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ABSTRACT

In order to detect trans eQTLs in a given tissue type, it is common to perform an association
test between each pair consisting of an expression level for a gene and a genetic variant that
is “trans” for that gene, for D different genes and M different genetic variants, where D
could be on the order of thousands or tens of thousands and M could be on the order of
hundreds of thousands or millions. Then, a multiple testing correction, e.g., Bonferroni or
FDR, for M % D hypothesis tests would commonly be imposed, in order to try to identify
significant (gene, trans eQTL) pairs. Maintaining correct type 1 error without sacrificing

power becomes particularly challenging in this context.

For trans eQTLs, we might expect that association signals for individual (gene, trans eQTL)
pairs would commonly be of only moderate or weak size, which could make the standard
approach hopelessly under-powered. However, if a trans eQTL has moderate or weak asso-
ciation with multiple expression traits, then it might be possible to detect the trans eQTL
using a global test, in which, for each SNP, we test the global null hypothesis that the SNP
is not associated with the expression levels of any genes for which it is trans, against the
alternative hypothesis that is it associated with the expression level for at least one of the
genes for which it is trans. In the global testing approach, the number of tests performed
is M, so the final multiple testing correction is comparable to that needed for an ordinary
genome-wide association study. This work focuses on development of a global test that will

be powerful for trans eQTL detection.

We propose a global testing approach based on equal local levels (ELL), where our approach
allows for dependence among the tests. The ELL test statistic is based on Z-scores from
tests of association for individual (gene, SNP) pairs. This allows the method to be applied in
situations when only summary statistics are available. Another key feature of the method is

that it is computationally fast so that it is feasible for genome-wide analysis. We verify the

x1



type 1 error of the method and compare its power to other available methods in simulations.
We find a huge power improvement over other available approaches for a wide range of
values for the number of associated expression traits for a given trans eQTL. We apply ELL
to perform trans eQTL mapping in the LG/J x SM/J advanced intercross line of mice, which
is a multi-generational outbred population dataset consisting of 523,028 SNPs and expression

levels of 15,561 genes recorded for the hippocampus, pre-frontal cortex and striatum.
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CHAPTER 1
INTRODUCTION

1.1 eQTL Studies

Expression quantitative trait locus (eQTL) mapping is an approach to identify sites on the
genome that are associated with transcription of particular genes in a given tissue type, with
the goal of understanding the impact of polymorphisms at these sites. In eQTL mapping
studies, gene expression levels are viewed as quantitative traits, and association is tested
between these traits and SNPs or other genetic variants for which genotypes are available.
A common observation, from a variety of both linkage and association eQTL studies, is
that numerous genes have eQTLs nearby, which are called cis eQTLs, and are likely in cis
regulatory elements [8]. Furthermore, several eQTL-mapping studies [8, 25, 19] have shown
that disease-predisposing variants identified in genome-wide association studies are often
cis eQTLs for nearby genes. As a result, eQTL mapping has become a widely used tool
for identifying genetic variants that affect gene regulation. A few recent studies have also
identified trans eQTLs [25], which are eQTLs that are associated with expression traits for
one or more genes that are not nearby in the genome. Because the targets of trans eQTLs
could potentially be anywhere in the genome, not just among nearby genes, trans eQTLs
are expected to be much harder to detect, assuming that their effect sizes are not any larger

than those for cis eQTLs. [8, 19]

1.2 Notation and Framework for Trans eQTL Mapping

We consider the problem of detecting trans eQTLs in the following scenario. Suppose that,
for each of n subjects, we observe D transcript levels in a given tissue type as well as geno-
types for M genomewide SNPs. For any given SNP, say SNP i, we define a subset of the

traits, D;, for which SNP ¢ is not a cis SNP, e.g., D; might consist of all traits whose genes



lie at least a certain distance from SNP i, or whose genes lie on a different chromosome from
SNP i, depending on how we choose to define “cis SNP” in a given study. Then we will
identify SNP ¢ as a potential trans eQTL if it is significantly associated with at least one

trait in D;.

For notational simplicity, we suppose that |D;| = D for all . One approach to trans eQTL
detection is to perform M *x D hypothesis tests, one for each trans SNP - trait pair, and
then apply a multiple comparisons correction, e.g., Bonferroni or FDR, for M x D hypothesis
tests, in order to try to identify significant trans SNP - trait pairs. A major drawback of this
approach is that unless individual trans eQTL - trait association signals tend to be extremely
large, the power of this approach will be very low because of the extremely stringent multiple
testing correction that must be applied [19] (for M % D tests instead of the usual M tests

that would need to be corrected for in an ordinary GWAS).

One plausible scenario for trans eQTL mapping is that while individual trans eQTL - trait
association signals might commonly be of only moderate or weak size, if a trans eQTL has
moderate or weak association with multiple traits, then it might be possible to detect the
trans eQTL using a global test. Therefore, we propose to perform M global hypothesis tests,
one for each SNP, where for SNP ¢, the null hypothesis for its global test is Hy : SNP i is
not associated with any trait in D;. This will be followed by correction for M tests, in the
same way as is usually done for a GWAS. The focus of this work is development of a global

test for each SNP that will be powerful for trans eQTL mapping.

One notable feature of the trans eQTL mapping problem is that D may be quite large
(thousands or tens of thousands), and for a given trans eQTL, the number of associated
traits might be only a tiny fraction of D, with the effect of the trans eQTL being of only

moderate or weak size for each associated trait, the so-called “rare and weak scenario” [7] for



global hypothesis testing. In this setting, when considering the D p-values for a given trans
eQTL (corresponding to the association tests of the trans eQTL with each of the D traits),
the smallest p-value is likely to correspond to a true null hypothesis, with the p-values for
the true alternative hypotheses being less extreme. As a result, focusing attention on only
the minimum of the D p-values would not be expected to be a very powerful approach to

global hypothesis testing in some plausible settings for trans eQTL mapping.

1.3 Previous Work

1.3.1 Trans-eQTL Mapping Literature

Before we begin our description of the ELL method we first review past approaches to ad-

dressing the multiple comparisons problem in trans eQTL mapping.

One basic approach, common in model organisms [5, 11], is to first consider each expres-
sion trait separately, and, for each trait, perform a permutation test to obtain genomewide
p-values for association of genetic variants with the trait. To correct for testing multiple
traits, one could then apply a multiple corrections [5] procedure such as Bonferroni or FDR
[2]. Alternatively, Bonferroni or FDR could be applied to all M * D hypothesis tests, cor-
responding to all possible (expression trait, SNP) pairs in the data set, in order to discover
individual (expression trait, SNP) pairs. A drawback of all such approaches is that the high
multiple comparisons penalty can result in a lack of power to detect trans eQTLs, as detailed

in the previous subsection.

One approach to avoiding the high multiple comparisons penalty is to find ways to make
either M, the number of genetic variants tested, or D, the number of expression traits tested,
smaller. For example, one could make M smaller by restricting the set of genetic variants

tested to be only known transcription factors [27]. Another approach GBAT [15], involves



making M smaller by forming leave-one-out cross-validated BLUP predictions of a given
gene’s expression levels using SNPs cis to that gene, and then treating the BLUP predic-
tions as if they were genetic variants and mapping them against expression levels of traits to
which they are trans. Approaches to making D smaller include clustering similar expression
traits or applying a dimension reduction method such as principal components to the expres-
sion traits[12]. On the one hand, incorporating biological information to effectively make
M or D smaller has the potential to increase power if the investigator guesses right about
what biological information is most relevant, but it also has the potential to miss important
signals and is limited by the initial choices made in the dimension reduction. Furthermore,
approaches that are based on, say, linear combinations of SNPs or of expression traits may

yield results that are difficult to interpret biologically.

The cross-phenotype meta-analysis (CPMA) [13, 4] test is a global test for a single SNP
with a specified set of expression traits. The global null hypothesis is that the SNP is not
associated with any expression trait in the set. The idea behind the test is that if the expres-
sion traits in the set were independent, then the set of -loge p-values for the association tests
between the SNP and each trait would be i.i.d. Exp(1) random variables under the global
null hypothesis. To calculate the CPMA test statistc, one models the set of -log. p-values as
i.i.d. Exp(A) under the alternative model and sets the CPMA statistic to be the likelihood
ratio chi-squared test statistic for testing Hg : A = 0 vs. Hy : A > 0 in the i.i.d. case. In
the case when the expression traits are correlated, the test statistic remains the same, and

a Monte Carlo procedure is used to assess significance instead of the usual X% distribution. [4]

1.5.2 Other Relevant Literature

Various methods have been proposed for combining Z scores or p-values from D individual

hypothesis tests in order to test (or to compute a p-value for) the global null hypothesis

4



that all D individual null hypotheses are true vs. the alternative that at least one is false.
For many of these methods, the assumption is that the D p-values (or Z scores) for the
individual hypothesis tests are i.i.d. Unif(0,1) (or N(0,1)) random variables under the global
null hypothesis. In trans eQTL mapping, it is expected that most of the individual null
hypotheses will be true even under the global alternative that at least one individual null
hypothesis is false, i.e., association signals are moderately “sparse” or “rare”. In that sce-
nario, particularly relevant examples of global tests that combine Z scores or p-values include
the Berk-Jones statistic [3], Simes’ method [20], higher criticism [6, 7], and methods based

on local levels [9, 10].

