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ABSTRACT

In this thesis, we study stable commutator length (scl) in graphs of groups by analyzing
surfaces in the corresponding graphs of spaces. We give a linear programming algorithm
computing scl in a large class of graphs of groups including those with cyclic vertex and
edge groups. The algorithm implies that the unit norm ball of scl is a rational polyhedron.
We also establish a linear programming duality method to show sharp lower bounds of scl
in graphs of groups, subject to a local n-relatively torsion-free condition on the inclusion of
edge groups into vertex groups. As an application we prove a uniform sharp lower bound of

scl in graph products.

x1



CHAPTER 1
INTRODUCTION

Given a second homology class a € Ho(X;Q) in a space X, the Gromov—Thurston norm is
the minimal complexity of surfaces representing o, measured in terms of Euler characteristic.
The unit norm ball is a rational polyhedron when X is a 3-manifold [41].

For a given loop v C X, its stable commutator length (scl) is a relative version of the
Gromov—Thurston norm, which is the minimal complexity of surfaces bounding ~. It only
depends on the conjugacy class g representing v in the fundamental group G = 71 X and
can be defined algebraically (Section 2.1), so we denote it as scl(g).

Calegari [12] discovered an algorithm to compute scl in free groups, which is a notoriously
hard task in general. The nature of his algorithm shows that in this case the unit norm ball
of scl is a rational polyhedron, and has led to positive partial answers to Gromov’s question
about surface subgroups in hyperbolic groups [10, 17, 44]. Calegari asked if similar statements
hold true more generally for hyperbolic groups or groups acting on hyperbolic spaces.

We give a positive answer to this question for a large class of groups acting on simplicial
trees, the simplest d-hyperbolic spaces, Such groups have the structure of graphs of groups
[38], where vertex and edge groups are vertex and edge stabilizers. Our result for instance

applies to those with cyclic vertex and edge stabilizers, such as the Baumslag—Solitar groups
BS(M, L) := <a,t | oM = taLt*1>.

The method is geometric and relies on a (simple) normal form that we introduce to
understand all (relative) maps of surfaces into graphs of groups. For free groups, this is
analogous to the normal forms obtained by Wicks [36] and Culler [23].

The main difficulty we overcome is the fact that the space of admissible surfaces has a lot

of information but very little structure. More structure arises when we put surfaces in normal

1



form, which makes use of two operations on surfaces: cut-and-paste and compression. There
is another operation, taking finite covers, which is analogous to working with Q instead of
Z. This is crucial for us to deal with graphs of groups with infinite edge groups.

Understanding surfaces in graphs of groups also allows us to prove sharp lower bounds
of scl and spectral gap properties. A group G has a spectral gap C' > 0 if scl; does not take
any value in the interval (0, C'). Many groups are known to have such a gap together with a
characterization of elements with zero scl, such as word-hyperbolic groups [14] and mapping
class groups [4]; see Example 2.24 for a more detailed list. Such gaps can be thought of
the homological analog of Margulis constants or quantitative obstructions for the existence
of certain group homomorphisms; see Sect. 2.3. They are also related to the spectrum of
simplicial volume [31] and bi-orderability of groups [33].

We obtain such sharp estimates using a linear programming duality method that proves
uniform lower bounds of the complexity of all surfaces bounding the given loop. This is
very different from the more common approach by constructing “effective” quasimorphisms
and applying Bavard’s duality [3]. In this way we avoid the difficult problem of finding

quasimorphisms that give the sharp estimate.

1.1 Statement of Results

1.1.1 Rationality and Computation

We develop a method to compute scl in many graphs of groups using linear programming.
The nature of the algorithm shows that scl is piecewise rational linear on chains (See Sect.
2.1 for definitions).

One main result is:

Theorem 5.25 (rationality). Let G be a graph of groups with vertex groups {G,} and

edge groups {G¢} where



(1) sclg, =0; and

(2) the images of the edge groups in each vertex group are central and mutually commen-

surable.

Then sclg is piecewise rational linear, and scl(c) can be computed via linear programming

for each rational chain ¢ € B{I (G).

The theorem above applies to many interesting groups. Bullet (1) holds true for amenable
groups [11, Theorem 2.47], irreducible lattices in higher rank Lie groups [6, 7] (see also [11,
Theorem 5.26]), and certain transformation groups like Homeo™ (S!) [28, Proposition 5.11]
and subgroups of PLT(I) [8, Theorem A]. In particular, Theorem 5.25 applies to all graphs of
groups with vertex and edge groups isomorphic to Z (also known as generalized Baumslag—
Solitar groups). See Example 5.1 for more groups covered by this theorem.

In particular, it generalizes most known rationality results, listed in Example 2.23.

A map of a surface group to a graph of groups is represented geometrically by a map of
a surface to a graph of spaces. The surface can be cut into pieces along curves mapping to
the edge spaces. Simplifying these pieces we can put the surface into a normal form.

If we understand the edge groups we can give conditions under which such pieces may
be reassembled. When edge groups are infinite, such gluing conditions depend a priori on
an infinite amount of data which we refer to as “winding numbers”.

The key to our method is to keep track of a sufficient but finite amount of information
about winding numbers. What makes this approach possible is a method to solve gluing
conditions asymptotically. This is a geometric covering space technique and depends on
residual properties of the fundamental group of the underlying graph. It also relies on an
elementary but crucial observation about stability of virtual isomorphisms of abelian groups
(see Subsection 5.1.1).

We also obtain two isometric embedding Theorems 3.6 and 3.10 from the norm form,

which can be used to reduce the computation of scl in complicated graphs of groups to
3



simpler ones.
As an example, there is a striking relation between scl in BS(M, L) and in Z/MZxZ/ LZ.
A word w € BS(M, L) = <a,t | oM = taLt*1> is t-alternating if it can be written as w =

a"taPttgu2¢qv2e—1 L gUnggUnt =1 where the generator t alternates between t and ¢ 1.

Corollary 3.14. Let Z/MZ « Z/LZ = <a:,y | aM =yl = 1>. For any t-alternating word

in BS(M, L), we have

SCIBS(M’L)(amtavlflauztavzfl .. .auntavnt—1> — SCIZ/MZ*Z/LZ(xU1yUI o glnggUny

1.1.2  Spectral Gaps

We study spectral gaps of groups acting on trees. Our estimates depend on the types of
elements. An element of the group is called elliptic if it stabilizes some vertex and hyperbolic
otherwise.

We say that a pair of a group G and a subgroup H < G is n-relatively torsion-free

(n-RTF) if there isno 1 <k <n, g€ G\ H and {h;}1<;<} C H such that

ghy---ghy = 1g,

and simply relatively torsion-free if we can take n = oo; see Definition 4.3.
Theorem 4.8 (estimates for hyperbolic elements). Let G be a graph of groups such

that each edge group is n-RTF in the adjacent vertex groups. If g € GG is hyperbolic, then

1
scla(g) > = ——,ifneNand
n

scla(g) > =, ifn=oc.

Our estimates are sharp, strengthening the estimates in [22] and generalizing all other
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spectral gap results for graph of groups known to the author [19, 24, 30].

We actually prove a stronger version that gives the estimates for individual elements
under weaker assumptions; see Theorem 4.7.

The proof is based on a linear programming duality method that we develop to uniformly
estimate the Euler characteristic of all admissible surfaces in X in simple normal form
(Section 3.3). The normal form is obtained by cutting the surface along edge spaces and
simplifying the resulting surfaces, similar to the one in [20]. The linear programming duality
method is a generalization of the argument for free products in [19].

As an application, we obtain sharp spectral gaps in graph product.

Let I be a simple and not necessarily connected graph with vertex set V and let {G },cv
be a collection of groups. The graph product Gt is the quotient of the free product %, Gy
subject to the relations [gy, gy] for any ¢, € Gy and g, € G, such that u,v are adjacent

vertices. This is a rich class of groups includes right-angled Artin groups; see Example 4.20.

Theorem 4.22 (spectral gap of graph products). Let G be a graph product. Suppose
g=g1-9gm € Gp (m > 1) is in cyclically reduced form and there is some 3 < n < oo such

that g; € Gy, has order at least n for all 1 <+ < k. Then either

N | —
S|~

sclgp(g) >

or I' contains a complete subgraph A with vertex set {v{,...,vp}. In the latter case, we

have

sclgp(9) = sclg, (9) = maxsclg, (g;)-
The estimate is sharp; see Remark 4.23.

In particular, for a collection of groups with a uniform spectral gap and without 2-torsion,
their graph product has a spectral gap. In the special case of right-angled Artin groups, this

provides a new proof that is topological in nature of the sharp 1/2 gap [30].
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We also characterize and estimate scl of elliptic elements (Section 4.3). In the special
case of an amalgamated free product G = A x¢ B, the unit norm ball of scly on C has a

geometric description in terms of unit norm balls of scl4 and sclg on C; see Theorem 4.35.

1.2 Organization

We review basic definitions and properties of scl and introduce relative scl in Chapter 2. We
analyze surfaces in graphs of groups in Chapter 3 to obtain (simple) normal forms. Along
the way we prove two isometric embedding theorems. In Chapter 4, we introduce a duality
method to give sharp lower bounds of scl in graphs of groups for hyperbolic elements, and
apply the result to obtain sharp spectral gap results for graph products. We also characterize
scl of elliptic elements in Section 4.3. Finally in Chapter 5, we give an algorithm to compute
scl and prove rationality for graphs of groups as in Theorem 5.25. We give explicit examples
and formulas in the case of Baumslag—Solitar groups in Section 5.3.

Most results presented here are originally obtained in my published work [20] or in my

joint work with Nicolaus Heuer [21]. Many figures are reused from these two papers.



CHAPTER 2
BACKGROUND

In this chapter we first recall some basic definitions and properties of stable commutator
length. Then we introduce the notion of relative stable commutator length, which is helpful

for our later use.

2.1 Stable Commutator Length

We give three equivalent definitions of stable commutator length and discuss some useful

basic properties. A nice general reference is [11, Chap. 2].

2.1.1 Group-theoretic Definition

For any group G, any element ¢ in the commutator subgroup [G,G] can be written as
g =la1,b1] - [ag, br]. The smallest possible k is called the commutator length of g, denoted
clg(g). The sequence {clz(g")}n is subadditive and thus the limit in the following definition

exists and equals the infimum.

Definition 2.1. The stable commutator length of g € |G, G] is defined to be

. clg(g" . cla(g"

As functions on [G, G], both clg and sclg are characteristic in the sense that, for any
isomorphism ¢ : G — H we have sclg(g) = sclg(¢(g)) for all g € [G,G]. In particular,

sclg(g) only depends on the conjugacy class of g.



2.1.2  Topological Definition

Let X be a topological space with fundamental group G. An expression g = [ay, b1] - [as, bs]
in G can be represented by a continuous map f : S — X from a compact connected oriented
surface S of genus k£ with one boundary component to X such that 95 is sent to a loop ~
representing the conjugacy class of g.

Thus one should consider surfaces in X with boundary representing powers of g when
computing sclz(g). This leads to the definition of admissible surfaces, and we define them
more generally for chains.

Recall that a real (rational, integral resp.) chain is a formal finite sum ) #;g; of elements
gj € G with real (rational, integral resp.) coefficients #;. Represent each g; by some loop

”yj:S}%X.

Definition 2.2. An admissible surface (S, f) for a chain ¢ = > t;g; of degree n = n(S, f) €
Zy isamap f: S — X from a compact connected oriented surface S to X such that the

following diagram commutes and the homology class 0fx[0S] =n ) t; [Sjl],

s — s
of | £

Ly
|_|Sj1- —2y X

where ¢ is the inclusion map and Jf is the map on the boundary.

Note that admissible surfaces are allowed to be disconnected and each component may
have several boundary components. They exist if and only if the chain ¢ is rational and
null-homologous.

We measure the “complexity” of an admissible surface (.S, f) of degree n by —x~(.5)/2n,
where y () is the Euler characteristic of S after removing all sphere and disk components.

One obvious reason to use the negative part of Euler characteristic of S is to prevent dummy
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admissible surfaces by adding lots of spheres and disks with arbitrarily negative complexity.
The deeper reason is the fact that —2x ™~ (5) is the simplicial volume of S; see [11, Theorem
1.14].

This complexity has the nice property that any finite cover S of S with the induced map
to X, which is also admissible, has the same complexity. This makes it convenient passing
to a finite cover; see Example 2.4 below. Taking finite covers also plays a central role in the

rationality problem; see Chapter 5.

Definition 2.3. For a rational chain ¢ = > t;g;, its stable commutator length (scl) is

where the infimum is taken over all admissible surfaces (.S, f). We make the convention that

sclg(c) = 400 if ¢ has nontrivial rational homology, i.e. it has no admissible surface.

In the case where ¢ = g is a single element in [G, G], then this agrees with the algebraic
Definition 2.1. The key reason is that one can take a finite cover S of arbitrarily large
degree of any admissible surface without increasing the number of connected components
and boundary components. This allows one to modify S into a connected surface S’ with one
boundary component at the cost of changing —X_(S ) by a bounded amount. Then this cost
is negligible once we divide —y~(S’) by the its (huge) degree, and similarly for the difference
1/2 between —x~(57)/2 and the genus of S’. See [11, Proposition 2.10] for a detailed proof.

In the sequel, we will only consider admissible surfaces where each boundary component

is an orientation-preserving covering map of some loop in the chain. This does not affect the

computation of scl [11, Proposition 2.13].

Example 2.4. Consider a commutator ¢ = [a,b] € G. There is an obvious admissible
surface S of degree one: the once-punctured torus sending the standard generators of its 7y

to a and b respectively. From the algebraic definition, this only justifies the trivial fact that
9



clg(g) < 1. However, by the topological definition, we have sclz(g) < 1/2.

To get a glimpse of the equivalence of the two definitions in this case, note that for
each odd positive integer n, there is a degree n cover S, of S that has only one boundary
component. Then by counting the Euler characteristic, we see Sy, has genus (n + 1)/2 while
its boundary is sent to ¢", expressing ¢" as a product of (n+ 1)/2 commutators. Concretely,
when n = 3, this yields Culler’s identity [23]: [a,b]? = [aba™!, b~ Laba=2][b~ ab, b?]. Hence
in a limit, we observe algebraically that sclg(g) < 1/2 as well.

One advantage of using the topological definition is to avoid applying this kind of tricks
over and over again.

The topological definition (or the trick above) also implies sclg(g) < clg(g™)/n — 1/2n.
This shows that the infimum in the algebraic Definition 2.1 is never achieved. In contrast,
the bound 1/2 above given by the once-punctured torus is sharp in many cases, for instance

when a, b are non-commuting elements in a non-abelian free group.

Definition 2.5. An admissible surface is extremal if it achieves the infimum in Definition

2.3.
Proposition 2.6. Eztremal surfaces are mi-injective (on each component).

Proof. We give a sketch; see [11, Proposition 2.104] for details. If the induced map m1.S —
71X is not injective, then some finite cover S of S has a simple closed loop mapping to a
null-homotopic loop in X since free groups are LERF. Thus one can compress S along such
a loop to obtain a simper admissible surface, contradicting the fact that any finite cover of

an extremal surface is also extremal. O

This relates the study of scl to the problem of finding surface subgroups.
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2.1.3  Quastmorphisms and Bavard’s Duality

Denote by C1(G) the space of real chains in G. Let H(G) be the subspace spanned by chains
of the forms g—hgh™! and ¢"—n-g with g, h € G and n € Z, and let C{{(G) =C1(G)/H(G).
Then there is a well-defined linear map h : C’{{ (G) — H1(G) taking chains to the homology
classes they represent. Denote the kernel of hg as BI(G) < C(G).

Note that finite-order elements can be removed from a chain without changing scl. Thus
we will often assume elements in chains to have infinite order.

Using the topological definition, one can show that scl is subadditive, i.e. sclg(c] +¢2) <
sclg(c1)+sclg(eo) for any two (rational) chains, and it vanishes on H(G). Thus sclg extends
uniquely in a continuous way to a well-defined semi-norm on B{{ (G); See [11, Sect. 2.7].

Christophe Bavard found a concrete description of the dual space as homogeneous quasi-

morphisms [3], which turns out to be closely related to the second bounded cohomology.

Definition 2.7. A map ¢ : G — R is a quasimorphism if

D(yp) == Sup lp(a) + ¢(b) — p(ab)| < +oo.

The quantity D(y) is called the defect of . If in addition ¢(g") = ne(g) for all g € G and

n € Z, we say @ is homogeneous.

Denote the space of homogeneous quasimorphisms by Q(G). The defect is a semi-norm
on it and vanishes exactly on the space of homomorphisms to R, i.e. the first cohomology

HY(G) with R coefficient.

Theorem 2.8 (Bavard’s duality). The space Q(G)/Hl(G) equipped with 2D is the dual

space of (C{I(G), scl), where D the defect norm. Concretely, for any chain ¢, we have

sclg(c) = sup 2le) :
pe(G)/H1(G) 2D(¥)

11



See [11, Sections 2.4 and 2.5] for detailed discussions.

Definition 2.9. We say a group G has trivial scl if sclg vanishes on C’{{ (G). By Bavard’s

duality, this holds if and only if Q(G) = H'(G), i.e. G has no “nontrivial” quasimorphisms.

Proposition 2.10. For a group G, the following sequence is exact
0— HYG) — Q(G) — HE(G) -5 H?(G), (2.1)
where Hg(G) 1s the second bounded cohomology and all cohomology groups are taken with R

coefficients.

This shows that G has trivial scl if and only if the comparison map c : HbQ(G) — H?(G)

is injective. See [11, Theorem 2.50] for a proof.
Theorem 2.11. The following groups have trivial scl:
(1) Amenable groups [11, Theorem 2.47];
(2) Irreducible lattices in higher rank semisimple Lie groups [6, 7] [11, Theorem 5.26]; and

(3) Some transformation groups like HomeoT (S1) [28, Proposition 5.11] and subgroups of
PL*([0,1]) /8]

With the help of Bavard’s duality, quasimorphisms can be used to show lower bounds
of scl. There are quasimorphisms seemingly of very different nature, including Brook’s
quasimorphisms and its generalizations to groups acting on trees, de Rham quasimorphisms,

and the rotation quasimorphism. See [11, Sect. 2.3] for details.

2.1.4 Basic Properties and Isometric Embeddings
Now we define isometric embeddings and collect some basic properties of scl.
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Lemma 2.12. Let G be a group.

(1) (Monotonicity) We have sclg(c) > sclg(¢p(c)) for any homomorphism ¢ : G — H and

any chain c;

(2) If G = ©G), then sclg(g) = maxy sclg, (9)) for any g € G with factors gy € G.

Proof. The monotonicity is obvious for rational chains by pushing forward admissible sur-
faces. By continuity, it also holds for real chains. When G is a direct product, expressing
different factors g, as products of commutators do not interfere each other, thus the num-
ber of commutators needed is given by the element with the largest (stable) commutator

length. O

The monotonicity makes scl a nice obstruction for certain homomorphisms; See Section

2.3 for a detailed discussion. It also forces equality of scl in many situations.

Definition 2.13. A homomorphism ¢ : G — H is an isometric embedding if ¢ is injective

and sclg(c) = sclg(¢(c)) for all chains ¢ € B{J(G).

Example 2.14. In the following cases, the injection ¢ : G — H is an isometric embedding:
(1) The map ¢ admits aretract r : H — G, i.e. ro¢ = idg. This follows from monotonicity.
(2) The group G is abelian. This is trivially true since Bff (G) is trivial.

(3) The group G has trivial scl. This also follows from monotonicity.
[sometric embeddings allow one to pull back admissible surfaces at arbitrarily small cost.

Lemma 2.15. Let ¢ : G — H be an isometric embedding, realized by a map ¢ : Xqg = Xg
between K(G,1) and K(H,1) spaces. Suppose f' : S" — Xy is a surface without sphere
components in Xy such that 0f'0S" = ¢(v) for a collection of loops v in X whose sum is
a null-homologous chain c. Then for any € > 0, there is a surface f : S — X satisfying the

following properties:
13



(1) S has no sphere components;

(2) There is a (disconnected) covering map 7 : S — 95’ of a certain degree n > 0 such

that the following diagram commutes;

0SS — L 9s’

or | or |

Xo —25 Xy

(3) We have
—x(5)

n

< —X(S/) + €.

