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ABSTRACT

This thesis is concerned with the theory and applications of certain fully nonlinear stochas-
tic partial differential equations. First, we present several new results regarding the well-
posedness of the equations. Among these are proofs of the comparison principle for equations
with nontrivial spatial dependence. We also prove some new path-stability estimates, and
we give a very general proof of existence using Perron’s method, which characterizes the
unique solution as the maximal sub-solution.

We also discuss a general framework for approximating solutions numerically. A variety
of convergent approximation schemes are considered, including finite difference schemes and
Trotter-Kato splitting formulas, and the results are general enough to allow for many more
examples. For first-order equations, we derive explicit error estimates.

Finally, we introduce a family of homogenization problems that arise from scaling limits
of fully nonlinear equations with highly oscillatory spatio-temporal dependence. We prove,
under suitable assumptions on the nonlinearities and the random dependence, that the lim-

iting behavior is governed by a spatially homogenous, stochastic Hamilton-Jacobi equation.
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NOTATION
Let N >1and U C RY be open.

. C’Zf(U ) is the space of k-times differentiable functions with bounded derivatives. The
bounds of the derivatives of f € C’f(U) are denoted HDijOO gforj=12 .k If

U=[0,T] C R, we also write Hf(j)Hoo 0.1 = Hf(j)HooT'

o C0%(U) is the space of a-Holder continuous functions. The semi-norm of f € CY(U)
is denoted by [f]o . It U =[0,T] C R, we also write [f], (o7 = [fla,- If a =1, we
also write [f]1 = || Df|s = Lip(f) and C%(U) = Lip(U).

e LSC(U) = the space of lower-semicontinuous functions on U
e USC(U) = the space of upper-semicontinuous functions on U
e (B)UC(U) = the space of (bounded) uniformly continuous functions on U

e For a locally finite function u : U — R, u* and us denote the upper- and lower-

semicontinuous envelopes of u.

e SV denotes the space of symmetric N-by-N matrices. I denotes the identity matrix.
For A e SV, ||A]| := maxj, 1 Av - v. For B € RY x RN, Sym(B) € SV is defined by
(BB + B'B)/2.

e For W e C([0,00)) and 0 < s < ¢ < 00, osc(W, 5,1) := max,. . o0 [W(r1) — W(ra)l|.

o By(z) :=={y € RY : |z —y| < r}, By := Br(0), Nps(a,t) := {(y,9) : |z —y| <
r, lg —t| < s}, Npe(z,t) .= Npp(z,t), SN=1.— 9B.

e For a,b € R, a Ab=min{a,b} and a V b = max{a, b}.

e For a function H : RN — R, H*(q) = SUD, RN (p-q— H(p)).
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CHAPTER 1
INTRODUCTION

1.1 Background

This thesis is concerned with recent developments in the theory and applications of fully
nonlinear rough, or stochastic, partial differential equations.

Many complex phenomena in the real world are modeled with partial differential equa-
tions that, due to statistical uncertainty, have random, possibly singular, spatio-temporal
dependence. This dependence can be mathematically described using white noise, which
leads to stochastic partial differential equations. In recent years, the study of such equa-
tions has attracted much attention in view of the many applications to physics, economics,
and beyond, as well as the interesting mathematics that arise from the interplay between
probability and analysis.

As a consequence of the rough nature of the randomness, the standard methods for defin-
ing solutions of partial differential equations are often not sufficient in the stochastic setting.
It is therefore necessary to come up with a new, well-posed notion of weak solutions. One
can then investigate the effect that the stochasticity has on the structure and behavior of the
solutions. This question can be studied in many contexts, including, but not limited to, reg-
ularity, long-time behavior, homogenization effects, scaling limits, numerical approximations
and simulations, and large deviations.

In this thesis, we are interested in fully nonlinear and degenerately parabolic equations.

For some unknown function u : R x [0, c0) — R, these take the form
m . .

(1.1.1) du = F(D?*u, Du, z,t) dt + ZHZ(Du,x) AW in R x (0, 00).
1=1

The initial data u(-,0) := wug, as well as the functions F' : S x R - R and H =
(HY,...,H™) : R? x RY — R™ are continuous, although more regularity is required for
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the latter in order to make sense of the equation. The nonlinearity F'is degenerate elliptic,
which means that it is increasing in the S% variable, where S% is the space of symmet-
ric d-by-d matrices. The terms dW' denote the time-differential of the continuous path
W = (WL W2 ... W™). Of interest to us are random paths that are not regular enough
to put (1.1.1) in the classical viscosity solution framework, for example, if W is an m-
dimensional Brownian motion, or a more general semimartingale. As we discuss later on,
(1.1.1) will then be understood, at least formally, through the Stratonovich formulation.

The study of parabolic stochastic partial differential equations goes back to the work of
Krylov and Rozovskii [44] in the quasilinear, uniformly parabolic setting (see also Pardoux
and Peng [69]), which is based on using the martingale approach to solve stochastic differ-
ential equations in an appropriate Banach space. On the other hand, a global theory for
weak solutions of fully-nonlinear, degenerately parabolic equations like (1.1.1) was not avail-
able until the works of Lions and Souganidis [53, 54, 55, 56, 76] that introduced pathwise
(stochastic, rough) viscosity solutions.

Degenerate parabolic stochastic partial differential equations arise in a number of settings.
One example is the theory of stochastic control with partial information, or, more generally,
pathwise stochastic control. As is well known, (see, for instance, the books of Bardi and
Capuzzo-Dolcetta [8] or Fleming and Soner [30]), the so-called value function from stochastic
control is the solution of a fully nonlinear, Hamilton-Jacobi-Bellman equation. However, in
applications of finance, only partial information is known for the stochastic dynamical system
being controlled. This uncertainty comes up in the partial differential equation as rough,
stochastic dependence, leading to an equation like (1.1.1) where the Hamiltonians H’ are
linear in the gradient variable. This setting, going back to Pardoux [67, 68], has also been
studied extensively from the point of view of rough path theory by many authors, including,
but not limited to, Caruana, Friz, and Oberhauser [21] and Buckdahn and Ma [17, 18].

An example for which H is fully nonlinear arises in the study of moving interfaces, a

subject whose mathematical analysis is relevant to models for phase transitions, population



dynamics, turbulent combustion, and more. A moving interface can be described by a family
of hypersurfaces {I't };>0 C RY evolving according to a given normal velocity V(Dn,n, z, 1),
where n = n(x,t) is the outward normal vector to the surface I't at the point x, and Dn
denotes its spatial derivative, which encodes the principle curvatures of the surface. A well-

studied example is
(1.1.2) V(Dn,n,xz,t) == —tr(Dn) + a(n, z,t),

where & := tr(Dn) is the mean curvature of the surface and a : ST 1 x R x [0, 0) is a
first-order perturbation.

An interface evolving in this manner is known to develop singularities or change topo-
logical type in finite time, in which case the normal direction and curvature cease to be
well-defined. In many applications, however, it is of interest to describe the motion of the
interface after singularities occur. A great number of strategies for doing so have been de-
veloped. One notable example in the case of mean-curvature flow (that is, when a = 0 in
(1.1.4)) is Brakke’s theory of varifolds [16]. For very general interface motions, the most suc-
cessful tool is the level-set approach introduced by Osher and Sethian [64] and generalized
by many authors, for example Barles and Souganidis [13]. For each ¢ > 0, the hypersurface

I'y is identified with the level-set of a function wu:
(1.1.3) Ty :={z e R%: u(x,t) =0}

One can then formally derive a nonlinear, degenerately parabolic partial differential equation
to describe the evolution of the function u. In the case of (1.1.2), for example, this takes the

form

Du Du
1.14 =A —D2 _
(1.1.4) = 8PS Dl *“(

Du

W,x,t) |Du| in RY x (0, 00).



The theory of viscosity solutions yields the existence of a unique, continuous, weak solution
of (1.1.4), as long as a is continuous in all variables. As a consequence, the singular behavior
of moving interfaces can be understood through an analysis of the equation.

In many physical applications, the perturbation a in (1.1.2) is a singular, space-time noise

term, an example being

m

(1.1.5) a(n,z,t) = Zai(n,x)dBi(t)
1=1
for some coefficients a’ : S9! x RY — R and independent Brownian motions {B' Mo In

this case, the equation (1.1.4) is a special case of (1.1.1):

(1.1.6) du= ( Au— DQU&  Du dt—i—iai Du z ) |DulodB' inR? x (0, 00).
|Du| | Dul — | Dul’ ’

1.2 The main difficulties

We briefly summarize some of the difficulties in generalizing the viscosity solution theory to
solutions of (1.1.1) with rough time dependence. A more detailed discussion can be found
in [53, 76].

The first important difficulty in the study of equations such as (1.1.1) is that global
smooth solutions do not exist in general. This is due to the nonlinearity of the equation,
which implies that shocks in the solutions form in finite time. In the non-rough setting,
that is, when the path W is smooth, this was overcome with the Crandall-Lions notion of
viscosity solutions, a well-developed theory for which powerful existence, uniqueness, and
stability results have been obtained. For a detailed description of the theory and a list of
references, see the User’s Guide of Crandall, Ishii, and Lions [25].

Extending the theory of [44] to (1.1.1) is not possible in general. For example, establishing
the existence of solutions, which is usually done by proving tightness of probability laws of

suitable approximations in the right function space, is made difficult by the full nonlinearity
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and degenerate parabolicity. A related problem arises when trying to characterize the law of
(1.1.1) as the viscosity solution of a partial differential equation in infinite dimensions, since
the resulting equation does not appear to be amenable to the existing theory of Crandall
and Lions [26, 27].

Another major difficulty is that the standard viscosity solution theory breaks down for
(1.1.1), since it is not possible to make sense of the equation in a pointwise sense. If W is
smooth, then a sub-solution of (1.1.1) is a function u such that, whenever ¢ € C2(R%x (0, 00))

and u(x,t) — ¢(z,t) achieves a local maximum at (zq,tg), then

m
(0, to) < F(D*(x0, t0), D(wo, o), 0, t0) + Y H' (De(wo, to), 20) W (to),
1=1

with a similar definition for super-solutions. However, this inequality makes no sense if 1474
is not defined pointwise, as is the case if W is a Brownian motion and, therefore, nowhere
differentiable.

In view of the evolution structure of the equation, the definition may be rephrased in an
integral sense. This has been done for equations with integrable time-dependence; see the
works of Ishii [36] and Lions and Perthame [49] when F' = 0, or of Nunziante [62, 63] for

second-order equations. In particular, if ¢ € CQ(Rd x [0,00)), then, for all s < ¢,

sup {u(z,t) — ¢(z,t)} < sup {u(zx,s) — o(z)}

ze€Rd xR

t noo ,
+ / sup {—gzﬁr(x, )+ F(D?¢(x), Dé(z), x,r)dr + Z H'(D¢(x), x)dWZ(T)} :

I'GA(T) i=1

where A(r) is the set of points for which u(-,7) — ¢(-,r) attains a maximum. This strategy
allows the viscosity solution theory for (1.1.1) to be applied to the case of paths with finite
total variation, but still does not cover the most general, rough case.

It turns out that it is possible to find, on sufficiently small time intervals I C (0, 00),



smooth-in-space solutions ® of the rough, Hamilton-Jacobi part of (1.1.1)

m
d® =" H'(D®,z)-dW'" in R x I,
=1

or, equivalently, for all s,t € I,
moort .
O(x,t) — Bz, s) = Z/ HY(D®(z,r),z) - dW,.
i=1"%

This was originally accomplished by Kunita [45] with the method of characteristics, which
here become a system of stochastic differential equations. The same can be accomplished if
W is a geometric rough path using the flow properties of rough differential equations proved
by Lyons and Qian [59].

The key idea behind the pathwise viscosity theory is to use these local, spatially smooth
solutions as test functions to absorb the “rough” part of (1.1.1). That is, the definition
involves a local version of the so-called method of flow transformations, a standard tool
by which a stochastic partial differential equation is converted into a classical one with
random coefficients. The trade-off is that, being exact solutions, the test functions are very
inflexible. Hence, it is not obvious how to use them as barriers, and, as a result, it is
necessary to essentially “reinvent” the arguments and results from the standard theory of

viscosity solutions.

1.3 A summary of the results

We briefly describe the results outlined in this thesis. For more detailed explanations, see
the introductory material for each respective chapter. The results are also contained in the
author’s works [73, 74, 75].

In Chapter 2, we recall the theory of stochastic and rough flows, present the Lions-

Souganidis definition of pathwise viscosity solutions, and prove some important properties.



Many specialized test functions are also constructed that will be used in the various quanti-
tative arguments throughout the thesis.

The comparison principle is the focus of Chapter 3. Its proof is given in many settings
for which the Hamiltonians have nontrivial spatial dependence, which, in view of the rough
time-dependence, creates a number of difficulties.

We study the existence of solutions in Chapter 4. First, we prove precise path stability
estimates for equations with convex, spatially-dependent Hamiltonians, which extends the
class of first-order equations for which existence is known. We then give a very general
proof of existence of solutions for second-order equations using Perron’s method, which
characterizes the unique solution as the maximal sub-solution.

We present a general framework for approximating solutions of (1.1.1) numerically in
Chapter 5. A variety of convergent approximation schemes are considered, including finite
difference schemes and Trotter-Kato splitting formulas, and the results are general enough to
allow for many more examples. For first-order equations, we derive explicit error estimates.

Finally, in Chapter 6, we introduce a family of homogenization problems that arise from
scaling limits of fully nonlinear equations with highly oscillatory spatio-temporal dependence.
We prove, under suitable assumptions on the nonlinearities and the random dependence, that
the limiting behavior is governed by a spatially homogenous, stochastic Hamilton-Jacobi

equation.



CHAPTER 2
DEFINITIONS AND PRELIMINARY RESULTS

2.1 Introduction

In this chapter, we introduce the definition of pathwise viscosity solutions of (1.1.1). Central
to this discussion is the ability to obtain local-in-time, smooth-in-space solutions of the

“rough,” Hamilton-Jacobi part of the equation. We first explain which assumptions on

¢

H=(HH? .  H™) :R'xRY - R"
qS:Rd—)R, and

W=Ww2 .. W™ :[0,00)—R"

\

guarantee the existence, for a sufficiently small h > 0, of a smooth-in-space solution of

m
d® =" H'(D®(w,t),2)-dW' in R x (tg— h,to+ h)
(2.1.1) i=1

O, t0) = ¢ in RY.

Once we have done so, we give some equivalent definitions of pathwise viscosity sub- and
super-solutions, and prove some of their properties. Finally, we construct particular solutions
of (2.1.1) (or rather, of certain variants that arise in the method of doubling variables) that

will be used in comparison and stability proofs in various settings.



2.2 The method of characteristics

The main approach to constructing solutions of (2.1.1) is through the study of the system

of characteristic equations given, for fixed z,p € R% and ¢, € (0, 00), by

( m
dX:_ZDpHZ(PvX)dWZ7 X(xvput()):x’

1=1

(2.2.1)

m
dP =Y " D,H'(P,X)-dW'  P(x,p,t)) = p.

\ =1

If (2.2.1) has a global solution, then, assuming these objects are well-defined, we will set

X(z,t) = X(x, Dop(x),t), P(x,t)= P(x,Do(zx),t), and
mo oot

Z(z,t) = ¢(z) + Z/

t <Hi(P,X) —p. DpHi(P,X)) AW,
i=17"0

If H" and ¢ are regular enough, then z — X(z,t) will be a diffeomorphism for ¢ sufficiently

close to tg. Then, formally, the solution ® of (2.1.1) is given by
(2.2.2) ®(z,t) == Z(X " (x, 1), 1).
We make these calculations rigorous in what follows.

2.2.1 Stochastic and rough flows

We first discuss the case where W : [0,00) — R™ is stochastic process defined on some
probability space (€2, F,P). For simplicity of presentation, we focus here only on the case
where W is a Brownian motion, although the discussion follows similarly if W is a semi-
martingale. Without loss of generality, we may assume that 2 := C([0,00),R™) with the
topology of local uniform convergence, F is the Borel o-algebra on €2, and P is the Wiener

measure. With this viewpoint, the statements and results below are understood to hold with



P-probability one, that is, for P-almost every path W € €.
In this setting, (2.1.1) and (2.2.1) are interpreted with the Stratonovich formulation, and

the symbol “” is replaced with a “o.” In particular, the maps X and P solve the equations

( m
dX = =" DyH (P, X) 0 dW', X(z,p,t9) =z,

(2.2.3) . =1

m
dP =Y D,H'(P,X)odW' — P(x,p,ty) =p.

\ Zzl

This has to do with the way that the standard Ito stochastic calculus is applied in the
construction of smooth flows below, as well as the stability of these systems with respect to
a regularization of the path.

The following lemma is a special case from a large family of results about stochastic flows

of diffeomorphisms studied by Kunita [45].

Lemma 2.2.1. Assume that, for some n > 0, H € C';)H'n(Rd X Rd,Rm). Then, with P-

probability one, (z,p) — (X (z,p,t), P(z,p,t)) is a CT"-diffeomorphism for all t € R.

The theory of rough paths, which was introduced by Lyons [60] and subsequently de-
veloped by many authors, including Gubinelli [34] and Friz and Victoir [33] (see also the
book of Friz and Hairer [32]) provides a general analytic and deterministic framework for
constructing rough integrals and solutions of differential equations with rough time depen-
dence. The focus is on constructing solution maps for systems like (2.2.1) that are continuous
with respect to a suitably augmented rough-path metric, which measures, in addition to the
Holder distance between paths, the distance between certain iterated integrals. In analogy
with the results on stochastic flows, one can construct flows of rough diffeomorphisms with
the theory of rough paths, as we now demonstrate. The presentation below follows most
closely that of [32].

Let a € (1/3,1/2] and m > 1 be fixed.

10



Definition 2.2.1. The map W = (W, W) € C([0, T],R™) x C([0, T)?, R™ @ R™) is said to

be an a-Hdolder continuous rough path, and we write W € €*([0, T],R™), if

We — W, W
[W|ga = Sup—| 5 i +sup ———~— | Stl

(224) s#t ’S - t|a s#t ’
W — Wey — Wy = (Wy — W) @ (W — Wy,)  for any s,u,t € [0,T].

If W also satisfies
1
(2.2.5) Sym(Wg) = §(Wt —Ws) @ (Wy = Ws)  for any s,t € [0,T],

then W is said to be a geometric rough path, and we write W € 6*([0,T],R™).

The quantity ||[W/|,a is called the rough-path norm of W, although €’“ is not a linear
space, due to the nonlinear nature of the second two constraints in (2.2.4).

If W is smooth, then W can be given by the Riemann-Stieltjes integrals

b

Wil _/ (Wi — Wi dWi for 1 <i,j,<m.
S

However, given W € C%%([0,T],R™), W is not in general uniquely determined by the
algebraic constraints of Definition 2.2.1, precisely because o < 1/2. Indeed, if (W, W) € ¢¢,
then so is (W, W) if

(2.2.6) Wt := Wy + F(t) — F(s) for some F € C%2%([0, T],R™ @ R™).

The same remarks about the nonuniqueness of W are true for paths in (fgo‘ , in which case
(2.2.6) defines another geometric rough-path lift if F' takes values in the antisymmetric
tensors.

In view of the fact that Brownian paths are a-Holder continuous for any « € <0, %),

a Brownian motion can be viewed as a random rough path, if W is properly defined. For

11



instance, both the Ito and Stratonovich iterated integrals

. t _ . ; i j ' ] ' ‘
pyltodd _ / (Wﬁ — Wé) dw; and Wfffat’” = / (Wﬁ - W;) o W/
< S

s,t

satisfy the first algebraic constraint in Definition 2.2.1. Moreover,

t—s

W =i +

1,

which is a special case of (2.2.6). As is well-known, (W, WStrat) belongs to the space of
geometric rough paths 4", while (W, WItO) does not.

In the sequel, we focus only on rough paths which are geometric. One reason is that
(2.2.5) ensures that geometric rough paths satisfy, formally, the standard chain and product
rules from differential calculus — in the stochastic setting, this means that there are no Ito
correction terms. Furthermore, for any W € €7'([0,T],R™), there exists a sequence of
smooth paths W™ : [0, T] — R™ such that, as n — oo, W™ and W" converge uniformly to
respectively W and W, and, furthermore, sup,cn [|[W"||ga < 00. As a particular example,
the Stratonovich Brownian rough path can be approximated in the rough path metric by
piecewise-affine interpolations, or by convolving with a standard mollfier. These classical
facts belong to a family of results about so-called Wong-Zakai approximations [83, 84].

The analogue of Lemma 2.2.1 is the following.

Lemma 2.2.2. Let W € ¢*([0,T],R™), and assume that, for somen >0, H € C';)H_n(]Rd X
Rd,Rm). Then (x,p) — (X (z,p,t), P(x,p,t)) is a C1F"-diffeomorphism for all t € R, and
its derivatives in x and p solve the rough differential equations obtained by differentiating
the system (2.2.1). Moreover, the solution maps W+ D];’p(X7 P)for1 <k<1+n are

continuous from €% into C.

The constructions and definitions above could be adapted to treat rough paths with less

Holder regularity, in which case more iterated integrals are involved in the definition (2.2.4),
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and more regularity is required for H. For ease of presentation, we do not pursue this further
here, especially since the case of a € (1/3,1/2] is already enough to cover many interesting

examples.

2.2.2  The case of vanishing Poisson brackets

Suppose now that the Poisson brackets of the Hamiltonians vanish:

L H'"OHY H"OHY

(2.2.7) {HZ,HJ}::Z OH'OH _OHTO =0 forali,j=12,...,m.
el apk 81% a’L’k apk

If (2.2.7) holds, then the Hamiltonian flows commute (see for instance Arnold [7]). In

particular, for each i = 1,2,...,m and for 7 € R, define the flow ¢’ : R% x R? — R? x R?

X'=-DpH'(P',X"), X'(2,p,0) =1z,
(2.2.8) B S .
PZ:DCCHZ(PZ?XZ)a PZ(.T,p,O):p
Lemma 2.2.3. Assume that the collection {Hi}g’il c C2(R? x RY) satisfies (2.2.7). Then

the solution (X, P) of (2.2.1) is given by the formula

(2.29) (X, P)(p,x,t):= w%m(t)—wm(to) 00 w%}[/2(t)*w2(t0) o wlgvl(t)fwl(to)(p’ x).

This formula holds if W is smooth. It also holds if W is a geometric rough path, for
example if W is a Brownian motion and (2.2.1) is interpreted with the Stratonovich differ-
ential. In fact, (2.2.9) makes sense whenever W is an arbitrary continuous path, and so this
gives a way, via a density argument, to make sense of (2.2.1) for continuous paths when
(2.2.7) holds.

The condition (2.2.7) holds trivially when m = 1, that is, when there is only a single

path. It also holds automatically if each H’ is independent of z. Indeed, in this case, (2.2.1)
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reduces to

m
dX = =) DpH'(P)-dW', X(z,p.to) =1,
(2.2.10) =1

dP:O’ P(x’p7t0):p7

which is solved uniquely by P(x,p,t) = p and
m . . .
X(a,p,t) =2 = DH (p) (WH(t) = Wilty))
1=1

2.2.8 Local-in-time, smooth-in-space solutions

We now demonstrate that the method of characteristics, discussed in the previous subsection,
can be used to construct solutions of (2.1.1) in any of the three settings listed above, provided
that the Hamiltonians are sufficiently regular. We focus mainly on the rough-path setting,
since it contains the stochastic case, and then conclude with some remarks for continuous
paths when (2.2.7) is satisfied.

Fix ¢ € C’g(Rd) and ty € [0, 7], and set

X(2,) = X(2, Dé(a),1),  P(a,1) = Pz, Do(x), 1), and

(2.2.11) moo | |

Z(z,1) qu(x)—i-Z/t (HZ(P,X) —P-DpHZ(P,X)> AW
i=1 710

The expression defining Z is interpreted as a rough integral if W is a geometric rough path,
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and (X, P, Z) solves the rough characteristic system

( m
dX =—> D,H'(P.X)-dW’, X (z,t9) = z,
=1
mZ ) .
(2.2.12) dP =" D H'(P,X)-dW’, P(z,t9) = Do(x),
=1
m . . .
az =Y (H'(P,X) — P- DyH'(P,X)) -dW', Z(x,t) = 6(x).
\ 1=1

The boundedness of D2¢ and the flow properties in Lemmas 2.2.1 or 2.2.2 yield the following:

Lemma 2.2.4. Assume that, for somen >0, H € C*T"(R? x R R™) and ¢ € CgJF"(Rd).
Then there exists h > 0 depending only on HDQQSHOO, the derivatives of H, and ||W ||ga such
that, for all t € (tg — h,tg + h), @ — X(z,t) is invertible on R%, and both t — X(-,t) and

t— XL t) belong to C((tg — h,ty + h); Cb1+n(Rd)).

The fact that X is invertible allows us to define
(22.13)  D(z,t) = S(t, to)d(z) = Z(X  (z,1),t) for (z,t) € RE x (tg — h,tg + h).

Lemma 2.2.5. Assume that, for somen >0, H € C4+”(Rd X Rd,Rm) and ¢ € CgJF"(Rd),
and let h > 0 be as in Lemma 2.2.4. Then the function ® defined by (2.2.13) belongs to
C((to — h,tg + h);Cg“l(]Rd)), and is a solution of the pathwise Hamilton-Jacobi equation

(2.1.1).

Proof. From the equations satisfied by D, X and D,P, a straightforward calculation yields
d(DsZ —P-D;X) =0,

and therefore

D®(X,t)- D;X = D,Z = P D;X.
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It follows that P(z,t) = D®(X(z,t),t) for all (z,t) € R x (tg — h,tg + k), and so Lemma
2.2.4 implies that ® maps (tg — h,tg + h) continuously into Cg+"(Rd). It is then standard

to verify that ® solves (2.1.1). O

The next lemma summarizes some properties of the solution operators S(t¢,ty). The
proofs are immediate or follow from the classical case by approximating W with appropriate
smooth paths and passing to the limit. Indeed, if {W"}>°  is a sequence of smooth paths
that converge, as n — oo, to W in the rough path topology, as explained in Section 2.2,
then the stability of the system (2.2.12) with respect to the rough path norm yields h > 0
independent of n such that the classical solution ®" to (2.1.1) driven by W is smooth on

RY x (to — h,tg + h), and, as n — oo, ®" converges uniformly to S(¢,ty)o.

Lemma 2.2.6. Let tg € [0,T] and ¢1,¢po € C’g(Rd), and choose h > 0 such that S(-,tg)o1
and S(-,tg)p2 belong to C((ty — h,tg + h), Cg(Rd)).

(a) For anyt € (tg — h,tg+ h) and k € R, S(t,t9)(¢p1 + k) = S(t,t9)P1 + k.

(b) For anyt € (tg — h,to + h), suppa (S(t,t0)p1 — S(t,t0)d2) < suppa(d1 — ¢2).

(c) For anyr, st € (tg— h,tg+h), S(r,s)S(s,t)p1 = S(r,t)py.

Property (b) is simply the comparison principle for smooth solutions of (2.1.1). Note that
(b) actually holds with equality, because of property (c), which follows from the uniqueness
for (2.1.1) and the fact that the equation is reversible in the interval (tg — h,tg + h).

By estimating the deviation of the characteristic X(z,t) from its starting point x, we
obtain the following domain of dependence property for S(t,ty). For a compact set K C R
and r > 0, define

Ky :={r e K : dist(x, K°) > §}.
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Lemma 2.2.7. For every R > 0, there exists a nondecreasing, continuous function pp :
[0,00) = [0,00) with pr(0) = 0 such that, if K C R% is compact, ¢1,ps € Cg(Rd) satisfy
[1Dd1]lo  |1DP2lloc < R, and h > 0 is such that S(-,t9)¢1,S(-,to)d2 € Clto — h,to +

h), C’g(]Rd)) and K, p,) is nonempty, then, for all t € (to — h,tog + h),

sup  (S(t,t0)p1 — S(t,to)p2) < sup(¢1 — d2).
Kpp(lt—tol) K

Proof. Set

pr(0) = sup sup sup |X(z,p,t) — /.
lp|<R[t—to|<o zeR?

The modulus of continuity of X is uniform for bounded p, and otherwise depends only on
W and the derivatives of H. Therefore, pp is finite, nondecreasing, continuous, and satisfies
pr(0) = 0.

For i = 1,2, let (X;,P;,Z;) be as in (2.2.11) for ¢;, and notice that, for any ¢ € (ty —
h,ty + h),

(2.2.14) Xfl(x,t)—x‘ — \X;l(x,t)—X(Xfl(x,t),Dgzsi(X;l(x,t)),t) < pp (It —to]).

1 7

Suppose first that ¢1 = ¢9 in K, and let = be in the interior of KpR(|t—t0|)3 that is,
dist(z, K¢) > pp(]t — to]). In view of (2.2.14), y := Xl_l(x,t) lies in the interior of
K. This implies that ¢1(y) = ¢2(y) and Doy(y) = Dea(y), so that (X1, P1,Z1)(y,t) =
(Xa,P9,Z9)(y,t). Therefore y = X;l(x, t), and

S(t,t0)¢1(x) = Z1(Xy  (2,1).8) = Za(y,1) = Zaly, 1) = Zo(X5 ' (w,1),1) = S(t, o) da(w).

By continuity, the equality is true for any z € K pr(t—to])-

Now assume ¢1 < ¢9 in K, fix € > 0, and let ég € C’g(Rd) be such that ¢9 = q~52 in K,
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$1 < ¢g + ¢ in RY, and HD&QH < R. Then Lemma 2.2.6(a) yields, for all z € K, o (lt—to])»
o0

S(t7t0)¢1(x) < S(t>t0)<¢2 + 8)(‘77) = S(tatO)(¢2 + €)<£IZ‘) = S(t,to)¢2(l‘) te

Letting ¢ — 0 finishes the proof in this case. For general ¢1 and ¢9, the result follows from

Lemma 2.2.6(a) and the fact that ¢1 < ¢ + supg (1 — ¢2) in K. O

We conclude this section by explaining how the previous results improve in the case of
vanishing Poisson brackets (2.2.7); namely, the less regularity is required for the Hamiltoni-
ans, and W is allowed to be merely continuous. In particular, for each fixed i =1,2,...,m,
the system (2.2.8) provides a classical way to construct, for some sufficiently small 7 > 0,
smooth solutions of the individual Hamilton-Jacobi equations

Uy = H(DU',z) inRY x (—1,7),

(2.2.15)
U(-,0) = ¢ in RY.

If (2.2.7) holds and, for some n > 0, H € C2t"(R% x R? R™) and ¢ € Cng"(Rd), then the
solution U will be in Cg+”(Rd X (—7,7)) as well.
Let S'(t) : C’g(Rd) — Cg(Rd) denote the solution operator for (2.2.15). That is, for each

o € Cg(]Rd) and sufficiently small 7 > 0, S%(t)¢(z) = U(x,t) for all (x,t) € R x (=7, 7),

where U is the solution of (2.2.15).

Lemma 2.2.8. Assume that the collection {Hi}?il c O (R x RY) satisfies (2.2.7). Let
NS Cngn(Rd). Then there exists h > 0 depending only on HDQQSHOO such that (2.1.1) has a
unique solution ® € C((tg — h,tg + h), C’ngn(Rd)), which is given by
m . . .
(. t) = [[ 5 (W%(t) - Wl(t0)> ().
1=1

The quantity h > 0 in Lemma 2.2.8 is chosen so that the continuous paths {VVZ oy
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satisfy

sup  max |W'(t) — Witg)| <.
|t_t0|<hz:1,2,...,m

where 7 > 0 is small enough to ensure that smooth solutions exist for the individual equation
(2.2.15) for each i = 1,2,...,m.
Finally, note that, when the {Hi};’-’il satisfy (2.2.7), then the propagation speed in

Lemma 2.2.7 is equal to

pr(c) = sup sup sup max ‘DpHi(p,x)’ ’Wti—WtiO
Ip|<R [t—to|<o zeRd i=1,25m

)

in accordance with the classical result on finite speed of propagation for Hamilton-Jacobi

equations.

2.3 The definition of pathwise viscosity solutions

The local-in-time spatially-smooth solutions constructed in the previous section are used to

define global sub- and super-solutions for the equation

m
(2.3.1) du = F(D*u, Du,u,z,t) dt + >  H'(Du,z)-dW' in R x (0,00).

=1
In analogy with the classical viscosity solution theory, test functions of the form S(t,ty)¢
are used to cancel out the “rough part” of (2.3.1) (the term involving dWW?), thereby dealing

with the difficulties discussed in the Introduction.

Definition 2.3.1. A function v € USC(R% x [0,T)) (resp. u € LSC(R® x [0,T])) is called
a pathwise viscosity sub-solution (resp. super-solution) of (2.3.1) if u is bounded from above
(resp. from below) and, whenever ¢ € Cg(]Rd), (NS Cl([O,T]), h >0, S(t,tg)¢ € Cg(Rd)

fort € (tg — h,tg+ h), and

u(x, t) — S(t, to)o(x) — P(t)
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attains a local mazimum (resp. minimum) at (xg,tp) € R% x (tg — h,to + h), then

Y (to) < F(D*¢(wo, to), Do, to), ulwo, to), 20, to)

(2.3.2)
(T@Sp. Y (to) = F(D*¢ (o, to), D¢(l’0,to)ﬂ(ﬂﬁoato),ﬂfoato)) :

A solution of (2.3.1) is both a sub- and super-solution.