There are also extensions of some of these methods to dependent tests. For example, Barnett
et al. [1] developed generalized higher criticism (GHC) a version of higher criticism that
allows dependence among the Z scores under the null hypothesis. They applied it to test for
SNP-set effects on a trait, i.e., the set of test statistics for which a global test is performed is
the set of association test statistics between a given trait and each of a set of SNPs. However,
even in the case of independence, the higher criticism test has been shown to under-perform
relative to what would be expected based on asymptotic theory.[9] (For example, not until
D is of the order of 109 do the asymptotic optimality results seem to hold. [9]) As an
alternative approach, Sun and Lin [22] developed generalized Berk-Jones (GBJ), a version of
the Berk-Jones test that allows dependence among the Z scores under the null hypothesis,
which they also applied to test for the association between a SNP-set and outcome. Software
is available for both GHC and GBJ, and we used these for trans eQTL mapping in order to
compare to our ELL method. However, in 3.5, we show that the software for both GHC and

GBJ is not computationally feasible to run in the settings we consider.



CHAPTER 2
MODELS & DETECTION METHODS

For notational simplicity we first consider the global hypothesis test for just one of the
M SNPs, say SNP 1. Assume we have Z-scores 41, ..., Zp with corresponding p-values
7q = 2®(=|Z4|), d =1,...,D that are ordered as m(1) < - < m(py. Each Z; corresponds
to a test statistic for the individual null hypothesis of no association between the SNP and
gene transcript d. We describe in subsection (2.4) how we calculate Z; specifically for the
trans eQTL mapping problem. The global null hypothesis is that the SNP is not associated
with any trait, and in that case, each Z; is assumed to be marginally N (0, 1) distributed. In
practice there is often correlation between gene transcript levels (see [30] and the references
therein). This propagates to correlation between the test statistics Z;, 1 < d < D, above.
Let ©Q = Vj(Z) be the variance matrix for the vector Z = (71, ..., Zp) under the global null
hypothesis, where () is in fact a correlation matrix, because the Z;’s each have variance 1
under the global null hypothesis. Under certain modeling assumptions, {2 can be shown to
be the same across SNPs, and this, as well as estimation of €2, is discussed below in section

2.4. Under the global null hypothesis, we assume Z has the distribution MV N (0, ).

Significant inflation of some of the components of Z would be viewed as evidence against the
global null. Equivalently, such evidence would be manifest by smaller values of some of the
components of (7‘(‘(1), o 7T(D)> than would be expected under the null. On the one hand, if
trans eQTL signals are only of moderate or weak size, then, e.g., T(1) OF T(2) might actually
represent null tests, and the true alternatives could be represented by smaller than expected
T(q) for values of d that are perhaps of small to moderate size. On the other hand, a finding
that T(d) is smaller than expected for only large d, e.g., d close to D, would be difficult to
interpret and might not seem to be compelling evidence for the presence of a trans eQTL.
Therefore, we base our ELL test only on a subset, D, of the pvalues, where D is of the form

{m1),--,m(pp}, where |[D| < D. For example |D| could be 0.2D or 0.5D, meaning that we
6



would only consider the smallest 20% or 50% of the p-values. (Our default choice in what
follows is |D| = 0.2D.) This inspires a class of hypothesis tests for the global null hypothesis
parameterized by a set 0 < hy < --- < h|D| < 1 defined by the rejection rule: reject the
global null if T(d) < hg for at least one d € D. The type 1 error of such a test would be «

such that
Py [VdED, ﬂ'(d)zhd =1—-aq, (2.1)

where the zero subscript in Py(-) indicates the global null hypothesis is true. We define
ng(h) = Py [W(d) < h]. In the case when Q = I, ny(h,) is referred to as the dth local level
[10] of the rejection region defined by hyq, ..., h|D|, and we adopt this term also for the case
when Q # I. for the case when Q = I, Berk and Jones [3] first proposed and demonstrated

the efficiency of choosing the h, such that
VdeD, nglhg)=n=n(a) (2.2)
where n(«) is chosen so that
P [VdeD, T zhd] —1-a

(Note, however, that this is not the same as the so-called “Berk-Jones” statistic [3, 10].)
Equation (2.2) corresponds to having equal local levels (ELL), and we refer to tests satisfy-
ing (2.2) as ELL tests. For the case 2 = I, ELL tests have been advocated by Gonscharuk,
Landwehr and Finner [9, 10] because they have similar asymptotic properties to those of

higher criticism [6, 7], but better finite-sample properties.

The p-value for the ELL test would be the largest « for which the ELL test would not

reject, i.e., max {Oz : VdeD, T(d) > hd}. We can rewrite this in simpler terms by noting

7



that, because 7, is a strictly monotone function when the underlying Z,;’s have a continuous

distribution,

VdeD, T(d) >hy <= VdeD, n (W(d)> >ng (hg) = n(a) 2.9

<= miny <7T(d)> > n(a)

From (2.3) we would like to define the ELL statistic as 7" = mingep 1y (W(d)> and reject the
global null hypothesis at level « if T < n(«) where n(«) is chosen so that the type 1 error is

a. However this requires determining n(«) as well as the corresponding h, values.

For the special case when €2 = I, under the global null hypothesis, the p-values 7y, ...,7p
are i.i.d. Uniform(0,1), and each (4 is distributed as Beta(d , D + 1 —d). Thus the ny
function is the cumulative distribution function (CDF) for a Beta(d , D + 1 — d) random
variable. Weine and McPeek [24] derived exact recursive formulas for 7(«) for the case Q = 1.

However, when €2 is not the identity matrix, then these analytical formulas no longer hold.

2.1 ELL Test Statistic

While we do not have analytical formulas for n(-) or the 7,4(-), we can find approximations
for these functions. Let S(c) = ZdD:1I{|Zd| > ¢} where Z{-} is the indicator function, and

let ® be the CDF of N(0,1). For 0 < h < 1,

P [W(d) < h] = R [|Z|(D+1—d) > —q’_l(h/?)}

D
_ ZI{|Zk|>—¢>_1(h/2)} > d
k=1

- P [s <—<I>_1(h/2)> > d] (2.4)



If Q@ = I, then for ¢ > 0, S(c) has the null distribution of a Binomial(D,2®(—c¢)) random

variable, and

Py [w(d) < h} =1 —dil (D)hj(l —n)P=I helo1]

=0

which is the CDF of a Beta(d, D + 1 — d).

When Q # I, the null mean of S(c¢) will remain the same, Ey[S(c)] = 2D®(—c), however the

null variance is

Vo(S(e)) = Vo (ZI{|Zk| > C}>
K

D—-1 D
= 2D®(c)(1-2®(c) +2x Y > cov(T{|Z]>c}, T{|Zj|>c})
i=1 j=i+1

> 2D®(c)(1 —29(c))

Where the last inequality follows from the positive correlation of the magnitudes of any

correlated, mean-zero, bivariate Gaussians.

Following the method proposed by [1] (see also [22]), we approximate the distribution of
S(c) with a beta-binomial distribution BB(D, A, ) where we choose A and vy to match the
mean and variance of S(c). The beta-binomial is the distribution formed from the binomial
distribution when the success probability is drawn from a beta distribution. If X is drawn

from a BB(D, A, 7), where A > 0, v > 0, and D is a positive integer, then X has the



following properties:

D> [T + 90 Ty (1 = A+ k) (2.5)

fopaqle) =P(X =12) = (x [Ty (1+ k)

A = E(X)/D
v V(X)=DA1-))
1+  DMDO—-DA1-=N)"

where we follow the convention that

a
Hckzlfora<0.
k=0

To approximate the distribution of S(c¢) we choose A and v by the method of moments.