Proof. Let D' be the union of disk components in S’. Since ¢ is an isometric embedding
and thus mj-injective, the loops in 7 corresponding to 0D’ bound a collection of disks D
in X4 accordingly. Let S(’) be the remaining components of S’. Then 856 represents a
null-homologous chain ¢y equivalent to ¢ in B{{ (G) and x(Sp) = x~(S}). Since ¢ preserves
scl, there is an admissible surface S for ¢q of a certain degree n > 0 without disk or sphere

components such that

—x(S0)

< 2sclg(cp) + € = 2scly (pep)) + € < —x(Sh) + e

Then the surface S = Sp L nD has the desired properties. n

2.2 Relative Stable Commutator Length

Now we introduce the notion of relative stable commutator length. This is what comes up
naturally and is convenient to use in the situation of graphs of groups. The materials of this

section is mostly based on [20, Sect. 2.2] and [21, Sect. 2.2].
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Definition 2.16 (Relative scl). Let G = {G)\} e be a collection of subgroups of G. Denote
by C1(G) the subspace of C1(G) consisting of chains of the form ", ¢\ with ¢y € C1(G)),
where all but finitely many c) vanish in each summation.

For any chain ¢ € C1(G), define its relative stable commutator length to be
sclg,g)(c) := inf{sclg(c + d):d eCi(G)}).

Let Hi1(G) < Hi(G;R) be the subspace of homology classes represented by chains in
C1(G). Recall that we have a linear map hg : CfI(G) — H1(G) taking chains to their
homology classes. Denote B{I(G,g) = h&lHl(g), which contains B{I(G) as a subspace.
Then scl(Gg) is finite on B{{(G, G) and is a pseudo-norm.

The following properties of relative scl are basic.
Lemma 2.17. Let G be a group and {G)} be a collection of subgroups.
(1) sclg(c) = sclg (a,y)(©)-
(2) If g" conjugates into some Gy for some integer n # 0, then SCI(G7{G)\})(Q) = 0.

(8) (Stability) For any g € G, we have scl(G,{G/\})(gn) =n: SCI(G,{G,\})@)'

(4) (Monotonicity) Let ¢ : G — H be a homomorphism such that ¢(Gy) C Hy for a

collection of subgroups Hy of H, then for any ¢ € C1(G) we have

sclig {a (€)= sclig (,1)(8(c)).

Proof. Bullets (3) and (4) follow immediately from the corresponding properties of scl in the
absolute sense. Bullet (1) is by definition. Bullet (2) is immediate from the definition when

n = 1 and the general case follows from bullet (3). O
15



For a rational chain, its relative scl can be described using relative admaissible surfaces.

This will be a main tool that we use later to compute or estimate scl in graphs of groups.

Definition 2.18. Let ¢ € B{{(G, {G\}) be a rational chain. A surface S together with
a specified collection of boundary components dy C 095 is called relative admissible for c
of degree n > 0 if Jy represents [nc| € C’{{ (G) and every other boundary component of S

represents an element conjugate into some G.

Lemma 2.19. For any rational chain ¢ € BfL(G,{G\}), we have

(S
scl(g.qy ) (€) = inf XQ—() (2.2)

n

where the infimum is taken over all relative admaissible surfaces for c.

Proof. On the one hand, any relative admissible surface S for ¢ of degree n is admissible
for a chain ¢+ ) ¢y of degree n, where n)_ c) is the chain represented by the boundary
components of S outside of the specified components dy. This proves the “<” direction.
On the other hand, first consider a chain ¢+ ) ¢y with all ¢y rational. Any admissible
surface S for ¢+ ) ¢y of degree n is a relative admissible surface for ¢ of degree n by taking
the boundary components representing nc to be the specified components dy. Thus for such
a rational chain, scl(c 4+ > ¢)) is no less than the right-hand side of the desired equality.

Then the “>” direction follows by continuity. O]

A relative admissible surface is called extremal if it obtains the infimum in Lemma 2.19.

Such surfaces are also 71-injective, analogous to Proposition 2.6 and proved in the same way.

Proposition 2.20. Any extremal relative admissible surface f : S — X induces an injective

map on the fundamental groups for each component of S.

There is also an analog of Bavard’s duality for relative scl.
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Lemma 2.21 (Relative Bavard’s Duality). For any chain ¢ € B{I(G, {G\}), we have

scliq 1) () = sup 2{)(80),

where the supremum is taken over all homogeneous quasimorphisms f on G that vanish on
Cr1{GAD)-

Proof. Denote the space of homogeneous quasimorphisms on G' by Q(G). Let N(G) be the
subspace of By(G) where scl vanishes. Then the quotient Bi(G)/N(G) with induced scl
becomes a normed vector space. Denote the quotient map by 7 : Bi(G) — B1(G)/N(G).
Bavard’s duality shows that the dual space of By(G)/N(G) is exactly Q(G)/H'(G) equipped
with the norm 2D(-) (Theorem 2.8). Then scl further induces a norm || - || on the quotient
space V' of B1(G)/N(G) by the closure of 7(C1({G)}) N B1(G)). By definition we have
el = scl(q () (c) for any ¢ € Bi(G), where ¢ is the image in V. It is well known that the
dual space of V' is naturally isomorphic to the subspace of Q(G)/H'(G) consisting of linear
functionals that vanish on C1({G\}) N B1(G). Any f € Q(G)/H(G) with this vanishing
property can be represented by some f € Q(G) that vanishes on C1({G)}). This proves the
assertion assuming c € B{{ (G). The general case easily follows since any ¢ € B{{ (G, {G)})
can be replaced by ¢+ ¢ € B{{(G) for some ¢ € C1({G,}) without changing both sides of

the equation. O

2.3 The scl Spectrum and Spectral Gaps

Lots of studies have been attracted to understand the scl spectrum.

Definition 2.22. For a group G, its scl spectrum is the image of scl (as a function on G).
We say G has a spectral gap C > 0 if for any g € G either sclg(g) > C or sclg(g) = 0. If in
addition, the case scl(g) = 0 only occurs when g is torsion, we say G has a strong spectral

gap C.
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On the one hand, among the known examples, the spectrum often appears to be a subset
of Q> for finitely presented groups except a few cases related to dynamics (see [45] and
[11, Chapter 5]. Such rationality of scl is necessary for the existence of extremal surfaces,
which are 7i-injective (see Proposition 2.6). This has led to good positive partial answers
to Gromov’s question about surface subgroups in hyperbolic groups [10, 17, 44].

Here is a list of groups where scl is previously shown to be piecewise rational linear.
Example 2.23.
(1) Free groups, by Calegari [12].
(2) Free products of cyclic groups, by Walker [43].
(3) Free products of free abelian groups, by Calegari [13].
(4) Free products x)G\ with sclg, =0 for all A, by the author [18].
(5) Amalgams of free abelian groups, by Susse [39].
(6) t-alternating words in Baumslag—Solitar groups, by Clay—Forester—Louwsma [22].

Theorem 5.25 is a generalization of all the rationality results above. Corollary 3.14
provides an easier way to understand and compute scl of t-alternating words in Baumslag—
Solitar groups.

On the other hand, many classes of groups are known to have a spectral gap.
Example 2.24.

(1) G trivially has a spectral gap C for any C' > 0 if G has trivial scl (see Theorem 2.11

for a list of examples); the gap is strong if G is abelian;

(2) G has a strong spectral gap 1/2 if G is residually free [24];
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(3) o-hyperbolic groups have gaps depending on the number of generators and ¢ [14]; the

gap is strong if the group is also torsion-free;

(4) Any finite index subgroup of the mapping class group of a (possibly punctured) closed

surface has a spectral gap [4];

(5) All right-angled Artin groups have a strong gap 1/2 [30] (see [26, 27| for earlier weaker

estimates);
(6) All Baumslag—Solitar groups have a gap 1/12 [22].

(7) The fundamental group of any closed oriented closed 3-manifold has a gap depending

on the manifold [21, Theorem C].

Theorem 4.24 generalizes the gap for right-angled Artin groups to graph products and
provides a topological proof.

The spectral gap phenomenon together with monotonicity provides obstructions for the
existence of certain homomorphisms. For example the following rigidity theorem has a

conceptually simple proof using (more precise versions of) spectral gap results.

Theorem 2.25 (Farb-Kaimanovich-Masur [25, 35]). For any irreducible lattice G of higher

rank and any closed surface S, any homomorphism ¢ : G — MCG(S) has finite image.

Proof. By [4, Theorem B], there is a subgroup H < MCG(S) of finite index such that any
h # id € H has sclg(h) > 0. For any homomorphism ¢ : G — MCG(S), up to replacing G
by a finite index subgroup ¢~1(G), we may assume Im¢ C H. Since sclz(g) = 0 for any g
by Theorem 2.11 and the fact that H;(G) = 0, monotonicity of scl forces ¢(g) = idg for all

g. O

The gap property is essentially preserved under taking free products.
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Lemma 2.26 (Clay—Forester-Louwsma). Let G = x\G) be a free product. Then for any g €
G not conjugate into any factor, we have either sclg(g) = 0 or sclg(g) > 1/12. Moreover,

1

sclqa(g) = 0 if and only if g is conjugate to g—*. Thus if the groups G have a uniform

spectral gap C' > 0, then G has a gap min{C,1/12}.

Proof. 1f g does not conjugate into any factor, then it either satisfies the so-called well-aligned
condition in [22] or is conjugate to its inverse. In this case, it follows from [22, Theorem 6.9]
that either scl(g) > 1/12 or sclg(g) = 0, corresponding to the two situations. Assuming
the factors have a uniform gap C, if an element g € GG conjugates into some factor G, then

sclg(g) = sclg, (9) > C since G is a retract of G. O

The constant 1/12 is optimal in general, but can be improved if there is no torsion of
small order. See [19] or [34].
Many other groups have a uniform positive lower bound on most elements. They often

satisfy a spectral gap in a relative sense.

Definition 2.27. For a collection of subgroups {G )} of G and a positive number C, we say
(G,{G\}) has a strong relative spectral gap C'if either sclig {a,1)(9) = Corsclg (a,1)(9) =
0 for all g € G, where the latter case occurs if and only if ¢g" conjugates into some G for

some n # 0.

Some previous work on spectral gap properties of scl can be stated in terms of or strength-

ened to strong relative spectral gap.
Theorem 2.28.

(1) [19, Theorem 3.1] Let n > 3 and let G = *\G) be a free product where Gy has no

k-torsion for all k < n. Then (G,{G\}) has a strong relative spectral gap % — %

(2) [30, Theorem 6.3] Suppose we have inclusions of groups C — A and C < B such that
both images are left relatively convex subgroups (see Definition 4.12). Let G = Axc B

be the associated amalgam. Then (G,{A, B}) has a strong relative spectral gap %
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(3) [14, Theorem A'] Let G be §-hyperbolic with symmetric generating set S. Let a be an
element with a™ # ba~"b~! for all n # 0 and all b € G. Let {a;} be a collection
of elements with translation lengths bounded by T. Suppose a” does not conjugate
into any G; = (a;) for any n # 0, then there is C = C(6,|S|,T) > 0 such that

SCl(G,{Gi}) (a) > (.

(4) [9, Theorem C] Let M be a compact 3-manifold with tori boundary (possibly empty).
Suppose the interior of M is hyperbolic with finite volume. Then (1M, m0M) has
a strong relative spectral gap C(M) > 0, where mOM is the collection of peripheral

subgroups.

Proof. Our Theorem 4.8 immediately implies (1) and (2). Part (3) is an equivalent statement
of the original theorem [14, Theorem A’] in view of Lemma 2.21.
Part (4) is stated stronger than the original form [9, Theorem C]. See [21, Theorem 8.10]

for a proof of this stronger version. O]

We will prove spectral gaps for certain graphs of groups relative to the vertex groups; see

Theorem 4.7.
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CHAPTER 3
SURFACES IN GRAPHS OF GROUPS

The goal of this chapter is to analyze surfaces in graphs of groups and develop their normal
forms. This lays the foundation for the next two chapters, where we compute and give good
estimates of scl in graphs of groups.

We will first recall the basic definitions of graphs of groups and setup notation in Section
3.1. Then in Section 3.2, we develop the normal form of (admissible) surfaces in graphs of
groups. Finally in Section 3.3, we make simplifications to obtain the simple normal form of
(admissible) surfaces.

Along the way, we will use the (simple) normal form to prove two isometric embedding
theorems (Theorems 3.6 and 3.10), which reduce the computations of scl in complicated
groups to those in simper ones.

The main bulk of this section is largely based on [20, Sect. 3.

3.1 Graphs of Groups

Throughout this chapter, we consider graphs I' = (V, E') with vertex and edge sets V' and
E. All edges are oriented and we always include in E both orientations of each edge. So
we have an involution e — € on E without fixed point by reversing edge orientations, i.e. e
and € represent the same edge but with opposite orientations. We will use {e, €} to denote
an edge without preferred orientation. We also have maps o,t : E — V taking origin and

terminus vertices of edges respectively, such that t(e) = o(€).

3.1.1 Standard Realization

Suppose we have a graph I' = (V, E') and two collections of groups {Gy},cy and {Gelecp

indexed by vertices and edges such that G, = G&. Suppose we also have injections oe : G¢ —
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Go(e) and te : Ge — Gt(e) for each oriented edge e satisfying og = te. Let X, and X, = X¢g
be K(Gy, 1) and K(Ge, 1) spaces with base points b, and b, = bg respectively. For each edge
e, the injections o and te determine (up to homotopy) maps o : (Xe,be) — (Xo(e), bo(e))
and te : (Xe, be) = (Xy(e), by(e)) respectively.

Each map t. determines a mapping cylinder with X, on top and Xt(e) on bottom. For
each vertex v, take the disjoint union of all such mapping cylinders with ¢(e) = v and identify
the bottom spaces Xt(e)' Refer to the resulting space N(X,) as the thickened vertex space.
Now take the disjoint union of all N(X,) and identify the top spaces via X, = Xg. Denote
the resulting space by X.

Explicitly, X is the space obtained from the disjoint union of U,cpXe x [—1,1] and
Uyey Xo by gluing Xe x {1} to Xj,) via te and identifying Xe x {s} with X¢ x {—s} for all
se€[-1,1] and e € E.

We call X the graph of spaces associated to the given data. Identify X, with its image in
X, referred to as the vertex space. Similarly identify X, with the image of X, x {0}, called
the edge space.

When T is connected, we call G = 71(X) the (fundamental group of) graph of groups
and X the standard realization of G. We use the notation G = G(I', {Gy}, {Ge}) to specify
the dependence on the underlying data. It is a fact that G, and G¢ sit inside G as subgroups

via the inclusions [38], referred to as vertex groups and edge groups.
Example 3.1.

(1) Let I' be the graph with a single vertex v and an edge {e, €} connecting v to itself. Let
e = Gy =2 7Z. Fix nonzero integers m, ¢, and let the edge inclusions o, te : G — Gy

be given by 0c(1) = m and t.(1) = ¢. Let the edge space X, and vertex space X, be
circles Sé and S% respectively. Then the standard realization X is obtained by gluing

the two boundary components of a cylinder S} x [~1,1] to the circle S} wrapping

around m and ¢ times respectively. See the left of Figure 3.1. The fundamental group
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Figure 3.1: On the left we have the underlylng graph r and the standard realization X of
BS(m, ¢); on the right we have the graph I' and the realization X for the amalgam Z %y, Z

associated to Z =™ 7 and Z =% Z. This originally appears in [21, Figure 1].

is the Baumslag—Solitar group BS(m, ¢), which has presentation
BS(m, ) = {a,t | " = ta’t™1).

In general, with the same graph I, for any groups Ge = C and G, = A together with
two inclusions t¢, 0 : C'— A, the corresponding graph of groups is the HNN eztension

G = Ay

(2) Similarly, if we let T’ be the graph with a single edge {e, €} connecting two vertices
v = o(e) and vg = t(e), the graph of groups associated to two inclusions t¢ : Ge — Gy,
and o¢ : Ge — Gy, is the amalgam Gy, *g, Gyy- See the right of Figure 3.1 for an

example where all edge and vertex groups are Z.

In general, each connected subgraph of I' gives a graph of groups, whose fundamental
group injects into G, from which we see that each separating edge of I splits GG as an amalgam
and each non-separating edge splits G as an HNN extension. Hence GG arises as a sequence
of amalgamations and HNN extensions.

It is a fundamental result of the Bass—Serre theory that there is a correspondence between

groups acting on trees (without inversions) and graphs of groups, where vertex and edge
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stabilizers correspond to vertex and edge groups respectively. See [38] for more details about

graphs of groups and their relation to groups acting on trees.

3.1.2  Elliptic and Hyperbolic Elements

Let X be the standard realization of a graph of groups G as in the previous subsection.

We say an element g € GG and its conjugacy class are elliptic if g conjugates into some
vertex group, otherwise they are hyperbolic. Geometrically, g is elliptic if and only if it is
represented by a loop supported in some vertex space.

Let v be a loop in X representing the conjugacy class of an element ¢ € G. We can
homotope « so that it is either disjoint from X, x {t} or intersects it only at b, x {t}
transversely, for all ¢ € (—1,1) and any edge e. Then the edge spaces cut v into finitely
many arcs, unless « is supported in a vertex space.

Each arc a is supported in some thickened vertex space N(X,) and decomposes into
three parts (see Figure 3.2): an arc parameterizing be x [0, 1], a based loop in X, and an
arc parameterizing by x [—1, 0], where t(e) = v = o(e). We refer to the element w(a) € Gy
represented by the based loop as the winding number of a, and denote e, €’ by e;,(a), eout(a)
respectively. We say v trivially backtracks if for some arc a as above m = ¢e;p(a) and
w(a) lies in t¢(Ge). In this case, v can be simplified by a homotopy reducing the number
of arcs. See Figure 3.2. After finitely many simplifications, the loop 7 does not trivially
backtrack, which we call a tight loop.

In the case where g is elliptic, 7 is tight if and only if it is supported in some vertex space.
Moreover, instead of a collection of arcs, we have a single loop 7, whose winding number

w(7y) is only well-defined up to conjugacy.
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Y la C vy,

.

X, % [0,1] \/Xe x [0,1]

Figure 3.2: A loop ~ trivially backtracks at an arc a supported in the thickened vertex space
N(Xy) shown on the left. It can be pushed off the vertex space X, by a homotopy shown
on the right. This appears originally in [20, Fig. 1].

3.1.8 Scl Relative to Vertex Groups

In a graph of groups G with vertex groups {Gy}, the naive lower bound sclg(c) = scl(g (g, 1)(¢)
allows us to estimate scl using relative scl. If scl vanishes on the vertex groups, this estimate

is actually accurate.

Proposition 3.2. Let G = G(I',{Gy},{Ge}) be a a graph of groups with underlying graph
' = (V,E). Suppose sclg(c) = 0 for any c € B{I(Gv) and vertex v. Then for any null-

homologous chain ¢ € BfI(G), we have

scliq qa, ) (€) = sclg(c).

Proof. The standard realization X of G can be written as the union of thickened vertex spaces
and regular neighborhoods of all edge spaces. Then it follows from the Mayer—Vietoris exact

sequence that

M (G:R) = H(I;R)

<) (@ Hl(Gv;R)> [{0ex(ce) — tex(ce) : ce € H1(Ge; R)) . (3.1)

Consider any null-homologous chain ¢ + ) ¢; where ¢; € C1(Gy,) for some vertex v;. It
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follows that > ¢; is null-homologous since ¢ is. Thus by the homology calculation (3.1),

there exist chains ¢, = —cg € C'1(G¢) such that, for each vertex v, the chain

Cy = Z ¢ + Z te(ce) € C1(Gy)
1:0;=V ext(e)=v
is null-homologous in H1(Gy;R). Clearly, for each e the chains tz(cg) = 0e(—ce) and —te(ce)
are equivalent to each other as they are geometrically homotopic. Hence ¢ + > ¢; = ¢+

Y wev Cv € C{I(G), and

sclg (c + Z ci> = sclg <c + Z cv> = sclg (o),

where the last equality holds since sclg(cy) = 0 for all v by assumption. Then the result

follows from the definition of relative scl. O]

In the sequel, all relative admissible surfaces will be understood to be relative to vertex

groups unless stated otherwise.

3.2 Normal Form

Throughout this section, let G = G(I', {Gy},{Ge}) be a graph of groups and let X be its
standard realization as in Section 3.1.1. Let g = {g1,...,9m} be a set of infinite order
elements in G represented by tight loops v = {71,...,¥m} in X. The goal is to analyze
surfaces admissible for rational chains supported on 7.

Recall that edge spaces cut hyperbolic tight loops into arcs, while each elliptic tight loop
is already supported in some vertex space. For each vertex v, denote by A, the collection
of arcs supported in N(Xy) obtained by cutting hyperbolic loops in 7. Arcs from different
loops or different parts of the same loop are considered as distinct elements. Let L, C v be

the set of elliptic loops supported in X,.
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For each v € Ay U Ly, let i(a) be the index such that a sits on 7;(,). Denote by [w(a)]

the homology class of the winding number w(«) in Hi(Gy; R).

Lemma 3.3. Let ¢ = ), r;g; be a null-homologous chain. Then there exists fe € H1(Ge;R)

for each edge e such that Be = —Pe and

Yo i@ = Y tesfe
t(e)=v

acA,UL,
holds for each vertex v.

