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A mis padres



“Lo mejor de mosotros es el paso.

La huella misma,

la huella que es como un triunfo sobre el barro.
El golpe del tacon que suena a golpe

de lucha en el asfalto.”

—Jorge Debravo, El paso
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ABSTRACT

In this thesis we consider a magnetic Schrodinger inverse problem over a compact domain
contained in an infinite cylindrical manifold. We show that, under certain conditions on the
electromagnetic potentials, we can recover the magnetic field from boundary measurements
in a constructive way. A fundamental tool for this procedure is a global Carleman estimate
for the magnetic Schrodinger operator. We prove this by conjugating the magnetic operator
essentially into the Laplacian, and using the Carleman estimates for it proven by Kenig—
Salo—Uhlmann in the anisotropic setting, see [KSU11a]. The conjugation is achieved through

pseudodifferential operators over the cylinder, for which we develop the necessary results.

The main motivations to attempt this question are the following results concerning the
magnetic Schrodinger operator: first, the solution to the uniqueness problem in the cylin-
drical setting in [DSFKSUQ09], and, second, the reconstruction algorithm in the Euclidean
setting from [Sal06]. We will also borrow ideas from the reconstruction of the electric po-
tential in the cylindrical setting from [KSU11b]. These two new results answer partially
the Carleman estimate problem (Question 4.3.) proposed in [Sall3] and the reconstruction
for the magnetic Schrodinger operator mentioned in the introduction of [KSU11b]. To our
knowledge, these are the first global Carleman estimates and reconstruction procedure for

the magnetic Schrodinger operator available in the cylindrical setting.
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CHAPTER 1
INTRODUCTION

Let us present the notion of an inverse problem through the following contrasting settings.
A direct problem aims to determine, from the knowledge of the internal properties of a
system, the reaction of it to certain stimuli. For example, knowing the conductivity of a
medium and the voltage potential at the boundary we can determine the voltage induced
in the interior of the domain and, therefore, the current flowing through the boundary. In
contrast, an inverse problem looks to deduce properties of the system from the knowledge of
the reactions to the stimuli. For instance, in his seminal paper [Cal80], Calderén proposes
to study the uniqueness and the subsequent reconstruction of the conductivity of a medium
from the voltage-to—current measurements at the boundary. This problem came to be known
as the Calderén inverse conductivity problem. Since then, this and other related problems
have attracted a great deal of attention; see the survey [Uhl14a]. Various examples of inverse
problems are also presented in [Uhl14b] and [Isal7].

For a domain M C RY, the isotropic conductivity equation can be expressed as the
boundary value problem

{ div(yVu) =0 in M,
u=f on OM,

where the unknown conductivity « is a function in M. The known data is the boundary
measurement A~ : f = y0yu|gys, which maps the voltage potential at the boundary to
the current flowing through the boundary due to the induced voltage in the interior. As
mentioned before, the Calderén inverse problem consists in recovering the function ~ from
the map A.

After a change of variables the conductivity equation can be expressed in the form
Hywv = (D?>+ W)v = 0, where D = —iV is the gradient, D? := D - D = —div -V is
the (negative) Laplacian, and W is a function; we refer to Hg yy as a (electric) Schrodinger

operator. In greater generality, we can consider a magnetic Schrodinger operator, which
1



has a structure similar to the previous operator but contains first order terms in the form
Hyy = (D + V)2 4+ W. In any of these cases, the inverse problem consists in recovering
information about either (or both) of the electromagnetic potentials V' and W, in the in-
terior of the domain, from boundary measurements. We elaborate this with more detail in
the following section. One of the reasons why this problem is interesting and relevant is its
relation to the inverse scattering problem at fixed energy from quantum mechanics; see the
introduction of the Ph.D. thesis by Haberman [Hab15] for a detailed presentation on this.
As mentioned before, there is a significant body of work surrounding these problems. In
the Euclidean setting, the uniqueness (or identifiability) problem for the electric Schrodinger
operator was explicitly addressed by Nachman—Sylvester—Uhlmann in [NSUS88|, but it was
implicitly used in the proof of the uniqueness for the conductivity problem by Sylvester—
Uhlmann in [SU87]. Their proof uses the construction of many special solutions inspired
by the complex exponential solutions introduced by Calderén in [Cal80]; this method of
construction relies on a global Carleman estimate for the Laplacian. The Carleman estimates
are a kind of parameter—dependent weighted inequalities, originally introduced in the setting
of unique continuation problems. The reconstruction of the electric potential is due to
Nachman, see [Nac88], and uses the uniqueness for the global Carleman estimate from [SU87]
in two ways. First, it is shown that the uniqueness “at infinity” implies a uniqueness property
at the boundary, and this allows to determine the boundary values of the special solutions.
Second, the smallness that is established in the estimate makes it possible to disregard certain
correction terms. Later we will elaborate more carefully on this. For the magnetic operator,
the uniqueness has been established in a series of papers under different assumptions. This
was started with the work of Sun, in [Sun93], under smallness conditions on the magnetic
field; then the smallness condition was replaced by a smoothness condition by Nakamura—
Sun—Uhlmann in [NSU95|. Further improvements of these include the results by Salo in
[Sal06] and Krupchyk-Uhlmann in [KU14]. For a more detailed account of the available

results, see [Habl5]. Moreover, in [Sal06], Salo carries out a constructive procedure to



recover the electromagnetic parameters. As before, the reconstruction uses the existence of
many special solutions which are constructed through a Carleman estimate for the magnetic
Schrodinger operator. We will follow closely the arguments from this paper.

Moving away from the Euclidean setting, the Calderén problem, or its corresponding
problem for the Schrodinger operator, can also be formulated in the context of Riemannian
manifolds. This problem arises as a model for electrical imaging in anisotropic media, and
it is one of the most basic inverse problems in a geometric setting; for the basic results
in this context we refer to [Sall3]. Motivated by the results in the Euclidean setting, we
are interested in proving analogous Carleman estimates on manifolds. Looking to deduce
such an estimate, in [DSFKSUQ9] it is proven that the existence of a limiting Carleman
weight implies some kind of product structure on the manifold. Since then, it has been
usual to consider a cylindrical manifold, as we will do with "= R x T%, and the Carleman
weight x1; for instance, see [KSUlla] or [KSU11b]. Our setting will be slightly different
from the so—called admissible Riemannian manifolds from [DSFKSU09]. The solution to the
uniqueness problem for the magnetic operator was established by Dos Santos Ferreira—Kenig—
Salo-Uhlmann in [DSFKSU09], and the reconstruction problem for the electric Schrodinger
operator is elaborated in [KSU11b]. For a more complete exposition of the results either in
the Euclidean or Riemannian setting we refer to the surveys [Uhl14a] and [Uhl14b].

In this thesis we prove a global Carleman estimate for the magnetic Schrodinger operator
and propose a reconstruction procedure for the magnetic field. The main motivations to
attempt this question are the following results concerning the magnetic Schrodinger operator:
first, the solution to the uniqueness problem in the cylindrical setting in [DSFKSUQ09], and,
second, the reconstruction algorithm in the Euclidean setting from [Sal06]. We will also
borrow ideas from the reconstruction of the electric potential in the cylindrical setting from
[KSU11b]. These two new results answer partially the Carleman estimate problem (Question
4.3.) proposed in [Sall3] and the reconstruction for the magnetic Schrédinger operator

mentioned in the introduction of [KSU11b]. To our knowledge, these are the first global



Carleman estimates and reconstruction algorithms for the magnetic Schrodinger operator

available in the cylindrical setting.

1.1 Setting and main results

Let T? = R%/Z% be the d-dimensional torus with standard metric gy and let e be the
Euclidean metric on R. Consider the cylinder 7" = R X T with the standard product
metric g = e ® gg. We denote the points in the cylinder T by (z1,2’), meaning that z1 € R
and 2’ € T?. Let (M, g) C T be a smooth connected compact (d+ 1)-submanifold. Let M
denote its smooth d-dimensional boundary, let M_ := M \ OM and My =T\ M. We call
M_ and My the interior and exterior of M, respectively.

Let Dy, = 0z, /(2mi) and D, = V,//(27i), and define the gradient D := (Dy,, D,s) and
Laplacian —Ay := D? = D%l + Di,. We denote —Ag, 1= Di,, so that its eigenvalues on T4
consist of the set Spec(—Ay,) := {|k|?: ke z%. Let F, Gy,...,Gg, W be functions in M,
and consider the vector field V' := (F, G) := (F,Gq,...,Gg). We call V- and W the magnetic

and electric potentials, respectively. We consider the magnetic Schrodinger operator
Hyw =[D+V)?+W =D*+2V-D+ (V> +D-V+W),
and its associated Dirichlet problem

Hywu=0 in M_,
{ (%
u=f on OM.

In Chapter 2. Prelimaries we will introduce the necessary notation and motivate the
following definitions. For f € HY/2(M), we say that u € H!(M) is a weak solution to the

Dirichlet problem (x) if tr™ (u) = f and

/ —Du-Dp+ V- (pDu —uDy) + (V2+W)u<p:(), (1.1)
M

4



for all test functions ¢ € Hé (M). Under certain conditions on the potentials, which we later
elaborate, there exists a unique weak solution to the Dirichlet problem (). We define the
Dirichlet-to-Neumann (DN) map Ay yy as follows: if f,g € HY/2(0M) and v € HY(M) is

any function extending g, i.e. tr~(v) = g, then
Aywif g) = / —Du - Dv+V - (vDu —uDv) + (VZ + W)uw, (1.2)
M

where v € H(M) is the weak solution of (). Formally, the DN map corresponds to the

boundary measurement

7
AV,Wf = %l/ . (D + V)u|aM

The reconstruction problem then consists in using measurements at the boundary of the
domain, such as the DN map Ay yy, to recover information about the potentials in the

interior of it.

Before we proceed to formulate the results, let us recall the gauge invariance of the DN
map observed in [Sun93]. The conjugation identity e 27 De?™% = D + V¢ gives that
Hy v, w = e_ZWi‘pHMWeZ”i‘P, which implies that if 0 is not an eigenvalue of Hy yy on M
and ¢ € C°°(T'), then 0 is also not an eigenvalue of the operator Hy v, . Indeed, u is a

solution of the Dirichlet problem

{ HV+V<p7Wﬂ =0 in M_,
u=g on OM,

if and only if u = 2™ solves

{ HV’Wu:O in M_,

u=e*™Pg  on OM.



A routine computation yields that Ay g, w = 6_27Ti90|aMAV7We27Ti('0 which gives the gauge
invariance Ay v, w = Ayw if plgyr = 0. Therefore, it is not possible to determine the
magnetic potential V' from the knowledge of Ay yy. Let us note, however, that the magnetic
fields are the same, i.e. curl V = curl (V4 V). The main result from the thesis is that it is
possible to reconstruct the magnetic field curl V' under the following smoothness, support,

and vanishing moment conditions:
VeCX(M-), WeL>*(M), supp(W)C M, / V(z1,2')dzy =0 for all / € T?. ()
R

Theorem 1.1. Let M C T be as before, with d > 3. Assume that the potentials V, W
satisfy () and 0 is not an eigenvalue of Hyyy in M. Then the magnetic field curl V' can be

reconstructed from the knowledge of the Dirichlet-to-Neumann map Ay yy .

A fundamental step in the reconstruction of curl V' from the DN map Ay is the
construction of many special solutions to the equation Hy yu = 0. Following Sylvester—
Uhlmann’s method of complex geometric optics (CGOs), see [SU87], the solutions consist
in appropriate corrections, depending on a large parameter, of harmonic functions. The
standard technique to perform these constructions has been the use of Carleman estimates.
Following [Nac88] and [KSU11b], we use a uniqueness result for these kind of estimates, as
mentioned in the previous section, for a twofold purpose: first, to characterize the boundary
values of the CGOs from the DN map; second, to “disregard” the correction terms as the
parameter grows. The other main result of the thesis is the following Carleman estimate,

which holds under the following conditions on the potentials:
V€ CX(T), supp(V) € [-R, B x T, (21)*W € L(T),

/ V(z1,2")dxy =0 for all 2’ € T, (%)
R



Theorem 1.2. Let 1/2 < § < 1 and let V,W satisfy (x). There exists 19 > 1, such that if
17| > 10 and 72 ¢ Spec(—Ag,), then for any f € L%(T) there exists a unique u € Hgé(T)
which solves

6271'7'3:1 HV,We_Qﬂ-Txlu _ f

Moreover, this solution satisfies the estimates

s—1
lullgzs sy S 1711 2y

for s =0,1,2. The constant of the inequality is independent of T.

In the next chapter we introduce the weighted Sobolev spaces Lg(T ) and H? 5(T). The
solution to this equation is based on a reduction to the case of the Laplacian, i.e. when there
are no electromagnetic potentials. The gain of one derivative in the estimate, meaning the
constant 71, allows to deduce the estimate of Theorem 1.2 in the presence of an electric
potential alone through perturbative methods. The reconstruction procedure of the electric
potential has been given in [Nac88] for the Euclidean case and in [KSU11b] for the cylindrical
case. However, the gain of one derivative is not enough to deal with the magnetic potential
beyond the perturbative regime, i.e. when the norm of the magnetic potential may not
be small. Following the ideas in [NU94], [NSU95], and especially [Sal06], we prove this
by conjugating the equation through pseudodifferential operators in order to “essentially

1

eliminate” the magnetic potential. To do this we consider the small parameter h = 77" and

use the results for semiclassical analysis on R.

1.2 Structure of the thesis

In Chapter 2. Preliminaries we recall some definitions and results on Fourier analysis,
introduce the function spaces that will appear through the problem, and present the basic

facts necessary to formulate the magnetic Schrodinger inverse problem.



In Chapter 3. Semiclassical pseudodifferential operators over R x T? we define these opera-
tors over 1" and prove the usual results specific to our cylindrical setting. These results do
not seem to be explicitly stated in the standard references, see [Tay81] or [Zwol2], so, we
elaborate the necessary theory for it. For zero order pseudodifferential operators we prove an
analog of the Calderén-Vaillancourt L?-boundedness theorem, as well as a norm estimate

for the first order expansion of the composition of two such operators.

In Chapter 4. Conjugation and Carleman estimate we carry out the construction of the
conjugation as well as the proof of Theorem 1.2. The conjugation requires the solution of a
first order differential equation, together with the appropriate estimates. In our cylindrical
setting, through the expansion in Fourier series, this equation can be reduced to the solution

of multiple ODEs. The ideas follow closely the results from [Sal06].

In Chapter 5. Equivalent formulations and boundary characterization we use Theorem 1.2
to construct many solutions of the equation Hy yyu = 0. Starting from a harmonic solution,
we construct a unique solution (CGO) to the equation that “behaves like” it at infinity.
We show that the uniqueness at infinity implies a uniqueness property at the boundary,
and so the boundary values of the CGOs can be characterized as solutions to boundary
integral equations involving only the knowledge of the DN map Ay and not the unknown

electromagnetic potentials. We follow the presentation from [KSU11b].

