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1/Å is shown in blue. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1 Ball and stick representations of C18 (top) and B9N9 (bottom) . . . . . . . . . . 27
3.2 NO occupations of C18 (left) and B9N9 (right) . . . . . . . . . . . . . . . . . . . 30
3.3 Voltage plotted as a function of current for C18 ring (red circle), C18 in-plane

(red plus), B9N9 ring (blue circle), B9N9 in-plane (blue plus). . . . . . . . . . . 31
3.4 A sample of the active space molecular orbitals for C18 . . . . . . . . . . . . . . 32
3.5 A sample of the active space molecular orbitals for B9N9 . . . . . . . . . . . . . 32
3.6 Current per MO as a function of MO energy for C18 (top) and B9N9 (bottom).

In both cases a total of 100 µA of current is imposed on the system. . . . . . . 34

4.1 The largest eigenvalue of the cumulant part of the 2-RDM is given as a function of
α, the tuning parameter, for a general 50-electron, 100-orbital quantum system.
As α increases, the eigenvalue captures the emergence of ODLRO. . . . . . . . . 50

5.1 In the argon dimer (a) the squared Frobenius of the cumulant 2-RDM as a func-
tion of Ar-Ar distance shows the decay of the van der Waals interaction with
distance. The black circles indicate the squared Frobenius norm of the cumulant
2-RDM while the solid gray line indicates an r−6 function fitted to the squared
Frobenius norm. The errors of r−5 (teal dashed line), r−6 (solid gray line), and
r−7 (coral dotted line) functions fitted to the squared Frobenius norm of the cu-
mulant 2-RDM reveal in (b) that the data is best approximated by the r−6 decay.
The +5.972e2 denotes a shift of vertical axis’s scale. . . . . . . . . . . . . . . . . 65

5.2 In the carbon dioxide dimer (a) the squared Frobenius of the cumulant 2-RDM
as a function of the intermolecular distance shows the decay of the van der Waals
interaction with distance. The black circles indicate the squared Frobenius norm
of the cumulant 2-RDM while the solid gray line indicates an r−6 function fitted
to the squared Frobenius norm. The errors of r−5 (teal dashed line), r−6 (solid
gray line), and r−7 (coral dotted line) functions fitted to the squared Frobenius
norm of the cumulant 2-RDM reveal in (b) that the data is best approximated
by the r−6 decay. The +8.822e2 denotes a shift of vertical axis’s scale. . . . . . 66

vi



5.3 Linear regression of the calculated density C6 coefficients versus the literature
energetic C6 coefficients is shown. . . . . . . . . . . . . . . . . . . . . . . . . . . 69

vii



LIST OF TABLES

4.1 Relationships among the large eigenvalue λD of the 2-RDM, the large eigenvalue
λ∆ of the cumulant 2-RDM, and the trace of the cumulant 2-RDM are shown
as functions of the tuning parameter α for a 50-electron, 100-orbital quantum
system. As α increases, all three quantities capture the emergence of ODLRO.
The cumulant-derived quantities also vanish in the mean-field limit in the absence
of ODLRO. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.1 The R2 value for fitting the square of the cumulant 2-RDM’s Frobenius norm
of each of the following molecules to the decay functions r−5, r−6, and r−7 are
shown, indicating that the computed data is consistent with the predicted r−6

decay. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2 Comparison of the calculated density-based C6 values with the energy-based C6

literature values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

viii



ACKNOWLEDGMENTS

First of all, I would like to thank David Mazziotti for his dedicated mentorship throughout

the course of this degree. Without his advice and support, none of this work would have

been possible. I’d like to thank the members of my committee, Prof. Stuart Rice and Prof.

Suriyanarayanan Vaikuntanathan for their scientific advice and their willingness to work with

the strangeness of a defense during a pandemic. Also, thank you to the people of the James

Franck Institute who keep everything running, namely: Vera, Melinda, Brenda, Maria, and

John.

Many thanks to all the members of the Mazziotti group with whom I had a chance

to work over the years: Shrikant, Eric, Andrew, Romit, Charles, Chad, Erica, Valentine,

Manas, Anthony, Kade, Scott, Simon, Nik, LeeAnn, Guan, Danny, Shayan, Shiva, Jason,

Claire, Alison, Lexie, Olivia, and Jordan. All of you have been great co-workers and your

advice on matters both scientific and not has been quite valuable. It was a pleasure to work

with you all. Thank you also to my friends in the department who made my time at the

University of Chicago about more than just work: Kade, Maggie, Kelliann, and Olivia.

I owe a great deal of gratitude to all of the chemistry faculty at my undergraduate alma

mater, Bryn Mawr College, but especially, Prof. Susan White, Dr. Krynn Lukacs, and

Prof. Michelle Francl. It was their encouragement and support that led me to pursue this

degree. Thank you to my parents, Elizabeth and Michael, who have always encouraged

me to follow my dreams. Lastly, thank you so much to my partner, Colin, without whose

unfailing support this degree would not have been possible.

ix



ABSTRACT

In this work, I study a variety of problems in electronic structure from a reduced density

matrix perspective. In Chapter 2, I describe an extension of the current-constrained den-

sity matrix theory from its two-electron reduced density-matrix (2-RDM) formulation to

a one-electron reduced density matrix (1-RDM) formulation. I demonstrate the current-

constrained 1-RDM method through the computation of the theoretical, intrinsic resistance

of acenes and phenacenes. In Chapter 3, I use reduced density matrix theory to study the

electronic structure and conductivity of cyclo[18]carbon and its boron nitride analogue. I

use the current-constrained matrix (1-RDM) theory to compute the molecular conductance

in two cases: (1) conductance in the plane of the molecule and (2) conductance around the

molecular ring as potentially driven by a magnetic field through the molecule’s center. Off-

diagonal long-range order (ODLRO) in the two-electron reduced density matrix (2-RDM)

has long been recognized as a mathematical characteristic of conventional superconductors.

The large eigenvalue of the 2-RDM has been shown to be a useful measure of this long-range

order. In Chapter 4, I show that the cumulant 2-RDM also has a large eigenvalue in the limit

of ODLRO. The largest eigenvalue of the cumulant 2-RDM is bounded from above by N .

The large eigenvalue of the cumulant 2-RDM implies the large eigenvalue of the 2-RDM, and

hence, is a natural measure of ODLRO that vanishes in the mean-field limit. In Chapter 5, I

propose and implement a universal signature of the van der Waals interactions based on the

cumulant part of the two-electron reduced density matrix (2-RDM). Due to the connected

property of the cumulant, it can be used to detect the van der Waals interactions between

two molecular moieties. In particular, I use the squared Frobenius norm of the cumulant

of the 2-RDM, which has been previously shown to provide a size-extensive measure of the

electron correlation. I study this signature of van der Waals forces in a collection of small

molecules of varying geometries.
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CHAPTER 1

INTRODUCTION

1.1 Wavefunction Methods

All electronic structure information about a molecule is contained in the Schrödinger equa-

tion.

ĤΨn = ÊΨn (1.1)

Where Ĥ is the Hamiltonian operator, E is the energy, and Ψn is the wavefunction (1).

This work focuses on the time-independent, electronic Schrodinger equation. The Born-

Oppenheimer approximation, disregarding nuclear motion, will also be used. The resulting

Hamiltonian can be broken down into two parts,

Ĥ = 1h(i) + 2V (i, j), (1.2)

where the one-body term, 1h(i), contains the kinetic energy and electron nuclear repulsion

and the two-body term,2V (i, j), is the electron-electron repulsion. It is this second term

which makes the calculation of the wavefunction difficult, as it’s exact solution scales expo-

nentially with the number of electrons in the system. Approximations to the two-body term

of the Hamiltonian are the primary focus of method development in electronic structure.

The most basic approximation the full electronic wavefunction is Hartree-Fock, a mean-

field approximation in which the full Hamiltonian is replaced by an effective one-electron

potential known as the Fock operator,

F̂ = 1ĥi + 1Ĵi − 1K̂i, (1.3)

where Ĵi and K̂i are the Coulomb and exchange operators, respectively. Together, Ĵi and

K̂i, describe the average field of all other electrons felt by electon i. The Hartree-Fock

1



wavefunction is given by

|ΨHF 〉 =
1√
N !

∣∣∣∣∣∣∣∣∣∣
χ1(1) . . . χN (1)

...
...

χN (1) . . . χN (N)

∣∣∣∣∣∣∣∣∣∣
(1.4)

where N is the number of electrons and χi are the set of orthonormal molecular orbitals which

are generated from an optimal linear combination of the atomic orbitals. The Hartree-Fock

solution is an upper-bound on the ground-state energy of the sytem, that is, it underesti-

mates the stability of the molecule. Since no explicit two-body terms are included in the

Fock operator, electron correlation is neglected in Hartree-Fock; however, this method still

recovers ninety to ninety-nine percent of the full energy, depending upon the level of elec-

tron correlation present in the system. For this reason, as well as the favorable O(r3) scaling

of modern implementations, we chose the Hartree-Fock as the basis for the one-electron

current-constrained molecular conductivity method.

