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ABSTRACT

We compare two different constructions of cyclotomic p-adic L-functions for modular
forms and their relationship to Galois cohomology: one using Kato’s Euler system
and the other using Emerton’s p-adically completed cohomology of modular curves.
At a more technical level, we prove the equality of two elements of a local Iwasawa
cohomology group, one arising from Kato’s Euler system, and the other from the
theory of modular symbols and p-adic local Langlands correspondence for GLa(Qp).
We show that this equality holds even in the cases when the construction of p-adic
L-functions is still unknown (i.e. when the modular form f is supercuspidal at p).
Thus, we are able to give some representation-theoretic descriptions of Kato’s Euler
system.

We also compare two different constructions of anti-cyclotomic p-adic L-functions
for modular forms on quaternion algebras: one defined by Bertolini and Darmon in

[3] and the other using Emerton’s p-adically completed cohomology of Shimura sets.

vi



CHAPTER 1
INTRODUCTION

1.1 Summary of main results

Let f be a cuspidal newform of weight k > 2 and level T'g(p") NT'1 (), V¢ be the p-
adic Galois representation attached to f. In [11], Kato constructed for every cuspidal
Hecke eigenform f an Euler system zg 1, (f) in the global Iwasawa cohomology of the
dual Galois representation VJZ" attached to f. The element zg ;o (f) is the key object
for studying both the p-adic interpolation properties of classical L-functions and the
p-adic arithmetic information of the modular form f. For example, an important
property of zgaio(f) we will be using in this paper is that the images of zg.i0(f)
under various dual exponential maps compute the special values of the classical L-
functions of f and its twists by characters of p-power conductors. We will describe

the precise statement in Theorem 1.1.3 below.

Another approach to studying the p-adic interpolation properties of classical
L-functions of modular forms is via modular symbols. In [14] and [15], Emerton
rephrases this approach by regarding the modular symbol {0 — co} as a functional
on p-adically complected cohomology of modular curves. Combining the construc-
tion of this functional with the p-adic local-global compatibility [16] and Colmez’s
theory of p-adic local Langlands correspondence [18], we may regard {0 — co} as an
element zy;(f) (the letter “M” stands for modular symbols) in the local Iwasawa
cohomology of VJ}" .

The precise definition of zy(f) is as follows: according to [5] and [18], there are
1



isomorphisms

L

Exp*: Hf,(Qp, Vf) = D(V})¥=!

and
=1

AL

¢ (T(Vp)) (: ) D(V)¥=1,

where D(V;) is the (¢, I')-module attached to VJ?‘, II(Vy) is the p-adic Banach space
representation attached to Vy by the p-adic local Langlands correspondencel.

Using Emerton’s local-global compatibility [16], the modular form f gives a (pair
of) GL2(Qp)-equivariant embedding (which is actually a GLg(Qp)-equivariant iso-

morphism)

br o (V) = HY(KP)HT (1.1.1)

where K? is the tame level of f, H, L(KP) is the completed cohomology of tame level
KP.
We denote the composite
oF

nvy) L "2 (kP A0=o0), C,

as an element in II(V;)* by M? In fact, we have (Lemma 2.2.3)

MF e (H(vf)*)(z T)Zl.

1. Our notation is slightly different from [18]: the II(V) in this paper is denoted by II(V(1)) in
[18].



We define zﬁ(f) .= (Exp*) to Q:(/\/l]ﬂc:) < Hllw(Q% Vf)» and zps(f) = Zj\}(f) -
2, (f) € Hi (Qp. V7).

The cohomology classes zi 10 (f) and zps( f) arise from very different perspectives
of the p-adic arithmetic of the modular form f. On the other hand, both of them
lie in the Iwasawa cohomology group attached to f, and in fact both encode special
L-values of f and its twists. Thus it is natural to ask what the relationship between

these two elements is. Our main result answers this question:

Theorem 1.1.1. If Vf’G@p is absolutely irreducible, then zy;(f) = zgato(f) as

elements in HIlw(Qp, VJ?‘) :

From the perspective of the special L-values they encode, zy 1, (f) comes from the
Rankin-Selberg method, and zy;(f) comes from the Mellin transforms, so the above
theorem compares these two different integral formulas for L-functions of modular
forms. It would be interesting to have a direct comparison, but our approach is to
use the equality of special values under dual exponential maps (computed either way

for ziato(f) and zp/(f)) as the basic input.

The strategy of proving Theorem 1.1.1 is to show that the images of both z,/(f)
and zy,to(f) under various dual exponential maps are the same, and then use Propo-

sition I1.3.1 of [13] to conclude that zp;(f) = zKato(f) as elements in H%W(Qp, Vf*)

Theorem 1.1.2. [f Vf’G@p is absolutely irreducible, then the element zp;(f) €

Hllw(@p,VJi‘) satisfies the following property: For any 0 < j < k — 2, any finite



order character ¢ of Zy, = I'g, with conductor p",

exp ( R -zM<f)) ~ e g Te v
where
N rG+1) Lyy(f,e,5+1)
A(p) (fa (bv.] + 1) = (2(.731;;_’_3 . (p) Q?‘] € @(f, ,U,pn>7

L(p)(f, ¢,j + 1) is obained by removing the Fuler factor at p from the classical L-

function of f twisted by ¢, T(p) is the Gauss sum of the character ¢, and

fort! = (Z ﬁb(a)f@q}n) ) =Fest) € FﬂODdR(Vf@)(—j))-

Two key ingredients used in proving Theorem 1.1.2 are the theory of p-adic
Kirillov models of locally algebraic representations of GL2(Qp) introduced in [18]
(Section VI.2.5), and an “explicit reciprocity law” introduced in [18] (Proposition

VI1.3.4), [10] (Théoreme 8.3.1) and [9] (Theorem 5.4.3).

On the other hand, Kato in [11] showed that zg,,(f) has the following interpo-

lation property:

Theorem 1.1.3 (Kato, [11], Theorem 12.5). The element zgato(f) € HIlw(Qp, VJZ‘)
satisfies the following property:

For any 0 < 5 <k — 2, any finite order character ¢ of Z;; = F@p with conductor

e

1 ‘K(p)(f7¢,j+1).7
~7(9) ! ¢
4

exp” ( - ¢(x)$_j * ZKato(f)

P



Comparing the formulas in Theorem 1.1.2 and Theorem 1.1.3, and using Propo-

sition I1.3.1 of [13], we obtain Theorem 1.1.1.

Similar approach (using Emerton’s completed cohomology) can be used to study
the anti-cyclotomic p-adic L-functions, which are originally defined in [3] for quater-
nionic forms of weight 2 and in [7] and [6] for quaternionic forms of higher weight.
It is described in [4] that certain elements in the dual of completed H? of Shimura

sets can be used to construct the anti-cyclotomic p-adic L-functions.

We describe an example of this situation in Chapter 3. For simplicity, consider a
modular form f of weight 2 on a quaternion algebra over Q which is ramified exactly
at [ and oo, where [ is a prime number different from p. We assume also that f is

Steinberg at prime p.

Using Emerton’s local-global compatibility [16] again, the quaternionic form f
gives a GL2(Qp)-equivariant embedding (which is actually a GLo(Qp)-equivariant
isomorphism)

. ~ GL (Q ) 7
By T (IndB(ép)” 1) /1 HO(RP)S (1.1.2)

where RP is the tame level of f, H O(RP) is the completed HO of the tower of Shimura
sets with tame level RP. The choice of the Borel subgroup B(Qp) C GL2(Qp)
is determined by choosing an imaginary quadratic field K that splits at p and an

embedding of K into the quaternion algebra.

There is a distinguished point 1 on the tower of Shimura set, whose coordinate



at every place is the identity element when we write the Shimura set as a double
quotient (see Section 3.1). Notice that HY(RP) is actually the collection of p-adically
continuous functions defined on the tower of Shimura set, we can then evaluate

functions in HY(RP) at the point 1.
We denote the composite

D ~
n -2 7S 2,
as an element in IT* by evy . Since II is actually the collection of all p-adically

continuous functions on P! (Qp) which vanishes at infinity, restricting evy s to Zj

thus gives us a measure on Z;. Our main theorem in Chapter 3 is then:

Theorem 1.1.4. evy y restricting to Zj, equals (half of) the anti-cyclotomic p-adic
L-function Ef as elements in Zp|[Zy]], where Ef is defined in [3] (notations as in

[3] as well).

pu
We can also notice that evq p € II* is fixed by , where u € Zj is a
0 1

p-adic unit. We can thus define zy € D(VJ?‘ )1/’2017 " the image of evy under the

*, " o) __ B
isomorphism II (“ ‘) = D(VJ?‘ )¢:gu ! provided by Colmez, where V; be the p-adic
Galois representation attached to f, and D(Vfk ) is the (¢, I')-module associated to
*k
Vi

The author of this thesis is planning to study the relationship between the element

z1 and the Euler system constructed in [3] and [6] in future work.

6



1.2 Outline of this thesis

We work with modular forms on modular curves in Chapter 2:

We compute in Section 2 the evaluations of the modular symbol {0 — co} on
locally algebraic vectors of II(Vy) under the embedding (ID?E CIL(Vy) = HY(KPYEf
given by the modular form f.

Section 3 - 7 compute the images of zy;(f) under various dual exponential maps,
with the assumption that Vy |GQp is absolutely irreducible. These sections are divided
into two parts: Section 3 - 5 deal with the supercuspidal case (meaning that the
smooth representation of GL2(Qp) attached to f is supercuspidal), and Section 6 &
7 deal with principal series case (meaning that the smooth representation of GL2(Q))
attached to f is a principal series).

In Section 3, we introduce the theory of p-adic Kirillov models for locally alge-
braic representations of GL2(Qp), and use the explicit formulas of the p-adic Kirillov
models to compute the images of locally algebraic vectors of 11 (Vf) under the maps
Ly, In section 4, we describe an “explicit reciprocity law”, and use it to compute
the image of z]j\t/[( f) under the maps ¢,,. In section 5, we present and give a proof
of the formulas for the images of z,;(f) under various dual exponential maps in
the supercuspidal case. In section 6, we describe explicitly the p-adic Local Lang-
lands correspondence, and then use results from [14] to describe explicitly the image
of z]j\[/[(f) in B;i_g,(@p ®Q, Dcrys(vjk)- In section 7, we deduce the formulas for the
images of z,;(f) under various dual exponential maps in the principal series case.

In Section 8, we conclude zy/(f) = zZKato(f) in both the supercuspidal and the

principal series cases, under the assumption that Vf‘G@p is absolutely irreducible.

7



We work with an example of quaternionic forms on Shimura sets in Chapter 3:
In Section 3.1 we show that evy s restricting to Z; equals (half of) the anti-
cyclotomic p-adic L-function £ 7 as elements in Zp[[Z,]], and in Section 3.2 we phrase

the same example using more representation theoretic viewpoint.