Proof. This directly follows from equation (3.1). O

3.2.1 Cut into Pieces

With the above setup, fix a rational homologically trivial chain ¢ = )", r;9; with r; € Q.
Let f : S — X be an arbitrary admissible surface for ¢ without sphere components. Put
S in general position so that it is transverse to all edge spaces. Then F = f _1(U6Xe) is a
proper submanifold of codimension 1, that is, a union of embedded loops and proper arcs.
Eliminate all trivial loops in F' (innermost first) by homotopy and then compress S along a
loop in F' whose image is trivial in X if any. Since this process decreases —x(.5), all loops
in F' are non-trivial in X after finitely many repetitions. All proper arcs in F' are essential
since loops in 7 are tight.

Now cut S along F' into surfaces with corners, each component mapped into N(X,) for
some vertex v. Let S, be the union of components mapped into N(X,). The boundary

components of Sy, fall into two types (See Figure 3.3).

(1) Polygonal boundary: these are the boundary components divided by corners of .S, into

segments alternating between proper arcs in I’ and arcs in A,,.
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A

P2

B3

Figure 3.3: An example of Sy, consisting of two components and three boundary components.
On the boundary, the blue parts are supported in edge spaces and the red in the interior of
N(Xy). The boundaries 51 and [y are polygonal, with arcs curly and turns straight. The
boundary (33 is a loop boundary. This appears originally in [20, Fig. 2].

(2) Loop boundary: these are the components disjoint from corners of Sy, and thus each

is a loop in either F' or L.

Note that any disk component in S, must bound a polygonal boundary since loop bound-
aries are non-trivial in X by the simplification process above and the assumption that g
consists of infinite order elements.

Let o be any proper arc in F' that appears on a polygonal boundary of S,. If o with
the orientation induced from S, starts from an arc a, € A, and ends in a;) € Ay, we say
a is a turn from ay to al. With the induced orientation, o represents an element w € G,
called the winding number of this turn, where e = egyt(ay) = m. The triple (ay, w, al)
determines the type of the turn a. There are possibly many turns in S; of the same type.

Suppose u = t(e) is the other end of the edge e above. Then «, viewed from S, gives rise
to a turn in Sy, from a, to a&, where ay, a& € A, are arcs such that a, is followed by a& and
ay, is followed by al, on 7. See Figure 3.4. Since the two sides induce opposite orientations
on «, the winding numbers of the two turns are inverses. We refer to such two types of turns
(ay,w, al)) and (au,w_l, al,) as paired turns.

Similar analysis can be done for loops in F' except that they represent conjugacy classes

in G, instead of elements.
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s
—-—
Qy X, CL;

Figure 3.4: Two paired turns on an edge space X¢, with arcs ay,a), C ~; and al,, ay, C Vs
e = eout(ay). This appears originally in [20, Fig. 3].

Then the collection of boundaries {05, } satisfies the following
Gluing condition: Turns of paired types have equal numbers of instances. (3.2)

Moreover, the loop boundaries together represent a trivial chain in B{I (G).

Definition 3.4. Such a decomposition into subsurfaces Sy, one for each vertex v, is called

the normal form of S.

Recall the orbifold Euler characteristic of a surface > with corners is

Xo(X) == x(X) — i#corners.

Then we obtain a surface S’ admissible for a chain equivalent to ¢ in B{{ (G) of the same
degree as S by gluing up turns of paired types arbitrarily on polygonal boundaries in the

normal form of S, and

—x(5") == " xo(Su) < —x(9).
We summarize the discussion above as the following lemma.

Lemma 3.5. Fvery admissible surface S can be decomposed into the normal form after

throwing away sphere components, compressions, homotopy and cutting along edge spaces.
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By gluing up paired turns arbitrarily on polygonal boundaries in the normal form of S, we

obtain a surface S’ relative admissible for ¢ of the same degree as S and
—x(8") == xo(Su) < =x(9).
v

3.2.2  The First Isometric Embedding Theorem

The following theorem pieces isometric embeddings of vertex groups into a global one.

Theorem 3.6 (the first isometric embedding). Let G(T', {Gy},{Ge}) and G(I7, {G},}, {GL})
be graphs of groups. Suppose there is a graph isomorphism h : I' — I, homomorphisms

hy : Gy — G/h(v) and isomorphisms he : Ge — G%(e) such that
(1) each hy is an isometric embedding (Definition 2.13);

(2) for each v, the map induced by hy, on homology is injective on H,, where H, is the

sum of Imtes over all edges e with t(e) = v; and

(3) the following diagram commutes for all edge pairs (e,e’) with ¢’ = h(e).

€ t(i
Go(e) L Ge —— Gt(e)

Pro(e) l hel% Py (e) l

o (e} o Lot o
o(e) e t(e)
Then the induced homomorphism h : G(U,{Gy},{Ge}) — G(U, {GL},{GL}) is an isometric

embedding.

Proof. 1t easily follows from assumptions (1) and (3) that h is well defined and injective.
Now we show h preserves scl.
Consider an arbitrary rational homologically trivial chain ¢ = ), r;¢; with r; € Q and

g; € G of infinite order. Represent each g; by a tight loop ~; in the standard realization X
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of G. Define v, Ay, Ly as in the discussion above.
Let X’ be the standard realization of G’ and let n : X — X’ be the map representing h.
Then the arcs obtained by cutting L;n(7;) along the edge spaces of X’ are exactly Liyn(Ay).

/

Let S’ be an admissible surface for ¢ = h(c) of degree n’. It suffices to show, for any

€ > 0, there is an admissible surface S for ¢ of degree n such that

—x (9')

/

—x " (5) <

/
- - + C(S)e

for some constant C(S).

By Lemma 3.5, we may assume S’ to be in its normal form and obtained by gluing
surfaces with corner Squ ,, where S 1’) , is supported in the thickened vertex space N (X 1’) /). Let
v o= h_l(v’ ). Now we pull back 85; , in a natural way and show that the pull back is
homologically trivial in G,. First consider each polygonal boundary of 5’1'] ,. Each arc is in
n(Ay) and pulls back via hy to a unique arc in A,. Each turn is in Imt, for some ¢/ with
t(e’) = v/, and thus, by assumption (3), pulls back via hy to a unique turn in Imte, where
e = h~1(¢/). Similarly consider each loop boundary of S;} ;. If such a loop lies in n(Ly),
then it uniquely pulls back to a loop in L,. Otherwise, it is obtained by cutting along the
preimage of edge spaces, thus uniquely pulls back to a loop represented by an element in

Imt.. By construction, the homology of the pull back of (951') , lies in

n' Z Ti(a) ()] + Ho,

acAy,UL,

which is exactly H, by Lemma 3.3 since ¢ is homologically trivial. Thus assumption (2)
implies the pull back of 85;} , is homologically trivial in G,. By assumption (1) and Lemma

2.15, there is a surface S, (with corners induced by those on S’,) mapped into X, such that
v
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hy(0Sy) = nUE)S:}, for some integer n, > 0 and

_X(Sv)

Ny

< —x(9y) + €.

The analogous inequality holds with x replaced by x,.

Now let N =[], ny and take N/n, copies of S, for every vertex v. These pieces satisfy
the gluing condition (3.2) and can be glued to form an admissible surface for ¢ of degree
n = N -n' since hy(9S,) = nUE)Sl’J, and {S{},}v/ glues up to S, which is admissible of
degree n’. Note that S, has no disk components with loop boundary, and thus S has no

sphere components. Each g; is of infinite order, so S has no disk components either. Hence

X~ (5) = x(5) and

—x(5) >0 —Xo(Sv) - nﬂv

n N -n/
_ Syl NxolS)) + N
- N-n/
o SI /
< xn,( )+#;{;}_€7

where the summations are taken over vertices v/ where S’ has nonempty intersection with

X, and #{v'} is the number of such vertices, which is finite by compactness of S’. ]

In the special case of free products, this is [18, Theorem B], whose applications can be

found in [18, Section 5].

Corollary 3.7. Let w be an element in a group G representing a non-trivial rational homol-

ogy class. Let G(w, M, L) be the HNN extension Gxy, given by the inclusions og,te : Z — G

M

sending the generator 1 to wM and w! respectively, where M, L # 0. Then the homomor-

phism h : BS(M, L) — G(w, M, L) is an isometric embedding.

Proof. Consider both groups as graphs of groups where the underlying graph has one vertex

and one edge; see Example 3.1. The inclusion of the vertex group Z = (a) — G with a — w
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is injective since [w] # 0 € Hy(G;Q), and is an isometric embedding since Z is abelian
(See Example 2.14). The non-triviality of [w] also implies that condition (2) of Theorem 3.6

holds. Then it is easy to see that Theorem 3.6 applies. O

3.3 Simple Normal Form

In this section, we further simplify the normal form for relative admissible surfaces into the
so-called simple normal form. Such surfaces can be used to compute scl in graphs of groups
relative to the vertex groups. In general this only ends up with a lower bound of (absolute)
scl. However, Proposition 3.2 shows that equality holds when sclg(c) = 0 for all ¢ € B (Gy)
and all vertices v, which is the case for example by monotonicity when all vertex groups have

trivial scl.

Definition 3.8. A normal form of an admissible surface S relative to vertex groups is called
the simple normal form if each component in S, has exactly one polygonal boundary and
is either a disk or an annulus with the former case occurring if and only if the polygonal
boundary is null-homotopic in S,. For simplicity, we refer to such a surface as a simple

relative admissible surface.

We first explain how to obtain simple normal form from a (relative) admissible surface
in normal form. Assume each g; € g to be hyperbolic. Let ¢ =} r;g; be a rational chain

whose homology class [c] is in the kernel of the projection Hy(G;R) — Hy(I'; R).

Lemma 3.9. For any relative admissible surface S for c, there is another S’ of the same

degree in simple normal form, such that

—x(8) < =x(9).

Thus one can compute sclq (q,y)(c) by taking the infimum in equation (2.2) over simple

relative admissible surfaces.
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52
. /83 \ , 52
Figure 3.5: With the S, in Figure 3.3, we cut out a neighborhood of 5, shown on the left,

and throw away the component without polygonal boundary to obtain S], on the right. This
appears originally in [20, Fig. 4].

A

Proof. By Lemma 3.5, we may assume S to be in its normal form. For each subsurface
Sy, in any of its components other than disks, take out a small collar neighborhood of each
polygonal boundary. Let S), be the disjoint union of these collar neighborhoods and disk
components of 5. See Figure 3.5. Then each component of the subsurfaces in S, that we
throw away to obtain S has at least one boundary component, has no corners, and cannot

be a disk. Thus

_XO(S{}) < _XO(S’U)'

Since SJ, has all its polygonal boundaries taken from Sy, it satisfies the gluing condition
(3.2). Recall that disk components of S;, must have polygonal boundaries. It follows that
each component of S), has exactly one polygonal boundary. Moreover, each loop boundary
in S! is homotopic to a polygonal boundary by construction, and thus to a loop in X,,. If the
loop boundary is null-homotopic, replace the interior by a disk realizing the null-homotopy.
Since each g; € g is hyperbolic, gluing up paired turns in S;, produces a relative admissible

surface S’ for ¢ of the same degree as S with the desired properties. n
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3.3.1 The Second Isometric Embedding Theorem

Theorem 3.10 (the second isometric embedding). Let G(I',{Gy},{Ge}) and
G AGLY, {GLY) be graphs of groups where scl vanishes on vertex groups. Suppose there
is a graph homomorphism h : T — T, injective homomorphisms hy : Gy — Gﬁl(v) and

1somorphisms he : Ge — G;l(e) such that
(1) h is injective on the set of edges (Definition 2.13);

(2) the map induced by hy, on homology is injective on H,, where Hy is the sum of Imt e

over all edges e with t(e) = v; and

(3) the following diagram commutes for all edge pairs (e,e’) with € = h(e).

€ te
Go(e) (0— Ge —— Gt(e)

ho(e) l hel% hye) l

o 0,1 o' [, o
o(e) e t(e)
Then the induced homomorphism h : G(T', {Gy},{Ge}) — G, {G}}, {GL}) is an isometric

embedding.

Proof. The proof is similar to that of Theorem 3.6 by considering an arbitrary relative
admissible surface S’ for ¢ = h(c) in simple normal form instead of normal form, where
¢ =Y r;g; is a rational chain in G with all g; hyperbolic. Elliptic elements are ignored since
it suffices to show that h preserves scl relative to vertex groups according to Proposition
3.2. The difference is that, the graph homomorphism A is now allowed to collapse vertices,
so there might be several vertices of I' mapped to the same vertex v’ in I'V. However, each
component of SQ’) , has a polygonal boundary on which each turn is supported in some X é /
connecting two arcs in A; ,, where t(e’) = v/. Then the two arcs must be the image of two

arcs in A, under hy, for the vertex v = t(e) € h~(v), where e = h=1(e/). Tt follows that all

36



the arcs on each polygonal boundary come from the same vertex v and thus each polygonal
boundary of S:} , can be pulled back to a polygonal boundary in a unique X, with h(v) = v'.

Then the rest of the proof is the same as that of Theorem 3.6. O

An immediate corollary is the following proposition, which is useful to simplify the com-

putation of scl.

Proposition 3.11 (restriction of domain). Let G(I', {Gy},{Ge}) be a graph of groups where
scl vanishes on vertex groups. Then the inclusion i : G(I', {Gy}, {Ge}) — G(T', {Gy}, {Ge})

associated to any connected subgraph I of T is an isometric embedding.

We can use Theorem 3.10 to compute scl of t-alternating words in HNN extensions of

abelian groups.

Definition 3.12. Given injective homomorphisms 4,5 : E — V, let G be the associated
HNN extension, i.e. G =Vxp = (G, t]i(e) =t j(e)t_1>. An element g is t-alternating if it

is conjugate to a cyclically reduced word of the form ajtbit=! ... anth,t=1 for some n > 0.

Let H = V1 xg Vo be the amalgam with V; = Vo = V and injections ¢, j above, which

has a natural inclusion into G, whose image is the set of ¢-alternating words.

Proposition 3.13 (t-alternating words). Let V' and E be abelian groups with inclusions
1,7 : =V, then we have an isometric embedding h : V1 xg Vo — Vg where V1 = Vo = V.

In particular, with T = t~Y, we have

SCl(V*E7V) (a1tb1TagthoT - - - antb,T) = SCI(Vl*EVQ,{Vl,VQ})(albl e apbp)

SCl(vi (B Vo §(E) (V2 /i(B),Va/j(E)}) (@101~ Gnbn).
Proof. Consider V] g V5 and Vg as graphs of groups where the underlying graphs are a
segment and a loop respectively. Let h be the graph homomorphism taking the two end

points of the segment to the vertex on the loop. Let hy, and he be identities; see Example
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3.1. It is easy to check that the assumptions of Theorem 3.10 are satisfied since V' and F
are abelian. Thus we obtain an induced isometric embedding h : V] xp Vo — Vxp with
h(aiby - - - apbp) = a1tbyTastboT - - - antb,T.

Let ag € V1 and by € V5 be elements such that the chain ¢ = ag + by + a1by - - - apby is

null-homologous. Then by Proposition 3.2, the isometric embedding h provides

sclvrs Vo Vi, Vo)) (@101 - anbn) = sclyjupvy(ao +bo + a1by - - anbn)
= sclyy,(ag + by + artbi TagtboT - - - antbyT)

= scl(V*E,V)(altblTagtbgT- -~ antbyT)

The other equality can be proved similarly using the scl-preserving projection 7 [39, Propo-

sition 4.3] in the central extension
1= E = Vixg Vo 5 VI/i(E)« Va/j(E) — 1.

]

In particular, scl of t-alternating words in Baumslag—Solitar groups can be computed as

scl in free products of cyclic groups, which is better understood and easier to compute.

Corollary 3.14. Let Z/MZ x 7] LZ = <$,y | oM =yl = 1>. For any t-alternating word

in BS(M, L), we have
SCIBS(M7L)(a“ltavlt_la“%av?t_l e au”ta””t_l) = SCIZ/MZ*Z/LZ(xulyUI R TR

Proof. It directly follows from Proposition 3.2 and Proposition 3.13. [

Corollary 3.14 implies that the scl spectrum (Definition 2.22) of Z/MZxZ/LZ is a subset

of the spectrum of BS(M, L). Due to our limited understanding of the scl spectrum, it is not
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clear if this is a proper subset and how big the difference is. We do know that the smallest
positive elements in the two spectra exist and agree if M and L are odd; See Corollary 4.9
and [19, Remark 3.6].

Here are a few examples, where we write 7 = ¢! and A = a1 for simplicity.

Example 3.15. With the notation in Corollary 3.14, the product formula [11, Theorem
2.93] implies

1
“%&MLﬂWAT*:%%Mth@y1)=§<1—KZ—E>.

This explains why [22, Proposition 5.5] resembles the product formula.

Example 3.16. Similarly, using [18, Proposition 5.6] instead of the product formula, we

have

1 1

SClBS(M,L) (ataTAtAT) = SClz/M*Z/L([lL', y]) = 5 - _mln(M L) .

Example 3.17. Finally, for explicit M and L, one can use Corollary 3.14 and the computer

program scallop [15] to quickly compute scl of rather long t-alternating words. For example,

123

sclg(7,5)(ataTataTat AT at ATataTat AT at AT'at AT'ataT’) = £y
102
sclgs(s,11) (ataTataTatATat AT ataTat AT at AT at AT ataTataTat AT) = 5

Proposition 3.13 also provides a new perspective and a shorter proof for [16, Proposition

4.4] as follows.

Proposition 3.18 (Calegari-Walker [16]). The homomorphism

h:Fy = (x,y) = Fy = (a,t)

given by h(z) = a and h(y) = tat~' is an isometric embedding.
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Proof. Consider the domain F» as a free product and the co-domain F5 as a free HNN exten-
sion of Z. Then the conclusion immediately follows from Proposition 3.13 and Proposition

3.2. [l
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CHAPTER 4
SPECTRAL GAPS OF STABLE COMMUTATOR LENGTH

In this chapter, we show lower bounds of scl in graphs of groups, possibly relative to vertex
groups. We will focus mostly on hyperbolic elements, where we develop a duality method
to give a uniform lower bound on the complexity of (relative) admissible surfaces in simple
normal form (see Section 4.1). The lower bounds on (relative) scl obtained this way are
often sharp. For example, we prove sharp bounds for graph products by splitting them
as amalgams in Section 4.2. Finally in Section 4.3 we discuss estimates for scl of elliptic
elements.

The contents are largely based on my joint work with Nicolaus Heuer [21, Sect. 5, 6, 7].

4.1 Scl of Hyperbolic Elements: A Duality Method

Let G = G(I',{Gy},{Ge}) be a graph of groups, and let X be its standard realization as in
Sect. 3.1.1. Let g = {g;}ics be a set of hyperbolic elements in G represented by tight loops
7 = {7i}tier in X, indexed by a finite set I.

Recall from Lemma 3.9 that one can compute SCI(G7 {Gv})(c) for any rational chain ¢ =
> r;g; with r; > 0 by taking the infimum in equation 2.2 over simple relative admissible
surfaces. This provides a lower bound of sclg(¢) by Lemma 2.17, and equality holds when
scl vanishes on vertex groups.

Recall from Section 3.2 that a simple relative admissible surface S decomposes as S =
LIy Sy, where S, consists of components (each of which we refer to as a piece) supported in
a thickened vertex space N(X,). Each piece C' has exactly one polygonal boundary, and
topologically speaking C' is either a disk or an annuli, depending on whether the polygonal
boundary represents the identity element. Thus x(C) = 0, 1.

For each vertex v, recall from Sect. 3.1.2 that A, denotes the collection of arcs supported
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in N(Xy) obtained by cutting hyperbolic loops in 7. As is discussed in Sect. 3.2.1, for a
piece C' in Sy, each turn travels from an arc a; € Ay to another a9 € A, as a based loop
supported in an edge space X, representing some w € G, where e is an edge adjacent to v.
The type of such a turn is determined by the triple (a1, w,as). Two turn types (a1, w,as)
and (a'l, w, a’2) are paired if they can be glued together, depicted in Figure 3.4.

On the boundary of each piece, the number of turns is half of the number of corners.

Let ¢ ) be the number of turns of type (a1, w, as) that appear in LS, divided by k

ar,w,a
if S is a degree k admissible surface. With this notation, the gluing condition (3.2) becomes
Gluing condition:

K

a1,w,03) = t(all,w’,a’Q) for any paired turn types (a1, w,as) and (all,w/, a/2). (4.1)

Let i(«) € I be the index such that the arc « lies on Yi(a)- Recall that r; is the coefficient
of 7; in the chain ¢. Then we also have the following

Normalizing condition:

Z tarw,as) = Ti(ar) for any a; and Z tag,w,as) = Ti(ag) for any as. (4.2)

a9, w al,w

Lemma 4.1. For any rational chain ¢ =Y r;g; as above, let S be a simple relative admissible

surface of degree k. Then we have

_X;(S) B % > Harwa) T2 %(C) = %anl + %(C), (4.3)

(a1,w,a2) ¢

where |7y;| denotes the number of arcs on the hyperbolic tight loop ~y;, and C ranges over all

pieces in the decomposition of S.

