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ABSTRACT

This thesis is concerned with the theory and applications of certain fully nonlinear stochas-

tic partial differential equations. First, we present several new results regarding the well-

posedness of the equations. Among these are proofs of the comparison principle for equations

with nontrivial spatial dependence. We also prove some new path-stability estimates, and

we give a very general proof of existence using Perron’s method, which characterizes the

unique solution as the maximal sub-solution.

We also discuss a general framework for approximating solutions numerically. A variety

of convergent approximation schemes are considered, including finite difference schemes and

Trotter-Kato splitting formulas, and the results are general enough to allow for many more

examples. For first-order equations, we derive explicit error estimates.

Finally, we introduce a family of homogenization problems that arise from scaling limits

of fully nonlinear equations with highly oscillatory spatio-temporal dependence. We prove,

under suitable assumptions on the nonlinearities and the random dependence, that the lim-

iting behavior is governed by a spatially homogenous, stochastic Hamilton-Jacobi equation.
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NOTATION

Let N ≥ 1 and U ⊂ RN be open.

• Ckb (U) is the space of k-times differentiable functions with bounded derivatives. The

bounds of the derivatives of f ∈ Ckb (U) are denoted
∥∥Djf

∥∥
∞,U for j = 1, 2, . . . , k. If

U = [0, T ] ⊂ R, we also write
∥∥∥f (j)

∥∥∥
∞,[0,T ]

=
∥∥∥f (j)

∥∥∥
∞,T

.

• C0,α(U) is the space of α-Hölder continuous functions. The semi-norm of f ∈ C0,α(U)

is denoted by [f ]α,U . If U = [0, T ] ⊂ R, we also write [f ]α,[0,T ] = [f ]α,T . If α = 1, we

also write [f ]1 = ‖Df‖∞ = Lip(f) and C0,1(U) = Lip(U).

• LSC(U) = the space of lower-semicontinuous functions on U

• USC(U) = the space of upper-semicontinuous functions on U

• (B)UC(U) = the space of (bounded) uniformly continuous functions on U

• For a locally finite function u : U → R, u∗ and u∗ denote the upper- and lower-

semicontinuous envelopes of u.

• SN denotes the space of symmetric N -by-N matrices. I denotes the identity matrix.

For A ∈ SN , ‖A‖ := max|v|=1Av · v. For B ∈ RN × RN , Sym(B) ∈ SN is defined by

(BBt +BtB)/2.

• For W ∈ C([0,∞)) and 0 ≤ s ≤ t <∞, osc(W, s, t) := maxr1,r2∈[s,t] |W (r1)−W (r2)|.

• Br(x) := {y ∈ RN : |x − y| < r}, Br := Br(0), Nr,s(x, t) := {(y, q) : |x − y| <

r, |q − t| < s}, Nr(x, t) := Nr,r(x, t), S
N−1 := ∂B1.

• For a, b ∈ R, a ∧ b = min{a, b} and a ∨ b = max{a, b}.

• For a function H : RN → R, H∗(q) := supp∈RN (p · q −H(p)).
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CHAPTER 1

INTRODUCTION

1.1 Background

This thesis is concerned with recent developments in the theory and applications of fully

nonlinear rough, or stochastic, partial differential equations.

Many complex phenomena in the real world are modeled with partial differential equa-

tions that, due to statistical uncertainty, have random, possibly singular, spatio-temporal

dependence. This dependence can be mathematically described using white noise, which

leads to stochastic partial differential equations. In recent years, the study of such equa-

tions has attracted much attention in view of the many applications to physics, economics,

and beyond, as well as the interesting mathematics that arise from the interplay between

probability and analysis.

As a consequence of the rough nature of the randomness, the standard methods for defin-

ing solutions of partial differential equations are often not sufficient in the stochastic setting.

It is therefore necessary to come up with a new, well-posed notion of weak solutions. One

can then investigate the effect that the stochasticity has on the structure and behavior of the

solutions. This question can be studied in many contexts, including, but not limited to, reg-

ularity, long-time behavior, homogenization effects, scaling limits, numerical approximations

and simulations, and large deviations.

In this thesis, we are interested in fully nonlinear and degenerately parabolic equations.

For some unknown function u : Rd × [0,∞)→ R, these take the form

(1.1.1) du = F (D2u,Du, x, t) dt+
m∑
i=1

Hi(Du, x) · dW i in Rd × (0,∞).

The initial data u(·, 0) := u0, as well as the functions F : Sd × Rd → R and H =

(H1, . . . , Hm) : Rd × Rd → Rm are continuous, although more regularity is required for
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the latter in order to make sense of the equation. The nonlinearity F is degenerate elliptic,

which means that it is increasing in the Sd variable, where Sd is the space of symmet-

ric d-by-d matrices. The terms dW i denote the time-differential of the continuous path

W = (W 1,W 2, . . . ,Wm). Of interest to us are random paths that are not regular enough

to put (1.1.1) in the classical viscosity solution framework, for example, if W is an m-

dimensional Brownian motion, or a more general semimartingale. As we discuss later on,

(1.1.1) will then be understood, at least formally, through the Stratonovich formulation.

The study of parabolic stochastic partial differential equations goes back to the work of

Krylov and Rozovskĭı [44] in the quasilinear, uniformly parabolic setting (see also Pardoux

and Peng [69]), which is based on using the martingale approach to solve stochastic differ-

ential equations in an appropriate Banach space. On the other hand, a global theory for

weak solutions of fully-nonlinear, degenerately parabolic equations like (1.1.1) was not avail-

able until the works of Lions and Souganidis [53, 54, 55, 56, 76] that introduced pathwise

(stochastic, rough) viscosity solutions.

Degenerate parabolic stochastic partial differential equations arise in a number of settings.

One example is the theory of stochastic control with partial information, or, more generally,

pathwise stochastic control. As is well known, (see, for instance, the books of Bardi and

Capuzzo-Dolcetta [8] or Fleming and Soner [30]), the so-called value function from stochastic

control is the solution of a fully nonlinear, Hamilton-Jacobi-Bellman equation. However, in

applications of finance, only partial information is known for the stochastic dynamical system

being controlled. This uncertainty comes up in the partial differential equation as rough,

stochastic dependence, leading to an equation like (1.1.1) where the Hamiltonians Hi are

linear in the gradient variable. This setting, going back to Pardoux [67, 68], has also been

studied extensively from the point of view of rough path theory by many authors, including,

but not limited to, Caruana, Friz, and Oberhauser [21] and Buckdahn and Ma [17, 18].

An example for which H is fully nonlinear arises in the study of moving interfaces, a

subject whose mathematical analysis is relevant to models for phase transitions, population

2



dynamics, turbulent combustion, and more. A moving interface can be described by a family

of hypersurfaces {Γt}t≥0 ⊂ Rd evolving according to a given normal velocity V (Dn, n, x, t),

where n = n(x, t) is the outward normal vector to the surface Γt at the point x, and Dn

denotes its spatial derivative, which encodes the principle curvatures of the surface. A well-

studied example is

(1.1.2) V (Dn, n, x, t) := − tr(Dn) + a(n, x, t),

where κ := tr(Dn) is the mean curvature of the surface and a : Sd−1 × Rd × [0,∞) is a

first-order perturbation.

An interface evolving in this manner is known to develop singularities or change topo-

logical type in finite time, in which case the normal direction and curvature cease to be

well-defined. In many applications, however, it is of interest to describe the motion of the

interface after singularities occur. A great number of strategies for doing so have been de-

veloped. One notable example in the case of mean-curvature flow (that is, when a ≡ 0 in

(1.1.4)) is Brakke’s theory of varifolds [16]. For very general interface motions, the most suc-

cessful tool is the level-set approach introduced by Osher and Sethian [64] and generalized

by many authors, for example Barles and Souganidis [13]. For each t ≥ 0, the hypersurface

Γt is identified with the level-set of a function u:

(1.1.3) Γt := {x ∈ Rd : u(x, t) = 0}.

One can then formally derive a nonlinear, degenerately parabolic partial differential equation

to describe the evolution of the function u. In the case of (1.1.2), for example, this takes the

form

(1.1.4) ut = ∆u−D2u
Du

|Du|
· Du
|Du|

+ a

(
Du

|Du|
, x, t

)
|Du| in Rd × (0,∞).

3



The theory of viscosity solutions yields the existence of a unique, continuous, weak solution

of (1.1.4), as long as a is continuous in all variables. As a consequence, the singular behavior

of moving interfaces can be understood through an analysis of the equation.

In many physical applications, the perturbation a in (1.1.2) is a singular, space-time noise

term, an example being

(1.1.5) a(n, x, t) :=
m∑
i=1

ai(n, x)dBi(t)

for some coefficients ai : Sd−1 × Rd → R and independent Brownian motions {Bi}mi=1. In

this case, the equation (1.1.4) is a special case of (1.1.1):

(1.1.6) du =

(
∆u−D2u

Du

|Du|
· Du
|Du|

)
dt+

m∑
i=1

ai
(
Du

|Du|
, x

)
|Du| ◦ dBi in Rd × (0,∞).

1.2 The main difficulties

We briefly summarize some of the difficulties in generalizing the viscosity solution theory to

solutions of (1.1.1) with rough time dependence. A more detailed discussion can be found

in [53, 76].

The first important difficulty in the study of equations such as (1.1.1) is that global

smooth solutions do not exist in general. This is due to the nonlinearity of the equation,

which implies that shocks in the solutions form in finite time. In the non-rough setting,

that is, when the path W is smooth, this was overcome with the Crandall-Lions notion of

viscosity solutions, a well-developed theory for which powerful existence, uniqueness, and

stability results have been obtained. For a detailed description of the theory and a list of

references, see the User’s Guide of Crandall, Ishii, and Lions [25].

Extending the theory of [44] to (1.1.1) is not possible in general. For example, establishing

the existence of solutions, which is usually done by proving tightness of probability laws of

suitable approximations in the right function space, is made difficult by the full nonlinearity
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and degenerate parabolicity. A related problem arises when trying to characterize the law of

(1.1.1) as the viscosity solution of a partial differential equation in infinite dimensions, since

the resulting equation does not appear to be amenable to the existing theory of Crandall

and Lions [26, 27].

Another major difficulty is that the standard viscosity solution theory breaks down for

(1.1.1), since it is not possible to make sense of the equation in a pointwise sense. If W is

smooth, then a sub-solution of (1.1.1) is a function u such that, whenever φ ∈ C2(Rd×(0,∞))

and u(x, t)− φ(x, t) achieves a local maximum at (x0, t0), then

φt(x0, t0) ≤ F (D2φ(x0, t0), Dφ(x0, t0), x0, t0) +
m∑
i=1

Hi(Dφ(x0, t0), x0)Ẇ i(t0),

with a similar definition for super-solutions. However, this inequality makes no sense if Ẇ

is not defined pointwise, as is the case if W is a Brownian motion and, therefore, nowhere

differentiable.

In view of the evolution structure of the equation, the definition may be rephrased in an

integral sense. This has been done for equations with integrable time-dependence; see the

works of Ishii [36] and Lions and Perthame [49] when F ≡ 0, or of Nunziante [62, 63] for

second-order equations. In particular, if φ ∈ C2(Rd × [0,∞)), then, for all s < t,

sup
x∈Rd

{u(x, t)− φ(x, t)} ≤ sup
x∈Rd

{u(x, s)− φ(x)}

+

∫ t

s
sup

x∈A(r)

{
−φr(x, r) + F (D2φ(x), Dφ(x), x, r)dr +

m∑
i=1

Hi(Dφ(x), x)dW i(r)

}
,

where A(r) is the set of points for which u(·, r)− φ(·, r) attains a maximum. This strategy

allows the viscosity solution theory for (1.1.1) to be applied to the case of paths with finite

total variation, but still does not cover the most general, rough case.

It turns out that it is possible to find, on sufficiently small time intervals I ⊂ (0,∞),

5



smooth-in-space solutions Φ of the rough, Hamilton-Jacobi part of (1.1.1)

dΦ =
m∑
i=1

Hi(DΦ, x) · dW i in Rd × I,

or, equivalently, for all s, t ∈ I,

Φ(x, t)− Φ(x, s) =
m∑
i=1

∫ t

s
Hi(DΦ(x, r), x) · dW i

r .

This was originally accomplished by Kunita [45] with the method of characteristics, which

here become a system of stochastic differential equations. The same can be accomplished if

W is a geometric rough path using the flow properties of rough differential equations proved

by Lyons and Qian [59].

The key idea behind the pathwise viscosity theory is to use these local, spatially smooth

solutions as test functions to absorb the “rough” part of (1.1.1). That is, the definition

involves a local version of the so-called method of flow transformations, a standard tool

by which a stochastic partial differential equation is converted into a classical one with

random coefficients. The trade-off is that, being exact solutions, the test functions are very

inflexible. Hence, it is not obvious how to use them as barriers, and, as a result, it is

necessary to essentially “reinvent” the arguments and results from the standard theory of

viscosity solutions.

1.3 A summary of the results

We briefly describe the results outlined in this thesis. For more detailed explanations, see

the introductory material for each respective chapter. The results are also contained in the

author’s works [73, 74, 75].

In Chapter 2, we recall the theory of stochastic and rough flows, present the Lions-

Souganidis definition of pathwise viscosity solutions, and prove some important properties.
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Many specialized test functions are also constructed that will be used in the various quanti-

tative arguments throughout the thesis.

The comparison principle is the focus of Chapter 3. Its proof is given in many settings

for which the Hamiltonians have nontrivial spatial dependence, which, in view of the rough

time-dependence, creates a number of difficulties.

We study the existence of solutions in Chapter 4. First, we prove precise path stability

estimates for equations with convex, spatially-dependent Hamiltonians, which extends the

class of first-order equations for which existence is known. We then give a very general

proof of existence of solutions for second-order equations using Perron’s method, which

characterizes the unique solution as the maximal sub-solution.

We present a general framework for approximating solutions of (1.1.1) numerically in

Chapter 5. A variety of convergent approximation schemes are considered, including finite

difference schemes and Trotter-Kato splitting formulas, and the results are general enough to

allow for many more examples. For first-order equations, we derive explicit error estimates.

Finally, in Chapter 6, we introduce a family of homogenization problems that arise from

scaling limits of fully nonlinear equations with highly oscillatory spatio-temporal dependence.

We prove, under suitable assumptions on the nonlinearities and the random dependence, that

the limiting behavior is governed by a spatially homogenous, stochastic Hamilton-Jacobi

equation.

7



CHAPTER 2

DEFINITIONS AND PRELIMINARY RESULTS

2.1 Introduction

In this chapter, we introduce the definition of pathwise viscosity solutions of (1.1.1). Central

to this discussion is the ability to obtain local-in-time, smooth-in-space solutions of the

“rough,” Hamilton-Jacobi part of the equation. We first explain which assumptions on


H = (H1, H2, . . . , Hm) : Rd × Rd → Rm,

φ : Rd → R, and

W = (W 1,W 2, . . . ,Wm) : [0,∞)→ Rm

guarantee the existence, for a sufficiently small h > 0, of a smooth-in-space solution of

(2.1.1)


dΦ =

m∑
i=1

Hi(DΦ(x, t), x) · dW i in Rd × (t0 − h, t0 + h)

Φ(·, t0) = φ in Rd.

Once we have done so, we give some equivalent definitions of pathwise viscosity sub- and

super-solutions, and prove some of their properties. Finally, we construct particular solutions

of (2.1.1) (or rather, of certain variants that arise in the method of doubling variables) that

will be used in comparison and stability proofs in various settings.
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2.2 The method of characteristics

The main approach to constructing solutions of (2.1.1) is through the study of the system

of characteristic equations given, for fixed x, p ∈ Rd and t0 ∈ (0,∞), by

(2.2.1)


dX = −

m∑
i=1

DpH
i(P,X) · dW i, X(x, p, t0) = x,

dP =
m∑
i=1

DxH
i(P,X) · dW i, P (x, p, t0) = p.

If (2.2.1) has a global solution, then, assuming these objects are well-defined, we will set


X(x, t) = X(x,Dφ(x), t), P(x, t) = P (x,Dφ(x), t), and

Z(x, t) = φ(x) +
m∑
i=1

∫ t

t0

(
Hi(P,X)−P ·DpHi(P,X)

)
· dW i.

If Hi and φ are regular enough, then x 7→ X(x, t) will be a diffeomorphism for t sufficiently

close to t0. Then, formally, the solution Φ of (2.1.1) is given by

(2.2.2) Φ(x, t) := Z(X−1(x, t), t).

We make these calculations rigorous in what follows.

2.2.1 Stochastic and rough flows

We first discuss the case where W : [0,∞) → Rm is stochastic process defined on some

probability space (Ω,F ,P). For simplicity of presentation, we focus here only on the case

where W is a Brownian motion, although the discussion follows similarly if W is a semi-

martingale. Without loss of generality, we may assume that Ω := C([0,∞),Rm) with the

topology of local uniform convergence, F is the Borel σ-algebra on Ω, and P is the Wiener

measure. With this viewpoint, the statements and results below are understood to hold with
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P-probability one, that is, for P-almost every path W ∈ Ω.

In this setting, (2.1.1) and (2.2.1) are interpreted with the Stratonovich formulation, and

the symbol “·” is replaced with a “◦.” In particular, the maps X and P solve the equations

(2.2.3)


dX = −

m∑
i=1

DpH
i(P,X) ◦ dW i, X(x, p, t0) = x,

dP =
m∑
i=1

DxH
i(P,X) ◦ dW i, P (x, p, t0) = p.

This has to do with the way that the standard Itô stochastic calculus is applied in the

construction of smooth flows below, as well as the stability of these systems with respect to

a regularization of the path.

The following lemma is a special case from a large family of results about stochastic flows

of diffeomorphisms studied by Kunita [45].

Lemma 2.2.1. Assume that, for some n ≥ 0, H ∈ C4+n
b (Rd × Rd,Rm). Then, with P-

probability one, (x, p) 7→ (X(x, p, t), P (x, p, t)) is a C1+n-diffeomorphism for all t ∈ R.

The theory of rough paths, which was introduced by Lyons [60] and subsequently de-

veloped by many authors, including Gubinelli [34] and Friz and Victoir [33] (see also the

book of Friz and Hairer [32]) provides a general analytic and deterministic framework for

constructing rough integrals and solutions of differential equations with rough time depen-

dence. The focus is on constructing solution maps for systems like (2.2.1) that are continuous

with respect to a suitably augmented rough-path metric, which measures, in addition to the

Hölder distance between paths, the distance between certain iterated integrals. In analogy

with the results on stochastic flows, one can construct flows of rough diffeomorphisms with

the theory of rough paths, as we now demonstrate. The presentation below follows most

closely that of [32].

Let α ∈ (1/3, 1/2] and m ≥ 1 be fixed.
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Definition 2.2.1. The map W = (W,W) ∈ C([0, T ],Rm)× C([0, T ]2,Rm ⊗Rm) is said to

be an α-Hölder continuous rough path, and we write W ∈ C α([0, T ],Rm), if

(2.2.4)


‖W‖C α := sup

s6=t

|Ws −Wt|
|s− t|α

+ sup
s6=t

|Wst|
|s− t|2α

<∞, and

Wst −Wsu −Wut = (Wu −Ws)⊗ (Wt −Wu) for any s, u, t ∈ [0, T ].

If W also satisfies

(2.2.5) Sym(Wst) =
1

2
(Wt −Ws)⊗ (Wt −Ws) for any s, t ∈ [0, T ],

then W is said to be a geometric rough path, and we write W ∈ C α
g ([0, T ],Rm).

The quantity ‖W‖C α is called the rough-path norm of W, although C α is not a linear

space, due to the nonlinear nature of the second two constraints in (2.2.4).

If W is smooth, then W can be given by the Riemann-Stieltjes integrals

Wij
s,t :=

∫ t

s
(W i

r −W i
s) dW

j
r for 1 ≤ i, j,≤ m.

However, given W ∈ C0,α([0, T ],Rm), W is not in general uniquely determined by the

algebraic constraints of Definition 2.2.1, precisely because α ≤ 1/2. Indeed, if (W,W) ∈ C α,

then so is (W, W̃) if

(2.2.6) W̃st := Wst + F (t)− F (s) for some F ∈ C0,2α([0, T ],Rm ⊗ Rm).

The same remarks about the nonuniqueness of W are true for paths in C α
g , in which case

(2.2.6) defines another geometric rough-path lift if F takes values in the antisymmetric

tensors.

In view of the fact that Brownian paths are α-Hölder continuous for any α ∈
(

0, 1
2

)
,

a Brownian motion can be viewed as a random rough path, if W is properly defined. For
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instance, both the Itô and Stratonovich iterated integrals

WIto,ij
s,t =

∫ t

s

(
W i
r −W i

s

)
dW

j
r and WStrat,ij

s,t =

∫ t

s

(
W i
r −W i

s

)
◦ dW j

r

satisfy the first algebraic constraint in Definition 2.2.1. Moreover,

WStrat
s,t = WIto

s,t +
t− s

2
I,

which is a special case of (2.2.6). As is well-known, (W,WStrat) belongs to the space of

geometric rough paths C α
g , while (W,WIto) does not.

In the sequel, we focus only on rough paths which are geometric. One reason is that

(2.2.5) ensures that geometric rough paths satisfy, formally, the standard chain and product

rules from differential calculus – in the stochastic setting, this means that there are no Itô

correction terms. Furthermore, for any W ∈ C α
g ([0, T ],Rm), there exists a sequence of

smooth paths Wn : [0, T ] → Rm such that, as n → ∞, Wn and Wn converge uniformly to

respectively W and W, and, furthermore, supn∈N ‖Wn‖C α <∞. As a particular example,

the Stratonovich Brownian rough path can be approximated in the rough path metric by

piecewise-affine interpolations, or by convolving with a standard mollfier. These classical

facts belong to a family of results about so-called Wong-Zakai approximations [83, 84].

The analogue of Lemma 2.2.1 is the following.

Lemma 2.2.2. Let W ∈ C α
g ([0, T ],Rm), and assume that, for some n ≥ 0, H ∈ C4+n

b (Rd×

Rd,Rm). Then (x, p) 7→ (X(x, p, t), P (x, p, t)) is a C1+n-diffeomorphism for all t ∈ R, and

its derivatives in x and p solve the rough differential equations obtained by differentiating

the system (2.2.1). Moreover, the solution maps W 7→ Dk
x,p(X,P ) for 1 ≤ k ≤ 1 + n are

continuous from C α into C.

The constructions and definitions above could be adapted to treat rough paths with less

Hölder regularity, in which case more iterated integrals are involved in the definition (2.2.4),
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and more regularity is required for H. For ease of presentation, we do not pursue this further

here, especially since the case of α ∈ (1/3, 1/2] is already enough to cover many interesting

examples.

2.2.2 The case of vanishing Poisson brackets

Suppose now that the Poisson brackets of the Hamiltonians vanish:

(2.2.7)
{
Hi, Hj

}
:=

d∑
k=1

(
∂Hi

∂pk

∂Hj

∂xk
− ∂Hi

∂xk

∂Hj

∂pk

)
= 0 for all i, j = 1, 2, . . . ,m.

If (2.2.7) holds, then the Hamiltonian flows commute (see for instance Arnold [7]). In

particular, for each i = 1, 2, . . . ,m and for τ ∈ R, define the flow ψiτ : Rd × Rd → Rd × Rd

by ψiτ (x, p) = (Xi(x, p, τ), P i(x, p, τ), where

(2.2.8)


Ẋi = −DpHi(P i, Xi), Xi(x, p, 0) = x,

Ṗ i = DxH
i(P i, Xi), P i(x, p, 0) = p.

Lemma 2.2.3. Assume that the collection {Hi}mi=1 ⊂ C2(Rd × Rd) satisfies (2.2.7). Then

the solution (X,P ) of (2.2.1) is given by the formula

(2.2.9) (X,P )(p, x, t) := ψmWm(t)−Wm(t0) ◦ · · · ◦ ψ
2
W 2(t)−W 2(t0)

◦ ψ1
W 1(t)−W 1(t0)

(p, x).

This formula holds if W is smooth. It also holds if W is a geometric rough path, for

example if W is a Brownian motion and (2.2.1) is interpreted with the Stratonovich differ-

ential. In fact, (2.2.9) makes sense whenever W is an arbitrary continuous path, and so this

gives a way, via a density argument, to make sense of (2.2.1) for continuous paths when

(2.2.7) holds.

The condition (2.2.7) holds trivially when m = 1, that is, when there is only a single

path. It also holds automatically if each Hi is independent of x. Indeed, in this case, (2.2.1)
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reduces to

(2.2.10)


dX = −

m∑
i=1

DpH
i(P ) · dW i, X(x, p, t0) = x,

dP = 0, P (x, p, t0) = p,

which is solved uniquely by P (x, p, t) = p and

X(x, p, t) := x−
m∑
i=1

DpH
i(p)

(
W i(t)−W i(t0)

)
.

2.2.3 Local-in-time, smooth-in-space solutions

We now demonstrate that the method of characteristics, discussed in the previous subsection,

can be used to construct solutions of (2.1.1) in any of the three settings listed above, provided

that the Hamiltonians are sufficiently regular. We focus mainly on the rough-path setting,

since it contains the stochastic case, and then conclude with some remarks for continuous

paths when (2.2.7) is satisfied.

Fix φ ∈ C2
b (Rd) and t0 ∈ [0, T ], and set

(2.2.11)


X(x, t) = X(x,Dφ(x), t), P(x, t) = P (x,Dφ(x), t), and

Z(x, t) = φ(x) +
m∑
i=1

∫ t

t0

(
Hi(P,X)−P ·DpHi(P,X)

)
· dW i.

The expression defining Z is interpreted as a rough integral if W is a geometric rough path,
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and (X,P,Z) solves the rough characteristic system

(2.2.12)



dX = −
m∑
i=1

DpH
i(P,X) · dW i, X(x, t0) = x,

dP =
m∑
i=1

DxH
i(P,X) · dW i, P(x, t0) = Dφ(x),

dZ =
m∑
i=1

(
Hi(P,X)−P ·DpHi(P,X)

)
· dW i, Z(x, t0) = φ(x).

The boundedness of D2φ and the flow properties in Lemmas 2.2.1 or 2.2.2 yield the following:

Lemma 2.2.4. Assume that, for some n ≥ 0, H ∈ C4+n(Rd×Rd,Rm) and φ ∈ C2+n
b (Rd).

Then there exists h > 0 depending only on
∥∥D2φ

∥∥
∞, the derivatives of H, and ‖W‖C α such

that, for all t ∈ (t0 − h, t0 + h), x 7→ X(x, t) is invertible on Rd, and both t 7→ X(·, t) and

t 7→ X−1(·, t) belong to C((t0 − h, t0 + h);C1+n
b (Rd)).

The fact that X is invertible allows us to define

(2.2.13) Φ(x, t) = S(t, t0)φ(x) := Z(X−1(x, t), t) for (x, t) ∈ Rd × (t0 − h, t0 + h).

Lemma 2.2.5. Assume that, for some n ≥ 0, H ∈ C4+n(Rd×Rd,Rm) and φ ∈ C2+n
b (Rd),

and let h > 0 be as in Lemma 2.2.4. Then the function Φ defined by (2.2.13) belongs to

C((t0 − h, t0 + h);C2+n
b (Rd)), and is a solution of the pathwise Hamilton-Jacobi equation

(2.1.1).

Proof. From the equations satisfied by DxX and DxP, a straightforward calculation yields

d (DxZ−P ·DxX) = 0,

and therefore

DΦ(X, t) ·DxX = DxZ = P ·DxX.
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It follows that P(x, t) = DΦ(X(x, t), t) for all (x, t) ∈ Rd × (t0 − h, t0 + h), and so Lemma

2.2.4 implies that Φ maps (t0 − h, t0 + h) continuously into C2+n
b (Rd). It is then standard

to verify that Φ solves (2.1.1).

The next lemma summarizes some properties of the solution operators S(t, t0). The

proofs are immediate or follow from the classical case by approximating W with appropriate

smooth paths and passing to the limit. Indeed, if {Wn}∞n=1 is a sequence of smooth paths

that converge, as n → ∞, to W in the rough path topology, as explained in Section 2.2,

then the stability of the system (2.2.12) with respect to the rough path norm yields h > 0

independent of n such that the classical solution Φn to (2.1.1) driven by Wn is smooth on

Rd × (t0 − h, t0 + h), and, as n→∞, Φn converges uniformly to S(t, t0)φ.

Lemma 2.2.6. Let t0 ∈ [0, T ] and φ1, φ2 ∈ C2
b (Rd), and choose h > 0 such that S(·, t0)φ1

and S(·, t0)φ2 belong to C((t0 − h, t0 + h), C2
b (Rd)).

(a) For any t ∈ (t0 − h, t0 + h) and k ∈ R, S(t, t0)(φ1 + k) = S(t, t0)φ1 + k.

(b) For any t ∈ (t0 − h, t0 + h), supRd (S(t, t0)φ1 − S(t, t0)φ2) ≤ supRd(φ1 − φ2).

(c) For any r, s, t ∈ (t0 − h, t0 + h), S(r, s)S(s, t)φ1 = S(r, t)φ1.

Property (b) is simply the comparison principle for smooth solutions of (2.1.1). Note that

(b) actually holds with equality, because of property (c), which follows from the uniqueness

for (2.1.1) and the fact that the equation is reversible in the interval (t0 − h, t0 + h).

By estimating the deviation of the characteristic X(x, t) from its starting point x, we

obtain the following domain of dependence property for S(t, t0). For a compact set K ⊂ Rd

and r > 0, define

Kr := {x ∈ K : dist(x,Kc) > δ} .
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Lemma 2.2.7. For every R > 0, there exists a nondecreasing, continuous function ρR :

[0,∞) → [0,∞) with ρR(0) = 0 such that, if K ⊂ Rd is compact, φ1, φ2 ∈ C2
b (Rd) satisfy

‖Dφ1‖∞ , ‖Dφ2‖∞ ≤ R, and h > 0 is such that S(·, t0)φ1, S(·, t0)φ2 ∈ C(t0 − h, t0 +

h), C2
b (Rd)) and KρR(h) is nonempty, then, for all t ∈ (t0 − h, t0 + h),

sup
KρR(|t−t0|)

(S(t, t0)φ1 − S(t, t0)φ2) ≤ sup
K

(φ1 − φ2).

Proof. Set

ρR(σ) := sup
|p|≤R

sup
|t−t0|≤σ

sup
x∈Rd

|X(x, p, t)− x| .

The modulus of continuity of X is uniform for bounded p, and otherwise depends only on

W and the derivatives of H. Therefore, ρR is finite, nondecreasing, continuous, and satisfies

ρR(0) = 0.

For i = 1, 2, let (Xi,Pi,Zi) be as in (2.2.11) for φi, and notice that, for any t ∈ (t0 −

h, t0 + h),

(2.2.14)
∣∣∣X−1

i (x, t)− x
∣∣∣ =

∣∣∣X−1
i (x, t)−X(X−1

i (x, t), Dφi(X
−1
i (x, t)), t)

∣∣∣ ≤ ρR (|t− t0|) .

Suppose first that φ1 = φ2 in K, and let x be in the interior of KρR(|t−t0|); that is,

dist(x,Kc) > ρR(|t − t0|). In view of (2.2.14), y := X−1
1 (x, t) lies in the interior of

K. This implies that φ1(y) = φ2(y) and Dφ1(y) = Dφ2(y), so that (X1,P1,Z1)(y, t) =

(X2,P2,Z2)(y, t). Therefore y = X−1
2 (x, t), and

S(t, t0)φ1(x) = Z1(X−1
1 (x, t), t) = Z1(y, t) = Z2(y, t) = Z2(X−1

2 (x, t), t) = S(t, t0)φ2(x).

By continuity, the equality is true for any x ∈ KρR(|t−t0|).

Now assume φ1 ≤ φ2 in K, fix ε > 0, and let φ̃2 ∈ C2
b (Rd) be such that φ2 = φ̃2 in K,
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φ1 ≤ φ̃2 + ε in Rd, and
∥∥∥Dφ̃2

∥∥∥
∞
≤ R. Then Lemma 2.2.6(a) yields, for all x ∈ KρR(|t−t0|),

S(t, t0)φ1(x) ≤ S(t, t0)(φ̃2 + ε)(x) = S(t, t0)(φ2 + ε)(x) = S(t, t0)φ2(x) + ε.

Letting ε→ 0 finishes the proof in this case. For general φ1 and φ2, the result follows from

Lemma 2.2.6(a) and the fact that φ1 ≤ φ2 + supK(φ1 − φ2) in K.

We conclude this section by explaining how the previous results improve in the case of

vanishing Poisson brackets (2.2.7); namely, the less regularity is required for the Hamiltoni-

ans, and W is allowed to be merely continuous. In particular, for each fixed i = 1, 2, . . . ,m,

the system (2.2.8) provides a classical way to construct, for some sufficiently small τ > 0,

smooth solutions of the individual Hamilton-Jacobi equations

(2.2.15)


Ut = Hi(DU i, x) in Rd × (−τ, τ),

U(·, 0) = φ in Rd.

If (2.2.7) holds and, for some n ≥ 0, H ∈ C2+n(Rd ×Rd,Rm) and φ ∈ C2+n
b (Rd), then the

solution U will be in C2+n
b (Rd × (−τ, τ)) as well.

Let Si(t) : C2
b (Rd)→ C2

b (Rd) denote the solution operator for (2.2.15). That is, for each

φ ∈ C2
b (Rd) and sufficiently small τ > 0, Si(t)φ(x) = U(x, t) for all (x, t) ∈ Rd × (−τ, τ),

where U is the solution of (2.2.15).

Lemma 2.2.8. Assume that the collection {Hi}mi=1 ⊂ C2+n(Rd ×Rd) satisfies (2.2.7). Let

φ ∈ C2+n
b (Rd). Then there exists h > 0 depending only on

∥∥D2φ
∥∥
∞ such that (2.1.1) has a

unique solution Φ ∈ C((t0 − h, t0 + h), C2+n
b (Rd)), which is given by

Φ(x, t) :=
m∏
i=1

Si
(
W i(t)−W i(t0)

)
φ(x).

The quantity h > 0 in Lemma 2.2.8 is chosen so that the continuous paths {W i}mi=1
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satisfy

sup
|t−t0|<h

max
i=1,2,...,m

∣∣∣W i(t)−W i(t0)
∣∣∣ < τ,

where τ > 0 is small enough to ensure that smooth solutions exist for the individual equation

(2.2.15) for each i = 1, 2, . . . ,m.

Finally, note that, when the {Hi}mi=1 satisfy (2.2.7), then the propagation speed in

Lemma 2.2.7 is equal to

ρR(σ) = sup
|p|≤R

sup
|t−t0|≤σ

sup
x∈Rd

max
i=1,2,...,m

∣∣∣DpHi(p, x)
∣∣∣ ∣∣∣W i

t −W i
t0

∣∣∣ ,
in accordance with the classical result on finite speed of propagation for Hamilton-Jacobi

equations.

2.3 The definition of pathwise viscosity solutions

The local-in-time spatially-smooth solutions constructed in the previous section are used to

define global sub- and super-solutions for the equation

(2.3.1) du = F (D2u,Du, u, x, t) dt+
m∑
i=1

Hi(Du, x) · dW i in Rd × (0,∞).

In analogy with the classical viscosity solution theory, test functions of the form S(t, t0)φ

are used to cancel out the “rough part” of (2.3.1) (the term involving dW i), thereby dealing

with the difficulties discussed in the Introduction.

Definition 2.3.1. A function u ∈ USC(Rd × [0, T ]) (resp. u ∈ LSC(Rd × [0, T ])) is called

a pathwise viscosity sub-solution (resp. super-solution) of (2.3.1) if u is bounded from above

(resp. from below) and, whenever φ ∈ C2
b (Rd), ψ ∈ C1([0, T ]), h > 0, S(t, t0)φ ∈ C2

b (Rd)

for t ∈ (t0 − h, t0 + h), and

u(x, t)− S(t, t0)φ(x)− ψ(t)
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attains a local maximum (resp. minimum) at (x0, t0) ∈ Rd × (t0 − h, t0 + h), then

ψ′(t0) ≤ F (D2φ(x0, t0), Dφ(x0, t0), u(x0, t0), x0, t0)(
resp. ψ′(t0) ≥ F (D2φ(x0, t0), Dφ(x0, t0), u(x0, t0), x0, t0)

)
.

(2.3.2)

A solution of (2.3.1) is both a sub- and super-solution.

The following remarks regarding Definition 2.3.1 are useful in many arguments, and are

analogous to observations from the classical viscosity theory.

Lemma 2.3.1. (a) Assume that u satisfies the hypotheses of Definition 2.3.1, except that

(2.3.2) only holds when u(x, t) − S(t, t0)φ(x) − ψ(t) attains a strict maximum (resp.

minimum) at (x0, t0), that is, when

u(x, t)− S(t, t0)φ(x)− ψ(t) ≤ u(x0, t0)− φ(x0)− ψ(t0) (resp. ≥)

for all (x, t) ∈ Rd × (t0 + h, t0 + h), with equality if and only if (x, t) = (x0, t0). Then u

is a pathwise viscosity sub- (resp. super-) solution in the sense of Definition 2.3.1.

(b) If 0 < t0 ≤ T and u is a sub- (resp. super-) solution in Rd × (0, t0), then it is a sub-

(resp. super-) solution in Rd × (0, t0].

It follows that it is sufficient to consider strict maxima or minima, as well as maxima or

minima over half open neighborhoods like Br(x0)× (t0 − r, t0] instead of Nr(x0, t0).

Proof of Lemma 2.3.1. Since the proofs for sub- and super-solutions are similar, we only

present the sub-solution case.

(a) Assume that u is upper-semicontinuous and bounded from above, and u(x, t) −

S(t, t0)φ(x) − ψ(t) attains a local maximum at (x0, t0) ∈ Rd × (t0 − h, t0 + h). In view

of Lemma 2.2.6(a), we may assume, without loss of generality, that u(x0, t0) = φ(x0). In
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particular, for some r > 0,

u(x, t0)− φ(x) ≤ 0 for all x ∈ Br(x0).

Choose φ̃ ∈ C2
b (Rd) such that φ̃(x) = φ(x) + |x − x0|4 for x ∈ Br(x0) and u(·, t0) < φ̃ on

Rd\Br(x0), and set ψ̃(t) := ψ(t) + |t− t0|2. Then, by Lemma 2.2.6(b),

u(x, t)− S(t, t0)φ̃(x)− ψ̃(t)

attains a strict maximum at (x0, t0). The result now follows from the fact that Dφ̃(x0) =

Dφ(x0), D2φ̃(x0) = D2φ(x0), and ψ̃′(t0) = ψ′(t0).

