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ABSTRACT

In this thesis we make several advances in the study of the birational geometry of complex
abelian varieties. We are mainly concerned with two birational invariants: the degree of
irrationality and the covering gonality. The degree of irrationality of a projective variety X
is the minimal degree of a dominant rational map ¢ : X --» Pdim X The covering gonality
of X is the minimal g € Z>( such that X is birationally covered by a family of g-gonal
curves, or equivalently such that a generic x € X is contained in a g-gonal curve. The degree
of irrationality and the covering gonality measure respectively the failure of X to be rational

and uniruled and are thus called measures of irrationality.

By studying rational equivalence of zero-cycles on abelian varieties, this work contributes
new lower bounds on the covering gonality and the degree of irrationality of very general
abelian varieties. In Chapter 2, we provide the reader with preliminary background on
algebraic cycles and measures of irrationality. In Chapter 3, we present our first contribution:
a proof of a conjecture of Voisin on the covering gonality of very general abelian varieties. In
fact, in collaboration with E. Colombo, J. C. Naranjo, and G. P. Pirola, we prove an extension
of this result which provides lower bounds on the degree of irrationality of subvarieties of
very general abelian varieties. In Chapter 4, we derive a cohomological obstruction to the
existence of low degree dominant rational maps from an abelian g-fold to a g-fold admitting
a cohomological decomposition of the diagonal. In particular, using this obstruction we show
that the degree of irrationality of a (1, d)-polarized abelian surface with Picard number one
is 4 if d does not divide 6. This theorem and its generalization settle a conjecture of Chen,
answer questions of Yoshihara, and provide the best known lower bound on the degree of
irrationality of very general abelian varieties of large degree in all dimensions. Finally, in

the Appendix C we present some new identities for zero-cycles on abelian varieties.

viil



CHAPTER 1
INTRODUCTION

One of the first facts one learns about complex tori is that a holomorphic map from P! to
a compact complex torus is constant. Indeed, such a map must lift to the universal cover
and Liouville’s theorem along with compactness of P! imply that this lift must be constant.
Hence, an abelian variety does not contain any rational curves. One is naturally led to
the following question: How far from rational are curves on complex abelian g-folds? Since
many abelian varieties contain elliptic curves it is more interesting to study the complexity

of curves on very general abelian varieties.
Question 1.0.1. How far from rational are curves on very general complex abelian g-folds?

There are at least two natural measures of complexity which can be used to measure
how far a curve is from being rational: the genus and the gonality. The minimal genus of
curves on very general abelian varieties has been studied in [BCV95]. However, the gonality
seems like a more suitable measure of irrationality since it has a natural generalization to
higher dimensions, namely the degree of irrationality. The degree of irrationality irr(X) of

a projective variety X is the minimal degree of a dominant rational map X --» pdim X

The minimal gonality of curves on very general abelian varieties has been studied by
Pirola [Pir89] who shows that a very general abelian variety of dimension at least 3 does not
contain hyperelliptic curves. Using analogous methods, Alzati and Pirola [AP93] prove that

a very general abelian variety of dimension at least 4 do not contain trigonal curves. These

results suggest the following:

For each k € Z~ there is an integer g;. such that a very general abelian variety

of dimension at least g;, does not contain curves of gonality less than k + 1.

This problem was posed in [BPET17] and answered positively by Voisin in [Voil§].
1



Theorem 1.0.2 (Voisin, Thm. 1.1 in [Voil8]). A very general abelian variety of dimension
at least

P22k — 1) + (282 — 1)(k — 2)
does not contain curves of gonality less than k + 1.

Voisin provides some evidence suggesting that this bound can be improved significantly
and conjectures the following linear bound on the gonality of curves on very general abelian

varieties:

Conjecture 1.0.3 (Voisin, Conj. 1.2 in [Voil§]). A very general abelian variety of dimension

at least 2k — 1 does not contain curves of gonality less than k + 1.

The main result of this thesis is the proof of this conjecture.

Corollary (Corollary 4.7 in [Mar20]). A very general abelian variety of dimension at

least 2k — 2 does not contain curves of gonality less than k + 1.

In fact, in collaboration with E. Colombo, J. C. Naranjo, and G. P. Pirola, we obtained a

lower bound on the degree of irrationality of any subvariety of a very general abelian variety.

Corollary (Corollary 1.2 in [CMNP19]). If A is a very general abelian variety of

dimension at least 3 and Z C A is a subvariety, then

dim A +1
irr(Z) > dim Z + &

These results are obtained by studying rational equivalence of zero-cycles on abelian

varieties. In particular, we are interested in fibers of the map:

v+ AP 5 CHy(A)

(al,...,ak)|—>{a1}—|—...—|—{ak}.



A subvariety Z C A which admits a dominant rational map of degree k to pdim Z gives rise

to a dim Z-dimensional fiber of ¥}, (see Section [2.2.4]). Therefore, Theorems [3.3.3| and |3.3.4|

follow at once from the following result.

Theorem [3.3.2] (Theorem 1.1 in [CMNPI9]). If A is a very general abelian variety of
dimension at least 3, d is a positive integer, and d < dim A if dim A is odd, then all fibers

of the map Xy, : AF — CHy(A) have dimension less than d if

dimA+1

k<d
<—i—2

This theorem is obtained by an intricate induction argument which builds on ideas of
[Pir89], [AP93], and [Voil8]. Let A/S be a locally complete family of abelian g-folds and

ZC A@ be a flat family of d-dimensional subvarieties such that the map
Zg— AF - CHy(As)

has only positive dimensional fibers for any s € S. Given an abelian (¢ — 1)-fold B, there
are curves Sy (B) C S along which As ~ B x E, where F; is an elliptic curve parametrized

by s € S\(B). Given s on such a curve, we can project Zs to B* using the isogeny.

The key point is that, under suitable conditions (see Section [3.1.1)):

(1) We can choose the curve Sy(B) appropriately so that the projection of Z5 C A’; to

Bk is generically finite on its image for generic s € Sy (B).
(2) The image of this projection varies with s € S\ (B).
If (1) and (2) hold, we obtain a subvariety W C B¥ of dimension d + 1 such that

W — B¥ — CHy(B)
3



has only positive dimensional fibers. If g is large enough, we can proceed by induction to ob-
tain an abelian surface B such that every point of BF is contained in a positive dimensional
fiber of B¥ — CHy(B). This contradicts Mumford’s theorem on rational equivalence

of zero-cycles on surfaces with py # 0.

Before the author’s work in [Mar20)], this induction argument was implicitly suggested
in [AP93] but ensuring that condition (1) holds seemed out of reach. The key insight of
[Mar20] which led to the proof of Conjecture is to exploit the structure of the inductive

argument by keeping track of two projections (see Section |3.2)).

The proof of Theorem follows the same lines but the cases d := dimg Z > 2 require
the following lemma which is of independent interest and a consequence of the theory of

generic vanishing:

Projection Lemma [3.2.6] (Projection Lemma 3.2 in [CMNP19]). Let A be an abelian
variety, l,r, k positive integers with | < r, Z C [Ar]k a subvariety which is not covered by

subtori, and iy; the map Al = A" given by

l l
(al, - ,al) — <Zm1jaj,...,2mrjaj>,
J=1 J=1

where M = (m;;) € M,y (Z) has mazimal rank.

There is a non-empty Zariski open U C M,.y;(Z) such that if M € U either

k

e the image of Z under the quotient map pyy : [AT)F — [A" Jips(A)F is covered by

subtori,

o the restriction of pys to Z is generically finite on its image.



In the second half of this thesis, we turn to the following question:
Question 1.0.4. What is the degree of irrationality of an abelian variety?

Alzati and Pirola showed in [AP92] that the degree of irrationality of an abelian variety
A is at least dim A + 1. Tokunaga and Yoshihara later proved that this bound is sharp for
abelian surfaces in [TY95]. They show that if an abelian surface contains a smooth curve of
genus 3, then it admits a degree 3 dominant rational map to P2 (see Theorem . This

prompted Yoshihara to ask the following questions:
Question 1.0.5 (Problem 10, [Yos96]). Is there an abelian surface A satisfying irr(A) > 47

Question 1.0.6 (Problem 10, [Yos96]). Do isogenous abelian surfaces have the same degree

of irrationality?

As far as upper bounds are concerned, Keum shows in [Keu90|] that every Kummer sur-
face is the K3 cover of an Enriques surface. It follows that every abelian surface admits
a degree 8 dominant rational map to P2. This bound was recently improved by Chen and
Chen-Stapleton who showed in [Chel9] and [CS19] that the degree of irrationality of any

abelian surface is at most 4 independently of the polarization type.

One of our main contributions to the field is an answer to Question [1.0.5]

Theorem (Theorem 1.1 in [Mar19]). If A is an abelian surface such that the image

of the intersection pairing SmeNS(A) — 7 does not contain 12, then
irr(A) = 4.

This cohomological obstruction to the existence of low degree dominant rational map to

projective space can be generalized to higher dimensions. Given an abelian g-fold A, let

V; c Hdgl (41 (1.1)
5



be the sublattice of classes a supported on D]Oi_l for some closed proper subset D, C A.

Consider the function

J

k
~a—1\2 [k
My(k) = (k= D! 3 (=1Y( = 1) (1= (1= ) ) ()
7=0
Theorem 4.2.4]. If the image of

Vik_g)y — HXEDI(AL 7) = 7

a — a - [ker(AF — A)]

does not contain My(k), then A does not admit a dominant rational map of degree k to P2,
Here the cohomology class [ker(AF — A)] is the cycle class of the kernel of the summation

map.

One can show that this obstruction is non-trivial, namely Mg(k) # 0 for g < k < 2g
and the image of the map V(k—Q)g — H2(k_1)g(Ak_1, Z) has high index for very general

abelian varieties with a high degree polarization.

Theorem . IfAis a(1,dg, ..., dg)-polarized abelian g-fold with maximal special Mumford-

Tate group the image of

Vik_g)y — HXEDIAL 7) = 7

a —s a - [ker(AF — A)]

is contained in dgZ.

Theorems [4.2.4] and [£.2.7] along with Corollary [3.3.4] give the following:



Theorem [4.2.11. Let A be a very general (1,ds, ..., dg)-polarized abelian g-fold. If

1
dgflcm{Mg(k:):Sg; Sk‘SZg—l},

then

irr(A) > 2g.

One can make this theorem effective at the cost of a slightly stronger condition on the

polarization.

Theorem |4.2.12, Let A be a (1,ds,...,dg)-polarized abelian g-fold with mazimal special
Mumford-Tate group. If

dg tlem {My(k) : g+1<k<2g—1},

then

irr(A) > 2g.

For the polarizations for which it applies, Theorem give the best known lower
bound on the degree of irrationality of very general abelian varieties. When Theorem 4.2.11
does not apply, Corollary gives the best known lower bound of (3dim A 4 1)/2. See

Appendix for tables of values of My(k) and of the prime factorizations of the least common

multiples appearing in Theorems |4.2.11| and 4.2.12| for low values of g and k.




CHAPTER 2
PRELIMINARIES

2.1 Algebraic cycles

In this section we review basic notions regarding algebraic cycles, focusing on Mumford’s
theorem and applications to families of suborbits for surfaces. Throughout this thesis we

work with varieties over the complex numbers.

2.1.1 Basic definitions

Given a smooth projective variety X/C, an algebraic cycle on X is a formal Z-linear com-
bination of subvarieties of X. We denote by Z%4(X) (resp. Zy4(X)) the free abelian group
on the set of codimension d (resp. dimension d) subvarieties of X. Elements of Z;(X) are

called d-cycles. The group
dim X

Z0(X) =Y 2%X)

d=0

is equipped with a morphism

d:Z%X) — H**(X,Z)

D Wi Y a Wi,

called the cycle class map. For W C X, a subvariety of X, the cohomology class [W] can
be obtained by choosing a triangulation of W, considering the associated class in the Betti
homology of X, and using Poincaré duality. Alternatively, one can follow the approach of

[Voi02] p. 253 or [Voild] 1.1.4. The support of a cycle 3 a;W; € Z*(X) is the set ;. 4,20 Wi

To study intersection theory one endows a quotient of Z®(X) with a ring structure

making the cycle class map a ring homomorphism. Different choices of quotients correspond

8



to different so-called adequate equivalence relations on cycles. We will mostly be concerned
with rational equivalence. Two cycles A and B are rationally equivalent and one writes

A ~ B if there is a cycle I' = 3" a;W; € Z*(X x P), with each W; flat over P!, such that

T (X x {0} — X x {o0}) = A— B,

where the product is the intersection product extended by linearity. If A ~ B, then

[A] = [B] = [2] - ([X x {0}] = [X x {oc}]) = 0,

so that the cycle class map factors through CH®*(X) := Z*(X)/ ~. One can define a ring
structure on C'H®(X) making the cycle class map a homomorphism of graded rings. Given

a subvariety W C X, we denote by {W} € CH®(X) the corresponding cycle.

Example 2.1.1. The cycle class map

ol - OH.(]P)TL) N H.(]P)n,Z) _ Z[H]/(Hn—i—l)

is an isomorphism. Given a subvariety W C P", the rational equivalence class of the cycle

{W} is completely determined by the degree and dimension of W.

Example 2.1.2. Let C' be a smooth projective curve. Then

CH*(C) = Pic(C) & Z - {C),

where Pic(C') is the Picard group of C, and the 1-cycle {C'} is the identity of the Chow ring.
The cycle class map sends {C'} to the positive generator of HO(C, Z) and coincides with the
first Chern class ¢1 on Pic(C).



For any smooth projective variety X, CHY(X) = Pic(X) and we have the exact sequence
1 — Pic?(X) — Pic(X) — NS(X) — 0,

where PicV(X) and NS(X) are respectively the kernel and the image of the cycle class map
on CHY(X).

2.1.2  Mumford’s theorem and decomposition of the diagonal

The two examples above are the exception rather than the rule. In general for d > 1 the
group CH d(X ) is gigantic and is a subtle and rich invariant of the variety X. Given a closed
subset Y C X and a desingularization 37, the following sequence is exact and called the

localization exact sequence:
CHo(Y) = CHo(X) — CHo(X \Y) = 0.

We say a € CH®*(X) is supported on Y if it is in the image of the first map. Mumford
shows in [Mum69] that if S is a surface with pg := h%(S,Q2) > 0 then C'Hy(S) is not
supported on a curve and, equivalently, is infinite-dimensional in a suitable sense. This work
was later generalized by Roitman in [Roi71] and [Roi72]. Here we will present a more modern
treatment of the theory as developed by Bloch and Srinivas (see [BS83] and [Voi02] Section

22.2). Recall that a correspondence I' € CHI™MX (X x ') gives rise to a morphism

r*: OH()(Y) — CH()(X)

z — pri, (I pry(2)).

The main result we will use is the following:

Theorem 2.1.3 (|[BS83|, see [Voi02] Corollaire 22.20). Let X and Y be smooth projective

varieties and consider I' € CHdimX(X X Y). Suppose that there exists a closed subset
10



X' C X such that for every y € Y the zero-cycle T*({y}) is supported on X'. Then, there

is an integer N € N and cycles I',T" such that
N =T"+1" e CHIX(X x ),

I is supported on X' <Y , and the support of I'" does not dominate'Y by the second projection.

In practice, we will mostly use Mumford’s theorem which is a well known corollary

of this result. Consider the maps

%t XF — CHy(X) (2.1)
k

(:El: s ,{L‘k) — Z{I‘Z},
=1

Sk : Sym*(X) — CHy(X)

k
S T e ) r—)Z{mZ}
=1

Definition 2.1.4. An orbit of degree k for rational equivalence is a fiber of ¥. or E(k)- We
denote the orbit containing the point z € X¥ (resp. z € SymF(X)) by |z|. A suborbit is a
subvariety of an orbit and a subvariety Z of Xk or Symk(X) is foliated by codimension d

suborbits if the fibers of Xg|z (resp. Xy|z) have codimension at most d.

The notion of suborbit is closely related to but not to be confused with that of constant
cycle subvariety in the sense of Huybrechts [Huyl4]. Indeed, a suborbit of degree one is
exactly the analogue of a constant cycle subvariety as defined by Huybrechts for K3 surfaces.
Nonetheless, a suborbit of degree k£ for X need not be a constant cycle subvariety of X k. in
the former case we consider rational equivalence of cycles in X, while in the latter rational

equivalence of cycles in X*.

11



Remark 2.1.5. In [Roi71] Roitman shows that the subset

R := {((ml, e xk)s (Y1, - ,yk)) : Z{xl} ~ Z{yz}} c Xk x xk (2.2)

is a countable union of Zariski closed subsets. In particular, fibers of ;. and X(y) are
countable unions of Zariski closed subsets. Accordingly, since C is uncountable, one can
define the dimension (resp. codimension) of such a fiber as the maximal (resp. minimal)
dimension (resp. codimension) of irreducible components without ambiguity. Moreover,
given a subvariety Z of X k or Symk(X ), there is a d € N such that a very general point of Z
is contained in a d-dimensional fiber of X |7 or ¥;)[z. All points of Z are then contained

in fibers of dimension at least d.
We will call the following result Mumford’s theorem, though [Mum69] only treats the

case d =0, [ =2, and dim X = 2.

Mumford’s theorem 2.1.6 (See [Voi02] Proposition 22.24). Let X be a smooth projective
variety and Z C Xk a subvariety foliated by codimension d suborbits. Given an integer | > d

and any w € HO(X, Q{X), the holomorphic form
k
Wy, = Zprfw € HO(Xk,Q{X)

1=1

restricts to 0 on Z.

Proof. Consider the inclusion ¢ : Z — X k , the transpose of its graph Ff, along with the

correspondence
k k )
r=Trlo Z{AM} = Z {(z,(z1,...,2p)): (x1,...,04) € Zx =1;} € CHIMX (X« 7),
1=2 i=1
where

Ay ={(z,z1,...,21) v =1x;} C X x XF.
12



Let Z' C Z be a d-dimensional subvariety which is nef, e.g. a general complete intersec-
tion of ample divisors on Z. The closed subset X’ = Uf:l pr;(Z’) had dimension at most d.
We claim that for any z € Z the zero-cycle I'*({z}) € CHy(X) is supported on X’. Indeed,
the fiber of ¥}, containing z has codimension at most d and so intersects Z’ non-trivially at

some point 2’ € Z'. Since
I*({z}) = Bp(2) = B (2)) = T"({'}) € CHp(X)

and I'*({2'}) is supported on X’ the claim follows.

By Theorem [2.1.3] there is a positive integer N and cycles IV and I'” such that
ND =T"+1" e CHIX(X x 7), (2.3)

I’ is supported on X’ x Z, and I'’ is supported on X x Z” for some closed proper subset

Z" c X. In particular, we have the equality of maps
(NT)s =% +17: HO(X, QL) — H'(Z,0C).

The map I, factors through HY ()A(J’ , Ql), where X’ is a desingularization of X’. In particular,
it is zero for dimensional reasons when [ > d. On the other hand, the map I"/ factors through

a map

HY'(z" oY - H(Z,C),

where Z" and Z are desingularizations of Z” and Z respectively. This Gysin map has
Hodge bidegree (codimyZ”, codimzZ") and so I/ is zero. It follows from equation (2.3))

that Ty : HO(X, QIX) — HY(Z,C) is zero.

