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ABSTRACT

We define Hecke operators on vector-valued modular forms of the type that appear as characters
of rational conformal field theories (RCFTs). We apply our results to derive a number of relations
between characters of known RCFTs with different central charges, and extend the previously stud-
ied Galois symmetry of modular representations and fusion algebras. We show that the conductor
N of a RCFT and the quadratic residues modulo /N play an important role in the computation
and classification of Galois permutations. We establish a field correspondence in different theories
through the picture of effective central charge, which combines Galois inner automorphisms and
the structure of simple currents. We then make a first attempt to extend Hecke operators to the full
data of modular tensor categories. The Galois symmetry encountered in the modular data trans-
forms the fusion and the braiding matrices as well, and yields isomorphic structures in theories

related by Hecke operators.



CHAPTER 1
INTRODUCTION

Two-dimensional rational conformal field theories (RCFTs) have found applications in the world-
sheet description of classical string theory backgrounds, as well as in many areas in condensed
matter physics such as quantum Hall systems and the study of boundary modes in topological in-
sulators. The characters of RCFT are partition functions on the torus, and record the number of
physical states. Because of the modular properties under the action of SL(2, Z), the characters are
also modular functions and thus also encode fascinating number theoretic features.

We discover that Hecke operators relate characters of certain RCFTs with different central
charges [1]. Hecke operators and their eigenfunctions play a crucial role in the mathematical
theory of modular forms, thus it is natural to expect that they should play a role in RCFT as well.
In math literature, standard Hecke operators map modular forms of SL(2,Z) to modular forms of
the same weights, and thus preserve modularity. While Hecke operators for congruence subgroups
are probably less familiar to physicists. References we found useful include [56, 19, 57]. These
Hecke operators extend the known Galois symmetry connecting modular representations. They
act on vector-valued modular functions which may be characters of one RCFT and often produce
characters of another RCFT which is not obviously related to the original RCFT. Two RCFTs
whose characters are related by Hecke operators are clearly not the same RCFT since they have
different central charges, but it could be that some algebraic structure related to the two RCFTs is
the same. In particular we will provide evidence that the modular tensor categories (MTCs) related
to the two RCFTs are either the same or closely related. We explore this possibility in a number of
simple cases in this thesis.

MTCs arise as representation categories and encode the topological structures of vertex op-
erator algebras (VOAs) and CFTs [3, 43, 44, 54]. Extensive applications of MTC are found in
condensed matter physics, where they offer tools for studying anyonic systems and topological
quantum computation [29, 30, 31, 33].

Our first main result consists of a purely mathematical statement about a particular class of
1



Hecke operators that act on vector-valued weakly holomorphic modular functions of a particular
type. This definition can obviously be extended to non-zero weight, but for simplicity we restrict
to weight zero since this is the case arising in RCFT. We define a level NV vector-valued modular
function f with respect to a representation p to be a set f;(7), i = 1, - - n of weakly holomorphic

modular functions for I'(/NV) which transform under SL(2,7Z) as
fitm) =Y p()ijfi(7) (1.1)
J
where p is an n-dimensional unitary representation
p:SL(2,Z) — GL(V(p)) (1.2)

with V' a complex vector space of finite dimension n and where NV is the finite order of p(7) and

['(N) is in the kernel of p. Here
T = , S = (1.3)

are the generators of SL(2,7). All characters of RCFTs are level N modular functions for some
finite-dimensional representation p by a theorem of Bantay [2], but the converse is not true. If
f is a level N modular function with respect to the representation p, then for each p such that
ged(p, N) = 1 there are Hecke operators T, such that (T, f); are the components of a level
N modular function with respect to the representation p(p>. The modular representation p(p) is
derived, and is related to p via Galois symmetry.

Our second main result concerns the structure of the Galois permutations induced by Hecke op-
erators. All the Galois information is traced back to the conductor N, and the unit group (Z/NZ)*
can be represented by the Frobenius maps. Upon the Hecke operation, a Frobenius map acts on

the modular representation. However the permutations are characterized by the quadratic residues



in (Z/NZ)*, in other words the quadratic subgroup determines the Galois group of fusion rules.
With effective central charges less than 1, the Virasoro minimal models are nice candidates to
probe the Hecke images of the characters, as well as Galois conjugates of modular representations.
A number of examples are presented in Chapter 3. We note that the modular representation of
the minimal model M(2, k + 2) coincides with the (—k)-th Galois conjugate of SU(2);,. Conse-
quently, M(2, k 4 2) has identical fusion rules as the integral spins in SU(2),, which explains this
observation in condensed matter physics.

The final main result is that the RCFTs related by Hecke operators embody Galois symmetry in
their fusion and braiding matrices. Given a RCFT and its MTC, the Hecke image of the characters
gives rise to a Galois conjugate of the initial MTC. As the structure of MTC contains the duality
transformation of conformal blocks, the Galois symmetry applies to the duality property naturally.
To interpret this phenomenon, we exploit the picture of effective central charge as an intermediate
step, and show that the initial RCFT and the Hecke image theory share identical fusion rules. The
fusion and braiding matrices in each image theory obey the same pentagon and hexagon system of
equations, whose different solutions are related by Galois symmetry.

The thesis is organized as follows. We first review the general structure of RCFT briefly in
Chapter 2. In Chapter 3 we give the definition of Hecke operators for I'(/V), and discuss Galois
permutations. We then describe in Chapter 4 the Hecke images and the Galois symmetry with
several examples of RCFT and MTC. Chapter 5 introduces the picture of effective central charge,
which facilitates the derivation of the fusion rules of the Hecke image theory. In Chapter 6 we
review duality transformations in RCFT, which include both fusing and braiding. We then turn
in Chapter 7 to the Galois symmetry on fusion and braiding matrices of the Hecke image theory.

Finally in Chapter 8, we conclude and suggest relevant problems for future study.



CHAPTER 2
CONFORMAL FIELD THEORY IN A NUTSHELL

Conformal field theory (CFT) has been an active field in theoretical physics over the last decades.
Historically the first impetus came from statistical mechanics, where it described and classified
critical phenomena at phase transitions. Later on CFT develops rapidly due to its application in
string theory. There also has been important input from mathematics, in particular VOA and Lie

algebras.

2.1 Conformal symmetry

Assume the general coordinate invariance in d dimensions. We can show that the energy-momentum

tensor is conserved. Vary the action S under changes of the spacetime metric
G — Guv + 09w, 2.1)
we get the energy-momentum tensor (stress tensor) 717,
S = % / A% \/gTH S g (2.2)
If the theory is invariant under general coordinate transformations, Noether’s theorem tells us that
o,TH =0 (2.3)

in the flat coordinates. In CFT we are interested in a different symmetry called the Weyl invariance,

whose transformation reads

Guv () = (1 + 5w(x))gw(:c). (2.4)



The invariance of .S yields the condition
™", =0. (2.5)

A conformal transformation is defined as a coordinate transformation which acts on the metric
as a Weyl transformation. To find what a conformal transformation satisfies in d dimensions, we

consider infinitesimal transformation 2’ = z/ + ¢/(x), and get the condition
v n 2 @
a’ue _'_ (9y€ - g,uyaaaﬁ . (2.6)

For d > 2, e#(x) is shown to be quadratic in = at most. All the possibilities are:
o /' = at4+wH,x¥ constitute the Poincaré group, where a* is constant and w is antisymmetric.
e ¢/ = \x# are the scale transformations.
o /= pla? — 22Hp - x are the so-called special conformal transformations (SCTs).

These transformations form the conformal group in d dimensions and can be realized by differential

operators. For the spacetime with signature (p, ¢), the generators of conformal transformation are

Py = —idy, (2.7a)
My = (20 — 2,0,,), (2.7b)
D = —izhd),, (2.7¢)
Ky =i(2z%0), — 2x,2,0"). (2.7d)

Py, stands for translations. The Lorentz generators M, form the algebra so(p, ¢). The complete
set of generators form a closed algebra which is isomorphic to so(p+1,¢+1). D and K, generate
scalings and SCTs.

Things change greatly for d = 2. In two dimensions we use the complex coordinates z,z =



21 + iz2. The above condition amounts to
0,€(z,2) =0, 0z€(z,z) = 0. (2.8)
The corresponding global transformation is
z = f(2), z — f(2), (2.9)

where f(z) is a holomorphic function of z. These transformations are generated by the differential

operators
I,=—2"t9,, nez (2.10)

Similarly for the anti-holomorphic sector. As the Weyl symmetry is generated by the stress tensor

T(z), the operators Ly,’s, the quantum version of /;,’s, are in fact the modes of 7'(z), i.e.

T(z)=Y 2 "Ly (2.11)

nez

Equivalently L, is recovered by the contour integral

1
Lp=—-— ¢ dz2"MT(2). (2.12)
27

The quantum stress tensor 7'(z) has the operator product expansion (OPE) with itself as

c 2
T(2)T(w) = T T O(1). 2.13
We can compute the commutator of the modes L;,’s
C
[Lns Lin) = (0 = m) Lo + =n(n® = 1) 4m.0; (2.14)

12



where the number c is called the central charge and depends on the theory.
To probe the quantization in 2D CFT, we begin with the Euclidean space and time coordinates

(01, 00). In order to eliminate any infrared divergences, we compactify the spatial direction:

ol =0l +or. (2.15)

0

We may use u, @ = ol F io” as coordinates on a cylinder, in which the time oV goes from —oo to

+oo0. It is convenient to perform a conformal map
2 = exp(iu) = exp(c? + o), (2.16)

which maps the cylinder to the complex plane coordinatized by z. Then the time coordinate prop-
agates from the origin to the infinity on the complex plane. A time-ordered product is equivalently
radially ordered. The dilatation generator on the conformal plane can be regarded as the Hamil-
tonian for the system, and the Hilbert space is built up on surfaces of constant radius. Under the
conformal map eq(2.16), the stress tensor transforms as

0z <

Teyi(u) = (a)QT(z(u)) + 12S(z,u) =— [zQT(z) - ﬁ}’ (2.17)

where

S(z,u) = Zw) 3 (z”<“))2 (2.18)

is the Schwarzian derivative. And analogously for the anti-holomorphic component. We can fur-

ther show that the Hamiltonian on the cylinder is

c = c

The shift by —57 will be seen in the definition of the characters.

7



Generalize the conformal transformation on the coordinates to the form

B(z,7) = B (2,7) = <%>h<%>ﬁé(f(z), F(2). (2.20)

This transformation property defines what is known as a primary field ® of conformal weight

(h, h). The infinitesimal version is
0e,e®(2,2) = ((hOe + €d) + (hOE + €0)) ®(z, Z) (2.21)

under z — z + €(z) and Z — Z + €(Z). We expect that the conserved charge

Qee = = dze(2)T(2) + ij{dz €2)T(z) (2.22)

27 27

generates the conformal transformation

5€7g<1>(w, QD) = [Q€7g, @(w, ”JJ)}

] i (2.23)
= —,j{udz e(z)R(T(2)®(w,w)) + —,}idze(z)R(T(z)Cb(w,w)),

27

where R(- - -) are the radially ordered product. In the holomorphic sector the OPE of 7'(z) with

®(w) takes the form
h

T(E)0() = g () + - L 0,0(w) + O(1) (2.24)

where h is the conformal weight of ®. The representations of the Virasoro algebra are of interest
as physical realizations, and are labelled by two real numbers, i and c. By definition, a highest
weight representation is a representation containing a state with a smallest value of Ly. Such a

state is called the highest weight state, denoted by |h).

Lo|h) = h|R). (2.25)



|h) is annihilated by all generators L,, with positive n. The negative modes L,, (n < 0) generate
other states in the representation. The state L_,|h) (n > 0) has the Ly-value h + n. Usually such

states are referred to as descendants. The vacuum |0) satisfies
Ly|0) =0, forn > —1, (2.26)

especially it is SL(2,R) invariant. (We only spell out the holomorphic sector of the primary field.
Similarly one can write the OPE of the primary field with anti-holomorphic stress-energy tensor
T(%), as well as the states acted on by the Virasora generators Ly,’s.)

Ground states of Virasoro representations are generated from the vacuum by conformal fields,
which are also known as (Virasoro) primary fields. For a primary field ¢(z, z) with weight (h, h’),

we define

k) == Tim_¢(z,2)[0) = ¢(0,0)[0). (2.27)

z,Z2—0

We compute Ly, |h, k) and find

[Lna ¢(07 O):| = 07 n > 07
(2.28)

Lo, $(0,0)] = h¢(0,0).
It follows that |h, h) is a highest weight state. The state |5, h) indeed has the Lg-eigenvalue h,
as the notation suggests. This is known as the operator-state correspondence in 2D CFT. The

descendant fields generate descendant states from the vacuum. They can be constructed by the

OPE with the stress tensor

T(2)p(w, @) =Y (2 — w)*26F) (w, w). (2.29)



Each term in the expansion is extracted by

(R (w, w) = an 7{ dz (Z_%T(z)gb(w,w), (2.30)

and generates the L_;, descendant of |k, h), namely
¢! ~1(0,0)10) = L_1(0,0)[0). (2.31)

In 2D CFT we compute the correlation function on the complex plane, with infinity added as a

single point (a.k.a. the Riemann sphere). First consider correlation functions of primary fields

(0lp1(21) - - - Pnl(zn)[0), (2.32)

where the operators are radially ordered implicitly. Conformal invariance puts strong constraints
on such correlators. The two-point, three-point and four-point functions take specific forms that

respect the conformal symmetry. Apply the infinitesimal conformal transformation d.

0 § ST or(21) - u(z0)0). 2.33)

where the contour encircles all the point z;. We may deform the contour to encircle each z; sepa-

rately and obtain

S (01(e1) -+ f 5 ZAATEN0iC) - duCa)l0)

2 2Tl
(2.34)
= Z<O‘¢1 (21) -+ 0edi(2i) - - - dnl2n)]0).
We insert the form of d¢¢;(z;) and get the unintegrated property
0T 0) = hi L9 1 0
(OIT()61(1) - du0)]0) = > {(Z R R o LTGRO CY U AEED)

1

10



which is called the conformal Ward identity. The equation is used to show that 4-point functions
satisfy hypergeometric differential equations. The above computation can be generalized to the
correlators of descendants.

We now illustrate the formalism developed so far in the cases of a single massless free boson

and a free fermion, respectively. The Lagrangian of a free boson is
1 _
Ly = —0X0X. (2.36)
2m
X (z, z) splits into two the holomorphic and anti-holomorphic parts
_ 1 i
X(z2,2) = 5(:c(z) +z(z)). (2.37)
The two-point function is
(x(2)x(w)) = —log(z — w). (2.38)

x(z) is not itself a conformal field, however Ox(z) is a primary field of weight 1. We define the

stress tensor for the system via normal ordering
Ty (2) = = : 0x(2)0x(2) « . (2.39)

One can verify that the central charge is 1 here. We move on to the massless free fermion, which

has central charge 1/2.

Ly = % (VY + pov). (2.40)

The equation of motion determines that ¢/(z) and ¢)(Z) are left- and right-moving respectively. The

11



holomorphic stress tensor is

Ti(z) = % c(2)0Y(2) : . (2.41)

We shall choose to consider periodic (P) and anti-periodic (A) boundary conditions on the fermion
¥(z) as z rotates by 27 about the origin. With the mode expansion it)(z) = ), Uz 1/2 the

two boundary conditions select half-integer and integer modes respectively.

. +1)(2), ceZ+1i (P
»(e?™z) = ve. ’ (2.42)

—1(2), n ez, (A).
The two-point function in period case is

1
z—w

(h(2)(w))p = (O] (2)Y(w)|0) = —

(2.43)

To compute that in the anti-period case, we may insert the twist operator o (w).

(plaw(a = Do) @uwiol0 = 5 (2 +1/2). e

The twist operator will be seen the Ising model and is also known as the spin field of conformal

weight 1/16.

2.2 Extended algebras

Extended algebras can group an infinite number of Virasoro characters into extended algebra rep-
resentations. Rational conformal field theory (RCFT) is any CFT with a finite number of primary
operators with respect to the action of its chiral algebra. Chiral algebras can be much larger than
the Virasoro algebra. Well-known examples include affine Lie algebras and superconformal alge-

bras. In RCFT all conformal weights and the central charge are rational numbers. We refer the

12



reader to [3, 4, 5] for an overview of RCFT.
The affine Lie algebras (Kac-Moody algebras) are extensions of the chiral algebra by a set
of holomorphic spin-1 currents. In an affine Lie algebra (G, k), the integer k denotes the central

extension called the level. The central charge is

k- dim(G)
=/ 2.45
TR (2.45)
where h" is the dual Coxeter number of . We have the following OPEs
Ja) ) = 0 HETW) o (2.46)
(2 —w)? Z—w ’ '
1
T(2)J(w) = J(w) + AP (w) + O(1). (2.47)
(z — w)? Z—w

The Virasoro algebra eq(2.14) is supplemented by the commutation relations
[J8, I = IZ Crin + kMm%, 0, (2.48a)
(Lo, T ) = =m0 Ty, (2.48b)

where f,p. are the structure constants of the Lie algebra G. Affine Lie algebras are the symmetry
algebras of WZW models. In WZW models the Virasoro generators can be written in terms of J2
by Sugawara construction. Given a simple representation of the Lie algebra of (5, the generators are
represented by r(t%). An affine primary field ®(z) is a field that takes values in the representation

space of 7, such that

r(t*)®(w)

JU2)®(w) = ( +0(1). (2.49)

Z—Ww

An affine primary field is also a primary field for the Virasoro algebra that results from the Sug-

13



awara construction. The conformal weight of the ground state is

Cy(r)

(r) = S TCESA0R (2.50)

where Co () is the quadratic Casimir operator. In the WZW models, the infinite number of Vira-
soro primaries are reorganized into a finite number of affine Lie algebra representations. Hence, we
set up a relation between the highest weight states and the affine primaries, which will be identified
as the conformal blocks in modular transformations.

Another important class of extensions of the chiral algebra is by currents of spin 3/2. It leads
to the superconformal field theory (SCFT). There are two sectors, Neveu-Schwarz and Ramond,
and there may be square root branch cuts in operator products. The spin-3/2 currents of this
algebra generate the superconformal transformations and are called the supercurrents. In N' = 1

superconformal algebra, there is a spin-3/2 current 7'z in addition to the Virasoro generators. The

set of OPEs is
T(2)T(w) = 20 _C mE + G _2w)2T(w) + . _1 w(‘?wT(w) + O(1), (2.51a)
T()Tp(w) = ﬁTF(w) - ! 0T (w) +O(1), (2.51b)
Tr(2)Tp(w) = 6z _C e + 20 1_ w)awT(w) + O(1). (2.51¢)

T'(z) is the stress tensor as usual. Denote by G the modes of the supercurrent 7% (z). The full

algebra in terms of modes is

(L, Lin] = (n = m) Ly + %n(nZ — 1)0pm.0; (2.52a)
1
[Lin, Gy = <§m — 7“) Gt (2.52b)
1
(G, Gy} = 2L+ §<r2 . 1)5”8,0- (2.52¢)

The fermionic currents 7% (w) can be half-integer-moded (Neveu-Schwarz) or integer-moded (Ra-

14



mond). The ground states are annihilated by G with » > 0. In the Neveu-Schwarz sector the

ground state |0) is annihilated by G'_; /5, while a Ramond ground state is annihilated by Gy.

15



CHAPTER 3
HECKE OPERATORS AND GALOIS SYMMETRY

We first give a brief introduction of RCFT characters and modular symmetry before defining Hecke
operators.
In a two-dimensional RCFT, the Hilbert space decomposes into a finite sum of irreducible

representations V;, Vg of the chiral algebras A and A, namely
H= @ N;ViaT, (3.1)
ieZiel

where N7 € Z>( and Z, T are finite index sets labelling irreducible representations of A and A.

In each representation V;, one has the character
Xi(T) = TrviqLO_c/M, q=e(r), T€H, (3.2)

where c is the central charge and H is the upper half complex plane. Here we are using the standard

2

convention in number theory that e(z) = e iz, Following the decomposition of H, the partition

function is a sesquilinear form of the characters y;(7):

Z= > Nipxi(mxi(7). (3.3)

i€ icl

The full modular group SL(2,7Z) acts on 7 in the upper half plane H by

ar +b
= 4
TAaT ct+d (3.4)
with
a b
v = € SL(2,7) . 3.5)
c d

16



H is divided into multiple regions by the action of SL(2, Z). The fundamental domain of SL(2, Z)

is shown in Figure 3.1.

