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ABSTRACT

In this thesis, a simulation pipeline for efficient and accurate atomistic calculations of electron
transport in nanoscale devices is developed. This method is based on the non-equilibrium
Green’s function (NEGF) formalism with tight-binding parameters of the considered mate-
rials determined from electronic structures by density-functional theory (DFT) calculations.
DFT simulation is a robust technique to model nanostructures, but cannot be scaled to
realistic device sizes due to heavy computational cost. We circumvented this limitation by
transforming the delocalized plane-wave states into maximally localized Wannier functions
(MLWFSs) that serve as the localized basis for the quantum transport solver. This allows
accurate modeling of device structures on a micron scale, but with atomic level accuracy.

The effectiveness of this approach is demonstrated through the investigation of nanos-
tructures and the comparison with experimental results. Firstly, in order to validate our
approach, we compared the transport results obtained by our method with that by full DFT
simulation. The two methods agree very well but our method uses three orders of magnitude
less time. Then we tested our transport calculations by applying it to the telescopic double
wall carbon nanotube, where two nanotube of different radius overlap with each other. The
obtained results are similar to the ones in literature.

We then applied our simulation pipeline to the important problem of metal-semiconductor
contact. Metal-semiconductor contact is a major factor limiting the shrinking of transistor
dimension to further increase device performance. Two-dimensional (2D) materials such as
graphene and transition metal dichalcogenides (TMDCs) are pushing the forefront of com-
plementary metal-oxide semiconductor (CMOS) technology beyond the Moore’s law [T, 2],
and show great promises for realizing atomically thin circuitry [3, 4 5]. A fundamental chal-
lenge to their effective use remains the large resistance of electrical contacts to 2D materials
for probing and harnessing their novel electronic properties [0, [7, 8]. There are generally
two types of contact geometries, namely top contacts and edge contacts [6], both of which
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are examined in in this thesis. Conventional 3D metallic top contacts can achieve low con-
tact resistance with monolayer 2D materials, but cannot avoid the intrinsic problem of large
electrode volume. [9, 10} 6 11] 2D top contacts, including graphene [12] 13}, 14] and recently
demonstrated atomically flat metal thin films [I1], can achieve both small volumes and low
contact resistances of metal-semiconductor interfaces. The analysis of graphene-MoS, top
contacts reveals that they suffer from weak van der Waals coupling to TMDCs [15] so their
transfer efficiency depends largely on the contact area and is compromised dramatically
below a transfer length which is typically tens of nm scale [16] [§].

On the other hand, in-plane edge contacts have the potential to achieve lower contact
resistance due to stronger orbital hybridization compared to conventional top contacts. We
then present full-band atomistic quantum transport simulations of the graphene/MoS, edge
contact. We find that the potential barrier created by trapped charges decays fast with
distance away from the interface, and is thus thin enough to enable efficient injection of
electrons. This results in Ohmic behavior in its I-V characteristics, which agrees with ex-
periments. Our results demonstrate the role played by trapped charges in the formation of
a Schottky barrier, and how one can reduce the Schottky barrier height (SBH) by adjusting
the relevant parameters of the edge contact system.

The thesis provides full details on the application of the MLWEF technique to self-
consistent quantum transport simulations, as implemented in our open-source software swan
[17]. Our framework can be extended conveniently to incorporate more general nanostruc-
ture geometries as well as electron-phonon interactions. Such approaches are important for
understanding electron flow beyond the quantum limit and have started to draw increasing

attention from the device modeling community.



CHAPTER 1
INTRODUCTION

1.1 Nanodevices

Transistor is at the heart of the third Industrial Revolution. It is today’s counterpart of
the steam engine in the 20th century. From the first demonstration of a point-contact
transistor in 1947 by Bardeen, Shockley, and Brattain at Bell Labs, to the mass production
of modern computer processors, the semiconductor industry has aggressively pushed its limits
for decades. The ever growing computational power of the ever shrinking microchips has
shaped our everyday life, from economy, science, healthcare, social life, or even civilization
with the booming of artificial intelligence starting only in this decade.

The exponential growth of computer performance is a result of miniaturization of dimen-
sions as described by the empirical law by Gordon Moore in 1965.[18] Moore’s law states
that the number of components per chip area doubles every two years. Up till today, this
law is still going strong. The ability to pack hundreds of millions of logic switches onto a de-
creasing area has led to modern computing devices with far-reaching functionalities. Despite
significant efforts in optimizing chip design, the scaling of number of transistors ultimately
gave rise to modern digital technology.

Although the number of transistors per chip is going up, the clock speedﬂ and thermal de-
sign powerﬂ are not keeping up with pace due to physical limits. To overcome these problems
of ultra-scaled devices, Intel has already replaced planar MOSFETs with three-dimensional
FinFETSs, which could satisfy the industry requirements for the next 2-3 technology nodes.

However, in the long run novel device architectures and materials will be needed to minimize

1. Clock speed means the operating speed of a computer or its microprocessor, defined as the rate at
which it performs internal operations and expressed in cycles per second (megahertz).

2. The thermal design power (TDP), sometimes called thermal design point, is the maximum amount of
heat generated by a computer chip or component (often a CPU, GPU or system on a chip) that the cooling
system in a computer is designed to dissipate under any workload.
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Figure 1.1: Transistor count per squared millimeter on a microprocessor obeys
the Moore's law (1971-2018). Data is from Wikipedia (https://en.wikipedia.
org/wiki/Transistor_count#Microprocessors).

current leakages, self-heating, power consumption, and maintain a good electrostatic control

of the active region of the transistors at atomistic scale.

1.2 2D Materials

In recent years, 2D materials made of atomically thin structures has gained attention as
an ideal candidate replacement of silicon in post-CMOS era. The discovery of graphene
by Novoselov and his co-workers in 2004 [19] generated an unprecedented enthusiasm in

material sciences. However, graphene lacks a band gap in its bandstructure, which hinders
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its usage in digital logic applications. On the other hand, other families of 2D materials
are emerging. Among them, few-layer metal-dichalcogenides (MDs), given by the chemical
formula MX2, where M is a metal (Mo, W, Zr, Hf, Sn, etc.) and X a chalcogen (S, Se, Te),
as well as their van der Waals crystals, hold great promises to face the challenges of present-
day electronics given the existence of band gaps. Still, the integration of 2D materials into
electric circuits is accompanied by several technical difficulties. For example, they suffer from
a large contact resistance at the interface of bulk metal interconnects that severely limits
their performance [20]. Most techniques developed for reducing the contact resistance at
silicon-metal interfaces are not applicable here, due to the atomic scale of the semiconductor
layer. Various computer simulations have been recently performed but they only studied
the equilibrium properties of the interfaces [15], which is only one piece of the puzzle. This
thesis tackles these challenges with realistic transport simulations in metals connected to 2D

systems.

1.3 Computational modeling

Computational modeling plays an important role in the development of novel microchip
technologies. In this sense, the semiconductor industry has also greatly benefited from
its own product itself. Technology computer aided design (TCAD) integrating material
simulation and device modeling has became standard in the semiconductor companies in
supporting long and expensive experimental processes. Designing a new transistor strongly
relies on this cost- and time-efficient method. To continue this success, we have to develop the
abilities to develop next-generation computer simulation tools to accurately handle systems
composed of hundreds of thousands of atoms on the atomistic, quantum-mechanical level.
This is critical given the enormous design space to be explored in order to find the best
active components that will hold the core of future’s electronics, as the conventional silicon

metal-oxide-semiconductor field-effect transistor (MOSFET) technology is approaching its
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limits.

Given the device channel length as small as 1 nm [2I], previous device model based
mainly on effective mass approximation definitely becomes questionable. At this scale, we
cannot characterize devices using a collective behavior. Atomistic effects including surface
roughness, discrete dopant and impurity fluctuations will dramatically influence the device
properties. Each device will be different from the rest, and variations due to imperfections
will be a major challenge in controlling their operation. Therefore, more accurate atom-
istic models that inherently include all relevant information about the electronic structure
of materials and structures should be utilized. Atomistic models can provide information
about non-parabolicity, confinement level position beyond the effective mass approximation,
the effects of strain in the electronic structure, as well as a more accurate distribution of
charge in the device channel. Atomistic models generally take into account the full atomic
structure of the system with each atom at a position either in a predefined geometry (like
those given in the preceding sections), or computed within the model itself. In addition
to that, atomistic description of the device in arbitrary orientations, has the advantage of
being able to automatically capture the valley projections and extract the dispersions of
the channels in the transport orientation. This model also automatically includes informa-
tion about band coupling and mass variations as functions of quantization, although the
quantitative significance of the results always depends on the parameters that are needed
as an input. Compared to ab-initio methods, atomistic models can generally be handled
with far less computational effort and allow an easy tuning of internal parameters, helping
in understanding the individual physical effects.

For this purpose we have developed a simulation framework based on first-principles
density-functional theory (DFT) and the Keldysh non-equilibrium Green’s function (NEGF)
technique[22, 23] connected through maximally localized Wannier functions (MLWF's)[24],

an increasingly popular combination in the field of computational device simulations. This



thesis provides details of theoretical background and key features as well as examples for
our custom-built computational pipeline. The codes implemented along with the presented

examples are publicly available on GitHub.[17]

1.4 Overview

This thesis is organized as the following: Chapter 2 introduces the theory of quantum trans-
port. Chapter 3 describes the way to calculate the electronic structures of materials using
DFT methods and to extract tight-binding parameters for quantum transport simulations
based on those calculations. To validate the developed simulation pipeline, we compare our
results with full ab-initio calculation of quantum transport in vertical stacking graphene
layers. We find that the two results match well, albeit our method is three orders of mag-
nitude faster per node and has the potential of better scaling to even larger systems. In
Chapter 4, We further compare our simulations of telescopic double wall carbon nanotube
with literature results. We again find that the two agree well with each other. Chapter
5 and chapter 6 are dedicated to the important problem of metal-semiconductor contacts.
Metal-semiconductor contact is a major factor limiting the shrinking of transistor dimension
to further increase device performance. We investigated two main contact geometries for the
combination of the two most popular 2D materials, namely metallic graphene and semicon-
ducting monolayer MoSy. In chapter 5, we calculated the transport properties of top contact
structure and studied the relation between electron transfer efficiency and overlap length. In
chapter 6, we performed a full self-consistent simulation of NEGF solver and Poisson solver
for the edge contact geometry and find ohmic behavior in the current-voltage characteristics,
which agrees with experiment. In chapter 7, We conclude our finds and suggest directions

for future study.



CHAPTER 2
THEORY OF QUANTUM ELECTRON TRANSPORT
SIMULATIONS

Simulation is a valuable tool for not only understanding complex phenomena but also pre-
dicting new directions for experimental investigations. Due to the complicated quantum
mechanical nature of matter at the nanoscale, traditional classical or semi-classical models
fall short of providing the required precision in realistic cases. Except in very few special
cases, the many-body equations of quantum mechanics cannot be solved analytically. In-
stead, numerical solution is the way to calculate properties of systems without introducing
extra parameters. Even numerical solution of the Schrodinger equation is a challenging prob-
lem, with solutions only possible for small systems. However, approximations to lower the
computational cost are possible. In this chapter, we introduce the theory for various pieces

of our assembled computational pipeline.

2.1 Density-Functional Theory

Ab-initio methods allow the quantitative computation of material properties without experi-
mental input. The method commonly used within solid state physics for material simulation
is DFT based on the theory by W. Kohn and L. J. Sham [25]. Remarkably, ground-state
properties can be found without directly working with the many-body wavefunction; instead
one works with the ground-state electron density. Formally, density functional theory is
exact for the ground state. In practice a number of approximations to the functional need
to be made, but the method has now achieved good accuracy for many materials. DFT has
emerged as a standard tool in describing the electronic structure of materials. Its general
advantage is its ability to produce accurate quantitative results, while the main disadvan-

tage is the high computational cost. In the standard formulation it is best suited for the
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description of isolated systems such as molecules and clusters or fully periodic systems such
as solid crystals. However, computational study of some systems with existing frameworks
is possible with additional development of computational methods. These factors lead to
development of methods and formalism needed to calculate the electron transport properties
of nanoscale systems.

In the following, we review the theoretical basics of DFT, covering the Hohenberg-Kohn
theorem, the Kohn-Sham equations, pseudopotentials and exchange-correlation function-
als. This is not intended to be a comprehensive overview as excellent tutorials including
textbooks[26] are available.

The Hohenberg-Kohn (HK) theorem[27] provides the foundation for DFT: For N elec-
trons interacting in a static-external potential V (r), the electronic density of the ground-state

no(r) minimizes the functional

The proof the of theorem can be found in most solid-state physics textbooks. [20]

Kohn and Sham separated the functional F[n(r)] into three parts

E[n(r)] = Ts[n(r)] + % / / %drdr’ + Exc[n(r)]. (2.2)

The first term, Tg[n(r)], is the kinetic energy of non-interacting electron gas, the second
term is the Hartree (electrostatic) energy, and the last term is the exchange and correlation
energy. The point of the separation is that the first two terms can be straightforwardly
treated while the final term contains the complicated many-body effects. The exact form of
the exchange and correlation term is unknown and approximations must be made case by
case in practice in order to use this theory.

Then the Schrodinger equation for non-interacting particles can be obtained as introduced



by Kohn and Sham,

- %VQ + Vies(r)i(r) = ¢5(r). (2.3)

Here, the number of electrons in the system is fixed, enforced via a Lagrange multiplier. The
previous equation provides a route to practical calculations using density functional theory

and is known as the Kohn-Sham equation. Here the electron density is defined as

N
n(r) = [i(r)]*. (2.4)
i=1

Conventional Coulomb potentials pose several computational difficulties. Since many
states near atomic cores are highly localized and wavefunctions must be orthogonal, those
states must rapidly oscillate to achieve orthogonality. This corresponds to a high plane-wave
cutoff or very fine real-space grid spacings, which would be computationally expensive. The
pseudopotential method replaces the Coulomb potential and core electrons with an effective
potential. The basis of this idea is that core electrons are chemically inactive and can be
treated using a constant potential.

A major issue in the practical application of DF'T is that the exact form of the exchange
and correlation functional is only known for simple cases such as the free electron gas. A
comprehensive survey of functionals is beyond the scope of this thesis. Here I present the
conceptually simple, but surprisingly accurate, local density approximation and end with
some comments about more complex functionals.

