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ABSTRACT

It continues to be much cheaper to store data than to analyze it. This state of data analysis
motivates methods that make minimal assumptions in order to reduce the complexity of
data. In order to address scalability in certain applied, network-based problems, we bring
together three distinct fields: multiresolution analysis (MRA), hyperbolic embeddings, and
community detection. Together, the work in these fields provides a path forward for cer-
tain difficult problems in large-scale data analysis. We provide a theoretical background, a
description of our contributions, and a number of applications to show the viability of our
ideas in a real-world setting.

The primary contributions of this dissertation are threefold. First, we draw a connection
between a class of currently-used methods in computational MRA to hyperbolic represen-
tations of data. This connection allows us to suggest a rationale for when different MRA
methods are appropriate, and to define related tree-based kernels for wavelet construction.

Second, we broaden the existing work describing the mechanics of how the multiresolution
matrix factorization (MMF) summarizes data. We look at this MRA framework from two
perspectives. First, we consider how MMF may be viewed as a hyperbolic embedding.
Second, we consider the way MMF may be seen as a regularization operator. We show that
for certain graphs, the regularization imposed by MMF enables methods to perform more
accurate inference than when no regularization is used. This work fits within the existing
field of high dimensional statistics where regularization may turn a massive problem into a
manageable one.

Third, we show the way that MMF, and other similar multiresolution methods, may
be used efficiently in unsupervised and semisupervised settings. By taking advantage of the
localization of wavelets in time and frequency space of graphs, we are able to detect complex,
multiscale, overlapping community structures, as well as combine network structure with the

small amounts of labeling for semisupervised learning.
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CHAPTER 1
INTRODUCTION

1.1 Case Study: Wikipedia

We live in an age of information overload. To take a ubiquitous example, Wikipedia: The Free
Encyclopedia currently hosts nearly 6 million English articles (48 million articles in total),
with a growth rate of approximately 20 thousand per month.[2] There is a fun game, called
“The Wiki Game,” hosted at thewikigame.com, which makes a competitive sport out of the
immenseness of Wikipedia.[l] To play, one is given two articles as starting and ending points,
and one is tasked with clicking the fewest possible number of links in order to define a path of
pages that begin at the start point and finish at the end point. The web of link connections
between Wikipedia articles is massive and complicated, and a huge number of paths exist
between any two pages (even when those two pages that are themselves link-connected).
Formally, Wikipedia may be interpreted as a graph whose nodes are articles and whose
directed edges are the presence of hyperlinks. It has been identified that for a given Wikipedia
article, the links at the top of article connect to more general topics, whereas links within
the lower portions of the page refer to more specific topics. This small difference in link
placement has a big impact on how users navigate Wikipedia and also indicates a latent
hierarchical structure that is present in the Wikipedia network. In general, the shortest
path between article A and article B (unless A and B are sufficiently close relatives) is
to climb upward in generality until general topic C' is reached, relating to both A and B,
and then to descend from the generality of C' to the specificity of B. Using data collected
from The Wiki Game, researchers showed that this is in fact the typical way that players
approach the game.[39] The up-then-down strategy may be modeled using spokes radiating
from a wheel’s axis. It is possible to travel from the end of one spoke to another in two ways:
by traveling along the circumference of the wheel or by traveling to the hub of the spokes and

then departing for the end point. If two spokes are sufficiently close together, it is wasteful
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to travel to the hub, when a short stroll along the circumference will do. If two spokes are
far apart, however, traveling through the hub can be a much appreciated shortcut.

Contemporary research in network routing relies heavily on the tradeoffs that arise when
navigating complex networks, and may be seen as analogous to the foundational tradeoff
between breadth-first search and depth-first search. In breadth-first search, all the neighbors
of a starting node are weighed equally for further investigation. If the end point is nearby, this
will be extremely efficient. If the end point is far away, however, the number of nodes that
must be visited before completion will be on the order of the total number of graph nodes.
In depth-first search, a path between two far-apart nodes may be identified quickly, provided
there is some strategy for which directions make the most sense. Depth-first searches are
unforgiving of small initial miscalculations, so connecting close-together nodes with a depth-
first search path runs the dangerous risk of extreme overshooting.

We sum up our suggested strategy for The Wiki Game by saying that for a graph with an
implicit hierarchy (such as that defined by levels of generality), two nodes may be connected
efficiently by finding a “common ancestor” in the graph. Even though this strategy may be
wasteful sometimes, exaggerating the distance between nearby nodes, it provides a robust,
foundational approach for navigating complex networks.

The common ancestor strategy has another layer of utility. The strategy works at any
scale and may be run recursively. For example, just as the quantitative subjects taught to
a primary students may be organized in a hierarchy, the subtopics within any one of those
subjects may also be organized in a hierarchy, and so on in both directions (primary school
topics is a single spoke of a larger category, such as educational topics). This illustrates the
existence of two salient features of many real-world graphs (of which Wikipedia is only one
example): hierarchical structure and multiscale structure. By the former, we refer to the
existence of a general hub-and-spokes structure; by the latter, we refer to the fact that each
spoke is itself the hub of another set of spokes.

I have played The Wiki Game and it is not easy. The difficulty arises because there is no



single authoritative hierarchy that governs the database of Wikipedia articles. Given a real-
istic (and indeed real) example of a start point “Poseidon” and an ending point “Gregorian

chant,” there are several paths that would contain both articles, two of which are:

Poseidon — Ancient Greek Religion — Ancient Roman Religion —

Early Christianity — Catholic Church — Gregorian Chant

Poseidon — Twelve Olympians — Ancient Greece —
Ancient Greek — neume — Gregorian Chant

Whereas the first path considers a hierarchy defined by religious orders and the religious
role of Gregorian chants, the second hierarchy defines the Gregorian chant in terms of its
notes, which are described using Greek-rooted words. Even while similarities exist between
the two hierarchies, they are assuredly different. The dual hierarchies pose a challenge in
the field of machine learning due to the difficulty, one can imagine, a computer would have
answering, “How similar are Poseidon and Gregorian chants?” or “Which articles are most
similar to Poseidon and Gregorian Chants?” The primary aim of this thesis is to provide a

framework for answering expansive questions of this type.

1.2 Our Approach

Machine learning (ML) methods contribute to graph-based analysis when the number of
nodes, the number of connections, or the combination of both makes it intractable for a
human being to use traditional brute-force methods. This thesis primarily relies on three
areas of ML-related research in order to describe structures present in real-world graphs.
These areas are multiresolution analysis (MRA), graph embeddings, and network analysis.
Chapter 2 provides the foundation for our research in MRA, starting with continuous

3



Fourier transforms and ending with examples of wavelet transforms of discrete objects. MRA
is a well-developed topic in signal processing, but its application in discrete domains, such as
graphs and matrices, is newer, with new MRA frameworks and their applications emerging
in the last decade as a popular approach for describing graphs. The connection between
Fourier analysis and MRA on discrete objects is critical for understanding our work in
chapter 5, where we consider seeing MRA on graphs through the lenses of hyperbolic space
and regularization theory.

Chapter 3 collects information on the many ways that trees are used to model observed
graphs. The tree’s simple structure! makes it an especially convenient way of transforming
a complicated graph into a simpler graph on which it is easier to do inference. Tree-based
approaches vary from simply exchanging a graph for one of its spanning tree subgraphs, to
using collections of spanning tree subgraphs, to using subgraphs that are almost spanning
trees, to embedding graphs in hyperbolic space. Mapping any graph to a subgraph (which
contains all its nodes) is a form of metric embedding. We consider simple tree embeddings,
along with the more abstract hyperbolic embedding. Hyperbolic embeddings are metric em-
beddings that map graphs to hyperbolic metric spaces, metric spaces with certain interesting
non-Euclidean properties. “Tree-likeness” is a term often used to describe hyperbolic spaces,
with Gromov’s d-hyperbolicity parameter being used to define the tree-likeness of a metric
space. When § = 0 a space is simply a tree, whereas for § = oo, the space is Euclidean. For
0 > R4, a space is defined with certain properties that have led to many contributions in
hyperbolic embeddings of hierarchical graphs.[110), | Empirical observations of the hyper-
bolicity of real-world graphs have led many researchers to posit that hyperbolic space is the
natural embedding space for massive real-world graphs such as the world wide web, as op-
pose to Euclidean embeddings that lead to higher levels of distortion.[30] We review existing

research on making tree or tree-likeness assumptions about graphs, setting the groundwork

1. In the context of this thesis, the most important characteristic making trees “simple” is the fact that,
between any two nodes, there exists a path which is a subpath of any other path connecting those nodes.
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Figure 1.1: Graphical representation of thesis outline

for the analysis of MRA from the perspective of hyperbolic embeddings in chapter 5. Our
discussion focuses primarily on the intersection between representing graphs using collections
of trees and hyperbolic space.

Chapter 4 provides a background on areas in network analysis whose methods are most
relevant for our research. Specifically, graph-based semi-supervised learning which is used in
chapter 5, community detection which is the basis of chapters 6 and 7, and statistical testing
for graphs, which is an area of future direction and discussed in chapter 9. Many methods
in network analysis are limited in scalability, leading to the introduction of preprocessing
approximation steps before inference.

Having provided a broad basis for the usage of MRA, graph metric embeddings, and
network analysis, we turn to specific ways they may be used for developing new ideas in
their respective fields. Chapter 5 does not specifically deal with network applications, its
primary focus is the connection between a specific MRA framework - the multiresolution
matrix factorization (MMF) - and hyperbolic embeddings. We point out how the use of
MRA leads to a hyperbolic embedding and how a hyperbolic embedding can improve wavelet
construction. We also provide an interpretation of MMF as a hyperbolic regularization tool.

In chapter 6 we use the resistance network model to develop a tool for a specific brand

of community detection called seed set expansion. We demonstrate that the usage of a fast
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preprocessing step to germinate a seed set (that is, to expand and improve the quality of a
seed set) greatly improves the accuracy of subsequently applied seed set expansion methods.
This chapter does not explicitly make use of MRA, but by using sets of spanning trees to
define effective resistance on graphs, we exploit the hyperbolicity present in graphs, similar
to existing work, such as that described in section 3.3.3.

Chapter 7 is the most unifying chapter of the thesis, where we use MMF to do community
detection (CD) on large graphs. Though MMF is assuredly not the only approach for MRA
on discrete spaces, we propose that MMF’s method for learning graph wavelets, uniquely
suits it for the task of CD. As a benchmark for comparison, we consider MMF’s performance
relative to a similar CD technique[133] that uses of spectral graph wavelets.[71] We then
delve deeper into the interpretation of the communities found by MMF by considering a
novel application: the US stock market using historic stock prices. In this context, networks
are convenient models for understanding pairwise relationships, and communities defined on
said networks allow for descriptive and predictive analysis.

We conclude in chapter 9, summarizing the findings presented up until that point, along
with future directions that we are eager to follow up with. To visualize the structure of this
thesis and the connections that exist between the subsequent chapters, please refer to the

graph in figure 1.1.



CHAPTER 2
FROM FOURIER ANALYSIS IN STRUCTURED SPACES TO
MULTIRESOLUTION ANALYSIS IN UNSTRUCTURED
SPACES

To cope with too much information we need to practice the Art of Decimation - which
means selecting what is most worthwhile and relevant. But, to do that well takes expe-
rience and a certain intuition that builds up over time.

Umberto Eco, “Against the Loss of Memory” (2013)

The ideas presented in this chapter describe general techniques for multiresolution anal-
ysis (MRA) in R" leading up to the application of MRA on discrete spaces, such as graphs
and matrices. In order to contextualize the subsequent computational work contained in this
dissertation, it is necessary to discuss its motivation from the perspective of Fourier analysis.
While computational implementations will often involve discretizations or approximations of
mathematical concepts, the basis for the computational procedures we discuss is assuredly

the theory of Fourier analysis and MRA.

2.1 Fourier Analysis Background

Behind MRA is a longer history of analyzing signals using Fourier analysis. The Fourier
series is the central tool of the discrete-time Fourier transform (DFT) for representing N
signal measurements as a linear combination of N sinusoidal basis functions. The set of basis

functions are:

N —2mik
BFourier = {6 N ‘1 <k< N}

This set of functions is an orthogonal basis for a function space, where the inner product

between two elements f, g € span(B{T\gurier) is defined as (f,g) = Zf\il figi- As orthogonal
—2mik

basis elements, Vv € span(Bﬁ)uﬂer), Jaq,...,any € R such that v = Zi\il ae” N . The

7



DFT provides a procedure for transforming any N signal measurements into N coefficients
(a;)1<i<N- On the one hand, this may seem like /V elements in one vector space have simply
been exchanged from N elements in a different vector space. However, the Fourier coefficients
carry the potential to do many things other than simply decomposing and then reconstructing
signals. For example, Fourier decompositions permit quick computation for a number of
challenging tasks: the convolution of signals is equivalent to the multiplication of Fourier
coefficients, signal smoothing is equivalent to thresholding which frequency-associated basis
elements will be used, signal comparison may be equivalent to the comparison of Fourier
coefficients.

Therefore, the approach to the decomposition of functions using a basis of orthogonal
functions (specifically, functions that are localized in frequency) has a wide applicability in
signal analysis, including signal denoising, generating spectrograms of audio data, or image
processing. A signal denoising process, for instance, involves collecting the coefficients of the
Fourier series and only using the lowest frequency components in the signal reconstruction.
This low-pass filter will eliminate noise from a signal if it is the case that the signal is a
smooth signal with corruptions in limited regions of the time domain.

The Fourier series is able to represent signals with a finite number of observations (using
finite terms), square integrable functions in a fixed interval (using countable terms), or pe-
riodic signals without interval boundaries (using countable terms). To represent a broader
class of functions on the real line, without periodicity conditions, the general Fourier trans-
form (F'T), or continuous Fourier transform, decomposes a function into an uncountable sum
of sinusoidal basis functions. Specifically, the Fourier coefficients for a function f are defined
in equation 2.1 as the inner product between f and the sinusoidal terms, just as they were

in the discrete case, where for n € R:

f(n) = /R f@)e " e (2.1)



The inverse transform for any x € R is defined similar to the DFT where

ﬂwzéﬂwfmm

The work in this dissertation, however, deals with discrete spaces, primarily graphs, and

thus deals with discrete signal transforms.

2.1.1 Large Scale Implementation of Fourier

The Fourier transform and Fourier series have provided researchers in the past few centuries
with invaluable tools for analyzing complicated phenomena, such as heat, geophysics, and
astronomy.! In modern applications, such as image processing, a high priority is the number
of computations involved in a data analysis procedure. In a typical DFT where the input

vector of measurements is f = (fo, f1,..., [n_1) € RY, the N Fourier coefficients are

N-1

N —2mijk

fo=>" fe ¥ J0<k<N-1
Jj=0

1. As an aside, the monumental debate between astronomers on whether the solar system is modeled by
geocentrism or heliocentrism has its roots in Fourier analysis. Astronomers holding a geocentric view had
to reckon with the reality that planets, as observed from Earth, sometimes (appear to) deviate from their
orbital path to engage in (what appears to be) a small circle tangent to the larger orbit. Instead of changing
the basic foundations of their beliefs, some astronomers chose to add new parameters to their astronomical
model, introducing epicycles. Over centuries, even as additional evidence of heliocentrism was collected,
many held firm to the belief that planets’ paths were orbits around the Earth with some small, predictable
sub-cycles. With Fourier decompositions in our toolbox, we can dissect this debate more closely - it is
possible to approximate any path, especially periodic orbits, using Fourier basis functions. The heliocentric
model of the solar system is more systematic, in that it is simpler and is more generalizable, but by using
Fourier decompositions of planets’ paths, geocentrism can fit observational data as well as heliocentrism.
Ultimately, deciding the winner of this debate comes down to a preference in the form of scientific theories
- low or high parameter - rather than which is falsified or vindicated by the data.



From a different perspective, the computation of Fourier coefficients may be considered the

product of a matrix and a vector:

. —27i(0)(0) —27i(0)(1) —2mi(0)(N—1)
fo e N e N ... e N — fo
. —2mi(1)(0) —2mi(1)(1) —2mi(1)(N—1)
1 e N e N e N 1
. omi(N—1)(0)  —2mi(N—1)(1) —2mi(N—1)(N—1)
IN-1 e N e N e IN-1
1 1 . 1 fo
—omi —27mi(N—1)
1 e N e e N fl
—2mi(N—1) —2mi(N—1)(N—1)
L e N~ o e N IN-1

It is evident that this complete computation of the Fourier transform requires O(N 2) oper-
ations, one for each entry of the matrix. The inverse transform exchanges f for f and e%
for e%. This reverse operation thus also requires at least O(N 2) operations. Polynomial
scaling is prohibitive in the world of “big data” and makes the contribution of a fast DFT
(FFT) of utmost importance. Different varieties of clever algorithms - the decimation in
time or frequency[31] - provide a means of computing the Fourier Transform in O(Nlog(N))
steps. The computational FFT is an example of applying old techniques to new problems,
specifically problems where the amount of data is very large. From one perspective, the
FFT solves an important problem — the infeasibility of computing large scale DFTs. After
all, any method, whether Fourier or not, must be able to produce results in sub-polynomial
time in order to be practical for large scale implementations. From another perspective,

though computationally feasible, the premise of Fourier analysis itself leaves something to

be desired.
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Figure 2.1: Example of two types of functions: a wave (A) and a box function (B). They
both look like simple functions, but depending on the function basis used to represent them,
they are quite different.

2.1.2 Limitations of Fourier

It is apparent that the use of a Fourier transform will capture and store valuable signal
information, but it also suffers from limitations, specifically in its description of local be-
havior. Consider the difference between the two functions in Figure 2.1. In both cases the
signal being transmitted is visually easy to process and interpret. One’s eyes see signal A
as a single wave of a given frequency and amplitude and signal B as a single box function
of a given interval and magnitude. While visually these signals are both simple (and one
might even say that B appears even simpler than A), using the Fourier basis it is much more
difficult to represent B, a signal with large discontinuities and finite support, because it is
not known a priori what that support will be and where those discontinuities will be. This
is a very relevant scenario for real world applications. In the parlance of signal analysis,
the Fourier transform is unable to efficiently represent a signal that is localized in the time
domain (though Fourier functions are very good at representing signals that are localized in
the frequency domain). This is important in images, for instance, where it is unlikely to find
periodicities and quite likely to find large discontinuities. For instance, it is very common to
observe one part of an image, such as a text character, having very different characteristics

than another part of the image nearby, such as another letter or a blank area with no letters.
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To describe a broader and less predictable class of inputs, it is necessary to develop a
richer class of basis functions. The new class aims to represent a function space where we
are not restricted to assuming those functions are uniformly regular. If we want to be able
to decompose naturally occurring signals into the simplest and - for the sake of computation
- fewest components possible, we must to develop a dictionary of basis elements that are as
similar as possible to the features of naturally occurring signals. There is no “free lunch”
and it may very well be the case that the sparse representations of Fourier-alternatives are
not right in many cases, but in circumstances where a Fourier transform is inappropriate,

we consider classes of sparse wavelet dictionaries as an alternative.

2.2 Sparse Representations: Multiresolution Analysis in

Continuous Spaces

A basis set of sparse functions is convenient for a number of reasons. For example, sparse
functions are easy to store and projections onto sparse basis vectors require less computation
than a non-sparse basis set.2 The principle benefit of sparse function bases that we focus
on is their ability to efficiently approximate parts of signals that are localized in time. In
the toy example featured in Figure 2.1, a basis consisting of orthogonal indicator functions
would require only a few functions to perfectly reproduce signal B.

Multiresolution analysis (MRA) is a term for the analytical framework whereby signals
in LZ(R) are decomposed using a basis set of functions B, the elements of which may be

filtered into a sequence of nested subspaces ordered according to their level of smoothness:

{bc---cVicVycVic---CVy_1 CVyp---C L*(R)

2. Sparsity here refers to sparsity in the time domain and in the frequency domain. A function that is
sparse in the time domain means that the support of the function is primarily zero and only nonzero in a
small region of the domain. Sparsity in the frequency domain is the same property that underlies Fourier
basis functions.
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The smoothest subspace is denoted {0} and consists of the the set of constant functions
indexed by ¢ € R where Vz € R ¢(z) = ¢; the roughest subspace L?(R) includes the very
broad class of square integrable functions. The definition of the subspaces V; depends on
which variety of sparse basis functions are being used. Irregardless of the precise definition,
though, the subspaces are sequentially obtained by splitting each V; into V;_; and W;_q,
smoother and rougher parts respectively. For a general function f € LQ(R), the projection
of f into the subspace V; will be progressively smoother as ¢ grows smaller. We will feature

an example of how this works in practice at the end of this section (2.2.2).

2.2.1 Principles of Multiresolution Analysis

To define the necessary principles for a practical and interpretable MRA, Mallat composed
a set of axioms, whereby subspaces {0} C ---CcV_CcVycCcWViC---CV, 1 CVy---C

L%(R) - and the functions which they contain - may be defined:[101]

MRA1 N;ezV; = {0} or, equivalently, since we are dealing with a nested sequence of

subspaces, lim; , . V; = {0}

MRA2 U;c7V; = LQ(R) or equivalently, since we are dealing with a nested sequence of sub-
spaces which gradually increases to include all square integrable functions, lim;_,~,V; =

I2(R)

MRA3 Vf e€V;, Ym € Z, g € V; where f(z) = g(x — 2lm)

Choosing to use the length of dyadic intervals as the basic unit of translation,
for a fixed smoothness level [, translating one wavelet by the given level’s degree of

coarseness produces another wavelet.

MRA4 Vf €V;, dg € V;_1 such that g(z) = \/Lﬁf(lr)

With a unit of dilation equal to 2, for any function in a (relatively) rough

subspace, there is a smoother function in a (relatively) smooth subspace, where the
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smooth function is a dilation of the rough function.

These conditions provide the necessary ingredients to define wavelet (or detail) functions
and scaling functions, also known as “mother” and “father” wavelets. For a given level of
resolution [, the subspaces V; and Wj are the (relatively) smoother and rougher orthogonal
components which comprise V;_;. That is, the orthogonal complement of W; in V;_; is V}.
Both father and mother wavelets have norm one, but the integral of father wavelets is equal
to one, while the integral of mother wavelets is equal to zero. We consider in detail one class

of wavelets in order to make the cascading resolution of wavelets abundantly clear.

2.2.2  Example: Haar Wavelets

Alfred Haar proposed the simple class of piecewise constant functions for the construction
of an orthonormal set of easy-to-integrate functions. With the development of MRA, the
class of functions defined by the eponymous Haar has become known as the simplest form of
wavelet. While, on the one hand, these functions are not continuous, dealing a blow to the
development of theoretical properties for this wavelet class (many subsequently developed
wavelet types address this), it is nonetheless uniquely suited to identify discontinuities that
may exist in signals.[129)]

For a baseline resolution level [ = 0, we may define the “mother” detail function of the

Haar wavelet basis as:

The superscript denotes the reference level of resolution and the subscript denotes the trans-
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lation. It is evident that, the inner product (w(()o), qﬁéo)) = 0. Furthermore, any two distinct

functions from among all the functions that are integer translations of the mother and father:
0 0
W 1kezhu{e) | kez}

will also have an inner product equal to zero. To move from this level [ = 0 of resolution to
a smoother one (i.e. [ = —1), the collection of detail functions {%(ﬂo) | k € Z} are discarded
and the collection of scaling functions {gblio) | k € Z} are used to produce detail functions
{¢§;1) | k € Z} and scaling functions {¢g21) | k € Z}. Since the scaling functions of [ = 0
were constant over any intervals between integers, the new detail functions will also only
have discontinuities at integer values. The scaling functions are similarly smoothed, now
having support between any two even integers. In order for basis functions to have norm
equal to one, basis functions must be normalized by /2.

To move from V{y to V7, the father wavelet and mother wavelet at the previous level must
be un-dilated. For the mother wavelet this corresponds to @Z)(()l) (x) = 10(()0) (%) and similarly
for the father wavelet (/é(gl)(x) = qb(()o) (%) In this case, in order for the level [ = 1 functions

to integrate to one, all functions must be normalized by \/Li To move between any other

two resolution-adjacent subspaces, this same process is executed.

2.2.8 Discrete Wavelet Transforms of Signals

Practically and computationally, the basis functions considered are not {1&2 | k,l € Z}U{qbéC |
k,l € 7}, as we are dealing with realizeable wavelet approximations and not a limit using
countably many basis functions. For that reason, in applications, the wavelet basis is defined
within a finite interval (consisting of the range of values at which a signal is measured) and
for a finite number of levels of resolution. This means that the class of functions that
may be reproduced exactly is not really LQ(R) but a subspace consisting of the span of

B={y;jliel, jeJtU{s;|icl, jec J} (where I and J index levels of resolution and
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translations).
A signal s that is received may then be projected onto B and represented using the

coefficients (jj)ier jes and (Bij)ier jes Where aj; = (f,vij) and Bj; = (f,¢i;). A signal

reconstruction given the coefficients (a;;)icr jes and (Bij)icr jes 18

F@) =Y D i) + Bijdij(x)
i€l \jeJ

We consider this procedure on a practical problem, and note the result alongside that
which would be produced by using harmonic functions instead. We choose to focus on
functions that defy the typically simple application of a Fourier transform for denoising or
compression. As examples, we consider the chirp signal and a multi-year window of a stock’s
opening price each trading day.3 A stock’s price over time has less predictable patterns
and we take notice of how wavelets and Fourier functions provide a sense of overall trends
(especially after having thresholded coefficients with sufficiently small values). See figures
2.2.3 and 2.2.3. We observe in both cases, that for a sufficiently large number of basis
functions, each approximation method reconstructs the function almost exactly. For smaller
numbers of functions, the Fourier representation is least accurate at the boundaries and
occasionally introduces periodicities that simply do not exist in the original function. The
smoothness of the Fourier approach may be a benefit, as the stock prices represented using
wavelets have sharp discontinuities. That being said, the wavelet used in this examples is
the Haar wavelet; smoother wavelet functions would be able to capture smooth trends with

a fewer number of terms.

3. The chirp signal is so named due to its audial similarity with a bird’s chirp and is significant for
increasing radar precision. In our case, we are simply interesting in the ability of wavelets and Fourier
functions to approximate the function with k£ terms for the purpose of denoising or compression.

16



—— Chirp Signal —— Chirp Signal —— Chirp Signal —— Chirp Signal
—— Wavelet Approx —— Fourier Approx —— Wavelet Approx —— Fourier Approx

= Chirp Signal = Chirp Signal = Chirp Signal = Chirp Signal
— Wavelet Approx = Fourier Approx — Wavelet Approx = Fourier Approx

Figure 2.2: Wavelet and Fourier approximations for a chirp signal using 2.2(a): 11, 2.2(b):
21, 2.2(c): 51, and 2.2(d): 101 features.

2.3 Fourier and Multiresolution Analysis in Discrete Spaces

In this section we consider differences that exist between using Fourier and MRA in struc-
tured and nonstructured spaces. By a “structured space” we refer to a space whose properties
are determined before observing any data or the relations between them. When a signal is
observed in R we do not need to know the signal in order to know that 0,1 € R and
d(0,1) = 1. We are able to define a complete wavelet basis a priori because we can define
transforms (DFT or DWT) for the metric space before the data is observed.

In graphs G = (V, E), on the other hand, the observation of the data itself is how we
learn the metric space under consideration. Before observing edges, it is impossible to know
which observations (i.e. nodes) are closer to each other. Any set of n = |V| orthonormal

vectors in R could be a basis for functions f : V' — R", but these vectors will have no
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n terms n terms n terms n terms

—— Ford Stock Price —— Ford Stock Price —— Ford Stock Price —— Ford Stack Price
—— Wavelet Approx —— Fourier Approx —— Wavelet Approx —— Fourier Approx
L

—— Ford Stock Price —— Ford Stock Price —— Ford Stock Price —— Ford Stock Price
—— Wavelet Approx —— Fourier Approx —— Wavelet Approx —— Fourier Approx

(c) (d)

Figure 2.3: Wavelet and Fourier approximations for open prices for Amazon stock using
2.3(a): 2, 2.3(b): 13, 2.3(c): 38, and 2.3(d): 51 features.
correspondence with functions that we are likely to observe on V.4

Proposing Fourier or wavelet transforms on graphs is a particularly challenging problem
because of the infinite variety of different metric spaces that are realizeable as graphs. Since
function bases for graphs must be defined on the fly, the basis set for graphs - whether
Fourier or multiresolution - will need to be data adaptive. It is necessary to consider the
edges between nodes and possibly the functions observed on nodes in order to define sensible
basis functions.

A second challenge for the use of MRA on graphs (though not on structured spaces) is the

definition of a dilation or translation. As we saw in Mallat’s wavelet construction conditions,

4. By likely we refer to a simple assumption: when a function is realized on a graph, the function’s values
at nearby nodes is more similar than the function’s values at nodes that are far apart from each other. We
do not claim that graphs do not exist where this property is not true, merely that for the sake of problems
like denoising graph functions, inference of unknown labels, or clustering, we may only begin to trace a
solution if a meaningful metric space may be defined using the graph’s nodes and edges. Formulations of
this assumption are made rigorously by using regularization operators.
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in order to separate wavelets into different levels of resolution and use translations to define
all the wavelets at a given level of resolution, we need to know the definition of a dilation

and translation across all levels.

Discrete Objects for Consideration Until now we have contrasted graph-based metric
spaces with structured metric spaces such as R". The challenge of unstructuredness in a
graph is also the strength that makes it able to represent a very broad class of observed
data, including any finite set of discrete data observations. For instance, if a signal f has
measurements at locations {k € Z | 0 < k < 10}, we may instead consider the function
domain to be a graph G = (V, E) where V = {v;, |k € Z, 0 < k < 10} and E = {(v;,v;) |
li—j] =1, 0 < k < 10}. The fact that predefined bases, such as the Haar wavelet basis
described above, already exist means we do not need to redefine the wheel in these cases,
but suffice to say that a MRA procedure in general graph-based metric spaces has extremely
wide applicability. Additionally, correlation matrices or distance matrices may be understood
as graphs whose vertices are matrix indices and whose edge weights are the matrix values
at the corresponding index pairs. A discrete wavelet transform on discrete spaces aims to
address these cases. More broadly, a discrete wavelet transform may be applied to any linear
operator, though many of the motivations we discuss in this thesis apply primarily to linear

operators that are symmetric and positive semidefinite.