In Chapter 6. Reconstruction of the magnetic field we restrict the attention to CGOs that
result from correcting the harmonic functions e*27™1¢, . (/). We prove that such CGOs

i27r\m\$1em(x’)am + e_%mlrmj, for an appropriate am-

can also be written in the form e
plitude a;, making the correction term have better estimates. Then we define an analog of
the scattering transform from [Nac88] and [Sal06], and use it together with the correction
estimates to obtain integrals that are basically a mixed (Laplace-Fourier) transform of terms

involving the magnetic potential. Finally, we show that it is possible to recover the magnetic

field curl V' from these integrals. These steps require some linear algebra lemmas over @

8



and the reconstruction formula for an entire function, which we prove in the appendix of the
chapter. This is perhaps the most interesting chapter: not only the methods require playful

ideas, but the results obtained are somewhat different from analogous previous ones.



CHAPTER 2
PRELIMINARIES

Consider the cylinder T = R x T¢ with standard product metric ¢ = e @ go- The points
in T are denoted by x = (x1,2’), meaning that 71 € R and 2’ € T9. Let (M,g) CTisa
smooth connected compact (d + 1)-submanifold with boundary M. We denote the volume
element in T and M by dx = dx1dx’ and the surface measure in M by do.

Let Dy, = 0y, /(2mi) and D, = V,//(27i), and define the gradient D := (D, D,s) and

Laplacian —A, := D? = D%l + Di,. For a multiindex a = (aq,a') = (o1,0a],..., ), we

/ /
denote |a| = a1 + o) + ... + o/, and D = DgllDz,ll . Dgg.
In what follows we define several functions spaces over T, and we mention when the
definitions allow for analogous spaces over R, T¢, or M. Most of the definitions and results

from this chapter can be found in [Sal06], [Tay11], [Tay81], [Zwol2].

2.1 Fourier analysis and distributions

2.1.1 Distributions and Sobolev spaces

We consider the space of smooth compactly supported functions D(T') := C2°(T") with the

family of seminorms
1 £llgg = sup{ID*f (@, a)]| - a1 <k, o € T, Ja] <1},

with k,1 € N. We say a linear functional ¢ : D(T') — C is continuous, if for all £ € N there
exist [ € N and C' > 0, both possibly depending of k, such that [{¢, )| < C|[f[, for all
f € D(T). We call distributions to these functionals and denote its space by D'(T).

In addition, we define the space of Schwartz functions S(7T') as the space of rapidly

10



decaying smooth functions with the family of seminorms
1/l = sup{(x1)*|D* f (a1, 2")] - (21,4") € T, 0 < o] <k},

with & € N. We say that f; — f in S(T) if ||f; — fllz — 0 for all k. We say a linear
functional ¢ : S(T') — C is continuous if (o, f;) — (v, f) whenever f; — f in S(T). We
call tempered distributions to these functionals and denote its space by S'(T). We define
that ¢; — ¢ in S'(T) if (¢, f) = (¢, f) for all f € S(T). A well-known result in functional
analysis says that if ¢ € S’(T'), then there exist £ € N and C' > 0 such that |[{p, f)| < C||fl|x
for all f € S(T). The space of tempered distributions S'(T) is a subspace of the distributions
D'(T). The definitions of the spaces S(R) and S'(R) are analogous.

For 1 < p < oo, let LP(T) = LP(T,dx1dz’) denote the standard LP space in T. For
a nonnegative integer s, we consider the LP Sobolev spaces W#P(T') with norm given by
[fllwsory == 2jaj<s [P fllp(r)- Similarly, we also consider the spaces W*P(R) and
WP (T).

2.1.2  Fourier analysis on smooth functions

For a function f € L1(R) we define its Fourier transform by fA(f) = fIR e‘zmxlff(xl)da:.

Proposition 2.1 ([Tayll], [Zwol2]). If f € S(R), then its Fourier transform f satisfies the

following:

a). the transform and its derivatives have polynomial decay bounds
|Dg‘f(§)| < (§>_2m||$?f||wzm,1(]R), where (€) == (14 €2)1/2 and the constant of the

inequality may depend on m,

b). fe S(R) and we have the inversion formula f(x1) = [R 62””15]?(5)6%, with pointwise

absolute uniform convergence, as well as for its derivatives,

c¢). Plancherel’s identity holds, HfHL2(IR) = HfAHLz(]R)-
11



For k € Z%, let ep(a') = 2™k’ For a function f € LY(T%) we define its k-th Fourier

coefficient by fi, := [rae_p(a) f(2")da’.

Proposition 2.2 ([Tayll]). If f € C’OO(Td), then its Fourier coefficients and series satisfy

the following:

a). the coefficients have polynomial decay bound | fi.| < <k>_2m\|f|\W2m,1(Td), where

(k) = (1+ |k|2)1/2 and the constant of the inequality may depend on m and d,

b). there is pointwise absolute uniform convergence of the Fourier series

f(@!) =3 ey frew(@'), as well as for of its derivatives,
c). Plancherel’s identity holds, ||f||L2 Td) = hezd FAk

Similarly, for a function f € S(T') we define its k-th Fourier coefficient by

fe(z1) == [pae_g(2))f(x1,2")da’. The previous results can be combined as follows.

Proposition 2.3. If f € S(T), then its Fourier coefficients f;. are in S(R). Moreover, these

satisfy the following:

a). the coefficients have polynomial decay bounds ka‘HLl(IR) S (k‘>_2m||f||W2m,1(T), where

the constant of the inequality may depend on m and d,

b). the transform of the coefficients and its derivatives have polynomial decay bounds
|D?ﬁf(f)| < (§,k>_2m|lx?‘f||w2m,1(T), where (€,k) = (1+ €2 + |k|2)Y2 and the con-

stant of the inequality may depend on m and d,

c). the inversion formula holds,
fena) = Y flaer@) = / 2116 0 (2f) i (€)
kezd kezd

with pointwise absolute uniform convergence, as well as for its derivatives,

d). Plancherel’s identity holds, || fI22p) = Sgeza 761225y = Shema 1Tl 2o
12



e). for any k € Z%, the function fi,(z1)e(z) is in S(T), and we have that
Il frerll S (k>_(2m_l)]|f|]l+2m, where the constant may depend on I, m, and d. More-
over, the partial sums of the Fourier series, Sy f(x1,2') := Z|k|§N fr(x1)ex(2), con-

verge to f in S(T),

Proof. For a < m we have that (v1)"|Dg, fr| < [[(x1)"Dg, f(1, '>||L1(Td) < || fllm, where
| fllm is the seminorm defined above for functions in S(7'). This proves that the Fourier
coefficients f;, are in S(R). Moreover, using the identity (k)2™e_j(2') = (Dy)?"e_1 (")

and integrating by parts yields that

PP = | [ Do e e a0

- '/Td e_p (2 WDy f (21, 2 )da!

S [ D" oo
Td
Integrating over R gives the first result. Similarly, using the identities
Dge TS = (=) 28 (6 k)2 (e 2T (o)) = (D)PM (72T 8e_y (2”)),
and integrating by parts we conclude that

(& k)" DE Fr(©)] = ' /T (DY?™ (e ey (af))af fduyda

S 1121 fllwzma -

[ ey D o o’

Moreover, this result proves that the Fourier decomposition converges absolutely, and
so the inversion and Plancherel formulas follow from Proposition 2.1 and Proposition 2.2.

Finally, we can bound

I frerlls = sup{ (@) | D¥(frer)| - o] <1}
< (k) sup{(x) DS fil = a1 <13 S (R0 Lk o
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where we have used Proposition 2.2 for the last step. The convergence of the partial sums

in S(T) follows from this. O

2.1.8 Fourier analysis on tempered distributions

From Fubini’s theorem we have that [ fg = [R fg, for f,g € S(R). This suggests to define
the Fourier transform of ¢ € S'(R) by (@, f) := (¢, f). To see indeed that @ € S'(R) we
use Proposition 2.1 to get that fn — fin S(R) if fr, = f in S(R). It is clear that this
definition extends the above definition of Fourier transform in S(R).

Finally, we proceed to define the Fourier coefficients of a tempered distribution. Let us
consider the operators 7, : S(T) — S(R) and ¢y, : S(R) — S(T') given by 7 f = fi
and g := g(z1)eg(z). The Fourier inversion formula on S(T') can be written formally
as [ =) kezd YETE. Moreover, proceeding as in the proof of Proposition 2.3 we have that
Il S B2 1 yzm and gl S (B) gl for all Lm > 0. By duality, this gives
rise to the adjoint operators 7 : S'(R) — S'(T) and ¢ : S'(T) — S'(R), defined by
(20, f) = (¢, 7 f) and (¥, g) = (p,rg). For a distribution ¢ € S'(T), we define its
k-th Fourier coefficient by ¢ 1= ¢* ¢ € S'(R). This definition extends that of Fourier
coefficients for functions in S(7'). Below, we prove the formal dual of the inversion formula
above, which reads I =} ) za w0y =D cqa ™ 07 .

Proposition 2.4. Let f € S(T), ¢ € S'(T). The Fourier coefficients satisfy the following:

a). the usual differentiation properties hold, i.e. (D)), = k%py,
b). Parseval’s identity holds, (p, f) = Zkezd<¢k>f_k>7 with absolute convergence.

c). the partial sums of the Fourier series, Sy = Z\kISN T Pk, converge to o in S/(T).

Proof. 1f g € S(R), then we have that

(Do), 9) = (Dyrp, ge—) = (—=1)% (w0, Dyi(ge—y)) = (1)@, (=k)%ge_i) = k% (¢r, 9),

14



iLe. (DYp)p = k%p. To prove Parseval’s identity we first prove that the series converges
absolutely. We know that there exists [ € N such that |(¢, g)| < ||g||; for all g € S(T'). From

a remark above we have that

[ Tl = e Fremd]) S kel S 0D £ 42,

so it follows that the series converges absolutely by choosing m large. Recalling from Propo-

sition 2.3 that Sy f — f in S(T'), we conclude that,

(o.f)= lim > (o, frep) = Jm > ler i) =D (on Fa)-

|k|<N |k|<N kcZd

The convergence of the partial sums Sy — ¢ in S’(T') follows from Plancherel’s identity

and the fact that f;, = (f)_p. O

2.2 Function spaces

Recall that for a nonnegative integer s we considered the Sobolev spaces W*P(T') with norm
1 lwse(ry = 2 |a1<s 1P fllzp(T)- For p = 2 we denote H*(T') := W#2(T). The definitions
of these spaces over R, Td, and M are analogous. In the case of T' and R, these spaces are
also the completions of the corresponding space of Schwartz functions under the respective
norm, while for M these spaces are the completions of restrictions to M of the Schwartz
functions S(7") under the W#%P(M) norm.

Since T' has no boundary we can define the dual space H~H(T) := (H'(T))*; we leave
the definition of H~1(M) to the next section. By Plancherel’s theorem, from Proposition

2.3, we see that if s is a nonnegative integer and f € S(T'), then

1y = 321D By = 3 [ (601 Pde

la]<s kezd

15



This allows to extend the definition of the spaces H*(T') to any s € R. Moreover, observe that
this extension coincides also with the previous definition of H~1(T"). Analogous extensions
can also be defined for R and T?.

On the boundary dM, we consider the usual L? space L?(OM, do) and its corresponding
Sobolev spaces H®(OM); we elaborate more on the Sobolev spaces in the next section. We

also define the Sobolev subspaces
Hj (T):={f:fe€H(-R,R] x TY) for any R > 0},

HE(T) :={f € H(T) : f(21,2") = 0 when |2z1| > R for some R > 0},

and its corresponding analogs over R. For § € R we define the L? weighted spaces
L%(T) = {f : (x1)°f € L*(T)}, with the norm “f”Lg(T) = ||<$1>5f”L2(T)- Similarly, we
also define L%(R). It follows from Proposition 2.2 that we also have Plancherel’s identity for

weighted spaces,

gy = [ (o015 Ger, o) Pdods’

_ /]R (e)® 37 nlen)Pdzr = 37 1l (21)

kezd kezd

For a nonnegative integer s the weighted Sobolev spaces have two equivalent definitions,
H3(T):={f € L}(T) : D*f € L(T) for |a| < s} = {f € L}(T) : (x1)’ f € H*(T)}.

We consider the norm || f|] H3(T) s any of the two equivalent norms: E‘ a|<s I|ID“ f]| £2(T) O

H<$1>5f||HS(T)- We also consider the analogs of these spaces over R. By (2.1) we get that

||f||12q§(T) = Z ||Daf||2L§(T) = Z Z <k>28_2m||D?1fk:Hi§(T)

la|<s m=0 kezd
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We can endow the space H§(T') with another norm by considering a (small) real parameter

h and definining

5 1/2
£z, = 32 1D gy = (3 3 (W 20D "l )

|l<s m=0kezd

We call this the semiclassical weighted Sobolev space. Analogously, we define the semiclas-

sical Sobolev spaces Wg’p (T') and their norm.

2.3 Dirichlet problem: definitions and basic facts

In this section we introduce the necessary definitions give a precise formulation of the Dirich-
let problem

Hywu=0 in M_,

(%)

u=f on OM,

where Hyy = (D+V)?+W =D?+2V-D+ (V2 +D-V+W).

2.8.1 Trace operators and Sobolev spaces

We call the trace operator that which restricts functions in the cylinder 7" to its boundary
values in dM, and we denote it by tr. For s > 1/2, the operator tr : H%(T) — H3_1/2(8M)
is continuous. For functions defined only either in the interior or exterior of M, denoted by
M_ and M, respectively, there are also the operators tr® : HS(Mx) — H51/2(dM) for
s>1/2.

On the boundary we define the dual space H1/2(dM) = (HY2(OM))*. The continuity
of the trace operator tr : HY(T) — H 1/ 2(OM) gives the existence of the adjoint operator
tr* : H-Y2(OM) — H-Y(T). 1If ¢ € HY(T) is supported away from M, then tr(p) = 0;
this implies that the adjoint tr* actually maps H~1/2(dM) into H;1(T). The adjoint is

supported on M and, formally, we have tr*¢ = pdo.

17



We also consider the space H&(M) = {u € HY(M) : tr=(u) = 0} and its dual
HY(M) == (H}(M))*. The space H}(M) is also the closure of C2°(M_) under the H1(M)

norm.

2.8.2 Weak solutions

The definitions below of weak solution and Dirichlet-to-Neumann map are natural after we

formally integrate by parts,

/ (Hywu)v = / D-[(D+V)ulv+V - -[(D+ V)uJv + Wuv
M M
1
= / —[(D+V)u]- Dv+V - [(D+ V)uJv + Wuv + — v-[(D+ V)ulv
M 271 OM
= / —Du-Dv+V - (vDu—uDv) + (V? + W)uv — = v-[(D+ V)ulv.
M 2m Jom
For f € H1/2(8M), we say that u € HY(M) is a weak solution to the Dirichlet problem ()
if tr~(u) = f and
/ —Du-Dp+V - (pDu —uDy) + (V2+W)ug0:O, (1.1)
M

for all test functions ¢ € H& (M).

2.3.83 Inhomogeneous problem and extension operator

The first step towards solving the Dirichlet problem (%) is the solution to the inhomogeneous

boundary value problem
D*u=fe H Y (M), ue H}(M). ()
We say that u is a solution to (xx) if for any ¢ € H&(M) we have

(0= | ~Du-Dg.

