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“We will use this process to generate our monster, which will have a tiny heart and many
arms.”
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ABSTRACT

In this thesis, we use the connections between projections and rectifiability to study problems
in geometric measure theory, harmonic analysis, and complex analysis.

In Chapter 2 (joint work with Marianna Csornyei), we study “curved” versions of the
Kakeya needle problem and Besicovitch sets; i.e., we consider what happens if we replace
the line segment with a C'! curve, or more generally, a rectifiable set £ ¢ R2. Roughly
speaking, our main result states that we can move a rectifiable set E between any two
prescribed positions in a set of measure zero, provided that at each time moment ¢ of the
movement we are allowed to “hide” a set Ey C E of linear measure zero.

In Chapter 3 (joint work with Marianna Csornyei, Kornélia Héra and Tamés Keleti), our
aim is to find the minimal Hausdorff dimension of the union of scaled and/or rotated copies
of the k-skeleton of a fixed polytope centered at the points of a given set. For many of these
problems, we show that a typical arrangement in the sense of Baire category gives minimal
Hausdorff dimension. In particular, this proves a conjecture of R. Thornton. Our results
also show that Nikodym sets are typical among all sets which contain, for every x € R", a
punctured hyperplane H \ {z} through z. With similar methods we also construct a Borel
subset of R™ of Lebesgue measure zero containing a hyperplane at every positive distance
from every point.

In Chapter 4 (joint work with Xavier Tolsa), we study the connection between the analytic
capacity of a set and the size of its orthogonal projections. More precisely, we prove that if
E C C is compact and p is a Borel measure supported on F, then the analytic capacity of

E satisfies
E 2
fy(E > CL)27
f[HPHMHQde

where ¢ is some positive constant, I C [0,7) is an arbitrary interval, and Pyu is the image
measure of p by Fp, the orthogonal projection onto the line {7“6“9 : r € R}. This result is

related to an old conjecture of Vitushkin about the relationship between the Favard length



and analytic capacity.
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CHAPTER 1
INTRODUCTION

1.1 Besicovitch sets and the Kakeya conjecture

In the early 20th century, Besicovitch proved the following results.
Theorem 1.1.1 ([3, 4]).

1. (Solution to the Kakeya needle problem) For alle > 0, we can rotate a unit line segment

in the plane 180 degrees within a set of area less than ¢.

2. (Existence of Besicovitch sets) There exists a set in R? of Lebesque measure zero which

contains a unit line segment in every direction.

A set in R" of measure zero which contains a unit line segment in every direction is called
a Besicovitch set (or Kakeya set). Theorem 1.1.1 implies the existence of Besicovitch sets
in R™ for any n > 2. The Kakeya conjecture asserts that Besicovitch sets in R" must have
Hausdorff dimension n.

Charles Fefferman showed that the existence of Besicovitch sets implies the unbounded-
ness of the ball multiplier operator on LP(R™) for p # 2 and n > 2 [25]. Since then, a wide

variety of problems have been related to the Kakeya conjecture, for example:

local smoothing conj. = Bochner—Riesz conj. = restriction conj. = Kakeya con].

The conjectures mentioned above have applications ranging from regularity of solutions to
the wave equation to estimates on Fourier operators. The Kakeya conjecture has also found
connections to many other areas, including incidence geometry, additive combinatorics, and

analytic number theory.



1.2 Rectifiability and projections

Recall that a set E C R"™ is purely unrectifiable if every rectifiable curve intersects F in a set
of linear measure zero. Besicovitch proved the following theorem about purely unrectifiable

sets.

Theorem 1.2.1 (Besicovitch projection theorem in RQ). Suppose E C R has finite H1-

measure and is purely unrectifiable. Then almost every projection of & has measure zero.

A standard example of a set satisfying the hypothesis of Theorem 1.2.1 is the four corner
Cantor set. Let Ky C R? be the unit square. Subdivide Ky into 16 squares, and let K7 be
the union of the four corner squares. To construct Ko, repeat this process with each of the
four squares in K7 to get a total 16 squares, and proceed similarly with K3, Ky4,.... The
four corner Cantor set is defined to be K =, K.

It is not difficult to show that K is purely unrectifiable. By applying Theorem 1.2.1 to K
and using point-line duality in R2, Besicovitch gave another construction of Besicovitch sets
[5], providing a connection between purely unrectifiable sets of finite length and Besicovitch

sets. This type of connection is implicitly used in Chapter 2 and Chapter 3 of this thesis.

1.3 Main results of each chapter

1.3.1 Chapter 2: Kakeya needle problem and Besicovitch sets

In Chapter 2, we study “curved” versions of the Kakeya needle problem and Besicovitch
sets; i.e., we consider what happens in Theorem 1.1.1 if we replace the line segment with a
C1 curve, or more generally, a rectifiable set E C R2.

To explain our result, first, let Isom+(R2) denote the space of orientation-preserving
isometries of R2. If p € Isom™ (R?), then a movement from E to p(E) can be described by
a path in Isom™ (R?) from the identity map to p. If t ~ ¢ is such a path, then |J; ¢¢(E)
is the set covered when we move E “along” this path. We prove the following. Here, H1

2



denotes the 1-dimensional Hausdorff measure (or linear measure).

Theorem 1.3.1 (Theorem 2.6.6 of this thesis). Let E C R? be an arbitrary rectifiable set.
Let p € Isom™(R2). Then there is a path t — ¢¢ in Isom™ (R2) from the identity map to p,
and for each t, there exists a subset Ey C E of HY-measure zero, such that Uy 0t (E\ Et) has

Lebesgue measure zero.

Roughly speaking, Theorem 1.3.1 states that we can move a rectifiable set E C R2
between any two prescribed positions in a set of measure zero, provided that at each time
moment ¢ of the movement we are allowed to “hide” a set E} of linear measure zero. On
the other hand, by a result of Csornyei, Héra, and Laczkovich [11], if E is any closed and
connected set which is not a subset of a circle or a line, then | J; ¢¢(E) cannot have arbitrarily
small Lebesgue measure. In other words, our theorem is not true if we do not “hide” subsets
of E.

Our proof of Theorem 1.3.1 is constructive; it gives us the path t — ¢; as well as the
sets Fy. As an example, if F is a full line or a parabola, then each E; consists of at most
one point. In other words, we can move a line or a parabola between any two prescribed
positions in a set of measure zero if we are allowed to hide just one point at each time
moment of the movement. We also remark that a variant of Theorem 1.3.1 in Chapter 2
contains Theorem 1.1.1 as a special case.

To prove Theorem 1.3.1, we combine several ideas, including the structure of the projec-
tive plane, the geometric properties of rectifiable sets, the nonabelian structure of the Lie
group Isom+(]R2), and the technique of iterated Venetian blinds from geometric measure

theory.

1.3.2  Chapter 3: Small unions of affine subspaces and skeletons

Some results of Stein, Bourgain, and Marstrand combined imply that any subset of R

(n > 2) which contains an (n — 1)-sphere centered at each point of R"™ must have positive

3



Lebesgue measure [50, 6, 37]. In fact, we can draw the same conclusion if the sphere is
replaced by other sets with curvature.

However, the situation is very different if we consider sets without curvature. In Chap-
ter 3, we study sets which contain scaled and/or rotated copies of polytopes around subsets
of R" of a given dimension. For most cases, we determine the minimal dimension of such

sets. An example of such a result is the following:

Theorem 1.3.2 (Corollary 3.1.1 of this thesis). For any integers 0 < k < n, the minimal

dimension of a Borel set A C R" that contains the k-skeleton of
1. a scaled copy of a cube around every point of R"™ isn — 1;
2. a scaled and rotated copy of a cube around every point of R™ is k;
3. a rotated copy of a cube around every point of R" is k + 1;
4. a rotated cube of every size around every point of R" is k + 1.

Theorem 1.3.2, part (1) with n = 2 and k£ = 1 had already been known prior to our work,
thanks to constructions by Keleti, Nagy, and Shmerkin (for n = 2) and Thornton (for n > 3)
[34, 52]. Our approach differs from theirs. For each of the four situations of Theorem 1.3.2,
we show that the minimum is attained by a “typical” set which contains the scaled and/or
rotated copies, in the sense of Baire category. For these problems, Baire category arguments
turn out to be much easier than explicit constructions. Furthermore, these arguments are
more flexible; we also obtain Theorem 1.3.2 for other polytopes, and in fact for subsets of
countable unions of k-planes.

We also show that Nikodym sets are typical in R", again in the sense of Baire category;
i.e., a typical set which contains a punctured hyperplane through every point in R" has
Lebesgue measure zero. In fact, we show that sets which contain even more hyperplanes

than Nikodym sets typically have measure zero:

Theorem 1.3.3 (Corollary 3.5.2 of this thesis). There is a set of measure zero in R"™ which
4



() contains a hyperplane at every positive distance from every point as well as a punctured

hyperplane through every point.

In fact, in an appropriate Baire category sense, a “typical” set which satisfies (x) has measure

A AR

1.3.3 Chapter 4: Analytic capacity and projections

A compact set E C C is removable for bounded analytic functions (or remouvable, for short)
if for any open set {2 containing F, every bounded analytic function on 2\ £ has an analytic
extension to §2. Painlevé’s problem is to find a geometric characterization of removable sets.

In [1], Ahlfors introduced the notion of analytic capacity of a set E C C, denoted v(E),
and he showed that F is removable if and only if v(E) = 0. The analytic capacity is defined
purely in complex analytic terms, and hence does not provide a geometric characterization
of removable sets. (See (4.1) for the definition of vy(F).)

The analytic capacity is closely connected to the Cauchy transform, and techniques from
non-homogeneous Calderén-Zygmund theory have been useful in studying this quantity.
Multiscale characterizations of rectifiability, introduced by Jones in his proof of the analyst
traveling salesman theorem [31], led to the David—Semmes theory of uniform rectifiability
and singular integrals [13, 16]. This in turn led to Tolsa’s characterization of removable sets
via curvature of measures [53], ultimately resolving the Painlevé problem.

There is another geometric question related to analytic capacity that is still open. The

Favard length of a Borel set £ C C is defined as
s
Fav(E) = / H(Py(E)) do, (1.1)
0

where Py is orthogonal projection onto the line {rew :r € R}. In the 1960s, Vitushkin
conjectured that y(F) = 0 if and only if Fav(E) = 0. However, Mattila [41] proved that
Vitushkin’s conjecture is false. Jones and Murai [32] (and later Joyce and Morters [33])

5



constructed a compact set £ C C with Fav(E) = 0 and v(E) > 0. It is not known yet if
the other implication of Vitushkin’s conjecture holds. Namely, does positive Favard length

imply positive analytic capacity? We can formulate a quantitative version of this as follows.

Conjecture 1.3.4 (Vitushkin’s conjecture, quantitative form). There is an absolute con-

stant ¢ > 0 such that v(E) > cFav(FE) for every compact E C C.

In Chapter 4, we show that if one strengthens the assumption of positive Favard length

in a suitable way, then the answer is positive. Our result is the following:

Theorem 1.3.5 (Theorem 4.1.1 of this thesis). Let I C [0,7) be an interval. There is a
constant ¢ > 0 depending only on Hl([) such that for any compact set E C C and any
Borel probability measure pu supported on E, we have v(E) > ¢ (7 ||P9p||% do)~L. (Here, Pyu

denotes the pushforward measure of u by the projection Fy.)

Our result can be viewed as a step towards Conjecture 1.3.4, since we give a lower bound
on v(F) in terms of the projections of E. To prove Theorem 1.3.5, first we relate the

projections of a Radon measure p to a quantity which we call the conical 1-Riesz energy of

dpxdpy 1 %
J[ e yrwian (12)
r—yeKs |z —y| —s

Here, Ky C R? is a double cone with vertex at the origin and aperture 2s. To obtain Theo-

75

rem 1.3.5, we combine (1.2) with two other ingredients: first, a geometric technique of [3§]
to find a “big piece of a Lipschitz graph” inside spt u, and second, a “corona decomposition”

(a type of multi-scale decomposition) of [53].



CHAPTER 2
THE KAKEYA NEEDLE PROBLEM AND THE EXISTENCE
OF BESICOVITCH AND NIKODYM SETS FOR
RECTIFIABLE SETS

This chapter is joint work with Marianna Csornyei and originally appeared in [§].

2.1 Introduction

Let E C R? be a rectifiable set. Our aim in this paper is to show that the classical results
about rotating a line segment in arbitrarily small area, and the existence of a Besicovitch
and a Nikodym set hold if we replace the line by the set E. We will explain our results in

more details below, but first we present two illustrative examples.

1. If F is the graph of a convex function f : R — R, our results imply the following: F
can be rotated continuously by 360° covering only a set of zero Lebesgue measure, if at

each time moment t we are allowed to delete just one point from the rotated copy of E.

2. If f is not just convex but strictly convex, then: E can be moved continuously, using
only translations, to any other shifted position, covering a set of measure zero, if at
each time moment t we are allowed to delete just one point from the translated copy of

E.

Remark 2.1.1. In the two examples given above, our movement ¢ — FE} is continuous, but
the point x4 € Ey we delete cannot be chosen continuously. However, all our constructions
in this paper are Borel.

In the first example, if we take E to be a general rectifiable set, the result still holds, but
instead of a single point, we need to delete an H!-null subset of E (see Theorem 2.6.6). For

the generalization of the second example to rectifiable sets, see Theorem 2.6.2.

7



In the first example, |J,(E¢ \ {z¢}) is Lebesgue null. Therefore, | J,(E: \ {z+}) is a
Besicovitch set: in each direction it contains not just a “unit line segment of the line E” but
a whole copy of the set E except for one of its points.

On the other hand, since |J; £ has non-empty interior, we can cover R2 by taking a
countable union of copies of | J; £;. Therefore, the countable union of copies of | J; (£ \ {xt})
is a Nikodym set: it has measure zero, and through each point z € R2, it contains a copy of
the set E with one point removed.

For the case when E is a line, see, e.g., [40] for both classical and recent results.

2.1.1 History

The Kakeya needle problem for sets other than the line segment has been studied before.
R.O. Davies proved in [18] that not only one but any finite union of parallel line segments
can be rotated by 360° covering arbitrarily small area. He also showed that the line segments
must be parallel: if a set contains two line segments that are not parallel to each other, then

it can no longer be moved.

In [11] the authors introduced the following definitions: a planar set £ has the Kakeya
property if there exist two different positions of £ such that E can be moved continuously
from the first position to the second in such a way that the area covered by E along the
movement is arbitrarily small. A planar set E has the strong Kakeya property if it can be
moved in the plane continuously to any other shifted or rotated position in a set of arbitrarily
small area.

In [11] it is shown that if £ is a closed connected set that has the Kakeya property, then
E must be a subset of a line or of a circle. Moreover, if E is an arbitrary closed set that has
the Kakeya property, then the union of the non-trivial connected components of £ must be
a subset of parallel lines or of concentric circles.

In [27] the authors show that short enough circular arcs of the unit circle possess the

strong Kakeya property. (For topological reasons, it is clear that a full circle does not have

8



the strong Kakeya property.)

2.1.2 Translations

Let us consider a related question for circular arcs: can we translate a full circle continuously
to any other position covering arbitrarily small area, if at each point of the translation, we
are allowed to delete an arc of the circle of a given length? How long must the deleted arc
be? Because of rotational symmetry, the question of which circular arcs have the strong
Kakeya property is equivalent to this one, as long as we choose the deleted arc piecewise
continuously.

In this paper, we will answer this “piecewise continuous question” for an arbitrary recti-
fiable set E of finite ! -measure in the following way: we only need to delete points whose

tangent directions lie in a small interval.

Let us state our results precisely. We will use the following notation and terminology.

We let P! ~ R/7Z denote the set of all directions in R?. We will use the standard
embedding of R? into the projective plane P2, so that P2 = R2 UP!. The arc-length metric
on the unit sphere 52 together with the quotient map S 2 _, p2 gives us a metric on P2. Let
(P2)* denote all the lines in P2.

We denote by | - | the Lebesgue measure on R2 or P!, and by H! the 1-dimensional
Hausdorff measure on R2. As usual, B(x,r) denotes the open ball centered at z of radius r,
and B(S,r) denotes the open r-neighborhood of a set S. We denote by clS the closure of
S. We write A < B to mean A < C'B for some absolute constant C' > 0.

Recall that every rectifiable set E C R2 has a tangent field, which is defined for #1-
almost every x € F (see Section 2.3.1). We let 6, € P! denote the tangent of E at x, and we
let vy € (P2)* denote the normal line of £ at z. (The direction of v is the one orthogonal
to 6;.) Note that v, is the normal line passing through the point z, and not just a normal
vector.

We will start by proving the following theorem:
9



Theorem 2.1.2 (Kakeya needle problem for translations). Let E C R2 be a rectifiable set
of finite H'-measure. Let ¢ > 0 be arbitrary. Then between the origin and any prescribed
point in R2, there exists a polygonal path P = Ui L; with each L; a line segment, and for

each i there exists a direction 0; € P, such that

J U p+{zeE: 0. ¢ Bb;,e)}) << (2.1)
v peL;

Although the tangent field of a rectifiable set is defined only H!-almost everywhere, for
the statement of Theorem 2.1.2 (and for all other results in this paper), we need to define
it pointwise. We will show that regardless of which pointwise representation we choose, the
results remain true (see Section 2.3.1).

Theorem 2.1.2 has an immediate corollary:

Corollary 2.1.3. If we remove an arbitrary neighborhood of two diametrically opposite points
from a circle, the resulting set can be moved continuously to any other position in the plane

i arbitrarily small area.

This strengthens the previously known result [27] that sufficiently short circular arcs have

the strong Kakeya property.

2.1.3 Rotations

We note that Theorem 2.1.2 does not handle the classical Kakeya needle problem: clearly it
is not possible to translate a line segment to every other position in small area. We can still
apply Theorem 2.1.2 with E a line segment, but since every point of E has the same tangent
direction, it allows us to delete the entire line segment at every point p € P. To obtain a
more meaningful statement for line segments, we need to consider what happens if we allow

rotations as well as translations.

In order to unify translations and rotations, it is helpful to consider the projective plane

10



P2,

We can consider a translation in direction § € P! to be a “rotation” around the infinite
point #- € Pt € P? (see Section 2.3.2).

We need to generalize the notion of a polygonal path from a path in R? to one in
Isom+(]R2), the space of all orientation-preserving isometries of RZ. (This space is also
known as the special Euclidean group SE(2).) The polygonal path in Theorem 2.1.2 can be
viewed as a sequence of vectors, each indicating in which direction and how far to translate.
Then, a polygonal path of rotations should be a sequence of rotations, indicating around
which point and how much to rotate.

Specifying a sequence of rotations is slightly trickier than a sequence of translations:
when we rotate a set around a point, the centers of all the other rotations move. To avoid
this problem, we will find it much more convenient to specify our sequence in the intrinsic
coordinate system. That is, with p; denoting rotations around z; € RZ, our continuous
movement will be to rotate first with center z1, then with center pi(z2), and so on.

Our polygonal path P will be specified by the intrinsic sequence p;, but it will still lie in
the space Isom+(R2), and its points will be isometries not in the intrinsic but in the standard
coordinate system.

For each sequence {p;} we obtain a P = |J,; L;. For each “line segment” L; in P, the

Lopp e L;} all have the same center. (It is important to remember

rotations in {p’ o p~
that this center depends not only on z; but also on the previous rotations.)
Also, we find it much more convenient to specify a rotation not by the point that we

rotate around, but by the image of this point in the projective plane when we embed R2

into P2. We will call this the projective center of p (both for translations and rotations).

First we will prove a preliminary result (see Theorem 2.5.1). The exact statement is quite
technical, but essentially says that instead of using translations, we can move our set F using
rotations whose projective centers are almost aligned: if we want to connect p € Isom+(R2)

to the identity map by a polygonal path, we can choose a line £ € (P?)* that passes through
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the center of p, and choose the (intrinsic) rotations so that their projective centers lie in

B(,e). We also obtain, for each i, a u; € ¢ such that:

U U p{z € E: vantn Blu;,e) = 0})| <e. (2.2)
1 peL;

Theorem 2.1.2 can be viewed as a special case of Theorem 2.5.1 by taking p to be a
translation and then taking ¢ to be P1. In this case, the centers lie on £, not just in an
e-neighborhood of /. The reason we need an e-neighborhood for rotations is that, unlike
for translations, the composition of a rotation around z; and a rotation around z9 does not
equal a rotation around a point on the line through z1, z5. (Recall the centers are specified
with intrinsic coordinates.) This makes the statement and the proof of Theorem 2.5.1 more
complicated than those of Theorem 2.1.2. We will need careful error estimates on how far
the centers move, and, consequently, how large area the set F covers during its movement.

The essential observation for the error estimates is the following: the composition struc-
ture of translations is linear, i.e., given by vector addition. The composition structure of
rotations is not linear, but it is “linear up to a quadratic error,” using an appropriate

parametrization of Isom™ (R?) (see Lemma 2.5.4).

Remark 2.1.4. Let E be a countable union of parallel line segments which is bounded and
has finite total length. It is easy to see that Theorem 2.5.1 implies that we can rotate E
inside a set of arbitrarily small area. This strengthens the result of Davies mentioned at
the beginning of this introduction, who proved the same result when FE is a finite union of

parallel line segments [18].

Remark 2.1.5. Theorem 2.1.2 and Theorem 2.5.1 also provide a new insight into the other
results mentioned in Section 2.1.1, that the non-trivial connected components of a closed set
with the Kakeya property can be covered by parallel lines or by concentric circles [11]. It
turns out that the key property of the line and the circle is that they are homogeneous: by

rotating around the center of the circle, any sub-arc can be mapped onto any other sub-arc of
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the same length, by a continuous movement that covers only zero area. The same is true for
lines with shifts. Therefore our piecewise continuous deletion of the line segments/sub-arcs
in Theorem 2.1.2/Theorem 2.5.1 can be replaced by a continuous one. No rectifiable set

except for the union of parallel lines or concentric circles has this property.

Remark 2.1.6. The set E in Theorem 2.5.1 needs to be bounded. Take, for example, E to
be a union of countably many circles with centers z; and radius r;, such that > r; < oo
and 3" 7;|z] = co. Then it is a rectifiable set with finite H!-measure, but every continuous
rotation with a fixed center covers infinite area, even with a normal line removed. However,
for the limit version Theorem 2.6.6 (explained below), in which the centers of the rotations no

longer need to be piecewise constant along the path, we can drop the boundedness condition.

2.1.4 Besicovitch and Nikodym sets

In Section 2.6, we study what happens in the limit as ¢ — 0. By taking a sequence of ¢
tending to zero, the balls B(u;, ) shrink to a single point in P2, and the area covered shrinks
to zero. We obtain in the limit a continuous movement P C Isom™(R?) such that the set
E covers only zero area, where at each time moment we only need to delete a subset of
H!-measure zero (see Theorem 2.6.6). The resulting set of zero area is an analogue of a
Besicovitch set for E.

Consider, e.g., the special case where there is a line £ € (P2)* such that there is a
neighborhood of ¢ in which no two normal lines of E intersect. Then Theorem 2.6.6 says
that we can rotate E continuously by 360°, covering a set of zero Lebesgue measure, where
at each time moment, we only need to delete one point. This happens, e.g., in the special
case when F is the graph of a convex function; by choosing the line ¢ to lie below the graph,
there is a neighborhood of ¢ where no two normal lines meet.

If F is strictly convex, then we can apply Theorem 2.6.6 with ¢ = P! and hence translate
E to an arbitrary position in the plane in a set of zero Lebesgue measure, deleting one point

at each time moment.
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For moving a circle, we can choose any line ¢. In this case we need to delete, at each time
moment, not just one but two diametrically opposite points of the circle, since they have the

same normal line.

By the continuity of P, we can construct, from these Besicovitch sets, analogues of
Nikodym sets, using the technique outlined at the beginning of this introduction. We state

these more precisely in Section 2.6.

Remark 2.1.7. There is not only one continuous P, but residually many, in the sense of Baire
category (see Remark 2.6.8). For results of similar nature when E is a line, see, e.g., [35]
and [9].
Remark 2.1.8. It is well-known that there are no sets in R (n > 2) which have measure zero
and contain a circle centered at every point. Stein first proved this for n > 3 by his estimates
on spherical maximal functions [50]. Bourgain and Marstrand independently showed the
same non-existence result holds for n = 2 around the same time [6, 37]. Bourgain’s paper
actually treats smooth curves with non-vanishing curvature. More work has been done on
such curves, e.g., [45, 59, 60].

The non-existence results concern placing a copy of E around every point in R%. For our
Nikodym result, we instead place a copy of E through every point of R2. With this change,

such a construction is now possible.

Remark 2.1.9. Somewhat surprisingly, “Besicovitch sets” for rectifiable sets in R2 do not
necessarily have dimension 2.

Trivially, if E is a countable union of concentric circles, then we can rotate them around
their common center without increasing the dimension. More interestingly, there are also
other, less trivial examples. For example, if F is a countable union of circles (not necessarily
concentric ones), then there is a 1-dimensional set which contains a rotated copy of F in
each direction: since a residual set contains a shifted copy of any countable configuration of
points, by putting countably many circles around the points of a 0-dimensional residual set

(of the same sizes as the circles in E), we obtain a 1-dimensional Besicovitch set for F.
14



2.1.5 The sharpness of our results, and dilations

We do not know whether the sizes of the sets we delete are sharp. While Theorem 2.6.6 tells
us that we only need to delete an H!-nullset of E at each time moment, perhaps it is possible
to delete much fewer points than specified by the theorem. (For more precise information
on the size of the sets we delete, see also Proposition 2.6.1, Remark 2.6.3, Proposition 2.6.4
and Remark 2.6.7.)

For example, it would be interesting to know whether it is possible to translate a circle
in a set of Lebesgue measure zero, deleting only one point at every time moment. This is

still an open problem.

Cunningham proved that if we remove an arbitrary neighborhood of one point from a
circle, the resulting circular arc can be shrunken to a point using translations, rotations,
and dilations [12]. His construction is based on the classical straight line results, and the
stereographic projection between the plane and the sphere; it works only for circles.

Motivated by Cunningham’s result, in Section 2.7, we include a brief note about what
happens for general rectifiable sets when we consider the space Sim™ (Rz) of all orientation-
preserving similarity transformations of R2. This space consists of Isom™(R?) as well as
dilations and transformations which rotate and dilate simultaneously, moving points along
logarithmic spirals. The techniques in Section 2.5 carry over to this setting because the
composition structure of Sim™(R2), like that of Isom™(R?), is “linear up to a quadratic
error.”

In (2.2), we consider the intersection of the normal lines v, with balls in the projective
plane. In the similarity transformations setting, we need to consider instead the intersections
with rotated normal lines. The angle by which we rotate normal lines depends on the “pitch
angle” of the logarithmic spirals of the similarity transformations.

As an illustrative example, in Section 2.7.1 we present the following application. (Com-

pare this with Corollary 2.1.3.)

15



Corollary 2.1.10. Any circular arc which is not the full circle can be moved continuously
to any other position in the plane (of the same size) in arbitrarily small area via similarity
transformations, such that the size of the circular arc always remains arbitrarily close its
wnitial size.

We also obtain a Nikodym set for circles, i.e., a set in the plane of Lebesgue measure zero

which contains a punctured circle through every point.

Corollary 2.1.11. There exists a set A C R? of Lebesque measure zero such that for each

z € R2, there is a circle C such that x € C' and C \ A has at most one point.

2.2 Main ideas of the proof of Theorems 2.1.2 and 2.5.1

Our proof of Theorem 2.1.2 relies on two key ideas.