CHAPTER 2
COMPLETED COHOMOLOGY OF MODULAR CURVES
AND KATO’S EULER SYSTEM

2.1 Notations and conventions

We denote I' the Galois group Gal (Qp(¢pe0)/Qp), H the group Gal (Q,/Qp((p)).
We identify I' with Z;, via the cyclotomic character cycl : T' i Zy.

Qy Qp
0 1

P (Qp) is the subgroup of GLs9 (Qp) consisting of matrices of the form

Throughout this chapter, f denotes a (normalized) classical cuspidal newform of
weight k& > 2 and level T'g(p")NT'1 (V). V is the cohomological Galois representation
of G attached to f. Thus the restriction vf|GQp has Hodge-Tate weight 0 and 1—k.1

Let F' be a finite extension of Q which is sufficiently large, that is, containing all
the Fourier coefficients of f and values of x when a finite order character x is chosen.
We choose A a place of F' lying over p, and denote L := F\ the localization of F' at
A. For any integer n > 0, we write Ly, := L ®q, Qp(Cpn). Here, {Cpn}n21 is chosen
to be a compatible system of p-power roots of unity. We also write Qp 5 := Qp((pn)

We denote m)™(f) the p-adic smooth representation of GL2(Qp) attached to f,
and TI(V}) the p-adic Banach space representation of GL2(Qp) attached to f. Our
notation is slightly different from [18]: the II(V') in this paper is denoted by I1(V (1))

in [18].

1. Here, the convention is that the cyclotomic character has Hodge-Tate weight 1.

9



We will only work with the cases when Vf|GQp is absolutely irreducible. This

7.I.SI’Il

sm
D ™

happens precisely when (f) is supercuspidal, or when m*(f) is some twist of an
unramified principal series.

The modular form f is a holomorphic section of some line bundle on the modular
curve, therefore can be viewed naturally as an element in FilODdR(Vf(k —1)). Sim-
ilarly, the complex conjugate of f, which we denote by f, can be viewed naturally
as an element in FilODdR(V?(k; —1) = FilODdR(VJZ‘).

There is a natural pairing
s 1
[+ Jar: Dar (V7) * Dar (V7(1)) = Dan(L(1) = 7L,
f

other. We define f* the unique element in Dyg (Vf(l)) JFi'Dyr (Vf(l)) such that
[F. Flar = -

under which Fil"Dgr (V*) and Fil’Dgp (Vf(1)) are orthogonal complement of each

2.2 Special values of L-function in terms of modular

symbols

In this section, we compute the modular symbol {0—oo0} evaluated at locally algebraic

vectors of II(Vy) under the embedding (1.1.1).

Let f be a cuspidal newform of weight £ > 2 and level I'g(p") NT{(N). We

10



denote KP the tame level of f, i.e.

a b ~
KP .= € GLo(ZP)l¢c=0mod N, d=1mod N p,
c d

and Y (Np") the modular curve defined over Q whose C points are given by
Y(Np")(C) = GLa(Q)\ GLa(Ag) /T(p") - K7 - C*.

Let Y (Np")qq denote the base change to Q((yyn) of Y (Np™), and Y°(Np")

CNp”)

denote the connected component of Y'(Np")g . We also write X°(Np") (resp.

Can)
X(Np™)) the compactification of Y°(Np™) (resp. Y(Np™)).

Fix an embedding ¢ : Q < C. There is an action of complex conjugation 7 on
Y(an)Q(ngn)- The action of 7 on 7 (Y(Np”)@(Can)> C (Z/(Np™))* coincides
with the one induced from multiplication by —1 on (Z/(Np™))™.

We let F' be a finite extension of Q that contains all Fourier coefficients of f and
values of y when a finite order character y is chosen in the future. Choose A a place

of F' lying over p, and denote L := F) the localization of F' at A\. The completed

cohomology of the modular curve with tame level KP and coefficient L is defined as

H; (K?) := L ®p, limlim Hj; , (Y(Np”>@, OL/pm) :

m n

This is a p-adic Banach space equiped with a continuous action of GLa(Qp) x HP x

{1d, 7}.

11



The modular symbol {0 — co} is contained in
Hy(X°(Np")(C), cuspss; Z) € Hy (X(Np™)(C), cusps; Z)

for all n, and are compatible with respect to the map Hy (X (Np™T1)(C), cusps; Z) —
Hi (X (Np™)(C), cusps; Z) induced from the natural projection X (Np"+1) — X (Np™).
Note that the homology theory we are using here is the singular homology.

We then have for every positive integer m,

{0 — oo} € lim M (X(Np")(C),cusps; Z/p™)

n

~ Hom (1_H,1 HY (Y (Np")(C), Z/p"™) ,Z/pm) .

n

Under the identification

H (Y (Np")(©), 2/p™) = Hy . (Y (ND")g /0™

et,c

we can view

{0 — oo} € Hom <h_r>n H},. (Y(Np")@, Z/pm> ,Z/pm) (2.2.1)

n

for every m, hence

(10— o0} e (ﬁg(m’)); (2.2.2)

where the right hand side is the bounded dual of the p-adic Banach space H, L(Kp).

12



We denote Wj,_o the contragredient to the (k — 2)-nd symmetric power of the
standard representation of GLy. Since f € HY (Y(Np”), w2 g Ql> is a holomor-

phic cuspidal newform of weight & > 2, we have a period map:

per : HY <Y(an),wk_2 ® Ql) = H! <Y(Np”)(@), ka_2(@>> ®gC.

If we denote by ¢* the restriction

i HE(Y(N)(©) Wy, @) BgC —HE (Y (€)W, L) €5 C

= He (I, Wp—5(C)) .

then we have

i'per(f) =y el — Z /f(z)zidz : ezie% € Wj,_o(C) 3. (2.2.3)

itj=k—2""7

Here, we consider Q2 having the standard basis e; and eg, and the action of any

a b a b

matrix € GL2 (Q) on Q? is given by formulas e1 = aeq + cep and
c d c d
a b i k—20)2 i J
e = bey + deg. The basis of W;_9(Q) = Sym"~“Q~ is chosen as elle‘% for
c d

any i+ j =k — 2.

a b

Remark 2.2.1. If g = € GLg(R)™ normalizes I, then there is an action of
c d

g on the group H} (YO(Np")((C), VWk_Q(C)> =y:5 (T, Wy_5(C)) given by formula:

13



(9.0)(7) = 9. (clg™19)).

In particular, we have:

@) (- = 5 [ et (S deeieh

d cz+d
i+j=k—2 c +

(2.2.4)

The complex conjugation 7 acting on Y (Np"™)(C) induces an action of complex

conjugation on H} (Y(Np”)(@), VWk_g(@)>’ which we still denote by 7. We have

i*7 (per(f)) = vel— Z / F(2)(=2)idz - éhed, (2.2.5)

Here, we are identifying Y°(Np™)(C) as a quotient of the complex upper half plane,
and the action of 7 on the upper half plane is given by reflecting along the imaginary
axis.
. 1 + . .
We write H, (Y(N p")(C), Vkaz (@> the £ eigenspace of the complex conju-

gation. We then have the + period maps:

_ f =+, f
per™ : HY <Y(an),wk 2 Ql) — H} (Y<an)(c)7VWk_2(@)> ®g C,
(2.2.6)

14



one has for any 0 < j < k — 2,

i*per™(f)
Id idz . :
{'y el=2 ijmk2 h1G): Z+2IT(” ez -ezle%} L if (=1) = +1;
- Fde [ Fd
{7 €L D itj—k—2 LI 2fm i '6216%}’ if (1)) =FL

It is well known (see for example, [17], page 11) that there are complex numbers

Q?E(Csuchthatforanyogjgk—Q,

J f(2)dz + fT(W) f(2)2dz

B
ZQf

€ F, (2.2.8)

where the signs in the numerator and the denominator are the same if (—1)J = 1,

different if otherwise (—1)7 = —1. Therefore, we can define:

R / . f
perg - B (Y(Np"), 2 @ 1) o HE (YIN)©) Wy, ) (229)

using the formula:

i*pery(f)
[ f()Adet [ ) f(2)20dz . ) ,
- {7 el =Y itjmp2™ 29?(7) eled b, if (—1)) ==+1
o f f(z)zjdszT f(z)zjdz . . .
{’y el'— Zi+j:k—2 7 29?('7) .elle% , if (=1)7 =71

where 0 < 7 < k — 2.

15



Remark 2.2.2. We then have:

per(f) = Q}' . per}?(f) + QJ? -pern(f); (2.2.11)

T(per(f)) = Q}F . per?;(f) - QJ? -per}(f). (2.2.12)

Recall that A is a place of F' lying above p, and L = F)). Let per% denote the

composite of isomorphism

1 n + ~ 7l v *

: +
with pery.

Let V; be the cohomological Galois representation of G attached to f with
coefficients in L. Thus the restriction Vf‘G@p has Hodge-Tate weights 0 and 1—£. Let
IT (Vf) (with convention same as in [16]) be the p-adic Banach space representation

of GLo (Qp) attached to Vf’GQp via the p-adic local Langlands correspondence.

As is mentioned in the introduction, according to Emerton’s local-global compat-
ibility [16], the newform f gives a (pair of) GLo(Qp)-equivariant embedding, which

are in fact isomorphisms:

Oy T(Vy) = HA(KP)S C HI(KP)

by choosing a new vector at every place away from p.

16



We denote the composite
ot _ 0—
n(vy) & mhrs % ¢,
as an element in I1(V;)* by /\/l]jf
Notice that if g € GLg (Q), then there is an action of g on H}(KP) as a diagonal
element in GLy (Qp) x HP x {Id, 7} (induced from the action of GLa (Ag) on H} =
lim ]Tlg (KP)), where the action of g through the last factor is Id if det(g) is positive,

KP
and 7 if det(g) is negative. We have the following lemma:

7
p~ 7 ~
Lemma 2.2.3. The actions of matrices of the form on HL{(KP) as a
0 1

diagonal element in GLo (Qp) XHP x{Id, 7} and as an element in GLg (@p) coincide.
p 0 :1
In particular, we have M}: e (I(Vy)*) (0 1) .

Lz %k
Proof. The first assertion follows from the fact that belongs to C

0 1 0 1
GLg (Z;) for every | # p and has positive determinant.

The second assertion follows from the fact that the modular symbol {0 — oo} is

0
fixed by g as an element in GLg (Qp) x HP x {Id, 7}. O
01

We can then define

z5,(f) = (Bxp*) ™' o €(ME) € HE (@, V}),

17



where the isomorphisms
* . 1 o = x\ =1
Exp®:  Hi,(Qp, Vf) — D(Vf)

and
=1

LR

C: (I(Vp)") () D(V)V=!

are as described in [5] and [18]. Here, D(VJZk ) is the (¢, I')-module attached to VJ? as
defined in [18].

