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Chapter 1: Motivation and Introduction 

I. Background: Multiscale Challenge 

Since the emergence of scientific computing dating back to the Manhattan project in 1940s, 

scientists with different training background were soon fascinated with the strong power of 

computing in the discovery of exotic matter and understanding mechanisms behind novel 

physical phenomena. Many of the beautiful analytical theories could finally be applied to 

problems with practical significance instead of just ideal model calculations. With the incredible 

development of computing technology since late 20th century, computer simulation techniques 

have been applied to research in nearly all branches of physical, biological and social sciences as 

well as engineering simulation and design.  

During the early stages of the stream, scientists with different focuses created their own tools 

to simulate the physical processes of their particular interest. For instance, high energy physicist 

created Lattice Quantum Chromodynamics1-3 (LQCD) to study strong interactions and structure 

of nuclei. At a lower energy scale when electrostatic interactions dominate the important physics, 

quantum chemists and condensed matter physicists developed various numerical methods to 

study the electronic structure of molecules and solid state crystalline materials by solving 

Schrödinger equation based on either wave function methods4-5 or density functional theory. 6 

At a much longer time scale that the motions of nuclei become the focus and the dynamics of 

electrons can be averaged out to generate a potential energy surface for the nuclei, molecular 

mechanics7-10 (MM) has been intensively developed to depict the potential energy surface using 

the nuclei coordinate information. Many numerical methods have been developed to propagate 

the dynamics and gather statistical properties of the molecular system, including the most famous 

Molecular Dynamics11 (MD), Monte Carlo12 (MC) and various rare event sampling algorithms 
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such as umbrella sampling,13 Replica Exchange MD,14 metadynamics15 and transition path 

sampling.16 The application of MM has been extended to many highly complicated molecular 

systems of great importance in biology, such as full HIV capsid,17 actin filaments,18 and ion 

channels. 19 However, there are two issues that limit the accuracy and applicability of MM. First, 

the empirical potential energy surface might not be fully compatible with quantum mechanics 

result and therefore introduce errors in describing interactions. And second, important rare events 

such as large scale motion of molecules and phase transition behavior that involves collective 

motions of atoms, requires long time simulations that is not approachable by atomistic MD/MC 

even with the most advanced rare event sampling techniques. A large portion of the 

computational power was wasted on simulating molecular vibrations that is not with great 

interests at a larger scale.  

To surpass the inefficient sampling problem of MM, scientists have explored an alternative 

path that designs models of materials based on macroscopic physical theories instead of their 

atomistic composition and structure. Many phenomenological models of condensed matters 

beyond the molecular scale have been created and widely used to study the complex organization 

and transport phenomena at mesoscale. To name a few, a number of coarse-grained (CG) 

protein20-22 and lipid models20, 23 have been developed to study important biophysical processes 

like protein folding, protein-protein interaction and lipid bilayer phase behavior. These CG 

models were often parameterized to stabilize existing molecular structure databases and 

experimental observations.22 Similar CG models also emerge in polymer physics and fluid 

mechanics, since de Gennes’ famous blob model in studying the scaling behavior of polymer 

solutions. Several successful models were built up on the physical concept of blobs in which 

many atomistic entities are represented by one blob. The famous dissipative particle dynamics24-
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25 (DPD) and its derived forms26 have been broadly applied to study polymer self-assembly and 

transport phenomena of complex multiphase flow.27-28 Except for particle-based models, the tool 

of statistical field theory has also been widely accepted in polymer physics,29 in which the spatial 

distribution of the polymer species instead of their atomistic information becomes the central 

entity for theoretical construction and numerical simulation. Despite their success in many 

applications, there are several drawbacks of these phenomenological mesoscopic models. Due to 

the missing correspondence with underlying atomistic structure and chemical composition, there 

is little verification and reasoning of the parameters applied in these models. The transferability 

of these model parameters is also unconfirmed for many cases. And lastly, since large numbers 

of degrees of freedom are reduced, the dynamics generated by these mesoscopic models is often 

unreliable.  

Beyond the mesoscale, continuum mechanics describes the important physics of materials. 

Scientists have created computational fluid mechanics (CFD) and computational solid mechanics 

to simulate physical processes at this length scale. Unlike the particle based simulation 

techniques at molecular and mesoscale, the numerical solution of partial differential equations 

(PDEs) lies at the core of CFD. Various numerical schemes discretizing Navier-Stokes equations 

have been developed. In Eulerian description in which the solution space is meshed and field 

variables are solved on the meshes, there are mainly three numerical approaches to discretize 

Navier-Stokes equations: finite difference, finite element and finite volume methods. 

Alternatively, in Lagrangian description, the Navier-Stokes equation can be discretized using 

smooth kernel functions. This discretization scheme gives rise to smoothed particle 

hydrodynamics (SPH) method.30 All these CFD methods have shown extraordinary performance 

in reproducing important fluid structure and flow phenomena just incorporating several 
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macroscopic physical parameters of the fluid, and therefore have been widely used in 

engineering design. However, the coupling between CFD with mesoscopic or atomistic models is 

quite challenging, due to the lack of correspondence between the fluid models with underlying 

molecular structure. This fact limits the application of CFD in the study of many important flow 

coupled microscopic transport phenomena, which is ubiquitous in cellular biology.  

Among all the simulation techniques discussed above, it is not hard to spot that the 

limitations of all these models mainly come from the lack of correspondence with physics or 

entities at other spatiotemporal scales, which is the so-called multiscale challenge.  

The desirability of defining these missing correspondences thus has been widely accepted in 

the scientific computing community since at least 1970s.31 To fill the gap between electronic 

structure and molecular mechanics, various new types of force field designed based on quantum 

mechanics results has been developed. And the existing force fields have been adapted through 

intensive parameterization against highly accurate quantum chemistry calculations. The electron 

polarizability,32-33 reactivity,34-35 many-body effects36 and nuclear quantum effects have been 

integrated into force fields, which significantly enhanced the accuracy of reproducing important 

structural and dynamical correlations using these force fields. And the quantum mechanics / 

molecular mechanics31 (QM/MM) embedding scheme has gained enormous strides after 30 years’ 

development.  

The correspondence between molecular and meso- or macroscale models, however, is less 

explored and remains unclear in most cases. First, the mapping between high resolution 

molecular entities with low resolution model representations is often arbitrary or ill defined. 

Especially for unbonded fluid systems when a CG blob represents multiple fine-grained fluid 

molecules, a well-defined CG mapping was not developed until very recently by us.37-38 A 
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systematic way of defining fine-grained (FG) to CG mapping is far from established. Second, the 

interactions in mesoscopic models are often non-isotropic and many-body dependent, especially 

for highly heterogeneous biomolecules. The parameterization of the conservative CG 

interactions is non-trivial and could be more complicated than the parameterization of MM force 

field, due to the relatively weak understanding of mesoscopic physics than molecular level 

physics. And lastly, the correspondence between FG and CG dynamics is hard to establish. The 

reduced degrees of freedom result in complex dissipative and fluctuating interactions on CG 

entities. The research on recovering CG dynamics is still at relatively early stage. There are 

many opportunities and open questions left to be solved in this field. Inspired by the challenges 

and opportunities, the central topic of this thesis is to build up a series of methods to connect 

molecular description of soft condensed matters with meso- and macroscopic models, mainly 

based on the concept of bottom-up coarse-graining. 

II. Bottom-Up Coarse-graining 

There are mainly two paradigms, “top-down” and “bottom-up”, in the coarse-grained and 

mesoscopic modeling community. In top-down models, the interactions are typically 

parameterized without explicit consideration of the underlying fine-grained models. Whereas in 

bottom-up models, the CG interactions are parameterized purely based on the fine-grained 

system dynamics. 

Both paradigms have its strengths and weaknesses. The top-down models do not relate to a 

more detailed model. Instead, they address the experimental phenomena directly using the CG 

variables. In that sense, they can be considered as a “fine-grained” model constructed to 

represent experimental results at even coarser level. The parameterization of top-down models is 

very flexible and it is often observed that the quality of models highly relies on the understanding 
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of physics at the spatiotemporal scale that the model is parameterized.22 The downside of top-

down model is also apparent. First, the lack of fine-grained correspondence makes it hard to 

justify the model, since the same emergent phenomena at coarser level may be generated through 

different models. Second, the top-down models are typically parameterized to capture only a 

small subset of features of the system, which might lead to wrong interpretation for other 

important characters. Top-down models are usually under-constrained by the available 

experimental data. These facts hinder the emergence of a systematic methodology that can be 

used to gradually improve the quality of top-down CG models. 

The concept of bottom-up coarse-graining may date back to 1960s, when Kadanoff proposed 

the “block-spin” Renormalization Group (RG) approach to solve Ising models.39 And this 

concept has since been extended to molecular systems and derived many methods to derive 

coarse-grained force fields of molecular liquids and biomolecules. As a data-driven approach, 

bottom-up coarse-graining holds great promise for further improving the quality and scope of 

CG models thanks to the rapid development of computing technologies and data science. A large 

amount of fine-grained simulation data is generated each day, which can all be utilized to 

improve the training of bottom-up coarse-grained models.  

However, the general theory of bottom-up coarse-graining is not yet fully developed. One 

may face many theoretical and methodological difficulties while parameterizing systems with 

moderate complexity. For example, the bottom-up CG models often suffer from transferability40 

and representability problems,41 which limits the application and extension of parameterized 

models. The immaturity of bottom-up theory and methods gives us many open questions to solve 

and opportunities to improve the approach, which will be a focus of this thesis. 
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Bottom-up coarse-graining methods connect physical models at two different scales by 

defining two essential elements. The first element is the CG mapping function, which maps a set 

of fine-grained entities into a set of coarse-grained entities. The mapping is often unidirectional, 

and can be reversed in a probability manner. Even though seems like not too hard at first place, it 

is extremely challenging to define a reduced representation of a many-body system that 

maximally preserve essential information and keep the conciseness at the same time. A 

systematic method of defining coarse-grained representations, or equivalently reaction 

coordinate / collective variables of molecular system is still one of the unresolved open questions 

in statistical mechanics.42 

At molecular level, the CG mapping function is often chosen to be constant, linear and non-

overlapping, which can be represented as a block diagonal matrix that is not necessarily full rank. 

The commonly used center of mass (COM) mapping and alpha carbon representation of amino 

acid all fall into this category. However, such simple mapping function becomes ill defined when 

one tries to map multiple unbonded molecular entities as one CG bead, which is exactly the case 

for mesoscopic models. As time evolves, the unbonded molecules soon diffuse away from their 

original neighbors and render the COMs of these molecules meaningless. In Chapter 4 of this 

thesis, the convention of such static and linear mapping will be challenged and a non-linear 

dynamic mapping scheme will be developed, to solve the challenge of defining CG mapping 

beyond molecular scale. 43 

The second element of bottom-up CG is the parameterization of CG equations of motion 

(EOM) based on the fine-grained trajectory after mapping. This component of bottom-up CG is 

arguably the most explored and attracts much more attention and efforts than the CG mapping 

probelm. The theoretical foundation of this problem was originally built up in the Mori-Zwanzig 
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formalism, which describes the non-equilibrium evolution of any set of functions defined on the 

phase-space of a Hamiltonian system.44 And later the whole theoretical framework was 

reformulated in the GENERIC structure by Espanol.37-38 The results of these theories are quite 

neat and intuitive. The dynamics of CG variables can be described by a Generalized Langevin 

Equation (GLE) type stochastic integro-differential equation, in which the instantaneous forces 

on CG variables have three components. The first component represents the many-body potential 

of mean force (PMF) of the CG variables, which comes from the mean force of all the 

underlying fine-grained atoms conditioned on the CG configuration. The second component is 

the dissipative force describing the time correlation of CG forces. The time-dependent many-

body friction kernel is the central quantity in this term. And lastly the third component is the 

fluctuation force originating from reducing the number of degrees of freedoms. The fluctuation 

and dissipation components are not independent and are connected through the fluctuation 

dissipation theorem. The parameterization of CG EOM then requires the parameterization of 

both the many-body PMF and the friction kernel, with the former one determining the structural 

and thermodynamics of the CG system and the later one determining the CG dynamics. 

To approximate the CG many-body PMF, many methods has emerged since late 1990s. The 

early attempts were mostly based on matching certain structural features such as bond lengths 

and radial distribution functions (RDFs), such as the inverse Monte Carlo (IMC),45 Boltzman 

Inversion (BI) and its iterative version (IBI).46 In the early 21th century, variational methods 

based on the statistical mechanics of many-body PMFs were developed including the Multiscale 

Coarse-graining47-51 (MS-CG) and Relative Entropy Minimization52-53 (REM) methods. These 

methods have solid theoretical foundation and thus have gained numerous successes in many 

complex chemical systems. In the early stage, the CG PMF was often assumed to be pairwise 
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decomposable due to the simplicity and universality of this assumption. However, unlike the 

case of MM force fields, the pairwise decomposition may not guarantee to work well in 

approximating the many-body CG PMF. Recently, there has been an increasing interest in 

directly incorporating many-body interactions in representing CG force fields. The explicit 

many-body interactions could rapidly increase the computational cost. More economic 

representations of the many-body interactions need to be developed. It has been demonstrated 

that the recently proposed Ultra Coarse-graining (UCG) approach54-57 can be used to 

significantly improve the expressiveness of CG force field yet maintains a same computational 

cost as pairwise additive interactions, and has been applied to capture liquid-vapor, liquid-liquid 

interfaces as well as recapitulate hydrogen bonding networks at a coarse-grained level. Another 

trial on this route is based on local order parameter dependent interaction,58 which has also been 

shown to successfully recapitulate interfacial phenomena at coarse-grained resolution. In Chapter 

3 of the thesis, a new strategy of introducing many-body interactions through virtual CG sites59 is 

developed based on the MS-CG framework, in which essential symmetry features of the 

underlying fine-grained system is preserved without additional computational cost compared to 

pairwise interaction. 

Finally, in order to reproduce the dynamics of the coarse-grained variables, the non-

conservative dissipation and fluctuation forces need to be derived from the mapped trajectory 

information. The bottom-up derivation of the non-conservative interactions is relatively less 

studied compared to the statistical inference of many-body PMF. The friction kernel is a more 

complicated object than many-body PMF, since it is both intrinsically many-body and time 

dependent. And the constraint enforced by fluctuation dissipation theorem makes the statistical 

inference of these quantities even more difficult.  In the past decade, scientists start to put more 
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efforts and have made remarkable progress on solving this problem. Many approximations of the 

Mori-Zwanzig formalism have been investigated and implemented for relatively simple cases.26, 

44 However, there are still no tools available to deal with systems exhibiting strong non-

Markovian dynamics and with spatial heterogeneity. A compatible representation of the CG 

dynamical equation with respect to macroscopic physics is also absent in a bottom-up manner. A 

satisfactory answer to the CG dynamics problem is far from complete. In this thesis, several 

developments of solving this problem will be addressed, and will be presented in Chapters 4 and 

5. 

III. This Thesis 

The remaining part of the thesis is organized as five independent chapters, with each chapter 

presenting a methodology development to build up a connection between models at two different 

scales.  

Chapter 2 describes a theoretical extension and numerical verification of Multiscale Coarse-

graining method in quantum Boltzmann statistics. This method for the first time introduces a 

way to embed nuclear quantum effects into CG models in a rigorous bottom-up manner. 

Chapter 3 introduces an effort to incorporate virtual CG sites to represent essential 

symmetrical features and associated many-body interactions using just pairwise basis set. The 

method is based on maximum entropy principle and the variational force matching approach, and 

has been applied to model non-isotropic molecular liquid like Benzene and Toluene, at the center 

of mass resolution. 

Beyond the high resolution coarse-grained models at molecular level, Chapters 4-6 are 

dedicated to build up bridges between molecular scale and meso- and even macroscale CG 

models. In Chapter 4, a new CG mapping scheme and a parameterization strategy associated 
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with it will be developed to construct mesoscopic CG models of unbonded fluids directly from 

atomistic models, which is the first successful trial to build up a rigorous connection between 

atomistic and mesoscopic models of diffusive fluids. Chapter 5 describes a systematic strategy of 

parameterizing mesoscopic models that originate from fluid mechanics and classical density 

functional theory, directly using the CG trajectory information obtained through the method 

elaborated in Chapter 4. And finally, chapter 6 propose a strategy of transforming particle based 

description of coarse-grained models into field representation, which provide a theoretical basis 

for the field theoretic simulation methods widely used in modeling complex molecular liquids 

and polymer physics. 
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Chapter 2: Quantum Theory of Multiscale Coarse-graining 

     This chapter is reproduced fromJ. Chem. Phys. 148, 102335 (2018), with the permission of 
AIP Publishing. 

Abstract 

Coarse-grained (CG) models serve as a powerful tool to simulate molecular systems at much 

longer temporal and spatial scales. Previously, CG models and methods have been built upon 

classical statistical mechanics. The present paper develops a theory and numerical methodology 

for coarse-graining in quantum statistical mechanics, by generalizing the multiscale coarse-

graining (MS-CG) method to quantum Boltzmann statistics. A rigorous derivation of the 

sufficient thermodynamic consistency condition is first presented via imaginary time Feynman 

path integrals. It identifies the optimal choice of CG action functional and effective quantum CG 

(qCG) force field to generate a quantum MS-CG (qMS-CG) description of the equilibrium 

system that is consistent with the quantum fine-grained model projected onto the CG variables. 

A variational principle then provides a class of algorithms for optimally approximating the qMS-

CG force fields. Specifically, a variational method based on force matching, which was also 

adopted in the classical MS-CG theory, is generalized to quantum Boltzmann statistics. The 

qMS-CG numerical algorithms and practical issues in implementing this variational 

minimization procedure are also discussed. Then, two numerical examples are presented to 

demonstrate the method. Finally, as an alternative strategy, a quasi-classical approximation for 

the thermal density matrix expressed in the CG variables is derived. This approach provides an 

interesting physical picture for coarse-graining in quantum Boltzmann statistical mechanics in 

which the consistency with the quantum particle delocalization is obviously manifest, and it 

opens up an avenue for using path integral centroid-based effective classical force fields in a 

coarse-graining methodology. 
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I. Introduction 

Coarse-grained (CG) modeling of complex chemical, material, and biomolecular systems has 

garnered extensive attention and development over the last fifteen years, due to its ability to 

expand the application of molecular simulation methodology to much larger spatial and time 

scales.1, 2 The rigorous “bottom-up” construction of CG models that can faithfully reproduce the 

underlying fine-grained (FG) atomistic level information is a challenging scientific problem. One 

class of bottom-up approach builds the CG models directly from more detailed FG models 

through a focus on reproducing the many-body potential of mean force (PMF) of the CG 

variables (i.e., the mappings from the FG variables to define the CG sites or “beads”). By 

contrast, top-down approaches to CG modeling parameterize the CG models to reproduce certain 

physicochemical properties that can be observed at larger scales. The bottom-up approach is of 

interest due to its first principles inference from classical FG free energy sampling without the 

need for empirical and experimental data. Although relatively few bottom-up methods directly 

focus on finding the many-body PMF for the CG variables, a variety of bottom-up techniques are 

available, including Boltzmann Inversion (BI)3 and its iterative variation (iterative Boltzmann 

Inversion, IBI),4, 5 inverse Monte Carlo (IMC),6 Multiscale Coarse-graining (MS-CG), 7-11 and 

Relative Entropy Minimization (REM).12, 13 The BI, IBI and IMC methods aim to reproduce 

certain target correlation functions of the FG models through a numerical optimization of the CG 

effective potential energy function. The MS-CG and REM methods, on the other hand, are 

methods in which the CG variable many-body PMF is the focus, and it is determined 

variationally by minimizing target functionals, i.e., the residual force functional for MS-CG and 

the Kullback-Leibler divergence for REM. A detailed comparison of these two methods was 

given by Rudzinski and Noid.2, 14 MS-CG and REM are both exact coarse-graining methods if 
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one has a perfect CG force field (the so-called “basis set”) that can capture all of the essential 

physics of the FG system that is manifest at the CG level. Of course, one never has such a perfect 

force field, so for a more approximate CG force field these two approaches will generally give 

somewhat different results, and each approach has its strengths and weaknesses.   

The current theories and numerical algorithms are built upon the principles of classical 

statistical mechanics. On the other hand, natural law is dictated by quantum mechanics, and this 

fact must be addressed in any rigorous theory no matter how small the quantum effects might (or 

might not!) be for a given set of conditions. To the best of our knowledge, there has not been an 

effort to develop a rigorous and general bottom-up coarse-graining methodology for quantum 

Boltzmann statistical mechanics. It is therefore of theoretical interest and arguably of 

fundamental importance to develop such a quantum theory of coarse-graining. In this paper, we 

will present a bottom-up coarse-graining theory in quantum Boltzmann statistics based on the 

MS-CG methodology. For sake of simplicity, the quantum CG theory and associated MS-CG 

methodology will be simply abbreviated as qCG and qMS-CG hereafter.  

It should first be noted, however, that a similar qCG theory for particles having Bose-

Einstein or Fermi-Dirac statistics is not discussed in this paper, in part because Boltzmann 

statistics are typically adequate for the quantum behavior of the atomic nuclei in typical 

chemical, material, and biomolecular systems at ambient temperature and pressure. However, the 

problem of coarse-graining for Bose-Einstein and Fermi-Dirac quantum statistics is also a 

challenging and very interesting one, which deserves at least one entire paper devoted to the 

topic. We will attempt to do so in the future.   

We also note that nuclear quantum effects can in fact be important for the accurate 

description of certain chemical and biomolecular systems, especially those involving light atoms 
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and/or at low temperature. Some examples of these effects are found in the structure and 

dynamics of molecular liquids,15-20 vibrational spectra of liquids,21 the air/water interface,22 

hydrogen bonding in aqueous23, 24 and biological processes,25 enzyme catalysis,25-27 isotope 

effects,28 glass formation,29 proton transfer processes,30-32 proton coupled electron transfer,33 as 

well as low temperature systems like condensed phase helium,34 and para-hydrogen.35  

Feynman’s imaginary time path integral,36, 37 with its quantum-classical isomorphism,38, 39 

provides an appealing tool for the study of such problems in which nuclear quantum effects are 

important at finite temperature. Several imaginary time path integral-based numerical methods 

have been developed for simulating systems in the quantum Boltzmann statistical ensemble, such 

as path integral Monte Carlo (PIMC),39 path integral molecular dynamics (PIMD),40 and 

Feynman path centroid methods.41 Alternatively, centroid molecular dynamics (CMD)42, 43 and 

the more approximate ring polymer molecular dynamics (RPMD)44, 45 can be utilized if one is 

also interested in the real time quantum dynamics of the system. (For an analysis of these latter 

two quantum dynamics approaches and their key differences, see Ref.46) The quantum-classical 

isomorphism enables the study of many systems in the quantum Boltzmann statistical ensemble 

with a manageable computational cost, although these simulations can still be demanding. 

Therefore, a bottom-up CG methodology developed within the framework of quantum statistical 

mechanics can be a valuable tool for both simplifying this kind of quantum simulation to its most 

essential elements while also providing a vehicle for increased interpretive power and insight.  

To combine bottom-up coarse-graining with quantum Boltzmann statistical mechanics, there 

are two at least possible approaches that one might take. The first approach works by coarse-

graining the density matrices of the FG system onto quantum coarse-grained (qCG) density 

matrices. The other approach is to reduce the density matrices of the FG system into a quasi-
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classical coarse-grained density distribution function, such that the quantum statistics are 

embedded into an effective classical CG model. We will discuss both approaches in this paper, 

with an emphasis on the former one, while outlining the latter in passing at the end of the 

discussion. We will demonstrate that all of the tools previously developed in classical MS-CG 

method can be naturally generalized in the first qMS-CG approach, and that the numerical 

implementation requires only a relatively modest modification of the classical counterpart. A 

discussion of the second approach and an approximation based on this second quantum coarse-

graining concept are presented in Sec. V, to provide perhaps the simplest physical picture and to 

reveal more aspects of the quantum-classical correspondence in coarse-graining.  

It is also worth noting that there have been several papers using a concept of combining 

coarse-graining with the imaginary time path integral, either to construct reductionist 

representations of quantum statistical mechanics, or to develop enhanced sampling algorithms. 

The CMD method, for example, adopts the concept of the imaginary time path integral centroid 

variable and constructs a theory of quantum statistics and dynamics based on that concept, while 

more recently Sinitskiy and Voth47 proposed another reductionist representation of quantum 

Boltzmann statistical mechanics by coarse-graining imaginary time paths onto three CG sites or 

“beads”. Moreover, Peng et al.48 and Nava et al.49, 50 utilized the CGing of imaginary time path 

integrals to enhance the sampling of classical systems.  

The remaining sections of this paper are organized as follows: In Sec. II, we derive a 

sufficient thermodynamic consistency condition between an atomistic model and a CG model 

within quantum Boltzmann statistics for linear CG mapping operators, by coarse-graining the 

imaginary time paths of the atomistic system. We then define the relationship between the 

thermodynamically consistent qMS-CG action functional and the corresponding functional of the 
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FG system. We propose a variational principle that serves as the basis for developing algorithms 

for determining qMS-CG force fields. Next, in Sec. III the numerical algorithms and 

implementation details of the variational method, which is a natural generalization of the MS-CG 

method to quantum Boltzmann statistics, are discussed. Section IV presents two numerical 

examples, one being a simple 1D few-body model problem and the second being a liquid water 

system, both demonstrating the accuracy and limitations of the method. In Sec. V, we derive an 

alternative quasi-classical approximation for the CG density matrix elements as mentioned 

earlier. This approach provides a clearer physical interpretation of the effect of quantum 

Boltzmann statistics on bottom-up coarse-graining. Sec. VI provides concluding remarks. 

II. Theory 

A. Path Integral Coarse-graining  

Coarse-graining of a molecular system involves a statistical dimension reduction process.1-6 

A detailed molecular system with high resolution (e.g., an atomistic model or a highly resolved 

CG model such as a united atom model) is mapped onto a lower resolution model with much less 

number of degrees of freedom. Therefore, the first step is to define the high-resolution FG 

model. Generally, the dynamics and statistical information of a n particle FG model is define by 

the Hamiltonian: 

 ,                       (2.1) 

With the definition of Hamiltonian, the normalized thermal density matrix in quantum 

Boltzmann statistics can be expressed in the coordinate representation of the imaginary time 

Feynman path integral as36, 37  
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 ,      (2.2) 

where the imaginary time action S[r(τ)] is defined as: 

 ,                  (2.3) 

and  is a diagonal matrix representing the masses of the FG particles. All the thermodynamic 

properties of the system, e.g., the equilibrium expectation value of operators, can be obtained 

once the density matrix is calculated. Moreover, the quantum statistical ensemble of the FG 

system based on this density matrix can be numerically generated through imaginary time PIMD 

or PIMC simulations.38, 39  

Similarly, an effective Hamiltonian can be defined for the CG model describing the same 

system, but with fewer degrees of freedom, of the number 3N, such that 

 ,                   (2.4) 

Moreover, the equilibrium density matrix associated with this effective Hamiltonian can be 

assumed to be written as: 

 .   (2.5) 

Similarly, the CG action is defined by: 

 .                 (2.6) 
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In the above definitions, the CG representation of the model has not yet been connected with 

the FG description. This connection is usually derived based on the idea that each CG coordinate 

has a well-defined physical meaning in terms of the coordinates of the FG model, i.e., the 

configuration of CG system can be uniquely determined from the underlying FG model as in the 

classical MS-CG theory.7-11 This mapping can be achieved by defining a linear CG mapping 

operator: 

     .                            (2.7) 

The mapping matrix elements cIi are scalars satisfying the condition due to Galilean 

invariance and rotational invariance of the FG to CG correspondence. Through the CG mapping 

operator, the physical meaning of the classical CG site or “beads” can be related to a set of linear 

collective variables (CV) involving the FG model coordinates.7-11  

 It should be noted that there are many possible choices of CG mappings. The most 

commonly used one might be the center-of-mass (COM) mapping, which maps a group of FG 

particles onto their COM for each CG site. Other choices, for example, are the center-of-

geometry mapping that maps a group of FG particles onto their geometric center and the center-

of-charge mapping.51 There are also CG mappings based on normal modes,52 principal 

component analysis,53 and diffusion maps.54  

B. Consistency Condition for the CG Path Integral Action      

When developing bottom-up CG models, one desires the CG model to behave as if it is the 

same as the FG model but at a lower resolution. In order to maintain this consistency condition, 

an explicit relationship between the FG Hamiltonian and the CG Hamiltonian must be derived. 

In this section, it will be demonstrated that the action functional for FG system and the CG 
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mapping operator can determine the effective action of the CG path integral model.   

The thermodynamic consistency condition in quantum statistical mechanics requires the 

expectation value of a given operator  to be the same in both the FG and CG statistical 

ensemble, i.e., 

áÔñ = Tr(r̂Ô) = dr d ¢rò ár | r̂ | ¢r ñá ¢r | Ô | rñ

       = dò Rd ¢R dr d ¢rò ár | r̂ | ¢r ñá ¢r | ¢R ñá ¢R | Ô | RñáR | rñ

       = dò Rd ¢R dr d ¢rò ár | r̂ | ¢r ñá ¢R | Ô | Rñd (M( ¢r ) - ¢R )d (M(r) -R)

       = dò Rd ¢R áR | r̂
CG

| ¢R ñ á ¢R | Ô | Rñ

,        (2.8a) 

where M denotes the CG mapping operator from Eq. (2.7) and the delta-functions are understood 

to be product of delta-functions for all CG mappings M
RI

(rn ) , i.e., 

d (M(r) -R) º d (M
RI

(r)-R
I
)

I
Õ .                (2.8b) 

 By comparing the last two lines in the Eq. (2.8a), the density matrix elements for the qCG model 

can be written as: 

.          (2.9) 

At this juncture, there are two possible routes that can be taken to formulate a coarse-graining 

strategy for equilibrium quantum systems. The first and simplest, which we will explore more in 

Sec. V, is to simply view the FG quantum density matrix in the “interior” of the above equations 

as the FG mathematical object (distribution function) that gets mapped into a CG one, in order to 

provide a new quantum equilibrium density matrix in the CG variables.  The differences between 

the classical and quantum FG to CG mappings in this case are then: (1) due to quantum 



 26

delocalization at the FG level the CG density matrix manifests these effects which are not seen at 

either the classical FG or CG levels, and (2) the new (mapped) CG density matrix is nonlocal in 

the CG variables R (just as the FG one is nonlocal in r).  Unless further approximations and 

analyses are made (see Sec. V), this approach seems less satisfying and rather obvious.  We also 

note that unless the observable operator   Ô depends only on the CG variables R, then there is 

also a representability problem55 for the matrix element á ¢R | Ô | Rñ  in Eq. (2.8). By this it is 

meant that one cannot simply assume its mathematical form is the same as the FG observable 

form. 

On the other hand, a different and deeper route to a coarse-graining strategy for equilibrium 

quantum systems is to coarse-grain the system at every point along the imaginary time Feynman 

path.  To accomplish this, we can utilize the property of the Dirac delta function that 

 
in Eq. (2.9) at each imaginary time slice to enforce the CG mapping operator 

along the whole path. It can then be shown that Eq. (2.9) can be expressed as an interesting 

double path integral over all possible FG density matrices, such that 

, (2.10a) 

in which the Dirac delta function in the last line is a shorthand notation for the product of delta-

functions at each imaginary time slice, i.e.  

d M[r(t )]-R(t )( ) º lim
P®¥

d (M(r
i
) -R

i
)

i=1

P-1

Õ ,                  (2.10b) 
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On the other hand, as shown in Eq. (2.5), the CG density matrix element should also be able to 

be written simply as a Feynman path integral of CG paths: 

.                              (2.11)  

Comparing Eqs. (2.10) and (11), it can be seen that the sufficient condition (but not necessary) 

for the consistency of the FG and CG systems in that quantum Boltzmann statistical ensemble 

for all imaginary times can be expressed as: 

.   (2.12) 

Equation (2.12) is interpreted as the consistency condition for the CG action defined in Eq. (2.6). 

It implies that the action of the CG system is completely determined by the FG action along with 

the CG mapping operator. It should be noted that the CG effective action functional defined here 

is local in imaginary time as enforced by the delta functions in the FG to CG mappings, unlike 

the imaginary time influence functional36 when unconstrained “bath” degrees of freedom are 

integrated out of the problem.  