Among different pseudopotentials, the local density approximation (LDA) is popular
for being conceptually simple, but surprisingly accurate. This functional is derived from
a homogeneous electron gas model. It depends only on the density at each point and is
therefore fully local. The exchange part is known analytically, and the correlation part is
known in the high and low density limits. Values between the limits are known from accurate

Quantum Monte Carlo simulations.



Beyond LDA, there are many available functionals which include additional non-local
information. There is a progression in terms of the trade-off between the amount of included
information and computational cost, with fully local and and fully non-local representing
the opposing ends of the spectrum. Generalized gradient (GGA) functional is another type
of pseudopotential. It includes dependencies on the density and the gradient of the density.
Modern developments include the addition of some percentage of Hartree-Fock exchange
known as hybrid functionals, as well as the inclusion of van der Waals interactions in func-

tionals.

2.2 The tight-binding approximation

2.2.1 Tight-binding formalism

At the atomistic scale, quantum mechanics of the electronic structure, crystal symmetry,
atomic composition and spatial disorder become important. To use an atomistic model that
can describe complicated man-made nanostructures, we choose to use a nearest neighbor
model. To accurately capture electronic properties of materials, we need to extract hopping
parameters from ab-initio results, instead of using traditional effective mass approximation.
To simulate realistic structures containing tens of millions of atoms, we further have to
minimize model complexities. Quantum conductance is computed using matrix form of
Green’s functions. To do this, we need to rely on a localized orbital representation. All these
requirements speak for the choice of tight-binding (TB) formalism used in this work.

For accurate description of the electronic structures, a large number of models are based
on TB method in the physics community, also known as linear combination of atomic orbitals
(LCAO) in the chemistry community. Originally introduced by Bloch for the description of
simple periodic structures, the method was later refined by J. C. Slater and G. F. Koster [28].

We have to look for a parameterization method that can transform intrinsically delocalized



Bloch orbitals into localized ones, in order to construct the sparse, short-ranged matrix
elements of the Hamiltonian. Today, this method has a lot of applications including the one
based on Wannier functions as introduced later. We first introduce the basics of TB method.

The first step of the tight binding (TB) approximation is to choose an atomic basis

defined in real space as:

Xinim () = Rinim ([t = 1) Y3, (0([r = 13), (1 = 13])) (2.5)

where Y,,(0,¢) are the spherical harmonics. Index ¢, n (principal), [ (angular) and m
(magnetic) are the quantum number of the individual atom, and the three atomic quantum
numbers respectively. R;,;,, is the radial function and can be chosen in various ways.

The crucial step is the reduction to a very limited set of orbitals per atom, which turns
this over-complete basis into a valuable approximation. The electronic properties are usu-
ally determined by a small number of orbitals near the Fermi energy. So projecting the
Hamiltonian to these orbitals produces only a small error and cuts the computational cost.

The Hamiltonian of this system is given by its matrix elements in atomic basis

Hinlm,i’n’l’m’ = <Xinlm| H |Xi’n’l’m’> (26)

with each element called the hopping parameter. If this basis is non-orthogonal, this leads

to non-diagonal entries in the overlap matrix
Sinlm,z”n’l’m’ = (Xinlm|Xirn/1rm?) (2.7)
In a non-orthogonal basis, the Schrodinger equation is expressed as:
HU = ESU, (2.8)
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and similarly for the Green’s functions:

G(E) = (ES +i0tH)~ 1, (2.9)

In the special case of the orthogonal TB-approximation the matrix S is set to identity
and does not need to be considered further, which adds to the convenience of numerical
implementation.

In general, a TB Hamiltonian can be obtained in various ways. The full many-particle
Hamiltonian could be directly expressed in an atomic basis. However, that will lead to an
interacting Hamiltonian that can only be solved using sophisticated techniques involving
further approximations. For example, the Kohn-Sham Hamiltonian of a density-functional-
theory calculation done in atomic orbitals using the SIESTA code [29] can be viewed directly
as a TB-Hamiltonian. One should be aware that the Kohn-Sham theorem assigns a physical
meaning only to the total energy obtained from the effective single-particle Hamiltonian and
the energy of the highest occupied band. The other quantities should be treated with care.

The TB Hamiltonian are adjusted to either experiment or certain results from ab-initio
computations. To achieve transferability of the obtained parameterization, the values can
be assumed to follow a simple functional form depending on the geometry. They can be
used for alternative geometries once the parameters of these functions are determined. One
approach is proposed by Slater and Koster [28], who assume a dependence of the two-
body hopping integral on the distance between the two involved atoms only. One excellent
collection of Slater-Koster (SK) parameters for a wide range of elements was build up by

Papaconstantopoulos and Mehl [30].
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2.2.2  Mazimally Localized Wannier Functions

The core of our proposed methodology is to use maximally-localized Wannier functions
(MLWFs) for the system in considerations. They are a set of localized orbitals that resembles
real atomic orbitals. They span the same Hilbert space of the Hamiltonian eigenfunctions,
and allow to bridge first-principal electronic structure produced by plane-waves and lattice
Green’s function calculations in a coherent fashion.

There are several advantages of using MLWF's as a basis set for transport calculations [31]:
(i) the MLWF's are spatially localized suitable for turning Green’s functions into matrices.
(ii) any eigenstate within a certain specified energy window can be exactly reproduced as
a linear combination of the MLWFs by construction, and thus the accuracy of the original
ab-initio electronic structure calculation is retained. (iii) the WEF basis set can be made
truly minimal and minimize the computational cost of the subsequent transport calculation.
(iv) MLWFs contain information about chemical properties of the system, including bond
types, coordination and electron lone pairs, and can thus be directly used as an analysis and
visualization tool.

A Wannier function w,Rg(r) labeled by the Bravais lattice vector R, is usually defined

via a unitary transformation of the Bloch functions 1, (r) of the nth band:

wnp (r) = # [, tntre R (2.10)

where V is the volume of the unit cell and the integral is performed over the entire Brillouin
Zone (BZ). The MLWFs defined as above form an orthonormal basis set, and any two of
them, for a given index n and different R and R/, are translational images of each other.
Also, MLWFs are linear combinations of Bloch functions, and span the original Hilbert space
despite not representing stationary states.

The ab-initio eigenstates are defined modulo an arbitrary R-dependent phase factor, so

12



there is no unique set of Wannier functions. Indeed, the electronic structure problem is
invariant for the transformation ), (r) — )y, 1 Besides this freedom in the choice of
phases ¢, (k) for the Bloch functions, there is another gauge freedom from the fact that the
many-body wavefunction is actually a Slater determinantﬂ In general, starting with a set of
N Bloch functions with periodic u,,)., we can construct infinite sets of MLWF's with different

spatial characteristics:

wpR(r) = (2;3 /B , ZUéiiiwmkm] e R (2.11)

The unitary matrices U (k) also include the gauge freedom on phase factors as mentioned
before [32].

A good choice of the set of MLWFs is the one with the narrowest spatial distribution,
forming a most localized basis. Following the procedure proposed by Marzari and Vanderbilt

®)

[32], we search the particular unitary matrices Upy,;, that can achieve this goal.

A quantitive measure of the spatial delocalization of MLWF's is given by a Spread Operator

), defined as the sum of the second moments of all the Wannier functions in a specific cell:

Q= ;[<r2>n — (r)2] (2.12)

where the sum is over selected bands, and

(r), = (Onfr|On),

(2.13)
<7‘2>n = (On|r?|on) .

Because the value of the spread {2 depends on the choice of unitary matrices U (k) we can

1. For a Slater determinant, a unitary transformation of orbitals will not change the manifold, and will
not change the total energy of the system as well as the charge density.
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evolve any arbitrary set of U (k) yntil we reach the stationarity condition:

5

=0 (2.14)

We can always obtain the matrices U (k),ML that transform the first-principles 1/)5 lf (r) into
the MLWF's according to Eq. (2.11)). If we consider only k-point mesh calculations, we can
use finite differences in reciprocal space to evaluate the derivatives of Eq. (2.14). For this

purpose we rewrite the expectation values (r) and <r2> as proposed by Blount [33]:

1 k-
(Onlr(on) = i 3 IRy (Vi) (2.15)
k
(0nr?10m) = 1 37 R G, [V ). (2.16)
k

where |u,) = e T |, ) is the periodic part of the Bloch function. Assuming that the
BZ is sampled by a uniform k-point mesh, and letting b be the vectors that connect a mesh

point to its near neighbors, we can define the overlap matrix between Bloch orbitals as:

M) = (pacltnies) = @omkcle™ P i) - (2.17)

Using the expression of the gradient in terms of finite differences and replacing Mg{ﬁb) in

Eqgs. 1 , we obtain (r) and <7‘2> to be used in the localization procedure:

r), = —% Zwbb Im{ln My(ll;’b)} (2.18)

(%), = Zwb [(1 — | P ) + (Im{lnMéﬁ’b)})Q] (2.19)

Here, wy, are the weights of the b-vectors, and must satisfy the completeness condition

> bwWbbabg = d,3. Replacing the above expression into Eq. (2.12), we obtain the spread
14



operator as a function of the overlap matrix M%{ﬁb)

. In order to calculate the gradient in Eq.
, we consider the first-order change in {2 stemming from an infinitesimal transformation
UT(,I;Z = Omn + dW,gﬂl;Z, where dW is an infinitesimal anti-unitary matrix (dWT = —dW).
The gauge transformation rotates the wavefunctions according to Eq. into |uy,,) —
[ugn) + D om dW,SBg |ugern)-  Following the description of ref. [32], we finally obtain the

expression for the gradient of the spread functional:

ak) e 42}):% ( 5 - 5 : (2.20)

where
pUeb) _ g (kb)y (kb)s (kb) My 1o 2P L 991
mn ~ — Mmn nn ; mn —W[m{n nn }"" : <I‘>n] ( . )

Note that the expression G (k) is a function of the overlap matrices M (k,b), Minimizing the
spread functional €2 is achieved via conjugate gradient schemes or steepest descent. The
procedure does not update wavefunctions, and instead only requires the overlap and unitary
matrices. This step is the most computationally demanding with time complexity of O(N 3)
for each iteration of Wannier localization.

Wannier functions obtained using the above procedures are well-defined except for an
overall phase factor. This feature can be used to check the convergence of the localization
procedure. It is important to notice that only in the case of continuous BZ integrations
can the truly isolated limit be recovered, because a Born-von Karman discretization of the
Brillouin Zone can only make MLWFs periodic in real-space, with a superperiodicity deter-

mined by the BZ discretization. This is easily seen remembering that 1, (r) = w, (r)e’¥ T,

and wu,,(r) has the same periodicity as the direct lattice. Therefore the phase factors kT
determine the superperiodicity of the 1, themselves. If the 1),,) have k’s restricted to a

uniform Monkhorst-Pack mesh, they will be periodic with a wavelength inversely propor-
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tional to the spacing of the mesh. This periodicity is in turn passed onto the MLWFs. For
N k-points along a certain direction of the BZ, the MLWF's will repeat along this direction
every N cells. A sufficiently dense mesh of k-points guarantees that the adjacent replicas of
a Wannier function are far enough so that they do not interact.

The method described above works appropriately in the case of isolated groups of bands.
Isolated Bloch band refer to those that does not overlap with any other band anywhere in
the BZ. On the contrary, a group of bands that are inter-connected by degeneracy but are
isolated from all the other bands, is called a composite group.[32] In the case of studying
quantum conductance in realistic systems we often need to calculate MLWF's for a subset of
energy bands that are entangled or mixed with other bands. We are most interested in the
states lying in the vicinity of the Fermi level. Since the unitary transformations U (k) mix
energy bands at each k-point, any arbitrary choice of states inside a specified window will
affect the localization properties of MLWF's, except when energy gaps effectively separate
the manifold of interest from higher and lower bands. To solve this problem, Souza, Marzari,
and Vanderbilt [34] introduced an additional disentanglement procedure that automatically
extracts the best possible manifold for a given dimension from the states in a specified energy
window. By using this method, we can deal with entangled or metallic cases of the MLWF
formulation. The procedure relies on minimizing the subspace dispersion across the BZ, and
effectively separate the bands of interest from the overall band structure.

In practice, we first select a desired number of bands in a predefined energy window.
Then we determine the optimal subspace that can be extracted from that band structure;
and finally proceed with a standard localization procedure within the selected subspace.
The resulting orbitals with the small spreads have good localization properties, and allow
for application of our formalism to arbitrary systems, regardless of the insulating or metallic
nature of the bands. It should be noted that the MLWFs obtained in the later case are not

the MLWFs of the occupied subspace with potentially poor localization properties, but are
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Figure 2.1: MLWFs constructed using the four valence bands of Si, which resemble
the o-bonded combinations of sp3 hybrid orbitals. This figure is excerpted from

[24].
those of a well connected, continuous subspace that in general will have both occupied and
unoccupied Bloch functions. We use the above localization procedure as implemented in the
code WANNIERIO [35].

In order to calculate the transport properties according to the above prescriptions, we
need to extract the matrix elements of the Hamiltonian computed on the localized MLWF
basis. Assuming that a BZ sampling is fine enough to eliminate the interaction between the
periodic images of MLWF, we can simply compute the tight-binding Hamiltonians H;;(R) =
(wio|H|w;r), from the unitary rotations U®) obtained in the localization procedure. In the
Bloch representation, we have Hyu, (k) = €,k0m,n by definition. When moving to the MLWF
basis, we have:

1 (k) = UM k)UK (2.22)

Next, we Fourier transform H'™!(k) into the corresponding set of Bravais lattice vectors
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{R}:
Z e RO k). (2.23)

By doing this, we obtained the tight-binding Hamiltonian in the real space suitable for our

later transport calculations.

