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“The aim of science is not things themselves, as the dogmatists in their simplicity imagine,
but the relations among things; outside these relations there is no reality knowable.”
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a spring-mass network with Lorentz-like force and active bath on each particle.
(b-d) Averaged energy flux from numerical calculations for example networks.
The flux direction and pattern can be controlled by the network geometry. In
these figures, gray lines and dots represent the mechanical equilibrium structure
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(CW), and gray for fluxes not on the boundary. The numerical calculations were
performed with all parameters set to 1. . . . . . . . .. . ... ... ... ...
Necessary ingredients for generating nonzero energy fluxes. Both Lorentz-like
force and colored noise are needed to generate nonzero fluxes. The role of Lorentz-
like force is to provide chiral Fourier modes (J¥7T(w) # 0). If B = 0, JFT(w)
is zero everywhere. The role of colored noise is to provide weighted excitation
h(w) # const., which makes a non-vanishing averaged flux (J) possible. The
numerical calculations were performed with m, kg, k,v, T =1. . . ... .. ..
[lustrations of our diagrammatic technique. (a) Flux from site 1 to 2 can be
calculated by summing over diagrams. Each diagram is a closed path, which
pictorially represent one term in the small-k expansion. Paths are depicted using
green arrows. The magnitude of path of length n is on the order of k™. (b)
Schematic of a polygon path and its outer angles 61,605, ...,0,. The flux of this
diagram is simply Eq. (2.14). (¢) For flux in complex networks, the leading order
term is determined by the shortest cycles. Flux in the triangle part has order
k3, and the pre-factor c3 is the same as that in a standalone triangle network.
Likewise for the pentagon part. As a result, the flux in a complex network can
be viewed as a combination of fluxes in its constituent cycles. . . . . .. .. ..
Driving energy through a passive chain. (a) Conventional energy transport in
a passive material (boxed in gray) with temperature differences at two ends.
Similarly, the active gyroscopic network can also drive energy flows through a
passive segment. (b) Instantaneous energy flux J through bonds in the passive
segment from a simulation. Flux through different bonds are colored differently.
J is stochastic in general, however, during the period when J is large, J exhibits
successive peaks in accordance with the direction of the flux. In the simulation
setup, parameters for the active particles are: m, kg,v = 0.1,k = 10, B, Ty, 7 = 1.
Passive particles (boxed in gray) are constrained to 1D, and their v, Ty, k4 are
set 10 0. . . . L
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plitude part AB and a time-dependent part. Each single curve is the scaling for
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Comparison between a boundary-localized eigenmode of the undamped isolated
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First order dynamics (by setting m = 0) are used. Numerical calculations are
performed with all other parameters set to 1. (a) Eigenmode of undamped gy-
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ABSTRACT

Conventional transport processes are driven by biases, e.g., diffusion is driven by concen-
tration biases, heat flow is driven by temperature biases. Anomalous transport, although
rarely seen in our daily lives, is also important. For instance, intracellular transport cannot
only rely on diffusion, rather, cargoes are transported through directed motion of molecular
motors along microtubules. Compared with the anomalous transport of mass, the transport
of energy and momentum are much less well studied. In this thesis, we describe these two
types of anomalous transport in a few classes of chiral active systems. The first class is ac-
tive gyroscopic networks, which we construct by subjecting spring-mass networks to unbiased
nonequilibrium fluctuations and Lorentz forces. We numerically demonstrate the emergence
of energy rectification, in other words energy transport in the absence of temperature biases,
between nodes for unmodulated networks, and between nodes and baths in time-modulated
networks. We develop analytical diagrammatic theories that allow us to understand and
control the rectification in arbitrary complex networks in terms of local properties. The
second class is chiral active liquids. Previous studies have shown the existence of anomalous
transport coefficients such as the so-called odd viscosity in these systems. FExtending the
Irving-Kirkwood theory for conventional fluids, we develop a theory for anomalous trans-
port in chiral active liquids. We show how the transport coefficients can be connected to
local molecular properties, specifically the averaged intermolecular forces and distortions of
pair correlation functions. Taken together, we have contributed to the topic of anomalous
transport of energy and momentum. Our analytic theories have provided frameworks to

understand complex transport processes in terms of relatively simple local properties.
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CHAPTER 1
INTRODUCTION

Our main focus in the thesis will be on developing strategies to achieve and understand
anomalous transport of energy and momentum in microscopic systems. Before discussing
anomalous transport, in this introduction we first review conventional diffusive transport
and introduce the statistical mechanics frameworks that describe conventional transport
processes in Sec. 1.1. Then we review one class of anomalous transport called rectification
in Sec. 1.2. Rectification has been widely studied in the context of directed motion, but a
few efforts have also investigated rectification of energy. In Sec. 1.3 we review anomalous
momentum transport in chiral active fluids, following a review of the field of active matter

physics. Finally in Sec. 1.4 we outline the organization of the remainder of this thesis.

1.1 Conventional transport near equilibrium

Transport phenomena are commonly seen from our daily experience, heat flows from hot to
cold, smells of food diffuse in the air, water flows in pipes. Such transport phenomena are
driven by biases in temperature, concentration, or pressure. These biases can in principle
be arbitrarily large, but for the purpose of reviewing statistical mechanical frameworks, we
consider cases with small biases, or conditions near equilibrium.

Early efforts to describe such transport gave rise to phenomenological laws such as
Fourier’s law for heat conduction (in 1822 [1]) and Fick’s law for diffusion (in 1855 [2]).
Fick’s law, for instance, states that the current of particles J is proportional to the negative

concentration gradient —Ve¢ by a factor called diffusion constant, D,

J=-DVec (1.1)

These phenomenological laws formulated more than 150 years ago are highly successful in

describing transport in a wide range of systems. Efforts in recent decades have also found
1



systems that violate these laws, which led to investigations of anomalous diffusion [3] and
heat conduction in low dimensional systems [4].

Later developments showed that these transport coefficients are not mere phenomenolog-
ical factors. These near-equilibrium coefficients are actually related to properties in equilib-
rium. Einstein (in 1905 [5]) found the relation between diffusion constant D and mobility p

(ratio between forcing and drift velocity),
D= ukz BT, (1.2)

where kp is the Boltzmann’s constant and 7' is the temperature. By expressing the diffusion
constant in terms of mean-squared displacements, a relation can be obtained between the
response to external forcing and the fluctuations under equilibrium,

1 o0

= %aT J, dt {v(0)u(t))

" " (1.3)

where v(t) is the velocity, and the average (-), is performed under equilibrium conditions.
The relation between response near equilibrium and fluctuations in equilibrium was for-
mulated systematically by the fluctuation-dissipation theorem (alternative names in the lit-
erature include Green-Kubo relation and linear response theory). The fluctuation-dissipation
theorem can be formulated as follows [6]. Consider a system governed by Hamiltonian H,
now add a time dependent perturbation —AK(¢) to the original Hamiltonian, then ask how
an observable B(t) changes due to the perturbation. Such change is characterized by a

response function ¢p 4(t) through

t
(AB(t)) = / A K (#)bpalt — ). (1.4)

The fluctuation-dissipation theorem states that the Fourier transform of the response func-



tion (susceptibility) is related to the fluctuation in equilibrium through

€palw) = o A (AOBO) e (1.5)
() = [ dtopate (1.6)

The response function can be instantiated as shear viscosity, thermal conductivity, or other
transport coefficients [6, 7]. When there are multiple biases or fields, the relation between
thermodynamic fluxes J; (e.g. heat flux) and thermodynamic forces X; (e.g. temperature

gradient, —(0;T)/T) can be approximated as a linear relation,

J1 = R11X1 + R12Xo, (1.7)

Jo = Ro1X1 + R X9. (1.8)

For systems with time-reversal symmetry, the Onsager reciprocal relations states that the
coefficients are reciprocal, R1s = Rap [8, 9, 10]. The Onsager relations have implications on,
e.g., controlling heat transport using electric field, which can be utilized to build refrigerator
with no moving parts [11].

From this brief review of transport processes and nonequilibrium thermodynamics, we
see that conventional transport are driven by biases and can be described by transport
coefficients. These coefficients are note merely phenomenological factors, but rather they

satisfy Green-Kubo relations and Onsager reciprocal relations.

1.2 Rectification of unbiased fluctuations

1.2.1 Rectification of motion

Transport driven by gradients is ineffective, for instance, when it comes to cargo transport

inside cells. Due to the complexity of intracellular environment, cargo transport relies on



directed motion of motor proteins on microtubules or actin filaments [12]. Note that the
directed motion of motor proteins is not driven by concentration gradient. Understanding
the physics of such directed motion has become one important inspiration for studies under
names of rectification, Brownian ratchet or Brownian motors [13].

Historically, interests in generating directed transport through rectification of unbiased
fluctuations started long before the discovery of molecular motors. As pointed out by the
comprehensive review Ref. [14], studies on rectification have actually started from several
different directions and have experienced rediscoveries in different contexts. Review here
picks the branch of directed motion first analyzed by Smoluchowski [15, 16] in 1912 and then
popularized by Feynman in 1962 [17, 16].