There is an isomorphism:

Wia(L) @ lim B . (Y(NP"), Vi ) = HEO )yt (22.13)

n

This isomorphicm is equivariant for the complex conjugation 7, where the action
of 7 on the left is given by Id ® 7.
We still use perf to denote the following composition:
pery

+
0 n k—2 1 1 ny\__ .
i (Y(Np ), 200 ) Lal iy o <Y(Np )Q,ka_2(L)) -

+
: 1
- (h_r>nHét,c (Y(an>’VWk_2(L)>) :
n

Classical Eichler-Shimura theory tells us that for any choice of sign +, there is a

unique GL2(Qp)-equivariant embedding

+,f
W?W%Q@%J”WWWH@D

n

18



sm

where m™(f) is the p-adic smooth representation of GLa(Qp) attached to f (or
equivalently, attached to Weil-Deligne representation associated to Vf|G@p via the

local Langlands correspodence), under which the image of vpew € W]S)m( f) equals
pery (f).

Thus we have the following commutative diagram:

+,f
Wi_o(L) ®p, (h_n} Hélt,c (Y(an)’ VWk—2(L))>
n

Id®Eichler—Shimura]

1

Wi_a(L) ®@f, mp <

Write the weight vectors of W}._9 to be

V0 = Uy = (657 H)*, v = (e1eh 3)*, o, vz = (FBen)*, vp_g = vy = (D),

We then have the following lemma:

Lemma 2.2.4. For any 0 < j <k —2,

M? (vj ® vnew) = ({0 — 00}, v @ per%(f)>(ej1‘675727j)

0 j .
W L (=1) = +1; (2.2.15)
pum f
0, if (—1)7 = F1.
O
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According to [17], for any finite order chraracter x of conductor p" and any

0 <j <k —2, we have the formula:

L(f,X,j+1)
(—2mi)? —j—2 [0 g ;
; S L
- EEE Y e Y ez [ ) 07+

Notice that if we denote {—p% — oo} by 7, then by equation (2.2.10), we have:

_a

P - +om .
/ f(2)-(p"z+a)f dz+ / f(2)- ("2 —a)dz

200

= f(z) - ("2 +a)dz + ) f(2)- ("2 — a)dz

K (v
J
= QQJ? . <{_y% — oo} ; (Z C;.pntajtvt> ® perf(f)> . if (=1) = 1,
t=0

and similarly,

a_

o . +% .
/ P E) - 0"+ a)dz — / " H) - (0" — a)idz

= | f(2)- 0"z +a)dz - £(2) - ("2 — a)dz
7 (7)
J
= 29? <{—Z% — oo} , (tz% (j;.pntaJ tw) ®perlj§(f)> . if (1) =71
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Therefore,

L(f,x,j+1)
(—2Ti)] P ) Y X<a).2m~./_pn £(2)- (" + a)dz
J: a mod p" 100
(=2mi) gy L D Y
= P 77 T(X) Qa%pnxm) 2mi (/m f(2)- ("2 +a)dz
+-2 .
N R CRUEETS
(=2mi)) i 1 , a
H =i 1).T(X).ﬁa%pnx(a).gm.ggf.<{_ﬁ_00}7

J
(Z C;fpm&jtvt> ® perli;(f)>
t=0

(Here the sign = is chosen such that +1 = y(—1) - (—1)7.)
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L mytt 9F B p" a

. i)+l O
T 0 Y - (0o,

a mod p"
p" a
V& perf(f)>
0 1
n
a
(Here we are using Remark 2.2.1 about the action of P on image(per).)
0 1
, +
=V ”(j]-[H) T 2 @) My {v@ |7 e |
p a mod p"

Here in the last equality, we are using Lemma 2.2.3 to identify the (global) action

" oq

p
of the matrix on the modular symbols and the (local) action of it on II(V).
0 1

We write for all 0 < j <k — 2,

L(j+1) L(f,x,j+1)

(2mi)i 1 OF

Afix,j+1) =

(2.2.16)

where the sign =+ is chosen so that y(—1) - (—=1)/ = +1. Thus we have obtained the

following lemma:
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Lemma 2.2.5. For any finite order character x of conductor p"™ and any integer

0<7<k—2, we have

N . “Dir(x Pt oa

A(f,%,j—l—l):w- Z X(a)-/\/ljf vj ® Unew |, (2.2.17)
0

where the sign % is chosen to satisfy x(—1) - (—1)J = 1.

We define

Fy = Z x(a) - Unew

a mod p" 0 1

when the conductor of x is p”. Then Lemma 2.2.5 can also be stated as:

Lemma 2.2.6. For any 0 < j < k — 2, any finite order character x of conductor p"

with n > 0, let

By = Z x(a) - Unew
a mod p™ 0 1
then we have for all 0 < j < k — 2,
. B
M (v; @ Fy) = (-1)7- & A X+ 1) (2.2.18)

Here, the sign + is chosen such that



O

Remark 2.2.7. If the sign = is such that y(—1) # £(—1)J, then ./\/l? (v; ® Fy) = 0.

2.3 The p-adic Kirillov model, supercuspidal case

Throughout this section, we assume Wzs)m( f), the smooth p-adic representation of

GLo (@p) attached to the modular form f, is supercuspidal. We recall the theory of

p-adic Kirillov models developed in [18], chapter VI.

If IT is a p-adic locally algebraic representation of GL2(Q)) with coefficient field
L that can be written as IT = det® ®Symb ® m where a, b € Z, b > 0 and 7 is a
smooth representation of GL2(Q)p), then the p-adic Kirillov model of II is the unique

P(Qp)-equivariant embedding
AT = [ [ Loo[t] £,
Z

where the action of P(Qp) on the RHS is given by the formula

a b
S| =@ @ep) - expp™)- (1@ o4) (SW) +n) (2.3.1)

n

01

for any S € [[5t*Loo[t]/t*T0*1 and any n € Z. Here, a* := |a|p-a, and ¢ is defined

in the following way: we let e(z) = an if x = 1'% mod Zjp, where {(pn}n>0 is the

compatible system of p-power roots of unity chosen as in Section 2.1.
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Remark 2.3.1. The usual definition of the Kirillov model of a p-adic locally algebraic
representation (as in [18]) is a P(Qp) equivariant map % from IT = det® @Sym® @ 7
to Lpla.att] <Q]’§, t%Loo [t]/ta+b+1>, where Lo = L ®Q, Qp(Cpeo). There is an action

of T on LPla-a+] (@;, t* Lo [t]/ta+b+1) given by formula

ou(9)(z) = (1@ 0w) " (S(ux)) (2.3.2)
for any u € Z;‘, and x € Q;;, which commutes with the action of P(Qp) on

1,plasa+b] (Q;, 19 Loo1] /ta—l—b—i-l) '

Therefore the uniqueness of the p-adic Kirillov model forces the image of J# to
r
be contained in LPl&:a+?] <Q;,taLoo [t] /t“+b+1) , which can then be identified as

1z t*Loolt]/t*T0+! by sending every
T
S c LP[a,a+b] (Q;, taLOO [t] /ta+b+1)

to {S(p")}nez. In the rest of this paper, we will always regard a p-adic Kirillov

function as an element in [[ t%Loo[t]/t* T,

In the case when I = l_I(Vf)la“lg is the collection of locally algebraic vectors of
the p-adic Banach space representation II(Vy) of GL2(Qp), we have H(Vf)lalg =

V
(Symk_sz) ®r T (Vy), thus its p-adic Kirillov model is a P(Qp)-equivariant
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embedding
H O TL(Vp)E H —L []] /¢ Lool[t]],

where we continue using the notations F' = Q(f), L = F\ where X is a place lying

over p.

Remark 2.3.2. Since in our case w3 (f) is supercuspidal, the map % is in fact a

p
P(Qp)-equivariant isomorphism onto @Z = 5 Loo|[t]] /T Loo[[t]]-

We assume 75" (f) has central character §. Then the explicit formula of the Borel

p
action on [[, sl ol[t]]/tLoo[[t]] is

)] (o () o0 () -r5) G

n

2k bp?
= 5(d)- |1+ |- (1@ 0ay) (So(a)-odyn) -
V
If we write the weight vectors of (Symk_QLz) = Sym]‘“_ZL2 ®J, det2=* to be
V) = Vhwy V1, "5 V-3, Vp—2 = VUlw
as in the previous sections, then by [18] Page 146, we have
(A (vj@v)), =jlp ™ - (), -t (2.3.3)

where ™ is the p-adic Kirillov model for smooth representations.

For every integer n, we let e;, € [[7 Loo be the vector whose coordinate at the
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n-th place is 1, and 0 everywhere else.
Recall that we are in the case when m)"(f) is supercuspidal, hence ™" (vpew) =

HZ; = ¢g. Thus

A(E) = Y x@) @G | e (2.3.4)
a mod p"
where x is any finite order character of conductor p” with n > 0, and Fy is defined

as in section 2.2.

Therefore, we have for all 0 < 7 < k — 2,

H (v ® Fy) = j! P Z x(a) @ Con 7 ey, (2.3.5)

a mod p"
In the rest of this section, we will describe the p-adic Kirillov model of I1(Vy)
from another point of view.

Recall the following theorem from [18]:

Theorem 2.3.3 (Colmez, [18], Corollaire 11.2.9). If mp*(f) is supercuspidal, then

there is an isomorphism as P (Qp) -modules:
D(V¢(1) /D (Vy(1) = T(Vy). (2.3.6)

Remark 2.3.4. The action of P (Qp) on ﬁ(vf(1))/15+(vf(1)) is defined as follows:

0 ~ ~
e The matrix P acts on D(Vf(l))/D+(Vf(1)) via the operator ¢;

01
27



75 0 - ~
e The matrix | 7 acts on D(Vf(l))/D+(Vf(1)) via the operator I
0 1
1 a 1 Q ~ ~
e The matrix € "] acts on D(Vf(l))/DJr(Vf(l)) via multiply-
01 0 1

ing (1+17)%

We denote the inverse of the above isomorphism by 7. We then have the following

lemma:

Lemma 2.3.5.

The image of H(Vf)lalg under the map n is contained in

DT (V(1)) LO&T), > 0] /15+(vf<1)).