C. Consistency Condition for the Quantum CG Force Field      

     With the consistency condition for the action, deriving the relationship between the CG force 

field and FG force field can be accomplished. In order to do so, we first take the natural 

logarithm on both sides of Eq. (2.12): 

. (2.13)                                                  

Then, we take the functional derivative with respect to the imaginary time paths of the Ith CG 

site: 
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.      (2.14) 

By applying the Euler-Lagrange equation, the left hand side of Eq. (2.14) can further be 

simplified to give a formula for the qCG effective force field: 

.                     (2.15) 

The double dot here denotes the second derivative with respect to imaginary time t . At the same 

time, the right hand side of Eq. (2.14) can be simplified by applying the following property: 

       
d

dR
I
(t )

d (M
RI

[r(t )]-R
I
(t )) = -

1

c
Ik

d
dr

k
(t )

d (M
RI

[r(t )]-R
I
(t )) .                  (2.16) 

For any , meaning any atom involved in the definition of the Ith CG site, this can easily be 

shown from Eq. (2.7). Although Eq. (2.16) can be directly employed in Eq. (2.14), the 

subsequent derivation would be complicated if any FG atom k is involved in the definition of 

other CG sites. In order to alleviate this complication, similar to the classical MS-CG theory,10 

we can define the set of constant coefficients such that  only if atom i is specific to 

CG site I and such that:      

.                                                                  (2.17) 

 It can then be verified that: 

d
dR

I
(t )

d M
RI

[r(t )]-R
I
(t )( ) = - d

Ij

c
Ij

d
dr

j
(t )

d M
RI

[r(t )]-R
I
(t )( )

jÎSI

å .                (2.18) 

Inserting Eq. (2.18) in Eq. (2.14) and integrating by parts, we arrive at 
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,       (2.19) 

where the is a force mapping operator, given by 

,                                                          (2.20) 

and the angular brackets denote a constrained ensemble average of the form: 

.             (2.21) 

Equation (2.19) is the consistency condition for the qCG force field.  It is derived from the 

consistency condition for the CG action by assuming that there is at least one FG particle that is 

specific to a given CG site. This formula also provides the basis for proposing the algorithm for 

determining the effective CG Hamiltonian as shown below in the next section.  

    In principle, the qCG force field defined by Eq. (2.19) can be obtained by a FG PIMC or 

PIMD simulation that applies the constraints of CG mapping operator. However, it is 

computationally forbidding due to the complexity from the treatment of the constraints. 

However, in the MS-CG theory for classical statistical mechanics, it has been shown that the 

variational method based on force matching equation can be successfully applied to determine 

the CG force field. In this work as well, the force matching equation can also be applied after the 

necessary modifications.  

D. Variational Method 

    In the previous section, the conditions for thermodynamic consistency are expressed either in 

terms of path integral actions or forces. This section will describe the variational approach to 

inferring the qCG model from the FG sampling, base on the consistency condition of forces.    
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    Generally, the qCG force field is a 3N-dimensional continuous function GI(RN). 

Mathematically, the goal of inferring the CG force field is to find the particular function FI(RN) 

that satisfies the consistency condition from a large vector space of 3N-dimensional functions.  

Variational methods build on the idea that this procedure can be achieved by minimizing the 

statistical distance between any such function GI(RN) in the functional space to the function 

FI(RN). This distance can be characterized in different ways, but a very natural choice is based on 

the force matching equation.10  

    For arbitrary candidate G in the vector space, the residual force functional in quantum 

Boltzmann statistics is defined by: 

,     (2.22)     

where the definition of  was shown in Eq. (2.19). This residual functional measures the 

ensemble average of the difference between the proposed trial force field and the 

thermodynamically consistent one, in qCG space. The idea of the qMS-CG algorithm is to 

minimize the residual force functional in CG functional space to obtain the best approximation of 

the CG potential. 

      The above residual functional is written in the qCG phase space, but it can easily be 

converted to the entire FG phase space. This is achieved by first expanding the expression as 

follows: 
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. (2.23) 

Note that the last term of the above integration involves a constrained ensemble average with 

respect to CG paths. It can also be shown that the following expression holds: 

   

(2.24) 

The constant c comes from switching the order of product and constraint ensemble average for 

the last term in the integration, but it will not affect the further results since it will vanish when 

taking derivatives. And it should also be noted that the constant c does not depend on the choice 

of G, which will prove to be useful in the subsequent derivations.  

     Inserting the CG force field consistency condition, switching the order of integration 

variables, and applying the integration property of the Dirac delta function, one can derive the 

following expression: 
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(2.25) 

This expression explicitly shows that the measure of how a test force field differs from the 

thermodynamic consistent force field can be directly evaluated from a simple FG sampling path 

integral trajectory. Then, defining the error of the test force field as D = G - F , it follows that 

.  (2.26) 

The reason why the last term in the first equation can be discarded is shown in Appendix A. 

     The above derivation provides the theoretical basis for the following variational principle: 

The global minimum of the functional  is achieved when G is equal to F, i.e., for the CG 

force field that satisfies the consistency conditions, and the global minimum is unique. The 

numerical realization of this variational optimization is presented in Sec. III.  

    It is worth noting that the variational principle could also be built on other metrics, such as the 

relative entropy. The relative entropy in classical statistical mechanics has been applied as the 

basis of the variational REM algorithm by Shell12, 13 and demonstrated to be a rigorous and 

powerful method for building biomolecular and condensed phase CG models. Similarly, the 

concept of relative entropy can be generalized in quantum statistical mechanics as56 

.                                           (2.27) 
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A variational principle based on the quantum relative entropy may provide an alternative route to 

the work presented here, and such a formulation will be developed in the future.  

E. Discussion 

     In previous sections, we have demonstrated the rigorous thermodynamic consistency 

conditions as well as the variational principle to derive the qCG Hamiltonian from a given FG 

model. In this section, we will discuss two special cases that can simplify the theory and 

numerical calculations. These two simplifications are then employed in the description of 

algorithms and numerical examples in the following sections.  

1. Consistency in configuration space only 

    In the previous derivation, the theory builds on the correspondence of the CG and FG density 

matrix elements, either the diagonal or off-diagonal ones. Therefore, all of the ensemble averages 

should be sampled from open path integrals, because the starting and end point of the imaginary 

time path integral can be different.  

In many cases in practice, one is only interested in the configurational information of the 

system, such as radial distribution functions, structure factors, dihedral distribution function, and 

so on. For these properties, the expectation value can be simplified and only the diagonal 

elements of the density matrix are needed: 

áÔñ = drò d ¢r r
r ¢r
á ¢r | Ô | rñ = drò d ¢r r

r ¢r
O(r)d (r - ¢r )

       = drò r
rr

O(r)
.     (2.28) 

Therefore, the consistency conditions can be derived exclusively for the diagonal elements of the 

density matrix. It can be shown that all of the previous derivations can be specialized in this case, 

so that all of the path integrals are closed given that the starting and end point of the path 
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integrals are identical. In this special case, closed loop PIMD and PIMC simulations can be 

utilized to sample the FG system.  

2. Choice of CG Masses 

    In Eq. (2.25), if the mass of the CG particle satisfy the following condition: 

.       (2.29) 

It can be shown that the two terms involving second order derivatives will cancel. In this 

situation, the residual force functional only depends on the difference between the CG and FG 

forces, greatly simplifying the numerical calculation. Specifically, for the most common COM 

CG mapping operator in which the mapping coefficients satisfy  and , we 

see that the condition in Eq. (2.29) can be verified if the mass of the CG site is defined by 

,       (2.30) 

i.e., the mass of the CG site equals to the overall mass of the FG particles specific to that CG site. 

III. Algorithms 

    In the previous section, it was demonstrated that minimizing the following force residual 

functional would lead us to the best approximation to the optimally consistent qCG force field: 

.  (2.31)   

This equation defines a variational optimization problem in infinite dimension that is challenging 

for any practical implementation. The first step of a numerical implementation is to construct the 

basis functions that define the subspace for use in constructing approximations to the CG force 

field.11 Such basis functions are usually determined with the help of physical intuition about the 
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system of interest. Many of these functions can be expressed as functions of collective variables 

in the system, such as the pairwise distances, bond lengths, angles, dihedrals of bonded 

molecules, and three-body non-bonded angles etc. In general, the force field of the CG system 

can be expressed as a combination of many such basis functions: 

.                                  (2.32) 

Here, z  denotes the type of interactions in the CG model that one intends to include, such as the 

pairwise distances between particles. The index g represents a specific set of particles that 

interact with particle I of type z . In principle, the basis function  can take any form, 

and it can be challenging to guess any concrete mathematical expression by simple physical 

intuition alone. In the actual MS-CG implementation, these basis functions are often 

approximated by spline functions: 

,                           (2.33) 

where the indices were contracted here to make a compact form. These contracted basis function 

can be written as: 

.                                  (2.34) 

This representation of CG force fields explicitly demonstrates that the CG force field linearly 

depends on the set of coefficients  to be determined variationally. The basis set  can 

either be implemented as cubic splines, linear splines. or B-Spline basis sets. In the present work, 

a B-Spline basis set was chosen because it can reduce the computational time and memory usage 
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while retaining the accuracy and smoothness of the fitted force fields. A detailed discussion on 

the choice of basis set can be found in Refs.11, 57  

    After defining the basis functions for approximating the qCG potential, the variational 

minimization problem can be cast as a standard linear regression problem. This can be shown by 

explicitly expanding the residual functional in Eq. (2.25). The FG ensemble average is 

approximated by the time average of a FG PIMD or PIMC simulation trajectory. For a practical 

implementation, assuming the COM CG mapping is employed and a finite number (P) of ring 

polymer “beads” from the discretization of the Feynman paths are used in the path integral 

simulations, the residual functional can then be expressed as:  

.                          (2.35) 

Here, nt is the total number of trajectory frames used to calculate the ensemble average, f
I
 is the 

total force on the FG particles involved in defining CG site I, the superscript j denotes the jth 

bead of the discretized path integral, and  R
j
N denotes the configuration of the qCG system at the 

jth imaginary time slices (i.e., the jth bead). Then, the spline coefficients , and consequently 

the qCG force field, can be obtained by solving the above least square problem.  

Several different numerical methods exist for solving the least squares problem. In this work, 

the normal equation approach is employed. To show how this method works in detail, Eq. (2.35) 

is first reformulated in a matrix notation: 

.                                  (2.36) 

The f matrix denotes a column vector of 3ntN elements (for problems in d dimension, this 

number should become dntN), and each component is a Cartesian component of the force 
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estimator of CG particle I, in a particular atomistic trajectory frame mapped onto CG 

representation: 

.                                      (2.37) 

In Eq. (2.36), X is a 3ntN by ND matrix, in which ND represents the number of spline basis 

functions used to approximate the qCG potential energy profile. For each column in the X matrix, 

the vector XD is a column vector of 3ntN elements similar to f, each element represents a 

Cartesian component of the estimator of the Dth basis function projected on CG site I, in a 

particular atomistic trajectory frame mapped onto the CG representation. The matrix element of 

the X matrix can be written as 

.                                       (2.38) 

Note that from the above definition of the matrix elements, the main difference between the 

method presented here and classical MS-CG in terms of numerical implementation is that the 

estimator for the CG observable, i.e., the discretized path integral force estimator 

, replaces the classical counterpart. This is a natural result of quantum 

Boltzmann statistics. 

    The quadratic function in Eq. (2.36) can then be reformulated into the normal form: 

,                                  (2.39) 

in which the normal matrix G is a ND by ND square matrix, and b is the normal vector with 

dimension ND. Minimizing the above function with respect to  shows that the solving of 
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this optimization problem is equivalent to solving the normal system of ND equations with ND 

unknown variables: 

.                                       (2.40) 

Many standard numerical linear algebra algorithms can solve this linear system. In this work, the 

Singular Value Decomposition (SVD) approach is applied.  The reader is referred to Ref. 57 for 

the detailed numerical analysis of different solvers, regularization etc., and the tips for 

implementation.   

IV. Numerical Examples 

The previous sections demonstrate that the MS-CG method can be extended to quantum 

Boltzmann statistics, and that the classical MS-CG algorithms can also be adapted to form a 

qMS-CG algorithm by direct modification. The qMS-CG method approximates the consistent 

qCG force field by solving a least square problem. In the present section, the application of the 

theory and algorithms are illustrated through two test systems: (1) a series of one-dimensional 

multi-body model problems, and (2) a modified liquid water system under ambient conditions.  

A. One-Dimensional Models 

    The first numerical example is intended to show how the method works in simple (but not 

trivial) 1D multi-body quantum systems. The basic system contains three particles in 1-D. These 

three particles are positioned in a harmonic well with force constant k. Particle 1 and 2 interact 

through a harmonic bond, whose force constant is kbond and equilibrium bond length is x0. 

Particle 3 interacts with particles 1 and 2 through Gaussian repulsive potentials, and these two 

Gaussian interactions are not necessarily identical. Given this description, the Hamiltonian 

describing the model system can be written as follows: 
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. (2.41) 

The repulsive Gaussian interactions between particle 1, 2, and particle 3 are defined as: 

.     (2.42) 

    In this model system, eight parameters (kbond , x0, k, A13, α13, A23, α23, T) can be tuned to 

generate different statistical distributions of the particle configurations. The soft Gaussian 

repulsive interactions allow the particles to pass through each other infrequently and thus 

generate double well like free energy profiles, as can be seen in the following numerical results. 

The system was propagated by normal mode PIMD (NMPIMD) simulations using the path 

integral Langevin equation (PILE) integrator.58 In order to test the method at different physical 

conditions, four different sets of parameters were chosen to build the test model systems, and the 

details of the interaction parameters are listed in TABLE 2-I.  

TABLE 2-I. Parameters for the 1D model systems (in atomic units).  

Cases T kbond x0 k A13 α13 A23  α23 

1 200 0.10 4.0 5.0 2.0 2.0 4.0 2.0 

2a 200 0.10 4.0 5.0 2.0 2.0 4.0 2.0 

3 200 0.10 4.0 10.0 5.0 2.0 10.0 2.0 

4 50 0.10 4.0 6.0 1.7 2.0 3.4 2.0 

aIn case 2, the equilibrium position of the harmonic potential of particle 2 is shifted to x = 0.30 

Å. 
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    It should be noted that in case 1 and 2, the interaction parameters are identical except that in 

case 2, the equilibrium position for the harmonic potential of particle 2 is shifted from x = 0.0 Å 

to x = 0.30 Å, which creates an asymmetric potential energy surface. For all the cases, the system 

was propagated with PIMD for 5.0 ns with a time step of 0.1 fs. For cases 1, 2, and 3, P = 32 

beads were shown to be enough to get a converged result, while for case 4, P = 64 beads were 

needed due to the low temperature and thus stronger nuclear quantum effects. After obtaining the 

all atom (AA, i.e., FG) PIMD simulation trajectory, the trajectory was coarse-grained by 

different CG mapping operators. In case 1, 2 and 4, the particles 1 and 2 were coarse-grained 

onto their center of mass, and particle 3 was eliminated from the system. While in case 3, the 

whole system was coarse-grained onto particle 2, so that both particle 1 and 3 were eliminated 

from the system. Then, the qMS-CG algorithm in Sec. III was used to derive the effective 

potential of the qCG site. In this example, the CG force field was expressed by a linear 

combination of B-Spline basis functions: 

.        (2.43) 

The coefficients  were obtained by solving the least squares problem of Eq. (39). Then, the 

qMS-CG model was propagated under the same simulation conditions. The corresponding results 

for cases 1-3 are shown in Fig. 2-1, and case 4 in Fig. 2-2.  
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Figure 2-1: Coarse-graining of the three particle Hamiltonian of Eq. (41) into a single bead 

representation, (a) the effective qCG potential of the CG sites obtained by qMS-CG method for 

case 1 (blue solid curve), case 2 (red solid curve), and case 3 (yellow solid curve); (b) The 

position probability distribution function of the simulations for case 1 (CG-blue solid line, AA- 



 42

Figure 2-1, continued: purple dashed line), case 2 (CG-red solid line, AA-green dashed line), 

and case 3 (CG-yellow solid line, AA-cyan dashed line); (c) The imaginary time correlation 

function (ITCF) defined in Eq. (44) for case 1 (CG-blue solid line with square marker, AA-

purple dashed line with “+” marker), case 2 (CG-red solid line with square marker, AA-green 

dashed line with “+” marker), and case 3 (CG-yellow solid line with square marker, AA-cyan 

dashed line with “+” marker). The ITCF were only evaluated on the marked points, because the 

imaginary time paths were discretized in actual simulations. 

   

   Cases 1-3 mimic physical systems at moderate temperature (200 K in this case). The effective 

qCG potential of the coarse-grained sites inferred by the qMS-CG method are shown in Fig. 2-

1(a).  As shown in Fig. 2-1(b), the quantitative agreement obtained for the position probability 

distribution functions illustrate that the inferred qCG potential can nearly exactly reproduce the 

AA PIMD sampling results, which highlights the accuracy of the qMS-CG method in 

reproducing the thermodynamic ensemble averages.  

    In addition to the distribution functions, the imaginary time correlation functions (ITCFs) are 

also compared. The definition of an ITCF is given by 

,       (2.44) 

the physical behavior of which describes the degree of quantum delocalization of the particle that 

is under study. In Fig. 2-1(c), the quantitative agreement between the qCG and AA sampling 

results show that the effective potential that is derived by the qMS-CG algorithm can describe 

the correct quantum delocalization and fluctuation of the CG variables, in the cases where the 

temperature is not too low.  
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Figure 2-2: Coarse-graining the three particle Hamiltonian of Eq. (2.41) into a CG single bead 

representation for case 4: (a) the classical PMF of the CG site (blue solid curve), (b) The 

quantum position probability distribution function of the simulations (CG-blue solid line, AA-

purple dashed line),  (c) The ITCF (CG-blue solid line with square marker, AA-purple dashed 

line with “+” marker). The ITCFs were only evaluated on the marked points, because the 

imaginary time paths were discretized in actual simulations. 
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    In case 4, the FG Hamiltonian was designed to mimic a deep tunneling quantum system at low 

temperature (50 K). In this case, the nuclear quantum effects, instead of the potential energy 

profile, will begin to dominate the statistics of the system. The classical PMF of the CG variable 

was calculated through a classical MD simulation and the result is shown in Fig. 2-2(a). In this 

case, the value of = 11.80 where the is the imaginary barrier crossing frequency of the 

classical double well potential. This value is greater than  and thus characterizes the system 

as being in the deep tunneling region (below the “crossover temperature”).59 This behavior can 

be seen in Fig. 2-2(b). The qCG site position probability distribution functions obtained from 

PIMD samplings are unimodal in spite of the double well classical PMF, suggesting a significant 

contribution from quantum tunneling. The effective potential for the CG variable was derived by 

the qMS-CG method and then the qCG simulation was performed using this potential. Figures 2-

2(b) and 2-2(c), respectively, show the comparison of the position probability distribution 

functions, as well as the ITCFs, for AA and CG sampling. It is seen that the probability 

distribution functions are essentially consistent between the two resolutions. However, the qCG 

system overestimates the quantum delocalization and thus smaller imaginary time correlations 

are observed. This is likely due to the fact that the CG action that was assumed to describe the 

system does not represent the full quantum physics of the system. A possible theoretical 

extension that includes the contribution of influence functional in the CG action may be one 

approach to address the problem.38, 60 In this case, the action can be written as: 

.     (2.45) 
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The influence functional describes the effect of environment (in this case, the eliminated 

behavior of the FG system) on the quantum delocalization of the system particles (in this case, 

the CG sites) in general system-bath coupling problems.  

To summarize this results section, these simple illustrative examples demonstrate that the 

qMS-CG method can achieve thermodynamically consistent CG models that are largely capable 

of reproducing the FG ensemble averages and imaginary time correlations, with an exception of 

the latter being for the deep tunneling region (but even here the qMS-CG result is not poor). 

Theories and methods to improve the accuracy of the qMS-CG approach are left for future work. 

 

B. A modified water model 

    The second test of the qMS-CG method was performed for a molecular liquid system based on 

water, but with artificially larger nuclear quantum effects. An all-atom model of 233 water 

molecules was simulated at 300 K in NVT ensemble for 5.0 ns. The system was modeled by the 

qSPC/Fw water force field61 in a cubic box with a box length of 19.034 Å. The electrostatic 

interactions were evaluated by the Particle-Particle Particle-Mesh method with a real space 

cutoff distance at 10.0 Å. In this study, the mass of both hydrogen and oxygen atoms were 

intentionally set as the mass of hydrogen, i.e., 1.008 a.u., in order to enhance the nuclear 

quantum effects and to better demonstrate the qMS-CG results. We note that this mass 

repartitioning would not affect the structure of water system in classical MD simulations, but it 

results in a significant change in the quantum statistics. The normal mode PIMD simulations 

were propagated by the PILE integrator.58 P = 32 path integral beads were used in the simulation 

to ensure that the quantum effects are sufficiently taken into account. The ring polymer 

contraction scheme62, 63 and rRESPA multiple time step integrator64, 65 were applied to speed up 
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the simulation and extend the simulation time step. The long range part of electrostatic 

interactions was evaluated only for the path centroid for every 1.0 fs. Short range pairwise 

interactions were contracted on the lowest 5 normal modes and were updated every 0.5 fs, and 

0.1 fs was the frequency for updating bond and angle forces. An in-house modified LAMMPS 

molecular dynamics engine66 was used to generate the PIMD simulation trajectory. 

    After obtaining the FG PIMD trajectories, the one-site CG model for these modified water 

molecules was parameterized through the qMS-CG method. For each path integral bead in the 

ring polymer, the COM mapping operator was applied to generate the CG trajectory at that 

particular imaginary time, which was later passed to the qMS-CG code to obtain the force 

matching matrices and vectors. Finally, the normal equation in the qMS-CG algorithm described 

earlier was constructed from these matrices and vectors. The normal equation was then solved by 

SVD decomposition.  

    The qCG interactions included contributions from both the pairwise interactions and a 

Stillinger-Weber like non-bonded three body interaction,67 written as 

   (2.46) 

It has been shown previously that the pairwise interaction itself in the MS-CG method for one 

site CG water may not represent the hydrogen-bonding network well and can fail to capture the 

correct structural fluctuations in liquid water.68 Therefore, the explicit three-body Stillinger-

Weber potential was adopted to correct the short-range structures of the present quantum model 

for liquid water. The pairwise interaction was approximated by the linear combination of 36 6th-

order B-Spline basis functions and a tabulated form was then employed. The method to obtain 

the Stillinger-Weber interactions can be found in Ref.68 
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    Figure 2-3 shows the pairwise interaction obtained by the qMS-CG approach, and the 

parameters for the three body Stillinger-Weber interaction are  kcal/mol, 

, a=3.80 Å, and . 

 

Figure 2-3: Pairwise interaction between the CG sites for the modified liquid water system, as 

obtained by the qMS-CG method. 

 

After obtaining the force field parameters, this one-site qMS-CG water model was then 

simulated for 5.0 ns in the constant NVT ensemble, to validate the consistency between the CG 

and AA sampling. All the simulation details remained the same. At the same time, a classical 

MD simulation of the AA system was also performed. The comparison between qCG, quantum 

AA, and the classical AA simulation results are presented in Fig. 2-4. The statistics of the radial 

distribution function (RDF), which represents the pair structure of the liquid, and three-body 

non-bonded angle distributions, which represents the short range orientational correlations of the 

liquid molecules, are compared in Fig. 2-4. In Fig. 2-4(a), the results of quantum PIMD 

simulations and classical MD simulation are significantly different because of the reduced the 

mass of oxygen in this modified water which exaggerates the difference between the classical 

and quantum sampling for this model. As clearly seen in both panels of Fig. 2-4, the qMS-CG 
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one site model well reproduces the pair structure as well as the orientation preference of the 

modified liquid water system. The agreement in Fig. 2-4 between the RDFs as well as the three-

body non-bonded angle distributions also demonstrates that the Stillinger-Weber like interactions 

employed in the CG model provides a good representation of an optimally consistent qCG force 

field. As can also be seen in Fig. 2-4(a), the first solvation shell and the long-range structures in 

the RDF are quantitatively preserved, though the position of the second peak on the RDF is not 

perfectly matched possibly due to the limitation of the basis functions that were chosen to 

describe the interactions.  

 

Figure 2-4: Panel (a) Center of mass radial distribution functions obtained from the FG quantum 

PIMD simulation (red solid line), Coarse-Grained PIMD simulation using the force field 

generated by qMS-CG (blue solid line) as well as the result from classical MD simulation (black 
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Figure 2-4, continued: dash line). Panel (b) The probability distribution function for the three-

body non-bonded angles obtained from the FG quantum PIMD simulation (red solid line) and 

qMS-CG-PIMD simulation (blue solid line). The cut-off distance for evaluating the three-body 

non-bonded angles was 4.0 Å. 

 

    In addition to reproducing the liquid structure, the qMS-CG one-site model quantitatively 

preserves the imaginary time correlations for this model. In this example, the imaginary time 

mean-square displacement function has the following form,  

.     (2.47) 

was evaluated and compared at both AA and CG level. This function is directly related to the 

imaginary time correlation function that was previously defined in Eq. (2.44). Physically, it 

characterizes the magnitude of quantum delocalization. Figure 2-5 shows the comparison of the 

calculated from the qMS-CG and AA PIMD samplings, where it is clearly seen that under 

the current simulation conditions the qCG model derived by the qMS-CG algorithm 

quantitatively reproduces the behavior of the quantum delocalization of the underlying FG 

system.  

 

Figure 2-5: The delocalization function R2 (t )  in Eq. (2.47) obtained from AA PIMD 

simulations (red solid line with “+” markers) and qMS-CG PIMD simulations (blue solid line 
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Figure 2-5, continued: with square markers). The function was evaluated only on the marked 

points due to the fact that P = 32 imaginary time slices discretized the imaginary time Feynman 

paths.  

V. Quasi-Classical Approximation 

     In Sec. II after Eq. (2.9) we mentioned that there are two possible routes that can be taken to 

formulate a coarse-graining strategy for equilibrium quantum systems. In the subsequent sections 

we followed the first route in which the qCG model was built based on the consistency of CG 

and FG density matrices for the whole imaginary time path of the FG system. In the present 

section, however, we will explore the second route and as such an alternative perspective for 

coarse-graining of quantum Boltzmann statistics is proposed. The main idea is to approximate 

the consistent CG density matrix so that it behaves like a classical probability density distribution 

function. And a quasi-classical CG force field could be derived based on this approximation. 

This provides a most classical description of the CG procedure in quantum Boltzmann statistics 

and will help us build a clearer physical picture of coarse-graining in quantum statistical 

mechanics. In this section, only the consistency in configuration space is considered so that we 

can start the derivation based on Eq. (2.28) in Sec. II E.  

     The consistency condition implies the diagonal element of the CG density matrix is related 

with its FG counterpart by: 

.      (2.48) 

Notice that the diagonal elements of the FG density matrix can be expressed as the expectation 

value of a Dirac delta operator, such that 

r̂
rr
= ár | e-bH | rñ

     = d ¢rò d (r - ¢r )á ¢r | e-bH | ¢r ñ = Z × d (r - ¢r )
    (2.49) 
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where Z is the partition function for the system. In order to derive the most classical form of this 

density matrix, one natural choice is to employ the concept of the path centroid variable 

suggested by Feynman, which is a powerful tool for developing approximate but accurate quasi-

classical theories and for exploring the quantum-classical correspondence in statistical 

mechanics.43 
 

    For any operator A in configuration space, its expectation value in quantum Boltzmann 

statistics can be formulated in the path centroid representation as follows:69 

áAñ = áA
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.    (2.50) 

in which , the centroid probability density, is used in the statistical averaging. (We note that 

for simplicity we use a one-dimensional notation here and r a single rectilinear coordinate, not a 

radial coordinate.) Within the path integral centroid representation, the original form of the 

operator should be reformulated as an effective centroid-dependent quasi-classical function 

Ac(qc). However, an exact analytical formula for this quasi-classical function for a general 

operator often cannot be derived. Instead, it can be approximated by the expression69

  

,      (2.51a) 

where 

 .      (2.51b) 

Here, a cumulant expansion up to second order was employed so that the quantity Δr2 

characterizes the fluctuations or delocalization of the imaginary time paths relative to the 

centroid variable constrained at position rc.  
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    With the results in Eq. (2.51), the Dirac delta function operator in Eq. (2.49) in multiple 

dimensions can be approximated as a Gaussian distribution function in terms of the path centroid 

variable:69 

                                    .                (2.52) 

The matrix

 

 here describes the imaginary time 

quantum fluctuation of the FG system relative to the centroid variables.  

 

    Combining Eq. (2.49) and Eq. (2.52), the diagonal density matrix element of the FG system 

can now be approximated as: 

r̂
rr
= Z × d (r - ¢r ) µ dr

cò r
c
(r

c
)exp -[(r - r

c
)T ×L ×(r - r

c
)] / 2{ }.    (2.53) 

Now, plugging this result in the CG consistency condition in Eq. (2.48) reveal that the diagonal 

density matrix element for CG model can be approximated by 

r̂
RR
CG µ drd (M (r) -R)ò dr

cò r
c
(r

c
)exp -[(r - r

c
)T ×L ×(r - r

c
)] / 2{ } .    (2.54) 

This expression can be further simplified by replacing the delta function by its representation in 

terms of its Fourier transform and switching the order of integration to yield 

          r̂
RR
CG µ dr

cò r
c
(r

c
)exp - (M(r

c
) -R)T ×A-1 ×(M(r

c
) -R)éë ùû / 2{ } .    (2.55) 

More details of the derivation are given in Appendix B. In Eq. (2.55), (M (r
c
)-R)  is understood 

to be the vector of CG mappings, and the matrix A describes the contributions of FG system 

quantum fluctuations to the relevant CG sites; its matrix elements can be written as 

,        (2.56) 
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where the coefficients  are the CG mapping coefficients defined in Eq. (2.7).  

      Equation (2.55) is the main result of this section, which arguably provides the most simple 

and “classical-like” description of coarse-graining, but still within the confines of quantum 

Boltzmann statistics and the Uncertainty Principle. It also suggests a clearer physical picture of 

the effects of quantum mechanics on the bottom up procedure of coarse-graining. By comparison 

to the thermodynamic consistency condition in classical statistical mechanics,7-11 

r
cl
CG (R) µ dr  ò r

cl
(r)d (M(r) -R) ,       (2.57) 

where “cl” denotes “classical limit”, the effects of quantum mechanics come into this quasi-

classical theory of coarse-graining in two ways in Eq. (2.55). First, the quantum statistics of the 

FG system are manifested in the centroid probability density r
c
(r

c
). This effect has nothing to 

do with the coarse-graining per se. Second, the effect of the quantum delocalization appears in 

the CG mapping by effective replacing the “strict” mapping Dirac delta functions in the classical 

coarse-graining expression [Eq. (2.57)] by “smeared” Gaussian distributions centered at the same 

positions in the quantum CG expressions [Eq. (2.55)]. This interpretation is in fact amusing and 

pleasing at the same time. It says that you may think you can rigorously coarse-grain a FG 

system, but because of the Uncertainly Principle and the intrinsic delocalization of the quantum 

particles, you not only cannot completely know where the new CG particles are, but you also 

cannot be completely sure how they were mapped from the FG representation in the first place.   

The diagram shown in Fig. 2-6 schematically depicts this concept. 
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Figure 2-6: Schematic diagram showing the difference between coarse-graining in classical 

statistical mechanics and quantum Boltzmann statistics.  