2.3.1 Connection Between the Fourier Basis and the Figenvalue

Decomposition

Adapting the Fourier transform to the graph setting requires a new perspective on what is
so special about the Fourier basis’ harmonic functions, specifically their relationship to the
Laplace operator L. For f € L2(]R”), Lf=V-(Vf), the divergence of the gradient of f. So
for a function f, the Laplacian operator applied to fis Lf =V - (Vf) =>4 ﬁf The

eigenvectors of £ are indeed the harmonic functions, of which the Fourier basis functlons are
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a subset. The gradient of a function gives the directions in which the function changes, and
the divergence records the magnitude of those changes. So, one way of thinking about what
the Laplacian operator does is it computes how much function values differ locally. In the

slightly more manageable case of n = 2, given f : R? — R,

—82 Flz,y) = limy,_y Haxf(x +h,y) — Faxf(aﬁ, Y) _ hmh—>0f(x +h,y) + fx—h,y) — 2f(z,y)
81‘2 h h2
822]“(95, ) = limy_g a%f(:v, y+h)— a%f(a:, Y) _ 1imh_>of(w’ y+h)+ flz,y — h) — 2f(z,y)
8y h h2

. 0 2
Lf= hmh—>0@f($a y) + a—ny(% Y)

- h—0 h2

Considered differently, £f may be approximated over a mesh grid using the finite difference
method where, instead of h being a term vanishing to zero, it is the distance between adjacent
elements in the grid hZ x hZ. This leads us to approximate Lf using the discrete Laplace

operator Ly:

flx+h,y)+ fle—hy) + flo,y +h)+ f(x,y —h) —4f(z,y)

,Cf ~ ‘Chf = h2

alternatively, using (x1,y1) ~ (x2,y2) to denote that (x1,y1) and (x2,y9) are h units apart,

4 [1
Lf=Lnf=:317 Y flany) — flaz )
(z1,91)~(22,92)

Considering the grid as a graph G = (V, E') where V' = hZ x hZ and

E={((x1,51), (x2,92)) | lr1 — 22| + |y1 — y2| = h}
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and using ~ as a symbol denoting edge connectedness, this expression of the discrete Lapla-

cian operator is, for a function f: V — RIVI

4 1
Lnfo = 13 Geg) > fo—fu

weV, w~v

We can generalize this form of Laplacian on a mesh grid graph to a general (non-mesh)

graph by defining the graph Laplacian similarly. For G = (V, F) and f:V — RIV]

1
Lolv=gumy 22 Jo—fu

wevV, w~v

Another way of formulating the L operator is as a matrix. As a simple example, for a cycle
graph,

Cy = (V = {v1,v2,v3,v4}, B = {(v1,v2), (v2,v3), (v3,v4), (v4,v1)})

the matrix form of the Laplacian operator is:

In analogy to the Fourier basis functions being eigenvectors of £, functions f on a graph G
may be decomposed into f projected onto each of the eigenvectors of the operator L, and
represented using the coefficients of the resulting inner products. As a symmetric matrix,
the matrix L5 will have n orthogonal vectors, each with a corresponding eigenvalue. As a
real symmetric matrix, all eigenvalues will be nonnegative. To sum up, the graph Laplacian
eigenvectors are analogous to the Fourier basis functions in terms of their ability to measure
function smoothness. We delve further into quantifications of function smoothness in the
section 2.3.2.
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(a) (b) (c)

Figure 2.4: Eigenvectors of the graph Laplacian for a path graph of different lengths: 2.4(a)
is length 10; 2.4(b) is length 20, 2.4(c) is length 30, 2.4(d) is length 40

To make the connection between Fourier basis functions and graph Laplacian eigenvectors
more visual, we consider a discretization of the time domain as represented by a path graph
of length n, Pp. In figure 2.3.1 we can see that, as n grows, the eigenvectors of the Lp look

more and more similar to Fourier basis functions.

2.8.2  An Operator for Measuring Function Smoothness

In the same manner that the Laplacian operator may be thought of (and approximated) as
a measurer of local smoothness, the graph Laplacian £; may be used to measure function
smoothness for functions on G. Furthermore, the Laplacian may be used to measure a
function’s smoothness with respect to a manifold. In the case of a graph Laplacian L, the
operator is measuring function smoothness with respect to a graph G.

We once more gain insight on how function smoothness may be measured by considering
the simplest possible graph - the path graph P,. Just as we noted in Figure 2.3.1, the

eigenvectors of Lp —are discretized harmonic functions. The eigenvalues corresponding to
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Eigenvector index: 2; Eigenvalue: 0.006 Eigenvector index: 12; Eigenvalue: 0.218

Eigenvector index: 32; Eigenvalue: 1.382 Eigenvector index: 72; Eigenvalue: 3.902

Figure 2.5: Four representative eigenvectors from the path graph of length 80. The higher-
valued eigenvectors are “rougher” than the lower-valued ones.
these eigenvectors provide valuable information on how to interpret the action of the graph
Laplacian operator. For a path graph of length 80 we show the eigenvectors and eigenvalues
for a few representatives in Figure 2.5. It is apparent that the eigenvalues encode the
effective frequency of eigenvectors on the path graph - smaller eigenvalues correspond to
lower frequencies and higher eigenvalues correspond to higher frequencies.

For a function f, and defining the eigenvectors and eigenvalues as {(\;,v;) | 1 < < n}

(where eigenvalues are indexed in the order of their magnitude),

ffeef
)\1 0 0
T
b 0 Ao o
—f vl V2 Un—1 Un ) Un—1 Un f
o Ap—1 0 o
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The graph Laplacian transform maps the function f to a frequency space whose basis
elements are {v;}1<j<p. This means that fTLgf is equal to 1fllze> with the magnitude
of f in the L frequency space modulated across each dimension by 1/A;. This results
in higher eigenvalue eigenvectors having a higher graph-adaptive notion of frequency. If a
function were identical or at least similar in some respect to a low eigenvalue eigenvector (for
instance, f ~ v9), the value of fTEG f=~ vg Lavo = Ao. Similarly, if a function is identical
or at least similar to a high-eigenvalued eigenvector (for instance, f ~ wvy), the value of
fTEG f ~ A\,. Lower values of this quadratic form will correspond to smoother functions
and higher values will correspond to rougher functions.

This face of the graph Laplacian gives it its reputation as a regularization operator. If
one is dealing with the objective of denoising observations o on a graph - a graph version of a
linear regression problem - the distance of the estimated function f to the observed function
||f — o|| is balanced with a regularization term: fTLaf. In classical signal denoising for
functions f : R — R, a low-pass frequency operator on f smooths the function by ignoring
the high frequency regions of the Fourier transform. Specifically, the image of f in the
frequency space is projected onto the vector space spanned by the low frequency Fourier basis
functions and then re-mapped onto the original vector space. Since a new graph Laplacian
is defined for each graph under consideration, the eigenfunctions of the graph Laplacian are
adapted to its graph structure and uniquely characterize a definition of smoothness for the

graph at hand.
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2.3.3 FExisting Approaches to Constructing a Wavelet Transforms for

Graphs

Having framed the connection between the discrete Fourier transform for signals in R™, and
the discrete Fourier transform for signals on graphs, we now turn to bridging the connection
between the wavelet transform for signals in R™ and the wavelet transform for signals on
graphs. Just as in Fourier land we clarified which features of the R"-based Fourier transform
were important to carry over to graph metric spaces, we aim to do the same for wavelet
transforms.

In the R™ case, the wavelets’ locality in the time and frequency domains is their most
salient feature relative to harmonic functions. As the level of resolution grows finer, the
support of wavelets in the time domain becomes smaller. Furthermore, the orthogonality of
wavelet bases in R™ means that they are able to quickly approximate well-behaved signals
up to a desired level of precision. Lastly, the construction of wavelets using fixed translations
along the real line permitted us to define wavelets with respect to the underlying structure
of the metric space - namely, the Cartesian product of real lines. Several proposals exist for

constructing wavelets in the graph domain which focus on being:
(a) able to be dilated subject to a desired level of resolution,
(b) orthogonal,

(c) able to capture some inherent graph structure, in turn making the nonzero support of

wavelets meaningful.

These proposals carry different advantages and limitations, and we briefly summarize them

in order to contrast their approaches with our own.
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Vertex-centered Wavelet Construction Methods

Diffusion Wavelets Among the first applications of wavelets to contemporary problems
in signal processing on graphs, Coifman et al. develop a procedure for defining classes of
wavelets on graphs.[36] For a graph G = (V, E), they start by defining a diffusion operator T,
central to their wavelet construction, which acts on functions defined on G. The criteria of T
are that it smooths graph functions locally, and that as j € N grows, rank(7") monotonically
shrinks.

The sparsest, finest level of resolution [ = 0 consists of the Dirac d-function at each of the
graph’s vertices @ = {0, | v € V}.° Due to the assumption that 7" is a local graph smoother,
the resulting columns of T'®( are still sparse, but less sparse than the matrix whose columns
are ®p. A sparse QR factorization of T (1)06 produces a sparse orthogonal basis ®; for the
space spanned by T'®q. Applying the diffusion operator once in this fashion corresponds to a
single dilation step in the construction of a multiresolution wavelet basis. Subsequently, the
orthogonal basis ®; is produced from ®; 1 by applying the operator T Y 4o the orthogonal
vectors that comprise ®;_1. As j grows, the operator T? has lower numerical rank, leading
to a set of orthogonal basis functions which are less sparse, and which are smoother with
respect to the graph structure. This process may continue until a resolution smoothness
stopping point is achieved or until the columns of ®; are effectively constant functions. The
general schematic for this algorithm as it appeared in the original publication is reproduced
in Figure 2.6.

Diffusion wavelets produce an orthogonal wavelet basis with sparsity that depends on
7. The framework of wavelet construction described thus far is vertex-focused. That is,
each wavelet is initially defined using an impulse at a single vertex. As the resolution grows

coarser, translations are more difficult to define, but in principle, vertices are mapped to

5. We refer to both the set of basis functions and the matrix where these functions are columns as ®.

6. The template for how to compute the sparse factorizations is outlined in pseudocode in the publication
of Coifman et al. .
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Figure 2.6: Schematic for defining wavelets using diffusion operator T’

wavelets. In the clunky world of graph-based MRA, adjacent nodes’” wavelets are considered
translations of each other.

Diffusion wavelets are appealing in their sensible definition of dilation in terms of a
diffusion process and their simple organization based on the diffusion’s time scale. Coifman’s
diffusion wavelets are among the first general wavelet construction methods proposed for
multiresolution analysis on graphs, and have found a number of fruitful, recent applications.
Diffusion wavelets have been used as the starting point for structural node embeddings,[14]
they have provided the first step for developing spectral graph wavelets,[71] and they have

opened a number of doors in graph signal processing.[127]

Spectral Graph Wavelets A bit later, spectral graph wavelets (SGW) were developed
with many similar qualities to diffusion wavelets.[71] Like diffusion wavelets, SGW construc-
tion also uses a diffusion operator - namely the graph Laplacian £. Specifically, they define

a wavelet operator

gA1) 0 0 0
0 g(X9) 0 0
T, =g(L)=P pT
0 0 oo g(An—1) 0
0 0 0 g(w)
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where P is the matrix whose columns are the Laplacian’s eigenvectors. If the diffusion op-
erator T of diffusion wavelets is the graph Laplacian, then SGW is equivalent to diffusion
wavelets when the function g(z) = 2 is the function that modulates the eigenvalues.” By fo-
cusing specifically on Tj; as parametrized by the graph Laplacian, SGW make the connection
between MRA and Fourier analysis explicit, and they focus on the way that ¢ will impact the
types of wavelets produced. SGW are also derived from Dirac impulse functions where the
wavelet at scale j and vertex v is ¢s 4y = Tgév and the corresponding wavelet coefficients for
a function f are csy = (s, f). If the definition of v, is expanded, the wavelet function
s at each vertex location w € V' is 9s4(w) = 11161 g(A\it)p;(v)p;(w). This formulation
is exactly the inner product of the vectors (p;(v))o<i<n—1 and (p;(w))o<i<nN—1, subject to
the weighting of g¢(x). An interpretation of the wavelet function value at entry w generated
from impulse function ¢y, is the inner product between rows v and w in the matrix P. The
values of nodes v, w across all eigenvectors is compared, with their similarity at high fre-
quency eigenvectors being most important. This provides the locality of SGW, since nodes
that are close together in a graph will have more similar values across all eigenvectors than
nodes that are far apart (and their relative similarity will be greatest, relative to far away
nodes, at high frequency eigenvectors).

SGW’s straightforward connection tying their interpretation to Fourier eigenvectors and
practical large scale implementation using Chebyshev polynomials have led to widespread
implementation, likely making them the graph wavelets most frequently in use today. Ap-
plications include use as a means of detecting multilevel graph structure,[133, 88] graph

embeddings,[13] and image processing.[32]

Limitations of Vertex-centered Wavelet Construction Methods We briefly bring
up to some limitations of diffusion wavelets and SGW. For diffusion wavelets, the require-

ment to choose a specific diffusion operator means that the application of diffusion wavelets

7. In fact, the diffusion operator used by Coifman et al. need not be exclusively the graph Laplacian.
However, since it is a common choice, SGW may be seen as a generalization of diffusion wavelets.
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depends on the operator being well matched to the types of structures the problem aims
to identify. Second, the organization of wavelet bases into successive subspaces spanned by
sparse orthogonal bases is a convenient representation of graph functions, but less convenient
as a representation of graphs themselves. Similarly, for SGW, separating wavelet bases based
on scale makes it difficult to learn something specific about graph structure. That is, by
decomposing functions f into their inner products with wavelets at each resolution level [ as
{{f, gzﬁl(.l)> | 0 < i< |V|—1}, we are able to identify the wavelets which are most aligned with
the function and thus represent functions (or denoise them) using a small number of wavelet
coefficients. If we intend, however, to claim the wavelets capture some underlying graph
structure, it is necessary to determine the relevance of a resolution level’s basis functions.
Without a metric of significance, it is impossible to know whether wavelets at resolution [
actually carry any meaning. The meaningfulness of any given resolution level is relegated
to being outside the procedure’s purview. The algorithm simply outputs jmax/N wavelets.
Additionally, SGW across levels are not necessarily orthogonal, limiting some of the areas in
which they may be used. Lastly, SGW depend on the eigenvectors of the graph Laplacian.
Though eigendecompositions are convenient for low rank approximations, because power
methods can identify the smoothest eigenvectors quickly, they are less adept at capturing
local behavior. In practice, eigenvectors are often not sparse, in conflict with the reality that

many graphs have strong local properties.

Tree-based (or Almost Tree-Based) Wavelet Constructions

An alternative approach for capturing local patterns that exist in a hierarchical graph struc-
ture uses tree approximations. These methods are “data adaptive” in that the wavelet con-
struction depends directly on the graph data - the weight of edges - and makes no smoothness

or structural assumptions for the data at hand.

29



Haar Wavelet Transform The Haar wavelets in R™ are the simplest building blocks
of multiresolution analysis, and the graph Haar wavelet transform (HWT) is a means of
constructing Haar wavelets on graphs.[l11], , 71] Given a graph G, after obtaining a
dendrogram or binary rooted tree 7' (from an as-of-yet unspecified hierarchical clustering
scheme), the HW'T recursively defines a pairwise averaging at each nonterminal node in the
graph (with respect to the root of the tree). So, if the descendants of v € T are desc(v),
and because of the binary-ness of the tree v has two children nodes {u,w} = ch(v) C Vp,
a wavelet is defined such that it is a positive constant on desc(u), a negative constant on
desc(v) and zero elsewhere. This wavelet, as discussed in section 2.2.2, will be norm 1 and
its entries sum to zero.

Though it is not typically considered, a binary tree could be defined on Euclidean space
which would define the same Haar wavelets. This approach to wavelet construction thus de-
fines graph wavelets which reduces to traditional Haar wavelets when applied on a Euclidean
domain. The basic idea of using a HW'T in the graph context has garnered attention in the

graph signal analysis community[29] and semi-supervised learning.[03]

Treelets Using a pre-existing sparse similarity matrix S as the mechanism for identifying
node similarity (such as a graph kernel), a tree subgraph 7" is defined using nodes’ pairwise
similarity. At iteration ¢t = 0, all nodes are available for choosing, and two nodes u,v € V are
selected based on their having the highest off-diagonal value in the similarity matrix S 0),
For each iterative step of the transform, the 2 x 2 submatrix of S (1) corresponding to u, v
is diagonalized and the u,v columns and rows of S () are rotated according to the rotation
matrix resulting from the diagonalization of u, v. One of these nodes is removing from future
iterations, and the other remains available for choosing at iteration ¢ + 1. Iteration ¢t + 1
follows the same process as t except for the correlation matrix is now S (t+1) and the set of

available nodes for rotation is of smaller cardinality.® The method is remarkably similar to

8. To be clear, the difference between S and S**+1) is the rotation of S®. This rotation is affected
using a matrix that is the identity except for submatrix of rows and columns corresponding to u, v where it
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the Jacobi method for matrix diagonalization, except that treelets converges more quickly
because every rotation removes a single index from further rotations (it always converges
in less than n rotations). Each iteration may be thought of as the merging of two leaves
in a tree, merging leaves progressively until arriving at the tree’s root. The output of the
algorithm consists of a tree and a sequence of node pair rotations. The rotations may be
multiplied together to obtain a matrix whose n columns are the outputted wavelets. In
applications, the tree structure may be used for clustering and the wavelets may be used
for signal decomposition. The treelets method is differentiated from the simpler HWT by
deriving its own hierarchical clustering within the process of wavelet definition, and, more
importantly, producing wavelets that are more general than the Haar variety. Criticism of the
treelets algorithm, though, primarily focuses on the simplicity of its clustering algorithm. For
datasets with more complicated structure than a tree, pairwise relationships are insufficient

to decide the sequence of agglomerative clustering.[l3/]

Multiresolution Matrix Factorization The multiresolution matrix factorization (MMF)[25]
was developed after the treelets method, generalizing the treelets algorithm and making that
algorithm scalable to larger, not-necessarily-sparse, not-necessarily-tree graph matrices. Sim-
ilar to treelets, MMF learns a clustering of data on-the-fly through the process of constructing
a wavelet basis. Also like treelets, Givens rotations are the mechanism for translating iter-
ations of clustering into wavelet functions. MMF differs from treelets in several important
ways. First, MMF directly ties the process of wavelet construction to matrix factorization,
making it a wavelet transform that also functions as a numerical approximation tool for myr-
iad large-scale matrix computations. Second, the difference in MMF’s objective from treelets
is evident in how indices are chosen for rotation. Whereas the treelets method copies the Ja-
cobi method’s focus on eliminating the largest off-diagonal entry, MMF’s greedy factorization

prioritizes minimizing matrix norm error from one iteration to the next. This difference also

is the diagonalization’s rotation matrix.

31



/U7\ Y
/\ /\ /\\/
/\ /\ /\ /\ /\\/\ /\\

(a) Example of a tree structure making use of (b) Example of a tree structure making use
k-point rotations where k = 2 of k-point rotations where k =2 or k=3

Vs

Figure 2.7: Tree structures based on different rotation schedules

relates to another critical distinction between the methods. Whereas the treelets method
(and the earlier HWT) considers Givens k-point rotations where k& = 2, MMF considers
higher-order rotations. In the k£ = 2 case, one node in a rotation is preserved for future
rotations, while one is not; in the k£ > 2 case, a proportion of the nodes in a rotation are
made “inactive,” and a proportion remain “active.” This difference leads to MMF summa-
rizing data with tree-like structures that are not strictly hierarchical, summarizing more
general multi-scale structure in data. This addresses the primary shortcoming of applying
treelets to real data. On Figure 2.7 we see the difference between the structure that may
be summarized using rotations that are of order 2 or of order greater than 2. Much of the
motivation in this thesis relies on the foundation and application of MMF and so further
details of motivation, architecture, parameters and explanatory power are delayed to future

chapters, primarily chapter 5.

Other Directions

Lastly, we consider two alternative perspectives in multiresolution analysis on graphs bearing
direct relevance for our work. While other approaches certainly also exist, we have chosen

the particular examples that follow due to the extent that they resemble our own approach.

Fast Factorizations of Symmetric Matrices While fast factorizations are not primarily

oriented towards wavelet construction, such as a factorization using structural assumptions
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to speed up matrix operations, they offer a useful contrast to the work we do with MMF.
Given a hierarchical clustering of matrix indices, the HSS and HODLR matrix formats
have been used as models for applications such as matrix compression[! ] and Gaussian
Process regression. |10, | For these methods, a hierarchical clustering method must be
used (in practice, the citations in the previous sentence use divisive clustering) and moving
from the root of the clustering tree, the submatrix of interactions between nodes in one
tree branch and another are summarized with a low rank approximation. The submatrix
of a tree branch is recursively defined with low rank approximations between neighboring
tree branches. Using the Sherman-Morrison-Woodbury formula and Sylvester determinant
theorem, low rank updates to invertible matrices are easily inverted, and the determinant

may be computed quickly.

Generalized Haar-Walsh Transform We finally feature one form of generalized HWTs.
The generalized tree-based wavelet transform (GTWT)[115] aims to expand the multi-scale
wavelet transform.[03] In its simplest version based on a hierarchical clustering tree, the
GTWT reduces to the HWT. The GTWT differs, however, both in the types of wavelet
filters (higher-order Daubechies wavelets) considered and the way the tree-based wavelets
are defined. Instead of a hierarchical clustering algorithm which would could be represented
by a tree, GTWT uses a more flexible random walk process that produces a “tree-like”
clustering. At the finest level [ = 0, an ordering of the indices is derived by tracing a nearest
neighbor path starting at a random index. An averaging filter produces a smaller number
of datapoints at the next coarser level. At that level, the nearest neighbor path produces
an ordering of these new points. In figure 2.8, a schematic of the summary of graph nodes
being joined for wavelet definition is displayed as it appeared in the original publication.
Whereas in the simplest case of Haar wavelets, the GTW'T reduces to the HWT, when a
broader variety of wavelets is considered, the sequence of rotations becomes a different beast

altogether.
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Figure 2.8: Schematic for defining wavelets using GTWT

2.4 Summary

Fourier analysis and MRA provide a framework for signal processing that has revolutionized
the way we transmit information. In some ways complementary and in some ways different,
these two frameworks are intertwined in both discrete and nondiscrete metric spaces. Their
objectives are similar - efficient representation of information - but their different building
blocks lead to different results. While the infinitely differentiable basis functions of Fourier
analysis translate into an algorithmically simple, easily interpretable tool, time-frequency
localized wavelets excel in regimes where there is a sharp discontinuity or strong local be-
havior. Recent extensions of these frameworks to graph settings sets the stage for expanding
the construction and application of Fourier and wavelet transforms. We have shown that the
differences between Fourier and MRA carry over into the graph setting, with clear analo-
gies between the behavior of these analytical framework in continuous space and in graphs.
The plethora of new approaches to applying wavelet-based methods to large-scale applied
problems inspires confidence that MRA has a lot to offer current real-world problems. Sub-
sequent chapters of this thesis focus on the properties and performance of one particular
approach - MMF - and describe the novel contribution of this method in light of some ideas

from hyperbolic embeddings.
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CHAPTER 3
TREES, TREE-LIKENESS, AND HYPERBOLIC METRIC
SPACES

There never has been, and until we see it we never shall believe that there can be, a
system of geometry worthy of the name, which has any material departures from the
plan laid down by Euclid.

Augustus De Morgan (1848)

This thesis focuses predominantly on the application of multiresolution analysis (MRA)
to the general class of graph metric spaces. MRA depends on the definition of a mother
wavelet that is localized in time and frequency. In the Euclidean domain, the structuredness
of the metric space R" means that by using translations and dilations a simple locally smooth
function such as the Haar wavelet or Mexican hat wavelet is sufficient to define a countable
set of basis functions that can approximate square integrable real-valued functions arbitrarily
well. A graph metric space is much more general than R™, and mother wavelets on a graph
will inevitably depend on the structure of the graph at hand. Predefined wavelet bases will
be unable to characterize function smoothness.

For instance, one trivial wavelet construction method for graphs is to impose an ordering
of the graph’s nodes V' = {wy,...,v,} and to define a mother wavelet ¥;(v;) =1(i € {t}) —
I(i € {t + s}) with ¢t and s defining the location and the width of the support of 1. Through
dilations and translations this wavelet may be used to define a basis on V. These wavelets
may qualify as a multiresolution basis, but they do not inspire much confidence in their ability
to capture coarse or fine levels of function smoothness on G. In fact, only if G is a path
graph, does this wavelet construction make any sense at all. To develop sensible techniques
for wavelet construction, we add some color to the characterization of graph domains we are
likely to consider. In this chapter we focus on existing research tying real world graphs to
hyperbolic space as well as the way that hyperbolic space is a natural habitat for real world

graphs.
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It seems unavoidable in addressing a massive problem like “what sort of graphs do we
want to model for graph-based machine learning?” that we define a large class of graphs.
Our aim is to specify conditions on graphs or classes of graphs that will provide a starting
point for any wavelet construction method. This starting point must be specific enough that
it provides direction on which method to use, but general enough to describe the unknown
graphs to be encountered. Our decision is ultimately to model graphs using hyperbolic
metric spaces! and their “tree-like” properties. To justify this decision, we consider research

on the hyperbolicity and tree-likeness of real world graphs. We chart this path by:
1. introducing properties of hyperbolic spaces,
2. surveying several existing approaches to graph embeddings in hyperbolic metric spaces,
3. considering several tree representations and approximations of graphs, and

4. expanding the class of tree-based methods to include methods making use of products,

sums, or collections of trees.

3.1 Graphs and their Hyperbolicity

3.1.1 Some Properties of Hyperbolic Geometry

The continuous hyperbolic metric space is a continuous metric space similar to Euclidean
space with one notable exception: the removal of Euclid’s “parallel postulate,” an axiom of

Euclid’s geometry:

If a line segment intersects two straight lines forming two interior angles on the
same side that sum to less than two right angles, then the two lines, if extended
indefinitely, meet on that side on which the angles sum to less than two right

angles.[72]

1. We intend the term hyperbolic metric space to include both discrete and continuous metric spaces. By
a discrete metric space we refer to a metric space whose elements are finite or countable.
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A more recent proposition equivalent to this postulate is known as Playfair’s axiom:

For any line | and a point p not on this line, there exists exactly one line I, may

be drawn that goes through this point and never intersects the line [.[114]
In hyperbolic geometry we instead consider an alternative parallel axiom

For any line | and a point p not on this line, there exist at least two distinct lines

l}), l]% that may be drawn, which go through this point and never intersects the line

1.[95]

In the world of non-Euclidean geometries, hyperbolic geometry can be considered a coun-
terpart to elliptic geometry. For any line [ and a point p not on [, define s, to be the set of
lines that contain p and do not intersect [. In hyperbolic geometry, the cardinality |s,| > 1,
in Euclidean geometry |s,| = 1, and in elliptic geometry |s,| = 0. Together with Euclid’s
other first principles, non-Euclidean parallel postulates generate a non-Euclidean geometry
with a number of properties unlike those we expect to see in the real world.2 The parallel
postulates for these spaces are equivalent to a few other identifying properties detailed in
table 3.1.3:4 Interestingly, while the circumference of a circle in hyperbolic space is indeed
recorded as “;27” in table 3.1, the actual relationship between circumference and diameter

is notably exponential.

2. Hyperbolic geometry is actually more familiar than many realize. For instance, hyperbolic models
of metric spaces are central to local representations of Minkowski space for special relativity. A more
immediately recognizeable appearance of hyperbolic geometry is the surface of real-world coral reefs.

3. The difference in a circle’s area in hyperbolic and Euclidean space is a particularly relevant point of
comparison. For a rooted tree with an exponentially growing number of leaves as a function of tree depth,
an embedding will be possible only if the embedding space is able to preserve the relative distance between
tree leaves and the root, and also the relative spacing between leaves. Whereas the area in a circle of
(2-dimensional) Euclidean space grows quadratically, the same circle’s volume in hyperbolic space grows at
least exponentially.

4. In the formula for area of a circle in an elliptic metric space: r denotes the radius of the circle and R
denotes the radius of the sphere which constitutes the manifold that the circle lies upon - if the model of
hyperbolic space were something other than a sphere, we would need a different formula
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Property Hyperbolic Euclidean Elliptic
Sectional curvature (k) k<0 k=0 k>0

Triangle angles (x,y, 2) r+y+2z<180° r+y+2=180° z+y+ 2z > 180°
Circumf.::diam. of a circle | > 27 2m <27

Area of a circle omcosh(ry/—k) — 1 mr? AmRsin ()

Table 3.1: Comparing properties of spaces based on their respective parallel postulates
3.1.2  Gromov 6-Hyperbolicity

A hyperbolic metric space is a metric space incorporating the basic properties of hyperbolic
geometry. To describe this geometry further, and hyperbolic metric spaces in particular, we
delve deeper into ways of describing hyperbolic metric spaces. While some might simply
consider whether or not a space is hyperbolic - whether the relevant parallel postulate will
hold true or not - we use a property of the space’s triangles to characterize metric properties
with more finesse. The property described in table 3.1, where the sum triangles’ angles are
less than 180 degrees, leads to a “slim” triangle. Mikhail Gromov used this triangle property
to not only characterize whether or not a space is hyperbolic, but the degree to which a space
is hyperbolic.[67] We first consider a convenient definition relating to triangle slimness, and

then consider an equivalent definition of hyperbolicity known as the four point condition

(4PC).

Definitions of d-hyperbolicity

Definition 3.1.1. ¢-slimness Consider a geodesic triangle T}y, with corners z,y,z and
line segments s1 = [z,y], so = [z,2], and s3 = [z, 2] as the sides. If 30 > 0 such that
Va € s1, Jb € sy U s3 such that d(a,b) < §, and the same property is true Va € s9 and

Va € s3, then Ty, is §5-slim.®
This concept of -slimness provides us with the necessary material to define -hyperbolicity.

Definition 3.1.2. §-hyperbolic Given a metric space (M, d), if 36 > 0 such that Vz,y, z €

5. Stated differently, if for any two sides of a triangle, the union of §-balls around all the points on those
sides contains the third side, then the triangle is -slim. See figure 3.1.
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Figure 3.1: A ¢-slim triangle

M, the triangle Ty, is d-slim, and if there is no é, < 0 such that this is true, then (M, d) is

a d-hyperbolic metric space.

A space’s d-hyperbolicity may also be defined using the 4PC. First, it is necessary to

define the Gromov product between two elements with respect to a fixed point.

Definition 3.1.3. For a metric space (M,d), Vz € M, Vx,y € M the Gromov product

between x and y with respect to fixed point z is

(x7y)2 = (d(I,Z)+d(y, Z) _d(x7y))

N | —

Definition 3.1.4. A metric space (M, d) is d-hyperbolic if Yw, z,y,z € M,

(z,2)w > min ((z,y)w, (Y, 2)w) — 6

or equivalently,

d(w, x) + d(y, z) < max (d(w,y) + d(z, 2),d(w, z) + d(x,y)) + 20

The 4PC may also be formulated differently. A picture to help visualize definition 3.1.5

is in figure 3.1.2.

Definition 3.1.5. A metric space (M,d) is d-hyperbolic if Yw, z,y,z € M it is the case

that the largest difference between any two elements among {d(w,x) + d(y, ), d(w,y) +
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Figure 3.2: Layout for visualizing the four point condition using node w,x,y,z € V
d(x, z),d(w, z) + d(z,y)} is no greater than 2.

Using figure 3.1.2 it is possible to see how cycles make spaces less hyperbolic. Let
labs lves Leds Lgq De the distances between the corners of the loop made by a,b,c,d in fig-
ure 3.1.2, and let those lengths all be equal to [. Using the 4PC, the hyperbolicity of this

space will then be at least 2/, the maximum difference between two of the elements in

{lab + lcd7 ZGC + lbda lad + lbc} - {l + l7 (l + l) + (l + l)? l + l} = {217 4la 2l}

This provides the intuition that a 0-hyperbolic space is a tree, because no loops exist.
Furthermore, we can see that it is the length of the cycle itself and not the length from say;,
w to a which makes the difference. If we consider the difference between the two maximum

pairwise sums among w, b, ¢, d, for example, where [, = k, the resulting set of pair sums is

{d(w,b) + d(c,d),d(w, c) + d(b,d), d(w,d) + d(bc) }

= {d(w,a) + d(a,b) + d(c,d),d(w,a) + d(a,c) + d(b,d), d(w, a) + d(a,d) + d(bc)}

Since each term in the set is simply augmented by d(w, a), the maximum difference among
pair sums does not change. This means that for any four vertices, the evaluation of their 4PC

may be reduced to a smaller problem. Specifically, for w, x,y, 2z, we can substitute a,b, ¢, d,
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which are the corners of the loop that is formed by using the geodesics guwz, gry, 9yz: 9zw
whose union results in the smallest length loop. The “corners” of the loop are the closest
paths of w,x,y,z to an element of the loop. This reduction of the problem of defining
hyperbolicity is found in the work of Chepoi et al.[31] The set of four nodes w, =, y, z having
geodesics that result in the shortest length loop and also the longest length loop are we call
the loop’s potential corners: a, b, ¢, d in figure 3.1.2. A loop of this type defines an equivalence
class of four node sets all of whom will have the same maximum difference among node pair

suIs.