1 p"
Proof. For any vsm € 7" (f), vo ® vsm is fixed by if r is sufficiently large.
0 1

This means

(1 + T)pr : 77('”0 ® Usm) = 77(7)0 ® Usm),

- 1+ D+
that is, 7(t) @ vsm) € 79D (Vf(l))/D (V(1)).
We then proceed by induction: if 0 < j < k — 2 and

U RV —_~+ N+
10: © ) € — 25D (Vy(1) /DH (v (1))
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for all 0 <7 < j and some r, then we will show that

DTV (1) /D (V)

0 @ ) €

To see this, notice that for sufficiently large r,

1 p" 1 p"
(vj ® vsm) = v ®vsm =0j @vam + Y, |
0 1 0 1 0<i<j \ ¢

j .
pr(j Z)UZ’ ® /USHla

SO

r (v @ v 1 N+ N+
¢ (T) 1l © vum) € D (V4(1) /DH V(1))

and hence 17(v; ® vgm) € 15+(vf(1))/]5+(vf(1)). O

1
(e (1))
Definition 2.3.6. We define a map

1
" (T)

S ]3+(Vf(1)) [ , T 0] /f)+(Vf(1)) — Hﬁdif(vf(l))/f)jﬁf(vf(l))
7

as follows:
e The 0-th coordinate % := ¢y, which is the natural map

1
©"(T)

o ﬁ+<vf<1>>{ ,rzo} /ﬁ+<vf<1>> — Dae(Vy(1)/D(Vy (1)

induced by the inclution Bt [W%T)’ r> 0] C Bgr.-

e The n-th coordinate .#, is defined as (5 o ¢™ if n > 0.
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e The (—n)-th coordinate .#, is defined as ¢,, if n > 0: we choose a compatible
system of p-power roots of unity {sz‘ } 0 as before, and for any positive integer
i>

n and any function f(7T') € B, we define

i (F(T)) = f (cpn xp (pi) - 1) ,

The map ¢, extends naturally to a map from Bt [W%T)’ r> O] to Bqr, which

induces a map ¢y, from IN)+(Vf(1)) [ﬁ, r> O} to f)dif(Vf(l)).

The map ¢,, is the composite of the natural projection from ﬁdif(Vf(l)) to
D i(V(1))/Dp(Vi(1)) with ¢y

We equip [[ ﬁdif(Vf(l))/ﬁ$f(Vf(1)) with an action of P(Qp) in the following

way:
Zy 0
e The matrix acts coordinate wise through the action of T
0 1
1 b 1 Q
e A matrix € acts on the n-th coordinate by multiplying
0 1 0 1
e (bp™) - exp (bp"1);
p 0
. acts by shifting to the left.
0 1

We then have the following observation:
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Proposition 2.3.7. The map

S IN)+(Vf(1)) { rz 0] /]5+(Vf(1)) — Hﬁdif(vf(l))/ﬁ$f(vf(1))
7

o"(T)
is P(Qp)-equivariant. Moreover, the following diagram is commutative:

DHWV;(1) [ gy, 72 0] / D+ (Vy(1)) —Z TIz Daie(Vy (1)/D (Vi (1)

) |

(V) = > [z 75 Loollt]]/ Loo 1]

where the vertical map on the right on each coordinate is given by the composite of

the following maps:

g oo} /toc 1] “HDar(Vy (1)) @~ Locllt] /D (Vi

> Dgir(Vy(1))/Dyyy(Vy (1))

C Dyis(V4(1))/Dp(Ve(1)).

The first isomorphism above is defined by sending every g(t) to ?* ®g(t). See Section
2.1 for the precise definition of f* € DdR(Vf(1))/FilODdR(Vf(1)).

Proof. The P(Qp)-equivariance of the map .# can be checked by direct computation.
The commutativity of the diagram follows from the uniqueness of the p-adic

Kirillov model. ]

Corollary 2.3.8. Let x be any finite order character of conductor p"™, where n > 0.

Let Fy be as defined in section 2.2. Then Sy on (FX ® vj) =0 for any m # —n,
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and Iy 0 n (Fy ® vj) is contained in Dy, (Vf(l)) /Dgifn (Vf(l)), for any 0 <
j<k—2.

In other words, we have:
— Ly on (vj ® FX) = 0 for all integer m # n,
=ty o1 (v; ® Fy) € Daigy (Vi(1)) /D, V(1))

Proof. This follows immediately from Proposition 2.3.7, together with the explicit

formula of the map .# in equation (2.3.5). O

2.4 An explicit reciprocity law, supercuspidal case

In this section, we continue assuming that the (p-adic) smooth representation of
GLoy (Qp) attached to the modular form f is supercuspidal. We review an “explicit
reciprocity law” proved in [10] and [9] as a generalization of Proposition VI.3.4 in

18].

We first introduce two pairings that will be used later. The reference for the

following definitions is Page 151 of [18].

The pairing “{ , }”

The pairing
Vf(l) X VJZk — L(1)
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gives rise to the following pairing:

[,1: D(V§(1)) x D(V}) = D(L(1)) = By,

We define { , } to be Resp— ([ E I(i_TT>

The key properties of the pairing { , } are summarized in the following proposi-

tion, whose proof can be found in [18].

Proposition 2.4.1.

1.D (Vf(l)) /Dt (Vf(l)) and (Dh(VJi‘)&Qp)b = <limDﬂ(VJf)>b are topolog-

<_
G

ical dual to each other. We have

D* (V) = (Div)@Q,) < (DHV)RG,). .

p

and the pairing between D (Vf(l)) /Dt (Vf(l)) and (Du(VJZ‘) X Qp)b restriced

D+ *) by * . .
to D (Vf> (D (Vf) X Qp> be is the pairing { , } defined above.

2. We have the following compatibility:

D+ (Vf(l)) [ﬁ, iZO} /]5+(Vf(1)) X D(Vfi‘)w:l {.} I
n] QT”
i
H(Vf)lalg X H(Vf) . — L

where the pairing on the bottom row is induced by the usual pairing between
H(Vf) and H(Vf)*.
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Proof. (1) is [18] Proposition 1.3.20. and Proposition 1.3.21. O

The pairings “(, )ar’” and “(, )ditm”

The pairing V(1) x VJZ“ — L(1) again gives rise to the following pairings (we still

use the notation “[, |” here):
[ , ] : ﬁdif (Vf(l)) X ﬁdif (V}k> — ﬁdif(L(1>) = B(?ll{{ ®@p L;
and for every integer m > 0,
[ Jmt Daitm (VA1) ¥ Daign (V7 ) = Datitan(L(1) = Lin(2)).

We define (, )gif (resp. (, )dif.m) as

Tr o Resy—g ([ ok @)

t

(resp. Tr o Res;—q ([ s m %)), where Tr is the normalized trace map.
The key properties of the pairings (, )qir and (, )gif,, are summarized in the
following proposition, whose proof can again be found in [18], Chapter VI, Section

3.4.

Proposition 2.4.2.
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1. The pairings ( , )ait and { , )difm are compatible for every integer m > 0. In

other words, we have the following commutative diagram:

o O difm
Dyt (Vy(1)) % Daign(Vf) ———— L

i i |

~ ~ ( )aif
Dgit (Vy(1))  x  Dgu(V§) :
2. ]53[1f (V1)) and ﬁ(J{lf(VJZ") are orthogonal complement of each other under the
pairing { , )dif-

3. For every integer m > 0, Djiriﬁm (Vf(l)) and Darif’m(vf*) are orthogonal com-

pliment of each other under the pairing ( , )dif.m-

4. We have the following compatibility:

. B
Dar(Vy(1)) ©qg, Bfy  x Dar(V})®q, Bl ——— L

. !

Dy (V4(1)) X 15dif(V}k )

1%

Coar
where the pairing B on the top row is defined by the formula

Bz @ [(t),y @ g(1)) = TroRes—o ([, ylar - f(£)g(t)dt),
and [, |qr s the pairing

Dan(Vy(1)) x Dar(V7) ~9 Dyn(L(1)) = 7 L.
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5. Stmilarly, we have the following compatibility for every integer m > 0:

Dan(Vy(1) @1 Ln((1) < Dan(V§) @y Lin(t) —2"— L

%T gT (' )dif,m

Dyifm (V5(1)) X Dy (V) —— L

where the pairing By, on the top row is defined by the formula

Bm(r @ f(t),y @ g(t)) := Tr o Resy—o ([, ylar - f(t)g(t)dt) .

The following theorem, which we shall call the “explicit reciprocity law” relating

the pairing ( , )g;r and the pairing { , }, is proved by Dospinescu:

Theorem 2.4.3 (Dospinescu [10], Théoreme 8.3.1). Let II be a continuous Banach
space representation of GLa(Qp), 1818 pe the collection of locally algebraic vectors
of Il.  Assume mals — W e r with W algebraic and ™ a supercuspidal smooth
representation of GLa(Qyp). Let v € I8 itk Hj(v) = 0 for all but finitely many

j. Assume m is sufficiently large and #; on(v) € Ddif,m/D(Jirif,m for all j (using the

*, =1
notations as in Proposition 2.5.7). Then for any z € 11 (” 1) , we have

{v,z} = Z <f] on(v), Lm(qz(z)»dif,m'

JET

In particular, the RHS of the above equation is independent of m (as long as m is

sufficiently large).
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*, p()) =1
Recall that we have defined the element M? € 1(Vy) (”1 and zf/j( f) =
(Exp*) ™! C(M?) € HIlw(Qp,VJ}k). Since Exp*(z]j\[/[) € D(V;‘)wzl, tp is defined on
Exp*(zﬁ) forallm > 1 and

tn 0 Exp* (7)) € Dgip, (V).
Moreover, one has

1
-Tr

7 g1 0 Exp*(ziy) = i o Exp*(zi) (2.4.1)

for all n > 1.

Corollary 2.4.4. Let x be a finite order character of Z;; with conductor p™, n > 0.

Fy € my(f) be as in section 2.2. For every 0 < j <k — 2,

(tn 0n(v; ® Fy) , tn o EXP*(ZE»dif,n’ ifnzl;

if n =
(2.4.2)

M (vj @ Fy) =

- . 1 Ly %+
<LO on(v; ® Fy) , pTITrLOLl o Exp (ZM)>dif,0’

Proof. Using Theorem 2.4.4 and Corollary 2.3.8, we conclude that

M (v @ Fy) =t 000 ® Fy) 5 tm © Bxp™(@3)) it 1,
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for all m sufficiently large, where we view ¢, o n(v; ® Fy) as an element in
Daitm (V5 (1))/Dgis., (Vr (1)
via the natural inclusion
Dain (V5 (1))/Dgit,,(Vy (1)) = Daigm (V5 (1)/Dygip,, (Vi (1).
Since
(17 0103 @ Fy) 1m0 BxD* () )yt = (i 005 @ By) . T, tm 0 Bxp (23 D,
where Try, ~ denotes the normalized trace map to Ly, and
Try, tmo Exp*(zﬁ) =1ipo Exp*(z]j\[/[)
for all n > 1, the conclusion follows. O

Notice that VJZ‘ has Hodge-Tate weights 0 and k£ — 1, we have

We make the following definition:

Definition 2.4.5. Let f e Fil’ <DdR(V]?‘)> be defined as in Section 2.1.
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For any 0 < j < k—2 and any integer » > 1, we write C';—Lj €L, = L®Qp Qp (Cpr)

the coefficient of ¢ o Exp*(zf/‘,) in front of #/:

1y o Exp®( =f® Z C tj + “Something in DdR(Vf) @ tFIL) . (2.4.3)
Further more, under the decomposition

L®g, Qp (Gr) = @ LY
0]

where the direct sum is taken among all characters ¢ of (Z/p")”™, we write

Z Crip o (2.4.4)

with C’i, &

Here, we are viewing each L(¢~!) as a 1-dimensional L-subspace contained in

L®g, Q (¢pr), with basis

€ L.

e(b = Z ¢(a) & CZZ eL ®Qp Qp (CpT) )

a mod p”

where pl is the conductor of ¢.