13



To finish the argument, it suffices to observe that
{Ar}e = prj - HO(X, Q) — HO(XF 0L )

and that T, =T = /*. O

Remark 2.1.7. Theorem is already of interest in the case Y = X and I' = {A}. Assume
that C'Hp(X) is supported on Z C X. By Theorem there is a positive integer N and
cycles T/, T" € CHI™ X (X x X) such that

N{A}=T"+1" e cHI™X (X x X),

where the support of I'" does not dominate X under the projection to the first factor and
I is supported on X x Z. Conversely, if N{A} admits such a decomposition, it is clear by

considering the morphism

N{A}* : CHy(X) — CHy(X)

that C Ho(X) is supported on Z up to N-torsion.

We can argue essentially as in the proof of [Mumford’s theorem|to show:

Theorem 2.1.8 (See [Voi02] Théoreme 22.4). Let X be a smooth projective variety. If
CHy(X) is supported on a d-dimensional closed subset Y C X, then HO(X, Qfx) =0 for all
[>d.

Bloch’s conjecture conversely alleges that if H®*(X,C) has Hodge coniveau at least 1 in
degrees @ # 0,2dim X, then CHy(X)gp = Q. Recall that the Hodge coniveau of a Hodge
structure (Vz, F'®) is the largest ¢ such that F°V = V. This fits into a broad conjectural
framework due to Bloch and Beilinson. The reader in invited to consult [Jan94] for an in-

sightful presentation of the subject.
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The discussion in Remark motivates the following definition.

Definition 2.1.9. A smooth projective variety X admits a decomposition of the diagonal if
there is a positive integer N, a cycle T! € CHI™X (X x X)), and o € CHy(X), a zero-cycle

of degree N, such that
N{A} =X x a+T" e CHI™X (X x X)

and the support of T! does not dominate X under the first projection. The smallest N for
which a decomposition exists is called the torsion order of X. We say X has an integral

decomposition of the diagonal if it has a decomposition of the diagonal and torsion order 1.

X admits a cohomological decomposition of the diagonal if there is a positive integer N

and a cycle T € CHI™X(X % X)) such that
N[A] = N[X x {pt}] + [I"] € 24X (X x X, 7),

and the support of I does not dominate X under the projection to the first factor. The
smallest N for which a cohomological decomposition exists is called the cohomological tor-
sion order of X. We say X has an integral cohomological decomposition of the diagonal if it

has a cohomological decomposition of the diagonal and cohomological torsion order 1.

Note that by a theorem of Roitman [Roi80] the kernel of the degree map CHy(X) — Z
injects into the albanese of X. If X admits a decomposition of the diagonal then C' Hy(X) =
Z up to torsion and by Theorem the Albanese of X is trivial so that CHy(X) = Z.
Hence, X has a decomposition of the diagonal if and only if the degree map CHy(X) — Z

is an isomorphism.
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Definition 2.1.10. A smooth projective variety X is called C Hqy-trivial if the degree map

CHy(X) — Z is an isomorphism.

Remark 2.1.11. Considering the action of the diagonal on cohomology and arguing as in the
proof of Mumford’s theorem [2.1.2] we can see that if X has a cohomological decomposition
of the diagonal then its cohomology has coniveau at least one in all degrees except 0 and
2dim X. Bloch’s conjecture then predicts that X is C'Hy-trivial and so has a decomposition
of the diagonal. Thus, conjecturally, X has a cohomological decomposition of the diagonal

if and only if it has a decomposition of the diagonal.

2.1.8 Applications to surfaces

As described in the following two lemmas, given a smooth projective surface X with pg # 0,
Mumford’s theorem [2.1.2 allows us to give upper bounds on the dimension of subvarieties of

Xk foliated by positive dimensional suborbits.

Lemma 2.1.12. Let X be a smooth projective surface and w € HO(X, Q%() If a subvariety
[(d+1)/2]

Z c X* s foliated by codimension d suborbits, the form w, restricts to zero on Z.

Proof. Let R be as in (2.2) and consider the set-theoretic intersection
RN(ZxZ)CZxZ.

This subset is a countable union of Zariski closed subsets and it has an irreducible component
I' which dominates the second factor with fibers I', of codimension at most d. The set of
points z € Z such that z € Zgy NI, gy is clearly Zariski dense. Thus, it suffices to show

that w£(d+1)/2] restricts to zero on T , for such a z.

Suppose that d is odd (the even case is treated in a similar way). The intersection

of any (d + 1)-dimensional subspace of T , with the tangent space to Tt , is positive
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dimensional. Hence such a space admits a basis vy, ...,v441, with v; € Tp_ .. The number

wlidJrl)/?(vl, ...,Vqy1) consists of a sum of terms of the form

+ H Wi <Ui: Ua(i)) y
el

where I C {1,...,d+ 1} is a subset of cardinality (d + 1)/2 and
o: I —{l,....,d+1}\ [

is a bijection. But wy,(vy, vj) = (0 for any j by Mumford’s theorem . Indeed, v; is tangent
to a curve C' C Z which is smooth at z and the variety pr2|1?1 (C) C I is foliated by suborbits
of codimension at most 1. Finally, the subspace (v, vj> is contained in the tangent space to
prgl(C) at z. It follows from that w](fd+1)/2(vl, ...,Yg41) = 0 and so w](gd+1)/2 restricts to

7Zero on /. O

Given a finite set S and a subset I C 5, we let
prr: X S x!

be the projection to the product of the factors with index in I. Moreover, given a positive

integer k, we let

k] = {1,....k}.

Lemma 2.1.13. Let X be a smooth projective surface, w € HO(X, QQ) be non-zero, and

I < k be positive integers. If the form wé restricts to zero on the subvariety Z C X*, then

dimZ <k +1.

Proof. We proceed by induction on k£ and note that the case k£ = 1 is obvious. Write D C X

17



for the divisor div(w). We first show that we can assume that Z is not contained in

Suppose without loss of generality that Z C D x X k=1 Since priw|p = 0, the form wij_l

restricts to zero on each irreducible component of
PI[E]\{1} (Z N ({z} x Xk))
for any x € X. By the induction hypothesis,
dimZ N ({z} x X*) <k —1+1

so that dimZ < k + L.

Now pick z = (21,...,2;) € Zsm \ Ule pr[l(D) and let vy,..., vy, be a basis of T ..

The section wg € HO(X]“’, Q%) does not vanish at z and we have

2k—m
wlg(vl, o Um) #£0€E /\ T)*(k,z'

If m > k+ 1, then wllj(vl, ...,V is a sum of terms of the form
l k-1
Fwp (Vi - Vigy) + WL <Ui21+1’ ),
where {i1,...,im} = [m]. It follows from the non-vanishing of wllg(vl, ..., Up) that wé; does
not restrict to zero on 1y ,. H
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Corollary 2.1.14. Let X be a smooth projective surface with pg # 0 and suppose that the

subvariety Z C Xk s foliated by d-dimensional suborbits. Then,

dim Z <2k —d.

Proof. By Lemma [2.1.12 wl (dim Z=d+1)/2] pegtricts to zero on Z and so Lemma [2.1.13
implies

dimZ < k+ [(dim Z — d + 1)/2] — 1.

This inequality gives the stated bound for parity reasons. O]

2.1.4 Suborbits for abelian varieties

Since the action of A on A* by diagonal translation preserves rational equivalence, it is often

convenient to consider normalized zero-cycle.

Definition 2.1.15. Given an abelian variety A, the zero-cycle (ay,...,a;) € AF and the
orbit |[{a1} + ...+ {a}| are called normalized if aj + ...+ ap = 04. We write A% for the

kernel of the summation map, i.e. the set of normalized effective zero-cycles of degree k.

Remark 2.1.16. If [{a1} + ... + {ar}| is a normalized d-dimensional orbit of degree k and

a € A is any point, then
{ka} +{a1 —a} + ... +{a} — a}|

is a normalized orbit of dimension at least d. This was observed by Voisin in Example 6.3
of [Voil§].

We begin by stating analogues of Lemma and Corollary for normalized
orbits. These are the main results on rational equivalence of zero-cycles that we will use in

the proof of Theorem (3.3.2
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Lemma 2.1.17. Let A be an abelian surface, w € HO(A, 9?4) be a generator, and Z C Ak, 0

be a subvariety such that wi: restricts to zero on Z. Then,
dimZ <k+1-1.

Proof. Given the following fact to be proved in Lemma[2.1.19] we can use the same argument

as in the proof Lemma [2.1.13[: Let ¢ : AF0 — A be the inclusion. The form * (wg_l) is a

generator of HO(AR0 2k=2), O

Corollary 2.1.18. Let A be an abelian surface and Z C AF0 be a subvariety foliated by

d-dimensional suborbits. Then,
dimZ <2(k—1)—d.

Given an abelian variety A, integers 1 < r < k, and a matrix M = (m;;) € My, (Z)
of rank 7, we denote by A, (or Ap; when r = 1) the image of A" under the following

embedding:

ing AT s AP

r r
(&1, RN ,ar) — <Zm1jaj, cey kaja]>
j=1 j=1

Note that if A is simple all positive dimensional abelian subvarieties of AF are of the form
A’y Given a C-vector space V, we will use the same notation Vi, := iy (V) C VE for any

M e kar(c)'

Lemma 2.1.19. Let A be an abelian variety and w € HO(A, 9?4) be a generator. Then,
(F5wr)” # 0 € HO(AR, 027).

In particular, if dim A = 2 the form wy, restricts to a holomorphic symplectic form on A’ .
20



Proof. We treat the case w = dz Adw, where z and w are two coordinates on A. The general

case is easily obtained from this special case. Let z;,w; be the corresponding coordinates on

the it factor of A”. We have

k r r
i}‘wwk, = Z Z TrLlde"7 A\ Z mij/dwj/
j=1

i=1 \j=1

A computation gives
(iywr)” =rldet G dzp Adwy A ... Adz A dwr,

where

G = ((M;, Mj))1<; j<r

is the Gram matrix of the columns M; of the matrix M. Since M has maximal rank its

Gram matrix has positive determinant. It follows that (i},wy)" # 0. O

Lemmas[2.1.12 and [2.1.19imply the following corollary which will play a crucial technical

role in the proof of Theorem [3.3.2;

Corollary 2.1.20. Given an abelian surface A, a subvariety of the form A', C AF cannot

be foliated by positive dimensional suborbits.

2.1.5 Suborbits in families

We will not only be interested in suborbits of degree k for a smooth projective variety X,
but in families of suborbits, as well as subvarieties of X¥ foliated by suborbits. Moreover, it

will be useful to study these notions in families.

An r-parameter family of effective d-dimensional cycles on a smooth projective variety

X is an r-dimensional subvariety of a Chow variety Chow,(X) which parametrizes effective
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pure d-dimensional cycles with a given cycle class. For simplicity, we will leave the cycle
class unspecified in the notation for these Chow varieties. Similarly, an r-parameter family
of effective d-dimensional cycles on X'/S is a subvariety D C Chowy(X'/S) with relative
dimension r over S. The subvariety Dy C D parametrizes cycles with support lying over a

point s € S.
Definition 2.1.21.

1. A subvariety Z C X¥ is foliated by d-dimensional suborbits if
dim|z| N Z > d, Vze Z.

Clearly, this agrees with Definition |2.1.4).

2. Similarly, a locally closed subset Z C Xk s foliated by d-dimensional suborbits if Zg

is foliated by d-dimensional suborbits for all s € S.

3. A family of d-dimensional suborbits of degree k for X is a family of d-dimensional

effective cycles on Xk whose supports are suborbits.

4. Similarly, a family of d-dimensional suborbits of degree k for X /S is a family D C
Chow(X%/S) of effective d-dimensional cycles on X* such that Ds C Chowy(XF) is

a family of d-dimensional suborbits of degree k for Xs.

Remark 2.1.22. Let D C Chowy(X*) be an r-parameter family of d-dimensional suborbits

for a variety X and ) — D be the corresponding family of cycles. The set

U Ve X*
teD

is foliated by d-dimensional suborbits but its dimension might be less than (r+d). Conversely,

any subvariety Z C X foliated by d-dimensional suborbits arises in such a fashion from a

22



family of d-dimensional suborbits after possibly passing to a Zariski open subset. Indeed,
consider

T:RN(ZxZ)— Z,

the restriction of the projection of Z x Z onto the first factor to RN (Z x Z), where R is
the graph of rational equivalence R in . Given a subvariety R’ of RN (Z x Z) such that
m|p + R' — Z has a generic fiber of dimension d, we can consider the map from an open
set in Z to an appropriate Chow variety of Chowd(Xk) taking z € Z to the cycle 7T’§,1 (2).
Letting D be the image of this morphism, we get a family of d-dimensional suborbits that

covers an open in Z.

2.2 Measures of irrationality

This section presents the different measures of irrationality that we will study and surveys
the literature on these birational invariants. The last subsection focuses on measures of
irrationality for abelian varieties and reviews what was known about this topic prior to the

contributions of this thesis.

2.2.1 Basic definitions

Definition 2.2.1. A variety X is:

]P)dlm X ’

rational if it birational to
o stably rational if there is a positive integer d such that X X Pl s rational,
o unirational if there is a dominant rational map Y --+ X with Y rational,

e rationally connected if any two general points x,y € X can be connected by a (possibly

singular) rational curve in X,
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o uniruled if it admits a dominant and generically finite rational map from a family of
rational curves, i.e., given a general point x € X, there is a (possibly singular) rational

curve in X going through x.
We have the following implications between rationality properties of a variety X:
rational = stably rational = unirational = rationally connected = uniruled
(2.4)
For curves, all these notions agree. For surfaces, they agree aside from uniruledness which is
clearly strictly weaker than rational connectedness. From dimension 3 onwards, it is known
that all these notion differ aside possibly from rational connectedness and unirationality.

It is an important open problem to exhibit rationally connected varieties which fail to be

unirational.

To measure the failure of varieties to satisfy these different weakenings of rationality one
introduces birational invariants called measures of irrationality.
Definition 2.2.2. Let X be a projective variety.

e The degree of irrationality of X is

irr(X) := min{degp : p: X -- is dominant}.

When X is a curve the degree of irrationality is also called the gonality of X and
denoted gon(X).

e The stable degree of irrationality of X 1is

stab.irr(X) := min{irr(X x P") : r € Z>0}.
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o The degree of unirationality of X is

uni.irr(X) := min{irr(Y) : 3¢ : Y --» X dominant and generically finite}.

e The connecting gonality of X 1is

conn.gon(X) := min {g € Z>

any two general points x,y € X can be }

connected by an irreducible g-gonal curve in X

e The covering gonality of X 1is

. a general point x € X 1s contained
cov.gon(X) :=min< g € Z>( :

in an irreducible g-gonal curve in X

Clearly, these birational invariants are 1 if and only if X satisfies the corresponding
weakening of rationality defined above, e.g., irr(X) =1 <= X is rational. We have the

following inequalities which in particular imply (2.4):
cov.gon(X) < conn.gon(X) < uni.irr(X) < stab.irr(X) <irr(X).

These inequalities are for the most part obvious but we single out the proof of some of them.

Lemma 2.2.3. For any variety X,
conn.gon(X) < uni.irr(X) < stab.irr(X).

Proof. Given a dominant generically finite rational map Y --+ X, the connecting gonality

of X is at most the connecting gonality of Y. Moreover, given a dominant degree k rational

N Pdimy

map Y and a resolution of indeterminacy Y — PEMY e can consider the
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pullback of lines on pdimY” ¢ get a connecting family of curves of gonality at most k on Y.
It follows that:

conn.gon(X) < uni.irr(X).

To show the second inequality, consider a dominant rational map of degree k

X x IEDT N PdiquLr.

We can resolve indeterminacy to get a morphism

X < Pr — ]P)dimX+’l"

and pullback a generic codimension r plane in PU™X+7 The pushforward of this codimen-
sion r closed subset to X x P" dominates X by the first projection and every one of its
]I))dimX

components admits a dominant rational map to of degree at most k. O

Remark 2.2.4. Note that conn.gon(X ), uni.irr(X), and stab.irr(X) are all stable birational

invariants. This is trivial for stab.irr(X) so it suffices to check that for all r € Z>q

conn.gon(X x P") = conn.gon(X),

uni.irr(X x P") = uni.irr(X).

For the first equality, observe that a connecting family of g-gonal curves on X x P" can

be projected to X to obtain a connecting family with gonality at most g so that
conn.gon(X x P") > conn.gon(X).

Now, consider general points (z,t), (z',#') € X x P" and let C C X be a curve of gonality
cov.gon(X) containing x and z’. We can choose C such that its normalization C admits a

dominant rational map ¢ : C — P of degree cov.gon(X) with (&) # (&), where 7 and
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7’ lie over x and 2’ respectively. Let L C P” be the line connecting ¢t and ¢/, + : C — X be
the inclusion, and 7 : C' — C be the normalization map. One can choose an isomorphism
P! — L which takes (%) to ¢ and ¢(7') to ¢’ and we let ¢ : C — P be the composition of
© with this isomorphism and the inclusion L — P". The curve

[(Lom) x gol](Aé) CX xPr

is birational to C' and connects (z,t) and (2/,t'). It follows that
conn.gon(X x P") < conn.gon(X).
For the degree of unirationality, if ¢ : Y --+ X is a dominant rational map, then
o X idpr : Y x P" --» X x P"
is a dominant rational map and irr(Y x P") <irr(Y). It follows that
uni.irr(X x P") < uni.irr(X).

On the other hand, suppose that v : W --» X x P" is a dominant rational map and
that W admits a degree d dominant rational map to PA™X+7 The pull back of a generic

]P)dim X+r

codimension 7 linear subspace of is a variety with degree of irrationality at most

d which dominates X. This shows that
uni.irr(X x P") = uni.irr(X).

For curves, all the measures of irrationality described above coincide with the gonality of
X. For surfaces, the covering gonality does not always agree with the connecting gonality and

we will see in Example that the degree of unirationality can differ from the connecting
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gonality. Moreover, since there are examples of dominant rational maps Y --+» X between
surfaces X and Y satisfying irr(Y') < irr(X) (see [Yos98| and 4.2.3)), the degree of irrationality
cannot agree with the degree of unirationality for all surfaces. From dimension 3 onwards,

it is clear from the discussion above that all these birational invariants are distinct.

Problem 2.2.5. Find smooth projective surfaces X andY with uni.irr(X) = uni.irr(Y") and
stab.irr(X) # stab.irr(Y). Find smooth projective surfaces X and Y with stab.irr(X) =
stab.irr(Y) and irr(X) # irr(Y).

2.2.2  FExamples

In this section we collect several example of computations of measures of irrationality. We

refer to the literature for the proofs.

Example 2.2.6 (Max Noether’s theorem). A theorem of Max Noether (see [Noe83] for the
original source and [Cil84] and [Har8G] for complete proofs) states that the gonality of a
smooth curve C of degree d > 4 in P2 isd—1. Moreover, any dominant rational map of
degree d—1 from C to P! is given by projection from a point. Note that the gonality statement
holds for d > 2 and the statement about uniqueness also holds for d = 3 if one rules out

elliptic curves with j-invariant 0 and 1728, namely elliptic curves with extra automorphisms.