Examples of hyperbolic metric spaces and their degree of hyperbolicity

We focus first on interpreting the -slim definition. In an unbounded Euclidean space, Vé > 0
it will always be possible to find a triangle that is not J-slim. Consider, for example that any
triangle whose height® is greater than § will not be §-slim. The constant negative curvature
of hyperbolic space, however, means that no matter how large the size of a triangle or length
of its sides grow, the triangle remains J-slim.

We consider some examples of metric spaces and their associated d-hyperbolicity:

e A bounded metric space, such as (0,1) x (0, 1): Since this a bounded metric space, and
the distance between any two points is at most v/2, every triangle in this metric space
is at least v/2-slim. A similar argument may be made for any bounded metric space
that the diameter of the metric space can serve as a ¢ for which every triangle will
be d-slim. This trivial example leads to a bit of confusion on whether d-hyperbolicity
actually implies the variety of hyperbolicity we expect based on intuition. For bounded
metric spaces, it is worth considering the relationship between ¢ and a metric space’s
diameter to make sure that the constant ¢ conveys a meaningful characterization of

the space.

6. As defined by the minimum distance between the intersection of two sides and the third side.
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e The metric space R2: This metric space has Euclidean geometry, and as such, is not
hyperbolic. How is this reflected in the hyperbolicity constant 67 Suppose that there
exists a 6 > 0 such that every triangle in R2 is d-slim. Consider the equilateral triangle
with corners z,y, 2z € R2, where the length of the sides are 20. Then the distance from
x to the nearest point on geodesic gzy (or by symmetry gz) is % = 0+v/3. This
triangle is §v/3-slim and §v/3 > 4, therefore no such § exists and the hyperbolicity of

R2 is § — oo.

e A tree graph: A tree Gp = (V, E) has the property that there are no loops - the
intersection of all paths between two nodes u,v € V in the tree is the shortest path
between the two nodes. Consider any three points u,v,w and the geodesic triangle
Tuvw that they form. Let s; be one of the triangle’s sides and let s9, s3 be the other
two sides. Va € s1, let 7, = minyes,usy d(x,y). Suppose that Jx such that v, > 0.
Then it must be the case that x & s9 U s3, or else 7, = 0. Define x5, and x5, to be the
nodes on s closest to x for which Jyg € s9, such that d(zs,,y2) = 0 and Jys € s3, such
that d(xs,,y3) = 0. By construction, these points must exist, because in the extreme
case they will just be two elements out of {u, v, w}, and they must both be at least -y
away from x. Denote t as the point connecting s9 and s3 which is closest to the corner
of s; and s9. Now we consider the triangle Ttx52£53' Two paths of edges exist from
t to xs, whose intersection is empty. The two paths are (1) the path Gty together
with the path Yarsytsy s and (2) the path iz, Since these edge set of these paths has
an empty intersection, they constitute a loop and 7" is not a tree. Therefore v, > 0
results in a contradiction and we conclude 7, = 0. This means that all triangles in G

are 0-slim with 6 = 0.

e A cycle graph: Let C) denote the graph that is a cycle of length n, and define a
triangle Tpp. where a,b,c € V(Cy). Since the sides of the triangle are geodesics, the

length of any of the sides is no more than . We consider a triangle in figure 3.3 that
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Figure 3.3: The cycle graph C), and triangle abc

consists of the entire cycle and the geodesic ab has length 5. Let m 5 be the midpoint
of ab and we assume that d(m,,a) = d(mg,,b) = 4. This means the path connecting
mg, to acU be must be of length at least . We conclude that the cycle graph Cj, is

Z-hyperbolic.

e Chordal graphs: A graph G is called chordal if there are no induced cycle subgraphs of
length greater than 3. A k-chordal graph is a graph with no induced cycle subgraphs of
length greater than k. A chordal graph may be related to a tree graph by noting that a
k-chordal graph with & = 2 is simply a tree. Similar to the difference in k between trees
and 3-chordal graphs, there is also a similar progression in d-hyperbolicity. Whereas

a tree is O-hyperbolic, a 3-chordal graph is 1-hyperbolic, and a k-chordal graph is

{%J—hyperbolic.[ , 16, 142]

To sum up what we infer from these examples, graphs that are trees are extremely
hyperbolic, graphs that are 3-chordal (essentially clusters of nodes, or combinations of trees
and clusters of nodes like core-periphery graphs) are slightly less hyperbolic, and the longer
an induced cycle in a graph, the less hyperbolic its metric space. The most extreme case
of a metric space with induced cycles of any size is an unbounded Euclidean space. These

examples provide a sliding scale for the tree-likeness of a graph.
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3.1.8 A Sample Case in the Tree-likeness of Hyperbolic Space: R-trees

Until now we have considered primarily metric spaces with a finite number of elements such
as a graph with a metric defined by its edge set. A simple way of making the uncountable R2
into a hyperbolic metric space is, instead of using the Euclidean shortest path metric d, to
use the Paris metric dOPariS.7 This metric space is an example of an R-tree. A 0-hyperbolic
metric space X is a R-tree if Vr,y,z € X 3t € gyy such that gz, N gy, = g8 As a
0-hyperbolic space, R-trees are called “continuous trees” and are the simplest example of
a continuous hyperbolic space, but we will consider that there are non-0-hyperbolic spaces
that also have tree-like properties.|7]

The ways in which hyperbolic space has properties that are similar to trees may be ob-
served from several different directions,[70] but we focus particularly on embeddings. Gro-
mov’s development of a method for quantitatively measuring a space’s hyperbolicity inspired
a field of research attempting to find embeddings of general hyperbolic spaces in R-trees.
Some methods find R-trees which locally approximate a hyperbolic space’s local structure. [35]
Similarly, fast algorithms exist for measuring distances in a d-hyperbolic space using tree ap-
proximations of the space.[31] Other approaches aim to approximate the hyperbolic space’s
boundary by defining a continuous function from the hyperbolic space’s boundary to the
R-tree’s.[67, (9] The ability of R-trees to well-approximate different aspects of general hy-
perbolic spaces has led to advances in a number of fields related to search and routing.[124]
A necessary first step in several applications of hyperbolic embeddings of data has indeed
relied on a close connection between finding approximating trees and an associated hyper-
bolic metric space.[33, | Empirically, the d-hyperbolicity is a reliable way of identifying

whether or not a graph has a core-periphery structure; the 6 constant will describe whether

7. The metric d52™ is defined as follows: for x,y € R2, if there exists a ray r from o € R? such that
x,y € 7, then db*(z,y) = d(z,y). Otherwise, d>*(z,y) = d(o,x) + d(0,y). The metric is an abstraction
of the city streets of Paris which, in several locations, have the appearance of all shooting out from a single
central point - the Arc de Triomphe, pour example.

8. This is equivalent to saying that any triangle is a tripod.
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or not there are many paths that are notably different between nodes that are far apart. If

there are not, then the graph has a character that is tree-like.[(]

3.2 Hyperbolic Embeddings of Data

We next turn to the ability of hyperbolic space to serve as the embedding space of general
metric spaces, and under which conditions. In contrast to embeddings of metric spaces in
metric trees, embedding metric spaces in hyperbolic space is a mapping of continuous space
to continuous space without any discretizations. Even in the case of a discretized graph
metric, embedding a graph with a presumed tree-like structure in an R-tree metric may be
considered a relaxation to the problem of finding an optimal embedding of a graph into
a hyperbolic space. In this section we review approaches to hyperbolic embeddings, the
manner in which these approaches have generated novel solutions to persistent problems,
and under which conditions these embeddings are possible.

In large networks, particularly large social networks or knowledge graphs, a constant
challenge is estimating pairwise distances between vertices for problems related to commu-
nity detection or recommendation systems. It has been both theoretically and empirically
defended that low-dimensional hyperbolic (relative to Euclidean) embeddings radically speed
up the time to accurately calculate most pairwise distances with low distortion.[30, 66] One
early contribution in the field of hyperbolic embeddings is Kleinberg et al.’s algorithm for
embedding finite graphs into hyperbolic space using a “greedy” embedding algorithm.| ]9
Later theoretical work has attempted to characterize the types of data where hyperbolic em-
beddings are likely to have the lowest distortion, and thus are most likely to accurately cap-

ture the metric space’s structure. Some of these characteristics include quasi-cyclicity, | ]10

9. A greedy embedding is a variety of embedding that avoids a particularly damaging form of distor-
tion. The metric embedding f : G — M is a greedy embedding if Vu,v € V,3w € nbhd(v) such that
dy(f(v), f(w)) < dp(f(u), f(v)). That is, there is no pair of vertices that is embedded such that the
distance between the two vertices is made closer than the distance between a vertex and one of its closest
adjacent vertex.

10. A metric space (V,d) is quasi-cyclic ¢ if the largest induced a-cycle is smaller than g. An a-cycle is a
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node degrees being distributed according to an exponential distribution,[125], or presence of
a core periphery structure.|[l25]

Three notable approaches to implementing graph metric embeddings in continuous hy-
perbolic spaces are: neural embeddings, Lorentzian distance embeddings, and embeddings
using the Poincare Disk model.

Neural network embeddings have found wide application in natural language processing
(NLP), forming word representations for tasks like machine translation. The success of neu-
ral embeddings for language has motivated the use of neural networks for representing other
unstructured data such as graphs. Instead of using the Skipgram architecture as is com-
monly done in NLP, random walks are used to abstract some of the contextual information
associated with vertices. The network architecture is then learned using backpropagation as
it would be in general neural embedding systems.[25]

The Poincaré ball is one of many models for a metric space with negative curvature.
Nickel and Kiela use Riemannian optimization to learn metric embeddings that minimize a
loss that depends on a hyperbolic distance function. This leads to results that suggest that
for many text or graph-based datasets the Poincaré model is a more accurate representation
than a Euclidean model. Furthermore, their path towards learning the embedding avoids the
computational complexity involved in fitting neural embeddings for large networks.[1 10, ]
Recent work has suggested that the Lorentzian distance metric is more appropriate than the
Poincaré metric based on complexity considerations.[9?2]

Thinking of hyperbolic space as a smooth version of trees, as approximating trees, or as
“tree-like” gives a rationale for using hyperbolic space as the domain to model hierarchical
clustering structures. Many complex networks exhibit hierarchies that may be summarized
using a hierarchical tree structure[33] admit a smooth representation if a hyperbolic met-

ric structure is used instead.[37, 30] Non-discrete representations are frequently beneficial

set of nodes U C V such that the induced subgraph of those nodes has similar metric properties to a cycle
graph metric space (C,d¢). Specifically Ja such that Yu,v € U, adc(u,v) < d(u,v) < de(u,v)
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in machine learning applications when discrete, tree representations can be overly simplify-
ing. Still, we turn next to tree representations, for their simplicity, generality, and frequent

adoption as the backbone of techniques for multiresolution analysis.

3.3 Trees: Models of Real-World Data and Graph

Approximations

Empirically and practically, trees and hyperbolic metric spaces are convenient representations
for real-world data. Empirically - we observe many real-world networks or data-derived net-
works bearing a close similarity to hyperbolic or R-tree metric spaces.[37] Practically - trees
underly many fast algorithms, such as binary search. For instance, R-trees (distinguished
from the R-tree) are a tree data structure used for organizing data lying in multidimensional
spaces. Constructed using a recursive partitioning algorithm, the data structure can speed
up spatial queries such as “find the nearest supermarket to my location.”

By organizing a dataset of spatial data using a tree structure, we pair a graphical model
with our intuition that data has clustering at multiple levels of resolution. This model also
corresponds to drawing a dendrogram summarizing the clustering structure of a dataset. We
note as an aside that dendrograms (or decision trees) are trees whose leaves correspond to
datapoints and whose branch splittings correspond to the merging of clusters. Dendrograms
may be used to define equivalence classes of rooted tree graphs to represent multi-layer
clustering. The correspondence between dendrograms and rooted tree graphs is important
to our subsequent discussions and we present an example of a dendrogram-tree pair in Figure
3.4.

In the next section we consider existing approaches to use trees to represent and approx-

imate real-world graphs.
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Figure 3.4: This figure shows the correspondence between dendrogram and tree graph. One
important qualification must be noted. Whereas a dendrogram is agnostic to within-cluster
ordering, in a tree graph there is a strict hierarchy at each merge. This may result from
choosing one of the nodes being merged to be the “father” and the others to be “descendents,”
or there may be some structural reason why one node belongs higher in a hierarchy than
others.

3.3.1 Ultrametric Spaces

An ultrametric tree (U, dy,) is a rooted tree metric space with a modification to the traditional
triangle inequality. Instead of Va,y,z € U, d(x,z) < d(z,y) + d(z, z), we have Vx,y,z €
U, dy(z,z) < max (dy(z,y),dy(y, z)). This results in a metric space that is more general

than R™ with the Paris metric and results in some interesting properties:

e Intersecting balls: For a,b € U, rq,1, € RT, if B(a,rq) N B(b,1) # 0 then either

B(a,rq) C B(b, 1) or B(b,1y) C B(a,rg).

e Ball centers: For a ball B(z,r) in the metric space (U, dy), Ya,b € B(x,r), B(a,r) =

B(b,r).

An example of an ultrametric space is (Q, do) where ds is defined using the diadic norm.
For z € Q, since x is rational, there is a representation of x in terms of its prime factors
T = p1p1p2pz -+ where p1, p, ... are distinct prime numbers and exponents ny, , np,, - - - € Z.

In this ultrametric space we define x = 22" Where n € 7 and where p,q € Z are the product

q
of all prime terms in the prime factor representation other than two. The diadic norm is

n
%]l diadic = ?)TIQ(I) where order(z) is equal to n for the diadic representation x = %. The
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Figure 3.5: This visual of Linnaean taxonomy helps to explain how distance is measured
in an ultrametric space. Leaves of the tree are more closely related the more recently they
share a common ancestor.

species—

ultrametric space’s distance for a,b € Q is dgjaqic(@, b) = ||a — b||qiadic-[1 7] Another picture
of an intuitive ultrametric space is in Figure 3.5.

The hierarchy natural to an ultrametric space makes it a convenient model for modeling
hierarchical structure in real world settings. One path towards uncovering said structure
is to embed a general metric space in an ultrametric space. Abraham et al. develop an
algorithm for such an embedding by developing a novel usage of partitioning tools used for
metric Ramsey problems.[1] This metric embedding of (M, d) achieves an e-distortion for
at least 100(1 — d(e))% of the pairwise distances between elements in M. The remaining
1006 (€)% pairwise distances may have larger distortion.

Another approach to embedding metric spaces in ultrametric spaces by Di Summa et al.
assume an optimal solution to the embedding problem exists where all pairwise distances
come from a discrete set.[11] This allows the embedding problem to be framed as an integer
linear program, with the objective to find an embedding with a metric as close as possible

to the optimal ultrametic’s.
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3.3.2  Spanning Trees and Uniform Spanning Trees

As noted in Figure 3.4, there is an equivalence between dendrograms of datapoints and trees
connecting the datapoints. Similarly, there is a correspondence between ultrametric spaces
and tree representations of graph metric spaces. The entry point to tree representations of
graphs is thus the spanning tree. To effectively represent a dataset, it is necessary to ask:
for a given graph, are all trees created equal? Do some trees represent the graph better than
others? Secondly, supposing that a tree structure is basically a good model for a graph, but
individual spanning trees oversimplify graph structure, how may the abstract idea of tree-
structuredness by formalized? These two questions are answered in the next two sections
by reviewing research into minimum spanning trees, uniform spanning trees, and measures

dealing with collections of trees.

Spanning Tree Properties A spanning tree for a connected graph G = (V) E) is T =
(V, E7) where Ep C E and there exists exactly one path in Ep between any two nodes. A
spanning tree may thus be obtained simply by removing an edge whenever a loop in the graph
is encountered. In fact, any connected subgraph of G with n — 1 edges will be a spanning
tree. It is positively dizzying, however, to consider how many spanning trees might exist for
a large graph. Conveniently, Kirchhoff’s theorem provides an insightful way of calculating
this number using the graph Laplacian L. If the set of eigenvalues of A\(£) = { g, ..., A\n—1},

in increasing order, then the number of spanning trees is

which is also equivalent to a cofactor of the Laplacian matrix. We refer to the set of all
spanning trees of G as ST(G). This quantification of the number of spanning trees is

relevant for the use of effective resistance in chapter 6.
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Minimum Spanning Tree If the graph is weighted, two types of spanning trees garner
special attention: the minimum spanning tree (MST) and the maximal spanning tree. The
MST of G = (V,W) is

Shin = argminTeST(G) Z w
weWrp

and the maximal spanning tree is

Smax = argmax e §7(() Z w
weWr

Kruskal’s MST algorithm is a simple approach to finding the MST and can be used to
find the maximal spanning tree by taking the inverse of the edge weights. Identifying an
MST is a critical step in certain clustering algorithms. For instance, Yu et al. propose a
method for agglomerative hierarchical clustering in social networks by finding the MST of a
network.[1419]

In the case when G is unweighted, the sum of minimum and maximum spanning trees’
weights are identical, and so the “best” spanning tree can be defined differently. Elkin et al.
propose a method to find a low stretch spanning tree.[50] The average stretch s of edges in

a tree is

1 dT(U,’U)
T = Sr\m )
=T 2 i

A tree with low stretch thus preserves distances locally by defining a cost function only using
the distortion between nodes that are nearby in the original graph. Their low-stretch method

has the advantage of both being fast
O (|ENog(IV]) + |V log*(IV))

and providing a simple graph representation to speed up many expensive graph operations,

such as solving systems of equations with respect to the graph Laplacian.
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Sampling Uniform Spanning Trees While approaches exist to find spanning trees that
are, in some sense, representative of a graph’s structure, it is evident that the benefit of
using only a tree to find local and global properties is limited. Instead of asking how well
a single spanning tree can represent a graph, one may ask how well general spanning trees
do the same task (covered in the next section, section 3.3.3)7 Or more broadly, how well do
all spanning trees do the same task? To approach these questions, it is necessary to know
how to sample spanning trees and then to pool together the inferences from these trees. A
large, finite sample of spanning trees may provide a richer picture than any individual tree
of what is produced using the tree-like assumption of a graph.

There are a large number of algorithms for sampling spanning trees uniformly 1 that may
be pooled into two categories. One group of methods use random walks, [, ]12 and another
depends on effective resistance.[16] These approaches to uniformly sampling spanning trees
have provided a convenient path to approximate methods when exact methods are intractable

at a massive scale.

3.3.8 Collections of Trees

Our last summary of research in tree-based graph representations of graphs focuses on meth-
ods that make use of collections of metric trees. Considering each tree a weak expert, the
large collection, or ensemble, of trees can provide a much richer picture of what results from
an assumption that a graph is tree-like. This simple idea is the topic of chapter 6 and the
inspiration to our approach to community detection in chapter 7. While there are many ma-
chine learning applications where collections of trees are used to estimate vertex labelings,
in this section we primarily consider collections of trees to support metric embeddings. We

delay discussing ways of using trees as graph models in applied machine learning problems

11. The uniformly is important because we must avoid sampling too many similar trees, or in the degenerate
case, the same tree over and over again.

12. For instance, one nice, easily implementable algorithm for uniform sampling is to take a random walk
on a graph and make a new graph’s edge set any edge on the random walk that visits a node for the first
time (other than the first node in the walk). When every node has been visited, the new graph is a tree.
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until chapters 5, 6, and 7.
There are three primary ways that distinct trees may be combined in a metric space:
tensor products, Cartesian products and strong products. For two graphs G1 = (Vq, Eq)

and Go = (Va, Eo), let E100FEy = Ay U Ay where

A1 = {(v14,v24), (V11 v2p) | (V1g = v1p) A (v24,v9p) € En)}
and
A9 = {(v14,v24), (V15, v2p) | (V24 = vap) A (V1g,v1p) € E1)

and let

By ® By = {((v1a, v2a); (V16 v2p)) | ((V1a,v15) € E1 A (v24,v9p) € E2)}

1

The tensor,'? Cartesian,!* and strong products!® are defined, respectively, as:

13. In order to contextualize the structure of these different product spaces, we also consider now the
relationship between dra and drs, and dragrs, dragrs and dragrs. For any two path-connected vertices
v,w € V(T ® TP), the distance dpagyps (v, w) is the smallest number of edges that path connect v and
w. Suppose that the shortest path between v# to w? in T4 is p? with [4 = |p#| and the shortest path
between v? to w? in TP is pP with 18 = [pB|. If 14 — [P = 1 (mod2) then there will be no path beginning
at v and ending at w after k steps for some k € N. So it must be the case that 4 — I = 0 (mod2).
In this case, the shortest path p from v to w is the following (without loss of generality assume that
4> 1B (pf,pP), ..., (pit.pi2), (pﬁ3+1,pﬁs_1)7 (pﬁg+27pﬁs), ..., (py,pf%). The length of this path is I¥ so
dpagrs (v,w) =14 = max(dpa(vA, wh), dps (vB, wh)).

14. We next consider the interpretation of dpapgrs. We consider the same graph as in footnote 13, but
we now consider the Cartesian instead of tensor product. To find dpagrs(v,w) we again consider the
paths p4 and p®. Unlike the tensor product graph, for any two tuples of nodes, if there exist a path
between the nodes in index one in T4 and a path between the nodes in index two in T8, there is a path
in TADT® as well. This path is the following: (pf',p?), (p3',pP),..., (pﬁ,,p?), (pﬁ,,pQB), e (pﬁ,,pﬁg). A
symmetric path exists by first moving along p® and then p?, or some combination thereof. In either case,
dpagrs (v,w) =14 +18 = dpa(vA, w?) + dps (VB wP).

15. Again we consider the path between v,w € TAKXT? using dpagrs where dpagrs is the length of the
shortest path in 74 K T? between v and w. Similar to TAOT B, there is a path between v and w as long as
p4 and p? exist in T4 and TB. Since edges in TAX TS may connect nodes whose entries differ in both index
one and index two, the path between v and w in T4 K TP is shorter than in TA0OTE. Specifically, the path
will be (without loss of generality assume that 14 > 18): (p',pP), ..., (pf}g,pﬁs), (pf}g+1,pﬁg), e (pﬁ,,pﬁg).
This implies that dpagys (v, w) = max(dpa (v, w?), dps (VB wP)).
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G1® Gy = (Vi x Vo, By ® Eg)

G10Gy = (V1 X VQ,E1DE2)

and

G1 X Gy = (Vi x Vo, (E10Es) U (E1 ® Eo))

While there is extensive literature on the very general characteristics and hyperbolicity of
G1® Gg, G10G3 or G1 X Gy based on §(Gy) and 6(G3),'0 we have not found any accessible
treatment of the hyperbolicity of these products in the simpler case when the graphs are trees.
This particular scenario is of interest since trees may be considered the experts comprising an
ensemble of weak learners, and seeing the ensemble as a product of trees provides a heuristic
foundation for practically using collections of trees, as well as providing a graph model to
study the properties of the collections. We demonstrate some properties of tree products
now.

The Cartesian product is the most relevant graph product for applications because, as
mentioned in footnotes 13, 14, and 15, for two vertices (u,u), (v,v) € VXV, do ((u,u), (v,v)) =
dr, (u,v) + dr,(u,v), i.e. a constant multiple of the average distance between u,v € V for
both trees (more specifically, the sum of those distances). The other products - which boil
down to defining the distance dg(u,v) or dg(u,v) in terms of the largest distance between
u and v across all trees - is considering only the tree that introduces the largest amount of
distortion between w, v, but not the case when borrowing information from a set of trees
makes stronger estimates about pairwise relationships within the graph.

First, we demonstrate that the rate at which the surface area of balls grow for TUT. Our

aim is to show that they have the same exponential growth as standard hyperbolic graphs.

16. These characterizations are typically in terms of the worst case scenario, the least hyperbolic product
possible. This makes sense since a general graph class is being considered. The worst case in the tree context,
however, is quite different and generally more hyperbolic.
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Remark. As the surface area of trees is being discussed, it is worth first reviewing the
formulas for volume and surface area of a single tree T'. Let B(v,r) = {u € V | dp(u,v) < r}
and let SA(v,7) ={u € B(v,r) | Jw € V—B(v,r), s.t. (u,w) € E(T)}. These two quantities
(volume and surface area) are related, as it is the case that |B(v,r)| = >"i_y|SA(v,i)|. In
the binary tree 7', under consideration for this example, Yo € V(T'), deg(v) = 3. For the
center of the ball v, there are three neighbors. Those neighbors also have three neighbors,
but one of them is v, so they have only two nmew neighbors. Because there are no loops,
every subsequent element of the ball will similarly have two new neighbors, to be included
in the next ball with radius increased by 1. Therefore there are 3(2" 1) nodes along the
surface area of the ball B(v,r) (for r > 1). What is the volume of that tree? For radius
r > 1, the three descendants of the initial node v each have a total of Z::_ll 2=l —9r 1.

All together, this means the ball B(v,r) has volume 3(2" — 1) + 3 = 3(2").

Theorem 1. Given a binary tree T, Vv € V(TOT), the cardinality of the set
{ueV|do(u,v) =r}

is defined by the integer sequence:

where B(r) is the sequence of surface areas for balls in T' (i.e. B(r) = 3(2"~1)) and with the

convention that A(0) =1 and Vk < 0, B(k) =0 (or in other words, A(1) = 6).

Proof. The reason for the specific form of the equation defining the surface area of balls
in TOT may be understood using mathematical induction. For the Cartesian product, the
induced subgraph of TUT using the vertex set v x V or V' x v is itself a structure preserving
representation of T'. This will make it easier to extrapolate properties of subgraphs of TUTIT'.

Given a center point v and a radius r, the surface area of a ball in TUT is defined as
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SA(Bror(v,r)). This collection of nodes may be partitioned according to their first index.
Each v € V defines a distinct subgraph v x V', and we define the component of the surface
area on each of these subgraphs separately.

Consider two simple examples of these subgraphs: {u € v x V' | d(u,v) = r} and
UlueV sold(u)=r}{w € u x V' [ d(u,w) = 0}. The former set defines the set of nodes along
the surface of the radius-r ball in v x V and the latter set defines the set of nodes along
the surface of the radius-r ball in V' x v. These two sets expand according to the rate that
volume expands in a ball in 7', and these comprise the first summand in theorem 1.

The second summand describes the collection of sets which are expanding within each
subgraph u x V where u € By, (v, 7). Defining these sets more specifically, for each integer
1 < s < r, the set of elements {u € By y,(v,7) | d(u,v) = s} each contain a subset of the

nodes on the surface of Bppyp(v, 7). These sets of nodes will be

As = Utue By (o) d(u)=sH{w € u X V [ d(w,u) = r — s}

A helpful property that makes enumerating the collection of these surface-lying points is
that Vs s.t. 1 < s <r, |As| = f(s). That is, for any integer s, given a fixed r, the cardinality
of Ag is the same. This may be easily demonstrated by multiplying the cardinalities of the
set over which the union is taken together with the set of elements in the subgraph’s one-
dimensional ball. This means that it is sufficient to take the cardinality of Ag for a single s,
say s = 2 and multiply by the number of possibly values s can assume, which is r — 1.

The cardinality of Ay is the product of the number of elements that are of distance 2

away from v times the number of elements that are radius r — 2 away from those elements.

All together this leaves us with B(2)B(r — 2). O

When we consider the complexity of the first term, it just an integer multiple of B(r).
The complexity of the second term is an linearly increasing integer times a quadratic function

of B(r). So the rate at which this ball grows will remain exponential, preserving a relevant
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Figure 3.6: Binary tree used in Theorem 1

property found in hyperbolic spaces.

The surface area’s cardinality is of interest because the exponentially growing surface
area of spheres in hyperbolic space is one of the key properties that leads to their serving as
embedding spaces for trees. The theorem is stated regarding the product of the binary tree
T with itself for simplicity. It is easier to come up with an exact formula for surface area and
volume for the case of a binary tree, though the product of any two trees will have volume
of the same order, so long as for each tree’s volume grows exponentially as a function of the
radius around any vertex in the tree. This excludes, for instance, a path graph, which is a
tree, but whose volume grows linearly as a function of radius.

A snapshot of one region of the T' being considered is presented in figure 3.6.

The surface area may be a relevant feature of hyperbolic spaces, but it is not a proof of
their hyperbolicity. The two ways of defining hyperbolicity we have covered are the triangle
slimness of any three elements of the space and the 4PC. In the metric space which is the
product of two trees, it is difficult to define the geodesics which comprise the sides of a
triangle, since so many different equal-length paths exist between any two points. For that
reason, we choose to use the 4PC to characterize TUT"s hyperbolicity.

Before considering how the 4PC can be used for TUT, we first consider just 7. For a
general tree graph, it is straightforward to see why the 4PC leads to a hyperbolicity of § = 0.

Let w, x,y, z be any four nodes in T'. First suppose that, without loss of generality z lies

on the shortest length path between w and y. Then d(w,y) = d(w, z) + d(x,y). This allows
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Figure 3.7: Simplest nontrivial layout of four nodes in a tree

a substitution into the 4PC to make:

d(w,z) + d(y, z) < max (d(w,x) + d(z,y) + d(z, z),d(w, z) + d(z,y)) + 20 (3.1)

<d(z,y) + max (d(w,z) + d(z, 2),d(w, 2)) + 20 = d(z,y) + d(w,z) + d(z,2) + 26 (3.2)
d(y,z) < d(xz,y) +d(z,z) + 26 (3.3)

The equality in line 3.2 is due to the triangle inequality. Vz,y, z line 3.3 will be true, also
due to the triangle inequality. This means that the nontrivial case of evaluating the 4PC will
occur when Yoy € {w, z,y, 2} it is the case that vg & [v1, va] where v1, vy € {w, z,y, 2} —{vg}.

This reduces evaluating the 4PC for a tree to the case when the induced subgraph of
geodesics connecting the four points looks like the one in figure 3.7. In this case, the pairing
of nodes that leads to the largest sums are (w, y), (z, z) and (w, 2), (z,y), where their summed
distances are both the same.l” This means that the tree has § = 0, as there is zero difference
between the two maximum summed distances.

With this in hand, we next turn to the case of TOT. We first show the the d-hyperbolicity
of TIT is bounded below, and then show a particular restriction of 7T to a smaller metric

space has stronger hyperbolicity.

Theorem 2. TOT is §-hyperbolic with § > 2diam(T").