.EIA\-.__ /_-_Jp.&;__z_

Figure 3.1: Fundamental domain of SL(2,7Z).

We call f(7) a (weakly holomorphic) modular form of weight &k for the modular group I' =
SL(2,7Z) if f: H — C is holomorphic (except for a possible pole as 7 — ico) in H and obeys the

transformation law

fyr) = (et + d)F f(7) . (3.6)

It suffices to know the action by the SL(2,Z) generators

In RCFT, the individual characters y;(7) are weakly holomorphic modular functions for the prin-
cipal congruence subgroup I'(V) for a finite NV defined below. Under the S (2, Z) transformation

v, the characters transform as

Xi(vm) =Y p()ij xj(7).- (3.8)

J

Here, p is a finite-dimensional representation of SL(2,Z):

p:SL(2,7) = GL(V), (3.9)
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which is completely determined by its values on the SL(2,Z) generators
S:t— -1/, T:7—7+1. (3.10)

The partition function Z must be modular invariant. As an SL(2,7Z) representation, p obeys the

consistency condition

p(S)? = (p(T)p(S))° = . (3.11)

where C is the charge conjugation matrix. In [1] the first and third authors studied the Hecke
operators for I'(N') modular forms. These Hecke operators act nicely on the Fourier expansion of

the characters

M“

Xi(r) =q"721 Y ai(n) ", g =e(7), (3.12)
n=0

where c is the central charge and h; is the conformal weight. The partition function eq(3.3) is

modular invariant iff

[N, p(T)] = [N, p(S)] = 0. (3.13)

3.1 Simple current

The fusion coefficients (/V; jk which govern the fusion of primary operators ¢; as

¢i X @5 = ZONz‘jk a7 (3.14)
2
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are determined by the Verlinde formula

Z p(S)imp(s)jmp(S_l)km

N;F =
0 p(S)om

i (3.15)

[7], where the label 0 emphasizes the special role played by the vacuum entry [12]. The fusion
coefficients in a unitary RCFT must be non-negative. The fusion rules for the field 7 are gathered

into the matrix N; with the element
(Ni)jx = oNij". (3.16)

A simple current J permutes the fields by the fusion rule J x a = Ja, where there is only one
term on the right hand side. In Chapter 4.1 we shall see another usage of the simple current, where
it reduces the structure of affine algebras. In this chapter we investigate its role in the effective

description of RCFT. Invoke the property of simple currents

p(S) jap = €[@1()]p(S)ap (3.17)

where () 7(b) is the monodromy charge of the field b under the current J [27]. If J is of order n, the
monodromy charge @) j(b) € %Z. In this paper, Q 7(b) is a half-integer and thus e[Q 7 (b)] = =£1.
The positive column of the minimal primary requires ) y(0) € Z for all simple currents J, which
boils down to @ 7(0) € Z in unitary theories. The monodromy charges are determined by the

conformal weights of the fields on the simple current orbit

ha +hy—hj,=Qy(a) —Q(0) (mod 1) (3.18)

[26]. Unlike in the unitary theories, () 7(0) can be a half-integer when the theory is non-unitary.
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This yields modifications of the selection rule applying to the unitary theories

Qyla) +Q(b) =Q (c) +Q (0) (mod1) (3.19)

if gN,¢ # 0. Apart from the above constraint on fusion rules, the property eq(3.17) of simple

currents demands (N j, J,ljk = ONijk. The existing fusion rule eq(3.14) then implies another:
GJi X g1 = ZONijk Pk- (3.20)
k

3.2 Hecke operators for I'(V)

Since x;(7) is a g-series with leading term qhi—c/?4

, the matrix p(7T') is diagonal with entries
e(h; — ¢/24). In RCFT the conformal weights h; and the central charge c are rational [6]. Hence
p(T') has a finite order N, which is the least common denominator of h; — ¢/24. Theorem 1 of

Bantay [2] states that the kernel of p contains the principal congruence subgroup I'( V) defined as
b
I'(N) = € SL(2,Z))a=d=1 (mod N),b=c=0 (mod N), . (3.21)

In other words, x;(7) are invariant under 7 — ~7 for v € I'(/V). There is a natural homomorphism
uy : SL(2,Z) — SL(2,Z/NZ) (3.22)

done by reduction mod N of each element v € SL(2,7Z). Because the kernel of i is precisely
['(N), the map up does not affect the modular representation. Hence, p can be also regarded as a
representation of SL(2,Z/NZ).

The Hecke operator T, for S'L(2, Z) modular forms has been discussed in textbooks on number
theory [15, 18]. However, characters in RCFT are modular functions for I'(/V) and transform

according to the representation p under SL(2,7Z), that is they are vector-valued forms rather than
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strictly modular forms. The Hecke operators on them should be compatible with their vector

structure. To define the Hecke operators for I'(V'), we introduce the set of orbit representatives

p 0 1 bN
Ag\l;): Tp , ’0§b§p—1
01 0 p
. (3.23)
p 0 1 bN
=opo N ‘OSbSP—l ,
01 0 p

\

where p is a prime number with ged(p, N) = 1 [19]. Here 0}, denotes the preimage of

(3.24)

[l 1]
o

S

under ypy, and p is the multiplicative inverse of p modulo N. The occurrence of oy, reflects the
nature of I'(V). Properties of p(o)) will be addressed shortly.
Define the Hecke operator T, acting on weight zero vector-valued modular form f relative to

a representation p for p prime

p—1
(Tpf)i(r) = > fil67) =D pij(op) f;(om) + > fi (T+pr> (3.25)
J

sealy) b=0

[1]. It can be loose expressed as

(Tpx) (1) = x(op o p7) + (3.26)

where x(7) is understood as a vector-valued modular form for I'(V'). The normalization of T,
differs from the traditional 7}, for scalar modular forms in order to preserve the integrality of

coefficients. One essential feature of these Hecke operators is that they do lead to a nice action on
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the Fourier coefficients. If

fi(r) = bi(n)g"N (3.27)
then using
ek p pln
e(bn/p) = (3.28)
b=0 0 otherwise
in eq(3.25) gives
(Tp)i(r) = 3 b ()N (3.29)
with
bi
bP) (n) = pbi(pr) pin (3.30)

pbi(pn) + 32 pij(op)bj(n/p)  pln
An essential ingredient in defining Hecke operators for I'(/V) is the representation matrix of
the SL(2,Z) element oy, which also constitutes the modular representation of the Hecke image.
Under the Hecke operation T,, the induced modular representation p(p) is related to the original

representation p via
pPUT) = p(TP),  pP)(S) = p(0,S). (3.31)

Though oy, is not unique, two choices differ by the action of I'(V) which is in the kernel of
p. For this reason, the representation p(p) is uniquely determined by any choice of 0. Since
ged(p, N) = 1, p(P) (T has the same order as p(T'). Therefore the action of T, preserves the value
of N and the dimension of the representation.

We now prove that if f is a level IV vector-valued modular function with representation p then
(Tpf) is a level N modular function with representation p(p) of the form claimed earlier. First
consider the action of v € I'(/V). The fact that each component of (T, f) is a modular form for
['(N) follows from our discussion of Hecke operators for I'(/V) and the fact that ['(IV) C ker(p).

To determine the representation p(p) it suffices to determine it on the generators 7', S of SL(2,7Z).
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Write M ,(Z) for the set of two by two matrices with entries in Z and determinant n. In [19] it is
shown that

Mp(Z) =T(1)-T,F =T, -T(1) (3.32)

where I'(1) = SL(2,Z) and 7? is a right transversal given by

T," = {ophp; Up, 0 <b<p—1}, (3.33)
where
p 0 1 vN
Bp = , U= : (3.34)
0 1 0 p

In light of this, for each v € I"and § € A%) we have 6y = /¢’ for some 7/ € T'and &' € Ag\];).
We want to determine ' for v = 7" and S modulo the action of T'( V).
In particular we show that
A%) oT =TPo A%),
(3.35)
Ao g =g,50A0)
which shows that the Hecke image T, f transforms under SL(2, Z) according to the representation
o) with p(?)(S) = p(0,S) and p®)(T) = p(TP).
We first consider the modular transformation 7' : 7 — 7 4 1 and its right action on the second

set of representatives in eq(3.33)

U, , (3.36)

where v runs over a complete set of residues mod p. We have

UT =T U, , (3.37)
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with

M@):y—pﬂgl. (3.38)

Since pp = 1 (mod N), when v runs over a complete set of residues mod p so does /.

To deal with the first representative in eq(3.33) we note that

opBpT =~ opBp (3.39)
with
L p
Y =oap o, (3.40)
01

and that v/ € SL(2,Z) since o), € SL(2,Z). Furthermore working mod N we have

v p 0y [1 p)([p O _ L p (3AD
0 p 01 0 p 0 1
s0 ' = TP up to the action of I'(N). This establishes that
INCEY S EYN (3.42)
and verifies the modular representation of 7" for the Hecke image T, f,
pPN(T) = p(T7). (3.43)

Next we consider the transformation S : 7 — —1/7 and first deal with the action on the

representatives U, for v # 0 mod p. For each v # 0 mod p, we have

UyS =7,Uy (3.44)
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with
Y =USUL = . (3.45)

To find a v/ such that 7/, € SL(2,Z) we note we must have
1+ N?v/ =0 modp (3.46)

which has the solution v/ = —(N2v)P~2 by Fermat’s little theorem. With this choice of v/, 7/,
has integral entries and determinant one and so is in SL(2,Z). One then checks that 7},S —Lis
congruent to o, mod N so we can take v, = opS. Since p is a prime number, we have that
{V/(v)|1 < v < p— 1} is a permutation of the elements of (Z/pZ)*.

There are two representatives in Ag\l;) left to deal with, i.e.

p 0
Uy and op . (3.47)
01
One easily checks that
, 0
UOS = 70017 )
01
(3.48)
p 0
Up S = fyéU()?
0 1
with ~(, and 7}, in SL(2, Z) and equal to 0,5 up to the action of I'(V).
Having verified
Ag\e) oS =o0pSo AE\];), (3.49)
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we find the modular representation of S for the Hecke image T, f,
pP)(S) = p(0,S). (3.50)

and thus verify eq(3.31).
Given the form of T, for p prime, one can construct Hecke operators T,, for n coprime to N
but not necessarily prime. We restate the results in the appendix of [1]. Hecke operators T,,, T,

for m, n relatively prime obey
T Tnf =Tmnf (3.51)
and for n = p"* with p prime and m > 1
Tpm+1f = Tprmf —popo Tpm_1f . (3.52)

We keep in mind that these Hecke operators act on RCFT characters, which are weight-zero mod-
ular forms. The form of the equation above slightly differs from math textbooks due to the nor-

malization of the Hecke operator T, for RCFT characters.

3.3 Galois permutations

A crucial consequence of the Hecke operation is the induced Galois symmetry, which relates
SL(2,7Z) representations and thereby fusion rules in RCFTs. In a nondegenerate RCFT, we show
that the Galois group of fusion rules is fully determined by the conductor.

Denote by K the number field obtained by adjoining all matrix elements of the modular rep-
resentation to (. De Boer and Goeree show that K is a finite Abelian extension of Q [8]. Write
&m = e(1/m). Denoting by Q[;,,] the cyclotomic field that is an extension of Q by a primitive mth
root of unity, the smallest integer m such that K C QI[&;,] is called the conductor of the RCFT.

Bantay shows that the conductor equals precisely NV, the order of p(7") [2]. Moreover, since K
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contains the N'th roots of unity as the diagonal entries of p(7T'), K is exactly Q[£]. The automor-
phisms of K over Q furnish the Galois group G = Gal(Q[{x]/Q), which is isomorphic to the
unit group (Z/NZ)*, the group of multiplicative units in Z/NZ. Each element ¢ in (Z/NZ)*
gives rise to a Frobenius map fy ¢ which takes v to Sﬁ[ while leaving Q fixed.

We write p for the multiplicative inverse of p in (Z/NZ)*. As discussed in [11], the Frobenius

element fy ; acts on the representation matrices p(T), p(S) as

Ing(p(T)) = p(T)P, (3.53a)

(3.53b)

—
=
hs]
>
2
I
>
X
%Q
I
<1
—_
=
&

The matrix G, coincides with p(oj) [1], proving that the modular representation p(p) is equivalent

to the Galois action [y 5 on p:

(D) = p@(T),  fnp(p(8)) = pP)(S). (3.54)

The Hecke operator Ty, extends f)y 5 to an action on the characters of the RCFT rather than just on
the modular representation.

Let N = [/ pfi be the prime factorization of the conductor. The matrices G, = p(op)
reveal intriguing features as the representation of SL(2,7Z/NZ). The finite-dimensional represen-
tation p is completely reducible, and each irreducible component w of p has the unique product

decomposition
w =@ (pl) (3.55)

[24]. Here W(pfi) is an irreducible representation of S L(2, z/ pfiZ). The homomorphism p —

p(op) defines an n-dimensional representation of (Z/NZ)*, where n = |Z|.
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An explicit computation gives

TP~ lTP TP g —

1—pp)p+ p—1 0
(1—pp)p+p pp p (tmod N). (3.56)
0

]|

1—pp P

which establishes that 77 S~ TP STP S is the preimage of op under the mod N map from

SL(2,7) to SL(2,7Z/NZ). In practice, G/ can be evaluated from the expression

Gp=p(TPSTITPSTP S) = p(T) p(S) ™" p(T)P p(S) p(T)P p(S) . (3.57)
As it turns out, Gp 1s a monomial matrix with the elements

(Gplij = ep(i) Oy 5).5 (3.58)

where 7, is some permutation of 7 and ¢ is a map from Z to {+1, —1} [10, 11]. When p = 12

(mod N) for some | € (Z/NZ)*, fn, induces the inner automorphism of p(7):

Inp(p(D) =G MG fnp(p(S) =Grp(S)G . (3.59)

Hence, fy; ;2 shuffles the diagonal entries of p(T") by

12

P(Taa = P(T)rya)m(a) . @€ (3.60)
Gp’s form the Galois group of fusion rules, denoted by G, under matrix multiplication. The homo-
morphism p — G, shows that the matrices G, are an n-dimensional representation of (Z/NZ)*.
For the abelian group (Z/NZ)*, all the irreducible representations over C are one-dimensional,
which are known as the Dirichlet characters mod N. Therefore the n-dimensional representation
G'p can be diagonalized over C to give a finite sum of Dirichlet characters mod V.

Next we demonstrate that the Galois permutations are determined by the quadratic residues
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modulo N. For l% = l% (mod N), one verifies that

Gy, p(T) Gyt = Gy p(T) G (3.61)

la

and finds that p(7") is invariant under conjugation by Gl}lg’ 1e.
In terms of the permutation, this equation states that

P(D)aa = p(T)ay | (a)imy, (a)- (3.63)

The permutation il only shuffles the fields with same twist. In most cases we encounter nonde-
generate modular fusion algebras where independent characters are associated with different twists
0;, and thus all the eigenvalues of p(7') are distinct [24]. As a result, Tl is an identity permuta-
tion, and Gl] J, Must be diagonal with entries 1. Lemma 5 in [2] states that if ), is diagonal then

it must be £I, hence we deduce
Gpp, = +I,  for (115> =1 (mod N). (3.64)

This reasoning leads to the following result:

In a nondegenerate modular fusion algebra we have the relation
Gy, = +G,, (3.65)

if 2 =13 (mod N). In particular, G; = +£1 for every | such that > = 1 (mod N).
This shows that (7 is specified by the congruence class of 12 modulo N, up to a parity sign £;(0)
which does not affect the Galois permutation 7;. In some RCFTs there can be complex-conjugate

primary fields which have the same character. We may regard them as a single neutral primary
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and reduce the dimensionality of the modular representation, prior to imposing the nondegeneracy
condition. Then the Hecke operators will act on the reduced vector-valued modular form. See
examples in Chapter 4.2.

In applying the above result it is useful to discuss the structure of (Z/NZ)* and the group
of quadratic residues modulo N. With the prime factorization N = [[;_; pfi, the unit group

(Z/NZ)* is the direct product of the unit groups associated with each prime power factor
r
(Z/NZ)* = H (z/pfiz)* (3.66)

by the Chinese Remainder Theorem. Each prime sector can be expressed by the cyclic group Cy,.

(

1 ifp=2and k =1,
(Z/*2)" =S Cyx Oy ifp=2andk > 2, (3.67)

\Cpkfl(p—].) lfp > 2.

Define the group of quadratic residues modulo N
(Z/NZ)*]? := {m? | m € (Z/NZ)*}, (3.68)

which is evidently a subgroup of (Z/NZ)*. The group [(Z/NZ)*] 2 can be calculated by folding
the components in eq(3.66).

A wide class of RCFTs are the Virasoro minimal models M(p1, p2), which are labeled by a pair
of coprime integers (p1, pa) with p1,pe > 1. The model M(py, p2) is unitary iff |p1 — po| = 1.
Both unitary and non-unitary minimal models will be considered in this work. Their conductors
are computed in [2]. We list in Table 3.1 the unit group (Z/NZ)* and the group of quadratic
residues [(Z/NZ)*| ? for a number of minimal models, as well as their Galois groups.

Affine Lie algebras (Kac-Moody algebras) are also important examples of RCFT. They are

infinite dimensional algebras that extend simple Lie algebras, and appear as current algebras in
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(op) [N [n] @y [[enNe)]] 6]
(2,5) 60 | 2 Co x Uy x Cy Cy Cy
(2,7) 42 | 3 Cy x Cg Cs Cs
(2,9) | 36 | 4 Coy x Cg Cs Cs
(2, 11) 33 | 5 Co x C1p Cs Cs
(2,13) | 156 | 6 Co x (9 x (19 Cg Cs

(2,15)* | 30 | 7 Cy x Cy Co Cy
(2,17) | 204 | 8 Cy x Oy x C1g Cy Cg
(2,19) | 57 |9 Co x C1g Cy Cog
(3,4) 48 | 3 Co x Cy x Uy Cy Co
(3,5) 40 | 4 Cy x (9 x Cy (9 &)
(3,7) | 168 | 6 | Cy x C9 x Cy x Cy Cs Cs
(3,8) 32 |7 Cy x Cy Cy Cy

Table 3.1: This table summarizes some data for a few minimal models. N is the conductor of the
theory, which is also equal to the order of p(7T"). n = |Z| denotes the number of primary fields. G
stands for the Galois group of fusion rules. We put an asterisk on M(2, 15), where G does not agree
with Cy because p(7") has degenerate eigenvalues for fields that are not complex conjugates.

the WZW models. The characters of an affine Lie algebra transform among themselves under
the modular group. In affine Lie algebras there is a Galois symmetry acting on highest weight
representations [12, 13], and the resulting fusion rule automorphism is discussed in [11].

The Galois symmetry appears in the induced modular representations of Hecke images, as well
as in the definition of Hecke operators for I'(V). Since the second line of eq(3.23) is merely an

(p)

alternative form of A\, one can rewrite the Hecke operation as

Tpf ZP Jp ij Z fj(57')

seapoAD)

p1 T+ bN
_Zp O'p ij f] pT) Z,O(O'ﬁ)]szk< )
k b=0

p

(3.69)

From the physical point of view, the Hecke operation by T,, changes the Fourier coefficients, fol-

lowed by a signed permutation by p(o)) = G, L Along the way, the conformal weights in RCFT
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are multiplied by p modulo Z. As shown in [1], T}, f transforms in the modular representation

PP () = fnp(p(), v €SLE2,Z). (3.70)

The Frobenius map [y j; is a composition of fy , and [y 72 both of which have interpretations.

The action of f ;2 amounts to conjugation under Gy, i.e.

Ing(P() = g o Inp(p(0) = Gyt vy (p() Gp. (3.71)

While the remaining fy , causes the observed relations between the conformal weights:

b = 07 = fxpl0), (3.72)

()

JO=Dp h; (mod 1), where 0; and h; are respectively the twists and the conformal

()

1

or equivalently A
weights in the effective description to be introduced in Chapter 5. The twists 6’ and GNZ' are
roots of unity of same order, and their associated primary fields share similar statistical (braiding)

properties. We will see this essential fact in the full structure of RCFT under Hecke operations.

3.4 Applications and examples

We now apply the Hecke operators of the previous section to derive relations between the charac-
ters of RCFTs with more than one character. These examples in general involve mixing between
the different components of the characters. We will start with M(2, 5), a.k.a. the Yang-Lee model.