18



Proposition 2.5 ([Tay11]). For any f € H~Y(M) there ezists a unique solution u € H&(M)
to the boundary value problem D?*u = f. If Tf := u denotes the solution operator, then

T : H5(M) — HT2(M) ﬂH&(M) is bounded for any s > —1.

In [Tay11] it is shown an explicit construction of a bounded extension operator
E: H5"Y/2(dM) — H*(M) for all s > 1, such that tr~ o E = I. Moreover, for any N € N
and s < N there is an extension H*(M) — H*(T) (that may depend on N), so that we have
an extension F : H3_1/2(8M) — H3(T) with tr o E = [I; in particular, the trace operator
tr : H5(T) — H5Y2(OM) is surjective for s > 1. Moreover, by cutting off the extension
with an appropriate fixed smooth function we can assume that Ef is supported on some

fixed compact set of T', containing M, for any f € H%(OM).

Remark. We will be concerned with values of s in a fixed range, so we will avoid to refer

constantly to the integer associated to the extension.

2.3.4 Solution to the Dirichlet problem

The existence of the extension allows to turn the Dirichlet problem (x) into the boundary

value problem () for which we know the existence, uniqueness, and regularity properties.

Proposition 2.6 ([Tayll]). Assume that the potentials satisfy V,W € L°°(M) and
D-V € L>(M). If0 is not a Dirichlet eigenvalue of Hy yy in M, then for any f € Hl/Q(aM)
there exists a unique weak u € H'(M) solution to the Dirichlet problem (x). If we denote

Dy wf :=u, then Dy : H(OM) — H5TY2(M) is bounded for 1/2 < s < 3/2.

Proof. Under the conditions on the potentials we have that the first order differential op-
erator X = Hyy — D?* =2V - D+ (V24 D -V + W) maps H(M) into L*(M). We
first consider the case f € H1/2((9M), so that Ef € HY(M). Then, u € Hl(M) solves the
Dirichlet problem (x) if and only if v :=u— Ef € Hé (M) solves the boundary value problem
Hywv=—HywkEf. From Proposition 2.5 we can look for a solution of the form v = Tw,

with w € H~Y(M), leaving us to solve the equation (I + XT)w = —HywEf € H=Y(M).
19



From Proposition 2.5 and the conditions on the potentials we know that the operator
XT : H-Y(M) — L?*(M) is continuous, and by Rellich’s theorem we have that XT is a
compact operator on H~Y(M). If 0 is not a Dirichlet eigenvalue of Hyw in M, then the
Dirichlet problem (x) has at most one solution and therefore I + X7 is injective. It follows
then from Fredholm’s alternative that I+ XT is bijective, and by the Open Mapping theorem

that its inverse is continuous. Then,

ol g3an) S 1l g1 S VHvw Bl -1y S 1B an S 1z onn.

Therefore, u = v+ Ef € H'(M) and lull 1 a1y ol ay +VEF i ary S 1D pavzgon
as desired. To prove the higher—order regularity of the solutions, all we need to modify
in the proof is the fact that for f € H3/2(8M) we have Ef € H2(M), and therefore
HywEf € L2(M ). The higher—order regularity properties of 7" from Proposition 2.5 imply
that 7 : L?(M) — HY(M) is compact, and so X7 is compact on L2(M). After this the

proof carries out exactly as before. O

2.3.5 Dirichlet-to-Neumann map and normal derivatives

We define the Dirichlet-to-Neumann (DN) map Ay yy as follows: if f,g € H 1/ 2(8M ) and

v € H'(M) is any function extending g, i.e. tr™(v) = g, then
Aywf,g) = / —Du-Dv+V - (vDu — uDv) 4+ (V2 + W)uw, (1.2)
M

where u = Dy w f € H L(M) is the weak solution of (x). The definition of the weak solution
implies that the DN map is well-defined, i.e. it depends only on g and not on the choice of

the extension. Formally we have that
1
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We record a Green’s identity that will be useful now and in Chapter 5. This is just slightly

more general than saying that the divergence theorem holds for vector fields in Wl’l(M ).

Proposition 2.7. If supp(V) C M_, V € L®(M), D-V € L®(M), w € WH1(M), then
/ V-Dw+ (D -V)w=0.
M

Proof. This proof is taken from Lemma 5.2 in [Sal06]. Let N = d+1. Since L°°(M) does not
have good approximation properties, we start proving it for V e LV (M), D-V € LN/ 2(M),
w=WEN/N=1 (7). From the Sobolev embedding we have that w € WN/V=2)(A1) so
that the integral is in fact convergent.

Given that supp(V) € M_ we can find a compact set K C M_ and smooth functions
{V}.} such that supp(V}) € K, Vi, — V in LVN(M) and D -V, — D -V in LN/2(M).
Moreover, Vyw € WV /(N *1)(M ) and supp(Vjw) C K. The divergence theorem holds for

vector fields in Wh(M), and so we get

/V~Dw—|—(D-V)w: lim Vi - Dw+ (D - Vi)w
M

k——4o00 J M
1
= | D-(Viw) = lim —— - (Vpw) = 0.
k—l>rfoo/M (Vi) k—1>I—Eoo 2me 3MV (Viw)

The conditions V € LY (M) and D-V e LN/2(M) are satisfied if we assume V € L (M)
and D -V € L°(M). Finally, the integral only takes place in supp(V) C M_. We know
that there exist smooth functions {wy,} such that wj, — w in L' (M) and Dw;, — Dw in

LY(supp(V)), and thus the conclusion follows. O

Remark. The condition supp(V) C M_ is not necessary; in [Sal06] this is proven under

weaker conditions whose analogs would be supp(V) C M and D -V € L*(T).

Before we continue, we need to define the interior and exterior normal derivative of a
function. This represents no problem if the function w is in H2(M) or H 120c<M+)’ as the

gradient Du is in H'(M) or Hll()c(M+) and so its trace is in HY/2(OM). Moreover, for
21



p € CX(T) it satisfies either

/ (8Fu)p = FAT? / (D*u)p + Du - Do,
oM M

These identities suggest that we can define the normal derivatives for harmonic functions in
HY(M) or Hlloc(M+>‘ We say u, in HY(M) or Hll()c(,7\44_)7 is harmonic if for any ¢ € C°(M+)
we have

Du- Dy =0, (2.2)
My

as it corresponds. By continuity these definitions extend to all test functions ¢ € H 1 (My)
with tr¥(¢) = 0. If f € HY2(OM) and v € H'(Mz) is any function extending f, i.e.

tri(v) = f, then we define the normal derivatives as the functionals

(0Fu, f) := Tan? .y Du - Dv. (2.3)
-

The condition (2.2) ensures that this is well-defined, i.e. it depends only on f and not on the
choice of the extension. In particular, taking v = Ef € Hcl(T) and using the boundedness

and support properties of Ef we can conclude that dFu € H -1/ 2(0M).

Proposition 2.8. Assume that the potentials satisfy V,W € L°(M) and D -V € L*°(M).
Suppose in addition that supp(V) € M—. If 0 is not a Dirichlet eigenvalue of Hy yy in
M, then the Dirichlet-to-Neumann map Ay : H*(OM) — H~YOM) is bounded for
1/2 < s < 3/2. Moreover, if f € H3/2(OM) and u = Dy f € H?%(M), then we have

1
AV,Wf = may U‘3M~

Proof. We first prove that Ay yy : HY2(0M) — H=Y/2(0M) is bounded. If f,g € HY2(0M),

then we have to show that [(Ayyf,g)| < HfHHl/Q(aM)HgHHl/g(aM). For u,v € HY(M) we
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have that
’/ —Du-Dv+V - (vDu—uDv) + (V2 + Wiuv| < “uHHl(M)HUHHl(M)'
M

In particular, taking u = Dy f € HY(M) and v = Eg € H'(M), we conclude from (1.2)

that
(Avw £, 9)| < HUHHl(M)”UHHl(M) S HfHH1/2(8M)”g”Hl/Q(aM)’
where we used in the last inequality the boundedness of Dy and E.
Now we prove the result when f € H3/ 2(OM). Let g,v be as before. From Proposition

2.6 we have that u = Dy f € H2(M), and so 8;u € HY2(OM). Moreover, we can

integrate by parts to obtain

/M(D2u)v _ /M _Du-Dv— ﬁ /W(a;u)g

In addition, for u € H2(M), v € HY(M) we have that uv € WH1(M), so that we obtain
Sy D - (Vu)v = — [,V - (uDv). from Proposition 2.7. From the previous identities and

Hy wu =0 we get that

0:/ D-[(D+V)ulv+V - -[(D+ V)uJv+ Wuv
M

1
= /M —Du-Dv+V - (vDu—uDv) + (V> + W)uw — ) aM(@;u)g,

ie. Ay f =0, u/4x?, and IAvw Fll grireonny S 1Pullgany S lullg2ary S 1 pse@an

as we wanted to prove. O

An important application of the previous theorem is the case of the Laplacian Hy o = D2
We know that 0 is not a Dirichlet eigenvalue of the Laplacian in M, and so we have the DN
map Ag o defined by

(oof.g):= | ~Du-Du. (2.4)
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where u = Dyof € HY(M) and v € HY(M) is any function extending g € HY2(0M).
We will not use the result for s > 3/2, but it can be shown that for s > 1/2, the map
Ao : H?(OM) — H*~YOM) is bounded. Moreover, the symmetry in (2.4) implies the

symmetry of the DN map, i.e. we have (Agof,g) = (Ao og, f) for f,g € H1/2(8M).
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CHAPTER 3
SEMICLASSICAL PSEUDODIFFERENTIAL OPERATORS
OVER R x T¢

We denote the points in the cylinder 7' = R X T by (z1,2’), meaning that 1 € R and
2/ € T?. Asit has been usual in the inverse problem literature, instead of the large parameter
7 (appearing in the Carleman estimate) we consider a small parameter A = 1/7 > 0, and use
the standard notation and results from semiclassical analysis. We use the notation A instead
of h to prevent confusion with the later use of A for a harmonic function.

In this chapter, we define and prove the necessary results for pseudodifferential operators
on the cylinder 7' = R x T?. We will use the definition and basic properties of these operators
on R and T¢, for which we refer to [Ste93], [Zwo12], [Sal06], [Sob99], [RT10).

Some of the results below may be valid in greater generality than that we consider here.

We will restrict to prove the results that we will need.

3.1 Definitions and basic facts

3.1.1 Semiclassical Fourier transform

We will use the ideas from semiclassical analysis only for the real variable x1, as the term

Tx1 = x1/h appears in the limiting Carleman weight, and expressions of the form
2D, e 2T — Do i = 7(BDy, + 1)

will continue to appear through the problem. For this reason, throughout the present chapter,

we define the semiclassical Fourier transform, for functions in L' (R), by

GRS T
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~

ie. ﬁ(hf) = f(&). We can rewrite the results from Proposition 2.3 as follows.

Proposition 3.1. If f € S(T), then its Fourier coefficients f;. are in S(R). Moreover, these

satisfy the following:

a). the transform of the coefficients and its derivatives have polynomial decay bounds
(€. 1K) "2 (hDg)* FAE) S 12 f | y2mat - where (€ Rk = (1 + € + |Ak[?)1/2 and
W (T)

the constant of the inequality may depend on m and d,

b). the inversion formula holds,

flara) = 3 flanene) =5 3 [ emintlhe, @) feyas

kezd keZd

with pointwise absolute uniform convergence, as well as for its derivatives,

c). Plancherel’s identity holds HfH%Q(T) = hezd ”ka%Z(IR) =h1 > hezd “fl?H%?(]R)

3.1.2  Semiclassical pseudodifferential operators

For the differential operator aaﬁ(a:l,:c’)(thl)a(th/)ﬁ on T and f € S(T') we have the

Fourier inversion relation

[aaﬁ(xl,x’)(wm“(w N9 f (1, 2")
=1 3 [ et o ag e, a6 L

kezd
We refer to the function a(z1, ', &, k) = aq g(z1, 7)€% (hk)? as the symbol of the differential
operator. In what follows we show that we can admit symbols more general than polynomials
(in the dual variables £ and k). Finally, although we only need to define the symbol over
R x T? x R x Z4, it may be convenient also to allow for symbols over R X T? x R x R4
We denote the points in R x T x R x R? by (z1,2',€,t), and we call £ and ¢ the dual real

and toroidal variables, respectively.
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Definition 3.2. We say that a = a(x1,&;h) is a (semiclassical) m-th order symbol over
R x R if there exists hg such that if 0 < h < hy, then for any M > 0 there exists a constant
Ajps such that

D8, DZalwr, & h)] < Ap(e)™,
whenever o + |B| < M. The associated pseudodifferential operator is defined by

After) = Omla)far) = 3 [ 0 afar, gimg e

Definition 3.3. We say that a = a(x1,2’,&,t; h) is a (semiclassical) m-th order symbol over
R x T% x R x R? if there exists hg such that if 0 < h < hq, then for any M > 0 there exists
a constant Apy such that

(D3, D DYa(ay, o', & ;)| < Apg (6, B)™

whenever a + |B] +v < M. The associated pseudodifferential operator is defined by

Af(w1,2') = Opp(a)f(a1,2') = ¢ Ly / 2 ey (o Va(wy, o/, €, Ky ) fH(E)dE.
kezd
Remark. Observe that we do not require the order of the factor (§) or (£, ht) to decrease
whenever we differentiate with respect to £&. This would be the case if the symbol were a
polynomial or a rational function, but we will be considering more general symbols. In the

notation of [Ste93], these would correspond to symbols in Sfy,.

Remark. Note that we do not require any condition on the differences (or derivatives) with
respect to the dual toroidal variables. In a later section, Composition, we will need these

symbols and refer to them as special.

Remark. To avoid unnecessary notation, we may occasionally drop the dependance of the

symbol on the semiclassical parameter and just write a(x1, ', &, t) instead of a(x1,2’,&,t; h).
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Example. With this definition, the functions £ and ht; are symbols of order 1. Moreover,
we have that hDy, = Opp(§) and hD,, = Opp(ht;) as
j

(hD2) f(rr ) = 3 3 / 218 e, (o) (€) FIH€) e,

keZd

(D) foral) = 3 30 [ el o) oty g e

keZd

Example. The function (&, hit) ™2 :=1/(€2 + |ht|> + 1) is a symbol of order —2.

Proposition 3.4. Ifa, b are symbols of order m and n, then Dy D’ Dga a+0b, and ab are
symbols of order m, max{m,n}, and m + n, respectively. The seminorms of each of these
symbols are bounded by those of a, the mazimum of those of a and b, and products of those

of a and b, respectively.
Proof. This is a routine argument. ]

Proposition 3.5. If A = Opp(a) is a pseudodifferential operator over T, then A maps the

space of Schwartz functions S(T) into itself.

Proof. For this proof we will use the notation D, = (Dg,,D,/). Let f € S(T). The
polynomial control of the symbol a and its derivatives, together with the rapid decay of f]?(f )
from Proposition 3.1 give that Af € C°°(T'), and it is bounded together with its derivatives.

