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ABSTRACT

In this thesis we make several advances in the study of the birational geometry of complex

abelian varieties. We are mainly concerned with two birational invariants: the degree of

irrationality and the covering gonality. The degree of irrationality of a projective variety X

is the minimal degree of a dominant rational map ϕ : X 99K PdimX . The covering gonality

of X is the minimal g ∈ Z≥0 such that X is birationally covered by a family of g-gonal

curves, or equivalently such that a generic x ∈ X is contained in a g-gonal curve. The degree

of irrationality and the covering gonality measure respectively the failure of X to be rational

and uniruled and are thus called measures of irrationality.

By studying rational equivalence of zero-cycles on abelian varieties, this work contributes

new lower bounds on the covering gonality and the degree of irrationality of very general

abelian varieties. In Chapter 2, we provide the reader with preliminary background on

algebraic cycles and measures of irrationality. In Chapter 3, we present our first contribution:

a proof of a conjecture of Voisin on the covering gonality of very general abelian varieties. In

fact, in collaboration with E. Colombo, J. C. Naranjo, and G. P. Pirola, we prove an extension

of this result which provides lower bounds on the degree of irrationality of subvarieties of

very general abelian varieties. In Chapter 4, we derive a cohomological obstruction to the

existence of low degree dominant rational maps from an abelian g-fold to a g-fold admitting

a cohomological decomposition of the diagonal. In particular, using this obstruction we show

that the degree of irrationality of a (1, d)-polarized abelian surface with Picard number one

is 4 if d does not divide 6. This theorem and its generalization settle a conjecture of Chen,

answer questions of Yoshihara, and provide the best known lower bound on the degree of

irrationality of very general abelian varieties of large degree in all dimensions. Finally, in

the Appendix C we present some new identities for zero-cycles on abelian varieties.
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CHAPTER 1

INTRODUCTION

One of the first facts one learns about complex tori is that a holomorphic map from P1 to

a compact complex torus is constant. Indeed, such a map must lift to the universal cover

and Liouville’s theorem along with compactness of P1 imply that this lift must be constant.

Hence, an abelian variety does not contain any rational curves. One is naturally led to

the following question: How far from rational are curves on complex abelian g-folds? Since

many abelian varieties contain elliptic curves it is more interesting to study the complexity

of curves on very general abelian varieties.

Question 1.0.1. How far from rational are curves on very general complex abelian g-folds?

There are at least two natural measures of complexity which can be used to measure

how far a curve is from being rational: the genus and the gonality. The minimal genus of

curves on very general abelian varieties has been studied in [BCV95]. However, the gonality

seems like a more suitable measure of irrationality since it has a natural generalization to

higher dimensions, namely the degree of irrationality. The degree of irrationality irr(X) of

a projective variety X is the minimal degree of a dominant rational map X 99K PdimX .

The minimal gonality of curves on very general abelian varieties has been studied by

Pirola [Pir89] who shows that a very general abelian variety of dimension at least 3 does not

contain hyperelliptic curves. Using analogous methods, Alzati and Pirola [AP93] prove that

a very general abelian variety of dimension at least 4 do not contain trigonal curves. These

results suggest the following:

For each k ∈ Z>0 there is an integer gk such that a very general abelian variety

of dimension at least gk does not contain curves of gonality less than k + 1.

This problem was posed in [BPE+17] and answered positively by Voisin in [Voi18].
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Theorem 1.0.2 (Voisin, Thm. 1.1 in [Voi18]). A very general abelian variety of dimension

at least

2k−2(2k − 1) + (2k−2 − 1)(k − 2)

does not contain curves of gonality less than k + 1.

Voisin provides some evidence suggesting that this bound can be improved significantly

and conjectures the following linear bound on the gonality of curves on very general abelian

varieties:

Conjecture 1.0.3 (Voisin, Conj. 1.2 in [Voi18]). A very general abelian variety of dimension

at least 2k − 1 does not contain curves of gonality less than k + 1.

The main result of this thesis is the proof of this conjecture.

Corollary 3.3.3 (Corollary 4.7 in [Mar20]). A very general abelian variety of dimension at

least 2k − 2 does not contain curves of gonality less than k + 1.

In fact, in collaboration with E. Colombo, J. C. Naranjo, and G. P. Pirola, we obtained a

lower bound on the degree of irrationality of any subvariety of a very general abelian variety.

Corollary 3.3.4 (Corollary 1.2 in [CMNP19]). If A is a very general abelian variety of

dimension at least 3 and Z ⊂ A is a subvariety, then

irr(Z) ≥ dimZ +
dimA+ 1

2
.

These results are obtained by studying rational equivalence of zero-cycles on abelian

varieties. In particular, we are interested in fibers of the map:

Σk : Ak → CH0(A)

(a1, . . . , ak) 7→ {a1}+ . . .+ {ak}.

2



A subvariety Z ⊂ A which admits a dominant rational map of degree k to PdimZ gives rise

to a dimZ-dimensional fiber of Σk (see Section 2.2.4). Therefore, Theorems 3.3.3 and 3.3.4

follow at once from the following result.

Theorem 3.3.2 (Theorem 1.1 in [CMNP19]). If A is a very general abelian variety of

dimension at least 3, d is a positive integer, and d ≤ dimA if dimA is odd, then all fibers

of the map Σk : Ak → CH0(A) have dimension less than d if

k < d+
dimA+ 1

2
.

This theorem is obtained by an intricate induction argument which builds on ideas of

[Pir89], [AP93], and [Voi18]. Let A/S be a locally complete family of abelian g-folds and

Z ⊂ AkS be a flat family of d-dimensional subvarieties such that the map

Zs ↪→ Aks → CH0(As)

has only positive dimensional fibers for any s ∈ S. Given an abelian (g − 1)-fold B, there

are curves Sλ(B) ⊂ S along which As ∼ B×Es, where Es is an elliptic curve parametrized

by s ∈ Sλ(B). Given s on such a curve, we can project Zs to Bk using the isogeny.

The key point is that, under suitable conditions (see Section 3.1.1):

(1) We can choose the curve Sλ(B) appropriately so that the projection of Zs ⊂ Aks to

Bk is generically finite on its image for generic s ∈ Sλ(B).

(2) The image of this projection varies with s ∈ Sλ(B).

If (1) and (2) hold, we obtain a subvariety W ⊂ Bk of dimension d+ 1 such that

W ↪→ Bk → CH0(B)

3



has only positive dimensional fibers. If g is large enough, we can proceed by induction to ob-

tain an abelian surface B such that every point of Bk is contained in a positive dimensional

fiber of Bk → CH0(B). This contradicts Mumford’s theorem 2.1.2 on rational equivalence

of zero-cycles on surfaces with pg 6= 0.

Before the author’s work in [Mar20], this induction argument was implicitly suggested

in [AP93] but ensuring that condition (1) holds seemed out of reach. The key insight of

[Mar20] which led to the proof of Conjecture 1.0.3 is to exploit the structure of the inductive

argument by keeping track of two projections (see Section 3.2).

The proof of Theorem 3.3.2 follows the same lines but the cases d := dimS Z > 2 require

the following lemma which is of independent interest and a consequence of the theory of

generic vanishing:

Projection Lemma 3.2.6 (Projection Lemma 3.2 in [CMNP19]). Let A be an abelian

variety, l, r, k positive integers with l ≤ r, Z ⊂ [Ar]k a subvariety which is not covered by

subtori, and iM the map Al → Ar given by

(a1, . . . , al) 7→
( l∑
j=1

m1jaj , . . . ,
l∑

j=1

mrjaj

)
,

where M = (mij) ∈Mr×l(Z) has maximal rank.

There is a non-empty Zariski open U ⊂Mr×l(Z) such that if M ∈ U either

• the image of Z under the quotient map pM : [Ar]k → [Ar/iM (A)]k is covered by

subtori,

• the restriction of pM to Z is generically finite on its image.

4



In the second half of this thesis, we turn to the following question:

Question 1.0.4. What is the degree of irrationality of an abelian variety?

Alzati and Pirola showed in [AP92] that the degree of irrationality of an abelian variety

A is at least dimA + 1. Tokunaga and Yoshihara later proved that this bound is sharp for

abelian surfaces in [TY95]. They show that if an abelian surface contains a smooth curve of

genus 3, then it admits a degree 3 dominant rational map to P2 (see Theorem 2.3.2). This

prompted Yoshihara to ask the following questions:

Question 1.0.5 (Problem 10, [Yos96]). Is there an abelian surface A satisfying irr(A) ≥ 4?

Question 1.0.6 (Problem 10, [Yos96]). Do isogenous abelian surfaces have the same degree

of irrationality?

As far as upper bounds are concerned, Keum shows in [Keu90] that every Kummer sur-

face is the K3 cover of an Enriques surface. It follows that every abelian surface admits

a degree 8 dominant rational map to P2. This bound was recently improved by Chen and

Chen-Stapleton who showed in [Che19] and [CS19] that the degree of irrationality of any

abelian surface is at most 4 independently of the polarization type.

One of our main contributions to the field is an answer to Question 1.0.5.

Theorem 4.2.1 (Theorem 1.1 in [Mar19]). If A is an abelian surface such that the image

of the intersection pairing Sym2NS(A)→ Z does not contain 12, then

irr(A) = 4.

This cohomological obstruction to the existence of low degree dominant rational map to

projective space can be generalized to higher dimensions. Given an abelian g-fold A, let

Vl ⊂ Hdgl(Ak−1) (1.1)

5



be the sublattice of classes α supported on Dk−1
α for some closed proper subset Dα ⊂ A.

Consider the function

Mg(k) := (k − 1)!
k∑
j=0

(−1)j(j − 1)
(

1− (1− j)g−1
)2
(
k

j

)
.

Theorem 4.2.4. If the image of

V(k−2)g −→ H2(k−1)g(Ak−1,Z) ∼= Z

α 7−→ α · [ker(Ak → A)]

does not contain Mg(k), then A does not admit a dominant rational map of degree k to P2.

Here the cohomology class [ker(Ak → A)] is the cycle class of the kernel of the summation

map.

One can show that this obstruction is non-trivial, namely Mg(k) 6= 0 for g < k < 2g

and the image of the map V(k−2)g −→ H2(k−1)g(Ak−1,Z) has high index for very general

abelian varieties with a high degree polarization.

Theorem 4.2.7. If A is a (1, d2, . . . , dg)-polarized abelian g-fold with maximal special Mumford-

Tate group the image of

V(k−2)g −→ H2(k−1)g(Ak−1,Z) ∼= Z

α 7−→ α · [ker(Ak → A)]

is contained in dgZ.

Theorems 4.2.4 and 4.2.7 along with Corollary 3.3.4 give the following:

6



Theorem 4.2.11. Let A be a very general (1, d2, . . . , dg)-polarized abelian g-fold. If

dg - lcm

{
Mg(k) :

3g + 1

2
≤ k ≤ 2g − 1

}
,

then

irr(A) ≥ 2g.

One can make this theorem effective at the cost of a slightly stronger condition on the

polarization.

Theorem 4.2.12. Let A be a (1, d2, . . . , dg)-polarized abelian g-fold with maximal special

Mumford-Tate group. If

dg - lcm
{
Mg(k) : g + 1 ≤ k ≤ 2g − 1

}
,

then

irr(A) ≥ 2g.

For the polarizations for which it applies, Theorem 4.2.11 give the best known lower

bound on the degree of irrationality of very general abelian varieties. When Theorem 4.2.11

does not apply, Corollary 3.3.4 gives the best known lower bound of (3 dimA + 1)/2. See

Appendix B for tables of values of Mg(k) and of the prime factorizations of the least common

multiples appearing in Theorems 4.2.11 and 4.2.12 for low values of g and k.

7



CHAPTER 2

PRELIMINARIES

2.1 Algebraic cycles

In this section we review basic notions regarding algebraic cycles, focusing on Mumford’s

theorem and applications to families of suborbits for surfaces. Throughout this thesis we

work with varieties over the complex numbers.

2.1.1 Basic definitions

Given a smooth projective variety X/C, an algebraic cycle on X is a formal Z-linear com-

bination of subvarieties of X. We denote by Zd(X) (resp. Zd(X)) the free abelian group

on the set of codimension d (resp. dimension d) subvarieties of X. Elements of Zd(X) are

called d-cycles. The group

Z•(X) :=
dimX∑
d=0

Zd(X)

is equipped with a morphism

cl : Z•(X)→ H2•(X,Z)∑
aiWi 7→

∑
ai[Wi],

called the cycle class map. For W ⊂ X, a subvariety of X, the cohomology class [W ] can

be obtained by choosing a triangulation of W , considering the associated class in the Betti

homology of X, and using Poincaré duality. Alternatively, one can follow the approach of

[Voi02] p. 253 or [Voi14] 1.1.4. The support of a cycle
∑
aiWi ∈ Z•(X) is the set

⋃
i: ai 6=0Wi.

To study intersection theory one endows a quotient of Z•(X) with a ring structure

making the cycle class map a ring homomorphism. Different choices of quotients correspond

8



to different so-called adequate equivalence relations on cycles. We will mostly be concerned

with rational equivalence. Two cycles A and B are rationally equivalent and one writes

A ∼ B if there is a cycle Γ =
∑
aiWi ∈ Z•(X × P1), with each Wi flat over P1, such that

Γ · (X × {0} −X × {∞}) = A−B,

where the product is the intersection product extended by linearity. If A ∼ B, then

[A]− [B] = [Z] · ([X × {0}]− [X × {∞}]) = 0,

so that the cycle class map factors through CH•(X) := Z•(X)/ ∼. One can define a ring

structure on CH•(X) making the cycle class map a homomorphism of graded rings. Given

a subvariety W ⊂ X, we denote by {W} ∈ CH•(X) the corresponding cycle.

Example 2.1.1. The cycle class map

cl : CH•(Pn)→ H•(Pn,Z) = Z[H]/(Hn+1)

is an isomorphism. Given a subvariety W ⊂ Pn, the rational equivalence class of the cycle

{W} is completely determined by the degree and dimension of W .

Example 2.1.2. Let C be a smooth projective curve. Then

CH•(C) = Pic(C)⊕ Z · {C},

where Pic(C) is the Picard group of C, and the 1-cycle {C} is the identity of the Chow ring.

The cycle class map sends {C} to the positive generator of H0(C,Z) and coincides with the

first Chern class c1 on Pic(C).

9



For any smooth projective variety X, CH1(X) ∼= Pic(X) and we have the exact sequence

1→ Pic0(X)→ Pic(X)→ NS(X)→ 0,

where Pic0(X) and NS(X) are respectively the kernel and the image of the cycle class map

on CH1(X).

2.1.2 Mumford’s theorem and decomposition of the diagonal

The two examples above are the exception rather than the rule. In general for d > 1 the

group CHd(X) is gigantic and is a subtle and rich invariant of the variety X. Given a closed

subset Y ⊂ X and a desingularization Ỹ , the following sequence is exact and called the

localization exact sequence:

CH•(Ỹ ) −→ CH•(X)→ CH•(X \ Y )→ 0.

We say α ∈ CH•(X) is supported on Y if it is in the image of the first map. Mumford

shows in [Mum69] that if S is a surface with pg := h0(S,Ω2) > 0 then CH0(S) is not

supported on a curve and, equivalently, is infinite-dimensional in a suitable sense. This work

was later generalized by Rŏıtman in [Rŏı71] and [Rŏı72]. Here we will present a more modern

treatment of the theory as developed by Bloch and Srinivas (see [BS83] and [Voi02] Section

22.2). Recall that a correspondence Γ ∈ CHdimX(X × Y ) gives rise to a morphism

Γ∗ : CH0(Y ) −→ CH0(X)

z 7−→ pr1∗(Γ · pr∗2(z)).

The main result we will use is the following:

Theorem 2.1.3 ([BS83], see [Voi02] Corollaire 22.20). Let X and Y be smooth projective

varieties and consider Γ ∈ CHdimX(X × Y ). Suppose that there exists a closed subset

10



X ′ ⊂ X such that for every y ∈ Y the zero-cycle Γ∗({y}) is supported on X ′. Then, there

is an integer N ∈ N and cycles Γ′,Γ′′ such that

NΓ = Γ′ + Γ′′ ∈ CHdimX(X × Y ),

Γ′ is supported on X ′×Y , and the support of Γ′′ does not dominate Y by the second projection.

In practice, we will mostly use Mumford’s theorem 2.1.2 which is a well known corollary

of this result. Consider the maps

Σk : Xk −→ CH0(X) (2.1)

(x1, . . . , xk) 7−→
k∑
i=1

{xi},

Σ(k) : Symk(X) −→ CH0(X)

x1 + . . .+ xk 7−→
k∑
i=1

{xi}.

Definition 2.1.4. An orbit of degree k for rational equivalence is a fiber of Σk or Σ(k). We

denote the orbit containing the point z ∈ Xk (resp. z ∈ Symk(X)) by |z|. A suborbit is a

subvariety of an orbit and a subvariety Z of Xk or Symk(X) is foliated by codimension d

suborbits if the fibers of Σk|Z (resp. Σ(k)|Z) have codimension at most d.

The notion of suborbit is closely related to but not to be confused with that of constant

cycle subvariety in the sense of Huybrechts [Huy14]. Indeed, a suborbit of degree one is

exactly the analogue of a constant cycle subvariety as defined by Huybrechts for K3 surfaces.

Nonetheless, a suborbit of degree k for X need not be a constant cycle subvariety of Xk; in

the former case we consider rational equivalence of cycles in X, while in the latter rational

equivalence of cycles in Xk.

11



Remark 2.1.5. In [Rŏı71] Rŏıtman shows that the subset

R :=
{(

(x1, . . . , xk), (y1, . . . , yk)
)

:
∑
{xi} ∼

∑
{yi}

}
⊂ Xk ×Xk (2.2)

is a countable union of Zariski closed subsets. In particular, fibers of Σk and Σ(k) are

countable unions of Zariski closed subsets. Accordingly, since C is uncountable, one can

define the dimension (resp. codimension) of such a fiber as the maximal (resp. minimal)

dimension (resp. codimension) of irreducible components without ambiguity. Moreover,

given a subvariety Z of Xk or Symk(X), there is a d ∈ N such that a very general point of Z

is contained in a d-dimensional fiber of Σk|Z or Σ(k)|Z . All points of Z are then contained

in fibers of dimension at least d.

We will call the following result Mumford’s theorem, though [Mum69] only treats the

case d = 0, l = 2, and dimX = 2.

Mumford’s theorem 2.1.6 (See [Voi02] Proposition 22.24). Let X be a smooth projective

variety and Z ⊂ Xk a subvariety foliated by codimension d suborbits. Given an integer l > d

and any ω ∈ H0(X,ΩlX), the holomorphic form

ωk :=
k∑
i=1

pr∗iω ∈ H
0(Xk,ΩlX)

restricts to 0 on Z.

Proof. Consider the inclusion ι : Z → Xk, the transpose of its graph Γtι, along with the

correspondence

Γ = Γtι◦

 k∑
i=2

{∆1i}

 =
k∑
i=1

{
(x, (x1, . . . , xk)) : (x1, . . . , xk) ∈ Z, x = xi

}
∈ CHdimX(X×Z),

where

∆1i = {(x, x1, . . . , xk) : x = xi} ⊂ X ×Xk.
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Let Z ′ ⊂ Z be a d-dimensional subvariety which is nef, e.g. a general complete intersec-

tion of ample divisors on Z. The closed subset X ′ =
⋃k
i=1 pri(Z

′) had dimension at most d.

We claim that for any z ∈ Z the zero-cycle Γ∗({z}) ∈ CH0(X) is supported on X ′. Indeed,

the fiber of Σk containing z has codimension at most d and so intersects Z ′ non-trivially at

some point z′ ∈ Z ′. Since

Γ∗({z}) = Σk(z) = Σk(z′) = Γ∗({z′}) ∈ CH0(X)

and Γ∗({z′}) is supported on X ′ the claim follows.

By Theorem 2.1.3, there is a positive integer N and cycles Γ′ and Γ′′ such that

NΓ = Γ′ + Γ′′ ∈ CHdimX(X × Z), (2.3)

Γ′ is supported on X ′ × Z, and Γ′′ is supported on X × Z ′′ for some closed proper subset

Z ′′ ⊂ X. In particular, we have the equality of maps

(NΓ)∗ = Γ′∗ + Γ′′∗ : H0(X,ΩlX) −→ H l(Z,C).

The map Γ′∗ factors through H0(X̃ ′,Ωl), where X̃ ′ is a desingularization of X ′. In particular,

it is zero for dimensional reasons when l > d. On the other hand, the map Γ′′∗ factors through

a map

H0(Z̃ ′′,Ωl)→ H l(Z̃,C),

where Z̃ ′′ and Z̃ are desingularizations of Z ′′ and Z respectively. This Gysin map has

Hodge bidegree (codimZZ
′′, codimZZ

′′) and so Γ′′∗ is zero. It follows from equation (2.3)

that Γ∗ : H0(X,ΩlX)→ H l(Z,C) is zero.
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To finish the argument, it suffices to observe that

{∆1i}∗ = pr∗i : H0(X,ΩlX)→ H0(Xk,Ωl
Xk)

and that Γtι∗ = Γ∗ι = ι∗.

Remark 2.1.7. Theorem 2.1.3 is already of interest in the case Y = X and Γ = {∆}. Assume

that CH0(X) is supported on Z ⊂ X. By Theorem 2.1.3 there is a positive integer N and

cycles Γ′,Γ′′ ∈ CHdimX(X ×X) such that

N{∆} = Γ′ + Γ′′ ∈ CHdimX(X ×X),

where the support of Γ′ does not dominate X under the projection to the first factor and

Γ′′ is supported on X × Z. Conversely, if N{∆} admits such a decomposition, it is clear by

considering the morphism

N{∆}∗ : CH0(X)→ CH0(X)

that CH0(X) is supported on Z up to N -torsion.

We can argue essentially as in the proof of Mumford’s theorem to show:

Theorem 2.1.8 (See [Voi02] Théorème 22.4). Let X be a smooth projective variety. If

CH0(X) is supported on a d-dimensional closed subset Y ⊂ X, then H0(X,ΩlX) = 0 for all

l > d.