Remark 2.4.6. Since Exp*(z;‘\%) is fixed by 1, we have

+ 2 Qpr—i—l +
C T.J pT Qpr CT+17]
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for all integers » > 1 and 5 > 0.

Remark 2.4.7. It can be checked easily that

Cho= 7y 2 GG

a mod p”

for all integers r > 1, j > 0 and ¢ a character of (Z/p")*

We define

+ 1 Qp((p) +
Cy.= —TQp CJ

for all 7 > 0.

Proposition 2.4.8. Let x be any finite order character of conductor p",

We have for all 0 < j < k — 2,

TroResy—g | #—n (v; @ Fy) - Z C’i {0 dt = M* (vj ® Fy),

f

where Tr is the normalized trace map to L.

Proof. By Theorem 2.4.3, for any integer m sufficiently large,

(tn © U(Uj ®Fy), tnol (M?>>djf,m = M? (Uj & FX) .
Now by Proposition 2.3.7,

by on(vj @ F\) = @Ay (v;®F\) €

(2.4.5)

n > 0.

(2.4.6)

Dyr (V¢(1)) 2R L []]
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and by Definition 2.4.5,

Lm © Exp*(zﬁ) =inol (Mjf)
k—2 ‘
=f® Z C’i’itj + “Something in DdR(Vf) o t* L[]
1=0

€ Fi'Dar(Vf) @ Lil[t] + Dar (V) @1 1" L [1]

whenever m > 1.
Notice that anything in DdR(VJZ") @1 t" 1 Ly [[1]] paired with " @, (v; ® Fy)
equals 0 because the latter element has coefficient 0 in front of ¢ for all i < 1 — k.

Thus

<L; 0w ® ), o€ (MF) >d-f
if,m

— <7* ® H o (v;@Fy) , Trp, <Lm o€ (Mj”t>>>dif,n

k2
B <?* @A n(v;®F) @ Zciitj>
1=0

dif,n
k—2
. .
=TroResi— | [/, flar - #-n (v; @ Fy) - Y C;:Z.t] - dt
1=0

k—2

= TroRes;—g | A, (vj ® Fy) - Z Cijti dt
=0

t

n,

Here, Try, ~denotes the normalized trace map to Ly, and Tr is the normalized trace

map to L. ]
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Corollary 2.4.9. Let x, j be as in Propostion 2.4.8. We have:

J1ph (Id ® Tr) Cij . Z x(a@) @G | = M? (v; ® Fy)

a mod p™

when the sign £ on the LHS are chosen so that x(—1) = £(—1)/, and

j!.pnj.<1d®Tr> C’;L—L,j' Z x(@) @G | =0

a mod p™

if the sign & doesn’t satisfy x(—1) = +(—1)J. Here, Tr denotes the normalized trace

map to Q.

Proof. This follows directly from Proposition 2.4.8, equation (2.3.5), Lemma 2.2.6
and Remark 2.2.7. O

Corollary 2.4.10. Let x be any finite order character of conductor p", n > 1 as

before, and C';—Lj X be as defined in Definition 2.4.5. Then for every 0 < j <k — 2,

p 1 A(fxd+1) (2.47)

c* + : ,
p—1 7(x) J!

njx

when the sign £ are chosen so that x(—1) = +(—1)J.
If the sign + doesn’t satisfy x(—1) = £(—1)7, then ij =0
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Proof. For any character ¢ of (Z/p")* with conductor pl (I < n), using the notation in

Definition 2.4.5, we have a basis vector ey of the 1-dimensional vector space L(p~h):

ep= y, da)@h el Lag,Q(Gn).

a mod p"

We can check easily that

p”_l(p —1), If ¢ =1 is the trivial character;
(Id ® Tr) (eg) (2.4.8)

0 , If ¢ has conductor pl with [ > 1

where Tr is the normalized trace map to Q. Since

Cij' Z a) @ Gn = (ZO s %)

a mod p"

(here x is the character of conductor p™ in the statement of Corollary 2.4.10), we
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have

<Id ® Tr) C;L_L,j : Z x(a) @ Gyn

= (Id ® Tr) <Cni,j,x—1 eyl €X>

1 (Id ® Tr Z x(a H e ngb
a, be(Z/p™)*

:C’;—Lj -l (Id ® Tr) Z x(c) ® Z szﬁb

—C*
n

7.]7

cE(Z/p")* be(Z/p")*
n—1 +
= —1)-x(-1 .
P (p = 1) x(=1) O
Combining this with Corollary 2.4.9 gives equation (2.4.7). ]

2.5 Images of z;,(f) under dual exponential maps,

supercuspidal case

In this section, we continue assuming that the local (p-adic) smooth representation
of GLo (Qp) attached to the modular form f is supercuspidal.

Before we state our main theorem, let’s recall the definition of integrating classes
in the local Iwasawa cohomology.

For any class ¢ € H'(Qp, V;f ®z, A) where A is the Iwasawa algebra viewed as

the space of measures on Z;:
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e If ¢ is a locally constant function on Z;, which factors through (Z/ p™)*, we can

define

- ¢-c.= {"}/ S GQ}?(<p") — - ¢($) . C(’}/) S Vf*} S Hl <Qp<Cpn)a V;) .
! ’ (2.5.1)
It is easy to check that the above map from H'(Qy, Vi®g,A)to HY(Qp(¢pn), Vi)

E3

is well defined for any locally constant function ¢ which factors through (Z/p™)

e If y is a continuous character of Z]";, then we can define the integration which

takes value in Hl((@p, Vj;"(x));
/Z;X C= {7 € G, = 7 x(x) - c(v) € Vf} e H' (Qp,Vf(x)> . (2.5.2)

It is easy to check that the above map from H1(Qp, VJZ" ®7z,7) to HY(Qp, VJZ" (X))

is well defined for any continuous character y of Z;.

e The above two definitions are compatible for finite order characters ¢ of Z;
with conductor p” in the following sense:
There is the following commutative diagram:

First definition of fZ]*; 1)

H (@, V} @7, A) > Y (Qp(Gn). V})

Tres
Second definition of fzz o

H' (@, V(X))
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In the rest of this paper, for notational convenience, we will not mention which

of the above definitions we are using.

Recall that Shapiro’s lemma gives an isomorphism between H 1(Qp, Vji" ®1z, A)

and Hllw(@p, VJZ" ). We can regard the above integrations as defined on Hllw(@p, VJZ“ ).

Lemma 2.5.1. We denote c;,, the projection from Hllw(@p7 VJZ") to Hl((@p(Cpn), V]ik(—j)).
Then for any z € H11w<@l’7 VJ?) and any a € (Z/p")*:

/a+anp e z=04(cjn(2)). (2.5.3)

Therefore, for any locally constant function ¢ of conductor p',

@z z= Y ¢a) 04 (cjn(2)). (2.5.4)

*
Zy a mod p™

Proof. We first recall the explicit description of Shapiro’s lemma.
Let G be a profinite group, and H < G be a subgroup of finite index such that
G/H is commutative, V' a representation of the group G with coefficients in L. The

isomorphism given by Shapiro’s lemma
S: H (G, Hom7)(L[G), V)) = HYH, V)

has formula S(c) = {h € H — c(h)([1])} € H' (H, V), where “1” is the identity

element in G. Here, the action of G on Hom L[H](L[G]7 V) is given by formula

(9-F)(lg') = Flg'g).
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Since V' a representation of the group G, there is an isomorphism of G-representations

a: HomL[H](L[G], V) —g—> V®r L[G/H]|

given by formula

()= > (= r@E) e,

zeG/H
where z is any lift of Z in G. Here, the action of G on Homp g (L[G], V) is still
as described as before, and the action of G on V ®y, L[G/H] is given by formula
0.0 @) = (9) ® [g9).

Thus the isomorphism « induces an isomorphism
av: HY (G Homyp(L[G), V)) = HY(G, V ey L(G/H).,
so we have the composite:
a oSV HY(H, V)= HY(G,V o LIG/H)).

If H' is a subgroup of H such that G/H’ is commutative, then we have the
following commutative diagram:

091

Ht (0, V) = o (G, vep L[G/H)
lcores lProj
HY(H, V) —2257 111G, V ey, LG/ H)

where the vertical map on the right is induced by the natural projection from G/H’
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to G/H.
The inverse limit of the map ax0S~! with respect to corestrictions and projections
gives the isomorphism between Hllw (Qp, V) and H1 (Qp, V ®z, A), which we will
1l = gl
denote by 7 : H},, (@), V) = H' (@), V @z, A).

To prove equation (2.5.3) for j = 0, we let

G = Gal (Qy/Qy)
and
H = Gal (@, (6r)).

Notice that the following composite

f(z—i—pn Zp 1

H (G, HomL[H}(L[G],V)) & HY(G, V @ LG/H)) H'(H, V)

sends any class ¢ € H1 (G, Homp ) (L[G], V)) to
{h € Hws oq- (c(h)([agl]))} —og-{he H c(h)([1])} = 0a-S(c) € H' (H, V)

using the explicit formula of the map o above. Here, the action of o, on H* (H, V)

is through the usual action of G/H on H' (H, V). Thus we have

0a (con(2)) = /

a+p"Zy

1 (a0 5" (con(2))) _/ 1.2

a+p"Zy

We can then deduce equation (2.5.3) for general j by using the following commu-
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tative diagram:

HY (Qp,V ©g,A) «—Z— HL, (@, V)

~

lg lw ng)

HY (@) V(j) 7, A) «Z— 1}, (@, V() g HY(Qp (G, V(5)))

where the vertical isomorphism on the left is induced by sending v ® [o4] € V ®z, A
to v ® al ® [o4] € V(§) ®z,, A, and the locally constant function ¢ factors through

(Z/p")".

The follwing lemma will be useful later on:

Lemma 2.5.2. Assume F' is a finite extension of Qp. If V is a p-adic continuous

representation of Gg, and K/F is a finite extension, then following diagrams are

commutative:
exp* exp”
HY(K,V) —— Dgr (V) HY (K, V) —— Dgg (V)
lcores lTrK YGST ] natural inclusion
exp* exp®
HY(F,V) —— Dgg (V) HY(F,V) —— Dgg (V)

Where the trace map Trfg appeared above is the unnormalized one.