Moreover, differentiating the expression we see that (the vector) (AD;)Af equals

WDeAf (1) =3 30 [ BDo(2 ey (o) €

keZd

h Z / 27TZI1§/71 )[(f,hk)a—i-ﬁDxa]}]E(é)dg,

kezd

and so it is a pseudodifferential operator corresponding to the symbol (¢, ht)a + hDza. By

induction the same is true for higher order derivatives. Therefore, in order to show that
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Af € S(T), it suffices to show that (z1)2™|Af| < Cpy, for all m > 0. Integrating by parts

we obtain that

)" Af () = 5 /]R (RD)?™ (2T e (') ff ) d

kezd
1 : -3
— 5 X [ el @ Dg a fede
keZ

Again, the polynomial control of the symbol a and its derivatives, together with the rapid
decay of the derivatives of f,?(ﬁ ) from Proposition 3.1 give that this is bounded, from where

the conclusion follows. O
Proposition 3.6. Let A = Opp(a) be a pseudodifferential operator over T'. Then, it satisfies
the following identities,

hDy A = Opp(éa+ hDga), h2D2% A= Opp(&*a+ 2hEDy a+ 2 D3, a),

hD, A= Opy(htja+hD,a), h2D2 A = Opy(|lit|*a + 2hi(ht - Dya) + K2 D% a),
AohDy, = Opy(€a), AohD3 = Op(§%a), Ao h’D2 = Opy(|ht[*a).
1 ) T ) x
Proof. These results follow directly from the definition. O]

The simplest case when dealing with pseudodifferential operators in ]Rd, is when the
symbol has spatial compact support, see Chapter 6, Section 2.1 in [Ste93|. This is always
the case for symbols on the torus, so in analogy to [Ste93], we decompose the symbol in its

Fourier series. With uniform convergence (in x1, 2/, £, and [), we have that

a(wy, @ & 1h) = Y ap(er, & L )eg(a’),

keZd

so we can rewrite the operator A = Opp(a) as

29



Af(171, £L‘/) _ % Z /]R627rix1£/h€l($/)a(l‘1,l‘/7§, l)}ﬁ(f)dé

lezd

_% Z /IReQm'Ilﬁ/hek_H(x/)ak(Il’§7Z)J/Clﬁ(f)d£

k,lczd

1 . —
= ¥ (; L o eof©a)a).
kleZd R
If a is a symbol over R x T x R x R?, then for fixed k,I € Z% we can define a
symbol over R x R by ay,;(z1,§h) = ap_i(x1,&,1;h). We will elaborate below on the
properties of this symbol. Let us define A := Opp(ag,) on S(R). For f € S(T'), we define

Ay f(xq,2') .= AFLfy(21)ep(2'), so that (3.1) can be expressed as the decomposition

Af(en,a’) = Y AMf)ep@) = Y Agflara). (3.2)

klczd k,lczd

3.2 Boundedness

In this section we prove a weighted version of the Calderén—Vaillancourt theorem for pseu-
dodifferential operators over T'. It is interesting to observe that we do not need to control the
differences over the dual toroidal variables; this had already been noted in [Sob99], [RT10].

Recall from before that for the symbol a(xq, 2, €, 1; h) over R x T x R x Zd, we defined

the symbol ay, ;(z1,&; h) := ag_i(z1,§,1;h) over R x R.

Proposition 3.7. Ifa(x1,2’,&,1; k) is a semiclassical zero order symbol overleTdX]Rde,

then ay, j(x1,&; h) is a semiclassical zero order symbol over R x R with seminorm bounds

DS, DY ag g (w1, & )| S Anggan O — 172,

whenever a4+ < M and any N > 0.
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Proof. From Proposition 2.2 we have that
N
DS, D ag(w1,6)| = |Dg, DY ag—y(wr, &0 S (k= 1)~ DS, Dlalwr, & Dllypana (o,

Given that a is a zero order symbol, then for any N > 0 we can bound

DY, Dﬁ (z1,-,&, Z)HWQNJ(Td) S Aprion, whenever a4+ < M, as we wanted to prove. [

We use this to show that the decomposition from (3.2) actually converges. The first step
is to recall the standard boundedness properties of pseudodifferential operators on weighted
spaces over R. We will elaborate a little more on the quantitative aspect of the bound in

the appendix at the end of the chapter.

Proposition 3.8 ([Sal06]). Let 0 < h < 1. Let a(x1,&;h) be a semiclassical zero order
symbol over R x R. For any § € R the operator Opp(a) is bounded in L%(]R). Moreover, if
|0] < &g, then the operator norms || Opﬁ(a)||L§(R)—>L§(R) are uniformly bounded (in § and h)

by a multiple (depending on 0y) of some seminorm of a.

Remark. From Proposition 3.7 and Proposition 3.8 we obtain that if |d| < dqy, then we can
. ki —2N
uniformly bound || A ||L§(R)—>L§(IR) S Apyraon(k = 1) , for some value of M and any

N > 0.

Let us consider the elliptic differential operator (hD)? = (hD)? + 1 = Opy((€, it)?), and
the multiplier operator (AD)™2 := Opy((£, 7it)~2). These are pseudodifferential operators,
so by Proposition 3.5 they map S(T) to itself. Moreover, these are inverses to each other on

S(T). The proof the following result is presented in the appendix.

Proposition 3.9. Let 0 < h <1 and let |§| < dy. The differential operator
(hD)? th(T) — L%(T) and the multiplier operator (RD)™2 : L(Qs(T) — th(T) are
uniformly bounded (in & and h) operators, and inverses to each other. The bounds of the

operators may depend in d.
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Proposition 3.10. Let 0 < h < 1. If A = Opy(a) is an m-th order pseudodifferential

operator, then (RD)Y? A(hD)™2 is also an m-th order pseudodifferential operator with symbol

2h(&, ht) - (Dyya, Dya) + ﬁ2(D%1a + Di,a)
(€, Tit)? '

a:=a-+

Moreover, the seminorms of a are bounded by seminorms of a.

Proof. The first part is a direct computation,

(hD)?A(hD) 7 f (1, 2")

, “h
(35 et B

kezd

—~

. h
:% Z /IR<hD>2(62mx1§/ﬁek(x/)a) fk(f) dé

kezd (€, k)2
_ 1 SmiziE/h, (1 ( 2h(&, k) - (Dgya, Dya) + h*(D% a + Di,a))Ah
— hkgd/ﬁe 15/ Mep (") a+ e JI)de.

The symbols (&, it) /(€2 4 |ht|>+1) and 1/(€2 +|ht|>+1) have order —1 and —2, respectively,

with uniformly bounded (in /) seminorms. The conclusion follows from Proposition 3.4. [

Theorem 3.11. Let 0 < h < 1. Let a be a zero order symbol over R X T x R x R, For
s =0,2 and |§| < dg, the operator Opy(a) is uniformly bounded (in 6 and h) on H§ ,(T). The
bounds depend on d, &g, and (linearly) in some seminorm of the symbol, but are independent

of h.

Proof. We prove first the result on the weighted spaces L%(T), and then conjugate by (hD)?
to show the result in Hgﬁ(T). Recall the decomposition A = ) ; Ay from (3.2), where

Agyf(z1,2") = AFLf;(21)ep(z"). Choosing N = N(d) large enough and using the bounds for
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the operators AR from the remark after Proposition 3.8, we obtain that

ki Kl
swp ) 14 l22(r)—12(R)- Sub > IlA l22(r)—12(R) S Abr+2n-
heZ? ey €2 pegd

By Plancherel’s theorem and Schur’s criterion it follows that

“AfH%g(T) = Z

Z Aklfl‘

kezd ez L3(R)
2
Kl
< 5 (X 14 gzl 3wy )
kezd “lezd
< Abpsan D Hfz||L2 A?\4+2N||f||%§(T)

lezd

This gives that A is a bounded operator on L%(T ) for |§] < dg. From Proposition 3.9 we get
that the boundedness of A on Hg ;(T) is equivalent to the boundedness of (hD)2A(RD) ™2
L%(T ). We know from Proposition 3.10 that this is a zero order pseudodifferential operator

with seminorms bounded by those of a, and thus the conclusion follows. O]

Remark. The result proven above will be sufficient for our purposes, but the result can be

extended to Hg’h(T) for any 0 < s < 2 by complex interpolation.

3.3 Composition

Let a, b be zero order symbols, and let A = Opp(a) and B = Opp(b). We know from Proposi-
tion 3.4 that ab is also a zero order symbol. The following result provides a relation between
the operator Opy(ab) and the composition AB. This will be used to obtain the invertibility of
pseudodifferential operators corresponding to certain zero order symbols. In contrast to The-
orem 3.11, in this case we need our symbols to satisfy bounds for the differences in the dual

toroidal variables. For (u,v,w) € RxR?x R® we denote (u, v, w) := (1+u2+|v|2+ [w|?)}/2.

Definition 3.12. We say a zero order symbol a = a(x1,2',&,t;h) is special if, in addition
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to the conditions from Definition 3.3, for any M > 0 there exists a constant AEW such that

D3, D%, D7 (af- t1) — al- 12))] < B[t — ta].

whenever o + |G| + v < M.

Remark. If the symbol is differentiable with respect to t and satisfies
DS, D, DY Dral < hA)y,

whenever o + |B| + v < M, then the symbol is be special.

Theorem 3.13. Let 0 < h < 1. Let a,b be zero order symbols over R X T%x R xR There
exists a zero order symbol ¢ such that Opp(a)Opp(b) = Opp(c). If the symbols are special,

then, for s = 0,2 and || < &y, we have

10pr(a) Opp(b) — Opp(ab)ll g, (1)~ g, () = 1 Opnle = ab)ll g (1) 13, (1) S T

where the constant of the inequality is a multiple (depending on d, dqy) of the product of some

seminorm of the symbols, but is independent of h.

Proof. Let A = Opp(a) and B = Opp(b). Let us decompose A =3 Aj; and B =} By, as
in (3.2). We have that A;; By, = 0if k # 1, so that ABf(x1,2") = 3 Aj By f(21,2"), and
Ajp By f(x1,2") = ATk phLy, (z1)ej(z"). We know that there exists a zero order symbol ¢; 1 ;

over R x R such that A% Bkl — Opp (¢ k1), see [Sted3], [Zwol2]. Thus,

ABf(x1,a') = Y AjByf(er, )

jklezd
= > AFBM @)y = ) Opplejrg) filar)ej(a).
jklezd RRISVAY

From Proposition 3.7 and Proposition 3.19, which we prove in the appendix, there exists
34



some K such that for any N > 0 we have that

|Dg, Dﬁc il S A nrronBreiaron (G — k) 72N (k- 1) 72N, (3.3)

|Dg, D”B( ¢t — @i xbes)| S hAg o By arpan (G — k)2 (k= 1) 72, (3.4)

whenever a+ 3 < M. Recall that for a symbol s we denote s, ;(21,§) = sp_;(71,§,1). Using
this notation and the decomposition from (3.2), we see that if ¢ were a symbol such that

AB = Opp(c), then we must have ¢;;(z1,8) = >} czd ¢ k1(71,§). Thus we define

c(xq, 2’ € 1) = Z Cj($17§7l>€j($/>

jezd
= > (a1 Qej(a’) = D el Oej (@) = Y cjpilar§ejy(2).
jezd jezd 4,kezd

It follows from (3.3) that ¢ is a zero order symbol. Moreover,

c(x, 2, &) —a(xq, 2, € D)b(aq, 2, €,1)
= Y (ejpi(r1,€) — aj_p (21, & Dbg_y(21,€,1))ej_y(2)

j.kezd

= Y (ejpi(r1,€) — aj a1, by (21, 6))ej_(2)
j.kezd
+ (aj (21, &, k) — aj_p(x1,&,1))bg (21, €)ej—y ().

From (3.4) and the inequality (z + y) < (z)(y), we obtain that the first difference is a
zero order symbol with seminorms bounded by (appropriate) multiples of /. For the second
difference we use that the symbol is special and Proposition 2.2 (as in the proof of Proposition

3.7) to obtain

D%, DY (aj_(w1,6, k) — aj_p (w1, € D) S hlk — 1| Ay o (G — )2,
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any N > 0, whenever a + 8 < M. Therefore,

D%, DY (a1 (21,6, k) = aj_p (01, & D)bgy(21,€)]]
_2N<k’ . l>_2N+1,

S A onBaryan (i — k)
for any N > 0, whenever a + 3 < M. As before, we conclude that the second difference is a

zero order symbol with seminorms bounded by (appropriate) multiples of £, and the result

follows from Theorem 3.11. O
Proposition 3.14. Let a and b be special zero order symbols over R, X T x R x RY. Then,

a). D DB,DVCL, a + b, and ab are also special zero order symbols. Moreover, their semi-
) 1"y e Y

norms are controlled by the products of the seminorms of a and b.
b). the function e® is also a special zero order symbol,

c). for small enough h, depending on a, the function log(1+ ha) is also a special zero order

symbol.
Proof. This is a routine argument. ]

Corollary 3.15. Let a be a special zero order symbol over R X T x R x RY. Then there
exists hg > 0, such that if 0 < h < hy, then Opg(e®) is an invertible operator in H(‘ih(T) for
6] < dg and s = 0,2. Moreover, the norms in Hj ,(T') of the operator and its inverse are

uniformly bounded (in 0 and h).

Proof. We know from Proposition 3.14 that e=® are zero order symbols. From Theorem 3.13

we have that

10pA(e")Opr(e™) = Il g, (1) 3, () 10PR(e™*)OPR(e®) = Tl 5, (1) 3, (7) S T

This implies that Opp(e®) has left and right inverses and the conclusion follows. O
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3.4 Appendices

3.4.1 Some facts about weighted spaces

Let us recall the multiplier operator (AD) ™2 := Op((&, Ait) ~2), i.e.

1

mf;?(f)df

D)2 = 3 3 [ el @)

kezd

1 QWil'lf/ﬁ — p
= Z (ﬁ/ﬂ%mfﬁ(é)dﬁ)ek(x)

kezd

If A > 0, then we have the classical Fourier transform

/ %df — T o2mA|a]
REHNT A ’

so that the multiplier operator is also given by a convolution with the convergent Fourier

series

m L on(hk)|z1| /R
- S e 2rihk)leil/he, (o). (3.5)
kezd

In the following results we study the properties of convolutions with functions of the form

e~ M1l o give a proof to Proposition 3.9.

Proposition 3.16. Let |0| < dg and g € L%O(]R). For any f € L%(]R) we have that

| f * 9||L§ S ||f||L§||g||L% , where the constant of the inequality may depend on dy.
0

Proof. Using that (a)(0)™! < (a —b) and (a) > 1 we obtain that

(@1)01f * gl(x1) < (@) (1f] * |g])(x1)

- /IR 1 (D)l — y1)® g — )l 1))~ ey — y1) ")y

SO = ()% g]) ().