Barnett et al. [1] derived the following:

Ey[S ()] = 2D%(~c)

(2.6)
Vo [S (¢)] = D [2®(c) — 462(0) +4D(D — 1)¢%(c) 12 H3, 1 (c)p(24)/(2i)!
Where #H,; are the Hermite polynomials (see [16]), p(i) = ﬁ > 1<k<l<D ()", where

Qg is the (k, [)th entry of Q, and ¢ and ® are the density and survivor functions of a standard
normal, respectively. Note that (2.5) and (2.6) imply that once A is set by the method of
moments, knowing A\ determines ¢ which determines Vj [S (¢)] and thus determines 7. So we
will drop the writing of v (and D) below to simplify notation, and define fy(z) to be the
beta-binomial density with parameters (D, A,7), where A and v are related by the equations

A =2d(—c) and
v _ VolS(e)] = DA = A)
14 D(D—1A1=X) "’
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with Vj[S(c)] given in 2.6.

Applying this to (2.4)

na(h) = B [W(d) < h}
= R[5 (-7 (h/2)) = d]
- 1- dzl P [s (_q>—1 (h/2))> — k}
.
1= fu (k)
k=0

na(h). (2.7)

Q

Using this approximation we define the ELL statistic:

TprLr = miniq <7T (d)) : (2.8)

To assess significance of the ELL statistic Ty, we consider two different approaches, (1)
Monte Carlo simulation and (2) application of a Markov approximation [22] to the joint

distribution of (S(¢y),...,S(cy)) for any finite k and ¢1 < ... < ¢.

2.2 Assessment of Significance of ELL by Monte Carlo

Suppose we have an estimate Q for Q. (In section (2.4) below describe how we obtain €2.)
We simulate R ii.d vectors Z() ~ MV Np (0 ) Q) , 7 =1,..,.R, where R is very large.
For each Z(/) we calculate the ELL statistic 7). Since 7 is just the inverse CDF of Tgr

under the global null we can estimate it as the inverse empirical CDF of Ty, using the
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data set T(l), ...,T(R):
1 & ‘
nla)=max<x : 1—a< E I(T(3)2$> , for a € (0,1). (2.9)

The p-value of an observed Tg, is the largest o such that the global null would not be
rejected. We call this method ELL.

2.3 Assessment of Significance of ELL by a Markov Chain

Approximation

We also consider trying to find an analytical estimate for 7(«). Sun and Lin [22] introduced

a technique for analytically approximating a calculation of the form
Pr{vd=1,..., D, |Z|(d) <bg|Z~MVN(QO, Q)} (2.10)
where Z is the D x 1 vector whose dth element is Z;. Note that (2.10) can be re-written as
Pr{vd=1,...,D, S(bg) <D —-d|Z~ MVN(0, Q)} (2.11)

Sun and Lin [22] propose a recursion to solve (2.11). Define

d—1
Gdq = Pr{ Sg) =a, ({Sy) <d—k} | Z~MVN(©O, Q). (2.12)

k=1
Then (2.11) is just gp . Sun and Lin [22] make the assumption that conditional on S(by)
the event S(bgy1) = a is approximately independent of S(by) for k& < d, and they approx-

imate the conditional distribution of S(bg, 1) given S(by) with an extended Beta-Binomial

distribution, using the method of moments. They then derive a simple recursion for solving

12



dd.q-

We considered using the same approach to find an approximate analytical p-value for the

ELL statistic. To do this, note that we can rewrite

Pr{TELLZt}:Pr{del,...,D, Z)g) < 2~ ( ()/2)} (2.13)

We can then use (2.12) with by = —®~! (ﬁ;l(t)/2> We call this method ELL-Recursion.

Pre-computation For The ELL Test

Our ELL method lends itself to a pre-computation to reduce computation time when it will
be applied to a large number of SNPs and a large number of traits. Suppose we observe M
SNPs along with the D traits. Then, from Equation (2.7), calculating M ELL statistics in-

IDI M|DJ?

volves M X Z M(|D|+1)(|D])/2 = —5—— evaluations of a beta-binomial probability

mass function f, (k).

However, we can note from (2.5) that for a given positive integer k1, the computation of
fr (k1) involves the simultaneous computation of all the terms needed to construct fy,(k2)
for every integer ko satisfying 0 < ko < k < kq. This is particularly clear if we look at
log [f1,(k)]. Each log [f;,(k1)] involves computing various sums where, for each of these sums,

we can just take a corresponding partial sum to form log [f,(k2)] for 0 < ko < ky.

This motivates a computationally efficient strategy for approximating the function 7, by a
step function 7;. We choose a set of pre-computation points, H = {hq,... ,h‘fH‘}, where
O<h <---< h|H| < 1, and evaluate each 7, only on the points in ‘H. Making use of the
approach in the previous paragraph also requires an upper and lower bound on the k for

evaluating fz, (k). Our strategy is to choose an 77L and 77R, which we describe below, and for

13



each h € H, we evaluate 7jz(h) only for d € D such that n’ < 7z(h) < n. For each d € D,

we use a binary search to find

ﬁ;l (nL> = max{h eH : ny(h) < nL}

(2.14)
iyt (nR> = min {h et : (h) > nR}
For d € D but h ¢ ‘H we use the following approximation:
’ <5 ()
> Ty n
Aa(h) = fg(min{z e H: x>h}), 0, (nL) <h<ig! (nL> (2.15)
nR h> 77;1 (nR)

We will need to choose values of 7t and 5. For a fixed resolution (i.e., interpoint distance)
of the points in H, the larger the range np—ny,, the better the above approximation, however,
the more computations and thus the slower the pre-computation. In practice we have found
77L = 10712 and nR =1—10""2 to work well. However, in general one can use the following

upper bound as guidance,

Py |V deD, ng ()€ [nt 0" = 1= Rolna(mg)) & " 0"]

deD
= 1—2(1+nL—nR>
deD
1—4
> 6I(nR—nL21—W),

for every 0 < 0 < 1. In our Python code, we typically take || = 1000|D|. A naive means

of assigning the values of # would be to create an evenly spaced grid between 7 1(77L ) and
f]ﬁjl‘(nR). Unfortunately, this tends to not give enough resolution for small values of h. As a

result, power would suffer as it relies on the accuracy of 7, particularly for small h. Instead
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we choose H to be a geometric sequence:

“1(.L H—1
mo\n
_,.—1(_ R

This choice results in a set H that behaves better in terms of power.

2.4 Models For Trans-EQTL Mapping; Estimation of (2

From the introduction to the ELL method in the beginning of this chapter, we can see
that the ELL method lends itself to a broad range of applications in which one has a set
of correlated test statistics that each have a N(0,1) distribution under their respective null
hypotheses, provided that one is willing to assume a joint multivariate normal distribution

under the global null hypothesis that all of the individual null hypotheses are true.

Here, we are concerned primarily with the application to trans-eQTL mapping, and in that
context, we now describe a joint model for all the expression traits as well as marginal models
that are used to calculate individual Z scores for testing association between a SNP and an
expression trait. To jointly model the expression traits, we consider a linear model of the
form

Y = XB+Go+e (2.17)

where Yy p is the matrix of transcript levels; X j . is a matrix of covariates which is always
assumed to include a column of ones (corresponding to an intercept term), and might also
include covariates such as age, sex, batch effects, and ancestry-informative vectors (e.g., the
first few principal components from the genetic relatedness matrix (GRM)); 5.« p are fixed
effects of the covariates; Gy« s is a matrix of the genotypes of the N individuals in the
study; 057« p are the effects of the genotypes on the expression traits, either random or fixed,
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where the (m, d)th element of ¢ is the effect of SNP m on gene d; ey« p is the error matrix,
where vec(e) ~ N(0,Ve ® Iy), Iy is the N x N identity matrix, and Ve is a D x D variance
matrix. The model in equation (2.17) is somewhat vague, in that we have not yet specified
which of the entries of § are fixed and which are random. Below, we consider various more

specific versions of this model (and sub-models of it) in the context of hypothesis testing.

To test whether a given SNP, say SNP m, is a trans-eQTL, we consider a model in which
the effects of SNP m on the gene expression levels are considered separately from the effects

of all the other SNPs, and the latter are aggregated into a random effect:
Y = XB+ G + [UCH? + e(Ip — O '/2, (2.18)

where Gy, is the vector of genotypes for SNP m; §,, is a column vector and may be fixed or
random; ¢ is a D x D diagonal matrix of heritabilities; and I is a D x D identity matrix.
The matrix Uy p is the additive polygenic effect comprising the effect of the genotypes
aside from the mth SNP; vec(U) ~ MV N(0, p, ® K), where K is the GRM with SNP m
removed, and py is a D x D correlation matrix; vec(e) ~ MV N(0, pe ® I5y) where pe is a
D x D correlation matrix; and 7 is a D x D diagonal matrix with dth entry Uc2l equal to the

residual variance for trait d.