Proof. For a simple relative admissible surface S for the chain ¢, since it cannot have sphere
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or disk components, we have

Recall that x,(C) = x(C) — %#{Corners in C} =x(C) — %#{turns in C'}, and the normal-
izing condition (4.2) implies that the total number of turns is

D Hawas) = D il

(a17w>a2) ?
Then equation (4.3) easily follows. O

Note that in equation (4.3), the quantity %Zl ri|7v;| is purely determined by the chain

¢, thus the key to estimate sclg(c) (or sclg q,})(c)) is to control 3 — ]50). Since each C

is either a disk or an annulus, the problem comes down to maximizing the number of disk

pieces.

4.1.1 Lower Bounds from Linear Programming Duality

We introduce a general strategy to obtain lower bounds of scl in graphs of groups relative to
vertex groups using the idea of linear programming duality. This was first developed by the
author in the special case of free products to obtain sharp uniform lower bounds of scl [19].
Recall that we are considering a rational chain ¢ = ) r;g; with r; € Q¢ and g = {g;,i €
I'} consisting of finitely many hyperbolic elements represented by tight loops v = {v;,7 €
I'}. With notation as above, for each turn type (a1, w,a9), we assign a non-negative cost
Caywaz) = 0-
Suppose S is a simple admissible surface of degree k for ¢ relative to the vertex groups.

Then the assignment above induces a non-negative cost for each piece C' in the decomposition

of S by linearity: its cost is the sum of costs of its turns on the polygonal boundary.
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Lemma 4.2. Let S be any simple relative admissible surface for ¢ of degree k. With the

t(ay,,a) MOtation (normalized number of turns) in the estimate (4.3), if every disk piece C

in the normal form of S has cost at least 1, then the normalized total cost

1 —x_(5)
Z t(ay,w,a9)C(ar,w,a9) = 9 Zrih’ﬂ - E

(a1,w,a2)

Proof. By equation (4.3), it suffices to prove

C
Z % < Z t(al,w,ag)c(al,w,ag)'

(a1,w,a2)

Note that, for each piece C' in the normal form of S, either x(C') < 0 which does not exceed
its cost, or C' is a disk piece and x(C) = 1 which is also no more than its cost by our
assumption. The desired estimate follows by summing up these inequalities and dividing by

k. ]

In light of Lemmas 3.9, 4.1 and 4.2, to get lower bounds of scl relative to vertex groups,

one strategy is to come up with suitable cost assignments ¢( > 0 such that

CL1,'LU,02)

(1) every possible disk piece has cost at least 1; and

(2) one can use the gluing condition (4.1) and normalizing condition (4.2) to bound the

quantity Z(ahw’@) t(ay w,a9) (a1 ,w,a2) from above by a constant.

4.1.2  Uniform Lower Bounds

Now we use the duality method above to prove sharp uniform lower bounds of scl in graphs of
groups relative to vertex groups. The results are subject to some local conditions introduced

as follows.
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Definition 4.3. Let H be a subgroup of G. For 2 < k < 0o, an element g € G \ H is a

relative k-torsion for the pair (G, H) if
ghl ‘e .ghk =1d (4.4)

for some h; € H. For 3 < n < oo, we say the subgroup H is n-relatively torsion-free (n-
RTF) in G if there is no relative k-torsion for all 2 < k < n. Similarly, we say g is n-RTF

in (G, H) if g € G\ H is not a relative k-torsion for any 2 < k < n.
By definition, m-RTF implies n-RTF whenever m > n.

Example 4.4. If H is normal in G, then g is a relative k-torsion if and only if its image in
G/H is a k-torsion. In this case, H is n-RTF if and only if G/H contains no k-torsion for
all & < n, and in particular, H is co-RTF if and only if G/H is torsion-free. Concretely, the
subgroup H = 6Z in G = Z is not n-RTF for all n > 3 since 23 is a relative 2-torsion, where
z is a generator of Z; more generally, H = mZ is p;,-RTF if m is odd and py, is the smallest
prime factor of m € Z.

For a less trivial example, let .S be an orientable closed surface of positive genus and let
g € m1(S) be an element represented by a simple closed curve. Then the cyclic subgroup (g)

is 0co-RTF in 71(S). One can see this from either Lemma 4.14 or Lemma 4.17 below.

The equation (4.4) can be rewritten as
;o1 - 1 i1
g-highy™ ... hg_1gh = h, ", (4.5)

where iLl := hq...h;. This is closely related to the notion of generalized k-torsion.

Definition 4.5. For k£ > 2, an element g # id € G is a generalized k-torsion if

g1997 " grag, T =id
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for some g; € G.

If equation (4.4) holds with Bk = hiho...h; =1d, then g is a generalized k-torsion.

It is observed in [33, Theorem 2.4] that a generalized k-torsion cannot have scl exceeding
1/2 —1/k for a reason similar to Proposition 4.6 below. On the other hand, it is well known
and easy to note that the existence of any generalized torsion is an obstruction for a group
G to be bi-orderable, i.e. to admit a total order on G that is invariant under left and right
multiplications.

The n-RTF condition is closely related to lower bounds of relative scl.

Proposition 4.6. Let H be a subgroup of G. If

1

1
1 > —
sclig,my(9) 2 5 — 5

then g € G is n-RTF in (G, H).

Proof. Suppose equation (4.5) holds for some k£ > 2. Then this gives rise to an admissible
surface S in G for g of degree k relative to H, where S is a sphere with k + 1 punctures: &
of them each wraps around g once, and the other maps to ﬁk This implies

—x(95)

L sl m(g) < _iot
on = SHGH)\I) = o T

2k’

N | —
N | =

and thus k > n. O

Conversely, the n-RTF condition implies a lower bound for relative scl in the case of

graphs of groups, which is the technical version of the main theorem of this section.

Theorem 4.7. Let G = G(I', {Gy},{Ge}) be a graph of groups. Let ~ be a tight loop cut into
arcs ay, ..., ay, by the edge spaces, where a; is supported in a thickened vertex space N(Xy,)

and vy, eq,...,vr,er, form a loop in I with o(e;) = v; and t(e;) = vi11, indices taken mod
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L. Suppose for some n > 3, whenever e;_1 = €;, the winding number w(a;) of a; is n-RTF
in (G, 0¢;(Ge;)). Then

11
sclia a9 25—

Proof. Let S be any relative admissible surface for v of degree £ in it simple normal form
with pieces C'. We follow the strategy and notation in Sect. 4.1.1 and assign costs in a
way that does not depend on winding numbers. That is, for any 1 < 4,5 < L, the cost
C(azw,aj) = Cij where
1 ep .
‘ 1-— oo ifi < ]
Cij = )

= ifi > 7.

Let #;; be normalized the total number of turns of the form (a;, w, a;), i.e. t;; = >, t(ai,w,aj)'

For any disk piece C, let a;,...a;, be the arcs of v on the polygonal boundary of C' in

cyclic order. There are two cases:

(1) All i; = i for some i. Then we necessarily have e;_1 = ¢, and a; € Gy, \o¢;(Ge;)
since 7 is tight. For each 1 < j <'s, let w; € og;(Ge;) be the winding number of the
turn from aj; 8O @y, where the j-index is taken mod s. Since C' is a disk, we have
w(a;)wy -+ w(a;)ws = id € Gy,. Then we must have s > n since w(q;) is n-RTF in

(G;, 0¢;(Ge;)) by assumption, and thus the cost

c(C)=s-¢j=—>1

S|w

(2) Some i; # ij. Then there is some jm # jps such that ¢ <ij 41 and 45, > 45, 171,

where j;, + 1 and 737 + 1 are interpreted mod s. Hence the cost

1 1
AC) Z o m+1 T Ciagartl = <1 - —> + (—) =

n n

In summary, we have ¢(C') > 1 for any disk piece C. Hence by Lemma 4.2, we have
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X (9) L
ok 21T ‘Z% i

since |y| =
On the other hand, for any 1 <14,j < L, we have t;; = t;_1 ;41 by the gluing condition
(4.1) and };¢;; = 3_;tj; =1 by the normalizing condition (4.2), indices taken mod L. We

also have ¢; ;11 = 0 since ~ is tight and intersects edge spaces transversely. Thus

> cijtij = Z tw+<1__>ztw (1_%)2%-

1,j 1<J 1<j

and

2Y tiy o= > tij+ Y tii1ig

i<j 1<i<j<L 1<i<j<L
= > i+ Y. i
1<i<L-1 1<i<L-1
2<j<L
= | 2 2t —Ztm
1<Z,j<L
= L-2

where the first two equalities can be visualized in Figure 4.1.

Putting the equations above together, we have
Z ; L (1 2\ L—-2 L 1 2
ciitii = — —— | —==—|1-=
r ) n 2 2 n)’

and



X2

Figure 4.1: Visualization of the summation in the case L = 6, where the first equality uses
the gluing condition #;; = t;_1 ;41. This appears originally in [21, Figure 9].

for any simple relative admissible surface S. Thus the conclusion follows from Lemma

3.9. ]

Theorem 4.8. Let G = G(I', {G},{Ge}) be a graph of groups. Let {I'\} be a collection of
mutually disjoint connected subgraphs of I' and let G be the graph of groups associated to
['y. If for some 3 < n < oo the inclusion of each edge group into vertex group is n-RTF,

then

1 1
SClG(g) > SCI(G,{G)\})(Q) > 5 — E

unless g € G conjugates into some Gy. Hence (G,{G)}) has a strong relative spectral gap

3=

o=

In particular,

1
sclg(9) 2 sclaqa,p(9) 2 5 -~

1
2
for any hyperbolic element g € G.

Proof. Each hyperbolic element g is represented by a tight loop 7 satisfying the assumptions
of Theorem 4.7 since the inclusions of edge groups are n-RTF. This implies the special case
where {I"y} is the set of vertices of T'.

To see the general case, by possibly adding some subgraphs each consisting of a single

vertex, we assume each vertex is contained in some I'y. By collapsing each I'y to a single
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vertex, we obtain a new splitting of G as a graph of groups where {G)} is the new collection
of vertex groups. Each new edge group is some G for some edge e of I" connecting two I'y’s.
Let I'y be the subgraph containing the vertex v = t(e), then (G, Gy) is n-RTF by Lemma
4.17 in the next subsection and (Gy, Ge¢) is n-RTF by assumption. Thus (G, Ge) is also
n-RTF by Lemma 4.11. Therefore the edge group inclusions in this new splitting also satisfy

the n-RTF condition, so the general case follows from the special case proved above. O

Under the stronger assumption that the inclusion of each edge group into vertex group is
left relatively convex (Definition 4.12), there are quasimorphisms detecting the lower bounds

above in Theorem 4.8; see [21, Sect. 5.5] for details.

4.1.8  Ezramples

In the case of an amalgam G = A x¢ B, since left relatively convex implies co-RTF (Lemma
4.14), Theorem 4.8 implies [30, Theorem 6.3], which is the main input to obtain gap 1/2 in
all right-angled Artin groups in [30]. We will prove a generalization in Section 4.2.

For the moment, let us consider the case of Baumslag—Solitar groups.

Corollary 4.9. Let BS(m, ?) := (a,t | a" = taet_1> be the Baumslag—Solitar group, where
Im|, |¢| > 2. Let py, and py be the smallest prime factors of |m| and |¢| respectively. Then
BS(m, ¢) has strong spectral gap 1/2 — 1/ min(py,, py) relative to the subgroup (a) if m,{ are

both odd. This estimate is sharp since for g = a/Pmiat/Pey=1q=m/Pmyq—t/Per—1 we have

sclBs(m,0)(9) = SClBS(m,0),(a)) (9) = 1/2 — 1/ min(pm, pe).

Proof. Let n = min(py,py). The Baumslag—Solitar group BS(m, ¢) is the HNN extension
associated to the inclusions Z %' Z and Z *$ 7 (Example 3.1), which are both n-RTF. Thus
the strong relative spectral gap follows from Theorem 4.8. The example achieving the lower

bound follows from Proposition 3.2, Corollary 3.14, and [18, Proposition 5.6]. H
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If at least one of m and ¢ is even, the word g above has scl value 0, and thus one cannot
have a strong relative spectral gap. However, we do have a (relative) spectral gap 1/12 by
[22, Theorem 7.8], which is sharp for example when p;, = 2 and py = 3. When p;, = 2 and

pg > 3, the smallest known positive scl in BS(m, ¢) is 1/4—1/2p achieved by a™/Pmat/Pet—1.

Question 4.10. If p;, = 2 and py > 3, does BS(m, ¢) have (relative) spectral gap 1/4—1/2p,?

4.1.4  The n-RTF Condition

The goal of this subsection is to investigate the n-RTF condition that plays an important
role in Theorem 4.7 and Theorem 4.8.

Let us start with some basic properties.
Lemma 4.11. Suppose we have groups K < H < G.
(1) If (G, K) is n-RTF, then so is (H, K);
(2) If g € G\ H is n-RTF in (G, H), then g is also n-RTF in (G, K);
(3) If both (G, H) and (H, K) are n-RTF, then so is (G, K).

Proof. (1) and (2) are clear from the definition. As for (3), suppose gk ... gk; = id for some
1 <i <n where each k; € K. Then g € H since (G, H) is n-RTF, from which we get g € K
since (H, K) is n-RTF. O

The n-RTF condition is closely related to orders on groups.

Definition 4.12. A subgroup H is left relatively convex in G if there is a total order on the

left cosets G/H that is G-invariant, i.e. gg1H < ggoH for all g if g1 H < g2 H.

The definition does not require G to be left-orderable, i.e. G may not have a total order
invariant under the left G-action. Actually, if H is left-orderable, then H is left relatively

convex in G if and only if G has a left G-invariant order < such that H is convex, i.e.
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h < g < h' for some h,h’ € H implies ¢ € H. Many examples and properties of left

relatively convex subgroups are discussed in [1].

Example 4.13 ([1]). Let G be a surface group, a pure braid group or a subgroup of some
right-angled Artin group. Let H be any maximal cyclic subgroup of G, that is, there is no

cyclic subgroup of G strictly containing H. Then H left relatively convex in G.

The n-RTF conditions share similar properties with the left relatively convex condition,

and they are weaker.
Lemma 4.14. If H is left relatively convez in G, then (G, H) is co-RTF.

Proof. Suppose for some g € G we have ghy ...ghy, = id for some n > 2 and h; € H for all
1 < i < n. Suppose gH = H. Then gh,,_19H > gh,_1H = gH > H by left-invariance.
By induction, we have ghy...gh,_19H = H, but ghy...gh,_19H = ghy...ghp,H = H,
contradicting our assumption. A similar argument shows that we cannot have gH < H.

Thus we must have g € H. O

The n-RTF condition has nice inheritance in graphs of groups (Lemma 4.17). To prove it
together with a more precise statement (Lemma 4.15), we first briefly introduce the reduced
words of elements in graphs of groups. See [38] for more details. For a graph of groups
GI) = G(I',{Gyv},{Ge}), let F(I') be the quotient group of (xGy) x Fg by relations é =

1

e~ and ete(g)e™! = 0e(g) for any edge e € E and g € G, where Fg is the free group

generated by the edge set E. Let P = (vg,eq,vq,...,ex,v;) be any oriented path (so
o(e;) = vi_1,t(e;) = v;), and let u = (go, ..., gr) be a sequence of elements with g; € Gy,.

We say any word of the form ggeigq - - - ergp is of type (P, i), and it is reduced if
(1) k> 1 and g; ¢ Imt., whenever &; = e;;1; or

(2) k=0 and gy # id.
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It is known that every reduced word represents a nontrivial element in F(I'). Fix any base
vertex vy, then G(I') is isomorphic to the subgroup of F(I') consisting of words of type
(L, p) for any oriented loop L based at vy and any pu. Moreover, any nontrivial element is

represented by some reduced word of type (L, 1) as above.

Lemma 4.15. With notation as above, let g € G = G(I') be an element represented by
a reduced word of type (L,u) with an oriented loop L = (vg,e1,v1,...,¢e5,v; = vp) and
w=1(90,---,95), 3 = 1. If j is odd, then g is co-RTF in (G,Gy,); if j is even and 9gjj2 s
n-RTF in (ij/2, Imtej/z) for some n > 3, then g is n-RTF in (G, Gy,).

Proof. 1f 7 is odd, then the projection g of g in the free group Fg is represented by a word of
odd length, and thus must be of infinite order. It follows that the projection of ghy - - - ghy
is gk for any h; € Gy, and k > 0, which must be nontrivial.

Now suppose j = 2m is even and consider w := ghy ---ghj for some 1 < k < n and
h; € Gy,. We claim that there cannot be too much cancellation between the suffix and prefix
of two nearby copies of g, more precisely, gmem+1---€;9jhgoe1 -~ - emgm for any h € Gy,

can be represented by
(1) gmg)ngm for some g}, € Imt,, ; or
(2) a reduced word gmem+1 - -gj,S,lej,sg‘;iseS_HgS_H <o emgm with 0 < s < m.

In fact, if either e; # ey, or ¢; = &1 and g;hgy ¢ Imte;, then we have case (2) with s =0
and gg. = gjhgo. If e; = €1 and gjhgy € Imte;, then vj_; = v = o(e;) and we can replace
9ge; 1€j95hg0€191 by gej_loejte_jl (g5hg0)a1 € Gu;_y = Gy, to simplify w to a word of shorter
length. This simplification procedure either stops in s steps with s < m and we end up with
case (2) or it continues until we arrive at gmoe,, | (9, )gm for some g5, € Ge,, . ;. Note that

in the latter case, we must have é;, = e;,+1 since the simplification continues all the way.

Thus ¢/, := Ocyi1(Gmm) = ten, (9i) € Imte,,.
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For each 1 <4 < k, write w; := epq1---€jg;h;90€1 - em in a reduced form so that
gmW;gm is of the form as in the claim above. Then a conjugate of w in F(I") is represented
by gmwi - - gmwi. If gmwigm is of the form (1) above for all ¢, then w; € Imt,  and
gmWw1 - - gmwi # id since gp, is n-RTF in (Gy,,,Imte,,) by assumption. Now suppose
i1 <y < -+ < i are the indices ¢ such that gmw;gnm is of the form (2) above, where &' > 1.

Up to a cyclic conjugation, assume ¢;; = k and let ¢g = 0. We write

ImW1 - gmWy = G1W;y **~ Wi,

where gs = gmw;, ;41 gmWi,—19m. Note by the definition of the i;, each w; that appears
in gs (i.e. is—1 +1 <17 <ig—1) lies in Imt,,,. It follows that each gs € Gy, \ Imt,, since
gm is n-RTF in (Gy,,,Imte, ) by assumption and is —ig_1 — 1 < n. Thus the expression

above puts a conjugate of w in reduced form, and hence w # id. O

Corollary 4.16. With notation as above, let ¢ € G = G(I') be an element represented by
a reduced word of type (L, ) with an oriented loop L = (vp,e1,v1,...,€ej,v; = vg) and
t=(g0,---,95), = 1. Suppose for some n > 3 each g; is n-RTF in (Gy,, G¢) for any edge

e adjacent to v;. Then g is n-RTF in (G, Gyy,).
Proof. This immediately follows from Lemma 4.15. O

Lemma 4.17. Let G(I') = G(I', {Gy},{Ge}) be a graph of groups. If the inclusion of each
edge group into an adjacent vertex group is n-RTF, then for any connected subgraph A C T,
the inclusion of G(A) := G(A,{Gyv},{Ge}) — G(I') is also n-RTF.

Proof. The case where A is a single vertex v immediately follows from Corollary 4.16 by
choosing v to be the base point in the definition of G(I") as a subgroup of F(I).

Now we prove the general case with the additional assumption that I' \ A contains only
finitely many edges. We proceed by induction on the number of such edges. The assertion

is trivially true for the base case A = I'. For the inductive step, let e be some edge outside
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of A. If e is non-separating, then G(I') splits as an HNN extension with vertex group
G(I' = {e}). In this case, the inclusion of the edge group G is n-RTF in G, which
is in turn n-RTF in G(I' — {e}) by the single vertex case above. Thus by Lemma 4.11,
the inclusion Ge < G(I' — {e}) is also n-RTF. The same holds for the inclusion of G,
into G(I' — {e}) through Gy (). Therefore, using the single vertex case again for the HNN
extension, we see that (G(I'), G(I' — {e})) is n-RTF. Together with the induction hypothesis
that (G(I' — {e}), G(A)) is n-RTF, this implies that (G(I'), G(A)) is n-RTF by Lemma 4.11.
If e is separating, then G(I") splits as an amalgam with vertex groups G(I'1) and G(I'2) such
that T =T U{e} U9 and A C I'1. The rest of the argument is similar to the previous case.