The characters are given by

o E(q) = ¢ V96G(q), (3.73a)
X1 f5(a) = ¢" /90 H g), (3.73b)
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where the functions G(q), H(q) obey the Rogers-Ramanujan identities

00 an 00 1

Gla)=)_ 2 = H 51 ( Sn+a (3.74a)
=g —q*) - (1—q") o (L= (1— ¢t
R el | fre

H(q) = 5 = p +2 . (3.74b)
= A-9—-¢%)- 2 " — ")

The representations of S and 7" are
<21 s (T
2 [ sin(5)  sin(f) o
pl(S8) = 7 c M) = diag( 60)- (3.75)
O\ sin(Z) —sin(Z)

We thus see that the conductor is N = 60.
For p = 7,13 we have
Y Yh(oy3) = : (3.76)

p (o7)=p

We can then use eqn.(3.30) to derive the coefficients bEp ) (n) of the Hecke image. Although the
Hecke relations between coefficients are most easily seen when characters are written as a series
in ql/ N it is more conventional in conformal field theory to write characters in terms of a leading
fractional power of ¢ and a series with integer powers of ¢q. Thus for the Yang-Lee model we define

coefficients of characters as
o0
g1/ Z L (n)g", (3.77a)

11/60
X1 5 =q"/ Z Cl/5 ; (3.77b)

and we similarly define coefficients c(??(n) and ¥ 2 (n) of the vacuum character and character

2/5

corresponding to the primary of conformal weight 2/5 for level one affine Go and coefficients
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054 (n) and 05?5(71) for level one affine F characters.

We find that the Hecke relations XG2 = T7XYL and XF 4= T13XYL with the relations

(

7eYL(Tn — 1) if 74n
G 1/5 )
¢y (n) = /
7c¥/L5(7n — 1)+ M (B) if Tin;
> (3.78)
& Tt (Tn + 2) if 74 (n—1),
02/5(n) =
\708{L(7n +2) - c}f/%(&;l) if 7|(n — 1).
(
13¢YL(13n — 3) if 134 n
F 1/5 ’
CO4(n) — /
13c¥/15(13n —3) +cf({) if 13[n;
) (3.79)
P 13c3(13n + 5) if 131 (n —2),
03/5(n) =
13c (130 + 5) — c}f/%(”l—gf) if 13|(n — 2).

We now show that the modular representation and characters of affine level one G5 and F); are
the Hecke images of the Yang-Lee characters under the Hecke operators T7 and T3 respectively.

The relation between modular representations is well known. We have

9 [—sin(E) sin (2—7T> (3.80)

and

pP(T) = pHIT) = oY) = ding (4], &G0 ) (3.81)

pF4 (T) _ pYL<T13) _ pYL(T37) = diag <€(238> 56_013) .
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Note that the ordering of the GGo and F characters comes out with the vacuum character in the
second entry due to our choice of ordering of the Yang-Lee characters.

We explore a few examples of relations between RCFTs with three independent characters.
The most well-known RCFT with three independent characters is M(3,4), a.k.a. the Ising model

with ¢ = 1/2. Tt is equivalent to a free Majorana fermion. The characters of the Ising model are

9 9
1 Os( 04(
Ilb/lgg 2(\/3 \/4 ) 23/48(1+q—|—q2 q3 2q4 2q5 ), (3.82)

Ismg T

X1/16 — \/—

given by

Ismg

[\DI»—t

— g P A+ g+ P +28 +2¢" +3° + ).

In the ordering (] , U, a) , the modular representation is

PP (T) = ding (&5 €3, €. (-85
11 V2

pIsing(S):% L1 —val. (3.83b)
V2 V2 0

The characters and representation matrices of the Ising model show that the conductor is
N = 48. Denoting the Ising model modular representation matrices by plsmg, there are only
two different values of p!s"8 (o ») that occur depending on whether p> = 1 (mod 48) or p? = 25

(mod 48):

P8 (o) =Tz,  p?>=1 (mod 48). (3.84)
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01 0
Py = 10 0 |, P’ =25 (mod4s). (3:85)

0 0 -1

The Hecke images TpXISing for all prime p with (p,48) = 1 lead to characters obeying all of
the consistency conditions for RCFT characters. We mention here some examples where we have
been able to match the Hecke images to the characters of known RCFT. For all p < 24 the Hecke
images are the characters of affine spin(p) algebras at level 1. While TpXISing is a shift from the

spin(p) characters for 24 < p < 48:

spin(p) Y=(p) spin(p—24)

X0 X0 X0

Xv — | xv =pP- | xv , (3.86)

Xs Xs Xs

where
01 0
P=1]110 0 . (3.87)

00 -1

The super-index Y = (p) represents the Hecke image under T,,. The sub-indices 0, v, s of x stand
for the vacuum, vector and spinor representation respectively.
For p = 31 the Hecke image of the Ising model characters are the characters of affine Fg at

level 2:

@
XoF =g 3Y8(1 4+ 248 + 3112402 + 8716274 + 13496501¢% + - ),

(2)
xgEfQ —q*/48(3875 + 181753¢ + 3623869¢2 + 46070247¢> + - - -), (3.88)
)
xfg/m —q"/?4(248 + 34504 + 1022752¢% + 16275496¢° + - - - ).
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For p = 47 case the Hecke images are the characters of the Baby Monster vertex algebra con-

structed in [59]. The Baby Monster characters are

M =~ 1T/48(1 4 962564° + 9646891¢> + 366845011¢% + - - -),
X5y =a*/ 48 (4371 + 1143745q + 64680601¢” + 1820005611¢° + - - ), (3.89)

XBi g =07 ?4(96256 + 106024969 + 42083123247 + 9685952512¢% + ).

We now give a few example of Hecke images of the minimal model M(2, 7) characters. The

representations of S and 7" are

1 0 0
M2.7) (1) = e(1—7) 3 (3.90a)
2
d 1 1—d?
2 sin (W)
M2,7) gy = 22-\7) 1 2 _q . 3.90b
prEIS) = — = d d (3.90b)
1-d2  d —1
For integers p with ged(p, 42) = 1 we find
M2 () =13,  p?>=1mod42. (3.91)
0 1 0
MCDGy=| 0 0 =1 |, p*=25mod42. (3.92)
-10 0
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M(277)(0'p) =11 0 0 , p2 = 37 mod 42 . (3.93)

The Hecke image under p = 5 gives rise to a vector-valued modular form that is relevant to the
WRT invariant of the Brieskorn homology sphere (2, 3, 7) [58]. The Hecke image under p = 59

recovers the three character model without Kac-Moody symmetry

APV = 759421 4 63366 + 4642120043 + 5765081101¢% + -+,
529/)7 = PT/42(715139 + 257698784q + 2407873013042 + - - - ), (3.94)
Xf;j)? = ¢*3/42(848656 + 232637826 + 1920196441642 + - - - ),

obtained in [63] by analyzing the third-order MLDE.

3.5 Bilinear relations

In [63] some bilinear relations between RCFT characters and the modular J function were exhib-
ited. These turn out to follow simply from properties of characters and their Hecke images. Let

f1(7) and f5(7) be the Hecke images of some RCFT character x(7):
filr) = (Tp)(7),  i=12. (3.95)
The induced modular representations are
pPNT) = p(TP0),  pP(S) = Gl p(S) = p(S) G, (3.96)

Di

Under the action of SL(2, Z) generators T and S, the bilinear form fo(7)7 Gy f1 (1) transforms
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as

For+ DTG f1(r +1) = fo(r) T [p(TP2)G pp(TPH)] f1(7),

(3.97)
Fo(=1/0) G fi(=1/7) = fo(r)[Gl p(S)Gep(S)Gipy ] f1(7) .
and will be modular invariant provided that
p(TP2)Gyp(TP') = Gy,
(3.98)
Gl (S)Gp(S) Gy = Gy
or equivalently
(TP 1, (3.99)
—1
Since the set of Gy is homomorphic to (Z/NZ)* and hence abelian, eq(3.100) amounts to
Gy =In- (3.101)
While eqn.(3.99) states the fact
P9+ p10? = 0mod N, (3.102)

which necessarily implies —p; 22 = 1 mod N therefore solves eq(3.100).
For the Ising model with conductor N equals 48 one can also construct modular invariant

combinations. For example, when / is taken to be 1, eqn.(3.102) boils down to
p1 + po = 0 mod 48. (3.103)

As a result, (Tpx)T(T48_px) is modular-invariant for p € (Z/48Z)*. Since it has the most
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singular term ¢~ !, this bilinear form also gives J(q) up to an additive constant, namely

(Tp) " (Tas—px) = J(q) + cf)p (1) + c(()48_p>(1). (3.104)
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CHAPTER 4
GALOIS SYMMETRY ON MTCS

MTC:s of low rank are classified in [53, 34]. See [35] for a catalog of known MTCs. The basic data

in a MTC include the twists (topological spins) which are exponentials of the conformal weights
0; = e(hy), 4.1
and the quantum dimensions d; which are ratios of elements of the modular S matrix

d; = p(S)oi/p(S)oo- (4.2)

A MTC is called unitary if each quantum dimension d; is the Frobenius-Perron eigenvalue of the
corresponding fusion matrix N;. When the MTC is unitary, p(S)gg is positive and the d; are

positive numbers greater than or equal to 1. The positive number

D= /de = 1/1p(S)o0l (4.3)

is called the total quantum order. The (topological) central charge c is related to the twists and the

quantum dimensions by

o(g) = (S0 Y tid. (4.4)

A MTC may arise from more than one RCFT, since the MTC only fixes #; (mod 1) and ¢ (mod 8).
A MTC is also equipped with duality matrices obeying the consistency conditions known as pen-
tagon and the hexagon identities [43, 44].

In RCFT, real and pseudo-real primary fields have a difference in sign when their conformal

blocks of two-point functions get braided. The reality property can be characterized by introducing
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the Frobenius-Schur indicator (FSI). The FSI of the primary field a reads

Ka = Z 0Nrs” p(S)orp(S)os ‘9297“_2
7"15 (4.5)
= ﬁ Z ONT’Sa drds 0267:_2,

r,s

which solely depends on the modular representation. Here, the FSI x, is £1 if the field a is

self-conjugate, and is 0 if it is complex.

4.1 Simple-current reduction of affine algebra

We turn to a number of less familiar RCFT characters and explore the structure of their correspond-
ing MTCs upon Hecke operations. In condensed matter physics, the (2+1)-dimensional (2+1D)
bosonic topological orders are classified by unitary MTCs [32, 33, 34], and simple-current reduc-
tion is an important tool in this construction [30, 31]. A simple current .J by definition has a single
primary field J¢ appearing in the fusion of .J with any primary field ¢, thus J permutes the fields
by J X ¢ = J¢, and divides the field content into orbits under the action of .J. Because there are
a finite number of primary fields, there exists a smallest positive integer n such that J" = I in the
sense of fusion. This 7 is called the order of the simple current .J. See [27] for a general discussion
of simple currents.

In (A, k) with odd k, the spin—% primary field ¢, is a simple current with the fusion rules
2

1 k
i =0,=, 1, = 4.6
Y .] 7277 72 ( )

It maps the half-integer representations onto the integer representations, and vice versa. The MTC

(A1, k)1 for k odd consists of the primary fields of integer spin in (A1, k), and is called the even
2

half of (A1, k) [31, 34]. We use the notation (Aq, k) for the MTC whose twists and modular

representation are the complex conjugate of those of (Aq, k). With ¢ = ¢(Ay, k) F 1, the MTC is
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understood as the tensor product

(A1, k)

D=

(Abk) =

(A1, k)

1
p
The first nontrivial example is (A1, 3)1,

)

fields ¢ and 1 with the fusion rules

©o X Y1 = 1, P1 X Y1 =0+ 1,

® (A1,1), ifk—1=0 (mod 4);

® (A1, 1), ifk+1=0 (mod4).

4.7)

the integer subset of (Ay, 3). It contains the primary

(4.8)

which are isomorphic to those of the Fibonacci theory. Moreover, the modular data confirm that

(A1, 3)1 sits in the Fibonacci MTC like (Ga, 1).
2

Next we study two specific examples, (A1,5)1
2

and (A1, 7)1. Their modular representations
2

are closely related to the minimal models M(2,7) and M(2, 9) respectively. We study the Hecke

images of their characters and modular representations, as well as the realizations of these Hecke

images in VOAs and MTCs.

4.1.1 Rank three

The (A1,5)1 MTC is realized at central charge
2

¢[(41.5); ] = e[(41,5)] = e[(41,1)] = 15/7 — 1 = /7,

and its conformal weights are computed from (Ay, 5) as

2 6
hi—g=0 hio1 == hi—o = =.
7=0 > 7=1 7 j=2 7
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(A1,5)1

With this basis ordering, the modular representation p "2 is determined by
1 0 0
(A1,5)1 1
5 — I 2
p (1) = ( 21) 0e?) 0 | (4.11a)
0 0 ef)

1 :
P (&) =—7F"| &P-1 —d 1 ; (4.11b)

(A1,5)

where d = 2cos (). From p %(T) we see that the conductor is N = 21.

The minimal model M(2, 7) has central charge ¢[M(2,7)] = —68/7 and conformal weights

<h171,h3,1,h5,1> - (0,—;,—3). 4.12)
The labeling of conformal weights will be discussed in the next chapter. M(2, 7) has conductor is
N’ = 42 and the modular representation is given before. Hecke images of the M(2, 7) characters
in some cases are vector-valued modular forms that have appeared in other context, but they fail to
be the characters of a unitary RCFT, because of the existence of negative Fourier coefficients and
fusion coefficients [1].

Three-dimensional modular representations whose kernels contain congruence subgroups have
(A1,5)1

2)

been classified by Theorem 2 in [24]. According to the classification, pM(2’7) and f49 5 (,0

differ only by a one-dimensional representation
p1(T) = e(—), pl9(8) = —1. (4.13)

This explains why (A1,5)1 has fusion rules that are isomorphic to those of M(2, 7).
2
The complete set of pM(277) (op) are provided in [1]. Explicit computation leads to the follow-
A5
ing ,0( ' )%(ap) for all p, with 1 < p < 21 and ged(p, 21) = 1.
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When p = 1,8, 13, 20,

p %(ap) =13, p>=1 (mod 21). (4.14)
When p = 2, 5,16, 19,
0 -1 0
(A1a5)1 2
p 2(op) = 0O 0 1 , p“ =4 (mod 21). (4.15)
-1 0 0
When p = 4,10,11, 17,
0 0 -1
(Ala‘r))l 2
p 2(op)=1 =1 0 0 : p“ =16 (mod 21). (4.16)
0 1 O

Among all the p € (Z/NZ)*, the series p = 1, 8,13, 20 give rise to two inequivalent unitary
MTCs that are complex conjugates. These p(p) have VOA realizations [36], whose characters are
not Hecke images of any primitive characters under T, though. For p = 8,13,20, the central
charge inferred from the characters is 8p/7; while for p = 1 there is no Kac-Moody sub-VOA

for (A1,5)1 at central charge 8/7 [40]. Nevertheless there exists a three-character corresponding

A1,5
to c = 22 % 8/7 = 8/7 (mod 24) and thereby the modular representation p( ! )%. The case

1
2

with ¢ = 8 % 8/7 is realized as a simple-current reduction of (A1,5) ® (E7,1). However for
p = 13,20, 22, the characters associated to these unitary MTCs still lack RCFT interpretations.
They are not linked by Hecke operations neither. When p? = 4orl6 (mod 21), the induced

MTCs by T,, are non-unitary, and there are no Hecke image interpretations.
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4.1.2 Rank four

We present a similar relation between M(2,9) and (A1, 7)1, which have the common conductor

1,
2
} = 10/3 and twists

{6} = {e(h))} = {1e(g>,e(§),e<§)}. 417

With this ordering of the twists, the modular representation is determined by

N = 36. The (A1, 7)1 MTC has central charge ¢ [ A1, T)
2

—
o
o O
(e

0 e(2 0
208 ) :e<— 3) () , (4.18a)

§)=""19/ , (4.18b)

r -1 -1 —r—1

where 7 = 2cos (§). The minimal model M(2,9) has central charge ¢[M(2,9)] = —46/3 and

conformal weights

5 2 1
<h1,1,h3,1,h5,1,h7,1> = (0,—57—57—5) : (4.19)
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The modular representation of M(2, 9) is

1 0 0 0
5
2 0 e(—2 0 0
SM(2,9) (T) = e< 3_?) (—9) ) , (4.20a)
0 0 e-35 0
0 0 0 e(-3)
—r 1-r2 1 r+l
2gin (X 1— 72 0 r2—-1 1—72
M9 gy — in () , (4.20b)
3 1 r2 -1 r+1 T
r+1 1—1r2 r -1

P =e(5). P =1 @21)

yielding the same fusion rules.

Explicit computations lead to the following p(o) for all p, with 1 < p < 36 and ged(p, 36) =
1. The bases are ordered following eq(4.19) and (4.17) respectively.
When p = 1, 35, (p® = 1 mod 36)

Ay,7
pM(279)(0p) _ p( 1 )%(Up) _1, (4.22)
When p = 17,19, (p? = 1 mod 36)
Ay7
M9y = Db gy (4.23)
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When p = 5, 31, (p% = 25 mod 36)

p)=p  E(oy) =

When p = 13,23, (p? = 25 mod 36)

When p = 7,29, (p = 49 mod 36)

When p = 11, 25, (p? = 49 mod 36)

op)=p | 2(op) = —

: : (A1,7)
Again, the observation that pM(Q’g)(Jp) =p '

symmetry between the two MTCs.
48
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(4.24)

(4.25)

(4.26)

(4.27)

%(ap) is explained by the underlying Galois



(2,9)

Some Hecke images of XM give the characters of affine Lie algebras:

T M29) = ((G2.2), (4.28)

TogyM29) = | (Cs.3)@(A11), (4.29)

These four-character theories are listed in Table 3 of [39]. Their bilinear form
T7XM(2’9) -ngx'\"(2’9) = J(r)+ 72 (4.30)

reproduces the partition function of No. 21 in Schelleken’s list of ¢ = 24 meromorphic CFTs [42],

where
J(7) = ¢~ 4 196884¢ + 21493760¢° + 864299970¢> + - - - (4.31)

is the modular J function.
(A1,7)1 has a VOA realization as the simple-current reduction of (A1,7) ® (A1, 1). Its char-
2

acters are constructed as

(A1,7)

1
;@ =x" P o), (4.32)

where the subscript j = 0, 1,2, 3 stands for the spin-j representation of SU(2). The characters

afford the g-series expansions

(A1,7)1 5 ) 5 A

Xg (1) =q (1 +6¢+38¢" + 112¢° + 347¢" + - - -), (4.33a)
(41.7)y L 2 3 4

X1 2(1) = q12(3 4 30q + 114¢” + 384¢° + 1065¢™ + - - - ), (4.33b)
(A1) 1 2 3 4

X9 2(1) = ¢36 (13 + 62q + 230g° + 692¢° + 1874¢™ + - -), (4.33¢)
(A177)l 7 9 3 4

X3 2 (1) = ¢36(4 + 23q + 102¢“ + 319¢° + 886g~ + - - - ). (4.33d)
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In principle, the Hecke images of the (A1, 7) 1 characters can be calculated by the standard algo-
rithm. Various Galois-conjugate representations of (A1, 7) 1 are listed in Table 11 of [24], which
summarizes four-dimensional simple strongly-modular fusion algebras up to one-dimensional mod-
ular representations.

Moreover, the MTCs of (A1,7)1 and (Go9,2) are complex conjugate [31]. Their characters

1
2
make up the bilinear form

X(Ah?)% (7_) . X(GQ,Q) (7_> — j(T)l/S, (434)

where j(7) = J(7) + 744 is the j-invariant.

4.2 MTCs of higher rank

The previous examples suggest a connection between M(2, k + 2) and (A, k) L since their fusion
rules are isomorphic. This connection offers a series of examples that Galois conjugations convert
non-unitary RCFTs to unitary ones, and vice versa. Moreover, both theories are related to critical
behaviors of chains of antiferromagnetically coupled anyons as pointed out in [41].