Example 2.2.7 (High degree hypersurfaces). The previous example was generalized to hy-
persurfaces in [BCP1}] and [BPEY17]. Given a smooth hypersurface X C P"1 of degree

d > n+ 3, we have the inequalities

d—n<irr(X)<d-1

If d > 2n+1 and X is very general, then

irr(X) =d— 1.
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Moreover, if d > 2n + 2 and X is very general, any dominant rational map X --+ P of
degree d — 1 is given by projection from a point of X. It was further shown in [Yanid] that

if X is very general of degree d > 2n + 2, then
uniirr(X) =d — 1.

As far as the connecting gonality is concerned, we have the following result for smooth
surfaces X C P3 of degree d > 4: For any x € X, the intersection Cp = Tpy N X of X
with the embedded tangent plane to X at x is an irreducible plane curve of degree d with a
double point at x. Lopez and Pirola show in [LP95] that varying x yields a covering family
of minimal gonality and that it is unique. Note that the projective dual of X s a surface
X c P3. Given two very general points y,y € X, there is a line | C p3 parametrizing
planes containing y and y'. Since this line intersects X two very general points of X can be

connected by a curve of the form Cy. It follows that
conn.gon(X) = cov.gon(X) = d — 2.

Finally, it was shown in [BCES19] that if X C P s a very general hypersurface of degree
d>2n+ 2, then
2

cov.gon(X) = d — {—”6”“‘1

unless n € {4042 + 3, 402 + 5a + llae € Zq}, in which case the covering gonality may drop

by one.

While measures of irrationality for hypersurfaces are well-understood, the results men-
tioned above rely heavily on geometric constructions particular to the case at hand. Notable
extensions to hypersurfaces in some homogeneous spaces have been obtained by Stapleton in

his thesis |Stal’].
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Example 2.2.8 (Surfaces). Arguably the first step towards understanding measures of irra-
tionality in dimension > 1 is to determine what values they can take for surfaces. In what
follows, S is a smooth projective surface and we review what is known about measures of

wrrationality for the different classes of the Enriques-Kodaira classification.
e k(S)=—o0

— (Rational): All measures of irrationality are equal to 1.

— (Ruled): S is birational to C' X P! for some curve C of positive genus. Clearly,

irr(S) < gon(C') and con.gon(X) > gon(C') so that
1 = cov.gon(S) < con.gon(S) = uni.irr(S) = stab.irr(S) = irr(S) = gon(C).

o K(5)=0

— (K3): A theorem of Bogomolov and Mumford ([MMS83] p. 351) states that a K3
surface S is covered by (singular) elliptic curves. Since S is not uniruled it follows
that

cov.gon(S) = 2.

If (X, L) is a degree 29 — 2 K3 surface, the Severi variety
VE9=2 ¢ || > PY

18 a locally closed surface which parametrizes irreducible curves in L with g — 2
nodes as only singularities. Since such curves have geometric genus 2 and are
thus hyperelliptic,

conn.gon(X) = 2.

The main open question regarding measures of irrationality for K-trivial surfaces

18 the following:
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Conjecture 2.2.9 (Conjecture 4.2 in [BPET17]). Let (Sy, L) denote a wvery

general polarized K3 surface of degree d. Then,

lim sup irr(Sy) = oo.
d—o0

In the opposite direction, Stapleton shows the following theorem in his thesis:

Theorem 2.2.10 ([Stal7] Theorem 5.1). Let (Sg, Lg) denote a very general po-

larized K3 surface of degree d. There is a constant C' such that

irr(S;) < CVd.

We will see in Theorem[2.2.15 by Chen and Stapleton that the degree of irrational-
ity of a K3 surface can only drop under specialization. There are several instance
of K3 surfaces which have low degree of irrationality. For instance, Chen and
Chen-Stapleton show that Kummer K3 surfaces have degree of irrationality 2 (see
the sketch of proof for Theorem . Similarly, the degree of irrationality of
a K3 surface admitting an elliptic fibration of index d is at most 2d (see the

discussion of elliptic surface with k(S) =1 below).

— (Abelian surfaces): For more details refer to Section . For every abelian surface

A, we have the inequalities

2 = cov.gon(A) < conn.gon(A) < irr(A4) < 4.

For simple abelian surfaces,

conn.gon(A) = uni.irr(A) = 3.

— (Enriques): Enriques surfaces are branched double covers of the plane ([Enr00)],
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see also [Doll6]). Since they are not ruled, all measures of irrationality considered

i the previous section are equal to 2.

— (Hyperelliptic): Yoshihara has studied the degree of irrationality of hyperelliptic
surfaces in [Yos00]. A hyperelliptic surface S is a quotient E x F/G, where E
and F' are elliptic curves and G is a subgroup of F acting by translation on E.
There are 7 families of hyperelliptic surfaces and their degrees of irrationality
are listed in Table [2.1.  Note that if j(E) = 0 or 1728, then E is respectively
C/Z|w] and C/Zi], where w is a primitive third root of unity. In these cases,
Aut(E) = (—w) = Z/6Z and Aut(E) = (i) = Z/AZ respectively. It does not seem

to be known whether hyperelliptic surfaces can have degree of irrationality 4.

Order of Kx | j(E) G Action of G on E irr(.S)
2 Any 727 e —e 2
2 Any | Z)2Z X ZJ2Z | e — —e, e~ e+c, c € E[2]\ {0g} 2
3 0 737 e — we 3
3 0 | Z/3Z x7/3Z e we, e e+c, we=c 3 or 4
4 1728 7]AZ e e 3
4 1728 | ZLJAZ X 7] 27 erie, e—e+tc ic=c 3
6 0 Z7./67 e —we 3

Table 2.1: Degree of irrationality of hyperelliptic surfaces

o k(S) = 1 (Elliptic): We review what is known about measures of irrationality for
elliptic surfaces regardless of Kodaira dimension. Clearly, if S — C' is an elliptic

surface cov.gon(S) < 2 and

conn.gon(S) > gon(C).
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Yoshihara shows in Proposition 1 of [Yos96] that if S — C' has a section then
irr(S) <2 gon(C).

See Proposition |2.3.5 for the precise formulation. Of course, one can obtain more
general results by considering the Jacobian fibration J(S) — C' associated to an elliptic
fibration S — C'. Recall that the index of an elliptic fibration S — C' s the positive
generator of the subgroup of Z generated by the degrees of intersections of curves on
S with fibers of the fibration. If S admits an elliptic fibration of index d there is a

dominant rational map of degree d? (see |BKL76] p. 138):
S --» J(9).
Since J(S) — C is an elliptic fibration with a section, irr(J(S)) < 2 irr(C) and

irr(S) < 2d? irr(C).

Finally, one can use a similar method to get an upper bound on the degree of uni-
rationality of S. Note that S — C is a torsor under J(S) — C so that we have a
morphism

J(S) xg S —S.

A multisection D C S gives a covering
J(S) xoD — S
and J(S) xo D — D is an elliptic fibration with a section. It follows that

irr(J(S) xg D) <2 gon(D)
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and

uni.irr(S) < 2 gon(D).

In particular, if S is not rational and contains an infinite number of rational curves

(say X is an elliptic K3 surface) then

uni.irr(S) = 2.

Problem 2.2.11. Devise a method to give lower bounds on the degree of irrationality

of elliptic surfaces. This is particularly interesting for elliptic K3 surfaces in light of
Conjecture and Theorem [2.2.13]

e k(S) =2 (General type): Aside from high degree hypersurfaces, there are only few

scattered results, several of which we mention below.

Example 2.2.12 (Symmetric square of a smooth curve). In [BasiZ], Bastianelli studies
measures of irrationality for the symmetric square of a smooth curve C of genus g. He

shows that

irr(Sym2C') < min {gon(0)27 52(522_ 1)7 (93 — 1)2(53 -2) g} ’

where 0; 1s the minimal positive integer d such that C' is birational to a non-degenerate curve

of degree d in P

Moreover, if C' is very general, then irr(Sym2C’) > g — 1. Bastianelli also proves that if

C' is hyperelliptic then

irr(Sym?C) € {3,4} if g > 2,

irr(Sym2C) =4 if g > 4.
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In particular, the degree of irrationality of the Jacobian of a genus 2 curve is either 3 or 4E|
Finally, Bastianelli proves that if g > 3 the covering gonality of irr(SmeC) coincides with

the gonality of C'.

Example 2.2.13 (Fano surface of a cubic 3-fold). In [GK19/, Gounelas and Kouvidakis
study measures of irrationality for S the Fano surface of lines on a cubic 3-fold X. They

show the following inequalities:
3 < cov.gon(S) <irr(S) < 6.
Moreover, if X is very general, then

4 = cov.gon(S) < 5 = con.gon(S) < 6 = irr(S).

2.2.83 Measures of irrationality and specialization

It is has been shown recently in [NS19] and [KT19] that rationality and stable rationality
specialize in smooth families. One might expect from these results and the behavior for
curves that measures of irrationality can only drop under specialization in smooth families.
This is indeed the case for the covering gonality (see Proposition 2.2 in [GK19]). However,
if the degree of irrationality could only decrease under specialization, Theorem below
would imply that the degree of irrationality of the product of two very general elliptic curves

is 3, instead of the expected value of 4.

Question 2.2.14. Can the degree of irrationality or other measures of irrationality increase

under specialization in smooth families?

Despite these pessimistic prospects, it is known that the degree of irrationality can only

drop on special fibers in some special instances:

1. In fact this holds for any abelian surface. See Section
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Theorem 2.2.15 ([CS19] Proposition C). Let 2" — T be a smooth projective family over
a smooth irreducible marked curve (T,0). If a very general fiber 23 is a reqular surface (i.e.

q= HY (2, Og;) =0) or a strict Calabi-Yau 3-fold then
irr(2;) <d = irr(Zp) < d.

Sketch of proof. The proof proceeds by showing that the smallest degree of a dominant ra-
tional map to a ruled variety is lower semi-continuous. One then shows that regular surfaces
and strict Calabi-Yau 3-folds do not admit generically finite dominant rational maps to non-

rational ruled varieties.

If X is a regular surface, Y a smooth curve, and ¢ : X --» Y x P! a dominant rational
map then regularity of X implies that ¥ = P!, If X is a strict Calabi-Yau 3-fold, Y a
smooth surface, and ¢ : X --» Y X P! a dominant rational map, we can consider the MRC
(maximally rationally connected) fibration f:Y X P! -5 B. We can assume B is a smooth
surface since h0(X, Qﬁ() = 0. Moreover, the Kodaira dimension of B is 0 by the solution of

the Iitaka conjecture in small dimension.

Indeed, if X — B is a resolution of indeterminacy, the litaka conjecture gives the in-
equality
0=r(X)>k(F)+ k(B),

where F' is a general fiber. Since X and B are not uniruled, both the Kodaira dimension of

F and B are non-negative. This forces x(F') = k(B) = 0.

Hence, there is proper étale cover B’ — B with trivial canonical bundle. The fact that X
is simply connected implies that f o ¢ factors through B’ — B and so that h9(X, Q?X) # 0.

This provides the desired contradiction. O
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Remark 2.2.16. As observed in [GK19], the degree of irrationality and stable degree of
irrationality are not lower semi-continuous as there are smooth 1-parameter families whose
very general fiber is not stably rational but which have countably-many rational fibers. For
instance, Hassett, Pirutka, and Tschinkel construct families of quadric surface bundles over

P? satisfying this property in [HPTIS].

2.2.4 Zero-cycles and measures of irrationality

It will be useful to consider measures of irrationality that interpolate between the covering

gonality and the degree of irrationality.

Definition 2.2.17. Let X be a projective variety

e The covering degree of irrationality of X in dimension d is

X is birationally covered by d-dimensional }

subvarieties with degree of irrationality ¢

irrg(X) = min {z € Z

e Similarly, the covering degree of unirationality of X in dimension d is

o ] » X is birationally covered by d-dimensional
uni.irrg(X) = min < i € Z~

subvarieties with degree of unirationality ¢

Clearly,
cov.gon(X) = uni.irry (X) = irry (X),

and

irrgin x (X) = irr(X),

uni.irrg;y, x (X) = uni.irr(X).
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Moreover, we have the obvious inequalities
cov.gon(X) < uni.irrg(X) <irrg(X) < ... < uniirr(X) <irr(X).

One can define birational invariants vy(X) which are cycle-theoretic analogues of the
invariants irrg(X) and uni.irrg(X). The invariant v(X) := v1(X) is known as the Voisin
invariant in the literature (see [BPET17] Definition 2.1) and we will call vg(X) the d*®

Voisin invariant of X.

Definition 2.2.18. The d'" Voisin invariant is the smallest positive integer k for which there
is a subvariety Z C X* such that Y|z has fibers of dimension at least d and pri|Z : Z — X

1s dominant.

Remark 2.2.19. One can define analogously a cycle-theoretic analogue of the connecting

gonality. We do not pursue this line of investigation here.

Lemma 2.2.20. The following inequality holds for any 1 < d < dim X :
vg(X) < uni.irrg(X).

Proof. Let Y C X be a d-dimensional subvariety, W a d-dimensional variety, and f : W --»
Y a dominant rational map. Suppose that W admits a degree £ dominant rational map

@ : W --»V to a CHp-trivial d-fold V. There is a rational map

Fib:V --» SymkW

t o (1),

which associates to a generic point ¢ € V' the fiber of ¢ over t. The image Fib(V') C Sym* W
is contained in a fiber of E(k) since V' is C'Hp-trivial. The preimage qk_lFib(V) of Fib(V)
under the quotient map

g : WFE = SymF(w)
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is d-dimensional and contained in a fiber of ¥;. The same holds for the image of this subset
under the rational map f¥ : W* ——» Y*_ Moreover, the image of (f¥ o qlzl)(Fib(V)) under

the projection to the first factor is Y.

By Remark [2.1.5] the subset
Regi={(x1,...,7p) € X¥ :dim |[{z1} + ... + {23} > d} € X*

is a countable union of closed subsets of X¥. If X is birationally covered by d-folds with
degree of unirationality %, the above shows that R, dominates X under the first projection.
It follows from the uncountability of C that an irreducible component of R>,; dominates X
under the first projection, thereby showing that vy(X) < k. In fact, we have shown that
vy(X) < k as long as X is birationally covered by d-folds admitting a degree k dominant

rational map to a C'Hy-trivial variety. O]

2.3 Measures of irrationality for abelian varieties

2.8.1 Degree of irrationality

In Section 4 of [BETS|, Sommese shows by a topological argument that the minimal degree
of a dominant morphism from an abelian g-fold to PY is at least g+ 1. In [Yos90], Yoshihara
proved that the degree of irrationality of abelian surfaces is at least 3. The first general

lower bound on the degree of irrationality of an abelian variety is due to Alzati and Pirola

in [AP92).

Theorem 2.3.1 (Alzati-Pirola bound, Corollary 3.7 in [AP92] ). Let A be an abelian variety.
Then,

uni.irr(A) > dim A + 1,
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and, in particular,

irr(A) > dim A + 1.

The original proof is an application of an inequality between the holomorphic lengths of
varieties X and Y given the existence of a dominant rational map Y --+ X. Instead, we

give a cycle-theoretic proof in the spirit of Section

Proof. Theorem 1.4 (i) of [Voil8] states that the dimension of an orbit of degree k on an
abelian variety is at most k — 1. Let Y --+ A be a dominant generically finite rational
map. A degree k£ dominant rational map Y --+ X to a CHp-trivial variety X gives a
dim A-dimensional suborbit of degree k for Y. The image of this orbit under vk 5 AF s a

dim A-dimensional suborbit of degree k for A, so that dim A < k — 1. m
Tokunaga and Yoshihara showed that this bound is sharp in [TY95]:

Theorem 2.3.2 (Theorem 0.2 in [TY95]). If an abelian surface A contains a smooth genus

3 curve, then irr(A) = 3.

Proof. By the adjunction formula (C,C) = 4 and by Riemann-Roch

X(0(C) =x(0) + (€, C)/2 = 2.

Note that C' must generate A and so is ample by the Nakai-Moishezon criterion. Kodaira
vanishing then implies that (4, O(C)) = x(O¢) = 2. Hence, C' moves in a pencil and

considering the blow up A — A of the 4 basepoints, we get a morphism

@:g—ﬂFﬂ.

The generic fiber of this morphism is a smooth trigonal genus 3 curve. Note that the generic
fiber cannot be hyperelliptic since the only hyperelliptic deformations of a hyperelliptic curve
on an abelian surface are translations. Indeed, a hyperelliptic curve on A with a Weierstraf3
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point at 04 give a rational curve on the Kummer surface of A (see [Pir89] Remark 1). Since

any exceptional divisor in A is a section of ©, we are in a position to use the following:

Proposition 2.3.3 (Proposition 1 in [Yos96]). Let S be a smooth surface and C' a smooth
curve. Suppose that there is a surjective morphism f : S — C whose generic fiber F' is a

curve of genus g.
(a) If g = 0 then irr(X) = gon(C),
(b) If g =1 and there is a divisor I on S such that (I', F') = 2, then irr(X) < 2 gon(C),
(¢) If g > 2 and F' is hyperelliptic, then irr(X) < 2 gon(C),
(d) If g =3 and f has a section I", then irr(X) < 3 gon(C).

For a discussion of how the section hypothesis in case 2 can be weakened at the expense

of a worst upper bound, see the discussion of elliptic surfaces in Section [2.2.2]

Proof. For (a), S is birational to C' x P! and so irr(S) = gon(C). For the other cases the idea
is to use the fact that the generic fiber has low gonality to obtain a degree gon(F') dominant
rational map to a P!-bundle over C. In all cases, it is crucial that we can glue the low degree
rational maps from the fibers to P!. This is achieved by means of a line bundle £ on S such
that ]L'| F] is a géon( F) o0 the generic fiber. For case (b), any degree 2 line bundle on F is a
g% by Riemann-Roch. For case (c), the canonical linear system |Kp| is a g%. For case (d),
we can assume that F' is not hyperelliptic, in which case given any = € F' the linear system

|Kp — x| isaggl).

Indeed, |Kp| gives an embedding of F' as a smooth quartic in P3 and projection from
gives a degree 3 dominant rational map to P!, By adjunction, we can let £ be Og(I'), Og(K g+
F), and Og(Kg + F —T") for cases (b), (c), and (d) respectivelyﬂ

2. Note that there appears to be a typographical mistake in [Yos96] where the divisor Kg — I" is taken
in the last case.
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Finally, consider the coherent sheaf fi£ and the associated ruled surface P(f«L) over C.
By case (a),
irr(P(f«L)) = gon(C).

The result then follows from the fact that £ gives a dominant rational map

p: 5 - P(f:05(D))

which has degree 2 in cases (b) and (c¢) and degree 3 in case (d). O
[

Corollary 2.3.4. The degree of irrationality of an abelian surface which admits a degree 2
isogeny to a Jacobian is 3. In particular, the degree of irrationality of a simple (1,2)-polarized

abelian surface and the degree of unirationality of any simple abelian surface are both equal

to 3.