Bloch’s conjecture conversely alleges that if H•(X,C) has Hodge coniveau at least 1 in

degrees • 6= 0, 2 dimX, then CH0(X)Q ∼= Q. Recall that the Hodge coniveau of a Hodge

structure (VZ, F
•) is the largest c such that F cVC = VC. This fits into a broad conjectural

framework due to Bloch and Beilinson. The reader in invited to consult [Jan94] for an in-

sightful presentation of the subject.
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The discussion in Remark 2.1.7 motivates the following definition.

Definition 2.1.9. A smooth projective variety X admits a decomposition of the diagonal if

there is a positive integer N , a cycle Γ′ ∈ CHdimX(X ×X), and α ∈ CH0(X), a zero-cycle

of degree N , such that

N{∆} = X × α + Γ′ ∈ CHdimX(X ×X)

and the support of Γ′ does not dominate X under the first projection. The smallest N for

which a decomposition exists is called the torsion order of X. We say X has an integral

decomposition of the diagonal if it has a decomposition of the diagonal and torsion order 1.

X admits a cohomological decomposition of the diagonal if there is a positive integer N

and a cycle Γ′ ∈ CHdimX(X ×X) such that

N [∆] = N [X × {pt}] + [Γ′] ∈ H2 dimX(X ×X,Z),

and the support of Γ′ does not dominate X under the projection to the first factor. The

smallest N for which a cohomological decomposition exists is called the cohomological tor-

sion order of X. We say X has an integral cohomological decomposition of the diagonal if it

has a cohomological decomposition of the diagonal and cohomological torsion order 1.

Note that by a theorem of Rŏıtman [Rŏı80] the kernel of the degree map CH0(X)→ Z

injects into the albanese of X. If X admits a decomposition of the diagonal then CH0(X) ∼=

Z up to torsion and by Theorem 2.1.8 the Albanese of X is trivial so that CH0(X) ∼= Z.

Hence, X has a decomposition of the diagonal if and only if the degree map CH0(X) → Z

is an isomorphism.
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Definition 2.1.10. A smooth projective variety X is called CH0-trivial if the degree map

CH0(X)→ Z is an isomorphism.

Remark 2.1.11. Considering the action of the diagonal on cohomology and arguing as in the

proof of Mumford’s theorem 2.1.2, we can see that if X has a cohomological decomposition

of the diagonal then its cohomology has coniveau at least one in all degrees except 0 and

2 dimX. Bloch’s conjecture then predicts that X is CH0-trivial and so has a decomposition

of the diagonal. Thus, conjecturally, X has a cohomological decomposition of the diagonal

if and only if it has a decomposition of the diagonal.

2.1.3 Applications to surfaces

As described in the following two lemmas, given a smooth projective surface X with pg 6= 0,

Mumford’s theorem 2.1.2 allows us to give upper bounds on the dimension of subvarieties of

Xk foliated by positive dimensional suborbits.

Lemma 2.1.12. Let X be a smooth projective surface and ω ∈ H0(X,Ω2
X). If a subvariety

Z ⊂ Xk is foliated by codimension d suborbits, the form ω
d(d+1)/2e
k restricts to zero on Z.

Proof. Let R be as in (2.2) and consider the set-theoretic intersection

R ∩ (Z × Z) ⊂ Z × Z.

This subset is a countable union of Zariski closed subsets and it has an irreducible component

Γ which dominates the second factor with fibers Γz of codimension at most d. The set of

points z ∈ Z such that z ∈ Zsm ∩ Γz,sm is clearly Zariski dense. Thus, it suffices to show

that ω
d(d+1)/2e
k restricts to zero on TZ,z for such a z.

Suppose that d is odd (the even case is treated in a similar way). The intersection

of any (d + 1)-dimensional subspace of TZ,z with the tangent space to TΓz ,z is positive
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dimensional. Hence such a space admits a basis v1, . . . , vd+1, with v1 ∈ TΓz ,z. The number

ω
(d+1)/2
k (v1, . . . , vd+1) consists of a sum of terms of the form

±
∏
i∈I

ωk

(
vi, vσ(i)

)
,

where I ⊂ {1, . . . , d+ 1} is a subset of cardinality (d+ 1)/2 and

σ : I → {1, . . . , d+ 1} \ I

is a bijection. But ωk(v1, vj) = 0 for any j by Mumford’s theorem 2.1.2. Indeed, vj is tangent

to a curve C ⊂ Z which is smooth at z and the variety pr2|−1
Γ (C) ⊂ Γ is foliated by suborbits

of codimension at most 1. Finally, the subspace 〈v1, vj〉 is contained in the tangent space to

pr−1
2 (C) at z. It follows from that ω

(d+1)/2
k (v1, . . . , vd+1) = 0 and so ω

(d+1)/2
k restricts to

zero on Z.

Given a finite set S and a subset I ⊂ S, we let

prI : XS → XI

be the projection to the product of the factors with index in I. Moreover, given a positive

integer k, we let

[k] := {1, . . . , k}.

Lemma 2.1.13. Let X be a smooth projective surface, ω ∈ H0(X,Ω2) be non-zero, and

l ≤ k be positive integers. If the form ωlk restricts to zero on the subvariety Z ⊂ Xk, then

dimZ < k + l.

Proof. We proceed by induction on k and note that the case k = 1 is obvious. Write D ⊂ X
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for the divisor div(ω). We first show that we can assume that Z is not contained in

k⋃
i=1

pr−1
i (D).

Suppose without loss of generality that Z ⊂ D ×Xk−1. Since pr∗1ω|D = 0, the form ωlk−1

restricts to zero on each irreducible component of

pr[k]\{1}
(
Z ∩ ({x} ×Xk)

)

for any x ∈ X. By the induction hypothesis,

dimZ ∩ ({x} ×Xk) < k − 1 + l

so that dimZ < k + l.

Now pick z = (z1, . . . , zk) ∈ Zsm \
⋃k
i=1 pr−1

i (D) and let v1, . . . , vm be a basis of TZ,z.

The section ωkk ∈ H
0(Xk,Ω2k) does not vanish at z and we have

ωkk(v1, . . . , vm) 6= 0 ∈
2k−m∧

T ∗
Xk,z

.

If m ≥ k + l, then ωkk(v1, . . . , vm) is a sum of terms of the form

±ωlk(vi1 , . . . , vi2l) · ω
k−l
k (vi2l+1

, . . . , vim),

where {i1, . . . , im} = [m]. It follows from the non-vanishing of ωkk(v1, . . . , vm) that ωlk does

not restrict to zero on TZ,z.
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Corollary 2.1.14. Let X be a smooth projective surface with pg 6= 0 and suppose that the

subvariety Z ⊂ Xk is foliated by d-dimensional suborbits. Then,

dimZ ≤ 2k − d.

Proof. By Lemma 2.1.12 ωd(dimZ−d+1)/2e restricts to zero on Z and so Lemma 2.1.13

implies

dimZ < k + d(dimZ − d+ 1)/2e − 1.

This inequality gives the stated bound for parity reasons.

2.1.4 Suborbits for abelian varieties

Since the action of A on Ak by diagonal translation preserves rational equivalence, it is often

convenient to consider normalized zero-cycle.

Definition 2.1.15. Given an abelian variety A, the zero-cycle (a1, . . . , ak) ∈ Ak and the

orbit |{a1}+ . . .+ {ak}| are called normalized if a1 + . . .+ ak = 0A. We write Ak, 0 for the

kernel of the summation map, i.e. the set of normalized effective zero-cycles of degree k.

Remark 2.1.16. If |{a1} + . . . + {ak}| is a normalized d-dimensional orbit of degree k and

a ∈ A is any point, then

|{ka}+ {a1 − a}+ . . .+ {ak − a}|

is a normalized orbit of dimension at least d. This was observed by Voisin in Example 6.3

of [Voi18].

We begin by stating analogues of Lemma 2.1.13 and Corollary 2.1.14 for normalized

orbits. These are the main results on rational equivalence of zero-cycles that we will use in

the proof of Theorem 3.3.2.
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Lemma 2.1.17. Let A be an abelian surface, ω ∈ H0(A,Ω2
A) be a generator, and Z ⊂ Ak, 0

be a subvariety such that ωlk restricts to zero on Z. Then,

dimZ < k + l − 1.

Proof. Given the following fact to be proved in Lemma 2.1.19, we can use the same argument

as in the proof Lemma 2.1.13 : Let ι : Ak, 0 → Ak be the inclusion. The form ι∗(ωk−1
k ) is a

generator of H0(Ak, 0,Ω2k−2).

Corollary 2.1.18. Let A be an abelian surface and Z ⊂ Ak, 0 be a subvariety foliated by

d-dimensional suborbits. Then,

dimZ ≤ 2(k − 1)− d.

Given an abelian variety A, integers 1 ≤ r ≤ k, and a matrix M = (mij) ∈ Mk×r(Z)

of rank r, we denote by ArM (or AM when r = 1) the image of Ar under the following

embedding:

iM : Ar −−−−−−−−−−−→ Ak

(a1, . . . ,ar) 7→
( r∑
j=1

m1jaj , . . . ,
r∑
j=1

mkjaj

)
.

Note that if A is simple all positive dimensional abelian subvarieties of Ak are of the form

ArM . Given a C-vector space V , we will use the same notation V rM := iM (V ) ⊂ V k for any

M ∈Mk×r(C).

Lemma 2.1.19. Let A be an abelian variety and ω ∈ H0(A,Ω2
A) be a generator. Then,

(i∗Mωk)r 6= 0 ∈ H0(ArM ,Ω2r).

In particular, if dimA = 2 the form ωk restricts to a holomorphic symplectic form on ArM .
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Proof. We treat the case ω = dz∧dw, where z and w are two coordinates on A. The general

case is easily obtained from this special case. Let zi, wi be the corresponding coordinates on

the ith factor of Ar. We have

i∗Mωk =
k∑
i=1

 r∑
j=1

mijdzj ∧
r∑

j′=1

mij′dwj′

 .

A computation gives

(i∗Mωk)r = r! det G dz1 ∧ dw1 ∧ . . . ∧ dzr ∧ dwr,

where

G = (〈Mi,Mj〉)1≤i,j≤r

is the Gram matrix of the columns Mi of the matrix M . Since M has maximal rank its

Gram matrix has positive determinant. It follows that (i∗Mωk)r 6= 0.

Lemmas 2.1.12 and 2.1.19 imply the following corollary which will play a crucial technical

role in the proof of Theorem 3.3.2:

Corollary 2.1.20. Given an abelian surface A, a subvariety of the form ArM ⊂ Ak cannot

be foliated by positive dimensional suborbits.

2.1.5 Suborbits in families

We will not only be interested in suborbits of degree k for a smooth projective variety X,

but in families of suborbits, as well as subvarieties of Xk foliated by suborbits. Moreover, it

will be useful to study these notions in families.

An r-parameter family of effective d-dimensional cycles on a smooth projective variety

X is an r-dimensional subvariety of a Chow variety Chowd(X) which parametrizes effective
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pure d-dimensional cycles with a given cycle class. For simplicity, we will leave the cycle

class unspecified in the notation for these Chow varieties. Similarly, an r-parameter family

of effective d-dimensional cycles on X/S is a subvariety D ⊂ Chowd(X/S) with relative

dimension r over S. The subvariety Ds ⊂ D parametrizes cycles with support lying over a

point s ∈ S.

Definition 2.1.21.

1. A subvariety Z ⊂ Xk is foliated by d-dimensional suborbits if

dim |z| ∩ Z ≥ d, ∀z ∈ Z.

Clearly, this agrees with Definition 2.1.4.

2. Similarly, a locally closed subset Z ⊂ X k is foliated by d-dimensional suborbits if Zs

is foliated by d-dimensional suborbits for all s ∈ S.

3. A family of d-dimensional suborbits of degree k for X is a family of d-dimensional

effective cycles on Xk whose supports are suborbits.

4. Similarly, a family of d-dimensional suborbits of degree k for X/S is a family D ⊂

Chowd(X k/S) of effective d-dimensional cycles on X k such that Ds ⊂ Chowd(X ks ) is

a family of d-dimensional suborbits of degree k for Xs.

Remark 2.1.22. Let D ⊂ Chowd(X
k) be an r-parameter family of d-dimensional suborbits

for a variety X and Y → D be the corresponding family of cycles. The set

⋃
t∈D
Yt ⊂ Xk

is foliated by d-dimensional suborbits but its dimension might be less than (r+d). Conversely,

any subvariety Z ⊂ Xk foliated by d-dimensional suborbits arises in such a fashion from a
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family of d-dimensional suborbits after possibly passing to a Zariski open subset. Indeed,

consider

π : R ∩ (Z × Z)→ Z,

the restriction of the projection of Z × Z onto the first factor to R ∩ (Z × Z), where R is

the graph of rational equivalence R in (2.2). Given a subvariety R′ of R∩ (Z ×Z) such that

π|R′ : R′ → Z has a generic fiber of dimension d, we can consider the map from an open

set in Z to an appropriate Chow variety of Chowd(X
k) taking z ∈ Z to the cycle π|−1

R′ (z).

Letting D be the image of this morphism, we get a family of d-dimensional suborbits that

covers an open in Z.

2.2 Measures of irrationality

This section presents the different measures of irrationality that we will study and surveys

the literature on these birational invariants. The last subsection focuses on measures of

irrationality for abelian varieties and reviews what was known about this topic prior to the

contributions of this thesis.

2.2.1 Basic definitions

Definition 2.2.1. A variety X is:

• rational if it birational to PdimX ,

• stably rational if there is a positive integer d such that X × Pd is rational,

• unirational if there is a dominant rational map Y 99K X with Y rational,

• rationally connected if any two general points x, y ∈ X can be connected by a (possibly

singular) rational curve in X,
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• uniruled if it admits a dominant and generically finite rational map from a family of

rational curves, i.e., given a general point x ∈ X, there is a (possibly singular) rational

curve in X going through x.

We have the following implications between rationality properties of a variety X:

rational =⇒ stably rational =⇒ unirational =⇒ rationally connected =⇒ uniruled

(2.4)

For curves, all these notions agree. For surfaces, they agree aside from uniruledness which is

clearly strictly weaker than rational connectedness. From dimension 3 onwards, it is known

that all these notion differ aside possibly from rational connectedness and unirationality.

It is an important open problem to exhibit rationally connected varieties which fail to be

unirational.

To measure the failure of varieties to satisfy these different weakenings of rationality one

introduces birational invariants called measures of irrationality.

Definition 2.2.2. Let X be a projective variety.

• The degree of irrationality of X is

irr(X) := min{degϕ : ϕ : X 99K PdimX is dominant}.

When X is a curve the degree of irrationality is also called the gonality of X and

denoted gon(X).

• The stable degree of irrationality of X is

stab.irr(X) := min{irr(X × Pr) : r ∈ Z≥0}.
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• The degree of unirationality of X is

uni.irr(X) := min{irr(Y ) : ∃ ϕ : Y 99K X dominant and generically finite}.

• The connecting gonality of X is

conn.gon(X) := min

{
g ∈ Z≥0

∣∣∣∣∣ any two general points x, y ∈ X can be

connected by an irreducible g-gonal curve in X

}
.

• The covering gonality of X is

cov.gon(X) := min

{
g ∈ Z≥0

∣∣∣∣∣ a general point x ∈ X is contained

in an irreducible g-gonal curve in X

}
.

Clearly, these birational invariants are 1 if and only if X satisfies the corresponding

weakening of rationality defined above, e.g., irr(X) = 1 ⇐⇒ X is rational. We have the

following inequalities which in particular imply (2.4):

cov.gon(X) ≤ conn.gon(X) ≤ uni.irr(X) ≤ stab.irr(X) ≤ irr(X).

These inequalities are for the most part obvious but we single out the proof of some of them.

Lemma 2.2.3. For any variety X,

conn.gon(X) ≤ uni.irr(X) ≤ stab.irr(X).

Proof. Given a dominant generically finite rational map Y 99K X, the connecting gonality

of X is at most the connecting gonality of Y . Moreover, given a dominant degree k rational

map Y 99K PdimY and a resolution of indeterminacy Ỹ → PdimY , we can consider the
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pullback of lines on PdimY to get a connecting family of curves of gonality at most k on Ỹ .

It follows that:

conn.gon(X) ≤ uni.irr(X).

To show the second inequality, consider a dominant rational map of degree k

X × Pr 99K PdimX+r.

We can resolve indeterminacy to get a morphism

X̃ × Pr → PdimX+r

and pullback a generic codimension r plane in PdimX+r. The pushforward of this codimen-

sion r closed subset to X × Pr dominates X by the first projection and every one of its

components admits a dominant rational map to PdimX of degree at most k.

Remark 2.2.4. Note that conn.gon(X), uni.irr(X), and stab.irr(X) are all stable birational

invariants. This is trivial for stab.irr(X) so it suffices to check that for all r ∈ Z≥0

conn.gon(X × Pr) = conn.gon(X),

uni.irr(X × Pr) = uni.irr(X).

For the first equality, observe that a connecting family of g-gonal curves on X × Pr can

be projected to X to obtain a connecting family with gonality at most g so that

conn.gon(X × Pr) ≥ conn.gon(X).

Now, consider general points (x, t), (x′, t′) ∈ X×Pr and let C ⊂ X be a curve of gonality

cov.gon(X) containing x and x′. We can choose C such that its normalization C̃ admits a

dominant rational map ϕ : C̃ → P1 of degree cov.gon(X) with ϕ(x̃) 6= ϕ(x̃′), where x̃ and
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x̃′ lie over x and x′ respectively. Let L ⊂ Pr be the line connecting t and t′, ι : C → X be

the inclusion, and π : C̃ → C be the normalization map. One can choose an isomorphism

P1 → L which takes ϕ(x̃) to t and ϕ(x̃′) to t′ and we let ϕ′ : C̃ → Pr be the composition of

ϕ with this isomorphism and the inclusion L→ Pr. The curve

[(ι ◦ π)× ϕ′](∆
C̃

) ⊂ X × Pr

is birational to C and connects (x, t) and (x′, t′). It follows that

conn.gon(X × Pr) ≤ conn.gon(X).

For the degree of unirationality, if ϕ : Y 99K X is a dominant rational map, then

ϕ× idPr : Y × Pr 99K X × Pr

is a dominant rational map and irr(Y × Pr) ≤ irr(Y ). It follows that

uni.irr(X × Pr) ≤ uni.irr(X).

On the other hand, suppose that ψ : W 99K X × Pr is a dominant rational map and

that W admits a degree d dominant rational map to PdimX+r. The pull back of a generic

codimension r linear subspace of PdimX+r is a variety with degree of irrationality at most

d which dominates X. This shows that

uni.irr(X × Pr) = uni.irr(X).

For curves, all the measures of irrationality described above coincide with the gonality of

X. For surfaces, the covering gonality does not always agree with the connecting gonality and

we will see in Example 2.3.8 that the degree of unirationality can differ from the connecting
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gonality. Moreover, since there are examples of dominant rational maps Y 99K X between

surfaces X and Y satisfying irr(Y ) < irr(X) (see [Yos98] and 4.2.3), the degree of irrationality

cannot agree with the degree of unirationality for all surfaces. From dimension 3 onwards,

it is clear from the discussion above that all these birational invariants are distinct.

Problem 2.2.5. Find smooth projective surfaces X and Y with uni.irr(X) = uni.irr(Y ) and

stab.irr(X) 6= stab.irr(Y ). Find smooth projective surfaces X and Y with stab.irr(X) =

stab.irr(Y ) and irr(X) 6= irr(Y ).

2.2.2 Examples

In this section we collect several example of computations of measures of irrationality. We

refer to the literature for the proofs.

Example 2.2.6 (Max Noether’s theorem). A theorem of Max Noether (see [Noe83] for the

original source and [Cil84] and [Har86] for complete proofs) states that the gonality of a

smooth curve C of degree d ≥ 4 in P2 is d − 1. Moreover, any dominant rational map of

degree d−1 from C to P1 is given by projection from a point. Note that the gonality statement

holds for d ≥ 2 and the statement about uniqueness also holds for d = 3 if one rules out

elliptic curves with j-invariant 0 and 1728, namely elliptic curves with extra automorphisms.

Example 2.2.7 (High degree hypersurfaces). The previous example was generalized to hy-

persurfaces in [BCP14] and [BPE+17]. Given a smooth hypersurface X ⊂ Pn+1 of degree

d ≥ n+ 3, we have the inequalities

d− n ≤ irr(X) ≤ d− 1.

If d ≥ 2n+ 1 and X is very general, then

irr(X) = d− 1.
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Moreover, if d ≥ 2n + 2 and X is very general, any dominant rational map X 99K Pn of

degree d− 1 is given by projection from a point of X. It was further shown in [Yan19] that

if X is very general of degree d ≥ 2n+ 2, then

uni.irr(X) = d− 1.

As far as the connecting gonality is concerned, we have the following result for smooth

surfaces X ⊂ P3 of degree d ≥ 4: For any x ∈ X, the intersection Cx := Tx ∩ X of X

with the embedded tangent plane to X at x is an irreducible plane curve of degree d with a

double point at x. Lopez and Pirola show in [LP95] that varying x yields a covering family

of minimal gonality and that it is unique. Note that the projective dual of X is a surface

X̌ ⊂ P̌3. Given two very general points y, y′ ∈ X, there is a line l ⊂ P̌3 parametrizing

planes containing y and y′. Since this line intersects X̌ two very general points of X can be

connected by a curve of the form Cx. It follows that

conn.gon(X) = cov.gon(X) = d− 2.

Finally, it was shown in [BCFS19] that if X ⊂ Pn+1 is a very general hypersurface of degree

d ≥ 2n+ 2, then

cov.gon(X) = d−
⌊√

16n+ 1− 1

2

⌋
unless n ∈ {4α2 + 3α, 4α2 + 5α+ 1|α ∈ Z>0}, in which case the covering gonality may drop

by one.