To test whether SNP m is a trans-eQTL, one possible approach would be to model 9y, as a
vector of random effects, &, ~ MVN(0, ag ). Then, in principle, one could test the global
null hypothesis Hy : ag = 0 by, for example, a score test. In order to perform the score
test, it would be necessary to obtain the maximum likelihood estimates of the nuisance pa-
rameters under the null hypothesis, where the nuisance parameters are the ¢ x D 3 values,
the D diagonal elements of 7, the D heritabilities, the D(D — 1)/2 off-diagonal entries of

pu, and the D(D — 1) /2 off-diagonal entries of p.. Currently, software exists [29] that makes
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this estimation computationally feasible for D of approximately 5 or so, but trans-eQTL
mapping would commonly involves D in the thousands or tens of thousands, making this
approach currently impractical. Furthermore, one would intuitively expect the score test to
have high power when the signal is pervasive, rather than rare or sparse, i.e., when each trans
eQTL is associated with a large proportion of the expression traits, even if the effect sizes are
small. If a given eQTL is associated with a relatively small fraction of the expression traits,

then other methods such as ELL would be expected to have higher power than the score test.

Instead, we suppose that a test for genetic association has been performed for each SNP-
trait pair, resulting in a M x D matrix Z whose (m,d)th element, Z,, ; is the Z-score for
association of SNP m and trait d. For example, these might be summary statistics from a

GWAS. To obtain Z,, 4, we assume that the following model has been used to fit the data:

Yy = XBq+ Gmbp.a+ 04(v/CaUa + /1 — (geq) (2.19)

Here Y is a vector of length N containing the gene expression data for the dth gene; U, and
egq are independent with Uy ~ MVNy (0, K) and €5 ~ MVNy(0,7); 0 < {y<1land o5 >0

are scalars. We can write Y in terms of its conditional distribution:
Yy|1X, G ~ MVN <Xﬁd + Gndma » 03K + (1= Cg) 1)) , (2.20)

which can be written MVN (X 3, + GmOm,.ds a?lZd), where we define ¥; = (4K + (1 — (y) I.

We perform a score test of Hy : 6, 4 = 0 in model (2.20), which has test statistic:

T
Py,
T = — 2l (2.21)
\/03GE PyGm
where
py=3x -t x(x s ) ix T (2.22)
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f]d is the matrix ¥, evaluated at 5d, which is the maximum likelihood estimate of (; in
(2.20) under the null hypothesis, i.e., when d,, 4 = 0, and &?l is an estimate of Uc2l under the
null hypothesis. Under the null hypothesis, Z,, 4 ~ N(0,1), asymptotically. We evaluate
Covo(Zm1,d1, Zm2,421 X, G) under the global null hypothesis, assuming the model of equation

(2.18), with 0y, = 0. In that case,

G Pt APgaGino
\/(G%Pmel)(G%gszsz)

COVO(Zml,dla Zm2,d2’X7 G) ~ ) (2'23>

where

A = \/Ca1Caapuldl, d2]K + /(1 — (q1) (1 — Caa)peldl, d2]1, (2.24)

with py[dl, d2] the (d1,d2)th element of p, and pe[dl, d2] the (d1,d2)th element of pe. In
either of the following 2 special cases, (i) (5 = ¢ for all 1 < d < D and p, = pe, or (ii)
(g =0foralll <d< D, we have ¥; = X for all d, so in large samples, P; ~ P for all d

and equation (2.23) simplifies to

peldl, d2GL | PG

Covo(Zm1,d1> Zm2,42| X, G) ~ = = ; (2.25)
V(GE PGt} (G, PGo)
which results in
Varg(vec(2)|X,G) = Q@ R, (2.26)
where, in special cases (i) and (ii), Q@ = pe and R : M x M has (m1, mg)th entry
GI PG
ml- 7m2 (2.27)

le,mQ = T T ’
\/(Gmlme1)<Gm2PGm2)

which can be viewed as a version of the correlation between SNPs m1 and m?2.
Motivated by the above heuristic, in our trans-eQTL analysis, we make the general modeling

assumption that each row of Z has the same correlation matrix, which we call €. In special
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cases (i) and (ii) above, we have ) equal to the trait correlation matrix. However, in the
more general case, the modeling assumption is only an approximation to the truth, and we
no longer necessarily have () equal to the trait correlation matrix. Therefore, we propose to
estimate €2 from the matrix Z rather than from the matrix Y. Furthermore, this approach
of estimating ) from Z has the benefit that it can also be applied in the case when only
summary statistics (which presumably include Z) are available instead of individual-level

data.

Suppose that, from a data set, we have access to summary statistics Z1, ..., Zp; where each
Zm, 1 < m < M is a vector of association test statistics between SNP m and a set of
expression levels for genes trans to m. Let Dy, be the set of expression traits for genes
trans to SNP m. Then Z,, is a vector of length |D,| for 1 < m < M. Suppose that
for each SNP, we wish to test the global null hypothesis that the given SNP, say SNP m,
has no association with any of the expression traits in D,,. We estimate {2 by Q, whose
(i,7)th element, Qij, is the sample correlation coefficient between the Z scores for the ith
and j expression traits, calculated across all SNPs that are trans to both traits. If we define

Qij ={1 <m <M :{i,j} C Dn}, then

(Y 7 Z 9 7 Z 27
\/Zm’g@ij( mli — z) ZmHGQij( m'j — j)

for 1 <i<D,1<j <D, where Z; = |Qij|71 ZmEsz Zpp i, for 1 <i < D.

2.5 Identifying Which Expression Traits are Associated with a

Significant SNP

As the ELL method is a test of a global null hypothesis, in practice for those SNPS for which

we reject the global null hypothesis, we need a methodology to identify the particular gene
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expression levels we believe the SNP is associated with.

We use a methodology derived from [18]. Given a set of M SNPs to be considered for eQTL
mapping and a genome wide cutoff, we calculate ELL p-values for each. Let m (possibly 0)
be the number of SNPs whose ELL pvalue is below the genome wide cutoff. For each SNP
for which the ELL p-value reaches the genomewide significance threshold, find the associated
expression traits as follows: take the set of marginal association p-values for that SNP and
apply FDR with target false discovery rate 0.05 % ¢, where ¢ is an adjustment factor that is
the same for every SNP and is ¢ = ( SNPs discovered)/( SNPs tested)=m /M.
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CHAPTER 3
SIMULATION STUDIES

We perform simulation studies to evaluate the ELL and ELL-Recursion methods and to
compare them to other methods. We consider type 1 error, power and computation time.
Our simulations are in the context of correlated (i.e. Q # I) association statistics across

gene transcript levels.

3.1 Other Test Statistics Considered in Simulations

Every test statistic we consider in the simulations can be formulated as a global test of the
null hypothesis that a given SNP, m, is not associated with any of a set of D expression
traits. Furthermore, each test statistic is a function of the Z scores, Zp1, ..., X,,p, com-
puted as described in equation (2.21). Below, we drop the subscript m from the Z scores,
for notational simplicity, to obtain Z1, ..., Xp. We let 75 = 2®(—|Z,|), be the dth p-value,

for 1 <d < D, and we define (1) <...< T(D) to be the order statistics of the p-values.

3.1.1 Sum of Z-Squared

This test statistic is T, »2 = ZdDzl ZC%. In the case when the traits are uncorrelated, the
resulting test is approximately equivalent to the variance component score test of Hy : ag =0
for the model (2.18) where d,, ~ N(0, ag ). In simulations, we evaluate significance for this

test statistic by Monte Carlo.

3.1.2  Minimum P-Value

The minimum p-value [21] test statistic is Tp;p = T(1) = minj<g<p mg- In simulations,

rather than evaluating significance by applying a conservative Bonferroni correction, we
21



instead use Monte Carlo.

3.1.3 FDR

Another approach would be to use the Benjamini-Hochberg (BH) false discovery rate (FDR)
procedure to discover SNP-trait pairs at some false discovery rate o*. In order to compare
FDR to ELL and the other tests, we apply FDR to the D SNP-trait pairs corresponding to
each SNP, and then we “reject” if we make any discoveries at FDR level o* and do not reject
otherwise. This corresponds to a test statistic of Tppr = ming ;r/(—dl%, d=1,...,D. This
is the same global test statistic used in stage 1 of the testing procedure of Peterson et al.
[18]. Because the BH procedure guarantees type 1 error a*, we could choose to set a* equal
to the global test level o that we are using for the other tests. However, the BH procedure
tends to be conservative, so to avoid disadvantaging FDR in the comparison, we choose a
less conservative o, i.e., a* > a, where o™ is chosen by Monte Carlo so that the empirical

type 1 error of our FDR procedure is «.