The conclusion then follows from Young’s inequality. O
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Proposition 3.17. Let A > 1. Then e M1l ¢ L%O(IR) for all g > 0, and satisfies

He_)\|$1|||L(15 < AL with the constant depending on &.
0

Proof. Integrating by parts we obtain that if n > 0 is an integer, then

o0 ! 1
Ax1 .. n:
e zydry = < _,
/0 1851 AL~y

We have that (z1)" <1+ |z1]", so that if 09 < n, then

0
1
/ e~ Mol (21 )00 4z, S/ e ALl () dary 5/ e M1+ 2l )dry S T
R R 0 A

as we wanted to prove. ]

Proposition 3.18. Let 0 < h < 1, |6] < g, and X > 1. If f € L%(]R) and we define

~Y

Tnf = e 2Pl f, then Tyf € HFy(R) and |[(hDay)"Tafll 2 & BN Ifl 2 for

0<m<2.
Proof. Differentiating we observe that

BDa (e~ 2By = Nigen(ay e 2 Mol/b (R, 2 (2Nl l/hy — @50 _ AZe— 2t/

so that we have
, —orA|a1|/h 2 hA 2
hDg T\ f = Ni(sgn(zq)e W s f, (hDgy)*Th\f = ?f — N1\ f.
From Proposition 3.16 and Proposition 3.17 we obtain that

h
ITsfllge S 30020 WADaTafllpz S B2 NBDa) Tafla S BAIS 2
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Proposition 3.9. Let 0 < h <1 and let |§| < dy. The differential operator
(hD)? - th(T) — L(QS(T) and the multiplier operator (RD)™2 : Lg(T) — th(T) are
uniformly bounded (in 6 and h) operators, and inverses to each other. The bounds of the

operators may depend in d.

Proof. Tt is clear that the differential operator (AD)? : th(T) — L(Qs(T) is a bounded

operator. Using the notation of Proposition 3.18, we get from (3.5) that

Faa!) = (D) 2f@1.a) = 5 3 Gl felen)ena)
kezZd

Moreover, we know that

2 ~ 4 2 2 2 2 2
P12 gy = 3 G NEI s + 02D Fyl gy + 1D P g
keZd
Therefore, the bound HF”%@,)&(T) S ||f||%§(T) follows from Proposition 3.18. We have proven
that both of these maps are uniformly bounded. The fact that these maps are inverses to
each other on S(7T'), together with the density of S(7') in L(QS(T) and H3 (T), implies the

desired result. O

3.4.2 Some facts about semiclassical pseudodifferential operators over R

In the results above we needed some quantitative results for the bounds of the symbols
and operators over R. They are implicitly hinted in the literature, but, for the sake of
completeness, we state them explicitly. We start with the operator bounds for zero order

pseudodifferential operators. To avoid unnecessary notation, we denote x1 € R simply by z.

Proposition 3.8 ([Sal06]). Let 0 < h < 1. Let a(x1,&;h) be a semiclassical zero order
symbol over R x R. For any 6 € R the operator Opy(a) is bounded in L%(R). Moreover, if
10| < g, then the operator norms || Opﬁ(a)HLg(lR)ﬁL%(]R) are uniformly bounded (in § and h)

by a multiple (depending on dg) of some seminorm of a.
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Proof. Let us write

~

Opn(a)fa) = 1 | o€/ (o) Pede = [ Eo€a(o n)Fi)de

The symbols ap(z,€) := a(x, hf) satisfy the same seminorm estimates |D%D?ah| < Ay,
whenever o + 8 < M. Therefore, it suffices to prove this estimate for the case A = 1. The
case 0 = 0, i.e. in L2(R), is the Calderén-Vaillancourt theorem, and the bound for it in
terms of the seminorms is stated in [Ste93] at the end of Section 2.4, Chapter 6, or Section
4.5 in [Zwol2] (in the semiclassical setting for the Weyl quantization, but the method of
proof is the same). We prove first the case 6 > 0 for § = 2n, with n a positive integer. Using
the identities

—

()21 = (D)2 DEF(E) = ()M (R £)(9),

and integrating by parts we obtain that if f € S(R), then

(#)2"0p(a) f = / n( 2T o (1 €) F(€)de
- / €27 (D20 (o, €) F(6))d
R

2n o 2n
=Y [ ayn 9k @ = Y oplan) ),
=0’ R k=0

for some zero order symbols ay(z, &), with seminorms controlled by those of a. From this

and the Calderén—Vaillancourt theorem we get that

()27 0p(a) 2 <Z||Opak Dz <Z||x Ty S 1@ 2wy

with the constant of the inequality depending on n and some seminorm of a. We have shown
that Op(a) is bounded on L%n(R). The intermediate values 0 < & < 2n are obtained by
complex interpolation.

Now, let us consider the case § < 0 for 6 = —2n, with n a positive integer. Integrating
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by parts we obtain that if f € S(R), then

(2)~2"Op(a) ()2 f = (z) 2" / 2T (1 €)(De) 2 F(€)de
R

~

()2 /]R (D)2 (2% a(, €)) F(€)de = Op(@) .

for some zero order symbol a(z,§), with seminorms controlled by those of a. This identity
can be rewritten as (z) "2"Op(a) = Op(a)(z) 2", and so the Calderén-Vaillancourt theorem
gives the boundedness on LQ_QR(R). Again, the intermediate values —2n < § < 0 are

obtained by complex interpolation. O]

We also prove the following result for the symbol of the composition, which we used in

the proof of Theorem 3.13.

Proposition 3.19. Let a(x,&; h) and b(x, &; h) be symbols over R x R satisfying
|D%D?a| < A, |D%D§b| < By,

whenever a + < M. If ¢ = c(x1,&;h) is the symbol such that Opp(c) = Opg(a)Opp(D),
then there exists some K such that for any M > 0 the symbol satisfies

DSD/el S AgcpnrBrcanr, DD (¢ = ab)| S hAgcyarBrcinr,

whenever a + [ < M, where the constants of the inequalities may depend on M but are

independent of h.

Proof. Proceeding as in [Ste93], see Chapter 6, Section 3, it suffices to show the estimates
for compactly supported symbols and prove that these are independent of the size of the

support. Let us recall the integral kernel representation of a pseudodifferential operator,

o)1) = 7 [ stz e = 1 [

( / i@y g (g, f)df) f(y)dy.
R R

41



Then, the composition has an integral kernel representation given by

Opn(aOp(a) = 1 [ ([ 0z, a6 ) Opn(0) (o)

_ ! 1 2mi(w—y)&/h 2mi(y—2)n/h )
- h/R(h /1R2 ! v=2 /M (x, €)b(y, m)ddndy ) f(2)dz

_1 2ri(a—2)n/h )
(] el m)dn ) (2)d.

and therefore the symbol of Opp(a)Opy(b) is equal to

1
o) =, [, IE otz bty sy
1

= /132 e 2T g (2, + €)b(x + y, n)dEdy.

From the inversion formula we have that

a(z,n) = 7 /132 e 2 g (2, + €)dEdy,

which implies that

R? Y

St =

C(Iu 77) - (I(ZL‘, n)b(xv 77) =
Now we use the identity

2
DelhDe)” _omiyen _ L e 2mive/h
(y)? h

and integrate by parts to obtain that

(o) = ala,mbla,) = [ |2 DDe e+ €) (b @+ y’y’&; bl m) ) dédy

— /IR2 6*27”@5/7114(%?7,£)B($,Uyy)d§dy-
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Let us observe that the integral above is absolutely convergent because A has compact
support in £ and B is integrable in y. Therefore, we can exchange the order of integration

and obtain that

‘/ 26_2@5/%(%7n,f)B(m,n,y)dfdy‘
R
= ﬁ‘/ 26_2”iy“A(x,n, hu)B(fﬂ,n,y)dydu’
R

where we used in the last inequality that

2 D2
[ Foan = [ ey = [ H2EEL s < P iy < 1D 1y

Similarly, for a + 8 < M we can bound

IDED}) (¢ — ab)|
S h‘/R D%Dg(A(:v,n, ﬁu)B(ﬂf,n,ﬁ))du‘

<h sup HD%ODgOA(.CE, M, )peor)  sup HDngngng(x, ) i)
ap+Lo<M a1+ﬂé§M
RS

To finish the estimate we use that

Bprys
IDfJDgA(%n,S)I S Ap+ss |D§D,§D;B(:v,77,y)| s (y;g ’

whenever o + 8 < M and v < 2. The differential inequalities for the difference ¢ — ab imply

the results for the symbol ¢, and this completes the proof. O
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CHAPTER 4
CONJUGATION AND CARLEMAN ESTIMATE

The results of this chapter are an adaptation of those from [Sal06] in the case of R? to
the case of the cylinder 7' = R X T, As briefly mentioned in Chapter 1, the proof of the
magnetic Carleman estimate Theorem 1.2 is reduced to the case with no potentials. The
proof of this Carleman estimate in [KSU11a] for R x M, where M is a Riemannian manifold
with boundary, is realized by an eigenfunction expansion and the solution of first order linear
constant coefficient ODEs. This can be carried out in the exact same way for the torus T,

so we have the following result.

Theorem 4.1 ([KSU1la)). Let § > 1/2. There exists 19 > 1 such that if |7| > 79 and

72 ¢ Spec(—Ag,), then for any f € Lg(T) there exists a unique u € HLS(T) which solves

62777’11 D26—27T7x1u _ f
Moreover, this solution is in Hg(s(T) and satisfies the estimates

-1
lellzrs 7y S 17141 2y

for 0 <s < 2, with the constant of the inequality independent of T.

Remark. [t is important to note that the constant in the inequality only requires the condi-
tion that T2 does not belong to Spec(—Aygy); it is not necessary to ensure any distance con-
dition to the spectrum. We can easily see that the uniqueness would fail if 72 € Spec(—Agy)

as u = em(2') € Hzé(T), with 72 = |m|?, is a solution of the homogeneous problem.

The theorem above allows to define the operator G : Lg(T) — HE(S(T) by G f := u, so
that A;G> =1 on Lg(T), where A, = ¢2TT%1 D2o—27T21
The reduction from our problem to this one is accomplished through a conjugation by
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two invertible pseudodifferential operators, i.e. essentially through the construction of an

integrating factor. The construction of these operators is the main content of this chapter.

Let us consider the relevant terms from the expression e2™7%1 H V,We*%ml:

A =TI D2e 2L = D 4 2ir Dy — 72 + D2,

V, = 627TT£L'1 (V . D)€—27TT$1 _ e27r7'm1 (FDxl + G- Dx,)€—27r7'$1 — F(Z)x1 + iT) + G- Dx,.

Remark. Observe that we have absorbed the negative sign of the Laplacian into the definition

of Ar.

If we use semiclassical notation, with & = 1/7 a small parameter, we can denote
Api=71"2Ar = B2D2 +2iliDy, — 1+ h2D2%, Vi =7 V; = F(hDy, +1) + G - hD,.
Equivalently, we could have defined

Ay = eQWzl/h(hD)Qef%zl/h, Vi = e%xl/h[v : (ﬁD)]efzwxl/h.

Then we have that i2(A; +2V;) = Ay, + 2hVj,. A significant part of this chapter is devoted
to prove that we can conjugate this operator into the Laplacian plus a suitable error, as we

state next. This construction follows closely the ideas from [Sal06].

Theorem 4.2. Let 1/2 < 0 < 1. Let V satisfy (x). There are € > 0 and 0 < hg < 1 such
that for 0 < |h| < hy there exist zero order semiclassical pseudodifferential operators A, B,

R over the cylinder T, so that the following conjugation identity holds,
(Ap, + 2hV})A = BAy, + B TeR.
Moreover, the operators A and B are invertible, uniformly bounded (in h) together with its

inverses in Hié,h(T)f for s =0,2, and R : L%é(T) — L?;(T) is uniformly bounded (in h).
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With the semiclassical notation we have that
_ 2 . 2\ 2 2
Ap = Opp(€” 4 2i€ — 1+ |t|") = Opp((§ +12)" + |t]%).
Moreover, from Proposition 3.6 we have that

ApA = (R*D2, + 2ihD,, — 1+ h2D?%)A
= Opp(£%a + 2hED g a + h2D3261a) + 2i0pp(&a + hDy,a) — Opp(a)
+ Opp(|Ait|2a + 2k(ht - Dya) + K2 D2 a)
= Opp([(€ +9)% + |7it|2)a) + 2hOpp((€ + i) Dyya + ht - Dya) + h2Opp(D%a)

— AAp, + 2h0pp((€ + i) Dyya + ht - Dya) + B2 Opp(D?a),

VA = (F(hDgy +1i) + G- hD,)A
= Opp((§ +i)Fa+ hF - Dgya) + Opp(fit - Ga+ hG - Dya)

= Opp([(€ +9)F 4 ht - Gla) + hOpp(V - Da),
so, we obtain

(Ap + 28V A = AAR + 2hOpy((§ + i) Dyya + Bt - Dya + (§ +i)Fa + kit - Ga)

+ B20pp(D?a + 2V - Da).

If a has nice properties, then the last operator already has the form we look for the remainder

term in Theorem 4.2. Then, roughly speaking, we are left to make the operator
2hOpy((§ +4)Dgya+ ht - Dya+ (§+i)Fa+ ht - Ga) (4.1)

suitably small. In order to do that, we split it in two parts: we make one part of it vanish and
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the remainder will be supported on a set where the operator Ay, is elliptic. The remainder
will be subsumed by the expression AAj becoming into BAp,.
In order for the operator A to be invertible it is usual to look for the symbol to be of the

form a = e™", so that the symbol (4.1) becomes

(E+1)Dyga+ht-Dya+ (E+i)Fa+ht-Ga = a[—(§+1i)Dyyu—ht- Dyu+ (E+19)F + ht - G,

leaving us to solve the equation

(€ +d)Dyyu+ ht - Dy = (€ +49)F + bt - G, (4.2)

for t € Z%. In the following sections we deal with appropriate existence and uniqueness of
solutions to these equations, as well as with its estimates. Recall that the symbol of Ay, is
(€ + )% + |ht|?, and note that this vanishes if and only if £ = 0 and |At| = 1. The symbol
is elliptic away from this set. Therefore, for the construction of the solution to the equation
we will be mostly interested in working in a neighborhood of this vanishing set.

Finally, let us mention some difficulties of our problem which do not seem to be present

in the Euclidean setting, like in [Sun93] or [Sal06]. Observe that (4.2) can be rewritten as

(E+i,ht) - Du= (§+i,ht)- V.

Near the vanishing set of the symbol of Ay, i.e. £ = 0 and |At| = 1, this equation resembles a
higher dimensional version of the 0-equation. It has been usual to reduce all such equations
to a 0-equation through a rotation, see for instance [Sun93] or [Sal06]. In our setting this is
not immediately possible, in part because Z% does not admit non—trivial rotations. One way
to try to remedy this could be as follows. In [Weill], it is shown that for any k € Z%\ {0}
there is a matrix A € SLy(Z%), i.e. a linear automorphism of T, such that Ak = ged(k)e;.

This allows to make a change of variables so that the directional derivative hk - D, becomes
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an “exact” partial derivative hgcd(k;)Dy/1 , and so the equation reduces from R x T% to
(R x T1) x T91, where the last (d — 1) toroidal variables do not intervene. In this case,
the coefficient Aged(k) plays a role in the estimates, and this seems difficult to handle. In
addition to the previous inconvenient, we will to need to estimate of the differences of the
solutions when & varies; since it is not clear how the change of variables (i.e. the matrix)
depends on k, we will refrain from using this idea. Instead, we will proceed using the

decomposition in Fourier series.

