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ABSTRACT

In recent years, extensive research has focused on the ¢; penalized least squares (Lasso)
estimators of high-dimensional regression when the number of covariates p is considerably
larger than the sample size n. However, there is limited attention paid to the properties of
the estimators when the errors and/or the covariates are serially dependent and/or heavy
tailed.

This thesis concerns the theoretical properties of the Lasso estimators for linear regression
with random design and weak sparsity under serially dependent and/or non-sub-Gaussian
errors and covariates. In contrast to the traditional case in which the errors are independent
and identically distributed (i.i.d.) and have finite exponential moments, we show that p can
be at most a power of n if the errors have only finite polynomial moments. In addition, the
rate of convergence becomes slower due to the serial dependence in errors and the covari-
ates. We also consider sign consistency for model selection via Lasso when there are serial
correlations in the errors or the covariates or both. Adopting the framework of functional
dependence measure, we provide a detailed description on how the rates of convergence and
the selection consistency of the estimators depend on the dependence measures and moment
conditions of the errors and the covariates. We apply the results obtained for the Lasso
method to now-casting with mixed-frequency data for which serially correlated errors and a
large number of covariates are common. The empirical results show the superiority of Lasso
procedure in both forecasting and now-casting.

This thesis also proposes a new robust M-estimator for generalized linear models. We
investigate properties of the proposed robust procedure and the classical Lasso procedure
both theoretically and numerically. As an extension, we also introduce robust estimator for
linear regression. We show that the proposed robust estimator for linear model will achieve
the optimal rate which is the same as the one for i.i.d sub-Gaussian data. Simulation results
show that the proposed method performs well numerically in terms of heavy-tailed and seri-

ally dependent covariates and/or errors, and it significantly outperforms the classical Lasso

x1



method. For applications, we demonstrate the regularized robust procedure via analyzing
high-frequency trading data in finance. We also provide new Bousquet type inequalities for
high-dimensional time series, which could be quite useful in empirical process of dependent

data.
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CHAPTER 1
INTRODUCTION

During the past decade, there has been a well-developed theory for regularized estimation for
high dimensional regression. However, most literature deals with the case that the samples
are i.i.d. High dimensional time series analysis has gained its credibility recently in finance,
signal processing, neuroscience, meteorology, seismology and many other areas. In many
applications, we also face the challenge of heavy tails.

Generalized linear models (GLM, McCullagh and Nelder [1989]) are a flexible general-
ization of the ordinary linear regression by allowing researchers to model the relationship
between the predictors and a function of the mean of the response variable, which can
follow a continuous or discrete distribution. In a variety of applications, the observed re-
sponse consists of count data for which GLM is especially useful. This chapter deals with
the Lasso penalty for GLM applied to high dimensional time series data. Under the in-
dependent and identically distributed (i.i.d.) setting, there exists a substantial literature
on the Lasso methods for high-dimensional GLM. For instance, van de Geer [2008] showed
non-asymptotic oracle inequalities for the empirical risk minimizer with Lasso penalty for
high-dimensional GLMs with a Lipschitz loss function. Kong and Nan [2014] extended the
approach of van de Geer [2008] to the Cox proportional hazards regression. Gaiffas et al.
[2012] considered a quadratic loss function in place of a negative log-likelihood function in
an additive hazards model with Lasso penalty. Huang et al. [2013] studied Lasso estimator
in the Cox proportional hazards regression when the covariates are time dependent, and
established oracle inequalities for prediction and estimation errors. A number of papers
analyzed penalized methods beyond Lasso. Meier et al. [2008] applied group Lasso to high-
dimensional logistic regression, proposed an efficient algorithm, and showed consistency of
the estimator. Negahban et al. [2012] studied penalized M-estimators with a general class
of regularization methods, including an ¢9 error bound for the Lasso in GLM. Huang and

Zhang [2012] studied weighted absolute penalty and its adaptive, multistage application in
1



GLM. Fan and Lv [2013] investigated asymptotic equivalence of Lasso and other concave
regularized methods in a thresholded parameter space. Ivanoff et al. [2016] studied adaptive
Lasso and group-Lasso for the functional Poisson regression.

Despite the extensive research in GLMs for i.i.d data, very limited work focused on
theoretical properties of the regularized estimates when the observations are dependent.
Basu and Michailidis [2015] investigated theoretical properties of Lasso estimators with a
random design for high-dimensional Gaussian processes. Wu and Wu [2016] analyzed Lasso
estimator with a fixed design matrix and Dantzig selector under random design. Hall et al.
[2016] studied Lasso estimators of high-dimensional autoregressive generalized linear models.
Zhou and Raskutti [2018] further extended the study to non-parametric sparse additive
model. Han and Tsay [2017] extended the Lasso estimator to random design and weakly
sparse time series with application in now-casting.

The phenomenon of heavy-tails is widely observed in time series data. It is one of the
stylized facts in financial econometrics that financial returns and macroeconomic variables
have high excess kurtosis. Large scale imaging data in biology, such as neural spike recordings
(see, for example, Brown et al. [2004] and Pillow et al. [2008]), are often corrupted by non-
Gaussian noises. The usual regression estimator may fare poorly or even be inconsistent
when the observations are heavy tailed and/or contaminated by outliers in the predictors
and/or the response variable. Therefore, it is important to study effective principles for
dealing with heavy-tailed or noisy time series data.

The origin of robust statistics dates back to the fundamental works of John Tukey (Tukey
(1960, 1962]), Peter Huber (Huber [1964, 1967]) and Frank Hampel (Hampel [1971, 1974]).
In general, robustness can be defined in two ways; model misspecification and outliers.
For example, Tukey’s work (Tukey [1960]) is about robustness to a misspecification of the
Gaussian model, while Hodges” work (Hodges Jr [1967]) is robustness to contamination of
the dataset by extreme outliers or robustness to heavy-tailed distributions in the model that

lead to the appearance of some aberrant data.



We aim to establish convergence rate and sign consistency for high-dimensional linear
regression in Chapter 2. We first define the high-dimensional dependence measure, adopting
the concept of Wu [2005]. Under weak sparsity condition and heavy tailed covariates and
errors, we investigate rates of convergence of Lasso estimators for high dimensional time
series. We show that p can be at most a power of n if the errors have only finite polynomial
moments. In addition, the rate of convergence becomes slower due to the serial dependence
in errors and the covariates. We also study model selection consistency of Lasso estimators.
As an application, we apply the results obtained for the Lasso method to now-casting with
mixed-frequency data for which serially correlated errors and a large number of covariates
are common. The empirical results show the superiority of Lasso method in both forecasting
and now-casting.

The primary goal of Chapter 3 is to construct robust M-estimators of generalized linear
models for serially dependent data and lay a theoretical foundation for estimation consis-
tency. We first introduce the standard Lasso procedure and the robust procedure for gener-
alized linear model. To provide a solid theoretical guarantee, we derive convergence rates of
both robust and non-robust estimators which depend on the sample size, the dimension, the
moment condition and the dependence of the underlying processes. In particular, we study
the usual linear regression with robust estimator and time series data. We show that the
proposed robust estimator for linear model will achieve the optimal rate which is the same
as the one for i.i.d sub-Gaussian data. We also provide new Bousquet type inequalities for
high-dimensional time series, which could be quite useful in empirical process of dependent
data.

We now introduce some notations. For the matrix A = (a;;) € RP*? | denote |Alo =
max; j |a;j|, the spectral norm p(A) = sup|, < |Az|2 and the Frobenius norm [A[p =
(3245 a?j)l/z. For a vector z = (x1,...,zp), define |z]q = (2 + ... +x§,)1/q and |r]so =
max{|z1|,..., |xp|}. We write a random variable § € L™, m > 1, if ||{||;m = (Ej¢|™)1/™ < oo

For simplicity, write [|€] = [|¢]l2 = (E|¢[2)Y/2. For a set S, write S|y or | 9] as its cardi-



nality. For two sequences of real numbers {a,} and {b,}, write a,, = O(by) if there exists
a constant C' such that |a,| < Clby| holds for all sufficiently large n, write a, = o(by) if
limy,—yo0 @y, /by, = 0, and write a, < by if there are positive constants ¢ and C' such that
¢ < ap/by < C for all sufficiently large n. Denote a A b = min{a, b} and a V b = max{a,b}.
We use C,C7,C9,--- to denote positive constants whose values may differ from place to
place. A constant with a symbolic subscript is used to emphasize the dependence of the

value on the subscript. We assume p = p,, — 00 as n — oo.



CHAPTER 2
HIGH-DIMENSIONAL LINEAR REGRESSION WITH
APPLICATIONS TO NOWCASTING

2.1 Introduction

During the past two decades, there have been significant developments in high-dimensional
linear regression analysis. Consider the linear regression for the response variable Y; and the

covariate vector X,
Yi=XIB+e, 1<i<n, (2.1.1)

where 8 € RP consists of unknown coefficients, e; is the error term, and XiT denotes the
transpose of the covariate vector X;. Denote the dimension of X; by p. In matrix form, we
can write the model as Y = X3 + e, where Y is the n x 1 response vector, X is the n x p
design matrix, and e is the n x 1 error vector. Under certain sparsity conditions on 3, a great
deal of attention has been focused on the ¢; penalized least squares (Lasso) estimator of
when the number of variables p can be much larger than the sample size n; see Efron et al.
[2004], Zhao and Yu [2006], and Meinshausen and Yu [2009], among others. Other related
approaches include the Dantzig-selector of Candes and Tao [2007], the adaptive Lasso of
Zou [2006], the Group Lasso by Yuan and Lin [2006] and the SCAD estimator of Fan and
Li [2001], among others. Theoretical properties of those estimators have been established in
the literature under the independence assumption; see, for example, Bickel et al. [2009] and

Biihlmann and Van De Geer [2011]. Here we focus on the Lasso estimator defined as
) /1 )
5 = argmin  51¥ = XB3+ Mgl ) (2.1.2)

where A > 0 is a tuning parameter, controlling the level of sparsity in B .



Much of the available research dedicated to the Lasso problem deals with the case of large
p and small n when the design matrix is static and the errors are independent and identi-
cally distributed (i.i.d.) random variables. On the other hand, in many real applications, X;
consists of stochastic random variables that might be dynamically dependent or ¢; is serially
dependent or both. Despite a considerable amount of recent work on Lasso estimators, there
has been limited research on theoretical properties of the estimates when the observations
are dependent. Wang et al. [2007] proposed a Lasso estimator for the regression model with
autoregressive errors. Gupta [2012] investigated Lasso estimator for weakly dependent er-
rors. Both papers concentrate on the case when n is greater than p. More recently, Basu
and Michailidis [2015] investigated theoretical properties of Lasso estimators with a random
design for high-dimensional Gaussian processes. Kock and Callot [2015] established oracle
inequalities of the Lasso for Gaussian errors in stationary vector autoregressive models. Wu
and Wu [2016] analyzed Lasso estimator with a fixed design matrix and assumed that a re-
stricted eigenvalue condition is satisfied. Medeiros and Mendes [2016] studied the asymptotic
properties of the adaptive Lasso when the errors are non-Gaussian and may be conditionally
heteroskedastic. The goal of this chapter is to investigate the limiting properties of Lasso es-
timators of Model (2.1.1) in the presence of serial dependence in both the covariate vector X;
and the errors. We establish rate of convergence of the lasso estimator under weak sparsity
condition, and provide sign consistency of lasso regression. Our results extend beyond the
fixed design and exact sparsity time series, and we do not assume the restricted eigenvalue
condition on either the sample or the population covariance matrix.

In practice, many important macroeconomic variables are not sampled at the same fre-
quency. For example, gross domestic product (GDP) data are available quarterly, industrial
production data are monthly, and most interest rate data are available daily. Analyzing
such data jointly is referred to as the mixed-frequency data analysis. In the econometrics
literature, Ghysels et al. [2004] proposed a mixed-data sampling (MIDAS) approach to an-

alyze mixed-frequency data. In particular, they use newly available high-frequency data to



improve the prediction of a lower-frequency macroeconomic variable of interest and refer to
such predictions as now-casting. Consider, for example, the problem of predicting quarterly
GDP growth rate y,, 41 at the forecast origin ¢ = n. Here the time interval is a quarter.
Traditional forecasting methods employ quarterly data available at ¢ = n to build a model,
then use the fitted model to perform prediction. In practice, some monthly and daily data
become available during the quarter © = n 4+ 1. Now-casting is to make use of such newly
available monthly and daily data to update the prediction of y,41. Therefore, the term
now-casting means taking advantages of high-frequency data within a given quarter to up-
date the prediction of GDP growth rate of that quarter. In short, the basic principle of
now-casting is the exploitation of the information which is published at higher frequencies
than the target variable of interest in order to obtain an improved prediction before the
official lower-frequency data becomes available. Since many high-frequency data are avail-
able, a large number of covariates are common in now-casting. Therefore, Model (2.1.1)
with dependent covariates and errors is applicable to now-casting, and the Lasso method
is highly relevant. The mixed-data sampling approach of Ghysels et al. [2004] has proven
useful for various forecasting and now-casting purposes. We compare the performance of
Lasso regression with MIDAS regression and autoregressive model with exogenous variables
(ARX) in this chapter. To the best of our knowledge, this is the first results to apply lasso
regression to nowcasting. Both simulation studies and empirical studies show that Lasso

estimator outperforms the existing MIDAS regression and ARX model.

2.2 High Dimensional Time Series

Let ¢;,i € Z, be i.i.d. random vectors and o-field F; = (---,¢;_1,&;). In our random-
design setting, we assume that in Model (2.1.1) the covariate process (X;,7 = 1,...,n) is

high-dimensional and weakly stationary in the form
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the error e; satisfies

ei = ge(Fi), (2.2.2)

and the response Y; assumes the form

Yi = gy(Fi), (2.2.3)

where g1(-),...,gp(-) and ge(-), gy(-) are measurable functions in R such that X;, e; and Y;
are well-defined. In the scalar case with p = 1, (2.2.1) and (2.2.2) include a very general class
of stationary process (c.f. Wiener [1958], Rosenblatt [1971], Priestley [1988], Tong [1990],
Tsay [2005], Wu [2005]). They also allow models with homogeneous or heteroscedastic errors;
see Example 2.3.1. In the homogeneous case, the covariate process (X;) and the errors (e;)
can be independent of each other.

Following Wu [2005], we define the functional dependence measure

digg = IXij—Xjllq = l9;(Fi) — g;(F)lg- (2.2.4)
ige = llei—efllg=19e(Fi) — ge(F)lgs (2.2.5)
igy = IYi=Yllqg=llgy(Fi) — gy(F)llg, (2.2.6)

where the coupled process X5 = g;(F7), € = ge(F}) and V' = gy(F) with F7 =

7

(iye_1, 56,51, e Ei_1,€;) and 56, e1,l € Z, being i.i.d. random variables. We assume short-



range dependence so that

oo
Amaj =D Siq <0, (2.2.7)
i=m
o0
Amge =Y 0ige < 00, (2.2.8)
i=m
o0
Aquay = Z 6’6,q,y < 0. (229)
1=m

Then for fixed m, Ay, 4 i, Am,g,e and Ay gy measure the cumulative effect of g on (X;;)i>m,

(€i)i>m and (Yj)j>p,. We introduce the following dependence adjusted norm (DAN)

12 jllga = sup(m+1)*Ap, 4, a>0. (2.2.10)
m=>0
He-”q,a = Su%(m+1)aAm,q,e> a > 0. (2.2.11)
m2
1Ylga = Su>po(m+1)O‘Am,q,y, a > 0. (2.2.12)
m_
It can happen that, due to dependence, |le.[|qa = oo while [[e;|lq < oo. Since ey =

S o (E(eo|Fy) — E(eglFi_1)), we have

o0 o0 0

leollg < D IE(eolF_y) = E(eo| Foi—1)lg = X 1E(e — ef1Fo)llg < D ller —€fllg = lle. g0,
=0 =0 =0

(2.2.13)

by stationarity. If e;, i € Z, are i.i.d., the dependence adjusted norm [le ||4,o and the £7
norm ||egl|q are equivalent in the sense that ||epllq < |le.|lg,a < 2]leollq-

To account for the cross-sectional dependence of the p-dimensional stationary process

(X;), we define the £%° functional dependence measure and its corresponding dependence



adjusted norm (c.f. Chen et al. [2013], Zhang and Wu [2017])

*
wig = | gﬁgplXij — Xiilllg:
o0
X Joollg.a = sup (m +1)*Qmg, @20, and Qg = wig
m>0 T
1=m
Additionally, we define

1/q

p
p— . = ) q
Voo = 12?%(19 [Xjllga and  Tga = ;_1: 1 5llg.0 ’

where Uy o and T, o can be viewed as the uniform and the overall dependence adjusted
norms of (X;). Clearly, ¥y o < ||| X |oollga < Tq.a-
We give an example of high-dimensional time series to illustrate how the univariate and

multivariate dependence adjusted norms scale.

Example 2.2.1. Let €;5,1,5 € Z, be i.i.d. random variables with mean 0, variance 1, and
having finite qth moments, q > 2, and let A;, i > 0, be p X d coefficient matrices with real
entries such that Y 52 tr(AiAZ.T) < co. Write g; = (gi1,....€iq)" . Then by Kolmogorov’s

three-series theorem the linear process
o0
Xi=> Ay (2.2.14)
=0

exists. Denote Aj = (aj.jx)1<j<pi<k<d> Aij. the jth row of A;. By Burkholder’s inequality,
1A .0l < Va—TlA;;l2lleoollq- We assume that the linear process satisfies the decay

condition
max |A; ;o < Ky (1V 0~? (2.2.15)
J<p ’

for alll >0, where 0 > 1/2 and Ky > 0. If 0 > 1, (2.2.15) implies short-range dependence

10



(SRD) since the auto-covariance matrices X = » 12 AlAlszf are absolutely summable.
On the other hand, if 1 > 6 > 1/2, then (X;) in (2.2.14) may not have summable auto-
covariance matrices, thus allowing long-range dependence (LRD). The classical literature
on LRD primarily focuses on the univariate case p = 1. Then under the SRD case, the

dependence adjusted norms have the following bounds

oo
Vg = max [[Xjllga =maxsup (m+1)* > [|4;20llg < K1Kaleoollg:  (2.2.16)
o0
11X Joollga = Su>PO(m +1)* )| m]f.iXIAmﬁo\Hq < K1 Kop'egolq- (2.2.17)
m= =m

where o = 0 — 1 and the constant Ko only depends on 6 and q.

In this chapter, we use dependence adjusted norms |||X |ol|g,ar ¥g,ar and Tq o to study
the limiting properties of Lasso estimators in the presence of serial dependence. These
adjusted norms are more convenient than the commonly used mixing conditions for handling

serial dependence in high-dimensional time series.

2.3 Convergence Rate of the Lasso estimator

In this section, we present the main results on convergence rate of the Lasso estimator for
dependent data. In the low-dimensional case, the consistency of B relies on the assumption
that the sample covariance matrix converges to the population covariance matrix. In the
high-dimensional case (n < p), it requires that | X (8 — ()|2 is small only when |3 — (] is
small. Let 3 = (Gir)i<jr<p = n~t3 XiXiT be the sample covariance. Typically, re-
searchers assume with high probability, the following Restricted Strong Convexity condition

holds,

WS> wy|ul3 — wog(n, p)lul?, (2.3.1)
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for all u € RP, where k1, kg are positive constants and g(n,p) is a function of the sample
size n and ambient dimension p. It can be viewed as an analogous sufficient condition in
the high-dimensional case. As shown in the proof of Theorem 2.3.1, the Restricted Strong
Convexity condition for the sample covariance matrix holds with high probability under
certain conditions.

To establish our theoretical results, we first impose a weak sparsity condition:

Assumption 2.3.1. There exits some 0 < 0 < 1, with a uniform radius Kg such that
p
> 18517 < K. (2.3.2)
j=1

The following theorem shows the Lo and L convergence rates of B to B depend on the

moment condition and the temporal and cross-sectional dependence conditions.

Theorem 2.3.1. Denote the population covariance matriz by ¥ = (01,) = [Cov(X;;, Xi1.)]-
Suppose the minimum eigenvalue of ¥ satisfies Apin(X) > & > 0. Assume that Wy o\ =
max; ||X illy,ax = Mx < oo and |le.|g,a. = Me < 00, where ¢ > 2,7 >4 and ax,ae > 0.
Define

1 if ax 21/2=2/y,

v/4—axy/2 ifax <1/2—2/7.

Assume T = qvy/(q+7) > 2 and let « = min(ax, ae). Define

1 ifa>1/2-1/r,
p:
T/2—ar ifa<l/2-1/T.

Denote w = 4 /logp/nM)Q( +n2/7=(log p)3/2|| \X.\OOH%’O[X. Suppose Assumption 2.5.1 holds.

Then for any A such that

A > Vog p/nMe My + /71 (1og p)/2 Me ||| X |oll.0x»

12



and ng/\_e < C' for some positive constant C, any Lasso solution B satisfies,

K

A \\ 1072
Bodl 5 VE(2) (233)
) W\ 1
6-8h1 S Ky (;) : (2.3.4)
with probability at least 1 — Cl(logp)*'y/2 — Cyp~ @3 — Cy(logp)™", where C1,...,Cy are

positive constants.

In the special case 0 = 0, the quantity of weak sparsity corresponds to an exact sparsity
constraint—that is, $ has at most s := Ky nonzero entries. The following theorem shows the

convergence rate of B and the prediction error | X (B - 5) % for the exact sparsity case.