Proof. 1t ¢ : A — J(C) is a degree 2 isogeny to the Jacobian of a smooth genus 2 curve C' the
preimage 90_1(0) is a smooth curve of genus 3. For the second part, a simple (1, 2)-polarized
abelian surface has a degree 2 isogeny to a simple principally polarized abelian surface and
such a surface is the Jacobian of a smooth genus 2 curve. Moreover, any simple abelian

surface is isogenous to a simple (1, 2)-polarized abelian surface. O

Example 2.3.5. It is shown in [RS14] that the product of two non-CM elliptic curves E
and E" which admit an isogeny of minimal degree m contains a smooth genus 3 curve if and

only if m does not belong to the following set:
{1,3,5,9,11,15,21,29,35,39,51,65,95,105, 165,231} U S C N,

where S is either empty of consists of a single odd number. Moreover, if the Generalized
Riemann Hypothesis holds S is empty.
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The first significant upper bound on the degree of irrationality of abelian surfaces was
provided by Keum in [Keu90] who proved that every Kummer surface is the K3 cover of
some Enriques surface. Since Enriques surfaces have degree of irrationality 2 this shows that
the degree of irrationality of every abelian surface is at most 8. Keum’s result provides a
counterexample to the analogue of Conjecture [2.2.9|for abelian surfaces which was formulated
in [BPE™17] some 27 years later. This upper bound was improved by N. Chen in [Chel9] in

the case of abelian surfaces with Picard number 1.

Theorem 2.3.6 (Chen’s bound [Chel9]). If A is an abelian surface with Picard number 1
then

irr(A) < 4.

Sketch of proof. This bound is obtained by constructing explicitly a dominant rational map
to a rational surface. Chen considers the space of even sections H O(A7 2L)" and imposes
base points at some but not all 2-torsion points to get a linear system V c HO(A,2L)*". He
shows that the image of A under the rational map ¢ associated to this linear system is a

non-degenerate surface S and satisfies
deg ¢ - deg S < 8. (2.5)

By construction the rational map ¢ factors through the Kummer surface of A and thus deg ¢
is even. By the Alzati-Pirola bound deg ¢ cannot be 2 if S is rational. Accordingly, the only
two possibilities are degp = 4 and deg S = 2 or deg ¢ = 2 and deg S = 4. In the first case,
S is rational and we are done. In the second case, equality in can be used to show that

there is a morphism Km(A) — S such that
A— Km(A) — S

resolves the indeterminacies of ¢. Here A is the blow-up of A at 2-torsion points. Since V'
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does not have basepoints at some 2-torsion points, a rational curve in Km(A) gets contracted
by the morphism to S. It follows that S has a double point and that projecting from a general
codimension 3 plane containing this singular point gives a degree 2 dominant rational map

to P2, O

Remark 2.3.7. Chen’s bound was extended to all abelian surfaces in [CS19]. This follows
from Theorem [2.2.15 along with the fact that the dominant rational map ¢ : A --» P2
constructed above factors through Km(A), so that a very general Kummer surface has degree

of irrationality 2.

2.3.2  Covering and connecting gonality

The covering and connecting gonality take a particularly simple form for abelian varieties
because of the translation action of an abelian variety on itself. Indeed, given any curve C

on an abelian variety A, the translates of C' form a covering family of A, so that
cov.gon(A) = min{gon(C) : C' C A is an irreducible curve}.

Similarly, given a covering family of curves on A all of whose members go through 04, the

translates of this family give a connecting family.

Consider the Jacobian J(C) of a genus 2 curve C. There is a 1-parameter family of
translates of the theta divisor which go through 04. Since any abelian surface A is covered

by the Jacobian of a genus 2 curve, we see that

conn.gon(A) = 2.
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Example 2.3.8. If A is a simple abelian surface, the discussion above along with Corollary

implies that
cov.gon(A) = conn.gon(A) = 2 < uni.irr(4) = 3.
Note that this gives some heuristic evidence for the conjecture that rationally connected va-

rieties need not be unirational.

For the covering gonality, we refer to the introduction for a discussion of the work of
Pirola [Pir89], Alzati-Pirola [AP93], and Voisin [Voil8]. As discussed therein, one of the
main contributions of this thesis is the proof of Conjecture formulated by Voisin in

[Voil§].
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CHAPTER 3
DEGREE OF IRRATIONALITY OF SUBVARIETIES OF
ABELIAN VARIETIES

In this section, we gather material from [Mar20] and [CMNP19] and provide proofs of The-
orems 13.3.3 and 13.3.4.

In what follows, X is a smooth projective variety, X'/S is a family of such varieties, A
is an abelian g-fold with polarization type #, and A/S is a family of such abelian varieties.
In an effort to simplify notation, we will write X k instead of X é? to denote the k-fold fiber

product of X’ with itself over S.

Given A/S, a family of abelian g-folds with polarization type 6, we will abuse notation
to denote by ¢ 4 both the morphism from S to the moduli stack of abelian g-folds with
polarization type # and the k-fold cartesian product of the natural map between A and the
universal family over this stack, for any k& € Z~q. It will be clear from the context what is

the meaning of ¢ 4.

Definition 3.0.1. A family A/S of abelian g-folds with polarization type 6 is locally complete
if the induced morphism ¢ 4 from S to the moduli stack of abelian g-folds with polarization

type 0 is generically finite. It is almost locally complete if this morphism is dominant.

In particular, if A/S is an almost locally complete family of abelian varieties, then
0 A(A)/p4(S) is a locally complete family of abelian varieties. Note that the following

remark will allow us to only ever deal with varieties and avoid stacks entirely.

Remark 3.0.2. In many of the arguments of this chapter we consider a family of varieties
X — S and a subvariety Z C X, such that Z — S is flat with irreducible fibers. We will

often need to base change by a generically finite morphism S’ — S. To avoid the growth
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of notation we denote the base changed family by X — S again. Moreover, if S\ C S is a
Zariski closed subset, the base change of S\ under S’ — S will also be denoted S). Note
that this applies also to the statement of theorems. For instance, if we say a statement holds

for a family X'/S, we mean that it holds for some Xg//S’, where S” — S is generically finite.

Finally, observe that because of this convention we can think of isotrivial families of
abelian varieties as trivial. Indeed, we can make a base change that corresponds to consid-
ering some large level structure. Since the corresponding moduli space is fine, triviality of

the base changed family follows.

3.1 Specialization and projection

In this section we generalize Voisin’s method from Section 2 of [Voil8] to powers of abelian
varieties. The key difference is that our generalization requires technical assumptions which
are automatically satisfied in Voisin’s setting. Checking that these assumptions are also

satisfied in the case at hand occupies the bulk of this chapter.

3.1.1 Setup and conditions (x), (*x), and (* * *)

Just as in [Pir89],[AP93], and [Voil8§], we will consider specializations to loci of non-simple
abelian varieties. Given 4/S, a locally complete family of abelian varieties of dimension g,

and a positive integer [ < g, we denote by Sy C S the loci along which

where B*/S) and £*/5), are locally complete families of abelian varieties of dimension [ and
g — [ respectively. The index A encodes the structure of the isogeny and we let A; (or Aj(A)

if there is a risk of confusion about the family A/S) be the set of all such A\. Given a positive
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integer I’ < I, we will also be concerned with loci S A, C S) along which
B) ~ DM x FMH,

where DV /Sy and F Aopt /S are locally complete families of abelian varieties of dimen-
sion I’ and [ — I’ respectively. Again, the index i encodes the structure of the isogeny and

we let Al)} be the set of all such pu.

For our applications, we will mostly consider the case (I,I') = (g —1,2). Given a positive

integer k and upon passing to a generically finite cover of S and Sy ,, we have projections

px AG — (BN, (3.1)

and we let

DAy = DPuopy: Algv)\# — (D/\’“)k, for p € A;). (3.2)

For A € Aj, n € Al>>’ and abelian varieties B, D, F in the families B/5), D/\’“/S)\’u, and

]:>"/‘/S)\,M, we can consider the loci

S\(B) = {s €8y :B)= B} C5,, (3.3)

S (D, F)={s € Sy, : Dy" = D, F}M = F} C Sy,

which have the same dimension as the moduli stack of abelian (g — [)-folds.

The main result of this section is Proposition|3.1.1|which is a generalization of Proposition

2.4 from [Voil8]. It states the following:

Given a family of irreducible subvarieties Z C AF that satisfies certain technical
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assumptions, there exists a X\ € A; such that the variety py(Zs) C B varies with

s € S\(B), for B in the family B.

The technical assumptions mentioned above are non-degeneracy conditions. Given a subva-

riety Z C Ak /S, we consider the following subsets of S:

Ry = U{s €S\ :milz, : Zs — (B?)k is generically finite on its image},
A

Ry = U{s € Sy : pr(Zs) is not an abelian subvariety of (Bﬁ‘)k}, (3.4)
A

Rgt = U{s € Sy : pa(Z2s) is not stabilized by a pos. dim. ab. subvariety of (Bg‘)k}
A

We define three non-degeneracy conditions on Z C Ak

(%) Ry C S is dense,
(%) Rgp N Ryp C S is dense,

(kxx)  RgNRyp CSis dense.

These sets and conditions depend on Z and [ and, while the subvariety Z should usually
be clear from the context, we will say (x) holds for a specified value of I. Note that we have

the following obvious implications:
(rxx) = (o) = ().

Assuming condition (*x) is satisfied, a simple argument will allow us to restrict ourselves to
the case where condition (x * %) is satisfied. Moreover, we will show in Lemma that if
Z < A¥ is foliated by positive dimensional suborbits then (x) <= (xx). It follows that (x)

is the only crucial assumption on Z for our applications.
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Recall that, given varieties X and S, an irreducible subvariety Z C Xg with generic
fiber of dimension d over S gives rise to a morphism from (an open in) S to the Chow
variety Chow(X). Here Chow,(X) parametrizes effective cycles of class [Z5] on X. We say
that the variety Z varies with s € S if the corresponding morphism from S to Chow;(X)
is (generically) finite. We remind the reader of the notational convention of Remark
which allows us to remove the words in parenthesis from the previous sentences. The precise

formulation of our main proposition is:

Proposition 3.1.1. Let Z C AF be q variety that dominates S, has irreducible fibers of
dimension d over S, and satisfies condition (xx). Then, there exists a X € A; such that the

subvariety

k ~
Px(As, (B)) C (BQA(B)) = BgA(B)

gives rise to a finite morphism from Sy(B) to Chowy(B¥) for all B in the family B*/S,.

3.1.2  The induction argument

We propose to use Proposition to prove Theorem [3.3.2] We will sketch the induction
argument which is used. Consider a locally complete family of abelian g-folds .A;/S7 and
suppose that a very general member has a d-dimensional orbit of degree k. Up to passing
to a generically finite cover over S, we get a subvariety Z1 C Alf whose fibers over S
are irreducible d-folds, and such that Z; 5 is contained in a fiber of .Ali s = CHy(A1s)g
for any s € S1. Moreover, using translation, we can arrange for Z; to be in the kernel of
the summation map .A]f — Aj. Assuming that (xx) holds for [ = g — 1, we can use the

Proposition to get a (d + 1)-fold foliated by codimension one suborbits:

Zy:=vpx (PA(21,5,)) C v ((BA)k’O) = SOBA(B/\)k’O'

Indeed, observe that p) (21 s) varies with s € S)(B) if and only if the fiber of pga (px(21,5,))

over the point wpr(S)(B)) € ¢a(S)) has dimension greater than the relative dimension of
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pA(Z1,5,) over Sy. To see this, notice that the fiber of ppr(pr(Z1,5,)) over this point is

) »a(21s) c BR.
s€S\(B)

Rename the base pp(S)) and the locally complete family ¢px (BA)/ngA (Sy) as S and
Ao /S2. We can hope to apply Proposition to Z9 and proceed by induction. At the
ith step, one gets a variety Z; C A,I;’O, where A;/S; is a locally complete family of abelian
g — (i — 1)-folds. The variety Z; has relative dimension d + (i — 1), irreducible fibers over
S;, and is foliated by d-dimensional suborbits. At the (g — 1) step, one obtains a variety

k,0

Z(g-1) €Ay

of relative dimension d+ g — 2 which is foliated by d-dimensional suborbits.

Since dimg

(-1) A(g—l) = 2, Corollary then provides the desired contradiction
when g and d are large relative to k. The key issue with this induction argument is to ensure
that condition (#x) is satisfied at each step. Since the relative dimension of the variety Z; to
which we apply Proposition|3.1.1| grows, it gets harder and harder to ensure generic finiteness
of the projection p) | Zis; In Section , we will present a way around this using the fact
that Z; is obtained by successive specializations and projections. This methods requires the

initial family 2y to satisfy (%) for [ = 2. We show in Section that this condition is

automatically satisfied.

3.1.8 (%) is equivalent to (xx) for subvarieties foliated by suborbits

Before proceeding to give a summary of the proof of Proposition [3.1.1] we will establish some
basic facts related to conditions (x) and (**). The main point is that if A/S is an almost
locally complete family of abelian varieties and Z C AF is foliated by positive dimensional

suborbits, then conditions (x) and (%) are equivalent for [ > 2.
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Given an abelian variety A, we denote by T)y := T4 o, the tangent space to A at 04 € A.
We let

g = TA|S7 (35)
G/S :=Gr(g—1,7)/8,

G')S :=GCr(g—1,7)/8,
and we consider the following sections

oy: 8y = Gg, =Gr(g -1, Ts,), ox(s) = Tker(p)\7s), (3.6)

/ /
O-AUU/ : S)\7,U/ - GS)HM = Gl"(g — 1 ) ys)\,u>’ O-)HIU(S) = Tker(p)\,u,s)'

Finally, we will denote by H/G and H'/G’ the universal families of hyperplanes and by

HA/S) and A /Sy, the pullbacks of the universal families of hyperplanes by o) and

O\ p-

Lemma 3.1.2. For any 0 <1’ < < g, the following subsets are dense:

U O’)\<S)\) Ccd
AEN;

U U oxu(Sh) G

)\EA[ MEAZ))

Proof. We only show this for the first subset. The same argument can be used for the second.
It suffices to consider the locus of abelian varieties isogenous to EY for some elliptic curve E.
This locus is dense in S and given s in this locus and any M € My, (,_)(Z) of rank (g — 1),
the image of the tangent space T o under the differential of the isogeny is contained in

M
0 (S)y) for some A € A;. To finish the proof, it suffices to observe that the following subset
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is dense:

{TE%_Z M € ka(g—l)(Z)7 rank(M) =g — l} C Gr(g — l,TEg).
]

For the rest of this section, A/S is a locally complete family of abelian varieties of

dimension at least 2 and Z C A is a subvariety which dominates S and has irreducible

fibers.

Lemma 3.1.3. If Z C AF s foliated by positive dimensional suborbits, then for very general

s € S the subset Zs is not an abelian subvariety of the form A’ with r > 0.

Proof. Consider the Zariski closed sets
{seS:Z,=(As))} CS.

There are countably many such sets so it suffices to show that none of them is all of S.
Suppose that A’j, is foliated by positive dimensional suborbits. By the previous lemma,
there is a A € Ag such that py((As)},) = (B?)M is also foliated by positive dimensional
suborbits for generic s € Sy. This contradicts Corollary [2.1.20) [

Lemma 3.1.4. If Z C Ak/S 15 foliated by positive dimensional orbits and | > 2 the condi-

tions (x) and (xx) are equivalent.

Proof. Condition (x*) obviously implies condition (%), so it suffices to show the other im-
plication. First, observe that if py|z, : Zs — (BM)" is generically finite on its image, then

its image is foliated by positive dimensional suborbits. In this case, R, s M .Sy is open in Sy

and, for very general s € R,y N S), the abelian variety Bﬁ‘ is simple. By Lemma [2.1.20],

for such an s the closed subset py(Zs) cannot be an abelian subvariety of (B2)¥. Hence,
Ryr M Ryp N Sy 1s dense in Sy. This shows that Ry, N Ryp C S is dense provided that Ry

is dense. ]
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3.1.4  Qutline of the proof of Proposition |5.1.1

Let us now sketch the proof of Proposition by highlighting the key steps.

e Step (I): We reduce to the case where (k x %) is satisfied. We will show that if (xx) is
satisfied but (* %) is not, there isan r € {1,...,k — 1}, an M € M}y .(Z), a family
of irreducible subvarieties Z’ C Z of dimension d — rl > 0, and a non-empty open set

U C G such that the following holds:

— Z'J AL,  AFJ AT satisfies conditions (x * *) for [,

-1

— A(29)/(B)hy = pA(Z5)/(B)yy, for all s € Uyen, SaNoy ' (U).

We can then proceed with the argument replacing Z  A* with 2’/ Ay C Ak Al
e Step (II): As in the proof of Proposition 2.4 from [Voil8], we argue that, though the

projections p, | zg, are only defined along loci S, there is a way to realize many of
them birationally as specializations of a map defined over all of G. Namely, we show

that there is a variety Zb /G and a generically finite morphism p : Z5 — Z'G that

identifies birationally to

Palzs,  (2G)ay(8y) = 255 — PA(ZS))

along many loci ) (S)) C G. This uses crucially the density result from Lemma |3.1.2]

e Step (II1): Resolving the singularities of Z5 and Z&, we obtain a morphism p : ZVG —

2! which coincides with p up to birational equivalence. We examine the map

B o7 Picd(AF) L5 picd(2,) 2% Picd(2)),

where j is the composition of the natural map p g& — Zq and the inclusion

Za — .A]é. This is a non-zero morphism of abelian varieties and, applying the con-
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vention of Remark we see that there is a r € {0,...,k — 1} and a matrix
M € My, (Z) such that ker(Px o j*) contains Pico(.At)’jW as a finite index subgroup

for every t € G.

But if p agrees birationally with the map pyop: (é"\é)aA(S/\) — pA(Zs,) along o (S5))

and p)(Zs) does not vary with s € S, the abelian variety

—_—

Pic’ (p)\ (Zs ))

admits an isogeny from the abelian variety PicV ((5§)k/(5?)rM) for any s € S)(B).
Since the set of abelian varieties in the locally complete family gy (EN)/ wer(Sy) ad-
mitting a non-zero morphism to a fixed abelian variety is discrete, we reach the desired

contradiction.

3.1.5 Step (I): Reduction to the validity of condition (x * %)

Lemma 3.1.5. Suppose Z satisfies condition (xx) for somel. Thereis anr € {1,...,k—1},
an M € My, (Z), a family of irreducible subvarieties Z' C Z of dimension d —rl > 0, and

a non-empty open set U C G, such that the following holds:
o ZIJAY, C .Ak/.A’M satisfies conditions (x % *) forl,
o DA(ZD)/(BY)hy = paA(Zs)/ (B, for all s € Uyen, San oy ' (U).