Even though correlation accounts for only a small percentage of the full energy, it plays

an important role in the electronic structure of many molecules. A number of methods exist

for the approximation of the two-body term of the Hamiltonian, but the most fundamental of

these is configuration interaction (2). Where the Hartree-Fock wavefunction contains only a

single electron configuration which corresponds to filling the ground state orbitals from most

to least stable while taking into account the Pauli Exclusion principle, the configuration

interaction wavefunction contains all possible electron configurations. Each of the these

configurations has a weight, which is determined by variational minimization. Configuration

interaction gives an exact solution to the Schrodinger equation in the limit of the basis set

used. Unfortunately, this method scales expontnetially with system size, with the number

of configurations given by,

c =
2S + 1

r + 1

(
r + 1

N/2− 1

)(
r + 1

N/2 + S + 1

)
,
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Figure 1.1: Top: An example of an active space of two electrons in two orbitals for a system
with six electrons and six orbitals, with the active space highlighted in green. Bottom: A
full configuration of the active space.

where N , r, and S are the number of electrons, the number of orbitals and the total spin,

respectively. As a result, the current system size limit for a full configuration calculation is

twenty electrons in twenty orbitals (3). Efforts to expand the usability of configuration inter-

action have resulted in the development of active space methods,of which a visual example

is shown in Fig. 1.1. These methods consider all configurations for only a subset of the total

number of electrons and orbitals in the molecule and use a more approximate method like

Hartree-Fock for the rest.

1.2 Reduced Density Matrix Methods

While most electronic structure methods focus on the wavefunction, the work described in

this thesis uses primarily density matrix based methods, which use the N-electron density

matrix,

D(123..N ; 1̄2̄3̄..N̄) =
∑
i

wiΨi(123..N)Ψ∗i (1̄2̄3̄..N̄), (1.5)

3



in place of the wavefunction. The N-electron Hamilitonian contains only two-body inter-

actions, and electrons are indistinguishable particles, so it is possible to determine the full

energy of an N-electron system from the two-electron reduced density matrix (2-RDM) with-

out loss of information (4; 5; 6; 7). The exact energy is given by

E = Tr(2K2D), (1.6)

where 2K is the reduced Hamiltonian,

2K = N

(
−∇2

2
−
∑
j

Zj
r1j

)
+
N(N − 1)

2r12
(1.7)

and 2D is the two-electron RDM obtained by integrating the N-electron density matrix over

all electrons except two,

2D(1, 2; 1̄, 2̄) =

∫
D(123..N ; 1̄2̄3..N)d3..dN. (1.8)

As this is a much smaller object than the full wavefunction, it can be directly calculated with

polynomial rather than exponential scaling (8). Care needs to be taken; however, to ensure

that reduced density matrices correspond to the N -electron system in question. Additional

constraints, known as N -representability conditions, must be imposed upon them (9; 10).

Some of the constraints are analogous to those required in wavefunction calculations; the

reduced density matrix must be antisymmetric, Hermitian, and have a normalizable trace

while others are unique. An important subset of these for the 2-RDM are the 2-positivity

conditions,

2D � 0 (1.9)

2Q � 0 (1.10)

2G � 0 (1.11)

4



where 2D, 2Q, and 2G and the two-particle, two-hole, and particle-hole reduced density

matrices respectively and M � 0 indicates that the matrix M is positive semidefinite, that is,

it has only nonnegative eigenvalues (11; 12; 13; 14). The energy in Eq. 1.6 can be obtained via

variational minimization of the 2-RDM subject to the conditions given in Eqs. 1.11 through

the use of a special type of convex optimization known as semidefinite programming (15;

16; 17; 18; 19; 20; 21; 22). Using the 2-positivity conditions, this method scales as O(r6),

making it applicable to a wide variety of molecular systems (23; 24; 25).

1.3 Molecular Conductivity

The eventual goal of research in molecular conductivity is the creation of electronic devices

in which single molecules are the basic component. Single molecules being the smallest

possible electronic components, their use could theoretically result in dramatically decreased

chip sizes. The idea was originally suggested by Aviram and Ratner’s theoretical description

of a molecular diode nearly fifty years ago (26). Since that time, a great deal of experimental

and theoretical work has been devoted to the discovery of molecules which can be used as

switches, wires, diodes, and transistors (27; 28; 29). The conductance of single molecules is

most commonly measured by break-junction experiments, as illustrated by Fig. 1.2. A layer

of the target molecule deposited on a gold substrate is contacted by the tip of a scanning

tunneling microscope (STM) and a constant voltage is applied. The resulting current flow is

measured as the STM tip is drawn away from the surface, creating a fully stretched metal-

molecule-metal junction just before the circuit is broken. This process is repeated hundreds

of times to account for non-optimal junctions (30).

Theoretical studies of molecular conductivity generally consider the entire junction,

electrode and molecule, using density functional theory (DFT) to approximate the non-

equilibrium Green’s functions. In these calculations, the Hamiltonian of the system is par-

5



Figure 1.2: A cartoon of an STM break-junction experiment measuring the current flow
through 1,4-benzenedithiol.

titioned as 
HL HLM 0

H
†
LM HM H

†
RM

0 HMR HR,

 (1.12)

where HL(R) corresponds to the left (right) electrode, HM to the molecule, and HLM and

HMR to the coupling between the electrode and the molecule. The Green’s functions for

each of these pieces are used to calculate the transmission function T (E) for the molecule,

which is related to the conductance by

G =
2e2

~
T (E). (1.13)

The transmission function can also be used to calculate the current voltage characteristics

via

I(V ) =

∫
dET (E)(f(E − µR)− f(E − µL)) (1.14)

6



where µR(L) is the chemical potential of the left (right) electrode (31; 32). Just as in

experiment, this method sets a particular voltage on the system and determines the resulting

current flow. In Chapter 2 I discuss a different theoretical method for the study of single

molecule conductance, the current-constrained reduced-density-matrix theory.
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CHAPTER 2

CURRENT-CONSTRAINED ONE-ELECTRON REDUCED

DENSITY-MATRIX THEORY FOR NON-EQUILIBRIUM

STEADY-STATE MOLECULAR CONDUCTIVITY

Reprint with permission from A. E. Raeber and D. A. Mazziotti, Phys. Chem. Chem. Phys.

21 12620 (2019).

2.1 Introduction

When Aviram and Ratner suggested the possibility of a single molecule diode in 1974 (1),

the concept of molecular-scale electronics was entirely theoretical. The development of single

molecule measurement techniques(2; 3) made the testing of such components an experimental

reality (4; 5). Since then, a number of molecules have been found to function as molecular

wires (6), switches (7; 8), and diodes (9; 10). Current theoretical studies generally use

density functional theory (DFT) (11; 12; 13; 14; 15; 16; 17; 18) or reduced density matrix

(RDM) theory (19; 20) to approximate the non-equilibrium Green’s functions. Just as in

experiment, these methods calculate the current flow through a system which results from

setting a particular bias voltage.

Recent work proposed a different paradigm to study single molecule conductance, the

current-constrained reduced-density-matrix theory. This method imposes a current on the

molecule and measures the bias voltage required to generate the current-constrained non-

equilibrium steady state. In the previous work, the current constraint is added to a vari-

ational minimization of the 2-electron reduced-density-matrix or 2-RDM (21). Here, we

extend the theory to a one-electron reduced density matrix (1-RDM) form. The 1-RDM,

1D(1 : 1̄) =

∫
ND(1, ...N ; 1̄, ...N)d2..dN, (2.1)
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which is obtained by integrating the N -particle density matrix over all particles save one,

contains all the information needed to study one-electron properties. By analogy with the

2-RDM stationary-state (22; 23; 24; 25; 26; 27; 28; 29; 30; 31; 32; 33; 34; 35; 36; 37; 38; 39)

and steady-state work (21), we perform a variational minimization of the energy of the

molecule as a functional of the 1-RDM which is subject to the N -representability condi-

tions (40; 41; 34; 42), ensuring that the 1-RDM represents at least one N -electron density ma-

trix, but also a current constraint that sets the average current fluxing through the molecule.

The 1-RDM current-constrained theory is compatible with any one-electron electronic struc-

ture theory including Hartree-Fock, density functional (43; 44), and tight-binding (45; 46)

methods. While the 1-RDM method does not include an explicit description of electron

correlation, it provides a qualitatively correct description of single molecule conductivity at

low computational cost.

After deriving the current-constrained 1-RDM method in section 2.2, we apply it in

section 2.3 to compute the steady-state, intrinsic resistance of the acenes and phenacenes in

the Hartree-Fock approximation as a function of their length. The intrinsic resistance of a

molecule is its resistance to the flow of electrons along a chosen direction where the current

is added to the isolated molecule as a constraint. Both acenes and phenacenes exhibit trends

in their intrinsic resistance that reflect trends in available experimental data (47).