17. There are three possible ways of splitting {w, z,y, z} into two pairs: (w,y), (z, 2), (w, 2), (z,y), and
(w, ), (y,2). In the first two cases, the summed distances are d(w,y) + d(z,2) = d(w, z) + d(x,y). In the
last case, the summed distance is d(w, z) + d(y, 2).
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Proof. Let u,v € V be the two vertices for which dp(u,v) = diam(7"). Then consider
the union of all vertices lying on the shortest paths between the vertices (u,u), (v,v) €
V x V. Note that the length of the shortest path between (u,w), (v,v) in TOT is 2dp(u,v).
Define the set of vertices along shortest length path py, between w and v on T as V (pyy)
and consider w € V(pyy) X V(puvy). By definition of the box product’s distance metric,
dror(u,w) = 2dp(u, w) and dpop(w,v) = 2dp(w,v), and so dppop(u, w) + dror(w,v) =
2dp(u, w) 4 2dp(w,v) = 2dp(u,v). Therefore, every one of the elements in V' (pyy) X V(puy)
will lie along a shortest length path between (u,u) and (v,v). The subgraph induced by
V(puv) X V(puw) is a grid. This is because it is the box product of two identical path graphs
between v and v. We have already shown in section 3.1.2 that the hyperbolicity of a grid is

equal to its diameter. Therefore § is lower bounded by diam(7'07") = 2diam(T"). O

Verbeek et al. demonstrate that any graph with quasicyclicity m has a multiplicative
distortion of O (%) in hyperbolic space.[136] Theorem 3.5 in their paper, which dis-
cusses the distortion of quasi-cyclic graphs specific deals with the case of («a, 8)-quasi-cyclic
graphs. This variety of quasi-cyclic graphs are cycle graphs where shortcuts!® along the
cycle are permitted, specifically shortcuts that do not reduce the distance by more than «
when shortcuts are longer than 8. When shortcuts are longer than [, the distortion is not
constrained by «. A grid is an example of a quasicyclic graph with m equal to the diameter.
Therefore the multiplicative distortion of embedding 707" in a hyperbolic space is O(1).

Multiplicative distortion does not indicate a space is “very” hyperbolic (relative to a tree,
at least), but the metric space under consideration, TOT, is not actually the metric space
that will be used for assessing pairwise similarities between nodes or global graph properties.
The only distances that will ever be measured using a combination of trees are in fact from

the subset of V' xV equal to (VX V)giag = {(v,v) | v € V'}. The whole purpose of considering

constructions like products of trees is to gain the ability to consider properties like distance

18. A shortcut is a path between two nodes whose length is shorter than the path between the nodes along
the cycle.
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between elements of (V' X V)giae. For example, for two trees 71,75 C G, when the graph
T107T5 is considered, Yu,v,w,x € V where u # v and w # x, the distance d((u,v), (w,x))
has a meaningful interpretation in 77075, but not in the original graph G. After all - what
is the relevance of knowing the value of d((u,v), (w, z)) when investigating properties of the
relationships between u, v, w, z7

For this reason, we consider the smallest § for which the 4PC holds when we only consider
w,x,y,z € (V x V)diag- The answer is that this 0 will depend on the properties of T} and
Ts.

Let w,z,y,z € (V x V)diag be the four points for use in the 4PC. As oppose to the
assumption in theorem 1, where the box product consists of a tree with itself, here two

distinct trees are considered. We work with the three considered pairwise sums:

{droy(w, ) + droy (y, 2), droy (w, 2) + droy (2, y), droy (w, y) + drop (2, 2) }

Any four points in a graph may be depicted as in figure 3.1.2. In the case of a graph
which is a tree, the relationships between any four points may be summarized using one of
the models in figure 3.7. This means that, though there will inevitably be some differences
between T" and U, they boil down to very similar representations for four-way relationships.
There are three nontrivial possibilities - either they are both of the form (a), both of the
form (b), or one is of the form (a) and one is of the form (b). We consider the first and third
possibility the second results from symmetry.

Suppose that dp(w,z) = l{ +17 dp(w,y) = l{ + lg +1T ete., and dy(w, x) = l? +1Y,

dy(w,y) = llU + lg + 1Y, etc. Then the pairwise sums are:19

19. To make notation more compact, the use of 17 TV =17 + V.
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Figure 3.8: The three pair sums used to evaluate the four point condition

Version 1: Both of form (a)
1) wz+yz ATV + 20 4 (1THU T
2) wy+az | (LYY + 1TV 4 (IHU) 4 ((THU 4 THU T

3) wztay | (LU + IV 4 IHU) 4 (1IFU T 4 T

Version 2: One of form (a), one of form (b)

) wrtyz | T+ ) Y R+ 0T
2) wy+axz TV + 1T+ i) 4+ (I 0T I

3) wztay | (LY + IV 4 1 IHU) 4 ((IHU 4 TV 4 T
In version 1, the two largest pair sums are lines 2 and 3 which are equal. By contrast, in

version 2, line 3 is largest, with line 1 or 2 being next largest depending on the comparison be-
tween [ and [¥. The hyperbolicity will boil down then to IZ UV —max (11, 1¥) = min(11, V).
This definition of the hyperbolicity of the space may be interpreted in terms of the prop-
erties of T"and U. If T and U are very similar, then there are few examples of four points
(w,x,y, z) which are described very differently in T versus U. For instance, if w,z and y, z
are each a couple of close together nodes, the distance between the couples is not going to be
very large in 7', unless it is also large in U. For example, if in 7" w, x are close together and
y, 2z are close together, and in U, if we find that w,y and z, z are similarly close together,
then the four points are likely to belong to a cluster.

We use the above theorems to extrapolate what the hyperbolicity of a product graph
is with more terms, such as T' @ T2 @ --- @ TF 710720, .07, or T' R T2 K - .- K T,
Considering the discussion of distances in footnotes 13, 14, and 15, these finite products

are relevant when we consider estimating pairwise distances using a function of the pairwise
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Figure 3.9: Two simplified models for the layout of four vertices in a tree graph

distances found in a finite sample of spanning trees; whereas for the Cartesian or strong
product, this distance would be the maximum across all trees, the tensor product corresponds
to the average distance.

The hyperbolicity of graphs is weaker the longer the chain of tree products that it involves,
but hyperbolicity is preserved at each stage. It has been proven that an upper bound of
(G x T) < diam(G) + % exists for the strong product.[21] On the one hand this result
demonstrates that hyperbolicity is not lost in the strong product operation, but on the other
hand, the result only provides a very conservative bound on how un-hyperbolic a product
can be, a bound that grows very quickly for a finite number of products. We aim to produce
a tighter result where it is known that G is a product of a finite number of trees, but have not
been able to produce such an argument as of yet. We will discuss some motivating directions
in the conclusion in chapter 9.

While products of trees provide a convenient geometric model for how to combine in-
formation from different tree representations of a graph, a practical approach in machine
learning is to consider collections or distributions of trees, not products. In this case, for
instance, a distance between v, w € G is not measured as the distance from (v, v,...,v) to
(w,w,...,w), but as [ dp(v,w)dpp. Two primary results in this area deal with approxi-
mating metric spaces using tree distributions: Bartal and Fakcharoenphol use hierarchically
well-separated tree metric spaces to probabilistically approximate arbitrary metrics, with the
quality of the approximation characterized as a function of the number of tree metrics that
comprise it. Bartal’s result is sharpened by Charikar to apply even in the case when there is

a “small” number of trees. In chapter 5 of this thesis we consider a number of ways that tree
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collections or distributions can simplify challenging machine learning problems, and ways

that tree collections’ descriptive power overlaps with what is produced from MRA.

3.4 Summary

The topics covered in this chapter serve as a gentle introduction to hyperbolic geometry,
hyperbolic metric spaces, and the characterization of tree-likeness for real-world datasets.
Long valued as a foundation for relativity theory, the renaissance of hyperbolic metric spaces
takes root in approximating tree-like graphs. Whether by means of embeddings in discrete
or non-discrete metric spaces, hyperbolicity is an assumption that can guide approximate
representations for large-scale analysis.

Our focus on products of trees is due to the close relationship between many MRA frame-
works and tree approximations, as well as the use of collections of trees to boost performance
of otherwise overly-reductionist approaches. By combining the scalability of tree-based in-
ference together the descriptive power of low-distortion metric embeddings, products of trees
provide an engine for analyzing large-scale network data. Additional argumentation from a
regularization perspective for using hyperbolic representations for applied problems is found

in section 5.4.3.
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CHAPTER 4
OVERVIEW OF CONTEMPORARY PROBLEMS IN
NETWORK ANALYSIS

To present methods that exploit graph structure, some foundational areas of network analysis
are first introduced! to show the way in which our work delivers a novel contribution. In
section 4.1 we discuss how graphs can be used for inference. When signals are defined on
a portion of the vertices and unknown on the rest, i.e. semi-supervised learning (SSL), the
edges of a graph may be used to infer the value of the signal at the unlabeled positions. The
primary assumption in using a graph to estimate signals on a graph are that signals will
be smooth with respect to the graph structure. The same technique that may be used to
estimate smooth functions on graphs is also the foundation of Gaussian Process regression.
SSL techniques provide a valuable framework for approaching problems with a lot of unknown
information. All the more so today, when data collection has never been easier, the labeling of
data remains expensive, we confront a demand for methods that function in this demanding
context as well. In the setting when no labeling information is present, i.e. unsupervised
learning, a common challenge is to produce a labeling of nodes that respects some division of
community structure. A community in a graph, corresponding to a cluster in R"”, is a set of
nodes where the interconnectedness among the nodes is much stronger than the connections
between the elements of the set of nodes and the elements of the set’s complement. The task
of community detection is to discover those communities without any features other than
the vertex and edge set. The novel contributions we present to community detection are

contained in chapters 6 and 7.

1. This chapter’s title of “network analysis” was chosen in lieu of something along the lines of “graph
analysis” to distinguish our work from the abstract field of graph theory. Our aim is to address applied
problems in real-world graphs using techniques arising from multiresolution analysis. In our discussion, we
will refer to graphs as models for data, whereas networks are the realizations of those models. A social
network is comprised of data consisting of entities and the connections between them. The corresponding
graph is a model of these interactions, either by directly copying it or by abstracting some of the information
contained in it. The difference is subtle and we apologize for any confusion in this matter.
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Notation All graphs G = (V, E) in this chapter have n = |V| and m = |E|, and are
undirected, unless specified otherwise. The vector dg = (dy)yey € N VI is the vector of
nodes’ degrees. For convenience, a vertex or edge set of a graph G may also be denoted
V(GQ) or E(G), respectively. Similarly, a graph’s weight matrix is denoted W or W(G).
The n x n adjacency matrix of a graph is denoted A, and the graph Laplacian of the graph
is Lo = diag(dg) — Ag-

4.1 Semi-supervised learning on graphs

While graphs are not the only model for semi-supervised learning, graph-based SSL remains
an exciting area of research due to the way that graphs are able to represent a complete
dependence structure among datapoints. Given a dataset D = {x; | 1 < i < n} and a
positive semidefinite function f : V x V — RT measuring the relative similarity between
datapoints, a weight matrix W may be defined such that W (i, j) = f(v;,v;). A typical
way of defining these similarity-based weights from D is by choosing a kernel k£ combined with
a thresholding function. For instance, the I-parametrized radial basis function (RBF') kernel
may be used to calculate similarities between observations, and then a k-nearest neighbor
(KNN) or 7-parametrized rectified linear unit (ReLU) may be used for thresholding. The
thresholding step is critical for large datasets in order to work with a sparse graph. For two

datapoints d;, d; this would correspond to

lIdi—d;l _ lld;—djl _lldi—d;ll
tTOkRBF(diadj) =ir|e ! =e I I|l7<e !

or alternatively,

Ild;—d;l
t =1(j € nbrsy(i)) = tx o kypr(di,dj) = e T 1(j € nbrsy(i) Ad € nbrsy(j))

Given a matrix weighting, the SSL problem is cast with a partition of D = {x; | i €
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UlU{z;|i€e L} where UUL={i|1<i<n}and UNL=1(. The sets U and L identify
unlabeled and labeled observations, respectively. So, in full, the problem starts with D,y
where |D| = |L|+|U| = n and |y| = |L|. Our goal is to estimate the function y at the vertices
of U. We construct a model of the dataset, make assumptions about the types of functions
that are most favorable, and provide estimates at the unlabeled positions. This type of
learning is called transductive learning - using information from one collection of objects to
teach us about another set of objects, both of which are present at the training stage. This
is contrasted with inductive learning where a function is learned using information available
at the training stage, but testing takes place on data unavailable at training. The fact that
graph-based SSL is transductive might appear as a weak point for this approach - supervised
learning, for example, typically learns a function using training data and may then be applied
to any future test data. The supervised learning framework for our setting, though, would
waste a (possibly) huge amount of information. The supervised learning approach would use
{z; | i € L},y for training and ignore {x; | i« € U}. When |L| << |U| this decision may
be catastrophic. Nonetheless, there is undoubtedly a tradeoff between transductive semi-
supervised learning and inductive supervised learning, depending on contextual factors. It
must be noted that since its initial introduction, inductive forms of semi-supervised learning
have been developed, evidencing the necessary contribution of an SSL framework in many

problems where labeled data is expensive.

4.1.1  Estimating Unknown Labels Using Smooth Functions on Graphs

In the seminal paper introducing graph-based SSL, Zhu et al. provide a clear algorithm
for estimating labels on (y;);cp using the regularization properties of the graph Laplacian
L.[156] The first step is to choose a metric that the estimated functions should satisfy. In
the Euclidean setting, this would be analogous to choosing a function interpolation method
for estimating a function where its values are not known. Invariably, the interpolation

method in that context would penalize how much a function value changes from one location’s
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known function value to a neighbor’s. The more complicated structure of a graph defines
interpolation by penalizing sharp changes of the estimated function with respect to the

graph’s edge set. One metric for defining this penalty is the quadratic energy function:
2
Ef) =D wiylfi— 1))
(ij)eE

The resulting objective function is

~

f= argminfeRM’ﬂPL:yS(f) (4.1)

The unique minimizer of this objective is also the function for which £f = 0. The solution

to this system of equations is the function

fu = ETUUEULfL

The estimation of the unlabeled portion of f using this formula connects the solution to
this problem together with the solutions to several related problems. For instance, if random
variables X, Y are jointly Gaussian, with mean zero and variance matrix ¥, the distribution

of the random variable X | Y is also Gaussian with mean

LX)y =y = ZXY 2y

Using the Schur complement’s expression of 7' = 71

-1
_ y
XY=y = 2XYEYY

—1 —1 —1 —1 —1 —1
= TyxTxy(Tyy —TyxTxxTxy) <(TYY —TyxTxxTxy) ) y=-TyxTxyy
The kernel matrix, as a measure of similarity, bears close resemblance to the variance of a
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dataset, showing that this expression of the mean of the conditional Gaussian is expressed
exactly like the harmonic function on G.

Alternatively, for a Markov process whose time-independent transition matrix has entries

b = ﬁﬂ(z # j), initialized with a random vector 10 ¢ ]RJFW‘, defining the transition
ki i

as ((]Hl) = (Pf(t))U and féHl) = f1, then, as in the case of the conditional Gaussian RV,

we have?

t _
f[(]) =¥ Py P} fL

In a subsequent article, Zhu et al. describe their estimated harmonic function as the mean of
a Gaussian random field, where the field is defined by the density Probg(f) o e=PE) 1155
Lastly, the estimated harmonic function may be seen as the solution to a kernel-learning

problem. Speciﬁcally:3

f = argmin g g D Ui — i) + MKy (4.2)
1€l

The pseudoinverse of the graph Laplacian is a positive semidefinite matrix and may be con-
sidered a kernel matrix for the graph’s nodes. The means the clamped version of graph-based
SSL (where Vi € L, fl = y;) makes the formulations in lines 4.1 and 4.2 identical. If, how-
ever, the kernel considered is not the general graph kernel £t but simply the kernel whose
pairwise similarities have defined the graph’s edge weights, then the two formulations are
not the same. In fact, by formulating the SSL problem in terms of learning a function in
the reproducing kernel Hilbert space of K, the ML practitioner has more control over how
function smoothness is described. Through transformations of the kernel matrix’s eigenspec-
trum, the feature space in which the regularization of function smoothness takes place may

be chosen more deliberately.[30]

2. Normalizing each row of P using the degrees along £’s diagonal will not change any results, since both
sides of the iterative update contain the same normalization.

3. [ refers to a loss function.
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4.1.2  Limitations

Modeling unknown labels as harmonic functions is an insightful, simple assumption to guide
inference. In the nearly two decades since its introduction, graph-based SSL has faced a
broad set of challenges. First, and simplest, is the scalability of the method. Either through
solving a system of equations or inverting a graph Laplacian, finding the harmonic solution
for the combination of known and unknown labels is an operation that, in the worst case,
scales as (’)(n?’), though typically executes in quadratic time. Furthermore optimizing hy-
perparameters for the kernels used to define edge weights adds an expensive optimization
search on top of the main problem, requiring additional matrix inverses and the computation
of determinants. Second, the harmonic function finds a function that is smooth with respect
to an undirected graph’s structure. In order to address a broader class of graph-based prob-
lems, we would need to consider cases when the adjacency matrix is not symmetric. Third,
when the unlabeled data consists of a massive amount of high dimensional data, the limit of
the squared energy loss function converges to a weighted gradient penalty term. Depending
on how the observations are distributed, this limit function may be minimized with graph
labelings that are arbitrarily close to zero at unlabeled indices. While this behavior is not
generally observed in practice, it suggests limitations to applying graph-based SSL in the
“big data” context.[107] Additionally, it was shown that, while the SSL estimator on un-
known labels (assuming the labeling is clamped at known labels) is a consistent estimator in
the presence of unlimited data, this is only the case when the rate of increase of unlabeled

data is slower relative to labeled data.[15] One workaround to the ill-posedness described

l

7 even while

here is to maintain the relative proportion of labeled and unlabeled data
[+ u grows.[139] This approach, though, does not seem to describe typical data analysis sit-
uations, where it becomes more difficult to obtain labeled data as the size of a dataset grows.
An alternative approach simplifies the regularization of the estimated labeling by considering
smoothness constraints using only a small subset of the eigenvectors (the smoothest ones).[79)]

While this avoids some of the degeneracy issues in large datasets that have been brought up,
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it likely oversmooths datasets with primarily local structure. Still, some of these theoretical
limitations of graph-based SSL have led to research in alternative models for semi-supervised
learning, such as the use of neural networks[l11] or graph filtering.[27, 90]

Modeling Limitations

Zhu et al. point out that the smoothness assumption on the graph’s labeling can be
limiting. By using the graph Laplacian for regularization, the lowest frequency eigenvectors
are weighted most strongly, leading to the estimation of graph labelings that are primarily
smooth based on the first few eigenvectors. Detecting local structure will be difficult in these
circumstances. One suggestion, they propose, is the use of techniques from compressed
sensing to represent function labelings, letting f = Pv where v is a sparse vector having
support on low and high frequency eigenvectors.[1 5]

Alternative Graph Types

The difficulty of doing SSL on directed graphs relative to undirected graphs lies pri-
marily in how to define the proper smoothness metric. Whereas in undirected graphs, two
nodes’ edge-connectness increases the likelihood of their being placed in the same class, the
(possibly) hierarchical structure of a directed graphs, means it is important to consider the
cascade of relationships a single node’s class effects. For this reason, it is necessary to impose
a smoothness that respects the directional relationships in a directed graph. Two common
choices are to measure co-linkage in terms of shared parents or in terms of shared children.
The smoothness function in equation 4.3 defined by Zhou et al. takes into account the sim-

ilarity of two nodes’ common parents to decide how much to weigh differences in their class

labels.[152]4

Wy Wy u v 2
=Y % p“p(jm—j%) (43

woeV peli({up)) P

4. A node v’s in-degree is denoted p, and its out-degree is denoted ¢,. The set of nodes, all of which have
a directed edge connected to the nodes in W, the parent nodes of W, are denoted

(V) = Awew {u | (u, 0)}
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Scalability The approach of Zheng et al. was to recognize that “not all data is created
equal,” and that comparable performance may be obtained in graph-based SSL with only a
fraction of the unlabeled data.[151] Ebert et al. went further, in showing that if they combine
graph-based SSL with additional active learning techniques, this modified SSL procedure is
boosted beyond the performance of the traditional graph-based SSL alone.[18] More recently,
the emerging field of graph embeddings has provided a helpful outlet for inductive learning.
In the Planetoid framework, every node is embedding in a metric space to minimize the loss
both in terms of its local graph distances and to node’s class label.[118] Two approaches
similar to our own are the use of spectral graph wavelets or spline-like wavelets[19] to enable

the scalability of the traditionally spectral-based Laplacian regularization.

4.2 Community Detection

4.2.1  Problem Context

Network structure provides a convenient model for interactions in a very general sense. Prac-
tically any setting in which the relatedness between elements qua metric A is assumed to
determine their relatedness qua metric B may be modeled by a graph. All the more so in
today’s “big data” setting, data is rarely observed in neatly organized m x n datasets, and
must be modeled with a more general structure.[59] As noted already in section 4.1, it is often
convenient to use a graph model even when a dataset is structured in order to use a graph as
a way of summarizing local and global vertex interactions. The relevance of network models
to such a wide variety of domains (i.e. computer science, genomics, sociology, neuroscience,
finance) has undoubtedly motivated a wealth of research in community detection (CD). In
analogy to data analysis in Euclidean space, CD is a method for clustering graph-structured
data. More precisely, CD is the pursuit of subsets of nodes for which the level of intercon-
nectedness among nodes in the subset is greater than the level of connectedness between the

elements of the subset and the elements of its complement. In order to proceed, a few terms
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must be defined: community, connectedness, and greater than.

In the words of Fortunato, typical communities are “dense subgraphs which are well
separated from each other.”[79] This seemingly noncontroversial definition leaves undefined
what “denseness” and “well separatedness” mean, but it also addresses cleaner settings where
communities are equivalent to a partition, or hard clustering. This does not pose an issue
for thinking of communities as a proxy for a binary or multi-class classifier, but in more
real-world network settings, community structure is unlikely to be this one-dimensional.
Fortunato notes that, in reality, communities may be overlapping (requiring soft clustering),
hierarchical (requiring a dendrogram-construction method), have differing levels of inward
connectedness (requiring scoring to be adaptive based on context), have unbalanced sizes
(which can cause issues of resolution limits), and combinations thereof. At the end of the
day, some structural assumptions must be introduced to make CD tractable.

In the previous section on graph-based SSL a small portion of the nodes have a label
or class associated with them, while the majority of nodes’ edge connections are known,
but labels are not. CD is a wholly unsupervised task, with no node labels being known or
considered at the onset. Especially when real-world large-scale social networks are no longer
small enough (as was the case for Zachary’s Karate dataset) to visually evaluate community
quality, methods that are completely unsupervised are endowed with renewed importance.
Generally, CD is an unsupervised task whose output is the community labeling. It may also
function as a pre-processing step in another learning algorithm, essentially serving as a graph

feature extraction tool.5

5. The relevance of CD to a plethora of fields has led to a number of distinct forms of CD, sometimes
specializing in a particular graph type, or simply holding different assumptions. This explosion of interest and
research has actually motivated a focus on the CD of CD research, identifying methods that are more closely
related, groups of researchers who tend to cite each other, and the most influential ideas and researchers.[39,

| Surely the effectiveness of a technique for investigation is proven when practitioners use it to investigate
themselves!
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4.2.2  Two General Approaches to Defining Communities

Scoring Function-based

One popular approach is to define a scoring function s that will capture a certain variety
of community structure. The breadth of scoring functions one might take is overwhelming
and we consider two of the most dominant examples: conductance (C) and modularity(Q).
The definition of conductance is presented in equation 4.4 and the definition of modularity
is presented in equation 4.5. In the equations that follow, the adjacency matrix is A, c is
the community labeling (with the label of node v being ¢y), cunique is the vector of distinct

elements of ¢, and for a vertex set S C V, s(V,¢) = %Zvev > woto Alcw = cw).

1 Zu,vGV: Cu=K, CyFK Ay
it (s ({u | cu = 1)), 5 ({u | cu 7 K}))

C(c) (4.4)

| Cunique | KECanique

1 kKo
Q) = 35 > ( > Aw—m) (4.5)

UV Cy=Cy=K

K€Cunique

The conductance C' is a straightforward metric to understand, it is the number of edges
that need to be cut in order to separate this community of nodes from the graph relative
to (assuming that the former term in the min is smaller) the overall connectedness of the
community. A slightly deeper interpretation of the conductance is a graph version of the
surface area to volume ratio. The surface area of an object is the total amount of connection
the object has to the outside world - this is the cut size. The volume is the amount of
interconnectedness that exists in the object - this is the normalization term, calculating
the total weight of the edges internal to the community. In Euclidean space, the surface
area to volume ratio is minimized by having as few corners as possible - for shapes with
equal volume, the triangle has the largest surface area to volume ratio, while the circle has
smallest. In the graph context, a “corner” will be a node that is misplaced - adding more

outward connections to the community than its inward connections. So the community that
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minimizes conductance may be thought of as a the graph version of a circle. In the electric
network setting, conductance has a meaning that does not correspond immediately with
graph conductance. The electrical network version of conductance, and its inverse resistance,
will be used heavily in chapter 6. In the overall summary of a community labeling using
conductance, the conductance of each community is typically calculated with the average or
maximum conductance of the communities being the quantity to be minimized.

The modularity for a single community is the average difference between the number of
edges that are observed from the number of edges that are expected. By considering the
sum for each community separately, we obtain a big picture description of how much of the
edges associated with the community’s nodes are actually present inside of the community.
Other definitions of modularity exist, but this is the most well known version, introduced to
the ML community in 2006.[103]

Some methods will aim to directly optimize C, () or other scores similar to or derived
from them. The CD problem then amounts to defining an appropriate scoring function and
then minimizing an objective function that depends on it. Others, such as our own, use
the scores as a post facto way of ranking communities. In chapter 6, for instance, we use a
community detection method which is focused on capturing multiresolution structure in the
graph.[51] The wavelets that are defined on the graph are sparse, and their support generally
corresponds to a group of related nodes. By using scoring functions on all the candidate
communities, we are able to rank which are most likely to be legitimate communities, and
also compare these scores to null distributions of community scores. This is also the approach
taken by many algorithms to determine a stopping condition or selection criteria, such as
seed set expansion,[115] and agglomerative or divisive hierarchical clustering.[65, 81] Related
to scoring function-based CD, hierarchical and agglomerative clusterings may also be con-
sidered a category unto themselves.[20] A particularly relevant agglomerative method is the

so-called Louvain method.| ]6 This hierarchical clustering method merges nodes based on

6. The Université catholique de Louvain is the institution from which the authors hail.
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maximizing the local modularity of each ensuing cluster. The merged nodes are then deemed
“supernodes,” becoming a weighted combination of the components for the algorithm’s next

iteration of merging.

Probablistic Model-based

One probabilistic approach to CD is the stochastic block model (SBM). Instead of estimating
a single community labeling function using the graph structure which is observed as data,
the SBM asks which probabilistic graph model is most likely to have generated the edge set

we observe. Some assumptions are introduced in order to make the problem tractable:
1. Every edge occurring may be modeled as a Bernoulli random variable,
2. The probability of any two edges existing is independent,

3. The graph observed is an Erdos-Rényi process for a particular matrix P(©), where O

is an equal sized matrix of Bernoulli random variable parameters, and

4. The parameter of the random variable is a particular fixed value for every community,

and for each community-community edge variety.

By basing its assumptions so strongly in a particular probabilistic model, SBM is an attrac-
tive area for developing theory to guarantee how a SBM will work in a variety of situations.
There have also been developments to specify SBMs that weigh edges connected to higher
degree nodes as heavier than those connected to lower degree nodes (the degree-corrected
SBM),[60] or to assume that the matrix P(©) has hierarchical structure, with communities
inside of communities.[113] Recently, some limitations of SBMs have been pointed out, such
as the varieties of sparse graphs where weak or strong recovery of communities is not possible
with SBMs.[3] The massive and sparse graph setting is our primary area of interest.

An alternative approach with a probabilistic foundation is the category of random walk-
based CD algorithms, the most well-known versions of which are the PageRank algorithm[111]
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and the Infomap algorithm.[118] Making structural assumptions similar to that of the scor-
ing functions, a random walk is assumed to be more likely to stay inside a community than
to leave it, due to the community’s cut size relative to the number of internal edges. A
related idea is to consider the diffusion from a node, analogous to a notion of information
propagation in the network, leading CD to be determined by a diffusion process.[39] The

connection between random walks and CD is the basis of the work presented in chapter 6.

4.2.8 Model Evaluation

As with all unsupervised methods, model evaluations must be taken with a grain of salt.
After all - which “ground truth” community labeling are we aiming to achieve? There are
presumably many legitimate community labelings for any given graph based on different
node features. Nonetheless, ground truths, especially in the case of synthetic graphs, have
a meaningful interpretation as the labeling of nodes in the model which generated the data.
We present two methods for the evaluation of an estimated community labeling relative to
a ground truth. Since the number of communities is unknown at test time, a metric that
is flexible enough to compare two labelings with a different number of unique labels must
be considered. One simple choice is the Rand index. By focusing only on pairwise node
labelings between the community labelings, the issue of matching two labelings that might
be quite different is avoided. The exact formula for a ground truth community labeling ¢

and an estimated labeling ¢ is

RSIL(¢) — >uwev L(cu ?g;fv) N (Cu = Cv))

The RSI is always between 0 and 1, and a value closer to 1 indicates that two clusterings are
more similar. The Rand index may also be thought of as a generalization of the confusion
matrix for CD. If ¢ and ¢ have the same number of unique labels, then for every possible pair

of nodes, the entries along the diagonal of the confusion matrix are what is included in the
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numerator. For cases when the number of unique labels differs between ¢ and ¢ the Rand
index is calculating something a bit different. In the case when two labelings are generated
randomly, the Rand index’s expected value is not constant. For that reason, the adjusted
Rand index (ARI) is typically used, where the null distribution of Rand index is assumed
to be a general hypergeometric random variable. The ARI has an expected value of 0 when
two labelings are generated randomly.

Another CD metric is the normalized mutual information. If we model the two clusterings
as two random variables X¢ and X¢, then the amount of dependency between X¢ and X ¢
or the amount we know about one random variable by knowing the other,” depends on the
mutual information.

For any two random variables X', ), the mutual information is

Prob(zx,
[(X;Y) = > Prob(z,y)log (Prob(x)fpl"g])f)(y))

rzeX yey

In our case, the mutual information between two clusterings will then be

xsxty= >y 5 (4.6)

x€uni(c) y€uni(é) »Ty

In the formulation of mutual information in equation 4.6, for three subsets c,d, e if d is
identical to ¢ except that some of the communities in ¢ are split into subcommunities in d,
it will be the case that 7(X¢ X%) =1 and that I(X¢; X€) = I(X% x€) = 1. This is clearly
insufficient for characterizing the similarity of two community labelings where the number of

communities chosen is critical. The typically used version of this statistic is the normalized

7. For any community labeling ¢ and any specific community label &,
ng ={ueV|c, =k}

For two labelings, ¢, d,
nkl—\{vEV|cU—k}ﬂ{veV|d =1}

Lastly, for any set X let uni(X) denote the unique elements of X.
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mutual information (NMI), which is

NMI(X:Y) =

The function H(-) calculates the entropy of a random variable with

HX)=- Z Prob(z) log(Prob(x))
zeX
For two random variables X¢ and X%, it will be the case that H(X¢) < H(X?), leading to
NMI(Xx¢ X d) # 1 and addressing the issue raised with using mutual information out-of-
the-box.

One last facet of evaluating CD techniques is the quantification of underfit and overfit.
For a more typical supervised learning context, issues like overfit may be quantified by
preserving a test set for evaluation against a ground truth. In CD, the concept of a hold out
set is not easy to conceive of - there is not necessarily a ground truth benchmark and there is
not a way of dividing a graph into training and test sets. Similarly for quantifying underfit,
without a ground truth for comparison, there is no baseline against which parameters may
be tuned. Approaches to address these two issues are link prediction and link description.