4.1 Equation

We start recalling the assumptions on the magnetic potential V' = (F, G):

V € C(T), supp(V) C [-R, R] x T%, / V(xy,2')dzy =0 for all / € T (%)
R

Under these conditions, we will see that there is no difference in working over R x Tx R x 7%
or R x T% x R x R%, and so, to avoid suggesting that there is something special about the
former, we will work over the latter. In this section we state the properties of the solution
the equation (4.2) and motivate the reasons for assuming (x).

Let us recall that for (u,v) € R x R? and (u,v,w) € R x R? x R? we use the notation

(u,v) == (1+ u? + |v|2)1/2 and (u,v,w) := (1 + u? + \U\Q + |w\2)1/2.

Theorem 4.3. Let h > 0 and let V = (F,G) satisfy (x). For fized (£,t) € R x RY, the
equation

(E+i)Dyyu+ht-Dyu= (E+1)F +ht- G, (4.2)

has a unique solution u(-, &, t; h) € C°°(T) with the decay condition ||u(zxy, -, &, t)HLOO(Td) —0

as £1 — F00. Moreover, we have that u(-,t) € C®°(R x T x R) and it satisfies the bounds

|D%1D5/D2U| S (€ ht), |D31D5/D2(U(';§,t1) —u(- &, t2))| S hlty — ta|(€, ity litz). (4.3)
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For |z1| > 2R we have the linear decay bound

DS, DY, Dlu| (SLO) (4.4)

|21

The constants of the inequalities may depend on «, 3, v, d, R, HV”WNJ(T) for some
N = N(a, 8,d), but are independent of h, &, t.

Remark. Under some conditions on t, like t € Z% or other arithmetic properties, it may be
possible to show that u(-,&,t) € S(T). We do not need such a strong result, so we do not

intend to prove it.

The equation (4.2) has constant coefficients in (z1,2’), so we can decompose u, F, G in

its Fourier series

u = Z Um($1a€7t§h)em(x/)v

meZa

5(71a Z Fm xl em ) xl, Z Gm xl em )

meZd meZd

and look for uy, to solve the equation
(€ +19)Dyyum + At - muy, = (€ + i) Fpy + ht - G, (4.5)
For instance, in order to prove (4.3), it would suffice to show inequalities of the form
(DS, Dfum| < (m) =M (&, 1),

D%, D (-, 11) = -, 12))] < )™M i1 = 12| {€, By, htz),

for some sufficiently large M. We will prove these in a later section.

Before we proceed, let us motivate the conditions that we are requiring for V. Considering
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the Fourier transform (no longer semiclassical) in (4.5) gives that

i () = € D) &t - G ()
" (E4+iyp+nt-m

The denominator vanishes only if n» = 0 and At - m = 0. This suggests that the case
ht - m # 0 may be less problematic than the case it - m = 0. Indeed, we already see from
(4.5) that there is not a unique solution, and even when defining such a solution it may not
decay. The simplest way to avoid the problem of the denominator vanishing is to require
ﬁ’;l(()) = 5;(0) = 0, which is the same as the vanishing moments from (x). Uniqueness and
decay are not necessarily required, but we will see that the decay estimates play a role in
the construction of the conjugation (namely on the properties of R) and the reconstruction

procedure.

4.2 Lemmas: ODEs and calculus

In this section we prove some boundedness estimates for the solution of an ODE of the form
(4.5), as well as some other necessary calculus facts. To avoid unnecessary notation, in this
section we will denote the variable x1 simply by .

We start with the most elementary estimate for solutions of an ODE, and then improve it
under the hypothesis of a vanishing moment. The reason why we will be dealing only with L!
and L estimates is that these are useful to iterate and they relate through the Fundamental
Theorem of Calculus (i.e. as a 1-dimensional version of the Gagliardo—Nirenberg—Sobolev

inequality).

Lemma 4.4. Let a,£ € R, a # 0, and let H € S(R). Consider the equation
(E+1i)Dyv+av = H.

Then there exists a unique solution in the sense of tempered distributions. Moreover, the
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solution belongs to S(R) and satisfies the estimates

{©)

[ollpr < =HIH N Nvllpee S 1Dzl S [TH 71

|al
The constants in the inequality are independent of a, &, H.

Proof. Taking the Fourier transform yields that

We can bound the norm of the denominator by

2 2
: 2 2.2 0+ a= sa a
€+ i oft = %7 + 260+ = (O + 55 ) +

a’

> —= > 0.

~ (6?2

Therefore, the denominator is a non-vanishing smooth function, and we obtain the existence

and uniqueness in the sense of distributions. Moreover, the rapid decay of H (n) and the

bound for the denominator give that v € S(R). Let p := 2mia/ (€ +i) = 2ma(1+1i€)/(£)?, so

that Re(u) = 2ra/(€)2. The form of the solution depends on the sign of Re(y). The cases

a > 0 and a < 0 are analogous, so we only consider one of these. If we assume that a > 0,

then the solution is given by

v(r) = ;fi /_x e MT=5) 1 (5)ds,

as Re(p) = 2ma/(€)? > 0. This gives that

||v||Lls% /R / e—2male=)/ (€)% | 11 (5) | dsdx

_ (% /R/Soo e 270a=)/ (€ | 1 (s)|duds = ‘L | H]| 1. (4.6)

a

o1



Using this together with the equation gives

IDsvlzs < g el + WAl < S0

[1H][ g S IH 21

as we wanted. The bound |[v||zec < ||Dgv| 1 follows from the Fundamental Theorem of

Calculus and the fact that v € S(R). O

Remark. [t is also possible to show that

3
vllpee S HHHHLOO-

The following result shows that a vanishing moment assumption allows to consider the

missing case a = 0 and also gives an improvement of the L!-estimates for the solution.

Lemma 4.5. Let a,§ € R and let H € S(R). The equation
(E+1i)Dyv+av =Dy H.
has a unique solution v € S(R) and it satisfies
lollr S TH e, vllzee S [1Pavllpe S 1D Hl -

The constants in the inequality are independent of a, &, H. Moreover, if a # 0, then there

exists w € S(R) such that v = Dyw.

Proof. If a = 0 then v = H/({+1i) € S(R), and the result follows immediately. For a # 0 the
existence and uniqueness follow from Lemma 4.4. The cases a > 0 and a < 0 are analogous,
so we only consider one of these. Assume that a > 0 and let p := 2wa/(§ + i) be as in the

previous proof. Integrating by parts yields that

v(x) = ;f@. /_ xoo e~ MT=8) D H (s)ds = gii(H(x)—u /_ ; e#<H>H(s)ds). (4.7)
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We use the estimate (4.6) for the integral term, to conclude that

()2

1
ol < g5 (1410 5 ) e < 1

{€)

The L* bound follows trivially if a = 0, and from Lemma 4.4 if a # 0. Finally, if a # 0,

then
v = %Dx(H — (£+1i)v) = Dyw,
with w = (H — (£ +1)v)/a € S(R). O

Remark. The solutions in C1(RR) to the equation (€ +i)Dyv+av = 0 are multiples of e 1.
Therefore, there is also uniqueness under the weaker conditions v € C1(R) and v(z) = 0 as

T — +o0.

Remark. From (4.7) it is also possible to show that

1l (€)

1
ol 2o < —(1 ; )||H||Loo < |l

()

In the proof of the main result of the next section we will remark why focusing only in the

L — L°° estimates may not be so convenient.

In the following proposition we show that the exponential function appearing from the
integrating factor of the differential equations is bounded, together with all its derivatives.
In proving the boundedness results from the following section we will use this result, as well

as the idea of the proof.

Lemma 4.6. Let n,& € R with n > 0. Then, for any polynomial p we have

e_m/(fw)p(#)’ < C(p),

for some constant C(p) depending on the polynomial. Moreover, \D?(e‘in/(gﬂ)ﬂ < Cjg for

any > 0. The constants C(p) and Cp are independent of n and &.
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Proof. Let u = in/(€41) = n(1+1i€)/(€)?, so that Re(u) = 1/(€)? > 0. The first inequality
follows from the triangle inequality and the bound e~ z"™ < n! for x > 0. In order to
differentiate with respect to &, we first observe that D¢y = —pu/(2mi(§ +4)). We show by

induction that
e FPg(n)

8
b (E+0)8

Jleh) =

where Pjg is a polynomial of degree 3, whose coefficients depend only on . For g =0 it is

clear. Moreover,

EP Y w Pew)  w Phw) 8Py
Df( (& +1i)8 ) N (2m’(§+z’) (E+0)8  2mi(§+1i) (€ 414)8 2m(§+z‘)ﬁ+1>'

Thus, by defining the polynomial Pgq(2) := (2Pg(2) — zPé(z) — BPg)/(2mi) we complete
the induction. Since [1/(£ +4)| < 1 and Pg has degree 3, we obtain that there exists some

polynomial ﬁﬁ of degree [ such that

vl <P(d)

With this we conclude that

<

e - |< 2

(&+i)f

o) s

4.3 Estimates for the solutions of the equations

The purpose of this section is to finally prove Theorem 4.3. We start by proving the estimates
for the ODEs (4.5) which result from expanding in Fourier series the equation (4.2). We

start with the following elementary result.

Proposition 4.7. If f € S(R) is such that fIR f(z1)dxy = 0, then there exists a unique

o4



g € S(R) such that Dy, g = f. Moreover, if f is compactly supported, then so is g. Similarly,
if f € S(T) is such that f]R f(x1,2")dz1 =0 for all 2 € T, then there exists g € S(T) such
that Dy, g = f. Moreover, its Fourier coefficients f, € S(R) satisfy that [p fr(z1) =0 and

Dy 9k = fk-

Proof. Let us first consider the case f € S(R). The uniqueness follows from the Schwartz

condition. For the existence we define

e = [ st =- [ OO F(w)dy.

To show that g € S(R) we use that if L > 1, then for any positive m > 0 we have

-L p o < 1
we Gy T [ ymAT Y S T

If f were compactly supported, then the definition above shows that g shares the same
support. For the case of T', the first part of the proof follows exactly as before. Moreover,

by Fubini’s theorem we have that

/]Rfk(l’l)dxl—/qrd@k(»’l?')(/ﬁf(xl,fﬂ/)dflfl)dx'—0,

and

Dogilen) = [ Drglor,)ea)da’ = [ farale o) = i)

If f and g are as in Proposition 4.7, then we define Dx_llf =g.

Theorem 4.8. Let h > 0 and let V = (F, Q) satisfy (x). For fized (m,&,t) € Z4 x R x R4
the equation
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has a unique solution um(-,&,t;h) € CY(R) with the decay condition um(x1,€,t) — 0 as
x1 — £oo. Moreover, we have that up(-,§,t) € S(R), um(:,-,t) € C*°(R x R), and for
any o, B > 0 it satisfies that Dg, D?um(-,ﬁ,t) € S(R). If it -m =0, then uy, is supported
on |x1] < R. If it - m # 0, then uy, vanishes in one of the components of |x1| > R, and
decays exponentially (depending on the product ht -m) on the other component. In addition,
it satisfies the bounds

(D3, D] < (. h)| DS, Vin| 1. (4.8)

(DS, D (i (- t1) = wm (-, 2))|

S hlty = t2|(I1Dg, Vinll g1 + (€, hty, hta)ml || DG Vil 1). (4.9)

Moreover, for |x1] > 2R we have the linear decay bound

It _
108, Do) S Da Vi . (4.10)

The constants in the inequalities may depend on «, [, d, but are independent of h, m, &, t,

and R.

Proof. The uniqueness of such a solution follows from the remark after Lemma 4.5. From
(x) and Lemma 4.5 we obtain the existence and that it belongs to S(R). As in the previous
proofs, let o = 2mi(hit -m) /(& +1), so that Re(u) = 2w (At - m)/(€)2. We know that the form
of the solution depends on the sign of Re(u); more explicitly, proceeding as in the proof of

Lemma 4.5, we have that:

1. if At - m = 0, then

um(l‘héa t) = %[(5 + Z)D;llFm(l’l) + ht - DZ_‘lle('rl)L
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2. if At - m > 0, then

o1, €.0) = | (€ + DDE Fn(an) 4t D5 Gl

T
u / eI [(¢ 1 ) D Fo (1) + Bt - Dy Gon (1))l .

—0Q

3. if At - m < 0, then

(o160 = | (€4 DDE Fulon) + - Dyl Grnlo)

Fu / e~ (¢ 4 §) D () + Bt - Dy Gy |.
1

From Proposition 4.7 we know that (£ 4 i)D;llFm + ht - D;lle is a smooth compactly
supported function. In particular, this implies that in the first case the solution is compactly
supported. In the second and third case, this implies that the solutions vanish if r1 < —R
and 1 > R, respectively, and are decaying exponentials if 1 > R and 21 < — R, respectively.
Moreover, all the terms involved (£ +1, p, e #1791 and (€ + i)D;llFm + ht - D;lle) are
differentiable with respect to 1 and £, and the possible different cases depend only on m and
t (namely on the sign of fit-m), and not on 1 or . This implies that u,, (-, -,t) € C°(R xR)
and DY, D]um(-,&,1) € S(R).

To prove the estimates (4.8) we succesively differentiate the equation (4.5) to show that
Dy Deum (-, €, t) (which we know is in S(R)) solves certain ODE, and then use the estimates
for the unique solution in S(R) from Lemma 4.5. Differentiating the equation, we see that

if a > 0 then Dg up, solves the equation

(& +1) Dy [Dg, um] + bt - m[Dg, um| = (§ + i) Dy, Fin + It - Dy, Gy, (4.11)
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By (x) and Lemma 4.5 we can bound

1D, umllzs S ENDE Foall g2+ Bt DG Gl 1 S (€ RO IDG Vinll e (412)

D8 uml| S IDg umll g1 S (€ ht) | DG, Vinll - (4.13)

Differentiating (4.11) with respect to § gives that D D¢up, solves the equation
. 1
(§ + 1) Dy [Dg, Deum] 4 ht - m[Dg Deup] = 2—m(Dg1 Fm — nglum). (4.14)

By (%), Lemma 4.5, and (4.12) we can bound

D%, Deunllyn S 1D Funll s + D% umllyn S € BOIDS Wanll s (415)
DS, Deum| S DS Deunml| 1 S (€ h)|1DS, Vil 1 (4.16)
By induction on § > 2, differentiating (4.14) with respect to £ gives that D% D? U, solves
the equation
: —p 18-1
(€+ z)Dxl[Dng?um] +ht -m[DS, Dfum] i Df U (4.17)

From (4.17), Lemma 4.5, and (4.15) we obtain

|Dg, D ¢ umll 1 S 1D, Dﬂ_ uml g S - S 108 Deumll 1 S (6 R)IDE Vinll 1, (4.18)

~J ~J

D%, D] S 1D% D wml| 1 < (6 h)| DS, Vil 1. (4.19)

~Y

We have shown (4.8) through (4.13), (4.16), and (4.19). Now we prove (4.9). Let us denote
u%(:cl,f) = um(71,§,t;) and recall that D%lD?u%(@*) € S(R) for any «, 8 > 0. There

are two cases to consider: when both products At; - m vanish, and when at least one of them
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does not vanish. In the first case we have that

j 1
u(21,€) = 75 (€ + 0Dy Fin(w1) + bt - Dy G (1))
and so
At —
t (1,€) = i (21, €) = % Dy G (1),

It follows directly from this and the Fundamental Theorem of Calculus that
D8, D (= wn)| < hlty = tol | D, Vi 1. (4.20)
Suppose now that hty - m # 0. Substracting the equations (4.11) for D% um we obtain that

= h(t] —t9) - D%Gm — h(t1 —t9) - mDa m (4.21)

By (x) and Lemma 4.5 we have that the condition fity - m # 0 implies that uh, = Dy w for
some w € S(R). Therefore, the difference DF| (ul, —u2,) (which we know is in S(R)) is the
unique solution in S(R) to a differential equation, (4.21), as in the setting of Lemma 4.5.

