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Chapter 1

Fast Education and Fast Emigration?

Abstract

High-skilled migration and higher-education attainment rose globally in the period between

2000 and 2010. These trends raise the question of whether increases in higher-education at-

tainment led to increases in high-skilled emigration in source countries during this period? To

the contrary, I found a strong negative correlation between percentage changes of high-skilled

emigration rates and percentage changes of high-skilled proportions in non-OECD countries.

Using the IAB Brain Drain, Barro-Lee and World Development Indicators Datasets, I esti-

mated the elasticity of high-skilled emigration rates with respect to high-skilled percentages

in non-OECD countries with ordinary least square, least absolute shrinkage and selection

operator (LASSO) and post-double-selection LASSO. The estimates ranged between -0.78

and -0.98.
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1.1 Introduction

High-skilled migration1 and higher-education attainment have been increasing all over the

world in recent decades. The plots below show these increases in different regions of the

world, with the largest in Africa and South and Central America and the Caribbean between

2000 and 2010:

Figure 1.1: Percentage changes of tertiary schooling attained population and total
high-skilled migration to OECD countries by region between 2000 and 2010
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Source: IAB Brain Drain Dataset and Barro-Lee Education Attainment Dataset

These trends raise an interesting, unexplored question: Do increases in higher-education

attainment lead to increases in the propensity to emigrate among high-skilled individuals in

source countries? What is the elasticity of high-skilled emigration rate with respect to high-

1. High-skilled migrants here are defined as individuals with foreign citizenship at birth who have com-
pleted formal education beyond high school.
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skilled proportion2? Given the continuing rises in higher education globally, this parameter

is key to assessing the impact of brain drain on countries’ economic development (especially

developing countries) and to identifying worldwide bearers of training costs or benefits of

high-skilled labors.

Using the IAB Brain Drain and the Barro-Lee Educational Attainment Datasets, I calcu-

late the percentage changes of high-skilled emigration rates and percentage changes of high-

skilled proportion for 122 non-OECD countries between 2000 and 2010. I found a negative

Pearson correlation coefficient of -0.68 between them. I then estimate the elasticity of high-

skilled emigration rates with respect to high-skilled proportion using ordinary least square,

least absolute shrinkage and selection operator (LASSO) and post-double-selection LASSO.

The least square estimator includes GDP per capita, total population, total trade volume,

total migration stock, CO2 emission per capita and their respective percentage changes be-

tween between 2000 and 2010 as control variables. The LASSO and post-double-selection

LASSO estimators select appropriate controls from a set of 534 time series indicators from

the World Development Indicators Dataset3. The estimates are robust and range between

-0.78 and -0.98.

This chapter contributes to the recent international migration and brain drain literature.

Docquier and Marfouk (2006) produced improved estimates of emigration stocks and emi-

gration rates by educational attainment and origin countries for years 1990 and 2000. They

showed that more educated groups have higher emigration rates, a phenomenon known as

positive selection. Docquier, Lowell, Marfouk (2009) documented a rising feminization of

high-skilled migration between 1990 and 2000. The authors also found strong correlation

2. Within the context of this study, I define these two terms as follow. High-skilled emigration rate is
defined as the number of high-skilled migrants (to OECD destination countries) divided by the total number
of high-skilled migrants and high-skilled non-migrants in an origin country. High-skilled proportion is defined
as the total high-skilled migrants and non-migrants divided by the total population in an origin country. See
section 1.2.2 for more details

3. The World Development Indicator Dataset has a total of 1600 time-serie indicators. All the indicators
with more than 3% missing observations were dropped from the choosing set to ensure enough observations
for LASSO and post-double-selection LASSO estimators
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between the migration stocks of high-skilled men and high-skilled women across origin coun-

tries. Docquier and Rapoport (2012) surveyed the literature on the magnitude, intensity and

determinants of the brain drain in recent decades. The authors use a stylized growth model

to analyze how brain drain potentially affects source countries’ economies through various

channels. John and McKenzie (2011) surveyed recent empirical evidence on key questions of

brain drain.

This chapter is also related to a strand of literature on the worldwide boom of higher

education attainment. Snyder, Dillow, and Hoffman (2008) documented recent trends in

males and females’ college enrollment, and their respective completion of bachelor’s degrees.

Becker, Hubbard, Murphy (2010) found that differences in total costs of college for women

and men primarily explained the overtaking of men by women in higher education.

Finally, this chapter is related to a growing literature on LASSO-related methodologies.

LASSO was invented by Tibshirani (1996) and has been commonly used in building models

for prediction. It performs both variable selection and regularization in order to enhance the

prediction accuracy and interpretability of the statistical model it produces. From a large set

of potential controls, the LASSO selects a set of variables that are correlated with covariates

that appear in the true model. While the LASSO is powerful for selecting predictors from

a large set of potential regressors, it does not allow researchers to make inference about the

coefficient estimates. Belloni et al. (2012, 2014, 2016) developed the post-double-selection

LASSO that allows practitioners to make inference with standard errors, confidence intervals,

p-values of the coefficient estimates. Ahrens et al (2018, 2019) provided the implementation

of these estimator via the package lassopack and pdslasso in Stata.

The rest of the chapter is structured as follows. Section 2 describes the datasets and the

empirical methodologies. Section 3 discusses the results. Section 4 concludes the chapter.
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1.2 Data and Empirical Methodology

1.2.1 Data

For my empirical analyses, I use the IAB Brain Drain Dataset on international migration,

the Barro-Lee Dataset on global educational attainment and the World Banks’s World De-

velopment Indicators Database on countries’ development indicators.

The IAB Brain Drain Dataset contains data on the total number of foreign-born individ-

uals aged 25 years and older, living in each of the 20 OECD destination countries, by year,

gender, country of origin and educational level 4. The 20 OECD countries include Australia,

Austria, Canada, Chile, Denmark, Finland, France, Germany, Greece, Ireland, Luxembourg,

Netherlands, New Zealand, Norway, Portugal, Spain, Sweden, Switzerland, United Kingdom,

and United States.

The Barro-Lee Dataset collects education attainment information from censuses/surveys

across countries as compiled by the UNESCO agency, the European Statistical Offices and

other national statistic agencies. The authors of the dataset computed the distribution of

education attainment in the adult population over age 15 and over age 25 by gender at

seven levels of schooling: no formal education, incomplete primary, complete primary, lower

secondary, upper secondary, incomplete tertiary, and complete tertiary education.5 The

dataset include these education statistics for 146 countries.

The World Development Indicators Dataset is a compilation of relevant, high-quality, and

internationally comparable statistics about global development and poverty. The database

contains 1,600 time series indicators for 217 economies and more than 40 country groups. The

indicators cover topics of agriculture and food security, climate change, economic growth,

education, energy and extractives, environment and natural resources, financial sector de-

4. Educational levels are distinguished in low, medium and high skilled.

5. See http://www.barrolee.com/ for more details
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velopment, gender health, nutrition and population, macroeconomic vulnerability and debt,

poverty, private sector development, public sector management, social development, social

protection and labor, trade, urban development.

1.2.2 Methodology

I first derive the expressions for the high-skilled emigration rates and the high-skilled pro-

portions. I denote the stock of total natives population originally from country i in year t as

N i
t (equal to the sum of residents and migrants). The stock of high-skilled natives is denoted

as N i
t,h. The stock of high-skilled natives can be disaggregated into the stock of high-skilled

migrants (M i
t,h) and high-skilled non-migrants (residents, Rit,h) as N i

t,h = M i
t,h +Rit,h.

The high-skilled emigration rate for the source country i is then defined as:

mi
t,h =

M i
t,h

N i
t,h

The high-skilled proportion for the source country i is defined as:

pit,h =
N i
t,h

N i
t

Figure 1.1 (below) shows the scatter plot of percentage change of high-skilled emigration

rates versus percentage change of high-skilled proportion for 122 non-OECD origin countries

between 2000 and 2010. The plot shows a clear negative relationship (with a Pearson cor-

relation coefficient of -0.68) between the percentage changes of high-skilled emigration rates

and percentage changes of high-skilled proportion between 2000 and 2010. Source countries

that saw increases in tertiary education attainment among their native population also tend

to see decreases in their high-skilled emigration rates and vice versa. This suggests a nega-

tive elasticity of high-skilled emigration rates with respect to high-skilled proportion for this

period.
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Figure 1.2: Scatter plot of percentage change of high-skilled emigration rates versus
percentage change of high-skilled proportion between 2000 and 2010