While measures of irrationality for hypersurfaces are well-understood, the results men-

tioned above rely heavily on geometric constructions particular to the case at hand. Notable

extensions to hypersurfaces in some homogeneous spaces have been obtained by Stapleton in

his thesis [Sta17].
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Example 2.2.8 (Surfaces). Arguably the first step towards understanding measures of irra-

tionality in dimension > 1 is to determine what values they can take for surfaces. In what

follows, S is a smooth projective surface and we review what is known about measures of

irrationality for the different classes of the Enriques-Kodaira classification.

• κ(S) = −∞

– (Rational): All measures of irrationality are equal to 1.

– (Ruled): S is birational to C × P1 for some curve C of positive genus. Clearly,

irr(S) ≤ gon(C) and con.gon(X) ≥ gon(C) so that

1 = cov.gon(S) < con.gon(S) = uni.irr(S) = stab.irr(S) = irr(S) = gon(C).

• κ(S) = 0

– (K3): A theorem of Bogomolov and Mumford ([MM83] p. 351) states that a K3

surface S is covered by (singular) elliptic curves. Since S is not uniruled it follows

that

cov.gon(S) = 2.

If (X,L) is a degree 2g − 2 K3 surface, the Severi variety

V L,g−2 ⊂ |L| ∼= Pg

is a locally closed surface which parametrizes irreducible curves in L with g − 2

nodes as only singularities. Since such curves have geometric genus 2 and are

thus hyperelliptic,

conn.gon(X) = 2.

The main open question regarding measures of irrationality for K-trivial surfaces

is the following:
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Conjecture 2.2.9 (Conjecture 4.2 in [BPE+17]). Let (Sd, Ld) denote a very

general polarized K3 surface of degree d. Then,

lim sup
d→∞

irr(Sd) =∞.

In the opposite direction, Stapleton shows the following theorem in his thesis:

Theorem 2.2.10 ([Sta17] Theorem 5.1). Let (Sd, Ld) denote a very general po-

larized K3 surface of degree d. There is a constant C such that

irr(Sd) ≤ C
√
d.

We will see in Theorem 2.2.15 by Chen and Stapleton that the degree of irrational-

ity of a K3 surface can only drop under specialization. There are several instance

of K3 surfaces which have low degree of irrationality. For instance, Chen and

Chen-Stapleton show that Kummer K3 surfaces have degree of irrationality 2 (see

the sketch of proof for Theorem 2.3.6). Similarly, the degree of irrationality of

a K3 surface admitting an elliptic fibration of index d is at most 2d (see the

discussion of elliptic surface with κ(S) = 1 below).

– (Abelian surfaces): For more details refer to Section 2.3. For every abelian surface

A, we have the inequalities

2 = cov.gon(A) < conn.gon(A) ≤ irr(A) ≤ 4.

For simple abelian surfaces,

conn.gon(A) = uni.irr(A) = 3.

– (Enriques): Enriques surfaces are branched double covers of the plane ([Enr06],
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see also [Dol16]). Since they are not ruled, all measures of irrationality considered

in the previous section are equal to 2.

– (Hyperelliptic): Yoshihara has studied the degree of irrationality of hyperelliptic

surfaces in [Yos00]. A hyperelliptic surface S is a quotient E × F/G, where E

and F are elliptic curves and G is a subgroup of F acting by translation on E.

There are 7 families of hyperelliptic surfaces and their degrees of irrationality

are listed in Table 2.1. Note that if j(E) = 0 or 1728, then E is respectively

C/Z[ω] and C/Z[i], where ω is a primitive third root of unity. In these cases,

Aut(E) = 〈−ω〉 = Z/6Z and Aut(E) = 〈i〉 = Z/4Z respectively. It does not seem

to be known whether hyperelliptic surfaces can have degree of irrationality 4.

Order of KX j(E) G Action of G on E irr(S)

2 Any Z/2Z e 7→ −e 2

2 Any Z/2Z× Z/2Z e 7→ −e, e 7→ e+ c, c ∈ E[2] \ {0E} 2

3 0 Z/3Z e 7→ ωe 3

3 0 Z/3Z× Z/3Z e 7→ ωe, e 7→ e+ c, ωc = c 3 or 4

4 1728 Z/4Z e 7→ ie 3

4 1728 Z/4Z× Z/2Z e 7→ ie, e 7→ e+ c, ic = c 3

6 0 Z/6Z e 7→ −ωe 3

Table 2.1: Degree of irrationality of hyperelliptic surfaces

• κ(S) = 1 (Elliptic): We review what is known about measures of irrationality for

elliptic surfaces regardless of Kodaira dimension. Clearly, if S → C is an elliptic

surface cov.gon(S) ≤ 2 and

conn.gon(S) ≥ gon(C).

32



Yoshihara shows in Proposition 1 of [Yos96] that if S → C has a section then

irr(S) ≤ 2 gon(C).

See Proposition 2.3.3 for the precise formulation. Of course, one can obtain more

general results by considering the Jacobian fibration J(S)→ C associated to an elliptic

fibration S → C. Recall that the index of an elliptic fibration S → C is the positive

generator of the subgroup of Z generated by the degrees of intersections of curves on

S with fibers of the fibration. If S admits an elliptic fibration of index d there is a

dominant rational map of degree d2 (see [BKL76] p. 138):

S 99K J(S).

Since J(S)→ C is an elliptic fibration with a section, irr(J(S)) ≤ 2 irr(C) and

irr(S) ≤ 2d2 irr(C).

Finally, one can use a similar method to get an upper bound on the degree of uni-

rationality of S. Note that S → C is a torsor under J(S) → C so that we have a

morphism

J(S)×C S → S.

A multisection D ⊂ S gives a covering

J(S)×C D → S

and J(S)×C D → D is an elliptic fibration with a section. It follows that

irr(J(S)×C D) ≤ 2 gon(D)

33



and

uni.irr(S) ≤ 2 gon(D).

In particular, if S is not rational and contains an infinite number of rational curves

(say X is an elliptic K3 surface) then

uni.irr(S) = 2.

Problem 2.2.11. Devise a method to give lower bounds on the degree of irrationality

of elliptic surfaces. This is particularly interesting for elliptic K3 surfaces in light of

Conjecture 2.2.9 and Theorem 2.2.15.

• κ(S) = 2 (General type): Aside from high degree hypersurfaces, there are only few

scattered results, several of which we mention below.

Example 2.2.12 (Symmetric square of a smooth curve). In [Bas12], Bastianelli studies

measures of irrationality for the symmetric square of a smooth curve C of genus g. He

shows that

irr(Sym2C) ≤ min

{
gon(C)2,

δ2(δ2 − 1)

2
,
(δ3 − 1)(δ3 − 2)

2
− g
}
,

where δi is the minimal positive integer d such that C is birational to a non-degenerate curve

of degree d in Pi.

Moreover, if C is very general, then irr(Sym2C) ≥ g − 1. Bastianelli also proves that if

C is hyperelliptic then

irr(Sym2C) ∈ {3, 4} if g ≥ 2,

irr(Sym2C) = 4 if g ≥ 4.
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In particular, the degree of irrationality of the Jacobian of a genus 2 curve is either 3 or 41.

Finally, Bastianelli proves that if g ≥ 3 the covering gonality of irr(Sym2C) coincides with

the gonality of C.

Example 2.2.13 (Fano surface of a cubic 3-fold). In [GK19], Gounelas and Kouvidakis

study measures of irrationality for S the Fano surface of lines on a cubic 3-fold X. They

show the following inequalities:

3 ≤ cov.gon(S) ≤ irr(S) ≤ 6.

Moreover, if X is very general, then

4 = cov.gon(S) ≤ 5 = con.gon(S) ≤ 6 = irr(S).

2.2.3 Measures of irrationality and specialization

It is has been shown recently in [NS19] and [KT19] that rationality and stable rationality

specialize in smooth families. One might expect from these results and the behavior for

curves that measures of irrationality can only drop under specialization in smooth families.

This is indeed the case for the covering gonality (see Proposition 2.2 in [GK19]). However,

if the degree of irrationality could only decrease under specialization, Theorem 2.3.2 below

would imply that the degree of irrationality of the product of two very general elliptic curves

is 3, instead of the expected value of 4.

Question 2.2.14. Can the degree of irrationality or other measures of irrationality increase

under specialization in smooth families?

Despite these pessimistic prospects, it is known that the degree of irrationality can only

drop on special fibers in some special instances:

1. In fact this holds for any abelian surface. See Section 2.3.
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Theorem 2.2.15 ([CS19] Proposition C). Let X → T be a smooth projective family over

a smooth irreducible marked curve (T, 0). If a very general fiber Xt is a regular surface (i.e.

q = H1(Xt,OXt
) = 0) or a strict Calabi-Yau 3-fold then

irr(Xt) ≤ d =⇒ irr(X0) ≤ d.

Sketch of proof. The proof proceeds by showing that the smallest degree of a dominant ra-

tional map to a ruled variety is lower semi-continuous. One then shows that regular surfaces

and strict Calabi-Yau 3-folds do not admit generically finite dominant rational maps to non-

rational ruled varieties.

If X is a regular surface, Y a smooth curve, and ϕ : X 99K Y × P1 a dominant rational

map then regularity of X implies that Y = P1. If X is a strict Calabi-Yau 3-fold, Y a

smooth surface, and ϕ : X 99K Y × P1 a dominant rational map, we can consider the MRC

(maximally rationally connected) fibration f : Y ×P1 99K B. We can assume B is a smooth

surface since h0(X,Ω1
X) = 0. Moreover, the Kodaira dimension of B is 0 by the solution of

the Iitaka conjecture in small dimension.

Indeed, if X̃ → B is a resolution of indeterminacy, the Iitaka conjecture gives the in-

equality

0 = κ(X) ≥ κ(F ) + κ(B),

where F is a general fiber. Since X and B are not uniruled, both the Kodaira dimension of

F and B are non-negative. This forces κ(F ) = κ(B) = 0.

Hence, there is proper étale cover B′ → B with trivial canonical bundle. The fact that X

is simply connected implies that f ◦ ϕ factors through B′ → B and so that h0(X,Ω2
X) 6= 0.

This provides the desired contradiction.
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Remark 2.2.16. As observed in [GK19], the degree of irrationality and stable degree of

irrationality are not lower semi-continuous as there are smooth 1-parameter families whose

very general fiber is not stably rational but which have countably-many rational fibers. For

instance, Hassett, Pirutka, and Tschinkel construct families of quadric surface bundles over

P2 satisfying this property in [HPT18].

2.2.4 Zero-cycles and measures of irrationality

It will be useful to consider measures of irrationality that interpolate between the covering

gonality and the degree of irrationality.

Definition 2.2.17. Let X be a projective variety

• The covering degree of irrationality of X in dimension d is

irrd(X) = min

{
i ∈ Z>0

∣∣∣∣∣ X is birationally covered by d-dimensional

subvarieties with degree of irrationality i

}
.

• Similarly, the covering degree of unirationality of X in dimension d is

uni.irrd(X) = min

{
i ∈ Z>0

∣∣∣∣∣ X is birationally covered by d-dimensional

subvarieties with degree of unirationality i

}
.

Clearly,

cov.gon(X) = uni.irr1(X) = irr1(X),

and

irrdimX(X) = irr(X),

uni.irrdimX(X) = uni.irr(X).
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Moreover, we have the obvious inequalities

cov.gon(X) ≤ uni.irr2(X) ≤ irr2(X) ≤ . . . ≤ uni.irr(X) ≤ irr(X).

One can define birational invariants vd(X) which are cycle-theoretic analogues of the

invariants irrd(X) and uni.irrd(X). The invariant v(X) := v1(X) is known as the Voisin

invariant in the literature (see [BPE+17] Definition 2.1) and we will call vd(X) the dth

Voisin invariant of X.

Definition 2.2.18. The dth Voisin invariant is the smallest positive integer k for which there

is a subvariety Z ⊂ Xk such that Σk|Z has fibers of dimension at least d and pr1|Z : Z → X

is dominant.

Remark 2.2.19. One can define analogously a cycle-theoretic analogue of the connecting

gonality. We do not pursue this line of investigation here.

Lemma 2.2.20. The following inequality holds for any 1 ≤ d ≤ dimX:

vd(X) ≤ uni.irrd(X).

Proof. Let Y ⊂ X be a d-dimensional subvariety, W a d-dimensional variety, and f : W 99K

Y a dominant rational map. Suppose that W admits a degree k dominant rational map

ϕ : W 99K V to a CH0-trivial d-fold V . There is a rational map

Fib : V 99K SymkW

t 7→ ϕ−1(t),

which associates to a generic point t ∈ V the fiber of ϕ over t. The image Fib(V ) ⊂ SymkW

is contained in a fiber of Σ(k) since V is CH0-trivial. The preimage q−1
k Fib(V ) of Fib(V )

under the quotient map

qk : W k → Symk(W )
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is d-dimensional and contained in a fiber of Σk. The same holds for the image of this subset

under the rational map fk : W k 99K Y k. Moreover, the image of (fk ◦ q−1
k )(Fib(V )) under

the projection to the first factor is Y .

By Remark 2.1.5, the subset

R≥d := {(x1, . . . , xk) ∈ Xk : dim |{x1}+ . . .+ {xk}| ≥ d} ⊂ Xk

is a countable union of closed subsets of Xk. If X is birationally covered by d-folds with

degree of unirationality k, the above shows that R≥d dominates X under the first projection.

It follows from the uncountability of C that an irreducible component of R≥d dominates X

under the first projection, thereby showing that vd(X) ≤ k. In fact, we have shown that

vd(X) ≤ k as long as X is birationally covered by d-folds admitting a degree k dominant

rational map to a CH0-trivial variety.

2.3 Measures of irrationality for abelian varieties

2.3.1 Degree of irrationality

In Section 4 of [BE78], Sommese shows by a topological argument that the minimal degree

of a dominant morphism from an abelian g-fold to Pg is at least g+ 1. In [Yos90], Yoshihara

proved that the degree of irrationality of abelian surfaces is at least 3. The first general

lower bound on the degree of irrationality of an abelian variety is due to Alzati and Pirola

in [AP92].

Theorem 2.3.1 (Alzati-Pirola bound, Corollary 3.7 in [AP92] ). Let A be an abelian variety.

Then,

uni.irr(A) ≥ dimA+ 1,
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and, in particular,

irr(A) ≥ dimA+ 1.

The original proof is an application of an inequality between the holomorphic lengths of

varieties X and Y given the existence of a dominant rational map Y 99K X. Instead, we

give a cycle-theoretic proof in the spirit of Section 2.2.4.

Proof. Theorem 1.4 (i) of [Voi18] states that the dimension of an orbit of degree k on an

abelian variety is at most k − 1. Let Y 99K A be a dominant generically finite rational

map. A degree k dominant rational map Y 99K X to a CH0-trivial variety X gives a

dimA-dimensional suborbit of degree k for Y . The image of this orbit under Y k → Ak is a

dimA-dimensional suborbit of degree k for A, so that dimA ≤ k − 1.

Tokunaga and Yoshihara showed that this bound is sharp in [TY95]:

Theorem 2.3.2 (Theorem 0.2 in [TY95]). If an abelian surface A contains a smooth genus

3 curve, then irr(A) = 3.

Proof. By the adjunction formula (C,C) = 4 and by Riemann-Roch

χ(O(C)) = χ(O) + (C,C)/2 = 2.

Note that C must generate A and so is ample by the Nakai-Moishezon criterion. Kodaira

vanishing then implies that h0(A,O(C)) = χ(OC) = 2. Hence, C moves in a pencil and

considering the blow up Ã→ A of the 4 basepoints, we get a morphism

ϕ̃ : Ã→ P1.

The generic fiber of this morphism is a smooth trigonal genus 3 curve. Note that the generic

fiber cannot be hyperelliptic since the only hyperelliptic deformations of a hyperelliptic curve

on an abelian surface are translations. Indeed, a hyperelliptic curve on A with a Weierstraß
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point at 0A give a rational curve on the Kummer surface of A (see [Pir89] Remark 1). Since

any exceptional divisor in Ã is a section of ϕ̃, we are in a position to use the following:

Proposition 2.3.3 (Proposition 1 in [Yos96]). Let S be a smooth surface and C a smooth

curve. Suppose that there is a surjective morphism f : S → C whose generic fiber F is a

curve of genus g.

(a) If g = 0 then irr(X) = gon(C),

(b) If g = 1 and there is a divisor Γ on S such that (Γ, F ) = 2, then irr(X) ≤ 2 gon(C),

(c) If g ≥ 2 and F is hyperelliptic, then irr(X) ≤ 2 gon(C),

(d) If g = 3 and f has a section Γ′, then irr(X) ≤ 3 gon(C).

For a discussion of how the section hypothesis in case 2 can be weakened at the expense

of a worst upper bound, see the discussion of elliptic surfaces in Section 2.2.2.

Proof. For (a), S is birational to C×P1 and so irr(S) = gon(C). For the other cases the idea

is to use the fact that the generic fiber has low gonality to obtain a degree gon(F ) dominant

rational map to a P1-bundle over C. In all cases, it is crucial that we can glue the low degree

rational maps from the fibers to P1. This is achieved by means of a line bundle L on S such

that |L|F | is a g1
gon(F )

on the generic fiber. For case (b), any degree 2 line bundle on F is a

g1
2 by Riemann-Roch. For case (c), the canonical linear system |KF | is a g1

2. For case (d),

we can assume that F is not hyperelliptic, in which case given any x ∈ F the linear system

|KF − x| is a g1
3.

Indeed, |KF | gives an embedding of F as a smooth quartic in P3 and projection from x

gives a degree 3 dominant rational map to P1. By adjunction, we can let L beOS(Γ),OS(KS+

F ), and OS(KS + F − Γ′) for cases (b), (c), and (d) respectively2.

2. Note that there appears to be a typographical mistake in [Yos96] where the divisor KS − Γ′ is taken
in the last case.
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Finally, consider the coherent sheaf f∗L and the associated ruled surface P(f∗L) over C.

By case (a),

irr(P(f∗L)) = gon(C).

The result then follows from the fact that L gives a dominant rational map

ϕ : S 99K P(f∗OS(D))

which has degree 2 in cases (b) and (c) and degree 3 in case (d).

Corollary 2.3.4. The degree of irrationality of an abelian surface which admits a degree 2

isogeny to a Jacobian is 3. In particular, the degree of irrationality of a simple (1, 2)-polarized

abelian surface and the degree of unirationality of any simple abelian surface are both equal

to 3.

Proof. If ϕ : A→ J(C) is a degree 2 isogeny to the Jacobian of a smooth genus 2 curve C the

preimage ϕ−1(C) is a smooth curve of genus 3. For the second part, a simple (1, 2)-polarized

abelian surface has a degree 2 isogeny to a simple principally polarized abelian surface and

such a surface is the Jacobian of a smooth genus 2 curve. Moreover, any simple abelian

surface is isogenous to a simple (1, 2)-polarized abelian surface.

Example 2.3.5. It is shown in [RS14] that the product of two non-CM elliptic curves E

and E′ which admit an isogeny of minimal degree m contains a smooth genus 3 curve if and

only if m does not belong to the following set:

{1, 3, 5, 9, 11, 15, 21, 29, 35, 39, 51, 65, 95, 105, 165, 231} ∪ S ⊂ N,

where S is either empty of consists of a single odd number. Moreover, if the Generalized

Riemann Hypothesis holds S is empty.
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The first significant upper bound on the degree of irrationality of abelian surfaces was

provided by Keum in [Keu90] who proved that every Kummer surface is the K3 cover of

some Enriques surface. Since Enriques surfaces have degree of irrationality 2 this shows that

the degree of irrationality of every abelian surface is at most 8. Keum’s result provides a

counterexample to the analogue of Conjecture 2.2.9 for abelian surfaces which was formulated

in [BPE+17] some 27 years later. This upper bound was improved by N. Chen in [Che19] in

the case of abelian surfaces with Picard number 1.

Theorem 2.3.6 (Chen’s bound [Che19]). If A is an abelian surface with Picard number 1

then

irr(A) ≤ 4.

Sketch of proof. This bound is obtained by constructing explicitly a dominant rational map

to a rational surface. Chen considers the space of even sections H0(A, 2L)+ and imposes

base points at some but not all 2-torsion points to get a linear system V ⊂ H0(A, 2L)+. He

shows that the image of A under the rational map ϕ associated to this linear system is a

non-degenerate surface S and satisfies

degϕ · degS ≤ 8. (2.5)

By construction the rational map ϕ factors through the Kummer surface of A and thus degϕ

is even. By the Alzati-Pirola bound degϕ cannot be 2 if S is rational. Accordingly, the only

two possibilities are degϕ = 4 and degS = 2 or degϕ = 2 and degS = 4. In the first case,

S is rational and we are done. In the second case, equality in (2.5) can be used to show that

there is a morphism Km(A)→ S such that

Ã→ Km(A)→ S

resolves the indeterminacies of ϕ. Here Ã is the blow-up of A at 2-torsion points. Since V

43



does not have basepoints at some 2-torsion points, a rational curve in Km(A) gets contracted

by the morphism to S. It follows that S has a double point and that projecting from a general

codimension 3 plane containing this singular point gives a degree 2 dominant rational map

to P2.

Remark 2.3.7. Chen’s bound was extended to all abelian surfaces in [CS19]. This follows

from Theorem 2.2.15 along with the fact that the dominant rational map ϕ : A 99K P2

constructed above factors through Km(A), so that a very general Kummer surface has degree

of irrationality 2.

2.3.2 Covering and connecting gonality

The covering and connecting gonality take a particularly simple form for abelian varieties

because of the translation action of an abelian variety on itself. Indeed, given any curve C

on an abelian variety A, the translates of C form a covering family of A, so that

cov.gon(A) = min{gon(C) : C ⊂ A is an irreducible curve}.

Similarly, given a covering family of curves on A all of whose members go through 0A, the

translates of this family give a connecting family.

Consider the Jacobian J(C) of a genus 2 curve C. There is a 1-parameter family of

translates of the theta divisor which go through 0A. Since any abelian surface A is covered

by the Jacobian of a genus 2 curve, we see that

conn.gon(A) = 2.
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Example 2.3.8. If A is a simple abelian surface, the discussion above along with Corollary

2.3.4 implies that

cov.gon(A) = conn.gon(A) = 2 < uni.irr(A) = 3.