The primary fields in M(2, k + 2) are denoted by Qb(u,l) with v an odd integer satisfying 1 <

u < k + 2. They respect the fusion rules

Umax

Our) X Yup) = D, Pl (4.35)
U=1+\1f11d—w\

where umax = min(uj +ug — 1,2k + 3 — uq — u9) [28]. The fusion rules of (A1, k) resemble the

compositions of SU(2) angular momenta, namely

lmax

oy XenL= Y. @ (4.36)
=1+l 13|

where l;pax = min(ly + 1o — 1,2k +3 — 11 — l9) [41]. The label [ = 2j + 1 is the number of states
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for integral spin-j, and is odd in (A1, k) 1. Evidently, the fusion rules of M(2, k£ + 2) and (A1, k)1
2 2
are isomorphic with the identification ¢(l,1) ~ Q.
More fundamentally, the isomorphism of fusion rules stems from the Galois symmetry between
M(2,k + 2) and (Aq,k)1. To conduct a general analysis, we set N = 24(k + 2), which is an
2
integral multiple of both conductors. All the modular data are in the number field Q[¢y]. We
. M(2,k+2) 4; . . (Abk)l . .
claim that p™\* differs from the (—k)-th Galois conjugate of p 2 by the one-dimensional

representation pld, where

t
T =e(5), M) = (1), (437)
ifk=4t+1,or
t
P =e(=5), P = (1) (438)

if k =4t — 1 with t € Z. The proof of this assertion is left to Appendix B. For the moment,
the physical meaning of pld is unclear here. One-dimensional representations of modular fusion
algebras are possible for central charge ¢ a multiple of 4 [24], but RCFT/VOA realizations are
only known for ¢ a multiple of 8. When ¢ = 0 (mod 8), a RCFT such as affine Eg at level one
corresponds to the trivial MTC.

In summary, the M(2, & + 2) characters are known for general odd % and their Hecke images
are computable. Though not unitary, M(2, k + 2) has a unitarization realized as (A1, k) 1 by Galois
symmetry. When £ = —1 (mod 4), the (A1, k) 1 characters are constructed in an analogous way
to those for (A1, 7) 1 and can be acted on by Hecke operators. Although there is no standard way
to realize (A1, k) 1 viaa VOA when k£ = 1 (mod 4), Hecke operators can still be implemented on
the level of character.

As mentioned earlier, some MTCs have ranks greater than four and involve complex-conjugate
pairs of primaries. In such cases, we may identify each pair of complex primaries and reduce the
modular representation to a smaller dimensionality, before acting with the Hecke operators. For
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example, affine SU(3) at level 1 has two primaries that create fields in the 3 and 3 of SU(3),
but since they have the same character one can construct a two-dimensional representation of the
modular group given by the modular transformation of the vacuum character and one of these
characters. As a more complicated example of this technique, we start with the six-character

associated to a special RCFT, which has ¢ = 8/5 and N = 15. Let M| be the MTC of this RCFT.

Yo(T) = q_%(l +4q + 8¢ +20¢° + 37¢* + - -+ ), (4.392)
Y2 (7) :q%(1+2q+7q2+12q3+26q4+-~), (4.39b)
15
VY (1) =2 (1), (4.39¢)
15 15
ax 2 3 4
w%(7)2q15(3+4q+10q +20¢° +38¢* +---), (4.39d)
¢%(7) = q%(2 + 5+ 12¢% + 23¢° + 46¢* + - -- ), (4.39)
w’%(ﬂ =91(7), (4.39f)

where the sub-index of v refers to the conformal weight. This RCFT has two pairs of complex
primaries, which are of conformal weights 2/15 and 1/3 respectively. It is constructed as an
intermediate vertex sub-algebra like those in [16, 17]. Moreover, its modular 7" matrix is of odd

order, though the orders of p(7’) tend to be even in generic RCFTs. The components of

b= (Vo2 va,v1 ) (4.40)
15 5 3

are solutions to a fourth-order modular linear differential equation (MLDE), and are closed under
the SL(2,Z) transformations since the MLDE is modular invariant. The differential equation

involves three free parameters 11, 142, 113, and takes the form
(D* + 11 E4D? + pg BgD + pzEs) f = 0, (4.41)

where D = d/dr — %iﬂ'k’EQ is the Serre derivative acting on weight-k£ modular forms, and E; is
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the Eisenstein series of weight j [14]. We denote by ¢(117) /6 the number of zeros in the Wronskian
W = W,,. The form of eq(4.41) implies ¢/(1¥) = 0 here. The (A3, 1) MTC is the tensor product
of M7 and the Yang-Lee model, plus a simple-current reduction. Neither M7 nor % is listed in
the VOA encyclopedia [35] because M is non-unitary. (¢ = 8/5 should be understood as the
effective central charge to be introduced later.) We anticipate a connection to the three-state Potts
model due to resemblance of the field contents as well as the modular representations. Inspired by
Consequence 4 in [26], we predict that the VOA of v contains the V5 algebra.

As a vector-valued modular form, ) has Hecke images that are characters of affine Lie algebras:

Toy = xA42:2), (4.42)

T30 = yF40), (4.43)

They are also obtained by solving eq(4.41) [39]. When treated as six-character theories, (Ao, 2)
and (F}y, 6) each have two complex-conjugate fields, in accord with the preimage ). Their MTCs

are complex conjugates, and the bilinear form of their characters is modular invariant.

A9.2) (Fu,6 A9.2) (Fu.6 A9.2) (Fu.6 A9.2) (Fu.6
X(() 2 )X(()4 )+2X(AQ )X(Qj4 )+X(§2 )X(Z4 )+2X( 2 )X(44 )

15 15 5 5 3 (4.44)
—q 1+ 60 + 196884 + 21493760¢2 + - - - = J(7) + 60,

The multiplicity 2 accounts for the complex primaries and is crucial to attain the modular invari-

ance. This bilinear form produces Schellekens No. 14 [42]. The Hecke image of 1) under T4

(A272)

yields positive g-series, which can also be constructed by acting with T7 on x = T91 since
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(Traw) = ¢~ 15 (1 + 56q + 87836¢> + 73581764° + - - - ), (4.452)
(T1a) 2 = %1 (26730 + 2694384¢ + 99032220¢% + - - - ), (4.45b)
(le)% = (le)%, (4.45¢)
(T1at)s =g gT5 (308 + 147280¢ + 9692893¢2 + - - - ), (4.45d)
(Trav )% — ¢T5(13608 + 1927233¢ + 82069848¢2 + - - - ), (4.45¢)
(T1av)5 = (Twav)s. (4.450)

1 and T14% correspond to complex-conjugate MTCs, which are non-unitary. Their bilinear form
gives the identical modular invariant J(7) + 60 as eq(4.44).
Remarkably for any odd integer m > 1, the cyclotomic field field Q[&;,] is identical to Q[&2,,,]

because a 2m-th root of unity can be expressed as a power of an m-th

m+1

§2m = _§m2 . (4.46)

It can also be seen from the fact that (Z/mZ)* and (Z/2mZ)* are isomorphic due to eq(3.67).
The above Tt and T14% seem to be examples of T, with p|N. It is still open how to construct

Hecke operators T, with p|N.
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CHAPTER 5
PICTURE OF EFFECTIVE CENTRAL CHARGE

We start with the characters x of a RCFT (unitary or non-unitary) with effective central charge c.g.
If T are also the characters of a RCFT, then it follows from the formula for the Hecke transform

that the central charge is
) = peo, (5.1

as long as the criteria of unitarity are met [1]. Moreover, the conformal weights also change upon
Hecke operations, as seen in eq(3.72). However the Hecke operation does not necessarily map the
vacuum character of the original to the vacuum character of the new theory. To clarify the Hecke
operation, we seek a systematic approach to the picture of effective central charge. This method
aligns the fields in the Hecke image with the initial theory by similar statistics, and helps to locate
the vacuum entry.

We use the notation that if X refers to a quantity in the initial theory, then X and X () stand

for the counterparts in the effective description and the Hecke image under T, respectively.

5.1 Unified method

The Virasoro minimal models were briefly mentioned in Chapter 3.3. They have well-known
characters, and these characters provide an interesting class of vector-valued modular forms that

can be acted on by Hecke operators. The minimal model M(p1, po) has central charge

)2
¢[M(p1,p2)] =1 — 6% (5.2)
and conformal weights
— 2 _ )2
B, — P1r = p2s)” = (1 — o) (53)

)

4p1p2
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for the primary fields labeled by (r, s) with 0 < r < p2, 0 < s < p;. In a non-unitary minimal
model, the central charge and the conformal weights can be negative. To provide a general analysis
Gannon defines the minimal primary o = (7, s,) to be the primary field of lowest conformal
weight, which corresponds to the unique (r, s) € Z obeying p1r—pos = 1 [26]. He also shows that
o has a positive p(.S) column. The effective central charge cqr and the shifted conformal weights
b are defined so that the character of o has leading singularity ¢~ Ceff /24 while other primaries
have qh_ceff /24 as q — 0. In what follows we denote by |\7|(p1, pa) the effective description of

M(p1, p2). For the minimal model M(py, p2), one has

Cett[M(p1,p2)] = c[M(p1,p2)] =1 - — (5.4)
en[M(p1. )] = c[f(p1, )] =1~
and the shifted conformal weights
2
r—pys)” —1
S Ukt - ) e NSRS (5.5)

br,s 1s a mere constant shift from /. 5, and should not be confused with the effective conformal
weights to be presented later. The conductor remains the same in this description.

We can extend the analysis for minimal models to generic RCFTs. There are two generic ways
to find symmetric .S matrices which diagonalize the fusion coefficients N;: simple currents and the
Galois symmetry. Under either of them the symmetry condition of p(.5) is preserved. There exists
a unique chiral primary o called the minimal primary, which has the lowest conformal weight in
the RCFT [26]. Let cefr still denote the effective central charge. As always, the character of the
o primary has the leading term q_ceff/ 24, By Gannon’s definition [26], a RCFT is said to have
the Galois shuffle (GS) property if there is a simple current .J, (possibly the identity) and a Galois

automorphism o, (possibly the identity), such that the precise relationship

0=Jy, X 0,0 (5.6)
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holds, where 0 is the vacuum primary. The right hand side is understood as the fusion of the fields
Jo and 0,0. Moreover, J, is of order 1 or 2 (so 4h ;€ Z). The GS property obviously holds
for unitary theories. Gannon proves that the GS property is possessed by all YW minimal models,
in particular s also known as the Virasoro minimal models.! There are modular representations
that do not obey the GS property, for instance the one-dimensional representation p(7) = —1,
p(S) =—1.

The concept of simple current is introduced in Chapter 3.1. The other element of the GS
property is the Galois automorphism o, which is chosen to be the permutation 7, of fields labeled

by some ¢ € (Z/NZ)*. Recall that (Gy); j = ¢(i) d,,(;) ;- For instance in the Virasoro minimal

my(i),

models, it permutes the primary fields according to
oo (r,s) = (br,0s). (5.7)

It is convenient to require ¢ € (Z/8p1p2Z)* as well, hence ¢ is odd. On the level of modular

representations, the permutation 7y gives rise to the inner automorphism f; 2 on Q[&], namely

iz (p() = Gep(n) Gt (5.8)

The GS property implies the relation

c

Coff __ c 9 _
_eft 22, = (
oq" T 24

£ = +h Jo) 2 (mod 1) (5.9)

in the p(T') entries, where the second congruence comes from the fact that 47 ;€ Z. We call this

relation the GS equation. Both J, and o, yield signed permutations of the characters. There are

1. Akin to the Virasoro minimal models, YWy minimal models are generated by fields of conformal weight N
[51, 52].
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only a finite number of quadratic residues
¢ e [(z/NZ)*]? (5.10)

that validate the GS property. The choice of ¢ is not unique for each quadratic residue. Once the
inner automorphism by suitable (2 has been chosen, the simple current .J, is uniquely determined.
In what follows we omit the subscript of .J, and write the Galois automorphism o, as m, with
explicit dependence on /.

In the effective description, the modular representation reads

p) = Fne(Pp(v) P71 = P fy 2 (p(7) P71 = PGy p(v) (PGy) ™, (5.11)

where P is the permutation matrix Py, = 07,p. The orthogonal matrices P and Gy commute,
implying that they are different types of permutation. Hence, one can write 5(vy) in the form of

inner automorphism

fa 2 (Pp() PY) = Go(Pp() PTG, (5.12)

and regard P p(y) P! as a new modular matrix. In terms of the SL(2,Z) generators, the matrix

elements are

~ 62
p(T>ab = fN,£2 (p(T>Ja,Jb> = Ogb (p(T)Ja,Ja> ) (5.13a)

P(S)ab = fN,£2 (p(S)Ja,Jb) = e[€2QJ(Jb>} €£2(Jb) p(S)a,ﬂ'ngb . (5.13b)

As such, 5(T') is obtained by shuffling the diagonal elements of p(7T"). The effective conformal
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weights h,, are inferred from j(7):

~_Ce_ff:2( _i)
ha = =(hja = 5;) (mod 1)

= ha=L(hja—hy) (mod1).

(5.14)

l~za is not the shifted conformal weight b, in eq(5.5) for any a € Z. Instead, one deduces from the

shuffling rule 5(T)aa = p(T)7,7a,x,Ja that

¢ (7“‘ - Cz%) - ¢ (hW“ - 2_C4> —° (b”"“ - 62%> (5.15)

= ila = h?TZJCL (mOd 1)'

We anticipate that 6, and 6, are roots of unity of the same order. The first row/column of p(.5)
need not be positive, because p(.5) does not necessarily transform positive characters. As will be
seen shortly, the form of p(.S) enables non-negative fusion rules.

Based on the GS property, Gannon proposed a method called “unitarization”, which converts
RCFTs to unitary ones with identical fusion rules [26]. Given a RCFT with central charge c, its
unitarization usually has central charge that is an integral multiple of c. In this case, the unitariza-
tion is essentially equivalent to the method of Hecke operation, where the unitarization focuses on
the MTC aspect while the Hecke operation deals with the characters. Without the integral relation
of central charges, there is no interpretation for the unitarization in terms of the Hecke image.

Our approach differs from Gannon’s in that the effective description exploits the GS property
but does not unitarize the initial theory. There could be several effective descriptions (¢2,.J) with
distinct representations p(+y), but they correspond to the unique c.g. By the form of p(v), the ef-
fective description does not alter the conductor. Moreover, c.g are known for the Virasoro minimal
models, which allows us to solve (¢2,.J) in the GS equation.

A crucial subset of Hecke operators are T, with p> = (? (mod N), where (¢2,J) is an ef-
fective description. In this case, the Hecke operation T, comprises two steps as in €q(3.69). The

signed permutation p(op) = G

»  implements the same transformation as the inner automorphism
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J v ¢2 does in the effective description. The effective picture imposes a criteria for unitary Hecke
images. In practice, once the (effective) central charges are known, we only need to check the

following equation in order to know whether T,, produces characters of unitary RCFT.

1
51 2 coff —€) = —hy (mod 1), (5.16)

where ./ is a simple current in RCFT. Like in the effective description, the conductor stays invariant
under the Hecke operation. As we will see, the fusion rules do not change under the joint action
by J and 7y, with the same ordering in the representation matrix. In the rest of this chapter, we

impose the constraint p? = (2 (mod N) so as to get unitary theories under T,.

5.2 Fusion rules of Hecke image

In this subsection we discuss the fusion rules for the Hecke image which are related to the couplings
of the primary fields in the Hecke image. The derived fusion rules are one physical implication of
Hecke relations and pave the way for computing the duality properties algebraically.

The Hecke operation T, takes the characters of a RCFT with effective central charge cqg to
their image characters, which may be characters of a RCFT which has central charge p) = D Coff-
The modular representations of the two theories are related by the Frobenius map fy 5. It might
seem that the initial theory and its Hecke image have same fusion rules, since the Frobenius map
acts trivially on the integral fusion coefficients. However this reasoning is not accurate, because
the fusion coefficients depend on the vacuum row as shown in the Verlinde formula. Though the

Hecke image has the modular S matrix p(?)(S) = f N5(p(9)),

{fnp(p(S)oi) |i € T}

is no longer the vacuum row as the primaries have been shuffled.

Thus to study fusion rules of the Hecke image we should ensure that the field content is prop-
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erly aligned so that we can identify the new vacuum character. To do so, we first translate the
initial modular data to the picture of effective central charge. With the representation p defined in

eq(5.13), we compute the fusion rules ON o' directly.

- ﬁ(S)a,mﬁ(S)b,mﬁ(S);%
N b B Z ﬁ(S)O,m

Q(a)+ Q) —Q (c) - QJ(O)}> (5.17)

where the selection rule eq(3.19) is used. Hence, p leads to the identical fusion rules as in the
initial theory, which are of course non-negative. There are not necessarily physical fields that give
rise to the representation p. In fact, the g-series that transform under p are the initial characters
with a signed permutation, and could have negative Fourier coefficients.

Being brought to the effective picture, it remains to multiply the effective conformal weights
by p along with changing the Fourier coefficients. It causes an action of fy ;, on the modular

representation, rendering the fusion rules invariant. The fusion rule in the image theory is

ONabc(p) :ZfN,p('a(S))amfN,p( )b ( 71)cm

m fN,p( ))
B P()amp(S)pmA(S) e (5.18)
vy (; Ao )

= fNJ? (ONabC) = ONabC

The fields in the Hecke image are aligned in the same way as before. The first row of f (,5(7))
still corresponds to the vacuum, in the sense of T, x. We therefore confirm that the fusion rules are

preserved under suitable Hecke operators, i.e. T, with 132 = (? (mod N). In summary,

oNa® @) = oN,,¢ = 0Ny (5.19)
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This result will prove essential in establishing the polynomial equations for various RCFTs.

5.3 M(3,5) as an example

We now illustrate the technique of effective picture using the minimal model M(3,5) as an exam-

ple. The non-unitary minimal model M(3, 5) has (effective) central charge
c[M(3,5)] = —3/5, cetf[M(3,5)] = 3/5. (5.20)
The primary fields are

¢0, ¢_ 1, P1, ¢3, (5.21)
20 5 4

where the subscripts denote the conformal weights. ¢ 1 has the smallest conformal weight and
20
is recognized as the minimal primary o. The vacuum field ¢ is the trivial simple current, while

¢3 has order 2 and permutes the primaries by
4

(60, 6_ 3. 01, 03) x 03 = (63,61, 6_1, 90). (5.22)
20 5 4 4 4 5 20
The modular representation is
PMBES)(T) = diag (€40, €401 21 €1 (5.23)
r Yy -y —x
y x* T Y
MBS () = , (5.23b)
-y r —xr Yy
—-r Yy y —x
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where

T = \/gsin <2€7r>’ Yy = \/gsin (g) (5.24)

With N = 40, the quadratic subgroup is [(Z/NZ)* | 2= {1,9}.
With the trivial simple current, the GS equation does not hold for any (2 € [(Z/Nz)*] ?. The
GS property requires the simple current ¢ 3 and the quadratic element 2=9 (mod N). Following
1

eq(5.13), one converts pM(375) () to the representation in the effective picture.
PMEINT) = diag (40" a0, €10 o) (5.252)
xr -y -y

MBS (5 = . (5.25b)

The effective twists are computed from pMB3:5)(T) as

§=1, e(%) e(%), eG). (5.26)

In terms of field content, M(3,5) is viewed as the tensor product of affine algebra (A;,1) and

M(2, 5). The latter is the complex conjugate of M(2, 5) (Yang-Lee model), which has
c[M(2,5)] = cege[M(2,5)] = 2/5. (5.27)

As a result, the modular representation of |\7|(3, 5) is simply the Kronecker product of (Aj, 1) and

I\7I(2, 5). The (A1,1) MTC has the vacuum and the semion as primary fields. The semion has
conformal weight 1/4 and serves as the simple current in the tensor product structure. Note that

M(3,5) has conductor N = 40.
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The characters of M(3, 5) are given by

AES () = g (1 + 2 + P + 204 + 205 + ), (5.282)
X“_/'ili"”)(r) (gt 426 13t 4+ ), (5.28b)
XEA(3’5)(7) = q%(l +q+2¢ +2¢° + 3¢  +4¢° + - - ), (5.28¢)
x%/'(3’5)(7) — (14 g+ ¢ +2¢5 +2¢4 +3¢° + ). (5.28d)
Among the components, X'\_A(j’5) contains the most singular term and corresponds to the minimal
primary o, while Xg/l (35) is the vacuum character due to its leading term q_C[M(3’5)]/ 24 Moreover,

the true vacuum is invariant under the Poincaré group and in particular under translations. Hence,
the Virasoro generator L_; annihilates the vacuum, i.e. L_1|0) = 0 and there is thus no ¢! term
in the vacuum character.

The characters of (A1, 1) and M(2,5) have Hecke images which were computed in [1]. It is
interesting to explore Hecke images of the M(3,5) characters as well. Explicit computation by

(3,5)

eq(3.57) provides the list of G]';/l — pMB5) (op) forall p € (Z/NZ)*.