2.3 Quantum electron transport

In this section, we will give a brief introduction to the theory of transport in systems of
mesoscopic to molecular scale. We will start by presenting the classification of transport due
to the correlation between the size of the conductor and the characteristic transport lengths.
Then, we will describe the Keldysh Non-Equilibrium Green’s Function formalism. Then we
present how to use Green’s functions to calculate quantities of interest in experiments. For

example, one can use the Landauer formula to calculate transport in mesoscopic systems.[30]

2.3.1 Transport regimes

The electron transport behavior at the mesoscopic level is usually classified by the interplay
between system length L and its characteristic transport lengths. So in order to understand
different transport regimes, we first need to define the relevant lengths: [36] An electron
moving in a real crystal with impurities, lattice vibrations, and other electrons, experiences
collisions that can alter its state. The time between these scattering processes is called
the collision time 7.. We define the time between two scattering processes that change the
electron momentum as the momentum relaxation time 7,,. It is related to the collision time
T¢ by the relation:
1 1

— — — Oy,
Tm Tm

where the factor o, (lying between 0 and 1) indicates the efficiency by which an individual

collision changes the electron momentum. If the electron is scattered only by a small angle,
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resulting in small momentum loss and therefore small oy, the momentum relaxation time is
much longer than the collision time. The corresponding length to the momentum relaxation
time is the mean free path [,;,. The mean free path is the length that an electron travels

before its initial momentum is destroyed. It is given by the relation
Em = UFTm,

where v is the Fermi velocity.
Similar to 7, we can relate a phase relaxation time 7, to 7., with a factor ay, describing

the how a collision changes the energy and in turn the phase of the electron:

1 . 1

— — Q.

T T v
The phase relaxation length £, represents the length an electron can travel with a well defined
phase. Since changes in the phase information affect how the electron waves interfere, we
will not expect interference effects for lengths larger than £,. If the phase relaxation time

is of the same order as the momentum relaxation time, i.e. 7, ~ T, we have the following

relation between 7, and &p:

However, if the momentum relaxation time is much shorter than the phase relaxation time,
Ty > Tm, the trajectory of an electron over a phase relaxation time can be seen as sum
of many short trajectories of length ~ vp7y,,. In this case, the relation between the phase

relaxation length and the phase relaxation time becomes

2
ESO — DT@,
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with the diffusion coeflicient

D= v%rm/z.

The effects of collisions on transport lengths are strongly related to the kind of scattering
and the scattering centers. For example, elastic scattering, caused by static impurities or
interfaces etc., conserves electron energy and therefore its phase, but changes the momentum.
We will ahve oy, # 0 but ay, = 0. Electron-electron scattering redistributed the energy
among the electrons but does not affect l,,. Indeed, any momentum lost by one electron is
picked up by another, so there is no change in the net momentum, resulting in ay,, = 0 but
ayp # 0. On the contrary, inelastic scattering arising from e.g. lattice vibrations as described
by phonons, or impurities with an internal degree of freedom that allow them to change the
state, lead to a change of both the energy and the momentum, as, # 0 but ay, # 0.

We can distinguish between several transport regimes, depending on the relation between
system length L and the characteristic transport lengths.[37] We have diffusive transport if
L > ly,, phase incoherent transport if L > /,, ballistic transport if L < £, and phase coher-
ent transport if L < £,. Classical conductors are both in the diffusive and phase incoherent
transport regime, L > {p, {,. Usually one refers to a sample as ballistic conductor when
the sample shows both ballistic and phase coherent transport behavior, L < £y, £,. Usually,
for most systems studied in this thesis, the electron transport length is small, suggesting the

possibility of ballistic transport.[38, [39]

2.3.2  Keldysh Non-Equilibrium Green’s Function formalism

In the following, we present a general formalism for systems under non-equilibrium conditions
at finite temperature. For this purpose, first the ensemble average of an operator under non-
equilibrium is defined. Then the contour-ordered Keldysh non-equilibrium Green’s function
(NEGF) formalism is introduced and the kinetics equations for the Keldysh Green’s functions

are presented. Finally, the relationship between the introduced formalism and quantities of

20



interest in experiments are described.

Non-equilibrium Ensemble Average

We employ the standard device for obtaining a non-equilibrium state. At time tg, prior
to which the system is assumed to be in thermodynamic equilibrium with a reservoir, the
system is exposed to a disturbance He* o the Hamiltonian. Then total Hamiltonian can

be written as:

H(t) = Hy+ H™ + Ht = H + H* (2.24)

where H¢t = ( for ¢ < ty. One is not limited to using the statistical equilibrium state
at times prior to t0 as the initial condition. Non-equilibrium statistical mechanics aims
to calculate expectation values 0] p(t) of physical observables for times ¢ > 3. Given the

density operator p, the average of any operator O is then defined as

A

< Op(t) >=Tr[pOg(t)], (2.25)

where O g (t) is an operator in the Heisenberg picture. The Green’s function is defined as

i

Gr,t,x', 1) = 1 < Ti{dp (e, )/ #)} >, (2.26)

where @/A) g is the field operator in the Heisenberg picture evolving with the Hamiltonian H

as defined in Eq. (2.24]), and the bracket < ... > is the statistical average with the density
operator defined in Eq. (2.25)).

Contour-Ordered Green’s Function

In order to describe non-equilibrium phenomena using Green?s functions, we can work with

contour-ordering operators instead of the time- ordering operators. Under equilibrium con-
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Figure 2.2: The Keldysh contour C* runs from tg to ¢ back to tg and to tg — if3.

dition, the contour-ordered method gives the same results as the time-ordered method. Non-

equilibrium theory is based upon this contour technique. We show the Keldysh contour in

Fig. 2.2

We define four different contour-ordered Green’s functions depending on where the start

and end time reside:

G(t,t') =

—ih 1 < @H(t)zﬁ};(t’) >t € Co,t € Cy

G=(t,¢) = +ih L < PL ()b (t') >, t € O, 1 € Cy

(2.27)

where G~, G<, G, Gy are greater, lesser, time-ordered, and anti-time-ordered Green’s

function respectively. Because, as one can prove, Gp + G5 = G~ + G<, there are only three

linearly independent Green’s functions. For convenience, one usually define two more Green’s
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functions the retarded and advance Green’s functions, denoted by GE and G4 respectively.
And we also have GE — G4 = G> — G<.
For electrons or fermions in general, the above real-time Green’s functions can be Fourier

transformed to energy space, resulting in:

G<(k,E) = +2mif(Fy)6(E — Ey)

G~ (k, E) = +2mi[l — f(Ey)]6(E — Ey)

1 (2.28)
R
K E) = —  ~—
¢ (7 ) E— By +in
1
GAK E) = ————

where 7 is a small positive number 0.

Transport calculations

One advantage of using Green’s functions is the relative ease with which they can be calcu-
lated, compared to a direct numerical solution of the Schrodinger equation. In particular,
an efficient decimation method described in Appendix A is available to effectively represent
the effect of the leads [40] on the device region. Also, the recursive Green’s function (RGF)
method [41], as detailed in Appendix B, is a useful tool to compute the Green’s functions for
the evaluating the transmission coefficients in the Landauer’s formula. The method is very
reliable, computationally efficient, and can be applied to arbitrary geometries. Next, we will
introduce the calculation of the transmission function using the scattering matrix S as well
as the Green’s functions.

Since we are dealing with coherent transport, we can characterize the conductor at each
energy by an S-matrix relating the outgoing wave amplitudes to the incoming wave ampli-
tudes at the different leads:

¢OUT _ SwIN, (2'29)
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where the dimension of the S-matrix is My (F).

The quantum mechanical transmission is defined as the ratio between the amplitude
of the outgoing wave and the one of the incoming wave. Therefore one can express the
transmission between the mode m in the lead p and the mode n in the lead ¢ by the elements
of the S-matrix:

Tmn = |Smn|Qo (2.30)

As for the transmission between the lead p and g, we obtain:

Tog=>_ Y T (2.31)

mepneq

It is worth mentioning that the current carried by a scattered wave is proportional to the
square of the wave function multiplied by the velocity. The S-matrix can be defined in terms
of the current amplitude, which can be computed by the wave amplitude multiplied by the
square root of the velocity. We will see later that it is convenient to normalize the current

flux and thus define a normalized scattering matrix S™V:

ST]LVm =/ v_mSnm- (2.32)
Un,

To understand the physical meaning of Green’s functions as the response at any point
due to an excitation at any other, we consider the response function W(x) related to an

excitation f(x) by a differential operator D:
DY(z) = f(x). (2.33)
The general solution for this inhomogeneous differential equation is

DY (z) = Vo(z) + /dx/G(x, ) f(z)), (2.34)
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with the Green’s function defined by
DG(z,2') =0z —a') = G =D L. (2.35)

To obtain solutions for the Green’s function, we need to specify boundary conditions. We
can consider the simple case of an infinite one-dimensional wire with a constant potential

energy Uy. We can write Eq.(2.33)) in terms of the Hamiltonian operator as:
[E - 7‘[] qf(:L‘) = f(a:), with H = ——m—2 + U, (236)

where U is the wavefunction, and f an excitation. Hence we get for the Green’s function

W2 921!
ie.
E—-U, +h—28—2 G(z,2") = o0(x — ') (2.38)
0 o 02 r,x) =0z —2x), .

which is similar to the Schrodinger equation except for §(z — ')

K2 92
<E — U() + %@) \I/(SL') =0. (239)

Considering this similarity, one can think of the Green’s function G(z, 2’) as the wavefunction
at = produced by a unity excitation at 2’. When an excitation occurs at 2/, one expects two
waves with the amplitudes AT andA ™, moving outward from ', as described in the left plot
of Fig. 2.3

We can write

Ateik(z—a") for x >
G(x,2') = (2.40)

A= e~ tk(z=2") g1 4 > 2!
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Retarded Green's function Advanced Green's function

Figure 2.3: Retarded and advanced Green's functions for an infinite one dimen-
sional wire

with k& = /2m(E — Up)/h. For any AT, A~ this solution satisfies Eq., but only for

x # 2'. Therefore we will define AT, A~ using the boundary conditions for z = #’, that are:

[G(x? zl)]x:xH' = [G($7 x/)]x:x’_ (2'41)

/ /
2
[GG(x,x)] B [GG(.’E,Q;)] _2m (2.49)
ox r=x't ox r=x'— h
We obtain for the wave amplitudes
AT =4 =-"1 (2.43)

hv’

where v = % Hence one of the solutions which satisfies Eq. 1’ is the retarded Green’s
function:
7 /
GR / - _ Zk\x—x ‘ 2.44
(¢) = — et~ (2.41)

corresponding to outgoing waves that originate at the point of excitation, as shown in the
left plot of Fig. [2.3l The other solution which satisfies Eq.(2.38)) is the advanced Green’s
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function:

GB(z,2') = —hieik‘x*x/‘, (2.45)
v

corresponding to incoming waves that disappear at the point of excitation as shown in the

right plot of Fig. . A way to incorporate the boundary conditions directly into Eq.(2.38])

is the addition of an infinitesimal imaginary part to the energy:

E — U +h—28—2 GE(z,2') = 6(z — o) (2.46)
0 2m 0x?% + in o ' '

The only suitable solution to the above equation is the retarded Green’s function, since the
solution must be bounded and the imaginary part can make the advanced Green’s function
divergent. Similarly, the advanced Green’s function is the only adequate solution to the

equation

E —U —l—h—Qa—Q Gz, ') = 6(x — o) (2.47)
0 om a2 —ap T ' '

In general, the retarded and the advanced Green’s functions are defined as

Gl(z, )= [E—H+in !, (2.48)

GAz,2')=[E—H —in !, (2.49)

where  — 0%. It is important to mentioned that the advanced Green’s function is the

Hermitian conjugate of the retarded Green’s function, and they can be related by:
G4 = ghi, (2.50)

From now on, if it is not explicitly stated, we will generally refer to the retarded Green’s

function as the “Green’s function”.
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Next we need to find the relation between the Green’s functions and the S-matrix. For
this, we consider a conductor connected to a set of single modeled leads. The points x;, = 0
and z4 = 0 represent the interfaces between the lead p and the conductor and between the
lead ¢ and the conductor respectively. Ggp is the Green’s function of the region between
rp = 0 and z4 = 0. A unit excitation at z, = 0 will give rise to two waves, one with
the amplitude A~ propagating away from the conductor and one with the amplitude AT
propagating through the conductor and being partially transmitted to the every one of the
leads.

We can write the Green’s function in terms of the wave amplitudes and of the normalized
scattering matrix SN

Using Eq.(2.32) and Eq.([2.43)), we obtain the desired equation for the S-matrix by using the

Green’s function:

where vy = hkq/m.
We have all relations we need to calculate the transmission and therefore current flow
now, but still there is one more problem to solve, i.e. we must invert [EH + in| numerically

for the Green’s function given as
G(z,2')=[E— H +1in " (2.53)

To solve this problem, we have to partition the Green’s function of the system.

Within the Landauer’s formula, the system is composed of a central device connected to
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Left lead Conductor Right lead

Figure 2.4: Schematic setup for the system Lead-Conductor-Lead

leads as shown in Fig. and its Hamiltonian can therefore be divided as:

Hp Hpe O
H= H}[JC He Hep (2.54)

.’.
0 Hl., Hg

where Hy, gpand H¢ are the Hamiltonians of the leads and of the conductor, respectively.
Hy o is the coupling matrix between the left lead and the conductor, Hpc the coupling
matrix between the right lead and the conductor. A direct inversion [E — H + in]~! to
obtain the Green’s function is computational very expensive. We thus go around this by

partitioning the Green’s function Eq.(2.48)) into submatrices as follows:

-1
Gr Gro GLr e—Hp Hio 0
Ger He Ger | = H£C e—Ho Hepg (2.55)
Ggrr Gprc Gp 0 HE’R e—Hp

with € = (E +in)1, and the Green’s functions corresponding to the isolated leads and the
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conductor:

gr = (e — Hy)~ ! for the left lead (2.56)
gr = (e — Hp)™! for the right lead (2.57)
g = (e — Hp) ™! for the conductor (2.58)

We are interested in the Green’s function of the conductor with attached leads G =
(eHug)~'. Hyq is the Hamiltonian we obtain if we decimate the leads in (¢ — H), and
include them in the conductor. First we decimate the right lead, using mathematical tools

from linear algebra [30], 37]:

e—Hp | Hio 0 c—H, Hy
il “Ho| H - - ,
rc |¢—He| Her Hi. |e—Ho—Hop(e—Hg) ' HLp

0 | Hlp |e—Hg

then the left:

S Hic He— HepapHb o — H H)y 'l
. . —e—Ho— HopgrHpp — Hp o (e — Hp) LC-
Hype |e=Ho - HeoprgrHpop ar

And finally we obtain for the effective Green’s function of the central region

—1 -1
Go=(e—Heyg) = (e—Hp — HCRgRHéR - HzchHLC’)

= (e~ Ho—Sg2p) 1, (2.59)

where Y p = HCRQRHER and Xy, = HLCQLHEC are the self-energy terms due to the leads.
They can be seen as effective Hamiltonians arising from the interaction of the conductor with

the leads. They represent exactly the effect of the leads on the conductor. In the Eq.(2.59),
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Figure 2.5: Schematic description of a ballistic device with a ballistic conductor
between two bulk contacts settings the external chemical potential (taken from Ref.
[42]).
all matrices are finite except for the Green’s functions of the isolated leads g7, and gr. In

Appendix A, we show that one can calculate the self-energy terms of the leads using the

surface Green’s function instead of directly using gy, and gp.