Note that this gives some heuristic evidence for the conjecture that rationally connected va-

rieties need not be unirational.

For the covering gonality, we refer to the introduction for a discussion of the work of

Pirola [Pir89], Alzati-Pirola [AP93], and Voisin [Voi18]. As discussed therein, one of the

main contributions of this thesis is the proof of Conjecture 1.0.3 formulated by Voisin in

[Voi18].
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CHAPTER 3

DEGREE OF IRRATIONALITY OF SUBVARIETIES OF

ABELIAN VARIETIES

In this section, we gather material from [Mar20] and [CMNP19] and provide proofs of The-

orems 3.3.3 and 3.3.4.

In what follows, X is a smooth projective variety, X/S is a family of such varieties, A

is an abelian g-fold with polarization type θ, and A/S is a family of such abelian varieties.

In an effort to simplify notation, we will write X k instead of X kS to denote the k-fold fiber

product of X with itself over S.

Given A/S, a family of abelian g-folds with polarization type θ, we will abuse notation

to denote by ϕA both the morphism from S to the moduli stack of abelian g-folds with

polarization type θ and the k-fold cartesian product of the natural map between A and the

universal family over this stack, for any k ∈ Z>0. It will be clear from the context what is

the meaning of ϕA.

Definition 3.0.1. A family A/S of abelian g-folds with polarization type θ is locally complete

if the induced morphism ϕA from S to the moduli stack of abelian g-folds with polarization

type θ is generically finite. It is almost locally complete if this morphism is dominant.

In particular, if A/S is an almost locally complete family of abelian varieties, then

ϕA(A)/ϕA(S) is a locally complete family of abelian varieties. Note that the following

remark will allow us to only ever deal with varieties and avoid stacks entirely.

Remark 3.0.2. In many of the arguments of this chapter we consider a family of varieties

X → S and a subvariety Z ⊂ X , such that Z → S is flat with irreducible fibers. We will

often need to base change by a generically finite morphism S′ → S. To avoid the growth
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of notation we denote the base changed family by X → S again. Moreover, if Sλ ⊂ S is a

Zariski closed subset, the base change of Sλ under S′ → S will also be denoted Sλ. Note

that this applies also to the statement of theorems. For instance, if we say a statement holds

for a family X/S, we mean that it holds for some XS′/S′, where S′ → S is generically finite.

Finally, observe that because of this convention we can think of isotrivial families of

abelian varieties as trivial. Indeed, we can make a base change that corresponds to consid-

ering some large level structure. Since the corresponding moduli space is fine, triviality of

the base changed family follows.

3.1 Specialization and projection

In this section we generalize Voisin’s method from Section 2 of [Voi18] to powers of abelian

varieties. The key difference is that our generalization requires technical assumptions which

are automatically satisfied in Voisin’s setting. Checking that these assumptions are also

satisfied in the case at hand occupies the bulk of this chapter.

3.1.1 Setup and conditions (∗), (∗∗), and (∗ ∗ ∗)

Just as in [Pir89],[AP93], and [Voi18], we will consider specializations to loci of non-simple

abelian varieties. Given A/S, a locally complete family of abelian varieties of dimension g,

and a positive integer l < g, we denote by Sλ ⊂ S the loci along which

As ∼ Bλs × Eλs ,

where Bλ/Sλ and Eλ/Sλ are locally complete families of abelian varieties of dimension l and

g− l respectively. The index λ encodes the structure of the isogeny and we let Λl (or Λl(A)

if there is a risk of confusion about the family A/S) be the set of all such λ. Given a positive
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integer l′ < l, we will also be concerned with loci Sλ,µ ⊂ Sλ along which

Bλs ∼ D
λ,µ
s ×Fλ,µs ,

where Dλ,µ/Sλ,µ and Fλ,µ/Sλ,µ are locally complete families of abelian varieties of dimen-

sion l′ and l − l′ respectively. Again, the index µ encodes the structure of the isogeny and

we let Λλl′ be the set of all such µ.

For our applications, we will mostly consider the case (l, l′) = (g−1, 2). Given a positive

integer k and upon passing to a generically finite cover of Sλ and Sλ,µ, we have projections

pλ :AkSλ → (Bλ)k, (3.1)

pµ :(BλSλ,µ)k → (Dλ,µ)k,

and we let

pλ,µ := pµ ◦ pλ : AkSλ,µ → (Dλ,µ)k, for µ ∈ Λλl′ . (3.2)

For λ ∈ Λl, µ ∈ Λλl′ , and abelian varieties B,D, F in the families Bλ/Sλ, Dλ,µ/Sλ,µ, and

Fλ,µ/Sλ,µ, we can consider the loci

Sλ(B) = {s ∈ Sλ : Bλs ∼= B} ⊂ Sλ, (3.3)

Sλ,µ(D,F ) = {s ∈ Sλ,µ : Dλ,µs ∼= D,Fλ,µs
∼= F} ⊂ Sλ,µ,

which have the same dimension as the moduli stack of abelian (g − l)-folds.

The main result of this section is Proposition 3.1.1 which is a generalization of Proposition

2.4 from [Voi18]. It states the following:

Given a family of irreducible subvarieties Z ⊂ Ak that satisfies certain technical
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assumptions, there exists a λ ∈ Λl such that the variety pλ(Zs) ⊂ Bk varies with

s ∈ Sλ(B), for B in the family Bλ.

The technical assumptions mentioned above are non-degeneracy conditions. Given a subva-

riety Z ⊂ Ak/S, we consider the following subsets of S:

Rgf =
⋃
λ

{s ∈ Sλ : pλ|Zs : Zs → (Bλs )k is generically finite on its image},

Rab =
⋃
λ

{s ∈ Sλ : pλ(Zs) is not an abelian subvariety of (Bλs )k}, (3.4)

Rst =
⋃
λ

{s ∈ Sλ : pλ(Zs) is not stabilized by a pos. dim. ab. subvariety of (Bλs )k}.

We define three non-degeneracy conditions on Z ⊂ Ak:

(∗) Rgf ⊂ S is dense,

(∗∗) Rab ∩Rgf ⊂ S is dense,

(∗ ∗ ∗) Rst ∩Rgf ⊂ S is dense.

These sets and conditions depend on Z and l and, while the subvariety Z should usually

be clear from the context, we will say (∗) holds for a specified value of l. Note that we have

the following obvious implications:

(∗ ∗ ∗) =⇒ (∗∗) =⇒ (∗).

Assuming condition (∗∗) is satisfied, a simple argument will allow us to restrict ourselves to

the case where condition (∗ ∗ ∗) is satisfied. Moreover, we will show in Lemma 3.1.4 that if

Z ⊂ Ak is foliated by positive dimensional suborbits then (∗) ⇐⇒ (∗∗). It follows that (∗)

is the only crucial assumption on Z for our applications.
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Recall that, given varieties X and S, an irreducible subvariety Z ⊂ XS with generic

fiber of dimension d over S gives rise to a morphism from (an open in) S to the Chow

variety Chowd(X). Here Chowd(X) parametrizes effective cycles of class [Zs] on X. We say

that the variety Zs varies with s ∈ S if the corresponding morphism from S to Chowd(X)

is (generically) finite. We remind the reader of the notational convention of Remark 3.0.2

which allows us to remove the words in parenthesis from the previous sentences. The precise

formulation of our main proposition is:

Proposition 3.1.1. Let Z ⊂ Ak be a variety that dominates S, has irreducible fibers of

dimension d over S, and satisfies condition (∗∗). Then, there exists a λ ∈ Λl such that the

subvariety

pλ(ASλ(B)) ⊂
(
BλSλ(B)

)k ∼= BkSλ(B)

gives rise to a finite morphism from Sλ(B) to Chowd(B
k) for all B in the family Bλ/Sλ.

3.1.2 The induction argument

We propose to use Proposition 3.1.1 to prove Theorem 3.3.2. We will sketch the induction

argument which is used. Consider a locally complete family of abelian g-folds A1/S1 and

suppose that a very general member has a d-dimensional orbit of degree k. Up to passing

to a generically finite cover over S1, we get a subvariety Z1 ⊂ Ak1 whose fibers over S1

are irreducible d-folds, and such that Z1,s is contained in a fiber of Ak1,s → CH0(A1,s)Q

for any s ∈ S1. Moreover, using translation, we can arrange for Z1 to be in the kernel of

the summation map Ak1 → A1. Assuming that (∗∗) holds for l = g − 1, we can use the

Proposition 3.1.1 to get a (d+ 1)-fold foliated by codimension one suborbits:

Z2 := ϕBλ
(
pλ(Z1,Sλ)

)
⊂ ϕBλ

(
(Bλ)k, 0

)
= ϕBλ(Bλ)k, 0.

Indeed, observe that pλ(Z1,s) varies with s ∈ Sλ(B) if and only if the fiber of ϕBλ(pλ(Z1,Sλ))

over the point ϕBλ(Sλ(B)) ∈ ϕBλ(Sλ) has dimension greater than the relative dimension of
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pλ(Z1,Sλ) over Sλ. To see this, notice that the fiber of ϕBλ(pλ(Z1,Sλ)) over this point is

⋃
s∈Sλ(B)

pλ(Z1,s) ⊂ Bk.

Rename the base ϕBλ(Sλ) and the locally complete family ϕBλ(Bλ)/ϕBλ(Sλ) as S2 and

A2/S2. We can hope to apply Proposition 3.1.1 to Z2 and proceed by induction. At the

ith step, one gets a variety Zi ⊂ A
k, 0
i , where Ai/Si is a locally complete family of abelian

g − (i − 1)-folds. The variety Zi has relative dimension d + (i − 1), irreducible fibers over

Si, and is foliated by d-dimensional suborbits. At the (g − 1)st step, one obtains a variety

Z(g−1) ⊂ A
k, 0
(g−1)

of relative dimension d+g−2 which is foliated by d-dimensional suborbits.

Since dimS(g−1) A(g−1) = 2, Corollary 2.1.17 then provides the desired contradiction

when g and d are large relative to k. The key issue with this induction argument is to ensure

that condition (∗∗) is satisfied at each step. Since the relative dimension of the variety Zi to

which we apply Proposition 3.1.1 grows, it gets harder and harder to ensure generic finiteness

of the projection pλ|Zi,Si,λ . In Section 3.2, we will present a way around this using the fact

that Zi is obtained by successive specializations and projections. This methods requires the

initial family Z1 to satisfy (∗) for l = 2. We show in Section 3.2.2 that this condition is

automatically satisfied.

3.1.3 (∗) is equivalent to (∗∗) for subvarieties foliated by suborbits

Before proceeding to give a summary of the proof of Proposition 3.1.1, we will establish some

basic facts related to conditions (∗) and (∗∗). The main point is that if A/S is an almost

locally complete family of abelian varieties and Z ⊂ Ak is foliated by positive dimensional

suborbits, then conditions (∗) and (∗∗) are equivalent for l ≥ 2.
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Given an abelian variety A, we denote by TA := TA,0A the tangent space to A at 0A ∈ A.

We let

T := TA|S , (3.5)

G/S := Gr(g − l,T )/S,

G′/S := Gr(g − l′,T )/S,

and we consider the following sections

σλ : Sλ → GSλ = Gr(g − l,TSλ), σλ(s) := Tker(pλ,s)
, (3.6)

σλ,µ : Sλ,µ → G′Sλ,µ = Gr(g − l′,TSλ,µ), σλ,µ(s) := Tker(pλ,µ,s)
.

Finally, we will denote by H/G and H′/G′ the universal families of hyperplanes and by

Hλ/Sλ and H′λ,µ/Sλ,µ the pullbacks of the universal families of hyperplanes by σλ and

σλ,µ.

Lemma 3.1.2. For any 0 ≤ l′ < l < g, the following subsets are dense:

⋃
λ∈Λl

σλ(Sλ) ⊂ G

⋃
λ∈Λl

⋃
µ∈Λλ

l′

σλ,µ(Sλ,µ) ⊂ G′.

Proof. We only show this for the first subset. The same argument can be used for the second.

It suffices to consider the locus of abelian varieties isogenous to Eg for some elliptic curve E.

This locus is dense in S and given s in this locus and any M ∈Mk×(g−l)(Z) of rank (g− l),

the image of the tangent space T
Eg−lM

under the differential of the isogeny is contained in

σλ(Sλ) for some λ ∈ Λl. To finish the proof, it suffices to observe that the following subset
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is dense:

{T
Eg−lM

: M ∈Mk×(g−l)(Z), rank(M) = g − l} ⊂ Gr(g − l, TEg).

For the rest of this section, A/S is a locally complete family of abelian varieties of

dimension at least 2 and Z ⊂ Ak is a subvariety which dominates S and has irreducible

fibers.

Lemma 3.1.3. If Z ⊂ Ak is foliated by positive dimensional suborbits, then for very general

s ∈ S the subset Zs is not an abelian subvariety of the form ArM with r > 0.

Proof. Consider the Zariski closed sets

{s ∈ S : Zs = (As)rM} ⊂ S.

There are countably many such sets so it suffices to show that none of them is all of S.

Suppose that ArM is foliated by positive dimensional suborbits. By the previous lemma,

there is a λ ∈ Λ2 such that pλ((As)rM ) = (Bλs )rM is also foliated by positive dimensional

suborbits for generic s ∈ Sλ. This contradicts Corollary 2.1.20.

Lemma 3.1.4. If Z ⊂ Ak/S is foliated by positive dimensional orbits and l ≥ 2 the condi-

tions (∗) and (∗∗) are equivalent.

Proof. Condition (∗∗) obviously implies condition (∗), so it suffices to show the other im-

plication. First, observe that if pλ|Zs : Zs → (Bλs )k is generically finite on its image, then

its image is foliated by positive dimensional suborbits. In this case, Rgf ∩ Sλ is open in Sλ

and, for very general s ∈ Rgf ∩ Sλ, the abelian variety Bλs is simple. By Lemma 2.1.20,

for such an s the closed subset pλ(Zs) cannot be an abelian subvariety of (Bλs )k. Hence,

Rgf ∩ Rab ∩ Sλ is dense in Sλ. This shows that Rab ∩ Rgf ⊂ S is dense provided that Rgf

is dense.
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3.1.4 Outline of the proof of Proposition 3.1.1

Let us now sketch the proof of Proposition 3.1.1 by highlighting the key steps.

• Step (I): We reduce to the case where (∗ ∗ ∗) is satisfied. We will show that if (∗∗) is

satisfied but (∗ ∗ ∗) is not, there is an r ∈ {1, . . . , k − 1}, an M ∈ Mk×r(Z), a family

of irreducible subvarieties Z ′ ⊂ Z of dimension d− rl > 0, and a non-empty open set

U ⊂ G such that the following holds:

– Z ′/ArM ⊂ A
k/ArM satisfies conditions (∗ ∗ ∗) for l,

– pλ(Z ′s)/(Bλs )rM = pλ(Zs)/(Bλs )rM , for all s ∈
⋃
λ∈Λl

Sλ ∩ σ−1
λ (U).

We can then proceed with the argument replacing Z ⊂ Ak with Z ′/ArM ⊂ A
k/ArM .

• Step (II): As in the proof of Proposition 2.4 from [Voi18], we argue that, though the

projections pλ|ZSλ are only defined along loci Sλ, there is a way to realize many of

them birationally as specializations of a map defined over all of G. Namely, we show

that there is a variety Z ′G/G and a generically finite morphism p : ZG → Z ′G that

identifies birationally to

pλ|ZSλ : (ZG)σλ(Sλ) = ZSλ → pλ(ZSλ)

along many loci σλ(Sλ) ⊂ G. This uses crucially the density result from Lemma 3.1.2.

• Step (III): Resolving the singularities of ZG and Z ′G, we obtain a morphism p̃ : Z̃G →

Z̃ ′G which coincides with p up to birational equivalence. We examine the map

p̃∗ ◦ j̃∗ : Pic0(Akt )
j̃∗−→ Pic0(Zt)

p̃∗−→ Pic0(Z ′t),

where j̃ is the composition of the natural map ρ : Z̃G → ZG and the inclusion

ZG → AkG. This is a non-zero morphism of abelian varieties and, applying the con-
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vention of Remark 3.0.2, we see that there is a r ∈ {0, . . . , k − 1} and a matrix

M ∈ Mk×r(Z) such that ker(p̃∗ ◦ j̃∗) contains Pic0(At)rM as a finite index subgroup

for every t ∈ G.

But if p̃ agrees birationally with the map pλ ◦ ρ : (Z̃G)σλ(Sλ) → pλ(ZSλ) along σλ(Sλ)

and pλ(Zs) does not vary with s ∈ Sλ, the abelian variety

Pic0
(
p̃λ(Zs)

)

admits an isogeny from the abelian variety Pic0
(

(Eλs )k/(Eλs )rM

)
for any s ∈ Sλ(B).

Since the set of abelian varieties in the locally complete family ϕEλ(Eλ)/ϕEλ(Sλ) ad-

mitting a non-zero morphism to a fixed abelian variety is discrete, we reach the desired

contradiction.

3.1.5 Step (I): Reduction to the validity of condition (∗ ∗ ∗)

Lemma 3.1.5. Suppose Z satisfies condition (∗∗) for some l. There is an r ∈ {1, . . . , k−1},

an M ∈Mk×r(Z), a family of irreducible subvarieties Z ′ ⊂ Z of dimension d− rl > 0, and

a non-empty open set U ⊂ G, such that the following holds:

• Z ′/ArM ⊂ A
k/ArM satisfies conditions (∗ ∗ ∗) for l,

• pλ(Z ′s)/(Bλs )rM = pλ(Zs)/(Bλs )rM , for all s ∈
⋃
λ∈Λl

Sλ ∩ σ−1
λ (U).

Proof. Since (∗) is satisfied, we can find a λ0 ∈ Λl and an s0 ∈ Sλ0 such that pλ0 |Zs0
is generically finite on its image, Bλ0s0 is simple, and pλ0(Zs0) ⊂ (Bλ0s0 )k is not an abelian

subvariety. Suppose that pλ0(Zs0) is stabilized by (Bλ0s0 )rM but not by a larger abelian
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subvariety of (Bλ0s0 )k. Then, the subvariety

pλ0(Zs0)/(Bλ0s0 )rM ⊂ (Bλ0s0 )k/(Bλ0s0 )rM

is not stabilized by any abelian subvariety of (Bλ0s0 )k/(Bλ0s0 )rM .

Let Z ′ ⊂ Z be the intersection of Z with rl generic very ample divisors. Base changing by

a generically finite morphism if needed, we can suppose that Z ′ → S is flat with irreducible

fibers. We claim that Z ′/ArM ⊂ A
k/ArM satisfies (∗ ∗ ∗) for l. Since Z ′ is an intersection

with generic very ample divisors we have the following equality:

pλ0(Z ′s0)/(Bλ0s0 )rM = pλ0(Zs0)/(Bλ0s0 )rM .

In particular, dim pλ0(Z ′s0)/(Bλ0s0 )rM > 0.

The idea is now to use the Gauss map to leverage the fact that the subvariety

pλ0(Z ′s0)/(Bλ0s0 )rM ⊂ (Bλ0s0 )k/(Bλ0s0 )rM

is not stabilized by an abelian subvariety in order to deduce similar information about

pλ(Z ′Sλ/(ASλ)rM ) for λ 6= λ0.

For each λ ∈ Λl such that pλ|ZSλ is generically finite on its image, we have a commutative

diagram:

ZSλ Gr(d,T k
Sλ

)

pλ(ZSλ) Gr
(
d, (TSλ/H

λ)k
)
,

G

pλ πHλ

G

(3.7)

where G denotes the Gauss map and πHλ is the rational map induced by the quotient map
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T k
Sλ
→ (TSλ/H

λ)k. Note that in this diagram and in what follows we take the liberty to

write pλ for the map pλ|ZSλ : ZSλ → pλ(ZSλ). We can consider the analogous diagram

obtained by restricting to Z ′Sλ ⊂ ZSλ and quotienting by (ASλ)rM :

Z ′Sλ/(ASλ)rM Gr
(
d− rl,T k

Sλ
/(TSλ)rM

)

pλ(Z ′Sλ/(ASλ)rM ) Gr
(
d− rl,T k

Sλ
/[(Hλ)k + (TSλ)rM ]

)
.

G

pλ πHλ

G

(3.8)

Here we abuse notation by writing pλ and πHλ for the maps induced by pλ and πHλ on the

quotients.

Note that it is not a priori clear that both Gauss maps take value in the Grassmanians of

(d− rl)-planes. We claim that there is a non-empty open set U ′ ⊂ G such that these Gauss

maps take value in the Grassmanians of (d− rl)-planes whenever σλ(Sλ) ∩ U ′ 6= ∅. For the

top Gauss map, one can observe that the dimension of Z ′s/(As)rM is upper semi-continuous

and that

dim pλ0(Z ′s0)/(Bλ0s0 )rM = dim pλ0(Zs0)/(Bλ0s0 )rM = d− rl.

For the bottom Gauss map, this follows from the fact that

pλ0 : Z ′s0/(As0)rM → pλ0(Z ′s0/(As0)rM )

is generically finite on its image for dimensional reasons.

Now, the key observation is that the upper right corner of diagram (3.8) is a specialization
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along σλ(Sλ) ⊂ G of the following diagram defined over G := Gr(g − l,T ):

Z ′G/(AG)rM Gr
(
d,T k

G/(TG)rM

)

Gr
(
d,T k

G/[H
k + (TG)rM ]

)
.

G

πH (3.9)

Moreover, the composition of these rational maps is well-defined. Indeed, it is defined

over σλ0(s0) ∈ G since pλ0|Z ′s0/(As0)rM
is generically finite on its image and diagram (3.8) is

commutative. In fact, the composition πH◦G is generically finite on its image over σλ0(s0) ∈

G since both pλ0|Z ′s0/(As0)rM
and the Gauss map of pλ0(Z ′s0/(As0)rM ) are generically finite

on their images. For the Gauss map, this follows from results of Griffiths and Harris (see

(4.14) in [GH79]) along with the fact that

pλ0(Z ′s0/(As0)rM ) = pλ0(Zs0/(As0)rM ) ⊂ (Bλ0s0 )k/(Bλ0s0 )rM

is not stabilized by an abelian subvariety.