The following remarks regarding Definition 2.3.1 are useful in many arguments, and are

analogous to observations from the classical viscosity theory.

Lemma 2.3.1. (a) Assume that u satisfies the hypotheses of Definition 2.3.1, except that
(2.3.2) only holds when u(x,t) — S(t,tg)o(x) — ¥(t) attains a strict mazimum (resp.

minimum) at (xq,tg), that is, when
u(z,t) = S(t,to)p(z) — (1) < u(zo,to) — d(zo) —P(to) (resp. =)

for all (z,t) € RY x (to + h,to + h), with equality if and only if (z,t) = (xg,ty). Then u

is a pathwise viscosity sub- (resp. super-) solution in the sense of Definition 2.5.1.

(b) If 0 <ty < T and u is a sub- (resp. super-) solution in R® x (0,tg), then it is a sub-

(resp. super-) solution in R? x (0, to].

It follows that it is sufficient to consider strict maxima or minima, as well as maxima or

minima over half open neighborhoods like By (xg) X (tg — r, tg] instead of Ny(xq, tg)-

Proof of Lemma 2.3.1. Since the proofs for sub- and super-solutions are similar, we only
present the sub-solution case.

(a) Assume that w is upper-semicontinuous and bounded from above, and u(x,t) —
S(t,to)d(z) — 1(t) attains a local maximum at (zq,%y) € R x (tg — h,tg + k). In view

of Lemma 2.2.6(a), we may assume, without loss of generality, that u(zg,ty) = ¢(zg). In
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particular, for some r > 0,
u(z,tg) — o(z) <0 for all z € Byr(xg).

Choose ¢ € C’Z?(Rd) such that ¢(z) = ¢(z) + |z — xg|* for © € By(zg) and u(-,tg) < ¢ on
RN B, (z0), and set ¢(t) := ¥(t) + |t — to|>. Then, by Lemma 2.2.6(b),

u(z,t) = S(t,t)d(x) — (1)

attains a strict maximum at (zq,ty). The result now follows from the fact that De(zg) =
Dé(xg), D*p(x0) = D*p(x0), and ¢/ (tg) = ¢’ (to)-

(b) Assume that u is upper-semicontinuous and bounded from above, and, for some
r >0, u(x,t)— S(t,tg)d(x) —1(t) attains a maximum in By(xq) X (tg — r, to] at (zg,ty). By
replacing ¢ and 1 with respectively ¢ and 1) as in part (a), the maximum may be assumed
to be strict over R% x (tg — r, o).

Fix v > 0 and assume that (z,,t,) is a maximum point for

14

u(z,t) — S(t, to)o(x) —»(t) — to—1

over By(zg) x [tg — r,tg]. Then t, € [tg — r,tg) for all v > 0, because u is bounded. Let

(y,s) € By(zg) x [tg—r,tg] be an accumulation point of the sequence {(z,,t,)},~0 as v — 0,

and assume that s # tg. For fixed (z,t) € By(zg) x [tg — 1, 0),

< u(wy, ty) = Sty, o)) — (ty) — —

u(r.t) = St t0)o(z) — (1) ~ —

Letting v — 0 along a subsequence such that (z,,t,) — (v, s) yields

u(z,t) — S(t,to)d(x) — b(t) < uly, s) — S(s,t0)d(y) — ¥(s),
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and, in view of the semicontinuity of u, the same inequality holds for (z,t) = (zq,tp),
contradicting the strictness of the maximum point (xq, ty). It follows that the whole sequence
(xy,ty) converges to (xg,ty), and in particular, for sufficiently small v, (z,,t,) € Bi(zg) X

(tg — 7, tg). Therefore, Definition 2.3.1 yields

. 5 < F(DQS(tV,tO)ng(xy),DS(tV,to)gb(xy),u(xy,ty),xy,ty),

W (ty) < (ty) + o —t)2

and the proof is finished upon letting v — 0. O

It is a simple consequence of Lemma 2.3.1 that the following is equivalent to Definition

2.3.1 in the first-order setting, that is, when F' = 0.

Definition 2.3.2. A function u € USC(R% x (0,00)) (resp. LSC(R%x (0,00)) is a pathwise
viscosity sub- (resp. super-) solution of (2.3.1) if u is bounded from above (resp. from below)
and, whenever tg > h > 0, & € C((tg — h,tg + h),C’bl(Rd)) is a solution of (2.1.1), and

u(-,t) — (-, t) achieves a global maximum (resp. minimum) for allt € (tg — h,to+ h), then
P hi lobal ' i I h h), th

t — max (u(x,t) — ®(x,t)) is nonincreasing
reR4

(resp.

t — min (u(x,t) — ®(x,t)) is nondecreasing).
rERM

Finally, we remark that, in certain cases, the class of test functions used in Definitions
2.3.1 and 2.3.2 can be further restricted to those with even more regularity, as is in the case
in the classical viscosity solution theory. For example, if, for some n > 0, H € C4+”(Rd X
R% R™) (or H € C27(R% x RY, R™) and (2.2.7) holds), then one only needs to use test
functions ® € C((tg — h,tg + h), C’b2+n(]Rd)). This follows from standard arguments in the
theory of viscosity solutions, as well as the contraction property of the solution operator

implied by Lemma 2.2.5.
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2.4 Some special test functions

As in the classical viscosity theory, many quantitative arguments involve doubling variables,
and it is therefore important to have objects that behave like the penalizing “distance func-
tion”

|z —y?

(2.4.1) (r,y) — 55

Due to the nature of the test functions in the definition, these objects will need to be solutions
of appropriate “doubled” versions of (2.1.1).

To understand this, suppose that v and v are a sub- and super-solution of the first order
equation

m
du=>"H'(Du,z)-dW' inR?x (0,00).
1=1

Then the doubled quantity z(x,y,t) := u(z,t) — v(y,t) is a sub-solution of the equation
m . . .

(2.4.2) dz=3" (H’(sz, ) — H'(—Dyz, y)> AWt in R x RY x (0, 00).
1=1

Our focus will be on constructing local-in-time, smooth-in-z solutions of (2.4.2) that re-
semble the classical penalizing quantity (2.4.1), as well as proving some precise quantitative

statements.

2.4.1 Nonsmooth Hamiltonians

If H fails to be C2, then it may only be possible to construct solutions of (2.1.1) for certain

initial data. We will concentrate here on the z-independent case

m
d® =" H'(D®)-dW' in R x (tg — h,to+ h)
(2.4.3) i=1

®(-,0) = ¢ in R%,
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where W is continuous and H satisfies
(2.4.4) H' = Hi — H% for convex H{, H% R 5 R.

It turns out that (2.4.4) is enough to ensure that (2.4.3) has a unique, global viscosity solution
(see [55, 76]), and, moreover, there are precise path-stability estimates, as is explained in
more detail in Chapter 4.

We will make some further assumptions here to simplify the presentation, namely that

(2.4.5) H' = H{ - H% for convex H%, H% : R? = R nonnegative
and
(2.4.6) |DH ||, < oo.

The non-negativity in (2.4.5) is imposed only to simplify some arguments in what follows, and
the setting can be reduced to the general case by transforming the equation appropriately.
Meanwhile, if one works with Lipschitz solutions, one can always redefine H outside of a
bounded set so that (2.4.6) holds. Note also that (2.4.6) implies that H grows at most
linearly as |p| — +o0.

Assume 7 : RY — R is strictly convex, and, for § > 0, define

O(x,t) = supd {p ~x—n(p) — 52 <Hi(p) + H%(p))
(2.4.7) pekt i=1

m

+ Y H' (p)(WH(1) - Wz(to))} :
1=1

Lemma 2.4.1. If the open interval I > tq is such that

sup  max |W(t) — Wi(ty)| <6,
el i=12..m
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then the function ® defined by (2.4.7) belongs to C(I,CH1(R®)), and is a solution of (2.4.3)

with

m

(248)  @(to) = d(z) :== sup {p o =) =8y (Hi) + H(p)) } .
PER? i=1

Proof. For all z € R% and t € I, the function inside the brackets in (2.4.7) is strictly concave

as a function of p, and therefore attains a unique global maximum. The smoothness of ® in

x then follows from the implicit function theorem.

Now, for t € R, let Si(t) : UC(R?) — UC(R?) be the solution operator for the equation
ug = H'(Du). If 1) € UC(R?) is convex, then the Hopf formula proved by Lions and Rochet
[50] gives

S'(t)g(w) = sup {p -z —(p) +tHi(p)}7

peRd

and so (2.4.7) can be rewritten as

m

Oz, 1) = [[ " (W' (1) = W(to))é(x)

1=1

with ¢ as in (2.4.8). If W is smooth, then the fact that ® is a solution of (2.1.1) is justified
by the regularity of ® and a simple calculation. The result holds for continuous W by a

density argument. O

We now construct a function ®5 : R% x [0, 772 x C([0,T],R™) — R that is equal to a
particular choice of (2.4.7) near the diagonal {(t,t) € [0, 7]}, and such that ®5(z—1, s, t; W)

exhibits similar growth as (2.4.1) when |z — y| is large.

Define the neighborhood Ug(W) by

Us(W) := {(s,t) € 0,712 : osc(W, s,1) < 5},

let the projection ms(W) : [0,T]? — Us(W) be such that 75(W)(s,t) is the element (3,%) €
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Us(W) closest to (s,t) on the line 5+t = s + ¢, and set

Os(x,s,t; W) 1=

(

sup {p x——|p|2 52 (Hi(p) + H3(p))
R4

(2.4.9) Pe =1

+ZHZ ( WZ())} if (s,1) € Us(W),

| P (z, w5 (W)(s,1); W) if (s,t) ¢ Us(W).

Lemma 2.4.2. For some C' = C(||DH|| o) > 0 and for all § > 0 and W € C([0,T];R™),
the following hold:

a) For all z € R and s,t),(5,t) € Us(W),
1)

|®5(z, 5,6 W) — Og(x, 5, W)| < C (1 + |—|) (IW(s) = W(E)| + W) —W(@)]) .

(b) For all (s,t) € [0,T]%, x > ®4(x,s,t; W) is conver and semiconcave with constant 5.
That is,

1
0< D?®s(x,s,t; W) < Sld in the sense of distributions.

(¢) For allz € RY and s,t € [0,T),

1

- - 2
2(C+1)5 2

1
2 — CF < @g(z,s5,W) < o

(d) For any fized y € R and t e [0,T1], the functions
(x,8) = O5(z —y,s, ;W) and (z,5) = =P5(y —z,t,5 W)

are C(I, CVY(RY))-solutions of (2.4.3), where I := {s € [0,T] : osc(W,s,t) < &}.

Proof. (a) It is enough to prove the time-regularity for the s-variable alone, in view of the
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identity ®5(z, s, t; W) = Og(z,t, s; —W).

We show that there exists C' = C(||DH]||,,) > 0 such that, for any z € R? and (s,t) €
Us(W), the unique maximum p* achieved in the definition of ®; satisfies 0 [p*| < C6 + |z|.
The result then follows from the formula for ®5 and the linear growth of H implied by
(2.4.6).

If

J(p):zp-w—glp|2—5Z(Hf( ) + H(p +ZH’ < W’())

i=1
then, for any ¢ € R%, (2.4.6) and the inequality J(p*) > J(p* + ¢) imply that

«. 4

lq|

—5] q| < |z| + Co.

Setting ¢ = t% and sending ¢ — 07 yields the claim.
(b) As a pointwise supremum of affine functions, ®; is clearly convex, while the semicon-

cavity follows from elementary convex analysis and the convexity of

m
P 62 Hi(p) + Hy(p) — > H'(p) (W'(s) = W'(1))
=1
(¢) This can be deduced from Young’s inequality and the fact that, for some C =
C(|IDH||y) > 0 and for all p € R? and (s,t) € Us(W),

m
0< 62 Hi(p) + Hy(p) — 3 H'(p) (W'(s) = Wi(1)) < Co(1+ [p).
=1
(d) This is a direct consequence of Lemma 2.4.1. O
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2.4.2 Convex Hamiltonians

We now turn to Hamiltonians with nontrivial spatial dependence. Here, we consider a single

Hamiltonian which is smooth, strictly convex, and satisfies certain growth bounds. More

precisely,
r
H e C3(Br x RY) for all R >0, D2H is strictly positive, and
(2.4.10) there exist convex, increasing functions v, 7 : [0,00) — R such that
| zlpl) < H(p,x) <w(pl) for all (p,x) € RY x RY.

For z,y € R? and 7 > 0, define

Aa,y,7) = {y € Wh([0,7,RY) 190 = 7, 77 =y} and

s
Uz,y,7)s =Lls =2 + ;(y—x)

Note that ¢(x,y,7) € A(z,y,7) and A(x,y,7) = Wol’oo([O, T],Rd) + Uz, y,T).

The distance function associated to H is

-
(2.4.11) L(z,y,7) := inf {/ H* (—4s,7s) ds : v € Az, v, 7')} :
0
We summarize its main properties in the next lemma. For R > 0, define

AR = {(x,y) eRY xR : |z —y| SR}.

Lemma 2.4.3. Assume that H satisfies (2.4.10). Then the following hold:

(a) L is a viscosity solution of

L L
g— = H(DyL,z) and g— = H(=DyL,y) in R x R x (0,00).
T T
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In particular, H(DyL(x,y,7),x) = H(=DyL(x,y,7),y) whenever L is differentiable at

(x,y,7).

(b) For all z,y € R? and 7 > 0,

7_?* (|l‘—y|> §L<I,y,7> STZ* (|$—y|> )
T T

Furthermore, there exists v € A(x,y,T) such that L(x,y,T) = fOT H*(—%s,7s) ds, and,

for some ¢ > 1 and almost every s € [0, 7],

T — . C|T —
2=yl < dz=ul

CT T

(¢) For all R > 0, there exists a constant C' = Cr > 0 such that

|DyL| 4+ |DyL| < C and D*L < Clyy on Ap x 0

1
k|

Proof. (a) This follows from well known variational formulae for solutions of Hamilton-Jacobi
equations. See, for instance, Lions [51].

(b) The bounds for L are immediate from (2.4.10) and (2.4.11). In view of the C2-
regularity and uniform convexity, a classical variational argument yields the existence of a
minimizer v. The bounds for 4 can then be inferred from the Euler-Lagrange equation.

(c) Pick (z,y) € Ag, 7 > 1/R, and h € By, and let v € A(z,y,7) be a minimizer for
L(z,y,7). Then {s+ ~vs+s/th:s€[0,7]} € A(z,y+ h,7), and it follows from part (b)
and (2.4.10) that

-
L(‘ruy + h'vT) - L(Q?,y,T) < / (H* <_75 - h?VS =+ 8h> - H*<_75775)) ds < C|h|
0

The opposite inequality is obtained by switching the roles of y and y + h. This yields the

bound for Dy L, and the argument for D, L is similar.
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Now let h,k € By and set s := h+ s/7(k — h). Then vy +n € A(x £ h,y £ k,7), and,

for all s € [0, 7],
(2.4.12) ns| + |ns| < C([h] + |k]).

The proof is finished upon applying (2.4.10) to obtain

T T T
/OH*(_’.Ys_ﬁSa’YS‘i‘ns) ds+/() H*(_7s+7.75778_775) d3_2/0 H*<_73775) ds

< O(|hf + |k]?).

O

As the next lemma demonstrates, the semiconcavity estimate allows L to be used as a
test function in the definition of viscosity solutions, because it implies the existence of many

points of differentiability.

Lemma 2.4.4. Under the same assumptions as Lemma 2.4.3, assume that ¢ € CQ(RCZ X Rd)
and L(-,-,79) — ¢ attains a local minimum at (xq,yo). Then L is differentiable at (xq,yo, T0)
with

(DxL(x0, y0,70), Dy L(20, y0, 0)) = (D29 (w0, Y0), Dyd(z0,y0)) and

oL

E(l‘oy Y0, 70) = H(DyzL(x0,y0,70), v0) = H(—=DyL(x0, 0, 70), Y0)-

Proof. In view of the semiconcavity of L(-, -, 79) on RYxR?, the super-differential of L(-,-, 1)
is nonempty at every point. Meanwhile, (pg, qo) := Do (g, yg) belongs to the sub-differential
of L(-,-,79) at (zg,yo). This implies that L(-,-, 79) is differentiable at (xq,yg), and the first

line above holds.
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Choose 1,1~ € C2(R? x R?) such that

(

¢ < L 1) < YT
w_(ff()»y()) = L(x07y07 TO) = ¢+($o,y()), and

\ Dy~ (20, 90) = Dv (20, y0) = (o, q0)-

The method of characteristics can then be used to construct, for sufficiently small g > 0,

solutions U+ € C2(R? x RY x (19 — p, 70 + 1)) of the equations

\I/:l:
aa—(mvyaT) = H(Dl’\lji(‘ray77—)7x) in Rd X Rd X (TO — K, 70 +:U’)
T

The comparison principle and Lemma 2.4.3(a) then yield
(2.4.13) U (z,y,7) < L(z,y,7) < UT(z,y,7) for all (z,y,7) € RE xR x (19— p1, 70+ ).
Finally, the regularity of H and the equations for ¥+ allow for the Taylor expansion

U (2, y,7) = L(wo,y0,70) + - (x — 20) +q- (y — o)
+ H(po, z0)(7 — 10) + O(Jz — zo* + |y — yol* + | — 70[?).
Together with (2.4.13), this shows that L is differentiable at (x(, yg, 79) and

oL
E(wo,yo,m) = H(DzL(z0,90,70), Z0)-

A similar argument using the equation W, = H(—DyWV,y) gives the final desired equality

oL
E@o’yoﬁo) = H(—DyL(x0,y0,70),Y0)-
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The semiconcavity estimate sometimes does not provide enough regularity for L to be
useful as a test function. This is the case in the proof of the comparison principle in Section
3.2. Under some more conditions on H, however, it is possible to prove that L is actually
smooth in a small neighborhood of the diagonal. We present an example here where H has

some extra homogeneity. Assume that

(
p— H*(p,-) and p — H(p, ) are strictly convex in Rd\{O},

H* € C}(BR\By /g x R for all R > 1,
(2.4.14) ’ /

H*(p,-) > 0 for all p # 0, and

H*(tp,y) = t*H*(p,y) for some ¢ > 1 and for all (p,y) € RY x R% and ¢ > 0.

The homogeneity and the regularity given in (2.4.14) yield, for some 0 < ¢y < Cy and C' > 0,

and for all (p,y) € R% x RY,

(

colp|? < H*(p,y) < Colpl?, |DyH*(p,y)| < Cpl,

(2.4.15) colpl”™! < |DpH*(p,y)| < Colpl™",  |D3,H*(p,y)| < Clp|?™!,

\ colpli™? Iy < DAH*(p,y) < Colpl?* Iy, |D2H*(p,y)| < Clpl“.

Standard convex analysis implies that H satisfies (2.4.14) and (2.4.15) with the exponent

A general class of examples satisfying (2.4.15) is given, for some smooth, positive definite
matrix g, by H(p,z) := (g(z)p - p)q// 2 This particular Hamiltonian is studied by Lions and
Souganidis in [31] for ¢ = 2. Generalizations of the above theory appear in [53].

The homogeneity of H* implies that

1
(2.4.16) L(z,y,7) = mL(m,y) where L(z,y) := L(x,y,1).

We then have the following properties.
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Lemma 2.4.5. Assume (2.4.14).

(a) L(-,1) is a viscosity solution of

. d d
(g — +L, — _ _ _ , — )
(g— 1)L+ H(DyL,z) =0 and (¢—1)L+H(=DyL,y) =0 inR"xR

(b) There exists rg > 0 such that L € C1(Ay).

Proof. (a) This is a corollary of Lemma 2.4.3(a) and the identity (2.4.16).
(b) Define T : W,9([0, 1], R%) x RY x R? — R by

1
Iy, ) = /0 H* (= + 2 — 5,75 + 7+ s(y — ) ds.

Henceforth, the arguments of H* and all of its derivatives are (—ys+x—y,vs +x+s(y —x)).

Observe that L(z,y) = min I(,z,y), and, in view of Lemma 2.4.3(b), the mini-

1,q
YEW,

mum is attained for some ~ € W(} "> satisfying, for some ¢, C' > 0 and almost every s,
cdr =yl <Ps +y— [ < Clo—yl.

As a result, we can assume that H™ grows at most quadratically by redefining H* outside
of B x R? for some large R > 0. It follows that the map I can be defined as before on
W& 2« RY x Rd, and that [ has the same minimizers.

For z,y € R?, fix a minimizer 7. Then DyI(y,z,y) =0, and, for all {,n € W&Q,

D2I(v,x,y)[&n]

1 .
- /O (DZ%H*&‘ “T)s — Dz%xH*gs "Ms — D?cpH*gs "1 + D%H*fs ' 778) ds.
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In view of (2.4.15), there exist ¢, C' > 0 such that

1
D21(y,2,9)[n,1] > clz — yl1~ /O (Insl? = Cla = yllissllns| = Cle = yPmsf?) ds.

Young’s and Poincaré’s inequalities give, for a larger C' and smaller c,

1
D210y, a)fnn) > clo =it (1= Clo =) [ sl as.

Set rq := \/%—C, where C' is the constant from the previous line. Then, if (z,y) € Ay,

2 ¢ q—2 2
DII(v,z,y)n,n] > §Ix — 9 H77||W&,2-

As a consequence, for (z,y) € Ay, with z # y, I(-, 2, y) has a unique minimizer v = v(z, y).

Also, for any n € W&Q,
D21 v > Slp = yl02
¥ ( (xay)vxay)['vn] (IV&’Z)* = 2|I y' ||77||Wg72 :

It follows from the implicit function theorem that (z,y) — ~(z,y) is C1, and, therefore,
L(z,y) = I(y(z,y),2,y) is C1 in Apy\Ay.

Lemma 2.4.3(b) implies that
cole —y|? < L(z,y) < Colz —y|?,

and therefore L is differentiable on Ag with D, L = DyL = 0. The bounds in (2.4.15) and a

similar argument as in the proof of Lemma 2.4.3(c) yield

}lziLnOsAu}];) (ID2L| + |DyL]) =0,

and we conclude that L is C! in all of Apg. O
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2.4.3 Level-set equations

For Hamiltonians depending on space that are not convex, there is no natural analogue to
the “distance”-type functions constructed in the previous subsections. Therefore, in order
to analyze local-in-time, smooth-in-space solutions of (1.1.1), it is necessary to study the
characteristic equations.

As an example, we consider a Hamiltonian that arises in the study of level-set equations

describing certain interface-motion problems. For some a € CE(S d=1 « RY), set

a (%,x) Ip| if p#0, and
afp, x) = P

0 if p=0,

so that a is positively 1-homogenous in the gradient variable.

The standard method of characteristics breaks down here because of the singularity of
Dpa at p = 0, and thus, as before, we construct local smooth solutions only for particular
initial data. For 6 > 0 and x,y € Rd, set

(2.4.17) o, y) == [(le—y[ - 0),]°.

DN | —

Lemma 2.4.6. There exists T = 75 > 0 and a function U € C2(R% x R? x (—7,7)2) with

bounded second-order derivatives in space such that

(a) U=U(z,y,s,t) is a solution of

Us=a(DpU.2) and Up=—a(~=DyU,y) inR? x RY x (=7,7)* and

Uz,y,0,0) = ¢(x,y) in R x R,

and the function U(m,y,t) = U(x,y,t,t) is a solution of

(2.4.18) Uy = a(DyU, ) — a(—=DyU,y) in REx R x (=7, 7).
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(b) There ezists a constant C' > 0 depending only on the derivatives of a such that, for

(x,y,s,t) € RY x RY x (—, 7)2,

(2.4.19) UG, y.5,6) = o(@,y)| < C (Itlle =y + s~ 1])

Proof. Throughout the proof, we use the following facts, which follow from the positive
homogeneity of a: for all t > 0,

(2.4.20) a(tp, v) = ta(p, z),  Dpa(tp,z) = Dpa(p, ),

Dpa(pa ZZ') "P= a(pv ZL’), and D]%pa(pv CB) ’ Dpa(pv ZL’) = 0.

The quantity 7 > 0 below, which depends only on ¢ and the derivatives of a, may change
from line to line.

(a) Consider the system of equations

(

X = —Dpa(M, X) X(z,9,0) =z,
M= (I = M@ M)Daa(M, X) - Mz,9,0) = 17—
(2.4.21) Y
Y = —Dpa(N,Y) Y(z,9,0) =y,
N=(1-N®N)Dya(N,Y) N(z,y,0) = H
\
The quantity o := |M| solves
. 1
0= (Dga(M,X)-M)- (— —a) , o(0)=1.
o

The unique solution to this equation is o = 1, and therefore |M (z,t)| = |N(z,t)| = 1 for all

t. In particular, the system (2.4.21) has a global-in-time solution for all = # y.
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There exists a sufficiently small 7 = 75 > 0 such that

(2, y) = (X(2,y,5), Y (2,9,1))

is a diffeomorphism of {(z,y) € R x R : x # y} for s,t € (—7,7). For such s,t, define

U(-,s,t) in the image of this diffeomorphism implicitly by

U(X($7 8)7 Y<y7 t)7 S? t) = ¢(x7 y)'
For |z —y| <4/2, and s,t € (—7,7), define also
U(z,y,s,t):=0.

In order to show that U is well-defined in R? x R% x (=, 7)2, we prove that, if 7 is suf-
ficiently small, then the two, possibly different, definitions of U(x,y, s,t) actually coincide.
In particular, it is necessary to demonstrate that the two definitions agree at (x,y,s,t) for

which
(2.4.22) | X (z,y,s) = Y(x,y,t)] < /2.

The derivatives X and Y are uniformly bounded in view of (2.4.21) and the boundedness
of Dpa, so there exists a sufficiently small 7 depending on ¢ such that (2.4.22) holds only if
|z —y| < 6. For such « and y, we have U(X (x,y, s),Y (z,y,t),s,t) = ¢(x,y) = 0. Therefore,
U is well-defined, and, moreover, belongs to C’z(]Rd) with bounded second-order derivatives.

For t € R and |z — y| < 0, define P(z,y,t) = Q(x,y,t) = 0, and, for |z — y| > 0, let

P(z,y,t) and Q(z,y,t) be the solutions of

P = D,a(P,X) P(x,y,0) = Dyo(z,y),
(2.4.23)

Q = Dya(Q,Y) Q(x,y,()) = _Dy¢(x7y>
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A calculation using (2.4.20) and (2.4.21) shows that
P(z,y,t) = |P(z,y,0)|M(z,y,t) and Q(z,y,t) = |Q(z,y,1)|N(z,y,t) forallz#y,
and, if |v —y| > 6, X(z,y,-) and Y (z,y, -) also solve the equations
X = -Dpa(P,X) and Y = —Dpa(Q,Y).

Routine calculations from the method of characteristics reveal that U and U solve the desired
equations.

(b) For sufficiently large C' > 0 depending only on ¢ and the derivatives of a, the functions
o(a,y) £ Ol —y* +1)

are a sub- and super-solution of the equations in part (a). The desired bounds then follow

from the comparison principle. O

2.4.4 Separated dependence

Let H, f € C3(R?) be such that
(2.4.24) IDflse + || D2s||_+ | D3|+ |p?H||+ || pPH||_ <o
o0 o0 o0 o0

For a particular smooth function ¢y defined below, we use the method of characteristics to

construct, for a sufficiently small 7y > 0, a smooth solution of

Uy = H(DyU) + f(z) — H(=DyU) — f(y) in RY x R? x (—7y,7y) and
(2.4.25)
U(z,y,0) = p\(x —y) in R? x RY.

A large part of this subsection is devoted to achieving sharp lower bounds for 7.
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The construction below, and the proofs of its properties, can be achieved for more general

Hamiltonians, for example, those that satisfy, for some constant C' > 0 and all (p,x) €

R? x RY,
,
|D:H(p, )| < C, |D3H(p,z)| < C, |D3,H(p,x)| < C,
(2.4.26) |DpH(p,z)| < C, |D3H(p,x)| < C, | D3, H(p,x)| < C,
| 1DppeH (p )| < C(L+ [p)) ™ [DRH (p,2)] < C.

To simplify the presentation, we focus here on the Hamiltonian as in (2.4.25).

Fix R > 0, choose g € C2((0,00)) such that
4

q >0, Hg/Hoo + ||g”HOo < C for some C > 0 independent of R, and
s if 0 <s <R,

g(s) =
R+1 ifs<R+1,

and set

oralz) = or(2) = g (gw) |

Observe that, for all A > 0 and some C' = Cpr > 0,
PA() < C, IDpA(2)] < CAVZ, and [D?py(2)] < OX.

The dependence on R will be suppressed in what follows. In Section 3.4, where ¢p ) is used
in the proof of the comparison principle for certain second-order equations, the quantity R

depends on the given sub- and super-solution and remains fixed throughout the proof.
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The system of characteristics for (2.4.25) is given by

(X — —DH(P), X(z,4,0) =z,
P=Df(X),  P(z,y,0) = Dpy(z —y),

YZ_DH(Q): Y([E,y,O) =Y

(2.4.27)

(Q=Df(Y),  Qz,9,0) = Dps(z —y).

The relation to (2.4.25) is made via the identities

P(z,y,t) = D,U(X(2,y,1),Y(z,y,t),t) and
(2.4.28)

Q(z,y,t) = —DyU(X(z,y,1), Y (z,y,1),1).

In order to analyze the length of the interval of existence for solutions of (2.4.25), we directly

study the Jacobian

Do X(z,y,t) DyX(x,y,t
J(z,y,t) := det = X(@9,8) DyX(,3:1)
D2Y (z,y,t) DyY(x,y,t)

For definiteness, we define
: 1 d
Ty i=inf < |t < 1: J(x,y,t) = 5 for some z,y € R% 5.

The method of characteristics then yields a smooth solution of (2.4.25) in R xRYx (—7y, 7y ).

To prove the comparison principle for the equation
du = F(D*u, Du, z,t)dt + (H(Du) + f(z)) - dW in R? x (0, 00),

it is important to have a precise lower bound for 7y in terms of A. From the bound |D?g,| <
C\, it is not difficulty to prove, for some uniform constant ¢ > 0, that cA < 7, < 1. Following

the strategy in Section 3.4, it is then possible to prove the comparison principle whenever
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W e 00’2/3([0, 00)). This does not cover many other interesting cases, such as when W is a
Brownian motion or other general semimartingale.

On the other hand, observe that, if f = 0, then y)(x — y) is a stationary solution
of (2.4.25). That is, in that case, 7y = +oo. Treating the function f € C3(R%) as a

perturbation, it is possible to prove a much sharper lower bound for 7.

Lemma 2.4.7. There exist ¢,C > 0 depending only on R and the bounds in (2.4.24) such

that, for all X > 1, 7, > A~ Y4, and, for alle > 0, (z,y,t) € R x R% x (=7, 7)),

|D£U<x7yvt>| + |DyU<x7yvt>| S O)‘l/Qa

(2.4.29)
4
’DQU(x,y,t)H < O,
(2430)  § , ) I -1 I 0
D7U(z,y,t) + eD7U(x,y,t)” < CA(1 + Ae) + Clt] :
-1 I 0 I
\
and
(2.4.31) U(x,y,t) — ox(z,y)| < Clz —yllt].

Proof. Throughout the proof, the positive constants ¢ and C' depend only on R and the
bounds in (2.4.24), and may change from line to line.
To simplify the presentation, we consider only the one-dimensional case d = 1. However,

all of the arguments carry through in the general case. We also adapt the shorthand

Finally, we may assume below that 0 < ¢ < 1. The proofs for ¢ € [—1,0) are similar.
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Define

Ay = ! —HP) and Ay = ! —HQ)
F(X) 0 1Y) 0

Then the equations for X, Y, Pa, and Qo with a = x,y are given by

d | Xa 1 Xa Xy Xy 1 0
N = Azx ; = )
di Pq Pq Py Py 90/)< _90/,<
(2.4.32)
d [ Yo A Yo Yo Yy 0 1
L di Qo Qo Qz Qy %03( _Spl)i

Through a change of variables, we relate (2.4.32) to the system

d | & & &1 & 10
E = -Ax 5 = s
o O ¢1 P2 0 1
(2.4.33)
% mi A, n; | moe | 1o
\ (5 (05 U1 Py 0 1
via the formulas
§
X.r 51 7] 52 Xy 17; 52
= + X 5 = ¥y )
Py o1 ®2 Py ®2
(2.4.34)
YfE 17 772 Yy 771 Vi 772
= ¥ , and = — P\ )
[\ @z (0)) Qy (0] o

and therefore

J=&m + o\ (&m — &imp).

The bound for f immediately gives the first line of (2.4.29) after inverting the charac-
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teristics in (2.4.28). We also obtain ‘%(P - Q)‘ < C, and so, because (P — Q)(0) = 0,
(2.4.35) P —Q| < Ct.