Feynman in his famous lectures [17] described a ratchet and pawl model which at the
first sight may violate the second law of thermodynamics. In this model, there is a vane
immersed in a box of gas at some temperature. The gas molecules collide with the vane
and cause the vane to rotate, but since the collisions are random, the probability of rotating
in both directions are the same, where no directed motion can happen. Now connect the
vane through an axle to a ratchet and pawl combination. At the first glance, the pawl only
allows the ratchet to rotate in its forward direction, and the directed motion can be utilized
to lift a cargo, seemingly violating the second law of thermodynamics (absorbing heat from
a single reservoir and perform work). This naive analysis, however, neglects that the pawl
itself is subject to thermal motions. When the temperature of the vane and the ratchet and
pawl are identical, Boltzmann distribution states that the probability of the ratchet rotating
forward is the same as it rotating backward due to the thermal excitation of the pawl. As
a result, the second law is not violated. An isothermal ratchet and pawl model does not
rule out the possibility of directed motion when the model is placed under nonequilibrium
conditions by immersing the vane and the ratchet and pawl in different temperatures. For
instance, if the temperature of ratchet and pawl is zero, then the pawl would not disengage

from the ratchet, allowing unidirectional rotation. Ref. [18] detailed how rectification works



by analyzing an exactly solvable model that captures essential ingredients of the ratchet and
pawl model. Recently the ratchet and pawl model was realized in experiment [19].

As mentioned in the beginning of this subsection, intracellular transport by molecular
motors have been an inspiration for research on rectification. A number of studies have
analyzed the possibility of Brownian ratchet being a mechanism for directed motion of the
molecular motors [13, 20, 21]. With more advanced experiments and detailed atomistic sim-
ulations, a recent review compared the Brownian ratchet mechanism with another candidate
named power stroke, and they conclude that power stroke seems to be the main contribution
whereas Brownian ratchet is also complementary during some stages of the cargo transport
22].

Among the various types of Brownian ratchet [14], rectification utilizing colored noise
(23, 24, 25] is particularly relevant to our work. Here we review a theoretical framework to
treat the colored noise which is exponentially-correlated in time. Such colored noise is also
called Ornstein-Uhlenbeck (OU) noise because it can be generated through an OU process
[26]. The OU colored noise breaks fluctuation-dissipation relation, thus driving the system
out of equilibrium [27]. Compared with the original ratchet and pawl model where the
nonequilibrium effect is transmitted through an axle and the load can only move in one
direction, the OU noise is directly acting on the particle, thus can allow the particle to
navigate a potential landscape beyond 1D [28]. An efficient theoretical framework to deal
with the OU noise is the unified colored-noise approximation (UCNA) [29, 26]. Following

Ref. [29], we consider a particle subject to OU noise moving in a 1D potential landscape,

b = f(a) +(t), (19)
(o)) = Ze =T (1.10)

where f(x) is the force on the particle, n(t) is the OU noise, D is the diffusion constant,

and 7 is the correlation time. UCNA aims to find an approximation for the dynamics of OU



particle that works in both small 7 and large 7 regime. Such exponentially-correlated noise

correlation can be produced by an OU process,

i) = —n + VDE(t), (1.11)
(E)E)) =25t -1, (1.12)

where £(t) is a Gaussian white noise. From either Eq. (1.10) or Eq. (1.11), we see that if the
correlation time 7 — 0, the OU noise reduces to a Gaussian white noise. Eliminating the
colored noise 7 in Eq. (1.9) using Eq. (1.11) yields a second order stochastic equation for z
but subject to a white noise £. Rescaling the time ¢ to s = ¢//7, then the first order term
in the equation in s has a prefactor that is large when 7 — 0 or 7 — 00, so that the second

order term can be omitted. The resulting UCNA approximation reads

f(z) Dl/2.-1/4
T @) @)
y(z,T) = 12 f’(x)Tl/Q. (1.14)

£(s), (1.13)

An important feature of UCNA is that the effective diffusion in Eq. (1.13) now depends
on x, or in other words, the diffusion is state-dependent. UCNA can be generalized to
systems with more than one degree of freedom [30, 31]. The state-dependent diffusion can
be viewed a state-dependent effective temperature. Consider the situation that the effective
temperature is low where the ratchet potential is steep, then the particle can hardly move
over the steep side, thus resulting in a directed transport through the less-steep direction
[32]. In another approach to understand the Brownian ratchet with OU particles, Ref. [33]
considers the motion of state in an extended space {x,n}. Directed transport of OU particle
in a ratchet landscape has been realized in experiment in recent years [28], where the particles
are micrometer-sized colloids, OU noise is provided by a bath with bacteria [34, 35], and

ratchet landscape is built through nanofabrication.



The state-dependent diffusion itself is a useful and widely-studied concept. It has been
used to construct another type of Brownian ratchet, the Buttiker-Landauer ratchet [36, 37],
where the setup consists of potential landscape and state-dependent temperature. Ref. [36]
showed that this combination can produce a tilted effective potential landscape, thus driving
the directed motion. The effective potential can be tuned to generate transport with low
randomness [38], which means that if we repeat the stochastic process multiple times, the
variance between trajectories is small. State-dependent diffusion has also been used to study
a symmetric Brownian ratchet model [39]. In this model, the original dynamics consists of
additive noise, but a transform of variables used to understand the rectification results in
dynamics with state-dependent diffusion.

Most Brownian ratchets reviewed above require asymmetric potentials, with the Buttiker-
Landauer ratchet one exception [36, 37]. There are other ratchet models that can operate
in symmetric potentials, such as utilizing correlations between noises [40] or the space-time
symmetry breaking [41]. Whereas most Brownian ratchets are on a single-particle basis,
studies of collective effect is also important for understanding, e.g., intracellular transport
of cargos by a collection of molecular motors [13, 42].

Apart from theoretical and computational studies of Brownian motors, recent decades
has also seen a collection of experimental studies of Brownian ratchets using colloids and/or
bacteria [43, 44, 45, 46]. These applications are made possible with more understandings
of behavior of microswimmers [47, 48] and advance in nanofabrication technologies. In an
early work, Ref. [49] in 2007 constructs a funnel wall that separates a chamber into left and
right half. The ratchet-shaped wall is able to concentrate self-propelling bacteria into one
have of the chamber. Ref. [50] used bacteria to drive the rotation of gears with size tens of
micrometers. These examples, along with many others [46], have enriched our toolbox for

constructing artificial motors and understanding of their behaviors.



1.2.2  Rectification of energy

Inspired by Brownian ratchet for rectifying motion, a few studies in 2002 asked how to rectify
energy using unbiased fluctuations [51, 52]. The resulting phenomena are energy fluxes in
the absence of temperature biases.

We note that in the literature, the terminology “energy rectification” has also been used
to describe diode effects [53, 54, 55], which is different from our usage of “energy rectification”
in this thesis. These two usages of energy rectification, however, are not totally unrelated.
Ref. [56] exploited a thermal diode model to achieve energy rectification in our sense by
modulating the temperature of one reservoir in a time-periodic manner. Ref. [57] took a step
further to modulate the temperature of both reservoirs while keeping the two temperatures
identical, achieving energy rectification under “strict zero thermal bias” in their words.

Examples of rectification mentioned above [52, 57] require nonlinearity in the material,
which hinders theoretical approaches. There exists other rectification strategies that allows
for more analytical approaches. Examples include applying reservoirs with non-Gaussian
fluctuations [58, 59, 60] or utilizing geometric phases generated in adiabatic modulations
[61]. Interestingly, the later case [61] adapted a previous method for geometric phase in
stochastic pumping [62, 63, 64] to study contributions to energy transport from geometric
phases. The method in Ref. [61] yields analytic expressions for energy flux in their model
with two particles connected by a linear spring [61]. This method can also apply to energy
flux in more general systems in order to understand, for instance, why rectification vanishes
in the adiabatic limit in Ref. [57].

Despite these pioneering studies, rectification of energy is much less well explored com-
pared with rectification of motion. In particular, most studies for energy rectification focus
on transport in a 1D material. It is unclear how these strategies can be generalized to higher
dimensions. One motivation for such generalization is that the supported geometries will
be much richer, in contrast to the restriction of linear layout in 1D. One rare example of
transport in 2D, though not exactly aligning with our sense of energy rectification, is the

8



radiative heat transfer among magneto-optical nanoparticles [65, 66, 67].

1.3 Active matter and chiral active matter

1.3.1 Collective motion in active matter

Studies of Brownian motor driven by colored noises [28, 46], as we reviewed in Sec. 1.2.1,
intersect with another field called active matter physics. Particles subject to colored noise
are “active” in the sense that there is energy injection into the particles which breaks detailed
balance [68]. There are other ways to make particles active [69].

Active matter physics studies collective behaviors resulting from active constituents and
their interactions [70]. Early studies of active matter were motivated by the phenomenon of
bird flocking, or more generally, collective motion of a group of animals such as birds, fish,
ants, etc. In the flocking behavior, a group of birds fly in a synchronized direction, at the
same time they also change the direction constantly. Directed motion in flocking is different
from the conventional transport because there is no external bias applied to the bird flock.

Reynolds was fascinated by the flocking phenomena and simulated such phenomena for
the purpose of creating computer animations in 1987 [71]. Ref. [71] constructed a boid model
to simulate the flocking behavior with three simple rules, namely collision avoidance, velocity
matching, and flock centering (trying to fly close to nearby birds). Collective behavior such
as flocking also attracted physicists’ attention to perform more quantitative investigations.
Vicsek in 1995 [72] proposed a qualitatively similar agent-based model and studied the phase
transition from the disordered state to the flocking state. The Vicsek model consists of agents

moving in 2D space where each agent’s speed is fixed but its angle 0 is updated according to

O(t + At) = (6(1)), + A0, (1.15)

where (0(t)), denotes the average angle of neighboring particles within a radius r, and A6



is a random perturbation. Toner and Tu in 1995 [73, 74] introduced a continuum theory to

describe a large class of dynamical models. The Toner-Tu field equation reads [74]

0w + A1 (v - V)v + Xo(V - v)v + A3V(|v[?) = (1.16)

av — flv|*>v — VP + DV (V - v) + DpV2v + Dy(v - V)20 + f,

where v is the velocity and f is the fluctuating force. The Toner-Tu equation is a Navier-
Stokes equation modified by additional terms that are allowed by symmetries [74]. A con-
nection between the discrete Vicsek model and the continuous Toner-Tu model was made by
Ref. [75]. From a physicist’s view, the phase transition to flocking was surprising because the
Mermin-Wagner theorem forbids long-range order in equilibrium systems with continuous
symmetry [76]. The flocking phenomenon clearly is a nonequilibrium behavior, neverthe-
less, some concepts originated in equilibrium statistical mechanics can be adapted to active
systems. One example is the concept of universality class [77, 78, 79], which can lead to
classification of collective motion in various systems [80, 81].