Proof. Recall the definition of exp* is as the following commutative diagram:

log(cycl)

HY(F,V @ Bgg s HY(F,V ® Bgg)

\ T
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where log(cycl) € H! (F,Qp).
Therefore, Lemma 2.5.2 follows from the following two commutative diagrams for

cup products, when F C K:
HY(F,V®Bgr) x H'(F,Q) —— H'(F,V®BgR)

lres lres lres

HY (K, V®Bgr) x H!'(K,Qp)) —— H'(K,V®Bgg)

HO(F,V @ Bggr) H' (F,Qp) —— H'(F,V ® Bg)

COFEST J/I‘es COYQST

HY(K,V@Bgr) x H'(K,Qp)) —— H'(K,V®@BgR)

X

We can now state our main theorem in the case when 7(f) is supercuspidal:

Theorem 2.5.3. The element Z]iw(f) € H%W(Qp, VJZ") has the following property:

n

For any 0 < j <k —2, any locally constant character x of Z; with conductor p
(n=0),

. i 1 Afx.j+1) =
exp (/*X(x)x jzﬁ(f)) :iT(X). (f Xj!j+ )-fX't]’ (2.5.5)

p

where

ot = (Zx<a>?®<gn> 1 = F ey ) € Fi'Dyn (V7 (1) (—4).
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Here, the sign + for zf/[(f) is chosen such that x(—1) = +£(=1)J. If the sign

doesn’t match, then the LHS of equation (2.5.5) equals 0.

Proof. We denote c;,, the projection from HIlw(Qp, VJZ") to HY(Qp(¢pn), VJZ"(—j)).
According to [18] Lemma VIIL.2.1, exp* (cj’n(zﬁ(f))) equals 1% times the image
of um, (Exp*(zﬁ(f))) modulo 7, — e(yy)? for all m sufficiently large, where ¢ is the
cyclotomic character.
In other words, exp* (¢; , (z]iw( f))) equals Z% times Try, applied to the coefficient

of tJ of 1 (Exp*(z]\i/[(f))), where Try  is the normalized trace map to L. Since
h—2 '
L © Exp*(zf/‘,) =f® Z C’ﬁjtj + “Something in DdR(VJZk) @ P L[],
=0

we have

exp" (¢l (1) = 57 Ciy T+t € Dar(V} (=) @, Qi) (256)
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Using Lemma 2.5.1, we conclude that

* -7 1 *
exp </Z; X(z)z™7 'ZiM(f)> = ﬁa%{;pnx(a)-aa.exp (cjn(zr(£))

(Using equation (2.4.7))

) ! et

This finishes the proof. [

Remark 2.5.4. Since we are working with the case when the modular form f is
supercuspidal at p, we know f necessarily has bad reduction at p. Hence K( fix, 7+
1) = K(p)(f,x,j + 1) for all x and j. Therefore, the formula in Theorem 2.5.3 can

also be written as

| Apy(fixi+1) —
exp” (/Z* x(z)z™? 'Zﬁ(f)) - ir(lx) e ;‘f AR ot (2.5.7)
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2.6 Explicit p-adic Local Langlands correspondence,
principal series case
The main purpose of this section is to compare the notations used in [1], [2], [1§]

with the one used in this paper, and then describe explicitly the isomorphism (as

representations of B(Qp))

Z: (v S (@D(v;‘))b (2.6.1)

W
in the cases when 75" (f) = indS2(@) (unr(e) ® unr(Bp~1)) with |aB|= P
p )

-~ B@)
a/B # ptl and 0 < vp(a),vp(B) < k — 1. This is equivalent to the condition

that Vf|GQp is crystaline and absolutely irreducible. Here, ind means the smooth
induction, B(Qp) is the group of lower triangular matrices in GL2(Qp), and unr(\)
is the unramified character of Q; that sends p € Q;’; to A.

The main reference for this section is [18] (Section I1.3.3), [1] and [2].

Recall that the theory of intertwining operators gives an isomorphism

. 1GL2(Qp) -1\\ =, . GL2(Qp) -1
I: de(Qp)p (unr(a) ® unr(Sp )) = 1nd§(@p)p (unr(ﬂ) ® unr(ap ))

(2.6.2)
We define

lag,y . 7pqS2(@) ~1y,2—k
) = IndE(Qp)p (unr(oz)@um"(ﬁp )T )
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and

Wla(ﬁ) = Indg%(ég?p) (unr(ﬁ) ® unr(apil)x27k> ,

where Ind means the locally analytic induction.
V
It can be seen easily that 7'3(c) contains H(Vf)lalg = (Symk_2> ® m " (f) as
a subrepresentation. Using the intertwining operator, we know ﬂla(ﬁ) also contains

H(Vf)lalg. We thus have an inclusion (see Corollary 7.2.5 of [1]):

/E : ﬂ-la(a) @H(Vf)lalg 71&(6) — H(Vf), (2.6.3)

and in fact, Liu has proved in [19] that the above map identifies the source with the

space of locally analytic vectors of I1(Vy).

Let LA, (Qp, L) be the space of locally analytic functions with compact support
on Q) taking values in L, where L is the coefficient of the representation V.

We define a map
ia: LA:(Qp, L) — ()

by sending every function h € LA, (Qp, L) to a function i (h) defined on GLo (Qp),

such that

We define ig: LA; (Qp, L) — 71%(3) in the same way.

Recall that the induction from the lower triangular Borel B(Q,) and the induction
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from the upper triangular Borel B(Q)) are related by the following isomorphism:

. GL2(Qp)
We - Indﬁ((@p) (unr(a)

® unr(ﬁp_l)a:2_k> i IndGLQ(@p)

(2.6.4)
B(Qy) (unr(ﬂp_l)xZ_k ® unr(a)) :

where for every h € Indg%é(?p) (unr(a) ® unr(ﬁp‘l)x2_k>, Wea(h) is a function on
p
GL2(Qp) such that for every g € GLo (Qp),

01
Wa(h)(g) = h

10

We then define a map

ja: LAc(Qp, L) — Indg%ég?p) (unr(ﬂp—l)x2_k ® unr(a))

by sending every function h € LA (@p, L) to a function j,(h) defined on GLo (@p),
such that

We then have the following commutative diagram:

LAc (Qp, L) < fa > Indg%(?”) (unr(a) ® unr(ﬁpfl)xsz)

. p
Ja
\ &lWa

GL2(Qp)
P
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All the above definitions and discussions hold when we replace a by /.

Notice that the central character of II (V) is (z) = 22k (unr(%ﬁ)(z)), which
is a unitary character; while the determinant of VflGQp is (z]z])710(2) for z € Qp,
where we are identifying Q% with the Weil group WQp by sending p € Q;; to the
inverse of Frobenius. Hence we have VJZ"(I) 2V ® 22|22671(2) and 11 <VJZ"(—1)> &=
I (Vy) @ (671 o det).

In [1], Berger and Breuil defined

LA(a) := Ind?{éﬁ?p) <unr(a_1) ® xk_2unr(pﬁ_1)>

and

LA(B) := Indg%ég)@p) (unr(ﬁ_l) ® xk_Qunr(poz_l)>

Similar to the inclusion (2.6.3), we have

/BB : LA(O‘) @H(VJZ“(—l))lalg LA(B) — H(V}k(_l))> (2-6'5)

see Corollary 7.2.5 of [1]. (There is a difference of notations for Banach space repre-
sentations between [1] and this paper, which will be explained in Remark 2.6.7 later
in this section.)

We now have the following commutative diagram, and we denote the map of the

dashed arrow by sq:
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JE

LAc (Qp, L) o ) » T(Vy)
\\\ Ja ElW
) GL2(Qp) “1y,.2—k N
L IndB(@p) (unr(ﬁp s ®unr(a)> 19
So lmultiplied by 6 Lodet :
T LA(a) - s TI(VE(—1
(0) (Vi (=1)

Here, we write “multiplied by 61 o det” (which is not a GLg(Qp)-equivariant map)
because we are viewing both the source and target of this map as some space of
functions on the group GL2(Qy).

We have similar diagram when we replace a by 3, and the dotted arrow ¢ from

I(Vy) to H(V;(—l)) is induced by the two diagrams for a and f.

Remark 2.6.1. The map o : I(Vy) — H(VJZ“(—I)) is just an isomorphism of topolog-

ical vector spaces. It is not GLa(Qp)-equivariant.

We have the following lemma, whose proof is just a careful tracking of the diagram

above:

Lemma 2.6.2. For any z € (H(Vf))*, if we define v (z) =iy 0 fp(2) € 2(Qp)
and pa(z) == sy 0 Ipp 0 V«(2) € 2(Qp), then va(f) and pa(f) are related by the

following formula:

f(@)valz) = / F(—2)pal2) (2.6.6)
Qp Qp

for any function f(z) € LAc (Qp, L).

We have similar results when we replace o by .
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Remark 2.6.3. The distribution p(z) is the distribution on Q) corresponding to z
defined in [1].

Definition 2.6.4. We equip @D(VJZ“) with an action of B(Qp) as follows:

z 0
e The matrix in the center acts by the scalar 6~ 1(z) on each copy of
0 =
D(VJ?).
(P O L L .
e The matrix acts via ¢~ *, that is, shifting to the right.
1
a 0
e The matrix where a € Z;, acts by o on each copy of D(V; ).
01
1 b b
e The matrix where b € Q) acts via multiplying (1 + 7')” on the last
01

copy of D(Vf ).

Remark 2.6.5. If we take V = VJ?‘ and y = 671, then lim D(VJZ") with the action of

<_

(4
B (Qp) as defined in [2] (Definition 3.4.3) is isomorphic to lim D(VJ?‘) ® (0 o det) with

—

(0
the action of B (Qp) as defined above in Definition 2.6.4.

In [1] and [2], Berger and Breuil proved the following theorem (See Theorem 8.1.1

in [1], or Théoreme 5.2.7 in [2]), which we present here using our notation:
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Theorem 2.6.6 (Berger & Breuil). Assume that

T (f) = indgﬁéi(;@p) (unr(a) ® unr(ﬁp_1)>

with |afl= [p"1, a/B # p*! and 0 < vp(a),vp(B) < k — 1. Then under the
B(Qyp)-equivariant isomorphism of topological vector spaces (as defined by Colmez in
f18))

Z: ) S <hmD(VJz’<)>b, (2.6.7)

we have the explicit formula

F(2) = (e Nita n(2) @ o+ 8 Vg n(2) @ g) (2.6.5)

Here, we are identifying (%ﬂD(Vf))b with %N(VJZ“) (see Proposition 8.1.2in [1]),

and we view N(VJZ") as a subspace contained in B

rig,@, © Derys(V5) (see Proposition

5.5.31n [1]). Also, eq (resp. eg) is a Frobenius eigenvector in Dcrys(VJZ") with eigen-
value a1 (resp. B) such that f = eq + eg € FilODdR(VJZ"), and pio, N (2), pg N(2)
are distributions on Zy, (viewed as elements in B;Eg,@p via the Amice transform?)
defined as follows:

For any z € 11 (Vf)*, let pia(2) and pg(z) be as defined in Lemma 2.6.2. We

define for every N € Z>o two distributions Ma,N(Z) and ,u@N(z) on Zy using the

2. Later in this and the next section, we will always identify 2 (Z,) with B:gg @

transform without mentioning explicitly. This should not cause any confusion.

using the Amice

29



formulas

/Zp f(@) o N (2) = /1 f(pNﬂf)/La(z)

—Z
pN &P

and

/ ) = [, o)

pr

for all f(x) € LA (Zp, L).