The bounds for H” and f” then yield ‘%(X — Y)‘ < C(]X =Y|+1), and so an application

of Gronwall’s inequality gives
(2.4.36) cle—y| < | X -Y|<Clz—y|

This implies that ‘%(P — Q)‘ < C(|P — Q|+ |xr —y|), so that, with another application of

Gronwall’s inequality, we obtain
(2.4.37) |P— Q| < Clz—ylt.

In view of (2.4.28), the bounds (2.4.35) and (2.4.37) together give the second line of (2.4.29)
after inverting the characteristics.

The matrices A, and Ay are uniformly bounded in A, which yields

&l 4 | + |@i] + 10| < C fori=1,2, and
(2.4.38)

o] + [m2| + |o1] + |¥1] < Ct.

Furthermore, the uniform bounds for H®) and f3), as well as the bound | X —Y|+|P—Q| <

Clz — vy, give |Az — Ay| < C (Jx — y| A 1). The Duhamel formula applied to

d & —ni :m:&—m +Mrw%)m

di b; — ;i i — ;i i
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can then be used to obtain the bound
(2.4.39) & = mil +1oi — il < C(lz =y A D)L
Now define Jy := &1n1 and A := &np — &112, so that
J=Ji+ ¢\ (xz —y)A.
In view of (2.4.38) and the bound for H”,
‘Ji) = ‘51771 +€17'71‘ = |-h"(P)p1m — h"(Q)myr| < C.
Next, observe that
A <& = mallm| =+ [m — &illn2| < Clo —ylt,

while

A = om + o — &me — &g = —H"(P)(¢am — d1m2) — H"(Q) (€211 — &1¢02)

= —H"(P) [(¢am — &1v2) — (¢1m2 — Lav01)] + (H"(P) — H"(Q)) (102 — &atr).

The first term can be bounded by

|—H"(P) [(pam — &1¢2) — (d1m2 — E2¢1)]| < Cla — ylt,

and the second term by

|(H"(P) — H"(Q))(&1¢2 — &2¢1)| < O|P = Qt < Clz —ylt.
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Therefore ‘A’ < Clx — y|t, and we conclude that

; ; " A . ) 1/2
] < |+ &5z = )] |A| < €+ ONw = it 10y 0 < NV

By the mean value theorem, there exists sy € [0,7)] such that J(s))7y = —1/2, and so
1 .
5 = J(sa)lma = ON/272,

which is the desired lower bound for 7).

Differentiating (2.4.28) yields

PJC _Qx Xx Yaﬁ Uxac Uygj
Py —Qy XZ/ YZJ Ul”y Uyy

Because |t| < 7y, the first matrix on the right is invertible, so that

-1

Uzx ny - Xe Yy Py —Qy Yy —Yz Py —Qq

— — g1
Uzy Uyy Xy Yy Py —Qy —Xy Xy Py —Qy
Therefore, in view of (2.4.34),
Uz Uya | [ — P =P o1+ O o — 1o
Uzy Uyy Phéa &1+ PNE —N o —1h1 + 1o
m 0 g | —m2 —m ¢1 0 g P2 —ie
= + '\ + "2\
0 & S & 0 —i —p2 P
meér 0 g | [ —P1m2 Y12 dam —tam
= + 90/\ +
0 —&v1 P1&2  —v182 =§192  &1Y2

45



Define

A Uzx Uya:
ny Uyy
For any fixed v, w € R, by writing
v 1|v+w 1[v—w
=3 4+ = 7
w vt+w w—"0

we estimate, in view of (2.4.38), (2.4.39), and the Cauchy-Schwarz inequality,

A(v,w) - (v,w) < CAv — w|? + C(|v]? + [w*)¢} (z — y)|z — y|*t

< Mo —w]? + C(Jv)? + lw?)t,

or, in other words,

1 -1 10
A< CA +Ct
-1 1 01
A similar computation yields
5 (1 -1 10
A2 < CA +Ct :
-1 1 01

and this gives (2.4.30), since t € (—7y,7y) and [J~1] < 2.

Finally, define
UE(z,y,t) == (\2)[z — y> £ | Df|l (Jz -y +0)2¢.

Then Ut and U™ are respectively a smooth super- and sub-solution of (2.4.25). The com-
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parison principle then gives

U (2, y,t) — or(x — 9)| < | Dfllo (& — 9>+ 8)Y/2,

and (2.4.31) follows upon taking 6 — 0.
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CHAPTER 3
THE COMPARISON PRINCIPLE

3.1 Introduction

In this chapter, we prove the comparison principle for a variety of pathwise equations when
the Hamiltonian depends on the spatial variable. More precisely, we prove that, if u €
USC(RY x (0,00)) and v € LSC(R% x (0,00)) are respectively a sub- and super-solution

bounded for bounded times, then, for all ¢t > 0,

(3.1.1) sup (u(z,t) —v(z,t)) < sup (u(z,0) —v(z,0)).
zeR? zeR?

The comparison principle is a central part of the well-posedness theory for viscosity solutions.
It immediately implies the uniqueness of solutions for initial value problems, and, with a
variant of the proof, one can obtain several estimates regarding the stability of solutions
with respect to perturbations in the data. This is done in Chapter 4 to prove certain
pathwise stability estimates, and also in Chapter 5 to prove a pathwise error estimate for
the approximation schemes studied there. Finally, the comparison principle is a necessary
ingredient in the Perron method for constructing solutions, as is explained in Section 4.3.

The comparison principle was first proved for pathwise equations by Lions and Souganidis
[54, 55, 56] when the Hamiltonian does not depend on space, that is, for equations of the
form

m
du = F(D*u, Du,u,z,t) dt +»  H'(Du)-dW"' in R? x (0,00).
=1

The key observation in this setting is that the standard penalizing quantity (A\/2)|z — y|? is

a smooth, stationary solution of the doubled equation

m
=3 (Hi(D:C(I)) - Hi(—DyCD)> AW in R? x RY x (0, 00).
=1
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If H has nontrivial spatial dependence, this is no longer true, because the doubled equation

becomes

m
=3 (Hi(chb, z) — Hi(—qu>,y)) AWt in RY x RY x (0, 00).
1=1
If H and W are sufficiently regular, then, as is standard in the literature, one can prove the

comparison principle with the aid of smooth test functions of the form

A .
O(z,y,t) = §\x—y\2i0/0 ‘W(s)‘ds.

However, this strategy breaks down as soon as one considers paths with infinite variation.

In the first two sections of this chapter, we prove the comparison principle for certain
spatially inhomogenous first-order equations. We introduce a new idea in the proof that deals
with the difficulties that arise for equations set on unbounded domains, and is based on the
equivalent formulation (Definition 2.3.2) for the definition of pathwise viscosity solutions.
First, we consider Hamiltonians that are uniformly convex in the gradient variable, and we
make use of the stationary solution of the doubled equation constructed in Section 2.4. We
then move to a level-set equation that arises in the study of front propagation, and thus prove
the uniqueness for the moving interface problem when the normal velocity is inhomogenous,
anisotropic, and rough in time.

In the last section, we study second-order equations. First, we present a general parabolic
maximum principle along the lines of [56], the ideas for which originate in works of Jensen [41]
and Crandall and Ishii [24]. This is then used to prove the comparison principle for second

order equations when the Hamiltonians have separated gradient and spatial dependence.
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3.2 Spatially-dependent, uniformly convex Hamiltonians

We first prove the comparison principle for the equation
(3.2.1) du = H(Du,z)-dW in R? x (0, 00), u(-,0) =ug on R?

under the assumption that H satisfies the convexity and homogeneity assumptions of (2.4.14),

which we reproduce here for convenience:

p— H*(p,-) and p — H(p,-) are strictly convex in R%\{0},

H* € C}(BR\By g x RY) for all R > 1,
(3.2.2)

H*(p,-) > 0 for all p # 0, and

H*(tp,y) = t*H*(p,y) for some ¢ > 1 and for all (p,y) € RY x R® and ¢ > 0.

Recall also the definition of the distance function, whose properties are proved in Lemmas

2.4.3 and 2.4.5, defined by

L(I,y,T) = Hlf{/ H* (_;}/5778> dSI’yEA(;U,y,T)}
0

where, for x,y € R? and 7 > 0,

Alz,y,7) = {7 e Who([0,7], RY) 1 y9 = 2, 7 = y} .

Define also L(x,y) := L(z,y,1) and recall that the homogeneity of H* implies that

1

L(l’,y77'> - FL(x7y)

Throughout the proof below, let w : [0,00) — [0, 00) be the modulus of continuity for W on
[0, T7].

20



Proof of the comparison principle for (3.2.1). We argue by contradiction and assume that
there exist T > 0, to € (0,71, sufficiently small x > 0, and sufficiently large A > 0 such that

the function

te o sup(ule,t) —o(y,t) = AL, y) ) -
(z,y)ERIXRYE

achieves its maximum on [0,7] at t5. In view of Lemma 2.3.1(b), we may assume that
to <T.

For A > 0, define

A -1
1+AM@—M@) Liz,y).

q)/\(ﬂf7y, 87t> =1L (xvyu )‘71 + Ws — Wt) = (
Then Lemma 2.4.5(a) and (b) yield that, whenever (z,y) € Ay, and w(|s —t|) < %,
(#,8) = ®x(z,y,5,t) and  (y,t) = =Py(2,y,s,1)

are C in respectively z and y, and solve (3.2.1).

Let
My := sup max (|u(z,t)|, |v(z,t]),
(z,t)€ERIx[0,T]
choose
L
3 (2My\
(3.2.3) A>—< 2) )

where r( is as in Lemma 2.4.5(b), and, for # > 0, consider the auxiliary function

Is—t2 s+t

(324) (57t) = sup (U(.’L’,S) _U(y7t) - (I)/\(Q?,y,S,t)) - K )
(z,y)€RIxRA 20 2
which attains a maximum at some (sg,tg) € Sy = {(s,1) ?:w(ls —t]) < (2)\)_1}.
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2
Then limg_,o 222105 — ¢ and

sg —tg|>  sg+ 1t
— —

lim sup (U(HQSQ) - U(yate) - (I)/\(l',y789,t9))
6—0 (Jf,y)ERdXRd 28 2

= max sup u(x,t) — v(y,t) — Aq_lL(%?J)) —pt
t€[0,T] (4,y)cRIxRE

= s (u(wto) = vlyto) = N L. y)) - ko,
(z,y)ERIXRY

Therefore, as 8 — 0, (sg,tg) — (to,tp), and so, for sufficiently small 6, we have sy > 0,
tg > 0, and w(|sg — tg|) < %

We show that, for each fixed y € R?,

s — sup (u(z,s) —v(y,tg) — Prlz,y, s, tp))
zeR4

is nonincreasing in the interval [a,b] := {s € [0,T]: w(|s — ty|) < (2)\)_1}. The same will

then also be true for

(325) s = sup (u(m, 3) - U(y> t@) - (I))\(I', Y, s, t@)) :
(z,y)€RIxR

Indeed, for each fixed s € (a,b], we have w(|s — tg|) < %, and so, for all z,y € R?,

2 \9! .
€0 5)‘ |'I - y| S ¢A($’y757t9)7

which implies that 2 — u(z, s)—®y(z, v, s, ty) attains a global maximum over R?. Moreover,

for any such maximum point x, we have |z — y| < rg, which is a consequence of (3.2.3) and

2

q—1
o (30) el < o) — ulys) < 2080

Thus, in view of Lemma 2.4.5(b), ®) is C! in the z-variable in a neighborhood of the
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maximum point. Definition 2.3.2 then yields the claim, and a similar argument for the

super-solution v yields that

(3.2.6) o il (u(y,t) — u(z, 55) + (2,9, 59, )
z,ycRd

is nondecreasing on [c,d] := {t € [0,T] : w(|sp — t|) < (2)\)_1}.
We now return to the maximum point (sg,tg) of (3.2.4). The map

s —tgl* s

S sup (U(l‘,S) - U(yatg) - (I))\(:B7ya Svte)) 20 [1’5

(z,y)eR?

attains a maximum at sg, and, since w(|syp — ty|) < %, we have sy > a. Because (3.2.5) is

nonincreasing, we have % + % < 0. Similarly, the map

Isg — >t

l—= inf (U(y7t) - U,([L', 80) + (I))\($, Y, Sg, t)) + + [1’5

(a,y) R4 20

attains a minimum at ¢y with ¢y > ¢, so, because (3.2.6) is nondecreasing, we have —& +

% > 0. We conclude that p < 0, a contradiction, and the result follows. O

3.3 Level-set equations

We now prove the comparison principle for the equation
Du . d . d
(3.3.1) du=a W,x |Du| - dW in R® x (0,00) and u(-,0)=wug inR
u

when W is continuous and a € C’g (Sd_l,]Rd). Recall that this is the level-set equation

corresponding to the motion of an interface evolving according to the normal velocity a(n, x)-

aw.
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For ease of notation, we extend a to be 1-homogenous as follows:

a (%,x) Ip| if p # 0 and
ap, r) = P

a(0,z) = 0.

The proof of the comparison principle for (3.3.1) shares many similarities with the ar-
gument in the previous section. However, since we do not assume convexity for a in the
gradient variable, there is no analogue of the “distance” quantity used in that setting. In-
stead, we use the smooth solution U which was constructed in Lemma 2.4.6 with the method

of characteristics.

Proof of the comparison principle for (3.3.1). Fix A\, d,u, T > 0 and let ¢ be as in (2.4.17):

1 2
ory) =5 [l =yl = 9,17
Consider the function
(3.3.2) t— sup (u(z,t) —o(y,t) — Ap(z,y)) — ut,
z,ycRd

which attains a maximum at some { € [0,T]. Suppose for the sake of contradiction that
t > 0. We also assume that ¢ < T', which is justified by Lemma 2.3.1(b). Then let 0 < h < #
be such that

max |W(t) —~W(it-n)|<r,
te[t—h.t]

where 7 is the short time of existence for the solution U constructed in Lemma 2.4.6.
It is standard to check that, for  and p fixed, there exists wy > 0 satisfying limy _,w) =

0 such that the supremum in (3.3.2) may be restricted to (z,y) € R? x R satisfying

Nz —yl* < w,.
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Now define

~ ~

Oy (z,y,s,t) == AU (x,y, W(s) — W(t—h),W(t)—W(t—h)),

where U is the function constructed in Lemma 2.4.6.

The claim is that

(3.3.3) t sup (u(w,t) —v(y,t) — ®y\(z,y,t,t)) is nonincreasing on [t — h, .
z,y€Rd

Step 1 of (3.3.3). In view of the estimate (2.4.19), for each fixed s, € [t — h, 1], the
function = — u(z, s) — ®(x,y, s,t) attains a maximum in R?. Therefore, Lemma 2.4.6 and

Definition 2.3.2 imply that

§ — sup ('LL(.I’,S) o (I)(xayﬂgut))
zeR

is nonincreasing. Similarly,

Lo sup (u(y.0) + B(z,y.5.1)
yeRd

is nondecreasing. Therefore,

(Sat) = sup (U(CC,S) _U(yat) —q)(l’,y787t))
(z,y)ERIXRY

is nonincreasing in both s and ¢.

Step 2 of (3.3.3). Suppose now that, for some smooth v,

o sup (u(e,t) — vy, 1) — Oy(2,5,4,8)) — (1)
z,ycRd
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attains a maximum at some t* € (£ — h,t]. Then, for fixed 8 > 0,

s —tf*

(s,t) = sup (u(z,5) —v(y,1) = Px(z,y,5,1)) = ¥(s)

z,ycRd 8

attains a maximum at some (sg,tg) such that limg_,gsg = limg_,otg = t*. In view of Step
1, this implies that w/(Sﬁ) < 0. Taking 8 — 0 implies that ¥/(s*) < 0, which finishes the
proof of the claim.

As a result of (3.3.3),

w(@, t) —v(g,t) — ®x(2,9,4,¢) < max (u(z,t—h)—v(y,t—h) — Ad(z,y))

so that rearranging terms and once more appealing to (2.4.19) yields

A ~

ph < X (U3, W (D) = Wi = ) = 6(2.9)) < CAl2 — 3

where U is as in Lemma 2.4.6. For sufficiently large A, this is a contradiction.

It follows that, for all large A,

sup (u('ra t) - U(xvt)) < sup (u(a:, O) o U(ya O) o )‘(b(xa y)) + pt.
rcR4 z,ycRd

Sending first A — +o00 and then p — 0 shows that

sup (u(z,t) —v(z,t)) < sup  (u(z,0) —v(y,0)),
r€Rd lz—y|<6

and the proof is finished upon sending 6 — 0.
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3.4 Second order equations

In this last section, we present some tools for proving the comparison principle for second-
order pathwise equations. First we prove a pathwise analogue of the so-called “Theorem of
Sums” from the classical viscosity solution theory. We then use this to prove the comparison

principle for equations where the Hamiltonians have a special separated form.

3.4.1 A pathwise “Theorem of Sums”

The next theorem is an analogue of the result in [24] (see also [25]) known as the “Theorem
of Sums.” Its ideas go back to [41], where the comparison principle for viscosity solutions of
general, fully nonlinear elliptic partial differential equations was proved for the first time. In
particular, we indirectly make use of Alexandroff’s result [1] that convex functions are almost-
everywhere twice-differentiable. In addition, the regularizing “sup- and inf-convolutions”
known to experts who study viscosity solutions appear here in a modified form, due to the
particular nature of the test functions specified in Definition 2.3.1. This modification is also
used in the proof of the comparison principle in [56].

We consider the rough partial differential equation

m
(3.4.1) du = F(D*u, Du,u,z,t)dt +»  H'(Du,x)-dW' in R? x (0, 7]
=1

where F' € C(STxR%x RxR?x [0, T)) is degenerate elliptic, increasing in the u variable, and
uniformly continuous for bounded (X, p,r); H € CHR? x R4, R™); and W € ¢ ([0, T],R™)
for some a € (1/3,1/2].

Theorem 3.4.1. Assume that u € USC(R? x [0,T]) and v € LSC(R? x [0,T]) are re-

spectively a sub- and supersolution of (3.4.1), (xqg,yo,t0) € R? x R? x (0,7], h € (0,tg),
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Y e CY(ty — h,tg+ h)), ® € C((tg — h,tg + h),C’bQ(Rd)) is a solution of

m
(342) do=Y" (Hi(D:ECI), z) — Hi(—Dycb,y)> AW inRY x RE x (g — h, to + h),
=1

and

u(z,t) —v(y,t) — P(x,y,t) —P(t)

achieves a local mazimum at (o, yo, to) € REXRE x (tg—h,tg+h). Set ¢ := ®(-,ty). Then,

for every € > 0, there exist X.,Y: € S such that

5 1 I 0 Xe 0
- ([P «2) | 7] <
(3.4.3) =/ \o 1 0 -z
< D*¢(x0,10) + e(D*d(z0, y0))*
and

V' (to) < F(Xe, Dad(z0,90), u(wo, to), w0, to) — F(Yz, —Dyd (20, v0), v(y0, to), Yo, to)-

Notice that, if ¢(x,y) = (A\/2)|z — y|> and e = A~ then (3.4.3) becomes
(3.4.4) —3A < < 3A

Proof of Theorem 3.4.1. Assume without loss of generality that (zg, yg) = (0,0) and ¢(0,0) =
0. We may also assume, in view of Lemma 2.3.1, that ¢y < T and the maximum is strict.
Set p := Dz¢(0,0), ¢ := Dy#(0,0), A := D2¢(0,0), and a := ¢/(tg), and fix § > 0. Then,
for some r > 0 and for all (z,y) € By(0) x B(0),

o(x,y) ép-x+q-y+%(z4+51)(-r,y)-(w,y)-
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Step 1: Construction of the sup- and inf-convolutions. If n > 1, A € S, and X, = € R",

then the Cauchy-Schwarz inequality implies, for every € > 0, that

1 1 1
SAX X = JAZ E= AT (X - D)+ AKX -5)- (X -3
1 —12 1 —
<5 (1 + (1an+2) x -=P).

so that
1 1 oo 1 1 iy
-AX - X < - =-=4 = -] 1X - =]“.
JAX X < ez 245 (414 1) X -2

Letting n = 2d, A = A+ 0I := A5, X = (2,y), and Z = ({,n) above, and setting As, =
As +eA2 yields
1 1 9 9
doy)<p-(e=8+aq-y—n+5(I4l+ ) (e —&7+]y—nl%)

for all (x,y,&,n) € Br(0) x Br(0) x R x R?,
Now let S4(-,tg), S—(+,tg), and S(+,tg) be the solution operators for respectively

dU = H(DU,z) - dW, dU =—H(—DU,z)-dW, and dU = H(DU,z)— H(—DU,y).

If £,9 € C2(RY), ¢(x,y) := f(z) + g(y), and

Si(to)f, S—(-to)g € C((to — h,to + h), CE(R?)) and

S(- t0)d € C((to — h,to + h), CF(RY x RY)),

then, in view of the uniqueness of the spatially-smooth solutions constructed in Chapter 2,

for all (z,y) € R? x R% x (tg — h,tg + h),

S(t,to)d(x,y) = St(t. to) f(x) + S—(t,t0)g(y).
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Shrinking h if necessary, define, for (z,y,£,1,t) € Br(0) x By(0) x R4 x RY x (tg — h, tog + h),

(1451 +2)1--€2) (o).
(1451 + ) 1-=0) .

u(&,t) = sup (u(z,t) — Pp(x,&,t)), and
x€By(0)

\ v(n,t) = yelélf(m (v(y,t) +D—(y,m, 1)) .

¢

D (2,6.1) = Sa (1, 10) (p- (—6)+

N = N —

D_(y.n.1) = S_(t,to) (q (ot

It then follows that

u(€t) —vnt) —p-&—q-n— %Aa,g(&n) (&) —alt —tg) — g|t—t0|2

attains a local maximum at (€,7,t) = (0,0, %) in R? x R? x (tg — h, tg + h).
Step 2: Regularity of @ and v. Lemmas 2.2.2 and 2.2.5 yield that D2® and D2®_ are

continuous on R% x R? x (to — h,tg + h), and, therefore,

Ki(t):= sup HD?@.Nxf,t)H and
(7,6)€B,(0)xRe

K= sw DRt
(y,m)€Br(0)xRY

are continuous on (ty — h,tg + h) with
1
K+(0) = K (0) = |45 + -

Then uw and v are respectively semiconvex and semiconcave in the spatial variable, with the

following inequalities holding in the distributional sense:

DZu(¢,t) > —K4 ()] and  Dju(n,t) < K_(t)1.
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Next, observe that, if & is sufficiently small, then, for all t € (tg—h, tg+h), the supremum
and infimum in the definitions of respectively @ and v are achieved for some z(t) and y(¢) in

By (0). This is because, for t = tg, the extrema are attained at respectively z = 0 and y = 0,

and are strict by assumption.

Set

;

Ki=sup swp s {|D20(w.6,0)] + 1Do®s (60|}
xEBy ¢cRA te(to—h,to+h)

M = sup sup u(z,t), and
zeRIte(to—h,to+h)

Qq = sup sup sup sup F(X,p,r x,t),
~ | X |+|p| <K r<M zeRd te(tg—h,to+h)

fix s € (tg—h,tg+h) and € € R?, and assume, for some p > 0, that u(€, t) — ot — ut attains

a maximum at some t € (s,tg+ h]. Then, for some T € B,(0),
u($7t> - (I)(g;" gat) — oot — pt
attains a local maximum at (7, ). Therefore, Definition 2.3.1 yields

ap +p < F(D%@(E,f,ﬂ,qu)(i,f,f),u(f,f),f,f) < ap.

This is a contradiction, and therefore, for all £ € RY, .t € (to — h,tg + h), and p > 0,

ﬂ(f,t) - ﬂ<€7 S) < (040 + :U’)(t - S)‘

It follows that, in the distributional sense,

0
aﬂ(gv t) < aqQ-
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Similarly, there exists Sy > 0 such that

Step 3: A parabolic mazximum principle. In view of the regularity proved in Step 2 for
7 and v, we now have the following: there exist {(pn,qn,an)}y—; C R? x R? x R and

{(&nymnstn) o2, C R% x RY x (ty — h,to + h) such that
nh—{go(pn’ dn, Gn, 6’1717 T, tn) = (O? 07 07 07 Oa t())?

(€, t) —v(n,t) = (p+pn) - €= (q+aqn) n— %A(s,s(&,n) - (&m) — (an +a)t — glt — o

attains a local maximum at (&5, 7, tn), @ and v are twice-differentiable in the spatial variable
at respectively &, and 7, there exist a,, and [, in respectively the super- and sub-differential

of u(&y, ty) and v(np, ty) such that

Dfﬂ(gmtn) _ D+ Dn +A(S’g &n 7
_Dnﬂ(nnatn) q-+aqn n
and
— Ky (tn)] 0 D%u(én,t 0
(3'4.5) +( n) < I3 (fn n) < A(;,g-
0 K_(tn)! 0 _D%Q(nn,tn)

These facts follow from the general parabolic maximum principle in [24] (see also Krylov [42]
and Tso [80]).

Step 4: Construction of local-in-time, smooth-in-space solutions. Fix ¢ > 0. Then, for
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some 7, > 0 and all (§,7n,t) € By, (§n) X Br,(mn) X (tn — rn, tnl,

p

T(E 1) < T(En,tn) + (@ — 0)(t — ta) + D, ta) - (€ — E0)

4 S (DP(En ) + O1)(E ~ &) - (€~ &) and
o(n,t) = v(nns tn) + (Bn + 0) (L = tn) + Du(nn, tn) - (1 = 1)
| (D%l t) 81— 1) - 07— )

Now, if

(I 1= D, tn) - (€~ &) + 5(D%(n, 1) + O1)(E ~ &0) - (€~ ),
T (0) = D ) - (1= 1) + 5 (D00 ) — 1)1 =) - (7 — 710),
gt(t) = (ap, — O)t, and

g~ (t) = (Bn +0)t,

\

it follows that, for some x,, yn € By(0),

(3.4.6) (@, t) = Pz, &,8) — Iy (€) — g™ (1)

attains a maximum in B;(0) x By, (§n) X (tn — rn, tn] at (xn, &n, tn), and

(3.4.7) v(y,t) + @_(y,m,t) — Jp (n) — g (1)

attains a minimum in By(0) x By, (nn) X (tn — . tn] at (Yn, n, tn).
Observe that (zp,yn) — (0,0) as n — oo. Indeed, if (Z,7) is an accumulation point of

(Zn,yn), then

1 _
u(, o) = v(y,to) = p - — gy — S(1Asll + 1)l + [y

attains a maximum in B, (0) x B;(0) at (Z,y), and, therefore, (Z,7) = (0,0). Thus, if n is
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large enough, x,, and y, belong to B (0).

Define
O (x.t):= inf JT ) t d
n(% ) fGBli(fn){ n(£)+ +(Q?,€, )} an
D, (y,t) == sup {J,(n)—D_(y.n.t)}.
neBrn(nn)

The claim is that, for (z,t) and (y,t) sufficiently close to respectively (xy,t,) and (yp, tn),
the infimum and supremum above are attained uniquely at some &,(z,t) € By, (&,) and

Mn(y,t) € Br, (). Indeed, these are attained if

DeJy (§n(x,t)) + Dy (z,&n (2, t),t) =0 and
(3.4.8)

DyJy (nn(, 1)) + DO—(y, nn(,1),t) = 0.

The claim then easily follows from the implicit function theorem, since

D¢y (§n) + DO (w0, &, tn) =0 and

DI (&n) + D*® 4 (wn, Sns tn) > D*0(&n, tn) + 6 — Ky (tn) >0 > 0,

with a similar justification for ®_. Furthermore, &, (zn, tn) = &n, Mn(Yn, tn) = nn, and both

functions are smooth in 2 and continuous in ¢. Since

@y (2,1) = Ty (€n(@, 1)) + Py (2,6n(2, 1)) and

@, (y, 1) = Jy, (Mn(y, 1)) — P—(y, mn(y, 1), 1),

another computation shows that, shrinking ry, if necessary, ®;" and ®,, and smooth-in-z-

and-y solutions of

m
d® =" H'(D®,z) - dW’
1=1
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Step 5: Derivation of (3.4.3). Definition 2.3.1 yields

an — 0 < F(D*®) (xp, tn), DO, (2n,ty))  and

so that

- F(DQ(PE (Ynstn), DPy (Y, tn), v(Yn, tn), Yn, tn)-
Differentiating ®; gives

qu):zr(xn; tn) = qu)+($na gna tn) and

D%@;&(mn, tn) = Dg%q)+($na§na t) + Di§¢+(l’na £n7tn)Dx£n($na t?”L)?
while differentiating (3.4.8) in = and evaluating at (z,t) = (xp,t,) yields
(D25 (€n) + DE®+ (w0, Enstn) ) Dby tn) + DE® (20, Ens tn) = 0.

Set Xy, 1= Dgﬂ(gn,tn) and Yy, 1= D%E(nn,tn), and note that, in view of (3.4.5), as n — oo

along a subsequence, X, and Y, converge to some X, Y € sd satisfying

1 I 0 Xs 0
(349) - (st +2) < < 4.
0 1 0 —Y;

Along the same subsequence, as n — oo, it follows that Dz&p(zp,tn) — o, where o is given
by
(X5 +01+ (I45] +=7D1) 0 = (4] + 7)1 =0,
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Thus

1
lim D%‘P;{—("En, tn) = (|| As|| + 8_1)(X5 +01) (X(; + 01 + (||Asl| + 8_1)]> < Xs+061,

n—oo

and similarly,

lim D2® (yn, tn) > V5 — 01.

n—oo

This implies that
a—20 < F(X5+ 01, p,u(zo,t0), w0, t0) — F'(Y5 — 01, —q,v(yo, t0)vo, to),
so that letting § — 0 yields

a < F(Xs,p,u(xg, to), vo,to) — F(Ys, —q,v(y0,t0), v0, o)

Finally, from (3.4.9), it follows that, for some sequence d,, decreasing to 0, X5 and Yy
converge, as n — 0o, to respectively X and Y in S%, where X and Y satisfy (3.4.3). Taking

the limit above for § = d,, yields the desired inequality. n

3.4.2  Hamuiltonians with separated dependence

We now use the Theorem of Sums from the previous subsection to prove the comparison

principle for Z%-periodic sub- and super-solutions of the equation
(3.4.10) du = F(D*u, Du,u,z,t) dt + (H(Du) + f(z)) -dW in R% x (0, 00).

We assume that H, f € CS(]Rd) satisfy (2.4.24) with f Z%-periodic, and W € €% for some
a > 1/3. We work on the torus to avoid some of the difficulties that come up in the setting
of unbounded domains.

The assumptions for the nonlinearity F' are more complicated. Matrix inequalities of the
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form below appear in the standard viscosity solution theory, as in the work of Ishii [38] (see

also Chapter 2 of [25]). We assume that

FeCS?xRY xR x T x [0,00)),

(3.4.11)
X — F(X,p,r,z,t) is continuous uniformly in (p,r,z,t),
(3.4.12) r+— F(X,p,r,x,t) is nonincreasing,
and
(
for any C' > 0, there exists w : [0,00) — [0, 00) satisfying li%ler(s) =0
5—
such that, whenever A > 0, X,Y € Sd, and
I 0 X 0 I -1

—C\ < < C\ :

(3.4.13) 0 I 0 -Y 7 I

then, for all z,y € Td, p,q € RY r € R, and t € [0, 00),

F(Y7p7717y7t) - F(X,q,?“,l',t)

<w (M=ol +1p =) + @+ Il + laD(la ol +|p — D))

\

Notice that (3.4.13) implies that I is degenerate elliptic. Indeed, (3.4.13) holds whenever F

is independent of (p,x) and degenerate elliptic, or, more generally, if F' is of the form
F(X,p,r,z,t) = F1(X,rt)+ Fy(p,x,r,t)

where Fj € C(S? xR x [0,00)), Fy € C(R% x T% x R x [0, 00), F} is degenerate elliptic and

uniformly continuous in the Sd—variable, Fp and Fj are nonincreasing in the R-variable, and,
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for some w : [0, 00) — [0, 00) satisfying lim,_ g+ w(s),

[Fo(p, z,7,t) — Fo(q,y, 7, )| < w((1+ [p| + |g))(|z —y| +|p—ql)

for all (p,q,x,y,r t) € R2? % T24 x R x [0, T7.

The requirement in (3.4.13) is general enough to cover quasilinear equations with more
involved spatial and gradient dependence. For instance, F' : S% x R? x T¢ — R satisfies

(3.4.11), (3.4.12), and (3.4.13) if F is given by

F(X,p,x): Z Zalk p,x)oji(p,x)X;; for some o € Co’l(Rd X ']I‘d,Rdxm).
ij=1k=1
Many more examples can be constructed by observing that, if {F,3}nca gep is a family of
functions satisfying (3.4.11), (3.4.12), and (3.4.13) uniformly in « and /3, then the same is
true for

mf sup F,g and  sup mf af-
€A BEB BEBQE

The assumption that W is at least 1/3-Holder continuous is not related to rough-path
theory, and indeed, it is not required that W have a geometric rough-path lift. It turns out
that there is a precise interplay between the Holder regularity of the path and the time 7y

of existence for the smooth solution constructed in Lemma 2.4.7.