Finally the general case easily follows from what we have shown, as any g € G(I') \ G(A)
can be viewed as an element in G(I') \ G(A) for some connected subgraph I of T' with only

finitely many edges in I\ A. O

See Lemma 4.21 for a discussion on the n-RTF conditions in graph products.
One can also use geometry to show that the peripheral subgroups of the fundamental

group of certain compact 3-manifolds are 3-RTF.

Lemma 4.18. Let M be a compact 3-manifold with tori boundary and let T' be a boundary
component. Suppose the interior of M is hyperbolic with finite volume. Then 71 (T') is 3-RTF
in w1 (M).

Proof. The hyperbolic structure gives m1(M) a discrete and faithful representation into
PSLy(C) = Isom™ (H3), such that up to a conjugation H := 71(T) is a subgroup of

P = rxeCy=(C+)

As a result, each h € H has a unique square root vh € P, i.e. (\/5)2 = h. Also note that
Pnm(M)=H.
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Suppose g € m (M) satisfies gh1gho = id for some hi, ho € H. We need to show g € H.
Let h* := \/hihy € P and ¢g* := gh* € Isom(H?). Then we have

(6" = () g™t = (0F) " hagha = (W) ha)g* (W)~ ha)

where the last equality uses the fact that P is abelian. We have three cases:

(1) g* is elliptic or identity. Then ¢* fixes a geodesic subspace X in H? preserved by

(h*)~1hq. This is impossible unless
(1a) (R*)~1hy =id; or
(1b) X = H3.

In the first subcase, we get h* = hy = hg and ¢* = (¢*)~!, but now ¢* = gh* = gh
is an element of 71(M), a torsion-free group. So g* = id and g = h~! € P. In the

second subcase, we have g* = id, i.e. g = (h*)~1 which lies in P Ny (M) = 71(T).
(2) g* is parabolic. Then g* fixes a unique point on OH? fixed by (h*)~1hy. So either

(2a) (R*)~1hy =id; or

(2b) g* fixes the unique common fixed point of P.

The first subcase (2a) is similar to (1a). In the second subcase, we have g* € P, and

thus g = ¢*(h*)~' € PNy (M) = m(T).

(3) g* is hyperbolic. Then (h*)~1h; must switch the two unique points on OH? fixed by

g*, which is impossible since (h*)~1h1 is parabolic.
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4.2 Spectral Gaps in Right-angled Artin Groups and Graph

Products

In this section we apply Theorem 4.8 to obtain sharp gaps of scl in graph products, which are
groups obtained from given collections of groups generalizing both free products and direct

products.

Definition 4.19. Let T' be a simple graph (not necessarily connected or finite) and let
{Gy} be a collection of groups, one for each vertex of I'. The graph products Gr is the
quotient of the free product G, by the set of relations {[gu,90] = 1 | gu € Gu,g9v €

Gy, u,v are adjacent}.
Example 4.20. Here are some well known examples.

(1) If T has no edges at all, then G is the free product *,Gy;
(2) If I' is a complete graph, then G is the direct product @,Gy;

(3) If each Gy, = Z, then Gr is called the right-angled Artin group (RAAG for short)

associated to I';

(4) If each Gy, = Z /27, then Gr is called the right-angled Coxeter group associated to T

We first introduce some terminologies necessary for the statements and proofs. Denote
the vertex set of I' by V(I'). For any V' C V(I'), the full subgraph on V' is the subgraph
of I whose vertex set is V/ and edge set consists of all edges of I' connecting vertices in V.
Any full subgraph A gives a graph product denoted G5 which is naturally a subgroup of Gr.
It is actually a retract of Gp, by trivializing G, for all v ¢ A. Denote by lk(v) the link of
a vertex v, which is the full subgraph of {w | w is adjacent to v}. The star st(v) is the full
subgraph of {v} U{w | w is adjacent to v}.

Finally, each element g € G can be written as a product gj - - - gy, with g; € Gy,. Such

a product is reduced if
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(1) g; # id for all 7, and

(2) v; # vj whenever we have i < k < j such that [g;, g] = id for all i <t < k and

gt 9] = id for all k+1 <t < j.

It is known that every nontrivial element of G can be written in a reduced form, which
is unique up to certain operations (syllable shuffling) [29, Theorem 3.9]. In particular, any

g expressed in the reduced form above is nontrivial in Gp.

Lemma 4.21. Let G be a graph product. Suppose g = g1 - gm € Gr (m > 1) is in reduced
form such that for some n > 3 each g; € Gy, has order at least n, 1 < i < m. Then g is

n-RTF in (Gp,Gp) for a full subgraph A C T unless v; € A for all 1 <i < m.

Proof. We proceed by induction on m. The base case m = 1 is obvious using the retract
from G to Gy,. For the inductive step, we show g is n-RTF in (G, Gy) if v1 ¢ A, and the
other cases are similar. It suffices to prove that g is n-RTF in (G, G, ) where Ap is the full
subgraph of the complement of vy in I since Gy < G, and using Lemma 4.11 (2).
Consider G as an amalgam A ¢ B with A = Gy, € = Gy () and B = Gy, . Then
there is a unique decomposition of ¢ into g = a1by - - - apby with a; € A and b; € B, where
each a; is a maximal subword of g7 - - - g, that stays in A — C. To be precise, there is some
¢>1andindices 0 =fy < a1 < fB1 < -+ < ayp < By <m, such that g = a1by - - - ayby, where

a; =9g, ,+1° " 9a; € Aand b; = go; 41+ gg, € B for 1 <i < {, and such that
(1) by =idif ap =m;

(2) For each 1 <14 </, we have vj € st(vy) for all f;_1+1 < j < ;, and v; = vy for some

Bi—1+1<j <oy and

<i< . : —m), . . << B,
(3) Foreach 1 <i < { (or i < {if ap = m), we have v; # vy for all a; +1 < j < 3, and

Va;+1,vg; & st(ve).
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Since g is reduced, so are each a; and b;. Thus each a; (resp. b;, except the case by = id) is
n-RTF in (A, C) (resp. (B,(C)) by the induction hypothesis, and thus ¢ is n-RTF in (G, B)
by Lemma 4.15, unless ¢ = 1 and by = id. In the exceptional case we have v; € st(v) for
all 1 <14 < m, and the assertion is obvious using the direct product structure of G st(vr) and

the fact that ¢ = g1 - - - gim is reduced. O

Theorem 4.22. Let Gr be a graph product. Suppose g = g1---gm € Gp (m > 1) is
in cyclically reduced form such that for some n > 3 each g; € Gy, has order at least n,

1 <i<m. Then either

N | —
S|

sclgp(g) >

or the full subgraph A on {vi,...,vm} in ' is a complete graph. In the latter case, we have

sely (9) = sclg, (9) = maxsclg, (9).

Proof. Fix any vy, similar to the proof of Lemma 4.21, we express Gr as an amalgam A B,
where A, C' and B are the graph products associated to st(v}.), lk(v;.) and the full subgraph
on V(') — {vg} respectively. If there is some v; ¢ st(vg), then up to a cyclic conjugation,
g = ajby---agby where £ > 1, each a; and b; is a product of consecutive g;’s such that
bj € B — C and each a; € A — C is of maximal length. Since g is cyclically reduced, each
a; (resp. b;) is n-RTF in (A, C) (resp. (B,(C)) by Lemma 4.21. It follows from Theorem 4.7
that sclg.(9) > 1/2 —1/n.

Therefore, the argument above implies sclg.(g) > 1/2 — 1/n unless v; € st(vy,) for all 4,
which holds for all k£ only when the full subgraph A on {vy,...,vp} in I' is complete. In
this case, Gy retracts to G = ©Gy,. Then v; # v; whenever ¢ # j since g is reduced, thus
the conclusion follows from Lemma 2.12 (2).

]

Remark 4.23. The estimate is sharp in the following sense. For any g, € Gy of order n > 2
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and any g, € Gy of order m > 2 with u not equal or adjacent to v, then the retract from

Gr to Gy * Gy gives

1 1

SCIGp([gmgv]) = SCIGm{%([Qva]) = 5~ m

by [18, Proposition 5.6].

Theorem 4.24. Let G be the graph product of {Gy}. Suppose for some n > 3 and C' > 0,
each Gy has no k-torsion for all 2 < k < n and has strong gap C. Then Gt has strong gap
min{C,1/2 — 1/n}.

Proof. For any nontrivial g € G written in reduced form, by Theorem 4.22; we either have

sclgp(g) > 1/2 —1/n or sclgp(g) = maxsclg, (g;) > C. O

Corollary 4.25. For n > 3, any graph product of abelian groups without k-torsion for all
2 < k < n have strong gap 1/2 — 1/n. In particular, all right-angled Artin groups have

strong gap 1/2.

Unfortunately, our result does not say much about the interesting case of right-angled

Coxeter groups due to the presence of 2-torsion.

Question 4.26. Is there a spectral gap for every right-angled Coxeter group? If so, is there

a uniform gap?

4.3 Scl of Elliptic Elements

Our estimate of scl of hyperbolic elements is based on scl relative to vertex groups. Thus it
does not give any meaningful information for elliptic elements. The goal of this section is to
characterize and give some simple estimates of scl of elliptic elements, and more generally,

chains supported in vertex groups.
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Figure 4.2: Tllustration of Example 4.27. This appears originally in [21, Figure 10].

Let us start with simple examples. For a free product G = A x B, we know that G has
a retract to each factor, and thus scl(a) = sclg(a) for any a € A. This is no longer true in

general for amalgams.

Example 4.27. Let S be a closed surface of genus g > 4. Let v be a separating simple
closed curve that cuts S into S4 and Sp, where S4 has genus g — 1 and Sp has genus 1. Let
a be an element represented by a simple closed loop « in S 4 that bounds a twice-punctured
torus Sy, with 7; see Figure 4.2. Then G = 71(S) splits as G = Ax¢ B, where A = m1(Sy),
B = m(Sp) and C is the cyclic group generated by an element represented by ~. In this
case, the element a is supported in A and the corresponding loop a does bound a surface
Sy in Sy of genus g — 2, which is actually a retract of S4 and we have scly(a) = g — 5/2.
However, o also bounds a genus two surface from the B side, which is the union of S and

Sm,, showing that sclg(a) < 3/2, which is smaller than scly(a) since g > 4.

The example above shows that one can use chains in edge groups to adjust the given chain
in vertex groups to a better one before evaluating it in individual vertex groups. Actually,

scl is obtained by making the best adjustment of this kind.

Theorem 4.28. Let G = G(I', {Gy},{Ge}) be a graph of groups with I' = (V, E). For any

finite collection of chains ¢, € C’{I(Gv), we have

v

sclg(z ¢y) = inf Z sclg, (cv + Z Ce), (4.6)
v t(e)=v

where the infimum s taken over all finite collections of chains ce € C{{(Ge) satisfying
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ce +ce =0 for each e € E.

Proof. By the homology calculation in equation (3.1), we observe that sclg(>_, ¢y) is finite
if and only if the right-hand side of (4.6) is. Thus we will assume both to be finite in the
sequel. We will prove the equality for an arbitrary collection of rational chains ¢,. Then the
general case will follow by continuity.

Let X be the standard realization of G' as in Subsection 3.1. Represent each chain ¢,
by a rational formal sum of elliptic tight loops in the corresponding vertex space X,. Let
f: S — X be any admissible surface in normal form (see Definition 3.4) of degree n for the
rational chain ) ¢, in C{{ (G). For each v € V, let Sy, be the union of components in the
decomposition of S that are supported in the thickened vertex space N(X;). Note that S,
only has loop boundary since our chain is represented by elliptic loops. Moreover, any loop
boundary supported in some edge space is obtained from cutting S along edge spaces. For
each edge e with t(e) = v, let ¢, € C{I(Ge) be the integral chain that represents the union
of loop boundary components of S, supported in X.. Then .S, is admissible of degree n for
the chain ¢, + %Zt(e):v Ce in C’{{(Gv) for all v € V. See Figure 4.3. Note that we must
have ce + cz = 0 since loops in ¢¢ and cg are paired and have opposite orientations. Since
S is in normal form and LS, has no polygonal boundary, there are no disk components and

hence we have

—X(Sy) _ —X " (Sv)
2n 2n

> sclg, (co + Z ce), and
t(e)=v

—x (S —x(Sy
>2(7(1 ) _ U % > Zv:schv(Cv—l—t(Z); Ce)-

Since S is arbitrary, this proves the “>” direction in (4.6).
Conversely, consider any collection of chains ¢, € C'IH (Ge) satistying ce +ce = 0. With an
arbitrarily small change of >, sclg, (cv + > _4(¢)—y Ce), we replace this collection by another

with the additional property that each c. is a rational chain. This can be done since each

62



Figure 4.3: This is an example where ) ¢, = ¢y, is supported in a single vertex group Gy,,
represented as the formal sum of the blue loops in Xy,. On the left we have an admissible
surface S for ¢y, of degree 1. The edge spaces X¢,, Xe, cut S in to Sy, Syy, Svy shown on
the right. The edges are oriented so that t(e;) = vy and t(eg) = va. Then Sy, is admissible
for its boundary, which is the chain ce,, and similarly Sy, is admissible for ce, . The surface
Syy 1s admissible for ¢y, + cz; + ey, Where cg; = —ce; due to opposite orientations induced
from Sy, and Sy, and similarly ce, = —cg,. Thus the sum of all boundary components of
L; Sy, is equal to ¢y, in C’{{(G). This appears originally in [21, Figure 11].

¢y is rational. For each v € V, let S, be any admissible surface for the rational chain
o+, t(e)=v Ce- By taking suitable finite covers, we may assume all S, to be of the same
degree n. Since ce +cg = 0 for all e € E, the union LSy is an admissible surface of degree n
for a chain equivalent to ), ¢y in ClH (G). Since the S, and the collection ¢, are arbitrary,

this proves the other direction of (4.6). O

Remark 4.29. If some e € E has sclg, = 0 (e.g. when G is amenable), then sclg, 0 and

(
sclg both vanish on Bf{ (Ge) by monotonicity. Given this, the typically infinite-dimensional
space C’{I(Ge) in Theorem 4.28 can be replaced by the quotient C’{I(Ge)/B{I(Ge) >~ Hi(Ge, R),
which is often (e.g. when G, is finitely generated) finite-dimensional, for which Theorem
4.28 is still valid. Thus if all edge groups have vanishing scl and sclg, is understood in each

finite-dimensional subspace of C’lH (Gy) for all v, then sclg in vertex groups can be practically

understood by equation (4.6), which is a convex programming problem.

Corollary 4.30. Let G = A x¢c B be an amalgam. If C has trivial scl and H{(C;R) = 0,
then sclz(a) = scly(a) for any a € C’{{(A).
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Proof. For any chain ¢ € C’{{ (C), we have scl(c¢) = 0 by our assumption, and thus scl4(c) =

sclg(c) = 0 by monotonicity of scl. The conclusion follows readily from Theorem 4.28. [

It is clear from Example 4.27 that the assumption Hq(C;R) = 0 is essential in Corollary
4.30.
When the chain is supported in a single vertex group, we obtain the following simple

estimate:

Lemma 4.31. For any vertez v and any chain ¢ € C1(Gy), we have

SC]G(C) Z SCI(va{Ge}t(e):v) (C) .

Proof. The right-hand side is a term in the infimum of equation (4.6). [

4.83.1 Sclin Edge Groups

By inclusion of edge groups into vertex groups, Theorem 4.28 also applies to chains supported
in edge groups. We carry this out carefully to reveal some interesting behaviors of scl in

edge groups. For this purpose, it is convenient to view scl as a degenerate norm.

Definition 4.32. A degenerate norm || - || on a vector space V' is a pseudo-norm on a linear
subspace V| called the domain of | - ||, and is +o00 outside V/. The unit norm ball B of
| - || is the (convex) set of vectors v with ||v|| < 1. The vanishing locus V* is the subspace

consisting of vectors v with ||v|| = 0. Note that VZ ¢ B c V.

In the sequel, norms refer to degenerate norms unless emphasized as genuine norms. A

norm in a finite-dimensional space with rational vanishing locus automatically has a “spectral

2

gap-.
Lemma 4.33. Let || - || be a norm on R™. If the vanishing locus V* is a rational subspace,
then || - || satisfies a gap property on Z': there exists C' > 0 such that either ||P|| = 0 or

|P|| > C for all P € Z".
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Proof. Extend a rational basis eq, ..., ey of VZ to a rational basis eq, ..., e, of R", where
m < n. Then there is some integer N > 0 such that any P =), Pje; € Z" has NP; € Z for
all 7. The restriction of || - || to the subspace spanned by €,,41, ..., ey, has trivial vanishing
locus and thus there is a constant C' > 0 such that || Z?:erl Qjejll > NC for any integers
Qm+1,---,Qn unless they all vanish. Therefore, if P = > | Pie; € Z™ \ V#, then |P| =
122 g1 NPjejll/N > C. O

Recall from Sect. 2.1.3 that sclg is a (degenerate) norm on C{I(G). If G is a subgroup
of G, then sclz also restricts to a norm on C{J(G).

Let us set up some notation. For a graph of groups G = G(I',{Gy}, {Ge}) with T =
(V. E). For each vertex v € V, let Cy = @ye)=y C{J(Ge) be the space parameterizing
chains in edge groups adjacent to v. Let Cg := @Dy, a C{I (G¢) parameterize chains in all
edge groups.

Define [|(c(oe))llp = sclg(Xcee) for any (¢ g) € Cp. Equivalently, | - g is the
pullback of sclgy via

P cfc.) — P el 5 e,
{e,e} {e.e}

where the former map is inclusion on each summand and the latter map takes the summation.
Similarly, for each vertex v € V, we pull back sclg, to get a norm || - |, on Cy =

@t(e)zv C’lH(Ge) via the composition

D ofe)™s D ofcn) = cfic),
e: t(e)=v e: t(e)=v

Note that @,,cy Cy is naturally isomorphic to @{676}(0{{@}6) @ C{I(Gé)) which has a

surjective map 7 to C' whose restriction on any summand is
of(Ge) & Off (Ge) = O (Ge) @ O (Ge) & O (G,
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The kernel of 7 is exactly the collections of chains ¢e over which we take infimum in equation
(4.6).
Equipping ,cy Cv with the ¢! product norm given by ||(x)||1 = > vev |zvllv induces

a norm || - || on its quotient Cg via [|z[| :=inf,_ ) [ly]1-
Corollary 4.34. With the notation above, the two norms || - || and || - ||z on Cg agree.
Proof. This is simply an equivalent statement of Theorem 4.28 for chains in edge groups. [

This is particularly simple in the special case of amalgams G = A xo B so that the unit
norm ball has a precise description. To do so, we need the following notion from convex
analysis. The algebraic closure of a set A consists of points x such that there is some v € V/
so that for any € > 0, there is some t € [0, €] with x 4+ tv € A. If A is convex, the algebraic
closure of A coincides with lin(A) defined in [32, p. 9], which is also convex. If A is in
addition finite-dimensional, then its algebraic closure agrees with the topological closure of

A [32, p. 59].

Theorem 4.35. Let G = A x¢ B be the amalgamated free product associated to inclusions

14:C — Aandip:C — B. Then for any chain ¢ € Cf1(C), we have

sclg(c) = inf  {sclg(c1) +sclg(eo)}. (4.7)
c1,c2€CH (O)
c1+co=c

The unit ball of scl on C' equals the algebraic closure of conv(BUBR), where conv(-) denotes
the convex hull, By and Bp are the unit norm balls of the pullbacks of scly and sclg via t4

and tg on C{I(C) respectively. If C' = 7 with generator t, then

sclg(t) = min{scl4(¢),sclp(t)}.

Proof. Equation (4.7) is an explicit equivalent statement of Corollary 4.34 in our case. The

assertion on the unit norm ball is an immediate consequence of (4.7) and Lemma 4.38 that
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we will prove below. When C = Z = (t) and ¢ = t, we have ¢y = M and ¢ = (1 — \)t
for some A € R and sclg(t) = infy{|A|scla(t) + |1 — Alsclg(t)}, where the optimization is

achieved at either A =0 or A = 1. O

In the special case where the edge group is Z, we can construct extremal quasimorphisms
for edge group elements; see [21, Proposition 6.9] for details.
Now we use the simple formula (4.7) to describe the unit norm ball of (sclg)| 1 () I
1

the case of amalgams. To accomplish this, we introduce the following definition.