(b) Assume that u is upper-semicontinuous and bounded from above, and, for some

r > 0, u(x, t)−S(t, t0)φ(x)−ψ(t) attains a maximum in Br(x0)× (t0− r, t0] at (x0, t0). By

replacing φ and ψ with respectively φ̃ and ψ̃ as in part (a), the maximum may be assumed

to be strict over Rd × (t0 − r, t0].

Fix ν > 0 and assume that (xν , tν) is a maximum point for

u(x, t)− S(t, t0)φ(x)− ψ(t)− ν

t0 − t

over B1(x0) × [t0 − r, t0]. Then tν ∈ [t0 − r, t0) for all ν > 0, because u is bounded. Let

(y, s) ∈ B1(x0)× [t0−r, t0] be an accumulation point of the sequence {(xν , tν)}ν>0 as ν → 0,

and assume that s 6= t0. For fixed (x, t) ∈ B1(x0)× [t0 − r, t0),

u(x, t)− S(t, t0)φ(x)− ψ(t)− ν

t0 − t
≤ u(xν , tν)− S(tν , t0)φ(xν)− ψ(tν)− ν

t0 − tν
.

Letting ν → 0 along a subsequence such that (xν , tν)→ (y, s) yields

u(x, t)− S(t, t0)φ(x)− ψ(t) ≤ u(y, s)− S(s, t0)φ(y)− ψ(s),
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and, in view of the semicontinuity of u, the same inequality holds for (x, t) = (x0, t0),

contradicting the strictness of the maximum point (x0, t0). It follows that the whole sequence

(xν , tν) converges to (x0, t0), and in particular, for sufficiently small ν, (xν , tν) ∈ B1(x0)×

(t0 − r, t0). Therefore, Definition 2.3.1 yields

ψ′(tν) ≤ ψ′(tν) +
ν

(t0 − tν)2
≤ F (D2S(tν , t0)φ(xν), DS(tν , t0)φ(xν), u(xν , tν), xν , tν),

and the proof is finished upon letting ν → 0.

It is a simple consequence of Lemma 2.3.1 that the following is equivalent to Definition

2.3.1 in the first-order setting, that is, when F ≡ 0.

Definition 2.3.2. A function u ∈ USC(Rd×(0,∞)) (resp. LSC(Rd×(0,∞)) is a pathwise

viscosity sub- (resp. super-) solution of (2.3.1) if u is bounded from above (resp. from below)

and, whenever t0 > h > 0, Φ ∈ C((t0 − h, t0 + h), C1
b (Rd)) is a solution of (2.1.1), and

u(·, t)−Φ(·, t) achieves a global maximum (resp. minimum) for all t ∈ (t0− h, t0 + h), then

t 7→ max
x∈Rd

(u(x, t)− Φ(x, t)) is nonincreasing

(resp.

t 7→ min
x∈Rd

(u(x, t)− Φ(x, t)) is nondecreasing).

Finally, we remark that, in certain cases, the class of test functions used in Definitions

2.3.1 and 2.3.2 can be further restricted to those with even more regularity, as is in the case

in the classical viscosity solution theory. For example, if, for some n ≥ 0, H ∈ C4+n(Rd ×

Rd,Rm) (or H ∈ C2+n(Rd × Rd,Rm) and (2.2.7) holds), then one only needs to use test

functions Φ ∈ C((t0 − h, t0 + h), C2+n
b (Rd)). This follows from standard arguments in the

theory of viscosity solutions, as well as the contraction property of the solution operator

implied by Lemma 2.2.5.
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2.4 Some special test functions

As in the classical viscosity theory, many quantitative arguments involve doubling variables,

and it is therefore important to have objects that behave like the penalizing “distance func-

tion”

(2.4.1) (x, y) 7→ |x− y|
2

2δ
.

Due to the nature of the test functions in the definition, these objects will need to be solutions

of appropriate “doubled” versions of (2.1.1).

To understand this, suppose that u and v are a sub- and super-solution of the first order

equation

du =
m∑
i=1

Hi(Du, x) · dW i in Rd × (0,∞).

Then the doubled quantity z(x, y, t) := u(x, t)− v(y, t) is a sub-solution of the equation

(2.4.2) dz =
m∑
i=1

(
Hi(Dxz, x)−Hi(−Dyz, y)

)
· dW i in Rd × Rd × (0,∞).

Our focus will be on constructing local-in-time, smooth-in-x solutions of (2.4.2) that re-

semble the classical penalizing quantity (2.4.1), as well as proving some precise quantitative

statements.

2.4.1 Nonsmooth Hamiltonians

If H fails to be C2, then it may only be possible to construct solutions of (2.1.1) for certain

initial data. We will concentrate here on the x-independent case

(2.4.3)


dΦ =

m∑
i=1

Hi(DΦ) · dW i in Rd × (t0 − h, t0 + h)

Φ(·, 0) = φ in Rd,
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where W is continuous and H satisfies

(2.4.4) Hi = Hi
1 −H

i
2 for convex Hi

1, H
i
2 : Rd → R.

It turns out that (2.4.4) is enough to ensure that (2.4.3) has a unique, global viscosity solution

(see [55, 76]), and, moreover, there are precise path-stability estimates, as is explained in

more detail in Chapter 4.

We will make some further assumptions here to simplify the presentation, namely that

(2.4.5) Hi = Hi
1 −H

i
2 for convex Hi

1, H
i
2 : Rd → R nonnegative

and

(2.4.6) ‖DH‖∞ <∞.

The non-negativity in (2.4.5) is imposed only to simplify some arguments in what follows, and

the setting can be reduced to the general case by transforming the equation appropriately.

Meanwhile, if one works with Lipschitz solutions, one can always redefine H outside of a

bounded set so that (2.4.6) holds. Note also that (2.4.6) implies that H grows at most

linearly as |p| → +∞.

Assume η : Rd → R is strictly convex, and, for δ > 0, define

Φ(x, t) := sup
p∈Rd

{
p · x− η(p)− δ

m∑
i=1

(
Hi

1(p) +Hi
2(p)

)
+

m∑
i=1

Hi(p)(W i(t)−W i(t0))

}
.

(2.4.7)

Lemma 2.4.1. If the open interval I 3 t0 is such that

sup
t∈I

max
i=1,2,...,m

∣∣∣W i(t)−W i(t0)
∣∣∣ < δ,
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then the function Φ defined by (2.4.7) belongs to C(I, C1,1(Rd)), and is a solution of (2.4.3)

with

(2.4.8) Φ(·, t0) = φ(x) := sup
p∈Rd

{
p · x− η(p)− δ

m∑
i=1

(
Hi

1(p) +Hi
2(p)

)}
.

Proof. For all x ∈ Rd and t ∈ I, the function inside the brackets in (2.4.7) is strictly concave

as a function of p, and therefore attains a unique global maximum. The smoothness of Φ in

x then follows from the implicit function theorem.

Now, for t ∈ R, let Si(t) : UC(Rd)→ UC(Rd) be the solution operator for the equation

ut = Hi(Du). If ψ ∈ UC(Rd) is convex, then the Hopf formula proved by Lions and Rochet

[50] gives

Si(t)ψ(x) = sup
p∈Rd

{
p · x− ψ∗(p) + tHi(p)

}
,

and so (2.4.7) can be rewritten as

Φ(x, t) =
m∏
i=1

Si(W i(t)−W i(t0))φ(x)

with φ as in (2.4.8). If W is smooth, then the fact that Φ is a solution of (2.1.1) is justified

by the regularity of Φ and a simple calculation. The result holds for continuous W by a

density argument.

We now construct a function Φδ : Rd × [0, T ]2 × C([0, T ],Rm) → R that is equal to a

particular choice of (2.4.7) near the diagonal {(t, t) ∈ [0, T ]2}, and such that Φδ(x−y, s, t;W )

exhibits similar growth as (2.4.1) when |x− y| is large.

Define the neighborhood Uδ(W ) by

Uδ(W ) :=
{

(s, t) ∈ [0, T ]2 : osc(W, s, t) < δ
}
,

let the projection πδ(W ) : [0, T ]2 → Uδ(W ) be such that πδ(W )(s, t) is the element (s̃, t̃) ∈
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Uδ(W ) closest to (s, t) on the line s̃+ t̃ = s+ t, and set

Φδ(x, s, t;W ) :=

sup
p∈Rd

{
p · x− δ

2
|p|2 − δ

m∑
i=1

(Hi
1(p) +Hi

2(p))

+
m∑
i=1

Hi(p)
(
W i(s)−W i(t)

)}
if (s, t) ∈ Uδ(W ),

Φδ (x, πδ(W )(s, t);W ) if (s, t) /∈ Uδ(W ).

(2.4.9)

Lemma 2.4.2. For some C = C(‖DH‖∞) > 0 and for all δ > 0 and W ∈ C([0, T ];Rm),

the following hold:

(a) For all x ∈ Rd and (s, t), (s̃, t̃) ∈ Uδ(W ),

∣∣Φδ(x, s, t;W )− Φδ(x, s̃, t̃;W )
∣∣ ≤ C

(
1 +
|x|
δ

)(
|W (s)−W (s̃)|+

∣∣W (t)−W (t̃)
∣∣) .

(b) For all (s, t) ∈ [0, T ]2, x 7→ Φδ(x, s, t;W ) is convex and semiconcave with constant 1
δ .

That is,

0 ≤ D2Φδ(x, s, t;W ) ≤ 1

δ
Id in the sense of distributions.

(c) For all x ∈ Rd and s, t ∈ [0, T ],

1

2(C + 1)δ
|x|2 − Cδ ≤ Φδ(x, s, t;W ) ≤ 1

2δ
|x|2.

(d) For any fixed y ∈ Rd and t ∈ [0, T ], the functions

(x, s) 7→ Φδ(x− y, s, t;W ) and (x, s) 7→ −Φδ(y − x, t, s;W )

are C(I, C1,1(Rd))-solutions of (2.4.3), where I := {s ∈ [0, T ] : osc(W, s, t) < δ}.

Proof. (a) It is enough to prove the time-regularity for the s-variable alone, in view of the
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identity Φδ(x, s, t;W ) = Φδ(x, t, s;−W ).

We show that there exists C = C(‖DH‖oo) > 0 such that, for any x ∈ Rd and (s, t) ∈

Uδ(W ), the unique maximum p∗ achieved in the definition of Φδ satisfies δ |p∗| ≤ Cδ + |x|.

The result then follows from the formula for Φδ and the linear growth of H implied by

(2.4.6).

If

J(p) := p · x− δ

2
|p|2 − δ

m∑
i=1

(Hi
1(p) +Hi

2(p)) +
m∑
i=1

Hi(p)
(
W i(s)−W i(t)

)
,

then, for any q ∈ Rd, (2.4.6) and the inequality J(p∗) ≥ J(p∗ + q) imply that

δp∗ · q
|q|
− δ

2
|q| ≤ |x|+ Cδ.

Setting q = t p
∗

|p∗| and sending t→ 0+ yields the claim.

(b) As a pointwise supremum of affine functions, Φδ is clearly convex, while the semicon-

cavity follows from elementary convex analysis and the convexity of

p 7→ δ
m∑
i=1

(Hi
1(p) +Hi

2(p))−
m∑
i=1

Hi(p)
(
W i(s)−W i(t)

)
.

(c) This can be deduced from Young’s inequality and the fact that, for some C =

C(‖DH‖∞) > 0 and for all p ∈ Rd and (s, t) ∈ Uδ(W ),

0 ≤ δ
m∑
i=1

(Hi
1(p) +Hi

2(p))−
m∑
i=1

Hi(p)
(
W i(s)−W i(t)

)
≤ Cδ(1 + |p|).

(d) This is a direct consequence of Lemma 2.4.1.

27



2.4.2 Convex Hamiltonians

We now turn to Hamiltonians with nontrivial spatial dependence. Here, we consider a single

Hamiltonian which is smooth, strictly convex, and satisfies certain growth bounds. More

precisely,

(2.4.10)


H ∈ C2

b (BR × Rd) for all R > 0, D2
pH is strictly positive, and

there exist convex, increasing functions ν, ν : [0,∞)→ R such that

ν(|p|) ≤ H(p, x) ≤ ν(|p|) for all (p, x) ∈ Rd × Rd.

For x, y ∈ Rd and τ > 0, define


A(x, y, τ) :=

{
γ ∈ W 1,∞([0, τ ],Rd) : γ0 = x, γτ = y

}
and

`(x, y, τ)s = `s := x+
s

τ
(y − x).

Note that `(x, y, τ) ∈ A(x, y, τ) and A(x, y, τ) = W
1,∞
0 ([0, τ ],Rd) + `(x, y, τ).

The distance function associated to H is

(2.4.11) L(x, y, τ) := inf

{∫ τ

0
H∗ (−γ̇s, γs) ds : γ ∈ A(x, y, τ)

}
.

We summarize its main properties in the next lemma. For R > 0, define

∆R :=
{

(x, y) ∈ Rd × Rd : |x− y| ≤ R
}
.

Lemma 2.4.3. Assume that H satisfies (2.4.10). Then the following hold:

(a) L is a viscosity solution of

∂L

∂τ
= H(DxL, x) and

∂L

∂τ
= H(−DyL, y) in Rd × Rd × (0,∞).
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In particular, H(DxL(x, y, τ), x) = H(−DyL(x, y, τ), y) whenever L is differentiable at

(x, y, τ).

(b) For all x, y ∈ Rd and τ > 0,

τν∗
(
|x− y|
τ

)
≤ L(x, y, τ) ≤ τν∗

(
|x− y|
τ

)
.

Furthermore, there exists γ ∈ A(x, y, τ) such that L(x, y, τ) =
∫ τ

0 H∗(−γ̇s, γs) ds, and,

for some c ≥ 1 and almost every s ∈ [0, τ ],

|x− y|
cτ

≤ |γ̇s| ≤
c|x− y|

τ
.

(c) For all R > 0, there exists a constant C = CR > 0 such that

|DxL|+ |DyL| ≤ C and D2L ≤ CI2d on ∆R ×
[

1

R
,R

]
.

Proof. (a) This follows from well known variational formulae for solutions of Hamilton-Jacobi

equations. See, for instance, Lions [51].

(b) The bounds for L are immediate from (2.4.10) and (2.4.11). In view of the C2-

regularity and uniform convexity, a classical variational argument yields the existence of a

minimizer γ. The bounds for γ̇ can then be inferred from the Euler-Lagrange equation.

(c) Pick (x, y) ∈ ∆R, τ > 1/R, and h ∈ B1, and let γ ∈ A(x, y, τ) be a minimizer for

L(x, y, τ). Then {s 7→ γs + s/τh : s ∈ [0, τ ]} ∈ A(x, y + h, τ), and it follows from part (b)

and (2.4.10) that

L(x, y + h, τ)− L(x, y, τ) ≤
∫ τ

0
(H∗ (−γ̇s − h, γs + sh)−H∗(−γ̇s, γs)) ds ≤ C|h|.

The opposite inequality is obtained by switching the roles of y and y + h. This yields the

bound for DyL, and the argument for DxL is similar.
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Now let h, k ∈ B1 and set ηs := h + s/τ(k − h). Then γ ± η ∈ A(x ± h, y ± k, τ), and,

for all s ∈ [0, τ ],

(2.4.12) |ηs|+ |η̇s| ≤ C (|h|+ |k|) .

The proof is finished upon applying (2.4.10) to obtain

∫ τ

0
H∗(−γ̇s − η̇s, γs + ηs) ds+

∫ τ

0
H∗(−γ̇s + η̇s, γs − ηs) ds− 2

∫ τ

0
H∗(−γ̇s, γs) ds

≤ C(|h|2 + |k|2).

As the next lemma demonstrates, the semiconcavity estimate allows L to be used as a

test function in the definition of viscosity solutions, because it implies the existence of many

points of differentiability.

Lemma 2.4.4. Under the same assumptions as Lemma 2.4.3, assume that φ ∈ C2(Rd×Rd)

and L(·, ·, τ0)−φ attains a local minimum at (x0, y0). Then L is differentiable at (x0, y0, τ0)

with 
(DxL(x0, y0, τ0), DyL(x0, y0, τ0)) = (Dxφ(x0, y0), Dyφ(x0, y0)) and

∂L

∂τ
(x0, y0, τ0) = H(DxL(x0, y0, τ0), x0) = H(−DyL(x0, y0, τ0), y0).

Proof. In view of the semiconcavity of L(·, ·, τ0) on Rd×Rd, the super-differential of L(·, ·, τ0)

is nonempty at every point. Meanwhile, (p0, q0) := Dφ(x0, y0) belongs to the sub-differential

of L(·, ·, τ0) at (x0, y0). This implies that L(·, ·, τ0) is differentiable at (x0, y0), and the first

line above holds.
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Choose ψ+, ψ− ∈ C2(Rd × Rd) such that


ψ− ≤ L(·, ·, τ0) ≤ ψ+,

ψ−(x0, y0) = L(x0, y0, τ0) = ψ+(x0, y0), and

Dψ−(x0, y0) = Dψ+(x0, y0) = (p0, q0).

The method of characteristics can then be used to construct, for sufficiently small µ > 0,

solutions Ψ± ∈ C2(Rd × Rd × (τ0 − µ, τ0 + µ)) of the equations

∂Ψ±

∂τ
(x, y, τ) = H(DxΨ±(x, y, τ), x) in Rd × Rd × (τ0 − µ, τ0 + µ).

The comparison principle and Lemma 2.4.3(a) then yield

(2.4.13) Ψ−(x, y, τ) ≤ L(x, y, τ) ≤ Ψ+(x, y, τ) for all (x, y, τ) ∈ Rd×Rd×(τ0−µ, τ0 +µ).

Finally, the regularity of H and the equations for Ψ± allow for the Taylor expansion

Ψ±(x, y, τ) = L(x0, y0, τ0) + p · (x− x0) + q · (y − y0)

+H(p0, x0)(τ − τ0) +O(|x− x0|2 + |y − y0|2 + |τ − τ0|2).

Together with (2.4.13), this shows that L is differentiable at (x0, y0, τ0) and

∂L

∂τ
(x0, y0, τ0) = H(DxL(x0, y0, τ0), x0).

A similar argument using the equation Ψτ = H(−DyΨ, y) gives the final desired equality

∂L

∂τ
(x0, y0, τ0) = H(−DyL(x0, y0, τ0), y0).
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The semiconcavity estimate sometimes does not provide enough regularity for L to be

useful as a test function. This is the case in the proof of the comparison principle in Section

3.2. Under some more conditions on H, however, it is possible to prove that L is actually

smooth in a small neighborhood of the diagonal. We present an example here where H has

some extra homogeneity. Assume that

(2.4.14)



p 7→ H∗(p, ·) and p 7→ H(p, ·) are strictly convex in Rd\{0},

H∗ ∈ C2
b (BR\B1/R × Rd) for all R > 1,

H∗(p, ·) > 0 for all p 6= 0, and

H∗(tp, y) = tqH∗(p, y) for some q > 1 and for all (p, y) ∈ Rd × Rd and t > 0.

The homogeneity and the regularity given in (2.4.14) yield, for some 0 < c0 ≤ C0 and C > 0,

and for all (p, y) ∈ Rd × Rd,

(2.4.15)


c0|p|q ≤ H∗(p, y) ≤ C0|p|q, |DyH∗(p, y)| ≤ C|p|q,

c0|p|q−1 ≤ |DpH∗(p, y)| ≤ C0|p|q−1, |D2
pyH

∗(p, y)| ≤ C|p|q−1,

c0|p|q−2 Id ≤ D2
pH
∗(p, y) ≤ C0|p|q−2 Id, |D2

yH
∗(p, y)| ≤ C|p|q.

Standard convex analysis implies that H satisfies (2.4.14) and (2.4.15) with the exponent

q′ = q
q−1 .

A general class of examples satisfying (2.4.15) is given, for some smooth, positive definite

matrix g, by H(p, x) := (g(x)p · p)q
′/2. This particular Hamiltonian is studied by Lions and

Souganidis in [31] for q = 2. Generalizations of the above theory appear in [53].

The homogeneity of H∗ implies that

(2.4.16) L(x, y, τ) =
1

τ q−1
L(x, y) where L(x, y) := L(x, y, 1).

We then have the following properties.
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Lemma 2.4.5. Assume (2.4.14).

(a) L(·, 1) is a viscosity solution of

−(q − 1)L+H(DxL, x) = 0 and − (q − 1)L+H(−DyL, y) = 0 in Rd × Rd.

(b) There exists r0 > 0 such that L ∈ C1(∆r0).

Proof. (a) This is a corollary of Lemma 2.4.3(a) and the identity (2.4.16).

(b) Define I : W
1,q
0 ([0, 1],Rd)× Rd × Rd → R by

I(γ, x, y) :=

∫ 1

0
H∗(−γ̇s + x− y, γs + x+ s(y − x)) ds.

Henceforth, the arguments of H∗ and all of its derivatives are (−γ̇s+x−y, γs+x+s(y−x)).

Observe that L(x, y) = min
γ∈W 1,q

0
I(γ, x, y), and, in view of Lemma 2.4.3(b), the mini-

mum is attained for some γ ∈ W 1,∞
0 satisfying, for some c, C > 0 and almost every s,

c|x− y| ≤ |γ̇s + y − x| ≤ C|x− y|.

As a result, we can assume that H∗ grows at most quadratically by redefining H∗ outside

of BR × Rd for some large R > 0. It follows that the map I can be defined as before on

W
1,2
0 × Rd × Rd, and that I has the same minimizers.

For x, y ∈ Rd, fix a minimizer γ. Then DγI(γ, x, y) = 0, and, for all ξ, η ∈ W 1,2
0 ,

D2
γI(γ, x, y)[ξ, η]

=

∫ 1

0

(
D2
pH
∗ξ̇s · η̇s −D2

pxH
∗ξ̇s · ηs −D2

xpH
∗ξs · η̇s +D2

xH
∗ξs · ηs

)
ds.
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In view of (2.4.15), there exist c, C > 0 such that

D2
γI(γ, x, y)[η, η] ≥ c|x− y|q−2

∫ 1

0

(
|η̇s|2 − C|x− y||η̇s||ηs| − C|x− y|2|ηs|2

)
ds.

Young’s and Poincaré’s inequalities give, for a larger C and smaller c,

D2
γI(γ, x, y)[η, η] ≥ c|x− y|q−2

(
1− C|x− y|2

)∫ 1

0
|η̇s|2 ds.

Set r0 := 1√
2C

, where C is the constant from the previous line. Then, if (x, y) ∈ ∆r0 ,

D2
γI(γ, x, y)[η, η] ≥ c

2
|x− y|q−2 ‖η‖2

W 1,2
0

.

As a consequence, for (x, y) ∈ ∆r0 with x 6= y, I(·, x, y) has a unique minimizer γ = γ(x, y).

Also, for any η ∈ W 1,2
0 ,

∥∥∥D2
γI(γ(x, y), x, y)[·, η]

∥∥∥(
W 1,2

0

)∗ ≥ c

2
|x− y|q−2 ‖η‖

W 1,2
0
.

It follows from the implicit function theorem that (x, y) 7→ γ(x, y) is C1, and, therefore,

L(x, y) = I(γ(x, y), x, y) is C1 in ∆r0\∆0.

Lemma 2.4.3(b) implies that

c0|x− y|q ≤ L(x, y) ≤ C0|x− y|q,

and therefore L is differentiable on ∆0 with DxL = DyL = 0. The bounds in (2.4.15) and a

similar argument as in the proof of Lemma 2.4.3(c) yield

lim
R→0

sup
∆R

(
|DxL|+

∣∣DyL∣∣) = 0,

and we conclude that L is C1 in all of ∆r0 .
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2.4.3 Level-set equations

For Hamiltonians depending on space that are not convex, there is no natural analogue to

the “distance”-type functions constructed in the previous subsections. Therefore, in order

to analyze local-in-time, smooth-in-space solutions of (1.1.1), it is necessary to study the

characteristic equations.

As an example, we consider a Hamiltonian that arises in the study of level-set equations

describing certain interface-motion problems. For some a ∈ C2
b (Sd−1 × Rd), set

a(p, x) :=


a

(
p

|p|
, x

)
|p| if p 6= 0, and

0 if p = 0,

so that a is positively 1-homogenous in the gradient variable.

The standard method of characteristics breaks down here because of the singularity of

Dpa at p = 0, and thus, as before, we construct local smooth solutions only for particular

initial data. For δ > 0 and x, y ∈ Rd, set

(2.4.17) φ(x, y) :=
1

2

[
(|x− y| − δ)+

]2
.

Lemma 2.4.6. There exists τ = τδ > 0 and a function U ∈ C2(Rd × Rd × (−τ, τ)2) with

bounded second-order derivatives in space such that

(a) U = U(x, y, s, t) is a solution of


Us = a(DxU, x) and Ut = −a(−DyU, y) in Rd × Rd × (−τ, τ)2 and

U(x, y, 0, 0) = φ(x, y) in Rd × Rd,

and the function Ũ(x, y, t) := U(x, y, t, t) is a solution of

(2.4.18) Ũt = a(DxŨ , x)− a(−DyŨ , y) in Rd × Rd × (−τ, τ).
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(b) There exists a constant C > 0 depending only on the derivatives of a such that, for

(x, y, s, t) ∈ Rd × Rd × (−τ, τ)2,

(2.4.19) |U(x, y, s, t)− φ(x, y)| ≤ C
(
|t||x− y|2 + |s− t|

)
.

Proof. Throughout the proof, we use the following facts, which follow from the positive

homogeneity of a: for all t > 0,

(2.4.20)


a(tp, x) = ta(p, x), Dpa(tp, x) = Dpa(p, x),

Dpa(p, x) · p = a(p, x), and D2
ppa(p, x) ·Dpa(p, x) = 0.

The quantity τ > 0 below, which depends only on δ and the derivatives of a, may change

from line to line.

(a) Consider the system of equations

(2.4.21)



Ẋ = −Dpa(M,X) X(x, y, 0) = x,

Ṁ = (I −M ⊗M)Dxa(M,X) M(x, y, 0) =
x− y
|x− y|

,

Ẏ = −Dpa(N, Y ) Y (x, y, 0) = y,

Ṅ = (1−N ⊗N)Dya(N, Y ) N(x, y, 0) =
x− y
|x− y|

.

The quantity σ := |M | solves

σ̇ = (Dxa(M,X) ·M) ·
(

1

σ
− σ

)
, σ(0) = 1.

The unique solution to this equation is σ ≡ 1, and therefore |M(x, t)| = |N(x, t)| = 1 for all

t. In particular, the system (2.4.21) has a global-in-time solution for all x 6= y.
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There exists a sufficiently small τ = τδ > 0 such that

(x, y) 7→ (X(x, y, s), Y (x, y, t))

is a diffeomorphism of {(x, y) ∈ Rd × Rd : x 6= y} for s, t ∈ (−τ, τ). For such s, t, define

U(·, s, t) in the image of this diffeomorphism implicitly by

U(X(x, s), Y (y, t), s, t) := φ(x, y).

For |x− y| ≤ δ/2, and s, t ∈ (−τ, τ), define also

U(x, y, s, t) := 0.

In order to show that U is well-defined in Rd × Rd × (−τ, τ)2, we prove that, if τ is suf-

ficiently small, then the two, possibly different, definitions of U(x, y, s, t) actually coincide.

In particular, it is necessary to demonstrate that the two definitions agree at (x, y, s, t) for

which

(2.4.22) |X(x, y, s)− Y (x, y, t)| < δ/2.

The derivatives Ẋ and Ẏ are uniformly bounded in view of (2.4.21) and the boundedness

of Dpa, so there exists a sufficiently small τ depending on δ such that (2.4.22) holds only if

|x− y| < δ. For such x and y, we have U(X(x, y, s), Y (x, y, t), s, t) = φ(x, y) = 0. Therefore,

U is well-defined, and, moreover, belongs to C2(Rd) with bounded second-order derivatives.

For t ∈ R and |x − y| ≤ δ, define P (x, y, t) = Q(x, y, t) = 0, and, for |x − y| > δ, let

P (x, y, t) and Q(x, y, t) be the solutions of

(2.4.23)


Ṗ = Dxa(P,X) P (x, y, 0) = Dxφ(x, y),

Q̇ = Dya(Q, Y ) Q(x, y, 0) = −Dyφ(x, y).
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A calculation using (2.4.20) and (2.4.21) shows that

P (x, y, t) = |P (x, y, t)|M(x, y, t) and Q(x, y, t) = |Q(x, y, t)|N(x, y, t) for all x 6= y,

and, if |x− y| > δ, X(x, y, ·) and Y (x, y, ·) also solve the equations

Ẋ = −Dpa(P,X) and Ẏ = −Dpa(Q, Y ).

Routine calculations from the method of characteristics reveal that U and Ũ solve the desired

equations.

(b) For sufficiently large C > 0 depending only on δ and the derivatives of a, the functions

φ(x, y)± Ct(|x− y|2 + 1)

are a sub- and super-solution of the equations in part (a). The desired bounds then follow

from the comparison principle.

2.4.4 Separated dependence

Let H, f ∈ C3(Rd) be such that

(2.4.24) ‖Df‖∞ +
∥∥∥D2f

∥∥∥
∞

+
∥∥∥D3f

∥∥∥
∞

+
∥∥∥D2H

∥∥∥
∞

+
∥∥∥D3H

∥∥∥
∞
<∞.

For a particular smooth function ϕλ defined below, we use the method of characteristics to

construct, for a sufficiently small τλ > 0, a smooth solution of

(2.4.25)


Ut = H(DxU) + f(x)−H(−DyU)− f(y) in Rd × Rd × (−τλ, τλ) and

U(x, y, 0) = ϕλ(x− y) in Rd × Rd.

A large part of this subsection is devoted to achieving sharp lower bounds for τλ.
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The construction below, and the proofs of its properties, can be achieved for more general

Hamiltonians, for example, those that satisfy, for some constant C > 0 and all (p, x) ∈

Rd × Rd,

(2.4.26)


|DxH(p, x)| ≤ C, |D2

xH(p, x)| ≤ C, |D2
xpH(p, x)| ≤ C,

|D2
pH(p, x)| ≤ C, |D3

xH(p, x)| ≤ C, |D3
xxpH(p, x)| ≤ C,

|D3
ppxH(p, x)| ≤ C(1 + |p|)−1, |D3

pH(p, x)| ≤ C.

To simplify the presentation, we focus here on the Hamiltonian as in (2.4.25).

Fix R > 0, choose g ∈ C2((0,∞)) such that



g′ > 0,
∥∥g′∥∥∞ +

∥∥g′′∥∥∞ ≤ C for some C > 0 independent of R, and

g(s) :=


s if 0 ≤ s ≤ R,

R + 1 if s ≤ R + 1,

and set

ϕR,λ(z) := ϕλ(z) = g

(
λ

2
|z|2
)
.

Observe that, for all λ > 0 and some C = CR > 0,

|ϕλ(z)| ≤ C, |Dϕλ(z)| ≤ Cλ1/2, and |D2ϕλ(z)| ≤ Cλ.

The dependence on R will be suppressed in what follows. In Section 3.4, where ϕR,λ is used

in the proof of the comparison principle for certain second-order equations, the quantity R

depends on the given sub- and super-solution and remains fixed throughout the proof.
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The system of characteristics for (2.4.25) is given by

(2.4.27)



Ẋ = −DH(P ), X(x, y, 0) = x,

Ṗ = Df(X), P (x, y, 0) = Dϕλ(x− y),

Ẏ = −DH(Q), Y (x, y, 0) = y,

Q̇ = Df(Y ), Q(x, y, 0) = Dϕλ(x− y).

The relation to (2.4.25) is made via the identities

(2.4.28)


P (x, y, t) = DxU(X(x, y, t), Y (x, y, t), t) and

Q(x, y, t) = −DyU(X(x, y, t), Y (x, y, t), t).

In order to analyze the length of the interval of existence for solutions of (2.4.25), we directly

study the Jacobian

J(x, y, t) := det

DxX(x, y, t) DyX(x, y, t)

DxY (x, y, t) DyY (x, y, t)

 .

For definiteness, we define

τλ := inf

{
|t| ≤ 1 : J(x, y, t) =

1

2
for some x, y ∈ Rd

}
.

The method of characteristics then yields a smooth solution of (2.4.25) in Rd×Rd×(−τλ, τλ).

To prove the comparison principle for the equation

du = F (D2u,Du, x, t)dt+ (H(Du) + f(x)) · dW in Rd × (0,∞),

it is important to have a precise lower bound for τλ in terms of λ. From the bound |D2ϕλ| ≤

Cλ, it is not difficulty to prove, for some uniform constant c > 0, that cλ ≤ τλ ≤ 1. Following

the strategy in Section 3.4, it is then possible to prove the comparison principle whenever
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W ∈ C0,2/3([0,∞)). This does not cover many other interesting cases, such as when W is a

Brownian motion or other general semimartingale.

On the other hand, observe that, if f ≡ 0, then ϕλ(x − y) is a stationary solution

of (2.4.25). That is, in that case, τλ ≡ +∞. Treating the function f ∈ C3(Rd) as a

perturbation, it is possible to prove a much sharper lower bound for τλ.

Lemma 2.4.7. There exist c, C > 0 depending only on R and the bounds in (2.4.24) such

that, for all λ ≥ 1, τλ ≥ cλ−1/4, and, for all ε > 0, (x, y, t) ∈ Rd × Rd × (−τλ, τλ),

(2.4.29)


|DxU(x, y, t)|+ |DyU(x, y, t)| ≤ Cλ1/2,

|DxU(x, y, t) +DyU(x, y, t)| ≤ C (|x− y| ∧ 1) |t|,

(2.4.30)



∥∥∥D2U(x, y, t)
∥∥∥ ≤ Cλ,

D2U(x, y, t) + εD2U(x, y, t)2 ≤ Cλ(1 + λε)

 I −I

−I I

+ C|t|

I 0

0 I

 ,

and

(2.4.31) |U(x, y, t)− ϕλ(x, y)| ≤ C|x− y||t|.

Proof. Throughout the proof, the positive constants c and C depend only on R and the

bounds in (2.4.24), and may change from line to line.

To simplify the presentation, we consider only the one-dimensional case d = 1. However,

all of the arguments carry through in the general case. We also adapt the shorthand

Xα = DαX, Yα = DαY, Pα = DαP, and Qα = DαQ for α = x, y.

Finally, we may assume below that 0 < t ≤ 1. The proofs for t ∈ [−1, 0) are similar.
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Define

Ax :=

 0 −H ′′(P )

f ′′(X) 0

 and Ay :=

 0 −H ′′(Q)

f ′′(Y ) 0

 .

Then the equations for Xα, Yα, Pα, and Qα with α = x, y are given by

(2.4.32)



d

dt

Xα
Pα

 = Ax

Xα
Pα

 ,

Xx Xy

Px Py

 =

 1 0

ϕ′′λ −ϕ
′′
λ

 ,

d

dt

Yα
Qα

 = Ay

Yα
Qα

 ,

Yx Yy

Qx Qy

 =

 0 1

ϕ′′λ −ϕ
′′
λ

 .

Through a change of variables, we relate (2.4.32) to the system

(2.4.33)



d

dt

ξi
φi

 = Ax

ξi
φi

 ,

ξ1 ξ2

φ1 φ2

 =

1 0

0 1

 ,

d

dt

ηi
ψi

 = Ay

ηi
ψi

 ,

η1 η2

ψ1 ψ2

 =

1 0

0 1


via the formulas

(2.4.34)



Xx
Px

 =

ξ1
φ1

+ ϕ′′λ

ξ2
φ2

 ,

Xy
Py

 = −ϕ′′λ

ξ2
φ2

 ,

Yx
Qx

 = ϕ′′λ

η2

ψ2

 , and

Yy
Qy

 =

η1

ψ1

− ϕ′′λ
η2

ψ2

 ,

and therefore

J = ξ1η1 + ϕ′′λ(ξ2η1 − ξ1η2).

The bound for f ′ immediately gives the first line of (2.4.29) after inverting the charac-
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teristics in (2.4.28). We also obtain
∣∣∣ ddt(P −Q)

∣∣∣ ≤ C, and so, because (P −Q)(0) = 0,

(2.4.35) |P −Q| ≤ Ct.

The bounds for H ′′ and f ′′ then yield
∣∣∣ ddt(X − Y )

∣∣∣ ≤ C(|X − Y |+ 1), and so an application

of Gronwall’s inequality gives

(2.4.36) c|x− y| ≤ |X − Y | ≤ C|x− y|.

This implies that
∣∣∣ ddt(P −Q)

∣∣∣ ≤ C(|P −Q| + |x− y|), so that, with another application of

Gronwall’s inequality, we obtain

(2.4.37) |P −Q| ≤ C|x− y|t.

In view of (2.4.28), the bounds (2.4.35) and (2.4.37) together give the second line of (2.4.29)

after inverting the characteristics.

The matrices Ax and Ay are uniformly bounded in λ, which yields

(2.4.38)


|ξi|+ |ηi|+ |φi|+ |ψi| ≤ C for i = 1, 2, and

|ξ2|+ |η2|+ |φ1|+ |ψ1| ≤ Ct.

Furthermore, the uniform bounds for H(3) and f (3), as well as the bound |X−Y |+|P−Q| ≤

C|x− y|, give |Ax −Ay| ≤ C (|x− y| ∧ 1). The Duhamel formula applied to

d

dt

 ξi − ηi

φi − ψi

 = Ax

 ξi − ηi

φi − ψi

+ (Ax −Ay)

ηi
ψi


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can then be used to obtain the bound

(2.4.39) |ξi − ηi|+ |φi − ψi| ≤ C (|x− y| ∧ 1) t.

Now define J1 := ξ1η1 and ∆ := ξ2η1 − ξ1η2, so that

J = J1 + ϕ′′λ(x− y)∆.

In view of (2.4.38) and the bound for H ′′,

∣∣∣J̇1

∣∣∣ =
∣∣∣ξ̇1η1 + ξ1η̇1

∣∣∣ =
∣∣−h′′(P )φ1η1 − h′′(Q)η1ψ1

∣∣ ≤ C.

Next, observe that

|∆| ≤ |ξ2 − η2||η1|+ |η1 − ξ1||η2| ≤ C|x− y|t,

while

∆̇ = ξ̇2η1 + ξ2η̇1 − ξ̇1η2 − ξ1η̇2 = −H ′′(P )(φ2η1 − φ1η2)−H ′′(Q)(ξ2ψ1 − ξ1ψ2)

= −H ′′(P ) [(φ2η1 − ξ1ψ2)− (φ1η2 − ξ2ψ1)] + (H ′′(P )−H ′′(Q))(ξ1ψ2 − ξ2ψ1).