Proof of the comparison principle for (3.4.10). Fix T' > 0 and assume without loss of gen-
erality that u(-,0) < v(-,0). Suppose, for the sake of contradiction that there exists p > 0
and (g, t9) € T¢ x (0, T] such that

u(zo, to) —v(zo,to) —pto = max  (u(x,t) —v(z,t) —pt) > 0.

(2,)€TIx[0,T]

As before, we may assume that tg < 7" without loss of generality.
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For A > 0, the function

A

attains a maximum at (zy,yy,ty) € T¢ x T x [0, T]. Standard arguments from the viscosity

solution theory imply that, as A — 0,

(zx,yn tx) = (20,70, 10),

A 2
(3.4.14)  q ulwy, h) = vlynta) = len —yal” — ptx = ulzo, to) — v(zo. to) — pto, and

A
Zlay —yn* = 0.

\

In particular, for all large A, ¢\ € (0,7) and u(zy,t\) > v(yy,ty), and, for some R > 0,

(A/2)|zy —yr]> < R and
U(z,y,t) == u(@,t) —v(y,t) — o gl —y) — put
attains a global maximum in R% x R x [0, 7] at (2, yy, t)), where
PAR(2) = ox = g(A/2)|z —yI?)

is the cutoff function from subsection 2.4.4 (the R in that section agrees with the R here).

For all (z,y) € R? x R and h > 0, U(x,y,ty — h) < U(xy,yy, 1)), and therefore

sup {u(z,ty —h) —v(y,ty —h) —px(z —y)}
(3.4.15) z,yeR?
< ulzy, ty) —v(yr tr) — ez —y) — ph.

Recall that Lemma 2.4.7 implies that, for some ¢ > 0 depending on the bounds in (2.4.24)
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1/4

and 7y satisfying 7y > eA71/4, there exists a C%-solution U of

Up = H(DyU) + f(x) — H(=DyU) — f(y) in RS x R? x (—7y,7,) and
(3.4.16)
U(z,y,0) = py(x —y) in R% x R?,

It then follows that, for some constant C' > 0 depending only on «, the bounds in (2.4.24),

and the a-seminorm of W on [0, 77, if hy = C)\_ﬁ, then
(W (s) —W(t)] <7y foranys,tel0,T] with |s —t] < h,.

For sufficiently large A, ¢ty —hy > 0, and so ®(x,y,t) := U(x,y, W(t) — W(ty — h))) belongs

to C([ty — h)\,t)\],Cg(]Rd x R%)) and is a solution of
d® = (H(Dy®) + f(x) = H(=Dy®) = f(y)) -dW in R x RY x [ty — hy, )],
Define
A
Ux=U\g:= {(x,y) eRYxR?: §|x —y? < R} .

We claim there exists p : [0, 00) — [0, 00) satisfying limy_,,, p(A) = 0 such that

sup (U(:L‘,t) - U(yv t) - CI)(ZL‘, y>t))

3417y YD

A
< sup (U(%U —hy) = vyt —hy) = gl - Z/\2) + p(A)hy.
z,ycRd

Fix v > 0 and let (z},y*, ) be a maximum point in Uy X [ty — hy, ty] for
U({L‘,t) - U(yat) - @(l’,y,t) — vt

Then (3.4.17) will follow if we can show that t* > ¢, — hy implies that v < p()\) for some p

as in the claim.
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The estimate (2.4.31) gives

[@(z,y,1) — palx = y)| < Cla =y [W(t) = W(ty = hy)| < CAV 4z —y),

and so

(@, t) — v(y,t) — x(x —y) — CA" 4z —y|
S U(ﬂf,t) - U(yvt) - (I)(:anat)

< ufz,t) —o(y,t) — (\/2)|x — y[2 + A Y4z —y|.

Similar arguments as the ones for (3.4.14) imply that limy_,o(A\/2)]z* — y*| = 0 uniformly
in v > 0. In particular, for large enough A, (xA,y)‘) is in the interior of the set U), and

w(z, ) > vy, ).

For fixed € > 0, Theorem 3.4.1 gives X, Y) € S? satistying

1 I 0 X 0
_ (HD2®($>\’y/\’t)\)H +_> < A
(3.4.18) </ \o 1 0 =Y,
< D20 (M yM 1Y) + e(D? (N, o, 1))
and
v < F(Xy, Dy, oy, 1Y), u(@?, 1), 2, 1)

— F(Yy, —Dy®(z, v, 1Y), 0(y ), 7, 1Y)

(3.4.19)

— F(Yy, =Dy® (™, v, ), (A, 1Y), v, 1Y),

where we have used (3.4.12). Choosing ¢ = A~! above and applying the bounds in (2.4.30)

from Lemma 2.4.7, (3.4.18) becomes, for some constant C' > 0 depending only on the bounds

71



in (2.4.24),

I 0 X, 0 I —I
—CA\ < | < C\ L oN A
01 0 -Y, I I 01

I 0

We now use the bound (2.4.29) from Lemma 2.4.7, which implies
(3.4.20) D@2,y 1) + D@ (v 1) < Chg < oA~V

as well as the assumptions (3.4.11) and (3.4.13), to conclude from (3.4.19) that, for some

w : [0,00) = [0, 00) satisfying lim,_,q+ w(s),
v <w (Mot =g P+ 2t = N 4 aT) = ),

and thus (3.4.17) is established.
Finally, combining (2.4.31) and (3.4.17) gives

< Plnynty) — (V/2)zy — a2

< - < Clry —yplh§ ™+ p(N)
A
1-3a
< CONPlzy —ypl-AHa +p(N),
and so we obtain a contradiction for sufficiently large A in view of (3.4.14). [
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CHAPTER 4
EXISTENCE

4.1 Introduction

In this section, we address the issue of existence of solutions for the initial value problem
(1.1.1).

The strategy for proving existence in this setting has been to regularize the paths and
extract limits, as described in [54, 55, 53, 76]. More precisely, the program has been as

follows:

1. For a fixed path W € €*([0, 7], R™), choose any two smooth families of paths {¢" }7°

n=1

and {n"}>° ; that both converge, as n — oo, to W in the rough path metric.

2. Let u" and v™ be the classical viscosity solutions of (1.1.1) with respectively the paths

¢" and n" and prove that

. n n _
nl;rgo (x,t);gl})x o |u"(z,t) —v"(z,t)] = 0.

This shows that the solution operator for (1.1.1) has a unique, continuous extension to the

space of geometric rough paths.

Accomplishing step 2 above is done through comparison-principle type arguments, and
depends on the stability of the rough, Hamilton-Jacobi part (2.1.1) of the equation under
perturbations in the rough-path metric. Note that, when (2.2.7) holds, which is the case
if, for example, m = 1 or the Hamiltonians do not depend on space, then the smooth
approximations (" and 1" need only converge to W locally uniformly.

When this argument is made quantitative, one can obtain precise stability estimates for
the solution operator. One setting in which this has been done is for first-order equations
when the Hamiltonians do not depend on space, as was proved in [55]:
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Theorem 4.1.1. Assume that, for each i = 1,2,...,m, H' : R? — R satisfies (2.4.4),
ug € Lip(Rd) with Lip(ug) < L, W1, W? € C([0,00),R™), and u! and u® solve, for j = 1,2,

m
du) = ZHi(Duj) AW in R x (0,00) and
i=1

W (-,0) = ug in R%.

Then, for all'T > 0 and some C' = C, > 0,

sup ul(x,t) — u2(a:,t)‘ < C max ‘Wl(t) —W23(1)].
(z,t)€RIx[0,T) t€[0,T]

The first goal of this section is to extend Theorem 4.1.1 to the setting where the Hamil-
tonian has nontrivial spatial dependence. When m = 1 and H is convex in the gradient
variable, we obtain uniform Lipschitz bounds and path-stability estimates that depend only
on the growth of the Hamiltonian. This gives a unique extension of the solution operator to
continuous paths. It also allows for the study of other asymptotic problems for the equation,
and we use the estimates to investigate certain homogenization problems in Chapter 6.

As has already been discussed in the introduction to Chapter 3, additional difficulties
arise in the pathwise viscosity solution theory for spatially dependent Hamiltonians. The
main tool for dealing with these is the “distance function” constructed in Section 2.4.

We then present a general existence proof for equations of the form

m
du = F(D2u, Du,u,x,t) dt + Z H'(Du,z)-dW"' in RY x (0,77,
(4.1.1) i=1

u(-,0) =ug in RZ

Our objective is to use the comparison principle to prove directly that the maximal sub-
solution defines the unique solution of (4.1.1). This method of establishing the existence
of solutions goes back to Perron [71], who used it to solve the Dirichlet problem for the

Laplace equation. Ishii [37] then generalized the strategy to the setting of viscosity solutions
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of Hamilton-Jacobi equations (see also Section 4 of [25]). This gave an elegant alternative to
proving the existence of solutions for singular, first-order equations, as opposed to the method
of vanishing viscosity, which was used before by, among others, Lions [51]. Similarly, the
Perron construction for (4.1.1) presented here indicates that the solution theory put forth by
Definition 2.3.1 is powerful enough to avoid the consideration of auxiliary equations driven
by smooth paths.

The Perron construction consists of two steps. First, we prove a different kind of stability
for (4.1.1), namely, the stability of sub-solutions under pointwise suprema. We also construct
suitable barriers to ensure that the maximal sub-solution is actually a super-solution, and
that it achieves the desired initial data. The analysis is more involved than for the classical

viscosity solution setting, due to the rough nature of the test functions.

4.2 Path stability estimates for convex Hamiltonians

Assume that H : RY x R? — R satisfies

H e C’(Rd X ]Rd), p+— H(p,z) is convex for all x € ]Rd7 and

(4.2.1) there exist convex, increasing functions v, 7 : [0,00) — R such that

v(|pl) < H(p,x) <7(|p|) for all (p,x) € RY x ]Rd,
\

and, for two smooth (or piecewise smooth) paths W, W2 : [0, 00) — R and u(l), u% € Lip(Rd),

consider the viscosity solutions u! and u2 of
ui = H(Duw,2)W7 inR?x (0,00) and u/(-,0) = ug) in RZ.
Theorem 4.2.1. Set L := max (Lip(u(l)), Lip(u%)). Then, for allt > 0 and for j =1,2,
Lip(u/ (-,1)) < v~ (#(L))
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and, for all T > 0,

1 2 2 1 2
max u (x,t) —u :E,t‘<max‘u —u I‘—f—l/L max ’W -Ww t’
B o (z,t) — u”(z, 1) max 0(2) —ug(z)| +7( e, (t)

+u(0) ( max ‘Wl W2(t)‘ — W) - W2(T))) .

t€[0,T)

As a consequence, the solution operator for the equation
(4.2.2) du= H(Du,z)-dW inR%x (0,00) and u(-,0)=ug

extends continuously to the space of continuous paths. That is, if {W"}>° | is a family of
smooth paths approximating W uniformly as n — oo, and if u" is the solution of (4.2.2) with
the path W™, then u™ converges uniformly in R% x [0,T] to a unique limit u € BUC' (Rd X
[0,7]) as n — oo, where u is independent of the choice of approximations. Moreover, if the
comparison principle holds for (4.2.2) with W continuous, then the limiting function u is the
unique pathwise viscosity solution of (4.2.2). As we proved in Chapter 3, this is the case if

H has the strict convexity and homogeneity specified by (2.4.14), or if

H(p,z):=a (%,x) |

with a € Cg(Sd_l, R%) and such that H is convex.

The notable feature of Theorem 4.2.1 is that the estimates do not depend on the regularity
of H, but rather, only on the rate of growth of H in the gradient variable. We exploit this
fact in Chapter 6 to study some equations where the dependence of the Hamiltonian on the
spatial variable is highly oscillatory.

Both results in Theorem 4.2.1 follow from the next proposition, which is proved with
the distance function from Section 2.4 that was already used for the comparison principle
in Section 3.2. Its hypotheses require more regularity for the Hamiltonian than is specified

by (4.2.1). The proof of Theorem 4.2.1 then involves a further regularization of H, and
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the result will follow upon obtaining estimates that do not depend on the regularization

parameter.

Proposition 4.2.1. Assume that H satisfies (4.2.1),

H e C’g(BR X Rd) for all R > 0, and
(4.2.3)

H is uniformly convez.

For ug, vy € BUC(Rd) and (,n € C’l([O, 00)) with (o = ng, let u be a sub-solution of
u = H(Du,z)C(t)  in R x (0, 00), u(-,0) =ug inRY,

and v a super-solution of
vy = H(Dv,z)n(t) in R x (0,00), v(-,0)=vy inR%

Then, for all T >0 and 0 < X < (maxg<i<7 (G — nt),)_l,

1 * /\|JZ - y| >)
)=o) = (~+G—m ) v [T
(x,y,t)GRS;lfRdx[O,T] (U(x )y ()‘ “ 7}15) - (1 + MG —me)

< s (o) = ) - 37O - 0.

(z,y)ERIxRA
Equipped with Proposition 4.2.1, we proceed with the

Proof of Theorem 4.2.1. Step 1. Assume first that H satisfies (4.2.3) in addition to (4.2.1).
Applying Proposition 4.2.1 to the case u = v = u! and ¢ = n = W! yields, for all (x,y,t) €
R% x R x (0, 00),

1 1
ul(z,t) —ul(y,t) < inf { =v*(N|z —y|) + sup {Ls — —ﬁ*()\s)}
A>0 | A 5>0 A

— inf {H*Wf —y|) + (L) }

A>0 A
77
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Thus Lip(ul(-,t)) < v~} (7(L)), and similarly for u2.
Now setting (u,v,¢,7n) := (ub,u?, W1, W?) in Proposition 4.2.1 gives

1 N 1_
) = w2(a,0) < (5= OV = W2)) 2 (0) 4 (o) = uo)| + 52,

The claim follows upon choosing A = (max ¢y 5 ‘Wsl — VV52|)_1 and using the fact that

v(0) = —minp(r) = —1(0) < »(0)-.

Step 2. We now return to the general case, where H satisfies only (4.2.1). Let ¢ € C2(R%)

be nonnegative and supported in B;(0) with [ ¢ = 1, and, for p > 0, define

o)

and

Holpa) = plof+ [ Hlam)onlp =~ Dpla ~ ) dady.

It is straightforward to verify that lim, .o Hy, = H locally uniformly, and H, satisfies both
(4.2.1) and (4.2.3) with

Up(s) := ps® +7(s+p) and

Vy(s) = ps® +u((s = p)t).

Let ué and u% be as in the statement of Theorem 4.2.1 for the Hamiltonian H,. As proved

1

above, u 0

and u?, satisfy the Lipschitz bound and stability estimate for 7, and v,. Classical
arguments from the theory of viscosity solutions yield the local uniform convergence, as
p — 0, of u% to u for j = 1,2, where u) are as in the statement of Theorem 4.2.1 for the

Hamiltonian H. Since v, and v » converge, as p — 0, to 7 and v, the proof is complete. [
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We now present the proof of Proposition 4.2.1. As in Section 3.2, for R > 0, define
Ap — d d . .
rR=9(xy) eR*xR: |z —y| < Ry.

Recall also the definition of the distance function, whose properties are proved in Lemmas

2.4.3 and 2.4.5, defined by
-
L(.ﬁU,y,T) = lnf{/ H* (_75778) dSZ’YEA(I,y,T)}
0
where, for x,y € R? and 7 > 0,
Az, y,7) = {7 € Wh([0,7),RY) : 79 = 2, 97 = y} -

Proof of Proposition 4.2.1. Classical viscosity solution arguments show that z(z,y,t) :=

u(z,t) — v(y,t) is a sub-solution of
(4.2.4) 2 = H(Dyz,2)¢ — H(=Dyz,y)n  in RY x RY x (0, 00).
For 0 < A < (maxg<t<p (¢ — 77,5)*)_1, define

Dy(z,y,t) =L (%y, % + Gt — T}t) :

A simple computation and Lemma 2.4.3(a) reveal that ® satisfies (4.2.4) at any point (x,y, )
of differentiability.

Next, for 0 < 8 < 1 and p > 0, define

W, 1) 2= (e t) — oy, 0) — (e, 1) — (o2 + of?) — gt
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The comparison principle yields that |u(z,t)] < M and |v(z,t)] < M on R% x [0, T], where

M = H(0 t H(0 t)| o -
e { g + O] s, (60, ool + 1EO)] s (6] }

Therefore, ¥ attains a maximum on R% x RY x [0, T] at some (2,7, ) that depends on 3, A,
and p. Assume for the sake of contradiction that ¢ > 0. In view of Lemma 2.3.1(b), we may
also assume ¢ < T

Rearranging terms in the inequality W(0,0,7) < W(#,7,1) gives

(122 + [312) < ul@. 1) — v(.1) — (u(0, ) - v(0,1)) < 40,

(4.2.5) g 3

The inequality W (g, 7,t) < U(Z,9,t) and Lemma 2.4.3(b) yield

1 — Az —y| A 7 - B2 ~12
4.2.6 -+ (- )u*(—)ﬁum,t —u(g,t) + = (|97 — |2|*) < 6M.
426)  (§+Gmn) 7 (s Lay ) < vl = i)+ Sl ~ o)

Then (4.2.5) and (4.2.6) together imply that, for some R > 0 depending on A, M, [[(][s 7
and ||7||o 7, but independent of 3, (#,9) € QR 5, where
QR’ﬂ = AR N BRﬁ_l/Q

1/2
—{(x,y)eRded: <|:L'|2+|y]2>/ < RB? and \x—y\SR}.

In the arguments that follow, the constant C' > 0 depends only on R, and may change from
line to line.

For 0 < § < 1, set

1
lI](S(:L‘7ya vavt) = U({L‘,t) - U(yat) - —(|ZL‘ - Z|2 + |y - w|2) - (I))\<Z7w7t)

26
B 2 2 1 .12 12 22
—5(!Z| + [w) )—Mt—§ |z — 2" 4+ |y — g|* + |t — ¢
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and assume that the maximum of W5 on Qp 3 x Qg gx[0,T] is attained at (x5, ys, 25, ws, t5)-
Lemma 2.4.3(c) gives |D,®y| + [Dy®y| + B(|2] + [w]) < C on Qr g x Qr g x [0,7].
Rearranging terms in the inequality Vs(zs, ys, Ts, Us, ts) < Vs(xs, ys, 25, W, ts) yields

1 2 2
% (Iéﬂa — z5|" + |ys — ws| ) < Py (5,5, t5) — Palzs, ws, ts)

& 9 2 2 2
+§(|I<s| +1ys|= — lzsl® — lws|®) + C (|zs — 25] + lys — wsl)

and, hence, |z5 — zs5| + |ys — ws| < C9.

Since (%,9,2,9,t) € Qp g x Qp g x [0,T] and V5(2, 9, &, 3, 1) = U(2,9,1),

L2 L (2
— (g, 1) — Pp(&,9.1) - (!fﬂ\ +1917) —

—
=>
<
>
SN—
—~
>
S~—

1

9 .19 2 2

U(xaata)—v(ya,ta)—§|$5—90| —§|y5—y| —2—5(|$5—25| + ys — ws|”)
B, 2 2 1 212

— Oy\(25, w5, t5) — §(|Z5| + [ws|*) — pts — §It5 — 1

< U(zg,ys,t5) + D t5) — P t5) + 2 (1s 2 2 z5)% = |ws|?

< WU(xg,ys.ts) + Pz, vs, ts) — Palz5, wg, ts) + 2(|175| + ys|= — |zs]® — [ws]®)

1 2 212
=5 (s =3l =y — 91* — It5 = 112) .

Rearranging terms and using W(zs, ys, t5) < V(%,9,1), we see that
w5 — & +lys — 91° + |t — 1 < C.

Therefore, for sufficiently small 9, (x4, y5, 25, wg, t5) is a local interior maximum point of W
in QR,ﬂ X QR,ﬂ X (O,T).

Since

| ~

= (1o = 25/ + Iy — ws?)

(lo =22 =y — 92 - 1t - i)

(z,y,t) — u(z,t) —v(y,t) —

N | = &

— P\ (25, ws, t) — pt —



attains an interior maximum at (xg,ys,ts), the definition of viscosity solutions yields

. s — 2 R .
M+t5_t+¢A,t<zéaw57t5)§H( 55 5+$5—$7$5) Cts

Yys —w A )
—H(— 2 5 5—(y5—y),y5) Nts-

Next, (zg, ws) is a minimum point of
1 2 oy B2 2
(z,w) = Dp(z, w,t5) + 5o (jog — 27 + lys — w]”) + (27 + Jw]).

In view of Lemma 2.4.4, ®, is differentiable at (z5,ws,ts), and so

( T5— 2§

Da®)(25,w5,t5) = ——5— — B2,
Yys —w
Dy®) (25, wg, t5) = = 5 b — Bws, and
| @) t(z5,ws, t5) = H(Da®)(25,ws, t5), 25)Cts — H(=Dy®x (25, w5, t5), we )is-

It follows that

wH+ts — t+ (I)A,t(zéa wg, ts) < H (Dgp®y\(z5, ws,ts) + Pzs + x5 — T, x5) étd

— H (—Dy®) (25, wg, t5) — Bws — (ys — ), Ys) Cis-

The bounds for (#,9,%) and (x4, ys, 25, ws, ts) and the local Lipschitz regularity of H yield

Ny (I )

We obtain a contradiction for sufficiently small enough ¢ and /5.
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Therefore, for all > 0 and ¢t € [0, T],

i s (o) = o) — 0a(ot) = S (ol + 1))
B=0(3,y)eRIxRE

= sup (U(ZL’,t) _U(y?t) - CI))\(.I,y,t))
(z,y)eRIXRY

< sup  (up(z) —voly) — Lz, y,1/N)) + ut.
(z,y)ERIXRY

The desired inequality is established upon letting ¢4 — 0 and using the bounds in Lemma

2.4.3(b). 0

4.3 Perron’s method

We consider the initial value problem

m
du = F(D*u, Du, u,z,t) dt + Z H'(Du,z) - dW' inR%x (0,7] and
(4.3.1) i=1

u(-,0) =uy in RY,

where ug € BUC(RY), T > 0, and W = (WL, W2 .. W™ ¢ ¢y for some a € (1/3,1/2].
As explained before, our goal is to use the comparison principle to prove that the unique
solution of (4.3.1) is given by the maximal sub-solution.

We assume that F : S% x R? x R x R x [0,7] — R is continuous, bounded for bounded
(X,p,r) € S x RY x R, degenerate elliptic, and nonincreasing in r € R; that is,

152 FeCSTxRYx R xR % [0,7]) N Cy(Br(0) x RY x [0,T]) for all R > 0,
4.3.2

X — F(X,-,-,-,-) is nondecreasing, and r — F(-,-,r, -, ) is nonincreasing,

and the Hamiltonians are regular enough so that (2.1.1) has local-in-time, C2-in-space solu-
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tions:
(4.3.3) H e CHR? x RLR™).

Recall that, if the { H} satisfy (2.2.7) (for example, if m = 1 or there is no spatial depen-

dence), then it suffices to have H € Cg(BR x R% R™) for all R > 0.

Most importantly, we assume that the comparison principle holds for (4.3.1). That is,

(

whenever u € USC(R? x (0,00)) and v € LSC(R? x (0, 00)) are
(4.3.4) respectively a bounded sub- and super-solution of (4.3.1), then, for all ¢ > 0,

sup (u(z,t) —v(x,t)) < sup (u(z,0) —v(z,0)).
[ z€Rd reR4

Theorem 4.3.1. If (4.3.2), (4.3.3), and (4.3.4) hold, then there exists a unique solution of
(4.3.1) in BUC(RY x [0,T)), which is given by

(4.3.5) u(z,t) :=sup{v(z,t) : v(-,0) <wug and v is a sub-solution of (4.3.1)}.

More assumptions are generally required for F', H, and W in order for the comparison
principle to hold. This is especially the case when H has nontrivial spatial dependence, even
when m = 1, as discussed in Chapter 3. The only assumptions we directly use for the Perron

construction, besides the comparison principle, are (4.3.2) and (4.3.3).

4.8.1 Construction of sub- and super-solutions

We build some particular global sub- and super-solutions of (4.3.1) achieving arbitrary initial
data in C’b2 (Rd). Throughout the proofs below, we repeatedly use the properties of the
smooth-solution operator S(t,s) : C’g(Rd) — C’g(Rd) used in Section 2.2.3 to construct

local-in-time, smooth-in-space solutions of (2.1.1).
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Lemma 4.3.1. For every ¢ € C’I?(Rd), there exist a locally bounded sub- and super-solution
w and w of (4.3.1) with u(-,0) = u(-,0) = ¢. Moreover, u and u are both continuous in a

neighborhood of R% x {0}

Proof. Only the sub-solution is constructed, since the argument for the super-solution is
similar.
For some h > 0, there exists a solution ® € C([O,h],Cg(Rd)) of (2.1.1) in R? x [0, ]
with ®(-,0) = ¢, which is given by ®(x,t) = S(t,0)p(x) for (z,t) € R? x [0,h]. Set
R:= sup [|®P(-,t)| 2/pay and
2 1120l cpqea

= inf inf F(X,p7u7x7t)7
| X[+|p|+|u[<R (z,t)eRIx[0,T)

and define u(-,t) := ®(-,t) — Ct for t € [0, h].

For some fixed hg > 0, the function ®g defined by ®g(z,t,s) := S(t,s)(0)(z) satis-
fies ®g(-,t,s) € C’g(Rd) when s < t < s+ hg. Note that Lemma 2.2.6(a) implies that
S(t,s)(M)(x) = ®g(x,t,s) + M for all M € R.

Define

RO = sup ”(I)O(,t,S)” 2(R4) »
0<t—s<hg Cp (RY)

OO = inf F(X,p7u7x7t>7
| X |+|p|+|u|<Ro,(,t) ERE%[0,T]

and, for k= 0,1,2,3, ... [Th—ﬂ ~ T and t € (h+ kho, h+ (k + 1)h),

My, := sup [u(x,h+ khg)]_ and
TER

u(-,t) == Qo (-, t, h + kho) — My, — Co(t — h — khy).

By construction, u is upper-semicontinuous, bounded, and continuous on R% x [0, h.

Now choose n € C’g(Rd) and v € C([0,T)), let hy > 0 and ty € [0, 7] be such that

85



S(-,to)n € C((to — h1,to + h1), C’g(Rd)), and assume that

u(z,t) = S, to)n(x) — (1)

attains a strict maximum in R? x (tg — hq,to + k1) at (zg,tp). In view of Lemma 2.3.1(b),
it suffices to consider ty # h+ khq for any k& € NU{0}. Assume also that ¢ty € (h+ khg, h+

(k + 1)hg) for some k > 0, as the proof for ty € (0, h) is similar. Then
D®(g, to) = Dn(zo),  D*®g(x0,t0) < D*n(wg), and ¢/(ty) = —Co,
where the last equality follows from Lemma 2.2.6(c). Therefore,

W' (to) — F(D*n(wg), Dn(o), u(zo, to), . to)

< —Cy — F(D*®¢(x0,t9), DBo(x0, to), Po(x0, to, b + kh), z, tg) <0,

and so u is a sub-solution of (4.3.1). O

4.3.2  The proof of Theorem 4.3.1

The proof that the Perron construction yields a solution involves two main steps. First, it
is clear from Definition 2.3.1 that the maximum of a finite number of sub-solutions is also
a sub-solution, with a corresponding statement holding true for the minimum of a finite

number of super-solutions. We generalize this observation to infinite families.

Lemma 4.3.2. Let F be a family of sub- (resp. super-) solutions of (4.3.1). Define

U(x,t) := sup v(z, 1) < resp. inf v(a:,t)) :
veF veF

Assume that U* < oo (resp. Uy > —o0). Then U* (resp. Ux) is a sub- (resp. super-)
solution of (4.3.1).
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Proof. We give only the proof for sub-solutions, since it is almost identical for super-solutions.
Let ¢ € CZ2(R?), ¢ € C1([0,T1), to > 0, and h > 0 be such that S(-,9)¢ € C((tg — hto+
h), CbQ(]Rd)), assume that
U*(x,t) = S(t,to)d(x) — (1)

attains a local maximum at (zq,tg) € R x (to — h,tg + h), and, without loss of generality,
assume zg = 0, ¢(0) = 0, and ¥(ty) = 0. Set p := Dp(0), X := D?¢(0), and a := ¢’ (¢¢).

For fixed 6 > 0, shrink A > 0, if necessary, and let » > 0 be such that

1
¢($)§p-x+§Xx-x+5]a:|2 for all z € B,(0) and

Y(t) < alt —tg) + 0|t —to| forallt € (tg— h,tg+ h).

Choose ¢1 and ¢9 in Cg (Rd) such that

(

1
o1(x)=p-x+ §X.:L' cx+ 5]93\2 for = € By(xq),

1
O2(a) =p- @+ 3 Xo-w+20lal’ forz € Br(a), and

\¢§¢1§¢2 on RY.

If h is sufficiently small, then S(-,tg)¢1 and S(-,tg)¢2 belong to C((tg — h,tg + h), C’g(Rd)),

and Lemma 2.2.6(b) implies that
S(t,to)p < S(t, tg)p1 < S(t,tg)pe forall t € (tg — h,tg+ h).

In particular, U*(z,t) — S(t,t9)¢1(z) — () attains a local maximum at (0, tg).
Let (2n,tn) € RY x (tg — h,tg + h) and v, € F be such that, as n — 0o, (zp,tn) —

(0,t9) and vy (zn,tn) — U*(0,tg), and let (z},,t,) be the maximum point attained over

By (0) x [tg — h,tg + h| by the function

(4.3.6) n(,t) — S(t,to)d2(x) — a(t — tg) — 20(|t — to|> + n~1)/2.
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Then

Un(@n, tn) < vp(@h, ) + S(tn, to)d2(zn) — S(ty, to)da(zy,) + altn — 17,)

(4.3.7)
+26 (1t = tof2 + 0~ )2 = (|t — o +n~H}/?) .

Let (y,s) € Br(0) x [tg — h,tp + h] be an accumulation point of the sequence {(z},,%},)} pen-

Passing to the limit in (4.3.7) yields

U*(0,t9) < U*(y,s) — S(s,t0)p2(y) — a(s — tg) — 20|s — to|
(4.3.8) < U*(0,t9) + S(s,t0)¢1(y) — S(s,t0)d2(y) — d]s — to

< U*(0,tg) — d]s — tol,

and, therefore, s = . Inserting this fact into (4.3.8) gives ¢2(y) < ¢1(y), which implies
that

y=0, lim (z},t)=(0,t9), and nlgréo v (), th) = U*(0, ).

n—oo

In particular, for sufficiently large n, (z},,t,,) € Br(0) x (tg — h,tg + h).

Finally, set ®(x,t) := S(t,tg)p2(x). (The definition of solutions) gives

th —to

2
(|t;1 —t0|2—}-n_1)_1 S F(D q)(x;wt’/n)?Dq)(x;l7t;l)?Un(mgl’t;l%m’/n’t;l)

a+ 20

Upon letting n — oo and § — 0, this becomes a < F(X,p, U*(0,t),0,tp), as desired. ]

The second step is to show that if a “strict” sub-solution has its values increased in
a certain way in a sufficiently small open cylinder, then the resulting function is another
sub-solution. This “bump” construction is less straightforward than in the classical viscos-
ity solution, due to the limited flexibility in the choice of test functions. The domain of

dependence result Lemma 2.2.7 will play an important role in the proof.

Lemma 4.3.3. Suppose that w is a sub-solution of (4.3.1), and that ws fails to be a super-

solution. Then there exists (xq,ty) € R% x (0,T] such that, for all k > 0, (4.3.1) admits a
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sub-solution wy, satisfying
wg > w, sup(wx —w) >0, and wg=w in (Rd X [O,T]) \ Nk (xg,t0).

Proof. By assumption, there exist ¢ € C’bz(Rd), v e CL[0,T]), (zg,t9) € R% x (0,T], and
h € (0,x) such that S(-,t9)¢ € C((tg — h, to + h), C2(RY)),

wi () = S(t, o) p(x) — ()
attains a local minimum at (xq, tg), and
(4.3.9) W (to) — F(D*¢(0), Dp(x0), ws(z0, o), T, to) < 0.

Assume again zg = 0, ¢(0) = 0, and ¥(ty) = 0, set X = D2$(0), p := D¢(0), and

a := v/ (tp), and define the nondecreasing functions wq,ws : [0,00) — [0, 00) by

[¢(x) —p- @ — 5 X - af

wi(o) :== sup 5 and
|z|<o ||
t) —alt—t
o) ey O —alt=t0)
lt—to|<o |t — to|

Let v € (0,1), r € (0,x), and s € (0, h) be such that

(4.3.10) wi(r),w(s) < 3.
and set

2

r° s
4.3.11 0= ] — = ].
oy o (22)
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Choose 7] € C’g(Rd) satisfying

1
nx)=p-x+ §Xx -2 —~|z|? in Br(zg) and

i< ¢inRY,

and, if necessary, shrink h > 0 so that S(-,tg)n € C((tg — h,tg + h), C’Z?(Rd)). Observe that
this may also result in s, and therefore §, becoming smaller.