Started from these early studies [72, 73, 74], general features for active matter was later
extracted. Unlike conventional nonequilibrium systems that are driven by boundary, active
matter systems break equilibrium by injecting energy to each individual constituent. One
widely-studied type of active species is self-propelling particles, which can lead to phenomena
such as collective motion [70, 80, 82, 83, 84, 85] or phase separation [86, 87]. These active
species can be realized experimentally using chemical [88] or biological [46] approaches. Tools
from active matter physics has also been applied to study biological processes such as cell

division [89], tissue mechanics [90, 91|, and biological materials [92, 93].

1.3.2  Momentum transport in chiral active matter

Chiral active matter is a class of active matter where the energy injection to each agent takes
place at the rotational degree of freedom. Long-wavelength motion of chiral active matter

can be well described by hydrodynamic theories. Compared with the familiar Navier-Stokes
10



equation for ordinary fluids, the hydrodynamic description of chiral active fluids requires
additional terms. These additional terms and coefficients, such as “odd” viscosity, encode
anomalous transport of momentum.

An interesting work in 2005 [94] and a few related works [95, 96] showed that although
angular momentum is injected at the individual level, the system can exhibit large-scale
transport of particles that is localized at the boundary of the system. The edge current can
be explained by hydrodynamic theory of chiral active matter. The equation for momentum

¢ and angular momentum [ read [94]

1
8tgi = —8]'(92'1)]') - (92']3 + 77V2Ui — F”vi + éeijﬁjF(Q — w), (1.17)

Ol = —0j(lvj) = T9Q = T(Q - w) + DeV?Q + 7. (1.18)

This set of equations is an extension of Navier-Stokes equation. Due to the presence of
chiral active agents, the hydrodynamic equations need to include angular momentum [, spin
Q and vorticity w [97, 94]. In particular, the term I'(€2 — w) couples spin and vorticity and
produce an odd component in the stress tensor. The analysis of the steady state solution of
the hydrodynamic equations shows a boundary-localized current [94, 95].

A more recent study in 2017 [98] argued that the above hydrodynamic equation is in-
complete, there should be an additional term from the so-called odd viscosity, although the
contribution from this term may be negligible for some systems. The odd viscosity term was
proposed in 1998 for generic time-reversal breaking systems [99]. Viscosity tensor describes
the constitutive relation between stress tensor and velocity gradients. When a pure shear
is applied, the shear viscosity produces a parallel response in the stress tensor, whereas the
odd viscosity produces a response in the transverse direction. The odd viscosity was later
measured in an experimental system with rotating colloids [100]. The odd stress and/or
odd viscosity was also investigated in combination with ideas from topological mechanics

[101, 102].
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One question the hydrodynamic approach cannot directly answer is the microscopic ori-
gin of the phenomenological coefficients that appear in the hydrodynamic equations. Such
connection calls for statistical mechanical studies. There has been a few studies on statistical
mechanics of rotating dimers [103] or efforts to derive Green-Kubo relations for time-reversal

breaking systems [104].

1.4 Organization of this thesis

From the preceding introductory sections, we have seen that the anomalous transport of
energy and momentum is in general much less well explored compared with the transport
of motion. In this thesis, we explore principles for energy rectification and statistical me-
chanics of the anomalous transport in chiral active fluids. In Chapter 2, using a model
nonequilibrium parity-breaking spring-mass network we show how energy rectification be-
yond 1D can be achieved. We develop an analytic diagrammatic approach to understand
and control the rectification in complex networks in terms of local structures. This energy
rectification have further implications on swimming in or pumping of low Reynolds number
fluids. In Chapter 3, using a time-modulated variant of the spring-mass model we show
how energy rectification can mimic temperature inhomogeneities. We provide a theoretical
framework to understand such rectification using a combination of path integral formalism
and a diagrammatic approach. In Chapter 4, we develop a statistical mechanical mecha-
nism for anomalous transport in chiral active fluids. The approach is an extension of the
Irving-Kirkwood method [105] and it relates the hydrodynamic coefficients to distortions of
pair correlation functions and averaged intermolecular forces. Taken together, our central
results provide theoretical frameworks to understand seemingly complex transport properties

in terms of relatively simple local properties.

12



CHAPTER 2
ENERGY RECTIFICATION IN ACTIVE GYROSCOPIC
NETWORKS

This chapter is reproduced and adapted from the preprint: Liao, Zhenghan, William T. M.
Irvine, and Suriyanarayanan Vaikuntanathan. 2019. “Rectification of Energy and Motion

in Non-Equilibrium Parity Violating Metamaterials.” arXiv:1907.05938 [106].

2.1 Introduction

Identifying mechanisms that rectify stochastic fluctuations is a longstanding problem in non-
equilibrium statistical mechanics with many biological, chemical and physical applications
[107, 20, 13, 14, 46]. For instance, the Feynman ratchet and pawl model [17] and its associated
extensions have elucidated how systems can rectify stochastic fluctuations and act as micro-
scopic engines that perform work and exert forces [14, 13]. Indeed such models have provided
a framework to understand how biological molecular motors can convert the energy derived
from the hydrolysis of energy rich molecules into mechanical work [20, 43, 108, 109, 46, 22].
These ideas have also inspired studies exploring strategies to enable directed energy trans-
port in the absence of any temperature biases [51, 52, 56, 57, 61, 110, 58, 59, 60]. Compared
with directed motion whose basic mechanism can be understood in the single-body basis
[14], directed transport of energy by definition is a many-body effect. However, strategies
to achieve such energy rectification have been rarely explored beyond one-dimensional (1D)
setups [65, 66, 67] and it remains to be seen if opportunities provided by richer geometries
and higher dimensions can be exploited.

In this chapter, we explore an opportunity provided by a class of spring-mass networks
that are subject to non-equilibrium forcing and possess parity violating dynamics, to uncover
new many-body principles for rectification of energy and motion in meta-materials with

arbitrarily complex geometries and connectivity. Non-equilibrium forcing is an essential
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requirement for rectification [14]. Here, we achieve non-equilibrium forcing by coupling our
metamaterial to an active bath [26, 23, 111]. Rectification also requires additional broken
symmetries [14]. Here we use meta-materials with parity violating dynamics [112, 113, 114].
Our central analytical results, compactly represented as a diagrammatic expansion for the
energy fluxes in the non-equilibrium meta-material, show how meta-materials with parity
violating dynamics —such dynamics were recently exploited to generate chiral topological
eigenmodes in gyroscopic meta-materials[112, 113, 115, 114]-are able to rectify energy and
motion when allowed to interact with a bath of active particles.

Our central analytical results, in particular, the aforementioned intuitive diagrammatic
approach, allow us construct arbitrarily complex non-equilibrium parity violating metama-
terial networks that generically support a directed flux of energy between their nodes. The
diagrammatic approach also illustrates how a hierarchy of fluctuations are responsible for the
energy transport, starting from lowest-order diagrams that only depend on local structures
of the network, to higher-order diagrams that involve more and more non-local structures.
Importantly, the leading-order diagrams describe the many-body effect in a compact ana-
lytic form, Eq. (2.14), that elucidates how a simple interplay between the geometry, activity,
parity violation enable rectification. The diagrammatic expansion, even at lowest order,
hence provides concrete design principles for controlling the rectification of energy by our
metamaterials.

Unlike conventional energy flows, our energy flow does not require a temperature gra-
dient. This flux can be routed through an otherwise isolated elastic object with the active
network acting as a current source. Finally, we show that the microscopic mechanisms re-
sponsible for this energy flow can also potentially allow the elastic object to swim in and
exert forces on a viscous fluid. Taken together, our results establish a new mechanism for
rectification of energy and motion in non-equilibrium parity violating metamaterials. Unlike
existing prescriptions, our mechanism exploits inherent asymmetries in the nonequilibrium

fluctuations of the active bath, parity-violating dynamics and network geometry to achieve
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rectification.

The remainder of this chapter is organized as follows. In Sec. 2.2, we introduce our model
parity violating metamaterial and provide a microscopic definition for the energy flux. In
Sec. 2.3-2.5 we analytically identify the ingredients for rectification of energy fluxes and con-
struct a diagrammatic approach that reveals a relationship between energy flux and network
geometries. Finally in Sec. 2.6-2.7 we show that when the particles transmitting the energy
flux are allowed to interact with a viscous low Reynolds number fluid, the nonreciprocal

motions responsible for the energy flux can be utilized to pump the viscous fluid.

2.2 Model systems and energy flux

Our model is a tethered spring-mass network in which each particle is additionally subject to
stochastic forcing from an active bath and a Lorentz-like force (Figure 2.1a). The linearized

equation of motion is

mu; = —k:gzi + Z Fji — BAv; — yv; + ;. (2.1)
J

z; = (mz yl-)T is a column vector that denotes the displacement of particle ¢ from its
mechanical equilibrium position, and similarly v; and 7; describe the 2D velocity of and
noise on each particle. —kg2; is the on-site tethering force used to maintain the shape
of the network. Fj; = k(eg;zi + e]Tizj)(—eij) is the linearized spring force from j to i,
where e;; is the unit vector that points from the equilibrium position of i to that of j.