Definition 4.36. For two degenerate norms || - ||; and || - |2 on a vector space V. The

¢ -mizture norm || - || is defined as

[ollm = inf  (Jlorlli + [[vz]l2)-
U1 +v9=v

Then the norm (sclg) |CH(C) is the /1-mixture of scl 4 and sclp by (4.7) in Theorem 4.35.
1
Let V;f , V:# and B; be the domain, vanishing locus and unit ball of the norm || - [|; for
1 = 1,2 respectively. Note that the domain anb of [| - [l is Vlf + V2f , and the vanishing locus

Vi3, of || - |lm contains Vi + V5 as a subspace.
Lemma 4.37. The vanishing locus Vi3, of || - [|m is V' + V5 if V is finite-dimensional.

Proof. Fix an arbitrary genuine norm || - || on V. Let E; be a subspace of Vlf such that Vlf
is the direct sum of £y and V{*. Then | - ||; is a genuine norm on £, a finite-dimensional
space, and thus there exists r; > 0 such that any v € Ey with |lull; < 1 has ||u|| < 7. It
follows that every vector v in By can be written as vg + v where vy € V{* and |ju| < 1.
A similar result holds for || - |2 with some constant 7o > 0. Then for any v € V7, for any
€ > 0, we have v = vy +vg + u1 +ug for some v; € V¥ and u; satisfying |lu;|| < er;, 7 =1,2.
Hence V;, is contained in the closure of V{7 + V5. But V{* 4 V5 is already closed since V' is

finite-dimensional. O
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The unit norm ball By, of an ¢!-mixture norm || - ||, has a simple description.

Lemma 4.38. The unit norm ball By, is the algebraic closure of conv(By U Bs), where
conv(+) takes the convex hull. If the underlying space is finite-dimensional, then we can take

the topological closure of conv(By U Beg) instead.

Proof. Fix any v € By,. For any € > 0, there exist vq, vy with v = vy 4wy and ||v1 ||1+|v2]|2 <
1+4e. Let u; € B; be v;/||vj|; if ||v]]; # 0, and 0 otherwise. With d = max(1, ||v1]|1+ ||v2]l2),

we have

B GVl CP1

v v v
v ol . [vall2 :

pi p J ug + (1

)+ 0 € conv(B; U Bs).

It follows that for any € > 0, there is some 0 < t < € such that (1 — t)v € conv(By U Ba).
Thus v is in the algebraic closure of conv(Bj U By).

Conversely, fix any v in the algebraic closure of conv(Bj U Bs). Note that conv(Bj U Bs)
is a subset of Vlf + VQf and that any linear subspace is algebraically closed, so the algebraic
closure of conv(B1UBj3) is a subset of Vlf +Vf . Then by definition, there is some u = w1 +us9
with u; € VZ.f such that for any € > 0, we have v + tu € conv(B; U Bg) for some 0 < ¢ < e.
Thus v = Avy + (1 — Nvg — tu = [Avy — tug] + [(1 — A)vg — tug] for some A € [0, 1] and

v; € B;. We see

[0l < [[Aor = tug [y 4+ [[(1 = A)vz — tugll2
< Aoill + (1= Nllvall2 + t(llurfln + [[uzll2)
< Te(llunll + [luzll2)-
Since € is arbitrary and ||u1||; + [Juz||2 is finite, we get v € By,. O

Remark 4.39. It is necessary to take the algebraic closure. On R? = {(z,)}, let ||(z,y)|1 =

oo if y # 0 and [|(z,0)|1 = |2], and let ||(z,5)]2 = o0 if # £ 0 and [[(0,y)[l = 0. Then
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their #!-mixture has formula ||(z,y)|lm = |z|. Thus the unit balls are By = [—1,1] x {0},
By = {0} x R and By, = [—1,1] x R. Hence conv(B; U By) = (—1,1) x RU {(£1,0)} does

not agree with By, but its algebraic closure does.

Lemma 4.38 confirms the assertion on the unit norm ball in Theorem 4.35 and finishes its

proof. This allows us to look at explicit examples showing how scl behaves under surgeries.

Example 4.40. Let X be a once-punctured torus with boundary loop . Then X4 := S Lyw
is a compact 3-manifolds with torus boundary 74. Let v4 be a chosen section of v in Ty
and let 74 be a simple closed curve on Ty representing the Sq factor. Let C' := 71(Ty4) =
(v4,74) = Z? be the peripheral subgroup of A := 71 (X 4), where we abuse the notation and
use 4,74 to denote their corresponding elements in 71 (7y).

Let Xp be another copy of X 4, where T'g, vg and 7p correspond to Ty, v4 and 74
respectively. For any coprime integers p,q, there is an orientable closed 3-manifold M), 4
(not unique) obtained by gluing 7'y and Ty via a map ¢ : 711 (Tg) — m(Ty4) = C taking vp
to pya +q74. Then m1(Mp 4) is an amalgam A xo B where B := 71(Xp) and the inclusion
C' — B is given by C L_l m1(Tg) — B.

Identify H;(C;R) with R? with (1,0) representing [y4] and (0, 1) representing [74]. Ac-
cording to Remark 4.29, scl4 and sclg induce norms on Hy(C;R) = C’lH(C')/B{I(C). Then
the norm scly on H{(C;R) has an one-dimensional unit norm ball, which is the segment
connecting (—2,0) and (2,0) since scl4(y4) = sclyn(y) = 1/2. Similarly the unit norm ball
of sclg on H{(C;R) is the segment connecting (2p,2q) and (—2p, —2q). By Theorem 4.35,
the unit norm ball of sclyz, on H1(C;R) is the convex hull of {(+2,0), £(2p,2¢)} (which is

already closed), which intersects the positive y-axis at (0, —j_r) when p,q > 0. In this case,

_ptl

we have sclyy, (74) 7

In particular, with p = 1 and ¢ € Z4, the image of the loop 74 has positive scl 2/q
converging to 0 as g goes to infinity. In this example, the image of the torus 7'y is a JSJ torus,

cutting the manifold into X 4 and X g, both trivially Seifert fibered. Thus we exhibit a family
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of graph manifolds M; , which contain elements with positive scl converging to 0 by changing
the gluing of the Seifert pieces. This is analogous in spirit to the known construction of closed
hyperbolic 3-manifolds containing elements with positive scl converging to 0, obtained from

different Dehn fillings on a fixed knot complement [14, Example 2.4].
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CHAPTER 5
RATIONALITY AND COMPUTATION OF STABLE
COMMUTATOR LENGTH

Throughout this chapter, we consider graphs of groups G(I', {Gy}, {Ge}) where
(1) each vertex group G, has trivial scl, and
(2) the images of edge groups in each vertex group are central and mutually commensurable.

We develop an algorithm to compute scl in such groups, and the nature of the algorithm
implies that scl takes rational values.

The first assumption can be weakened to sclg(c) = 0 for any ¢ € B{{ (Gy) and any v,
but it is usually hard to check without having sclg, = 0. See Theorem 2.11 for a list of such

groups.
Example 5.1. The following families of groups satisfy both assumptions above.

(1) Any graphs of groups with vertex and edge groups isomorphic to Z, since all non-
trivial subgroups of Z are commensurable. These groups are also known as generalized

Baumslag—Solitar groups.

(2) Amalgams of abelian groups, since the commensurability assumption is vacuous for

vertices of valence one. This includes the groups studied in [39].

(3) Graphs of groups where vertex groups are isomorphic to the Heisenberg group H3(Z) or
fundamental groups of irreducible 3-manifolds with Nil geometry, and edge groups are
isomorphic to Z and maps into the central Z subgroup of the vertex groups generated by
a regular Seifert fiber (see [37]). Note that these vertex groups are amenable (actually

virtually solvable [42, Theorem 4.7.8]), and thus have trivial scl.

(4) Free products of groups with trivial scl. These are the groups studied in [18].
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In Section 5.1, we define disk-like pieces. These hold a finite amount of information
about winding numbers, which turns out to be sufficient to solve the gluing conditions
asymptotically. Based on this, we describe a linear programming algorithm computing scl
and prove rationality in Section 5.2. Finally in Section 5.3, we study examples in Baumslag—-

Solitar groups and establish several explicit formulas.

5.1 Asymptotic Promotion

In our graph of groups G(I', {Gy},{Ge}), let g be a finite collection of hyperbolic elements
and 7 be their tight loop representatives (see Sect. 3.1.2). We would like to compute scl
of a rational chain ¢ = > r;g; relative to vertex groups. By Lemma 3.9, it comes down to
understanding components that might appear in simple relative admissible surfaces. The
essential difficulty is that there are too many possible components since the winding number
of each turn could have infinitely many choices when some edge group is infinite. One can
simply ignore the winding numbers of turns to estimate the Euler characteristic to get lower
bounds of scl. Clay—Forester-Louwsma [22] and Susse [39] show such a lower bound turns
out to be equality in certain cases. In general, we cannot completely ignore the winding
number.

Surprisingly, it turns out that recording winding numbers of turns mod certain finite
index subgroup of edge groups is sufficient (Lemma 5.15) to asymptotically recover the
surface by adjusting the winding numbers. This is the goal of this section and is the heart of
the rationality theorem (Theorem 5.25). To this end, we investigate adjustment of winding
numbers in terms of transition maps and adjustment maps which we will define.

For the moment, we will also assume I' to be locally finite for convenience. We can always
reduce the general situation to this case using restriction of domain (Proposition 3.11).

For each vertex v, let W, be the subgroup generated by the images of adjacent edge

groups. By our assumption and local finiteness, Wy, is central in GG, and each adjacent edge
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group is finite indexr in Wj,.

Definition 5.2. A virtual isomorphism ¢ : H — H’ is an isomorphism ¢ : Hy — H(’) of
finite index subgroups Hy < H and Hé < H'’. The domain Dom¢ = Hy and the image
Im¢p = H(') are part of the data of ¢. Typically ¢ is not defined for elements outside Domeo.
In the case H = H', we say ¢ is a virtual automorphism.

Two virtual isomorphisms ¢ : Hi — Ho and ¢ : Hy — Hs form a composition ¢
with Domt¢ = ¢~ 1(Im¢ N Domy) and Imepé = (Ime¢ N Dome)), which is again a virtual

isomorphism. Each virtual isomorphism has an inverse in the obvious way.

A similar notion appears in [40], which agrees with ours in the context of finitely generated
abelian groups.

It follows from the commensurability assumption and local finiteness of I' that the in-
clusion te = 0g : Ge¢ — W)y, is a virtual isomorphism for all edges e with ¢(e) = v. For each
edge e connecting vertices u = o(e) and v = t(e) (possibly u = v), we form a transition map
Te : Wy — Wy via 7 := —t¢ 0 06_1, which is a virtual isomorphism. The negative sign makes
sense since Wy, and W, are abelian, and the reason we add it will be clear when we define
adjustment maps in Sect. 5.1.2.

Moreover, for any oriented path P = (vg,e1,v1,...,€n,vy) in I' with o(e;) = v;_1 and

t(e;) = v;, we have a virtually isomorphic transition map 7p : Wy, — Wy, defined as

TP i=Te, O+ 0Te;.

For each vertex v, recall from Sect. 3.1.2 that A, denotes the collection of arcs supported
in N(Xy) obtained by cutting hyperbolic loops in 7. For any arc a, € Ay on 7; € 7, the
loop v; projects to an oriented cycle P(ay,) = (v,e1,v1,...,en,v) in I', and thus gives rise to
a transition map TP(ay) * Wy — Wy, as above.

There is a stability result of virtual automorphisms that is important for our argument.
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5.1.1 Stability of Virtual Automorphisms

Let ¢ : H — H be a virtual automorphism. Typically both Dom¢” and Im¢P will keep
getting smaller as p — oco. However, when H is an abelian group, the subgroup Dom@P+Im¢?

generated by Dom¢P and Im¢@? will stabilize to a finite index subgroup.

Lemma 5.3 (Stability). Let H be an abelian group with a virtual automorphism ¢. There

is a finite index subgroup Ho of H such that Hy C Dom¢P + Im¢? for any p,q > 0.
We first look at the simplest example with H = Z, where everything is quite explicit.

Example 5.4. Let X,Y be non-zero integers. Let ¢ : Z — Z be the virtual automorphism
given by ¢(X) =Y with Dom¢ = XZ and Im¢ = YZ. Let d = ged(|X|,|Y]), x = | X|/d
and y = |Y|/d. Then Dom¢? = ¢~ 1(Im¢ N Dom¢) = ¢~ 1 (dayZ) = da’Z and Im¢? =
#(Im¢é N Dome) = ¢(dxyZ) = dy?Z.

More generally, we have Dom¢P = daPZ and Im¢? = dy97, both keep getting smaller as

p,q — oo. However, Dom¢? + Im¢? = ged(dz?, dy?)Z = dZ for all p,q > 1.

We prove Lemma 5.3 by computing the index. Denote the index of B < A by |A : B].

Recall the following basic identities, which we will use.
Lemma 5.5. Let A be an abelian group with finite index subgroups B and C.

(1) If C is a subgroup of B, then |B: C|=|A:C|/|A: B|.

(2)
A:B]  |A:B]

A:B = = .
A B = e B T e B

(3) If ¢ is an injective homomorphism defined on A, then |A: B| = |¢(A) : ¢(B)|.
Lemma 5.6. Let H be an abelian group with a virtual automorphism ¢. Let Iy == |H : Im¢P|.

(1) We have
[p[q
|H : Dom¢? + Img?| = —.
Ip+q
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(2) There exist integers v > 1 and Ny > 1 such that Iyy1/Iq =1 for all ¢ > Ny.

Proof. Note that ¢P isomorphically maps Dom¢? N Im¢? to Im@PT¢ and Dom¢? to ImeP.

By the formulas in Lemma 5.5, we have

|H : Img@?| Il
[Dom¢? : Dom¢P NIme?| — Ipiq

|H : Dom¢? + Img| =

To prove the second assertion, let p = 1 in the equation above. We have

]q—|—1 _ I
I, |H : Dom¢ + Img4|

Since the sequence of integers |H : Dom¢ + Im¢?| is increasing in ¢ with upper bound
|H : Domg|, it must stabilize when ¢ > Ny for some Ny > 1 and thus I, 1/1, stabilizes to

some r when ¢ > N¢. O

Proof of Lemma 5.3. With notation as in Lemma 5.6, we have Iy = rq_Nd’]NqS forall ¢ > N.

Thus

1,1
H : Domd? + Im?| = 2°4 = ¢ _ 7
| gbp ¢ | ]p+q Tp+q_N¢IN¢ ’I"Nd)

for any p,q > N.
Since Dom¢? + Im¢? C Domqbp/ + Im¢q/ whenever p > p/ and ¢ > ¢, the index
computation above shows that there is an index Ip 5 /rN¢ subgroup Hy of H such that

Dom¢? + Im¢? = Hy when p, g > N¢. Therefore, for arbitrary p,q > 0,

Domg@? + Img? D Dom¢max{p’N¢} + Im¢max{qu¢} = Hy.
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5.1.2 Disk-like Pieces

Recall that any arc a, € Ay onv; € 7 determines an oriented cycle P(ay) = (v, e1,v1,. .., €n,v)
in I, and consequently a transition map TP(ay) which is a virtual automorphism of W,.

Consider a simple relative admissible surface S for the rational chain ¢ = > r;g;. Refer
to a component of a subsurface S, as a piece. Recall that S is obtained by gluing pieces
together along paired turns on the polygonal boundaries in a certain way that can be encoded
by a graph I'g, where each vertex corresponds to a piece and each edge corresponds to two
paired turns glued together in S. There is a graph homomorphism 7 : I'¢ — T' taking a
vertex v to v if ¥ corresponds to a piece C' in 5y. In this way, S admits an induced structure
of a graph of spaces with underlying graph I'g.

Recall that each piece C in S, has a unique polygonal boundary, which as a loop in X,
represents a conjugacy class w(C') in Gy, called the winding number of C. Recall that W), is
the subgroup generated by all t.(G¢) with t(e) = v, which is central, so it makes sense to

say whether w(C) lies in W,.

Definition 5.7. We say a piece C' in Sy is a potential disk if its winding number w(C') lies
in Wy.

Since S is in simple normal form, a piece C' is a disk if and only if the winding number
w(C) is trivial. Then potential disks are exactly the pieces that can be made into disks by
adjusting winding numbers of turns on their polygonal boundaries. However, this typically
cannot be done for all potential disks simultaneously. Our remedy is to find a class of
potential disks, called disk-like pieces, that can be made into disks simultaneously in an
asymptotic sense. Moreover, we will make sure that keeping track of a finite amount of
information suffices to tell whether a piece is disk-like.

Recall that each oriented edge € of I'g going from © to @ represents a turn shared by the
pieces represented by v and 4. Changing the winding number of the turn by n € G, would

adjust w(v) and w(@) by oe(n) and —te(n) respectively, where e is the projection of é in I'.
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Here the negative sign is due to the opposite orientations on the turn induced by the two
pieces, which is why we have a negative sign in the definition of transition maps.

For an oriented path P = (0, €1,01,...,€n,0y) in I'g projecting to a path P in I,
associate to P the adjustment map «(P) := 7p. Then for any € Doma(P), we can
adjust the winding numbers of the turns represented by é; (1 < ¢ < n) such that, for any

1 <4 < n—1, the changes to the winding number of v; contributed by the adjustment on

é; and é;41 cancel each other, and the net result of the adjustment is
(1) the winding numbers of ¢ and @y, increase by x and «(P)(z) respectively;
(2) the winding number of ¥; stays unchanged for all 1 <i <n — 1.

We say such an adjustment is supported on vy and vy,.

Definition 5.8. For each a, € Ay, fix a finite index subgroup W (a,) of W, such that
W(ay) C DomTII;(a ) + ImTIqD(a ) for any p,q > 0. (5.1)

Such a W(ay) exists by Lemma 5.3.

Consider any piece C' with a copy of ay on its polygonal boundary. If v; € 7 is the loop
contain ay, then the component B of S which this copy of a, sits on is a finite cover of ~;,
say of degree n. Then B successively passes through n copies of a, contained in pieces C',
J=0,...,n—1, where Cy = C. See Figure 5.1. It might happen that C; = C}, for j # k,
in which case its polygonal boundary contain the j-,k-th copies of a, on B as distinct arcs.

The boundary component B visits a sequence of pieces and thus determines an oriented
cycle w in I'g, on which we have vertices 0; corresponding to Cj for j = 0,...,n — 1. Let
w; and w} be the subpaths on w going from ¢y to ¥; in the positive and negative orientation
respectively, such that under the projection 7 : I'g — I', we have 7(w;) = P(ay)? and

(W) = P(av)n_j. Thus the adjustment maps are a(w;) = TP(ay) and oz(w;-) = lejzc:;)'

J
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Figure 5.1: An example of a boundary component B of S with n = 5 copies of a,, where
Cq coincides with (Y4, and where pieces sitting along B not witnessing a, are omitted. This
appears originally in [20, Fig. 5].

Lemma 5.9. With the above notation, let C; # Cy be a piece with w(C;) € W(ay). Then

there is an adjustment of S supported on Co and Cj after which C; has trivial winding

number.

Proof. By definition, we have w(C;) € Dom7, ‘(a ) = Ima(w}) + Ima(w;). As a
consequence, there exist x,y € W, with w(C}) = a(w})(w) + a(w;)(y). This gives rise to an
adjustment that eliminates w(C;) and adjusts w(Cp) to w(Cp) — x — y without changing all

other winding numbers. O

Let T g be a finite cover of I'g. This determines a cover S of S in simple normal form.
Let B be a lift of B of degree m, which corresponds to a degree m lift w of w in r g. Denote

the m (distinct) lifts of C' by Co,...,Cyy_q as vertices on &.

Lemma 5.10. With the above notation, suppose w(C) € W (ay), then there is an adjustment
of S supported on 5’0, cee 5’m_1 after which 5/4; has trivial winding number for all 1 < k <

m — 1.

Proof. For each 1 < k < m — 1, apply Lemma 5.9 to the loop w to eliminate the winding

number w(C},) at the cost of changing w(Cj). O

Once we normalize by the degree of admissible surfaces, the adjustment in Lemma 5.10

has the effect of making 1 — 1/m portion of an annulus piece C' into disk pieces. This implies
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Figure 5.2: The cyclic order on the edges around a vertex in I'g (left); A piece representing
a vertex where the cycle w backtracks (right). This appears originally in [20, Fig. 6].

that C' can be asymptotically promoted to a disk as m — oo without affecting other pieces
if w(C) € W(ayp). In the exceptional case where w is null-homotopic in I'g, we cannot find

finite covers with m — oo and need a different strategy to promote C.

Lemma 5.11. The cycle w representing the boundary component B of S in I'g backtracks
at a vertex u if and only if 4 has valence one. In this case, the piece u has only one turn on

the polygonal boundary and is not a potential disk.