For (z,t) € R x (tg — h,tg + h), define
N L A _ N N 2 2y1/2
w(z,t) = wx(0,tg) + § + S(t, to)n(x) + a(t — tg) — (|t — to|* +6°)/~.

Then, if v, r, and s (and therefore 0) are sufficiently small, @ satisfies the sub-solution
property of Definition 2.3.1 in Ny 4(0,%p). Indeed, choose ¢ € C’g(Rd), a € C1([0,T]), and
(2,1) € Ny 5(0,t0); let h > 0 be such that S(-,#)¢ € C({—h,i+h, Cg(Rd)); and assume that

attains a strict maximum at (#,#). This implies that
DS(i,to)i(#) = D((#) and  D*S(E to)i(#) < D*((#),
and, because

t > sup (S(t, to)i — S(t,8)¢) + at — (|t — to] + 62)1/2 — a(t)
Rd

attains a maximum at ¢, Lemma 2.2.6(c) yields

f—to PP
=« (t).
= to2 + 02) 2 ©

a —
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Therefore, from the strict inequality in (4.3.9), the continuity of the solution map S(¢,¢g) on
CZ(RY), and the continuity of F, it follows that o/ (f) < F(D?((&), D{(&),w(,1), &, ) if 7,
r, and s are small enough.

Define

R:= max max{||DS(t,t0)¢|l~ . |IDS(t to)1ll ),
‘t—t0|§h

and shrink s further so that

(4.3.12) pRr(s) <

Y

| 3

where pp is the modulus from the domain-of-dependence result Lemma 2.2.7. The claim is

that

(4.3.13) w(x,t) > w(z,t) in N7r/8,5(07 tO)\N5r/8,s/2(07 to)-
As a first step, observe that

w(z,t) —w(x,t) > we(z, t) —w(z,t) > =0+ S(t, tg)o(x) — S(t, to)n(x)

+ (v —wals))[t = tol-

Suppose that (z,t) € Ny, /g 4(0,20)\ N7, g 59, that is, s/2 < |t — to| < s and [z] < Tr/8.

Then (4.3.10) and (4.3.11) give

(4.3.14) wle,t) — (1) 2 =0+ (v —wn(s) - 5 = —6 4+ 12 = 2 >0

| »w

To prove (4.3.13) for (x,t) € Ng,./g ¢\N5,/8 5, we apply Lemma 2.2.7 to the annulus K =
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Br-(0)\B,./2(0) and obtain
inf _ (¢(x) — () < inf {S(¢ to)e(x) — S(t,t0)7(x) : dist(z, K) = pr(|t —tol)}
r/2<|z|<r

< inf {S(t,10)6(x) = S(tt0)i(x) : min (r = |z],]al = 5) = pr(s) }

Combining this with (4.3.10), (4.3.11), and (4.3.12), it follows that, whenever 5r/8 < |z| <

7r/8 and |t — tg| < s,

r\ 2
w(e,t) = wle,t) = ~6+ inf  (9(z) — i) = —3+ (v —wi () - (5)

This finishes the proof of (4.3.13).

Finally, define

max(w(z,t), w(z,t)) for (x,t) € Ny, 5,(0,%p), and
wi(x,t) = ’

w(z,t) for (z,t) ¢ N?r/S,s(OatO)-
Then wy, > w, and w, = w outside of N (0,tg). If (xp,ty) is such that limy,—soo (2, ty) =
(0,%9) and limy—00 w(xp, ty) = w(0,ty), then

lim (w(zn,tn) — W(Tn,tn)) = —(1 —7v)d <0,

n—oo

so that supy, (o 40) (wx —w) > 0. Finally, wy is a sub-solution. This is evident on (R? x
0, T])\W, as well as in the interior of N7, g (0,%), because there wy, is equal to
the pointwise maximum of two sub-solutions. It remains to verify the sub-solution property
on the boundary of N7r/8,8(0, tg), and this follows because, in view of (4.3.13), w, = w in a

neighborhood of the boundary of NW/&S(O, to)- O
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Finally, we present the

Proof of Theorem 4.3.1. Observe first that, in view of Lemma 4.3.1 and the comparison
principle (4.3.4), u is well-defined and bounded.
Fix e > 0, let ¢° € C’g(]Rd) be such that

¢ —e<ug< ¢t +e¢ on RY,

and let u® and u° be a sub- and super-solution, continuous in a neighborhood of R x {0},
and achieving respectively the initial data ¢ — ¢ and ¢° + . The existence of the sub- and
super-solution are guaranteed by Lemma 4.3.1.

The comparison principle yields
w <uy <u<u* < onRIx[0,7T],
and, in view of the continuity of u¢ and @ near R% x {0},
5 — e <un(0) SuH(0) < & +e

Since ¢ is arbitrary, it follows that u(-,0) = ug and lim, 1y, (4.0 u(z,t) = ug(zp) for all
o € RY.

Lemma 4.3.2 now implies that «* is a sub-solution of (4.3.1) with u*(z,0) < wug(z).
The formula (4.3.5) for u then yields u* < w, and therefore u* = u. That is, u is itself
upper-semicontinuous and a sub-solution.

On the other hand, u4 is a super-solution. If this were not the case, then Lemma 4.3.3
would imply the existence of a sub-solution @ > u and a neighborhood N C R x (0, T such
that & = u in (R? x [0, T])\N and supy (@ —u) > 0, contradicting the maximality of w.

The comparison principle (4.3.4) gives u* < uy4, and, as a consequence of the definition
of semicontinuous envelopes, us < u*. Therefore, u = ux = u* is a solution of (4.3.1)
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with u = ug on RY x {0}. The uniqueness of u follows from yet another application of the

comparison principle. O
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CHAPTER 5
APPROXIMATION SCHEMES

5.1 Introduction

In this chapter, we construct numerical schemes to approximate solutions, and prove that
they converge under quite general assumptions. Among the approximations that we study are
finite-difference schemes and Trotter-Kato splitting formulas. The former raise the possibility
of numerical implementation, which we justify with precise error estimates in the first-order
setting.

For a fixed, finite horizon T' > 0, we consider the initial value problem

m
du = F(D*u, Du) dt + Y H'(Du)-dW' in R?x (0,T] and
(5.1.1) i=1

u(-,0) =ug in RY,

where
(5.1.2) F e 0% (s? x R?) s degenerate elliptic,

W= Wl w2 .. wmn e C([0, T],R™), and ugy € BUC(Rd). The precise assumptions
on H = (Hl, H2, ... L H™) R? — R™ are specified later, and depend on the setting. As
is the case earlier in the thesis, H should be regular enough to allow for the construction,
for sufficiently small intervals I and smooth ¢, of local-in-time, spatially-smooth solutions

of the equation

m
(5.1.3) d® =Y H'(D®)-dW' inRYxT and @(,t)=¢ inR%
=1
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5.1.1 The main results

We first summarize the main results in the context of certain finite-difference schemes. To
simplify the presentation, assume d = m = 1, F and H are both smooth, and F' depends

only on gy, so that (5.1.1) becomes

(5.1.4) du = F(ugg) dt + H(ugz)-dW inRx (0,7] and wu(-,0)=1wuy inR,
or, in the first order case, when F = 0,

(5.1.5) du= H(ug)-dW inRx (0,7] and wu(-,0)=wug inR.

The approximations are constructed through the use of a scheme operator, which, for h > 0,
0<s<t<T,and ¢ € C([0,T];R), is a map Sp(t,s;¢) : BUC(R) — BUC(R), whose
properties will be made more precise in Section 5.2.

Throughout the chapter, the symbol P denotes a partition of [0, 7] and |P] its mesh size,
that is,

P={0=tyg<t; <---,ty =T} and

P| = max t —tn).
[P nzO,l,...,N—l(n+1 n)

Given such a partition P and a path ¢ € C([0,T];R), usually a piecewise linear approxima-

tion of W, we first define the function @y(+; {,P) by

up(+,0;¢,P) :=ug and
(5.1.6)
ﬂh(-,t; C,P) = Sh(t,tn;f)ﬂh(-,tn;g,/])) form=0,1,...,. N—1, t € (tnatn—i—l]-

The strategy is to choose families of approximating paths {W}, },~( and partitions {Py, }1,~0

satisfying

5.1.7 lim |[W), — W] =0= Lm [Py,
(517 i [y = Wil =0 = lim [P
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in such a way that the function

(5.1.8) up(x,t) == ap(x, t; Wy, Pp)

is an efficient approximation of the solution of (5.1.4). We give several different specifications
for Py, and W}, below. While technical, these are all made with the same idea in mind, namely,
to ensure that the approximation W} is “mild” enough with respect to the partition. In
particular, for any consecutive points t, and ¢,,41 of the partition Pj, and for sufficiently

small h, the ratio

Wi (tni1) — Wi (tn)
h

should be less than some fixed constant. This is a special case of the kind of Courant-Lewy-
Friedrichs (CFL) conditions required for the schemes in this chapter, which are discussed in
more detail in the forthcoming sections.

As an example of the types of schemes studied in this chapter, we consider here the follow-
ing adaptation of the Lax-Friedrichs finite difference approximation for scalar conservation
laws. A formulation for approximating viscosity solutions of Hamilton-Jacobi equations with
no space-time dependence was studied by Crandall and Lions [23].

For some ¢, > 0 to be determined, define

83t Jute) = o) + 1 (MRS ) - g

(5.1.9) N {F (U<I+h)+u(m—h)—2u(x))

h2

e (u(x—i—h) +u(h:cQ— h) — 2u(x))] (t—s)

The first result, which is qualitative in nature, applies to the simple setting above as

follows:
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Theorem 5.1.1. Assume that, in addition to (5.1.7), W}, and P}, satisfy

h? :
|7Dh| S T and Eh = h HWhH ﬂ) O.
1F' )| oo 00

Then, as h — 0, the function uy, defined by (5.1.8) using the scheme operator (5.1.9) con-

verges locally uniformly to the solution u of (5.1.4).

We obtain explicit error estimates for finite difference approximations of the pathwise
Hamilton-Jacobi equation (5.1.5). The results below are stated for the following scheme,

which is defined, for some 6 € (0, 1], by

8305 Jute) = (o) + 11 (RIS ) - g

(5.1.10) 0
+ 5 (u(z +h) +ulz — h) = 2u(z)).

Note that this corresponds to choosing ¢j, := 2(015]1_25) in (5.1.9).

The main tool for proving rates of convergence is the following pathwise error estimate.

For the remaining results in the introduction, it is assumed that Lip(ug) < L for some L > 0.

Theorem 5.1.2. There exists C' > 0 depending only on the Lipschitz constant L such that,

if ¢ € C([0,T],R) is piecewise linear over the partition P such that

0
to) =) < ——h
nzo,rf,l?.}fzv—llg( n1) = ()| < 1H |0

and u is the solution of

ur = H(ug)¢ iR x(0,7] and a(-,0)=wuy inR,
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then, for all e,h >0,

sup |th(fL’,t,C,P) _ﬂ(l‘at”

(,)€RX[0,T]
1 N-1 |S t|2
)2 V _ B .
< - ngzo (tp+1 —tn)" + CVNh + 5,2[36}}] {C’ 1C(s) — ()] 5 } :

The rates of convergence are then established by choosing families of paths {W}, },~( and
partitions {Pp, },~¢ in order to optimize the estimate from Theorem 5.1.2.
We do so first for an arbitrary, fixed continuous path W, whose modulus of continuity

on [0, 7] is denoted by w : [0,00) — [0,00). For h > 0, define pj, implicitly by

(o) Pw((pp)?) 0
(5.1.11) A= 2 < T

loo”

and let the partition Py, and path W), satisfy

Pp, = A{npp AT tpeny, My, = L)Y,
(5112) and, for k € Ny and ¢ € [k‘Mhph, (k + 1)Mhph)>

W((k+1)Mypp) — W (kMppp)
Mppp,

Wi (t) == W (kMppp) + ( ) (t = kMppp) -

\

Theorem 5.1.3. There exists C > 0 depending only on L such that, if up, is constructed
using (5.1.8) and (5.1.10) with Py, and W}, as in (5.1.11) and (5.1.12), and u is the pathwise

viscosity solution of (5.1.5), then

sup  Jup(,8) — u(z, )| < C(1+ T)w((pp)?).
(x,t)ERdx [0,T]

As an example, if W € C%9([0, 7)), then (5.1.11) means that pj, = O(h%/(11%)) and the
rate of convergence in Theorem 5.1.3 is O(h/(1+)),

We now describe some constructions in the case that W is a Brownian motion, for which
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(5.1.5) becomes the stochastic Hamilton-Jacobi equation
(5.1.13) du= H(ugz)odW inRx (0,7] and wu(-,0)=wug inR.

As a special case of Theorem 5.1.3, the approximating paths and partitions may be taken

to satisfy (5.1.12) with p;, given by
34 log py|'1? 6

_ (en)
(5.1.14) A= A < [H’

oo

A second way of defining the partitions and paths may be achieved through the use of certain

stopping times:

(
h1/3
Ty :=0, T =inft>T,: max |W(r)—W(s)|>—— =,
)= 0, T { o, s (W0 = W) > h’m}
W(Ty, 1) — W(T})
Wh(t) = W(Tk) + ( T+ ) T ( (t—"1Ty) forte [Tvak:—l—l)’
k+1 k
(5.1.15) /
M, {&w and
(h] log |)*/?
Ti..1— 1T,

P, = {tn ::Tk—i—(n—th)%:th§n<(k+1)Mh, kzeNO}.

\ h

Theorem 5.1.4. Suppose that W is a Brownian motion, and assume that either

Py, and Wy, are as in (5.1.12) with py, defined by (5.1.14), or

P, and Wy, are as in (5.1.15).

If uy, is constructed using (5.1.8) and (5.1.10), and u is the solution of (5.1.13), then there
exists a deterministic constant C' > 0 depending only on L and \ such that, with probability

one,

t) — t
e s ) = uG o)

<C+T).
h0 (zt)erdxfoq] /3 [logh|'/?

The final type of result involves convergence in distribution in the space BUC(R%x [0, T]),
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with the topology of local uniform convergence.

For random variables {X;}5-0 and X taking values in some topological space X, recall
that X is said to converge in distribution (or in law) to X and § — 0 if the law v5 of Xj
on X converges weakly to the law v of X. That is, for any bounded continuous function

¢: X =R,

lim/¢dV5:/¢dV.
0—0Jx X

Below, the paths W), are taken to be appropriately scaled simple random walks, and, as
a consequence, W, converges in distribution to a Brownian motion W (see for instance
Billingsley [14]). This corresponds above to X = C([0,T],R") and v the Wiener measure
on X.

Let A, pp,, W}, and Py, be given, for some probability space (A, G, P), by

( 3/4
Ao e 0
h | H'

My, = L(pn) "V,

oo
. N
Pr = {tn}n—o = {nop A T}neNo J

{&n}nzy : A — {—1,1} are independent,

(5.1.16) :
P(En=1)=P(=-1)= 2 W(0)=0, and
Wi, (t) := Wy (kMppp) + Ai—k(t — kMy,pp)
hPh

for k € Ny, t € [k‘Mhph, (]C + 1)Mhph).

Theorem 5.1.5. If uy, is constructed using (5.1.8) and (5.1.10) with W}, and Py, as in

(5.1.16), and u is the solution of (5.1.13), then, as h — 0, uj, converges to u in distribution.

5.1.2  Quverview of the theory in the non-rough setting

The comparison principle for the equation

(5.1.17) u = F(D*>u,Du) inR% x (0,7] and u(-,0) =uy in RY
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gives monotonicity of the solution with respect to the initial condition. That is, if u(-,0) <
v(+,0), then u(-,t) < w(-,t) for all future times ¢ > 0.
In addition, (5.1.17) is stable under local uniform convergence: if, for n > 0, ug,up €

BUC(RY), F,, F € C(R%), u,, € BUC(RY x [0, T7]) solves

(5.1.18) Upt = Fy(D?uy, Duy)  in R% x (0,7 and wup(-,0) =wugy, in R?,
and, as n — 00,

(5.1.19) ugy — ug and  Fp — F locally uniformly,

then, as n — 0o, uy, converges locally uniformly to w, the viscosity solution of (5.1.17).
These properties can be summarized in terms of the solutions operators for (5.1.17),

which are, for ¢ > 0, the maps S(t) : BUC(R?) — BUC(R?) for which the solution u of

(5.1.17) is given by u(x,t) = S(t)ug(z). For all s5,t > 0, ¢,¢» € BUC(R?), and k € R, these

satisfy

(a) S(0)¢ = ¢,

(b) S(t+s)=5()S(s),
(5.1.20)
(¢c) St)(p+k)=S{t)p+k, and

(d) sup (S(t)¢ — S()y) < sup (¢ —¢).

\ Rd R4

Property (5.1.20)(c) implies that (5.1.20)(d) is equivalent to the monotonicity of S(¢). That
is, if ¢ < b, then S(t)p < S(t)y for all ¢ > 0.

The stability property above can be rephrased as saying that, if (5.1.19) holds and if
Sp(t) : BUC(RY) — BUC(R?) is the family of solution operators corresponding to (5.1.18),
then, as n — oo, Sp(t)ug,(r) — S(t)ug(x) locally uniformly. The philosophy behind the

creation of approximation schemes is to generalize this result, by constructing, for h > 0 and
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p > 0, suitable operators S, (p) : BUC(RY) — BUC(R?) that satisfy properties similar to
those in (5.1.20). In particular, for all ¢ € BUC(R?) and k € R, and for some increasing
function h — pj, satisfying limy,_.g pp, = 0,

(

(a) Spt)(@+k) = Sp(t)o +k,

(5.1.21) (b)  sup (Sp(p)¢ — Sp(p)¥) < sup (¢ —¢) whenever 0 < p < pp, and
o Rd R4
(¢) lim sup Snlp)d=¢ _ F(D?¢,D¢)| =0 for all ¢ € C2(RY).
h=00<p<py, P

Given a partition P}, satisfying |Py| < py,, the approximate solution uj, : BUC(R® x [0, T7])

is assembled by first setting uy,(+,0) := ug and then iteratively defining

(5.1.22) up(+,t) == Syt —tp)up(-,ty) forn=0,1,2,....N —1and t € (ty, tn+1].

One example of particular interest is the class of finite difference approximations, for
which S}, (p)u depends on the function u only through its values on the discrete lattice hZ9.
A major consideration for such schemes is to establish a relationship between the resolutions
of the discrete grids in time and space, that is, to choose the map h +— p;, in such a way
that the properties in (5.1.21) are satisfied. Such a relationship is known as a Courant-
Friedrichs-Lewy (CFL) condition [22], and various examples will be studied throughout the
chapter.

As is well-known, solutions of (5.1.17) are generally not C? on all of RY x [0, 77, even if
F, H, and ug are all smooth, and so (5.1.21)(c) is not enough to prove the convergence of uy,
to u as h — 0. It is here that the monotonicity of S}, (p), which is implied by (5.1.21)(a) and
(b), is vital, since it allows the scheme operator to be applied to the smooth test functions
coming from the definition of viscosity solutions.

A finite difference scheme operator Sy, in its simplest form, when d = 1 (the last assump-

tion here made only to simplify the presentation), is given, for some F}, € 0071(R x R x R),
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by

Sn(p)ule) = ula)

u(x +h)+u(r —h) —2u(x) ulx+h)—ulz) uw(z)—ulx—nh)
+th( 12 ! h ’ 3 )

The scheme (5.1.23) automatically satisfies (5.1.21)(a), while (5.1.21)(b) holds if the function

(5.1.23)

_ =2 _ o
RXRXR9(U7U—7U+)r—>u+th(u++u U Uy —U U u)

N A

is nondecreasing in each argument when 0 < p < pj,. This will be the case if
(5.1.24) pp, = Ah?

for some sufficiently small constant A > 0. For the first-order equation
(5.1.25) w=H(Du) inR?x (0,7] and wu(-,0) =uy on R
the CFL condition becomes instead

(5.1.26) ph = Ah.

The function Fj, is related to F' through a consistency requirement, which here means

that, for all X € R and p € R,
(5.1.27) lim Fj,(X,p,p) = F(X,p) and sup||DF}l < oo.
h—0 h>0

Property (5.1.21)(c) can then be readily verified by using Taylor approximations to estimate
the finite differences of functions ¢ € C2(R%).

An instructive example in the first-order setting is the following analogue of the Lax-
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Friedrichs scheme for scalar conservation laws. Let €;, > 0 and define, for x € R,

Sh(p)ue) = ulw) + p |1 (LR —ulz =)
(5.1.28) h\P - (u(xpjh)gu% h)wi 2u(£))}).

Here, Hy, is given by

Hy(p,q) = H (%) + 6gh(p —q).

The final term in (5.1.28) is a discrete analogue of the small viscosity used in the method
of vanishing viscosity to obtain weak solutions of first-order equations. It is used here to
inject monotonicity into the scheme, because, if, for some fixed # > 0 and A > 0, the small

parameter ¢, is defined by

Oh

1.2 = —

then (5.1.21)(b) is satisfied as long as (5.1.26) holds with # <1 and A < W

In [23], Crandall and Lions found error estimates for this and and other explicit finite
difference schemes for homogenous Hamilton-Jacobi equations. More precisely, it was proved
for the above example that there exists a constant C' > 0 depending only on [|[DH||,
| Dug|| o, and A such that, if uj, is defined as in (5.1.22) and (5.1.28), and if u solves (5.1.25),
then

sup lup,(z,t) — u(z, t)| < C(1+ T)h'/2.
(a,t) R4 [0,T]

This same rate was later established by Souganidis [77] for both explicit and implicit finite
difference schemes for equations with Lipschitz spatial and time dependence, and the same
method was applied to study other approximations such as max-min representations and
Trotter-Kato splitting formulas [78].

Barles and Souganidis [9] considered schemes for second order equations, using a shorter,

qualitative proof of convergence relying on the method of half-relaxed limits from the classical
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viscosity solution theory. Kuo and Trudinger [46, 47] also investigated such schemes in great
detail and constructed several examples. The question of estimating the rates of convergence
for such approximations of second order equations was analyzed from many points of view.
Barles and Jakobsen [10, 11, 12] achieved algebraic convergence rates for stochastic control
problems, taking advantage of the fact that F' is convex in that setting. Jakobsen [39, 40]
and Krylov [43] also established rates of convergence for nonconvex problems under some
restrictions on F. If F' is uniformly elliptic, then rates of convergence can be found under
very general assumptions using techniques from the regularity theory for fully nonlinear,
uniformly elliptic equations, as exhibited by Caffarelli and Souganidis [19], and later by

Turanova [80] for inhomogenous equations.

5.1.3 Difficulties in the pathwise setting

The lack of regularity for W complicates the task of constructing scheme operators for (5.1.1)
that are both monotone and consistent. Consider, for example, modifying the Lax-Friedrichs

scheme (5.1.28) for the equation

(5.1.30) du = H(uz)-dW inRx (0,7] and wu(-,0)=wuy inR.

If W is sufficiently regular, then it is reasonable to define a time-inhomogenous scheme

operator by

Sy (1, s)u(x) = u(x) + H (“("” +h) 2;“(:” - h>) (W(t) — W (s))
(5.1.31) ot
te, (u(SL’—l-h)‘f‘U(th h) — 2u( )) (t—s).
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Proceeding as in the previous subsection, a simple calculation reveals that Sy (t, s) is mono-

tone for 0 <t —s < py, if pj, and €, are such that, for some 6 < 1,

o on?
“h = 2(t — s)
and
t 0
(5.1.32) A= max ose(W,5,1) <0 = gy
jt=s|<pp N [1H

On the other hand, for any s,¢t € [0,7] with |s — ¢| sufficiently small, spatially smooth

solutions @ of (5.1.30) have the expansion,

(5.133) O(z,t) = O(x,8) + H(Py(z,8))(W(t) — W(s))
+ H' (D, 5))* B (2, 5) (W () = W(s)> + O(W (1) = W(s)),

so that, if 0 <t — s < py, for some C' > 0 depending only on H,

Sup[Sh(t, $)2(5) = O(, )| < € sup | D20(,r)| (W (1) = Ws)P + 0?)
(5134 el

< C sup HD2 )H (1+)\3)h2.
re(s,t] o0

Therefore, in order for the scheme to have a chance of converging, pj, should satisfy

h2
(5.1.35) lim — = 0.
h—0 pp,

Both (5.1.32) and (5.1.35) can be achieved when W is continuously differentiable, or merely

Lipschitz, by setting
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More generally, if W € C0([0, T]) with a > %, and if

(5.1.36) (pp) = [

then both (5.1.32) and (5.1.35) are satisfied, since

> 0.

1
B (Wlazh N\
Ph A

However, this approach fails as soon as the quadratic variation path

(W ::1m1§jwvmﬂ W (tn)|?

|P|—>0

is non-zero, as (5.1.32) and (5.1.35) together imply that (W) = 0. This rules out, for
instance, the case where W is the sample path of a Brownian motion, or, more generally,
any nontrivial semimartingale.

Motivated by the theory of rough differential equations, it is natural to explore whether
the scheme operator (5.1.31) can be altered in some way to refine the estimate in (5.1.34),
potentially allowing (5.1.35) to be relaxed and pj, to converge more quickly to zero as h — 0.
More precisely, the next term in the expansion (5.1.33) suggests taking W € C%([0, T], R™)

with a > % (or more generally, W with p-variation for p < 3) and defining

Sy (1, s)u(x) = u(x) + H (“@” +h) 2;“(:” - h>) (W(t) — W (s))
Ly (ulz+h) —ulz —h)\?
(5.1.37) ! ( , 2h , )2
+ g (u(z + h) +u(z — h) — 2u(x)).
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As can easily be checked, (5.1.37) is monotone as long as (5.1.32) holds,

0
1] oo (1 2L [|H" ]| o0)

Lip(u) < L, 0+ Hl—]’”oo/\2 <1, and A<

On the other hand, the error in (5.1.34) would then be of order h% + [W (t) — W(s)|?, which
again leads to a requirement like (5.1.35). This seems to indicate that we should also incor-
porate higher order corrections in (5.1.37) to deal with the second-order spatial derivatives
of u. However, this will disrupt the monotonicity of the scheme in general, since it will no
longer be possible to use discrete maximum principle techniques.

For this reason, we develop a more effective strategy that works for any continuous path.
Namely, rather than modifying the scheme itself, we regularize the path W. If {IWW},};,~¢ is
a family of smooth paths converging uniformly, as h — 0, to W, then (W) = 0 for each
fixed h > 0, and therefore, W}, and pp, can be chosen so that (5.1.32) and (5.1.35) hold for
Wy, rather than W. Various methods for implementing this procedure, both qualitative and

quantitative, are explored throughout the chapter.

5.2 The general convergence result and applications

The constructions in this chapter rely on the properties of a family of scheme operators,

indexed by h > 0, s,t € [0,T] with s < t, and a path ( € C([0, T],R™):
Sp(t, s;¢) : (BYUC(RY) — (B)UC(RY).

We assume throughout that S} commutes with translations in both the independent and
dependent variables, in order to reflect the corresponding translation invariance of (5.1.1).

That is,
(5.2.1) Syt s:O)(u+k) =Syt s;Q0u+k forall keR and ue (BUCRY),
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and

(5.2.2) Sp(t,s;() oy =1y o Sy(t,s;¢) forall ve R?, where Tou(z) = u(z + v).
For a Hamiltonian H satisfying

(5.2.3) H e C*(RYR™)  for some k > 2

and a fixed continuous path W € C([0,7],R™), we consider a family of paths {W},},~o C

C([0,T],R™) and a partition width p; > 0 satisfying

(5.2.4) h +— py, is increasing, IWp, =Wl =0= ]lmb Phi
H

lim
h—0

if up <wg and s,t € [0, 7] satisfy 0 <t — s < pp,

(5.2.5)
then Sy, (¢, s; Wp)uy < Sy (t, s; Wp,)us;
and
(
if I CR, @), € C(I,C*R?) is a solution of
m . .
A, = H'(D®) - dW}, in R? x I,
i=1
spotp €1, 0< by, — 85, < pp, ¢ € CF(RY), R >0,
(5.2.6)

and lim |[@x (-, sp) = llor(ra) = 0, then

lim Sh(th, sp; W) ®p (-, ) () — Sp(2, sp)
h—0 th — S

= F(D*¢(), Do(x))

uniformly for x € R% and  max HDj ng <R.
\ =2,3,...k 00

The scheme operator is used to build approximate solutions as follows. For a fixed path

¢ € C([0,T];R™), partition P ={0 =1ty <ty <--- <ty =T} of [0,7], and initial datum
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uy € BUC(RY), define

ap(+,0;¢,P) :=up and
(5.2.7)

ah(7ta C,P) = Sh(t,tn,C)Uh(,tn,C,P) for n = 07 17 R N — ]-7 te (tnatn+l]'

Theorem 5.2.1. Assume that H € C*(R? R™) and Sy, Wy, and py, satisfy (5.2.1) - (5.2.6).
Let { Py} >0 be a family of partitions of [0,T] such that |Py| < py, for all h > 0, and define
up, = up(-; Wy, Py,). Then, as h — 0, uy, converges locally uniformly to the pathwise viscosity

solution u of (5.1.1).

The proof of Theorem 5.2.1, which, as in [9], makes use of the method of half-relaxed
limits, will be postponed until the end of this section. In the following sub-sections, we

demonstrate its utility in a variety of contexts.

5.2.1 Finite difference schemes

Define, for z € R? and y € Z%\{0}, the discrete derivatives

u(z + hy) — u(x)
hly|

and D%’yu( x) = D*:yD};yu(x) =

_ u(w) —u(z — hy)
) Dh,yu@) = hly] ;

u(z + hy) + u(z — hy) — 2u(x)
h2Jy|? '

D;{’yu(x) =
(5.2.8)

Observe that there exists a universal constant C' > 0 such that, if u € CLI(RY), h > 0, and

y € Z\{0}, then

(5.2.9) HDi w—Du- @H <CHD2 H h,

and, if u € C2(Rd),

(5.2.10) HD,?L Ju— D, ’D u(z1) — D2u(xs)] .

|| |y‘ H |z1— x2|<h
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For some fixed N € N, define

p
Zd = S Zd ;. Inax | < N5,
{y =1,2 d’yz, - }

i=1,2,...,

+ it _ (n+ —
Dh,N = {Dh,y}yezgl\,\{()}> Dy n = (Dh,N Dh,N) , and

2 L 2
| Phv = Dhybyezd\ (o)

Then, for some given functions

H, € CO,l(R(2N+1)d—1 « REN+14-1 R) and

F, € 00,1<R2N+1)d—1 « REN+14-1 R(2N+1)d—1)

)

the scheme operators for finite difference approximations take the form
(5:2.11) Sp(t,s; Qulw) == u(x) + Fy (Dfu(e), Dyu()) (¢ = 5) + Hy (Dyua), (1) = ((5))

Properties (5.2.1) and (5.2.2) are immediate, while the question of whether (5.2.11) satisfies

(5.2.5) or (5.2.6) is reduced to routine calculations involving Fj, and Hjp,.

Hamilton-Jacobi equations

We first study the first-order setting, for which F' = Fj, = 0. We assume that

(5.2.12) H' = Hf — Hé for convex H{, H% ‘R 5 R nonnegative,

(5.2.13) IDH||,. < oo,
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and, for some C' = Cf, > 0,

|DH}, (-, ACQ)| < C(JAC|+h) for all h >0 and A¢ € R™, and

(5.2.14) )
n(p,p, AC) = ZH’ )¢ for allh>0,pER(2N+1) —1 and AC € R™.

In order for monotonicity to hold, more precise bounds for the derivatives of Hj, are required.

2N+1)4-1 _
Let elements of R( ) be labeled by {py}yez%\{o}, and assume that, for some C' =
Cr, > 0,0¢€0,1], and A\g > 0,

> ! (%—%)gl)\—_gmghteh and
0

Jyl \ 0q dp
(5.2.15) yeZi\{0) ’ ’
——h 7R s o - forall y € Z 0}.
o0 Gy > 5 y € Zy\{0}

Lemma 5.2.1. Suppose that Hj, satisfies (5.2.14). Then there ezists C' = C, > 0 such that,
whenever ¢ € C([0,T],R™), osc((, s,t) < Agh for some s,t € I, and ® € C’(I,Cl’l(Rd)) is

a solution of
m

d® =Y H'(D®)-d¢" in R x I,
1=1

then

9n(t,5: )2, ) = @ (- Do < O D20 12,

If, in addition, H, satisfies (5.2.15), then, whenever ui,us € (B)UC(R®) with uy < ug
and osc((, s,t) < \gh,

Sh<ta S5 C)ul < Sh(t7 55 C)u2

Motivated by the above result, the schemes for first-order equations in Section 5.3, for

which we obtain explicit error estimates, will be assumed to satisfy the conclusions of Lemma

5.2.1.
Proof of Lemma 5.2.1. Let ® € C(I, C’l’l(Rd)) be as in the statement of the lemma. Then
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there exists C' = C, > 0 such that, for all s,t € I,

Bt) = 05 = S0 HHDB(.) (¢0) — ') H < o||p?e|| e - ).