3.1.4 CPMA

The idea behind the CPMA test [13, 4] is that if the expression traits in the set were
independent, then the set of -log p-values for the association tests between the SNP and
each trait would be i.i.d. Exp(1) random variables under the global null hypothesis. To
calculate the CPMA test statistc, one models the set of -log p-values as i.i.d. Exp(\) under
the alternative model and sets the CPMA statistic to be the likelihood ratio chi-squared
test statistic for testing Hy : A = 0 vs. H4 : A > 0 in the i.i.d. case. In the case when the

expression traits are correlated, the test statistic remains the same, namely

tog {TT-1 fesp(1)(— o ma) |
log {HdDzl Foxp(ay (—log Wd)}

Tepyma = —2
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where fEXp( ) is the pdf of an Exponential(\). The authors [13] propose using a Monte Carlo
scheme to simulate the null distribution of the CPMA statistic under a given estimate of 2
allowing for calculation of p-values of the statistic. However, code is provided by the authors
only for the calculation of the statistic itself and not for the p-value calculation. We assess
significance using our own Monte Carlo procedure, though we use their code for calculation

of the statistic.

For Sum of Z-Squared, minP, FDR, and CPMA we use Monte Carlo to simulate the test
statistic’s null distribution. For simplicity we illustrate the Monte Carlo method for CPMA,
as the other three are analogous. We simulate replicates Z,, r = 1,..., R = 10 iid from
N(0, Q) with corresponding p-value vectors 7. Given a vector Z with corresponding p-

value vector m we calculate Toppsa(m) and estimate its global p-value by comparing it to

{TCPMA(ﬁT)a r= 17 7R}

3.1.5 Generalized Higher Criticism

The higher criticism [6, 7] statistic, first suggested by Tukey [23], is based on the order
statistics for the p-values. The idea is to find the order statistic that is most extreme,
relative to what would be expected for that order statistic under the global null hypothesis.
Similarly to what we proposed for the ELL statistic, only a certain fraction of the smallest
p-values are considered in constructing the higher criticism statistic. Donoho and Jin [7]
consider this fraction to be a tuning parameter with a default value of 50%, and this value

is used in the equation below, i.e., only the smallest D/2 p-values are considered.

d/D —
HC = max vD / @ '
de{1,...,D/2} T(d) (1 = 7))

Barnett et al. [1] extend the higher criticism statistic to incorporate dependence, i.e. to the

case {) # I, and they call the resulting test “generalized higher criticism” (GHC) with test
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statistic

d — Dﬂ'(d)
GHC = max T
de{1,...D/2} var(S(t)) t=|Z(py1-a)

It is possible to analytically derive an asymptotic null distribution of the GHC. However,
the rate of convergence is slow. Barnett et al. [1] instead propose a method for calculating
approximate p-values for GHC using a Beta Binomial approximation to S(t) similar to that
used in (2.5). In our simulations we use the software provided by the authors in the GHC R

package for calculating the GHC statistic and deriving corresponding p-values.

3.1.6 Generalized Berk-Jones

Berk and Jones [3] introduced an order statistic based test — referred to as the Berk-Jones

test — that is an asymptotic approximation to equal local levels for the case when Q2 = I.

BJ = max {w log(M)m_w >1og(—1_”d>)}
1<d<D/2 (d) d/D (d) 1—d/D

Sun and Lin [22] showed that the BJ statistic can be rewritten as a likelihood ratio

{Pr{S(IZI(D_d+1>) =d | E(Z) = g1, cov(Z) =1} } 1{ d
max 1o W(d) < D}

1<d<D/2 Pr{S(|2l(p-a+1)) = d | E(2) = 0, cov(Z) =1} D

where Z is assumed to be multivariate normal and where ji; > 0 solves the equation:
d/D =1-{2(|Z](p_g41) — Ha) — ®(=|Z|(p—g+1) — Ba)}- This leads to a natural extension
to the case Q # I, resulting in a test they call “Generalized Berk-Jones” (GBJ), with test

statistic

GBJ = max

1<d<D/2

{Pr{S(IZI(D—d+1)) =d | E(Z) = igl, cov(Z) = ﬂ}} 1{ d
0] W(d) < D}

Pr{5(1Z|(p-a+1)) = d | E(Z) =0, cov(Z) = 2} D

In order to approximate the probabilities in the numerator and denominator, Sun and Lin

use the extended beta binomial distribution (where the extended beta binomial differs from
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the beta binomial in that it allows under-dispersion as well as over-dispersion) with param-
eters fit by the method of moments. They use a Markov Chain approximation for p-value
calculation, as described in section 2.3. The authors give evidence that the GBJ statistic has
advantages over higher criticism when the number of 77, ..., Zp with non-zero mean is small.
In our simulations we use the GBJ R package code provided by the authors for calculation

of GBJ statistics and the corresponding p-values.

3.2 Methodology

For our simulations we use N = 1200 individuals, D = 1200 or 10,000 traits, and ¢ = 1, cor-
responding to an intercept term and no covariates in the linear model. SNPs are simulated
as bi-allelic, and simulated values of a SNP are in the set {0, 1,2} corresponding to whether
the individual has 0, 1 or 2 copies of the reference allele. We simulate genotypes using gene
dropping based on 60 pedigrees of size 20, each with the same structure, where the pedigree
of size 20 is a random subset from the pedigree of the AIL mice used in the data application
in section (4). In the AIL mouse data, the founders of the pedigree are members of inbred
lines, so the minor allele frequency of every SNP in the dataset is .5 in the founders, so we

use this feature in our gene dropping simulation also.

We use the software Limix [14] to fit linear mixed models (LMMs). Suppose we have a length
N Gaussian vector Y of expression levels of a given trait, an N x M matrix G where each
row represents one subject’s genotype for M SNPs. For a given (SNP, trait) pair, Limix uses

the univariate model

Y =+ GiB+ o(CU + (1= Q)e) (3.1)

where G; is the ith column of G; —0co < p < 00, —00 < f < 00 0 > 0, and ¢ € [0, 1]

(the heritability) are unknown scalar parameters; U ~ N (0, K) and € ~ N(0, I). For each
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1 =1,..., M, Limix calculates the score test statistic, where the maximum likelihood estimate
of ( is obtained under null model in which 8 = 0 and his held constant across ¢ with only
o being re-fit for each i. The f3 / se(@) estimated by Limix for a given SNP has a Student’s
ty,—1 distribution under the null hypothesis of 8 = 0, so we convert it to the standard normal
value of the same percentile to get a Z score. We run Limix on each (SNP, trait) pair and

concatenate the resulting Z scores to get a M x D matrix.

We also use Limix to compute the matrix K from a matrix G using the formula

M
1
K =

172 (Gi— ) (Gi - i)' /s7 (3.2)
1=1

where g; and s; are the column mean and standard deviation of G; respectively. Recent
studies have shown that including candidate variants in the subset used for estimating the
GRM can lead to loss of power [26]. Therefore, in our data analysis in chapter 4, we use the
leave-one-chromosome-out (LOCO) method [26], and in our simulations, we do not include

any tested SNPs in the GRM.

3.3 Type 1 Error Validation

For validating the type 1 error of ELL and the other above-mentioned statistics we gen-
erate a matrix Y according to (2.18) but with 6, = 0. In one set of simulations we set
D=1200 and and in another, D =10,000. To maintain realistic parameter values we set
pu to the D x D empirical correlation matrix for the first D columns and first 104 rows of
the 208 x 14461 matrix of observed AIL mouse gene expression levels from chapter 4. pe is
similarly formed but using the bottom 104 rows. The diagonals of the matrix { are drawn
iid from a Beta(1, 10) distribution — this approximately matches the empiric distribution
found in [17]. 100,000 SNPs are simulated, 50,000 for estimating K and the rest for testing
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association. 7, the diagonal matrix of trait variances, is set to be Ip, the D x D identity
matrix. Limix was run as above to generate an M x D matrix Z, where M = 50, 000. Q
was estimated as the D x D empirical correlation matrix of the columns of Z. For each of

the M = 50,000 tested SNPs, we calculated a test statistic for each method considered.

3.3.1 Type 1 Error Validation Results

First, we found that the GHC and GBJ testing methods were far too slow for us to be able to
complete type 1 error (or power) simulations for them in a reasonable amount of time in the
two settings we consider, namely, D = 1200 and D=10,000. This can be seen in section (3.5)
in which we benchmark the methods based on computation time. For example, on a single
processor, the GBJ method took over 15 hours per SNP to analyze data in which D=2,000.
GHC was even slower. Therefore, we were not able to obtain type 1 error or power results

for these methods.