By (%), (4.21), Lemma 4.5, and (4.12) we obtain

1
D8, (g = )| S IIDE gy — i) 1
1
S hlty = to| (1 D%, Gl 1 + [ml | D3y unn [ 1)

S hlty = 2| (1D, Vinll p1 + (€, ht1) [m[| DG Vil [ 11)- (4.22)

Remark. This step shows why it is useful to have at disposal the LY — L estimates and

not the L° — L estimates alone.
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Similarly, substracting the equations (4.14) for Dg, Dgugn we obtain that

up)] + Bty - m[DF, De(up, — uzy)]
1
— DNl — ) — Aty — ta) 'ngngu}n

271_@ Il m m

(€ + 1) Dy [DG, Dty —

For 5 > 2 the equation takes the same form. Indeed, substracting the equations (4.17) for

D¢ D? Uy, we obtain that

(€ + i) Dy (D, DL (uh, = ud)] + bty - m[Dg, D (us, — u2,)]
b pepl! 2) = h(ty —tg) - mDg, Diut,. (4.23)

Tom T ¢ (m_um

Since u)h, = Dyqw, then we are in the setting of Lemma 4.5 as before. By (4.23), Lemma

4.5, (4.15), and (4.18) we can bound

1 1 1 1
| D8 D (g, = )y S IDS D udy = ud)l| g + hlty — tallml | D, Dy 1
1 _
S IDS D (g, — ud) o+ Blty = o] (&, bty [l | DS Vi 1.

Iterating this and using (4.22) we obtain that

S DY (up, — w2 )l pr + Bty — tol (€, Tity )| ml|| DS Vil 11

|08 DY (uly = w2 )1 S -
< ity — tal(| D%, Vinl 1+ (€ it [l | DS Vi | 1),

From this and the Fundamental Theorem of Calculus we conclude that

2 1 1 2
ul)| S DS DL (udy — ud) | 1

DS, DY (uf, —
< Bty — tol (D%, Vinll 11 + (€, Fit1) [m][| DS Vil 1)-

(4.24)

We have shown (4.9) through (4.20), (4.22), and (4.24). Finally, we prove the decay estimates
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(4.10) for the solution. In the case ht - m = 0 there is nothing to prove, as the solution is
compactly supported on |z1| < R. The other two cases are analogous, so we only consider
the case ht - m > 0, so that Re(u) > 0. For this one we know the solution vanishes if

r1 < —R, so we only have to deal with x1 > R. We can rewrite the solution for x; > R as
n-R) R (R—y1) 1 1
= —/ e MTIVI(E + 1) Dy Fn(y1) + 1t - Dy Gn(y1)]dyn -

Integrating by parts we obtain that

«

2mi
_pe—@1—R) R
= | DI IE Dy ) 4 Dy o)
_ e @1—R) R
= [ e DG o) + - Dy s = v

We will prove that ¢ and its derivatives (with respect to &) have the required decay, while
¢ and its derivatives remain bounded. Let us observe that pu(R — y1) = in/(§ + i) with
n > 0 for y; € [ R, R], so that we are in the setting of Lemma 4.6. Tt follows from this that
|Dg Y| S A€ )| Dg Wllf1, where we allow the constant of the inequality to depend on

B. By a similar induction as in the proof of Lemma 4.6, we obtain that

Dﬁ<ue_“3>  pe M Qp(us)
S\ €+i ) (40P

where (3 is a polynomial of degree 3 with coefficients depending only on . Multiplying by

s we obtain

SDB

<M6_/“Ls) B e_MSQ%WS)
; =

E+i (E44)f+L 7

where Qi‘é(z) = 2Q3(z) is a polynomial of degree 3 + 1. Again, as [ + 4| > 1, there exists a
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polynomial QVE of degree 8 + 1 such that

' Qj(1s)
(§+4)7+1

~i [ |1s]
< Qj (’—)
A (e)
We have that u(x1 — R) =in/({ + 1) with n > 0 for 1 > R, so that we are in the setting of

Lemma 4.6. It follows from the previous inequalities that

(21— R)D| <

()

where we allow the constant in the last inequality to depend on 5. In particular, for 1 > 2R
we have that x1—R > x1/2, so that the previous inequality gives ]D? ¢| < 1/]x1]. Combining

the bounds for ¥ and ¢ gives the decay estimate that we wanted. O]

Remark. It may not be relevant for this particular problem, but the condition m € 7% does

not seem to intervene in the proof of the result.

Remark. It does not seem relevant, but the constants in the inequalities are independent of

R. It only plays a role when we need that |x1| > 2R to have the decay.

Let us discuss briefly why the vanishing moment conditions were important in the pre-

vious proof. First, they appear in proving the differences estimates. If t1,t9 € R% are such

that Aty - m > 0 > hty - m, then for 1 > R we would have u,zn(xl) =0 and

27TZ€_M1 (l']_—R) /R

e . e~ MY (¢ 4 3)Fr(y1) + Bty - G (y1)]duy1.

uh (1) =

It seems that there is no way to estimate u), — u2, in terms of the difference fit; — to|. For

instance, letting p1 — 0, we obtain that the difference would be approximately

mi (B
2 € DFlon) + Aty Gl

which suggests the need of the vanishing moment condition. They also show up with a
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crucial improvement for the decay estimates. In the case At - m > 0 and z; > R, without

the vanishing moment condition, we would only have the exponential decay

je—a1—R) (R
L/ efu(R*yl)[(g + 1) Fin(y1) + it - G (y1)]dys -

um(a:l - E+1 R

It may happen that p is small, for instance if ¢ - m = 1, making the exponential decay very

slow. In this case, the best estimates we seem to obtain are

()
] S —2L
jum] 2 pilry — R|

with 1/p potentially being as big as 1/h. In our proof, what allows us to get better estimates
is the presence of the factor u in front of the integral. This factor comes from integrating by
parts using the vanishing moment condition.

We rewrite the previous estimates to depend on V' and no longer on its Fourier coefficients.

Corollary 4.9. Let V = (F,G) satisfy (x), and let uy, be the solution from Theorem 4.8.

Then, for any M > 0 we have
DS, D] < (&b (m) =M [Vl pasronia gy, (4.25)

1D, D2 (um (1) = wm - t2)] S hlty — t2](€ By, ht) (m) MV ]| pgane gy (4.26)

Moreover, for |x1] > 2R we have the linear decay bound

. Rty
108, D] S5 ) M IV sy (421

The constants in the inequalities may depend on o, 5, M, d, R, but are independent of h,

m? €7t

Proof. We use that V' is compactly supported and the Fundamental Theorem of Calculus to
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get that

-1 -1
1Dz Vinllpr < 1%, Vinllzee S 1Dy Vinll 1,

where we allow the constant of the inequality to depend on R. For a > 0 and any M > 0,

we have from Proposition 2.3 that
—2M —2M
1D, Vinll prwy < (m) ™= 1Dz, Vilpasapy S (m) " IV pasema oy

where we allow the constant of the inequality to depend on M. Then the conclusion follows

from Theorem 4.8. ]

Proof of Theorem 4.3. Let u(-,&,t;h) € C°°(T) solve the equation (4.2) and satisfy the
decay condition ||u(zy,-,&, t)HLOO(Td) — 0 as 1 — +oo. Then its Fourier coefficients must
solve the ODEs (4.5) and satisfy the decay conditions as 1 — +oo. Under (x), we know

from Theorem 4.8 the existence and uniqueness of such solutions. Let {u;,} be such and

define
u(wr, o &) = Y w1, & 6 h)em (o).

meZd
The control on derivatives of u, from Corollary 4.9 implies that u(-,t) € C*®°(R x T% x R)

and it solves (4.2). Moreover, we can bound

—2M
D3, DY, D0ul < 3 (m|D% Dfum <Yl (m)72M (g, ) S (€1t
meZd meZad
by taking M = M(B,d) sufficiently large. The constants in the inequalities may depend
on the admissible quantities, but are independent of A, &, t. In the same way we prove the
difference estimate from (4.3) and the decay estimate (4.4); finally, the existence of a solution

satisfying the decay condition follows from (4.4). O
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4.4 Explicit definition of the symbol and properties

The purpose of this section is to prove the conjugation from Theorem 4.2. Recall that we

have

(Ap + 28VE)A = AAR + 2hO0py((§ +9)Dyya + it - Dya + (£ +i)Fa + ht - Ga)

+ B20pp(D?a + 2V - Da).
Let us define a = e %, where u(xq, 2, &, t; h) is the solution from Theorem 4.3 to
(4 4)Dyyu+ hit- Dyu = (E+i)F + ht - G,

and ¢(x1,&,t; h) is defined as follows. Let ¢(s) be a (nonnegative, even, decreasing) smooth

function such that ¥(s) =1 for |s| <1 and ¢(s) =0 for |s| > 2. Define

G0(&, t:h) == V(EPA(hE] = 1)), d(a1,€, 1 h) == v(R21)do (&, ),

with 8 > 0 to be defined later.

Remark. Note that ¢g and ¢ vanish if |ht| < 1/2, in particular they vanish for t near the
origin and so these are smooth in all their variables. Moreover, it is a special zero order

symbol.

Remark. The cutoff in x1 is unnecessary for the properties of A and B, but it is actually

needed for the properties of R.

The estimates from Theorem 4.3 give that u¢ is a special zero order symbol. From
Corollary 3.15 we obtain that, for small %, the operator A := Opp(a) is invertible and its

inverse is uniformly bounded (in /) in H 5, (7). We also have
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(€+1i)Dgya+ht- Dya+ (E+1i)Fa+ ht-Ga
= a|— (£ +19) Dy, (up) — it - Dy (up) + (€ +i)F + kit - G|
=a(l —¢)[(§+9)F + ht- G| — (£ +i)auDy ¢

1 /
= a(1 = Q)[(§ +1)F + ht - G) = 5 (¢ + i)auy (W'x1) .
Note that (1 — ¢) vanishes if |z1| < A=, |¢] <1 and ||At| — 1| < 1/4. Let us rewrite
1= =(1-¢o) +do- (1 - (hx1)),

and observe that 1 — ¢ (h%2) vanishes for |z1| < h~?. Because F and G are supported on

|z1| < R, then, for small enough £, say h~% > R, we have
a(l=@)[(E+1)F +ht-G] =a(l — ¢o)[( +14)F + ht - G].

The function (1 — ¢q) vanishes if [£| < 1 and ||At] — 1| < 1/4, and outside of this set the

operator Ay, is elliptic, i.e. its symbol (£ + 1) + |hit|? does not vanish.

Proposition 4.10. Outside of the set {|¢| < 1} N {||Aht| — 1| < 1/4}, we can bound
€+ )+ |1t] 2 (&, t)?
Proof. Let s := (€ +1)? + |lit|>. Let us observe that
sl = (163 + ht® — 1% + 46312 = (6" +-262(11t® + 1) + (htf* = D)2 > € 4 ||t — 1.

This proves that |s| > &2. If |¢| > 1, this also proves |s| > 1. If |¢| < 1, then we must have
||ht| — 1| > 1/4, and this gives |s| > ||Ait| + 1|/4 > 1/4. We have shown that |s| = 1. Thus,
all that remains to prove is that |s| > |ht|2. If |ht| < 2, then this follows from before. If

|ht| > 2, then ||ht|? — 1| > |ht|?/2, and the conclusion follows. O
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Let us consider the function

1 — o
(€ 414)2 + |ht|?
(1— o) (& Hit)2 (E4+i)F+ht-G

T Era T (gmyr O ®

r(zy, 2, &t h) = [(§+i)F +ht- G

The functions &/ (¢, ht)2 and ht/ (&, ht>2 are special zero order symbols, and so ¢ is a special
zero order symbol. We know that ¢ is supported outside of {|¢| < 1} N {||At] — 1] < 1/4}

and 1 — ¢q is a special zero order symbol. By induction we can show that

PP T (i R P)eTET

for some polynomial P, g of degree at most a+3+2. Outside of {|§| < 1}N{|[At|—1] < 1/4},
from Proposition 4.10, we can bound

papf_ (&t

WP,gEht) | _ mOGEmotit?
7 (E+i)2 + |ht]?

‘((f+i)2+ |at|2)et B ™ (¢ pt)2(atBfrl) =

This proves that qp is a special zero order symbol, and by Proposition 3.14 so is r. Let us

define the symbol b by

— ¢

b= 2h
ot a(§ +1)2 + |ht|?

(£ + D) F + Dt - G] = a(1 + 2hr).

Since r is a special zero order symbol, by Proposition 3.14 we have that, for small enough h,

v := log(142hr) is also a special zero order symbol. Therefore b = a(1+42kr) = e~ “+? and

—u¢ + v a special zero order symbol. From Corollary 3.15, we conclude that for small A, the

operator B := Opp/(b) is invertible and its inverse is uniformly bounded (in %) in H7 5,71(T ).
Finally, we are left to consider the expression

2
h?(D%a + 2V - Da) — Th”" (& + D)au (W21 g =: 11 + 1o.
e
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In order to prove that the pseudodifferential operator R, from Theorem 4.2, is bounded
from L% 5(T) to L%(T), we will show that (21)20r; are zero order symbols. Recall that ug is
supported on |z1| < 2h % and so a = e P =1 if lxq| > 2h~Y. Therefore, rq is supported
on |z1| < 25, and we have the bounds
DS, DB D7r1| < B2, 1D Db D2(< VBr)| < R2200,

The term ¢/(h9x1) gives that ro is supported on et < lz1| < 2h~?. The decay estimate
from Theorem 4.3 gives that |Dg| DB D7u| < mP(¢, ht). Moreover, a is a zero order symbol
and (€ + i)/ (hx1)¢ is a zero order symbol supported on {|¢] < 2} N {||At| — 1] < 1/2}.
We obtain that

|Da Dﬁ DV | < h1+20 ‘Dngf,D2(<x1>25T2)| 5 ﬁ1+20_269.

We can ensure that 2 — 266,14+ 20 — 260 > 1 by taking § = 1/2 and 6 < 1. If we let

e =1—0 >0, then we obtain the conjugation identity from Theorem 4.2.