T 0 1
—BAv; = —B (Uz',y _Ui,x> is the Lorentz-like force, with A1 = , and the

-1 0

Lorentz-force’s customary electric charge-like factor is absorbed in B. The construction of our
model system is motivated by the recently constructed topological gyroscopic metamaterials
[112] and in the linearized regime, the equations of our model system are equivalent to the

equations of motion of the gyroscopic metamaterials [115].
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Figure 2.1: The model and the energy flux in example networks. (a) Schematic of the
model, a spring-mass network with Lorentz-like force and active bath on each particle. (b-d)
Averaged energy flux from numerical calculations for example networks. The flux direction
and pattern can be controlled by the network geometry. In these figures, gray lines and
dots represent the mechanical equilibrium structure of the network, and the size of arrows
is proportional to the magnitude of the flux. The arrows are colored blue if it is counter-
clockwise (CCW), red if clockwise (CW), and gray for fluxes not on the boundary. The
numerical calculations were performed with all parameters set to 1.
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The last two terms describe the active bath, which consists of friction —yv; and an
Ornstein-Uhlenbeck (OU) colored noise n; [26]. The colored noise has finite correlation time
T with statistics

(mtm? (@) = 15,2205, (22)

T

where, for fixed 7, the parameter T}, controls the variance of the colored noise, and I is the
identity matrix with appropriate dimensions. The time evolution of the OU noise can be

described according to the following equation [26],

;i = —n;i + /2774, (2.3)

where &; is a delta function correlated white noise with unit variance. The friction —yv; and
OU noise n; break fluctuation-dissipation relation, thus driving the system out of equilibrium.
The active bath reduces to a thermal equilibrium bath in the 7 — 0 limit.

Since the particles in our model are tethered to their lattice sites, rectification of fluctu-
ations, if any, does not result in any particle flows. Rather, rectified fluctuations can affect
the transport of energy. To study such phenomena, the observable we mainly focus on is
the time-averaged energy flux between particles at steady state. For a system with pairwise

interactions and on-site potentials, the energy flux <Jij> from particle i to j reads

(Ji;) = <%(u;fFij - UZTFji)> - <u;wa> (2.4)

To arrive at this formula, we first define the energy of a particle as the sum of its kinetic
energy, on-site potential energy, and one half of the bond energies [4]. Then we write down
the energy balance relations using stochastic energetics [116]. Finally we identify the energy
exchanged due to particle-particle interactions as the energy flux <JZ- > (derived in detail
in Appendix A.1). We note that the energy flux can simply be interpreted as the rate

at which work is done on particle 7 by particle i. Since this microscopic work is due to
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particles’ stochastic motions, rather than due to an external control, the energy flux can also
be interpreted as a heat flux [116, 4]. The averaged energy fluxes Eq. (2.4) are identically
equal to zero for a system at equilibrium with Boltzmann distribution.

Starting from the linear equations Eq. (2.1), (2.3), the energy fluxes can be solved numer-
ically using methods introduced in Ref. [117, 118] (Appendix A.1). A collection of numerical
results are shown in Figure 2.1b-d. We see nonzero energy rectification or energy fluxes can
be generated in our chiral active system, and the flux direction or pattern changes with the
network geometry. Using a linear response theory, we now develop analytical expressions
for the energy flux that reveal how a combination of chirality, non-equilibrium activity, and

network geometry is responsible for generating energy fluxes.

2.3 Linear response theory for energy flux

We begin by writing the equations of motion, Eq. (2.1), in frequency space,

F(w) = G (w)iw), (2.5)

G (w) = [K +iw(yI + BA) —mw?I] 7L, (2.6)

Here, we have represented the displacement of all NV particles using a 2 N-dimensional column
vector z = ) ; |i) ® z;, with |i) denoting the 2D subspace corresponding to particle 7. Z(w)
and 7j(w) denote the Fourier transform of z and the OU noise 7, respectively. G is the
response matrix, in which matrix K encodes all on-site and spring forces F' according to
F = —Kz, and A is an antisymmetric matrix A = ), |i)(i| ® A1. Eq. (2.5) describes how
the displacement responds to the noise.

Following the procedure in Ref. [119], the flux defined in Eq. (2.4) can be expressed using
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G as a spectral integral (Appendix A.2)

(J) = / 7w hw)JFT (w), (2.7)

—0Q0

Tok
JIT (W) = =22 Retr G (w) A%, (2.8)

7r

1
h S 2.9
@) =y 29
where A% is an antisymmetric matrix A% = — [i)(j| ® eijeﬁ + i) ® €ji6iTj- The response

function G (w) has no pole in the lower-half complex plane, but the colored noise introduces
one pole at w = —i/7. Using the residue theorem we get a compact expression for the energy

flux (Appendix A.2)

(/) k i\ qas
T = —§trG+(—;)A . (2.10)

Higher-order moments of the (integrated) energy flux can also be calculated, which we present
in Appendix A.2.3.

Eq. (2.7) and (2.10) will serve as our starting point to understand the energy flux. While
they contain all the information required to compute energy fluxes, they have limited utility
as design principles. Indeed, as written down, they require that the flux be recomputed de
novo for each new network geometry and non-equilibrium bath activity. In the next two
sections, we show that it is possible to expand Eq. (2.7) and (2.10) in forms that reveals
design principles for controlling energy fluxes.

As an aside, one important property that can be directly obtained from a similar linear
response analysis is that the energy fluxes satisfy Kirchoff’s law, <Ji j> = 0. The Kirchoft’s
law shows that on average there is no energy exchange between particles and the active bath.
To derive the Kirchoft’s law, we calculate the average heat exchange between particle ¢ and
the active bath <UZ~T772' — fvaTvi>, and following procedures in Ref. [119], this heat exchange
can be shown to be zero (Appendix A.3). The Kirchoff’s law puts a strong constraint on

possible energy flux patterns between particles, and some corollaries immediately follow, such
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as networks with no cycles cannot have nonzero flux, and fluxes of all bonds in a polygon
network (as in Figure 2.1b) are equal.

Finally we note that Eq. (2.7) is distinct from a Harada-Sasa like relation [120] that
connects the entropy production rate to the extent of violation of the fluctuation dissipation
theorem. Indeed, when the B-field is turned off, the energy flux vanishes while the entropy
production rate does not on account of the non-equilibrium active bath. For completeness,

in Appendix A.4, we present a Harada-Sasa relation for our system.

2.4 Ingredients required for energy rectification

Compared with an ordinary thermal spring-mass network, which supports no energy fluxes
in its equilibrium state, our active gyroscopic network contains two extra components, the
Lorentz force and the correlation in the noise. We now show that these two components
provide two necessary ingredients required to ensure energy rectification in our model. Next,

we clarify the role played by the geometry of the network in controlling the energy flux.

2.4.1 Lorentz force and non-equilibrium activity are necessary for the

generation of an energy flux

We begin with Eq. (2.7) that represents the averaged flux in terms of functions JE7 (w), h(w).
In particular, we note that the function J FT (w) is proportional to the energy flux at Fourier
frequency w in an isolated damped variant of our network while the function h(w) is propor-
tional to the the noise spectrum, <ﬁ(w)ﬁ(w)*’T> = 29Ty Ih(w)/t.

To generate a nonzero flux, or equivalently make the integral nonzero in Eq. (2.7), we
need two requirements (Figure 2.2). Firstly, J¥7(w) should not be zero everywhere. In
the absence of a magnetic field, B = 0, it can be easily shown that JE T(w) = 0. Indeed,

the response function G is symmetric or reciprocal when B is absent, and since A% is

antisymmetric, the trace tr G (w)A% = 0 at all values of w. We note that the chirality of
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B= B#0
JFT (w) = 0 JFT (W) # 0
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h(w) = const.
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Figure 2.2: Necessary ingredients for generating nonzero energy fluxes. Both Lorentz-like
force and colored noise are needed to generate nonzero fluxes. The role of Lorentz-like force
is to provide chiral Fourier modes (J¥7T(w) # 0). If B = 0, JFT(w) is zero everywhere.
The role of colored noise is to provide weighted excitation h(w) # const., which makes a
non-vanishing averaged flux (J) possible. The numerical calculations were performed with
m, kg, k,v,Tq = 1.
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network geometry does not affect the reciprocity of the response matrix, i.e. chiral networks
without B-field also leads to J&° T(w) = 0. Nonzero B breaks the reciprocity of GT, and can
thus generate a nonzero J7 (w).

Nonzero J&7T (w) alone does not ensure a nonzero averaged energy flux, we further require
that h(w) not be constant. Indeed, noise characterized by a constant h(w) function corre-
sponds to fluctuation dissipation preserving white noise. In such cases, our model system
would be in equilibrium even in the presence of a magnetic field according to the Bohr-van
Leeuwen theorem [121]. Mathematically, if h(w) is constant, the integrand in Eq. (2.7) has
no poles in the lower-half w-plane, because G (w) is a linear response function, which sat-
isfies causality. The absence of poles ensures that the flux integral vanish. A non-constant
h(w) function corresponding to a colored noise source can support a nonzero average energy
flux through its introduction of poles. In this chapter, we focus on a specific choice of the
colored noise, namely the OU colored noise. The spectrum of OU noise is a Lorentzian,
h(w) = 1/(1 + w?72), which excites lower frequency modes with larger weights.

In summary, we see that B-field and a colored noise are two necessary ingredients to
generate energy fluxes in our model chiral system. The role of the B-field is to break the
reciprocity of response and generate Fourier modes such that J F T(w) # 0. The role of the

colored noise is to excite these modes in a weighted manner.