The first term can be bounded by

∣∣−H ′′(P ) [(φ2η1 − ξ1ψ2)− (φ1η2 − ξ2ψ1)]
∣∣ ≤ C|x− y|t,

and the second term by

∣∣(H ′′(P )−H ′′(Q))(ξ1ψ2 − ξ2ψ1)
∣∣ ≤ C|P −Q|t ≤ C|x− y|t.
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Therefore
∣∣∣∆̇∣∣∣ ≤ C|x− y|t, and we conclude that

∣∣∣J̇∣∣∣ ≤ ∣∣∣J̇1

∣∣∣+
∣∣ϕ′′λ(x− y)

∣∣ ∣∣∣∆̇∣∣∣ ≤ C + Cλ|x− y|t · 1ϕ′′λ(x−y) 6=0 ≤ Cλ1/2t.

By the mean value theorem, there exists sλ ∈ [0, τλ] such that J̇(sλ)τλ = −1/2, and so

1

2
= |J̇(sλ)|τλ ≤ Cλ1/2τ2

λ ,

which is the desired lower bound for τλ.

Differentiating (2.4.28) yields

Px −Qx
Py −Qy

 =

Xx Yx

Xy Yy


Uxx Uyx

Uxy Uyy

 .

Because |t| ≤ τλ, the first matrix on the right is invertible, so that

Uxx Uyx

Uxy Uyy

 =

Xx Yx

Xy Yy


−1Px −Qx

Py −Qy

 = J−1

 Yy −Yx

−Xy Xx


Px −Qx
Py −Qy

 .

Therefore, in view of (2.4.34),

J

Uxx Uyx

Uxy Uyy

 =

η1 − ϕ′′λη2 −ϕ′′λη2

ϕ′′λξ2 ξ1 + ϕ′′λξ2


φ1 + ϕ′′λφ2 −ϕ′′λψ2

−ϕ′′λφ2 −ψ1 + ϕ′′λψ2


=


η1 0

0 ξ1

+ ϕ′′λ

−η2 −η2

ξ2 ξ2




φ1 0

0 −ψ1

+ ϕ′′λ

 φ2 −ψ2

−φ2 ψ2




=

η1φ1 0

0 −ξ1ψ1

+ ϕ′′λ


−φ1η2 ψ1η2

φ1ξ2 −ψ1ξ2

+

 φ2η1 −ψ2η1

−ξ1φ2 ξ1ψ2


 .
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Define

A := J

Uxx Uyx

Uxy Uyy

 .

For any fixed v, w ∈ R, by writing

v
w

 =
1

2

v + w

v + w

+
1

2

v − w
w − v

 ,

we estimate, in view of (2.4.38), (2.4.39), and the Cauchy-Schwarz inequality,

A(v, w) · (v, w) ≤ Cλ|v − w|2 + C(|v|2 + |w|2)φ′′λ(x− y)|x− y|2t

≤ Cλ|v − w|2 + C(|v|2 + |w|2)t,

or, in other words,

A ≤ Cλ

 1 −1

−1 1

+ Ct

1 0

0 1

 .

A similar computation yields

A2 ≤ Cλ2

 1 −1

−1 1

+ Ct

1 0

0 1

 ,

and this gives (2.4.30), since t ∈ (−τλ, τλ) and |J−1| ≤ 2.

Finally, define

U±(x, y, t) := (λ/2)|x− y|2 ± ‖Df‖∞ (|x− y|2 + δ)1/2t.

Then U+ and U− are respectively a smooth super- and sub-solution of (2.4.25). The com-
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parison principle then gives

|U(x, y, t)− ϕλ(x− y)| ≤ ‖Df‖∞ (|x− y|2 + δ)1/2t,

and (2.4.31) follows upon taking δ → 0.
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CHAPTER 3

THE COMPARISON PRINCIPLE

3.1 Introduction

In this chapter, we prove the comparison principle for a variety of pathwise equations when

the Hamiltonian depends on the spatial variable. More precisely, we prove that, if u ∈

USC(Rd × (0,∞)) and v ∈ LSC(Rd × (0,∞)) are respectively a sub- and super-solution

bounded for bounded times, then, for all t > 0,

(3.1.1) sup
x∈Rd

(u(x, t)− v(x, t)) ≤ sup
x∈Rd

(u(x, 0)− v(x, 0)) .

The comparison principle is a central part of the well-posedness theory for viscosity solutions.

It immediately implies the uniqueness of solutions for initial value problems, and, with a

variant of the proof, one can obtain several estimates regarding the stability of solutions

with respect to perturbations in the data. This is done in Chapter 4 to prove certain

pathwise stability estimates, and also in Chapter 5 to prove a pathwise error estimate for

the approximation schemes studied there. Finally, the comparison principle is a necessary

ingredient in the Perron method for constructing solutions, as is explained in Section 4.3.

The comparison principle was first proved for pathwise equations by Lions and Souganidis

[54, 55, 56] when the Hamiltonian does not depend on space, that is, for equations of the

form

du = F (D2u,Du, u, x, t) dt+
m∑
i=1

Hi(Du) · dW i in Rd × (0,∞).

The key observation in this setting is that the standard penalizing quantity (λ/2)|x− y|2 is

a smooth, stationary solution of the doubled equation

dΦ =
m∑
i=1

(
Hi(DxΦ)−Hi(−DyΦ)

)
· dW i in Rd × Rd × (0,∞).
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If H has nontrivial spatial dependence, this is no longer true, because the doubled equation

becomes

dΦ =
m∑
i=1

(
Hi(DxΦ, x)−Hi(−DyΦ, y)

)
· dW i in Rd × Rd × (0,∞).

If H and W are sufficiently regular, then, as is standard in the literature, one can prove the

comparison principle with the aid of smooth test functions of the form

Φ(x, y, t) :=
λ

2
|x− y|2 ± C

∫ t

0

∣∣∣Ẇ (s)
∣∣∣ ds.

However, this strategy breaks down as soon as one considers paths with infinite variation.

In the first two sections of this chapter, we prove the comparison principle for certain

spatially inhomogenous first-order equations. We introduce a new idea in the proof that deals

with the difficulties that arise for equations set on unbounded domains, and is based on the

equivalent formulation (Definition 2.3.2) for the definition of pathwise viscosity solutions.

First, we consider Hamiltonians that are uniformly convex in the gradient variable, and we

make use of the stationary solution of the doubled equation constructed in Section 2.4. We

then move to a level-set equation that arises in the study of front propagation, and thus prove

the uniqueness for the moving interface problem when the normal velocity is inhomogenous,

anisotropic, and rough in time.

In the last section, we study second-order equations. First, we present a general parabolic

maximum principle along the lines of [56], the ideas for which originate in works of Jensen [41]

and Crandall and Ishii [24]. This is then used to prove the comparison principle for second

order equations when the Hamiltonians have separated gradient and spatial dependence.
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3.2 Spatially-dependent, uniformly convex Hamiltonians

We first prove the comparison principle for the equation

(3.2.1) du = H(Du, x) · dW in Rd × (0,∞), u(·, 0) = u0 on Rd

under the assumption thatH satisfies the convexity and homogeneity assumptions of (2.4.14),

which we reproduce here for convenience:

(3.2.2)



p 7→ H∗(p, ·) and p 7→ H(p, ·) are strictly convex in Rd\{0},

H∗ ∈ C2
b (BR\B1/R × Rd) for all R > 1,

H∗(p, ·) > 0 for all p 6= 0, and

H∗(tp, y) = tqH∗(p, y) for some q > 1 and for all (p, y) ∈ Rd × Rd and t > 0.

Recall also the definition of the distance function, whose properties are proved in Lemmas

2.4.3 and 2.4.5, defined by

L(x, y, τ) := inf

{∫ τ

0
H∗ (−γ̇s, γs) ds : γ ∈ A(x, y, τ)

}

where, for x, y ∈ Rd and τ > 0,

A(x, y, τ) :=
{
γ ∈ W 1,∞([0, τ ],Rd) : γ0 = x, γτ = y

}
.

Define also L(x, y) := L(x, y, 1) and recall that the homogeneity of H∗ implies that

L(x, y, τ) =
1

τ q−1
L(x, y).

Throughout the proof below, let ω : [0,∞)→ [0,∞) be the modulus of continuity for W on

[0, T ].
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Proof of the comparison principle for (3.2.1). We argue by contradiction and assume that

there exist T > 0, t0 ∈ (0, T ], sufficiently small µ > 0, and sufficiently large λ > 0 such that

the function

t 7→ sup
(x,y)∈Rd×Rd

(
u(x, t)− v(y, t)− λq−1L(x, y)

)
− µt

achieves its maximum on [0, T ] at t0. In view of Lemma 2.3.1(b), we may assume that

t0 < T .

For λ > 0, define

Φλ(x, y, s, t) := L
(
x, y, λ−1 +Ws −Wt

)
=

(
λ

1 + λ(Ws −Wt)

)q−1

L(x, y).

Then Lemma 2.4.5(a) and (b) yield that, whenever (x, y) ∈ ∆r0 and ω(|s− t|) < 1
2λ ,

(x, s) 7→ Φλ(x, y, s, t) and (y, t) 7→ −Φλ(x, y, s, t)

are C1 in respectively x and y, and solve (3.2.1).

Let

M0 := sup
(x,t)∈Rd×[0,T ]

max (|u(x, t)|, |v(x, t|) ,

choose

(3.2.3) λ >
3

2

(
2M0

c0r
q
0

) 1
q−1

,

where r0 is as in Lemma 2.4.5(b), and, for θ > 0, consider the auxiliary function

(3.2.4) (s, t) 7→ sup
(x,y)∈Rd×Rd

(u(x, s)− v(y, t)− Φλ(x, y, s, t))− |s− t|
2

2θ
− µs+ t

2
,

which attains a maximum at some (sθ, tθ) ∈ Sλ :=
{

(s, t) ∈ [0, T ]2 : ω(|s− t|) ≤ (2λ)−1
}

.
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Then limθ→0
|sθ−tθ|2

2θ = 0 and

lim
θ→0

sup
(x,y)∈Rd×Rd

(u(x, sθ)− v(y, tθ)− Φλ(x, y, sθ, tθ))−
|sθ − tθ|2

2θ
− µsθ + tθ

2

= max
t∈[0,T ]

sup
(x,y)∈Rd×Rd

(
u(x, t)− v(y, t)− λq−1L(x, y)

)
− µt

= sup
(x,y)∈Rd×Rd

(
u(x, t0)− v(y, t0)− λq−1L(x, y)

)
− µt0.

Therefore, as θ → 0, (sθ, tθ) → (t0, t0), and so, for sufficiently small θ, we have sθ > 0,

tθ > 0, and ω(|sθ − tθ|) < 1
2λ .

We show that, for each fixed y ∈ Rd,

s 7→ sup
x∈Rd

(u(x, s)− v(y, tθ)− Φλ(x, y, s, tθ))

is nonincreasing in the interval [a, b] :=
{
s ∈ [0, T ] : ω(|s− tθ|) < (2λ)−1

}
. The same will

then also be true for

(3.2.5) s 7→ sup
(x,y)∈Rd×Rd

(u(x, s)− v(y, tθ)− Φλ(x, y, s, tθ)) .

Indeed, for each fixed s ∈ (a, b], we have ω(|ŝ− tθ|) < 1
2λ , and so, for all x, y ∈ Rd,

c0

(
2

3
λ

)q−1

|x− y|q ≤ Φλ(x, y, s, tθ),

which implies that x 7→ u(x, s)−Φλ(x, y, s, tθ) attains a global maximum over Rd. Moreover,

for any such maximum point x, we have |x− y| < r0, which is a consequence of (3.2.3) and

c0

(
2

3
λ

)q−1

|x− y|q ≤ u(x, s)− u(y, s) ≤ 2M0.

Thus, in view of Lemma 2.4.5(b), Φλ is C1 in the x-variable in a neighborhood of the
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maximum point. Definition 2.3.2 then yields the claim, and a similar argument for the

super-solution v yields that

(3.2.6) t 7→ inf
x,y∈Rd

(v(y, t)− u(x, sθ) + Φλ(x, y, sθ, t))

is nondecreasing on [c, d] :=
{
t ∈ [0, T ] : ω(|sθ − t|) < (2λ)−1

}
.

We now return to the maximum point (sθ, tθ) of (3.2.4). The map

s 7→ sup
(x,y)∈Rd

(u(x, s)− v(y, tθ)− Φλ(x, y, s, tθ))−
|s− tθ|2

2θ
− µs

2

attains a maximum at sθ, and, since ω(|sθ − tθ|) < 1
2λ , we have sθ > a. Because (3.2.5) is

nonincreasing, we have µ
2 + sθ−tθ

θ ≤ 0. Similarly, the map

t 7→ inf
(x,y)∈Rd

(v(y, t)− u(x, sθ) + Φλ(x, y, sθ, t)) +
|sθ − t|2

2θ
+ µ

t

2

attains a minimum at tθ with tθ > c, so, because (3.2.6) is nondecreasing, we have −µ2 +

sθ−tθ
θ ≥ 0. We conclude that µ ≤ 0, a contradiction, and the result follows.

3.3 Level-set equations

We now prove the comparison principle for the equation

(3.3.1) du = a

(
Du

|Du|
, x

)
|Du| · dW in Rd × (0,∞) and u(·, 0) = u0 in Rd

when W is continuous and a ∈ C2
b (Sd−1,Rd). Recall that this is the level-set equation

corresponding to the motion of an interface evolving according to the normal velocity a(n, x)·

dW .
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For ease of notation, we extend a to be 1-homogenous as follows:

a(p, x) :=


a

(
p

|p|
, x

)
|p| if p 6= 0 and

a(0, x) = 0.

The proof of the comparison principle for (3.3.1) shares many similarities with the ar-

gument in the previous section. However, since we do not assume convexity for a in the

gradient variable, there is no analogue of the “distance” quantity used in that setting. In-

stead, we use the smooth solution U which was constructed in Lemma 2.4.6 with the method

of characteristics.

Proof of the comparison principle for (3.3.1). Fix λ, δ, µ, T > 0 and let φ be as in (2.4.17):

φ(x, y) :=
1

2

[
(|x− y| − δ)+

]2
.

Consider the function

(3.3.2) t 7→ sup
x,y∈Rd

(u(x, t)− v(y, t)− λφ(x, y))− µt,

which attains a maximum at some t̂ ∈ [0, T ]. Suppose for the sake of contradiction that

t̂ > 0. We also assume that t̂ < T , which is justified by Lemma 2.3.1(b). Then let 0 < h < t̂

be such that

max
t∈[t̂−h,t̂]

∣∣W (t)−W (t̂− h)
∣∣ < τ,

where τ is the short time of existence for the solution U constructed in Lemma 2.4.6.

It is standard to check that, for δ and µ fixed, there exists ωλ > 0 satisfying limλ→∞ ωλ =

0 such that the supremum in (3.3.2) may be restricted to (x, y) ∈ Rd × Rd satisfying

λ|x− y|2 ≤ ωλ.
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Now define

Φλ(x, y, s, t) := λU(x, y,W (s)−W (t̂− h),W (t)−W (t̂− h)),

where U is the function constructed in Lemma 2.4.6.

The claim is that

(3.3.3) t 7→ sup
x,y∈Rd

(u(x, t)− v(y, t)− Φλ(x, y, t, t)) is nonincreasing on [t̂− h, t̂].

Step 1 of (3.3.3). In view of the estimate (2.4.19), for each fixed s, t ∈ [t̂ − h, t̂], the

function x 7→ u(x, s) − Φ(x, y, s, t) attains a maximum in Rd. Therefore, Lemma 2.4.6 and

Definition 2.3.2 imply that

s 7→ sup
x∈Rd

(u(x, s)− Φ(x, y, s, t))

is nonincreasing. Similarly,

t 7→ sup
y∈Rd

(v(y, t) + Φ(x, y, s, t))

is nondecreasing. Therefore,

(s, t) 7→ sup
(x,y)∈Rd×Rd

(u(x, s)− v(y, t)− Φ(x, y, s, t))

is nonincreasing in both s and t.

Step 2 of (3.3.3). Suppose now that, for some smooth ψ,

t 7→ sup
x,y∈Rd

(u(x, t)− v(y, t)− Φλ(x, y, t, t))− ψ(t)
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attains a maximum at some t∗ ∈ (t̂− h, t̂]. Then, for fixed β > 0,

(s, t) 7→ sup
x,y∈Rd

(u(x, s)− v(y, t)− Φλ(x, y, s, t))− |s− t|
2

β
− ψ(s)

attains a maximum at some (sβ , tβ) such that limβ→0 sβ = limβ→0 tβ = t∗. In view of Step

1, this implies that ψ′(sβ) ≤ 0. Taking β → 0 implies that ψ′(s∗) ≤ 0, which finishes the

proof of the claim.

As a result of (3.3.3),

u(x̂, t̂)− v(ŷ, t̂)− Φλ(x̂, ŷ, t̂, t̂) ≤ max
x,y∈Rd

(
u(x, t̂− h)− v(y, t̂− h)− λφ(x, y)

)
≤ u(x̂, t̂)− v(ŷ, t̂)− λφ(x̂, ŷ)− µh,

so that rearranging terms and once more appealing to (2.4.19) yields

µh ≤ λ
(
Ũ(x̂, ŷ,W (t̂)−W (t̂− h))− φ(x̂, ŷ)

)
≤ Cλ|x̂− ŷ|2τ,

where Ũ is as in Lemma 2.4.6. For sufficiently large λ, this is a contradiction.

It follows that, for all large λ,

sup
x∈Rd

(u(x, t)− v(x, t)) ≤ sup
x,y∈Rd

(u(x, 0)− v(y, 0)− λφ(x, y)) + µt.

Sending first λ→ +∞ and then µ→ 0 shows that

sup
x∈Rd

(u(x, t)− v(x, t)) ≤ sup
|x−y|≤δ

(u(x, 0)− v(y, 0)) ,

and the proof is finished upon sending δ → 0.
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3.4 Second order equations

In this last section, we present some tools for proving the comparison principle for second-

order pathwise equations. First we prove a pathwise analogue of the so-called “Theorem of

Sums” from the classical viscosity solution theory. We then use this to prove the comparison

principle for equations where the Hamiltonians have a special separated form.

3.4.1 A pathwise “Theorem of Sums”

The next theorem is an analogue of the result in [24] (see also [25]) known as the “Theorem

of Sums.” Its ideas go back to [41], where the comparison principle for viscosity solutions of

general, fully nonlinear elliptic partial differential equations was proved for the first time. In

particular, we indirectly make use of Alexandroff’s result [1] that convex functions are almost-

everywhere twice-differentiable. In addition, the regularizing “sup- and inf-convolutions”

known to experts who study viscosity solutions appear here in a modified form, due to the

particular nature of the test functions specified in Definition 2.3.1. This modification is also

used in the proof of the comparison principle in [56].

We consider the rough partial differential equation

(3.4.1) du = F (D2u,Du, u, x, t)dt+
m∑
i=1

Hi(Du, x) · dW i in Rd × (0, T ]

where F ∈ C(Sd×Rd×R×Rd×[0, T ]) is degenerate elliptic, increasing in the u variable, and

uniformly continuous for bounded (X, p, r); H ∈ C4(Rd×Rd,Rm); and W ∈ C α
g ([0, T ],Rm)

for some α ∈ (1/3, 1/2].

Theorem 3.4.1. Assume that u ∈ USC(Rd × [0, T ]) and v ∈ LSC(Rd × [0, T ]) are re-

spectively a sub- and supersolution of (3.4.1), (x0, y0, t0) ∈ Rd × Rd × (0, T ], h ∈ (0, t0),
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ψ ∈ C1((t0 − h, t0 + h)), Φ ∈ C((t0 − h, t0 + h), C2
b (Rd)) is a solution of

(3.4.2) dΦ =
m∑
i=1

(
Hi(DxΦ, x)−Hi(−DyΦ, y)

)
· dW i in Rd × Rd × (t0 − h, t0 + h),

and

u(x, t)− v(y, t)− Φ(x, y, t)− ψ(t)

achieves a local maximum at (x0, y0, t0) ∈ Rd×Rd× (t0−h, t0 +h). Set φ := Φ(·, t0). Then,

for every ε > 0, there exist Xε, Yε ∈ Sd such that

−
(∥∥∥D2φ(x0, y0)

∥∥∥+
1

ε

)I 0

0 I

 ≤
Xε 0

0 −Yε


≤ D2φ(x0, y0) + ε(D2φ(x0, y0))2

(3.4.3)

and

ψ′(t0) ≤ F (Xε, Dxφ(x0, y0), u(x0, t0), x0, t0)− F (Yε,−Dyφ(x0, y0), v(y0, t0), y0, t0).

Notice that, if φ(x, y) = (λ/2)|x− y|2 and ε = λ−1, then (3.4.3) becomes

−3λ

I 0

0 I

 ≤
X 0

0 −Y

 ≤ 3λ

 I −I

−I I

 .(3.4.4)

Proof of Theorem 3.4.1. Assume without loss of generality that (x0, y0) = (0, 0) and φ(0, 0) =

0. We may also assume, in view of Lemma 2.3.1, that t0 < T and the maximum is strict.

Set p := Dxφ(0, 0), q := Dyφ(0, 0), A := D2φ(0, 0), and a := ψ′(t0), and fix δ > 0. Then,

for some r > 0 and for all (x, y) ∈ Br(0)×Br(0),

φ(x, y) ≤ p · x+ q · y +
1

2
(A+ δI)(x, y) · (x, y).
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Step 1: Construction of the sup- and inf-convolutions. If n ≥ 1, A ∈ Sn, and X,Ξ ∈ Rn,

then the Cauchy-Schwarz inequality implies, for every ε > 0, that

1

2
AX ·X − 1

2
AΞ · Ξ = AΞ · (X − Ξ) +

1

2
A(X − Ξ) · (X − Ξ)

≤ 1

2

(
ε ‖AΞ‖2 +

(
‖A‖+

1

ε

)
|X − Ξ|2

)
,

so that

1

2
AX ·X ≤ 1

2
(A+ εA2)Ξ · Ξ +

1

2

(
‖A‖+

1

ε

)
|X − Ξ|2.

Letting n = 2d, A = A + δI := Aδ, X = (x, y), and Ξ = (ξ, η) above, and setting Aδ,ε =

Aδ + εA2
δ yields

φ(x, y) ≤ p · (x− ξ) + q · (y − η) +
1

2

(
‖Aδ‖+

1

ε

)
(|x− ξ|2 + |y − η|2)

+ p · ξ + q · η +
1

2
Aδ,ε(ξ, η) · (ξ, η)

for all (x, y, ξ, η) ∈ Br(0)×Br(0)× Rd × Rd.

Now let S+(·, t0), S−(·, t0), and S(·, t0) be the solution operators for respectively

dU = H(DU, x) · dW, dU = −H(−DU, x) · dW, and dU = H(DU, x)−H(−DU, y).

If f, g ∈ C2(Rd), φ̃(x, y) := f(x) + g(y), and


S+(·, t0)f, S−(·, t0)g ∈ C((t0 − h, t0 + h), C2

b (Rd)) and

S(·, t0)φ̃ ∈ C((t0 − h, t0 + h), C2
b (Rd × Rd)),

then, in view of the uniqueness of the spatially-smooth solutions constructed in Chapter 2,

for all (x, y) ∈ Rd × Rd × (t0 − h, t0 + h),

S(t, t0)φ̃(x, y) = S+(t, t0)f(x) + S−(t, t0)g(y).
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Shrinking h if necessary, define, for (x, y, ξ, η, t) ∈ Br(0)×Br(0)×Rd×Rd× (t0−h, t0 +h),



Φ+(x, ξ, t) := S+(t, t0)

(
p · (· − ξ) +

1

2

(
‖Aδ‖+

1

ε

)
| · −ξ|2

)
(x),

Φ−(y, η, t) := S−(t, t0)

(
q · (· − η) +

1

2

(
‖Aδ‖+

1

ε

)
| · −η|2

)
(y),

u(ξ, t) := sup
x∈Br(0)

(u(x, t)− Φ+(x, ξ, t)) , and

v(η, t) := inf
y∈Br(0)

(v(y, t) + Φ−(y, η, t)) .

It then follows that

u(ξ, t)− v(η, t)− p · ξ − q · η − 1

2
Aδ,ε(ξ, η) · (ξ, η)− a(t− t0)− δ

2
|t− t0|2

attains a local maximum at (ξ, η, t) = (0, 0, t0) in Rd × Rd × (t0 − h, t0 + h).

Step 2: Regularity of u and v. Lemmas 2.2.2 and 2.2.5 yield that D2Φ+ and D2Φ− are

continuous on Rd × Rd × (t0 − h, t0 + h), and, therefore,


K+(t) := sup

(x,ξ)∈Br(0)×Rd

∥∥∥D2
ξΦ+(x, ξ, t)

∥∥∥ and

K−(t) := sup
(y,η)∈Br(0)×Rd

∥∥∥D2
ηΦ−(y, η, t)

∥∥∥
are continuous on (t0 − h, t0 + h) with

K+(0) = K−(0) = ‖Aδ‖+
1

ε
.

Then u and v are respectively semiconvex and semiconcave in the spatial variable, with the

following inequalities holding in the distributional sense:

D2
ξu(ξ, t) ≥ −K+(t)I and D2

ηv(η, t) ≤ K−(t)I.
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Next, observe that, if h is sufficiently small, then, for all t ∈ (t0−h, t0+h), the supremum

and infimum in the definitions of respectively u and v are achieved for some x(t) and y(t) in

Br(0). This is because, for t = t0, the extrema are attained at respectively x = 0 and y = 0,

and are strict by assumption.

Set 

K := sup
x∈Br

sup
ξ∈Rd

sup
t∈(t0−h,t0+h)

{∣∣∣D2
xΦ+(x, ξ, t)

∣∣∣+ |DxΦ+(x, ξ, t)|
}
,

M := sup
x∈Rd

sup
t∈(t0−h,t0+h)

u(x, t), and

α0 := sup
|X|+|p|≤K

sup
r≤M

sup
x∈Rd

sup
t∈(t0−h,t0+h)

F (X, p, r, x, t),

fix s ∈ (t0−h, t0 +h) and ξ ∈ Rd, and assume, for some µ > 0, that u(ξ, t)−α0t−µt attains

a maximum at some t̄ ∈ (s, t0 + h]. Then, for some x̄ ∈ Br(0),

u(x, t)− Φ(x, ξ, t)− α0t− µt

attains a local maximum at (x̄, t̄). Therefore, Definition 2.3.1 yields

α0 + µ ≤ F (D2
xΦ(x̄, ξ, t̄), DxΦ(x̄, ξ, t̄), u(x̄, t̄), x̄, t̄) ≤ α0.

This is a contradiction, and therefore, for all ξ ∈ Rd, s, t ∈ (t0 − h, t0 + h), and µ > 0,

u(ξ, t)− u(ξ, s) ≤ (α0 + µ)(t− s).

It follows that, in the distributional sense,

∂

∂t
u(ξ, t) ≤ α0.
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Similarly, there exists β0 > 0 such that

∂

∂t
v(η, t) ≥ −β0.

Step 3: A parabolic maximum principle. In view of the regularity proved in Step 2 for

u and v, we now have the following: there exist {(pn, qn, an)}∞n=1 ⊂ Rd × Rd × R and

{(ξn, ηn, tn)}∞n=1 ⊂ Rd × Rd × (t0 − h, t0 + h) such that

lim
n→∞

(pn, qn, an, ξn, ηn, tn) = (0, 0, 0, 0, 0, t0),

u(ξ, t)− v(η, t)− (p+ pn) · ξ − (q + qn) · η − 1

2
Aδ,ε(ξ, η) · (ξ, η)− (an + a)t− δ

2
|t− t0|2

attains a local maximum at (ξn, ηn, tn), u and v are twice-differentiable in the spatial variable

at respectively ξn and ηn, there exist αn and βn in respectively the super- and sub-differential

of u(ξn, tn) and v(ηn, tn) such that

αn − βn = an + a+ δ(tn − t0),

 Dξu(ξn, tn)

−Dηv(ηn, tn)

 =

p+ pn

q + qn

+ Aδ,ε

ξn
ηn

 ,

and

(3.4.5)

−K+(tn)I 0

0 K−(tn)I

 ≤
D2

ξu(ξn, tn) 0

0 −D2
ηv(ηn, tn)

 ≤ Aδ,ε.

These facts follow from the general parabolic maximum principle in [24] (see also Krylov [42]

and Tso [80]).

Step 4: Construction of local-in-time, smooth-in-space solutions. Fix θ > 0. Then, for
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some rn > 0 and all (ξ, η, t) ∈ Brn(ξn)×Brn(ηn)× (tn − rn, tn],



u(ξ, t) ≤ u(ξn, tn) + (αn − θ)(t− tn) +Du(ξn, tn) · (ξ − ξn)

+
1

2
(D2u(ξn, tn) + θI)(ξ − ξn) · (ξ − ξn) and

v(η, t) ≥ v(ηn, tn) + (βn + θ)(t− tn) +Dv(ηn, tn) · (η − ηn)

+
1

2
(D2v(ηn, tn)− θI)(η − ηn) · (η − ηn).

Now, if



J+
n (ξ) := Du(ξn, tn) · (ξ − ξn) +

1

2
(D2u(ξn, tn) + θI)(ξ − ξn) · (ξ − ξn),

J−n (η) := Dv(ηn, tn) · (η − ηn) +
1

2
(D2v(ηn, tn)− θI)(η − ηn) · (η − ηn),

g+(t) := (αn − θ)t, and

g−(t) := (βn + θ)t,

it follows that, for some xn, yn ∈ Br(0),

(3.4.6) u(x, t)− Φ+(x, ξ, t)− J+
n (ξ)− g+(t)

attains a maximum in Br(0)×Brn(ξn)× (tn − rn, tn] at (xn, ξn, tn), and

(3.4.7) v(y, t) + Φ−(y, η, t)− J−n (η)− g−(t)

attains a minimum in Br(0)×Brn(ηn)× (tn − rn, tn] at (yn, ηn, tn).

Observe that (xn, yn) → (0, 0) as n → ∞. Indeed, if (x, y) is an accumulation point of

(xn, yn), then

u(x, t0)− v(y, t0)− p · x− q · y − 1

2
(‖Aδ‖+ ε−1)(|x|2 + |y|2)

attains a maximum in Br(0) × Br(0) at (x, y), and, therefore, (x, y) = (0, 0). Thus, if n is
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large enough, xn and yn belong to Br(0).

Define 
Φ+
n (x, t) := inf

ξ∈Brn(ξn)

{
J+
n (ξ) + Φ+(x, ξ, t)

}
and

Φ−n (y, t) := sup
η∈Brn(ηn)

{
J−n (η)− Φ−(y, η, t)

}
.

The claim is that, for (x, t) and (y, t) sufficiently close to respectively (xn, tn) and (yn, tn),

the infimum and supremum above are attained uniquely at some ξn(x, t) ∈ Brn(ξn) and

ηn(y, t) ∈ Brn(ηn). Indeed, these are attained if

(3.4.8)


DξJ

+
n (ξn(x, t)) +DΦ+(x, ξn(x, t), t) = 0 and

DηJ
−
n (ηn(x, t)) +DΦ−(y, ηn(x, t), t) = 0.

The claim then easily follows from the implicit function theorem, since


DξJ

+
n (ξn) +DΦ+(xn, ξn, tn) = 0 and

D2
ξJ

+
n (ξn) +D2Φ+(xn, ξn, tn) ≥ D2u(ξn, tn) + θ −K+(tn) ≥ θ > 0,

with a similar justification for Φ−. Furthermore, ξn(xn, tn) = ξn, ηn(yn, tn) = ηn, and both

functions are smooth in x and continuous in t. Since
Φ+
n (x, t) = J+

n (ξn(x, t)) + Φ+(x, ξn(x, t), t) and

Φ−n (y, t) = J−n (ηn(y, t))− Φ−(y, ηn(y, t), t),

another computation shows that, shrinking rn if necessary, Φ+
n and Φ−n and smooth-in-x-

and-y solutions of

dΦ =
m∑
i=1

Hi(DΦ, x) · dW i

in respectively Brn(xn)× (tn − rn, tn] and Brn(yn)× (tn − rn, tn].
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Step 5: Derivation of (3.4.3). Definition 2.3.1 yields


αn − θ ≤ F (D2Φ+

n (xn, tn), DΦ+
n (xn, tn)) and

βn + θ ≥ F (D2Φ−n (yn, tn), DΦ−n (yn, tn)),

so that

a+ an + δ(tn − t0)− 2θ ≤ F (D2Φ+
n (xn, tn), DΦ+

n (xn, tn), u(xn, tn), xn, tn)

− F (D2Φ−n (yn, tn), DΦ−n (yn, tn), v(yn, tn), yn, tn).

Differentiating Φ+
n gives


DxΦ+

n (xn, tn) = DxΦ+(xn, ξn, tn) and

D2
xΦ+

n (xn, tn) = D2
xΦ+(xn, ξn, t) +D2

xξΦ+(xn, ξn, tn)Dxξn(xn, tn),

while differentiating (3.4.8) in x and evaluating at (x, t) = (xn, tn) yields

(
D2J+

n (ξn) +D2
ξΦ+(xn, ξn, tn)

)
Dxξn(xn, tn) +D2

xξΦ+(xn, ξn, tn) = 0.

Set Xn := D2
ξu(ξn, tn) and Yn := D2

ηv(ηn, tn), and note that, in view of (3.4.5), as n → ∞

along a subsequence, Xn and Yn converge to some Xδ, Yδ ∈ Sd satisfying

−
(
‖Aδ‖+

1

ε

)I 0

0 I

 ≤
Xδ 0

0 −Yδ

 ≤ Aδ,ε.(3.4.9)

Along the same subsequence, as n→∞, it follows that Dxξn(xn, tn)→ σ, where σ is given

by (
Xδ + θI + (‖Aδ‖+ ε−1)I

)
σ − (‖Aδ‖+ ε−1)I = 0.
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Thus

lim
n→∞

D2
xΦ+

n (xn, tn) = (‖Aδ‖+ ε−1)(Xδ + θI)
(
Xδ + θI + (‖Aδ‖+ ε−1)I

)−1
≤ Xδ + θI,

and similarly,

lim
n→∞

D2
xΦ−n (yn, tn) ≥ Yδ − θI.

This implies that

a− 2θ ≤ F (Xδ + θI, p, u(x0, t0), x0, t0)− F (Yδ − θI,−q, v(y0, t0)y0, t0),

so that letting θ → 0 yields

a ≤ F (Xδ, p, u(x0, t0), x0, t0)− F (Yδ,−q, v(y0, t0), y0, t0).

Finally, from (3.4.9), it follows that, for some sequence δn decreasing to 0, Xδn and Yδn

converge, as n→∞, to respectively X and Y in Sd, where X and Y satisfy (3.4.3). Taking

the limit above for δ = δn yields the desired inequality.

3.4.2 Hamiltonians with separated dependence

We now use the Theorem of Sums from the previous subsection to prove the comparison

principle for Zd-periodic sub- and super-solutions of the equation

(3.4.10) du = F (D2u,Du, u, x, t) dt+ (H(Du) + f(x)) · dW in Rd × (0,∞).

We assume that H, f ∈ C3(Rd) satisfy (2.4.24) with f Zd-periodic, and W ∈ C0,α for some

α ≥ 1/3. We work on the torus to avoid some of the difficulties that come up in the setting

of unbounded domains.

The assumptions for the nonlinearity F are more complicated. Matrix inequalities of the
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form below appear in the standard viscosity solution theory, as in the work of Ishii [38] (see

also Chapter 2 of [25]). We assume that

(3.4.11)


F ∈ C(Sd × Rd × R× Td × [0,∞)),

X 7→ F (X, p, r, x, t) is continuous uniformly in (p, r, x, t),

(3.4.12) r 7→ F (X, p, r, x, t) is nonincreasing,

and

(3.4.13)



for any C > 0, there exists ω : [0,∞)→ [0,∞) satisfying lim
s→0+

ω(s) = 0

such that, whenever λ > 0, X, Y ∈ Sd, and

− Cλ

I 0

0 I

 ≤
X 0

0 −Y

 ≤ Cλ

 I −I

−I I

 ,

then, for all x, y ∈ Td, p, q ∈ Rd, r ∈ R, and t ∈ [0,∞),

F (Y, p, r, y, t)− F (X, q, r, x, t)

≤ ω
(
λ(|x− y|2 + |p− q|2) + (1 + |p|+ |q|)(|x− y|+ |p− q|)

)
.

Notice that (3.4.13) implies that F is degenerate elliptic. Indeed, (3.4.13) holds whenever F

is independent of (p, x) and degenerate elliptic, or, more generally, if F is of the form

F (X, p, r, x, t) = F1(X, r, t) + F0(p, x, r, t)

where F1 ∈ C(Sd ×R× [0,∞)), F0 ∈ C(Rd ×Td ×R× [0,∞), F1 is degenerate elliptic and

uniformly continuous in the Sd-variable, F0 and F1 are nonincreasing in the R-variable, and,
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for some ω : [0,∞)→ [0,∞) satisfying lims→0+ ω(s),

|F0(p, x, r, t)− F0(q, y, r, t)| ≤ ω((1 + |p|+ |q|)(|x− y|+ |p− q|))

for all (p, q, x, y, r, t) ∈ R2d × T2d × R× [0, T ].

The requirement in (3.4.13) is general enough to cover quasilinear equations with more

involved spatial and gradient dependence. For instance, F : Sd × Rd × Td → R satisfies

(3.4.11), (3.4.12), and (3.4.13) if F is given by

F (X, p, x) :=
d∑

i,j=1

m∑
k=1

σik(p, x)σjk(p, x)Xij for some σ ∈ C0,1(Rd × Td,Rd×m).

Many more examples can be constructed by observing that, if {Fαβ}α∈A,β∈B is a family of

functions satisfying (3.4.11), (3.4.12), and (3.4.13) uniformly in α and β, then the same is

true for

inf
α∈A

sup
β∈B

Fαβ and sup
β∈B

inf
α∈A

Fαβ .

The assumption that W is at least 1/3-Hölder continuous is not related to rough-path

theory, and indeed, it is not required that W have a geometric rough-path lift. It turns out

that there is a precise interplay between the Hölder regularity of the path and the time τλ

of existence for the smooth solution constructed in Lemma 2.4.7.