Afghanistan

Albania

Algeria

Argentina

Armenia

Bahrain

Bangladesh

Barbados
BelgiumBelize

Benin

Bolivia

Botswana

Brazil
Brunei

Bulgaria

Burundi

Cambodia

Cameroon

Central African Republic

China

China, Hong Kong SAR

China, Macao SAR
Colombia

Congo, Dem. Rep. of the
Congo, Rep. of the

Costa Rica

Cote d'Ivoire

Croatia

CubaCyprus
Czech Republic

Dominican Republic

Ecuador

Egypt

El Salvador

Estonia

Fiji

Gabon

Gambia, The

Ghana

Guatemala

GuyanaHaiti

Honduras

Hungary

Iceland

India

Indonesia

Iran

Iraq

Israel
Italy
Jamaica

Japan Jordan

Kazakhstan

Kenya
Korea

Kuwait
Kyrgyzstan

Laos
Latvia LesothoLiberia

Libya

Lithuania

Malawi

Malaysia

Maldives MaliMalta

Mauritania

Mauritius

Mexico

Moldova

Mongolia

Morocco

MozambiqueMyanmar

Namibia

Nepal

Nicaragua
Niger

Pakistan

Panama

Papua New Guinea

Paraguay

Peru

Philippines

Poland
Qatar

RomaniaRussia

Rwanda

Saudi Arabia

Senegal
Sierra LeoneSlovakia

Slovenia

South Africa

Sri Lanka

Sudan

Swaziland

Syria
Taiwan

Tajikistan

Tanzania

Thailand

Togo

Tonga

Trinidad and Tobago

Tunisia

Turkey

Uganda

Ukraine

United Arab Emirates

Uruguay

Venezuela

VietnamYemen

Zambia

Zimbabwe

-2
00

-1
00

0
10

0
20

0
30

0
Pe

rc
en

ta
ge

 c
ha

ng
e 

of
 h

ig
h-

sk
ille

d 
em

ig
ra

tio
n 

ra
te

s

-100 0 100 200 300
Percentage change of high-skilled proportion

Pearson Correlation coefficient ρ = −0.68

Source: IAB Brain Drain Dataset and Barro-Lee Education Attainment Dataset

However, this negative correlation could be biased due to omitted variables that affect

both changes in high-skilled emigration rates and changes in higher education attainment.

For example, countries with fast growing economies are able to provide ample attractive

employment opportunities locally and hence, more likely to retain their high-skilled labors.

In contrast, countries with slow growing economies might see their high-skilled labor force

shrunk even further because there are not enough attractive opportunities for them at home

compared to abroad.

To control for omitted variables bias, I estimate the following model with ordinary least

7



square, LASSO and post-double-selection LASSO:

∆mi
h = β0 + β1∆pih +XiΓ + εi (1.1)

where ∆mi
h is the percentage change of high-skilled emigration rates and ∆pih is the per-

centage change of high-skilled proportion for country i. β1 is the elasticity of high-skilled

emigration rates with respect to high-skilled proportion. Xi is the set of control variables.

In the least square analysis, the control variables set Xi includes GDP per capita in year

2000, percentage changes of GDP per capita, total trade volume (as percentage of GDP) in

year 2000, percentage change of total trade volume, total population in year 2000, percentage

change of total population, total migration stock from country i to OECD countries in year

2000, CO2 emission in metric ton per capita in year 2000, percentage change of CO2 emission.

All percentage-change variables are changes between 2000 and 2010. These control variables

are important determinants of high-skilled migration as suggested by the international mi-

gration literature. Other important variables include geographic distances, languages and

cultures proximity between countries. However, these variables are time-invariant and hence,

dropped out of the model since I am looking at differences over time.

In the LASSO and post-double-selection LASSO estimators, the controls set Xi includes

the full set of indicators from World Development Indicators World Bank Database, covering

topics from agriculture and food security to urban development (more details in the data

section). Similar to the OLS specification, I include all the indicators’ values for year 2000

and their percentages changes between 2000 and 2010. I dropped all indicators and their per-

centage changes with more than 3% of missing observations6 to ensure that there are enough

observations for the LASSO and post-double-selection LASSO to select the covariates. The

final set of high-dimensional controls include 534 different covariates.

Finally, the empirical model above potentially suffers from reverse causation of ∆mi
h

6. For robustness checks, I also experimented with 1% and 5% levels.
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on ∆pih. For example, increases in high-skilled emigration rates might induce increases in

higher education attainment as individuals invest to prepare for the prospect of migration in

the future, and vice versa. In this case, reverse causation will generate positive correlation

between ∆mi
h on ∆pih. Ordinary least square and post-double-selection LASSO estimates

will be biased upward (toward 0). When reverse causation is a big problem, these estimates

will provide upper bounds for the true elasticity measure.

The elasticity estimates are shown in the next section. Both standardized and raw

coefficients are reported.

1.3 Results

Table 1.1: Estimates of β̂1 from OLS with and without controls, LASSO and
post-double-selection LASSO

Estimator OLS OLS OLS LASSO PDS LASSO

β̂1 -0.774∗∗∗ -0.794∗∗∗ -0.952∗∗∗ -0.879 -0.975∗∗∗

(-10.13) (-10.10) (-9.56) - (-6.22)

Standardized β̂1 -0.679 -0.698 -0.702 - -

Controls N Y N Y Y
Observations 122 113 96 96 96
t and z statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Table 1.1 shows estimates of β̂1 for ordinary least square with no control, ordinary least

square with controls, LASSO, post-double-selection LASSO, and ordinary least square as

baseline comparison for LASSO and PDS LASSO (with no control and same number of

non-missing observations). Full results of ordinary least square with various set of controls

and post-double-selection LASSOs are included in the appendix.

The estimates are robust and similar in magnitude across different estimators. In the

first two columns, the difference between least square with controls and without controls is

9



mainly due to the difference in the number of observations (see appendix). Omitted variable

bias is small because β̂1 is not significantly changed when including a full set of controls

(see appendix). Furthermore, only GDP per capita in 2000 has a statistically significant

coefficient.

The last three columns show estimates for LASSO, post-double-selection LASSO, and

baseline least square for comparison (with no control). The LASSO estimator selected 93

control variables. However, the LASSO estimates can neither be interpreted as elasticity nor

be made inference. Post-double-selection LASSO selected one control variable in this case -

the percentage change of methane emission between 2000 and 2010. β̂1 is not significantly

changed when controlling for this variable (-0.975 vs -0.952). The difference in the t-statistic

(for OLS, -9.56) and the z-statistic (for PDS LASSO, -6.22) is mainly due to the added

variance of variable-selection errors in the post-double-selection LASSO.

As a robustness check, I also ran post-double-selection LASSO including all development

indicators with less than 5% of missing values (as opposed to 3% level for the estimates

above, see the appendix). In this case, post-double-selection LASSO selected one control

variable - percentage change of merchandise imports from low and middle-income economies

in Europe & Central Asia. β̂1’s estimate is not significantly changed when controlling for

this variable.

Altogether, these results suggest that omitted variable bias is not a significant problem.

On average, one percentage increase in high-skilled proportion lead to around 0.78 to 0.98

percentage decrease in high-skilled emigration rates in non-OECD countries between 2000

and 2010. The standardized coefficient of β̂1 for ordinary least square with no control (i.e.

the Pearson correlation coefficient) and ordinary least square with controls are also similar.

They further suggest that this effect is important economically.
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1.4 Conclusion

Between 2000 and 2010, non-OECD source countries with increases in high-skilled propor-

tion were also likely to experience decreases in high-skilled emigration rates and vice versa.

I estimated the elasticity of high-skilled emigration rates with respect to high-skilled pro-

portion using ordinary least square without controls, ordinary least square with controls,

LASSOs and post-double-selection LASSOs. The estimates range between -0.78 and -0.98.

Standardized coefficients range between -0.679 and -0.702, suggesting that the effects are

important economically. Future work may delve deeper in explaining this negative elasticity

and its implications.
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Appendix

Table 2: Ordinary Least Square Regression Results

∆mi
t,h ∆mi

t,h ∆mi
t,h ∆mi

t,h ∆mi
t,h

∆pit,h -0.774∗∗∗ -0.788∗∗∗ -0.802∗∗∗ -0.797∗∗∗ -0.794∗∗∗

(-10.13) (-10.13) (-9.95) (-10.74) (-10.10)

∆GDPpercapita 0.139 0.0258
(1.05) (0.18)

∆tradevolume 0.0643 0.00522
(0.63) (0.05)

∆totalpopulation -0.00790 -0.220
(-0.03) (-0.55)

∆CO2emissionpercapita 0.0414 -0.0374
(0.35) (-0.32)

GDP per capita in 2000 -0.0000158∗∗ -0.0000166∗∗

(-2.86) (-2.83)

Trade volume in 2000 -0.00167∗ -0.00163
(-1.99) (-1.80)

Total population in 2000 4.65e-11 3.53e-11
(0.10) (0.07)

Total migration stock in 2000 -8.17e-08 -7.73e-08
(-1.28) (-1.16)

CO2 emission pc in 2000 0.0122 0.0126
(1.45) (1.44)

Population growth in 2000 -0.0349 -0.0143
(-1.22) (-0.34)

Constant 0.567∗∗∗ 0.598∗∗∗ 0.536∗∗∗ 0.874∗∗∗ 0.899∗∗∗

(12.50) (12.66) (5.40) (8.43) (6.24)
Observations 122 113 113 114 113

t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001
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Table 3: Post-double-selection LASSO including all development indicators with less than
3% of missing observations, OLS with and without the selected control variable