Hence, there is a non-empty open U ⊂ G over which πH ◦ G is a well-defined rational

map which is generically finite on its image. We claim that for any λ ∈ Λl we have the

inclusion

Sλ ∩ σ−1
λ (U) ⊂ Rst ∩Rgf .

This implies that Z ′/ArM satisfies condition (∗ ∗ ∗) since the following subset is dense

U ∩
⋃
λ∈Λl

σλ(Sλ) ⊂ G.

Our claim follows from the fact that πHλ ◦ G is generically finite on its image over any s
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such that σλ(s) ∈ U . Because diagram (3.8) is commutative, this implies both that

pλ(Z ′s/(As)rM ) ⊂ (Bλs )k/(Bλs )rM

is not stabilized by an abelian subvariety and that

pλ : Z ′s/(As)rM → pλ(Z ′s/(As)rM )

is generically finite.

Lemma 3.1.5 allows us to reduce to the case where Z ⊂ Ak satisfies condition (∗ ∗ ∗) to

prove Proposition 3.1.1. Indeed, if λ ∈ Λl and B in the family Bλ are such that the family

pλ(Z ′Sλ(B)/(ASλ(B))
r
M ) ⊂ (Bk/BrM )Sλ(B)

gives rise to a finite morphism from Sλ(B) to Chowd(B
k/BrM ), then the family

pλ(ZSλ(B)) ⊂ BkSλ(B)

also gives rise to a finite morphism from Sλ(B) to Chowd(B
k). Hence, if the conclusion of

Proposition 3.1.1 holds for Z ′/ArM , then it also holds for Z itself. While everything we will

do from now on is valid with Z ′/ArM satisfying (∗ ∗ ∗), we will keep writing Z ⊂ Ak in an

effort to simplify the notation.

3.1.6 Step (II): Birational factorization

In the previous section we saw that, given Z ⊂ Ak satisfying condition (∗ ∗ ∗), we have a

rational map

q := πH ◦ G : ZG 99K Gr
(
d, (TG/H)k

)
,
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which is generically finite on its image, and, along each locus σλ(Sλ), a factorization

Zσλ(Sλ)
∼= ZSλ Gr

(
d, (TG/H)k

)
pλ(ZSλ).

q:=πH◦G

pλ G
(3.10)

In this section our goal is to show that there exists a factorization of q over G that iden-

tifies birationally with pλ along σλ(Sλ) for many λ ∈ Λl. This is a key input in Step (III).

While the content of this section is likely known to experts, we decided to spell it out at

length because it plays a decisive role in the argument.

Lemma 3.1.6. Consider Z/S, a family with irreducible fibers and base, and q : Z/S → X/S

such that qs : Zs → Xs is generically finite for each s ∈ S. Let S′ ⊂ S be a Zariski dense

subset such that for each s′ ∈ S′ we have a factorization of q over s′ as follows:

Zs′ Xs

f(Zs′).

q

fs′
gs′

Then there is a family Z ′/S, morphisms p : Z → Z ′ and p′ : Z ′ → X , and a Zariski dense

subset S′′ ⊂ S′ such that:

• For any s′′ ∈ S′′, the varieties p(Zs′′) and f(Zs′′) are birational,

• p and p′ induce the same morphism on function fields as fs′′ and gs′′ respectively over

any s′′ ∈ S′′.

Proof. We first restrict to a Zariski open subset of X (which we call X in keeping with

Remark 3.0.2) over which q is finite étale and such that X → S is smooth. By work of

Hironaka, we can find a compactification X of X with simple normal crossing divisors at

infinity. Restricting to an open in the base, we can assume that X s \ Xs is an snc divi-
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sor for any s ∈ S. One can use a version of Ehresmann’s lemma allowing for an snc divisor

at infinity to see that X → S is a locally-trivial fibration in the category of smooth manifolds.

It follows that we get a covering

q : Z/S → X/S.

Note that we renamed as Z an open subset of Z over which q is étale. To complete the proof

of Lemma 3.1.6 we will need the following Lemma.

Lemma 3.1.7. Consider a covering q : Z/S → X/S, with Zs connected for every s ∈ S,

and a factorization of q over s0 ∈ S:

Zs0 Xs0

fs0(Zs0).

q

fs0
gs0

Then, there is a factorization

Z X

f(Z),

q

f g

which identifies with the original factorization over s0 ∈ S.

Proof. Consider the Galois closure Z ′ → X of the covering q : Z → X . Note that Z ′s0 is

connected. Indeed, there is a normal subgroup of the Galois group of Z ′/X corresponding to

deck transformations inducing the trivial permutation of the connected components of Z ′s0 .

This subgroup corresponds to a Galois cover of Z since Zs0 is connected.

It follows from the fact that Z ′s0 is connected that the map Gal(Z ′/X )→ Gal(Z ′s0/Xs0)
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is injective because a deck transformation which is the identity on the base and on fibers

must be the identity. Since Gal(Z ′/X ) has order

d := deg(Z ′/X ) = deg(Z ′s0/Xs0),

and Gal(Z ′s0/Xs0) has order at most d, this restriction morphism must be an isomorphism

and Z ′s0/Xs0 is thus also Galois. One then has an equivalence of categories between the

poset of intermediate coverings of Z ′/X and that of Z ′s0/Xs0 , and hence between the poset

of intermediate coverings of Z/X and that of Zs0/Xs0 .

By the previous lemma, to each factorization fs′ we can associate an intermediate cover

Z → Zs′ of Z → X which agrees with fs′ at s′. Since there are only finitely many interme-

diate covers of Z → X , we get a partition of S′ according to the isomorphism type of the

cover Z → Zs′ . One subset S′′ ⊂ S′ of this partition must be dense in S. Let f : Z → f(Z)

be the corresponding intermediate cover.

For the rest of the proof of Proposition 3.1.1 we are back in the situation of diagram

(3.10).

Corollary 3.1.8. There is a variety Z ′/G, a morphism p : Z → Z ′, and a subset Λl,0 ⊂ Λl,

such that:

•
⋃
λ∈Λl,0

σλ(Sλ) ⊂ G is dense,

• pλ(Zt) and p(Zt) are birational for any λ ∈ Λl,0, t ∈ σλ(Sλ),

• p : Zt → p(Zt) and pλ : Zt → pλ(Zt) induce the same map on function fields, for any

λ ∈ Λl,0, t ∈ σλ(Sλ).

Proof. This follows from the previous lemma and its proof once we observe that the inter-

mediate covering of q (or rather of an appropriate étale restriction of q as above) associated

to the factorization pλ : Zt → pλ(Zt) is independent of t ∈ σλ(Sλ).
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3.1.7 Step (III): Final argument

Proof of Proposition 3.1.1. Using Step (I), we may assume that Z ⊂ Ak satisfies condition

(∗ ∗ ∗). By Step (II), we have a variety Z ′G/G, a morphism p : ZG → Z ′G, and a subset

Λl,0 ⊂ Λl, such that:

• p identifies birationally with pλ : ZSλ → pλ(ZSλ) along σλ(Sλ) ⊂ G, for all λ ∈ Λl,0,

•
⋃
λ∈Λl,0

σλ(Sλ) ⊂ G is dense.

Up to shrinking G, we can consider desingularizations with smooth fibers:

p̃ : Z̃G/G→ Z̃ ′G/G.

We have the inclusion

j : ZG → AkG

as well as the map

j̃ := j ◦ ρ : Z̃G → AkG,

where ρ : Z̃G → ZG is the natural map. The morphism j̃ gives rise to a pullback map

j̃∗ : Pic0(At)→ Pic0(Z̃t).

Since p̃ is generically finite on its image we can consider the composition

p̃∗ ◦ j̃∗ : Pic0(Akt )→ Pic0(Z̃t)→ Pic0(Z̃ ′t).

This is a morphism of abelian varieties defined for every t ∈ G.

We first show that it is non-zero along σλ(Sλ) for any λ ∈ Λl,0. Consider t ∈ σλ(Sλ).
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The variety At is isogenous to Bλt × Eλt and we have the following commutative diagram

Zt Akt

pλ(Zt) (Bλt )k.

j

pλ pλ

j′

Consider a desingularization of pλ(Zt) and the induced map

j̃′ : p̃λ(Zt)→ (Bλt )k.

The fact that p̃ identifies birationally to pλ along σλ(Sλ) implies that the following diagram

is commutative:

Pic0(Z̃t) Pic0(Akt )

Pic0(Z̃ ′t) ∼= Pic0
(
p̃λ(Zt)

)
Pic0

(
(Bλt )k

)
.

j̃∗

p̃∗

j̃′∗

p∗λ

It follows that

p̃∗ ◦ (j̃∗ ◦ pλ∗) = p̃∗ ◦ (p̃∗ ◦ j̃′∗) = (p̃∗ ◦ p̃∗) ◦ j̃′∗ = [deg(p̃)] ◦ j̃′∗.

Since pλ(Zt) is positive dimensional, the morphism j̃′∗ is non-zero and so p̃∗ ◦ j̃∗ is non-zero.

We conclude that the connected component of the identity of the kernel of p̃∗ ◦ j̃∗ is an

abelian subscheme of Ak which is not all of Ak. For very general t ∈ G, the abelian variety

At is simple. Therefore, for such a t, the abelian subvariety

ker(p̃∗ ◦ j̃∗)0
t := ker

(
p̃∗ ◦ j̃∗ : Pic0(Akt )→ Pic0(Z̃ ′t)

)0

is of the form (At)rM , with M ∈Mk×r(Z) of rank r, and r ≤ k− 1. Choosing M and r such
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that {
t ∈ G : ker(p̃∗ ◦ j̃∗)0

t = (At)rM
}
⊂ G

is dense, and observing that this set is locally closed, we see that, shrinking G if needed,

ker(p̃∗ ◦ j̃∗)◦t = (At)rM for all t ∈ G. In particular, for t ∈ σλ(Sλ), the abelian variety

Pic0( ker(pλ)t
)
/ ker(p̃∗ ◦ j̃∗)t ∩ Pic0( ker(pλ)t

)
is isogenous to the abelian variety

Pic0( ker(pλ)t
)
/(At)rM ∩ Pic0( ker(pλ)t

)
6= 0.

Now consider λ ∈ Λl such that σλ(Sλ) 6= ∅, namely such σλ(Sλ) has survived the various

base change by generically finite maps, and B ∈ Bλ such that σλ(Sλ(B)) 6= ∅. Suppose that

there is a curve

C ⊂ σλ(Sλ(B)) ∼= Sλ(B),

such that pλ(Z̃t) = pλ(Z̃t′) for any t, t′ ∈ C, namely such that C is contracted by the

morphism from Sλ(B) to Chowd(B
k) associated to the family pλ(ZSλ(B)) ⊂ Bk

Sλ(B)
. Since

the abelian variety

Pic0(Z̃ ′t) ∼= Pic0
(
p̃λ(Zt)

)
does not depend on t ∈ C, it must admit an isogeny from each of the abelian varieties

Pic0( ker(pλ)t
)
/(At)rM ∩ Pic0( ker(pλ)t

)
, t ∈ C.

Because an abelian variety cannot admit an isogeny from every member of a non-isotrivial

family of abelian varieties, this provides the desired contradiction. This completes the proof

of Proposition 3.1.1.
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3.2 Salvaging generic finiteness and the Projection Lemma

In this section, we refine the results from the previous section in order to bypass assumption

(∗) in the inductive application of Proposition 3.1.1. The idea is quite simple: In the last

section we saw that we can specialize to abelian varieties As isogenous to a product B×Es,

where Es is an elliptic curve, in such a way that the image of Zs ⊂ Aks under the projection

Aks → Bk varies with s. In this section, we will specialize to abelian varieties As isogenous

to a product D×F ×Es, where Es is an elliptic curve and D an abelian variety of dimension

at least 2.

Under suitable assumptions, the image of Zs under the projections Aks → Dk and Aks →

(D × F )k varies with s. Hence, if we consider in (D × F )k and Dk the union of the image

of these projections for every s, we get varieties Z1 ⊂ (D × F )k and Z2 ⊂ Dk of dimension

dimS Z + 1. Since the restriction of the projection (D×F )k → Dk to Z1 has image Z2 and

dimZ1 = dimZ2, this restriction is generically finite on its image. This argument allows

us to get condition (∗) for free when applying Proposition 3.1.1 inductively. We spend this

section making this simple idea rigorous and presenting a proof of the Projection Lemma

3.2.6 to be used in the proof of Theorem 3.3.2.

3.2.1 Salvaging generic finiteness

The main result of this section is the following.

Proposition 3.2.1. Suppose that Z ⊂ Ak satisfies (∗∗) for l′ ≥ 2. There exists a λ ∈ Λ(g−1)

such that

ϕBλ
(
pλ(ZSλ)

)
⊂ ϕBλ(Bλ)k

satisfies (∗) for l′ and has relative dimension dimS Z + 1 over ϕBλ(Sλ).

The proof of this proposition will rest on the following lemma:
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Lemma 3.2.2. Let A/S be a locally complete family of abelian g-folds and consider λ ∈

Λ(g−1) and µ ∈ Λλl′, where l′ < g − 1. If pλ,µ(Zt) ⊂ Dk varies with t ∈ Sλ,µ(D,F ), then

ϕBλ
(
Sλ,µ(D,F )

)
lies in Rgf ⊂ ϕBλ(Sλ).

Note that the curve Sλ,µ(D,F ) is contracted by the map ϕBλ from Sλ to the moduli

stack of polarized abelian (g − 1)-folds with an appropriate polarization type.

Proof. Given λ ∈ Λ(g−1)(A), the family ϕBλ
(
Bλ
)

is locally complete. For any µ ∈ Λλl′(A),

there is a µ′ ∈ Λl′
(
ϕBλ

(
Bλ
))

making the following diagram commute:

AkSλ,µ ϕDλ,µ(Dλ,µ)k

ϕBλ
(
BλSλ,µ

)k
.

ϕDλ,µ◦pλ,µ

ϕBλ◦pλ ϕDλ,µ◦pµ′

Consider the restriction of this diagram to Sλ,µ(D,F ), where D and F are members of the

families Dλ,µ and Fλ,µ:

Ak
Sλ,µ(D,F )

Dk

ϕBλ
(
Bλ
Sλ,µ(D,F )

)k
.

ϕDλ,µ◦pλ,µ

ϕBλ◦pλ
ϕDλ,µ◦pµ′ (3.11)

If pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ), we have

dim(ϕDλ,µ ◦ pλ,µ)
(
ZSλ,µ(D,F )

)
= dimS Z + 1

and thus the restriction of ϕDλ,µ ◦pλ,µ to the (dimS Z+1)-dimensional variety ZSλ,µ(D,F ) ⊂

Ak
Sλ,µ(D,F )

is generically finite on its image. From the commutativity of diagram (3.11), we

see that the restriction of ϕDλ,µ ◦ pµ′ to

(ϕBλ ◦ pλ)
(
ZSλ,µ(D,F )

)
⊂ ϕBλ

(
BλSλ,µ(D,F )

)k
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is generically finite on its image. It follows that ϕBλ(Sλ,µ(D,F )) ∈ Rgf .

Remark 3.2.3. Note that if pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ) then pλ(Z) varies with t ∈

Sλ,µ(D,F ). In particular, it follows that (ϕBλ ◦ pλ)(ZSλ) has relative dimension dimS Z + 1

over ϕBλ(Sλ).

Proof of Proposition 3.2.1. In light of Remark 3.2.3 and Lemma 3.2.2, it suffices to show

that there is a λ0 ∈ Λl and a subset Λλl′,0 ⊂ Λλl′ such that:

•
⋃
µ∈Λλ

l′,0
σλ,µ(Sλ,µ) ⊂ G′Sλ is dense,

• pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F ) for every D,F .

Following the same argument as in the proof of Lemma 3.1.6, we get a partition

⋃
λ∈Λ(g−1)

Λλl′ = T1 t T2 t . . . t Tn

according to the isomorphism type of the étale covering associated to the map pλ,µ. Consider

the following function:

D : Λ(g−1) −→ {I ⊂ {1, . . . , n} : I 6= ∅}

λ 7→
{
i ∈{1, . . . , n} :

⋃
µ∈Ti∩Λλ

l′

σλ,µ(Sλ,µ) ⊂ G′Sλ,µ is dense
}
.

Its fibers make up a partition of Λ(g−1) and so there is a fiber D−1(I) such that

⋃
λ∈D−1(I)

σλ(Sλ) ⊂ G is dense.

Pick i0 ∈ I and let T = Ti0 . By construction, the following subset is dense for any λ ∈

D−1(I): ⋃
µ∈T∩Λλ

l′

σλ,µ(Sλ,µ) ⊂ G′Sλ,µ .
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It follows that the following subset is also dense:

⋃
λ∈D−1(I)

⋃
µ∈T∩Λλ

l′

σλ,µ(Sλ,µ) ⊂ G′.

We can carry out the proof of Proposition 3.1.1 for l′ using the loci Sλ,µ with λ ∈ D−1(I) and

µ ∈ T instead of the loci Sη with η ∈ Λl′ . It follows that pλ,µ(Zt) varies with t ∈ Sλ,µ(D,F )

for every D and F if λ ∈ D−1(I) and µ ∈ T . Indeed, the key ingredient of Proposition

3.1.1 is that Z satisfies (∗∗) along with the density statement of Lemma 3.1.2. Choosing

λ ∈ D−1(I) and setting Λλl′,0 := T ∩ Λλl′ completes the proof of this proposition.

3.2.2 Condition (∗) for l = 2 and the Projection Lemma

In light of Proposition 3.1.1, Proposition 3.2.1, and Lemma 3.1.4, the key assumption to be

able to apply the induction argument of Section 3.1.2 to a flat family of suborbits Z ⊂ Ak/S

is that condition (∗) be satisfied for l = 2. In this section, we show that this assumption is

valid in all instances of interest for the study of measures of irrationality. These results can

be found in [CMNP19] and were obtained in collaboration with E. Colombo, J. C. Naranjo,

and G. P. Pirola.

Proposition 3.2.4 (Claim 2.4 in [CMNP19]). A family Z ⊂ Ak, 0/S of suborbits of relative

dimension d over S satisfies condition (∗) for l = 2 provided that either

• g = dimS A is even,

• 1 ≤ d ≤ g and k ≤ 2g − 2.

The same holds if Z ⊂ Ak, 0/S is a family of subvarieties foliated by suborbits of codimension

one.

Given an abelian subvariety T of an abelian variety A, let pT : A→ A/T be the quotient

map. Denote by Sub(A) the poset of positive dimensional abelian subvarieties of A under

inclusion. The proof of Proposition 3.2.4 uses the following lemma:
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Lemma 3.2.5 (Lemma 3.1 in [CMNP19] ). Let Z be a subvariety of an abelian variety A.

There is a finite subset SZ ⊂ Sub(A) satisfying the following: if T ∈ Sub(A) is such that

pT |Z is not generically finite on its image and pT (Z) is not covered by tori, then T contains

an abelian subvariety in SZ .

Note that under the above assumptions pT (Z) is positive dimensional, else it would be

covered by a 0-dimensional torus.

Proof. This result is consequence of the theory of generic vanishing. We easily reduce to the

case A = Alb(Z̃), where Z̃ smooth and Z is the image of Z̃ under the albanese map

alb
Z̃

: Z̃ → A,

which is birational on its image. Let T be a subtorus of A such that pT |Z is not generically

finite on its image and pT (Z) is not covered by tori. Changing the desingularization Z̃ → Z

if needed, denote by Y → pT (Z) a desingularization of pT (Z) such that the rational map

Z̃ 99K Y extends to a morphism g : Z̃ → Y . The quotient A→ A/T factorizes via Alb(Y ).

Note that g∗Pic0(Y ) ⊂ SdimY (Z̃), where

Sk(Z̃) := {α ∈ Pic0(Z̃) : hk(Z̃, α) > 0}

are the cohomological support loci (see [GL91]). To see this, observe that by hypothesis

pT (Z) is not covered by tori, hence the same holds for the albanese image of Y . In particular,

χ(KY ) > 0 by Theorem 3 in [EL97]. Therefore, by generic vanishing, for any β ∈ Pic0(Y )

we have hdimY (Y, β) > 0 and thus hdimY (Z̃, g∗β) > 0. Hence, g∗Pic0(Y ) is contained

in an irreducible component W of some Sk(Z̃) with k < dimZ. Since all the irreducible

components of Sk(Z̃) are translates of subtori, W is an abelian variety. Dualizing we get

the factorization

pT : A→ W ∗ → Alb(Y )→ A/T.
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The lemma then follows by the observation that the number of irreducible components W

of
⋃
k<dimZ S

k(Z̃) is finite.

Let A be an abelian variety and r, l, k be positive integers with r ≥ 2 and 1 ≤ l ≤ r − 1.

Given M ∈Mr×l(Z), we consider the map iM : Al → Ar and the quotient map

pM := pAlM
: [Ar]k → [Ar/AlM ]k.

We use the previous lemma to deduce the following:

Projection Lemma 3.2.6 (Projection Lemma 3.2 in [CMNP19]). Let Z ⊂ [Ar]k be a

subvariety which is not covered by tori. If M ∈ Mr×l(Z) is generic then pM (Z) is covered

by tori or pM |Z : Z → [Ar/AlM ]k is generically finite on its image.

Proof. By Lemma 3.2.5 there is a finite set SZ of abelian subvarieties F ⊂ [Ar]k such that

if pM (Z) is not covered by tori and pM |Z is not generically finite on its image then [AlM ]k

contains some element of SZ . It is then enough to show that for the generic M ∈ Mr×l(Z)

the abelian subvariety [AlM ]k ⊂ [Ar]k does not contain any such subvariety.

This is almost obvious: TA
∼= H1(A,Z) ⊗ R and a vector wF ∈ TF is identified with a

vector (wF1 , . . . , w
F
k ) with wFi ∈ H1(A,Z)r ⊗R. For each F ∈ SZ , choose a non-zero vector

wF ∈ TF such that its components are in H1(A,Z)r ⊗ Z and a non-zero component wFiF
∈

H1(A,Z)r of wF . Choosing an isomorphism H1(A,Z) ∼= Z2 dimA, we get an isomorphism

H1(A,Z)r ∼= [Zr]2 dimA and for each F choose a non-zero component uF ∈ Zr of wFiF
∈

H1(A,Z)r. It is enough to take M ∈ Mr×l(Z) such that uF is not in the space generated

by the columns of M for any F ∈ SZ . The set of such M is Zariski open in Mr×l(Z) and is

not all of Mr×l(Z).