Calculation of transport properties

Having the mathematical framework of Keldysh formalism, one still needs a method to cal-
culate the transport properties numerically. We consider the system of a ballistic conductor
between two reflectionless bulk contacts (see Fig. [2.5). The contacts have the chemical
potentials y11 and po, with pq — pug — 0T,

The decay width matrices I';, = i[¥} 3] and I'p = i[¥,X%] represent the injection rates,
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namely the strength of the coupling of the leads to the central region, where the advanced
self-energy 221( R) is the Hermitian conjugate of the retarded self-energy Z]L%( R): We obtain

also a relation for the density of states (DOS):
1 R
N(E) = ——Im[Tr GAH(E))]. (2.60)
m

In the above, we have assumed a truly one-dimensional chain of principal layers, which is
physical only for systems having a definite quasi-one-dimensional character, e.g. nanotubes or
quantum wires. The extension to higher dimensions is straightforward using Bloch functions
in the directions perpendicular to the transport axis. The introduction of the concept of
principal layer suggests that the system can be described by an infinite set of k| along
the direction perpendicular to the layer, while k” are still good quantum numbers for the
problem. The above procedure effectively decouples the 3D system to a set of non-interacting
1D linear-chains, one for each k;H [43, 44]. We can then sum over the k-point samplings to

evaluate the quantum conductance:
T(w) =) wy Ty, (@), (2.61)
k
Il

where Wy, are the weights of the different k;H in the irreducible BZ.

The Landauer-Buttiker formalism [45] has proved to be a very useful tool in describing
the transport in mesoscopic systems. Once we have the Green’s function, we can use it to
obtain the elements of the S-matrix with Eq., from which the transmission can be
calculated with Eq.. We can obtain the transmission by using the Green’s function

and the coupling of the conductor to the leads [36, [46]:

T(E) = T[T, GET G2 (2.62)
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(Classically the conductance is given by

where the conductivity o is a material constant, W and L the width and the length of
the conductor respectively. We expect the conductance to grow indefinitely by decreasing
the length of the conductor, but experiments show an upper limit G of the conductance
for conductor lengths much smaller than the mean free path, L < ¢,,. This is surprising
because a ballistic conductor should have zero resistance. As already mentioned, we assume
contacts to be reflectionless, which means that electrons can go in and out the conductor
region without any scattering. Furthermore, we assume leads to have infinite length. In the
contacts, the current is carried by infinitely many transverse modes, while in the conductor
only a few independent conducting modes are available, the number of modes in the energy
window |u1 — po| being energy independent, M(E) = M, since pq — po — 07.[36] This
requires a redistribution of the current at the interface, which leads to the observed resistance
(Go)~ L In order to calculate G, we simplify the problem to be a conductor with only one
conducting mode. The number of electronic states per mode in the energy window |1 — ps9|
is
dn

(11 — p2), (2.64)

where g—gis the density of states. The current carried by a single electronic state is

1
Ig = €T Uk, (2.65)

with the group velocity v, = 7—11%—]]‘? The current carried by a mode can be calculated by

multiplying the current in one state by the number of states:

I=ek <5—g> (11 — p2) - (2.66)



Writing the density of states in terms of group velocity:

dn on Ok L 1

e 2.67
dE  0kOE  2mhuv;’ ( )
the current becomes
e
Ing = 5 (pap2) - (2.68)

Since the number of modes is independent of energy, the total current for a conductor with
more than one conducting mode is obtained by multiplying the number of modes M by the
current per mode:

(&
1= My =M (). (2.69)

Considering the voltage bias through the chemical potential difference
eAV = Ayp, (2.70)

we can express the conductance of the system as

o= 2 0 = Gl ~ M (2.71)
A A DY '

where spin degeneracy is included by the factor 2. This suggests that the conductance
through a ballistic conductor between two reflectionless contacts is quantized in units of G,
regardless of the conductor. Gy is called conductance quantum. The resistance of a ballistic
conductor is thus given by

(Go)! = (Go) ™1 12960 Ry
¢ M M oM’

(2.72)

where Ry is called the von Klitzing constant.

Finally, let’s consider the case of a conductor with M modes. We define T;; as the
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probability of an electron of being transmitted from the 7th channel of the left lead in the
Jth channel in the right lead. We can calculate T;; using the method introduced before. We

can calculate the conductance associated to the ith channel
2¢2
Gi=—- > Ty, (2.73)
J
with the sum over all final states. The total conductance is then
2¢2
Sy, 271
ij

We can write the Landauer formula also in terms of the average probability 7" that an electron

injected from the left lead will transfer to the right lead:

G = Q%MT (2.75)

Then we can use the Landauer’s formula to give a relationship between the chemical potential

of the reservoirs and the currents flowing through the leads:

‘26 Z / AETyy(E) [fo(E) — fo(E)] . (2.76)

where p, ¢ label the different leads, fp(F) is the Fermi-Dirac distribution for reservoir p, and

Tpq are the transmission coefficients for electrons to go from lead g to lead p.

2.4 Transport simulation pipeline

In this section, we summarize our simulation pipeline based on the methods discussed above.
Figure depicts the block diagram of our simulation pipeline. In order to accurately de-
scribe the electronic structures of considered materials, we first use density-functional-theory
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Figure 2.6: Schematic plot of our simulation pipeline. Bold indicates the main
procedures. [talic shows the flowing data between different solvers. And bold italic
at the bottom represents the output.
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(DFT) framework QUANTUM ESPRESSO [47] to calculate their band structures. We then
extract tight-binding hopping parameters by the Wannier technique as implemented in the
code wannier90 [48]. Those parameters allow us to self-consistently solve the electrostatics
of the edge contact system using our custom-built open-source software swan [17] based on
the Keldysh Non-equilibrium Green’s Function formalism. The Poisson solver compute the
electrostatic potential, which are part of the onsite energies of the system Hamiltonian. Thus
the Poisson solver is coupled with the charge solver. This turns it into a non-linear equation
and requires the usage of Newton-Raphson iteration method. The details are described in
Appendix C. To use our software, we first run the charge solver once separately for each
material in order to obtain their fixed charges. Next, using the obtained tight-binding pa-
rameters and fixed charges as inputs, we run self-consistent simulations for each bias voltage.
After the simulation achieves convergence, we obtain the charge and electrostatic potential
profile. Finally, we calculate the local density of states and transmission spectrum using the
Landauer-Buttiker formalism, and plot the tunneling currents with biases to generate the
[-V characteristic for our simulated edge contact device.

Our computational pipeline can predict the properties of realistic nano-devices based
on first-principles. It allows the comparison of the performance limits of transistors based
on difference novel materials for both the channel and lead, when experimental data is
not available or when it is hard to separate the effects related to fabrication process and
the intrinsic features of the material. Our simulation approach can give insight into the
underlying microscopic physics and help design experiments. In the following chapters, we
first validate this custom-built computational pipeline on ideal systems and then apply it to

realistic 2D nanodevices.

37



CHAPTER 3
QUANTUM TRANSPORT IN VERTICALLY STACKING
GRAPHENE LAYERS

In order to validate our custom-built simulation pipeline, we apply it to the system of vertical

AB-stacking of graphene layers.

3.1 Simulation setup

Consider a system containing replica stacking AB graphene layers. We try to calculate
the electrons transport along the addition direction, and assume periodicity along the two
perpendicular directions. In this case, we have simplified the problem by using the same
unit cells for both the conductor and the lead. Thus the single layer Hyg and the coupling
Hpy matrices are the only necessary inputs. The aim of this calculation is to examine the
accuracy of our method on a simple system compare it with the one obtained by a full-DFT
calculation, as implemented in the PWCOND code within the QuaNTUM ESPRESSO

software[49].

3.2 Results and discussions

Following the procedure described in the last chapter, we first try to construct the ML-
WFs for the considered system. We perform the initial band-structure calculations using
the PWSCF code [49]. A kinetic-energy cutoff of 30 Ry is used for the plane-wave ex-
pansion of the valence wavefunctions. The core-valence interaction is described by means
of norm-conserving pseudopotentials in separable Kleinman-Bylander form [50]. We obtain
the self-consistent ground state using a 16 x 16 x 16 Monkhorst-Pack mesh of k-points [51]
and a fictitious Fermi smearing [32] of 0.02 Ry for the Brillouin-zone integration. Then,

we freeze the self-consistent potential and perform a non-self-consistent calculation on a
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(a) p.-type MLWF (b) o-type MLWF

Figure 3.1: Isosurface contours of MLWF in graphite (red for positive value and
blue for negative).

uniform 6 x 6 x 6 grid of k-points. At each k-point we calculate the first 20 bands. The
required overlap matrices and projections are calculated using the post-processing routine
PW2WANNIERI0, supplied with the PWSCF' distribution. Projections onto atom-centered
sp® and p, functions are used to construct the initial guess, and WANNIERI0 is used to ob-
tain the MLWF. The gauge-dependent and gauge-independent spreads converge to machine
precision in 300 and 70 steps, respectively. The resulting MLWEF are a set of six symmetry-
related bond-centerd o-orbitals and four atom-centered p,-orbitals, shown in Fig. (as
plotted with the XCRYSDEN package [52]).

In Fig. we show the band structure of graphite obtained using Wannier interpolation
and compare it to the band structure obtained from a full first-principles calculation. Within
the inner energy window the two agree well. We further obtained the MLWF's using only p,
projections, and the reproduced bands also agree well with the DF'T ones.

After testing the correctness of the set of tight-binding parameters extracted from the
electronic structure, we compared our transport calculations with a full DFT calculation as

implemented in PWCOND code as part of the QuANTUM ESPRESSO package. From
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Figure 3.2: Band structure of graphite. Dotted lines: original band structure from
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Fig. [3.3, we can see that the two methods agree very well and the difference is hardly
noticeable. However, our code takes three orders of magnitude less time and has better
scalability because our method do not have limitation on the number of MPI ranks from the
number of sampling points or plane waves used. This is especially favorable for scaling to
realistic large systems to compare with experiments.

When solving the integrals over the transverse BZ, we have verified that 256 x 256 k
values can produce converged and very accurate results. Transport computation can be
still too computationally demanding, so that integration over the transverse BZ has been
parallelized by means of MPI subroutines. Fig. shows the quantum conductance and
DOS near the Fermi level (shifted to 0).

3.3 Conclusions

We successfully applied our transport simulation to the simple system of stacking graphene
layers. We reproduced the bandstructure by using MLWFs. The interaction matrix extracted
served for the transport calculations. Our results on transport, either using regular or
reduced orbitals, agree well with full DFT calculation as implemented in the PWCOND
code. Having tested our methods, we are ready to apply it to larger and more realistic

systems.
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Figure 3.3: Comparison between our results using sp? + p. orbitals and only
p, orbitals with results of a full DFT calculation as implemented in PWCOND
code as part of the QUANTUM ESPRESSO package. The differences between
using full-DFT and our method, whether using sp? and p., or only p., are largely
unnoticeable
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Figure 3.4: Transmission spectrum and DOS of vertical AB-stacking graphene
averaged over the 256 x 256 k-points on the transverse BZ
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CHAPTER 4
QUANTUM TRANSPORT IN TELESCOPIC DOUBLE WALL
CARBON NANO-TUBE

In this chapter, we further test our simulation pipeline by applying it to the realistic system
of Telescopic Double Wall Carbon Nano-Tube (TDWCNTSs), and compare with literature re-
sults. This study on this system will also provide insights into similar overlapping geometries
including the 2D top contact discussed in later chapters.

Theoretical and experimental examinations of the mechanical properties of double wall
carbon nano-tubes revealed very low inter-shell friction forces, allowing the different shells
of the two tubes to easily translate and rotate with respect to each other. This will result in
TDWCNT, which consist of double rolled concentric tubes of graphene. It could be suitable
for nano-electro and nano-mechanical systems. We visualize its structure in Fig. .

In a TDWCNT, the path of the electrical current along the two Single Wall Carbon
Nano-Tubes (SWCNTS) is interrupted by the overlapping region and the current is forced to
flow between the layers. Thus, the effect of the interlayer interaction is much evident than
the one in conventional Double Wall CNTs (DWCNTSs) [53]. This suggests the possibility of
controlling the current by moving or rotating the layers relatively to each other. This will also
resemble vertical transport systems of interest, including top contact as discussed in the next
chapter, in the sense that its behavior is also controlled by the interlayer configuration. In this
chapter, we will present the results of the transmission through TDWCNTSs as a function of
the overlap length in the following. The starting Hamiltonian is built using the tight-binding
approach for the individual SWCNTSs and an interlayer coupling parametrization taken from

Ref. [54]. For the transmission calculation, we used the Landauer formalism as introduced.
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Figure 4.1: Left: lllustration of a DWCNT consisting of two commensurate SWC-
NTs sliding into each other over a length L = Na + AL. a is the unit cell length.
Right: Illustration of the rotation angle 8 between the two SWCNTs: 6 = (0° is an
arbitrarily taken reference angle.

4.1 Simulation setup

Consider a system containing a semi-infinite SWCNT sliding into a larger semi-infinite
SWCNT as illustrated in Fig. [4.1} The variable corresponding to the overlapping length is
L:

L=Na+ AL, (4.1)

where a is the common unit cell, N is an integer, 0 < AL < a, and we have chosen 6 to be
ZEro.