 

A very natural development based on Eq. (2.55) is to also derive an effective “classical-

like” qCG potential UqCG(R) (and force field through differentiation) that approximately takes 

the quantum effects into account, such that  

e
-bUqCG (R ) º Z × r̂

CG
(R) µ dr

cò r(r
c
)exp - (M(r

c
) -R)T ×A-1 ×(M(r

c
) -R)éë ùû / 2{ } . (2.58) 

This expression provides a very interesting way to develop classical-like qCG force fields that 

can also represent the effects of quantum statistics. Nonetheless, two obstacles must be overcome 

to develop a practical algorithm from this equation. First, obtaining the centroid density 

distribution function for a molecular system with a large number of degrees of freedom can be 

non-trivial and must be done numerically “on the fly” in the simulation. Second, the Gaussian 

type coarse-graining distributions are difficult to obtain up front, so more detailed mathematical 

and physical analysis is needed. Future research will be devoted to an exploration of the 

underlying theory and numerical methods for this approach to quantum coarse-graining. 
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VI. Concluding Remarks 

In this paper we have introduced a theory of quantum mechanical coarse-graining and its 

numerical implementation within Boltzmann statistical mechanics. An analysis of the sufficient 

consistency conditions based on linear CG mapping operators is presented. It is seen that a 

specific choice of CG action functional and effective qCG force field can generate a consistent 

description of the underlying FG model. A variational principle based on the force consistency 

condition, which was extended from the classical MS-CG theory, is also generalized for quantum 

Boltzmann statistics, and it provides the basis for deriving effective qCG force fields using 

equilibrium path integral sampling of the FG system. The numerical algorithm and practical 

issues in implementing this variational minimization procedure are further discussed. Then, two 

numerical examples were used to demonstrate the accuracy of the qCG method presented, while 

also revealing that it cannot completely reproduce the imaginary time correlation function for 

systems in deep tunneling region without further modification. Finally, a quasi-classical 

approximation of the qCG density matrix is shown to provide an appealing physical picture of 

coarse-graining in quantum Boltzmann statistics, and may open up a way for building classical-

like qCG force fields that approximately incorporate nuclear quantum effects. 

A number of directions for the future development of qCG theories and methods are also 

suggested by the present analysis. First, one important problem to be addressed is how to best 

preserve the imaginary time correlations in the deep tunneling regime. The introduction of an 

influence functional in the qCG action, which might be the key to this issue, will be investigated 

in the future.  Second, it is suggested in Sec. II that the relative entropy minimization approach to 

coarse-graining can also be extended to quantum Boltzmann statistics. Future work will seek to 

develop variational principles and numerical algorithms based on that framework. And finally, 

future research will also seek to generalize these results to the challenging cases of Bose-Einstein 
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and Fermi-Dirac statistics, which are expected to provide additional and unique insight into the 

procedure of coarse-graining for fully quantum mechanical problems at any temperature.  

APPENDIX A: DERIVATION OF EQUATION (2.26) 

    First we prove that if any function  of atomistic configuration and  of CG 

configuration has the following connection: 

.             (2.A1) 

Then for any CG path constraint ensemble average,  we have 

.     (2.A2) 

Then, considering the following equation, it is possible to validate its correctness such that 

.   (2.A3) 

The following expression is also valid for any CG path constraint ensemble average: 

. (2.A4) 

By combining all of these results together, one can show that 

, 

(2.A5) 

holds for any choice of R(τ), therefore,  

,(2.A6) 
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APPENDIX B: DERIVATION OF EQUATION (2.55) 

    The first step of derivation involves replacing the Dirac delta functions by its Fourier 

transform representation, such that  

r̂
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CG µ dr

dk

(2p )N
exp ik × (M(r) -R)éë ùûòò dr

cò r
c
(r

c
) ×exp -[(r - r

c
)T ×L × (r - r

c
)] / 2{ }

       µ dr
c
dkò r

c
(r

c
)exp -ik ×Réë ùû dr exp -

1

2
(r - r

c
)T ×L × (r - r

c
) + ik ×M (r)

é

ë
ê

ù

û
úò

.(2.B1) 

Then the Gaussian integral over r is performed, and the result is given by 
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where the coefficients  are the CG mapping coefficients. Finally, the Gaussian integral 

over k is performed and then Eq. (2.55) is obtained. 
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Chapter 3: Coarse-Graining Involving Virtual Sites: Centers of Symmetry Coarse-
Graining 

      This chapter is Reproduced from J. Chem. Phys. 150, 154103 (2019), with the permission of 
AIP Publishing. 

Abstract 

Coarse-grained (CG) models allow efficient molecular simulation by reducing the degrees of 

freedom in the system. To recapitulate important physical properties, including many-body 

correlations at the CG resolution, an appropriate mapping from the atomistic to CG level is 

needed. Symmetry exhibited by molecules, especially when aspherical, can be lost upon coarse-

graining due to the use of spherically-symmetric CG effective potentials. This mismatch can be 

efficiently amended by imposing symmetry using virtual CG sites. However, there has been no 

rigorous bottom-up approach for constructing a many-body potential of mean force that governs 

the distribution of virtual CG sites. Herein, we demonstrate a statistical mechanical framework 

that extends a mapping scheme of CG systems involving virtual sites to provide a 

thermodynamically consistent CG model. Utilizing the extended framework, this work defines a 

center of symmetry (COS) mapping and applies it to benzene and toluene systems, such that the 

planar symmetry of the aromatic ring is preserved by constructing two virtual sites along a 

normal vector. Compared to typical center of mass (COM) CG models, COS CG models 

correctly recapitulate radial and higher order correlations, e.g., orientational and three-body 

correlations. Moreover, we find that COS CG interactions from bulk phases are transferable to 

mixture phases whereas conventional COM models deviate between the two states. This result 

suggests a systematic approach to construct more transferable CG models by conserving 

molecular symmetry, and the new protocol is further expected to capture other many-body 

correlations by utilizing virtual sites.   
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I. Introduction 

Coarse-grained (CG) models enable one to extend the temporal and spatial scales of molecular 

simulations by averaging out the finer details below the resolution of the CG site (or “bead”).1-7 

While computationally efficient, some detailed configurations, or spatial correlations, are lost 

during the CG model construction and resulting simulation. Thus, an appropriate CG mapping 

from the fine-grained (FG), e.g., atomistic, degrees of freedom to the CG model is a prerequisite 

for parameterizing CG models that can faithfully represent the physical properties of the system 

of interest using the reduced CG degrees of freedom.8-13   

A mapping operator represents the correspondence between the FG configurations  to 

the mapped CG configurations . Since there are no general or definitive rules for mappings, 

various operators have been suggested and implemented for different systems. As one example, 

the MARTINI force field has a straightforward mapping rule that is to approximately map four 

heavy atoms with associated hydrogen atoms to a single CG bead.14-16 On the other hand, CG 

models can be constructed from the dynamical information inferred from the essential dynamics 

of all-atom simulations. One such approach is known as Essential Dynamics Coarse-Graining 

(ED-CG), which characterizes and groups atoms sharing similar dynamical behavior, such as 

fluctuations in the low-frequency regime.17-21 Similarly, other approaches, the diffusion map and 

sketch map approaches, have also been developed to extract relevant low-dimensional dynamic 

information by reducing dimensions in a nonlinear sense.22-26 

In a more physically transparent manner, a group of atoms can be mapped into their 

center of mass (COM) as the CG variable. As an example, the multiscale coarse-graining (MS-

CG) approach8-12 has been applied to various scales of molecular systems ranging from 

condensed matter (liquids) to biological systems (such as lipids) using COM mappings. In such 

  r
n

  R
N
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cases, the equilibrium distribution of the CG variables should be consistent with that of the 

reference FG statistical ensemble (known as the “consistency” relationship) for those CG 

mappings, which establishes an equivalence between the force acting on a CG site and the 

summation of exerted forces on the underlying FG atoms. A derivation of this consistency 

condition is detailed in Ref. 11. However, in some cases, the COM mapping scheme might not be 

a good choice to thoroughly represent and reproduce certain physical properties of the system. 

Since a simple two-body interaction between the COM distances might not be enough to fully 

account for the many-body effects in condensed phases, various CG models have been suggested 

to include higher order interactions, which significantly affect the computational efficiency.27-32  

Alternatively, one can improve CG mapping while only using the pair interactions 

between the CG sites. One example is the center of charge (COC) mapping that provides a better 

description of Coulombic interactions for molecules where the conventional MS-CG model 

based on COM configurations is not enough to capture long-range interactions.33 However, two 

drawbacks still remain in the COC mapping. First, the COC mapping assumes that the mapping 

weighting factor of the COC CG beads is proportional to atomic charges within the subgroups. In 

turn, it does not provide a rigorous thermodynamic relationship between the suggested CG 

mapping and the FG system. Also, this approach is most valid if the system has highly charge-

separated groups, such as in polar molecules.  

In addition, one of the basic limitations of conventional CG models is that each CG site is 

generally treated as a spherically symmetric particle, resulting in discrepancies when asymmetric 

molecules are mapped to single (or multiple) sites. For example, we recently demonstrated that 

the symmetry mismatch between the CG and FG beads leads to the failure of MS-CG models in 

interfacial systems where the symmetry or orientation plays an important role.34 One might 
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instead use the Gaussian overlap formalism35 or Gay-Berne potential,36 which have been 

extended to parameterize CG interactions,37-39 or explicitly include dipole moments,40-42 

respectively. However, these strategies often require expensive computational overhead to both 

parameterize and utilize such CG models in order to maintain high accuracy with faithful 

reproduction of the FG structure. 

To overcome the aforementioned discrepancies in symmetry and to provide an efficient 

and accurate CG interaction, the present work presents a center-of-symmetry (COS) CG 

mapping that is designed to preserve the symmetry of the molecule in CG configuration space by 

introducing virtual CG sites. Here, “virtual” sites are defined as fictitious particles that are 

introduced, in contrast to other mapping schemes (e.g., COM) that rely on physical atoms. A 

straightforward example to demonstrate this mapping is benzene, which has planar geometry. In 

order to preserve the planar symmetry, the COS CG mapping yields two virtual CG sites that are 

normal to the aromatic plane, introducing additional degrees of freedom (rather than only using 

their pairwise distances as order parameters) that can provide higher quality basis sets for 

elucidating a CG many-body potential of mean force (PMF). This approach provides a simple 

way to represent the local many-body correlation of non-spherical molecules with marginally 

more computational cost. We further envisage that our proposed CG model will enhance the 

transferability of the effective CG interactions,5, 43 which will be discussed later. 

In order to represent the effective interactions between the virtual CG sites correctly, we 

require a rigorous statistical mechanical approach to construct the PMF describing the 

distributions of virtual CG sites. In this article, we will develop a systematic CG theory involving 

virtual sites for the first time. The thermodynamic consistency condition is first derived at the 

resolution of the COM variables. A bottom-up parameterization protocol utilizing the force-



 65

matching equations is then introduced based on these conditions. It is demonstrated that the MS-

CG method can be extended in this framework with minimal modification. Our approach is 

expected to facilitate the modeling of complex biomolecules such as lipids and membranes by 

adopting the symmetry or shape from the all-atom resolution into the FG to CG mapping 

operator. This is in line with shape-based CG44, 45 or related ad hoc CG approaches46, 47 that have 

been applied to certain biosystems.  

 The remaining sections of this paper are as follows: In Section II, we first address the 

CG mapping involving virtual sites and derive a thermodynamic consistency relationship based 

on the principle of maximum entropy. Then, we construct and review the CG models for benzene 

and toluene. Practical implementation details for the CG simulations are also given. The 

proposed CG mapping is next evaluated in Section III by analyzing the structural properties 

including radial, orientational, and three-body correlations for benzene derivatives. We also 

present an analysis of transferability by comparing the effective CG interactions from bulk and 

mixed phases at the end of Section III. Section IV provides a summary and concludes the paper. 

II. Methodology 

A. COS Mapping 

As discussed in Sec. I, a CG model is defined by a set of mapping operators . 

These mapping operators are conventionally designed as a linear function to most readily capture 

the physics of the FG system at the level of resolution that one would like to focus on. For 

instance, the COM mapping operator captures the translational motion of the FG particles, while 

at the same time coarse-graining out the internal rotational and vibrational motions. Similarly, 

the center of geometry (COG) mapping operator constructs a representation of the geometric 

center of FG particles. However, in the COS mapping, the coarse-graining procedure involves 
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two sets of linear mapping operators in the following forms: one for the CG mapping from the 

FG trajectory onto the COM representation with  and the other for the reverse 

mapping from the COM to the virtual CG bead positions, respectively, 

    (3.1)

 

These mappings can be written in a more compact form as 

    (3.2)

 

A schematic description of the proposed mapping relationship is shown in Figure 3-1. The 

reverse mapping function is carefully designed to manifest intrinsic symmetrical features, such 

as the dipole moment vector of polar molecules or the normal vector of planar molecules (e.g., 

benzene), of the underlying FG system that is integrated out in the COM level of description. 

Detailed design and setup of the COS model will be addressed in Section II. D. 

 

Figure 3-1: Schematic relationship among different CG mappings presented in this work: from 

the all-atom (FG) model to the one-site coarse-grained (COM model) from M and symmetric 
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Figure 3-1, continued: coarse-grained model (COS model) from ς. Re-mapping the center of 

mass of the COS model from  yields the one-site COM model.   

 

Unlike the conventional COM and COG mappings, the physical meaning of CG beads in 

the COS mapping does not directly correspond to a concrete physical entity. The center of mass 

of the COS CG beads represents the most resolved physical entity, whereas the COS CG beads 

themselves are just virtual particles characterizing certain symmetrical features of the underlying 

FG molecules. We will show in the next section that the presence of these virtual CG beads helps 

to characterize the complicated many-body orientational correlations of the FG system in a more 

intuitive and computationally efficient way. 

It should be noted that many-body correlations can be intrinsically captured by the COM 

mapping when appropriate basis sets are utilized (e.g., containing terms beyond pairwise two-

body). However, since information on the orientation of CG beads is missing in the case of 

simple pairwise interactions, more complicated functional forms for CG interactions are often 

necessary to fully take this many-body effect into account.27-32 Embedding this complexity can 

introduce challenges for both the parameterization and propagation of the resultant CG models. 

However, the aforementioned shortcoming is alleviated in the COS mapping approach since the 

proposed reverse mapping explicitly embeds the orientation information into the virtual CG 

beads. 

B. The Thermodynamic Consistency Conditions  

With the CG mapping operator in hand, the “perfect” CG system is required to behave exactly 

like the FG system at the resolution that the CG system was constructed. To reiterate, so-called 

structural thermodynamic consistency is a sufficient condition for the CG model to be consistent 
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with the corresponding atomistic model in configuration space. Thus, in order to ensure so-called 

structural thermodynamic consistency, a quantitative relationship between the CG and FG 

representations should first be developed. This consistency requires that at the resolution of the 

center of masses, the FG model  and COS CG model  generate the same statistical 

distribution (we focus on the consistency in configuration space only). Suppose that the 

probability distribution functions for the center of masses are known, to ensure the 

thermodynamic consistency conditions at the resolution of the center of masses, it requires the 

COS CG and COM distribution functions be connected through, 

  .  (3.3) 

in which the delta function is a shorthand notation for a product of delta functions of each CG 

center of mass, i.e., 

  . (3.4) 

To infer the COS CG distribution functions based on the above consistency condition, one can 

maximize the entropy of the COS CG systems with respect to the distribution function, 

 ,                                         (3.5) 

under the constraint of Eq. (3.3) as well as the normalization condition . By 

introducing Lagrange multiplier function , one can maximize the entropy through solving 

an unconstraint optimization of the following Lagrangian through the calculus of variations, 

 ,       (3.6) 

The result shows that, 
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 ,                                          (3.7) 

in which the measure  defined by, 

 ,                                                   (3.8) 

tells the number of state for the COS CG system given a specific center of mass configuration. In 

general it’s a function dependent on the COM configurations reflecting the geometric features of 

the mapping operator . In the case of linear mapping operators, the measure can be evaluated 

to be a constant independent of specific COM configurations.  

      On the other hand, as has been previously shown in many works, the center of mass 

distribution functions can be evaluated from the fine-grained atomistic distribution functions 

through, 

 ,                                           (3.9) 

in which the Dirac delta function is similarly defined as . 

Combining Eq. (3.7) with Eq. (3.9), we arrive at, 

 ,                              (3.10) 

which provides a least biased estimation of the COS CG distribution functions based on the 

atomistic statistical distributions.  

      More specifically, if the mapping from COS sites to the COMs is linear, the number of states 

measure can become a constant. In the scope of this paper, we choose to map two COS virtual 

CG sites onto their center of masses under equal weights, in which case the measure function can 
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be found out to be , therefore finally we get the thermodynamic consistency 

condition relating the probability distribution functions for the atomistic and COS CG systems 

writing as, 

 .  (3.11) 

Detailed derivation procedure for the measure function as well as an alternative approach to 

derive the above equation is discussed in Appendix B.  

      Based on Eq. (3.11), supposing that the FG and CG systems all obey classical Boltzmann 

statistics, their effective Hamiltonians are linked by: 

  , (3.12) 

in which u(rn )  denotes the potential energy of the FG system whereas U (R N ) represents the 

CG counterpart. By taking a natural logarithm on both sides of Eq. (3.12), the effective CG 

potential is expressed as: 

 . (3.13) 

Once the effective CG potential function is defined, the force exerted on CG bead  as a 

function of the CG system configuration R N  can be obtained by differentiating the potential 

energy profile, namely: 

  , (3.14) 
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In the above derivation, we have assumed that each COS CG bead is involved in the only one 

particular definition of COM variable. The same assumption is also applied to each FG atom 

with respect to COM variables. 

 To simplify the force expression presented in Eq. (3.14), one can note that the following 

relationship holds due to the linear property of both the “forward” and “reverse” CG mapping 

operators: 

  , (3.15) 

in which the set of coefficients {d} satisfies the following condition from the definition of a CG 

mapping  

 dai
iÎa
å =1 . (3.16) 

Readers can refer to Appendix C for the details. Utilizing the above condition and integrating by 

parts, Eq. (14) can be further simplified; the CG effective force field that ensures the 

thermodynamic consistency can be written as a constrained ensemble average: 
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where the constrained ensemble average of a function  takes the following form: 

  . (3.18) 

 In the case of linear CG mapping operators, we can choose the coefficients {d} so that 

the following condition holds: 

 cai
= dai

 . (3.19) 
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The condition of Eq. (3.16) still holds since translational invariance requires that the mapping 

coefficients {c} sum to unity for each of the COM configurations. By putting all the previous 

equations together, a thermodynamically-consistent force field of the COS CG system can be 

expressed as:  

 F
I
(R N ) = ca I

f
i

iÎa
å

RN

 , (3.20) 

in which the COS CG particle  is specific to the COM denoted by a . The physical meaning of 

this equation is that the total force on CG bead  is a constrained ensemble average of a partition 

of the total atomistic forces exerted on the center of mass. This relationship further implies that 

for any CG mapping that accompanies the virtual CG sites as an explicit coordinate with respect 

to its corresponding COM position, the thermodynamic consistency condition is valid as long as 

the configurations of the virtual CG sites can be written as a linear combination of COM CG 

sites. This equation forms the basis of the variational principle that will be employed in this work 

to extract the CG effective force field. 

C. Force-Matching 

Once the CG mapping operator is defined, an atomistic simulation (FG) trajectory or other 

atomistic configurational information can be readily mapped into a CG representation that 

preserves all of the structural correlations. The next goal is to derive the equation of motions for 

the CG system using mapped information. In other words, the thermodynamic consistency 

conditions derived in the previous subsection provide the theoretical basis for the inference of the 

CG effective interactions. According to Eq. (3.13), the underlying force field describing the CG 

system should, in principle, be extracted by calculating the constraint ensemble averages. 

However, the numerical implementation of such approach is quite challenging due to the 

difficulty in handling the constraints as well as the high dimensional nature of many-body 
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systems. Practically designed variational principles based on the consistency conditions can be 

formulated in order to construct numerical approximations to the thermodynamically-consistent 

CG force fields. The MS-CG method8, 9, 11, 12 built upon the force-matching equation as well as 

the Relative Entropy Minimization (REM) method6, 48-50 are two examples of such approaches. 

 In this work, the CG force field is parameterized utilizing the MS-CG method. 

Specifically, the CG force field is determined by variationally minimizing the following force 

residual functional,8, 9, 11, 12 

  , (3.21) 

In consistent with the original MS-CG method,8, 9, 11, 12  in Eq. (3.14) denotes the 

microscopic force on the CG site I and    f I
(V

I
(rn ))  is the model parameter given by the CG 

mapping    V I
(rn ) . In general, the above functional optimization problem in an infinite 

dimensional space is computationally forbidding. For practical implementation, the test CG force 

field function f
I
(V

I
(rn )) , or f

I
(R N ) , is often expanded in a subspace of the infinite dimension 

space, which is constructed by a set of basis functions. Such basis functions are usually 

determined based on some degree of physical intuition about the system of interest. Many of 

these basis functions can be expressed as key variables of the system, such as the pair distance 

and triplet angle for non-bonded and bonded atoms, respectively. In this work, we assume that 

the CG force field only includes contributions from pair non-bonded interactions to achieve a 

physically accurate and efficient CG model. Under this assumption, the CG force field in this 

work takes the following form, 

 f
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The basis function  is approximated by a set of spline functions , i.e. 
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The set of coefficients  parameterizing the pairwise basis function are then solved by 

minimizing the residual functional, which is now cast as a quadratic function through the above 

approximations, in the least square sense. Readers are referred to Ref. 51 for the detailed analysis 

of different solvers, regularizations, and spline function specifications of the MS-CG algorithm. 

       

D. Model Description and System Setup 

In this subsection, we will introduce the COS and conventional COM mapping operators for 

benzene and toluene systems in the liquid phase. First, we reiterate that benzene as a model 

system was chosen to test the COS mapping in the case of non-spherical symmetry because 

benzene molecules exhibit a planar structure due to the sp2 hybridization throughout the aromatic 

ring. Figure 3-2 shows three possible CG mapping schemes for a benzene molecule. We did not 

consider CG models with more than two sites per molecule to maximize the efficiency of the 

mapping (i.e., resolution) and computational cost.  

One can intuitively map a molecule into a single CG bead corresponding to the COM of 

the whole molecule as shown in Figure 3-2(a). However, as mentioned in Sec. I, a benzene 

model consisting of CG beads governed by spherically symmetric interactions is not able to 

capture the correct planar symmetry of the original molecule at the FG resolution. As a result, the 

single-site COM model only preserves the overall translational motion while losing local 

orientational correlation. In particular, the single-site model is not able to distinguish between 

two possible configurations for a pair of benzene molecules at the same intermolecular distance, 
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e.g., the T-shape and sandwich shape configurations, which have different energetics.52-57  A 

detailed analysis of the discrepancies of single-site CG models for different geometries is also 

discussed in Ref. 34.  

Alternatively, Figure 3-2(b) shows a two-site COM CG model where two adjacent C3H3 

moieties are coarse-grained to two CG sites at their respective COM and connected by a 

harmonic bond (denoted as a grey line). Even though this model incorporates the planar 

geometry to the previous single-site COM model and removes the implicit isotropy, the rotation 

of the benzene ring along the vector between the two COM sites is degenerate, and thus we 

expect a poor description of the planar symmetry. Specifically, with regard to the 

aforementioned dimer configurations, the two-site COM mapping is not able to distinguish 

between stacking or relatively tilted configurations.55 While maintaining the same CG mapping 

resolution as Figure 3-2(b), one could perform the COS CG mapping to preserve the planar 

symmetry. A schematic description of mapped COS beads is shown in Figure 3-2(c). As 

discussed in Sec. II, the COM of the COS system is equivalent to the COM of the benzene 

molecule, which is shown as a green bead in Figure 3-2(a). To satisfy this condition, the two 

COS beads must be equidistant from the COM, giving ca I
= 0.5. Therefore, from Eq. (3.13), the 

effective CG forces acting on the COS CG bead  in configuration   R N  are simply expressed as 

half of the total force that is exerted on the molecule,  

 F
I
(RN ) =

1

2
-
¶u(rn )

¶r
iiÎa

å
R N

 . (3.24) 

This model resembles the charge separation model suggested by Hunter and Sanders, in which 

the p -p  interactions are modeled by placing particles along the normal vector of the plane. 

However, our CG model provides non-bonding interactions in the CG configuration space where 
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the molecular symmetry is preserved, while their model is a simple electrostatic model that 

incorporates charge interactions to represent the p -system.58 In terms of the force-matching 

procedure, our intent here is to include an additional basis set that can be conceived as a 

projected quadrupole moment of benzene to correctly reproduce the CG interactions.59-62 

 

 

Figure 3-2: CG mapping schemes considered in this study for benzene: (a) one-site center of 

mass (COM) mapped model as green bead, (b) two-site COM mapped model as red (-C3H3) and 

blue (-C3H3) beads, and (c) two-site center of symmetry (COS) mapped model as red (upper half) 

and blue (lower half) beads. Red beads represent CG type 1 and blue beads are CG type 2 in 

actual simulations.   

 

In practice, the COS mapping V : rn ® R N  is performed by first constructing the normal 

vector of the benzene plane  and the COM configuration of benzene 

molecule  I  which is denoted as . Then, two virtual CG sites are constructed as 

 where  l  is the center-to-particle distance or separation distance with the 

normalized vector . The thermodynamic consistency relationship derived in Sec. II 

does not confine the value of separation distance  l , but practical limitations and constraints 

(a) (b) (c)
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should be considered. As designed to impose planar symmetry and represent p -p  interactions, 

the value of  l  should be chosen to enable efficient sampling of the intermolecular region 

between COS CG sites that are not in the same molecule. Based on the reported minimum at 3.6 

Å from the dimer potential energy surface using the OPLS force field,57  l  must be smaller than 

 Å. Since the first coordination shell of liquid benzene is positioned near 6.6-7 Å,34, 

63 this rule of thumb yields an upper bound of  (6.6 - 3.6) 2 = 1.5  Å in order to correctly 

represent structural correlations of benzene. If the value of  l  is too large, the COS CG model 

may sample unphysical configurations in which benzene molecules penetrate each other. On the 

other hand, consider the opposite limit when  l  approaches zero as expressed below: 

  . (3.25) 

In other words, as the separation distance approaches zero, the COS sites reduce back to the 

COM site. Conversely, this limit clearly demonstrates that the COS mapping breaks rotational 

degeneracy by introducing a normal vector to the single-site COM configuration. We checked 

that at very small   l < 0.05  Å, structural properties of the COS mapping converge to that of the 

single-site COM model (see Figure 3-A1 in Appendix A). Considering the above-mentioned 

points carefully, the  l  value was set to be 0.5 Å, so that the separation between two COS beads 

is 1 Å.  

In a similar vein, we constructed CG models for toluene; recall that toluene is equivalent 

to benzene except where an –H atom is substituted for a –CH3 group. As a consequence of the 

broken C6 symmetry, the single-site COM CG bead is located slightly off center of the aromatic 

ring as depicted in Figure 3-3(a), and thus the CG sites in the two-site COM CG model have 

different types of interactions (Figure 3-3(b)). Even in this case, we are able to utilize the 
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proposed COS mapping scheme because the COM of the molecule is still within the aromatic 

plane. In other words, the mapped CG beads are placed equidistant and perpendicular to the 

toluene plane, and the resultant CG beads are homogeneous as designed. We will examine the 

effect of C6 symmetry breaking in the next subsection.  

 

Figure 3-3: CG mapping schemes considered in this study for toluene: (a) one-site center of 

mass (COM) mapped model as green bead, (b) two-site COM mapped model as red (-C4H5) and 

blue (-C3H3) beads, and (c) two-site center of symmetry (COS) mapped model as red (upper half) 

and blue (lower half) beads. Red beads are CG type 1 and blue beads are CG type 2 in actual 

simulations.   

 

E. Simulation details 

Each reference atomistic system for the two liquids (i.e., benzene or toluene systems) is 

comprised of 1000 molecules in a cubic box with periodic boundary conditions. For all liquid 

molecules, the optimized potentials for liquid simulations all-atom (OPLS-AA) force field was 

chosen as a force field to conduct the FG (all-atom) simulation.64, 65 We also used Ewald 

summation to account for the long-range electrostatics at the FG resolution.66 All MD 

simulations including both all-atom and CG models were conducted using the LAMMPS 

simulation package.67 To prepare the simulations, initial configurations for the liquid system 
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were constructed by randomly distributing molecules using the Packmol package,68 then the 

VMD package69 was used to build the bonding topology for the systems. After energy-

minimization using the steepest descent algorithm, each system of interest was annealed to a 

temperature T = 300 K with a Nosé-Hoover thermostat with t = 0.1 ps.
70, 71 Constant NPT 

dynamics with P = 1 atm with t = 1 ps were performed for 1 ns in order to equilibrate the 

system.72 Finally, we further sampled each system using constant NVT dynamics at T = 300 K 

with a Nosé-Hoover thermostat for 5 ns to collect the configurations for structural analysis every 

0.5 ps (same damping constant was also used for NVT dynamics). 

The initial configurations for force-matching were prepared from snapshots of the FG 

trajectories during NVT runs. The effective CG pair potentials from force-matching were 

obtained as a linear combination of sixth-order B-splines where the resolution of the spline was 

fixed to 0.2 Å. Due to statistical sensitivity and poor sampling, polynomial terms of   Ar-b  form 

were fit after the B-spline fitting at the hard-core region of the potentials.73 For all CG models, 

we used an outer cutoff of 10.0 Å. The inner cutoff parameters vary for each CG model. For 

example, the three different inner cutoff values, that correspond to the one-site COM, two-site 

COM, and two-site COS mapped CG models for benzene, were 3.33 Å, 3.04 Å, and 2.40 Å, 

respectively. The parameterization of the CG interactions was conducted using the MS-CG 

program package, which is available at the LAMMPS or Github webpages free of use.74 

The CG simulations were then performed for 5 ns using constant NVT dynamics at T = 

300 K with a Nosé-Hoover thermostat. The initial configuration of the CG simulation was 

mapped from the last snapshot of the constant NVT runs from the all-atom simulations. For 

propagating the COS CG model, the bonds between virtual CG sites within the same molecule 
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were constrained via the SHAKE algorithm75 to maintain their relative spacing. However, we 

note that the proposed approach does not necessarily require any constrained or fixed geometry.  

 

F. Velocity Distributions 

In Sec. II. D, we discussed the mapping between atomistic and CG virtual site representations in 

configuration space. In this subsection, we would also like to explore the mapping relationship 

between the velocities of atomistic and CG virtual representations. It should be noted that the 

analysis in this subsection does not affect any of the statistical behavior in configuration space 

that we demonstrated earlier, which is of our primary focus. 

By design, the mapping operators between atomistic and COM representations, M (rn ), 

and the mapping operators between the COM and CG virtual sites representations, , are 

linear. However, the direct mapping from atomistic to CG virtual sites representation is non-

linear with an explicit dependency on configuration. In the case of benzene, for example, this 

dependency could be the orientation of the benzene ring. Hence, the velocities of the virtual sites 

are a superposition of the COM velocities, , and a line speed of the benzene ring rotation, , 

expressed as . Since the non-linearity complicates the CG distribution functions in 

momentum space, there arises two important questions: (i) are the velocities still normally 

distributed, and, if so, (ii) is the temperature of the CG system evaluated using the total atomic 

mass corresponding to the CG bead intuitively consistent with the temperature underlying the 

atomistic system?  
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            To investigate these two points, we first formulate the velocity mapping relationship. By 

taking the first order time derivatives of the configuration mapping relationship, we obtain the 

velocity of virtual CG beads, 

  . (3.26) 

In Eq. (3.26), the matrix , which is a function of the FG configurations, defines the velocity 

mapping relationship between the CG virtual sites and the underlying atomistic system. 

 With this definition, the second moment of CG velocity distribution can be estimated as: 

  , (3.27) 

in which  Z  represents the partition function of the atomistic system. In the last line of Eq. (3.27), 

the shorthand notation for the CG constrained ensemble average takes the form 

  . (3.28) 

The above result from Eq. (3.27) suggests that if the mass of the virtual CG beads is defined as  

  , (3.29) 
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then the temperature consistency between the virtual CG sites and the atomistic representation of 

the underlying system is preserved. Therefore,  MT
, which we denote as the thermo mass, should 

be our choice for the mass of the CG beads in the following parameterization and CG system 

propagation processes. In Appendix D, we numerically examined the velocity distribution and 

system temperature evaluated from the thermo mass using the benzene system.  The virtual site 

velocities are indeed normally distributed in this case, and the choice of thermo mass 

quantitatively preserves the system temperature. 

III. Results and Discussion 

A. Benzene 

For benzene, we performed and compared the aforementioned two-site CG models constructed 

by two different CG mapping schemes: based on the center of mass (COM) or the center of 

symmetry (COS). The comparison in this section was mainly held on the CG models with the 

same resolution in order to fix and minimize the auxiliary impact caused by the resolution on the 

quality of CG model.13, 76, 77 Figure 3-4 shows the effective pairwise CG interactions for both CG 

mapping schemes. 