OLS OLS PDS LASSO

∆mi
t,h ∆mi

t,h ∆mi
t,h

∆pit,h -0.952∗∗∗ -0.975∗∗∗ -0.975∗∗∗

(-9.56) (-9.32) (-6.22)

∆methane emission -0.00194 -0.00194
(-0.73) (-1.14)

Constant 0.662∗∗∗ 0.668∗∗∗ 0.668∗∗∗

(12.37) (12.32) (9.07)
Observations 96 96 96

t and z statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Table 4: Post-double-selection LASSO including all development indicators with less than
5% of missing observations, OLS with and without the selected control variable

OLS OLS PDS LASSO

∆mi
t,h ∆mi

t,h ∆mi
t,h

∆pit,h -0.964∗∗∗ -1.041∗∗∗ -1.041∗∗∗

(-9.03) (-9.42) (-6.46)

∆merchandise imports 0.000573∗ 0.000573∗∗∗

(2.09) (4.66)

Constant 0.667∗∗∗ 0.681∗∗∗ 0.681∗∗∗

(11.13) (11.57) (8.19)
Observations 70 70 70

t and z statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

15



Chapter 2

The effect of high school exit exams

on educational attainment and

employment: new evidence from a

reform in the state of Georgia

Abstract

In 2015, the state of Georgia eliminated exit exams from high school graduation require-

ments in an education reform. I study this reform’s impact on 4-year high school graduation

rate, post-secondary institutions enrollment and employment rate among new high school

graduates. Using the state of Florida as control, I estimate weighted difference-in-difference

analyses at the school level for graduation rates and at the district level for post-secondary

institutions enrollment and employment rates. The reform increased graduation rate by 4%

for all students, and by 1.4% for White, 5.98% for Black and 5.59% for Hispanic subgroups.

The reform decreased post-secondary institutions enrollment rate by 1.8% but had no statis-
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tically significant impact on employment rate among new high school graduates who don’t

pursue post-secondary education. In the pre-periods, the trends are parallel for graduation

rates, post-secondary institutions enrollment rates and employment rates between Georgia

and Florida. I conclude that although exit exams elimination increased 4-year graduation

rates (especially among Black and Hispanic students), the additional diploma holders are

less likely to enroll in post-secondary institutions and no more likely to be employed when

choosing not to pursue postsecondary education.
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2.1 Introduction

In the United States (U.S.), a majority of high school students have been familiar with high

school exit exams (HSSEs) in recent decades. For instance, in 2012 twenty six states in the

U.S. required their students to pass some form of exit exams for high school graduation.

These twenty six states together enrolled about 75% of all public high school students and

84% of all students of color in the U.S.(Center on Education Policy [CEP]).

Exit exams were first adopted in the 1970s in the form of minimum competency exams

(MCE). They were advocated to address high unemployment and high inflation rates in the

U.S. by way of shoring up educational skills and workforce quality. By 1982, thirty-nine

states had passed MCE legislations, and nineteen of those states included MCE in their high

school graduation requirement. In the 1990s, states then adopted more rigorous standard-

based exit exams to ensure that students mastered higher level of skills. However, since

2012, the number of states requiring HSEE has declined rapidly. In fact, only eleven states

have exit exams in place for the high school class of 2020. This new policies wave reflects

current widespread belief that exit exams bring few positives but many negatives to students,

especially the most disadvantaged groups.

As part of this new policies wave, in March 2015, the state of Georgia eliminated exit

exams from high school graduation requirements in an education reform. In this chapter,

I study this reform’s impact on 4-year adjusted cohort graduation rates (ACGR), post-

secondary institutions enrollment and employment rate of new high school graduates. Using

the state of Florida as control, I estimated the impact on 4-year ACGR1 from weighted

difference-in-difference regressions at the schools level over the period from 2012 to 2018. I

found that the reform increased the 4-year ACGR rate by 4% for all students, and by 1.4%

for White, 5.98% for Black and 5.59% for Hispanic subgroups. I then estimated the impact

on post-secondary institutions enrollment and employment rate from weighted difference-in-

1. See section 2.2.3 for more details on how this rate is calculated.
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difference regressions at the district level2 over the period from 2011 to 2016. I found that

the reform decreased post-secondary institution enrollment by 1.8 % but had no statistically

significant impact on employment rate among new high school graduates who don’t pursue

post-secondary education. These results suggest that although exit exams elimination in-

creased 4-year ACGR (especially among Black and Hispanic students), the additional high

school diploma holders are less likely to enroll in post-secondary institutions and are no more

likely to be employed if choosing not to pursue post-secondary education.

This chapter contributes to the empirical literature on the impact of exit exams. While

much previous researches have studied exit exams adoption, this chapter is among the firsts

to study exit exams elimination. Furthermore, in order to increase transparency and account-

ability in high school education across different states, the U.S. Department of Education

has required states to submit standardized and quality reports of 4-year ACGR and post

high-school graduation outcomes since the school year 2010-20113. This chapter is among

the firsts to study these new reports. Finally, no other work has studied the 2015 exit exams

elimination reform in the state of Georgia.

A number of papers have investigated the effect of HSEE on students’ achievement scores,

drop out, completion rates and other outcome variables. Jacob (2001) found graduation tests

to have no significant impact on 12th-grade math or reading achievement, after controlling

for prior student achievement and various student-level, school-level, and state-level vari-

ables. The author also found that graduation tests increased the probability of dropping out

among the lowest-ability students but had no appreciable effect for the average students.

Grodsky et al (2009) used nationally representative data to study the effects of state HSEE

on students achievement in mathematics and reading between 1971 and 2004. They found

that state HSEE did not have any significant impact on students achievement in either read-

ing or mathematics either at the mean or at the 10th, 20th, 80th or 90th percentiles of the

2. The post high-school outcomes data are only available at the district level. See section 2.3.1 for more
details.

3. See section 2.2.3 for more details
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achievement distribution.

Dongshu Ou (2009) used a regression discontinuity design and data from the state of

New Jersey to study the effect of failing the HSEE on early drop-out probability. They

found HSEE to lead to higher dropout probability among minority and low-income students.

Reardon et al (2010) used a regression discontinuity design and student-level data from

four large California public school districts to estimate the effect of failing high school exit

exam on subsequent student achievement, course taking, persistence and graduation. They

found no evidence of significant effect of failing the exam on high school course-taking,

achievement, persistence, or graduation for students with test scores near the exit exam

passing score. Papay et al (2010) used a regression discontinuity design to evaluate the

impact of HSEE on the probability of graduation. The authors found that low-income

urban students who just fail the mathematics examination have an 8 percentage point lower

graduation rate. They also found that failing the mathematics test does not affect the

likelihood of on-time grade promotion, but increased the drop out rate in the year following

the test by 4 percentage points. Ahn (2014) used regression discontinuity to analyze the

impact of passing a mathematics exit exam (Algebra I) on students’ decision of choosing

between a more rigorous college-preparatory math curriculum and an easier career-track

math curriculum. The author found a 5 percentage point gap in the probability of selecting

the rigorous curriculum between 9th grade students who just passed and those who just

failed the exam.

Dee and Jacob (2007) analyzed the impact of HSEE using Census and Common Core

of Data. They found that exit exams significantly reduced the probability of completing

high school, particularly for black students. Papay et al (2014) studied the impact of state-

mandated HSEE in Massachusetts on the probability of college enrollment. They found that

barely failing an exit exam, for students on the margin of passing, reduces the probability of

college attendance several years after the test. Holme et al (2010) reviewed 46 unique studies

on the impact of exit exams policies on student achievement, graduation, postsecondary
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outcomes, and school responses. They concluded that exit exams policies have produced

few of the expected benefits and have been associated with costs for the most disadvantaged

students.

The rest of the chapter is structured as follows. Section 2 describes the public education

system in the states of Georgia and Florida, and details of the reform. Section 3 describes the

data and empirical strategy. Section 4 show the results and discussion. Section 5 concludes

the chapter.

2.2 Institutional Background

2.2.1 Public Education System in the state of Georgia and

Florida

Both Georgia and Florida public education system (prekindergarten through grade 12) op-

erates within districts governed by locally elected school boards and superintendents. In

2013, public schools in Georgia enrolled 1,703,332 students in 2,387 schools in 218 school

districts, and public schools in Florida enrolled 2,692,162 students in 4,269 schools and 76

school districts. Out of these totals, 478,840 students enrolled in 450 high schools in Geor-

gia, and 854,453 students enrolled in 1,118 high schools in Florida. Additionally, 109,365

teachers were staffed in public schools in Georgia, compared to 176,537 teachers staffed in

public schools in Florida.

Georgia also had roughly one administrator for every 280 students, while Florida had one

administrator for every 327 students. The national average was one administrator for every

295 students in 2013. On average, Georgia spent $9,099 per pupil (ranked 37th highest

in the nation), and Florida spent $8,433 per pupil (ranked 42nd highest in the nation).