2.2 Theory

To define a 1-RDM theory of molecular conductivity, we begin with variational principle in

the absence of electron transport. The energy of the system, given by

E = Tr(1K1D), (2.2)

is minimized subject to N -representability conditions known as the 1-positivity constraints,

which ensure that the 1-RDM generated in the minimization arises from the integration of
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at least one N -electron density matrix (40; 41; 48; 49; 50). These conditions have the form,

1D � 0 (2.3)

1Q � 0 (2.4)

where 1D and 1Q are the one-particle and one-hole reduced density matrices and the symbol

� indicates that they must remain positive semidefinite, that is, they must have nonnegative

eigenvalues.

To set the current for the system, we define the one-electron current matrix as the matrix

representation of the one-electron gradient in a specified direction κ̂, given by

1J
p
q =

1

L

∫
dr
φp(r)(∇ · κ̂)φq(r)dr, (2.5)

where L is the length of the molecule, r represents the electronic coordinates, and κ̂ is the

vector direction of the current, and φp are the molecular orbitals (21). We add this to the

energy minimization by requiring that

Tr(1J Im(1D)) = I, (2.6)

where 1J is given above. This method of energy minimization is a special type of con-

vex optimization known as semidefinite programming (SDP) (27; 26; 32; 34). The current

constraint generates a complex-valued SDP that can be mapped to a real-valued SDP by

representing the complex matrix M by a larger real-valued matrix S,

S =

 Re(M) Im(M)

−Im(M) Re(M).

 (2.7)

The S matrix is positive semidefinite if and only if the M matrix is positive semidefinite.

Solving this semidefinite program generates the reorganization energy due to the current
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constraint. Since charge polarization is the microscopic starting point for conductivity, we

follow Ref. (21) in assuming that the energetic response ∆Ecurr of a molecule to a current

constraint is comparable to its energetic response ∆Efield to an electric field ε applied in the

same direction,

∆Ecurr ≈ ∆Efield = αε2 = α
V 2

L2
, (2.8)

where L is the length of the molecule and α is its electric field polarizability. Solving for the

voltage V , we obtain the following formula (21) for V in terms of ∆Ecurr, L, and α

V ≈ L

(
∆Ecurr

α

)1/2

. (2.9)

This estimated voltage and the current set in Eq. (2.6) can then be used to compute the

conductance (or resistance) of the system.

2.3 Applications

Graphene (51), and its acene precursors (52), are of particular interest in the field of molecu-

lar electronics. Recently, linear acenes have been used to create stable and highly conductive

molecular junctions at room temperature, without the need for thiol linkers between the

molecule and the metal leads (53). In this work, we calculate the response energy and volt-

age of linear acene and phenacene chains, shown in Fig. 1, of three to seven phenyl rings in

length over a current range of 0 to 20 µA, where the current is applied in the direction of

chain growth. We generate the Hamiltonian from the Fock matrix from a minimization of the

Hartree-Fock energy of each molecule at the 631-G level of theory. Since we are interested

in a qualitative description of the conductivity which arises only from the molecule itself,

we compute the intrinsic conductance of the molecule, omitting the thiol linkers and metal

leads.

For a given number of phenyl rings, acenes require a lower voltage than phenacenes to

support a given current, indicating that as a whole acenes have higher conductivity than
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Figure 2.1: Ball and stick representations of 7-acene (top) and 7-phenacene (bottom)

the corresponding phenacenes, as shown by the current-voltage plots for the acenes and

phenacenes in Fig. 2. While phenacenes have a lower reorganization energy at a particular

current, their lower electric field polarizability results in a higher voltage requirement. For

both the acenes and the phenacenes the voltage necessary to achieve a particular current is

directly proportional to chain length, as has been shown in experiment for the acenes (47).

In single molecule junctions, conductance has been shown experimentally to decay expo-

nentially with the length of the molecule as given by

G ∝ e−βL (2.10)

where β is the decay constant and L is the length of the molecule (54). To determine the

length dependence of conductance in the acene chains, we calculate the current through the

atomic orbitals of the atoms of the edge rings of each acene

Ĩ = Tr(1J̃Im(1D)), (2.11)

where

J̃ = CAOMOPJ (2.12)

in which P is the projector onto selected orbitals at the edge of each acene. When this edge
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Figure 2.2: Current plotted as a function of voltage for the N -acenes (top) and N -phenacenes
(bottom), where N is 3 (yellow), 4 (green), 5 (red), 6 (blue), and 7 (black).
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Figure 2.3: Molecular conductance plotted as a function of length for 3-acene through 7-
acene (red). In all cases, the current is set to 0.662 µA and the atomic orbitals selected are
those of the 12 carbons and 8 hydrogens in the outermost phenyl ring on each end of the
molecule. A least-squares exponential fit with a β value of 0.009568 1/Å is shown in blue.

current rather than the average current is used to calculate the conductance, we recover the

expected exponential decay, as shown in Fig. 3, indicating that the edge behavior of single

molecules can be seen without including explicit leads in the calculation.

2.4 Discussion and Conclusions

In this work we extend the current-constrained reduced-density-matrix theory for non-

equilibrium, steady-state molecular conductivity from its original 2-RDM formulation to

a 1-RDM formulation. We show that, like the 2-RDM version, this formulation gives ohmic

current-voltage relationships in the low bias region and captures the tunneling effect in the
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edge conductance of the linear acenes. This method achieves a qualitatively correct descrip-

tion of the length dependence of conductivity in the linear acenes. We also find that linear

aromatic chains of phenyl rings are more effective conductors than alternating aromatic

chains.

Traditional theories of molecular conductivity add a voltage to the molecule to compute

the current. In the current-constrained RDM theories the current is added as a constraint

to compute the reorganization energy and the voltage. This change in paradigm allows us to

compute an intrinsic resistance (or conductance) for each molecule that depends only upon

a molecule’s energetic response to the imposed current constraint as well as its intrinsic

properties such as length and polarization. Importantly, as shown in the results, the intrin-

sic resistance reflects key qualitative features of molecular conductivity, features that are

determined mainly by the electronic properties of the molecule. Even the exponential decay

in the edge current, observed experimentally in acene chains, is qualitatively captured by

the current-constrained computation of each chain’s intrinsic resistance. The computation

of intrinsic resistance provides a useful metric by which to compare the intrinsic capacity of

molecules and materials for efficient electron transport.

While in this work, we use Hartree-Fock theory to generate the Hamiltonian, the theory

can be interfaced with other one-electron-based electronic structure methods, including DFT

and semi-empirical tight binding methods. The current-constrained 1-RDM theory provides

a qualitatively correct description of single molecule conductivity at low computational cost.
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CHAPTER 3

NON-EQUILIBRIUM STEADY STATE CONDUCTIVITY IN

CYCLO[18]CARBON AND ITS BORON NITRIDE ANALOGUE

This chapter is reprinted from a paper submitted for publication by A.E. Raeber and D. A.

Mazziotti.

3.1 Introduction

The structure and properties of ring-shaped carbon allotropes, known as cyclo[n]carbons,

have been of theoretical interest for many years, first appearing in the literature more than

fifty years ago (1). As a result of their sp hybridization, cyclo[n]carbons have two orthogonal

π systems, allowing for the possibility of double aromatic stabilization (2; 3). Their high

reactivity, however, means that their synthesis was not possible until very recently. Last

year, the first of these carbon allotropes, cyclo[18]carbon, was synthesized and characterized

using high-resolution atomic force microscopy (4).

Prior to its synthesis, two possible structures had been hypothesized for cyclo[18]carbon,

a cumulenic form, without bond length alternation, and a polyynic form, with alternating

single and triple bonds. The cumulenic structure, which is predicted by Hückel theory, is

generally found to be the lowest in energy by density functional theory (DFT) (5; 6; 7) and

Møller-Plesset second-order perturbation theory (8) calculations. The polyynic structure,

on the other hand is supported by Hartree-Fock (9; 10), Monte-Carlo (11), and coupled

cluster calculations (12). Recent experimental work confirmed the polyynic geometry to be

correct (4; 13; 14).

Boron nitride (BN) forms hexagonal lattices which are isoelectric to those formed by

carbon. Its two-dimensional hexagonal lattice is analogous to graphene and has high thermal

and chemical stability (15). Theoretical work on boron nitride analogues to cyclo[n]carbons

has shown that they may have similar novel properties with higher stability (16; 17; 18).
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Here we study the electronic structure and molecular conductivity of the cyclo[18]carbon

and B9N9 molecules using reduced density matrix (RDM) theory (19; 20; 21; 22; 23; 24;

25). Computations with the variational two-electron reduced density matrix (2-RDM)

method (19; 20; 21; 22; 23), which can treat fractionally filled orbitals and strong electron

correlation if present (26; 27; 28), reveal that neither molecule is strongly correlated and

support the experimental polyynic structure of cyclo[18]carbon. Using a current-constrained

1-electron reduced density matrix (1-RDM) theory with the Hartree-Fock molecular orbitals

and energies (24; 25), we compute the intrinsic molecular conductance of both molecules in

two cases: (1) conductance in the plane of the molecule and (2) conductance around the

molecular ring as potentially driven by a magnetic field through the molecule’s center.

