority,
instead, to other sensory information. In this case again behavioral context is revealed to

have a crucial role in determining neural function.

Further, recent work in the monkey (see chapter {4)) has shown that the presence of explicit
task demands — referred to as a directed task — strongly modulates representations of behav-
iorally relevant information in the posterior parietal cortex (PPC) relative to a task without
explicit demands, but during which the animal is making identical behavioral responses.
These results further highlight the importance of accounting for task context when making
inferences about the function of different brain regions. In particular, previous work has
suggested that the lateral intraparietal area (LIP) in the PPC has a general role in the
allocation of bottom-up spatial attention[99] and in the representation of a generic map of
salience and behavioral priority in the sensory environment[27]. These recent results instead
suggest that LIP may play this role in the allocation of spatial attention only in directed

task contexts with explicit reward structure.

All of these examples illustrate that our understanding of neural function is highly con-
ditioned on the behavioral context of the animal, sometimes in surprising ways. Further,
results indicating that LIP may play a distinct role in directed relative to undirected tasks
suggests that modularity in the brain may, in some cases, be more directly organized around
particular behaviors rather than specific computational functions. For instance, LIP may

not have a general role in computing the bottom-up salience (or priority) of a particular
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stimulus; instead, it might be specialized for the rapid selection of cued visual stimuli, and
represents the salience of visual stimuli only when it is relevant to supporting that behav-
ior. Theoretical work that explores the trade-off between modules that perform a specific
and generic computation rather than modules that are specialized to support specific sets of
behaviors is a necessary ingredient for any unified theory of distributed computation in the

brain.

1.5 Conclusions and remarks on the following chapters

We have outlined three areas where significant progress has been achieved in understand-
ing neural function: representations within brain regions, the integration of representations
from across distinct brain regions, and the often striking dependence of neural activity on
behavioral context. Throughout, we have highlighted the significant challenges that still
remain in unifying these three to-now disparate fields of inquiry into a more comprehensive
understanding of neural function as a distributed computational process. While significant
progress has been made in understanding the construction of efficient, reliable, and accessible
population codes within a single brain region, further work is necessary to understand how
these population codes can interact with each other outside of strict feedforward interactions
and beyond cases with only a single stimulus representation. The brain effortlessly repre-
sents numerous multisensory stimuli at once and across time — yet, the neural mechanisms of

these heterogeneous and dynamic representations have received surprisingly little attention.

Further, our understanding of the functional role of distinct brain regions is severely impov-
erished. While a single experiment can provide information about a region’s involvement
in a particular task or set of tasks, it has proven difficult to make reliable inferences about
the general function of brain regions from these relatively isolated observations. We suggest

that our understanding of functional modularity would be improved by developing a stronger
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theoretical basis for distributed computation in systems like the brain. In particular, it may
be productive to reframe the function of some brain regions more explicitly in terms of the
behaviors that they mediate rather than searching for a specific and generic computational

function that they serve.

In the following chapters, we expand on each of these areas of research in original work,
that has also been referenced within each section. First, we investigate the production of
reliable, efficient, and accessible population codes in cortex and show that nonlinear mixed
selectivity is a desirable coding strategy for achieving each of these goals. Second, we in-
vestigate the integration of distinct representations of multiple objects by extending classic
optimal integration frameworks to include multiple stimuli. Here, we show that a balance
of redundancy and uniqueness in neural representations across brain areas is necessary to
navigate a trade-off between catastrophic integration errors and the fidelity of neural rep-
resentations generally. Finally, in the third chapter, we investigate context dependence in
the posterior parietal cortex area LIP using two distinct behavioral tasks: One that requires
directed stimulus selection and the other that allows the animal to select stimuli according
to its innate preference. This experimental work reveals that LIP is preferentially engaged
in the directed relative to the undirected behavior — again, revealing the often fundamental

context dependence of neural representation in many brain regions.
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CHAPTER 2

NONLINEAR MIXED SELECTIVITY SUPPORTS RELIABLE
NEURAL COMPUTATION

W. Jeffrey Johnston, Stephanie E. Palmer, and David J. Freedman

now published in PLoS Computational Biology|59|

Abstract

Neuronal activity in the brain is variable, yet both perception and behavior are
generally reliable. How does the brain achieve this? Here, we show that the conjunctive
coding of multiple stimulus features, commonly known as nonlinear mixed selectivity,
may be used by the brain to support reliable information transmission using unreliable
neurons. Nonlinearly mixed feature representations have been observed throughout
primary sensory, decision-making, and motor brain areas. In these areas, different
features are almost always nonlinearly mixed to some degree, rather than represented
separately or with only additive (linear) mixing, which we refer to as pure selectivity.
Mixed selectivity has been previously shown to support flexible linear decoding for
complex behavioral tasks. Here, we show that it has another important benefit: in
many cases, it makes orders of magnitude fewer decoding errors than pure selectivity
even when both forms of selectivity use the same number of spikes. This benefit holds
for sensory, motor, and more abstract, cognitive representations. Further, we show
experimental evidence that mixed selectivity exists in the brain even when it does
not enable behaviorally useful linear decoding. This suggests that nonlinear mixed
selectivity may be a general coding scheme exploited by the brain for reliable and

efficient neural computation.
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2.1 Author summary

Neurons in the brain are unreliable, while both perception and behavior are generally reliable.
In this work, we study how the neural population response to sensory, motor, and cognitive
features can produce this reliability. Across the brain, single neurons have been shown to
respond to particular conjunctions of multiple features, termed nonlinear mixed selectivity.
In this work, we show that populations of these mixed selective neurons lead to many fewer
decoding errors than populations without mixed selectivity, even when both neural codes
are given the same number of spikes. We show that the reliability benefits from mixed
selectivity are quite general, holding under different assumptions about metabolic costs and
neural noise as well as for both categorical and sensory errors. Further, previous theoretical
work has shown that mixed selectivity enables the learning of complex behaviors with simple
decoders. Through the analysis of neural data, we show that the brain implements mixed
selectivity even when it would not serve this purpose. Thus, we argue that the brain also
implements mixed selectivity to exploit its general benefits for reliable and efficient neural

computation.

Keywords: neural coding, reliability, efficiency, nonlinear mixed selectivity, conjunctive

coding

2.2 Introduction

To support behavior, the brain must use a communication strategy that transmits informa-
tion about the world faithfully, efficiently, and, perhaps most of all, reliably. The first two of
these goals have received extensive attention in neuroscience, particularly in the literature
on efficient coding and redundancy reduction|46]. Efficient coding focuses on discovering
the response field (RF) for a single neuron that simultaneously maximizes the amount of

stimulus information transmitted by the neuron while minimizing the number of spikes that
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the neuron must fire[46]. A crucial step to this process is representing stimuli without any of
the redundancy inherent to the natural world — that is, by isolating and representing the in-
dependent components of natural stimuli[100]. Refinements of efficient coding[47] have also
emphasized the need for the representation of these components to be neatly packaged, or
formatted, so that they are accessible to decoding (as with nonlinear mixed selectivity[63])
and facilitate generalization[101]. As a whole, the ideas of efficient coding have been used
to accurately predict the structure of RFs in primary visual cortex[51, |102], and other sen-
sory systems|103-105]. However, existing work on efficient coding, redundancy reduction,
and neat packaging primarily addresses the goals of faithful representation and metabolic
efficiency. This work does not typically characterize the reliability of decoding after these effi-
cient representations are corrupted by the noise that is inherent to single neuron responses|53|,

54]. In fact, non-redundant representations are often highly vulnerable to noise[60].

Making efficient representations robust to the noise present throughout neural systems has
received considerably less attention in neuroscience. In information theory, noise robustness
is the goal of channel coding. The channel code re-encodes efficient and non-redundant
stimulus representations to include redundancy that will increase the robustness of that
stimulus representation to later corruption by noise. Recent work has shown that grid cell
RFs[57] and the working memory system|[106] may implement near-optimal channel codes.
In sensory systems, channel coding has been explored more obliquely. Extensive work has
focused on deriving RF properties that maximize mutual information between the stimulus
and the response|107-H110| or the Fisher information from the response function|111-113]
(and see 114, |115] for connections between these approaches). However, these measures
do not always imply a particular level of decoder performance. Mutual information con-
nects to decoder performance via the rate-distortion bound|61], but different codes with the
same mutual information can have different levels of decoder performance relative to that

bound[116] (and see Figure 2.8B). Further, the kind of information encoded matters: a code
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that has lots of information about a target stimulus without information about which stimuli
are nearby to that target will minimize the probability of decoding error, but have worse
performance on distance-based measures of error because its errors will be random with re-
spect to the original target; a different code with the same amount of mutual information
may make the opposite tradeoff, and minimize distance-based errors while increasing the
overall frequency of errors. Evaluating mutual information for each code will not indicate
which kind of errors it is likely to make — here, we explore the tradeoff between these two
kinds of errors explicitly (see Figure . Finally, Fisher information is linked to decoder
performance via the Cramer-Rao bound, but saturation of this bound is only guaranteed
in low-noise conditions|117] (and codes with less Fisher information can outperform codes
with more Fisher information when optimal decoding cannot achieve the bound[118]). There
is neural and behavioral[119] evidence that the brain computes successfully on short (e.g.,
~80ms) timescales and spiking responses have been shown to be highly variable on that

timescale[119], thus it is unlikely that the brain typically operates in a low-noise regime.

Here, we analyze an ubiquitous coding strategy in the brain — conjunctive coding for multiple
stimulus features — in terms of both its reliability and efficiency. Previous work on conjunctive
coding (commonly called nonlinear mixed selectivity[62, |63]) has shown that it produces a
neatly packaged and sparse representation that enables the use of simple linear decoders
for complex cognitive tasks|63], particularly in the macaque prefrontal cortex|62]. Further,
random conjunctive coding has been shown to increase the number of discrete stimuli that
can be reliably represented in a neural population[120, 121], particularly in the context of
the olfactory system|[122-124]; however, a detailed analysis of how the error rate of these
codes depends on metabolic cost was not performed. In our work, we develop a novel

generalization of nonlinear mixed selectivity, allowing different levels of mixing between

stimulus features while preserving full coverage of the stimulus space (see |Definition of thel

[codes in Methodd). Using these codes, we show that the encoding of stimuli with at least some
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level of nonlinear mixing almost always produces more reliable and efficient communication
than without mixing. Further, we demonstrate novel tradeoffs between codes with and
without mixed selectivity — including an analysis of how RF size and error-type affect the
optimal level of mixing. Finally, we link our work to experimental data by showing that
mixed selectivity is implemented in the brain even when it does not support the flexible
linear decoding of stimulus features, but would still play a role in improving the overall
reliability of decoding. Our work illustrates that nonlinear mixed selectivity provides highly
general benefits to coding reliability and efficiency, and helps to explain the ubiquity of mixed

selectivity within sensory[64-69], frontal|[62, 63], and motor cortices|70H72].

2.3 Results

2.3.1 Increased mixing increases stimulus discriminability

In the brain, stimulus representations are corrupted by noise as they are transmitted between
different neural populations. This process can be formalized as transmission down a noisy
channel (Figure ) The reliability and efficiency of these transmissions depends on the
format of the encoded representations — here, we show how three different properties of
this representation are affected by nonlinear mixing, and how those properties interact with
transmission reliability and efficiency. The three properties of neural representations that

we focus on are: minimum distance, neural population size, and metabolic representation

energy (Figure and [Code properties in Methods).

Minimum distance is the distance between the representations of the two stimuli that are
most difficult to discriminate — i.e., that have the most similar neural responses. Importantly,
half of this minimum distance represents the smallest magnitude of noise that could cause
a decoding error given optimal decoding. Since smaller noise perturbations are more likely
to occur than larger ones, errors that map the response to one of the stimuli at minimum
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distance are more likely than errors to any other stimuli. As a consequence of this, a larger
minimum distance typically implies a lower overall probability of error and the minimum
distance can be used to develop an accurate approximation of the overall probability of error

in many conditions. We develop both a minimum distance-based approximation and an

approximation based on the likelihood of all possible errors in [Fstimating the error rate in|

[Methodd In general, the minimum distance is a more useful metric for summarizing our
codes than, for instance, the average distance, because the error rate is a nonlinear function
of the distances between individual stimuli. As an example, a code with half of its stimuli
at a small minimum distance and the other half of its stimuli at a much further maximum
distance would, in most cases, have a much higher error rate than a code that has all of
its stimuli at the average of the near and far distances. Population size is the minimum
number of independent coding units, or neurons, required to implement the code such that
all possible stimuli have a unique response pattern. Representation energy is the metabolic
energy consumed by the response of the neural population to a stimulus, defined as the
square of the distance between the zero-activity state and the response patterns to stimuli
for the code — here, representation energy can be viewed as the squared spike rate in response
to a particular stimulus summed across the population of neurons used by the code (though
we also consider the sum spike rate, see Figure . In the codes we consider here, all of the
stimuli evoke the same number of spikes across the population, and therefore have the same
representation energy. Representation energy represents the active, metabolic cost of the
code (in terms of the cost of emitting spikes), while population size represents the passive
metabolic cost of the code (in terms of neuronal maintenance costs across the population,
spiking or not). We begin by considering representation energy alone before considering both

together.

The stimuli represented by our codes are described by K features that each take one of

n discrete values (Figure and see |Definition of the stimuli in Methods). As a simple
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example, one feature could be shape, and two values for shape could be square or triangle;

a second feature could be color, and two values could be red or blue. In all, there are nf

possible stimuli. So, there are four stimuli in our example. For each stimulus, the likelihood

of making an error is the same (see [Definition of the stimuli in Methods). In that way,

the results we describe here do not depend on the distribution of stimuli. As an example,
even if red squares were far more likely to occur than any of the other three stimuli, the
error rate would be the same if they were all equally probable. However, in the case where
red squares are far more likely than the other stimuli, it would be possible to design a
code that dedicates more resources to discriminating red squares than to discriminating the

less probable stimuli that would potentially have superior performance to the codes that

we study here. We discuss this possibility further in the Discussion and |Linear transform)

[(6) in Methods Finally, while we focus on discrete features, our core results are the same

with continuous features (see |[Error-reduction by mized selectivity in the continuous case in

Supplement).

To understand how mixed selectivity affects code reliability and efficiency, we compare the
performance of codes with different levels of conjunctive stimulus feature mixing, following
the definition of nonlinear mixed selectivity used previously in the literature[62} 63]. We refer
to these different levels of mixing as the order of the neural code. In particular, neurons in a

code of order O respond to one particular combination of O feature values and do not respond

otherwise (Figure 2.1D and see [Definition of the codes in Methods), and a code has a neuron

that responds to each possible combination of O different stimulus feature values (see

lezample in Methodd for more details). In our example, an order one (O = 1) code would have

neurons that respond to each shape regardless of color and each color regardless of shape
while an order two code (O = 2) would have neurons that respond to each combination of
shape and color — for instance, one neuron would respond only to red squares, another only to

blue squares, and so on. This example can map onto the two features used in the illustration
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in Figure 2.1]D, E. From this construction, each stimulus will have a unique response pattern
across the population of neurons, but the population size will vary across code order. In
general, higher-order codes will have larger population sizes, but less activity on average per

neuron in the population.

With this formalization, we derive closed-form expressions for the population size (Dp),
representation energy (Pp), and minimum distance (Ap) of our codes. These expressions
are each functions of the number of features K, the number of values each of those features
can take on n, and the order of the code O (Figure ) The population size for a code of

order O, with K features that each take on n values is given by

Do = (IO() n?

which can be viewed in terms of (IO() subpopulations that each encode all possible value
combinations of O features, n©. Following from this intuition, the representation energy for

a code of order O is given by

- (o)

That is, there is one neuron active in each of the (g) subpopulations described above (see

[Representation energy (Po) of the codes in Methods| for more details). Finally, the minimum

distance between responses in one of our codes is the distance between the responses to pairs
of stimuli that differ only by one feature (though, in O = K codes, pairs of stimuli that

differ by more than one feature are also separated by the minimum distance, see Eq. and

|Code neighbors in Supplement). Intuitively, this distance is related to the number of neurons
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active for one stimulus, but not the other. The expression for minimum distance is

so=(5 )]

Here, (15:11) gives the number of subpopulations that have different activity when one feature

is changed, and the rest of the expression converts that number to the distance between the

two representations. We go into more detail on each of these expressions in [Code properties|

in Methods.

Using these expressions, we show that the ratio between squared minimum distance Ay and

representation energy Py is strictly increasing with order for all choices of K and n (see

[Minimum distance-representation energy ratio in Methodd and Figure R.1|G, left):

=2= (2.1)

This shows that, given the same amount of representation energy, codes with more mixing
produce stimulus representations with strictly larger minimum separation in the response
space (Figure , left). Further, higher order codes also have a strictly lower amount of

representation energy per neuron in the population (Figure , right).

This increased separation between response patterns with increased code order results from
the increased effective dimensionality of the response space of those codes. By effective
dimensionality, we mean the smallest number of basis vectors (i.e., dimensions) necessary
for a faithful linear reconstruction of the response space — this is equivalent to the number
of non-zero eigenvalues in principal components analysis[125]. The effective dimensionality

is always less than or equal to the population size of our codes. Intuitively, the higher
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the effective dimension of the response space, the more response patterns can be arranged
within it at a particular distance from each other given the same amount of representation
energy. So, codes with higher effective dimensionality will usually have higher minimum
distance. To illustrate this, we consider the O = K case: Here, each stimulus is projected
onto its own dimension in the response space. As a result, each stimulus representation will
be at the maximum possible distance from all other stimulus representations, assuming only
positive responses. If there were fewer effective dimensions than stimuli, it would no longer
be possible to place all of the representations at this maximal distance from each other —
so, minimum distance is necessarily decreased. Additionally, in the O = K case, where
the response dimension for each stimulus corresponds to a single neuron in the population,
this leads to a hyper-sparse representation of the stimuli, where only one neuron fires for
each stimulus. However, the same distance between stimulus representations is achieved
for any rotation of the response dimensions relative to the neural population. This kind
of rotation can be used to produce neural representations that match the heterogeneity of
responses of real neurons, in which firing rates are both increased and decreased from the
mean response (for an example, see Figure ) In particular, instead of hyper-sparse
stimulus representations with a single active neuron each, the code can be rotated by the
linear transform such that, in an extreme example, each stimulus is represented by a random

Gaussian vector, in which almost all of the neurons in the population modulate their firing,

and can therefore be considered active, in response to each stimulus (see Linear transform

|(B) in Methods for further discussion). Thus, it is not the sparsity per se that implies these

effects, but the higher dimensionality of more, relative to less, mixed codes. While we believe
that this distinction is conceptually important, the neural circuit implementation of codes
with these rotations is likely to be more involved than for those without, and could have

consequences for the efficiency and biological feasibility of these rotated codes.

In practice, the rotation of the response space relative to the neural population can be
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achieved by the application of a linear transform to the response patterns of our codes
(Figure , B). In addition to altering the sparsity of neural responses for our codes via
rotation, the linear transform can be used to rescale the representation energy used by each
code without rotation. In the rest of the text, we only use the linear transform step of
encoding to equate the representation energy of codes with different levels of mixing. The
linear transform can also be used to expand the population size used by a code — and to
exchange few neurons with high individual signal-to-noise ratios (SNRs) for many neurons
with lower SNRs and redundant or partially redundant feature tuning. For instance, in our
framework, one neuron firing ten spikes in response to a particular stimulus has the same
representation energy and distances between stimulus representation as a code that replaces
that neuron with two neurons that each fire approximately seven spikes for the same stimulus

(due to our squared distance metric for representation energy; our core result holds for a

sum of spikes metric as well, see Figure [2.5| and |Sum of spikes representation energy in|

Supplement). As experimentally observed neural populations are often composed of neurons
with heterogeneous firing rates and SNRs as well as partially redundant feature tuning (as
exemplified below, in Figure , the linear transform can be used to make our codes exhibit

activity that better matches the activity of real neural data.

Importantly, for independent and identically distributed noise that is applied to each neuron

after the linear transform (as primarily studied here, Figure R.1A, but see [Alternate noisd

[models in Supplement)), the change in representation energy produced by the linear transform

affects code performance, while the other manipulations discussed above do not. This is be-

cause the linear transforms used here (Linear transform (5)in Methods) cannot increase or

decrease the effective dimensionality of the codes and do not change the underlying relative
geometry of the stimulus response patterns to each other except by a uniform scaling. In-
stead, it is the nonlinear, conjunctive encoding of mixed codes that increases their effective

dimensionality, and which produces their greater separation of stimuli in the response space
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given the same amount of representation energy as pure codes. Due to this, we only use the

linear transform to rescale representation energy in the following results.

As a result of their increased separation, mixed codes provide a benefit to decoding for
many different noise distributions and decoders (including linear and maximum likelihood
decoders), and indicates that mixed codes are likely to produce more reliable and efficient
representations than pure codes in a wide variety of conditions. However, to directly quantify

transmission reliability (i.e., the probability of a decoding error), we must include the details

of both the noise and the decoder (see Figure and |Full channel details in Methods).
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Figure 2.1: Mixed codes produce more discriminable stimulus representations. A The noisy
channel model. A stimulus x is encoded by encoding function ¢y (z) of order O. Next, the
linear transform [ is applied before independent Gaussian-distributed noise with variance
o2 is added to the representation. Finally, a decoder produces an estimate z of the orig-
inal stimulus. B We analyze the encoding function with respect to three important code
properties. The minimum distance A = dy9 is the smallest distance between any pair of
encoded stimuli (codewords), can be used to approximate the probability of decoding er-
ror. Representation energy P = 72 is the square of the radius of the circle that all of the
codewords lie on. Dimension is the number of neurons required to implement the code, here
D = 2. C Stimuli are described by K features C; which each take on |C;| = n values. All
possible combinations of feature values exist, so there are n®* unique stimuli. D In pure
selectivity (left), units in the code, or neurons, respond to a particular value of one feature
and are invariant to changes in other features. In nonlinear mixed selectivity (right), neurons
respond to particular combinations of feature values, and the number of feature values in
those combinations is defined as the order O of the code (here, O = 2). E The same O =1
and O = 2 code as in D. (top) The colored points are the response patterns in 3D response
space for three of the four neurons in each code. The dashed grey line is the radius of the unit
circle centered on the origin for each plane. For ease of visualization, the vertical dimension
in the plot represents both the third and fourth neurons in the population to show three
representations from the O = 1 code, this does not change the minimum distance. (bottom)
The response patterns for the O = 2 mixed code have greater minimum distance than those
for the O = 1 pure code. F We derive closed-form expressions for each code metric, and
plots of each metric are shown for codes of order 1 to 6 with K = 6 and n = 10. G Mixed
codes produce a higher minimum distance per unit representation energy (left) and have a
smaller amount of representation energy per neuron than pure codes.
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Muxed codes make fewer errors than pure codes

To directly estimate the probability of decoding error, or error rate, for each of our codes,
we expand our analysis from the encoding function (Figure [2.1)) to the channel as a whole.
We choose the noise to be additive, independent, and Gaussian (though we also consider two

kinds of Poisson-distributed noise, which give similar results, see Figure [2.6] and

[noise models in Supplement). Finally, for decoding, we use a maximum likelihood decoder

(MLD; and see |Full channel details in Methods). Given these noise and decoder assumptions,

we can estimate the error rate by decomposing the probability that we make an error into

the sum of the probabilities of only the most likely errors (that is, errors to stimuli at

minimum distance; see|Estimating the error rate in Methods). To proceed with our estimate,

we first need to know how many stimulus representations are at minimum distance from a
given stimulus for each code, which we refer to as neighbors at minimum distance or nearest
neighbors. For stimuli with K features that each take on n values encoded by a code that

conjunctively mixes every combination of O features, this is given by,

Kn—-1) O<K
Na(0) = (22)

-1 O0=K

To obtain this expression, we show that the distance between stimulus pairs that differ in
only one feature is strictly smaller than between those that differ by two features for all
codes with O < K. That is, only pairs of stimuli that differ by a single feature will be at
minimum distance from each other, all other pairs of stimuli will be separated by a larger
distance. Since there are K (n —1) stimuli that differ from each stimulus by one feature, that
is the number of neighbors each stimulus has at minimum distance for all codes O < K. For
the O = K code, since (?) = 1, the code can be viewed as having a single subpopulation.

That subpopulation will have different activity for every other stimulus, no matter how many
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features those other stimuli differ by. Thus, all n¥ —1 other stimuli are at minimum distance

from a particular stimulus. We derive these expressions more formally in |Code neighbors in|

upplement

Now, given the number of neighbors at minimum distance, the minimum distance itself, and
the assumption of additive Gaussian noise, our estimate of the error rate (PE) takes the
following form:

A

PE ~ NA(O)Q (Ng_OSNR)

— NA(0)Q (%) (2.3)

where Q(y) is the complementary cumulative distribution function of the standard normal

distribution at y, SNR = 1/V/o? is the population signal-to-noise ratio (see|Linear tmnsforml

|(B) in Methods), and N (O) is the number of neighbors at minimum distance for the code

of order O, defined above. This estimate reveals that, for the same SNR, increasing the

order of our codes will strictly decrease the probability of a decoding error for codes with

order O < K. In|Estimating the error rate in Methods, we use a more detailed estimate to

show that the O = K code will have an even lower error rate than any code with O < K.
That is, the O = K code will always be the most efficient and robust, given this method of

accounting for representation energy and metabolic cost.

To verify that our estimate of the error rate is accurate, we numerically simulate codes of
all possible orders over a wide range of SNRs for particular choices of K and n using the
same channel as in our analysis. Our simulations show that higher-order codes outperform
lower-order codes across all SNRs at which the codes are not saturated at chance or at zero
error (Figure ) We also show that the estimate closely follows performance for large

SNRs (Figure [2.2A insets). Using this estimate, we compare the error rate of different codes
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at fixed, high SNR (Figure ) and show that pure codes make several orders of magnitude
more errors than the mixed code with the optimal order. This also illustrates that, for larger
K, the full-order mixed code (O = K) and close to full-order codes (O close to K) have
similar performance (Figure ) Due to their smaller population sizes, codes with less
than the full amount of mixing (order near K) may be desirable in some cases. We make
this intuition explicit by accounting for the metabolic cost of neural population size in the
following section. In all conditions we simulated (in agreement with our estimate), the fully
mixed (O = K) code had the lowest error rate at a given SNR, though other highly mixed
codes (O near K) reached nearly equivalent error rates with larger numbers of features (K;
Figure , bottom). Thus, in these conditions, mixed codes provide a significant benefit

to coding reliability independent of particular parameter choices.

For smaller choices of K and n, we were able to empirically evaluate how decoding error
compares to the rate-distortion bound|61]. In this context, the rate-distortion bound is

an absolute lower bound on the probability of making a decoding error given a particular

information rate through the channel (i.e., the mutual information I(X; X ); see

|distortion bound and mutual information calculation in Supplemend and Figure ) We

first show that higher-order codes generate a higher information rate than lower-order codes
at most SNRs (Figure , inset) — that is, they more efficiently transform the input into
stimulus information. Next, we show that the full-order code (O = K = 3) fully saturates
the rate-distortion bound (Figure 2.8B). Thus, for a given amount of stimulus information,
full-order codes produce as few errors as would be possible for any code[61]. While the

O = K — 1 =2 code comes close to this bound as well, the pure code does not.