Proof. Since (x) is satisfied, we can find a \g € A; and an sy € S, such that p)\0|280
is generically finite on its image, Bg‘g is simple, and py,(Zs,) C (Bg\(?)k is not an abelian

subvariety. Suppose that py,(Zs,) is stabilized by (Bé‘g)?w but not by a larger abelian
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subvariety of (B;‘g ). Then, the subvariety

Dag(Zs0)/(Ba)hy © (BaO)* /(B

is not stabilized by any abelian subvariety of (Bﬁ‘(?)k / (Bﬁ‘g)}“w.

Let Z’ C Z be the intersection of Z with rl generic very ample divisors. Base changing by
a generically finite morphism if needed, we can suppose that Z’ — S is flat with irreducible
fibers. We claim that Z'/ A}, C Ak/Ayw satisfies (x x x) for [. Since Z’ is an intersection

with generic very ample divisors we have the following equality:
Pro(Z40)/ (B3 )hy = Pag(Zs0)/ (Bsd) -
In particular, dim py, (Z;O)/(Bg\g)yw > 0.
The idea is now to use the Gauss map to leverage the fact that the subvariety
Pr(Z40)/ By © (B) /(B39

is not stabilized by an abelian subvariety in order to deduce similar information about

PA(Zg, /(As,)}y) for A # Ao

For each A € A; such that p) | Zs, is generically finite on its image, we have a commutative

diagram:

pAl iﬂHA (3.7)

where & denotes the Gauss map and 7, is the rational map induced by the quotient map
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95]?)\ — (gS)\/H/\)k- Note that in this diagram and in what follows we take the liberty to
write py for the map p)\\ZSA : 25, — pA(Zs,). We can consider the analogous diagram

obtained by restricting to ng/\ C Zg, and quotienting by (Ag, )} :

2y [(Ag))hy - LA Gr(d—rz,yg/(ysA)M)
p)\l EW’H)\ (38)

N2

Here we abuse notation by writing py and 7y, for the maps induced by py and m9,x on the

quotients.

Note that it is not a priori clear that both Gauss maps take value in the Grassmanians of
(d — rl)-planes. We claim that there is a non-empty open set U’ C G such that these Gauss
maps take value in the Grassmanians of (d — rl)-planes whenever o (S,) N U’ # 0. For the
top Gauss map, one can observe that the dimension of Z{/(As)’, is upper semi-continuous

and that

: A . A
dimpy, (25,)/(Bs2)hy = dimpy, (Zs0)/(Bed)hy = d — .

For the bottom Gauss map, this follows from the fact that

P - Zéo/(ASO)y\/[ - P (Zéo/(ASO)gw>

is generically finite on its image for dimensional reasons.

Now, the key observation is that the upper right corner of diagram (|3.8]) is a specialization
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along 0, (S)) C G of the following diagram defined over G := Gr(g — [, .7):

9
24/(Ag)yy - » Gr(d. 75Ty
1M (3.9)
+
Cr (d, Tk + (yG)TM]).

Moreover, the composition of these rational maps is well-defined. Indeed, it is defined

over o, (s0) € G since py,|z [(As)ly is generically finite on its image and diagram (3.8)) is
50 S

commutative. In fact, the composition my 0% is generically finite on its image over o )\0(30) €
G since both p)‘0|2§0/(“480)§\4 and the Gauss map of py (Z5,/(As,)},) are generically finite
on their images. For the Gauss map, this follows from results of Griffiths and Harris (see

(4.14) in |[GH79]) along with the fact that

g (Zho/ (Aso)hr) = Pag (Zso/ (Asg)r) © (Bad)F /(Ba0)h,

is not stabilized by an abelian subvariety.

Hence, there is a non-empty open U C G over which 73 0 ¢ is a well-defined rational
map which is generically finite on its image. We claim that for any A € A; we have the

inclusion

SxNoy 1 (U) € Ry N Ryy.

This implies that Z’/ A" . satisfies condition (¥ * *) since the following subset is dense
M

Un | J ax(8) cG.
/\GA[

Our claim follows from the fact that my,x 0% is generically finite on its image over any s
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such that o) (s) € U. Because diagram (3.8)) is commutative, this implies both that

PA(ZL/(As)hp) € (BN /(B

is not stabilized by an abelian subvariety and that

pa s 25/ (As)hy — pa(Z¢/ (As)iy)

is generically finite. ]

Lemma m allows us to reduce to the case where Z C A satisfies condition ( %) to

prove Proposition Indeed, if A € A; and B in the family B are such that the family

PA(ZS, (3)/ (As,(8)hr) € (BY/Bip)s,(m)

gives rise to a finite morphism from Sy(B) to Chowd(Bk/B}"\/[), then the family

PA(Zs,(B)) C Bg(g)

also gives rise to a finite morphism from Sy (B) to Chowg(B¥). Hence, if the conclusion of
Proposition m holds for Z’/A?% ;, then it also holds for Z itself. While everything we will
do from now on is valid with 2’/ A’} satisfying (s % %), we will keep writing Z C AF in an

effort to simplify the notation.

3.1.6  Step (Il): Birational factorization

In the previous section we saw that, given Z C AF satisfying condition (x % %), we have a

rational map

q=my o9 : Zg --» Gr(d, (7@/H)k),
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which is generically finite on its image, and, along each locus 0)(.S) ), a factorization

N q:=m3,0Y
Z, (5 = 25y e » Gr(d, (Fa/H)F)

T (3.10)
D T

PA(Zs))-

In this section our goal is to show that there exists a factorization of g over G that iden-
tifies birationally with py along o) (S)) for many A € A;. This is a key input in Step (III).
While the content of this section is likely known to experts, we decided to spell it out at

length because it plays a decisive role in the argument.

Lemma 3.1.6. Consider Z/S, a family with irreducible fibers and base, and q : Z/S — X /S
such that qs : Zs — Xs is generically finite for each s € S. Let S’ C S be a Zariski dense

subset such that for each s' € S we have a factorization of q over s’ as follows:

Z, q s Xy

S

Then there is a family Z'/S, morphisms p: Z — Z' and p' : Z' — X, and a Zariski dense

subset 8" < S" such that:

o For any s € S”, the varieties p(Z41) and f(Z41) are birational,

e p and p’ induce the same morphism on function fields as fgr and ggr respectively over

any s € S".

Proof. We first restrict to a Zariski open subset of X (which we call X in keeping with
Remark [3.0.2)) over which ¢ is finite étale and such that X — S is smooth. By work of
Hironaka, we can find a compactification X of X with simple normal crossing divisors at

infinity. Restricting to an open in the base, we can assume that Xs \ X is an snc divi-
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sor for any s € S. One can use a version of Ehresmann’s lemma allowing for an snc divisor

at infinity to see that X — S is a locally-trivial fibration in the category of smooth manifolds.

It follows that we get a covering

q: Z2/S — X/8S.

Note that we renamed as Z an open subset of Z over which ¢ is étale. To complete the proof

of Lemma [3.1.6| we will need the following Lemma.

Lemma 3.1.7. Consider a covering q : Z/S — X /S, with Zs connected for every s € S,

and a factorization of q over sg € S:

Zs, a y Xs,
h 9s0
fso(Zsg)-
Then, there is a factorization
z a s X
X %
f(2),

which identifies with the original factorization over sg € S.

Proof. Consider the Galois closure 2’ — X of the covering ¢ : Z — X. Note that Zgo is
connected. Indeed, there is a normal subgroup of the Galois group of Z’/X corresponding to
deck transformations inducing the trivial permutation of the connected components of Z;O.

This subgroup corresponds to a Galois cover of Z since Zs, is connected.

It follows from the fact that Z, is connected that the map Gal(Z’/X) — Gal(Z{,/Xs,)
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is injective because a deck transformation which is the identity on the base and on fibers

must be the identity. Since Gal(Z’/X) has order
4= des(2//0) = deg(Zly [ Xay),

and Gal(Z; /Xs,) has order at most d, this restriction morphism must be an isomorphism
and Z;O /Xs, is thus also Galois. One then has an equivalence of categories between the
poset of intermediate coverings of Z’/X and that of Zgo /Xs,, and hence between the poset

of intermediate coverings of Z/X and that of Z;/Xs,. O

By the previous lemma, to each factorization fy we can associate an intermediate cover
Z — 2% of Z — X which agrees with fy at s’. Since there are only finitely many interme-
diate covers of Z — X, we get a partition of S’ according to the isomorphism type of the
cover Z — Z% . One subset §” C ' of this partition must be dense in S. Let f: Z — f(2)

be the corresponding intermediate cover. O]

For the rest of the proof of Proposition [3.1.1] we are back in the situation of diagram

(3-10).

Corollary 3.1.8. There is a variety Z' /G, a morphism p : Z — Z', and a subset Ajp CAy,
such that:

o U)\GAZ,O ox(Sy\) C G is dense,

® pA(Zt) and p(Zy) are birational for any A € Ay, t € o\(5)),

e p: 2 — p(2h) and py : Z¢ — pr(Z¢) induce the same map on function fields, for any

S Al,()f t € 0y(Sy).

Proof. This follows from the previous lemma and its proof once we observe that the inter-
mediate covering of ¢ (or rather of an appropriate étale restriction of ¢ as above) associated

to the factorization py : Zy — p)(2¢) is independent of t € 7)(S5)). O
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3.1.7 Step (II1): Final argument

Proof of Proposition [3.1.1. Using Step (I), we may assume that Z C AF satisfies condition
(* % %). By Step (II), we have a variety Z(/G, a morphism p : Zg — Z(;, and a subset

Aj o C Ay, such that:

e p identifies birationally with py : Zg, — p\(Zg,) along 0)(Sy) C G, for all A € A; g,

® Uxen,, o1(5)) C G is dense.

Up to shrinking GG, we can consider desingularizations with smooth fibers:
p:2¢/G — ZL,/G.

We have the inclusion

j:ZG—>Alév

as well as the map

}::jop:ZG—%AI&,

where p : ZAE; — Z¢ is the natural map. The morphism ; gives rise to a pullback map
7 Picd(A4y) — PicY(Zy).
Since p is generically finite on its image we can consider the composition
Be 0" Pic(AF) = Pic(Z)) — Pic%(2)).
This is a morphism of abelian varieties defined for every ¢t € G.

We first show that it is non-zero along 0(S5y) for any A € A;g. Consider t € 05(S)).
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The variety A; is isogenous to BL%‘ X Et)‘ and we have the following commutative diagram

Zt%flé{;

W I

!/

pA(Z) —1— (BM)E.

Consider a desingularization of py(Z2;) and the induced map

—~—

7 oa(Zh) = (BYF.

The fact that p identifies birationally to py along o) (S)) implies that the following diagram

is commutative:

Pic)(Z;) « / Pic0(AF)

It follows that
Pro (5% opr*) =P o (5" 0j™) = (s 0 %) 0 j* = [deg(p)] o j*.

Since py(Z¢) is positive dimensional, the morphism j'* is non-zero and so pyx o j* is non-zero.

We conclude that the connected component of the identity of the kernel of py o }* is an
abelian subscheme of AF which is not all of AF. For very general t € GG, the abelian variety

Ay is simple. Therefore, for such a t, the abelian subvariety
~ ~ —~ 0
ker(py 0 5%)9 := ker (ﬁ* oj*: PiCO(Af) — PicO(Zé)>

is of the form (A¢)"y;, with M € M},,,.(Z) of rank r, and r < k — 1. Choosing M and r such
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that

{t€ G ker(proj")) = (A} C G

is dense, and observing that this set is locally closed, we see that, shrinking G if needed,

ker(ps o}*)f = (Ap)jy for all t € G. In particular, for t € o)(S5)), the abelian variety

PicY (ker(py)¢)/ ker(px o 75 N PicY (ker(py)¢)

is isogenous to the abelian variety

PicO(ker(p/\)t)/(.At)M N Pic? (ker(py)s) # 0.

Now consider A € A; such that o) (S)y) # 0, namely such o (S)) has survived the various
base change by generically finite maps, and B € B such that ox(S\(B)) # (. Suppose that
there is a curve

C' Cox(SA(B)) = S\(B),

such that py(Z;) = p\(Zy) for any t,# € C, namely such that C is contracted by the
morphism from Sy (B) to Chowg(B¥) associated to the family Px(Zs,(B)) C Bg,\(B)' Since
the abelian variety

Pic®(Z)) = Pic" (n\(2)))
does not depend on ¢t € C, it must admit an isogeny from each of the abelian varieties

Pico(ker(p/\)t)/(At)M N Pico(ker(p)\)t), teC.

Because an abelian variety cannot admit an isogeny from every member of a non-isotrivial
family of abelian varieties, this provides the desired contradiction. This completes the proof

of Proposition [3.1.1] O
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3.2 Salvaging generic finiteness and the Projection Lemma

In this section, we refine the results from the previous section in order to bypass assumption
(*) in the inductive application of Proposition [3.1.1] The idea is quite simple: In the last
section we saw that we can specialize to abelian varieties Ag isogenous to a product B X Eg,
where Fy is an elliptic curve, in such a way that the image of Z4 C AI§ under the projection
Ai? — B varies with s. In this section, we will specialize to abelian varieties Ag isogenous
to a product D x F' x Eg, where Ej is an elliptic curve and D an abelian variety of dimension

at least 2.

Under suitable assumptions, the image of Z5 under the projections Al; — DF and A§ —
(D x F)k varies with s. Hence, if we consider in (D x F)k and D¥ the union of the image
of these projections for every s, we get varieties Z1 C (D x F )k and Z9 C DF of dimension
dimg Z + 1. Since the restriction of the projection (D x F)¥ — DF to Z; has image Zo and
dim Z1 = dim Z», this restriction is generically finite on its image. This argument allows
us to get condition (x) for free when applying Proposition inductively. We spend this
section making this simple idea rigorous and presenting a proof of the Projection Lemma

to be used in the proof of Theorem [3.3.2]

3.2.1 Salvaging generic finiteness

The main result of this section is the following.

Proposition 3.2.1. Suppose that Z C AF satisfies (xx) forl' > 2. There exists a \ € A(g—l)

such that
(nA(Z5,)) © o (BY)"
Ppr\PA\ZS, YBA
satisfies (x) for I and has relative dimension dimg Z + 1 over ppgx(S)).

The proof of this proposition will rest on the following lemma:
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Lemma 3.2.2. Let A/S be a locally complete family of abelian g-folds and consider \ €
Agg—1) and p € Al)), where I' < g — 1. If py ,(Z1) C DF waries with t € Sxu(D, F), then
©RA (SA,M(D,F)) lies in Ryr C ppa(Sy)-

Note that the curve Sy ,(D, F) is contracted by the map ¢gy from Sy to the moduli

stack of polarized abelian (g — 1)-folds with an appropriate polarization type.

Proof. Given A € Ayy_1)(A), the family pjpx (B)‘) is locally complete. For any p € Al>> (A),

there is a u’ € Al/(gog,\ (B)‘)) making the following diagram commute:

PpA,unCPX
k DA st R )\’ k
5, + opan(DM)

@ BA% %u P,/

k
QOB)\ (Bg\y/\’#) :

Consider the restriction of this diagram to Sy (D, F), where D and F' are members of the

families DM and FAH:

k PpAuPrp Ak
AS, .(D.F) > D
A k
P (BSA,AD,F)) :

If py ,(2¢) varies with ¢t € Sy ,(D, F), we have

dim(ngA,# Op)\#) (ZS)“M(D,F)) = dlmSZ + 1

and thus the restriction of ¢px . 0py , to the (dimg Z +1)-dimensional variety Zg, L(D,F) C
A Syu(D.F) is generically finite on its image. From the commutativity of diagram (3.11)), we

see that the restriction of ¢pu o p,s to

(w57 0Py (ZSA’H(D,F)> C ¥ <B§A7,L(17,1v))]C
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is generically finite on its image. It follows that ;) (S) (D, F)) € R,y O

Remark 3.2.3. Note that if p) ,(Z;) varies with ¢t € Sy (D, F') then p)(Z) varies with ¢ €

Sa,u(D; F). In particular, it follows that (¢zx 0py)(Zg,) has relative dimension dimg Z +1
over ©pa(Sy)-

Proof of Proposition|3.2.1. In light of Remark and Lemma [3.2.2] it suffices to show

that there is a Ay € A; and a subset Al>> 0 C A;} such that:

/.
° U'UEA?,O 0-)\7/L(SA,M> - GS)\ 1S dense,
e p) u(2t) varies with ¢ € Sy (D, F) for every D, F.

Following the same argument as in the proof of Lemma [3.1.6] we get a partition

U A)=Tyunu...uT,
A€ (g-1)
according to the isomorphism type of the étale covering associated to the map py " Consider
the following function:
DAy —{IC{l,....n}: 1 #0}

g—1

A {Z e{l,...,n}: U oau(Sx ) C G/S/\u is dense }
uEYMWA;

Its fibers make up a partition of A¢,_1y and so there is a fiber D~1(I) such that

U ox(Sy) C G is dense.
AeD—L(I)

Pick ig € I and let T' = T;,. By construction, the following subset is dense for any A\ €
D=(1):

U 0-)\7M<S)‘7M) C G/S)\#‘
uETOA?
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It follows that the following subset is also dense:

U U oauSi) c@.

AxeD—L(I) HGTQAIA/
We can carry out the proof of Proposition for I using the loci Sy ,, with A € D~(I) and
p € T instead of the loci Sy with n € Ap. It follows that py ,(Z¢) varies with ¢ € Sy ,(D, F)
for every D and F if A € D_l(] ) and p € T. Indeed, the key ingredient of Proposition

is that Z satisfies (x*) along with the density statement of Lemma [3.1.2] Choosing

A € D71(I) and setting Al>> 0:=Tn Al>> completes the proof of this proposition. O]

3.2.2  Condition (x) for |l =2 and the Projection Lemma

In light of Proposition |3.1.1], Proposition and Lemma [3.1.4] the key assumption to be
able to apply the induction argument of Section to a flat family of suborbits Z c A¥ /S
is that condition (x) be satisfied for [ = 2. In this section, we show that this assumption is
valid in all instances of interest for the study of measures of irrationality. These results can
be found in [CMNP19] and were obtained in collaboration with E. Colombo, J. C. Naranjo,

and G. P. Pirola.

Proposition 3.2.4 (Claim 2.4 in [CMNP19)]). A family Z ¢ A¥0/S of suborbits of relative

dimension d over S satisfies condition (x) for | = 2 provided that either
e g =dimg A is even,
e 1 <d<gandk <2g9—2.

The same holds if Z C Ak’O/S is a family of subvarieties foliated by suborbits of codimension

one.

Given an abelian subvariety T of an abelian variety A, let pp : A — A/T be the quotient
map. Denote by Sub(A) the poset of positive dimensional abelian subvarieties of A under

inclusion. The proof of Proposition uses the following lemma:
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Lemma 3.2.5 (Lemma 3.1 in [CMNP19] ). Let Z be a subvariety of an abelian variety A.
There is a finite subset Sy C Sub(A) satisfying the following: if T € Sub(A) is such that
pr|z is not generically finite on its image and pp(Z) is not covered by tori, then T' contains

an abelian subvariety in Sy.

Note that under the above assumptions pp(Z) is positive dimensional, else it would be

covered by a 0-dimensional torus.