2.2.1 The first key idea

Our first key idea is the “small neighborhood lemma’”: suppose we move a compact set
E C R? along a path of isometries P C Isom™(R?). If we perturb P by a small amount,
the area covered by the perturbed movement will not increase very much because the new
region covered is contained in a small neighborhood of the original. This simple and obvious

fact turns out to be extremely useful.

Lemma 2.2.1 (Small neighborhood lemma). Let E C R? be any compact set, and let
P be an arbitrary path in Isom+(R2). Then for every € > 0 there exists a neighborhood

U C Isom™t(R?) of P such that

U pE) < pE)+e (2.3)

pelU peP

(In this paper, a path is the image of a continuous map on a compact interval.)
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2.2.2  The second key idea

The second key idea is more technical, so we give only an informal presentation here and

defer the precise details to Section 2.3.3 and Section 2.3.4. First, note that:

Lemma 2.2.2. For any polygonal path P C R? and for an arbitrary E C R2, if we translate
E along P, then the area covered is < HY(E)YH!(P).

Proof. If B is a ball of radius r, where r is smaller than the line segments in the polygonal
path, then for each line segment L C P, by translating B along L we cover a set of area
< rH1(L). Adding these up for all line segments L and approximating F by a union of small

balls, we obtain Lemma 2.2.2. O

Remark 2.2.3. Lemma 2.2.2 shows that in our proof of Theorem 2.1.2 we can ignore small
subsets of E, since in the movements these will cover only small area. Also, we can ignore

small subsets of P.

Our second key idea is the simple observation that the estimate in Lemma 2.2.2 can be
improved if we also take into account the directions of the tangents of E. For simplicity,
suppose that F is a C'! curve. Then we can cover E with thin rectangles that approximate
the curve. Each thin rectangle R has the property that translating £ N R along a line
segment L in the direction of the long side of R covers area < 57—[1(L), where 0 is the length
of the short side of the rectangle. If the rectangle is thin enough, then this is a much better

estimate than the estimate H!(E N R)H'(L) that we obtain from Lemma 2.2.2.

Remark 2.2.4. For general rectifiable sets F, instead of thin rectangles, we will choose R C F

such that 6, is almost constant on R. The key idea remains the same (see Section 2.3.3).

2.2.8 Combining the key ideas

We combine these two “key ideas” to construct polygonal paths in a Venetian blind-type
construction. (For Venetian blinds, see, e.g., [22, Theorem 6.9] or [40, Lemma 11.8].) Again,

we give an informal presentation. See Section 2.4 for the precise details.
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The method is as follows. Suppose that E is a C'! curve, which we cover by thin rectangles.
Suppose our initial path is a translation along a horizontal segment. Let R, R’ be two

rectangles from our cover and let 6,0 be the directions of their long sides, with 6 # ¢’

1. First, we replace our horizontal segment by a zigzag so that every other segment has

direction . Then R N E will cover small area when translated along these segments.

2. Now we repeat the previous step, replacing each segment in direction 6 with a new
zigzag such that every other segment has direction #’. Then R’ N E will cover small
area when translated along the segments in direction ¢’. Furthermore, if we make
these new zigzags sufficiently “fine” (many turns and small enough segments), then
these zigzags will remain close to the segments of direction 6 that we just replaced.
Then by the small neighborhood lemma, R N E also covers small area when moved

along the segments in direction 6’

By the end of step (2), we now have a “Venetian blind.” The line segments in direction
' are the “good” segments, because translations along these segments cover small area, for
both rectangles R and R’. By iterating with more angles, we can increase the number of
rectangles for which translations along the good segments cover small area.

We also need the total length of the remaining “bad” segments to be strictly smaller
than the initial segment, so that the size of the bad segments tends to zero when we iterate
the Venetian blind construction. (For this reason, we cannot deviate too far from the initial
horizontal direction. This leads to condition (2.10).) After sufficiently many iterations, we

can ignore the bad segments by Remark 2.2.3.

The main ideas of the proof of Theorem 2.5.1, where we use rotations, are similar. As in
the proof for translations, we combine the small neighborhood lemma with the covering of
E by sets R such that rotating R around an appropriate point z covers only a small area.

We still use a Venetian blind construction, but now our zigzags will be in Isom™(R?). The
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general ideas of the argument are the same, but, as we explained in the introduction, they

will require more delicate estimates than for translations.

2.3 Preliminaries

2.8.1 Tangents of rectifiable sets

Recall that a set E C R? is called rectifiable if H1-a.e. point of E can be covered by countably
many C1 curves. For any two C! curves, their tangent directions agree at H!-a.e. point
of their intersection. Therefore, there exists a tangent field to F, i.e., a map x — 6, from
E to P! such that for any C! curve T, the tangent direction to I' at x agrees with 6, for
Hl-a.e. z € T'NE. This gives one of the (many equivalent) descriptions of a tangent field of
a rectifiable set.

Of course, the tangent field is uniquely defined only up to an H1-null subset of E. That
is, if we change the tangent field along a set that meets each C'* curve in a set of H!-measure
zero, it is still a tangent field.

In order to prove Theorem 2.1.2 and also our other results, we fix a particular tangent
field z — 6, on F as follows: first we fix a subset E/ C E of full H!-measure and a cover
of E' by countably many C! curves {T';}. Next, for each # € F, if all the curves I'; that
go through x have the same tangent direction at that point, then we let 6, € P! be that
direction. (This also defines the normal line 7, at z.)

Consider the set of those z € E where our 6y, 7, either (1) are not defined, or (2) are
defined but do not agree with the 0, v, from the statements of our theorems. This is a set
of zero H'-measure; hence we can ignore it by Remark 2.2.3 when we work with translations,
and we will be able to ignore it by Lemma 2.3.4 (below) when we work with rotations. Hence,
for the remainder of this paper, we may assume that 6, is the particular tangent field 6,

from the previous paragraph (and make the analogous assumption for v;).
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2.3.2 Rotations

We denote by Isom™(R?) the space of all orientation preserving isometries of R2. Each
element of Isom+(]R2) is either a translation by a vector v, or a rotation around a point
z € R2 by angle ¢. Using complex notation, such a rotation is the map u — ei¢(u —2)+z.

The image of 0 under this mapping is z(1 — ei¢), so it is natural to denote
v = 2(1 — ). (2.4)
We can see from (2.4) that v = z(—i¢ + O(¢?)). We denote

0
_fw e 2.5

w ¢ =0.

The motivation behind our notation is that, for small ¢ and near the origin, the rotation
acts, to first order, like translation by —iw.

Both translations and rotations can now be specified by an ordered pair (w, ¢) € RZ x R.
(We have ¢ = 0 for translations.) From now on, we will refer to translations as rotations as
well.

For p # id, we define the projective center of p to be the image of (w,¢) under the
quotient map R3 \ {0} — P?. We still use (w, ¢) to denote the image in P2. If ¢ # 0, then,
using homogeneous coordinates, this reduces to (z¢, ¢) = (z,1), as expected. If ¢ = 0, then
(w,0) = (iv,0) = (v,0), which is indeed the point at infinity orthogonal to the direction of
.

Remark 2.3.1. Even though we now view translations as rotations around infinite points,
translations and rotations are still different, even when viewed in P2. For example, a rotation

with angle ¢ # 0 fixes just one point in P2 (its projective center) whereas a translation fixes

an entire line (P! ¢ P?).
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We will use the notation p(w, ¢) for a rotation whose projective center is (w, ) € P? and
whose angle is ¢. That is, we assign to each point z = (1, x2,x3) € R3\ {0} the rotation

p(z) whose:
e projective center is the image of (z1,x9,x3) under the projection R3 \ {0} — P2
e angle is the last coordinate z3.

Remark 2.3.2. We will use the same notation p = p(w, ¢) for the mapping p : R?> — R? and
for the continuous movement that rotates R% around a point. For example, if ¢ = 27 then
the former is the identity mapping and the latter is not. It will be always clear from the

context which one we mean.

2.3.8 The “second key idea” for translations

We fix a small § > 0, and a direction . Let R be a subset of E such that |0; — 0] < 9§ for
every x € R. Our aim is to estimate how large area we cover if we translate R by a vector
v of direction 6.

For each € R there is a C1 curve T'; from Section 2.3.1 that goes through the point z.
We choose a decomposition R = | J R; such that R; C I'; for each i. Then locally, i.e., in a
neighborhood of x € R;, I'; is the graph of a Lipschitz function f in the (6, QL) coordinate
system, with Lipschitz constant < §. Without loss of generality we can assume that 6 = 0.

Now, when we translate R; by the horizontal vector v, for each fixed ¢t € R we obtain
#{x eR: f(z) =t, (z, f(x)) € R;} many (not necessary disjoint) horizontal line segments
on the line y = t, each of length |v|. Therefore, by Fubini’s theorem, the area covered is at

most

|v| /#{x eR: f(z)=t, (z, f(x)) € R;} dt. (2.6)

Next, recall that the coarea formula (e.g., [24, Theorem 3.2.22]) implies that for any

measurable function g : R — R, for any Lipschitz h : R — R, and for any measurable
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S CR,
/ g4z € S : h(z) =t} dt = / g(h(@)IH ()| da. 2.7)
R S

Using (2.7), we can bound (2.6) by

S OH(Ry)|o]

~Y

since f has Lipschitz constant < §. Summing over ¢, we obtain the following;:

Lemma 2.3.3. Let 6 > 0 be sufficiently small, and let 8 be an arbitrary direction. Let R be
a subset of E such that |0, — 0| < § for every x € R. Then if we translate R by a vector v

of direction 8, the total area covered is < SH(R)|v|.

Note that |6 — 6] < § if and only if v, meets a < d-neighborhood of #+ in P!. Using

this observation, we generalize Lemma 2.3.3 to rotations in the next section.

2.8.4 The “second key idea” for rotations

Let z € R2, and let ¢ be an arbitrary angle. If we rotate the set E around the center z by
angle ¢, then each point z € E moves along a circular arc of length |x — z||¢|. Therefore,

the trivial estimate we get is that by rotating F/, the area covered is

< W/Rr#{xEE: |z —z| =r}dr < \qﬁ]/E\x—zld’Hl(x). (2.8)

The first inequality follows from Fubini’s theorem. The second follows from the coarea
formula (2.7) and the fact that if we parametrize the curve I'; by arc-length, the mapping
t +— |z(t) — z| is Lipschitz, with Lipschitz constant at most 1.

For a general rectifiable set, the right-hand side of (2.8) can be infinite (cf. Remark 2.1.6).
From now on, in this section we assume that E is bounded. More precisely, we assume that
E C B(0,7) C R? (here, we used the Euclidean metric). We will show that there is a

constant ¢ (that depends only on 7) such that the following two lemmas hold.
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Lemma 2.3.4. Let y = (w,¢) € R? x R, let p = p(y) be a rotation, and let R C E be

arbitrary. Then, if we rotate R by p, the area covered is < ¢H (R)|yl.

Lemma 2.3.5. Let 6 > 0 be sufficiently small (depending on r). Let y = (w,$) € R? x R
and let p = p(y) be a rotation with projective center z. Let R C E be such that, for each
z € R, vz N B(z,8) # 0. (Here, the ball B(z,0) is defined with respect to the metric on P2.)

Then, when we rotate R by p, the area covered is
< cSH (R)]y.

Proof of Lemma 2.3.4. By Lemma 2.2.2, we know that Lemma 2.3.4 holds (with ¢ = 1)
when p is a translation. Now suppose that z € R2 and ¢ # 0. Then there is a constant ¢
(that depends only on r) such that |z — 2| <7+ |2| < c1y/1 + |2|? for every x € E. Since

Iyl = V/]2]202 + ¢2 = |¢|\/1 + | 2|2, therefore Lemma 2.3.4 follows from the trivial estimate
(2.8), with E replaced by R, and |z — z| replaced by c14/1 + |z|2. O

Proof of Lemma 2.3.5. First, suppose that z € R? and ¢ = 0. We note that we can improve
the estimate (2.8) by noticing that the derivative of ¢ — |x(t) — z| is (&(¢), %) =
m dist(v,(4), 2). (Here, dist denotes the Euclidean distance.) Therefore, by the coarea

formula (2.7), rotating the set R covers area

< |¢|/Rdist(yx,z) dH!(z). (2.9)

Thus, it suffices to show that if v, intersects the d-neighbourhood of z in P2, then
dist(vg, z) < ¢d4/1+ |2]2 in R2. If |z| < 2r and 4 is sufficiently small, then the Euclidean
and projective distances are comparable, and \/W is comparable to 1 (where the implied
constants depend only on r), so there is nothing to prove. Now, suppose |z| > 2r. Since
E cC B(0,r), therefore, for ¢ sufficiently small, the projective ball B(z,d) is bounded away

from z € E. Let 7 denote the quotient map 7 : S2 — P2. Then there is a constant ¢y (that
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depends only on ) such that the angle between any two great circles through 71z that
meet 71 (B(2,0)) is < c9d. Then there is a constant c3 (that depends only on ) such that
the angle between = — z and v, in R? is < ¢gegd. With ¢; as in the proof of Lemma 2.3.4,
we have dist(vy, 2) < coc3d|z — 2| < c1eac3dy/1 + |2|2, as desired.

Now, we prove Lemma 2.3.5 when z € P! (i.e., when p is a translation). Again, for ¢
sufficiently small, the projective ball B(z,d) is bounded away from E. Thus, if v, intersects
B(z,6), then the angle between v, and P! is bounded away from zero. Therefore, there is a
constant ¢4 (that depends only on r) such that if v, intersects B(z,d) for some x € E, then
the projective distance between z and v, N P! is < ¢48. Hence, we can apply Lemma 2.3.3

to obtain our desired result. O

2.4 Kakeya needle problem for translations

In this section E is an arbitrary rectifiable set of finite H!-measure. Without loss of generality

we assume that H!(E) = 1, and that 6, is defined for each z € E, as in Section 2.3.1.

2.4.1 Notation

We say that a subset of P is an interval if it is connected. For 01,09 € P! with |§;—65| < 7/2,
we denote by [0, 2] the interval in P! whose endpoints are 0y, 6 and has length less than
/2. (When we use this notation, we do not specify which one is the left and which one is
the right endpoint.)

The symbol i will always denote a finite binary sequence, i.e., a sequence ¢14 . . . i}, where
k > 0 and each term ¢; is 0 or 1. The empty sequence () corresponds to k = 0. The length of
i is denoted by [i]. We denote i’ = iqiy...i;_; (note that ()’ is not defined). We will say that
i’ is the parent of i, and i is a child of i, respectively. The ancestors and the descendants of
an i are defined in the obvious way. We will also say that a sequence is bad if it ends with a

0 and good if it ends with a 1. (The empty sequence () is also good.)
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2.4.2 Basic zigzag

A basic zigzag is a polygonal path which is made up of N congruent and equally spaced
segments in direction 6 interlaced with N congruent segments in direction 6. (See Fig-
ure 2.1(b) for an example.)

The fundamental procedure in our construction is taking a line segment L and replacing
it with a basic zigzag with the same endpoints. The key properties of basic zigzags are the

following two geometrically obvious facts:

e With L, 0y, 0, fixed, we can ensure that the basic zigzag lies in an arbitrarily small

9

neighborhood of L by making the zigzag sufficiently “fine,” i.e., making N sufficiently

large.

e The total length of each of the two parallel pieces of the basic zigzag depends only on

L, 0,01 and not on the fineness of the zigzag.

2.4.3 Venetian blind

Like the basic zigzag, a Venetian blind is a polygonal path of line segments of two fixed
directions. These segments are constructed by iterating the basic zigzag construction. We
fix a line segment L, small parameters 0 < v < 3 < 7 and a sign 0 € {—1,1}. The Venetian
blind construction is as follows.

Let 05, € P! denote the direction of L. In our first step, we replace L by a basic zigzag
with directions 07, — of3, 01, + 0. (See Figure 2.1(b).) Let GG denote the union of the line
segments of the basic zigzag in direction 0y, + 0. Iteratively, in our ith step for i > 2, we
replace each line segment in G;_1 by a basic zigzag of directions 07 — o3, 01, + io7y, and let
G; denote the union of the line segments in direction 67, + io7y. (See Figure 2.1(c) for the
line segments obtained after the second step.) We stop this procedure after k steps, where
k is defined by

kyen/2—20—~,7/2—20). (2.10)
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The zigzag we end up with is what we call our Venetian blind. We denote by L1 the final
set (G}, obtained by this construction, and we denote by Lg the rest of the Venetian blind.
That is, the Venetian blind is the polygonal path Ly U L1 where Ly and L are unions of
line segments of directions 0y, — o3 and 0, + ko respectively. We call L the bad part of
the Venetian blind and L1 the good part.

We say that the directions 07 — 03,601,051, + ov,...,01 + koy have been used in the

construction of this Venetian blind. This terminology will be used in Section 2.4.8.

Remark 2.4.1. Usually, in the literature, a Venetian blind consists only of the “good” line
segments. In our definition of a Venetian blind, it contains both Ly and L.

Remark 2.4.2. The lengths of Ly and L; depend only on H1(L) and 8,~7. They do not
depend on the fineness of the zigzags. Furthermore, condition (2.10) ensures that there is a

constant ¢(f) < 1 such that
H'(Gy) < HU(L), H' (L) < e(B)H' (L) (2.11)

foreach j =1,2,...,kand i =0, 1.

Remark 2.4.3. We consider two natural ways to partition L into line segments. The first way
is into the maximal disjoint line segments of L. Note that a line segment in this partition
could be made up of segments from multiple basic zigzags in our construction. (For example,
the right-most segment in Figure 2.1(c) has this property.)

The second partition is a refinement of the first. We subdivide each segment from the
first partition into the individual segments from the basic zigzags, i.e., each segment in the
second partition is a segment from some basic zigzag used in the Venetian blind construction.

In Section 2.4.4 (below), we describe how to iterate the Venetian blind construction on
each line segment of Ly. We can interpret the word “each” in two different ways, corre-
sponding to the two decompositions above. In this section, it does not matter which way we

choose, but in Section 2.5, we must choose the second one.
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Figure 2.1: Two steps in the Venetian blind construction, starting with (a) as the initial
segment.

2.4.4 Main construction

Our strategy of proving Theorem 2.1.2 is to iterate the Venetian blind construction. Given a
point in R2, we construct a polygonal path from the origin to this point. We start with the
line segment L joining the origin to this point, and then, iteratively, for each finite sequence
i, we apply the Venetian blind construction to each segment in L; with some parameters
B = Bi,v = ,0 = 05. We let L;g be the union of all the bad parts of the Venetian blinds
and Lj; be the union of all the good parts (as defined in Section 2.4.3). Since we use the
same [3;,7;, 03 on each line segment in L;, it follows by induction that every L; is a union of
parallel line segments of some direction 6;.

We also iteratively assign, to each i, an interval [; C pl by the following simple method.
We put I = (). Then, for each finite sequence i # (), we define I; := Iy U [6;,6y]. Then

clearly, by induction, we can see that for every i # (), [; is an interval and 6; € Ij.

2.4.5 Choosing the parameters i, i

For each i, we fix a small ¢; that we will specify later. They will depend only on & (where
¢ is from the statement of Theorem 2.1.2). We denote the number of 1’s in the sequence i
by n;. Then we can choose our parameters 3; > ; > 0 in our Venetian blind constructions

such that they satisfy:

1. By < By for every i;
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2. B; = Pk, where k is the last (i.e., youngest) good sequence among i and its ancestors;
3. B; < 1/n4 for every i;

4. BHI (L) < g if i is good;

5. 1HY (L) < g for every i.

We can indeed make these choices, since H!(L;) is determined by the §’s and 4’s of its
ancestors.

We will also use the notation:

(6) oy = By if iis bad, and ag =~y if i is good.

2.4.6  Choosing the signs o

We choose each sign o3 such that it makes I;j; = I; U [, 6;1] as large as possible. That is, if
0; is in the right half of the interval I; (where we embed I; into R), then we choose o; = 1;
otherwise, we choose the oy = —1. (If i = (), or if 6 is in the middle of the interval I, or if
I; = P!, then we can choose the sign arbitrarily.) Our choice of o; ensures that the length

of the interval I;; can be estimated by

\Lin| > 5] /2 + 105 — 051| > |5]/2 4+ 7/2 — 285

The second inequality follows from (2.10). This can be re-written as:

7 — || < (7 —[4])/2 + 286;.

Suppose k is the last good sequence among i and its ancestors, and m is the second-to-last

one. Then since the intervals I; are increasing and the parameters (; are decreasing along
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each family line, we have m — |[;| < m — |I| and hence

7 — L] < (m—|Im])/2 + 26m. (2.12)

2.4.7 Stopping time

We need to define when we stop our Venetian blind constructions on various family lines.
In order to construct our polygonal path P (for Theorem 2.1.2), we need to ensure that
ultimate extinction occurs. We will, of course, define the polygonal path P as the union of
those L; where the construction stops.

First of all, we stop our Venetian blind construction at L; if ’Hl(Li) < ek, where k is the

last good sequence among i and its ancestors. By (2.11) and condition (2) in Section 2.4.5,

HY(Ls) > o(B) T H (Lig) = e(By)*H (Lig) = - .. (2.13)

This ensures that, for each i, the family line i, 10,100, ... dies out after finitely many genera-
tions, where the number of generations depends only on f;. Therefore min{n; : |i| = k} — oo
as k — oo, and consequently, by condition (3), max{f; : |i| = k} — 0. Using this and (2.12),
if k is large enough, then

max{m — || : |i| =k} <e. (2.14)

We stop our whole construction after k generations, where k is so large that (2.14) holds.

By choosing the parameters €; such that ) ;e; is small enough, by Lemma 2.2.2, Re-
mark 2.2.3 and our assumption #!(E) = 1, we can ignore those L; for which #!(L;) < ey,
where k is the last good sequence among i and its ancestors. (This is because each i at which
we stop our construction has a different “last good sequence among i and its ancestors.”)
For the line segments that belong to the remaining part of the polygonal path, we have
|I;| > 7 — ¢ by (2.14).

Using the previous paragraph, we choose our balls B(6;, ) for Theorem 2.1.2 as follows.
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If we ignore L; (as described in the previous paragraph), then for each line segment L; in Lj,
we let 6; to be any point we like. If we do not ignore Lj, then for each L; in L, we choose 6;
so that P1\ B(6;,¢) C I;. We can do this because |I;| > m —¢. In both cases, since 6; € [;

for all i, we can also choose each 6; so that
0; & B(0;,¢). (2.15)
In order to finish the proof of Theorem 2.1.2, it suffices to show that

A= | Lij+{zeE: 0, €L} (2.16)
L;cP

has small measure.

Remark 2.4.4. So far, our definition of the polygonal path P did not depend on the set E.
In what follows, we will show that if the zigzags we use are sufficiently fine (depending on
the set E) then indeed the set A in (2.16) has small measure. Note that the fineness of the
zigzags is the only remaining parameter we need to specify. The parameters (;, 74, 03, the
lengths ’Hl(Li), the stopping time, and the intervals /; are all independent of the fineness of

the zigzags and of E.

2.4.8 Fineness of the zigzags, and the small neighborhood lemma

We have already chosen all the directions we use in all the basic zigzags to construct P. These
directions divide P! into finitely many intervals, which we call elementary intervals. By an
elementary interval we mean a closed interval I C P! such that its endpoints are directions
used in our construction, and such that I does not contain any other such direction. (See
Section 2.4.3 for what it means for a direction to be “used in our construction.”)

Since we already know the length Hl(P), we also know how large subset of F we may

ignore by Lemma 2.2.2 and Remark 2.2.3. Therefore, by throwing away a sufficiently small
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subset of E if necessary, we can assume that F is compact and also that x — 6, is a
continuous function on E.

For an elementary interval I, we denote
Er={xe€E:0,€cl}.

Because of our assumptions above, E7 is also compact.

Here is our strategy for choosing the fineness of the zigzags. Suppose that for some Ej
and for some line segment L in our construction, we have obtained the estimate |L+ Ef| <7
for some 7. Then, we require all zigzags descending from L to be fine enough so that they
stay in a sufficiently small neighborhood of L. This ensures that by the small neighborhood
lemma, translating £ along the descendants of L still covers area < 7.

In the next section, we obtain finitely many estimates of the form |L + Ej| < n. We
make the zigzags sufficiently fine at each step so that these estimates are preserved by the

descendants of L, as explained above.

2.4.9 Area estimate

We fix an elementary interval I and the corresponding set E, and revisit the Venetian blind

construction. Our aim is to estimate the measure of the set

Ap = U (L + Ey). (2.17)
LiCP st. ICI
Our final goal is to show ||J; A7| < €. In the next two paragraphs, we will use the same
notations as in Section 2.4.3.
First assume that the elementary interval I is contained in the interval [0, + (7 — 1)o7,
01, + joy| for some j =1,2,... k. Since the line segments of G; are of direction 0, + joy,

it follows from Lemma 2.3.3 (and the estimate (2.11)) that translating Ej along the line
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segments of G; covers area le(E])'Hl(Gj) < vHY(E))H'(L). By our remarks in the
previous section about choosing the fineness of the zigzags, the same estimate yH! (Ep)H! (L)
remains true if we translate £ along the line segments of G..

We can argue similarly when the elementary interval is contained in [0}, 7 — o 3]. There-

fore, we proved the following lemma:

Lemma 2.4.5. Suppose that an elementary interval I is contained in [0;,0y]. Then |L; +

Erl S asHY EDHN (Ly).

Now consider an L; C P with I C I;. Since the intervals [, Iy, Iy, ... are decreasing,

there is a k among i and its ancestors such that I C Iy \ Iy C [0y, 6y/]. By Lemma 2.4.5,
Ly + Br| S oY (E)H (L) (2.18)

The estimates (2.18) are precisely those that we would like to maintain when we replace
the set Ly by all of its final descendants in P, as described in the previous section. Thus,
we make the zigzags sufficiently fine so that these estimates are preserved.

Therefore, instead of taking the sum of the estimates (2.18) for all finite sequences k, it
is sufficient to take the sum for some k, each of which belongs to a different family line. Let
ki,ko,... be arbitrary sequences from different family lines.

We distinguish two cases: if ky, is good, then by (5) and (6) in Section 2.4.5,
ax, H(ENH (L 1) < e M (E)). (2.19)

With the bad k;,, the same trivial bound does not work. Nonetheless, because of the

)

“different family lines condition,” each bad k;;, has a different “last good among k;,, and its

ancestors.” Therefore by (2), (4), and (6) in Section 2.4.5 and (2.11), we have

>, HUEDHNLy ) <D acH (Ep), (2.20)
Ky, bad k
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where the summation on the right is taken over all k. Adding together the estimates (2.19)

for all good k;, and (2.20), we have
Afl <2) e cH (E)). (2.21)
k

Since each x € E belongs to at most two of the sets Ej, by summing over I and choosing

> Kk €k small enough, the proof of Theorem 2.1.2 is finished.

2.5 Kakeya needle problem for rotations

Our aim in this section is to prove the following theorem, which can be thought of as a direct
analogue of Theorem 2.1.2. Recall when we create a polygonal path P C Isom+(]R2) from
a sequence of rotations {p;}, we always interpret the rotations in the intrinsic coordinate
system. We will occasionally use the phrase intrinsic rotation to remind ourselves of this

convention.

Theorem 2.5.1. Let E C R? be a bounded rectifiable set of finite H'-measure. Let € > 0,
and let p € Isom+(R2) be arbitrary. Let ¢ C P2 be a line through the projective center z of
p.