We find for both cyclo[18]carbon and B9N9 that conductance in the plane of the molecule

is greater than conductance around the ring. Furthermore, cyclo[18]carbon is slightly more

conductive than B9N9 for both (1) and (2). The intrinsic conductance provides information

about the intrinsic ability of a molecule to support conductance that does not consider the

resistance from the junction or lead. Intrinsic conductance is useful for assessing whether

a molecule is a potentially good molecular conductor or insulator prior to optimization of

the lead and/or junction. The conductance per molecular orbital is also obtained, providing

insight into how the orbitals—their energies and densities—drive the conduction.

3.2 Theory

The idea of creating single molecule circuit elements has been of scientific interest for nearly

fifty years (29), with a great deal of progress being made in the past twenty years (30;

31; 32). Traditional theories of molecular conductivity add a voltage to the molecule to

compute the current (33; 34; 35; 36; 37; 38; 39; 40; 41; 42). In the current-constrained RDM

theories the current is added as a constraint to compute the reorganization energy and the

voltage (24; 25). This change in paradigm allows us to compute an intrinsic conductance (or

resistance) for each molecule that depends only upon a molecule’s energetic response to the
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Figure 3.1: Ball and stick representations of C18 (top) and B9N9 (bottom)
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imposed current constraint, as well as its intrinsic properties such as length and polarization.

The intrinsic resistance reflects key qualitative features of molecular conductivity, features

that are determined mainly by the electronic properties of the molecule.

To define a 1-RDM theory of molecular conductivity, we begin with the variational prin-

ciple in the absence of electron transport. The energy of the system, given by

E = Tr(1K1D), (3.1)

where 1K is the matrix form of the one-electron reduced Hamiltonian, which we approximate

as the Fock matrix and 1D is the 1-RDM. This energy is minimized subject to ensemble N -

representability conditions on the 1-RDM known as the 1-positivity constraints, which ensure

that the 1-RDM generated in the minimization arises from the integration of at least one

N -electron ensemble density matrix (43; 44; 23; 45; 46; 47). These conditions have the form,

1D � 0 (3.2)

1Q � 0 (3.3)

where 1D and 1Q are the one-particle and one-hole reduced density matrices and the sym-

bol � indicates that they must remain positive semidefinite, that is, they must have non-

negative eigenvalues. These conditions are equivalent to the Pauli exclusion principle, which

restricts the occupation of each spin orbital to lie between 0 and 1. This method of energy

minimization is a special type of convex optimization known as semidefinite programming

(SDP) (20; 48; 22; 23).

To set the current for the system, we define the one-electron current matrix as the matrix

representation of the one-electron gradient in a specified direction κ̂, given by

1J
p
q =

1

L

∫
dr
φp(r)(∇ · κ̂)φq(r)dr, (3.4)
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where L is the length of the molecule, r represents the electronic coordinates, κ̂ is the vector

direction of the current, and φp are the molecular orbitals (24). We add this to the energy

minimization by requiring that

Tr(1J Im(1D)) = I, (3.5)

where I is the current.

In order to investigate the conductivity in the ring rather than across it, changes are

made to the form of the one-electron current matrix. For the ring current calculations,

1J̃
p
q =

( M∑
i

L−1
∫
dr
φp(r)(∇ · κ̂i)φq(r)dr

)
M−1, (3.6)

where M is the number of atoms in the ring and κi is the unit vector tangent to the center

of each atom.

3.3 Results and Discussion

3.3.1 Electronic Structure

Molecular geometries of C18 and B9N9 as shown in Fig. 3.1 are obtained by optimization

at the v2RDM-CASSCF/cc-pVDZ level of theory (49; 19; 20; 21; 22; 23) with an active

space of 18 electrons in 18 orbitals, implemented in the Quantum Chemistry Package (50)

in Maple (51). The v2RDM method predicts the experimental polyynic structure, with

alternating carbon-carbon bond lengths of 1.50 Å and 1.22 Å. The calculated structure of

B9N9 agrees well with the DFT structure from recent previous work (18), with a boron-

nitrogen bond length of 1.32 Å.

One of the key features of C18 is its dual π system, which is well represented in the

v2RDM results, with π-type active molecular orbitals which lie either in the plane of the

molecule or perpendicular to it. A representative subset of the active orbitals is shown in

Fig. 3.4. Our calculations indicated that this dual π system is shared by B9N9, with a
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Figure 3.2: NO occupations of C18 (left) and B9N9 (right)

representative subset shown in Fig. 3.5.

We also find that these molecules do not have a high level of static correlation. The

natural orbital occupations in the active space, as shown in Fig. 3.2, do not diverge much

from a completely filled (2) or empty (0) state. The occupation of the highest occupied

natural orbital (HONO) is 1.85 and the occupation of the lowest unoccupied natural orbital

(LUNO) is 0.15. B9N9 displays even less static correlation than C18, with a occupation of

1.97 in the HONO and occupation of 0.03 in the LUNO. The minimal static correlation in

these molecules supports the computation of their molecular conductivity within a 1-RDM

theory.

3.3.2 Molecular Conductivity

We investigate the conductance both around the molecular ring and in the plane of the

molecule for cyclo[18]carbon and B9N9. All molecules are centered at the origin and the

vector direction κ̂ of the current is set as the x-axis for the calculation of the in-plane current

and as described in the theory section for the ring current. We generate the Hamiltonian
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Figure 3.3: Voltage plotted as a function of current for C18 ring (red circle), C18 in-plane
(red plus), B9N9 ring (blue circle), B9N9 in-plane (blue plus).

using the Fock matrix from a minimization of the Hartree-Fock energy of each molecule in the

cc-pVDZ basis set. Since we are interested in a qualitative description of the conductivity

which arises only from the molecule itself, we compute the intrinsic conductance of the

molecule, omitting the thiol linkers and metal leads present in an experimental molecular

junction.

As shown in Fig. 3.3 we find that cyclo[18]carbon is the more conductive of the two

molecules, with a ring conductance of 97.42 µS and a in-plane conductance of 130.64 µS

compared to a ring conductance of 72.14 µS and a in-plane conductance of 112.73 µS for

B9N9. The lower conductance of B9N9 is expected based on its larger energy gap between

the highest occupied molecular orbital (HOMO) and the lowest unoccupied molecular orbital

(LUMO), with a gap of 13.28 eV compared to the 2.97 eV gap for C18. While experimental
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Figure 3.4: A sample of the active space molecular orbitals for C18

Figure 3.5: A sample of the active space molecular orbitals for B9N9
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conductance values for these molecules are not available, the conductance of cyclo[18]carbon

does agree well with that recently calculated using an NEGF-DFT method (52). For both

molecules, the in-plane conductance through the center of the molecule is greater than the

ring conductance.

We are also able to investigate the conductance per molecular orbital for the molecules

in question, as shown in Fig. 3.6. For both molecules a small number of molecular orbitals

near the HOMO-LUMO gap are the most involved in conductance. Ten percent of the

orbitals contain thirty-nine percent of the current in C18 and thirty-seven percent of the

current in B9N9. These orbitals are a mix of π and σ orbitals which are symmetric or nearly

symmetric. The core orbitals and the high-energy virtual orbitals are much less involved

in conductance than those near the Fermi level, with the core orbitals carrying on average

an order of magnitude less current and the high-energy virtual orbitals carrying as much as

four orders of magnitude less current. While implementations of many traditional theories

like NEGF-DFT require the selection of an energy range for the conductivity, the current-

constrained RDM theory predicts the energy (orbital) channels that support the molecular

conductivity.

3.4 Conclusions

In the current-constrained 1-RDM theory the current is added as a constraint to compute

the voltage, the opposite of traditional theories, which impose a voltage on the molecule

to compute the resulting current. As a result of this change in paradigm, we compute an

intrinsic conductance for each molecule, a quantity which depends only upon a molecule’s

energetic response to the imposed current and its electronic structure. As shown in the

results, the intrinsic conductance provides a good starting point for the determination of

molecular species which may be useful for molecular electronic applications, as molecules

without good intrinsic conductance will not be good experimental conductors.

The current-constrained RDM theory also allows for the study of facets of the conductiv-
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Figure 3.6: Current per MO as a function of MO energy for C18 (top) and B9N9 (bottom).
In both cases a total of 100 µA of current is imposed on the system.
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ity which are not easily accessible using traditional theories, including the ring conductance

and the orbital and energy localization of the current. The direct computation of the 1-RDM

allows us to construct the equivalent of a molecular-orbital diagram in molecular conductivity

where the conductance of each orbital is presented as a function of energy. Just a molecular-

orbital diagrams provide an intuitive picture for molecular bonding, these molecular-orbital

conduction diagrams provide an intuitive picture for molecular conductivity.