Proof of the comparison principle for (3.4.10). Fix T > 0 and assume without loss of gen-

erality that u(·, 0) ≤ v(·, 0). Suppose, for the sake of contradiction that there exists µ > 0

and (x0, t0) ∈ Td × (0, T ] such that

u(x0, t0)− v(x0, t0)− µt0 = max
(x,t)∈Td×[0,T ]

(u(x, t)− v(x, t)− µt) > 0.

As before, we may assume that t0 < T without loss of generality.
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For λ > 0, the function

u(x, t)− v(y, t)− λ

2
|x− y|2 − µt

attains a maximum at (xλ, yλ, tλ) ∈ Td×Td× [0, T ]. Standard arguments from the viscosity

solution theory imply that, as λ→ 0,

(3.4.14)


(xλ, yλ, tλ)→ (x0, x0, t0),

u(xλ, tλ)− v(yλ, tλ)− λ

2
|xλ − yλ|2 − µtλ → u(x0, t0)− v(x0, t0)− µt0, and

λ

2
|xλ − yλ|2 → 0.

In particular, for all large λ, tλ ∈ (0, T ) and u(xλ, tλ) > v(yλ, tλ), and, for some R > 0,

(λ/2)|xλ − yλ|2 ≤ R and

Ψ(x, y, t) := u(x, t)− v(y, t)− ϕλ,R(x− y)− µt

attains a global maximum in Rd × Rd × [0, T ] at (xλ, yλ, tλ), where

ϕλ,R(z) = ϕλ = g((λ/2)|x− y|2)

is the cutoff function from subsection 2.4.4 (the R in that section agrees with the R here).

For all (x, y) ∈ Rd × Rd and h > 0, Ψ(x, y, tλ − h) ≤ Ψ(xλ, yλ, tλ), and therefore

sup
x,y∈Rd

{u(x, tλ − h) − v(y, tλ − h)− ϕλ(x− y)}

≤ u(xλ, tλ)− v(yλ, tλ)− ϕλ(x− y)− µh.
(3.4.15)

Recall that Lemma 2.4.7 implies that, for some c > 0 depending on the bounds in (2.4.24)
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and τλ satisfying τλ ≥ cλ−1/4, there exists a C2-solution U of

(3.4.16)


Ut = H(DxU) + f(x)−H(−DyU)− f(y) in Rd × Rd × (−τλ, τλ) and

U(x, y, 0) = ϕλ(x− y) in Rd × Rd.

It then follows that, for some constant C > 0 depending only on α, the bounds in (2.4.24),

and the α-seminorm of W on [0, T ], if hλ = Cλ−
1

4α , then

|W (s)−W (t)| < τλ for any s, t ∈ [0, T ] with |s− t| ≤ hλ.

For sufficiently large λ, tλ−hλ > 0, and so Φ(x, y, t) := U(x, y,W (t)−W (tλ−hλ)) belongs

to C([tλ − hλ, tλ], C2
b (Rd × Rd)) and is a solution of

dΦ =
(
H(DxΦ) + f(x)−H(−DyΦ)− f(y)

)
· dW in Rd × Rd × [tλ − hλ, tλ].

Define

Uλ = Uλ,R :=

{
(x, y) ∈ Rd × Rd :

λ

2
|x− y|2 ≤ R

}
.

We claim there exists ρ : [0,∞)→ [0,∞) satisfying limλ→∞ ρ(λ) = 0 such that

sup
(x,y)∈Uλ

(u(x, t)− v(y, t)− Φ(x, y, t))

≤ sup
x,y∈Rd

(
u(x, tλ − hλ)− v(y, tλ − hλ)− λ

2
|x− y|2

)
+ ρ(λ)hλ.

(3.4.17)

Fix ν > 0 and let (xλ, yλ, tλ) be a maximum point in Uλ × [tλ − hλ, tλ] for

u(x, t)− v(y, t)− Φ(x, y, t)− νt.

Then (3.4.17) will follow if we can show that tλ > tλ − hλ implies that ν ≤ ρ(λ) for some ρ

as in the claim.
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The estimate (2.4.31) gives

|Φ(x, y, t)− ϕλ(x− y)| ≤ C|x− y| |W (t)−W (tλ − hλ)| ≤ Cλ−1/4|x− y|,

and so

u(x, t)− v(y, t)− ϕλ(x− y)− Cλ−1/4|x− y|

≤ u(x, t)− v(y, t)− Φ(x, y, t)

≤ u(x, t)− v(y, t)− (λ/2)|x− y|2 + Cλ−1/4|x− y|.

Similar arguments as the ones for (3.4.14) imply that limλ→∞(λ/2)|xλ − yλ| = 0 uniformly

in ν > 0. In particular, for large enough λ, (xλ, yλ) is in the interior of the set Uλ, and

u(xλ, tλ) > v(yλ, tλ).

For fixed ε > 0, Theorem 3.4.1 gives Xλ, Yλ ∈ Sd satisfying

−
(∥∥∥D2Φ(xλ, yλ, tλ)

∥∥∥+
1

ε

)I 0

0 I

 ≤
Xλ 0

0 −Yλ


≤ D2Φ(xλ, yλ, tλ) + ε(D2Φ(xλ, yλ, tλ))2

(3.4.18)

and

ν ≤ F (Xλ, DxΦ(xλ, yλ, tλ), u(xλ, tλ), xλ, tλ)

− F (Yλ,−DyΦ(xλ, yλ, tλ), v(yλ, tλ), yλ, tλ))

≤ F (Xλ, DxΦ(xλ, yλ, tλ), v(yλ, tλ), xλ, tλ)

− F (Yλ,−DyΦ(xλ, yλ, tλ), v(yλ, tλ), yλ, tλ)),

(3.4.19)

where we have used (3.4.12). Choosing ε = λ−1 above and applying the bounds in (2.4.30)

from Lemma 2.4.7, (3.4.18) becomes, for some constant C > 0 depending only on the bounds
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in (2.4.24),

−Cλ

I 0

0 I

 ≤
Xλ 0

0 −Yλ

 ≤ Cλ

 I −I

−I I

+ Cλ−1/4

I 0

0 I

 .

We now use the bound (2.4.29) from Lemma 2.4.7, which implies

(3.4.20) |DxΦ(xλ, yλ, tλ) +DyΦ(xλ, yλ, tλ)| ≤ Chαλ ≤ Cλ−1/4,

as well as the assumptions (3.4.11) and (3.4.13), to conclude from (3.4.19) that, for some

ω : [0,∞)→ [0,∞) satisfying lims→0+ ω(s),

ν ≤ ω
(
λ|xλ − yλ|2 + |xλ − yλ|+ λ−1/4

)
:= ρ(λ),

and thus (3.4.17) is established.

Finally, combining (2.4.31) and (3.4.17) gives

µ ≤ Φ(xλ, yλ, tλ)− (λ/2)|xλ − yλ|2

hλ
≤ C|xλ − yλ|hα−1

λ + ρ(λ)

≤ Cλ1/2|xλ − yλ| · λ
1−3α

4α + ρ(λ),

and so we obtain a contradiction for sufficiently large λ in view of (3.4.14).
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CHAPTER 4

EXISTENCE

4.1 Introduction

In this section, we address the issue of existence of solutions for the initial value problem

(1.1.1).

The strategy for proving existence in this setting has been to regularize the paths and

extract limits, as described in [54, 55, 53, 76]. More precisely, the program has been as

follows:

1. For a fixed path W ∈ C α
g ([0, T ],Rm), choose any two smooth families of paths {ζn}∞n=1

and {ηn}∞n=1 that both converge, as n→∞, to W in the rough path metric.

2. Let un and vn be the classical viscosity solutions of (1.1.1) with respectively the paths

ζn and ηn and prove that

lim
n→∞

sup
(x,t)∈Rd×[0,T ]

|un(x, t)− vn(x, t)| = 0.

This shows that the solution operator for (1.1.1) has a unique, continuous extension to the

space of geometric rough paths.

Accomplishing step 2 above is done through comparison-principle type arguments, and

depends on the stability of the rough, Hamilton-Jacobi part (2.1.1) of the equation under

perturbations in the rough-path metric. Note that, when (2.2.7) holds, which is the case

if, for example, m = 1 or the Hamiltonians do not depend on space, then the smooth

approximations ζn and ηn need only converge to W locally uniformly.

When this argument is made quantitative, one can obtain precise stability estimates for

the solution operator. One setting in which this has been done is for first-order equations

when the Hamiltonians do not depend on space, as was proved in [55]:

73



Theorem 4.1.1. Assume that, for each i = 1, 2, . . . ,m, Hi : Rd → R satisfies (2.4.4),

u0 ∈ Lip(Rd) with Lip(u0) ≤ L, W 1,W 2 ∈ C([0,∞),Rm), and u1 and u2 solve, for j = 1, 2,


duj =

m∑
i=1

Hi(Duj) · dW i in Rd × (0,∞) and

uj(·, 0) = u0 in Rd.

Then, for all T > 0 and some C = CL > 0,

sup
(x,t)∈Rd×[0,T ]

∣∣∣u1(x, t)− u2(x, t)
∣∣∣ ≤ C max

t∈[0,T ]

∣∣∣W 1(t)−W 2(t)
∣∣∣ .

The first goal of this section is to extend Theorem 4.1.1 to the setting where the Hamil-

tonian has nontrivial spatial dependence. When m = 1 and H is convex in the gradient

variable, we obtain uniform Lipschitz bounds and path-stability estimates that depend only

on the growth of the Hamiltonian. This gives a unique extension of the solution operator to

continuous paths. It also allows for the study of other asymptotic problems for the equation,

and we use the estimates to investigate certain homogenization problems in Chapter 6.

As has already been discussed in the introduction to Chapter 3, additional difficulties

arise in the pathwise viscosity solution theory for spatially dependent Hamiltonians. The

main tool for dealing with these is the “distance function” constructed in Section 2.4.

We then present a general existence proof for equations of the form

(4.1.1)


du = F (D2u,Du, u, x, t) dt+

m∑
i=1

Hi(Du, x) · dW i in Rd × (0, T ],

u(·, 0) = u0 in Rd.

Our objective is to use the comparison principle to prove directly that the maximal sub-

solution defines the unique solution of (4.1.1). This method of establishing the existence

of solutions goes back to Perron [71], who used it to solve the Dirichlet problem for the

Laplace equation. Ishii [37] then generalized the strategy to the setting of viscosity solutions
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of Hamilton-Jacobi equations (see also Section 4 of [25]). This gave an elegant alternative to

proving the existence of solutions for singular, first-order equations, as opposed to the method

of vanishing viscosity, which was used before by, among others, Lions [51]. Similarly, the

Perron construction for (4.1.1) presented here indicates that the solution theory put forth by

Definition 2.3.1 is powerful enough to avoid the consideration of auxiliary equations driven

by smooth paths.

The Perron construction consists of two steps. First, we prove a different kind of stability

for (4.1.1), namely, the stability of sub-solutions under pointwise suprema. We also construct

suitable barriers to ensure that the maximal sub-solution is actually a super-solution, and

that it achieves the desired initial data. The analysis is more involved than for the classical

viscosity solution setting, due to the rough nature of the test functions.

4.2 Path stability estimates for convex Hamiltonians

Assume that H : Rd × Rd → R satisfies

(4.2.1)


H ∈ C(Rd × Rd), p 7→ H(p, x) is convex for all x ∈ Rd, and

there exist convex, increasing functions ν, ν : [0,∞)→ R such that

ν(|p|) ≤ H(p, x) ≤ ν(|p|) for all (p, x) ∈ Rd × Rd,

and, for two smooth (or piecewise smooth) paths W 1,W 2 : [0,∞)→ R and u1
0, u

2
0 ∈ Lip(Rd),

consider the viscosity solutions u1 and u2 of

u
j
t = H(Duj , x)Ẇ j in Rd × (0,∞) and uj(·, 0) = u

j
0 in Rd.

Theorem 4.2.1. Set L := max
(
Lip(u1

0),Lip(u2
0)
)
. Then, for all t > 0 and for j = 1, 2,

Lip(uj(·, t)) ≤ ν−1 (ν(L)) ,
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and, for all T > 0,

max
(x,t)∈Rd×[0,T ]

∣∣∣u1(x, t)− u2(x, t)
∣∣∣ ≤ max

x∈Rd

∣∣∣u1
0(x)− u2

0(x)
∣∣∣+ ν(L) max

t∈[0,T ]

∣∣∣W 1(t)−W 2(t)
∣∣∣

+ ν(0)−

(
max
t∈[0,T ]

∣∣∣W 1(t)−W 2(t)
∣∣∣− (W 1(T )−W 2(T ))

)
.

As a consequence, the solution operator for the equation

(4.2.2) du = H(Du, x) · dW in Rd × (0,∞) and u(·, 0) = u0

extends continuously to the space of continuous paths. That is, if {Wn}∞n=1 is a family of

smooth paths approximating W uniformly as n→∞, and if un is the solution of (4.2.2) with

the path Wn, then un converges uniformly in Rd × [0, T ] to a unique limit u ∈ BUC(Rd ×

[0, T ]) as n→∞, where u is independent of the choice of approximations. Moreover, if the

comparison principle holds for (4.2.2) with W continuous, then the limiting function u is the

unique pathwise viscosity solution of (4.2.2). As we proved in Chapter 3, this is the case if

H has the strict convexity and homogeneity specified by (2.4.14), or if

H(p, x) := a

(
p

|p|
, x

)
|p|

with a ∈ C2
b (Sd−1,Rd) and such that H is convex.

The notable feature of Theorem 4.2.1 is that the estimates do not depend on the regularity

of H, but rather, only on the rate of growth of H in the gradient variable. We exploit this

fact in Chapter 6 to study some equations where the dependence of the Hamiltonian on the

spatial variable is highly oscillatory.

Both results in Theorem 4.2.1 follow from the next proposition, which is proved with

the distance function from Section 2.4 that was already used for the comparison principle

in Section 3.2. Its hypotheses require more regularity for the Hamiltonian than is specified

by (4.2.1). The proof of Theorem 4.2.1 then involves a further regularization of H, and

76



the result will follow upon obtaining estimates that do not depend on the regularization

parameter.

Proposition 4.2.1. Assume that H satisfies (4.2.1),

(4.2.3)


H ∈ C2

b (BR × Rd) for all R > 0, and

H is uniformly convex.

For u0, v0 ∈ BUC(Rd) and ζ, η ∈ C1([0,∞)) with ζ0 = η0, let u be a sub-solution of

ut = H(Du, x)ζ̇(t) in Rd × (0,∞), u(·, 0) = u0 in Rd,

and v a super-solution of

vt = H(Dv, x)η̇(t) in Rd × (0,∞), v(·, 0) = v0 in Rd.

Then, for all T > 0 and 0 < λ <
(
max0≤t≤T (ζt − ηt)−

)−1
,

sup
(x,y,t)∈Rd×Rd×[0,T ]

(
u(x, t)− v(y, t)−

(
1

λ
+ ζt − ηt

)
ν∗
(

λ|x− y|
1 + λ(ζt − ηt)

))
≤ sup

(x,y)∈Rd×Rd

(
u0(x)− v0(y)− 1

λ
ν∗(λ|x− y|)

)
.

Equipped with Proposition 4.2.1, we proceed with the

Proof of Theorem 4.2.1. Step 1. Assume first that H satisfies (4.2.3) in addition to (4.2.1).

Applying Proposition 4.2.1 to the case u = v = u1 and ζ = η = W 1 yields, for all (x, y, t) ∈

Rd × Rd × (0,∞),

u1(x, t)− u1(y, t) ≤ inf
λ>0

{
1

λ
ν∗(λ|x− y|) + sup

s≥0

{
Ls− 1

λ
ν∗(λs)

}}

= inf
λ>0

{
ν∗(λ|x− y|) + ν(L)

λ

}
= ν−1 (ν(L)) |x− y|.
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Thus Lip(u1(·, t)) ≤ ν−1 (ν(L)), and similarly for u2.

Now setting (u, v, ζ, η) := (u1, u2,W 1,W 2) in Proposition 4.2.1 gives

u1(x, t)− u2(x, t) ≤
(

1

λ
− (W 1

t −W 2
t )

)
ν∗(0) + max

x∈Rd

∣∣∣u1
0(x)− u2

0(x)
∣∣∣+

1

λ
ν(L).

The claim follows upon choosing λ = (maxs∈[0,t]

∣∣W 1
s −W 2

s

∣∣)−1 and using the fact that

ν∗(0) = −min
r≥0

ν(r) = −ν(0) ≤ ν(0)−.

Step 2. We now return to the general case, where H satisfies only (4.2.1). Let φ ∈ C2(Rd)

be nonnegative and supported in B1(0) with
∫
φ = 1, and, for ρ > 0, define

φρ(z) :=
1

ρd
φ

(
z

ρ

)

and

Hρ(p, x) := ρ|p|2 +

∫∫
Rd×Rd

H(q, y)φρ(p− q)φρ(x− y) dq dy.

It is straightforward to verify that limρ→0Hρ = H locally uniformly, and Hρ satisfies both

(4.2.1) and (4.2.3) with 
νρ(s) := ρs2 + ν(s+ ρ) and

νρ(s) := ρs2 + ν ((s− ρ)+) .

Let u1
ρ and u2

ρ be as in the statement of Theorem 4.2.1 for the Hamiltonian Hρ. As proved

above, u1
ρ and u2

ρ satisfy the Lipschitz bound and stability estimate for νρ and νρ. Classical

arguments from the theory of viscosity solutions yield the local uniform convergence, as

ρ → 0, of u
j
ρ to uj for j = 1, 2, where uj are as in the statement of Theorem 4.2.1 for the

Hamiltonian H. Since νρ and νρ converge, as ρ→ 0, to ν and ν, the proof is complete.
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We now present the proof of Proposition 4.2.1. As in Section 3.2, for R > 0, define

∆R :=
{

(x, y) ∈ Rd × Rd : |x− y| ≤ R
}
.

Recall also the definition of the distance function, whose properties are proved in Lemmas

2.4.3 and 2.4.5, defined by

L(x, y, τ) := inf

{∫ τ

0
H∗ (−γ̇s, γs) ds : γ ∈ A(x, y, τ)

}

where, for x, y ∈ Rd and τ > 0,

A(x, y, τ) :=
{
γ ∈ W 1,∞([0, τ ],Rd) : γ0 = x, γτ = y

}
.

Proof of Proposition 4.2.1. Classical viscosity solution arguments show that z(x, y, t) :=

u(x, t)− v(y, t) is a sub-solution of

(4.2.4) zt = H(Dxz, x)ζ̇ −H(−Dyz, y)η̇ in Rd × Rd × (0,∞).

For 0 < λ <
(
max0≤t≤T (ζt − ηt)−

)−1
, define

Φλ(x, y, t) := L

(
x, y,

1

λ
+ ζt − ηt

)
.

A simple computation and Lemma 2.4.3(a) reveal that Φ satisfies (4.2.4) at any point (x, y, t)

of differentiability.

Next, for 0 < β < 1 and µ > 0, define

Ψ(x, y, t) := u(x, t)− v(y, t)− Φλ(x, y, t)− β

2
(|x|2 + |y|2)− µt.
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The comparison principle yields that |u(x, t)| ≤M and |v(x, t)| ≤M on Rd × [0, T ], where

M = max

{
‖u0‖∞ + |H(0)| max

0≤t≤T
|ζ(t)|, ‖v0‖∞ + |H(0)| max

0≤t≤T
|η(t)|

}
.

Therefore, Ψ attains a maximum on Rd×Rd× [0, T ] at some (x̂, ŷ, t̂) that depends on β, λ,

and µ. Assume for the sake of contradiction that t̂ > 0. In view of Lemma 2.3.1(b), we may

also assume t̂ < T .

Rearranging terms in the inequality Ψ(0, 0, t̂) ≤ Ψ(x̂, ŷ, t̂) gives

(4.2.5)
β

2
(|x̂|2 + |ŷ|2) ≤ u(x̂, t̂)− v(ŷ, t̂)− (u(0̂, t̂)− v(0̂, t̂)) ≤ 4M.

The inequality Ψ(ŷ, ŷ, t̂) ≤ Ψ(x̂, ŷ, t̂) and Lemma 2.4.3(b) yield

(4.2.6)

(
1

λ
+ ζt̂ − ηt̂

)
ν∗
(

λ|x− y|
1 + λ(ζt̂ − ηt̂)

)
≤ u(x̂, t̂)− u(ŷ, t̂) +

β

2
(|ŷ|2 − |x̂|2) ≤ 6M.

Then (4.2.5) and (4.2.6) together imply that, for some R > 0 depending on λ, M , ‖ζ‖∞,T ,

and ‖η‖∞,T , but independent of β, (x̂, ŷ) ∈ ΩR,β , where

ΩR,β := ∆R ∩BRβ−1/2

=

{
(x, y) ∈ Rd × Rd :

(
|x|2 + |y|2

)1/2
≤ Rβ−1/2 and |x− y| ≤ R

}
.

In the arguments that follow, the constant C > 0 depends only on R, and may change from

line to line.

For 0 < δ < 1, set

Ψδ(x, y, z, w, t) := u(x, t)− v(y, t)− 1

2δ
(|x− z|2 + |y − w|2)− Φλ(z, w, t)

− β

2
(|z|2 + |w|2)− µt− 1

2

(
|x− x̂|2 + |y − ŷ|2 + |t− t̂|2

)
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and assume that the maximum of Ψδ on ΩR,β×ΩR,β× [0, T ] is attained at (xδ, yδ, zδ, wδ, tδ).

Lemma 2.4.3(c) gives |DzΦλ| + |DwΦλ| + β(|z| + |w|) ≤ C on ΩR,β × ΩR,β × [0, T ].

Rearranging terms in the inequality Ψδ(xδ, yδ, xδ, yδ, tδ) ≤ Ψδ(xδ, yδ, zδ, wδ, tδ) yields

1

2δ

(
|xδ − zδ|2 + |yδ − wδ|2

)
≤ Φλ(xδ, yδ, tδ)− Φλ(zδ, wδ, tδ)

+
β

2
(|xδ|2 + |yδ|2 − |zδ|2 − |wδ|2) + C (|xδ − zδ|+ |yδ − wδ|) ,

and, hence, |xδ − zδ|+ |yδ − wδ| ≤ Cδ.

Since (x̂, ŷ, x̂, ŷ, t̂) ∈ ΩR,β × ΩR,β × [0, T ] and Ψδ(x̂, ŷ, x̂, ŷ, t̂) = Ψ(x̂, ŷ, t̂),

Ψ(x̂, ŷ, t̂) = u(x̂, t̂)− v(ŷ, t̂)− Φλ(x̂, ŷ, t̂)− β

2
(|x̂|2 + |ŷ|2)− µt̂

≤ u(xδ, tδ)− v(yδ, tδ)−
1

2
|xδ − x̂|2 −

1

2
|yδ − ŷ|2 −

1

2δ
(|xδ − zδ|2 + |yδ − wδ|2)

− Φλ(zδ, wδ, tδ)−
β

2
(|zδ|2 + |wδ|2)− µtδ −

1

2
|tδ − t̂|2

≤ Ψ(xδ, yδ, tδ) + Φλ(xδ, yδ, tδ)− Φλ(zδ, wδ, tδ) +
β

2
(|xδ|2 + |yδ|2 − |zδ|2 − |wδ|2)

− 1

2

(
|xδ − x̂|2 − |yδ − ŷ|2 − |tδ − t̂|2

)
.

Rearranging terms and using Ψ(xδ, yδ, tδ) ≤ Ψ(x̂, ŷ, t̂), we see that

|xδ − x̂|2 + |yδ − ŷ|2 + |tδ − t̂|2 ≤ Cδ.

Therefore, for sufficiently small δ, (xδ, yδ, zδ, wδ, tδ) is a local interior maximum point of Ψδ

in ΩR,β × ΩR,β × (0, T ).

Since

(x, y, t) 7→ u(x, t)− v(y, t)− 1

2δ

(
|x− zδ|2 + |y − wδ|2

)
− Φλ(zδ, wδ, t)− µt−

1

2

(
|x− x̂|2 − |y − ŷ|2 − |t− t̂|2

)
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attains an interior maximum at (xδ, yδ, tδ), the definition of viscosity solutions yields

µ+ tδ − t̂+ Φλ,t(zδ, wδ, tδ) ≤ H

(
xδ − zδ

δ
+ xδ − x̂, xδ

)
ζ̇tδ

−H
(
−yδ − wδ

δ
− (yδ − ŷ), yδ

)
η̇tδ .

Next, (zδ, wδ) is a minimum point of

(z, w) 7→ Φλ(z, w, tδ) +
1

2δ
(|xδ − z|2 + |yδ − w|2) +

β

2
(|z|2 + |w|2).

In view of Lemma 2.4.4, Φλ is differentiable at (zδ, wδ, tδ), and so


DxΦλ(zδ, wδ, tδ) =

xδ − zδ
δ

− βzδ,

DyΦλ(zδ, wδ, tδ) =
yδ − wδ

δ
− βwδ, and

Φλ,t(zδ, wδ, tδ) = H(DxΦλ(zδ, wδ, tδ), zδ)ζ̇tδ −H(−DyΦλ(zδ, wδ, tδ), wδ)η̇tδ .

It follows that

µ+ tδ − t̂+ Φλ,t(zδ, wδ, tδ) ≤ H (DxΦλ(zδ, wδ, tδ) + βzδ + xδ − x̂, xδ) ξ̇tδ

−H
(
−DyΦλ(zδ, wδ, tδ)− βwδ − (yδ − ŷ), yδ

)
ζ̇tδ .

The bounds for (x̂, ŷ, t̂) and (xδ, yδ, zδ, wδ, tδ) and the local Lipschitz regularity of H yield

µ ≤ C(β1/2 + δ1/2 + δ)

(∥∥∥ξ̇∥∥∥
∞,T

+
∥∥∥ζ̇∥∥∥
∞,T

)
.

We obtain a contradiction for sufficiently small enough δ and β.
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Therefore, for all µ > 0 and t ∈ [0, T ],

lim
β→0

sup
(x,y)∈Rd×Rd

(
u(x, t)− v(y, t)− Φλ(x, y, t)− β

2
(|x|2 + |y|2)

)
= sup

(x,y)∈Rd×Rd
(u(x, t)− v(y, t)− Φλ(x, y, t))

≤ sup
(x,y)∈Rd×Rd

(u0(x)− v0(y)− L(x, y, 1/λ)) + µt.

The desired inequality is established upon letting µ → 0 and using the bounds in Lemma

2.4.3(b).

4.3 Perron’s method

We consider the initial value problem

(4.3.1)


du = F (D2u,Du, u, x, t) dt+

m∑
i=1

Hi(Du, x) · dW i in Rd × (0, T ] and

u(·, 0) = u0 in Rd,

where u0 ∈ BUC(Rd), T > 0, and W = (W 1,W 2, . . . ,Wm) ∈ C α
g for some α ∈ (1/3, 1/2].

As explained before, our goal is to use the comparison principle to prove that the unique

solution of (4.3.1) is given by the maximal sub-solution.

We assume that F : Sd ×Rd ×R×Rd × [0, T ]→ R is continuous, bounded for bounded

(X, p, r) ∈ Sd × Rd × R, degenerate elliptic, and nonincreasing in r ∈ R; that is,

(4.3.2)


F ∈ C(Sd × Rd × R× Rd × [0, T ]) ∩ Cb(BR(0)× Rd × [0, T ]) for all R > 0,

X 7→ F (X, ·, ·, ·, ·) is nondecreasing, and r 7→ F (·, ·, r, ·, ·) is nonincreasing,

and the Hamiltonians are regular enough so that (2.1.1) has local-in-time, C2-in-space solu-
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tions:

(4.3.3) H ∈ C4
b (Rd × Rd;Rm).

Recall that, if the {Hi} satisfy (2.2.7) (for example, if m = 1 or there is no spatial depen-

dence), then it suffices to have H ∈ C2
b (BR × Rd;Rm) for all R > 0.

Most importantly, we assume that the comparison principle holds for (4.3.1). That is,

(4.3.4)



whenever u ∈ USC(Rd × (0,∞)) and v ∈ LSC(Rd × (0,∞)) are

respectively a bounded sub- and super-solution of (4.3.1), then, for all t > 0,

sup
x∈Rd

(u(x, t)− v(x, t)) ≤ sup
x∈Rd

(u(x, 0)− v(x, 0)) .

Theorem 4.3.1. If (4.3.2), (4.3.3), and (4.3.4) hold, then there exists a unique solution of

(4.3.1) in BUC(Rd × [0, T ]), which is given by

(4.3.5) u(x, t) := sup {v(x, t) : v(·, 0) ≤ u0 and v is a sub-solution of (4.3.1)} .

More assumptions are generally required for F , H, and W in order for the comparison

principle to hold. This is especially the case when H has nontrivial spatial dependence, even

when m = 1, as discussed in Chapter 3. The only assumptions we directly use for the Perron

construction, besides the comparison principle, are (4.3.2) and (4.3.3).

4.3.1 Construction of sub- and super-solutions

We build some particular global sub- and super-solutions of (4.3.1) achieving arbitrary initial

data in C2
b (Rd). Throughout the proofs below, we repeatedly use the properties of the

smooth-solution operator S(t, s) : C2
b (Rd) → C2

b (Rd) used in Section 2.2.3 to construct

local-in-time, smooth-in-space solutions of (2.1.1).
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Lemma 4.3.1. For every φ ∈ C2
b (Rd), there exist a locally bounded sub- and super-solution

u and u of (4.3.1) with u(·, 0) = u(·, 0) = φ. Moreover, u and u are both continuous in a

neighborhood of Rd × {0}.

Proof. Only the sub-solution is constructed, since the argument for the super-solution is

similar.

For some h > 0, there exists a solution Φ ∈ C([0, h], C2
b (Rd)) of (2.1.1) in Rd × [0, h]

with Φ(·, 0) = φ, which is given by Φ(x, t) = S(t, 0)φ(x) for (x, t) ∈ Rd × [0, h]. Set


R := sup

0≤t≤h
‖Φ(·, t)‖C2

b (Rd) and

C := inf
|X|+|p|+|u|≤R

inf
(x,t)∈Rd×[0,T ]

F (X, p, u, x, t),

and define u(·, t) := Φ(·, t)− Ct for t ∈ [0, h].

For some fixed h0 > 0, the function Φ0 defined by Φ0(x, t, s) := S(t, s)(0)(x) satis-

fies Φ0(·, t, s) ∈ C2
b (Rd) when s ≤ t ≤ s + h0. Note that Lemma 2.2.6(a) implies that

S(t, s)(M)(x) = Φ0(x, t, s) +M for all M ∈ R.

Define 
R0 := sup

0≤t−s≤h0

‖Φ0(·, t, s)‖C2
b (Rd) ,

C0 := inf
|X|+|p|+|u|≤R0,(x,t)∈Rd×[0,T ]

F (X, p, u, x, t),

and, for k = 0, 1, 2, 3, . . . ,
⌈
T−h
h0

⌉
− 1 and t ∈ (h+ kh0, h+ (k + 1)h0],


Mk := sup

x∈Rd
[u(x, h+ kh0)]− and

u(·, t) := Φ0(·, t, h+ kh0)−Mk − C0(t− h− kh0).

By construction, u is upper-semicontinuous, bounded, and continuous on Rd × [0, h].

Now choose η ∈ C2
b (Rd) and ψ ∈ C1([0, T ]), let h1 > 0 and t0 ∈ [0, T ] be such that
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S(·, t0)η ∈ C((t0 − h1, t0 + h1), C2
b (Rd)), and assume that

u(x, t)− S(t, t0)η(x)− ψ(t)

attains a strict maximum in Rd × (t0 − h1, t0 + h1) at (x0, t0). In view of Lemma 2.3.1(b),

it suffices to consider t0 6= h+ kh0 for any k ∈ N∪ {0}. Assume also that t0 ∈ (h+ kh0, h+

(k + 1)h0) for some k ≥ 0, as the proof for t0 ∈ (0, h) is similar. Then

DΦ0(x0, t0) = Dη(x0), D2Φ0(x0, t0) ≤ D2η(x0), and ψ′(t0) = −C0,

where the last equality follows from Lemma 2.2.6(c). Therefore,

ψ′(t0)− F (D2η(x0), Dη(x0), u(x0, t0), x0, t0)

≤ −C0 − F (D2Φ0(x0, t0), DΦ0(x0, t0),Φ0(x0, t0, h+ kh0), x0, t0) ≤ 0,

and so u is a sub-solution of (4.3.1).

4.3.2 The proof of Theorem 4.3.1

The proof that the Perron construction yields a solution involves two main steps. First, it

is clear from Definition 2.3.1 that the maximum of a finite number of sub-solutions is also

a sub-solution, with a corresponding statement holding true for the minimum of a finite

number of super-solutions. We generalize this observation to infinite families.

Lemma 4.3.2. Let F be a family of sub- (resp. super-) solutions of (4.3.1). Define

U(x, t) := sup
v∈F

v(x, t)

(
resp. inf

v∈F
v(x, t)

)
.

Assume that U∗ < ∞ (resp. U∗ > −∞). Then U∗ (resp. U∗) is a sub- (resp. super-)

solution of (4.3.1).
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Proof. We give only the proof for sub-solutions, since it is almost identical for super-solutions.

Let φ ∈ C2
b (Rd), ψ ∈ C1([0, T ]), t0 > 0, and h > 0 be such that S(·, t0)φ ∈ C((t0−ht0 +

h), C2
b (Rd)), assume that

U∗(x, t)− S(t, t0)φ(x)− ψ(t)

attains a local maximum at (x0, t0) ∈ Rd × (t0 − h, t0 + h), and, without loss of generality,

assume x0 = 0, φ(0) = 0, and ψ(t0) = 0. Set p := Dφ(0), X := D2φ(0), and a := ψ′(t0).

For fixed δ > 0, shrink h > 0, if necessary, and let r > 0 be such that


φ(x) ≤ p · x+

1

2
Xx · x+ δ|x|2 for all x ∈ Br(0) and

ψ(t) ≤ a(t− t0) + δ|t− t0| for all t ∈ (t0 − h, t0 + h).

Choose φ1 and φ2 in C2
b (Rd) such that


φ1(x) = p · x+

1

2
Xx · x+ δ|x|2 for x ∈ Br(x0),

φ2(x) = p · x+
1

2
Xx · x+ 2δ|x|2 for x ∈ Br(x0), and

φ ≤ φ1 ≤ φ2 on Rd.

If h is sufficiently small, then S(·, t0)φ1 and S(·, t0)φ2 belong to C((t0− h, t0 + h), C2
b (Rd)),

and Lemma 2.2.6(b) implies that

S(t, t0)φ ≤ S(t, t0)φ1 ≤ S(t, t0)φ2 for all t ∈ (t0 − h, t0 + h).

In particular, U∗(x, t)− S(t, t0)φ1(x)− ψ(t) attains a local maximum at (0, t0).

Let (xn, tn) ∈ Rd × (t0 − h, t0 + h) and vn ∈ F be such that, as n → ∞, (xn, tn) →

(0, t0) and vn(xn, tn) → U∗(0, t0), and let (x′n, t
′
n) be the maximum point attained over

Br(0)× [t0 − h, t0 + h] by the function

(4.3.6) vn(x, t)− S(t, t0)φ2(x)− a(t− t0)− 2δ(|t− t0|2 + n−1)1/2.
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Then

vn(xn, tn) ≤ vn(x′n, t
′
n) + S(tn, t0)φ2(xn)− S(t′n, t0)φ2(x′n) + a(tn − t′n)

+ 2δ
(

(|tn − t0|2 + n−1)1/2 − (|t′n − t0|2 + n−1)1/2
)
.

(4.3.7)

Let (y, s) ∈ Br(0)× [t0− h, t0 + h] be an accumulation point of the sequence {(x′n, t′n)}n∈N.

Passing to the limit in (4.3.7) yields

U∗(0, t0) ≤ U∗(y, s)− S(s, t0)φ2(y)− a(s− t0)− 2δ|s− t0|

≤ U∗(0, t0) + S(s, t0)φ1(y)− S(s, t0)φ2(y)− δ|s− t0|

≤ U∗(0, t0)− δ|s− t0|,

(4.3.8)

and, therefore, s = t0. Inserting this fact into (4.3.8) gives φ2(y) ≤ φ1(y), which implies

that

y = 0, lim
n→∞

(x′n, t
′
n) = (0, t0), and lim

n→∞
vn(x′n, t

′
n) = U∗(0, t0).

In particular, for sufficiently large n, (x′n, t
′
n) ∈ Br(0)× (t0 − h, t0 + h).

Finally, set Φ(x, t) := S(t, t0)φ2(x). (The definition of solutions) gives

a+ 2δ
t′n − t0

(|t′n − t0|2 + n−1)−1
≤ F (D2Φ(x′n, t

′
n), DΦ(x′n, t

′
n), vn(x′n, t

′
n), x′n, t

′
n).

Upon letting n→∞ and δ → 0, this becomes a ≤ F (X, p, U∗(0, t0), 0, t0), as desired.

The second step is to show that if a “strict” sub-solution has its values increased in

a certain way in a sufficiently small open cylinder, then the resulting function is another

sub-solution. This “bump” construction is less straightforward than in the classical viscos-

ity solution, due to the limited flexibility in the choice of test functions. The domain of

dependence result Lemma 2.2.7 will play an important role in the proof.

Lemma 4.3.3. Suppose that w is a sub-solution of (4.3.1), and that w∗ fails to be a super-

solution. Then there exists (x0, t0) ∈ Rd × (0, T ] such that, for all κ > 0, (4.3.1) admits a

88



sub-solution wκ satisfying

wκ ≥ w, sup(wκ − w) > 0, and wκ = w in
(
Rd × [0, T ]

)
\Nκ(x0, t0).

Proof. By assumption, there exist φ ∈ C2
b (Rd), ψ ∈ C1([0, T ]), (x0, t0) ∈ Rd × (0, T ], and

h ∈ (0, κ) such that S(·, t0)φ ∈ C((t0 − h, t0 + h), C2
b (Rd)),

w∗(x, t)− S(t, t0)φ(x)− ψ(t)

attains a local minimum at (x0, t0), and

(4.3.9) ψ′(t0)− F (D2φ(x0), Dφ(x0), w∗(x0, t0), x0, t0) < 0.

Assume again x0 = 0, φ(0) = 0, and ψ(t0) = 0, set X := D2φ(0), p := Dφ(0), and

a := ψ′(t0), and define the nondecreasing functions ω1, ω2 : [0,∞)→ [0,∞) by


ω1(σ) := sup

|x|≤σ

|φ(x)− p · x− 1
2Xx · x|

|x|2
and

ω2(σ) := sup
|t−t0|≤σ

|ψ(t)− a(t− t0)|
|t− t0|

.

