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ABSTRACT

We give an extension of Scholze’s theory of shtukas to non-reductive groups. We compute a
simple example of such a moduli of shtukas, and show that in this case, the period morphism
is related to the logarithm. We also give an exposition of the objects appearing in this
theory, and mention two joint results of the author: the open mapping theorem for complete
analytic Huber rings, and a characterization of extensions of semistable vector bundles on

the Fargues-Fontaine curve.



CHAPTER 1
INTRODUCTION

In recent years, p-adic Hodge theory has experienced many breakthroughs. One of these is
the introduction of the Fargues-Fontaine curve, Xpp, a geometric object which has brought
some clarity to the many period rings of Fontaine, first introduced in order to properly state
the p-adic analogues of classical results in Hodge theory over C. Another is the introduction
of perfectoid spaces by Scholze, who realized how the almost mathematics of Faltings can
be geometrized, which allows him to pass between characteristic 0 and characteristic p:
associated to any perfectoid space in (possibly in characteristic 0) is a perfectoid space in
characteristic p called its tilt. A perfectoid space tilting to a given perfectoid space S in
characteristic p is called an untilt of S. He then generalized the notion of a perfectoid space
to the notion of a diamond, which can be thought of as an analogue of algebraic spaces,
but for characteristic p perfectoid spaces instead of for schemes. Scholze defines the proétale
topology for this purpose, and this topology allows him to define the tilt of any analytic adic
space over SpaQ, (not just perfectoid spaces) as a diamond.

The two stories are closely related For a given algebraically closed perfectoid field C’ in

characteristic p, using Scholze’s theory of diamonds, we can define a space
V0.00) = SpA(C”) x Spd Z,

This space can be thought of as parametrizing all the perfectoid spaces which tilt to Spa(C’b).

There is a subset

Y(0.00) = SPA(C?) x Spd Qp € Vg o)

which can be thought of as parametrizing the untilts of Spa(C’b) which are of characteristic
0. The Frobenius ¢ on C” then induces Frobenius automorphisms ¢ on y[()’oo) and y(opo).

There is a continuous map £ : Vg o) — [0,00) with r(¢(z)) = pr(z). We can write
1



V; = x~YI) for interals I C [0,00), and V(0,00) is of this form. The Fargues-Fontaine
curve Xy is then the quotient of y(opo) under the action of ¢, and so can be thought of as
parametrizing characteristic 0 untilts of Spa(Cb) up to a Frobenius.

Using his theory of diamonds, Scholze then introduced the notion of local p-adic shtukas,
in analogy of the usual charactersitic p shtukas introduced as part of the geometric Langlands
program. Shtukas with one leg at a specified point, also known as Breuil-Kisin-Fargues
modules, can be thought of as integral p-adic Hodge structures. The relation of the Fargues-
Fontaine curve with p-adic Hodge theory can be viewed through this lens. Explicitly, a p-adic

shtuka with one leg is a vector bundle F on y[o’oo) along with a meromorphic isomorphism

. ES
2 F Yoo @) 7 g 0\ (@)

for some given point = on y(opo). Given a shtuka we can descend the p-action “near oo”
to get a vector bundle on App and descend the p-action “near 0”7 to get a different vector
bundle on App. There is an essentially surjective functor from isocrystals to vector bundles
on Xpp. Moreover, there is a good theory of slopes for vector bundles on App with the
category of slope zero vector bundles equivalent to the category of Q,-vector spaces. If B is
a vector bundle on AXpp, then the pullback of B to y(o,oo) can be extended to a p-equivariant
vector bundle on y[o,oo) if and only if B is of slope 0, with choices of extensions corresponding
to Zjp-lattices in the Q)-vector space associated to the slope 0 bundle B. One sees from this
that the vector bundle on App coming from the descent “near 0”7 of a shtuka with one leg is
of slope 0 and is associated to a Qp-vector space.

All of this is related to p-adic Hodge theory. Given a smooth projective scheme over K a
finite extension of @, we can associate a shtuka with one leg to the nth cohomology. Etale
cohomology with Z,-coefficients gives us Zj,-modules, which is associated to what happens
for this shtuka “near 0”. Tensoring with Q, gives us a crystalline Gal(K)-representation.

Taking Derys gives us crystalline cohomology, which is a ¢-module over K and defines an

2



isocrystal. This isocrystal then gives us a vector bundle on A, which is the descent of
the shtuka “near oo”. Then Dgr gives the deRham cohomology. Essentially, it tells us how
to modify the vector bundle coming from descent “near oo” at the image of the pleg of the
shtuka to get the vector bundle coming from descent “near 0”.

Scholze then defines moduli spaces of shtukas for reductive groups G as a diamond, with
the vector bundle of rank n case corresponding to GL,,. In this paper, we define such moduli
spaces for shtukas of a general algebraic group with one leg at a specified point. To do
this we define the B&LR affine grassmannian for such G, which can be done similarly to the
usual affine grassmannian for non-reductive groups, once some results about Bé"R—loop and
B:{R—positive loop groups are known.

We then compute the example of

Gm Gq

Inside the space of shtukas for this GG, we will specify a subspace which can be interpreted
parametrizing certain Qp(1) extensions of Q. If C' = Cp, we shall show that the C' points
of this space are given by 1+m ;. The natural period morphism to the affine grassmannian

then corresponds to

1
L+me, = (1+mg)/Zp(l) =1+ me —2 C.

1.1 Outline

In chapter 2], we give an exposition of Huber’s theory of adic spaces. is about Huber
rings, the topological commutative algebra underlying the theory. is about Banach rings,
which gives another way of looking at Huber rings, and allows us to easily construct objects

such as the uniform completion. In §2.3] we give a proof of a joint result with Atticus
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Christensen and Zonglin Jiang showing the open mapping theorem for complete analytic
Huber rings. §2.4] we describe the topological space associated to a Huber pair. §2.5, we
give a definition of a structure presheaf on these topological spaces, restrict attention to
those Huber pairs for which this presheaf is a sheaf, and then use this to define the category
of adic spaces.

In chapter 3] we give an exposition of Scholze’s theory of perfectoid spaces and diamonds.
In we describe the tilt operation integrally. In §3.2] we define perfectoid spaces and the
tilt operation, and then talk about how the tilt operation preserves much geometry. §3.3]
we define topologies on the category of perfectoid spaces, which we then use in to define
diamonds.

In chapter [4] we give an exposition of Fargues-Fontaine curves, including the relative
situation of Kedlaya-Liu. In [4.1] we give the analytic definitions of many period rings. In
[4.2] we define the Fargues-Fontaine curve and vector bundles on the curve. In[4.3] we describe
slope theories, and apply it to vector bundles on the Fargues-Fontaine curve. We also briefly
mention a joint result with Christopher Birkbeck, Tony Feng, David Hansen, Serin Hong
and Lynelle Ye about which extensions can occur for vector bundles on the Fargues-Fontaine
curve (essentially all those not forbidden by slope theory can occur).

In chapter , we give the theory for shtukas of algebraic groups. , we define the B&LR—
affine grassmannian for such groups. defines the moduli space of shtukas and shows

that the period morphsm is pro-étale. In we compute for the example

Gm Gq
0 1



CHAPTER 2
ADIC SPACES

In this section we briefly go over the theory of adic spaces. Adic spaces were introduced by
Huber to give a good theory of rigid analytic spaces, and has been the theory which Scholze

uses to build his theory of diamonds.

2.1 Huber Rings

Definition 2.1.1. A Huber ring is a topological (commutative) ring A such that there exists
an open subring Ag C A and a finitely generated ideal I of Ag such that the ideals I, 12, ...
form an open neighborhood basis of 0. Any such Ay C A is called a ring of definition, and

any such ideal I C Ay is called an ideal of definition.

We will mostly be considering complete, uniform, analytic Huber rings, so we describe

what these are.

Definition 2.1.2. A topological ring A is a topological group under +. This topological
group structure gives A the structure of a uniform space. We say that A is complete if it is

Hausdorff and complete with respect to this uniformity.

Proposition 2.1.3. [20, 1.1.1] Suppose A is a complete Huber ring. Then
1. the set of units is open.
2. every maximal itdeal is closed.

Proposition 2.1.4. [7J, 1.6/ The Cauchy completion A — A is the universal uniformly
continuous function from A to a complete, Hausdorff uniform space. It is also the universal

continuous ring homomorphism from A to a complete Huber ring.



Definition 2.1.5. A subset S C A of a Huber ring is bounded if for every open neighborhood
U of 0, there exists an open neighborhood V' of 0 such that V.S C U. Since A has an open

neighborhood basis consisting of additive subgroups, we may assume that U is open and

additively closed, and check that > VS C U.

Lemma 2.1.6. [28, 3.1.5] If T C A is a finite subset of a Huber ring such that Y TM is
open for some open additive subgroup M C A, then Y. T M’ is open for every open additive

subgroup M' C A.

Proposition 2.1.7. [1], Proposition 1(ii)] A subring Ag C A of a Huber ring is a ring of

definition if and only if it is open and bounded.

Definition 2.1.8. Let a € A.

1. a is topologically nilpotent if the sequence 1,a,a2, a3, ... converges to 0.

2. a is powerbounded if the set {1,a,a?,...} is bounded.

Definition 2.1.9. [I4] 1.3(iii)] We define A° to be the set of all powerbounded elements of
A. This ring is the union of all rings of definition Ay C A. We say A is uniform if A° is

bounded, i.e. it is itself a ring of definition.

Definition 2.1.10. We let A°° denote the set of all topologically nilpotent elements of A.

For any open, integrally closed subring A™ C A°, A°° C AT is an ideal.

Proposition 2.1.11. A finite set T is a set of generators for an ideal of definition if and

only if the following two conditions are satisfied:
1. all elements of T' are topologically nilpotent.
2. 3>"TM is open for some (equiv. every) open additive subgroup M C A.

If this is the case, then for any ring of definition Ay containing T, > T Ay C Ag is an ideal

of definition.



Definition 2.1.12. Let A be Huber ring.
1. Ais Tate if there exists a topologically nilpotent unit .

2. A is analytic if there is a finite set T' of topologically nilpotent elements such that

>TA = A, ie. the topologically nilpotent elements generate the unit ideal.

It is clear that Tate implies analytic as the Tate case is the case where the finite set T" has

exactly one element.

Proposition 2.1.13. If A is a Huber ring and J C A is an ideal, then A/J with the quotient
topology is a Huber ring. Moreover, if A is complete, then the completion of AJJ is AJJ

with the quotient topology.

Construction 2.1.14. If A is a Huber ring, then we can make A[Ty,...,Ty] into a topo-
logical abelian group by letting U[TY,...,Ty] C A[T1,...,Tn] be open neighborhoods of 0
as U ranges over all open neighborhoods of 0 in A.

We let A(T1y,...,Ty,) denote the completion of A[TY,. .., T}].
Proposition 2.1.15. [1], 3.3] A[Ty,...,Ty] and A(Ty,...,Ty) are Huber rings. Moreover,

1. If B is a Huber A-algebra, then continuous A-algebra homomorphisms A[Ty, ..., Ty —

B are in bijection with functions {1,...,n} — B°.

2. If B is a complete Huber A-algebra, then continuous A-algebra homomorphisms from

A(Ty,...,Ty) to B are in bijection with functions {1,...,n} — B°.

3. If A is complete, then we can write

ATy, Ty = > agT!
Iezgo

ar € Ayar -0 as I — o0




Proposition 2.1.16. Let A be a complete Huber ring and
ATHY = AT, 8) /(TS - 1).

1. If B is a complete Huber A-algebra, then continuous A-algebra homomorphisms from
A(Ti1> to B correspond to powerbounded elements in B which have a powerbounded

mnuverse.

2. We have

A(Til): ZanT" an € A,ap — 0 as n — oo

nez

Remark 2.1.17. Huber [I5, Section 3| introduces some other versions of polynomial and
completed polynomial rings to capture some different convergence behavior of the coefficients.
When A is analytic, which is the case most of interest to us, these other versions are not

necessary.

In general, pushouts do not exist in the category of Huber rings. However, they do exist
when the morphisms are adic, which will always be the case when working with analytic

Huber rings.

Definition 2.1.18. A continuous ring homomorphism f : A — B between Huber rings is
called adic if for some (equiv. for every) finite set 7" C A which is a set of generators for an

ideal of definition, the set f(7T") C B is a set of generators for an ideal of definition.
Example 2.1.19. We have the following examples:

1. Completion maps A — A are adic.

2. Quotient maps A — A/J are adic.

3. Polynomial algebra maps A — A[T},...,Ty] and their completions A — A(TY,...,T})

are adic.



Proposition 2.1.20. [T/, 1.5] [20, 1.1.7] If f : A — B is a continuous ring homomorphism

and A is analytic (resp. Tate), then B is analytic (resp. Tate) and f is adic.

Proposition 2.1.21. |74, 1.8(i)] Adic morphisms f : A — B map bounded sets to bounded

sets.

Construction 2.1.22. Let f: A — B and g : A — C be adic morphisms. Pick a ring
of definition Ay C A. We give B ® 4 C' the additive group topology where the images of
U®g,V = B ®y C form an open neighborhood basis of 0 as U ranges over all open
Ag-submodules of B and V' ranges over all open Agp-submodules of C'. (Note: these maps
U®g,V — B®y C are not necessarily injective).

We define B® 4 C to be the completion of B ® 4 C.
Theorem 2.1.23. [28, 5.1.5(2)] Let f : A — B and g : A — C be adic morphisms. Then

1. B®y C is their pushout is the category of Huber rings with continuous (resp. with

adic) maps.

2. If A, B, C are complete, then B® 4 C is their pushout in the category of complete Huber

rings with continuous (resp. with adic) maps.

2.2 Banach Rings

Complete, uniform, analytic Huber rings can also be considered from the point of view of
Banach rings, where certain constructions and proofs become easier due to the existence
of a norm. Approaching adic spaces from this point of view is given by Kedlaya [19] and
Kedlaya-Liu [22] and can be thought of as being related to Berkovich’s theory [2] except we

don’t need to work over a non-archimedean field.

Definition 2.2.1. Let M be an abelian group. A (nonarchimedean) seminorm on M is a

function |- | : M — R>( such that



1. |0 = 0.
2. |z —y| < max(|z], |y]).

A seminorm is called a norm if |z| = 0 implies z = 0.
A seminormed ring can be naturally given the structure of a topological abelian group,

which is Hausdorff iff the seminorm is a norm.

Definition 2.2.2. A seminormed ring is a (commutative) ring B equipped with a seminorm

|- | : B = R>q such that
1. 1] =1
2. (submultiplicativity) |zy| < |z||y|.
The seminormed ring is power multiplicative if it satisfies
3. x| = |a]”
and it is multiplicative if
2. |zy| = |z|lyl-

A seminormed ring is a normed ring if the seminorm is a norm, and a normed ring is a

Banach ring if B is complete with respect to the topology induced by the norm.

Definition 2.2.3. A group homomorphism f : M — N between seminormed abelian groups

is called bounded if there exists a ¢ > 0 such that for all m € M,

[f(m)] < c|m].

Proposition 2.2.4. Bounded morphisms are continuous.

Remark 2.2.5. Since we are not working with modules for algebras over nonarchimedean

fields, continuity does not imply boundedness in general.
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Proposition 2.2.6. Let M be a seminormed abelian group, and N C M be a subgroup.

Then

1. The restriction of | - | to N gives it the structure of a seminormed abelian group.

Moreover,

o If|-|is a norm on M, then the restriction norm is a norm.

o [f M is complete and N 1is closed, then N is complete.

2. The map M/N — R>q defined by
|m + N| = inf |m + n|
neN

makes M /N into a seminormed abelian group. Moreover,

o [f|-]|is a norm and N is closed, then this quotient seminorm is a norm.

e [f M is complete, then M/N is complete.