Then there are intrinsic rotations p; = p(x;) with projective centers z; € B({,e) C P2
such that the corresponding polygonal path P = |J; L; C Isom+(R2) connects the identity

and p, and for each i, there exists a u; € ¢ such that

|U U p({x € E: vy NeN B(uj,e) =0})] <e. (2.22)

1 pel;
2.5.1 Basic zigzags, deconstructed

The heart of the matter in our proof of Theorem 2.1.2 was that we repeatedly replaced line
segments by basic zigzags. Each line segment L represented a translation. In our proof of

Theorem 2.5.1 we will do an analogue construction with rotations instead of translations.
33



However, this is a bit more delicate, so first, we present the basic zigzag construction for
translations in more detail than before. We decompose this construction into two steps.
The first step of the basic zigzag construction for translations divides a line segment
L into N equal parts. In the second step, for translations, we replace each of the N line
segments by two line segments of given directions. We can represent these two steps by the

two equations

v=(v/N)+---+(v/N)

= (vo/N) + (v1/N) +--- + (vo/N) + (v1/N),

where vy and vy are vectors in the two given directions and such that v = vy + vy.

The first step for rotations is easy to understand: we replace a rotation p = p(z) by N
copies of p(z/N), which are rotations around the same projective center as p but with angle
reduced by a factor of N. In the intrinsic coordinate system, if we apply p(z/N) repeatedly
N times, then indeed we obtain p(z).

The second step for rotations would be to replace each p(x/N) by p(xg/N) and p(x1/N),
for some zg and x1. We need to determine the necessary condition on x,xq, 1, i.e., the
analogue of v = vg+v1. It is not as simple as © = xg+ x1; the composition of p(x() followed
by p(x1) is not necessarily p(zg+x1). Therefore, first we need to understand which rotations

a given p can be replaced by. We do this in the next section.

2.5.2  The structure of intrinsic compositions

Using the notation p = p(w, ¢) and v from Section 2.3.2, we can see that p3 can be replaced

by p1, p2 if
¢1+ 2 = ¢3 (2.23)

and
v + ewlvg = v3. (2.24)
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Indeed, (2.23) says that by applying p; and po, we rotate R? by angle ¢; + ¢o. And (2.24)
says that the image of 0 after applying p; and po will be vy + ¢'P1yy. To see this, the first
rotation, p1, displaces 0 by v1. Then, po displaces it further. This displacement is vy in the
intrinsic coordinate system and ¢P1yq in the extrinsic coordinate system, where the extra
factor of €1 is due to the offset in directions between the intrinsic and extrinsic coordinate
systems introduced by p1. If two rotations have the same angle and they map 0 to the same
point, then they are the same rotation.

For z; € R3 \ {0}, we will use the notation x3 = 1 x z9 if (2.23) and (2.24) hold for
pj = p(x;).
Remark 2.5.2. Note that (2.23) and (2.24) hold if and only if p3 = p1 o p2. In general, the

composition of two intrinsic rotations p; and po (in that order) is pj o pa, not ps o py.

Remark 2.5.3. We do not need the following fact in this paper, but the conditions (2.23) and
(2.24) imply that % is a group operation on R3. The group (R3, %) has the structure of the
semidirect product R? x R, where ¢ € R acts on v € R? by v — ¢'%y.

The extra difficulty in our proof for rotations is essentially due to the failure of x to agree
with +. Nonetheless, we can modify the proof for translations to obtain a proof for rotations

because for small x1,x9, * is “close enough” to +, as we show in the next section.

Our main estimate is the following:
Lemma 2.5.4. Let 2j = (wj, ¢;) € R3\ {0} with x3 = z1 *x 9 and 9] S 1 for each j.
Then

(w1 + wo —w3| S |wadt| + |wigr| + |wada| + [w3es|. (2.25)

Proof. Observe that |v;| < |w;| and |v; +iw;| S \qqﬁ?! = |wj¢;|. (For the second inequality,

we used [¢;]| S 1.) By (2.24), [vg +vg — v3| = [vg(1 — e'91)| < |wyeq|. Thus indeed,

jwy +wg —w3| < Jur +v2 —v3| + |v1 +iwr] + |vg +dwa| + |vg + iws]

S |wadt| 4 |widr] + |waga| + [wies). O
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2.5.83 Basic zigzag construction for rotations

Now we are ready to define our basic zigzag construction in general. This construction, for
given z, 7, z1 € R3\ {0} with # = 29+ 2 and a given N, replaces the rotation p(z) by the
sequence of intrinsic rotations p(yg), p(y1), - -, p(yo), p(y1). We define yy = xg/N, and then
y1 = Z1/N is defined by yo *y1 = x/N.

The key properties of the construction are the following.
Lemma 2.5.5. For any given € > 0, if N s sufficiently large, then:

L |yjl <e forj=0,1;

2. |7 — x| <e.

Proof. Since yg = /N, property (1) for j = 0 is obvious. For j = 1, this property follows
from y; = £1/N and from (2).

Let = (w, ¢), vj = (wj, ¢;), and &1 = (wl,él). To prove (2), it suffices to show that

-

w1 — wy as N — 00, since ¢ = ¢1. If N is large enough, then %, W] < 1, so we can apply

Lemma 2.5.4 for /N = (xg/N) * (£1/N) to obtain:

- 1 -
01 /N +wo/N —w/N| S 55 (Jwodr| + [@191] + [wodol + |wel).

Therefore

1

W1 —wi| = |01 +wy — w| S = (|wodr| + w101 + |wogo| + |wel)

2l~=

< —(c1 + eolwy))

for some cq, co independent of N (since w, wq, w1, ¢, ¢g, ¢1 do not depend on N). Therefore

w1 — wy as N — oo. 0

Property (1) allows the polygonal path for yg*yj *- - -xyg*y1 to stay within an arbitrarily

small neighborhood of the line segment defined by x. This is because by decomposing x into
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(x/N)* -+ % (x/N), we divide the line segment into N equal segments. When we replace

each segment by yg * y1, we stay in a small neighborhood of it.

2.5.4 Iterating the basic zigzag

In our proof of Theorem 2.1.2, we started from a line segment L and then, iteratively, we
replaced each line segment by a Venetian blind; the indices i indexed the Venetian blinds.
However, in this section, we need to focus also on basic zigzags, hence we introduce a new
set of indices j (finite binary sequences) to index the basic zigzags. For j = ji---ji, we
denote j' = j1 -+ jp_1.

Our construction from Section 2.4 is an iteration of basic zigzag constructions. That is,
we begin with a line segment and replace it a basic zigzag. Then we iterate this by replacing
each line segment of our basic zigzag with a basic zigzag. (For this to be an accurate
description of our construction from Section 2.4, we must use the “second partition” from
Remark 2.4.3.)

Given such an iteration of basic zigzags, we can describe it as follows. We start with a
line segment L, which corresponds to a translation by a vector vy € R2. In our first basic
zigrag, we chose two directions 6, ¢1. Then we can uniquely decompose vy = v + vy, where

vj is in direction 6. If the fineness is N, we can represent the basic zigzag as
vy = (vo/N) + (v1/N) + -+ (vo/N) + (v1/N).

This gives us N copies of the segments vg/N and vi/N. We set My = M; = N.

Now suppose we have Mj copies of vj /]\/[J To apply a basic zigzag on every copy, we

write vj = vjo + vj1 and choose a fineness Nj. Then our basic zigzag is
on on vy on on
J J0 Jl 50 i1
—- = + +---+ + :
M MyNg - MN; MyN; M
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Here we have Nj copies of % + ﬁ and Mjo = Mj; = M;Nj.
Welet Ly C R? be the union of the M. ; congruent and parallel line segments corresponding

to the Mj copies of v;/M;. We let 05 be the direction of these segments.

Remark 2.5.6. The vectors vj do not depend on the fineness of the zigzags. Note also that
o] = H(L;).
Remark 2.5.7. As noted earlier, the indices j index the basic zigzag constructions from
Section 2.4.2, whereas the indices i index the Venetian blind constructions from Section 2.4.3.
Note that each Lj is a union of Lj over some set of indices j.

Fix some i and j with Ly C L;. When we apply the Venetian blind construction to Lj,
we obtain L;j and L;j;. As part of this procedure, we iterate the basic zigzag construction
k times on Lj, where in the ith step (1 <i < k), we replace lei_l with the basic zigzags

lei*10 U leifll' (Here, 1* denotes a string of i 1s.) In the end, we obtain

k—1 k—1
U Zjig U Lijk,  with U Lo € Lip and Liyk C Ly
=0 i=0

For each i = 0, ..., k—1 we say that the index j1°0 is between i and i0 and that the index

j11 is between i and il. (Note that by this definition, if i # ), then j is between i’ and i.)

In the paragraphs above, we showed how to construct {vj} given an iteration of basic
zigzags. Conversely, we could start with a collection {vj} satistying vj = vjp + vj1 and turn
this into instructions for iterating the basic zigzags. (We would also need to specify the
fineness N at each step.)

The analogue of the above scheme for rotations is the following. Suppose that we are given
some points 7 € R3 \ {0}, where the j are finite binary sequences, such that Tj = Tjo + Tj1
for each j. We also fix a small r > 0.

In our first step of the construction, we choose a sufficiently large N and choose g, y1
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as in the previous section. That is, we replace x by N copies of (xg/N) % (Z1/N):
z = (20/N) % (T1/N) x - - - x (xo/N) % (Z1/N).

We choose N so large that |71 — x1| < r. (We can do this by Lemma 2.5.5(2).) We also put
T =z, To=x9, and My= M} = N.

Now suppose that we have already chosen Z; and an Mj for some sequence j, and \a?j —
xj| < r. Then we apply a basic zigzag construction with x replaced by ; /Mj, xq replaced
by x50/Mj and xq replaced by (zj1 + %5 — x;3)/Mj, and with fineness Nj. That is, we replace
T3/ M;sNy = (w50/M;Nj) * (Z31/M;Nj), giving us

- = * Kook * .
M; M; N M; N M;N; M;N;

If Nj is very large, then ¥;;/Mj will be very close to (xj; + Zj — x3)/Mj, which means that

;31 will be very close to j1 + I —xj. Therefore, by choosing Nj large enough, |Zj1 — 1| <7
holds. We put 0 = zjo and Mjg = Mj; = M;N;j.
Using this procedure, we obtain an #j and an Mj for each j, such that |#; — z;] < r, and

J

for yj = .f'J/MJ

Yj = Y50 * Yj1 * - *x Yj0 * Yj1

(where we have Nj copies of y;0 x yj1)-
In this way, we have shown how to take a collection {z;} with x5 = x50 + xj1, together
with fineness Nj, and turn this data into a sequence of rotations, the composition of which

is the original rotation p(z).

Remark 2.5.8. For translations, the sequence {Uj} tells us every direction we will translate
in, even before the fineness Nj are chosen. However, for rotations, the sequence {a:J} alone
does not tell us the projective centers of the rotations we will use. The centers are given

by {Z;}, which depend on Nj. The Nj in turn depend on {zj} and r (in the way explained
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above) as well as on the area estimates in the following sections.

2.5.5 Turning the translations into rotations

In the previous section, we showed how to turn a collection {zj} into a sequence of rotations,
but we did not say which sequence {z;} to start with. We specify that now. The construction
of {:UJ} is actually very simple: we use a rotation in R3 to “transform” a sequence of vectors
{vj} in R2 into our desired sequence {z;}.

Let p(x) and ¢ be as in the statement of Theorem 2.5.1. Then we can apply the results
of Section 2.3.4 to E; let ¢ be the constant in Lemma 2.3.4 and Lemma 2.3.5. Without loss
of generality we can assume that ¢ is small enough, so that the conclusion of Lemma 2.3.5
holds for every § < e.

Let v € R? be an arbitrary vector with |v| = |x|. We can follow the steps in Section 2.4
to construct the vectors v; with vy = v as well as the stopping time.

Our aim is to “turn” the sequence {vj} into a sequence of rotations. Let Q : R3 — R3
be a linear rotation that maps (v,0) to z, and that maps the plane ¢ = 0 (i.e., those
z = (w, ) € R3 for which p(z) is a translation) onto the plane of £ (i.e., those z = (w, ¢) € R3
for which the projective center of p(x) lies in £). We define z; := Q(vj,0) for each j. Since
@ is linear, we do indeed have x5 = 0 + xj1.

We denote by zj the projective image of z; onto P2. Then z; € €. A trivial but very
important property we have is this: since () is an isometry, the distance between any two z;
is the same as the angle between the corresponding vectors vj. If j is between i’ and i (see
Remark 2.5.7), we denote aj := «; and let

Bj = B(z,2a5) C P2 (2.26)

Remark 2.5.9. Suppose j is between i and i’. If i is good, then the ball Bj contains [zj, zj/] C/,

which is the image of [ej,ej,] c P! under the rotation Q. If i is bad, then Bj contains
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(25, 23] = [21, 2¢] C L.

So far, none of the objects we defined depend on the fineness of the zigzags; they depend
only on E, ¢, p(x) and e.

Now we use the basic zigzag iteration process in Section 2.5.4 to obtain {Z;} with Nj
large enough (that we will specify in the next section). We denote the projective center of
the rotations by z;. That is, Z; is the image of y; (which is the same as the image of :%j)
under the projection R3 \ {0} — P2. We will also denote z; = (wj, ¢3) and 75 = (w5, ¢5)-

(Caution: we do not use the notation vj as in (2.4). Instead, the vj satisfy z; = Q(vj,0).)

Recall from Section 2.5.4 that 75 € B(xj,7) C R3, where we can choose r as small as we
wish. We choose r small enough so that r» < %minj ]xJ| and so that for each j, the image
of B(zj,r) under the projection R3\ {0} — P? is contained in B;yN B({,¢e). It follows that
|75 < || and Z; € B(zj,205) N B(¢, ) for each j.

In the end, we have two polygonal paths. One is P = Uj Ly C ]Rz, corresponding to
{v;}; the other is P= U; EJ- C Isom™ (R?), corresponding to {z;}. In both cases, we use the
same fineness NVj (still to be specified). (We also have the same stopping time since that is
encoded in the sequences {vj}, {zj}.)

Thus, @) “transforms” a polygonal path P = Uj Ly C R? into a polygonal path P =
Us f}j C Isom™(R?) by “transforming” L; into f}j. Our next aim is to turn the estimates for

P we obtained in Section 2.4 into estimates for P.

2.5.6 Ignoring small parts of E and of P

Recall the definition of the intervals I;, the elementary intervals I, and the sets Ej from
Section 2.4. Because of the rotation ), the relevant objects are now J; := QI;, J := QI C /,
and Ej:={r € E: v,NJ#0}.

We made the sets F; compact by “ignoring” a sufficiently small subset of E. Since we
knew the length of the final polygon P (this depended on the stopping time, but not on the

fineness of the zigzags) we also knew from Lemma 2.2.2 that during our movement, small
41



enough subsets of E will automatically cover small area. By the same reason, we could also
“ignore” those L;j for which H'(L;) < ey, where k is the last good sequence among i and its
ancestors.

We now obtain the analogue estimates for rotations, by applying Lemma 2.3.4 in place of
Lemma 2.2.2. Indeed, since |7;| S |z;| = [v;] = Hl(Lj) for each j, therefore every subset R C
E will cover, during the movement by P, an area < ¢H!(R) 2517 < HY(R) > ’Hl(Lj) =
cHI(R)YH!(P), where the sums are over all j with L; C P (or, equivalently, f)j C P). That
is, we obtain a ¢ times larger estimate than in Lemma 2.2.2. Similarly, when we move any
R by L;, we cover an area at most ¢H1(R)|#;] < ¢cHY(R)H(L;) instead of HI(R)H!(L;).

Since Q is a rotation, |.J;| = |I;|. Similarly as in Section 2.4, for each line segment L C L;
appearing in the final polygon P, we choose B(u;, €) of Theorem 2.5.1 so that £\ B(u;, ) C Jj;

whenever |J;| = |[;] > m —e. If |J;| < 7 — ¢, we can choose B(u;, ¢) arbitrarily.

2.5.7 Area estimates

For each J, let A j denote the set covered by moving £ j along those L; C P for which J C J;
(cf. (2.17)). Our final goal is to show ) _ ; |Aj| < ée, for some ¢ independent of . This would
imply that (2.22) holds with e replaced by ¢e in its right hand side.

First we prove the following analogue of Lemma 2.4.5.

Lemma 2.5.10. By making the basic zigzags sufficiently fine, we can achieve the following:

if J is an elementary interval contained in [z, zy], then the area covered by moving E; along

Ly is < COZiHl(EJ)Hl(Lil).

Proof. Suppose J is an elementary interval contained in [z, zy]. If i is good, then there is a j
between i and i’ such that J C [z, zy]. If iis bad, then for all j between i and i',JC [z, zjr].

Suppose that J C [z, zj/]. Applying Lemma 2.3.5 with p = p(y;) and R = E; (noting
Remark 2.5.9), we see that if we move E; by the rotation p(y;), the area covered is <

COKjH1<EJ)|i'j‘/]\4j. Hence the total area covered by moving £ by all Mj copies of p(y;) is
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< cajHl(EJ)|fj| < cajHl(EJ)'Hl(Lj). We make the zigzags so fine in our constructions
that the same estimate

< coyH (B HY (L;) (2.27)

remains true when we rotate the set Ej by the descendants of the Mj copies of yj.

Now, we break into two cases. If i is good, then L; descends from L;, so the statement
of the lemma follows from Hl(Lj) < H(Ly).

If i is bad, we use the fact that L; = Uj L; and L = Uj Ej, where the unions are over
all j between i and i’. Then summing over the estimate (2.27) for each such j, we have that

moving along L;, the area is

S cayHU (Ey) Y HY (L) = cogH (B))H (Ly) < coyH' (E))H! (Ly)
J

which completes the proof. O]

Having established this estimate, the proof continues in the same way as in Section 2.4,
to obtain |A ;| < 2¢3 ) e;H(E)), the analogue of (2.21). We explain some details below.

Consider an Zi C P with J C Jij. Since the intervals Jj, Jy, Jyr, . .. are decreasing, there
is a k among i and its ancestors such that J C Jy \ Jpr C [2k, 2i7]. By Lemma 2.5.10, the

total area covered when we move E; along Ly is
< carHYE ) H (Ly). (2.28)

By making the zigzags sufficiently fine, the same estimate remains true when we move
E along all the descendants of Ly in P.

Therefore, similarly as in section 4, the area of A can be estimated by summing the
estimate (2.28) for those ancestors that are on different family lines. Let ki,ko,... be

arbitrary sequences from different family lines.
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We distinguish two cases: if k;;, is good, then
o, HU(EpH (L 1) < e H(Ey). (2.29)

With the bad k;,,, because of the different family lines condition, each bad k,,, has a different

“last good among k,, and its ancestors” so

S o, HNEPHN L 1) <> acH (Ey), (2.30)
k,, is bad k
where the summation on the right is taken over all k. Adding together the estimates (2.29)

for all good ky, and (2.30), we proved that

[Agl S 20 ecH (Ey). (2.31)

k
Let ¢ be the implied constant in (2.31). Since each x € E belongs to at most two of the
sets E 7, we proved that Y 7 |A ;| is at most ¢c’ times larger than the bound of  for >~ | A;|
that we obtained in Section 2.4. In other words, we showed Y ;|A;| < cc’e. The constant

cc’ depends only ¢ and E (and not on ). This completes the proof.

2.5.8 Further remarks

Remark 2.5.11. In both Section 2.4 and Section 2.5, we constructed a polygonal path that
replaced a continuous movement with a fixed intrinsic projective center by a sequence of
intrinsic rotations. By choosing all the zigzags sufficiently fine in our constructions, we can
stay in an arbitrarily small neighborhood of the initial movement in Isom™ (RQ).
Remark 2.5.12. Tt is possible to choose the u; in Theorem 2.5.1 so that z, the initial center
of rotation, is not in any of the closed balls cl B(u;, €).

By applying Lemma 2.3.5 to the initial rotation p and a sufficiently small ball B(z,n),

we see that rotating the set R = {x € F : v, N ¢ N B(z,n)} by p covers small area. By
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making the zigzags sufficiently fine and using the small neighborhood lemma, the set R still
covers small area when moved by the final polygonal path. Thus, (2.22) holds with B(u;, ¢)
replaced by B(u;,¢) \ B(z,1), so we can reselect the u; so that z & cl B(u;, ).

This property will be used in the proof of Theorem 2.6.6.

2.6 Besicovitch and Nikodym sets

We conclude this paper by showing that when we iterate the polygonal constructions in
Section 2.4 and Section 2.5 and “take the limit,” we obtain the analogues of Besicovitch and

Nikodym sets for rectifiable sets.

2.6.1 Construction of a Besicovitch set for translations

We start with the following, somewhat technical conditions. Afterwards, we will discuss
some interesting special cases.
Suppose that we are given some rectifiable sets £y C Fo C ..., and a tangent field

x +— 0y of |J Ey, satisfying the following;:
1. each E,, is compact, and has finite H!-measure;

2. cach Ej, has a subset E! of full #'-measure, such that the restriction of the tangent 6

to EJ, is continuous, and for each y € E,

0y € () lO(B(y,r) N Ep)). (2.32)
r>0

We will prove the following proposition:

Proposition 2.6.1. Suppose that the sets Ey satisfy the assumptions above. Let Py be an

arbitrary path in RZ. Then for any neighborhood of Py, there is a path P in this neighborhood
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with the same endpoints as Py, and there is a Borel mapping p — 0p € P! such that

U+ {z el JEn: 0o #0p} =0. (2.33)
peP
Proof. Given any neighborhood of Py, let PY be a polygonal path in this neighborhood with
the same endpoints as Py. For each n, we choose an g, > 0 with > ¢, < co. Then iteratively,
for each n > 1 we apply Theorem 2.1.2 to each segment L C P"~! with E replaced by E!
and ¢ replaced by some €7, > 0 such that ) ; - pn—1¢y, < . This gives us a polygonal path

P" =|J; L} and directions " such that

U U e+EN <en, (2.34)

i peL}

where

E':=c{z € E),: 0, ¢ B0 ¢en)} (2.35)

Although Theorem 2.1.2 gives us the sets E;' without their closure, we can take the
closure in (2.35) since, by our assumptions, doing so does not increases their measure. (In
particular, by assumption (2), we have EM \ {x € E}, : 0, & B(0]',e)} C En \ E,, and
HY(E,\ El,) = 0.) We know that moving an H!-null set along a polygonal path covers only
zero area, so indeed, (2.34) holds.

We construct P+ by replacing each line segment L} of P" by a polygonal path that
stays in such a small neighborhood of L} that the area estimate in (2.34) remains true when,
instead of L', we shift the sets E* along the line segments that we replace L' with. (Here
we used Remark 2.5.11 and that the sets E]' are compact.)

Also, we choose the neighborhoods small enough so that the polygonal paths P™ converge

to a continuous limit curve P. For each p € P, and for each fixed n, we have an i = i(p,n)
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such that

U+ B, )l < en
peP

holds. We denote
EP :=limsup E} (2.36)

oo HpM)

Then

Je+reni<tUe+ U EL) =1 U Ue+EL )< > en

peP peP m>n m>npeP m>n

Since this is true for every n, it follows that (J,c p(p + EP) is Lebesgue null.

By the definition (2.35), if a point y € |J Ey, does not belong to EP, then for every large
enough n, it has a neighborhood disjoint from {z € EJ, : 0, & B(0},en)}. That is, there is
an r > 0 such that 6, € B(0!',ey) for every x € B(y,r) N Ej;,. Hence, by our assumption
(2.32), 0y € cl(0(B(y,r) N Ey,)) C cl B(OF, ). That is, 0y is in lim inf, o0 clB(@'Zﬂ(p,n),gn),
which has at most one point. For p € P, if this set has one point, then we let 6, denote that

point. Otherwise, we let 0, be arbitrary.

Then for each p, {z € JEn : 0 # 0p} C EP, and the proof is finished. ]

For every rectifiable set F, we can choose the sets E,, = EJ, such that they satisfy the
requirements at the beginning of this section, and such that | J Fj, is a subset of E of full

H'-measure. Therefore we obtain the following theorem:

Theorem 2.6.2 (Besicovitch set for translations). Let E be an arbitrary rectifiable set, and
let x — 05 be an arbitrary tangent field of E. Then there is an Ey C E of full H1-measure
mn B for which the following holds.

For every path Py in R2, and for any neighborhood of Py, there is a path P in this

neighborhood with the same endpoints as I}y, and there is a Borel mapping p — 0, € P! such
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that

U @+{zeEy: 0. #0,} =0. (2.37)
peP

Remark 2.6.3. Another interesting corollary of Proposition 2.6.1 is the following. Suppose
that E can be covered by a finite union of (not necessarily disjoint) C! curves, or F is the
graph of a convex function. In these cases there is an Fy C E of full measure so that the
tangent is continuous on F(. Moreover, we can define the tangent on E \ Ej (in a natural
way) and find the sets Ep, EJ, so that they satisfy our requirements and so that | J,, Ey covers
E. Therefore the statement of Theorem 2.6.2 holds with Ej replaced by FE.

For example, if F is the graph of a strictly convex function, then it is enough to delete

at most one point for each p € P, as we claimed in the introduction.

2.6.2 Construction of a Besicovitch set for rotations

The main ideas for rotations are the same as for translations.

Proposition 2.6.4. Suppose that the sets Ey, satisfy the assumptions as in the beginning of
Section 2.6.1. Let Py be an arbitrary path in Isom+(]R2). Then for any neighborhood of P,
there is a path P in the neighborhood of Py with the same endpoints as Py, and there is a

Borel mapping p — xp € P2 such that

U pdz el JEn: zp v} =0. (2.38)
peEP
Proof. We begin with choosing PU to be an arbitrary polygonal path in the neighborhood
of Py with the same endpoints as F. We iterate Theorem 2.5.1 to construct the polygonal
paths P in Isom+(R2), each lying in a small neighborhood of the previous one. Here,
the details are now a bit more technical, and we need to be careful when we specify our
parameters for Theorem 2.5.1.

As before, we choose an €, > 0 for each n such that ), e, < oo. Each line segment L' C
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P corresponds to a rotation p}' with projective center z;'. We choose a line /' containing
z' and a 0 < 6] < gp. (We will impose additional conditions on £}',47" in Section 2.6.3.)
Then we replace p;' by a sequence of intrinsic rotations by applying Theorem 2.5.1 and

Remark 2.5.12 with E replaced by E;l 11, ¢ replaced by £}, and € replaced by 4.

Choosing each of the parameters §;" sufficiently small, we obtain the balls B(uZ', 6!') and:
U U p(E)] < en, (2.39)
i peL?
where

El" :=cl{z € B}, : vy N B(ul', ")

1771

0}. (2.40)

We define i(p,n) as in the previous section, and again take EP := limsup,,_,~o El."(p n)"
Then as in the previous section, the movement (J,c p p(E¥) covers only a null set.

Since (5?@,”) — 0, we know lim inf, o clB(u;‘(pm), (5{‘(])7”)) can have at most one point.
If it has one point, let x; be that point. Otherwise, let x; be arbitrary.

Now suppose that y € Ey, and y & E?(p n)" Then vy Ncl B (u?( 0% ) # (). Therefore

p,n)’ i(pn)
indeed {x € |JEp : xp & vz} C EP, and the proof is finished. O

2.6.3 The main theorem

In Proposition 2.6.4, the points on E' that we hide at each p € P are those whose normal line
passes through a particular point xp. Since we would like to hide as little of E as possible,
it would be undesirable if an z; from our construction has the property that the normal line
of positively many points of £ pass through z;.