Link prediction is a learning task where a subgraph of all vertices and a fraction of the
edges is used in training to form community labelings. When the original graph is G = (V, E),
the subsampled graph is G, = (V, E,)) where |E,| = a|E| for some v € (0,1). The community
labeling on V' (G,) is used to rank the potential edges P = {(v,w) € V x V | (v,w) & E,}
which did not appear in the subgraph based on whether or not they connect nodes in different
communities. Depending on the CD method used, the ranking may be a continuous or
discrete ranking. For any threshold of the values that make up that ranking, the classification
of edges into positive and negative classes produces a confusion matrix relative to the ground
truth positive labeling PNE and negative labeling of PNEC. For a set of different thresholds,

an ROC curve may be made from which the AUC may be calculated. The ranking of “out-of-
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sample” edges may be considered a measure of overfitting. The task is more difficult when a
smaller subgraph is observed. By plotting a method’s average AUC for different proportions
of edges observed in the subgraph, the method’s tendency to overfit is quantified. If a method
has lower AUC, it is more likely to fit communities that do not generalize well when new
information is observed.[95]

Link description is a similar learning task, where a proportion of the graph’s edges are
sampled, constructing a subgraph with all the graph’s vertices but only a subset of its edges,
Go = (V,E,), E, C E. After the community labeling is defined on the subgraph, a score is
defined on the edges in P and, given a threshold for the ranked values, a confusion matrix is
calculated, relative to a ground truth positive class of F, and a negative class of Egj . Again,
using this procedure across different size subgraphs, an array of AUCs are computed, giving
a sense of how closely the method fits the observed data.[01] All the metrics listed in this

section are used extensively in chapter 6 and chapter 7.

4.2.4  General Review of Methods

Having introduced the basic concepts underlying an array of CD techniques, we provide some
comparative analysis of these approaches in practice. These results have greatly informed
the direction of our own work. We have gone into some detail in methods that are most
relevant to our own, but acknowledge that some of the most successful methods, such as the
Potts model of statistical mechanics CD,[117] have not been properly introduced to avoid
unnecessary discussion.

One early review of CD methods by Lancichinetti et al. was particularly noteworthy
for introducing a new benchmark for community detection, effectively imitating real-world
network structure in a synthetic graph, the so-called (LFR) graph. Using this graph, the
authors were able to evaluate a collection of existing methods on fair, realistic tests. They
found that the agglomerative modularity-minimizing Louvain method and the Potts model

were able to provide the most reliable recovery of community structure, as measured in NMI.
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Figure 4.1: Regimes where CD methods are estimated to perform best. LP = Label propa-
gation; WT = Walktrap; ML = Multilevel /Louvain; IM = Infomap; SG = spin glass; EB =
edge-betweenness

Subsequent to its introduction, LFR graph models have become a standard synthetic
graph benchmark for large-scale CD. In subsequent reviews, such as that of Yang et al.,
the performance of the Louvain method in most graph settings continues to produce better
communities in terms of accuracy and in terms of computation time. Still, weighing factors
such as the difficulty of the CD task - where the precision of a method will be more important
- or the size of the graph - where the computational expenditure of a method will be more
important -, they produce the diagram in figure 4.1 to describe the settings in which different
methods are appropriate.[117] We conclude our review of methods here, and will focus on
methods that focus specifically on incorporating hierarchical, multilevel, or multiresolution

structure in chapter 7.
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CHAPTER 5
NEW PERSPECTIVES ON THE MULTIRESOLUTION
MATRIX FACTORIZATION

In this chapter we focus on developments in large-scale MRA from several directions. In
sections 5.1 and 5.2 we describe and consider modifications to the multiresolution matrix
factorization (MMF) designed specifically for the analysis of large graphs. These modifica-
tions take note of the typically hyperbolic structure of real-world graphs, and we direct the
factorization algorithm to take advantage of this latent geometry. Section 5.1 makes a case
for how MMF may be seen as a coarse graph approximation in a low dimensional hyperbolic
space, and section 5.2 proposes ways to enrich the underlying hyperbolic space, to produce
more expressive and generalizable wavelet bases. In section 5.3 we introduce several ways to
use trees, and collections of trees, to generalize wavelet decompositions of graphs and signals.
These ideas are motivated by existing methods that make use of collections of trees, as well
as untapped ideas from multiresolution analysis in continuous spaces, such as cycle spinning.
Lastly, in section 5.4, we consider multiresolution representations of data from the perspec-
tive of regularization theory. We show the way that function regularization using wavelets
corresponds to Laplacian regularization and describe the way that our central “tree-likeness

of data” assumption is equivalent to a particular form of regularization.

5.1 Hyperbolic Properties of Multiresolution Matrix

Factorization

5.1.1 MMEF: The Algorithm and its Application

The complex hierarchies found in many large, contemporary machine learning datasets, have
structure that is not easily summarized by traditional methods such as eigendecompositions.
Whereas tools like PCA are useful for reducing the dimensionality of data, the dimensionality
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reduction depends on a small number of eigenvectors. Using a small number of eigenvectors,
which are generally nonsparse, is computationally expensive and also poorly-matched to the
characteristics of many real-world problems. In contrast, the MMF uses a sequence of sparse
orthogonal matrices to sequentially find an approximate diagonalization of a matrix, or,
more precisely, a factorization of the matrix as a product of an orthogonal matrix, a nearly
diagonal matrix, and the orthogonal matrix’s transpose. In its most basic interpretation,
MMEF is a wavelet transform that seeks to find a multiresolution factorization that is as close
to the original matrix as possible. From this perspective, for a symmetric matrix M € R"™*",

the MMF factorization emerges from minimizing the following objective function:

. T T
argmm@léGk(Sl)7Q2€Gk(52),-~-,QL€G'“(SL),H€H7§L HM — Q1 QLHQL Ql”

The constraints on H and {Q; | 1 <i < L} may also be expressed as:

1. H € R™"™ is a diagonal matrix, except for nonzero entries in the submatrix defined

by the indices S, and

2. For1 <i<L,Q; € R"™" is a matrix which is the identity, except for a k x k rotation

matrix for k of the indices out of Sy.

To make the implementation and interpretation as clear as possible, the algorithm for
producing said factorization is presented in algorithms 1 and 2, without any substantive
changes from its presentation in earlier publications.[35, 0]

In algorithm 1, the function GivensRotation returns a n x n matrix with a rotation
to diagonalize the k x k submatrix corresponding t0 v¢pogen. Lhe use of HgL as a function
in the return statement of algorithm 1 is not intended literally, as HgL is simply a vector
space of matrices with nonzero offdiagonals in the submatrix defined by the indices Sj.
Rather, the matrix that is returned is the projection of A; into the space HgL. This is
necessary to ensure that the middle term of the factorization is core diagonal. In order to

actually perform the projection of Aj into the space of core diagonal matrices with nonzero
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Algorithm 1 Computing the MMF for A using the “Greedy Jacobi” algorithm.

Rnxn

Require: k, L, a symmetric matrix Ay = A €
So={i|0<i<n}
for|={i|0<i<L}do

Uchosen» Ydrop = findRotation(A; 1,51, k, ndrop)
Q; = GivensRotation(n, veposen)
A= QAQf
S1=51-1 — Vdrop
end for
return Q1,Q9,...,Q and H = HZ*L(AL)

Algorithm 2 findRotation
Require: A, S, k,ngpop
Uphase = randomChoose(set = S, nepoose = 1)
Vothers = chooseClosest(set = S — Va6, Pase = Vhase;, @ = AlUbasels Mothers = k — 1)
Udrop = selectDrop(d = A[vpage), St = Vpage + Vothers: ndrop)
return vp,se + Uothers Udrop

offdiagonals in positions Sy, we reset Apfvgrop] = 0 (except for the diagonal entries of
AL[Vdrops Vdrop) Which remain unchanged). Some of the characteristics of this core diagonal
matrix are discussed in footnote 7. In algorithm 2, randomChoose selects elements from
a set without replacement. The two remaining undefined functions - chooseClosest and
selectDrop - are in fact hyperparameters to be set before the algorithm is started. Different
approaches to choosing which nodes to select in any given rotation is the topic discussed in
section 5.2. Choosing how nodes are chosen to be remove from the set Sy, for consideration
in future rotations is also a parameter of the model. Typically, though, the entries in d of
higher magnitude are selected for rotations and entries with lower magnitude are selected
to be dropped. The parametrization of these functions is not defined in algorithm 2 for the
sake of brevity. It is helpful to see the factorization that MMF produces, and a visualization
of the terms that make up the wavelet transform are in figure 5.1.1

Since its introduction,[85, 86] the MMF and its (more scalable) sibling the parallel MMF

1. A parallelized version of the MMF algorithm also exists, where nodes are partitioned into blocks and
rotations are executed independently on each block, but for the discussion in this section, the specifics of
the parallelized version are not relevant.

83



() (M)~ (D (D) - (%)~ (")

QL Q2 @1 A Q7 Q2 QL H

Figure 5.1: A visualization of the way that MMF wavelets are defined through a sequence
of k-point Givens rotations of nodes from among a successively smaller active set of nodes.
(pMMF) have found application in the compression of large kernel matrices,[130] as a precon-
ditioner for large matrix operations,[105] and in the scalability of Gaussian Process regression
(GPR).[12] Using the same backbone algorithm, these applications use an orthogonal basis of
wavelets, where wavelets have varying levels of sparsity. These wavelets are defined through
a sequence of local rotations, aiming to preserve localized interactions between datapoints
or nodes in a graph. The MMF algorithm may be seen as a greedy Jacobi algorithm for
the diagonalization of symmetric matrices, where instead of selecting nodes for rotation to
eliminate the largest off-diagonal entry they are selected in order to minimize the overall
matrix approximation error as measured by Frobenius norm error.

The closest relatives of MMF in the computational MRA community are diffusion wavelets,
[36] spectral graph wavelets,[71] the treelets algorithm,[93] and fast multi-scale matrix fac-
torizations using structured matrix models.[10, 100, 116] MMF is distinguished among these
widely used approaches by having the following qualities: (1) being an algorithm whose out-
put is not only wavelets, but a complete matrix factorization, (2) producing a tree of Givens
rotations based on agglomerative clustering, (3) employing higher-order local rotations than
2-point rotations alone, and (4) having a highly parallelizeable implementation. This chapter
focuses primarily on unique features (2) and (3) in order to orient the role of MMF within

the world of both multiresolution analysis and hyperbolic embeddings.

5.1.2 MMEF: Factorization or Forest?

To understand our subsequent discussion of MMF' as a metric embedding, we detail precisely

how we define a single MMF’s graph of rotations. In each stage of MMF’s factorization
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Figure 5.2: The original graph with respect to which subsequent rotation DAGs are defined

algorithm, a small set of nodes? is selected for a Givens rotation from among all nodes still
considered “active.”? Among these rotated nodes, some nodes are removed from the active
set and some nodes are preserved in the active set.? At each iteration, though, the active
set invariably shrinks. In the case when k£ = 2 and ngyop, = 1, the sequence of rotations
may be recorded as a tree. Consider the simple graph in Figure 5.2 and the corresponding
MMF-Givens rotation trees in Figures 5.4, 5.5, and 5.6. The MMFs in these figures have
rotations defined according to the schedule in figure 5.3. These three MMFs demonstrate
how the interplay of k and ngyo, works. If ngpop, is large, then a larger number of indices
are dropped at each iteration of the factorization, the algorithm converges faster, and the
corresponding tree has smaller diameter than when ngq;p, is smaller. This is evident in the
manner that the graph in Figure 5.5 has a smaller relative diameter than the tree in figure
5.4.

When & grows but ng.op, does not, there are more total edges in the rotations tree (i.e.
more iterations), leading to the graph of rotations no longer being a tree, but rather a

directed acyclic graph (DAG). The size of the loops will depend on the strength of the

2. The size of this set is determined by the MMF’s parameter k.

3. This is the set of nodes which have either not been involved in a rotation yet, or have been involved
but still kept for use in future rotations.

4. The number of nodes that are removed out of all nodes rotated is determined by the MMF parameter
Ndrop-
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Figure 5.5: Givens 3-point rotation, nq,op, = 2
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Figure 5.6: Givens 3-point rotation, ngye, = 1

graph’s clustering structure.

A loop of length 3 exists in a 3-point Givens rotations DAG if some of the non-dropped
nodes involved in rotation ¢ are subsequently rotated together again in a subsequent rotation.
In situations where large loops exist in a graph, or where a large number of nodes are in a
single cluster, if ngyo, < k — 1 then there will be loops in the Givens rotations DAG, and
the resulting rotations graph will be less tree-like.|[136] However, if the input graph is a tree,
or approximately tree-like, the DAG will be as well.[70] In this sense, the rotation DAG
produced by MMF is a “hyperbolicization” of the graph, edges are removed to make it more

tree-like.

5.1.3 Interpretation of MMF

As already noted in section 2.3.3 and the beginning of this chapter, MMF’s use of higher
order rotations distinguishes its wavelets from other methods and extends its explanatory
power. It also endows MMF with a unique interpretation as a means of producing an MRA
basis. In the traditional case of wavelets being used to decompose signals in R, predefined
wavelet construction methods exist whose wavelets are guaranteed to be both sparse and
locally smooth. In the graph setting, since every graph defines its own metric space, it is

impossible to have a similarly algorithmic construction method independent of the observed

87



data. MMF, though, provides a lens to see every graph as a real-world realization of a
hyperbolic metric space subject to some random distortion. By considering the Givens
rotations DAG produced by any MMF, we have a window into a hyperbolic metric space
representation of the graph. This hyperbolic space is a discrete space, whose edges are local
rotations. The wavelets produced by these rotations, might not be smooth with respect to
the original input graph, but they are smooth with respect to the hyperbolic representation.?
In figures 5.4(b), 5.5(b), and 5.6(b), we present some example wavelets with respect to the
hyperbolic space characterized by the DAG of their Givens rotations, and the original graph.
By seeing MMF’s backbone, the rotations graph, as a hyperbolic embedding of the input
graph, MMF serves as a vehicle for realizing two distinct goals. On the one hand, as a
matrix factorization, factorizing the graph Laplacian in particular, MMF is situated among
factorization-based graph embedding techniques.[06] On the other hand, by considering the
DAG of rotations itself, MMF gives a simplified, tree-like picture of a graph, without actually
needing to estimate the wavelet basis itself. Is MMF a multiresoluton matrix factorization

or a multiresolution matrix tree?

5.1.4 Limitations

While MMF finds a tree, or a tree-like representation of a graph, the objective function for
MMF (minimizing Frobenius norm error between the original graph and factorization) is not
equivalent to finding an optimal representation. In fact, there is a tension at each iteration of
the MMF algorithm between local rotations that enforce a strong hyperbolic structure and
how closely the MMF approximates the graph. We turn to some ways of extending MMF in
the graph context that take advantage of the fact that hyperbolic structure underlies many
of the real-world graphs we anticipate observing. Subsequently, we change direction slightly

by considering, not how MMF individually may be improved, but how collections trees in

5. In section 5.4.3 we return to the idea of hyperbolic representations of graphs through the lens of graph
regularization.
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general improve graph approximations, and by association, how collections of MMF may be

used and interpreted.

5.2 New Methods for Choosing Rotations in the Multiresolution

Matrix Factorization

Rotations are MMF’s wavelet building blocks. The resulting error in MMF’s wavelet ap-
proximation will be small only if nodes have been selected for a rotation which are as similar
as possible to each other. For a human or a computer, selecting a set of k£ elements out of n
based on their k-wise similarity is no small task. The most pivotal challenge in attempting
to construct a greedy factorization such as MMF is to ensure that each greedy step is taken

as carefully and deliberately as possible.

5.2.1 Two Ways of Measuring Stmilarity in a Tree-like Graph

We suggest two ways of orienting MMF to perform in the graph context by (1) noting that
we will be considering massive graphs with high levels of edge sparsity (the number of edges
in a graph grows sub-quadratically as a function of the number of nodes), and (2) that we
anticipate finding hierarchical structure in graphs.6 These two points of orientation serve
as our guides for suggesting new ways to choose which groups of nodes should be rotated
together in each rotation stage. In line with the methodology proposed by Mishne et al., we
consider that a matrix is not always the best guide for its own organization, and subsequent
factorization, in the presence of more suitable metrics.[104] For this reason, while MMF is
adaptive to general matrices, we consider two graph metrics with interpretations uniquely

suited to the real-world data we anticipate encountering. The two metrics we consider - one

6. Even in the absence of there being a logical rational for hierarchical structure, we assume some hierarchy
exists. For instance, in any graph, unless there is a single cluster of nodes with a uniform degree distribution,
some hierarchy exists, even if it is only determined by ranking nodes based on their degree. Among hand-
written digits, for example, a graph of their similarity has a latent hierarchy which will structure ones based
on their one-ness. A one situated at the hub of a hub-and-spoke cluster is the “parent” one for many distinct
varieties of ones, whereas ones situated in the spokes will be more unique and have fewer close relatives.
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based on effective resistance and one based on random partitions - are focused specifically on
graphs’ tree-likeness and use tools derived from hyperbolic embeddings and from collections
of spanning trees.

As has already been related in chapter 3, hyperbolic embeddings provide a natural repre-
sentation for many real-world graphs. Whereas a graph Laplacian holds valuable information
about graphs in terms of their adjacency matrix and as a regularization operator, the dis-
tance between nodes in their hyperbolic embedding may provide an easier metric of node

similarity than the mere existence or lack of existence of an edge between them.

Algorithm 3 Random partitions algorithm for graphs using spanning trees
Require: nodes a, b, adjacency matrix A, and number of trees ntrees
count < 0
F < SpanningTreeAlg(A,n)
for S'in F' do
root < Sample ({1 |1 <i<dim(A)} — {a,b}) {Ideally this sampling step would up-
weigh nodes closer to the graph’s center.}
¢ < LeastCommonAncestor(S, root, a, b)
if dg(a,c) < dg(a,root) and dg(b,c) < dg(b,root) then
count + =1
end if
end for

return count

Ntrees

Next, our motivation for employing collections of spanning trees to assess node similarity
comes from research on “big data kernels.” The random forest kernel, random partition
kernel, and Mondrian kernel all provide ways of measuring similarity between observations in
large-scale kernel-based learning.[10, 15] These kernels have been presented in the structured
dataset setting and we propose to extend their application to the unstructured world of
graphs. Just as we assume two nodes’ similarity is higher if they cooccur on the same side
of lines or planes in R", we also assume two nodes are more similar if they are in the same
branch of a tree. We present our specific algorithm for the graph implementation of the
random partitions algorithm in algorithm 3. The use of effective resistance is similarly based
on spanning trees, and may in fact be calculated as the probability of an edge occurring
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in a spanning tree. The spanning tree separation (SPS) has also been used as a tool for

measuring similarity in hierarchical clustering tasks.[32]

5.2.2  Implementation

Using these two similarity metrics, effective resistance and random partitions, in addition
to the original graph Laplacian, demonstrates the MMF as a more general tool for matrix
organization and factorization. Graph Laplacians may be necessary for applications such
as semi-supervised learning or Gaussian Process regression, but the graph Laplacian itself
may not be the best tool for data organization. The original form of MMF aims to find an

approximate factorization of A using the following objective:’

2
A—Q1T"'Q€H<L)QL"'Q1

(5.1)

min
HGH%,QL...,QLGO” fro

The greedy Jacobi algorithm for solving this optimization problem aims to find the best
rotation to minimize the error at each iteration. After L steps the output of the algorithm

will be the matrices Q1,...,Q, H (L), which yield an approximate factorization of A as

Q{...QTL“H(L)QL...Ql (5.2)

The adage “garbage in, garbage out” applies in this situation. The MMF will only be as good
as the rotations that make it up - the less similar the nodes in a rotation, the less similar

their local environments will be, leading to more error accumulated in the stage. We aim

7. The H} in line 5.1 refers to the set of n x n core-diagonal matrices of order L. A matrix M is core-
diagonal when it may be expressed as the sum of a diagonal matrix D and, given a set of indices K, another
matrix EX where Vi, j ¢ K, EX(i,j) = 0. Trivially, every matrix is core-diagonal if we let K = {1,...,n}.
The order L of the set determines the maximum cardinality of K. For a simple, non-parallelized MMF where
Ndrop 15 a fixed integer, | K| = max(1, ngropL). Regarding the rotation matrices @;, besides belonging to the
set of n x n rotation matrices, an additional constraint (not mentioned in line 5.1, but very important) is
the nodes which the rotations may include. Whereas at the initial stage of determining (1, all nodes are
considered, in the subsequent @2, only n — nqrop are considered, having excluded the indices dropped in the
first iteration. The active set included in rotations strictly decreases at each iteration as a function of .
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to improve MMF’s ability to select nodes for a rotation by selecting rotation matrices using
similarity metrics other than the entries of the matrix itself. So, instead of minimizing the
objective in line 5.1 for the factorization of A, we define a distance metric D and minimize

the objective in line 5.3.

|- of - QfuYar--ai;

(5.3)

min
HEH%, Q1,.--,Qr€0O fro

If the problem at hand only requires a collection of wavelets, then the columns of the matrix
Q{Qg e Q% are all that is needed. If a full factorization is required for approximate matrix
operations on A, then the factorization Q{ e Q%Hl(f) Qg - - Q1 where HgL) is defined as
the matrix which minimizes the objective in line 5.4.8

min

H_QL...QlAQlT...Q:EHQ (5.4)
HeHMy fro

5.2.83  FEwaluations and Observations

We empirically validate our conjecture that measures of graph distance other than the graph
Laplacian can guide the selection of nodes for rotation better than the original matrix entries.
We demonstrate using synthetic graphs with varying character that alternative methods
outperform the standard approach in terms of matrix reconstruction error and in terms of
accuracy in applied tasks. The matrix reconstruction error is measured using the squared
Frobenius norm error relative to the original matrix’s squared Frobenius norm. Accuracy
is assessed in a straightforward inference problem using label propagation on a graph for
multi-class classification. The difficulty of the task grows as a function of the number of
communities that exist in the graph. The graph size is held constant at 1024 nodes across all

simulations so that as the number of communities grows, the community size gets smaller.

8. Note that, while the objective function in line 5.3 is minimized over core diagonal matrices and or-
thogonal matrices, the objective function in line 5.4 is only minimized over core diagonal matrices - the
orthogonal matrices are the same ones that were discovered in line 5.3.
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In SSL, where only a small portion of nodes’ labels are known, the task is harder when the
total set of nodes belonging to each class is smaller. We do not consider real-world graphs in
the experiments that follow, as the ability of methods to perform in more or less challenging
scenarios is of interest. For that reason, it is critical that we have the control to determine
how difficult a given reconstruction or prediction task will be.

Our first application of these alternative distance measures is in a label propagation task
on the Sales-Pardo (SP) graph. SP graphs have strong clustering structure, possibly at
multiple scales of resolution. For the adjacency matrix of an SP graph refer to figure 5.10.
All nodes in a cluster are modeled to have almost identical degree, resulting in a degree
distribution that is uniform over a very small number of similar values. We consider it first
due to its simplicity, intuitiveness and ease of implementation.

As noted already, we consider the effectiveness of different distance measures in terms of
matrix error and task accuracy and record results in figure 5.2.3. As a function of community
size, the matrix reconstruction error using all distances is effectively identical in figure 5.8(a).
The relative error is between 0.128 and 0.138 for all community sizes. They also possess
the same feature of exhibiting increased rates of relative error for intermediate numbers of
communities. If one had to identify a method with the worst reconstruction error it would
probably be the hyperbolic distance. When we consider the accuracy of labeling using label
propagation in figure 5.8(b), though, the picture is quite different. The accuracy of MMF
using the standard distance measure of the graph Laplacian is nearly ten percent lower
than all other distances, with the hyperbolic distance performing uniformly better across all
community sizes. One obvious takeaway is that matrix reconstruction error is not always
the best proxy for the goodness of a matrix approximation procedure. We surmise that
first embedding a graph in a multidimensional hyperbolic space effects a regularization step,
magnifying existing graph structure.”

We next consider a more realistic synthetic graph type called the LFR graph. LFR differs

9. We return to this in section 5.4.3.
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Figure 5.7: Matrix reconstruction and predictive accuracy for MMF on SP graphs using four
different methods for selecting the nodes to be in a rotation: standard (matrix entries),
distance in a hyperbolic embedding, effective resistance distance (estimated using a finite
sample of spanning trees), and spanning tree distance (average distance across a finite set
of spanning trees). Results are averaged over five repetitions

from SP primarily by the degree distribution of its nodes. Whereas SP graphs model nodes
within each community as having approximately equal degrees, LFR graphs model a power
law distribution of node degrees, modeling the more realistic hub-and-spokes graph model
observed in real-world situations. In this setting, we observe similar results as was the case in
the SP graph. Regarding their matrix reconstruction, all distance metrics are nearly identical
and show no clear trends as a function of community size. When the accuracy of the methods
at a prediction task is considered, however, the methods are suddenly differentiated. The
standard MMF using matrix entries to determine rotations is outperformed by the three new
graph metrics considered. The three methods produce similar levels of accuracy across all
community sizes, indicating their predictive capabilities, and their predictive edge relative
to standard MMF, are related.!0

In summary, we have featured a property in our multiresolution factorization that aligns

10. While we did not intend this to be the case a priori, we observe that it seems the label propagation
task for SSL becomes easier as a function of community size. We had actually intended community size to
make a classification task harder. For LFR graphs, this is not quite the case because the hub-and-spokes-ness
of the model means that small groups of nodes have very small diameter and very few out-of-community
connections. Regardless, we find accuracy as a function of community size an interesting relationship by
observing that the three alternative graph metrics all exhibit similar trends in performance.
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Figure 5.8: Matrix reconstruction and predictive accuracy for MMF on LFR graphs using
four different methods for selecting the nodes to be in a rotation: standard (matrix entries),
distance in a hyperbolic embedding, effective resistance distance (estimated using a finite
sample of spanning trees), and spanning tree distance (average distance across a finite set
of spanning trees). Results are averaged over five repetitions

with previous findings in the estimation of distances on large graphs. The estimated dis-
tances that emerge from Euclidean embeddings of graphs tend to be less accurate than the
same calculations from hyperbolic embeddings of graphs.[125, ] Similarly, in the case of
calculating distances for the sake of identifying small clusters of nodes bearing high levels of
similarity, we find that by preprocessing data using a hyperbolic embedding!! we are able to
boost the accuracy of the resulting approximate factorization in a simple label propagation
task. Surprisingly, this predictive edge is not apparent in the approximation error evidenced
by Frobenius norm error, indicating that the objective of this preprocessing step is not merely
to achieve lower Frobenius norm error in matrix reconstruction, but to enforce a structure
on the graph that makes the subsequent learning process more accurate. Notably, it is not
only the hyperbolic embedding that achieves a noticeable increase in predictive accuracy.
Similar performance is achieved by spanning tree-based graph metrics: the random partition

metric and the effective resistance metric. The connection between hyperbolic embeddings

and the spanning tree distances may be explained by the hyperbolicity of products of tree

11. The preprocessing step we are referring to is, specifically, substituting the regular graph metric with
pairwise distances in the hyperbolic embedding space.
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graphs discussed in section 3.3.3. We are not satisfied by the current characterization of these
products’ hyperbolicity, and proving tight bounds on these graphs’ hyperbolic embeddings’

distortion or their d-hyperbolicity is our primary topic of interest for future work.

5.2.4  Complexity Considerations

MMEF has thus far provided a valuable contribution in terms of matrix compression and ap-
proximation, and in terms of speeding up expensive tools for statistical inference. Among the
plethora of matrix approximation techniques, we aim to ensure that the methods presented
in section 5.2.3 do not pose a computational burden. The original MMF method’s running
time for finding k-point rotations O(n*+1)[85] was improved in a parallelized method to
O(ck+1) where n is the matrix size and c is the typical size of components in a matrix par-
tition. Empirically, the running time of pMMF was found to scale approximately linearly
with the dimension of the matrix.[30]

By including preprocessing steps that enforce tree-likeness in the data, we inevitably add
some additional computation time. The complexity of hyperbolic embeddings varies based on
the technique. The Poincare embedding suggested by Nickel et al. uses stochastic gradient
descent to find node embedding coordinates. The computational and memory complexity
depend linearly on the number of nodes and is easily parallelizable.

For years, the primary algorithm for sampling spanning trees from the uniform spanning
tree distribution were derived by Aldous[3] and (separately) by Broder[3] for which the
running time was on the order of the cover time for the graph. That is, the amount of time
for a random walk to cover all the nodes in the graph. The complextiy of an unweighted
graph’s cover time is O(nm) where n is the number of nodes and m is the number of edges.
Later work has improved this algorithm to enable the sampling of trees uniformly with

high probability in O(m3), O(mn?), or O(n®)!2 i i
gh probability in O(m3), O(mn2), or O(n“)** depending on the properties of the graph

12. w denotes the exponent for the fastest square matrix multiplication algorithm. Generally we assume
w =& 2.373, but for sparse matrices it may be smaller.
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at hand. The later stage of computations of distance or clustering for the tree graph are
computed in linear time.

Evidently, including the preprocessing steps will not add runtime for a hyperbolic em-
bedding, and for the sampling of spanning trees, the complexity is only slightly increased.
Regardless, the overall factorization computation remains sub-quadratic and the performance
gains are noteworthy. More investigation of the computational burden of the algorithms in
practice is a topic of further investigation in future projects.

One more promising direction for quickly selecting rotations comes from the world of nu-
merical optimization. Shalit & Chechik propose a gradient descent algorithm for orthogonal
matrices using Givens rotations.[122] Given an objective function f which depends on an
orthogonal matrix, they define a specific algorithm for choosing Givens rotations updates
and the direction for descent to minimize f. They describe this algorithm taking O(n) time
and with guaranteed convergence to a local optimum. This formula fits our situation spec-
tacularly, where we aim to lose as little information as possible in each rotation stage. A
clear next step would be to combine the Givens rotations coordinate descent with MMF,
and in doing so construct a less greedy approximate factorization algorithm. One limitation,
however, is that the convergence and runtime depend on needing to define 2-point Givens

rotations whereas MMF employs rotations of higher order.

5.3 Multiresolution Analysis Using Collections of Trees

Having discussed the collections of trees model from a hyperbolic embedding standpoint in
chapter 3, we also consider the model from an MRA standpoint. It is plainly clear that
there are deep roots connecting tree metrics with multiresolution bases.!® Several widely
used methods make use of the dendrogram or spanning tree as their key tool for identifying
graph structure at different scales. Inevitably, though, the sheer number of edges removed

from a graph in order to define a tree subgraph deletes valuable information regarding graph

13. Pun certainly intended.
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(b) The dendrogram for one run of algorithm 4

Figure 5.9: Example of a path graph and its dendrogram.

features. We consider a particularly simple tree-based approach to wavelet construction to

make this point and go into a bit more detail than was done is section 2.3.3.

5.8.1 Constructing a Simple Spanning Tree Wavelet Basis

The first approach to using a tree metric (an ultrametric, specifically) for wavelet construc-
tion comes from the work of Murtagh who defined Haar wavelet transforms on dendrograms.[100]
A dendrogram of n nodes has no more than n — 1 merges of branches. We restrict the den-
drogram to be a binary tree, consisting of merges that are comprised of no more than
two nodes.'* At each merge m;, we define a graph function that is positive a; on all
nodes in the left branch and negative b; on all the nodes in the left branch. The values
of ar,...,a7,b1,...,b7 € R are defined such that the norm of the function is one and their

sum is zero. Consider the example in figure 5.3.1.