Remark. The restriction 6 < 1 does not appear in [Sal06]. This may be due that in our
case we look for the operator R to be bounded from L%(S(T) to L(%(T), so we need a gain of

a factor (x1)20. In [Sal06], it is only needed from Lg(]Rd) to L2

6+1(]Rd), so just a factor (z)

18 required.
4.5 Proof of the Carleman estimate

Let us rewrite the statements of Theorem 4.1 and Theorem 1.2 in semiclassical notation.
Theorem 4.11. Let § > 1/2. There exists hg < 1 such that if 0 < |h| < hy and

h=2 ¢ Spec(—Ayg,), then for any f € Lg(T) there exists a unique u € H£57h(T) which solves

€2ﬂx1/h(hD)2€—27rx1/hu _ th.
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Moreover, this solution is in Hzé #(T) and satisfies the estimates

<
||U||H36,h(T) ~ h”f”Lg(T),

with the constant of the inequality independent of h.
This theorem allows to define Gy, : L%(T) — sz,h(T) by Gpf := u, so that AyGj, = h21
2

Theorem 4.12. Let 1/2 < 0 < 1 and let V,W satisfy (x). There exists hg > 1 such that
if 0 < |h| < hy and h=2 ¢ Spec(—Ag,), then for any f € Lg(T) there exists a unique

u € H%a y(T') which solves
€2ﬂx1/h(h2HV’W>€727rml/h'u, — th

Moreover, this solution satisfies the estimates

<
HUHHEM(T) ~ h”fHLg(T),

with the constant of the inequality independent of h.

Proof. We prove this only for & > 0, as the other case is analogous. Let us write
(Ap + 20V, + BEW yu = 201/ (02 Hy e 201/ By = g2, (4.28)

where Aj, = 2™1/I(pD)2e=2m1/h v = 2ma1 /By (pD)|em 2T /B W= V24 DV 4+ W,
To avoid repetition throughout the proof we recall from Theorem 4.2 that A and B are
uniformly bounded invertible operators on H? 5. 5 (1) with uniformly bounded inverses,

R: L2_§(T) — Lg(T) is bounded. Also, W : L2_§(T) — Lg(T) is bounded, because it is
bounded and compactly supported.

We start showing the existence and the estimates for the solution. We look for a solution
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of the form u = AGpg € L2_5(T), with g € Lg(T), and use Theorem 4.2 to rewrite the

expression as
(Ap + 20V, + R2W)u = (Ap, + 20V, + B2W)AGRg = h2(B + i~ YT RG + WAGH)g.

Let C := h™ 112 RG), + W AG;,. We claim that C : Lg(T) — Lg(T) is a small perturbation of
the invertible operator B, so that B+ C'is also invertible. Using the boundedness properties

of G, from Theorem 4.11 we obtain that

—14 W
I 5RGFLHL§(T)—>L§(T) S, HWAGHHI%(T)—)L%(T) S h.

We observe that B 4+ C' = (I + CB~1)B, from where we conclude that B + C' is invertible
in L%(T ) as claimed, and its inverse has uniformly bounded norms. Thus if we define

g=B+0)"fc L%(T), then we obtain that
u:= AGprg = AGR(B+C)~f
solves the equation (4.28). The estimates for G, from Theorem 4.11 give
HUHHQﬁ(T) = |AGp(B + C)_lfHHgM(T) S thﬂLg(T),
as we wanted. Now we address the uniqueness. Assume that v € H? . 1(T) solves
(Ap + 20V, + R2W)u = 0.
Letv:=A"lu e Hg(s,h(T), so that v satisfies (BAh—i-hHER—i-hQWA)v = 0, or equivalently

A = —R?B YR 1T R+ W A).
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The right-hand side is in L%(T) and
—l+e p-1 —1+ 15
|7 ‘B RU||L§(T) Sh E||U||L275(T)» | B WAU”Lg(T) N HUHL%(;(T)'

The uniqueness from Theorem 4.11 implies that v = -G, B~ (A~ 1T¢R + WA)U. Using the

estimates for GGy, from Theorem 4.11, and the bound from above we obtain that

< . —1+4+e — 3
lollze oy S BB Nwllp2 oy = B0l 2 (-

Taking A small enough yields that v = 0, from where we conclude that v = 0. [

Remark. The uniqueness does not follow directly from the equation and perturbative argu-

ments: if we rewrite the equation as
Apu = —R2(2h 1V, + W)u,

then the right-hand side is in L%(T), so that u = —Gp(2h~ 1V, + W)u, but we obtain no

contradiction as we can only say ||Gp(2h th)”LQ_J(T) < Hu|’L2_5(T)'
Remark. Let f € L(ZS(T) and let u € H%a #(T) be the unique solution to the equation
(Ap, + 2hVy, + EQW)u = h2f. We can rewrite this as

Apu = hEf — (2hV}, + W),

and observe that (2hV} + BQW)U € L%(T). Therefore, u = Gpg, for some g € L%(T). In the
proof of existence of the solution, we showed that u takes the form AGpg for some g € L%(T).
This and the last observation yield that the operator A maps the subspace GhL?s (T) C L%é(T)

to itself.
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CHAPTER 5
EQUIVALENT FORMULATIONS AND BOUNDARY
CHARACTERIZATION

As mentioned in the introduction, in order to reconstruct the electromagnetic parameters
we are interested in constructing many solutions to the equation Hy yyu = 0. The result
from Theorem 1.2 can be used to construct a unique solution that “behaves like” a harmonic
function at infinity. Indeed, let h € H 120 (1) be harmonic and let us look for a solution of
the form u = h 4+ e 2771y such u solves Hyyu = 0 if and only if the correction term r

solves the equation

627rTxl H‘/’Wef%rm:lr _ _627r7':E1)(h7

where X := Hyy — D?=2V-D+ (V24 D-V 4 W) is a first order differential operator
supported in M. The conditions (1) imply that Xh € L2(T), and so ™1 Xh € Lg(T).
From Theorem 1.2 we obtain a unique solution r € H? 5(T), and so there is a unique solution
to Hy wu = 0 which “behaves like” the harmonic function. As has been usual, we call these
functions the complex geometrical optics (CGO) solutions.

The purpose of this section is to show that the boundary values of the CGO can be
characterized as the unique solution to a certain boundary integral equation. The passage
from the uniqueness problem at the boundary to a uniqueness problem at infinity was first
explicitly noticed by Nachman in [Nac88|, and has become standard since then; for instance,
see [Sal06] or [KSU11b]. The uniqueness of this corrected solution is crucial for our problem;
the lack of such is what prevents the local Carleman estimate for the magnetic Schrodinger
operator in [DSFKSUQ9] from being useful in the reconstruction procedure.

In this section we follow closely the presentation from [Sal06], as the operators are
translation invariant, and [KSU11b]. However, we have to proceed slightly different, as
0 € Spec(—Ay,) and the Laplacian in 7' does not have a bounded inverse, i.e. for f € L?(T)

(or f € H1(T)) there may not be u € H?*(T) (or u € H'(T)) such that D?*u = f.
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5.1 Green functions, operators, and layer potentials

5.1.1 T—dependent Green function and operator

The differential operator A, = D9231+2iTD$1 —72+D2, has constant coefficients, in particular
it is translation invariant, and so it is its right inverse G from Theorem 4.1. Since

Gr L%(T) — L2_5(T) is bounded, then there exists a tempered distribution g € S'(T)
such that G f = gr* f for Schwartz functions f € S(T), where the convolution is considered
over the whole cylinder. The purpose of this section is to understand the properties of g
and other related distributions. We have that Argr = d7(0), so the Fourier expansion of

this distribution is given by

_ _ 5.1
95 (&) 2t — 2L B2 (E+in)Z 1 2 (5.1)
and therefore
627Tix1§
_ " 5.2
i) = [ e 52)

Let us note that this integral converges absolutely, as the denominator is quadratic in £ and
never vanishes because 72 ¢ Spec(—Ayg,). These integrals can be computed explicitly as

follows.

Proposition 5.1. The Fourier coefficients gq-,k@l) of the distribution gr are given by

=27 (|z1| — sgn(T)x1) if k=0,
gr (1) = w7 L (o2l — =2nlblsgn(nan) k| i 0 <[] < 7],
e~ 2mlkllaal /| k| if |k > |7].

The distribution gr is actually smooth away from (0,0) € T. For any e > 0 and |z1| > ¢,
the function gr(x1,2") and all its derivatives are uniformly bounded, i.e. we have

|D%1Df,gT(ZE1,!E/)| < C, for some constant C' = C(a, B,T,€).
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Proof. Instead of (5.2), let us consider the expression

6271'2'5615

wlwr ) = [ e 5.

with A > 0 and A # |7|, so that the denominator does not vanish. We start with the following

two observations: first, g_r(—z1,A) = gr(x1,\), so it suffices to consider the case 7 > 0;
second, for fixed 7 and z1, the function gr(z1,-) is continuous, so the case A = 0 follows

from the case A > 0. We would like to relate (5.3) to the classical integral

/ @dﬁ _ T o2mA|z|
R &2 + )2 A ’

which can be obtained by direct computation and the inversion formula. Consider the
meromorphic function f(z) = e?™®17/(22 4 \?), with simple poles at z = =+\i, and the
rectangular contour bounded by the lines Re(z) = £L, for some large L > 0, and Im(z) = 0,
Im(z) = 7. The pole —\i is outside of this domain since we are assuming 7 > 0. The pole
At is inside this domain if 0 < A < 7 and outside if A > 7. Moreover, the residue of f at
z = M is equal to e~ 2™ 1 /(2)i). The vertical segments of the contour have length 7, and
over them the numerator of f is bounded (uniformly in L), while the denominator is of order
L2. From the residue theorem, after letting L — +o00, we deduce that

m™ _ _
T 2|z | _ e 2mTay

)\ gT('xla)‘)

e72mATL/ (M) if 0 < A< T,
= / f(z)dz — / f(z+ir)dz = 2mi
R R 0 if A>T,

which gives that

Te2TTE e 2mA x| _ o =2mAr1 if 0 < )\ < T,

A e—2mA|z1]

gT(l‘17A) =
if A>T,
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For the case A = 0, we let A — 0T, to conclude

e 2mA|z1] _ o —2mAmy
gr(21,0) = 7™ lim = —212e®™ L (|3| — 31).
A—=01 A

We have proven the formulas for the Fourier coefficients. To show the regularity, let us

observe that

D2(€—27TT$197_) — 6—27TT$1A7_9T — 5T(0)

From Weyl’s regularity lemma for distributions, see Chapter 10 in [Gar97], it follows that
e~ 2T g is a smooth function away from (0,0) € T. Therefore, g; is also smooth away

from (0,0). Assuming that 7 > 0, for 1 > 0 we have that

e—2m([k[=7)|x1]

97(371793,) =T Z |k’| ek(l' )7
|k|>T
while for 1 < 0 we have that
=27 (7+kl)|z1] =27 (7—[k|)|z1]
_ e e
gr(r1,0") = dn?e 20y 4 5T 7 ep(z’) —m 7 ep ().
|k|#0 0<|k|<T

The uniform boundedness of g, and its derivatives, for |x1| > ¢, follows from the fact that

gr(71,7) is a sum of negative exponentials on each half of |z1] > ¢. O

Remark. The cocfficient g, j.(71) can also be computed by solving the equation
(D2, + 2iTDyy — | 7% + [k|*) gy 1 (1) = OR(0).
This can be solved in each half x1 > 0 and x1 < 0 as sum of exponentials, and then using

decay conditions lim|x1|_>ioo 9rk(r1) = 0 and the jump condition at x1 = 0.

As in the previous proof, we consider the distribution I'; := e~277%1¢g, € D/(T'), which
is no longer a tempered distribution, and satisfies D?T'; = §7(0). In principle, it may not
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make sense to talk about the Fourier transform of I'; as it is not a tempered distribution.

However, from Proposition 5.1, we could formally say that the Fourier coefficients of I'; are

given by
—27%(|z1| — sgn(r)z1) if k=0,
e—27rT:E1gT’k($1) = 71.(6—27r|lc||x1| _ e—27r|k\sgn(7)x1)/|k| it 0< |kl <|7],
me=2mlkllzal /| if |k > |7].

Based on the formal Fourier coefficients above, we consider the harmonic function

e—27r|k\sgn(7')x1

[kl

Hy(z1,2') = 2n2sgn(r)e; — er(2).

0<|k|<|7]

We have that H; € D'(T) because it is a smooth function, and so 'y := 'y — Hy € D'(T)
as well. Let us define the distributions F8 ‘= —2n2|z1| and Iy =Ty~ Fg. Formally, the

Fourier coefficients of I'g and I'jj are given by

(
—272 21| if k=0,
Lo r(z1) = S
re2mlkllel 1k if k£ 0,
\

)
§ 0 if k=0,

re2mlkllel 1k if k£ 0.
\

As in the proof of Proposition 5.1, we have that if £ # 0, then

1

T5 4 (6)

Proposition 5.2. The distributions F8 and I'Yy are tempered distributions, thus so is I'y.

Proof. 1t is clear that F8 is a tempered distribution. From (5.5) we actually obtain that
0 € H(T) for all s < —(d — 3)/2, and the conclusion follows. O
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Proposition 5.3. Let I'y(z,y) := I'r(x —y). Then, D*T'y(z,-) = op(z), T'r(-,-) is smooth

inT x T away from the diagonal.

Proof. As mentioned in the proof of Proposition 5.1, the fact that D?I'; = d7(0) and
Weyl’s regularity lemma imply that I'; is smooth away from (0,0) € 7. This gives that

D2T(x,-) = 6p(x) and the smoothness of T'7(-,-) away from the diagonal. O

Despite the reasons not being apparent at this moment, we consider the following defini-
tion. We will see later how this operator appears naturally when we try to reformulate the
differential equation the solution Hy pyu = 0 as an integral equation. For the moment, in

Proposition 5.5 below, we show how this operator relates to the distribution I';.

Definition 5.4. Let || > 79, 72 ¢ Spec(—Ag,), so that Ay has a right inverse Gy from

Theorem 4.1. For functions in L2(T), we define the operator K := e 2TT¥1G 2771,

Proposition 5.5. The operator K; maps L2(T) into H ZQOC(T)’ is translation invariant, com-
mutes with differentiation, and satisfies D*Kr = I on L2(T) and K;D?> = I on H(T).
Moreover, its distributional kernel is T'r(-,-), i.e. Krf(x) = T'r x f(z) = (Cr(x,-), f) for
feCe(T).

Proof. The first claim follows because G maps Lg(T) into H? 5(T). The translation in-
variance of K follows from the conjugation structure and the translation invariance of

Gr. Indeed, if we denote the translation operators by t,f(x) := f(z + y) and note that

ty(e)‘xf) = e/\(”H'y)tyf, then

tyKT _ efQWT(mlerl)tyGTeQm—xl

_ e*?’/TT(II?1+y1) GTty€27rTx1

_ 67271'7'(1714*3_]1)GT€27TT(IE1+y1)ty _ 6727TT$1GT€27TTI1ty _ Krtyy

as we wanted to prove. The commutativity with differentiation follows from the translation
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invariance. In addition, if f € L2(T), then ¢>7%1f ¢ Lg(T), and so
DQKTf _ 6—27r7'x1 (627”'301 D2€—27TT.%‘1)GT(627TT.1‘1 f) _ 6—27r7'x1 (ATGT)(GQWTJQ f) _ f

If f € H2(T), then D?>f € L2(T), and the commutativity with differ