Proof. This result is consequence of the theory of generic vanishing. We easily reduce to the

case A = Alb(Z ), where Z smooth and Z is the image of Z under the albanese map
alb : Z — A,

which is birational on its image. Let 7" be a subtorus of A such that pp|yz is not generically
finite on its image and pp(Z) is not covered by tori. Changing the desingularization Z—Z
if needed, denote by Y — pp(Z) a desingularization of pp(Z) such that the rational map

Z --»Y extends to a morphism g : Z — Y. The quotient A — A/T factorizes via Alb(Y).

Note that ¢*Pic%(Y) ¢ SH™Y (7)) where
SK(Z) .= {a e Pic%(2) : h¥(Z,a) > 0}

are the cohomological support loci (see [GLII]). To see this, observe that by hypothesis
pr(Z) is not covered by tori, hence the same holds for the albanese image of Y. In particular,
x(Ky) > 0 by Theorem 3 in [EL97]. Therefore, by generic vanishing, for any 8 € Pic(Y)
we have hAMY (Y, 8) > 0 and thus A9™Y (Z ¢*8) > 0. Hence, g*Pic?(Y) is contained
in an irreducible component W of some S¥(Z) with k < dim Z. Since all the irreducible
components of S k(Z ) are translates of subtori, W is an abelian variety. Dualizing we get

the factorization

pr: A= W* = Alb(Y) — A/T.
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The lemma then follows by the observation that the number of irreducible components W

of Up<dim 7z Sk(Z) is finite. O

Let A be an abelian variety and r, [, k be positive integers with r > 2 and 1 <[ <r — 1.

Given M € M, (Z), we consider the map iy, : A — A" and the quotient map
s =py s AT (AT 4G

We use the previous lemma to deduce the following:

Projection Lemma 3.2.6 (Projection Lemma 3.2 in [CMNPI9]). Let Z C [A"]F be a
subvariety which is not covered by tori. If M € M,;(Z) is generic then ppr(Z) is covered

by tori or pyrlz 2 Z — [A”/A{M]]f is generically finite on its image.

Proof. By Lemma m there is a finite set S, of abelian subvarieties F' C [A"]¥ such that
if pas(Z) is not covered by tori and pjs|z is not generically finite on its image then [AlM]k
contains some element of Sy. It is then enough to show that for the generic M € M,..;(Z)

the abelian subvariety [AlM]k C [A"]F does not contain any such subvariety.

This is almost obvious: Ty = H{(A,Z) ® R and a vector wl' e Tp is identified with a

vector (Qf, . ,ka) with wf € Hi(A,Z)" ® R. For each F' € Sz, choose a non-zero vector
F

wl' € Tr such that its components are in Hy(A,Z)" ® Z and a non-zero component w; €
H(A,Z)" of w!'. Choosing an isomorphism H (A, Z) = 72 dimA e oot an isomorphism
Hy(A,z)" = [z")2dmA and for each F choose a non-zero component up € Z" of wf; €
H{(A,Z)". 1t is enough to take M € M, ;(Z) such that up is not in the space generated
by the columns of M for any F' € Sy. The set of such M is Zariski open in M,..;(Z) and is

not all of M,y ;(Z). O

Finally we prove Proposition
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Proof of Proposition |3.2.4). First observe that by Lemma up to passing to a Zariski
open in S, we can assume that Zs is not covered by tori for any s € S. We first reduce to
the case where dimg.A = ¢ is even. It is in the course of this reduction that we will use the

hypothesis that 1 < d < dim A if ¢ is odd.

Suppose that g is odd, we show that there is a A € A,_1 such that p)\|gs)\ 1 Zg, — (BM)E
is generically finite on its image. Then the image of Z Sy (E) under this projection is a family
of suborbits Z’/S’ for a locally complete family of abelian (g — 1)-folds ng,\(B/\)/goBA(S)\).

We are reduced in this way to the case of even-dimensional abelian varieties.

Consider s € S such that Ay is isogenous to EY9 for some elliptic curve E. We contend

that there is a choice of M € M, 1(Z) = Z9 such that the composition
k g1k g /; k
Zs = Ag = [E]" = [EY /iy (E)]

of the inclusion, the isogeny, and the projection is generically finite on its image. This is

obvious if d < dim A so it suffices to show it for d = dim A.

If this is not the case, it is easy to see that for any y in the smooth locus of Zg the
tangent space to Zs at y is of the form (T'4,) s for some M € CF. Indeed, this follows from

the following lemma along with the fact that the following subset is dense:
{Cl; : M e 29}y c P(CF).

Lemma 3.2.7. Consider a g-dimensional vector space V., a positive integer k, and a g-
dimensional subspace W C V. If the restriction of the projection wp : VE — (V/L)* to W

is not an isomorphism for any L € P(V'), then W = Vyy for some M € Ck.
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Given 1 < ¢ < gand w € HO(AS,Q?%), the form w;, = Zle prijw restricts to zero
on Zg since it is a suborbit or it is foliated by normalized suborbits of codimension one. It
follows that the image of the Gauss map of Zg lies in the subvariety of the Grassmanian
of g-dimensional subspaces of Tfls parametrizing subspaces of the form (T 4 )y, with M =

(m1,...,my) € CF satisfying
k
ng:O fore=1,...,q.
i=1

These are ¢ — 1 independent conditions on M € CF and so the image of the Gauss map of Zg
must be at most k— (¢—1)-dimensional. As long as k < 2¢g—2, this show that the Gauss map
of Zg is not generically finite. Since Zg is not covered by tori, this contradicts well-known

results about non-degeneracy of the Gauss map of subvarieties of abelian varieties (see (4.14)

in [GHT79]).

In the case of abelian varieties of even dimension g = 2n, consider the locus Y C S of
abelian varieties isogenous to D", for some simple abelian surface D. Since Y is dense in S,
to show that (x) is satisfied it suffices to show that Y C Ry,. For every y € Y, we can fix an
isogeny Ay ~ D". Then, for any M € Mnx(nfl)(Z) of maximal rank, we get a projection

Py Ay — DF obtained by composing the fixed isogeny with the projection map
[D")F = [D” Jipg (D" )",

The maps pjy are specializations of maps py with A € Ay toy € Y. But for any y € Y N .S},
the variety py(Zy) is a suborbit or foliated by suborbits of codimension one and hence not
covered by tori. Indeed, up to an isogeny, p)(Zy) is a subvariety of DFE_and if p A(Zy) were
covered by tori it would be covered by tori of the form D,; C DF , for some M € ZF. This

together with the fact that py(Zy) must be totally isotropic for the 2-form wy, := Zéf:l pryw
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for any w € HO(D, Q%) would contradict Lemma [2.1.19, We are thus in a position to apply
the Projection Lemma to see that for any such y there is a A € Ay such that y € S)

and p)| z, is generically finite on its image. It follows that Y C R O

3.3 Proof of Voisin’s conjecture

In this section we present the main results about rational equivalence of zero-cycles on abelian
varieties which we obtain by applying the induction argument sketched in Section [3.1.2] We
deduce several applications to the study of measures of irrationality for abelian varieties and
their subvarieties. Moreover, we discuss existence results for positive dimensional orbits and
families of such orbits. Finally, we present a strenghtening of Conjecture [1.0.3| which follows

from one of the conjectures of Voisin in [Voil§].

3.3.1 Main results on rational equivalence of zero-cycles

Corollary 3.3.1. Suppose that a very general abelian variety of dimension g has a d-
dimensional orbit of degree k and let A be a very general abelian variety of dimension
(g—1) > 2. Ifgis even of d < g, then A%V contains an (I + d)-dimensional subvari-

ety foliated by d-dimensional suborbits.

If1 > 2, then AR0 contains an (d + (1—51)> -dimensional subvariety foliated by d-dimensional

suborbits or an (I + d)-dimensional subvariety foliated by (d + 1)-dimensional suborbits.

Proof. Under the assumption of this corollary, we have a flat family of irreducible d-dimensional
suborbits Z c Ak.0 /S, where A — S is a locally complete family of abelian g-folds. By
Proposition [3.2.4] Z satisfies (x) for [ = 2. We can apply Proposition inductively since

condition (x*) follows from (*) by Proposition [3.2.1]
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For the second part, observe that by the first part there is a A € Ay such that

(Ppr o PA)(Zs,)/pa(Sy)

has relative dimension at least d 4+ [. This was obtained by successive specializations and

projections. But the morphism

S)\ — ChOWd<(B>\)k’ O>

s [(epropa)(2s)]

is an (lgl)—parameter family of d-dimensional suborbits lying in (¢gx © py)(Zg,). Hence,
if (p) o pyr)(Zg,) has dimension less than (lgl) + d, it must be foliated by suborbits of

dimension at least d + 1. O]

Theorem 3.3.2 (Theorem 1.1 in [CMNP19]). If A is a very general abelian variety of
dimension at least 3, d is a positive integer, and d < dim A if dim A is odd, then all fibers
of the map ¥y, : AF — CHy(A) have dimension less than d if

dimA+1

k<d+ 5

Proof. By Corollary [3.3.7] if a very general abelian variety of dimension g > 3 has a d-
dimensional orbit of degree k, then for a very general abelian surface B either there is
a subvariety of Bk.0 of dimension d + (g 51) foliated by d-dimensional orbits or there is a
subvariety of Bk:0 of dimension d+ g—2 foliated by (d+1)-dimensional orbits. By Corollary

2.1.17, in the first case we get

5



or

1/g—1
k>d+1+ = .
zasre5(75 )

In the second case, we get
d+g—2<2(k—-1)—(d+1)

or

k> (2d+g+1)/2.

This gives the desired inequality. O]

Corollary 3.3.3 (Corollary 4.7 in [Mar20]). Conjecture holds: a very general abelian

variety of dimension > 2k — 2 has no positive dimensional orbits of degree k.

Corollary 3.3.4 (Corollary 1.2 in [CMNP19]). If A is a very general abelian variety and

Z C A is a subvariety, then

dimA+1
irr(Z) > uniirr(Z) > dim Z + %
FEquivalently,
dimA+1
uni.irrg(A) > d + %
In particular,

3dimA+1
5 )

uni.irr(A4) >
Remark 3.3.5. The bound irr(A) > (3dim A + 1)/2 on the degree of irrationality of a very
general abelian variety is an improvement of the Alzati-Pirola bound (Theorem [2.3.1)). While

it will be superseded for some polarization types in the next chapter, it remains the best

bound which applies to all polarization types.

We can use the same argument to rule out the existence of subvarieties of AR 0 foliated

by suborbits of codimension one.
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Theorem 3.3.6 (Theorem 1.3 in [CMNP19]). Let d be a positive integer and A a very general
abelian variety of dimension at least max(4,d). If A admits a one-dimensional family of d-

dimensional normalized orbits of degree k, then
k>d+dimA/2+ 1.

Note that this theorem follows trivially from Theorem if dim A is even.

Proof. We can carry out the same argument as in Corollary 3.3.1] If a very general abelian
variety A of dimension g > 4 contains a one-dimensional family of normalized d-dimensional
orbits then the following holds: Given a very general abelian surface B, either there is
a subvariety of Bk,0 of dimension d + (g 51) foliated by d-dimensional orbits or there is a
subvariety of B%9 of dimension d+ g— 1 foliated by (d+1)-dimensional orbits. By Corollary

2.1.17] in the first case we get

or

1/g—1
k>d+1+ = .
>a+145(75 ")

In the second case we get

d+g—1<2(k—1)—(d+1)

or

k>d+g/2+1.
This gives the desired inequality. O

Our method yields stronger results if we only consider orbits of the form | Zf:_ll{al} +

1{04}]. The following generalizes Theorem 1.4 (4) of [Voil§].
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Theorem 3.3.7. A very general abelian variety A of dimension at least 2k + 3 — 1 — d does
not have a d-dimensional orbit of the form | Zi-:ll{ai} +1{04}|. In particular, if A is a very

general abelian variety of dimension at least k + 1, the orbit |k{04}| is countable.

Proof. Suppose that a very general abelian variety of dimension g > 2k +3 — [ — d has a
d-dimensional orbit of the form | Zf:_ll{az} +1{04}]. We can find A/S, a locally complete
family of abelian (2k + 3 — I — d)-folds, and Z C A*, a family of d-dimensional suborbits,
such that

Al toa ¥ nzs #£0,  vses.

By Propositions|3.2.1} 3.1.4} and [3.2.4} thereis a A € Ag such that (pgropy)(Zs, ) has relative

dimension 2k + 1 — [. Given B in the family B and b = (b1,...,b;_;,0p,...,05) € B,
consider

SA\(B,b) :={s € S\(B) :b € (pprop))(2s)}-

Clearly, (¢px 0 p))(Zg,(B,p)) is a suborbit. In particular, (¢px 0 py)(Zg, (py) is foliated by
suborbits of codimension at most 2(k — [). This contradicts Corollary [2.1.18] [

3.3.2  Existence results for positive dimensional orbits

When seeking lower bounds on measures of irrationality one is led to rule out existence of
large dimensional orbits of small degree. Since the study of orbits for rational equivalence
is interesting in its own right, one could instead seek existence results for subvarieties of
AF foliated by d-dimensional suborbits. Alzati and Pirola show in Examples 5.2 and 5.3 of
[AP93] that for any abelian surface A there is a 2-dimensional orbit in A% 0 and a threefold
in A30 foliated by suborbits of positive dimension. In particular, using the argument from

Remark [2.1.16] we see that Corollary [2.1.18] is sharp for d = 0,1, 2.
Example 3.3.8. In [Lini6] Lin shows that Corollary is sharp for every d.

The methods of [Lin16] can be used to show the following:
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Proposition 3.3.9. Let A be an abelian g-fold which is a quotient of the Jacobian of a smooth
genus g’ curve C. For any k > ¢ +d—1, the variety A% O contains a (g(k+1— ¢ —d)+d)-

dimensional subvariety foliated by d-dimensional suborbits.

Proof. To simplify notation we identify C' with its image in J(C). We can assume that
04 € C. Recall that the summation map Sym‘C' — J (C) has P9 as generic fiber for all
I > g'. Moreover, if (c1,...,¢) and (c],...,¢)) are such that Y ¢; = 3~ ¢, € J(C), then the

zero-cycles > {c;} and > {c¢;} are equal in CHy(C'), and thus in CHy(A).

In light of Remark [2.1.16| it suffices to show that A9H+d=10 contains a d-dimensional

suborbit. Consider the following map:

/ /
¥ C % 9 +d-1 v A9 +d—-1

(Co, (Cl, e 7cg’—|—d—1)) — (Cl —C0s -5 Cylqd—1 T CO).

This morphism is generically finite on its image since the restriction of the summation
map A2 — A to C2 c A? is generically finite. The intersection of the image of 1 with

A9+d-1.0 ig 5 d-dimensional suborbit. Indeed, given

/ —
(c1 — o, - . 1 Colpd—1 — co) € Im(yp) N AY +d 1’0,

we have
g +d-1
Y ci=(d +d—1)c,
=1
so that
g +d—1
> e} =g +d—1){co} € CHy(C).
=1
It follows that
g +d-1
Y {ei—col = (¢’ +d—1){04} € CHy(A).
1=1
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]

Remark 3.3.10. The previous proposition is by no means optimal. Indeed, it provides a
one-dimensional suborbit of degree 3 for a very general abelian 3-fold while, as pointed out
by a referee for [Mar20], such an abelian variety admits a one-dimensional family of one-
dimensional suborbits. To see this, observe that a very general abelian 3-fold is isogenous
to the Jacobian of a quartic plane curve C. Projecting from a point ¢ € C gives a degree
3 rational map ¢, : C' --» Pl. Let Z C C x Sym3C be the image of the rational map
C x P -—5 €' x Sym3C taking a generic point (¢, t) € C' x P! to (¢, o7 1(t)). The image of

Z under the map

OxSym3C —s Sym>A

(ccx+y+z2)—{3z+c}+{3y+c}+ {32+ ¢}

is easily checked to be a surface foliated by positive dimensional suborbits and contained in

a fiber of the summation map.

3.3.83  Further conjectures

We believe that Theorem [3.3.3|can be improved. In fact, though Conjecture(l.0.3|is the main
conjecture of [Voil§], it is not the most ambitious. Voisin proposes to attack Conjecture

by studying the locus Z 4 of positive dimensional normalized orbits of degree k:

Zy = {al € A:Jag,... a5y : dim {a1}+"'+{ak—1}+{_zai}‘ >0}'
i=1

In particular, she suggests to deduce Conjecture from the following:

Conjecture 3.3.11 (Voisin, Conj. 6.2 in [Voil8]). If A is a very general abelian variety

80



then

dimZy <k — 1.

While Voisin shows that this conjecture implies Conjecture [1.0.3] it in fact implies the

following stronger conjecture:

Conjecture 3.3.12. A very general abelian variety of dimension at least k+1 does not have

a positive dimensional orbit of degree k.

To see how Conjecture|3.3.12| follows from Conjecture [3.3.11] suppose that a very general

abelian variety A of dimension k has a normalized positive dimensional orbit

Har} + ... +{agp_1}-

By Remark 2.1.16], for any a € A, the following normalized orbit is positive dimensional:

{(k—1a} +{a; —a}+...+{ap_1 —a}|

It follows that 74 = Aand sodimZy =k > k — 1.
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CHAPTER 4
DEGREE OF IRRATIONALITY OF ABELIAN VARIETIES

In this chapter we present a cohomological obstruction to the existence of low degree dom-
inant rational maps from an abelian variety to a variety which admits a cohomological
decomposition of the diagonal. In Section [3.3.2] we saw that a very general abelian surface
A has a 2-dimensional orbit of degree 3. Hence, once cannot rule out the existence of a dom-
inant rational map of degree three ¢ : A --» P? as naively as in Corollary . However,
one can compute the cohomology class of the orbit Fib(]P’Q) that would arise from such a
¢ as explained in Lemma [2.2.20] For most polarizations types, this contradicts Mumford’s
theorem [2.1.2] This cohomological obstruction can be generalized to give a new lower bound

on the degree of irrationality of very general abelian varieties for most polarization types.

4.1 Fibers of a dominant rational map

Let X and Y be smooth projective n-folds, ¢ : X --+ Y a dominant rational map of degree k,

and U C X an open on which ¢ restricts to a degree k étale covering of its image. Consider,

X
[N
X -2y,

a resolution of the indeterminacies of ¢. In this section, we prove Proposition which,

in the case where Y admits a decomposition of the diagonal, determines the class of

Zy={(z1,....m) € Ul # wj,0(x;) = (), Vi, j € [I],i # j},

in CHp(X l) up to cycles which are supported on D! for some closed proper subset D C X.

Given a positive integer [, we denote by Ay C X ! the small diagonal and for a subset
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I C [l] we let
A= prl_l(AX) ={(w1,...,7) 2wy = x5, Vi,j €1} C x!
Moreover, given cycles Wy,...,W; on X, we denote by
WiR... KW, e CH* (X
the cycle Hé:l pr; (W;) and by Wlw the cycle

W R, KW,

[ times

We also abuse notation and write X x W for {X} K W; € CH®*(X?). Throughout this
chapter, given a subvariety W C X, we will write W for the cycle {WW} € CH®*(X). Finally,

for a € Q, we let

=) =a-(a—1)---(a—1+1).