14. In general, we may actually choose to say there are exactly n — 1 merges for the sake of defining an
orthogonal basis. If, for instance, a dendrogram merges nodes x,y, z at merge m;, this merge may be split
up as z,y at m; and (x,y), z at m;41.
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The matrix whose columns are graph functions corresponding to merges in the dendro-

gram is:
P00 0§ b h b
T N eV
000 b b Vi (5.5)
0 0 20 0 /3 Ok
0 0 -¥ 0 0—\@ ﬁ\/g
0 0 0 ¥ o0 0 /L
0 0 0 2 0 o0 /3L

From merge m; (and correspondingly ms, ms, my4 in the first four columns) we obtain
the simplest basis functions. The next wavelet mg has larger support, combining two smaller
merges. The first unbalanced function is mg and the last wavelet is m7. We append the
constant vector in the last column, which is the only remaining vector orthogonal to all the
others. Any two vectors either have no overlapping support, or they do. In the former case
they are obviously orthogonal. In the latter case, one vector is constant on the entire support
of the other. Since the sum of all vectors is zero, these vectors are also orthogonal. This
scheme for wavelet construction is based on using algorithm 4 to define a dendrogram for a

path graph of length 8.15

5.3.2  Limitations of Tree-based Wavelet Transforms

This simple example can demonstrate the challenge of using trees to summarize (possibly
hierarchical) structure. Whereas based on the graph, we would want any inference to assume
vg is equidistant from vs and vy, the random dendrogram that generated the clustering in

figure 5.9(b) implies that v; is closer to vg than v7. The simple example of the path graph

15. In the algorithm two sets A, B C V(G) have the relation A ~ B if v € A, w € B such that
(v,w) € E(G).
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Algorithm 4 Simple randomized hierarchical clustering algorithm
Require: A graph G = (V, E) and a function get — nbrs
S={{v}lveV}
mergeDict = [] {This is a dictionary that maps keys to values.}
i=1
while |S| > 1 do
Randomly select s € S
Select any ¢t € S such that s ~ ¢
Remove s,t from S and insert s + ¢
mergeDict[i] = s+ ¢
end while
return mergeDict

might be too simple because a path graph does not have any explicit structure at multiple
levels, but we are nonetheless able to see how trees can delete valuable graph information.
This is not a graph-specific problem, but arises the processing of signals on R as well.

For a very simple signal on the real line, a Haar wavelet basis may be defined similarly.
Instead of thinking of the path graph as a graph, we can instead consider it eight equally-
spaced observations along the real line. The Haar wavelet transform for this finite set of

observations is defined below:

200 0 b0 b
2 00 0 b oo ik
0 2 0 0 -+ 0 LI i
0 -2 0 ~1 0 @ \/g
0o 0o ¥ o o0 1} —\/g \/g
0 0 ¢ o 0o & /b
0 0 0 ¥ o -3 /it
0 0 0 -¥2 o -1 /L \/g

This wavelet basis corresponds to a slightly different dendrogram than that in figure 5.9(b).
The inability of this basis to capture a signal that is local to the observations at vy, v5 (or in

the case of the graph vertices vg, v7) is a shortcoming arising from a strict hierarchy required
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for a proper, orthonormal multiresolution basis. Coifman & Donoho tie this issue to the
fact that wavelet bases lack translational invariance (in contrast to the Fourier bases).[35]
When a piecewise signal on [0, 1] C R has a discontinuity at %, the HWT as defined above
will perfectly capture the signal. If a discontinuity is at %, though, for example, it will lead
to strong pseudo-Gibbs oscillations. The lack of translation invariance for the HWT means
that the transform does not learn to shift its mother wavelet by % to avoid the discontinuity.

The solution suggested by Coifman & Donoho is called “cycle spinning.”

5.3.3 Cycle Spinning on R and Graphs

In attempting to represent signals with wavelet transforms, signal discontinuities may leave
simple signal representations like the HW'T unable to capture strong local structure. Cycle
spinning refers to introducing a translational shift to the mother wavelet so that the wavelet
hierarchy aligns with local signal features. For a signal s indexed by [0, 1] C R, if the HWT
is denoted by THaar then THaar ¢ ig o sequence of wavelet coefficients. The shifted HWT is
T %{aar and results in 7. yaars =S_,T HaarSys where Sy f is a shifting operator for functions,
where Sy f(z) = f(z+~( mod 1)). Coifman & Donoho suggest that wavelet transforms that
are not translation-invariant may be circumvented by finding an optimal shift v for a given
signal or by considering all the y-shifted HWTs for a set I' = {7, ...,7;} and averaging the
reconstructions for all of them. For a signal with a finite number of observations, the set I'
may consist of the difference between the x indices of all observations and the minimum x
index. For the simple path graph example, this would consist of I' = {0,1,2,3,4,5,6,7}. In
the case of a continuous signal, they suggest either integrating the shifted HWT with respect
to the uniform measure on [0, 1] (i.e. I'= {x | 0 < z < 1}) or a finite sample of shifts from
the interval [0,1] and approximate an integral using a Monte Carlo method.

We are interested in defining multiresolution bases for graphs that are robust to capturing
many types of graph structure and signal varieties. It is therefore necessary to develop a tool

for graph wavelet construction that accomplishes what cycle spinning accomplishes for tradi-
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tional wavelet construction in R™. One of the most difficult obstacles in wavelet construction
for graphs is determining the meaning of translations and dilations. Lacking these analogs,
multiresolution analysis on graphs do not involve proper multiresolution bases according to
the conditions of Mallat.[101] The path charted by previous work in multiresolution analysis
has been to forego axioms of dilation and translation, instead defining graph wavelets in
terms of successively coarse vector spaces. In the case of Murtagh’s dendrogram-based Haar
wavelets, wavelet definition is much simpler, having relegated all the hard work of structure
discovery to a hierarchical clustering algorithm.

We note that translations are not important for multiresolution bases for the sake of being
a translation, but for their ability to ensure that nearby elements are grouped in the same
wavelet. Translations along the real line accomplish this by moving wavelet borders within
a small region, ensuring that nearby elements are, at least sometimes, found on the support
of the same local wavelets. In the approach of Coifman & Donoho, which considers HWTs
with shifts sampled from a uniform distribution, the probability that two nearby elements
are covered by the same wavelet, or that a discontinuity remains close to the boundary of
a wavelet’s support, is increased. We aim, then, to find a means of defining a set of graph
HWTs that consider groupings of graph nodes subject to different directions of closeness.

Given that the original dendrogram defined in figure 5.9(b) is the output of a random
hierarchical clustering algorithm, by running this algorithm K times, we collect K dendro-
grams and K ways of describing nodes in the graph that are close together. In the example
of the path graph in figure 5.3.1, this approach would yield K dendrograms which summarize
the path graph from different perspectives. In none of these K graphs is there a merge of
nodes v;, v; unless |i — j| = 1. It is furthermore equally likely for v;_1,v; and vj;,v;4q to
be merged in the dendrogram. This means that, using a collection of randomly generated
dendrograms, the structure of the path graph may be recovered. Clearly this is overkill for
the case of the path graph, but for the ease of describing how the dendrograms are likely

to look, it is a useful example. In analogy with the types of computational demonstrations
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in Coifman & Donoho’s cycle spinning work, the average reconstruction of a smooth signal
on a path graph will improve in quality as a function of how many dendrograms are used.
To take one more step, cycle spinning in the graph context as described above accomplishes
something that cycle spinning for functions defined on R does not. Whereas shifting signals
on [0,1] modulus 1 concatenates the signal at the neighborhood of 1 to the signal at the
neighborhood of 0, the graph cycle spinning does nothing of the sort. Instead, every single
random dendrogram represents an equally likely clustering.

We know of no other work that has adapted cycle spinning to graph wavelets other than
that of Gavish et al. in defining wavelets on “trees, graphs, and high-dimensional data.”
The applied task in that paper is signal propagation for semi-supervised learning. In that
task, they use the most popular label prediction outputted from their collection of random
wavelet decompositions to make predictions.[63] Their work makes use of the concept of
cycle spinning but does not explain the mechanics of how cycle spinning applies in a graph
context. Furthermore, the only utility of cycle spinning in the work of Gavish et al. is a
post hoc averaging (or voting) of a collection of models. We consider that the usefulness of
cycle spinning in graphs in terms of the value of the wavelets generated (as in section 7).
Lastly, we connect the use of cycle spinning to hyperbolicity, random forests, and matrix

factorizations. We cover some of these connections in the next section.

5.3.4  Confluence of Signal Denoising, Random Forests, and Low-variance

Estimation

We have seen the contribution of a collection of trees as a signal denoising tool as an out-
growth of the existing idea of cycle spinning. We now draw a connection between this
graph-based application and another important foundational tool in machine learning - the
random forest. Since its introduction in 2001, the random forest technique has been ground-
breaking as an easy-to-implement, nearly parameter free model that tends to outperform

nearly any other nonparametric method.[21] In its traditional setting, the random forest is
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a collection of decision trees, each one having been generated from a random subset of fea-
tures. When we consider the dendrogram a decision tree, with classes consisting of clusters
of nodes, a collection of dendrograms may be viewed through the same lens.16

Having thus far discussed dendrograms, we aim to go even further by cutting the com-
putationally expensive hierarchical clustering stage out of the process. We have already
discussed in section 3.3 the surjective map of spanning trees to dendrograms. By consid-
ering the hierarchical clustering structure that may be drawn from a single spanning tree,
we now have a three step process to obtain nondeterministic wavelet bases: (1) sample a
spanning tree from the uniform spanning tree distribution, (2) define a dendrogram based
on spanning tree, (3) define a wavelet basis based on this dendrogram. Zooming out, this
pipeline is then viewed as a single thread, among many, making up the fabric of a random
forest of tree classifiers.

Random forests are not the only conceptual foundation for using collections of trees for
inference and prediction. A particularly insightful approach comes from Jebara & Long’s
work relating the tree-structuredness assumption for a dataset to a notion where the in-
dependence of observations in a dataset is termed tree-dependent identically distributed
(TDID).[77] Influenced by early work on inference over distributions of trees,[76] the TDID
assumption for a dataset X = (XZ)ZAL 1 makes an important change to the traditional 11D
assumption. Whereas the IID assumption for X conditioned on a parameter © would lead

to the likelihood function

N
Prob(X1, Xp,..., Xy | ©) = [ ] Prob(X; | ©)
=1

16. The analogy between decision trees and dendrograms is quite clear. Still, whereas the use of a decision
tree in data analysis is meant to make predictions about new points, the graph setting is a bit different in
that all nodes are available from the training stage. In what sense is a dendrogram a decision tree? If a
partial labeling is known for the graph nodes, the unlabeled nodes’ labels may be inferred by the labeling of
the nodes they are closest to in the dendrogram. Alternatively, if a new node is added to the graph, its edge
connections to existing nodes will indicate where it should be placed in the dendrogram’s hierarchy. From
multiple perspectives, the dendrogram yields a decision tree-like summary of the graph’s information.
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modeling the data using the TDID assumption leads to the likelihood function

N
Prob(X1, Xa, ..., Xn | ©) = [ [ Prob(X; | Xparent(i): ©)

=1
After defining an edge-weighted, data-driven graph of X using any variety of similarity met-
ric, a rooted tree of the graph will define Xparent(i) for each X; along with a parameter
vector ©. By making use of Kirchoft’s Matrix Tree Theorem, evaluating the expectation or
the maximum a posteriori estimate is no more difficult than computing the determinant of
the graph Laplacian for the weighted graph @ whose entries are Q;; = Prob(X; | X;,0).
Computing the expectation of functions on a graph with respect to the measure of its span-
ning trees is an original approach to considering how trees are able to collectively summarize
the tree-like structure of a graph.

Another interesting connection drawn between tree-likeness and a distribution of span-
ning trees is the Mixture-of-trees model.[103] After defining a likelihood function on trees as
in a TDID model, a small sample of trees is selected, they are initialized with weights, and
then tree weight parameters are used to train the mixture of trees to represent a dataset. The
mixture of trees model is then used for density estimation and classification. In their discus-
sion they note that, while individual tree models have fast, yet limited predictive power, the
mixture of trees maintains the same computational complexity of tree-based inference while
increasing (as a function of the number of trees) their flexibility. They also demonstrate in
experiments that tree-based classifiers are reliably robust to irrelevant attributes, a feature
that decision trees also exhibit in random forests. This work proves foundational to much

subsequent research in the Bayesian community on assuming a dataset may be modeled with

tree-like graph structure, or may be modeled by a collection of tree graphs.[19, 5, 78]
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5.4 Multiresolution Approximations as Tools for Regularizing

Tree-like Structured Data

The last perspective we consider on the role of trees and wavelets in the analysis of network
data is that of regularization. Having previously discussed the role of the Laplacian operator
in measuring function smoothness in section 2.3.2, we delve deeper into regularization on

graphs and the role of wavelets therein.

5.4.1 Regularization Overview

In functional analysis, a very straightforward question is how to define the norm of a square
integrable function f : R — R. The integral defines the inner product in L2(R) so the norm

is naturally

1712 = / ) e

For the purpose of this chapter, we choose to define the norm in different terms. Recall
that when the Fourier transform f of a function f € L2 (R) is known, the norm may also be

defined as the norm of the transform:

A1 = IF£12 = 1 A1

which implies that

12 = / P

When Fourier analysis is used for the purpose of smoothing signals, one approach is to
shrink the high frequency portion of the Fourier transform to zero before taking the inverse
transform. Suppose that the low frequency portion is denoted P; C R and the high frequency

portion is Py with P N Py = 0 and P;, U Py = R. Define fy,o0tn = J except that

106



Yw € PH7 fsmooth(w) =0, l.e.
fsmooth(w) = JF(W)H(W € Pr)

This smoothing operation has the effect that

7 2 _ 7N 2 PN N2 7112
ool = /w L V@R dos / M o /w @ do < 1)

The inverse transform of fy,o, will differ from f by having none of the high frequency
Fourier components, losing (to some extent) the ability to describe local variations. This is
the reason we refer to F 1 fsmooth as a smoothed version of f.

It may be the case that, instead of passing f through this low-pass filter, we only intend

to quantify the smoothness of f. Define the function r(w) = I[(w € Py) and let

Il = Frr) = (o) = [ Florrte) deo = [T € Pi)fe) e

The seminorm || - || is thus measuring the degree to which there are high frequency com-
ponents making up f’s Fourier decomposition. Note that for this simple function r there is
no difference between large and small w - the integral over the entire region Pp is evaluated
with equal measure dedicated to all regions. Functions f for which || f]|, is small, or equal to
zero, are primarily smooth, whereas when || f||, is large, the function is rough. A functional
measuring the relative smoothness of a function or signal is called a reqularizer.

Most regularizing functionals Ps in fact, like || - ||, are of the form

Psf =|flls = / | F(@) PP s(llw]?) dw (5.6)

If this functional is to penalize functions that are not smooth, then s must be a nonzero
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function that increases as a function of ||w||?.17

5.4.2  General Regularization on Graphs

Using the graph Laplacian, we may define an analogous regularization procedure. For a
graph G and a function on the graph f: V — RIVI, Il f|| is easy to define, since it is just a

vector of finite length:
14

17113 =" f?
=1

Using the language of linear algebra, we may define f in terms of a (trivial) basis E =

{e1,... ,en}18 as

F=Y"fie
i=1

This allows us to define || f]|? = (f, f) = DD fifje;frej => fZ.Q. Especially in a graph
setting, F does very little to explain any features of f beyond the trivially local neighborhood
of each vertex. A well-known property of the graph Laplacian demonstrates its use as a

difference operator:

ffLf= > (fi— 1)

(i.j)eE
One might ask - how does harmonic analysis explain what the Laplacian matrix is doing

here? If L has the eigenvalue decomposition L = PAPT, then

2
FTLf = fTPAPTf = fTPAsAZPT f — (AT PTf AZPTf) = H (PA%)Tf

17. If it were not to increase as a function of w then functions with medium levels of roughness would be
penalized more than functions with large levels of roughness, so to speak.

18. e; is the vector which is all zeros except for a one at index 1.
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Since P is matrix whose columns are orthonormal, we may express the vector f in terms of

a weighted sum (by p;) of the columns of P (p;):

n
=Y pii
i=1

and then the square norm above may be simplified

||A2PTf||2 |A2PTszpz”2 = || Z/\zszTpZHQ = || ZMPMH

n
= <Z A%Pi%z 2pie ZZAZAszpJeZ ej = ZAsz

This norm corresponds to the norm of a vector PT f which is f after the following change

()= (o )

Depending on the degree to which f aligns with different vectors in the transformed space,

in basis:

those directions will be weighted by ;.

A Simple, Illustrative Example

In chapter 2, we considered the graph Laplacian operator through its analogy with the
continuous Laplacian operator on a regular lattice. Now we approach regularization from
a different direction, by observing the action of the operator in practice and inferring the
meaning of its columns. We first assume that the diagonal entries (\;)1<;<p of A are arranged
in decreasing order. Consider the function f and another function g where Vi > 2, (Pg); =

(Pf); and (Pg); = (Pf)1 + 1. Then we know that fILf < ¢TLg because

g Lg= NPT+ 1)+ Y Npi =M+ > Npi=M+fLf
2<i<n 1<i<n
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Since this increase of the magnitude of one direction in the transformed space increases the
value of fTLf, we conclude that the sum of the squared differences between function values
at adjacent nodes has increased. Not only has it increased, but it has increased through
this modulation of 1 more than it would have increased had one been added to any other
index of the vector Pf. The Laplacian operator is measuring the magnitude of the graph
function in each of the directions of the transformed space, and weighing the contribution
of these magnitudes differently. The components that increase the quadratic form f1Lf
the most are those that are responsible for increasing the square differences among adjacent
graph function values. The analogy between the continuous Laplacian operator and the
graph Laplacian operator is now clear. Just as the regularizing function s in equation 5.6
was a nonnegative-valued monotone increasing function, so too the seminorm we obtain from
1fllz = fTLf may be modified using a similar nonnegative, monotone increasing function

to measure (or rather penalize) non-smoothness in different ways. 19

D Nioi = > s(a)pr
7 1

Starting with defining kernels on graphs, Smola & Kondor define a principled family of
regularization operators, and their corresponding kernels, by defining a class of regularizers
that modulate the eigenvalues of the graph Laplacian in different ways. For instance, they
demonstrate how, through different choices of s, one may produce the regularized Lapla-
cian, diffusion process, p-step random walk, and inverse cosine regularization operators.|125]
Other work has focused on developing alternative (though quite similar) graph regularization

techniques.[! 5]

19. From a different perspective, one might be interested in measuring the similarity between two nodes
on a graph, leading to defining graph kernels.
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5.4.83  Regularization Using Tree-based and Hyperbolic Approximations of

Graphs

Besides using the graph Laplacian, or functions of it, for graph regularization, the use of
wavelet decompositions to approximate the action of Laplacian has strong precedents. For
instance, SGWs have been used for SSL as an approximation to the traditional SSL with
Laplacian regularization for classification[19] and regression.[126] In this section we delve
into the interpretation of wavelet decompositions as tools for regularizing graph functions.
Suppose that the graph Laplacian L has eigendecomposition L = PAPT. After approx-
imating the graph using a dendrogram, such as using the technique described in section
5.3.1, a wavelet may be defined for each merge node in the dendrogram, as described earlier.
The approximation to the graph Laplacian using this wavelet basis will be L ~ WEWT.
Since there is some error in WFWY reconstructing the graph Laplacian, the seminorm
1 fllw.r = fTWFWT § will only approximate || f||; = fLLf. To the extent that approxi-
mation is a good one, though, the wavelet-based seminorm will accomplish essentially the
same thing as the Laplacian seminorm, computing squared differences between function val-
ues that are edge connected, i.e. measuring roughness. In the case of the wavelet-based
seminorm generated from a dendrogram approximation, the extent to which it differs from L
will depend on the reasonableness of the tree-like assumption. We return to the path graph

example considered earlier in figure 5.3.1. For ease of presentation, we re-present the HW'T
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matrix W and frequency matrix F' in lines 5.7 and 5.8, respectively.
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(5.8)

In this very simple graph, it is evident that wavelets are also providing a notion of

function smoothness. A function that changes value in the manner that p; does is certainly

“rougher” than the function in p7 or pg. The dendrogram, though unable to capture the

graph perfectly, provides a sense of distances and structure. Furthermore, just as we noted

when discussing collections of trees, by considering the level of smoothness dictated by a

large collection of dendrograms, we would obtain a better estimate than any component on

its own.

One more perspective on regularization via wavelet approximation of L is in order. While
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from one perspective we might say that the dendrogram is a coarse graph approximation (in
case of the path graph it certainly is), we could also embrace the inexactedness of wavelet
approximation as a form of regularization in and of itself. Instead of regularizing functions
on the data, the tree model of the graph regularizes the data itself to assume a known
structure. We make this point along the line of the same argument made in section 5.2.3 that
a hyperbolic embedding or a tree-based similarity measure can dictate more reliable notions
of node similarity than the original graph data itself. Relatedly, one work on SSL found that,
when prior information existed about node clustering, by regularizing functions with respect
to this clustering structure they were able to obtain better results than when the clustering
information was ignored.[116] That work is acknowledging that the picture conveyed by a
single graph of edge connections (even before any approximations) can misconstrue some
relationships between nodes. Another related idea is present in anchor graph regularization
(AGR). This form of regularization estimates functions by measuring their roughness with
respect to a smaller set of “anchor nodes” instead of the complete graph.[97, | AGR is
primarily used for scaling graph-based learning to larger datasets, but depending on how
the anchors are chosen, it may be seen as leading to a similar result as the structural graph
assumptions we have presented.

Through graphs’ muddling the waters separating features and response, discretized nodes
in graphs provide an interesting counterpoint to continuous metric spaces. For a standard
dataset living in Euclidean space the data have an exact position indicated by the features
and the response is then a labeling of these positions. Then, through feature selection or
other forms of dimensionality reduction, irrelevant features may be identified and discarded.
In a graph setting, however, there is only one variety of features - edge connections. In the
setting of label propagation, if any extraneous features (i.e. edges) are present in the graph,
the practitioner depends on the strengths of the signal being strong enough to overcome the
noise introduced by these edges. Our approach takes a different route. We see the structural

assumption of tree-likeness akin to a dimensionality reduction tool for graphs, connecting
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the worlds of regularization and hyperbolic embeddings.

Dimensionality Reduction Example

To test MMF’s role as a dimensionality reduction tool, we conduct simple experiments testing
its ability to recover a tree-like structure subject to a noise corruption. The most conservative
claim that can be made about MMF' is that it is a numerical approximation tool. When there
is a covariance matrix too large to be inverted by traditional methods, MMF approximates
a matrix with an WHWT factorization, where the columns of W are sparse basis functions
and H is a core-diagonal matrix. After WHW? is computed, this factorization makes it
possible to compute the matrix’s approximate inverse in linear time. Approximate methods
are important for scalability, but we make a stronger claim than numerical approximation.
Consider a graph G = (V, E') with strong clustering structure, such as that it may be mod-
eled by a SBM.20 To model a less stable tree-like structure, we first consider k spanning trees
of G.2! We then define a new graph G'¢¢ = (V, E®¢) where E're¢ = UlSiSkE(STZ-(G)).Qz
In the case when k = 1, G is simply a spanning tree; when k > 1, G"®®’s edge set is
simply the union of the edge sets of the respective spanning trees. We consider the subgraph
G where there is not-as-strong clustering structure (since many elements of E(G) have
been deleted) as also tree-like, as it is the same graph with weaker clustering structure.
Inference on G'€_ such as through label propagation, is more difficult than inference on G,
and we choose to use G as our test case. This very tree-like graph is contrasted with the
Erdos-Renyii graph GPR whose parameter is fixed so that E(|E(GER)|) = |E(Gtee)|.

Graph Laplacian reconstruction and label inference is done on a graph that is a mixture

20. For instance, assume that G has two equally sized clusters Cp,Cs, and that Yv,w €
C;, Prob ((v,w) € E(G)) = p; and Vv € Cy,w € Cy, Prob ((v,w) € E(GQ)) = qi2.

21. By less “stable,” we mean less robust to noise. For a graph with distinct clusters that obviously have
strong community structure, the addition of new edges independent of the clustering will have a smaller
impact than if the clusters are only weakly connected. For the merger of a small number of spanning trees,
on the other hand, the addition of a few random edges may wildly change the estimated distances between
any two nodes.

22. V’U,UJ S V(Gtrcc), three (1}, ’U)) < mini dSTi(G)-
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Figure 5.11: Performance of MMF as a tree-structure regularizer

of Gt¢ and GER | Specifically, a new graph Hy is defined, where p is the probability that any
given pairwise connection among the nodes of V' is decided using G'"® and with probability
1 —p it is decided using GER, p, then, serves as a tuning parameter to control how much tree
structure is present in the graph under consideration. This parameter p is the independent
variable in figures 5.11 where higher values of p correspond to graphs that are more tree-
like. A selection of several graphs for different values of p is shows in figure 5.12. In these
examples, k = 3.

The takeaway from figure 5.11(a) is that, depending on the graph, MMF will have differ-
ent degrees of matrix reconstruction error. For graphs where p ~ 1, H), is essentially a copy
of G'°® which is a sparsification of G; graphs of this variety naturally match the structure
that MMF will impose. For p ~ 0, on the other hand, H) is essentially GER and the MMF
algorithm will ultimately enforce a tree-like structure for a graph that is random. From a

numerical approximation perspective, there is not be a difference between approximating
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Figure 5.12: Different mixtures of G'*¢® and GER

random or structured matrices - the goal is only scalability. For a dimensionality reduction
tool, though, the tool’s loss of information will be different whether the data at hand lives
in a low dimensional manifold or not.

The features of this plot acquire additional relevance in light of the results in figure
5.11(b). We consider a label propagation task where the labels of 30% of the nodes of
H), are used to infer the labeling of the remaining nodes. The “ground truth” function is
defined to be smooth with respect to the community structure of the SBM G, from which
H) is derived. The unobserved labels are inferred by assuming that the labeled function
may be modeled with a Gaussian Process whose covariance matrix is L}{p. The baseline
method uses 41[1, for inference while the MMF method uses the MMF’s wavelet transformed
reconstruction of ELP for inference. For large values of p, where little information about G
has been obstructed by noise, the two approaches are essentially the same, with the baseline

approach slightly outperforming MMF. For lower values of p, the difference between the
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approaches is stark, with the MSE from MMF’s inferred labeling being remarkably lower
than the baseline method! The usual motivation for using approximation methods is for
scalability, but in this experiment we find that using an approximate method is actually
improving inference relative to an exact method. This reorients our interpretation of MMF,
indicating that there are scenarios when it is advisable to use this wavelet transform instead
of an exact method. All the more so in a regime of large datasets, the use of MMF promises
the benefit of scalability along with enforcing a hierarchical structure on the data for inference

tasks.

5.5 Summary

In this chapter we have provided a context for understanding the multiresolution analysis
on graphs using the MMF and collections of trees. The foundation for the MMF-generating
algorithm depends on sequences of rotations of matrix indices which correspond to node
indices. By modeling the sequence of rotations using a directed graph, the sequence of ro-
tations may be matched to a hyperbolic embedding. Connecting the MMF' algorithm to a
hyperbolic embedding provides a means for assessing when MMF is likely to work and when
it will not. We empirically find, furthermore, that by selecting which nodes should be rotated
together using tree-based metrics, the accuracy of MMF reconstructions is improved. The
key advantage of said reconstructions is that they translate into better inference even when
existing tree structure is corrupted by noise. We discovered a surprising property of MMF-
based inference, where, for certain graphs, labelings inferred using MMF were actually more
accurate than those obtained with traditional, exact methods. All together, these findings
support the hypothesis that many datasets may be modeled as having hierarchical structure,
which in turn leads to beneficial results when using MMF. Relatedly, many applications of
hierarchically-structured models can face limitations similar to those encountered in applica-
tions of multiresolution analysis for signal processing. By adapting the idea of cycle spinning

from the traditional signal processing context to graph signal processing, these limitations
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are dampened significantly.
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CHAPTER 6
COMMUNITY DETECTION USING RESISTANCE
NETWORK MODELS

6.1 Background on Seed Sets

Nascent abilities to collect progressively more massive amounts of data continually motivate
new approaches to large-scale data analysis. Recognizing that many data collection pursuits
involve unstructured data, and that the data collected is of a scale so large that it is in-
feasible for a human being to label training data with their associated classes, the fields of
unsupervised learning and semi-supervised learning gain new importance.[153, 17] We focus
on a contemporary challenge in the class of community detection (CD) problems. The aim
of CD is to leverage the known features of a complex system - namely its nodes and edges
- to estimate unobserved functions, such as class labelings, on the network. The foundation
of network analysis in general and CD in particular is that the nodes and edges of a graph
convey valuable information, information that can be deployed for practical applications. In
the last decade, the CD problem has motivated solutions in a constantly growing set of fields
ripe for application.[62, , 61]

A proliferation of work in CD has given rise to the formulation of several distinct problems
involving the detection of communities that have different starting assumptions and objec-
tives. Namely, given a graph G = (V, E), one type of community detection aims to develop a
full partition of the nodes V' into non-overlapping groups.[12, 58] Another type acknowledges
that networks will not always admit partitions into disjoint subgraphs and so its objective
is to detect possibly overlapping communities, maximizing graph coverage.[l12, | A less
ambitious type is the detection of a single community. This problem begins with a predefined
set of seeds which are fixed to be members of the sought-after community.[102, , 73, ]

In addition to the many forms of CD, the number of scoring functions by which these

methods are evaluated has also grown rapidly. Central to any approach to CD is the speci-
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fication of a scoring function to assess the degree to which community structure is present.
The most popular and effective scoring functions are based either on maximizing triadic
closures, i.e. the local clustering coefficient, or on minimizing conductance.[l15]

In this chapter, our work focuses on improving the state of the art in CD for seed
set expansion around a single node, or a small set of nodes. A dominant force in this
problem setting is a CD-oriented version of PageRank deemed “personalized PageRank”
(PPR). Whereas the original PageRank algorithm is a ranking of nodes’ importance (using
PageRank contributions) in a general graph, PPR focuses on ranking nodes with scores
based on their proximity to a pre-defined seed set.[14, , 34] Our contribution builds upon
existing applications of PageRank by introducing an effective resistance-based germination
stage before the propagation of PPR weights begins. Specifically, we propose a two-step
approach using PPR on a preprocessed vector that had weight distributed over a new,
revised seed set. This set includes the original seed nodes, but it also adds a selection of
nodes that are chosen to minimize the effective resistance (ER) diameter of the revised seed
set. The stopping rule for identifying the respective points at which the germination stage
and PPR end is based on community scoring functions.

The remainder of the chapter is organized as follows: in section 6.2 we review the role
that random walks play in the theoretical underpinnings of PageRank and ER. The manner
in which these two measures of node similarity differ is illustrated and the rationale for
valuing ER in CD is presented. In section 6.3, we present the germination stage algorithm
along with its time complexity. We also make explicit the connection between our algorithm
and minimizing the ER diameter. In section 6.4, we provide synthetic and empirical data
experiments to show the efficacy of our two-step approach in practice. We conclude in
section 6.5 with a summary of our contribution and by outlining the new ideas that this

work motivates, anticipating developments in the near future for CD.
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6.2 Random Walks: Tying Random Walks, PageRank, and

Effective Resistance

6.2.1 Problem Statement

Given a seed set S C V and assuming some ground truth community C' C V exists such
that S C C, we are interested in estimating a community C' C V, such that S ¢ C and
C' minimizes a loss function measuring community structure. S may be a set of a single
vertex in V' or a collection of vertices. Whereas some CD scenarios, such as the “overlapping
communities” problem, aim to achieve a high proportion of coverage on the entire network,
the aim of this seed set expansion problem is to find a single high quality community, subject
only to the constraint that it cover the seeds. In this sense we are addressing a one-class
classification problem.

There are two components to addressing this problem. The first is to define the objective
function to be minimized which quantifies the quality of community structure. The second
component is to achieve this minimum, or to approximately achieve it. Take for instance

the scoring function f.: S C V — R which measures the conductance of a subgraph. The

global objective function based on conductance is:

C* = argmingcy fo(C)

This problem is NP hard, and so we must find some other recourse towards identifying a
viable solution. Thus begins the second component of CD, devising a procedure for actually

finding a subgraph with strong community structure.