The similarity in public education systems and cultures, as well as proximity in geography,

between these two states make Florida a suitable control state for my empirical analyses.
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2.2.2 Georgia Graduation Tests Waiver Reform

On March 30, 2015, Georgia Governor Nathan Deal signed House Bill 91 into law. This law

provided that students shall no longer be required to earn a passing score on any graduation

tests to earn a high school diploma in the state of Georgia. This law covers all subjects,

forms and versions of the Georgia High School Graduation Tests (English Language Arts,

Mathematics, Science, and Social Studies), Georgia High School Writing Test, and Basic

Skills Tests (Reading, Mathematics, and Writing). This law also contained additional details

and requirements regarding students who were no longer enrolled and whose sole reason for

not receiving a high school diploma was due to not passing any part of the graduation tests.

These students may petition the local board of education for a diploma. This law was

effective immediately for the graduating class of 2015 and beyond.

Hence, all students who entered grade nine for the first time after July 1, 1991, and

through June 30, 2011, must pass the Georgia High School Graduation Tests (GHSGT) to

earn a high school diploma. Students who entered grade nine for the first time after July 1,

2011 are not required to pass the GHSGT to earn a high school diploma.

2.2.3 Adjusted Cohort Graduation Rate

In an effort to increase transparency and accountability in high school education across

different states, the U.S. Department of Education [section 1111(h) of ESEA] amended a

regulation in October 2008. The amendment requires all states and local educational agencies

(LEAs) receiving Title I funds (money for schools with a certain percentage of low-income

students) to begin calculating and reporting the Adjusted Cohort Graduation Rate (ACGR)

starting with 2010-2011 school year’s data.

To calculate the ACGR, states identify the ”cohort” of first-time 9th graders in a par-

ticular school year, and adjust this number by adding any students who transfer into the

cohort after 9th grade and subtracting any students who transfer out, emigrate to another
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country, or pass away. The ACGR is the percentage of the students in this cohort who

graduate within four years. States calculate the ACGR for individual schools and districts

and for the state as a whole using detailed data that track each student over time. Having

the same data collection requirements across state improves confidence and accountability

for the aggregate high school graduation rates over time.

In addition, the regulation required states to set goals to improve graduation rates, and

school districts to intervene in high schools where students from low-income families, students

of color, and other traditionally underserved students had consistently low graduation rates.

2.3 Empirical Strategy

2.3.1 Data

I collect publicly available reports from Georgia and Florida Department of Education web-

sites on 4-year ACGR at the school level, post-secondary institutions enrollment and em-

ployment rate4 of new high school graduates at the district level. The ACGR reports are

available for years from 2012 to 2018, and the high school graduates outcomes reports are

available for years from 2011 to 2016.

Schools with missing 4-year ACGR reports were dropped from the sample, as similar to

districts with missing high school graduates outcomes reports. The ACGR reports at the

school level are also available for White, Black and Hispanic subgroups, but the high school

graduates outcomes reports at the district level are not.

4. Of students not continuing post-secondary education.
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2.3.2 Empirical Strategy

Using Florida schools and districts as controls, I estimate the impact of HSEE elimination

using difference-in-difference estimators:

yit = β0 + β1Georgiai ∗ Postt +
N∑
i=1

λi +
T∑
t=t0

αt + εit

where yit is 4-year ACGR for school i in year t, post-secondary institutions enrollment rate5

and employment rate6 for district i in year t. Postt is a dummy variable indicating whether

the graduating class is in 2015 or after. Georgiai is a dummy variable indicating whether

school i or district i is in the state of Georgia. αt’s are year fixed effects and λi’s are school

or district fixed effects.

To test for the parallel trend assumption, I also report results of the following model

specification:

yit = β0 + β1Georgiai +
T∑
t=t0

αt +
T∑

t=t0+1

γtGeorgiai ∗ αt + εit

where Georgiai, αt and yit are defined similarly as above. If the parallel trend assumption

holds, we should see γt = 0 for t < 2015.

I also report results for the following model specification, which show the differences

between treatment and control group for each year through parameters γt’s:

yit = β0 +
T∑

t=t0+1

γtGeorgiai ∗ αt +
N∑
i=1

λi +
T∑
t=t0

αt + εit

where Georgiai, αt, λi, yit and γt are defined as previously.

Finally, all above specifications are weighted by schools’ graduating cohort size for 4-year

5. Of new high school graduates one year following high school graduation

6. Of new high school graduates who don’t continue post-secondary education

24



ACGR, and by districts’ graduating cohort size for post-secondary institutions enrollment

and employment rate. I show the regression results in the next section.

2.4 Results and Discussions

2.4.1 Effect of the reform on 4-year Adjusted Cohort

Graduation Rates

Figure 2.1 plot the weighted mean and 95% confidence interval of 4-year ACGR for all

students at the school level between Florida and Georgia:

Figure 2.1: 4-year ACGR for all students between Florida and Georgia
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Source: Data from Florida and Georgia Department of Education

The plot shows a clear parallel trend of 4-year ACGR between Georgia and Florida

before the policy change in 2015 (denoted by a vertical line). Florida had higher 4-year

ACGR compared to Georgia before 2015, but Georgia overtook Florida in 2015. Georgia’s
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4-year ACGR subsequently declined and fell below Florida’s in 2018. The plot suggests that

exit exams eliminations temporarily increase 4-year ACGR rate at the school level. Table

2.1 below show regression results for the difference-in-difference estimator:

Table 2.1: Effect of the reform on 4-year Adjusted Cohort Graduation Rates for all students

Dependent variable: 4-year ACGR (1) (2) (3)
Post=1 × Georgia=1 3.974∗∗∗

(15.88)

Georgia=1 -2.884∗ -319.7
(-2.41) (.)

Georgia=1 × classyear=2013 1.216 0.926
(0.73) (1.78)

Georgia=1 × classyear=2014 1.422 1.830∗∗∗

(0.81) (3.69)

Georgia=1 × classyear=2015 5.841∗∗ 6.683∗∗∗

(3.14) (14.26)

Georgia=1 × classyear=2016 3.227 5.139∗∗∗

(1.75) (10.89)

Georgia=1 × classyear=2017 3.160 4.950∗∗∗

(1.69) (9.96)

Georgia=1 × classyear=2018 -0.135 2.866∗∗∗

(-0.07) (5.49)

Constant 73.97∗∗∗ 74.86∗∗∗ 196.3
(397.83) (88.75) (.)

Years FE Y Y Y
School FE Y N Y
Observations 8475 8475 8475

t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Note: All regressions are weighted by schools’ graduating cohort size

Source: Data from Florida and Georgia Department of Education

The first column of the table shows result for the first model specification. The reform

is estimated to increase 4-year ACGR by about 4 % among all students in the period from

2012 to 2018. The effect is statistically significant at the 0.1 % level. The second column

of the table shows that the parallel trend assumption is satisfied. The coefficients of the

interaction terms between Georgia and years dummies for 2013 and 2014 are not statistically

different from zero. The interaction term between Georgia and year-2015 dummies is large

and statistically significant, confirming the effect of the reform. The last column of the
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table show results for the third specification and further confirm the results of the first two

specifications. These results suggest that exit exams are difficult obstacles for a group of

student in getting their high school diplomas.

2.4.2 Effect of the reform on 4-year Adjusted Cohort

Graduation Rates by racial subgroups

Figure 2.2 plots the weighted mean and 95% confidence interval of the 4-year ACGR for

White, Black and Hispanic subgroups at the school level between Florida and Georgia.

Figure 2.2: 4-year ACGR By Racial Subgroups Between Georgia and Florida
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Source: Data from Florida and Georgia Department of Education

The plots show clear parallel trends of 4-year ACGR for White and Hispanic subgroups

between Georgia and Florida, but less so for Black subgroup. However, the figures clearly
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show that exit exams elimination increased 4-year ACGR for all three subgroups in 2015 in

Georgia compared to Florida. Table 2.2 below show regression results for the difference-in-

difference estimators:

Table 2.2: Effect of the reform on 4-year Adjusted Cohort Graduation Rates for White,
Black, and Hispanic Subgroups

Dependent variable: 4-year ACGR White White Black Black Hispanic Hispanic
Georgia=1 -0.216 0.0560 -10.67∗∗∗

(-0.18) (0.03) (-5.41)

Post=1 × Georgia=1 1.386∗∗∗ 5.980∗∗∗ 5.595∗∗∗

(5.51) (14.76) (10.12)

Georgia=1 × classyear=2013 0.244 2.644 0.0478
(0.14) (1.05) (0.02)

Georgia=1 × classyear=2014 -0.604 3.309 2.913
(-0.33) (1.26) (1.06)

Georgia=1 × classyear=2015 1.694 9.303∗∗ 9.138∗∗∗

(0.89) (3.23) (3.46)

Georgia=1 × classyear=2016 -0.806 6.163∗ 7.114∗∗

(-0.41) (2.20) (2.72)