Theorem 2.3.2. Suppose the same conditions of Theorem 2.5.1 hold. If |5|g = s and k < 1,

nz M§(52 log p + st/ (1=2v/7) (108329)3/(2_4”/7”\!X.!oo!\?y{&_gy/”

Y

then for any A such that

A2 /logp/nMeMyx + np/Til(logp)g/QMeH‘X-‘OOH%Oéxa

any Lasso solution B satisfies,

B—Bl2 S MWs/k, (2.3.5)
B-BlL S As/k, (2.3.6)
IX(B=B)3/n S Ns/k, (2.3.7)

with probability at least 1 — Cl(logp)_7/2 — CypC3 — Cy(logp)™T.

Remark 2.3.1. In the exact sparsity case, instead of the condition Apin(X) > £ > 0, we

may require that the restricted eigenvalue assumption RE(s,3) of Bickel et al. [2009] holds
13



for the population covariance matrix 3, namely

K= min u'Su/|ul3 > 0, (2.3.8)
JC{l, ,p} |J|0<S uz£0, |UJC|1<3|UJ|1

where J€ is the complement of the set J, i.e., J¢ = {1,2,...,p}\J, uy is defined as a mod-
ification of u by setting its elements outside J to zero. All the bounds (2.3.5), (2.53.6) and
(2.3.7) still hold with high probability.

Remark 2.3.2. The best known convergence rate of Lasso estimators for i.i.d sub-Gaussian
data requires that Kg(log p/n)lfa/2 < C' for some positive constant C'. Qur theorems require

that Kgu))\_e < C, where

= Viogp/nM% +n®/ 7 log p)* 21X |02

and

A2 /logp/nMeMyx + np/T_l(logp)3/2MeH‘X.‘OOH%GX'

The second terms in w and X are introduced by the heavy tails, and thus are unavoidable. In
other words, under heavy tailed distributions, sometimes, the allowed dimension p for Lasso
methods can be at most a power of the sample size n.

In the exact sparsity case, we require
_ 2/(1-2
n 2 M s2logp + s/ (172 (log p) =4/ | | x o5/,

One may argue the first term M§(52 logp can be further improved to M;L(slogp for short
range temporal dependence data, in agreement with i.i.d. sub-Gaussian data. However, we
cannot achieve it because even the optimal Bernstein type inequality for nonlinear weakly
dependent data s still an open problem. The best known result is proposed by Merlevede

et al. [2009].
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Remark 2.3.3. Based on Theorem 2.3.2, we have the following cases: Assume Mx =<1 and
M, =< 1. Under the weak cross-sectional dependence ||| X |o|y,ax = P/, which holds if the
p components x;; (1 < j < p) are nearly independent, then the required sample size for exact
sparsity is n > s%logp + sl/(1_2y/7)(logp)3/(2_4y/7)p2/(7_2y) and reqularization parameter
satisfies X 2, \/w + np/T_l(logp)?’/Qpl/V. In comparison, Bonferroni Inequality and
Lemma 1 in the Appendiz would result in n > s2logp + 51/(1*21’/7)]94/(7*2”) and A 2
JIogp/n +nP/T=1pl/T.

In addition, under the strong cross-sectional dependence ||| X |oo||y,ax < 1, which holds
if the p components x;; (1 < j < p) are linear combinations of fived random variables, the
required sample size for exact sparsity is n > s logp + st/(1=2v/7) (log p)3/(2_4y/7) and the

reqularization parameter satisfies A 2 /logp/n + np/Tfl(log p)3/2.
Next, we give an example for which the results of Theorem 2.3.1 apply.

Example 2.3.1. Consider the autoregressive model with exogenous variables, that is, the

ARX(a,b) model:
a b
Yi= Z AYioi+ Z Yjzi e =X +ej, (2.3.9)
=1 [=0

where a and b are nonnegative integers, e; follows a GARCH(1,1) model defined below, and

z; 1S a linear process defined by
o0
zi =Y Ay, (2.3.10)
=0

where the random variables €;; and coefficient matrices A; are given in Example 1 with
Elejj|7 < oo and v > 2. Assume the roots of the polynomial 1 — Yoy (blBl are outside the
unit circle, which ensures stationarity of the autoregressive part of the model. Also assume

the population covariance matrix ¥ = EXZ-XZ( 15 positive definite.
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Let

ei =/ hini, hi = mo + mye;_y + mahi_q, (2.3.11)

with mg > 0, mp > 0, 9 > 0 and E(m + 7r277i2_1)Q/2 < 00, q > 4. Then it is easy to show
le.llg,ae < 0.

Again, by Burkholder’s inequality, ||A; jeolly < v/~ — 1Ay l2lleoolly- If there exist con-
stants K1 > 1 and az > 0 such that max;<p |4 jlo < Ki(l + 1)~1=22 holds for all 1 > 0,
then we have max; ||z jlly,a, < K1Kallegolly, where the constant Ko only depends on ay
and . Together with the assumption that the roots of the polynomial 1 — Y 4 qblBl are

outside the unit circle, we ensure max; || X j||y,a, < oc.

2.4 Model Selection Consistency

In this section, we extend the asymptotic properties of sign consistency for model selection
via the Lasso to the dependent setting. The sign consistency of Lasso was first introduced
by Zhao and Yu [2006]. Without loss of generality, write 8 = (f1,..., Bs, ..., Bp)’, where
Bj #0if j < sand f; = 0if j > s. That is, the first s predictors are relevant variables.
Denote g = (621),B£2))/, where 5(1) is a s x 1 vector. Correspondingly, for any i, denote
X; = (X Z’

, X)) and X = (X1,..,Xp) = (X (1), X(2)), where X(q) is the n x s sub-

(1) 77i(2)
matrix consisting of the relevant variables, and X (2) 1s the n X (p — s) sub-matrix with the
irrelevant ones. Similarly, consider the partition of the covariance matrix as

Y11 212
Y

o1 X992

where 11 = IEXZ-(l)X z{(l) is a s X s sub-matrix associated with the relevant variables.

We impose the following assumptions.
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Assumption 2.4.1. For any 1 < i < n, ]E(Xik|X(1),e) = 2214;,121_11)(2'(1); where Yoy, 1 is
the k-th row of Yo1.

Define z;. = X — E(Xik|X(1)7 e) for s+ 1<k<p, and z; = (Zi,erlv ey Zi7p>/-
Assumption 2.4.2. There erists L > 0 such that minj<j<,|3;| > L.

Assumption 2.4.3. There exists a constant N1 > 0 such that

inf ('$11¢ = Ny.
[C]2=1

Assumption 2.4.4. There exists a positive constant n € (0,1) such that

|21 571 sign(B(1))loo < 1—1. (2.4.1)

Assumption 2.4.1 explicitly defines how the irrelevant variables depend on the relevant
variables and the errors. Note that COV(EQk’lzl_llXi(l),Xik - 22k,121_11Xi(1)) = 0 always
holds, for all s+ 1 < k < p. That is, EQk,lzile‘(l) and X;p. — Z2k,121_11Xi(1) are mutually
uncorrelated. We further assume they are independent. Intuitively, z; can be viewed as
the unique part of irrelevant variables that cannot be explained by the relevant variables.
Thus, for irrelevant variables, z; is more representative than Xz'(?)' Assumption 2.4.2 con-
trols the lower bound of the non-zero parameters; see, for example, Biihlmann and Van
De Geer [2011]. Assumption 2.4.3 imposes a lower bound, Np, on the minimal eigenvalue
of the covariance matrix of relevant variables. In practice, quantifying the rate under which
Nj decreases is difficult and problem specific, and it is frequently assumed constant, e.g.,
Medeiros and Mendes [2016] and Kock and Callot [2015]. Assumption 2.4.4 employs the
strong irrepresentable condition of population covariance, which is similar to the condition
in Zhao and Yu [2006].

To account for the cross-sectional dependence of the stationary process (X;(1)) and (z;),

we also define the £°° functional dependence measure and its corresponding dependence
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adjusted norm

wig,1 = || max 1 Xij — Xiilllg:

(0.9]
11X (1)looll g0 = SL;PO(m + 1) g1, a=0, and Qg1 = Z Wig,1-
m>

i=m
Additionally, we define

1/q

S
Vg = max [|Xjllga and  Tga1 = > IX 1l a
<j< et

For (z;), the quantities [[|z.|oclg,0r Yg,a,2 and Ty 42 can be similarly defined. Clearly,

\I’q,a,l < |||X.(1)|OO||q,a < Tq,oz,l and ‘I’q,a,2 < |||Z.|OO||q,a < Tq,oz,2-
Let 0 = ]Ee?. Define
\2s 20

6*<)\7N170) = 27LN1 +W7

_ _ _ 1/2
M(S,m,0,7) = 0 '\oxlogp+n tnlt D/rsl/ (10 0)*" 2|2 |0l y.0x

Qlp.7) = /nlogs+n/7(logs)32|X (1) lsoll.ax

2
s“log s

1
Va(Np) = Es(logsﬁ/?r\rx.mroorr%,ax.

These quantities are used in the following theorem.

Theorem 2.4.1 below extends the results of Zhao and Yu [2006] to random design linear
model with dependent errors. In comparison, Medeiros and Mendes [2016] derived asymp-
totic properties of sign consistency for the adaptive Lasso, while our results apply to the
original Lasso and do not need any assumptions on weights. Note that even for heavy-tail
variables, our results show that if the dependence among z; is strong, the allowed dimension

p can be as large as some exponential of the sample size n; see Remark 2 for more details.
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Theorem 2.4.1. Suppose Assumptions 2.4.1, 2.4.2, 2.4.83 and 2.4.4 hold. Assume that
maxi<j<p | X jlly,ax < Cy < 00, and |lelga. < Cq < 00, where q,v > 4, ax,ae > 0,

constants C~, Cyq only depend on vy, q. Define

1 if ax >1/2 =2/,
V/A—axy/2 ifax <1/2-2/7,
and
1 if ax >1/2 =1/,
v/2—axy ifax <1/2—1/v.
Let « = min(ax, ae). Assume 7 = qv/(q+7) > 2 and define
1 ifa>1/2—1/T,

p:
T/2—ar ifa<l/2-1]/T.

Furthermore, suppose s = o(n). Then, for any X and the sample size n such that
n 2 Vi(Ny), (2.4.2)

nl =2/ > Yy (), (2.4.3)

M(6s,m,0,7) +Q(p, 7) SA <L

(2.4.4)

A

the consistency probability P(5 =5 B) is at least

q 2
1—-C1(log p)~7—C5(log s)_V/Q—C'g(log s)_T—C’4p_C5—C'63_C7—He!#—eXp - n02 :
nd—to4 He'HZae

(2.4.5)

Remark 2.4.1. In particular, assume N1 =< 1, n < 1. Also assume the weak tempo-
ral dependence case ax > 1/2 —1/v and o > 1/2 — 1/7. If the dependence measure

11X (1)loolly,ax = s1/7 and IZ.|oolly,ax = p!/7, which would hold if all the components Xij
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(1<j<s)andzy (s+1 <k <p) are nearly independent, then (2.4.2), (2.4.3) and (2.4.4)

reduce to

5 142/ 3 9
n > s2logs + s1-2/7 (log s) 247 + sp*/7 (log p)?

and

L
nlog s + nl/Tsl/T(log 5)3/2 SAS HT
s

Additionally, if s = O(n“t) for some ¢; < min{1/2,(y — 2)/(v + 2)}, then the valid regu-
larization parameter \ has the range nt/2 4 pl/Tralv « N <« nl=/2L. The dimension P
satisfies that p < nY1—c1)/2,

On the other hand, assume ||| X (1)loolly.ay = Y7 and |||z ]oclly.ay = 1, that is, all
the components z;, (s +1 < k < p) are strongly dependent. Let s = O(n“l) for some
c1 < min{1/2,(y — 2)/(y + 2)}, then the existence of regularization parameter \ requires
nl/2 4 pl/mre/v « X < n1=/2L. The dimension p satisfies p K exp{n(l_cl)/?’}.

Furthermore, if ||| X (1)|oolly,ax <1 and [[|z.|c|ly,ax =1, s = O(n) for some c; < 1/2,
then the existence of reqularization parameter \ requires nt/? « A < nl_cl/QL, and the
dimension p satisfies p < exp{n(l—cl)/?’}.

In summary, the allowed dimension p varies from p(1=c1)/2 ¢, exp{n(l_cl)/3} depending

on the cross-sectional dependence of zjp.,s +1 < k < p.

Note that if the assumptions in Example 2.3.1 hold, together with the Strong Irrepre-
sentable Condition, the results of Theorem 2.4.1 continue to apply. In general, the Strong
Irrepresentable Condition is non-trivial, particularly since we do not know sign(3) a priori.
Then, we need the Strong Irrepresentable Condition to hold for every possible combination
of different signs and placement of zeros. We give a simple example below in which the
Strong Irrepresentable Condition is guaranteed. All diagonal elements of ¥ are assumed to

be 1 which is equivalent to normalizing all covariates in the model to the same scale since
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Strong Irrepresentable Condition is invariant under any common scaling of 3.

Example 2.4.1. Consider the following autoregressive model with exogenous variables:

a
Y; =) @Y +vzit+e =X +e (2.4.6)
=1

where a is nonnegative finite integer, z; is independent of e;, and the errors e; are homo-
geneous. Assume the roots of the polynomial 1 — Y7 qﬁlBl are outside the unity circle,
which ensures stationarity of the autoregressive part of the model. Also assume Y = EXZ-XZ(

is positive definite.
Furthermore, suppose 3 has s nonzero entries. Similar to Corollary 2 in Zhao and Yu
[2006], ¥ has 1’s on the diagonal and bounded correlation |0 ;| < ¢/(2s — 1) for a constant
0 < ¢ < 1 then Strong Irrepresentable Condition holds. In this case, we need autocorrelation

of Y; to be weak, and all the covariates z; are slightly correlated.

Remark 2.4.2. Lasso may fail in the presence of strong serial dependence. Consider two

scalar Gaussian autoregressive, AR(3), models:
y; = 1.9y;_1 — 0.8y;_9 — 0.1y, _3 + ¢;, (2.4.7)
and
Yi = yi—1 — 0.8y;—2 — 0.1y; 3 +¢;, (2.4.8)

where e; follows the standard normal distribution. Then AR(3) model (2.4.7) is unit-root
nonstationary, but model (2.4.8) is stationary. We generate 2000 observations from each
of the two models. We choose y;_10,Yi—9, s Yi—1, and T1;,...,T10, as regressors, where xy;
are i.1.d. standard normal. Figure 2.1 shows the model selection results for scaling vs. not
scaling the predictors.

The default Lasso procedure standardizes each variable in y;. For unit-root non-stationary
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Figure 2.1: Results of Lasso regression for the two AR(3) series in (2.4.7) and (2.4.8) via the
glmnet package of R.
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time series, standardization might wash out the dependence of the stationary part; see Parts
(a) and (b) of Figure 2.1. In this section, we only consider stationary time series for which
scaling the predictors does not affect the estimation consistency of the Lasso estimates; see
Parts (¢) and (d) of Figure 2.1.

The following proposition shows a necessary and sufficient condition for a stationary
AR(2) model under which the Strong Irrepresentable Condition (Assumption 2.4.4) holds.

Similar results also hold for the general stationary AR(d) model.

Proposition 2.4.1. Consider the stationary AR(2) model,

Yi = P1Yi—1 + O2yi—2 + €,

where e; are i.1.d. random variates with mean zero and finite variance. We also normalize
y; such that the variance of y; is 1. Then, the Strong Irrepresentable Condition (Assumption

2.4.4) holds if and only if

[¢1] + 2] < 1. (2.4.9)

2.5 Simulation Study

In this section, we use simulation to demonstrate the performance of Lasso regression for
dependent data in finite samples and to compare its efficacy with the mixed-frequency data
sampling regression (MIDAS) commonly used in the econometric literature; see Ghysels
et al. [2004]. In addition, we also compare the model selection consistency and parameter

estimation of Lasso estimator and Dantzig estimator for dependent data in finite samples.
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We first consider the following data generating process,

T
Yi = oyi—1 + Xj_110s + e,
Xi1 i Xi—j1

Xi = = ZA] +n;, (2.5.1)
Xio|l j=1 Xi—jo

where ¢ = 0.6 and each element of s is given by B ; = \/Lg(—l)j, Xi11is a s x 1 vector of

relevant variables. Let 8 = (fs, Bsc), where B¢ = 0is a (p — s) x 1 vector. The errors e;
and m);; are i.i.d random variables of Student-¢ distribution with 5 degrees of freedom, and
e; and m; are all mutually uncorrelated. The explanatory variable process X;, which has
p — s irrelevant variables, follows a vector autoregressive, VAR(m), model. The following

two choices of X; are considered, denoted as Model 1 and Model 2, respectively.

(a). Model 1: The explanatory process X; is a VAR(4) process, where A and A4 assume
a block-diagonal structure and A9 = A3 = 0. In particular, the first two and the last
two blocks are 5 x 5 matrices with all entries of the blocks of A equal to 0.15 and all
entries of the blocks of A4 equal to —0.1. The other blocks are 10 x 10 matrices with all
elements of the blocks of Ay equal to 0.075 and all elements of the blocks of A4 equal
to —0.05. This structure could be motivated by a model built for mixed-frequency

data with some quarterly time series often encountered in macroeconomic analysis.

(b). Model 2: The explanatory process X; follows a VAR(1) model, where A; is block-
diagonal with the same block structure given by Model 1. The (7, k)th entry of the
block is (—1)‘j_k|p‘j_k|+1 with p = 0.4. Hence, the entries decrease exponentially fast

with their distances from the diagonal.

We employ sample sizes n = 50,100,200 with different choices of p and s. We set
p = 100, 200,400 and s = 5,10, 20. For comparison, we also simulate a response series from

a MIDAS model. In Model (2.5.1), for s = 5,10,20, let 8s = A(1), (B(1)T,52)"7T or
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(5(1)T, ﬁ(?)T, 5(3)T)T respectively, with

Bi(0) = exp(élj +62°)
J

2.5.2
|0 5 (2.5.2)
Z exp(201k + 202k4)

where 3(1) and 3(2) have 5 variables, 5(3) has 10 variables, and § = (d1,d2)" = (0.5, —1)".
All the other settings are the same as before. The two choices of X; as in Models 1 and
2 are used, and we denote the resulting MIDAS models as Models 3 and 4, respectively.
The models estimated by Lasso are with A selected by the BIC; see Biihlmann and Van
De Geer [2011]. The consistency of Lasso estimator selected by BIC was first proved by Zou
et al. [2007] under the case p < n. Then, Tibshirani and Taylor [2012] studied the effective
degrees of freedom of the Lasso when p > n. It is interesting to investigate the theoretical
justification of the consistency of the BIC criterion for Lasso under the time series setting.
We leave this to future work. We also employed models with A selected by cross validation
but found that cross-validation does not improve the results while being considerably much
slower in computation. For the models estimated by MIDAS, we only consider Exponential
Almon lag polynomial weighting scheme (see (2.5.2)) for the first 100 variables and impute
the true values as initial values.

Table 2.1 shows the average of absolute error (AE), the average of root mean squared
error (RMSE) for the Lasso estimators and MIDAS estimators over the 10,000 Monte Carlo

simulations for the data generating processes used. The AE and the RMSE are defined as,

1 A A
RMSE = | 7= > 1(@:6) — (9,

where MC denotes the number of Monte Carlo repetitions. From the table, it is clear that

both the AE and RMSE measures show that the Lasso regression provides substantially more
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accurate parameter estimation than the mixed-frequency data sampling regression (MIDAS)
in the presence of irrelevant variables. Also, as expected, the AE and the RMSE of the
estimators decrease with n, but increase with s and p.

To evaluate the performance of out-of-sample forecasts, we use the estimated parameters
to compute one-step-ahead forecasts and consider a total of 10 out-of-sample predictions,
denoted by yp+1,...,Yn+10- Table 2.2 shows the average absolute forecast error (AFE)
and the average root mean squared forecast error (RMSFE) over the 10,000 Monte Carlo

simulations, which are calculated as

1 MC 10

MC 10

1
_ E E ’ _ 2

The forecasting results in Table 2.2 show that the Lasso regression has smaller AE and
RMSFE than the MIDAS in all settings. Furthermore, the results show clearly that the
performance of the Lasso regression and the MIDAS improves with the sample size, but
deteriorates as the number of relevant variables s increases. Finally, both AE and RMSFE
of the Lasso regression decrease faster than those of MIDAS as the sample size n increases.
As a matter of fact, the AE and the RMSFE of the MIDAS remain high even when n = 200.
Since we only fit MIDAS through the first 100 variables, the performance of the MIDAS
does not change as p increases. Overall, in the presence of irrelevant variables, the Lasso
regression significantly outperforms the MIDAS regression.

Next, we compare the model selection and parameter estimation of Lasso estimator and
Dantzig estimator for dependent data. We use the same data generating process (2.5.1),
where ¢ = 0.6 and X 1 is a s x 1 vector of relevant variables. Here, we set each element
of Bs by Bs; = 3(=1)7. Model 1 and Model 2 defined before are chosen for X;. Table 2.3

shows the number of noise covariates that are selected (False Positive), the number of signal
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Table 2.1: Accuracy in Parameter Estimation of Lasso Regression and Mixed-Frequency
Data Sampling Regression. The results are based on 10,000 repetitions, where AE and
RMSE denote the average of mean absolute errors and average of root mean square errors
over Monte Carlo repetitions and parameters. In the table, s, p, and n denote the number
of non-zero parameters, the dimension of regressors, and sample size, respectively.