In nearest neighbor tight binding models of SWCNTSs, the onsite energy is set to zero
eg = 0 eV and there are only nearest neighbor interactions between the carbon atoms, with
the intra-shell hopping integral vy = 2.66 eV. The inter-shell coupling between two atoms
1,7 in the different shells of a DWCNT can be parametrized as

A —d;;
Yij = Beos b exp{TZ]}, (4.2)
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with 8 = 79/8, A = 3.34A and § = 0.45A [54]. Here d;; is the distance between atoms
i and j and 0;; is the angle in the ry-plane. For the cutoff length dyog of the inter-
shell coupling parameter 7, we chose deyof = 0.97V1.6a2 + AR2, where AR is the actual
inter-shell distance for the given tube helicities.

For the calculation of the transmission, we have conventionally divided the system in three
regions: the DWCNT in the overlapping region as our “scattering region”, the SWCNTSs as
semi-infinite leads. The transmission function and DOS will be calculated along the lines of

the Landauer approach introduced in this section and thus we can compare the transmission

and DOS of different overlap lengths for TDWCNTs of certain helicity.

4.2 Results and discussions

Fig. shows the energy dependence for a zigzag (3,0)@(12,0) TDWCNT at two different
L. For both overlap lengths, the transmission as a function of energy exhibits a series of
minima around the Fermi level. The left panels correspond to an overlap length at which
the transmission is maximal at the Fermi level, The right panels to an overlap with minimal
transmission. The effects leading to the overlap dependent suppression of the transmission
are low-energy effects, occurring around the Fermi level. Remarkable is also the strong
suppression of the transmission in the high energy regions of the conducting bands.

The above results agree well with previous calculations in literature.[54]

4.3 Conclusions

To sum up, we further tested tested our simulation pipeline by applying it to the realistic
system of Telescopic Double Wall Carbon Nano-Tube (TDWCNTSs). The results agree well
with literature, which again proved the accuracy of our approach. The study on the relation-

ship between the overlap area and transport properties also provides insights into systems
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Figure 4.2: (top panels) DOS and (bottom panels) Transmission as a function of
the energy for an (5,5)@(10,10) TDWCNT for 8 = 0° at (left panels) L = 36a and
(right panels) L = 70a
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consisting of multiple layers e.g. the 2D top contact.
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CHAPTER 5
TOP CONTACTS BETWEEN GRAPHENE AND MOS,
MONOLAYERS

Two dimensional (2D) materials like graphene, black phosphorus, various transition metal
dichalcogenides (TMDs) like MoS,, WSe, and beyond are drawing significant attention as
promising candidates for future electronic and optoelectronic devices which include logic
transistors, radio frequency (RF) devices, light emitting diodes, solar cells and sensors of
all types: chemical, biological, mechanical and thermal. The experimental results from first
generation prototype 2D-devices show compelling evidence for high performance. However,
as we move on to the second generation of 2D devices and start to shrink the device dimen-
sions in order to further increase the performance (ON current, speed, sensitivity etc.), we
run into fundamental scaling problems arising due to the contacts. Indeed, emphasis needs
to be given on the scalability of metal-2D contacts, due to the fact that in an aggressively
scaled device both channel length and contact length have to be reduced by similar factor.
While length scaling reduces the channel resistance it also increases the contact resistance
(RC) leading to a non-monotonic total resistance, which ultimately limits the device scal-
ing. IBM researchers were able to scale the channel length of CNT field effect transistors
(FETSs) to sub-10nm regime; however, the contact lengths for such CNT-FETs could not be
scaled beyond 200nm since contact resistance started to dominate the device performance.
Therefore, it is important and timely to determine the ultimate scalability of contacts to 2D
materials at an early stage since these are also being considered as alternative materials for
future electronic and optoelectronic devices. One possible advantage that the 2D materials
might have over 1D materials like CNT's is that, the 2D materials have one more degree of
dimensionality. From a simple qualitative mode mis-match argument, it is easier to couple
a three dimensional (3D) contact to a two-dimensional (2D) nanosheet than it is to a one-

dimensional (1D) nanotube or nanowire. Note that the mode mis-match is responsible for
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carriers back scattering at a metal-semiconductor contact interface and ultimately give rise
to a finite contact resistance.

In this example study, we investigate the quantum transport of monolayer MoS, contacted
with metallic graphene lead on top. Quantum conductance averaged over transverse (y-axis)
Brillouin zone is computed and compared to band structure of both layers. Correspondence
is found where the two sets of bands cross. We also tried to find optimize contact length by

studying its relationship with quantum conductance.

5.1 Simulation setup

The general approach employed for simulating transport through an interface between a
metal and a 2D semiconductor is detailed in Chapter 2. Here, a brief summary is presented

along with the applied numerical parameters.

MoS, monolayer

Ab-initio calculation for monolayer MoS, is performed using the Quantum Espresso code.
The in-plane lattice constant for the relaxed structure is ayjo5, = 3.186A. Hopping parame-
ters for monolayer MoS2 is extracted by using the Maximally Localized Wannier Functions
(MLWF) method. As initial projections Mo : [ = 2,S : [ = 1 are supplied to WANNIER9O.
The order of nearest neighbor coupling is chosen to be three to well reproduce the band-
structure. The MLWF-interpolated bands are compared to ab-initio bands, as shown in Fig.
b.2l We can see that chosen third-order hopping parameters can very well reproduce the

bands obtained directly from the ab-initio code.
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Figure 5.1: Atomic geometry of the modeled graphene(top)-MoS,(bottom) ver-
tical heterostructure. The vertical hopping is assumed only between the C atom
of graphene and top S atom of the MoS, monolayer. The hopping parameter is
chosen to be t = -0.1.

Graphene

For graphene, we use typical nearest-neighbor hopping parameters of -2.8 eV. The in-
plane lattice constant is set to the same as MoS,, i.e. a 29.5% extensive strain. Further
improvement could be made by doing ab-initio calculation for a supercell containing different

number of unit cells for MoS, and graphene, so that only a small strain needs to be added.

Graphene-MoSy heterostructure

Atomic geometry of the modeled graphene-MoS,, vertical heterostructure is shown in Fig. |5.1]
We have manually chosen the vertical hopping parameter to be t=-0.1, which is comparable
to similar calculations in literature. We also assume that vertical hopping only happens

between the C atom of graphene and top S atom of the MoS, monolayer.

Transport

For the transport calculation, we use the Landauer’s method with Fisher-Lee relationship
T(ky, E) = Tr |Tp(ky, E)G"(ky, E)T p(ky, E)G*(ky, E)| . (5.1)

A rectangular principal layer containing 5 unit cells in the transport direction x and 3

unit cells in the transverse direction y is constructed, so that couplings between different
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principal layers are limited to nearest-neighbor. Then the principal layer is repeated along
the transport direction, with the number of repetitions determined by the overlap length
Lo, see Fig. [5.1] The transmission is averaged over the 1st Brillouin zone and sampled with

256 points in the &y direction at ky = 0,

T(E) =~ / dkyT(E, ky). (5.2)

- 27
5.2 Results and discussions

5.2.1 Quantum conductance

First, the quantum conductance of the metal-semiconductor vertical heterostructure is cal-
culated without applying any external electrostatic potential. In Fig. [5.3] the conductance
is calculated for the interface area with 10 repetitions of principal layers, i.e. an overlap
length of 15.7 nm.

Further, we compared the result for transmission with the bandstructure of both graphene
and monolayer, see the upper plot in Fig. 5.3l We find that transport is restrained within
the energy gap and mainly happens in the energy range where the bands cross, with small
amounts everywhere else. The reason is that both energy and momentum can only be
conserved at those crosses, where same electron states exist in both layers. No phonons are

needed in such transport, resulting in a large current compared to everywhere else.

5.2.2  The effect of transfer length

As a next step, we would like to understand the influence of the metal-semiconductor in-
terface’s area on the transmission. We then repeat the same procedure for different overlap
lengths, and compare their conductances. The result is shown in Fig. [5.4]

We find that the two conductance peaks first increase fast with overlap length and then

52



"mos2_band,dat"™

"bands_Mushi,dat" +

Figure 5.2: MLWHF-interpolated band structure of single-layer MoS, (green) com-
pared to ab-initio bands (red). We can see that chosen third-order hopping pa-
rameters can very well reproduce the bands obtained directly from the ab-initio
code.
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Transnizszion and bandstructure correspondence
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Figure 5.3: (a) Upper plot: bandstructure of both graphene (green) and MoS,
monolayer (red). (b) Middle plot: transmission spectrum for the graphene-MoS,
vertical heterostructure with a overlap length of 15.7 nm. (c) Lower plot: same
transmission spectrum plotted on a log scale.
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Figure 5.4: Transmission spectrum for different overlap lengths. The upper plot
is on linear scale and the lower plot is on log scale. The legend shows the number
of repetitions.
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Figure 5.5: IV characteristics for different overlap lengths.

decrease gradually after repetition goes to 40, i.e. an overlap length of 62.8 nm. The peak
also becomes sharper with the increase of system length. We then extract the current from
transmission spectrum as shown in Fig. [5.5

We can see that the contact resistance first decrease to a minimum value and then
gradually increase with overlap length, which is similar to the case of a classic model of

resistor network.
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5.3 Conclusions

We calculated the quantum conductance for the graphene-MoS, vertical heterostructure with
different overlap lengths. We find that transport mainly happens in the energy range where
the bands cross. The reason is that same electron states exist at those crosses for both layers,
thus transport can happen between those states with few assists from scattering, resulting
in a large current compared to everywhere else. We also extract the vertical current from
transmission spectrum and find similar changes with respect to overlap lengths as shown in
the classic model of resistor networks. We find the optimal overlap length that results in a
minimum contact resistance to be approximately 62.8 nm. As for next steps, it would be
interesting to explore how the spectral current flows vertically as a function of position. In
addition, the effect of phonon scattering on the electron transport in top contacts are largely

unknown and we reserve these for future study.
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CHAPTER 6
OHMIC EDGE CONTACTS BETWEEN TWO-DIMENSIONAL
MATERIALS

6.1 Introduction

This chapter is taken from a published paper.[55]

Two-dimensional (2D) materials such as graphene and transition metal dichalcogenides
(TMDCs) are pushing the forefront of complementary metal-oxide semiconductor (CMOS)
technology beyond the Moore’s law [I), 2], and show great promise for realizing atomically
thin circuitry [3, 4, B]. A fundamental challenge to their effective use remains the large
resistance of electrical contacts to 2D materials for probing and harnessing their novel elec-
tronic properties [0l [7, [§]. There are generally two types of contact geometries, namely top
contacts and edge contacts [6]. Conventional 3D metallic top contacts can achieve low con-
tact resistance with monolayer 2D materials, but cannot avoid the intrinsic problem of large
electrode volume. [9, 10} 6] [IT] 2D top contacts, including graphene [12] 13|, 14] and recently
demonstrated atomically flat metal thin films [T1], can achieve both small volumes and low
contact resistances of metal-semiconductor interfaces, but they suffer from weak van der
Waals coupling to TMDCs [15]. Their transfer efficiency depends largely on the contact area
and is compromised dramatically below a transfer length which is typically tens of nm scale
[16, 8]. In contrast, 2D edge contacts are formed by joining atomically thin metal electrodes
and semiconductors laterally in a single plane. They offer the possibilities for high-quality
contacts to 2D materials despite minimal contact area defined by their atomic thickness as
shown by both simulations [I5] and recent experimental successes [16], [56]. Among them, the
graphene-MoS, system considered in this paper is particularly promising for a low-resistance
2D edge contact [16], 57, 56]. According to the Schottky-Mott rule, the combination of

a low-work-function metallic graphene electrode and a typical n-type [58] semiconducting
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monolayer MoS, channel naturally leads to a small SBH. Moreover, the overall system is
stable under working conditions and resistant to phase transitions induced by adsorbates.
While improving experimental techniques makes more tests feasible, a better quantitative
understanding of the electronic structure and transport properties is still critical for improv-
ing the design of 2D edge contacts. In 2016, Yu et al [59] suggested a highly non-localized
carrier redistribution and strong reduction of Fermi level pinning in 2D systems based on a
semi-classical macroscopic model. In 2017, Chen et al [60] performed first-principles studies
based on density functional theory (DFT) on the morphologies of the graphene/MoS, lat-
eral junction and proposed several stable interface configurations. Sun et al [61] performed
similar studies and tried to calculate the transport efficiencies, but did not reproduce the
linear I-V characteristics observed in experiments, possibly due to the lack of doping in the
semiconductor region.

In order to better model the graphene/MoS, interface at the atomic scale and quantita-
tively calculate the charge transfer properties, we introduced a custom-built self-consistent
quantum transport solver based on the Keldysh Nonequilibrium Green’s Function formalism
[62, 63] and Maximally Localized Wannier functions (MLWFs) [24]. Such a method can
efficiently solve the local electrostatics and electron transport with first-principles accuracy
at a minimal cost of tight-binding calculations. It enables the inclusion of large areas of
both materials, which is necessary in order to allow for a long screening length for charged
interfacial states and thus to have equilibrium conditions near the edge of the central device
region. This is also a necessary condition for the decimation technique to account for the
effects of the semi-infinite leads. We find that trapped interface states lead to a potential
barrier, which is however small enough that we find Ohmic behavior at room temperature
and high enough doping levels. We successfully reproduced the linear current-voltage (I-V)
characteristics with a resistivity value of approximately 30 k€2 - um close to that observed in

experiments [56] at room temperature, which is a first for 2D edge contact systems. At lower
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temperatures, We observe increasing non-linearity as a result of reduced thermalization. In
the following, we calculate the band structures of graphene and monolayer MoSs,, and extract
their tight-binding parameters using MLWF's. Based on these parameters, we use our custom-
built quantum transport solver to generate the electrostatic potential self-consistently with
the inhomogeneous charge densities induced by band bending, and by local impurity states.
We confirm the validity of our solver by comparing the converged electrostatic potential
profile to the analytical predictions from Thomas-Fermi screening theory, beyond angstrom
distances from the contact region. Finally, we calculate the transport properties based on

the Keldysh formalism and discuss how to further improve device performance.