Georgia=1 × classyear=2017 -0.772 5.392∗ 5.387∗

(-0.36) (2.03) (2.04)

Georgia=1 × classyear=2018 -3.072 0.368 2.152
(-1.42) (0.14) (0.79)

Constant 80.33∗∗∗ 80.16∗∗∗ 64.82∗∗∗ 65.32∗∗∗ 73.89∗∗∗ 72.26∗∗∗

(111.83) (447.18) (43.37) (198.71) (69.74) (228.19)
Years FE Y Y Y Y Y Y
School FE N Y N Y N Y
Observations 6632 6632 6435 6435 5259 5259

t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Note: All regressions are weighted by schools’ graduating cohorts sizes

Source: Data from Florida and Georgia Department of Education

The second, fourth and sixth columns show results of the first specification for the three

subgroups. Exit exams elimination is estimated to increase 4-year ACGR by about 1.39%

for White, 5.98% for Black and 5.59% for Hispanic in the period from 2012 to 2018. All three

estimates are statistically significant at the 0.1% level. The first, third and fifth columns show
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that parallel trend assumption is satisfied for all three subgroups. Although the coefficients

of the interaction terms between Georgia and years dummies for 2013 and 2014 are not

statistically different from zero for all three subgroups, the evidence is stronger for Hispanic

and White than Black. The interaction terms between Georgia and year-2015 dummies are

large and statistically significant for Black and Hispanic, confirming the large effect of the

reform for these two subgroups in 2015.

Overall, the results suggest that exit exams elimination had a larger effect on Black and

Hispanic than White. In other words, high school exit exams appear to challenge a larger

group of Black and Hispanic students compared to White. This finding agrees with previous

researches concluding that the most disadvantaged students bear the largest cost of exit

exams adoption.

2.4.3 Effect of the reform on post-secondary institution

enrollment rates

Figure 2.3 plots the weighted mean and 95% confidence interval of post-secondary institutions

enrollment rates (one year following high school graduation) at the district level between

Georgia and Florida. The plot shows a clear parallel trend of post-secondary institutions

enrollment rates between Florida and Georgia in years 2012, 2013 and 2014 despite deviating

from year 2011. The reform also appears to decrease Georgia enrollment rate significantly

compared to Florida in 2015, but not in 2016.

Table 2.3 show regression results for the difference-in-difference estimators.The first col-

umn shows results of the first model specification. Exit exams elimination is estimated to

decrease post-secondary institutions enrollment rates by about 1.8% in the time period from

2011 to 2016. This effect is statistically significant at the 0.1% level. The second column

shows that the parallel trend assumption is satisfied. Although the coefficients of the inter-

action terms between Georgia and 2012, 2013, 2014 years dummies are statistically different

from zero, they are very similar in magnitude. They reflect deviation in post-secondary insti-
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Figure 2.3: Post-secondary Institution Enrollment Rates Between Florida and Georgia
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Source: Data from Florida and Georgia Department of Education

tutions enrollment rates from the base year 2011 (as can be seen from figure 2.3). I conclude

that the parallel trend assumption is satisfied for the three years prior to the policy change

(2012, 2013 and 2014). The last column show results of the third specification (similar to the

second specification but also include school fixed effects - see section 2.3.3 for more details)

and further confirm the results of the first two columns.

These results suggest that the additional (marginal) diploma holders are less likely to be

enrolled in postsecondary institution, one year following graduation, compared to existing

diploma holders. This conclusion follows from the findings in previous sections that exit

exams elimination increased 4-year ACGR by 4%.
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Table 2.3: Effect of the reform on Post-secondary Institutions Enrollment Rates

Dependent variable: Post-secondary Enrollment Rate (1) (2) (3)
Post=1 × Georgia=1 -1.784∗∗∗

(-4.58)

Georgia=1 0.714 0
(0.37) (.)

Georgia=1 × classyear=2012 3.208 2.995∗∗∗

(1.12) (4.24)

Georgia=1 × classyear=2013 3.128 2.950∗∗∗

(1.06) (4.61)

Georgia=1 × classyear=2014 3.467 3.347∗∗∗

(1.13) (5.01)

Georgia=1 × classyear=2015 0.714 0.755
(0.23) (1.10)

Georgia=1 × classyear=2016 0.582 0.374
(0.19) (0.51)

Constant 66.65∗∗∗ 66.37∗∗∗ 66.66∗∗∗

(208.51) (45.76) (235.13)
Years FE Y Y Y
School FE Y N Y
Observations 1528 1528 1528

t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Note: All regressions are weighted by districts graduating cohorts’ sizes.

Source: Data from Florida and Georgia Department of Education.

2.4.4 Effect of the reform on employment rates of new high

school graduates

Figure 2.4 plots the weighted mean and 95% confidence interval for the employment rate (of

new high school graduates who do not pursue postsecondary education, one year following

high school graduation) at the district level between Georgia and Florida:
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Figure 2.4: Employment Rate of New High School Graduates Between Florida and Georgia
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Source: Data from Florida and Georgia Department of Education

The plot shows a clear parallel trend of employment rate between Florida and Georgia

in years from 2011 to 2014, before the policy change. The reform appears to increased the

employment rate in Georgia compared to Florida in 2015, but then declined in 2016.

Table 2.4 show regression results for the difference-in-difference estimators. The first

column shows result of the first specification. Exit exams elimination is estimated to increase

employment rate (of new high school graduates who don’t continue postsecondary education)

by 0.24% in the period from 2011 to 2016. The effect is small and not statistically significant.

The second column shows that the parallel trend assumption is satisfied. The coefficients of

the interaction terms between Georgia and 2012, 2013 and 2014 years dummies are negative

but not statistically different from zero. The third column confirms findings from the first

two columns.

These results suggest that the additional (marginal) diploma holders are no more likely to

be employed one year following high school graduation, compared to existing diploma holders
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Table 2.4: Effect of the reform on employment rate of new high school graduates

Dependent variable: Employment Rate (1) (2) (3)
Post=1 × Georgia=1 0.235

(0.72)

Georgia=1 4.590∗∗ 0
(3.27) (.)

Georgia=1 × classyear=2012 -1.807 -1.646∗∗

(-0.88) (-3.03)

Georgia=1 × classyear=2013 -1.243 -1.131∗

(-0.60) (-2.08)

Georgia=1 × classyear=2014 -0.959 -0.869
(-0.43) (-1.66)

Georgia=1 × classyear=2015 0.881 0.874
(0.39) (1.60)

Georgia=1 × classyear=2016 -2.339 -2.189∗∗∗

(-1.05) (-3.58)

Constant 15.73∗∗∗ 13.78∗∗∗ 15.75∗∗∗

(69.67) (16.37) (69.20)
Years FE Y Y Y
School FE Y N Y
Observations 1518 1518 1518

t statistics in parentheses
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

Note: All regressions are weighted by districts graduating cohorts’ sizes.

Source: Data from Florida and Georgia Department of Education.

who don’t continue postsecondary education. This conclusion follows from the findings in

previous sections that exit exams elimination increased 4-year ACGR by 4%.

2.5 Conclusion

In March 2015, the state of Georgia eliminated exit exams from high school graduation re-

quirements in an education reform. In this chapter, I study this reform’s impact on 4-year
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adjusted cohort graduation rates (ACGR), post-secondary institutions enrollment and em-

ployment rate of new high school graduates. Using the state of Florida as control, I estimated

the impact on 4-year ACGRfrom weighted difference-in-difference regressions at the schools

level over the period from 2012 to 2018. I found that the reform increased the 4-year ACGR

rate by 4% for all students, and by 1.4% for White, 5.98% for Black and 5.59% for His-

panic subgroups. I then estimated the impact on post-secondary institutions enrollment and

employment rate from weighted difference-in-difference regressions at the district level over

the period from 2011 to 2016. I found that the reform decreased post-secondary institution

enrollment by 1.8 % but had no statistically significant impact on employment rate among

new high school graduates who don’t pursue post-secondary education. These results sug-

gest that although exit exams elimination increased 4-year ACGR (especially among Black

and Hispanic students), the additional high school diploma holders are less likely to enroll in

post-secondary institutions and are no more likely to be employed if choosing not to pursue

post-secondary education.
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Chapter 3

Semi-parametric Estimation of Tobit

Type-3 Sample Selection Model

Abstract

I propose a new semi-parametric estimator for the Tobit Type-3 sample selection model.

I first generalize the mode regression estimator to its bivariate counterpart. I then apply

this bivariate mode regression estimator to the Tobit Type-3 model under two separate

sets of assumptions. First set will be computationally simpler but requires more restrictive

assumptions, while second set will be more computationally taxing yet requires less restrictive

assumptions. I then show that the estimators are identified and strongly consistent under

both sets of assumptions.
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3.1 Introduction

Sample selection models are frequently used in empirical studies of labor supply, migration,

trade and health insurance. The two most commonly used models are the Type-2 and Type-

3 Tobit models (Amemiya, 1985: Chapter 10). The difference between the two is that the

selection variable is a binary variable (e.g., participant or non-participant) in the Type-2

and a censored or truncated variable in the Type-3. A classical example of the Type-2 Tobit

model is Gronau’s (1973) female labor supply model. The labor supply model in Heckman

(1974) is a variation of Type-3 Tobit model, and also Udry (1994). A more recent example

is Mulligan and Rubinstein (2008).