Fortunately such points are very rare:

Lemma 2.6.5. There are at most countably many points with the property that the normal

line of positively many points of E pass through this point.

Proof. Note that for any two such points there is only one common line, and there can be
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only an H1-nullset of points of E which have a given normal line. Since F has o-finite H!-
measure, it cannot have more than countably many subsets of positive measure such that

their pairwise intersections are null. O

We denote the exceptional points above by x1,x9,.... In what follows, we show how to
choose the parameters in our construction more carefully to avoid these points, i.e., so that
xp & {x1,29,...} for any p € P.

We use the notation from the previous section. For each n > 1 and for each L} C P",
let SI' denote the strip B(/, §) assigned to the parent of LY, i.e., to the line segment in pr-1
that we replaced by a polygon in the construction of L}'. Then we choose £}, ¢;" such that
B(£},67) € SI* and such that cl B(£}, 61) \ {z]'} does not contain any of the points x;, with

m <n.

Then liminf,_~ cl B (u?( 57L(p n)) is either empty, or contains one point. Suppose it

p,n)’ i

e (" . and the strips {B(ﬁ;‘(p n) 0% ) }n are nested, it

contains a point x,. Since u”
P p i( i(p,n) "Vi(p,n)

p,n)

follows that x;, € (), cl B({% o

i(pn) Oi(pny)- By Remark 2.5.12,

n n+1 n+1
Zi(p,n) ¢ cl B(ui(p,n+1)’ 5i(p,n—|—1))’
S0 xp F# zzn(p,n) for all n.

Thus we have shown the following. This is the main theorem in our paper.

Theorem 2.6.6 (Besicovitch set for rotations). Let E be an arbitrary rectifiable set, and let
z — Oy be an arbitrary tangent field of E. Then there is an Eg C E of full H1-measure in
E for which the following holds.

For every path Py in Isom+(R2), and for any neighborhood of Py, there is a path P in the
neighborhood of Py with the same endpoints as Py, and there is a Borel mapping p — xp € P2

such that
| pz € By : zp g va}) = 0. (2.41)

peP
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Furthermore, for each p, the set {x € Ey : xp & vz} has full HY -measure in E.

Remark 2.6.7. By the same argument as at the end of the previous section, we can get a
stronger statement if the set £ has nice geometric properties. For instance, if it is covered
by finitely many C1 curves, or if it is the graph of a convex function, then the statement
holds with F( replaced by F.

As mentioned in the introduction, consider the special case where there is a line £ € (P?)*
such that there is a neighborhood of ¢ in which no two normal lines of E intersect. Then by
choosing all the lines £’ to lie inside this neighborhood, we can ensure that all the ) do as
well. Hence, Theorem 2.6.6 says that we can rotate E continuously by 360°, covering a set

of zero Lebesgue measure, where at each time moment, we only need to delete one point.

Remark 2.6.8. By the small neighborhood lemma, we can see that (2.39) holds (with the
same sets E}') not only for the path P" but for every continuous path P sufficiently close
to P"™. Using this observation, we obtain a dense open set of curves, and then, by taking
the limit, a residual set of continuous paths P connecting the endpoints of Py, for which the

statement of Theorem 2.6.6 holds.

2.6.4 Construction of a Nikodym set

We conclude this paper by explaining how the continuous Besicovitch sets can be used to
construct Nikodym sets for rectifiable curves.

Let E C R? be an arbitrary rectifiable set. We fix an arbitrary (continuous) rectifiable
curve I' € R? (if E contains such a curve, we can choose I' to be that curve). By “putting a
copy of F onto a point y,” we mean that the corresponding copy of I (i.e., the same isometry

applied to I') goes through y.

For every continuous rectifiable curve T, there is a path Py C Isom™(R?) and a neigh-
borhood of Py such that I' covers a set of non-empty interior along any path P which lies

in this neighborhood and has the same endpoints as Fy. (For example, if T" is a circle, we
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make sure that it is not possible for P to be a rotation around the circle’s center.)
We apply Theorem 2.6.6 with £ and with this neighborhood of Fj to obtain a path P,
and for each p € P to obtain a subset EP C E of full H!-measure so that | Upep p(EP)| = 0.

By our choice of By, we know that Upe p p(I') has nonempty interior. Thus,

U U@+p1)=R2

q€@2 peP

whereas

A= a+pEn) (2.42)

qGQQ peP

has measure zero. Thus, we have shown the following.

Theorem 2.6.9. Let E be a rectifiable set and I' a rectifiable curve. Then the set A defined
by (2.42) is a Nikodym set for E:

1. A has Lebesgue measure zero;

2. Through each point y € R2, A contains a copy of H-a.e. point of E. That is, for
all y € R?, there is an Ey; C E and a py € Tsom™ (R?) such that H'(E \ Ey) = 0,

y € py(l), and py(Ey) C A.

With Theorem 2.6.2 in place of Theorem 2.6.6 we can prove a result about placing
translated copies of E at each point y € R2.

By essentially the same arguments as above, we now obtain a path P ¢ R? and Oy € P!
such that (Jycp(p + EP) has Lebesgue measure zero, where EV = {x € Ey : 6y # 0p}, and

such that (J,c p(p+1I') has nonempty interior. Thus, J,cq2 Upep(¢+p+T) = R2, whereas

A=) U@+p+EP) (2.43)

qeQ? peP

has Lebesgue measure zero. To ensure that EP has full H!-measure in E, it is sufficient to

assume that {z € F : 0, = 0} is H -null for every 0 € PL.
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Theorem 2.6.10. Let E be a rectifiable set and I a rectifiable curve. Suppose that for every
direction 6 € PL the set {x € E : 0, = 0} is H'-null. Then the set A defined by (2.43)

satisfies the following:
1. A has Lebesgue measure zero;

2. Through each point y € R2, A contains a translated copy of H-a.e. point of E. That
is, for all y € R2, there is an Ey C E and a py € R2 such that H1(E \ Ey) =0,

y€py+1TI, and py + £y C A.

2.7 Dilations and similarity transformations

In this section, we show how the techniques of Section 2.5 can be applied to analyze similarity
transformations. Let Sim+(R2) denote the space of all orientation-preserving similarity
transformations in R2.

Elements in Isom™ (R?) were specified by the parameters (w,¢) € R? x R. To index
elements in Sim™ (R?), we introduce a new parameter o € R. (In the special case of isometries

we can take o = 0.)

For a,¢ € R, define ¢o = €“p. For ¢ # 0, we let po(w, ) denote the similarity
transformation u — e/ (u — z) + z, where z = w/¢q. Then it is natural to let po(w,0)
denote translation by —iw. For any (w, ¢) # (0,0), we define the projective center of po(w, ¢)

to be the image of (e~®w, ¢) € R3 under the quotient map R3 \ {0} — P2.

Remark 2.7.1. The center of a translation now depends on «. This is natural because a
single translation can be viewed, e.g., as a rotation around some point at infinity and also

as a dilation around some other point at infinity.

Remark 2.7.2. When a = 0 (mod ), the transformation pq(w,®) is an isometry. When

a = 7/2 (mod ), the transformation is a dilation. For all other «, the trajectory of a point
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x under pq(w, @) is a logarithmic spiral centered at z. Since

zwa — ol ih(cos atisina) _ e—w sin aeiw cos
the trajectory consists of those points u for which |u—z| = e=¥5m |z — 2| and arg(u — z) =

Y cosa + arg(z — z) for some ¢ € [0, ¢]. For future reference, note that

arg(u — 2) = —cot a(log |u — z| —log |z — z|) + arg(z — 2). (2.44)

When studying similarity transformations, it turns out that instead of the normal line
Vg, it is much more relevant to look at the normal line rotated by angle a around xz. We

denote this line by (v4)o. We will prove the following generalization of Theorem 2.5.1.

Theorem 2.7.3. Let E C R? be a bounded rectifiable set of finite H-measure. Let € > 0,
and let p be a similarity transformation with parameter . Let ¢ C P2 be a line through the
projective center z of p.

Then there are intrinsic similarity transformations p; = pa(x;) with projective centers
2 € B(l,e) C P? such that the corresponding polygonal path P = U; Li C Sim™ (RR?)

connects the identity and p, and for each 1, there exists a u; € £ such that

]U U ({r € E: (vy)a NN B(u;,e) =0})| <e. (2.45)

1 pel;
Furthermore, if « = w/2 (modm), then we can take z; € L.

Throughout this section, we fix an @ # 0 (mod 7). To prove Theorem 2.7.3, we first
establish the analogues of Lemma 2.2.2 and Lemma 2.3.5. As in Section 2.3.4, assume
E C B(0,r) € R?. We will show that there is a constant ¢ that depends only on r such that

the following two lemmas hold.
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Lemma 2.7.4. Let y = (w,¢) € R? x R with |¢| < 1. Let p = paly) be a similarity
transformation and let R C E be arbitrary. Then, if we transform R by p, the area covered

is < cHY(R)|y).

Lemma 2.7.5. Let § > 0 be sufficiently small (depending on r). Let y = (w, ) € RZ x R
with |¢| < 1. Let p = pa(y) be a transformation with projective center z. Let R C E be such
that, for each v € R, (vy)a N B(z,0) # (0. (Here, the ball B(z,0) is defined with respect to

the metric on IP)Q.) Then, when we transform R by p, the area covered is
S OH (R)y.

Proof of Lemma 2.7.4 and Lemma 2.7.5. Let U : R? — R2 denote the measure preserving
map that rotates each circle |u — z| = const around z by angle cot alog |u — z|. By (2.44),
U takes the spiral trajectories of p to straight lines through z. In particular, ¥ takes the

trajectory of point  under p to the line segment
[z + eicotalogkv—z\(x —2), 2+ e—q{)sinaeicotalogh}—z\(:p —2)]. (2.46)

In other words, Z4Aet? belongs to this line segment if and only if § = cot alog |z —z|+arg(z—
z) and X belongs to the interval I, C R, whose endpoints are |z — z| and e~ ?50 |z — 2|,
(We do not specify which endpoint is the left and which is the right.)

Let S C R2 be the region covered by applying p to R. We have

2m
|S| = |W(9)] :/ / AdAdb.
0 {Aiz+ e (S)}

To simplify the inner integral, observe that W(S) is the union of the line segments (2.46)

over all x € R. Thus

M\ < > / N,
I,

z€R:arg(x—z)+cot alog |x—z|=6
95

/{)\:z+>\ei9€\ll(5)}



where

/ AdX = [e72080 _ 1112 — 22 < |ésinal - |z — 2|2
Iy

Let ¢ — x(t) be a parametrization of R by arclength. Note that the derivative of ¢

arg(z(t) — z) + cot alog |z (t) — 2| is

<%,w)> +cota <|;(%)—__;|2,:b(t)> .

Using the estimates above and the coarea formula, we have

2T
5] < |¢sina|/ 3 2w — 22 do
0

xER:arg(x—z)+cot alog |z—z|=0
= 9] / <em<x(t) - z),:i“(t)> dt
= \ab!/dist((vx)a,z) dH! ().

To prove Lemma 2.7.4, we use the trivial estimate dist((vz)a,2) < |z — z| and proceed
as in the proof of Lemma 2.3.4. To prove Lemma 2.7.5, we proceed as in the proof of

Lemma 2.3.5. O

For x1, x9, we define x3 = x1%qx9 if pa(x3) can be replaced by po (1), pa(xs). Explicitly,
this means ¢1 + ¢2 = ¢3 and vy + ei(‘bl)avg = v3, where v; = z;(1 — ei(¢j)a).

It is easy to check that with %, in place of x, the arguments in Section 2.5 still hold with
very little modification, giving us a proof of Theorem 2.7.3. (One small issue is that since the
size of E can change, we need to apply a correction factor to Lemma 2.7.4 and Lemma 2.7.5.
However, we can ensure that at any point in the transformations, our set is never more than
twice its initial size, so that the correction factor is bounded by an absolute constant.)

The statement at the end of Theorem 2.7.3 about o = 7/2 (mod ) follows from the fact

that for such a, if x5 = x1 xo 2, then the centers of the three dilations are collinear.
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2.7.1 Circles

We briefly sketch the proof of Corollary 2.1.10.

Proof of Corollary 2.1.10. Let E be a circle. Let ¢ > 0 (to be specified later). By Theo-
rem 2.1.2, there is a polygonal path P = J'{ L; C R2 with each L; a line segment, and for

each i there exists a direction §; € P!, such that

J U p+{zeE: 0. ¢ Bb;,e)}) <e. (2.47)

1 peL,
By (2.15), we can assume that 0, ¢ B(0;,¢) (recall that 0 is the direction of the line
segment ;). By the fact that the tangent direction changes continuously as we move around

the circle, there is an ¢’ < ¢ such that

J U p+{zeE: 0. ¢ B0;,e)})| < 2. (2.48)
1 peL;

Since ' < e, we have 01, & cl B(6;,¢').

Fix a = 7/2. Then 0y, is the projective center of the translation along L;, and (vy)q is
the tangent line at x € E.

Let ¢; € (P?)* be the line through the center of E of direction 6 ;- We fix an ¢, and for
each 2 € E we denote by T the reflection of the point z € E across the line ¢; N R2.

Let g; > 0 (to be specified later). We can apply Theorem 2.7.3 to the translation along

L;, with a = 7/2 and line ¢;, to replace this translation by a polygonal path of dilations
U; Lij C Sim* (R?) such that

U U p{z € E: (va)antin Bluj,e) = 0})| <e (2.49)
J pELz,j
for some u; ; € {;.

Those points x of the circle £ for which the tangent line (vz)q intersects £; N B(u; j, ;)
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lie on circular arcs that are symmetric with respect to ¢; N R2. Therefore we can find some

y;; € B and 5; such that

U U »(E\ (B(yij.e) UB®@i,j.e)l <& (2.50)
J pEL;;
By the analogue of Remark 2.5.11 and the small neighborhood lemma, we can also ensure

that

|U U p{z € E: 6, ¢ B(6;,€")})| < 3e. (2.51)

i,J peLz,]
Since 0r,, & cl B(0;, g'), it follows that if r; is small enough, then for each y € E, {x €
E: 0, € B(0;,¢")} N (B(y,r;) UB(y,r;)) is either empty or is one arc of angle at most €.

Hence, if we choose ¢; so small that ag < r;, then

Ejj:={z€E: 0, &B0;,¢)} U(E\ (Blyij.c;) UBij ;)

is a circular arc of angle at least 27 — &’

Thus, by combining (2.50) and (2.51), we have

’U U ”|<3€+Z€Z (2.52)

i,J peLl,]

This gives us a movement of a subarc of E of angle 21 — ¢’ covering area less than
3e + > _;€;. Therefore by choosing the parameters small enough, we can move an arbitrarily
large sub-arc covering arbitrarily small area.

Furthermore, as for isometries, we can construct not just one but a dense open set of
movements. Therefore we can ensure that the radius of the circular arc remains very close

to the radius of the original arc during the movement. O]

By repeated applications of Theorem 2.7.3, we obtain in the limit a Besicovitch set and

a Nikodym set. The proofs proceed in the same way as in Section 2.6. The result for
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Besicovitch sets in the special case when E' is a circle is stated below; for Nikodym sets, see

Corollary 2.1.11.

Corollary 2.7.6. Let E be a circle. For every path Py in Isom™ (Rz), and for any neighbor-
hood of Py in Sim™ (RZ), there is a path P in the neighborhood of Py with the same endpoints

as Py, and there is a Borel mapping p — xp € E such that

U p(B\ {zph)] =0.

peP
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CHAPTER 3
SMALL UNIONS OF AFFINE SUBSPACES AND SKELETONS
VIA BAIRE CATEGORY

This chapter is joint work with Marianna Csornyei, Kornélia Héra and Tamas Keleti and

originally appeared in [9)].

3.1 Introduction

E. Stein [50] proved in 1976 that for any n > 3, if a set A C R" contains a sphere centered at
each point of a set C' C R" of positive Lebesgue measure, then A also has positive Lebesgue
measure. It was shown by Mitsis [45] that the same holds if we only assume that C' is a
Borel subset of R™ of Hausdorff dimension greater than 1. The analogous results are also
true in the case n = 2; this was proved independently by Bourgain [6] and Marstrand [37] for
circles centered at the points of an arbitrary set C' C R2 of positive Lebesgue measure, and
by Wolff [60] for C' € R? of Hausdorff dimension greater than 1. In fact, Bourgain proved a
stronger result, which extends to other curves with non-zero curvature.

Inspired by these results, the authors in [34] studied what happens if the circles are
replaced by axis-parallel squares. They constructed a closed set A of Hausdorff dimension
1 that contains the boundary of an axis-parallel square centered at each point in R2 (see
[34, Theorem 1.1]). Thornton studied in [52] the higher dimensional versions: the problem
when 0 < k <n and A C R" contains the k-skeleton of an n-dimensional axis-parallel cube
centered at every point of a compact set of given dimension d for some fixed d € [0,n].
(Recall that the k-skeleton of a polytope is the union of its k-dimensional faces.) He found
the smallest possible dimension of such a compact A in the cases when we consider box
dimension and packing dimension. He conjectured that the smallest possible Hausdorff
dimension of A is max(d — 1, k), which would be the generalization of [34, Theorem 1.4],

which addresses the case n = 2,k = 0.
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In this paper we prove Thornton’s conjecture not only for cubes but for general polytopes
of R™. Tt turns out that it plays an important role whether 0 is contained in one of the k-
dimensional affine subspaces defined by the k-skeleton of the polytope (see Theorem 3.2.1).
This is even more true if instead of just scaling, we also allow rotations. In this case, we ask
what the minimal Hausdorff dimension of a set is that contains a scaled and rotated copy
of the k-skeleton of a given polytope centered at each point of C'. Obviously, it must have
dimension at least k if C' is nonempty. It turns out that this is sharp: we show that there
is a Borel set of dimension k that contains a scaled and rotated copy of the k-skeleton of a
polytope centered at each point of R"™, provided that 0 is not in any of the k-dimensional
affine subspaces defined by the k-skeleton. On the other hand, if 0 belongs to one of these

affine subspaces, then the problem becomes much harder (see Remark 3.3.3).

As mentioned above at the end of the second paragraph, a (very) special case of Theo-
rem 3.2.1, namely, when n = 2 and S consists of the 4 vertices of a square centered at the
origin, was already proved in [34]. Our proof of Theorem 3.2.1 is much simpler than the proof
in [34]. In fact, in all our results mentioned above, we will show that, in the sense of Baire
category, the minimal dimension is attained by residually many sets. As it often happens,
it is much easier to show that some properties hold for residually many sets than to try to
construct a set for which they hold. In our case, after proving residuality for k-dimensional
affine subspaces, we automatically obtain residuality for countable unions of k-dimensional
subsets of k-dimensional affine subspaces, hence k-skeletons.

If we allow rotations but do not allow scaling, the question becomes: what is the minimal
Hausdorff dimension of a set that contains a rotated copy of the k-skeleton of a given polytope
centered at each point of C'7 We do not know the answer to this question for a general
compact set C'. However, as the following simple example shows, it is no longer true that a
typical construction has minimal dimension.

Let C' C R? denote the unit circle centered at 0, and let the “polytope” be a single point

of C. Then {0} is a set of dimension 0 that contains, centered at each point of C, a rotated
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copy of our “polytope”. (That is, it contains a point at distance 1 from each point of C.)
On the other hand, it is easy to show that, if A contains a nonzero point at distance 1 from
each point of C', then A has dimension at least 1. In particular, a “typical” A has dimension
1 and not 0. The same example also shows that the minimal dimension can be different
depending on whether the “polytope” consists of one point or two points.

However, we will show that a typical construction does have minimal dimension, provided
that C' has full dimension, i.e., dimC = n for C' C R™. In this case, the minimal (as well
as typical) dimension of a set A that contains a rotated copy of the k-skeleton of a polytope
centered at each point of C'is £ + 1. Somewhat surprisingly, we obtain that the smallest
possible dimension (and also the typical dimension) is still £ + 1 if we want the k-skeleton

of a rotated copy of the polytope of every size centered at every point.

Let us state our results more precisely. Throughout this paper, by a scaled copy of a
fixed set S C R™ we mean a set of the form z +rS = {x +rs : s € S}, where x € R"
and r > 0. We say that z + S is a scaled copy of S centered at x. (That is, the center
of S is assumed to be the origin.) Similarly, a rotated copy of S centered at x € R" is
x+T(S)={z+T(s) : s€ S}, where T € SO(n). Combining these two, we define a scaled
and rotated copy of S centered at x € R"™ by x +rT'(S) = {x+rT(s) : s € S}, wherer >0
and T € SO(n).

In this paper we will consider only Hausdorff dimension, and we will denote by dim F
the Hausdorff dimension of a set £. We list here the special cases of our results when the

polytope is a cube and the set of centers is R". (The first statement was already proved in

[52].)

Corollary 3.1.1. For any integers 0 < k < n, the minimal dimension of a Borel set A C R™

that contains the k-skeleton of
1. a scaled copy of a cube centered at every point of R™ isn — 1;

2. a scaled and rotated copy of a cube centered at every point of R™ is k;
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3. a rotated copy of a cube centered at every point of R™ is k + 1;
4. a rotated cube of every size centered at every point of R™ is k + 1.

In fact, the same results hold if the k-skeleton of a cube is replaced by any S C R" with
dim S = k that can be covered by a countable union of k-dimensional affine subspaces that

do not contain 0.

For k = n — 1 it is natural to ask if, in addition to dimension k£ + 1 = n, we can also
guarantee positive Lebesgue measure in the settings (3) and (4). As we will see, we cannot
guarantee positive measure. We show that there are residually many Nikodym sets, i.e., sets
of measure zero which contain a punctured hyperplane through every point. The existence of
Nikodym sets in R" for every n > 2 was proved by Falconer [20]. We also obtain residually
many sets of measure zero which contain a hyperplane at every positive distance from every

point. By combining our these two results, we get the following.

Corollary 3.1.2. Let S C R" (n > 2) be a set that can be covered by countably many
hyperplanes and suppose that 0 ¢ S. Then there exists a set of Lebesque measure zero that

contains a scaled and rotated copy of S of every scale centered at every point of R".

Note that here we need only the assumption 0 ¢ S (which clearly cannot be dropped),
while in Corollary 3.1.1 we needed the stronger assumption that the covering affine subspaces

do not contain 0. Also, Corollary 3.1.2 is clearly false for n = 1.

One can ask what happens for those sets S to which neither the classical results nor our
results can be applied. One of the simplest such case is when, say, n =1 and S = C —1/2,
where C is the classical triadic Cantor set in the interval [0, 1]. We do not know how large a
set A can be that contains a scaled copy of S centered at each x € R. Does it always have
positive Lebesgue measure, or Hausdorff dimension at least 17 In [36] Laba and Pramanik
construct random Cantor sets for which such a set must have positive Lebesgue measure,

and by the result of Mathé [39], there exist Cantor sets for which such a set A can have
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zero measure. Hochman [29] and Bourgain [7] prove that for any porous Cantor set C' with
dim C > 0, such a set A must have Hausdorff dimension strictly larger than dim C' and at

least 1/2.

Finally we remark that T. W. Kérner [35] observed in 2003 that small Kakeya-type
sets can be constructed using Baire category argument. He proved that if we consider the
Hausdorff metric on the space of all compact sets that contain line segments in every possible
direction between two fixed parallel line segments, then in this space, residually many sets
have zero Lebesgue measure. As we will see, in our results we obtain residually many sets

in a different type of metric space: we consider Hausdorff metric in a “code space”.

3.2 Scaled copies

In this section we consider only scaled (not rotated) copies of S. We will prove the following

theorem:

Theorem 3.2.1. Let S be the k-skeleton of an arbitrary polytope in R"™ for some 0 < k < n,

and let d € [0,n] be arbitrary.

(i) Suppose that 0 is not contained in any of the k-dimensional affine subspaces defined by
S. Then the smallest possible dimension of a compact set A that contains a scaled copy

of S centered at each point of some d-dimensional compact set C' is max(d — 1, k).

(71) Suppose that 0 is contained in at least one of the k-dimensional affine subspaces defined
by S. Then the smallest possible dimension of a compact set A that contains a scaled

copy of S centered at each point of some d-dimensional compact set C is max(d, k).

Thornton’s conjecture mentioned in the introduction is clearly a special case of part (i)

of this theorem.

In fact, our main goal is to study a slightly different problem, from which we can deduce

the results above. Our aim is to find for a given “skeleton” S and for a given nonempty
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compact set of centers C' (instead of a given S and a given dim C') the smallest possible value
of dim A, where A contains a scaled copy of S centered at each point of C.

We will study the case when S is the k-skeleton of a polytope, or more generally, the case
when S is a countable union S = |J.S;, where each S; is contained in an affine subspace Vj.
We will assume that C' is compact and nonempty. Our aim is to show that, in the sense of
Baire category, a typical set A that contains a scaled copy of S centered at each point of C
has minimal dimension.

Let us make this more precise. Fix a nonempty compact set C' C R" and a non-degenerate
closed interval I C (0,00). In what follows, we view C' x [ as a parametrization of the space
of certain scaled copies of a given set S C R"; in particular, (x,r) € C' x I corresponds to the
copy centered at x and scaled by r. Let K denote the space of all compact sets K C C' x [
that have full projection onto C'. (That is, for each € C there is an r € I with (z,7) € K.)
We equip K with the Hausdorff metric. Clearly, K is a closed subset of the space of all
compact subsets of C' x I, and hence it is a complete metric space. In particular, the Baire
category theorem holds for I, so we can speak about a typical K € K in the Baire category
sense: a property P holds for a typical K € K if {K € K : P holds for K} is residual in I,
or equivalently, if there exists a dense G5 set G C K such that the property holds for every
Keg.

Let A be an arbitrary set that contains a scaled copy of S C R™ centered at each point
of C. First we show an easy lower estimate on dim A, which in some important cases will
turn out to be sharp. Let C’ denote the orthogonal projection of C' onto W := span{S }L.
(As usual, we denote by span{S} the linear span of S, so it always contains the origin.) For
every point ' € C’ there exists an € C such that the projection of x onto W is 2/, and
there exists an r > 0 such that  + 7S C A and hence x +rS C (2/ + span{S}) N A. Since

for any 2’ € C' € W = span{S}* the set (2’ + span{S}) N A contains a scaled copy of S,
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we obtain by the general Fubini type inequality (see e.g. in [19] or [22])
dim A > dim C’ + dim S. (3.1)
Now let K € K and S C R" and consider

A=Ak g:= U x+rS. (3.2)
(z,r)eK
Note that Ag g contains a scaled copy of S centered at each point of C, so by the previous
paragraph,
dim Ay g > dim C’ + dim S. (3.3)

The following lemma shows that for a typical K € K we have equality in (3.3) if S is an

affine subspace.

Lemma 3.2.2. Let V be an affine subspace of R", let ) # C C R"™ be compact, and let C’
denote the projection of C' onto span{V}L. Then for a typical K € K, and for Ak vy defined
by (3.2),

dim Ay = dim ¢’ + dim V.