For the remaining 6 methods, ELL, ELL-Recursion, sumZ2, minP, FDR and CPMA, for the
case when D=1200, Table (3.1) shows empirical Type 1 error for each method at levels .01,
.001 and .0001. From the Table, we can see that ELL-Recursion had type 1 error that dif-
fered significantly from the nominal in both cases, while the other 5 methods, which all had
significance assessed based on Monte Carlo, all had type 1 error not significantly different
from the nominal level. Similar conclusions can be drawn from Figure (3.1), which shows
QQ plots of the p-values from each method on the the 50,000 SNPs, with simultaneous 95%

confidence bands included for reference.

Based on these type 1 error results for D = 1200, we did not consider further the Markov
chain approximation to assess significance for ELL, i.e., ELL-Recursion. From here on we

only consider the Monte Carlo p-value method (ELL). In particular, for the type 1 error
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« ELL CPMA sumZ?2 FDR minP

10~% [ 0.00012 (2¢-05)  0.00011 (2e-05) 0.0001 (26-05) 0.00012 (1e-05)  0.00012 (1e-05)
1073 | 0.00111 (7e-05)  0.00091 (6e-05)  0.00092 (5e-05)  0.00108 (5¢-05)  0.00109 (4e-05)
102 | 0.00983 (0.00014)  0.00941 (0.00012) 0.00942 (0.00013) 0.01018 (0.00017) 0.01024 (0.00016)

Table 3.1: Empirical Type 1 error for 6 different methods based on 50,000 SNPs averaged
over 10 simulations. Standard error in parenthesis. Bold denotes empirical type 1 error that

is significantly different from the nominal level (p < .05).

— ELL-markov
ELL
— CPMA

al — sumZ ™2 -
— FDR r
— minP A

Figure 3.1: Combined QQ Plots of p-values for each of 6 methods for a set of 50,000 SNPs,
where D = 1,200 expression traits over 10 simulations. For each method and each simulation,
the 10,000 ordered p-values are plotted versus their expected values under the null hypoth-
esis. The dashed line represents the expectation, and the solid lines are 95% simultaneous

confidence bands under the null hypothesis.

simulation for D =10,000 we only use ELL and not ELL-Recursion.

The case when D = 10,000 is potentially of interest, because in that case D is much larger

than the sample size, which is only N = 1200 (while the number of SNPs is M=50,000).

As can be seen from Table (3.2) and Figure (3.2), the 5 methods that use the Monte Carlo

assessment of significance all have type 1 error not significantly different from the nominal

level, in agreement with the results for D = 1200.
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« ELL CPMA sumZ? FDR minP

0.0001 | 0.0001 (1e-05) 0.0001 (1e-05) 0.0001 (1e-05) 0.0001 (0.0) 0.0001 (0.0)
0.001 | 0.00094 (4e-05)  0.00087 (5e-05)  0.00087 (5e-05) 0.001 (5e-05) 0.001 (4e-05)
0.01 | 0.01005 (0.00018) 0.00923 (0.00019) 0.00922 (0.00017) 0.01069 (0.00015) 0.0107 (0.00015)

Table 3.2: Empirical Type 1 error for 5 different methods based on 10,000 SNPs averaged
over 10 simulations. No values in the table were significantly different from the corresponding
nominal level (p > .05 in each case).

Figure 3.2: Combined QQ Plot of p-values for each of 5 methods for a set of 50,000 SNPs,
where D = 10,000 expression traits over 10 simulations. For each method and each simu-
lation, the 10,000 ordered p-values (each corresponding to a SNP) are plotted versus their
expected values under the null hypothesis. The dashed line represents the expectation, and
the solid lines are 95% simultaneous confidence bands under the null hypothesis.
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3.4 Power analysis

Under the alternative hypothesis, we assume that a given trans eQTL is associated with a
set of traits D*, where we fix |D*| to some pre-specified value a. Given |D*| = a, the a traits
in D* are chosen at random, independently for each SNP. The effect of the trans eQTL on
each trait in D* is assumed to be 4cq/+/2f(1 — f), where ¢, is a positive constant that
depends on the choice of a, f is the minor allele frequency (MAF) of the the SNP, and the

sign of the effect is chosen at random.

To save time in the simulations, we actually first generate a data set under the null hypothesis,
and then, for each simulated trans eQTL, we start from the null data set and add only the
effects of that one trans eQTL to the traits in D*, and then analyze the resulting data set.
Thus, each trans eQTL is effectively analyzed in a data set in which it is the only trans
eQTL. For each null data set, we simulated and analyze 1,000 trans eQTLs this way. To
ensure reliability, we repeat the entire process 10 times, so a total of 10,000 trans eQTLs are
simulated and analyzed for each simulation setting. We try several different sizes of |D*|: 1,
2, 4, 10, 50, 150, 500. For each of the ten replicates, we calculate power under each choice

of |D¥|.

3.4.1 Power Results

Table (3.3) and figure (3.3) show the results of the the power simulation for D=1,200. Each
row corresponds to a particular value of |[D*|, the number of associated traits for each trans
eQTL. The left-most column of the table gives the effect size values, c¢. Not surprisingly,
when only 1 expression trait is associated, minP is the most powerful. For 2 associated
traits, FDR becomes more powerful, and then already by 4 associated traits, ELL is far
more powerful than any other method and remains so until the number of associated traits

reaches 500, which represents 42% of all the traits being associated with the trans eQTL. At
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c |D*| ELL CPMA sumZ> FDR minP
314 | 1 | 0.019(0.0009) 0.011(0.0008) 0.011(0.0008) 0.623(0.0241) 0.762(0.013)
3125 | 2 | 0.581(0.0449)  0.0120.0008)  0.012(0.0007)  1.000(0)  0.662(0.0222)
2.80 | 4 | 0.789(0.0617) 0.012(0.0008) 0.013(0.0009) 0.024(0.0016) 0.012(0.0009)
2568 | 10 | 0.688(0.0634) 0.015(0.0009)  0.015(0.001)  0.012(0.0007) 0.012(0.0008)

2 | 50 | 0.756(0.0421) 0.030(0.0015) 0.031(0.0014) 0.012(0.0007) 0.011(0.0007)
1.53 | 150 | 0.746(0.0212) 0.061(0.0035) 0.056(0.0030) 0.011(0.0008) 0.011(0.0009)

1.3 | 500 | 0.476(0.1227) 0.588(0.0203) 0.428(0.0178) 0.010(0.0009) 0.010(0.0009)

Table 3.3: Empirical power with standard error in parentheses for each of 5 methods for D =
1200 traits and various choices of the number of associated traits for each trans eQTL (|D*|).
Each simulation study is replicated 10 times with 1,000 trans eQTLs per replicate, for a total
of 10,000 simulated trans eQTLs. Cell contents are the average power at 0.01 level over 10
experimental replicates. S.E. in parentheses calculated as the standard deviation divided by
the square root of 10. cis the effect size. Note that power is only comparable across methods
within one row of the table, not between different rows of the table.

100
1
o
o

o ELL

@ FDR

@ minP
CPMA
SumZ*2

Power (as % of most powerful method)

T T T T
12 4 10(8%) 50 (4%) 150 (12%) 500 {42%)

MNumber (%) of traits associated

Figure 3.3: Empirical Power as a percentage of the maximum observed power vs. the number
of traits associated with each trans eQTL, for each of 5 methods, for 1200 traits and various
choices of the number of associated traits for each trans eQTL. Each simulation study is
replicated 10 times with 1,000 trans eQTLs per replicate, for a total of 10,000 simulated
trans eQTLs. Empirical power is assessed at level .01
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c |D*| ELL CPMA sumZ> FDR minP
3.433 1 0.0124(0.001)  0.0108(0.0007) 0.0111(0.0007)  0.4877(0.0171) 0.6784(0.0084)
3357 | 2 | 0.015(0.0013)  0.011(0.0008) 0.0112(0.0008) 0.8006(0.0141)  0.0122(0.0017)
3.263 4 0.0362(0.0038)  0.0112(0.0008) 0.0114(0.0008) 0.8272(0.0166) 0.0118(0.0017)
3.076 | 10 | 0.3474(0.0782) 0.0115(0.0008) 0.0116(0.0008) 0.0151(0.0016)  0.0118(0.0017)
2.634 | 50 | 0.3901(0.0794) 0.0135(0.001) 0.014(0.001) 0.0119(0.0017)  0.0118(0.0017)
2.299 | 150 | 0.4882(0.0648) 0.0178(0.0012) 0.0188(0.0014) 0.0117(0.0017)  0.0116(0.0017)
1.899 | 500 | 0.8429(0.0288) 0.0345(0.0015)  0.036(0.0016)  0.0114(0.0016)  0.0114(0.0017)

Table 3.4: Empirical power with standard error in parentheses for each of 5 methods for D
= 10,000 traits and various choices of the number of associated traits for each trans eQTL
(|D*|). Each simulation study is replicated 10 times with 1,000 trans eQTLs per replicate, for
a total of 10,000 simulated trans eQTLs. Cell contents are the average power at 0.01 level
over 10 experimental replicates. S.E. in parentheses calculated as the standard deviation
divided by the square root of 10. c is the effect size. Note that power is only comparable
across methods within one row of the table, not between different rows of the table.
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Figure 3.4: Empirical Power as a percentage of the maximum observed power vs. the number
of traits associated with each trans eQTL, for each of 5 methods, for 10,000 traits and various
choices of the number of associated traits for each trans eQTL. Each simulation study is
replicated 10 times with 1,000 trans eQTLs per replicate, for a total of 10,000 simulated
trans eQTLs. Empirical power is assessed at level .01
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that point, ELL, sumZ?2 and CPMA are all similarly powerful, with CPMA being the most
powerful. It is interesting to note that we have chosen to use ELL with only the top 20% of
p-values considered, so that might have reduced its power somewhat when 42% of the traits
are associated. The results indicate that ELL dominates the majority of the range of |D*|

providing compelling evidence of the high power of ELL over a large range of scenarios.