=1 00

Therefore,

Sh(t,53 ), 5)(2) — @, t)] < € | D% (B 41600 = <o) b+ 16() - C(5)2)

< C(14 A+ A\3)n2.
Meanwhile, if Sy, : RN+1)¢ — R is the map implicitly defined by

Sn ({ule +)}yezy ) = Shlt.s Qu().
then (5.2.15) implies that &j, is increasing in each of its arguments as long as osc((, s,t) <
Aoh. m

We now mention two specific examples. The first is the analogue of the Lax-Friedrichs

scheme discussed in the introduction. Here, Hj, is defined, for some 6 € (0, 1], by
pta ‘
Hh<p,q,A<>:=H( )A<+—Z ar, — Dk)

where the vector (p,q) € RY x R? stands for the discrete derivatives

+ et + - - -
(Dh o DF ,Dh7€d> , <Dh oDy Dhﬁd) ,
ep = (0,0,...,0, 1 ,0,...,0) fork=1,2,. .. d.
k

Then (5.2.14) and (5.2.15) are satisfied with \g := W

If d = 1, the different intervals of monotonicity of H may be exploited to create “upwind”
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schemes. As a simple example, assume that H > H(0) = 0, H is increasing for p > 0, and

decreasing for p < 0, and define

Hy(p, ¢, AQ) := [H(p+) + H(=¢-)[ (AQ)+ — [H(g+) + H(=p-)] (A)—.

Then (5.2.14) and (5.2.15) hold with § = 0 and Ay := W
As far as the approximating paths W}, are concerned, Lemma 5.2.1 implies that (5.2.5)
and (5.2.6) will hold, with k = 2, if p;, and W), satisfy
h2

(5.2.16) sup  [Wp(t) = Wp(s)| < Aph and  lim — = 0.
0<t—s<pp, h—0 pp,

If W}, is piecewise-smooth, then

sup (Wi(t) = Wi(s)| < ||| pn.
0<t—s<py, 00

For definiteness, we now take W}, to be the piecewise linear interpolation of W with stepsize
np, for some increasing function h — 7y, satisfying lim;_,o+ 1, = 0. Then, if w : [0,00) —

[0, 00) is the modulus of continuity for W, for some C' > 0, we have

(5.2.17) HWhHoo < C%:’lh).

Then the first part of (5.2.16) may be replaced with the slightly stronger assumption

(5.2.18) Cwlmon _
hap,

To be more explicit, suppose that W € C%%([0, T],R™) and n;, = (pp)? for some v > 0.
Then (5.2.18) will hold if py, is defined by

A=

CWlaz(pn)' 77
: < Xo.
n = A0
115



This yields

T ()
Ph

so that (5.2.16) will be satisfied if

0<yvy< ——.
TS50 a)

If a > %, then v is allowed to be 1, and in particular, it is natural to define W}, to be the
piecewise linear interpolation of W on a partition of step-size 1, = pj,. Notice also that such
paths have trivial quadratic variation.

However, for a < %, ~v is forced to be less than 1, and so we must make W}, a milder
approximation. The work in the subsequent sections suggests that choosing v = % gives the

best rate of convergence regardless of the regularity of the path W.

A second-order example

Verifying (5.2.5) and (5.2.6) is more complicated for finite difference approximations of
second-order equations. Rather than stating very general assumptions on Fj, or Hj, we
perform these calculations for a specific scheme. More examples can be formed by adapting
the methods of [46, 47].

Assume for simplicity that d = 1, H € C3(R,R™), and that F depends only on 1z, and

define, for some ¢}, > 0,

A0 = 1 (“51) AC and 00 = F(X) +5,.X

for X = D}QL 1w and (p,q) = Dy, qu.
Note that F is increasing, and so Sy, Wy, and py, satisfy (5.2.5) if

1
2 || F’

oo

pn = Ah? with <
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and

. 2 Eh
(5.2.19) HWhH < = th
oo [[H oo

Now let ®;, € C(I,C3(R)) and ¢ € C3(R) be as in (5.2.6). Observe that it is possible to

find such a solution because of the added regularity for H, and, moreover,

w0 (1,220 Ol + e D) < o0

Then, for some C' > 0 depending only on HH’HOO, and for all p € (0, )\hz),

by, + ) = D, 6) = S HI(Bp o, ) Walt + ) — Wh<t>>‘
=1
< O (| @nal e W) = WO ) < O[] (o0

The estimates (5.2.9) and (5.2.10) then imply that, for s, and ¢j, as in (5.2.6),

[Sh(ths sps Wh) P (- 5p) () — Pp(x, ty) — (th, — sp) F(Qaa(x,1))]

< o ([|n el =0+ [ @haaallog B+ [P aa o 58) = 60l )
and so (5.2.6) holds if limy,_,gep, = 0. This, in turn, requires that

lim h HWhH — 0,
h—0 0

or that W), satisfies (5.2.17) with 7, such that

i 1)
h—0 Ny

=0.

Taking W € CO%([0,T],R™) and 1, = (pp,)? = AVh27 for some v > 0 as a concrete example,

117



this leads once more to the restriction

0<yvy< ——.
Ty

5.2.2  Other approximations

Stability for (5.1.1)

Theorem 5.2.1 may be used to obtain an alternative verification of the stability properties

for (5.1.1). Suppose that

(
us e COYRY), W W e (o, T;R™), HE, H e C*(RYR™),

(5.2.20) Fe F ¢ C’(Sd X ]Rd) are degenerate elliptic,

and lim ([lug — vollog , WS = Wlloo , [|1H® = Hllg2 [ F* = Fll5) =0,
\ e—0
and let u¢ € BUC(R? x [0,T]) be the unique solution of

m
du® = F*(D*u®, Duf) dt + Y H"(Duf)-dW"* inR? x (0,7] and
(5.2.21) i=1

uf(-,0) = uf in RY.

Theorem 5.2.2. Assume (5.2.20) and let u® and u solve respectively (5.2.21) and (5.1.1).

Then, as € — 0, u® converges locally uniformly to u.

Proof. The comparison principle implies that the solution operator for (5.2.21) is contractive,
and therefore, it suffices to assume that ug = ug for all € > 0.

For s < t, ¢ € C([0,T);R™), and h > 0, let Sc(t,s;¢) : BUC(R?) — BUC(R?) be the
solution operator for (5.2.21) driven by the path ¢ instead of W¢. Properties (5.2.1) and
(5.2.2) are readily verified, and, letting pj, = ps be arbitrary and setting W}, = W€, (5.2.5)
follows immediately from the comparison principle.

Finally, in view of the uniform bound for D?HE€, for any interval I C [0,7] and solution
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® € C(I,C%RY)) of (5.1.3), there exists a family of solutions ® e C(I, C2(R%)) solving
(5.1.3) with the Hamiltonian H¢ and path W, converging in C'(I,C%(R%)) to ® as ¢ — 0.
This can be verified with the method of characteristics, as in Section 2.2 (recall that, since
H is independent of =, we are in the setting where (2.2.7) holds). Therefore, (5.2.6) is a
consequence of Definition 2.3.1 and the local uniform convergence of £ to F'. Theorem 5.2.1

now gives the result. O

A splitting formula

It is also possible to derive general Trotter-Kato type splitting formulas for (5.1.1). Here,
we present a specific example.

Assume that

Fect(s?xRY and HeCHRELR™),

and, for ¢ € C([0,T],R™), let Sp(t) : BUC(RY) — BUC(R?) and Sy (t,s;¢) : BUC(R?) —

BUC (Rd) be the solution operators for respectively
m . -
u = F(D?*u,Du) and du = ZHZ(DU) -d¢".
1=1
Define

Sp(t,s;¢) = Sp(t — 5)Su(t, s;¢).

Theorem 5.2.3. For any sequence of approximating paths {Wp,}p~o and modulus h — py,

satisfying (5.2.4), the triple (Sy, W, pp) satisfies (5.2.1) - (5.2.6).

Proof. Properties (5.2.1) - (5.2.5) are immediate from the definitions of the above objects.
Let I C [0,T), sp.t, € I, ®, € C(I;CHRY), and ¢ € CHR?) be as in (5.2.6). Such a

solution ® exists in view of the additional regularity assumed for H.
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For any = € Rd,
Sh(thy sn; Wr)®n(5 sp) (@) — ®p(, 1) = Sp(tn — sp) (-, th) (@) = Pp(z, tp).
Define ¢y, := ®y,(+, t3,), which satisfies
R:= sup 1onllcamay < oo and  lim flg), — llcogay =0,

and let

up(,t) = op (@) + tF(D?¢p(x), Doy ().

Then, for some universal constant C' > 0, vy, is a viscosity super-solution of the equation
2 : d
vpt = F(D%op, Dop) = ClIF| iy gay Bpp i RT X [0, pp],
so that, for all p € (0, pyp,),

sup (Sp(p)on(x) = vn(@,p)) < CIFllgrr ray Ronp-
z€eR

A similar argument, using that v, satisfies an analogous viscosity sub-solution property,

gives a lower bound, whence

Sr(th = sn)on(x) = dn(x) = (th = sp) F(D?¢p (), Do ()| < C ||t may Ron(tn — sn)-
Property (5.2.6) now follows, with k£ = 4, from the fact that

limy F(D?¢,, D¢p) = F(D?¢, D) uniformly.
_)

120



5.2.3 The proof of Theorem 5.2.1

Because the proof is presented for the case when H satisfies (5.2.3), solutions of equation
(5.1.1) are in the sense of Definition 2.3.1. The proof can be modified to treat the case when

H is not smooth and instead only satisfies (2.4.4), but we do not pursue this here.

Define

u*(z,t) =  limsup  wup(y,s) and wux(z,t)=  liminf  uy(y,s)
h—0,(y,s)—(,t) h—0,(y,s)—(@,t)
(not to be confused with the notation «* and wus for upper- and lower-semicontinuous en-
velopes). The functions u* and uy, called the half-relaxed limits of uy,, are respectively upper-
and lower- semicontinuous. Furthermore, uyx < u* on R? x [0, 7] and (-, 0) < ug < u*(-,0)
on R%. The goal will be to show that uy = u*, which yields the local uniform convergence
of uj, and the fact that the limit u solves (5.1.1).

Step 1: Finiteness of u* and uyx. Observe that, for any constant & € R, the function

m
Op(z,t) =k+ Y HO)W(t)
1=1
is a smooth solution of (5.1.3) for all (z,t) € R? x [0, T]. Therefore, in view of (5.2.5) and
(5.2.6),

up (2,t) < Jluglls + > H'(O)WE(t) + T(F(0,0) + 1)
=1

for all sufficiently small A > 0, and so u*(z,t) < oo for all (z,t) € R? x [0,T]. A similar
argument gives uy > —o00.

Step 2: The solution inequalities. In this step, we demonstrate that u* and wu, satisfy
respectively the sub- and super-solution properties in Definition 2.3.1 for equation (5.1.1).

Only the argument for u* is presented, since the proof for u, is similar.

Assume that (zg,t9) € R? x (0,T], I 3 ty, v € CL([0,T]), ® € C(I,C*(R?)) solves
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(5.1.3) with

max  sup HDjCI>(~,t)H < 00,
j:2u37“'7k tel o0

and u*(z,t) — ®(x,t) —(t) attains a local maximum at (zg,ty). In view of Lemma 2.3.1(a),
by adding an extra quadratic term, it may be assumed that this maximum is strict in RYx [ ,

and that
D(z,t)

(5.2.22) lim inf = +00
|z| =400 tel ||

The definition of u* implies that there exist y;, € R% and s, € [0,T] such that

lim (yp,, sp. up(Yn, sp)) = (@0, to, w*(xo, o))
h—0

The method of characteristics from Section 2.2, and the fact that limy_,q |W}, — W/, =
0, yield the existence of a subinterval of I containing t(), relabeled as I for convenience, such

that, for all h > 0, there exists a solution ®;, € C(I,C*(R%)) of

m
a0, =S H(DOy) - dW, inRYx [ and (- tp) = &(- o) in R
i=1

that satisfies (5.2.22) uniformly in h, and ®;, converegs to ® in C(I, CF(R%)) as h — 0. Tt
follows that

uh(x>t> - @h(ﬂf, t) - 1/1(?5)

attains a global maximum at (§j,, 85,) over R? x T such that {jjj, },=0 is bounded. This gives,

in particular,

~

up(Yns $h) — Pp(Yns sp) — ¥ (sp) < up(Gn, 3p) — Pp(Gn, 5p) — ¥(34)-

Let (2, 1) be a limit point of the sequence {(4,, §1,) }1,>0. Taking h — 0 along the appropriate
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subsequence above results in the inequality

u*(zo,to) — ®(w0,t0) — V(o) < u* (&, 1) — ®(2, 1) — (1).

The strictness of the original maximum then implies that limy,_,o(9p, $5) = (20, to)-
Because |Py| < pp, h=0, 0, it follows that, for sufficiently small h, there exists t, € P},

such that ¢, < 85, <t,41 and ¢, € I. Then, for all z € Rd,

(5.2.23) up(@, tn) < up(Gn, 5p) + Pl tn) — Lp(n, Sp) + ©(tn) — ¥ (5p).

Applying the operator Sy, (8, tn; Wj) to both sides of (5.2.23), using (5.2.5) and the fact

that 0 < 55, — t, < pp, and rearranging terms yields

b(3n) = ¥(tn) _ Sn(Shstn; Wh)Pa(tn)(Gn) = Pn(Yn, 5n)

Sending h — 0 and using (5.2.6) gives ¢/ (tg) < F(D2®(xq,t), DP(x0, to)), as desired.
Step 3: Initial data. We now prove that u*(z,0) = ug(z) = ux(z,0). Only the first
equality is considered, and since u*(z,0) > ug(x), it suffices to show that u*(x,0) < ug(z).

Let ¢ € C*(R?) be such that

R:= max
§=2.3,...k

‘D%H < 00
0

and ug < ¢ on R% and let I 5 0 and ® € C(I,C%(R?)) be a solution of (5.1.3) with
®(-,0) = ¢. Define ¢, € COUL(RY x [0, T]) as in (5.2.7) with the initial condition ¢ (-,0) = ¢,
path W}, and partition Pj,. Then (5.2.5) and (5.2.6) yield, for some C' > 0 depending only

on R and || DF|| ., and for any (y,s) € R? x I and sufficiently small h,

up(y,s) < oply, s) < ®(y,s) + Cs.
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Sending (y,s) — (z,0) and h — 0, this becomes u*(z,0) < ¢(x), completing the argument
since ¢ was arbitrary.
Step 4: The comparison principle. In view of the comparison principle, u*(x,t) < ux(z,t)

for all (x,t) € RY x [0,T]. Therefore u* = u,, and the result is proved.

5.3 Convergence rates for first-order equations

In this last section, we focus on deriving quantitative error estimates for schemes in the

first-order setting.

5.3.1 The pathwise error estimate

We first obtain an estimate for the error between the viscosity solution « of
m . ..

(5.3.1) =Y H'(Da)¢'(t) inR?x (0,7] and a(-,0)=uy in R’
=1

and the approximate solution @y, (+; ¢, P) given by (5.2.7), which, for convenience, we define

again here:

ap(+,0;¢,P) :=ug and
(5.3.2)

ap (- t;:¢,P) = Syt tn; Qup (- tn; (,P) forn=0,1,....N =1, t € (tn, ty41).

We will henceforth always assume that Lip(ug) < L, and that the Hamiltonians satisfy
(5.2.12) and (5.2.13). Also, in addition to (5.2.1) and (5.2.2), the schemes in this part of the
chapter will be required to satisfy the following quantitative versions of (5.2.5) and (5.2.6):

for some Ao > 0,

(5.3.3) if up < wg and osc((, s,t) < A\gh, then Sy (t,s;)uy < Sy(t, s; Q)us,
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and

(

there exists C' = C > 0 such that, if ¢ € C([0,T],R™), ® € C(I,CH(RY))

m
(5.3.4) is a solution of d® = Z HY(D®) - d¢ in R? x I, and osc((, s,t) < Agh, then
1=1

| 158 (t5: )@, 5) = @, D)l < C [ DP0| 12

This is motivated by the properties obtained in Lemma 5.2.1 for the finite difference approx-
imations discussed in subsection 5.2.1.
Fix a partition

P={0=t)y<tj<tyg<---<ty=T}

of [0,T7], set (At)y, :=tp11 — tn, and let ¢ : [0, 7] — R™ be any continuous path satisfying

¢(0) =0, (isaffine on [ty,t,4+1] for every n =10,1,2,..., N — 1, and
(5.3.5)

tnt1) — C(tn)] < Aoh.
nZO,II,%??.(,Nq’C( n+1) = ()| < Ao

Theorem 5.3.1. There exists C = Cp, > 0 such that, if Sy, satisfies (5.2.1), (5.2.2),
(5.3.3), and (5.3.4), ¢ and P satisfy (5.3.5), and @ and G, are as in (5.3.1) and (5.3.2)

with ||Dug||o, < L, then, for all e, h >0,

sup |1~Lh(l',t, C,P) —ﬂ(l"t”
(,t) ERIx [0,T]
N-1

1 2 |s — ¢
<z Atp)? + CVNh+ max {C s)— () - =— b
=Y () s €10 — <01 = P
n=0
A central role of the proof will be played by the smooth solution ®5 constructed in
subsection 2.4.1, whose properties are outlined in Lemma 2.4.2.
Before proving Theorem 5.3.1, we state some regularity estimates for u and wj,. First,

the monotonicity of the scheme operator S}, the comparison principle for (5.3.1), and the
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translation invariance of the solution operators for each immediately yield the Lipschitz

bounds
(5.3.6) |Ditlle . 1Dyl < L.

The regularity of @, and @ in the time variable is established by the next result.

Lemma 5.3.1. There exists C = C > 0 such that, for all (x,s,t) € R% x [0,T] x [0, 7]

with s < t,
(5.3.7) |i(z,t) — a(z,s)| < Cosc(C, s, t)
and, for all m,n € {0,1,2,... N} with m <n,

(5.3.8) g (@, t; ¢, P) — (2, tm; ¢, P)| < C (hv/n—m+ ose(C, tm, tn)) -

Proof. For fixed s > 0, if 0(z,t) := @(z,t+s), then v is the solution of (5.3.1) with the path
n(t) := ((t + s). The bound (5.3.7) then follows easily from Theorem 4.1.1.
To prove (5.3.8), observe first that, in view of Lemma 2.4.2(c), there exists C' = C, > 0

such that, for all z € R? and § > 0,
L|z| < ®s(2,tm, tm; () + C6.
Then (5.3.6) yields, for all z,y € R,

fbh(ﬂf, tm; Ca P) S ﬂh(ya tm; C? 7)) + L’.CE - y’
(5.3.9)

< ap (Y, tm; ¢, P) + @5(x — y, tm, tim; ¢) + C0.

Keeping y fixed, we then apply the operator Hz;ln Sh(tka1,tr: ¢, P) to the left- and right-

hand sides of (5.3.9). The inequality is preserved because of the monotonicity of this op-
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erator implied by (5.3.3) and (5.3.5). According to (5.3.2), the left-hand side becomes
ap,(x, tn; ,P). Tteratively using (5.3.4) to compare the right-hand side to ®5(z—y, tp, tm; (, P)

yields, in view of Lemma 2.4.2(b),

(n—m)h2>’

as long as osc((, tym, ty) < d. Setting z = y gives

(n —m)h?

ap(x,tn; ¢, P) — ap(x, tm; ¢, P) < Cinf {5 + 10 > osc((,tm,tn)} :

If osc(C, tyn, tn) < hy/n — m, then the right-hand side is optimized by choosing 6 = hy/n — m.
Otherwise, setting & = osc((, ty, tn) gives the result, since in this case,
(n —m)h? (n —m)h?

= < hv/n — m.

5 OSC(Catmatn>

The lower bound for ay,(-, ty; ¢, P) — @y (-, tm; (, P) is proved similarly. O

We now prove Theorem 5.3.1. Using the notation of Lemma 2.4.2, we define

Us(¢) := {(s,t) € 0,772 : osc(C, 5,1) < 5}.

Proof of Theorem 5.3.1. Throughout the proof, to simplify the presentation, we set @, (z,t) :=
ay,(z,t;¢,P). Fix a constant C' = C'1, > 0 to be determined later, and let o,z : [0,7] — R

be the nondecreasing, lower-semicontinuous, piecewise constant functions defined by

a(0) = p(0) = 0, a(s) = alty) = (A and  p(s) - altn) = O

forn=0,1,2,...,N —1 and s € (tp, tpt1]-
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Choose € > 0 and

5.3.10 § > max< 2X\ph, max <{ C|((s) = ((t)] — —— 7
( ) { 0 5,4€[0.7] { |C( ) C( )| %
and define the auxiliary function W : [0,7] x [0,7] — R by

Cs=t* uls)  als)
2¢ ) g’

(5.3.11) W(s,t) = sup {ap(z,s)—a(y,t) — Pslx —y,s,t()}
z,ycRd

where @5 is the “distance function” given in (2.4.9).

Step 1: We first prove that, if C' is sufficiently large, then

(5.3.12) max U = max{ max V¥(s,0), max \I/(O,t)} .
0,7]2 5€[0.T] te[0.7]

Assume for the sake of contradiction that, for some o > 0, U(s,t) — ot attains its maximum
in [0, 7] x [0,7] at (5,1) with 8 > 0 and £ > 0.

The first observation is that, for some M = My, > 0, the supremum in (5.3.11) may be
restricted to x,y € R4 satisfying |z — y| < M{. This is because, for any s,t € [0,7] and for

some O = C/L > 0,

sup {’ah(,f, 8) - a(:ya t) - q)(;(l’ —Y,8,t C)} > sup {ﬂh(l’, S) - ’EL(.I, t>} - 0167
x,ycRd reRd

while, if |z — y| > M, then (5.3.6) and Lemma 2.4.2(c) give, for some C' = C, > 0,

2
e 5) = 1) = @il =550 £ S, (g (r,9) = 0, )} + Ll o] = Y5+ O
< sup {ap(z,s) —a(z,t)} M7 +(C+ (C+1)L%)s
u 7 - ) A 1y
B erEI{?d h 4(0 +1)

< sup {ﬁh(.ﬁ(], S) - ﬂ(&l,t)} o 0167
zERC

where the last inequality holds if M is sufficiently large.
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As a result, if C' is large enough, then (3,1) € Us/o(W). To verify this, we rearrange
terms in the inequality W(3,5) < ¥(3,%) and use Lemmas 2.4.2(a) and 5.3.1 to obtain, for

some C'= C, > 0,

€ |x—y|<Md

< Cosc(C, §,1).

Consequently,

Tose(¢,5,1) < {6 (5.1 'S‘t‘2}+‘§‘f’2
osc((, 8,t) < max osc((, s,t) —
5,t€[0,7] 2e 2e

|s —t|?
2e

A

< max {6 1C(s) — C(2)] } + Cosc(¢, 8,1) < 0+ Cosc((, 8,1),

s,t€[0,T]

so that
)

— if C>C+2.
C_C '

osc(C, 3, ) <

<

N

Now, if n € {0,1,2,..., N — 1} is the integer satisfying t; < § < t;11, then, because ( is

affine on [t;,t;11], we have that

. J
€ — )| < doh < 3.
and so the triangle inequality yields (t3,%) € Us(¢). This, in turn, means that (s, ) € Us(()
for all s € [t;, §].

We next use Definition 2.3.2 to establish the inequality

(5.3.13)

129



In view of Lemma 2.4.2(c), for any = € R?, the function

y =y, t) + P5(z -y, 5,1C)
attains a global minimum over R, Definition 2.3.2 and Lemma 2.4.2(d) then imply that

t inf {a(y,t)+ Ps(z —y,5,t;0)}
yeRd

is nondecreasing on [ := {t € [0,7] : (8,t) € Us(¢)}, and therefore, so is

z,yeRd

a_ 2 R
Since ¢(t) + 15417 + ot attains a minimum at ¢ € I, (5.3.13) follows.
2e

On the other hand, we obtain a contradiction by using (5.3.3) and (5.3.4) to show that

(5.3.14)

The first step is to prove that, for each y € R?, the function

afs) == sup (i (2. 5) — B — 5,500} ~ 1)

xeRd
satisfies

max a = a(ty).
[thstayi]

Indeed, if this were not the case, then, for some s* € [t;, ¢; 1] and sufficiently small 5 > 0,

Lemma 2.4.2(c) implies that the supremum in the definition of a(s*) is attained for some
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xt e Rd, and so it follows that, for all x € Rd,

ah(l’,tﬁ) < ﬁh(x*,s*) + CI)(S('I - y7tﬁatAa C) - q)§($* - y75*7£; C)

p(s*) = p(ts) .
-5 B(s™ —tp).

(5.3.15)

In view of (5.3.3) and the fact that osc((, t;,s*) < Agh, the operator Sy, (s*,t4;() is mono-
tone. Applying it to both sides of the inequality (5.3.15), setting # = x™*, rearranging terms,
and using (5.3.4) and Lemma 2.4.2(b) and (d) yield

Ch? *) — ulty Ch?
O p(s* — ) = D = a) | gy < OHDQ‘PH < G
) ) o0
This results in a contradiction as long as C' is chosen to be at least the constant C' on the
right-hand side.

As a consequence,

. PR . (s
W(s):= sup {ap(x,s) —aly,t) — Ps(x —y,s,4¢)} — %
x,yERd
attains its maximum in [t;,t;41] at t5, and therefore, because ¥(s) — =57~ — =~ attains

a maximum at §,

Va5

tﬁ _7’?’2 . Oé(tﬁ) < ¢(§) . ’é _£|2 . Oé(
2e e 2e € 2e €

V(ts) —

which, after rearranging terms, yields (5.3.14). Together with (5.3.13), this establishes
(5.3.12).
Step 2: The next claim is that, for some C' = Cf, > 0,

V |s — t]? }
v N ey = E=Ut L
oo B gy S C (0 V) 4 {C 6(s) = ¢l =5

Assume that ¥ attains its maximum at (8, %), with either § = 0 or ¢ = 0.
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If 5 =1 =0, then Lemmas 2.4.2(c) and 5.3.1 yield C = C, > 0 such that

W(0,0) = sup {up(x) —uo(y) — 5(z —y,0,0;()}

z,y€Rd
(C+ 1)L2) 5

1
< sup {Lx—y——|m—y|2}+05§<0+
B2 N (G 2

Assume now that § = 0. Then, in view of Lemmas 2.4.2(c) and 5.3.1,

72

R o R /
U(0,t) =  sup  {ug(x) —a(y,t) — D5(x —y,0,6;¢)} — %
|z—y|<M§ <
. . t
<06+ sup  {uply) —a(y,t) — P5(z —y,0,4()} — %
|lx—y|<M§ €

2\ s — t|?
< ¢ +t£%1’)%] (Cosc(C,O,t) — 25) =Co+ S,tnel%},(T] (CK(S) ¢(t)] 5 ) .

Finally, if # = 0, then Lemma 5.3.1 gives

§2

U(s8,0) < sup  {ap(x,8) —uo(y) — P5(r —y,8,0,0)} — o=

|z —y|<M§ 2e
§2
< C6+ sup {ay(z, 8) —up(z)} —
zeRd 2e
—
<C (5+ Wh) 4+ max {c C(s) — C(8)] — u} .
5,t€[0,T] 2e
Step 3. Combining the previous two steps and rearranging terms yields, for all (z,t) €
R% x [0, T,
1 A Nh?
(2, t) —i(z,t) < = Y (Aty)? +C (5 +—+ \/Nh)
S )

2e

+ e {C166) - 0] - ﬂ}
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The inequality is optimized by setting

512
5::max{0\/ﬁh, max (C|C(s)—§(t)|—ﬁ)}

5,t€[0,T] 2e

Note that, if the constant C' = C, > 0 in the definition of § is sufficiently large, then (5.3.10)
is satisfied. This finishes the proof of the upper bound for u; — @, and the lower bound is

proved similarly. [

5.3.2  Convergence rates for a fixed continuous path

We now apply the pathwise error estimate from Theorem 5.3.1 to obtain a rate of convergence

for schemes approximating solutions of the Hamilton-Jacobi equation

(5.3.16) du = i HY(Du)-dW' inR?x (0,7] and wu(-,0)=vug in R%
=1
It will always be assumed, as above, that Lip(ug) < L, (5.2.12), and (5.2.13), and that the
scheme operator S}, satisfies (5.2.1), (5.2.2), (5.3.3), and (5.3.4).
We first examine the setting in which W is a fixed, deterministic path, and then some
extensions are presented in the case where W is a Brownian motion. Following Section 5.2, we
define uy, := ay,(-; Wy, Pp,), with 4y, as in (5.3.2), for an appropriate family of approximating

paths {W}, };,~¢ and partitions {Py}, };,~0- Let @ be the viscosity solution of
m ) )

(5.3.17) =Y H'(DD)W, inR'x(0,7] and a(-,0)=uy inR%
=1

The error up, —wu is then controlled by using Theorems 5.3.1 and 4.1.1 to estimate respectively
the differences uy, — u and u — u.

Fix W e C([0, T]; R™), and let w : [0,00) — [0, 00) be its modulus of continuity. Define
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py, implicitly by

w 1/2

and set Py, := {npp A T}nNZO, where N is the smallest integer for which Np, AT =1T.
Recall from subsection 5.2.1 that taking W}, to be the piecewise linear interpolation of

W over the partition Pj;, may not, in general, yield a convergent scheme. Instead, we set

My, = {(Ph)_l/QJ

and define W}, as follows: for k € Ny and t € [kMy,pp,, (k + 1) Mypp),

W((k+ 1)Mypp) — W(kMy,pp)
Mppp,

(5.3.19) Wh(t) = W(]{ZMh,Oh) + ( ) (t — th:Oh) .

Observe that the approximating path W, satisfies (5.2.17) with 1y, = (pp,)Y/2.

Now set up, := ty(-; Wy, Pp,), with 4y, as in (5.3.2), and let @ be the solution of (5.3.17).

Theorem 5.3.2. There exists C = Cp, \ > 0 such that

(5.3.20) sup  Jup(x,t) — ulz, t)] < C(1+ Thw((pp)/?).
(7,t)ERI%[0,T]

As an example, assume that W e C%([0,T],R™) and set

(1+a)/2
3em Wor 2

Then, as long as A < \q, the scheme converges with a rate of order (ph)o‘/2 ~ ho/(1+a)

Proof of Theorem 5.3.2. First, notice that, in view of (5.3.18), W}, satisfies (5.3.5). In par-
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ticular, for some C' = C, > 0,

max GWV@—WWW—B_ﬂ3<%Mh+mM O — PR
s,t€[0,T] h h 2e =70 n€Ny 0 2¢e

(CAoh)%e

< CXph +
2(pp)?

Theorem 5.3.1 then gives, for any ¢ > 0,

2 2
max lup,(z,t) — iz, )| < Nlpn)” +CvVNh + %
(2,t)ERIX[0,T] e 2(p7)
T h Mk 2
<PhyovT + (CAo )2 <
c VPn o 2(pn)
‘ (pn)%? .
Upon choosing € = ﬁT? this becomes
h
(5.3.21) max lup,(z,t) — t(z,t)| < OVT—— = O /Tw((ph)l/Q),

(z,t)ERAx[0,T] VPh

Notice that the error term takes the form \/%, which is consistent with the discussion in
subsection 5.2.1.

Combining this with Theorem 4.1.1, we obtain

supJup(a, 1) = u(e, )] < C (VTw((pn)'/2) +w(Myp) )
(2,t)€RIX[0,T]

and the result is proved in view of the choice of Mj,. O

5.3.8  Brownian paths

For the rest of the chapter, we investigate schemes for which W is a standard Brownian
motion defined on a probability space (€2, F,P), which, for definiteness, we may take to be
C([0,T],R) with P the Wiener measure. The expectation and variance with respect to [P are

denoted by respectively [E and Var. To simplify the presentation, it is assumed that m = 1,
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so that W is one-dimensional, although all three schemes below can be adapted to the case

when m > 1.