When p = 1,11, 29, 39,
MBS () =1y,  p>=1 (mod 40). (5.29)
When p = 9, 19, 21, 31,

MBD) () =—I;,  pP=1 (mod 40). (5.30)
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When p = 3,7, 33, 37,

0 01 0
0 00 -1
MBD) () = , p> =9 (mod 40). (5.31)
-1 00 0
0 10 0
When p = 13,17, 23,27,
0 01 0
0 00 -1
MBS (5)) = — . p>=9 (mod 40). (5.32)
-100 0
0 10 0

The four distinct values of pM(3’5) (op) form the cyclic group C4 under multiplication. As we

A1,3)(

shall see later, (A1, 3) is the Hecke image theory of M(3,5) under Tg. The matrices ol op)

are the same as pM(3’5)(0p) with proper ordering of the basis. The authors in [11] computed

the four distinct values of p(Al’?’)(

op) and regarded Cy as the Galois group on primary fields.
But the Galois group of fusion rules we refer to is basically the permutation within the matrices
{N;|i € T}, where the permutation is given by eq(19) in [11] and NV; is defined by eq(3.16). Since
p(op) only tells how the primary fields are shuffled given its non-zero entries, the overall sign of
p(op) does not affect the field permutation. Hence the fusion rule automorphism is characterized
by ipM(3’5)(ap) in M(3,5) or (Ay, 3), and the Galois group of fusion rules is exactly G = Co, in
agreement with the group of quadratic residues [(Z/NZ)* | 2,

Not every Hecke image corresponds to a unitary RCFT. A unitary RCFT or MTC requires non-
negative integral fusion coefficients that are determined by the Verlinde formula eq(3.15). If the
constraint of unitarity is relaxed, there could be negative fusion coefficients though with positive

g-series. For simplicity, here we focus on the Hecke images which have interpretations as the

characters of unitary RCFTs. They correspond to the series p = 3,7,33,37 (mod 40). The Hecke
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images TpXM(S’E’) with p = 3, 7 provide the characters of two affine Lie algebras.

T M) = (A1), (5.33)
x(()Al’S) — g0 (1 4 3¢+ 9¢2 + 22¢% + 4241 4 81¢° + - --), (5.33a)
K = gt (24 6q + 186 + 360 + T8g o+ 14dg” ), (5.33b)
x(gAl’?’) — g1 (3+ 9 + 204> + 4543 + 90¢* + 170¢° + - --), (5.33¢)
X%Al’?’) — g0 (4 4 6 + 18¢ + 3445 + 72¢* + 126¢° + ---); (5.33d)

T MB2) = (Ga1), (5.34)
OV = 0 (1 4 219 + 126¢% + 51165 + 17431 + - ), (5.34a)
x(;f?”l) — g0 (6 + 70q + 33642 + 130203 + 4186¢" + - - - ), (5.34b)
X(gc?”l) — g0 (14 + 105¢ + 483¢2 + 17644 + 5523¢* + - --), (5.34¢)
X%C?”l) — 10 (14 + T8¢ + 378¢° + 1288¢3 + 4032¢* + - - ). (5.34d)

The affine Lie algebras (A1, 3) and (C3, 1) have central charges p cegr with p = 3 and 7, respec-
tively. However there is no obvious way to realize the RCFTs for p = 33, 37, though the derived
MTCs by Galois conjugation are unitary. They are perhaps intermediate vertex subalgebras similar
to the E7 % theory [16, 17]. As expected, all four MTCs in this series enter into the classification
of topological orders [30, 31]. Notably Hecke images of XM(3’5) can be solved from the MLDE

eq(4.41). The modular representation for TpXM(3’5) is

AP0 = fyp (MEI()) (5-35)
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In particular for p = 3,7, 33, 37,

pP)(S) = (5.36)

meets all the requirements of unitary MTC, i.e. the non-negative fusion coefficients and the quan-

tum dimensions dl(p ) > 1.

We infer the fusion rules in the Hecke images of M(3,5) by the analysis earlier. They are
expressed in terms of the matrices N; defined in eq(3.16), where a super-index labels the RCFT
and a sub-index indicates the conformal weight as usual. The primary fields are arrayed in the

same order as before.

M(375) M(3a5) A173) C3a]-)

_ _ _ _

Ny =Ny = Ny = Ny Y = 1, (5.37)
0100
v 1 010

Ni/lfﬁ) — NE<3’5) — N(iAl’S) — N(lc&l) — ) (538)
20 20 20 20 010 1
0010
00 10
Y 01 01

Ni/l(3a5) — Ni/l(3v5) — NéAl’g) — Néc?nl) — ) (539)
5 5 5 5 1 01 0
0100
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0001
- 0010

NMBS) _ g5 _ pidd) _ piCsD) (5.40)
1 1 ! 1 0100
1000

They agree perfectly with the fusion rules calculated from the modular data in these RCFTs.

Let us not forget that M(3,5), as a member of non-unitary minimal models, has long been
known to describe critical phases of 2D classical statistical mechanics models, such as the “re-
stricted solid-on-solid” (RSOS) models [25]. In condensed matter physics, M(3, 5) is of particular
interest as it describes the critical behavior of a chain of antiferromagnetically coupled Yang-Lee
anyons [41]. The earlier discovered Galois conjugation relations between Yang-Lee and Fibonacci
anyons serve as a first example of the broader Galois symmetries induced by Hecke relations be-

tween different RCFTs we present in this thesis.
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CHAPTER 6
DUALITY TRANSFORMATION OF CONFORMAL BLOCKS

Besides modular invariance, duality is another distinctive property of RCFT. In this chapter, we de-
scribe the duality transformations in RCFT and build the formalism for probing Galois symmetry.

This chapter is largely a review of the literature, and set up the notation for the following chapter.

6.1 Chiral vertex operators and conformal blocks

In preparation for our discussion of duality, we first define the chiral vertex operators (CVOs).
Their correlation functions are conformal blocks for physical correlation functions. The exchange
symmetries of conformal blocks are described by duality transformations. See [43, 45, 44] for
mathematical details.

The physical Hilbert space H..},. is a direct sum over irreducible representations of A x A, as

phy
is reviewed in eq(3.1). Every state in the decomposition transforms as the representation (Vi, Vg)
The CVO is the intertwining operator for chiral representations, with dependence on the coordinate

z on the complex plane. Given three representations labeled by i, j, k£ € Z, we define the operator
i(2) : (V)Y @V, @ V) = C, (6.1)

where (V)" is the dual of V;. The representations are ordered such that j, k refer to the incoming
states and ¢ labels the outgoing one. Such operators are called of type (i; j, k), and the subscript
t distinguishes between different operators of the same type. In general the CVOs of type (i; j, k)
span a vector space Vji , which has dimensionality

dim ij = Njpv = Nji". (6.2)

The numbers Njki are the fusion rules determined by the Verlinde formula eq(3.15), and their

dependence on the vacuum 0 is omitted occasionally. The case N ki < 1 contains most essential
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features of RCFT and affords a simpler description. In this situation, there is only one operator of
type (¢; J, k), which can be written as <I>§. . for brevity.

In RCFT conformal blocks form a basis for physical 4-point functions. Each conformal block
is computed by gluing two CVOs at points which we label as 29, z3, with the initial and the final

state at 0 and oo respectively [3].
ikl
.FZZ)J (29, 23) < ‘(I)J 29 q)pl 23 |l> (6.3)

Figure 6.1 gives a graphical description, where the indices i, j, k, [ stand for the external legs while
p labels the field in the mediated channel. In the diagonal theory, the physical correlation function

18

(9i(00,00)0 (22, 22) 0k (23, 23)61(0,0)) = Y Dp | Fp/™ (29, 23)
peL

, (6.4)

where D), are constants independent of z and Z.

Figure 6.1: A geometric illustration of fusion, as the composition of two 4-point functions.

6.2 Fusion and braiding symmetries

The axiom of duality states that physical correlation functions do not depend on the choice of
the basis of conformal blocks. The conformal block for any diagram is a linear combination of
conformal blocks for any other [44]. In particular, duality of the 4-point functions implies the

existence of fusion and braiding matrices, which are induced by F- and B-moves respectively.
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When acting on ]—";,‘7 kl(ZQ, z3), the F- and B-moves cause the change

7|’ " @, VEVE o o,V Ve (6.5)
o “P T)p kl qql gk :
1
B’ g o, Vi VP 5 o,V @V (6.6)
P Vgp kl 9% kq = "4l :
il

where the matrix elements Fjg, Bpg specify the initial and the final terms in the direct sum [44].
Any duality transformation are expressible by these two basic moves. We will elucidate the fusion
and the braiding matrix explicitly in terms of OPE.

Let z;; be shorthand for z; — z;. The fusion matrix F' is defined by

@], (22)@p(z3) = ) Foa |” , Z %% (23)(Q| @) (223) |k} . (6.7)

g€z il Qev,
where () € V;; denotes the descendant states in the module V; [3]. To obtain the OPE on the right
hand side, we use the translation and scaling invariance. Figure 6.2 characterizes the s-¢ duality
schematically. Two successive F-moves are equivalent to the identity transformation, leading to

the quadratic relation

Jj k [k
> Fy Fy = Oy - (6.8)
q (. 1 g
The braiding matrix B is defined by
J
qﬂ (22)®P(23) = Y Bpg | oF (23)<I>f] (22) (6.9)
qel 7

[3]. Figure 6.3 provides the graphical illustration for the s-u duality. In fact B) is the monodromy

matrix for the vector of blocks .7-";,‘7 kl(ZQ, z3) when z3 circles around z3. The braiding matrix is
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ik qu

i 1:§%H]i |

Figure 6.2: Fusion matrix between blocks. The labels of the matrix entries, i.e. p and ¢, take the
positions of the “propagator”.

independent of z in each connected region of the common domain. Given two regions separated

by a branch cut, there are two transformations
B(e), e=sgn(S(223)) (6.10)

with the consistency condition

j k ko Jj
> By . () By | | (=€) =y . (6.11)
q

]

It should be stressed that B2 is not the identity matrix because of the cuts. If the sign € is omitted,

we are referring to B(+). For a coupling ¢ of type (i; j, k), we define the operators {2 and ©

OF) VR 2V Q) () = eF™es(1), (6.12a)
o) VL =VE, eE)t) = as(cti™n), (6.12b)

Here Ay = A + Ay — Ay, with A; the smallest L eigenvalue of the states in V;. ¢;; is a
transposition of 7 and 7 with gfj = 1. The extra phase etimAe compensates the phase arising from
swapping the external legs, done by z — eTim, depending on the cut. ) and © are special cases
of the B-move. The operation (2 is also referred to as the R-move, and its eigenvalues are called
the braiding eigenvalues or the R-matrices.

We start with a 4-point function and perform the duality transformations of the CVOs in two
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i 1 :ngq[gf] i I
p ! q

Figure 6.3: Braiding matrix between blocks. The labeling of the matrix entries, i.e. p and ¢, take
the positions of the “propagator”.

ways as depicted in Figure 6.4. Ending in the same configuration, we build

k k . [ g
B, ~7 (=3 Fy ~7 o ime(Ap+A—-0¢) Fu | J : (6.13)
71 g€l 71 1k
or symbolically
Ble) = F 112 Q(—e)]F. (6.14)

The B-move is simply a combined operation of F- and R-moves. As a consequence, eigenvalues of

the B-matrices are square roots of mutual locality factors and are deduced as half-monodromies.

Figure 6.4: A simple loop transformation of conformal block.

The duality matrices are usually computed as follows. We first determine the fusion rules

by the Verlinde formula and find all the fusion channels. Given any five-point function, we can
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formulate different sequences of F-moves from the same starting fusion basis decomposition to
the same ending decomposition. These consistency conditions build the polynomial equations
called the pentagon equations. The solution to the pentagon equations is organized into the F'-
matrices, whose entries are known as the 65 symbols [34]. Likewise consistency relations arise if
the R-moves act on the fusion space of three particles in different ways, ending in the commutative
hexagon diagrams. The hexagon diagrams contain both F- and R-moves, making the braidings
compatible with the fusions. They give rise to the hexagon equations. In practice, we first solve
the pentagon equations to gain all the fusion matrices. We then insert the solved fusion matrices
into the hexagon equations and determine all the braiding eigenvalues. Despite the several sets
of solutions, we pick the desired one by inspecting typical braiding eigenvalues in that MTC. (A
complete set of fusion matrices does not determine the MTC, and could incorporate many several
sets of consistent braiding eigenvalues.)

Using global conformal symmetry, we rewrite the correlator in terms of the cross-ratio z =

219234/ 213%24. If the coordinates of the external legs are chosen to be

z1=00, 29=1, 2z3=2, 2z4=0, (6.15)

the cross-ratio reduces to z. There are two other cross-ratios

1 — »— 214723 z _ 212734 (6.16)

213294 1—2z  z14203

Duality transformations are done by permuting the positions of CVOs. The F-move results in the
permutation ¢1934 on the external legs, which amounts to z — 1 — 2z on the coordinates. The
R-move is simply done by the transposition ¢o3, which takes z to 1/z. Thus the B-move causes the
transformation z — z/(z — 1), courtesy of eq(6.14).

Without loss of generality, we consider the 4-point function

G(2i,zi) = (da(21, 21)0a(22, 22) P A (23, 23) P 4 (24, 24) ) (6.17)
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of a real primary field ¢ 4. By conformal symmetry, G(z;, ;) factors into
G(2i. %) = (214232714732) 24 G(2, %), (6.18)
where h 4 is the conformal weight of ¢ 4. For convenience we adopt the shorthand notation
fa(z) = FAAA4(), (6.19)

where }"aAAAA(z) is perceived as the conformal block with the z;; powers factored out. The

conformally invariant part G(z, Z) is a sum over conformal blocks f:

Gl2,2) =Y o fal2)fa(2) = Y dug |fal2)])

acl a€l

: (6.20)

where d 4 4., are the OPE coefficients. Unitary RCFTs require di Aq, to be positive, while d?ﬁl Aoy
could be negative in a non-unitary RCFT. The normalization of conformal blocks depends on the
OPE coefficients, and only the product ‘d Ada fa(2) ‘ is definite. For this reason, we have freedom
in choosing the off-diagonal entries of the F'- and the B-matrices. Such freedom is referred to as
a change of gauge [3]. The gauge transformation is parameterized by the relative fugacity matrix

A= diag()%), and takes the form
fa(z) = Ao falz),  F—ATFA, (6.21)

where F’ is any fusion matrix [9]. In the literature, the conventional gauge is chosen such that the
F-matrices are symmetric. Furthermore, whether or not an entry of the F-matrix vanishes is a
gauge-invariant property [33].

To describe the gauge dependence, we take the Fibonacci-type fusion rule ¢ x ¢ = I + ¢ as an
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example. The nontrivial fusion matrix reads

1
Fl? ol [ , (6.22)

¢ ¢ a+ —a+

where a+ = (—1 £ V/5) /2 [44]. The choice of a4 corresponds to the G or the Fy theory. While

the choice of a_ yields an imaginary OPE coefficient, thus any RCFT with this monodromy is

non-unitary. This verifies the non-unitarity of the Yang-Lee theory and the E.1 theory. If we
2

choose the symmetric normalization, the F-matrix takes the familiar form as in [41].

Fsym ¢ ¢ = = \/@ . (6.23)

¢ ¢ Vit —at
For the Fibonacci-type theory, it is impossible to achieve unitary F'-matrix and abelian Galois
extension of (Q simultaneously. But with different F-matrices, each can be obtained separately
[65].
The conformal fields and the correlation functions are manifestly gauge invariant [43]. It is
gauge invariant as well for the pentagon and hexagon system of equations, i.e. the polynomial
equations originating from various closed loop diagrams. For any solution to these equations,

there exists a continuous family of solutions that are gauge equivalent to it.
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CHAPTER 7
DUALITY MATRICES AND GALOIS SYMMETRY

Fusion and braiding are two basic duality transformations, as introduced in the last chapter. In this
chapter we demonstrate how the duality matrices are related in different Hecke image theories,

whose MTCs are Galois conjugates.

7.1 Fusion Matrices

The fusion matrices inherit the Galois symmetry from the pentagon equations reviewed in the last
chapter. We begin the analysis by visiting the two-channel fusion, which affords explicit calcu-
lation of the conformal blocks. The fusion matrices computed thereof obey the Galois symmetry
consistently. We then study the MTCs of some familiar RCFTs as evidence for general cases. For
simplicity we will confine ourselves to the fusion rules for which each fusion coefficient ONijk

equals O or 1.

7.1.1 Analytical results in two-channel fusion

The physical correlation function eq(6.4) remains invariant under the crossing z — 1 — z. Mean-

while, the holomorphic conformal blocks transform into themselves as

]:Jgjkl(l —2)= ZMP(] ]:éljk(z)' (7.1)
qeT

The fusion matrix is computable, provided }"éj M (z) is known. It can be taken to a unitary matrix
by gauge transformation for unitary RCFT, which amounts to choosing an orthonormal basis for
the conformal blocks. Then the matrix elements M, appear as the probability amplitudes.

We explain the idea with the 4-point function of a real primary ¢ 4. Assume that there are at

most two conformal blocks as is true for a number of RCFTs. The OPE of ¢4 with itself must
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contain the identity operator, since ¢ 4 is real and Hermitian. The assumed fusion rule would be

¢A X ¢A =1+ ¢Ba (72)

where the identity I and one other field ¢ 5 flow in the intermediate channels. Denote by h 4 and
h g the conformal weights of ¢ 4 and ¢ g respectively. We shall calculate the conformal blocks of
(pAd A0 AP 4) and extract the fusion matrices following the analytical approach in [38].

In order for (¢ g4 4040 4) to be non-vanishing, there are restrictions on the fusion channels.

In particular,
N=8hy+1~-3hp (7.3)

must be a non-negative integer. For a RCFT with finitely many chiral primaries, each primary
field reorganizes an infinite number of Virasoro primaries. Referring to the definition eq(6.7), we
thus need to consider the descendant states of the chiral primary in the intermediate channel. For
0 < n < N, the integer n labels the lowest secondary that flows in the ¢ channel, while N — n
measures that in the vacuum channel. The part G(z, ) in the correlation function eq(6.18) is
expanded into the irreducible components GG (”)(z, zZ) labeled by n. With the given fusion rules,

each G(™) is the sum of two conformal blocks

n 2 n A\n), _
¢z = 3 (d,) 1), (7.4)
a=0,1

Here, the index o = 0, 1 labels the vacuum component and the ¢ channel respectively. For each
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n, the conformal block fén) (z) solves the differential equation

(;d—;f+§(2h,4+1+g>(%+Zil)%er{—;hA(?hAﬂLl—N)(Z_lz* (2_11)2>

+<MTA(2hA+1—2n+N)+%(N_”)(H?’"_N))ﬁ}f:&

(7.5)

This differential equation arises from studying the singular behavior of Wronskians, without knowl-
edge of null vectors [38]. Itis a variant of the hypergeometric equation and admits two fundamental

solutions around the point z = 0, i.e.

157(2) = [2(1 = 2)] M 5 Fy(a,b:c2), (7.60)

A =N 01— )] M R (a—c+1,b—c+1;2—¢2),  (7.6b)
where

a:#ﬂh b=—4hq+N—n, c:2(1_4§A)+N. (7.7)

9 F (a, b; ¢; 2) is the hypergeometric function and N/ (%) is a normalization constant. The singular-
ities in various coincident limits confirm that fén) (z) and fl(n) (z) correspond to the intermediate
channels I and ¢ g respectively.

The differential equation (7.5) is invariant under the crossing z — 1 — z, thus the conformal
blocks transform linearly. That yields the fusion matrix M) which tells the transformation law

of the hypergeometric function.

(n) (n) 1 ,(n) (n)
My M £ )

0 _ 00 01 0 (7.8)
Ma -z M

Shifting n by one unit flips the sign of M) The case n = N is most relevant, where it is exactly
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the Virasoro vacuum that flows in the conformal primary of the identity.1 The fusion matrix has

the diagonal entries

(n=N) _ (n=N) _sin[(hp —4hy)7]
Moo =M B sin [hBT(']

, (7.9)

which are gauge invariant. Though the off-diagonal elements depend on the relative normalization

N one has the fixed product

M%:N) Mgi:N) _ sin [(2hp - 42hA)7r] sin [4hy7]
sin [hBﬂ

, (7.10)

which is obviously in Q[¢y]. Appropriate choice of V(™) makes the fusion matrix M (™) uni-
tary, yielding M((ﬁ) = M%) It corresponds to the symmetric normalization. Alternatively, it is
possible to choose M%) and M((ﬁ) such that they both sit in Q[¢ ]

The analysis of the fusion matrices applies to the effective picture and the Hecke images as
well. It is noteworthy that the conformal weights enter into the parameters of the conformal blocks.