We postpone the proof of this lemma and first study some of its corollaries. Suppose that
S is a countable union S = J.S;, where each S; is a subset of an affine subspace V;. Let C’Zf
denote the orthogonal projection of C' onto W, := span{\/;-}J-. Since a countable intersection
of residual sets is residual, and since the Hausdorff dimension of a countable union of sets is
the supremum of the Hausdorff dimension of the individual sets, it follows that for a typical

K ek,

dim A ¢ = dim (U AK,SZ) < sup(dim C! + dim V;).
: )

7

On the other hand, if A contains a scaled copy of S = |J; S; centered at each x € C, then
applying (3.1) to each S;, we get dim A > dim CZ( + dim S; for each i and thus dim A >
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sup; (dim C’Z( + dim 5;). Therefore, we obtain the following theorem:

Theorem 3.2.3. Let C be an arbitrary nonempty compact subset in R", and let S = |J;2; S;,

where each S; is a subset of an affine subspace V;. Let C’Z( denote the orthogonal projection

of C onto span{V;}*+. Then:

(i) For every set A that contains a scaled copy of S centered at each point of C,

dim A > sup(dim C} + dim S;).
)
(i) For a typical K € I, the set A = Ak g defined by (3.2) contains a scaled copy of S

centered at each point of C' and

dim A < sup(dim C! + dim V;).

]

Furthermore, if S is compact then so is A.

Let W; = span{V;}*. Note that if 0 ¢ V; then dimW; = n — dimV; — 1. Therefore
if dimC = n, k < n, dimS = k, and for every ¢ we have 0 ¢ V; and dimV; = k, then
sup; dim .S; = k and dim C’Z( =n — k — 1 for every 7, so Theorem 3.2.3 gives dim A =n — 1,

which proves the general version of (1) of Corollary 3.1.1.

So far we studied the problem of finding the minimal Hausdorff dimension of a set A that
contains a copy of a given set S centered at each point of a given set C'. Now we turn to the
problem when, instead of S and C, we are only given S and d = dim C'. We suppose that
dim S; = dim Vj for each 4, so the lower and upper estimates in (i) and (ii) agree.

Since clearly dim C’Z( > max(0,dim C' — codim W;), where codim WW; denotes the co-

dimension of the linear space W;, therefore Theorem 3.2.3(i) gives

dim A > sup(max(0, d — codim W) + dim ;).

7
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In order to show that this estimate is sharp when dim S; = dim V;, by Theorem 3.2.3(ii), it
is enough to find a compact set C' C R™ for which dim C] = max(0, dim C' — codim W};) holds

for each ¢. This can be done by the following claim, which we will prove later.

Claim 3.2.4. For each i € N, let W; be a linear subspace of R"™ of co-dimension l; €
{0,1,...,n}. Then for every d € [0,n] there exists a d-dimensional compact set C C R"

whose projection onto W; has dimension max(0,d — l;) for each i.
Therefore Theorem 3.2.3 and Claim 3.2.4 give the following.

Corollary 3.2.5. Suppose that S = ;2 S;, where each S; is a subset of an affine subspace
V; with dim S; = dim V. For each i, let W; = span{V;}*. Let d € [0,n] be arbitrary. Then
the smallest possible dimension of a set A that contains a scaled copy of S centered at each

point of some d-dimensional set C' is sup;(max(0,d — codim W;) 4+ dim S;).

Now we claim that Theorem 3.2.1 is a special case of Corollary 3.2.5. Indeed, if S is
a k-skeleton of a polytope, then for each ¢ we have dim S; = dimV; = k, and W, has co-
dimension either k+1if 0 € V;, or k if 0 € V;. Thus max(0, d — codim W;) 4+ dim S; is either
max(k,d — 1) if 0 € V;, or max(k,d) if 0 € V.

It remains to prove Claim 3.2.4 and Lemma 3.2.2. The following simple proof is based

on an argument that was communicated to us by K. J. Falconer.

Proof of Claim 3.2.4. We can clearly suppose that d > 0 and [; € {1,...,n — 1}. For
0 < s < n, Falconer [21] introduced G; as the class of those G5 subsets F' C R" for which
Ni2; fi(F) has Hausdorff dimension at least s for all sequences of similarity transformations
{fi}:2. Among other results, Falconer proved that G, is closed under countable intersection,
and if F1 € G5 and Fy € GL, then F} x Fy € g;iifn Examples of sets of G with Hausdorff
dimension exactly s are also shown in [21] for every 0 < s < n.

For [ < d, let E; € ggj with dim £} = d — [, and for [ > d let Ej be a dense G5 subset
of R~ with dim E; = 0. Let F; = E; x R ¢ Rt x RL. Clearly, the projection of Fj onto

R"~! has Hausdorff dimension max(0,d — {).
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Now we show that F] € gg. This follows from the product rule mentioned above if [ < d.
In the case | > d, we need to prove that dim((32 f;(E; x R)) > d for any sequence of
similarity transformations {f;}3°;. Let V be an (n —[)-dimensional subspace of R" which is
generic in the sense that it intersects all the countably many [-dimensional affine subspaces
£i:({0} x R!) in a single point. Then for each translate V +x of V, the set f;(E; x RH)N(V +x)
is similar to the dense G4 set Ej, hence (;2; fi(E] X RY) N (V + z) is nonempty for each
x, which implies that indeed dim(N52; f;(E; x RY)) > 1> d.

For each 4, let H; be a rotated copy of Fj, with projection of Hausdorff dimension
max(0,d — I;) onto W;. Since each H; is of class G%, the intersection D := N2 H; is
of class G%. In particular, its Hausdorff dimension is at least d. It is also clear that the
projection of D onto each W; has Hausdorff dimension at most max(0,d — [;).

Now D has all the required properties except that it might have Hausdorff dimension
larger than d, and it is not compact but Gg. If dim D > d, then let C be a compact subset
of D with Hausdorff dimension d. Then for each ¢, the projection of C' onto W is at most
max(0,d — [;), but it cannot be smaller since W; has co-dimension ;. If dim D = d then let
D; be compact subsets of D with dim D; — d and let C' be a disjoint union of shrunken

converging copies of D; and their limit point. O]

Proof of Lemma 3.2.2. By (3.3), it is enough to show that dim A 1y < dim C’4dim V holds
for a typical K € K. Write V = v + V{y where V}j is a k-dimensional linear subspace, v € R"
and v L V. Without loss of generality we can assume that v = 0 or |v| = 1. Let 2’ denote
the projection of a point x onto span{V}L, and let projx € R denote the projection of x
onto Rv. (Clearly, if v = 0, then projxz = 0.)

Let K™ denote the space of all nonempty compact subsets of R", equipped with the

Hausdorff metric. Then

A=Agy = |J o+ (projz+rjv+W,
(x,r)eK
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SO

dim A = dim Vj + dim U ¢’ + (projz +7)v | = k4 dim F(K),

where F': KL — K" is defined by

F(K) = U «' + (projx + r)v.
(z,r)eK
It is easy to see that F'is continuous.

Since for every open set G C R™ and for every compact set K C G we have dist(R" \
G,K) > 0, it follows that for any open set G C R"™, {K € K™ : K C G} is an open subset
of K™. Consequently, for any s,d,e > 0, the set of those compact sets K € K™ that have
an open cover | JG; where ) (diam GG;)® < € and diam G; < ¢ for each i is an open subset
of K". Therefore for any s > 0, {K € K : dim K < s} is a G5 subset of K™. Since F is
continuous, {K € K : dim F(K) < s} is a G subset of K.

We finish the proof by showing that {K € K : dim F(K) < dim C’} is dense. To obtain
this, for every compact set L € K we construct another compact set K € K arbitrary close
to L, such that {projz +r: (x,r) € K} is finite and so F/(K) is covered by a finite union of
copies of C’. For a given L € K, such a K € K can be constructed by choosing a sufficiently

small € > 0 and letting

K :={(z,r): 3" st. (x,7") € L, proje+r €cZ, |r —7'| <e}. O

3.3 Scaled and rotated copies

In this section, we study the problem when we are allowed to scale and rotate copies of S.
That is, now our aim is to find for a given set S C R" and a nonempty compact set of centers
C C R"™ the minimal possible value of dim A, where A contains a scaled and rotated copy of

S centered at each point of C. (That is, for every = € C| there exist » > 0 and T" € SO(n)
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such that z +rT(S) C A.)

For a fixed nonempty compact set C' C R™ and a closed interval I C (0, 00), let K’ denote
the space of all compact sets K C C' x I x SO(n) that have full projection onto C. We fix a
metric on SO(n) that induces the natural topology and equip K’ with the Hausdorff metric.
Then K’ is also a complete metric space, so again we can talk about typical K € K’ in the

Baire category sense. Now for K € K’ and S C R", we let

Aks= U z+rT(9). (3.4)
(x,r,T)EK
Note that A’K g contains a scaled and rotated copy of S centered at each point of C.
Again, first we consider the case when S is an affine subspace, but we now exclude the

case when S contains 0.

Lemma 3.3.1. Let V' be an affine subspace of R™ such that 0 € V' and let C C R" be an

arbitrary nonempty compact set. Then for a typical K € K', and for A'K v defined by (3.4),
dim A/K,V = dim V.

Proof. Clearly it is enough to show that dim A/K,V < dim V holds for a typical K € K'. For
any N € N, we define F}, : K’ — K" by Fy(K) = A/K,V N[N, N]". It is easy to see
that F J/V is continuous. Then exactly the same argument as in the proof of Lemma 3.2.2
gives that {K € K’ : dim Fj\ (K) < s} is a Gg subset of K/, which implies that {K € K’ :
dim A% 1, < s} is also Gy.

So it remains to prove that {K € K’ : dimA’K,V < dimV} is dense. Fix ¢ > 0.
Then, by compactness and since 0 ¢ V, there exists an N = N(¢) € N and (dimV)-
dimensional affine subspaces Vi, ...,V such that for any (z,r,T) € C x I x SO(n) there

exists (r',T") € I x SO(n) within e distance of (r,T) such that z + +'T’(V) = V; for some
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i < N. Thus, given any compact set L € K’ and € > 0, we can take
K={(z,7, T : 2+7T(V)e{W,...,Vx} } 0 L,

where

Le = {(z,7",T") : 3(r,T) s.t. (x,r,T) € L, dist((+',T"), (r,T)) < e}.

It follows that K € K’ and the (Hausdorff) distance between K and L is at most . Further-
more, dim AiK,V = dim V/, since A/K,V can be covered by finitely many (dim V')-dimensional

affine spaces. O

By taking a countable intersection of residual sets we obtain the following corollary of

Lemma 3.3.1, which clearly implies the general form of (2) of Corollary 3.1.1.

Theorem 3.3.2. Let C' be an arbitrary nonempty compact subset in R™, k < n and let
S C R"™ be a k-Hausdorff-dimensional set that can be covered by a countable union of k-
; - - : / /
dimensional affine subspaces that do not contain 0. Then for a typical K € K', the set AK,S

contains a scaled and rotated copy of S centered at every point of C', and dim A}{ g =dimsS.

Remark 3.3.3. If 0 € V and V is k-dimensional then a scaled and rotated copy of V' centered
at z is a k-dimensional affine subspace that contains x. Therefore a set A that contains
a scaled and rotated copy of V' centered at every point of C' is a set that contains a k-
dimensional affine subspace through every point of C. The Lebesgue measure of such an A
is clearly bounded below by the Lebesgue measure of C. By generalizing the planar result
of Davies [17] to higher dimensions, Falconer [20] proved there is such an A which attains
this lower bound. In Section 3.5 we show that the Lebesgue measure of a typical such A
is in fact this minimum. On the other hand, to find the minimal dimension of such an A
is closely related to the Kakeya problem, especially in the special case £ = 1, and for some

nontrivial C' this problem is as hard as the Kakeya problem.
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3.4 Rotated copies: dimension

Now we study what happens if we allow rotation but do not allow scaling. As we mentioned
in the introduction, it is not true that for a general nonempty compact set of centers C', a
typical construction has minimal dimension. However, we will show that this is true provided
that C' has full dimension.

The following lower estimate can be found in [28]:

Fact 3.4.1. Let 0 < k < n be integers, and let S C R"™ be a k-Hausdorff-dimensional set that
can be covered by a countable union of k-dimensional affine subspaces that do not contain 0.
Let ) # C C R™ and A C R™ be such that for every v € C, there exists a rotated copy of S
centered at x contained in A. Then dim A > max{k,k+ dimC — (n —1)}.

In particular, if dim C' = n then dim A > k + 1.

Remark 3.4.2. 1f instead of fixing C', we fix only the dimension d of C'; and S can be covered
by one k-dimensional affine subspace V', then the following simple examples show that the
estimate in Fact 3.4.1 is sharp. Without loss of generality we can assume that V is at unit
distance from 0. For d < n — 1, we can take A = RF x {0} C R™ and take C to be a
d-dimensional subset of R¥ x $"%~1 here S™ denotes the unit sphere in R™ ! centered
at 0. For d = n — 1+ s, where s € [0,1], let E € R" ¥ be an s-dimensional subset of
a line and let F € R™ ¥ be the set with a copy of S %=1 centered at every point of E.
It is easy to show that dimF =n —k — 1+ s. Let C=RFxFand A=RFx E. In
both cases A contains a rotated copy of S centered at every point of C', dimC = d and
dim A = max{k,k +dimC — (n — 1)}.

If S can be covered by two distinct k-dimensional affine subspaces but cannot be covered
by one, then this question becomes much more difficult. Consider, for example, the case
when S consists of two points, both at distant 1 from 0, so now A contains two distinct
points at distance 1 from every point of a 1-dimensional set C' C R2. The discussion in the
introduction implies that if we take C' = S1, then dim A > 1. We do not know if there exists
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a set C with dim C = 1 for which there is such a set A with dim A < 1.

Our goal is to show that for every fixed C' with dim C' = n, the estimate dim A > k£ + 1
in Fact 3.4.1 is always sharp. Moreover, we construct sets of Hausdorff dimension k& + 1
that contain the k-skeleton of an n-dimensional rotated polytope of every size centered at
every point. More precisely, we want to construct a set A that contains a rotated copy
of every positive size of a given set S C R centered at every point of a given nonempty
compact set C. (That is, for every x € C' and r > 0 there exists 7' € SO(n) such that
x+1rT(S) C A.) Instead of every z € C' and r > 0 we will guarantee only every (z,r) from
each fixed nonempty compact set J C R™ x (0,00). By taking countable unions, we get the
desired construction for every (z,r) € R™ x (0, c0).

For a fixed nonempty compact set J C R™ x (0, 00), let K" denote the space of all compact
sets K C J x SO(n) that have full projection onto J. Again, by taking a metric on SO(n)
that induces the natural topology and equipping K" with the Hausdorff metric, K" is also
a complete metric space, so again we can talk about typical K € K" in the Baire category
sense.

Now for any K € K" and S C R", the set

Aes=J z+rT(9) (3.5)
(x,r,TY)EK
contains a rotated copy of S of scale r centered at = for every (z,r) € J. Note that taking
J = C x {1} gives us the special case when only rotation is used.
Again, we start with the case when S is a k-dimensional (0 < k < n) affine subspace of
R"™ that does not contain the origin. Note that if d = dist(.S,0) then x +rT'(S) is at distance

rd from z. This motivates the following easy deterministic (k4 1)-dimensional construction.

Proposition 3.4.3. For any integers 0 < k < n there ezists a Borel set B C R" of Hausdorff
dimension k+1 that contains a k-dimensional affine subspace at every positive distance from

every point of R™.
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Proof. Let W1, Wa, ... be a countable collection of (k 4 1)-dimensional affine subspaces of
R™ such that B := |J; W; is dense. Then B is clearly a Borel set B C R" of Hausdorff
dimension k + 1, so all we need to show is that for any fixed x € R"™ and r > 0 the set
B contains a k-dimensional affine subspace at distance r from x. Choose ¢ such that W;
intersects the interior of the ball B(x,r). Then the intersection of W; and the sphere S(x,r)
is a sphere in the (k4 1)-dimensional affine space W;, and any k-dimensional affine subspace

of W; C B that is tangent to this sphere is at distance r from . m
The proof of the following lemma is based on the same idea as in the construction above.

Lemma 3.4.4. Let 0 < k < n be integers and V' be a k-dimensional affine subspace of R"
such that 0 ¢ V. Let J C R™ x (0,00) be an arbitrary nonempty compact set. Then for a
typical K € K", and for A/I/(V defined by (3.5),

dim A%, < k+ 1.

Proof. Without loss of generality we can assume that V' is at distance 1 from the origin.

Let A(n,k + 1) be the space of all (k 4+ 1)-dimensional affine subspaces of R", equipped
with a natural metric (for example the metric defined in [42, 3.16]), and let Wy, Wo, ... be
a countable dense set in A(n,k + 1). Let B = |J; W;.

Exactly the same argument as in the proof of Lemma 3.3.1 gives that {K € K" :
dim A/I,(,V < s} is G for any s, so again it remains to prove that {K € K" : dim AII/(,V <
k+1} is dense in K”. Since dim B = k+1, it is enough to show that {K € K" : A/I/(,V C B}
is dense in K.

First we show that for any (z,7,7) € J x SO(n) and ¢ > 0, there exist i € N and
T’ € SO(n) such that dist(7,7") < e and =+ rT" (V) C W;. We will also see from the proof
that for the given € > 0 and the above chosen i, there exists a neighborhood of (z,r,T')
such that for any (z*,r*, T*) from that neighborhood, there exists 7% € SO(n) such that

dist(T*,T*") < & and z* + r*T* (V) € W;. Hence, by the compactness of J x SO(n), for
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a given € > 0, there exists an N such that we can choose an ¢ < N for every (z,r,T) €
J x 80(n).

So fix (z,7,T) € JxSO(n) and € > 0. Let W be a (k+ 1)-dimensional affine subspace of
R™ that contains V' such that 0 < dist(WV,0) < dist(V,0) = 1. We denote by v be the point
of V' closest to the origin, and let Vy = z + rT(V), vg =  + rT'(v) and Wy = = + rT(W).
Then Sy := WyNS(x,r) is a sphere in Wy, and V}) is the tangent of Sy at the point vy. If W;
is sufficiently close to Wy, then we can pick a point U6 € 56 = W; N S(z,r) close to vy, and
a k-dimensional affine subspace VO’ C W; close to V| that is the tangent of S(’) at 06. Then VO’
is at distance 7 from z and it is as close to Vp = z + rT'(V) as we wish, so V| =z +rT"(V)
for some 7" € SO(n) and T” can be chosen arbitrarily close to T', which completes the proof
of the claim of the previous paragraph.

Thus, for a given L € K" and € > 0, if we let
K={(x,r,T") : 3 < N,3T st. (,r,T) € L, dist(T,T") < e, v +rT'(V) C W;},

then K € K" and the Hausdorff distance between K and L is at most . Furthermore,

Al C Ufil W; C B, which completes the proof. ]

The same statements hold if, instead of S = V', we consider any subset S C V. By taking

a countable intersection of residual sets we obtain the following.

Theorem 3.4.5. Let 0 < k < n be integers and let S =|J;2, S;, where each S; is a subset
of a k-dimensional affine subspace V; with 0 & V;. Let J C R"™ x (0,00) be an arbitrary
nonempty compact set. Recall that K" denotes the space of all compact sets K C J x SO(n)
that have full projection onto J.

Then for a typical K € K", the set A/[/(,S defined by (3.5) is a closed set with dim A/I/(,S <

k41, and for every (x,r) € J, there exists a T' € SO(n) such that x + rT(S) C AII/(,S'

We can see from Fact 3.4.1 that the estimate k41 above is sharp, provided that dim .S = k

and J D C x {r} for some r > 0 and C' C R" with dim C' = n. This gives the general version
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of (3) and (4) of Corollary 3.1.1.

Remark 3.4.6. In Theorem 3.4.5 we obtain a rotated and scaled copy of S for every (z,r) € J
inside a set of Hausdorff dimension k£ 4+ 1. We claim that using a similar argument as in
[30, Remark 1.6] we can also move S continuously inside a set of Hausdorff dimension k + 1
so that during this motion we get S in every required position. Indeed, let K be a fixed
(typical) element of K" guranteed by Theorem 3.4.5 such that dim A’[/(’ g < k+1. Since K
is a nonempty compact subset of the metric space conv(J) x SO(n), where conv denotes
the convex hull, there exists a continuous function g : Cy/3 — conv(J) x SO(n) on the
classical Cantor set C'y /3 such that g(Cl/g) = K. All we need to do is to extend this map
continuously to [0, 1] such that dim A’g’ (0,1]),8 < k+ 1. For each complementary interval
(a,b) of the Cantor set, we define g on (a,b) in such a way that g is smooth on [a,b] and
that the diameter of g([a,b]) is at most a constant multiple of the distance between g(a)
and g(b). This gives the desired extension since the union of the sets of the form = + r7°(S)
((x,r,T) € g((a,b))) will be a countable union of smooth k + 1-dimensional manifolds, so
dimAlg,((a,b)),S =k+1.

Note that if J = C x {1} then we get only congruent copies. So in particular, for any
k < n, the k-skeleton of a unit cube can be continuously moved by rigid motions in R

within a set of Hausdorff dimension £ + 1 in such a way that the center of the cube goes

through every point of C, or by joining such motions, through every point of R".

3.5 Rotated copies: measure

In this section, we study what happens when we place a rotated punctured hyperplane
through every point. We show that typical arrangements of this kind have Lebesgue mea-
sure zero and are hence Nikodym sets. Using similar methods, we also show that typical
arrangements of placing a rotated hyperplane at every positive distance from every point
have measure zero. We use | - | to denote the Lebesgue measure.

Let e; = (1,0,...,0) € R" and H = {(y1,-.-,yn) € R™ : y1 = 0}. By a rotated
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hyperplane at distance r € [0, 00) from x € R™, we mean a set of the form z+7rT(e1)+T(H)
for some T' € SO(n). Note that we now allow r to be 0, and that x +rT(e1) + T'(H) differs
from x + 1T (e; + H) when r = 0.

Fix a nonempty compact set J C R" x [0,00). As in Section 3.4, we let K" denote the
space of compact sets K C J x SO(n) that have full projection onto J.

In this section we prove the following result.

Theorem 3.5.1. For a typical K € K", the set

U (@+rT(er) + T(H))\ {a}

(x,r,T)EK
has measure zero.

Note that if 7 = 0, then (z +rT(e1) +T(H)) \{z} is x +T(H \ {0}), so we are placing a
rotated copy of the punctured hyperplane H \ {0} through x. Thus, if we consider the case
J = C x {0} for some compact set C' C R", we see that typical arrangements give rise to
Nikodym sets. We also obtain our claim in Remark 3.3.3 that if we place an un-punctured
hyperplane through every point in C', the typical arrangement of this kind has Lebesgue
measure equal to |C].

By taking countable unions of sets of the form in Theorem 3.5.1, we obtain the following:

Corollary 3.5.2. There is a set of measure zero in R"™ which contains a hyperplane at every

positive distance from every point as well as a punctured hyperplane through every point.

3.5.1 'Translating cones

In this section we introduce the main geometric construction for proving Theorem 3.5.1.
This construction is done in R? and we will later see how to apply it to the n-dimensional
problem. Our geometric arguments are similar to those used to construct Kakeya needle sets
of arbitrarily small measure, see e.g. [4].
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For -5 < ¢1 < ¢9 < 5, we define

D(¢1,¢9) = {(rsinf,rcos) :r € R, 0 € [¢1, pa]}.

In other words, D(¢1, ¢9) C R? denotes the double cone bounded by the lines through the
origin of signed angles ¢1, ¢2 with respect to the y-axis. (Note in particular that our sign
convention measures the angles in the clockwise direction.)

Our geometric construction begins by partitioning D = D(¢1, ¢2) into finitely many
double cones {D;}. Next, we translate each D; downwards to a new vertex v; € D;N{ys < 0}
to obtain D; := v; + D;. Our goal is to choose the {D;} and the {v;} so that the resulting
double cones {ﬁz} satisfy the following three properties.

First, the {D;} should have considerable overlap (and hence small measure) in a strip
below the z-axis.

Second, we would like our construction to preserve certain distances to lines. To be more

precise, first let
DL(¢17¢2) = {(rsinf,rcos@):r > 0,0 € [p2 — %@1 + %]}

Our second desired property is that for any point p € DL(¢1, ¢9) and any line ¢ C D, there
is a line in some 131 which has the same distance to p as ¢ does.

For a non-horizontal line ¢ ¢ R? and p € R?, we define d(p, £) to be the signed distance
from p to ¢. The sign is positive if p is on the left of ¢, and negative if p is on the right. In
our construction, we will always consider only lines whose direction belongs to the original
cone D(¢1,¢2). In particular, they are never horizontal so the signed distance is defined.
The essential property of D1 (41, ¢9) is that for any p € DL (g1, ¢2), the map € — d(p, ¢) is
an increasing function as ¢ rotates from one boundary line ¢; of D to the other boundary
line ¢9. Hence,

{d(p,¢) : ¢ C D} = [d(p, £1),d(p, (2)].
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Before stating the third and final property, we observe that since v; € D; N {yo < 0} for
all i, we have D N {yo > 0} C (UU; D;) N {y2 > 0}. The third desired property is that the
reverse containment holds if we thicken D slightly. That is, (|J; 152) N {y2 > 0} should be
contained in a small neighborhood of D N {ys > 0}.

The following lemma asserts that it is indeed possible to partition D and translate the

pieces to achieve the three desired properties above.

Lemma 3.5.3. Let —5 < ¢1 < ¢2 < &, D = D(¢1,¢2), R > 0, and ¢ > 0. Then we can

choose the partition D = | D; and the translates lN)l =v; + D; so that
1 (Ui D) N {—R < yp <0} <.

2. Ifpe D+ and o C D 1is a line, then there is a line { in some ZZ such that d(p,Z) =

d(p, bo).
3. (U; D;) N {ya > 0} is contained in the e-neighborhood of D N {ya > 0}.

To prove this lemma, we first need a more elementary construction, in which we translate

each D; downwards by only a small amount .

Lemma 3.5.4. Let —5 < ¢1 < ¢2 < 5, D = D(¢1,¢2), 6 > 0, and € > 0. Then we can

choose the partition D = |J D; and the translates ZAjZ =v; + D; so that
1. |[(U; Di) N {0 < yg < 0}] < c62, where ¢ = [DN{0 <y < 1}].

2. If p € Dt and lo C D 1is a line, then there is a line ( in some 51 such that d(p,Z) =

d(p, o)-
3. For each i, v; € {yo = —0}.
4. For each i, D+ C 5%
5. (U D;) N {ys > 0} is contained in the e-neighborhood of D N {ya > 0}.