The increment of information available in the Tobit Type-3 model (compared to Type-2)

allows for both identifying the model parameters under weaker restrictions and obtaining

more efficient estimators. Hence, it is worthwhile to study estimation techniques of the Tobit

Type-3 model, independent of the Tobit-Type 2 model. The Tobit Type-3 model is formally

represented as a system of two equations:

Y ∗1 = X1β1 + ε1

Y ∗2 = X2β2 + ε2

where the first equation is the selection equation, and the second equation is the outcome

equation. The dependent variables (Y ∗1 , Y
∗
2 ) are observed only if the selection variable Y ∗1 is

positive.

The Tobit Type-3 model is traditionally estimated by maximum likelihood methods,

most commonly the Heckman’s two-step method (Heckman, 1979). However, consistency of

such likelihood-based parametric estimators relies heavily upon correct specification of the

error terms’ distribution function, in the presence of limited dependent variables. Lee (1982)

adopted a rich parametric family to mitigate the misspecification problem to a certain extent.

38



Other semi-parametric estimation procedures using various moment-based approaches have

been proposed (see Lee (1994), Chen (1997), Honore et al (1997), Li and Wooldridge (2002),

and Zhou and Pan (2015)).

However, all of the semi-parametric estimators above require the strong assumption of

statistical independence between the error terms and the covariates, which is unlikely to hold

in practice. In this chapter, I propose an alternative semi-parametric estimator that does

not require the full statistical independence assumption. More specifically, I first extend

the mode regression estimator (Lee (1989) and Lee (1993)) to its bivariate counterpart. I

then apply this bivariate mode regression estimator to the Tobit Type-3 model. I develop

the estimators under two separate sets of assumption. First set is computationally simpler

but requires more restrictive assumptions, while second set is more computationally taxing

yet requires less restrictive assumptions. I then show that the estimators are identified and

strongly consistent under both sets of assumptions.

The remainder of the chapter is structured as follows. Section 2 extends the mode

regression estimator to its bivariate counterpart, introduces the model’s assumptions and

the estimators. Section 3 then shows proofs of identification and section 4 shows proofs of

strong consistency for the parameters. Section 5 briefly discuss asymptotic distribution and

choice of bandwidth.

3.2 The model and the estimator

3.2.1 Bivariate extension of the mode regression estimator

I first extend the mode regression estimator (Lee (1989)) to its two-dimensional counterpart.

I propose the following loss function for a bivariate random variable y and predictor p:

L(y,p) = 1[|y1 − p1| ≤ w].1[|y2 − p2| ≤ w]
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where y = (y1, y2) and p = (p1, p2).

This loss function is uniquely maximized at p = mode(y) if f(y1, y2) is locally bi-radial

symmetric (up to a square of length w) around its unique global mode.

Next, consider a system of two-equations model:

y1 = x1β1 + ε1

y2 = x2β2 + ε2

For ease of notations, I denote y = (y1, y2), x = (x1, x2) and ε = (ε1, ε2). If mode(ε) = 0,

then mode(y|x) = (x1β1, x2β2). Hence, if f(ε) is locally bi-radial symmetric around its

unique global mode, then similar as above, (x1β1, x2β2) uniquely maximizes the following

expected loss function:

ExEy|x1[|y1 − x1β1| ≤ w].1[|y2 − x2β2| ≤ w]

The finite-sample counterpart for this objective function is

(1/T )
∑
t

1[|y1t − x1tβ1| ≤ w].1[|y2t − x2tβ2| ≤ w]

I can also generalize the bivariate mode regression estimator above (with the square

kernel) by using other kernel weight functions K()

(1/T )
∑
t

K(y1t − x1tβ1, y2t − x2tβ2)

For example, the population objective function for the bivariate mode regression estimator

would be

Q(β1, β2) = E[[w2 − (y1 − x1β1)2][w2 − (y2 − x2β2)2]1[|y1 − x1β1| ≤ w].1[|y2 − x2β2| ≤ w]]
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Its finite-sample counterpart would be

QT (β1, β2) =

(1/T )
∑
t

[w2− (y1t−x1tβ1)2][w2− (y2t−x2tβ2)2]1[|y1t−x1tβ1| ≤ w].1[|y2t−x2tβ2| ≤ w]

3.2.2 The model

I then apply the bivariate mode regression estimator above to the Tobit type-3 sample

selection model. First, I describe the model’s assumptions:

Assumption 1. System of two linear models and truncated random sample

y∗1t = x1tβ1 + ε1t

y∗2t = x2tβ2 + ε2t

where (y∗1t, y
∗
2t) are observed if y∗1t > 0, x1t = (1, x1

1t, x
2
1t, . . . , x

k1
1t ) and x2t = (1, x1

2t, x
2
2t, . . . , x

k2
2t ).

The first equation is the selection equation and the second equation is the outcome equation.

For ease of notations, I denote y = (y1, y2), x = (x1, x2) and ε = (ε1, ε2)

Assumption 2. Monotonicity and unimodality of ε|x

I consider 2 separate cases below. Case 1 will be computationally easier but requires more

restrictive assumptions. Case 2 is less restrictive but will be more computationally taxing.

I develop two separate estimators for each case.

Case 1: ε|x has a joint density which is unimodal at (0,0). Furthermore, for all (x1, x2),

the conditional joint density is bi-radial symmetric for a square of length w (for a suitably

chosen w) at the unique global mode (0,0), and is increasing up to the (0,0) and decreasing

after the (0,0) along any line that pass through (0,0).

Additionally, ε1|x1 also has a density which is unimodal at 0. Furthermore, for all x1,

the conditional density of ε1|x1 is symmetric at 0 (around the interval [-w,w]), and is also

increasing up to the mode (0) and decreasing after the mode.
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Case 2: ε|x has a joint density which is unimodal at (0,0). Furthermore, for all (x1, x2),

the conditional joint density is bi-radial symmetric for a square of length w (for a suitably

chosen w) at the unique global mode (0,0), and is increasing up to the (0,0) and decreasing

after the (0,0) along any line that pass through (0,0).

Assumption 3. Conditional mode restriction

Under both case 1 and case 2, mode(y∗1, y
∗
2|x1, x2) = (x1β1, x2β2) since mode(ε1, ε2|x1, x2) =

(0, 0) and the linear models in assumption 1.

Additionally, under case 1, mode(y∗1|x1) = x1β1 since mode(ε1|x1) = (0, 0).

Assumption 4. Wide support of ε|x distribution

The support of ε|x is wider than [−w,w] × [−w,w] for all (x1, x2) and for a w suitably

chosen.

Assumption 5. Full rank conditions

E(x1x
T
1 1[x1β1 ≥ w]) and E(x2x

T
2 1[x1β1 ≥ w]) are positive definitive matrices.

Assumption 6. Compact parameter space

The parameter space B of (β1, β2) is a compact space.

3.2.3 The estimators

Case 1. Under this case, mode(ε1|x1) = 0, and mode(ε1, ε2|x1, x2) = (0, 0). As a result,

mode(y∗1, y
∗
2|x1, x2) = (x1β1, x2β2) and mode(y∗1|x1) = x1β1. I propose a two-step estimator

Step 1. I estimate β1 using the univariate mode regression estimator proposed by Lee

(1989)

β1 = arg max
b1

E1[|y1 −max(x1b1, w)| ≤ w]

Its finite-sample estimate β̂1 is

β̂1 = arg max
b1

(1/T )
∑
t

1[|y1t −max(x1tb1, w)| ≤ w]

Step 2. I estimate β2 by maximizing the following population objective function (using the
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identified β1 from step 1)

β2 = arg max
b2

E1[x1β1 ≥ w]1[|y1 − x1β1| ≤ w].1[|y2 − x2b2| ≤ w]

Its finite-sample estimate β̂2 is:

β̂2 = arg max
b2

(1/T )
∑
t

1[x1tβ̂1 ≥ w]1[|y1t − x1tβ̂1| ≤ w].1[|y2t − x2tb2| ≤ w]

Case 2. Under this case, mode(ε1, ε2|x1, x2) = (0, 0) and so mode(y∗1, y
∗
2|x1, x2) =

(x1β1, x2β2). I propose a two-step estimator

Step 1. For each pair of (x1, x2), find p(x1, x2) such that:

p(x1, x2) = arg max
p

E1[|y1 − w| ≤ w|x1]1[|y2 − p| ≤ w|x2]

Its finite-sample estimate p̂ is:

p̂(x1, x2) = arg max
p

(1/N)
∑

x1t=x1,
x2t=x2

1[|y1t − w| ≤ w]1[|y2t − p| ≤ w]

where N is the number of observations in the finite-sample such that x1t = x1 and x2t = x2.