6.2 Results and discussion

Wannier functions can accurately and efficiently capture delicate electronic structures. We
used them to extract the tight-binding parameters of both materials after obtaining the band
structures in the DFT framework. Figure compares the band structures obtained with
DFT and with the MLWF Hamiltonian for both monolayer graphene and MoS,. From the
plot, we can see that the Wannier projections work so well that the differences between the
two bands are largely unnoticeable. We also compare the total Density of States (DOS)
and the Projected Density of States (PDOS) reproduced by the MLWEF orbitals for both
materials. Instead of using all the orbitals in a unit cell, we choose only those contributing
to the DOS near the Fermi level for Wannier projections. This can minimize the sizes of
matrices used in our calculations and further reduce computational cost. The extracted
hopping parameters then serve as basis for the transport simulations.

The geometry of the graphene-MoS, edge contact is sketched in Figure and . We
assume periodicity of the device in the y direction, at a level of a few unit cells which is long
enough to approximately match the lattice constants. As a result, the Hamiltonian shows

a ky dependence and can be decomposed into three components according to the Bloch’s
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Figure 6.1: (a) Left: Graphene band structures obtained with DFT and with
MLWF Hamiltonian. Right: Graphene total DOS and its PDOS reproduced by the
MLWEF orbitals. (b) The same plots for monolayer MoS,. The produced band gap
of approximately 1.8 eV is very close to the experimental one. The zero energy is
set to the Fermi level (dashed line) for both materials.
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theorem as

H(ky) = Hy+ H_e #vA 4 g Fod (6.1)

where H(y are the interactions within a strip of width, H+ are the interactions with a neighbor
strip along the +y or —y direction, and A is the width of the supercell. To make second-
nearest-neighbor interactions negligible, we choose A to be exactly 4 times the width of the
graphene unit cell, and approximately 3 times that of the MoS, unit cell, resulting in a
lattice mismatch of only 4.2%. We do not change the lattice constant of graphene because
it has a much larger Young’s modulus [64]. For the interface, we consider the predominant
zigzag edge of graphene [65] and MoS, [66] as shown in Figure and choose a structure
motivated by ab-initio calculations. According to Chen et al [60], the configuration chosen in
our study has the lowest formation energies among other alternative geometries. We adjust
the Fermi level of both materials to match the induced doping by gate voltage. For the
details of the parameters used in this study and their effects on the simulation results, please
refer to our supporting information. Figure illustrates the band alignments of the edge
contact device simulated in this paper. Having established the atomic geometry and band
alignments of the junction, we now investigate the electrostatics and charge transfer effects
at the boundary.

To evaluate the tunneling barrier, we calculate charge densities self-consistently with
electrostatic potential for the edge contact device. We use the Nonequilibrium Green’s
Function technique based on the Keldysh formalism to calculate the charge densities, and
the non-linear Newton-Raphson technique to solve for the electrostatic potential from the
Poisson equation. We performed simulations for different source-drain biases at a MoS2
doping level of 4 x 1014¢m =2 and at room temperature of T = 293K. The converged
potential and charge profiles are shown in Figure and Figure respectively. We
can see that the electrostatic potential reaches equilibrium at both edges of our simulated

region. Applied source-drain biases shift the potential level in the two electrodes and in turn
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modify the net charge profile. In the inset of Figure , we enlarge the plot for the MoS,
side to better show how the net charge distribution adapts to the external biases. Here we
safely ignored the electron-phonon scattering, due to the short channel length of 2D edge
contacts. In order to check the validity of the electrostatics obtained from our self-consistent
simulations, we compare the converged potential profile with the analytical predictions of a
quasi-1D Thomas-Fermi screening potential, and the result is shown in the inset of Figure
[6.3h. We find that the two results agree well beyond angstrom distances from the contact
region, where the charge densities can stay low enough for the Thomas-Fermi theory to
work well. This confirms the accuracy of our method. The derivations of the quasi-1D

Thomas-Fermi screening potential are given in the supporting information.

-«-Vacuum--
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,,,,,,,,,,,,, States

4444444444444

Graphene MoS

2

Figure 6.2: (a) Top, and (b) side views of the simulated edge contact device
region. (c) Schematic illustration of its band alignments. The work function of
graphene is about 4.5 eV and the electron affinity of monolayer MoS, is 4.3 eV
[60]. EFr stands for Fermi energy.

Using the converged electrostatic profiles, we further examine the quantum transport
properties of the graphene-MoS, edge contact by calculating its Local Density of States

(LDOS) and transmission spectrum using the Landauer-Buttiker formalism. The transmis-
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sion coefficients are determined by the equation:
T = Tr[GRT . GAT ) (6.2)

where I'7, and I'p are the linewidth functions that describe the coupling between the scatter-
ing region and the two leads on the left and right. In Figure [6.3¢, We show the two results
under room temperature and zero bias side by side.

From the results in Figure [6.3] we find that the electrostatic potential is screened by the
electrons and decays fast as one goes away from the interface, which allows charge carriers to
tunnel through the boundary efficiently. When the metallic graphene contacts with mono-
layer MoS, contacts, free electrons will flow from the graphene side to the MoS, side since
the work function of p-type graphene is smaller than that of n-type MoSy. When the charge
redistribution reaches equilibrium, graphene is positively charged whereas MoS, monolayer
is negatively charged near the interface region, in which a built-in electric dipole is induced.
[67] In addition, trapped charges at the interface produce a monopole, which we find to be
substantial. Such electric fields can shift the energy bands of the MoSy monolayer upward.
However, we find that the barrier is efficiently screened by the free charges and becomes
thin enough for the electrons to tunnel through. From Figure 6.3, we can see the two-fold
effects of the interfacial bonding: The trapped charges at the interface form a thin potential
barrier, which is screened effectively allows electrons to go through; The overlap states serve
as a bridge inside the barrier further assisting with charge transfer. As a result, for given
parameter settings, no Schottky barrier is present in this case, and we observe sufficient
transmission near the Fermi level, indicating the ohmic nature of the graphene-MoS, inter-
face. From our simulations, we find that one of the main factors controlling the Schottky
barrier height is the MoS, doping level. A higher doping level makes the conduction band
minimum shift downward, resulting in a smaller barrier and larger tunneling current. On the

contrary, a lower doping level raises the conduction band minimum up, even to a point where
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it will stop the edge contact from being ohmic. The ohmic behavior in our simulation re-
quires doping level one order of magnitude larger than the one reported by experiments. One
possible explanation is that we only assume electron hopping between graphene supercells
and sulfur atoms immediately next to the interface. By considering interactions of longer
range, one can make the overlap states couple better with the conduction band. This could
potentially improve transport efficiency and lower the needed doping level to achieve ohmic
behavior in our simulation. Also, although we find that relative perpendicular positions of
the two materials hardly affect the transmission efficiency, other boundary configurations
including different edge types (armchair or zigzag) and interface roughness could still alter
the positions of the overlap states, and in turn change the tunneling current. We leave a
systematic examination of the above factors to future work.

We further check the reliability of our interface modeling. By integrating the boundary
DOS over energy within the band gap of the MoS, interior states, we find the number of
the interfacial states in our system to be about n &~ 9.4 states nm—!. This is close to the
full DFT simulation results reported by Chen et al [60] ranging from 6.3 to 8.3 states nm ™!,
and therefore proves the accuracy of our modeling method.

To explore more on the ohmic behavior of graphene-MoS, edge contact, we calculate the
source-drain currents under different biases and temperatures. The electric current can be

calculated as:

1) =5 [ TEVLVRILE VL) ol E. Vil 63)

where T(E, V,, V) is the transmission coefficient given by equation (6.2), V = V;Vp is the
bias voltage, and f (£, Vy /) is the Fermi distribution function of the left/right lead. In
Figure , we find that at a high MoS, doping level of 4 x 1014 ¢m =2, the I-V curves of the
graphene-MoS, edge contact show linear characteristics at room temperature, with ohmic
behavior maintained down to temperatures at least as low as 50 K. Moreover, we run the

-2

same calculation for a MoS, doping level of 2 x 1014 em=2, and find non-linear I-V behaviors
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Figure 6.3: (a) Converged electrostatic potential profiles under different biases.
Inset: Comparison of the magnitude between 1D Thomas-Fermi screening (solid
line) and our self-consistent simulation (dots) on a log scale at zero bias. (b) Con-
verged net charge profiles under different biases. Inset: The same results enlarged
for the MoS, side to show the difference under different biases. (c) LDOS and
transmission spectrum of the simulated graphene-MoS, edge contact at zero bias.
Inset: Transmission spectrum near the Fermi level at £ = 0.
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Figure 6.4: |-V characteristics under different temperatures for MoS, doping levels

of (a) 4 x 10 em™2, and (b) 2 x 10 ecm 2.
due to the existence of a large Schottky barrier (see Figure 3b of Supporting Information)
at low carrier densities, as shown in Figure [6.4b. This barrier also leads to smaller currents
at lower temperatures because reduced thermalization makes it harder for the electrons to
go across the interface, which also agrees with experiment. [50]

From Figure [6.3c, we notice that the resonant levels from graphene edge states can
assist in the carrier injection across the interface in the range of 0.1 to 0.5 eV. One could
potentially take advantage of these edge states by adding more n-type doping to graphene
and effectively moving down its resonant levels closer to the Fermi level. We verified our
prediction by performing simulations with the above changes, and indeed obtained larger
transmission values at the Fermi level, as shown in Figure 4 of our Supporting Information.
This leads to a lower resistance with a greater source-drain current under the same bias.
Therefore, we propose that the usage of an n-doped graphene electrode could be a further

improvement to the present edge contact design.
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6.3 Band structure calculation and Wannierization

We performed the DFT calculations as implemented in the package QUANTUM ESPRESSO.
We used a plane wave basis set, ultrasoft pseudopotential, and Perdew-Burke-Ernzerhof
(PBE) generalized gradient approximation (GGA) exchange-correlation functional, which
produces a band gap very close to the experimental one (Egerp = 1.8 eV) in the trigonal-
prismatic form of single-layer MoS, [68]. The plane wave cutoff was 100 Ry for wavefunctions
and 400 Ry for the charge density. A 15 A interlayer distance was used to eliminate interlayer
interaction. The momentum space was sampled on a 36 x 36 x 1 Monkhorst-Pack k-point grid
for graphene and 25 x 25 x 1 for MoS,. Spin-orbit coupling is neglected. The simulated cell
is optimized until the atomic forces decrease to values less than 1072 a.u.. The convergence
criterion is set to less than 1079 eV total energy difference between two subsequent iterations.

We then used the wannier90 code[d8] to determine the Maximally Localized Wannier
Function basis for extracting the tight-binding hopping parameters in the system Hamilto-
nian. Instead of using all the orbitals in the unit cell, we choose only those contributing to
the Density of States (DOS) near the Fermi level for Wannier projections. This can mini-
mize the size of matrices used in our calculation and further reduce computational cost. We
use one atomic p, orbital for each carbon atom to reproduce the Dirac cones of graphene.
In order to capture the seven highest valence bands and four lowest conduction bands of
single-layer MoSy, we use all three p-like Wannier functions centered on each sulfur atom
and all five d-like projections on each molybdenum. We included tight-binding parameters

up to three orders of nearest neighbors to reproduce the band structure.

6.4 Effects of different parameters on the simulation results

Here, we show the effects of different model parameters the simulation results, including

the local density of states (LDOS) and transmission spectrum. This also demonstrates the
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robustness of our model. We study below the following four parameters: MoS, doping,
graphene doping, interfacial hopping strength, and temperature. The LDOS is evaluated
using the the equation:

LDOS(E) = %[GT(F L +TR)G] (6.4)

6.4.1 MoS, doping

We match the doping level induced by gate voltages by adjusting the Fermi level of MoS,.
For the device used in our manuscript, we used a MoS, doping of 4 x 104 ¢m=2. Here in
Figure [6.5] we compare the LDOS and transmission spectrum for several more doping levels
of MoS, for room temperature, zero bias and hopping strength of {y = —1.0 eV/. We find
that the main effect of the MoS, doping concentration is shifting the bands of MoS,. A
higher doping level makes its conduction band minimum move downward, and leads to a

larger transmission around the Fermi level.

6.4.2 Graphene doping

The Fermi level of graphene is lowered to account for an unavoidable p-type doping of
approximately 102 em ™2 resulted from the manufacturing process in the lab. In our paper,
we suggest that the usage of n-doped graphene could potentially improve transport efficiency.
The related simulation results are shown in Figure [6.6] From the plots, we can see that the
transmission in Figure for the edge contact device using an n-doped graphene lead is
significantly larger than the one in Figure using a p-doped graphene lead, especially
around the Fermi level. The reason is that the edge states of n-doped graphene are closer
to the Fermi level compared to p-doped graphene. This helps the electrons near that energy

range to tunnel through and leads to a lager transmission at the Fermi level.
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6.4.3 Interfacial hopping strength

We consider interfacial interactions only between the p,-like MLWFs of graphene edge carbon
atoms and the p;, py-like MLWFs of MoSy edge sulfur atoms. The hopping parameter is
modeled by an exponential dependence on the distance as t = toe_(rm), where r is the
distance between two MLWF centers and t( is the interaction strength at a distance of
ro = 1.5 A, which is assumed to be the shortest distance between the graphene and the
MoS, region. We manually set ¢y to be comparable to the strength of the covalent bonds
formed at the interface. Comparison of the number of interfacial states in our simulation
with the first-principles one proves the accuracy of our interface modeling method. From
Figure[6.7, we can see that interfacial hopping strength mainly affects the magnitude of the

transmission. Larger interfacial hopping strengths result in larger transmission coefficients.