S n Absolute Error (AE) x10? Root Mean Square Error (RMSE) x 102
Lasso MIDAS Lasso MIDAS
p
100 200 400 100 200 400 100 200 400 100 200 400
Model 1
50 244 264 284 6.63 6.64 6.67 3.08 3.75 4.55 3.73 444 5.29
5 100 1.89 2.07 222 6.24 6.26 6.28 2.79 344 4.21 3.64 433 5.15
200 1.27 149 1.70 5.91 5.91 5.94 228 292 3.71 3.56 4.23 5.04
50 4.60 499 5.30 8.26 8.31 8.32 3.66 4.45 5.38 4.09 4.88 5.80
10 100 3.69 411 4.39 7.86 7.88 7.90 3.36 417 5.10 4.02 4.78 5.69
200 2.28 274 3.29 7.50 7.55 7.56 2.65 3.39 4.42 3.96 4.71 5.60
50 7.83 881 8.93 10.76  10.82 10.83 4.08 5.00 6.00 4.42 526 6.26
20 100 6.56 7.33 7.70 10.38 10.43 10.44 3.84 475 5.77 4.35 5.18 6.16
200 4.69 5.55 6.56 10.08 10.12 10.15 3.31 421 540 4.30 5.12  6.09
Model 2
50 095 114 1.38 4.95 4.97 4.99 2.02 253 3.19 3.31 394 4.70
5 100 0.54 0.60 0.67 4.55 4.58 4.58 1.56 192 2.36 3.18 3.79 4.50
200 0.34 0.36 0.38 4.20 4.21 4.22 1.26 1.53 1.87 3.06 3.64 4.33
50 1.91 240 292 5.46 5.46 5.46 2.54 3.26 4.18 3.53 4.20 4.99
10 100 1.06 1.24 1.46 5.03 5.07 5.08 1.92 241 3.04 3.39 4.04 4381
200 0.65 0.71 0.79 4.60 4.63 4.65 1.52 187 231 3.25 3.87 4.61
50 3.19 421 494 6.12 6.15 6.18 295 3.85 4.96 3.76 448 5.34
20 100 1.75 214 2.59 5.68 5.69 5.70 223 285 3.64 3.63 432 5.15
200 1.07 121 1.38 5.26 5.27 5.29 1.77 220 2.74 3.51 4.18 4.98
Model 3
50 1.71  2.05 243 6.57 6.60 6.62 2.62 329 4.11 3.74 446 5.30
5 100 093 1.06 1.21 6.27 6.31 6.33 2.03 254 3.18 3.65 4.35 5.18
200 0.57 0.63 0.69 6.17 6.20 6.21 1.62 2.02 2.50 3.61 4.30 5.11
50 3.74 447 5.07 8.41 8.44 8.46 3.34 417 5.16 4.13 492 5.86
10 100 2.06 252 3.00 8.20 8.24 8.25 2.59 332 4.25 4.08 4.85 5.77
200 1.20 1.38 1.58 8.10 8.14 8.16 2.00 252 3.18 4.05 4.82 5.73
50 7.23 877 9.38 11.02 11.07 11.09 3.90 4.88 5.95 447 532 6.32
20 100 4.45 5.81 7.01 10.92 10.97 11.00 3.22 416 5.32 4.43 528 6.28
200 2.53 293 3.50 10.87 10.93 10.95 249 311 3.97 442 526 6.26
Model 4
50 1.39 1.58 1.78 5.14 5.16 5.16 249 310 3.83 3.47 413  4.90
5 100 096 1.05 1.12 4.58 4.59 4.59 212  2.63 3.22 3.31 395 4.69
200 071 0.77 0.83 4.22 4.23 4.25 1.83 228 281 3.23 3.85 4.58
50 240 279 3.14 6.03 6.07 6.10 290 3.64 4.54 3.80 4.53 5.39
10 100 1.67 186 2.02 5.50 5.53 5.55 2.47 3.08 3.80 3.69 439 5.23
200 1.23 1.38 1.50 5.13 5.15 5.16 2.11 265 3.30 3.62 431 5.13
50 3.68 4.58 497 6.88 6.93 6.93 3.22 409 5.14 4.06 4.84 5.75
20 100 243 277  3.06 6.38 6.42 6.45 271 341 4.25 3.96 4.72 5.62
200 1.78 2.00 2.22 6.04 6.08 6.08 232 291 3.66 391 466 5.55
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Table 2.2: Performance of Out-of-sample predictions of Lasso regression and mixed frequency
data sampling regression (MIDAS). The results are based on 10 one-step ahead predictions
and 10,000 iterations, where AFE and RMSFE denote the average absolute forecast errors
and root mean squared forecast errors, respectively, and s, p, and n are the number of non-
zero parameters, the dimension of regressors, and sample size. For MIDAS, the maximum p
is fixed at 100.

s n Absolute Error (AE) x102 Root Mean Square Forecast Error (RMSFE) x 102
Lasso MIDAS Lasso MIDAS
p

100 200 400 100 200 400 100 200 400 100 200 400
Model 1

50 120.0 125.8 130.3 169.2 161.5 162.3 147.2  153.8 158.8 206.0 1974 198.0

5 100 102.7 106.6 110.7 162.2 156.7 156.4 127.7 1323 136.9 197.7 191.7 191.3

200 86.9 90.6 95.4 156.8 1524 153.2 109.7 1141 1194 191.4 186.7 187.4

50 151.6 159.6 166.4 185.0 178.8 179.9 185.2  194.3  202.0 225.9 218.6 219.9

10 100 125.6  133.9 141.7 1776  171.6 172.3 155.1 164.9 173.8 2169 2101 2114

200 96.0 1019 1122 171.9 167.7 168.2 120.3 1272 139.3 210.2  206.1  206.3

50 1777 188.8 195.0 205.0 200.0 199.9 216.1  229.2 236.2 250.2 2445 244.1

20 100 150.2 162.2 170.0 195.8  191.7 191.1 184.0 198.5 207.7 239.5 235.0 2344

200 1186 128.7 145.1 190.1 185.9 188.2 146.7 159.2 1784 232.4 2284 230.5
Model 2

50 96.4 101.8 107.2 147.3 148.8 148.5 119.7 125.5 131.7 179.9 181.5 180.9

5 100 84.1 85.7 88.1 142.1  142.7 1429 106.2 108.1 110.4 173.3 174.0 174.0

200 78.4 79.6 80.6 138.6 137.6 138.8 99.9 101.5 102.3 169.0 168.1 169.2

50 114.1  125.7 140.0 1715  164.2 163.9 139.9 153.7 169.8 208.0 199.6 199.5

10 100 90.9 95.3 100.8 156.7 157.9 158.0 114.1  118.7 1249 190.6 191.9 191.9

200 81.7 83.1 85.3 151.4 151.1 1519 103.7 105.1 107.6 184.1 183.7 184.5

50 126.9 1445 167.8 178.2 173.1 173.5 155.4 1759  202.9 216.5 211.1 211.6

20 100 97.7 105.1 113.7 169.7 164.3 164.7 121.6 130.1 139.9 206.5 200.4 200.9

200 85.3 87.9 91.9 161.7 157.1 158.0 107.8 110.5 115.1 196.9 191.9 1929
Model 3

50 117.4  128.7 140.5 152.9 153.1 153.3 143.0 155.5 168.3 187.5 187.6 187.9

5 100 89.4 92.8 97.1 144.7 145.0 145.0 112.2  116.0 120.4 144.7 178.2 178.1

200 80.6 81.2 82.8 142.3  141.0 141.1 102.3  103.0 105.0 174.7 173.6 173.5

50 154.4 172.5 188.9 1789 179.1 179.8 185.9 206.0 224.6 218.4 218.8 219.7

10 100 103.1 1129 1243 171.2  171.3 170.6 1279 138.7 152.2 209.7 209.5 209.1

200 84.7 88.2 91.0 166.9 168.2 167.4 107.1 111.1 114.3 204.7 205.9 205.3

50 197.3 2245 2443 206.9 205.0 205.3 236.1 266.5 288.4 251.6  249.7 249.8

20 100 1309 150.8 172.2 196.6 197.6 196.4 160.2 1829 207.6 240.2  240.9 239.3

200 97.0 101.2 109.0 193.1  193.8 193.7 121.2 1259 1348 236.5 2374 237.1
Model 4

50 103.0 108.7 113.2 131.7 1319 130.9 126.8 133.3 138.2 162.6 162.9 161.7

5 100 88.4 90.4 92.9 121.6  122.0 121.5 110.9 113.0 115.8 150.9 151.5 150.8

200 81.3 82.6 83.4 118.0 117.1 116.8 103.3 1044 1054 147.0 145.7 145.2

50 1176 1266 136.2 148.6 148.5 148.5 144.1 1544  165.7 183.7 183.0 183.0

10 100 95.8 99.8 1034 139.4 139.5 139.3 119.8 124.2 128.2 172.5  172.6 1723

200 84.9 87.5 89.7 1342  135.0 134.7 107.3 110.1  112.7 166.5 167.3 167.0

50 132.2  148.5 162.3 163.8 164.7 163.7 161.3 180.2 196.3 201.7 202.7 201.6

20 100 102.4 108.9 1154 154.2  154.0 154.7 1272  134.8 1423 190.6  190.7 190.9

200 88.6 92.1 96.2 150.0 149.8 150.2 111.7  115.7 120.2 185.8 1854 185.7
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covariates that are not selected (False Negative), the average of root mean squared error
(RMSE) for the Lasso estimators and the Dantzig estimators over the 10,000 Monte Carlo
simulations for the data generating processes used. As expected, False Positive and RMSE
decrease with n, but increase with s and p. False Negative for both methods are almost
the same. In terms of False Negative and RMSE, Lasso estimator substantially outperforms
the Dantzig selector. Dantzig selector might be more sensitive to heavy tails and outliers,
since Dantzig selector uses Lo, norm. The rate of convergence for Lasso estimator in this
chapter is faster than that for Dantzig selector in Wu and Wu [2016]. They built Lo type
rate of convergence for Dantzig estimator, which is related to the unknown L{ norm of
true coefficients and matrix L; norm of population matrix. In this section, we overcome
this weakness and achieve the same bounds for Lasso regression under i.i.d. data, but with

different requirements for regularization parameter A\ and sample size n.

2.6 Empirical Analysis

2.6.1 Predicting GDP growth

We consider the problem of predicting the growth rate of U.S. quarterly gross domestic prod-
uct (GDP). In addition, nine (9) macroeconomic variables with different sampling frequencies
are also available. The data are obtained from the St. Louis Federal Reserve Economic Data
website. The predictive regression used is

9 B

Yi = o0 + ¢1Yi—1+ -+ PaYi—a + Z Z B1v21ixcm;—b + € (2.6.1)
I=1 b=0

where a and B; are nonnegative integers, Y; is the growth rate (first difference of natural
logarithm) of U.S. quarterly seasonally adjusted real GDP and z;,.’s are the high-frequency
covariates with frequency my, e.g., m; = 3 for monthly data. The nine covariates considered

in this study are: 21. is the change of monthly civilian unemployment rates, z9. is the
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Table 2.3: Accuracy in Model Selection and Parameter Estimation of Lasso Estimator and
Dantzig Estimator for Linear Regression. The results are based on 10,000 repetitions, where
RMSE denote the average of root mean square errors over Monte Carlo repetitions and pa-
rameters. In the table, s, p, and n denote the number of non-zero parameters, the dimension
of regressors, and sample size, respectively.

s n Model 1 Model 2
Lasso Dantzig Lasso Dantzig
p
100 200 400 100 200 400 100 200 400 100 200 400

False Negative

50 0.077 0.20 0.67 0.072 0.28 0.73 0 0 0.003 0 0 0.002
5 100 0 0 0.01 0 0 0.04 0 0 0 0 0 0

200 0 0 0 0 0 0 0 0 0 0 0 0

50 0.67 2.07 4.28 0.81 2.50 4.04 0.011 0.14 0.79 0.045 0.17 0.95
10 100 0 0.004 0.11 0 0.006 0.15 0 0 0 0 0 0

200 0 0 0 0 0 0 0 0 0 0 0 0

50 4.65 7.45 9.61 4.83 7.29 10.1 1.94 5.70 7.18 2.48 5.45 8.34
20 100 0 0.21 2.27 0.03 0.28 2.14 0 0 0.029 0 0.002  0.052

200 0 0 0 0 0 0 0 0 0 0 0 0
False Positive

50 10.9 15.0 22.5 15.85 24.20 32.0 5.25 8.01 11.5 6.45 13.3 21.7
5 100 5.30 8.97 13.6 8.03 14.11  19.8 2.05 3.02 4.00 4.14 7.43 9.91

200 1.63 3.01 4.95 3.66 6.25 9.52 0.49 0.79 1.31 2.88 3.56 5.03

50 13.7 23.2 29.1 19.2 32.5 37.5 10.8 18.2 23.5 13.8 23.4 32.3
10 100 8.69 15.2 23.8 12.4 23.6 30.9 4.60 7.46 9.52 9.01 13.5 18.9

200 2.12 4.96 7.24 4.02 8.17 10.6 1.08 2.05 3.68 3.37 6.09 10.75

50 17.6 26.9 31.8 28.9 37.4 39.8 16.5 25.3 30.0 21.3 28.8 37.3
20 100 12.0 23.1 25.0 16.6 30.2 30.5 8.21 16.2 23.9 14.0 24.7 31.1

200 3.99 7.01 10.6 5.84 10.2 15.1 2.49 4.05 8.46 8.22 11.3 16.2
RMSE

50 1.78 2.63 3.88 2.06 2.76 4.07 0.80 0.98 1.17 0.88 1.04 1.21
5 100 0.87 1.04 1.19 0.95 1.02 1.27 0.44 0.48 0.54 0.50 0.52 0.57

200 0.69 0.64 0.70 0.61 0.80 0.83 0.33 0.33 0.34 0.42 0.39 0.41

50 4.53 7.49 9.22 5.50 7.79 9.29 1.83 3.02 5.67 2.43 3.74 6.39
10 100 1.52 1.76 2.78 1.59 2.00 2.41 0.76 0.84 0.96 0.90 0.96 1.09

200 0.97 1.01 1.09 0.94 1.21 1.24 0.55 0.56 0.58 0.69 0.70 0.68

50 10.6 13.3 14.4 11.1 13.3 14.5 8.48 12.8 15.1 9.58 13.0 15.3
20 100 2.61 4.06 8.25 3.53 5.55 8.95 1.46 1.81 2.71 2.21 2.67 3.98

200 1.46 1.65 1.78 1.69 1.76 1.91 0.91 0.94 1.00 1.13 1.22 1.31
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growth rate of monthly all employees total payrolls, z3. is the growth rate of monthly
industrial production total index, z4. is the growth rate of monthly consumer price index,
z5.. is the growth rate of monthly Moody’s Seasoned Baa Corporate Bond Yields, zg . is the
change of daily 3-Month Treasury Bill Secondary Market Rate, z7. is the change of daily
10-Year Treasury Constant Maturity Rate, zg . is the change of daily NASDAQ Composite
Index, and zg. is the change of daily Wilshire 5000 Total Market Full Cap Index. The
transformations of all variables are based on those of Stock and Watson [2002]. Note that
all data are seasonally adjusted if necessary, and the explanatory variables are monthly or
daily data. For daily variables zg . and 27 ., we only use data of the first 16 trading days in
a month. For daily variables zg . and zg ., we only use data of the first 15 trading days. The
sampling period was from January 1980 to February 2017, but the prediction origin started
with the second quarter of 2013 and ended with the first quarter of 2017. There was no
trading activities during weekends and holidays, and there exist some missing data in the
trading activities. Trading days for each month varies. We choose the first 15 or 16 trading
days simply because they are the minimum number of trading days available for each month
(mainly February).

Two types of empirical analysis are entertained. First, we consider a linear model with
all explanatory variables and estimated by the Lasso procedure. For comparison, we include
a model with all explanatory variables except the NASDAQ Composite Index and Wilshire
5000 Total Market Full Cap Index, estimated by the MIDAS regression (denoted by MIDAS-
B model), a model with monthly all-employees total payrolls as the only explanatory variable,
also estimated by MIDAS (denoted by MIDAS-A model), and a simple ARMA model of
the GDP growth rates (denoted by ARMA model). We use BIC to select the number
of autoregressive lags (a) and the lags (B;) of explanatory variables. The Lasso tuning
parameter A is also chosen by the BIC; see Biithlmann and Van De Geer [2011]. Here
we aggregate daily explanatory variables zg and 27 to weekly frequency for the MIDAS

regression.
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Table 2.4 shows the median absolute deviation (MAD), the mean absolute error (MAE),
and the root mean squared error (RMSE) for the prediction period. From the table, it is
clear that the Lasso based model outperforms all the other models in this particular instance.
The poor performance of MIDAS-B is likely due to using too many explanatory variables
with multiple sampling frequencies.

Figure 2.2 displays the cumulative absolute errors and the cumulative squared errors for
different models in predicting the GDP growth rate. It shows clearly that the Lasso model
is the best one. The MIDAS-A model also improves the prediction errors over the simple
ARMA model. However, the MIDAS-B model fares poorly. Consequently, unlike the Lasso
model, the MIDAS regression is not robust to the presence of irrelevant regressors. In fact,
the MIDAS regression is also sensitive to the weighting schemes and the starting points of
its optimization program.

Table 2.4: Results of out-of-sampling prediction of U.S. quarterly real GDP growth rate.
The data span is from 1980 to February 2017, but the forecast origins start from the second
quarter of 2013 to the first quarter of 2017. All measurements are multiplied by 10%. In the
table, MAD, MAE, and RMSE are the median absolute error, mean absolute error, and root
mean squared error, respectively.

Model MAD MAE RMSE
ARMA 3.175  3.486 4.319
Lasso 2.328 2.845 3.491
MIDAS-A  2.463 3.264 4.245
MIDAS-B  4.0890 7.143 9.920

Turn to comparison between forecasting and now-casting. Recall that the goal of now-
casting is to take advantages of available high-frequency data to improve the prediction of
lower-frequency variables of interest. For the quarterly GDP growth rate, during the quarter
of interest, some monthly macroeconomic variables and even some daily economic variables
become available, now-casting attempts to update the GDP prediction by incorporating
those newly available high-frequency explanatory variables. In this exercise, we consider

now-casting with the first month data within the quarter available and the first two months
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Figure 2.2: Panel (a): Cumulative absolute errors. Panel (b): Cumulative squared errors.
MIDAS-A represents the MIDAS regression model using only monthly all-employees total
payrolls as the explanatory variable. MIDAS-B represents the MIDAS regression model with
seven regressors zi .,- -, 27., where zg . and z7 . are aggregated into weekly data.
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data available.

For comparison purpose, we employ an autoregressive (AR) model

Yi = ¢0 + ¢1Yi—1 + - + Ga¥i—q + €, (2.6.2)

as a benchmark for prediction. The AR order is selected by the BIC in the modeling
subsample and is assumed to be fixed in the forecasting subsample. The AR model in
Equation (2.6.2) is estimated by two ways. First, it is estimated by the ordinary least squares
method and we denote the model by AR-OLS. Second, assuming sparsity, we estimate the AR
model via Lasso method with the tuning parameter A\ also selected by BIC. The forecasting
result of this model is denoted by AR-Lasso. These two models represent the performance
of forecasting.

For now-casting, we augment the AR model in Equation (2.6.2) with all explanatory
variables available in the first month of the quarter and denote the results by Now-casting 1.
Similarly, if we augment the AR model with all explanatory variables available in the first
two months of the quarter, then the results are denoted by Now-casting 2. Specifically, for

now-casting, we employ the model

Yi = 0+ O1Yi—1 + -+ baYia + B X; + €,

where X; denotes the available high-frequency explanatory variables. For Now-casting 1, X;
consists of data of the first month into a given quarter whereas for Now-casting 2, it consists
of data of the first two months into a given quarter. In this exercise, we use all monthly and
daily high-frequency variables z1 ., -+, 29.. We denote the results for MIDAS regression as
MIDAS-C Now-casting 1 and MIDAS-C Now-casting 2, respectively. Finally, we also employ
a MIDAS regression that only uses explanatory variables 21 ., - -, z7 . in the now-casting and
denote the results as MIDAS-D.

Table 2.5 summarizes the performance of now-casting in predicting U.S. quarterly GDP
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growth rates in the forecasting period. From the table, we make the following observations.
First, as expected, now-casting fares better than forecasting. The only exception is MIDAS-D
now-casting. Second, also as expected, Now-casting 2 shows some improvement over Now-
casting 1 for a given model. Keep in mind, however, Now-casting 1 is available one month
into a quarter whereas Now-casting 2 needs to wait for an additional month. Third, from the
performance of MIDAS-C and MIDAS-D, the stock market indexes do not seem to be helpful
in predicting the GDP growth rate. In real applications, there exist many high-frequency
explanatory variables, but their contributions to predicting the low-frequency variable of
interest in unknown a priori. In this situation, the results obtained in this section suggest
that the Lasso regression could be helpful.

Figure 2.3 shows both the Lasso model and the MIDAS-B model improve the prediction
via now-casting. But when irrelevant variables exist, MIDAS regression might encounter
some difficulties.