2.4.2 Energy flux can be tuned as a function of lattice geometry

Apart from the these two ingredients, the geometry of the network also plays an important
role. Indeed the connection between the geometry and flux can be clearly seen in the small
v regime and with gyroscopic lattices that support chiral topological edge modes [112, 114].
In such systems, a non-zero value of J F T(w) # 0 can be heuristically explained by exploit-
ing the connection between the slightly damped isolated variants of our system and the
undamped isolated gyroscopic metamaterials [112, 114]. Specifically, the slightly damped

variant resonate near the eigen-frequencies of the undamped metamaterials, and hence ex-
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hibit Fourier modes that are close to the eigenmodes of the undamped system. Consequently,
non-zero values of the flux, J&7 (w) # 0 are possible as the corresponding eigenmodes in the
undamped variant are chiral. As discussed in Ref. [112], the geometry of the network plays
a crucial role in generating the chiral eigenmodes.

At larger v’s, the Fourier modes of our damped isolated variant are no longer close to the
chiral eigenmodes of gyroscopic metamaterial. However, an emergent connection can still
be built between energy fluxes in the active system and all the eigenmodes of a reference
isolated system (Appendix A.5).

We end this section by noting that while the presence (or absence) of chiral topological
edge modes in the underlying gyroscopic lattice can in some cases provide intuition for the
energy flux, this connection cannot be used in general to predict or control the energy flux in
our non-equilibrium system. The breakdown in correspondence is mainly due to the friction
imposed in our dynamics and the broad excitation of modes by the active noise. In the next
section, we address the issue of predicting and controlling fluxes in arbitrarily complex non-
equilibrium networks. To this end, we show that the above derived (seemingly non-local)

expressions for the energy flux can be rewritten using a diagrammatic expansion.

2.5 A diagrammatic approach to compute the energy flux

In this section, we develop a diagrammatic technique which provides a simple intuitive
method to compute energy fluxes and elucidates the relationship between flux and network
geometry. The diagrammatic technique is constructed by expanding the expressions for the
energy flux Eq. (2.10) in small-k regime and shows how the energy flux across a bond can be
expressed as a sum over paths traversed along the network (Eq. (2.11)). Our perturbation
theory assigns a geometry dependent pre-factor for each path, thus elucidating the role played
by network geometry in ensuring rectified energy fluxes (Eq. (2.14)). Together, the central
results of this section, summarized in Eq. (2.11), (2.14), provide compact expressions that

elucidate how geometry, B-field, and correlation time 7 of the colored noise can combine to
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W

Figure 2.3: Illustrations of our diagrammatic technique. (a) Flux from site 1 to 2 can be
calculated by summing over diagrams. Each diagram is a closed path, which pictorially
represent one term in the small-k expansion. Paths are depicted using green arrows. The
magnitude of path of length n is on the order of ™. (b) Schematic of a polygon path and
its outer angles 61,09, ...,0;,. The flux of this diagram is simply Eq. (2.14). (¢) For flux in
complex networks, the leading order term is determined by the shortest cycles. Flux in the
triangle part has order &3, and the pre-factor c3 is the same as that in a standalone triangle
network. Likewise for the pentagon part. As a result, the flux in a complex network can be
viewed as a combination of fluxes in its constituent cycles.
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generate energy flows in networks with arbitrarily complex geometry and topologies. The
lowest order expansion in Eq. (2.14) demonstrates for instance how the parameter « that
captures compactly the combined effect of activity, the B-field, couples with the geometry
of the lattice to power the flow of energy. The diagrammatic expansion, even at the lowest
order, hence results in a concrete design principle for controlling the rectification of the

energy by our metamaterial.

2.5.1 Diagrammatic expansion and the path rules

The starting point of the diagrammatic approach is the flux formula Eq. (2.10). First we
expand matrix G (—i/7) to different orders in the spring constant k, then the block-matrix
structure of each term in the expansion enables further decomposition into paths, and the
structure of matrix A% closes these paths into cycles (Appendix A.6.1). In the final result,

we write the total flux as a sum over the flux of closed paths (Figure 2.3a),

<J> _ ath 1
Ta/T_;let —Zg(Sl—S_l), (2.11)

l

k

Valid paths for flux from site i to jarel : 1 — 7 — I3 —> Iy — -+ — I, — i, where [,
and [}, either has to be bonded or [, = [,. Paths that contain equal numbers of i« — j and
j — i do not contribute (e.g. path i — j — ), because either the path itself vanishes or
it cancels with another valid path. As a consequence, paths are closed cycles (details in
Appendix A.6.2).

The other terms in Eq. (2.12) are explained as follows. For each path [, we need to calcu-

late the expression S; as defined in Eq. (2.12). In this definition, ky = \/(k;g +2+ %)2 + (8)2

T

cosa —sina
sets a characteristic scale for spring constant k. R, = is a rotation matrix,

sina  cos«
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where the angle « is defined as
B/t
0

(2.13)

o = arcsin

We note that this single angle o encodes information from all the parameters, m, kg, k, B,~, T,
(except for Ty which simply sets the energy scale) in a condensed manner. The matrix
(Ks)iy1, = Upl (K —kgI) [la) /K is a 2 x 2 submatrix for calculating the non-dimensionalized
spring force on particle [, due to the displacement of l,. —[ means [ in the reverse order.
The interval of convergence depends on the geometry of the whole network as well as the
condensed parameter o. The values of the upper bound of k/ky for many networks range
between 0.3 and 0.6 (details in Appendix A.6.2).

The paths can be pictorially represented by diagrams, from which the flux le ath can
be calculated easily. For instance, the first diagram in Figure 2.3a represents the path
1 =2 — 3 — 1. To calculate Sj, one writes down (—Ky);,;, for each arrow lg — I, Ra
for each node [,, then multiply these matrices in the reverse order, and calculate the trace,
e.g S159-351 = (k/kg)3 tr Ro(—Ks)13Ra(—Ks)39Ra(—Ks)21. To get S_;, one takes the
result of S and replace @ by —a (Appendix A.6.2). Finally, le ath can be calculated from
the difference between S; and S_;.

Without explicit calculation of the diagrams, we can immediately see one useful property
from Eq. (2.12) and the form of (= Kjs);; (Appendix A.6.1). If a diagram contains no loops
(e.g. lg — lg) on a node, then the diagram can be simplified by removing the node’s all other
neighbors which do not form arrows with the node. Taken together with the scaling factor
(k/kg)", the diagrammatic expansion hence reveals a hierarchical structure of the energy
transport, starting from lowest-order diagrams that only depend on local structures of the

network (non-local nodes are removed in simplified diagrams), to higher-order diagrams that

involve more and more non-local structures.
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2.5.2  Diagrammatic decomposition of the energy flux reveals connections
between geometry, activity and rectification, and explains localization

of enerqy flux in certain lattice geometries

To illustrate how the diagrams clarify the connection between geometry, activity and rectifi-
cation, we consider the generic dominant lowest-order diagrams, which are polygonal cycles
with no loops. The flux from Eq. (2.11) for these polygon paths reduces to a simple form
(Appendix A.6.3)

Jggglgon = %(k‘ﬁo)n(H cos(0; — o) — H cos(0; + ), (2.14)
1 1

where « is defined in Eq. (2.13), n is the number of nodes and 6;’s are outer angles of the
polygon (Figure 2.3b). Eq. (2.14) illustrates how the flux results from a combination of
the geometry of the network, as characterized by angles 6;, together with the condensed
parameter « that encodes the nonreciprocity due to B-field and the violation of fluctuation
dissipation due to the colored noise. It is surprising to see that the many-body effect can
be expressed in such a compact manner. As a consistency check, the flux from Eq. (2.14)
should vanish in the limit of zero 7, to be consistent with the expected equilibrium behavior.
If m is finite, as 7 tends to zero, the parameter a — 0, consequently (J) — 0. If we take
m — 0 first, as 7 reduces to zero, o remains finite. However, we still get (J) — 0 due to its

vanishing pre-factor, (J) o< 1/7kl} ~ 771,
For complex networks (e.g. Figure 2.1c-d), Eq. (2.14) implies that its lowest-order flux
can be viewed as a result of combining the flux of its constituent polygons, as illustrated in

Figure 2.3c. From the property stated at the end of the last subsection or from Eq. (2.14),

Jpath

polygon for a polygon

polygon diagrams are not affected by any side chains on its nodes, thus

in a complex network is the same as J. path 40 the polygon when standalone.

polygon

The diagrammatic approach when applied to complex networks can explain the various

emergent flux patterns seen in numerical calculations. In the example of ordered honeycomb
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networks (Figure 2.1¢), fluxes are localized at the boundary of the network, which can be
explained as follows. The lowest-order diagram for a bond at the boundary is one hexagon
path, which contribute a flux on the order of k9. In contrast, the lowest-order diagrams for
a bond in the bulk are two paths each traverses the hexagon on one side of the bond. The
contribution from these two diagrams cancel each other, thus the flux on the order of k%
is zero. Contributions from higher order diagrams persist however and show that the flux
exhibits an exponential decay into the bulk. The decay length can be expressed analytically
in the small-k limit using the diagrammatic approach (Appendix A.6.4). We clarify that
such localization is not a general feature for all crystalline networks. As a counter-example,
the kagome lattice supports fluxes also in its bulk in the triangle units.

In the example of disordered networks (Figure 2.1d), fluxes are generated throughout
the network. This is because each unit polygon is different, and there is no cancellation
of diagrams. The non-cancellation effect is stronger when neighboring polygon units have
different number of sides, which would contribute to diagrams on different orders in k.