0.4.4 Temperature

In Figure [6.8] we compare the LDOS and the transmission spectrum at different simulation
temperatures. We find that the temperature affects the thermalization of electrons but does
not largely alter the transmission spectrum. The reason why we observe smaller currents
at lower temperatures is because the decreased thermalization makes it harder for electrons
near the Fermi level to overcome the potential barrier. This can also be seen from the

calculations of electric current in equation (3) of our manuscript.
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6.4.5 Large bias

We have further explored the I-V characteristics of the edge contact for a larger source-drain
bias range beyond available experimental data. We show the results in Figure [6.9] We find
that the current curves begin to show structure due to features in the density of states. For
example, we see some non-monotonic dependence between current on bias and temperature.
This is related to features in the density of states near the edge of the integral window in
the Landauer-Buttiker formula, i.e. —% to % For example, the current in Figure at V
= 0.6 V under 50 K is larger than the ones under 100 K and 200 K. This is due to the dip
in the density of states around 0.3 eV as shown in Figure [6.5(. Under a low temperature of
50 K, the current at 0.6 V is less affected by that dip and therefore larger. So the monotonic

dependence is a result of large variations in the DOS and different smearing for different

temperatures.
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Figure 6.9: |-V characteristics under different temperatures and large bias for
MoS, doping levels of (a) 4 x 10 em™2, and (b) 2 x 10* em™2.
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6.5 Conclusions

In conclusion, we have developed a computational pipeline to study the electrostatic and
transport properties of the 2D graphene-MoS, edge contact, and proposed a possible ex-
planation for its ohmic behavior observed in experiments. By applying the custom-built
quantum transport simulation scheme, we obtain the charge density profile self-consistently
with the electrostatic potential profile of the device. We find that the potential barrier decays
fast away from the interface and is thin enough for the electron to tunnel through efficiently.
Our results are consistent with both analytical Thomas-Fermi screening theory and the ex-
perimental measurements. Because our methods can be scaled effectively to large systems,
but maintain the fidelity of ab-initio band structures, they can be used to efficiently predict
the electrostatic and transport properties for nanostructures, including those with complex
geometries. These findings could have broad implications in the design and fabrication of

metal-semiconductor junction for realizing low-resistance contacts.
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CHAPTER 7
CONCLUSIONS AND OUTLOOK

In the course of this work, we developed a first treatment that includes a nonlinear poisson
solver with atomistic accuracy which can treat systems of physical dimensions correspond-
ing to actual devices. Some light has been shed on the electronic structure and quantum
transport properties of several nano structures including the metal-semiconductor contacts,
which is critical for further shrinking the dimensions of semiconductor devices. This the-
sis explained the theoretical methods and implementation details relevant to the developed
efficient pipeline for quantum electron transport simulations.

In chapter 4, we compared the transport results obtained by our method with that by full
DFT simulation. We find that our methods agree very well with the DFT method but uses
three orders of magnitude less time. Then in chapter 5 we tested our transport calculations
by applying it to the telescopic double wall carbon nanotube, where two nanotube of different
radius overlap with each other. The obtained results also match those of literature.

In chapter 6, we applied our simulation pipeline to metal-semiconductor top contact.
We choose the materials of the most interests to the two dimensional material community,
namely metallic graphene leads and MoS, semiconducting channel. We find that the transfer
efficiency depends largely on the contact area and is compromised dramatically below a
transfer length which is typically tens of nm scale.

In chapter 7, on the other hand, we investigated in-plane edge contacts, which have the
potential to achieve lower contact resistance due to stronger orbital hybridization compared
to conventional top contacts. We then present full-band atomistic quantum transport sim-
ulations of the graphene/MoS, edge contact. We find that the potential barrier created by
trapped charges decays fast with distance away from the interface, and is thus thin enough
to enable efficient injection of electrons. This results in Ohmic behavior in its I-V character-

istics, which agrees with experiments. Our results demonstrate the role played by trapped
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charges in the formation of a Schottky barrier, and how one can reduce the Schottky barrier
height (SBH) by adjusting the relevant parameters of the edge contact system.

Our framework can be extended conveniently to incorporate more general nanostructure
geometries. For example, a full 3D solution of the electrostatics will also lead to better
modeling of the electrical potential. Furthermore, better ab-initio calculations can be con-
veniently added to our methods to further improve their accuracy. Extending the method
to properly model bulk 3D materials or 1D systems requires only minor modifications of the
available codes.

One potential improvement on top of the established pipeline is the inclusion of electron-
phonon interaction to represent the effect of heat on the electron transport. We have calcu-
lated the electron-phonon coupling matrices for graphene and MoS,. Fig and show
the couplings for both graphene and MoS,. We have also included the Frolich interaction
for LO phonons to properly treat the divergence at the long-wavelength limit for MoS,.

We also transform the electron-phonon coupling matrices to real space using the Wannier
technique [69] similar to the ones introduced in chapter 3, but with emphasis on phonons
instead of electrons. The advantage of this is the convenience of including the effects of heat
as represented by the quasi-particle phonons in the same real space as the electron transport
calculation. Fig [7.3| and show the comparisons of ab-initio phonon dispersion with the
ones reproduced in real-space using the Wannier technique, for both graphene and MoS,.
From the figures, we can confirm the accuracy of this method.

A complete treatment of both electron and phonon transport would work well especially
at nanometers of scale, where heat cannot dissipate fast enough given a limited volume.
These can be incorporated directly into our current established pipeline to further improve

simulation accuracy.
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Figure 7.1: Electron-phonon coupling constants of all phonon branches for mono-

layer graphene in the reciprocal space.
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Figure 7.3: Phonon dispersion of monolayer graphene using both ab-initio simu-
lation and the real-space Wannier technique.
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APPENDIX A
DECIMATION TECHNIQUE FOR CALCULATING
SELF-ENERGIES OF SEMI-INFINITE LEADS

As shown in Fig. one can split the layered structure into left contact marked by L,
central device region marked by C, and right contact marked by R. The device corresponds
to the region where one solves the transport equations and the contacts are the metallic
regions connected to the device. While the device region consists of only NV layers, the matrix
equation corresponding to Eq. is infinite due to the semi-infinite contacts. It is shown
next that the influence of the semi-infinite contacts can be added in a recursive fashion into
the device region, where the semi-infinite contacts only affect the edge layers 1 and N of
the device region.[40, [70} [71], [72]. The Sancho-Rubio method [40] for calculating the surface
Green’s functions will be described here, which will then be used to obtain the self energies
of the semi-infinite leads. Any solid with a surface can be described by a semi-infinitely
stacking principal layers with nearest-neighbor interactions. [43] If the bulk periodicity on
the surface plane is preserved to the surface, then k is a good quantum number. We can
build Bloch-state orbitals for each atomic orbital ¢, along the direction of any plane, e.g.

the Ath atomic plane of the nth principal layer. Take m orbitals per atom, and assume each

tip:tpyp tprilrp
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(Semi-infinite)

Right Contact

L]
1
[
L
1
I
1
]
i 4 - . + .

i (Semi-infinite)

Figure A.1: 1D model including the central device region, and left and right
contacts
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principal layer is composed of [ atomic planes. Then one can form Bloch states for each

principal layer:

o (k)
Wn(ky) = | ep(ky) (A1)
o (k)
where
o (k) = L S IR g (Ry) (A.2)

m Ry

and N I ,and R” denote the numbers of atoms, and lattice vectors in an atomic plane.
Taking matrix elements of (w — H)G(w) = 1 between the Bloch states, one has the usual

chain for each kH:

(w— Hoo)Goo = 1+ Ho1G1o

(w— Hpo)G1o = HglGoo + Hp1 G

(A.3)
(w—Hpo)Gpo = H(T)lGn—l,o + Hy1Gp+10
where n = 0 denotes the surface principal layer and the matrices
Hypp () =< W (K )| H |07, () >, a4

Gt (W, k) =< Wi (y)) |G (@) W7, () >

and 1 (the unit matrix) are of rank [ x m. In Eq.(A.3) we have simplified the problem by
using an ideal surface, i.e. Hypg = Hy1 = ... and Hgy = Hyo = ... We can now discuss the

method of effective layers.
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From the general term in Eq.(A.3)), one has
Gop(w) = (w — Hoo)_l(H(T)lGn—l,o + Hoy (w — Hoo) ™ Ho1 G, (A.5)

Put n = 1 into this equation and put the result into the first equation of the chain (A.3]).

This yields
[w — Hoo — Ho1(w — Hoo)_lﬂgl]Goo = I + Ho1(w — Hoo) ™' Ho1Ga, (A.6)

which relates G, to Ggg. Similarly, if we consider the general equation of the chain,

Eq.(A.5) and replace G,—19 and Gy,41 0, after Eq.(A.3)), we obtain

[w— Hyo — Hot(w — Hoo)_ngl - HSl(w — Hoo) ' Ho1]Gno

= HSl(w - Hoo)_l)HglGn—zo + Hop(w — Hoo) " Ho1Gni2o  (n>2).

Nearest neighbors have disappeared in Egs. (A.6) and (A.7). These equations can be

rearranged more compactly as

(w—¢15)Goo = I + a1G2p
(w—e1)Gno = P1Gp—20+a1Gpy2o  (n>2) (A7)

(w—=¢e1)Gnn =1+ ﬁlGn—Zn + alGn—i—?,n
with

a1 = Hyy(w — Hoo) " Hor
B = Hgl(w - Hoo)le&
15 = Hoo + Ho1(w — Hoo)legl

e1 = Hpp + Hpp(w — H00)71H(J)r1 + HSl(w — Hop) ™' Hoy.
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We then consider the subset formed by taking only even n values in Eq.(A.7)), i.e.,

(W —€15)Goo = I + a1Gap
(w—e1)Gan0 = B1Ga—1),0 T 21G2(11),0 (A.9)

(W —21)Gon2n =1+ B1Gon_1) 20 T 1 G2 (>41) 2n-

These equations define a chain which couples the Green’s function matrix elements with even
indices only, Gy, o, via effective nearest-neighbor interactions given by the first two Egs. of
, and with effective zeroth-order matrix elements that are different for both the surface
(¢1s) and the inner layers (e1). Equations define an effective Hamiltonian describing
a chain of effective layers of lattice constant 2a, twice the original one. Each effective layer
contains implicitly the effect of its nearest neighbors in the original chain through the use of
equation .

Except for the different zeroth-order matrix elements, €15 # €1, equations are
similar to equations . So equations from to can be repeated if we start from

(A.9). By repeating the argument ¢ times, we have the iterative sequence

0 =i (w—gi-1) oy

Bi = Bi—1(w —ei—1) ' Bi—1
(A.10)

ci=ei1t o 1(w—g 1) i1+ Bii1(w—e 1)t

-1
ef =l | +ai1(w—ei_1)" Bi1,

starting with eq = Hqg, ag = Hp1 and By = H(J)rl. Eqgs. (A.10) define an effective Hamiltonian

for a chain of lattice constant 2°a with nearest-neighbor couplings a; and f3; and zeroth-order
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Hamiltonian matrix elements ; and €7. After 7 iterations

(w—el)Goo = I + ;G
' rmd (A.11)

(w =) Gaing = BiGoi(n-1)0 + @iGoi(nyny o (02 1).

Each layer of the ith chain contains the effect of the nearest neighbors of the previous
chain (i — 1) implicitly. After v iterations, the zeroth layer is equivalent to the original
zeroth layer coupled to 2V layers, while any inner layer has 2" — 1 layers of the original
chain. The iteration is to be repeated until a,, and S, are small enough. Then we have

~ S ~ ~S
€y N Ey_1,6, R e, _q and

(w—¢e3)Goo ~ I

(A.12)
(w— €V>G2Vn721/n ~ I (n>1).
as well as an good approximation for Gy,
Goolw) ~ (w—¢e3) L. (A.13)

And the Green’s function for the edge layer, i.e. for the zeroth layer of the complementary

chain, can be calculated by exchanging «; and f;:
Goo(w) ~ (w—25) ! (A.14)
where &7, is obtained by iterating
£l = 1 + Bilw — i)y, (A.15)

starting with eg = &5 = Hpp, a9 = Ho1 and [y = H(])Ll’ as before, until e, ~ &5_,. The

1%
terms Ggo and Gop represents the surface Green’s functions of gp and g7, respectively. It is
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worth pointing out that the iterative procedure presented above is exact in the sense that

no interactions are ignored in a nearest-neighbor chain.
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APPENDIX B
RECURSIVE GREEN’S FUNCTION TECHNIQUE

We now deal with the Green’s functions of the central device appearing in Eq. (2.59)), which
will be solved very efficiently by the recursive Green’s function (RGF) method. We begin
by introducing two equivalent Dyson formulas for calculating an exact Green’s function (for

a derivation of these formulas, see [36]),
G =60 4+ a0y, (B.1)

G =60+ ava0), (B.2)

where G(0) represents the “unperturbed” Green’s function and V' the perturbation. We use
these expressions to obtain recursive relations for the exact Green’s function of a quasi-one-
dimensional system coupled with the leads. The basic idea is to partition the system into
independent regions and associate these regions with “unperturbed” Green’s functions G0,
The hoping matrix elements connecting those parts are then partially built into the per-
turbation V' from our selections. By choosing the connecting matrix elements and applying
Eqgs. and carefully, we can slice by slice obtain the full Green’s function G.

Our presentation is specialized to the case of two-probe conductance as depicted in Fig.
[2.4] It can also be conveniently extended to multi-probe systems. It is necessary to first derive
several intermediate results before obtaining expressions for the exact Green’s function. We
first run the recurrence from left to right, resulting in a series of Green’s functions GL. At
every step, Eq. 1} is employed using a different choice for GY and V. We then repeat
the procedure from right to left, generating another series of functions GR. Finally, we join
these two families to obtain the exact Green’s functions for the whole system. By doing this,
we used all parts and connecting matrix elements exactly once.

The system is split into N thin slices, each one with a maximum of M sites or cells, as
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Figure B.1: Slicing scheme. The central rectangle containing the dark strips
(slices) represents the conductor (taken from Ref. [73]).
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show in Fig. [B.I] The slices with numbers lower than 1 or larger than N represent the left and
right lead regions, respectively. The corresponding retarded surface Green’s functions (when
the leads are decoupled from the system) are denoted by g7, (E) and gr(E), as noted earlier.
These Green’s functions are computed separately and before the recurrence procedure. The
retarded Green’s function of the isolated nth slice in the system, g, (E) = (E — hy, +i07) 71,
does not need to be individually evaluated before the recursive calculations. Here, h, denotes
the Hamiltonian of the isolated nth slice.

Neighboring slices within the sample are connected to each other through the matrices
Un—1.n (left to right) and [Uy_1,]T = U1 (right to left), with n = 1,..., N. The first
and last slices in the system are connected to their nearest neighboring slices in the leads
through the coupling matrices Up;; and Uy 1. The matrix elements of these matrices are
the tight-binding hopping amplitudes connecting sites at different slices.