Table 2.5: Comparison between forecasting and now-casting in predicting the U.S. quarterly
real GDP growth rate. The data span is from 1980 to February 2017, but the forecast
origins are from the second quarter of 2013 to the first quarter of 2017. All measurements

are multiplied by 103. In the table, MAD, MAE, RMSE are the median absolute deviation,
mean absolute error, and root mean squared error, respectively.

Model MAD MAE RMSE
AR-OLS 2.865 3.400 4.242
AR-Lasso 3.327  3.448 4.174
Lasso Now-casting 1 2.731  3.278  3.962
Lasso Now-casting 2 2.834 3.247 3.941

MIDAS-C Now-casting 1 4.181 5.102  6.507
MIDAS-C Now-casting 2 5.108 5.666  6.430
MIDAS-D Now-casting 1 3.670 3.561  4.125
MIDAS-D Now-casting 2 2.784 3.279  4.048

2.6.2 Nowcasting PM,

Consider next the prediction of PMy 5. The response y is the square-root transformed daily
maximum of PMy 5. Hourly data of a monitoring station in the southern part of Taiwan
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Figure 2.3: Panel (a): Cumulative absolute errors. Panel (b) Cumulative squared errors.
MIDAS-D represents the MIDAS regression model with seven regressors 21 ., ..., 27... MIDAS-
C represents the MIDAS regression model with nine regressors 21 ., ..., z9.. Now-casting 1
and Now-casting 2 represent predicting quarterly GDP growth rate when the first month
and the first two months data are available, respectively.
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are used. To see the nowcasting effects, we consider adding 6 covariates, which are the first
6 hourly PMs 5 readings of the same day, starting from midnight. The time period is from
2006 to 2015 so that there are 3650 observations. (Feb 29 was dropped.) We reserve the last
730 data points (2 years) for one-step ahead out-of-sample forecasts.

For comparison purpose, we first consider the square-root PMg 5 (i.e. response y) as a
pure time series. An AR(22) model is selected. Thus, the baseline model is a univariate
AR(22). We denote the model by AR-OLS. For now-casting, we augment the AR model by
the first 6 hourly readings. If we augment the AR model with the first hourly PMs 5 reading,
then the results are denoted by Now-casting 1. Similarly, if we augment the AR model with
the first two hourly PMs 5 readings, then the results are denoted by Now-casting 2, so on
so forth. We denote the results for autoregressive model with exogenous variables as ARX
Now-casting 1, ARX Now-casting 2, etc. We use BIC to select the number of autoregressive
lags. The Lasso tuning parameter \ is also chosen by the BIC.

Table 2.6 summarizes the performance of now-casting in predicting daily maximum of
PMs 5. From the table, we make the following observations. First, as expected, now-casting
outperforms forecasting. Second, also as expected, for a given model, Now-casting 2 shows
some improvement over Now-casting 1, Now-casting 3 shows some improvement over Now-
casting 2, so on so forth. Third, of most interest, Lasso estimator significantly outperforms
the ARX model and the benchmark model. In short, Lasso regression seems to be helpful

in applying now-casting to PMs 5.

2.7 Deferred Proofs

2.7.1 Lemmas

We start with some lemmas that are useful in deriving the main results of the paper.

Lemma 2.7.1. Assume that ||e.||qa < 00, where ¢ > 2 and o > 0, D1 wi2 =n. Let
w=(w1,..,wy), sp =1 (resp. (logn)t24 or n4/2-1-09) i o > 1/2 — 1/q (resp. a =0 or
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Table 2.6: Comparison between forecasting and now-casting in predicting the daily maximum
of PMs 5. The data span is from 2006 to 2015, and the forecast origins are from 2013 to the
end of 2015.(Feb 29 was dropped). In the table, MAE, RMSE are the mean absolute error,
and root mean squared error for one-step ahead predictions, respectively.

Model MAE RMSE
AR-OLS 1619.6  73.71
ARX Now-casting 1 975.9  46.54
ARX Now-casting 2 940.9  44.92
ARX Now-casting 3 904.2  43.40
ARX Now-casting 4  879.7  42.31
ARX Now-casting 5 850.6  41.24
ARX Now-casting 6  835.3  40.31
Lasso Now-casting 1  659.3  31.74
Lasso Now-casting 2 628.4  30.58
Lasso Now-casting 3 623.2  30.72
Lasso Now-casting 4  600.7  29.63
Lasso Now-casting 5 595.0  29.49
Lasso Now-casting 6  576.3  28.47

a<1/2—1/q). Then for all x >0, Sy, =Y 1 q wie;,

q q 2
snlwlalle. K
P(|Sy| > x) < Kl—n| |q||q Hq’a + K9 exp _—3:1:2
z n”e~H27a

where K1, K9, K3 are constants that depend only on q and o.
Proof. See Wu and Wu [2016] Theorem 2. O

Lemma 2.7.2. Assume |[|X |xo|lga < o0, where ¢ > 2 and o > 0, and V9, < oo,
Tw? =n. Let w = (wy,..,wy) and Tp = S0 wix;. (i) If a > 1/2 — 1/q, then

for @ 2 \/nlog pWa.q + [wlq(log p)*||x.|sc g0

Kg.o|w]d(log p)4/2|||x.|so|2 Ky ox?
P(’Tn|oo > x) < q,a| |q( J;)q H| |OOHQ,Q + Kq@ exp —# . (271)
2.«

(i) If 0 < w < 1/2 — 1/q, then for x 2 vnlogp¥s o + n1/2_a_1/q|w\q(logp)3/2H|x.|oo\|q7a,

Kq,oznq/Q—l_aq|w|g<logp)Q/2H |X-|OO||8,04

x4

Ky am2

n 2,
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where Kg o is a constant that depends on q and o only.

Proof. The lemma can be shown following similar arguments as those in the proof of Zhang

and Wu [2017] Theorem 6.2. Details are omitted. O

Lemma 2.7.3. Let A and B denote two positive semi-definite, s-dimensional square matri-

ces. If maxi<;j p<s |Ajk — Bjk| <9, then inf|<|2:1 ('B¢ > inf|<|2:1 ¢'AC — s6.

Proof. See Lemma 3 of Medeiros and Mendes [2016]. O
Lemma 2.7.4. For linear model Y = X 3+e, assume that the matriz X(ji)X(l) 18 invertible.
Then for any given A > 0, and any noise term e € R"™, there exists a Lasso estimator B()\)
which satisfies B(A) =g B, if and only if the following two conditions hold

. 1 _
sign <5(1) + ( Xa)X(l)) 1

n

1
EX({)G - /\SZ'QN(ﬂa))D = sign(B(1)),

i1 | .
8 X0 O X ™ [2fye = Asia)] — 2 e

where the vector inequality and equality are taken elementwise, 5(1) and 6(2) denote the first

s and last p — s entries of [ respectively.

Proof. See Wainwright [2009]. O

2.7.2 A general theorem of estimation error for weak sparsity

Lemma 2.7.5. Define A = B — 3, where [ satisfies weakly sparsity condition (Assumption
1), ie., Z?:l |5j\9 < Ky for 0 < 6 < 1. Suppose ALA > /Q‘A’%, where K is a positive
constant that does not depend on A. Choose X > 2|n~1 Yo Xi€iloo. Then we have for

some constants C1, Cs,

) W\ 28
[Al3 < C1Ky <E> , (2.7.3)

R PR
A1 < CyKy <E> . (2.7.4)
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This result is deterministic and non-asymptotic. The statistical performance of B relies

on the restricted eigenvalue condition properties of sample covariance X..

Proof. This result is just a simple application of the theoretical framework established in

Negahban et al. [2012], for the sake of brevity, we omitted the detailed proof here. O

2.7.8  Proof of Theorem 2.3.1

Proof. Recall & = (Giph<jr<p = 1/ izl =n7IXTX, % = (0jk)1<jk<p- Define

7

the events

A = {IS =Tl < a} = {max |z — ozl < a}, (27.5)
J

B = {n_l‘XTe‘oo < A/2). (2.7.6)

The first step is to control the probability P(A€) and P(B¢). By Hélder’s inequality, we

have for m > 0 that

WE

o0
> leer = ajzeile < S0 (laler = el + 1y = i) 1)
l=m

T
3

I
WE

il ller = efllg + g — =7 l4llerllg ) -
J

r
3

Since a = min(ax, ae), the dependence adjusted norm satisfies

[z e llra < llzjllyolle.lg.ae + 12.5]v.axlle.llgo < 2l jlly.ax e llg.oe (2.7.7)

Similarly, we have

1752k = Tjklly 2,05 /2 < 212 jlox 17 kllax (2.7.8)
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Hence,

max < 2M:Mx 2.7.9

1<a< ||fU i€. ||Ta e ) ( )
T — O 2

1<nj1"z]1{:x<p |z j 4 U]k||'y/2,a /2 < 2Mx. (2.7.10)

Employing a similar derivation, we can show that,

| max |z jellra < 2llxloclax Me, (2.7.11)
2
| max %57 & = Tjkllly 2,0y 2 < 2l Joclly,ax- (2.7.12)

Note that Mx < [|[X [oolly.ax < Tryax-
If 7> 2, for A 2 y/logp/nM.Mx + np/T_l(logp)?’/QMeH|x.|oo||%ax, adopting (2.7.9),
(2.7.11) and Lemma 2.7.2, we have,

T

p T/2 T
) 0 USRI oo
n\)7

Under our choice of A, if 7 > 2, P(B) = Cy(logp)~ " + Csp~ 6. Similarly, we can prove, if
na 2 Vnlog pM% +n/7(log p)*/2|||x |oo 12 o, P(A) = C1(logp)~/2 + Cop~Cs.
Denote w = \/logp/nM)Q( + n2’//7_1(10gp)3/2\|]x,]ooH%’aX. Then for some constant

n1 > 0, we have
P (\m e RP,A'SA > A'SA — mwmﬁ) >1—Cy(logp) 12— Cop~ 5. (2.7.13)

In other words, with high probability 1 — P(.A°), the Restricted Strong Convexity condition
A'SA > Kk|A[3 — niw| A3 holds.
Denote A = 3 — 8. For a threshold § > 0, we choose

d=#{j € {1,2,..p}|B] > o}
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Let S = {j : [8j| > ¢} and S° = {j : |B;] < §}. Applying Lemma 1 in Negahban et al.

2012], if A > 2[n~1 3" w;ei]00, it holds that,
[Agelt <3lAgl +4 ) 18;l.
jese
We thus have
Alp < |Agli +]Agelt <4|Aglh +4 ) 18| < 4VdAgla +4 ) 18],
jeSse jeSse
If follows that
<6 5] 9<(51_9K (2.7.14)
> ey () <o :
jese jese

Thus
A} < 4Vd|Agly + 46"V K.

On the other hand, we have

i<y (’6j|)9<59K 2.7.15
=~ T > 0- ( )

jese

Suppose |Aly > ¢11/Kg(A/k)1 /2 for some constant ¢; > 0. Then by (2.7.14) and

(2.7.15), setting 0 = A\/k,

Al < 4Vd|Agly + 401Ky

\ —0/2 . A 1-6
4\/K9 <E> |A|2+4 (E) Kg
—0/2 .

10+ VE (2) 18k

IN

IN

K
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Recall A\pin (X) > x> 0. If 32(1 + 01_1)2771ng/\_9 < k179 we will have,

N | —

P (A/iA > /{|A|§) >1-— C’l(logp)_’y/2 — Cyp™ .

An application of Lemma 2.7.5 shows that for constants cg, c3 > 0, if A > 2|7’F1 o xieiloo,

with probability at least 1 — Cl(logp)_'y/2 — Cop~©s,

AN

) 3\ 1-6/2
Ala < o/ Ky (E) :

) W\ 1
A< an(3)

K
When |Aly < ¢11/Kp(A\/x)2?/2 for some constant ¢; > 0. Then by (2.7.14) and (2.7.15),

setting 0 = \/k, we can still obtain

Al; < 4Vd|Agly + 450K,
—6/2 1-6
A . A
4v/ Ky (E) |Alg + 4 (E) Ky

A 1-6

IN

Therefore, with probability at least 1 — C'(log p)’V/ 2 _ O9p s — Cy(logp)~", we have

bounds (2.3.3) and (2.3.4). O

2.7.4  Proof of Theorem 2.5.2

Proof. Applying Theorem 2.3.1 with # = 0, with probability at least 1 — C(log p)_7/ 2 _

Cop~ 3 — Cy(logp)~", we have

1B-Bl2 S VM,

1B-B81 < s\/k.



Since s = Ky, sw < 1 implies that

n 2 M52 logp + s/ 1720/ (1og p)3/ =4/ |x |0 II?y,/oé( 20/7).

Recall the events

A= {E-Zx<a}= {max |6 — ojk| < a},
Js

B = {n! ‘XTe‘ < \/2}.
o0
Since 4 minimizes equation (2.1.2), we have
1 22 0 \AlL < L 2
SV - XBB + NBL < Y - X3+ ML

After some algebra, this reduces to

~

(B = B)S(B = B) + Ay < 2¢" X(B — B)/n+ ABlx
On the event B, the above inequality implies that
0< (8= B)S(B —8) < ARy — sl — SABseh
Then inequality (2.7.18) implies that
NI Bl + (3= B)5(5 — B) < 2MBy — Bsh < 20315, — Bl

So (2.3.7) follow on the event A N B.
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2.7.5 Proof of Theorem 2..1

Proof. Reall |EI11]2 = 1/Ny and let |f3;11|2 = 1/Ny. Without loss of generality, let J =
support(f) = {1,...,s}. Let X = (Xq, ..., Xp) and denote by X1y and X9y the first s and
last p— s columns of X. Denote W, = > 1" | X;e; and Wy (1), Xi,(l), 5(1) and Wy, (2), Xi’(Q),
/8(2) the first s and last p — s entries of W), X; and (, respectively. Define b :sign(ﬁ(1>).

Let

111
B = (X0HXw) 1{—

- _ e
Di = Xy { X (X8 X ™0 = [Xey (X8 X ™G = 1] T

n

where X(2),k = (X1, ...,Xnk)T denote the k-th columns of X and s+ 1 < k < p. Denote
the j-th element of B as Bj.

By rearranging terms, it is easy to see that the events

— {max |Bj| <L 1.
{max |Bj| < L}, (2.7.20)
D = { max |Dy| <A}, 2.7.21
{, max 1Dkl <A} (2.7.21)

are sufficient to guarantee that conditions in Lemma 2.7.4 hold. Then IP(B #s 0) <P(B°) +
P(D°).

We first analyze the event D. Recall E(Xik|X(1),e) = [22121_11)(1-’(1)]/{ and z; =
Xit — E(Xj|X(qy,e) for s +1 < k < p. Let w = X(l)(Xa)X(l))_lAb, wy = [I —
X(l)(XT X(l))_lXT Je/n and w = wy +wa. Denote Zi = (21p, ..., 2pi) s Up = ZkTw and

(1) (1)
e = E(X(g) pw|X (1), €). Note that EZj = 0 and wipa@ = 0. Then by the irrepresentable
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condition,

max |D = max +U
s+1§k§p| d s+1gkgp|“k kl
< max + U
< max [l + 0]
< (I—mA+ max |Ugl

s+1<k<p

From this inequality, we have

max |Up| <nA} C max |Di| < A}
S+1Sk§p| el <nA} {8+1§k<p\ Kl <A}

Define the events

= {31 -3 <a) = 5 — o] <
Aq {1211 = Z11loo < a} {15%);8\0% ojkl < a},

Ay = {n7lef <20},

T = {lw <.
By Lemma 2.7.3, on the event A; with a = N1/(2s),
. T . T Ny
N9 = inf (" 311> inf (" ¥11(—sa=—.
[Cl2=1 ¢[2=1 2

By Lemma 2.7.1,

|

Denote P; = P(A°) with a = N1/(2s). We know

n

(e -a)

1=1

wieor = M X)) s =2
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and

Thus, we have

A2s

2
P(TY) <P (w?wl > N ) +P (wng > 2na> <P+ P
nivy

By Lemma 2.7.2, if nA 2 v/3: 10g p¥s o (9 + 0 D/761 (log p)3/2)| Z.] o1y ,0x

P ( max |Ug| > n\ ]7') < Ci(log(p—38)) 7+ Ca(p— s)_c3 = P3.
s+1<k<p

By the total probability rule, we have

P(D°) < P( max |Up| > nA |T>+P(TC)§P1+P2+P3.
s+1<k<p

Now we analyze the event B. Note that |f]f11b|oo < \/§|2A]1_11|2 = \/$/Na. Recall A <
nN1L/(4y/s). On the event A, nL — )\][flﬁlb]ﬂ > nL(1 — N1/(4N3)) > /nL/2 for all

1 < j <'s. Simple application of the Cauchy inequality shows that

L 1 s n
sup (TS Wi (1) < A > O wije)?.
¢[2=1 2\ =1 i=1
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This yields

S

B = (ERWa()j| < 5oL}

j=1
- 1
= { sup CTEﬁan(l) < §nL}
|¢l2=1
S n 1
) Z(Z zije;)? < 5nLN
7=1 i=1
n
. N
D " A Y1 — X < —5.
> {lrgjégs iﬂ%ez < }ﬂ{| 11— 211loo < 23}

Thus,
P(B%) < P(IWn(1)|oc = A) + 1.

By carrying out similar procedures as those in the proof of Theorem 2.3.1, we can control

the probability P; and P(|]W;,(1)|sc > A). Then (2.4.5) follows. O

2.7.6  Proof of Proposition 2.4.1

Proof. Let v; = Ey;y;_;. Set the candidate lags of this AR(2) model as d. Since 7y = 1, we

have
I m
Y1 = ,
7 1
and
72 7
Yo1 =
Yd—1 Yd—2
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Basic calculation shows that

1 _Mn
_ 1— 1—
2 1 — 71 ’71 ,
i N 1
1—7% 1=
and
" o= _¢1
1— g9’
Y= P1Y—1 + 9272,
for 2 < <d.

We first consider the case ¢1 > 0 and ¢9 > 0. Then the Strong Irrepresentable Condition

<1

|22121_118ign(5(1))|00 = nax g 7 ’Yj—l’)’21 - 7j712 'Yj—12
2<j<d-11—77 1—=n7 1-97 1-97

For 7 = 2, it can be shown that

AR/ e i W

<1
1—7% 1—7% 1—7% 1—7%

is equivalent to ¢1 + ¢ < 1. Then 71 < 1 and 7; < 7,1 for all j > 1. Thus, we have,
|22121_1151gn(5(1))|oo < 1 is equivalent to ¢ + ¢o < 1.
Similarly, we can prove the cases ¢1 > 0,¢9 < 0 and ¢1 < 0,¢9 > 0 and ¢ < 0, ¢ < 0.

O
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CHAPTER 3
HIGH DIMENSIONAL GENERALIZED LINEAR MODELS

3.1 Introduction

In recent years, information technology has made high-dimensional time series data increas-
ingly common. The demand for modelling and forecasting such data arises naturally from
market analysis in finance, panel studies in economics, environmental studies, and commu-
nication engineering, among others. In many applications, we often face the challenge of
dealing with a large number of complicated issues such as missing values or heavy tails.
The Lasso regularized method, originally introduced by Tibshirani [1996] and subsequently
investigated by many others, is a popular technique for high-dimensional linear regression
models with sparse coefficients. As a matter of fact, the ¢1-type penalty of the Lasso can
also be applied to other models in high dimension, including, for example, logistic regres-
sion (Lokhorst [1999]; Roth [2004]; Shevade and Keerthi [2003]; Genkin et al. [2007], among
others), multinomial logistic regression (Krishnapuram et al. [2005]) or Cox regression (Tib-
shirani [1997]) by replacing the ¢5 loss function by the corresponding negative log-likelihood
function. See also, Li et al. [2018], Dou and Liang [2019], Dou and Anitescu [2019], Liu and
Gao [2017], Liu and Barber [2018], Ha et al. [2018], Liu [2019], among others.

It is well known that if the covariates and/or the errors deviate more wildly from the
sub-Gaussian distribution, the linear regression estimator based on the least squares loss no
longer converges at the optimal rates. Intuitively, an outlier in the covariates may cause
the corresponding M-estimator to behave arbitrarily badly. This motivates the use of gen-
eralized M-estimators that downweight high-leverage observations. In the classical theory
of robust regression in low dimensions, many weighting functions are introduced, such as
Mallows estimator (Mallows [1975]), Hill-Ryan estimator (Hill [1977]), and Schweppe esti-
mator (Merrill and Schweppe [1971]). In this chapter, we focus on heavy-tailed covariates

and heavy-tailed errors for generalized linear model. We also extend the robust M-estimator

20



to high-dimensional time series.