In the above, we have focused on the case with noise applied only to the neural responses in

our codes; however, we also show how our codes are affected by two kinds of noise applied to

the input stimulus representation (see |Alternate noise models in Supplement). While input

37



noise is often impossible to correct completely[126], we show that input noise that perturbs
the input to nearby stimulus values does not affect codes of different orders differently. That
is, even though such noise is uncorrectable by our codes, it leads to the same error rate
for codes with all levels of mixing (Figure 2.7A, B). Next, we show that input noise that
is not confined to perturbations to nearby stimulus values does differentially affect codes of
different orders, and can lead to higher error rates in some more mixed codes (Figure[2.7C).
However, we also show that mixed codes still outperform pure codes in many cases due to

their greater robustness to output noise (Figure 2.7D and Figure [2.2).
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Figure 2.2: Mixed codes make fewer errors than pure codes. A (top) Simulation of codes
with O = 1,2,3 for K = 3 and n = 5. (inset) For high SNR, code performance is well-
approximated by our estimate of error rate. (bottom) Same as above, except with K =5
and n = 3. B (top) The estimated error rate at a fixed, high SNR (SNR = 9) for codes of
every order given a variety of different K (all with n = 5). Error probability decreases with
code order for all codes except, in some cases, the O = K code. (bottom) The number of
errors made by the pure code for every error made by the optimal mixed code at SNR =9
(as above). In all cases, pure codes make several orders of magnitude more errors than the
optimal mixed code. C (left) Given a pool of neurons with fixed size, the color corresponding
to the code producing the highest minimum distance is shown in the heat map. The shaded
area delineates the order of magnitude of the number of neurons believed to be contained in
1 mm3 of mouse cortex. (right) The same as on the left, but instead of a pool of neurons of
fixed size, each code is given a fixed total amount of energy. The energy is allocated to both
passive maintenance of a neural population (with size equal to the population size of the
code) and representation energy (increasing SNR). The shaded area is the same as on the
left. The dashed lines are plots of our analytical solution for the transition point between
the O and O + 1-order code (see|Total energy in Methods).
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2.3.2  Mixed codes provide benefits despite requiring more neurons

Our analysis so far has focused on the metabolic cost of neuronal spiking. A single spike
is thought to be the largest individual metabolic cost in the brain[127]. For a fixed pop-
ulation size N, from Eq. 2.1, we know that the code with the highest order O such that
Do < N will provide the largest minimum distance, given a fixed amount of spiking activity
(Figure , left). For a wide range of stimulus set sizes, mixed codes have population
sizes less than or equal to an order-of-magnitude estimate of the neuron count in 1 mm?® of
mouse cortex[128] (Figure 2.2C, left, shaded region). Thus, the benefits of mixed codes are

practically achievable in the brain.

However, the passive maintenance of large neural populations also has a metabolic cost, due
to the turnover of ion channels and other cell-level processes[127], which, for large populations
of sparsely firing neurons, could be as large if not larger than the metabolic cost associated
with spiking. To account for this cost, we adapt the formalization from [129] to relate

representation energy (i.e., spiking) to the metabolic cost of population size. We refer to the

sum of these costs as the total energy E of a code (see|Total energy in Methods). Codes with

small population sizes will be able to allocate more of their total energy to representation
energy, while codes with large population sizes will have less remaining total energy to
allocate to representation energy. We do not constrain the maximum SNR that a single
neuron in our codes can achieve (even though achievable SNR is limited in the brain[130]).
Due to the exponential growth of population size with code order, this choice favors pure
codes over mixed codes. In particular, without limiting single neuron SNR, pure codes can
allocate the majority of their total energy to the activity of relatively few neurons due to
their small population size; if we were to limit single neuron SNR, then pure codes would
also have to grow their population size with increased total energy, which would decrease

the fraction of that energy used for representation energy. Thus, this analysis serves as a
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particularly stringent test of the reliability and efficiency of mixed codes.

Mixed codes yield higher minimum distance under the total energy constraint for a wide range
of stimulus set sizes and total energy (Figure , right), including order-of-magnitude es-
timates of the total energy available to 1 mm3 of mouse cortex (Figure , right shaded
region). Further, our analysis reveals that for any total energy E > n2K? (see Eq. a
mixed code (O > 1) will provide better performance than the pure code (O = 1). These
results also make an important prediction that can be tested experimentally: the order of
neuronal RFs should decrease as the fidelity required of the representation increases (i.e.,
as n increases). There already exists indirect experimental support for this prediction. In
the visual system, single neurons in primary visual cortex have RFs thought to represent
relatively small combinations (small O) of low-level stimulus features such as spatial fre-
quency and orientation[51], 64] (but see |131]), while single neurons in the prefrontal cortex
are thought to have responses that depend on larger combinations (high O) of abstract, often
categorical (and therefore low n), stimulus features along with behavioral context[62, 63].
However, this pattern has not been rigorously tested, as these regions are rarely recorded in
the same tasks and the tasks chosen for each area often follow the form of the prediction —
that is, requiring high fidelity (n) for investigations of primary sensory areas and low fidelity

(n) for investigations of prefrontal areas.

2.3.83  Mized codes provide reliable coding in sensory systems

So far, we have focused on the probability of decoding error, which is most applicable to
features that represent categorical differences without defined distances from each other
(e.g., mistaking a hat for a sock is not clearly less accurate than mistaking a hat for a
glove). However, in sensory systems, the features often do have a relational structure and
stimuli that are nearby to each other in feature space are also perceptually or semantically

similar (e.g., mistaking a 90° orientation for a 180° orientation is clearly less accurate than
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mistaking 90° for 100°). In the context of sensory information, minimizing the frequency of
errors becomes less important than ensuring that the average distance of an estimate from
the original stimulus is low. This is because perceptually similar errors are likely more useful
for guiding behavior than a random error, even if the latter occurs less frequently. This
difference in priority is encapsulated in the contrast between error rate (Figure ) and
the mean squared-error distortion (MSE; Figure ), which is equivalent to the average
squared-distance of the estimated stimulus from the original stimulus. In our framework,
full-order mixed codes have the highest minimum distance (Eq. , but all stimuli are
nearest neighbors to all other stimuli (Eq. which causes all errors to be random with
respect to the original stimulus. Using MSE instead of error rate, we show that lower-order
mixed and pure codes outperform full-order mixed codes at low total energy (Figure )
However, increased total energy causes a faster decay in error rates for full-order codes than

lower-order codes (Eq. , so full-order codes outperform pure codes even under MSE at

high total energy (Figure [2.3B).

Further, experimental investigation of sensory brain regions often reveal neurons with re-
sponse fields (RFs) that include multiple (sometimes many) perceptually similar stimuli. To
investigate how these response fields affect the error rate and MSE of our codes, we gen-
eralize our formalization to include RFs (Figure 2.3A), that can take on different widths,
written as o.r. Here, instead of responding to a particular combination of O feature values,
neurons in a code of order O will respond when the value of each of O features fall within
a particular interval of values, with length o,s. Thus, each neuron in an order O code will
respond to a contiguous region of ag stimuli, as illustrated for an O = 2 code with o,y = 2 in
Figure [2.3A. This generalization introduces a new dependence of both representation energy

and population size on RF width. For representation energy, the generalization is simple:
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representation energy grows linearly with RF size,

K
Po = (O)Urf

because o,¢ neurons in each population need to be active to unambiguously identify a single
size O feature-value combination (Figure [2.10B). For population size, it has previously been
shown that increasing RF size can vastly decrease required population size[132, 133]. Here,

we find that

O
K n
po= (o) (7 +1)
r

for O > 1, while for O = 1 the population size does not change with o,s. From this expression,
we see that the population size for O > 1 codes decreases approximately as 1/ arOffl with
RF size (Figure [2.10)A). Minimum distance does not depend on RF size. In terms of total
energy, these dual dependencies on RF size largely cancel each other out, constructing a code
with the RF size chosen to minimize total energy consumption does not typically lead to a

change in the code order that maximizes minimum distance (Figure [2.10E, G).

Instead, the principal benefit produced by increasing RF size is the reduction of MSE for
all codes that results from making errors to nearby stimuli in stimulus space more likely.
This is because stimulus decoding now depends on the simultaneous activity of neurons with
overlapping RFs, and the most likely errors are now those in which one of that group of
neurons is confused for a different neuron that also has an overlapping RF with the rest
of the group. Thus, for the full-order code, increasing RF size significantly reduces the
randomness of errors and allows the brain to take advantage of their increased minimum
distance in the context of sensory systems (Figure ) Thus, this work provides a unified
framework for understanding the purpose and benefits of large RFs in arbitrary feature

spaces, which are often observed in cortex|[134]. In particular, increasing RF size decreases
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the MSE for all codes while increasing the error rate (Figure and see |Additional results

lon response fields in Supplement). The increase in error rate results from the increase in

representation energy required for the code without an associated increase in minimum
distance; the decrease in MSE results from the fact that the additional representation energy
provides information about the stimulus space, which causes errors for larger RF codes to be
closer to the original stimulus (Figure ) Intuitively, for the the O = K case, increasing
RF size makes stimulus representations non-orthogonal (this can also be viewed as making
them less sparse in some conditions), which means that they are no longer positioned at
the maximum possible distance from each other (so, the error rate is increased); but, it
also means that nearby stimuli now have more similar representations, which makes them

more likely errors and leads to the reduction in MSE, correcting the undesirable feature of

randomly distributed errors for full-order codes (see |Additional results on response fields in|

Supplement).

We also show increased noise robustness from mixed codes in simulations of a code for
continuous stimuli under MSE, using continuous RFs (Figure [2.11}A). Thus, mixed codes are
an effective strategy for reliable and efficient coding not just for decision-making systems,
but also in sensory systems — which is consistent with their widespread observation in sensory

brain regions|64-69).
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Figure 2.3: Mixed codes can be more reliable than pure codes for both PE and MSE, but
different RF sizes are appropriate for each. A An illustration of our RF formalization. With
K =2 and n = 3, two example RFs of size o,y = 2 are shown. Simultaneous activity from
both neurons uniquely specifies the center stimulus point. B Simulated PE of codes of all
orders for K = 3 and n = 10 with oy = 1,2,3 (legend as in C). Note that total energy is
plotted on the x-axis, rather than SNR as in [Figure 2.2l Mixed codes outperform the pure
code over many (but not all) total energies. C The same as B but for MSE rather than PE.
Mixed codes perform worse than pure codes for low total energy, but perform better as total
energy increases. D PE increases (top) and MSE decreases (bottom) as o increases for the
codes in B and C taken at the total energy denoted by the dashed grey line. E Cumulative
distribution functions for the squared errors made by the codes given in B and C at the
grey dashed line. MSE is decreased by increasing o,¢ despite the increase in PE because the
errors that are made become smaller in magnitude and this outweighs their becoming more
numerous. This effect is largest for the O = K = 3 code.
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2.3.4 FExperimental evidence that mized codes support reliable decoding

Several previous theoretical studies of mixed selectivity have focused on the fact that it
enables flexible linear decoding, and there is experimental evidence that the dimensionality
expansion provided by mixed selectivity is linked to performance of complex cognitive be-
haviors|62, 63]. Here, we have shown that mixed codes also provide more general benefits
for reliable and efficient information representation in the brain, independent of a particular
task and without assuming linear decoding. Thus, our work predicts that mixed codes will
be used widely in the brain, instead of being used only for features relevant to particular

complex tasks.

To understand whether the brain exploits mixed codes for their general reliability and ef-
ficiency rather than only for their ability to enable flexible computation, we test whether
the brain implements mixed selectivity when it would not enable the implementation of any
behaviorally relevant linear decoders. To do so, we analyze data from a previously published
experiment[135] that probed how two behaviorally and semantically independent features
are encoded simultaneously by neurons in the lateral intraparietal area (LIP). In the exper-
iment, monkeys performed a delayed match-to-category task in which they were required to
categorize a sample visual motion stimulus (Figure ), and then remember the sample
stimulus category to compare with the category of a test stimulus presented after a delay
period (Figure 2.4B, top). In addition to the categorization and working memory demands
of the task, the animals were also (on some trials) required to make a saccadic eye movement

either toward or away from the neuron’s RF during the task’s delay period (Figure [2.4B,

bottom, and see [Experimental details and task description in Methods). Because LIP activity

is known to encode information related to categorical decisions and saccades, this experiment
characterized the relationship between the representation of these two features at the single

neuron and population level. Despite the saccade being irrelevant to the monkey’s categori-
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cal decision in this task, LIP activity demonstrated both pure (O = 1, 40/61 neurons were
tuned for at least one pure term) and mixed category and saccade tuning (O = 2, 31/61 for
at least one mixed term; Figure , E). This pattern of mixed and pure tuning is consistent
with a composite code including RF's of multiple orders. Such codes have performance that
falls between codes of either the lowest or highest included order alone, but their hetero-
geneity may provide other benefits. In particular, a composite O = K and O = K — 1 code
would have a minimum distance per representation energy ratio between that of each code
alone, but would have the same number of nearest neighbors as the O = K — 1 code (that is,
K(n —1) rather than n€ — 1 nearest neighbors). Thus, in some cases, this composite code

may provide lower MSE distortion than either the O = K or O = K — 1 code alone.

Crucially, mixed codes also provide benefits when decoding only one of the two features at
a time with a maximum likelihood decoder (Figure [2.4]F). This results from the increased
separation between all response patterns produced by mixed codes. However, the same
tradeoff that we demonstrated between fully-mixed (O = K') and less mixed (O < K) codes
for stimulus identity decoding applies to single feature decoding as well. That is, the number
of likely errors that result in the decoding of a different feature value is larger for fully-mixed
codes than for less-mixed and pure codes, but each of those errors is less likely. To illustrate
this, we consider the current case, with K = 2 and n = 2. Here, for the O = 1 code, there
is one possible kind of noise perturbation that would lead to an error: one that brings the
component corresponding to the correct value of the target feature lower than the component
corresponding to the incorrect value of the target feature. Thus, in general, there are n — 1
ways to make errors for the O = 1 code, and for all the O < K codes, following from
statement For the O = 2 code, there are two kinds of noise perturbations that would
cause an error, since there are two components that correspond to the incorrect value of the

)nK—l

target feature, rather than just one. In general, there are (n — 1 ways to make errors

for the O = K code. Thus, we can write an estimate for the single feature decoding error
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rate that is analogous to Eq. 2.3}

PEr~ Na£(0)Q (\/SQLK%)

where PFEf is the probability of making a single feature decoding error and N (O) is the
number of neighbors with the incorrect feature value that a code of order O has at minimum

distance. This is written as,

n—1 O< K

(n—1nf"1 0=K

following from the discussion above. As a result, the utility of mixed codes for single feature
decoding is similar to their utility for stimulus identity decoding: For smaller values of K,
the full-order (O = K) code will provide the best performance due to its maximal separation
of stimulus representations; as K grows larger, codes with close to full mixing (O near K)

will begin to all provide equivalent performance.

With two behaviorally and semantically independent features, the brain still implements a
mixed code even though it does not enable the implementation of any behaviorally useful
linear decoders. The mixed code does, however, improve the reliability and efficiency of the
encoding for both features separately and when combined, suggesting that the brain may
explicitly utilize mixed codes for that purpose. Further, contemporaneous work has demon-
strated that the bat is likely to exploit the reliability benefits of mixed selectivity for the

coding of two-dimensional continuous head-direction information — as well as described reli-

ability benefits of full-order mixed codes for continuous stimuli|65] (and see [Error-reduction)

|by mized selectivity in the continuous case in Supplement).
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Figure 2.4: Mixed codes support reliable decoding in the brain, not only flexible computation.
A The learned, arbitrary category boundary on motion direction used in the saccade DMC
task. B A schematic of the saccade DMC task. C A heatmap of the z-scored magnitude of
the coefficients for each term in the linear model. It is sorted by largest magnitude term,
from left to right. The linear models were fit using the LASSO method and terms were
tested for significance using a permutation test (p < .05), only neurons with at least one
significant term were included in this and the following plots (50/61 neurons). In addition,
10 out of 71 total recorded neurons were excluded due to having less than 15 recorded trials
for at least one condition. D (top) The average strength of significant tuning for each term
across the neural population, O = 1 tuning is on the left, and O = 2 tuning is on the right.
(bottom) The proportion of neurons in the population that have pure selectivity (left) for
the two saccade targets and two categories of motion and nonlinear mixed selectivity (right)
for each of the four saccade target and category combinations. Error bars are bootstrapped
95 % confidence intervals. E Single-feature decoding performance for a code chosen to mirror
the conditions of the task, with K = 2 and n = 2. Mixing features together is advantageous
even when decoding those features separately.
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2.4 Discussion

We have shown that mixed selectivity is an effective and general strategy for reliable and
efficient communication. Further, we have demonstrated that, rather than pure (O = 1) or
fully-mixed (O = K) codes always providing the most reliable encoding, the optimal code
order tends to lie between these two extremes (1 < O < K) depending on the number
of stimulus features, the required fidelity of those features, and the number of neurons
or total metabolic energy available to encode the information (Figure ) This set of
intermediately mixed codes has not previously been analyzed in this context, despite likely
being the dominant form of mixed selectivity that exists in the brain. Intermediately mixed
codes may also have an important additional benefit. The representations produced by the
full-order mixed code (O = K) in our framework may be difficult to learn and to generalize
from|[74, [136], due to the fact that each response pattern is the same distance from all other
response patterns. Intermediately mixed codes (1 < O < K) ameliorate this by placing
response patterns that are nearby in stimulus space nearby to each other in response space
as well. For O = K codes, we have also shown that nearby stimuli can be placed nearby to
each other in response space by increasing RF size, though this increases the representation
energy required by the code. This means that intermediately mixed codes and full-order
codes with larger RF's carry information not just about the encoded stimulus, but also about
which stimuli are nearby to the encoded stimulus, while full-order codes with o,y = 1 carry
information only about the encoded stimulus. This information about which stimuli are
nearby is likely to be crucial for behavioral performance and learning|73|; however, carrying
this extra (from the perspective of stimulus decoding) information often increases the error
rate. Lastly, we have shown experimental evidence that the brain implements mixed codes
even when they do not facilitate behaviorally relevant linear decoding, but do improve the

reliability and efficiency of encoding.
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This work differs substantially from most previous work on optimal RFs in four principal
ways. First, the dependence of code reliability on RF order, or dimensionality, has not
been comprehensively described. While previous work has shown that optimal RF width
depends on the dimensionality of the stimulus[111}, [137], stimulus dimensionality and RF
dimensionality were assumed to be the same. Thus, the effect of changing RF dimensionality
in conjunction with RF width was not explored, as it is here (see Figure and Figure.
We show that codes using RF's of intermediate dimension (1 < O < K) are most reliable in a
wide variety of cases (Figure ), but these codes have not been previously studied outside
of binary stimulus features. Second, we directly compute the probability and magnitude of
errors for our codes rather than maximizing quantities such as Fisher information and mutual
information. This reveals the performance of our codes in low SNR regimes and for different
metrics of decoder performance (i.e., error rate and MSE). Third, by accounting for the
metabolic cost of both the total spike rate as well as the minimum population size required
to implement each of our codes while keeping coverage of the stimulus space constant, we
disentangled performance decreases due to a lack of coverage of the stimulus space from
those due to the properties of the encoding itself. Fourth, we have investigated differences
in code performance across different orders for both discrete and continuous stimuli as well
as both binary (error rate) and distance (MSE) error metrics. These different contexts have
revealed several nuances, including that, for discrete stimuli, increasing RF size tends to
increase error rate, but decrease MSE — highlighting the ways in which RF shape and size
can influence which kinds of coding errors are likely for different coding strategies, which has
not received extensive study in neuroscience. Thus, this work provides a novel perspective

on multiple understudied neural coding problems.

This work also ties directly to existing work in the experimental and theoretical neuroscience
literature. Most centrally, we link the previously described flexible linear decoding benefits

of mixed selectivity to considerations of reliability and efficiency in neural codes. Exper-
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imental work focusing on the utility of mixed selectivity for flexible linear decoding has
already demonstrated the ubiquity of mixed codes in prefrontal cortex[63], as well as a pu-
tative link from mixed selectivity to behavior|62]. Previous theoretical work has shown that
mixed codes with representation rescaling and population expansion can be constructed by
the brain naturally in a variety of conditions, due to the nonlinearity of the neuronal input-
output function. In particular, this work has demonstrated that random connectivity both
in feedforward, binary-thresholded model neurons|120] and in recurrently connected neural
network models|74] produces mixed codes for stimulus features. However, randomly con-
structed networks would require many more neurons than necessary to construct full codes
of orders close to K. This concern is ameliorated by the learning rules that have been shown
to be at work in cortex. Theoretical work that applies biologically plausible, unsupervised
Hebbian-like plasticity rules to model networks similar to those in |74, [120] demonstrates
that these rules can increase the prevalence of mixed selectivity to levels consistent with
those observed experimentally in prefrontal cortex, which has been shown to have more di-
verse mixed selectivity than expected due to purely random connections[60].[138]. Thus, not
only does this class of mixed codes provide two substantial and separate benefits to the brain
(i.e., reliability and linear separability), they are also naturally produced by known neural
phenomena — that is, they do not require fine tuning. However, mixed codes with a linear
transform that rotates the stimulus representations with respect to the neural population

and breaks the link between sparsity and code order, as discussed above and in

[form () in Methods, have a less clear neural circuit implementation. While these codes can

replicate the heterogeneity in tuning observed in neural recordings, their implementation
is likely to require either extensive nonlinear dendritic processing or recurrent interactions

between neurons in the code.

Further, other work in theoretical neuroscience has explored how mixed selectivity can fa-

cilitate associative learning[120} 139] as well as negotiate a tradeoff between discrimination
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and generalization|74]. However, the formalization used in these works differs substantially
from the one we use here — and, while our results are broadly consistent with each other
(i.e., that the nonlinear dimensionality expansion produced by mixed codes provides bene-
fits to neural computation), these works differ from the current one in the precise level of
mixing that they find as optimal. In particular, this previous work finds that lower levels of
mixing are optimal, while we show that near-maximal mixing is optimal in our framework
in many conditions. Our different conclusions arise from a key difference in our results: in
our work, the effective dimension of our codes strictly grows with code order; in the other
works, the effective dimension of the codes peaks at relatively low code orders|120, [139]. We
believe that this difference arises primarily from two differences in our formalizations. First,
we focused on codes with population sizes large enough to implement every combination of
inputs at a particular level of mixing — in fact, population size is a function of code order in
our framework. The other works, instead, use fixed population sizes across code orders and
neurons were given selectivity for random subsets of input combinations. While this may be
more biologically plausible in some contexts, previous theoretical work, as discussed above,
has shown that biologically plausible plasticity rules can produce mixed selectivity that is
significantly different from random, matching patterns observed in cortex|138]. Second, neu-
rons in our codes respond to size O conjunctions of particular feature values, which produces
a receptive field-like response structure; while, in the other works, neurons respond when the
weighted sum of a subset of O stimulus feature values exceed a particular threshold, which
can produce neurons with more heterogeneous responses. We believe that both of these dif-
ferences together produce greater dimensionality expansion for large O in our framework as
compared to the other works, and lead to our different conclusions. While our formalization
is, in some ways, less mechanistic than these previous works, we believe that it does more
clearly isolate the relative contributions of code order, population size, and representation

energy to decoding performance.
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Further, interrogation of the bat head-direction system has revealed a dynamic code that
appears to shift between mixed and pure representations from moment to moment[65]. The
bat head-direction system encodes both the azimuth and pitch of the animal|140], and thus
could use either a pure (O = 1) or mixed (O = 2) code. Surprisingly, the brain appears to
use both codes, and adjust the number of neurons with pure or mixed selectivity dynamically
depending on the behavioral regime of the animal. In particular, when the animal is ma-
neuvering on short timescales with high angular velocity (i.e., low SNR), the code is biased
toward mixed selectivity; and when the animal is navigating over long distances with low
angular velocity (i.e., high SNR), the code is biased toward pure selectivity[65]. The authors
go on to show that, for a neural population of a size similar to that of the bat head direction
system, this dynamic shift is the optimal strategy, as, while the mixed code provides lower
decoding error on short timescales, the pure code can produce a finer-grained representation
of the full head-direction space and lead to overall smaller errors on long timescales. This
work indicates that both mixed and pure codes are decodable by the brain and indicates
that the most reliable and efficient code is selected moment-to-moment as the timescale of
decoding shifts. This also illustrates an important area for future research in our framework,
as the representation energy available to a code is likely to be able to shift from moment-to-
moment, while the population size of the code likely cannot. This may have consequences
for the optimal code in more dynamic environments. More generally, mixed codes have been
observed across diverse sensory and non-sensory systems[62-72, [141], indicating that their
usefulness is not only due to enabling flexible linear decoding, but also due to their coding

reliability and efficiency.

Our work also points to several areas for future research that will lead to a more detailed
characterization of sensory feature representations across different brain regions. First, we
have shown that the optimal code order decreases as the fidelity of the stimulus features

(i.e., the number of values each feature takes on, n) increases. Thus, it will be important to
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directly compare the fidelity and code order across different levels of the sensory-processing
cortical hierarchy. Second, while the benefits of mixed relative to pure codes that we describe
here do not rely on a particular stimulus distribution, it is possible that the performance
of some codes could be improved by incorporating information about correlations between
stimulus features. Intuitively, codes with an order at least the order of the feature correla-
tion structure (e.g., O > 2 codes for pairwise feature correlations, O > 3 codes for triplet
feature correlations, and so on) would be well-suited for this, as the individual SNR of single
neurons in the code selective for particular feature combinations could be either increased or
decreased if those feature combinations are more or less likely. As an example, if a particular
combination of two feature values is more likely than other combinations of those same two
features, then any code with O > 2 could statically adjust the individual SNR of neurons
coding for that feature value combination to maximize performance; but, it would not be
possible for an O = 1 code to make the same adjustment without assuming a network inter-
action effect that adjusts the SNR only when the neurons that code for each feature value
independently are both active. However, further work is needed to determine whether this
strategy improves performance for our codes when accounting for the difference in overall
representation energy of the adjusted codes, as well as to determine how the adjustment

could be learned in a biologically feasible way.

Overall, our work has shown that mixed selectivity is an effective and practical strategy for
reliable coding in the brain. Guaranteeing this reliability, in the face of unreliable neurons,
is likely to have fundamentally shaped the functional and even anatomical architecture of
neural systems. Developing an understanding of the role of code order, or RF dimensionality,

in reliable and efficient coding will give insight into this much broader problem.
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2.5 Methods

2.5.1 Definition of the stimuli

Our stimuli are defined as having K features, which each take on a single discrete value. As-
suming that our stimuli are discrete simplifies our mathematical analysis, but also makes our

analysis relevant to cognitive, categorical representations. In addition, simulations with con-

tinuous stimulus features have qualitatively replicated our core results (see [Error-reduction|

|by mized selectivity in the continuous case in Supplement)).

Here, a stimulus is represented by a vector of K discrete values. Each value corresponds to
one of the K features of the stimuli. The nature of the value object does not matter, we only
require that it is possible to decide whether two values corresponding to the same feature

are equal. For a stimulus z with K features,

x; € C;
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for i € [1, ..., K], where Cj is the set (of size n;) of all possible values for feature i. Using the

equality function, we implement an indicator function,

0 i#y

1 i=j
for all values of all features.

In total, there are M = []; n; possible stimuli and all of our codes are designed to produce
a unique response pattern for each of these M possible stimuli. Importantly, our results do
not depend on any particular distribution of these stimuli. This follows from statement [4]
which shows that each stimulus has the same set of distances from the other stimuli in code
response space. So, all stimuli have the same probability of decoding error — and, thus,
heterogeneity in their probability of occurrence will not affect the overall probability of a

decoding error.

2.5.2  Definition of the codes

Our definition for nonlinear mixed selectivity follows that given in [62]. We describe it with

some generalizations here.

The codeword ¢ corresponding to stimulus z € X is produced by

c(x) = pto(x)

where [ is a matrix of size N x D and tp(x) is the encoding function of order O. Our codes

will primarily be differentiated by ¢ (x), while 5 will be used to equalize their representation

energy V and population size N (see [Linear transform () in Methods).
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The elements of the vector ¢ (z) are products of indicator functions, and therefore can only
be either one or zero. In particular, for order O, the vector tp(x) has length corresponding
to the number of valid feature-value indicator functions of size O — and each element of ¢ ()
corresponds to one of those combinations. More formally, for A € GO, where G[O( is the set

of all combinations of O elements from [1,..., K], and (i, ..., j) € (C4,, .., Cy,),

to(x), = [xAl = Aﬂ [‘TAO = AJO]

with individual neurons (indexed by k) corresponding to all feature combinations A and all

value combinations for those features (i, ..., 7).

Thus, 1 < O < K, where K is the total number of stimulus features, and all codes with
O > 2 are mixed while codes with O = 1 are pure codes, following [62]. We will use the
term “neuron” to refer to coding units in our models and simulations as well as to refer to
biological neurons in the brain to make their analogous roles clear. In our formulation, both
mixed and pure codes will always have complete coverage; that is, there will be a neuron
coding for every feature value or possible combination of feature values and each of the M

stimuli will have a corresponding unique codeword.