Finally we prove Proposition 3.2.4:
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Proof of Proposition 3.2.4. First observe that by Lemma 3.1.4, up to passing to a Zariski

open in S, we can assume that Zs is not covered by tori for any s ∈ S. We first reduce to

the case where dimS A = g is even. It is in the course of this reduction that we will use the

hypothesis that 1 ≤ d ≤ dimA if g is odd.

Suppose that g is odd, we show that there is a λ ∈ Λg−1 such that pλ|ZSλ : ZSλ → (Bλ)k

is generically finite on its image. Then the image of ZSλ(E) under this projection is a family

of suborbits Z ′/S′ for a locally complete family of abelian (g − 1)-folds ϕBλ(Bλ)/ϕBλ(Sλ).

We are reduced in this way to the case of even-dimensional abelian varieties.

Consider s ∈ S such that As is isogenous to Eg for some elliptic curve E. We contend

that there is a choice of M ∈Mg,1(Z) = Zg such that the composition

Zs ↪→ Aks → [Eg]k → [Eg/iM (E)]k

of the inclusion, the isogeny, and the projection is generically finite on its image. This is

obvious if d < dimA so it suffices to show it for d = dimA.

If this is not the case, it is easy to see that for any y in the smooth locus of Zs the

tangent space to Zs at y is of the form (TAs)M for some M ∈ Ck. Indeed, this follows from

the following lemma along with the fact that the following subset is dense:

{C1
M : M ∈ Zg} ⊂ P(Ck).

Lemma 3.2.7. Consider a g-dimensional vector space V, a positive integer k, and a g-

dimensional subspace W ⊂ V k. If the restriction of the projection πL : V k → (V/L)k to W

is not an isomorphism for any L ∈ P(V ), then W = VM for some M ∈ Ck.
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Given 1 ≤ q ≤ g and ω ∈ H0(As,ΩqAs), the form ωk :=
∑k
i=1 pr∗1ω restricts to zero

on Zs since it is a suborbit or it is foliated by normalized suborbits of codimension one. It

follows that the image of the Gauss map of Zs lies in the subvariety of the Grassmanian

of g-dimensional subspaces of T kAs parametrizing subspaces of the form (TAs)M with M =

(m1, . . . ,mk) ∈ Ck satisfying

k∑
i=1

m
q
i = 0 for i = 1, . . . , q.

These are q−1 independent conditions on M ∈ Ck and so the image of the Gauss map of Zs

must be at most k−(q−1)-dimensional. As long as k ≤ 2g−2, this show that the Gauss map

of Zs is not generically finite. Since Zs is not covered by tori, this contradicts well-known

results about non-degeneracy of the Gauss map of subvarieties of abelian varieties (see (4.14)

in [GH79]).

In the case of abelian varieties of even dimension g = 2n, consider the locus Y ⊂ S of

abelian varieties isogenous to Dn, for some simple abelian surface D. Since Y is dense in S,

to show that (∗) is satisfied it suffices to show that Y ⊂ Rfg. For every y ∈ Y , we can fix an

isogeny Ay ∼ Dn. Then, for any M ∈ Mn×(n−1)(Z) of maximal rank, we get a projection

pM : Ay → Dk obtained by composing the fixed isogeny with the projection map

[Dn]k → [Dn/iM (Dn−1)]k.

The maps pM are specializations of maps pλ with λ ∈ Λ2 to y ∈ Y . But for any y ∈ Y ∩Sλ,

the variety pλ(Zy) is a suborbit or foliated by suborbits of codimension one and hence not

covered by tori. Indeed, up to an isogeny, pλ(Zy) is a subvariety of Dk, and if pλ(Zy) were

covered by tori it would be covered by tori of the form DM ⊂ Dk, for some M ∈ Zk. This

together with the fact that pλ(Zy) must be totally isotropic for the 2-form ωk :=
∑k
i=1 pr∗iω
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for any ω ∈ H0(D,Ω2
D) would contradict Lemma 2.1.19. We are thus in a position to apply

the Projection Lemma 3.2.6 to see that for any such y there is a λ ∈ Λ2 such that y ∈ Sλ

and pλ|Zy is generically finite on its image. It follows that Y ⊂ Rgf .

3.3 Proof of Voisin’s conjecture

In this section we present the main results about rational equivalence of zero-cycles on abelian

varieties which we obtain by applying the induction argument sketched in Section 3.1.2. We

deduce several applications to the study of measures of irrationality for abelian varieties and

their subvarieties. Moreover, we discuss existence results for positive dimensional orbits and

families of such orbits. Finally, we present a strenghtening of Conjecture 1.0.3 which follows

from one of the conjectures of Voisin in [Voi18].

3.3.1 Main results on rational equivalence of zero-cycles

Corollary 3.3.1. Suppose that a very general abelian variety of dimension g has a d-

dimensional orbit of degree k and let A be a very general abelian variety of dimension

(g − l) ≥ 2. If g is even of d ≤ g, then Ak, 0 contains an (l + d)-dimensional subvari-

ety foliated by d-dimensional suborbits.

If l ≥ 2, then Ak, 0 contains an
(
d+

(l+1
2

))
-dimensional subvariety foliated by d-dimensional

suborbits or an (l + d)-dimensional subvariety foliated by (d+ 1)-dimensional suborbits.

Proof. Under the assumption of this corollary, we have a flat family of irreducible d-dimensional

suborbits Z ⊂ Ak, 0/S, where A → S is a locally complete family of abelian g-folds. By

Proposition 3.2.4, Z satisfies (∗) for l = 2. We can apply Proposition 3.2.1 inductively since

condition (∗∗) follows from (∗) by Proposition 3.2.1.
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For the second part, observe that by the first part there is a λ ∈ Λ2 such that

(ϕBλ ◦ pλ)(ZSλ)/ϕBλ(Sλ)

has relative dimension at least d + l. This was obtained by successive specializations and

projections. But the morphism

Sλ → Chowd

(
(Bλ)k, 0

)
s 7→

[
(ϕBλ ◦ pλ)(Zs)

]
is an

(l+1
2

)
-parameter family of d-dimensional suborbits lying in (ϕBλ ◦ pλ)(ZSλ). Hence,

if (ϕλ ◦ pλ)(ZSλ) has dimension less than
(l+1

2

)
+ d, it must be foliated by suborbits of

dimension at least d+ 1.

Theorem 3.3.2 (Theorem 1.1 in [CMNP19]). If A is a very general abelian variety of

dimension at least 3, d is a positive integer, and d ≤ dimA if dimA is odd, then all fibers

of the map Σk : Ak → CH0(A) have dimension less than d if

k < d+
dimA+ 1

2
.

Proof. By Corollary 3.3.1, if a very general abelian variety of dimension g ≥ 3 has a d-

dimensional orbit of degree k, then for a very general abelian surface B either there is

a subvariety of Bk, 0 of dimension d +
(g−1

2

)
foliated by d-dimensional orbits or there is a

subvariety of Bk, 0 of dimension d+g−2 foliated by (d+1)-dimensional orbits. By Corollary

2.1.17, in the first case we get

d+

(
g − 1

2

)
≤ 2(k − 1)− d
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or

k ≥ d+ 1 +
1

2

(
g − 1

2

)
.

In the second case, we get

d+ g − 2 ≤ 2(k − 1)− (d+ 1)

or

k ≥ (2d+ g + 1)/2.

This gives the desired inequality.

Corollary 3.3.3 (Corollary 4.7 in [Mar20]). Conjecture 1.0.3 holds: a very general abelian

variety of dimension ≥ 2k − 2 has no positive dimensional orbits of degree k.

Corollary 3.3.4 (Corollary 1.2 in [CMNP19]). If A is a very general abelian variety and

Z ⊂ A is a subvariety, then

irr(Z) ≥ uni.irr(Z) ≥ dimZ +
dimA+ 1

2
.

Equivalently,

uni.irrd(A) ≥ d+
dimA+ 1

2
.

In particular,

uni.irr(A) ≥ 3 dimA+ 1

2
.

Remark 3.3.5. The bound irr(A) ≥ (3 dimA + 1)/2 on the degree of irrationality of a very

general abelian variety is an improvement of the Alzati-Pirola bound (Theorem 2.3.1). While

it will be superseded for some polarization types in the next chapter, it remains the best

bound which applies to all polarization types.

We can use the same argument to rule out the existence of subvarieties of Ak, 0 foliated

by suborbits of codimension one.
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Theorem 3.3.6 (Theorem 1.3 in [CMNP19]). Let d be a positive integer and A a very general

abelian variety of dimension at least max(4, d). If A admits a one-dimensional family of d-

dimensional normalized orbits of degree k, then

k ≥ d+ dimA/2 + 1.

Note that this theorem follows trivially from Theorem 3.3.4 if dimA is even.

Proof. We can carry out the same argument as in Corollary 3.3.1. If a very general abelian

variety A of dimension g ≥ 4 contains a one-dimensional family of normalized d-dimensional

orbits then the following holds: Given a very general abelian surface B, either there is

a subvariety of Bk, 0 of dimension d +
(g−1

2

)
foliated by d-dimensional orbits or there is a

subvariety of Bk, 0 of dimension d+g−1 foliated by (d+1)-dimensional orbits. By Corollary

2.1.17, in the first case we get

d+

(
g − 1

2

)
≤ 2(k − 1)− d

or

k ≥ d+ 1 +
1

2

(
g − 1

2

)
.

In the second case we get

d+ g − 1 ≤ 2(k − 1)− (d+ 1)

or

k ≥ d+ g/2 + 1.

This gives the desired inequality.

Our method yields stronger results if we only consider orbits of the form |
∑k−l
i=1{ai} +

l{0A}|. The following generalizes Theorem 1.4 (4) of [Voi18].
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Theorem 3.3.7. A very general abelian variety A of dimension at least 2k + 3− l− d does

not have a d-dimensional orbit of the form |
∑k−l
i=1{ai}+ l{0A}|. In particular, if A is a very

general abelian variety of dimension at least k + 1, the orbit |k{0A}| is countable.

Proof. Suppose that a very general abelian variety of dimension g ≥ 2k + 3 − l − d has a

d-dimensional orbit of the form |
∑k−l
i=1{ai} + l{0A}|. We can find A/S, a locally complete

family of abelian (2k + 3 − l − d)-folds, and Z ⊂ Ak, a family of d-dimensional suborbits,

such that

Ak−ls × {0As}
l ∩ Zs 6= ∅, ∀s ∈ S.

By Propositions 3.2.1, 3.1.4, and 3.2.4, there is a λ ∈ Λ2 such that (ϕBλ◦pλ)(ZSλ) has relative

dimension 2k + 1 − l. Given B in the family Bλ and b = (b1, . . . , bk−l, 0B , . . . , 0B) ∈ Bk,

consider

Sλ(B, b) := {s ∈ Sλ(B) : b ∈ (ϕBλ ◦ pλ)(Zs)}.

Clearly, (ϕBλ ◦ pλ)(ZSλ(B,b)) is a suborbit. In particular, (ϕBλ ◦ pλ)(ZSλ(B)) is foliated by

suborbits of codimension at most 2(k − l). This contradicts Corollary 2.1.18.

3.3.2 Existence results for positive dimensional orbits

When seeking lower bounds on measures of irrationality one is led to rule out existence of

large dimensional orbits of small degree. Since the study of orbits for rational equivalence

is interesting in its own right, one could instead seek existence results for subvarieties of

Ak foliated by d-dimensional suborbits. Alzati and Pirola show in Examples 5.2 and 5.3 of

[AP93] that for any abelian surface A there is a 2-dimensional orbit in A3, 0 and a threefold

in A3, 0 foliated by suborbits of positive dimension. In particular, using the argument from

Remark 2.1.16, we see that Corollary 2.1.18 is sharp for d = 0, 1, 2.

Example 3.3.8. In [Lin16] Lin shows that Corollary 2.1.18 is sharp for every d.

The methods of [Lin16] can be used to show the following:
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Proposition 3.3.9. Let A be an abelian g-fold which is a quotient of the Jacobian of a smooth

genus g′ curve C. For any k ≥ g′+d−1, the variety Ak, 0 contains a (g(k+ 1− g′−d) +d)-

dimensional subvariety foliated by d-dimensional suborbits.

Proof. To simplify notation we identify C with its image in J(C). We can assume that

0A ∈ C. Recall that the summation map SymlC → J(C) has Pl−g′ as generic fiber for all

l ≥ g′. Moreover, if (c1, . . . , cl) and (c′1, . . . , c
′
l) are such that

∑
ci =

∑
c′i ∈ J(C), then the

zero-cycles
∑
{ci} and

∑
{ci}′ are equal in CH0(C), and thus in CH0(A).

In light of Remark 2.1.16, it suffices to show that Ag
′+d−1, 0 contains a d-dimensional

suborbit. Consider the following map:

ψ : C × Cg
′+d−1 → Ag

′+d−1

(c0, (c1, . . . , cg′+d−1)) 7→ (c1 − c0, . . . , cg′+d−1 − c0).

This morphism is generically finite on its image since the restriction of the summation

map A2 → A to C2 ⊂ A2 is generically finite. The intersection of the image of ψ with

Ag
′+d−1, 0 is a d-dimensional suborbit. Indeed, given

(c1 − c0, . . . , cg′+d−1 − c0) ∈ Im(ψ) ∩ Ag
′+d−1, 0,

we have
g′+d−1∑
i=1

ci = (g′ + d− 1)c0,

so that
g′+d−1∑
i=1

{ci} = (g′ + d− 1){c0} ∈ CH0(C).

It follows that
g′+d−1∑
i=1

{ci − c0} = (g′ + d− 1){0A} ∈ CH0(A).
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Remark 3.3.10. The previous proposition is by no means optimal. Indeed, it provides a

one-dimensional suborbit of degree 3 for a very general abelian 3-fold while, as pointed out

by a referee for [Mar20], such an abelian variety admits a one-dimensional family of one-

dimensional suborbits. To see this, observe that a very general abelian 3-fold is isogenous

to the Jacobian of a quartic plane curve C. Projecting from a point c ∈ C gives a degree

3 rational map ϕc : C 99K P1. Let Z ⊂ C × Sym3C be the image of the rational map

C × P1 99K C × Sym3C taking a generic point (c, t) ∈ C × P1 to (c, ϕ−1
c (t)). The image of

Z under the map

C×Sym3C −→ Sym3A

(c, x+ y + z) 7→ {3x+ c}+ {3y + c}+ {3z + c}

is easily checked to be a surface foliated by positive dimensional suborbits and contained in

a fiber of the summation map.

3.3.3 Further conjectures

We believe that Theorem 3.3.3 can be improved. In fact, though Conjecture 1.0.3 is the main

conjecture of [Voi18], it is not the most ambitious. Voisin proposes to attack Conjecture 1.0.3

by studying the locus ZA of positive dimensional normalized orbits of degree k:

ZA :=

{
a1 ∈ A : ∃ a2, . . . , ak−1 : dim

∣∣∣{a1}+ . . .+ {ak−1}+
{
−

k∑
i=1

ai

}∣∣∣ > 0

}
.

In particular, she suggests to deduce Conjecture 1.0.3 from the following:

Conjecture 3.3.11 (Voisin, Conj. 6.2 in [Voi18]). If A is a very general abelian variety
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then

dimZA ≤ k − 1.

While Voisin shows that this conjecture implies Conjecture 1.0.3, it in fact implies the

following stronger conjecture:

Conjecture 3.3.12. A very general abelian variety of dimension at least k+1 does not have

a positive dimensional orbit of degree k.

To see how Conjecture 3.3.12 follows from Conjecture 3.3.11, suppose that a very general

abelian variety A of dimension k has a normalized positive dimensional orbit

|{a1}+ . . .+ {ak−1}|.

By Remark 2.1.16, for any a ∈ A, the following normalized orbit is positive dimensional:

|{(k − 1)a}+ {a1 − a}+ . . .+ {ak−1 − a}|.

It follows that ZA = A and so dimZA = k > k − 1.

81



CHAPTER 4

DEGREE OF IRRATIONALITY OF ABELIAN VARIETIES

In this chapter we present a cohomological obstruction to the existence of low degree dom-

inant rational maps from an abelian variety to a variety which admits a cohomological

decomposition of the diagonal. In Section 3.3.2, we saw that a very general abelian surface

A has a 2-dimensional orbit of degree 3. Hence, once cannot rule out the existence of a dom-

inant rational map of degree three ϕ : A 99K P2 as naively as in Corollary 3.3.4. However,

one can compute the cohomology class of the orbit Fib(P2) that would arise from such a

ϕ as explained in Lemma 2.2.20. For most polarizations types, this contradicts Mumford’s

theorem 2.1.2. This cohomological obstruction can be generalized to give a new lower bound

on the degree of irrationality of very general abelian varieties for most polarization types.

4.1 Fibers of a dominant rational map

Let X and Y be smooth projective n-folds, ϕ : X 99K Y a dominant rational map of degree k,

and U ⊂ X an open on which ϕ restricts to a degree k étale covering of its image. Consider,

X̃

X Y,

ϕ̃
π

ϕ

a resolution of the indeterminacies of ϕ. In this section, we prove Proposition 4.1.1 which,

in the case where Y admits a decomposition of the diagonal, determines the class of

Zl = {(x1, . . . , xl) ∈ U l : xi 6= xj , ϕ(xi) = ϕ(xj), ∀i, j ∈ [l], i 6= j},

in CHn(X l) up to cycles which are supported on Dl for some closed proper subset D ⊂ X.

Given a positive integer l, we denote by ∆X ⊂ X l the small diagonal and for a subset
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I ⊂ [l] we let

∆I := pr−1
I (∆X) = {(x1, . . . , xl) : xi = xj , ∀i, j ∈ I} ⊂ X l.

Moreover, given cycles W1, . . . ,Wl on X, we denote by

W1 � . . .�Wl ∈ CH•(X l)

the cycle
∏l
i=1 pr∗i (Wi) and by W�l1 the cycle

W1 � . . .�W1︸ ︷︷ ︸
l times

.

We also abuse notation and write X ×W1 for {X} �W1 ∈ CH•(X2). Throughout this

chapter, given a subvariety W ⊂ X, we will write W for the cycle {W} ∈ CH•(X). Finally,

for α ∈ Q, we let

α!

(α− r)!
:= α · (α− 1) · · · (α− r + 1).

Proposition 4.1.1. Suppose Y admits a decomposition of the diagonal N∆Y = α× Y + Γ,

where Γ is supported Y ×D for some closed proper subset D ⊂ Y . We have the equality of

cycles

N2(l−1)Zl = N2(l−1)
l∑

i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

∑
I⊂[l],#I=i

∆I · pr∗[l]\I

(
ϕ∗(α)�(l−i)

)
+ Γ′

∈ CHn(X l),

where Γ′ is supported on D′l for D′ = (π ◦ ϕ̃−1)(D) ∪ (X \ U) ⊂ X.

Suppose Y admits a cohomological decomposition of the diagonal N [∆Y ] = N [0×Y ]+[Γ],

where Γ is supported X ×D for some closed proper subset D ⊂ Y . We have the equality of
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cycle classes

N2(l−1)[Zl] = N2(l−1)
l∑

i=1

(−1)i+1 k!(i− 1)!

(k − l + i)!

∑
I⊂[l],#I=i

[∆I ]·pr∗[l]\I

([
0�(l−i)

])
+ [Γ′]

∈ H2n(l−1)(X l,Z),

where Γ′ is supported on D′l for D′ = (π ◦ ϕ̃−1)(D) ∪ (X \ U) ⊂ X.

Remark 4.1.2. As explained in the proof of Lemma 2.2.20, ϕ gives rise to an n-cycle

(q−1
k ◦ Fib)(Y ) ⊂ Xk.

Recall that qk : Xk → Symk(X) is the quotient map and Fib : Y 99K Symk(X) takes

a generic point of Y to the fiber of ϕ over it. Note that Zk = (q−1
k ◦ Fib)(Y ), so that

Proposition 4.1.1 determines the cycle (q−1
k ◦ Fib)(Y ) up to cycles which are supported on

Dk for some closed proper subset D ⊂ X.

The first step towards proving Proposition 4.1.1 is to determine the rational equivalence

class of Z2 up to cycles supported on D×D for some closed proper subset D ⊂ X. In what

follows, we fix a point 0 ∈ X and also denote by 0 the subvariety {0} ⊂ X.

Lemma 4.1.3. Suppose Y admits a decomposition of the diagonal and has torsion order N .

There is a degree N2 zero-cycle α ∈ CH0(Y ) and an equality

N2∆Y = α× Y + Y × α + Γ ∈ CHn(Y × Y ),

where Γ is supported on D ×D for some closed proper subset D ⊂ Y .

Suppose Y admits a cohomological decomposition of the diagonal and has cohomological
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torsion order N . There is a degree N2 zero-cycle α ∈ CH0(Y ) and an equality

N2[∆Y ] = N2([0× Y ] + [Y × 0]) + [Γ] ∈ H2n(Y × Y,Z),

where Γ is supported on D ×D for some closed proper subset D ⊂ Y .

Proof. We treat the case where Y has a decomposition of the diagonal. The proof in the

case where Y has a cohomological decomposition of the diagonal proceeds along the same

lines. Since Y has torsion order N there is a degree N zero-cycle α′ such that

N∆Y = Y × α′ + Γ′ ∈ CHn(Y × Y ),

where Γ′ is supported on D×Y for some closed proper subset D ⊂ Y . Since ∆t
Y = ∆Y and

∆Y ◦∆Y = ∆Y , we have

N2∆Y = (Y × α′ + Γ′) ◦ (α′ × Y + Γ′t) = N(α′ × Y + Y × α′) + Γ′ ◦ Γ′t.

Since Γ′ ◦Γ′t is supported on D×D we can take α := Nα′ and Γ := Γ′ ◦Γ′t to conclude.