Driven by a wide range of contemporary scientific applications, robust regression of high-
dimensional data is of substantial research interest. Indeed, several papers have shed new
light on high dimensional robust M-estimator when the population distribution is heavy
tailed or noisy. Catoni et al. [2012] considered estimation of the mean of heavy-tailed distri-
butions via a robust empirical loss, which is insensitive to extreme values. Cantoni’s mean
estimator is further extended in Brownlees et al. [2015] to empirical risk minimization. Fan
et al. [2016] introduces a simple principle for robust high-dimensional low rank matrix re-
covery via an appropriate shrinkage on the data. Fan et al. [2017] developed estimation
bounds for penalized robust regression with the Huber loss function. Loh [2017] gave a gen-
eral framework for robust regularized M-estimators under both convex and non-convex loss
functions. However, all prior works focused on the setting where samples are i.i.d. To the
best of our knowledge, existing procedures cannot be readily applied to high-dimensional
time series data. The second goal of our study is to provide a solid theoretical guarantee on
the robustness of generalized linear models for serially dependent data

Following the work of Fan et al. [2016], we propose to appropriately shrink the feature
variables before calculating the M-estimator to achieve the robustness for high-dimensional
time series regression. Let X; be a p-dimensional vector of covariates. If X is heavy-tailed,
the basic idea is to truncate each feature X;;(1 < j < p) to a predetermined threshold
level 7. We show that the regularized robust regression functions continue to enjoy good
behavior. Our first contribution is to provide the asymptotic behavior of the estimated GLM
coefficients and the excess risk of the Lasso penalized method for both the original time series
data and shrinkage heavy-tailed data. It is shown that an appropriate truncation does not
induce significant bias. Under only bounded moment conditions for either noise or covariates,
our robust estimator can nearly achieve the error bound for i.i.d. sub-Gaussian data, modulo
a price for temporal dependence. The allowed dimension p can be as large as exp(n¢), where

n is the sample size and 0 < ¢ < 1. This means that shrinkage not only overcomes heavy-
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tailed corruption, but also mitigates the curse of dimensionality. Furthermore, unlike the
usual robust quasi-likelihood estimators in low dimension, which is non-convex, our method
still maintains convexity, thus has certain computational advantages.

In addition, our robust estimator can also be applied to the usual linear regression setting
for high-dimensional time series. For weakly temporal dependence and heavy-tailed data, our
robust method achieves the minimax optimal rate of 9 norm established by Raskutti et al.
[2011] for i.i.d sub-Gaussian data. However, the difference lies in the scaling requirements on
p, n and the sparsity condition. It is also worth noting that we provide new concentration
inequalities, which extend Bousquet’s inequality (Bousquet [2002]) to high-dimensional time
series. This extension is of independent interest.

Besides the theoretical properties, we also study the numerical performance of the pro-
posed robust procedure using both simulated and real data. Section 3.5 considers the simula-
tion studies and shows that our robust procedure performs well numerically in the presence
of both symmetric and asymmetric heavy-tailed covariates and/or errors. In particular,
the robust procedure significantly outperforms the standard Lasso method, especially in L
and Lo losses of the GLM coefficients. The simulation study also shows that the proposed
procedure improves the convergence speed of the coefficient estimators to the true ones
with heavy-tailed time series data. We also illustrate our procedure with an application to
high-frequency stock trading for predicting price changes in consecutive transactions via a
multinomial logistic regression. Our method leads to marked improvements in prediction

compared with the existing methods in financial econometrics.

3.2 The Model

3.2.1 Generalized Linear Models and the Loss Function

Consider n observations {(X;,Y;)}" ;, where X; € X C RP is a p-dimensional vector of

covariate variables, and Y; € ) C R is a response variable. We model the dependence of the
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mean of Y; on X; via the linear function fﬂo (X;) = XZ-TBO, where (Y is a vector of unknown
coefficients and X ZT is the transpose of X;. The goal is to estimate 5. In a high dimensional
model, the number of covariates p can be much larger than the number of observations n.
Let R: X x)Y — R be a loss function.

We consider the following estimator of empirical risk minimization with Lasso penalty

~

B = argmﬁin{%gR(fg(Xi)%)+A|5!1}, (3:2.1)
where f5(X;) = XI'8. Denote the best linear approximation of the theoretical risk by
B9 = arg mBinE[R( f3(X),Y)], and f7= fg. (3.2.2)
The excess risk is
E(fp) = E[R(f3(X),Y)] = E[R(fz0(X),Y)]. (3.2.3)

Note that by definition, £(fg) > 0 for all 3.
Assume the response Y is from an exponential family with the probability density function

taking the canonical form

hy (y; 1) = exp [ypu — r(p) + b(y)]

for some known functions 7(-), b(-) and unknown function . The function p is usually called
the canonical or natural parameter. The mean response is 7/(u), the first derivative of 7(u)

with respect to p. The generalized linear model assumes the form:
E(Y]X) = (u(X)) = (X" 8°).

The canonical link function is thus defined as g := ()71, Let z = u(X). The maximum
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marginal (log-)likelihood loss function is then
R(z,y) = —yz+r(2), yeY, zeR. (3.2.4)
More generally, the quasi-(log)likelihood function is

H:) oy
R(Z,y) :_/y Wdua yeyv ZGR,

where V : R — (0,00) is a given variance function, and H is the inverse link function; see
also McCullagh and Nelder [1989]. The canonical link function (up to an additive constant)

is

|
t:: —d7 teya
g9(t) /yOV(u) u

where yg is an arbitrary but fixed constant. Let

H(z)
r(z) = / Ldu, zeR
Y0 V(u)

Then the loss function is R(z,y) = —yg(H(2)) + r(z). In this chapter, we define the loss
function

R(z,y) = —yh(z) + (), (3.2.5)

and assume h and r satisfy some uniform continuity conditions (see Assumptions 3.3.2 and

3.3.3 below).

3.2.2 Robust Lasso Estimator

Inspired by the theory on robust estimation for linear regression (see Fan et al. [2016]), we

study regularized versions of high-dimensional robust GLM estimators and establish statis-
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tical guarantees. In order to deal with heavy-tailed data, we propose the robust estimator
to be used in (3.2.1) by the simple and classical principle of truncation, or more generally
shrinkage. Our approach is simple: we truncate or shrink appropriately the heavy-tailed
covariates or/and the response variable. Intuitively, shrinkage reduces sensitivity of the esti-
mator to data corruption caused by the heavy-tailed distributions. However, shrinkage leads
to bias. We shall find an appropriate shrinkage level to balance the induced bias and the

statistical error rate. The resulting estimator is then defined as follows:

~

Bi= argmﬁin{%ZRT(fﬁ(Xz‘)%)+>\|5|1}a (3.2.6)
i=1

where 7 is a predetermined threshold level,

R-(f5(X;),Y:) = R(f3(X;),Y7),

and )~(Z is a truncated version of the covariates X; if they are heavy-tailed and equals the
original covariates (infinite truncation threshold) if they are light-tailed. When the covariates

X; are heavy-tailed, we choose
Xij = sgn(Xij)(|Xij| A7), 1<) <p,

where a A b = min(a,b). In Section 3.3, we focus on the case when the data generating
distribution of the response is indeed the model distribution so that we only need to trim
the covariates. If the response is also corrupted by random noises, we shall also truncate the
response. For the linear regression model with least square loss in Section 3.4, if the errors
have heavy tails, we also need to truncate the response to achieve robustness.

With the aforementioned data robustfications, the proposed methodology yields an esti-
mator that, under a bounded moment condition on the covariates or/and the response, has

the similar statistical rate as that of the estimator available in the literature for sub-Gaussian
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distributions. Our study gives a formal theoretical consideration of both the original esti-
mator in (3.2.1) and the robust one in (3.2.6).

The first and most important advantage of our robust method is to maintain the convexity
of (negative) log-likelihood loss. There are several alternatives to robust estimation in the
context of low dimensional generalized linear model. For example, Cantoni and Ronchetti
[2001] proposed a class of robust quasi-likelihood loss function. Bianco and Yohai [1996]
constructed robust estimator for the logistic regression by bounded deviance, which was
further extended to other generalized linear models. Zhang et al. [2014] introduced a class
of robust estimators for generalized linear models motivated by the Bregman divergence.
However, most of these robust estimators in the low dimensional case are non-convex.

Our robust method is also much easier to implement than many existing ones, as it only
needs to truncate or shrink the data before applying the standard method to the transformed
data. The tuning parameter 7 plays a key role by adapting to covariates and/or errors with
different shapes and tails. In practice, the optimal values of tuning parameters 7 and A
can be chosen by a two-dimensional grid search using an information-based criterion or
cross-validation, e.g., the Akaike information criterion or Bayesian information criterion.
Specifically, we may partition a rectangle in the scale of (log(7),log())) to form the search
grid. Then the optimal values are achieved by the combination of the two parameters that
minimizes the cross-validated measurement, the Akaike information criterion or Bayesian

information criterion.

3.3 Asymptotic properties

We now consider the properties of the standard Lasso method (3.2.1) and the robust Lasso
method (3.2.6). We first show the asymptotic behavior of the estimated GLM coefficients and
the excess risk for the original time series data and then demonstrate that the convergence

rates of robust estimator for shrinkage heavy-tailed data are significantly improved.
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3.3.1 Definitions and Assumptions

We begin by introducing some additional definitions and technical assumptions. Besides the
definitions of dependence measures in Chapter 2.2, we introduce the following dependence

adjusted norms

||X.]||q7a = Su>po(m + ]‘)aAm,qu Q Z 07 (331)
m=

1Yllga = Su>%(m + 1)aAm,q,y, a >0, (3.3.2)
m=

||Y||1/),, = Slig q_VAO,q,ya a > 0. (333)
qz

Here [|Y([|y, can be naturally interpreted as the v, Orlicz norm in the dependence case.
Hence || - [[¢,o and [ - ||, represent polynomial decay and exponential decay dependence
adjusted norm, respectively.

In this chapter, we use the dependence adjusted norms ||[.X [sollg,a, [[|X.]oolly,: IY:llg.a
and |[|Y[|, to study the limiting properties of Lasso estimators in the presence of serial
dependence.

To prove theoretical properties of our method, we require the following conditions:

Assumption 3.3.1 (Convex Loss). Throughout this chapter, the map
2z R(z,y)

1s convex for ally € Y.

This assumption is important from a computational perspective; see e.g. van de Geer
and Miiller [2012] and Loh [2017]. It also plays a crucial role in our theory, as it allows us

to prove that the estimator B is in a [;-neighborhood of Y.

Assumption 3.3.2 (Lipschitz Property). For the function r, it holds that

[r(u) = r()] < Clu—ul,
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where C' 1s a positive constant.

Assumption 3.3.3. For the function r, it also holds that

r(af B) = r(@] ) = 1 B) + r(@3 89| < | (w1 —20) (8- 57|

where C'is a positive constant.

Assumption 3.3.3 is needed to deal with the temporal dependence of {X;}!' ;. If the
observed data are i.i.d., then we only require Lipschitz property (Assumption 3.3.2) of the
loss function. Both Assumptions 3.3.2 and 3.3.3 describe some uniform continuity conditions.
They allow one to apply concentration inequalities in the Section 3.7. Elementary calculation
shows that the loss function for logistic regression and multinomial logistic regression satisfy

both assumptions. Consider the following smoothed version of hinge loss:

5= 2y if zy <0,

Ry(z,y) = %(1—Zy)2 if 0 <2y <1,

0 if 1 < zy.

It can be shown that Rh(XiTﬁ, Y;) also satisfies Assumptions 3.3.1, 3.3.2 and 3.3.3.

Assumption 3.3.4 (Margin Condition). There ezist My > 0 and a strictly convex function

J(+) such that for all B with |5 — 8°|; < My, one has

Efs) = I (If5— fanll) -

By Assumption 3.3.1, the stochastic part of the problem needs only to be studied locally,
near the target. Moreover, the margin condition is only needed locally.
The convex conjugate of the function J is defined as G. Hence, by definition, for any

positive u and v, we have uv < J(u) + G(v). Indeed, in a typical case, J can be chosen as
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a quadratic function, for example, J(u) = u?/2, then G(v) = v?/2. The margin condition
requires that in the neighborhood |5 — 60|1 < My, the excess risk is bounded from below by
a strictly convex function. This assumption is similar to the one in van de Geer [2008] and

Biihlmann and Van De Geer [2011].

Assumption 3.3.5 (Compatibility Condition). Let S C {1,2,...,p} and S€ be the compli-
mentary set of S. For a constant k(S) > 0, if for all 5 satisfying |Bsec|; < 3|Bg|y, it holds

that

Bsel? < || £a]|* 151 /K2(S).

The compatibility condition we discuss here follows from van de Geer [2008]. It is closely
related to (and weaker than) the restricted eigenvalue condition as given in Bickel et al.

2009).

3.3.2  Rate of Convergence

In the context of generalized linear model, following van de Geer [2008] and Bithlmann and

Van De Geer [2011], one can define the oracle §* as

*.=arg min —4>\\/%
e f 0 (22)) s

where T is a large collection of index sets, Sg := {j : B; # 0} and [Sg| = sg. And the

associated minimum risk is denoted as

x._ 9 SAAT
8._§ﬂMQ+G<M%O>. (3.3.5)

The second term in (3.3.5) depends only on the set of nonzero coefficients in 8*, and we can
refer to it as “estimation error” in a generic sense. Note that in the typical case G(v) =

v2/2, it is up to a constant equal to )\255*. The first term in (3.3.5) will be referred to as
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“approximation error”. Then £* balances “approximation error” and “estimation error”, we
refer to it as the “oracle”; see van de Geer [2008] and Biihlmann and Van De Geer [2011])
for detailed interpretation of S*.

We are now ready to state our main results of Lasso method for the original time series
data. For any Lasso solution B of the problem (3.2.1), the following theorem provides the
rate of convergence of | B— Bl1 and the excess risk E(f B) by the moment and the dependence

conditions.

Theorem 3.3.1. Suppose Assumptions 3.5.1, 3.3.4 and 3.53.5 hold. Suppose the loss function
has the form (3.2.5) and the functions h(-),r(-) therein satisfy Assumptions 3.3.2 and 3.3.3,
or the loss function itself satisfies Assumptions 3.3.2 and 3.8.3. Let B* and E* be given in
(3.8.4) and (3.3.5).
(1). Assume that ||| X |sclly,ay < 00 and ||Y||gay < 00, where ¢,7 > 2 and ax,ay > 0.
Define

1 ifax 21/2—1/y,

v/2 —axy ifax <1/2—1/4.

Assume x = qv/(q+ ) > 2 and let & = min(ax, ay). Define

1 ifa>1/2—-1/x,

X/2—ayxy ifa<l/2—-1/x.

p:

Suppose that

Moz YOI 1og(pn) 20 21X o llg.0
+n2/ 173 COMITD) (log (pn))3/2 1| X |ool g

+p1/(2(7AX)+2)(log(pn))l/Qn_l/zH 1 X |oollv,ax 1Y llg,ay

P X3 COMNIF2) (1og (pn) )32 | X o ly.ax 1Y oy
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Assume |3* — BO1 < My/2 and E*/Ng < My/2. If X > (20/3))\g, then we have with

probability at least 1—C; (log(pn))~""X) | any Lasso solution B of the problem (3.2.1) satisfies

A * 10 *
M= < €, (3.3.6)

8
£(f) = 3¢ (3.3.7)

where the positive constant C only depends on q,v,ax and ay .
(ii). Assume that |||X |oolly, < 0o and ||Y||y, < oo, where t,v > 0. Suppose that for some

positive constants A and B,

N = A((logp)'* + (logp) 1292 (1og )2 121X [y,

+B((log p) T + (log p) 1222 (1og ) V2)n =121 X oL, V. 1, -

Assume |f* — 801 < My/2 and £%/ g < My/2. If X > (20/3)\, then with probability at

least

2 2
1 . 02p_03A 1+2. . C4p_C’5B 1+2c+2v

bl

for any Lasso solution 3 of the problem (8.2.1), we have bounds (3.3.6) and (3.5.7), where

the positive constants Ca, ..., C5 only depend on v and v.

If the loss function is the marginal (log-)likelihood loss function, we can further achieve

some sharper results.

Corollary 3.3.2. Assume the loss function is the mazimum marginal (log-)likelihood loss

function in (3.2.4). Assume |3* — 0|1 < Mo/2 and £*/\g < My/2. Then (i), suppose that

Ao 20" P (log(pn) 20 V21X Jsollg 0 + 0703 YD log ()32 1 X fool g

1/2 —1/2 —1 2
+ (10g ) 2021 X |oollysax 1Y oy + 22X 1og p)32|[1 X |ooly.ax 1Y g0y

If X > (20/3)\g, then under the conditions of Theorem 3.3.1.(i), we have, with probability
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at least 1 — C1(log(pn)) =Y — Cop~3 — Cy(logp)~X, the bounds (3.3.6) and (53.3.7).

(ii). Suppose that

Mo =A((log )+ + (log p)129/2(1og ) Y2 Y2 1X |so |y,

+ BUFZ420 /2160 1 /m) V21X oo s, 1V L, -

If X > (20/3) g, then under the conditions of Theorem 3.3.1.(ii), with probability at least

2
1 — O5p_C6A 42 076_08B,

we have bounds (3.53.6) and (5.5.7).

The assumption that |5* — 8°|; < My/2 and £*/\g < My/2 is a technical condition. See
Example 6.4 in Biithlmann and Van De Geer [2011] for detailed verification in the case of
logistic regression. Here we also assume that the short-range dependence (SRD) condition
holds, that is,

[ X Joolly,ay < oo and [[Ylgay < oo

If it fails, the processes (X;) and (Y;) may exhibit some long-range dependence, and the
asymptotic behavior can be quite different.

Theorem 3.3.1 states the “oracle rate” for the excess risk and the ¢; norm, where §*
is the oracle. This terminology “oracle” is mainly chosen for ease in reference, and allows
much flexibility, in the sense that the choice of the collection T is left unspecified. In order
to improve the bound for the excess risk, one may choose to minimize over a larger collection
T . See Biithlmann and Van De Geer [2011] Chapter 6 for detailed discussions. In general, 5*
may not be the parameter of interest and is not easy to interpret. The following corollary

provides the rate of convergence of |5 — 3%|; and the excess risk £(f 5) with respect to A and

50-

Corollary 3.3.3. Suppose that Sy := Sz (resp. so := |Sp|) satisfies Assumption 3.3.5, the
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compatibility condition, and T = {Sp}. Then under the conditions of Theorem 3.3.1,

NE-h < Vo (‘fgg) (3.38)
8 . [4\/50
§(f5) < 50 (TSO)) (3.3.9)

Theorem 3.3.1 and Corollary 3.3.2 describe how the rate of convergence depends on
the sample size n, the dimension p, the oracle excess risk &( fﬁ*), the margin condition
quantified by the function G(-) and the moment conditions and strength of dependence which
are characterized by ¢,7, ax,ay, ¢ and v, respectively. Theorem 3.3.1(ii) and Corollary
3.3.2(ii) suggest that, under short-range dependence with exponential decay rate (similar
to exponential moment conditions for i.i.d data), we can take A =< (logp)“l/n“? for some
positive constants c¢1,co. Then the allowed dimension p can be as large as logp = o(n®)
with ¢3 = ¢g/cq. Theorem 3.3.1(i) and Corollary 3.3.2(i) show the results under short-range
dependence with polynomial decay rate (similar to bounded moment conditions for i.i.d.
data). Roughly speaking, we can take A\ < p“ /n for some positive constants ¢4 and cs.

Assume that [|[X |cclly,ax = 1, [[Yllgay = 1, £(Sp) < 1 and sy = |Sz0|. Consider the
maximum marginal (log)-likelihood loss. Assume the typical quadratic margin behavior, i.e.,

J(u) = cu?, then G(v) = v?/(4c). We generally can take
A= Ao = p!/ 1) (log (pn) 202 4 58 272 log(pn) B2 1+ (log p) Pl XL.
By (3.3.8), the estimation error behaves like Asq, i.e., of the order

sop/ P12 (log(pn)) 212 4 sop® BT (log (pn)) ¥ 200 4 s (log p)* Pl X,
(3.3.10)
Similarly, under Corollary 3.3.2.(ii), assume that [|[X |sclly, < 1 and [[Y ]|, =< 1. Consider

the maximum marginal (log)-likelihood loss and the typical quadratic margin behavior, we
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can take

A= Ao < ((log ) + (log p) 17272 (log ) /2= 1/2,

The estimation error behaves like Asq, i.e., of the order
so((logp)' ™" + (log p) 72/ % (log ) /2)n 112, (3:3.11)

For i.i.d. data, the asymptotic behavior of Lasso estimator for GLM was studied in van de
Geer [2008]. Many other papers investigated high dimensional robust M-estimator, such as
Fan et al. [2017] and Loh [2017]. A key technique in these articles is Bousquet’s inequality
(Bousquet [2002]) or other similar inequalities for empirical process. These methods cannot
be used for time dependent data. It is noteworthy that the proof of Theorem 3.3.1 requires
new concentration inequalities for high dimensional time series. We establish Bousquet-type
inequality for time dependent data, which is shown in the Appendix.

To tackle the problem of heavy-tailed data, we propose to use the robust regularization
method in Section 3.2.2. We now turn to analyze the robust estimator. Under the same
assumptions, the next theorem shows the rate of convergence of | B — [|1 and the excess
risk E(f B) by the moment condition and the dependence condition. In Theorem 3.3.4, the
response is also assumed to be generated from a particular distribution in an exponential
family. In other words, there does not exists any model misspecification issue, and the

response has sub-exponential tails.

Theorem 3.3.4. Suppose Assumptions 3.3.1, 3.3.4 and 3.3.5 hold. Suppose the loss function
R(z,y) has the form (3.2.5) and the functions h(-),r(-) therein satisfy Assumptions 3.5.2 and
3.8.3, or the loss function itself satisfies Assumptions 3.3.2 and 3.3.3. Let * and £* be given
in (3.3.4) and (3.5.5).