Finally, in the main text and much of the methods, we will often make the assumption
that all stimulus features take on the same number of values — that is, that n; = n for all
i € [1,...K]. While this assumption does change the population size of our codes, it does
not change their minimum distance or representation energy (as can be seen below). Thus,

it has a negligible effect on our results.
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Code example

For K = 3 and n = 2, under our formalization there are codes of three different orders that

code for the n®€ stimuli.

O = 1: This code has nK neurons and below we give some example stimuli (on the left,
with the three features each taking on one of their two possible values, 1 or 2) and codewords

(across the activity of the neurons, on the right):

111 1 01 010
211 01 1 0 1 0
122 1 0 01 01
222 01 01 0 1

Note that for each of these stimuli, there are always three neurons responding with 1. Further,
the smallest distance between any two codewords is \/5, between 111 and 211 as well as 122
and 222. This is of course not the smallest number of neurons that we could use to represent
the set of 8 stimuli. The smallest number of neurons that could represent these stimuli is
logs nf = logg 8 = 3 neurons, which could use a representation similar to the one we have

used to represent the stimuli on the left hand side of the above table.
Thus, this encoding strategy has added redundancy to our representation of the stimuli.

O = 2: This code has (IO{)nO = (%) 22 = 12 neurons. It can be viewed as three separate
O = 2 codes for the three different size 2 subsets of the 3 features. We make that explicit in

our example:
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111 1 0 0
211 0 1 0

o o O
—_
(@)
)
)
@)
—_
@]
(@)

122 0 0 1
222 0 0 0 1 0001 0O0O0T1

Note that any two of these three subpopulations alone would produce a code with unique
codewords for each of the stimuli. However, they would preferentially represent one of the
three features and cause errors to be more likely for the other two features. The minimum

distance between any of the stimuli is now 2 and the number of neurons active is 3.

O = 3: This code has n* = 8 neurons, that each code for a unique combination of the

three features — and therefore for a unique stimulus. As in:

111 10 00 0 0 0 O
211 01 0 00 00O
122 00 0 0 O0O0T10@O0
222 000 000 01

Note that there is now only one neuron active for each stimulus, and the minimum distance

is \/5

Next, we formalize these properties: population size, minimum distance, and representation
energy (or the number of active neurons) and derive expressions for each of them for general

K and n.

2.5.83 Code properties

Population size (Dg) of the codes

The population size of a code is the length of tp(z) for that code. Since we know that a

code of order O will have an element for each possible combination of feature-values of size
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O, the length of the vector can be framed as a counting problem:

Do= > IIn

AeGQ icA

where G}Q{ is the set of all subsets of [1, ..., K| with size O and n; = |C;|. This expression is
somewhat cumbersome, so, as described above, we assume that n = n; for all j € .., K.

This gives,

where (g) is the binomial coefficient, defined as

()=

if n > r, otherwise (I') = 0.

For O =1 (the pure code), the population size is
D1 =Kn

and, for O = K (the fully mixed code), it is

K

D =n

Thus, the population size (i.e., the length of the vector) grows exponentially with the order

of the code.
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Representation energy (Pp) of the codes

We quantify the amount of energy that each coding scheme uses to transmit codewords. In
particular, we will model energy in two ways and will see that these are equivalent for large

n; and do not substantially change our results for smaller n;.

Sum of variance across dimensions: Taking the variance of a particular dimension as
the energy used by that dimension for coding, we can simply take the sum across all of the

dimensions. With the definition of variance,
Var(X) = E <X2> _B(X)?

we can express representation energy (Pp) as:

[Ticani [Lica ”22

:Znnill 1]

AeGQ icA
1
-2 [l‘n }
icATY
AeGQ

K
<
= (o)
where G[O( is the set of all subsets of size O of K elements (here, features).

With large n; the second term in the sum becomes very small, and we can see that the upper

bound of the last line gives a good approximation of the representation energy.
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So, for O =1,

For, O = K,

Squared distance: We also notice that for a code of a particular order, all of the codewords
have the same distance from the zero-activity state (the origin). This distance provides a
different notion of energy consumption, through Py = w%, where w is the distance for a
code of order O. Formally, it differs from the notion of energy consumption given above only

in that the squared mean activity is not subtracted. That is,

D

Pp = wQO = ZE (ti(l‘)2)X
7
rather than
D

D
Po =Y B(ti(@)’) = Y Btk

1

Following the derivation above, the distance is:

o< [(5)

D=

63



and the representation energy (or squared distance) is

v ()

and, for O =1,

and, for O = K,
P =1

That is, this gives the same answer as our other measure for energy, but does not depend on

the assumption that the n; are large.

Use of either of these two measures does not substantively affect our results. In our sim-
ulations, we will use the former because it slightly benefits pure codes (because the mean
activity of neurons in pure codes is generally higher than that in mixed codes, so there is a
larger reduction in their representation energy by the subtraction of the squared mean) and

we are exploring the benefits of mixed codes.

Minimum distance (A) of the codes

The smallest distance between any two codewords is directly related to the probability that
a decoder will make an error when attempting to discriminate between those two codewords,

and can be used to bound the performance of decoders in general.

Intuitively, the minimum distance will be between stimuli that differ by only one feature. In

particular, the minimum distance will be dependent on how many of the (g) combinations
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of O features contain the feature that differs between the two stimuli. This is given by (10(:11)
(which counts the ways one can select the rest of the O — 1 features, assuming the differing
feature is already included in the combination), and figures prominently in our equation for
minimum distance below. We also develop an equation for the distance between stimuli that

differ by more than one feature and show that this distance is increasing in the number of

features two stimuli differ by, see |Code distances in Supplemend These two steps show that

this intuition about the minimum distance is correct.

By statement , we know that the minimum value of d(K, O, v) occurs when v = 1. We can

then evaluate our expression for distance, found in statement [I, at v =1

1

wnon-[E0)(52)]
()(60)]
Ao = 2(5 H

Now, we can evaluate this expression for any K and O that we desire. For O =1,

= |2

A =2

and, for O = K,

A =2

While the minimum distance for these two codes is the same, their representation energy is
different (see Eq. and Eq. [2.5). Further, minimum distance and power are both weakly
unimodal around O = | K/2] (Figure 2.1, center and right).
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2.5.4  Minimum distance-representation energy ratio

A straightforward way to describe code performance in a single number is to take the ratio
between squared minimum distance and representation energy. Codes with larger ratios will

typically have a lower probability of decoding error given the same noise level.

a2 (6.1)
P (©)
_ LK~ 0)OI(K — 1)
- (K -0)(0-1)K!
:2% (2.7)

which is strictly increasing with order (Figure 2.1F, left).

2.5.5  Linear transform ()

In comparing codes of different orders, it useful to give the codes the same representation
energy (Pp) and population size (Dg), so that it is clear that the differences in performance
are due to the different effective dimensionalities and arrangements of stimulus representa-
tions produced by codes of different orders, rather than differences in representation energy
or population size. Thus, we apply a linear transform S to the codewords ty(z), which sets
representation energy to be equal to some value V' and population size to be equal to some
value N, which are both now decoupled from code order, O. Thus, we can flexibly com-
pare codes of different orders given the same energy — or, put another way, using 3, codes
of different orders can be implemented with arbitrary representation energy and relatively

unconstrained population sizes (though, Dy < N). In practice, 8 is an N x Do matrix.

This step also has an important conceptual interpretation. In neural recordings, the activity

of large populations of neurons have been found to inhabit a subspace of all possible neural
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responses with much lower dimensionality than the number of neurons (i.e., the maximum
possible dimensionality, if all neurons were independent). In our framework, this subspace
can be viewed as the Dp-dimensional space of the codewords, while a neural implementation
of the code may use N neurons (with N > Dp). Through the transform from the D)-
dimensional codeword space to the N-dimensional response space, S can be used to make
several quantitative and qualitative changes to the final representation. We will summarize

the ones that are most relevant here:

1. It can expand (Pp < V) or contract (Pp > V') the representation by either increasing

or decreasing the representation energy of the code.

2. Tt can perform a rotation or reflection of the codewords, which can both change the
sparsity of the neural response as well as move from the strict binary representation of
the codewords to a more graded representation, where neurons can have different non-
zero firing rates for different stimuli. For instance, each element of the linear transform
matrix can be sampled from a Normal distribution with zero mean (and normalized
according to the conditions set out below). Then, each neuron in the population would

have a non-zero response to every stimulus with high probability.

3. It can project the codewords into a higher-dimensional space, as when Dp < N —
in this way, there can be a tradeoff made between having fewer neurons with high
individual SNRs or more neurons with lower individual SNRs, to result in the same
population-level SNR (which is the SNR used in the rest of the manuscript). For
example, in this way, a single neuron with a high individual SNR could be replaced by
two neurons with lower individual SNRs but the same feature tuning without affecting
the decoding performance of the code. Thus, the population size N of the code would
be larger, but both the effective dimensionality and code performance would not be

affected.
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Thus, through the linear transform, the population representation of the stimuli can be made
more realistic and heterogeneous. In addition, as shown in Figure 2.1fG, the sparsity of our
codewords increases with code order. Through choice of 3, that dependence can be, in part,

broken.

Importantly, only the change in representation energy due to the linear transform will alter
code performance (see below). Here, we only consider linear transforms that scale all of the
codeword dimensions uniformly — and, as a consequence, maintain the uniform representation
energy across individual codewords. This class of linear transforms cannot change the relative
geometry of the codeword representations, it can only rescale, rotate, and embed it. This
relative geometry is what produces the increase in code performance with code order at the

same representation energy that we describe here.

Heterogeneous rescaling of the codeword dimensions by either a static or dynamic linear
transform is one way in which a particular code could be optimized for the representation of

a non-uniform stimulus distribution. We consider this possibility further in the Discussion.

Selecting a linear transform ()

In choosing 3, we must satisfy four constraints:
1. N> Dgp
2. BTB = I, where I is the Dy x D identity matrix and ﬁT is the pseudoinverse of 3.
3. The vector length, H, of each column in § must be the same.

4. E(Bi;Bir) j#k = 0; this will be true, for instance, for J where the rows or columns are

sampled from an independent Normal distribution.

Even given these constraints, there is significant flexibility in the choice of 3, which allows
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to be used to alter some of the qualitative features of our codes, as described above. However,
as mentioned above and as we will show in more detail below, it is only the vector length of
the columns of 5, H, that affects the performance of the code. As a result, throughout our
simulations, we will use s that are proportional to the identity matrix for simplicity and

ease of interpretation.

For 8 with length H, the transformed code Sty (z), where ¢t () has representation energy

Pp, will have representation energy

V =H%P, (2.8)

We derive this using the squared distance definition of energy. So, the energy of the original

(2

After applying 3, we want to find the square of the average distance of the codewords from

code tp(z) is given by,

the origin, or V', under the squared distance definition of energy.

So, we want to find, where c¢(z) = Stp(x), X is the set of stimuli, and M is the number of
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stimuli,

reX i jeDy
by the definition of 3, constraint 4
1 2
LYy
rzeX jeDy,
by the definition of , constraint 3

“ % (o)

rzeX

()

— H?Pp

Thus, we can give different codes the same representation energy V' by choosing H = \/V/Pp
for each O.
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The effect of 5 on minimum distance

B

ij> 18 given

The distance between two points ¢; = Bto(z;) and ¢; = Sto(z;), represented as d

by
d); = Hdj; (2.9)

where d;; is the distance between the two points ¢ (z;) and to(z5).

We know that points z; and x; are both /P units away from the origin while codewords ¢;

and c; are H /P units from the origin (by Eq. and equation . We want to find df;

The angle between the two points is

—_

0 = sin ! gdij

3

so, we can rearrange to find:

dfj — 9H\/Psinf

1

d..
—2HVP2 Y

VP

= Hd”

It follows directly from Eq. that the minimum distance after [ is applied, 9, is given by

0=HA

Further, it follows that the ratio given in Eq. is not altered by H, or choice of particular
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[, since

2.5.6 Full channel details

We simulated codes of all possible orders for particular choices of K and n. Three important
choices were made for these simulations. First, the codewords from each code were passed
through a linear transform (. The linear transform was used to equate the population
size and representation energy of different order codes, such that we could investigate code
performance when each order of code had the same number of participating units and the
same signal-to-noise ratio (SNR = \/W where V' is the code representation energy after
the linear transform is applied and o2 is the noise variance), as in Figure and see

[transform (B)in Methods Second, the noise in the channel was chosen to be additive and to

follow an independent Normal distribution across code dimensions. Third, we use maximum
likelihood decoding (MLD) to estimate the original stimulus. This choice is consistent with
Bayesian and probabilistic formulations of neural encoding and decoding[142-144]. While
inclusion of noise correlations would be an interesting topic for future research, we show
here that they are not essential for any performance increases due to nonlinear, conjunctive

mixing.

Code availability

All of the code for the simulations was written in Python (3.6.4) using NumPy (1.14.2),
SciPy (1.0.1)[145], and Scikit-learn (0.18.1)[146]. The code is available on github. For each

SNR and each code order, 5000 to 10000 trials were simulated.
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https://github.com/wj2/nms_error-correction

2.5.7 FEstimating the error rate

While the minimum distance-representation energy ratio we derive in Eq. provides useful
insight into the performance of codes of different orders, it does not give a direct estimate of
the probability of decoding error. In particular, it is difficult to interpret the magnitude of
performance differences without incorporating the magnitude of the noise itself, the decoder
used, and the arrangement of all of the codewords in coding space to estimate error rate
directly. Here, we incorporate the details of the full channel to directly estimate the error

rate via a union bound estimate (UBE).

That is, with the channel,

= Bto(z) +n

where 1 ~ N(0,02) (see Figure [2.1]A for a schematic) and a maximum likelihood decoding
function f such that & = f(r(z)) where & is the maximum likelihood estimate of x given

r(x), we want to estimate the probability that & # = across X — that is, the probability of
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decoding error, PE. To begin,

PE = Z p(x)P <Ux#a€X)A( =a|X = :E)
rzeX

=P (Ux;«éanX =alX = a:)

by statement

= ) PX=daqX=u)

r#aeX

by the disjoint nature of decoding events

< ¥ o) (2.10)

r#aeX

where Q(y) is the cedf at y of N(0,1) and dg(z, y) is the Euclidean distance between the code-

words corresponding to x and y (i.e., the Euclidean distance between Sty (z) and Bt (y)).

We can proceed further by using the function:

a0 =[133() (iiz’)]%

which gives the distance between two stimuli that differ by v out of K total features in

an order O code (see [Code distances in Supplement for a derivation), and the fact that the

number of stimuli that differ by v features from a particular stimulus is given by

Na) = () -1

Thus, Eq. can be rewritten as a sum of all stimuli z # a arranged by their distance
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from x (the original stimulus):

) Z Nan(v <—Hd([2<(;0’ U)>

where H = /V/Pp, due to the linear transform

V d(K,O,v
_ZNaH <\/;—( % )>

SNR
—;Na11<7})@<2% (K,Oﬂf))

PE < Z Q<

r#aeX

This expression provides an explicit upper bound that well-approximates our simulation
results (Figure 2.2A) and we use this expression to characterize code performance in Fig-
ure [2.2B. However, it is difficult to gain intuition about code performance through this
expression. Thus, we reformulate the sum to include only the terms that give the likelihood
of errors to stimuli at minimum distance. This works as an approximation because these
errors require the smallest noise and are therefore, in most cases, exponentially more likely
than errors to stimuli at even the next smallest distance. Using our expression for minimum

distance and for the number of stimuli at that distance for each code:

Sg an (v (28\1;5 (K,O,U))

010 (S pedti.0.1))

SNR A
2 P,

Q
s L

= Na(0)Q (

- NA(0)Q (S—%>

where N (O) is the number of neighbors at minimum distance for the code of order O,

derived in [C'ode neighbors in Supplemend. Thus, we can see that PE depends most strongly
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on the minimum distance-representation energy ratio and SNR. Further, for O < K, this
approximation is strictly decreasing with order, implying the main result of our paper: that
increasing mixing (O) increases code reliability. This is matched by our simulation results
(Figure 2.2]A). Further, in the full approximation above, the O = K code is guaranteed to

have the smallest error rate, due to the fact that all of its stimulus representations are at max-

imum distance from each other (d(x,a) = v/2V, derived in |Code distances in Supplement),

while all other codes have at least some proportion of stimuli that are closer together (and
therefore are more likely to give rise to errors). This is also matched by our simulation

results (Figure ), though, for large K, the performance of high-order codes becomes

increasingly similar (Figure [2.2A, bottom and Figure 2.2B).

2.5.8 Total energy

Similar to [129], we assume that all neurons, whether spiking or not, consume some baseline,
non-zero amount of energy — due to passive maintenance processes, including the circulation
of ion channels, and due to spontaneous activity. We define this amount of energy to be
equal to one unit. Next, we assume that spiking neurons consume the baseline energy plus
an amount of energy proportional to the square of their firing activity; this activity summed
across the population is the representation energy (Pp). So, the total energy consumption

of a code, F, can be written:

E=¢V + Do (2.11)

where € controls the proportional cost of spiking relative to passive maintenance costs. This

e will vary between neuron types, but has been estimated by experiment to be around 10 to

102(129].

76



From Eq. [2.11] we see that a code of order O allocated E total energy would have,

E—-D
V= 0
€
and
20
2
=—(F—-D
J Ke( o)

where only codes with V' > 0 (that is, £ > Dp) can be implemented in practice. This ¢ is
used in the comparisons for Figure[2.2ld. From this expression, we observe that the particular
value of € does not change the relative performance of codes with different orders. So, our

results in Figure do not depend on e.

Further, we find that when 69 = dp4.1 as a function of ' to discover when the O + 1-order

7



code will begin to outperform the O-order code:

‘% = (%H
20 200 +1)
o (E= Do) = == (E = Do1)

O(E —Dp)=(0+1)(E—-Do41)
OFE —-0Dp=(0+1)E—-(0+ 1)D0_|_1

=(0+1)Dp+1 —0Dg

:(0+1)<O )0+1 (g)nO
-8y -of2)s
_(K-0) (g) LO+1 _ ( >n0+1

nK —(n+1)0O <K> O+1
n
n O

— (nK — (n + 1)0) (g)m

Eo»o0+1 = (nK = (n+1)0) Do
and using this for O = 1, we find that

E._ —n?K?2 - n?2K —nK 2.12
mixed

< n2K?

such that for £ > Epiceq @ mixed code (i.e., a code of order O > 1) will always provide

better performance than a pure code.
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2.5.9 FExperimental details and task description

We used experimental data in Figure that was previously published in a separate study
[135]. The full methods are given in the original paper, though we briefly review several key

points here. The data may be requested from the authors of the previous study.

The behavioral task

See the schematic in Figure[2.4B. First, a moving dot stimulus in a direction that was on one
side of a learned category boundary was presented while the animal fixated. Then, there was
a delay period during which the animal was compelled to saccade to one of two locations
before, finally, a second motion stimulus was presented and the animal reported whether
the category of the first (or sample) stimulus matched the category of the second (or test)
stimulus. The division of the 360° of motion direction into two contiguous categories was

arbitrary, and learned by the animals over extensive training.

The electrophysiological recordings and analysis

The experimenters recorded from 64 lateral intraparietal area (LIP) neurons in two monkeys
(monkey J: n = 35; monkey M: n = 29) during performance of the DMC task. Recordings
were performed using single 75 pm tungsten microelectrodes (FHC). Units were sorted offline,
and selected for quality and stability. No information about the LIP subdivision from which

each neuron was collected is available.

Linear models for motion category (category 1 or 2) and saccade direction (toward or away
from the neuronal RF) with interaction terms (between category and saccade direction) were
fit using an L1 prior in scikit-learn[146| (i.e., the Lasso fitting procedure) to all neurons with
greater than 15 trials for each of the four conditions (61/71 neurons). The data used for

fitting was subsampled without replacement so that each condition had the same number
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of trials as the condition with the fewest recorded trials (e.g., if there were 40, 35, 24, and
37 from each condition for a single neuron, then 24 trials would be subsampled from each
group for the fitting). Fit coefficients were tested for significance via a permutation test
(using 5,000 permutations) at the p < .05 level after applying a Bonferroni correction for
multiple comparisons. Spikes were counted in the 20 ms to 170 ms window after the saccade

was made and then spike counts for each neuron were z-scored across the four conditions.

2.6 Supplemental Information

“Nonlinear mixed selectivity supports reliable neural computation”

W. Jeffrey Johnston, Stephanie E. Palmer, David J. Freedman
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2.6.1 Glossary of terms

The number of stimuli transmitted by a code.

The minimum distance of the code of order O.

The minimum distance of a code of order O after g is ap-
plied.

The representation energy used by a code of order O.

The representation energy used by a code after [ is applied.
The population size of a code of order O.

The population size of the code after 3 is applied.

The number of features that a stimulus has.

The set of values that feature ¢ can take on.

The size of set Cj; that is, n; = |Cj]

The set of all possible subsets of [1, ..., K] with size s; {X C
1., K]:|X|=s}

A stimulus; a vector of length K, where x; € C; for all 7.
The encoding function of order O. It takes a stimulus (z)
and produces the representation of that stimulus in a code
of order O — also referred to as the codeword. The repre-
sentation is a vector of length D of ones and zeros.

The amplifying transform. It is applied to the codeword
(to(x)) and produces the amplified encoding; /5 is a matrix

of size N x D and must satisfy the constraints given in

Linear transform () in Methods,

The power in each column of 3; / va 5%. = H for all j.
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n A noise term. Here, always Gaussian, with 7 ~ N(0, 02).

c(x) The amplified codeword corresponding to a given stimulus,
c(x) = Bto(x). It is a vector of length V.

r(z) The noisy amplified codeword corresponding to a given
stimulus, 7(z) = ¢(x) + 7. It is a vector of length N.

f(r)  The maximum likelihood decoding function for a particular

code. It solves the equation argmax, P(r|z)P(z)/P(r).

=

The estimate of x, derived from a noisy representation, & =

f(r).

2.6.2 Code distances

We develop some general properties of the distances between stimulus representations in
our codes here. These are useful in conclusively proving the minimum distance, as well as
showing that each stimulus has the same neighbor structure as all the other stimuli in a

particular code.

Statement 1. The distance between two stimulus codewords is given by

wcon =[5 ()(520)]

where v is the number of features the stimuli differ in, O is the order of the code, and K s

the number of features.

Derivation. Using the set G?{ with |G’?(| = (IO(), we see that when we change a feature ¢ €
[1,..., K], by the definition of the indicator function and of our codes, we know that one term
(a product of indicator functions) in each feature combination that includes i will flip from
0 to 1 and another term will flip from 1 to 0. Thus, given the subset BZ.O ={be G?{\z € b},
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we obtain a distance of 2|BZ-O| from changing the value of feature . When we change a

second term, j, we obtain BjO ={be G?{] j € b}. The distance between the two stimuli is

then related to the size of the union of these two sets: 4 /2|BZO U BJO|

So, to find the distance between two codewords, we need to count the number of features in
which they differ and then find the distance, given the order of the code O and the number
of stimulus features K.

1
2

d(K,0,v) = |2

v
U7
t

()|

where the second binomial coefficient counts the number of subsets containing exactly ¢

of the v changed features and the first binomial coefficient counts the number of different
ways ¢ features could be chosen from the v changed features. Since our codes include all
combinations, the identities of the features changed does not matter — only the number of

them. 0

Next, it will be useful to know that this distance function is increasing with v, as, combined

with statement [1] it will allow us to find the minimum distance.

Statement 2. The function d(K,O,v) is increasing with v.
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Derivation. We want to show that d(K,O,v) < d(K,O,v + 1).

0<d(K,0,v+1)? —d(K,O0,v)?

v+1 v
Us?
1

:UBiO
i

v
) O
= Bv—l—l \ UBi
1

where the last line is the size of the set of values that are in Bl? 1 and not in any of the
other BZ-O for i € [1,...,v]. The relationship holds because a set cannot have a negative size.

Thus, d(K,0,v+ 1) > d(K,O,v) and therefore the function d is increasing in v. ]

Finally, we will derive the maximum distance between any two codewords in a code. Intu-
itively, this will be when none of the same neurons are active for the two codewords. We can
see this from our equations above by noticing that d(K, O,v) has a (potentially non-unique)

maximum at v = K (by statement [2|) and

1
2

K
d(K,0,K)=|2||JBY
1

]1
-[2o))

= 2Po)?

D=

- [2|6%

After the linear transform, this becomes v/2V', and therefore does not depend on code order.

Finally, we identify this maximum distance as equivalent to the minimum distance of the
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O = K code after application of the linear transform:

Vv
S = | oAk
P
K
=4/ V2—
K
by Eq.
=2V

which demonstrates that all stimulus representations in the O = K code are at maximum

distance from each other, by statement [2]

2.6.3 Code neighbors

For the UBE, it becomes necessary to know the number of codewords at minimum distance

from any given codeword (Na (O)).

Statement 3. The number of neighbors at minimum distance for a code of order O Na(O)

s given by:

Kn—-1) O<K
NA(O) = (2.13)

-1 O0=K

Derivation. From the fact that the distance function is increasing with v (statement [2), we
know that d(K,O,1) is the minimum of d(K,O,v), but it may or may not be a unique

minimum.
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Thus, we want to find O such that d(K,0,1) < d(K, O, 2),

0<d(K,0,2)? —d(K,0,1)
(2\ (K -2 2\ (K —2 1\ /K -1
“(:)(o-2) () (o-1)- () (o)
52 (57)
O—-2 O—-1 O-1
exploiting binomial identities to make all binomial terms equal
_(K—2)+2K—2—|—1—O+1(K—2)_E(K—2)
O—-2 0-1 0-2 O-1\0-2
_(K—2)+2K—O(K—2)_E(K—2>
O -2 0O-1\0-2 O-1\0-2
K-0 K-1|(K-2
0—1'_0—1]<0—2>
O-142K—-20-K+1(K -2
B O-1 (0—2)

 K-0(K -2
S 0-1\0-2
this is undefined for O = 1, which is undesirable

 K-1K-0(K -2
CK—-10-1\0-2

O<K—O K—-1
K—-1\0-1

This last expression is true when 1 < O < K and false otherwise (i.e., when O = K).

I
—_
+
(]

When it is true, it implies that changing one stimulus feature produces codewords at a closer
distance than changing two stimulus features. Now, we must find how many stimuli differ
by a single feature from a given stimulus. Any single feature of the K features could be
changed, and it could be changed to any one of n — 1 different values (excluding its current

value) — 80, NA(O) = K(n—1) for O < K.

If O = K, then Glfg ={{1,..,K}} = B{< and since BZ-K cannot grow beyond the size of G2,
all codewords must be at the same distance. Thus, Na(O) = n —1for O =K. ]
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Statement 4. The number of neighbors at a fixed distance does not depend on codeword

identity.

Deriwvation. We assume that the number of neighbors at a fixed distance does depend on
codeword identity and show that this leads to a contradiction. We know that codeword
distance does not depend on original codeword identity (statement , but does depend on
the number of features that the stimuli differ by. Thus, for a set of codewords to have more
neighbors at a particular distance than a different set of codewords, the corresponding set
of stimuli must be able to differ in more ways from the corresponding set of other stimuli.
Stimuli can differ by changing 1 to K of their K features to one of the n — 1 different values
for each feature C;. For a set of stimuli to be able to differ in more ways than a different

set of stimuli, that set of stimuli must have either more features or more possible values for

each feature. Either of these would contradict our definition of the stimuli (see

[the stimuli in Methods). O

2.6.4 Sum of spikes representation energy

To this point, we have used the squared distance or variance to characterize the relationship
of spiking activity across the population to metabolic energy consumption in the form of
representation energy. This is following decades of literature on neural coding|147] and
communication theory[148]. However, there is some evidence to suggest that a sum of spikes,
or L1, representation energy metric may be more appropriate for use in the brain[149].
To gain intuition into how this different metric for metabolic energy affects our results,
we perform simulations and modify our analytical approximation to use this metric. The
relevant approximation is now:
K
PE < ; Nan(v) @ (P—VOW)
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because H = V/ Py for the linear transform.