Let γ ∈ (0, 1), r ∈ (0, κ), and s ∈ (0, h) be such that

(4.3.10) ω1(r), ω2(s) ≤ γ

2
,

and set

(4.3.11) δ := γmin

(
r2

16
,
s

8

)
.
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Choose η̂ ∈ C2
b (Rd) satisfying


η̂(x) = p · x+

1

2
Xx · x− γ|x|2 in Br(x0) and

η̂ ≤ φ in Rd,

and, if necessary, shrink h > 0 so that S(·, t0)η̂ ∈ C((t0 − h, t0 + h), C2
b (Rd)). Observe that

this may also result in s, and therefore δ, becoming smaller.

For (x, t) ∈ Rd × (t0 − h, t0 + h), define

ŵ(x, t) := w∗(0, t0) + δ + S(t, t0)η̂(x) + a(t− t0)− γ(|t− t0|2 + δ2)1/2.

Then, if γ, r, and s (and therefore δ) are sufficiently small, ŵ satisfies the sub-solution

property of Definition 2.3.1 in Nr,s(0, t0). Indeed, choose ζ ∈ C2
b (Rd), α ∈ C1([0, T ]), and

(x̂, t̂) ∈ Nr,s(0, t0); let ĥ > 0 be such that S(·, t̂)ζ ∈ C(t̂− ĥ, t̂+ ĥ, C2
b (Rd)); and assume that

ŵ(x, t)− S(t, t̂)ζ(x)− α(t)

attains a strict maximum at (x̂, t̂). This implies that

DS(t̂, t0)η̂(x̂) = Dζ(x̂) and D2S(t̂, t0)η̂(x̂) ≤ D2ζ(x̂),

and, because

t 7→ sup
Rd

(
S(t, t0)η̂ − S(t, t̂)ζ

)
+ at− γ(|t− t0|2 + δ2)1/2 − α(t)

attains a maximum at t̂, Lemma 2.2.6(c) yields

a− γ t̂− t0(
|t̂− t0|2 + δ2

)1/2 = α′(t̂).
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Therefore, from the strict inequality in (4.3.9), the continuity of the solution map S(t, t0) on

C2
b (Rd), and the continuity of F , it follows that α′(t̂) ≤ F (D2ζ(x̂), Dζ(x̂), ŵ(x̂, t̂), x̂, t̂) if γ,

r, and s are small enough.

Define

R := max
|t−t0|≤h

max {‖DS(t, t0)φ‖∞ , ‖DS(t, t0)η̂‖∞} ,

and shrink s further so that

(4.3.12) ρR(s) ≤ r

8
,

where ρR is the modulus from the domain-of-dependence result Lemma 2.2.7. The claim is

that

(4.3.13) w(x, t) > ŵ(x, t) in N7r/8,s(0, t0)\N5r/8,s/2(0, t0).

As a first step, observe that

w(x, t)− ŵ(x, t) ≥ w∗(x, t)− ŵ(x, t) ≥ −δ + S(t, t0)φ(x)− S(t, t0)η̂(x)

+ (γ − ω2(s))|t− t0|.

Suppose that (x, t) ∈ N7r/8,s(0, t0)\N7r/8,s/2, that is, s/2 < |t− t0| < s and |x| < 7r/8.

Then (4.3.10) and (4.3.11) give

(4.3.14) w(x, t)− ŵ(x, t) ≥ −δ + (γ − ω2(s)) · s
2
≥ −δ +

γs

4
≥ γs

8
> 0.

To prove (4.3.13) for (x, t) ∈ N7r/8,s\N5r/8,s, we apply Lemma 2.2.7 to the annulus K =
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Br(0)\Br/2(0) and obtain

inf
r/2≤|x|≤r

(φ(x)− η̂(x)) ≤ inf {S(t, t0)φ(x)− S(t, t0)η̂(x) : dist(x,Kc) ≥ ρR(|t− t0|)}

≤ inf
{
S(t, t0)φ(x)− S(t, t0)η̂(x) : min

(
r − |x|, |x| − r

2

)
≥ ρR(s)

}
.

Combining this with (4.3.10), (4.3.11), and (4.3.12), it follows that, whenever 5r/8 < |x| <

7r/8 and |t− t0| < s,

w(x, t)− ŵ(x, t) ≥ −δ + inf
r/2≤|x|≤r

(φ(x)− η̂(x)) ≥ −δ + (γ − ω1(r)) ·
(r

2

)2

≥ −δ +
γr2

8
≥ γr2

16
> 0.

This finishes the proof of (4.3.13).

Finally, define

wκ(x, t) :=


max(ŵ(x, t), w(x, t)) for (x, t) ∈ N7r/8,s(0, t0), and

w(x, t) for (x, t) /∈ N7r/8,s(0, t0).

Then wκ ≥ w, and wκ = w outside of Nκ(0, t0). If (xn, tn) is such that limn→∞(xn, tn) =

(0, t0) and limn→∞w(xn, tn) = w∗(0, t0), then

lim
n→∞

(w(xn, tn)− ŵ(xn, tn)) = −(1− γ)δ < 0,

so that supNκ(0,t0) (wκ − w) > 0. Finally, wκ is a sub-solution. This is evident on (Rd ×

[0, T ])\N7r/8,s(0, t0), as well as in the interior of N7r/8,s(0, t0), because there wκ is equal to

the pointwise maximum of two sub-solutions. It remains to verify the sub-solution property

on the boundary of N7r/8,s(0, t0), and this follows because, in view of (4.3.13), wκ = w in a

neighborhood of the boundary of N7r/8,s(0, t0).
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Finally, we present the

Proof of Theorem 4.3.1. Observe first that, in view of Lemma 4.3.1 and the comparison

principle (4.3.4), u is well-defined and bounded.

Fix ε > 0, let φε ∈ C2
b (Rd) be such that

φε − ε ≤ u0 ≤ φε + ε on Rd,

and let uε and uε be a sub- and super-solution, continuous in a neighborhood of Rd × {0},

and achieving respectively the initial data φε − ε and φε + ε. The existence of the sub- and

super-solution are guaranteed by Lemma 4.3.1.

The comparison principle yields

uε ≤ u∗ ≤ u ≤ u∗ ≤ uε on Rd × [0, T ],

and, in view of the continuity of uε and uε near Rd × {0},

φε − ε ≤ u∗(·, 0) ≤ u∗(·, 0) ≤ φε + ε.

Since ε is arbitrary, it follows that u(·, 0) = u0 and lim(x,t)→(x0,0) u(x, t) = u0(x0) for all

x0 ∈ Rd.

Lemma 4.3.2 now implies that u∗ is a sub-solution of (4.3.1) with u∗(x, 0) ≤ u0(x).

The formula (4.3.5) for u then yields u∗ ≤ u, and therefore u∗ = u. That is, u is itself

upper-semicontinuous and a sub-solution.

On the other hand, u∗ is a super-solution. If this were not the case, then Lemma 4.3.3

would imply the existence of a sub-solution ũ ≥ u and a neighborhood N ⊂ Rd× (0, T ] such

that ũ = u in (Rd × [0, T ])\N and supN (ũ− u) > 0, contradicting the maximality of u.

The comparison principle (4.3.4) gives u∗ ≤ u∗, and, as a consequence of the definition

of semicontinuous envelopes, u∗ ≤ u∗. Therefore, u = u∗ = u∗ is a solution of (4.3.1)
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with u = u0 on Rd × {0}. The uniqueness of u follows from yet another application of the

comparison principle.
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CHAPTER 5

APPROXIMATION SCHEMES

5.1 Introduction

In this chapter, we construct numerical schemes to approximate solutions, and prove that

they converge under quite general assumptions. Among the approximations that we study are

finite-difference schemes and Trotter-Kato splitting formulas. The former raise the possibility

of numerical implementation, which we justify with precise error estimates in the first-order

setting.

For a fixed, finite horizon T > 0, we consider the initial value problem

(5.1.1)


du = F (D2u,Du) dt+

m∑
i=1

Hi(Du) · dW i in Rd × (0, T ] and

u(·, 0) = u0 in Rd,

where

(5.1.2) F ∈ C0,1(Sd × Rd) is degenerate elliptic,

W = (W 1,W 2, . . . ,Wm) ∈ C([0, T ],Rm), and u0 ∈ BUC(Rd). The precise assumptions

on H = (H1, H2, . . . , Hm) : Rd → Rm are specified later, and depend on the setting. As

is the case earlier in the thesis, H should be regular enough to allow for the construction,

for sufficiently small intervals I and smooth φ, of local-in-time, spatially-smooth solutions

of the equation

(5.1.3) dΦ =
m∑
i=1

Hi(DΦ) · dW i in Rd × I and Φ(·, t0) = φ in Rd.
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5.1.1 The main results

We first summarize the main results in the context of certain finite-difference schemes. To

simplify the presentation, assume d = m = 1, F and H are both smooth, and F depends

only on uxx, so that (5.1.1) becomes

(5.1.4) du = F (uxx) dt+H(ux) · dW in R× (0, T ] and u(·, 0) = u0 in R,

or, in the first order case, when F ≡ 0,

(5.1.5) du = H(ux) · dW in R× (0, T ] and u(·, 0) = u0 in R.

The approximations are constructed through the use of a scheme operator, which, for h > 0,

0 ≤ s ≤ t ≤ T , and ζ ∈ C([0, T ];R), is a map Sh(t, s; ζ) : BUC(R) → BUC(R), whose

properties will be made more precise in Section 5.2.

Throughout the chapter, the symbol P denotes a partition of [0, T ] and |P| its mesh size,

that is, 
P := {0 = t0 < t1 < · · · , tN = T} and

|P| := max
n=0,1,...,N−1

(tn+1 − tn) .

Given such a partition P and a path ζ ∈ C([0, T ];R), usually a piecewise linear approxima-

tion of W , we first define the function ũh(·; ζ,P) by

(5.1.6)


ũh(·, 0; ζ,P) := u0 and

ũh(·, t; ζ,P) := Sh(t, tn; ζ)ũh(·, tn; ζ,P) for n = 0, 1, . . . , N − 1, t ∈ (tn, tn+1].

The strategy is to choose families of approximating paths {Wh}h>0 and partitions {Ph}h>0

satisfying

(5.1.7) lim
h→0+

‖Wh −W‖∞ = 0 = lim
h→0+

|Ph| ,
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in such a way that the function

(5.1.8) uh(x, t) := ũh(x, t;Wh,Ph)

is an efficient approximation of the solution of (5.1.4). We give several different specifications

for Ph andWh below. While technical, these are all made with the same idea in mind, namely,

to ensure that the approximation Wh is “mild” enough with respect to the partition. In

particular, for any consecutive points tn and tn+1 of the partition Ph, and for sufficiently

small h, the ratio

|Wh(tn+1)−Wh(tn)|
h

should be less than some fixed constant. This is a special case of the kind of Courant-Lewy-

Friedrichs (CFL) conditions required for the schemes in this chapter, which are discussed in

more detail in the forthcoming sections.

As an example of the types of schemes studied in this chapter, we consider here the follow-

ing adaptation of the Lax-Friedrichs finite difference approximation for scalar conservation

laws. A formulation for approximating viscosity solutions of Hamilton-Jacobi equations with

no space-time dependence was studied by Crandall and Lions [23].

For some εh > 0 to be determined, define

Sh(t, s; ζ)u(x) := u(x) +H

(
u(x+ h)− u(x− h)

2h

)
(ζ(t)− ζ(s))

+

[
F

(
u(x+ h) + u(x− h)− 2u(x)

h2

)
+ εh

(
u(x+ h) + u(x− h)− 2u(x)

h2

)]
(t− s).

(5.1.9)

The first result, which is qualitative in nature, applies to the simple setting above as

follows:
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Theorem 5.1.1. Assume that, in addition to (5.1.7), Wh and Ph satisfy

|Ph| ≤
h2

‖F ′‖∞
and εh := h

∥∥∥Ẇh

∥∥∥
∞

h→0−−−→ 0.

Then, as h → 0, the function uh defined by (5.1.8) using the scheme operator (5.1.9) con-

verges locally uniformly to the solution u of (5.1.4).

We obtain explicit error estimates for finite difference approximations of the pathwise

Hamilton-Jacobi equation (5.1.5). The results below are stated for the following scheme,

which is defined, for some θ ∈ (0, 1], by

Sh(t, s; ζ)u(x) := u(x) +H

(
u(x+ h)− u(x− h)

2h

)
(ζ(t)− ζ(s))

+
θ

2
(u(x+ h) + u(x− h)− 2u(x)) .

(5.1.10)

Note that this corresponds to choosing εh := θh2

2(t−s) in (5.1.9).

The main tool for proving rates of convergence is the following pathwise error estimate.

For the remaining results in the introduction, it is assumed that Lip(u0) ≤ L for some L > 0.

Theorem 5.1.2. There exists C > 0 depending only on the Lipschitz constant L such that,

if ζ ∈ C([0, T ],R) is piecewise linear over the partition P such that

max
n=0,1,...,N−1

|ζ(tn+1)− ζ(tn)| ≤ θ

‖H ′‖∞
h,

and ũ is the solution of

ũt = H(ũx)ζ̇ in R× (0, T ] and ũ(·, 0) = u0 in R,
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then, for all ε, h > 0,

sup
(x,t)∈R×[0,T ]

|ũh(x, t; ζ,P)− ũ(x, t)|

≤ 1

ε

N−1∑
n=0

(tn+1 − tn)2 + C
√
Nh+ max

s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}
.

The rates of convergence are then established by choosing families of paths {Wh}h>0 and

partitions {Ph}h>0 in order to optimize the estimate from Theorem 5.1.2.

We do so first for an arbitrary, fixed continuous path W , whose modulus of continuity

on [0, T ] is denoted by ω : [0,∞)→ [0,∞). For h > 0, define ρh implicitly by

(5.1.11) λ :=
(ρh)1/2ω((ρh)1/2)

h
<

θ

‖H ′‖∞
,

and let the partition Ph and path Wh satisfy

(5.1.12)


Ph := {nρh ∧ T}n∈N0

, Mh := b(ρh)−1/2c,

and, for k ∈ N0 and t ∈ [kMhρh, (k + 1)Mhρh),

Wh(t) := W (kMhρh) +

(
W ((k + 1)Mhρh)−W (kMhρh)

Mhρh

)
(t− kMhρh) .

Theorem 5.1.3. There exists C > 0 depending only on L such that, if uh is constructed

using (5.1.8) and (5.1.10) with Ph and Wh as in (5.1.11) and (5.1.12), and u is the pathwise

viscosity solution of (5.1.5), then

sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)| ≤ C(1 + T )ω((ρh)1/2).

As an example, if W ∈ C0,α([0, T ]), then (5.1.11) means that ρh = O(h2/(1+α)), and the

rate of convergence in Theorem 5.1.3 is O(hα/(1+α)).

We now describe some constructions in the case that W is a Brownian motion, for which
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(5.1.5) becomes the stochastic Hamilton-Jacobi equation

(5.1.13) du = H(ux) ◦ dW in R× (0, T ] and u(·, 0) = u0 in R.

As a special case of Theorem 5.1.3, the approximating paths and partitions may be taken

to satisfy (5.1.12) with ρh given by

(5.1.14) λ :=
(ρh)3/4 |log ρh|1/2

h
<

θ

‖H ′‖∞
.

A second way of defining the partitions and paths may be achieved through the use of certain

stopping times:

(5.1.15)



T0 := 0, Tk+1 := inf

{
t > Tk : max

r,s∈[Tk,t]
|W (r)−W (s)| > h1/3

| log h|2/3

}
,

Wh(t) := W (Tk) +
W (Tk+1)−W (Tk)

Tk+1 − Tk
(t− Tk) for t ∈ [Tk, Tk+1),

Mh :=

⌈ ∥∥H ′∥∥∞
(h| log h|)2/3

⌉
, and

Ph :=

{
tn := Tk + (n− kMh)

Tk+1 − Tk
Mh

: kMh ≤ n < (k + 1)Mh, k ∈ N0

}
.

Theorem 5.1.4. Suppose that W is a Brownian motion, and assume that either


Ph and Wh are as in (5.1.12) with ρh defined by (5.1.14), or

Ph and Wh are as in (5.1.15).

If uh is constructed using (5.1.8) and (5.1.10), and u is the solution of (5.1.13), then there

exists a deterministic constant C > 0 depending only on L and λ such that, with probability

one,

lim sup
h→0

sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)|
h1/3 |log h|1/3

≤ C(1 + T ).

The final type of result involves convergence in distribution in the space BUC(Rd×[0, T ]),
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with the topology of local uniform convergence.

For random variables {Xδ}δ>0 and X taking values in some topological space X , recall

that Xδ is said to converge in distribution (or in law) to X and δ → 0 if the law νδ of Xδ

on X converges weakly to the law ν of X. That is, for any bounded continuous function

φ : X → R,

lim
δ→0

∫
X
φ dνδ =

∫
X
φ dν.

Below, the paths Wh are taken to be appropriately scaled simple random walks, and, as

a consequence, Wh converges in distribution to a Brownian motion W (see for instance

Billingsley [14]). This corresponds above to X = C([0, T ],Rm) and ν the Wiener measure

on X .

Let λ, ρh, Wh, and Ph be given, for some probability space (A,G,P), by

(5.1.16)



λ :=
(ρh)3/4

h
≤ θ

‖H ′‖∞
, Mh := b(ρh)−1/2c,

Ph := {tn}Nn=0 = {nρh ∧ T}n∈N0
,

{ξn}∞n=1 : A → {−1, 1} are independent,

P(ξn = 1) = P(ξn = −1) =
1

2
, W (0) = 0, and

Wh(t) := Wh(kMhρh) +
ξk√
Mhρh

(t− kMhρh)

for k ∈ N0, t ∈ [kMhρh, (k + 1)Mhρh).

Theorem 5.1.5. If uh is constructed using (5.1.8) and (5.1.10) with Wh and Ph as in

(5.1.16), and u is the solution of (5.1.13), then, as h→ 0, uh converges to u in distribution.

5.1.2 Overview of the theory in the non-rough setting

The comparison principle for the equation

(5.1.17) ut = F (D2u,Du) in Rd × (0, T ] and u(·, 0) = u0 in Rd
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gives monotonicity of the solution with respect to the initial condition. That is, if u(·, 0) ≤

v(·, 0), then u(·, t) ≤ v(·, t) for all future times t > 0.

In addition, (5.1.17) is stable under local uniform convergence: if, for n ≥ 0, u0,n, u0 ∈

BUC(Rd), Fn, F ∈ C(Rd), un ∈ BUC(Rd × [0, T ]) solves

(5.1.18) un,t = Fn(D2un, Dun) in Rd × (0, T ] and un(·, 0) = u0,n in Rd,

and, as n→∞,

(5.1.19) u0,n → u0 and Fn → F locally uniformly,

then, as n→∞, un converges locally uniformly to u, the viscosity solution of (5.1.17).

These properties can be summarized in terms of the solutions operators for (5.1.17),

which are, for t ≥ 0, the maps S(t) : BUC(Rd) → BUC(Rd) for which the solution u of

(5.1.17) is given by u(x, t) = S(t)u0(x). For all s, t ≥ 0, φ, ψ ∈ BUC(Rd), and k ∈ R, these

satisfy

(5.1.20)



(a) S(0)φ = φ,

(b) S(t+ s) = S(t)S(s),

(c) S(t)(φ+ k) = S(t)φ+ k, and

(d) sup
Rd

(S(t)φ− S(t)ψ) ≤ sup
Rd

(φ− ψ) .

Property (5.1.20)(c) implies that (5.1.20)(d) is equivalent to the monotonicity of S(t). That

is, if φ ≤ ψ, then S(t)φ ≤ S(t)ψ for all t ≥ 0.

The stability property above can be rephrased as saying that, if (5.1.19) holds and if

Sn(t) : BUC(Rd)→ BUC(Rd) is the family of solution operators corresponding to (5.1.18),

then, as n → ∞, Sn(t)u0,n(x) → S(t)u0(x) locally uniformly. The philosophy behind the

creation of approximation schemes is to generalize this result, by constructing, for h > 0 and
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ρ > 0, suitable operators Sh(ρ) : BUC(Rd) → BUC(Rd) that satisfy properties similar to

those in (5.1.20). In particular, for all φ ∈ BUC(Rd) and k ∈ R, and for some increasing

function h 7→ ρh satisfying limh→0 ρh = 0,

(5.1.21)



(a) Sh(t)(φ+ k) = Sh(t)φ+ k,

(b) sup
Rd

(Sh(ρ)φ− Sh(ρ)ψ) ≤ sup
Rd

(φ− ψ) whenever 0 < ρ ≤ ρh, and

(c) lim
h→0

sup
0<ρ≤ρh

∣∣∣∣Sh(ρ)φ− φ
ρ

− F (D2φ,Dφ)

∣∣∣∣ = 0 for all φ ∈ C2(Rd).

Given a partition Ph satisfying |Ph| ≤ ρh, the approximate solution uh : BUC(Rd × [0, T ])

is assembled by first setting uh(·, 0) := u0 and then iteratively defining

(5.1.22) uh(·, t) := Sh(t− tn)uh(·, tn) for n = 0, 1, 2, . . . , N − 1 and t ∈ (tn, tn+1].

One example of particular interest is the class of finite difference approximations, for

which Sh(ρ)u depends on the function u only through its values on the discrete lattice hZd.

A major consideration for such schemes is to establish a relationship between the resolutions

of the discrete grids in time and space, that is, to choose the map h 7→ ρh in such a way

that the properties in (5.1.21) are satisfied. Such a relationship is known as a Courant-

Friedrichs-Lewy (CFL) condition [22], and various examples will be studied throughout the

chapter.

As is well-known, solutions of (5.1.17) are generally not C2 on all of Rd × [0, T ], even if

F , H, and u0 are all smooth, and so (5.1.21)(c) is not enough to prove the convergence of uh

to u as h→ 0. It is here that the monotonicity of Sh(ρ), which is implied by (5.1.21)(a) and

(b), is vital, since it allows the scheme operator to be applied to the smooth test functions

coming from the definition of viscosity solutions.

A finite difference scheme operator Sh, in its simplest form, when d = 1 (the last assump-

tion here made only to simplify the presentation), is given, for some Fh ∈ C0,1(R×R×R),
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by

Sh(ρ)u(x) := u(x)

+ ρFh

(
u(x+ h) + u(x− h)− 2u(x)

h2
,
u(x+ h)− u(x)

h
,
u(x)− u(x− h)

h

)
.

(5.1.23)

The scheme (5.1.23) automatically satisfies (5.1.21)(a), while (5.1.21)(b) holds if the function

R× R× R 3 (u, u−, u+) 7→ u+ ρFh

(
u+ + u− − 2u

h2
,
u+ − u
h

,
u− u−
h

)

is nondecreasing in each argument when 0 < ρ ≤ ρh. This will be the case if

(5.1.24) ρh := λh2

for some sufficiently small constant λ > 0. For the first-order equation

(5.1.25) ut = H(Du) in Rd × (0, T ] and u(·, 0) = u0 on Rd,

the CFL condition becomes instead

(5.1.26) ρh = λh.

The function Fh is related to F through a consistency requirement, which here means

that, for all X ∈ R and p ∈ R,

(5.1.27) lim
h→0

Fh(X, p, p) = F (X, p) and sup
h>0
‖DFh‖∞ <∞.

Property (5.1.21)(c) can then be readily verified by using Taylor approximations to estimate

the finite differences of functions φ ∈ C2(Rd).

An instructive example in the first-order setting is the following analogue of the Lax-
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Friedrichs scheme for scalar conservation laws. Let εh > 0 and define, for x ∈ R,

Sh(ρ)u(x) := u(x) + ρ

[
H

(
u(x+ h)− u(x− h)

2h

)
+ εh

(
u(x+ h) + u(x− h)− 2u(x)

h2

)]
.

(5.1.28)

Here, Hh is given by

Hh(p, q) = H

(
p+ q

2

)
+
εh
h

(p− q).

The final term in (5.1.28) is a discrete analogue of the small viscosity used in the method

of vanishing viscosity to obtain weak solutions of first-order equations. It is used here to

inject monotonicity into the scheme, because, if, for some fixed θ > 0 and λ > 0, the small

parameter εh is defined by

(5.1.29) εh :=
θh

2λ
,

then (5.1.21)(b) is satisfied as long as (5.1.26) holds with θ ≤ 1 and λ ≤ θ
‖H ′‖∞

.

In [23], Crandall and Lions found error estimates for this and and other explicit finite

difference schemes for homogenous Hamilton-Jacobi equations. More precisely, it was proved

for the above example that there exists a constant C > 0 depending only on ‖DH‖∞,

‖Du0‖∞, and λ such that, if uh is defined as in (5.1.22) and (5.1.28), and if u solves (5.1.25),

then

sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)| ≤ C(1 + T )h1/2.

This same rate was later established by Souganidis [77] for both explicit and implicit finite

difference schemes for equations with Lipschitz spatial and time dependence, and the same

method was applied to study other approximations such as max-min representations and

Trotter-Kato splitting formulas [78].

Barles and Souganidis [9] considered schemes for second order equations, using a shorter,

qualitative proof of convergence relying on the method of half-relaxed limits from the classical
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viscosity solution theory. Kuo and Trudinger [46, 47] also investigated such schemes in great

detail and constructed several examples. The question of estimating the rates of convergence

for such approximations of second order equations was analyzed from many points of view.

Barles and Jakobsen [10, 11, 12] achieved algebraic convergence rates for stochastic control

problems, taking advantage of the fact that F is convex in that setting. Jakobsen [39, 40]

and Krylov [43] also established rates of convergence for nonconvex problems under some

restrictions on F . If F is uniformly elliptic, then rates of convergence can be found under

very general assumptions using techniques from the regularity theory for fully nonlinear,

uniformly elliptic equations, as exhibited by Caffarelli and Souganidis [19], and later by

Turanova [80] for inhomogenous equations.

5.1.3 Difficulties in the pathwise setting

The lack of regularity for W complicates the task of constructing scheme operators for (5.1.1)

that are both monotone and consistent. Consider, for example, modifying the Lax-Friedrichs

scheme (5.1.28) for the equation

(5.1.30) du = H(ux) · dW in R× (0, T ] and u(·, 0) = u0 in R.

If W is sufficiently regular, then it is reasonable to define a time-inhomogenous scheme

operator by

Sh(t, s)u(x) := u(x) +H

(
u(x+ h)− u(x− h)

2h

)
(W (t)−W (s))

+ εh

(
u(x+ h) + u(x− h)− 2u(x)

h2

)
(t− s).

(5.1.31)
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Proceeding as in the previous subsection, a simple calculation reveals that Sh(t, s) is mono-

tone for 0 ≤ t− s ≤ ρh, if ρh and εh are such that, for some θ ≤ 1,

εh :=
θh2

2(t− s)

and

(5.1.32) λ := max
|t−s|≤ρh

osc(W, s, t)

h
≤ λ0 :=

θ

‖H ′‖∞
.

On the other hand, for any s, t ∈ [0, T ] with |s − t| sufficiently small, spatially smooth

solutions Φ of (5.1.30) have the expansion,

Φ(x, t) = Φ(x, s) +H(Φx(x, s))(W (t)−W (s))

+H ′(Φx(x, s))2Φxx(x, s)(W (t)−W (s))2 +O(|W (t)−W (s)|3),

(5.1.33)

so that, if 0 ≤ t− s ≤ ρh, for some C > 0 depending only on H,

sup
R
|Sh(t, s)Φ(·, s)− Φ(·, t)| ≤ C sup

r∈[s,t]

∥∥∥D2Φ(·, r)
∥∥∥
∞

(
|W (t)−W (s)|2 + h2

)
≤ C sup

r∈[s,t]

∥∥∥D2Φ(·, r)
∥∥∥
∞

(1 + λ2
0)h2.

(5.1.34)

Therefore, in order for the scheme to have a chance of converging, ρh should satisfy

(5.1.35) lim
h→0

h2

ρh
= 0.

Both (5.1.32) and (5.1.35) can be achieved when W is continuously differentiable, or merely

Lipschitz, by setting

ρh :=
λh∥∥∥Ẇ∥∥∥
∞

.
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More generally, if W ∈ C0,α([0, T ]) with α > 1
2 , and if

(5.1.36) (ρh)α :=
λh

[W ]α,T
,

then both (5.1.32) and (5.1.35) are satisfied, since

h2

ρh
=

(
[W ]α,Th

2α−1

λ

)1/α
h→0−−−→ 0.

However, this approach fails as soon as the quadratic variation path

〈W 〉T := lim
|P|→0

N−1∑
n=0

|W (tn+1)−W (tn)|2

is non-zero, as (5.1.32) and (5.1.35) together imply that 〈W 〉T = 0. This rules out, for

instance, the case where W is the sample path of a Brownian motion, or, more generally,

any nontrivial semimartingale.

Motivated by the theory of rough differential equations, it is natural to explore whether

the scheme operator (5.1.31) can be altered in some way to refine the estimate in (5.1.34),

potentially allowing (5.1.35) to be relaxed and ρh to converge more quickly to zero as h→ 0+.

More precisely, the next term in the expansion (5.1.33) suggests taking W ∈ C0,α([0, T ],Rm)

with α > 1
3 (or more generally, W with p-variation for p < 3) and defining

Sh(t, s)u(x) := u(x) +H

(
u(x+ h)− u(x− h)

2h

)
(W (t)−W (s))

+
1

2
H ′
(
u(x+ h)− u(x− h)

2h

)2

·
(
u(x+ h) + u(x− h)− 2u(x)

h2

)
(W (t)−W (s))2

+
θ

2
(u(x+ h) + u(x− h)− 2u(x)) .

(5.1.37)
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As can easily be checked, (5.1.37) is monotone as long as (5.1.32) holds,

Lip(u) ≤ L, θ +
∥∥H ′∥∥∞ λ2 ≤ 1, and λ ≤ θ

‖H ′‖∞ (1 + 2L ‖H ′′‖∞)
.

On the other hand, the error in (5.1.34) would then be of order h2 + |W (t)−W (s)|3, which

again leads to a requirement like (5.1.35). This seems to indicate that we should also incor-

porate higher order corrections in (5.1.37) to deal with the second-order spatial derivatives

of u. However, this will disrupt the monotonicity of the scheme in general, since it will no

longer be possible to use discrete maximum principle techniques.

For this reason, we develop a more effective strategy that works for any continuous path.

Namely, rather than modifying the scheme itself, we regularize the path W . If {Wh}h>0 is

a family of smooth paths converging uniformly, as h → 0, to W , then 〈Wh〉T = 0 for each

fixed h > 0, and therefore, Wh and ρh can be chosen so that (5.1.32) and (5.1.35) hold for

Wh rather than W . Various methods for implementing this procedure, both qualitative and

quantitative, are explored throughout the chapter.

5.2 The general convergence result and applications

The constructions in this chapter rely on the properties of a family of scheme operators,

indexed by h > 0, s, t ∈ [0, T ] with s ≤ t, and a path ζ ∈ C([0, T ],Rm):

Sh(t, s; ζ) : (B)UC(Rd)→ (B)UC(Rd).

We assume throughout that Sh commutes with translations in both the independent and

dependent variables, in order to reflect the corresponding translation invariance of (5.1.1).

That is,

(5.2.1) Sh(t, s; ζ)(u+ k) = Sh(t, s; ζ)u+ k for all k ∈ R and u ∈ (B)UC(Rd),
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and

(5.2.2) Sh(t, s; ζ) ◦ τv = τv ◦ Sh(t, s; ζ) for all v ∈ Rd, where τvu(x) := u(x+ v).

For a Hamiltonian H satisfying

(5.2.3) H ∈ Ck(Rd,Rm) for some k ≥ 2

and a fixed continuous path W ∈ C([0, T ],Rm), we consider a family of paths {Wh}h>0 ⊂

C([0, T ],Rm) and a partition width ρh > 0 satisfying

(5.2.4) h 7→ ρh is increasing, lim
h→0
‖Wh −W‖∞ = 0 = lim

h→0
ρh;

(5.2.5)


if u1 ≤ u2 and s, t ∈ [0, T ] satisfy 0 ≤ t− s ≤ ρh,

then Sh(t, s;Wh)u1 ≤ Sh(t, s;Wh)u2;

and

(5.2.6)



if I ⊂ R, Φh ∈ C(I, Ck(Rd)) is a solution of

dΦh =
m∑
i=1

Hi(DΦh) · dW i
h in Rd × I,

sh, th ∈ I, 0 ≤ th − sh ≤ ρh, φ ∈ Ck(Rd), R > 0,

and lim
h→0
‖Φh(·, sh)− φ‖Ck(Rd) = 0, then

lim
h→0

Sh(th, sh;Wh)Φh(·, sh)(x)− Φh(x, sh)

th − sh
= F (D2φ(x), Dφ(x))

uniformly for x ∈ Rd and max
j=2,3,...,k

∥∥∥Djφ
∥∥∥
∞
≤ R.

The scheme operator is used to build approximate solutions as follows. For a fixed path

ζ ∈ C([0, T ];Rm), partition P = {0 = t0 < t1 < · · · < tN = T} of [0, T ], and initial datum
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u0 ∈ BUC(Rd), define

(5.2.7)


ũh(·, 0; ζ,P) := u0 and

ũh(·, t; ζ,P) := Sh(t, tn; ζ)uh(·, tn; ζ,P) for n = 0, 1, . . . , N − 1, t ∈ (tn, tn+1].

Theorem 5.2.1. Assume that H ∈ Ck(Rd,Rm) and Sh, Wh, and ρh satisfy (5.2.1) - (5.2.6).

Let {Ph}h>0 be a family of partitions of [0, T ] such that |Ph| ≤ ρh for all h > 0, and define

uh := ũh(·;Wh,Ph). Then, as h→ 0, uh converges locally uniformly to the pathwise viscosity

solution u of (5.1.1).

The proof of Theorem 5.2.1, which, as in [9], makes use of the method of half-relaxed

limits, will be postponed until the end of this section. In the following sub-sections, we

demonstrate its utility in a variety of contexts.

5.2.1 Finite difference schemes

Define, for x ∈ Rd and y ∈ Zd\{0}, the discrete derivatives

D+
h,yu(x) :=

u(x+ hy)− u(x)

h|y|
, D−h,yu(x) :=

u(x)− u(x− hy)

h|y|
,

and D2
h,yu(x) := D+

h,yD
−
h,yu(x) =

u(x+ hy) + u(x− hy)− 2u(x)

h2|y|2
.

(5.2.8)

Observe that there exists a universal constant C > 0 such that, if u ∈ C1,1(Rd), h > 0, and

y ∈ Zd\{0}, then

(5.2.9)

∥∥∥∥D±h,yu−Du · y|y|
∥∥∥∥
∞
≤ C

∥∥∥D2u
∥∥∥
∞
h,

and, if u ∈ C2(Rd),

(5.2.10)

∥∥∥∥D2
h,yu−D

2u
y

|y|
· y
|y|

∥∥∥∥
∞
≤ C sup

|x1−x2|≤h

∣∣∣D2u(x1)−D2u(x2)
∣∣∣ .
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For some fixed N ∈ N, define



ZdN :=

{
y ∈ Zd : max

i=1,2,...,d
|yi| ≤ N

}
,

D±h,N := {D±h,y}y∈ZdN\{0}
, Dh,N :=

(
D+
h,N D−h,N

)
, and

D2
h,N := {D2

h,y}y∈ZdN\{0}
.

Then, for some given functions


Hh ∈ C0,1(R(2N+1)d−1 × R(2N+1)d−1 × R) and

Fh ∈ C0,1(R2N+1)d−1 × R(2N+1)d−1 × R(2N+1)d−1),

the scheme operators for finite difference approximations take the form

(5.2.11) Sh(t, s; ζ)u(x) := u(x) +Fh

(
D2
hu(x), Dhu(x)

)
(t− s) +Hh (Dhu(x), ζ(t)− ζ(s)) .

Properties (5.2.1) and (5.2.2) are immediate, while the question of whether (5.2.11) satisfies

(5.2.5) or (5.2.6) is reduced to routine calculations involving Fh and Hh.

Hamilton-Jacobi equations

We first study the first-order setting, for which F = Fh = 0. We assume that

(5.2.12) Hi = Hi
1 −H

i
2 for convex Hi

1, H
i
2 : Rd → R nonnegative,

(5.2.13) ‖DH‖∞ <∞,
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and, for some C = CL > 0,

(5.2.14)


|DHh(·,∆ζ)| ≤ C (|∆ζ|+ h) for all h > 0 and ∆ζ ∈ Rm, and

Hh (p, p,∆ζ) =
m∑
i=1

Hi(p)(∆ζ)i for all h > 0, p ∈ R(2N+1)d−1, and ∆ζ ∈ Rm.

In order for monotonicity to hold, more precise bounds for the derivatives of Hh are required.

Let elements of R(2N+1)d−1 be labeled by
{
py
}
y∈ZdN\{0}

, and assume that, for some C =

CL > 0, θ ∈ [0, 1], and λ0 > 0,

(5.2.15)


∑

y∈ZdN\{0}

1

|y|

(
∂Hh
∂qy

− ∂Hh
∂py

)
≤ 1− θ

λ0
|∆ζ|+ θh and

∂Hh
∂qy

− ∂Hh
∂p−y

≥ C

(
h− |∆ζ|

λ0

)
for all y ∈ ZdN\{0}.

Lemma 5.2.1. Suppose that Hh satisfies (5.2.14). Then there exists C = CL > 0 such that,

whenever ζ ∈ C([0, T ],Rm), osc(ζ, s, t) ≤ λ0h for some s, t ∈ I, and Φ ∈ C(I, C1,1(Rd)) is

a solution of

dΦ =
m∑
i=1

Hi(DΦ) · dζi in Rd × I,

then

‖Sh(t, s; ζ)Φ(·, s)− Φ(·, t)‖∞ ≤ C
∥∥∥D2Φ

∥∥∥
∞
h2.

If, in addition, Hh satisfies (5.2.15), then, whenever u1, u2 ∈ (B)UC(Rd) with u1 ≤ u2

and osc(ζ, s, t) ≤ λ0h,

Sh(t, s; ζ)u1 ≤ Sh(t, s; ζ)u2.

Motivated by the above result, the schemes for first-order equations in Section 5.3, for

which we obtain explicit error estimates, will be assumed to satisfy the conclusions of Lemma

5.2.1.