3. If M = B is a Banach ring and N = J C B is a proper ideal, then the quotient

seminorm on B/J makes this into a seminormed ring.

Proof Sketch. 1. and 2. are clear. For 3., use the fact that B is complete to show that

|1| = 1 in the quotient. O

Definition 2.2.7. If B is a seminormed ring, we can define the notions of a bounded subset,
of powerbounded elements, of nilpotent elements using the same topological definitions we
used for Huber rings. We can then also define the subring B° and say B is uniform if B° is
bounded.

We say that a subset S C B is bounded in norm if |S| C R>q is bounded. It is clear that

any subset which is bounded in norm is bounded.

11



Definition 2.2.8. If B is a seminormed ring, then we say that B is analytic if the topolog-

ically nilpotent units generate the unit ideal in A.

Proposition 2.2.9. [20, 1.5.5] Suppose B is an analytic seminormed ring. Then the un-
derlying topological ring of B is an analytic Huber ring, and the ball of radius 1 is a ring of

definition.

By the following construction, every Huber ring can be seen as the underlying topological

ring of a seminormed ring.

Construction 2.2.10. [20, 1.5.4] Let A be a Huber ring which is not indiscrete and choose a
ring of definition Ay and an ideal of definition I. We can define a function |-| : A — eZU{0}

by describing the balls around 0:

e the ball {z: |z| < e "} is equal to I" for n > 0.

e the ball {z: |z| <e "} isequal to {x : zI™" C Ay} for n < 0.
Proposition 2.2.11. The construction gives A the structure of a seminormed ring.

Remark 2.2.12. Construction depends on a choice of Ag and /. The resulting Banach
ring structure on A depends on these choices: different choices can result in non-isomorphic
Banach rings in the category of Banach rings with bounded maps[20] 1.5.9].

We see that we can promote a Huber ring to a seminormed ring. This is useful because
we can then use the seminorm to prove statements about the underlying topological ring.
However, notions which depend on the seminorm structure can depend on our choice of

promotion.

One useful application of the theory of Banach rings is that uniformity is linked to the

spectral norm.

Definition 2.2.13. If B is a seminormed ring, then we define the spectral seminorm on B

by
|z|sp = lim inf |xn|1/n.
n—0o0

12



Proposition 2.2.14. We have the following:
1. |xlsp = lim 2"/,
n—oo
2. (Fekete’s lemma) the spectral seminorm is a power multiplicative seminorm.
3. x is topologically nilpotent if and only if |x|sp < 1.
Definition 2.2.15. If B is a seminormed ring, the Gelfand spectrum of B, denoted M(B)
is the set of all multiplicative seminorms | - |,;, bounded by the norm of B, i.e.
|| < |z| for all x € B.
There is a natural evaluation map M(B) — Rgo which is an inclusion, and we give M(B)
the subspace topology under this map.
Theorem 2.2.16. [Z, 1.3.1] We have the following:
1. M(B) is compact.
2. M(B) # 2.
3. |zlsp = sup |B(z)| = max |B(z)].
BeM(B) pBeM(B)

Theorem 2.2.17. 20, 1.5.13] Let B be a seminormed ring.

1. If the topology of B agrees with the topology induced by the spectral seminorm, then B

is uniform.

2. If B is an analytic, uniform seminormed ring, then the topology of B is induced by the

spectral seminorm.

We can now use this characterization to prove facts about Huber rings. For example, the

next proposition shows that we can take the uniform completion.

13



Proposition 2.2.18. [22, 2.8.13] Let A be an analytic Huber ring. Then there is a map
A — Asp which is initial among continuous ring homomorphisms from A to uniform Huber
rings. The map to the completion A — fAlSp 18 1nitial among continuous ring homomorphisms

from A to complete, uniform Huber rings.

Proof. Agp is the ring A but with topology defined by the spectral seminorm. If A — B is a
continuous ring homomorphism, then since A is analytic, the map is adic. This implies that
there is an ideal of definition I C Ag of A and a ring of definition f(Ay) C By C B such that
I By is an ideal of definition. Promote A and B to Banach rings via Construction [2.2.10| using
these ideals and rings of definitions. Then |f(a)| < |a| which implies that |f(a)|sp < |alsp.
Since B is analytic and uniform, the spectral seminorm on B defines the topology, so we see

that Agp — B is continuous. O

Proposition 2.2.19. Suppose A; is a filtered diagram of uniform, analytic Huber rings.
Then %ﬂAi their colimit in the category of rings can be made into a Huber ring, such that
it becomes a colimit of the diagram in the category of uniform, analytic Huber rings.

Let @Ai denote the completion of (MAZ-. When the A; are complete, uniform,
analytic Huber rings, this is the colimit of the diagram in the category of complete, uniform,

analytic Huber rings.

Proof. WLOG, we may assume the diagram has an initial object Ag. Let I C Aj be an ideal
of definition, so that A7 C A7 is an ideal of definition for all i. Promote the A; to Banach
rings via Construction With ITA? C A7, and equip them with their spectral seminorms,
which define the same topology since the A; are uniform and analytic. For a € MAZ-,
define |a| to be the infimum of |a;| over all a; € A; mapping to a. The argument of the
previous proposition shows that the norm is decreasing along maps A; — A;, so |a] is
the limit of a convergent net in R>p. We can use this limit characterization to show that
| - | defines a power multiplicative seminorm on colim A;. Then colim A4; is an analytic,

seminormed ring with topology given by its spectral seminorm (by power multiplicativity),
14



so its underlying topological ring is a uniform, analytic Huber ring. To see it is a colimit,

argue as in the previous proposition. O

Example 2.2.20. Let A be a complete, uniform, analytic Huber ring. For X a topological
space, we can endow the ring of continuous functions C’O(X ,A) with the compact-open
topology.

Let S =1im S; be a profinite set (where the S; are finite). Then the rings C?(S, A) and

C0(s;, A) = ASi are complete, uniform, analytic Huber rings, and

(8, A) = colim (S, A).

2.3 Open Mapping Theorem

Modules for a complete, analytic Huber ring satisfy an open mapping theorem. As this was
joint work of the author with Atticus Christensen and Zonglin Jiang at the 2017 Arizona

Winter School, and the proof is short, we give it here.

Theorem 2.3.1 (Open Mapping Theorem). [17, 2.2.5] Let A be a complete analytic Huber
ring. Suppose M and N are complete, first countable topological A-modules. If f : M — N

s a continuous surjective morphism of A-modules, then it is open.
We need some standard results, which we repeat here:

Proposition 2.3.2 (Birkhoff-Kakutani Theorem). A topological group G is metrizable if
and only if it is Hausdorff and first countable. Moreover, we can take the metric to be right

mvariant.

Definition 2.3.3. Let X be a topological space. A meager subset Y C X is a subset which
can be written as a countable union of nowhere dense sets. X is a Baire space if every meager

subset has empty interior.

15



Theorem 2.3.4 (Baire Category Theorem). If X is completely metrizable, then X is a Baire

space.
The proof of the open mapping theorem relies on the following lemma:

Lemma 2.3.5. Let A be an analytic Huber ring, and let f : M — N be a continuous A-
module homomorphism of topological A-modules. If the image f(M) C N is not meager,

then for every open neighborhood U of 0 in M, the closure f(U) of the image of U contains

an open neighborhood of 0 in N.

Proof. First, find an open neighborhood 0 € U’ C U such that U’ + U’ Cc U and U’ = —U".
This is possible since we can find an open neighborhood U” satisfying the first condition by

continuity of addition, and then take U’ = U” N —U". We claim that it suffices to show that

f(U") contains an interior point. Indeed, if W is an open neighborhood of 0 and y € f(V) is a

point such that y+W C f(V) then W = (—y)+(y+W) C f(U")+f(U’") C f(U") + f(U') =

f(U"+U") C f(U). This shows the claim.
Let x1,...,x}; be topologically nilpotent units generating the unit ideal in A. By conti-

nuity of addition, find an open neighborhood V' C U’ of 0 such that

V4.4V CU.
————

k times

Let

Wp={veN|ziv,...,zpv e f(V)}.

Note that W, is closed since multiplication by elements of A is continuous on V. Since these
elements are topologically nilpotent, for every u € M, there exists a large enough n such
that

oy, . afpeV.

This shows that f(M) C [y Wy. Since f(M) is not meager and each W, is closed, we
16



conclude that some W), contains an interior point z. Let B be an open neighborhood of
0 € N such that z + B C W,,.

Since 71, ..., 7} generate the unit ideal in A, (z7,..., ) is not contained in a maximal
ideal, so by a standard axiom of choice argument, it must also be the unit ideal. Thus, we

can find ay,...,a; € A such that
are + -+ apay = 1.
The a{l(B) are all open neighborhoods of 0, so
B :=a (B)N--Na; (B)
is an open neighborhood of 0. Let

y=(af +---+ay)z

We claim that y + B’ C f(U’), thus showing this set has an interior point. Indeed, if r € B’,

then

y+r=l 4+ +a)z+ (aal + -+ agal)r
=2 (z+arr) + -+ 2Pz + apr)
CAfe B ot a4 B)
CaiWy+-- oWy

CrV)+--+f(V)C fU)

by construction of V. This shows the lemma. O]

Proof of Theorem [2.53.1]. By Proposition [2.3.2] and Theorem [2.3.4} we see that M and N are
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metrizable Baire spaces, and there exists a right invariant metric on both. By Lemma [2.3.5]
we see that for any open neighborhood U of 0 in M, the set m C N contains an open
neighborhood of 0.

For r > 0 let By(x) be the open ball of radius r around z in M. We then see that
there exists a p(r) > 0 such that B,,(0) C f(Br(0)). By right invariance of the metric,
this implies that for any z € M, the ball B,.)(f(z)) centered around f(z) is a subset of
f(Br(z)).

We now claim that for all 7 > 0, we have B, /9)(f(z)) C f(By(x)). Let y be any element

of B.j9)(f(2)). We find a Cauchy sequence z1, 22, -+ € By(z) converging to z € B (x)
such that f(z) = v.

Let 21 = z. Since y € B, /9)(f(21)), there exists a 22 € B,.j9(21) such that d(y, f(22)) <
min(1/22, p(r/22)).

For n > 2, suppose we have found z, such that z, € Br/2n_1(znf1) and d(y, f(zn)) <
min(1/2", p(r/2")). Thensincey € B, jon(2n), we see that there exists a zp 41 € B, jon(2n)
such that d(y, f(zp41)) < min(1/2"FL p(r/27F1)).

By construction, we see that f(z;,) converges to y. Moreover, since d(zp, zn,41) < /2", we
see that the z, form a Cauchy sequence, and each z, is in By (). This shows B . 9)(f(z)) C
f(By(z)) for all r.

To finish the proof of the theorem, since f is a continuous morphism of groups, it suffices

to show that for any open neighborhood U of 0 in M, the image f(U) contains an open

neighborhood of 0. But U contains Bg(0) for some s, and so it contains B;(0) for every

0 <7 <s. In particular, f(U) contains B, 2)(0), thus showing the theorem. O

2.4 Adic Spectrum

Definition 2.4.1. A Huber pair (A, AT) is a pair where A is a Huber ring, and AT C A°

is an open, integrally closed subring. Such a ring A" is called a ring of integral elements
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We say a Huber pair is Hausdorff (resp. complete, analytic, etc.) if the ring A has the
corresponding property.
Morphisms of Huber pairs (A, A*) — (B, BT) are continuous ring homomorphisms f :

A — B with f(A") C BT, and we say the morphism is adic if f is.

Definition 2.4.2. A valuation z on a ring A is a totally ordered abelian group I' (written

multiplicatively) called the value group along with a map

r:A—{0}UT,

which we often denote by a — |a(x)|, such that
L |(ab)(x)[ = la(z)[[b(z)], [0()] =0, [1(z)] = 1
2. |(a+ b)(x)| < max(la(@)], [b(z)])
3. I' is generated by Image(x) NT.

There is a natural notion of equivalence of valuations.
When A is a topological ring, we say a valuation z : A — {0} UT is continuous if, for

every v € I' the set of all a € A with |a(x)| < 7 is open.

Definition 2.4.3. The rank of a valuation (I', z) is the length of a maximal chain

{}=Tpchhi&---CIy=T

of totally ordered abelian groups.

Definition 2.4.4. If A is a ring, we define

Spv(A) = {equivalence classes of valuations on A}.
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For elements f1,..., fn,g of A

U (fl, 8 ,fn) = {z € Spv(4) : |g(x)| # 0 and | f;(w)| < |g(x)] for all i},

We will also denote this by U (%) where T' = {f1,..., fn}. These subsets are stable under

finite intersections, and we topologize Spv(A) so that they form a basis of opens.

Definition 2.4.5. If A is a Huber ring, we define
Cont(A) = {z € Spv(A) : z is continuous}.
If (A, A1) is a Huber pair, we define
Spa(A4) = {z € Cont(A) : |z(a)| < 1forallae AT}

These inherit the subspace topology from Spv(A). We abuse notation and will also use
the symbol U(%) for the opens U(%) N Cont(A) C Cont(A) and U(%) N Spa(A4,AT) C
Spa(A, A™1).

Definition 2.4.6. For A a Huber ring (resp. (A, A™T) a Huber pair), a rational open is a
subset of Cont(A) (resp. Spa(A, A1)) of the form U(%) where YT A C A is open. Since we
may add ¢ to T' without changing the set U (%), we can alternatively define rational opens

as subsets of the form U(%) where Y (T'U{g})A C A is open.
Theorem 2.4.7. [1]], 2.6,53.2,3.5] We have the following:

1. Spv (resp. Cont, resp. Spa) defines a contravariant functor from the category of rings
(resp. Huber rings, resp. Huber pairs) to the category of spectral spaces. (Here, the
category of Huber rings and Huber pairs have continuous maps as their morphisms,

and the category of spectral spaces have spectral maps as their morphisms.)
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2. The U(%) are quasicompact open in Spv(A) (resp. Cont(A), resp. Spa(A, AT)).

3. The rational opens are stable under finite intersections and form a basis of quasicompact

opens in Cont(A) (resp. Spa(A, A™T)).

Definition 2.4.8. Let = € Spa(A, A™T). We define the support of = to be
supp(z) = {a € A : |a(z)| = 0}.

By multiplicativity, this is a prime ideal.
We say that x is non-analytic if supp(x) is open. Otherwise, we say that x is analytic.
We define Spa(A, AT)2 C Spa(A4, A™) to be the subset of all analytic points. We say

Spa(A, A™) is analytic if every point is analytic.

Proposition 2.4.9. [1/, discussion after 3.5] Let x € Spa(A, A1) be an analytic point with

value group I'. Then
1. T has rank at least 1.

2. The generalizations ¥’ of x are in bijective correspondence with proper conves subgroups

of T.
3. x has a unique maximal generalization, denoted by T, which is of rank 1.
Theorem 2.4.10. [7J, 3.8/ We have the following:
1. Spa(A, A7)  Spa(A, AT) is quasicompact open.
2. (A, A™) is analytic if and only if Spa(A, AT) is analytic.
3. If f: (A, AT) — (B, BT) is continuous, then f* : Spa(B, BT) — Spa(A, AT) sends

non-analytic points to non-analytic points.
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4. If f: (A, AT) — (B, B") is adic, then f*: Spa(B, BT) — Spa(A, AT) sends analytic

points to analytic points and maps rational subsets to rational subsets.

5. Suppose f : (A, AT) — (B,B™) is a continuous morphism inducing the map f* :
Spa(B, B*) — Spa(A, AT) and suppose (B, BY) is complete. If f* maps analytic

points to analytic points, then f s adic.