These results illustrate that, for large numbers of features K, some intermediately mixed
codes, particularly with order close to 1, will provide worse performance than the pure code,
but still that highly mixed codes always provide the best performance (see Figure . A
further consideration of code performance with the L1 norm may be an interesting area for

future research.
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Figure 2.5: Using sum-of-spikes instead of squared distance representation energy improves
the performance of higher-order codes, related to Figure . A (top) The minimum distance
per representation energy ratio (Ap/Pp) for distance representation energy; and (bottom)
the representation energy per population size ratio (Pp/Dg). B Simulation of codes with
O = 1,2,3,4 for K = 4 and n = 4. (inset) Performance of the codes relative to the
approximation (dashed lines). C (left) Using our approximation, we show that for different
K (with n = 5) the SNR required to reach 0.1 % decoding error has its minimum at O = K.
(right) The representation energy required by the pure code relative to that required by the
best mixed code (given by point color and label) to reach 0.1 % decoding error.
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2.6.5 Alternate noise models

In the main text, we focus on additive, Gaussian noise. However, multiple other noise models
have been proposed to be relevant to the brain, including Poisson, bit-flip, and input noise.

We consider all of those briefly here.

Poisson and bit-flip noise

To this point, the noise in our neural channel has been Gaussian distributed, which allows
us to vary the SNR down our channel independently of representation energy or firing rate.
However, neural firing rates are often viewed, at least roughly, as following a Poisson process,
which implies a particular SNR at different firing rates due to a strict relationship between
mean firing rate and firing rate variance (though experimentally observed firing rate-SNR
relationships have not followed the one expected from a Poisson process[150]). Thus, it is
possible that due to the different firing rates of individual neurons used in our codes (as only
the sum firing rate is held constant across codes), Poisson noise could change which code

performs best.

To address this concern, we perform simulations with Poisson, instead of additive Gaussian,

noise, following:

r(z) = f (Bto(x))

where f(z) produces a sample from a Poisson distribution with mean z and the linear
transform  is proportional to the D¢ identity matrix. The results of these simulations are
given in Figure 2.0/A. We can see that, in this case, the qualitative performance of our codes
relative to each other is not affected — and mixed codes still outperform pure codes. This is

expected from previous work.
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However, pure Poisson noise, modeled in this way, may not be appropriate for the nervous
system. In particular, for our function f(z), where x = 0 the result is 0 with probability
1, as is the case for a Poisson distribution. In contrast, neurons observed in the brain
almost always have a non-zero spike probability due to spontaneous activity. To model this

spontaneous activity, we include a baseline firing rate in our noise model, taking

r(z) =g (Blo(x))

where g(x) = f (min (SU,’/’spont)), Tspont is the spontaneous firing rate in the neural popu-
lation, and f(.) is defined as above. Thus, all neurons will have a non-zero probability of
emitting noise spikes at all representation energies. The result of the simulations for these
conditions are given in Figure [2.6B. Here, mixed codes still tend to perform better than pure
codes. However, the O = K mixed code performs worse relative to other mixed codes than

with either Gaussian or pure Poisson noise.

For low representation energy (as in the shaded gray area of Figure , where there will be
only, on average .2 to 3.2 spikes of signal across the population), these Poisson-with-baseline
simulations approximate the conditions of binary bit-flip noise (though the flip probability
is not symmetric), and indicate that mixed codes outperform pure codes in those conditions

as well.

In summary, the pattern of our results holds for numerous different response noise (i.e.,
channel-noise) distributions. This underlines the generality of the results derived from our

three code metrics.
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Figure 2.6: Channels with pure Poisson and Poisson-with-baseline noise have similar per-
formance to those with Gaussian noise, related to Figure A The error rate (PE) as a
function of representation energy (V') for codes with pure Poisson distributed noise, K = 3
and n = 5. B The error rate (PE, axis same as on the left) as a function of poisson SNR for
codes with Poisson-with-baseline distributed noise. Poisson SNR is defined as /V/rspont,
with K = 3, n =5, and rgpont = .2. Representation energy ranges from .2 to 10, as on the
left. Low values were chosen for both representation energy and rgpont to allow an analogue
to the binary bit flip case. The gray shaded area is the region where .2 to 3.2 spikes of signal
are expected across the population and few neurons will fire more than once.

Input noise

Noise in a neural system affects both the output of, as modeled in the main text and above,
and the input to that system. Here, we investigate how input noise affects the robustness of
codes with different levels of mixing. Previous work on mixed codes has argued that codes
with more mixing are especially sensitive to input noise, and thus may make it difficult
to recognize highly mixed representations of similar stimuli as similar to each other.
In our framework, it is true that mixed codes map similar stimuli to distant locations in
response space (in part, this is what is meant by having large minimum distance, and the

discrimination-generalization tradeoff discussed in [74]).

However, when the provided input is either the “true” stimulus or one of the adjacent stimuli
in stimulus space (i.e., input noise is local), as would be the case if the input was from a

decoder that makes local errors (e.g., with low mean squared-error), code order does not
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affect robustness to input noise for decoding. This is because, while the input noise can
create very different representations in response space for high-order codes, the decoder
maps those different representations back to nearby areas of stimulus space, creating errors
only as large as the noise in the input. This result is counter to the intuition provided by
previous investigations of mixed codes with random stimuli[74]. We illustrate this without

any output noise in Figure [2.7A, B.

We also simulate non-local input noise, where the input is assumed to be an O = 1 code
stimulus representation that is subject to bit-flip noise. In this case, the O = K code has
the highest MSE, as expected from the previous literature, while both O < K codes that
we simulated have the same MSE. To explore why this is, we consider the consequences of a

single input bit-flip. There are two possibilities:
1. With probability Kin = %, the bit-flip will change a 1 to a 0 for one of the features.

e For an O = K code, this means that none of the neurons will fire and the response
without output noise will be a vector of all zeros. Thus, the decoded stimulus will

be completely random with respect to the original stimulus.

e For an O < K code, only subpopulations that do not represent the bit-flipped

feature will be active. The code will operate as a code of the same order on a

stimulus space with K — 1 features, and will have only K ]}O of the representation

energy of the original code. Thus, all codes will infer random values for the bit-
flipped feature, and will encode the rest of the values according to a code of this
nature, which will lead to reduced performance for higher order codes (though

this reduction is partly corrected by the greater reliability of those codes as in

Figure 2.7D).

2. With probability 1 — %, the bit-flip will change a 0 to a 1 for one of the features. For
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all codes, this will result in a second codeword becoming equally likely in our decoder,
and lead to a 50 % chance of error due to this input perturbation. It will also increase

the representation energy used by the code.

In simulations of codes with K = 3 and n = 5, we see that the input bit-flip noise produces
a base mean squared-error even without any output noise (Figure ), due to the effects
described above. The O = 1 and O = 2 codes have equivalent performance, while the
O = 3 = K code performs worse (again, following the pattern described above). However,
when we simulate the full channel over a variety of SNRs at a fixed input bit-flip probability
(Figure ), code performance replicates the broad trends of our MSE analysis in the main
text (Figure . In particular, the mixed codes show a faster decay of mean squared-error
as SNR increases, but the full-order code decays to a larger mean squared-error baseline
than either of the other codes. This baseline mean squared-error is entirely due to the input
noise, and cannot be reduced by increase of the code SNR. As in the case without input
noise, increasing the response field size (oy¢) of the neurons in the code is likely to increase
performance and correct some of the errors made due to input noise. The degree to which

this changes performance will be explored in future research.

2.6.6  The rate-distortion bound and mutual information calculation

To calculate the rate-distortion bound (RDB) for our source distribution, we use a Python
implementation| of the iterative Blahut-Arimoto algorithm|[151 [152]. Since the optimization
problem is convex, the algorithm is guaranteed to converge on the right solution, given
enough iterations. To ensure an adequate number of iterations, we terminate the algorithm

only when successive steps are less than 10719 change in error probability magnitude.

To evaluate our codes alongside the RDB, we must calculate the mutual information between
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Figure 2.7: Code order does not have an effect on sensitivity to local input noise, related to
Figure 2.2, For all panels, K = 3, n = 10. A The mean squared-error (MSE) of different
codes as a function of input noise without output noise, represented as the probability of
each feature taking on the value above or below its “true” value. B The same as A but for
the O = 3 code with different RF sizes. C An additional simulation with non-local input
noise — where bits in an input O = 1 code are randomly flipped with the probability given
on the x-axis. The error rate of the resulting O = 1, 2,3 codes with the same parameters as
above is plotted. D A simulation with non-local input noise and output noise. The result
here is similar to that without input noise in Figure [2.3] except that the O = 3 code has a
higher error rate at high SNR due to its increased sensitivity to input noise, shown in C.

the stimulus distribution X and the distribution of our stimulus estimates X. So,
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where

— > P(y)logy P(y)

yeY
H(Y|Z)==)_P(2) > P(ylz)logs P(y|2)
z2€Z yeyY
=Y P(H(Y|Z=2)
z€Z

To compute these quantities, we rely the observation that P(X) = P(X). That is, both

distributions are uniform, with P(z) = P(x) = nLK This can be seen from the fact that

none of our codewords have more (or fewer) neighbors at any given distance than any of our

other codewords (see statement .

Using this,

I(X:X) = H(X)— HX|X)
= H(X)— H(X|X)

=Klogyn— Y  P(x)H(X|X =)
reX

Since P(x) = nLK and P(X |X = x) has the same entropy for all z, following from the

observation above, it is enough to estimate

I[(X;X) = Kloggn — HX|X = 2)

for a particular x. We do this via numerical simulations (see |Full channel details in Methods|

for details).
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Figure 2.8: The mixed codes come close to or achieve the rate-distortion bound while the
pure code does not, related to Figure A A schematic of the rate-distortion bound. The
bound is a function on the information rate-error rate plane dividing a region of possible codes
from a region of impossible codes. The bound depends only on the stimulus distribution and
distortion type, it does not depend on any code properties. Thus, we evaluate codes relative
to the bound. If a code achieves the bound, that means it achieves the most efficient possible
mapping from stimulus information to distortion — i.e., it uses the fewest possible bits to
achieve a particular error rate. The rate-distortion bound goes to zero as I(X; X ) approaches
H(X) since the mutual information between the stimulus and its estimate cannot exceed
the entropy of the stimulus. B For K = 3, n = 5 and a uniform probability distribution
over the stimuli, we evaluated codes with different levels of mixing relative to the rate-
distortion bound (red). We show that the two mixed codes O = 2 and O = 3 achieve or
come close to achieving the rate-distortion bound, while the pure code does not. (inset) The
transformation from SNR to /(X; X ) for each of the codes is fairly similar, though the mixed
codes are slightly less efficient at low SNR and slightly more efficient at high SNR.

2.6.7 Representation energy required to reach a .1% error rate

We also compared codes on the basis of how much representation energy they required reach
a .1% error rate given a fixed noise variance. These results are given in Figure for noise

variance o2 = 10.
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Figure 2.9: Mixed codes require less representation energy to achieve the same error rates
as pure codes, related to Figure . For both plots, n = 5 and the noise variance o2 = 10.
A The amount of representation energy required to reach a 1% error rate for codes of all
orders given various numbers of features K. The code requiring the least energy is always
the O = K or O = K — 1 code. B The percent more representation energy required by the
pure code to reach a 1% error rate compared to the optimal mixed code. The order of the
optimal mixed code is indicated by the text above each marker.

2.6.8 Additional results on response fields

Generalizing our current framework to allow flexibly sized response fields (RF's) requires only
a reformulation of the indicator function. Instead of performing an equality operation, it

should instead perform a set membership operation, as

0 i¢J
i e J] =
1 1eJ

where the set J is, in this case, a contiguous sequence of feature values of length o,¢. Following

this, for our main results, oy = 1. Now, we explore how choosing o, > 1 changes our results.

97



Effects on minimum distance, representation energy, and population size

Population size and representation energy change with RF size to ensure that full coverage
of the stimulus set is maintained. To achieve this, we arrange the code dimensions in a series
of o4 overlapping lattices, where each lattice has non-overlapping RFs in a grid pattern.
This strategy is not guaranteed to be the most efficient tiling of the space, but it is simple
to implement and analyze — and it approximately meets the theoretical estimate of the
dimensionality of the most efficient tiling|133]. This RF tiling does, however, cause the
stimuli on the edge of stimulus space to behave differently from the stimuli near the center.
In particular, stimuli within the RF-width of the maximum or minimum feature value for
one or more features will have fewer neighbors than other stimuli and will therefore have
lower error probabilities than more central stimuli. Thus, for our simulations with o > 1,
the fact that we sample stimuli uniformly rather than with some other distribution does have
a mild effect on our results. However, since the number of edge stimuli is a feature of the
stimulus space, not the code, the proportion of edge to non-edge stimuli is the same across

codes, thus different codes do not benefit more from the sampling of additional edge stimuli.
The increase of o, has the following effects on our three principle code metrics.

Dimensionality:
0]
K n
Do = —+1
o= o) (5 1)

Power:
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Minimum distance:

so=[(5 )]

Note that minimum distance is not affected.

The optimal o,¢ for a given total energy

For a fixed K, O, n, and E, we want to find the o,y that maximizes minimum distance.
For E = €V + D, and using 0(K,O, 0., V) as an expression for minimum distance after

application of  to produce a code with power V', we can write the problem as:
E—Dp\?
L= K? 07 Orfy ———
€

20 (E—Dg
- Ke Orf

20 | E K L 0
© Ke | oy O Ovf
and now, to find the maximum, we will take the derivative gTLf,
oL 20 0L

S0 (&)
Orf ) Orf
0-1
FE K
ENARE S
Ot 0 Orf Ot

doys  Kedoy

_20
- Ke
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and now setting the LHS to zero,

oL 20
2= ===
0oyp Ke

E (K
A (O)O
rf

E ﬁ_ n+1
(5yon oy

Orfopt = 1

1 -1

On(5)

See Figure [2.10F for a plot of this function. This formalization does ignore benefits of

Ot opt > 1 for reducing the number of nearest neighbors of high order codes.

Effects on error distribution

Increasing RF size has the effect of pulling the distribution of squared-error distortion more
concentrated toward zero, while increasing the overall probability of an error (see Fig-
ure [2.3D). The increase in overall probability of an error for fixed SNR can be understood
by the expression for code power given above, where an increase in RF size increases the

power consumption of the code without producing a change in minimum distance.

However, increasing RF size does produce a change in the number of codewords at minimum
distance and at succeeding distances. To see this, we can focus on the O = K case: with o5 =
1, we know that all other codewords are nearest neighbors to a given codeword (Eq.
because only one dimension is active for each codeword. If, instead, we have o = 2, we
know that each RF has a volume of aff{ feature values, but their intersection must be of
size 1. Thus, either active RF can be changed to Jff{ — 1 different RFs to still form a valid
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codeword. Thus, the number of nearest neighbors is 2 (QK — 1). With oy = 2, all stimuli

except the nearest neighbors will be at the same, further distance.
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Figure 2.10: Changing response field (RF) size changes code properties, related to Figure .
A The number of dimensions required to implement the code decreases by several orders
of magnitude. B The power of the code increases by several orders of magnitude. C The
tradeoff between minimum distance and code power remains constant if all codes are given
the same RF size. D The RF size maximizing minimum distance under the total energy
constraint differs between codes. E The code providing the highest minimum distance with
opf = 1 (left) and oy = oy opg (right) as computed in Eq (S.2). They are only marginally
different. F' The optimal RF size for codes of different orders given features with different
numbers of possible values. G Histogram of the differences in code order giving the highest
distance from E.

2.6.9 Error-reduction by mixed selectivity in the continuous case

Here, we adopt continuous stimulus features and RF's to test how well the benefits of mixed
codes generalize to the continuous case (also see for a deeper investigation of the continu-

ous case). In particular, with stimuli # € X composed of K features, z; ~ U (0, n;). Instead

of the flat, discrete RFs defined in |Additional results on response fields in Supplement, we
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use Gaussian RF's,

PO (2 — Ci)2>

202,

r(z|ow,c) = exp (—

which are then scaled by the amplifying transform § as described in [Linear transform (3) in|

[Methodd The rest of the channel is identical to the channel described previously, including

the additive noise. RF's are tiled in the same way, though now their width oy is independent

of o, which dictates their tiling — as in [Additional results on response fields in Supplement.

Our simulations show similar results to the discrete case (Figure , with higher order
codes yielding lower MSE across all of the SNRs we investigated. Thus, the broad advantage
of mixed codes apply in the continuous case as well. However, increasing RF size produces
higher MSE, which is the opposite of our results in the discrete case. Future work is needed
to discover why this is, and in what other ways the continuous case differs from the discrete

case.
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Figure 2.11: The benefits of mixed codes broadly generalize to continuous stimuli and RF's,
related to Figure 2.3 A The MSE of codes of all orders with K = 3. The higher-order
codes provide better performance than the lower-order codes. B MSE increases with RF
size, which is contrary to the result in the discrete case (Figure 2.3d). C The cumulative
distribution function of squared error for the three codes and for three different RF sizes.
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CHAPTER 3

SOLUTIONS TO THE ASSIGNMENT PROBLEM BALANCE
TRADE-OFFS BETWEEN LOCAL AND CATASTROPHIC
ERRORS

W. Jeffrey Johnston and David J. Freedman

Abstract

An individual observing a barking dog and purring cat together in a field has dis-
tinct pairs of representations of the two animals in their visual and auditory systems.
Without prior knowledge, how does the observer infer that the dog barks and the cat
purrs? This binding of disparate representations is called the assignment problem,
and it must be solved to integrate distinct representations across but also within sen-
sory modalities. Here, we identify and analyze a solution to the assignment problem:
the representation of one or more common stimulus features in pairs of relevant brain
regions — for example, estimates of the spatial position of both the cat and the dog
represented in both the visual and auditory systems. We characterize the reliability of
this solution as well as how that reliability depends on different features of the stimulus
set (e.g., the size of the set and the complexity of the stimuli) and the details of the
split representation (e.g., the precision of each stimulus representation and the amount
of overlapping information). Next, we consider a representation with limited capacity
and determine how the assignment error rate and precision of stimulus representations
depend on that capacity. This constraint reveals two trade-offs between the precision
of individual stimulus representations and the frequency of catastrophic assignment
errors. These trade-offs balance redundancy, which reduces the frequency of assign-
ment errors, and efficiency, which increases the precision of stimulus representations.

Further, we show that assignment errors reported in humans are broadly consistent
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with those predicted by our model, as well as make further testable predictions. Over-
all, this work offers insight into an important computational problem that arises from

distributed neural representations.

Keywords: multisensory integration, representation assignment, information theory

3.1 Introduction

Humans and other animals successfully behave in highly complex environments, composed
of multiple objects each of which might produce representations in multiple sensory systems.
Coherent behavior in these environments requires extensive integration of all these disparate
forms of information about the environment. For instance, a hawk bringing food to her
hatchlings might need to attend to both the visual appearance of each hatchling and their
vocalizations to infer which of them is most in need of food. While navigating these cluttered
multisensory environments often appears effortless for hawks and other species, it requires
two highly non-trivial computations: Object segmentation and representation assignment.
For object segmentation, the continuous sensory world must be segmented into distinct ob-
jects — that is, each hatchling has to be recognized as a distinct entity, separated from both
the other hatchlings and other background objects, such as the nest. The primitive rules
that humans and other animals use to segment objects have been studied extensively as
part of gestalt psychology[153] and related subfields|154]. In addition, the neural mecha-
nisms underlying object segmentation are beginning to be understood, with the discovery
of neurons that appear to signal which nearby object a particular edge belongs to, termed
border ownership cells, in the primate visual system[155] 156]. However, even once object
representations are segmented within a single brain region, that set of object representations
needs to be integrated with distinct sets of representations of those same objects that arise in

different brain regions. We refer to this process as representation assignment. In particular,
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in the example above, the representations of the chicks from the visual system need to be
integrated with the representations of the chicks from the auditory system, as both sensory
systems provide information that is necessary to guide coherent behavior. The integration

of distinct sets of representations of the same objects is called the assignment problem|89].

A reliable solution to the assignment problem is crucial to coherent behavior, especially as
sensory information is known to be widely distributed in the brain. In particular, errors
in assignment lead to incorrect conjunctions of object features, producing representations —
such as a barking cat and meowing dog, see Figure — that are likely to be particularly
catastrophic for behavior. The integration of these distinct, parallel representation of the
world has been previously studied in two principle ways. First, the integration of distinct
features within the visual system has been studied in the context of feature integration the-
ory[90, 91]. In feature integration theory, spatial attention is used exclusively to bind features
together due to their spatial proximity. Spatial attention is deployed to different locations in
sequence and only a single object is bound at a time. However, in experiments, humans have
been shown to make illusory conjunctions of stimulus features|[157, |158], where they associate
the features of one object with a different object. These illusory conjunctions are a form of
assignment error. While feature integration theory provides a qualitative description of the
assignment process and of assignment errors, it does not provide a mechanistic explanation

of or quantitative predictions for assignment errors.

Second, representation assignment has also been studied in the context of multisensory inte-
gration|83] [86-89]. In this literature, both experiment and theory have primarily focused on
the integration of multisensory representations of a single stimulus. This work has demon-
strated that shared information is crucial to reliable integration. In particular, integration
of auditory and visual information appears to rely on the shared representation of azimuthal

position derived from both sensory systems[88]. That is, whether or not an auditory and
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visual stimulus are integrated depends on depends on the mean squared-error (MSE) of the
representations of azimuthal position in both sensory systems|88]. We refer to the MSE of

these individual representations as the local distortion.

Here, we extend this analysis to sets of multiple objects and develop a general framework
for solutions to the assignment problem that rely on multiple common feature representa-
tions, such as estimates of both azimuthal position and elevation. Then, we analyze the
reliability and efficiency of this solution to the assignment problem. We show that increas-
ing the number of commonly represented features drives the assignment error rate down,
and increases the level of redundancy between the two representations. When fixing the
available metabolic resources, this increase in redundancy leads to an increase in the local
distortion (MSE) of individual feature representations. We illustrate a similar trade-off for
representations of the common stimulus features with low local distortion in one region and
high local distortion in the other, even when the two sources of information are optimally
combined. We show that both of these trade-offs can be leveraged to minimize the mean
squared-error (MSE) of the integrated object representations. Finally, we link our model
framework to experimental data from the human working memory literature, and show that
there is close fit to the data for three quantitative predictions made by our framework. This
work demonstrates a general solution to the assignment problem, which is an important
part of the binding problem. This solution implies a general trade-off between catastrophic
assignment errors and the magnitude of local decoding errors, that is navigated by changes

to the level of redundancy between distinct representations of the same objects.

3.2 Results

In the brain, multiple distinct sensory systems and brain regions give rise to multiple distinct

sets of representations of the same objects. To guide reliable behavior, these distinct sets
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of representations must be integrated. That is, the brain must infer the correct set of
multi- and unisensory objects (i.e., hidden causes) that give rise to its distributed sets of
sensory representations. Redundant information between sensory systems and brain regions
is necessary to correctly infer the underlying objects without making assignment errors, in
which the features of one stimulus are integrated with the features of a different stimulus.
These assignment errors are likely to be particularly catastrophic for behavior, because they
produce representations of, for instance, a barking cat and a purring dog. Here, we show
how redundancy between sensory systems and brain regions mediates a trade-off between

catastrophic assignment errors and the magnitude of local errors.

In our framework, an object is represented by a single point in a K-dimensional space. The
representation of that object is split into two subspaces — i.e., brain regions Ry and Ry —
which each represent a subset of the K features of the object. As an example, we consider
Rx to be an auditory brain region and Ry to be a visual brain region (Figure ) Next,
we take there to be both a dog and a cat present in the world — that is, the set of objects (or
stimuli) in the world S consists of a dog and a cat. Then, X is a set of two representations, one
of each of the animals’ vocalizations; similarly, Y is a set of two representations, one of each
of the animals’ visual features. Then, we want to integrate the auditory and visual features
of the dog and cat — that is, recover an estimate of the full K-dimensional objects from the
incomplete representations in Ry and Ry . In our example, there are two possible one-to-
one mappings between the auditory and visual representations. One mapping produces the
correct assignment and links the dog’s visual features to its vocalization — and similarly for
the cat (Figure[4.1h, bottom left) — and the other produces the incorrect assignment and links
the dog’s visual features to the cat’s vocalization — and similarly for the other representations
(Figure , bottom right). Here, we ask how representations can be designed so that the

correct mapping is reliably chosen and assignment errors are avoided.
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We show that the most likely mapping between the two sets of representations depends on
redundancy between the representations in Ry and Ry. If the two sets of representations
are completely independent of each other, then the best possible integration strategy is to se-
lect a mapping randomly. Alternatively, redundancy between the two sets of representations
can be produced by common representations of the same object features. As in our exam-
ple above, both the auditory and visual systems develop a representation of the azimuthal
position. This redundant representation can be used to solve the assignment problem. In
general, for C' commonly represented stimulus features, the two sets of representations are
in a common C' dimensional space. Without any neural noise, the two sets of representa-
tions would be perfectly overlapping in the common C-dimensional space, and the correct
one-to-one mapping would integrate the overlapping object representations with each other
(Figure ) With neural noise that produces noisy feature representations, such that each
feature represented in Ry is decoded with local distortion (or MSE) Dy, we show that the
most likely one-to-one mapping between those two sets of representations is the one that
minimizes the sum of squared distances between each integrated pair (Figure ) Further,
we show that assignment errors occur precisely when the representation of one object crosses
over the representation of another object in one region but not the other (Figure , red
lines). For two objects at a fixed distance from each other in the shared space 0, this event

has probability approximated by

o0 ) o)

where Q(z) is the cumulative density function for the standard normal distribution (Fig-

ure [4.14, left) — for the full expression and derivation, see [Probability of assignment errors

in Methods.

From this, we can derive the overall probability of an assignment error. In particular, the

109



overall probability of an assignment error also relies on the probability that two objects are
at distance ¢ from each other in the common space pc(8) (Figure 1.1, right for C' = 1) and
on the number of stimuli. Incorporating these, we show that the overall probability of an

assignment error is upper bounded by,

AB¢ < (]QV ) [ dspc0) Fo) (3.1)

where N is the number of stimuli. Further, we show that this expression can be approximated

in closed form for C' =1,

(3.2)

N\ 2v/Dx + Dy
AF| =~ = =

2 s/

where s is the size of the feature space for the commonly represented feature. This ap-

proximation (dashed lines, Figure ) closely matches the empirical assignment error rate

(solid lines) across different numbers of stimuli (different colors; see |Assignment error rate

lapprozimation for C' = 1 in Methods for a full derivation of this expression). Now, using

this formalization, we characterize how the assignment error rate changes with additional
commonly represented features C' > 1 and asymmetric estimator variance for those common

features — that is, Dx # Dy.
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Figure 3.1: The assignment problem arises from distributed representations of the world, and
can be solved by redundant representations. A A schematic of the assignment problem. The
brain receives both visual and auditory information about a dog and a cat, this information
is initially separated in the brain. When combining the two sets of representations (auditory
and visual), there are two possible integrations, one that correctly reconstructs a barking dog
and meowing cat (left) and the other that incorrectly constructs a barking cat and meowing
dog (right). The right is an example of an assignment error. B The assignment problem can
be solved by the representation of a common stimulus feature in both brain regions. In our
example, the auditory (top) and visual (bottom) representations can be integrated through
a shared representation of azimuthal position (the shared x-axis). C Due to the variability in
neural systems, the estimate of the common feature value will have some distribution within
each region (top and middle). We assume that distribution is Gaussian and centered on the
true value for each of three different stimuli, with variance that we refer to as Dx and Dy
for features represented in Ry and Ry, respectively. In these conditions, assignment errors
will occur when the estimate of the common feature value for two stimuli cross over each
other in one region, but not the other (middle, red arrow). D (left) The probability that
this crossing over occurs is high for nearby stimuli and low for distant stimuli, and increasing
estimator variance makes assignment errors more likely at all distances. (right) For stimuli
that are uniformly distributed in the full feature space, the distance between pairs of stimuli
follows a triangular distribution with one commonly represented feature (C' = 1). E The
overall assignment error rate is the product of the two functions on the left — the assignment
error probability at each distance weighted by the probability that there is a pair of stimuli
at that distance. We develop an closed form approximation of this product (dashed lines)
which is well matched by simulation results (solid lines) for different numbers of stimuli.
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3.2.1 The assignment error rate depends on feature distortion and overlap

While distinct sensory systems tend to have fixed amounts of overlapping information, such
as a common estimate of azimuthal position across the auditory and visual systems (which
has been shown to be crucial for single stimulus integration|88]), within a single sensory
system information is distributed across multiple brain regions, and those brain regions can
represent variable amounts of overlapping information about the stimuli. In our framework,
we show how increasing the number of commonly represented stimulus features across the
two brain regions C' changes the assignment error rate. Further, the amount of overlapping
information between two brain regions can also be altered by changing the estimator variance

of common feature representations in both regions — that is, Dx and Dy-.