 

Figure 3-4: Effective pair potentials of benzene CG models obtained from the MS-CG method 

for two different CG mapping schemes: center of mass (solid lines) and center of symmetry 
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Figure 3-4, continued: (dotted lines). Both mapping schemes show an equivalent interaction 

among different types (1-1, 1-2, and 2-2 pairs), indicating homogeneity. 

 

In Figure 3-4, it is clear that the two CG types show identical interactions for both COM 

(solid lines) and COS (dotted lines) CG models since the COM mapping is applied to equally 

coarse-grained -C3H3 moieties while the COS mapping is also designed to map symmetric virtual 

sites. A notably promising feature in the COS CG interactions is a cusp-like point at short 

distances (near 4 Å), and this cusp from the pair potential is attributed to the sign changes of 

effective forces between CG sites, indicating the existence of a locally favorable structure in this 

region. Namely, this feature suggests an ability to reproduce stacking behavior. 

Next, we calculated the structural distribution function of the CG sites to compare the 

quality of the two CG models. To do so, we remapped the CG particles to a single-site coarse-

grained model (i.e., one bead represents one molecule) to compare the distributions with respect 

to the center of benzene molecules as described in Figure 3-5. Figure 3-5(a) displays molecule-

wise radial distribution functions (RDFs) from the mapped all-atom (red line), COM (blue line), 

and COS (green line) models.  

It is immediately apparent that the two-site COM CG models do not correctly reproduce 

the structural behavior from the FG resolution, especially at the first minimum near 8 Å, 

indicating that the pair structures within the first coordination shell, which might be affected by 

-  interactions, is not captured correctly. p p
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Figure 3-5: Molecule-wise (i.e., re-coarse-grained to one site per molecule) structure analysis of 

liquid benzene by calculating the (a) radial distribution function (RDF) of the mapped-all atom 

(red), center of mass (blue), and center of symmetry (green) models, (b) orientation distribution 

function (ODF) of the mapped-all atom (black solid line) and center of symmetry (red dotted line) 

models, and (c) three-body angular distribution function (ADF) of the CG molecules of the 

mapped-all atom (red line), center of mass (blue dotted line), and center of symmetry (green line) 

as demonstrated in eq (24). 

 

In order to investigate the orientational order throughout the fluid, we also calculated the 

orientation distribution function (ODF), which is related to the pair orientation. Here, the ODF is 

defined as78 

 ODF(r) = u
I
iu

J RN
 , (3.23) 

where   u I
 and   uJ

 denote the unit vector of molecule  I  and  J . This ODF was introduced and 

applied to a system of biphenyl rings.78 While the choice of  u  vector is system dependent, it is 

intuitive to use the vector between the two CG sites that are within the same molecule in the 

COS mapping. By definition, perfectly aligned molecules at a certain distance have an ODF 

value of unity. In contrast, the ODF value converges to 0.5 when the system is randomly oriented. 
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The ODF calculated from the COS CG simulation is shown in Figure 3-5(b) and compared to 

that from the re-mapped FG trajectory. The COM model is not shown in Figure 3-5(b) since the 

vector between the COM CG sites lies in the aromatic plane and is thus irrelevant with respect to 

the orientational motions. The ODF calculated from the mapped all-atom configuration 

demonstrates a similar profile with that from the COS CG model, suggesting that the COS 

mapping also captures the orientation correlations as well as expected. Furthermore, when the 

pair distance is near 6 Å, both ODF functions have a value near one, indicating that neighboring 

benzene molecules are highly aligned in a p -stacked configuration. 

 Lastly, we examined the higher order correlations of the system by calculating the 

three-body distribution functions. As discussed earlier, we expected the COS CG model to 

correctly recapitulate the three-body correlations due to an orientational preference of the 

benzene ring. In practice, we considered the molecule-wise triplet of the CG systems within the 

first coordination shell 
  rcut

= 8.0 Å. In other words, the three-body distribution function   P(q ) , 

i.e., angular distribution function (ADF) in this case, is a normalized histogram over triplets of 

re-mapped single-site CG sites I, J, K in a similar manner to Figure 3-5(a):  

 P(q ) =
1

Nq

d (q -q
JIK

)
K>J
å

J¹I
å

I
å

r<rcut

  (3.30) 

It is clear from Figure 3-5(c) that the COS mapping is able to precisely reproduce the three-body 

structure of the benzene system within the first coordination shell.  

B. Toluene 

For toluene, the effective CG interactions illustrated in Figure 3-6 denote that the two CG types 

in the COM model are no longer degenerate (due to the substitution of a –CH3 group) while the 

two COS CG sites still show identical behavior. 
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Figure 3-6: Effective pair potentials of toluene CG models obtained from the MS-CG method 

for two different CG mapping schemes: center of mass (solid lines) and center of symmetry 

(dotted lines). Only the COS mapping shows an equivalent interaction among different types (1-

1, 1-2, and 2-2 pairs), while the COM interactions differ by CG pairs. 

 

The different potential profiles observed from the COM model appear to originate from size 

effects or steric interactions. In toluene, the CG bead corresponding to type 1 (-C4H5) is larger 

than type 2 (-C3H3). Likewise, the solid lines in Figure 3-6 where the 1-1 interaction shows the 

strongest repulsion at short distances exhibits an analogous trend. By using Lennard-Jones like 

interactions as an exemplary model, this behavior resembles the following situation:  s 11
>s

22
 

and  e11
» e

22
 where  s 12

 is in a close agreement to the combined value from the general Lorentz-

Berthelot rule.79, 80 

 Likewise, the molecule-wise RDF, ODF, and ADF that corresponds to the COM of 

toluene are calculated in Figure 3-7. As expected, the COM model yields a higher g(r) value at 

the first minimum near 8 Å (lower inset, Figure 3-7(a)) that varies from the mapped all-atom 

structure while the COS model is able to correctly recapitulate the FG structure. Similarly, ODF 



 87

profiles of the mapped all-atom and COS models are in agreement as seen in Figure 3-7(b). ADF 

functions with a cutoff distance at the first coordination shell 
  rcut

= 8.4 Å further demonstrate that 

the COS model also recapitulates the trend seen in the mapped all-atom model. Compared to 

benzene, the deviations of the COM model from the FG structure is smaller, and this can be 

understood due to the different CG types (-C4H5 and -C3H3 beads) in toluene. Thus, the center of 

molecule slightly deviates from the center of the ring, resulting in less degenerate configurations. 

Despite such small differences, the COS model still corrects the angular profile, especially at 70-

110°. Altogether, our designed model faithfully reproduces both the radial (two-body) and many-

body correlations from the atomistic model. 

 

Figure 3-7: Molecule-wise (i.e., re-coarse-grained to one site per molecule) structure analysis of 

liquid toluene by calculating the (a) radial distribution function (RDF) of the mapped-all atom 

(red), center of mass (blue), and center of symmetry (green) models where magnified 

comparison is shown in a lower right inset, (b) orientation distribution function (ODF) of the 

mapped-all atom (black solid line) and center of symmetry (red dotted line) models, and (c) 

three-body angular distribution function (ADF) of the CG molecules of the mapped-all atom (red 

line), center of mass (blue dotted line), and center of symmetry (green line) as demonstrated in 

Eq. (3.24). 
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C. Benzene and toluene mixtures 

As a final example, we constructed a mixed system of benzene and toluene molecules. We 

hypothesized that the CG interactions from the COS mapping would be more transferable 

between bulk and mixture phases of benzene and toluene. Our reasoning is that the CG 

interactions in this system are based on an aromatic ring as a structural motif. Therefore, we 

envisaged that the COS CG interactions are invariant under different phases while reproducing 

the correct structural properties since the COS mapping conserves the symmetry of each 

molecule. The reference FG system was composed of 500 benzene and 500 toluene molecules 

where the initial structure for the FG simulations was generated by the same protocol described 

in Sec. II. Simulation details were the same as the bulk cases including the use of the OPLS-AA 

force field and thermostat/barostat conditions. During the constant NVT simulation, the 

equilibrated box size of the mixture system was 55.38 Å. The final snapshot of the all-atom 

configuration is shown in Figure 3-8(a) and the corresponding final CG configuration using COS 

mapping is depicted in Figure 3-8(b) with four different CG sites (red/blue beads for benzene 

and orange/green beads for toluene). 

 

Figure 3-8: Schematic description of the equilibrated benzene/toluene mixture system in (a) all- 

(a) (b)Benzene

Toluene

Benzene

Toluene
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Figure 3-8, continued: atom resolution (toluene is depicted as dark brown color and benzene is 

depicted as grey color), (b) COS mapped resolution (mapped molecules are shown at upper right 

corner) 

 

As expected from the shared aromatic (phenyl) ring motif, we observed that the two 

molecular components did not create a segregated phase. From the simulated CG trajectories, we 

first calculated the molecule-wise RDF by re-mapping the two-site COS and COM models to a 

single COM site. Distributions of the three molecule pairs (benzene-benzene, benzene-toluene, 

and toluene-toluene) are demonstrated in Figure 3-9. We also included a single-site COM CG 

model to compare the quality of the CG model with different resolution and purely spherical 

symmetry. 

 

 

Figure 3-9: Radial distribution function g(r) in the benzene/toluene mixture. Here, g(r) functions 

are molecule-wise (i.e., re-coarse-grained to one site per molecule) function of the mapped-all 

atom (red), two-site center of mass (blue), and center of symmetry (green) CG models with the 

one-site CG model (black dot) for (a) benzene-benzene, (b) benzene-toluene, (c) toluene-toluene 

molecule pairs. 

 

(a) (b) (c)
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As anticipated, the CG sites via the COS mapping provide correct molecule-wise pair structures 

even in a mixed phase. While the two-site COM models deviate from the all-atom case at the 

first minimum of the RDFs, the COS models correctly capture this feature. Interestingly, this 

region is well described by the single-site COM model. However, the single-site model gives a 

poor description of the first maximum with a strongly over-structured peak, presumably arising 

from the mismatch of symmetry. Furthermore, by comparing the general shape of the RDFs from 

the COS mapping to that of bulk liquids (Figure 3-5 and 3-7), one might expect the 

transferability of the CG potential from the bulk phase to the mixture phase, following 

Henderson’s theorem81 and the basic concept of iterative Boltzmann inversion.82 We note that 

solving the MS-CG equation does not guarantee exact pairwise structures, but provides CG 

interactions that satisfy the generalized Yvon-Born-Green (YBG) equations.10, 83, 84 The 

transferability of the CG interactions for different mapping schemes was examined by comparing 

the effective CG interactions between the mixed system and bulk liquids as summarized in 

Figure 3-10. The COM interactions shown in Figure 3-10(a) and (b) are obtained from the 

single-site COM model while the COS interactions shown in Figure 3-10(c) and (d) are from the 

site-site interactions due to the homogeneity of COS CG types. 

      Clearly, the COM interaction is not as transferable between bulk and mixture phases as seen 

by the different minimum predicted in the two phases. This trend is in accord with previously 

reported differences in pair potentials between bulk and mixed phases using single-site MS-CG 

models.31, 34  To reiterate, performing the MS-CG force-matching procedure in the mixed case 

does not guarantee identical pair interactions as that of the bulk, even though the single-site CG 

model nicely reproduced the first minima in the RDF of both phases. Interestingly, almost an 

exact agreement between the interactions from the bulk and mixture phases is identified from the 
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COS models (Figure 3-10(c) and 3-10(d)), thereby confirming our hypothesis about enhanced 

transferability.  

 

Figure 3-10: Transferability of the COS CG interactions between the bulk liquid (benzene, 

toluene) and its mixed phase compared to the COM CG interactions. Effective CG pair potentials 

from (a) the one-site COM model of benzene in the bulk phase (brown dotted) and the mixed 

phase (gold line), (b) the one-site COM model of toluene in the bulk phase (purple dotted) and 

the mixed phase (magenta line), (c) the COS model of benzene in the bulk phase (red dotted) and 
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Figure 3-10, continued: the mixed phase (red line), and (d) the COS model of toluene in the 

bulk phase (blue dotted) and the mixed phase (blue line) with almost identical shapes. 

 

 In order to further examine the transferability of the CG interactions, we introduce a 

statistical measure to quantify the similarity of the many-body PMFs from bulk and mixture 

phases. Previously, we utilized conventional distance metrics such as the Euclidean distance 

between the PMFs W
1
(RN ) -W

2
(R N ) = W

1
(R

IJ
) -W

2
(R

IJ
)( )

I ,J
å

2

 
or the distance from 

smoother manifold by integrating the PMF along the pair distance W
1
(r)d

¥

rcut

ò r  corresponding to 

area under curve.34 These distance metrics can be easily utilized to evaluate the similarity of 

different PMFs within the same mapping scheme such as a comparison of COM CG models 

between bulk liquid and interface. However, these distance metrics are not applicable to compare 

the PMFs from different mapping schemes due to different interaction ranges as well as lacking 

in physical interpretation of CG system. As a universal metric that can be applied to different 

mapping schemes (COM and COS) and systems (bulk and mixture), here we utilize the relative 

entropy   Srel
, also known as Kullback-Leibler divergence,85 to characterize differences in CG 

interactions between different CG systems.  

 S
rel
= P

bulk
(r)ln

P
bulk

(r)

P
mix

(r)ò dr  . (3.31) 

As an analogy to the systematic CG approaches by minimizing the relative entropy,6, 48-50   Srel
 

provides information loss incurred upon different system (or state points).   Srel
 values for 

different mapping schemes are readily obtained by P
bulk

(r) =
exp(-bW

bulk
(r))

dr exp(-bW
bulk

(r))ò
 and 
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P
mix

(r) =
exp(-bW

mix
(r))

drexp(-bW
mix

(r))ò
. By its form given in Eq. (3.25), it is clear that the relative 

entropy is not confined in different interaction ranges because its contribution is normalized in 

ln
P

bulk
(r)

P
mix

(r)
 term. Therefore, comparing the relative entropy for different mapping can be a 

potentially universal way to score the transferability of a CG model in different state points. 

Table 3-I shows the relative entropy values of benzene and toluene molecules

S
rel
= D

KL
P

mix
(r) || P

bulk
(r)( )  from bulk to mixture. 

 

Table 3-I: Evaluating the transferability of COM and COS CG models by employing relative 

entropy (or Kullback-Liebler divergence) as a measure. For each case, the relative entropy was 

calculated between the CG PMF obtained in bulk phase and mixture phase. 

Type 
Relative Entropy Values 

COM (  Srel
COM ) COS (  Srel

COS )   Srel
COM / S

rel
COS  

Benzene 4.428×10-3 4.294×10-4 10.31 
Toluene 1.345×10-3 9.847×10-5 13.66 

 

In contrast to the COM mapping, the COS mapping yields much smaller relative entropy values 

for both benzene and toluene systems. In a quantitative manner, the COS model shows 10-13 

times closer agreement, confirming a better transferability between bulk and mixture systems. To 

clarify, the additional basis (in this case, the normal vector of the aromatic ring) increases the 

ability to express the effective CG interaction via COS mapping. Furthermore, as a quantitative 

measure, the relative entropy calculation is expected to further determine the optimal COS model. 

Practically, for models with different separation distances, one could calculate the Kullback-

Leibler divergence of the PMFs from the parameterized CG models with the target atomistic 
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sampling, as demonstrated in Table 3-I. Then, the optimal separation distance can be chosen as 

the distance that gives the smallest Kullback-Leibler divergence. As a natural extension from our 

interpretation, it would be of interest to understand the role of additional basis sets in force-

matching to systematically improve the reproducibility and transferability of the CG models.  

IV. Concluding Remarks 

In summary, this paper aims to provide a systematic framework for the construction of CG 

models using virtual sites, i.e., fictitious particles designed to capture essential physical 

correlations of the system at the CG resolution. First, we have introduced a statistical mechanical 

theory of MS-CG involving virtual CG sites based on the principle of maximum entropy. The 

extended thermodynamic consistency relationship from the MS-CG formalism is satisfied if the 

overall COM of each molecule is expressed as a linear combination of the configurations of 

virtual sites. In such cases, the overall forces are partitioned among the virtual CG types based on 

the coefficient used to construct the overall COM. Namely, this framework opens up a new way 

of designing CG models with virtual particles based on the MS-CG methodology. Depending on 

the system of interest, one can design a new CG model and explicitly consider the vectors 

between virtual sites as an additional basis set to the MS-CG algorithm without any additional 

complications.   

 A new center of symmetry (COS) CG mapping scheme involving virtual sites is also 

presented in this work. The COS mapping is designed to preserve the symmetry from the finer 

resolution through the use of virtual sites, which we demonstrate for molecules that share 

aromatic ring motifs with planar symmetry. In this case, the imposed normal vector formed by 

the virtual sites can capture the -  interaction or quadrupolar interaction for benzene and 

toluene systems. In turn, the COS CG models can provide very accurate delineation of radial, 

p p
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orientational, and angular distributions, as well as transferable interactions between bulk and 

mixed liquid phases. 

The aforementioned reproducibility and transferability of the COS mapping scheme 

further suggests potential applicability of shape-based or symmetry-based CG models44-47 

through the MS-CG approach. Defining CG mapping operators and utilizing such bottom-up CG 

models in more complicated systems such as biomolecules is still challenging because various 

motions with different timescales are entangled in the bead.4 Nevertheless, the current 

framework can effectively model some biomolecules that have a certain shape or form such as 

lipids,86-88 as the symmetry of the CG sites might play an important role in understanding the 

physical picture of the CG models. This general approach may also facilitate the construction of 

more transferable bottom-up CG models for sophisticated bio and macromolecules.  

APPENDIX A: Discussion of the limit: COS model converges to a single-site COM model 
when   l ® 0 

 
Figure 3-A1: Molecule-wise radial distribution function of liquid benzene for three different 

models: the single-site COM model (black line) and the two-site COS models. Here, the COS 

schemes used in this work are shown as a turquoise line and compared with the limit (green dots)  
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Figure 3-A1, continued: when the separation distance   lCOS
(= l) is too small (0.1 Å). In this 

limit, it is immediately apparent that the COS mapping converges to the single-site COM 

mapping.  

APPENDIX B: Derivation of 
 
and Eq. (3.11) 

The number of state measure  in general is a non-linear function of the COM 

configurations, which is hard to obtain an explicit analytical form. Luckily, for the simple two 

COS beads to one COM case, we can explicitly evaluate the integral. By doing so, we change the 

integration variable from the COS beads coordinates R
I1

,R
I 2( ) , to their center of mass and half 

relative distances R
I
,DR

I( )  where DR
I
= R

I1
+R

I 2( ) / 2 and DR
I
= R

I1
-R

I 2( ) / 2 . Then the 

measure function can be explicitly integrated, 

 .                                     (3.B1) 

      Except for the perspective of maximum entropy principle, one can derive the Eq. (11) from 

the perspective of consistent observation. We consider any operator as a function of the COM 

information (conventionally denoted as R
c
N , but as  in this work). The expectation value of 

such an operator for the atomistic ensemble as well as the CG virtual beads ensemble should 

remain identical. Therefore, the expectation value for the COM ensemble is further expressed as, 
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  , (3.B2) 

Similar to the evaluation of the measure functions, the term comes from changing the 

integral measure from dR N to . The integration of the half relative distance between 

virtual sites, , gives the volume terms, and the Jacobian of the transformation gives the 

factor of 2. In order to satisfy the consistency, r
CG

(R N )  should be expressed as 

 r
CG

(R N ) =
1

(2V )N
drnr(rn )d M (rn )- M (R N )( ) ò  , (3.B3) 

giving Eq. (3.11). 

APPENDIX C: Derivation of Eq. (3.15) 

Eq. (3.15) is derived based on the change of variables for derivatives. Notice that the following 

equation holds due to the linearity of the two mapping operators, 

  . (3.C1) 

Without loss of generality, any fine-grained atom  i  belongs to the center of mass a . Therefore, 

assigning a weighting factor  da i
 for each side of the equation above and summing over the terms 

result in 

  . (3.C2) 

Once the choice of the weighting factors satisfies 
  

da i
= 1

iÎaå , we arrive at Eq. (3.15). 

(2V )N
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APPENDIX D: Velocity Distribution 

Figure D1 shows the velocity distribution of the mapped virtual CG beads. The depicted 

distribution follows the Maxwell distribution and gives back the atomistic temperature 

consistently at 300 K by setting the mass of the virtual CG beads according to Eq. (3.29).  

 

Figure 3-D1: Probability distribution function of the x-component of virtual CG bead velocities 

 vx
 from the mapped atomistic trajectories, giving T = 300 K.  
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Chapter 4: Mesoscopic Coarse-grained Representations of Fluids Rigorously Derived from 
Atomistic Models 

      This chapter is Reproduced from J. Chem. Phys. 149, 044104 (2018), with the permission of 
AIP Publishing. 

Abstract 

Mesoscopic models are widely used to study complex organization and transport phenomena in 

chemical and biological systems. Defining a rigorous procedure by which a mesoscopic CG 

representation for a fluid can be constructed from an atomistic fine-grained (FG) model is a long-

standing question in the field. The connection of these CG models with the FG level of 

description, which might be built by coarse-grained (CG) mappings from the FG model, is often 

unclear. The present paper introduces a new CG mapping scheme that uses dynamically self-

consistent smooth centroidal Voronoi tessellation to address this challenging problem. The new 

mapping scheme is applied to the coarse-graining of supercritical LJ fluid systems at different 

CG resolutions under both quiescent conditions and non-equilibrium shear flow. The method 

generates continuous, stable, and ergodic CG trajectories and quantitatively captures the slow 

collective motions of the underlying FG fluids. A parameterization of the CG models from the 

mapped CG trajectory is then developed based on Mori-Zwanzig formalism. The Generalized 

Langevin Equation describes the dynamics of CG variables and the parameterized result is 

shown to reproduce the structural and dynamical correlations of the CG system. The new 

dynamical mapping scheme and the parameterization protocol open up an avenue for direct 

bottom-up construction of mesoscopic models of fluids in a Lagrangian description. 

I.  Introduction 

 With the polymer models1 of De Gennes, and dissipative particle dynamics (DPD)2-5 or 

smoothed particle hydrodynamics (SPH),6-9 fluid “blobs” are extensively used in modeling 
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complex fluids having interesting mesoscale structure, especially in chemical and materials 

engineering. These approaches are applicable to many systems, including polymers,10-13 

colloids,14, 15 gels,16 fixed and fluid membranes,17-19 and blood.20 Such blobs have physical 

interpretations as mesoscale groupings of local molecules or molecular fragments, but these 

interpretations do not extend down to explicit quantitative correspondences between the 

mesoscale blob entities and particular atomic-scale particles. The blobs’ properties reflect 

average statistical features of ensembles of appropriate groups of molecules and molecule 

fragments embedded in typical environments rather than reflecting the specific molecular 

motions of particular groups. 

      In applications, this above approach is motivated based on laws of large numbers and 

renormalization-based universality arguments that ensure statistically typical blobs provide 

accurate approximations to specific collective molecular behavior. However, researchers 

continually push SPH, DPD, and polymer blob modeling to new regimes of physical complexity, 

regimes in which the simplest approximations lose typicality or universality. Therefore, as the 

motivation increases to push these models beyond where the most widely held intuition is 

sufficient for their design and interpretation, there is an increasing value to be able to specifically 

and explicitly link mesoscopic blob models to underlying atomistic motions and associated 

physics. Such a linkage can provide direct checks of the model assumptions, guide improvement 

of the model approximations, and generate new raw data for sharpening our intuition in poorly 

understood new regimes of physical complexity. 

      The desirability of explicit bottom-up constructions of supramolecular blob models has been 

accepted since at least the late 1990s, when Espanol first attempted to construct a Voronoi cell 

based coarse-grained (CG) model for fluids.21 For the systems with bonded atoms belonging to 
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definite groups where the atoms do not diffuse away from each other, like most polymer melts, 

the correspondence between the supramolecular blobs and fine-grained (FG) atoms is well 

defined by linear CG mapping operators, usually through the center of mass mapping.  At the 

same time, a number of methods can be utilized to derive the interactions between the CG blobs 

under such situations.22-25 However, for the systems with unbonded fluid particles, the 

correspondence between the supramolecular blob model and FG particles is not trivial.26 A fully 

satisfactory CG mapping should be able to define CG beads representing a set of unbonded fluid 

particles moving coherently. Flekkøy and Coveney published an influential derivation of DPD 

equations of motion from molecular motion based on identifying the supramolecular blobs with 

the cells of a fuzzy, stationary partition of space.27, 28 Eriksson et al29, 30 revisited the method and 

attempted to derive a DPD model for fluids using this projection. This derivation, however, did 

not enforce the consistency between the positions of CG blobs and the underlying fluid 

molecules. The assumptions and approximations of this work have led a series of further 

researchers to construct alternative bottom-up derivations that address specific undesirable 

features of Flekkøy and Coveney’s initial approach.  

       Hadley and McCabe,31 as well as Izvekov and Rice,32 have proposed to group multiple fluid 

molecules into CG blobs through the K-means clustering algorithm. These algorithms start with 

defining a number of CG beads with initial positions, and then construct the Voronoi tessellation 

based on this initial guess. Fluid molecules within the Voronoi cells define the updated position 

of the CG beads as the center of mass of these FG molecules. A re-tessellation based on the 

updated CG beads is made again. An iteration of the two steps derives the centroidal Voronoi 

cells in which the CG bead position and the center of mass of the fluid molecules coincide with 

each other. More recently, Praprotnik and co-workers33, 34 introduce a new dynamic clustering 
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sharing similar spirit that bundles several water molecules into one single bead representation. 

Unfortunately, this type of mapping can not be expressed as an analytical function and as a 

consequence, it is hard to use the theory of coarse-graining to rigorously derive the CG 

interactions. And more problematically, as the FG system propagates, the molecules inside one 

particular centroidal Voronoi cell will likely forget their neighbors and diffuse apart. A frequent 

re-clustering is needed to keep the proximity between FG and CG particles; therefore, it is not 

possible to generate smooth and continuous trajectories of the CG beads following this strategy. 

      Instead of using Voronoi tessellation based grouping, Ayton et al.35 proposed a sphere blob 

based approach in which a spherical CG blob moves according to the forces experienced by the 

center of mass of the FG molecules inside it. This approach achieves stable propagation of the 

CG trajectories and exhibits stable and even mass partitioning. However, the approach is only 

applicable to propagate a few CG blobs from an atomistic trajectory and at the same time the FG 

to CG correspondence in coordinate space is not directly enforced during the propagation. 

      Though these mappings have provided useful insight, neither Flekkøy and Coveney nor any 

other of these approaches have derived a continuous supramolecular mapping from molecular 

motion to interacting blob motion that maintains its physical integrity without periodic, discrete 

correction steps to approximately account for neglected mass or momentum transfer associated 

with molecular motion across blob boundaries.  

      The problem of deriving the dynamics of CG blob particles directly from microscopic 

dynamics that captures the physics of a fluid made up of unbonded molecules remains an 

important, yet challenging and open question in the theory of “bottom up” mesoscale modeling. 

As such, to the best of our knowledge the present article defines the first bottom-up 
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supramolecular mesoscale-atomistic trajectory correspondence scheme with a complete 

accounting for all mass transfer physics at every instant of time.  

This paper is organized as follows: Section I, this Introduction, has provided background and 

motivation for the new CG mapping. Section II defines the mapping, which is a map between 

trajectories rather than single configurations, with reference to additional background material. 

Section III presents the equilibrium statics and dynamics of the mapped CG blobs from a simple 

fluid under quiescent condition and shear flow, revealing that the statics match DPD soft spheres 

well and that the dynamics have hydrodynamic consistency. A bottom up parameterization of a 

Generalized Langevin Equation based on the Mori-Zwanzig formalism36-39 is also discussed. 

Section IV concludes the article. 

II.  Mapping 

A. Position Map 

      A suitable supramolecular map from atoms to blobs must have certain basic properties to 

capture the desired physics. First, the blob positions should be invariant under relabeling of 

molecules. Pure relabeling or exchange of identical species is invisible at the mesoscopic level. 

Second, it should be Galilean invariant. The blobs should transform exactly as the atoms do 

under rotations, translations, and choice of reference velocity. Third, it should be independent of 

explicit time, i.e., time-homogeneous, dependent only on instantaneous molecular properties. 

Fourth, it should be smoothly varying with molecular properties so that the blob velocities and 

accelerations are always finite, with no discrete steps (e.g., as in the work of Flekkøy and 

Coveney or the clustering based methods). 

      Given those constraints, the present map will re-apply the intuition behind the work of  

Flekkøy and Coveney as well as the approaches of Hadley et al31 and Izvekov et al32 to the 
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maximum extent possible. Our new approach will also use a smoothed Voronoi tessellation, as 

Flekkøy and Coveney did, and ensure that the Voronoi tessellation is a centroidal tessellation, as 

Hadley et al and Izvekov et al did. The synthesis of the two will be a smoothed centroidal 

Voronoi tessellation map. 

      Specifically, following Flekkøy and Coveney, we define a local proximity function w(r)  

(their s(r) ) of distance r, and assign each FG molecule or fragment i to each blob I with an 

ownership fraction  

f
Ii
=

w( R
I
- r

i
)

w( R
J
- r

i
)

J
å

º
w
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        (4.1) 

in terms of the set of R
I
, the positions of blobs I, r

i
 , the position of molecule or fragment i, and 

where the sum in the denominator ranges over all neighboring J. This ensures that each i is fully 

owned and contributing equally to CG motion at all times, though its contribution to each 

individual blob may vary smoothly through time as the blobs and atoms move.  

      Next, following the work by Hadley et al and Izvekov et al, we will assign the centers of the 

blobs according to the center of mass of their owned atoms, but now weighted by the ownership 

fraction, 

R
I
=

f
Ii
m

i
r

i

f
Ij
m

j
j
å

º c
Ii
r

i
i
å

i
å         (4.2) 

This satisfies all of the requirements listed in the first paragraph of this subsection. The above 

two steps for determining the blob positions are summarized schematically in Fig. 4-1.  
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Figure 4-1: Schematic diagrams showing the two steps for determining the positions of CG 

blobs. Red circles denote the CG blobs and blue circles represent FG molecules, (a) The 

contribution of one particular FG molecule to its nearby CG blobs, i.e., the ownership fraction, is 

determined by their spatial distances. (b) The CG blob positions are determined by these 

ownership fractions. 

 

However, this definition is circular: the R
I  depends on the f

Ii
and conversely the f

Ii

depend on the R
I
. Moreover, there are many possible solutions. For any initial choice of R

I
, 

one can iterate the equations above to consistency, and in the continuum limit spatial translation 

symmetry guarantees there are infinite centroidal Voronoi tessellations to choose from.  One can 

nonetheless go forward with this as a physically meaningful map so long as 1) the dynamics of 

the blobs from any initial self-consistent state are well defined and 2) these dynamics lead to a 

unique, initial-condition-independent equilibrium among the blobs. The next task is to derive the 

dynamics implied by this map. 

B. Velocity Map 
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      To derive the dynamics for the blobs from the self-consistent smoothed centroidal Voronoi 

tessellation position map, the time derivative of the blob position, which is a function defined in 

the FG phase space, can be evaluated through the Poisson bracket,  
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Unlike in coarse-graining with constant mapping coefficients, the blob velocities are not a linear 

combination of velocities using the same coefficients as the position map. One must include 

additional terms related to the partial derivatives of the coefficients with respect to the 

configurations. These terms are not included in previous attempts on this problem, though they 

account for crucial effects of FG mass transfer on momentum transfer at the CG resolution.  

      By construction, the c
Ii

 depend on the positions of both the blobs and FG particles, while the 

positions of the blobs RI are also functions of FG particles, so the partial derivatives of c
Ii

 with 

respect to FG particle positions should have two contributions, and Eq. (4.3) can further be 

simplified, 
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where the last equality holds because the positions of blobs are directly determined by the FG 

particles, i.e. R is a function of FG particle positions R = R(r). Therefore, 
¶R

I

¶r
j

×
jå

dr
j

dt
=

dR
I

dt
.  

      Equation (4.4) defines the mapping relationship between the blob velocity and FG particle 

velocities. It can be written in a simplified manner as, 
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which is a linear system of equations that can be interpreted as a matrix equation, and solved at 

each timestep so long as the matrix multiplying the vector of V
I
 variables in that set of equations 

were invertible.  