Theorem 2.4.11. [1], 3.9] Let (A, AT) be a Huber pair with completion (A, AT). Then the
mduced map

Spa(A, A1) — Spa(A, AT)

1s a homeomorphism. Moreover, the notions of analytic points, non-analytic points and

rational subsets are identified via this homeomorphism.
Theorem 2.4.12. [T}, 3.6] Let (A, AT) be a complete Huber pair. Then

1. Spa(A, A7) = & if and only if A has the discrete topology.

2. Spa(A, AT) = @ if and only if A is the zero ring.

3. Ifa € Ais an element such that |a(x)| # 0 for all x € Spa(A, AT), then a is invertible.
Theorem 2.4.13. Let A be a Huber ring. There is a contravariant Galois connection between

subsets B C A and subsets X C Cont(A) defined by

X(B) :={z € Cont(A) : |z(b)| <1 forallb € B}

B(X):={be A: |z(b)| <1 foralzeX}.

The sets of the form B(X) C A are precisely the open and integrally closed subrings of A.
In particular,

At ={aec A : |a(z)| <1 for all x € Spa(A, AT)}.
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Moreover, X (A°) C Cont(A) is dense, thus implying that Spa(A, AT) C Cont(A) is dense

for any Huber pair (A, A™T).
Definition 2.4.14. We define

1. A nonarchimedean field is a complete, non-discrete topological field K whose topology

is induced by a valuation.

2. An affinoid field is a Huber pair (K, KT) where K is either a nonarchimedean field or

a discrete field, and K™ C K is an open and bounded valuation subring.

Given an affinoid field, the valuation subring K™ C K defines a distinguished closed point

of Spa(K, K™) which is a specialization of every other point of Spa(K, K™T).

Proposition 2.4.15. [16, 1.1.8] Let (A, AT) be a Huber pair. There is a natural bijection
between points x € Spa(A, AT) and isomorphism classes of continuous morphisms from
(A, AT) to an affinoid field (K, K™) such that the subfield of K generated by the image of
A is dense in K.

Under this bijection, analytic points of Spa(A, A™) correspond to maps to (K, K™) for

K a nonarchimedean field.

2.5 Structure Sheaf

In this section, we give the topological space Spa(A, A™) a structure sheaf of rings.
Theorem 2.5.1. [1], 1.1,1.3,1.5] We have the following:

1. Let A be a Huber ring, and U = U(%) C X = Cont(A) be a rational subset. Then there
exists a map A — A<%> which is initial among continuous ring homomorphisms from
A to a complete Huber ring B such that the induced morphism Cont(B) — Cont(A)

factors through U(%) Moreover, Cont(A(%)) = U(%) C Cont(A).
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2. Let (A, A1) be a Huber pair, and U = U(%) C X = Spa(A, AT) be a rational subset.
Then there ezists A+(%> C A(%} and a map (A, AT) — (A<§>, A+<%>) which is initial
among maps of Huber pairs from (A, AT) to complete Huber pairs (B, B*) such that
the induced morphism Spa(B, B*) — Spa(A, A™) factors through U(%) Moreover,

Spa(A(L), AT(L)) = U(L) c Spa(4, A™).
The maps A — A<%> and (4,AT) — (A(%), AJF(%)) are called rational localizations.

Example 2.5.2. When A is an analytic Huber ring and 7' = { f1, ..., fn}, we can show that

A <§> AT, T T = P9 Te = o).

Moreover, if (A4, AT) is an analytic Huber pair, then A+<%> is the integral closure of the

image of AT(Ty,...,Ty) in A(%)

Definition 2.5.3. Let A be a Huber ring (resp. (A4, A™) a Huber pair), and X = Cont(A)

(resp. X = Spa(A, A™)). We define a presheaf Oy of topological rings on X by

T
Ox(V):= lim A <—> :
¥) N g
U()CV rational
Here, the limit is taken in the category of topological rings (and Ox (V') is not necessarily a
Huber ring).
When X = Spa(A, AT), we also have a presheaf

orw = m  at(T)

U(L)cv rational 9

={feOx(V): |f(x)]<1foralzeV}.

Definition 2.5.4. We say A is sheafy if Ox is a sheaf on X = Cont(A), or equivalently, if

Ox is a sheaf on X = Spa(4, AT) for some (equivalently any) Huber pair (A, AT).
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If A is sheafy, the second description of O} above shows that O} is also a sheaf on

Spa(A, AT) for any Huber pair (A, A™1).

Definition 2.5.5. We say an analytic Huber ring A is strongly Noetherian if A(Ty,...,Ty)

is Noetherian for all nonnegative integers n.

Definition 2.5.6. We say that an analytic Huber ring A is stably uniform if A(%) is uniform

for every rational open U (%)

Theorem 2.5.7. [15, 2.2] [6, 7] [23] [22, 2.8.10] [20, 1.2.13] Suppose A is a Huber ring.

Then A is sheafy in each of the following cases:

o A is discrete.

e A has a Noetherian ring of definition.

o A is analytic and strongly Noetherian.

o A is analytic and stably uniform.
Proposition 2.5.8. If A is sheafy, then Ox(X) = A for X = Cont A or X = Spa(A, A™).
Definition 2.5.9. We define the category of locally v-ringed spaces as follows:

1. The objects are triples (X, Ox,{| - (z)|}zex) where X is a topological space, Ox is a

sheaf of complete topological rings on X, and for each = € X, the stalk

OX,x = CO]iH} OX(U)
xzelU

(with the colimit taken in the category of topological rings) is a local ring, and | - ()]

is a continuous valuation on Ox ;.

2. The morphisms (X, Ox, {| - (#)}zex) = (Y, Oy, {| - (¥)[}yey) are pairs (f, ) where

f X — Y is a continuous morphism, and p : Oy — f«Ox is a map of sheaves such
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that for every z € X, the induced morphism OY, flo) — Ox ; is a map of local rings

and there exists a morphism of the value groups I' fla) = I'; making the diagram

OY,f(ac) ’ OX,x

| J

{0} U Ff(x) _— {0} ul'y

commute.

It is clear that if (X, Ox, {|-(2)|}zex) is a locally v-ringed space and U C X is open, then U
inherits the structure of a locally v-ringed space. By abuse of notation, we shall often write
X for (X,0x,{] - (#)|}zex), and will sometimes write |X| for the underlying topological

space of a locally v-ringed space X written in this way.

Definition 2.5.10. For a locally v-ringed space X, we can define a sheaf (9} of complete

topological rings by
O%(U)={f€O0x(U) : |f(z)| < 1forall z € U}.

Construction 2.5.11. Let (A, A") be a sheafy Huber pair. We give X = Spa(A, A™)
the structure of a locally v-ringed space by taking Ox to be the structure sheaf. For any

x € X and any rational open U(%) containing x, we have a natural valuation OX(U(%)) =

A(%) — {0} UT'y. Putting these together give us the desired valuations Ox , — {0} UT;.

We will let Spa(A) denote Spa(A, A°).

Definition 2.5.12. An adic space is a locally v-ringed space X for which there exists an

open cover X = U U; such that each U; is isomorphic to Spa(A, AT) as locally v-ringed
el
spaces for some sheafy Huber pair (4, AT). An adic space is affinoid if it is isomorphic to

Spa(A, AT) for some sheafy (A, AT).

Morphisms of adic spaces are morphisms of the underlying locally v-ringed spaces.
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Theorem 2.5.13. [15, 2.1(ii)] If (A, A1) is a sheafy Huber pair, and X is an adic space,
then
Hom(X, Spa(4, A™)) = Hom((4, AT), (Ox(X), 0% (X))).

Here, homomorphisms on the left are taken in the category of adic spaces, and homomor-
phisms on the right are taken in the category of pairs of complete topological rings.
In particular, if (A, AT) and (B, B™") are sheafy, then homomorphisms Spa(B, BT) —

Spa(A, AT) are in bijection with maps (ﬁ, f?r) — (E, l§+)

Remark 2.5.14. In the above theorem, we do not get an adjunction because Ox (X)) may not

be a Huber ring.
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CHAPTER 3
DIAMONDS

3.1 Integral Tilting

Definition 3.1.1. By a p-adically complete topological ring, we mean a topological ring AT

equipped with a continuous homomorphism Z, — AT such that the natural morphism
At — Y&nﬁﬁ' JpAT

is an isomorphism of rings (equivalently, of topological rings).

Definition 3.1.2. By a perfect topological Fy-algebra, we mean a topological [Fy-algebra RT

whose Frobenius ¢ is a homeomorphism.
Definition 3.1.3. Given a p-adically complete topological ring AT, we define the tilt of AT
to be the perfect topological IF)-algebra
(AJF)b = l'glAJr/pAJr = {(ag,a1,as,...) € (AT /pAHN|db = a,,_ for all n > 1}.
14

The construction of tilting was first introduced by Fontaine and Wintenberger [12], and
eventually gets its name from Scholze [25].
Lemma 3.1.4. Suppose AT is a topological ring and I C AT is an ideal containing p such

that AT = @A+/I” as topological rings. Then the natural reduction maps

lim AT = lim AT /pAt = (A1) - 1im AT /1
P

r—aP @

are homeomorphisms.
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Definition 3.1.5. For a topological ring R, its ring of Witt vectors W (R) can be made into
a topological ring by taking the product topology on the Witt components W(R) = RN,
If RT is a perfect topological Fp-algebra, then since W (F)) = Zj,, we see that W(R™) is

a p-adically complete topological ring.
Lemma 3.1.6. We have the following:
1. If R is a complete topological ring, then so is W(R).

2. If R is a perfect topological Fp-algebra equipped with the I-adic topology for some

finitely generated ideal I = (r1,...,7y), then W(R™) is equipped with the J-adic topol-

ogy for J = (pa [7"1], SRR [TTL])

Theorem 3.1.7. Taking Witt vectors and tilting gives an adjunction between the categories

of perfect topological Fy-algebras R and p-adically complete topological rings AT :
Hom(W(RT), AT) = Hom(RT, (AT)").

Definition 3.1.8. For AT a p-adically complete topological ring, we define the theta map
0 : W((A1)?) = AT to be the counit of the above adjunction.

We define the sharp map z — zf : (A1)? = A™ to be the composition

WAty & At

b T[]

(A7)

Under the identification (AJ“)b = @ AT, the sharp map sends (zg,z1,...) to zp.
P

3.2 Perfectoid Spaces

Definition 3.2.1. A topological ring AT is integral perfectoid if it is I-adically complete

(and has the I-adic topology) for some ideal I = (w) satisfying
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1.pel?
2. the Frobenius ¢ : AT /IP — AT /IP is surjective.

Definition 3.2.2. A uniform, Tate Huber ring A is perfectoid if A° is integral perfectoid
(equivalently, if AT is integral perfectoid for some/any ring of integral elements A™T). We

call a Huber pair (A, A™) with A perfectoid a perfectoid pair.

Remark 3.2.3. There are more general definitions of perfectoid and integral perfectoid rings.
One such definition is that AT is integral perfectoid if it is I-adically complete for some
finitely generated ideal I satisfying the conditions of definition [3.2.1 Then a perfectoid
ring is a uniform analytic Huber ring such that A° is integral perfectoid. Many of the
following statements hold for this more general notion of perfectoid ring, however the proofs
are sometimes more complicated and not everything is known. See [20] for statements and
proofs along these lines.

Since every analytic adic space is locally Tate, the more general definition of perfectoid
ring above does not change the resulting category of perfectoid spaces. One benefit of the
more general definition is that we have a larger class of “affinoid perfectoid spaces”. For
example, the class of adic spaces which are both affinoid and perfectoid must at least include
the Spa of these more general perfectoid rings. It is a conjecture that every uniform Tate (or
analytic) ring whose Spa is a perfectoid space is perfectoid (See [I8, Problem 2]). Buzzard-

Verberkmoes [0, Proposition 13] give a counterexample without the uniform assumption.
Theorem 3.2.4. Suppose AT and A are of characteristic p.

1. If A" is I-adically complete (with the I-adic topology) for I = (w), then A" is integral

perfectoid if and only if AT is perfect.

2. If A is a complete, Tate Huber ring, then A is perfectoid if and only if A is perfect.
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Definition 3.2.5. Let A be a perfectoid ring. We define the tilt of A to be the topological

Fp-algebra whose underlying multiplicative monoid is given by

m A = {(ag,a1,...) € AN|ab, = a,_1 for all n > 1}.
TP

Addition is defined by

(a0, at,- ) + (b, b, - ) = (co,e1,-- )

i i
where ¢, = lim o’ . + bfl

_ i 4i- Under the identification (A1) = Jim A", we have an
1—00

r—aP

embedding of topological rings (A*')b c A
Definition 3.2.6. Let R be a perfectoid ring of characteristic p. We define the bounded
Witt vectors WP(R) € W(R) to be the set of all elements

lag] + [a1]p + [ag]p? + -+ - € W(R)

such that {ag,a1,a,...} C R is bounded.

Definition 3.2.7. [11] Let R be an integral perfectoid ring of characteristic p. An element

¢ =[&] + [&lp + [Glp? + - € W(RT)

is called primitive of degree n if &g, ...,&,_1 are topologically nilpotent, and &, is a unit.
This is equivalent to saying the image of & under the natural map W(R") — W(R'/R°°)

generates the ideal (p™).
Example 3.2.8. The primitive elements of degree 0 are precisely the units of W(R™).

Proposition 3.2.9. [10, Section 2.2.1] Let R™ be integral perfectoid of characteristic p, and
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a,b,c € W(R™) be elements with ab = c. If two of a,b,c are primitive, then so is the third,

and dega + degb = degc.

Definition 3.2.10. An ideal I C W(R™") is primitive if it is generated by an element which

is primitive of degree 1.

Theorem 3.2.11. [25]]20, 2.5.9][22][21][Algebraic Tilting Equivalence] There is an equiva-

lence of categories between

R, R") perfectoid pair over F
{perfectoid pairs (A, A7)} = (R,R",I) ( ) 3

I C W(R") primitive

given by
(A, AT) = (A (AT ker6 : W(AT?) — AT)

and

(WP (R)/IWP(R), W(R)/I) <+ (R, R, I).

Definition 3.2.12. If (R, R") is a perfectoid pair in characteristic p, an untilt of (R, RT)

is a perfectoid pair (A, A1) along with an isomorphism (A°, (A1)") = (R, RT).

Corollary 3.2.13. If (A, A") is an untilt of (R, RT), there is an equivalece of categories
{perfectoid pairs over (A, AT)} < {perfectoid pairs over (R, RT)}.

The tilting equivalence also preserves much geometry on both sides.

Theorem 3.2.14 (Tilting equivalence for rational subsets). [25] [20, 2.5.2] [22] [21] Let

(A, A1) be a perfectoid pair.

1. Every rational localization of (A, A™) is a perfectoid pair.
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2. The map of sets

Spa(A, AT) — Spa(A”, (A1)

v votf

1s @ homeomorphism.

3. The tilting equivalence induces an equivalence between the rational localizations of

(A, A1) and (A%, (A*)F) compatibly with the homeomorphism above.
Corollary 3.2.15. A perfectoid pair is stably uniform, thus sheafy.

Definition 3.2.16. An affinoid perfectoid space is an adic space of the form Spa(A, AT) for
a perfectoid pair (A, A1). A perfectoid space X is an adic space which is covered by affinoid
perfectoids. Since tilting preserves rational subsets, we can define the tilt of a perfectoid

space X to get a perfectoid space X > of characteristic p.

Remark 3.2.17. As mentioned in Remark [3.2.3], the Spa of a non-Tate “analytic perfectoid

ring” is perfectoid and affinoid but not affinoid perfectoid.

Lemma 3.2.18. [20, 2.4.1] [25] [21] If A — B and A — C are morphisms of perfectoid

rings, then B® 4 C is a perfectoid ring with tilt B @Ab .

Definition 3.2.19. [27] Let (A, AT) be a complete, uniform, analytic Huber pair. Let B
be the uniform completion of A/I, and BT be the integral closure of the image of A" in
B. Then (A, A") — (B, B™") is initial among maps f from (A, A™) to complete, analytic,

uniform Huber pairs (C,C") with the property that f(I) = 0. We write
V(I) :=Spa(B, BT) C Spa(A, A™)

and call it a Zariski closed embedding.
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Theorem 3.2.20 (Tilting equivalence for Zariski closed). [3, 7.4,7.5][20, 2.4.4,2.9.12] Sup-
pose (A, AT) is perfectoid, and let f : Spa(B,B™") — Spa(A, AT) be a map induced by

f*: (A AT) = (B,B™).