First, we show how the assignment error rate depends on the number of overlapping stim-
ulus features C' for constant estimator variance. Since estimator variance is kept constant,
the changes in assignment error rate that result from changes to the number of commonly
represented stimulus features are due only to the increased dimensionality of the commonly
represented feature space. Adding additional dimensions to the commonly represented fea-
ture space can only increase the distance between pairs of points in that space (Figure )
— and will only fail to increase the distance if the stimuli are likely to have the same value
in the new dimension. This change is captured by changes in the pi(d) term in Eq. .
Increasing the number of commonly represented features moves the probability mass of this
distribution away from zero (Figure ), and increases the mean to such an extent that
even one additional common stimulus feature reduces the likelihood of an assignment error
between stimuli at that mean distance by several orders of magnitude (Figure ) — this
effect holds for Gaussian as well as uniform stimuli, and, as remarked above, would hold to
some degree for stimuli with any distribution that does not have all of its probability mass

at a single value. Because the function AE(¢) is strictly decreasing with J, having larger
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distances § be more probable and, thus, more heavily weighted in Eq. by pc(§) will lead
to a decrease in the overall assignment error rate. For the same estimator variance, including

two rather than one commonly represented feature can decrease the assignment error rate

by multiple orders of magnitude (Figure [4.2}d).

One way for quantifying the information available for use in solving the assignment problem
is through the redundancy between the estimated representations X and Y, which can be
written as the mutual information R = I (X' ; Y) between these two sets of random variables.
The redundancy captures how much one can guess about the values of Y given only the
values of X. If there are no commonly represented features C' = 0 and all of the K features
are independent of each other, then the redundancy is zero and the assignment problem
cannot be reliably solved when there is more than a single stimulus. If there are commonly
represented features C' > 0, then the redundancy is also greater than zero. In fact, the
redundancy is proportional to the number of overlapping features. So, for constant Dyx
and Dy, increasing C' will strictly increase the amount of redundancy between the two
representations (Figure ) The redundancy can also be changed by adjusting Dx and
Dy Increasing (decreasing) both will decrease (increase) the redundancy, but increasing

one and decreasing the other will also decrease the redundancy in certain conditions.
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Figure 3.2: Increasing the number of commonly represented features decreases the assign-
ment error rate, but increases the level of redundancy between the representations. The color
legend is the same throughout the plot, and provided in D. A Schematic showing that the
distance between two points increases with the dimensionality of the space that they are in.
B The distribution of distances between two uniformly distributed points in a space of one,
two, and three dimensions. The distribution shifts to the right (toward larger distances) as
the dimensionality of the space increases. This is true for points with any distribution that
has non-zero variance. C At the average distance between two points (dashed lines), the
probability of an assignment error decreases by orders of magnitude as the dimensionality of
the commonly represented space increases, without changing the estimator variance for the
representations D xy = 10. D The overall assignment error rate also decreases by orders of
magnitude as the dimensionality of the commonly represented feature space increases, while
holding D xy constant. The difference becomes even larger as the precision ratio increases.
E The redundancy between representations X and Y also increases as the dimensionality of
the commonly represented feature space increases — again, the difference is increased at larger
precision ratios. Thus, the assignment error rate is driven down at the cost of additional
redundancy.
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In general, the representations of the same stimulus feature may not be encoded with the
same fidelity in each region. For instance, estimates of azimuthal position from the visual
system are thought to be much more accurate than those from the auditory system|8§].
Further, the relative accuracy of the azimuthal position and elevation of sound shifts across
sensory field[159]. Next, we show how these asymmetric feature representations affect the
assignment error rate. From Eq. [3.I] we see that the assignment error rate only depends on
the sum of the estimator variances across the two regions. As that sum increases, the assign-
ment error rate will also increase. We assume that the two sources of stimulus information
are optimally combined by the downstream brain region, such that the estimator variance

of a commonly represented feature Dg is given by the following relationship,

Dx Dy

Dg=—>"—"—
S DX—l-Dy

where Dy and Dy are, as before, the estimator variance of the representation of that feature
in regions X and Y, respectively (Figure [£.3h). Using this equation for the integrated
estimator variance, we can rewrite Dy and Dy in terms of the desired integrated estimator

variance Dg and the representation asymmetry AD,

2D

Dy = —~2— 3.3

X=TAD (3.3)
2Dg

- 25 4

Y"11AD (3.4)

where, without loss of generality, we have assumed Dx > Dy (Figure ) and the rep-
resentation asymmetry AD is constrained to be on the interval [0,1). When AD = 0, the
feature representations are perfectly symmetric, as before, and Dy = Dy = 2Dg; when
AD — 1, then Dx — Dg and Dy — oo, or vice versa. A fully asymmetric representation
provides no redundancy and thus cannot be used to solve the assignment problem, effectively
reducing the number of commonly represented features C.
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Further, we know that the assignment error rate for a fixed number of commonly represented
features is determined by the magnitudes of Dx and Dy, shown in Eq. 3.1} To understand
how representation asymmetry affects assignment errors in general, we can exploit features
of the Gaussian cumulative distribution function to show that the changes in the assignment
error rate due to changes in AD are lower bounded by an expression that depends only on

the sum of Dy and Dy . Thus, rearranging the sum, we can see that,

4Dg

Px+ by =13

(3.5)

which is strictly increasing with AD. Thus, increasing the level of asymmetry while keeping
other features of the representations constant increases the lower bound on the assignment
error rate. We verify that the assignment error rate itself increases by numerical evaluation
of the assignment error rate at a variety of distances (Figure ) Finally, we evaluate the
overall assignment error rate for different levels of representation asymmetry (Figure [4.3d)
and show that it also increases as a function of representation asymmetry for all precision
ratios. Next, we evaluate the redundancy between X and Y as a function of precision
ratio and representation asymmetry. As expected, increasing representation asymmetry also
decreases the level of redundancy between the two sets of representations (Figure ),
as it makes the set of representations observed in one region less informative about the

representations observed in the other.

In some cases, asymmetric feature representations are imposed by the physical limits of dif-
ferent sensory systems, such as with audition and vision; in others, however, asymmetric
feature representations can be designed, such as is hypothesized to be the case across the
canonical dorsal and ventral visual processing streams in the primate. In that case, represen-
tations of position are thought to be encoded with high fidelity in the dorsal visual stream,

but with relatively low fidelity in the ventral visual stream. Yet, the assignment problem
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must also be solved when integrating across those two sets of regions, so an asymmetric
representation of spatial position across them may seem non-optimal. Next, we resolve this
apparent contradiction by showing that, in some cases, asymmetric feature representations
increase the efficiency of solutions to the assignment problem by reducing the redundancy

between the two regions.

117



sixy B

<) sly
- 2
£ 0.10 4 w 1o
y N
£ 0.05 4 slx @
g
0.00 - . : : 10!
-10 0 10
s C
=
[ oD
S 0.10 ‘EE 0.4
—
o} o]
% 0.05 £0 02
g 5g
n [®)]
0.00 T T T g Qo0 T T T
-10 0 10 © 0 10 20
D stimulus value s distance between stimuli
()
-
©
—
5 107!
—
—
()
€ 102
aélo C=1,AD=0.0
c C=1,AD=05
(@) _
@ 107 C=1,AD=0.9
© LR | T L] T AL T T LR |
10° 10! 102 103
E 12 - precision ratio (s/Ds)
2 10
©
£ 54
0
c 61
3
e 41
=}
S 2
(U]
—
0 -

T ————rrT ————rr
10! 102 103
precision ratio (s/Ds)

Figure 3.3: Asymmetric feature representations increase the assignment error rate, but de-
crease redundancy. A Schematic of representation integration. The stimulus estimates
from Ry and Ry are optimally combined to give rise to a stimulus estimate with variance
Dg = DxDy/(Dx + Dy). B We can keep Dg constant (dashed line) and define Dx and
Dy in terms of Dg and the representation asymmetry AD, which is 0 when Dy = Dy
and goes to 1 when Dy — Dg and Dy — oo, or vice versa. C Increasing representa-
tion asymmetry AD increases the assignment error rate for pairs of stimuli at all distances.
D The overall assignment error rate increases with increases in representation asymmetry
across all precision ratios. E The redundancy between X and Y decreases with increases in
representation asymmetry across all precision ratios.
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3.2.2  Limited resources constrains both the assignment error rate and

feature distortion

So far, our analysis has focused on describing how the assignment error rate depends on the
number of commonly represented features across two brain regions X and Y as well as on
the variance of an estimator for each of those features in each of those brain regions. These
results allow the analysis of existing systems, and demonstrate how the brain can be designed
to avoid assignment errors. Here, we extend our analysis to include a constraint on the total
amount of resources available to the brain, and show how this leads to a trade-off between the
magnitude of local errors (represented by estimator variance) and the catastrophic, non-local

assignment errors that we have been focusing on so far.

As our constraint, we take the total amount of Shannon information that can be allocated
across all of the stimulus representations across both regions. The Shannon information
has an immediate connection to estimator variance via the rate-distortion bound — further,
it ties naturally to the quantification of redundancy between representations that we have
already used to characterize the effect of commonly represented features and representa-
tion asymmetry. Further, neural codes have long been hypothesized to maximize Shannon
information, in the literature on efficient coding|46, 47], and the Shannon information pro-
vided by neural receptive field codes in general can be easily evaluated due to an established
relationship between Fisher and Shannon information in certain conditions|114] — but see
[115]. In our analysis, we use the rate-distortion bound for both Gaussian and uniformly-
distributed stimulus sets to characterize the minimum achievable estimator variance for a
given amount of information. In particular, if we have B bits of information to use to describe

a Gaussian-distributed stimulus with variance 32, then the minimum estimator variance we

could achieve is given by s2 exp (—2B) (Figure , see |Rate-distortion bound for a uniform)

lobject distribution in Methods for a derivation). Now, if we have the same B bits of informa-
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tion with which to describe a K-dimensional Gaussian-distributed stimulus, we first must
decide how to allocate our B bits among the K features and, then, we can directly apply
the relationship given above. If the variance of each dimension of the Gaussian is the same,
then the optimal strategy is to allocate bits evenly across all the dimensions. In this case,

the distortion-rate bound has the form,

2B
D = s’ _=
] exp( )

where s2 is the variance of each stimulus feature and B is the number of bits available for

encoding the entire K-dimensional stimulus.

In our formalization, rather than distributing bits equally, we want to distribute bits such
that, in the absence of an assignment error, each feature of the stimulus will be estimated
with a constant variance, Dg. Thus, we allocate a fixed number of bits to uniquely repre-
sented stimulus features (Figure , left, red bars), but allocate a distinct number of bits
to the commonly represented features, depending on the representation asymmetry across
the two brain regions (Figure , left, blue-green bars). Even given this constraint, the
commonly represented features require many more bits for their representation than the
uniquely represented features — and these excess bits are precisely the redundancy that we

described in Figure and Figure [4.3d.

Using the rate-distortion bound, the constraint of achieving estimator variance Dg for all
features, and the optimal combination of Dy and Dy into Dg established in the previous
section, we can now write Dg in terms of all of the features of the representation system
that we have so far discussed. That is, using the rate-distortion bound, we write Dg as a
function of the extent of each feature s, the number of bits used in our representation B,

the number of commonly represented features C', and the representation asymmetry of those
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common features AD. This expression takes the form

De— &2 QB—C’log%L2
§ = s~ exp '&%e:
| = AD2]FFC 5 2B
== sTexp | — (3.6)

from which we can see that, as we expect, increasing feature representation asymmetry AD
will decrease the achievable estimator variance for a fixed number of bits. Thus, choosing
asymmetric feature representations will improve the local fidelity of stimulus representations.
Further, we can see that increasing C' will increase Dg. Both of these manipulations change

the redundancy between X and Y, which we can now quantify explicitly,

R=I(X;Y)=H(X)- H(X|Y)
1 1 1
= KX§10g27r52 — (Kx — 0)510g27r52 - C’élog 2n(Dyx + Dy)

1 1
= 05 log 2ms? — 05 log2m(Dx + Dy)

C 2

— Y og
2 Ong+DY

C. s*(1-AD?
= —log————5—=
2 4D%

where R is the redundancy, in bits, between the representations in region X and Y. This
redundancy is crucial for solving the assignment problem. The redundancy is proportional
to the number of commonly represented features C' — so, increasing C' will produce rela-
tively large increases in redundancy, and, as we have seen, can be expected to effectively
reduce assignment errors. Further, increasing the asymmetry of feature representations AD
reduces the level of redundancy between the Ry and Ry — so, as anticipated, increasing this

asymmetry will increase the assignment error rate.
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This redundancy represents the cost of our solution to the assignment problem. Thus, we
will search for a solution to the assignment problem that achieves a particular assignment
error rate and local distortion magnitude while using as few bits — and, in particular, as few
redundant bits — as possible. Using the information constraint introduced here, we study
how the assignment error rate depends on the number of commonly represented features
and feature representation asymmetry for a fixed number of bits. This analysis reveals a
trade-off between catastrophic assignment errors and local estimator variance that the brain

must navigate when constructing distributed representations with limited resources.
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Figure 3.4: Rate-distortion theory provides a connection between represented information,
redundancy, and estimator variance. A The approximate rate-distortion bound for a uniform
source. The bound gives the minimum estimator variance possible for any representation
of a uniformly distributed quantity that uses a particular number of bits. B Introducing
a constraint on the total information used across Ry and Ry means that bits have to be
allocated to the representation of each unique feature (red) and each commonly represented
feature in each region (blue-green). Here, the bits are allocated to achieve a uniform estimator
variance Dg. To achieve that target estimator variance, the commonly represented features
require many more bits than the uniquely represented features — this is due to their additional
redundancy.
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3.2.3  The trade-off between assignment errors and feature distortion

The representational system that we are studying makes two classes of errors, as we have
described. The first kind of error is the non-local assignment error, in which some of the
features of one object are integrated with features from a different object. These non-local
errors are likely to be particularly catastrophic for behavior. The other kind of error is
the local distortion of object representations, quantified by the mean squared-error of an
optimal estimator. By introducing a constraint on the total amount of information used in
the representational system, we discover a trade-off between these two kinds of errors. In
particular, increasing the number of commonly represented features decreases the assignment
error rate (Figure , left), but increases the magnitude of local distortion (Figure ,
right); while increasing the representation asymmetry increases the assignment error rate

(Figure [4.5p, left), but decreases the magnitude of local distortion (Figure 4.5, right).

We have already seen that increasing the number of commonly represented features C' in-
creases the magnitude of local errors (from Eq. and see Figure [{.5h, left) and that
increasing feature representation asymmetry decreases the magnitude of local errors (from
Eq. and see Figure , right). However, the mechanics of assignment errors are more
complicated. First, we recall that increasing the number of commonly represented fea-
tures decreases the assignment error rate by making stimulus pairs at larger distances more
probably (see Figure . However, we have just shown that increasing the number of com-
monly represented features under the information constraint causes both Dx and Dy to
increase, which is known to increase the assignment error rate. Thus, increasing the num-
ber of common features could either increase or decrease the assignment error rate under
the information constraint. We find empirically that the decrease due to changes to the
distribution of distances are orders of magnitude larger than the increase due to increased

estimator variance Dx and Dy (Figure , left). Second, we make the impact of feature
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representation asymmetry on assignment errors explicit, using our information constraint.
For a fixed number of commonly represented features C', we recall that the lower bound on
the assignment error rate increases with increases in the sum of estimator variances Dy and
Dy . The sum of the two estimator variances has the form given in Eq. [3.5] which we can
now rewrite given Eq. to depend explicitly on the other features of the representation

system,

4

% D
1—AD27®
K

B 1|, (2B
T 1= AD2 SEP\T KO

Here, we see that the dependence on representation asymmetry AD has flipped relative to

Dy + Dy =

Eq. There, we showed that increasing representation asymmetry decreases Dg; here, we
see that increasing representation asymmetry increases Dy + Dy (as before), even under
the full information constraint. In particular, this means that, for a fixed C', increasing rep-

resentation asymmetry AD will increase assignment errors under the information constraint

(Figure [4.5p, right).

Next, we investigate this trade-off in the local distortion-assignment error rate plane (Fig-
ure ) For a fixed number of commonly represented features, changes in both the amount
of information and the representation asymmetry describe a surface in the plane. This surface
extends from zero to infinity along the information axis (down and to the left in Figure )
and from zero to one along the asymmetry axis (down and to the right in Figure [£.5¢). The
geometry of the surfaces in this space reveals a surprising result: For fixed information, the
surfaces corresponding to many different numbers of commonly represented features (dif-
ferent colors, Figure ) have significant overlap. That is, many of the same assignment
error and local distortion pairs can be achieved by several different numbers of commonly

represented features and representation asymmetry for a fixed amount of information. Thus,

124



when minimizing weighted sums of assignment errors and local distortion, there will typically
be several optimal solutions from a range of numbers of commonly represented features —
and, as the number of commonly represented features increases, representation asymmetry
will also increase. Thus, instead of considering an optimal pair of number of commonly
represented features C' and representation asymmetry AD, we consider an optimal level of
redundancy. This works because redundancy directly implies both an assignment error rate
and feature asymmetry (Figure ) with only minor deviations from the details of the
representation. Thus, if a representation with a particular number of commonly represented
features can achieve that level of redundancy, then it follows that there exists a level of
representation asymmetry that achieves a particular assignment error and local distortion

pair.

By constraining the total amount of information used in these distributed stimulus repre-
sentations, we elucidate a global trade-off between redundancy for solving the assignment
problem and efficiency for increasing the precision of those stimulus representations. In-
creasing the number of commonly represented features increases redundancy between the
representations in X and Y: this reduces the assignment error rate, but decreases the pre-
cision of the individual stimulus feature representations; increasing feature representation
asymmetry decreases redundancy between the representations in X and Y: this increases
the precision of stimulus feature representations, but increases the assignment error rate.
In constructing solutions to the assignment problem — within and across distinct sensory
systems — the brain is likely to leverage both of these trade-offs. Further, solutions to the
assignment problem across sensory modalities are likely to be constructed across evolution-
ary timescales and requirements for a particular level of redundancy in resultant information

may be crucial to shaping sensory transducers.
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Figure 3.5: Constrained information gives rise to a tradeoff between assignment and local
errors that is negotiated by both the number of commonly represented features and represen-
tation asymmetry. A For a fixed amount of information, increasing the number of commonly
represented features C' decreases the assignment error rate (left); increasing representation
asymmetry increases the assignment error rate for all numbers of overlapping features (right).
B For a fixed amount of information, increasing the number of commonly represented fea-
tures C increases the magnitude of local errors (estimator variance Dg, (left); increasing
representation asymmetry decreases the magnitude of local errors (estimator variance Dg,
right). C The performance of different commonly represented features C' and different rep-
resentation asymmetries on the assignment error-local error plane. Here, the tradeoff is
shown as increasing asymmetry moves codes down and to the right (decreasing local error
magnitude, increasing assignment error rate) while increasing the number of commonly rep-
resented features moves codes up and to the left (increasing local error magnitude, decreasing
assignment error rate). D The redundancy between the two representations specifies both
an assignment error rate (left) and an estimator variance (right). The representation asym-
metry (changes along the lines) and number of overlapping features (different colors) both
affect the redundancy, but do not produce significant changes in either the assignment error
rate or the estimator variance aside from that.
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3.2.4  Predictions for behavior

Our framework also makes numerous predictions for how the frequency of assignment errors
should scale in different contexts. We have tested several of these predictions in existing
experimental data. This framework makes predictions for how assignment error, and — as
a consequence — report error in general, should scale depending on the distance between
multiple stimuli along two distinct classes of feature dimension: uniquely represented fea-
tures and commonly represented features. Further, the rate-distortion bound makes a more
generic prediction for how assignment errors should depend on the number of simultaneously

represented stimuli.

To test these predictions, we used experimental data from a widely used class of tasks in
the human psychophysical literature. In these tasks, an array of stimuli is presented to
human participants, who are tasked with remembering the stimuli in the array. Then, after
a delay period, a single stimulus from the array is cued, typically by showing its spatial
position, and the human participant is tasked with reporting the other uncued features
of that stimulus. As an example, in |[160], an array of colored squares are presented as
the sample, the participant is cued with a location corresponding to one of those squares,
and, finally, the participant has to report the color of the square that was displayed at
the cued location (Figure [f.6p). This is a different context than the one we have been
discussing so far. However, our framework directly applies here as well. In particular, instead
of the assignment problem being solved between two sets of representations expressed by
anatomically distinct populations of neurons or in distinct sensory modalities, the assignment
problem is being solved across two sets of representations that are separated in time. The
first set of representations, in our example, has information about both spatial position and
color of the squares; the second set of representations has information only about spatial

position. Our theory governs the likelihood of assignment errors in both cases.
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In particular, our theory makes several quantitative and qualitative predictions for errors
on tasks like the one described above. First, our framework predicts that assignment error
likelihood should depend on proximity in angular position (Figure [4.6b, short arrow) but
not on proximity in color (Figure , long arrow). Further, our framework also makes
predictions about how errors should scale with set size. To test the predictions of our theory
with these data, we fit three models. In the first, which we refer to as the assignment-
only model, errors are explained only in terms of local distortion and assignment errors. In
the second, the guessing-only model, errors are explained by local distortion and random,
uniformly distributed guesses. These guesses are thought to occur due to a limited number
of working memory slots. If the number of slots is lower than the number of stimuli and
the target stimulus is not encoded in one of the slots, then the participant is assumed to
randomly guess. In the third, the combined model, errors are explained in terms of local

distortion, assignment errors, and guessing. The models are hierarchical across subjects

and fit using Hamiltonian Monte Carlo (for more details see |Behavioral model fitting in|

. We evaluate goodness of fit using a Bayesian approximation of leave-one-out
cross-validation referred to as PSIS-LOO([161}, 162]. This analysis reveals that the combined
model performs reliably better than either of the other models (combined against assignment-
only: AELPD;,, = 321 £ 61; combined against guessing-only: A ELPDy,, =34 +£9). While
the combined model has one additional parameter per participant, PSIS-LOO accounts for
increases in performance due to the inclusion of additional degrees of freedom. Further,

the combined model predicts that the participants will make both assignment and guessing

errors (Figure [1.6f).

Next, using the combined model, we evaluate how well the errors made by the human
participants match the specific predictions made by our framework. First, we show that there
is good agreement between the overall error distribution of the model and of each individual

participant (Figure ) Next, we show that our framework matches how report error scales
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with increased numbers of stimuli. In particular, report error increases monotonically with
the number of stimuli, as has been widely observed[160], and our rate-distortion framework
along with our model for the frequency of assignment and guessing errors matches the speed
of that increase in the all participants (Figure . Finally, we test a more diagnostic
prediction: our framework also predicts that the assignment error rate should not strongly
depend on proximity between stimuli in the reported feature — in this case, color. We show
that our model provides a good fit to this relationship in these data as well (Figure[d.6f) — and
that, indeed, the report error across different distances in the reported feature is relatively
flat. Thus, in three important ways, our framework provides a quantitative fit to human
performance on psychophysical memory tasks — even though the assignment problem here is

being solved across time, rather than across feature space as we have previously discussed.

Our framework makes one additional key prediction that is mentioned above but that we have
yet to quantitatively test. In particular, the likelihood of an assignment error should strongly
depend on the distance between pairs of stimuli in the common feature (in the data described
above, this common feature is angular position). That is, human participants should be more
likely to make assignment errors when the cued stimulus and a distractor stimulus are nearby
to each other. While we have not qualitatively tested this prediction yet, there is widespread
support for it in the existing literature on feature integration theory[158] and psychophysical
experiments on working memory|92]. However, our framework can potentially be used to
understand the frequency of assignment errors in more complex feature spaces. For instance,
assignment errors in feature integration theory have been shown to depend not just on spatial
proximity, but also on proximity in other putatively common features|[158]. Our framework
can leverage this observation to predict differences, or asymmetries, in the representation of
these different features across different involved brain regions. Thus, our framework provides
a potentially useful tool for deepening our understanding of neural representations from only

psychophysical observations.
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Figure 3.6: The framework for the assignment problem developed here fits experimental
data in humans. A Schematic of the recall task. Human subjects were presented with 1,
3, or 6 colored squares at equal eccentricity from a central fixation point (dashed cirlce not
shown to subjects). The squares were presented for 100 ms and the subjects were asked to
remember all of them. Then, after a 900 ms delay period, a test array was presented with
cues indicating the positions of all of the previously shown stimuli. The target stimulus was
indicated by thick black lines, and the subjects were asked to report the color of that stimulus
using a randomly oriented color wheel (not shown). B A schematic of likely and unlikely
errors in our framework, using the example from A. Errors to stimuli that are nearby in
position are more likely (short arrow) than errors to stimuli that are nearby in color (long
arrow). C Violin plots showing the predicted local distortion (MSE, left), assignment error
rate (center), and guess rate (right) of the participants in [160] when asked to remember
four stimuli. There is significant diversity among participants. D A comparison of the error
distribution produced by our model (color) and the error distribution of each participant
(grey). E Our model predicts that report error will scale with set size. Model fit is in color;
human subject data is in grey. F Our model predicts that report error will not strongly
scale with the similarity of remembered colors. Model fit is in color; human subject data is
in grey. The model fits well for most of the participants.
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3.3 Discussion

We have described and analyzed a general solution to the representation assignment problem.
Using this formalization, we illustrated a trade-off between local errors, quantified by esti-
mator variance, and catastrophic assignment errors, which result in the illusory conjunction
of subsets of stimulus features. We showed that assignment errors depend on the distance
between stimuli in the shared representation space, and that increasing the dimensionality
of that shared space will — on average — decrease their probability. Further, we showed
many weakly overlapping stimulus features can provide a reliable solution to the assignment
problem that finds a compromise between efficiency, for reducing estimator variance, and
redundancy for reducing the probability of assignment errors. Finally, we showed that the
pattern of local and assignment errors in experimental data from human working memory
experiments matches several of the predictions of our framework, even though, in this case,
the assignment is performed between two sets of representations that are spread across time
rather than across different populations of neurons, which is the context we have focused on
in the majority of this work. This indicates the generality of our solution to and theory of

the assignment problem.

One further test of our framework will be to quantify the level of redundancy in information
represented across distinct brain regions. Recent large scale recordings of multiple brain
regions with rich stimulus sets provide a fertile ground for quantifying the amount of redun-
dant and unique information represented in many brain regions, while previous datasets were
limited due to either sparse samples of the neural population or sparse samples of poten-
tial stimulus sets. This framework makes predictions about the balance between redundant
and unique stimulus information that produces both a reliable solution to the assignment
problem and efficient stimulus representations. This new experimental data in conjunction

with the framework we develop here can serve as building blocks for a comprehensive theory
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of the mesoscale organization of object representations in the brain. In particular, previous
theoretical work on neural representations has focused on population codes within single
brain regions|51} 62, |102-104]. While understanding these codes is extremely important, it
is also important to understand neural codes contextualized within the distributed, modu-
lar representations that have been experimentally observed in the brain for decades. While
modular representations have some clear intuitive benefits (such as), they have received rel-
atively little focused theoretical treatment. This framework illuminates a tension inherent
to modularity: That ambiguity arises in the presence of multiple stimuli, and this ambiguity
can only be resolved through redundant representations, counter to within-region priorities

suggested by the theory of efficient coding[46, 47].