      However, this form of the equations is not optimized to provide physical meaning and it can 

be simplified significantly. By introducing V
I
= c

Ii
v

iiå  and dV
I
= V

I
-V

I
, and performing 

manipulations detailed in Appendix A, one can derive the more physically transparent system of 

equations: 
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This set of equations for the deviations of V
I
 from the constant-map value V

I
 takes the matrix 

form: 

(I -M)dV = Vdev ,        (4.7) 

which can be expanded as Taylor series such that 

dV = Vdev + MnVdev

n=1

¥

å ,        (4.8) 
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The matrix M has 3x3 tensor elements M
IJ
= (r

i
-R

Iiå )c
Ii

¶ ln f
Ii

¶R
J

 and Vdev  has the elements 

V
I
dev = (r

i
-R

I
)c

Ii

¶ ln f
Ii

¶R
J

Jå × (V
J
- v

i
)

iå . These equations have a unique solution so long as 

the absolute values of the eigenvalues of M are all less than one. 

      The above form more clearly shows that any Galilean transformation of the FG system 

transforms the CG system the same way. The vector  V
I
dev  is a result of the deviations of the 

velocities of the molecules from the constant-map velocities owned by their blobs and it is 

Galilean invariant. These deviations lead to changes in ownership of FG particles by the CG 

blobs, which then leads to changes in map coefficients and therefore to changes in blob velocity. 

In uniform flow, there is no deviation. Fine-scale thermal fluctuation around uniform flow leads 

to pair-correlated velocity fluctuations in neighboring blobs. Blob-scale velocity gradients in the 

molecular system lead to deviations that represent momentum transfer between neighboring 

blobs. 

      The deviations in blob velocity due to FG motion have their own consequences for changes 

in blob ownership, leading to further compensating changes in blob velocity from the constant-

map expectation. The tensor M describes how an infinitesimal set of deviations in one blob 

velocity causes deviations in other blob velocities; the MIJ are nonzero only if blob I and J 

overlap in their ownership of molecules, i.e., if they are neighbors in the smoothed Voronoi 

tessellation. Each MIJ quantifies the dynamical effect of mass transfer between two neighboring 

blobs as they move relative to one another. 

      With the above derivation in hand, one has an explicit mapping from FG trajectories to CG 

blob trajectories so long as I -M  is invertible throughout the entire trajectory. Given any FG 
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trajectory with positions and velocities r
i
(t)  and v

i
(t)  and an initial self-consistent R

I
(0) , the 

equations for the set of V
I
 as a function of {R

J
(t)},{r

j
(t)},{v

j
(t)}( ) provide a way to propagate 

R
I
(t) forward in time with the flow of r

i
(t) . 

      The correspondence elaborated above is not a direct map of single configurations to single 

configurations, so it does not guarantee that the blob dynamics has an equilibrium independent of 

R
I
(0)  or well-behaved statistical mechanics. However, as the numerical examples of Lennard-

Jones fluid trajectories provided in the next section demonstrate, blobs moving according to this 

self-consistent smoothed centroidal Voronoi tessellation map do reach an R
I
(0) -independent 

equilibrium and, moreover, the effective CG physics of this equilibrium appear to closely match 

our expectations for soft fluid blob models. 

C. Numerical Implementation 

      In numerical implementation, one does not work with continuous trajectories and the forms 

of the mapping equations that are most convenient for physical interpretation are not necessarily 

the forms that are most computationally convenient. The simplest trajectory mapping from 

discrete FG trajectories uses Euler integration to propagate the blob positions, 

R
I
(t + Dt) = R

I
(t) + Dt  V

I
({R

J
(t)},{r

j
(t)},{v

j
(t)}) ,       (4.9) 

starting from an initial R
I
(0)  determined by fixed point iteration of the self-consistency 

condition from a guessed approximate blob configuration. However, the discretization error 

slowly causes a drift away from the self-consistency condition for the position map. This is a 

common issue when integrating along a constraint with a first order integrator, and an expedient 

solution is to periodically re-enforce the constraint by fixed-point iteration during the course of 

the integration. The periodic rate and the target error for the fixed-point iteration were free 
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parameters in our implementation; the target error was specified in terms of the sum of the 

squares of the differences between the current set of R
I
 and the current set of c

Ii
r

iiå  given 

coefficients calculated from those R
I
. 

      The numerical approach described above has the unappealing consequence that the 

implementation, unlike the formal map, will still have an explicit time dependence and periodic 

discontinuity, like previous approaches based on discrete spatial tessellation. However, in this 

case the discontinuity is not accounting for neglected mass transfer physics, but only the 

discontinuity of discrete integration and the use of finite precision floating-point numbers along 

the discretized FG trajectory. The discontinuity can be made as small as desired by appropriately 

shrinking the time step of the FG dynamics.  

      Computationally, the formulas above are not the most convenient. When calculating the c
Ii

, it 

is natural to also compute the w
Ii

 and their derivatives ¶w
Ii

/ ¶r
i

 as well as the sums 

W
i
= w

JiJå  and the corresponding derivatives ¶W
i
/ ¶r

i
. In terms of those intermediates, there 

is a more convenient formula for the evaluation of V
I
: 
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which can be written in compact matrix form: 

(I -M)V = (C+ N)v .       (4.11) 

For the derivation, see Appendix A for details. The rightmost term of the right hand side can be 

calculated in one FG/CG neighbor list traversal, while the matrix M is calculated in a two-
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neighbor loop. The scaling in calculating these matrices is thus linear in the system size. The 

matrix M is a sparse matrix with sparsity matching the CG adjacency matrix, so solving the 

matrix equation to a desired accuracy also scales linearly. Overall, therefore, the cost of the 

mapping algorithm scales linearly with system size and trajectory length. The detailed numerical 

implementation is summarized in Appendix B.  

III. Application 

      To demonstrate the proposed mapping scheme, in this section we apply the method and 

algorithm to a model system of supercritical Lennard-Jones (LJ) fluid. A hierarchy of bottom up 

CG models with four different resolutions was constructed. We examine the static and dynamical 

character of the mapped CG trajectory and parameterize the equations of motion to faithfully 

describe these features. 

A. Atomistic System 

      The atomistic MD simulations of the quiescent LJ fluid was performed in a cubic simulation 

box subjected to periodic boundary conditions (PBCs) in all three dimensions. The interaction 

between LJ particles was described through the standard 12-6 type LJ potential: 

u(r) = 4e s
r
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.      

       To keep the results concise, reduced LJ units were employed throughout the calculation and 

analysis afterwards (the length, mass, energy and time units being s =1 , m = 1 , e =1  and 

t = s (m / e )1/2  respectively).  Two systems with 1099 and 1688 LJ particles were simulated. The 

reduced temperature T* = 2.00 and density r* = 0.8442 were chosen so that the systems were 

in the supercritical fluid phase, the simulation box lengths were 10.9174s  and 12.5970s  

respectively. LJ interactions were cut off at 2.5s . The simulations were performed in the 
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canonical ensemble (constant NVT) by coupling a Nose-Hoover thermostat40, 41 having a 

damping factor of 0.50t . The systems were first equilibrated for 105 time steps to reach 

equilibrium and the production runs were then propagated for 106 time steps with the integration 

time step d t = 0.005t .  The Large-scale Atomic/Molecular Massively Parallel Simulator 

(LAMMPS) was used to perform the atomistic simulations.42 

B. Mapping 

      CG trajectories with four different resolutions were mapped from the atomistic MD 

simulation trajectories using the method proposed in this work. The two atomistic systems were 

both CG onto 64 and 125 beads, resulting in four CG systems. The inverse CG resolutions of the 

four systems, i.e., the number ratio of the FG particles to CG beads, are 8.792, 13.504, 17.172 

and 26.375 respectively. 

      The mapping was performed by our in-house code implementing the equation presented in 

Sec. II. The concrete algorithms and implementation details are thoroughly summarized in 

Appendix B. The only parameter that should be predefined before the mapping is the proximity 

function w.  

        The proximity function that was adopted in this work is a truncated hyperbolic tangent 

function, 

w(r) =
1

4
1- tanh

r / r
c
-1

s
æ

èç
ö

ø÷
é

ë
ê
ê

ù

û
ú
ú
erfc

r / r
c
- b

g
æ

èç
ö

ø÷
 

.      (4.12) 

 The value of r
c

characterizes the radius of the CG beads, which was chosen to be 

r
c
= L / 4pN / 33  in this work, L denotes the length of the simulation box, and N represents total 

number of CG beads. Its value was determined by the assumption that the spherical CG beads 

would fill all of the space of the simulation box. The parameter g controls the steepness of the 



 118

truncation. The value s = 0.90  was consistently applied throughout all the calculations in this 

paper. The complementary error function was introduced to control the shape of the tail part of 

the weighting function so that it vanished smoothly at its cut-off distance. The constants b =1.4  

and g = 0.3 were employed consistently in each of the numerical calculations. The evaluation of 

the weighting function was truncated at r = 2r
c
 since the magnitude of the function ( 2.2´10-4  at 

r = 2r
c
) is small enough to be ignored at larger distances. The profile of the weighting function is 

shown in Fig. 4-2. The region within the characteristic size of CG bead, i.e., r
c
= L / 4pN / 33 , 

has the dominant contribution to the weights. The smoothly decaying tail part was introduced 

because we found it to be an important factor for the numerical stability of the mapping process 

during computational experiments.  

 

 

Figure 4-2: The proximity function profile described by Eq. (4.12). 

 

        This specific form of proximity function is not necessarily the only option; other choices 

may work as well. In our computational experiments we found that the numerical stability of the 

algorithm is sensitive to both the functional form and the concrete shape of proximity function. 
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The mathematical conditions for the proximity function to realize stable mapping should be 

carefully analyzed. Other physical and statistical constraints on the proximity functions will also 

be an important topic for future work on this method.  

C. Long-time statistics of the mapped trajectory 

      With the mapped CG trajectory in hand, in this section we examine statistical information of 

the CG system including the mass fluctuations, structural correlations, and CG interactions to 

highlight the properties and characteristics of the new mesoscopic CG mapping method.  

1. Mass Distributions 

      In the theory of the new mapping method, the mass of the CG blobs was not explicitly 

defined. In this section, we introduce several quantities characterizing the CG masses and 

examine their statistics along the mapped trajectory. 

a. Definition of CG Mass 

      In Sec. II, the position mapping matrix element is expressed as: 

c
Ii
=

m
i
f

Ii

m
j
f

Ijjå
º

m
i
f

Ii

F
I

.      (4.13) 

By analogy with the conventional center of mass (COM) CG mapping, which takes the following 

form, 

c
Ii
=

m
i

m
jIjjÎSI

å
º

m
i

M
I

,       (4.14) 

it is natural to deduce that the quantity F
I
= m

j
w

Ij
/ w

JjJåjå  may have the physical meaning 

of total CG mass, i.e., the mass of FG molecules that contribute to the specific CG blob. In this 

work, we call this the inertial mass of the CG blobs. 
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      However, the overlapping nature of the new mapping scheme complicates the structure of the 

CG distribution in phase space, especially the behavior in momentum space. In principle, the 

physical mass of the CG bead should be derived from a thermodynamic consistency condition in 

momentum space. It is questionable that the inertial mass can ensure this consistency, i.e., 

whether the temperature of the CG system evaluated with inertial mass will be consistent with 

the underlying FG system temperature. 

       Since the CG velocity is just a mapped function of the FG system properties, its statistics can 

be derived as ensemble averages over the FG statistical ensemble. In order to rigorously 

understand the thermodynamic consistency in momentum space, we therefore need to analyze 

the CG velocity distribution and relate it with the FG velocity distributions. Recall that the 

velocity mapping equation Eq. (4.11) can be re-written as the follows: 

V = (I -M)-1(C+N)v º B(R,r)v .      (4.15) 

The matrix B(R,r)  can be regarded as the velocity mapping matrix. It is a function of 

instantaneous CG and FG particle positions. If we assume these are uncorrelated with the FG 

velocities, then this mapping relationship provides us with enough information to estimate the 

velocity distribution of the CG system based on the statistics of the FG system. With that 

assumption, the second moment of CG velocity can be evaluated as 

V
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in which Z represents the partition function of the FG system and the short hand notation for the 

CG constrained ensemble average takes the form: 

g
R
=

1

Z
e-bU g(r,R)d[M (r) -R]drò ,      (4.17) 

 The d[M (r) -R]  term appears in order to enforce consistency of position mapping (note that 

this is actually a product of delta-functions for all CG variables). By assuming that the mapping 

matrix B does not correlate with the velocity, the derivation is greatly simplified. In the above 

derivation, T is the temperature of the FG system and m represents the FG particle masses. 

Equation (4.16) tells us that the variance of the CG velocity distribution does depend on the 

underlying FG system temperature, but was scaled by a constant B
Ii
2 / m

i
i
å

R

.  

      This above result suggests that another definition of mass for the CG beads is given by  

M
T
= m

i
/ B

Ii
2

i
å ,       (4.18) 

which we name the thermal mass. The importance of the thermal mass is that if one chooses the 

instantaneous thermal mass as the physical mass of the CG beads, the temperature of the CG 

system will be consistent with the underlying FG system.  

      Practically, neither the instantaneous inertial mass nor the thermal mass is a constant value; 

both fluctuate as the FG and CG configuration propagate (the time evolution and statistics of 

these two masses will be discussed in the following section). However, a time-varying mass will 

raise many problems for the parameterization and validation of CG blob models, especially when 

one tries to propagate the dynamics of a CG system after defining its equations of motion. 

Ideally, the CG mass should be a constant and still preserve the temperature of the underlying 
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FG system. Luckily, Eq. (4.16) suggests such an answer. One can define the mass of each CG 

bead according to 

M
I
= B

Ii
2 / m

i
i
å

R

-1

,       (4.19) 

which we call the Maxwell mass. It can be regarded as the harmonic mean of instantaneous 

thermal masses and it is straightforward to verify that the Maxwell mass can preserve the 

temperature consistency as thermal masses do, through Eq. (4.16). This will be our choice for the 

mass of CG beads in all the following parameterization and CG system propagation processes. 

 

b. Inertial Mass Distribution 

      During the mapping, we kept track of the time series of inertial masses and calculated their 

probability distribution functions (PDFs), shown in Fig. 4-3. In the figure, the inertial mass 

values are scaled by the CG resolution in order to eliminate the size effect. The result shows that 

the inertial masses are normally distributed around the expected CG mass, i.e., m
FG

n
FG

/ N
CG

, 

with relatively small fluctuations. The variance of the distributions decreases when the CG blobs 

own more FG molecules, suggesting that the inertia mass of CG blobs may converge to the 

expected CG mass in the low-resolution limit. This behavior indicates that the inertia mass is a 

good metric for charactering the ownership of CG blobs during the mapping. In this simple 

example, the CG blobs ownership is stable with even mass partitioning, perfectly matching the 

physical picture of the dynamic centroidal Voronoi blobs. 
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Figure 4-3: The probability distribution function of the inertia masses scaled by CG resolutions 

(n/N). The four CG resolutions are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 

(purple). 

 

c. Thermal Mass Distribution 

      Similarly, the probability distribution functions of the thermal masses are calculated and 

displayed in Fig. 4-4(a). The thermal masses are also scaled by the CG resolution. In all the four 

cases, the thermal masses are consistently smaller than the corresponding inertial masses. 

Interestingly, the ratios between the expectation values of thermal and inertial masses are all 

around 0.51 for all the test cases, which suggests a very simple rule to directly infer the thermal 

mass from the CG resolution. The variance of the distributions decrease as the CG resolution 

gets lower, indicating potentially convergent behavior in the low resolution limit just as was also 

observed in the inertial mass distributions.  

      On the other hand, compared to the inertial masses, the thermal mass distributions are much 

more broadened and are no longer symmetric normal distributions. Figure 4-4(b) displays a 

logarithmic plot of the thermal mass probability distribution functions, clearly showing a longer 

tail for larger mass values, especially for the higher resolution CG systems.  
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Figure 4-4: Panel (a) the thermal mass distribution at different CG resolutions. Panel (b) the 

natural logarithm of the distributions, with masses scaled by the CG resolution. The four CG 

resolutions are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 (purple). 

 

d. Maxwell Mass and Temperature Consistency 

      The Maxwell masses for the four systems, which are simply the harmonic mean of the 

instantaneous thermal masses, are calculated to have the values of 4.636, 6.858, 8.717 and 

13.815 respectively. In Part (a) of this section, we have demonstrated that the Maxwell mass, 

instead of the more intuitive inertial mass, should be assigned as the mass of the CG blobs while 

propagating the CG system in order to maintain thermodynamic consistency in momentum space.  

In this subsection, we validate the concept by actual numerical calculation. To make our 
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argument concise, only the result at the highest CG resolution of 8.792 is presented. Other cases 

exhibit the same behavior. 

      For a particle based simulation system at thermal equilibrium, the probability distribution 

function of velocity components is given by the Maxwell Boltzmann (MB) distribution,  

f (v
x
) =

m

2pk
B
T

exp(-
mv

x
2

2k
B
T

) .      (4.20) 

 We calculated the velocity distribution profile in Fig. 4-5 using both the Maxwell mass and 

mean inertia mass, at the target FG temperature T* = 2.0. It is clear that the MB distribution with 

Maxwell mass quantitatively captures the velocity distribution of the CG beads, while the one 

obtained with inertial mass underestimates the variance. This observation is in good agreement 

with our theoretical analysis.  

 

Figure 4-5: The velocity distribution profiles obtained from the mapped CG trajectory (blue 

solid line), the Maxwell Boltzmann distribution with Maxwell mass and T* = 2.0 (red dashed 

line) and with mean inertia mass and T* = 2.0 (black dashed line). The blue solid line and the red 

dashed line are virtually indistinguishable.  

 

2. Structural Distributions 
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      In Fig. 4-6, the radial distribution functions (RDFs) for the four mapped CG trajectories are 

calculated. The CG RDFs behave like typical liquid state RDFs. CG models with lower 

resolution exhibit more structured packing, showing higher peak values for both first and second 

solvation shells, and a more oscillatory overall profile, indicating a more solid like behavior. 

This observation is consistent with the results obtained by Izvekov and Rice through the K-

means clustering tessellation.32 Intuitively, in the low-resolution limit in which each CG blob 

owns a large amount of FG molecules, the mobility of the CG beads will be greatly restricted. 

This is mainly because the mean velocity of the FG particles within the CG blob will be small 

due to its large size, and secondly because the contribution from momentum transfer will also be 

small because the number of FG particles in the overlapping region is small compared to the core 

area. The physical picture of the large CG blobs is similar to the concept of fluid parcel or 

material element in the continuum description of fluid dynamics.43 In such situations the 

structure of the CG blobs would be rather solid/crystal like.  The trend shown in Fig. 4-6(a) 

provides evidence for this interpretation.  

      In Fig. 4-6(b), the same RDFs are plotted with scaled radial distances, i.e., the actual distance 

divided by the cube root of the CG resolution, to eliminate the size effect. It is interesting to see 

that the CG system shows an invariance of the RDF peak positions under the scaling, indicating 

a consistent microstructure pattern. It also shows that higher resolution CG systems have softer 

peaks in their RDFs, which can also be explained by the previous discussion. 
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Figure 4-6: Panel (a) the radial distribution functions (RDFs) of the CG trajectory at different 

resolution mapped by the proposed CG mapping. Panel (b) the same RDFs with radial distances 

scaled by the cube root of CG resolution. The resolutions for the CG systems are 8.792 (blue), 

13.504 (red), 17.172 (green) and 26.375 (purple).  

 

     In addition to the pair distribution structure, the local CG blob densities are also extracted to 

manifest the many-body structural correlations in the mapped CG system. The local density is 

calculated according to the following formula, 
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in which the weight function is defined as 

W (q) =
8

p

1- 6q2 + 6q3        0 £ q £1/ 2

2(1- q)3              1/ 2 £ q £1

0                         q >1

ì

í
ï

î
ï

      (4.22) 

The cut off distance 2h is set to be the peak position of the first solvation shell (first peak in 

RDFs). The local densities were calculated for each CG bead and their probability distribution 

functions are shown in Fig. 4-7. The distribution function broadens as the CG resolution gets 

higher, which indicates a softer and more relaxed local chemical environment. This is also 

manifested in the softer RDFs for higher resolution CG models. 

 

Figure 4-7: The local density distribution obtained from the mapped CG trajectories. The CG 

resolutions are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 (purple) respectively. 

 

3. Shear Flow 

      By construction, a CG mapping is designed such that the slow degrees of freedom (DoFs) of 

the FG system can be described by the CG variables.44, 45 For example, in the case of a center of 

mass mapping the CG variable can represent the translational motion of the underlying FG 
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molecules while eliminating faster vibrational and librational motions. In the new mapping 

scheme, the situation is more complicated since the definition of FG to CG correspondence 

changes during the propagation. The CG variable represents the center of mass of a spatial blob 

of FG molecules whose motion is hard to characterize in equilibrium quiescent flows. It is 

therefore questionable if the mapping approach will faithfully capture the important slow 

motions of fluids.  

      To answer this question, a good initial test is to apply the new mapping scheme to coarse-

graining fluids under steady-state non-equilibrium shear flow. In this case, the shear flow of the 

fluid particles would be the predominant slow collective motion and one would like to see that 

the mapped CG system exhibits the same flow motion that the FG system does. 

     The atomistic trajectories of LJ fluids under steady-state shear flow were generated through 

the Müller-Plathe method,46 in which the shear flow is generated through exchanging momenta 

between particles in different regions of the simulation box. A box of 2048 LJ particles was 

simulated at reduced temperature T* = 2.00 and density r* = 0.8442, while the other simulation 

details are the same as the quiescent flow cases in Sec. III. A. The z axis of the box was divided 

into 20 slabs, and for every 50 timesteps two pairs of atoms in the upper most slab (slab 1) and 

the middle slab (slab 10) exchanged their x component of velocity. The atoms with highest 

positive vx in slab 1 and highest negative vx in slab 10 were chosen for each exchange thus 

generating a steady shear velocity profile. After the system was brought to steady state for 106 

time steps, the production run was propagated for another 106 time steps and the coordinates and 

velocities were recorded for each time step. Then, the atomistic trajectory under shear flow was 

mapped onto 216 CG beads through the new mapping scheme under the same conditions as 
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described in Sec. III. B.  The profiles of average vx for both the FG LJ fluid and the mapped CG 

system were calculated at each slab and the result is shown in Fig. 4-8.  

      The shear velocity profiles for the FG fluids and CG system exhibit nearly identical 

quantitative behavior. The mapped CG blobs are moving at the same pace with the underlying 

FG particles. This observation provides strong evidence that the new mapping scheme proposed 

in this work is able to capture the slow collective motion of the underlying FG fluids. It also 

suggests that this method can be applied to fluid systems under both equilibrium and non-

equilibrium conditions.  

 

Figure 4-8: the profile of x component of velocity under shear flow for both the FG LJ fluids 

(blue dashed line with cross marker) and the CG system mapped through dynamic mapping (red 

solid line with square marker). 

 

D. CG Model Parameterization 

      In the previous sections, we examined the long-time statistics of the CG masses and 

structural correlations. In this section, a detailed parameterization and validation of the CG 

models, both the conservative and non-conservative interactions, is presented. 
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1. CG Equation of Motions 

      The theoretical tools for describing the statistics and dynamics of CG models47 are found in 

the development of non-equilibrium statistical mechanics in the mid 20th century. One of the 

major achievements is the Mori-Zwanzig formalism,36-39 in which the non-equilibrium time 

evolution of any set of collective variables defined on the phase space of the microscopic system 

is shown to follow the form of a Generalized Langevin Equation (GLE) via a projection operator 

method. In systematic “bottom-up” theories of coarse-graining, the CG sites are exactly defined 

as a set of collective variables of the underlying FG system. Therefore, the dynamics of CG 

systems derived via projection operator formalism should be well described within the same 

theoretical framework. Although this theory has been established, the Mori-Zwanzig formalism 

has been hard to use as practical computational tool due to the many-body nature of the memory 

kernel and the numerical complexity arising from the GLE type integro-differential equation.22  

      In the past decade, there have been many efforts to model the structural and dynamical 

properties of CG systems directly from FG molecular dynamics simulations utilizing different 

simplifications to the Mori-Zwanzig formalism.22, 24, 25, 47-53 To name a few, Hijon and Espanol22 

proposed the first bottom-up parameterization of Markovian DPD models through the 

“constrained dynamics” method. Yoshimoto et al51 extended the theory to derive DPD models 

under non-Markovian regime for the first time. Karniadakis and co-workers25, 50, 54-56 

systematically investigated the parameterization of the GLE and DPD equation of motion (EOM) 

for bonded polymer melt systems in both Markovian and non-Markovian regimes, utilizing a 

direct numerical inversion approach to derive the GLE memory kernel and the more complicated 

spatial and temporal DPD type memory kernel. Izvekov and Rice32 explored the application of 

Mori-Zwanzig formalism to parameterize mesoscopic CG models for liquid systems through K-
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means clustering projection. More recently, Davtyan et al.,52, 53 proposed an alternative approach 

to describe the CG dynamics by coupling the CG beads to fictitious particles, effectively 

introducing an approximation of the GLE memory kernels.  

      However, all these models are generated based on the simple center of mass CG mapping 

projections, with no overlapping in the FG particle attribution. The new dynamic mapping 

scheme in the present work involves a complicated non-linear map from trajectories to 

trajectories rather than from instantaneous FG state to instantaneous CG state. Due to this 

complexity, the Mori-Zwanzig formalism does not directly apply to our scheme and we lack an 

explicit expression for the forces of the CG blobs, which is the basis for the “constraint 

dynamics” and pairwise decomposition technique utilized in the above-mentioned methods. As a 

consequence, the application of these prior developments to our current approach is not 

straightforward.  

      In this work, we present an efficient parameterization protocol for CG models using non-

Markovian GLE equations of motion based on the Mori-Zwanzig formalism and then validate its 

applicability through numerical experiments. Formally, once the projection operator is in place, 

the GLE equation describing the CG particles can be derived from the Mori-Zwanzig formalism 

as:25 

,   (4.23) 

where R = R
I
, I =1,..., N{ }represents a CG phase space state point and w (R) is defined from 

the many-body potential of mean force (PMF) of the CG variables via the expression 

w (R) =
drò d (M (r) -R)e-bu(r )

drò e-bu(r )
.      (4.24) 
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      In the above expression, the conservative force acting on the CG beads is shown in the first 

term, which depends only on the configuration of all the CG beads in the system, whereas the 

dissipative force given by the second term depends on both the configuration and momentum 

information of the whole CG system. Both the conservative and non-conservative forces in the 

EOM are complex multi-body functions, so the direct computation of them is considered to be 

very challenging even for simple one-dimensional harmonic systems.57 There are multiple ways 

of simplifying the Mori-Zwanzig EOM to make it a practical computational tool by applying 

different assumptions. In this work, we first perform a pairwise decomposition of the many-body 

potential of mean force, assuming the many-body PMF can be approximated through a pairwise 

interaction, i.e.,  

F
I
C (R) =

1

b
¶

¶R
I

lnw (R) = f ( R
IJ

)e
IJ

J ¹I
å .      (4.25) 

Then, we assume the random force on different CG particles has no spatial correlations, i.e., 

dF
I
Q (t)éë ùû × dF

J
Q (t ')éë ùû = d

IJ
K(t - t ') . 

        With these two assumptions, the Mori-Zwanzig EOM is simplified to have the form of a 

simpler GLE, which describes the evolution of CG dynamics as: 

.    (4.26) 

The last term dF
I
Q (t)  stands for the random force resulted from the unresolved degrees of 

freedom in the FG system that is CG out.  The random forces and dissipative forces are related 

through the second Fluctuation Dissipation Theorem (FDT) by 

K(t) = b dF
I
Q (t)ÄdF

I
Q (0)

.
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A correct construction of random noise terms that satisfy the FDT is vital for maintaining the 

temperature of the CG simulation, which then guarantees the consistent description of the 

structural and dynamical information.  

 

2. Conservative Interactions 

      The output of the new dynamical CG mapping scheme proposed here is a CG trajectory with 

the information of CG blob coordinates and velocities. Due to the complexity of the overlapped 

CG mapping, it is not simple to directly extract the CG forces from the FG forces. In this work, 

the instantaneous forces exerted on CG blobs were approximated by numerical differentiation of 

the CG velocities: 

F
I
(t) » M

I

V
I
(t + Dt) +V

I
(t - Dt) - 2V

I
(t)

2Dt
,      (4.27) 

where M
I
is the Maxwell mass of CG bead I.  

      With the instantaneous forces in place, the pairwise interactions between the CG beads are 

determined through the Multiscale Coarse-graining (MS-CG) method.58-62 The MS-CG method 

constructs the optimal pairwise decomposition of the CG many-body PMF, utilizing the mapped 

CG trajectory coordinates and forces as input. The pairwise interaction f (R)  is determined 

variationally by minimizing a residual functional, given by 

c 2[ f ] =
1

3N
f
N

CG

F
I
- f ( R

IJ
)e

IJ
J ¹I
å

2

I
å

N f

å .     (4.28) 

        In practical implementations, the pairwise interaction f (R)  is approximated by a linear 

expansion into a set of basis functions as 

f (R) = f
k
B

k
(R)

k
å .      (4.29) 
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The basis coefficients {f
k
}  are optimized by minimizing the force residual functional in Eq. 

(4.28) in a least square sense. The numerical implementation, in this case using B-Splines, can be 

found elsewhere.63 The parameterization was performed through the MSCGFM software that is 

freely available upon request. The inferred pairwise potentials and forces are displayed in Fig. 4-

9(a) and Fig. 4-9(b), respectively. 

 

Figure 4-9: The effective interactions between CG beads at different resolutions derived through 

the MS-CG method, (a) the potential energy profile and (b) the force profile. The RDFs obtained 

by running simulations using the inferred CG interactions are presented in (c)-(f); the RDFs 

calculated from the mapped CG trajectories are also shown for comparison. The CG resolutions, 

i.e. the number ratios of the FG to CG particles are 8.792 (blue), 13.504 (red), 17.172 (green) and 

26.375 (purple) respectively. 
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      The pairwise forces show a nearly linear repulsive behavior at nearest-neighbor ranges, 

which is consistent with the linear repulsive force adopted in DPD models, and they smoothly 

decay to zero at longer range. Like the RDFs, the pairwise forces also exhibit scaling invariance 

behavior, with the radial distance scaled by the cube root of CG resolution and forces scaled by 

the product of FG particle number and square root of the number of CG beads. The scaled force 

profile fits reasonably to a simple sigmoid function a 1+ exp -(x - x
c
) / b( )éë ùû

-1
. The scaled force 

profiles as well as the fitted curve are shown in Fig. 4-10.  

 

 

Figure 4-10: The scaled pairwise force profile between CG beads. The radial distances are 

scaled by the cube root of the CG resolution, whereas the forces are scaled by n
FG

/ N
CG

. The 

scaled force profiles can be fitted by a sigmoid function, shown as the black dashed line. 

 

      The inferred pairwise additive CG potentials were then used to propagate the dynamics of 

each CG model at the same temperature and volume as the corresponding atomistic simulation. 
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Figures 4-9 (c)-(f) show the comparison of RDFs obtained from each mapped CG trajectory and 

the trajectory generated by each of the MS-CG potentials. In general, the inferred pairwise CG 

force field did a good job in reproducing the pairwise structure as described by the RDFs, 

especially the long-range behavior after the first solvation shell, although the inferred pairwise 

potentials slightly over-structured the first solvation shell in every case.  

      In addition to the RDFs, the local CG bead densities were also compared. The local densities’ 

probability distribution functions were calculated under the same conditions as described in Sec 

II. C and the results are displayed in Fig. 4-11. The MS-CG results show a slightly broader 

distribution than the mapped CG trajectory, indicating a more flexible local environment.  

 

Figure 4-11: The local density distribution obtained by propagating the CG dynamics using the 

inferred CG interactions is presented in panels (a)-(d), with the references calculated from the 

mapped CG trajectories also shown for comparison. The number ratios of the FG and CG 

particles are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 (purple), respectively. 
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      In order to understand how these deviations of the RDFs and local density profiles change as 

a function of the size of CG blobs, we chose two metrics to characterize the error. The error of 

the RDFs is evaluated by the relative error of the maximum value of g(r)-1. For the local density 

profiles, the error is measured by relative error in the variances of the density distributions. 