Upon the Hecke operation T, the effective conformal weights h get multiplied by p modulo Z,

namely
WP =phy, B =php  (mod 1). (7.11)

Equivalently the twists are acted with the Frobenius map fy ,. In the Hecke image theory, the

fusion matrix has the diagonal entries

sin [(h%)) - 4hff))7r] sin [p(iLB — 4;LA)7T} sin [(EB — 4BA)7T}
= = fNp S 12

sin [hg)ﬂ] N sin [p 71377} sin VLBW]

The effective conformal weights h are evaluated by eq(5.14). While the selection rule demands

1. We thank S. Mukhi for confirming this fact.
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that 2Q 7(A) = Q7(B) + Q 7(0) (mod 1). These relations help to establish that

sin (BB — 4BA)7T sin[(hg — 4hg)m
sin [hpT) : sin[hg7]
The Frobenius maps in the two steps combines to
fN,EQOpr:fN,ﬁa (7.14)

which is precisely the map between the modular representations upon the Hecke operation T,,. It
confirms that f ;5 transforms the diagonal entries of the fusion matrix. The off-diagonal entries
are not uniquely fixed. We could let them undergo the same Frobenius map if they are in Q[ y].
The determinant as well as various polynomial equations of the F'-matrix are maintained under the
Frobenius map. By doing so, the normalizations of conformal blocks are naturally fixed in both
the effective picture and the image theory.

Let us consider the general case of the fusion with m channels (m > 2). For RCFTs with
multi-component primaries, their conformal blocks satisfy the BPZ equation [37]. The solutions
of this equation are known to be hypergeometric functions. Therefore, we expect to extend what
we have worked out to these cases as well. However, RCFTs with m fusion channels, as appeared
in theories such as WZW theories with high levels or latter members of minimal model series,
come with at least m types of anyons. This makes their physical realizations hard to achieve. The

cases of complex primaries can be worked out similarly [38]. We will leave them for future work.

7.1.2  Galois symmetry in fusion matrices

We mentioned the philosophy of solving the F'- and the B-matrices in Chapter 6. For a given set of
fusion rules, the solutions are discrete with the fixed gauge, including both unitary and non-unitary
RCFTs. For instance, there are eight distinct solutions with the Ising-type fusion rules [32, 31].
All of them can be realized by affine spin(p) at level 1 with p € (Z /16Z)*, thereby being unitary.

However, the Ising model has conductor N = 48, and there exist Hecke images Tpxlsmg for all
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prime p with ged(p, 48) = 1. The VOA of TpXISing sits in the spin(p) MTC and therefore obeys
the same duality transformations as the spin(p) theory.

In the RCFT with character Tpxlsmg, we consider the correlation function <a(p)a(p)a(p)0(p) >,
where o(P) is the spin field. Denote the vacuum by I(P) and the fermion field by (). The fusion

rules are isomorphic to those of the Ising model, in particular
o) x o) = 1) 4 4 (P), (7.15)

Hence, there are two conformal blocks with [ (P) and w(p) as the intermediate channels. The

associated fusion matrix is evaluated from the analytic method. A distinguished entry is

: (p) (p)
sin [(h' —4hy 7] p 2\ 1
_ — r)=(2)—, 7.16
v sin [h(é))ﬂ o <47T> <p> V2 ( )

) 5@ 11
177 = (2> L . (7.17)
o) 5) p/ V2 1 —1
Similar results are listed in [32]. With the property
2 2
f18p(V2) = (2—)\/5 = (IS)VE, (7.18)
eq(7.17) is translated to
P g(p) g(p) f P o o (2> P o O (7.19)
o) &) B o o W o o | |

The parity (%) = =1 is critical and cannot be gauged away. In the MTC perspective, this sign
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corresponds to the Frobenius-Schur indicator (FSI). In general,
A A
FA EFO() = 1//<9AdA, (7.20)
A A

where d 4 and k4 are the quantum dimension and the FSI of the primary field ¢ 4 respectively
[45, 43]. We study the FSI in more detail later.

There is a mathematical explanation for the above example. As shown in Chapter 5.2, the
Hecke image theories have identical fusion rules, therefore the duality matrices obey the same set
of polynomial equations. The Galois symmetry of fusion matrices originates from the algebraic
structure in pentagon equations. By Ocneanu rigidity [47, 48], for any set of fusion rules there are
only finitely many gauge equivalence classes of solutions to the polynomial equations. We have
a finite number of solutions with the fixed gauge [33]. For the pentagon equations, each solution
corresponds to an individual MTC and is characterized by {\/al_Z }, where d; are the quantum di-
mensions in that MTC. According to the theory of algebraic equations, these solutions are Galois
conjugates. In retrospect, Galois conjugations do not alter the algebraic structure of MTC. There-
fore, the same fusion rules hold, and the polynomial equations of the F'-matrices are preserved.

We first examine the derived MTC from the Yang-Lee theory. For the Fibonacci-type fusion
rule ¢ X ¢ = I + ¢, there are a total of four MTC solutions. They correspond to the Yang-Lee,
G9, Fy and E, 1 theory respectively, with the common conductor N = 60. The less-known £ 1
is an intermediate vertex subalgebra [16, 17]. In each of the four MTCs, the entry Fpp = Fy is

calculated by eq(7.9). These entries are indeed related via the Frobenius maps f ,,, explicitly

YL Gy Fy  E

1/Fy | =1/g g g  —1l/g (7.21)

Inp | Jeon1  feor  fe0,13  fe0,19
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where g is the golden ratio.
g — 827Ti/5 +e—27‘(i/5 + 1 — eﬂ'i/5 +e—ﬂ'i/5 — (1 _|_ \/5)/2 ) (722)

Remarkably, the property d; d; = » ;. oN; jk d;, implies the quadratic equation 22 = 1+ x, which
admits g and —1/g as Galois-conjugate solutions.

Another example is the derived MTC from M(3,5). The Hecke images of M(3,5) include
the affine algebras (A1,3) and (C3,1). The M(3,5) MTC has a tensor product structure, which
should be maintained under Hecke operations. Furthermore, the anti-semion in M(3, 5) is a simple
current of order 2 and has counterparts in the Hecke images. Among the fusion rules we focus on
two types of fusion, which are referred to as type I and type II. We then compute the F'-matrices of
the correlators. The field contents and fusion rules are listed in Table 7.1. In each theory, the fields
in the two types of fusion sit on the (anti-)semion orbit, and the conformal blocks have the same

intermediate channels by eq(3.20). In type I fusion, the F'-matrices follow from eq(7.9):

b-1 ¢-1 1
FMBS) | "2 T | — g , (7.23a)
¢-1 -1 * —1
20 20:
~ o1 b1 o=
FM(3,5) ~20 ~20 =g , (723b)
b1 ¢1 * —1
L 20 20:
F(A1.3) & P& _ 1 Lo , (7.23¢)
9 —1
;’0% (’02%: "
pesy |5 YRl LY r | (7.23d)
’w? ¢7 9 k —1
L 20 20
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In type II fusion, the F'-matrices are evaluated as

o1 91 1
MBS 175 Ts | = g , (7.24a)
y b1 04 1 x
FMBS) 175 5] = , (7.24b)
(b% gb% * —1
P2 P2 11 =
pAL3) |75 5 : (7.24¢)
g0% gD% 9 * —1
(CERF] 1|1 =
pCh 75 "5 = = (7.24d)

Because of the aforementioned gauge dependence, we do not spell out the off-diagonal entries but

denote them by asterisks instead. Notice the Frobenius maps between the algebraic numbers g and

—1/g.
f103(9) = fa0.7(9) = —1/g. (7.25)

For the M(3, 5) theory, we justify that fy ,, interpolates the F'-matrices in the effective picture and
the Hecke image under T, as claimed.

We are curious how the FSIs are related in the image theories. Later on, the general treatment is
based on the picture of effective central charge. In eq(7.20) the product x; d; seems an instructive

combination, and there are the Galois relations

Ridi = [y 2 (ridi) = ki fiy 2 (dy), (7.26)

Iigp) dz(.p = Inplkid;) = ki fnp(dy), (7.27)

~~

according to Appendix C. Given the F'-matrices in the original theory, we acquire their Galois
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conjugates by making the replacement

{di} = {fnp(di)} (7.28)

in all the occurrences of d; [9]. The new values obtained are the counterparts in the Hecke image
theory under T,,.

There remains a subtlety about the number field of data in MTC. The solution to the polynomial
equations involves {\/d_Z } under the symmetric normalization. However, Q[+/d] is a non-abelian
extension, which cannot be acted on by the Frobenius map. In this case it is not straightforward
to find the Galois conjugates of duality matrices. As pointed out in [34], all the data of MTC
can be presented over certain finite-degree Galois extension of (Q, probably over an abelian Galois
extension of Q if normalized appropriately. That being said, every modular category defined over
C is conjectured to have a cyclotomic defining number field [49]. The conjecture is restated in [50].
If the conjecture holds, one can avoid the non-abelian extension Q[v/d] and restrict the F-matrices

in Q[£y]. The Frobenius maps are then applied unambiguously.

7.2 Braiding Matrices

The braiding matrices (5B-matrices) describe unitary transformations of degenerate ground states
when the positions of the anyons are fixed. Akin to the fusion, they exhibit Galois relations upon
the Hecke operations. The Frobenius-Schur indicators play a ubiquitous role in such relations.
The braiding matrix is linked to the eigenvalues of R-move by similarity transformation ,as
shown in eq(6.14). These eigenvalues arise from interchanging two particles, as illustrated by
Figure 7.1. They serve as one-dimensional representations of the braid group, and indicate the
statistics of anyons. (The B-matrices do not commute and imply non-abelian statistics.) The
braiding eigenvalues are more accessible than the braiding matrices, because they are just square
roots of mutual locality factors and are gauge invariant. Again we restrict ourselves to the fusion

rules [Nyl < 1. In terms of CVO, the vector space V7 is at most one-dimensional for any
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a,b,cel.

Figure 7.1: Braiding eigenvalues.

The FSIs occur in the study of braiding matrices, like fusion matrices. When solving the
pentagon equations, one cannot fully specify the signs of 65 symbols. The signs depend on the
FSIs and are chosen correctly by solving the hexagon equations. For any field a, the braiding

eigenvalue 23” is the phase obtained when two identical particles a are exchanged:
REY = kg 051 = kg e(—hq). (7.29)

The FSI can be interpreted in terms of angular momentum. For a composite object of zero topo-
logical charge formed by two identical anyons, the FSI tells whether its total angular momentum
is even or odd, as is evident from eq(7.29) [32]. Assuming rotational invariance, a rotation of
the composite object by 7 is the same as exchanging the two anyons with physical spin s, = hg
(mod 1). The rotation then results in a phase factor ¢!™5a¢l™5a R3® = kq for the whole system.
Therefore, k, = =+1 determines the parity of the total angular momentum. Bantay derives the
expression for FSI from the trace of the braiding operator, and finds that x; = 9?, for the simple
current J in unitary RCFT [46]. Hence, xj = 1 if /1 is an integer or half-integer, while K ; = —1
if hy = i}l (mod 1). To incorporate non-unitary theories, the expression for x; needs slight

modification. By Appendix C, the FSI reads

Ky =e[Q(0)] 67 (7.30)
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It generalizes Bantay’s formula with a phase factor from the monodromy charge of the vacuum.

Denote x the FSI of the generic primary field a. Using the modular data, we get the FSI

Ra((?,7) = e[Qy(a) + Q(0)] ka (7.31)

in the effective picture (62, J). As demonstrated before, the map f N,p connects precisely the
modular data in the effective picture (62, J) and the Hecke image theory under T,. Moreover, it

acts on the integer K trivially.

kP = fy o (Rl 1)) = Fa(E2, ). (7.32)

That being said, /{gp ) does not depend on specific choice of p, as long as P2 =02 (mod N).

We now explore the braiding eigenvalues like /7;. In the last chapter, we computed the four
point function (aaaa) and studied its fusion matrix, in the case with no more than two channels.
The braiding symmetry of (aaaa) is characterized by the eigenvalues Rj®. When Nao? =1, Ry

has a compact expression

Rga = 0;1 Z 0Vrs” p(S)orp(S)os 929;2' (7.33)

s

This formula holds in general, no matter how many fusion channels there are. We translate the

expression to the effective picture and the Hecke image respectively. It is not hard to verify that

R{® = fy 2 (R3%), (7.34)

RIW) = fr o (REY). (7.35)

An instructive example is the Hecke image of the Ising model under T,, which sits in the
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spin(p) MTC. With the same notation in Chapter 7.1.2, we have the twists

(r) _ (p) P
0 1, gl e<16>. (7.36)

The symbol (p) labels the spin(p) MTC and is omitted for the Ising model itself. The spin field

o) has the nontrivial FSI

/{Up) _ <2> _ 1, ifp=41 (mod38), 737)
-1, ifp=+43 (mod 8).

As we know, the FSI for a primary field is 1,0 or —1 if the field is real, complex or quaternionic
(a.k.a. pseudo-real) respectively [34]. The values of ng ) demonstrate the mathematical fact that
the spinor representations of spin(p) are quaternionic when p = 43 (mod 8). Forp € (Z/48Z)*,

a little arithmetic verifies that

p>=1 (mod 48), ifp=+1 (mod 8), (7.38a)

p>=25 (mod48), ifp=+43 (mod 8). (7.38b)

With the Ising fusion rule, there are a total of 16 theories divided into two groups according to
the FSI of the spinor. They correspond to two effective pictures for the Ising model, labeled by
(02,.J) = (1,1) and (£2,.J) = (25, %) respectively. The monodromy charges under the current

are trivial; while under J = 1) the charges are

e[Qu(D)] =e[Qu)] =1, e[Qy(0)] = -1 (7.39)

The FSIs /i((,p ) are reproduced with these monodromy charges and fall into the two effective pic-
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tures. Following eq(7.34) and (7.35), the nontrivial braiding eigenvalues are

RV — 1, (7.402)
RIV() — gYo(p) e< . {z’) _ (7.40b)
RGP = (%) o - 1%) , (7.40¢)
R7®) = (%) -e(?—@ . (7.40d)

A similar result is due to Kitaev [32].
Lastly we turn to M(3, 5), whose Hecke images are computed in Chapter 5.1 as

TBXM(3’5) — X(A1,3) (7.41)

Y

TAMBH) = | (Cs.1), (7.42)

Table 7.1 lists the field content and the fusion rules in these theories. Besides the fusion symme-
tries, M(3, 5) has the following braiding properties. The primary fields are labeled by a = (r, s) as

usual.

a (1,1)  (2,1) (3,1) (4,1)

_ 7.43
b | 1 e(5h)  e(d) e (7.45)
Kq 1 1 1 1

Rie |1 () e(5) e(F)

We provide the quantities needed to compute the braiding eigenvalues for (A1, 3) and (C3, 1), as
well as the effective picture of M(3,5). In general let a be any primary field in the original RCFT.

The effective picture (Ez, J) amounts to the combined action a — m,.Ja, or equivalently Jmja
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since J and 7y commute. In (Ay, 3) the symbol j means the spin-j representation as usual; while

in (C3, 1) the primary fields are labeled by the null root oy and the simple roots aq, g, arg.

M(3,5)
a (1,1) (2,1) (3,1) (4,1)
mda | (2,1)  (L,1)  (4,1)  (3,1) 7.44)
b | 1 elm)  e(s)  e(d)
Ka 1 -1 1 —1
Rie |1 —e(m) e(F) —e(F)

As a consistency check, the twists 0, are also evaluated by shuffling the field content, namely

he = br,Ja (mod 1). After bringing M(3, 5) to its effective picture, we then perform the fy ,,

map to obtain quantities in the Hecke image, such as the twists, FSIs and braiding eigenvalues etc.

(A1,3)
ijo ) 1
o |1 ed) e ) 74
ki |1 —1 1 —1
R 11 —e(3) () —e(P)
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«Q Qg aq a9 asg

7.46
b | 1 els)  e(d)  e(d) (7.90)
Kq 1 —1 1 —1

Ry |1 —e(mg) o(F)  —e(F)

So far we have seen the Galois relations in Rl‘)‘“. Without the expression for Ré‘b, it seems
difficult to find the Galois conjugates of general braiding eigenvalues, though the same Galois

symmetry is expected to hold. Nevertheless, Rgb squares to the mutual locality factor.
(R = e(he — ha — ),  a,b,cE€T. (7.47)
For Rgb () in the image theory under T, the above relation implies
(RZb @))2 = fap ((Rgb)2) , (7.48)
due to the Galois relation between the twists. In a similar vein, we establish
(B = fy e ((RE)?) (7.49)

for Rgb in the effective picture, where the selection rule eq(3.19) is used. They support the conjec-

ture that the braiding eigenvalues are related by the same Frobenius map for the modular represen-
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tations. We have the neat relations

ReP = fy e (RE). (7.50)

R0 — py, (REV). (7.51)

They are argued as follows. Because of the identical fusion rules, the braiding eigenvalues in
the effective picture saturate the same hexagon equations, but with Galois-conjugate F'-matrices
inserted. The solved braiding eigenvalues are then related by the same Galois symmetry for the

F-matrices. To be precise,

{fN,EQ (Rgb) ‘ a,b,c € I}

constitute the solution in the effective picture. Similarly,

{Ivp(Be) [a,b,ce T}

are the braiding eigenvalues for the Hecke image under T,. As compositions of the ['-matrices
and the braiding eigenvalues, the B-matrices obey the same Frobenius map.
Based on the study of fusion and braiding, we finally reach the conclusion that the Galois

symmetry in the Hecke relations also connects the duality quantities of RCFTs.
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CHAPTER 8
CONCLUSIONS AND SUMMARY

In this work we defined the Hecke operators that acts on vector-valued modular forms of I'( V).
Our Hecke operators take representations n-dimensional of SL(2, Z) to representations of the same
dimension and are defined without much of the mathematical machinery employed in [20, 21]. The
Hecke operators reveal novel relations between the characters of a number of interesting RCFTs.
We explored these connections for a few theories with small numbers of independent characters.
In general it appears that given the characters y of a known RCFT with n independent characters
then there will be an infinite sequence of characters T, that provide characters that obey all
the conditions required for them to be characters of a RCFT, that is vacuum degeneracy one,
positive integer coefficients in the ¢ expansion and non-negative integer fusion coefficients. We
have derived the set of p such that T, x are valid RCFT characters.

In addition to relating characters, the Hecke operators also induce Galois symmetries between
modular representations, thus connecting analytic and algebraic number theory in the context of
RCFT. It is natural to wonder whether these Hecke relations are a sign of a deeper number theo-
retic relation between certain RCFTs. A preliminary step towards answering this question is to ask
whether the MTCs of two RCFTs whose characters are related by Hecke relations are isomorphic.
In the thesis we have shown that this is the case for special classes of MTCs related to minimal
models or with only two fusion channels by utilizing the duality properties in the Hecke image
theory where the Galois symmetry relating modular representations is extended to the duality ma-
trices. In our framework, the picture of effective central charge occurs as a significant intermediate
step, and is useful for identifying unitary Hecke images. Specifically, physical quantities in the
effective picture and the initial theory are related through Galois inner automorphism and simple
current permutation. For the Hecke image under T, modularity and the duality properties are then
deduced by acting with the Frobenius map fy , on the data in the effective picture. As part of this
procedure we also provided a unified study of the Frobenius-Schur indicator of the MTC and its

Hecke images.
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We also formulated a relation between the modular representations of the minimal models
M(2, k+2) and the simple-current reduced affine algebras (A1, k) L connecting non-unitary RCFTs
to unitary ones by Galois symmetry. This relation could prove useful in condensed matter theory
where the unitarity of the theory is determined by tuning the couplings in the Hamiltonian.

There are further aspects of Hecke operators in RCFT that deserve exploring. Firstly, one
naturally asks about the physical origin of the Hecke operator T, and what it means by changing the
complex structure 7 in Hecke operations. Secondly, since SCFTs describe special points in Calabi-
Yau moduli space, Hecke operations could provide new geometrical relations. We may study the
Hecke image of the Gepner model, and see whether the Hecke images relate the SCFTs underlying
different Calabi-Yau manifolds at special points. Finally we are pleased to see applications of

Hecke operations in condensed matter theory and topological quantum computation.
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APPENDIX A
MODULAR LINEAR DIFFERENTIAL EQUATIONS

The characters of RCFT satisfy modular linear differential equations (MLDESs). Solutions of an
nth order MLDE with positive integers coefficients of their g expansion will necessarily form an n-
dimensional representation of the modular group and are thus candidate characters of a RCFT. This
point of view was taken in [60, 61, 62] where it was used to classify RCFT with two independent
characters and in [63] where it was used to classify possible RCFT characters without dimension
one operators.