If one is able to sum over all the diagrams to all orders, an exact result can be obtained.
This result holds beyond the small-k regime due to analytic continuation. One example is
the 1D network, where we can show that all diagrams vanish in Appendix A.6.5. Another

example is shown in Sec. 2.7.1.

2.5.8 Generalization of the diagrammatic approach to higher-dimensional

networks, generic noise spectrum, and heterogeneous parameters

We have seen how the diagrammatic approach reveals a hierarchical picture of the energy
transport (Eq. (2.11)) and elucidates how the Lorentz force and activity, operating through
the condensed parameter «, interact with the geometry to enable rectification (Eq. (2.14)).
Together these results make possible the control of energy fluxes in arbitrarily complex
networks.

We now show that the diagrammatic approach can enable control in a wider variety of
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systems. Our results can immediately be generalized to networks on 2D curved surfaces or to
3D networks. For 2D curved surface, the same diagrammatic expressions Eq. (2.11)-(2.14)
can be readily applied. Curvature simply modifies the relation between outer angles #; and
the number of sides n in a polygon path. For 3D networks, the same diagrammatic approach
applies, but the expression would be modified by the additional spatial dimension. Examples
of networks on 2D curved surface or in 3D space are shown in Appendix A.7.1.

The OU noise can also be generalized to noises with spectrum <ﬁ(w)ﬁ(w)*’T> = 29Ty Th(w)/t.
The diagrammatic approach still applies, except now the real matrix G*(w = —i/7) is re-
placed by the complex matrix G+ (w). As a result, the path rules remain unchanged, but the
mathematical expression corresponding to the diagrams are modified. In Appendix A.7.2,
we show a diagrammatic expansion of J¥ T(w). Consequently the flux can be expressed as
weighted diagrams integrated over w or evaluated at the poles.

The diagrammatic approach also be extended to predict energy fluxes in heterogeneous
networks where all parameters except for those related to the colored noise, i.e. Ty and T,
can be modulated as a function of the position of nodes. In this case, the only modifications
to the polygon diagram Eq. (2.14) are replacing k" with [[; k; and replacing [[; cos(¢; — «)

with [ [; cos(6; — c). Similar replacements can be performed for general diagrams Eq. (2.12).

2.6 Energy flux in a passive segment coupled to an active

network

A canonical setup for the study of energy transport is a passive material bar placed between
tho heat reservoirs held at constant temperature (Figure 2.4a). The generic result is that en-
ergy flows from the ‘hot’ reservoir to the ‘cold’ reservoir, and in the absence of a temperature
difference there can be no net energy flux through the bar.

Placing a passive material bar—in this case three masses not influenced by any magnetic

fields and connected by springs in a linear geometry—across a gap in our activated meta-

29



material, as illustrated in Figure 2.4a, reveals a very different behavior: despite the absence
of temperature gradients a persistent energy flux is measured through the passive material
bar. From numerical calculations (method is described in Appendix A.8), the magnitude
of the energy flux decays exponentially with the bar length. In the small k limit, the flux
in a bar with n sites can be evaluated using the diagrammatic techniques developed in the
previous section, which yields (J),, = (J); (k/(kg + m/72))"~Y Using numerical simula-
tions, we plot the instantaneous flux transmitted across the bonds on the passive segment
in Figure 2.4b. The instantaneous flux exhibits stochastic fluctuations. Large values of the
instantaneous flux are transmitted across bonds sequentially in a wave-like manner (Fig-
ure 2.4b). This is reflected in the successive peaks in the instantaneous flux profile across
the bonds of the passive segment. The spacing between the peaks matches the sound speed
in the passive chain.

This result, in combination with the results of the previous sections, shows how one design
active gyroscopic metamaterials that can act as energy pumps and support energy transport
in passive materials even in the absence of any temperature gradients. Crucially, these results
demonstrate how gyroscopic metamaterials can rectify non-equilibrium fluctuations. In the
following section, we consider whether these rectified fluctuations when placed in contact

with a viscous fluid, can act as low Re swimmers or fluid pumps [122, 123, 124].

2.7 Non-reciprocal motions responsible for energy fluxes can be

used to generate forces

The rectification of energy has been our main focus so far. In this section, we show that it
is possible to exploit the energy flux to rectify motions when our model systems are allowed
to interact with a viscous fluid (Figure 2.5a). We begin by considering the motion of the
three masses in the passive material bar discussed in the previous section and in particular,

consider the effect that their motion would have on a viscous fluid. We first do so by taking
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Figure 2.4: Driving energy through a passive chain. (a) Conventional energy transport in
a passive material (boxed in gray) with temperature differences at two ends. Similarly,
the active gyroscopic network can also drive energy flows through a passive segment. (b)
Instantaneous energy flux J through bonds in the passive segment from a simulation. Flux
through different bonds are colored differently. J is stochastic in general, however, during
the period when J is large, J exhibits successive peaks in accordance with the direction of
the flux. In the simulation setup, parameters for the active particles are: m, kg,y = 0.1,k =
10, B, Ty, 7 = 1. Passive particles (boxed in gray) are constrained to 1D, and their v, Tg, kg
are set to 0.

31



their recorded trajectories and asking whether three particles following these trajectories
would ‘swim’ in an external fluid.This calculation ignores any back action from the fluid on
the dynamics of the segment. We then consider the effect of these forces in Sec. 2.7.2 and
discuss regimes in which our energy conducting passive segment can generate forces when
immersed in a viscous fluid. Together, these results demonstrate how a gyroscopic active

metamaterial can be manipulated to exert forces and power motion in nanoscale materials.

2.7.1 Nonreciprocal motion as a swimming protocol

In this section we consider a system of three spheres arranged in a linear configuration [124]
(Figure 2.5a(iii)), placed in a viscous fluid. This system is a minimal model for low Reynolds
number swimming/pumping action. If the lengths of the two springs connecting the spheres,
Li(t) = L+ ALq(t), Lo(t) = L + ALsy(t) are varied according to some prescribed protocol,

the time-averaged swim speed is (Eq. (12) in Ref. [124])

_ Ta dALy dAL;

where a is the radius of the bead. Assumptions for this equation are a/L < 1,AL;/L < 1,
and total external force on the swimmer is zero.

We now imagine recording the motions of the passive segment when it is connected to
our active gyroscopic metamaterial as in Sec. 2.6(Figure 2.5a) and not coupled to a viscous
fluid. This recorded motion can be used a protocol for modulating the configuration of an
equivalent swimmer passive segment that is placed in a viscous fluid. We compute the swim
speed of the swimmer using Eq. (2.15) and find that it is in fact proportional to the energy
flux conducted through the passive segment when it is coupled to the chiral active network
(Figure 2.5b). The nonreciprocal motions that is responsible for energy fluxes can also be
used as a protocol to generate motion in a low Re fluid. The proportionality constant between

the swim speed Vs and the energy flux (J) can be calculated using a modified diagrammatic
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Figure 2.5: Utilization of non-equilibrium gyroscopic dynamics to power swimming and
pumping in low Reynolds number (Re) media. (a) The energy flux in the active gyroscopic
network is accompanied by nonreciprocal motions of the particles (i,ii). The nonreciprocal
motion is a schematic for illustration purposes, and the real data is much more noisy. Using
these nonreciprocal motions as input, a three bead linear object can be made to swim through
a low Re medium (iii). Our analytical results in (b) below show that the swim speed Vj is
in fact proportional to the energy flux (J). (iv) Finally by immersing the passive segment
into a low Re fluid, the nonreciprocal motions can be used to pump the fluid. In this
manner, the energy fluxes can be rectified for locomotion and force generation. (b) Swim
speed Vs is proportional to the energy flux (J) in the active network. The proportionality
constant is —kqg/k, which is independent of the network geometry. The series of dots for
each —kg/k are obtained by varying the labelled angles (by red disk sectors) in pentagon
networks or “square+tail” networks. The parameters chosen for the numerical calculations
are m,kg = 0.1, 7 =1, k = 5 for kg/k = 0.04 and k = 10 for kg/k = 0.02. For the active
part, v = 0.1, B, T, = 1. For the passive segment, v, B, T, = 0.
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technique (Appendix A.9),
Vs _ k(D)
Ta/24L2 k k/2’

(2.16)
where ko = kg+m/7? (B,~ = 0 for the passive segment). This result Eq. (2.16) holds beyond
small-k regime because all orders of diagrams are considered. Figure 2.5b and Eq. (2.16)
together establish that one can relate the swim speed to the flux of energy in the gyroscopic
metamaterial. Similar proportionality between Vi and (J) can be expected for other types
of three-sphere swimmers, such as one where one sphere is much larger than the other two

[125]. This is because the swim speed is generically proportional to the area enclosed in the

ALj space [126]. This area is also proportional to the energy flux (J) (Appendix A.9).

2.7.2 Force generation in a viscous medium using the rectified enerqy flures

Finally, we now consider the scenario where the passive segment, which is connected to the
active network, is immersed in a fluid (Figure 2.5a(iv)). Since the passive segment is tethered
due to kg4 and its connection to the active network, it cannot swim indefinitely. However,
a stalled swimmer can potentially pump the fluid [127]. We now analyse the regime for
parameters where this pumping is possible. In order to utilize the connection between the
swim speed and energy flux, we require that the fluid minimally perturbs the dynamics of the
passive segment. Such a regime requires the dissipation rate due to the viscous fluid to be
much smaller than the energy flux through the segment. This condition can be expressed as
n fav2 < J, where v is the characteristic velocity of a bead in the passive segment, 7y is the
dynamic viscosity of the fluid, and J is the energy flux in the absence of the fluid. In addition,
the constraint of low Reynolds number requires that Re = prav /n 5 < 1, where py is fluid’s
density. Writing these two conditions together, the requirement reads J > n fcw2 > p fa2v3.
Here, we have ignored the effect of hydrodynamic interactions between the beads to their

dynamics generated from springs, because it is a perturbation on the order of a/L.