Figure 4-12 displays the result of the error analysis. For both the RDFs and local density profiles, 

the pairwise interactions derived by MS-CG better describes the CG systems with lower 

resolutions, but the error does not appear to extrapolate to zero when the CG resolution becomes 

infinitely low. Even at this limiting case, then, it appears that many-body interaction effects 

would still play some role in the description of CG structures. 

 

Figure 4-12: Error analysis of the RDFs and local density PDFs: Panel (a) the relative error of 

max{g(r) -1}  between the MS-CG results and mapped CG trajectory as a function of CG 
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Figure 4-12, continued: resolution, Panel (b) the s
CG

/s
MAP

-1 as a function of CG resolution, 

where s
CG

 and s
MAP

 represents the variance of the local density probability distributions of the 

MS-CG results and mapped CG results, respectively.  

 

     The deviations in the RDFs and local densities suggest that the pairwise force field cannot 

fully describe the CG many-body potential of mean force for the dynamically mapped blobs. 

Many-body effects must therefore play a role in reproducing the mesoscopic structure of liquids. 

The origin of the many-body effects might be attributed to the complicated momentum transfer 

and the ownership fluctuation of CG blobs. It should be noted that there are methods like many-

body DPD (MDPD),64-66 SPH,6, 7 and smoothed dissipative particle dynamics (SDPD),67 that take 

the local density of CG beads as an order parameter to modulate the pairwise interactions. 

Models incorporating local density dependent interactions have also been constructed in higher 

resolution CG models to capture interfacial properties and the heterogeneity of a system.68-70 The 

“bottom-up” inference of such a local density dependent CG force field is a challenging and 

important topic for further study in this our new mesoscopic dynamical mapping scheme. 

 

4. Non-conservative Interactions 

     In the prior section, conservative interactions determining the average structure of a CG blog 

system were parameterized and validated against the mapped FG reference. In this section, we 

discuss the bottom-up derivation of the non-conservative dissipation and fluctuation forces for 

the same model. 

a. Parameterization Method 
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The memory kernel in the GLE can be directly extracted from the mapped CG trajectory via 

the time series of CG velocities and forces. Many efforts have been devoted to solve this 

problem.71-73 In this work, we address this problem through a direct inversion method. 

Multiplying VI(0) on both sides of Eq. (4.24) and taking the ensemble average gives 

DF
I
(t)éë ùû V

I
(0)éë ùû

T
= - ds

0

t

ò  K(t - s) V
I
(s)éë ùû V

I
(0)éë ùû

T
+ dF

I
Q (t)éë ùû V

I
(0)éë ùû

T
,   (4.30) 

in which the DF
I
(t) = F

I
(t) -F

I
C (t)  term is the instantaneous non-conservative force acting on 

CG particle I. Since the random forces are not correlated with the initial velocity VI(0),  the 

second term on the right hand side vanishes. Therefore the above equation can be expressed as a 

Volterra equation of first kind, 

C
FV

(t) = - ds
0

t

ò  K(t - s)C
VV

(s) ,      (4.31) 

where the C
FV

(t)  denotes the non-conservative force-velocity correlation function and C
VV

(s)  

represents the velocity autocorrelation function (VACF). Both of these two correlation functions 

can be directly estimated from the mapped CG trajectory. In principle, then, the memory kernel 

K(t)  can be extracted by solving a discretized form of Eq. (4.31). However, this direct method 

has been shown to introduce numerical inaccuracies due to the numerical inversion of a Toeplitz 

matrix.  On the other hand, transforming the Volterra equation of first kind into one of the 

second kind can lead to more stable numerical algorithms. In the present case of Eq. (4.31), 

taking the time derivative on both sides of equation yields71 

.     (4.32) 

The derivatives of non-conservative force-velocity and velocity-velocity correlation 

functions can be obtained through numerical differentiation. However, a more careful analysis 
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demonstrates that the derivatives of correlation functions can be expressed as other forms of 

correlation function. Specifically, we can write  and  as: 

,      (4.33) 

.       (4.34) 

These correlation functions can be directly estimated from the mapped CG trajectory and 

therefore eliminate the additional error from numerical differentiation.  

      In principle, the correlation functions and memory kernel are temporally unbounded. 

However, for a practical implementation they must be truncated to a finite range. In the 

following numerical examples, we will verify that this assumption is not a bad one since the 

correlation functions usually decay to small values within a short period of time. With this 

assumption, the discretization of Eq. (4.32) reads as 

,     (4.35) 

where the h
j
=1/ 2  if j=0 or i, h

j
=1 for other cases. Then the memory kernel K(t)  at each 

discretized time step t = iDt  can be solved iteratively by the following rule, 

,    (4.36) 

in which the initial value of memory kernel is . This iterative scheme is 

accurate and stable.  

 

b. Propagation 
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      After the parameterization, we propagated the CG blob GLE in its discretized form to 

validate the consistency of the inferred CG model. To simplify the notation, we demonstrate the 

propagation scheme through a derivation in one dimension: 

.     (4.37) 

In the practical implementation, we assume that the memory kernel K decays to zero within N 

time steps. Therefore, the convolution integral representing the dissipative force is discretized as: 

- K(t - s)V
I
(s)ds » - a

n
DtK (nDt)V

I
(t - nDt)

n=0

N

å
0

t

ò ,     (4.38) 

where a
k
=1/ 2  if k = 0  or k = N , otherwise a

k
=1.  

Next, we generate the random forces DF
I
(t)  that satisfy the FDT.  In this discretized 

representation, the FDT can be expressed as 

dF
I
Q (nDt)dF

I
Q (mDt) = k

B
T ×K[(n -m)Dt] .      (4.39) 

The random force at each time step is assumed to be the superposition of a set of non-correlated 

Gaussian random noises weighted by the weighting coefficients {a
s
}, such that 

dF
I
Q (t) = k

B
T a

s
W (t - sDt)

s=0

N

å ,       (4.40) 

where the white noises have no temporal correlation, 

W (kDt)W (lDt) = d
kl

.       (4.41)
 

Combining this definition with the FDT, one can derive the relationship between the colored 

noise weighting coefficients and the memory kernel: 
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dF
I
Q (lDt)dF

I
Q (0) = k

B
T a

s
a

p
W (- pDt)W[(l - s)Dt]

s=0

N

å
p=0

N

å

                               = k
B
T a

s
a

p
d

l-s+ p
s=0

N

å
p=0

N

å

                               = k
B
T a

s
a

s+l
s=0

N-l

å = k
B
TK (lDt)

,    (4.42) 

To satisfy this relationship, a set of coefficients a
s
 was obtained by minimizing the squared 

residual between a
s
a

s+l
s=0

N-l

å  and K (lDt)  in each case. The Nelder-Mead simplex optimization 

algorithm74 was applied to solve this non-linear optimization problem. An iterative scheme that 

takes the previous output from the optimizer as initial guess input was applied to make sure the 

convergence of the above optimization process. After the weights for random noises are 

constructed, the GLE EOM was ready to be propagated. All the CG GLE simulations used a 

Velocity Verlet time integration algorithm with identical integration time steps of d t = 0.025t . 

 

c. Results 

      The GLE memory kernels derived from the mapped CG trajectory are shown in Fig. 4-13. 

The profile of the memory kernel shows a relatively fast decay within 20t  followed by a more 

slowly decaying tail.  

      Applying the Green-Kubo relationship to the GLE defines the relationship between the 

diffusion constant and the GLE memory kernel,75 D = k
B
T / m K (t)dt

0

¥

òæ
è

ö
ø , i.e., the product of 

particle mass and the integral of the memory kernel K (t)dt
0

¥

ò  is inversely proportional to the 

diffusion constant. Figure 4-13 demonstrates that the integral value of the memory kernel 

increases, and thus the diffusion constant decreases, as the CG blobs become coarser.  In the 
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low-resolution limit the physical meaning of the CG blobs is designed to match the concept of 

local fluid parcels in continuum fluid mechanics, which have no self-diffusion under quiescent 

conditions.  The trend observed in our calculation is consistent with that asymptotic expectation.  

 

 

Figure 4-13: The GLE memory kernel inferred from the mapped CG trajectory at different CG 

resolution. The CG resolutions are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 (purple) 

respectively. 

 

       The GLE dynamics of each CG system were each propagated after obtaining the memory 

kernel and the corresponding colored noise generator. Figure 4-14 shows the comparison of the 

VACFs between the mapped CG trajectories and the GLE CG trajectories for all the four CG 

resolutions. For the densely packed CG systems, each CG bead resides in a cage formed by its 

nearest neighbors. Therefore, the CG bead will hit the wall of the cage and get pushed back as 

soon as it starts to move. This behavior accounts for the backscattering region shown in the 

negative part of the VACFs at relatively short times. At longer time scales, the VACFs of the 

mapped trajectory exhibit a long-tail decay proportional to t-3/2 consistent with usual expectations 

for long time scale hydrodynamic memory effects,75 as seen in the log-log plots shown in panels 
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(e)-(h) in Fig. 4-14. Overall, the agreement between the CG GLE dynamics and the mapped CG 

dynamics is seen to be quite good.  

 

Figure 4-14: The velocity autocorrelation functions (a)-(d) and the log-log plot of them (e)-(h) 

obtained from both the GLE CG simulation and the mapped CG trajectory. The number ratios of 

the FG and CG particles are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 (purple) 

respectively. 
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      Next, we investigated the scaling behavior of the dynamical information, i.e., the GLE 

memory kernels and the VACFs in this case, of CG models at different CG resolution. Fig. 4-15 

shows a near-perfect scaling invariance of the GLE memory kernel when the memory kernels are 

scaled by (n/N)3/5, where the n/N denotes the resolution of the CG model.   

 

Figure 4-15: The GLE memory kernels scaled by (n/N)3/5, where n/N represents the resolution of 

CG models. The four CG resolutions adopted here are 8.792 (blue), 13.504 (red), 17.172 (green) 

and 26.375 (purple) respectively. 

 

      Similarly, a scaling invariance also exists for the VACFs. Fig. 4-16 displays the scaled 

VACFs, with time scaled by the cube root of the CG resolution and the correlation functions 

scaled by the inverse of the CG resolution n/N. The scaled VACFs at different CG resolutions 

collapse into a single profile.  These scaling invariances, together with the one found for the 

conservative interactions shown in Sec. III.D.2, suggest that the mesoscale CG models 

constructed by the new dynamical mapping scheme have a unified form of interaction at 

different resolutions.  This observation provides us with interpolation rules to infer CG model 

parameters over a fairly wide range of CG resolution, with only a few sets of parameters derived 

at several specific resolutions. These interpolation methods will greatly reduce the workload of 
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bottom up construction of the present mesoscale models. Crucially, the time scalings of the 

memory kernels and the VACFs differ in such a way as to allow the low-resolution limit of 

coarsening to converge to perfectly Markovian dynamics. 

 

Figure 4-16: The scaled VACFs, with the time scaled by the cube root of CG resolution and the 

correlation function scaled by inverse CG resolution N/n. The four CG resolutions adopted here 

are 8.792 (blue), 13.504 (red), 17.172 (green) and 26.375 (purple) respectively. Each solid line 

indicates the VACF of a mapped trajectory, while the dashed line with the same color denotes 

the results obtained from corresponding CG GLE propagations. 

 

      It should be noted that, in a theory described by a GLE, the dissipative forces depend only on 

the history of one specific particle. The memory kernel is assumed to be only a function of time. 
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memory kernel, is needed to correctly describe the hydrodynamics.25 A bottom up 

parameterization of DPD-like CG models will be investigated in a future study.   

 

IV. Concluding Remarks 

      In this work, we explored a bottom up strategy for building mesoscopic CG models for 

unbonded molecular fluids within a Lagrangian description. This work opens up a new path for 

the direct construction of CG fluid models at the mesoscale based on classical FG (all atom or 

high-resolution CG) MD simulations.  

      CG models for non-bonded systems at mesoscale are intrinsically supramolecular, which 

poses a significant challenge for the design of rigorous bottom up CG mappings. Typical pre-

defined CG mappings like the center of mass mapping fail to describe the system well due to 

diffusion of the FG fluid particles. Physically, the CG blobs should represent spatial chunks of 

FG fluid particles and, conversely, these FG particles should determine the positions of the CG 

blobs. The present work is inspired by the ideas behind centroidal Voronoi tessellation to design 

a dynamical mapping operator within the above-mentioned self-consistent picture, by utilizing a 

distance-based FG-to-CG proximity function. The new mapping scheme is markedly different 

from existing mapping approaches in two ways. First, the definition of the CG variables, i.e., the 

mapping matrix, changes as the FG system propagates. Second, the approach involves two FG to 

CG correspondence conditions, for both the consistency of positions and velocities. The actual 

mapping algorithm is built upon the velocity mapping consistency relationship, making it a 

mapping between trajectories as a whole rather than between instantaneous state points taken 

independently. 
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      The new mapping scheme was applied to mesoscopically CG supercritical LJ fluid systems 

under both quiescent conditions and non-equilibrium shear flow, and the results were found to be 

quite encouraging. The mapped trajectory is numerically stable, continuous, and ergodic with 

stable CG blob ownerships, which is an advantage over existing approaches with either non-

continuous trajectories31, 32 or a broad distribution of CG ownerships.29, 30 Furthermore, the new 

mapping approach captures the slow degrees of freedom when applied to a fluid undergoing non-

equilibrium shear flow.  

     A systematic parameterization protocol of the mapped mesoscopic CG model was developed 

by analogy to the Mori-Zwanzig formalism. A Generalized Langevin Equation was 

parameterized directly from the mapped CG trajectory with the position and velocity information. 

The CG conservative pairwise interaction exhibits linear repulsive behavior at the nearest-

neighbor range and smoothly decays to zero afterwards, which provides a bottom up justification 

for the linear repulsive force widely used in the more empirical DPD models. The non-

conservative dissipative and random forces derived based on the correlation functions of the 

mapped trajectory also reproduce the dynamical velocity autocorrelation function. Both the short 

time behavior of the velocity autocorrelation function and the long time hydrodynamic tail 

appear to be captured by the GLE.  

     Due to both the complexity and relative infancy of our new approach, there are still several 

open questions that should be addressed by us or others in future work. First, the physical and 

mathematical constraints for the proximity function need to be investigated in more detail. This 

proximity function is at the core of our theory and the current form is chosen based solely on the 

numerical stability of the mapping algorithm. With more constraints on the proximity function, 

one may be able to systematically improve the quality of the CG mappings such that more 
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physics of the FG system can be preserved. Second, bottom-up parameterization of momentum-

conserving CG models, like the forms used in the DPD and SPH models, would be valuable to 

explore further. These momentum-conserving models are directly related to the governing 

equations in fluid mechanics and may enable us to reproduce the effects of hydrodynamics in the 

CG systems under non-equilibrium conditions,76 which are expected to be of importance in 

mesoscopic simulations. Third, the adaptation of the current approach for modeling 

multicomponent and even multiphase fluid systems of broad interest in engineering and 

biophysics would also be a key target for future investigation.  

APPENDIX A: Derivation of Eq. (4.6) and Eq. (4.10) 

This appendix provides the sequence of simplifications that render the first time 

derivative of the position map equation, Eq. (4.2), into the two forms of the velocity map 

equations, Eqs. (4.6) and (4.10).  

First, we recall the definitions of the FG to CG proximity function w( R
I
- r

i
) , the 

ownership f
Ii

of each FG particle i by each CG particle I [Eq. (4.1)], and the mapping 

coefficients c
Ii

 determining the self-consistent linear relationship between CG and FG particle 

positions [Eq. (4.2)]. The time derivative of the position map is, 

dR
I

dt
=

d

dt
c

Ii
r

i
i
å ,      (4.A1) 

which gives the velocity of the CG blobs, such that 

V
I
=

dc
Ii

dt
r

i
+

i
å c

Ii

dr
i

dti
å

    =
dc

Ii
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r

i
+

i
å c

Ii
v

i
i
å

,     (4.A2) 
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This result has the interpretation of a mapped velocity plus a change due to the change in the 

mapping coefficients. CG particles are drawn to the FG particles for which their mapping 

coefficients increase. This effect obeys Galilean invariance due to the fact that by construction 

c
Iiiå =1 for all times, so 

dc
Ii

dtiå = 0  for all times. Subtracting zero in the form of 
dc

Ii

dtiå R
I
 

from the right hand side of Eq. (4.A2) to make the Galilean invariance more evident and make 

the remainder of the derivation simpler, give the result 

V
I
=

dc
Ii

dt
(r

i
-R

I
)

i
å + c

Ii
v

i
i
å .     (4.A3) 

At this point one then expands 
dc

Ii

dt
. Anticipating the normalization involved in its 

definition, it is natural to simplify it in terms of the derivative of the logarithm, 
dc

Ii

dt
= c

Ii

d ln c
Ii

dt
. 

Then, Eq. (4.A3) leads to 
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Because the second term’s sum is zero by the definition of R
I
, one can eliminate that term, and 

since the mass in the first logarithm is constant it also drops out, so 

V
I
= c
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i
-R

I
)
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Ii
v
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å .      (4.A5) 

This result has a natural interpretation: the velocity of a CG particle is the velocity mapped with 

constant coefficients plus a coefficient weighted average of the rate of change of its log 
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ownership of each FG particle times the displacement from it to that particle. CG particles are 

pulled to wherever they gain ownership of new particles proportional to their current ownership, 

the displacement of the new particles from the center, and the rate of change of log ownership, 

and inversely proportionally to the total amount of FG particle mass they already own.  

The next simplification uses the definition of f
Ii

and another conversion to derivatives of 

logarithms, such that 
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Stated differently, the rate of change of log ownership of a FG particle by a CG particle 

simplifies to the difference between the rate of change in log proximity between those two and 

the ownership-weighted average rate of change in log proximity between that FG particle and all 

other CG particles. 

Next, because all of the time dependence of w
Ji

 is captured by R
J
- r

i
, its time 

derivative can be expanded into a proximity scale factor times the projected velocity difference 

(R
J
- r

i
) × (V

J
- v

i
) / R

J
- r

i
, such that 
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This is now a linear system of equations for the CG velocities with position-dependent 

coefficients. The derivations of Eq. (4.10) and the form for it computational implementation, and 

Eq. (4.6), a more physically transparent form, split at this point. With R
Ii
º R

I
- r

i
, and 
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To arrive at Eq. (4.10), we first split V
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- v
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 and then rearrange the order of summations, 

yielding 

V
I
= c

Ii
(r

i
-R

I
)(d

IJ
- f

Ji
)
¶ ln w

Ji

¶ri
å

J
å r=R J -ri

R̂
Ji
×V

J

                  - c
Ii
(r

i
-R

I
)(d

IJ
- f

Ji
)
¶ ln w

Ji

¶ri
å

J
å r=R J -ri

R̂
Ji
×v

i
+ c

Ii
v

i
i
å

     = c
Ii
(r

i
-R

I
)(d

IJ
- f

Ji
)
¶ ln w

Ji

¶ri
å

J
å r=R J -ri

R̂
Ji
×V

J

                  - c
Ii
(r

i
-R

I
)v

i
× (d

IJ
- f

Ji
)
¶ ln w

Ji

¶rJ
å

i
å r=R J -ri

R̂
Ji
+ c

Ii
v

i
i
å

     = c
Ii
(r

i
-R

I
)(d

IJ
- f

Ji
)
¶ ln w

Ji

¶ri
å

J
å r=R J -ri

R̂
Ji
×V

J

                  - c
Ii
(r

i
-R

I
)v

i
×
¶ ln w

Ji

¶r r= R J -ri

R̂
Ji
- f

Ji

¶ ln w
Ji

¶r r=R J -ri

R̂
Ji

J
å

é

ë
ê

ù

û
ú

i
å + c

Ii
v

i
i
å

     = c
Ii
(r

i
-R

I
)(d

IJ
-

w(R
Ji

)

w(R
Ki

)
Kå

)
¶ ln w(r)

¶r r=R J -ri
i
å

J
å R̂

Ji
×V

J

                  - c
Ii
(r

i
-R

I
)v

i
×
¶ ln w(R

Ii
)

¶r
i

-
¶ ln w(R

Ji
)

Jå
¶r

i

é

ë
ê
ê

ù

û
ú
úi

å + c
Ii
v

i
i
å

     = c
Ii
(r

i
-R

I
)(d

IJ
-

w(R
Ji

)

w(R
Ki

)
Kå

)
d ln w(R

Ji
)

¶R
Ji

å
J
å ×V

J

                  - c
Ii
(r

i
-R

I
)v

i
×
¶ ln w(R

Ii
)

¶r
i

-
¶ ln w(R

Ji
)

Jå
¶r

i

é

ë
ê
ê

ù

û
ú
úi

å + c
Ii
v

i
i
å

.   (4.A9) 



 154

Now, introducing the shorthand notation W
i
= w

IiIå , Eq. (4.A9) can be simplified as 
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With rearrangement, this is Eq. (4.10) – the equation used for the computational implementation 

as described in the main text. 

      To derive Eq. (4.6), one instead rearranges Eq. (4.A7) into an equation for the difference 

between the CG velocity including motion due to changes in the mapping coefficients and the 

velocity mapped with constant coefficients, such that 
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Defining V
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º c
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iiå and dV
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 for brevity as in the main text, this is given by 
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One can now reverse the log-ownership derivative formula, (d
IJ
- f

Ji
)
¶ ln w(r)
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, to show that 
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The second term on the right-hand-side accounts for the change in ownership of particles that 

will be result if one propagated the equation of motion of the CG system with the velocity 

mapped as if the coefficients were constant. The first term on the right-hand-side describes how 

any resulting velocity corrections will lead to further corrections.  

Grouping CG and FG terms, one finds 
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This result is Eq. (4.6). 

 

APPENDIX B: Numerical Implementation 

    The implementation of the dynamic mapping algorithm is summarized in Table 4-I. The FG 

molecular dynamics simulation trajectory, the inverse CG resolution (the ratio of the number of 

FG particles over CG beads) and the proximity function are pre-defined as input to the program. 

The initial CG configuration was generated through a self-consistent solver. Then for each FG 

trajectory frame, the matrices and vectors in Eq. (4.10) were constructed and the CG velocities 

were directly calculated. The CG configurations were propagated through a first order Euler 

integrator as discussed before in Sec. II.  To ensure the position consistency condition Eq. (4.2), 

the CG configurations were re-mapped through the self-consistent solver at a certain frequency. 

Typically, a re-mapping frequency of one per 2000~5000 time steps is sufficient to maintain a 

stable mapping. 
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TABLE 4-I. Description of the FG to CG mapping algorithm. 

Algorithm 1: Mapping Procedure 
Input Data: FG simulation trajectory, CG Resolution, proximity function w(r)  
Output: CG trajectory 
Start: 
  Generate Initial CG Configuration 
      Randomly initialize the first CG frame; 
      Solve the configuration mapping equation R

I
= c

Ii
r

iiå  self-consistently; 

  for i := 1 to timesteps do 
      Read one frame of trajectory from FG simulation data; 
      Build CG-FG cell list and neighbor list using current CG and FG configuration; 
      Construct the matrix equation: 
          Construct weighting matrix W, derivative matrix dW,  

w
Ii
= w(R

Ii
),    dw

Ii
=

dw

dr RIi
e

Ii

W
i
= w

JiJå ,    dW
i
= dw

JiJå
 

          Construct matrix C with matrix elements described by Eq. (4.2); 
          Construct matrix M according to the left hand side of Eq. (4.10); 
          Construct matrix V according to the right hand side of Eq. (4.10); 
 
      Solve the linear equation (I -M)V = (C+ N)v to obtain instantaneous CG velocities; 
      Propagate the CG beads position for one time step R(t + Dt) = R(t) +V(t)Dt ; 

 
      if Re-mapping == True do: 
         Solve the configuration mapping equation R

I
= c

Ii
r

iiå  self-consistently; 

      Output positions, velocities, and other relevant physical quantities of the current CG frame; 
done 
 

      In the above algorithm, there are two more points worth detailed explanation so one can 

reproduce the results we present in this work.  

(1) Self-Consistent Solver 

       Two crucial steps in the above-mentioned algorithm, one in the initialization of CG system 

and another in the re-mapping procedure to ensure position consistency, involve the self-

consistent determination of CG beads positions from the FG trajectory frame. The detailed fixed-

point algorithm for our self-consistent solver is described in the algorithm chart in Table 4-II. An 
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update rate a = 0.30  and tolerance 10-20 was applied throughout all the calculations in this work. 

The self-consistent solver typically converged within 500 iterations. 

 

TABLE 4-II. Description of the self-consistent position mapping algorithm. 

Algorithm 2: Self-Consistent Solver 
Input Data: FG trajectory frame, proximity function w(r) , initial guess of CG coordinates, 
tolerance, update rate a  
Output: CG beads coordinates 
Start: 
 square_error = INFINITY; 
 construct Matrix C; 
 R = Initial guess of CG coordinates; 
  while square_error > tolerance do: 
      R_Old <- R 
      R_New <- calculate_CG_coordinates(C, r); 
      R = (1-a )R_Old + aR_New; 

     square_error = R -R
old

2
; 

done 
 
(2) Two neighbor lists 

        In order to speed up the evaluation of relevant matrices, two neighbor lists were explicitly 

maintained during the propagation. One neighbor list kept track of all the FG particles within the 

cut-off distance from a certain CG bead, whereas the other neighbor list kept track of all the CG 

beads within the cut-off distance from a certain FG particle. A cell list of the FG particles was 

constructed first to accelerate the building of these two neighbor lists. With the help of these data 

structures, the cost of constructing matrices M, N and C was reduced to scale linearly with the 

size of the FG system. 
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Chapter 5: Constructing Many-body Dissipative Particle Dynamics Models of Fluids from 
Rigorous Bottom-up Coarse-graining 

Abstract 

Since their emergence at 1990s, mesoscopic models of fluids have been widely used to study 

complex organization and transport phenomena beyond molecular scale. These models are 

designed based on results from physics at meso- and macroscale, such as fluid mechanics and 

statistical field theory. The microscopic foundation of these models, on the other hand, is often 

not well defined. The present paper tries to build such a connection through bottom-up coarse-

graining methods, which combines a recently developed dynamic coarse-graining scheme with 

new developments in the parameterization algorithm. A statistical inference framework of 

explicit many-body conservative interaction is introduced, which quantitatively recapitulates the 

mesoscopic structure of underlying fluid. A new general algorithm for parameterizing dissipative 

and fluctuation forces is also developed, which is utilized to derive pairwise decomposable 

friction kernels under both non-Markovian and Markovian limit. The short time and long time 

feature of the coarse-grained dynamics is perfectly reproduced while the backscattering feature at 

medium lag time can be qualitatively described. Through these new developments, a many-body 

dissipative particle dynamics type equation of motion is successfully derived. The method 

presented in this work open up an avenue for the direct bottom-up construction of mesoscopic 

models of fluids that naturally connect with meso- and macroscopic physics.  

I. Introduction 

With rapidly expanding attention on soft matter and biophysics research, various particle 

based mesoscopic CG modeling techniques have been developed and successfully applied to 

simulate complex organization and transport phenomena beyond molecular scale. The success of 

these techniques is not an accident. Many of the methods have solid theoretical foundation from 
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meso- or macro-scale physics. For example, the Smoothed Particle Hydrodynamics1-3 (SPH) and 

Smoothed Dissipative Particle Dynamics4-5 (SDPD) methods are derived through discretizing the 

Navier-Stokes equation using smooth kernel functions, and thus naturally preserve fluid 

mechanics phenomena. The Dissipative Particle Dynamics6-8 (DPD) method, as well as many 

method derived from it9 such as many-body DPD,10-11 directly linked the many-body 

conservative interactions with the equations of state of the fluids,10 therefore can be successfully 

applied to simulate interfacial behavior of fluids at mesoscale.12 Despite the solid connections 

with macroscopic physics, their connection with microscopic description of the system is often 

unclear. This missing link obscures the understanding of how the chemistry of molecular systems 

determines their meso- and macroscopic behavior.  

The desirability of connecting atomistic description of fluids with mesoscopic models and 

eventually macroscopic continuum fluid mechanics has gain its popularity since the early trials 

by Espanol et al in the late 1990s,13 when they attempted to construct corse-grained (CG) models 

of fluids based on Voronoi tessellation. The first step of building such links is to design a 

rigorous coarse-grained mapping function that attributes multiple fine-grained (FG) entities into 

a CG representation, which achieves the goal of mapping a fine-grained trajectory of the system 

into a CG representation. Then the information of mesoscopic CG trajectories is utilized to 

parameterize CG dynamics models that directly connect with meso- or macroscopic physics. 

For molecular fluids composed of bonded atoms such as melted polymers, this connection 

can be well established through a linear CG mapping operator.9 The time-invariant and linear 

property of this type of CG mapping also facilitates the bottom-up parameterization of 

mesoscopic CG models based on the mapped trajectory. A number of well-established bottom-up 

CG methods can be utilized to derive interactions under this situation. Hijon et al took the first 
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step in using Mori-Zwanzig formalism14-17 to derive bottom-up DPD models of polymers. 

18Karniadakis and coworkers,19-22 as well as Yoshimoto et al23-24 then greatly extended the scope 

of this strategy that significantly improved the accuracy and feasibility of the parameterization 

process.  

On the other hand, for fluids composed of unbonded molecules, the design of FG to CG 

correspondence is much harder and is considered to be one of the major open questions in the 

field of mesoscale modeling.9 Flekkoy, Coveney and Eriksson published a series of influential 

work on deriving DPD equations of motion from semi bottom-up,25-28 in which the Voronoi 

tessellation based idea was first introduced. However, the consistency between FG and CG 

configurations is not enforced in these derivations. Following the spatial tessellation idea, Hadley 

et al,29 Izvekov et al30 as well as Praprotnik and coworkers31-33 utilized various clustering 

algorithms to build this CG to FG correspondence in configuration space. Though these methods 

have provided useful insight, neither of them has achieved a continuous mapping that accounts 

for essential mass and momentum transfer at mesoscale. In a recent work,34 we developed a 

dynamic coarse-graining mapping scheme and for the first time achieved such continuous 

mesoscopic mapping of fluids that quantitatively captures slow collective motions of the 

underlying fluid system. However, due to the nonlinearity and time-varying nature of this new 

mapping operator, the parameterization of CG models compatible with mesoscopic physics 

based on this new approach is challenging and yet to be explored.34-35 The goal of this work is 

then to develop such a parameterization method to solve this problem. 

It has long been demonstrated that the dynamical evolution of reduced representation of 

molecular systems can be described by a set of stochastic integro-differential equations through 

the Mori-Zwanzig formalism. In particular, the equations of motion can be written as: 
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          (5.1) 

In which the force exerted on the coarse-grained particles has three components, the 

thermodynamic potential of mean force (PMF) determining the equilibrium statistics of coarse-

grained system, the dissipative force and fluctuation force controlling the dynamical correlation. 

Though physically intuitive, the bottom-up parameterization of these three components is not 

trivial. There are mainly three barriers one needs to overcome to make it numerically feasible. 

      First of all, the exact dynamical equation Eq. (5.1) cannot serve as a practical computation 

tool due to its extremely large computational cost. One needs to make appropriate 

approximations to reduce the algorithmic complexity, while capturing essential physics at 

mesoscale at the same time. In order to correctly recapitulate hydrodynamics results, it requires 

that the CG equations of motion preserve the total momentum and be invariant under Galilean 

transformation. The simplest representation that fulfills both requirements is probably the 

pairwise form, in which the many-body PMF, dissipative forces as well as fluctuation forces are 

all assumed to be pairwise decomposable. This type of equations of motion is commonly used in 

the DPD and SDPD models and we would like to build up our theory and algorithm based on this 

simple case at the first stage. 

      Second, the PMF term defined by  is a many-

body quantity. In our previous work, we have shown that a pairwise decomposition of such 

many-body PMF is not sufficient to reproduce the correct equilibrium structure of fluids.34, 36-38 

An explicit many-body interaction needs to be included in the basis set to compensate this 

discrepancy. The necessity of explicit many-body interaction is also manifested in the top-down 

Lagrangian description of fluids, such as many-body DPD, SPH and SDPD models, in which the 
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conservative interactions between mesoscopic CG particles usually contain a many-body element 

with the following form, 

.    (5.2) 

In Eq. (5.2) the local density dependent term p(r)  is directly connected to the equations of state 

(EOS) of the fluid.10 This type of many-body interaction has profound theoretical connections 

with hydrodynamics2, 5 and classical density functional theory (DFT) of liquids.39-42 In this work, 

we would like to develop a systematic bottom-up parameterization strategy based on the well-

established Multiscale Coarse-graining43-47 (MS-CG) framework to reconstruct many-body 

conservative interactions of this kind.  