(If D; = D(¥1,49), then D+ := D (1,49) and Di- := v; + Di-.)
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Proof. We claim that for any partition D = |J; D;, if we choose any v; € {y2 = —d} N D; N
(—D%), then we have (1), (2), (3), and (4). Indeed, (3) is immediate. Since —v; € Dii, we
have D+ C DZ-L - EZL, so (4) holds. And (3) implies (1) since |(|J; D;)N {=0 <y <0} <
> [DiN{=0 <yp <0} = 321D N {0 < yp < 6} = o2,

To show (2) holds, let p € D+ and ¢y € D. Then {y is in some D;. Let {1,(5 be
the two boundary lines of D; with d(p,¢;) < d(p,¢2). Recall that ¢ C D; if and only if
vi + 0 C Dj. Since p € Di- and p € Di-, we have {d(p,() : £ C D;} = [d(p,£1),d(p, (2)]

and {d(p,?) : £ C 152} = [d(p,v; + £1),d(p,v; + l2)]. Since —v; € D; N {ya > 0}, we have
[d(p, £1),d(p, £2)] C [d(p,v; + £1),d(p,v; + {2)]. Thus,

d(p, lp) € {d(p,0) : £ C D;} C {d(p, ) : £ C Dy},

so there is some ¢ C D; such that d(p,?) = d(p, fy), which completes the proof of (2) and
hence our claim. Finally, by making the partition | J; D; sufficiently fine and choosing v; as

above, we can ensure that (5) holds. O

Proof of Lemma 3.5.3. We fix a large N and repeatedly apply Lemma 3.5.4 with 6 = R/N
until the vertex of each double cone lies in {yo = —R}. That is, we apply Lemma 3.5.4
once on D to get Fy, a union of double cones with vertices in {yo = —d} and such that
|E1 N {=0 < yp <0} < 62, where ¢ =2|DN{0 < ys < 1}|. Next, we apply Lemma 3.5.4
to every double cone in Ej to get Fa, a union of double cones with vertices in {yo = —26}
and such that |Fo N {—20 <y < -0} < /52, By Lemma 3.5.4(5), we can also ensure that
By N {—6 <yp <0} < o2

We continue in this way to obtain F1,..., Ey, such that |[Ep, N {—70 < yo < —(j —
10} < 6% for 1 < j < k < N. Because of Lemma 3.5.4(5), we can also ensure that
Ep. N {ya > 0} is in the e-neighborhood of D N {yo > 0} for each k. Ultimately, we have
|[Ex N{—R <y <0} < N6%2 = R?/N. By choosing N sufficiently large, we can make

this quantity as small as we wish. Writing E as |J; D;, we obtain (1) and (3). Furthermore,
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every time we translate downwards by d, Lemma 3.5.4(4) allows us to apply Lemma 3.5.4(2).
Thus, (2) holds. O

3.5.2  Proof of Theorem 3.5.1

First we apply our main geometric construction from the previous section to prove the

following lemma.

Lemma 3.5.5. Let n > 2, (zg,rg,Tp) € R™ x [0,00) x SO(n), let B C R" be a closed ball,
and suppose that xo+roTy(er) € B. Let n > 0 be arbitrary. Then there is a (relatively) open
neighborhood U of (xg,rg) in R™ x [0,00) such that for each € > 0, there is a set D CR"

such that:

1. For all (z,7) € (7, there is an affine hyperplane V' C D of distance r from x and such

that the angle between V' and To(H) is at most 7.
2. |BND|<e.

Proof. First we show the lemma for n = 2. Since xg+r¢gTp(e1) € B, without loss of generality,
we may assume that Ty € SO(2) is the identity, that zg + rge; € {y1 = 0,y2 > 0}, and that
B does not intersect {y; = 0,y2 > 0}. We can also assume that B lies in {yo > —2diam B}.
It follows that z( lies in the upper half-plane {ys > 0}.

Using the notation from Section 3.5.1, let D = D(—¢, ¢) be a double cone, where ¢ €
(0,7) is small enough so that x5 € D+ and BN DN {ys > 0} = @. The boundary of D is
made up of two lines, ¢1, {9, with d(zg, (1) < rg < d(xg,l3). Let p > 0 be sufficiently small
so that d(zq,¢1) < rg—p and rg + p < d(zg, l2). Let U be a (relatively) open neighborhood

of (zqg, 7o) contained in
{y € D d(y, (1) <ro—pand ro + p < d(y, l2)} x (ro — p,ro + p)-

Then for any (z,r) € U, there is a line ¢ C D of signed distance r from z. Given & > 0,
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we apply Lemma 3.5.3 to get D := U; D; with |D N {—2diam B < y» < 0}| < ¢ and
BN DN{yy >0} = 0. It follows that |[BND| < . By Lemma 3.5.3(2), for every (z,r) € U,
there is some line ¢ C D of distance r from z. Every line ¢ C D is a translate of some line in
D, so the angle between ¢ and H is at most ¢ < 1. This completes the proof in dimension
n=2.

For an arbitrary n > 2, we can assume without loss of generality that Ty is the identity,
that xg (and hence also xg + rgep) is contained in the two-dimensional plane R? c R”
defined by the first two coordinate axes, and that the same assumptions hold as in the first
paragraph of our proof. Then, if we project the ball B into R?, take the sets U , D C R?
constructed above, and multiply them by R™2, the resulting sets satisfy the requirements

of the statement of Lemma 3.5.5 with e replaced by e diam(B)" 2. O

Lemma 3.5.6. Let (zg,rg,Tp) € R" x [0,00) x SO(n), and let B C R™ be a closed ball.
Let G be a (relatively) open neighborhood of (xq, 19, Ty) in R™ x [0,00) x SO(n). Then there
is an open neighborhood U C R™ x [0,00) of (xg,rg) such that for each € > 0, there is a

compact set K C G with full projection onto U and such that

BN U @+rT(er) + T(H)) (3.6)

(x,r,T)EK
x+rT(e1)¢2B

has measure less than €. (Here 2B denotes the closed ball with the same center as B and

with twice the radius.)

Proof. Without loss of generality, we may assume G = G1 X G9, where G; and G are open
sets in R™ x [0, 00) and SO(n), respectively.

If xg+7r9Tp(e1) € B, then we can choose K C G to contain a neighborhood of (xq, ¢, Tp)
and such that x + rT'(e1) € 2B for all (z,r,T) € K. Then the set (3.6) is empty, so the
lemma holds trivially.

Now suppose zg + roTp(e1) ¢ B. We can apply the previous lemma with 7 sufficiently
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small (depending on G9) to get a set U. We take U to be an open neighborhood of (xq, rg)
inside U and compactly contained in G1. Then for each € > 0, the previous lemma gives a

set D. We take K to be the closure of
{(,r,T) € U x SO(n) :  +rT(e1) + T(H) C D},

and by the properties of D given by the previous lemma, this K has the desired properties.
m

For B C R" a closed ball, let A(B) be the set of all K € K such that

Bn  |J (@+rT(er) + T(H))

(x,r,T)eK
x+rT(e1)42B

has measure zero.
Lemma 3.5.7. A(B) is residual in K.

Proof. For ¢ > 0, let A(B, <) be the set of those K € K" for which there is an > 0 such
that
BN U @+rT(er) +T(H))
(z,r,T)EK"
e+rT(e1)#2B

has measure less than e, where K" denotes the open n-neighborhood of K. Since A(B) =
No—1 A(B, %), it is enough to show that A(B,¢) is open and dense in K" for each ¢ > 0.

Fix ¢ > 0. A(B,¢) is clearly open in K”. To show that it is dense, let L € K" be
arbitrary. Our aim is to find a K € A(B, ¢) arbitrarily close to L. For each (z,r,T) € L, we
take a neighborhood G(x,r,T) of (z,r,T), which we choose sufficiently small (to be specified
later). Then we apply Lemma 3.5.6 to (z,r,T) to get a neighborhood Uy, . 7y C R" x [0, 00)
of (x,7). By compactness, there is a finite collection {(2;,7;,T;)} C L such that {U,, ;. 1)}
covers J.
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Choose ¢; so that > ,e; < . We apply Lemma 3.5.6 to each U(fﬂi,ﬁ‘,Ti) with ¢; in

place of £ to get a compact K; C G( with full projection onto U( Let f(l =

z;,13,T}) NN
K; N (J x SO(n)). Let K be the union of |J; K; together with a finite d-net of L. Then
K € A(B,¢). By choosing ¢ and all the G(x,r,T) sufficiently small, we can make K and L

arbitrarily close to each other in the Hausdorff metric. O

Now we are ready to prove Theorem 3.5.1. It follows easily from Lemma 3.5.7 that, for

a typical K € K",

U (x +1T(e1) +T(H\{0})) (3.7)

(z,r,T)eK
has measure zero. Indeed, let {B;} be a countable collection of balls such that every point in
R™ is covered by a ball of arbitrarily small diameter, and suppose that K € (); A(B;). For
every (z,r,T) € K and for every y € H \ {0} there is a B; which contains « +r71(e1) + T (y)
and has diameter less than |y|/2. Then x + rT'(eq) & 2B;, so x + 1T (e1) + T(y) belongs to
the null set
B;N U @+rT(er) + T(H)).
(z,r,T)EK
a+rT(e1)22B;
To complete the proof of Theorem 3.5.1, we need to show that we can remove the puncture

from H \ {0} when the distance r is nonzero. By adapting the argument in the proof of

Lemma 3.4.4, we can show that for any rg > 0, for a typical K € K", the set

U z+rT(e) (3.8)

(x,r,T)EK
r>70

has dimension at most 1, hence measure zero. By taking a countable intersection of rg

tending to 0, we see that for a typical K € K", the set

U x4+ rT(er)
(z,r,T)EK
r#0
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has measure zero. This completes the proof of Theorem 3.5.1.

Remark 3.5.8. The argument in the proof of Lemma 3.4.4 cannot be applied directly to show
that the set (3.8) has dimension at most 1 for a typical K € K”. There is a slight complication
due to the fact that for g > 0, the function K” — K" defined by K U(x,r,T)eK,rzro T+
rT'(e1) is not necessarily continuous. However, the technical modifications required are

straightforward, so we leave this to the reader.
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CHAPTER 4
ANALYTIC CAPACITY AND PROJECTIONS

This chapter is joint work with Xavier Tolsa and originally appeared in [10].

4.1 Introduction

The objective of this paper is to study the connection between the analytic capacity of a set
and the size of its projections onto lines. First we introduce some notation and definitions.
A compact set & C C is said to be removable for bounded analytic functions if for any open
set ) containing F, every bounded function analytic on © \ E has an analytic extension to
Q. In order to study removability, in the 1940s, Ahlfors [1] introduced the notion of analytic

capacity. The analytic capacity of a compact set £ C C is

Y(E) = sup|f'(c0)], (4.1)

where the supremum is taken over all analytic functions f : C\ F — C with [f| < 1 on
C\ E, and f/(00) = lim,—0 2(f(2) — f(c0)). In [1], Ahlfors showed that E is removable for
bounded analytic functions if and only if v(E) = 0.

In the 1960s, Vitushkin conjectured that a compact set in the plane is non-removable for
bounded analytic functions (or equivalently, has positive analytic capacity) if and only if its
orthogonal projections have positive length in a set of directions of positive measure, or in
other words, if and only if it has positive Favard length. The Favard length of a Borel set
EcCis

Fav(E) = /0 ﬂ?-{,l(Pg(E))dQ, (4.2)

where, for 6 € [0, ), Py denotes the orthogonal projection onto the line Ly := {rew :r € R},

and H' stands for the 1-dimensional Hausdorff measure. In 1986, Mattila [41] showed

that Vitushkin’s conjecture is false. Indeed, he proved that the property of having zero
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Favard length is not invariant under conformal mappings while removability for bounded
analytic functions remains invariant. Mattila’s result didn’t tell which implication in the
above conjecture is false. This question was partially solved in 1988, when Jones and Murai
[32] constructed a set with zero Favard length and positive analytic capacity. Later on, Joyce
and Morters [33] later obtained an easier example using curvature of measures.

Although Vitushkin’s conjecture is not true in full generality, it turns out that it holds
in the particular case of sets with finite length. This was proved by G. David [14] in 1998.
Indeed, he showed that such sets are removable if and only if they are purely unrectifiable,
which is equivalent to having zero Favard length, by the Besicovitch projection theorem.
For sets with arbitrary length, removability can be characterized in terms of curvature of
measures, by [53] (see Theorem 4.2.1 below for more details).

As mentioned above, one of the directions of Vitushkin’s conjecture is false. However,
it is not known yet if the other implication holds. Namely, does positive Favard length
imply positive analytic capacity? In a sense, the main result of this paper asserts that if one
strengthens the assumption of positive Favard length in a suitable way, then the answer is
positive. See the survey [57] for more information on this and other related questions.

Given a Borel measure p in R2, we denote by Pyp the image measure of p by the
orthogonal projection Py from R? onto the line Ly := {rew 7 € R}. Our main result is the

following;:

Theorem 4.1.1. Let I C [0,7) be an interval. For any compact set E C C and any Borel

measure ji on C with [} | Pypul|3 d6 > 0, we have

E) > p(E)?

> (4.3)
J1 I1Poull3 dé

where ¢ 1s some positive constant depending only on ’Hl(]).

In the theorem above, || Pyul|2 stands for the L? norm of the density of Pyu with respect

to length in Ly, and the L? norm is computed with respect to length in Ly too.
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Observe that if the Hausdorff dimension of E is larger than 1, by Frostman’s lemma there
exists a nonzero measure p supported on E such that u(B(z,r)) < r®, with s > 1. Then it

holds that

[T irian < [[ A dutwyduty) < o (4.4)

|z =yl
See Theorem 9.7 in [42], for example. So (4.3) implies the well-known fact that y(F) > 0
in this case. In fact, from (4.4) and (4.3) we get the sharper (also well-known) inequality
v(E) > c¢Cy(F), where C is the capacity associated with the Riesz kernel 1/|x|.

On the other hand, there are sets F in the plane with C(E) = 0 which support a nonzero
Borel measure p such that [; || Pypl|3 d6 < oo for some interval I C [0,7). This is the case,
for example, of any rectifiable set F with H!(FE) < co. To see this, just consider a Lipschitz
graph I such that HY(ENT) > 0 and let p = H!|gap. If Ly, denotes the horizontal axis
with respect to which I' is constructed and I is a sufficiently small neighborhood of 6, then
I; ||P9u||% df < o0, as desired.

It is worth mentioning that the Favard length of E satisfies an estimate very similar
to (4.3):

Fav(E) > u(E)”

>cp———t (4.5)
I | Pl d6

for some constant ¢y > 0. This follows easily from the Cauchy-Schwarz inequality. Indeed,

for any Borel measure y supported on E and 6 € [0, 7),
(E) = || Poully < || Pyulla H (P E)L/? (4.6)
p(E) oill1 < || Popll2 p )< :
Thus,
1/2
W(EYHAD) < [Pl ! (P do < ( / ||Peu||%de) Fav(E)1/2,
I I

which yields (4.5) with ¢; = H(I)?. So a natural question is the following: does there exist
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some absolute constant ¢ > 0 such that
v(E) > cFav(E)? (4.7)

If the answer were positive, then Theorem 4.1.1 would be an immediate consequence of this
and (4.5).

The question (4.7) is widely open, and we think that Theorem 4.1.1 can be interpreted
as a contribution that supports a positive answer. However, we remark that the assumption
that Fav(E) > 0 is strictly stronger than the existence of a measure p supported on E
satisfying Pyu € L2 for a.e. § in some interval I C [0, 7). Indeed, there exists a set E C R2

such that the following hold:
1. HY(PyE) > 0 for a.e. 6 € [0, 7).

2. For all Borel measures p such that p(E) > 0 and all intervals I C [0,7), we have
HY{0 eI PyudL?})>0.

To construct a set E' satisfying (1) and (2), let {1}, }7°; be a sequence of subsets of [0, 7)
such that H! (N I,) = 0 and such that H'(I N I;,) > 0 for all k and all intervals I C [0, 7).
(For example, we can take each I, to be open and dense in [0, ), with #1(I;;) — 0.) By the
digital sundial theorem [20], for each k, there is a set Ej, C R? such that H1(PyEy) = 0 for
a.e. 0 € I, and HY (PyEL) > 0 for a.e. 0 & I},. Let E = J,. E}..

Property (1) immediately follows from the facts that H!(PyE) > 0 for a.e. 6 & (N I
and that H'(". I;;) = 0. To check (2), let x« be a Borel measure such that y(E) > 0. Then
p(Ey) > 0 for some k, so using (4.6), we see that if 6 € [0, 7) is such that Py(u[p,) € L2,

then H!(PyE}) > 0. Hence, for any interval I C [0, ), we have
HI{0el: PpudL?Y)>H({0el:HY(PE,) =0})=H'UI.NI)>0,

and we have verified (2).
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The result stated in Theorem 4.1.1 extends to higher dimensions. In R the role of the
analytic capacity v is played by the capacities 'y, associated to the vector-valued Riesz

kernels z/|z|" 1. Given an integer 0 < n < d and a compact E C R%, one sets
L p(E) = sup (T, 1)],
where the supremum is take over all real distributions 7" supported in E such that

— 2 «Tel®RY a

|m|n—|—1 <L

x
4|
n |x|n+1 L®(RY) —
In the case n =1, d = 2, 'y 1 is the real version of the analytic capacity ~, and from [53] it

holds that v &~ T 1.

In the codimension 1 case (i.e., n = d — 1), I'g 41 is the so-called Lipschitz harmonic
capacity introduced by Paramonov [48]. The analogue of Vitushkin’s conjecture also holds
for sets with finite H"-measure. That is, F removable for Lipschitz harmonic functions in
R™ 1 if and only if E is purely n-unrectifiable, or equivalently, the orthogonal projections of
E on almost all hyperplanes have H"-measure zero. See [46] and [47]. The analogous result
for 1 <n < d—1 is still an open problem.

The higher dimensional extension of Theorem 4.1.1 is the following:

Theorem 4.1.2. For an integer n with 0 < n < d, let Vj C R be an n-plane through the

origin and let s > 0. For any compact set E2 C R% and any Borel measure p on R? with

fB(Vo,s) HPV,U”% dr)/d,n(v) > O, we have

E 2
Fn(E) > c ulE)” ,
Ton 1PV lB ()

where ¢ is some positive constant depending only on s, n, and d.

In this theorem, Py is the orthogonal projection onto the n-dimensional subspace V', and
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|| Py pe]|2 is the L? norm (with respect to n-dimensional Lebesgue measure) in V' of Pyu (we
identify Py p with its density with respect to n-dimensional Lebesgue measure in V). Also,
Yd,n 1s the natural probability measure on G(d,n) (see [42, Chapter 3]), and B(1), s) is a
ball of radius s in G(d,n), where G(d,n) denotes the Grassmanian space of n-dimensional

linear subspaces of R%. See Section 4.3.2 below for the definition of the metric in G(d,n).

The first fundamental step towards the proof of Theorems 4.1.1 and 4.1.2 is a Fourier
calculation which shows that there exist constants ¢, A > 1 (depending only on s, n,d) such

that

BB [ N
//I—yEK(VOJ-)\—lS) |z — y|? . B(Vo.s) 1Py |3 dvya,n (V) (4.8)

)

where, given U € G(d, m) and t > 0, K(U,t) is the cone
K(U,t)={z € R? : dist(z, U) < t|z|},

and VOJ- is the subspace orthogonal to V(). In the planar case n = 1, d = 2, the calculation
is particularly clean and we obtain a more precise result. See Corollaries 4.3.3 and 4.3.11
for more details. Our inspiration for proving the estimate (4.8) comes from the work of
Martikainen and Orponen [38]. In that paper, the authors characterize the “big pieces
of Lipschitz graph” condition on n-AD-regular sets in terms of an integral of the form
i) B(Vo,s) ||Pvu||% dvgn(V), with 11 equal to n-dimensional Hausdorff measure H™ restricted
to a suitable subset E. Roughly speaking, in the proof of the main lemma (Lemma 1.10) of
[38], the authors obtain a variant of the estimate (4.8), but with the left-hand side replaced
by a discretized version of the integral. They do not use the Fourier transform, but instead
use more geometric arguments.

The second step in the proof of Theorems 4.1.1 and 4.1.2 is the construction of a corona

type decomposition which will allow us to bound the L?(z) norm of the Riesz transform

/,m y’nﬂ du(y),



assuming that p satisfies the growth condition
w(B(z, 7)) < c¢gr™  for all z € RE, > 0.

Using this corona decomposition we will deduce that

HRnM”p HRY + //g; yeK (Up,s I:i ECZTT(L) (4.9)

for any Uy € G(d,d —n) and s > 0. In the case n = 1, we will get the following estimate

involving the curvature of u:

///mdu(x) du(y) dp(z) //x . dp(z )dul( ), (4.10)

where R(x,y, z) stands for the radius of the circumference passing through z,y, z. In both
(4.9) and (4.10), the implicit constant depends only on s, ¢y, n and d. See Theorem 4.10.2 for
more details. We remark that other related corona decompositions have already appeared
n [54] and [2], for example. However, the use of the conical Riesz-type energy in (4.8) in
connection with corona decompositions is totally new, as far as we know.

Using (4.8), (4.9), (4.10), and the characterization of analytic capacity in terns of cur-
vature of measures from [53] and the characterization of the capacities I'y,, in terms of L?
estimates of Riesz transforms from [58] and [49], we will obtain Theorem 4.1.1 and Theorem

4.1.2 respectively.

4.2 Notation and preliminaries

4.2.1 Generalities

We write a < b if there is a C' > 0 such that a < Cb, and we write a < b if the constant C

depends on the parameter t. We write a ~ b to mean a < b < a and define a & b similarly.
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We denote the open ball of radius r centered at « by B(x,r). For a ball B = B(x,r) and
d > 0 we write r(B) for its radius and denote 6B = B(x, dr).

Given an m-plane V C Rd, z € Rd, and s > 0, we consider the (open) cone
K(z,V,s)={z € R?: dist(z — 2, V) < s |z — z|}.
In the case z = 0, we also write K(V,s) = K(0,V,s).

4.2.2  Measures and rectifiability

The Lebesgue measure of a set A C R? is denoted by £%(A). Given 0 < § < 0o, we set
HI(A) = inf {Zi diam(A;)" : A; € RY, diam(A4;) <6, A € U Ai} .
We define the n-dimensional Hausdorff measure as

A (A) = lim HF(4).

A set E C R% is called n-rectifiable if there are Lipschitz maps f; : R" — R i=1,2,...,

such that

H" (E \ U fi(R")> = 0. (4.11)

On the other hand, E is called purely n-unrectifiable if any n-rectifiable subset F' C E has
zero ‘H"-measure.

Also, one says that a Radon measure g on R is n-rectifiable if p vanishes out of an
n-rectifiable set £ C R% and moreover p is absolutely continuous with respect to H"|g.

A measure p is called n-AD-reqular (or just AD-reqular or Ahlfors-David regular) if there

exists some constant ¢ > 0 such that

—1..n

¢ " < p(B(x,r)) <cr™  for all z € supp(u) and 0 < r < diam(supp(p)).
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4.2.8 Cauchy and Riesz transform, and capacities

Given a signed Radon measure v in C, the Cauchy transform is defined by

Cu(z) = / L av(w),

Z—Ww

whenever the integral makes sense. The e-truncated version is

1
Cev(z) = /|Z_w>5 o dv(w).

r a sign n measure v in we consider n-dimension iesz transform
For a signed Radon measure Rd, e consider the n-dimensional Riesz transfo

/|ﬁc—y|”+1 V),

whenever the integral makes sense. For € > 0, its e-truncated version is given by

Rlv(x) :/| %dy( ).

r—y|>e |z —

The curvature of a non-negative Borel measure i in C is defined by

2w =[] e ) duly) ),

where R(x,y, z) stands for the radius of the circumference passing through x,y, z. For e > 0,

its e-truncated version is

// l2=y>¢ Bz g )2 du(r) du(y) dp(z).

|x—z|>e
ly—z[>e
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As shown in [44], if 1 is a finite Borel measure in C satisfying the linear growth condition
w(B(z,r)) <cygr forallzeC,r >0,

then

1
||C€N”%2(u) = 6 Cg(ﬂ) +O(u(C)),

where |O(u(C))| < u(C), with the implicit constant depending only on ¢g. The connection
between the Cauchy kernel and curvature of measures was first observed by Melnikov while
studying analytic capacity [43].

We denote by Ly, (E) the set of positive Borel measures p supported on E satisfying
w(B(z,r)) <r" forallz e E, r>0.

The following theorem characterizes analytic capacity in terms of measures from Lq(F) with

finite curvature.

Theorem 4.2.1. Let £ C C be compact. Then we have:

WE) ~ sup{u(E) : ji € L1(E), X(n) < u(E)}. (4.12)

The fact that y(E) is bigger than a constant multiple of the supremum is due to Melnikov
[43], and the more difficult converse estimate to Tolsa [53].

The extension of the preceding result to the capacities I'g,, is the following:

Theorem 4.2.2. Let E C RY be compact. Then we have:

Ca(B) % sup{ p(E) : p € Ln(E), sup Rl 72, < (E) | (113)
>0

Theorem 4.2.2 was proved by Volberg in the case n = d — 1, and it was later extended

to all the values 0 < n < d by Prat [49].
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4.3 The Fourier calculation

4.83.1 The planar case

We think it is worth first studying the planar case because it is simpler the higher dimensional
case, and the result is more precise.

Recall that for any Schwartz function ¢ : R2 — C, we have
Pyo(z) = d(z) forall z € Ly, (4.14)

where (Py¢)(x) = fx+LJ- pdLt = Jr1 oz +y) dLly and E‘Eﬁ denotes the 1-dimensional
b b
Fourier transform on Ly. (Note that Py¢ is the density of Pyv where v = ¢(x)dz.) To see

(4.14), observe that for £ € Ly,

Pyo(€) = /L Fyg(a)e™ T8 du = /L /L | Slety)e P da dy = 6(6),
]

0
where we use the fact that y - & =0 for y € Lel.

Lemma 4.3.1. Let Ky be the cone K = {rew reR,0el}. Let I+ =1+% (modm) and

define the cone Ky similarly. Then the (distributional) Fourier transform of x () || 71

is i, () 2] .

Proof. Let ¢ : R2 — C be a Schwartz function. By applying the identity (4.14) to ¢ and
using the Fourier inversion formula, we have [ Ly pdLt = (Pp#)(0) = [, 1 ¢dLr. Thus, by
9

polar coordinates,

/KI |9U|_1¢A5(m)d:p:/j Leggdﬁld@:/l/LLgbdﬁldQ:/KL|x|—1¢(m)dx7
0 I

which completes the proof. O

Proposition 4.3.2. Let 1) : R — R be a Schwartz function. Then, for any set I C [0, 7],
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we have

[ migao— [ W g,
z—yeK; |z —y

Proof. Let k(r) = xf,(z) 1z|~1, so that k(z) = XK, (z)|z|~! and

I . |)d dy =[x ) v

Since 1 is a real-valued Schwartz function, we have [(k*v¢) ¢ de = [ k |@/Z)\ 2 dz, so it follows

that

I T e ‘/<k*¢>¢dfc—/%|$|2dx—/% o]~ () P

Finally, by Plancherel and the identity (4.14) applied to v, we have

/ ||P9¢||2d0_/ / |P9¢|2d£1d9—// ©)2 dr do (4.15)

- / 2|~V d() 2 d, (4.16)
K,

which completes the proof. O

Corollary 4.3.3. Let p be a finite Borel measure in C with compact support and I C [0, 7]

an arbitrary open set. Then we have

1 2
d dp < P, de,
//;U—yGK[\{O} |.Z' yl 'u(x) (y) - /IJ- H 9#’”2

where K7 is the cone Ky = {rew:rE]R, 0 €I} and IL:I—l—g (mod 7).

Proof. We assume that the integral on the right hand side above is finite. Fix ¢ : R2 — R
a C'*° radial bump function and for ¢ > 0, let ¢-(z) = €l2¢(§) Denote pe = p* ¢z, It

is straightforward to check that the identity (4.15) holds both for p and pe. Then, by the
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dominated convergence theorem we deduce that
. 2 T 1~ - 2
iy [ Ponel3do =t [ fol o) o) P o
e—0 /L e—0 K,

— [ Bl @R = [Pl
K1 jas

Hence, by Proposition 4.3.2 we have

) 1
lim sup // T dpe(7) dpe(y) < / HPGNH%dQ'
e—0 r—yEKy |z -y It

So it suffices to show that

1
dp(z) du(y) <1 dpe(z) due 4.17
//:p—yEKI\{O} |z —yl ule) diuy 1?j51p//x yek; I:r g (@) dpiely)- - (417)

To this end, consider an arbitrary non-negative continuous, compactly supported, function

f(x) < xk, () |z| 1. We have that

[ Frnedue = [(Fre e v on)au

Since f x u is compactly supported and continuous, f * u % ¢z * ¢ converges uniformly to

f*pase— 0, and thus

. ) 1
/f*udu: hm/f*,ugduE §hmsup// —— dpe(x) dpe(y).
e—0 e—0 r—yeKy |z -y

As this holds uniformly for any continuous compactly supported function f such that 0 < f <

XK (7) lz| =1 and K7\ {0} is open, (4.17) follows by the monotone convergence theorem. []
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4.3.2  The higher dimensional case

Let G(d,n) denote the Grassmanian space of n-dimensional linear subspaces of RY. Let Yd,n
denote the natural probability measure on G(d,n). For V' € G(d,n), let Py : R? — V be
the orthogonal projection onto V. We define a metric on G(d,n) by d(V,W) = || Py — Py ||,
where || - || denotes the operator norm.