Step 2. I estimate (β1, β2) by maximizing the following population objective function

Q(β1, β2) =E1[x1β1 ≥ w]1[|y1 − x1β1| ≤ w]1[|y2 − x2β2| ≤ w]+

1[x1β1 < w] arg max
p

E1[|y1 − w| ≤ w|x1]1[|y2 − p| ≤ w|x2]
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The corresponding finite-sample counterpart is

QT (β1, β2) =(1/T )
∑
t

1[x1tβ1 ≥ w]1[|y1t − x1tβ1| ≤ w]1[|y2t − x2tβ2| ≤ w]+

1[x1tβ1 < w] arg max
pt

(1/Nt)
∑

x1k=x1t,
x2k=x2t

1[|y1k − w| ≤ w]1[|y2k − pt| ≤ w]

3.2.4 Discussion

Next, I discuss the intuition of the proposed estimators via an illustrative example. In the

example below, y2 is the selection (truncated) variable, and the error terms are bivariate

normally distributed. The figures depict which point my proposed estimators identify when

sample selection (truncation) censors the true mode of the joint distribution of (y1, y2)

versus when truncation does not.
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Figure 3.1: Truncation does not censor the true mode of the joint distribution

In figure 3.1, truncation does not censor the true mode of the joint distribution of (y1,

y2). That is, the mode of the uncensored joint distribution is the same as the mode of the

censored joint distribution. In this case, the proposed estimators will be able to identify the

true mode of the joint distribution (pre-censored distribution).

44



−20

−10

0

10

20

−20 −10 0 10 20

y1

y2

0.0025

0.0050

0.0075

0.0100

Density

(a) Nontruncated Data

−20

−10

0

10

20

−20 −10 0 10 20

y1

y2

0.005

0.010

0.015

0.020

0.025

Density

(b) Truncated Data

Figure 3.2: Truncation censors the true mode of the joint distribution

In figure 3.2, truncation censors the true mode of the joint distribution of (y1, y2). That

is, the mode of the uncensored joint distribution is different from the mode of the censored

joint distribution. In this case, the proposed estimators will not be able to identify the true

mode of the joint distribution (pre-censored distribution). The estimator will identify the

mode of the post-censored joint distribution instead.

The example above highlights the main intuition that identification of the slope parame-

ters (β1, β2) is possible if there is enough probability density in the region where truncation

does not censor the true mode of the joint distribution. In that case, the proposed estima-

tors will identify the slope parameters using data from that region where we can learn useful

information about the true mode. I formally prove identification and strong consistency for

the proposed estimators in the next sections.

3.3 Identification

The identification of the bivariate mode estimators will be shown by proving that the pop-

ulation objective functions achieves an unique global maximum at (β1, β2) for each case.

Theorem 1. The parameters (β1, β2) are identified for case 1 under the model’s assump-

tions.
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Proof. First, identification of β1 follows from Theorem 1 in Lee (1989), since β1 uniquely

maximizes

E1[|y1 −max(x1b, w)| ≤ w]

under the model’s assumptions. Next, I show that x2β2 maximizes

Ey|x1[x1β1 ≥ w]1[|y1 − x1tβ1| ≤ w].1[|y2 − x2b| ≤ w]

for a given (x1, x2) and the identified β1 from above. I rewrite the above expression as

[Fy|x(x1β1 + w, x2b+ w)− Fy|x(x1β1 + w, x2b− w)

− Fy|x(x1β1 − w, x2b+ w) + Fy|x(x1β1 − w, x2b− w)]1[x1β1 ≥ w]

For any x2, and any x1 such that x1β1 ≥ w, x2β2 uniquely maximizes the above expres-

sion because (x1β1, x2β2) is the unique global mode of joint distribution of (y1, y2). The

monotonicity and unimodality assumption (Assumption 2, case 1 of the model) ensures that

the square with the center located at the global mode (x1β1, x2β2) will capture the most

probability mass compared to any other location of (y1, y2).

For any x2, and any x1 such that x1β1 < w, the expression is equal to 0, and hence any

value of x2b will maximizes the expression.

Hence, when taking the expectation operator over all values of x1 and x2, x2β2 will

uniquely maximize

E1[x1β1 ≥ w]1[|y1t − x1tβ1| ≤ w].1[|y2t − x2tb| ≤ w]

if P (x1β1 ≥ w) > 0.

If P (x1β1 ≥ w) = 0, then β2 is not identified. However, this case is ruled out by

Assumption 5. The full rank conditions (Assumption 5) also rules out the case of another

γ 6= β2 such that P (x2β2 = x2γ) = 1. As a result, β2 uniquely maximize Q(b). Hence,
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(β1, β2) are identified for case 1 under the model assumptions.

Theorem 2. The parameters (β1, β2) are identified for case 2 under the model’s assump-

tions.

Proof. I first show that (x1β1, x2β2) maximizes

Ey|x1[x1b1 ≥ w]1[|y1 − x1b1| ≤ w]1[|y2 − x2b2| ≤ w]+

1[x1b1 < w] max
p

E1[|y1 − w| ≤ w|x1]1[|y2 − p| ≤ w|x2]

for a given x1 and x2. I rewrite the expression above as:

[Fy|x(x1b1 + w, x2b2 + w)− Fy|x(x1b1 + w, x2b2 − w)

− Fy|x(x1b1 − w, x2b2 + w) + Fy|x(x1b1 − w, x2b2 − w)]1[x1b1 ≥ w]

+ 1[x1b1 < w]{max
p

Fy|x(2w, p+ w)− Fy|x(2w, p− w)

− Fy|x(0, p+ w) + Fy|x(0, p− w)}

For any x2, and any x1 such that x1β1 ≥ w, (x1β1, x2β2) is uniquely optimal since the second

term is zero and the first term captures the probability mass of the square centered at the

unique global mode (x1β1, x2β2). This is uniquely optimal because of the monotonicity and

unimodal assumption (Assumption 2 case 2). Choosing x1b1 such that x1b1 < w is not

optimal in this case because the first term will be zero while the second term will be strictly

less than the value of the first term with (x1β1, x2β2).

For any x2, and any x1 such that x1β1 < w, choosing any x1b1 such that x1b1 < w

(including x1β1) is at least weakly preferred to choosing any x1b1 such that x1b1 ≥ w. This

is because the square with the center located at the unique true global mode is censored in

this case. Due to the monotonicity Assumption 2, the expression maxpFy|x(2w, p + w) −

Fy|x(2w, p− w)− Fy|x(0, p + w) + Fy|x(0, p− w) will locate the (uncensored) square with
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the maximum probability mass, although the maximum is not necessarily unique.

Hence, when taking the expectation of the expression above over x, (x1β1, x2β2) will

uniquely maximizes

E1[x1b1 ≥ w]1[|y1−x1b1| ≤ w]1[|y2−x2b2| ≤ w]+1[x1b1 < w] max
p

E1[|y1−w| ≤ w]1[|y2−p| ≤ w]

if P (x1β1 > w) > 0. If P (x1β1 ≥ w) = 0, then (β1, β2) are not identified. This case is ruled

out by Assumption 5. The full rank conditions further rules out cases of α 6= β1 and γ 6= β2

such that P (x1β1 = x1α) = 1 and P (x2β2 = x2γ) = 1 when x1β1 > w.

Hence, the parameters (β1, β2) are identified for case 2 under the model’s assumptions.

3.4 Strong consistency

Theorem 3. Strong consistency of the bivariate mode estimator (b1T , b2T ) for case 1 under

the model’s assumptions.

Proof. Strong consistency of b1T follows from Theorem 2 of Lee (1989) under the model’s

assumptions. I show strong consistency of b2T in three steps below:

Step 1. Almost sure uniform convergence of QT (b2) to Q(b2). QT (b2) converges a.s. and

uniformly in b2 to Q(b2):

Q(b2) = E1[x1β1 ≥ w]1[|y1t − x1tβ1| ≤ w].1[|y2t − x2tb2| ≤ w]

Let I be the class of the indicator functions 1[|y2t − x2tb2| ≤ w], indexed by b2. The graph

of a real-valued function h(x1, x2, y1, y2) is defined as (see Pollard, p.27)

Gh ≡ {(x1, x2, y1, y2, z) : 0 ≤ z ≤ h(x1, x2, y1, y2) or h(x1, x2, y1, y2) ≤ z ≤ 0}

in Rk1+k2+3, where k1 is the dimension of x1 and k2 is the dimension of x2. Then I
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claim that the class of the “graphs” of the functions in I have “polynomial discrimination”.

A class of sets in Rk1+k2+3 has polynomial discrimination if the class is not too variable to

pick up all 2n subsets of a finite subset of Rk1+k2+3 with n elements (see Pollard, p.17, for

the precise definition). For instance, on a real line R1, the class of the sets composed of the

connected closed intervals cannot pick up some subsets of a set with n elements: ordering

the elements by 1,2,...,n, the class cannot pick up 2 and 4 without also picking up 3 (any

interval including 2 and 4 should also include 3).