      And the last barrier originates from the statistical inference of the dissipative friction kernel 

which is also intrinsically many-body, and in addition highly correlated in time. It is shown in 

the exact dynamical equation Eq. (5.1) that the dissipative friction kernel is a non-Markovian 

many-body quantity. And due to the restriction imposed from fluctuation dissipation theorem, 

the friction kernel and the random fluctuations are correlated with each other. These two 

characters make the statistical inference of the friction kernel a much harder problem than the 

inference of many-body PMF. To make the inference practical, the friction kernel is usually 

assumed to be either pairwise decomposable or applies only on single particle basis, which 

renders the DPD or Generalized Langevin Equation (GLE) type equations of motions.  

      The inference of GLE is relatively easier and has been successfully achieved through 

different approach.34, 48-50 However, the single particle approximation adopted in GLE violates 

the momentum conservation, therefore hinders the connection of GLE with fluid mechanics.  As 

a consequence, it is rarely used in the mesoscopic modeling community. The pairwise DPD type 

friction kernel does not suffer from this limitation and thus has been widely adopted.  
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      The bottom-up inference of the DPD type pairwise friction is highly non-trivial. There are 

mainly two strategies for solving the problem. The first strategy is base upon the Mori-Zwanzig 

formalism, in which the friction kernel can be directly calculated once the fluctuation forces can 

be obtained. This can be done through the “constraint dynamics”, in which the fine-grained 

system is propagated conditioned on the invariance of mapped CG configurations.18, 51-53 The 

second strategy applies a correlation function inversion method, by solving a Volterra type 

integral equation to match the pairwise velocity autocorrelation function and force-velocity cross 

correlation function.20-23 Though these two methods have shown success in reproducing essential 

CG dynamics of bonded systems, the application to more general cases is limited. Both of the 

two strategies can only be applied to fine-grained systems interacting through pairwise 

interactions and the coarse-graining mapping operator is linear and static. New methods need to 

be worked out for situations where the instantaneous forces cannot be decomposed in a pairwise 

manner. And this new development will be thoroughly discussed in this work.  

      The remainder contents of the paper is organized as follows, in Sec. II, we elaborate the 

details of the methods that we developed to build mesoscopic CG dynamics models that naturally 

connect to physics at mesoscale. These new developments are then applied to a numerical 

example that constructs a many-bod DPD type CG equations of motion. The results and relevant 

discussions are presented in Sec. III. Sec. IV concludes this paper. 

II. Methodology 

A. Mesoscopic Representation of Fluids 

      In this work, we utilize the recently developed dynamical coarse-grained mapping scheme to 

construct the mesoscopic representation of fluid. Here we briefly encapsulate the theory, 
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algorithm and essential practical concerns to reproduce the result in this paper. Readers are 

suggested to refer to the original work34 for more detailed discussions.  

      The dynamical mapping algorithm, as distinct from conventional pre-defined CG mapping 

operators, establishes the self-consistent correspondence between FG and CG phase space by 

performing mapping in the momentum space, making it a mapping between trajectories as a 

whole rather than between instantaneous configurations taken independently. This unique feature 

ensures the preservation of mesoscopic dynamics of underlying fine-grained fluid, as is 

demonstrated by numerical experiments in previous research.  

      The mapping scheme is designed based on the intuition behind Voronoi spatial tessellation 

that attributes multiple FG particles to a specific CG blob, and center of mass correspondence 

between CG and FG particles. To achieve a smooth, time-homogenous, translational and 

rotational invariant CG mapping at supramolecular resolution based on these intuition, we 

proposed a smoothed generalization of centroidal Voronoi tessellation algorithm commonly used 

in computational geometry.54 Specifically, we define a proximity weighting function w(r)  of 

distance r and assign each fine-grained identity i to each CG blob I with a ownership fraction: 

.    (5.3) 

This ownership fraction smoothed out the Heaviside stepwise identity function in the discrete 

Voronoi tessellation while still preserving the proximity information once w(r)  is monotonically 

decreasing. Next, the centers of the CG blobs are assigned as the weighted center of mass of their 

owned atoms weighted by the ownership fraction: 

.     (5.4) 
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The above two steps determine a self-consistent equation Eq. (5.4) finding the blob positions, as 

shown schematically in the Stage 1 of Fig. 5-1. It should be noted that the above self-consistent 

equation has many feasible solutions. Therefore, one cannot guarantee a smoothly propagating 

CG trajectory by solving the position mapping equation at every instant of time.  Instead, the 

dynamical trajectory of CG blobs is generated based on the velocity correspondence equation,  

,  (5.5) 

which can be derived by evaluating the time propagation of the position mapping equation. Here 

the direct linear mapping velocity  and . This set of equation can be 

written in a compact tensor equation form after necessary simplification, 

,     (5.6) 

in which M and N are matrices with 3x3 tensor elements    

and . The total weight is defined as . 

Observing that the velocity mapping equation is not self-consistent anymore, there is a unique 

solution as long as the matrix is I - M  invertible. Given any fine-grained trajectory with 

continuous positions r(t)  and velocities v(t)  information, one can solve the CG velocities V(t) 

once a proper initial guess of the CG configurations R
I
(0)  are in place. This CG velocity 

trajectory provides a way to propagate CG configurations R
I
(t)  from one specific choice of 

initial configuration R
I
(0) , which can be solved iteratively from Eq. (5.4). The degeneracy of 
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the position mapping equation Eq. (5.4) is reconciled by following the dynamics of a single 

feasible solution satisfying position correspondence. 

      The procedure established above is not a direct map of single configurations but rather a map 

of trajectories. Mathematically, this process corresponds to a flow defined in Euclidean space. 

Even though we are still at the early stage development of this methodology, it has been 

demonstrated that this mapping scheme is capable of generating continuous, ergodic and initial 

conditions independent mesoscopic CG trajectories that could capture essential slow motions of 

the underlying fine-grained fluid.  

      For actual numerical implementation of this idea, we first generate an initial CG 

configuration by solving Eq. (5.4) self-consistently. And then for each time frame of the fine-

grained trajectory, we construct two neighbor lists keeping track of the local neighbors of each 

fine-grained and CG particles (Stage 2 in Fig. 5-1), so that it reduces all the matrices construction 

process to scale linearly with respect to the number of fine-grained particle. With the neighbor 

lists in place, the velocity mapping equation Eq. (5.5) is constructed (Stage 3 in Fig. 5-1). It is 

worth noting that all the matrices and vectors involved could be evaluated by a single or double 

loop through the neighbor lists. If the weighting function is chosen to be short range, which is the 

case for the implementation in this work, the whole process is rendered to exhibit an appealing 

linear scaling algorithmic complexity. And finally with the update velocities in place, the CG 

configurations are propagated for one time step forward through a simple Euler’s forward 

integration, 

,  (5.7) 

as shown in the Stage 4 of Fig. 5-1. The process is repeated for each incoming fine-grained 

frame and finally generates a continuous mesoscopic CG mapped trajectory. However, the Stage 
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4 propagation suffers from a numerical difficulty that the discretization error slowly gathers 

leading to a drift from the self-consistent position mapping relationship. To overcome this 

numerical issue, the self-consistent position mapping equation Eq. (5.4) is periodically re-

enforced to pull the drifted trajectory back on the correct track. This procedure is done at a much 

longer time interval, usually at a frequency of tens of thousands of time steps is sufficient to 

maintain the numerical stability.  

      One last piece, yet an important aspect, of the algorithm is choosing the appropriate 

proximity weight function. In this work, the previously chosen truncated hyperbolic tangent 

function is adopted with the following form, 

,   (5.8) 

whose shape can be tuned by the parameter sets s , r
c
, b  and g to realize stable propagation. 

 

Figure 5-1, illustration of the essential steps of the dynamical coarse-grained mapping 

procedure.  
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B. Statistical Inference of Many-body Conservative Interaction 

     As expounded earlier in the introduction, the conservative interactions between the CG blobs 

is intrinsically many-body and the explicit many-body interactions have deep theoretical 

foundations from classical density functional theory as well as fluid mechanics. In this section, 

we elaborate our approach to parameterize a many-body DPD type conservative interaction 

directly from the mapped mesoscopic CG trajectory. 

      In top-down Lagrangian descriptions of fluids, the many-body conservative interaction 

originated from the momentum conservation equations is a natural result of fluid mechanics. In 

the SPH and SDPD equations of motions, the many-body conservative force takes the following 

form: 

,   (5.9) 

in which the local density is defined as  and the pressure p
i
 is usually chosen 

as a function of local density, which correspond to the equations of state (EOS) of the materials 

under study. The smooth kernel function W (r
ij
)is introduced to discretize the continuous Navier-

Stokes equations, usually take the form of Lucy’s function.2-3 This theoretical result of 

hydrodynamics suggests a necessity of including many-body basis functions in the bottom-up 

derivation of mesoscopic CG interactions.  

      From another perspective, the same form of interaction also emerges in the classical density 

functional theory to study the equilibrium properties of fluids.39-41 In agreement with the idea 

that the mesoscopic CG blobs refer to lumps of fluid, one can generally express the Helmholtz 

free energy of the fluid system as, 
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,     (5.10) 

in which the function  correspond to the local free energy per particle, and  is a 

function with local property of the system. In particular, the simplest assumption of  

symbolizes the local density approximation. And for a more smeared perspective in which  

is chosen to be an average of densities within a small spatial interval, it can have an 

interpretation as a weighted density approximation. For a mesoscopic system under particle 

description, the local density  is defined as . Plugging this definition into 

the free energy expression, one obtains that, 

,   (5.11) 

i.e. the free energy is simply a sum of single particle free energy. With the free energy defined, 

the conservative forces acting on particles can then be derived, 

,    (5.12) 

Assuming the local density is evaluated under the weighted density approximation, and we 

use a short-range pairwise weight function to interpolate the local densities , 

one finally arrives at, 

,            (5.13) 

which has the same form as the fluid mechanics result Eq. (5.9). It should be noted that this 

weighted density assumption of local free energy should be most suitable for describing fluids 
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under weak intermolecular interaction or at a fairly coarse spatial scale, in which the spatial 

correlation between particles contributes little to the total free energy. 

      Both the theoretical result of fluid mechanics and classical density functional theory indicates 

that the many-body conservative interaction is an essential piece of mesoscopic CG interactions. 

Therefore we would like to provide a strategy to derive such interactions through bottom-up 

coarse-graining method.  

      Considering the spatial resolution of the coarse-grained fluid we work on in this work, which 

on average represents 13.5-26.375 fine-grained fluid particles per CG bead, it might not be ideal 

to directly use the Eq. (5.13) form of interaction as a basis set to represent the CG interaction. 

This is because spatial correlations are still evident at this scale.34 In addition, a pairwise additive 

basis set is included which gives out the well known interaction form in the many-body DPD 

models,10-11, 55 

.   (5.14) 

The unknown components  and  are then determined through the MS-CG 

method. It should be noted the inference of this type of interaction has been previously studied 

using various methods.55-58 For actual numerical implementation in this work, we use basis 

functions to approximate these functions. For the local free energy function, we choose to 

expand using polynomial basis sets, 

,     (5.15) 



 175

the reasoning behind this choice is that this term is tightly connected to the equation of states 

(EOS) of the system which is usually represented in terms of a polynomial series summation. 

While for the pairwise components, a set of B-Spline functions was utilized, 

.      (5.16) 

The basis function coefficients are then determined by minimizing the L-2 norm force residual 

functional, 

,         (5.17) 

which is a standard least square regression problem and thus can be efficiently solved in the 

normal equation form.  

      In the dynamic mapping scheme, the instantaneous forces on each of the CG blobs cannot be 

simply calculated as the sum of fine-grained forces  of all the underlying fine-grained 

fluid molecules, since the mapping itself is overlapping and highly nonlinear. A theoretically 

rigorous of force correspondence and in principle can be derived from the velocity mapping 

equation. However, the form would be too complicated to be implemented. Instead, we extract 

these forces numerically by differentiating the instantaneous velocities of the CG blobs, 

.           (5.18) 

In subsequent sections, we will show that this numerical approximation does not introduce 

noticeable errors in the parameterization. 
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C. Statistical Inference of Momentum-Conserving Equations of Motion 

      The three force components in the exact CG equations of motions from Mori-Zwanzig 

formalism correspond to different aspects of physics. Parameterizing the conservative interaction 

is to find the mean forces exerted on CG variables whereas inferring the non-conservative 

interactions aims at recapitulating the fluctuation features of instantaneous forces. The bottom-up 

parameterization of the non-conservative components is often considered to be a harder problem 

than the inference of conservative interactions.  

      Specifically, for constructing equations of motions for mesoscopic CG fluid models, the 

difficulty mainly comes from two aspects. First, a major difficulty in reproducing mesoscopic 

CG dynamics comes from the fact that the dissipation and fluctuation forces are correlated 

through fluctuation dissipation theorem. One cannot simply separate the inference of these two 

components apart. In this sense, bottom-up CG methods such as MS-CG, Relative Entropy 

Miminization59-60 (REM) etc cannot migrate to be applied in solving this problem. Algorithms 

aware of this statistical correlation need to be developed. 

      The second challenge resides in finding the feasible form of equations of motion capable of 

describing CG dynamics at mesoscale. As briefly stated in Sec. I, the Mori-Zwanzig equations of 

motion need to be aggressively approximated for practical numerical implementation. While at 

the same time, all the approximations need to ensure the momentum conservation of the particle 

system so that it can be compatible with hydrodynamics theories. This imposes strong restraints 

on the form of friction kernels that one can choose to describe the coarse-grained dynamics. For 

example, the simple Generalized Langevin Equation or Langevin Equation is ruled out. 

      It is still not clear to what extend the approximation can be safely truncated. A couple of such 

approximated friction kernels have been utilized including the pairwise DPD form, and density 
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modulated pairwise SDPD/SPH form, to name a few. Among the feasible friction kernel forms, 

the most commonly adopted form is arguably the pairwise DPD form, especially in the bottom-

up attempts to reconstruct mesoscopic CG dynamics. In this section, we choose to adopt this 

simplest yet common form to showcase our methodology. The bottom-up derivation of a 

momentum conserving DPD form CG equations of motion under both non-Markovian21-23 and 

Markovian18, 20, 30 regimes will be presented. The propagation scheme of such EOMs will be built 

up to verify the performance of the inferred model against the reference dynamics results 

obtained from mapped atomistic trajectory. 

      By assuming a pairwise decomposition of friction kernel, the exact Mori-Zwanzig integro-

differential equation can be simplified as,20-21 

,  (5.19) 

in which the pairwise friction kernel , relating the dissipation 

with orthogonal dynamics. However, the instantaneous orthogonal forces , 

in which Q represents the orthogonal projection operator, cannot be directly extracted from a CG 

trajectory mapped from fine-grained dynamics.  

      There are mainly two existing approximations to infer this friction kernel object from 

mapped trajectory. The first approach adopts the zeroth-order approximation of orthogonal 

propagator, e.g. , so that the friction kernel can be estimated using the instantaneous 

non-conservative components of the pairwise force correlations 

.53 The  can be calculated once the conservative pairwise 

interaction is estimated, i.e. . Another approach is based on the deconvolution 
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of the dissipative interactions. Notice that the following equation holds since the orthogonal 

dynamical process is Martingale, 

,   (5.20) 

By inverting this convolution equation, one can obtain the pairwise friction kernel .  

      The above two approaches has been used in the bottom-up construction of DPD models for 

mesoscopic bonded polymer models and fluids under locality constraints, and showed good 

performance in reproducing relevant dynamical properties. However, neither of these two 

approaches can be used in more general cases due to two strong assumptions implied in the 

methods. First, these two methods assume that the underlying fine-grained system interacts only 

through pairwise interactions, since the pairwise CG forces  are evaluated as the sum of fine-

grained pairwise forces between the two CG blobs, as illustrated in Fig. 5-2. Therefore, for 

system interacts through any many-body interactions, the applicability of these two methods 

vanishes. Second, extracting pairwise CG forces  assumes that the CG mapping operator is 

linear and time-invariant. All the previous work using these methods was built upon the center of 

mass mapping scheme, which is ill conditioned when applying to coarse-graining multiple non-

bonded fluid molecules as one CG bead. In the current work, the dynamic mapping scheme 

could not generate a reasonable pairwise decomposition of instantaneous CG forces. Methods 

not relying on these assumptions need to be developed for the current application. 
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Figure 5-2: illustration of the dynamical information one can obtained from the CG trajectory 

obtained through dynamic CG mapping approach. The pairwise decomposition of instantaneous 

forces cannot be realized in this scenario. 

 

      Since the dynamic mapping scheme can provide a continuous CG trajectory with 

instantaneous position, velocity and force information. To maximally utilize all these 

information, we propose an inference strategy based on the deconvolution idea. Notice that by 

multiplying  on both sides of the non-Markovian DPD EOM Eq. (5.19) and take ensemble 

averages,  

,        (5.21) 

we further assume that the temporal and spatial dependency of the friction kernel is separable, 

which was proven to be a reasonable approximation in previous applications to bonded polymer 

systems.21-23 In this context, the friction kernel is then written as, 

,     (5.22) 

where  denotes the spatial component of friction kernel whereas  denotes the temporal 

part. With these approximations, the above equation renders as a Volterra equation of first kind, 
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,                     (5.23) 

in which  represents a weighted spatial dissipation. In general cases, the 

spatial friction is a 3 by 3 tensor. In this work, we assume the spatial component takes the 

same form as the radial smooth kernel function used in Sec. II. A. Which indicates that the 

friction aligns with the pair unit vector. It should be noted that even though this 

assumption on spatial friction is strong, it has been shown and verified in previous bottom-up 

coarse-graining of star polymer systems. And it is commonly applied in top-down mesoscopic 

models and showed many successes in reproducing many dynamical processes at mesoscale. 

There is certainly possibility that this spatial component friction kernel can be directly derived 

based on the trajectory information, which will be investigated in our following up works. 

      And then the temporal part is solved by numerically inverting Eq. (5.23). To ensure the 

numerical stability, the Volterra equation of first kind is transformed into the second kind by 

taking time derivatives on both sides of Eq. (5.23), 49 

,           (5.24) 

in which the correlation functions are noted as  and 

. The derivatives of these correlation functions can be written as, 

,    (5.25) 

which can be directly estimated from the mapped CG trajectory. For numerical implementation, 

we assume the temporal friction kernel decays to zero within a certain time interval , where 
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is the minimum time step of fine-grained sampling. The validity of this finite range assumption is 

further demonstrated in the numerical examples. With this setup, Eq. (5.24) can be discretized as, 

,       (5.26) 

in which  if j=0 or i, and  for other cases. Then the temporal friction can be 

solved iteratively by the following iteration scheme, 

,            (5.27) 

with the initial value . 

      After obtaining the pairwise friction kernel, all the piece of the mesoscopic CG equations of 

motion is in place. To test the performance of the above statistical inference framework, a 

propagation scheme of the CG EOM need to be worked out. First, the non-Markovian DPD type 

EOM we parameterized above can be discretized as, 

, (5.28) 

where the conservative force is defined in Eq. (5.14), the trapezoidal integration coefficients 

 if n=0 or N, and  for other cases. The random forces are generated through a 

linear superposition of Brownian motions.  denotes a time series of Gaussian random 

number with zero mean and covariance defined as follows, 

,         (5.29) 

which generate the pairwise random force Martingale. The set of colored noise weighting 

coefficients  are adjusted to ensure the fluctuation dissipation theorem, which requires that, 
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. (5.30) 

Due to the fact that the spatial and temporal dependency of friction kernel is separable, one can 

further simplify the random noise generator. Assuming the radial distances  do not change 

significantly within the time interval that friction kernel do not vanish, which usually holds in 

mesoscopic physical processes since the diffusion at mesoscale is often suppressed, one can 

separate the spatial and temporal dependency on the random noise generator as well. In that 

sense, one define these pairwise colored noise generator by, 

,      (5.31) 

then it is evident that if one can obtain a set of coefficients  not dependent on any spatial 

information that satisfy, 

,     (5.32) 

the Fluctation Dissipation Theorem Eq. (5.30) would be naturally satisfied. To ensure the 

condition Eq. (5.32), the Nelder-Mead simplex optimization algorithm was applied to find the 

coefficients . With the friction kernel as well as colored noise generator in place, the non-

Markovian DPD equation can be propagated through the standard Velocity Verlet algorithm61 

with constant system temperature.  

      It should be noted that a new paradigm of propagating the non-Markovian equations of 

motion using auxiliary variables22, 52, 62 instead of explicitly evaluating the friction kernels has 

been recently developed and applied in the mesoscopic coarse-grained models of polymer melts. 

This approach can be naturally migrated in propagating the equations of motions derived in this 
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work. In the future, we would like to explore the applicability of this new integration paradigm in 

improving the numerical stability and further reducing the computational cost of the CG 

dynamics propagation. 

      Based on the non-Markovian DPD equation, we also construct a Markovian limit of the 

equation, which result in an EOM with exactly the same form as many-body DPD models. The 

Markovian limit of the friction kernel can be directly obtained by integrating the non-Markovian 

friction kernel with respect to time, 

.     (5.33) 

Under the separation assumption of the non-Markovian friction kernel, this can further be 

simplified as  where .  

      The Markovian DPD equations of motions then can be propagated based on the following 

discretized form, 

,        (5.34) 

in which  is a discretized time series of Gaussian random number with zero mean and 

variance 1. Similarly, the EOM is propagated through Velocity Verlet scheme. 

III. Results and Discussions 

A. Fine-grained System and Mapping Details 

      In this section, we apply the methods developed above to construct a mesoscopic Many-Body 

DPD like model for supercritical Lennard-Jones fluid systems from bottom-up. The atomistic 

MD simulations of the quiescent LJ fluids were performed in a cubic simulation box subjected to 

periodic boundary conditions (PBC) in all three dimensions. The LJ particles are interacting 
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through the standard 12-6 type LJ potential , which was cut off at 

 for actual simulation. The reduced LJ units were employed throughout the analysis in this 

work (the length, mass, energy and time units being , ,  and  

respectively).  A systems with 1688 LJ particles were simulated. The temperature  and 

density were chosen to ensure the supercritical fluid phase, the simulation box 

lengths is . The Nose-Hoover thermostat with a damping factor of  was coupled 

to the system to maintain the temperature. The systems were equilibrated for 105 time steps to 

reach equilibrium and the production runs were then propagated in NVT ensemble maintained by 

Nose-Hoover thermostat63-64 for 106 time steps with the integration time step . The 

open-source Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) package65 

was used to propagate the trajectory.  

      After the atomistic trajectory was obtained, the system was then mapped into mesoscopic 

representation through the method introduced in Sec. II A. CG models with two resolutions were 

constructed, in which the number ratios between fine-grained and CG particles  are 

13.504 and 26.375 respectively, corresponding to the density of CG particles to be  

and . The parameters in the weight function  are determined as follows. The 

value of  characterizes the radius of the coarse-grained beads, which was chosen to be 

 in this work, L denotes the unit box length and N represents total number of 

CG blobs. Its value was determined by the assumption that the spherical CG blobs would take 

over all the space of the simulation box. The parameters ,  and  were 

utilized throughout the calculations, to achieve stable propagation. The evaluation of the 
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weighting function was truncated at  considering that the magnitude of the function is small 

enough to be ignored at greater distances. And lastly, as mentioned earlier, a self-consistent re-

mapping to ensure the position consistency was applied every 20,000 steps of velocity mapping 

propagation. The mapping was performed using an in-house code, which is freely available upon 

request. 

 

B. Conservative Interactions 

      Once the fine-grained trajectory is mapped to a mesoscopic coarse-grained representation, a 

continuous time series of particle positions, velocities as well as accelerations are obtained. In 

this section, the acceleration information is utilized to infer the conservative potential of mean 

force of the CG blobs through the MS-CG based algorithm elaborated in Sec. II. B. To derive the 

many-body conservative interaction terms, we first choose the Lucy’s weight function to 

evaluate the many-body local densities, which takes the following form. 

,    (5.35) 

where h represents the cutoff for evaluating the Lucy’s function. There are certainly many 

possible choices of the weight function, as long as it is monotonically and smoothly decaying to 

zero within short range. Among those options, the Lucy’s weight function has been a common 

choice in this scenario since its first use in SPH methods for astrophysical simulations, since its 

low cost of computation and both its value and derivative converge to zero at cutoff.3 As one can 

imagine, this artificially chosen weight function would possibly introduce error into the model in 

representing the exact potential of mean forces. In the results shown later in the section, we will 

show that the artifacts introduced would be largely compensated by the pairwise additive term. 
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The cutoff distances for the two CG resolutions are  and respectively, ensuring that 

the means of local densities are comparable as indicated in Fig. 5-3(c) and 5-3(f). 

      After evaluating the local densities, the many-body terms relating to equation of states 

 is then parameterized through Force Matching. In this work, we truncate the Taylor 

expansion to the first order, assuming that . The higher order expansions are 

truncated because the local density fluctuation in the current homogeneous fluids is relatively 

small and not far from the equilibrium density. Introducing higher order terms might lead to 

numerical errors due to the poor sampling for particles at low and high local densities. And this 

simple linear form is well adopted in the application of top-down many-body DPD models. A 

more thorough study on the higher order expansions would be conducted in the near future for 

mesoscopic coarse-grained interfacial systems in which the local density profile shows broad 

distribution. The pairwise additive interaction was expanded in a set of 4th order B-Spline basis 

functions, in which 100 basis functions was used spanning the radial distance between to 

.  

      In the present study, the many-body terms and pairwise additive terms are parameterized 

sequentially that the  term was parameterized first assuming the absent of pairwise 

additive interactions. After obtaining the many-body interactions, it was deducted from the 

instantaneous forces on each CG blob. Finally, the pairwise additive term was derived by 

minimizing the L2 norm between the residual forces and pairwise forces. This hierarchical 

approach eliminated the multicolinearity issue while parameterizing both terms simultaneously, 

since the pairwise additive term and many-body term shares a common pairwise feature. 
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Figure 5-3: the many-body DPD type interaction inferred based on the method developed in this 

work, as well as their performance in reproducing mesoscopic structure of the underlying fluid 

systems. Panels (a) to (c) correspond to the higher resolution case where the CG blob density 

, whereas panels (d) to (f) represents the case of . The many-body 

modulated interactions, which originate from the density weight function, are represented by the 

red lines in panels (a) and (d). The blue lines in these two panels denote the pairwise additive 

part. Panels (b) and (e) present the comparison of radial distribution functions between the CG 

models and reference mapped results. Panels (c) and (f) showcase the comparison between local 

density distributions. 

 

      Fig. 5-3 shows the results of the inferred many-body interaction as well as its capability of 

recapitulating the pairwise structure and local density fluctuation of the mesoscopic CG blobs.  

Fig. 5-3(a) and 5-3(d) show the inferred many-body interaction as well as the pairwise additive 

interactions. The CG blobs are interacting through a repulsive many-body interaction coupled 
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with an attractive pairwise force with different interaction ranges in both cases. This feature 

perfectly aligns with the form utilized in many-body DPD models, which has been shown to be 

essential in forming interfaces and phase transitions. It should be noted that in previous studies 

the same CG system was parameterized using only pairwise additive interactions, which resulted 

in purely repulsive pairwise forces.  

      The local density based many-body interactions help to improve the accuracy of representing 

CG PMFs in these cases. The CG systems were propagated using these inferred many-body 

interactions and the structural properties of the generated CG dynamics were compared against 

the result obtained from the mapped trajectory. The radial distribution functions shown in Fig. 5-

3(b) and Fig. 5-3(e) are quantitatively reproduced except for a slight error near the first peak, 

which might come from the artifact of Lucy’s weight function. The particle local density 

distributions shown in Fig. 5-3(d) and 5-3(f), which render a mean field representation of the 

many-body correlations, are also perfectly recapitulated. These encouraging results suggest that 

the many-body DPD type interaction is a good approximation for the conservative interactions in 

mesoscopic CG models of fluids. 

 

C. Coarse-grained Dynamics 

      In this section, a set of momentum conserving many-body DPD form equations of motion 

will be constructed based on the two mapped mesoscopic CG trajectories, utilizing the method 

developed in Sec. II. The temporal part of the friction kernels was truncated up to 500 time steps, 

which is shown to be valid since the result decays to small values within this time interval. The 

spatial component of the friction kernels took the same form as the Lucy’s weight function Eq. 

(5.35). The cutoff distances of the pairwise spatial friction kernels for the two CG resolutions are 
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 and  respectively, as shown in Fig. 5-4(b). These cutoffs were chosen based on the 

scaling of the size of CG blobs. The temporal components were determined by solving Eq. (5.35), 

and the results are shown in Fig. 5-4(a). In both cases, the temporal component  can be 

thought of a superposition of two exponential decays with different characteristic time. The 

corresponding colored noise generators for the two CG resolutions are shown in Fig. 5-4(c) and 

5-4(d) respectively. 

 

Figure 5-4: the inferred friction kernels as well as the corresponding colored noise generators for 

CG models at two resolutions. The temporal component of friction kernels is shown in panel (a) 

0 200 400
t / t

0

2

4

6

K
e

rn
e

l

10 3

CG
=0.0625

CG
=0.0320

0 50
0

2

4

6
10 3

0 2 4 6
r / 

0

0.2

0.4

0.6

0.8

1

w
(r

)

CG
=0.0625

CG
=0.0320

0 200 400
t / t

-20

-10

0

10

20

(t
)

CG
=0.0625

0 200 400
t / t

-30

-20

-10

0

10

20

30

(t
)

CG
=0.0320

(a)

(b)

(c)

(d)



 190

Figure 5-4, continued: whereas the spatial part is presented in panel (b). Panels (c) and (d) 

showcase the colored noise generator for constructing fluctuation forces. 

 

      After obtaining the friction kernels and their corresponding random force generators, the 

discrete non-Markovian DPD equations of motion were propagated through Eq. (5.28). The 

integration time step in propagating the CG dynamics was chosen to be , which is 5 times 

longer than the fine-grained time step. Figure 5-5 shows the comparison of the velocity 

autocorrelation functions between the mapped CG trajectories and the propagated non-

Markovian DPD trajectories for the two CG resolutions. 

      In both of the two cases, the short time and long time decaying feature of VACFs is 

quantitatively reproduced. The backscattering feature at median time range between 30 and 80

 can be quantitatively captured. However, the non-Markovian DPD equations underestimated 

the strength but overestimated the lifetime of the backscattering. This discrepancy mainly comes 

from two approximations applied in the inference algorithm. First, the spatial component of the 

friction kernel might take a different form than the Lucy’s weight function. The current results 

suggest that the friction at short distance can be well approximated by the Lucy’s weight 

function, whereas at medium distances a stronger friction might need to be employed to damp 

the backscattering. Second, the spatial and temporal component of the friction kernel might not 

be separable in this certain scenario. In principle, to estimate the pairwise friction kernel in a 

more systematic manner, one need to have an accurate estimation of instantaneous pairwise 

forces between CG variables which is hard to extract for most cases. In forthcoming works, we 

would like to further refine the approximations applied in the method to control these two 

possible sources of error, yet preserving the simplicity of the algorithm to the maximum extent. 
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Figure 5-5: the comparison of VACFs estimated from mapped CG trajectory and the non-

Markovian DPD dynamics results. 

 

      Next, we investigate the Markovian limit of the non-Markovian DPD model and test the 

applicable of Markovian equations of motion on reproducing the dynamics of mesoscopic CG 

models of fluids. The Markovian DPD friction kernel was derived based on the method stated in 

Sec. II. C. The temporal component of the non-Markovian DPD friction kernel was integrated to 

give an effective friction constant. Then the Markovian DPD dynamics were propagated through 

Eq. (5.34) with the integration time step to be . Figure 5-6 shows the comparison of the 

VACFs between the mapped CG trajectories and the Markovian DPD trajectories. As shown in 

the comparison, the Markovian limit of the DPD dynamics damps the velocity correlations more 

quickly than the reference result from CG mapping, indicating an overestimated dynamic 

viscosity in the parameterized model. And the backscattering feature, which is a highly non-

Markovian dynamical character, cannot be even quantitatively reproduced through the 

Markovian DPD model. The results indicate that at the mesoscopic CG resolution under study, in 
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which around 20 fluid molecules are represented by one CG entity, the Markovian 

approximation is not a good description of the dynamics of fluids.  