Proof of Lemma 5.2.1. Let Φ ∈ C(I, C1,1(Rd)) be as in the statement of the lemma. Then

113



there exists C = CL > 0 such that, for all s, t ∈ I,

∥∥∥∥∥Φ(·, t)− Φ(·, s)−
m∑
i=1

Hi(DΦ(·, s))
(
ζi(t)− ζi(s)

)∥∥∥∥∥
∞
≤ C

∥∥∥D2Φ
∥∥∥
∞
|ζ(t)− ζ(s)|2 .

Therefore,

|Sh(t, s; ζ)Φ(·, s)(x)− Φ(x, t)| ≤ C
∥∥∥D2Φ

∥∥∥
∞

(
h2 + |ζ(t)− ζ(s)|h+ |ζ(t)− ζ(s)|2

)
≤ C(1 + λ0 + λ2

0)h2.

Meanwhile, if Sh : R(2N+1)d → R is the map implicitly defined by

Sh
(
{u(x+ y)}y∈ZdN

)
= Sh(t, s; ζ)u(x),

then (5.2.15) implies that Sh is increasing in each of its arguments as long as osc(ζ, s, t) ≤

λ0h.

We now mention two specific examples. The first is the analogue of the Lax-Friedrichs

scheme discussed in the introduction. Here, Hh is defined, for some θ ∈ (0, 1], by

Hh(p, q,∆ζ) := H

(
p+ q

2

)
∆ζ +

θh

2d

d∑
k=1

(qk − pk) ,

where the vector (p, q) ∈ Rd × Rd stands for the discrete derivatives

p =
(
D+
h,e1

, D+
h,e2

, . . . , D+
h,ed

)
, q =

(
D−h,e1

, D−h,e2
, . . . , D−h,ed

)
,

ek := (0, 0, . . . , 0, 1︸︷︷︸
k

, 0, . . . , 0) for k = 1, 2, . . . , d.

Then (5.2.14) and (5.2.15) are satisfied with λ0 := θ
d‖DH‖∞

.

If d = 1, the different intervals of monotonicity of H may be exploited to create “upwind”
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schemes. As a simple example, assume that H ≥ H(0) = 0, H is increasing for p > 0, and

decreasing for p < 0, and define

Hh(p, q,∆ζ) := [H(p+) +H(−q−)] (∆ζ)+ − [H(q+) +H(−p−)] (∆ζ)−.

Then (5.2.14) and (5.2.15) hold with θ = 0 and λ0 := 1
2‖H ′‖∞

.

As far as the approximating paths Wh are concerned, Lemma 5.2.1 implies that (5.2.5)

and (5.2.6) will hold, with k = 2, if ρh and Wh satisfy

(5.2.16) sup
0≤t−s≤ρh

|Wh(t)−Wh(s)| ≤ λ0h and lim
h→0

h2

ρh
= 0.

If Wh is piecewise-smooth, then

sup
0≤t−s≤ρh

|Wh(t)−Wh(s)| ≤
∥∥∥Ẇh

∥∥∥
∞
ρh.

For definiteness, we now take Wh to be the piecewise linear interpolation of W with stepsize

ηh, for some increasing function h 7→ ηh satisfying limh→0+ ηh = 0. Then, if ω : [0,∞) →

[0,∞) is the modulus of continuity for W , for some C > 0, we have

(5.2.17)
∥∥∥Ẇh

∥∥∥
∞
≤ C

ω(ηh)

ηh
.

Then the first part of (5.2.16) may be replaced with the slightly stronger assumption

(5.2.18)
Cω(ηh)ρh

hηh
≤ λ0.

To be more explicit, suppose that W ∈ C0,α([0, T ],Rm) and ηh = (ρh)γ for some γ > 0.

Then (5.2.18) will hold if ρh is defined by

λ :=
C[W ]α,T (ρh)1−γ+αγ

h
≤ λ0.

115



This yields

h2

ρh
≈ (ρh)1−2γ+2αγ ,

so that (5.2.16) will be satisfied if

0 < γ <
1

2(1− α)
.

If α > 1
2 , then γ is allowed to be 1, and in particular, it is natural to define Wh to be the

piecewise linear interpolation of W on a partition of step-size ηh = ρh. Notice also that such

paths have trivial quadratic variation.

However, for α ≤ 1
2 , γ is forced to be less than 1, and so we must make Wh a milder

approximation. The work in the subsequent sections suggests that choosing γ = 1
2 gives the

best rate of convergence regardless of the regularity of the path W .

A second-order example

Verifying (5.2.5) and (5.2.6) is more complicated for finite difference approximations of

second-order equations. Rather than stating very general assumptions on Fh or Hh, we

perform these calculations for a specific scheme. More examples can be formed by adapting

the methods of [46, 47].

Assume for simplicity that d = 1, H ∈ C3(R,Rm), and that F depends only on uxx, and

define, for some εh > 0,


Hh(p, q,∆ζ) := H

(
p+ q

2

)
∆ζ and Fh(X) = F (X) + εhX

for X = D2
h,1u and (p, q) = Dh,1u.

Note that F is increasing, and so Sh, Wh, and ρh satisfy (5.2.5) if

ρh := λh2 with λ ≤ 1

2 ‖F ′‖∞
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and

(5.2.19)
∥∥∥Ẇh

∥∥∥
∞
≤ 2

‖H ′‖∞
· εh
h
.

Now let Φh ∈ C(I, C3(R)) and φ ∈ C3(R) be as in (5.2.6). Observe that it is possible to

find such a solution because of the added regularity for H, and, moreover,

sup
h>0

sup
t∈I

(∥∥Φh,xx(·, t)
∥∥
∞ +

∥∥Φh,xxx(·, t)
∥∥
∞

)
<∞.

Then, for some C > 0 depending only on
∥∥H ′∥∥∞, and for all ρ ∈ (0, λh2),

∣∣∣∣∣Φh(x, t+ ρ)− Φh(x, t)−
m∑
i=1

Hi(Φh,x(x, t))(Wh(t+ ρ)−Wh(t))

∣∣∣∣∣
≤ C

(∥∥Φh,xx
∥∥
∞ max
t≤s≤t+ρ

|Wh(s)−Wh(t)|2
)
≤ Cλ

∥∥Φh,xx
∥∥
∞ (εh)2ρ.

The estimates (5.2.9) and (5.2.10) then imply that, for sh and th as in (5.2.6),

|Sh(th, sh;Wh)Φh(·, sh)(x)− Φh(x, th)− (th − sh)F (φxx(x, t))|

≤ Cρh ·
(∥∥Φh,xx

∥∥
∞ εh +

∥∥Φh,xxx
∥∥
∞ h+

∥∥Φh,xx(·, sh)− φxx
∥∥
∞

)
,

and so (5.2.6) holds if limh→0 εh = 0. This, in turn, requires that

lim
h→0

h
∥∥∥Ẇh

∥∥∥
∞

= 0,

or that Wh satisfies (5.2.17) with ηh such that

lim
h→0

hω(ηh)

ηh
= 0.

Taking W ∈ C0,α([0, T ],Rm) and ηh = (ρh)γ = λγh2γ for some γ > 0 as a concrete example,
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this leads once more to the restriction

0 < γ <
1

2(1− α)
.

5.2.2 Other approximations

Stability for (5.1.1)

Theorem 5.2.1 may be used to obtain an alternative verification of the stability properties

for (5.1.1). Suppose that

(5.2.20)


uε0 ∈ C

0,1(Rd), W ε,W ∈ C([0, T ];Rm), Hε, H ∈ C2(Rd;Rm),

F ε, F ∈ C(Sd × Rd) are degenerate elliptic,

and lim
ε→0

(
‖uε0 − u0‖∞ , ‖W ε −W‖∞ , ‖Hε −H‖C2 , ‖F ε − F‖∞

)
= 0,

and let uε ∈ BUC(Rd × [0, T ]) be the unique solution of

(5.2.21)


duε = F ε(D2uε, Duε) dt+

m∑
i=1

Hi,ε(Duε) · dW i,ε in Rd × (0, T ] and

uε(·, 0) = uε0 in Rd.

Theorem 5.2.2. Assume (5.2.20) and let uε and u solve respectively (5.2.21) and (5.1.1).

Then, as ε→ 0, uε converges locally uniformly to u.

Proof. The comparison principle implies that the solution operator for (5.2.21) is contractive,

and therefore, it suffices to assume that uε0 = u0 for all ε > 0.

For s ≤ t, ζ ∈ C([0, T ];Rm), and h > 0, let Sε(t, s; ζ) : BUC(Rd) → BUC(Rd) be the

solution operator for (5.2.21) driven by the path ζ instead of W ε. Properties (5.2.1) and

(5.2.2) are readily verified, and, letting ρh = ρε be arbitrary and setting Wh = W ε, (5.2.5)

follows immediately from the comparison principle.

Finally, in view of the uniform bound for D2Hε, for any interval I ⊂ [0, T ] and solution
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Φ ∈ C(I, C2(Rd)) of (5.1.3), there exists a family of solutions Φε ∈ C(I, C2(Rd)) solving

(5.1.3) with the Hamiltonian Hε and path W ε, converging in C(I, C2(Rd)) to Φ as ε → 0.

This can be verified with the method of characteristics, as in Section 2.2 (recall that, since

H is independent of x, we are in the setting where (2.2.7) holds). Therefore, (5.2.6) is a

consequence of Definition 2.3.1 and the local uniform convergence of F ε to F . Theorem 5.2.1

now gives the result.

A splitting formula

It is also possible to derive general Trotter-Kato type splitting formulas for (5.1.1). Here,

we present a specific example.

Assume that

F ∈ C1,1(Sd × Rd) and H ∈ C4(Rd,Rm),

and, for ζ ∈ C([0, T ],Rm), let SF (t) : BUC(Rd)→ BUC(Rd) and SH(t, s; ζ) : BUC(Rd)→

BUC(Rd) be the solution operators for respectively

ut = F (D2u,Du) and du =
m∑
i=1

Hi(Du) · dζi.

Define

Sh(t, s; ζ) = SF (t− s)SH(t, s; ζ).

Theorem 5.2.3. For any sequence of approximating paths {Wh}h>0 and modulus h → ρh

satisfying (5.2.4), the triple (Sh,Wh, ρh) satisfies (5.2.1) - (5.2.6).

Proof. Properties (5.2.1) - (5.2.5) are immediate from the definitions of the above objects.

Let I ⊂ [0, T ], sh, th ∈ I, Φh ∈ C(I;C4(Rd)), and φ ∈ C4(Rd) be as in (5.2.6). Such a

solution Φ exists in view of the additional regularity assumed for H.
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For any x ∈ Rd,

Sh(th, sh;Wh)Φh(·, sh)(x)− Φh(x, th) = SF (th − sh)Φh(·, th)(x)− Φh(x, th).

Define φh := Φh(·, th), which satisfies

R := sup
h>0
‖φh‖C4(Rd) <∞ and lim

h→0
‖φh − φ‖C2(Rd) = 0,

and let

vh(x, t) := φh(x) + tF (D2φh(x), Dφh(x)).

Then, for some universal constant C > 0, vh is a viscosity super-solution of the equation

vh,t ≥ F (D2vh, Dvh)− C ‖F‖C1,1(Rd)Rρh in Rd × [0, ρh],

so that, for all ρ ∈ (0, ρh),

sup
x∈Rd

(SF (ρ)φh(x)− vh(x, ρ)) ≤ C ‖F‖C1,1(Rd)Rρhρ.

A similar argument, using that vh satisfies an analogous viscosity sub-solution property,

gives a lower bound, whence

∣∣∣SF (th − sh)φh(x)− φh(x)− (th − sh)F (D2φh(x), Dφh(x))
∣∣∣ ≤ C ‖F‖C1,1(Rd)Rρh(th− sh).

Property (5.2.6) now follows, with k = 4, from the fact that

lim
h→0

F (D2φh, Dφh) = F (D2φ,Dφ) uniformly.
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5.2.3 The proof of Theorem 5.2.1

Because the proof is presented for the case when H satisfies (5.2.3), solutions of equation

(5.1.1) are in the sense of Definition 2.3.1. The proof can be modified to treat the case when

H is not smooth and instead only satisfies (2.4.4), but we do not pursue this here.

Define

u?(x, t) = lim sup
h→0,(y,s)→(x,t)

uh(y, s) and u?(x, t) = lim inf
h→0,(y,s)→(x,t)

uh(y, s)

(not to be confused with the notation u∗ and u∗ for upper- and lower-semicontinuous en-

velopes). The functions u? and u?, called the half-relaxed limits of uh, are respectively upper-

and lower- semicontinuous. Furthermore, u? ≤ u? on Rd× [0, T ] and u?(·, 0) ≤ u0 ≤ u?(·, 0)

on Rd. The goal will be to show that u? = u?, which yields the local uniform convergence

of uh and the fact that the limit u solves (5.1.1).

Step 1: Finiteness of u? and u?. Observe that, for any constant k ∈ R, the function

Φh(x, t) = k +
m∑
i=1

Hi(0)W i
h(t)

is a smooth solution of (5.1.3) for all (x, t) ∈ Rd × [0, T ]. Therefore, in view of (5.2.5) and

(5.2.6),

uh(x, t) ≤ ‖u0‖∞ +
m∑
i=1

Hi(0)W i
h(t) + T (F (0, 0) + 1)

for all sufficiently small h > 0, and so u?(x, t) < ∞ for all (x, t) ∈ Rd × [0, T ]. A similar

argument gives u? > −∞.

Step 2: The solution inequalities. In this step, we demonstrate that u? and u? satisfy

respectively the sub- and super-solution properties in Definition 2.3.1 for equation (5.1.1).

Only the argument for u? is presented, since the proof for u? is similar.

Assume that (x0, t0) ∈ Rd × (0, T ], I 3 t0, ψ ∈ C1([0, T ]), Φ ∈ C(I, Ck(Rd)) solves
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(5.1.3) with

max
j=2,3,...,k

sup
t∈I

∥∥∥DjΦ(·, t)
∥∥∥
∞
<∞,

and u?(x, t)−Φ(x, t)−ψ(t) attains a local maximum at (x0, t0). In view of Lemma 2.3.1(a),

by adding an extra quadratic term, it may be assumed that this maximum is strict in Rd×I,

and that

(5.2.22) lim
|x|→+∞

inf
t∈I

Φ(x, t)

|x|
= +∞.

The definition of u? implies that there exist yh ∈ Rd and sh ∈ [0, T ] such that

lim
h→0

(yh, sh, uh(yh, sh)) = (x0, t0, u
?(x0, t0)).

The method of characteristics from Section 2.2, and the fact that limh→0 ‖Wh −W‖∞ =

0, yield the existence of a subinterval of I containing t0, relabeled as I for convenience, such

that, for all h > 0, there exists a solution Φh ∈ C(I, Ck(Rd)) of

dΦh =
m∑
i=1

Hi(DΦh) · dWh in Rd × I and Φh(·, t0) = Φ(·, t0) in Rd

that satisfies (5.2.22) uniformly in h, and Φh converegs to Φ in C(I, Ck(Rd)) as h → 0. It

follows that

uh(x, t)− Φh(x, t)− ψ(t)

attains a global maximum at (ŷh, ŝh) over Rd× I such that {ŷh}h>0 is bounded. This gives,

in particular,

uh(yh, sh)− Φh(yh, sh)− ψ(sh) ≤ uh(ŷh, ŝh)− Φh(ŷh, ŝh)− ψ(ŝh).

Let (x̂, t̂) be a limit point of the sequence {(ŷh, ŝh)}h>0. Taking h→ 0 along the appropriate
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subsequence above results in the inequality

u?(x0, t0)− Φ(x0, t0)− ψ(t0) ≤ u?(x̂, t̂)− Φ(x̂, t̂)− ψ(t̂).

The strictness of the original maximum then implies that limh→0(ŷh, ŝh) = (x0, t0).

Because |Ph| ≤ ρh
h→0−−−→ 0, it follows that, for sufficiently small h, there exists tn ∈ Ph

such that tn < ŝh ≤ tn+1 and tn ∈ I. Then, for all x ∈ Rd,

(5.2.23) uh(x, tn) ≤ uh(ŷh, ŝh) + Φh(x, tn)− Φh(ŷh, ŝh) + ψ(tn)− ψ(ŝh).

Applying the operator Sh(ŝh, tn;Wh) to both sides of (5.2.23), using (5.2.5) and the fact

that 0 < ŝh − tn ≤ ρh, and rearranging terms yields

ψ(ŝh)− ψ(tn)

ŝh − tn
≤ Sh(ŝh, tn;Wh)Φh(·, tn)(ŷh)− Φh(ŷh, ŝh)

ŝh − tn
.

Sending h→ 0 and using (5.2.6) gives ψ′(t0) ≤ F (D2Φ(x0, t0), DΦ(x0, t0)), as desired.

Step 3: Initial data. We now prove that u?(x, 0) = u0(x) = u?(x, 0). Only the first

equality is considered, and since u?(x, 0) ≥ u0(x), it suffices to show that u?(x, 0) ≤ u0(x).

Let φ ∈ Ck(Rd) be such that

R := max
j=2,3,...,k

∥∥∥Djφ
∥∥∥
∞
<∞

and u0 ≤ φ on Rd, and let I 3 0 and Φ ∈ C(I, Ck(Rd)) be a solution of (5.1.3) with

Φ(·, 0) = φ. Define φh ∈ C0,1(Rd× [0, T ]) as in (5.2.7) with the initial condition φh(·, 0) = φ,

path Wh, and partition Ph. Then (5.2.5) and (5.2.6) yield, for some C > 0 depending only

on R and ‖DF‖∞, and for any (y, s) ∈ Rd × I and sufficiently small h,

uh(y, s) ≤ φh(y, s) ≤ Φ(y, s) + Cs.

123



Sending (y, s) → (x, 0) and h → 0, this becomes u?(x, 0) ≤ φ(x), completing the argument

since φ was arbitrary.

Step 4: The comparison principle. In view of the comparison principle, u?(x, t) ≤ u?(x, t)

for all (x, t) ∈ Rd × [0, T ]. Therefore u? = u?, and the result is proved.

5.3 Convergence rates for first-order equations

In this last section, we focus on deriving quantitative error estimates for schemes in the

first-order setting.

5.3.1 The pathwise error estimate

We first obtain an estimate for the error between the viscosity solution ũ of

(5.3.1) ũt =
m∑
i=1

Hi(Dũ)ζ̇i(t) in Rd × (0, T ] and ũ(·, 0) = u0 in Rd

and the approximate solution ũh(·; ζ,P) given by (5.2.7), which, for convenience, we define

again here:

(5.3.2)


ũh(·, 0; ζ,P) := u0 and

ũh(·, t; ζ,P) := Sh(t, tn; ζ)uh(·, tn; ζ,P) for n = 0, 1, . . . , N − 1, t ∈ (tn, tn+1].

We will henceforth always assume that Lip(u0) ≤ L, and that the Hamiltonians satisfy

(5.2.12) and (5.2.13). Also, in addition to (5.2.1) and (5.2.2), the schemes in this part of the

chapter will be required to satisfy the following quantitative versions of (5.2.5) and (5.2.6):

for some λ0 > 0,

(5.3.3) if u1 ≤ u2 and osc(ζ, s, t) ≤ λ0h, then Sh(t, s; ζ)u1 ≤ Sh(t, s; ζ)u2,
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and

(5.3.4)



there exists C = CL > 0 such that, if ζ ∈ C([0, T ],Rm), Φ ∈ C(I, C1,1(Rd))

is a solution of dΦ =
m∑
i=1

Hi(DΦ) · dζi in Rd × I, and osc(ζ, s, t) ≤ λ0h, then

‖Sh(t, s; ζ)Φ(·, s)− Φ(·, t)‖∞ ≤ C
∥∥∥D2Φ

∥∥∥
∞
h2.

This is motivated by the properties obtained in Lemma 5.2.1 for the finite difference approx-

imations discussed in subsection 5.2.1.

Fix a partition

P = {0 = t0 < t1 < t2 < · · · < tN = T}

of [0, T ], set (∆t)n := tn+1 − tn, and let ζ : [0, T ]→ Rm be any continuous path satisfying

(5.3.5)


ζ(0) = 0, ζ is affine on [tn, tn+1] for every n = 0, 1, 2, . . . , N − 1, and

max
n=0,1,2,...,N−1

|ζ(tn+1)− ζ(tn)| ≤ λ0h.

Theorem 5.3.1. There exists C = CL > 0 such that, if Sh satisfies (5.2.1), (5.2.2),

(5.3.3), and (5.3.4), ζ and P satisfy (5.3.5), and ũ and ũh are as in (5.3.1) and (5.3.2)

with ‖Du0‖∞ ≤ L, then, for all ε, h > 0,

sup
(x,t)∈Rd×[0,T ]

|ũh(x, t; ζ,P)− ũ(x, t)|

≤ 1

ε

N−1∑
n=0

(∆tn)2 + C
√
Nh+ max

s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}
.

A central role of the proof will be played by the smooth solution Φδ constructed in

subsection 2.4.1, whose properties are outlined in Lemma 2.4.2.

Before proving Theorem 5.3.1, we state some regularity estimates for ũ and ũh. First,

the monotonicity of the scheme operator Sh, the comparison principle for (5.3.1), and the
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translation invariance of the solution operators for each immediately yield the Lipschitz

bounds

(5.3.6) ‖Dũ‖∞ , ‖Dũh‖∞ ≤ L.

The regularity of ũh and ũ in the time variable is established by the next result.

Lemma 5.3.1. There exists C = CL > 0 such that, for all (x, s, t) ∈ Rd × [0, T ] × [0, T ]

with s < t,

(5.3.7) |ũ(x, t)− ũ(x, s)| ≤ Cosc(ζ, s, t)

and, for all m,n ∈ {0, 1, 2, . . . N} with m < n,

(5.3.8) |ũh(x, tn; ζ,P)− ũh(x, tm; ζ,P)| ≤ C
(
h
√
n−m+ osc(ζ, tm, tn)

)
.

Proof. For fixed s ≥ 0, if ṽ(x, t) := ũ(x, t+ s), then ṽ is the solution of (5.3.1) with the path

η(t) := ζ(t+ s). The bound (5.3.7) then follows easily from Theorem 4.1.1.

To prove (5.3.8), observe first that, in view of Lemma 2.4.2(c), there exists C = CL > 0

such that, for all z ∈ Rd and δ > 0,

L|z| ≤ Φδ(z, tm, tm; ζ) + Cδ.

Then (5.3.6) yields, for all x, y ∈ Rd,

ũh(x, tm; ζ,P) ≤ ũh(y, tm; ζ,P) + L|x− y|

≤ ũh(y, tm; ζ,P) + Φδ(x− y, tm, tm; ζ) + Cδ.

(5.3.9)

Keeping y fixed, we then apply the operator
∏n−1
k=m Sh(tk+1, tk; ζ,P) to the left- and right-

hand sides of (5.3.9). The inequality is preserved because of the monotonicity of this op-
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erator implied by (5.3.3) and (5.3.5). According to (5.3.2), the left-hand side becomes

ũh(x, tn; ζ,P). Iteratively using (5.3.4) to compare the right-hand side to Φδ(x−y, tn, tm; ζ,P)

yields, in view of Lemma 2.4.2(b),

ũh(x, tn; ζ,P) ≤ ũh(y, tm; ζ,P) + Φδ(x− y, tn, tm; ζ) + C
(
δ + (n−m)

∥∥∥D2Φδ

∥∥∥
∞
h2
)

≤ ũh(y, tm; ζ,P) + Φδ(x− y, tn, tm; ζ) + C

(
δ +

(n−m)h2

δ

)
,

as long as osc(ζ, tm, tn) ≤ δ. Setting x = y gives

ũh(x, tn; ζ,P)− ũh(x, tm; ζ,P) ≤ C inf

{
δ +

(n−m)h2

δ
: δ ≥ osc(ζ, tm, tn)

}
.

If osc(ζ, tm, tn) ≤ h
√
n−m, then the right-hand side is optimized by choosing δ = h

√
n−m.

Otherwise, setting δ = osc(ζ, tm, tn) gives the result, since in this case,

(n−m)h2

δ
=

(n−m)h2

osc(ζ, tm, tn)
≤ h
√
n−m.

The lower bound for ũh(·, tn; ζ,P)− ũh(·, tm; ζ,P) is proved similarly.

We now prove Theorem 5.3.1. Using the notation of Lemma 2.4.2, we define

Uδ(ζ) :=
{

(s, t) ∈ [0, T ]2 : osc(ζ, s, t) < δ
}
.

Proof of Theorem 5.3.1. Throughout the proof, to simplify the presentation, we set ũh(x, t) :=

ũh(x, t; ζ,P). Fix a constant C = CL > 0 to be determined later, and let α, µ : [0, T ] → R

be the nondecreasing, lower-semicontinuous, piecewise constant functions defined by


α(0) = µ(0) = 0, α(s)− α(tn) := [(∆t)n]2, and µ(s)− µ(tn) = Ch2

for n = 0, 1, 2, . . . , N − 1 and s ∈ (tn, tn+1].
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Choose ε > 0 and

(5.3.10) δ > max

{
2λ0h, max

s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}}
,

and define the auxiliary function Ψ : [0, T ]× [0, T ]→ R by

(5.3.11) Ψ(s, t) = sup
x,y∈Rd

{ũh(x, s)− ũ(y, t)− Φδ(x− y, s, t; ζ)} − |s− t|
2

2ε
− µ(s)

δ
− α(s)

ε
,

where Φδ is the “distance function” given in (2.4.9).

Step 1: We first prove that, if C is sufficiently large, then

(5.3.12) max
[0,T ]2

Ψ = max

{
max
s∈[0,T ]

Ψ(s, 0), max
t∈[0,T ]

Ψ(0, t)

}
.

Assume for the sake of contradiction that, for some σ > 0, Ψ(s, t)− σt attains its maximum

in [0, T ]× [0, T ] at (ŝ, t̂) with ŝ > 0 and t̂ > 0.

The first observation is that, for some M = ML > 0, the supremum in (5.3.11) may be

restricted to x, y ∈ Rd satisfying |x− y| ≤Mδ. This is because, for any s, t ∈ [0, T ] and for

some C ′ = C ′L > 0,

sup
x,y∈Rd

{ũh(x, s)− ũ(y, t)− Φδ(x− y, s, t; ζ)} ≥ sup
x∈Rd

{ũh(x, s)− ũ(x, t)} − C ′δ,

while, if |x− y| > Mδ, then (5.3.6) and Lemma 2.4.2(c) give, for some C = CL > 0,

ũh(x, s)− ũ(y, t)− Φδ(x− y, s, t; ζ) ≤ sup
x∈Rd

{ũh(x, s)− ũ(x, t)}+ L|x− y| − |x− y|2

2(C + 1)δ
+ Cδ

≤ sup
x∈Rd

{ũh(x, s)− ũ(x, t)} − M2δ

4(C + 1)
+ (C + (C + 1)L2)δ

< sup
x∈Rd

{ũh(x, s)− ũ(x, t)} − C ′δ,

where the last inequality holds if M is sufficiently large.
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As a result, if C is large enough, then (ŝ, t̂) ∈ Uδ/2(W ). To verify this, we rearrange

terms in the inequality Ψ(ŝ, ŝ) ≤ Ψ(ŝ, t̂) and use Lemmas 2.4.2(a) and 5.3.1 to obtain, for

some C = CL > 0,

|ŝ− t̂|2

2ε
≤ sup
|x−y|≤Mδ

{
ũh(y, ŝ)− ũ(y, t̂) + Φδ(x− y, ŝ, ŝ; ζ)− Φδ(x− y, ŝ, t̂; ζ)

}
≤ Cosc(ζ, ŝ, t̂).

Consequently,

Cosc(ζ, ŝ, t̂) ≤ max
s,t∈[0,T ]

{
Cosc(ζ, s, t)− |s− t|

2

2ε

}
+
|ŝ− t̂|2

2ε

≤ max
s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}
+ Cosc(ζ, ŝ, t̂) ≤ δ + Cosc(ζ, ŝ, t̂),

so that

osc(ζ, ŝ, t̂) ≤ δ

C − C
<
δ

2
if C > C + 2.

Now, if n̂ ∈ {0, 1, 2, . . . , N − 1} is the integer satisfying tn̂ < ŝ ≤ tn̂+1, then, because ζ is

affine on [tn̂, tn̂+1], we have that

|ζ(ŝ)− ζ(tn̂)| ≤ λ0h <
δ

2
,

and so the triangle inequality yields (tn̂, t̂) ∈ Uδ(ζ). This, in turn, means that (s, t̂) ∈ Uδ(ζ)

for all s ∈ [tn̂, ŝ].

We next use Definition 2.3.2 to establish the inequality

(5.3.13)
ŝ− t̂
ε
≥ σ.
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In view of Lemma 2.4.2(c), for any x ∈ Rd, the function

y 7→ ũ(y, t) + Φδ(x− y, ŝ, t; ζ)

attains a global minimum over Rd. Definition 2.3.2 and Lemma 2.4.2(d) then imply that

t 7→ inf
y∈Rd

{ũ(y, t) + Φδ(x− y, ŝ, t; ζ)}

is nondecreasing on I := {t ∈ [0, T ] : (ŝ, t) ∈ Uδ(ζ)}, and therefore, so is

φ(t) := inf
x,y∈Rd

{ũ(y, t)− ũh(x, ŝ) + Φδ(x− y, ŝ, t; ζ)} .

Since φ(t) +
|ŝ−t|2

2ε + σt attains a minimum at t̂ ∈ I, (5.3.13) follows.

On the other hand, we obtain a contradiction by using (5.3.3) and (5.3.4) to show that

(5.3.14)
ŝ− t̂
ε
≤ 0.

The first step is to prove that, for each y ∈ Rd, the function

a(s) := sup
x∈Rd

{
ũh(x, s)− Φδ(x− y, s, t̂; ζ)

}
− µ(s)

δ

satisfies

max
[tn̂,tn̂+1]

a = a(tn̂).

Indeed, if this were not the case, then, for some s∗ ∈ [tn̂, tn̂+1] and sufficiently small β > 0,

a(tn̂) ≤ a(s∗)− β(s∗ − tn̂).

Lemma 2.4.2(c) implies that the supremum in the definition of a(s∗) is attained for some
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x∗ ∈ Rd, and so it follows that, for all x ∈ Rd,

ũh(x, tn̂) ≤ ũh(x∗, s∗) + Φδ(x− y, tn̂, t̂; ζ)− Φδ(x
∗ − y, s∗, t̂; ζ)

− µ(s∗)− µ(tn̂)

δ
− β(s∗ − tn̂).

(5.3.15)

In view of (5.3.3) and the fact that osc(ζ, tn̂, s
∗) ≤ λ0h, the operator Sh(s∗, tn̂; ζ) is mono-

tone. Applying it to both sides of the inequality (5.3.15), setting x = x∗, rearranging terms,

and using (5.3.4) and Lemma 2.4.2(b) and (d) yield

Ch2

δ
+ β(s∗ − tn̂) =

µ(s∗)− µ(tn̂)

δ
+ β(s∗ − tn̂) ≤ C

∥∥∥D2Φ
∥∥∥
∞
h2 ≤ Ch2

δ
.

This results in a contradiction as long as C is chosen to be at least the constant C on the

right-hand side.

As a consequence,

ψ(s) := sup
x,y∈Rd

{
ũh(x, s)− ũ(y, t̂)− Φδ(x− y, s, t̂; ζ)

}
− µ(s)

δ

attains its maximum in [tn̂, tn̂+1] at tn̂, and therefore, because ψ(s) − |s−t̂|
2

2ε − α(s)
ε attains

a maximum at ŝ,

ψ(tn̂)− |tn̂ − t̂|
2

2ε
− α(tn̂)

ε
≤ ψ(ŝ)− |ŝ− t̂|

2

2ε
− α(ŝ)

ε
≤ ψ(tn̂)− |ŝ− t̂|

2

2ε
− α(ŝ)

ε

which, after rearranging terms, yields (5.3.14). Together with (5.3.13), this establishes

(5.3.12).

Step 2: The next claim is that, for some C = CL > 0,

max
{0}×[0,T ]∪[0,T ]×{0}

Ψ ≤ C
(
δ +
√
Nh
)

+ max
s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}
.

Assume that Ψ attains its maximum at (ŝ, t̂), with either ŝ = 0 or t̂ = 0.
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If ŝ = t̂ = 0, then Lemmas 2.4.2(c) and 5.3.1 yield C = CL > 0 such that

Ψ(0, 0) = sup
x,y∈Rd

{u0(x)− u0(y)− Φδ(x− y, 0, 0; ζ)}

≤ sup
x,y∈Rd

{
L|x− y| − 1

2(C + 1)δ
|x− y|2

}
+ Cδ ≤

(
C +

(C + 1)L2

2

)
δ.

Assume now that ŝ = 0. Then, in view of Lemmas 2.4.2(c) and 5.3.1,

Ψ(0, t̂) = sup
|x−y|≤Mδ

{
u0(x)− ũ(y, t̂)− Φδ(x− y, 0, t̂; ζ)

}
− t̂2

2ε

≤ Cδ + sup
|x−y|≤Mδ

{
u0(y)− ũ(y, t̂)− Φδ(x− y, 0, t̂; ζ)

}
− t̂2

2ε

≤ Cδ + max
t∈[0,T ]

(
Cosc(ζ, 0, t)− t2

2ε

)
= Cδ + max

s,t∈[0,T ]

(
C|ζ(s)− ζ(t)| − |s− t|

2

2ε

)
.

Finally, if t̂ = 0, then Lemma 5.3.1 gives

Ψ(ŝ, 0) ≤ sup
|x−y|≤Mδ

{ũh(x, ŝ)− u0(y)− Φδ(x− y, ŝ, 0; ζ)} − ŝ2

2ε

≤ Cδ + sup
x∈Rd

{ũh(x, ŝ)− u0(x)} − ŝ2

2ε

≤ C
(
δ +
√
Nh
)

+ max
s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}
.

Step 3. Combining the previous two steps and rearranging terms yields, for all (x, t) ∈

Rd × [0, T ],

ũh(x, t)− ũ(x, t) ≤ 1

ε

N−1∑
n=0

(∆tn)2 + C

(
δ +

Nh2

δ
+
√
Nh

)

+ max
s,t∈[0,T ]

{
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

}
.
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The inequality is optimized by setting

δ := max

{
C
√
Nh, max

s,t∈[0,T ]

(
C |ζ(s)− ζ(t)| − |s− t|

2

2ε

)}
.

Note that, if the constant C = CL > 0 in the definition of δ is sufficiently large, then (5.3.10)

is satisfied. This finishes the proof of the upper bound for ũh − ũ, and the lower bound is

proved similarly.

5.3.2 Convergence rates for a fixed continuous path

We now apply the pathwise error estimate from Theorem 5.3.1 to obtain a rate of convergence

for schemes approximating solutions of the Hamilton-Jacobi equation

(5.3.16) du =
m∑
i=1

Hi(Du) · dW i in Rd × (0, T ] and u(·, 0) = u0 in Rd.

It will always be assumed, as above, that Lip(u0) ≤ L, (5.2.12), and (5.2.13), and that the

scheme operator Sh satisfies (5.2.1), (5.2.2), (5.3.3), and (5.3.4).

We first examine the setting in which W is a fixed, deterministic path, and then some

extensions are presented in the case where W is a Brownian motion. Following Section 5.2, we

define uh := ũh(·;Wh,Ph), with ũh as in (5.3.2), for an appropriate family of approximating

paths {Wh}h>0 and partitions {Ph}h>0. Let ũ be the viscosity solution of

(5.3.17) ũt =
m∑
i=1

Hi(Dũ)Ẇh in Rd × (0, T ] and ũ(·, 0) = u0 in Rd.

The error uh−u is then controlled by using Theorems 5.3.1 and 4.1.1 to estimate respectively

the differences uh − ũ and ũ− u.

Fix W ∈ C([0, T ];Rm), and let ω : [0,∞)→ [0,∞) be its modulus of continuity. Define

133



ρh implicitly by

(5.3.18) λ :=
ω((ρh)1/2)

(ρh)1/2
< λ0

and set Ph := {nρh ∧ T}Nn=0, where N is the smallest integer for which Nρh ∧ T = T .

Recall from subsection 5.2.1 that taking Wh to be the piecewise linear interpolation of

W over the partition Ph may not, in general, yield a convergent scheme. Instead, we set

Mh :=
⌊
(ρh)−1/2

⌋

and define Wh as follows: for k ∈ N0 and t ∈ [kMhρh, (k + 1)Mhρh),

(5.3.19) Wh(t) := W (kMhρh) +

(
W ((k + 1)Mhρh)−W (kMhρh)

Mhρh

)
(t− kMhρh) .

Observe that the approximating path Wh satisfies (5.2.17) with ηh = (ρh)1/2.

Now set uh := ũh(·;Wh,Ph), with ũh as in (5.3.2), and let ũ be the solution of (5.3.17).

Theorem 5.3.2. There exists C = CL,λ > 0 such that

(5.3.20) sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)| ≤ C(1 + T )ω((ρh)1/2).

As an example, assume that W ∈ C0,α([0, T ],Rm) and set

λ := [W ]α,T
(ρh)(1+α)/2

h
.

Then, as long as λ < λ0, the scheme converges with a rate of order (ρh)α/2 ≈ hα/(1+α).

Proof of Theorem 5.3.2. First, notice that, in view of (5.3.18), Wh satisfies (5.3.5). In par-
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ticular, for some C = CL > 0,

max
s,t∈[0,T ]

(
C|Wh(s)−Wh(t)| − |s− t|

2

2ε

)
≤ Cλ0h+ max

n∈N0

(
Cnλ0h−

n2ρ2
h

2ε

)

≤ Cλ0h+
(Cλ0h)2ε

2(ρh)2
.

Theorem 5.3.1 then gives, for any ε > 0,

max
(x,t)∈Rd×[0,T ]

|uh(x, t)− ũ(x, t)| ≤ N(ρh)2

ε
+ C
√
Nh+

(Cλ0h)2ε

2(ρh)2

≤ Tρh
ε

+ C
√
T

h
√
ρh

+
(Cλ0h)2ε

2(ρh)2
.

Upon choosing ε =
√
T

(ρh)3/2

h , this becomes

(5.3.21) max
(x,t)∈Rd×[0,T ]

|uh(x, t)− ũ(x, t)| ≤ C
√
T

h
√
ρh

= C
√
Tω((ρh)1/2).

Notice that the error term takes the form
√

h2

ρh
, which is consistent with the discussion in

subsection 5.2.1.

Combining this with Theorem 4.1.1, we obtain

sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)| ≤ C
(√

Tω((ρh)1/2) + ω(Mhρh)
)
,

and the result is proved in view of the choice of Mh.