1. If f is a Zariski closed embedding, then (B, B™) is perfectoid and f* : A — B is

surjective.

2. If B is perfectoid, then f is a Zariski closed embedding if and only if f*: A — B is

surjective and BT is the integral closure of the image of AT .

3. f is a Zariski closed embedding if and only if fb 1S a Zariski closed embedding.

Remark 3.2.21. For general (not necessarily perfectoid) complete, uniform, analytic Huber

rings (A, A™) with V(I) = Spa(B, B™), we only know that the image of A — B is dense.

Definition 3.2.22. Let A be a topological ring and M be a finitely generated A-module.
The natural topology on M is the quotient topology under any surjection A" — M. This
is the topology for which continuous A-module homomorphisms from M to a topological

A-module N are in bijection with maps of the underlying A-modules.

Proposition 3.2.23 (Huber). Suppose A is a Huber ring, and let B be a finite type A-

algebra. Then B with its natural topology is a Huber ring, and the map A — B 1is adic.

Proof. Let Ay C A be a ring of definition. Let bq,...,b, generate B as an A-module and
q : A" — B be the corresponding A-module homomorphism. Write bjb; = » 1 a;3by, for
ajjr. € A. There is then a small enough ideal of definition I such that Ia;;, C Ag for all
1,7, k. Then

By:=Ag+1by+---+ 1by

will be an open subring of B.
By definition, if V' C B were open, then V' contains [ Npy + -+« + INb,, for some large

N. Write 1 = ajby + - - + apby. Find a large enough M > N such that IMa; ¢ IV for
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i =1,...,n. Then
IMBy =™ (a1by + -+ anbp) + Mo+ M c VD + -+ TVD, C V.

Thus, we see that By is a ring of definition, and I By is an ideal of definition. O

Definition 3.2.24. A map of Huber rings A — B is finite (resp. finite étale) if the underlying
map of rings is finite (resp. finite étale) and B is equipped with its natural topology as an
A-module.

A map of Huber pairs (A, AT) — (B, B") is finite (resp. finite étale) if A — B is a finite
(resp. finite étale) map of Huber rings and BT is the integral closure of the image of AT in

B.

Lemma 3.2.25. If (A,AT) — (B,B™) is a finite étale map of perfectoid pairs, then

Spa(B, B*) — Spa(A, AT) has open image.
Theorem 3.2.26 (Almost Purity). [20, 2.5.9] [25][9] [22] We have the following:
1. A finite étale algebra over a perfectoid pair is a perfectoid pair.

2. For perfectoid (A, AT), the tilting equivalence induces an equivalence between the cat-

egories of finite étale algebras over (A, AT) and finite étale algebras over its tilt.

Definition 3.2.27. [24] A morphism f : X — Y of perfectoid spaces is finite étale if for
every affinoid perfectoid U = Spa(A, A*) C Y, then inverse image V = f~HU) C X is
affinoid perfectoid and the morphism of perfectoid pairs inducing V' — U is a finite étale

morphism of Huber pairs.

Definition 3.2.28. [24] A morphism f : X — Y of perfectoid spaces is étale if for every
x € X, there exist open neighborhoods z € V' C X and f(z) € U C Y with f(V) C U such
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that f|yy : V — U factors as
V— W

o~

where V' — W is finite étale and W — U is an open embedding.

Remark 3.2.29. Such a definition of étaleness is not good for schemes, but it works in this
case because of the analytic nature of perfectoid spaces.

Kedlaya expects that there is a more algebraic definition of étaleness whenever we are
working with what he calls stably sheafy Huber rings, which is a class of Huber rings including
the perfectoid rings [20, A.5] The subcase where the rings are strongly Noetherian was
considered by Huber [16, 1.1.1,1.7,1.8], who showed that in that case, the more algebraic

definition is equivalent to the above definition.
Lemma 3.2.30. Etale maps X — Y have open image.

Theorem 3.2.31. For perfectoid spaces X, tilting induces an equivalence between perfectoid

spaces étale over X and perfectoid spaces étale over X0,

Definition 3.2.32. [24, 7.8] A morphism (A4, AT) — (B, B™) of perfectoid pairs is affinoid
pro-étale if there exists a filtered system (A4, A™T) — (B;, BZ+) of perfectoid pairs over (A, A1)

such that Spa(B;, BZ+) — Spa(4, AT) is étale and
(B, B") = colimy (B;, B})

as (A, AT)-algebras. This means that B = (:gll\g B; and BT is the smallest open integrally
closed subring of B containing the images of the Bf (which exists by Theorem [2.4.13]).

If X = Spa(A,AT),Y = Spa(B, B") and Y; = Spa(B;, B;r), we say that Y = lim ¥; — X
is a pro-étale presentation of the map ¥ — X.

Theorem 3.2.33. [2], 7.10] If X = Spa(A, AT) is an affinoid perfectoid space, then the
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pro-category of the category of étale morphisms from affinoid perfectoid spaces to X and the

category of affinoid pro-étale morphisms over X are naturally equivalent.

Definition 3.2.34. A morphism X — Y of perfectoid spaces is pro-étale if for every x € X,
there exist affinoid perfectoids € V and f(z) € U such that f(V) C U and the morphism

of perfectoid pairs inducing f|y : V' — U is an affinoid pro-étale morphism.

Theorem 3.2.35. For perfectoid spaces X, tilting induces an equivalence between perfectoid

spaces pro-étale over X and perfectoid spaces pro-étale over X°.

Example 3.2.36. [24], Discussion after 7.8] For S a topological space, let S denote the
presheaf sending a perfectoid space X to the continuous morphisms from X to S. If S is

profinite, and X = Spa(A4, A1) is an affinoid perfectoid space, then
Sx X —= X
is affinoid pro-étale, with a pro-étale presentation given by
(4, A") — colim (CV(S;, 4), C°(5;, A1) = (CO(5, 4), (S, A%)

where the diagram is over all finite quotients S — 5.

Example 3.2.37. [24, 7.9] Zariski closed embeddings are affinoid pro-étale. Indeed, if
Z C X = Spa(A, AT) is defined by the ideal I C A, then

T
Z =1 — X
&U(l)%

where T ranges over all finite subsets of I.
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3.3 Topologies
Definition 3.3.1. We define symbols for categories:
1. Let Perf be the category of perfectoid spaces of characteristic p.
2. Let Perfd be the category of perfectoid spaces.

3. For X a perfectoid space of characteristic p, let Perf x denote the category of perfectoid

spaces over X.

4. For X a perfectoid space, let Perfd x denote the category of perfectoid spaces over X.

This is equivalent to Perf i, by tilting.
5. For X a perfectoid space, let Xa, denote the category of open immersions U — X.
6. For X a perfectoid space, let Xg; denote the category of étale morphisms ¥ — X.

7. For X a perfectoid space, let X|,.,s; denote the category of pro-étale morphisms ¥ —

X.

Lemma 3.3.2. [2]] For each class of morphism

C € {open immersions, étale morphisms, pro-étale morphisms, morphisms}

i Perfd, we have

1. isomorphisms are in C,

2. compositions of morphisms in C are in C,

3. pullbacks of a morphism in C along an arbitrary morphism in Perfd are in C.
Definition 3.3.3. In the category Perfd, we say that {f; : X; — X} is an
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1. analytic cover if the f; are open immersions and | f;(|X;]) = | X|.
2. étale cover if the f; are étale and | f;(|X;]) = | X|.

3. proétale cover if the f; are pro-étale and for every quasicompact U C X, there exists

finitely many indices i and quasicompact opens U; C X; such that |U| C J f;(|U;]).

4. v-cover if for every quasicompact U C X, there exists finitely many indices ¢ and

quasicompact opens U; C X; such that |U| C U f;(|U;])-
Using these notions of covers, we can define:
e analytic sites on Perf, Perfd, Perf x, Perfd x and Xyy.
o ¢tale sites on Perf, Perfd, Perf y, Perfd x and Xg;.
e proétale sites on Perf, Perfd, Perf x, Perfd x and X, o4
e v-sites on Perf, Perfd, Perf x and Perfdy.

Remark 3.3.4. One should technically cut off the size of these categories. We will ignore all

such issues. See Scholze’s paper [24] for more careful definitions dealing with size issues.

Theorem 3.3.5. [2], 8.6] The v-topology on Perfd is subcanonical. In particular, this

implies that every topology defined above is subcanonical.

In the following, we will abuse notation and use Y to denote the presheaf hy(—) =

Hom(—,Y) for Y in any of the above categories.

Theorem 3.3.6. [2], 8.6] The functors
X = 0x(X) and X+ OF(X)

are sheaves in the v-topology.
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By definition, the notion of being a pro-étale morphism Y — X is analytic local on the
target, i.e. if there is an analytic cover U; — X such that Y xx U; — U; are pro-étale,
then Y — X is pro-étale. However, being a pro-étale morphism is not proétale local on the

target. This is remedied by the notion of quasi-pro-étale morphism.

Definition 3.3.7. [24] 7.15,7.16] A perfectoid space is strictly totally disconnected if it is
affinoid and every connected component is isomorphic to Spa(K, K ) for a perfectoid affinoid

field (K, K1) for which K is algebraically closed.

Definition 3.3.8. A morphism Y — X of perfectoid spaces is quasi-pro-étale if for every
strictly totally disconnected space 71" and every morphism 7" — X, the space ¥ xx T is

affinoid perfectoid and Y x x T' — T' is pro-étale.

Theorem 3.3.9. [28, 9.2/ A morphism of affinoid perfectoid spaces Y — X is quasi-pro-
étale if and only if there exists a proétale cover {X; — X} by affinoids X; such that the

morphisms Y X x X; — X; are affinoid proétale.

3.4 Diamonds

Definition 3.4.1. A proétale sheaf D on Perf is called a diamond if there exists a pro-étale

equivalence relation R = X of perfectoid spaces such that

D ~ coeq(R = X)

in the category of proétale sheaves. If this is the case, then the natural morphism X — D
is quasi-pro-étale.

For a diamond D 2 coeq(R = X), we define the underlying topological space of D to be
|D| = coeq(|R| = |X]) in the category of topological spaces. This is independent of choice

of presentation.
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Theorem 3.4.2. [2], 11.5] A proétale sheaf D is a diamond if and only if there exists a

quasi-pro-étale surjection X — D from a perfectoid space X .

Theorem 3.4.3. [2], 11.7] If E — D is a quasi-pro-étale map of pro-étale sheaves and D

18 a diamond, then E is a diamond.
Theorem 3.4.4. [2], 11.9] If D is a diamond, then D is a v-sheaf.

Definition 3.4.5. Let X be an adic space over Spa(Zjy). We define a presheaf on Perf

f: Vi X a morphism of adic spaces and

X0y =1 (£.0) /=

LY = (Y1 an isomorphism

If (A, A™) is an affinoid Huber pair over (Zy, Zp) (resp. A is a Huber Zp-algebra), we write

Spd(A, A1) = Spa(4, 41)©

Spd A = Spa(A)©.

Theorem 3.4.6. [2], 15.1,15.6] For X an adic space over Spa(Zy), the presheaf X© s a

v-sheaf. If X is an analytic adic space over Spa(Zy), then X is a diamond.

41



CHAPTER 4
FARGUES-FONTAINE CURVES

4.1 Period Rings

In this section, let (R, |- |) be a characteristic p, perfect Banach ring with a power-multipli-

cative norm. We define v : R — (—00, 00] by v(x) = —log,, |z|.

Notation 4.1.1. Let us define order-reversing inverse functions r : [0,1] — [0, 00] and

p 1[0, 00] = [0, 1] by the formula

r(p) = —log,p and  p(r)=p

In the following, we will use these to pass between different ways of indexing concepts. Many
objects are indexed either by 7, 1/r or p. We will try to consistently write things so that r
corresponds to p under the above isomorphisms. This will mean that sometimes, what other

people write as r, we will write as 1/7.

oo

Definition 4.1.2. Let z = Z[xn]pn € W(R). For p € (0,1] and r € [0,00), we define

n=0
functions | - |, : W(R) — [0, 00] and v : W(R) — [—00, 00] by

x| p = sup |zn|p" and  vp(z) = inf (v(zy) + nr).
n>0 n>0

These are defined so that vr(z) = —log), [z],(,) and |z|, = p Uro @) We say x attains its
p-norm if the supremum in the definition of ||, is a maximum, and we say that it attains

its r-valuation if the infimum in the definition of v,(z) is a minimum.
Lemma 4.1.3. [10/[22] We have

1. |z +ylp < max(|zlp, [ylp) and vr(z +y) = max(vp(), vr(y)).
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2. |zylp < lzlplylp and vr(zy) = vr(z) + vr(y).
3. If x attains its p-norm (resp. attains its r-valuation), then [2"|, = [z|}} (resp. vy (z") =

nup(z) ).

4. If | -] : R — [0,00) is multiplicative, and x,y attain their p-norms (resp. attain their

r-valuations), then |xy|, = |z|plylp (resp. vr(xy) = vr(x) +vr(y)).

Definition 4.1.4. For p € (0, 1] and r € [0,00), we define rings of bounded Witt vectors

WA(R) = {z € W(R) : |z], < oo}

W/ (RY = {z € W(R) : vp(z) > —o0}

so that WO/T(R) = W0 (R) and WR(R) = WHI/TP)(R).

Theorem 4.1.5. For p € (0,1], WS(R) is a complete Banach ring with respect to the power-
multiplicative norm | - |,. If the norm |- | : R — [0, 00) were multiplicative, then |- |, is also

multiplicative.

Definition 4.1.6. For p € (0,1) and r € (0, 00), we define

REYR) =< [walp” € W(R)| lim |a,|p" =0

n—00
n>0

RUCT(R) = {3 [a]p" € W(R)| lim (v(wn) + nr) = o

n—00
n>0

so that RIMEL/T(R) = ﬁlprztr) (R) and ﬁipnt(R) — Rt-1/7(P)(R). These rings are called integral

Robba rings.
It is clear that for 0 < p < p/ <1, we have Wg,(R) C ﬁipnt(R) C WS(R)

Theorem 4.1.7. For p € (0,1), the subset ﬁipnt(R) C Wg(R) is the closure of the subring

Wlb (R). In particular, ﬁfont(R) is a Banach ring with power-multiplicative norm | - |,.
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Definition 4.1.8. We define the integral Robba ring to be

'jéint(R): U Rint(R): U Wb(R)

We give it the colimit topology.

Proposition 4.1.9. The p-adic completion of each of the topological rings Wg(R),ﬁipnt(R)
and R™(R) is the topological ring W (R).

Definition 4.1.10. We define the following rings gotten by inverting p:

xneR}

EN(R) = Wh(R)[4] :{ > [walp" € E(R)
n>—oo

E(R) = W(R)[3] :{ 7 [zalp”

n>=>>—oo

sup |an|p" < o0
ne

Ry (R) =Ry (R)[] = { Y lwalp" € ER) ‘ lim oo = 0}
n>=>>—oo

RMR) =R™RB)E = | RpU®) = |J &R

pe(0,1] pe(0,1]

We also define gb71/r(R) = %(T)(R) and ﬁbdﬂl/T(R) = ﬁB?T)(R). The ring glb(R) = g’pr(R)

is also denoted by B(R).

Definition 4.1.11. Let z = Z [za]p" € E(R). We for p € (0,1] and r € [0, 00), we can

n>>—0oo
extend the definitions of | - |, and v, by setting

|z|p = sup |zp|p" € [0, o] and vp(z) = inf (v(xy) + nr) € [—o0, 09
nez nez
so that again we have v (z) = —log,, |z| () and |z|, = p (@),
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Proposition 4.1.12. [22][10] For each p € (0, 1], the function ||, is a power-multiplicative

&b

»(R), (and thus, all rings contained in this ring), which is multiplicative if | - | :

norm on

R — [0, 00) were multiplicative.