As a numerical example, these conditions can be satisfied by setting k = 10 kg / 52, kg =
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1070kg/s? for springs (values of optical traps [127]), @ = 10~%m for all Silica beads (size
used in Ref. [127]), T, = 107187, 7 = 1s for the active bath [34], pr = 103k;g/m3,7]f =
1073kg/(m-s) for liquid (water), and B = 2x10~%kg/s for the B-field (note that our notation
of B has absorbed the charge factor). For these parameters, we obtain v = 6 X 10~ "m /s, and
the three relevant scales J = 4 x 10_20J/s,77fav2 =4 x 10722 /s, a2113pf =2 x 10728 /s,
which indeed satisfy J > nfch > ,OfaQU?’. If the separation between beads is L = 10a, the
swim speed calculated from Eq. (2.16) is 2 x 107 2m/s. The swim speed can provide an
estimate of the potential speed at which the fluid can be pumped due to the energy fluxes.
This speed can be potentially scaled up by increasing 7y or tuning other parameters. We
note the extremely high value of the B-field required to generate a sizable averaged flux (.J).
To make practical use of this model, we anticipate that it will become necessary to instead
consider models with interacting gyroscopes [112] or Coriolis forces [128]. Large B-field or
Lorentz force analogues are easier to achieve in these cases.

The results of this section show that the energy fluxes generated by our active gyroscopic
metamaterial can be used to rectify motion and generate forces on the nanoscale. Our
calculations also show how the forces generated by our metamaterial are in fact proportional
to the energy fluxes. Hence, together with the results from the previous sections that show
how energy fluxes in arbitrarily complex active metamaterial networks can be controlled, our
results provide a broad framework to generate and modulate forces using active gyroscopic

metamaterials.

2.8 Conclusion

In conclusion, we have established a general set of design principles for rectifying energy
and motion in non-equilibrium parity violating metamaterials. In particular, our central
results show how a combination of time reversal symmetry violation due to the geometry,
interactions and Lorentz forces in the metamaterial, and due to the non-equilibrium fluc-

tuations of the active bath, can result in a general strategy for rectification of energy and
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motion. Extending these ideas to non-equilibrium parity violating metamaterials with non-
linear interactions or materials composed of active chiral particles can potentially lead to
new strategies for the construction of synthetic molecular motor analogues. These ideas will
be considered in future work. The applications we have shown in the last two sections are
based on the conventional picture of transport between two terminals. However, since our
setup places all nodes on a equal footing [65, 66, 67] and enables complex transport patterns

in many-body networks, we can expect applications beyond the two-terminal picture.
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CHAPTER 3
ENERGY RECTIFICATION IN ACTIVE GYROSCOPIC
NETWORKS WITH TIME-PERIODIC MODULATIONS

3.1 Introduction

Pioneering studies on energy rectification have shown how energy fluxes can be generated
in the absence of temperature biases [51, 52, 56, 57, 61, 55, 110, 58, 59, 60, 65, 66, 67].
Such principles can potentially be applied to build nanoscale energetic rectifiers [55]. From
a theoretical perspective, energy transport is usually associated with phonons, but these col-
lective excitations are more difficult to manipulate compared with single particles [55, 14].
Previous studies have exploited opportunities provided by nonlinear interactions [57], ather-
mal baths [52] or geometric phases from adiabatic modulations [61]. In this chapter, we
uncover new rectification principles provided by a combination of parity-breaking metama-
terials, nonequilibrium forcing and time-periodic modulations. Unlike many previous studies
that focused on transport between two terminals which are linked directly [57] or through an
asymmetry segment [52, 56, 57], our setup places all nodes and their connections on a equal
footing [65, 66, 67], thus providing the possibility of rectification in networks with complex
geometries.

Our model system is a class of spring-mass networks where each mass is subject to
Lorentz force [112, 114] with a time-periodic B-field, and is immersed in an active bath
[26]. The unmodulated invariant of this model was discussed in Chapter 2, which is able
to rectify energy fluxes between nodes but unable to generate net transport between nodes
and the bath. In this chapter, we modulate the B-field in a time-periodic manner. Using
numerical calculations, we show that the time-modulated system is able to rectify energy
fluxes between nodes and the bath. In other words, despite the absence of temperature
biases, there is energy pumping from some nodes to the others.

We capture the numerical results by developing an analytic framework to understand the
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energy rectification in time-modulated complex networks. We first expand the energy trans-
port with respect to the modulation amplitude using the Martin-Siggia—Rose / Janssen—De
Dominicis—Peliti (MSR/JDP) path integral formalism [129, 130, 131], which reveals a cou-
pling between different Fourier modes of the flux induced by the time-periodic modulation.
We further perform a diagrammatic expansion using techniques we developed in Chapter 2.
Taken together, our theoretical results provide a connection between rectification in complex
networks and the structures of local subnetworks. The rectification principle can potentially
be applied to control energy transport in complex environment. Note that “energy flux” in
this chapter refers to energy transferred between the node and the bath during each mod-
ulation period, which is distinct from the energy flux between two nodes as explored in
Chapter 2.

The remainder of this chapter is organized as follows. In Sec. 3.2, we introduce our time-
modulated active gyroscopic model, provide a microscopic definition for the energy flux, and
present numerical results. In Sec. 3.3-3.5 we develop a theoretical framework for the energy
flux that combines path integral formalism and a diagrammatic approach. In Sec. 3.6 we
compare theory with numerical results. In Sec. 3.7 we utilize the rectification principle to

create flux patterns.

3.2 Model systems and energy flux

Our model gyroscopic network is a tethered spring-mass network in which each particle is
subject to a Lorentz-like force and stochastic forcing from an active bath (Figure 3.1a). The

equations of motion are

mu; = —kgz; + Z Fj; — B(t)Ajv; — yv; + n;, (3.1)
J

_ L=t

(mleynl () = 1oy 7257 32
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Figure 3.1: The model and energy flux in example networks. (a) Schematic of the model, a
spring-mass network where each particle is subject to a time-modulated Lorentz-like force
and active bath. (b) Energy transferred during each period, @;, for networks with shape
V and Y. Positive value corresponds to net energy transferred from the bath to the node.
Protocol for B-field modulation is B(t) = sin 27t/T, where T is the period of modulation. (c)
Energy flux for disordered network subject to a step function protocol B(t) = 1if t < T/2,
B(t) = —1if t > T/2. Numerical calculations were performed with all parameters set to 1.
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where all symbols adopt the same meanings as those in Chapter 2, introduced below Eq. (2.1).
Compared with the active gyroscopic network model introduced in Chapter 2, this model
allows the B-field to be time-dependent, more specifically time-periodic. As a result of the
periodically modulated B-field, the system would reach a time-periodic steady state.

The observable we focus on is the energy transport between particles and baths at the
time-periodic steady state. For a system with pairwise interactions and on-site potentials,
the energy transferred from bath to particle ¢ accumulated in each period T, averaged over

noise realizations, reads

r T T
Q; = / dt <—7U@- v; + v; 771-> ) (3.3)
0

The first term on the RHS measures the energy loss from the particle to the bath due to
friction or dissipation. The second term measures the the energy gain for the particle due
to fluctuating forcing from the bath. A detailed procedure for deriving Eq. (3.3) is provided
in Appendix A.1 using stochastic energetics [132, 116]. We note that Appendix A.1 was
developed for the case with constant B-field, however the same procedure also applies to the
time-dependent situation. The reason is because the Lorentz force, whether time-dependent
or not, does not perform work on the system, thus it does not directly affect the energy or
energy transport.

Under the time-periodic modulation, the system would reach a time-periodic asymptotic
or steady state. The immediate consequence of such time-periodicity is that the total energy
transfer during each period is zero, Zf\il @; = 0, where N is the number of particles in the
system. In nonequilibrium conditions, there seems to be no further constraint on the value
of each @);, thus there is possibility that individual @);’s are nonzero. Nonzero (J;’s mean
that energy is rectified or pumped from some sites to the others.

Starting from the linear equations for particles Eq. (3.1) and for the Ornstein-Uhlenbeck
(OU) noise Eq. (2.3), we numerically solve the time-dependent covariance matrix, from which
we calculate @; [117, 118] (Appendix B.1). Figure 3.1b shows a collection of numerical results

for small and larger networks under two example protocols for B(t), a sinusoidal function
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Figure 3.2: Scaling of energy flux with respect to (a) AB and (b) k in for the disordered
network in Figure 3.1b. We have separated the modulation AB(t) into an amplitude part
AB and a time-dependent part. Each single curve is the scaling for one node. Numerical
calculations were performed with all other parameters set to 1.
and a step function. We see that nonzero energy is pumped from some sites to the others.
A more detailed description of the average (but not dynamical) picture is as follows, energy
is transferred from bath to particles with @); > 0, transmitted through the network and
released from particles with ; < 0 to their surrounding baths. If we were to view this
phenomenon from the perspective of conventional temperature-driven transport, we see that
although all particles experience the same bath or environment, some sites appear as if they
were hotter (Q; > 0) or colder (Q; < 0).

In the next three sections we develop a perturbation theory to understand the energy

pumping mechanism and how the energy pumping depends on the local structure of the

network.