Assume that max;<j<p | X;;|l§ < C < co and 1Y [y, < oo, where v >0 and g > 2. Assume

that |3* — 821 < My/2 and £*/\g < My/2. Suppose that for some positive constants A and
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D=

do = A (o) 3 + (o) X075 togm) 05 ) A0

w (ﬂogp)“*”)“—fq) + (logp) 2 1730 log méﬂ—fq)) e

—4/(3¢—4

and T X ) ). If A\ > (22/3)\g, then with probability at least

s )5
1— Oy~ G4 — Ogp=CaBTTT

any Lasso solution (3 of the problem (3.2.6) satisfies

A —2X0)|B -8 < ?5*, (3.3.12)
8 o
E(fy) < € (3.3.13)

where the constants C1, ...,Cy only depend on q and v.

Specifically, if max; |Y;| < C < oo, let

N o= A ((logp)l_é + (108517)%(1_é)(logn)%(1_}1)> w300

w <<1ogp><1+”><l—é> + (logp) 122”<1—é><10gn>2<1—;>) 30

and T < Aal/(q_D. If A > (22/3) g, with probability at least

2q 2q

- 142v)(g—1
1— Olp_CQAq r ng_c4B( +2v)(g—1)

I

for any Lasso solution 3 of the problem (3.2.6), we have bounds (3.3.12) and (3.3.13).

Similarly, if the loss function is the marginal (log-)likelihood loss function, sharper results

can be effectively established.
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Corollary 3.3.5. Assume the robust loss function is corresponding to the mazimum marginal
(log-)likelihood loss function in (3.2.4). Assume that |* — 501 < Mo/2 and £ /g < My/2.

Suppose that

Ao =4 ((logp)l?flq + (logp)é(l??q)(logn)%“?fz)) (- 5)

4
(1—3%)71—5(1—3%) ||Y||11;371’

Nl =
—

+ B(logp)

and T = )\64/(3(1_4). If X > (22/3)Xg, then under the conditions of Theorem 3.3.4, with

probability at least
436—q4 B (1+2 6q?, 4
1—-Cip Cp AR _ Cse CyBIF2)Ga=)

)

we have bounds (3.3.12) and (3.3.13).

Furthermore, if max; |Y;| < C' < oo, let

(1-3)

DNl —
DNl —

(1—%)(

D=

logn)

A=A ((logml_‘lf + (log p) (1_;)) w3070 4 B(logp)

and T < Aal/(qil). If X > (22/3) g, with probability at least

2q 2q

[ _ Clp_C2Aq—1 _ 036_043(1+21/)(f1*1)

Y

we have bounds (3.3.12) and (3.3.13).

From the theorem, our robust regularization method in (3.2.6) can handle the dimen-
sionality

log p = o(n),

for some 0 < ¢4 < 1, which guarantees that the “estimation error” in Theorem 3.3.4 converges
to zero as long as the tuning parameters 7 and A\ are properly chosen. Note that the rate

in Theorem 3.3.4 is similar to that in Theorem 3.3.1(ii). It also reveals that the estimation
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error vanishes faster if higher-order moments of the covariates exist.
Assume that maxj<j<p || X;;[|§ < C, max; |Vj| < C < o0, k(Sp) < 1 and sp = S g0l
Consider the maximum marginal (log)-likelihood loss. Assume the typical quadratic margin

behavior, i.e., J(u) = cu?, then G(v) = v?/(4c). We generally can take

1-1
A= A\ =< ((1ogp) 7 4 (log p)

N =

(0= (log n)éu—;)) ]
By (3.3.8), the estimation error behaves like Asg, i.e., of the order
1 141 141 11 1
50 ((logp)l_‘l + (logp)2(1_‘1)(10gn)2(1_f1)) n"217g), (3.3.14)

It is clear that the estimation rate achieved in (3.3.14) is better than the one achieved in

(3.3.10).

3.4 Application to Linear Regression

Robust estimation of linear regression can be regarded as a generalized linear model with
quadratic loss. In this special case, although Lipschitz property does not hold, we still have
an explicit concentration result for our robust estimator. Consider the usual linear regression

setup for the response variable Y; and the covariate vector Xj,
Vi = X730+ ¢, (3.4.1)

where 89 € RP are unknown coefficients to be estimated, e; is the error term. Let the loss
function R(fz(X;),Y;) = (Y; — fﬁ(Xi))2/2. Different from Theorem 3.3.4 in Section 3.3, if
the error has heavy tails, the response Y; also has heavy tails. In other words, ||V ||, = oco.
This motivates us to truncate both the heavy tailed covariates X; and the response Y; under

Lo loss. Then similar to (3.2.6), we propose to use the following M-estimator of 8V with the
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generalized f9 loss to robustify the estimation:

B = argmﬂin {% D (Vi = f5(X))? + A Iﬂll} ; (3.4.2)
=1
where
f3(X;) = X8, (3.4.3)

Here, we choose Y; = Yj(r1) = sgn(Y;)(|Y;] A7) and )?ij = sgn(X;;)(| X5 A m2) for all
1 < j < p, where 71, ™ are both predetermined thresholds.
To establish the convergence rate of B , we shall adopt the geometric moment contraction

(GMC) condition for temporal dependence.

Assumption 3.4.1 (Geometric Moment Contraction (GMC)). Assume that for all i and j,
Xjj has finite q-th moment, q > 2. We say that (X;;) is Geometric Moment Contraction
(GMC; see Wu and Shao [2004]) if there ezist ay € (0,1), C1 = Cy(a1) > 0 such that

”XZ] - gj(7 8/—17 867 €1y ey 51’)||q < Cla?[- (344)
It is easily seen that (3.4.4) is equivalent to
1Xij = 95(F)lq < Caab, (3.4.5)

for some ag € (0,1) and Cy = Co(ag) > 0.

Many nonlinear time series models satisfy GMC (cf. Shao and Wu [2007]). Instead of
geometric f-mixing, we employ the GMC as an underlying assumption for our asymptotic
theory.

To be solvable in the high dimensional regression setting, 5° is usually assumed to be

sparse or weakly sparse, 7.e., many elements of 50 are 0 or small. In particular, we impose
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the following weakly sparsity condition.

Assumption 3.4.2 (Weakly Sparsity Condition). There exits some 0 < ¢ < 1, with a

uniform radius Ky such that
p
ST < Ky (3.4.6)
j=1

Note that Ky might depend on p. In the special case ¥ = 0, this quantity corresponds to an

exact sparsity constraint—that is, B9 has at most Ky nonzero entries.

Finally, both assumptions together lead to the following main result. We show that
| B— 50]2 and | B— 50]1 are upper bounded by the same rate as the optimal rate under light

tails and i.i.d. data so long as the tuning parameters 71, 79 and \ are properly chosen.

Theorem 3.4.1. Assume Assumptions 3.4.1 and 3.4.2 hold. Assume |3%|; < Cg < oo.
Also assume E]Xij|4 < C < oo, forany 1 < j < p, and E|Yj|* < C < 00. Choose 11,9 =
n1/4/(logp)3/4 and X\ = 2c1\/nlogp/n, where n > 1. Then as long as Kﬂ(logp/n)(l_ﬁ)/2 <

co, we have

1-2
- nlogp\ ™ 2 -
P15 - 8 > ay (EE) | <5t 3.47)

and

N lo 1—9 B
P (Hﬁ — B0 > eaFy <77 ngp) > < 3pt7 (3.4.8)

for some positive constants cy, ..., c4.

Theorem 3.4.1 reveals that |5 — 8|5 has a convergence rate Kém(log(p)/n)lm*ﬂ/@ This
rate is the same as the minimax rate (Raskutti et al. [2011]) for weakly sparsity models under

light tails and i.i.d data setting. In a special case that ¥ = 0, \B — 50|2 converges at rate
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Ké/Q(log(p)/n)lﬂ, where K is the number of non-zero elements of 50, It suggests that
our robust method does not lose much information for heavy-tailed data with geometrically
decaying temporal dependence. Fan et al. [2016] considered the special setting with i.i.d.
data vectors. Our Theorem 3.4.1 is a significant improvement by relaxing the independence
assumption, by presenting a Bernstein type inequality for weakly dependent data in the

Appendix. In addition, to achieve the optimal statistical rate, we need Ky(logp/ n)(l_ﬂ)/ 2 <

Cc9.

3.5 Simulation Study

In this section, we expound upon concrete instances of our theoretical results and provide

some simulation results.

3.5.1 Statistical error

In the first set of simulation, we assess the finite sample performance of the robust procedure
and compare it with the standard Lasso procedure in logistic regression and linear regres-
sion. The implementation of our robust procedure is simple: truncate or shrink the data
appropriately, then apply the standard procedure to the transformed data. The simulations
are based on 5000 independent Monte Carlo replications.

We first specify the parameters in the logistic regression. We generate data from inde-

pendent AR(1) processes, say
Zij = ¢jZi—1j+aij, 1<j<p, (3.5.1)

where ¢; ~ U[0.2,0.6] or ¢; ~ U[-0.6,—0.2], and the innovations a;; is given below. To

generate cross-dependence, let

2= (o) = (M), 0<p<1,
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and £/2 be the square-root matrix of X. We use X; = El/QZZ-, 1 <7 < n, where Z; =

(Zi1y s Zip)’ . We choose the true regression coefficient vector as

where the first 20 elements are all 3 and the rest are all 0. Let 6; = 1/(1 + exp(—X/5*)) be
the probability of success of the Bernoulli distribution of Y;. Thus, Y; is a random draw from
Bern(#;). We run simulations for sample sizes n = 200, 300, 400, 500, 800, 1000, 2000, 3000,
and choose the number of parameters p to be 400, dependence parameter p = 0.5. For each
case, additional 500 observations are generated and used for out-of-sample predictions. To

entertain various shapes of covariate distributions, we consider the following two scenarios

for a;; of (3.5.1):
(a). the Student-t distribution with degrees of freedom 5 times 1/10, i.e. 0.1t5;
(b). alog-normal distribution with parameters 0 and 0.25? times 1/5, i.e. 0.2logNormal(0, 0.5?).

They represent heavy-tailed symmetric and asymmetric distributions, respectively. To meet
the model assumptions, the covariates are standardized to have mean 0. The constants used
are chosen to ensure appropriate signal-to-noise ratio and 6; not trivially equal to either 0 or
1 for better presentation. The numerical performance of the robust procedure and standard

Lasso procedure under the two scenarios is evaluated by the following five measurements.
(a). Lo error, which is defined as \B — B*9;
(b). Lq error, which is defined as \B — B*|1;

(¢). the number of false positive results, FP, which is the number of noise covariates that

are selected;

(d). the number of false negative results, FN, which is the number of signal covariates that

are not selected;
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(e). one-step-ahead forecast errors of a total of 500 out-of-sample observations, FE, which

is the misclassification rate.

For the robust Lasso, we choose the optimal tuning parameters A\ and 7 on the basis of
100 independent validation data sets. For each case, we run a two-dimensional grid search
to find the best (A, 7) pair that minimizes the misclassification rate of the 100 validation
data sets. Then the optimal pair is used in the simulation. Similar methods are applied in
choosing the tuning optimal parameters in other models. The means of the five performance
measures are summarized in Table 3.1.

The results of Table 3.1 show that our robust Lasso method has certain advantages
over the standard Lasso method when the covariates are heavy-tailed. The results are in
agreement with the theorems. As the sample size increases, the performance measures
improve. In both symmetric and asymmetric covariates cases, our robust method has smaller
L1 and L9 errors. The advantage of our robust method is more pronounced when the sample
size is large. As expected, FP increases slightly with sample size n, but FN approaches zero
as n increases.

We also investigate the empirical properties of the proposed method in linear regression.
We again generate data from independent AR(1) model (3.5.1). Analogous to the logistic
regression, we set X; = »t/ 2Zi. For response, we generate time series process Y; from the

model,

Y, = X/8" + e, (3.5.2)

where e; is given below. The following two scenarios for a;; are considered:
(a). the Student-t distribution with degrees of freedom 5, t5;
(b). a log-normal distribution with parameters 0 and 0.25%, logNormal(0, 0.252).

For the distributions of error e;, we choose:
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Table 3.1: Simulation results of Lasso and robust Lasso for logistic regression (p = 400, p =
0.5, where n is the sample size. The results are based on 5000 replications.

Student t5 LogNormal(0, 0.25)
Scenario Lasso robust Lasso Lasso robust Lasso
Lo loss 11.53 11.32 11.59 11.39
L loss 50.14 48.38 50.30 48.60
n = 200 FP 0.96 0.88 0.88 0.79
FN 11.30 10.85 11.84 11.41
FE 28.11% 27.24%  29.08% 28.50%
L9 loss 10.22 9.85 10.28 9.94
L1 loss 43.69 40.89 43.80 41.15
n = 300 FP 1.69 1.51 1.61 1.44
FN 5.98 5.37 6.59 5.92
FE 22.02% 20.82% 23.09% 22.00%
Lo loss 9.46 8.95 9.48 9.05
L loss 40.21 36.62 40.10 36.85
n = 400 FP 2.28 2.04 2.24 1.97
FN 3.53 3.08 4.08 3.44
FE 20.33% 19.24% 21.34% 20.23%
Lo loss 8.87 8.28 8.88 8.34
L loss 37.56 33.51 37.38 33.61
n = 500 FP 2.64 2.32 2.54 2.23
FN 2.23 1.84 2.66 2.14
FE 19.44% 18.37% 20.40% 19.33%
Lo loss 7.66 6.82 7.67 6.93
L1 loss 32.39 27.29 32.15 27.52
n = 800 FP 3.28 2.94 3.12 2.71
FN 0.56 0.41 0.79 0.53
FE 18.18% 17.17% 19.22% 18.13%
Lo loss 7.15 6.20 7.11 6.26
L loss 30.27 24.71 29.85 24.82
n = 1000 FP 3.49 3.13 3.38 2.96
FN 0.24 0.17 0.35 0.22
FE 17.83% 16.82% 18.83% 17.77%
Lo loss 5.67 4.42 5.61 4.43
L1 loss 24.15 17.48 23.69 17.51
n = 2000 FP 3.82 3.50 3.69 3.34
FN 0.0018 0.0008  0.0060 0.0014
FE 17.19% 16.22% 18.12% 17.05%
Lo loss 4.92 3.53 4.84 3.52
L loss 21.07 13.87 20.50 13.90
n = 3000 FP 3.90 3.56 3.79 3.41
FN 0 0 0 0
FE 16.94% 15.98% 17.97% 16.93%
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(a). the Student-t distribution with degrees of freedom 3 times 20, i.e. 20t3, the standard

deviation of which is about 34.64;

(b). alog-normal distribution with parameters 0 and 0.5% times 20, i.e. 20logNormal(0,0.5%),

the standard deviation of which is about 12.08.

Again, the covariates and the errors are standardized to have mean 0, and the constants used
are chosen to ensure appropriate signal-to-noise ratio for better presentation. Set n = 50,
100, 200, 300, 400, 800, 1000, 2000. We use the root mean squared forecast error (RMSE)
to measure one-step-ahead forecasts of a total of 200 out-of-sample predictions. The results
are reported in Table 3.2.

The results of Table 3.2 are also in agreement with the theorem. In particular, as ex-
pected, the RMSE approaches the standard deviation of e; as the sample size increases. In
general, similar to the logistic regression, the robust estimator outperforms the non-robust
one. This is particularly so for the case of heavy-tailed noises e; ~ 20t3. But as the sam-
ple size increases, the difference between the robust procedure and the standard procedure
gradually decreases. The out-of-sample predictions seem to work well when the sample size
n > p. For log-normal errors, FN seems to be higher than FP. Both are sizable when the
sample size is small.

In conclusion, our robust method is more flexible than the standard Lasso. The above
two cases evidently show that the robust procedure outperforms the standard procedure
under the setting with heavy-tailed covariates and errors. The truncation parameter enables
the robust method to render consistently satisfactory results under all scenarios considered

in our simulation.
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Table 3.2: Simulation results of Lasso and robust Lasso for linear regression (p = 400,p =
0.5), where n is the sample size and the results are based on 5000 replications

Student ¢ LogNormal
Scenario Lasso robust Lasso Lasso robust Lasso
Lo loss  24.01 22.31 35.11 31.90
Ly loss 148.01 140.39 218.33 201.09
n = 50 FP 44.26 44.12  47.52 47.31
FN 12.23 12.16  15.12 14.94
RMSE  49.86 48.10  16.46 15.78
Lo loss  25.29 23.44  40.86 37.04
Ly loss 200.83 187.76  331.69 302.13
n = 100 FP 51.31 50.79  57.69 57.12
FN 8.05 7.73  11.52 11.18
RMSE  49.72 47.66  17.19 16.39
Lo loss  12.46 11.04 24.52 22.78
Lqiloss  66.12 52.68 205.78 187.80
n = 200 FP 11.89 7.83  33.56 31.73
FN 7.19 5.85 11.06 10.64
RMSE  40.84 39.13 15.10 14.73
Lo loss 9.67 8.03 12.64 10.36
Ly loss  39.98 36.83  55.58 52.13
n = 300 FP 3.49 3.34 7.81 7.91
FN 5.78 4.47  10.30 10.25
RMSE  38.25 3737 13.34 13.26
Lo loss 8.77 8.04 11.72 9.24
Lqiloss 37.53 32.60  50.27 47.80
n = 400 FP 2.99 2.82 1.50 1.71
FN 3.67 2.67 10.27 9.51
RMSE  37.04 36.18  13.13 13.01
Lo loss 6.42 5.78 9.44 8.95
Ly loss  25.13 22.34  38.17 36.04
n = 800 FP 2.56 2.52 1.37 1.61
FN 0.86 0.41 5.94 4.67
RMSE  35.11 34.65  12.58 12.51
Lo loss 5.79 5.15 8.75 8.28
Ly loss  22.53 19.84  34.74 32.82
n = 1000 FP 2.58 2.49 0.71 0.90
FN 0.45 0.16 4.29 3.29
RMSE  34.82 34.42  12.46 12.40
Lo loss 4.11 3.56 6.69 6.22
Lqloss  15.85 12.60  25.65 23.94
n = 2000 FP 2.22 2.13 0.39 0.49
FN 0.0376 0.0014 1.10 0.67
RMSE  34.39 34.14  12.26 12.23
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3.5.2  Convergence speed

To study how the dependence and the heavy tails affect the convergence speed of the esti-

mators, we consider the two tail probability ratios for linear regression

_P(B- 81 > 1t)
TR -

CP(Bt =B > 1)

where BT is the Lasso estimator of 3* in the same models as in Section 3.5.1 with ¢; = 0,
aj; being i.i.d. standard normal random variables and e; being ii.d. 20N(0,1) random
variables, and 3 is the Lasso estimator of the models in (3.5.1) and (3.5.2) with different
serial dependence and tail conditions. We choose ¢; = —0.9,—0.8,...,0.9 for all 1 < j < p,
aj; being t5 and e; being 20t3. The denominator in (3.5.3) can be viewed as benchmark
probabilities. By cross validation, the optimal threshold value A for benchmark light-tail
model is around 3. Hence in our simulations, we use A = 3, n = 100, p = 400 and p = 0.5.
For the benchmark, based on 10 repetitions, the 99% and 99.9% quantiles of |37 —3*|5 (resp.
|BT — [%[1) are 15.327, 16.441 (resp. 84.865 and 91.677). For each ¢;, the tail probability
P(|3 — B*|o > t) (resp. P(|3 — B*|1 > 1)) is estimated by 10% repetitions of |3 — 8*| (resp.
] B— [*|1) that are larger than the critical value ¢, respectively.

Table 3.3 reports the results of Ag(t) with ¢ = 15.327 and 16.441 and A1 (¢) with ¢ = 84.865
and 91.677. They correspond to the ratio between P(|3 — 8*|2 > t) or P(|3 —8*|; > t) under
various serial dependence and moment conditions and the benchmark tail probabilities 0.01
and 0.001, respectively. As expected from our theoretical results, Table 3.3 shows that the
upper tail probabilities IP’(\B — [*]1 > t) and ]P’(\B — (%o > t) with larger t are affected
more than the one with smaller ¢; heavy tails can lead to larger P(|3 — 8*|; > t) and
P(\B — [*|2 > t), thus inflating the tail probability ratios. Furthermore, compared with the
standard Lasso method, the robust Lasso procedure significantly improves the convergence

speed as the ratios Aq(t) and Ay(t) are much smaller. In addition, the tail probability ratios
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decrease as the serial dependence increases (larger |¢]|) But if the dependence strength is

too strong (¢; is close to 1), the tail probability ratios increase again.

Table 3.3: Simulated values of the tail probability ratios A1(¢) and Aa(t) of Equation (3.5.3)
for Lasso and robust Lasso (R-Lasso) procedures. 1000000 replications are used to evaluate
the probabilities.