Remark 4.1.13. In contrast with the situation where we have not inverted p, these rings are

not complete with respect to these norms.

Definition 4.1.14. For z = Z[xn]pn e RPY(R), we define the Newton polygon of =,

n>0
denoted Newt(x), to be the decreasing convex hull of the set

{(n,v(xp)|n € Z}.
Definition 4.1.15. We define a Legendre transform
£ - {convex functions f : R — (—o0, 0]} S {concave functions g : R — [—o0,00)} : £}

so that if f and g correspond, then for all (z,«a) lying above the graph of f and all (y, )

lying below the graph of g, we have
—a+ 6 —xy <0.

Explicitly, this means that

Zf(y) = int (f(z) +ay)

£ g(x) = sup(g(y) — ).
yeR

Proposition 4.1.16. [10, Definition 1.5.2] For x # 0 in RPY(R), the Legendre transform
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of the Newton polygon of x is given by

—o0 ifr<0
Z Newt(x)(r) =

vp(z) if r > 0.

Corollary 4.1.17. Let © € RPYR). Then for any p € [p1,p2] C (0,1], and any r €

[r1,72] C [0,00), we have
|z]p < max(|zp;, |z]py) and vp(z) > min(vp, (), vpy (7).

Corollary 4.1.18. The function r +— vy(x) is continuous on the set {r : vp(x) > —o0}.

Definition 4.1.19. For I C (0,1] a nonempty interval, we define By(R) to be the Frechet

completion of the ring BY(R) with respect to the norms | - |p for p € I. Then,

is a limit of Banach algebras.

We define

B(R) = B(g,1)(R)

Bp(R) = B, ) (R)-
Definition 4.1.20. For p € (0,1), we define

ﬁp(R) = B (R) = {Frechet completion of ﬁgd(R) with respect | - |, for p € (0, p]} :
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For r € (0, 00), we define ﬁl/r(R) = ﬁp(r)(R). We define the Robba ring

R(R) = |J R'(R).
r€(0,00)

Remark 4.1.21. The “projection maps” 7y : Z [zp]p" — xy are often not uniformly con-

n>0
tinuous in the | - |)-topologies, so we cannot extend these maps from BY(R) to B(R). (Note

that since these maps do not preserve addition, continuity and uniform continuity are not
equivalent). This means we do not necessarily have a “power series expansions” for every of

B(R), and that even when we do, the expansions may not be unique.

Definition 4.1.22. Let # € BY(R). Let 9 vq(2) and 9T v,(x) denote the left and right

derivative of the concave function r +— v, (x), defined for r € [0, 00).

Proposition 4.1.23. [70, Lemma 1.6.10] Let r € [0,00) and suppose x1, o, ... is a Cauchy
sequence in BY(R) for the | - | p(r)-topology which does not converge to 0. Then the sequences

vr(zn), 0" vr(zn) and 0T v (xy) are eventually constant.

Proposition 4.1.24. [10, Proposition 1.6.15] For & # I C J, the map Bj(R) — Br(R) is
injective. In particular, for x € Br(R), there exists a largest interval J C (0,1] such that

x € BJ(R).

Theorem 4.1.25. [10, Proposition 1.6.16] Suppose I C (0,1] is an interval. Let x be
a nonzero element of Br(R) and x1,x9, -+ € Bb(R) be a Cauchy sequence converging to
x. Then for every compact subinterval K C I there exists a large enough N such that

Up(p)(@n) = vpp)(xN) for all p € K andn > N.

Definition 4.1.26. [10, Definition 1.6.21, Example 1.6.22] For r € (0,00) and p € (0,1),
the valuation v, and norm | - |, extends by continuity from BP(R) to the completion B(R).

For  # 0 in B(R), the theorem implies that r + v.(z) is concave down and finite on
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(0,00). We can extend this function by right continuity to define vy(z) € [—00, ), and we
let |x|q = pvo(2),

We define the Newton polygon Newt(z) of x so that its Legendre transform is given by

-0 ifr<o0
Z Newt(x)(r) =

vp(x) ifr>0.

In the following, we let R° C R denote the closed unit ball. When R is analytic (and
using the fact that | -| is power-multiplicative), one can show that the closed unit ball R° is

precisely the ring of powerbounded elements.

Definition 4.1.27. We define B**(R), B} (R), B*(R) and B, (R) to be B*(R°), By(R°),
B(R°) and B,(R°®), respectively.

Definition 4.1.28. [10, Section 1.10.3] For p € (0,1), let ay C R° denote the closed ball of

radius p, which is an ideal in R°. Let b, denote the kernel of the composite
W(R") = Rt — R /a,,

iLe. =) ~olznlp" € by if and only if |zg| < p. We define Agrys’p(R) to be the PD

thickening of W (R®) with respect to the ideal b,, and Acrys »(R) to be the p-adic completion

of A9

CI’yS,p(R)' We define B+

crys,p(R) to be ACFyS,P(R)[Zl)]'
Example 4.1.29. [10, Example 1.10.3] Suppose @ € R° is an element such that a, = wR°.
Then the closed unit |-|-ball in Bt (R) is equal to W (R°) [[%]} C W(R), and the restriction

of the | - | ,-topology to this ball is just the p-adic topology. We can then show that

- 5]}

where the ”* denotes the p-adic completion.
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Example 4.1.30. [10, Section 1.10.3] Suppose w € R° is an element such that a, = wR°.

Let £ = Z[ﬁn]p” € W(R®) be any element with [{g] = [w]. Then b, = (£,p), so we see
n>0

that Agrys7p(R) =W (R°) [%ﬂn>1’ and that

Beys. p(R) = W(R°) FT H

n! n>1 LP

with / denoting the p-adic completion. In particular, by taking & = [w], we see that

B (R) C B

crys.p(B) € By (R).

Proposition 4.1.31. [10, Lemma 1.10.4, Proposition 1.10.5,Proposition 1.10.7] We have:

1. Letx€B+(R). ForO<p<p <1land0<r' <r < oo, we have

1 /
2|y < \x]pogpp and  vu(x) > r—vr(x).

2. For 0 < p <1, we have B} (R) = B[J; 1](R).

3. If0 < p<p/ <1, then Bf (R) C B;(R).
4. BY(R)= () Bj(R).
0<p<1

5. An element x of B(R) is in BT (R) if and only if |z|; < 1 if and only if Newt(z) > 0.

Definition 4.1.32. The Frobenius ¢ : R — R is a homeomorphism and sends the norm
|- | to the norm | - |P. Let ¢ : E(R) — &(R) be the induced morphism. We then see
that |¢(z)|» = |z[f), so ¢ induces homeomorphisms B(R) — B(R), BT (R) — B1(R),

BF;LPQ](R) — B[;p’ pg](R), etc.

Proposition 4.1.33. [10] Let p € (0,1) be such that there exists w with a, = wR®. Then
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1. We have

BY(R)= () ¢"(BS (R)) = [ ] " (Bdiys o(R)).

n>0 n>0

2. For all x € B(R), we have

Newt(¢"(2))(y) = p" Newt(z)(y) ~ and  Newt(p™x)(y) = Newt(z)(y —m).

3. For all integers d > 0 and h > 0, we see that

d d h_,d

(R) = (BH)?"=""(R) = (Bys )7 =""(R).

h_,d h_
By =P (R) = (BJF)%O -r Crys,p

4.2 The Analytic and Schematic Fargues-Fontaine Curves

Definition 4.2.1. Let S be a perfectoid space of characteristic p. We be considering the

following presheaves on Perf:

Vio.0o)(9)9 = S x Spd Z,
V(0.00)(8)¥ = 5 x Spd @,

X g = (5/6%) x Spd Q.

For now, the left sides are symbols, but we shall soon see that they are the diamonds of

analytic adic spaces over Qp.

Definition 4.2.2. Let S = Spa(R, R") be affinoid perfectoid of characteristic p. Consider
Vio.oc) () = Spa(W (RT))™

If @ € RT be a pseudouniformizer, then W (R™) has the (p,[w])-adic topology, so the
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analytic subspace is the subspace of valuations = such that at least one of |z(p)| or |z([=])|
is nonzero. Thus the analytic subspace is covered by U (@) and U ([%]) It can be shown

that W(R™)( [ p]> and W(RT){ [w]) are sheafy, so we see that Vg ] is an analytic adic space

over Spa(Qp).

Theorem 4.2.3. [28, 11.2.1, Discussion after 15.2.5] Let S = Spa(R, R") be affinoid per-

fectoid of characteristic p.

1. Let Sx SpaZy denote the open subspace Vi0,00] (9) \ {[] = 0} C Vjg,0)(5). Then
(S% SpaZp)¥ = Vg o) ($)¥ = S x Spd Zy,.

We also use the symbol y[ovoo)(S) C y[om](s*) to denote this analytic adic space over

Spa(Qp).

2. Let Sx SpaQy denote the open subspace V00,00] (S) \ {[@lp = 0} C V)g,5) (5). Then
(S% 8paQp)? = V(g,50)(9)¥ = S x Spd Q.

We shall also use the symbol V(g 5o)(S) C Vo] (S) to denote this analytic subspace.

Moreover, these constructions behave well under localization, so they can be glued together

to give corresponding analytic spaces for an arbitrary perfectoid space S of characteristic p.

Definition 4.2.4. Let S = Spa(R, R™") be affinoid perfectoid of characteristic p and @ € R
be a pseudouniformizer. Let (w) C R° be the ideal generated by w in the ring of power-

bounded elements. We define a function k(5 1 |V (S)| = [0,00] by sending a point

z € V0,00 (9)] to
log |[@](2)| el
|

log|p(@)] € [0.0c]

K(w) ("E) =

where 7 is the maximal rank one generalization of the analytic point z. This map is then
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continuous. Moreover, it only depends on the ideal (w) C R° as u € (R°)* have norm 1 at
all rank 1 points.

For I C [0, o] a subinterval, we define VI (@) (S) to be adic space whose underlying space
is the inverse image of I under K () We remark that this indexing corresponds to 1/r in

the r,1/r, p indexing from the previous section.

We see that Vi o) (S) = Vjo,00),(w)(5) and Y(0,050)(S) = V(0,00),(e)(5) for any choice of

pseudouniformizer .
Theorem 4.2.5. [28, 15.2.6,15.2.77] We have

1. For S = Spa(R, R") affinoid perfectoid of characteristic p, ¢ : S — S induces an au-
tomorphism ¢ = Vg 5] (S) = Vg 00)(5). Then k() (0(2)) = pr(z)(x). In particular,

the action of o is properly discontinuous on y(o,oo)(S)-

2. Let Xpp g denote the quotient y(opo)(S)/goZ. Then the diamond of Xpp g is XI?F g

This Xpp g is called the Fargues-Fontaine curve over S.

Theorem 4.2.6. [10/[29] Let S = Spa(R, R") be affinoid perfectoid of characteristic p and
w € S be a pseudouniformizer. Promote R to a Banach ring using the ideal (zw) C RT as in
Construction|2.2.1(), except use p instead of e in the construction. Then replace the resulting

norm by the power-multiplicative spectral norm.

1. Let I C (0,00) be an interval all of whose closed endpoints (if they exist) are in Z[%].
Let I71 ¢ (0,00) denote the interval of multiplicative inverses of elements of I. Let

J=p(I71) C (0,1). Then

BV ()(5), Oy, ) (5)) = Bi(R)

In particular, we see that Ho(y(o’oo)(S), Oy(o oo)(S)) = B(R).
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2. Let 1)r € Z[%]. Then

HO(y[O,l/TL(w) (S), 03’[0,1/@7(@(5)) — ﬁint,l/r(R)‘

3. Let 1)r € Z[%] Then
0
HY V1 /1,00),() () O3 1ty (8) = By 1y ()
4. Let 1/r € [0,00). Then

0
HY V(1 r,00,(2) (5): OV oy (8) = By 1) (B)-

In particular, we see that Ho(y(o,oo](S), Oy(o oo](S)) = BT (R).

Definition 4.2.7. For ¢y : B — B an endomorphism of a ring (resp. ¢ : X — X and
endomorphism of an adic space), a ¥-module over B (resp. a 1-module on X) is a finite
projective R-module M (resp. vector bundle £ on X') along with an isomorphism ¢* M M

(resp. ¥*E =N £).

Theorem 4.2.8. [29] Let S = Spa(R, R"), and promote S into a Banach ring as in Theorem

4.2.0. The following tensor categories are equivalent:

1. wector bundles on Xgp g, (p,1) or[p,1) with p € (0,1),

2. p-modules on Y0 )(S), 6. ¢ L -modules on V(@) (5) for I of the

1 1y i
3. @p-modules over B(R), form (0, %) or (0, 3] with r € (0, 00),

-1
4. p-modules on 3’1,<w)(5) for I of the 7. ¢~ -modules over Bj(R) for J of the

form (%7 ), [%’ 00) with r € (0,00) form (0, p) or (0, p| with p € (0,1),

5. @-modules over Bj(R) for J of the form 8. p-modules over R(R).
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Here, the endomorphism ¢ : B(,, «o\(R) = By, oo)(R) is defined to be the composite

B(p,oo) (R)

© | IR

B(pp,oo) (R) C B(p,oo) (R).

We can similarly define the other endomorphisms.

Example 4.2.9. Let S = Spa(R, R") with R as in Theorem m For integers d > 0,
we can define a rank one p-module M; over B(R) to be the rank one module basis v with

oy (rv) = p~%p(z)v. Let O(d) denote the corresponding line bundle on XFF,9-

Proposition 4.2.10. [10][22] Let S = Spa(R, RT) with R as in Theorem. For integers
d >0, we have

HO(Xpp. 5, O(d)) = BY=P"(R).

Definition 4.2.11. Let S = Spa(R, R") with R as in Theorem [4.2.6, We define the

schematic Fargues-Fontaine curve to be

Xpp,s = Proj [ B*=(R)
d>0

Note that the schematic Fargues-Fontaine curve only depends on R.

Theorem 4.2.12. [22, 8.7.7] Let S = Spa(R, R as before. There exists a map of locally
ringed spaces

Xpp s — XFF,S-

Pullback along this map identifies the categories of vector bundles and preserves their coho-

mology.

Definition 4.2.13. Let S? = Spa(A, AT) be an affinoid perfectoid of characteristic 0, and
let S = Spa(R, R") be its tilt in characteristic p. By the algebraic perfectoid equivalence, S f

gives us a primitive ideal (¢) C W(R™) generated by a primitive element & = [£p]+p[&1]+. ..
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of degree 1. Then &; is a topologically nilpotent unit in A™ and changing our choice of &
only changes & by a unit. Given the data of such an untilt 5% of S, we shall promote R to
a Banach ring as in Theorem using the ideal (&p).

The map (W(RT),W(R')) — (A, AT) is adic, so it induces a map

S* = V0.0 (5).

Moreover, /{(Sﬁ) — 1, so we also get maps S¥ — ylv(go)(S) for all intervals I containing 1,
and moreover, we get a map

Sﬁ — XFF,S

by descending such an above map for a small enough interval I mapping yL(go)(S ) home-
omorphically to an open subset of Xpp g. We shall define Yy (5%), and Xpp g to mean the
adic spaces yI’(go)(S) and AXpp g, respectively. These spaces come equipped with a mor-
phism S — Y7(S%) when 1 € I and a morphism $? — Xpp gt~ Similarly, we can define
the schematic Fargues-Fontaine curve XFF, gt to be Xpp g. These constructions globalize

for arbitrary perfectoid spaces S of characteristic 0.