Proof. Let C’ be a piece represented by a vertex 4 in I'g that w passes through. Note that
the edges adjacent to @ correspond to the turns on the polygonal boundary of C’ and thus
have an induced cyclic order. See Figure 5.2. Since w represents the boundary component,
the two edges that w enters and leaves @ are adjacent in the cyclic order. Thus w backtracks
at 4 if and only if 4 has valence one, in which case the polygonal boundary of C’ consists of
one arc a,, € A, and one turn. Let é be the edge representing the gluing of this turn and let
e = m(é) so that t(e) = (). Then w(ay) ¢ te(Ge) since 7y consists of tight loops. It follows

that C’ cannot be a potential disk. O

Lemma 5.12. With the notation above, let B be the boundary component of S passing
through a copy of ay on a potential disk C. If the loop w representing B in I'g is null-
homotopic, then P(ay) is a null-homotopic loop in T and TP(ay) 15 the identity on its domain.

In particular, we have W(ay) C Dom7p(,, .
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Proof. The conclusions follow immediately from the fact that P(a,) is the image of w under
the graph homomorphism 7 : I's — I'. - We deduce W(ay) C Dom7p(q, from equation

(5.1). O

Lemma 5.13. With the notation above, suppose w is null-homotopic and w(C) € Way).
Then there is an adjustment of S supported on C' and a piece C' that is not a potential disk,

such that w(C') becomes 0 after the adjustment.

Proof. Let C’ be a piece as in Lemma 5.11 representing a vertex @ where w backtracks.
Let wg be the positively oriented subpath of w going from C to C’. Considering w as a
cycle based at C', we have Doma(w) C Doma(wyg) for the adjustment maps. Thus w(C) €

W(ay) C Doma(wp) by Lemma 5.12 and the claimed adjustment exists. O

Definition 5.14. Given the choices of W (ay) for all arcs a, € Ay, a piece C of Sy is a disk-
like piece if there is an arc a, € A, on the polygonal boundary of C' such that w(C') € W (ay).

Let
1 if C is disk-like,

=)
Il

0 otherwise

be the over-counting Euler characteristic that counts disk-like pieces as disks. Let X,(C) 1=
—%I#Corners +X(C) be the over-counting orbifold Euler characteristic. For a simple relative

admissible surface S, define its over-counting Euler characteristic as
R(S) =D Ro(C),
where the sum is taken over all pieces C'. Equivalently,
X(S) = x(S) + #{C : disk-like but not a disk}.

Now we show that the over-counting is accurate via asymptotic promotion.
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Lemma 5.15 (Asymptotic Promotion). Let G be a graph of groups G(I',{Gy},{Ge}) where
(1) T s locally finite,
(2) each vertex group Gy has trivial scl, and
(3) the images of edge groups in each vertex group are central and mutually commensurable.

Let g be a finite collection of hyperbolic elements of G. With the notion of disk-like pieces
and X above (which depends on the choices of W (ay) ), we have the following: For any simple
relative admissible surface S for a rational chain ¢ = r;g; of degree n, and for any e > 0,
there is a simple relative admissible surface S’ of a certain degree n' such that

(8 _ =R(8)

2n/  —  2n

+ €.

Proof. For each disk-like piece C, say a component of Sy, fix an arc a,(C) € A, on the
polygonal boundary of C' such that w(C) € W(ay(C)). Let w(C) be the oriented cycle in
['g determined by the boundary component of S containing the copy of a,(C') on 0C.

For those pieces C' with null-homotopic w(C'), by applying the adjustment as in Lemma
5.13, we assume w(C) = 0 and C' is a genuine disk.

For any given ¢ > 0, choose a large integer N > ﬁ#{C . disk-like and w(C') # 0}. For
the finite collection of non-trivial loops € := {w(C) : C disk-like and w(C') # 0}, since free
groups are residually finite, there is a finite cover r g of I'g such that any lift of each w € Q2
has degree at least V. Let M be the covering degree.

Let S be the finite cover of S corresponding to r 5. Applying the adjustment in Lemma
5.10 to each lift of each w € €2, we observe that, for every disk-like piece C' with w(C') # 0,
at least M (1 — 1/N) of its M preimages in S after adjustment bounds a disk.

Denote by S’ the surface obtained by the adjustment above from S. Then §' is simple
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relative admissible of degree n’ = Mn. We have

—X(8) _ —x(8) = M(1—1/N)#{C : disk-like and w(C) # 0}
/T 2nM
_ —x(8) = (1 = 1/N)#{C : disk-like and w(C) # 0}
B 2n
_ —X(8) | #{C: disk-like and w(C) # 0}
B /2\71 2nN
< —_;(7({9) +e.

]

With Lemma 5.15 above, we can work with disk-like pieces and X instead of genuine disks
and y. The advantage is that deciding whether a piece is disk-like or not is equivalent to
checking whether an element in a finite abelian group vanishes or not, which only requires

keeping track of a finite amount of information.

5.2 Determining scl by Linear Programming

With the help of Lemma 5.15, there are several known methods of encoding to compute scl
via linear programming [12, 5, 22, 13, 43]. In this section, we use an encoding similar to
those in [13, 18] to optimize our rationality result. We will use the notation from Section 5.1
and the setup in Lemma 5.15. We further assume the graph I" to be finite for our discussion
until Theorem 5.25, where we use restriction of domain (Proposition 3.11).

Given the choices of the finite index subgroups W (a,) of W), satisfying (5.1) for all arcs
ay € Ay for any vertex v, let Dy := N, ca,W(ay) be the intersection, which is also finite
index in W,. For each edge e of I', let D, := oe_lDO(e) N te_lDt(e) and We = Ge¢/De.

Then W, is a finite abelian group with induced homomorphisms o¢ : W, — Wo(e) / DO( ) and

e

E: We — Wt(e)/Dt(e)'

We are going to consider all abstract pieces that potentially appear as a component of S,
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for some simple relative admissible surface S for some rational chain supported on finitely
many hyperbolic elements g = {g; : i € I'} represented by tight loops v = {v; : i € I'}. Thus

we extend some previous definitions as follows.

Definition 5.16. For each vertex v, a piece C' at v is a surface with corners in the thickened

vertex space N (X, ) satisfying the following properties:

(1) C has a unique polygonal boundary where edges alternate between arcs in A, and
turns connecting them, where a turn (with the induced orientation) going from a, to

al, is an arc supported on X, connecting the terminus point of a, and initial point of

/

Qy,.-

(2) C is either a disk or an annulus depending on its winding number w(C') as follows,
where the winding number is the conjugacy class in G, represented by the polygonal

boundary of C'.

(a) Cisadiskif w(C) is trivial in G. The map in the interior of C is a null-homotopy

of its polygonal boundary in N(Xy).

(b) C'is an annulus if its winding number w(C') is non-trivial, where the other bound-
ary has no corners and represents a loop in X, homotopic to the polygonal bound-

ary in N(Xy), and the homotopy gives the interior of C'.

As before, we define a piece C' at v to be disk-like if there is an arc a,, € A, on the polygonal

boundary of C' such that w(C) € W(ay).

For each vertex v of T, let T, be the set of triples (ay,w, al) where ay,al, € A, are arcs
with terminus point of a, and initial point of aj, on a common edge space X¢, and w € We.
Note that T}, is a finite set since there are finitely many pairs of (ay,al,) as above and w lies
in a finite group given each such a pair. We use such a triple to record a turn from ay to a,,

with winding number in the coset w.
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Consider a piece C' at vertex v with m turns. For each turn, say supported on X, and
going from ay to al, with winding number w € G, the triple (ay,w, al) is in T}, where w
is the image of w in the quotient W,. Regard this triple as a basis vector in Rv and let
z(C) € R”v be the sum of such triples over the m turns of C.

Let & : RTv — RAv be the rational linear map given by d(ay, w, dl) = al, — a, for all
(ay,w,al) € Ty. Then O(z(C)) = 0 as the polygonal boundary of C' closes up.

There is a pairing on the set U,T}, similar to the pairing of turns (Figure 3.4). For each
triple (ay,w, al) € T, with @ € We, there is a unique triple (ay, —w, a,) € Ty such that a,
and ay, are followed by a/, and @), in 7 respectively, where u is necessarily the vertex adjacent
to v via e. We say such two triples are paired.

Denote the convex rational polyhedral cone ]Rg‘b N ker d by Cp. For any simple relative
admissible surface S for any rational chain supported on v, let 2(Sy) = > x(C), where the
sum is taken over all pieces C' of Sy. Then z(S;) is an integer point in C, and paired turns
are encoded by paired triples. Let z(S) € [], Cy be the element with v-coordinate x(Sy).

Let C(v) be the subspace of [], Cy consisting of points satisfying the gluing condition
which we now describe. This is the analog of (3.2) on [, Cy. For each triple (ay, @, a},) € Ty,
let #(q,,m,a,) be the linear function taking the (ay,w, a},) coordinate. We say x € C(v)
satisfies the gluing condition if # , i o1 )(%) = #(q4,,—w,a1)(¢) for all paired triples (ay, , al,)
and (ay, —w, ay). It follows that C(y) is a rational polyhedral cone.

For each +; € v, fix an arc a; in some Ay supported on v; and let #,, = > #(ai,w% )
where the sum is taken over all triples in Ty starting with a;. For any x € C(v), the gluing
condition implies #-,(z) is independent of the choice of arc a; on ;. Roughly speaking, the
rational linear function #-,(x) counts how many times z winds around =;.

For r = (r;) € QIZO (1 is the index set of ), let ¢(r) be the rational chain ) 7;g;, and
let C(r) be the set of x € C(v) satisfying the normalizing condition #~,(x) = r; for all i € I.
Let h(r) be the homology class of ¢(r) under the projection Hy(G;R) — H{(I'; R). Then h
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is a rational linear map.

Lemma 5.17. The set C(r) is nonempty if and only if r € ker h, in which case, it is a

compact rational polyhedron depending piecewise linearly on .

Proof. The chain ¢(r) bounds an admissible surface relative to vertex groups if and only
if h(r) = 0, according to the computation (3.1). Whenever a relative admissible surface
exists, it can be simplified to one in simple normal form, which is encoded as a vector in
C(r). Then in this case, each C(r) is the intersection of a rational polyhedral cone C(v)
with a rational linear subspace N;{x : #~,(z) = r;} that depends linearly on r. Thus C(r)
is a closed rational polyhedron depending piecewise linearly on r. It is compact since the

equations #~,(x) = r; impose upper bounds on all coordinates. O

Definition 5.18. For each vertex v, an integer point d € Cy is a disk-like vector if d = x(C)
for some disk-like piece C' at v. Let D(v) be the set of disk-like vectors.
For any x € Cy, we say @ = 2/ + 3 t;d; is an admissible expression if 2’ € Cy, d; € D(v)

and tj > 0. Define
Ky(x) := sup {th |z =2+ Z tjd; is an admissible expression} .

The key point of our encoding and the definitions of D,,, D, We is to have enough infor-

mation on the winding numbers of turns to tell whether a piece is disk-like.

Lemma 5.19. For each w € W, fix an arbitrary lift w € Ge. Then any disk-like vector
d € Cy can be realized as a disk-like piece C' at v such that every turn from a, to al, on the

polygonal boundary of C representing a triple (ay,w, al,) has winding number w.

Proof. By definition, there is some disk-like piece Cjy at v realizing the given disk-like vector
d. Thus, for some a,( € Ay, the winding number w(Cp) lies in W(a, o) C Wy, which

is central in G,. Suppose Cj contains a turn from a, to a], supported on the edge space
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X representing a triple (ay,w, al,) with actual winding number wy € Ge and e = eyt (ay).
Then w—wqy € D, and changing the winding number of the turn from wg to w would change
the winding number w(Cj) of the piece Cy by oe(w — wp) € Dy. Since Dy C W(ay ), such
a change preserves the property of being disk-like. After finitely many such changes, we

modify Cy to a disk-like piece C' with the desired winding numbers of turns. m

Any admissible surface S naturally provides an admissible expression for z(.Sy) by sorting
out disk-like pieces among components of S;,. Hence ky(2(Sy)) is no less than the number
of disk-like pieces in 9.

For each vector z € C, C Rg”o, denote its ¢!-norm by |z|. Then |- | on C, coincides with
the linear function taking value 1 on each basis vector. Thus ), |2(Sy)| is the total number
of turns in S, which is twice the number of corners.

Recall from Definition 5.14 that X(5) is the over-counting Euler characteristic that counts

disk-like pieces as disks in a simple relative admissible surface S.
Lemma 5.20. Fiz any r as above.

(1) For any S simple relative admissible for c¢(r) of degree n, we have z(S)/n € C(r) and

_2(S 1 1
23((5)) = EU: 1 |2(S0)/n] = zU: go(@lSo)/n).

(2) For any rational point x = (xy) € C(r) and any € > 0, there is a simple relative

admissible surface S for c(r) of a certain degree n such that x(Sy)/n = x, and

—X(9) 1 1
< - - - .
om —ZU il Zv 5fv(Tv) +e

Proof. (1) It is easy to see x(S)/n € C(r) from the definition. To obtain the inequality,
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recall that
~ ~ 1 ~ 1 o :
—X(8) = — EC: Xo(C) = Z#corners - ZC: X(C) = E#turns — #disk-like pieces.

Since ky(z(Sy)) is no less than the number of disk-like pieces in Sy, the inequality

follows.

By finiteness of I', there are admissible expressions z, = z}, + Zj tjvd;jy with each
tjv € Q> such that 3, ¢, +2€ >3 ky(zy). Note that each o}, is rational as each
tj» and z, are. Choose an integer n so that each nt;, is an integer and nz) is an
integer vector in C,. For each w € W, fix a lift w € G.. We can choose the lifts such
that —w is the lift of —w. By Lemma 5.19, we can realize nt; ,d;, as the union of
nt;, pieces that are disk-like, such that each turn from a, to al, representing a triple
(ay, W, al,) has winding number w. We can also realize nz/, as the union of some other
pieces at v with turns satisfying the same property. Let S, be the disjoint union of
these pieces at v. Then x € C(r) and our choice of the lifts imply that the surface L, Sy
satisfies the gluing condition (3.2) and glues to a simple relative admissible surface S
for ¢(r) of degree n with x(Sy)/n = z,. Noticing that the number of disk-like pieces in
S'is no less than nXl; ,t; , > n¥yky(Ty) — 2n€, the estimate of —x(S)/2n easily follows

from a computation similar to the one in the first part.

]

Let conv(E) denote the convex hull of a set E in some vector space. Denote the Minkowski

sum of two sets E and F by E+ F :={e+ f | e € E and f € F'}. Note that conv(E + F) =

conv(FE) + conv(F).

The following lemma is the analog of [13, Lemma 3.10] and has the same proof.

Lemma 5.21 (Calegari [13]). The function K, on Cy is a non-negative concave homogeneous

function which takes value 1 exactly on the boundary of conv(D(v)) + Cy in Cy.
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It is an important observation in [18] that both conv(D(v)) + C, and kK, are nice, no

matter how complicated D(v) is.

Lemma 5.22 (Chen [18]). There is a finite subset D' of D(v) such that D' +Cy = D(v)+Cy.

Consequently, the function ky is the minimum of finitely many rational linear functions.

Proof. The first assertion follows from [18, Lemma 4.7]. Then we have
conv(D(v)) 4+ Cy = conv(D(v) + Cy) = conv(D' + Cy) = conv(D') + Cy.

Note that conv(D’) is a compact rational polyhedron since D’ is a finite set of integer points.
Hence conv(D') +Cy is a rational polyhedron as it is the sum of two such polyhedra (see the
proof of [2, Theorem 3.5]). Then conv(D(v)) + Cy = Cp, N (N;{f; > 1}) for a finite collection
of rational linear functions {f;}. Combining with Lemma 5.21, we have ry(x) = min; f;(x)

for all x € Cy. O

Lemma 5.23. The optimization min) %|xv| - > %/‘%(Iv) among x = (zy) € C(7) can
be computed via linear programming. The minimum is sclq (q,1)(c(r)), which depends

piecewise rationally linearly on v € ker h and is achieved at some rational point in C(r).

Proof. Recall that |z, is a rational linear function for x, € C,. Combining with Lemma 5.22,
for each vertex v, there are finitely many rational linear functions f;, such that |z,|/4 —
Ky(2y)/2 = max; fj,(7y). By introducing slack variables y = (yy), the optimization is
equivalent to minimizing ), yy subject to yy > fj,(2y) for all j,v and 2 = (zy) € C(r),
which is a rational linear programming problem in variables (x,y). The minimum depends
piecewise rationally linearly on r € ker h by Lemma 5.17 and is achieved at a rational point.

The minimum is scl(g (g,1)(c(r)) by Lemma 5.20 and Lemma 5.15. O

Remark 5.24. The function ), |zy| is actually a constant ), r;|v;| for z = (xy) € C(r),
where |7;] is the number of arcs that the edge spaces cut ~; into. Thus for a fixed chain, the

problem comes down to maximizing the number of disk-like pieces.
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Now we return to full generality without assuming I" to be finite or locally finite.
Theorem 5.25 (Rationality). Let G be a graph of groups G(I',{Gy},{Ge}) where
(1) sclg, =0, and
(2) the images of edge groups in each vertex group are central and mutually commensurable.

Then sclg is piecewise rational linear, and sclg(c) can be computed via linear programming

for each rational chain c € B{I(G).

Proof. We compute sclg () r;g;) for an arbitrary finite set of element g = {g1,...,g9m} C G
with r; € Qs so that the chain ) r;g; is null-homologous in G. By Proposition 3.2, we may
assume each g; to be hyperbolic and consider scl(g (g,1)(c(r)) with 7 € ker h instead. By
restriction of domain (Proposition 3.11), we further assume I" to be finite. Then the result

follows from Lemma 5.23. OJ

Remark 5.26. Theorem 5.25 holds with the weaker assumption sclg(c,) = 0 for all ¢, €

B{{(Gv) in place of sclg, = 0 and all vertices v.

Remark 5.27. Let G be a graph of groups where each edge group is Z and each vertex
group Gy, is itself a graph of groups as in Theorem 5.25 with vanishing Ho(Gy; R). Using the
method in [10], it follows from Theorem 5.25 that the Gromov—Thurston norm on Ho(G;R)

has a rational polyhedral unit ball and can be computed via linear programming.

Remark 5.28. It involves more work to characterize the existence of extremal surfaces
(Definition 2.5), which requires the asymptotic promotion realizing disk-like pieces as genuine
disks to be achieved at a finite stage (see the proof of [20, Lemma 6.1]). In the case of
Baumslag—Solitar groups, this is carefully worked out in [20, Sect. 6.2], which involves lots

of covering tricks similar to those in Sect. 5.1.2.

A direct implementation of the method above to compute scl would probably result in

an algorithm with run time doubly exponential on the word length (see [13, Subsection
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4.5]). However, in the case of Baumslag—Solitar groups, there is an algorithm computing
sclgg(ar,r)(¢) with run time polynomial in the length of ¢ if the complexity p(c) (defined
below) is fixed [20, Sect. 6.5]. It uses the idea developed by Walker [43] to efficiently
compute scl in free products of cyclic groups. Unfortunately, the algorithm is not fast

enough in practice to carry out computer experiments.

5.3 Examples in Baumslag—Solitar Groups

Our method can be used to practically compute scl in various kind of graphs of groups and
prove explicit formulas. In the case of free products, several formulas are obtained in [18,
Sect. 5].

Here we will focus on the harder and more interesting example of Baumslag—Solitar groups
G = BS(M, L) = <a,t | oM = taLt_1> with integers M, L # 0. We are not interested in
the case where |[M| =1 or |L| = 1 since BS(M, L) is solvable and sclgg(ys,,) = 0 in such
cases. Most of the results and tools are applicable for any graphs of groups with abelian

vertex groups, but we will not pursue such generalizations.

5.3.1 Basic Setup

Let d := ged(|M],|L]), m := M/d and ¢ := L/d. Denote by h : G — Z the homomorphism
given by h(a) =0 and h(t) = 1. An element g is t-balanced if h(g) = 0.

We denote the only vertex and edge by v and {e, &} respectively, where e is oriented to
represent the generator t. See Figure 3.1. Notation from Section 5.2 will be used.

Let g = aP1t€l ... aPntn be a cyclically reduced word, where ¢; = +1 for all . Then g
is represented by a tight loop v in X cut into n arcs Ay, = {a; | 1 < i < n} where q;
has winding number w(a;) = p;. Note that we have the transition map 7. : |M|Z — |L|Z
with 7¢(z) = —Lx/M. For each 1 < i < n, let p; = maxg<p<y Z;?:l €i4; and \; =

—ming<r<y, Z;?:l €+, where indices are taken mod n and the summation is 0 when k£ = 0.
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It is straightforward to see that DomTp(ai) = dmMifNi7, ImTp(ai) = dm”i_h(g)f)‘i+h(g)z,

and 7p(g,) (x) = (1) P9 /mM9). With

dmti= M9l phiz, i h(g) > 0,
Setup: Let W(a;) := for all 1, (5.2)
dmtiei—1h9)lz, i n(g) <0,

Example 5.4 (with X = dm#if* and Y = +dmHi~"(9) pri+h(9)) shows that we have W (a;) C
DomTﬁ(ai) + ImTJqD(ai) for all p,q > 0.