Further, neural codes for multiple stimuli have also received relatively little attention. Am-
biguities in assignment primarily arise in the presence of multiple stimuli, which is not well
characterized in either the experimental or theoretical literature. Here, we have described
the solution to one difficulty in distributed multi-object representations. However, further
work will need to incorporate a solution to the clustering problem that we elide here: the
number of distinct representations must also be inferred from neural representations, which
is another facet of the binding problem. Further, how these representations interact with
each other within each region also requires further study. Previous theoretical work has
outlined how the encoding of multiple stimuli in a single population of neurons can interfere
with each other, and how different mixing strategies can either alleviate or exacerbate that
interference[163]. However, correlation structure in neural responses within a region can also
be an effective mechanism for reducing the probability of assignment errors. In particular,
positively coordinated feature estimates across stimuli within a single region can guarantee
that no assignment errors will occur even for large estimator variance. However, it remains
unclear how combinations of neural noise correlations, stimulus tuning, and representation

mixing strategies can produce this positive correlation in estimates. Deriving these condi-
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tions may provide a novel explanation for noise correlations and mixing strategies in the

absence of attention.

Finally, we have focused our analysis here on an explicit redundancy between distributed
representations, as arises from the representation of the same or similar stimulus features
(even if they are in distinct frames of reference, as with position estimates in the auditory and
visual systems). However, future work will probe the role of implicit, learned redundancy
between particular feature values. Intuitively, this redundancy will be essential for making
associations between olfactory percepts, which have relatively little position or otherwise ex-
plicit redundant information with other senses, and other sensory percepts. While implicit
redundancy must be learned, it could be learned quickly when coupled with explicit redun-
dancy — fast learning of implicit associations by leveraging relatively small levels of explicit
redundancy may be an alternate mechanism by which the brain can rapidly and generally
solve the assignment problem with potentially more efficient overall representations. Further

work can probe this trade-off.

In summary, we have developed a general framework for understanding how the brain makes
sense of distributed representations of multiple objects — that is, how the brain solves the
representation assignment problem, by overcoming an ambiguity inherent in those represen-
tations if given perfectly efficient and non-redundant representations. This framework not
only provides an explanation for human behavior in related experimental tasks, but also
points to many new directions in the study of neural codes: directions that explicitly con-
textualize neural representations in a distributed network of brain regions as well as move
toward understanding how neural codes can be made suitable for encoding heterogeneous,

multi-object environments.
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3.4 Methods

3.4.1 Definition of the objects

An object set S of size N is N independent samples from the multidimensional probability
distribution p(s) — thus, p(S) = va p(s;). Each s; is a vector of length K, so p(s) is a
probability distribution over a K-dimensional space. Each of these dimensions represents a
feature of the object, such as color, spatial frequency, pitch, or orientation. In the majority
of the paper, we assume that the objects are uniformly distributed in the space — that is,

each point in the K-dimensional volume is equally likely to occur.

Changes in the distribution of the objects does not produce a qualitative change in our
results, though it does affect the balance between assignment errors and the magnitude of

local distortion (see).

3.4.2  Definition of the representations

We focus on the representation of our K-dimensional objects in two brain regions, Rx and
Ry . We assume that both regions have some common and some unique information. That
is, neither region encodes all K object features. This is guaranteed to be the case when
Rx and Ry represent early sensory areas from different sensory modalities — and there is

evidence that a balance of unique and common information is preserved across hierarchies
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of sensory brain regions even within single modalities, such as in the primate visual system.

Formally, Rx encodes a subset of the K total object features, denoted as F'y — and similarly
for Ry . Each of the features can be identified by their index from 1 to K, and region Rx
is said to encode feature i € {1,2, ..., K} with local distortion D, which is the variance of
an optimal estimator for the value of feature ¢ from the neural activity in region Rx — and,

again, similarly for Ry .

Thus, the subset of features represented in Ry that are not represented in Ry are the
unique information from Ry — that is, F'y \ Fy. When Ry is an auditory region and Ry
is a visual region, then these unique features might include representations of pitch and
timbre. Further, the subset of features represented in both Ry and Ry are the common
information, which is essential for solutions to the assignment problem. The size of this
intersection |Fx N Fy| = Cxy = C has important consequences for the assignment error

rate, and the achievable local distortion when the representation capacity is constrained.

Here, we study the reliability of inferences about the original set of N objects S, each
of which are described by K feature dimensions, from the neural activity in two distinct
regions, Ry and Ry, which both encode some common and some unique information about
the objects. Inferring the original object set from two distinct representations requires the
two sets of representations to be combined with each other, which we refer to as assignment.
After assignment, information about the commonly represented features can be combined
according to its precision. That is, if feature ¢ is represented with local distortion Dg( in
region Ry and D%} in region Y, then the combined estimate of feature ¢ from both regions
(assuming correct assignment) will be,

i _ _DxDy
75T D+ o),
X Y
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where D%, in general, refers to the local distortion for feature 7 in the object set inferred

from representations in both Ry and Ry-.

3.4.3 Definition of assignment errors

As mentioned above, to make inferences about the whole object set from two distinct sources
of information (i.e., Rx and Ry-), the two sets of representations must be integrated with each
other. When there is only one object (N = 1), then this integration is trivial as there is only
one possible one-to-one mapping between the two sets of representations, and this mapping
is correct. However, when there is more than one object (N > 1), then assignment errors
become possible. In particular, for N objects, there are N! possible one-to-one mappings
(i.e., assignments) between the two sets of representations, X and Y. Thus, if there is no
information about which mapping to select, assignment errors have the probability 1 —1/N!,

which is near 1 for even relatively small N.

Formally, we can frame the mapping selection problem as an inference about which of the
possible maps M is most likely to account for the observed representations XandY in R X

and Ry, respectively. This can be written as,

st
~
=
=
=

p(X,Y)
o p(X[Y, M)p(Y| M)
o p(X[Y, M) (3.7)

where we proceed by first assuming that the prior probability of each map is the same (i.e.,
p(M) is uniform) and that the representations in one region do not depend on the map (i.e.,
p(Y|M) = p(Y), and similarly for X). Thus, we are left with a single term, p(X|Y", M), that

gives the likelihood of the representations observed in one region (here, X , but X and Y are
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interchangeable) conditioned on a particular map M and the representations observed in the
other region (V). If X and Y are independent of each other, then p(X|Y, M) = p(X), as
above, and all maps are equally likely. So, it is dependence between the representations in
Rx and Ry that enables the correct assignment to be selected at a rate better than chance.
Thus, dependence between those representations is necessary for a reliable solution to the
assignment problem. In general, this observation already indicates to us that we should
expect pairs of brain regions to encode some common information — so that the assignment
problem can be solved — and some unique information — due to both distinct sensory systems,

but also due to considerations related to efficient coding, which we make explicit below.

Probability of assignment errors

Given the above inference process, we can now characterize the likelihood that an assignment
error occurs given different levels of common information shared between X and Y. From our
formalization of the representations above, we know that each object feature i is estimated
from the activity of neurons in region Ry with variance DfX, and similarly for Ry . Here,
we assume that these estimates are unbiased and Gaussian distributed, with mean equal
to the true value of the object feature and variance as given. The Gaussian distribution
is the maximum entropy distribution for fixed mean and variance, which means that these
estimates will contain less information about the true value of the object feature than any
other distribution with the same mean and variance — thus, this assumption represents an

upper bound on the difficulty of the integration task.
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Using this formalization, we can write an explicit form for Eq. [3.7]

M;g)?
p(M|X,Y) ocHHexp( l))(—ijjy))
log(p(M|X,Y)) ZZ x — M;i)? (3.8)

where :i'g and 1}27 are the values of feature j for object ¢ from the N x C estimation matrix
of the C' commonly represented features for each of the N objects. The common features
are ordered consistently across  and ¢, while the N different objects are not. The map M
is an N x N permutation matrix. Thus, in finding the most likely map, we would search
over the (gf ) possible permutation matrices to find the one that maximizes Eq. . This
is equivalent to finding the permutation matrix that minimizes the sum squared distance

between integrated object representation pairs in the C-dimensional shared feature space.

From the above, it follows that an assignment error occurs precisely when the representation
of two objects cross over each other in one of the two brain regions, but not in both — as
schematized in Figure [£.If, red arrow and assignment lines. For the commonly represented
feature values of two objects, 2{ and z§, the probability that this crossover happens in Ry

depends on the distribution of the distances between their estimates,
# — i ~ N(6,2D)

where 0 is the distance between the true values of 2§ and z§ (i.e., § = 2§ — x{) and we
assume, without loss of generality, that x{ < x§. Since ¢ is still Gaussian distributed, we

write the probability that the estimate of the first object becomes greater than the estimate
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of the second object (i.e., that 2{ > 15) as

—0
P(cross in Ry) =Q (m)

where (.) is the cumulative distribution function for the standard Gaussian distribution.

Following this, the full probability of an assignment error incorporates the probability that
the cross occurs in Rx or Ry as well as that it occurs in both (which would not result in

an assignment error). We write this probability as,

r0 =0 (7357) +@ () -2 (vams ) < ()
where the final term is the probability that a cross occurs in both regions. While we have
discussed a single common feature here, this expression is general, and applies for any value
of C, so long as the local distortion Dx and Dy for all of the common features is the same
within each region, which we assume in the majority of the text. This expression already
gives us insight into how assignment errors depend on Dy and Dy for stimuli at some
distance ¢ in a common feature space. However, in general, assignment errors also depend
on how likely it is that two stimuli at a particular distance will be observed — that is, on

pc(0). In the main text, we develop this dependence, as well as a dependence on the number

of objects, which results in Eq. 3.1}
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Assignment error rate approximation for C' =1

For one overlapping object feature (C' = 1), we derive an approximate closed form for Eq. .

The derivation is as follows,

aey < () [ dswe Fo)
(L2 )
~\2) )y ® Ss; @ 2_DX ~a 2_Dy
(D3 Lo -e-val )

since the two terms in this sum are analogous to each other, we deal with them separately

[\

before combining.

So, for the first part of each term,

e () =V (- (am) < (-am))
v (o () - e (am))

where ¢ is the standard normal density function and the approximation in the last line holds

when s > D;, which is the regime we focus on for the main text.
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Now, for the second part of each term,

-y e (mz) =10 (5 -1) @ (-m) - e (-m) b
2D,

X

a 0
()l )i o)

~ —2D;

5

where, again, the approximation in the last line holds when s > D;.

Then, combining the two expressions above,
2 (5 4] 2 |D; 4
— dé(s—9 ———— | & S/ = — 5D
52 /0 (s=0)¢ ( QDZ-) sVr 27!

Before, finally, combining the terms corresponding to Dx and Dy gives,

l

amx () |2 A

() [T a0 o)
e
~(3)"5%

This final form is given as Eq.[3.2in the main text.

3.4.4 Limits on representation capacity

Our limit for representation capacity is provided by the rate-distortion bound, which gives
a lower bound on the achievable magnitude of local distortion (MSE) given the distribution
of the input and a particular number of bits of information used in the representation. That
is, the rate-distortion bound provides the smallest achievable mean squared error when B

bits are used in the representation. First, we derive an approximate rate-distortion bound
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for the uniform object distribution that we consider here, as well as one for the Gaussian
object distribution that we also consider (and show that they are proportional to each other
in our conditions of interest). Then, we use the bound the show a dependence between the
number of commonly represented features C, the number of objects N, and the magnitude
of local distortion in each region Dy and Dy . Finally, we show that this dependence leads

to a trade-off between local distortion and assignment errors.

Rate-distortion bound for a uniform object distribution

To derive the rate-distortion bound in this context, we consider a source X, which is uni-
formly distributed on an interval [0, s] and an estimate of that source X derived from a noisy
version of X. The distortion metric that we consider here is the mean squared error (MSE),

as discussed in the rest of the paper. So, the rate-distortion function R(D) is,

R(D) = min I(X: X)
f(#]2):E(X—X)2<D
where I(X; X) is the mutual information between X and X and f(&|z) is a function mapping
from the original input x to its estimate Z. So, we want to find the f(.|.) that minimizes
the amount of information I(X X ) while achieving a fixed mean squared error D. To
proceed, we first notice that having fixed boundaries in our input distribution will likely
distort the output distribution when s and /D are similar in magnitude. Thus, we develop
an approximate rate-distortion bound for when s > v/D and that boundary condition does

not affect our results. We also consider Gaussian distributed inputs, which do not have the

same boundary condition, and show that our results do not qualitatively change.
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Proceeding when s > /D,

I(X:X)=H(X)— H(X|X)
= log(s) — H(X — X|X)
subtracting a constant does not change the entropy
< log(s) — H(X — X)
since conditioning always reduces entropy
< log(s) — HN(0, E(X — X)?)) (3.9)
since the maximum entropy distribution for fixed variance on

unconstrained support is Gaussian

1
= log(s) — B log(2m D)

where Eq. is only a valid approximation when s > /D as commented on above. Now,
we must show that this lower bound is achievable (again, with the condition above). For

this, we consider the channel,

X=X+2Z (3.10)
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where Z ~ N(0, D). Thus, we can evaluate the mutual information,

I(X:X)=H(X)— H(X|X)
~ log(s) — H(X|X)
due to s > VD
:mg@_%bgmun

by Eq. and the definition of Z

which shows that this simple channel can achieve our bound.

The full rate-distortion bound also must account for the case when s2 < 2w e D, for which

we assume a deterministic mapping from X to X and, thus, set R(D) = 0. So,

2
%longrD s2>21D>0

R(D) ~
0 s2<2nD

Finally, we will use the inverse of this function throughout the paper, which is referred to as

the distortion-rate bound D(R). We derive it here,

B=R(D)= 1o s
- ~2%®%rD
§2
exp(2B) = 5D
32
D = —exp(—2B) (3.11)
27

which is, again, subject to the same range constraints given above and valid only under the

same condition.
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Rate-distortion bound for a Gaussian object distribution

The derivation of the rate-distortion bound for a Gaussian object distribution (i.e., Gaussian-
distributed feature values) is very similar to the above, and is given in detail in [61]. So, we

do not go into detail here.
The rate-distortion bound for a Gaussian input X ~ A (0, s2) is given by,

%1og% 0§D§32
R(D) =

0 D > s2

and can be inverted to obtain,
D = 5% exp(—2B)

where B is the amount of bits used in the representation, as above. We note that this

expression is proportional to Eq. [3.11]

Representation capacity and the rate-distortion bound

Now, we can develop a notion of representation capacity for each brain region or, generally,
each pair of brain regions. In particular, we can constrain both Ry and Ry to use precisely
B bits of information to represent the objects S. Then, using the rate-distortion bound
developed above as well as the other parameters of our representations (the number of
commonly represented features and representation asymmetry), we can derive an expression

for the local distortion (MSE) achieved by the integrated representations.

To proceed, we abstract both the uniform and Gaussian input rate-distortion bounds from

145



above, writing instead,
D = —exp(—2B)
p

and

1 2
B = —-log —
2ngD

where p = 2m if the input is uniform-distributed and p = 1 if it is Gaussian-distributed.
Next, we assume that the total number of bits will be allocated evenly among the encoded
objects — as indicated by some psychophysical experiments|160, [164] (but see [165]) — and
that each feature is encoded so that the resulting feature estimate (drawing from both regions
if it is commonly encoded) is constant across all features. That is, all of the features, once

integrated successfully are encoded with local distortion (MSE) Dg.

With this structure, we derive an expression for Dg that depends on the number of objects
N, the number of features K, the number of commonly represented features C', the feature

representation asymmetry AD, and the bits of information B that are used to encode all of
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this information. First, we derive this dependence terms of the total number of bits B,

2 1 2
+ NC=log
pDg 2 " pDx

52 1 st

NC=log ——
pDs 2 % 2Dy Dy

2 4

1 1 —AD)(1+AD
i —l—NC—logS ( )<2+ )
pDg 2 p?4D%
by egs. (3.3) and (3.4)

52

pDg

s 2

1 1

pDy

= N(K—C’)%log

= N(K—C’)%log

s*(1— AD?)
p*4D%
si(1 - AD?) 52 )

1 1
:N(K—C’)Elog +NC§10g
1 2
= NK-log i
2 " pDg
2

1 S
=NK-1
2% pDg

p?4D% o pDs
s2(1 — AD?)

p4Dg
1—AD?

4

1
+ NCE (10g

1
+NC§log

2

1
= (NC 4+ NK)3 log i

1
NC-1
pD5+ 5 0g

Next, we solve this expression for Dg,

2

1 s 1— AD?
B=(NC4+ NK)-1 - =
(NC + )2 %% 5

4

1
+ NC=log
S 2

2B _§? NC 1 — AD?
“P\NK+NC) ~ pDg "P\NC+NK * 14
QB—NClog%L2 52
P NK + NC

P —2B + NClog 1=40°
§= 5 P NK + NC

c
52 2B 1 - AD?]E+C
~ ) P\ NK+NC 4

KN 1—AD?
5 log

which is valid so long as B > 7 due to the dependence of the rate-distortion

bound above. This equation is also reproduced in the main text, Eq. From this ex-
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pression, we can already see several features of our formalization. First, we can see that
increased feature asymmetry will strictly decrease Dg, as the single term that depends on
Dg is decreasing in AD. Second, we can see that increasing C will strictly increase Dg
whenever the equation is valid. To show this, we take the derivative of Dg with respect to

C' and show that it is positive after the condition above is met.

3.4.5 Behavioral model fitting

To adapt our framework to the experimental data discussed in the text, we made several as-
sumptions about the sequence of events during the experiment. First, during the task delay
period, we assume that each of the remembered representations undergoes a random, Gaus-
sian drift, similar to that reported for other working memory representations[106]. Then, on
the presentation of the test cue, we assume that any noise in the representation of the cue
location is negligible compared to the noise in the remembered positions due to drift during

the delay period. Formally, this is equivalent to assuming that,

70~ (p) @ (a0)

0~ ()

where Dyem 18 the variance in position estimates of the remembered stimuli and Deye is the

variance of the estimate of cue position.

Further, because the data did not include the spatial positions of the presented stimuli, we
included uncertainty about this in our model. That is, we knew that stimuli were presented
in a subset of eight equally spaced positions at equal eccentricity|160]. Thus, we accounted
for the probability that positions close to the recalled stimulus were occupied at each of the

different set sizes.
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In all our models, we fit two of the same parameters: the number of bits used to encode
color and the error in the response introduced by the mechanics of the response (i.e., inherent
discretization due to use of a mouse and keyboard). In the assignment-only model, we fit
one additional parameter: the number of bits used to encode position, which, along with our
model of stimulus position, determines the assignment error rate. In the guessing-only model,
we fit a remembered stimuli parameter. That is, we assumed that the participants had a
finite number of slots to remember a random subset of the stimuli in. The number of stimuli
remembered on a given trial was assumed to be Poisson-distributed around the remembered
stimuli rate parameter. If the participant did not remember the target stimulus, then we
assumed they would randomly guess. Finally, for the combined model, we incorporated both
of these elements. Assignment errors could only occur between the subset of remembered

stimuli.

To fit our models to the experimental data from [160], we used the Bayesian probabilistic
programming language Stan[166]. Thus, we formalized our three models in this programming
language and then drew samples from the posterior distributions over our parameters given
the observed experimental data. To account for both the variability between subjects and
their broad similarity to each other, we used a multilevel model|167, [168]. In particular,
this means that, while we fit each model parameter to each individual subject, we assumed
that those parameters were themselves drawn from some distribution over subjects. We fit
the parameters of those distributions as well. This hierarchical approach is an established
way of partial pooling, where data from different sources are too heterogeneous to directly
combine, but similar enough that better inferences can be gained from considering all of the

data at once.
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CHAPTER 4

THE LATERAL INTRAPARIETAL AREA IS
PREFERENTIALLY ENGAGED IN DIRECTED TASKS
RATHER THAN UNDIRECTED FREE BEHAVIOR

W. Jeffrey Johnston, Stephanie M. Tetrick, and David J. Freedman

Abstract

Reactions to the sensory world depend on context. For instance, explicit directions
to search for a particular object or feature will induce different treatment of the sensory
world than active exploration without a fixed goal. Understanding both directed search
and undirected exploration is crucial to our understanding of the brain. However, our
knowledge about these processes is typically derived from directed tasks, in which
animals are given explicit cues as to which stimulus they should select. Here, we
compare neural activity in the lateral intraparietal area (LIP) — which is thought to
play a prominent role in both directed and undirected search behaviors — across two
different tasks. In one task, the animal is given an explicit direction to select one of two
stimuli from an array; in the other, the animal is allowed to choose a stimulus freely,
though we manipulate the relevance of the stimuli to the animal. This comparison
reveals that LIP is preferentially involved in the directed rather than undirected task.
In particular, encoding of both the behavioral response and image relevance emerge
earlier and are stronger in the directed relative to the undirected task. More generally,
these results indicate the necessity of studying more naturalistic tasks when making

inferences about the neural substrates of less constrained behaviors.

Keywords: lateral intraparietal area, context-dependence, electrophysiology, bottom-up

and top-down attention

150



4.1 Introduction

The same sensory input can have vastly different semantic meaning and urgency depending
on the context in which it is received. For instance, a hiker might not ordinarily notice or
react to small trickles of water seeping out of nearby rock; however, if the hiker is out of
water, those same seeps of water become both extremely salient and evoke a strong behavioral
response — as they might indicate a spring of fresh, potable water. This kind of search typifies
directed behavior. The hiker has a particular need, and they are searching their environment
for ways to satisfy that need. Explicit search like this relies on the top-down deployment of
attention[169, 170]. On the other hand, some items in the visual scene have features that
are inherently salient. As an example, the sudden fall of a branch in the distance will likely
capture the hiker’s attention, because of its rapid onset and sharp contrast with the relative
stillness of the forest. In this case, the visual features of the branch become salient due to
their contrast with the surroundings|169, [170]. However, a novel type of bird perched in the
bushes will likely also capture the hiker’s attention. In this case, the bird need not draw a
strong visual contrast with its surroundings to draw attention. Instead, its salience comes
from its novelty — as many animals, including humans, prefer to orient toward novel rather
than familiar stimuli[171-174]. In the absence of explicit goals, behavior entrained by these

two forms of inherent salience — contrast and novelty — is referred to as undirected.

High contrast with nearby stimuli has been shown to produce a “pop-out” effect in visual
search, where search time does not depend on the number of distractors. This “pop-out”
is taken to indicate a bottom-up process for allocating visual attention[169, 170]. Further,
psychophysical work in humans indicates that searches among highly familiar stimuli can
exhibit “pop-out” effects as well[175], but that this depends primarily on the familiarity of the
distractors rather than a difference in familiarity between the distractors and the target|176],

177]. Whether familiarity can induce “pop-out” effects in other contexts remains unclear. In
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this work, we classify attentional capture by familiarity as a form of bottom-up attention (but
not “pop-out” per se), due to the extensively documented and completely untrained ability
of novel stimuli to capture attention relative to familiar stimuli[{171-174]. In general, our
understanding of the neuronal mechanisms of attention and the definitions of concepts like
bottom-up and top-down attention have primarily relied on findings from directed behavioral
paradigms, such as explicit search tasks[99, |178-180] and change detection tasks|[181] [182].
Here, we ask whether the insights we have gained from these highly trained and directed

behavioral paradigms generalize to an untrained and undirected context.

Previous work on bottom-up and top-down attention have demonstrated the involvement of
a constellation of brain regions, spanning both the parietal and frontal cortices. In particular,
the lateral intraparietal area (LIP)[26} 27,99, 183] in the posterior parietal cortex (PPC) and
the frontal eye fields (FEF)[99, 178, |183|, |184] as well as regions in the dorsolateral prefrontal
cortex (dIPFC), are thought to play important roles in the allocation of both overt (e.g.,
through an eye movement)[99, |185] and covert|185-188] spatial attention. In particular,
these regions are thought to implement topographical maps of the sensory environment,
where increased activity at a particular location in the map implies increased attention to
that spatial location in the sensory world[27, 183]. Further, a study designed to discover the
distinct roles of these regions in the allocation of attention showed that LIP is more directly
involved in the bottom-up allocation of spatial attention, particularly in the context of a
visual search task with “pop-out” visual features, while FEF is more directly involved in
top-down deployment of attention, particularly in serial visual search tasks[99]. However,
both of these tasks were highly trained and directed[99]; that is, to receive reward in both

cases, the animal had to make an eye movement to a particular stimulus.

Other work in LIP has shown that its representations are strongly shaped by training[189-

191]. In particular, over the course of training on a complex task, LIP has been shown to

152



develop strong representations of abstract, task-relevant quantities that could not have been
previously represented|189) [191] as well as to have a causal role in task performance[34].
Further, these learned representations were stronger and more directly coupled to behavior
than similar representations observed in dIPFC|192]. These results suggest that LIP may
be particularly involved in highly trained and directed behavioral tasks; however, the role
of LIP in undirected behavioral tasks is less clear. During passive viewing tasks in which
the animal is required to maintain fixation while a sequence of stimuli are presented, LIP
has been shown to be less engaged than when the same stimuli are presented in an active,
directed task context]|193]. In addition, inactivation|194] of LIP has been shown to bias
the stimulus selected by animals in the free-choice saccade task, where the animal must
select one of two identical targets toward which to saccade. However, even in these tasks,
the animal’s behavior is highly constrained; for instance, saccades either must be withheld,
as in passive viewing, or are compelled to particular targets, as in the free-saccade choice
task. In particular, it remains unknown whether LIP serves a general role in the bottom-
up allocation of spatial attention in more naturalistic and undirected behavioral tasks, or
if its role is specific to directed and highly constrained tasks. This lack of clarity belies
a more general question about the neural underpinnings of behavior. To study complex
behavior, it is necessary to use complex tasks that often require extensive training. However,
it is not clear to what extent that training shapes the engagement of different brain areas
and their underlying neural representations. Understanding these effects is necessary for
understanding whether it is appropriate to make inferences about more natural behaviors

from data collected during highly trained, less natural tasks.

Here, we compare the activity of the same populations of neurons in LIP across two distinct
tasks. In both tasks, monkeys direct their gaze toward one of two presented images. However,
the tasks vary in the factors which drive the animals’ choice; in particular, one task is

directed, the saccade delayed match-to-sample task (sDMST), and the other is undirected,
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the preferential looking task (PLT). The sDMST is highly trained and requires the animal
to make a saccade to a previously shown target image. The PLT requires almost no training
and allows the animal to freely view the two images, which vary in their degree of familiarity
to the animal. In particular, each image is drawn from either a set of novel images or a set
of familiar images. The novel images are shown around ten times in a single experimental
session. In contrast, the familiar images have been seen by the animal at least one thousand
times in previous sessions. The same sets of images are shown in both tasks, and they are
presented in the same locations. If our understanding of LIP from directed task contexts
generalizes to undirected task contexts, we would expect to find that LIP is preferentially
involved in the PLT, due to its reliance on innate features of the stimulus that capture
attention in a bottom-up way, rather than on explicit top-down search as in the sDMST.
Instead, we find that LIP has both earlier and stronger representations of both the animal’s
saccade choice and the image’s relevance in the SDMST relative to the PLT. These results
indicate that LIP is preferentially involved in directed relative to undirected tasks. Further,
they indicate that representations in LIP are strongly shaped by task training and that the
role of LIP in undirected and untrained tasks cannot necessarily be inferred from highly

trained and directed tasks.

4.2 Results

4.2.1 Undirected and directed tasks with the same stimuli and behavioral

response

To probe differences in engagement of LIP during undirected and directed behaviors, we
developed two tasks that involved the same physical action (a saccade to an image target),
but relied on entirely different motivation structures and training histories. The first task is

untrained and allows the animal to freely view two images that are drawn from sets of novel
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and familiar natural images. In this task, a fluid reward is provided at the end of the free
viewing period as long as the animal correctly initiates the trial. This task is referred to as
the preferential looking task (PLT, Figure ) The second task is trained and requires
the animals to make a saccade to an image that matches a previously shown target image to
receive a reward; the images used here are the same as those used in the PLT and they are
placed in the same spatial positions. This task is referred to as the saccade delayed match to
sample task (sDMST, Figure ) Importantly, in the moment just after the fixation point
disappears, the animal is performing the same physical action in both tasks: They make an

eye movement to one of the two presented images.