6.2.2 Random Walks and Community Detection

Random walks on graphs are a fundamental key to understanding the relatedness between

vertices. In a network analysis setting, it is frequently assumed that besides the edge set
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there are no known vertex-associated features. So, we are left to assume that any nodes’
interrelatedness is determined by whether they are edge-connected, if their shortest path
distance is small, or if it is “easy” to travel from one node to another. This underlies the
popularity of random walk-based kernels in graph-based learning problems.

It is natural to consider the wealth of information that random walks can provide for any
problem in CD. In the absence of a single, agreed-upon definition for community structure,
the basic idea of “more relatedness inwards than outwards” aligns well with the fact that a
random walk after k steps is more likely to be at any individual node in its community than
it is to be at any node in any other community. There are several manners in which the
role of random walks may be formalized. One popular example is based on the PageRank
vector. It produces an estimate of the stationary distribution of a random walk which
starts at a set of chosen nodes. If there is truth to the idea that there is significantly
more interrelatedness inside a community than at its boundary, then this PageRank vector
should assign nodes inside the community higher scores than those which are outside of it.
A different formulation is the commute time CUZ"U]' between two nodes. The random walk
interpretation of this quantity is the expected amount of time for a random walk beginning
at v; to arrive at v; and then return to v;. If at any stage of a random walk it is more likely
for the walk to stay inside a community than move to a different one, then commute times
within a community will typically be shorter than those which must cross the community

boundary.

6.2.3 Personalized PageRank

The PageRank algorithm was originally introduced as a means of providing rankings for
the pages of the World Wide Web.[l11] In the two decades since its introduction, it has
evolved as a technique for a wide set of problems in a number of applied fields. The specific
development we focus on here is personalized PageRank (PPR), a variant of the PageRank

algorithm where the initial mass is fixed at a single node or subset of the nodes V,, C V' (with
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zero mass elsewhere).[55, 84] This translates to an initial zero vector z € R", except that
Vk eV, zp = ﬁ The PPR vector is then calculated based on this initial state; the degree
to which two nodes v;,v; € V,, are more or less similar to the seed set V, is governed by
means of their respective indices in the PageRank vector xy,, zy i This method is equivalent
to finding the steady state of a random walk with restarts whose mass is initially distributed
evenly at the set of nodes which comprise the seed set. Node v’s score thus quantifies how
likely it is that a random walk which starts at the seed set will end at node v.

This procedure translates into a CD scheme when the indices of the PageRank con-
tributions are listed in a vector TpageRank (after having listed the indices of the vertices
in V;) in the order of their score ranking.[13] The next step in relating this vector to

a community is minimizing a scoring function f : W C V — R which measures the

strength of community structure. The chosen community is then Tpygerank(l : ko] where

ko = argminlgkgnf (xPageRank[l : ko])'

6.2.4 Effective Resistance

By interpreting a general graph as an electric network, one can study graph properties
by considering how electricity flows throughout the network. All edges in the graph are
considered resistors (in the case of an unweighted graph, they have equal resistance) and
the relationship between the resistance of an edge re, the electric current over the edge fe,
and the electric potential difference between the nodes connected by said edge v+ —v,- are
governed by Ohm’s Law:

Vgt — Vp

fe:

Te
That is, for a unit of current to flow across an edge, the potential difference at the edge’s
endpoints must be equal to the resistance. Summarized in matrix form, where p € R" is a
vector of potential differences across edges and B € {—1,0,1}"*" is an incidence matrix of

G, the flow over every edge is f = Bp. A second property of an electric network is the flow
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conservation property. If a unit of electric current is sent from node a to b, then at any vertex
v # a,b in the graph, the sum of the flow of all edges connected to v is 0. Summarized in
matrix form, where ¢; is the Dirac delta function, BTf=y¢,— dp. Noting that BBT = Lq,
the graph Laplacian of G, and using Ohm’s Law with the flow conservation property, we
find that

BTBp =Lgp = 0g — 51) —p= nga - 55)

This last formula provides a means of deducing the potential differences across all nodes for a
given electric flow across the network. For a single unit of current to flow across an edge, the
resistance of the edge must be matched by the potential difference of its endpoints. When
the flow of 0, — Jj, is realized on the edge set of GG, both the potential difference between a
and b and the associated effective resistance (ER) between a and b will be pla] — p[b]; the
ER of edge e is

rt = (60 — 8) LY (00 — )

Said in a different way, seeing a graph’s edge set as a collection of resistors, if the resistors
were replaced by a single resistor that acted indistinguishably from the collection subject to
any flow vector - in terms of the amount of current and potential difference between edge
endpoints - the amount of resistance of said single resistor is rzfg. Although the ER does
not only summarize the relationship between nodes that are connected by an edge, for the
purposes of this investigation, it is only the ERs between nodes connected by an edge that
will be used directly.

Another useful property of ER in an unweighted graph is that the ER between any
two nodes that are edge connected is exactly equal to the probability of those two nodes
being edge connected in a random sample from the uniform spanning tree distribution of G.
Unfortunately, to reproduce the elegant demonstration of why this is the case would require
prohibitively many lines of formulae. This fact in particular provides some useful intuition

as to why the ER would be a helpful tool in CD. Suppose a graph has two distinct subgraphs
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which are complete, but do not connect to each other except through a single edge. The ER
of the edge which connects the two clusters will be very high (it will in fact be equal to one)
because it is not possible for a spanning tree of the graph to exist without including this
edge. The ER of an edge between two nodes in the same cluster will be comparatively small,
because there are a number of spanning trees of the graph that do not make use of this edge.
The ER of edges is thus a reasonable means of detecting a graph cluster’s boundary because
the edges which traverse that boundary have higher ERs. One last popular perspective of
ER is that the expected number of steps of a random walk beginning at v;, reaching v;, and

then ending at v; (commute distance Ciy,y;) is proportional to the ER (with constant 2m).

6.2.5 Limitations of Effective Resistance

While these facets of ER provide a solid grounding for using it as a tool to understand
nodes’ interrelatedness, the behavior of ER described above does not necessary scale to large
graphs. Specifically, it has been shown for classes of random geometric graphs - specifically
kNN-graphs, e-graphs, and Gaussian similarity graphs - that as the size of the graph n — oo,
Cov; & d%z + %j, the sum of the inverse of their degrees.[99] Luxburg et al. (2010) describe
in their paper “Getting Lost in Space” that as the graph size grows, the number of paths
between any two nodes increases and a random walk will tend to “forget” where it began,
ultimately depending only on the degrees of the points at which it starts and ends. This
limitation has in fact motivated a number of modified resistance-based graph distances that
circumvent the scalability issue.[99, | ER’s inability to scale to large datasets carries two
significant caveats involving graph types and which scenarios the convergence to d—iz + % is
weakest. Regarding the first point, the convergence results are proven only for graphs with
a minimal degree that grows with the graph size. This is not an unreasonable assumption
in KNN- or e-graphs generated from data, but it is not an assumption that matches the
properties of empirical networks. Secondly, the limitations of ER as a graph distance metric

are only shown to be problematic for summarizing global structure, such as for nodes that
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are not close in the shortest path distance. CD is primarily concerned with local properties
of real-world graphs with strong power law distributions. Furthermore, the ERs that will
be used in this study will concern only the ER between nodes that are edge connected, i.e.

very local.

6.3 Germination: a Two-step Community Detection Algorithm

for Seed Set Expansion

While many algorithms will address an unsupervised CD problem by first establishing seeds
and then propagating from those seeds, in the semi-supervised context, the seeds are provided
a priori, and propagation from those seeds is what the community detector must accomplish.
The algorithm we present here takes an alternative route. We introduce what we term a
germination stage. Just as the germination of a seed is its first step departing from seed
form towards becoming a full-fledged plant, the germination of seed sets in CD converts
the seed set into a more larger, more reliable set of nodes, from which a community may
be cultivated. In this stage, the information contained in the initial seed set is culled and
expanded - not to the expected community estimate, but to a richer seed set for the second
stage of propagation. Our approach can be compared in spirit to optimization methods
which provide a minimization algorithm with a “warm start.”

After this first stage we take the traditional route of propagation using personalized
PageRank. Our motivation for splitting the CD procedure into these stages is based on the
observation that the better the quality of the seeds used for propagation, the better the
output. Basing the first stage of seed germination on ER is a deliberate choice based on the
theoretical properties of ER. Additionally, empirical evidence suggests that a greedy method
using a resistance-based metric will initially choose community candidates at a lower false

positive rate than those that would be chosen based on the PPR score vector.
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6.3.1 Finding the Set with Small Effective Resistance Diameter

While the basic procedure of germinating a seed set and then propagating its information is
quite general, we outline one specific implementation of this approach using the tools of ER
and PageRank. The first step is to calculate pairwise ERs for every element of E. This can
be done in two ways. The first is the inversion of the graph Laplacian. ER for any pair of

nodes u,v € V can be computed from the inverse Laplacian as
rl = L + Ly — 2LL

The second approach is to sample uniform spanning trees from the graph at hand. The
ER of an edge can be estimated as the proportion of the finite sample of spanning trees
wherein said edge occurs. Depending on the situation, one of these two approaches might
be preferable. For sparse, diagonally dominant matrices, fast solvers exist which can find
reffin O (nlog(n)log(e_l)) where n is the number of nonzero entries and € is an accuracy
level.[120] Spanning trees may be sampled (without any restriction on the type of graph) in
O(n%mli’)).[ | The practitioner should thus decide which approach to use based upon the
degree of sparsity, the required accuracy, and the ease of implementation. Furthermore, we
are intrigued by the possibility of sampling spanning trees in a more efficient manner that
guarantees an approximate estimate of the ER with high probability. The outcome of these
procedures will lead to an estimate of the ER for every edge that appears in the graph (in
the case of spanning trees) or for every pairwise relationship between nodes (in the case of
graph Laplacian inversion). For the purposes of our algorithm, though, it is sufficient, even
in the second approach, to store and use only the ERs between nodes that are connected by
an edge in G.

A greedy algorithm is then implemented to progressively grow the seed set with the
objective of minimizing the ER diameter at every stage. The specifics are found in Algorithm

5, where R denotes a sparse matrix containing ERs between nodes that are connected by an
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edge, seeds are the initial seeds provided, and f is a community structure scoring function,

namely conductance.

Algorithm 5 Greedy Minimizer of ER Diameter
Require: R, seeds, f {P}roduce a useful ordering of the elements of V' w.r.t. seed nodes
cur_comm <— seeds
unused <— V — seeds
s ={}
while len(unused) > 0 A checkStop(s) do
i = argmingcypused (Min(R[k, cur_commy))
v = unused|(]
cur_comm = cur_comm U {v}
s = s U f(cur_comm)
unused = unused \ {v}
end while
return cur_comm

Two points in the algorithm must be clarified: the stopping condition, and the complexity
of line 5. Regarding the stopping function, we employ a procedure introduced by Yang et
al. (2015) who conduct a “sweep” of the PageRank vector and calculate the successive
conductances of larger and larger subgraphs around the seed nodes; they consider the points
where local minima occur to be community candidates. Since our objective in this stage of
the algorithm is to preserve the purity of the germinated seed set as well as possible, we
avoid false positives by always taking the first local minimum as a stopping point in the
algorithm. Another convention of Yang et al. (2015) was to disregard any local minima for
which the scoring function does not subsequently increase 20% before arriving at another
local minimum. Since our procedure for identifying a local minimum must control the false
positive rate in the germination stage, we use a stricter criteria of 5%. In any case, this
means that the cur_comm returned by Algorithm 5 must be trimmed back to the point at
which the local minimum actually occurred and cannot be used as is. Though it has not
been observed to occur in practice, if it were the case that no local minimum meets this
criteria, then the entire set of nodes would be returned.

Next, regarding the time complexity for an algorithm involving a search for the argument
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of the minimum of a set of values each of which is the minimum of another list, we show in
Theorem 3 that the time complexity is O(1). We assume at the onset that the graph at hand
has a maximum node degree of d, which grows at a slower rate than graph size. Similarly,
we assume that the maximum community size n. is not a graph property that grows at the
same rate as graph size. These are basic features of the Lancichinetti-Fortunato-Radicchi

(LFR) graph model.[90]
Theorem 3. The time complexity of Algorithm 5 is O(1).

Proof. In general, finding the minimum of a list of length n is of complexity O(n). In the

worst case scenario of line 5 (when the graph is complete) the number of required operations

would be:
n—len(seeds) n—len(seeds)
Z a(n —a) = Z an — a?
a=1 a=1

Since len(seeds) is a small fraction of the entire community, this term may be approximated
as Y _jan—a? =n>"_ja—3"_; a?. In this formulation, both sums are on the order of

n3. In practice, we observe a local minimum to occur very early, after only considering

=5

(though the actual proportion would depend on the parameter which describes the power
law distribution of the vertices’ degrees). But even if we are to consider the algorithm to run

for n. steps, the total operations remain: 2?21 id = d%ﬁl)

. So, under our assumptions
that we are in a sparse graph setting, where community sizes do not grow at the same rate

as the number of nodes in the graph, the complexity of Algorithm 5 is O(n2) = O(1). [

6.3.2 Theoretical Properties of the Germinated Seed Set

The objective of finding a subgraph which contains the seeds and also has the smallest
ER diameter is the problem we wish to solve. There is even some recent work in graph
clustering which attempts to find these subgraphs efficiently. One recent paper introduced a
polynomial time algorithm to partition a graph into sets of nodes which have a bounded ER

diameter.[9] This approach suggests an important inroad into graph clustering based on ER,
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but is not directly applicable to identifying a single community. It is also worth considering
that the solution to the relaxed minimization problem is extremely fast and does not add
much computational overhead to the use of PPR. That is, even with the computation of
ERs, the germination of a seed set, and subsequent PPR, the overall complexity is still
sub-quadratic. Furthermore, by demonstrating the efficacy of even an incredibly greedy
algorithm for minimizing ER diameter, we aim to motivate more advanced methods for
finding low ER diameter subgraphs which could be coupled with a subsequent stage of PPR.

That being said, we demonstrate that a bound exists at every step of the while loop of
our algorithm. Specifically, the increase of ER diameter at each step is bounded above by

the minimum of the ERs between all vertices already included and the newest addition.

Theorem 4. At each stage of the while loop in Algorithm 6.3.1, the increase of the ER
diameter of cur_comm is bounded above by the minimum of the ERs between the newest

node and the nodes in the current state of cur_comm.

Proof. It must be noted first that r°ffRes . 1/ V' — R is a distance metric and that (V, reffRes)
is a metric space. Suppose that at step ¢ the newest candidate for community membership

to cur_comm is w € V. This could be the case only if Yu € V/,
min ({TeﬁReS(u, v) |ve Cllr,comm}) = min ({reﬁReS(w, v) | w € unused, v € cuncomm})

This in turn means that

effRes (

diam cur_comm U {w}) <

di ameﬁRes (

{ reﬁReS(

cur_comm) + min < u,v) |v e CLIILCOHHII})
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6.4 Experiments

6.4.1 Data Description and Approach

Three different forms of network data are considered below. The first type is a network
sampled from a hierarchically-structured stochastic block model (HSBM). The matrix of
probabilities along with a sample realization are depicted for ease of visualization in Figure
6.1. This is not a network structure commonly found empirically, but we use this model as a
demonstration for the way an ER method works and how we expect it to work in a general

network.

Figure 6.1: A hierarchical SBM and its realization

Next we present synthetic network data generated from the LFR graph model, a more
realistic network model than the HSBM.[90] This graph model assumes all the graph’s ver-
tices’ degrees are distributed according to an exponential distribution. Depending on the
parameter of this distribution, graphs may vary from a sparse “hub and spokes” structure
to a single cluster with a nearly uniform degree distribution. Using this data we show that
the ER component of our method behaves differently depending on what proportion of the
community is a high degree node. We also demonstrate that as long as the size of the com-
munity grows at a slower rate than the graph as a whole, the performance of our method
does not degrade as a function of graph size. This is a specific concern of ours considering

the limitations of using ER as a global similarity metric in large networks, as described in
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Section 6.2.5.

Lastly, we consider several large data benchmarks for CD. We selected some of the most
commonly used networks with labeled ground-truth communities. Though these labelings
are not perfect, these benchmarks elicit the closest match to real-world applications available.
The specific datasets we consider are the blogs hyperlink network, Amazon co-purchasing
network, the DBLP computer science co-authorship network, the Youtube social network,
the Orkut social network, and web-linkages between Wikipedia pages.[94]

While many CD methods are validated by juxtaposing an estimated partition with the
ground-truth community partition, in the one-community example considered in this paper,
the objective is to maximize a combination of precision and recall for the single estimated
community. We quantify our method next to traditional PPR using F1 scores. While the
comparison of a community estimate to the ground truth is ultimately based on the F1 score
or other scores calculated from precision and recall, we also provide a complete precision-
recall curve for the entire sequence of the cur_comm vector in order to profile whether a
higher precision method is simply more conservative, or if it is uniformly outperforming a
competitor. After all, the objective of our study is not specifically to produce an out-of-
the-box cutting edge CD scheme, but to demonstrate how much the seed germination stage
contributes before PPR begins. For this reason, our benchmark in these experiments is a
vanilla PPR algorithm whose only parameter is «, which determines how much weight is
redistributed at the initial seed nodes in each iteration.

To conduct each experiment we select a community from the ground truth labeling, and
select a fixed number of seeds in that community. Then, we provide the network’s edge set
and its chosen seeds to the CD algorithm. When results are averaged, this reflects our having
run the experiment independently on several randomly sampled synthetic networks, or our
having queried either a community estimate around different seeds or a different community

label in each iteration.
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6.4.2 Hierarchical Stochastic Block Models

The basic intuition that a network node will have lower resistance towards a high degree
node than a low degree node is put to the test by this graph model. We show that in the
extreme scenario where node degrees are distributed uniformly and there is sufficient within-
community interconnectedness, ER will identify all community nodes reliably before making
false positives. In contrast to this, we attribute ER’s inability to be a standalone CD method
in general to the relatively high ER between the hub of a community and its spokes relative
to the resistance between the hub of one community and the hub of another. In this general
case, only a few paths exist for a low degree node to the core of its community (corresponding
to a high resistance path), though there may be more paths from one high degree node to
another, even if they are found in distinct communities. In the HSBM setting, all the nodes’
degrees are distributed uniformly in a small interval, avoiding this limitation. The ability
of ER to perform and scale well in this setting (competitively with PPR), and not even be

greatly improved on by a germination stage, is evident in Figure 6.2.
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Figure 6.2: F1 scores for networks based on the HSBM model as a function of graph size

6.4.3 Synthetic Network Data

The next network type used is the LFR model of benchmark graphs.[00] In this model,

the heterogeneity of the distribution of node degrees and community sizes are controlled
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by a power law distribution, along with a parameter governing how high a proportion of
a node’s edges are inward-facing versus outward-facing. In this more realistic setting, with
parameters to tune governing what proportion of a network is “popular” in its community,
the contribution of ER to PPR can be assessed.

We show in this more realistic setting that pairing an ER-based germination stage with
PPR outperforms PPR alone. In the top portion of Figure 6.3 we show that this result is
not dependent on the size of the graph and in the bottom portion we show that this result
is not dependent on the parameter of the power law distribution of the model. Though it is
apparent that graphs with fewer degrees overall pose more challenging CD tasks, the relative

performance of our method is consistently superior.
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Figure 6.3: F1 scores for networks based on the LFR model as a function of graph size (top)
and power law parameter (bottom)

6.4.4 Empirical Network Data

Lastly, we implement our CD approach on publicly available, large-scale, naturally occur-

ring networks for which seed set expansion is particularly relevant. To assess the general
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performance of these methods, we consider the mean F1 score over 10 experiments of sam-
pling seeds from a fixed ground truth community. A summary of the (approximate) network
sizes, and average F'1 scores are presented in Table 6.1. “Germination” in the table denotes
using a germination stage pre-PPR. When the difference in F1 score across all experiments

is considered between PPR and germination, PPR was improved upon 85% of the time.

Table 6.1: Mean of F1 scores on empirical networks

NAME n | PPR (sd) Germination (sd)
Blogs 103 | 0.95 (0.015)  0.96 (0.003)
Amazon  10° | 0.69 (0.07) 0.74 (0.02)

DBLP  10° | 0.58 (0.12) 0.67 (0.13)
Youtube 100 | 0.42 (0.04) 0.49 (0.05)
Orkut 108 | 0.49 (0.21) 0.60 (0.23)
Wikipedia 106 | 0.57 (0.25) 0.68 (0.21)

For purposes of illustration, we take one instance of the CD task in the Amazon dataset
and show the ROC curves for each CD method based on ground truth co-purchasing data.
Each ROC curve depicts the precision-recall tradeoff for a progressively larger community
estimate. A scoring function would determine which community estimate is selected. In
Figure 6.4 we see the result of conducting PPR after a germination stage. Specifically, we
observe that the high precision of using ER alone is short lived. After attaining ~ 25% recall,
the ER attains a local minimum, at which point the germination stage stops. This triggers
PPR to be initiated on the “germinated” seed set, leading to consistently better precision

and recall, without regard for the point at which the stopping function is activated.

6.5 Future Directions

We have shown that a simple modification to PPR can lead to a significant boost in accuracy
for CD. While our algorithm’s specific contribution to single community seed set expansion is

promising, we are even more motivated by degree to which a two-step procedure is beneficial
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Figure 6.4: ROC curve for a single run of CD

in a single community seed set expansion problem.

In the future, we plan to demonstrate further the power of this two-step approach. Pos-
sible directions include considering a larger class of community scoring functions, algorithms
for locally minimizing ER diameter, and thoroughly investigating the accuracy-time tradeoffs

of these decisions.
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CHAPTER 7
COMMUNITY DETECTION USING GLOBAL & LOCAL
INFORMATION

Chapter 7 describes the application of multiresolution methods to the problem of community
detection (CD). The detection of communities in a graph setting without any a priori labeling

calls for flexible methods equipped to learn general graph structures.

7.1 A Brief Survey of Approaches to Community Detection

CD aims to find graph partitions that identify subgraphs for which there is a relatively high
degree of within-subgraph interconnectedness and low degree of between-subgraph intercon-
nectedness. For a partition of a graph into k£ subgraphs, PVE — {(V, cV |1<i<Ek},
a scoring for interconnectedness S, and real-valued graph functions f(-,-) and g(-,-), any

method for CD is an approach to optimizing (or optimizing a relaxation of):

minpyep »  f(S{v € PV}, {ve PY}))+> g(S{ve P} {veP}'}))
i i#]

7.1.1 Detecting Communities at Multiple Scales

Traditional CD methods uncover graph clustering consisting of a partition of nodes into
disjoint sets. This is sufficient for simple graph structures where there is small variance in
the distribution of community sizes and node degrees. In more general scenarios, such as
when communities are of different sizes, or when clusters have core-periphery structure, we
require methods that consider graph structure at multiple scales. All the more so in real-
world scenarios, realized networks are rarely approximated well by coarse global methods
such as those that we have already described in chapter 4. It is not necessary to assume that
a partition P = {P;};cr exists such that Vi, j P; N P; = () and in addition Vi, j, |P;| =~ |Pj|.

Instead, we consider the cases where Vi € I, 3j € I — {i} such that P, N P; # ) or even
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possibly that P, N P; = P;. In the last case specifically, it is obvious that partitions of
communities at a single level and at a single scale will be insufficient.
The CD methods to address these more complex situations address the cases when net-

works are hierarchical, multi-level, or multi-scale. We define these terms for ease of discussion:

Hierarchical The degree to which a graph has hierarchical structure is a function of the
distortion of the graph’s best hyperbolic embedding. We choose to assume that hyper-
bolic embeddings (especially in low dimensional space) are emblematic of hierarchical
structure, and that the difficulty of finding a low-error hyperbolic embedding is a signal
for a lack of hierarchical-ness in the graph. Hyperbolic space is a convenient example
of the more general class of ultrametric spaces, where nodes’ mutual distances are com-
puted with respect to how similar their shortest paths are to the graph’s root node.
The reason we consider hyperbolic space instead of another type of metric space model
is the increased usage in recent years of hyperbolic embeddings for modeling tree-like
structures.[37, | The rationale for consider hyperbolic space as a model for hier-
archical graphs instead of the more straightforward hierarchical tree model, is that it
may serve as a model for hierarchicalness even in settings when a hierarchy is generally

observed, but is not strict.!

Multi-level The multi-level-ness of a graph G = (V, E) is defined in terms of a correspond-
ing directed acyclic graph (DAG) tree graph T" = (W, Ep), rooted at wy € W. As
a DAG, Yw € W there exists exactly one shortest length path from w to wg. The
structure of GG is defined in terms of T" using a map S from W to V', mapping elements

of W to subsets of V. S(wg) C S(wq) if and only if there is a path in 7" beginning

1. An example comes from the animal kingdom. Even a person who is not well-versed in Linean taxonomy
would be able to do a relatively good job classifying the animal kingdom into local and global categories.
The set of dogs is inside the set of canines which would probably be together in a cluster distinct from
primates and birds. This hierarchical structure generally rings true, but there are also many examples that
test the crispness of these boundaries. Fish, for instance, generally refers to animals living under water. But
whales are mammals, and lungfish are likely the genetic antecedent to earth-dwelling animals. There are
undoubtedly some pesky elements in the “hierarchy” whose distance to other elements is not well-modeled
by an ultrametric, but the structure remains somewhat hierarchical, or in the language of chapter 3, tree-like.
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at wy and ending at wo. S(wg) = V, and so Yw € W, S(w) is a subset of V', where
successively smaller subsets are indexed by the images of vertices along that path from
wq to w, ending in S(w). If w € W is a leaf of T', then Yvy,v9 € S(w), v1 and vy are in
the same clusters at every single level. If there exists an edge from wy to both w9 and
w3 (and no other vertices), then S(wg) N S(wz) = 0 and S(w9) U S(wsz) = S(wy). G
has an implicit hierarchy of clusters based on 7', but the graph G itself may not bear

similarity to a tree structure.?

Multi-scale A graph having multi-scale (or multiresolution) structure is a more general
form of multi-level structure where, instead of the 7' defined above, there may be
multiple paths from the root node to another node in the structure-summarizing tree
graph. This generalized structure has been proposed before as a “generalized tree-based

transform.” [115]

We are most interested in multi-scale structure because it is the most general case and
may be extended to the largest number of graph types. We also focus on instances when
communities in a graph are of different sizes. Multiresolution analysis on graphs is adaptive
to the discontinuous features of a graph, and so there should be no difference between
identifying equally sizes clusters, from two clusters of different size.

Detecting a multi-scale structure depends on defining a hierarchy. One challenge for
scoring function-based methods is a resolution limit. Especially when the scoring function
is modularity, this limit has been well documented.[57] One variety of resolution limit is
the difficulty of detecting two distinct communities when the ratio of within community to
between community interconnectedness is not large enough. Another variety of resolution
limit, and the bigger bottleneck, is the difficulty of separating a small community from a

larger one when the difference in their sizes is large enough. Some methods have described

2. This is the case, for instance, in a standard hierarchical stochastic block model where the probabilistic
model may be summarized using a tree, but the graph may not (without a lot of information loss). In the
simplest case, this would be two distinct complete graphs which have a small number of edges connecting
them.
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ways of circumventing these limits by enforcing a hierarchical clustering on the network. For
instance, a method that finds communities using modularity maximization may find hierar-
chical clusterings by recursively partitioning the graph into clusters.[1 19, , 70] Alternative
approaches develop modularity-based functions that assign more weight to smaller commu-
nities, addressing both forms of resolution limits,[28] or introduce a parameter to tune for
community size.[91] From a different direction, agglomerative hierarchical clustering may be
represented using a dendrogram recording the merging of clusters until the entire graph is
in a single cluster. This is the approach taken by the Louvain method described in section
4.2.2.]20] Empirically, the Louvain method has proven more adaptive to a variety of graph

types, and serves as a motivation for our work that defines wavelets by learning a graph’s

structure agglomeratively.

7.2 Wavelets as Tools to Multi-scale Community Detection

7.2.1 Background

As described earlier in Chapter 2, wavelets emerged from the field of signal processing to
provide a set of orthogonal basis functions localized in the time and frequency domains. In
the case of signals, the nonzero support of the basis functions corresponds to a region of the
signal where there may be a notable nonconstant behavior. A suitable set of wavelet basis
functions for decomposing a large set of signals will contain the functions which are rough
in regions where the set of signals are likely to be rough and smooth in regions where the
set of signals are likely to be smooth.

In the case of graphs, in the presence of community structure, we expect functions on the
graph (i.e. class labeling, responses) to be smooth with respect to the graph’s community
structure. For instance, if a graph’s community structure were known and an analyst were
attempting to decipher a graph function in the presence of noise or missing data, a set

of wavelets which are smooth within communities and rough between communities would
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be capable of de-noising the signal. Some previous research has used the Laplacian as a
regularizer for functions on a graph and thereby as an estimator of vertex labelings in the
presence of missing or noisy data.[!57] Challenges with the application of spectral methods
especially at a large scale[107] have led to theory from spectral theory being channeled to
similar wavelet-based methods.[93, (3]

Considering wavelets as tools to describe graphs with either a fine or coarse brush provides
wavelets with a very general role in machine learning on graphs. Just as wavelets in R
allow the decomposition of a signal into basis functions at multiple levels of resolution,
wavelets on a graph allow the decomposition of a graph into components at analogously
different levels of resolution. Undoubtedly, frequency-valued eigenvectors also encode graph
structure at different levels of resolution, but multiresolution analysis on graphs extends the
eigendecomposition by defining wavelets with sparse components, leading to more reliable
summaries on small scale structures.[19] Since it is not known ahead of time whether a
graph will exhibit primarily global or local structure, it is critical to use methods that will
work flexibly in either scenario. The primary aim of this chapter is to showcase the ability
of wavelets to find community structures that are undiscovered by spectral clustering. In
fact, we aim to demonstrate a finer point: the ability of MMF wavelets to find community
structures that are undiscovered by spectral graph wavelets, showing that even wavelets
derived from graph eigenvectors retain some of the limitations of using spectral methods in
a graph setting.[133, 8]

Spectral graph wavelets are scale-dependent, with scale parametrized by . The wavelets
themselves are measurements of the coordinate-wise similarity, subject to the scaling of ~,
between different nodes’ entries in the n eigenvectors. So, while the wavelets produced by
this method are sparse and supposed to be approximating local behavior, their derivation is
dependent on how well the eigenvalue decomposition itself is estimating local graph behavior.
How well does a wavelet method rooted in an eigenvalue decomposition performs CD and

which alternative methods exist for the CD problem?
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7.2.2  Contributions

We introduce community detection using a wider class of wavelets, and in line with previous
work in community detection,[041] we verify that there is “no free lunch.” We claim that
different types of wavelets address the CD problem differently, with strengths in different
graph types. Specifically, we find that community structure in synthetic graphs generated
from SBMs or HSBMs are recovered most efficiently with spectral-based wavelet methods,
while smaller communities and communities with hub-and-spokes-like structure, modeled
using LFR, DC-SBM, or real-world data are recovered more reliably using wavelet methods
that make use of agglomerative clustering. There are many strategies in agglomerative
clustering for how to choose which nodes should be pooled and how to preserve information
from initial mergers during higher order clusterings. The approach of our method - generating
wavelets by means of a k-point MMF - selects vertices by pairing a node and other k—1 nodes
with whom they share maximum inner product in the current state of the graph Laplacian.
The Laplacian is then updated using k-point Givens rotations. Further explanation of the

procedure for MMF may be found in chapter 5.