A1 (2) Ag(t)
t = 84.865 t=91.677 t =15.327 t =16.441

¢; Lasso R-Lasso Lasso R-Lasso Lasso R-Lasso Lasso R-Lasso
-09 164 6.4 92.1 15.9  20.5 10.0 107.3 25.8
-0.8  26.0 6.3 163.1 16.1  25.3 7.5 1484 17.6
-0.7 375 8.6 252.8 25.1  32.7 8.3 202.2 20.6
-0.6  48.3 12,5 346.5 43.2  40.0 10.7  260.3 29.1
-0.5 575 17.5 430.7 66.4  46.5 13.8 312.7 41.9
-0.4  64.7 22.8 501.5 98.9 519 17.6  362.2 60.0
-0.3  70.0 28.1 558.9 129.1  56.6 21.5  403.0 77.9
-0.2  73.3 32.2  595.2 158.0  59.5 24.9 4294 97.8
-0.1  75.7 35.2  625.0 182.0 61.9 27.5 454.2 112.5

0 76.6 36.3 633.8 189.9  63.0 28.5  464.5 120.2

0.1 76.0 35.8  628.2 184.8  62.8 28.5 462.3 119.2
0.2 74.8 33.8 612.2 171.4  62.0 27.0 4548 112.1

0.3 71.8 30.4 5777 147.6  59.8 25.1 436.1 100.2
0.4 67.8 26.3 5H34.8 119.9  57.5 229 417.1 90.9
0.5 61.7 22.0 474.0 924 545 21.5  388.7 85.7
0.6 55.0 18.4  405.8 72.1  52.0 21.8 374.1 96.4
0.7 478 16.8  338.4 64.8  52.2 26.7 384.6 143.7
0.8 42.8 20.1  292.3 86.50  57.5 40.1 4554 273.6

0.9 20.3 40.1  365.0 2475 737 66.2 655.9 961.5

3.6 Real Data Analysis

In this section, we use a real dataset to illustrate the performance of the Lasso procedures.
We consider a high frequency financial dataset that was first studied by Tsay and Chen
[2018]. The data consist of the high-frequency trading of Walgreens stock on February 6,
2017. The data are available from the TAQ database of the New York Stock Exchange. Let
y! be the observed price change of the ith trade during the normal trading hours between

9:30AM to 4:00PM, Eastern Time. Due to the discreteness of 3, as suggested by Tsay and
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Chen [2018] Example 4.2, we divide the price changes into 7 categories, namely,

< —0.02, [-0.02,-0.01), [-0.01,0), 0, (0,0.01], (0.01,0.02], > 0.02,

where the unit is one U.S. dollar. The category associated with y is thus defined as Y;. If
yi < —0.02, we have Y; = 1, if —0.02 <y < —0.01, ¥; = 2, and so on. We define ¢; to be
the duration between (i — 1)th and ith transactions, which is measured in seconds. Let s;
be the normalized size of the transaction, which is the trading volume (number of shares)
of the ith trade divided by 100. We also define six dummy variables for the price changes.
Specifically, let
1 if Y =y,
Zjj = Jj=2,..,T. (3.6.1)
0 ifY; #J,

Denote z; = (22, ..., z”)’ . Then in our study, we employ the following 9d input variables,

Xi = {Zi—l’y;’k—l?ti—lvsi—l“ = 1,2, ...,d},

where d denotes lag in the time series. For this dataset, we want to predict trade-by-trade
price change. On February 6, 2017, there were 29275 transactions available for the Walgreens
stock. We use the first 27275 observations as the training subsample and reserve the last
2000 observations for out-of-sample prediction for comparison.

The well known ordered probit model (Hausman et al. [1992]) with d = 3 is used as
benchmark. Setting d = 3, Tsay and Chen [2018] compare the benchmark with several
network models. In this particular instance, the 27-10-1 (feedforward) neural network ap-
pears to perform the best among the network models considered. The prediction results for
both models are reported in Tables 3.4 and 3.5, respectively. In comparison, we apply Lasso
methods with multinomial logistic regression to the data. Besides the main effects X;, we

also add two-way interactions between y;il’ ti—1,8;—; and z;_;, [ =1,2,...,d. That is, there
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are a total of 27d input variables. Note adding two-way interactions does not improve the
predictions of the benchmark. In both standard and robust Lasso procedures, we choose
d = 16. The optimal values of tuning parameters are chosen by a two-dimensional grid
search using BIC; see also Section 3.2.2. The prediction results are summarized in Tables
3.6 and 3.7.

Table 3.4 shows that the ordered probit model does not perform well in prediction. As
a matter of fact, the model predicts no price change for all of the last 2000 transactions.
This is not surprising as the probability of no price change in the training subsample is
71.3%. The forecasting results in Table 3.5 show that the 27-10-1 neural network is able to
correctly predict 3, 47, 1389, and 11 times for Categories 1, 3, 4, and 5, respectively. Its
misclassification rate is 27.5%. In comparison, the standard Lasso procedure for multinomial
logistic regression correctly predicts 2, 5, 35, 1378, 20, and 3 times for Categories 1, 2, 3, 4,
5, and 6, respectively. The corresponding misclassification rate is 27.85%. And the proposed
robust Lasso procedure for multinomial logistic regression correctly predicts 3, 6, 32, 1378,
20, 3 and 1 times for Categories 1 to 7, respectively. Its misclassification rate is also 27.85%.
The standard Lasso procedure and the robust Lasso procedure perform almost the same for
the misclassification rate but the latter improves the predictions in most categories.

In some scenarios of multiclass classification, researchers assign different costs for classi-
fying certain classes (see Duchi et al. [2016]); for example, it may be less costly to misclassify
a benign tumor as cancerous than the opposite. In our particular example, the classes are
unbalanced and we are more interested in big price changes. To this end, we use a cost matrix

W = (wp)]

k=1 € Rzrﬂ, where wjj, > 0 is the cost (weights) for classifying an observation

of class j as class k. We assume w;; = 0 for each j. Then the weighted empirical error is

defined as

7
1
erriv(9) = 12 D Wik {g(x)=vi=h} (3.6.2)
1<n j,k=1
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where g is a classifier. We further define wjk(k # j) as the reciprocal of the proportion of

class j among all the 29275 observations, i.e.,

| 29275 -1
1=

Then, the weighted empirical errors for the 27-10-1 network, standard Lasso procedure and
robust Lasso procedure are 4.09, 4.11, 3.99, respectively. Therefore, both the standard
Lasso procedure and robust Lasso procedure are compatible to neural networks. From the
weighted empirical error perspective, our robust Lasso procedure fares best. This example
demonstrates that the standard Lasso procedure and robust Lasso procedure can be helpful

in modeling trade-by-trade price changes in financial market.

Table 3.4: Forecast tabulation for the ordered Probit model

Predicted Categories
2 3 4 5 6

4
100
180
1437
174
100

5

Real Categories
N o otk w o~
O OO OO oo
OO OO OO
coocococoo
O OO OO oo
OO OO OO
coococ oo o

Table 3.5: Forecast tabulation for the 27-10-1 feedforward neural network

Predicted Categories

Y, 1 2 3 I 5 6 7
1113 0 0 1 0 0 0
-gzooz 98 0 0 0
(3]0 0 47 129 4 0 0
5420381389800
Z]5]0 0 11 152 11 0 0
Sl6/00 5 95 000

710 0 0 5 0 0 0
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Table 3.6: Forecast tabulation for the standard Lasso method

Predicted Categories

Y, 1 2 3 4 5 6 7
T172 1 0 1 00 0
-%2052 91 1 1 0
230 0 35 134 11 0 0
54172313782062
Z|5]0o 1 6 146 20 1 0
gl16/01 0 94 230

711 0 0 4 0 0 0

Table 3.7: Forecast tabulation for the robust Lasso method

Predicted Categories

Y, 1 2 3 4 5 6 7
L1173 0 0 1 00 0
-§2062 90 1 1 0
@030 0 32 141 7 0 0
54072413782251
~ |50 1 5 147 20 1 0
£16/01 0 96 0 30

711 0 0 3 00 1

3.7 Inequalities for Empirical Processes of High-dimensional

Time Series

The proof of the main theorem requires additional new concentration inequalities for em-
pirical processes of time series. Analogous to Bousquet’s inequality (Bousquet [2002]) for
i.i.d data, we present concentration inequalities for both heavy-tailed and light-tailed high
dimensional time series under the functional dependence measure framework. The result
may be of independent interest. To simplify the notation, denote

P(F5(X0)) = (P gy (X))o P gy (X)), (e (X)) = ({3 (X0))s o (3 (X)) (-
dimensional vector) and 7(-) = r(-) — Er(-). Denote ]-'l.l = o(ep, ..., g) with [ < i, F; =

o+ gi-1,8). Write Py(-) = E(-|F7) — E([F1—1).

Theorem 3.7.1. Let |3 —B3%|g = s, t = s(logp+logn), and Cy .« be a constant depending on

q and o Assume ||| X.|oo|ly o < 00, where ¢ > 2 and o > 0. Suppose that Assumptions 3.5.2
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and 3.3.3 hold. (i) If « > 1/2 —1/q, then for x > \/E|||X.|Oo||2,a 4+ nl/a43/2 11X loollg,. -

n
Ca.ant?? [[|X.|so]l9
P sup | [F(fa(X0) = P(fa(Xp))]| = Mz | < — 7.
|B—=B*1<M, |, x4
|B—B"[o=5
C 2
+Cy,a exp (—%) )
n|[X-Josoll2 4
(3.7.1)
(ii) If 0 < a < 1/2 —1/q, then for x > Vnt ||| X |oollg, ¢ + nl/2=a3/2 11X |oollg 0
n —
Cg,an®/2 =912 ||| X |,
P sup [F(f3(X3)) = 7(fa«(Xi)]| > Mz | < — ’
|B=B*[1<M, Zzzl x4
|B—B*lo=5
C 2
+Cq,a €Xp (—%) )
nl[X-Jooll3 4
(3.7.2)

Proof. Denote A = {5 : |6 — %1 < M,|p — o = s}. We divide each coordinate
of 8 — B* into D segments. Define set A,, := {6(1), ...,B(m)} C A, such that for any
B e A, minﬁ(J)eAm 1B — B(j)h < M/D. The number of e-balls that is required to cover a

k-dimensional unit diamond is bounded by (4/¢)¥. Since 8 — 8* is a p-dimensional vector

with at most s nonzero coordinates, the covering number we require is at most (4pD)%. Then
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m = |An| < p°D*. Let ph = argminﬂ(j)eAm |8 — B(j)h. Then,

g > F(fp(Xi) = T(fpe(Xi))]| = M
\5—5"1‘1112% i:l[r( 5(X3)) = 7(£5+(Xi))] T
|B—B%|o=5

En Mzx
b8 <. izl[ (Fgn(X0)) = T(fpr (X))} 2 =~
|B—B*|o=5

En Max
+P o)) — F o (X)) =
|ﬁ_511|?§M7 izl[r( B( ) =7 ﬂh( )] 5
|B—B*|o=s
n ) 7 Mx
:P< sup | Y [7(f50 (X)) = (S (X0))]| = - d
B(])EAm i—1
En Mz
+P o)) — F o (X)) >
|ﬁ_ﬁsll|113§M7 izl[r( B( ) =7 ﬁh( )] 5
|B—pB*|o=s
=11 +1Is.

We first consider I. By the Lipschitz property, Assumption 3.3.2, |r(f3(X;)) — r(fﬁh(Xi)) <

ﬁ — ﬁh X;|. Some basic Calculations ShOW that
)
H(ﬁ 5h) Xi”q < M“O,Q/D <M H|X'|OOHQ7OZ/E'
I llell,

M
L < P<2nmax up I(ﬂ—ﬂh)TXi\ZTx>
top=p*1<M

Cg2n™ X oo |0
- D4x4a
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Note logm =< slogp + slog D. We can set logm = s(logp + logn) and D =< n. Thus,

Cqnll| X oo llga

1
2 -

(3.7.3)

It remains to consider Iy. Let ¢ = 1V logm, where logm = s(logp + logn). Note
that for any vector u = (uq, ..., um)?, Juloe < |uly < mY*|uloe. Let L = [logn/log?2],
n=2if1<1<L 7 =nand 7 =0. To simplify the notation, denote r(fp(X;)) =
(r(f 50 (Xi))s oo 7 (f 5m) (X0))), (= (X)) = (r(f3+(Xi)), s 7(fg= (X)) Let
Wi = 320 [P (fa(X5)) = 7(fg (X)), Wi i = 2oim B(F(f3(X3)) — (= (Xi)lgi—ps -+ €4),
Xik =E(Xle;—k, - &) Define Q,, =Wy — Wy 5, for 1 <1< L and write

L

Wn = Wn,O + Wn - Wn,n + Z Qn,l- (3’7'4)
=1

Note that Wy, — Wy, 0 = Zlel Qp,- By Lemma 3.7.7 and Jensen’s inequality,

|||Wn,k:—|—1 - Wn,k|00||q

n

D E(r(f5(X) — (g0 (X)IFY) —E(r(f5(X0) — r(fa= (X)) IFM)]

1=1

tlq

< gV | [BUr(F500) = (s XV F ) ~ Br(f(X0) = r(Fp (XI5 |

< g/t || (F5(X0) = (3 (X0)) = r(Fp(Xiicp)) + (T (K1) |

Under Assumption 3.3.2,

1, 1 = Waalool < Covnid ||| X = Xiiopoal, | < CovniMug g
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Then

o0 o0
1Wn = Wanloollg < D 1Wakat = Wakloollg < MY CyVntwyy g = CoMVntQy 11 4.
k=n k=n

By Markov’s inequality, we have

204
[1Wa = Wanlelly _ Car?* 2,

o < - (3.7.5)

ED(H/Vn - Wn,n‘t > MZU) <

Note that Q2,11 4 < [|[X.|cllg,an ™.
Recall X; o = E(X;le;) and Wy, 0 = >0 E[F(fg(X;)) — 7(fg+(X;))les]. Under Assumption
3.3.3,

[E[r(f40) (X0) = r(fp=(X)ledll < [B[(BY) = %) Xilei]| < [BY) — B*[1[E(Xyles)|oo

< M|Xz‘,0|oo-

Note that E[r(f3(X;)) — 7(fg+(X;))|e;] are independent for different i. By Fuk-Nagaev

inequality in Lemma A.2 of Chernozhukov et al. [2013], we have

P([Wn,oloo — 2E[Wp 0[oc = Mz)

q
Ca i Emaxi<jcm [l (f0) (X0)) = r(f5e (X)led]
< Mdxd
M?242

+exp | —

3maxt<j<m Soi1 BIEL ([0 (X)) — 7(fe (X)) il P
< CoonllXooloellp | o)

i 3n||[ X 0locll3
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Then, by Lemma A.3 of Chernozhukov et al. [2013],

E[Wnoleo S \[J m?XZE r(fa0) (X)) = (£ (Xi))lei])?

+ t\/E mzaxm;ix ‘E[’f’(fﬁ(j) (X;)) — T(fﬁ*(Xi))|5i”2

1/q
S VREM ol + 1 | Brm [B1 (0 (X0) = (e (DIl

S VM1 X; glooll2 + 0/ IM | X gloo

Hence E[W), gloc S Mx, which implies that

~Y

C nl|||X; d 332
P(|Wholoo > Mz) < — I ;’Olool‘q—l—CQexp —————— . (3.7.6)
x nll|X; 0lo0ll3

Finally, for each 1 <[ < L and 1 <i < |n/7, define

1TIAD

Zi= Y EOUS06) s IFE™) ~ B Us(0) — il (X)IF )
k=(i—1)7+1

nl_ Z Zi,l and Uﬁ,lz Z Zi,l'
i is even iis odd

Let c = q/2—1—agq; let \y = 12/(7?/3) if 1 <1< L/2and N\ = (L + 1 —1)"2/(x?/3) if

L/2 <1 < L. Then Zlel Al < 1. Since Z;; and Z; are independent for i — i'| > 1, by

Lemma 3.7.8
P(|Uy: 1l = 2E|US: e > N M) < —=20 +exp | — :
n,l n,l (N Mzx)1 3 - > |UZM|%
7 1S even
where o7, = (|| Zi1,1ll2, - N Zimall2) T
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Similarly, by Lemma 3.7.7, we can obtain

7]
1/2~ ~ -
|||Zz',l|t||q < MCy(mt) / Wi,q where Wig = E Wi g < 7'l_of|||X~|O<>||q,oz-
Tl_1+1

For 1 < j < m, by Theorem 3.2 of Burkholder [1973] and Jensen’s inequality,

1Zijalls < VA Y |BOS0 (X)) = r(fe (X)) F )

k=1_1+1

~E(r(f30 (X0)) = rlf5- (X)|FH)

IN

Tl ]
Vi > NEY =T (X = Xig-0lll2

k=1_1+1

T
Mym Y Xk — Xip—tlooll2
I{,‘:Tl_l—f—l

Tl
Mym D Wi

kZTl_1+1
= M mis.

IN

IN

This implies that |0z |+ < M/77_(l1X [ ll2,a- So we obtain

POUY le = 2E|Uy, e = A M)

2.q/2-1.¢q
= Nz nll[Xxcll2a
2-1 —
< antQ/2 qu/ Tz_a1q|||X-|OO||q,a _Cq$2>‘12752—a1
< T A X lellza )
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By Lemma 8 in Chernozhukov et al. [2014],

e < 2
ElUnle = vt mjax Z EZ Z]l \/Emlaxmjax Zi
1 1S even

1
Vi fmax 37T BZE )+ tn/m) 12 el

¢ is even

MVt 5 + Mn!/43/271 /2714,

< MVl X ooz + Mot 4327 1 X el

N

AN

)

Notice that A~ /q < n4 for ¢ > 0 and ming>o \j7; ¢/9 5 1 for ¢ < 0 and ming>g A7t > 1.

Hence E|US ,|¢ ,S M Xz always holds. Therefore,

q/2-1 fozq 242
C tQ/Q ! X. Cyx” N7
P(US ¢ > M Ma) < 20— L X el oy (Cori2 ) (3.7.7)

v W Al Toollz.a

A similar inequality holds for U ;. Let

D

L L 212, 2«
Crr?\iT

Z_lq and B:Zexp{_—lg}.

=1 l =1 )

Since Y1 Ay < Land |Qls < |US |t + [U2, e, by (3.7.7),

L
P(1>  Quile > 2Mz) < D P(IQnlt > 2\ M)
=1 =1

L
< > [P, nilt = NMz) +P(JU e = A\ Mz)]
=1

Cont?/2 | X-|oo |4,

x4

A+ C7B. (3.7.8)

Let ¢ := min;>q /\127120‘ > (. By the definition of 7; and \; and by elementary calculations,
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there exists a constant C's > 1 such that for all y > 1,
L
> exp {—CsyA?T?O‘} < Cyexp{—Csy}. (3.7.9)
=1

We apply (3.7.9) with y = 22/(n||| X |13 o) If ¢ >0, it can be obtained that A < CgAf <
Con®. If ¢ < 0, then A < C1g. Hence, combining (3.7.4), (3.7.5), (3.7.6), (3.7.8) and (3.7.9),

if c>0and x 2 \/nt|||X.|Oo||27a + nl/Q+C/qt3/2|||X.|oo||q7a,

C 2 C c+140/2)| x. q
P(|Wps > Mz) < exp { ———29" 5 a0 q”‘ ‘OOH‘J’O‘, (3.7.10)
nll[ X |ooll3 o T
if ¢ < 0 and z 2 Vntl|| X [ooll2,a + 11932 | X |sc g,
Cy o’ Cyant?2)||X.|oo |
P(|Wpl; > Mz) < exp { ——— 207 ¢+ ik ”q’ ’oo“q’o‘. (3.7.11)
nf[|[X-Jooll3 4 z

By (3.7.3), (3.7.10) and (3.7.11), both cases with ¢ < 0 and ¢ > 0 of Theorem 3.7.1 follow.
[

Theorem 3.7.2. Assume |||X.|oolly, < 00, where v > 0. Let |3 —B%p = s, t = s(logp +
logn) and a = 2/(1 4 2v), then under Assumptions 3.3.2 and 3.3.3, there exists a constant

Cy, > 0 depending on v such that

P sup T(fp(Xi)) = 7(fpe(Xi))
oM, 2} ’ ’

X

(0%
Zea(nt)a/2|HX.\oony) .

(3.7.12)

> Mz | <Cpexp (—

Proof. We shall use the argument in the proof of Theorem 3.7.1. Denote A := {3 : |f —
B*1 < M, |8 — B*|o = s}. Define set Ay, := {1, ... 8™} < A, such that for any 3 €
A, minﬁ(j)eAm |ﬁ—ﬁ(j)|1 < M/D. Then m = |Ap| = p*D5. Let gl .= argminﬁ(j)e/lm |6 —
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B(j)h. Similar to the proof of Theorem 3.7.1, we can obtain

P sup [F(£5(X;)) — 7(fae (X)) > 2M
BB <M, ;T( 5(Xi)) = 7(fp=(Xi))] z
|5_5*|0:S

SP( sup | Y [F(f0) (Xi) = F(f(X0))]| = M

B eAn lim1
w F(f5(Xi)) = T(fgn(X3))]| = M
\5—5’11\?§M, ;[r( 5(X3)) = T(fn(Xi))] x

|B—B*|o=s

=1 + Is.