Definition 4.2.14. Let S* = Spa(A, AT) be affinoid perfectoid of characteristic 0. Promote
R = A” to a Banach ring as in the previous definition. For each of the period rings PR €
{Wg, Wb,l/r’fﬁ/;lont7 ﬁint,l/r7 ﬁint7 ga 3’27 56,1/7"7 ﬁgd’ fﬁ/bd,l/r’ fﬁlbd’ ﬁp’ ﬁl/r’ ﬁ7 Bb, Bb,—i—7

By, B}r, B, BT, B, B;,", Bls ,} of the previous section, we define PR(A, AT) to be

crys,p
PR(R). Moreover, we define Bgys(A, AT) to mean B;y&p_l(R).

Let I C W(R™) be the primitive ideal associated to (A, AT). We define

B (A, AT) = lim WP(R)/T"W"(R)

= lim W (R*)[3]/(6")
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where £ is a primitive element of degree 1 generating I. We define
BdR<A7 A+) = B(—ii_R(Av A+) [%]

Theorem 4.2.15. [27, 8.8.18,8.8.19] Let S% be a perfectoid space of characteristic 0. There

exists a global section
tgr € H(Xpp g1, O(1)) = BY=P(R, RT)
which cuts out the closed embedding.
LI XFF’ gt-

Now we can also view tgy as a global section of the corresponding line bundle O(1) on
the schematic Farques-Fontaine curve. It cuts out an effective Cartier divisor D C Xgpp ot -
If SH = Spa(A, AT) is affinoid perfectoid, then D is contained in an affine open, and the

coordinate ring of the formal scheme corresponding to D C Xpp gy 18 B(;FR(A, AT).

Definition 4.2.16. For S% = Spa(A, A1) an affinoid perfectoid of characteristic 0, we define

Bcrys(Aa A+) = B(—:i;ys(A’ A+)[ﬁ]

We have natural inclusions Bcﬁys(A, AT) C BS{R(A, AT) and Berys(A4, AT) C Bgr(R, R™T).

Theorem 4.2.17. [1(] For S = Spa(A, A™) an affinoid perfectoid of characteristic 0, the

open scheme Xgp o1 \ D is affine with coordinate ring
=1
Be(Aa A+) = B(SJOI'yS (Av A+)

Proposition 4.2.18. We have:
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1. The sequence
0 — Qp(A, AT) = Be(A, AT) = (Bqr/Bgg)(A, A7) = 0
is an ezxact sequence of pro-étale sheaves (here the quotient on the right is the quotient

in the category of pro-étale sheaves).

2. For d > 0 a nonnegative integer,

_.d _.d
B&ETP (A AT) = BESY (A, AT) N BJL(A, AT) C Bar(4, AT).

Theorem 4.2.19. [10][22, 8.9.6] Let S* = Spa(A, A1) be an affinoid perfectoid of character-
istic 0. Then the category of vector bundles on Xpp g @5 equivalent to the category of triples
(Me,M;_R,L) where My is a finite projective Be(A, AT)-module, MJR is a finite projective

B (A, A*)-module, and v : Me @ (4 a+) Bar(A, AT) = Mg Bar(A, AT)

BBt (4,4
is an isomorphism of Bqr (A, AT)-modules.

4.3 Slope Theory

We will follow the formalism of Harder-Narasimhan filtrations in [7].
Definition 4.3.1. Let C be a category with a 0 object, kernels and cokernels. Then

1. an admissible mono is a morphism K — M which is the kernel of some morphism

M — N.

2. an admissible epimorphism is a morphism M — C' which is the cokernel of some

morphism L — M.
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3. a short exact sequence is a sequence

0—>K3>M£>C’—>O

where 3 is the cokernel of o and « is the kernel of .

4. For M € Obj(C), let Sub(M) denote the skeleton of the category of admissible monos
K — M. We call the objects of Sub(M) subobjects of M. Note that if K % M and

/
K’ 25 M are admissible monos, there can be at most one morphism f : K — K’ such

that o« = o’ o f, and f must be an admissible mono if it exists. Thus, we see that

Sub(M) is a poset.

5. For M € Obj(C), we define the length of M, denoted length(M) to be the largest ¢

such that there exists a chain
O0=MySC My C---C My=M.

Here M; C M;4+1 means an admissible mono M; — M; 1 which is not an isomorphism.

We say M has infinite length if there exist such chains of arbitrarily large length.

6. Let M € Obj(C) have finite length. A R-filtration on M is an order reversing map

from R to Sub(M) denoted r +— F"(M) such that

o F"(M)=0forr>0and F"(M)= M for r < 0.

e forallr e R, F"(M) = lim F*(M).

S—rT
Note that since M has finite length, F'*(M) is constant for s on a small enough interval

(r —e,r), so the second point makes sense.

A morphism (M, F3;) — (N, Fy;) of R-filtered objects is a morphism M — N such

that for all € R, the morphism Fy,M — N factors through F;\y N — N.
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7. Suppose M is of finite length and F'® is an R-filtration on M. For each r, we define

gt M = F'M/ lim F*M.

s—rt

Note that since M has finite length, ¥ is constant for s in some small interval (r, r+¢).
Moreover, finiteness implies that gr'ly, M = 0 for all but finitely many r. We define the

associated graded of (M, F'®) to be GB grip M.
reR

Definition 4.3.2. Let C be a category with a 0-object, kernels and cokernels, and suppose
the composition of two admissible monos is an admissible mono. A rank function rk :

Obj(C) — Z>¢ is a function satisfying

1. rk is additive on short exact sequences, i.e. if
0—-K—->M-—-C—0

is short exact, then rk(M) = rk(K) + rk(C).
2. If f: M — N has zero kernel and cokernel, then rk(M) = rk(N).

3. tk(M) = 0 if and only if M is a zero object.

Proposition 4.3.3. [7, Lemma 2.1,3.1.7] If C admits a rank function, then every object has

finite length, and the length function is a rank function.

Definition 4.3.4. Let C be a category with 0-objects, kernels and cokernels, and suppose
the composition of two admissible monos is an admissible mono. A degree function deg :

Obj(C) — R is a function satisfying
1. deg is additive on short exact sequences.

2. If f: M — N has zero kernel and cokernel, then deg(M) < deg(N). Moreover, in this

situation, f is an isomorphism if and only if deg(M) = deg(N).
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Definition 4.3.5. Suppose C is a category with 0-objects, kernels and cokernels, and suppose
the composition of two admissible monos is an admissible mono. Suppose rk and deg are

rank and degree functions on C. For a nonzero object M, we define the slope of M to be
_ deg M
MM) = —=r
For any object M and u € R, we say that M is semistable (vesp. stable) if u(M’) < p(M)

(resp. u(M") < u(M)) for every nonzero proper subobject M’ € Sub(M).
Example 4.3.6. A 0-object is semistable of every slope.

Proposition 4.3.7. If M is semistable of slope i and N is semistable of slope v for p > v,
then Hom(M, N) = 0.

Theorem 4.3.8. [7, 3.2.3] Suppose C is as above and is equipped with rank and degree
functions. For every M € Obj(C), there exists a R-filtration Fpy on M such that gr'’n M is

semistable of slope r for all r € R. Moreover, the map M w— (M, Fy) is functorial.

Definition 4.3.9. The filtration (M, F)y) is called the Harder-Narasimhan (HN) filtration

on M. The Harder-Narasimhan (HN) polygon of M is the convex hull of the points

(rk(F" M), deg(F" M)) € R?

as r ranges over R.

Definition 4.3.10. Let k£ be a discrete perfect ring of characteristic p. Let Ky = W(k)[%]
We define the category Isocy of isocrystals over k to be the category of finite projective
Kp-modules M equipped with a ¢-semilinear bijection ¢ : M — M.

If k is a field, then K| is also a field. For an isocrystal (M, p),) over k, we define the
rank to be the Kyp-dimension of M. If we pick a basis for M and let A be the matrix for ¢
in this basis, then

deg(M, o) = v(det(4))
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is independent of our choice of basis. Here v : W(k;)[%] — Z U {0} is the p-adic valuation.

Example 4.3.11. For p = € Q written in lowest terms with n > 0, we define M), to be

the isocrystal with basis eq, ..., e, with ¢(e;) = ¢€;11 for 1 <i <mn —1 and ¢(e,) = p™e;.

Theorem 4.3.12 (Dieudonné-Manin). [§] Let k be a perfect field of characteristic p.

~

. 1k is a rank function on Isocy,.

Both deg and — deg are degree functions on Isocy,. We will agree to use deg for our

degree function.
For p € Q, My, is stable of degree p.

For uw # v, if M is semistable of slope p and N is semistable of slope v, then
Hom(M, N) = 0.

We have a unique functorial decomposition

M%“@MT

reQ

where M" is semistable of slope r.

If k is in addition algebraically closed, then every semistable isocrystal of slope p is a

direct sum of copies of M,,.

Semistable isocrystals of slope p are also often also called pure of slope p.

Definition 4.3.13. Let S = Spa(R, R™) be an affinoid perfectoid of characteristic p, and

promote R to a Banach ring as in Theorem Let k = R°/R°°. Then we can construct

a functor from isocrystals over k to p-modules over B(R) by sending M to M Qw (k) B (R).

In other words, we get a ®-functor from isocrystals over k to vector bundles on the Fargues-

Fontaine curve.
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For € Q, we write O(yu) for the image of M,. This notation agrees with our definition

of O(d) for nonnegative integers d that we defined in Example [4.2.9]

Definition 4.3.14. Let S¢ = Spa(A, A°) where A is a perfectoid field of characteristic 0,
with tilt S = Spa(R, R°). Then Byr := Bqr(A4, A°) is a discrete valuation field with ring of
integral elements B&FR = B&FR(A,AO) with maximal ideal (§). Let B, = Be(A, A°). Then
Be is a Bézout domain, so every finite projective module is free.

Vector bundles on Xpp gt = XFr,g are equivalent to (Be,B$R)—pairs (Mo, M&FR) We
define the rank of such a pair to be the Bygr-dimension of M. ® g, Bqr. Now pick a basis
for M, and a basis for M;R. If v : Me ®p, Bqr — M(IFR ®B(-1|—R Bgr is the isomorphism, let

D be the matrix of ¢ under the two induced bases. We define
deg(Me, M;'R) = ve(det D),

where vg is the valuation on Bgg. Note that since Be N Bqr = Qp, this degree function is
well defined.

Then these are rank and degree functions on the category of vector bundles on Xgp g,
and these functions do not depend on our choice of untilt (A, A°) of (R, R°). We thus get

Harder-Narasimhan filtrations and polygons for vector bundles on Xgp g.
Theorem 4.3.15 (Fargues-Fontaine). [10] Suppose S = Spa(L, L°) where L is a perfectoid
field and let k = L°/L°°. Then the functor

Isocy, — {wvector bundles on Xgp g}

1s essentially surjective. Moreover, it preserves rank and negates degrees. The restriction of
this functor to the isocrystals pure of slope 0 gives an equivalence with the semistable vector

bundles of slope 0 on Xgp .
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Remark 4.3.16. The functor is not fully faithful, so it is not an equivalence. As an example,
for any untilt S? of S, there is a nonzero section Oxppg = O(0) = O(1) cutting out

St c XFRSa but Hom(M, My) = 0.
Proposition 4.3.17. [20, 3.6.15,3.6.16] We have

1. If R — R' is a morphism of perfectoid fields, then pullback along XFF,Spa(R’) —

XFF,Spa(R) preserves semistability of vector bundles.

2. If R is a perfectoid field, then a tensor product of semistable vector bundles on the

scheme XFF,Spa(R) of slopes jn and ' is semistable of slope 1+ i’

Definition 4.3.18. Let S be a perfectoid space of characteristic p. Let F be a vector bundle
on Xppg. If « : Spa(R,Rt) — S is the morphism corresponding to a point of S where
(R, R") is an affinoid perfectoid field, then we can pullback F along XFF,Spa( RR+) —
Xpp,s- We define HN(F, z) to be the HN polygon of this pullback. This then defines a

function from S to HN polygons which is constant under specializations.

Theorem 4.3.19. [22][20, 3.7.2] Let S be a perfectoid space of characteristic p, and F a

vector bundle on Xgp g.

1. For every polygon P, the set
{z € S| HN(F,z) < P}

1s open and stable under generalizations. Here P; < Py means that the endpoints of

Py and Py are the same and that Py lies under Ps.

2. If HN s constant on S, then there exists a R-filtration on F which pulls back to the

HN filtration at any point.
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By the first part of the theorem, the locus
{r € S| HN(F,z) =0}

is an open sublocus stable under generalizations. This set is called the étale locus of F. (The
name comes from the fact that isocrystals over a perfect characteristic p field k£ which are

pure of slope 0 are also known as étale p-modules over Ky = W(k)[%])

Definition 4.3.20. If S is a perfectoid space, a proétale Zy-local system (resp. proétale
Qp-local system) is a sheaf L of Zp-modules (resp. Qp-modules) on X4 for which there
exists a pro-étale cover {X; — X} such that the pullback of to X; is a finite free Zy-modules

(resp. Qp-module) for every i.

Theorem 4.3.21. [22] Let S be perfectoid of characteristic p. The following categories are

equivalent:
1. p-modules over y[oyoo)(S)
2. p-modules over Yy )(S) for I of the form [0, %) or [0, %], r € (0,00)
3. pro-étale @-local systems on S

If, in addition, S = Spa(R, R") is affinoid perfectoid, then this category is also equivalent

to the categories
4. p-modules over W (R)
5. p-modules over R (R)
6. ¢ L-modules over R™-Y/"(R) for r € (0,0).

Theorem 4.3.22. [22/[20), 3.7.5] Let S be perfectoid of characteristic p. The following

categories are equivalent:
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1. semistable vector bundles of slope 0 on Xyp g

2. pro-étale Qp-local systems on S

Moreover, we have a functor from pro-étale @—local systems 1. on S to pro-étale %—loeal
systems on S gotten by L — L ®z, @. Under the equivalences of this and the previous
theorem, this functor is identified with the functor from @-modules F over y[o’oo)(S) to
semistable vector bundles of slope 0 on Xgp g gotten by descending the o-module .7-"|y(07oo)(5)

to the quotient Xpp g (and then applying GAGA).

Example 4.3.23. Let S = Spa(L, L") for R a perfectoid field of characteristic p, and let
G denote the Galois group of L. We can then recover the classical facts from p-adic Hodge

theory that

1. continuous Zy-representations of G are equivalent to p-modules over W (L).

2. continuous Qp-representations of G are equivalent to étale ¢-modules over W(L)[%]

Finally, we state a joint result with Christopher Birkbeck, David Hansen, Tony Feng,
Serin Hong, Qirui Li, Lynelle Ye which was the result of a project proposed by David

Hansen to the other coauthors during the 2017 Arizona Winter School.

Theorem 4.3.24. [J] Let S = Spa(L,L™") be an algebraically closed perfectoid field of
characteristic p. Let & be a vector bundle on Xgp g. For k > 2, if Fq,...F}, are semistable
vector bundles on Xpp g of slopes pi1 < --+ < py, with HN(E) < HN(Fy @ -+ - @ F},), then
there exists a filtration

0=&6CéE C---Cé =€

such that £ /E_1 ~ F; fori=1,... k.