5.3.3 Brownian paths

For the rest of the chapter, we investigate schemes for which W is a standard Brownian

motion defined on a probability space (Ω,F ,P), which, for definiteness, we may take to be

C([0, T ],R) with P the Wiener measure. The expectation and variance with respect to P are

denoted by respectively E and Var. To simplify the presentation, it is assumed that m = 1,
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so that W is one-dimensional, although all three schemes below can be adapted to the case

when m > 1.

Regular partitions

Theorem 5.3.2 may be applied in this situation by using the fact that oscillations of Brownian

paths are controlled by the Lévy modulus of continuity. More precisely,

(5.3.22) P

(
lim sup
δ→0

sup
δ≤t≤T−δ

|W (t)−W (t+ δ)|√
2δ |log δ|

= 1

)
= 1.

Theorem 5.3.3. Let ρh be defined implicitly by

(5.3.23) λ :=
(ρh)3/4 |log ρh|1/2

h
< λ0,

and let uh, Ph, and Wh be as in the previous subsection. Then there exists a deterministic

constant C = CL,λ > 0 such that, if u is the solution of (5.3.16), then

P

(
lim sup
h→0

sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)|
(ρh)1/4 |log ρh|1/2

≤ C(1 + T )

)
= 1.

Proof. Define Mh := b(ρh)−1/2c and Kh := bT/(Mhρh)c. The definitions of Wh and λ give

max
n=0,1,2...,N−1

|Wh(nρh)−Wh((n+ 1)ρh)|
h

= max
k=0,1,2...,Kh

|W (kMhρh)−W ((k + 1)Mhρh|
Mhh

= λ max
k=0,1,2...,Kh

|W (kMhρh)−W ((k + 1)Mhρh)|
Mh(ρh)3/4 |log ρh|1/2

≤ λ
max|s−t|≤(ρh)1/2 |W (s)−W (t)|

(ρh)1/4(1− (ρh)1/2) |log ρh|1/2
.

Therefore, in view of (5.3.22), for any δ > 0,

P
(

max
n=0,1,2,...,N−1

|Wh(nρh)−Wh((n+ 1)ρh)|
h

≤ λ
1 + δ

1− (ρh)1/2
for small h

)
= 1.
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Taking δ ∈ (0, λ0/λ− 1) above, this implies that

P
(

lim sup
h→0

max
n=0,1,2,...,N−1

|Wh(nρh)−Wh((n+ 1)ρh)|
h

< λ0

)
= 1,

so that, for some h0 > 0,

P (|Wh(nρh)−Wh((n+ 1)ρh)| ≤ λ0h for all 0 < h < h0 and n = 0, 1, 2, . . . , Nh − 1) = 1.

Shrinking h0, if necessary, it may be concluded from (5.3.20) and (5.3.22) that

P

(
sup

(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)| ≤ CT (ρh)1/4 |log ρh|1/2 for all 0 < h < h0

)
= 1.

Observe that (5.3.23) implies that limh→0
log ρh
log h = 4

3 , so that the convergence rate in

Theorem 5.3.3 can be rewritten as

(5.3.24) lim sup
h→0

sup
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)|
h1/3 |log h|1/3

≤ C(1 + T ).

Random partitions

For the next scheme, the partitions Ph are defined using a sequence of stopping times adapted

to the filtration Ft of the Brownian motion W . This raises the possibility of improving the

rate of convergence in Theorem 5.3.3 by using techniques such as the law of large numbers

to eliminate the logarithmic correction in (5.3.24). Unfortunately, this does not seem to be

possible because of the presence of the term

(5.3.25) max
s,t∈[0,T ]

{
C|Wh(s)−Wh(t)| − |s− t|

2

2ε

}
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in the estimate from Theorem 5.3.1. On the one hand,

max
s,t∈[0,T ]

E
{
C|Wh(s)−Wh(t)| − |s− t|

2

2ε

}
≤ max

ρ≥0

{
Cρ1/2 − ρ2

2ε

}
≤ 3C4/3

27/3
ε1/3,

which suggests that taking ε = h optimizes the error estimate. However, as ε, h → 0, the

term (5.3.25) is on the order of ε1/3 |log ε|2/3, and, as a consequence, ε = εh must be slightly

smaller than h in order to recover the error estimate (5.3.24).

For h > 0, define ηh := h1/3 |log h|−2/3, set T0 = T0(h) := 0, and, for k ∈ N0,


Tk+1 = Tk+1(h) := inf {t > Tk(h) : osc (W,Tk(h), t) > ηh} and

τk+1 = τk+1(h) := Tk+1(h)− Tk(h).

Observe that {Tk}∞k=0 is an increasing sequence of stopping times, and, for each fixed k,

h → Tk(h) decreases as h → 0. Therefore, by the strong Markov property for Brownian

motion, for each fixed h, {τk(h)}∞k=1 is a collection of independent, identically distributed

random variables. As a result, for any integer ` > 0, there exists a constant c` > 0 such

that, for all k,

E[τk(h)`] = c`(ηh)2`.

Indeed, it is well known that the first exit time of a Brownian motion from a bounded interval

has finite moments of any order. The exact formula follows from the scaling properties of

Brownian motion, so that

c` := E
[
inf
{
t > 0 : osc

(
W, 0, t1/`

)
> 1
}]

.

Let Wh be the piecewise interpolation of W over the partition

{0 = T0(h) < T1(h) < T2(h) < · · · } .
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That is, 
Wh(t) := W (Tk(h)) +

W (Tk+1(h))−W (Tk(h))

τk+1(h)
(t− Tk(h))

whenever Tk(h) ≤ t < Tk+1(h).

Define 

Mh :=

⌈
ηh
λ0h

⌉
=
⌈
(λ0h

2/3| log h|2/3)−1
⌉
,

t0 = t0(h) := 0, tn = tn(h) := Tk(h) + (n− kMh)
τk+1(h)

Mh
,

∆tn = ∆tn(h) := tn+1(h)− tn(h) =
τk+1(h)

Mh

whenever k = 0, 1, 2, . . . and kMh ≤ n < (k + 1)Mh,

Kh := sup {k ∈ N0 : Tk(h) ≤ T} , and

Nh := sup {n ∈ N0 : tn(h) ≤ T} ,

and note that h 7→ Kh increases as h→ 0.

We have now specified the path Wh, which is piecewise affine over the partition

Ph :=
{

0 = t0(h) < t1(h) < t2(h) < · · · < tNh(h) ≤ T
}
,

in such a way that (5.3.5) holds for ζ = Wh. Indeed, if n = 0, 1, 2, . . . , N − 1 and k is such

that kMh ≤ tn < tn+1 ≤ (k + 1)Mh, then

|Wh(tn+1)−Wh(tn)| =
|W (Tk+1)−W (Tk)|

Mh
≤ λ0h.

Finally, set uh := ũh(·;Wh,Ph) and let u be the stochastic viscosity solution of (5.3.16).

Theorem 5.3.4. There exists a deterministic constant C = CL > 0 such that

P

(
lim sup
h→0

max
(x,t)∈Rd×[0,T ]

|uh(x, t)− u(x, t)|
h1/3 |log h|1/3

≤ C(1 + T )

)
= 1.

We proceed with a series of lemmas that indicate how to control the various terms
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appearing in the estimate from Theorem 5.3.1.

Lemma 5.3.2.

P
(

lim sup
h→0

Khη
2
h ≤

T

c1

)
= 1.

Proof. Fix α and β such that 1 < β2/3 < α, and define hm := β−m. Note that

lim
m→∞

ηhm+1

ηhm
=

1

β1/3
.

The monotonicity of Kh and ηh implies that

(5.3.26) P

(
sup

hm+1≤h<hm
Khη

2
h >

αT

c1

)
≤ P

(
Khm+1

>
αT

c1η
2
hm

)
.

Set

km :=

⌈
αT

c1η
2
hm

⌉
,

so that

kmc1η
2
hm+1

≥ αT

(
ηhm+1

ηhm

)2
m→∞−−−−→ αβ−2/3T > T,

and therefore, for any fixed γ > 0 and all sufficiently large m, kmc1η
2
hm+1

≥ (1 + γ)T .

Define σ2 := c2 − c21, so that Var(τk(h)) = σ2η4
h for all k and h. Continuing (5.3.26)

and applying Markov’s inequality yields, for some fixed positive constant C > 0 and for all

sufficiently large m,

P

(
Khm+1

>
αT

c1η
2
hm

)
= P

 km∑
k=1

τk(hm+1) ≤ T


≤ P

 km∑
k=1

(
τk(hm+1)− c1η2

hm+1

)
≤ −γT


≤
kmσ

2η4
hm+1

γ2T 2
≤ Cβ−2m/3.
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The Borel-Cantelli lemma applied to the events

Em :=

{
sup

hm+1≤h<hm
Khη

2
h >

αT

c1

}

gives

P
(

lim sup
h→0

Khη
2
h >

αT

c1

)
= P

(
lim sup
m→∞

Em

)
= 0,

and we may conclude upon sending α→ 1+.

Lemma 5.3.3.

P

lim sup
h→0

1

hηh

N−1∑
n=0

(∆tn)2 ≤ Tλ0c2
c1

 = 1.

Proof. Fix α and β satisfying 1 < β7/3 < α and set hm := β−m. If, for some m, hm+1 ≤

h < hm, then

Nh−1∑
n=0

(∆tn(h))2 ≤
Kh+1∑
k=1

Mh

(
τk(h)

Mh

)2

≤ λ0
hm
ηhm+1

Khm+1
+1∑

k=1

τk(hm)2.

Fix m0 ∈ N and define the event

Em0 :=

{
Khm+1

+ 1 ≤ K̂m :=

⌈
αT

c1η
2
hm+1

⌉
for all m ≥ m0

}
.

In view of Lemma 5.3.2, limm0→∞ P (Em0) = 1.
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Now, for any m ≥ m0,

P

 sup
hm+1≤h<hm

1

hηh

Nh−1∑
n=0

(∆tn(h))2 >
α2Tλ0c2

c1

 ∩ Em0


≤ P

K̂m∑
k=1

τk(hm)2 >
α2Tc2hm+1(ηhm+1

)2

c1hm


= P

K̂m∑
k=1

(
τk(hm)2 − c2η4

hm

)
>
α2Tc2hm+1(ηhm+1

)2

c1hm
− K̂mc2η4

hm


≤ P

K̂m∑
k=1

(
τk(hm)2 − c2η4

hm

)
>
αTc2η

2
hm

c1

(
αhm+1(ηhm+1

)2

hm(ηhm)2
−

η2
hm

η2
hm+1

)
− c2η4

hm

 .

Since

lim
m→∞

(
αhm+1η

2
hm+1

hmη2
hm

−
η2
hm

η2
hm+1

)
=

α

β5/3
− β2/3 > 0,

it follows that, for some fixed γ > 0, all sufficiently large m0, and all m > m0,

P

 sup
hm+1≤h<hm

1

hηh

Nh−1∑
n=0

(∆tn(h))2 >
α2Tλ0c2

c1

 ∩ Em0


≤ P

K̂m∑
k=1

(
τk(hm)2 − c2η4

hm

)
> γη2

hm

 .

Set σ2 := c4−c22 > 0. Then Markov’s inequality gives, for some constant C > 0 independent

of m,

P

 sup
hm+1≤h<hm

1

hηh

Nh−1∑
n=0

(∆tn(h))2 >
α2Tλ0c2

c1

 ∩ Em0


≤
K̂mσ

2η4
hm

γ2
≤ Cη2

hm
≤ Cβ−2m/3.
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An application of the Borel-Cantelli lemma for the events

 sup
hm+1≤h<hm

1

hηh

Nh−1∑
n=0

(∆tn(h))2 >
α2Tλ0c2

c1

 ∩ Em0

yields

P

lim sup
h→0

1

hηh

Nh−1∑
n=0

(∆tn(h))2 >
α2Tλ0c2

c1

 ∩ Em0

 = 0.

Sending m0 →∞ and then α→ 1+ finishes the proof.

Lemma 5.3.4. For any deterministic constant C > 0,

P

lim sup
ε→0

maxs,t∈[0,T ]

{
C |W (s)−W (t)| − |s−t|

2

2ε

}
ε1/3 |log ε|2/3

≤ 4C4/3

32/3

 = 1.

Proof. Let 1 < β < α. If, for some δ > 0,

(5.3.27) osc(W,kδ, (k + 1)δ) ≤
√

2βδ1/2 |log δ|1/2 for all k = 0, 1, 2, . . . ,

⌈
T

δ

⌉
,

then

max
s,t∈[0,T ]

{
C|W (s)−W (t)| − |s− t|

2

2ε

}
≤
√

2βCδ1/2 |log δ|1/2 + max
n∈N0

{√
2βCδ1/2 |log δ|1/2 n− n2δ2

2ε

}
≤
√

2βCδ1/2 |log δ|1/2 + βC2 |log δ|
δ

ε.

Taking δ := C2/33−1/3β1/3ε2/3 |log ε|1/3 yields, for some deterministic function c(ε) that

converges to 0 as ε→ 0,

max
s,t∈[0,T ]

{
C|W (s)−W (t)| − |s− t|

2

2ε

}
≤ 4C4/3

32/3
β2/3ε1/3| log ε|2/3(1 + c(ε)),
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and, therefore, if ε is sufficiently small,

max
s,t∈[0,T ]

{
C|W (s)−W (t)| − |s− t|

2

2ε

}
≤ 4C4/3

32/3
α2/3ε1/3| log ε|2/3.

Define

εm := α−m and δm :=
C2/3β1/3ε

2/3
m |log εm|1/3

31/3
,

and note that

lim
m→∞

ε
1/3
m | log εm|2/3

ε
1/3
m+1| log εm+1|2/3

= α1/3.

It follows that, for sufficiently large m,

P

 sup
εm+1≤ε<εm

maxs,t∈[0,T ]

{
C |W (s)−W (t)| − |s−t|

2

2ε

}
ε1/3 |log ε|2/3

>
4C4/3α

32/3


≤ P

 max
s,t∈[0,T ]

{
C|W (s)−W (t)| − |s− t|

2

2εm

}
>

4C4/3αε
1/3
m+1| log εm+1|2/3

32/3


≤ P

(
max

s,t∈[0,T ]

{
C|W (s)−W (t)| − |s− t|

2

2εm

}
>

4C4/3α2/3ε
1/3
m | log εm|2/3

32/3

)

≤ P
(

osc(W,kδm, (k + 1)δm) >
√

2βδ
1/2
m |log δm|1/2 for some k = 0, 1, 2, . . . ,

⌈
T

δm

⌉)
≤
⌈
T

δm

⌉
P

(
max
[0,1]

W −min
[0,1]

W >
√

2β |log δm|1/2
)

≤ 2

⌈
T

δm

⌉
P

(
max
[0,1]

W >
√

2β |log δm|1/2
)

≤ CTδ
β−1
m ≤ CTα−γm for γ =

2

3
(β − 1) > 0.

The symmetry and scaling properties of Brownian motion, as well as the reflection principle,

are all used above. In particular, since the processes

{
t 7→ max

s∈[0,t]
W (s)−W (t)

}
and {t 7→ |W (t)|}
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are identically distributed, so are the random variables

max
[0,1]

W −min
[0,1]

W and max
[0,1]
|W | = max

{
max
[0,1]

W,−min
[0,1]

W

}
.

The Borel-Cantelli lemma implies that

P

lim sup
ε→0

maxs,t∈[0,T ]

{
C |W (s)−W (t)| − |s−t|

2

2ε

}
ε1/3 |log ε|2/3

>
4C4/3α

32/3

 = 0,

and sending α→ 1+ gives the result.

Proof of Theorem 5.3.4. Let ũ be the solution of (5.3.17). Then Theorem 4.1.1 gives, for

some C = CL > 0,

sup
(x,t)∈Rd×[0,T ]

|ũ(x, t)− u(x, t)| ≤ C |W (t)−Wh(t)|

≤ C max
k=0,1,2,...,Kh

osc (W,Tk(h), Tk+1(h)) ≤ C
h1/3

|log h|2/3
.

Next, define εh := h
|log h| and recall the pathwise estimate from Theorem 5.3.1:

max
(x,t)∈Rd×[0,T ]

|uh(x, t)− ũ(x, t)|

≤ 1

εh

Nh−1∑
n=0

(∆tn(h))2 + C
√
Nhh+ max

s,t∈[0,T ]

{
C |Wh(s)−Wh(t)| − |s− t|

2

2εh

}
.

From the definitions of Nh, Mh, and Kh, and from Lemma 5.3.2, it follows that, for some

C = CL > 0, with probability one, for all sufficiently small h,

C
√
Nhh ≤ C

√
(Kh + 1)Mhh ≤ CTh1/3 |log h|1/3 .

Meanwhile, Lemma 5.3.3 yields C = CL > 0 such that, with probability one, for all
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sufficiently small h,

1

εh

Nh−1∑
n=0

(∆tn(h))2 =
1

hηh

Nh−1∑
n=0

(∆tn)2 · h1/3 |log h|1/3 ≤ CTh1/3 |log h|1/3 .

In view of the definition of Wh,

max
0≤t≤T

|Wh(t)−W (t)| ≤ max
k=0,1,2,...,Kh

osc (W,Tk(h), Tk+1(h)) ≤ ηh,

so that, with probability one, for all h,

maxs,t∈[0,T ]

{
C |Wh(s)−Wh(t)| − |s−t|

2

2εh

}
h1/3 |log h|1/3

≤
maxs,t∈[0,T ]

{
C |W (s)−W (t)| − |s−t|

2

2εh

}
h1/3 |log h|1/3

+
C

|log h|
,

while Lemma 5.3.4 implies that, with probability one and for all sufficiently small h,

max
s,t∈[0,T ]

{
C |W (s)−W (t)| − |s− t|

2

2εh

}
≤ Cε

1/3
h | log εh|2/3 ≤ Ch1/3 |log h|1/3 .

Combining all terms in the estimate finishes the proof.

Scaled random walks and convergence in law

Here, we use independent Rademacher random variables to build an object that converges

to the solution of (5.3.16) in distribution. This construction has the advantage that it is

simple to implement numerically.

Fix a probability space (A,G,P), not necessarily related to (Ω,F ,P), and let {ξn}∞n=1 :
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A → {−1, 1} be independent and identically distributed with

P(ξn = 1) = P(ξn = −1) =
1

2
.

Define ρh by

λ :=
(ρh)3/4

h
≤ λ0,

and, as before, set Mh = b(ρh)−1/2c, Ph := {tn}Nn=0 = {nρh ∧ T}Nn=0, Wh(0) = 0 and, for

k ∈ N0 and t ∈ [kMhρh, (k + 1)Mhρh),

Wh(t) := Wh(kMhρh) +
ξk√
Mhρh

(t− kMhρh).

As has already been discussed, Wh converges to the Wiener process W in distribution.

Define uh := ũh(·;Wh,Ph) ∈ BUC(Rd × [0, T ]) and let ũ ∈ BUC(Rd × [0, T ]) be the

solution of (5.3.17).

Theorem 5.3.5. As h→ 0, uh converges to u in distribution.

Proof. Observe first that

|Wh(tn+1)−Wh(tn)| =
√

ρh
Mh
≤ (ρh)3/4 ≤ λ0h,

so that Wh satisfies (5.3.5). Then (5.3.20) becomes, for some C = CL,λ > 0,

(5.3.28) max
(x,t)∈Rd×[0,T ]

|uh(x, t)− ũ(x, t)| ≤ C(1 + T )(ρh)1/4 = C(1 + T )h1/3.

Theorem 4.1.1 implies that the map

S : X = C([0, T ],R) 3 ζ 7→ v ∈ BUC(Rd × [0, T ]) =: Y,

where v is the solution of (5.3.1), is uniformly continuous. Let ν̃h and ν be the push-forwards
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by S of respectively µh and µ, that is, for any measurable ψ : Y → R,

∫
Y
ψ dν =

∫
X
ψ ◦ S dµ,

with the analogous relation holding for νh and ν. As a consequence of the Mapping Theorem

(see [14]), ν̃h converges weakly to ν. On the other hand, if νh is the measure on BUC(Rd×

[0, T ]) induced by uh, then (5.3.28) and Slutzky’s theorem imply that, as h→ 0, νh converges

weakly to ν.
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CHAPTER 6

HOMOGENIZATION AND SCALING LIMITS

6.1 Introduction

In this chapter, we study the asymptotic properties, for small ε > 0, of equations of the form

(6.1.1)


uεt +

m∑
i=1

Hi(Duε, x/ε)ζ̇i,ε = 0 in Rd × (0,∞) and

uε(·, 0) = u0 in Rd.

Here, each Hamiltonian Hi is assumed to have some averaging properties in the spatial vari-

able y = x/ε. This could include a variety of types of dependence, for instance periodic,

almost periodic, or stationary and ergodic. The paths ζε = (ζ1,ε, ζ2,ε, · · · , ζm,ε), which con-

verge locally uniformly to some limiting path ζ ∈ C([0,∞),Rm), will generally be assumed

to be piecewise-C1, although we present some results where they are only continuous.

One motivation for considering such problems is to study general equations of the form

(6.1.2)


uεt +

1

εγ
H

(
Duε,

x

ε
,
t

ε2γ

)
= 0 in Rd × (0,∞) and

uε(·, 0) = u0 in Rd.

In addition to the averaging dependence on space, the Hamiltonian H : Rd×Rd×[0,∞)→ R

is assumed to have zero expectation, so that, on average, uε is close to its initial value u0.

The dependence on time, meanwhile, is assumed to be “mixing” with a certain rate, so that,

with the scaling of the central limit theorem, 1
εγH(·, ·, t/ε2γ) will resemble white noise in

time as ε→ 0.
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With γ = 1, equation (6.1.2) arises naturally as a scaled version of the equation

(6.1.3)


ut +H(Du, x, t) = 0 in Rd × (0,∞),

u(·, 0) = ε−1u0(ε·) in Rd.

More precisely, u and uε are related by uε(x, t) = εu(x/ε, t/ε2). Studying the limit as ε→ 0

of uε then amounts to understanding the average long range, long time behavior of solutions

of (6.1.3) with large, slowly-varying initial data.

Scaling limits for equations with mixing dependence were studied already in the early

days of the theory of stochastic differential equations. Khasminskii [35], Papanicolaou and

Varadhan [66], and Papanicolaou and Kohler [65] considered ordinary differential equations

with smooth coefficients that satisfy similar mixing properties, and these authors proved

that, in distribution, the solutions converge to diffusion Markov processes given by solutions

of certain Itô stochastic differential equations (see also [45] for more details and references).

Results of this form were obtained for linear parabolic partial differential equations with

mixing dependence in time by, among many others, Bouc and Pardoux [15], Kushner and

Huang [48], and Watanabe [82]. There are some works studying equations that homogenize

in space and become white in time; see, for instance, Pardoux and Piatnitski [70].

The results presented in this thesis do not correspond to any of these, due to the nonlinear

dependence on the gradient variable. In addition, our methods are quite different than those

in the above cited works. The strategy there is to first establish tightness of the probability

measures, and then uniquely identify the limiting measure as the law of the unique solution

of a certain equation. In our setting, this second step presents a challenge, due to the

nonlinearity of the equations, and we will need to prove convergence directly without using

the tightness of the laws.

It is of interest to examine (6.1.2) for different values of γ. As it will turn out, the nature

of the limiting behavior does not change for different values of γ, so, from a practical point

of view, the quantities ε and δ := εγ can be viewed as small, independent parameters. In
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addition, for technical reasons, some results can only be proved under a mildness assumption

on the approximate white noise dependence, which translates to a smallness condition on γ.

The Hamiltonians we consider for (6.1.2) will generally have the form

(6.1.4) H(p, y, t) :=
m∑
i=1

Hi(p, y)ξi(t),

where the random fields ξi : [0,∞) → R are defined on a probability space (Ω,F ,P). For

0 ≤ s ≤ t ≤ ∞, consider the sigma algebras F is,t ⊂ F generated by {ξi(r)}r∈[s,t], and define

the mixing rate

(6.1.5) ρ(t) := max
i=1,2,...,m

sup
s≥0

sup
A∈F is+t,∞

sup
B∈F i0,s

|P(A | B)− P(A)| .

The quantitative mixing assumptions for the ξi are that

(6.1.6)


t 7→ ξi(t) is stationary,

ρ(t)
t→∞−−−→ 0,

∫ ∞
0

ρ(t)1/2 dt <∞,

E[ξi(0)] = 0, and E[ξi(0)2] = 1.

One consequence, in view of the ergodic theorem, the stationarity, and the centering assump-

tion, is that, if

ζi(t) :=

∫ t

0
ξi(s) ds,

then limδ→0 δζ
i(t/δ) = 0. Understanding the long-time fluctuations of this quantity around

0 is done by considering the scaling of the central limit theorem. Setting ζi,δ(t) = δζi(t/δ2),

it is well-known [65] that, in distribution, as δ → 0, ζi,δ converges locally uniformly to a

standard Brownian motion. Indeed, with δ = εγ , the equation (6.1.2) is then a specific form

of (6.1.1).
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The assumption of stationarity in (6.1.6) means that

(ξ(s1), ξ(s2), . . . , ξ(sM )) and (ξ(s1 + t), ξ(s2 + t), . . . , ξ(sM + t))

have the same joint distribution for any choice of s1, s2, . . . , sM ∈ [0,∞) and t ≥ −minj sj .

However, the conclusions reached above are unchanged if ξ is stationary only with respect

to integer shifts. Later, we focus on ξ of the form

(6.1.7) ξ(t) :=
∞∑
k=1

Xk1[k−1,k)(t)

where the {Xk}∞k=1 are mutually independent, identically distributed random variables with

E[Xk] = 0 and E[(Xk)2] = 1.

For instance, each Xk may be a standard Rademacher random variable; that is, P(Xk =

1) = P(Xk = −1) = 1
2 .

Observe that ξ defined in (6.1.7) immediately satisfies (6.1.6), since ρ(t) = 0 as soon as

t > 1. In this case, the path ζ(t) =
∫ t

0 ξ(s) ds is a linearly-interpolated random walk, and

the convergence of ζε to a Brownian motion is just a restatement of Donsker’s invariance

principle, which has already been used in Chapter 5.

6.2 The difficulties and general strategy

Here we discuss some of the difficulties in the study of (6.1.1) and the strategies we use to

overcome them. For simplicity of presentation, we discuss here only the case where the Hi’s

are periodic in space.

We first make the formal assumption that the noise is “mild” enough to allow for averaging

behavior in space, and therefore, uε is closely approximated by a solution uε of an equation

of the form uεt + H
ε
(Duε, t) = 0. More precisely, we follow a standard strategy from the
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homogenization literature and assume that, for some auxiliary function v : Td× [0,∞)→ R,

uε has the formal expansion

uε(x, t) ≈ uε(x, t) + εv(x/ε, t).

An asymptotic analysis yields that, for fixed p ∈ Rd (here, p = Duε(x, t) and y = x
ε ), v

solves

(6.2.1)
m∑
i=1

Hi(Dyv + p, y)ξi = H(p, ξ) in Rd.

Here, the fixed parameter ξ ∈ Rm stands in place of the mild white noise ε−γξ(t/ε2γ). The

equation (6.2.1) is known as the “cell problem,” and, in the theory of periodic homogenization

of Hamilton-Jacobi equations, under the right conditions, there is a unique choice of constant

for the right-hand side for which (6.2.1) has periodic solutions, which are called “correctors.”

Taking this fact for granted for now, this means that, formally, uε will be closely approx-

imated by the solution uε of

(6.2.2) uεt +
1

εγ
H

(
Duε, ξ

(
t

ε2γ

))
= 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd.

Note that, in deriving (6.2.2), we have used the fact that ξ 7→ H(·, ξ) is positively ho-

mogenous, which can be seen from multiplying (6.2.1) by a positive constant and using the

uniqueness of the right-hand side.

If

(6.2.3) E
[
H(p, ξ(t))

]
= 0 for all p ∈ Rd,
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then the solution of (6.2.2) with u0(x) = p0 · x, which is given by

uε(x, t) = p0 · x−
1

ε2γ

∫ t

0
H
(
p0, ξ

( s

ε2γ

))
ds,

converges in distribution, as ε → 0, to p0 · x + σ(p0)B(t), where B is a standard Brownian

motion and

σ(p0) :=
(
E
[
H(p0, ξ(0))2

])1/2
.

However, due to the nonlinearity of the map ξ 7→ H(·, ξ), it is not clear, for an arbitrary

u0 ∈ UC(Rd), how to study the general equation (6.2.2) with the pathwise viscosity solution

theory described in Chapter 2. This question, as well as the validity of (6.2.3), are taken up

in the section on multiple paths below. The answers are subtle, and depend strongly on the

nature of the mixing field ξ. In particular, there is not a universal limit in general.

When m = 1, the characterization of H(p, ξ) reduces to the study of the two Hamiltonians

H(p) := H(p, 1) and (−H)(p) := H(p,−1).

The equation (6.2.2) then takes the form

(6.2.4)


uεt +

1

εγ
H

1
(Duε)ξ

(
t

ε2γ

)
+

1

εγ
H

2
(Duε)

∣∣∣∣ξ( t

ε2γ

)∣∣∣∣ = 0 in Rd × (0,∞) and

uε(·, 0) = u0 in Rd,

where

H
1
(p) :=

H(p)− (−H)(p)

2
and H

2
(p) :=

H(p) + (−H)(p)

2
.

The coefficient H
2

is equal to zero if and only if

(6.2.5) (−H) = −H.

Notice that, when m = 1, (6.2.3) is equivalent to (6.2.5).
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Because (6.2.1) is interpreted in the viscosity solution sense, it is not possible to multiply

the equation by −1, and so (6.2.5) is not only non-obvious, but false in general, as we show

later by example. In that case, for some p0 ∈ Rd, (−H)(p0) 6= −H(p0). The solution uε

with u0(x) := p0 · x is then equal to

uε(x, t) = p0 · x− εγ
H(p0)− (−H)(p0)

2
ζ

(
t

ε2γ

)
− εγH(p0) + (−H)(p0)

2

∫ t/ε2γ

0

∣∣∣ξ ( s

ε2γ

)∣∣∣ ds,
and so

εγuε(x, t)
ε→0−−−→ −H(p0) + (−H)(p0)

2
E |ξ(0)| t in distribution.

On the other hand, if (6.2.5) holds, then (6.2.2) becomes

(6.2.6) uεt +
1

εγ
H(Duε)ξ

(
t

ε2γ

)
= 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd,

and the determination of whether or not uε has a limit depends on the properties of the

effective Hamiltonian H, and, in particular, whether or not it satisfies (2.4.4).

6.3 The single-noise case

The equation of interest here is

(6.3.1) uεt +
1

εγ
H
(
Duε,

x

ε

)
ξ

(
t

ε2γ

)
= 0 in Rd × (0,∞) and uε(·, 0) = u0.

As suggested by the previous section, the fact that there is only one source of noise simplifies

the structure of the problem. We also make use of the stability results proved in Section 4.2.

The Hamiltonian is assumed to be satisfy exactly the assumptions from that section, which
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we recount here for convenience:

(6.3.2)


H ∈ C(Rd × Rd), p 7→ H(p, x) is convex for all x ∈ Rd, and

there exist convex, increasing functions ν, ν : [0,∞)→ R such that

ν(|p|) ≤ H(p, x) ≤ ν(|p|) for all (p, x) ∈ Rd × Rd.

In order for homogenization to occur in space, it is necessary for the dependence of H on

the spatial environment to possess averaging behavior. Since the result below does not rely

on the specific nature of this dependence, we give the most general assumption, and later

demonstrate that it holds in many cases of interest.

Let Sε±(t) : BUC(Rd)→ BUC(Rd) and S±(t) : BUC(Rd)→ BUC(Rd) be the solution

operators for respectively

Uε±,t ±H(DUε±, x/ε) = 0 in Rd × (0,∞), Uε±(·, 0) = φ on Rd,

and, for some deterministic H ∈ C(Rd) satisfying (6.3.2),

U±,t ±H(DU±) = 0 in Rd × (0,∞), U±(·, 0) = φ on Rd,

that is, Uε±(x, t) = Sε±(t)φ(x) and U±(x, t) = S±(t)φ(x). The assumption is that, for all

φ ∈ BUC(Rd),

(6.3.3) lim
ε→0

Sε±(t)φ(x) = S±(t)φ(x) locally uniformly.

Note that the consistency condition (6.2.5) is built directly into assumption (6.3.3). As we

show later, this is justified by the convexity of p 7→ H(p, ·), which implies (6.2.5) in either

the periodic or stationary-ergodic settings.

The first result is as follows:

Theorem 6.3.1. Assume (6.3.2) and (6.3.3). Then there exists a Brownian motion B :
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[0,∞) → R such that, as ε → 0, (uε, ζε) converges in distribution to (u,B) in BUC(Rd ×

[0,∞))× C([0,∞)), where u is the pathwise viscosity solution of

(6.3.4) du+H(Du) ◦ dB = 0 in Rd × (0,∞) and u(·, 0) = u0 in Rd.

As before, the topology in BUC(Rd × [0,∞)) and C([0,∞)) is that of local uniform

convergence.

In the case where γ = 1, (6.3.1) arises from the scaling uε(x, t) = εu(x/ε, t/ε2) of the

equation

(6.3.5) ut +H(Du, y)ξ(t) = 0 in Rd × (0,∞) and u(·, 0) = ε−1u0(ε·) in Rd.

Indeed, in this case, the scaling limit result has the following interpretation: the function

uε(x, t) := εu(x/ε, t/ε), which is a solution of

(6.3.6) uε,t +H(Duε, x/ε)ξ(t/ε) = 0 in Rd × (0,∞) and uε(·, 0) = u0,

converges, with probability one and locally uniformly as ε → 0, to u0. Theorem 6.3.1 then

implies that uε(x, t/ε) converges in distribution to u(x, t); in other words, we are able to

describe the long time fluctuations of uε about its average value u0.

Observe that the singular random field

ξ(t) := dB(t),

is strongly mixing, and indeed,

ζ(t) :=

∫ t

0
ξ(s) ds =

∫ t

0
dB(s) = B(t),

so that t 7→ ζδ(t) = δB(t/δ2) is equal in distribution to B by the scaling properties of
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Brownian motion. It therefore is an interesting question whether the solutions uε of

(6.3.7) duε +H(Duε, x/ε) ◦ dB = 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd

share the same limit.

Theorem 6.3.2. In addition to the hypotheses of Theorem 6.3.1, assume that the comparison

principle holds for (6.3.7). Then, with probability one, as ε → 0, the solution uε of (6.3.7)

converges locally uniformly to the solution of (6.3.4).

An example of a Hamiltonian satisfying (6.3.2) is given, for some a ∈ C(Sd−1 ×Rd), by

(6.3.8) H(p, x) := a

(
p

|p|
, x

)
|p|

as long as it is convex. This will hold if, for instance, a is independent of the direction

variable p/|p| ∈ Sd−1 and is strictly positive. If, in addition, a ∈ C2
b (Sd−1,Rd), then, by the

results in Section 3.3, (6.3.7) satisfies the comparison principle, and so Theorem 6.3.2 holds

as well.

Recall that the Hamiltonian (6.3.8) arises in the study of first-order front propagation.

Indeed, with H as in (6.3.8), the level sets of uε evolve according to the normal velocity

−ε−γa(n, x/ε)ξ(t/ε2γ) (or −a(n, x/ε)dB in the case of (6.3.7)), where n is the outward

normal vector to the level set at the point x. It is not hard to prove that the effective

Hamiltonian H is 1-homogenous in the gradient variable as well, and therefore, it has the

form H(p) := a(p/|p|)|p| for some a ∈ C(Sd−1). The homogenization results may then

be rephrased as saying that the level-set flows converge in distribution to a front evolving

according to the normal velocity a(n)dB in the space of compact subsets of Rd × [0,∞),

whose topology is given by the Hausdorff distance.

Theorems 6.3.1 and 6.3.2 are a consequence of a more general convergence result that

holds in the single noise case. We consider collections {Hε}ε>0 : Rd × Rd → R of Hamil-
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tonians and {ζε}ε>0 : [0,∞) → R of continuous, piecewise smooth paths, and study the

convergence of solutions, as ε→ 0, of the equations

(6.3.9) uεt +Hε(Duε, x)ζ̇ε(t) = 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd.

Theorem 6.3.3. Assume that the Hamiltonians {Hε}ε>0 satisfy (6.3.2) uniformly in ε, and

that there exists a Hamiltonian H : Rd × Rd → R satisfying (6.3.2) such that (6.3.3) holds

with Sε± and S± the solution operators for respectively ±Hε and ±H.

(a) If ζ ∈ C([0,∞),R) is such that, as ε→ 0, ζε converges locally uniformly to ζ, then, as

ε→ 0, uε converges locally uniformly to a pathwise viscosity solution u of

(6.3.10) du+H(Du, x) · dζ = 0 in Rd × (0,∞) and u(·, 0) = u0 in Rd.

(b) If {ζε}, ζ above are defined over a probability space (Ω,F ,P) and, as ε→ 0, ζε converges

locally uniformly to ζ in distribution, then, as ε → 0, uε converges locally uniformly in

distribution to a solution u of (6.3.10).

(c) The limiting function u in parts (a) or (b) is independent of the choice of approximating

family {ζε}ε>0.

(d) If the comparison principle holds for (6.3.10) for any continuous ζ, then the paths

{ζε}ε>0 in part (a) or (b) are permitted to be merely continuous.

Even if the comparison principle holds for (6.3.9) when ζε is continuous, the same may

not necessarily be true of the equation for H, and so solutions of (6.3.10) are not guaranteed

to be unique. However, it is still the case that the limiting solution u given by Theorem

6.3.3 is unique and independent of the choice of approximating paths.

The general convergence results in Theorem 6.3.3 can be applied to a variety of other

settings. For instance, it recovers the already well-known stability of viscosity solutions
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under local uniform limits of the data. That is, if {ζε}ε>0 and {Hε}ε>0 are as above and

Hε ε→0−−−→ H locally uniformly, then the solution uε converges locally uniformly as ε→ 0 to

u. Other homogenization results can also be studied, for instance, those of the form

uεt +H
(
Duε, x,

x

ε

)
ζε(t) in Rd × (0,∞) and uε(·, 0) = u0

with {ζε}ε>0 any collection of paths converging locally uniformly and almost surely (or in

distribution) to a Brownian motion or other stochastic process, and with the dependence of

H on the fast variable being, for instance, periodic, quasi-periodic, or stationary-ergodic.