Proposition 4.1.1. Suppose Y admits a decomposition of the diagonal NAy = a xY + T,

where I' is supported Y x D for some closed proper subset D C Y. We have the equality of

cycles

N1 7 21§ gyt (N2~ 1) Ao (B
S 2 A+
i=1 IC|l) #1=i

€ CHy (XY,

where T' is supported on D' for D' = (1o g~ H(D)U (X \U) C X.

Suppose Y admits a cohomological decomposition of the diagonal N[Ay| = N[0xY]|+[I],

where I' is supported X x D for some closed proper subset D C'Y. We have the equality of
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cycle classes

N2-D (7] = N2(1-1) Z i1 KU 2—1))' 3 '[AI]'PT?}]\IQOMZ%)D ]

where T is supported on D'* for D' = (m o g~ 1)(D) U (X \U) C X.

Remark 4.1.2. As explained in the proof of Lemma [2.2.20] ¢ gives rise to an n-cycle
-1 : k
(g, o Fib)(Y) C X",

Recall that g : X* — SymF(X) is the quotient map and Fib : ¥ --» Sym¥(X) takes

a generic point of Y to the fiber of ¢ over it. Note that Z, = (qk_l o Fib)(Y), so that

Proposition [4.1.1| determines the cycle (qk_1 o Fib)(Y) up to cycles which are supported on

D for some closed proper subset D C X.

The first step towards proving Proposition [4.1.1]is to determine the rational equivalence
class of Z9 up to cycles supported on D x D for some closed proper subset D C X. In what

follows, we fix a point 0 € X and also denote by 0 the subvariety {0} C X.

Lemma 4.1.3. Suppose Y admits a decomposition of the diagonal and has torsion order N.

There is a degree N2 zero-cycle a € CHy(Y') and an equality
N?Ay =axY +Y xa+T e CHW(Y xY),

where I' is supported on D x D for some closed proper subset D C Y.

Suppose Y admits a cohomological decomposition of the diagonal and has cohomological

84



torsion order N. There is a degree N2 zero-cycle o € CHy(Y) and an equality
N?[Ay] = N*([0 x Y]+ [Y x 0]) + [[] € H*"(Y x Y, Z),
where T 1s supported on D x D for some closed proper subset D C'Y.
Proof. We treat the case where Y has a decomposition of the diagonal. The proof in the

case where Y has a cohomological decomposition of the diagonal proceeds along the same

lines. Since Y has torsion order N there is a degree N zero-cycle o’ such that
NAy =Y xdo +T" € CH"(Y xY),

where I" is supported on D x Y for some closed proper subset D C Y. Since Aty = Ay and

Ay o Ay = Ay, we have
N2 Ay = (VY x o/ +T) o (o' x Y + T = N(@ x Y +Y x o) + T o T".

Since IV o I is supported on D x D we can take a := No/ and I' := IV o I”! to conclude. [

Lemma 4.1.4. We have an equality

where I' is supported on (X \ U) x (X \ U).

Proof. The restriction

(exuxy :UxU—=Y xY

is flat and so

(0 x D) (Ay) = (¢ X @)L (Ay).
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Moreover, the pullback of Zo + Ax under the inclusion ¢ : U x U — X x X is clearly
(p x 90)|&1<U(AY)' The result now follows from the localization exact sequences and the

commutativity of the following diagram:

CH,(Y xY)
(7T><7T>*O((ﬁy \@Pi‘ﬂm}x(]
CHp(X x X) L > CHp(U x U).

]

Corollary 4.1.5. Suppose Y admits a decomposition of the diagonal NAy = X X a+ T,
where T' is supported on'Y X D for some closed proper subset D C Y. There is a cycle

I e CH"(X x X) such that
N2(Zy+ Ax) = ¢ (@) x X + X x o*(a) + T € CH(X x X),

and I is supported on (w0 3~ 1)(D)2.

Suppose Y admits a cohomological decomposition of the diagonal N[Ay] = N[X x0]+[I],
where T' is supported on Y x D for some closed proper subset D C Y. There a cycle
I"e CH™"(X x X) such that

N%([Zs] + [Ax]) = NE([0 x X] 4 [X x 0]) + [["] € H*(X x X, Z),

and T is supported on (7o g~1)(D)2.

Proof. Just pullback the decomposition of Lemma by ¢ x ¢ and push it forward by

T X T. ]

Now that we know what the class of Z9 is up to cycles supported on D x D for some
closed proper subset D C X, we can proceed by induction to determine the class of Z; up
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to cycles which are supported on D’ I for some closed proper subset D' C X.
Proof of Proposition[{.1.1. Observe that for all [ > 2 we have an equality

-1

Zygy =y (Z) - | oy (Z2) = ) Aigga | +Tigas
=1

for some I'j ¢ € C’Hn(Xl) supported on D1 Indeed, letting ¢ : U1 — X1 denote the

inclusion, the cycles

(prpy 0 0)*(Z1)
and

ey (Z22) ZAHH

meet transversally and their intersection is the sum of the irreducible components of the

closed subset

{(931,-~,Iz+1) e UM (1) = ... = payq),m; # 2, Vi, j € 1+ 1]} c Ut

This coincides with the cycle ¢*(Z;1). The localisation exact sequence allows us to conclude.

The proof then follows by an induction argument which can be found in Appendix [A] [

4.2 A cohomological obstruction

In this section, we show how Mumford’s theorem [2.1.2] can be leveraged along with Proposi-
tion[4.1.1]in order to give a cohomological obstruction to the existence of low degree dominant
rational maps from an abelian variety to a variety with a cohomological decomposition of
the diagonal. We first focus on the simple case of abelian surfaces and then generalize the
argument to abelian varieties of arbitrary dimension. In the process, we need to prove a non-

degeneracy result about Hodge classes of AF=1 which are supported on a product of divisors.
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Keeping the notation of the previous section, suppose that X = A is an abelian g-fold. By
composing with a translation, we can assume that ¢ : A --» Y is such that Z;. C AR O Ak,

The map

(ala"'7ak—1) = (alu'-'7a’k—17a1 +"'+ak—1)

then restricts to an isomorphism ¢| 7, : Z;_1 — Zj,. By Remark and Mumford’s The-

orem [2.1.2] given a generator w € HY(A, Q%), the form wy, := Zle pri(w) € HO(AF, Qik)

restricts to zero on Zj. Hence,
W [Zh] = wp - 1x([Z4—1]) = 0 € HEFD9(AF €),
and so
(wp) (2] = 0 € B9 ©)

In particular,

L*(wk A\ wk) . [Zk:—l] =0e€ HQ(k_l)g<Ak_1, (C) =7.

4.2.1 The case of abelian surfaces

We single out the case of abelian surface for which the obstruction we obtain is especially

simple.

Theorem 4.2.1 (Theorem 1.1 in [Mar19]). If A is an abelian surface such that the image
of the intersection pairing SymzNS(A) — Z does not contain 12N2, then A does not admit
a dominant rational map of degree less than 4 to a CHgy-trivial surface with cohomological

torsion order N.
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In particular, if the image of the intersection pairing SmeNS(A) — Z does not contain
12, then
irr(A) = 4.

Proof. In light of Chen’s bound (Theorem [2.3.6)), it suffices to show that under these as-
sumptions A does not admit a dominant rational map of degree less than 4 to a C'Hy-trivial
surface X with cohomological torsion order N. Note that degrees 2 or less are ruled out by

the Alzati-Pirola bound (Theorem [2.3.1]).

Suppose ¢ : A --» X is such a rational map of degree 3. We have a cohomological

decomposition of the diagonal
N2(Z5) = N2 (3([A x 0] + [0 x A]) — [A]) + [[] € H'(A2,2),

where I' is symmetric and supported on D x D for some closed proper subset D C A. In

particular,

[[] € Sym?NS(A).

Recall that given my, mg, mg € Z,

' CA A3

t(m1,ma,ms3)

is the morphism given by

a — (mya, moa, msa),

and let w € Hy(A, Q%) be such that w A@w = [04] € HY(A,Z).
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We then have the equality

[ A% oo nmm) = [ o0, (4D w5 £33

= /A fa,0,—1)" [(priw + praw + prjw) A (pri@ + praw + pr3w)]

:4/w/\w:4,
A

and by symmetry

/ 04 x A] - 1" (wg Aw3) = 4.
AxA

Similarly, we see that

/A A[AA] M(wz Awg) = /A3 fa.2), ([AD) - (priw + prjw + praw) A (pri@ + pryw + praw)
X

= [ 1.2 e+ pris + pr) A (0@ + pri -+ pri)]

:36/ w A w = 36.
A

Finally, we compute that

/ pri[C] - pr3[C’] - F (wg Aw3) = / pr[C] - pr3[C’] - * (prjw A priws)
AxA A2

so that

N2[Zy) - (w3 Awg) =3 (4+4)N? —36N? +T - *(w3 Awg) = 0, (4.1)

and

[ (wg Awg) = 12N2.

90



Since I' € Sym?NS(A) and cupping with +*(ws A @3) gives the intersection product on
Sym2NS(A), the result follows. O

Corollary 4.2.2. A very general (1, d)-polarized abelian surface has degree of irrationality
4 ifd16.

This corollary answers Question [1.0.5] affirmatively and provides the first examples of

abelian surfaces with degree of irrationality 4.

Example 4.2.3. A very general (1,d)-polarized abelian surface with d 1 6 has degree of
irrationality 4 and is isogenous to a very general (1,2)-polarized abelian surface. Since such
a surface has degree of irrationality 3, the degree of irrationality is not an isogeny invariant

and Question has a negative answer.

4.2.2  The general case

The proof of Theorem 4.2.1] can be adapted to the case of higher-dimensional abelian vari-

eties. Let A be an abelian g-fold and
V, C Hdg!(AF1) (4.2)

be the sublattice of classes supported on D*=1 for some closed proper subset D C A.

Consider the function

Mg(k)

Mw

o-nle-0- ().

j:0
Theorem 4.2.4. If the image of
Vik_g)y — HXEDI(AL 7) = 7
a—s a - [AFLO]
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does not contain NQ(k_Q)M;“, then A does not admit a dominant rational map of degree k

to a C'Hy-trivial variety with cohomological torsion order N.

Proof. Suppose that ¢ : A --» X is a dominant rational map of degree k to a C'Hy-trivial
g-fold X with torsion order N. Using the same notation as in Section 4.1} Proposition [4.1.1

gives the equality

k—1
_ _ iy K . »
i=1 IC[k—1] #1=i

c H2g(k—2) (Ak_l),

where I' is symmetric and supported on D!~ for some closed proper subset D C A. Let
w € Hy(A, Q%) be such that w Aw = [04] € H*I(A,Z) and, given I C [k — 1] with #I =i,
let

. ) k
17 =1 L A=A
I (e{,...,eiil,—z) )

where €l is 1 if j € I and 0 otherwise.

J

We have the equality

/A,H[AI] TP ([Om_i)b (Wpo1 A1) = /Ak ir([A]) - wp_1 AWp_q
= /A’i? wp—1 AWg_1]
=21 = (i [ wnw

= i2(1 — (—i)971)2.
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= N2 Y it K 21— (=24 [ [0 g ATy,
pot i(i+1) IC[k:;],#IZ /Ak_l kA W
so that
/ [F] . *( AW ) = _N2(k—2) kil(_wwrl k! 2(1 ( )g—1>2 (k - 1>
et LW NWE) = e Z(l—i— l)Z 1 ;
k—1
2(k—2) it ez F
Wi - ()
k
= N2 Y 1 - - - ()
j=2 J
k
= N Y1 - - - ()
j=0 J

To conclude, it suffices to show that

[ eena
Ak—1

lies in the image of the cup product with [Ak’o] e H% (Ak_l) on V. This follows from the

following equality:
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Remark 4.2.5. For any polynomial p(t) € Q[t] with deg p(t) < n, we have the equality

> () -

t=0

Indeed, since (8), e (nil) form a basis of the space of polynomials of degree less than n, it

suffices to show this indentity for p(t) = (Ctl), where d is a non-negative integer smaller than

g(—lf(fl) (7;) - (—1>d<2) éj(—l)t—d (ij) - (—1>d(3)(1 _qpnd _y,
It follows that My(k) vanishes for k > 2g.

Next, we show that the obstruction in Proposition does not vanish in the range of

interest for the degree of irrationality.
Lemma 4.2.6. The integer My(k) does not vanish if g+1 < k < 2g — 1.

Proof. In light of Remark [4.2.5|

k
My = (k= 1317 - 12 ()
j=0 /
in this range. Observe that
(j—1n*!
(29 — 1)t

is the coefficient of 22971 in elU~1%. Hence, Mgy(k) is the coefficient of 229~ 1 in

(29 — DI(k — 1)!

J

(—1)feli=bz (k> = (29— DIk — Dle (1 — *)F

k
— j

0

= (29— DIk — DI(e* +e7% —2)(1 — %) 2

The result then follows from the fact that the coefficient of 27 in (1 — e?)¥=2 is positive for
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all j > 0 and that the coefficient of 2/ in (e + e™* — 2) is zero for odd j and positive for

even 7 > (. O

4.2.3 A non-degeneracy result for Hodge classes on AF~1

In order to use Theorem to obtain lower bounds for the degree of irrationality of abelian

varieties, we need to make sure that the image of

Vig_g)y — HXED9(AML 7) > 7

a— - [Ak_l’o]

is a high index subgroup when A is a very general abelian variety with a high degree po-
larization. This is achieved by the following non-degeneracy result which is of independent

interest.

Theorem 4.2.7. Let A be a (1,ds,...,dg)-polarized abelian g-fold with mazimal special
Mumford-Tate group and B C A be an abelian subvariety of codimension rg. Then the

image of

‘/(k—l—r)g — H2(k_1)g(Ak_1,Z> ~ Z

a— a-|[B]

is contained in dgZ. Moreover, it is contained in pdyZ if g = pl for some prime p and some

Proof. First, we can reduce to the case » = 1. Indeed, we can find abelian subvarieties
B',B" ¢ A¥1 such that codim(B’) = g, codim(B") = (r — 1)g and B’ N B” = B. Then,
for any a € V(k—l—r)g>

a-[B] = (a-[B"])-[B]].
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Moreover, « - [B"] is also supported on D*=1 for some closed proper subset D C A so that

(o7 [B//] € V(k—?)g'

It will be convenient to use the Fourier transform
F o (AR 7) - g2-Yg—egk—1 7).

See [Bea&3] for the definition and properties of the Fourier transform. Note that the Fourier
transform of the class of the abelian subvariety B C AFLisup to sign the class of the abelian
subvariety ker(ﬁ — §) Call this subvariety B’ and denote by 7 the inclusion B’ — Ak-1,

Then, for any o € V(k—2)g?

Bl = + (B =475 . 4,
o= [ F)-[B) - £ F) (4.3
Since A has a polarization of type (1,da,...,dy), the abelian variety A carries a dual

polarization of type

(dy,....dg) = (1,dg/dy_1,...,dg/da, dy).

Let A = W/A, where W is a g-dimensional complex vector space and A C W is a cocom-
pact lattice. Choose real coordinate functions x1,...,2g,91,...,y on W with respect to a
symplectic basis of A for the polarization. Denote by :1:{ and yi ,1 € [k—1], j € [g], the real
coordinate functions on Wk—1 given by x; o pr; : Wkl 5 R and Yj oprj wk-1 4 R. Fi-
nally, consider the basis B! for H l(gk_l, Z) which consists (up to signs which we disregard)

- I d i ; 1 qk—1
of wedge products of [ elements of the basis {dx;,dy; :i € [g],j € [k — 1]} for H* (A", Z).

Recall that a very general (1, cfi\g, e Eg)—polarized abelian g-fold A has special Mumford-
Tate group equal to Sp(2¢, Q) and thus that Hodge classes on AF=1 lie in the subalgebra of

H '(gk_l, Q) generated by divisors. The space of these divisors is (g)—dimensional and has

96



as basis the classes

g
Qi::prfﬁz—zgl\n(dx%/\dy%), 1=1,...,k—1,
n=1
9. . . , .
Nij = prij(A) = = > dn(day, Adyd, + dady A dy},), 1<i<j<k-—1,
n=1

where 6 is the class of the polarization and A is the pullback of the Poincaré bundle on
Ax A by the isogeny Ax A— Ax Ainduced by the polarization on A. Hence, a basis for
Hdgg(;l\k_l)@ is given by

Bcan == {/Ua’b : (a, b) < T} 5

where

k—1 b

vap =[]0 ] Al

i=1  1<j<i<k—1

and
k-1 _ o (*3h) -
T =q(ab) € ZL) x L3 :Zai—l— Z bji=g
i=1 1<j<i<k—1

Moreover, the fact that classes in V(k—2)g are supported on D¥ means that classes in

F(V(k—2)g) have vanishing Kiinneth components in

11 HIVWA) @ ... @ Hk1(A), (4.4)

JiteHik-1=9
ji=2g—1 for some i

Observe that an element of (Bean) satisfying the Kiinneth condition (4.4) must be in (BL,,,),

where

Bian =4 vap: (ab) €T and a; + Y b;j < g,Vi € [k — 1]
J#i

Indeed, an element of Bean \ Bl,y, is of the form 9§ Hg;ll Aij, and is the only element of B
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which has a non-zero coefficient for the term

d:c’l/\.../\dangdy}/\...Ady;/\dyl}rl/\...dygg

when expressed as a linear combination of elements of B29. It follows that
F(Viyg) € (Blan):
The next step is to study the divisibility of elements of (BL,,,). For any w € B29, let
r(w) = (ri(w), ... rg(w)) € Q7,

where r;(w) is half the number of dx‘z and dyg with j € [k — 1] in w. Note that for any w

which appears with a non-zero coefficient in an element of (Bean),
r(w) € Z9.

Moreover, the coefficient of w in v, 1, is a clearly a multiple of c/l\fq(w) e ggrg (w).

Since w - [B'] = 0 unless r(w) = (1,...,1) by (&3), the first claim in Theorem [4.2.7]

follows from:

Lemma 4.2.8. We use the notation which we have set up above. If w € B%9 is such that

r(w) = (1,...,1) the coefficient of w in any element of
(Ban) ® QN HI(AF1,Z)

is divisible by dg = c/l\g.
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Proof. 1t suffice to show that for any

o= Z Qablab € <Béan> ®QN HQQ(A\k_la Z),
(a,b)

the following rational number is an integer

k-1
(dy--dy_y)- (Hai!) ( I1 bﬂ!)  Qab.
i=1 1<j<i<k—1
To simplify notation we write
k—1
(a, b)' = ( H (ll') : H b]l‘
i=1 1<j<l<k—1

Let

~

T':={(a,b): (dy--dy—1)(a,b)lagp € Z} C T.

We show that T = T".

First, we show that if (a, b) is such that there are distinct non-zero b, then (a,b) € T".

Without loss of generality, we can suppose that either

e bio > 0 and by3 > 0,

e b19 > 0 and b34 > 0.