Note here the slopes of the quotients are increasing along the filtration so such a filtration
is not a Harder-Narasimhan filtration. The above result was proposed because David Hansen

realized that it can used to prove the following theorem:
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Theorem 4.3.25 (Hansen). [13] Let S = Spa(L, L") be an algebraically closed perfectoid

field of characteristic p. Let P be a HN-polygon with width n. Then

Bunﬁ = Bun%P

as substacks of Buny,. Here Buny, is a v-stackPerfg which parametrizes rank n vector bun-
dles on Xyp g, and the substacks Bunﬁ and Bun%P are the substacks parametrizing vector

bundles on Xpp g whose Harder-Narasimhan polygon = P and > P, respectively.
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CHAPTER 5
SHTUKAS FOR ALGEBRAIC GROUPS G

5.1 B&LR-afﬁne Grassmannian

In this section we define the Bjr-affine Grassmannian Grg for a linear algebraic group G.
We then show that if H C G is an algebraic subgroup such that G/H is quasiaffine (i.e. an
open of an affine space), then

Gry C Grg

is locally closed. The analogue of this statement for the usual affine grassmannian is given
in [1 §4.5]. In the Scholze-Weinstein Berkeley lectures [28], it is shown that if H C G is an
inclusion of reductive groups, then Gry C Grg is closed. Our argument is an adaptation
of the argument in [I] to this situation. Once we have this statement, we can embed an
algebraic group H in a reductive group H C G so that the quotient is quasiaffine. Using the
results in [28], we can then show that Grg has nice properties. For example, it is a v-sheaf,
and after cutting down the size, it becomes a diamond.

Let C be a completed algebraic closure of Q, with ring of bounded elements O¢. In
the following, we shall write Perf for the category of perfectoid (C, O)-algebras which is
isomorphic to the category of (C’b, (’)bc)—algebras. We will write down functors Perf — Set
which can be viewed as presheaves on the category of affine perfectoid spaces over Spa(C').
All these presheaves behave well under rational localization and can be naturally extended
to presheaves on the category of all perfectoid spaces over Spa(C'), but we shall just write

their values on the affinoid perfectoid spaces for simplicity.

Theorem 5.1.1. [26, Theorem 6.5] The functors ijRaBdR : Perfo — Set are pro-étale

sheaves.

Definition 5.1.2. Let X be a Q)-scheme. We define the (B;lFR-)loop group LX : Perfo — X
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to be the étale sheafification of
(R, R") = X (Bgqr(R, R™)).
We define the (BgR—)positive loop group LT X to be the étale sheafification of
(R,R") = X(BJR(R,RT)).
Proposition 5.1.3. If X is affine, then
(R,R") = X(B4r(R,R"))  and  (R,R")— X(BJz(R,R"))

are already étale sheaves.

Proof. Let B = Bgg or B(YR‘ Since these are pro-étale sheaves, for any étale cover (R, RT) —

(R;, R;r), we have an equalizer sequence of sets and thus of rings

B(R,R") = | [ B(Ri, R}") = [ [ BU(R:, BN)& g r+)(Rj, RY)).
i i
Then applying the affine X (—) = Hompgj,g(A, —) will preserve this limit. O
Lemma 5.1.4. If U C X is an open subscheme of a Qp-scheme, then LTU c LTX is an
open subfunctor.
Proof. We may assume that X = Spec A is affine and U = D(a) for some a € A. Fix
a morphism g : A — BgR(R, R™) corresponding to v : Spa(R,R") — LTX. Let h :

(R,R") — (S,S™) be a morphism so we have a diagram

Spa(S, ST) —2s Spa(R, R*)

b

LU ———— 5 [ TX.
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Then vyoh™* corresponds to the morphism B(TR(h)og A — Bg{R(S7 ST). This factors through
LTU c LT X if and only if (B(J{R(h) o g)(a) is invertible in B:{R(S, S7T), which happens if
and only if (0 o BS{R(h) og)(a) = (hofog)(a) becomes invertible in S. We thus see that
Spa(R, RT) X +7 LT X C Spa(R, RT) is the locus where (6og)(a) becomes invertible, which

is open in the analytic topology. O]
Lemma 5.1.5. Suppose X = Spec A. Then LT™X C LX is a closed subfunctor.

Proof. Fix amorphism g : A — Bqr(R, RT) corresponding to a morphism ~ : Spa(R, RT) —
LX. Leth: (R,RT) — (S,ST) be amorphism of perfectoid C-algebras. Then the morphism

v o h* factors through LTX

Spa(S,ST) N Spa(R, R™)

b

LT ———— LX

if and only if (Bqg(h) © g)(A) C B (S, ST).

We build a sequence of subspaces
Spa(R, R") D Spa(Ry, Rf) D Spa(R2, R;) D...

each of which is Zariski closed in the previous perfectoid space. Their intersection is then
(Zariski) closed.
Let us set (Rg, Rj) = (R,R"). Suppose we have defined (Rp, R;}), and let g, by the

composite A — (R, R") — (R, R}}). For a € A, let

‘ 0 if gn(a) € BIz(Rn, RiY)
in(a) =
m  if gn(a) € Fil"™ Bqr(Rn, Ry) but not in Fil"™ Byg(Ry, R;}) for m < 0.

Then, when ip(a) < 0, we see that £~ (@), (a) € BSIFR(R”’ R). Let I, C Ry, be the ideal
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generated by the set
(0(¢ W g, (a)) € Ry |a € A,in(a) < 0}.

We define (R, 41, R:_H) so that Spa(Ry+1, R;l"Jrl) = V(1) C Spa(Rp, R;}). One sees that a
morphism 2* : Spa(S, ST) — Spa(Ry, R;}) factors through V (I,) if and only if for all a € A,
cither g, (a) € Bip(Rn, Ri}) or (Bag(h) © gn)(a) € Filn(@+1 Byp (S, §1).

It is then immediate that Spa(R, RT) xx LT X C Spa(R, RT") is the intersection of the

Spa(R;, Rj), thus giving the lemma. ]

Definition 5.1.6. Let GG be a linear algebraic group over Q,. We define the (B(J{R—)afﬁne

Grassmannian Grg to the étale sheafification of the functor Perfo — Set given by
(R,RT) —» LG(R,R")/LTG(R,R™).

The reductive case was considered in [28]. We shall use that case to show that the affine
grassmannian is a nice space in general.

We can use the following lemma to describe the affine Grassmannian in terms of torsors.

Lemma 5.1.7. Let G be a linear algebraic group over Qp and (R, R™) be a perfectoid ring
over C. Let £ be a G-torsor for the étale topology on Spec B:{R(R, R™). If € is trivial on

Spec R C Spec B:{R(R, R™), then & is trivial.

Proof. Since (B&LR(R, R™),(£)) is a Henselian pair, and G is a linear algebraic group over

Qp, this follows from Theorem 2.1.4 in [5]. H

Corollary 5.1.8. A G-torsor £ for the étale topology on Spec B(TR(R’ R™T) is étale locally

on Spa(R, R") trivial.

Proof. Lemma [5.1.7] shows that € is (algebraically) étale-locally trivial on Spec(R), so in

particular, it is (analytically) étale locally trivial on Spa(R, RT). O
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Proposition 5.1.9. The (B(i"R)—aﬁine Grassmannian Grg takes (R, RT) to the set of iso-
morphism classes of étale G-torsors £ on Spec B:{R(R, R™) equipped with a trivialization on

the open subset Spec Byr(R, R™).

Proof. Given an étale G-torsor £, by Corollary we see that there is an étale cover of
Spa(R, RT) on which £ is trivial. Then we get compatible elements of LG/L*G over this

cover, which glue together to an element of the sheaf. O]

Proposition 5.1.10. Let H C G be an algebraic subgroup of an algebraic group over Q.
Then LT (G/H) is the étale sheafification of the functor

(R,R")— LTG(R,R")/LTH(R,R™).

Proof. The map
G— G/H

is a H-torsor in the fppf topology. Since we are working in characteristic 0, H is smooth,

and it is also a H-torsor in the étale topology. Now let
f : Spec BJ‘R(R, RY) - G/H

be a morphisms of schemes. The pullback of G — G/H along f gives us a étale H-torsor on
Spec B(J{R(R, R™) which is étale locally on Spa(R, RT) trivial by Corollary [5.1.8, This shows

the proposition. O

Theorem 5.1.11. Suppose H C G is an inclusion of linear algebraic groups over Qp such

that G/H s quasiaffine. Then the corresponding map of (BS'R—)aﬁﬁne grassmannians
Grg — Grg
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15 a locally closed embedding.

Once we have the above facts for the le'R-afﬁne grassmannian, the proof in Beilinson-

Drinfeld [I 4.5.1] in the case of the usual affine grassmannian works without change.

Proof. Let G/H = U C Z where U is open in the affine scheme Z. We have a commutative

diagram
LYTH —— LH

| |

LTG ——— LU Ltz

l l lclosed emb.

LG s LU s LZ.

open emb.
—_—

Here, we note that the map LH — L1U exists since H — G//H = U factors through the

final object, so we have the commuting diagram

Ltpt —— LU

= F l

LH — Lpt — LU.

Let Y C LG be the pullback of LTU — LZ under LG — LZ. This is a locally closed
subfunctor which contains the closed subfunctor LG, so it is the inverse image of some
locally closed Y/ ¢ Grg = LG/LTG

We claim that Y/ = LH/LYH. Indeed, Y — LTU = LGt /LH" is LH " -equivariant.
Moreover, LH N LTG = LTH, so we see that LH — Y’ = Y/LTG is an L™ H-torsor, as

desired. O
To finish, we use the following lemma:

Lemma 5.1.12. [1, Lemma after 4.5.1] Let H be a linear algebraic group. Then there exists

a reductive group G and an embedding H C G such that G/H is quasiaffine.
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Proof. Pick a faithful representation H — GLy, such that H is the stabilizer of some one
dimensional subspace ¢ C V. Then H acts by a character x : H = Gy,. Let G = GLy xGy,
and consider the map H — G sending h to (h,x(h)™1). Consider the action of G =
GLy XGy,, on V' where GLy, has its natural action on V' and Gy, acts by scalars. Then for
any nonzero v € {, the stabilizer of v is the image of H in G. Thus G/H is the orbit of v

under this action, and in particular it is quasiaffine. O

Definition 5.1.13. Let G be an algebraic group over @), and suppose we have chosen closed
embedding G C G’ as an algebraic subgroup of a reductive group G’ where the quotient G’ /G
is quasiaffine. Let 7" C G’ be a maximal torus, and pu € X¢(T')". Then by the results of
[28], we can define Grgr,, C Grgr and Greyr <, C Grgr which are locally closed closed and
closed subsheaves, respectively. These GrG/7 1 and GrG’,g , are then diamonds, and have nice
geometric structure.

We now define

GrGCG',u and GrGCG’,S,u

to be the inverse image of Grgr ), and Grgr <, under the embedding Grg C Grgr. It is
immediate that GchG/# and GchG’,g u are diamonds, as they are locally closed in a

diamond.

Remark 5.1.14. Note that in the above, our data u depends on a choice of nice embedding of
G into a reductive group G’. It is an interesting question whether there is an intrinsic way
of defining data p allowing us do define subfunctors of Gri which are diamonds, without
referring to such an embedding.

Let us give some remarks about what this entails. Let 77, G’ be as in the definition.
Let B;er = B(;FR(C’, O¢), and Bqr = Bgr(C,O¢). For (C',Ocr) an algebraically closed

affinoind perfectoid field over (C, O¢), let us write le—R o= B$R(O/ ,Ocr) and Byg v =
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B4r(C',O¢r). Then we have a bijections

Xo(T" = G'(Bf) \ G'(Bar)/G'(Bjp) = G/(B;{R’C/) \ G'(Byr )/ G (Bar ")

where a cocharacter i : Gy, — T" C G’ corresponds to the double coset of the element j(t).

Then Grgr (R, RY) C Grg(R,R") is the subfunctor of points such that the pull-
back along every geometric point Spa(C’, Ov) of Spa(R, RT) lies in the coset of u(t) in
Cre (C!,Opr) = G’(BdR’O/)/G’(BSFR’O,). Thus, Grgeer (R, RT) C Grg(R, RT) is the
subfunctor such that the pullback along every geometric point Spa(C’, Orr) gives an ele-
ment of

G(Bar,c1)/G (B,

dR,C’) = Gr(;(C", Ocr)

which maps to the coset of u(t) under the map

G(Byr,c1)/G(Byg o) = G'(Byg o) \ G'(Bar,c1)/G' (Bar,c1)-

We are thus interested in the subsets of G(Bgg ¢v)/G (B;{R o) which can be gotten as inverse
images of double cosets from embeddings to reductive groups as above.

It is immediately clear that such an inverse image is the union of double cosets

G(BAFR,C/) \ G(BdR,C’)/G(Bgch/)-
In very special circumstances, for example when

Gm G Gm G
O — m a or O — m a

0 1 0 Gm
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there exists an embedding G C G’ into a reductive group with quasiaffine quotient such that

G(Bg) \ G(Bar)/G(B{g) = G(Bjg ) \ G(Bar,c1)/G(Byg ¢r)

= G'(Big ) \ G'(Bar,c)/G' (Bar,cr);

i.e. the collection of double cosets does not depend on the algebraically closed perfectoid
field C” over C, and the map to the double cosets of the reductive group is injective. We see
that in such special situations, these double cosets all define subfunctors of Grg which are
diamonds.
However, such a strategy fails dramatically outside these very special cases. As an exam-
X

ple, suppose G C GLg is the subgroup of upper triangular matrices. For x,y € (BSFR C’) ,

if the two matrices

1 t1 a2 1t 1 g2
0 1 ¢! and 0 1 ¢!
0 0 1 0 0 1

are in the same double coset, then we must have + = y mod t. We thus see that there
are uncountably many cosets, so no map to Xe(7T")" can be injective. Moreover, we do not
expect the collection of double cosets to be independent of the choice of algebraically closed

perfectoid field ¢’ over C'

5.2 Shtukas and (Pro-)Etaleness of the Period Morphism

In this section, we give two definitions of a moduli space, show they are equivalent, and show
that a certain period morphism from this moduli space to an affine grassmannian is (pro-
)étale. This will give this moduli space the structure of a diamond. The first definition of the

moduli space is via exact tensor functors, and is related to Fontaine’s theory of admissible
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representations, while the second definition is in terms of p-adic shtukas (with one leg). Using
the second definition, the proof of (pro-)étaleness is essentially the same as that given for
reductive groups in [28§].

In the following, K is a finite field extension of Qp, k its residue field, and Ky =
W(k)[1/p] C K. Let G be a connected affine algebraic group over @, and b be an ele-
ment of G(Kjp).

Definition 5.2.1. We define an exact @-functor D : Repg, (G) — Isocy by the map
D(E) = Ko ®g, E

equipped with the Frobenius defined by

where F': Ko ®¢q, E — Ko ®q, E is given by F(z ®e) = p(z) @e.

Proposition 5.2.2. [29] The functors AgryS,Acrys,BcJ;ys and Berys are pro-étale sheaves.

Moreover, H'(Spa(R, RT), Berys) =0 fori > 0.

Definition 5.2.3. We define a functor M j, which sends an affinoid perfectoid space S =
Spa(R, RT) over SpaC to the set of isomorphisms of exact ®-functors from Repr(G) to

locally free Be(R, R™)-modules of finite rank:
v (E = Bo(RRY) @, E) = (E — (Berys(R, RY) ®5;, D(E))?~Y).
Here, ¢ is the endomorphism of Berys(R, RY) @, D(E) given by

TR (y@e) = (1) ®pye)
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for ¥ € Berys(R,RT), y € Kp and e € E.

Definition 5.2.4. We define an endomorphism ¢ of G(Berys(R, R1)) which is compatible
with the ¢-action on Berys(R, RT) ® g, D(E). There is a natural action of G(Berys(R, RY))

on
Berys(R, RT) ©q, E = Berys(R, RT) ©f, (Ko ®g, Qp) = Barys(R, R) ©f, D(E).

Let F' be the endomorphism of G(Berys(R, RT)) induced by the Frobenius ¢ on Berys(R, RT).
Define

plg) = F(bgh™")
for g € G(Bcrys(Ra R+))'

Proposition 5.2.5. We have

gz @ (y®e))) = p(g)e(z® (y ®e))

for g € G(Berys(R, RM)), xz € Berys(R, RM),y€ Ky ande € E.

Proof. Let F be the endomorphism of Berys(R, RM® Ko D(E) = Berys(R, RT) ®qQ, E given
by

T®(y®e) = o(r)® (ply) ®e) = (1) @ Fly®e).