Here, we assumed that the matrices U only connect nearest-neighbor slices. For tight-
binding models that include next-nearest hopping terms, one can still use this algorithm by
doubling the “width” of the unit slices, which slows down the computation by a factor 23.
We use subscripts to denote longitudinal spatial indices (except for gy, gr, and gy). Thus,
Gpn,m(E) is the matrix Green’s function connecting the n and m slices. Sites indices are
shown as a pair of variables: G m(J, 4') denotes the Green’s function connecting site j in
the nth slice to site j’ in the mth slice. From now on, we will drop the energy variable F

(since scattering is assumed elastic, F is conserved throughout the system).

Coupling with leads For the two-probe system considered, the central region is coupled
to a left lead L and to a right lead R. We now show how to built the Green’s function that
describes this coupling.

The first step is to incorporate the n = 1 slice to the left contact surface Green’s function
(A.14)), which we write as gr. We also introduce the kets |0) and |1) representing the states

where electrons are found in slices n = 0 and n = 1 respectively. The “unperturbed” Green’s
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function in this case is G(0) = |0) gz (0] 4 |1) g1 (1], while V = |0) Uo1 (1|4 1) Uy (0] is the

perturbation that couples the n = 1 slice to the left lead. Then, using Eq. (B.1]), we have

6L = WO + Y @GO m) (m|v]m') (m!|GE|1)

m,m/

= (GO + 1Oy 1V |0y (0]GE|1)
and

(OIGE1) = (0IGO11) + 3 01GD|my (m|V|m') (m|GF|1)

m,m/

= (0|G)0) (0|V|1) (1|GE).

Using the more compact notation (n|GL|m) = G,L%m, we drop the bras and kets and can

rewrite these equation as

L L
GT1 =091+ 91U10Gg

and

L L
G0,1 = gLUO,1G1,1

Therefore,

GT1 = — g1U109cU0,1) g1

Now, since g1 = (F — hl)*l, we can write

Gy =(E—hy —Upogrlo) "

(B.3)

(B.6)

Notice that this Green’s function takes care the coupling of the first slice with the left lead,

but does not have information on the rest of the system or the right lead.

It is important to mention that we have safely neglected the infinitesimal imaginary part,

since the self-energy term has its own finite imaginary part.
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We proceed in a similar fashion in order to couple the last slice to the right lead. With

¢ = gr + 9N and V = Uy ny1, we have

Gﬁ,N =gN + QNUN,NHGﬁHW (B.7)
and
GN1n = 9RUN41 NG N (B.8)
Therefore,
Gﬁf,N = (I — QNUN,N+19RUN+1,N>_19N- (B.9)

Again, since g = (E — hy) ™!, we can write

Gy = (E—hy — Uy Ny19rUN+1,8) (B.10)

The Green’s function Gf 1(01‘Gﬁ’ ) describes all single-electron processes that begin and
end that on the n = 1 (or n = N ) slice, taking into consideration all possible number
of incursions in and out of the left (or right) lead. It does not yet take into consideration

incursions into the bulk of the system.

Left Green’s functions With GlL 1> we can examine the next successive NV —1 left Green’s

functions by using a recurrence formula similar to Eq. . To derive this, we choose

a0 = Gﬁ_l no1 and V- =U, 14 + U, p—1. Using the Dyson’s equation (B.1), we obtain

Gﬁv” =~ gnUn,n—lGﬁ—l,n—lUn—l,n)_lgna (B.11)
with n =2,..., N. Using g, = (F — hn)*l, we obtain

GrLz,n = (B —hn - Un,n—1G£—1,n_1Un—17n)_1- (B.12)
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This formula is accompanied by another, which connects the left-most slice (the surface slice

of the left lead) with the nth one,
G(ﬁn = GOL,n—lUn—l,nGﬁ,n- (B.13)

Note that N inversions are necessary to reach the Nth slice. Each inversion requires O(M?3)

operations. Thus, the time complexity of the calculation scales as O(NM 3).

Right Green’s functions The right Green’s functions are similar to the left ones. Using

Eq. and starting from the Nth slice, we find that

Gy = (I = gnUn a1 Gl i1 Unsin) n, (B.14)
with n = N —1,...,1. Substituting g, = (F — hy,) ™!, we obtain

Gl = (B = hn = Unje1Gry1 g1 Unrn) (B.15)

Also,

R R R
GN—H,n = GN—i—l,n—i—lUn-l-l,nGn,n' (B.16)

Again, N additional inversions have to be done in order to reach slice the first slice (n = 1),

with time complexity of O(NM?3).

Full Green’s functions Assuming one reaches the n slice by either a left or right sweep

(1 < n < N), in order to obtain the exact full Green’s function of the system, we again

use Eq. (B.1)) assuming GO = gn + GTLL_1 no1 T G§+1 ity With Vi="Up 15+ Upp-1+

Unm—i—l + Un+1,n~ We find

Gnm =0n+ gn(Un,n—lGn—l,n + Un,n+1Gn+1,nv (B'17)
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L
Gn—l,n = anl,nfl UnOl,nGn,na

and

Thus,

-1
Gn,n = [I - gn(Un,n—lel{_l,n_lUn—l,n + Un,n+1G§+17n+1Un+l,n)] In,

and since g, = (E — hy)( — 1), we obtain

L R -1
Gnm = (E — hp — Unm—lGn_Ln_lUn—l,n - Un,n+1Gn+1,n+1Un+1,n) )

together with

L
GO,n - Go,nfl Un—l,nGn,n

and

R
GN+1,n = GN+1,n+1Un—|—1,nGn,n-

(B.18)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

Note that in order to compute G p and G 15, we need to keep track of G{;’n and Gﬁm

(obtained recursively from Eqs. (B.12)) and (B.15]), respectively), as well as Gg, ,, and Gﬁ in

(which follow from Eqs. (B.13) and (B.16|), respectively). In order to obtain G,_1 , and

Gpnn+1, we can apply Dyson’s equation again to a situation where only the nth slice is

decoupled, yielding

R
Gn,n—H = Gn,nUn,n-l-lGn—l—l,n—i—l )

while

L
Gp1n = Gn—l,n—lUn—l,nGn,n~

These equations are useful for calculating the local current distribution.
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When computing the exact Green’s, we note that we have used each matrix U, ,,; only
once. Similarly, at each step, an isolated Hamiltonian h, was also used once. Thus, at
the end of the calculation, all hoping parameters and local potentials of the underlying
tight-binding model have been used exactly once.

An alternative way to compute full Green’s functions is to close the left (or right) sweep
with a connection to the right (left) lead: (This is useful if only transmission and reflection

matrices are required.) 1. Left sweep, we use Eq. (B.22)) to write

Gon+1 = GG NUN+1NGN1,N 41, (B.26)

which is complemented by

Gniint1 = (95" — UnsiNGR NUNN11) (B.27)

obtained from Eq. (B.21]).
2. Right sweep, we use Egs. (B.23|and (B.22)) to obtain

G410 = GRy11U10G00 (B.28)

and

Goo = (97" - U0,1G§1U1,0)_1> (B.29)

respectively. Egs. (B.26]) and (B.29) can be used to calculate the left-to-right transmission
and left reflection matrices respectively, while Eqs. (B.28)) and (B.27) lead to the right-to-
left transmission and the right reflection matrices. For systems with inversion symmetry, we

expect Gog = Gn41,N+1 and G y+1 = G 41,0 and therefore only one sweep (left or right)
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would be necessary for evaluating the whole scattering matrix. For symmetric leads,

(G vl = G (B.30)

and also only one sweep is necessary. Any local observable (such as the local density of states
or the local current flux), requires G y41 as well as Gy foralln =1,..., N.

The recurrence relations shown above need input information. Specifically, one needs to
define the Green’s functions of the leads (g7, and gg ), the Hamiltonian of the isolated slices
(hp,m = 1,...,N) in the device region, and the hopping between slices (the U matrices)

between the two regions, before the calculation of the Green’s functions.
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APPENDIX C
QUASI-1D POISSON SOLVER

Restate our task in this section: assuming the electron density distribution n is known

throughout the entire device, we solve Poisson’s equation for electric potential profile ¢:
1
V2V (x) = —=(—n+ NN, C.1
() = ——(=n+ NNp) (1)

where

Poisson’s equation is a simple second-order partial differential equation (PDE), but in
this case what complicates the solution are the 2-dimensional nature of the problem and
spatially varying material composition e. One common method to solve PDE in this case is
via discretization methods and seeking solutions on a grid.

In this section, we present our simple Poisson solver and how it is coupled with transport
equations. We start with the device grid and proper boundary conditions used. We point
out Poisson’s equation is to be solved self-consistently with transport equations, and in such
case more efficient algorithms can be deployed. By introducing the use of quasi-Fermi levels
as a bridge, transport equations and Poisson’s equation obtain a damping factor in the self-
consistent loop. We look into the details of this coupled scheme and its implementation. In
the end, the Poisson’s equation are solved using Newton-Raphson iterating technique.

To solve a PDE, boundary conditions have to be properly set. Boundary conditions are
grid nodes on edges, so we have to make sure not only the grid completely covers the region of
our simulation interest, but also it terminates at places where boundary condition is known
to us.

At the metal-semiconductor contact interface we use the Neumann boundary condition:

v

a0 (C.2)
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with r | being the direction perpendicular to the interface. Zero field here allows the potential
to float to whatever value it needs to maintain charge neutrality. Although the source/drain
extension regions are heavily doped semiconductors, they are not perfect metals and in
reality can still have electric field within them under high drain bias. The Neumann boundary
condition forces the boundary and only the boundary to assume the role of a metal by having
no electric field, thus eliminating drifting current at that point. Under non-equilibrium
conditions, electrons are supplied from source solely by diffusive current, which the diffusion
constant is that of semiconductor body.

In Gummel’s scheme, equations are solved iteratively starting from an initial guess. Each
iterative loop takes previous solution as input and solves for a new set of solution. If the new
and old solutions become very similar to each other, we declare such solution as converged.
However, if the new and old does not get close to each other, or in worst case depart from
each other, we call such unwanted situation divergence.

The transport equation is solved in one step for exact solution, so the burden of damping
is placed at Poisson’s equation. In order to archive stable convergence in Poisson’s equation,
we choose to exploit the concept of quasi-Fermi level due to its exponential form. The reason
for this will become clear shortly.

The quasi-Fermi level for electrons is defined as

n

F=— TF L(— .
qV +kp fl/Q(NC) (C.3)
In terms of quasi-Fermi level, the electron density thus becomes
1, F+4+qV
1
pr— '4
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In non-degenerate limit, the Fermi-Dirac integral can be simplified

F+qV

n = N¢ eXp(kB—T)

(C.5)

Transport equation uses electrostatic potential of previous iterative loop to solve for
electron density, and we denote this potential V,;;. Poisson’s equation uses the electron
density from transport equation to solve for a new electrostatic potential, and we denote
this potential Vj,ey. Substitute the quasi-Fermi level obtained from transport equation into

the electron density term in Poisson’s equation, we get

Q(Vnew Vold)

kT ) (C.6)

n = N¢ exp(

The above equation only holds true if Vi, and V4 are equal, and that is when the solution
converges and become exact. Since Vjey is to be determined by the Poisson’s equation, it
gives an extra degree of freedom to the solution.

Now, the Poisson’s equation has became non-linear, and to solve it we need to use Newton-
Raphson method. Newton-Raphson method is a simple and powerful iterative technique to
determine the solution of an equation. After we discretize the Poisson equation, the system
of equation contain N unknowns. We need to find its derivative, then the tangent line
interpolating from one guess to another, and repeat until solution converges. In our Poisson
system of equations, this derivative term has become a full matrix called Jacobian matrix.
Jacobian is a term familiar to vector calculus denoting the matrix of all first-order partial
derivatives of a vector-valued function. The Jacobian matrix can then be formed by taking
derivative with respect to all other nodes. Notice each equation centered at a specific node
contains five unique variables, so the resulting Jacobian matrix contains five diagonal terms.
The matrix is very sparse, so we can take advantage of this to save computational memory.

We denote the Jacobian matrix element containing the derivative of node o with respect to
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node [ as

_Ofa
foz,ﬂ - 8V5 (C-7>

Thus, we obtained the Newton-Raphson iterative equation with Taylor’s expansion correction

to first order

fa(Vnew) = fa(Voia) + fa,s(Vora) AVs =0 (C.8)

In case of divergence, we can use the strategy suggested by Brown and Lindsay [74] to
ensure stable convergence. Usually, such divergent situation only occurs at the beginning of
the simulation, when the starting several guesses can be far away from true solution. Once
guess becomes near the true solution, it is the nature of Newton’s method that a fast and

stable convergence can be achieved.
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APPENDIX D
DERIVATION OF THOMAS-FERMI APPROXIMATION FOR
QUASI-1D SYSTEMS

The derivation begins with the equation for the screened potential energy from an impurity
charge distribution \;(z)
V2V (z) = 4me [Mi(z) + As(z)] A (D.1)

where Ag(x) is the screening charge and A is the cross section area. We assume A = 1 in
the following. The Thomas-Fermi theory approximates the local electron density n(z) as a

free-particle system

n(x) = kp() (D.2)

where the Fermi wave vector kp is now a local quantity. It can also be determined by the

condition that the chemical potential p is independent of position:

k3 (x)
2m

— Bp(x) = pV(2) (D.3)

We write the screening charge as the difference between n(x) and the equilibrium charge
density ng

As(z) = —en(z)ng(z)] (D.4)
and the above approximations result the equation

V(z)
Ep

V2V () = 4me [)\Z(a:) + engengq | 1

Assuming V/Ep << 1, we can expand the root as y/1V(z)/Ep ~ 1V/2Ep to obtain the
equation

(V23 5)V (x) = dme)i(z) (D.6)
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2 2me?ny)

r= g, (D.7)

where qpp is the Thomas-Fermi screening wave vector. This equation may be solved in 1D

Fourier transform space to give

Viz) = —re / dg_Aila) g (D.8)

2T q2 —+ q%F

In the case of edge contact, the interfacial trap charge acts as the impurity residing around
x = 0, and can be represented as \;(¢) = @Q);. We can then evaluate the integral and obtain
an analytical result

2meQ)

Vi) = arr

o—dTF || (D.9)

The interactions declines rapidly at large distances because of the exponential dependence

e 9TF? and thus allows efficient electron tunneling through the interface.
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