In the first case, consider
w' = dx% /\dy% A dai /\dy{) Ane B,

where 7 is any element of B29-2) with r(n) = (0,1,...,1,0) such that w' appears in the
expansion of v, . Clearly, w’ will only appear in the expansion for Va b and its coefficient

will be +(a, b)!c/l\g e c/l\g_l. Hence, w’ will appear in the expansion of a with coefficient
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+(a, b)!c/l\g e c/i\g_lozab. Since o € HQQ(A\k_l, 7)) this coefficient is an integer and (a,b) € T".

The second case is treated analogously with
w' = det Ady? A dad A dyt Ay e BY.

Next, we consider the case where a; > 0 for some ¢ and b;; # 0 for some j, [ # 7. Without

loss of generality we can suppose that
a1 > 0 and bog > 0.
We deal with these cases as above by considering
w' = dx% /\dy% /\dx% /\dyi)’ Ane B

Now, suppose that all bj; are zero and there are at least 3 distinct non-zero a;, say

ai,as,az # 0. Consider
w' = dri Adyt Adad A dyd A dad A dy Ay e B2,

where 7 is any element of B2(9-2) with r(n) = (0,1,...,1,0,0) such that w’ appears in the
expansion of v . The coefficient of w' in vy, is £(a, b)ldy - - - C/i\g_g and, while w’ might
appear in the expansion of other basis elements Uy b/, these basis elements must have either
two non-zero b;‘l Or & NoNn-zero b;.l and a non-zero a;- with i # j,1. It follows from the pre-
viously treated cases and the fact that o € H29(A~1 7Z) that +(a, b)!c?g e c?g_goca’b €Z

and thus (a,b) € T".

Finally, we have left to treat the case where there is at most one non-zero bji, say bi2,
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and aq,ag # 0, namely a = (ay,a9,0,...,0), b = (b12,0,...,0), and ay,ag > 0. Then,
i = DAL

/

ay,a5- Let m be the maximal value of g —a; —ag

We will denote such elements of B, by v
among the elements Uéu,az € T\ T’ appearing in the expansion of v as a linear combination

of elements of Bl,,, i.e.,

m:max{g—al—ag :(a,b) = ((al,ag,...,()),(g—al—aQ,O,...,O)) ET\T/}.

Let v;)’g_p_m be the basis element of the form vglm with ¢ — a1 — ag = m and minimal a

in T\ T’. Consider the term

w' :(dx% A dy% AR dxll, A dy;) A (d:v% A dy%)
2 2 2 2
A(dzyq ANy A Ndag g ANdyg_ g, )

Adzg_y Adyg_y A ... Ndzy_y Adys ) € B
This term can only appear in elements of By, of the form vglm for integers ay,a9 > 0
satisfying
® aj+az <y,
® g—ay—az=m,

e 2a1+ (g —ay —ag) > 2p+m.

Aside from possibly vll,) g—p—m all these terms contribute an integral multiple of w’ to a by
the choice of vé) g—p—m It follows that the coefficient of w’ in
o vl
(pvgipimaov“'70)7(ma07"'70) b,g—p—m
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is an integer. Since this coefficient is

~

pg—p—m)lml-(dg---dg-1) @ g—p—m.0,..0),(m,0,...0)>

we see that

<<p’g_p_m707"'70)7<m?07”'70)) eT.

We conclude that all v/

a1,ay 2r€ 0 T'. Hence, T = T" and the claim follows. O

Finally, we show the second claim in Theorem [£.2.7 We will abuse notation by using

some of the notation introduced in the proof of for the cohomology of AF=1 instead of

AF1 Let
Bgan = {Ua,b i (a,b) € T”} )
where
k—1 b
i il 2(k—2 k—1
vapi= 1167 T[ AieH (k=2)g( 4F—1 7).
i=1  1<j<i<k-1
and
" k—1 (kil) d
"= (ab)eZ8 x 2227 Jai+ > b= (k—2)g
i=1 1<j<I<k—1

There is an S; action on H* (A1 Z) given by a(dxg) = dxi(i). Now suppose that a €
(Bl..) is such that
a-[AF10 20,

Write a and [A% 9] as integral linear combination of elements of B2(-=2)9 and B29. Let
w € B2k=2)9 and o’ € B9 be two elements which appear with non-zero coefficient m,n € Z
and such that

wAw #0.

One checks that for any o € S; the elements o(w) and o(w’) appear with non-zero
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coefficients in the expansions of & and [A% 9] and that
wAW =o(w)Ao(W).
Hence, the contribution of these classes to « - [Ak’ 0] will be
mn - #{oW') o€ Sy} wAw.

If g = p! for some prime p and some [ € Z~, the orbit of w’ has size divisible by p unless
w' is stabilized by Sg. This can happen only if w' is up to sign a product of two elements of

the set

{dx]l/\...dxé,dy{/\...dyf, cj € [g]}

Since such an ' satisfies 01 - - - 0,1 -w’ = 0 and « is supported on DF=1 these terms cannot

contribute to a - [A%9]. O

4.2.4  Lower bounds on the degree of irrationality

In what follows, we let

pdg if g = pl for some prime p,

[
d) =

dg otherwise.

Corollary 4.2.9. If d4 { NQ(k_Q)Mg, then A does not admit a dominant rational map of

degree k to a C'Hy-trivial variety with cohomological torsion order N .
Corollary 4.2.10. This follows at once from Proposition [{.2.4) and Theorem [{.2.7]

Theorem 4.2.11. Let A be a very general (1,ds, ..., dg)-polarized abelian g-fold. If

_ 3g+1
d’gncm{N2<’f 2) My (k) : 5 §k§2g—1}
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then A does not admit a dominant rational map of degree less than 2g to a CHg-trivial

variety with torsion order N. In particular, if

39+ 1
d;flcm{Mg(k:): 5 §k§2g—1},

then

irr(A) > 2g.

See table [B.2| for a list of the prime factorizations of lem {Mk(g) ; 3%_+1 <k<29-— 1}

for 3 < ¢ <19.

Proof. The theorem follows from Corollary Note that we only have to consider the
least common multiple of N2k=2)77, (g) for k between (3g + 1)/2 and 2g — 1 in light of

Theorem [3.3.2] O

We can get a more explicit result which applies to abelian varieties with maximal special

Mumford-Tate group but only at the cost of replacing

1
1cm{Mg(k);392+ §k§29—1},

with

lem {Mp(g): g+ 1<k <29—1}.

Indeed, we do not have any control about which very general abelian varieties satisfy the

conclusion of Theorem [3.3.2] Table [B.1] shows that the two numbers above can indeed differ.

Theorem 4.2.12. Let A be a (1,da, ..., dg)-polarized abelian g-fold with mazimal special

Mumford-Tate group. If

d) tlem {N2<k—2)]\/[g(k) g+1<k<29— 1}
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then A does not admit a dominant rational map of degree less than 2g to a CHg-trivial

variety with torsion order N. In particular, if
dy tlem {Mg(k): g+1 <k <2g—1},
then
irr(A) > 2g.

See table for a list of the prime factorizations of lem {M(g) : g+ 1 <k <2g—1}

for 3 < ¢ <19.

Corollary 4.2.13. There is at most finitely-many polarization types (1,dsa, ..., dy) such that

a very general (1,ds, ..., dg)-polarized abelian g-fold has degree of irrationality less than 2g.

Proof. By Theorem {4.2.11], if a very general (1,ds,...,dg)-polarized abelian surface has

degree less than 2¢g, then

1
dg’lcm{Mg(k;):gg; SkSQg—l}.

]

Question 4.2.14. Are there any abelian g-folds with degree of irrationality greater than 2g ¢
Are there polarization types for which a very general abelian g-fold has degree of irrationality

greater (or smaller) than 2g ¢
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APPENDIX A

PROOF OF PROPOSITION 4.1.1

Proof. Let’s pick up where we left off in Section [£.1l We proceed by induction on [ and give
the proof in the case where Y has a decomposition of the diagonal. A similar argument can
be used when Y has a cohomological decomposition of the diagonal. The base case [ = 2 is
provided by Corollary Hence, one computes:

-1
N7y = prfy (N2 7)) (Pffz,z+1}(NQZ2) ~N?YC Aj,l+1) + Ny
7=1

I
2(1-1) )it (1/N?)1(i — 1)! (1
=Ny (- AN =T+, Z A-prfgy g (7 (@)*0)
=1 ,#1=i
I

(X! x @)+ X x 9t (@) x X = NEDD Ajug) + N

j=1
l
— 7 (1/N ) (Z B 1) * * i
N U e 2 Ay b (& (@F)
i=1 JC41),#T=i,l+1¢J
+ Z w*(&)&l x X — N?i Z Ay - prrHl]\J ((p*(a)&(l*i»
ICll],#I=ilel JCl+1],#J=i+1,l+1€J
- NQ(Z — 1) Z Ay- pff}ﬂ]\J (@*(a)g(lﬂii)) + NQZFZH
JC[I41] T =i+ 18T
2 H—l (I/NHIE -1 1 £\
=N Z (/NZ=T+i) | N2 2. PeTxX
IC[l)#1=ilel
+ (1/N? =1 +1) Z Ay - pr’["l+1]\J (go*(a)g(l+1_i)>
JCl+1],#T=i,l+1¢J
~i > Ay pr (@7 @F0) |+ NPT
JC[l+1],#J=i+1,1+1e]
l
0 (1/N2)(i — 1)! ) ) .
_ N2 Z i+1 Ry Z Ay PrL g <¢ (a>®(l+1 ))
=1

JC[I+1)#T=i1+1¢]
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+1

(1/N2)l(j — 1 :
+Z D 1/Né zfi 1) - . )! 2 AT P (w*(“)&(lﬂ_]))
I e #i=jir1ed

)i (1/NH)i—1)! 1 £ R z
+Z 2 1/N2—l+z)N S e @ x X |+ NPTy
IC[l],#1=ilel
It thus suffices to show that
l
(1/N?)(i = 1) 1 (1/N?)!
> (—1yH i =y, = (A1)
P (1/N2 — [ +i)! N2 Il HTiter (1/N2 —1)!
(Clearly, this amounts to showing that
Zl:(_l)m(l/]v?)!(i—n!(5—1) (/N2 - 1)) 42
P (1/N2 —14+dt\i—1)  (1/N2-=1)! '
or
i(—l)”l (/N2 — [+ 1)1 — 1)!(i — 1)!
pot (1/N2 — 1+ =d)GE— 1)
—Z ( )(1/N2—l+]+1) -
J
B (1/./\/2 —1+1)
- (N7
This follows from an identity due to Frisch (see [GQ16]). O
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APPENDIX B
TABLES OF OBSTRUCTIONS IN SMALL DEGREES AND
DIMENSIONS
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(5)07v 30 woryezii0goRy SMWILL] (T S[qRL,
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6L 6T LT~ 5€T " ;1T ol oG 7€ gl 6

LV g€1 - f1T - 5L ¢S £1€ " 720 8
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APPENDIX C
SUPPORT OF ZERO-CYCLES ON ABELIAN VARIETIES

In [Voil8] the author shows the following surprising proposition:

Proposition C.0.1. Consider an abelian variety A and an effective zero-cycle Zle{xz}

on A such that

k
> {zi} = k{04} € CHy(A)g.
i—1

Then fori=1,...,k

({2i} = {04})™ =0 € CHy(A)g,
where x denotes the Pontryagin product.

Voisin defines a subset
A ={aeA: ({a} —{0})*F =0 € CHy(A)g} C A,

and shows that dim A; < k — 1. Given a smooth projective variety X and an effective

zero-cycle z = Zle{xz} € Zy(X), the support of z is
supp(z) ={z;:i=1,...,k} C X.

Similarly, we will call the k-support of z the following subset of X:

swpp(z) = | supp(2).

k
2/221':1{55;}12'”2

The previous proposition is equivalent to the inclusion

suppy (k{04}) C Ay
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Here we present a generalization of this result. Given x = (x1,...,x) € X k, we let

x = {aeA:({a} —{w1}) *---x ({a} —{x}}) = 0 € CHo(A)g}-

Using the same argument as Voisin, one shows easily that dim Ay, x <k —1.

Proposition C.0.2. Consider an abelian variety A and effective zero-cycles Zle{xi},

Zi’g:l{yi} on A such that

k k
> Az} =) {yi} € CHo(A)g
i=1 i=1

Then fori=1,....k

k
H {z;} — {y] =0¢€ CH()(A)Qa

where the product is the Pontryagin product.

Upon presenting this result to Nori he recognized it as a reformulation of results of his
from around 2005. They had been obtained in an attempt to understand work of Colombo-
van Geemen [Cv(G93] but left unpublished for lack of applications. We present Nori’s proof
as it is more elegant than our original proof. This proof was also suggested to Voisin by

Beauville in the context of Proposition (C.0.1}

Let X be a smooth projective variety and consider the graded algebra
o0
P CcHy(x™)q.
n=1

The multiplication is given by extending by linearity the maps

XM ox XNy xmAn

((xl,...,xm),(xll,...,x;l)) H(xl,...,xm,xll,...,:xél)
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to get a product
Zo(X™) x Zo(X™) = Zp(X™T™).

It is easy to see that the resulting product descends to rational equivalence. Let

R:= P CHy(X")q/(ab— ba) = EP Ry
n=1 1=1

be the abelianization of this algebra.

Lemma C.0.3. (Nori c. 2005, unpublished) If z = Zle{xl} € Zyp(X) and y € suppp(z),

then

{y} —{e1H){y} = {w2}) - Qy} —{zp}) =0 € R,

where the product is taken in R and we regard {y} — {x;} as elements of Ry C R.

Proof. Since y € suppg(2), there is a y = (y1 = y,y2,...,y) € X" such that Zle{yl} =
Zf;l{xl} Consider the diagonal embeddings

Am X = Xl.
These give linear maps
A[l]* Ry — Rl
such that
k k
A D Awid | =D vt e Ry
1=1 1=1
Since . B
> {wit =D {xi}
1=1 =1
we get

k k
nyh) = {ut = {=t =pix}) e R,
i=1

1=1
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where p; is the I" Newton polynomial and {x} = ({1}, ..., {zx}), {y} = w1}, .. .. {ur}).

On the other hand, we have

vt —{m Dy —{a2}) - {yd —{apd) = W —er () .+ (D) Fer({x)) € Ry,

where ¢; is the [th elementary symmetric polynomial. Since the elementary symmetric poly-

nomials can be written as polynomials in the Newton polynomials and since

ny}) =p(x}),  VI€Zx,

we get

k

k
[T} = feh) = > (~D{y}eitix})

=1 )

I
=

(—D{y}* ey}

{y} —{vi}) =0 € R;.

-
I

]

Proof of Proposition|[C.0.3. If X = A is an abelian variety we have a summation morphism
Al — A inducing maps

CH()(AZ)Q — CH()(A)Q,

and so a map

oc:R— CHO(A)Q,

such that

k
o (H({y} - {xi})) = {y} —{z1}) = ..« ({y} — {zx}) € CHo(A)q.

i=1
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]

Lemma in fact has many more interesting corollaries. Consider p(ty,...,t;) €
Clt1,...,t;] and the S} action on Clty,...,t;] given by permutation of the variables. Let

H), C S be the subgroup stabilizing p.

Corollary C.0.4. Consider an abelian variety A and effective zero-cycles Zle{xi}, Zle{yl}
on A. Then

k k
D {zi} = {wi} € CHy(A)g
i=1 i—1

if and only iof

I @l Aued) = (0 p){x1}.. .. {zg}) = 0 € CHy(A)g

UGSk/Hp
for every p € C[ty,...,t;]. Here the product is the Pontryagin product.

Proof. The if direction follows trivially from considering p(ty,...,t) = t1 + ...+ t;. The
proof of Lemma completes the argument. O

The special case p = t1 is Proposition [C.0.2 Another corollary of Lemma is the

following;:

Corollary C.0.5 (Nori). Given an effective zero-cycle z = Zle{xz} on an abelian variety

A and yy, ...,y € suppg(z), the following identity is satisfied

[} = {y}) = 0 € CHy(A)g.
i<j
Proof. Let e; be the I*™® clementary symmetric polynomial. By Lemma we have

{yi}" — ety o+ (D)) =0 e Ry
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fori =1,...,k+ 1, where {x} = ({z1},...,{x}}). This gives a non-trivial linear relation
between the rows of the Vandermonde matrix ({y;}/ _1>1§i,j§k 11. It follows that the Van-

dermonde determinant vanishes. Using the morphism o : R — C'Hg(A)g from the proof of

>.0.2| finishes the proof.
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Wy K. KW,

ChOWd(X)

[n]

prr, pr;, pij

Ay C Xk

A Ajj = Ay

Wi

GLOSSARY OF NOTATION

The free abelian group on (co)dimension d subvarieties of X.
The group Zgi%X Z4(X).

Rational equivalence of algebraic cycles.

Chow group of (co)dimension d cycles on X.

The Chow ring of X.

The cycle class of Z € Z%(X) or Z € CH®*(X).

The maps X* — CHy(X) and Sym*(X) — CHy(X) @2.1).
The fiber of ¥}, or (k) that contains z.

The image of x € X under the map ¥; : X — CHy(X).
The cycle Hé:l pr; (W;) € CH*(X).

The cycle WK ... KW e CH*(X!).

[ times

The Chow variety parametrizing effective pure d-dimensional cy-
cles with a given (unspecified) cycle class.

The set {1,...,n}.

Given a product Hie[n] X; and a subset I C [n], we write pry
for the projection to [[;cy X;. Moreover, we let pr; := Py and
Prij 1= Pr{; j}-

The small diagonal {(z,...,z):z € X} c XF.

Given I C k], the cycle

Api={(z1,...,2) 2y =2 Vi,j € I} C XV,

Given w € HY(X, QZX), we write wy, 1= Zle priw.
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L

AL Ay = AL,

— 1
Ch,,Cpr:=Cl,
Ak,O

YA

Sxs S

Ay, Ai(A)
AL AR (A)
S\(B); Sy u(D, F)
DPXoPps PA

Ryp, Rap, Rt
Ty:=Tap,
¢7,G,G/,0/\,0/\”u
H,H HN A1

The map A" — A¥ or C" — C* given by

T T
(at,...,apr) — mijag,.. ., mp;a; ).
J
J=1 J=1

where M = (m;;) € My, (Z) (resp. M € Mj,»,-(C)).

The image of 15, : A" — AF.

The image of i,y : C" — CF.

The subvariety {(al, coap) Zle a; = 0} c AR,

Given a family of abelian varieties A/S, the morphism from S to
the moduli stack of abelian g-folds with appropriate polarization
type or the k-fold cartesian product of the natural map between
A and the universal family over this stack.

First paragraph of (3.1.1]).
3.1.1]).

3.1.1)).
(3-3)-
and (3.2).
(3-4)-

The tangent space of an abelian variety A at the identity.

7 '

The universal families of hyperplanes and the pullbacks of the

P
S—

universal families of hyperplanes by o) and o) ,.
The Gauss map of some subvariety of an abelian variety.

The sublattice of (/,1) Hodge classes supported on products of

divisors ({4.2]).

The Fourier transform on the cohomology of an abelian variety.
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