In the this work we investigate the electronic structure of cyclo[18]carbon and its boron

nitride analogue using the v2RDM-CASSCF method. We find that the molecular geometry

of C18 obtained from v2RDM optimization agrees with that found in a recent experiment,

and that the key features of its electronic structure are well-described. We apply the current-

constrained theory for molecular conductivity to study the ring and in-plane conductivity of

these molecules. We find that they have higher in-plane conductivity than ring conductivity

and that C18 is more conductive than B9N9.
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CHAPTER 4

LARGE EIGENVALUE OF THE CUMULANT PART OF THE

TWO-ELECTRON REDUCED DENSITY MATRIX AS A

MEASURE OF OFF-DIAGONAL LONG-RANGE ORDER

Reprint with permission from A. E. Raeber and D. A. Mazziotti, Phys. Rev. A 92, 052502

(2015).

4.1 Introduction

Superconductivity is an important phenomenon in condensed matter physics arising from a

pairing of the electrons that exhibits long-range order (1; 2; 3). Both Yang (4) and Sasaki (5;

6) showed that this long-range order, called off-diagonal long-range order (ODLRO) by Yang,

is associated with a large eigenvalue in the two-electron reduced density matrix (2-RDM).

Unlike bosonic long-range order, which is characterized by a large eigenvalue in the one-

electron reduced density matrix (1-RDM), fermionic ODLRO has no classical analog, since

the off-diagonal elements of the 2-RDM are non-zero only in the quantum description. Cole-

man (7; 8) showed that the large eigenvalue of the 2-RDM occurs for finite N -electron

systems in the context of N -projected Bardeen-Cooper-Schrieffer (BCS), or antisymmetric

geminal power (AGP), wave functions. As a result, the magnitude of the large eigenvalue of

the 2-RDM can be used as an indicator of phenomena with ODLRO including superconduc-

tivity (9; 10; 11).

Because electrons are indistinguishable with pairwise interactions, the total energy of any

molecule or material is a linear functional of the 2-RDM (8; 12). In general, the 2-RDM

provides information concerning pair properties of a fermionic system. Diagonal elements

give information about the populations of fermion pairs, while off-diagonal elements give

information about the correlations between fermion pairs. By unitary transformation, we

can obtain the pair probabilities with respect to different set of orbitals including points in
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coordinate space. Furthermore, the 2-RDM contains the probability distributions for not

only two fermion particle but also one fermion particle and one fermion hole as well as two

fermion holes (8; 12; 13). Recent work (14) has proposed that the many-body correlations

contained in the 2-RDM are accessible by ultrafast pump-probe experiments, as the proba-

bility of a system remaining in the ground state when perturbed in this manner is expressible

in terms of the 2-RDM or its connected (cumulant) part.

Cumulants, which were first discussed by Thiele (15) in the 1800s and connected across

different areas of physics by Kubo in the 1960s (16), are widely applied in both quantum field

theory (17; 18; 19) and quantum chemistry (20; 21; 12). The cumulant expansions of reduced

density matrices (RDMs) have been particularly useful in electronic structure where they

have been used to remove the indeterminacy of the contracted Schrödinger equation (22;

23; 24; 25; 26; 27). The cumulant 2-RDM has been previously studied as a quantifier of

electron correlation and entanglement in both time-independent (28; 29; 30; 31; 14) and

time-dependent systems (32). In this paper we examine the cumulant part of the 2-RDM

as a measure of ODLRO, which is a special type of correlation and entanglement. While

the full 2-RDM scales quadratically with system size, the cumulant 2-RDM scales linearly

with system size, making it more appropriate for the study of the extent of ODLRO in finite

systems. We show that like the 2-RDM the cumulant part of the 2-RDM also exhibits a

large positive eigenvalue in the presence of long-range order. Furthermore, in the limit that

the size (rank) of the one-electron basis set approaches infinity, we also find that the largest

eigenvalue of the cumulant 2-RDM shares with the largest eigenvalue of the 2-RDM the

same upper bound of N . We also find that the trace of the cumulant 2-RDM can reach its

extreme value of −N in the presence of ODLRO even though this limiting behavior does

not appear to be exclusively associated with ODLRO (33; 34). Unlike the large eigenvalue,

the trace of the cumulant 2-RDM depends only upon the 1-RDM, indicating as Coleman (8)

had suggested that the 1-RDM contains an imprint of ODLRO.
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4.2 Theory

The ensemble N -particle density matrix D(123..N ; 1̄2̄3̄..N̄) can be expressed in terms of a

set of N -particle wave functions {Ψi(123..N)} and nonnegative weights {wi}

D(123..N ; 1̄2̄3̄..N̄) =
∑
i

wiΨi(123..N)Ψ∗i (1̄2̄3̄..N̄), (4.1)

where the roman numbers represent the spatial and spin coordinates of each particle. Inte-

grating the N -particle density matrix over all particles save two yields the 2-RDM

2D(1, 2; 1̄, 2̄) =

∫
D(123..N ; 1̄2̄3..N)d3..dN. (4.2)

Importantly, the coordinates of the 2-RDM can be expanded in terms of a set of one-particle

functions (spin orbitals) {φi(1)}

2D(12; 1̄2̄) =
∑
i,j,k,l

2D
ij
klφi(1)φj(2)φ∗k(1̄)φ∗l (2̄), (4.3)

where 2D
ij
kl are the elements of the 2-RDM. Consider the cumulant expansion of the 2-RDM

2D
ij
kl = 2 1Di

k ∧
1D

j
l + 2∆

ij
kl, (4.4)

where the Grassmann wedge product (35; 20; 36) is an antisymmetric tensor product

2 1Di
k ∧

1D
j
l = 1Di

k
1D

j
l −

1Di
l

1D
j
k. (4.5)

The cumulant (or connected) part of the 2-RDM cannot be written as a wedge product of

lower RDMs. We normalize the 2-RDM to have a trace of N(N − 1). With these definitions

we consider three theorems and two corollaries regarding the large eigenvalue and the trace

of the cumulant 2-RDM.
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Both Yang (4) and Sasaki (6) showed that the 2-RDM can have an eigenvalue (geminal

occupation number) as large as the number N of electrons in the system which is a signature

of ODLRO. This maximum occupation occurs for ODLRO in a one-electron basis set of

infinite size. Yang and Sasaki’s result can be extended to show that the cumulant 2-RDM

can have a large eigenvalue, also bounded by N .

Theorem 1: The largest eigenvalue of the cumulant 2-RDM is bounded by N .

Proof: Consider the eigenvector v associated with the largest eigenvalue of the 2-RDM where

the number of one-electron basis functions, also known as the rank of the basis set, equals

r. Yang and Sasaki (4; 6) showed that

λD = v† 2D v ≤ N. (4.6)

It can be shown that the cumulant 2-RDM has the following eigenvalue bound

λ∆ = v† 2∆ v (4.7)

λ∆ = v† (2D − 2 1D ∧ 1D) v (4.8)

= v† 2D v − 2v†(1D ∧ 1D)v (4.9)

= λD − 2v†(1D ∧ 1D)v (4.10)

≤ λD (4.11)

≤ N, (4.12)

where we have employed the positive semidefiniteness of 1D ∧ 1D, that is

v†(1D ∧ 1D)v ≥ 0, (4.13)

for all v.

Pairing wave functions, known as extreme antisymmetrized geminal power (AGP) (5; 7; 8)

or projected Bardeen-Cooper-Schrieffer (BCS) wave functions, that exhibit a large eigenvalue
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in the 2-RDM also exhibit a large eigenvalue in the cumulant part of the 2-RDM that is

indicative of long-range order.

Theorem 2: For the extreme AGP the eigenvalue λD of the 2-RDM and the eigenvalue λ∆

of its cumulant are related as follows:

λ∆ = λD −
N2

r2
.

Proof: When the 2-RDM and its cumulant are from an extreme AGP, the 1-RDM is a scalar

multiple of the identity matrix with a scalar factor equal to the number of electrons divided

by the rank N/r

1D =
N

r
1I. (4.14)

Therefore, for the extreme AGP we have

λ∆ = λD − 2
N2

r2
v†(1I ∧ 1I)v, (4.15)

λ∆ = λD −
N2

r2
. (4.16)

Corollary 1: In the limit that the size of the one-electron basis set approaches infinity, the

2-RDM and the cumulant 2-RDM from an extreme AGP wave function share the same large

eigenvalue equal to N .

Proof: The corollary follows immediately from Theorem 2 and Yang and Sasaki’s theorem.

The contribution of the unconnected part of the 2-RDM to the large eigenvalue of either the

2-RDM or its cumulant part vanishes in the limit that the rank r (or size) of the one-electron

basis set approaches infinity.

The large eigenvalue in the cumulant (connected) 2-RDM occurs if the order of the system

extends over N electrons, which we refer to as long-range order. Because the cumulant part

of the 2-RDM is connected, it scales linearly with the size of the system, and hence, its

largest eigenvalue cannot scale faster than linear in the number of N electrons.
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Even though the trace of the cumulant 2-RDM is computable from only a knowledge of

the 1-RDM (in fact, just the 1-RDM’s eigenvalues), it can reflect the emergence of ODLRO

in the 2-RDM.