In the undirected preferential looking task (PLT, Figure ), each trial begins with a 500 ms
fixation period. After the fixation period, the fixation point disappears and two images

appear, in the same locations as in the sDMST. The images themselves are drawn from

several natural image databases (see|Natural image setsin Methods) the same image sets as in

the SDMST. After 2.5s of free viewing, the animal is provided with fluid reward. This reward
is only contingent on completion of the initial fixation period, not on behavior during the free
viewing period. The animal’s first saccade in the free viewing period goes to one of the two
images on almost every trial (Monkey R: 97 %; Monkey N: 96 %). Further, we manipulated
the animal’s level of interest in each image by repeatedly showing a subset of the images to

the animal at least one thousand times prior to recording using a dimming detection, passive

viewing task (see [Dimming detection task in Methods). These previously shown images are

referred to as the familiar image set. A second set of images were replaced for each recording
session — and, thus, are referred to as the novel image set. This manipulation of image
salience also affected behavior, as the animal’s first saccade was significantly more likely
to go to either a novel (95% confidence interval for Monkey R: 52 % to 55 %; all intervals
reported are bootstrapped 95% confidence intervals unless otherwise noted) or a familiar

image (for Monkey N: 61 % to 65 %; see Figure for these biases on individual sessions).
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Further, while this first saccade bias is somewhat modest, both animals spent over 30 %
more time viewing images from their preferred set in the first 100 ms to 350 ms of the free
viewing period than they spent viewing images from their dispreferred set (Monkey R: 25 %
to 39 % more time on novel images across sessions; Monkey N: 24 % to 54 % more time on

familiar images across sessions; see Figure )

In addition, we trained the same two monkeys (R and N) to perform the sDMST. As briefly
described above, the task begins with a fixation period, followed by the foveal presentation
of a sample natural image. The images were drawn from the same two image sets as in the
PLT. After the image was shown for 500 ms, it disappeared and the animal had to maintain
fixation for a 1s delay period. At the end of the delay, an array of two test images appeared,
one in each hemifield with 180° of angular separation. One of the test images is always the
same as the sample image. After the test images appear, the animal must saccade to the
test image matching the sample image within 400 ms and then hold that fixation for at least
400 ms. If the animal completes this successfully, then they are given a liquid reward. The
animals perform this task with 79 % accuracy on average across all conditions (Monkey R:
79 % to 80 %; Monkey N: 79 % to 80 %; Figure ) Here, the animal is motivated by reward
and conditioned by explicit training to select the match image. Thus, the animal’s behavior

in this first saccade is directed, while the animal’s behavior in the PLT is undirected.

The behavior of the animals was similar across these two tasks, indicating a similar level of
engagement in both contexts. In particular, the latency of the animal’s first saccade in the
free viewing period in the PLT and the test period in the sSDMST was nearly identical across
the two tasks (Monkey R: 3ms to 5ms lower in the PLT, Monkey N: 16 ms to 20 ms higher
in the PLT; Figure ) This indicates that the animal’s urgency and deliberation were
not markedly different during either task. Further, the mean velocity of the first saccade

was slightly higher in the SDMST than the PLT for Monkey R (32 °s~L o 38°s7L faster),
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while the opposite was true for Monkey N (0.7° s1t07.3°s71 slower). In both animals, the
differences were small and the distributions of velocity were totally overlapping (Figure )
Thus, while the two tasks induced slightly different distributions of saccade velocity from
both animals, these differences were both small and not consistent across animals, indicating
that any systematic differences between the saccades elicited in each task are minor. Finally,
we investigated the latency to trial initiation as another proxy of animal engagement. Monkey
R showed no difference in initiation latency (—3ms to 2ms and Monkey N showed only
a small difference (11 ms to 37 ms slower for the sDMST; Figure 4.1h), again indicating a
similar level of engagement with both tasks. These analyses provide evidence that the animal
is similarly engaged by both of these tasks, and suggest that any differences we observe in
the neural correlates of these behaviors are due primarily to the differences between the tasks

themselves.

4.2.2  Single neurons are more active in the directed matching task

While the animals performed both the sSDMST and PLT, we recorded from single neurons and
small populations of neurons in the posterior parietal cortex (PPC) and lateral intraparietal
area (LIP) to gain insight into how the engagement of these regions is modulated by directed
and undirected task contexts. We recorded from a total of 516 neurons across both monkeys
(Monkey R: 258; Monkey N: 258). These neurons were recorded across 37 recording sessions
in Monkey R and 19 recording sessions in Monkey N. In Monkey R, 25 of the sessions used
single wire electrodes (FHC). In the rest of the sessions in Monkey R and all of the sessions
in Monkey N, we used 16- or 24- channel probes (Plexon). During recordings, one of the
two test images in both tasks was placed within the spatial response field (RF) of as many

neurons as possible recorded in that session. The spatial response field was determined

through the standard memory-guided saccade task (see |Memory-guided saccade in Methods

for task details). Where appropriate, we have combined the data from the two monkeys, as
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Figure 4.1: Task schematic and behavioral quantification. A Schematic of the Macaque
visual system. Recordings were performed in the dorsal stream region LIP. B Schematic of
the undirected preferential looking task (PLT). (below) The same novel and familiar images
are presented in both tasks. C Violin plots of the distribution of first saccade biases in
the PLT across experimental sessions. Both animals have reliable biases; Monkey R, (purple)
prefers novel images; Monkey N prefers familiar images. D Schematic of the directed saccade
delayed match-to-sample task (sDMST). The images are presented in the same locations in
both tasks. E Behavioral performance across different trial conditions. F Histogram of first
saccade latencies. G Histogram of first saccade velocities. H Histogram of trial initiation
latencies.

the results were qualitatively similar. However, in many cases, we also show separate data

from both monkeys.

First, we contrasted the selectivity of these single neurons across the directed sDMST and
undirected PLT. Here and in the following, we organize the data around the time of the
animal’s first saccade, which occurs with similar latency across both task contexts (Fig-
ure ) Using first saccade initiation as our time zero, we focus many of our analyses on

the period just prior to the first saccade, which represents neural activity that could have
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influenced the animal’s choice (Figure ) Selectivity for task features that emerges after
the first saccade could not have influenced the animal’s choice. In both tasks, many neu-
rons show elevated firing prior to the first saccade (examples: Figure , top and bottom;
population: Figure , right) — and this firing is increased in the sSDMST relative to the
PLT. Further, this increased firing in the sDMST is not a consequence of the marginally in-
creased saccadic velocity we observed in the sDMST (Figure [4.1). To show this, we tested
whether there was a reliable correlation between saccade velocity and pre-saccadic firing in
both tasks across our population. This analysis did not reveal a reliable effect in either
monkey (average correlation coefficient for Monkey R: r =—0.02 to 0 for PLT, r =—0.01
to 0.01 for sDMST; Monkey N: » =—0.01 to 0.01 for PLT, r =—0.02 to 0.03 for sDMST).
We further tested whether this correlation was reliable across the two contexts — that is,
we tested whether a neuron’s firing rate-saccadic velocity correlation in the SDMST predicts
the firing rate-saccadic velocity correlation in the PLT. We found no significant relationship
between the correlations across these two contexts (Figure [4.2b). Thus, we find no evidence
that the difference in firing rates across these two contexts are a consequence of differences
in saccadic velocities, which was the most significant behavioral difference between the two

contexts that we discovered, though it was inconsistent across animals.

We also compared the difference in firing rates across the two task contexts around the time
the animal makes a saccade to initiate the trial (Figure[4.2, left) with the difference in firing
rates prior to the first saccade in the response period (Figure , right). In one animal,
we found that the population average difference in firing rates across the two task contexts
during the trial initiation phase was much smaller than the difference during the response
period (Monkey R: 0.8 z-scored difference; Figure ) This indicates that neural activity
in LIP is enhanced particularly when the animal is making a directed action in the sDMST
relative to an undirected action in the PLT — that is, that the response enhancement in LIP

observed during the sDMST is not uniform across the task. However, there was no significant
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difference between the two time periods in the second animal.

Together, these results indicate that neurons in LIP are preferentially engaged during a di-
rected task, rather than during undirected yet active behavior. Further, we provide evidence
that this enhancement of neural responses is not due to either the marginally increased
saccadic velocities in the sDMST relative to the PLT or to a generalized increase in re-
sponsiveness across all task periods. Thus, this indicates that LIP may play a qualitatively
different role between the directed SDMST and the undirected PLT. Next, we investigate
whether these broad changes in firing rate bely differences in the population representations

of important task variables.
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Figure 4.2: Single neurons are more engaged in the direct SDMST relative to the undirected
PLT. A Example neurons from Monkey R (top) and Monkey N (bottom). Time is centered
around the animal’s first saccade in both tasks. B Firing rate prior to the first saccade is
not reliably correlated with saccade velocity in either task. C (left) Firing rates across the
populations of neurons in both animals just prior to trial initiation. (right) Firing rates across
the populations of neurons in both animals just prior to the first saccade in the response
period. D In one monkey, firing rates are significantly enhanced at the time of the first
saccade in the response period relative to at trial initiation; in the other, there is no reliable
difference. Firing rates are moderately enhanced in the SDMST relative to the PLT at both
times in both monkeys.
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4.2.8  Choice encoding emerges earlier in the directed matching task

The differences in responsiveness that we observe across tasks at the single neuron level
suggests that we will also see changes in the information that we can decode from neural
activity at the population level. First, we focus on information about the animal’s saccade
choice that can be extracted from the neural population. Here, the animal’s physical action
in both tasks is precisely the same (and happens with the same latency, Figure ) Thus,
the differences we observe in saccade encoding are due to the change in motivation structure

across the two tasks.

We train support vector machine (SVM) classifiers to decode saccade choice from neural
activity during each of the two tasks. For all decoding analyses, training and testing trials
are balanced across conditions and the decoding performance reflects performance held out

trials from 10-fold cross-validation (more details of these analyses are discussed in

[vector machine (SVM) analysesin Methods). In all comparisons across the PLT and sDMST,

the same neurons and the same number of trials (IV = 30) are used. This analysis reveals
that significant saccade choice decoding emerges earlier in the SDMST compared to the
PLT (Figure , left). Further, decoding performance is well above chance prior to the
first saccade for the sDMST, while decoding performance rises more slowly and asymptotes
much later in the PLT (from —50ms to 0ms relative to the first saccade, SDMST: 68 % to
89 %, PLT: 49 % to 71 %; decoding performance in the sDMST is from 2% to 33 % higher;
284neurons;Figure , right). That is, the same neural population encodes the saccade
choice more strongly in the directed sDMST than in the undirected PLT. This pattern in
our decoding results is replicated across individual sessions as well, where saccade decoding
from individual sessions just prior to the first saccade revealed reliably higher performance

in the SDMST relative to the PLT (Monkey R: 2% to 7% higher, Monkey N: 1% to 7%
higher; Figure [4.3p).
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Next, we ask whether neurons play similar roles in encoding saccades across these two tasks.
That is, we train our SVM classifier on trials from one task and then test on trials from the
other task. This cross-decoding analysis is often used to demonstrate a similar population
code for quantities of interest across distinct contexts. Surprisingly, cross-decoding from
both the sDMST to the PLT and from the PLT to the sDMST produces performance that is
nearly identical to when the two classifiers are trained and tested on data from the same task
(from —50ms to Oms, trained on sSDMST and tested on PLT: 51 % to 72 %; trained on PLT
and tested on sDMST: 53 % to 79 %; Figure ). This indicates that the representation of

saccade choice across the two tasks is very similar.

In addition, we investigated whether the strength of saccade encoding across a particular
experimental session would correlate with the animal’s behavioral performance on either
the PLT or the sDMST. Surprisingly, we found a significant negative correlation between
saccade decoder performance and the magnitude of the animal’s first saccade familiarity bias
on the PLT. This relationship was significant in Monkey R alone and when Monkey R and N
were combined (r =—0.83 to —0.33; Figure , left), but only trends toward significance in
Monkey N. This indicates that LIP may become less engaged with saccade production in the
undirected task as the animal’s behavior is more entrained by the undirected task feature —
in this case, familiarity. Next, we investigated whether a similar relationship would hold for
the sDMST. While there is a weak positive correlation, it is not significant in either monkey
or when the data is combined (r =—0.20 to 0.55, Figure , right). However, this may be
because the animal’s sSDMST accuracy was overall less variable from session-to-session than
the animal’s bias in the PLT. Further, it is significant that we did not observe the same
trend in the sDMST as in the PLT (the correlation coefficients are significantly different
from each other and opposite in sign). This indicates that the decrease in saccade decoding

performance was not a function only of the populations recorded on each particular day.

162



Finally, we did observe a significant positive correlation between the animal’s session-to-
session looking side bias (Figure [1.7) and pre-saccadic decoding performance on the PLT
(r =0.19 to 0.77) as well as a negative correlation between the first saccade familiarity bias
and this looking side bias (r =—0.76 to —0.25, Figure [4.7¢). Taken together, these results
suggest that LIP may become more engaged in saccade production during the PLT when
the animal’s behavior becomes more explicitly directed toward a particular side, rather than

toward a set of images with a particular level of familiarity.

These results reveal that the neural representation of saccade choice has a core similarity
across directed and undirected contexts, as indicated by the high cross-decoding performance,
but also significant and surprising differences, including in latency and in the geometry of the
encoding. Further, the differences in latency support a much closer and potentially causal
role for LIP in the directed sDMST, but fail to provide evidence for that level of involvement
in the PLT. Even beyond that, the negative correlation between decoder performance and
PLT bias indicates that as the animal becomes more likely to select an image based on
familiarity in the undirected task context, LIP may become even less involved in saccade
production. All of this evidence together indicates that LIP may be less involved than

previously thought in bottom-up, undirected behaviors.

4.2.4  Content encoding emerges earlier in the directed matching task

Our results so far depict a reduced role for LIP in undirected, yet active, behaviors, as
typified in the PLT. In particular, we have shown weaker and later encoding for saccade
choice. Next, we characterize the encoding of the task variables that underlie the saccade
decision: The match-nonmatch status of the image in the sDMST and the familiarity of the
image in the PLT. LIP has long been hypothesized to serve the role of a priority or salience
map of the visual world|27]. In this context, we would then expect LIP to encode both match

status in the SDMST and familiarity in the PLT.
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Figure 4.3: The same population of LIP neurons encodes more information about behavioral
response and image relevance in the directed sSDMST relative to the undirected PLT. A The
decoding performance for SVM classifiers trained to determine whether the animal made a
saccade into or out of the receptive field, contrasted across both tasks. (left) Timecourse
of decoding; (right) decoding performance from —50 ms to 0 ms around the time of the first
saccade. B Decoding performance in individual experimental sessions across both tasks
prior to the first saccade. C (left) Saccade decoding performance in a single session is
negatively correlated with looking bias in the PLT. (right) Saccade decoding performance in
a single session has no clear relationship with accuracy in the sDMST. D Cross-task decoding
performance. In the red (blue) trace, classifiers were trained on data from the sDMST (PLT)
and tested on data from the PLT (sDMST). Performance is similar and high going in both
directions indicating a similar representation of saccades in both tasks. (left) Timecourse
of decoding; (right) decoding from —50ms to 0 ms around the time of the first saccade. E
Decoding performance for SVM classifiers trained to discriminate between when the image
in the receptive field is either a match or nonmatch in the sSDMST and novel or familiar in
the PLT. (left) Timecourse of decoding; (right) decoding performance from 5ms to 55ms
around the time of the first saccade. F Decoding performance just after the first saccade in
individual experimental sessions.

We again use SVM decoding performance for these variables to assess the degree of encoding

in the neural population. In these analyses, we balance both the training and testing sets
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for the SVM classifier with equal trials in which the animal makes both behavioral responses

(i.e., a saccade to each of the two images), thus marginalizing over saccade choice encoding —

see [Support vector machine (SVM) analyses in Methods for additional details. This analysis

reveals significant decoding for match-nonmatch status that emerges after the first saccade
but before the animal receives feedback about the outcome of the trial in the sDMST —
however, significant decoding of image familiarity does not emerge in the same time period
(from 5ms to 55ms after the first saccade, sDMST: 53% to 89%, PLT: 30% to 75%,
difference: —10% to 50 %, 198 neurons; Figure 4.3e). This pattern holds for individual
sessions as well (Monkey R: 1% to 14 % higher decoding in the sDMST, Monkey N: 1% to
6 % higher decoding in the sSDMST; Figure4.4f). This indicates that LIP may primarily serve
the role of a priority map in directed tasks, where there is an explicit reward contingency on

the animal’s choice, but less so in undirected tasks without explicit reward contingencies.

To further understand the encoding of the behavioral response and of task variables in these
two contexts, we used demixed principal components analysis (APCA)[195] to decompose
neural population activity into components corresponding to each of the four outcomes for
each task. In the sDMST, the outcomes are the interaction between the saccade choice
(into or away from the RF) and the match status of the image in the RF (match or non-
match). Similarly, in the PLT, the two saccade options interact with the familiarity of the
image in the RF (novel or familiar). The dPCA analysis reveals an outcome-independent
time component that is similar across both tasks (Figure ), accentuating the similarity
between these two contexts. However, the analysis also reveals components related to the
saccade that differ across the two task contexts. First, it reveals that a significant modulation
by saccade target emerges in the sDMST before it emerges in the PLT in both animals
(sDMST: —5ms and —10ms, Monkey R and N, respectively; PLT: 25 ms and Oms; p < .01,
shuffle test; Figure ) Further, it reveals that there are two significant components of

the neural response corresponding to the saccade choice for both tasks. In both tasks, one
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of the components provides a stable encoding of the saccade at a particular latency, and the
second component shows a reversal — in the sense that the saccade target corresponding to
a positive normalized firing rate becomes the saccade target that corresponds to a negative
normalized firing rate. We hypothesize that this reversing component may correspond to an
encoding of the animal’s next saccade. In both tasks, this saccade is often in the opposite
direction of the first: In the sDMST, it is often back to the center to initiate the next trial;
in the PLT, is often to the opposite image that has not yet been viewed. However, both
the initial and reversed encoding emerge later in the PLT than in the sDMST. This result
is also consistent with the hypothesis that the PPC uses high-dimensional representations
to encode the past, present, and future behavior of an animal, as also supported by other

studies of large populations of PPC neurons in the mouse[196].

Finally, the components of the response related to image relevance indicate that the encoding
of match status emerges contemporaneously with the first saccade in the sDMST, while
familiarity is encoded much more weakly and is significantly encoded well after the first
saccade (sDMST: 10ms and 20 ms, Monkey R and N, respectively; PLT: 85 ms and 105 ms;
p < .01, shuffle test; Figure , bottom). This latency of encoding is also consistent with
an encoding of the animal’s second saccade, as, in the PLT, this saccade significantly depends
on the familiarity of the image that was viewed first. The representation of image relevance

had two significant components in the SDMST and one significant component in the PLT.

Overall, these analyses further reveal that LIP is preferentially involved in directed over undi-
rected tasks, even for its canonical function as a priority map. That is, decoding performance
for image priority in the undirected context is much reduced from decoding performance for
image priority in the directed context. In general, this indicates that it may be difficult to
make inferences about neural activity in naturalistic contexts from neural activity in highly

trained and directed experimental contexts.
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Figure 4.4: Neural population dynamics reflect greater engagement in the directed sDMST
than the undirected PLT. A Demixed principal components analysis ({dPCA) on the neurons
recorded in Monkey R in the SDMST. (top) The condition independent response component;
(middle) the first dimension of the saccade-dependent response component; (bottom) the first
dimension of the match-dependent response component. B The same as C, but applied to
the PLT. (bottom) The first dimension of the familiarity-dependent response component. C
Variance explained by the dPCA models for the sDMST (left) and PLT (right), across both
monkeys (colors). D The latency of significant modulation in the saccade-dependent (top)
and match /familiarity-dependent (bottom) response components, shown for both monkeys.

4.2.5  Low-level features are also weakly encoded in the undirected task

Image familiarity is a high-level feature that relies on the animal’s built up experience with
the image. While signatures of image familiarity have been observed in several brain re-
gions, (including potentially LIP), and particularly in the inferotemporal cor-
tex[200H202], it is possible that LIP may still act as a priority map, but only for low-level
features. To test this hypothesis, we included a third task in the experiments described above

that was identical to the PLT except that the novel and familiar natural image sets were
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replaced with high and low-luminance squares of the same size as the images and displayed
in the same positions as in both other tasks(Figure [1.5h). We refer to this modified PLT
as the lumPLT. The animal’s behavior preference was less consistent here than in the stan-
dard PLT, however both animal’s had significant biases toward the high- or low-luminance
squares in 18 experimental sessions (Figure ; Monkey R: 12; Monkey N: 6). In addition,
the latency of first saccades in the lumPLT were significantly longer than in the sDMST or
standard PLT (Monkey R: 34 ms to 43 ms longer in the lumPLT; Monkey N: 68 ms to 86 ms
longer in the lumPLT; Figure )

Neural activity recorded during this behavior is modulated by saccade target, as with both
other tasks, and single neurons show similar dynamics as in the other task contexts (Fig-
ure 4.5d). Further, there is a significant difference in firing rates between the lumPLT and
sDMST (Monkey R: 56/67 neurons fire more in the sDMST; Monkey N: 51/90). The av-
erage difference in firing rates is larger in magnitude than between the sDMST and PLT
(; Figure [4.5p). Thus, while the broad contrasts between the sDMST and PLT hold for
contrasts between the sDMST and lumPLT as well, the animal may be significantly less
engaged during the lumPLT than the PLT. Next, we performed decoding analyses on these

data to contrast population encoding of saccade and of match and luminance.

Our population analyses also reveal broad similarities between the relationship between the
sDMST and the lumPLT to those we have already established between the sDMST and
the standard PLT. In particular, our decoding analysis (16 trials per condition) reveals that
saccade encoding emerges significantly later in the lumPLT than the sSDMST (Figure ,
left, 143 neurons). Further, significant decoding performance emerges just after the first
saccade in these data for the sDMST (from —40 ms to 10 ms around the first saccade, SDMST:
54 % to 81 %, PLT: 43% to 70 %, difference: —9% to 29 %, 99 neurons; Figure [1.6p, right),

but does not emerge until 70 ms after the first saccade in the lumPLT. This pattern is similar
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across individual recording session as well (—2 % to 5% higher decoding performance in the
sDMST, Figure [4.6p). For encoding of match status and luminance, the results are less clear
across the combined population (88 neurons, Figure , d). However, trends are similar to

those in the comparison between the sDMST and PLT from before.

Thus, these results suggest that LIP does not preferentially represent only low-level features
in a priority map, but rather is still preferentially engaged by directed tasks relative to
undirected, yet active, behaviors. This runs counter to narratives that suggest LIP provides
a priority map for guiding the deployment of spatial attention based on low-level features,
like luminance and spatial frequency. Instead, this work suggests that LIP is preferentially
involved in directed and extensively trained behaviors with explicit reward contingencies.
While we still believe that there is likely to be a spatial priority map represented somewhere

in the brain, our results suggest that LIP is not the locus of that map.

4.3 Discussion

Taken together, these results indicate that LIP has a preferential involvement in highly-
trained, directed behavioral tasks compared to more naturalistic and undirected behaviors.
LIP appears to be less involved in guiding saccades in the undirected PLT than in the
directed SDMST, even when the behavioral response, and the target of that response, is the
same across both tasks. Similarly, LIP appears less involved in the representation of image
relevance in the undirected than in the directed task. This pattern of results is replicated on
an even simpler undirected free viewing task where the animal chooses to view either a high-
or low-contrast square. Thus, the lack of engagement of LIP during the undirected task is not
due to our choice of familiarity as the manipulated image feature in the main undirected task.
These results indicate that LIP may be more extensively shaped by training and explicit task

demands than previously believed — and may, in fact, be preferentially engaged only in tasks
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Figure 4.5: An undirected task where behavior is entrained by a low-level stimulus feature.
A A variant of the PLT, which is referred to as the luminance preferential looking task
(lumPLT). It is the same as the PLT except that luminance squares with either high- or low-
contrast are presented instead of natural images. B On different sessions, the animals have
different biases for viewing either low (left) or high (right) luminance squares. C The latency
of the animal’s first saccade is slightly greater in the lumPLT compared to the sDMST. D
Example neurons from Monkey R (top) and Monkey N (bottom); time is organized around
the animal’s first saccade. EE Neurons have significantly higher firing rates prior to the first
saccade in the SDMST relative to the lumPLT.

that have explicit direction, while undirected, but similar, tasks may be mediated by other

brain regions, such as FEF.

We believe that these results cast doubt on a common form of inference in neuroscience. In
particular, many experimental tasks are designed to, in part, mimic naturalistic behaviors.
For instance, search tasks are often analogized to navigating in cluttered environments with
many potential stimuli to select from. Then, neural signals are recorded in the highly
trained task with explicit reward contingencies, and used to infer the roles of different brain

regions in the more naturalistic behaviors that may not have immediate or explicit reward
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Figure 4.6: LIP is also less involved in undirected behaviors that depend on low-level stimulus
features. A The decoding performance of SVM classifiers trained to determine whether the
animal made a saccade into or out of the receptive field (as in Figure [4.3p). (left) The
timecourse of decoding; (right) decoding performance —40ms to 10 ms around the time of
the first saccade. The pattern is similar to that shown for the PLT and sDMST. B Decoding
performance for saccades in individual experimental sessions; similar to Figure [£.3p. C The
decoding performance of SVM classifiers trained to determine whether there was a match
or nonmatch and high- or low-contrast square in the receptive field; similar to Figure [4.3h.
(left) The timecourse of decoding; (right) decoding performance 55 ms after the first saccade.
D Decoding performance for image relevance in individual experimental sessions; similar to

Figure [{.4p.

contingencies. Our results cast doubt on that inference step by showing that extensive
training and explicit reward structure can fundamentally alter the role of different brain
regions in similar behaviors, with the same behavioral response. These results emphasize
the need to study naturalistic behaviors in parallel with highly trained and well-controlled
tasks to gain a more generalized understanding how neural function depends on behavioral

context.

Our results may be surprising in the context of recent results showing that inactivation of
PPC, including LIP, significantly affects how correlated an animal’s free viewing behavior

is with the low-level salience map of a natural image[203]. Those results indicate that LIP
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has a role in guiding the deployment of visual attention according to the low-level visual
salience of an image, outside of a directed task context. First, our main free viewing task did
not rely on the same kind of low-level visual salience — instead, we used a memory-related
image familiarity signal to sculpt the animal’s behavior. Thus, it is possible that PPC is
more involved in the representation of low-level image salience than image familiarity, which
is more abstract. However, if this were the case, we would expect our high- and low-contrast
control task to have revealed that role, though it remains possible that familiarity is too
complex and contrast changes are too simple to produce a higher level of engagement from
LIP. A second difference that could explain our conflicting results is in the presentation of the
images. In the inactivation study|203], the images covered much of the visual field and the
animal made saccades around the same natural image for the duration of a free viewing trial.
It is possible that PPC has a specialized role in representing the relative salience of nearby
spatial locations, consistent with its previously described role in spatial processing|18, |19]
and its described role in pop-out visual search tasks[99]. However, in our experiments, we
also included trials on which the two stimuli were presented with only 45° of separation in
visual angle in both the PLT and the lumPLT. We did not see a significant difference in either
familiarity or contrast decoding between this condition and the 180° separation condition
(Figure . While this does not precisely replicate pop-out conditions, it indicates that
closer spatial arrangement alone is not enough to engage LIP in undirected free viewing tasks

to the same degree as it is engaged in directed search tasks.

In light of these results, there are two alternative ways to reconcile the conflicting conclusions
from the two studies. First, the disruption to salience-related behavior may be due to a
generalized disruption of visual — and potentially spatial|l8| [19] — processing that results
from the inactivation of PPC. Second, the effect on salience preference reported in the
inactivation study[203] is relatively small, and indicates that LIP may not be the primary

region involved in producing that salience preference. Thus, LIP may play a minor role in
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producing salience-related behavior that our experiment here did not detect. However, if
this is true, our conclusion that LIP is more involved in representing image relevance in a

directed rather than undirected context still holds.