Remark 2.6.7. The notations we are using here is related to the notations used in [1]
and [2] in the following way: for any continuous representation V' of G@p’ the II(V)
in this paper is the II(V (1)) in [1] and [2].

In [1] and [2], Theorem 2.6.6 is formulated as

1(17)" % (smo07),

f

If we change both sides of the above isomorphism into our notations (see Lemma

with their notation of IT <VJZ’<) and their definition of B (Qp) acting on (%n D(V*)) .

2.6.5), we would get

1 (v;(—n)* = (@D(v;))b © (5 o det) .

(4

Notice that we have II (Vf(_1)> ® (6o det) ! = (H (Vf‘(—l)) ® (0o det))
and II (Vf‘(—l)) =~ 11 (Vf) ® (8(z) o det) ™!, we see that our isomophism (2.6.7)
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coincides with the isomorphism introduced in [1] and [2].
The notation used in [18] is also compatible with the notation in [1] and [2], which

has already been verified in [19].

2.7 Images of zj@( f) under dual exponential maps, principal

series case

We continue using the same notations and assumptions as in the previous section.
For example, m;"(f) is still assumed to be a principal series. In [14], Emerton has

proved the following result (Proposition 4.9 in [14]):

Theorem 2.7.1 (Emerton, [14]). With the notations as in Lemma 2.6.2, we have

ya(M?) - (resp. uﬂ(./\/l?) Z*) coincides with the p-adic L-function Ly o(f) (resp.
p p

Ly, 3(f)) as defined in [17].

,ﬂ.SIIl

o (f) is an unramified

We can now prove our main theorem in the case when

principal series:

Theorem 2.7.2. The element zﬁ(f) € Hllw (Qp, VJ?‘) has the following property:

For any 0 < j <k —2, any locally constant character x of Z;; with conductor p"
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(n>0),

. » 1 Apfhxi+l) -
exp (/Z;X(l’)x ! 'sz@(f)> =t It )
€ Fil’Dar(Vi (x)(=)):

Here, the sign £ for zj\t/[(f) is chosen such that x(—1) = £(—1)J. If the sign doesn’t

match, then the LHS of equation (2.7.1) equals 0.

Proof. As in the proof of Theorem 2.5.3, we again denote c;,, the projection from
Hi (Qp. V) to HH(@p(Gn), Vi (=4)),
and we use Lemma VIII.2.1 in [18] that exp* (cj’n(zj\t/[(f))) equals 1% times the

image of ¢y, (Exp*(zﬁ( f))) modulo 7, — £(yn)?, where ¢ is the cyclotomic character.

We have the following commutative diagram:

D(Vj)=! - » Lo[[t] © Dar(V})

l 7 /
L ®p~ ™

=1
+
(Biq, @ Ders(7)

where the vertical map F' is induced from the isomorphism

Y | .

as described in [12], together with the fact that D(V]?‘)z/’:1 C N(VJ?‘) C ng Q ®
Dcrys(Vf) (see Theorem A.3 in [12] and Proposition 5.5.3 in [1], remember that we

have always assumed Vf|G@p to be absolutely irreducible).
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We write
F (Exp*(zﬁ(f))) — Toz K eq + Tﬁ & €3 S B;‘i_g,(@p ® Dcrys(Vf).
Since To®eq+7T g®eg is fixed by 1, we have 1 (Tq) = a 1T, and ¥ (Tﬁ> = ﬁflTﬂ-

Notice that Exp*(zﬁ(f)) = (M?) =7 (M?) is fixed by 1, so if we write

7 (M%) = (0 VoM Beat 5 s xMF) @05)

then

F (Exp™(z3,(f))) = #a,0(M7) ® ea + g o(M7) ® e

= MO&(M}E)

+
Zp@@a‘i‘,uﬁ(Mf) Zp®eﬁ7

hence T = ua(M?)‘Z and Tg = ,uﬁ(/\/l?)
P

Zy

Now since

i (Ya) = Ta (cpn exp (z%) - 1)

tx z
:/z exp (ﬁ) ® G - pra( M),

P
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we have

Ajna = Coefficient of t/ of 1y (To) =

1 .
J T +
pinj! /pr @ G-l M)
+00 '
Z/iZ*IJ®an-ua(MJ?)

pinjl s

Zp/ 2 @ i 0 pa (M)

Z .
S L[ G el
p

pu— jn “
PRI

p]njl

Thus, for any locally constant character x of Z;, with conductor p" (n > 0),

o Z X(a)aa (Aj,n,a)
ac(Z/p™)*

o +00
Z Z/ ) x(a) ® Zf_i -,ua(./\/t?).
(0% *

Jn |
p I Z/p)

It is easily seen that the Gauss sum 3 ¢z /n)* x(a) ® Cgﬂf_i = 0 whenever ¢ > 0
because x has conductor p™. Therefore, if we pick the sign + such that £1 =

(=1)7x(—1), then we have
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a” Z X(a)aa (Aj,n,a)

a€(Z/p")"
" ® Con ,
- TENOEG [ T e
p]nj' ;; f
n ® a )
= (=1 x(— ) Zapﬂi}? G /*xjxl(x)l/a(./\/l]jf) (Lemma 2.6.2)
P
a” ® (o :
Za ( ) <p / J]JX_I(.T)VQ(M:E)
p]nj| ;; f
L@ " ax(a)® o
= il -Lp7a(f) <xjx 1($)> (Theorem 2.7.1)
n Za ( ) ® <gn . n( '_|_1) -n -1 . _< '+1) L(p)(.fa Xa] + 1)
P UYL ()L (o)UY Q}t
(See for example, [11], Page 269)
1 (ﬁx9+1
= +p. . R (4,.
P PRRIOEL:
Aoy (fx,d+1
Similarly, 8" ZaG(Z/p”)* X(G)Ua (Aj,n,ﬁ) = 4ph. T(lx) . (p)(f;!( J+1) . Za X(a) ®

gn, from which we can see that the RHS doesn’t depend on « or f3.
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Hence,

exp’ ( IR -zfm)

= Z x(a) exp* (Cj,n(zf/[(f»)

a€(Z/p")"
_ - j * (gt j
=—- x(a)og (Coefﬁmen‘c of t/ of 1y, (Exp (zM(f)))> -t
" ee@pmy
= in : x(a)og (Ajm,oz ® a'eq + Aj,n,ﬂ ® ﬁneﬂ) -t
b aE(Z/p”)*
1 (f x j+1)
= : a 4
_iT(X) <ZX ®Cpn> ® (ea +eg) -t
1 (f x j+1) .
=4 . a .
) (ZX %)@f
1 Ay (f,X,J+1) . 0 \ |

2.8 Comparison with Kato’s Euler system

Let f be any cuspidal newform of weight k > 2 and level Ty(p") N T'1(N), Vf
the (cohomological) p-adic Galois representation of G attached to f. We assume
throughout this section that Vf|G@p is absolutely irreducible.

We have exactly two cases when the above assumption can happen, namely, when

T, (f) is supercuspidal (as in section 3 to 5) or a twist of unramified principal series
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(as in Section 6 and 7).

Corollary 2.8.1. Let f be as above. We define zp;(f) = zj\r/[(f) —z,,(f) €
Hllw <Qp,VJZ">. Then we have for any 0 < 7 < k — 2, any locally constant char-

acter x of Zy, with conductor p" (n > 0),

. Ay(fox,i+1) .
exp” (/*X(x)x_j ZM(f)> = T(lx) . (p)(f;i i+ 'fX'tj’ (2.8.1)

where

(2mi)i+1 ' Q?

Fy ¥ € FiIPDgg (VF (x) (=)

K(p)(f))(a] + 1) - € Q(f7 ,upn) )

are defined as in equation (2.2.16) and Theorem 2.5.3.

Proof. This follows immediately from Theorem 2.5.3 (for the supercuspidal case) and

Theorem 2.7.2 (for the principal series case). [
Recall the following theorem by Kato:

Theorem 2.8.2 (Kato, [11]). There exists a unique element zgto(f) € H%W(Q, VJ?‘)
(in the global Twasawa cohomology group), which is obtained by global methods using

Siegel unites on modular curves, such that for any 0 < 5 < k — 2 and any locally
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constant character x of Z, = I'g, with conductor p" (n > 0), we have

. Ay (fxi+1)
exp” ( / *x<x>x—ﬂ-zKato<f>):T(1x)- ULALASS SN CI

p

O

We still use zgat0(f) to denote its image in the local Twasawa cohomology group
H%W(Qp, VJZk ). Combining Corollary 2.8.1 and Theorem 2.8.2, we can prove the fol-

lowing;:

Theorem 2.8.3. If Vf’GQp is absolutely irreducible, then zp;(f) = zZKato(f) as

elements in Hllw((@p, VJZ“)

Proof. We define Hllw e((@p,VJ?‘ ) the collection of elements in Hllw(@p,VJZ" ) whose
projection to Hl(Qp(Cpn),VJi‘) belongs to Hel(Qp(Cpn),VJi‘) for all n > 0, and we
define Hllw g(@p, VJ?‘ ) the collection of elements in Hllw(@p, VJ?‘ ) whose projection to
H! (Qp(Gpn), VJZ") belongs to H; (Qp(Epn), V]?‘) for all n > 0, where

HE (Qp(Gr). V) = Ker (H' (@p(Gn). V) = H' (Qp(Gn).V @, B ) )
= ker <H1 (Qp(Gm), V) P pi0Dgg (V))
C H; (Qp(Grn), V)
= ter (H' (Qp(Gn), V) = H (Qp(Gn), V @, Bar ) )
c H' (Qp(gpn), V)

for any continuous p-adic Galois representation V' of G@p‘
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By Corollary 2.8.1 and Theorem 2.8.2, we know that in both cases, we have for

any 0 < 7 < k — 2 and any finite order character ¢ of Z,

exp” ( - ¢(x)x_j (zp(f) — ZKato(f))) =0, (2.8.3)

p

This means

201(f) = ZKato(f) € Hiyy o(Qp, V).

In the case when VflG@p is absolutely irreducible, Proposition I1.3.1 of [13] says

Hllw,e(va v‘];k) - Hllw,g(Qpa V]:'k) - 07 (284)

hence zy/(f) — ZKato(f) = 0, which proves (1).

Remark 2.8.4. In fact, we only used equation (2.8.3) for j = 0 in order to conclude

Z)r (f) = Zkato(f) as elements in H%W(Qp, VJZ“)
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CHAPTER 3
COMPLETED COHOMOLOGY OF SHIMURA SETS
AND ANTI-CYCLOTOMIC P-ADIC L-FUNCTIONS: AN
EXAMPLE

3.1 An example: Steinberg case

Fix p > 3. Let B be a quaternion algebra defined over QQ that is ramified exactly at
[ # p and co. K be an imaginary quadratic field embedded in B such that [ is innert
in K and p splits in K.