By definition of F on G(Berys(R, RT)),

Flglr® (y®e))) =F(g)F(z® (y@e)).
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Moreover,

plrz@(y@e)) =pr)® Fbly ©e))
=Flz®bly®e))

= Fb(r® (y@e))),

where the last equality comes from functoriality of G. We now compute

p(9)p(z® (y@e)) = Fbgb HF(bz @ (y®e)))
= F(bg(r ® (y ®e)))

=p(g(z® (y®e))). O

We now give an alternate definition of the functor we called M above, and show that

the two definitions are equivalent.
Definition 5.2.6. Let G be a smooth group over Z;, whose generic fiber is G and with
connected special fiber. Recall that under our definition

y[07oo)(5) = Sb>'< SpaZp

is an analytic adic space over Spa(Zy) which is equipped with
e a continuous map £ = (g : |V]p,00)(5)] = [0, 00].
e an automorphism ¢ : Vi o) = V]g,n0) Such that r(p(z)) = pr(z) for = € [Vg ().
e amap S = Vg o)(5) defining a closed Cartier divisor with £(5) = 1.

We define Shtg j, to be the functor sending S = Spa(R, R™) to the set of isomorphism

classes of triples (P, ¢p,t) where
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1. P is a pro-étale G-torsor on Vg )(5).
2. (pp is an isomorphism
(o =
2P+ (P P)lyjg ey 1(5) = Plojgaoy(s1\e1(5)

which is meromorphic along ¢~ 1(S) C V(0,00) (5)-

3. ¢ is an isomorphism

1w

L Py e ) G X V1 /p00)(9)

under which ¢p gets identified with b x .

Remark 5.2.7. Our definition of moduli of shtukas when restricted to reductive groups slightly
differs from the one given in Scholze’s Berkley lectures [28]. The difference is that in our
situation, we are only concerned with shtukas with one leg, so we fix a characteristic 0 untilt
C of C” and we use this untilt to fix the position of our leg. In [28], they start out with c?
in charactersitic p and allow n legs for n a nonnegative integer. The resulting moduli space

will then have a natural map to (Spa@Q))".

Definition 5.2.8. For a given b € G(Kj), we can define a G-torsor & on XFF,S" by
descending the trivial G-torsor

G X y(O,oo)(S>

on y(o’oo)(S) using the p-equivariant map b x ¢.

Let us first mention the following theorem, which follows from Theorems4.3.21{and 4.3.22|

along with the Tannakian formalism [28, Appendix to Lecture XIX]
Theorem 5.2.9. [28, 22.5.8,22.6.1] The categories

o pro-étale G(Qyp)-torsors on S
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o (-torsors on Xpp g trivial at every geometric point of SP

are equivalent.

The categories

o pro-étale G(Zp)-torsors P on S

o p-equivariant G-torsors T on y[07oo)(5)

1

o ¢ -equivariant G-torsors on Y, (S) for any r € (0,00)

are equivalent.

Moreover, under the above equivalences, the map P +— P@g(zp) G(Qp) corresponds to the

map sending T to the descent of the p-module T|y(0 ()

Proposition 5.2.10. The S = Spa(R, R") points of Shtgp, can also be described as the

triples (€, a, P) where
1. & is a G-torsor on Xpp g which is trivial at every geometric point of Sb,

2. « is an isomorphism of G-torsors

o~

b
ngFF,S\S — & ’XFF,S\S

which is meromorphic along the Cartier divisor S C Xpp .

3. Pis a G(Zp)-lattice in the pro-étale G(Qp)-torsor on S corresponding to E.

The proof in Scholze’s Berkley lectures |28, Proposition 23.3.1] for reductive groups works

without change here.

Proof. Given the data (&, a, IP), the G-torsor £ defines a g-equivariant G-torsor on Y(0,00) (S)

and the G(Zjp) gives us an extension of this g-equivariant torsor to a y-equivariant G-torsor

P’ on V[0,00)(5) by the two equivalences above. To get P, we glue P’ on Vio,1)(S) with
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the pullback of £ on V(1 /p,00) () using «a to identify the two two torsors on Yy s, 1)(5).
The o-structure on P’ and the ¢-structure of the pullback of £P then give us the desired
isomorphism ¢p defined away from 90’1(5 ), and ¢ exists by construction.

Conversely, given the data (P,¢p,t), we can take the restriction of P to Vg 1/,)(S5)
along with ¢p restricted to this space. This allows us to descend to a G-torsor £ on Xpp g.
The restriction of P to y[o,l /p)(S ) then gives us P by . Finally, ¢ along with ¢p identifies
P’y(o,oo)(s) with G x V(g 50)(5) away from (J,,cz " (), which allows us to descend to the

desired isomorphism a on Xgpg g\ S. O

We see that Shtg only depends on G(Zp) C G(Qp). Because of this, we can make the

following definition:

Definition 5.2.11. For K C G(Qp) a compact open subgroup, we define

ShtG,K,b

to be the moduli space Shtgj, for any G with G(Zp) = K C G(Qp). As stated above, this

only depends on K and not the choice of G. We define

ShtG,b = m ShtG,K,b .
K

The following description of Sht can be easily seen from the previous proposition.

Proposition 5.2.12. The S = Spa(R, R™) points of Shtg can be described as isomorphisms

1 = b
a: €& — &
‘XFF’Sb\S ‘XFF’Sb\S

which is meromorphic along S.

Proposition 5.2.13. The Tannakian formalism gives us an identification of Mgy with

Shthb.
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Proof. By the description of vector bundles on Xpp g as (Bé’};sl , Bqr)-pairs one sees that
the restriction of £! to Spec Be(R, RT) corresponds under the tannakian formalism to the
exact ®-functor E — Be(R, RT) ®q, €. Similarly, by definition of D, the vector bundle
gb’XFF,S\S corresponds to the exact ®-functor E — (Berys(R, RT) ®f, D(E))#=!. The

Tannakian formalism then gives the proposition. O]

Definition 5.2.14. We can define a morphism Shtg f;, — Grg by sending (€, a, P) to the
element of Gr¢ induced by the meromorphic morphism « : € 1| Xep 5\S =Ny b[ Xpp 5\ telling
us the relative position of the torsor £! in £ at S C Xpp,s. These morphisms fit together

to give a morphism Shtg ; — Grg.

Theorem 5.2.15. The morphism Shtq i, — Gre is étale. The morphism Shtg, — Grg

18 pro-€étale.

Proof. Given a point S = Spa(R, R") of Grg, we can modify b using this data to get
a G-torsor £ on Xpp g. The locus T" C S where the tensor functor Repr(G) — Xpp,T
corresponding to the pullback of £ along Xpp 1 — App g factors through the semistable
vector bundles of slope 0 on Xpp 7 is an open subset T = S% C 5. Over S%x SpaQy, €

gives us a pro-étale G(Qp)-torsor P on S® If U — S is a pro-étale map under which the

torsor [Py, is trivialized after pullback along U = U x g % — S, we then see that over U,
the above map is given by

U x G(Qp)/K — U.

It is thus clear that pro-étale locally, the map Shtg g, — Grg is étale. We then also

conclude that Sht; — Grg is pro-étale. O

Corollary 5.2.16. For any subfunctor X C Grg which is a diamond, the inverse image of

X under Shtq , = Grg and Shtg i, — Grg are diamonds.
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5.3 An Example

Let us consider the case where

G, G -m o
G = " ¢ and b= b

0 1 0 1

for some integer m.

First, let us compute the shape of Grg. We have a natural embedding G C GLo.

Proposition 5.3.1. The quotient
GLy /G =~ A%\ {(0,0)}

which is a quasiaffine scheme.

Proof. GLy acts on A2 by

Then G is the stabilizer of (0, 1) under this action, so the quotient is isomorphic to the orbit

of (0,1), which is A%\ {(0,0)}. O

Let us take B C GL9o to be the upper triangular matrices, with T C B the diagonal
matrices. Then

GLa(Bfp) \ GLa(Bar)/ GLa(BJy)

correspond to positive cocharacters
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with («, ) corresponding to the cocharacter

For such a cocharacter, 11, g)(t) gives us a double coset of GLQ(BSFR)\GLQ(BdR)/ GLQ(B(TR).

Proposition 5.3.2. Suppose (o, 3) € Xe(T)" defined above. Then

G(Bar) O (GL2<B;R>u<a,m<t> GL2<B§R>)

s given by the following cases

1. of =0, then it is
+ +
t*(Bgr)”* Bar
0 1
2. if a =0, then it is
+ +
t9(BiR)* t’Biy

0 1

3. ifa>0 and a+ <0, then it is

ta+5(B;R>>< 8 (Bip)™ + ta+5B:1’R

0 1
4. 1f <0 and a+ B >0, then it is

(BiR)* P (Bip)* + Biy

0 1

S if f<a<0or0<f<a, then it is @.
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Proof. Suppose f < 0 and a > 0. Note that

0 1 o 0l =10 @ Bl =1 0 tath 4B

1 8 o 2| [t 1 o 1] o1 0 1

Now for u,v € (B;{'R)X and z,y € BS{R’ we have

v oz| [t B Juw! gl oty Py +z| [t ot

0 1 0 1 0 1 0 1 0 1

tetBy By 412ty 4 4

0 1

This shows that in each of the cases, the claimed subset is contained in the corresponding
intersection. Since we have accounted for every element of G(Bgr) in the cases, and we get
a partition of G(ByR) as (, B) ranges over all elements of X¢(7T)", we conclude that the

intersections are precisely the claimed subsets. ]

We note that Proposition holds more generally for any discrete valuation field F' in
place of Bygr, with ring of integers O replacing B<_1|—R and a uniformizer 7 replacing ¢. In
particular, it holds for By (C’, O¢r) for any algebraically closed perfectoid field C” over C'.

Moreover, the computation used in the proof of the proposition shows that
G(Bir) \ G(B4r)/G(Bg) = GLa(Bg) \ GLa(Bar)/ GLa(BJg)

is injective.

Corollary 5.3.3. For any double coset ¢ € G(B&LR) \ G(BdR)/G(B(;rR) (for the particular
G of this section), let Shtg . C Shte y, be the subsheaf of all points Spa(R, RT) — Shtg,

such that the pullback along any geometric point Spa(C’, O¢r) — Spa(R, R1) is an element
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in the class of c. Then Shtg p . is a diamond.

Proof. Let ;1 € Xo(T)T be the cocharacter corresponding to the image of ¢ in the double
cosets GLQ(BCTR) \ GLa(Bgr)/ GLQ(B;{R). By injectivity of the map of double cosets, we see
that Shtg p . is the inverse image of GrgcGr,,n C Grg under the map Shtg, — Grg, so
this follows from corollary O

We now compute the Spa C' points of Mg .

Proposition 5.3.4. We have

M (B,)* "B, m oo
Mqp(C,0¢) = = G(Be).
0 1 0 1

Proof. For a € B and b € B, for E € Repr(G), we can define
v Be(R, RT) @q, E = (Beys(R, RT) @, D(E))?~!

given by

at™ bt
T® e (r®1l®e)
0 1

for v € Be(R,RT) = Bé!;;l (R,R") and e € E. To see that the right side is fixed by ¢, just
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note that

at™ bt at™ bt )
@ (z@lee) | = FO)F FO™)F0)(p(r) @ o(1) @ e)
0 1 0 1
pfm apmtm bpmtm
— _ (r®1®e)
0 1 0 1
at™ bt
= (r®1®e).
0 1

We thus see that ¢ defines an element of Mg ;(C,O¢). That this gives all elements of
M p(C,O¢) follows from the Tannakian formalism, as the collection of isomorphisms be-

tween two exact ®-functors Repg, (G) — Modp, is a G(Be)-torsor if it is nonempty. O

One sees from the proof of the above proposition and the definition of the period map,

that the map Mg ,(C, O¢) — Grg(C,O¢) = G(BdR)/G(BgR) corresponds to

at™ bt at™ bt
> G(BJR)-
0 1 0

Example 5.3.5. Let us now specialize to the case where m =1, i.e.

p 10 at bt
b= and MGJ)(C’, O¢) =

0 1 0 1

Let u : Gy, — G be defined by

z 0
T

0 1

By abuse of notation, we shall also use u to denote the composition G, — G C GLg. Let

c € G(B:{R) \ G(BdR)/G(BéFR) be the double coset of u(t). By Proposition , we see
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that

Q) B&yt N B,
Shtg p..(C, O¢) =
0 1

Proposition 5.3.6. For p as in|5.5.5, we have
GrGCGLQ,/J,(CJ OC) =C.
Proof. For each x € C pick a lift = to BCJ{R. Then

t 7| |c d tc =+td

0 1110 1 0 1

so we see that

T t(BI,)* 7+ B,
G(B(TR) — ( dR dR
0 1 0 1
By Proposition [5.3.2] we then conclude the proposition. O]

Example 5.3.7. Let Zp(1) be the Tate module of Gy, and Qp(1) = Zp(1) ®7, Qp. Let
Gm = Gm,Zp so that its generic fiber is Gy, = Gm@p. By p-adic Hodge theory, we can
associate to Zp(1) and Qp(1) elements of Shtg r,~1) and Shtg -1y, respectively. Let us
explicitly say what happens for Qp(1) here.

Let v be a basis element of Qp(1). We have a p-module over K

DCY}’S(QP(D) = (Qp(l) ®Qp Bcrys>Gal(K) = Ko(v® t_l)

with ¢-action given by p(z(v ® t71)) = p(2)p~ (v ® t~1). This comes naturally with an

isomorphism of Be-modules

Il

Qp(l) ®Qp Be — (Dcrys(@p(l)) ® Bcrys)(p:1
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sending v ® 1 to t(v @t~ @ 1).
Using an argument similar to that of Proposition [5.3.4] one can show that the space
Msz[p_l

shows that the element corresponding to Qp(1) is [t]. Now Xe¢(Gp)t = Z, with o €

](C, O¢) is [t]|Gpm(Be) = [tB¢]. Under this isomorphism, the above computation

Z corresponding to the cocharacter po : Gm — G sending z to z¢, and Grg,, ,, =
tC“B(TR. Letting 1 be the cocharacter x +— x, we thus see that we have an element of

Sht(GW[p*l],:l(a O¢) associated to Qp(1).
Example 5.3.8. Let X denote the pullback

X —— Shtgpe

| !

Spa(C) —— Shtg,  p-11,1

where Spa(C) — ShtGm,[p—l],l is the point corresponding to Qp(1) and the vertical map
Shtgp e — ShtGm,[pfl},l is gotten by tensoring our G-torsors with the quotient G/G,, =
Gred = G At the level of tensor functors, this is precomposing our functor with the natural
map Repg, (Qp) — Repg(Qp) induced from the morphism G' — Gy,. The corresponding

map of (C, O¢)-points is then

ta b X P=p +
— |ta where a € Q.0 € Béys N Big.
0 1

We thus see that
t Béyl N B
X(@©.0c)=| 7

0 1
The period morphism X (C,O¢) — Grg ,(C,O¢) can then be identified with the natural
quotient map

Béyd N B — C.
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It is known that 14+ m, = Béi;én N B;'R via the map sending

T ilog([m]pz)

‘

for ¢ large enough that [z]P" = 1 mod (p,&) where ¢ is a primitive element corresponding
‘

to the untilt C' of C. Such an ¢ exists because = € 1 + m, and the logarithm of [z]F" is

in B, by definition of this ring as the p-adic completion of the PD hull of W(O») with

crys

respect to the ideal (p,§).

Finally, we note that the quotient

X(C,0¢) /
0 1

corresponds to (1 +m,)/Zp(1) = 1+ me, where this isomorphism comes from the charac-

terization of 1+ mbc as ILH 1+ m¢. Under these isomorphisms, the period morphism from

r—axP
the quotient to Grg ,(C, O¢) then becomes identified with the logarithm log : 1 +mg — C.
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