Let E; be the Eisenstein series of weight j. Acting on a modular form of weight & the Serre
derivative Dy, = d/dt — %zﬁrkEg produces a modular form of weight k£ + 2. Therefore the iterated
derivative

D" =Dy 9D2y,—4--- DDy (A1)

increases the weight of modular forms by 2n. A general nth order MLDE then takes the form
n—1
D"f+ ) én(r)DHf =0 (A2)
k=0

with the ¢;.(7) modular forms of weight 2(n— k). The coefficients ¢ (7) can be expressed in terms
of the Wronskian determinants constructed out of the n linearly independent solutions fi,--- , fn

of the MLDE as
S = (—1)" W /W, (A3)

where W)}, are the Wronskians and W = W), is called the modular Wronskian. Given an nth-order
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MLDE, the Wronskians are constructed out of the n linearly independent solutions as

N1 fa In
Dfi Dfy -+ Dfn
Wk - Dk—lfl Dk_lfz . Dk_lfn ) (A4)
'Dk—Hfl Dk+1f2 o Dk‘—l—lfn
Dfy  D'fy - D'fy

In RCFT the characters are holomorphic in the upper half plane except possibly at the cusp at
infinity. Thus the Wronskians 17/, cannot have poles except at infinity. However the coefficient
functions ¢;. may have poles coming from the zeros of V. It is useful to classify solutions by the
“number of zeros” of W as has been done in earlier literature [60, 62, 64]. Define ord~ (1) be the
leading coefficient «v in the ¢ expansion W = ¢ Y >°  a(n)q". W transforms under the modular
group with a multiplier system given by det p(~y) for v € SL(2,Z). If the leading behaviors of the
solutions f; are ¢, then ordoo (W) = ), ;. We integrate dW/IV around the boundary of the

fundamental domain of the modular group, and arrive at

W) n(n-1)
Zi:aﬁ T (A.5)

For n = 2 the general equation with ¢ = ( involves one free parameter . and takes the form

1
D2f — SEaDf ~ %E4f ~ 0 (A.6)
in terms of
1 d d
- = A7
2midr qdq (A7)
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While the 2nd-order equation with ¢ = 2 reads

1 E
(D2 — GE2D + mE—iD + ;LQE4> f=0. (A.8)

where 111 must be set to 1/3 due to modular invariance.

For n = 3 and ¢ = 0 the MLDE involves two free parameters 1 and 9, and takes the form

1 1 1
(D3 ~ S ED? <§(DE2)D + (55— ) ED - %Eﬁ)) f=0. (A9)

For n = 4 and ¢ = 0 the differential equation involves three free parameters (1, 2, 143, and

takes the form

11
DYf — EyD3f + [3DE2 + (55 +u1)E4} D2f
(A.10)
+[( ! —i)E—(1 +E)DE —D?E}Dfur Egf =0
M2 6;“1 36 6 2“1 79 4 2 M3 L8 .

For n = 5 and ¢ = 0 the differential equation involves four free parameters i1, j19, i3, jt4, and

takes the general form

(D + 1 E4D? + pg B D? + g EsD + pgFro) f = 0. (A.11)

It can be rewritten in terms of the differential operator D.

MLDEs of order greater than 6 are will not be of practical use, since they are cumbersome to

write down in terms of D.

99



APPENDIX B
GALOIS SYMMETRY INTERPOLATED MODULAR

REPRESENTATIONS

In this section we explore the Galois connection between the M(2, k+2) and the (A1, k)1 modular
2
representations with odd k. In addition to the conductor NV, we set N to be the least common

denominator of the conformal weights. Proposition 5 in [2] states that
N = eNp, (B.1)

where the integer ¢ divides 12. In addition, gcd(e, Ng) = 1 or 2.

For the basis gzﬁ(u’l) in M(2, k + 2), the representation is determined by

M (k+2-2u)? 1
Tyw = —_— - — B.2
p ( )Uﬂ) 5U,'U € ( 8<k + 2) 24 ) ( a)
2 2
pM(S)u’U == 2( 1)HHutvgin (kqf227r> sin (k ;— 7T>. (B.2b)
While the modular representation of (Aq, k)1 is
2
2
A l 11
T =0 — — - * — B.
Py =dipe (4(k: +2) 8 24) ’ (B.32)
A 2 ( 4 )

= ————S5 B.3b
P (S)l,l’ k+2sm k:+27T , ( )

where the signs & correspond to the cases ¥ = £1 (mod 4) respectively and [, !’ are odd integers
that satisfy 1 < [, I’ < k.

We will not directly apply the Frobenius map f _;. on p(7), for fear that k may not be coprime
to the conductor. Instead, we exploit the techniques in MTC [34]. Rather than working with the

CFT-normalized T' matrix, we use an appropriate surjective restriction: (Z/NZ)* — (Z/NyZ)*.
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Define the diagonal matrix

o(T) = e(57)p(T) (B4)

for the 7" transformation in MTC. The diagonal entries of o(7) consist of all the twists and take

values in Q[{,]. We then have

M B (k42 —2u)? — k2

0 (T)u,v = (5u,v € < 8(]{7 T 2) ) ) (B.5)
A 12

o (T)yp=0ope (%k+@> (B.6)

Since the indices are odd, we find Ny = k + 2 in both MTCs. Similarly, we write o(S) =
p(S). In some sense, the pair (o(T), o(S)) also characterizes SL(2,Z) as (p(T), p(S)) does. The

constraints for (o(T'), 0(S)) are

o(8)* =¢, (B.7a)

(e(D)e())* = Ce (), (B.7b)

where C is the charge conjugation matrix. We also learn that o(55) is in Q[&3,1.9)] for both MTCs
[2, 28]. Therefore the extension of Q by either oM () or o2 (7) leads to Q[¢ 4(k+2))» on which there
exists the Frobenius map f4( k+2),— k-

We proceed to act the Frobenius map f4(;,19) _j, on oA(T) and 04 (S) respectively.

2 -1
fagies2) (& (D) = e (_kél(k n 2))

(k+2—20)% — k?
:5ll/e —
8(k+2)

(k42 —20)% — k2
25”/6
) 8(k +2)

/N

- 1)2> (B.8)

2
M
o (T -
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= (%) k:2+ 5 ik+1(—1)”/ sin (ll’w — kkj_llzﬁ> (B.9)
= (%) k2+ i sin (kli22”> = (%)QM(S)“’

In the derivations we bear in mind that [, !’ are odd. The fusion rule isomorphism is validated by

the shown Galois symmetry between the modular S matrices.

From the MTC point of view, M(2, k + 2) is same as the Galois conjugate of (A1, k)1, uptoa
2
one-dimensional modular representation of central charge
Ctot = C[M(Q, k + 2)] +k-c [(Al, k)%}
Ly +k( 3h ) =13k o
- 2(k+2) kyo )T T
This central charge leads to
t .
4k 1 e(#), if k =4t +1,
p'(T) :e(—m> :e< ) = (5) (B.11a)
24 24 . ,
e(—¢), ifk=4t—1,
1d 2 = {
pld(s) = <E> —(—-1)s = (1!, fork=4t+1, (B.11b)

where ¢ is a positive integer. pld agrees with the one-dimensional representations classified by
Lemma 5 of [24].
There is another approach to understand this Galois symmetry. With the effective description,

(Alak)

the (—k)-th Galois conjugate of |\7|(2, k + 2) differs from p 2 by a one-dimensional represen-

tation, which has central charge

ot =+ c[M(2,k +2)] + [ (A1, b),
. (B.12)

3 3k
rr2) Trrae T T

102



Gannon provides the unitarization of M(2, k + 2), which is slightly different from the above

[26]. Our analysis demonstrates that the unitarization of M(2, k + 2) leads to the (Ay, k)1 MTC.
2
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APPENDIX C
DERIVATION OF MTC DATA

In this appendix we provide the derivation for some data in the Hecke image theory. We restrict
ourselves to RCFTs without degenerate twists.

Denote by dp, Jb and d,()p ) respectively the quantum dimensions in the original theory, the
effective description (62, J) and the Hecke image under T,. As always, ¢ is odd and P> =02
(mod N). For each individual p, T; produces positive quantum dimensions in the image theory,

()

which offer evidence for unitary RCFTs. By definition, db takes the form

40 _ pP)(S)gs ' C.1)

It is simplified as follows.

() _ (ﬁ(S)Ob
d
b =N p(S)oo
p(S) JO,Jb) (P(S)Jo,Jb>
= o = =T — 2
=Inpoine (p S) 0,70 Ine (S) 70,70 (€2
_ PS) w00 _ PS)ogy _ P(S)op
p()mg000  P(S)o g0 P(S)oo

In the second line above, we use the fact that f,,y yields the identity permutation of the fields when
(pf)?> =1 (mod N), c.f. Chapter 3.3. (We do not know how to analyze in RCFTs with degenerate
twists.) In the last line, the minimal primary is reached from the vacuum by o = 7yJ0. Gannon

defines p(S), 5/p(S)0,0 as the quantum dimension for non-unitary cases, and shows that

P(S)o.6/P(S)0,0 > 1 (C.3)

[26]. Nevertheless, we stick to the definition eq(4.2) for quantum dimensions. Independent of

()

specific choices of p, the quantum dimensions d;

(p)

matrix. The values db

are inherently encoded in the initial modular S

> 1 suggest that the image theory is unitary. While in the effective picture
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the quantum dimensions are

)

5 PS)oy _ PS)joan _ - P(S)os
iy= 250y (—p(s)m,m)— @s0) - Q0] I (4 S)w), .

which need not be positive.

In the effective description (¢2,.]), the FSI reads

Ra(C%,7) = 0Nps® 5(S)0rd(S)os 036, 2 , (C.5)
.S

where ONr 5" equals o Ny-s“ by eq(5.17). We act on this formula by f; 7 and notice that o Ny =

0N gy g% for J? = 1.

I (Fal€0)) = > 0Nes® p(S) 10,500(S) 10,15 (95505) 2 (0.0051) 2
r,s

= 0N 15" e[Q(Ir) + Qi (T5)] p(S)0,10(9)0.15 07657
r,s (C.6)

=e[Q (@) + Q1 (0)] Y oNyr 15" p(9)0,5r0(S)0.75 0750772

r,Ss

= e[Q(a) + Q;(0)] ra

It confirms that [ 7 (/%a(€2, J )) and therefore 7, (¢?,.]) are integers. The FSIs in the effective

description and the original theory are related by

Ra((?,7) = e[Q(a) + Q(0)] k. (C.7)

Since the monodromy charges vanish under the trivial simple current, the FSIs are preserved in
this particular scenario. Moreover, the FSI in the image theory is translated invariantly from the

effective description.

kP = f (Rl ) = Ra((2, ). (C.8)
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It remains to study the orbit of the simple current .J. We assume .J 2 — I, in which case J could

play a role in the effective description. For the quantum dimensions, we have

p(S)o, b _ b
(S)oo T 0(8)0,0

dy, = =e[Q(0)]dy . (C.9)

On a simple current orbit, the fields have quantum dimensions of the same magnitude. In particular
they are equal for unitary RCFTs, in which the vacuum has trivial monodromy charge. Given the

fusion rule ¢ X ¢ps = > oN-s? ¢, we find

Sgr X bs =D oNes" b1 (C.10)
b

where o N 7. 3‘] b — 0Ny s by straightforward computation. For the FSI, there is

76 =D 0Nes”" p(S)orp(S)os 636,
=> 0N 71570 p(S)0.7p(S)0s 02672
(C.11)
=e[Q(0)] Y 0Nrs’ p(S)orp(S)0s 026,267

= e[Q1(0)] 67 Ky,

To see the application of this formula, we return to any individual theory in the M(3,5) series. In

type I and type II fusions, the external fields sit on the (anti-)semion orbit, implying
0% = e(2hy) = —1. (C.12)

With the quantum dimensions and the FSIs inserted, eq(7.20) explains why the overall signs of the

F-matrices are different for the two types of fusion.
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APPENDIX D
HECKE OPERATION AND GALOIS ACTION ON MINIMAL MODELS

D.1 Overview of minimal models

The Virasoro minimal models are specified by a pair of coprime integers (p;,p2). The minimal

model M(p1, p2) is unitary iff |p; — pa| = 1. It has the central charge

2
[M(p1.po)] = 1 - 622 (d.1)
pip2
and conformal weights
2 2 2
— — — 1— —
s — (17 —p2s)” = (p1 —p2)” 1= (P —po) D2)
4p1p2 4p1p2

for the primary fields labeled by (r,s) with 0 < r < p9,0 < s < p;. There are a total of
n = (p1 — 1)(pa — 1) of primary fields due to the degeneracy (7, s) = (po — r)(p1 — s)/2.

The character x; s(7) associated with the field (r, s) has the leading term
1
XT,S(T) ~ th,s—ﬂc [M(pl,pQ)} . (D3)

The exponent can also be written as

1 (pir —p2s)® 1 1 !
L1 _(r—pes)® 1 _ D.4
7,5 246[ (p1,p2)] 4p1po 24 7 dp1py 24 oY

There exists a pair (rg, sg) such that |p1rg — pa2sg| = 1. If we choose a new vacuum labeled by
this particular pair, the effective central charge and conformal weights become
6 (p1r — pas)* — 1

M = ]_ _——— =
Ceff [ (pl ) p2)} P12 ) hr,s 4p1p2

(D.5)

For a non-unitary minimal model, the primary (1,1) is no longer the vacuum in the effective
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picture. The effective vacuum is (7, sg), a.k.a. the minimal primary. The shifted conformal
weight b s should not be confused with }Nlr, s in the effective picture.

In general, the character x, s takes the form

Xr,s(T) = (191?1172,]917“—]928(7) - 19291]327]917“+;DQS(T))/77(7) ) (D.6)

where the theta function is defined by

1
ap(r) =3 V27 e Sz (D.7)
nes

The character X s does exhibit the form as eq(D.2).

D.2 Some examples

Since pM (0p) is a monomial matrix, it is invariant under the Frobenius map fy . We notice that
some Hecke images of the minimal models can be realized by WZW models based on the affine
Lie algebras §. Perhaps pM (op) also contains information about O(§), i.e. the outer automorphism

group of g.

D.2.1 Minimal model M(2,9)

For the minimal model M(2,9), the four primary fields are labeled by

(r,s) =(4,1), (3,1), (2,1), (1,1). (D.8)

108



The conductor is N = 36, and the effective central charge is coer = 2/3.

3%

gt

2
&

(D.9)

Explicit computations lead to following pM (op) for all p, with 1 < p < N and ged(p, N) = 1.

When p = 1, 35,
pM(ap) =1y. p?> =1Mod N
When p = 17, 19,
pM(Up) =-ly. p®> =1Mod N
When p = 5,31,
0 0 0 1
0 -1 0 0
pM(Up) = : p? =25Mod N
1 0 0 O
0 0 —-10
When p = 13,23,
0 0 0 1
M 0 -1 0 0 9
p(op) = — . p° =25 Mod N
1 0 0 O
0 0 —-120

109

(D.10)

(D.11)
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(D.13)



When p =7, 29,

0 0 1 0
M 0 -1 0 O 9
P (op) = p° =49 Mod N (D.14)
0 0 0 -1
1 0 0 O
When p = 11, 25,
0 0 1 0
M 0 -1 0 O 9
p(op) = — ) p° =49 Mod N (D.15)
0 0 0 -1
1 0 0 O

Some Hecke images coincide with characters of affine Lie algebras:

T7xIM(2,9)] = x[(G2, 2)],

T29 x[M(2,9)] = x[(C5,3) @ (A1, 1)].

(D.16)

The vaccum character of Tog x[M(2,9)] is
_29
q 36(1+58¢+---).

The bilinear of x[(G2,2)] and Tog x[M(2,9)] yields J(7) + 72, the partition function of No. 21
in Schelleken’s list of ¢ = 24 meromorphic CFTs [42]. We also notice that x[(C5,3) ® (Aq, 1)]
has the vacuum character of the same form, and hence confirm that it is Tog x[M(2,9)]. These
two four-character theories with ¢ = 0 are listed in Table 3 of [39]. Various representations p(p)
are listed in Table 11 of [24], as four-dimensional simple strongly-modular fusion algebras. In
the work by Schoutens and Wen [31], the unitary MTCs induced by T7 and Tog also enter the
classification of bosonic topological orders at rank 4.
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D.2.2 Minimal model M(2,11)

For the minimal model M(2, 11), the five primary fields are labeled by

(r,s) =(5,1), (4,1), (3,1), (2,1), (1,1). (D.17)

The conductor is N = 33, and the effective central charge is cefp = 8/11.

N
&
M(T) = & (D.18)
X .
3
&
The solutions to a fifth-order MLDE requires
1( 14+24+8+17+29) = 15(5 1) (D.19)
N 12 ’ '

which is true.
Explicit computations lead to following pM(ap) for all p, with 1 < p < N and ged(p, N) = 1.
When p = 1,10, 23, 32,

Moy =T5. p?>=1Mod N (D.20)
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When p = 2,13, 20, 31,

M
When p = 4, 7,26, 29,

M
When p = 5,16, 17, 28,

M

op) =

o o o O

o o o O

o o o O

|
—
=} (e S
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p> =4Mod N
p® =16 Mod N
p® =25Mod N

(D.21)

(D.22)

(D.23)



When p = 8,14, 19, 25,

0 0 010
1 0 000

Maop)=10 0 00 1]|. pP*=64ModN (D.24)
0 0 100
0 -1 000

Some Hecke images coincide with characters of known RCFTs:

T2 xM(2 11)] = x[Dac,
Ti3x[M(2,11)] = x[(Fy, 2)],

(D.25)
Tao xIM(2, 1) = x | (45, 2)s |

Ts1 x[M(2,11)] = y[VT?].

To x[M(2,11)] describes the 3C conjugacy class of the Monster. Moreover, it is a character re-
alization of (Ay,9) 1 VTP is the commutant of Wp, and encodes an action by the Thompson
sporadic group [55]. The unitary MTCs induced by T3 and T3 enter the classification of bosonic
topological orders at rank 5 [31]. However T3; x[M(2, 11)] is not x[(Ejg, 3)], though they are in
the same MTC. Because the dimensions of many irreps of the Eg Lie algebra are multiples of 31,
the Hecke image should have a connection to x[(Eg, 3)]. We solve the x[(Eg, 3)] characters from

a fifth-order MLDE and find
X[(Es, 3)] = X[VT"] — 248 G, x[M(2, 11)], (D.26)
where k2 = 64 (mod N). The bilinear

XID3c)T - X[(Es, 3)] = J(7) + 744 (D.27)
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is not listed in [42]. The bilinear of x[(Fy,2)] and y [(Ag, 2)%] yields J(7) + 132, the partition
function of No. 32 in Schelleken’s list of ¢ = 24 meromorphic CFTs [42]. Because the MLDE
have solutions with zero poles, it is not satisfied by neither Ty x[M(2, 11)] nor Toy x[M(2,11)]. In
addition, T, and T, ;11 induce the same MTC since 11 x % = 0 (mod 8). Hence we only have
to compute the induced MTCs under T3 and Tg; respectively.

T2 x[M(2,11)] have same central charge as the Zg parafermion. Wp, , is an extension of the

Zg parafermion theory by its two irreducible modules with integral highest weight. In general,

M(2, k + 2) have half the central charge as the Zj, parafermion. Do they have a connection?

D.2.3  Minimal model M(2,13)

For the minimal model M(2, 13), the six primary fields are labeled by
(r,s) =(6,1), (5,1), (41), (3,1), (2,1), (1,1). (D.28)

The conductor is N = 156, and the effective central charge is cer = 10/13.

N
S
: %
M) = . (D.29)
N
£
N’
The solutions to a sixth-order MLDE requires
1 1
N<_5+7+31+67+115+175) = EG(G_ 1), (D.30)

which is true.
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Explicit computations lead to following pM (op) for all p, with 1 < p < N and ged(p, N) = 1.