Lemma 4.1.4. We have an equality

Z2 + ∆X = (π × π)∗ ◦ (ϕ̃× ϕ̃)∗(∆Y ) + Γ ∈ CHn(X ×X),

where Γ is supported on (X \ U)× (X \ U).

Proof. The restriction

(ϕ× ϕ)|U×U : U × U → Y × Y

is flat and so

(ϕ× ϕ)|∗U×U (∆Y ) = (ϕ× ϕ)|−1
U×U (∆Y ).
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Moreover, the pullback of Z2 + ∆X under the inclusion ι : U × U → X × X is clearly

(ϕ × ϕ)|−1
U×U (∆Y ). The result now follows from the localization exact sequences and the

commutativity of the following diagram:

CHn(Y × Y )

CHn(X ×X) CHn(U × U).

(ϕ×ϕ)|∗U×U(π×π)∗◦(ϕ̃×ϕ̃)∗

ι

Corollary 4.1.5. Suppose Y admits a decomposition of the diagonal N∆Y = X × α + Γ,

where Γ is supported on Y × D for some closed proper subset D ⊂ Y . There is a cycle

Γ′ ∈ CHn(X ×X) such that

N2(Z2 + ∆X) = ϕ∗(α)×X +X × ϕ∗(α) + Γ′ ∈ CHn(X ×X),

and Γ′ is supported on (π ◦ ϕ̃−1)(D)2.

Suppose Y admits a cohomological decomposition of the diagonal N [∆Y ] = N [X×0]+[Γ],

where Γ is supported on Y × D for some closed proper subset D ⊂ Y . There a cycle

Γ′ ∈ CHn(X ×X) such that

N2([Z2] + [∆X ]) = Nk([0×X] + [X × 0]) + [Γ′] ∈ H2n(X ×X,Z),

and Γ′ is supported on (π ◦ ϕ̃−1)(D)2.

Proof. Just pullback the decomposition of Lemma 4.1.3 by ϕ̃ × ϕ̃ and push it forward by

π × π.

Now that we know what the class of Z2 is up to cycles supported on D × D for some

closed proper subset D ⊂ X, we can proceed by induction to determine the class of Zl up
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to cycles which are supported on D′l for some closed proper subset D′ ⊂ X.

Proof of Proposition 4.1.1. Observe that for all l ≥ 2 we have an equality

Zl+1 = pr∗[l](Zl) ·

pr∗{l,l+1}(Z2)−
l−1∑
i=1

∆i,l+1

+ Γl+1,

for some Γl+1 ∈ CHn(X l) supported on D′l+1. Indeed, letting ι : U l+1 → X l+1 denote the

inclusion, the cycles

(pr[l] ◦ ι)
∗(Zl)

and

ι∗

pr∗{l,l+1}(Z2)−
l−1∑
i=1

∆i,l+1


meet transversally and their intersection is the sum of the irreducible components of the

closed subset

{
(x1, . . . , xl+1) ∈ U l+1 : ϕ(x1) = . . . = ϕ(xl+1), xi 6= xj ,∀i, j ∈ [l + 1]

}
⊂ U l+1.

This coincides with the cycle ι∗(Zl+1). The localisation exact sequence allows us to conclude.

The proof then follows by an induction argument which can be found in Appendix A.

4.2 A cohomological obstruction

In this section, we show how Mumford’s theorem 2.1.2 can be leveraged along with Proposi-

tion 4.1.1 in order to give a cohomological obstruction to the existence of low degree dominant

rational maps from an abelian variety to a variety with a cohomological decomposition of

the diagonal. We first focus on the simple case of abelian surfaces and then generalize the

argument to abelian varieties of arbitrary dimension. In the process, we need to prove a non-

degeneracy result about Hodge classes of Ak−1 which are supported on a product of divisors.
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Keeping the notation of the previous section, suppose that X = A is an abelian g-fold. By

composing with a translation, we can assume that ϕ : A 99K Y is such that Zk ⊂ Ak ,0 ⊂ Ak.

The map

ι : Ak−1 → Ak

(a1, . . . , ak−1) 7→ (a1, . . . , ak−1, a1 + . . .+ ak−1)

then restricts to an isomorphism ι|Zk−1 : Zk−1 → Zk. By Remark 4.1.2 and Mumford’s The-

orem 2.1.2, given a generator ω ∈ H0(A,Ω
g
A), the form ωk :=

∑k
i=1 pr∗i (ω) ∈ H0(Ak,Ω

g
Ak

)

restricts to zero on Zk. Hence,

ωk · [Zk] = ωk · ι∗([Zk−1]) = 0 ∈ H(2k−1)g(Ak,C).

and so

ι∗(ωk) · [Zk−1] = 0 ∈ H(2k−3)g(Ak−1,C)

In particular,

ι∗(ωk ∧ ωk) · [Zk−1] = 0 ∈ H2(k−1)g(Ak−1,C) ∼= Z.

4.2.1 The case of abelian surfaces

We single out the case of abelian surface for which the obstruction we obtain is especially

simple.

Theorem 4.2.1 (Theorem 1.1 in [Mar19]). If A is an abelian surface such that the image

of the intersection pairing Sym2NS(A)→ Z does not contain 12N2, then A does not admit

a dominant rational map of degree less than 4 to a CH0-trivial surface with cohomological

torsion order N .
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In particular, if the image of the intersection pairing Sym2NS(A)→ Z does not contain

12, then

irr(A) = 4.

Proof. In light of Chen’s bound (Theorem 2.3.6), it suffices to show that under these as-

sumptions A does not admit a dominant rational map of degree less than 4 to a CH0-trivial

surface X with cohomological torsion order N . Note that degrees 2 or less are ruled out by

the Alzati-Pirola bound (Theorem 2.3.1).

Suppose ϕ : A 99K X is such a rational map of degree 3. We have a cohomological

decomposition of the diagonal

N2[Z2] = N2 (3([A× 0] + [0× A])− [∆]) + [Γ] ∈ H4(A2,Z),

where Γ is symmetric and supported on D × D for some closed proper subset D ⊂ A. In

particular,

[Γ] ∈ Sym2NS(A).

Recall that given m1,m2,m3 ∈ Z,

i(m1,m2,m3) : A→ A3

is the morphism given by

a 7→ (m1a,m2a,m3a),

and let ω ∈ H0(A,Ω2
A) be such that ω ∧ ω = [0A] ∈ H4(A,Z).
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We then have the equality

∫
A2

[A× 0] · ι∗(ω3 ∧ ω3) =

∫
A3
f(1,0,−1)∗([A]) · ω3 ∧ ω3

=

∫
A
f(1,0,−1)

∗ [(pr∗1ω + pr∗2ω + pr∗3ω) ∧ (pr∗1ω + pr∗2ω + pr∗3ω)]

= 4

∫
A
ω ∧ ω = 4,

and by symmetry

∫
A×A

[0A × A] · ι∗(ω3 ∧ ω3) = 4.

Similarly, we see that

∫
A×A

[∆A] · ι∗(ω3 ∧ ω3) =

∫
A3
f(1,1,2)∗([A]) · (pr∗1ω + pr∗2ω + pr∗3ω) ∧ (pr∗1ω + pr∗2ω + pr∗3ω)

=

∫
A
f∗(1,1,2) [(pr∗1ω + pr∗2ω + pr∗3ω) ∧ (pr∗1ω + pr∗2ω + pr∗3ω)]

=36

∫
A
ω ∧ ω = 36.

Finally, we compute that

∫
A×A

pr∗1[C] · pr∗2[C ′] · ι∗(ω3 ∧ ω3) =

∫
A2

pr∗1[C] · pr∗2[C ′] · ι∗(pr∗3ω ∧ pr∗3ω3)

=

∫
A2

pr∗1[C] · pr∗2[C ′] · [∆A]

=(C,C ′),

so that

N2[Z2] · ι∗(ω3 ∧ ω3) = 3 · (4 + 4)N2 − 36N2 + Γ · ι∗(ω3 ∧ ω3) = 0, (4.1)

and

Γ · ι∗(ω3 ∧ ω3) = 12N2.
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Since Γ ∈ Sym2NS(A) and cupping with ι∗(ω3 ∧ ω3) gives the intersection product on

Sym2NS(A), the result follows.

Corollary 4.2.2. A very general (1, d)-polarized abelian surface has degree of irrationality

4 if d - 6.

This corollary answers Question 1.0.5 affirmatively and provides the first examples of

abelian surfaces with degree of irrationality 4.

Example 4.2.3. A very general (1, d)-polarized abelian surface with d - 6 has degree of

irrationality 4 and is isogenous to a very general (1, 2)-polarized abelian surface. Since such

a surface has degree of irrationality 3, the degree of irrationality is not an isogeny invariant

and Question 1.0.6 has a negative answer.

4.2.2 The general case

The proof of Theorem 4.2.1 can be adapted to the case of higher-dimensional abelian vari-

eties. Let A be an abelian g-fold and

Vl ⊂ Hdgl(Ak−1) (4.2)

be the sublattice of classes supported on Dk−1 for some closed proper subset D ⊂ A.

Consider the function

Mg(k) := (k − 1)!
k∑
j=0

(−1)j(j − 1)
(

1− (1− j)g−1
)2
(
k

j

)
.

Theorem 4.2.4. If the image of

V(k−2)g −→ H2(k−1)g(Ak−1,Z) ∼= Z

α 7−→ α · [Ak−1, 0]
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does not contain N2(k−2)Mk
g , then A does not admit a dominant rational map of degree k

to a CH0-trivial variety with cohomological torsion order N .

Proof. Suppose that ϕ : A 99K X is a dominant rational map of degree k to a CH0-trivial

g-fold X with torsion order N . Using the same notation as in Section 4.1, Proposition 4.1.1

gives the equality

N2(k−2)Zk−1 = N2(k−2)
k−1∑
i=1

(−1)i+1 k!

i(i+ 1)

∑
I⊂[k−1],#I=i

[∆I ]·pr∗[l]\I

[
0�(l−i)

]
+ [Γ]

∈ H2g(k−2)(Ak−1),

where Γ is symmetric and supported on Dk−1 for some closed proper subset D ⊂ A. Let

ω ∈ H0(A,Ω
g
A) be such that ω ∧ ω = [0A] ∈ H2g(A,Z) and, given I ⊂ [k − 1] with #I = i,

let

iI := i(εI1,...,ε
I
k−1,−i)

: A→ Ak,

where εIj is 1 if j ∈ I and 0 otherwise.

We have the equality

∫
Ak−1

[∆I ] · pr∗[l]\I

([
0�(l−i)

])
· ι∗(ωk−1 ∧ ωk−1) =

∫
Ak
iI∗([A]) · ωk−1 ∧ ωk−1

=

∫
A
i∗I [ωk−1 ∧ ωk−1]

= i2(1− (−i)g−1)2
∫
A
ω ∧ ω

= i2(1− (−i)g−1)2.

Hence,

0 = N2(k−2)
∫
Ak−1

[Zk−1] · ι∗(ωk ∧ ωk)
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= N2(k−2)
k−1∑
i=1

(−1)i+1 k!

i(i+ 1)

∑
I⊂[k−1],#I=i

i2(1− (−i)g−1)2 +

∫
Ak−1

[Γ] · ι∗(ωk ∧ ωk),

so that

∫
Ak−1

[Γ] · ι∗(ωk ∧ ωk) = −N2(k−2)
k−1∑
i=1

(−1)i+1 k!

i(i+ 1)
i2(1− (−i)g−1)2

(
k − 1

i

)

= −N2(k−2)(k − 1)!
k−1∑
i=1

(−1)i+1i(1− (−i)g−1)2
(

k

i+ 1

)

= −N2(k−2)(k − 1)!
k∑
j=2

(−1)j(j − 1)(1− (1− j)g−1)2
(
k

j

)

= −N2(k−2)(k − 1)!
k∑
j=0

(−1)j(j − 1)(1− (1− j)g−1)2
(
k

j

)
.

To conclude, it suffices to show that

∫
Ak−1

[Γ] · ι∗(ωk ∧ ωk)

lies in the image of the cup product with [Ak, 0] ∈ H2g(Ak−1) on V . This follows from the

following equality:

∫
Ak−1

[Γ] · ι∗(ωk ∧ ωk) =

∫
Ak
ι∗[Γ] · (ωk ∧ ωk)

=

∫
Ak
ι∗[Γ] · pr∗k(ω) ∧ pr∗k(ω)

=

∫
Ak−1

[Γ] · ι∗[Ak−1 × 0]

=

∫
Ak−1

[Γ] · [Ak−1, 0].
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Remark 4.2.5. For any polynomial p(t) ∈ Q[t] with deg p(t) < n, we have the equality

n∑
t=0

(−1)ip(t)

(
n

t

)
= 0.

Indeed, since
(t
0

)
, . . . ,

( t
n−1

)
form a basis of the space of polynomials of degree less than n, it

suffices to show this indentity for p(t) =
(t
d

)
, where d is a non-negative integer smaller than

n.

n∑
t=0

(−1)t
(
t

d

)(
n

t

)
= (−1)d

(
n

d

) n∑
t=d

(−1)t−d
(
n− d
t− d

)
= (−1)d

(
n

d

)
(1− 1)n−d = 0.

It follows that Mg(k) vanishes for k ≥ 2g.

Next, we show that the obstruction in Proposition 4.2.4 does not vanish in the range of

interest for the degree of irrationality.

Lemma 4.2.6. The integer Mg(k) does not vanish if g + 1 ≤ k ≤ 2g − 1.

Proof. In light of Remark 4.2.5,

Mg(k) = (k − 1)!
k∑
j=0

(−1)j(j − 1)2g−1
(
k

j

)

in this range. Observe that

(j − 1)2g−1

(2g − 1)!

is the coefficient of z2g−1 in e(j−1)z. Hence, Mg(k) is the coefficient of z2g−1 in

(2g − 1)!(k − 1)!
k∑
j=0

(−1)je(j−1)z
(
k

j

)
= (2g − 1)!(k − 1)!e−z(1− ez)k

= (2g − 1)!(k − 1)!(ez + e−z − 2)(1− ez)k−2.

The result then follows from the fact that the coefficient of zj in (1− ez)k−2 is positive for
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all j > 0 and that the coefficient of zj in (ez + e−z − 2) is zero for odd j and positive for

even j > 0.

4.2.3 A non-degeneracy result for Hodge classes on Ak−1

In order to use Theorem 4.2.4 to obtain lower bounds for the degree of irrationality of abelian

varieties, we need to make sure that the image of

V(k−2)g −→ H2(k−1)g(Ak−1,Z) ∼= Z

α 7−→ α · [Ak−1, 0]

is a high index subgroup when A is a very general abelian variety with a high degree po-

larization. This is achieved by the following non-degeneracy result which is of independent

interest.

Theorem 4.2.7. Let A be a (1, d2, . . . , dg)-polarized abelian g-fold with maximal special

Mumford-Tate group and B ⊂ A be an abelian subvariety of codimension rg. Then the

image of

V(k−1−r)g −→ H2(k−1)g(Ak−1,Z) ∼= Z

α 7−→ α · [B]

is contained in dgZ. Moreover, it is contained in pdgZ if g = pl for some prime p and some

l ∈ Z>0.

Proof. First, we can reduce to the case r = 1. Indeed, we can find abelian subvarieties

B′, B′′ ⊂ Ak−1 such that codim(B′) = g, codim(B′′) = (r − 1)g and B′ ∩ B′′ = B. Then,

for any α ∈ V(k−1−r)g,

α · [B] = (α · [B′′]) · [B′].
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Moreover, α · [B′′] is also supported on Dk−1 for some closed proper subset D ⊂ A so that

α · [B′′] ∈ V(k−2)g.

It will be convenient to use the Fourier transform

F : H•(Ak−1,Z)→ H2(k−1)g−•(Âk−1,Z).

See [Bea83] for the definition and properties of the Fourier transform. Note that the Fourier

transform of the class of the abelian subvariety B ⊂ Ak−1 is up to sign the class of the abelian

subvariety ker(Â → B̂). Call this subvariety B′ and denote by î the inclusion B′ → Âk−1.

Then, for any α ∈ V(k−2)g,

∫
Ak−1

α · [B] = ±
∫
Âk−1

F(α) ·
[
B′
]

= ± î∗F(α). (4.3)

Since A has a polarization of type (1, d2, . . . , dg), the abelian variety Â carries a dual

polarization of type

(d̂1, . . . , d̂g) := (1, dg/dg−1, . . . , dg/d2, dg).

Let Â = W/Λ, where W is a g-dimensional complex vector space and Λ ⊂ W is a cocom-

pact lattice. Choose real coordinate functions x1, . . . , xg, y1, . . . , yg on W with respect to a

symplectic basis of Λ for the polarization. Denote by x
j
i and y

j
i , i ∈ [k− 1], j ∈ [g], the real

coordinate functions on W k−1 given by xi ◦ prj : W k−1 → R and yi ◦ prj : W k−1 → R. Fi-

nally, consider the basis Bl for H l(Âk−1,Z) which consists (up to signs which we disregard)

of wedge products of l elements of the basis {dxji , dy
j
i : i ∈ [g], j ∈ [k− 1]} for H1(Âk−1,Z).

Recall that a very general (1, d̂2, . . . , d̂g)-polarized abelian g-fold Â has special Mumford-

Tate group equal to Sp(2g,Q) and thus that Hodge classes on Âk−1 lie in the subalgebra of

H•(Âk−1,Q) generated by divisors. The space of these divisors is
(k

2

)
-dimensional and has
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as basis the classes

θi := pr∗i θ = −
g∑

n=1

d̂n(dxin ∧ dyin), i = 1, . . . , k − 1,

λij := pr∗ij(λ) = −
g∑

n=1

d̂n(dxin ∧ dy
j
n + dx

j
n ∧ dyin), 1 ≤ i < j ≤ k − 1,

where θ is the class of the polarization and λ is the pullback of the Poincaré bundle on

Â×A by the isogeny Â× Â→ Â×A induced by the polarization on Â. Hence, a basis for

Hdgg(Âk−1)Q is given by

Bcan =
{
va,b : (a,b) ∈ T

}
,

where

va,b :=
k−1∏
i=1

θaii

∏
1≤j<l≤k−1

λ
bjl
jl ,

and

T =

(a,b) ∈ Zk−1
≥0 × Z(k−12 )

≥0 :
k∑
i=1

ai +
∑

1≤j<l≤k−1

bjl = g

 .

Moreover, the fact that classes in V(k−2)g are supported on Dk means that classes in

F(V(k−2)g) have vanishing Künneth components in

∏
j1+...+jk−1=g

ji≥2g−1 for some i

Hj1(Â)⊗ . . .⊗Hjk−1(Â). (4.4)

Observe that an element of 〈Bcan〉 satisfying the Künneth condition (4.4) must be in 〈B′can〉,

where

B′can =

va,b : (a,b) ∈ T and ai +
∑
j 6=i

bij < g,∀i ∈ [k − 1]

 .

Indeed, an element of Bcan \ B′can is of the form θli
∏g−l
r=1 λijr and is the only element of B
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which has a non-zero coefficient for the term

dxi1 ∧ . . . ∧ dx
i
g ∧ dyi1 ∧ . . . ∧ dy

i
l ∧ dy

j1
l+1 ∧ . . . dy

jg
g

when expressed as a linear combination of elements of B2g. It follows that

F(V(k−2)g) ⊂ 〈B
′
can〉.

The next step is to study the divisibility of elements of 〈B′can〉. For any w ∈ B2g, let

r(w) = (r1(w), . . . , rg(w)) ∈ Qg,

where ri(w) is half the number of dx
j
i and dy

j
i with j ∈ [k − 1] in w. Note that for any w

which appears with a non-zero coefficient in an element of 〈Bcan〉,

r(w) ∈ Zg.

Moreover, the coefficient of w in va,b is a clearly a multiple of d̂
r1(w)

1 · · · d̂ rg(w)
g .

Since w · [B′] = 0 unless r(ω) = (1, . . . , 1) by (4.3), the first claim in Theorem 4.2.7

follows from:

Lemma 4.2.8. We use the notation which we have set up above. If w ∈ B2g is such that

r(w) = (1, . . . , 1) the coefficient of w in any element of

〈B′can〉 ⊗Q ∩H2g(Âk−1,Z)

is divisible by dg = d̂g.
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Proof. It suffice to show that for any

α =
∑
(a,b)

αa,bva,b ∈ 〈B′can〉 ⊗Q ∩H2g(Âk−1,Z),

the following rational number is an integer

(d̂2 · · · d̂g−1) ·
( k−1∏
i=1

ai!
)
·
( ∏

1≤j<l≤k−1

bjl!
)
· αa,b.

To simplify notation we write

(a,b)! :=
( k−1∏
i=1

ai

)
·

∏
1≤j<l≤k−1

bjl!.

Let

T ′ := {(a,b) : (d̂2 · · · d̂g−1)(a,b)!αa,b ∈ Z} ⊂ T.

We show that T = T ′.

First, we show that if (a,b) is such that there are distinct non-zero bjl, then (a,b) ∈ T ′.

Without loss of generality, we can suppose that either

• b12 > 0 and b13 > 0,

• b12 > 0 and b34 > 0.

In the first case, consider

w′ = dx1
1 ∧ dy

2
1 ∧ dx

1
1 ∧ dy

3
1 ∧ η ∈ B

2g,

where η is any element of B2(g−2) with r(η) = (0, 1, . . . , 1, 0) such that w′ appears in the

expansion of va,b. Clearly, w′ will only appear in the expansion for va,b and its coefficient

will be ±(a,b)!d̂2 · · · d̂g−1. Hence, w′ will appear in the expansion of α with coefficient
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±(a,b)!d̂2 · · · d̂g−1αa,b. Since α ∈ H2g(Âk−1,Z) this coefficient is an integer and (a,b) ∈ T ′.

The second case is treated analogously with

w′ = dx1
1 ∧ dy

2
1 ∧ dx

3
1 ∧ dy

4
1 ∧ η ∈ B

2g.

Next, we consider the case where ai > 0 for some i and bjl 6= 0 for some j, l 6= i. Without

loss of generality we can suppose that

a1 > 0 and b23 > 0.