The fact that minP and FDR tend to have similar power across scenarios and that CPMA and
sumZ2 tend to have similar power across scenarios should not be surprising. The former pair
are quite similar in construction and inherently focused on the smallest p-values. CPMA and
sumZ2 are both based on sums of the association statistic, CPMA uses A = % Zz’id log(my),
while sumZ? uses Z(?:l ZS. The use of summation is inherently more sensitive to higher

density effects that are not lost in the respective averaging.

Table (3.3) and figure (3.3) show the results of the the power simulation for D=10,000.
These results mimic the ones for D = 1,200. The ELL dominates except for the scenarios
with a very small number of very strong non-null signals. We conjecture that if we were to
consider |D*| much larger than 500 for the D = 10,000 case, we would eventually see that

CPMA and sumZ?2 would come to have higher power compared to the other methods.

3.5 Computation Time

A key requirement for a method to be useful for eQTL detection is reasonable computation
times. It is common for eQTL detection studies to consider thousands or tends of thousands
of genes and hundreds of thousands of SNPs [11, 25, 8]. We compared the computation time
of the ELL method to those of the GBJ and GHC. In our scenario, we applied each method
on three vectors Z1, Zs and Z3 each of length 2000. They were all drawn from the same
MVN distribution with mean 0 and correlation matrix taken from the empirical correlation

matrix for the gene transcript levels of 2000 genes in the AIL data in chapter 4. We run the
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methods assuming a fixed €.

For GBJ and GHC, Table (3.5) gives the average time per SNP to calculate a p-value. The
ELL has an additional upfront pre-compute time which is the time to compute the function
in equation (2.15) for all h € ‘H and d € D. This pre-compute time, given in column 2
of the table, is the same no matter how many SNPs are analyzed, and the additional time
per SNP to compute a p-value is given in column 3. For each entry in the 3rd column, the
time per SNP is the average over three replicates. We can see that for D=2,000 expression
traits, GBJ takes over 15 hours per SNP to obtain a p-value, and GHC is even slower. In
contrast, the ELL is much faster and can be run in a reasonable amount of time, even for

larger numbers of traits and SNPs.

Method Pre-compute Time (minutes) Time Per SNP (minutes)

ELL 17.12 0.003
GBJ 0 937.52
GHC 0 1781.93

Table 3.5: Computation Times for ELL, GBJ, GHC using D = 2000. Cell values are time in
minutes. The ELL has an additional upfront pre-compute time which is the same no matter
how many SNPs are analyzed (column 2), and the additional time to compute a p-value is
given in column 3. For each entry in the 3rd column, the time per SNP is the average over
three replicates.

As a second experiment we compare the computation time of the ELL method against the
other methods used in our simulations: FDR, minP, sumZ%, CPMA. We did this using
two different values for D:1200 and 10,000. In each case we drew Z; ~ MV N(0,Q) iid
i=1,..,10° for a fixed Q and calculated the average time per SNP and the computation

time for calculating p-values for the 108 Z vectors.
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Method Pre-compute Time (minutes) Average Compute Time (minutes)

ELL 14.1 40.30
CPMA 0 2210.3
minP 0 37.5
sumZ2 0 250.5
FDR 0 44.4

Table 3.6: Average time for each of ELL, CPMA, minP, sumZ2, and FDR to be computed
on 108 snps with D = 10,000. Pre-compute time refers to the time to complete the pre-
computation for the ELL method. 10 experimental repetitions, each with 10% snps, were
performed and total time to score the 105 snps averaged over the repetitions.
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CHAPTER 4
APPLICATION TO AIL DATA

We apply the ELL method to map eQTLs on data from an Advanced Intercross Line (AIL)
of mice [11]. The LG/J x SM/J advanced intercross line of mice (LG x SM AIL) is a multi-
generational outbred population. High minor allele frequencies, a simple genetic background,
and the fully sequenced LG and SM genomes make it a powerful population for genome-wide

association studies.

The dataset contains originally 1067 mice of which 208 have gene expression data. The
transcript levels of 15,071 genes were measured in the hippocampus region of each mouse,
and each mouse was genotyped at 523,027 locations. Sex and batch number for each mouse
were also recorded. The SNPs occur on each of the 19 autosomal chromosomes, and mea-

surements for gene expression traits are present for all 19 chromosomes.

Imputation was performed on the data set by the authors [11] for missing observations.
SNPs with very low MAF were removed. The preprocessing used by [11] included finding an
eigen decomposition of the correlation matrix of the quantile-normalized expression traits,
and then regressing 71 of the top 100 eigenvectors (referred to as principal components or
“PCs”) out of the expression data (where 29 of the top 100 PC’s were excluded because they
were associated with at least one SNP with nominal p-value < 8.68e-6), but not regress-
ing these PCs out of the SNP data. While regressing out a large number of latent factors
might be reasonable for the task of identifying cis-eQTLs, it could be undesirable for iden-
tifying trans-eQTLs, because trans signal for trans-eQTLs regulating multiple genes could
be expected to manifest as a latent factor, which would then be removed from the data.[4]
Indeed, we found that this pre-processing resulted in candidate eQTLs being associated with
only a handful of genes. Among the other concerns we had about the pre-processing, one

was that with only 208 observations, when 71 covariates are regressed out of only the trait,
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Figure 4.1: Eigenvalues from the processed AIL gene expression data

but not the predictor (SNP), prior to association mapping, that could result in inflation
of p-values. As a result of these concerns and a few others, we decided to pre-process the
data somewhat differently from [11]. We quantile normalized the gene expression data, and
then regressed out sex, and batch. We then standardized the column variance of the resid-
ual. We then found the top 100 eigenvalues of the correlation matrix of the result, they are
plotted in Figure (4.1). Based on this plot we chose to remove the first 10 PCs from the
above residuals. The result of this step is used as our response matrix subsequently. We
also removed sex, batch and the same 10 PCs from each SNP and used these SNP resid-
uals in place of the SNPs in all subsequent analyses. The main reason that we removed
all these covariates (sex, batch and 10 PCs) from both traits and SNPs as pre-processing,
rather than including them in the LMM is that inclusion of covariates in the LMM slows
down the LMM computations considerably, and with almost 8 billion LMMs to fit (one for

each SNP-trait pair) it was more expedient to remove the covariates as a pre-processing step.

For each chromosome, we use GEMMA [28] to construct a “leave one chromosome out”

(LOCO) estimate of the GRM, which constructs the GRM using SNPs from all other chro-
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mosomes. For each gene, we use GEMMA to run a univariate LMM for that gene’s expression

levels against each SNP:
Y =0y+ LSNP+ o(CU + (1 —Q)e) (4.1)

where Y is the gene’s expression levels (actually residuals, as described above), SN P is the
SNP genotype for each mouse (actually residuals, as described above), U ~ N(0, K) where
K is the LOCO GRM for the chromosome containing the given SNP, ¢(0,) and ¢ € [0, 1].

GEMMA estimates all parameters using maximum likelihood. We estimate ( once per gene
expression trait using the null model 1 = 0 and then the same estimated ( is used for each

SNP. For each gene-SNP pair we record the statistic

. ;
7= lt”“‘ (se@)]

where @ is the cdf of a standard normal and t9g4 the cdf of a student’s t distribution with

204 degrees of freedom. This last step is done to normalize the test statistic.

For each SNP, we calculated an ELL pvalue and compared it to a “naive” p-value formed
for each SNP by taking the minimum marginal p-value for association between it and each
gene and multiplying that minimum by the number of genes considered as an adjustment.
This approach mimics the strategy used in [11]. The authors there proposed a genome wide

cutoff of 8.06 x 1076 and we re-use that threshold in our analysis as well.