Cycle Spinning and Wavelet Smoothing

Agglomerative clustering alone is typically not sufficient to recover graph structure. A single
subgraph consisting of a tree, or at least a tree-like, approximation may be subject to noise
or be simply insufficient to approximate a graph at all relevant scales. Due to reasons of
scalability, we wish to stay in the world of sparse approximations, and so we consider the
use of cycle spinning[35] in the world of community detection. Cycle spinning refers to the
introduction of random translations into existing wavelet bases’ supports in order to obtain
smoother representations of signals using sparse basis functions. Its initial introduction ap-
plied the idea to simple wavelet designs in real-valued Euclidean metric spaces. Implementing
the random translations in said Euclidean spaces is straightforward, but translations in the

graph setting are difficult to define. In the context of semi-supervised learning, cycle spin-
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ning has been used as a rationale for averaging outputs of wavelet-based methods to recover
more robust output.[03] In the context of CD, we include the result of several nondetermin-
istic wavelet-producing algorithms as an input into the same hierarchical clustering tool that
has been used in past work.[133] We consider the increased explanatory power of a collec-
tion of wavelet bases as akin to the use of spectral wavelets at multiple scales. We call the
MMF wavelets MMFW (multiresolution matrix factorization wavelets) in contrast to SGW
(spectral graph wavelets). In all side-by-side comparisons with spectral graph wavelet-based

methods, the same number of total wavelets are being used by each method.

7.2.3 Perspectives on MMF Wavelets

The MMF of a graph Laplacian is a means of producing a wavelet basis for the space defined
by the graph Laplacian. Importantly, a set of parameters specify exactly how the MMF
algorithm works at each stage of the algorithm. To clarify what these parameters are, and
to demonstrate the varieties of graphs that MMFW can represent, we investigate the way

that these parameters affect CD performance. The parameters we consider are:
k The order of the rotations at each stage of the algorithm
Jarop The fraction of the rotated nodes at each stage to drop to the inactive set of indices

tarop The type of method used for selecting which nodes to keep in the active set and which

to drop to the inactive set
nreps Number of sets of wavelets (multiple of vertex set cardinality) used as features for CD

We consider concurrently the effect of the order k of rotations and the proportion of
those k nodes which are dropped to the inactive set at each stage of the algorithm. The
two plots in figure 7.1 show the accuracy of MMF for CD given specific combinations of k
and fqrop- This perspective on two parameters shows that in the case of uniform degree
distributions, more nodes being dropped at each stage yields stronger performance, because
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Figure 7.1: MMF accuracy as a function of different parameter values

the relationship between nodes in the same community may be summarized very coarsely.
For LFR graphs on the other hand, dropping a lower proportion of rotated nodes yields
better performance. In this more complicated graph structure, reducing information too
quickly loses needed information.

The nyeps parameter, governing how many times an MMF produces wavelets for a graph,
is extremely influential in terms of performance improvement. Besides parallelization within
the MMF algorithm, simply running more versions of the same thing to produce more
wavelets is easily parallelizeable, leading to improved performance at effectively zero cost.
In figure 7.2, we find that in each graph type, performance relative to a defined benchmark

increases quickly as a function of nyeps.

7.3 Benchmark Comparison

The existing, primary benchmark towards which wavelet-based CD methods may be com-
pared is the aforementioned SGW decomposition plus hierarchical clustering (SGW-+HC).[133]
We refer to our own method as MMFW+HC because its features are the wavelets of the

MMEF'. We consider only datasets, synthetic or actual, where ground truth communities are
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known a priori and all estimated clusterings are compared to said ground truth using the
adjusted Rand index.

A second approach to assessing the quality of a community detection algorithm in a purely
unsupervised setting (where no supposedly ground-truth labeling exists), is the performance
of link prediction and link description tests using the CD algorithm’s output. In a link
prediction task, the training stage consists of running an unsupervised community detection
algorithm on a subset of the graphs total edge set. The complement to this subset is the test
set. Then the estimated communities are used to rank all remaining edges (other than those
actually observed at train time) with the objective of ranking the test set’s edges higher than
nonexistant edges. The classification of removed edges and nonexistant edges at test time
may be assessed using typical techniques such as the area under the ROC curve. In a link
description task, coined in Ghasemian et al.,[01] we aim to measure the degree of overfitting
by a method’s CD scheme. The scores assigned by a method to all node pairs in the edgeset
are considered relative to their membership in the observed and unobserved sets of edges.
When a method does not suffer from overfitting, we would expect good classification accuracy

between observed and unobserved edges.

7.4 Application of Wavelet-based Community Detection to

Synthetic Data

7.4.1  Graph Models

As a first step, and a way of assessing which graph features influence the efficacy of a
method, we consider three varieties of synthetic data. The simpler models are stochastic
block models and hierarchical stochastic block models. In both of these cases, clusters are
considered homogenous in node degree. The most relevant feature of the graph model is
the extent that communities are relatively complete graphs and contain no nodes that are

notably more or less popular.
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By considering a wide array of real-world networks in disparate fields, it has been shown
that network models where nodes are distributed according to the exponential distribution
describe reality more accurately. This indicates that in any community there are a very small
proportion of popular nodes and most nodes in a network are on the periphery. Extensive
empirical data has suggested that a vanilla SBM is insufficient to model real-world networks
and led some researchers to develop more complex models such as degree-corrected SBMs.
Another model is the LFR model which assumes a power law decay in node degree within
each community. LFR also assumes community size is governed by a power law distribution.
The contribution of our work is to accurately recover all levels of graph structure, and
specifically to focus on the recovery of local graph structure. For this reason, these models
will be tested in scenarios where small communities must be recovered in the presence of

additional, higher-level organization.

7.4.2 Results

Homogenous Degree Network Models

The HSBM, or Sales-Pardo graph is a graph model where all nodes in a community have
approximately the same number of connections. As oppose to a standard SBM, the Sales-
Pardo model uses a hierarchical probabilistic structure to produce a corresponding multi-level
structure in the realized graph.

In Figure 7.3 we find the success of a method as a function of the difficulty of the
task. Each line reflects a different model, with “Tremblay” referring to SGW-HC and the
other lines are identified by an integer k which represents an MMF-based model with kn
features, n being the number of nodes. In position 7.3(a) we consider the identification
of only the higher level structure and in position 7.3(b) is the detection of smaller, lower-
level communities. In both cases, the effectiveness of all methods decays as a function of

the number of communities. Nevertheless, the use of MMFW exhibits uniformly better

147



08

0.6

0.4 1

Adjusted Rand Index

0.2 A

00

a E & W 12 1B 1 18 20
N Level-1 Communities

(a) Detection of high-level communities

0.8

06 A

04 4

Adjusted Rand Index

0.2 |

00+ T T T T T
10 20 30 40 50 (]
N Level-2 Communities

(b) Detection of low-level communities

Figure 7.3: Detecting graph structure for different hierarchical levels. SGW is compared to
MMFW for a selection of different numbers of MMF used.

performance than SGW-HC at every level of difficulty. It is apparent that in this case of
a uniform degree distribution a large community may be detectable for a small parameter
of connectedness, while in a smaller community more edges are required in order for it to
be recovered. In this example, parameters were kept constant across every realized graph
and this leads to a decay in performance as a function of the total number of communities.
While performance is uniformly better when MMFW are used, the graphs considered here

are less realistic than those with power law node degree distributions considered next.
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Power Law Degree Network Models

The non-homogeneity of the networks’ nodes’ degrees makes CD for these models more
difficult. A community’s subset of popular nodes may be easy to group together, but nodes at
the periphery have fewer connections to the community’s core, providing more opportunities
for algorithms to make mistakes. On the other hand, popular nodes are more likely to
be edge-connected to other communities’ nodes than lower degree nodes. For these two
reasons, this model type poses additional challenges for CD. In figure 7.4.2 we compare the
performance of wavelet-based CD using SGW and using MMFW. In this context, we expect
larger communities, with correspondingly large cores of popular nodes and large peripheries
to be more difficult to accurately label than smaller communities. At the same time, the
unsupervised nature of CD makes identifying the number of communities difficult, causing
challenges for very large numbers of communities. We observe in the plot that for a graph
of fixed size, performance degrades for the smallest number of communities (< 5) and for
the most(> 10), but in a middle interval (5 — 10) performance is highest.

In the experiments described so far, the correct number of communities was actually
input to each algorithm from the start. We address some aspects of the fully unsupervised

problem of detecting community structure in chapter 9.
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Name n % Example

Biological 192 33.6% | Network of protein-protein interactions in 11 species
Economic 122 21.3% | Medieval Russian river-based trade network
Informational 22 3.8% | Co-purchasing of books on politics from Amazon
Social 124 21.7% | E-mail network at a Spanish university
Technological 74 12.9% | Class dependencies in a software program
Transportation | 38  6.7% | Availability of seats on flights between US cities

Figure 7.5: Count of graphs within each network domain

7.5 Application of Wavelet-based Community Detection to

Generic Real World Datasets

Having established some patterns of behavior for wavelet-based methods in synthetic network

datasets, we consider a class of commonly used network data for CD tasks.

7.5.1 Data Description

The CommunityFitNit collection was first used to provide evidence of different CD proce-
dures’ tendency to over- and under-fit community structure. [61] They evaluated different
methods’ overfitting behavior as a function of graph size, graph type, and community charac-
teristics. We similarly seek to exhaustively compare the behavior and empirical performance
of wavelet-based CD methods across a very large dataset of graphs. The graph features we
consider are the numbers of nodes and edges in a graph and the network domain to which
the networks belong. The domains we consider are biological, economic, informational, so-
cial, technological, and transportation. Their respective counts are recorded in Table 7.5.
The table also includes one representative example of the categories. It has previously been
demonstrated that the network domains tend to lead to different community structures.[6]
We do not consider other characteristics of these datasets in depth beyond the high-level
features mentioned above which have been used in past studies.

The data contained in this corpus are purely unlabeled tasks and we remain agnostic to

essentially any domain-specific knowledge to bias the unsupervised nature of the learning
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Figure 7.6: Difference in MMFW and SGW performance for a wide gamut of network types

algorithm. To establish our accuracy relative to an unlabeled dataset we measure success

using a link prediction task.

The method considered to assess our MMEFW-based method’s is a state of the art wavelet-

based CD method (SGW),[133] We present the difference between different methods as a

7.5.2 Results

function of the number of nodes and the number of edges in a graph.

The next two section, 7.6, is an exploratory analyses showing the effectiveness of MMF
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in an applied setting. The aim is not to compare MMF-based CD to other CD methods,
but rather to discover its performance relative to other existing, sensible non-ML community
labelings. The application is not “traditional,” and has not appeared in other CD literature.
Our aim is only to demonstrate the success that an MMFEFW-based method can promise in

new frontiers of CD.

7.6 Application of Wavelet-based Community Detection for

Financial Data

We next consider the use of wavelets for community detection among stocks in the S&P
500. Clustering of time series poses a unique challenge because several different distinct
steps must be defined.[138, 52] First, a metric must be defined for comparing the similarity
between different time series, which may cover different time intervals. Several approaches
exist for comparing long-term time series. For example, dimensionality reduction,[08] Fourier
features, or wavelet-based semblance analysis.[37] Next, a clustering procedure is used to
identify relevant groups of time series.[1 38] By structuring this clustering problem as a graph,
and detecting communities therein, a richer category of clustering procedures may be used.
Past work has surveyed existing distance measures and clustering techniques for this variety
of CD.[51] We compare our estimated multi-scale communities with two existing labelings.
We do not seek to use this dataset as a benchmark for comparing different CD methods, but
rather as a means of discovering what the MMFW-CD method is learning about the most

relevant companies in the US stock market.

7.6.1 Problem Setting

The stock market is typically considered one of the most salient measures of the world econ-
omy, representing changing levels of valuation and optimism in national and international

markets. The unpredictability of individual stock prices led Eugene Fama to propose the
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random walk model for stock prices: a stock price’s history is such a weak predictor of
future performance, that one is better off assuming its price changes may be modeled by
a random walk.[53] That being said, for two stocks which have very similar histories, the
performance of one stock may serve as a reliable predictor of the other’s. This leads many
economists to produce massive correlation tables for companies in the stock market, using
information regarding one company to influence their valuation of other highly correlated
companies.[56] One such table using stock price time series’ wavelet decompositions as the
metrics of comparing distinct series, is presented in Figure 7.7. The figure organizes the S&P
500 companies first using the Thomson Reuters Business Classification (TRBC) identifica-
tion of sector, and then organizes each sector based on the TRBC classes of industries of
which it is made up. The sectors considered are: Basic Industries, Capital Goods, Consumer
Durables, Consumer Non-Durables, Consumer Services, Energy, Finance, Health Care, Mis-
cellaneous, Public Utilities, Technology, Transportation, and unassigned. The subcategories
of industry, for the energy sector for example, are consumer electronics, industrial machin-
ery, integrated oil companies, metal fabrication, oil and gas production, and oilfield services.
While in general there are many companies involved in each of these sectors and industries,
their representation in the S&P 500 may be small, leading to only one or two companies per
industry.

We consider a novel use of community detection in financial data, whereby community
membership is used instead of stock correlations alone. We make the initial assumption that
stocks belonging to the same communities will exhibit similar future price movements. We
further assume that sub-communities exist, whereby the smaller the community, the more
similar community members’ price movements will be. This basic assumption, if verified,
may be leveraged to very practical (and lucrative) ends by identifying stocks that are likely
overvalued, undervalued, or simply in need of further investigation to figure out what is going

on.
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Figure 7.7: Similarity between companies using the similarity of the wavelet decomposition
of their time series, ordered according to TRBC labeling

7.6.2  Description of Data

Our dataset consists of six years of stock prices for the companies belonging to the S&P 500,
the 500 companies in the American stock market with the highest market capitalizations.
Since the companies belonging to this group change over time, we selected the 486 current
S&P 500 members who have belonged to the group continuously since January 1, 2013. We
choose to begin our analysis in 2013 to ignore, to whatever extent possible, the effects of
the recession in the preceding years, which would likely lead to an overestimation of stocks’
correlations from the recovery period. The company information used consists of opening

and closing stock prices for each relevant day in the aforementioned time period.

7.6.3 Method

For the first stage of time series comparison, we use Haar wavelets on the real line to reduce
the dimensionality of each signal in the collection and smooth some of their irregularities to

make comparisons easier. Using wavelet semblance analysis, we are able to define pairwise
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similarity between companies’ time series data. Semblance analysis measures the degree to
which the phase of two time series align. By basing the semblance analysis on wavelets, as
oppose to Fourier features, the phase of pairs of time series may be compared even when
frequency is changing over time.[37] The matrix of pairwise similarities between companies
that are computed using semblance analysis define the weights of the edges in the network of
stocks within which we will detect communities. We assess our ability to detect communities
in two ways. First, we compare our estimates of community membership at different scales
relative to existing known labelings, such as company sector (larger clusters) or company
industry (smaller clusters). We see how our estimates differ from these known labelings in
general and over time. Next, we consider the link prediction task as a measurement of how
well our community labeling models the network, apart from what known labelings indicate.
Last, we consider the prediction task where the training set is time series data until time n

and the test set are subsequent days.

7.6.4 Results

Objective 1: Comparison of MMFW CD to Benchmark

Our first aim is to assess how closely our community estimates match known labelings - in
this context, the TRBC sector and industry labelings. Relative to these two labelings, the
MMFW-based CD method attains an adjusted Rand index of 0.32 and 0.30, respectively.
From this perspective, our estimated labeling is not very effective at recovering these pre-
defined company classifications. It is important to note, though, that while these “ground
truth” labelings are accepted as providing a reasonable clustering of S&P 500 companies,
they are not primarily based on daily stock prices, but more detailed, often qualitative infor-
mation including company filings and “market perception.”[132] So while an approach with
purely stock price-based CD is not able to substitute for an approach that takes into account

a broader class of information inputs, it is nonetheless providing a different, possibly helpful
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Figure 7.8: Link prediction by MMFW-based CD versus “ground truth” TRBC labeling

perspective.

Objective 2: Which clusterings capture graph structure best?

To demonstrate how CD can contribute to classification of these institutions, we consider
our second objective: to measure the extent to which a number of suggested classifiers match
the empirical community structure as represented by similarity between time series” wavelet
decompositions. We use a link prediction task to measure how well these labelings capture
graph structure. We compare the TRBC labelings of sector and industry to the MMFW-
based CD. In Figure 7.8 we observe that the communities defined by existing, widely accepted
benchmarks does not predict missing links better than MMF unless less than 20% of the
total edges are observed.

The types of communities MMF identifies also have different properties than those pro-
vided by TRBC. While the sizes of the communities suggested by the sectors and industries
have median (and IQR) of 33 (14, 49) and 3 (2, 5), the median (and IQR) of the sizes of com-

munities estimated by MMFW is 13.5 (9, 28.5). Based on the IQR’s estimates of how spread
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Figure 7.9: Average within-community similarity relative to a bootstrapped sample of within-
community similarities

out the community sizes are, the skewness of MMF and industry-based community assign-
ments is larger than that of sector-based assignments. Furthermore, the median community
size from MMFW’s communities is in between that of the industry-based and sector-based
assignments, respectively. This gives us the impression that MMF’s performance in the link
prediction task results from MMF having a relatively large spread of community sizes, with
a higher number of small communities than large ones. By preserving the skewness of com-
munity structure sizes in this dataset (unlike sector-based assignments) and still identifying
communities of larger size (unlike industry-based assignments) MMF is able to use multiple

levels of resolution to describe community structure in the S&P 500.

Objective 3: Prediction of future price movements

The next experiment is based on the assumption that community structure is able to serve
as a feature for the purpose of prediction. In the case of time series, this is expressed in the
assumption that companies in the same community will have similar stock price movements.

We divide the collection of companies’ time series into three parts, the data used begins
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with daily observations on February 8, 2013 and ends on February 7, 2018. We divide this
dataset into three parts. The unsupervised learning stage (February 8, 2013 to February 4,
2015), the anomaly detection stage (February 5, 2015 to January 30, 2017), and the test
stage (January 31, 2017 to February 7, 2018). The data from the unsupervised stage is used
for community detection. With community structure estimated, the anomaly detection data
is used to identify the ten percent most “unusual” companies within each community. To
define company unusual-ness we sum the magnitude of the semblance between the company
and all other members of its community. The companies whose sums are beneath the tenth
percentile are deemed the anomalies of the community, exhibiting less inward similarity
during the anomaly detection stage than other companies in the community. In the test
stage, we consider the percent change in stock price on day January 31, 2017 + T relative
to day January 30, 2017. This measures the percentage change of the company’s stock for
each day in the test stage relative to the last day of the anomaly detection stage.

The key CD-based assumption we make regarding the “unusual” companies is the fol-
lowing: if during the anomaly detection stage the unusual company’s net stock movement
from January 30, 2017 relative to February 5, 2015 was larger than the average of the com-
munity, we anticipate that in the test stage, the price will go down. If its net movement was
smaller than the community average, we anticipate the price will go up. This assumption
may be formalized that each member of the community is modeled as a random variable
whose expected percent change on any day is estimated using the average percent change of
all community members. Furthermore, the stocks within a community are not independent
- they are in the same group precisely because of the high correlation of their movements
- therefore, we consider one of the “unusual” companies undervalued if it has had negative
price movement relative to the rest of the community, and overvalued if the opposite is true.

We test the effectiveness of CD relative to existing labeling benchmarks, such as sector
or industry, in the task of predicting that a given day in the test period will have a positive

return relative to the last day of the anomaly detection period. Over time, we anticipate a
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decrease in the ability of a company’s community to predict said company’s movement. At
the beginning of the test stage, however, the difference between the “unusual” company under
consideration and the community average is great enough, that we anticipate undervalued
stocks having a positive price movement (relative to the community average) and overvalued
stocks will have a relatively negative price movement.

To report our results, we consider the rate of correct prediction of price movement for all
unusual stocks across all communities for a given labeling method. The labeling methods we
consider are sector-based, industry-based, Louvain CD-based, and MMF-based. We consider
several iterations of MMF using different sized communities. A predicted price movement
is deemed correctly classified as positive or negative, if the percent change of the company’s
stock is indeed more positive than the communities average or if it is indeed more negative
than the communities average.

Figure 7.10 is the first perspective on the results for each labeling method, for both a
short (panel 7.10(a)) and long (panel 7.10(b)) time frame. Over the test period, the baseline
is gradually increasing because the average percent change for S&P 500 stocks in that time
period increased. This means that if a community’s average change remained constant, but
an unusual stock within that community was predicted to simply track the S&P 500, the
baseline is the rate of correct predictions that would be made.

We find that over a time frame of ~ 40 days, the predictions using a CD method are
dramatically better than the predictions made using conventional categorizations of sector
and industry, and furthermore beat the baseline prediction by several percentage points.
The difference between the Louvain method and any of the implementations of MMF is very
slight but the Louvain method appears to exhibit better performance. We attribute this to
the hierarchical clustering algorithm being used by MMF. Perhaps if we were to incorporate
the clustering method used by the Louvain method, we would see additional increases in
performance.

We also note that the MMF labeling with the fewest communities - only two - tends
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munity labeling
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to predict price movement better than the labelings with more communities. We suggest
that this may be the result of the relatively small sample size considered for analysis. If
this experiment were conducted on the entire US stock market instead of just the S&P 500
stocks, we anticipate that there would indeed be an advantage for the MMF method to use
more communities.

When we consider prediction of price movement relative to community average over a
longer time period, the effects we noticed over a ~ 40 day period are less apparent. This is
not surprising, because the discrepancy between the community average and the “unusual”

community member will have lessened over time.

7.6.5 Summary

Having used the MMFW-based CD method in a financial application, we see the benefit of
applying CD methods to very general problems. It emerges that the clustering imposed by
conventional benchmarks, such as sector or industry, are quite different from the commu-
nity labeling produced using our approach. Through link prediction tasks, we are able to
compare the ability of MMFW to capture network structure relative to these benchmarks,
and characterize some of the specific differences between MMFW-based communities and
those that are conventionally used. The most interesting feature we discovered is the power
law-distribution of community sizes that emerge when MMFW-based CD is used instead
of existing benchmarks. Furthermore, in an original and quite challenging prediction task,
of detecting anomalous companies within communities and using community structure to
make predictions, MMFW-based and Louvain CD strikingly outperform the baseline predic-
tion and existing conventional company labelings. This result makes a strong case for the
use of unsupervised learning to discover complex community structure that exists among
companies in the US stock market. A next step for this investigation would be to consider
all companies traded on the US stock market instead of a not-so-representative sample of

the five hundred largest ones.
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CHAPTER 8
CONCLUSION

The complicated field of large-scale machine learning requires a veritable war chest of tools
to enable scalability, accuracy, and precision. We have humbly presented a multi-faceted
approach to graph-based analysis. Using recent developments in hyperbolic representations
of data, multiresolution analysis, and community detection, we demonstrate the effectiveness
of the MMF in the network analysis habitat. Four novel contributions have been central to
this thesis.

First, by using the vocabulary and tools of hyperbolic metric embeddings, we provide a
theoretical foundation for our approach to multiresolution analysis on discrete spaces - MMF
- as well as other similar methods. Thinking of matrix factorizations in terms of underlying
hyperbolic embeddings also motivated our suggestion that the quality of the factorization
may be improved by making use of “big data” tree-based kernels. Employing these similarity
metrics enforces that the wavelets extracted using MMF are adapted to be smooth in a metric
space that is tree-like.

Second, attaching an interpretation of the MMF as a hyperbolic metric embedding,
provides a much needed explanatory backing to the application of the MMF algorithm.
Wavelet transforms in general are endowed with regularizing assumptions. Each variety of
wavelet transform makes its distinct structural assumptions about data, whether it be Haar,
Daubechies, or Mexican hat. In the case of graphs, however, where each graph defines its
own distinct metric space, the structural assumptions needed to define a multiresolution
basis must be more generalizable. We have shown that by defining orthogonal wavelet bases
which are smooth with respect to a hyperbolic embedding space, wavelets are constructed
that reliably represent the types of data found in real-world datasets. Secondly, wavelets
that are smooth in an underlying hyperbolic metric space give the ML practitioner the abil-
ity to regularize graph functions with respect to this space. Whereas past work aimed to

learn graph labelings by constraining functions to be smooth with respect to the observed
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graph topology, by instead constraining functions to be smooth with respect to a hyperbolic
embedding, we add a regularization term that serves as a robust de-noiser.

Third, we have made a foray into the world of seed set expansion to show that modeling
diffusion from a seed set using a collection of spanning trees leads to a “germinated” seed set
that serves as a better starting point for personalized PageRank. By detecting communities
in a two-step process, we have added another parameter into the fields of seed set expansion
that is able to accommodate a more diverse set of graph types.

Lastly, we have presented a wide array of applications - both synthetic and actual - to
show the manner in which MMF may be used for CD, and to demonstrate its competitive
edge relative to existing methods based on wavelet transforms. In a novel application of CD
for stock market predictions, we have shown how an MMF-based CD scheme is a very general,
flexible tool that may be used in unsupervised and semisupervised learning paradigms.

Two areas remain that would have fitted into the narrative of this thesis but were not
sufficiently explored to be included at this time. First, a more rigid characterization of how
collections of trees are hyperbolic is needed. We have shown how tree product metric spaces
exhibit many characteristics that are similar to hyperbolic metric spaces, but this is not
always the case and we would like to specify when it is not the case. The §-hyperbolicity
of a tree product will depend entirely on the space the trees are spanning. We attempted
to describe this dependence but do not currently have the mathematical formalism to do it
precisely.

Second, a “low lying fruit” next step of applying MMF wavelets is the computation of
graph statistics. Graph statistics belong to an exciting and quickly growing field of hypothesis
testing on graphs where wavelet representations of graphs have much to contribute. One
relevant publication uses the wavelets derived from random spanning trees to generate Haar
wavelets for use as the backbone of hypothesis testing; the extent to which graph activation
functions align or do not align with these wavelet functions (as measured for instance through

inner products) indicates if a function is smooth with respect to graph structure or not.[123]
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Similarly, the ability to use a hyperbolic representation to well-approximate a graph, such as
by using MMF, could prove a promising starting point for testing if a graph has clustering
structure or not. Testing for graph structure might be seen as a precursor to large-scale CD
because it could assist an algorithm in identify where best to seek out community structure.

It is understandable that some questions may linger regarding the aims and accomplish-

ments of this thesis. It is my hope that the epilogue will help clarify things.
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CHAPTER 9
EPILOGUE: A FICTIONAL ILLUSTRATION OF
APPROXIMATE ORTHOGONAL BASIS REPRESENTATIONS

A Language for Change: Part 1

There was once a man who worked at a company called “Salient Signal Analysis,” and it
was the day of his retirement. His name was Samuel Samuel Auerbach. He always thought
it was fitting that his initials matched those of the company where he worked; it reassured
him that he had chosen the right career. His name had also led to unanswerable questions.
Having discovered his birth certificate (and his thentofore unknown middle name) only late
in life, years after his parents had passed away, he was unable to ask his parents why his
middle name was the same as his first name. Was it a mistake in registration at the hospital?
Was it intentional? Had they told him the reason and he had forgotten? It is tragic that
questions of such obvious magnitude might be left indelibly unanswered.

Retirement was an unusual moment for Samuel. The act of stopping to do goal-oriented
tasks usually implies that one has decided that a goal has been reached, a goal is unachievable,
or a goal is simply no longer interesting. In the case of retirement, the decision is less
explicit. It is simply through the passage of time that the nature of a person’s goals, or
others’ attitudes towards that person’s goals begin to change. Does a person truly decide
to retire - or does retirement happen to them? Samuel thought, I think the function of the
brain’s frontal lobe has something to do with this.

It was Samuel’s nature to reflect. He had no shortage of questions, but the communication
of those questions with color and precision remained a great challenge for him. It was curious
then that his professional career had been in the service of a company whose purpose was the
transmission and interpretation of signals. He had worked in a division of the company aimed
at theoretical aspects of signal transmission. It was a pain for Samuel that his own research

to develop more efficient and effective methods for information transmission was ultimately
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so challenging to communicate to other human beings. It was really not so complicated, if
his audience would only take the trusting step that any given sentence would be clarified by
the one that succeeded it. He was in the habit of rehearsing his professional introduction
internally, ready to perform at a moment’s notice for a willing conversant. He planned to
say something like:

— My area of expertise is compression. Bubble wrap can be carried from one continent
to another with only its form, reduced of its “content” - compressed. A pastoral scene can
likewise be reduced from a spectrum of unbounded color and texture to an indistinguishably
similar discretized version. Is it not the case that one thousand or five hundred shades of
red will suffice in the place of a palate with billions - or really infinite - reds? This is the
essence of compression - the act of removing essentially invisible material from information,
losing an unnoticeable amount of information, while lightening the cost of transmitting said
information.

He thought, on the day of my retirement is it still necessary to rehearse this madness?
But the momentum of habit pushed him forward...

— This, you see, is a compression in the visual domain. What can be ignored in a signal
without setting off any alarms? An alternative approach - indeed the one that I am working
on - challenges the utility of the “visual domain” approach because, though barely noticeable,
beauty is undeniably lost in moving from an infinite to a finite number of reds. Not only
is beauty temporarily lost, but that beauty can never be recovered. There is no reverse
algorithm to redraw the full splendor that once existed in the image. What if instead, a
vocabulary was developed - not a literal spoken vocabulary, mind you, but a vocabulary of
abstract thought and visual concepts - whereby through the overlay of a fixed number of
prelabeled indices, a complete scene could be reconstructed. Through a communal consensus
on the meaning of these concepts, and the means with which they might be taught to the
next generation, a message from one human being to another could be spoken, compressed,

transmitted, uncompressed and understood. The richness of the message would be reduced
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by the finiteness of human communication, but the listener’s reconstruction would appear
as deep and rich as an uncompressed thought.

Here he would imagine his interlocutors becoming impatient and he would begin speaking
faster.

~My supervisors, you see, say [ am merely proposing to reduce humanity’s vocabulary.
They say that I want people to talk about simpler things so that my job is easier. But
the truth is - in a sense - they are not far from the truth. The simplicity or complexity of
an idea is not an absolute measure, but a quantification of how many possible conceptions
there are for its meaning. Though reading is very hard for a child who imagines all the ways
that an “a” can sound, a literate adult condescends to his illiterate neighbor, asking why he
cannot do something so simple. Through deliberation and discussion, with dedication and
discovery, the level of communal discourse could be heightened so that the simplification of
communication could be seen as an elevation of communication.

Samuel hoped that his listener might at this point be sufficiently jolted, excited, or
convinced that their subsequent queries and clarifications would make his ideas clear. But,
in general, it was a cruel irony that his ambitious theories of simplifying the transmission of
information would remain out of reach from basic conversation. And verily, by fellow human
beings’ disinterest to engage with the - for him - simple ideas he proposed, they remained
complicated ideas and he remained alone. Yes, indeed - irony.

There was no concrete parting gift. Rather his colleagues announced a “happy hour” at
the quiet pub down the street from their offices. Samuel did not frequent establishments
of that sort, but for the occasion at hand and out of respect for the planners, he made
what he thought would be a short appearance. After several hours had passed, though, he
found himself talking to a pleasant lady, someone he did not work with, in a booth under
the sheltering glow of a light pendant from above. Her name was either ... he couldn’t
remember that at the moment. They were, to his surprise, enjoying themselves - he didn’t

have to ask her to know - and he was hoping that the conversation would not end too soon.
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Without being aware of it, he was enjoying speaking with the woman, building a conver-
sation word by word, heart missing a beat as she appeared ready to open her lips, curious
how her words might color or recolor his own, and hoping and trusting that she felt the same

way.
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