We deal with these cases as above by considering

w′ = dx1
1 ∧ dy

1
1 ∧ dx

2
1 ∧ dy

3
1 ∧ η ∈ B

2g.

Now, suppose that all bjl are zero and there are at least 3 distinct non-zero ai, say

a1, a2, a3 6= 0. Consider

w′ = dx1
1 ∧ dy

1
1 ∧ dx

2
1 ∧ dy

2
1 ∧ dx

3
1 ∧ dy

3
1 ∧ η ∈ B

2g,

where η is any element of B2(g−2) with r(η) = (0, 1, . . . , 1, 0, 0) such that w′ appears in the

expansion of va,b. The coefficient of w′ in va,b is ±(a,b)!d̂2 · · · d̂g−2 and, while w′ might

appear in the expansion of other basis elements va′,b′ , these basis elements must have either

two non-zero b′jl or a non-zero b′jl and a non-zero a′i with i 6= j, l. It follows from the pre-

viously treated cases and the fact that α ∈ H2g(Âk−1,Z) that ±(a,b)!d̂2 · · · d̂g−2αa,b ∈ Z

and thus (a,b) ∈ T ′.

Finally, we have left to treat the case where there is at most one non-zero bjl, say b12,
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and a1, a2 6= 0, namely a = (a1, a2, 0, . . . , 0), b = (b12, 0, . . . , 0), and a1, a2 > 0. Then,

va,b = θa11 θa22 λ
g−a1−a2
12 .

We will denote such elements of B′can by v′a1,a2 . Let m be the maximal value of g − a1 − a2

among the elements v′a1,a2 ∈ T \ T
′ appearing in the expansion of α as a linear combination

of elements of B′can, i.e.,

m = max
{
g − a1 − a2 : (a,b) =

(
(a1, a2, . . . , 0), (g − a1 − a2, 0, . . . , 0)

)
∈ T \ T ′

}
.

Let v′p,g−p−m be the basis element of the form v′a1,a2 with g − a1 − a2 = m and minimal a1

in T \ T ′. Consider the term

w′ =(dx1
1 ∧ dy

1
1 ∧ . . . ∧ dx

1
p ∧ dy1

p) ∧ (dx2
1 ∧ dy

2
1)

∧ (dx2
p+1 ∧ dy

2
p+1 ∧ . . . ∧ dx

2
g−m−1 ∧ dy

2
g−m−1)

∧ (dx1
g−m ∧ dy2

g−m ∧ . . . ∧ dx1
g−1 ∧ dy

2
g−1) ∈ B2g.

This term can only appear in elements of B′can of the form v′a1,a2 for integers a1, a2 > 0

satisfying

• a1 + a2 ≤ g,

• g − a1 − a2 ≥ m,

• 2a1 + (g − a1 − a2) ≥ 2p+m.

Aside from possibly v′p,g−p−m, all these terms contribute an integral multiple of w′ to α by

the choice of v′p,g−p−m. It follows that the coefficient of w′ in

α(p,g−p−m,0,...,0),(m,0,...,0)v
′
p,g−p−m
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is an integer. Since this coefficient is

p!(g − p−m)!m! · (d̂2 · · · d̂g−1) · α(p,g−p−m,0,...,0),(m,0,...,0),

we see that

((p, g − p−m, 0, . . . , 0), (m, 0, . . . , 0)) ∈ T.

We conclude that all v′a1,a2 are in T ′. Hence, T = T ′ and the claim follows.

Finally, we show the second claim in Theorem 4.2.7. We will abuse notation by using

some of the notation introduced in the proof of 4.2.8 for the cohomology of Ak−1 instead of

Âk−1. Let

B′′can =
{
va,b : (a,b) ∈ T ′′

}
,

where

va,b :=
k−1∏
i=1

θaii

∏
1≤j<l≤k−1

λ
bjl
jl ∈ H

2(k−2)g(Ak−1,Z),

and

T ′′ =

(a,b) ∈ Zk−1
≥0 × Z(k−12 )

≥0 :
k∑
i=1

ai +
∑

1≤j<l≤k−1

bjl = (k − 2)g

 .

There is an Sg action on H•(Ak−1,Z) given by σ(dx
j
i ) = dx

j
σ(i)

. Now suppose that α ∈

〈B′′can〉 is such that

α · [Ak−1, 0] 6= 0.

Write α and [Ak, 0] as integral linear combination of elements of B2(k−2)g and B2g. Let

ω ∈ B2(k−2)g and ω′ ∈ B2g be two elements which appear with non-zero coefficient m,n ∈ Z

and such that

ω ∧ ω′ 6= 0.

One checks that for any σ ∈ Sg the elements σ(ω) and σ(ω′) appear with non-zero
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coefficients in the expansions of α and [Ak, 0] and that

ω ∧ ω′ = σ(ω) ∧ σ(ω′).

Hence, the contribution of these classes to α · [Ak, 0] will be

mn ·#{σ(ω′) : σ ∈ Sg} · ω ∧ ω′.

If g = pl for some prime p and some l ∈ Z>0, the orbit of ω′ has size divisible by p unless

w′ is stabilized by Sg. This can happen only if ω′ is up to sign a product of two elements of

the set {
dx
j
1 ∧ . . . dx

j
g, dy

j
1 ∧ . . . dy

j
g : j ∈ [g]

}
.

Since such an ω′ satisfies θ1 · · · θk−1 ·ω′ = 0 and α is supported on Dk−1, these terms cannot

contribute to α · [Ak, 0].

4.2.4 Lower bounds on the degree of irrationality

In what follows, we let

d′g :=


pdg if g = pl for some prime p,

dg otherwise.

Corollary 4.2.9. If dg - N2(k−2)Mk
g , then A does not admit a dominant rational map of

degree k to a CH0-trivial variety with cohomological torsion order N .

Corollary 4.2.10. This follows at once from Proposition 4.2.4 and Theorem 4.2.7.

Theorem 4.2.11. Let A be a very general (1, d2, . . . , dg)-polarized abelian g-fold. If

d′g - lcm

{
N2(k−2)Mg(k) :

3g + 1

2
≤ k ≤ 2g − 1

}
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then A does not admit a dominant rational map of degree less than 2g to a CH0-trivial

variety with torsion order N . In particular, if

d′g - lcm

{
Mg(k) :

3g + 1

2
≤ k ≤ 2g − 1

}
,

then

irr(A) ≥ 2g.

See table B.2 for a list of the prime factorizations of lcm
{
Mk(g) : 3g+1

2 ≤ k ≤ 2g − 1
}

for 3 ≤ g ≤ 19.

Proof. The theorem follows from Corollary 4.2.9. Note that we only have to consider the

least common multiple of N2(k−2)Mk(g) for k between (3g + 1)/2 and 2g − 1 in light of

Theorem 3.3.2.

We can get a more explicit result which applies to abelian varieties with maximal special

Mumford-Tate group but only at the cost of replacing

lcm

{
Mg(k) :

3g + 1

2
≤ k ≤ 2g − 1

}
,

with

lcm {Mk(g) : g + 1 ≤ k ≤ 2g − 1} .

Indeed, we do not have any control about which very general abelian varieties satisfy the

conclusion of Theorem 3.3.2. Table B.1 shows that the two numbers above can indeed differ.

Theorem 4.2.12. Let A be a (1, d2, . . . , dg)-polarized abelian g-fold with maximal special

Mumford-Tate group. If

d′g - lcm
{
N2(k−2)Mg(k) : g + 1 ≤ k ≤ 2g − 1

}
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then A does not admit a dominant rational map of degree less than 2g to a CH0-trivial

variety with torsion order N . In particular, if

d′g - lcm
{
Mg(k) : g + 1 ≤ k ≤ 2g − 1

}
,

then

irr(A) ≥ 2g.

See table B.3 for a list of the prime factorizations of lcm {Mk(g) : g + 1 ≤ k ≤ 2g − 1}

for 3 ≤ g ≤ 19.

Corollary 4.2.13. There is at most finitely-many polarization types (1, d2, . . . , dg) such that

a very general (1, d2, . . . , dg)-polarized abelian g-fold has degree of irrationality less than 2g.

Proof. By Theorem 4.2.11, if a very general (1, d2, . . . , dg)-polarized abelian surface has

degree less than 2g, then

dg

∣∣∣ lcm

{
Mg(k) :

3g + 1

2
≤ k ≤ 2g − 1

}
.

Question 4.2.14. Are there any abelian g-folds with degree of irrationality greater than 2g?

Are there polarization types for which a very general abelian g-fold has degree of irrationality

greater (or smaller) than 2g?
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APPENDIX A

PROOF OF PROPOSITION 4.1.1

Proof. Let’s pick up where we left off in Section 4.1. We proceed by induction on l and give

the proof in the case where Y has a decomposition of the diagonal. A similar argument can

be used when Y has a cohomological decomposition of the diagonal. The base case l = 2 is

provided by Corollary 4.1.5. Hence, one computes:

N2lZl+1 = pr∗[l](N
2(l−1)Zl) ·

pr∗{l,l+1}(N
2Z2)−N2

l−1∑
j=1

∆j,l+1

+N2lΓl+1

=N2(l−1)
l∑

i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

∑
I⊂[l],#I=i

∆I · pr∗[l]\I

(
ϕ∗(α)�(l−i)

)

·
(
X l × ϕ∗(α) +X l−1 × ϕ∗(α)×X −N2

l∑
j=1

∆j,l+1

)
+N2lΓl+1

=N2(l−1)
l∑

i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

[ ∑
J⊂[l+1],#J=i,l+16∈J

∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l+1−i)

)
+

∑
I⊂[l],#I=i,l∈I

ϕ∗(α)�l ×X −N2i
∑

J⊂[l+1],#J=i+1,l+1∈J
∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l−i)

)

−N2(l − i)
∑

J⊂[l+1],#J=i,l+16∈J
∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l+1−i)

)]
+N2lΓl+1

=N2l
l∑

i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

[
1

N2

∑
I⊂[l],#I=i,l∈I

ϕ∗(α)�l ×X

+ (1/N2 − l + i)
∑

J⊂[l+1],#J=i,l+16∈J
∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l+1−i)

)

− i
∑

J⊂[l+1],#J=i+1,l+1∈J
∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l−i)

)]
+N2lΓl+1

=N2l

[
l∑

i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − (l + 1) + i)!

∑
J⊂[l+1],#J=i,l+16∈J

∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l+1−i)

)
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+
l+1∑
j=2

(−1)j+1 (1/N2)!(j − 1)!

(1/N2 − (l + 1)− j)!
∑

J⊂[l+1],#J=j,l+1∈J
∆J · pr∗[l+1]\J

(
ϕ∗(α)�(l+1−j)

)

+
l∑

i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

1

N2

∑
I⊂[l],#I=i,l∈I

ϕ∗(α)�l ×X

]
+N2lΓl+1.

It thus suffices to show that

l∑
i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

1

N2

∑
I⊂[l],#I=i,l∈I

1 =
(1/N2)!

(1/N2 − l)!
. (A.1)

Clearly, this amounts to showing that

l∑
i=1

(−1)i+1 (1/N2)!(i− 1)!

(1/N2 − l + i)!

(
l − 1

i− 1

)
=

(1/N2 − 1)!

(1/N2 − l)!
(A.2)

or

l∑
i=1

(−1)i+1 (1/N2 − l + 1)!(l − 1)!(i− 1)!

(1/N2 − l + i)!(l − i)!(i− 1)!

=
l−1∑
j=0

(−1)j
(
l − 1

j

)(
1/N2 − l + j + 1

j

)−1

=
(1/N2 − l + 1)

(1/N2)
.

This follows from an identity due to Frisch (see [GQ16]).
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APPENDIX B

TABLES OF OBSTRUCTIONS IN SMALL DEGREES AND

DIMENSIONS
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k
g

2
3

4
5

6
7

1
0

0
0

0
0

0

2
22

0
22

0
22

0

3
−

22
·3

−
22
·3

2
−

22
·3
·5

2
−

22
·3

2
·5

2
−

22
·3
·1

92
−

22
·3

4
·7

2

4
0

24
·3

2
·5

27
·3
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APPENDIX C

SUPPORT OF ZERO-CYCLES ON ABELIAN VARIETIES

In [Voi18] the author shows the following surprising proposition:

Proposition C.0.1. Consider an abelian variety A and an effective zero-cycle
∑k
i=1{xi}

on A such that
k∑
i=1

{xi} = k{0A} ∈ CH0(A)Q.

Then for i = 1, . . . , k

({xi} − {0A})∗k = 0 ∈ CH0(A)Q,

where ∗ denotes the Pontryagin product.

Voisin defines a subset

Ak := {a ∈ A : ({a} − {0})∗k = 0 ∈ CH0(A)Q} ⊂ A,

and shows that dimAk ≤ k − 1. Given a smooth projective variety X and an effective

zero-cycle z =
∑k
i=1{xi} ∈ Z0(X), the support of z is

supp(z) = {xi : i = 1, . . . , k} ⊂ X.

Similarly, we will call the k-support of z the following subset of X:

suppk(z) =
⋃

z′=
∑k
i=1{x′i}:z′∼z

supp(z′).

The previous proposition is equivalent to the inclusion

suppk(k{0A}) ⊂ Ak.
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Here we present a generalization of this result. Given x = (x1, . . . , xk) ∈ Xk, we let

Ak,x := {a ∈ A : ({a} − {x1}) ∗ · · · ∗ ({a} − {xk}) = 0 ∈ CH0(A)Q}.

Using the same argument as Voisin, one shows easily that dimAk,x ≤ k − 1.

Proposition C.0.2. Consider an abelian variety A and effective zero-cycles
∑k
i=1{xi},∑k

i=1{yi} on A such that

k∑
i=1

{xi} =
k∑
i=1

{yi} ∈ CH0(A)Q.

Then for i = 1, . . . , k
k∏
j=1

({xi} − {yj}) = 0 ∈ CH0(A)Q,

where the product is the Pontryagin product.

Upon presenting this result to Nori he recognized it as a reformulation of results of his

from around 2005. They had been obtained in an attempt to understand work of Colombo-

van Geemen [CvG93] but left unpublished for lack of applications. We present Nori’s proof

as it is more elegant than our original proof. This proof was also suggested to Voisin by

Beauville in the context of Proposition C.0.1.

Let X be a smooth projective variety and consider the graded algebra

∞⊕
n=1

CH0(Xn)Q.

The multiplication is given by extending by linearity the maps

Xm ×Xn → Xm+n(
(x1, . . . , xm), (x′1, . . . , x

′
n)
)
7→ (x1, . . . , xm, x

′
1, . . . , x

′
n)
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to get a product

Z0(Xm)× Z0(Xn)→ Z0(Xn+m).

It is easy to see that the resulting product descends to rational equivalence. Let

R :=
∞⊕
n=1

CH0(Xn)Q/(ab− ba) =
∞⊕
i=1

Rn

be the abelianization of this algebra.

Lemma C.0.3. (Nori c. 2005, unpublished) If z =
∑k
i=1{xi} ∈ Z0(X) and y ∈ suppk(z),

then

({y} − {x1})({y} − {x2}) · · · ({y} − {xk}) = 0 ∈ R,

where the product is taken in R and we regard {y} − {xi} as elements of R1 ⊂ R.

Proof. Since y ∈ suppk(z), there is a y = (y1 = y, y2, . . . , yk) ∈ Xk such that
∑k
i=1{yi} =∑k

i=1{xi}. Consider the diagonal embeddings

∆[l] : X → X l.

These give linear maps

∆[l]∗ : R1 → Rl

such that

∆[l]∗

 k∑
i=1

{yi}

 =
k∑
i=1

{yi}l ∈ Rl.

Since
k∑
i=1

{yi} =
k∑
i=1

{xi}

we get

pl({y}) =
k∑
i=1

{yi}l =
k∑
i=1

{xi}l = pl({x}) ∈ Rl,
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where pl is the lth Newton polynomial and {x} = ({x1}, . . . , {xk}), {y} = ({y1}, . . . , {yk}).

On the other hand, we have

({y}−{x1})({y}−{x2}) . . . ({y}−{xk}) = {y}k−e1({x}){y}k−1+. . .+(−1)kek({x}) ∈ Rk,

where el is the lth elementary symmetric polynomial. Since the elementary symmetric poly-

nomials can be written as polynomials in the Newton polynomials and since

pl({y}) = pl({x}), ∀l ∈ Z≥0,

we get

k∏
i=1

({y} − {xi}) =
k∑
i=0

(−1)i{y}k−iei({x})

=
k∑
i=0

(−1)i{y}k−iei({y})

=
k∏
i=1

({y} − {yi}) = 0 ∈ Rk.

Proof of Proposition C.0.2. If X = A is an abelian variety we have a summation morphism

Al → A inducing maps

CH0(Al)Q → CH0(A)Q,

and so a map

σ : R→ CH0(A)Q,

such that

σ

 k∏
i=1

({y} − {xi})

 = ({y} − {x1}) ∗ . . . ∗ ({y} − {xk}) ∈ CH0(A)Q.
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Lemma C.0.3 in fact has many more interesting corollaries. Consider p(t1, . . . , tk) ∈

C[t1, . . . , tk] and the Sk action on C[t1, . . . , tk] given by permutation of the variables. Let

Hp ⊂ Sk be the subgroup stabilizing p.

Corollary C.0.4. Consider an abelian variety A and effective zero-cycles
∑k
i=1{xi},

∑k
i=1{yi}

on A. Then
k∑
i=1

{xi} =
k∑
i=1

{yi} ∈ CH0(A)Q

if and only if

∏
σ∈Sk/Hp

(
p({y1}, . . . , {yk})− (σ · p)({x1}, . . . , {xk})

)
= 0 ∈ CH0(A)Q

for every p ∈ C[t1, . . . , tk]. Here the product is the Pontryagin product.

Proof. The if direction follows trivially from considering p(t1, . . . , tk) = t1 + . . . + tk. The

proof of Lemma C.0.3 completes the argument.

The special case p = t1 is Proposition C.0.2. Another corollary of Lemma C.0.3 is the

following:

Corollary C.0.5 (Nori). Given an effective zero-cycle z =
∑k
i=1{xi} on an abelian variety

A and y1, . . . , yk+1 ∈ suppk(z), the following identity is satisfied

∏
i<j

({yi} − {yj}) = 0 ∈ CH0(A)Q.

Proof. Let el be the lth elementary symmetric polynomial. By Lemma C.0.3 we have

{yi}k − e1({x}){yi}k−1 + . . .+ (−1)kek({x}) = 0 ∈ Rk
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for i = 1, . . . , k + 1, where {x} = ({x1}, . . . , {xk}). This gives a non-trivial linear relation

between the rows of the Vandermonde matrix ({yi}j−1)1≤i,j≤k+1. It follows that the Van-

dermonde determinant vanishes. Using the morphism σ : R → CH0(A)Q from the proof of

C.0.2 finishes the proof.
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GLOSSARY OF NOTATION

Zd(X), (Zd(X)) The free abelian group on (co)dimension d subvarieties of X.

Z•(X), Z•(X) The group
∑dimX
d=0 Zd(X).

∼ Rational equivalence of algebraic cycles.

CHd(X), (CHd(X)) Chow group of (co)dimension d cycles on X.

CH•(X) The Chow ring of X.

[Z] The cycle class of Z ∈ Z•(X) or Z ∈ CH•(X).

Σk,Σ(k) The maps Xk → CH0(X) and Symk(X)→ CH0(X) (2.1).

|z| The fiber of Σk or Σ(k) that contains z.

{x} The image of x ∈ X under the map Σ1 : X → CH0(X).

W1 � . . .�Wl The cycle
∏l
i=1 pr∗i (Wi) ∈ CH•(X l).

W�l The cycle W � . . .�W︸ ︷︷ ︸
l times

∈ CH•(X l).

Chowd(X) The Chow variety parametrizing effective pure d-dimensional cy-

cles with a given (unspecified) cycle class.

[n] The set {1, . . . , n}.

prI , pri, prij Given a product
∏
i∈[n]Xi and a subset I ⊂ [n], we write prI

for the projection to
∏
i∈I Xi. Moreover, we let pri := pr{i} and

prij := pr{i,j}.

∆X ⊂ Xk The small diagonal {(x, . . . , x) : x ∈ X} ⊂ Xk.

∆I ,∆ij := ∆{ij} Given I ⊂ [k], the cycle

∆I := {(x1, . . . , xk) : xi = xj ∀i, j ∈ I} ⊂ Xk.

ωk Given ω ∈ H0(X,ΩlX), we write ωk :=
∑k
i=1 pr∗iω.
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iM The map Ar → Ak or Cr → Ck given by

(a1, . . . , ar) 7→
( r∑
j=1

m1jaj , . . . ,

r∑
j=1

mkjaj

)
.

where M = (mij) ∈Mk×r(Z) (resp. M ∈Mk×r(C)).

ArM , AM := A1
M The image of iM : Ar → Ak.

CrM ,CM := C1
M The image of iM : Cr → Ck.

Ak, 0 The subvariety
{

(a1, . . . , ak) :
∑k
i=1 ai = 0

}
⊂ Ak.

ϕA Given a family of abelian varieties A/S, the morphism from S to

the moduli stack of abelian g-folds with appropriate polarization

type or the k-fold cartesian product of the natural map between

A and the universal family over this stack.

Sλ, Sλ,µ First paragraph of (3.1.1).

Λl,Λl(A) (3.1.1).

Λλl′ ,Λ
λ
l′(A) (3.1.1).

Sλ(B), Sλ,µ(D,F ) (3.3).

pλ, pµ, pλ,µ (3.1) and (3.2).

Rgf , Rab, Rst (3.4).

TA := TA,0A The tangent space of an abelian variety A at the identity.

T , G,G′, σλ, σλ,µ (3.5), (3.6).

H,H′,Hλ,H′λ,µ The universal families of hyperplanes and the pullbacks of the

universal families of hyperplanes by σλ and σλ,µ.

G The Gauss map of some subvariety of an abelian variety.

Vl The sublattice of (l, l) Hodge classes supported on products of

divisors (4.2).

F The Fourier transform on the cohomology of an abelian variety.
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