We will always use Setup (5.2) in the sequel. Recall from Section 5.2 that the group D,
is defined as N;W(a;).

For an explicit formula of Dy, let A := max; A\; and p := max; y;. Since h(g) = > €,
it is easy to observe that p — |h(g)] = A > 0 when h(g) > 0 and A — |h(g)| = 1 > 0 when
h(g) < 0. In any case, we have

Dy = dmP9)rl9)z,

where p(g) := min(u, ), which we call the complezity of g.

When h(g) = 0, this can be easily seen geometrically. The infinite cyclic cover XG of X
corresponding to ker h has a Z-action by translation with fundamental domains projecting
homeomorphically to the thickened vertex space N(Xy). Since h(g) = 0, the tight loop ~
representing g lifts to a loop 4 on )?G’ and p(g) + 1 is the number of fundamental domains
that 4 intersects. In particular, when h(g) = 0, the element ¢ is t-alternating if and only if
the complexity p(g) = 1.

More generally, for a chain ¢ = ) r;g; with each r; # 0, define its complexity p(c) :=
max; p(g;). Then

Dy = dm?9) P97, (5.3)

and p(c) controls the amount of information we need to encode. Denote | Dy| := d|m|P(e)]¢|P(e).

Using the notation from Section 5.2, we have D, = mP(©) ()7, and We = 7/ D¢ in Setup
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(5.2).

To better understand integer points in C, and disk-like vectors, consider a directed graph
Y with vertex set Ay, where each oriented edge from a; to a; corresponds to a triple
(aj,w,aj) € Ty. See Proposition 5.33 and Figure 5.6 for an example. Then each vector
x € Cy assigns non-negative weights to edges in Y.

Define the support supp(x) to be the subgraph containing edges with positive weights.
Then supp(z) is a union of positively oriented cycles in Y. Note that an integer point z € C,
can be written as x(C') for some piece C' if and only if supp(z) is connected. If two pieces C'
and C’ are encoded by the same vector x, then their winding numbers w(C') and w(C’) are
congruent mod D, since the vertex group is abelian. Moreover, fixing a lift w € Z of each
w € We, we can compute this winding number w(x) as a linear function on RLv determined
by

w(a;, w,a;) = w(a;) + t(w) (5.4)

where ¢ = t, if eput(a;) = € (ie a; leaves v by following e, see Figure 3.4) and ¢ = o, if
eout(a;) = e. Then w(x) depends on the choice of lifts but w(x) mod D, does not. In
particular, it makes sense to discuss whether w(x) € W(a;) since Dy, C W (a;).

Then in our setup, an integer point x € C, is disk-like if and only if supp(z) is connected
and w(z) € W(a;) for some a; in supp(zx).

We use C(c) instead of C(r) to denote the polyhedron encoding normalized simple relative

admissible surfaces for ¢, as we will not consider families of chains with varying 7.

5.3.2  Lower Bounds from Duality

To obtain explicit formulas for scl, especially when we consider chains in BS(M, L) with
parameters or with varying M and L, it is often too complicated to work out the linear
programming problems. Proving a sharp lower bound is usually the main difficulty.

Here we slightly modify the duality method in Sect. 4.1.1 for our Setup (5.2).
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To each turn (a;,w,a;) we assign a non-negative cost q; i ;. This defines a linear cost
function ¢ on C,. As before, the cost of a piece is the sum of the costs of the turns on its
polygonal boundary.

Recall from Lemma 5.23 and Remark 5.24 that computing scl is equivalent to maximizing
the function k, counting the (normalized) number of disk-like pieces on C(c), where ¢ =

> r;g;. Hence giving upper bounds of , produces lower bounds of scl.
Lemma 5.29. If q(d) > 1 for any disk-like vector d, then ry(x) < q(x) for any x € Cy.

Proof. For any admissible expression z = 2’ + Y t;d; with d; disk-like, t; > 0, and 2’ € C,,

we have ¢(z) = q(z') + > tiq(d;) > >_; t;. Thus q(z) > Ky(x). O

For each vector x € C(c), we write it as ) t; 4 j(a;, W, aj) where t; 5 ; is the coordinate
corresponding to the basis element (a;,w,aj) € Ty. We think of ¢; 5 ; as the normalized
number of turns of type (a;, w, a;). Recall from Section 5.2 that the gluing condition requires
tiw,g = i g jo if (aj, w,a;) and (a;, o', aj/) are paired triples, and the normalizing condition
implies » ;i tiwj =k if a; C oy and 32, 5t = 1) if aj C .

If we can choose the costs so that

(1) g(d) > 1 for any disk-like vector d, and

(2) for any = € C(c) expressed in the form above, q(v) = > ¢; g jtiw,; i equal to or

bounded above by a constant K on C(c) by the gluing and normalizing conditions,

then Lemma 5.29 implies x, < K on C(c¢). Combining with Lemma 5.23 and Remark 5.24,

this gives a lower bound of scl.

5.3.8  FExamples with Fxplicit Formulas

In this subsection, we compute three examples of complexities p = 0,1,2 that are not t-
alternating words. As we will see, the computations get more complicated as the complexity

increases. We will use Setup (5.2) in the sequel.
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as

a2

Figure 5.3: The three arcs of a®t2 + 2¢~! in the thickened vertex space N (Xy) with & = 2.
This appears originally in [20, Fig. 13].

Proposition 5.30. For d = ged(|M|, |L|), we have

1 ged(|k],d)

k2 -1
SCIBS(M,L)(G’ t° 4+ 2t ) = 5 9d

Proof. Let nj, = , which is the order of [k] in Z/dZ. We use the notation introduced

d
ged(|k],d)
in Sect. 5.3.1.

Let 71 be the tight loop representing g; = akt? consisting of two arcs a1 and ag with
winding numbers k£ and 0 respectively. Let 9 be the tight loop representing go = 1
consisting of a single arc ag with winding number 0. The three arcs are depicted in Figure
5.3. In Setup (5.2), we have W(a1) = W(ag) = W(ag) = dZ, p(g1+292) = p(g1) = p(g2) =0
and Dy, = dZ. As a consequence, we have W, = {1}. That is, we ignore the winding numbers
of turns and use a pair (a;, aj) instead of a triple (a;, w, aj) to represent a turn.

We have a turn (a1, a3) paired with (a3, as), and a turn (a9, ag) paired with (az, a1). The
defining equation 0 = 0 implies that C, consists of vectors of the form &(z,y) = x(aq, a3) +
z(as, a1)+y(az, a3)+y(as, az) with (z,y) € R%O, which has winding number kz mod d. Thus
such a vector is disk-like if and only if (z,y) # (0,0) € Z220 and kx € dZ. This describes
the set D(v) of disk-like vectors, from which we get D(v) + C, = {£(n;,0),£(0,1)} + Cy
(See Figure 5.4). It follows that xy({(z,y)) = x/nj +y. For the chain ¢ = g1 + 2g9, the

normalizing condition requires = y = 1, so £(1,1) is the only vector in C(c). Thus by
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S

£(0,1)

.
>
v

&(n, 0)
Figure 5.4: The red dots are disk-like vectors in D(v). The gray region is the set D(v) + Cy.
This appears originally in [20, Fig. 14].

Lemma 5.23 and Remark 5.24, we have

1 1 1
]
Proposition 5.31. For all |M,|L| > 2, we have
1 1 1
1,-1 -1
SCIBS(ML)(atta t )< 9 M - M
The equality holds if d = ged(|M|,|L|) satisfies d > %

Proof. We have 3 arcs aq, ag, ag on the loop 71 representing atta=1t~! with winding numbers
1,0, —1 respectively, and have another arc aq on the other loop v9 with winding number 0.
It easily follows from the definitions in Sect. 5.3.1 that p(y1) = 1, p(72) = 0, so our chain ¢
has complexity p(c) = 1.

With Setup (5.2), we have W (ay) = dmZ, W(ag) = W(ayq) = dZ, W(a3) = dlZ. Hence
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Dy = dmlZ and W, = Z/mlZ. Turns are paired up as follows:

(a1,w,a1) <« (a3, —w,az) (a1,w,a4) <« (ag,—w,az)

(ag,w,a4) <« (ag,—w,a3) (ag,w,a1) <« (a3, —w,a3)

These are the only turns, so each piece C' falls into exactly one of the following three

types.

(1) The polygonal boundary contains both ao and ay4. It is disk-like if and only if w(C) is
divisible by d since W (ag) = dZ. Changing the winding numbers of turns will change
w(C) by a multiple of |M| or |L|, both divisible by d.

(2) The polygonal boundary contains ay only. Then the winding number w(C) = k
mod |M| if there are k copies of a; on the boundary, which does not depend on the
winding numbers of turns. Thus it is disk-like if and only if w(C') € |M|Z = W(ay), ie
k is divisible by |M]|.

(3) The polygonal boundary contains a3 only. Similar to the previous case, it is disk-like

if and only if the number of copies of a3 on the boundary is divisible by |L]|.

In summary, whether a piece is disk-like does not depend on the winding numbers of turns
on its polygonal boundary. Thus we simply assume all turns to have winding numbers 0 in
what follows.

We prove the upper bound by constructing a simple relative admissible surface S of degree
|2M L| consisting of the following disk-like pieces described by the turns on the polygonal

boundaries (also see Figure 5.5).
(1) (ag,0,a4) + (ag,0,as), take |ML| copies of this piece;
(2) (a2,0,a1) + (a1,0,a4) + (ayq,0,a3) + (a3, 0, as), take | M L| copies of this piece;
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— o —

a2 a4 a4 a2

Figure 5.5: Part of a relative admissible surface involving the four disk-like pieces constructed
to give the upper bound, illustrating the case M = 4 and L = 3. This appears originally in
20, Fig. 15].

(3) |M|(a1,0,aq), take |L| copies of this piece;
(4) |L|(as3,0,as), take |M| copies of this piece.

It is easy to check that these are disk-like pieces and that the gluing conditions hold. With

notation as in Lemma 5.15, we get X (S) = —2|M L| + |M|+ |L| and obtain the upper bound

1 1 1
] tta Wty <o —
sclps(,r) (atta ) =5 4|M|  4|L|

To obtain the lower bound, we use the duality method in Sect 5.3.2. We assign the cost

q;j independent of the winding number @ to each turn (a;,w, a;) as in the following matrix
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Q = (g;j), where x appears if there are no such turns.

1 1 1
b1 1= (i + 1)
7] * * iRl

1 1 1 1
i =3 (i + )

o= | " AT I
. 1 1 .
L] L]
1 1 1
* ?(W*W) 0 *

| M|+|L|

W . According

We first check that every disk-like piece costs at least 1 when d >
to the classification of pieces above, only those of type (1) requires some attention. Let C

be such a piece, which must contain a turn ending at aq. Assume |M| < |L|.
(1) Suppose C' contains a turn from aj to ay.

(a) If this turn is followed by another from a4 to ag, then we must also have a turn
from ag to as (to leave a3) and another from ag to aq so that the boundary closes

up. In this case, the cost is at least q14 + q43 + ¢32 + ¢21 = 1.

(b) If this turn is followed by another from a4 to as instead, then the cost is at least

q14 + q42 + min(go1, g24) > 1 since 2 < |M| < [L.

(2) Suppose C' does not contain a turn from aq to ag. Then C' does not visit a; and
must contain a turn from ag to a4. If C also contains a turn from a4 to ag, then
the cost will be at least gog + qq2 = 1. Otherwise, C' is encoded as nj(ag,0,a4) +
ni(aq,0,a3) + no(as,0,a3) + nq(as,0,as) with integers ny > 1, no > 0, and costs
n1(qo4 + q43 + q32) + n2g33. Then C has winding number w(C') = —(n1 +n3) mod d.
For C to be disk-like, we have ny + no > d. Note that goq > 1/2 > ¢33 since
|M|,|L| > 2. Therefore, the cost

S

ni(g24 + qa3 + q32) + 12433 = q24 + Qa3 + g2 + (d — L)ggz = 1 + I 2 21
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: |M|+|L]|
since d > M

The other case |M| > |L| is similar.
Now let t;; = > 5 tiw,j, where t; i ; is the normalized number of the turn (a;, w, a;).

Then we obtain t14 = t49 from the gluing conditions, which implies the total cost
1/ 1 1 1 1
> aijtij = |1- s\ T (t14 +tog) + W(tn +t21) + m(tsz +133)-
]
The normalizing conditions imply t14 + to4 = t11 + to] = t32 + t33 = 1 and thus
> qitij =1+ ! ( Loy )
Qijlij = S\ T )
0t = S\l T

which is an upper bound of x,(x) for all z € C(c) by Lemma 5.29. Hence

1 1 1
1 tt _1t_1 t_l > - — — = ——
sclpsqrpy(atta "+ ) 2 5 = qoE —

by Lemma 5.23 and Remark 5.24. O

Remark 5.32. A slightly weaker lower bound

1 1
2 2min{|M]|,|L|}

SCIBS(ML)(atta_lt_l +t >

holds for all |M],|L| > 2, which can be proved in a similar way with much simpler compu-

tations using cost matrix

ToTivar * 0
0 * * 0
Q: 1
* O sy
* 1 1 *
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This bound is sharp when d = 1 by constructing admissible surfaces in simple normal form.

In particular, we observe that
sclpg(arpy(atta™ t 1 +171) = sclp, (atta™ 't 4471 = 1/2

as |M|,|L| — oo. In contrast, Proposition 5.30 shows that for certain chains like ¢ =
at? + 2¢t71, the convergence depends on how |M |,|L| go to infinity, governed by how d =
ged(| M|, |L|) behaves. Such convergence of sclgs(az,) to sclp, holds true in general for any
fixed chain as d = ged(|M],|L|); see [20, Theorem 6.29]. This is a homological analog of the

phenomenon of geometric convergence in hyperbolic Dehn surgery.

In contrast to the two examples above, the winding numbers of turns cannot be ignored

in the following example, which has higher complexity.

Proposition 5.33.
5
2 —
sclpg(2,3) ([0, 7)) = 5
Proof. We have four arcs ay,...,aq with winding numbers 1,0, —1,0 respectively. With

Setup (5.2), we have W(ay) = 4Z, W(ag) = W(ay) = 6Z, and W(ag) = 9Z. Then D, =

D¢ =367, We = Z/36Z and the complexity p(c) = 2. The turns are paired up as follows.

(a1, w,a1) < (a4, —w,as)
(a2, w,a4) < (a3, —w,a3)
(CLQ,QD,C”) & (CL4, —QD,CL3)

(a1,w,a4) < (a3, —1w0,a9)

To get 5/24 as an upper bound, we present a simple relative admissible surface S of
degree 36 consisting of the following disk-like pieces described by the turns on the polygonal

boundaries. By the computation above and our orientation on e, the maps 0g, te : Z/36Z —
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Z/36Z are given by 0¢(w) = 2w and t.(w) = 3w.

(1) (a1,0,a1)+ (a1,1,ay), which is disk-like since its winding number 2w(a1)+0¢(0+1) €

44 Dy, lies in W (ay) = 4Z. Take 18 copies of this piece;

(2) (a2,0,a4) + (a4,0,a2), which is disk-like since its winding number w(ag) + w(ay) +

0¢(0) + te(0) = 0 mod 36 lies in W (ag) = 6Z. Take 18 copies of this piece.

(3) (a9,1,a4) + (a2,2,a4) + 2(ayq, —1,a9), which is disk-like since its winding number
2w(ag) + 2w(ay) + 0e(1 + 2) + 2te(—1) = 0 mod 36 lies in W (ag) = 6Z. Take 9

copies of this piece.

(4) (a3,0,a3)+2(ag, —1, ag), which is disk-like since its winding number 3w(ag)+tc(2(—1)) =
—9 mod 36 lies in W (az) = 9Z. Take 4 copies of this piece.

(5) (a3, —2,a3)+2(as,0,a3), which is disk-like since its winding number 3w(ag)+t.(—2) =
—9 mod 36 lies in W (a3) = 9Z. Take 7 copies of this piece.

(6) (asz,—1,a3)+2(a3,—2,a3), which is disk-like since its winding number 3w(ag)+te(—1—

2 —2) = —18 mod 36 lies in W (a3) = 9Z. Take 1 copy of this piece.

It is easy to see that the gluing condition is satisfied. Note that S is relative admissible of

degree 36 with Y(S5)/36 =2 — 57/36 = 5/12, and thus

5

sclpg(2,3)([a, °]) < 51

To establish the lower bound, assign cost ¢;  ; to the turn (a;, w, a;) with

1/4 if w is even , 1 if wis even,
q1,w,1 = d4,w,2 =
3/4 otherwise, 1/2 otherwise,

101



a2

ai ag

a4

Figure 5.6: The graph Y indicating turns between arcs, except that every single edge repre-
sents |We| = 36 multiedges. This appears originally in [20, Fig. 16].

and for any w

®a04=0, Bw3=1/3, ©w1=1/3, ©w3=0, qus=1/4 @u2=1

We check each disk-like piece C' costs at least 1.

(1) Suppose C' does not contain any turns of forms (ag,w, ay), (a4, w,as), (a1, w,ays), or

(ag,w,as). That is, the red turns in Figure 5.6 are excluded. Then there are three

cases:

(a)

The boundary only contains a1. By formula (5.4), w(ay,w,a1) = w(ay)+0e(w) =
1+ 2w € Z/36Z. Thus we have w(C) = ng + 3n; mod 4, where ng (resp. np)
is the total number of turns (a1, w,a1) on C' with @ even (resp. odd). For C to
be disk-like, we have w(C') € W(ay) = 4Z. Thus the cost is (ng + 3n1)/4 = k for

some integer k > 1.

The boundary only contains a9 and aq. Then w(C') = 2ng+mn1 mod 2, where ng
(resp. mq) is the total number of turns (a4, w, as) on C' with w even (resp. odd).
For C' to be disk-like, we need w(C) € W(ag) = 6Z. Hence 2ng + n; must be

even and the cost (2ng + n1)/2 = k for some integer k£ > 1.

The boundary only contains ag. Then w(C) = n mod 3, where n is the total

number of turn on C'. For C' to be disk-like, we need w(C') € W (a3) = 9Z. Hence
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n must be divisible by 3 and the cost n/3 = k for some integer k£ > 1.

(2) Now suppose C' is a disk-like piece containing at least one of the turns (as,w,aq),
(a4, w, a3), (a1,w, aq) or (ag, w,az).

(a) If C' contains ag on the boundary, then it must have a turn (ag,w,as) which

already has cost ¢3 52 = 1.

(b) If C does not contain ag, then it includes 3 turns of the forms (as, w, ay), (a1, @', ay)

and (ayg,w”, as) respectively. In this case, the cost of C' is at least

1 1

1
@l T aaat a3t >

In summary, any disk-like piece has cost at least 1. Let ¢; 5 ; be the normalized number
of turns (a;,w,a;) in a vector x € C(c). Then the gluing conditions imply t1 51 = t4, .2,

.4 =13, @2 and tg 51 = t4 5 3. Therefore, the total cost

Y diwjting = G + 1) ( > tLed +Zt1,w,4> + (Z + %) > i

7’7@73 w even w

1
+ 3 > (t3,0,3 + taw,3)
w

w

5! 1
= 7 > (trwn +twa) + 3 > (t3,03 + taw3)-
w

Combining with the normalizing condition, we have

5 1
wo(@) <) i tiog =7+ 5

Z’w?j

by the duality method. Hence by Lemma 5.23, we have SClBs(Q’g)([a, t?)) > % ]
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If M and L are coprime, one can see that any reduced word of the form
g =a"ta"?t---a""ta" Ta"?T ... a"T

can be rewritten as a reduced word g = a%t"a’T", where T = ¢t~ 1. A trick using the Chinese
remainder theorem shows sclgg(7,1)(9) = sclgg(ar,r)([a,t"]) for any such g. Thus it would
be interesting to know how the sequence sclgg(ys 1) ([a,t"]) behaves as n — oo, where the
complexity increases unboundedly. For example, does SCIBS( M, L)([a, t"]) converges to some
limit? If so, how fast does it converge?

One can lift [a,t"] to the infinite cyclic cover corresponding to ker i, which is an infinite
amalgam with presentation G(M, L) = (aj, k € Z | aé\/[ = a£+1>. Then g, = aga;, ! is a lift
of [a,t"] for each n. One can use techniques similar to the computations above to show that
SCl(é(M,L),(ag))(g”> converges ezponentially in n to 1/2. It is not clear whether a similar
convergence holds for sclgg(p,r)([a,t"]). An exponential convergence seems unusual for scl

of a family of words with linear word length growth, eg in free groups.
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