4.0.1 AIL Analysis Results

Four sets of analyses were performed and figures for each set are given below. Firstly, we pro-

duced Manhattan plots for SNPs on each of the 19 autosomal chromosomes. In these plots
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we compare the Naive method and the ELL-pvalue. Figures 4.2 to 4.3 give the results. The
p-values reported by ELL have a lower bound of 10_77 which is determined by the number of
Monte Carlo replicates used to assess significance, and in this data set the significant SNPs
identified by ELL tend to have reported p-values right up against that boundary. Thus, if,

0760 then the naive

for example, there is a nominal p-value between a SNP and a trait of 1
p-value will obviously be much smaller than the ELL p-value. However, in that case, no
fancy statistical method is needed to identify that eQTL. The proposed contribution of ELL
would be for the cases when there is a trans-eQTL for which no single p-value is sufficiently
small that it would be significant after correction for multiple comparison. From the Man-
hattan plots, it is clear that the ELL method tends to identify many additional candidate
SNPs that do not have any single p-value that meets the genome-wide cut-off. To investigate
this further, we apply the method of [18] to identify the expression traits associated with
each significant SNP. Figures 4.4 to 4.5 show, for each significant SNP, the number of asso-
ciated genes identified by the procedure of [18]. Interestingly, there are several trans-eQTLs
identified by ELL that seem to each be associated with a large number of traits, where these

trans-eQTLs cannot be identified by the naive method, because no single p-value for that

trans-eQTL with any gene is sufficiently small.

Thirdly, We examined the overlap between the traits associated with different candidate
eQTLs identified by the ELL method. Figures 4.6 to 4.10 show the results. Unsurprisingly,
candidate eQTLs near to each other tend to have high overlap in which traits they are
associated with. The overlap score between two candidate eQTLs is the ratio of the number
of traits they are both associated with over the smaller of the number of traits each is
associated with. We plotted the number of traits each candidate eQTL is associated with
in black. Sharp differences in the number of traits two proximal eQTLs are associated with
often coincides with the traits associated with one being a super set of that of the other.

Lastly, we examined the relationship difference between ELL and the Naive method in terms
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of the distribution of the number of traits snps that were significant by each method were
associated with. Figure 4.11 shows the results. For both methods we used the [18] method to
determine the number of associated traits even if a SNP was significant by the Naive Method
but not by ELL. It is clear that the SNPs detected by ELL tend to be associated with a
larger number of traits. This combined with the results of the manhattan plots - where most
regions found to be significant by the Naive Method were also significant by ELL - indicates
that the ELL discovers additional candidate eQTLs that have a perhaps weaker association

with a larger number of traits.
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Figure 4.2: Manhattan plots for SNPs on the first 9 chromosomes of the AIL dataset. 15,071
gene expression levels analyzed. For each SNP location, the blue points are the minimum
p-value from LMM of each trans-gene against that SNP adjusted for the number of genes.
Red is the ELL p-value for the SNP. Horizontal dashed line is genome wide cutoff from [11]
Points are jittered.
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Number of Associated Traits (Trans Only) vs. Location By Chromosome of Trans-eQTLs
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Figure 4.4: Number of expression traits associated with each significant trans-eQTL vs.
trans-eQTL location for signficant trans-eQTLs located on the first 9 chromosomes of the
AIL dataset. 15,071 gene expression levels analyzed. Only traits on a different chromosome
from the trans-eQTL are considered.
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Number of Associated Traits (Trans Only) vs. Location By Chromosome of Trans-eQTLs
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Figure 4.5: Number of expression traits associated with each significant trans-eQTL vs.
trans-eQTL location for signficant trans-eQQTLs located on chromosomes 10-18 of the AIL
dataset. 15,071 gene expression levels analyzed. Only traits on a different chromosome from
the trans-eQTL are considered.
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Figure 4.6: Chromosome wide overlap of eQTLs for eQTLs on the first 4 chromosomes.
15,071 gene expression levels analyzed. Only traits on a different chromosome from the
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Figure 4.7: Chromosome wide overlap of eQTLs for eQTLs on the chromosomes 4-7. 15,071
gene expression levels analyzed. Only traits on a different chromosome from the trans-eQTL
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are considered. Number of traits each SNP is associated with in black.
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Figure 4.8: Chromosome wide overlap of eQTLs for eQTLs on the chromosomes 8-11. 15,071
gene expression levels analyzed. Only traits on a different chromosome from the trans-eQTL
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are considered. Number of traits each SNP is associated with in black.
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Figure 4.9: Chromosome wide overlap of eQTLs for eQTLs on the chromosomes 12-15.
15,071 gene expression levels analyzed. Only traits on a different chromosome from the
trans-eQTL are considered. Number of traits each SNP is associated with in black.
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Figure 4.10: Chromosome wide overlap of eQTLs for eQTLs on the chromosomes 16-18.
15,071 gene expression levels analyzed. Only traits on a different chromosome from the
trans-eQTL are considered. Number of traits each SNP is associated with in black.
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Number of eQTLs Vs Number of Associated Traits {Trans Only)

2000 4 . e MNaive
s ELL
4000 =—
ﬂ L] +-a-%
= 3000 - o
m’ L]
b1
E . +¢ -
1% " L]
|l| -
=] WI "‘. +°¢°+
Ea00 4 .-
= s e
¢¢ . ‘%
- ™ F‘ . .
- : ?“.*l -
T Lt .=
loop 4 - +':f.f "
L H. % -
ML -.-_:;‘: o~
" T Y
0 Y .
1 1 1 1 1 1
0 50 100 150 200 250

MNurmnber of Associated Traits (Trans Only)

Figure 4.11: Number of eQTLs found by either ELL or Naive for each different number of
associated trans traits. 15,071 gene expression levels analyzed. Only traits on a different
chromosome from the trans-eQTL are considered.
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CHAPTER 5
DISCUSSION

We have developed a novel global testing approach, ELL, with applications to trans-eQTL
detection. Through extensive simulation studies, we have demonstrated the type 1 error

validity of ELL and the power improvement it can provide over other methods.

In particular, ELL is shown to dominate a significant region of sparsity/density of true sig-
nals between very sparse but strong signals, where FDR and minP dominate, and very dense

but weak signals where CPMA and sumZ?2 dominate.

A novelty of the method among trans-eQTL mapping methods is the incorporation of Q
directly into the statistic. This provides for higher power while controlling type 1 error. We
explored two different strategies for calculating p-values for the ELL statistic: an analytical
approximation and a empirical approximation. The former was shown to not have correct
type 1 error and thus we have adopted the latter strategy. Further work may be conducted

to evaluate potential alternative analytical approximations.

The method has been demonstrated to have quite low computation time, particularly com-
pared to other methods which attempt to incorporate {2 into the statistic directly. We
have also introduced a highly accurate yet extremely fast method of pre-computing the ELL

statistic.

Through application to the AIL mouse dataset [11] we showed that ELL can be run quickly
on large, real data sets and can produce improved power compared to other methods. Fur-

ther work will expand upon this analysis.

While ELL is demonstrated here in the context of trans-eQTL detection, it is a general
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method with broad applications. No conditions are placed on the correlation matrix €2, it
works with small samples - as long as there is enough data to estimate €2 - and relies only

on having summary association test statistics.

5.0.1 Limitations

We are assuming that the correlation structure between association statistics for the same
SNP but different genes, remains the same from one SNP to the next. In contexts in which
this is not a good approximation, the method might not perform well. Future work could
evaluate whether the estimation of Omega can be improved by taking into account the cor-

relation among SNPs, rather than just taking the product-moment estimator.

Our pre-computation strategy is necessarily more memory intensive than computing one
statistic at a time. It requires holding the matrix of pre-computed values in memory. This

requires a computer with large memory.

5.0.2 Future Work

We would like to evaluate alternatives to the BetaBinomial approximation used. Perhaps

using maximum likelihood instead of the method of moments would be better.

In this work, particularly in the simulations, we focussed on controlling the type 1 error.
However, it could be possible to use quite analogous methodology but to choose a cutoft per

SNP that controls the false discovery rate.

In our initial analyses of the AIL dataset, we found that, as expected, a pre-processing
approach that removes a huge number of latent factors could severely limit the ability to

detect interesting trans-eQTL signal. After changing the pre-processing approach, we had
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much more substantial trans-eQTL results (though of course the final verdict is still out on
the results until they can be replicated in other data sets). Further study of how best to
pre-processs data in a way that removes artifacts while still preserving tran-eQTL signal

could be important and useful.
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