Theorem 3: The trace of the cumulant 2-RDM becomes increasingly negative with the

emergence of long-range order. The trace of the cumulant 2-RDM is always non-positive

with a lower bound of −N

−N ≤ Tr(2∆) ≤ 0,

in the mean-field limit the trace of the cumulant 2-RDM is zero

Tr(2∆mf) = 0,

and in the extreme-AGP limit the trace of the cumulant 2-RDM is

Tr(2∆ext) = −N(1− N

r
).

Proof: In general,

Tr(2∆) = Tr(2D
ij
kl)− 2Tr(1Di

k ∧
1D

j
l ), (4.17)

Tr(2∆) = Tr(1D2)−N. (4.18)

Because the eigenvalues of the 1-RDM lie between 0 and 1, we have

0 ≤ Tr(1D(1−1 D)) (4.19)

Tr(1D2) ≤ Tr(1D) (4.20)

Tr(1D2) ≤ N. (4.21)
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Furthermore, the trace of the 1-RDM squared is nonnegative

Tr(1D2) ≥ 0. (4.22)

Combining Eq. (4.18) with Eqs. (4.21) and (4.22) proves that the trace of the cumulant

2-RDM has a lower bound of −N and an upper bound of 0. Because the trace of the 1-RDM

squared can be written as the sum of the 1-RDM’s eigenvalues, the trace of the cumulant

2-RDM can also be expressed in terms of the 1-RDM’s eigenvalues ni

Tr(2∆) =
∑
i

n2
i −N. (4.23)

In the mean-field limit the trace of the cumulant 2-RDM is zero because the cumulant 2-

RDM itself vanishes since the electrons (orbitals) are not correlated, that is they are not

statistically dependent. For extreme AGP the trace of the cumulant is given by

Tr(2∆ext) = N(N − 1)− 2
N2

r2
Tr(1Iik ∧

1I
j
l ), (4.24)

Tr(2∆ext) = N(N − 1)− N2

r2
r(r − 1), (4.25)

Tr(2∆ext) = −N(1− N

r
). (4.26)

Corollary 2: In the limit that the size of the one-electron basis set approaches infinity, the

trace of the cumulant 2-RDM from an extreme AGP wave function approaches −N

Proof: In the limit that the rank r approaches infinity, it follows from Theorem 3 that the

trace of the cumulant approaches −N .
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4.3 Applications

We explore the large eigenvalue in the cumulant part of the 2-RDM by considering the family

of Hamiltonian operators (8)

Ĥ = N − (N − 2)
∑
i

ηi(a
†
iαaiα + a

†
iβaiβ)

−
∑
ij

ξiξ
∗
j a
†
iαa
†
iβajβajα,

(4.27)

where the ηi are defined in terms of the ξi

ηi = |ξi|2 (4.28)

and the ξi are the expansion coefficients in the two-electron function (geminal) g(12)

g(12) = 2
∑
i

ξiφiα(1) ∧ φiβ(2). (4.29)

For even N each Hamiltonian in the family has a unique N -electron ground-state AGP wave

function

Ψ(123...N) = g(12) ∧ g(34) ∧ ... ∧ g((N − 1)N), (4.30)

that is generated from wedge products of the geminal g(12). When all of the ηi equal one,

the ground-state solution is an extreme AGP wave function with maximum ODLRO.

Varying the geminal’s expansion coefficients in the above Hamiltonian allows us to ex-

amine the onset of pairing and long-range order in a quantum system through the large

eigenvalues of both the 2-RDM and its cumulant part. We approximate the mean-field case

using a geminal in which N/2 of the ηi,mf values approach one and N/2 approach zero. The

extreme case has all of the ηi,ext equal to one. We tune between the mean-field case and the
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extreme case using an expression for ηi of the form

ηi = αηi,ext+(1− α)ηi,mf (4.31)

where α is a real value between zero and one. When α is set to zero, we create a pure

mean-field geminal, while setting it to one creates an extreme AGP, allowing us to show how

the large eigenvalue detects long-range order by tuning α between these two values.

The maximum possible eigenvalue λ∆ (= N) of the cumulant 2-RDM occurs when the

rank r of the one-electron basis set approaches infinity. In a finite basis set with rank r the

maximum λ∆, strictly less than N , occurs at half filling when N = r/2. When N < r/2,

there are not enough particles to support the ODLRO at half filling, and when N > r/2,

there are not enough holes to support the ODLRO at half filling. In the following examples,

to make comparisons of the large eigenvalues and traces of the 2-RDM and its cumulant part

in a finite basis set, we use half filling to maximize the possible ODLRO.

As a general quantum system of 50 electrons in 100 orbitals is modulated between a

mean-field geminal and an extreme AGP, the large eigenvalue λ∆ of the both the 2-RDM

and its cumulant increase sharply with the initial onset of long-range order and begin to

plateau when α is approximately 0.3. While only the large eigenvalue λ∆ of the cumulant

is shown in Fig. 4.1, the large eigenvalue λD of the full 2-RDM follows essentially the same

curve, its values slightly above those of λ∆. As α approaches one, the large eigenvalues

gradually approach their maximum. The largest eigenvalue λ∆ can detect even a small

amount of long-range order, and thereby, measure the difference between an extreme AGP

and a non-extreme AGP system, even a non-extreme AGP system with some degree of

long-range order. As the system is tuned from a mean-field case to an extreme AGP, the

difference between the large eigenvalue of the 2-RDM and its cumulant is reduced from a

relatively large value to a smaller, limiting value. For an extreme AGP where N = r/2, the

large eigenvalue of the cumulant part λ∆ is exactly less than the large eigenvalue λD of the
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Figure 4.1: The largest eigenvalue of the cumulant part of the 2-RDM is given as a function
of α, the tuning parameter, for a general 50-electron, 100-orbital quantum system. As α
increases, the eigenvalue captures the emergence of ODLRO.
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Table 4.1: Relationships among the large eigenvalue λD of the 2-RDM, the large eigenvalue
λ∆ of the cumulant 2-RDM, and the trace of the cumulant 2-RDM are shown as functions
of the tuning parameter α for a 50-electron, 100-orbital quantum system. As α increases,
all three quantities capture the emergence of ODLRO. The cumulant-derived quantities also
vanish in the mean-field limit in the absence of ODLRO.

α λD λ∆ Tr(1D) Tr(2D) Tr(2∆)
0.0 1.00 0.00 50 4950 0.00
0.1 18.69 18.37 50 4950 -18.12
0.2 21.82 21.53 50 4950 -21.28
0.5 24.76 24.50 50 4950 -24.25
1.0 25.50 25.25 50 4950 -25.00

2-RDM by 1/4

λ∆ = λD −
1

4
. (4.32)

In addition to the large eigenvalues λD and λ∆, the increases of this difference λ∆−λD can

also be a useful measure of ODLRO with the difference being −1 in the mean-field limit in

the absence of ODLRO.

In addition to the large eigenvalue of the cumulant 2-RDM, we show in Table 4.1, for

a general quantum system of 50 electrons, that the trace of the cumulant can also reflect

the presence of long-range order. Unlike the trace of the 2-RDM, which is constant for a

given system of N electrons, the trace of the cumulant decreases with the onset of long-range

order, as the geminal is tuned between a mean-field case and an extreme AGP, reaching a

minimum value when α is equal to 1. For an extreme AGP when N = r/2, the trace of the

cumulant part is equal to

Tr(2∆) =
1

2
− λD. (4.33)

The absolute value of the trace follows the same trend as the large eigenvalue of the 2-RDM

and the large eigenvalue of the cumulant.
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4.4 Discussion and Conclusions

The largest eigenvalue of the cumulant 2-RDM was shown to provide effective measures of

off-diagonal long-range order (ODLRO) in quantum many-fermion systems. While Yang

and Sasaki (4; 6) previously proved that the largest eigenvalue of the 2-RDM approaches an

upper bound of N in the limit of maximum ODLRO, we proved that the largest eigenvalue

the cumulant 2-RDM (1) implies the large eigenvalue of the 2-RDM and (2) approaches the

same upper bound of N . Unlike the largest eigenvalue of the 2-RDM, the largest eigenvalue

of the cumulant 2-RDM vanishes in the absence of ODLRO in the mean-field limit (37).

Furthermore, while the 2-RDM has a fixed trace for any system with a fixed number of

particles, the variable trace of the cumulant 2-RDM can also reflect the emergence of long-

range order. For an extreme AGP wave function in the infinite basis-set limit, the trace of the

cumulant 2-RDM reaches its lower bound of −N and thereby reveals maximum ODLRO.

While the large eigenvalue of the cumulant 2-RDM implies the large eigenvalue of the 2-

RDM, it is also important to note that the trace of the cumulant 2-RDM can also reach its

extreme −N value in cases that are not typically associated with ODLRO (see, for example,

recent calculations on pairing Hamiltonians (11) and the harmonium model (38; 39)).