Back to the class of the graphs of the functions in I, note that Gh is the intersection of the

two half spaces {y2− x2b−w ≤ 0} and {y2− x2b+w ≥ 0}. The class of the half spaces has

polynomial discrimination and so does the class formed by intersections of the half spaces.

Hence, the class of Gh with h = 1[|y2t − x2tb| ≤ w] has polynomial discrimination.

The expression under the expectation also has three more half spaces, {x1β1 ≥ w},

{y1 − x1β1 − w ≤ 0} and {y1 − x1β1 + w ≥ 0}, in addition to {y2 − x2b − w ≤ 0} and

{y2 − x2b+w ≥ 0}. By repeatedly apply the same argument before, the class of the graphs

of Q(b) has polynomial discrimination. The fact that the class of the graphs has polynomial

discrimination and that the indicator functions have an uniform upper bound 1 imply that

the covering number for the class is bounded (see Pollard, p.27, lemma 25). The covering

number is an index of how many ‘distinct’ members are in I (see Pollard, p.25, for the precise

definition). The a.e. uniform convergence of QT (b2) to Q(b2) then comes from Pollard (p.25,

theorem 24) using the boundedness of the covering number.

Step 2. Continuity of Q(b2). Q(b2) can be rewritten as

Q(b2) =

∫ ∫
1[x1β1 ≥ w][Fy|x(x1β1 + w, x2b2 + w)− Fy|x(x1β1 + w, x2b2 − w)

− Fy|x(x1β1 − w, x2b2 + w) + Fy|x(x1β1 − w, x2b2 − w)]dGx1,x2

The integrand is a bounded and continuous function of b2, since Fy|x is bounded and

continuous in b2 and (x2b2 +w) and (x2b2−w) are both continuous in b2. Then, due to the
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bounded convergence theorem, Q(b2) is continuous in b2.

Step 3. Maximum of Q(b2). Due to the assumption that the parameter space B is

compact (Assumption 6) and the continuity of Q(b2), Q(b2) attain its maximum on B.

Hence there exists at least one b2 which maximizes Q(b2).

By the three steps above and Theorem 1, b1T and b2T are strongly consistent for β1 and

β2 for case 1 under the model’s assumptions.

Theorem 4. Strong consistency of the bivariate mode estimator (b1T , b2T ) for case 2 under

the model’s assumptions.

Proof. I show consistency of (b1T , b2T ) in three standard steps as before.

Step 1. Almost sure uniform convergence of QT (b1, b2) to Q(b1, b2). QT (b1, b2) converges

a.s. and uniformly in (b1, b2) to Q(b1, b2)

Q(b1, b2) =E1[x1b1 ≥ w]1[|y1 − x1b1| ≤ w]1[|y2 − x2b2| ≤ w]

+ 1[x1b1 < w] max
p

E1[|y1 − w| ≤ w|x1]1[|y2 − p| ≤ w|x2]

The almost sure uniform convergence of the first term 1[x1b1 ≥ w]1[|y1−x1b1| ≤ w]1[|y2−

x2b2| ≤ w] follows from the same arguments of half-spaces, uniform bound and boundedness

of the covering number in theorem 3. Consider the second term,

1[x1b1 < w] max
p

E1[|y1 − w| ≤ w|x1]1[|y2 − p| ≤ w|x2]

1
T

∑
t 1[x1tb1 < w] converge almost surely and uniformly in b1 to E1[x1b1 < w] by the

same argument of half-spaces, uniform bound and boundedness of the covering number in

theorem 3. Consider the sub-expression,

max
p

E1[|y1 − w| ≤ w|x1]1[|y2 − p| ≤ w|x2]
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1
N

∑
x1k=x1
x2k=x2

1[|y1k−w| ≤ w|x1]1[|y2k−p| ≤ w|x2] converges almost surely and uniformly in p

to E1[|y1−w| ≤ w|x1]1[|y2−p| ≤ w|x2] because they are product of half spaces and uniformly

bounded above by 1. As a result, maxpN
1
N

∑
x1k=x1
x2k=x2

1[|y1k − w| ≤ w|x1]1[|y2k − p| ≤ w|x2]

converges almost surely to maxpE1[|y1−w| ≤ w|x1]1[|y2− p| ≤ w|, x2]. Furthermore, since

the expression does not depend on b1, it converges almost surely and uniformly in b1.

Since both terms converge almost surely and uniformly in b1, and are uniformly bounded

by 1, its product

1

T

∑
t

1[x1tβ1 < w] max
p

(1/Nt)
∑

x1k=x1t,
x2k=x2t

1[|y1k − w| ≤ w|x1t]1[|y2k − p| ≤ w|x2t]

converges almost surely and uniformly in b1 to

E1[x1b1 < w] max
p

E1[|y1 − w| ≤ w|x1, x2]1[|y2 − p| ≤ w|x1, x2]

by the continuous mapping theorem. Adding two terms together, QT (b1, b2) converges a.s.

and uniformly in (b1, b2) to Q(b1, b2).
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Step 2. Continuity of Q(b1, b2). Q(b1, b2) can be rewritten as

Q(b1, b2)) =

∫ ∫
{1[x1b1 ≥ w][Fy|x(x1b1 + w, x2b2 + w)− Fy|x(x1b1 + w, x2b2 − w)

− Fy|x(x1b1 − w, x2b2 + w) + Fy|x(x1b1 − w, x2b2 − w)]

+ 1[x1b1 < w]{max
p

Fy|x(2w, p+ w)− Fy|x(2w, p− w)

− Fy|x(0, p+ w) + Fy|x(0, p− w)}dGx1,x2

=

∫∫
x1b1≥w

{Fy|x(x1b1 + w, x2b2 + w)− Fy|x(x1b1 + w, x2b2 − w)

− Fy|x(x1b1 − w, x2b2 + w) + Fy|x(x1b1 − w, x2b2 − w)}dGx1,x2

+

∫∫
x1b1<w

{max
p

Fy|x(2w, p+ w)− Fy|x(2w, p− w)

− Fy|x(0, p+ w) + Fy|x(0, p− w)}dGx1,x2

The integrand under the first double integral is a bounded and continuous function of

b1 and b2 since Fy|x is bounded and continuous in (b1, b2), and (x1b1 + w), (x1b1 − w),

(x2b2 + w) and (x2b2 − w) are all continuous functions of b1 and b2. Since the region of

integration {x1b1 ≥ w} is a half space and is also a continuous function of b1, the first double

integral is a continuous function of b1 and b2 by the bounded convergence theorem.

The integrand under the second double integral is a bounded function and does not

depend on b1 and b2, and so is a continuous function of (b1, b2) trivially. Since the region of

integration {x1b1 < w} is a half space and a continuous function of b1, the second double

integral is a continuous function of b1 and b2 by the bounded convergence theorem.

Being the sum of the two integrals above, Q(b1, b2) is continuous in (b1, b2).

Step 3. Maximum of Q(b1, b2). Due to the assumption that the parameter space B

(Assumption 6) is compact and the continuity of Q(b1, b2), Q(b1, b2) attain its maximum on

B. Hence there exists at least one (b1, b2) which maximizes Q(b).

By the three steps above and Theorem 2, b1T and b2T are strongly consistent for β1 and
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β2 for case 2 under the model’s assumptions.

3.5 Asymptotic Distribution and Choice of

bandwidth w

Kim and Pollard (1987) studied ‘nonconventional’ estimation methods including high-dimensional

mode estimators with indicator functions, Rousseeuw’s Least Median of Square, and the max-

imum score estimation of Manski (1975, 1985). Their major finding is that these estimators

are N
1
3 -consistent and their population objective functions can be represented by a Brownian

motion process indexed by z plus a deterministic term quadratic in z. Although there exists

no closed form solution for the bivariate mode estimators proposed in this chapter, Kim and

Pollard give reasons to believe that the finite-sample estimators b1T and b2T converges at

the rate of N−
1
3 to β1 and β2 for cases 1 and 2.

The choice of w is related to the bias and efficiency trade off of the bivariate mode

estimators. Since there is no closed form solution for the estimators, it is not possible to

derive an optimal w. However, one can always proceed by trial and error. If the score (the

number of data covered by the modal square; that is, the number of data with 1[|y1−x1β1| ≤

w].1[|y2 − x2β2| ≤ w] = 1) is too small, there will be many estimates with the same score.

If w is too large, many estimates can easily score the maximum = T . In both cases, the

estimations results wont be good. Hence, the sensible bounds can be found in practice by

trying many w’s on the dataset.

The bivariate mode estimators proposed in this chapter could be generalized further by

substituting other kernel weight functions K(.) instead of the current square kernel indicator

function. These kernel generalizations can potentially improve the computation in practice

as well as theoretical convergence rates. These generalizations are out of scope for the current

chapter but is a worthwhile future research endeavor.
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