We fix an isomorphism B = K @ K - .J, where J2 = 3 with 8 < 0, and Jt = ¢.J
for every t € K.

We define

ig: B My(K)

a bb
a+bJ—

|
Qf

For every ¢ that splits in K, we fix an isomorphism iy : B(Qq) %—> M (Qq)
by defining iq = pry o (ix ® Qp), where pry is induced from the natural projection
K®Q,=Q,®Q, 25 Q.

For every ¢ # [ that innert in K, we fix an isomorphism iq : B(Qq) = M3(Qq).

Using the above notation, we see that the isomorphism i) when restricted to K
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is given by the following formula:

Q& Qp = K, 5 B(Q)) 2 CGLy(Qy)
t1 O

(t1,t2) 1 —
0 t9

We define
S = BX(@\BX(&)) /R - AL S T\GLa(@,)/Q;,

where the isomorphism above is induced by the strong approximation and the iso-
morphism 2.

We let Cont(.S) denote the collection of p-adically continous functions on S taking
values in C,,.

Let I(p") C GLa(Zp) be the standard Iwahori subgroup. That is,
b
I(p") = € GLy(Zp)|c=0 mod p"

We denote I(p) by I. S/I is a finite set, which is a quotient of the collection of

oriented edges F (’T} of the Bruhat-Tits tree 7 by the group I'. That is, we have
S/T = F\E(Ti.
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Recall that the Bruhat-Tits tree 7 has vertices

7

p
0 pf

V(T) = { (e1,e2) v ‘

‘ € GLo(Zp)\GL2(Qp)/Q), ¢,
0 p/

where i,j >0, a € Z/p'Z if j =0, and a € (Z/p’Z)* if 7 > 0.

The action of GL2(Qp) on V(T) is given by the formula

Define
Goo = KX\ AR [Ty, 05 - A5,

and if we assume K has trivial class group and disc(K) > 6, then we have

7y 0 ~
p ~ X X X =
0 1 - (OKpl X Osz) /Zp Goos

where the isomorphism on the left is induced from i;,. Using the above identification,

the group Goo then acts on 7.

1%

We denote by Acyc : Goo — Z; the composite of the inverse of the above

isomorphism with projection to the top-left entry of the 2-by-2 matrix. Define
= Acyc_l(a) € Goo
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for every a € Z;,

For every n > 1, we also define
Un = Acyc (1 + p"Zp) C Goo,

It is easy to see the following:

~ pi 0
Lemma 3.1.1. G fizes every vertex of the form (e, e2) |, where i,j € Z

0 p/

and ij = 0. We call the collection of the above vertices “main axis”.
Uy, fizes all vertices with distance at most n to the “main axis”, for everyn > 1.

Furthermore, CNJOO acts transitively on the collection of rays

(e1,e9)—(erea) |1 | —-|ae @/pzy
01

and Uy, acts transitively on the collection of rays

(e1,e2) —(eq,e2) e ld € (Z/p"TZ)* a=d mod pt

for every a € (Z/p"7Z)*.
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We define for every n > 1 an oriented edge

p 1 o1
Ep = |(e1,e2) — (e1,e2)
0 1 0 1
It is then easily seen that
pn—l
0 1

for all a € Z;;.

Now let f be a weight 2 modular form on S/I = F\E(Ti. The pull back of f as
a function on E(7) will still be denoted by f.

Using the definition from [3], we have an element £ r€ Zp[[éoo]] defined as

Ly=lmLs,=lm > f(&%En)- & (3.1.2)
" " €,eGn

On the other hand, f € Cont(S) topologically generates a continuous Steinberg

representation

GL2(Qp

v (Indpg,

)1) /1 < Cont(S).

Lo (Qp
(Qp)

lection of continuous functions on Q) with limit 0 at infinity. We denote the latter

GL2(Qp
B(Qp)

Here, the continuous induction (Indg )1> /1 can be identified with the col-

space by Conto(Qp), and we denote <Ind )1> /1 by St. More precisely, for
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GL2(Qp)

any ¢ € Conto(Qp), the corresponding function gg € (Ind B(Q,)
p

1) /1 is a function

~ 0 1
on GL2(Qp) such that ¢ = ¢(x) for all z € Qy.
-1 z

The modular form f € Cont(S5) is then the image of 17, € Conto(Qp) under then
map P ¢.

Let 1 =(---1,1,--+) € S be a points with every coordinate equal to 1. Then
evy € Cont(S)y,.

After composing with ®; and the inclusion Cont(Z,) < (Indg%é((;@p )1> /1 =
p
Cont(Qp), we can view evy as an element in Cont(Z}), = Zp[[Zy]], which we

denote by evy_¢.

Proposition 3.1.2. evy = Zf as elements in Zp[[Z,]], under the identification

Acyc : Goo — Zy.

Proof. The element evy € Zpl[[Zy]] is a measure on Z;,. We have for all a € Z;, and
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all integer n > 1,

Pt oa Pt oa Pt oa
/ 1'eV]l:< .ﬂzp,eV]l>:< .f,ev1>:f
a+p"Zyp 0 1 0 1 0 1

f(&a-Ep) (using equation 3.1.1)

l- Ef (using the definition of Zf)
a+p"Zy

This proves evy = L as measures on Z;;. O

3.2 Another way of phrasing the above example

Let I C GLa(Zp) be the standard Iwahori subgroup.

By “extension of scalars”, there is a GLg(Qjp)-equivariant map

o : (c-mdf{éi(@ph) © Cont(S/I) —s Cont(5S),
P

where c-ind means the smooth compact induction.

GL2(Qp
B(Qp)

is a surjection from c—ind?_g*@p )1 to St*", which is taking quotient by Uy — 1.
p

We denote St*™ = (ind )1> /1 the smooth Steinberg representation. There
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The weight 2 Hecke eigenform f is an element in Cont(S/I). It is known that

f mnecessarily has Uy eigenvalue &1, and we assume U,f = f in this example.
The restriction of & to <C—ind?%i(Qp )1> ® f then factors through the quotient
P

c—ind?g*((@p )1 — St and we denote the induced map from St (and from its com-
P

pletion St) to Cont(S) by ®:

(c—inqui(QpM) ® Cont(S/I) e > Cont(.S)
1-Qp

A

y )
(cindfg2 @) ey 2

b Oy

¥

LCo(Qp) = > St » St «—— Conty(Qp)

Here, we identifies St with Conty(Qp) as in the previous section, and we identifies
St with LCy(Qp) (the space of locally constant functions on Q) with limit 0 at

infinity).

We now describe the map @y explicitly. First notice that Sts™1 ig 1 dimensional
and is spanned by the image of 17, € LCy(Qp), we see the image of 1].@;; ®f e
(c—indgg*(@p )1) ® f in St equals the image of 1z, € LCp(Qp) in St

p

More generally, for any a € Z;; and any integer n > 1, the image of the element

P oa
Loz, = 1z, € LCo(Qp) in St™ equals the image of 1 e ® fe
0 1 1-Qp 0
. GL2(Qp) ) Qs
(C—lndl_@; 1) ® f in St

7



Therefore, we have

B p(Loypnz,) =@ | 1 )®f - foeCont(S).  (3.2.1)

-

0 1

Let 1 € S be as defined in section 3.1. We can then restrict evy € Cont(S);
to Cont(Z)) using the map ®, and the identification St = Cont((Qp) O Cont(Zy),
hence view evy as an element in Cont(Zy)y = Zp[[Zy]], which we denote by evy ;.

Using equation 3.2.1, we see for any a € Z;’; and any integer n > 1,

n a T

/ L-evy p= fl1=f . (3.2.2)
a+p"Z;

Recall that we have fixed an isomorphism 7, : B*(Qp) = GL2(Qp) such that
it is compatible with the embedding K < B in the way that the following diagram

commutes:
(K©Qp)" — Q xQ;

/ l

B*(Qy) i> GLy(Qp)

where the injection on the right is given by sending (¢1,¢2) to the diagonal matrix
Diag(t1,t2) € GL2(Qp). Under the assumption that K has trivial class group and
disc(K) > 6, we can view Goo as a subgroup of (K ® @p)* /Q, via global class field
theory. We define

Ex: Goo — GLo(Qp)/Q5 — S
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be the following composite of the above two maps. (In fact Zx only depends on
the local embeddng K, — B(Qp).) Using the notation in section 3.1, we have

a 0
Ex(éa) = € M\GL2(Qp)/Qy = S for all a € Z.
01

Define T ¢ i be the composition of the following maps:

~ ~ )] =* ~
Cont(Goo) &—— Cont(Z5) < St —» Cont(S) —= Cont(Goo)-
cyc

It is then not hard to see (using equation 3.2.1 and notations in section 3.1) that

P ax
Tr i (gv,) = (& f (3.2.3)
0 1
for all a € Zj, and integer n > 1.
For any x € Z; C P! (Qp), let & = {E] — Eg — - - -} be a sequence of consecutive

edges connecting the center of the Bruhat-Tits tree 7 to the point x on the boundary.
Associated to &, there is an element £ fa € Zp[[éoo]] defined as in [3]. We then

have the following:

Lemma 3.2.1. For any x € 7, we have
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where 5§I 15 the “delta measure” on Go at &;. Moreover, we have

Lyy=evyy

under the identification Acyc : éoo = Z;.

3.3 Relations to (¢, ')-modules

Assume p = ww in K, and w® 1 is identified with (puy,ug) under the identification
K ®Qp = Qp® Qp. The isomorphism iy, : B(Qp) - M>(Qp) then sends @ to the
puq

matrix . Since RP is the product of all maximal open compact subgroups
0 wuo

away from p, we have w € RP.

Therefore, if we define u = ujuqy le Z;, we see that 1 € S is invariant under the

pu 0
action of via GLo(Qp) = B(Qp). We thus have the following lemma:
0 1

pu 0
Lemma 3.3.1. evy € Cont(S){) is fived under the action of via GLo(Qp) =
0 1

*,[" =1
B(Qyp). Thus the image of evy under the map CIch is in St \" 1> )

Remark 3.3.2. The number pu defined above is called “a fundamental p-unit of K”
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in [8], i.e. a generator of the group of elements in OK[%]* of norm one. It is denoted

by uyp in [8].

We define z1 € D(VJZ‘ )¥=0u " the image of evy under the isomorphism

pu 0

sl )~ D(V})V=ru

1

provided by Colmez.

The following questions will be studied in the future work following this thesis:

Question 3.3.3.

1. Is it true that (1 — goa;l)D(VJ?‘)w:W:l is free of rank 2 over A?

2. What is the relationship between D(VJZkW:‘TI71 and the Twasawa cohomology of
*9

Vf ;

3. What is the relationship between zy and the Euler system constructed in [3]?
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