Since the development of density functional theory (40), there has been significant interest

in how much information is contained within the 1-RDM. The 1-RDM contains significant

information about a quantum system’s correlation, entanglement, and openness. Recently,

a formally complete set of pure N -representability conditions for the 1-RDM, also known

as generalized Pauli conditions, have been derived (41; 42) and studied computationally in

atoms and molecules (43; 44; 45; 46). The proximity of the 1-RDM to the boundary of its pure

N -representable set, or its quasi-pinning to the boundary, is conjectured to place significant

restrictions on the correlation and complexity of the wave function. Chakraborty and one of

the authors (DAM) (47) have also recently shown that the violation of these conditions by the

1-RDM provides a sufficient condition for the openness of an N -fermion quantum system.

In this paper we found that through the trace of the cumulant 2-RDM, which depends
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quadratically upon the 1-RDM, the 1-RDM contains an imprint of ODLRO. This result may

be useful in improving 1-RDM-based (or geminal-based) energy functionals in electronic

structure theory (48; 49; 50; 51). As recent work (52) has experimentally determined the

1-RDM for ultracold fermionic atoms in a double-well potential, the examination of the

1-RDM with respect to ODLRO has the potential to be applied to experimental systems.

Molecules and materials have a plethora of possible energies and properties from the

arrangement of atoms in chemical bonds. Special arrangements such as copper-oxide planes

have been shown to exhibit extraordinary properties such as high-temperature supercon-

ductivity (53). Recent work (54) suggests that ODLRO arises in cuprate and iron-based

high temperature superconductors as a result of short-range Coulomb repulsion and long-

range attraction between electron pairs in alternating lattice structures. Pairing phenomena

in ultracold fermi gases (55), especially in the BCS-BEC limit, are of experimental inter-

est (56; 57; 58; 59) as a method of explaining high temperature superconductivity. The

large eigenvalue of the cumulant 2-RDM provides a useful quantity for both quantifying and

understanding the presence of ODLRO in quantum molecular systems. While the present

results are directly applicable to theoretical and computational studies of long-range order

in phenomena like superconductivity, they are also applicable to the study of more general

materials with long-range order behavior. Copper oxide compounds, for example, have a

high temperature state referred to as a pseudogap metal which has both simple metallic

character and long-range quantum entanglement (60). The model Hamiltonians, studied in

this paper, show that a continuous curve of largest cumulant 2-RDM eigenvalues can be

generated in the range from 0 to N with zero being the mean-field limit and N being the

extreme AGP (superconducting) limit. Similarly, materials can have large cumulant 2-RDM

eigenvalues that indicate a degree of long-range order between that of a typical insulating

material and that of a superconductor. The indicators for ODLRO, developed here, provide

new tools for exploring more fully the spectrum of quantum long-range order in molecular

systems and materials.
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CHAPTER 5

SIGNATURE OF VAN DER WAALS INTERACTIONS IN THE

CUMULANT DENSITY MATRIX

Reprint with permission from O. Werba, A. Raeber, K. Head-Marsden and D. A. Mazziotti,

Phys. Chem. Chem. Phys. 43 23900 (2019).

5.1 Introduction

Van der Waals forces are universally experienced by any two molecules. This ubiquity

makes them of utmost importance, as seen in their prevalence from microscopic systems

involving protein interactions to macroscopic bodies exhibiting adhesion (1; 2; 3; 4). However,

computing van der Waals forces and measuring their signature is particularly challenging

(5). This is due to the short-range impact of the forces, the fast decay rate of the energy,

which is r−6 where r is the internuclear separation, and most importantly, their origin in

intermolecular electron correlation (6).

Here we propose a density-based approach to measuring and studying van der Waals

interactions by using of the cumulant of the two-electron reduced density matrix (2-RDM)

(7; 8). Recent work by Via-Nadal, Rodŕıguez-Mayorga, and Matito (6) has shown that

van der Waals forces can be detected in the intracule of the pair density. We extend this

approach by using the cumulant part of the 2-RDM which includes the connected part of

the pair density as well as additional information. Because van der Waals forces arise from

the interaction of induced dipoles, the forces arise from intermolecular electron correlation.

The participating electrons on each moiety are statistically dependent on each other, and

consequently, the van der Waals forces are contained in the part of the 2-RDM in which the

two electrons are statistically dependent, known as the cumulant (or connected) part of the

2-RDM (7; 8; 9; 10). The van der Waals forces are not describable with a mean-field method

or a traditional density functional method (11).
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To obtain a signature of the van der Waals interaction, we consider the squared Frobenius

norm of the cumulant, the trace of the squared cumulant (12; 13; 14). The squared Frobe-

nius norm of the cumulant, which is nonnegative and size extensive, meaning that it scales

linearly with system size, has been used as a measure of electron correlation and electron

entanglement between different chemical domains. Here, we use the squared Frobenius norm

to detect the electron entanglement between the two molecular moieties experiencing the van

der Waals interaction. Because the squared Frobenius norm is size extensive, we can use its

deviation from its value at infinite separation to measure the electron correlation associated

with the interaction. We show that in the presence of van der Waals interactions the square

Frobenius norm exhibits an r−6 decay with the distance r between two molecules. This

density-based analysis provides a fundamental, correlation-driven perspective on the nature

of the van der Waals forces. Applications of the cumulant norm are made to a selection of

small atoms and molecules to demonstrate the utility of the norm as a detector and quantifier

of van der Waals interactions.

5.2 Theory

5.2.1 Cumulant of the 2-RDM

To treat van der Waals forces, we begin with a general construction of the 2-RDM and its

cumulant part. Integrating the N -electron density matrix over all electrons save two yields

the 2-RDM

2D(1, 2; 1̄, 2̄) =

∫
D(123..N ; 1̄2̄3..N)d3..dN, (5.1)

which describes the probability distribution of two electrons in the field of the remaining

N electrons (15; 16; 17; 18). One- and two-electron properties of the electronic system are

captured by the 2-RDM because electrons are indistinguishable with pairwise interactions

(18). The 2-RDM can be described mathematically as the sum of the wedge product between

one-electron reduced density matrices (1-RDMs), 1D, and a cumulant term, 2∆
jk
kl , (12; 13;
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8; 9; 19; 15; 16; 20; 21; 22; 23; 24)

2D
jk
kl = 21Di

k ∧
1D

j
l + 2∆

jk
kl , (5.2)

where the 2-RDM is normalized to N(N − 1) and the Grassmann wedge product (25; 7; 26)

is an antisymmetric tensor product

2 1Di
k ∧

1D
j
l = 1Di

k
1D

j
l −

1Di
l

1D
j
k. (5.3)

This cumulant (or connected) term is the part of the 2-RDM that cannot be written as a

wedge product of lower RDMs (7; 27). Because the cumulant term is the part of the 2-RDM

in which the two electrons are statistically dependent, it scales linearly with the size of the

molecular system (size extensive). The cumulant 2-RDM’s size extensivity formally follows

from its derivation from an exponential generating functional (7). Reconstruction of the 3-

and 4-RDMs in terms of the cumulant 2-RDM has been used in electronic structure methods

like the contracted Schrodinger equation method, (28; 29) the anti-Hermitian contracted

Schrodinger equation method, (30; 31; 32) canonical transformation, (33) the parametric 2-

RDM method, (34; 35) driven-similarity renormalization group, (36) and density cumulant

functional theory (37; 38).

The squared Frobenius norm of the cumulant 2-RDM

||2∆||2F = Tr[(2∆)2], (5.4)

is a nonnegative, size-extensive quantity that is a useful measure of electron correlation and

entanglement (12; 13). In a pure-state quantum system the squared Frobenius norm of the

cumulant is nonzero if and only if the system is not correlated. Because the cumulant norm

is sensitive to the correlation of electrons (orbitals) on two separated molecules, it can serve

as a measure of the electron entanglement of the molecules. When the two molecules are
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infinitely separated and not spin entangled, the squared Frobenius norm will equal the sum

of each molecules’s squared Frobenius norm. The change in the Frobenius norm as the

separation between the molecules decreases reflects the intermolecular entanglement of the

electrons, which is the quantum-mechanical origin of the intermolecular force or potential.

5.2.2 Measures of van der Waals interactions

The cumulant’s squared Frobenius norm can be applied to detect and quantify intermolecular

forces. While the change in the energy with distance gauges the intermolecular potential’s

contribution to the potential energy surface, the cumulant norm reflects the entanglement

of the electrons across the molecules that generates the intermolecular potential. Recent

work by Via-Nadal, Rodŕıguez-Mayorga, and Matito (6) has established that the signature

of the van der Waals interactions can be calculated for H and He based on the intracule

pair density, which decays at a rate of r−3. Here we employ the cumulant 2-RDM and

its squared Frobenius norm rather than the correlated part of the intracule pair density

to study these interactions. A potential computational advantage of the cumulant 2-RDM

is that can be used to detect the van der Waals forces in any representation—position,

momentum, or otherwise. While the cumulant 2-RDM’s norm is invariant to one-electron

unitary transformations, (39) its diagonal part, such as the correlated pair density in the

position representation, is not invariant.