Regular partitions

Theorem 5.3.2 may be applied in this situation by using the fact that oscillations of Brownian

paths are controlled by the Lévy modulus of continuity. More precisely,

(5.3.22) P <limsup sup W(t) — Wit +9) = 1) =

50 0<t<T—6 /26 |log 4|

Theorem 5.3.3. Let p;, be defined implicitly by

(5.3.23) v (on)** flog py)

h

1/2

< Ao,

and let up, Py, and Wy, be as in the previous subsection. Then there exists a deterministic

constant C'= Cp, \ > 0 such that, if u is the solution of (5.3.16), then

P (lim sup sup

fun(e,t) (e, D] _ g +T>> L
h—0 (z.0)eRdx[0,7] (pn)}/* |log pp|

12 =

Proof. Define Mj, := |(pp)~Y/2| and K}, := |T/(Mp,py)]. The definitions of W), and X give

e Vnlnop) = Wit Dpp)l - [W(EMppp) — Wk + 1) My pp|
n=0,1,2...,.N—1 h k=0,1,2....K}, Myh
e W (EMypy) — Wk + 11)];4hi0h)|
k=0,1,2....Kp, My, (p)3/4 log pp,|V/

MAX| (i< () 11/2 W (s) — W(t)|
(o) /41 = (pp)/?) [log pp| /2

Therefore, in view of (5.3.22), for any § > 0,

]P( M (Wh(npr) = Wi((n + 1)pp)| <) 1+4
n=0,1,2,...,.N—1 h 1— (pp,)1/2
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Taking § € (0, \g/A — 1) above, this implies that

— 1
P (limsup e Wa(non) = Wi((n+ Do)l _ )\0) 1,
hoso n=0,12,..N-1 h

so that, for some hg > 0,
P (|Wy(npp) — Wi((n+ 1)pp)| < Agh forall0 <h < hygandn=0,1,2,...,N;, — 1) =1.
Shrinking hy, if necessary, it may be concluded from (5.3.20) and (5.3.22) that
P (( | sup lup, (2, 1) — u(z, )| < CT(pp)"*|log pp|1/? for all 0 < h < h0> = 1.
Tt

€RIx 0,7

]

Observe that (5.3.23) implies that limy,_,q 1{)Ogg £ b= %, so that the convergence rate in

Theorem 5.3.3 can be rewritten as

t) — t
(5.3.24) lim sup sup [un(z,t) = u(, t)

<C(1+T).
h=0 (zn)eRdxoT] h'/3[logh|!/?

Random partitions

For the next scheme, the partitions P}, are defined using a sequence of stopping times adapted
to the filtration F; of the Brownian motion W. This raises the possibility of improving the
rate of convergence in Theorem 5.3.3 by using techniques such as the law of large numbers
to eliminate the logarithmic correction in (5.3.24). Unfortunately, this does not seem to be

possible because of the presence of the term

|5 — ¢
(5.3.25) e {C!Wh(S) = Wh(t) = — }
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in the estimate from Theorem 5.3.1. On the one hand,

s — 1|2 1/2 P 3043 1/3
_ - < “oi (S g
S;gﬁ)}fT]]E {C|Wh(8) Wi (t)] 9% = r;lg(})( Cp 2e | = 97/3 =

which suggests that taking ¢ = h optimizes the error estimate. However, as ¢,h — 0, the
term (5.3.25) is on the order of £!/3 |log €|2/3, and, as a consequence, ¢ = ¢, must be slightly
smaller than h in order to recover the error estimate (5.3.24).

For h > 0, define 7, := h/3 log h|_2/3, set Ty = Tp(h) := 0, and, for k € Ny,
Thy1 = Tk+1(h) := inf {t > Tk(h) 1 0sC (VV, Tk(h),t) > T]h} and
i1 = Th1(h) = Tp1 (h) — Ty (h).
Observe that {Tk}zozo is an increasing sequence of stopping times, and, for each fixed k,
h — Ty (h) decreases as h — 0. Therefore, by the strong Markov property for Brownian
motion, for each fixed h, {71.(h)}72; is a collection of independent, identically distributed

random variables. As a result, for any integer ¢ > 0, there exists a constant ¢y > 0 such

that, for all &,

E[r,(h)] = cq(m,)*.

Indeed, it is well known that the first exit time of a Brownian motion from a bounded interval
has finite moments of any order. The exact formula follows from the scaling properties of

Brownian motion, so that
c; = E linf . 1/¢
p:=FE |inf ¢t > 0:0sc(W,0,1 >1:].
Let W}, be the piecewise interpolation of W over the partition

{0="To(h) <Ti(h) <To(h) <---}.
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That is,
W (Ty41(h)) — W(T(h))

Th+1(h)
whenever Tp(h) <t < Tpyq(h).

Wi(t) = W(Ty(h)) + (t = Tj(h))

Define

;

— || _ 2/3 2/3\—1
Mfﬂ%J—ﬁMhlmm b

to=to(h) :==0, ty =tn(h):=Tp(h)+ (n— th)Tk—H(h)?
Mp,

Atn = Atn(h) = tyi1(h) = tn(h) = T]“Tl}fh)

whenever £ =0,1,2,... and kM, <n < (k+ 1)My,

K -=sup{k € Ny :T)(h) <T}, and

| N i=sup{n € No :tn(h) < T},
and note that h — K, increases as h — 0.

We have now specified the path W}, which is piecewise affine over the partition
Pp = {0=tg(h) < ti(h) <ta(h) <--- <tpn,(h) <T},
in such a way that (5.3.5) holds for ( = W, Indeed, if n = 0,1,2,..., N — 1 and k is such
that kM, < t, < tpr1 < (k+ 1)Mj, then

W (T} — W(T
MMmm—wwmz‘(kﬁ% Tl <y,

Finally, set uy, := @y,(+; W}, Pp,) and let u be the stochastic viscosity solution of (5.3.16).

Theorem 5.3.4. There exists a deterministic constant C' = Cr, > 0 such that

P ( lim sup max [un(@,?) = u(z, 8| <C1+T))| =1
h—0 (z,t)eRdx[0,7] H1/3 llog h|1/3

We proceed with a series of lemmas that indicate how to control the various terms
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appearing in the estimate from Theorem 5.3.1.

Lemma 5.3.2.

T
P (limsupKhn%L < —) =1.

h—0 €1

Proof. Fix o and 8 such that 1 < ﬁ2/3 < «, and define hy, := 7. Note that

n 1
lim foni1 )
m—oo Mo 51/3

The monotonicity of K}, and n;, implies that

T T
(5.3.26) P ( sup  Kpnp > 0‘-) <P (KhmH > O‘—> .
h C1

m-+1 <h<hm Cln}QLm
o
km = 2 >
1y,

2

Mhy, — _

kimc1lh,, ., = aT( nh“) T ap AT S T,
m

Set

so that

and therefore, for any fixed v > 0 and all sufficiently large m, k:mcm%Z o > (1+~)T.
Define 02 := ¢9 — C%, so that Var(ri(h)) = 0277% for all k£ and h. Continuing (5.3.26)
and applying Markov’s inequality yields, for some fixed positive constant C' > 0 and for all

sufficiently large m,

km

ol

P Khm—H > 5 =P ZTk‘(hm-l-l) <T
Clnhm k=1

km

<P (Tk(hm+1> - cm;%mﬂ) < T
k=1
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The Borel-Cantelli lemma applied to the events

T
Epy = sup K hn}% >
herl <h<hm ‘1
gives
. 2 ol .
P | imsup Kpn;, > — | =P ( limsup Eyp, | =0,
h—0 € m—00
and we may conclude upon sending o — 17, O]
Lemma 5.3.3.
1= Thge
P [ limsup — Z (Aty)? < 021 = 1.
h—0  hnn = 1

Proof. Fix v and g satisfying 1 < 67/3 < a and set hy, == 7™, If, for some m, by <

h < hyy, then
Nh—l Kh+1 . (h) 2 h Khm+1+1
> (Aty()P < > Mh( ?\4 ) <h—"— Y ()
n=0 k=1 h /S -

Fix my € N and define the event

- T
Epmg = Khm+1—|—1§Km = O;— forall m>mgp.
Clnhm-i-l

In view of Lemma 5.3.2, limq—o00 P (Emy) = 1.
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Now, for any m > my,

1 27\
hm+1<h<hm g n=0 “
K 2 2
m o*Tcohy1(p, o)
<p n 9 > m—+1
= Z Tk( m) Clhm
k=1
K, 2 2
m (6% TCth—i—l(nhm ) >
=P Z (Tk(hm)2 - cwim) > h - KmCQnim
Pt C1hvm
i 2 2
m OzTCQﬂh ahm—f—l(nh ) U 4
<P (Tk(h )2 — compy ) > . S| e
I;::l " m ‘1 hn (M, )2 U%Lmﬂ "

Since

2

’ Oéhm+177hm+1 n}QLm _« 2/3 0

mgnoo h 2 2 N 5/3 B 6 e
mly, U/ B

it follows that, for some fixed v > 0, all sufficiently large mg, and all m > mg,

Nj,—1

1 2T\
P sup Y (Ata(h)? > S0 R 0 By
hm 1 <h<hm M0 =4 c1
K
<p(Y (Tk<hm)2 - cwﬁm) >y
k=1

Set 02 = ¢y — c% > (. Then Markov’s inequality gives, for some constant C' > 0 independent

of m,

Np—1 9
1 T
P sup Y (Ata(h)? > S0 0 By
T <h<hm Mh =0 c1
Eomo}
m 2 —2
< —5 <o, <opnh
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An application of the Borel-Cantelli lemma for the events

Ny—1

1 a®T\ge
sup > (At (h)? > =02 0 By
hanp1 <h<hyn M = c1
yields
Njp—1 9
1 TA
P {limsup— Y (Aty(h)* > L2 N By, | =0.
h—0  Win =4 €1
Sending mq — oo and then o — 17 finishes the proof. O
Lemma 5.3.4. For any deterministic constant C' > 0,
—|2
e {CIW) - W - L,
P | limsup < =1
£—0 e1/3 |log 5\2/3 32/3

Proof. Let 1 < § < a. If, for some § > 0,
(5.3.27) osc(W, k6, (k + 1)8) < /2862 [log 6|'/?  forall k=0,1,2,..., {—w ,
then

max {C’|W(s) —W(t)] - M}
5,t€[0,T] 2e

252
< /2BC8Y2 log 5|1/% + max {\/2@’051/2 log 6|12 n — ﬂ}
nelNg

2¢
< /2BC8Y? 1og 5|12 + 502@5.

Taking & := C2/33-1/331/3.2/3 llog 5]1/3 yields, for some deterministic function ¢(e) that

converges to 0 as € — 0,

32313 10g 23 (1 4 c(e)),

s — t\2} 4043
- <

max {0|w<s>—w<t>| - =7

$,t€[0,17]
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and, therefore, if ¢ is sufficiently small,

L2 4/3
max {C’|W(s) —W(t)| — ls — 1] } < 1c a2/351/3|10g5|2/3.

s,t€[0,T7 2e 32/3
Define
2/3
em:=a " and O = 02/3@1/3574 |log 5m|1/3
m - m -— 9
31/3
and note that .
ML A Y
f 1/3 a3
mn 11108 Emy1] /
It follows that, for sufficiently large m,
—¢t|2
e {CIWE) - wo - L
P sup >
Ema1<e<Em el/3 llog 6‘2/3 32/3

_ 112 404/30461/3 log e 2/3
< P max {OlW(S) _ W(t)‘ . |5 t‘ } m212|/3g m_|_1|

s,t€[0,T] 2em

IA

NN L

P ( max {C\W(S) —W(t)| 32/3

5,t€[0,T] 2em

<P <osc(VV, kom, (k+1)0m) > \/265%2 llog 5m|1/2 for some £k =0,1,2,..., [——D

< {51—‘ P (maxW —min W > /20 |log 5m|1/2>
m

[0,1] [0,1]

<2 [51—‘ P <maxW > \/ﬁ]logémH/Q)

[0,1]

_ 2
< CT&% 1 < CTa " for ~= §(5 —1)>0.

The symmetry and scaling properties of Brownian motion, as well as the reflection principle,

are all used above. In particular, since the processes

{t — max W(s) — W(t)} and {t— |W(t)|}
s€[0,t]
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are identically distributed, so are the random variables

max W —min W and max|W| = max {maXVV, — min W} .
[0,1] [0,1] [0,1] [0,1] [0,1]

The Borel-Cantelli lemma implies that

8—2
max, o {6 - W1 -2} s,

P | limsup > =0,
e—0 el/3 |loge[>/3 32/3
and sending o — 17 gives the result. O

Proof of Theorem 5.3.4. Let @ be the solution of (5.3.17). Then Theorem 4.1.1 gives, for

some C' = C, > 0,

swp (e, 1) — ulw, )] < C[W(E) = Wi(t)
(2,)€RIx[0,T]

h1/3
<C W.Ty.(h), Ty q(h)) < C——
<O, o max osc (W, Ty, (h), Ty41(R)) Tog 123

Next, define ¢, := @ and recall the pathwise estimate from Theorem 5.3.1:

1) — a(x,t
(:c,t)glR%}i[O,T] lup(x,t) — a(z,1)]

o s — t|?
5— Z (Atn(h)? + C/Nyh+ max {(J|Wh() Wy, ()| — }

5,t€[0,T] 2ep,

From the definitions of Nj,, M}, and K}, and from Lemma 5.3.2, it follows that, for some

C = (', > 0, with probability one, for all sufficiently small A,

C/Nyh < C/(Kp, + 1) Myh < CTHY3 log b3 .

Meanwhile, Lemma 5.3.3 yields C' = C} > 0 such that, with probability one, for all
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sufficiently small A,

Np—1 Np—1

1 1

- S (Aty(h)? = e S (Aty)? 13 log P < €T3 log b3
n=0 n=0

In view of the definition of Wy,

Wy,(t) —W(t)| < W, Ty (h), T41(h)) < np,
OrgntaSXT| n(t) ()|_k:07111’1§i<“,Kh080( k(h), Ti1(h)) < np,

so that, with probability one, for all h,

—¢|2
MaxXg 10,7 {C (Wh(s) = Wh(t)| — —‘825h| }
h1/3 |log )1/
—¢t|2
MAX 40,77 {C (W (s)—W(@)| - |S2sh‘ } C

+ ,
h1/3 |log h)1/3 |log hl

<

while Lemma 5.3.4 implies that, with probability one and for all sufficiently small h,

|s — ¢
2€h

max {C’|W(s) —W(t)| -

} < Csi/3|log5h]2/3 < Cch'/? |logh]1/3.
$,t€[0,T

Combining all terms in the estimate finishes the proof. m

Scaled random walks and convergence in law

Here, we use independent Rademacher random variables to build an object that converges
to the solution of (5.3.16) in distribution. This construction has the advantage that it is
simple to implement numerically.

Fix a probability space (A, G,P), not necessarily related to (€2, F,P), and let {{,}7°; :
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A — {—1,1} be independent and identically distributed with

1
Pn=1)=P( =-1)= 9
Define p;, by
3/4
A= (phf)b < )\Oa

and, as before, set M, = |(pp)"Y/2], P, := {tn}f;fzo = {npp A T}ijzo, Wp(0) = 0 and, for

k € Ny and t € [kMp,pp,, (k+ 1)My,pp),

$k
Mppp,

Wi(t) == Wy (kMppp) + (t — kMppp)-

As has already been discussed, W}, converges to the Wiener process W in distribution.
Define uy, := (- Wy, Pp,) € BUC(R? x [0,T]) and let & € BUC(R? x [0,T]) be the
solution of (5.3.17).

Theorem 5.3.5. As h — 0, uy, converges to u in distribution.

Proof. Observe first that

)
(Wh(tng1) = Wh(tn)| = ‘/ﬁ]; < (pn)¥/* < Moh,
so that W}, satisfies (5.3.5). Then (5.3.20) becomes, for some C' = Cp, \ > 0,

(5.3.28) max  |up(z,t) — @z, t)] < C(1+T)(pp)V* = C(1 + TV
(z,t)EREx[0,T]

Theorem 4.1.1 implies that the map
S:X =C([0,T),R) 3¢+ ve BUCREx [0,T]) =Y,

where v is the solution of (5.3.1), is uniformly continuous. Let 7, and v be the push-forwards
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by S of respectively pp, and g, that is, for any measurable ¢ : Y — R,

/Y@/Jdl/:/X@/)oSd,u,

with the analogous relation holding for v, and v. As a consequence of the Mapping Theorem
(see [14]), 7}, converges weakly to v. On the other hand, if 1, is the measure on BUC(R? x

[0, T7) induced by uy,, then (5.3.28) and Slutzky’s theorem imply that, as h — 0, v}, converges

weakly to v. O]
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CHAPTER 6
HOMOGENIZATION AND SCALING LIMITS

6.1 Introduction

In this chapter, we study the asymptotic properties, for small € > 0, of equations of the form

m
uf + Z:Hi(Dug,zzj/e’:‘)éi’6 =0 inR%x (0,00) and
(6.1.1) i=1

u®(-,0) =wugy in R?,

Here, each Hamiltonian H® is assumed to have some averaging properties in the spatial vari-
able y = xz/e. This could include a variety of types of dependence, for instance periodic,
almost periodic, or stationary and ergodic. The paths (¢ = (Clvg, ¢2E ... , "), which con-
verge locally uniformly to some limiting path ¢ € C([0, 00), R™), will generally be assumed
to be piecewise-C' 1, although we present some results where they are only continuous.

One motivation for considering such problems is to study general equations of the form

1 t
uy + —H DuE,E,T =0 inR?x(0,00) and
(6.1.2) e At

Wf(-,0) =ug in R%

In addition to the averaging dependence on space, the Hamiltonian H : R x RY x [0,00) = R
is assumed to have zero expectation, so that, on average, u® is close to its initial value wy.
The dependence on time, meanwhile, is assumed to be “mixing” with a certain rate, so that,
with the scaling of the central limit theorem, E%H (,-,t/e?7) will resemble white noise in

time as ¢ — 0.
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With v = 1, equation (6.1.2) arises naturally as a scaled version of the equation

ui + H(Du,z,t) =0 in R? x (0,00),
(6.1.3)
u(-,0) = lug(e:)  in RY

More precisely, u and uf are related by u®(z,t) = cu(z/e,t/e?). Studying the limit as ¢ — 0
of u® then amounts to understanding the average long range, long time behavior of solutions
of (6.1.3) with large, slowly-varying initial data.

Scaling limits for equations with mixing dependence were studied already in the early
days of the theory of stochastic differential equations. Khasminskii [35], Papanicolaou and
Varadhan [66], and Papanicolaou and Kohler [65] considered ordinary differential equations
with smooth coefficients that satisfy similar mixing properties, and these authors proved
that, in distribution, the solutions converge to diffusion Markov processes given by solutions
of certain It6 stochastic differential equations (see also [45] for more details and references).
Results of this form were obtained for linear parabolic partial differential equations with
mixing dependence in time by, among many others, Bouc and Pardoux [15], Kushner and
Huang [48], and Watanabe [82]. There are some works studying equations that homogenize
in space and become white in time; see, for instance, Pardoux and Piatnitski [70].

The results presented in this thesis do not correspond to any of these, due to the nonlinear
dependence on the gradient variable. In addition, our methods are quite different than those
in the above cited works. The strategy there is to first establish tightness of the probability
measures, and then uniquely identify the limiting measure as the law of the unique solution
of a certain equation. In our setting, this second step presents a challenge, due to the
nonlinearity of the equations, and we will need to prove convergence directly without using
the tightness of the laws.

It is of interest to examine (6.1.2) for different values of . As it will turn out, the nature
of the limiting behavior does not change for different values of v, so, from a practical point

of view, the quantities ¢ and § := &7 can be viewed as small, independent parameters. In
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addition, for technical reasons, some results can only be proved under a mildness assumption
on the approximate white noise dependence, which translates to a smallness condition on ~.

The Hamiltonians we consider for (6.1.2) will generally have the form
m . .
(6.1.4) H(p,y,t) ==Y H'(p,y)€'(t),
1=1

where the random fields £ : [0,00) — R are defined on a probability space (Q, F,P). For
0 < s <t < o0, consider the sigma algebras ]:gt C F generated by {§i(r)}r€[s’t], and define

the mixing rate

(6.1.5) p(t) ;== max sup sup sup |P(A | B)—P(A)|.

1=1,2,....,m >0 A€f§+t,oo Befé ,

The quantitative mixing assumptions for the &% are that

( .
t — £'(t) is stationary,

(6.1.6) p(t) 222 0, /OO p(H)Y/2 dt < oo,
0

E[£'(0)] = 0, and E[¢'(0)%] = 1.

\

One consequence, in view of the ergodic theorem, the stationarity, and the centering assump-
tion, is that, if

. t .
i) == /0 £i(s) ds,

then limg_, 6¢*(t/6) = 0. Understanding the long-time fluctuations of this quantity around
0 is done by considering the scaling of the central limit theorem. Setting ¢%9(t) = 6¢%(t/62),
it is well-known [65] that, in distribution, as § — 0, Cw converges locally uniformly to a
standard Brownian motion. Indeed, with § = €7, the equation (6.1.2) is then a specific form

of (6.1.1).
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The assumption of stationarity in (6.1.6) means that

(g(sl)vg(‘s?)a s 7§(SM)) and (g(Sl + t)a §(82 + t)a s 7€(SM + t))

have the same joint distribution for any choice of s1,s9,...,s37 € [0,00) and ¢ > —min; s;.
However, the conclusions reached above are unchanged if £ is stationary only with respect

to integer shifts. Later, we focus on & of the form
0.}
(6.1.7) () == Xplp_1 ()
k=1
where the {X}.}7° | are mutually independent, identically distributed random variables with
E[X;] =0 and E[(X;)%] =1

For instance, each X} may be a standard Rademacher random variable; that is, P(X} =

1) = P(X}, = —1) =

DNl

Observe that £ defined in (6.1.7) immediately satisfies (6.1.6), since p(t) = 0 as soon as
t > 1. In this case, the path ((t) = fg &(s) ds is a linearly-interpolated random walk, and
the convergence of (¢ to a Brownian motion is just a restatement of Donsker’s invariance

principle, which has already been used in Chapter 5.

6.2 The difficulties and general strategy

Here we discuss some of the difficulties in the study of (6.1.1) and the strategies we use to
overcome them. For simplicity of presentation, we discuss here only the case where the H'’s
are periodic in space.

We first make the formal assumption that the noise is “mild” enough to allow for averaging
behavior in space, and therefore, u® is closely approximated by a solution u° of an equation

of the form uy + ﬁE(Dﬂg,t) = 0. More precisely, we follow a standard strategy from the
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homogenization literature and assume that, for some auxiliary function v : T4 x [0,00) — R,

u® has the formal expansion
u®(x,t) = u(z,t) +ev(z/e, t).

An asymptotic analysis yields that, for fixed p € R? (here, p = Du(x,t) and y = %), v

solves

m

(6.2.1) > H'(Dyv+py)¢ =H(p,§) iR
1=1
Here, the fixed parameter £ € R” stands in place of the mild white noise e ~7¢(t/e27). The
equation (6.2.1) is known as the “cell problem,” and, in the theory of periodic homogenization
of Hamilton-Jacobi equations, under the right conditions, there is a unique choice of constant
for the right-hand side for which (6.2.1) has periodic solutions, which are called “correctors.”
Taking this fact for granted for now, this means that, formally, u* will be closely approx-

imated by the solution @® of

1 — t
(6.2.2)  wy + _W’H (Dﬂ5,§ (W)) =0 inR?x (0,00) and w®(-,0) =wug in R?,
£ €

Note that, in deriving (6.2.2), we have used the fact that & + H(-,£) is positively ho-
mogenous, which can be seen from multiplying (6.2.1) by a positive constant and using the

uniqueness of the right-hand side.

It

(6.2.3) E[H(p,&(t))] =0 for all p € RY,
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then the solution of (6.2.2) with ug(x) = pg - , which is given by

1 t__ S
_E — . —_— — —
u (ZL‘,t) - pO x 827 0 H <p07£ (52’)/)) dS,

converges in distribution, as ¢ — 0, to pg -  + o(pg)B(t), where B is a standard Brownian

motion and

o(py) = (E [F(po,é(()))ﬂ)m-

However, due to the nonlinearity of the map ¢ ~ H(-,£), it is not clear, for an arbitrary
ug € UC (Rd), how to study the general equation (6.2.2) with the pathwise viscosity solution
theory described in Chapter 2. This question, as well as the validity of (6.2.3), are taken up
in the section on multiple paths below. The answers are subtle, and depend strongly on the
nature of the mixing field £. In particular, there is not a universal limit in general.

When m = 1, the characterization of H(p, ¢) reduces to the study of the two Hamiltonians

|

(p) == H(p,1) and (—H)(p):= H(p,-1).

The equation (6.2.2) then takes the form

— =1, ¢ t 12 . ¢ o
(6.2.4) T e (577> DT <€Tw>’ =0 inR%x (0,00) and
u(-,0) =wugp in Rd,
where B - - -
1) = LR =0 g g2 .- TR 0]

The coefficient H> is equal to zero if and only if

(6.2.5) (—H) = -H.

Notice that, when m = 1, (6.2.3) is equivalent to (6.2.5).
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Because (6.2.1) is interpreted in the viscosity solution sense, it is not possible to multiply

the equation by —1, and so (6.2.5) is not only non-obvious, but false in general, as we show

later by example. In that case, for some py € R%, (—H)(pg) # —H (pg). The solution

with ug(z) := pg - = is then equal to

H(po) —

—~

@ (0t) =po o — &

- )(po)<<%>

—H)(po) /Ot/g ' s (%)‘ ds,

‘ O

. g'yH(pO) +

N [ —~

and so

H _
1T (2, t) 20 — (po”é PO g e (0)¢ in distribution.

On the other hand, if (6.2.5) holds, then (6.2.2) becomes

1 — t
(6.2.6) u; + —VH(Dﬂg)g (TW) =0 inR%x (0,00) and u*(-,0) =wugy in R?,
€ 3

and the determination of whether or not @° has a limit depends on the properties of the

effective Hamiltonian H, and, in particular, whether or not it satisfies (2.4.4).

6.3 The single-noise case

The equation of interest here is

1 13
(6.3.1) uy + g_'YH (Dug, g) 3 <5TV> =0 inR?x(0,00) and u°(-,0) = up.

As suggested by the previous section, the fact that there is only one source of noise simplifies
the structure of the problem. We also make use of the stability results proved in Section 4.2.

The Hamiltonian is assumed to be satisfy exactly the assumptions from that section, which
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we recount here for convenience:

,

H e C’(Rd X ]Rd), p+— H(p,z) is convex for all x € ]Rd7 and

(6.3.2) there exist convex, increasing functions v, 7 : [0,00) — R such that

v(|p)) < H(p,x) <7(|p|) for all (p,x) € R? x R,
\

In order for homogenization to occur in space, it is necessary for the dependence of H on
the spatial environment to possess averaging behavior. Since the result below does not rely
on the specific nature of this dependence, we give the most general assumption, and later
demonstrate that it holds in many cases of interest.

Let SE(t) : BUC(R?) — BUC(R?) and S4(t) : BUC(R?) — BUC(R?) be the solution

operators for respectively
UL+ H(DUS,x/e) = 0in R? x (0,00), U%(-,0)=¢ onR%
and, for some deterministic H € C(R%) satisfying (6.3.2),
Usy+ H(DUL) =0 in R? x (0,00), Ux(-,0)=¢ onRY,

that is, UL(z,t) = S (t)¢(x) and U+ (z,t) = S+(t)¢(r). The assumption is that, for all

¢ € BUC(RY),

(6.3.3) li_r>r(1) ST (t)p(x) = S+(t)d(x) locally uniformly.

Note that the consistency condition (6.2.5) is built directly into assumption (6.3.3). As we
show later, this is justified by the convexity of p — H(p,-), which implies (6.2.5) in either
the periodic or stationary-ergodic settings.

The first result is as follows:

Theorem 6.3.1. Assume (6.3.2) and (6.3.3). Then there exists a Brownian motion B :
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[0,00) — R such that, as e — 0, (uf, (%) converges in distribution to (u, B) in BUC(R? x

[0,00)) x C([0,00)), where @ is the pathwise viscosity solution of
(6.3.4) du+H(Du)odB=0 inRYx(0,00) and u(-,0)=uy inR%

As before, the topology in BUC(R? x [0,00)) and C/([0,00)) is that of local uniform
convergence.
In the case where v = 1, (6.3.1) arises from the scaling u®(z,t) = eu(x/e,t/e?) of the

equation
(6.3.5)  w+ H(Du,p)(t) =0 inRYx (0,00) and wu(-,0) =c lyg(e) in RY

Indeed, in this case, the scaling limit result has the following interpretation: the function

ug(x,t) = eu(x/e, t/e), which is a solution of
(6.3.6) Uet + H(Dug,z/e)é(t/e) =0 in R? x (0,00) and  uc(-,0) = ug,

converges, with probability one and locally uniformly as € — 0, to ug. Theorem 6.3.1 then
implies that ue(z,t/c) converges in distribution to @(z,t); in other words, we are able to
describe the long time fluctuations of us about its average value u.

Observe that the singular random field
§(t) := dB(t),
is strongly mixing, and indeed,
t t
)= [ e(o) ds = [ a) = Bo),

so that ¢t — ¢°(t) = 6B(t/62) is equal in distribution to B by the scaling properties of
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Brownian motion. It therefore is an interesting question whether the solutions u® of
(6.3.7) du + H(Duf,z/e)odB =0 inR?x (0,00) and u°(-,0)=vuy inR?

share the same limit.

Theorem 6.3.2. In addition to the hypotheses of Theorem 6.5.1, assume that the comparison
principle holds for (6.3.7). Then, with probability one, as ¢ — 0, the solution u® of (6.3.7)

converges locally uniformly to the solution of (6.3.4).

An example of a Hamiltonian satisfying (6.3.2) is given, for some a € C(S41 x R%), by

(6.3.8) H(p,z) :=a (%,l) |

as long as it is convex. This will hold if, for instance, a is independent of the direction
variable p/|p| € S4=1 and is strictly positive. If, in addition, a € Cg(Sd_l, Rd), then, by the
results in Section 3.3, (6.3.7) satisfies the comparison principle, and so Theorem 6.3.2 holds
as well.

Recall that the Hamiltonian (6.3.8) arises in the study of first-order front propagation.
Indeed, with H as in (6.3.8), the level sets of u® evolve according to the normal velocity
—eVa(n,z/e)E(t/e?) (or —a(n,z/e)dB in the case of (6.3.7)), where n is the outward
normal vector to the level set at the point x. It is not hard to prove that the effective

Hamiltonian H is 1-homogenous in the gradient variable as well, and therefore, it has the
form H(p) := a(p/|p|)|p| for some @ € C(S41). The homogenization results may then
be rephrased as saying that the level-set flows converge in distribution to a front evolving
according to the normal velocity @(n)dB in the space of compact subsets of RY x 0, 00),
whose topology is given by the Hausdorff distance.

Theorems 6.3.1 and 6.3.2 are a consequence of a more general convergence result that

holds in the single noise case. We consider collections {H}.~g : R% x R — R of Hamil-

158



tonians and {(}.~¢ : [0,00) — R of continuous, piecewise smooth paths, and study the

convergence of solutions, as € — 0, of the equations
(6.3.9) u§ + HE(Duf,2)5(t) =0 in R? x (0,00) and uf(-,0) =ug in R%

Theorem 6.3.3. Assume that the Hamiltonians { H® }.~q satisfy (6.3.2) uniformly in e, and

that there exists a Hamiltonian H : R% x RY — R satisfying (6.3.2) such that (6.3.3) holds

with ST and S+ the solution operators for respectively =H® and £H.

(a) If ¢ € C([0,00),R) is such that, as e — 0, (¢ converges locally uniformly to ¢, then, as

e — 0, u® converges locally uniformly to a pathwise viscosity solution u of

(6.3.10) du+ H(Du,z)-d¢ =0 inR%x (0,00) and wu(-,0) =y inR%

(b) If{C°}, C above are defined over a probability space (2, F,P) and, ase — 0, (¢ converges
locally uniformly to ¢ in distribution, then, as € — 0, u® converges locally uniformly in

distribution to a solution u of (6.3.10).

(c) The limiting function u in parts (a) or (b) is independent of the choice of approzimating

family {¢*}e>0.

(d) If the comparison principle holds for (6.3.10) for any continuous (, then the paths

{C®}e=0 in part (a) or (b) are permitted to be merely continuous.

Even if the comparison principle holds for (6.3.9) when (¢ is continuous, the same may
not necessarily be true of the equation for H, and so solutions of (6.3.10) are not guaranteed
to be unique. However, it is still the case that the limiting solution u given by Theorem
6.3.3 is unique and independent of the choice of approximating paths.

The general convergence results in Theorem 6.3.3 can be applied to a variety of other

settings. For instance, it recovers the already well-known stability of viscosity solutions
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under local uniform limits of the data. That is, if {(®}.~¢ and {H®}.~( are as above and
He 2% g locally uniformly, then the solution u° converges locally uniformly as ¢ — 0 to

u. Other homogenization results can also be studied, for instance, those of the form
uf + H <Du5,a:, f) () inRYx (0,00) and w(-,0) =g
€

with {¢*}-~0 any collection of paths converging locally uniformly and almost surely (or in
distribution) to a Brownian motion or other stochastic process, and with the dependence of

H on the fast variable being, for instance, periodic, quasi-periodic, or stationary-ergodic.

6.3.1 Assumptions that guarantee homogenization

Given a Hamiltonian satisfying (6.3.2), we now describe in more detail some extra assump-

tions for H that imply (6.3.3).

Periodicity

If
(6.3.11) y — H(p,y) is Z%-periodic,

then there exists a Hamiltonian H : R? x R? — R satisfying the assumptions of (6.3.2) such
that (6.3.3) holds. In fact, the convergence in (6.3.3) is uniform globally, not just locally, in
space, and so the statements of the theorems above can be modified to obtain global-in-space
convergence results.