This work illustrates the importance of studying neural function in a variety of both nat-
uralistic and highly-controlled behavioral contexts. In this case, additional work must be
performed to further isolate the role of LIP in diverse and complex behaviors. Together with
previous work, our results highlight the malleability of LIP during task training and suggest
that LIP may be preferentially involved in directed tasks with strict behavioral contingencies.
This new conceptualization of LIP makes an interesting prediction: Our results predict that
LIP would not be involved in search tasks with pop-out effects in general, but only when
stimulus selection is enforced by a direct task. For free viewing of pop-out arrays, in which
the pop-out stimulus is still likely to capture attention, we would expect a reduced role for

LIP given our findings here.
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4.4 Methods

4.4.1 Surgical preparation and experimental setup

Two male monkeys (Macaca mulatta; Monkey R: 10 years old, ~10kg; Monkey N: 14 years
old, ~14kg) were implanted with head posts and then trained on four behavioral tasks de-
scribed below. Monkey R was implanted with a recording chamber positioned over PPC
after training was complete. Monkey N had a recording chamber positioned over LIP from a
previous series of motion categorization experiments that was used in this set of experiments
as well. He had the chamber during training and it was maintained with regular sterile
cleaning throughout. Our surgical, behavioral, and neurophysiological approach has been
described in detail previously[135, |204]. Stereotaxic coordinates for chambers placement were
determined using structural magnetic resonance imaging (MRI) that was performed prior
to the headpost implantation to avoid artifacts. Both chambers were centered on the intra-
parietal sulcus. In Monkey R, the chamber was centered over the right cortical hemisphere,
23.8mm lateral from the midline and 1 mm posterior to the intra-aural line. In Monkey N,
the chamber was centered over the right cortical hemisphere, 9mm lateral from the mid-
line and 5.25 mm posterior to the intra-aural line. Both monkeys were housed in individual
cages with a 12 hour light-dark cycle. Behavioral training and recordings always occurred
during the light part of the cycle. During behavioral training and recordings, monkeys sat
in custom-made primate chairs and were head-fixed. Task stimuli were displayed on a 21-
inch color CRT monitor (1280*1024 resolution, 75 Hz refresh rate, 57 cm viewing distance).

Identical timing and rewards were used for both monkeys. Different image sets were used for

across the different monkeys and the details of this are described below, in[Natural image sets|

A solenoid-operated reward system was used to deliver juice reward to the mon-
keys. Monkeys’ eye positions were monitored by an optical eye tracker (SR Research) at a

sampling rate of 1 kHz and stored for offline analysis. Stimulus presentation, task events, re-
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wards, and behavioral data acquisition were accomplished using an Intel-based PC equipped
with MonkeyLogic software running in MATLAB (http://www.monkeylogic.net)[205, 206].
All experimental and surgical procedures were in accordance with the University of Chicago

Animal Care and Use Committee and National Institutes of Health guidelines.

4.4.2 Behauvioral tasks and training

Our two main tasks (the sDMST and PLT) are described in detail in the main text. Some
additional detail is given here. T'wo additional tasks that were used in the animal’s training
are described in detail here as well. The memory-guided saccade task was used to functionally
probe for LIP-like responses|207, 208] and the dimming detection task was used to familiarize

both animals with their familiar image sets.

Both animals were trained to perform the SDMST over six months to one year. First, both
animals were trained on the task using solid color squares (red and green). Then, a reduced
set of natural images was introduced and both animals were further trained. Finally, both
animals were trained on the task with the set of familiar images used in the experiments and
different sets of novel images until they reached consistent levels of performance on those
image sets as well. In both animals, near the end of their training on the SDMST, they were
trained on the dimming detection task, which was used to familiarize the animals with their

familiar image set.

Memory-guided saccade

The memory-guided saccade task is used to establish whether recordings are made from LIP,
as neurons in LIP are believed to exhibit characteristic response properties in this task. In
the task, the animal initiates a trial with a fixation period. Then, a small luminance target is

flashed for 300 ms at one of eight locations, equally spaced in the periphery. After a 1000 ms
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delay period in which the animal must hold fixation, the fixation point disappears and the
animal must make an eye movement to the location of the target flash. There is no target
present on the screen at the time of the saccade. If the animal completes the saccade within

500ms and holds fixation for 150 ms, then they receive reward.

LIP neurons are believed to show some combination of spatially selective visual, delay, or

presaccadic activity during this task. However, not all neurons in LIP show these properties.

Dimming detection task

This task was used to familiarize both animals with their familiar image set, by repeatedly

presenting images from the familiar image set while maintaining the animal’s engagement.

The task begins with a fixation period, then a sequence of images is presented in the fovea.
The animal is required to maintain fixation throughout the sequence. Each image is presented
for 450ms. On half the trials, there is an equal chance that 1 through 5 images will be
presented. For all of these sequence lengths, the last image will dim and the animal has
450 ms to indicate that they perceived the dimming by releasing a touch bar to receive a
reward. On the other half of trials, a sequence of 6 images is presented and none of them

dim. To receive reward, the animal must hold the bar through the entire sequence.

4.4.83 Natural image sets

Both animals had a single set of familiar images that remained constant throughout the
experiments. In Monkey R, this set consisted of 55 images, but 40 images were randomly
selected for use in each experimental session. In Monkey N, this set consisted of 40 images
and the whole set was used in each experimental session. All image sets (both novel and
familiar) for each experimental session across both monkeys was randomly selected from

the Corel Image Library. The images were cropped to be 150x150 pixels. These images
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were not controlled for their low-level features or for their contrast, as doing so often made
them appear unnatural and we believe that this would introduce a bigger confound than

attempting to control for these properties. We evaluated the effect of low-level image salience

on animal viewing behavior in the PLT and did not find a reliable relationship (see

lof low-level salience on behavior in Supplement)).

4.4.4  Electrophysiological recording

In Monkey R, neuronal activity was recorded using 75 pum tungsten microelectrodes (FHC)
or 16-channel V-Probes (Plexon). In Monkey N, neuronal recordings were made using either
16- or 24-channel V-Probes (Plexon). All 16-channel probes had 100 pm spacing between
electrode sites; 24-channel probes had 75pum spacing. In both cases, all of the sites were
arranged in a line. In Monkey R, 25 of the sessions used single wire electrodes (FHC). In
the rest of the sessions in Monkey R and all of the sessions in Monkey N, we used 16- or 24-
channel probes (Plexon). During recordings, one of the two test images in both tasks was
placed within the spatial response field (RF) of as many neurons as possible recorded in that

session. The spatial response field was determined through the standard memory-guided

saccade task (see |Memory-guided saccade in Methods for task details).Neurophysiological

signals from both single or multi-channel recording were amplified, digitized and stored for
offline spike sorting. In both monkeys, we recorded neuronal activity in the memory-guided

saccade task to map LIP RF locations.

We localized LIP in each monkey according to the pattern of neuronal activity during the
memory-guided saccade task, as described above. In both monkeys, we also considered
neurons recorded from the same grid holes and at similar depths as previous recordings
that yielded LIP-like memory-guided saccade activity to also be in LIP. In all recordings,
we also identified LIP neurons based on anatomical criteria, such as the location of each

electrode track relative to that expected from the MRI scans, the pattern of gray—white
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matter transitions encountered on each electrode penetration, and the relative depths of

each neuron.

Spike sorting

In Monkey R, 44/66 of the datasets were sorted offline by hand (Plexon) to verify the quality
and stability of neuronal isolations. In the remaining 22/66 of the datasets from Monkey
R and for all of the data from Monkey N, single neurons were sorted automatically using
Kilosort 2 (code available here)|209]. All analyses were performed on neurons marked “good”
by that software, which indicates that less than 10% of recorded spikes are likely to have
arisen from a different neuron. Postprocessing of these sorted neurons was performed in Phy

(code available here).

Postprocessing

For all analyses reported here, the data from each neuron was smoothed with a 50 ms wide
causal boxcar filter. That is, the spike rate at time zero includes all of the spikes from —50 ms

to O ms.

Where noted, we also z-scored these firing rates. In every case, z-scoring was performed
within the frame of reference of the analysis; that is, the data used for a support vector
machine classifier analysis was all z-scored before being broken into different classes and

training and test sets.

4.4.5 Data analysis

Exclusion criteria

Only sessions in which monkeys performed enough trials for each unique stimulus condition

in both the sDMST and PLT tasks (n > 30 for monkeys R and N) were used for further
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analysis, except in Figure where neurons with n > 24 trials and 10 spikes per trial
were included. Further, in pseudo-population analyses, only trials in which the neuron fired
more than 5 spikes through the whole trial were included. In addition, the neuron totals for
each pseudo-population analysis are reported in the main text. In addition, for population

analyses, only recordings with more than five neurons are included.

Saccade detection and analysis

To detect saccades, we first applied a median filter to the recorded eye traces to remove
noise. Then, saccades were defined as periods within the smoothed eye trace during which
the instantaneous velocity of the eye was greater than 70°s~!. Any fixations that lasted less
than 10 ms were assumed to be artifactual and therefore removed so that the previous and
succeeding saccades were merged into a single saccade. Velocity for the whole saccade was
computed by taking the distance between the eye position at the beginning and end of the

saccade, divided by the duration of the saccade.

We organize our analyses around the time of the animal’s first saccade in the response period
(that is, after the fixation point disappears in both tasks, and the free viewing array appears
in the PLT and the test array appears in the sDMST). Time zero in all of the plots with

time on the x-axis is the time of the initiation of that saccade.

Support vector machine (SVM) analyses

We trained support vector machine (SVM) classifiers to decode both the animal’s saccade
choice (i.e., a saccade into or away from the RF of the recorded neurons) and information
about the image in the RF. In all decoding analyses the number of trials in each condition
were balanced. Further, when decoding information about the image in the RF, an even

number of trials where the animal made a saccade into and away from the RF were included
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— thus, marginalizing over the animal’s motor action. These balanced sets of trials were
resampled 100 times to account for the variability that is introduced by choosing only a
subset of trials. These 100 resamplings were used to produce 95 % confidence intervals for

our SVM plots, as displayed.

All of our SVM analyses depend on the SVM implementation provided in scikit-learn[146].
We used the radial basis function kernel in all cases except for the cross-decoding analysis
(where we used a linear kernel). Performance was not qualitatively different when using a

linear kernel for all the analyses.

Demixed principal components analysis ({PCA)

For the demixed principal components analysis (dPCA)[195], we used a modified version of
the implementation provided by the Machens lab here. The modified version is available
here. This modified version incorporates two bug fixes; we provided one and one is provided

by Thijs van der Plas. Neither change any of the theoretical underpinnings of dPCA.

In our case, dPCA was fit to a pseudopopulation across all of our experimental sessions,

separately for each monkey.

Data and code availability

All code used to generate the figures and perform the analyses is written in python and
available here. This code relies on additional custom code available here. Finally, it also

makes extensive use of the python scientific computing environment.
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4.5 Supplement

4.5.1 Additional behavioral quantification in the PLT

Here, we describe an additional way of evaluating the animal’s familiarity bias as well as
investigate the animal’s image-independent bias toward a particular side. As reported in
the main text, on most experimental sessions both animals exhibited a significant familiarity
bias in their first saccade (Figure ) Another way of looking at this evaluates the amount
of time that the animal spends viewing the novel relative to the familiar image in the early
part of the PLT free viewing period. That is, we take the 100 ms to 350 ms after the onset
of the free viewing period, which encapsulates most of the animal’s first and second fixation.
Then, we take the amount of time their eyes were on the familiar image and subtract that by
the amount of time their eyes were on the novel image. Then, we divide by the period length
(250 ms). This gives us a looking time familiarity bias that ranges from —1 to 1, where —1
indicates that the animal spent all of their time viewing the familiar image and 1 indicates
that they spent all of their time viewing the novel image. Both animals have significant,
and quite large, familiarity biases according to this metric as well (Monkey R: 0.26 to 0.39;
Monkey N: —0.52 to —0.24; Figure [4.7p).

Finally, we also compute the animal’s side bias for their first saccade. That is, we ask if
the animal is more likely to look to the image in one hemifield independent of any of that
image’s properties. Both animal’s have often significant side biases that vary across sessions
(mean side bias from different experimental sessions, Monkey R: 0.43 to 0.54, Monkey N:

0.26 to 0.4; Figure ) Though in many behavioral sessions, this bias is relatively small.

Next, we ask about the interactions between these three quantities. First, we ask whether
the animal’s first saccade bias and looking time bias are correlated with each other across

sessions. That is, when the animal has a strong first saccade bias, do they also have a strong
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looking time bias? Interestingly, we do not find a reliable relationship between these two
quantities (Monkey R: r =—0.54 to 0.06, Monkey N: r =—0.48 to 0.47; Figure ) Next,
we asked if the strength of the animal’s side bias predicted the strength of the animal’s first
saccade bias. Here, we do find a strong negative relationship in both monkeys (Monkey R:
r =—0.73 to —0.3, Monkey N: r =—0.86 to —0.36; Figure ) Together, these results
indicate that the animal’s side bias may influence that strength of the animal’s first saccade
bias. However, the strength of the first saccade bias is not strongly related to the animal’s

overall familiarity preference.
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Figure 4.7: Additional quantification of the animal’s behavior on the PLT, related to Fig-
ure 4.1} A Histogram of the first saccade novelty bias across different experimental sessions.
B Histogram of the looking time novelty bias across different experimental sessions. C His-
togram of the side bias across different experimental sessions. Here, 1 means the animal
always looked into the recorded hemifield, and 0 means the animal always looked away from
the recorded hemifield. D Scatter plot between the first saccade bias and looking time bias.
This plot indicates no significant relationship between these two quantities. E Scatter plot
between the first saccade bias and the side bias. This plot reveals that, as the side bias
becomes larger, the first saccade bias tends to decrease.

4.5.2  The effect of low-level salience on behavior

One possibility is that the animal’s behavior in the PLT is strongly entrained by differences

in the low-level salience of the two presented images. Low-level salience is derived from areas
182



within each image of high contrast or high spatial frequency relative to the surroundings.
Many algorithms have been proposed to compute this low-level salience from image inputs,
and are benchmarked against human free viewing data|210]. One successful yet simple
algorithm is Boolean map salience (BMS)[211]. BMS leverages both local salience cues like
those described above, as well as some global cues that have also been shown to be used in

figure-ground segregation such as surroundedness.

We evaluated whether the animal’s behavior was significantly modulated by differences in
image salience. To do this, we computed the low-level salience map of each of the images
in the familiar image set, using the BMS algorithm, and tested whether the animal was
more likely to look at the image with higher mean salience either with its first saccade
(Figure [4.8h) or for more time in the initial part of the free-viewing period (Figure [4.8b) —
both of which are time periods where the animal’s behavior shows significant modulation by
differences in familiarity. For both ways of computing salience bias, neither animal showed a
reliable bias toward the more salient images across different experimental sessions. Further,
the biases that were expressed in each session were almost always smaller in magnitude than
the familiarity bias and likely reflect random fluctuations in the animal’s behavior rather
than a true salience bias (looking time bias, Monkey R: —0.04 to 0.02 difference in looking
time; first saccade bias, Monkey R: 0.47 to 0.52 probability of looking to the more salient

image).

4.5.8  Undirected tasks with sttmuli in close spatial proximity

In addition to the conditions of the tasks focused on in the main text, we included conditions
in both the PLT and lumPLT in which the two images were placed with 45° rather than
180° angular separation. This condition allows us to ask if LIP’s representation of either the
behavioral response or of image relevance changes when the two images are placed in close

proximity to each other. As low-level salience and other methods of capturing bottom-up
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Figure 4.8: Quantification of the animal’s behavior as it relates to the low-level salience of the
presented images, related to Figure 4.5 A Scatter plot showing the relationship between
the strength of the biasing of the first saccade due to differences in low-level salience or
differences in familiarity. There is no significant relationship. B Scatter plot showing the
relationship between the strength of the looking time bias due to differences in low-level
saliences and differences in familiarity. There is no significant relationship.

attention are often defined relative to immediately surrounding stimuli, this closer stimulus

proximity in our task might reveal a more direct role for LIP in undirected behavior.

As in the main text, we train SVM classifiers to decode both the saccade choice (Fig-
ure [£.9p,b) and image relevance (Figure [£.9k,d) when the images are placed close and far
from each other. We perform this analysis on both the standard PLT (Figure ,c) and
the luminance PLT (Figure [4.9p,d). In all cases, the results are similar between the close
and far conditions, indicating that LIP does not play a special role for undirected stimulus

selection among nearby rather than far apart stimuli.
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Figure 4.9: Comparison of decoding performance when stimuli are in close proximity relative
to when they are in opposite hemifields, related to Figure A Decoding performance for
saccade choice in the standard PLT where stimuli were placed either in opposite hemifields
or nearby. B Decoding performance for saccade choice in the luminance PLT where stimuli
were placed either in opposite hemifields or nearby. C Decoding performance for familiarity
in the standard PLT where stimuli were placed either in opposite hemifields or nearby. D
Decoding performance for contrast level in the luminance PLT where stimuli were placed
either in opposite hemifields or nearby.
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CHAPTER 5

DISCUSSION

5.1 Summary of results

The previously described work — from three different perspectives — all pushes toward the
same goal: Developing a unified understanding of the brain as a distributed computational
system. In chapter [2] we showed that nonlinearly mixed codes for sensory, cognitive, and
motor features — which have been observed across the brain — satisfy the dual goal of reliable
and efficient coding, in addition to their previously demonstrated benefits for the accessible
encoding of information. We outlined several additional benefits of mixed codes as well.
First, we showed that they retain their benefits for reliability even when accounting for the
increased population sizes necessary to implement them. We also demonstrated a trade-off
between error magnitude and error probability that can be navigated by changes to receptive
field size. Finally, we demonstrated that these mixed codes exist for features that do not
require an accessible encoding. This indicates that the brain may exploit these codes for their

reliability and efficiency benefits alone, rather than only for their benefits to accessibility.

Next, our focus increased in scale and — assuming a reliable and efficient code similar to
the mixed codes of the previous chapter — in chapter [3 we demonstrated a solution to
the representation assignment problem across two distinct brain regions. We showed that
by leveraging information that was common between both regions, the brain can reliably
integrate information from distinct sources, or that is uniquely computed only in a single
brain region. This work demonstrates a reliable solution to the assignment problem, which is
critical to coherent behavior in rich, naturalistic sensory environments. We then illustrated
a trade-off between catastrophic assignment assignment errors and the magnitude of local

errors in decoding. That is, extremely reliable assignment requires increased redundancy
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between the two regions, which limits the amount of information available for representing
the unique information. Finally, we showed that our framework is quantitatively consistent
with human psychophysical data, and that a crucial prediction about how assignment errors

depend on stimulus proximity is qualitatively satisfied.

Finally, in chapter 4] we described experimental work that probes the context-dependence
of representations in LIP. There, we used two tasks: One was a directed matching task
with explicit requirements on the animal’s behavior; and the other was an undirected free
viewing task without explicit requirements on behavior. This work revealed that LIP was
preferentially engaged by the directed relative to the undirected task. This is surprising
given previous work that suggests LIP plays a general role in the allocation of bottom-up
spatial attention and, thus, would be expected to be involved in the undirected task. This
work illustrates the need to consider behavioral context when developing an understanding

of the function of a brain region.

There are many ways to build on these results. In the following, we discuss several future
research directions, which either build on the results described previously, or work to inte-
grate them more closely together. In both cases, we continue to consider ways in which we

can gain a more detailed understanding of the brain as a distributed system.

5.2 Toward optimally reliable neural codes

While the nonlinearly mixed codes described in chapter 2/ have numerous desirable properties
as described for the first time both in that work and elsewhere[62, 63], they do not come
close to approaching theoretical bounds on the maximum amount of information that can
be reliably transmitted in a noisy system[61]. That is, they fail to approach bounds on
channel capacity established in information theory. In particular, as the level of mixing

in a code is increased, the code becomes more reliable and efficient; however, the increased
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mixing increases the number of neurons required to implement the code and those additional
neurons increase the theoretical capacity of the code beyond what is used in practice. Here,
we consider a family of codes that can be theoretically related to the mixed codes described

previously, but that have also been shown to approach theoretical bounds on reliability.

To motivate these codes, we consider a single neuron in cortex. In many studies of neural

coding, including our own, the neuron is modeled in the following way,

r=f(z)+e (5.1)

where r is the response of the neuron in spikes per second, x is a stimulus or stimulus vector,
f is the response function of the neuron which operates on the stimulus domain (i.e., the
receptive field of the neuron), and € is a noise term, which is often assumed to be Gaussian
distributed. In studying code reliability, the magnitude of the noise term € is often taken
to be relatively large in comparison to f(x). This mirrors conditions observed in the brain
where a neuron’s average activity and the variability in that activity have been measured to
be of the same order of magnitude (that is, with a Fano factor close to 1)[150]. However,
two details complicate this understanding. First, when single neurons are isolated from
their inputs and stimulated, they have been shown to be far more reliable than recordings
of cortical neurons suggest[212]. In addition, neurons in the periphery, that have reduced
numbers of distinct inputs relative to cortical neurons, have been shown to be exquisitely
reliable]213]. From these observations, we would infer that e is much smaller than f(z) in
Eq. p.1} Second, fluctuations in firing rates in cortex that have previously been understood
as noise have been shown to, instead, reliably reflect motor actions|55, 56] and, in some cases,
sensory information from other modalities|56]. Thus, when accounting for this variation, we
would expect the signal-to-noise ratio of cortical neurons to be much higher than when that

additional signal is viewed as noise. Thus, a more appropriate model for a cortical neuron
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would be,

where ¥/ is a general state vector — which encompasses information about the animal’s motor
actions, history, and so on — of which our original stimulus z is only a small part. Now, 7 is
a noise term that is small in magnitude relative to f(). That is, a single neuron’s inputs are
likely much higher dimensional than previously appreciated — and this high-dimensionality

likely produces a significant fraction of the apparent noise in neural systems.

In these conditions, single neurons begin to resemble a construct from coding and information
theory known as the multiple access channel (MAC). In a MAC, multiple users all want to
send a message using the same channel. In neuroscience, these multiple users might be, for
instance, different sensory modalities and motor plans. Surprisingly, work on the MAC shows
that there are no gains in information capacity from forcing these distinct users to send their
messages at different times or only along particular frequency bands[61]. In fact, maximal
capacity can be achieved if all of the different users send their messages at once. The analog
to this in neuroscience would be similar to what is observed in cortex: A single neuron at
any given time should reflect a diversity of inputs, corresponding to distinct modalities and

neural systems.

This surprising insight provides both a non-obvious understanding of the heterogeneity in
neural responses and a potential mechanism by which neural codes can make full-use of their
signaling capacity — that is, by taking a superposition of codes for many different factors
of the sensory environment as well as of the motor and cognitive state. This superposition
strategy has been shown to approach capacity in the coding theoretic context|214]. However,
some challenges remain in seeing how it would be implemented in the brain. In particular,

in many capacity achieving codes, decoding requires complex and non-local operations that
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have no clear implementation in neuroscience. Thus, future work is required to understand
how this superposition coding strategy can be implemented in realistic neural populations

while allowing for the encoded information to be rapidly used by downstream brain regions.

5.3 Correlated neural activity and reliable integration

As alluded to in chapter [3| relatively little work has focused on characterizing how the re-
quirement that brain regions simultaneously represent multiple stimuli affects theories of
normative neural representations. Interestingly, one of the few studies that does focus on
this question indicates that nonlinear mixed selectivity (of the kind discussed in chapter [2)
is useful for reducing ambiguity in this context as well[215]. This is because mixed repre-
sentations bundle distinct stimulus features together in representation space and thus avoid
ambiguity when attempting to reconstruct multiple stimuli with multiple features — this is
precisely the same assignment problem that we discuss a solution to in chapter [3], except
that it takes place within single brain regions that are composed of neurons which represent

only one stimulus feature (or represent several stimulus features with only linear mixing).

Further work has characterized how different ways of mixing representations of multiple
stimuli affect the accuracy of a decoder for those stimuli[163]. In particular, the study
compared linear mixing of the multiple representations, where the total response was a
weighted sum of the responses to each of the individual stimuli, and nonlinear forms of
mixing the multiple representations, such as divisive normalization. In both cases, stimuli
that were nearby to each other had decreased decoding accuracy — that is, they negatively
interfered with each other. However, in some cases, nonlinear mixing of the stimuli reduced

that interference|163].

These results have interesting implications for the results described in chapters [2] and [3]

First, they further indicate the importance of high-dimensional representations within brain
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regions, even in the context of the assignment problem across brain regions. This is because,
as discussed in chapter |3, high-dimensional representations will, on average, be further apart
than lower-dimensional representations. Thus, the interference between nearby stimuli dis-
cussed above is less likely to occur for high-dimensional representations. Further, the analysis
in [163] also reveals an effect that gains significance in the context of representation assign-
ment across regions: For a broad family of noise correlation structures, as stimuli come
closer together, the estimates of the stimuli become strongly negatively correlated with each
other|163]. This negative correlation has two immediate consequences: First, it reduces the
accuracy of estimates of the distance between stimuli — which are likely to be extremely
important to behavior; second, it could lead to higher rates of assignment errors in some
conditions, as negatively correlated estimates are more likely to produce the swaps in repre-

sentation position that lead to an assignment error.

In both cases, positively correlated stimulus estimates would be preferred. As an example,
a correlation coefficient of 1 would mean that estimates of the distance between the stimuli
remain perfectly accurate despite inaccurate estimates of the stimuli themselves. Similarly,
the probability of an assignment error would be zero. Interestingly, positively correlated
stimulus estimates within each region could provide a mechanism by which the assignment
error rate is reduced without actually increasing the redundancy between the two regions.
However, further work is necessary to understand how these positive correlations can be
achieved in practice, and whether the correlation structure that they require between neurons
is feasible given what is understood about the structure of noise correlations and how those

correlations change for representations of multiple nearby stimuli.

191



5.4 Elaborating the function of dorsal and ventral visual regions

in undirected tasks

While the experimental work described previously is focused on the lateral intraparietal area
(LIP) in the posterior parietal cortex (PPC), which is located in the dorsal visual stream, we
also performed a related experiment while recording from small populations of neurons in
the inferotemporal cortex (ITC), which is in the ventral visual stream. In these experiments,
the animal performed the preferential looking task (PLT) described in chapter |4 Briefly,
the monkey initiated each trial with a 500 ms fixation period before two images appeared
in opposite hemifields and the fixation point disappeared. The monkey was then able to
view the two images freely for the next several seconds. Each image was drawn from one
of two image sets, both sampled from a series of natural image databases (see chapter 4| for
more details on the images). One set consisted of images the monkey had never seen before
and would never see again after a particular experimental session; the other set consisted of

images that the animal had seen over one thousand times previously.

The behavior of both monkeys used in these experiments (B and S) were significantly modu-
lated by familiarity, similarly the behavior of the monkeys described in chapter [dl However,
in contrast to the neurons in LIP, the neurons in ITC had much stronger representations of
image familiarity than in LIP. Numerous individual neurons in I'TC signaled the familiarity
of the image in its preferred hemifield prior to the animal’s first saccade — and, further,
a significant modulation in population average firing rates emerges prior to the first sac-
cade in the free viewing period, much earlier than reliable modulation by familiarity in LIP.
Thus, these additional experiments provide evidence that ITC is more closely involved in
behavior during the PLT than LIP. While this is unsurprising given ITC’s known role in
the representation of image familiarity, it leaves open questions about how these undirected,
familiarity-related behaviors are mediated.
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Taken together, our results suggest that undirected behaviors may be mediated through an
alternative pathway, potentially mediated by the frontal eye fields (FEF), due to its direct
role in saccade production|24] and previously described connectivity[216] and functional in-
teractions|217] with ITC. Our results suggest that the dorsal-ventral dichotomy may also
reflect a difference in how directed and undirected tasks are mediated. In particular, rather
than underlying visually-guided actions in general, the dorsal stream may be primarily in-
volved in directed actions, while undirected actions are mediated primarily through the
ventral stream and prefrontal areas, like FEF, which are known to receive inputs from both
of the canonical visual streams. Further work is required to elucidate the role of ITC in

undirected actions in general, as well as the role of FEF in behaviors like the PLT.

5.5 Final remarks

One of our central insights into the brain is its modular structure. This modularity is present
in anatomy, and — to some degree — in function. However, much remains to be clarified about
the functional significance of this modularity. Further, we lack a well-developed understand-
ing of the forces that shape the brain to be modular. Developing a theoretical understanding
of the pressures toward modularity, and coupling this new theoretical insight with targeted
experiments to more precisely discover the distinct functions of anatomically distinct brain
regions, is essential to progress in neuroscience. A holistic understanding of modularity will
provide constraints on representations and dynamics both within and across brain regions,
and thus will be extremely useful for interpreting future experimental results. The work
described here has pushed on this problem from multiple directions, and we believe that the
future directions described above will again move us closer toward this deeper understanding

of distributed computation in neural systems.
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