The distance dependence of the cumulant 2-RDM for van der Waals forces can be esti-

mated from: (1) the scaling of the van der Waals energy with respect to distance and (2) the

scaling of the effective van der Waals Hamiltonian with respect to distance. It is well-known

that the energy of the van der Waals potential scales as r−6 and that the effective van der

Waals Hamiltonian scales as r−3 (40). The electronic energy is expressible in 2-RDM theory

as

E = Tr(2K2D), (5.5)
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where 2K is the two-electron reduced Hamiltonian containing the one-electron and two-

electron molecular integrals. If we replace the 2K by an effective two-electron reduced

Hamiltonian for the van der Waals interactions 2KvdW and the 2D by its cumulant part 2∆,

we obtain a theoretical expression for the van der Waals energy

EvdW ≈ Tr(2KvdW
2∆). (5.6)

Because the van der Waals energy and reduced Hamiltonian are known to scale as r−6 and

r−3 respectively, we have that the cumulant 2-RDM scales as r−3. This result is consistent

with that obtained for the correlated pair density derived by Matito and co-workers (6).

From the definition of the squared Frobenius norm, we have that in the case of van der

Waals interactions the squared Frobenius norm of the cumulant 2-RDM scales as r−6.

5.3 Applications

We apply this theory to model van der Waals forces in a variety of small atomic and molecular

dimers and compare these results to experimental data. The variety of geometries in these

test systems indicates the relevance for this method for more complex systems.

5.3.1 Computational Methodology

All of the 2-RDM calculations were performed using PySCF(41). In particular, the 2-RDMs

were computed with the coupled cluster singles-doubles (CCSD) (42) method in a correlation-

consistent double-zeta basis set (cc-pVDZ) (43; 44; 45; 46). The 2-RDMs in the molecular-

orbital basis set were obtained for dimer separation distances between 4 and 20 Å at 0.5 Å

intervals. With these density matrices we computed the cumulant part of the 2-RDM and the

associated squared Frobenius norm. We then fit this data to r−6, as this is the asymptotic

scaling of the van der Waals force.
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Figure 5.1: In the argon dimer (a) the squared Frobenius of the cumulant 2-RDM as a
function of Ar-Ar distance shows the decay of the van der Waals interaction with distance.
The black circles indicate the squared Frobenius norm of the cumulant 2-RDM while the
solid gray line indicates an r−6 function fitted to the squared Frobenius norm. The errors
of r−5 (teal dashed line), r−6 (solid gray line), and r−7 (coral dotted line) functions fitted
to the squared Frobenius norm of the cumulant 2-RDM reveal in (b) that the data is best
approximated by the r−6 decay. The +5.972e2 denotes a shift of vertical axis’s scale.
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Figure 5.2: In the carbon dioxide dimer (a) the squared Frobenius of the cumulant 2-RDM
as a function of the intermolecular distance shows the decay of the van der Waals interaction
with distance. The black circles indicate the squared Frobenius norm of the cumulant 2-
RDM while the solid gray line indicates an r−6 function fitted to the squared Frobenius
norm. The errors of r−5 (teal dashed line), r−6 (solid gray line), and r−7 (coral dotted line)
functions fitted to the squared Frobenius norm of the cumulant 2-RDM reveal in (b) that
the data is best approximated by the r−6 decay. The +8.822e2 denotes a shift of vertical
axis’s scale.
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5.3.2 Results

First, we consider the classic, isotropic van der Waals interactions in the argon noble gas

dimer. As shown in Fig. 1a, the squared Frobenius norm of the cumulant increases and then

plateaus as the argon atoms are separated in the range of 4 Å to 12 Å. The Frobenius norm

plateaus at a finite, non-zero value that reflects the electron correlation within each of the

argon atoms. The decrease in the norm as the atoms are brought together is due to the

electron correlation between the argon atoms which gives rise to the van der Waals forces.

The circles in the plot represent computed Frobenius norms while the solid line denotes an

α/r−6 + β least-squares fit. As expected from the theory, we find that the r−6 fit is highly

accurate. For comparison, we show the errors from r−5, r−6, and r−7 least-squares fits in

Fig. 1b. Results confirm that the data has an r−6 asymptotic decay.

There is also high agreement between the data of the cumulant 2-RDM’s squared Frobe-

nius norm and the r−6 decay for the anisotropic interaction of the carbon dioxide dimer,

as seen in Fig. 2a. This dimer was in a parallel geometry, pulled apart from the carbon

centers.Inspection of Fig. 2b indicates the preference of the r−6 fit, relative to similar fits

for r−5 and r−7, in capturing the system behavior for a larger variety of distances. This

indicates the potential scope of this method, as it captures the electronic interactions of

molecular dimers of differing geometries and sizes. The success of the method for molecules

with a variety of orientations suggests its potential utility for larger, biological systems.

In order to make this relationship explicit, the R2 values for these fits are tabulated in

Table 5.1. As is evident from this table, the dimer systems universally achieved highest

accuracy fitting results with decays of C6r
−6, where C6 is a density-based van der Waals

coefficient. This indicates the validity of the squared Frobenius norm of the cumulant 2-

RDM as a measure of the van der Waals signature, which decays at a rate of r−6. This

relationship holds for small molecules with a variety of geometries, suggesting the versatility

of the approach.

Moreover, it is possible to compare loosely the density-based C6 values from the fitting
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Table 5.1: The R2 value for fitting the square of the cumulant 2-RDM’s Frobenius norm
of each of the following molecules to the decay functions r−5, r−6, and r−7 are shown,
indicating that the computed data is consistent with the predicted r−6 decay.

R2

Molecule r−5 r−6 r−7

F2-F2 .989 .999 .987

Ar-SO2 .986 .999 .997

BH3-BH3 .987 .999 .996

Ar-CO2 .988 .999 .987

Ar-Ar .995 .999 .990

CH4-CH4 .983 .997 .994

NH3-NH3 .991 .996 .988

Be-Be .991 .999 .963

CO2-CO2 .997 .998 .997

SO2-SO2 .983 .997 .994

Table 5.2: Comparison of the calculated density-based C6 values with the energy-based C6
literature values

Molecule Computed |C6| Literature |C6|a

F2-F2 9.39 -

Ar-SO2 23.2 -

BH3-BH3 43.6 -

Ar-CO2 17.7 114.5

Ar-Ar 47.0 64.4

CH4-CH4 63.3 130

NH3-NH3 84.9 89.0

Be-Be 188 214

CO2-CO2 193 159

SO2-SO2 557 294

a References for Ar-CO2 (47), Ar(48), CH4
(49), NH3 (50), Be (51), CO2 (52), SO2
(53), as tabulated by Vydrov and Van
Voorhis (54)
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Figure 5.3: Linear regression of the calculated density C6 coefficients versus the literature
energetic C6 coefficients is shown.

with the energy-based literature values. This comparison is tabulated in Table 5.2. We do

see discrepancies in the resulting data when comparing the energy- and density-based results

due to significant differences in the two quantities. The van der Waals forces can in principle

affect the cumulant 2-RDM norm more or less than the energy. The energy is weighting the

change in the cumulant 2-RDM through its trace with the two-electron reduced Hamiltonian

matrix.

Visually, we can see the coherence between the trends in the two methods in the linear

regression shown in Fig. 3. This model has an R2 value of 0.84, indicating consistency

between the trends in the literature and the trends in our data. This agreement suggests

validity in the data, as it is impossible to compare the values explicitly due to the difference

between the decay of the intermolecular energies and the decay of the intermolecular part of

the cumulant density matrix.

69



5.4 Discussion and Conclusions

In this paper we propose and implement a universal signature of the van der Waals interac-

tions based on the cumulant part of the two-electron reduced density matrix (2-RDM). The

cumulant is the connected part of the 2-RDM (7; 8) which is not only size extensive and

but also invariant to unitary transformations of the orbitals (39). This invariance extends

recent work by Via-Nadal, Rodŕıguez-Mayorga, and Matito (6) who examined the use of the

pair density to detect van der Waals interactions. Previously, Juhász and Mazziotti (13; 12)

showed that the squared Frobenius norm of the cumulant provides a size extensive measure

of electron correlation and entanglement. Here we apply this cumulant norm to quantify the

electron entanglement between molecules that gives rise to the van de Waals attraction. Like

the energy, we show that the cumulant norm has an r−6 decay with respect to molecular

separation. The cumulant-based signature of van der Waals forces provides a direct measure

of the entanglement of electrons on the separated molecules that is responsible for the van

der Waals potential.

Computations with a selection of small molecules confirm the r−6 decay of the squared

Frobenius norm of the cumulant with respect to molecular separation. These results also

imply that the cumulant 2-RDM has a r−3 decay which is consistent with the theoretical

result presented earlier in the paper. The density-based signature for van der Waals forces

provides a systematic approach to quantifying these forces as well as connecting them to the

underlying electron entanglement between the molecules. Many electronic structure methods

such as conventional density functional theory have difficulty capturing the r−6 decay of van

der Waals forces with molecular separation (5; 55). These difficulties arise from an incorrect

description of the electron correlation. The description of van der Waals forces in terms of

the cumulant 2-RDM provides greater understanding of the inner workings of these forces

but also a mechanism for assessing their description by various electronic structure methods.
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