Recall that for any Schwartz function ¢ : R — C and any V € G (d,n), we have
Pyo(x) = d(z) forallzeV, (4.18)

where (Py¢)(z) = fx v $dLI™ and P/V\¢ denotes the n-dimensional Fourier transform
on V. The proof is identical to the proof of (4.14).

The following is the higher dimensional analogue of Lemma 4.3.1.

Lemma 4.3.4. Let B C G(d,n). Let o,v be measures on R given by

/ fdo = /B /V FdL™ dygn(V), (4.19)
/ fdv= /B /V | FALT " dyg (V). (4.20)

Then the (distributional) Fourier transform of o is v.

Proof. Let ¢ : R% — C be a Schwartz function. Then, as in the proof of Lemma 4.3.1,

/ §do = /B/vqg AL" dyan(V) = /B /Vl%dc" Bip(V)
= [ oo = [ [ oactrig, 0= fow 0

Lemma 4.3.5. Let B C G(d,n). Let o be given by (4.19). Then suppo C UycgV,

c(d,n)
|x|d—n :

o< L% and g—g(x) <

Proof. From the definition of ¢, it is immediate that suppo C [Jy,cgV. The next two
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properties follow from the following identity:

n _ f@)
/G(d,n)/vfdﬁ dygn(V) = c(d,n) /Rd YD ace.

For a proof of this identity, see (24.2) in [40]. O

Lemma 4.3.6. Let 1 : R2 = R be a Schwartz function. Then for any set B C G(d,n), we

have

LIl dunv) = [ = vy

Proof. The proof is identical to the proof of Proposition 4.3.2. O]

To make Lemma 4.3.6 more useful, we obtain a lower bound on g—g via the following three
lemmas.

Lemma 4.3.7. For all V € G(d,n) and for 6 Sq,, 1,
Yan(BV.0)) mg 8141

Proof. This is Proposition 4.1 of [23]. O

Lemma 4.3.8. Let v € R4\ {0}. Then G :={V € G(d,n): 2 € V} and G(d —1,n — 1)

are 1somorphic as metric spaces.

Proof. Let A : Rl 5 R4 be a linear map satisfying A7A = id and whose image is
the orthogonal complement of z. Consider the map ¥ : G(d — 1,n — 1) — G, given by

V + span(AV, z). We will show W is an isometry. First we make two observations.

1. For any V € G, we have Pyz = z.
2. For any z € Rl and V € G(d — 1,n — 1), we have Pyy Az = APy 2.
Let VW € G(d — 1,n — 1). We need to show

| Pov — Pow lpd_ga = 1Py — P llgd—1_pd—1-
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Let y € R% and write y = Az + Az, where A € R and z € R~1. Note that z = ATy. Using

the two observations above, we have

(Pyv — Pow)y = (Pyy — Pyw)Az = A(Py — Pyy)z = A(Py — Pyy) ATy

Hence P\IIV — P\I/W = A(PV — Pw)AT. Since HAHRd_l—)Rd = ||AT||Rd_>Rd—1 = 1, it follows
that ||Pyy — Pywll < ||[Py — Pwl|. To show the reverse inequality, note that for any

z € ]Rd_l, we have

|(Py — Py )z| = |A(Py — Py)z|
= |(Pyy — Pyw)Az|
< ||Pyy — Pyw|||Az|

= [[Pyv — Pouwllz],
which implies ||Py — Py || < [[Pyy — Pow||- -

Lemma 4.3.9. Let B = B(Vy,r) C G(d,n). Let o be given by (4.19). Then there is a

c=c(d,n,r) >0 such that

d
d—Z(ZL‘) > mdc—n on the cone U V.
VeB(Vy,ar)

Proof. Note that o(AA) = A0 (A), which implies d—”(/\x) = /\“_dfil—g(x). Hence, it suffices

toshowili (x )NdnrlforalleUVEB )vah |z| = 1.

Fix x € UVGB )V with [z] = 1. Let G = {V € G(d,n) : x € V}, and let

(G2)? € G(d,n) denote the 0-neighborhood of G.

We claim that

o(B(w,5)) 2 s"qn((G2)*/> N B(Vy,r))  for all s > 0. (4.21)
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To see this, note that if V € (Gy)%/2, then there is some W € Gy such that d(V, W) < 3
Then |z — Pyz| = |Pyr — Pyx| < [Py — Pyl < d(W, V) < 5,50 LY(V N B(x,8) 2a.n 5"

Hence,

o(Blx,s)) = /B oy €V OB ) 10, (1)

>am " 1an((G2)*2 0 B(Vy, ),

which proves (4.21).
Next, we bound fydm((Gz)S/Q N B(Vy,r)) from below. Fix a V] € G, N B(Vj, %r) (Since

x € UVGB(VO,%T) V', V] exists.)
Suppose s < 7. Let Fg be a maximal s-separated subset of G, N B(V7, %r) It follows

from the maximality of Fg that

G:NB(Vi,3r) C | (Gan B(W,s)). (4.22)
WeFs

By (4.22), Lemma 4.3.8 and Lemma 4.3.7 applied to G(d — 1,n — 1), it follows that for

S Sd,n,r 17

#Is Zd,n,r S—(n—l)(d—n). (4'23)

Next, observe that the balls {B(W,5)}wer, are pairwise disjoint and contained in

(G2)*? 0 B(Vy,r), so

'7/d,n((GUC)S/2 N B(Vy,r)) > Z ’Yd,n(B(VVv %)) Zd,n,r s for s Sdm,r L, (4.24)
WeFs

where we used (4.23) and Lemma 4.3.7 in the last inequality. Finally, (4.21) and (4.24) imply

fﬁ—g(rc) Zdnr 1, as desired. -
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Corollary 4.3.10. Let Vj € G(d,n) and s > 0. Then there exist constants A,c¢ > 1 such

that for any Schwartz function ¢ : R% — R,

= L) g, :
S e dy < Pyl dvg, (V
] ektiay Tl s IV B @V

b(@) ¥ (y)
< ————==dxdy.
N C//x—yeK(VOJ-,)\s) |z —y[" o

Proof. By Lemma 4.3.5 and Lemma 4.3.9 (applied to G(d,d — n)),

XK, (x)  dv XK, ()
<2 <

A

where K1 = Uy, B(Vi.L )V Ko = Uvenmp.s) VL.
For A sufficiently large, we have K(VOL, A ls)yc Ky c Ky C K(VOL, As). Thus,

XK(VOJ-,/\*ls)(x) dv XK(VOL,AS)(I)
c1 < () S,
[ dax [
so this corollary follows easily from Lemma 4.3.6. O]

Corollary 4.3.11. Let Vj € G(d,n) and s > 0. Then there exist constants A,¢ > 1 such

that for any finite Borel measure p in R,

P Py pl3 dygn(V).
//SUQ€K(V0J',S) e=ul" = " Japas 1y ullz dvan(V)

The proof of this corollary follows from Corollary 4.3.10, along the same lines as the one

of Corollary 4.3.3, and so we skip it.

Remark 4.3.12. The converse inequality

duly)
Py | dyg // dulz) dyily) 4.25
/. o PV ey TP (4.25)



does not hold for arbitrary measures. Indeed, in the case d = 2, n = 1, consider a segment L
through the origin, and let K (VOL, As) be a cone such that L is not contained in the closure
of the cone. Then with ;= #'|7, the integral on the left hand side is positive (and finite)
while the one on the right hand side is zero.

However, if we modify (4.25) by adding an additional term to the right-hand side, we can
make the inequality true. This result not needed in our paper, but we include the details in

Appendix 4.A.

4.4 The dyadic lattice of David and Mattila

Now we will introduce the dyadic lattice of cubes with small boundaries of David-Mattila
associated with a Radon measure p. This lattice has been constructed in [15, Theorem 3.2].

Its properties are summarized in the next lemma.

Lemma 4.4.1 (David, Mattila). Let u be a compactly supported Radon measure in RY.
Consider two constants Cy > 1 and Ay > 5000Cqy and denote W = supppu. Then there
exists a sequence of partitions of W into Borel subsets @, Q € D, ., with the following

properties:

o For each integer k > 0, W is the disjoint union of the “cubes” Q, Q € Dy, 1, and if

k<l,Q€D,;, and R € D1, then either QN R =2 or else () C R.

ol

e The general position of the cubes () can be described as follows. For each k > 0 and

each cube Q) € D,, 1., there is a ball B(Q) = B(xzq,r(Q)) such that
rQeW,  Agh<r(Q < oAyt

WnNB(Q) CQCWn28B(Q)=Wn B(zg,28r(Q)),
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and

the balls 5B(Q), Q € D, j,, are disjoint.

e The cubes Q € Dy, have small boundaries. That is, for each Q € D, and each

integer [ > 0, set
NFHQ) = {z e W\ Q : dist(z,Q) < Ay*1},

N/"HQ) = {z € Q- dist(z, W\ Q) < Ay},

and

N/(Q) = NFHQ) U N™(Q).

Then
n(N(Q)) < (€103 Ag) T u(90B(Q)). (4.26)

e Denote by Dﬂbk the family of cubes Q) € D, . for which

1(100B(Q)) < Co n(B(Q)). (4.27)

We have that r(Q) = Aak when Q € Dy, j; \ Dzbk and

u(100B(Q)) < Cy n(100" B(Q)) for all 1 > 1 with 100" < Co and Q € Dy j \ DI
(4.28)

We use the notation Dy, = Jy>( Dy k- Observe that the families D, ;, are only defined
for K > 0. So the diameter of the cubes from D, are uniformly bounded from above. For

Q € Dy, we set Dy (Q) ={P € Dy, : P C Q}. Given @ € D, we denote J(Q) = k, and
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we set £(Q) = 56 C Ao_k and we call it the side length of ). Notice that
Cy Q) < diam(28B(Q)) < ((Q).

Observe that r(Q) ~ diam(Q) ~ £(Q). Also we call xg the center of @, and the cube
Q' € D, j—1 such that Q' O Q the parent of Q. We set Bg =28B(Q) = B(7g,287(Q)), so
that

W N s5Bg C Q C By.
We assume A big enough so that the constant 0*100_ 3d=1 4 in (4.26) satisfies

et 1ay > AV? > 10,

Then we deduce that, for all 0 < XA <1,

p({z € Q : dist(z, W\ Q) < AM(Q)}) + n({z € 3.5Bg \ Q : dist(z, Q) < A (Q)})
< /2 (3.5B0).
(4.29)

We denote D/‘jb = Uk>0 Dzbk. Note that, in particular, from (4.27) it follows that

p3Bq) < p(100B(Q) < Cou(Q) i1 Q e D (430)

For this reason we will call the cubes from Dﬁb doubling. Given @) € D, we set ng(Q) =
DY NDL(Q).
As shown in [15, Lemma 5.28], every cube R € D, can be covered p-a.e. by a family of

doubling cubes:

Lemma 4.4.2. Let R € D;. Suppose that the constants Ay and Cy in Lemma 4.4.1 are

chosen suitably. Then there exists a family of doubling cubes {Q;}ier C ng, with Q; C R
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for all i, such that their union covers p-almost all R.

The following result is proved in [15, Lemma 5.31].

Lemma 4.4.3. Suppose that the constants Ay and Cy in Lemma 4.4.1 are chosen suitably.
Let R € Dy, and let QQ C R be a cube such that all the intermediate cubes S, Q € S C R are

non-doubling (i.e. belong to Dy, \ Dﬁb). Then

p100B(Q)) < Ay "MQO=TE=D 00 (R)). (4.31)

We remark that for the preceding two lemmas to hold, we need to choose Ay much larger
than C. From now on we assume this condition to hold.
Given a ball (or an arbitrary set) B C R? and a fixed n > 1, we consider its n-dimensional

density:

From the preceding lemma we deduce:

Lemma 4.4.4. Let Q, R € Dy, be as in Lemma 4.4.5. Then
0,,(100B(Q)) < (CoAg) Ay Q=T g (100B(R))

and

> ©,(100B(5)) < ¢©,(100B(R)),
SeD,:QCSCR

with ¢ depending on Cy and Ayg.

For the easy proof, see [56, Lemma 4.4], for example.

We will also need the following technical result.
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Lemma 4.4.5. Let R € Dy, such that 1(2Br) < C1 u(R). Then there exists another cube

Q < R from Dﬁb such that

with the implicit constants depending on C1.

Proof. Suppose that R € D), ;.. For some N > 1 to be fixed later, denote by Iy the family
cubes from D), ;.4 y which are contained in R. Recall that the balls B(@), Q € Iy, are

disjoint and that their radii satisfy

All the balls from I intersect R and are contained in 2B for N big enough. Thus we have

#In - Cy Aé"“‘N)d < Ed( U B(Q)) < Cy(2Cy A(}k)d,
Qely

and so

d o ~d ANd

Therefore, the cube Q' € Iy with maximal measure satisfies
w@) =27yt AgNIu(R). (4.32)

We claim now that if N is big enough then there exists some cube Q) € ng such that

Q' C Q C R. Indeed, if such cube @) does not exist, then denoting by R’ the son of R that
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contains Q’, we deduce

—10d(N—-2)

p(Q") < u(100B(Q")) < A, H(100B(R')) < Ay 10T—2)

w(2BR)
10dN-2)

<Cq AO
taking into account that 100B(R’) C 2Bg. For N big enough, this estimate contradicts

(4.32), and thus the cube ) mentioned above exists. It is clear that this satisfies the estimates

w(Q) =~ pu(R) and £(Q) ~ ¢(R), as wished. O

4.5 The corona decomposition

Let o a Borel measure in R4 satisfying the growth condition
w(B(z,r)) < cgr™  for all z € RY, > 0. (4.33)

We consider the dyadic lattice D), of David-Mattila associated to p, and we assume that
supp i € Dy, is the biggest cube in this lattice. (To this end, we assume D, i to be defined
for k > ko, with an appropriate ky.) Sometimes we will also denote by Ry the initial cube
supp p. We allow all constants ¢, C', and other implicit constants to depend on n, d, and the
parameters in the definition of the David-Mattila cubes.

Let Top be a family of cubes from ng to be fixed below, with Ry € Top. For every
R € Top, denote by Next(R) the family of maximal cubes @) € Top that are contained in R,
and by Tr(R) the family of cubes @ € D, that are contained in R and not contained in any
Q' € Next(R). Then, define

Good(R)=R\ ) @

Q€<Next(R)
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and for @, S € Dy, with Q C S,

1
5,(Q.8) = ).
w@:5) /QBS\QBQ ly —zql" #ly)

The next lemma is the main tool which will allow us to connect the energy

//zyEK m dp(w) du(y)

to the curvature of p.

Lemma 4.5.1 (Corona decomposition). Given Vy € G(d,d —n) and s > 0, consider the
cone K := K(Vy,s) C RE. Let i be a Borel measure in R4 satisfying the growth condition
(4.33). There exists a family Top C ng as above such that, for all R € Top, there exists an

n-dimensional Lipschitz graph I'p with the slope depending only on s such that:
(a) p-almost all Good(R) is contained in I'g.

(b) For all Q € Next(R) there exists another cube Q € Dy, such that §,(Q, Q) < cO,(2BR)

and 23@ ﬂFR 7'é .

(¢) For all Q € Tr(R), ©,(2Bg) < cO,(2BR).

Furthermore, the following packing condition holds:

1
lz —y|"

> euenp um) suhy+ [ du(e) dply).  (431)

ReTop

with the implicit constant depending only on cq and the aperture s of the cone K.

The next Sections 4.6-4.9 are devoted to the proof of this lemma. In these sections we
assume that y is a measure in R? that satisfies (4.33) and that K = K (Vp, s) is a cone, with
Vo € G(d,d —n), s > 0, such that

1
——dp(x)du(y) < oo.
//xyeK|$—y|” @) u(y)
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4.6 The construction of an approximate Lipschitz graph

From now on we will allow all the constants denoted by ¢ or C', and all the implicit constants
in the relations < and = to depend on the parameters Cy and Ay of the David-Mattila

lattice.

4.6.1 The stopping cubes

We consider constants A > 1, 0 < e < 7 < 1, and 0 < n < 1 to be fixed below. For

Q) € Dy, we denote

/ / be2B, dp(x) dp(y). (4.35)

T— yEK
Q)<|z—y|<n~M(Q)

lz —y|"

Observe that £,(Q) “scales” like ©,(2Bg). (That is, both quantities have the same “physical
dimensions” — two factors of u in the numerator and one factor of length in the denominator.)

Given a cube R € Dﬁb, we consider the following families of cubes:

e The high density family HDy(R), which is made up of the cubes @ € ng(R) which
satisfy ©,,(2Bg) > A©,(2BR).

e The low density family LDo(R), which is made up of the cubes Q) € D, (R) which
satisfy ©,,(2Bg) < 70,(2BR).

e The family BCEy(R) of cubes with big conical Riesz energy, which is made up of the
cubes @ € Dy (R) \ (HDg(R) U LDy(R)) such that

Do EulS)=<=6u02Bg).
S5eD,:QCSCR

We denote by Stop(R) the maximal (and thus disjoint) subfamily from HDg(R)ULDg(R)U
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BCEp(R), and we set

HD(R) = HDy(R) N Stop(R)
LD(R) = LDg(R) N Stop(R)

BCE(R) = BCEy(R) N Stop(R).

Notice that the cubes from HD(R) are doubling, while the cubes from LD(R) and BCE(R)
may be non-doubling.
We let Tree(R) denote the subfamily of the cubes from D, (R) which are not strictly

contained in any cube from Stop(R). (Note that it is possible for Tree(R) to contain only
the cube R itself.)

4.6.2  Preliminary estimates

In this subsection we assume that R € ng. The following statement is an immediate

consequence of the construction of Stop(R) and Tree(R).

Lemma 4.6.1. If Q € D, and Q € Tree(R)\Stop(R), then

Further, the second inequality also holds if Q) € Stop(R).

Proof. The fact that ©,(2Bg) > 7©0,(2Bg) for all Q € Tree(R)\Stop(R) follows from the
definition of the family LD(R). To check that for such cubes it also holds ©,(2Bg) <
¢ A©,(2Bp), note first that this holds if Q € DP(R) (with ¢ = 1). If Q & DP(R), let
P(Q) € Dﬁb(R) be the smallest doubling cube that contains @ (such a cube exists because
R € Dﬁb(R)), so that @M(QBP(Q)) < A©,(2BR). For j > 0, denote by Q; the j-th ancestor
of @ (ie. Q; € Dy is such that Q C Q; and /(Q;) = A‘é 0(Q)). Let i > 0 be such that
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P(Q) = @;. Since the cubes Q1,...,Q;_1 do not belong to Dﬁb, by Lemma 4.4.4 we have

0,(2Bg) S 0,(100B(Q)) < ¢(Cy, Ag) Ay ¥ ©,(100B(Q;)) ~ Ay ¥ ©,(280,)

< A0,(2Bp)

Finally, if @ € Stop(R), we just need to take into account that ©,(2Bg) < @M(QB@),

where @ is the parent of (). O

The next result is essentially proven in Lemma 6.3 from [2].

Lemma 4.6.2. There is some constant C(A,7) > 0 big enough so that for any cube
Q € Tree(R) there erxists some cube Q" D Q such that Q' € Dﬁb N Tree(R) and €(Q') <
C(A,7) Q). If R & Stop(R), then we can take Q" € Tree(R) \ Stop(R).

4.6.3 A key estimate

For € R? and \ > 0 we denote

Given () € Dy, we also set

In the case A =1, we write K and K¢ instead of Kl and Ké)'

Lemma 4.6.3. There exists some constant M > 1 depending only on s such that the fol-

lowing are true.

(a) Suppose Q € Tree(R) and Q" € Dy (R) satisfy Q' N (Ké)/2 \ MBg) # @ and ((Q") <

L dist(Q', Q). Then Q' ¢ Tree(R).
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(b) Let J C Tree(R) be a family of pairwise disjoint cubes. Then

u( U Kg% (R\MBQ)) < C(A, 7, M) e u(R). (4.36)
QeJ

Proof of (a). Let P € Dy(R) be such that Q' C P C R, P C Kg/4

Let S € Dy(R) be such that Q € S C R, ((S) ~ 17 {(P), and dist(P, S) ~ £(P). For M big

and ((P) = dist(P, Q).

enough and an appropriate choice of the implicit constants, we have

2Bp C K, for all z € 2Bg.

Therefore,

HCBp) u2Bs) 5 < [ / 25 dita) duy) = () Eu(S), (437

yEK
S)<lw—y|<n~1U(S)

|z —y|"

assuming 7 small enough (depending on M).

Since ) € Tree(R) and @ C S, we have S ¢ Stop(R) and thus

0,(28p) ~ L S ) 6,(5) < £,(5) < c0,28m)

Thus if ¢ is small enough, then P € LDy(R). Since Q' C P, it follows that Q" & Tree(R). O

Proof of (b). We can assume that the cubes of the family J cover R. Otherwise we replace
J by a suitable enlarged family J'.
For a fixed Q € J, if M is big enough, we can cover Ké?ﬂ N(R\ MBg) by a family

of cubes P € Dy (R) such that P C K4

, PN (R\ MBg) # 9, and ((P) ~ dist(P, Q).
We denote by I¢y this family. We assign a cube Spg € Dy(R) to each P € I such that

Q< Spg CR,USpg) ~ ﬁE(P), and dist(P, Spg) = £(P). As in the proof of (4.37), for
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M big enough, n small enough, and an appropriate choice of the implicit constants, we have

H(2Bp) W(2Bspq) oy S MSPQ) En(Sr)

Since @ C Sp, we have Sp g ¢ Stop(R) and thus

1 1
1(2Bgp,,) WPy M 1(2Bgp, ) WSpg) ~AmM ©u(2BR),

SO

Ou(2BR) 1(P) Saqrm 1(Spg) Eu(Sp)-

Consider now a maximal subfamily A C UQe 7 1o, so that the cubes from A are pairwise
disjoint and

U &y n@®@\MBg)c |J P
QeJ PeA

For each P € A we choose a cube S(P) := Spg, where @ is such that P € Ig. The
precise choice of () does not matter as long as P € I. Observe that for each cube S € D),
there is at most a bounded number (depending on M) of cubes P € A such that S = S(P),
taking into account that ¢(S(P)) ~ ﬁ ((P) and dist(P, S(P)) =~ {(P). Further, all the cubes

{S(P)} pe4 belong to Tree(R) \ Stop(R). As a consequence,

M( y Kggﬂ (R\MBQ)) <3 u(p) (4.38)
0 PecA
NATA[QHQBR > HS(P)ES(P)
1
SarM g opy 2 MSE()
©u(2BR) S€Tree(R?)\Stop(R)

S D Q for some Q € J
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By Fubini, we get

3 u(S) E,(S) = 3 > Q) Eu(S)
S€Tree(R)\Stop(R) SeTree(R)\Stop(R) Q&J:QCS
S D Q for some Q € J S D Q for some Q € J
= Z 1(Q) Z 5#(5)-
QeJ SeTree(R)\Stop(R)
QCSCR

Note now that for any @) € J,

> Eu(S) < e0©,(2BpR),

SeTree(R)\Stop(R)
QCSCR

because of the stopping condition involving the cubes from BCE(R). Therefore,

> 1(S) Eu(S) <eOu(2BR) Y p(Q) < £0u(2BR) u(R).
S€Tree(R)\Stop(R) QeJ
S D Q for some Q € J

From (4.38) and the preceding estimate, the lemma follows.

Denote

00
GR:R\ U Q and éR: ﬂ U QMBQ.
Q€Stop(R) k=1 Q&cTree(R)
UQ)<A"

and observe that Gp C G Rr- As an immediate consequence of the preceding lemma, we can

show that G R is contained in a Lipschitz graph.

Lemma 4.6.4. For all x,y € éR, we have v —y ¢ K1/2. Hence, CN;R s contained in an

n-dimensitonal Lipschitz graph with Lipschitz constant depending only on s.

Proof. Suppose for contradiction that z,y € éR and x —y € KY2. Let Q,Q" € Tree(R) be

1/2

such that = € 2M Bg and y € 2M By, with 0(Q), £(Q") so small that Q’Q(KQ \MBg) # @
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and £(Q') < ﬁdist(@’,@). By Lemma 4.6.3(a), it follows that Q" ¢ Tree(R), which is a

contradiction. ]

4.6.4 An algorithm to construct a Lipschitz graph close to the stopping

cubes

Given t > 1, we say that two cubes Q, Q' C D,, are t-neighbors if

Q) < 6(Q) < tU(Q) (4.39)

and

dist(Q. Q') < HU(Q) + UQ")). (4.40)

We say that a family of cubes is ¢t-separated if there is not any pair of cubes in this family
which are ¢-neighbors.
Given a big constant t > M to be fixed below, we denote by Sep(R) a maximal ¢-separated

subfamily of Stop(R). It is easy to check that such subfamily exists. Next, we define
Sep(R) = {Q € Sep(R) : 2MBoNGp = @ and 3Q’ € Sep(R) such that 2M By € 2M By}

Lemma 4.6.5. Suppose t is sufficiently large (depending on M ). Then for all Q,Q" €
§(\=.B(R), we have Q' ¢ MByg.

Proof. Suppose Q' € Sep(R) and Q' C M Bg. We will show Q ¢ Sep(R). I £(Q") > t~14(Q),
then Q' ¢ M Bg implies that @, Q' are t-neighbors if t is sufficiently large. On the other
hand, if £(Q’) < t~1(Q), then Q' C M B implies that 2M By C 2M B if ¢ is sufficiently

large. Hence, in both cases, we have ) ¢ §evp(R). ]
Lemma 4.6.6. The following holds:

(a) For each Q € Stop(R) there exists some cube Q' € Sep(R) which is t-neighbor of Q.
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(b) For each QQ € Sep(R), at least one of the following is true:

— 2MBoNGR # @.

— There exists some P € Sep(R) such that P C 2M By.

Proof. The first statement is obvious from the maximality of the separated family Sep(R).
For the second one, note first that the statement is clearly true if Q) € géB(R). If Q e
Sep(R) \géB(R) and 2M By N Gp = @, then there exists another cube Q1 € Sep(R) such
that £(Q1) <t 1(Q) and 2M By, C 2M By.

IfQ e EZB(R), then we take P = Q1. Otherwise, since 2M Bgy, N CNJR C2MBgn éR =
@, there exists some cube Q9 € Sep(R) such that £(Q2) < t~14(Q1) and 2M Bg, C 2M By, .
Iterating this process, we will get a sequence of cubes Q = Qp, Q1, . . - Q@ such that £(Q;) <
t710(Q;_1) and 2MBq, C 2MBgq,_,, for j=1,...,m.