Let up = (e[| X.|oo[$, )~" and ¢ = 1Vlogm. Note that for any vector u = (u1, ..., um) T,
u|oo < |ult < mYt|uloo. Let L = |logn/log2], 7 =2"if1 <1< L, 7 =nand 79 = 0. De-
note r(fg(Xi)) = (r(f5w) (X)), - 7 (f gm) (X)), 7(fg=(X3)) = (r(fpe(Xi)) oo, (S (X))
Let Wy, = >0 [F(f3(X5)) — 7(f5+(X:))],

Wik = 2ic1 B(P(f3(X5)) — 7(fg«(Xi)lleimps - €i), Xip = E(Xjlgj—p, - 64). Define
Qng = i1 Piclr(fa(X;)) — 7(fp+(X;))]. Then, @, is a martingale. By Assumption

3.3.3, Lemma 3.7.7 and Jensen’s inequality,

11Qnlooll
< Ot |[B(r(75(X2)) = (5 (Xi)|Fict) = B (f5(X0) = r(T- (K| Fici)] |

< Ot ||r(F5(X0) = (1 (X0)) = r(F5(Xig-0) + rT (Kii-), |
< CvVqntM H\Xz - Xz‘,il|th

= CyVqntMuwy 4.
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Then
0 0
Waldllg <> @ulellq < MY CVantw; 4 = CM/qniQ 4.
=0 =0

Let Zy, = Wy /(M+/nt). Then |||Zy¢]lq < C\/@80,4. Write the negative binomial expansion
(1—s)" 12 = 14+3°72 ars®, where |s| < 1 and a;, = (2k)!/(22%(k!)?). By Stirling’s formula,
as k — oo, ap ~ (kr)"1/2. Hence k! ~ ﬁ(k/e)kak_l, and there exists absolute constants
¢1,c9 > 0 such that cl(k/e) 1 <kl < CQ(k/e) 1 holds for all £ > 1. If ak > 2, we have

Qo ok < (ak)”[[| X ]oc ||y, Hence, by elementary manipulations,

k k/20ak
a2 A G R Y

3.7.13
k! - cl(k:/e)’fa];1 _clulg ( )

If ak < 2, then ||| Znftllak < [I1Znlell2 < 2”1 X-Joclly, . Using e® = 3232 a*/k!, we obtain,

2V|||X|oo||¢,,) Py apu®

supEexp {u|Z,|%t < 1+
wp Eexp {u] Zalf'} < >

k
1<k<2/a k>2/a 110
S 1+C/ aj.—
Sy
U/ u
< 1ten Jug

(1 = u/ug)/?

where constants cq, ¢, > 0 only depend on a. Let u = ug/2, then sup,, Eexp {u]Zn]?} <

1+ ca/\/ﬁ. Hence,

T %
1 (1 |t ) (| Znlt \/H> (1+¢ /\/_) exp{ 2605(nt)a/2”|X'|oo||%y}
(3.7.14)

Basic calculation shows that ||(6— ") X;||, < M Q0,4/D. Employing similar arguments,
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we can obtain

x> D*
I < (1+ca/\/§)nexp{—2€ana”|X|oo||a } (3.7.15)
ety

Note logm =< slogp + slog D. We can set logm = s(logp + logn) and D =< n. Thus,

xa
I < “*Ca/ﬂ)exp{—zeammmna “0g”}‘ (3:7.16)
’ Yy

Clearly, Theorem 3.7.2 follows from (3.7.14) and (3.7.16).

Theorem 3.7.3. Assume )y, < co. Denote )?ij = sgn(X;;)(|X;5] A7) and

X; = (X1, ...,)Zip)T. Let | — B*|g = s, t = s(logp + logn), then under Assumptions 3.5.2
and 3.3.3,

Pl sup F(f(X;)) — 7(fae(X;))
o6 h<M, 2; ’ ’

2

dentr?

> Mz | <Cyexp (—

) . (3.7.17)

Proof. 1t can be carried out following the same routes as those in the proof of Theorem 3.7.2

by setting o = 2 therein. O]

Lemma 3.7.4. Assume [[|[X.[xc|l, o < 00, where ¢ > 2 and o > 0, Cq is a constant

depending on q and o (1) If a > 1/2—1/q, then for x > /nlogp |[X.]soll2 4
+n1/4(log p)*? [1X-oollg,a

Cyan(log p)42 || X.|so || C. . x2
P( m)  Coanlosn Xl G\
o0

n

>,

1=1

- )
v n[[X ool2,4
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(it) If 0 <o <1/2—1/q, then for x > v/nlogp ||| X.]scll2 4 —1—711/2_0‘(10gp)3/2 11X loollg, -

n Coan®/2-94(log p)/? || X | | Cona?
) ( Sy, N) o Coar ™ osn N ol ( Cur?
2| : n X Il
(3.7.19)
Proof. Use the same argument as that in Theorem 6.2 of Zhang and Wu [2017]. O

Lemma 3.7.5. Assume ||[X.[ool|y, < 00, where v > 0. Let v = 2/(1+2v), then there exists

a constant C, > 0 depending on v such that

n e
x
P X;| >z < Cpexp (— ) : (3.7.20)
( 2 N ) 2ea(nlog p)/? [ XIS,
Proof. The proof is similar to that of Theorem 3.7.2, and is omitted. O]

Theorem 3.7.6. Let (X;) be a stationary process in the form X; = g(...,e;_1,¢;), where &;,
i € Z, be i.i.d. random variables. Assume that (X;) is geometric moment contraction (see
Assumption 3.4.1), that is, (3.4.5) holds with g-moment and constant Cy > 0, 0 < ag < 1.

IfEX; =0 and | X;| < M, then we have,

|

where v = 2022(1 — ag)_l(l — a%)_l and cg.1,¢cq2 are constants depending on q and as.

n

> Xi

1=1

2
T
>x ]| <exp|— ) 3.7.21
N ) = < 16nv + ¢4 1M log(n/z) + Cq’2\/M$3/2> ( )

Proof. Denote X;, = E(Xjlg;—m,...,&;) and X; (3 = g(--.€1-1,€], €141, -+ &) Then,

P( ) gp< zg)+p(

We first consider I7. By Markov inequality,

n

>

1=1

n

> (Xi— Xim)

1=1

n

ZXi,m

T
>_— | =1 Is.
. _2) 1+ 12
1=1

[ <P (m?X |(Xi — X )| > %) <27 It e IR X — X%
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By GMC (3.4.5), we obtain

0
I+1
||XZ - Xi,m”q < Z ”Xz',l—i—l ) l||q < Z ||Xl+1 - Xl+1 {O}HQ < Z C’ga +

l=m l=m
< Co(l—ag) tah

Thus,
I < 02(]<1 _ az)*quqanrleqag(mel) < Clefm(qlog(az_l))fqlog:z:+(q+1)logn (3.7.22>

It remains to bound Iy. Let L = [n/m]. Define Z; ,, = Zggﬁ?ﬁlﬁl
Then, we have

12§p< zi)w»( zz) =Ty +Tpo.

Recall P;(-) = E(:|F;) — E(:|]F;—_1). Some basic calculation shows that

Xjm for 1 <1< L.

Z Zl,m

l is odd

Z Zl,m

l is even

0
ICov( X, Xishm)| = |ZE 0 X0m) (P Xpo )| < E(P_p Xom) (P_p Xg )|
h=0
[ee]
2 2h+k
< Z 1Xh = Xp 1oy l21 Xk = Xpsr qorll2 < C3 Y ag" .
h=0 h=0
Thus,
m o [ee]
522, = Bl Xl < mC3(S e +23° 3" a3 < omCR(° S e <y
1=1 h=0 k=1 h=0 k=0 h=0

where v = 2C2(1 — ag) }(1 — a3)~!. Note that Zigm < mM. Since Zj p, and Zy ,, are

independent for |l —I’| > 1, by Bernstein inequality, we obtain

Iy < exp (— (v/4)° ) — exp (— v’ ) . (3.7.23)

(x/4) - mM 4+ n/m - mv dxmM + 16nv
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Taking m = /x/M + (¢ + 1) log(n/z), we have

" x x 22
P X;| > < — — — —
< ; ‘e x> = o ( 2 V M Cngog(n/x) 16nu) ’
for some constants ca, ¢ depending on ¢, as. Then (3.7.21) follows. O

Remark 3.7.1. Under the geometric moment contraction, our Theorem 3.7.6 is sharper

than Theorem 3 in Wu and Wu [2016].

Lemma 3.7.7. Let D;, 1 < 1 < n, be p-dimensional martingale difference vectors with

respect to the o-field G;. Let s > 1 and q > 2. Then

n

1/2
ZE(lDz‘\g!%—D] :

IID1+ ..+ Dalsllg < ¢ allsup | Dilslly + v/a(s = 1)
L i=1

q

where ¢ is an absolute constant.

Lemma 3.7.7 provides a Rosenthal-Burkholder type bound on moments of Banach-spaced

martingales and follows from Theorem 4.1 of Pinelis [1994].

Lemma 3.7.8. Assume s > 1. Let X1, ..., Xy be p-dimensional independent random vectors

with mean zero such that for some q > 2, ||| X;|sllq¢ < 00, 1 <i<n. Let Ty, = > 1" X; and

oi = (| Xall2, - | Xiplla) T Then for any y > 0,
P(|Tuls > 2B|Tnls +y) < Coy™ Y EIX[d+ exp (_W) , (3.7.24)
i=1 i=119%ls

where Cyq is a positive constant depending only on q.

Proof. See Lemma C.6 in Zhang and Wu [2017]. O
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3.8 Deferred Proofs

Throughout this section, without loss of generality, define
n
Va(B) = D _[R(f5(X0), Yi) — ER(f5(Xi), V7).
i=1
Set M := £*/)\g. With the newly defined 5*, let

Tn:= sup  |Va(B) — Va(B")]. (3.8.1)
|B=B*1<M

Proof of Theorem 5.3.1. We use the short hand notation Sy = Sgx, sx = sgx and Ky =

K(Sg+). The proof is along the lines of Theorem 6.4 in Biihlmann and Van De Geer [2011].

Let
_ M
M+|8— 81
and
B=t6+(1—1t)8".
Then
g MIB-Fh
13— B"1 M+ P S

So if we show that |3 — 8*|; < M/2, then |3 — 8*|; < M.

Since  minimizes (3.2.1), by the assumed convexity of z — R(z, ), we have

%ZR Yi) + MBh

gt{%z}z +Arﬂ|1} (1—t>{12 R(fg(X )Y¢)+Alﬁ*h}
1=1 1=1

%Z (g (X0), Y3) + A8 (3.8.2)
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On the event
T :={T <n\gM} = {T,, < nE*}, (3.8.3)

inequality (3.8.2) implies that

E(f5) + MBI < = [ValB) = Val(8")] + EUf5+) + NB"|y < MM +E(f54) + MBI

Now, for any S,
B = PBs, + Bse.

Note that 6:5* = (3% and g, = 0. So, we have,

) * ) * 5 * ) *
E(f5) + MBsel <&+ E(fp=) + AlPs, — Bg, 1 < 3¢ + AlBs, — Bg, I1-

Case a) If \|3 — *|; > 10£*/3, we find
E(f2) + ~\Bseli < 2N p
(f3) + 5ABseh < SAIBs, — Bs, -

It follows that |BS§’1 < 3|Bg, — 8% |1- This means that we can apply the compatibility

condition. Thus, invoking the margin condition,

7 +NB— Bl < € +EUpe) +2ABs, - BE, I
< E 4 E(fg) + VS — faell/ms

£+ 6050 + G () 4 Jer3) + )

K 2

IN

It follows that

%g(fg) + AP - By < 28",

97



But then A|§ — 8*|; < 2£*, which is a contradiction.

Case b) If \| — B*|; < 10£*/3, this implies

and
E(f3) + MBgel1 < 5%

We immediately have |3 — §%|; < M.
Hence, in both Case a) and Case b), the conclusion is that |§ — §*|; < M. We can now

use the same argument with 3 replaced by B to establish that in fact on the event T,
A 10
NG =1 < S

Next, we repeat the above argument in Case a) >\|BS* — Bg,[1 > € and Case D) A|/5’S* —

B |1 < €. This gives

8
g(f@) < 55 .
So Theorem 3.3.1 follows if we can control the probability P(7).

We now prove (i). By Hélder’s inequality, we have for m > 0 that

(0.}
P max | X157 = X150 Y1, {03 | lx

l=m

3 <H o X304 Yol + | - le,{o})YL{o}|||x)
l

IN

[
3

I
WE

(n e X311 ¥ = ¥ gyl + e —XZj,{0}|||v||Yz,{0}||q) |

T
3
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Since @ = min(ax, ay ), the dependence adjusted norm satisfies

| mj&XlX.lellr,a <l m?X|X.j|||v,0||Y||q,OéY + |l m?X|X.j|||%Oéx||Y||q,O

< 2[|[X oo lly,ax Y- llg,ay - (3.8.4)
For constant sy < p, create a partition of {1,2,...,p} as
= {1, 2, ..., 80}, I = {30 + 1,50+ 2,..., 280},

where [}, | = 1,2,..., has cardinality sp, except the last set which may have cardinal-
ity smaller than sg. Write 69 = 5%, dp,/5,) = B and 6 = B* + Zé’:l(ﬂ - ﬁ*)]j =

(B1, -5 Bisgs BZ*SOH, -y Bp) for all 1 <1 < [p/sp]. Then this partition leads to the following

decomposition
1 [p/s0] 1
=D (X)) = (fp (Xl = Y =D [\(f(X0) —7(fe_, (X)), (385)
i=1 =1 = i=1
n [p/s0] n
LS (XY~ hfae () -3 Z (Fa(X)Y; — B, (XY (380)
i=1
Denote
& 1
= su -7 )l < 520l — 0 ; O
Tin {ﬂ—,@*ESM g (f5,(X (fo, (Xi))]| = 5Aolor =0 1|1} (3.8.7)
- _ 1
Ti2 = {ﬁ—;}kﬁgM z:: (f5,(X0))Yi = h(fs,_, (Xi))Yi]| < 5/\0|5z 51—1I1}- (3.8.8)

For A\g 2 /0 10g(P”)/”|||X.|OO||%aX||Y.||q,ozy +”p/xfl(50 log(pn))3/2|||X.|00||%ax||Y.||q,aya
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adopting (3.8.4) and Theorem 3.7.1, we have,

C 1 X2(|X ool X o V11X 2
P(ﬁ%) < an (s log(pn))X/=|| JOOH%@)(H 17,0y L Csexp | — CG(QTL)\O) i
(nAo) ||| X |ooll5,ax 1Y-11§ 0y
< Cy(solog(pn)) X + Cs(pn)~ 6%, (3.8.9)

Similarly, applying Theorem 3.7.1, for

o 2 V/s0log(pn) /n |1 X-lolla,ay + 77 (s010g () 1 X ool oy -

P(Tj1) < Cl<3010g(pn))_7+02(pn)—0380_

Hence, by (3.8.5) and (3.8.6), setting sg = p¥/("+1) | T,, < nAgM holds with probability

at least,

1— ([p/s01)(C1(s0log(pn)) ™7 + Co(pn) =350 + Cy(sg log(pn)) X + C(pn) ~6%0)

> 1 — Oy (log(pn))~ ("W).
Next, we prove (ii). Let v = 7(1 4 ¢/v) and ¢ = 7(1 + v/¢). Then

oo
> max |1 X153V = X35.001 Y1, 10y ll7

1=0
(0.}
< > (H mj?*X|le’”’Y||Y2 =Y o1 llg + 1l m;iX\le - le,{0}|||’YHYl,{O}HQ>
1=0
< 2004 R0,4-

By the definition of v and ¢, we have

QO’ AO7 ~yhg¥
sup — L4 < ||| X.|oolly, Y- NIy, sup Zo5 = 11X |oollp, [1Y- s, C7,
2 T T>2T

T>
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where C7 = (1+¢/v)*(1 +v/u)".
Write 0y = 8%, 6y = 8 and & = B* + 351 (B = 8); = (Bt B, By . B3) for all

1 <1 <p. Again, denote

n
1
T = sup 7(f5,(X3)) = 7(fs_, (X)]| < 5A0ldp — 11 ¢
{Iﬁ—ﬁ*llsM ; : o 2
4. 1
To = { sup th(sl )Y; — h(f5,_ (X)Yi]| < 57000 — 5;—1|1}-
|B—p*1<M | ™
Then by Theorem 3.7.2,
P(T5) < Cge CroB¥ (T2 logp, (3.8.10)
Similarly, by Theorem 3.7.2, we have
P(TE) < Cre~Coa?(7logp, (3.8.11)

Hence, T), < nA\gM holds with probability at least,

—Cg A2/ (1420) . Cgp701032/(1+m+2u) > 1o Cllp7012A2/(1+2L)

1-— p- 07]?
RB2/(1+2142v

]

Proof of Theorem 3.3.4. We use the short hand notation Sy = Sgs, sx = sg« and rx =

K(Sg+). The proof is similar to that of Theorem 3.3.1. Let

B M
M+ |8 —B*1

and



Define V;,(8) = Y1 [R(f5(X;), Yi) — ER(f5(X;), Y;)]. Let

Toi=  sup  [Va(B) = Va(BY)|: (3.8.12)
|B—B*1<M

Since 3 minimizes (3.2.6), we have

n

> R(fg(ffi), Y;) + AlBlh < % > R(f(X)),Y;) + AlB*s. (3.8.13)
1=1 i=1

1

n
On the event
T = {T, < nxgM} = {T,, < nE*}, (3.8.14)

inequality (3.8.13) implies that

E(f5) +AlBh

< MM +ER(f5-(X:),Y;) = BR(f3(X;). Yi) — ER(f5-(X:), Y)) + ER(f35(X;). Vi)
+E(fge) + AlB*a

< MM + [E(X; — X;)T(8 = %) + [EY;(X; — Xi)T (B = B)]| + E(f3-) + M8

< MM + mfxElXij1{|Xij|>T}| 18— B*h + mjaxEsz‘jl{|X,-j|>T}! 18— By
+E(fg+) + AlB*a

< MM+ AelB = B 1+ E(fg+) + AB 1,

—3q/4+1

where A\o = C17 If max; |Y;| < C < oo for some constant C', then define A\ =

ClT_q+1. We set A\o = A\g. Now, for any /3,

B = PBs, + Bse.
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Note that 6:5* = (% and Bg. = 0. So, we have,

VAN

5 ~
7€+ A+ A0)lBs, — By -

E(fz) + (A= Ao)|Bsel

VAN

Case a) If (A — 2\¢)|f — 5%|1 > 10£*/3, we find
E(f3) + sAsel < Sl ¢
(f5) +5ABsch < 5AIBs, — Bg, -

It follows that |ﬁ~5§]1 < 3|Bg, — 8% |1- This means that we can apply the compatibility

condition. Thus, invoking the margin condition,

Ef7) +(A=20)IB—B"1 < € +E(fpe) + 25, — B8, h
< EHE(fpr) + 2054 f 5 — faell /o

E'+E(fp)+ G <4A‘/§) + 1S(fg) + %ﬁfﬁ*)

K 2

IN

It follows that

SE(f3) + (A= A0l — 871 < 2",

But then (A — 2\¢)|3 — 8|1 < 2£*, which is a contradiction.

Case b) If (A — 2)\¢)|3 — 5*]1 < 10£*/3, then

~ 10\ M
\5—5*\1§3 0 M

D=2 =

Y

1
2
and

E(fz) + A|Bgel1 < 5E™.
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Note that Ao = Ag. We immediately have |3 — 8*|; < M.

Hence, in both Case a) and Case b), the conclusion is that | B— £*|1 < M. Following the
same procedure, on the event 7, we can obtain bounds (3.3.12) and (3.3.13). So Theorem
3.3.4 follows if we can control the probability P(7).

Write 0y = 8%, 6y = 8 and &) = B* + 3251 (B = 8); = (Bt B, B y- . B3) for all
1 <1 <p. Again, denote

1 ~ 1
Th = { sup (f5,(X) — 7(f5,_, (X)]| < Sholdy — 51—1|1},
8=l <M |7 2:: l e 2
o 1
T2 = { sup h(f5,(X)Y; — h(f5,_ (X)Yi]| < Sold; — 55—1|1}-
BB <M | z; : o 2

Then by Theorem 3.7.2, for

o = Alog p)' /2 (1og(pn) /n) Y%7 + B(log p) 12/ 2 (log(pn) /n) /27| Y ||,

P(T5) < Coe CroB¥(72)logp (3.8.15)
Similarly, by Theorem 3.7.3, we have
P(TS) < Cye Cs4%logp, (3.8.16)
Hence, fn < nAgM holds with probability at least,

2 2/(14+20)\ P 2 2/(1+2v
(1 — Cop~ OB — ¢yp= G5B : )) >1— Cgp O — Cgp= B [,

By setting \g = A\, we are able to obtain 7. O

Lemma 3.8.1. Assume |31 < Cg < oo. Also assume E|X;j|* < C < oo, for any
1<j<p, and B|Y;|* < C < 0. Choose 11,19 = n1/4/(logp)3/4. For any n1 > 1, it holds
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that

n

=X - XY

1
:[ED (
1=1

n

1
> c14f w) < plm, (3.8.17)
n

(0.¢]
where c1 18 a uniersal constant.

Proof. Applying Theorem 3.7.6, it can be carried out following the same routes as those in

the proof of Lemma 1 Fan et al. [2016]. O

Lemma 3.8.2. Assume E|Xij|4 < C < oo, for any 1 < j,k < p. Denote Sxx(m) =
v )N(l)N(ZT/n, and Xxx = IEXZ-XZ-T. Choose 19 =< n1/4/(logp)3/4. For any ny > 2, it holds
that for some constant cg > 0,

log p
n

P (5T§XX(72)B > By x B — comp 18I, vBe Rp) <p* 2. (38.18)

Proof. Applying Theorem 3.7.6, it can be carried out following the same routes as those in
the proof of Lemma 2 Fan et al. [2016]. O

Proof of Theorem 3.4.1. Employing the same arguments as those in the proof of Theorem 2
Fan et al. [2016] with Bernstein’s inequality replaced by Theorem 3.7.6, Theorem 3.4.1 then

follows from Theorem 3.7.6, Lemma 3.8.1 and Lemma 3.8.2. O]
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