This qualitative homogenization has been known since the work of Lions, Papanicolaou,

and Varadhan [52]. In fact, instead of (6.3.2), it is enough to have

(6.3.12) HeCRYxRY and  lim inf H(p,y) = +o0,
|p|—-+00 yeTd
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except this does not immediately imply (6.2.5). Indeed, this fails in general if H is not
convex in p (see the example below).
Because they will be used later, we record some of the facts in the periodic homogenization

setting here:

Theorem 6.3.4. Assume that H satisfies (6.3.11) and (6.3.12). Then, for every p € R,

there exist unique constants H(p) and (—H)(p) such that the equations

H(p+ Dyvy,y) = H(p) and — H(p+ Dyv_,y) = (—H)(p)

admit periodic viscosity solutions v+ and v_.

The functions p — H(p) and p— (—H)(p) are continuous. Moreover, if H is convex in

p, then (—H) = —H and H 1is convex.

It was proved by Capuzzo-Dolcetta and Ishii [20] that, under additional regularity, the

homogenization can be quantified. We record the result here for future reference.

Theorem 6.3.5. Assume, in addition to (6.3.11) and (6.3.12), that H is locally Lipschitz.

Let u® and u be the solutions of respectively

4

uf + H(Du®,x/e) =0 and

U+ H(Du) =0 in R? x (0,00), and

uE(-,0) =u(-,0) =ug in RY.

Then, for L > 0, there exists C' = Cf, > 0 such that, if Lip(ug) < L, then

sup |uf(z,t) — u(z, )| < C(1+T)el/3.
(z,t)ERIX[0,T]

In the full generality of the above theorem, it is still not known whether the exponent

1/3 is optimal. It can be improved in some cases: for instance, if ug(x) = p-x for some fixed
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pE R<, then the convergence rate is O(e). Recently, using techniques from Aubrey-Mather
theory, Mitake, Tran, and Yu [61] obtained the optimal convergence rate O(e) under further
assumptions, in particular, if d = 1 and H is convex, or if d = 2, and H is convex and
positively homogenous of some degree ¢ > 1 in the gradient variable. The result for d = 1
was extended by Tu [81] to equations with Hamiltonians of the form H(Du®, x, x/¢), periodic

in the x/e variable and convex in the gradient variable.

Stationarity and ergodicity

Another well-developed research area is the stochastic homogenization of Hamilton-Jacobi
equations, in which the Hamiltonian is random and its probability law is statistically ho-
mogenous and ergodic in space. More precisely, we consider Hamiltonians H = H(p, z,w)
defined on a probability space (€2, F), and, for z € R, define the group of translation op-
erators T, : Q — Q by T H(-,y) := H(-,y + z). We assume that there exists a probability

measure P on (€2, F) such that {77}, _pa is measure-preserving and ergodic, that is,

P=PoT, for all z GRd, and
(6.3.13)

if E€F and T,E = E for all z € R?, then P[E] =1 or P[E] = 0.

If H satisfies (6.3.12) and is convex in the gradient variable, then

/

there exists an event g € F with P(€g) = 1 such that
(6.3.14) for all ug € UC(Rd), T >0, and w € Qy,

lim sup |SZ(t)up(z) — S+ (t)ug(z)| = 0.
€20 (2,4)eBrx[0.1]

\

This result was proved independently by Souganidis [79] and Rezakhanlou and Tarver [72].
The degenerate elliptic “viscous” case was later treated by Lions and Souganidis in [57].
Armstrong and Souganidis considered the same problem in [4] from the viewpoint of the

so-called metric problem.
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These results all used convexity, but recently, there has been some progress in the noncon-
vex case, for instance by Armstrong, Tran, and Yu [5, 6], and by Armstrong and Cardaliaguet
[2]. Ziliotto [85], and later Feldman and Souganidis [29], provided examples of nonconvex
Hamiltonians and random media for which homogenization fails, indicating that, in general,
some form of convexity is required.

There has also been extensive work in obtaining algebraic error estimates of the type
obtained in the periodic case in Theorem 6.3.5. Armstrong, Cardaliaguet, and Souganidis
obtained such a result in [3] by quantifying the methods in [4]. In addition to (6.3.2), it is
necessary to have a stronger mixing assumption than ergodicity, namely that the environment
has a finite range of dependence, as well as a condition of the law of the Hamiltonian near

1ts minimum.

The condition (6.2.5)

We prove here a sufficient criterion for the consistency condition (6.2.5) to hold, in both the

periodic and stationary-ergodic settings. We use the fact that H and (—H) are given by

(6.3.15) H(p) = inf sup H(p+ Dyv,y) and (—H)(p)=sup inf (—H(p+ Dyv,y)),
vEG | cRd veg yeR?

where the supremum and infimum over y € RY are interpreted in the viscosity sense, and G

is the set of v € C'(R%) such that

v is periodic in the periodic setting, or
. o(y) _ . :
hm|y| o0 Tyl = 0 almost surely in the random setting.

In the periodic setting, this follows from the comparison principle and the definition of
correctors, and is proved in [52] and [28]. In the random setting, (6.3.15) holds for convex

H, which was first proved in [57].
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Lemma 6.3.1. In addition to (6.3.12), assume that p — H(p,-) is convex. Then, in either

the periodic or random setting, H is conver and (6.2.5) holds.

Proof. The convexity of H is known in both settings, so we only prove (6.2.5) here.
Suppose that, for some continuous v : R — R and v € R, H(Dv,y) < v in RY in
the viscosity sense. The coercivity of H implies that v is Lipschitz and, hence, satisfies the
inequality almost everywhere. Since H is convex, the converse also holds (see [4]).
It follows that the supremum and infimum over y € R? in (6.3.15) may be interpreted in

the almost everywhere sense, and, therefore,

(—H)(p) = supessinf (—H(p+ Dyv,y)) = — inf esssup H(p + Dyv,y) = —H(p).
veG yeRd veG yeRd

]

The argument above fails in the nonconvex case because viscosity inequalities are sensitive
to multiplication by —1. Indeed, we provide a counterexample to (6.2.5) in the periodic
setting, based on an example of Luo, Tran, and Yu [58].

If v_ is a corrector for (—H)(p) and 9(y) := —v_(—y), then v is a viscosity solution of

H(Dyt +p, —y) = —(—H)(p).

Therefore, (6.2.5) is equivalent to the invariance of H under a reflection of the periodic
medium, that is, {(p,y) — H(p,y)} and {(p,y) — H(p, —y)} have the same effective Hamil-
tonian. It follows that (6.2.5) is satisfied if H is even in y, although we will not use this
here.

Following [58], let F' € C'(]0,00)) and 0 < 63 < 03 < 01 be such that F'(0) =0, F(fy) = %,
F(03) = F(03) = 31;, F is strictly increasing on [0, 0] and [f1, +00) and strictly decreasing

on [09,01], and limy 4 F(r) = 400. For s € (0,1), let Vs : R — R be the 1-periodic
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extension of

z
s

Vs(y) =

z—1

1-s

for y € [0, s],

for y € [s, 1].

For (p,y) € R x R, set Hg(p,y) := F(|p|) + Vs(y). It is shown in [58] that Hg = H if

and only if s = s’. In particular, since Hs(p, —y) = Hi_s(p,y), Hs fails to satisfy (6.2.5)

whenever s # %

6.3.2 The proof of Theorem 6.3.3

Theorem 6.3.3, and its corollaries, are essentially a consequence of the stability result The-

orem 4.2.1 proved in Section 4.2.

The assumption (6.3.3), meanwhile, makes it possible to obtain a limit for solutions of

(6.3.9) if the path (® is replaced with a fixed, sufficiently regular path 7 satisfying

n:[0,00) = R is piecewise-C1 and, for any T' > 0,

(6.3.16)

7 changes sign finitely many times on [0, 7.

Lemma 6.3.2. Let 1) satisfy (6.3.16), and, for some fized vy € BUC(R®), let v° and v solve

.

\

Then, for any T > 0,

lim sup
€20 (2.t)eBpx[0,T]

UE('vo) = U('vO) =0

vf = H5(Dv®,z)i(t) in R x (0, 00),

vy = H(Dv,z)n(t) inR? x (0, 00),

n Rd.

|v%(x,t) — v(x,t)] = 0.

It is necessary to use the following well-known domain-of-dependence result for viscosity

solutions of Hamilton-Jacobi equations. For a proof, see the book of Lions [51].
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Lemma 6.3.3. Suppose that G : R x R? — R is continuous, let U and V be respectively a

sub- and super-solution of
Uy =G(DU,z) and Vi =G(DV,z) inR?x (—o0,0)
such that max {Lip(U), Lip(V)} < L, and suppose that

L= sup }DpH(p, :z:)| < 00.
(p7x)€BLXRd

Then, for all R > 0 and —oco < s <t < 00,

max  |U(z,t) — V(z,t)] < max |U(z,s) — V(z,s)|.
‘TEBR—E(t—S) r€BR

Proof of Lemma 6.3.2. Let the partition 0 =ty < t; <t9 < --- <ty =T be such that n is
monotone on each interval [t;, ¢;11]. Fix (x,t) € By x [0,T], let i be such that ¢ € (¢;,¢;41],
and assume without loss of generality that 7 is increasing on [¢;,t;11].

Set A :=ny —n,. It then follows that
V() = STANE(, 1) and T(t) = Sy (A)T(-t;).
We then write
v (2, t) —v(z,t) =T+ 11

where

L= S5 (AN (1) (2) — SLA(, t)(x) and
IT:= Si(A)@(,tZ)(ﬂj) — S+(A)T(-, ).

In view of Theorem 4.2.1, there exists C1 > 0 depending only on Lip(vg) such that

max(Lip(v®), Lip(v)) < C1.
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The finite speed of propagation statement in Lemma 6.3.3 and the uniform growth of H in

the gradient variable therefore yields a constant Co > 0 depending only on Lip(vg) such that

Il < max [v°(y,t;) —0(y, t;)].
YEBT1CHA

An inductive argument yields

N-1

Vo) =B nl< Y max ST 1))~ Se(C 1) W)

1=0
where
N-1
Aj = [n(tip1) —n(t)|] and Ri:=T+Cy > Ay
k=1
Sending € — 0 and using (6.3.3) yields the result. O

Proof of Theorem 6.3.3. (a) Fix a path n satisfying (6.3.16) and let v and T be as in the

statement of Lemma 6.3.2. Then Theorems 4.1.1 and 4.2.1 yield, for some C' = C, > 0,

€ - _ o e
(x,t)enl%?};[O,T] (|us(x,t) — v (x,t)| + |[u(z, t) — v(x, t)]) < OOI%I%XTK (t) — n(t)].

Lemma 6.3.2 then gives

li “(z,t) —u(z,t)| < C t) —n(t)].
11;11_S>51p|u (x,t) —u(x,t)| < OISHEECTK() n(t)|

The result follows, as n was arbitrary.
(b) As a consequence of the Portmanteau Theorem (see [14]), it is enough to show that,

for any 7" > 0 and open set G C BUC(Bp x [0,T]),

liminfP(u* € G) > P(u e G),

e—0

where, through abuse of notation, we identify u° and u with the restrictions to By x [0, T].
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Below, for ¢ > 0, define the open set
Gy = {v eG:|v— w”oo,BTx[O,T] > ¢ for all w € GC} :

Fix § > 0, and let n be a random path such that (6.3.16) holds and || — 7/, 7 < 0.
For example, n could be a piecewise linear interpolation of { over an appropriately defined
partition, using the fact that any fixed realization of ¢ is uniformly continuous on [0, 7.

Let v® and v be as in the statement of Lemma 6.3.2 with the path 1. Then
P (lim v® = v uniformly on By x [O,T]) =1,
e—0
and so, by Egoroff’s Theorem, there exists a deterministic g > 0 such that
P (||UE ~ Voo Bpxjor) <6 forallee (0,50)) >1-4.
Then, for all € € (0,¢q),

Pu*eG)>Pw+u® —v°e€Gs)—6>Pu+u® —v° € Gys) — 0
> P(u € Gy and || — gy < 6) — &

=P ((u,¢" —n) € G5 x Bs(0)) — 0.

Since (u,(® — 1) converges in distribution to (u,{ —n) in BUC(Br x [0,T]) x C([0,T1]),
letting ¢ — 0 yields
liminf P (u® € G) > P (u € Ggs) — 6,

e—0
and the result is proved because § was arbitrary.
(¢) Assume H satisfies (6.3.2), ¢ € C([0,T]), {¢%}e>0 and {C}o~q are two families of
piecewise-C't paths on [0, 7] that converge uniformly to ¢ as ¢ — 0, and w® and @ are the
corresponding viscosity solutions of (6.3.10). Then Theorem 4.2.1 implies that the sequences

168



{w®}.~p and {w°}.~g are Cauchy, and, for some C' = Cp, > 0,

sup  |w(x,t) — @5 (2, 8)] < C max |¢5(t) — ()] =% 0.

(2,t)eRIx[0,T] t€[0,T]
It follows that the solution operator for (6.3.10) extends uniquely to continuous paths. That
is, as ¢ — 0, w® and w° converge uniformly in RY x [0,7] to a unique limit, which is a
pathwise viscosity solution of (6.3.10).

In parts (a) and (b), the limiting solution is obtained exactly as the extension of this
solution operator. Therefore, the limit is unique and does not depend on the approximating
paths.

(d) If the comparison principle holds for (6.3.10), then this together with Theorem 4.2.1
implies that (6.3.10) has a unique pathwise viscosity solution for any choice of continuous

path (. The results in the previous parts now follow easily for continuous paths. O

6.4 The multiple-noise case

We discuss next the case when there are multiple driving signals. More precisely, we are

interested in the behavior of equations of the form

(6.4.1) uf + E% iHi(Dug, 2/e)él(t/e?7) inRY x (0,00) and wf(-,0) =ug in RZ
1=0
Here, for each i = 0,1,2,...,m, £ is a mixing field satisfying (6.1.6), although we will be
making more specific assumptions about these and the Hamiltonians.
To simplify the presentation, in this section we will only consider the periodic setting
(6.3.11). Then, under sufficient conditions on the H"’s which are made more specific below,

for every p € R? and € € R™, there exists a unique constant H(p,&) such that the cell
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problem

m

(6.4.2) > H'(p+ Dyv,y)' = H(p. )
i=1
admits periodic solutions v : T% — R. Furthermore, ¢ — H(p, &) is positively homogenous,

and
(6.4.3) E[H(p,£(0)] =0 for all p € RZ.

As discussed in Section 6.2 above, we will attempt to show that u® is closely approximated

by the solution u* of

(6.4.4)  uy + E%F (Dﬂ5,§ (%)) =0 inRYx (0,00) and @ (-,0)=wugy in R?,
The main tool for doing so is the homogenization error estimate obtained by Capuzzo-
Dolcetta and Ishii [20], or Theorem 6.3.5 above.

The limiting behavior for (6.4.4) is well understood if ug(x) = pg - « for some fixed
po € R%. Indeed, in view of the mixing properties of £ and the centering property (6.4.3),

as € — 0, u® converges locally uniformly in distribution to

po-o+E [0, £0)2] " Bl

where B is a Brownian motion. We will then be concerned with describing the limit of @*
for arbitrary initial data ug. Under certain assumptions on the Hamiltonians and mixing
fields, the goal will be to explain that there exists M > 1 and, for each 7 =1,2,..., M, an
effective Hamiltonian 7’ : R? — R satisfying (2.4.4) and a Brownian motion B such that,

as ¢ — 0 and in distribution, @ (and therefore uf) converges in BUC(R? x (0,0)) to the
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pathwise viscosity solution u of

M
(6.4.5) di+» H'(Du)odB/ =0 inR?x (0,00) and T=up inR%
7=1

Although at first glance, the nature of the problem is similar to the single-noise case,

there will nevertheless be some fundamental differences. Most importantly, the deterministic

M

effective Hamiltonians {H” =1

and even their number M, depend on the particular law of
the mixing field &.

We emphasize that this will imply a lack of universality for the limit of u®, even in
probability law. This is related to the following situation: suppose that v and u are the
stochastic viscosity solutions of respectively
( M
du+» H'(Du)odB' =0 and

~
—_

di+> H)(Di)odB) =0 inR%x (0,00), and

M=

I
_

J

u(-,0) = a(-,0) = ug in RY,

where { B f\i 1 {BJ };‘i 1 are independent Brownian motions, and

Mooy Mo
(6.4.6) Z [Hl(p)} = Z [H] (p)] for all p € RY.

=1 j=1

The equality (6.4.6) implies that u and @ have the same distribution whenever ug(z) = pg -«

for some fixed py € R However, this fails for arbitrary ug € UC(R?), even if M = M = 1,
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as can be seen by the following example:

(

du —uyodB =0 and
dit — |ug| odB =0 inR x (0,00), and

u(z,0) = u(x,0) = |z| inR.

\

The Hamiltonians H(p) = p and f[(p) = |p| clearly satisfy (6.4.6). However, a simple

calculation yields u(z,t) = |z + B(t)|, while it is shown in [55, 53, 76] that

i(x,t) = max {|x| + B(t), Org?gté(s)} .

The solutions u and @ then fail to have the same law. For instance, u(0,t) = |B(t)|, while

@(0,t) = maxg<g<; B(t) is an increasing function.

6.4.1 A general class of examples

We now make some further assumptions that give rise to a rich class of examples and results.

For the Hamiltonians { H’ 1, we assume that

(
H e O R x T,

m
(6.4.7) P Hl(p, )+ ZHi(p, ){’Z is convex for all £2,¢3,...,6M e {-1,1}, and
o i=2
m .
lim inf | H'(p,y) — ‘Hlp,y‘ = +o0.
\pHmyer( ) =3[ 0)

As a consequence of Theorem 6.3.4, the cell problem (6.4.2) is solvable for all p € R¢ and
¢ € {—1,1}", and furthermore, p — H(p,1,£) is convex and & — H(p, ) is homogenous.
That is, for all A € R and £ € {—1,1}"",

(6.4.8) H(-,\6) = \H(+,€).
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That (6.4.8) holds for positive A was already observed in Section 6.2. The full assertion is a
consequence of Theorem 6.3.4 and the convexity assumption in (6.4.7).

The mixing fields are assumed to satisfy, for i =1,...,m,

0.9]
¢ = Z X,il(k,kJrl) where
(6.4.9) k=0

{X,Zc} are independent Rademacher random variables.
i=1,2,....,m, k=0,1,...

In particular, if

. . . .
(6.4.10) €98 (t) = ig@(t/s%) and (H5(t) = /O €94 (s) ds,

eV

then each (€ is a scaled, linearly-interpolated, simple random walk on Z, and, in distribu-

tion,
(che,¢2e, .. ¢cmey 225 (gl B2 . pm)
in C([0,00),R™), where (B!, B2,..., B™) is an m-dimensional Brownian motion.
Define

;

A= {j:<j17j27"'7jl>:ji€{172>"'7m}7 j1<j2<"'<jl}7

il = 101,72, .-, 7)) ==1, and

A= {j e A" . |j| is odd.}.

Note that #A™ = 2™ — 1 and #Ay' = om—1,

173



For any j = (1,42, -.,7;) € A™, define

éfj = i gl for £ = (51,52, LM e {11,
Bp)= Y 2"Hpod,
fe{-1,1}m

(6.4.11) . T |
J . yJ1yJ2 Jl
X=X X2 X)L

dy:=o0, d ;:ZXJ,;1(,€’,M), and  (VE(t) = VA(t/2Y).
\ k=0

Observe that, for each j € A7, T is a difference of convex functions. Note also that if
|j| is even, then the homogeneity property (6.4.8) implies that 7 =o.

We then have the following result:

Theorem 6.4.1. Assume that 0 < v < 1/6, ug € Lip(R?), (6.4.7), and (6.4.9), and let us
be the solution of (6.4.1). Then there exist 2™~ independent Brownian motions {Bj}jeAg”>

such that, in distribution,
(v A Yseap) = (@ ABYjean) in BUCR? x [0,7]) x C (0, 7],R*"),
where w is the stochastic viscosity solution of

(6.4.12) du+ > H(DwodB =0 inRx (0,00) and u(-,0)=ug inR"
je Ay

The result relies on the fact that, due to the assumptions on the mixing fields fi, which
take their values only in {—1, 1}, the general effective Hamiltonian H(p, &) can be decom-

posed using a combinatorial argument. This is described by the next lemmas.

Lemma 6.4.1. Let { X/ };n:l be mutually independent Rademacher random variables. Then
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the random variables defined by
XV = XX X for § = (j1, 2., j) € A™

are pairwise independent and Rademacher.

Proof. The Rademacher property follows from the mutual independence of the {X7J }Tzl
To prove the pairwise independence, it is enough to establish the following two facts: if

X, Y, and Z are pairwise independent Rademacher random variables, then

X and X Z are independent, and

X7 and Y Z are independent.

Both facts are easily checked. O

Lemma 6.4.2. Let f:{-1,1}'"" = R. Then

(6.4.13) FO=ft Y £
jeA™
where
1 1 .
fo=gm Do fO md =m0 Y fOF
fe{-1,1}m fe{-1.1}m

If f is odd, then fo =0 and the sum in (6.4.13) is taken over j € A}".

Proof. The last statement about odd f follows easily from the formulas. To prove these,
let F™ be the space of all real-valued functions on {—1,1}". This is a 2-dimensional
vector space. On the other hand, the 2" functions in the collection P := {1, {fj}j6 Am'}
are linearly independent elements of 7", and therefore, their span is equal to F.

For f,g € F™, define the inner product

1
(Fo)em=gm D F(©a)
ce(-11)m
175



With respect to (-, -) zm, P"* becomes an orthonormal basis, so that, for any f € F™,

F=> (o) rma

qeP™
which is the desired conclusion. O

As a corollary, we relate the effective Hamiltonian H : R% x R™ from (6.4.2) to the

definitions in (6.4.11):

Corollary 6.4.1. For all p € R? and € € {—1,1}™,

Hp, &)=Y B

JeAT

Now let u¢ be the solution of the equation

(6.4.14) W+ > B(DE)E(4) =0 inR? x (0,00) and @(,0)=wuy inRY,
jeAy

where the F’s and (¥’s are as in (6.4.11).

Lemma 6.4.3. There exists C = Cf, > 0 such that, whenever Lip(ug) < L, ¢ > 0 and
T>1,

sup [u® (x,t) — 0" (z,t)] < CTe /32,
(2,6 R [0,7]

Proof. We do not give the full details of the proof, as it is very similar to that of Lemma
6.3.2, although quantitative, and made simpler by the fact that periodic homogenization is
global in space, so that the finite speed of propagation property from Lemma 6.3.3 does not
need to be used.

The argument follows by applying the O(sl/ 3) rate of convergence from the periodic

homogenization of Hamilton-Jacobi equations on each of the approximately 1/ £27 intervals
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on which £%(t) is constant. The effective equation on each of those intervals is given by
u; + H(Dus, e 1¢(t/e7)) =0,

which is exactly equation (6.4.14) in view of Corollary 6.4.1. O
We finally present the

Proof of Theorem 6.4.1. Because v < %, Lemma 6.4.3 implies that, with probability one,

lim sup |u®(x,t) — " (z,t)| = 0.
€20 (2 1)eRdx[0,T]

In view of Lemma 6.4.1, the path

{Yjeap € C (0,50 B )

is a random walk which, as ¢ — 0, converges in distribution to a 2m~—1_dimensional Brownian
motion {Bj}jeAg”-

The stability result Theorem 4.1.1 implies that the solution operator for the equation
(6.4.12) given by

S:C ([O,T],RT’”‘”) 5 B @ e BUCRY x [0,T])
is continuous, and, therefore, so is the graph map
om—1 _ om—1 d
(Id,9) : C ([O,T],R ) 5 B (B,1) € C <[O,T],R ) « BUC(R? x [0,T)).

It follows from the Mapping Theorem that, if u® is the solution of (6.4.14), then, as e — 0,

2m—1

(W8, C%) converges in distribution to (@, B) in BUC(R? x [0,T]) x C([0,T],R) The

result now follows from Slutzky’s theorem. O
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6.4.2 A one-dimensional example

We begin with some examples in the case d = 1.

We consider the following cell problem
(6.4.15) lp+'(y)|+ F(y)=H(p) onT.

It what follows, define (V') := fol V(y) dy for any V € C(T).

Lemma 6.4.4. The effective Hamiltonian H in (6.4.15) is given by

() = o e F ). o + )}

Proof. Assume first that [p| < max F' — (F'). Let yp, € [0,1] be such that max F' = F(ym).
Then there exists y* € [ym, 1 + ym] such that

v I+ym
/ (maxF—F(t))dt—/ (max F'— F(t)) dt = p.
m Y

*

We then define a function v on [y, 1 + ym] as below and extend it periodically to the rest

of R: y
/ (max F — F(t) — p) dt if y <y <vy*, and

v(y) = Yy
v(y*) — / (max ' — F(t) +p)dt if y* <y < 1+ym.
y*

It is standard to check that v is a viscosity solution of [v' + p| + F(y) = max F in R.

Now assume that p > max F' — (F'). Then

o(y) = /0 " (F) — Ft) di

is a C1 solution of the equation |v/ + p| + F(y) = p + (F). A similar construction works for

p < —(max F — (F)).
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]

Now, for ug € Lip(R), ¢1¢ and ¢%€ as in (6.4.10), and f € C%1(T), consider the equation

u§ + 0puf|CHE 4 f <E> (=0 inRx(0,00) and
(6.4.16) e
u®(-,0) =ug inR.

Theorem 6.4.1 implies that, as € — 0, (uf, (1%, ¢%€) converges in distribution to (7, B, B?),
where B! and B? are independent Brownian motions and @ is the solution of an equation of
the form

dﬂ+ﬁ1(6xﬂ) o dB! +ﬁ2((%ﬂ) 0dB?>=0 inRx(0,00) and

(6.4.17)
u(+,0) =ug in R,

provided that v < % In fact, the convergence actually holds if v < 1, as a result of the

recent homogenization error estimates proved in [61].
Using the formulas in (6.4.11) and Lemma 6.4.4, we explicitly compute Hl and F2. In
particular, for all p € R? and ¢1,£2 € {—1,1},

¢t m f o (5f<y>) I+ (05 | = B0+ 102

yeT \ &

It turns out that these depend on the relationship between the average of f and its amplitude.

More precisely, we need to split into two cases, depending on whether

max f — max f

2

max f — min f

() < 22

(f)>

In the first case, we say that f skews upwards, and in the second, we say that f skews

downwards.
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If f skews upwards, then 0 < max f — (f) < (f) — min f, and

(max f — min f

. if Ip| < max f — (f),
1

T (0) = 4 Slpl+ 5 () —min ) if max f — () < [p| < (f) — min .

W if [p| > (f) — min f,

and
(max f + min f

: if [p| < max f — ()
1

S () +min f) if max f = () < [p| < () — min /.
($) if |p| > (f) - min .

If f skews downwards, then 0 < (f) — min f < max f — (f), and

1
H (]9) = §|p| +

\

(max f — min f

. if |p| < (f) — min f,

(1) =3 Slpl + 5 (max £ — () i () —min f < [p| < max f — (f),

Ip| if [p| > max f — (f),

\

and F 4 min f
((max min ) .
> if [p| < (f) — min /.

() = § 3lol + 5 (ma f = (1)) it (f) = min < [pl < max = (1),

{f) if [p| > max f — (f).

\

6.4.3 Dependence of the limit on the noise approrimation

We consider equation (6.4.16) once more, but for different approximating paths.

We will still define, for i = 1,2, ¢¢(t) = V¢ (t/e%Y), where
)= XiL(gpsn)(®)
k=0

for some collection of independent random variables {X]i}i:172’ k=012, We will still as-
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sume that
{X ]1} k=0,1,2,... are independent Rademacher random variables.

However, for the other collection, we will assume

( a+b a—2>b
X2 — Y,
k 5 Tkt

0<b<a, a®+b*=2, a(maxf—(f)) <b((f)— minf),

Zy.,

\ {Yy, Z )72y are independent Rademacher random variables.
Note that
1
P(XP=a)=P(X}=b)=P(X}=—a) =P (X}=-b) = 7.

EX? =0, and E|XZ?=1.

In particular, there exists a standard Brownian motion (Bl, BQ) such that
<C1’€=C2’€> =20, (BI,BQ) in distribution.

However, the limiting equation for u® is no longer (6.4.17). Define the approximating paths

GE(t) == e7A(t)e2Y) for j € {{1},{2},{3},{1,2,3}}, where

¢he=cte (o) = (B0 = ¢ 0) =0,

¢ = Vilgpny®, ) =3 Zp1 g (®), and
k=0 k=0

123} (1) = > X]};Ykzkl(k,k+1)(t)'
\ k=0
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Equation (6.4.16) then becomes

( . +b .
uf + |0ouf|¢he + 222 (2) (B
;bf <§> 6{3}’8:0 in R x (0,00) and

u®(-,0) =ug inR.

(6.4.18) { + 8

\

This falls into the class of equations studied in Theorem 6.4.1. Applying this result shows

that, if v < 1, then, for some independent Brownian motions BJ with j equal to {1}, {2},

{3}, or {1, 2,3},
(uf,c{l}’E,C{Q}’g,C{?’}’E,g{l’?’?’}’*’f) 20, (E, B{l}’B{2}7B{3}’B{1,2,3}> in distribution,
where w is the stochastic viscosity solution of

du + A 0,1) 0 aB™ + T2 (0,7) 0 4B + BB 9,1) 0 aB 13

(6.4.19) + Y2 0,1 0dBI123 — 0 iR x (0,00) and

u(-,0) =ug inR

\

with
H () =
(2 (ma f — min 1) i£0 < [p) < blmax f — (),
1Pl £ min f) + 3 ()~ min £) i bmax £ — () < o] < a(max ] — (7)),
Slpl+ ()~ min ) if a(max f — (f)) < [p| < b((f) — min f),
2Jpl + 2((f) — min f) i b((f) — min f) < [p] < a((f) - min ),
o i Ip| > a((f) - min f),
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" (p) =

(a+b
4

(max f + min f)

4
1 a )
Z|P\ + Z(<f> + min f) +

a+b<f>

2

T (p) =

(

L) + min f)
1 a . b
Z|p|+1((f>+m1ﬂf)—§<f>
a—>b

|5 (f)

and

a2 () =

(a—b

\

a—>
4

(max f + min f)

1 a ) b .
7Pl + 7 (max f +min ) + 2((f) + min f)

1 a ) b )
—Z|p| + Z(maxf + min f) — Z(<f> + min f)

(max f — min f)

1 a .
—Z\p| + Z(maxf — min f)
a—>b

4

1 a )
—Z\p| + Z(<f> + min f)

((f) — min f)

0

b .
- 1_1(<f> — min f)
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if 0 < |p| < b(max f — (f)),

if b(max f — (f)) < [p| < a(max f — (f)),
if a(max f — (f)) < [p| < b((f) — min f),
if b((f) — min f) < |p| < a((f) — min f),

if [p| = a((f) — min f),

if 0 < |p| < b(max f — (f)),

if b(max f — (f)) < [p| < a(max f — (f)),
if a(max f — (f)) < [p] < b({f) — min f),
if b((f) —min f) < [p| < a((f) — min f),

if [p| = a((f) — min f),

if 0 < [p| < b(max f — (f)),

if b(max f — (f)) < |p| < a(max f — (f)),
if a(max f — (f)) < [p| < b({f) — min [),
if b((f) —min f) < |p| < a((f) — min f),

if [p| = a({f) — min f).



6.4.4 Some front propagation problems

We now consider the following general first-order, level-set equation

(6.4.20)  ug —|— A ( , 27) IDuf| =0 inR%x (0,00) and u°(-,0) =y inRY,

where
( m
Aly, 1) = d (y)&' (1),
1=1
(6.4.21) { € satisfies (6.4.9) and o' € Lip(Td) foralli=1,2,...,m, and

m
al > Z la¥).
\ k:2

Equation (6.4.20) is the level set equation for a hypersurface evolving according to the normal
velocity —e VA(z /e, t/e27).

Fori=1,2,...,m, define Hi(p, ) := a'(x)|p|. The convexity and coercivity assumptions
n (6.4.7) are satisfied in view of the last line of (6.4.21), and therefore Theorem 6.4.1 can
used to study (6.4.20) when v < 1/6. In this case, the effective Hamiltonian H given by
(6.4.2) is positively homogenous in the gradient variable, and, from the formula in (6.4.11),

so are each of the IP for j € AJ'. Therefore, each P has the form
ﬁj(p) - <‘ ’> lp| for some @ : ST - R.

For some independent Brownian motions {Bj}je A the limiting equation is then of the

form

du + EZA aJ (|D_5‘) |Dﬂ5| OdBJ in Rd > (0’ OO) and ﬂ(-,()) =y in Rd.
.] m

In other words, as ¢ — 0 and in distribution, the level-set flow corresponding to the normal
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velocity —eYA(z/e,t/e?7) converges in the Hausdorff metric to the level-set flow with the

normal velocity dB(n,t), where

B(nt)= Y @(n)B(t).

JeAD
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