If the process does not terminate, then ﬂ;’io 2M BQj is nonempty. By definition of G Rs
we have ﬂ?’;o 2M BQ]. c G R» which contradicts our assumption that 2M Bg N G R =9.
Hence, this process terminates at some @, (i.e., Qm € gé?)(R)) We take P = @, and

obtain P C 2M Bp C 2M By,. O

Lemma 4.6.7. Assume that t is chosen big enough (depending on M, but not on A, T, or

e). Then:

(a) For all Q,Q" € /S—éB(R), we have

1/2

_ 12 _
Q"

QNK Q’mKQ =0. (4.41)

(b) For allz € G and for all Q € g?a/p(R), we have
v g Ky* and Qn Ky’ = o. (4.42)

Proof of (a). Suppose that (4.41) fails. Observe that this implies that both @ N Kl/,2 and
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Q' NK 65/ 2 are nonempty. Suppose that £(Q) < £(Q’). Since Q and Q' are not t-neighbors,
then we must have £(Q") < t~14(Q).

We claim that Q' C MBg. Suppose not. Then Q'n (Ké/2
Q) < % dist(Q, Q"). Hence it follows that Q" & Tree(R), a contradiction. This shows

\ MBg) # @, and ((Q') <

that Q' C M Bg. But that contradicts Lemma 4.6.5. O

Proof of (b). Suppose for contradiction that = € KéQ/Q. We claim that z € M Bg. Suppose
not, so that = € Ké/z\MBQ. Let Q" € Tree(R) be such that = € 2M Bgy with £(Q") so small
that £(Q') < ﬁ dist(Q', Q). By this inequality and the fact that Q' N (Ké?/2 \MBg) # @, it
follows from Lemma 4.6.3(a) that Q" ¢ Tree(R), which is a contradiction. Hence x € M B,

s0 2M B N GR # @. But this contradicts Q € géB(R). O

Lemma 4.6.8. Let Ag > 0 be big enough, depending on M and t. There is a Lipschitz
graph I' g with slope depending only on s such that éR C TR and A\gBoNI'g # & for every
Q € Tree(R).

Proof. For each Q) € géB(R), pick a point zg € Q. Let F' = {20 : Q € géB(R)} U éR. By

Lemma 4.6.4 and Lemma 4.6.7, it follows that
x—y §ZK1/2 for all z,y € F.

Hence there is a Lipschitz graph ['p containing F.
By Lemma 4.6.6, any cube P € Stop(R) is t-neighbor of some cube P’ € Sep(R) and
2MBpr N F # @. So if @ € Tree(R), then either ) intersects éR or () contains some cube

P € Stop(R) and thus
dist(Q,T'p) < dist(P,T'g) < C(t)((P) < C(t) {(Q).
which implies AgBg NI'p # 2. O

120



4.6.5 The small measure of the low density set

The goal in this section is to estimate the total measure of the cubes in the low density set.

Lemma 4.6.9. We have

Y w(@) <c(r+C(A 7, M)e) u(R).
QeLD(R)
To prove Lemma 4.6.9, we will construct an auxiliary n-dimensional Lipschitz graph, by
arguments quite similar to the ones for I'p. We denote by S/t?)/p(R) the subfamily of cubes
@ € Stop(R) such that

o¢ |J KZPn(R\MBp),

PeStop(R)
so that, by Lemma 4.6.3(b),
" U Q) < C(A,7,M)e u(R), (4.43)
QeStop(R)\Stop(R)

We claim that we can choose a subfamily LDge,(R) C LD(R) N Stop(R) which is t-

separated and such that

>, p@<cw Y w@). (4.44)

QeLD(R)NStop(R) Q€LDsep(R)

To this end we argue as follows: let LD{(R) be a maximal ¢-separated subfamily of LD(R) N
Stop(R). Let LDy(R) be a maximal t-separated subfamily of LD(R) N Stop(R) \ LD1(R). By
induction, let LD;(R) be a maximal ¢-separated subfamily of LD(R) N Sft:)/p(R) \ (LD (R) U
... ULDj_1(R)). It turns out that there is bounded number Ny of non-empty families
LD;(R), with Ny depending on t. Indeed, if @ € LD;(R), then @ is a t-neighbor of some
cubes Q1 € LD(R), Q2 € LD2(R),..., Qj—1 € LD;j_1(R), by the maximality of LDj(R) for

k=1,...,7—1. Since the number of t-neighbors of any cube has some bound depending on
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t, we get j < No. Now we just let LDgep (1) be the family LD;(R) for which ZQELDj(R) w(Q)

is maximal, and then we have

> M <No Y @),

QELD(R)NStop(R) Q€ELDsep(R)

which proves our claim.
Next, we modify the family LDgp (1) as follows: if there are two cubes @, Q € LDsep (1)
such that

L1BgN11By # @ and ((Q) < ((Q"), (4.45)

then we eliminate ). We denote by IZB(R) the resulting family after eliminating all cubes

Q' of this type in LDgep(R). We have the following variant of Lemma 4.6.6(b).
Lemma 4.6.10. For each Q € LDse,(R), at least one of the following is true:

e 1.2BoNGRr+#2

o There exists some P € I:B(R) such that P C 1.2Bg.
Proof. If Q,Q" € LDsep(R2) satisfy (4.45), then (4.40) holds, and thus (4.39) must fail.
Therefore, () must be much smaller than @', and so

Q) <t M(Q) and 1.2Bg C 1.2By if €(Q) < ((Q)),

assuming t big enough to guarantee the last inclusion. Now we can copy the proof of
Lemma 4.6.6(b) with 2M replaced everywhere by 1.2. O

For each Q) € I:E)(R) we choose a point

woeQ\ |J KYPn(R\MBp).
PeStop(R)
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Lemma 4.6.11. There exists an n-dimensional Lipschitz graph T'g which passes through

every point wp, P € LD(R).

Proof. It is enough to show that for any pair wg, wg, with @, Q € I?[S(R), Q # Q' we
have

wg —we & K2 (4.46)

To show this, suppose that £(Q) < ¢(Q’). By the construction of the points wp, P € I:B(R),

it follows that
1/2 1/2
wQ/Q'KQ ﬂ(R\MBQ) and ngK, ﬂ(R\MBQ/),
which implies that

wey & Kup \ Blwg, et MUQ))  and  wg ¢ Kﬁu/;, \ Blwg, e MUQ")),

for some c1 ~ 1.

So to conclude the proof of (4.46) it suffices to show that
woy & B(wg, 1 MU(Q)). (4.47)
To this end, notice that if wg € B(wg, A MA(Q)), then
dist(Q, Q') < |wg — wey| < ctMUQ) < HUQ) + Q).
assuming t = t(M) big enough. Since Q and @’ are not t-neighbors, we must have
0Q) <t7H(@).

Together with the fact that 1.1Bg N 1.1Bg = &, and recalling that wg € @ C By and
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wey € Q' c By, this implies that

1 ct
lwg —wer| > 1_OT<BQ/> > 10 r(Bg) > ¢ M U(Q)

if t(M) is big enough again. So (4.47) holds, and the lemma follows. O

Proof of Lemma 4.6.9. Consider the family of balls {1'5BQ}Q€LDsep(R)' By the covering

Theorem 9.31 from [55], there exists a subfamily F C LDgep(R) such that:
(1) UQELDSep(R) 15BQ - UQEJ: QBQ,

(ii) > ger X158y < C-

Then

Y. w@ < ) u2Bg) <erOu(2Br) Y r(Bo)"

Q€ELDsep(R) QeF QeF

Recall now that for each Bg, with @ € F C LDgep(R), there exists some point wp €

I'0 N 1.2Bg or some point x € éR N1.2Bgy C'rN1.2Bg. Then we have
Hn(1.5BQ NTpuUTR)) ~ T(BQ)n.
So using the property (ii) of the covering, we obtain

> r(Bg)" S Y H'(15Bo N (TgUTR)) < CH"(2BRNn (TyUTR)) < C'U(R)".
QeF QEF

Thus,

Z Q) < eTOu(2BR) UR)" < cTpu(R).
QGLDSep(R)
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Together with (4.44), this yields

> n(Q) < C7p(R),

QELD(R)NStop(R)

with C' depending on t. Finally to conclude the lemma, we just take into account that, by

(4.43), we have

> w@Q) < C(A, 7, M)e u(R).
QELD(R)\Stop(R)

4.6.6  The approrimate Lipschitz graph

In the next lemma we gather some of the previous results and estimates.

Lemma 4.6.12. Let R € Dﬁb, and suppose that 7,m,c are small enough and ¢ < 7. Then
there exists an n-dimensional Lipschitz graph I'r whose slope is bounded above by some

constant depending only on s such that the following holds:
(a) R\ UQEStOp(R) Q CI'g.

(b) There exists some constant Ag > 1 such that for all Q € Tree(R),

AoBQﬂFR#Q.

(¢c) We have:
S @) <V u(R), (4.48)
QeLD(R)
and also
1
Yo Q< —=—mm= D, Euld)usS). (4.49)
QeBCE(R) = Ou(2B) SeTree(R)



Proof. The statement (a) follows from Lemma 4.6.4, and (b) from Lemma 4.6.8. On the other
hand, the estimate (4.48) follows from the analogous one proved in Lemma 4.6.9 choosing &

and 7 suitably small. Finally, concerning (4.49), recall that if @ € BCE(R), then

> £u(S) = c0,(2Bp).
SeD,:QCSCR

Therefore,

(VAN
| =
N
=
2
=
&

g
SeTree(R)

4.7 The family of Top cubes

4.7.1 The family Top

We are going to construct a family of cubes Top C Dﬁb inductively. To this end, we need
to introduce some additional notation. Given a cube Q € D, we denote by MD(Q) the
family of maximal cubes (with respect to inclusion) from DZb(Q) \ {@}. Recall that, by
Lemma 4.4.2, this family covers pu-almost all of (). Moreover, by Lemma 4.4.4 it follows that
if P € MD(Q), then ©,(2Bp) < cO,(2Bg). Given R € DZb, we denote

Next(R)= ] MD(Q).
QeStop(R)
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By the construction above, it is clear that the cubes in Next(R) are different from R (because

MD(Q) #{Q}).
For the record, notice that if P € Next(R), then

0,(2Bg) < c(A)©,(2BR) forall S € D, such that P C S C R. (4.50)

We are now ready to construct the aforementioned family Top. We will have Top =
Uj>0 Topy. First we set

Topy = {Ro}-

(Recall that Ry = supp p.) Assuming Top;. has been defined, we set

Topy11 = U Next(R).
ReTopy,

Note that the families Next(R), with R € Top;., are pairwise disjoint.

4.7.2  The family of cubes 1D

We distinguish a special type of cubes from Top. For R € Top, we write R € ID (increasing

density) if

u< U
QeHD(R)

Q) > %M(R)-

Lemma 4.7.1. Suppose that A is big enough. If R € ID, then

Ou2BRIu(R) <5 Y ©u(2Bg) Q). (451)

QeNext(R)

DN | —
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Proof. Recalling that ©,(2Bg) > A©,(2BR) for every () € HD(R), we deduce that

©,(2BR) 1 2 Y 0.@2Brp)u@) <2471 Y 0u(2Bg) n(Q).
QEHD(R) QEHD(R)

Since the cubes from HD(R) belong to Ddb, it follows immediately from Lemma 4.4.5 that

for any @ € HD(R),

0,u(2Bg) n(Q) < > ©u2Bp)u(P),
PeNext(R):PCQ

and then it is clear that (4.51) holds if A is taken big enough. O

4.8 The packing condition

Lemma 4.8.1. Suppose that
w(B(x,r)) < cor"™  for all x € supp u, r > 0. (4.52)

For all S € Top we have

S OB u() Senes )+ [ feop, g ) 05

ReTop:RCS —yeK
assuming that the constants A, 7,e, and n have been chosen suitably.

Proof. We denote Top(S) = Top N D,(S) and Top;(S) = Top; N Dy (S). For a given k > 0,
we also write

Top(S) = | J Top;(9)
0<j<k

and also
IDf = ID N Topf(S).
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To prove (4.53), first we deal with the cubes from the ID family. By Lemma 4.7.1, for

every R € ID we have

Ou(2BR) u(R) < Y ©Oul2Bo) @)

QeNext(R)

N —

and hence we obtain

S eeBam <y Y Y 0eBu@<y Y 0u2Bo)u@),

ReIDE RelDk QeNext(R) QeTopktL(8)

because the cubes from Next(R) with R € Toplg(S) belong to Topngrl(S). Thus,
Y Ou2Bg)u(R)
RETop’S(S)

_ 3 ©,(2Bg) u(R) + > ©u(2Bg) u(R)
RETopIS(S)\IDlg REIDIS

1
< ) GuEBRuB)+5 Y Ou2BR) u(R) + Ceop(S),
ReToplg(S)\IDg ReTop§(S)

where, for the last inequality, we took into account that ©,(2Bg) < Ccy for every R €

Topy11(S) because of the assumption (4.52). Using that

Z ©u(2BR) n(R) < (k +1) Cco p(S) < oo,
RETop’S(S)

we deduce

> 0u2BR)uR) <2 Y ©u2Bg) u(R) + Ccou(S).
ReToplg(S) ReToplg(S)\ID’g
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Letting k — oo, we derive

>, Ou@BR)u(R)<2 Y. ©u(2BR) u(R) + Ccg u(S). (4.54)
ReTop(S) ReTop(S)\ID

To estimate the first term on the right hand side of (4.54) we use the fact that, for

R € Top(S) \ ID, we have

and then using Lemma 4.4.2, we get

M(R)SM(R\ U Q)+2u( U @) (455)

QeStop(R) QeStop(R)\HD(R)
:2M<R\ U @)+2 > m@+2 Y Q)
QeNext(R) QELD(R) QEBCE(R)

Recall now that, by (4.48),

ST u@) < V2u(R).
QeLD(R)

Choosing 7 < 1/16, say, from (4.55) we infer that

um<in(ry U Q)1 ¥ we.

QeNext(R) QeBCE(R)

So we deduce that

> ewspum=t ¥ eeonu(ry U q)

ReTop(S)\ID ReTop(5) QeNext(R)
+4 ) ©u2Br) Y. ul@. (4.56)
ReTop(S) QeBCE(R)

To deal with the first sum on the right hand side above, we take into account that the sets
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R\ UgeNext(r) @ with I € Top(5), are pairwise disjoint, and also that ©,,(2Bg) < C c,

by the condition (4.52). Then we get

> oueswa(ry U Q) <caus) (4.57)

ReTop(S) QeNext(R)

To deal with the second sum in (4.56), we use (4.49) to obtain

1
> eu@Br) Y p@<- Y Y &UP)uP)
ReTop(S) QeBCE(R) ReTop(S) PeTree(R)
1
<2 Y EPIuP)
PeD,(S)

Denote by £, the side length of the cubes from D), ;.. By the definition of £,(P) (see (4.35))

and the finite overlapping of the balls 2Bp among the cubes P of the same generation, we

get
1
Z 5u Z Z /ﬁ:eQBp mdﬂ(ﬂﬁ) du(y)
PED,(S k PeD, T yGK .
P)<|z—y|<n~(P)
1
) [fre2s, o dule) duy)
r—yeK r =yl
np<lz—y|<n~'4
1
Sn //r€23S Wdﬂ(ﬂf) dp(y).
r—yeK
Therefore,
> euBp) ) Sea | ﬁews 1 ) o).
ReTop(S) QGBCE
Together with (4.54), (4.56), and (4.57), this yields (4.53). O
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4.9 Proof of Lemma 4.5.1

We have to show that the family Top satisfies the properties stated in Lemma 4.5.1. By the

definition of the family Next(R) and Lemma 4.4.2, we have

U Q= U Q up to a set of y-measure 0.
Q€Stop(R) QeNext(R)

Thus, by Lemma 4.6.12(a), p-almost all of R\ Ugenext(r) @ is contained in I'p, and we
have verified property (a) of Lemma 4.5.1.

Next we deal with the property (b). Given @) € Next(R) we have to check that there
exists some Q € D,, such that §,(Q, Q) < c©,(2BR) and QB@ NTg # @. Let Q' € Stop(R)
such that Q@ C @'. By Lemma 4.6.12(b), there exists some constant Ay > 1 such that
Ay By Nl'g # . This implies that there exists one cube CNQ € Tree(R) such that Q' C @,

Q) ~ £(Q"), and 23@ NI # @. We split

~ 1 1
5,(0,0) = L+ / L ).
w@.Q) /ZBQ\QBQ/ ly —zql|" Bly) 2By\2Bg |Y — 2Q[" #(y)

To estimate the first integral we use the fact that |y — zg| = £(Q') ~ £(Q) in the domain of

integration, and we derive

1
—————du(y) S Ou(2B5) Sa Ou(2Bp).
/zB@\ng/ ly —zql" H) 5 Onl2Bg) 54 Oul2Br)

To estimate the second one we take into account that there are no doubling cubes strictly

between @) and Q’. Then from Lemma 4.4.4 and standard estimates, it easily follows that

1
/ZB w25, 1 — 1" dp(y) < ©,(100B(Q")).
QI\“PQ

If Q" is doubling, then 0,,(100B(Q’")) < Ou(2Bg) S A©u(2BR). Otherwise Q" # R and
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the parent of @', which we denote by 62\’, belongs to Tree(R) \ Stop(R). Thus, by Lemma
46.1,

0,4(100B(Q) S Ou(2B5) S AOL(2Bp)

taking into account that 100B(Q")) C QB@ for the first inequality (since Ag > 1 in the
David-Mattila lattice). Hence in any case, 5H(Q,@) <4 ©u(2BpR) and (b) in Lemma 4.5.1
holds.

Next, we observe that (c¢) in Lemma 4.5.1 follows from Lemma 4.6.1 in case that @) €

Tree(R), and from (4.50) otherwise.

Finally, the packing condition (4.34) has been proved in Lemma 4.8.1.

4.10 Application to curvature, Riesz transforms, and capacities

4.10.1  Curvature of measures and Riesz transforms

To estimate the curvature of p we will use the following result:

Lemma 4.10.1. Let p be a measure satisfying the growth condition (4.33). Suppose that
there exists a family Top C Dﬁb as in Section 4.5 such that, for all R € Top, there exists an
n-dimensional Lipschitz graph I'p whose slope is uniformly bounded above by some constant

independent of R such that:

(a) p-almost all Good(R) is contained in I'g.

(b) For all Q € Next(R) there exists another cube Q € Dy, such that §,(Q, Q) < cO,(2BR)

and QB@ ﬂFR 7& .

(c) For all Q € Tr(R), ©,(2Bg) < cO,(2BR).
In the case n =1, we have:
() S Y 0u(2BR)* u(R), (4.58)

ReTop
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and for any integer n € (0,d),

sup [REjtl 72,y S Y Ou(2BR)*u(R), (4.59)
e>0 ReTop

with the implicit constant depending only on cq in both estimates.

For n = 1,d = 2, a version of this result which uses the usual dyadic lattice of R? instead
of the David-Mattila lattice is proven in [54]. For arbitrary n,d, another version in terms of
the David-Mattila lattice is shown in [26], which in fact is valid for other singular integral

operators with odd kernel, besides the Cauchy and Riesz transforms.

By combining Lemmas 4.5.1 and 4.10.1 we obtain the following result.

Theorem 4.10.2. Given Vg € G(d,d—n) and s > 0, consider the cone K := K(Vj, s) C R%.

Let v be a Borel measure in R4 satisfying the growth condition
w(B(z, 7)) < cor™  for allz € R, > 0.
In the case n =1 we have

2 R
() S lwell +//x_y€K P— dp(x) dp(y),

and for any integer n € (0,d),

1
sup || R || < +// ——— du(x) du(y).
Sup R il z2) S I e [Ty p(x) du(y)

The implicit constants in both inequalities depend only on d, n, cg, and s.
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Proof. From Lemmas 4.5.1 and 4.10.1, in the case n = 1 we deduce the following:

) Sl + Y 0u@BR*u(R) S llul+ > ©u(2Bg) u(R)
ReTop ReTop

1
S +// du(x) du(y),
[l ek T = () dp(y)

and analogously, for any integer n € (0,d), with sup.~ HR‘?’MH%Q(M) instead of ¢2(p). O

4.10.2  Analytic capacity

To prove Theorem 4.1.1, recall that by Theorem 4.2.1, for any compact set £ C C we have
V(E) = sup{o(E) : 0 € L1(E), (o) < o(E)}, (4.60)

where Lq(E) stands for the set of positive Borel measures supported on E satisfying
o(B(xz,r)) <rforalxzeFE, r>0.

Let 4 be a measure supported on E such that 0 < [; ”PGMH% df < oo, and denote

1
)\:—/ Poull2 do.
,U/(E> IH 9“”2

We intend to construct a suitable measure o with linear growth from g, and then we will
apply (4.60) to o.

Let 6y € I be such that

Ap(E)
HI(I)

1
P 2<—/ Pop||2 d6 =

Denote n = Py p and let Ly, = {reigo : r € R}. Observe that the preceding estimate is

equivalent to

dn* dy o APy (E))
d_/peus)d?" T
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So by Chebyshev’s inequality we have

n{r € Ly, : %(7’) >

Hence there exists a compact set Fy contained in

{reis: < H%?])}

such that n(Fy) > §1(Py,(E)) = 1 u(E). Clearly,

4\

W(Fo 1 Blas) < o

s forallzeC, s> 0.

Next we consider the closed set ' = P9_0 1(F0) N supp p, and the measure

Note that

u(E). (4.61)

Further, for any x € suppo and s > 0,

1
o(B(z,5)) < o(Py (Pay (B, 5)))) = = y(pyy (F 0 Bo, ) < s,

and so o has linear growth with constant 1. Also, by the definition of A and (4.61),

[1rtan = (52)" [yt

2
HY(D) 9 HI(1)?
< =
_( 5\ > /I||P9u||2d9 6\

u(E) < H' (1) o(F).
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Hence, by Theorem 4.10.2 and Corollary 4.3.3, we deduce that

2 1 2
o) Sotr)+ [ ek, Ty ) S ol + J1pacl3as < crotp),

where the constant Cj depends only on H!(I). Then, from (4.60) and (4.61), we deduce

that

with the implicit constants depending on H1 (I). This concludes the proof of Theorem 4.1.1.

4.10.3  The capacities L'y,

The proof of Theorem 4.1.2 is analogous to the one of Theorem 4.1.1. The only difference is
that we have to replace the curvature ¢(u) by supz= ||R?u|\%2 (1)’ and use Theorem 4.2.2
and Corollary 4.3.11 instead of Theorem 4.2.1 and Corollary 4.3.3, respectively. We skip the

details.

4.A The reverse inequality

If i is a Radon measure on RY, we define

B B
O™, ) = lim sup Li’r)) and  Mppu(z) = sup M
r—0 r r>0 r

In this appendix, we prove the following inequality, which is not used in the paper but may

be of independent interest.

Lemma 4.A.1. Let Vj € G(d,n) and s > 0. Then there exist A > 1 and ¢ (depending on

d,n,s) such that the following holds: If u is a Radon measure on RY such that

/Mnu(x) du(x) < oo, (4.62)
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then

d *
/B(V )HPVMH%CMM // eK(ViE \s) Iiz?j’g : C/@n, (@, 1) du(). (4.63)
0,8 =y 0 S

Proof. Fix ¢ : R — R a O radial bump function with support in B(0,1). For & > 0, let

de(x) = Eldqb(%) Denote pz = p * ¢o. By Corollary 4.3.10, there exists A, ¢ > 1 such that

| rvelBao e [[ et} dielv) )
B(Vy,s) z—yeK(Vitas) o=yl
First, we will prove that, for any € > 0,
/ / dpie () dpie (y) (4.65)
z—yeK (V5-,\s) |z —y["
< 2// dpu@) dily) | /M du(z). (4.66)
r—yeK (Vg ,2)s) |z —y| en

(Here and in what follows, C' is independent of €, and it may change from line to line.)

For fixed constants ¢ > 0 and A > 10, denote

1
FW) = Xkt ae) ) MG foeW) =W xy<ae: frW) = Fy) Xjy> ae

so that
d d
// % /f*#adﬂe—/f*#*¢s*¢€dﬂ
z—yeK (V5 ,\s) [z —y
:/(f0+fF)*M*¢€*¢EdN-

We will show that, for any = € Rd,

B(x, C(Ae))

5”

o w px e x de(a) < O(A) M (4.67)
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and

Fr % 1k de  e(a) < 2/ dp(y)

— 4.68
z—yeK (Vg ,2\s) |z —y[™ ( )
if A is sufficiently large. Clearly, (4.65) follows from the two preceding estimates.

First we deal with the estimate (4.67). Let ¢ = ¢ x ¢ and ¢.(x) = sldw(g), so that
Ve = ¢z * ¢z. For any z € Rd,
1 C(A
foxielo) < [ veldy < “D v aimn 2 (469)

|z—y|<Ae |z —y[" i

taking into account that suppv: C B(0,2¢) and |[¢c]loc < ¢4 e=4. Tt is clear that (4.69)
implies (4.67).

To prove (4.68), first observe that since supp fp C K(VOL, As)N B(0, Ae)€ and supp s C
B(0,2¢), it follows that supp(fp * ¥¢) is contained in the 2e-neighborhood of K(VOL, As) N

B(0, Ae)€. Therefore, by geometric arguments, we have
supp f * e C K(Vih,As + CA™Y) € K(Vg-, 2)s)

assuming A big enough.
Next, suppose z € supp(fp * ¢z) and 2’ € B(x,2¢). Since |z| > (A — 2)e, we have

2’| > %|x| so fr(2') < kﬂ% Hence, for all z € R?,

X 5 ()
freve(e) < sup  fp(e) <2 RV
2'€B(x,2¢) ||

which yields (4.68), and completes the proof of (4.65).

(z) u(B(édeE))

By Fatou’s lemma applied to My, and hypothesis (4.62), we have

lim sup/ u(B(z, Ce)) du(z) < /lim supM du(z) = C’/@n’*(m,,u) du(z).

n n
e—0 € e—0 €
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Taking the limsup in (4.65) as ¢ — 0 and using (4.64), we obtain

iimsup [ [ Pyself (V) (4.70)
e—0 0,8
< C’// Mduiy) + C’/@n’*(m,,u) du(z). (4.71)
z—yeK (V5-,2)s) |z =yl

Now we claim that

/ | Pyrsll3 dg (V) = lim / | Pyrsicllf g n (V). (4.72)
B(Vp,s) £=0JB(Vp,s)

Note that (4.70) and (4.72) together imply (4.63) with 2X in place of A.

Let o be the measure on R? given by

[ o= /B . /V fAL" dygn(V),

Then arguing analogously as in the proof of (4.15), we have

| WPl dvan(v) = [ 7)) doto) (4.73
B(Vo,s)

and

2 = ()2 do(z). )
/B o PR (V) = / @) do(x) (4.74)

,5
We split the proof of (4.72) into two cases. Suppose first that fB(VO 5) HPV;LH% dygn(V) <

oo. In this case, the dominated convergence theorem gives us

lim 1Pyl draa(V) = i [ 1te) 3e)? dofa)
e—0 B(Vy,s

= [P = [ iPwlBa0)
Vo,s

)

which proves (4.72) in this case.
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Now we consider the case fB(VO 5) ||Pvu||% dvgn(V) = co. By Fatou’s lemma,

lim inf 1Py pic |3 dyg (V)

e—0 0,8

—timinf [ (o) d(ex) P do(o)

/hmmf\,u( ) d(ex)|? do(z)

/|u )| do(x)

/ | Py a3 dy (V)
B(W,s

= 00,

which proves (4.72) in this case. This completes the proof of (4.72).
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