When p = 1, 53,103, 155,

pM(ap) =1 . p?> =1Mod N

When p = 25, 77,79, 131,

When p = 5,47, 109, 151,

0 010 0 O
0 000 0 -1
pM(Up) _ -1 000 0 O
0 000 -1 O
0 001 0 O
0 100 0 O

When p = 31,73, 83, 125,

0 010 0 0
0 000 0 -1
Mgy | o000
0 000 -1 0
0 001 0 0
0 100 0 0
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M) = -Tg.  p>=1Mod N

p® = 25Mod N

p? =25Mod N

(D.31)

(D.32)

(D.33)

(D.34)



When p = 7,59, 97, 149,

000 0 0 1
000 -1 0 0

" 010 0 0 0 )

M(op) = p? =49 Mod N (D.35)
100 0 0 0
001 0 0 1
000 0 —10

When p = 19,71, 85, 137,

M(ayp) = - . p?>=49Mod N (D.36)

When p = 11,41, 115, 145,

p%? =121 Mod N (D.37)

o
(@]
o o o O
o
o
—
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When p = 37,67, 89, 119,

o o o o o
_ o
o o

o o o o
o
o

When p = 17, 35, 121, 139,

0O 1 0 0 0 O

0O 0 0 O 1 0

0O 0 0 0 0 -1
PM(%) =

0

When p = 43,61, 95, 113,

0 1. 0 0 0 0
0O 0 0 0 1 0
pM(ap) _ 0 0 0 0 0 -1
0 0 -1 0 0 0
-1 0 0 0 0 1
0O 0 0 -1 0 0
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p? =121 Mod N

p® = 133 Mod N

p? =133 Mod N

(D.38)

(D.39)

(D.40)



When p = 23, 29,127, 133,

p% =61 Mod N (D.41)

=}
o o o o O
—_
e}
e}

When p = 49,55, 101, 107,

|
—_
e}
e}
e}
e}
(e ) (e}

M(op) = — . p>=61Mod N (D.42)

In [31], the unitary MTCs induced by T37, Tg7, Tgg and T119 yields two primitive bosonic topo-

logical orders at rank 6. In addition, T, and Tp+52 induce the same MTC, since 52 x % =0

(mod 8).

D.2.4 Minimal model M(2,15)

For the minimal model M(2, 15), the seven primary fields are labeled by

(r,s)=(7,1), (6,1), (5,1), (4,1), (3,1), (2,1), (1,1). (D.43)
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The conductor is N = 30, and the effective central charge is coer = 4/5.

3%
3
&
My = 11
M(T) = el (D.4)
3
&
4
The solutions to a seventh-order MLDE requires
1 1
N(_1+1+5+11+19+29+41>:E7(7_1)7 (D.45)
which is true. The charge conjugation is trivial:
¢ =pM(9)? =1y (D.46)

Explicit computations lead to following pM (op) forall p, with 1 < p < N and ged(p, N) = 1.
When p = 1, 29,

Mp) =17, p?>=1Mod N (D.47)
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When p = 11,19,

When p =7, 23,

o o O
[en}

<
~—
|
—
e}

o o O
o

When p = 13,17,

=}

o o o O

o o o O

o o O

e}

|
—_
=}

o o o o O
o
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o o o o o o

o o o o O

p?> =1Mod N
p® =49 Mod N
p% =49 Mod N

(D.48)

(D.49)

(D.50)



Though 112 = 12 mod 30, the relation pM(JH) = =+I[7 does not hold. Actually the group of

Galois permutations !

G ={M(op) | p € @/N2)*} /25 (D.51)
is here isomorphic to Cy, rather than
(Z/NZ)*]? = Cs.

In this circumstance the non-degeneracy assumption breaks down, which yields the contradiction

above. Evaluating the roots ,Y.(j )

;7" explicitly, we find their Galois group to be exactly Cy.

For the sake of illustration, we give an example how to compute the Galois group of fusion
rules. Though this theory is not unitary, the method applies as in the cases when the fusion rules

are non-negative integers. The primary field ¢ 1 has fusion rules
15

011100, (D.52)

f—
oy

o o o o O
o
o
—
—
—
(e

whose characteristic polynomial is

A </\2 - 1) ()\4 — 523 1502 4 5) — 5) . (D.53)

1. It is not the Galois group Gy = (Z/NZ)*, because some elements of G yield the same permutation.
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Solving this polynomial, we find roots

Alzi(5+\/5+\/6(5—\/6)>, o (5+\/5— 6(5—\/5)>,
)\3:%1(5—\/5+\/6(5+\/5)>, A = (5—\/_—\/6(5+\/5)>,

[ e N I

where ¢ is the golden ratio. We look for the Galois group G of these roots by acting various Frobe-
nius maps f , (denoted by f;, for short), since f) form the group G under function composition.

Note that

p € (Z/NZ)* ={1,7,11,13,17,19,23,29} (D.55)

and fyy_, = fp. The Galois group G has four elements at most. It suffices to find the wa
N—p D group y

f1, f11, fz, f13 permute {\; }:

f1 = identity map, (D.56a)
J11(A1, A2, A3, A1, A5, A6, A7) = (A2, A1, Ad, A3, A, Ag, A7), (D.56b)
Jr(A1, A2, A3, A, A5, A6, A7) = (Ad, Az, A1, A2, A6, As, A7), (D.56¢)
J13(A1, A2, A3, A1, A5, A6, A7) = (A3, Ag; A2, A1, Ag, As, A7). (D.56d)

fp permutes the roots in the same way as G, permutes the fusion rules. Therefore, we verify

G = C4 with element identifications

({flafllaf'?:fl?)}a*) = ({0727173}7+)- (D.57)

M(2,15) has no Hecke images that are characters of unitary RCFTs, as there is no unitary

Galois-conjugate MTC listed in [31]. Moreover with level-rank duality, it explains why (A1, 13)1
2

and its complex conjugation (A19,2) 1 occur pairwise in the classification of bosonic topological

1
13
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orders at rank 7.

D.2.5 Minimal model M(2,17)

For the minimal model M(2, 17), the six primary fields are labeled by

(r,s) =(8,1), (7,1), (6,1), (5,1), (4,1), (3,1), (2,1), (1,1).

The conductor is N = 204, and the effective central charge is co = 14/17.
N

&

565
e

1
3%

24
&0

£329

The solutions to a sixth-order MLDE requires

1 1
(575420465 + 113 4 173 4 245 + 320) = —8(3 — 1),

which is true.

(D.58)

(D.59)

(D.60)

Explicit computations lead to following pM (op) forall p, with 1 < p < N and ged(p, N) = 1.

When p = 1,67,137,203,

M) =Is.  p*=1 (mod N)
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When p = 35,101, 103, 269,
M _ 2 _
(op) = —Ig. p“=1 (mod N) (D.62)

When p = 5, 73,131, 199,

PM(op) = . p2=25 (mod N)  (D.63)

=]
e}
e
S
e}
|
—
(e
) (e} =) )

When p = 29,97,107, 175,

0O 0 010 O 0 O
0O 0 000 O -1 0
-1 0 000 0 0 O
pM(op) =— 00 oo P> =25 (mod N) (D.64)
0O 0 100 O 0 O
0O 0 001 O 0 O
0O 0 000 -1 0 O
0O -1000 O 0 O
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When p = 7,61, 143,197,

M(ap) = : p> =49 (mod N) (D.65)

When p = 41,95, 109, 163,

0 010 0 0 00
0O 000 O O 01
0 000 -1 0 00
pM(ap) = — —H000 0000 p? =49 (mod N) (D.66)
0O 000 O -1 00
0 000 O 0 120
0O 100 0 0 00O
0O 001 0O 0 00
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When p = 11,79, 135,193,

01 0 00 0 0 0
000 0 1 0 0 0
000 000 0 1
M(oy) = Cu 000t P =121 (mod N)  (D.67)
000 -10 0 0 0
100 00 0 0 0
00 -1 000 0 0
00 0 0 0 -1 0 0
When p = 23,91, 113, 181,
010 000 00
000 01 0 00
000 000 0 1
pM(O'p)—— 0000t Ao p2:121 (mod N) (D.68)
000 -10 0 0 0
100 00 0 0 0
00 -1 000 0 0
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When p = 13, 55, 149, 191,

00 0 0 0 0 —-10
001 0 0 0 0 0
0 -10 0 0 0 0 0
M(ap) = Cu oo ool p?> =169 (mod N) (D.69)
00 0 0 0 0 0 1
00 0 -1 00 0 0
1 0 00 00 0 0
00 0 0 —-10 0 0

When p = 47,89, 115, 157,

0o 000 0 0-10
0 01 0 0 0 0
0 -10 0 0 0 0
M 0o 0 0 0 0 1 0 5
p(op) = — p“ =169 (mod N) (D.70)
0 0
0

(e
o

o o o o o o o
—
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When p = 19,49, 155, 185,

o o o o o o o
o o o o O

When p = 53,83, 121, 151,

o o o O

o o o o o o o

o o o O
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p?> =157 (mod N)

p?> =157 (mod N)

(D.71)

(D.72)



When p = 25,43, 161, 179,

0O 00 0 0 00 -1
0O 00 0 0 10 O
0O 00 -1 0 O0O0 O
pM(ap) = Coro 0ot p> =13 (mod N) (D.73)
-1 00 0 0 0O0 O
0O 01 0 0 0O0 O
0O 00 0 -1 00 O
0O 00 0 0 01 O

When p = 59, 77,127, 145,

o 00 0 0 00 -1
0O 00 0 0 10 O
0 00 -1 0 0O0 O
pM(ap) =— Lo oo p> =13 (mod N) (D.74)
-1 00 0 0 OO0 O
0o 01 0 0 0O0 O
0O 00 0 -1 00 O
0o 00 0 0 01 O
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When p = 31,37, 167, 173,

000 0 0 -1 0 0
1000 0 0 0 0
000 0 0 0 -1 0
M(oy) = Cov om0 P2 =145 (mod N)  (D.75)
0100 0 0 0 0
000 0 0 0 0 -1
000 -1 0 0 0 0
001 0 0 0 0 0

When p = 59, 77,127, 145,

000 0 0 -1 0 O
100 0 0 O 0 O
o000 0 0 0 =1 0
pM(O'p) =— 0o om0 00 p® =145 (mod N) (D.76)
o10 0 O O 0 0
oo0oo0o o0 o0 0 0 -1
o000 -1 0 0 0 O
oo0o1 0 0 0 0 0

By the picture of effective central charge, we learn that there are unitary MTCs induced by T, with

p = 53,83,121, 151 respectively.
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D.2.6 Minimal model M(2,19)

For the minimal model M(2, 19), the nine primary fields are labeled by

(r,s) =1(9,1), (8,1), (7,1), (6,1), (5,1), (4,1), (3,1), (2,1), (1,1). (D.77)

The conductor is N = 57, and the effective central charge is cegr = 16/19.

&0 0 0 0 0 0 0 0

0 & 0 0 0 0 0 0 0
0 0 ¢ 0 0 0 0 0 0
0 0 0 & 0o 0o 0o 0 o0

AMD)=1 0 0 0 0 & 0 0 0 0 (D.78)
0 0 0 0 0 & 0 0 0
0o 0 0o o0 0 o0 & o o
0 0 0 0 0 0 0 & o
0 0 0 0 0 0 0 o0 &%

The solutions to a ninth-order MLDE requires
1 1
N(—z +1+7+16+28+43+61+82+106) = E9(9 - 1), (D.79)

which is true.
Explicit computations lead to following pM(ap) for all p, with 1 < p < N and ged(p, N) = 1.
When p = 1, 20, 37, 56,

Mp)=Tyg.  p?>=1Mod N (D.80)
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When p = 2,17, 40, 55,

00 00 100 0 0
00 00 0-100 0
00 01000 0 0
00 000010 0

Mop)=]0 0 1 0 0 000 0. p=4ModN (D.81)
00 0000 010
0 -10 0000 0 0
0000000 0 1
1 000000 0 0

When p — 4,23, 34, 53,

00 10000 0 0
0000000 1 0
00 00 0010 0
0 =100 00 0 0 0

Map=10 0 0-100 0 0 0 p* =16 Mod N (D.82)
000000 0 0 —1
0000010 0 0
1 000 000 0 0
0000 100 0 0
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When p = 5, 14,43, 52,

000 0 0 0 010
00 0 -1 0 0 000
100 0 0 0 000
00 0 0 -1 0 000
Mo)=]00 0 0 0 0 001]. »p=25MdN (D.83)
000 0 0 0 100
00 -1 0 0 0 000
01 0 0 0 0 000
000 0 0 —1000

When p = 7,26, 31, 50,

O 000 O -1 0 00O
0O 01 0 O 0 0 0 0
0O 00 0 O 0 0 0 1
-1 0 0 0 O 0 0 0 0
Moo= 0 000 0 0 0 10]. p=49ModN (D.84)
O 001 O 0 0 0 0
O 00O0 -1 0 0 0 0
O 00 0 O 0O -1 0 0
0O 1 00 O 0 0 0 0
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When p = 8,11, 46, 49,

0 001000 0 0
000 0 00 0 0 1
0100 00 0 0 0
0 00 0 01 0 0 0
Mop)=] 0 00 0 00 -1 0 0. p=TModN (D.85)
100 0 00 0 0 0
0 00 0 00 0 —10
0 00 0 100 0 0
0 01 0000 0 0

When p = 10, 28, 29, 47,

00 0000 0 01
00 0 00 0 —100
00 001 0 0 00
00 100 0 0 00
Mop)=11 0 000 0 0 00]. p=43ModN (D.86)
0 -1 0 00 0 0 00
00 0 100 0 00
00 0 00110 00
00 0000 0 10
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When p = 13,25, 32, 44,

0O 1 0 0O 0 0 0 0 0
000 010 0 0 0
0O 0 O 0O 0 O 0 1 0
0O 0 O 0O 0 0 0 0 -1

Mo)=1 0 0 0 0 0 -1 0 0 0 |. pP=55MdN  (D87)
0O 0 -1 0 0 O 0 0 O
100 000 0 0 0
0O 0 0 -1 0 O 0 0 0
0O 0 O 0O 0 0 -1 0 0

When p = 16,22, 35, 41,

000 O 0 0O -1 0 0
1 00 O 0 0 0 0 0
0000 0 -1 0 0 0
000 O 0 0 0O -1 0

Maop)=l0o10 0 0 0 0 0 |. pP=28ModN  (D.88)

By the picture of effective central charge, we learn that there are unitary MTCs induced by
To, T17, T4o and Txs respectively. That means the situation p? = 4 (mod N), when N is odd.
We may wonder if the derivations of FSI and quantum dimensions still hold, since they involve
[ g2 acting on e[Q j(a)]. Note that the denominator of ~; must divide Ny and therefore V. For
odd N, hj can not be congruent to % nor i% (mod Z). Hence there cannot be any non-trivial
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simple current of order 2 in the initial RCFT. In that case, e[Q y(a)] are trivial and are not affect by

possible even (2.

D.2.7 Minimal model M(3,7)

For the minimal model M(3, 7), the six primary fields are labeled by

(r,s) =(1,1), (2,1), (3,1), (4,1), (5,1), (6,1). (D.89)

The conductor is N = 168, and the effective central charge is cefr = 5/7.

&
3%
y Sy
p(T) = i (D.90)
N
S
&V
The solutions to a sixth-order MLDE requires
1 1
N(25—5+1+43+121+235) = 36(6— 1), (D.91)

which is true.
Explicit computations lead to following pM(ap) for all p, with 1 < p < N and ged(p, N) = 1.

When p = 1,41,55, 71,97, 113, 127, 167,

M(op) =Tg.  p?>=1Mod N (D.92)
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When p = 13,29, 43, 83, 85,125,139, 155,
M
(

p

When p = 5,19,37,61,107,131, 149, 163,

o o O

o o O

o O
o o o o O
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p> =1Mod N
0
1
0 2
p° = 25Mod N
0
0
0
0
1
0 2
p® = 25Mod N
0
0
0

(D.93)

(D.94)

(D.95)



When p = 11, 53,59, 67,101, 109, 115, 157,

00 0 0 10
00 0 —-100
M 10 0 0 00 9
p(op) = . p“ =121 Mod N (D.96)

When p = 17,25, 31, 73,95, 137, 143, 151,

00 0 0 10
00 0 -1 00
M 10 0 0 00O 9
M(ayp) = — p? = 121 Mod N (D.97)
00 0 0 01
00 -1 0 00
01 0 0 00
Clearly (£2,.J) = (25, ¢(6,1)) saturates the GS property
1 2
ﬂ(ﬂ Ceff —C) +hy =0 (mod Z). (D.98)

We can construct an effective picture based on that and narrow down the allowed T,. Moreover
with the sign of Fourier coefficients, T, are associated with unitary RCFTs only when p =

11,53,59,67,101, 109,115, 157. Some Hecke images coincide with characters of known RCFTs:

T11 XM, 7)] = x[(C5,1)]. (D.99)

In [31], the unitary MTCs induced by Tq1, T53, T59 and T enter the classification of bosonic
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topological orders at rank 6. In addition, T and T, 56 induce the same MTC, since 56 X 7‘; =0

(mod 8). Tsg x[M(3,7)] produces the same MTC as (A, 5).

D.2.8 Minimal model M (3, 8)

For the minimal model M(3, 8), the seven primary fields are labeled by
(r,s) =(1,1), (2,1), (3,1), (4,1), (5,1), (6,1), (7,1). (D.100)

The conductor is N = 32, and the effective central charge is cefr = 3/4.

oM(T) = ¢4 (D.101)

1
&N

&

%

has degenerate eigenvalues. The solutions to a seventh order MLDE requires

1 1
(70— 1+4+15+32+455) = =7(7 - 1), (D.102)

which is true.
Explicit computations lead to following pM (op) forall p, with 1 < p < N and ged(p, N) = 1.
Whenp =1,15,17, 31,

M@p) =17, p?> =1Mod N (D.103)
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When p = 3,13, 19, 29,

When p = 5, 11,21, 27,

When p = 7,9, 23, 25,

o
o o o o O
o

o o O

- o o O

o o O

o o O

—_

o o o o O
(e}
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o o o O

p?> = 9Mod N
p® =25 Mod N
p® =49 Mod N

(D.104)

(D.105)

(D.106)



There are 16 unitary MTCs relevant to the initial theory [31]. Simple currents are crucial in the
GS property, which take a non-unitary RCFT to the pictures of effective central charge [26]. Due
to the associativity of fusion product, the product of two simple currents is again a simple current.
Simple currents thus form an abelian group under multiplication which is called the center of a

RCEFT [27]. There are two simple currents

{®0, 3} (D.107)

by checking the vacuum row of the modular S matrix. ®;,4 and ®_ , are not simple currents

though with 4h € Z. The GS equation admits two solutions:
(€%,.7) = (9,®0), (25, 3)9). (D.108)

The allowed p? are 25 and 9 (mod N) respectively. However (9, @) does not lead to unitary
Hecke images since €,(v) = —1 with p = 5,11,21,27, where v is the minimal primary. With

Gannon’s approach, the unitarized theory has central charge
¢ =1Vl(c—24hy) + 12¢ (mod 24). (D.109)

where (—1)€ := €y(0). In the MTC approach we may shift the central charge by 12 after imple-

menting the effective picture (9, @) and the Frobenius map fy .
¢=lc+4 (mod8), (=3,13,19,29. (D.110)

Adding the central charge by 4 amounts to tensoring a 1d modular representation [24]. It produces
four unitary MTCs of ¢ = +1/4,£15/4. Then the sign of €,(v) flips, and we get unitary MTCs

with consistent twists as in [31]. For the effective picture (25, q)3/2), T, with p = 3,13, 19, 29 are
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allowed, and give rise to unitary Hecke images with ¢ = +7/4, +9/4.

T3x[M(3,8)] = x[(A1, 6)],

T13x[M(3,8)] = x[(Cg, 1)].

(D.111)

The Tj case is verified by the author. The Hecke images under T1g and Tog correspond to unitary
RCFTs as well.

The other eight MTCs of rank 7 cannot be obtained using the effective picture of M(3,8) and
are not listed in [35] either. Perhaps they correspond to some other primitive MTC and have
conductor other than 32. By [30], the MTC of ¢ = 5/4 arise from the Zg parafermion, which has
conductor N = 96. Again, the field of twist e(%) is a simple current, denoted by .J. For the Zg
parafermion, there are two effective picture and they are (1,7) and (49, J) respectively. T, can
be applied in either effective picture and induce unitary MTCs. The analysis exhausts the sixteen
unitary MTCs of same non-abelian type.

Is there a connection between M(3, k + 2) and the (k — 1)-th Galois conjugation of the Z;,
parafermion, when k& — 1 is odd? They have total central charge

6(k —1)2
3(k +2)

+(k;—1)w:1. (D.112)

—1-
Ctot k+2
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