3.3 An overview of the theory: a two-step perturbation strategy

We would like to utilize the diagrammatic approach developed in Chapter 2 for its expla-
nation power. However, the central quantity for the diagrammatic approach, the response
matrix, does not directly apply to the time-dependent case discussed in this chapter. To

overcome this obstacle, we develop a two-step perturbative expansion. In the first step, we
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write the time-modulated B-field as B(t) = B + AB(t), where B is a time-independent ref-
erence field and AB(t) is a time-periodic modulation with a perturbative amplitude. Using
the Martin—Siggia—Rose/Janssen-De Dominicis—Peliti (MSR/JDP) path integral formalism
[129, 130, 131], correlators under time-periodic system can be expressed in terms of corre-
lators under a time-invariant reference system. We will see in Eq. (3.24) that the response
matrix at different Fourier frequencies are coupled, whereas the modulation AB(t) at differ-
ent modes in Fourier series do not couple. In the second step, we perform an expansion with
respect to interactions or the spring constant. Using a diagrammatic approach, we are able
to express the energy transfer as intuitive diagrams, which then reveals how the energy flux
in complex networks can be related to properties of local subnetworks.

Numerical results in Figure 3.2 show that the lowest order scaling of ); with respect to
AB(t) and k is Q; o AB(t)?k3. These observations suggest a goal for analytical efforts,
which is to develop an expression to the order of AB (t)2k3, explore properties of energy
pumping on this order, as well as explain why lower order terms vanish. We also observed
higher orders in AB(t) or in k for nodes in networks with specific symmetries. These obser-
vations are special cases and thus are not our focus.

In the literature, there exists other theoretical approaches to time-periodic systems, no-
tably the geometric phase formulation for adiabatic processes [62, 63, 64, 133, 61|, and the
Floquet formalism [134, 135, 136]. These methods are less appropriate for our system for the
following reasons. Our energy pumping is not an adiabatic process, because the modulation
is not slow, thus the geometric phase formulation cannot be applied. In the adiabatic limit,
a nonzero pumping requires time-modulation of at least two parameters [62, 61], whereas we
only modulate one, the B-field. In Appendix B.2 we show that the energy pumping indeed
vanishes in the adiabatic limit. The Floquet formalism generally requires solving eigenvalue
problems, thus does not meet our goal to develop analytic results. A rare case where analytic
results can be obtained is the OU processes with additive modulations [134], which does not

apply to our case with multiplicative modulation (through B(t)v;).
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3.4 Perturbative expansion in modulated B-field: a MSR/JDP

approach

In this section, we first review the MSR/JDP formalism, apply it to our system, and arrive
at an expression that relates correlators in the time-modulated system to correlators in the
reference system with constant B-field (Eq. (3.9)). Next we assume weak modulations and
expand around small amplitude of AB(t) to its second order. We will show that the first
order term vanishes. Finally we come to the central result of this section, the expression for

energy flux on the order of AB? (Eq. (3.24)).

3.4.1 The MSR/JDP path integral formalism

The Martin-Siggia—Rose/Janssen—-De Dominicis—Peliti (MSR/JDP) path integral formalism
[129, 130, 131] is a powerful framework for studying statistical properties of a stochastic
trajectory when compared to another trajectory. In our case, these two trajectories are one
with modulated B-field, and one with constant B-field. As another example, in stochastic
thermodynamics, the evaluation of entropy production involves the ratio between the forward
and the reverse trajectory [107]. By introducing an auxiliary response field, the MSR/JDP
framework expresses observable in forms of polynomials under the reference trajectory, which
is then ready for perturbative treatments.

To distinguish between notations of observable O averaged under modulated systems
and under unmodulated system, we denote the former as (O)p, and the latter as (O). We
express the N-particle system with 2/N-dimensional column vectors. The notation has been
introduced below Eq. (2.6).

The probability of a trajectory {z,v,n} under B(t) reads

Pp,lz,v,n] = NH 6(2 —v)o(mi + Kz + yv + B(t)Av — n)Pln), (3.4)
t
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where N is a normalization constant and P[n] is the probability for the noise.
Introducing a response field iu = ", i) ® iu; through &(z) oc [due™ "% (explained in

more detail in Appendix B.3.1), the probability is rewritten as
PB,: [2’ v, 77] _ N/DUH 5(2 B "U)e_ fdtiuT(mi)—I—KZ-i-’yv-l-BAv—n)e— fdtiuTABtAva[n]’ (35)
t

where the integration limits range from —oo to oo when unspecified.
With this expression for probability, the average of an observable O in the time-modulated

system can be written as

(O)p, = /DZDUDU OPp,[z,v,1] (3.6)

_ /DZDUD?]DU Oe~ fdtiuTABtAvNH 53 —v)e” fdtiuT(mz)+Kz+’yv+BAv—n)7;[n]‘
t

(3.7)

The observable averaged under the reference dynamics can be similarly expressed as (simply

by setting AB; = 0),
(0) = /DzDanDu ONH Iz —v)e fdti“T(m@+KZ+W+BAv_n)P[77]. (3.8)
t
Comparing the expression for (O) g, and for (O), we obtain
<O>Bt _ <06_ fthBtiuTAv> . (39)
In the small AB(t) regime, an expansion can be performed,

- 1
¢~ JdsABsiuT Av _ q _ /ds ABsiuZAvS + 3 / dsds’ (ABSiuZAvS)(ABS/iuz;AUS/) — ...

(3.10)
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The last two expressions connects averages under modulated B(t) to averages under con-
stant B. The latter can be calculated with our knowledge with the reference system from

Chapter 2.

3.4.2  Ezxpansion in modulation and expression of multi-point correlators

The observable we are interested in is the energy absorbed on site i, Eq. (3.3). Here we

rewrite the energy flux using a projection operator P;,

o 1 0
P; = |i)i] ® , (3.11)
01
as
r T T
Qi:/o dtq;(t), qi(t) = —y(Pve)” Pive + (Pyv)” P (3.12)

The projection operator conveniently separates the step of calculating correlators with full-
dimensional (2V) vectors and the step of picking out the subspace for particle i.
Combining (3.12) with the expansion Eq. (3.9)-(3.10), the pumped energy can be ex-

panded to the second order in AB as

<Qz('0)> Z/T dt {a;(t)) , (3.13)

/ dt ds (t)ABgiug Avs> (3.14)

dtds ds ( )(ABgiul Avg)(AByiu /A’U )> (3.15)

l\.')lH

The zeroth order <Q§0) >B vanishes from our previous derivation for Kirchoff’s law under
t
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constant-B cases in Appendix A.3,
T
O\ _ () —
(@), = |t =o. (3.16)

In calculations of <Q’(1)>B and <Q’(2)>B , we will encounter multi-point correlators.
t t

These multi-point correlators for multivariate Gaussian distributions, which our reference

system satisfies due to its linearity, can be expressed in terms of combinations of two-point

correlators. For instance, the four-point correlator reduces to

<aTbch> — tr <abT> tr <ch> +tr <acT> <de> +tr <adT> <ch> . (3.17)

In the physics literature, the reduction of multi-point correlators (especially in quantum
systems) is often called Wick’s theorem [137].
The two-point correlators can then be expressed in terms of Fourier transforms f (w) =

[2°_dt f(t)e~™* and the response function for the reference system (Eq. (2.6)),

—00

G (w) = [K +iw(yI + BA) — mw?1] 1. (3.18)

Explicit expressions for these two-point correlators are derived and displayed in Appendix B.3.2.
Now we summarize the procedure for perturbative expansion in modulated B-field. In the
first step, we use MSR/JDP formalism to express the observable under weakly-modulated
B-field in terms of averages under the unmodulated reference system, Eq. (3.9)-(3.10). In
the second step, we express the multi-point correlators encountered in the expansion in terms

of two-point correlators. In the last step, we plug in expressions for two-point correlators,

and reach a simplified formula for <Q§1)>B and <QZ(.2)>B .
t t
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3.4.3 Energy flux: first order in modulation

Starting from the expression Eq. (3.14) and performing the second and the third step outlined

in the procedure above, we arrive at the energy flux from the order (AB’)1
(@), —2rr / g—:ABOhw)(iw)? [ PO (@)ACT ()7, (3.19)
In the above expression, we have introduced h(w) to describe a general noise spectrum
<ﬁ(w)ﬁ(w')T > — 2 Tph(w)2md(w + o), (3.20)
and Fourier series expansion of AB(t) with coefficients ABy,,

AB(t) = i ABpent o, = (3.21)
n=—00
with the property AB,, = Aéin.

Eq. (3.19) shows that the only contribute to the first order energy flux is the zero-
frequency mode of AB(t), which corresponds to a constant B-field. We have shown in
Chapter 2 that energy flux between particles and baths is zero for constant B-field. As a
result, <Q(1)>Bt should vanish. Indeed, since GT(w)T P;GT(w) is a symmetric matrix and

7

A is an antisymmetric matrix, the trace vanishes,
tr[PZ-Gﬂw)AGﬂw)T} :tr[A(G+(w)T PGt w)| =o. (3.22)
We conclude that the energy flux from the first order of AB is zero,

<Q§1)>Bt —0. (3.23)
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3.4.4 FEnergy flur: second order in modulation

Starting from the expression Eq. (3.15) and performing the second and the third step outlined

in the procedure above, we arrive at the energy flux from the order (AB)Q,

(Q) = LT Y |AB P [ S wnd b+ ) = hie)

n=1

Reli tr PG T (w)AGT (w + wn) AGH (—w) 7] }

(3.24)

(2)

This expression is the main result of this section. As sanity checks, <Qi > does satisfy en-
ergy balance, ) ; <Q§2)>Bt = 0, and if AB(t) is constant, <Q§2)>Bt does Variish. Derivations
are detailed in Appendix B.3.4.

Eq. (3.24) illustrates a coupling between modes of GT and a decoupling between modes of
AB. For the response function GT, a coupling of its Fourier modes at frequency w, —w, w +
wn, as written in the int