 

 

Figure 5-6: the comparison of VACFs estimated from mapped CG trajectory and the Markovian 

DPD dynamics results. 

 

     Except for the velocity autocorrelation functions, we compared the diffusion constant 

estimated based on the VACFs from these two approaches with the result obtained from CG 

mapping. The results are shown in Table 5-I. It is obvious that the non-Markovian DPD models 

showed a decent performance in reproducing the diffusion process of the CG blobs. The relative 

errors with respect to the reference results are all within 20%.  

      For the Markovian DPD models, the diffusion constants are less well reproduced compared 

to the non-Markovian models, showing relative errors around 40%. These results are still 

encouraging given the fact that the friction kernels were not directly fitted to match diffusion 

constants nor any other macroscopic dynamic properties. Even though the VACFs obtained from 

the Markovian DPD models are drastically different than the reference mapped result, the 

diffusion process, on the other hand, can be reasonably recapitulated.  
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TABLE 5-I. Diffusion constants estimated from the mapped CG trajectory and the 

parameterized Non-Markovian and Markovian DPD models. 

Cases Mapped Non-Markovian Markovian 

 2.32 2.41 (+3.9%) 3.32 (+43.1%) 

 1.44 1.08 (-18.1%) 0.84 (-41.7%) 

       
 

IV. Concluding Remarks 

      In this work, we developed a bottom-up strategy for constructing mesoscopic coarse-grained 

models that have direct connections with physics at mesoscale. The famous Mori-Zwanzig 

formalism provides the most general form of equations of motions describing the dynamics of 

the reduced CG system. However, it is often not practical to directly adopt the full Mori-Zwanzig 

form equation to propagate the CG dynamics, due to the many-body nature of the potential of 

mean force and the non-Markovian friction kernel. One needs to make appropriate assumptions 

on these two quantities to simplify the equations of motion so that it can be used as practical 

simulation tools. These assumptions are based on correct understanding of physics at the spatial 

and temporal scale of the CG resolution under study. In this work, in order to represent 

mesoscopic physics in the CG dynamics model, we embed the theoretical results and 

requirements from fluid mechanics and classical density functional theory into the CG equations 

of motions. The resulting CG equations of motion incorporates a many-body conservative 

interaction and a pairwise decomposable non-Markovian friction kernel, which has a compatible 

form with top-down mesoscopic fluid models derived from hydrodynamics such as many-bod 

DPD and SDPD.  

      This specific form of equations of motion, at the same time, raises new challenges and 

restrictions in the bottom-up statistical inference of its components. To overcome these obstacles, 
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we designed two algorithms targeting the inference of conservative and non-conservative 

interactions respectively merely using the time series information of mapped CG configurations 

and velocities. For the many-body conservative interactions, we extended the MS-CG method in 

this scenario to derive the local density dependent many-body interaction, which has a direct link 

with the equation of state of the fluid. And for the friction kernels, we extended a correlation 

function inversion process to derive the spatial and temporal dependency of the pairwise non-

Markovian friction kernel. The corresponding propagation algorithm is introduced that propagate 

the CG dynamics with linear scaling and accommodate longer integration time step. The 

Markovian limit of the equations of motion and the associated propagation scheme are directly 

obtained through integrating the non-Markovian friction kernel. The method developed in this 

work builds up a bridge between the bottom-up CG models with mesoscopic physics of fluids, 

and renders a practical algorithm to derive the interactions in mesoscopic fluid models from 

bottom-up, without the need of ad hoc parameter tuning. 

      To test the efficacy of the method, we derived a set of many-body DPD form models 

describing the dynamics of mesoscopic CG models of molecular fluids under both Markovian 

and non-Markovian limits, in which the mesoscopic CG training trajectory was generated 

through the recently developed dynamic CG mapping algorithm. The non-Markovian many-body 

DPD model derived from bottom-up showed perfect performance in recapitulating the structural 

and dynamic properties of the CG system. To the best of our knowledge, the results presented in 

this work provide the first bottom-up evidence of the widely used many-body DPD models. The 

pairwise structure and local density distribution profiles, which represents a mean-field many-

body correlation, can be perfectly reproduced, indicating a correct description of the free energy 

surface of the CG fluids. The short time and long time characters of the velocity autocorrelation 
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functions can be quantitatively recapitulated. The backscattering feature at medium lag time can 

be qualitatively captured, the characteristic time and the strength of this feature is nonetheless off 

from the reference result, which reflects an underestimation of frictions at middle range. The 

diffusion constants characterizing the long time dynamic processes of the CG fluids can be 

reasonably reproduced with less than 20% relative error. The Markovian many-body DPD 

model, on the other hand, gives poorer description of the dynamical correlation, especially at 

short time. The VACFs cannot be faithfully reproduced, suggesting the failure of Markovian 

limit in describing mesoscopic dynamics of molecular fluids. The diffusion processes are better 

described, though exhibiting a bigger error compared to the non-Markovian counterparts. 

      We should note that even though we have achieved preliminary success in using the method 

to construct physics-aware bottom-up CG models at mesoscale. There are several problems need 

to be addressed by us or others in future work. First, the models in this work were constructed 

based on homogeneous liquid systems, which limits the sampling of local densities. This fact 

restricts the interpolation of the inferred model to system with vast density fluctuations. To 

overcome this limitation, we would like to build mesoscopic CG models upon CG trajectories of 

interfacial systems in the near future, which rely on an extension of the current dynamic coarse-

grained mapping approach to systems with non-uniform density distributions.  Second, the 

current statistical inference algorithm relies on an assumption of the spatial component of the 

pairwise friction kernel, which could be the major source of error in reproducing the VACFs. A 

systematic way of determining this spatial dependency of friction kernel need to be worked out 

in the future to control this error. And lastly, a bottom-up CG methodology based on non-

equilibrium sampling of the underlying fine-grained system need to be developed in the future so 
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that non-equilibrium transport behavior of the fluids can be faithfully integrated into the coarse-

grained model. 
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Chapter 6: Field Theoretic Representation of Molecular Liquids from Coarse-grained 
Models 

Abstract 

In this work, we proposed a systematic strategy to build up statistical field theory of molecular 

liquids based on a hierarchical approach, in which the center of mass level coarse-grained 

models of the molecular liquid serves as an intermediate step in the transformation from 

atomistic Hamiltonian to field theory. By introducing the coarse-grained model as an 

intermediate step, the difficulty of the atomistic to field theoretic transformation can be greatly 

reduced but still preserves important microscopic structural correlations of the underlying fluid. 

This approach eliminates ad hoc assumptions applied in many field theoretic models of 

molecular systems and for the first time bridges the gap between the discrete particle based and 

field theoretic based modeling techniques. The field theoretic representation of both canonical 

partition function and grand canonical partition function is derived, utilizing the Hubbard 

Stratonovich transformation. The effective action functional for both cases is complex and thus 

leads to the numerical “sign” problem for statistical sampling. To ameliorate the “sign” problem, 

the Gaussian Equivalent Representation of the field theory is derived, in which the integral 

contour is shifted to complex plane and the integral measure is changed so that the lower order 

terms of the field interaction can be eliminated. Finally, the statistical sampling approach and 

statistical estimators for evaluating the radial distribution functions are elaborated.  

I. Introduction 

      In the previous chapters, the coarse-graining strategies at either molecular scale or mesoscale 

are all based on a particle representation of the system. This seems to be a natural choice for 

models with relatively high resolution where the coarse-grained entities correspond to a group of 

spatially coherent fine-grained entities. For mesoscopic coarse-grained models, such clear 
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correspondence picture gets blurred since a specific CG entity may represent hundreds or even 

much larger numbers of fine-grained degrees of freedom. The larger spatial scale smears out the 

local correlations, resulting in a more smoothly varying spatial representation of the molecular 

system. Under such circumstances, a particle-based theory might not be the only, or even the best 

choice for representing meso- and macroscopic physics. And this intuition is embedded in many 

phenomenological or top-down models at meso- and macro scale. For instance, the theory of 

fluid mechanics, or more broadly continuum mechanics, is entirely constructed based on field 

theory. The basic unit of building these theories represents a spatial chunk of underlying 

materials, and is mathematically treated as a set of field variables. In equilibrium statistical 

mechanics, this approach is also widely used in liquid state theory1-11 and especially polymer 

physics. 6, 12-16 

     In this work, we would like to explore a strategy to break the molecular-scale barrier currently 

facing bottom-up multiscale approaches that use the tools of field theory to remove the need for 

any particle-level simulation. For decades, the tools of field theory, in particular the many 

integral equation theories for the liquid state,4-5, 7-9, 11 have struggled to capture the complexity of 

homogeneous molecular liquids with irregular shapes and complex orientational correlations, 

much less the nanoscale heterogeneity observed in ionic liquids.17 The correspondence between 

the field theoretic representations of the molecular system with the atomistic description is often 

not apparent, therefore raises the difficulty of embedding delicate local chemical environment 

information into the field theory models. One way to define such an atomistic to field theory 

correspondence is through a Hubbard-Stratonovich (HS) transformation18 of the atomistic 

configurational partition function. Assuming a single-component molecular fluids interacting 
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through pairwise intermolecular interaction and the intramolecular interaction left for general, 

the partition function of such system is written as,12, 19-21 

, 

in terms of the local density field variable . Applying HS transformation, this 

can be transformed as, 

, 

where  denotes an auxiliary field and the inverse operator  is defined in 

reciprocal space. This is now a partition function of field variable  instead of particles. To 

generalize these expressions to multicomponent systems, the densities and auxiliary fields 

become vector-valued with one value per component, and the pair potential operator should be 

understood as matrix-valued. Though this transformation can be conceptually easy to extend, it 

can be prohibitively hard to evaluate numerically especially there involves high wave number 

components in the interaction, which could probably be the case in the high resolution atomistic 

models. 

      At this point, there are a number of existing strategies available, but none can accurately and 

reliably describe general multicomponent molecular liquids with complex orientational 

correlations. For several simple and/or highly approximated cases, a feasible numerical scheme 

can be derived. If the liquid were a simple single-component fluid with a reasonably soft pair 
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interaction, the partition function could be approximated accurately using a perturbation 

series around a mean- field theory6, 14 or after a suitable Gaussian Equivalent Representation 

(GER) transformation.19-23 This approach has been applied to systems interacting through 

repulsive Gaussian, Coulombic as well as Yukawa potentials.19-20, 24-25 If the liquid were a 

polymers blend, one could approximate the integral by an appropriate Edwards Hamiltonian 

based on either local density approximation or mean-field approximation.6, 12-13 There has been 

several successful field theoretic simulation techniques to evaluate the partition function. 

 To simulate a molecular liquid with field theory requires specialized methods such the 3D 

RISM integral equations,4-5, 11 and even these have serious deficiencies that prevent their wide 

adoption. The application of field theoretic techniques, as can be seen above, is still fairly limited 

and highly dependent on somewhat ad hoc approximations of the system Hamiltonian. In this 

work, we propose a new strategy of constructing field theoretic representation of molecular 

fluids that involves minimal approximations of the system Hamiltonian, through a hierarchical 

coarse-graining procedure.  

 

Figure 6-1: schematic diagram showing the concept of hierarchical coarse-graining for the 

construction of field theoretic representation of fluids. 
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      Instead of directly transforming the atomistic Hamiltonian into the field representation, we 

first construct a particle based coarse-grained model of the liquid molecules. The Hamiltonian 

for this coarse-grained model, in which the coarse-grained particles are assumed to interact 

through pairwise additive potentials, can be derived through the well-established bottom-up 

coarse-graining methodology like Multiscale Coarse-graining26-30 (MS-CG) or Relative Entropy 

Minimization31-32 (REM). Since the large wavenumber features in the atomistic representation 

are usually smeared out in coarse-grained potentials,33 the HS transformation can be much more 

readily applied. The resulting field theoretic partition function can be much more easier to solve 

quantitatively by any of the methods described above than the corresponding fine-grained 

scenarios. And at the same time, the essential structural correlation is preserved through the 

systematic coarse-graining parameterization instead of the ad hoc assumptions on the interaction 

forms. The details of the development will be elaborated in the next section. 

II. Theory 

      For the conciseness purpose, we only elaborate the homogeneous single component liquid 

case. The theoretical generalization to multi-component system is straightforward by extending 

the scalar field to vector fields. The first step of the field theory construction is building the 

coarse-grained model of the molecular fluids from the atomistic model. In particular, we 

represent each of the fluid molecules by their center of masses, which denotes as  throughout 

this chapter. And the interactions between these center of mass CG sites are assumed to be 

pairwise additive, which can be expressed as: 

,     (6.1) 
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Note that the double sum in the first term includes the self-interacting term  that should not 

appear in the Hamiltonian. Therefore, the second term is introduced to correct this self-energy. 

This pairwise interaction can be derived through various bottom-up coarse-graining methods, 

such as MS-CG, REM etc. 

      After obtaining the coarse-grained representation of the fluids, which renders a much more 

smooth representation of the energy surface due to the reduced spatial resolution, the particle 

based representation of the system can then be transformed into field representation. To 

implement such transformation, we first introduce the density field operator as well as its Fourier 

transforms,  

,    (6.2) 

in which the  vector denotes the reciprocal lattice vectors defined through the periodic 

boundary conditions. Plugging the local density operator into Eq. (6.1), The free energy function 

can then be easily re-expressed in the reciprocal space, 

.   (6.3) 

In this representation, the free energy function can be regarded as a quadratic function with 

respect to the Fourier modes of the density field operator. The nice property of quadratic forms 
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enables one to transform the partition function defined by the above energy function into a field 

representation through the famous Hubbard-Stratovonich (HS) transform, 18 

,    (6.4) 

in which the real constant . However, for a general pairwise potential  like what we 

often obtained in bottom-up coarse-grained models of molecular fluids, we cannot simply 

assume that its Fourier transform is always positive. In fact, only for very limited cases such as 

the purely repulsive Gaussian interaction, Yukawa potential and repulsive Coulomb interactions 

satisfy this condition. Previously, Baeurle et al applied the HS transform to these limited 

situations that gives rise to a auxiliary field representation of system,20-21 and they managed to 

obtain consistent result with particle based numerical simulations. Fortunately, the extension to 

general cases can be achieved by introducing two auxiliary fields instead of just one. This 

generalization will be systematically developed in this work. 

      Before elaborating the generalization, we would like to derive the field theoretic 

representation for the special situations of positive Fourier modes first, so that the later 

generalization can be more intuitive and better understood. Under the pairwise interaction, the 

partition function of the molecular system under canonical ensemble can be written as, 

.     (6.5) 

in which  represents the thermal de Broglie wavelength. By inspecting Eq. (6.3) and the form 

of HS transform, it is apparent that for a single term of the summation over Fourier modes, an 

integral over a real auxiliary field variable s  can be introduced.  
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      Before the actual transformation, we first introduce a set of straightforward properties for real 

field variables like s ,  and r , which can be very useful in the following derivations 

throughout the chapter, 

,    (6.6) 

The derivation starts with the observation that the quadratic term in Eq. (3) can be written as, 

,   (6.7) 

Eq. (6.7) suggests that only the real part of the Fourier transform of the pairwise interaction 

contributes to the total energy. Therefore, we define the real part , which is 

assumed to be positive in this scenario. By applying the HS transform, it is straightforward to 

find out that, 

.  (6.8) 



 209

Note that the auxiliary field we introduced here is assumed to be a real field in the coordinate 

representation, i.e.  is real. This assumption is easily satisfied since the local density field 

 is a real field variable.  

    This intermediate result can further be simplified by absorbing factor of 2 into the integration 

variable, which transform the exponential integrand in the partition function expression into the 

following form, 

,  (6.9) 

the last equality holds as a result of Eq. (6.6).  

      With this result in hand, the canonical partition function Eq. (6.5) can be readily transformed 

into an integral of the auxiliary field that we introduced in the above derivation instead of the 

particle Cartesian coordinates,  
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,  (6.10) 

in which the HS transform with respect to the zero frequency mode is also introduced. The last 

term in Eq. (6.10) involving integral over configurations can be further simplified,  

.         (6.11) 

Plugging this result into the partition function, one can finally obtain an expression of the 

canonical partition function as a functional integral with respect to an auxiliary field, 

,    (6.12) 

in which the integral measure   and 

the effective action functional  takes the following form, 

.     (6.13) 
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In grand canonical ensemble, the same derivation procedure still holds and the grand canonical 

partition function can be derived based on the canonical partition function, 

,  (6.14) 

 in which the factor  and the integration measure 

 . The effective action functional in grand 

canonical ensemble can be expressed as, 

.        (6.15) 

By sampling the auxiliary field with respect to the effective action functional according to the 

Boltzmann weights, one can evaluate the thermodynamic information as well as structural 

correlations of the system. Details about the sampling algorithm will be introduced in following 

sections. 

      The results shown in Eqs. (6.12) and (6.15) conclude the construction of field theoretic 

representation of pairwise interacting molecules, in which the Fourier transform of the pairwise 

interaction is always positive. To generalize the approach to arbitrary pairwise interaction cases 

without this strong assumption, one must introduce two auxiliary fields instead of just one single 

field variable.  
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      Notice that instead of the normal imaginary HS transform, which requires the pre-factor is 

greater than zero, one can prove that the following relationship holds: 

,       (6.16) 

for any real number a < 0. This result suggests that the negative Fourier modes of the pairwise 

interaction can also be transformed by the modified HS formula. Suppose that we can 

decompose the real part of the Fourier modes of pairwise interaction into two components

, in which is the Fourier transform of the general form pairwise 

interaction,  is always positive whereas  stays negative for any reciprocal lattice vector 

k . By performing this decomposition, we can express the free energy of the system as: 

.    (6.17) 

Under the same procedure as the derivation of Eq. (6.9), the repulsive components of the Fourier 

modes can be readily transformed as a field theory by introducing an auxiliary field variable, 

,  (6.18) 

As for the negative part, similar procedure holds but the modified HS transform Eq. (6.16) is 

applied, which renders the following result, 
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,  (6.19) 

in which the second auxiliary field x(k)  was introduced to transform the negative part of the 

interaction into field theoretic representation. By combining Eq. (6.18) and Eq. (6.19) together 

into the partition function, one finally arrives at a field-theoretic representation of the canonical 

partition function of the system, 

,       (6.20) 

in which the integrands are short-hand noted as  and 

. To inspect the mathematical structure more clearly, Eq. (6.20) 

can be written in a more compact way,  

,           (6.21) 

with the integration measure defined as, 

,  (6.22) 

and the action functional now can be written as, 
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.  (6.23) 

And similarly, the grand canonical partition function can be obtained based on the canonical 

ensemble partition function, 

,   (6.24) 

in which the effective action functional is expressed as, 

.     (6.25) 

      Eqs. (6.21)-(6.25) are the main result of this section. It is worth noting that in the effective 

action functional defined in Eq. (6.23) and Eq. (6.25), the terms associated with the auxiliary 

field variable x(k)  are always real and therefore correspond to positive statistical weights. 

Therefore, they do not contribute to the numerical “sign-problem” for Monte-Carlo sampling. 

The main numerical obstacles come from the repulsive interactions.  

III. Gaussian Equivalent Representation 

      The “sign-problem”34-37 is considered to be one of the unsolved problems in many-body 

physics. An exact algorithm for solving the sign-problem has been shown to be NP hard,38 which 

is prohibitively expensive for sampling many-body systems. Various approximations have been 

proposed to improve the convergence efficiency of sampling such oscillatory functions.  Among 

these approximations, a very common strategy relies on the shifted-contour representation of the 

oscillatory integral, which was originally proposed to solve the sign problem in the auxiliary 

field Monte Carlo method for electronic structure calculations.36-37 In this section, we will 

propose a solution for mitigating the sign problem in the context of sampling Eq. (6.25), based 
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on a Gaussian Equivalent Representation (GER) of the shifted-contour representation of partition 

function. Efimov and Baeurle et al had studied this GER strategy,19-20, 23-24 and a more crude 

mean field representation (MFR),20-21 of various field theoretic representations of model liquid 

systems interacting through special pairwise interactions. We would like to generalize the GER 

in the coarse-grained field representation of an arbitrary molecular fluid developed in Sec. II, and 

the statistical sampling algorithm associated with such scenario. 

      Before deriving the GER, we need to derive the shifted-contour representation of the 

partition function. Similar as in Sec. II, the GER for the purely positive case that involves only 

one auxiliary field variable is elaborated first for better understanding, and then it can be 

naturally extended to the general cases involving two auxiliary variables. And for the sake of 

brevity, the shifted-contour integral and GER is built upon the grand canonical partition function.   

      Eqs. (6.24) to (6.25) define the grand canonical partition function in the field theoretic 

representation. The shifted-contour representation of the integral starts with changing the field 

variable following the rule, 

,           (6.26) 

in which the y (r)  is a pre-defined real shifted-contour field variable, without losing generality. 

Based on the Cauchy’s integral theorem, this change of integration path keeps the integral value 

invariant. In this new representation, the effective action functional can be expressed as, 

,  (6.27) 

And the partition function now writes as, 

.  (6.28) 



 216

The idea behind the shifted-contour representation is to find an appropriate distortion of the 

integral path in the complex plane so that the fluctuations of the oscillating function can be 

reduced. In doing so, we first introduce a normal product with respect to a Gaussian integral 

measure 
 
defined by a pairwise interaction 

, 

.    (6.29) 

These notations ensure that the relationship  and 

holds.  

      By introducing the normal products, the grand canonical partition function can now be recast 

as, 

,  (6.30) 

where the fugacity  is introduced to simplify the notation.  

      The idea of GER is then to find a specific distortion of the integration contour such that the 

amplitude of oscillation can be reduced. The intuition behind GER comes from the desirability of 

finding a Gaussian integration measure so that the deviance between the integrand in Eq. (6.28) 

and this Gaussian measure is minimized. Then one can imagine that the oscillation of the 

integrand can be suppressed by sampling the phase space according to this Gaussian measure. 

Similar calculations have been widely used in quantum field theory (QFT). In QFT, it has been 
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observed that the main contributions to the field partition function comes from lower-order 

tadpole type Feynman diagrams.22 This fast convergence can effectively be achieved if the 

interaction functional does not contain any linear and quadratic terms over the field variables. 

      Based on this intuition, one can first define an arbitrary pairwise potential energy function 

, which generates a Gaussian measure . The 

normal product defined with this measure writes as  , in 

which . With this new Gaussian measure, the grand canonical 

partition function Eq. (30) can be written as an integral with this new Gaussian measure, 

,   (6.31) 

in which the shifted action functional, 

.   (6.32) 

      As mentioned earlier, in order to reduce the oscillation of the term and thus 

improve convergence, one could simply get rid of the linear and quadratic terms involving the 

auxiliary field variables. By expanding the normal product in Taylor series and separate out 

terms up to the second order,  

,  (6.33) 
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in which the term  represents contributions 

from all the higher order terms with respect to the field variable. Plug Eq. (6.33) into Eq. (6.32), 

the functional K is transformed as, 

.  (6.34) 

To concentrate the integral in the Gaussian measure, one wish to see that the linear and quadratic 

terms with respect to  vanishes in Eq. (6.34). To assure this, the following two equations 

need to be satisfied, 

.  (6.35) 

Assuming the distortion fieldy (r)  is simply a constant field, and therefore all the higher order 

Fourier modes vanishes. Under this assumption, the first equality in Eq. (6.35) turns into, 

.   (6.36) 

And due to the Parseval’s theorem, the second equation turns into, 

.  (6.37) 

To ensure that the above relationship Eq. (6.36) holds, the reference potential that generates the 

Gaussian measure needs to satisfy, 
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,      (6.38) 

which together with Eq. (6.36) and the property  forms a complete set of 

equations that can be iteratively solved to find out the shifted contour and reference potential.  

      Finally, the GER representation of the grand canonical partition function for this special case 

now renders as, 

,  (6.39) 

with the zeroth order approximation of the partition function written as, 

.      (6.40) 

      The above derivation of GER can be extended to the general cases involving two auxiliary 

field variables. In doing so, we first introduce a compact representation of these field variables 

by defining vector  and the associated vector with same 

dimension as F . With this notation, the action functional appears in the grand canonical 

partition function Eq. (6.24) renders as, 

,    (6.41) 

in which the pairwise interactions are also represented in its matrix form . 

This compact form would greatly facilitate the derivation afterwards. 
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      By analogy with Eq. (6.26), the auxiliary field integration contours are shifted away the real 

axis by a real shifted field without losing generality . The effective action 

functional Eq. (6.41) can then be transformed as, 

,  (6.42) 

and the associated grand canonical partition function, 

,  (6.43) 

The dagger notation denotes conjugate transpose and the norm product is again introduced such 

that relationship  and holds,  

.    (6.44) 

We should note that  in which and  represents the 

repulsive and attractive interaction respectively. 

      To derive the GER of partition function defined with above action functional, we change the 

interaction measure to a Gaussian measure 
 
generated by a 

reference interaction field , which will be determined later to eliminate the linear and 

quadratic dependencies of the field interaction. The normal product defined with this measure 

writes as , in which . 

The grand canonical partition function under this transformation becomes, 
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,   (6.45) 

in which the action functional writes as, 

.  (6.46) 

By analogy with the arguments made in Eq. (6.34), the linear and quadratic terms with respect to 

the auxiliary field variable  need to be canceled out for better convergence. This requires 

the following two equations hold, 

.   (6.47) 

The shifted variable  as well as the reference potential  in the GER can then be solved 

from Eq. (6.47). To better see the structure of the solution, we split the compact representation 

into the two field variables s  and x . For the first equation above, assuming a uniform constant 

shift field, the condition can be expanded as, 

.  (6.48) 

Since the constant shift field now only has zero frequency Fourier components, it writes as, 

.  (6.49) 

To make sure this equality holds, it requires that, 

.     (6.50) 
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      For the second condition in Eq. (6.47), we also expand the equation to explicitly separate the 

treatment of two field variables,  

,         (6.51) 

where the interaction matrices in Fourier modes representation can be written in their block 

matrix form, 

.    (6.52) 

Each block matrix in Eq. (52) is a G by G square matrix, where G represents the cardinal number 

of Fourier modes set. The two non-zero blocks in matrix  are defined as  and 

. The four blocks of the  matrix can be solved from Eq. (6.51). Notice that 

Parseval’s theorem can be used to transform the integral in real space into integrals in Fourier 

space, 

,             (6.53) 

which can be readily used in transforming the last integral term in Eq. (6.51). Then it becomes 

apparent that the following conditions can ensure the second equation holds, 
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.        (6.54) 

Which relates the matrix elements for the  matrix with the interactions and shifted contour, 

.          (6.55) 

      Eq. (6.55) together with Eq. (6.50) and the measure conversion constant C form a complete 

set of equation that determines the shifted contour as well as the reference Gaussian measure, 

which can be numerically solved through iteration.  

      Finally with the GER representation, the grand canonical partition function Eq. (6.45) turns 

into, 

,     (6.56) 

with the zero-th order approximation of the partition function writes as, 

,    (6.57) 

and the action functional, 

.       (6.58) 
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It should be noted that the shifted contour field in this derivation is kept constant, such that only 

zero frequency Fourier mode is non-zero, which leaves the evaluation of zero-th order 

approximation of partition function Eq. (6.58) an easy problem.  

IV. Sampling and Structural Estimator 

      In section II, the GER representation of the field theoretic representation of coarse-grained 

grand canonical partition function is derived and expected to improve the convergence behavior 

of sampling the oscillatory integral. In this section, we would like to briefly discuss the sampling 

algorithm and statistical estimators for extracting structural information of the system.  

      For any observable  of the field configuration, its ensemble average can be expressed 

as, 

,              (6.59) 

in which the oscillatory statistical weight function is defined by, 

.    (6.60) 

      Since the weight function is not positive definite and therefore hinders the direct application 

of the conventional Metropolis-Hastings Markov Chain Monte Carlo (MCMC) algorithm. Here, 

a simple yet common modification of the MCMC algorithm is utilized by generating samples 

through the absolute value of the weight function, 

.              (6.61) 

Then the ensemble averages can be estimated on this biased sample through reweighting,39-40 
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.          (6.62) 

      The statistical sample of the field variables can be generated through various importance 

sampling algorithms and/or force guided hybrid Monte Carlo / Molecular Dynamics scheme, 

which has been used in the auxiliary field quantum Monte Carlo (AFQMC) applications. Readers 

with interest are referred to the work by Baeurle et al,39-40 in which collective trial move 

generating strategy was developed and numerically verified.  

      After obtaining the statistical sample of the auxiliary field variables, the thermodynamic 

information of the fluid system can in principle be estimated. Since the particle-based 

information becomes less apparent in this field theoretic representation, one needs to derive a set 

of estimators that correlates the field configurations to particle configurations. In this work, the 

estimator for pair radial distribution function (RDF), which is arguably the most commonly used 

structural feature of molecular liquids, is derived.  

      In doing so, we first recap the definition of RDFs with respect to the local density field of 

molecular liquids, 

,     (6.63) 

For a homogeneous liquid system with translational invariance, the RDF can be simplified as, 

,        (6.64) 
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which can further be rendered as a radial distance dependent RDF considering rotational 

invariance for isotropic molecular systems, 

.           (6.65) 

      To calculate RDFs through the samples, the two observables in Eq. (6.65) need to be 

expressed as a function with respect to instantaneous field configurations. The average particle 

number estimator can be evaluated based on Eq. (6.25), 

,      (6.66) 

in which the real part of the integration can serve as an estimator for the particle numbers. For 

the remaining term with respect to Fourier modes of density fields, the estimator can also be 

derived using generating function method.  

      By adding an additional term to the Hamiltonian Eq. (6.17), 

,          (6.67) 

and repeat all the derivations for generating the field theoretic representation of grand canonical 

partition function, one can show that, 

.        (6.68) 

Similarly, the real part of Eq. (6.68) serves as the estimator for sampling this observable. By 

combining the result in Eq. (6.66) and Eq. (6.68), one may estimate the RDFs for the isotropic 

molecular liquid from the field configuration samples. 
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V. Concluding Remarks 

      In this work, we proposed a systematic strategy to build up statistical field theory of 

molecular liquids based on a hierarchical approach, in which the center of mass level coarse-

grained models of the molecular liquid serves as a intermediate step in the transformation from 

atomistic Hamiltonian to field theory. This approach eliminates ad hoc assumptions applied in 

many field theoretic models of molecular systems and for the first time bridges the gap between 

the discrete particle based and field theoretic based modeling techniques. 

      By introducing the coarse-grained model as an intermediate step, the difficulty of the 

atomistic to field theoretic transformation can be greatly reduced due to the reduction of types of 

interactions and softened intermolecular interactions, but still preserves important microscopic 

structural correlations of the underlying fluid. The coarse-grained model then can be reformed 

into field theoretic representation through the Hubbard Stratonovich transformation. For a 

general form of pairwise interaction, two auxiliary field variables are introduced to transform the 

positive and negative Fourier components respectively, which extends a previous derivation 

based on model atomistic fluids interacting through purely repulsive potentials.  

      The field theoretic representation of both canonical partition function and grand canonical 

partition function is derived. The effective action functional for both cases is complex and thus 

leads to the numerical “sign” problem for statistical sampling. To ameliorate the “sign” problem, 

the Gaussian Equivalent Representation of the field theory is derived, in which the integral 

contour is shifted to complex plane and the integral measure is changed so that the lower order 

terms of the field interaction can be eliminated. Finally, the statistical sampling approach and 

statistical estimators for evaluating the radial distribution functions are elaborated.  

      Constructing field theoretic representation of molecular system is an important topic in 

statistical mechanics. The work presented here provides a valuable yet preliminary result in 
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solving this problem. There are many open questions to be addressed in the future. First, a 

numerical application and verification of the methodology need to be done, which would 

facilitate the development of numerical methods associated with the statistical field theory. 

Second, an extension of the current strategy to molecular fluids with multiple components needs 

to be worked out. And lastly, a coupling scheme between particle based and field based 

simulation should be developed. With these developments, we expect the field theoretic based 

modeling techniques can be used to simulate practical chemical systems, which would be 

extremely useful for the study of large scale self assembly and organization phenomena in 

complex molecular fluids. 
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