6.3.1 Assumptions that guarantee homogenization

Given a Hamiltonian satisfying (6.3.2), we now describe in more detail some extra assump-

tions for H that imply (6.3.3).

Periodicity

If

(6.3.11) y 7→ H(p, y) is Zd-periodic,

then there exists a Hamiltonian H : Rd×Rd → R satisfying the assumptions of (6.3.2) such

that (6.3.3) holds. In fact, the convergence in (6.3.3) is uniform globally, not just locally, in

space, and so the statements of the theorems above can be modified to obtain global-in-space

convergence results.

This qualitative homogenization has been known since the work of Lions, Papanicolaou,

and Varadhan [52]. In fact, instead of (6.3.2), it is enough to have

(6.3.12) H ∈ C(Rd × Rd) and lim
|p|→+∞

inf
y∈Td

H(p, y) = +∞,
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except this does not immediately imply (6.2.5). Indeed, this fails in general if H is not

convex in p (see the example below).

Because they will be used later, we record some of the facts in the periodic homogenization

setting here:

Theorem 6.3.4. Assume that H satisfies (6.3.11) and (6.3.12). Then, for every p ∈ Rd,

there exist unique constants H(p) and (−H)(p) such that the equations

H(p+Dyv+, y) = H(p) and −H(p+Dyv−, y) = (−H)(p)

admit periodic viscosity solutions v+ and v−.

The functions p 7→ H(p) and p 7→ (−H)(p) are continuous. Moreover, if H is convex in

p, then (−H) = −H and H is convex.

It was proved by Capuzzo-Dolcetta and Ishii [20] that, under additional regularity, the

homogenization can be quantified. We record the result here for future reference.

Theorem 6.3.5. Assume, in addition to (6.3.11) and (6.3.12), that H is locally Lipschitz.

Let uε and u be the solutions of respectively


uεt +H(Duε, x/ε) = 0 and

ut +H(Du) = 0 in Rd × (0,∞), and

uε(·, 0) = u(·, 0) = u0 in Rd.

Then, for L > 0, there exists C = CL > 0 such that, if Lip(u0) ≤ L, then

sup
(x,t)∈Rd×[0,T ]

|uε(x, t)− u(x, t)| ≤ C(1 + T )ε1/3.

In the full generality of the above theorem, it is still not known whether the exponent

1/3 is optimal. It can be improved in some cases: for instance, if u0(x) = p ·x for some fixed
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p ∈ Rd, then the convergence rate is O(ε). Recently, using techniques from Aubrey-Mather

theory, Mitake, Tran, and Yu [61] obtained the optimal convergence rate O(ε) under further

assumptions, in particular, if d = 1 and H is convex, or if d = 2, and H is convex and

positively homogenous of some degree q ≥ 1 in the gradient variable. The result for d = 1

was extended by Tu [81] to equations with Hamiltonians of the form H(Duε, x, x/ε), periodic

in the x/ε variable and convex in the gradient variable.

Stationarity and ergodicity

Another well-developed research area is the stochastic homogenization of Hamilton-Jacobi

equations, in which the Hamiltonian is random and its probability law is statistically ho-

mogenous and ergodic in space. More precisely, we consider Hamiltonians H = H(p, x, ω)

defined on a probability space (Ω,F), and, for z ∈ Rd, define the group of translation op-

erators Tz : Ω → Ω by TzH(·, y) := H(·, y + z). We assume that there exists a probability

measure P on (Ω,F) such that {Tz}z∈Rd is measure-preserving and ergodic, that is,

(6.3.13)


P = P ◦ Tz for all z ∈ Rd, and

if E ∈ F and TzE = E for all z ∈ Rd, then P[E] = 1 or P[E] = 0.

If H satisfies (6.3.12) and is convex in the gradient variable, then

(6.3.14)



there exists an event Ω0 ∈ F with P(Ω0) = 1 such that

for all u0 ∈ UC(Rd), T > 0, and ω ∈ Ω0,

lim
ε→0

sup
(x,t)∈BT×[0,T ]

∣∣Sε±(t)u0(x)− S±(t)u0(x)
∣∣ = 0.

This result was proved independently by Souganidis [79] and Rezakhanlou and Tarver [72].

The degenerate elliptic “viscous” case was later treated by Lions and Souganidis in [57].

Armstrong and Souganidis considered the same problem in [4] from the viewpoint of the

so-called metric problem.
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These results all used convexity, but recently, there has been some progress in the noncon-

vex case, for instance by Armstrong, Tran, and Yu [5, 6], and by Armstrong and Cardaliaguet

[2]. Ziliotto [85], and later Feldman and Souganidis [29], provided examples of nonconvex

Hamiltonians and random media for which homogenization fails, indicating that, in general,

some form of convexity is required.

There has also been extensive work in obtaining algebraic error estimates of the type

obtained in the periodic case in Theorem 6.3.5. Armstrong, Cardaliaguet, and Souganidis

obtained such a result in [3] by quantifying the methods in [4]. In addition to (6.3.2), it is

necessary to have a stronger mixing assumption than ergodicity, namely that the environment

has a finite range of dependence, as well as a condition of the law of the Hamiltonian near

its minimum.

The condition (6.2.5)

We prove here a sufficient criterion for the consistency condition (6.2.5) to hold, in both the

periodic and stationary-ergodic settings. We use the fact that H and (−H) are given by

(6.3.15) H(p) = inf
v∈G

sup
y∈Rd

H(p+Dyv, y) and (−H)(p) = sup
v∈G

inf
y∈Rd

(
−H(p+Dyv, y)

)
,

where the supremum and infimum over y ∈ Rd are interpreted in the viscosity sense, and G

is the set of v ∈ C(Rd) such that


v is periodic in the periodic setting, or

lim|y|→∞
v(y)
|y| = 0 almost surely in the random setting.

In the periodic setting, this follows from the comparison principle and the definition of

correctors, and is proved in [52] and [28]. In the random setting, (6.3.15) holds for convex

H, which was first proved in [57].
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Lemma 6.3.1. In addition to (6.3.12), assume that p 7→ H(p, ·) is convex. Then, in either

the periodic or random setting, H is convex and (6.2.5) holds.

Proof. The convexity of H is known in both settings, so we only prove (6.2.5) here.

Suppose that, for some continuous v : Rd → R and ν ∈ R, H(Dv, y) ≤ ν in Rd in

the viscosity sense. The coercivity of H implies that v is Lipschitz and, hence, satisfies the

inequality almost everywhere. Since H is convex, the converse also holds (see [4]).

It follows that the supremum and infimum over y ∈ Rd in (6.3.15) may be interpreted in

the almost everywhere sense, and, therefore,

(−H)(p) = sup
v∈G

ess inf
y∈Rd

(
−H(p+Dyv, y)

)
= − inf

v∈G
ess sup
y∈Rd

H(p+Dyv, y) = −H(p).

The argument above fails in the nonconvex case because viscosity inequalities are sensitive

to multiplication by −1. Indeed, we provide a counterexample to (6.2.5) in the periodic

setting, based on an example of Luo, Tran, and Yu [58].

If v− is a corrector for (−H)(p) and ṽ(y) := −v−(−y), then ṽ is a viscosity solution of

H(Dy ṽ + p,−y) = −(−H)(p).

Therefore, (6.2.5) is equivalent to the invariance of H under a reflection of the periodic

medium, that is, {(p, y) 7→ H(p, y)} and {(p, y) 7→ H(p,−y)} have the same effective Hamil-

tonian. It follows that (6.2.5) is satisfied if H is even in y, although we will not use this

here.

Following [58], let F ∈ C([0,∞)) and 0 < θ3 < θ3 < θ1 be such that F (0) = 0, F (θ2) = 1
2 ,

F (θ3) = F (θ2) = 1
3 , F is strictly increasing on [0, θ2] and [θ1,+∞) and strictly decreasing

on [θ2, θ1], and limr→+∞ F (r) = +∞. For s ∈ (0, 1), let Vs : R → R be the 1-periodic
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extension of

Vs(y) :=


−xs for y ∈ [0, s],

x−1
1−s for y ∈ [s, 1].

For (p, y) ∈ R × R, set Hs(p, y) := F (|p|) + Vs(y). It is shown in [58] that Hs = Hs′ if

and only if s = s′. In particular, since Hs(p,−y) = H1−s(p, y), Hs fails to satisfy (6.2.5)

whenever s 6= 1
2 .

6.3.2 The proof of Theorem 6.3.3

Theorem 6.3.3, and its corollaries, are essentially a consequence of the stability result The-

orem 4.2.1 proved in Section 4.2.

The assumption (6.3.3), meanwhile, makes it possible to obtain a limit for solutions of

(6.3.9) if the path ζε is replaced with a fixed, sufficiently regular path η satisfying

(6.3.16)


η : [0,∞)→ R is piecewise-C1 and, for any T > 0,

η̇ changes sign finitely many times on [0, T ].

Lemma 6.3.2. Let η satisfy (6.3.16), and, for some fixed v0 ∈ BUC(Rd), let vε and v solve


vεt = Hε(Dvε, x)η̇(t) in Rd × (0,∞),

vt = H(Dv, x)η̇(t) in Rd × (0,∞),

vε(·, 0) = v(·, 0) = v0 in Rd.

Then, for any T > 0,

lim
ε→0

sup
(x,t)∈BT×[0,T ]

|vε(x, t)− v(x, t)| = 0.

It is necessary to use the following well-known domain-of-dependence result for viscosity

solutions of Hamilton-Jacobi equations. For a proof, see the book of Lions [51].

165



Lemma 6.3.3. Suppose that G : Rd ×Rd → R is continuous, let U and V be respectively a

sub- and super-solution of

Ut = G(DU, x) and Vt = G(DV, x) in Rd × (−∞,∞)

such that max {Lip(U),Lip(V )} ≤ L, and suppose that

L := sup
(p,x)∈BL×Rd

∣∣DpH(p, x)
∣∣ <∞.

Then, for all R > 0 and −∞ < s < t <∞,

max
x∈BR−L(t−s)

|U(x, t)− V (x, t)| ≤ max
x∈BR

|U(x, s)− V (x, s)| .

Proof of Lemma 6.3.2. Let the partition 0 = t0 < t1 < t2 < · · · < tN = T be such that η is

monotone on each interval [ti, ti+1]. Fix (x, t) ∈ BT × [0, T ], let i be such that t ∈ (ti, ti+1],

and assume without loss of generality that η is increasing on [ti, ti+1].

Set ∆ := ηt − ηti . It then follows that

vε(·, t) = Sε+(∆)vε(·, ti) and v(·, t) = S+(∆)v(·, ti).

We then write

vε(x, t)− v(x, t) = I + II

where 
I := Sε+(∆)vε(·, ti)(x)− Sε+(∆)v(·, ti)(x) and

II := Sε+(∆)v(·, ti)(x)− S+(∆)v(·, ti).

In view of Theorem 4.2.1, there exists C1 > 0 depending only on Lip(v0) such that

max(Lip(vε),Lip(v)) ≤ C1.
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The finite speed of propagation statement in Lemma 6.3.3 and the uniform growth of H in

the gradient variable therefore yields a constant C2 > 0 depending only on Lip(v0) such that

|I| ≤ max
y∈BT+C2∆

|vε(y, ti)− v(y, ti)| .

An inductive argument yields

|vε(x, t)− v(x, t)| ≤
N−1∑
i=0

max
(y,τ)∈BRi×[0,∆i]

∣∣Sε±(τ)v(·, ti)(y)− S±(τ)v(·, ti)(y)
∣∣

where

∆i := |η(ti+1)− η(ti)| and Ri := T + C2

N−1∑
k=i

∆k.

Sending ε→ 0 and using (6.3.3) yields the result.

Proof of Theorem 6.3.3. (a) Fix a path η satisfying (6.3.16) and let vε and v be as in the

statement of Lemma 6.3.2. Then Theorems 4.1.1 and 4.2.1 yield, for some C = CL > 0,

max
(x,t)∈BT×[0,T ]

(|uε(x, t)− vε(x, t)|+ |u(x, t)− v(x, t)|) ≤ C max
0≤t≤T

|ζε(t)− η(t)| .

Lemma 6.3.2 then gives

lim sup
ε→0

|uε(x, t)− u(x, t)| ≤ C max
0≤t≤T

|ζ(t)− η(t)| .

The result follows, as η was arbitrary.

(b) As a consequence of the Portmanteau Theorem (see [14]), it is enough to show that,

for any T > 0 and open set G ⊂ BUC(BT × [0, T ]),

lim inf
ε→0

P (uε ∈ G) ≥ P (u ∈ G) ,

where, through abuse of notation, we identify uε and u with the restrictions to BT × [0, T ].
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Below, for σ > 0, define the open set

Gσ :=
{
v ∈ G : ‖v − w‖∞,BT×[0,T ] > σ for all w ∈ Gc

}
.

Fix δ > 0, and let η be a random path such that (6.3.16) holds and ‖ζ − η‖∞,T < δ.

For example, η could be a piecewise linear interpolation of ζ over an appropriately defined

partition, using the fact that any fixed realization of ζ is uniformly continuous on [0, T ].

Let vε and v be as in the statement of Lemma 6.3.2 with the path η. Then

P
(

lim
ε→0

vε = v uniformly on BT × [0, T ]

)
= 1,

and so, by Egoroff’s Theorem, there exists a deterministic ε0 > 0 such that

P
(
‖vε − v‖∞,BT×[0,T ] < δ for all ε ∈ (0, ε0)

)
≥ 1− δ.

Then, for all ε ∈ (0, ε0),

P (uε ∈ G) ≥ P (v + uε − vε ∈ Gδ)− δ ≥ P (u+ uε − vε ∈ G2δ)− δ

≥ P (u ∈ G3δ and ‖ζε − η‖T < δ)− δ

= P ((u, ζε − η) ∈ G3δ ×Bδ(0))− δ.

Since (u, ζε − η) converges in distribution to (u, ζ − η) in BUC(BT × [0, T ]) × C([0, T ]),

letting ε→ 0 yields

lim inf
ε→0

P (uε ∈ G) ≥ P (u ∈ G3δ)− δ,

and the result is proved because δ was arbitrary.

(c) Assume H satisfies (6.3.2), ζ ∈ C([0, T ]), {ζε}ε>0 and {ζ̃ε}ε>0 are two families of

piecewise-C1 paths on [0, T ] that converge uniformly to ζ as ε→ 0, and wε and w̃ε are the

corresponding viscosity solutions of (6.3.10). Then Theorem 4.2.1 implies that the sequences
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{wε}ε>0 and {w̃ε}ε>0 are Cauchy, and, for some C = CL > 0,

sup
(x,t)∈Rd×[0,T ]

|wε(x, t)− w̃ε(x, t)| ≤ C max
t∈[0,T ]

∣∣∣ζε(t)− ζ̃ε(t)∣∣∣ ε→0−−−→ 0.

It follows that the solution operator for (6.3.10) extends uniquely to continuous paths. That

is, as ε → 0, wε and w̃ε converge uniformly in Rd × [0, T ] to a unique limit, which is a

pathwise viscosity solution of (6.3.10).

In parts (a) and (b), the limiting solution is obtained exactly as the extension of this

solution operator. Therefore, the limit is unique and does not depend on the approximating

paths.

(d) If the comparison principle holds for (6.3.10), then this together with Theorem 4.2.1

implies that (6.3.10) has a unique pathwise viscosity solution for any choice of continuous

path ζ. The results in the previous parts now follow easily for continuous paths.

6.4 The multiple-noise case

We discuss next the case when there are multiple driving signals. More precisely, we are

interested in the behavior of equations of the form

(6.4.1) uεt +
1

εγ

m∑
i=0

Hi(Duε, x/ε)ξi(t/ε2γ) in Rd × (0,∞) and uε(·, 0) = u0 in Rd.

Here, for each i = 0, 1, 2, . . . ,m, ξi is a mixing field satisfying (6.1.6), although we will be

making more specific assumptions about these and the Hamiltonians.

To simplify the presentation, in this section we will only consider the periodic setting

(6.3.11). Then, under sufficient conditions on the Hi’s which are made more specific below,

for every p ∈ Rd and ξ ∈ Rm, there exists a unique constant H(p, ξ) such that the cell
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problem

(6.4.2)
m∑
i=1

Hi(p+Dyv, y)ξi = H(p, ξ)

admits periodic solutions v : Td → R. Furthermore, ξ 7→ H(p, ξ) is positively homogenous,

and

(6.4.3) E[H(p, ξ(0)] = 0 for all p ∈ Rd.

As discussed in Section 6.2 above, we will attempt to show that uε is closely approximated

by the solution uε of

(6.4.4) uεt +
1

εγ
H

(
Duε, ξ

(
t

ε2γ

))
= 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd.

The main tool for doing so is the homogenization error estimate obtained by Capuzzo-

Dolcetta and Ishii [20], or Theorem 6.3.5 above.

The limiting behavior for (6.4.4) is well understood if u0(x) = p0 · x for some fixed

p0 ∈ Rd. Indeed, in view of the mixing properties of ξ and the centering property (6.4.3),

as ε→ 0, uε converges locally uniformly in distribution to

p0 · x+ E
[
H(p0, ξ(0))2

]1/2
B(t),

where B is a Brownian motion. We will then be concerned with describing the limit of uε

for arbitrary initial data u0. Under certain assumptions on the Hamiltonians and mixing

fields, the goal will be to explain that there exists M ≥ 1 and, for each j = 1, 2, . . . ,M , an

effective Hamiltonian H
j

: Rd → R satisfying (2.4.4) and a Brownian motion Bj such that,

as ε → 0 and in distribution, uε (and therefore uε) converges in BUC(Rd × (0,∞)) to the
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pathwise viscosity solution u of

(6.4.5) du+
M∑
j=1

H
j
(Du) ◦ dBj = 0 in Rd × (0,∞) and u = u0 in Rd.

Although at first glance, the nature of the problem is similar to the single-noise case,

there will nevertheless be some fundamental differences. Most importantly, the deterministic

effective Hamiltonians {Hj}Mj=1, and even their number M , depend on the particular law of

the mixing field ξ.

We emphasize that this will imply a lack of universality for the limit of uε, even in

probability law. This is related to the following situation: suppose that u and ũ are the

stochastic viscosity solutions of respectively



du+
M∑
i=1

Hi(Du) ◦ dBi = 0 and

dũ+
M̃∑
j=1

H̃j(Dũ) ◦ dB̃j = 0 in Rd × (0,∞), and

u(·, 0) = ũ(·, 0) = u0 in Rd,

where {Bi}Mi=1, {B̃j}M̃j=1 are independent Brownian motions, and

(6.4.6)
M∑
i=1

[
Hi(p)

]2
=

M̃∑
j=1

[
H̃j(p)

]2
for all p ∈ Rd.

The equality (6.4.6) implies that u and ũ have the same distribution whenever u0(x) = p0 ·x

for some fixed p0 ∈ Rd. However, this fails for arbitrary u0 ∈ UC(Rd), even if M = M̃ = 1,
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as can be seen by the following example:


du− ux ◦ dB = 0 and

dũ− |ux| ◦ dB̃ = 0 in R× (0,∞), and

u(x, 0) = ũ(x, 0) = |x| in R.

The Hamiltonians H(p) = p and H̃(p) = |p| clearly satisfy (6.4.6). However, a simple

calculation yields u(x, t) = |x+B(t)|, while it is shown in [55, 53, 76] that

ũ(x, t) = max

{
|x|+ B̃(t), max

0≤s≤t
B̃(s)

}
.

The solutions u and ũ then fail to have the same law. For instance, u(0, t) = |B(t)|, while

ũ(0, t) = max0≤s≤t B̃(t) is an increasing function.

6.4.1 A general class of examples

We now make some further assumptions that give rise to a rich class of examples and results.

For the Hamiltonians {Hi}mi=1, we assume that

(6.4.7)



Hi ∈ C0,1(Rd × Td),

p 7→ H1(p, ·) +
m∑
i=2

Hi(p, ·)ξi is convex for all ξ2, ξ3, . . . , ξm ∈ {−1, 1}, and

lim
|p|→+∞

inf
y∈Td

(
H1(p, y)−

m∑
i=2

∣∣∣Hi(p, y)
∣∣∣) = +∞.

As a consequence of Theorem 6.3.4, the cell problem (6.4.2) is solvable for all p ∈ Rd and

ξ ∈ {−1, 1}m, and furthermore, p 7→ H(p, 1, ξ) is convex and ξ 7→ H(p, ξ) is homogenous.

That is, for all λ ∈ R and ξ ∈ {−1, 1}m,

(6.4.8) H(·, λξ) = λH(·, ξ).
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That (6.4.8) holds for positive λ was already observed in Section 6.2. The full assertion is a

consequence of Theorem 6.3.4 and the convexity assumption in (6.4.7).

The mixing fields are assumed to satisfy, for i = 1, . . . ,m,

(6.4.9)


ξi =

∞∑
k=0

Xi
k1(k,k+1) where

{
Xi
k

}
i=1,2,...,m, k=0,1,...

are independent Rademacher random variables.

In particular, if

(6.4.10) ξi,ε(t) :=
1

εγ
ξi(t/ε2γ) and ζi,ε(t) :=

∫ t

0
ξi,ε(s) ds,

then each ζi,ε is a scaled, linearly-interpolated, simple random walk on Z, and, in distribu-

tion,

(ζ1,ε, ζ2,ε, . . . , ζm,ε)
ε→0−−−→ (B1, B2, . . . , Bm)

in C([0,∞),Rm), where (B1, B2, . . . , Bm) is an m-dimensional Brownian motion.

Define 
Am := {j = (j1, j2, . . . , jl) : ji ∈ {1, 2, . . . ,m}, j1 < j2 < · · · < jl},

|j| = |(j1, j2, . . . , jl)| := l, and

Amo := {j ∈ Am : |j| is odd.}.

Note that #Am = 2m − 1 and #Am0 = 2m−1.
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For any j = (j1, j2, . . . , jl) ∈ Am, define

(6.4.11)



ξj := ξj1ξj2 · · · ξjl for ξ = (ξ1, ξ2, . . . , ξm) ∈ {−1, 1}m,

H
j
(p) :=

∑
ξ∈{−1,1}m

2−mH(p, ξ)ξj,

X
j
k := X

j1
k X

j2
k · · ·X

jl
k ,

ζj(0) := 0, ζ̇j :=
∞∑
k=0

X
j
k1(k,k+1), and ζj,ε(t) := εγζj(t/ε2γ).

Observe that, for each j ∈ Am0 , H
j

is a difference of convex functions. Note also that if

|j| is even, then the homogeneity property (6.4.8) implies that H
j

= 0.

We then have the following result:

Theorem 6.4.1. Assume that 0 < γ < 1/6, u0 ∈ Lip(Rd), (6.4.7), and (6.4.9), and let uε

be the solution of (6.4.1). Then there exist 2m−1 independent Brownian motions {Bj}j∈Amo ,

such that, in distribution,

(
uε, {ζj,ε}j∈Amo

)
ε→0−−−→

(
u, {Bj}j∈Amo

)
in BUC(Rd × [0, T ])× C

(
[0, T ],R2m−1

)
,

where u is the stochastic viscosity solution of

(6.4.12) du+
∑
j∈Am0

H
j
(Du) ◦ dBj = 0 in Rd × (0,∞) and u(·, 0) = u0 in Rd.

The result relies on the fact that, due to the assumptions on the mixing fields ξi, which

take their values only in {−1, 1}, the general effective Hamiltonian H(p, ξ) can be decom-

posed using a combinatorial argument. This is described by the next lemmas.

Lemma 6.4.1. Let {Xj}mj=1 be mutually independent Rademacher random variables. Then
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the random variables defined by

Xj := Xj1Xj2 · · ·Xjl for j = (j1, j2, . . . , jl) ∈ Am

are pairwise independent and Rademacher.

Proof. The Rademacher property follows from the mutual independence of the {Xj}mj=1.

To prove the pairwise independence, it is enough to establish the following two facts: if

X, Y , and Z are pairwise independent Rademacher random variables, then


X and XZ are independent, and

XZ and Y Z are independent.

Both facts are easily checked.

Lemma 6.4.2. Let f : {−1, 1}m → R. Then

(6.4.13) f(ξ) = f0 +
∑
j∈Am

fjξ
j,

where

f0 :=
1

2m

∑
ξ∈{−1,1}m

f(ξ) and fj :=
1

2m

∑
ξ∈{−1,1}m

f(ξ)ξj.

If f is odd, then f0 = 0 and the sum in (6.4.13) is taken over j ∈ Amo .

Proof. The last statement about odd f follows easily from the formulas. To prove these,

let Fm be the space of all real-valued functions on {−1, 1}m. This is a 2m-dimensional

vector space. On the other hand, the 2m functions in the collection Pm := {1, {ξj}j∈Am}

are linearly independent elements of Fm, and therefore, their span is equal to Fm.

For f, g ∈ Fm, define the inner product

〈f, g〉Fm :=
1

2m

∑
ξ∈{−1,1}m

f(ξ)g(ξ).
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With respect to 〈·, ·〉Fm , Pm becomes an orthonormal basis, so that, for any f ∈ Fm,

f =
∑
q∈Pm

〈f, q〉Fmq,

which is the desired conclusion.

As a corollary, we relate the effective Hamiltonian H : Rd × Rm from (6.4.2) to the

definitions in (6.4.11):

Corollary 6.4.1. For all p ∈ Rd and ξ ∈ {−1, 1}m,

H(p, ξ) :=
∑
j∈Amo

H
j
(p)ξj.

Now let uε be the solution of the equation

(6.4.14) uεt +
∑
j∈Amo

H
j
(Duε)ζ̇j,ε(t) = 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd,

where the H
j
’s and ζj’s are as in (6.4.11).

Lemma 6.4.3. There exists C = CL > 0 such that, whenever Lip(u0) ≤ L, ε > 0 and

T > 1,

sup
(x,t)∈Rd×[0,T ]

|uε(x, t)− uε(x, t)| ≤ CTε1/3−2γ .

Proof. We do not give the full details of the proof, as it is very similar to that of Lemma

6.3.2, although quantitative, and made simpler by the fact that periodic homogenization is

global in space, so that the finite speed of propagation property from Lemma 6.3.3 does not

need to be used.

The argument follows by applying the O(ε1/3) rate of convergence from the periodic

homogenization of Hamilton-Jacobi equations on each of the approximately 1/ε2γ intervals
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on which ξε(t) is constant. The effective equation on each of those intervals is given by

uεt +H(Duε, ε−γξ(t/ε2γ)) = 0,

which is exactly equation (6.4.14) in view of Corollary 6.4.1.

We finally present the

Proof of Theorem 6.4.1. Because γ < 1
6 , Lemma 6.4.3 implies that, with probability one,

lim
ε→0

sup
(x,t)∈Rd×[0,T ]

|uε(x, t)− uε(x, t)| = 0.

In view of Lemma 6.4.1, the path

{ζj,ε}j∈Amo ∈ C
(

[0,∞),R2m−1
)

is a random walk which, as ε→ 0, converges in distribution to a 2m−1-dimensional Brownian

motion {Bj}j∈Amo .

The stability result Theorem 4.1.1 implies that the solution operator for the equation

(6.4.12) given by

S : C
(

[0, T ],R2m−1
)
3 B 7→ u ∈ BUC(Rd × [0, T ])

is continuous, and, therefore, so is the graph map

(Id, S) : C
(

[0, T ],R2m−1
)
3 B 7→ (B, u) ∈ C

(
[0, T ],R2m−1

)
×BUC(Rd × [0, T ]).

It follows from the Mapping Theorem that, if uε is the solution of (6.4.14), then, as ε→ 0,

(uε, ζε) converges in distribution to (u,B) in BUC(Rd × [0, T ]) × C([0, T ],R)2m−1
. The

result now follows from Slutzky’s theorem.
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6.4.2 A one-dimensional example

We begin with some examples in the case d = 1.

We consider the following cell problem

(6.4.15) |p+ v′(y)|+ F (y) = H(p) on T.

It what follows, define 〈V 〉 :=
∫ 1

0 V (y) dy for any V ∈ C(T).

Lemma 6.4.4. The effective Hamiltonian H in (6.4.15) is given by

H(p) = max

{
max
y∈T

F (y), |p|+ 〈F 〉
}
.

Proof. Assume first that |p| ≤ maxF − 〈F 〉. Let ym ∈ [0, 1] be such that maxF = F (ym).

Then there exists y∗ ∈ [ym, 1 + ym] such that

∫ y∗

ym
(maxF − F (t)) dt−

∫ 1+ym

y∗
(maxF − F (t)) dt = p.

We then define a function v on [ym, 1 + ym] as below and extend it periodically to the rest

of R:

v(y) :=


∫ y

ym
(maxF − F (t)− p) dt if ym ≤ y ≤ y∗, and

v(y∗)−
∫ y

y∗
(maxF − F (t) + p) dt if y∗ < y ≤ 1 + ym.

It is standard to check that v is a viscosity solution of |v′ + p|+ F (y) = maxF in R.

Now assume that p > maxF − 〈F 〉. Then

v(y) :=

∫ y

0
(〈F 〉 − F (t)) dt

is a C1 solution of the equation |v′ + p|+ F (y) = p+ 〈F 〉. A similar construction works for

p < −(maxF − 〈F 〉).
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Now, for u0 ∈ Lip(R), ζ1,ε and ζ2,ε as in (6.4.10), and f ∈ C0,1(T), consider the equation

(6.4.16)


uεt + |∂xuε|ζ̇1,ε + f

(x
ε

)
ζ̇2,ε = 0 in R× (0,∞) and

uε(·, 0) = u0 in R.

Theorem 6.4.1 implies that, as ε→ 0, (uε, ζ1,ε, ζ2,ε) converges in distribution to (u,B1, B2),

where B1 and B2 are independent Brownian motions and u is the solution of an equation of

the form

(6.4.17)


du+H

1
(∂xu) ◦ dB1 +H

2
(∂xu) ◦ dB2 = 0 in R× (0,∞) and

u(·, 0) = u0 in R,

provided that γ < 1
6 . In fact, the convergence actually holds if γ < 1, as a result of the

recent homogenization error estimates proved in [61].

Using the formulas in (6.4.11) and Lemma 6.4.4, we explicitly compute H
1

and H
2
. In

particular, for all p ∈ Rd and ξ1, ξ2 ∈ {−1, 1},

ξ1 max

{
max
y∈T

(
ξ2

ξ1
f(y)

)
, |p|+ 〈f〉ξ

2

ξ1

}
= H1(p)ξ1 +H2(p)ξ2.

It turns out that these depend on the relationship between the average of f and its amplitude.

More precisely, we need to split into two cases, depending on whether

〈f〉 > max f −max f

2
or 〈f〉 < max f −min f

2
.

In the first case, we say that f skews upwards, and in the second, we say that f skews

downwards.
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If f skews upwards, then 0 ≤ max f − 〈f〉 < 〈f〉 −min f , and

H
1
(p) =



max f −min f

2
if |p| ≤ max f − 〈f〉,

1

2
|p|+ 1

2
(〈f〉 −min f) if max f − 〈f〉 < |p| ≤ 〈f〉 −min f,

|p| if |p| > 〈f〉 −min f,

and

H
2
(p) =



max f + min f

2
if |p| ≤ max f − 〈f〉,

1

2
|p|+ 1

2
(〈f〉+ min f) if max f − 〈f〉 < |p| ≤ 〈f〉 −min f,

〈f〉 if |p| > 〈f〉 −min f.

If f skews downwards, then 0 ≤ 〈f〉 −min f < max f − 〈f〉, and

H
1
(p) =



max f −min f

2
if |p| ≤ 〈f〉 −min f,

1

2
|p|+ 1

2
(max f − 〈f〉) if 〈f〉 −min f < |p| ≤ max f − 〈f〉,

|p| if |p| > max f − 〈f〉,

and

H
2
(p) =



max f + min f

2
if |p| ≤ 〈f〉 −min f,

1

2
|p|+ 1

2
(max f − 〈f〉) if 〈f〉 −min f < |p| ≤ max f − 〈f〉,

〈f〉 if |p| > max f − 〈f〉.

6.4.3 Dependence of the limit on the noise approximation

We consider equation (6.4.16) once more, but for different approximating paths.

We will still define, for i = 1, 2, ζi,ε(t) = εγζi(t/ε2γ), where

ζ̇i(t) =
∞∑
k=0

Xi
k1(k,k+1)(t)

for some collection of independent random variables {Xi
k}i=1,2, k=0,1,2,.... We will still as-
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sume that

{X1
k}k=0,1,2,... are independent Rademacher random variables.

However, for the other collection, we will assume


X2
k =

a+ b

2
Yk +

a− b
2

Zk,

0 < b < a, a2 + b2 = 2, a(max f − 〈f〉) < b(〈f〉 −min f),

{Yk, Zk}∞k=0 are independent Rademacher random variables.

Note that 
P
(
X2
k = a

)
= P

(
X2
k = b

)
= P

(
X2
k = −a

)
= P

(
X2
k = −b

)
=

1

4
,

EX2
k = 0, and E|X2

k |
2 = 1.

In particular, there exists a standard Brownian motion (B1, B2) such that

(
ζ1,ε, ζ2,ε

)
ε→0−−−→ (B1, B2) in distribution.

However, the limiting equation for uε is no longer (6.4.17). Define the approximating paths

ζj,ε(t) := εγζj(t/ε2γ) for j ∈ {{1}, {2}, {3}, {1, 2, 3}}, where



ζ{1},ε := ζ1,ε, ζ{2}(0) = ζ{3}(0) = ζ{1,2,3}(0) := 0,

ζ̇{2}(t) :=
∞∑
k=0

Yk1(k,k+1)(t), ζ̇{3}(t) :=
∞∑
k=0

Zk1(k,k+1)(t), and

ζ̇{1,2,3}(t) :=
∞∑
k=0

X1
kYkZk1(k,k+1)(t).
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Equation (6.4.16) then becomes

(6.4.18)


uεt + |∂xuε|ζ̇{1},ε +

a+ b

2
f
(x
ε

)
ζ̇{2},ε

+
a− b

2
f
(x
ε

)
ζ̇{3},ε = 0 in R× (0,∞) and

uε(·, 0) = u0 in R.

This falls into the class of equations studied in Theorem 6.4.1. Applying this result shows

that, if γ < 1, then, for some independent Brownian motions Bj with j equal to {1}, {2},

{3}, or {1, 2, 3},

(
uε, ζ{1},ε, ζ{2},ε, ζ{3},ε, ζ{1,2,3},ε

)
ε→0−−−→

(
u,B{1}, B{2}, B{3}, B{1,2,3}

)
in distribution,

where u is the stochastic viscosity solution of

(6.4.19)


du+H

{1}
(∂xu) ◦ dB{1} +H

{2}
(∂xu) ◦ dB{2} +H

{3}
(∂xu) ◦ dB{3}

+H
{1,2,3}

(∂xu) ◦ dB{1,2,3} = 0 in R× (0,∞) and

u(·, 0) = u0 in R

with

H
{1}

(p) :=

a+ b

4
(max f −min f) if 0 ≤ |p| ≤ b(max f − 〈f〉),

1

4
|p|+ a

4
(max f −min f) +

b

4
(〈f〉 −min f) if b(max f − 〈f〉) ≤ |p| ≤ a(max f − 〈f〉),

1

2
|p|+ a+ b

4
(〈f〉 −min f) if a(max f − 〈f〉) ≤ |p| ≤ b(〈f〉 −min f),

3

4
|p|+ a

4
(〈f〉 −min f) if b(〈f〉 −min f) ≤ |p| ≤ a(〈f〉 −min f),

|p| if |p| ≥ a(〈f〉 −min f),
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H
{2}

(p) :=

a+ b

4
(max f + min f) if 0 ≤ |p| ≤ b(max f − 〈f〉),

1

4
|p|+ a

4
(max f + min f) +

b

4
(〈f〉+ min f) if b(max f − 〈f〉) ≤ |p| ≤ a(max f − 〈f〉),

1

2
|p|+ a+ b

4
(〈f〉+ min f) if a(max f − 〈f〉) ≤ |p| ≤ b(〈f〉 −min f),

1

4
|p|+ a

4
(〈f〉+ min f) +

b

2
〈f〉 if b(〈f〉 −min f) ≤ |p| ≤ a(〈f〉 −min f),

a+ b

2
〈f〉 if |p| ≥ a(〈f〉 −min f),

H
{3}

(p) :=

a− b
4

(max f + min f) if 0 ≤ |p| ≤ b(max f − 〈f〉),

−1

4
|p|+ a

4
(max f + min f)− b

4
(〈f〉+ min f) if b(max f − 〈f〉) ≤ |p| ≤ a(max f − 〈f〉),

a− b
4

(〈f〉+ min f) if a(max f − 〈f〉) ≤ |p| ≤ b(〈f〉 −min f),

1

4
|p|+ a

4
(〈f〉+ min f)− b

2
〈f〉 if b(〈f〉 −min f) ≤ |p| ≤ a(〈f〉 −min f),

a− b
2
〈f〉 if |p| ≥ a(〈f〉 −min f),

and

H
{1,2,3}

(p) :=

a− b
4

(max f −min f) if 0 ≤ |p| ≤ b(max f − 〈f〉),

−1

4
|p|+ a

4
(max f −min f)− b

4
(〈f〉 −min f) if b(max f − 〈f〉) ≤ |p| ≤ a(max f − 〈f〉),

a− b
4

(〈f〉 −min f) if a(max f − 〈f〉) ≤ |p| ≤ b(〈f〉 −min f),

−1

4
|p|+ a

4
(〈f〉+ min f) if b(〈f〉 −min f) ≤ |p| ≤ a(〈f〉 −min f),

0 if |p| ≥ a(〈f〉 −min f).
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6.4.4 Some front propagation problems

We now consider the following general first-order, level-set equation

(6.4.20) uεt +
1

εγ
A

(
x

ε
,
t

ε2γ

)
|Duε| = 0 in Rd × (0,∞) and uε(·, 0) = u0 in Rd,

where

(6.4.21)



A(y, t) :=
m∑
i=1

ai(y)ξi(t),

ξi satisfies (6.4.9) and ai ∈ Lip(Td) for all i = 1, 2, . . . ,m, and

a1 >
m∑
k=2

|ak|.

Equation (6.4.20) is the level set equation for a hypersurface evolving according to the normal

velocity −ε−γA(x/ε, t/ε2γ).

For i = 1, 2, . . . ,m, define Hi(p, x) := ai(x)|p|. The convexity and coercivity assumptions

in (6.4.7) are satisfied in view of the last line of (6.4.21), and therefore Theorem 6.4.1 can

used to study (6.4.20) when γ < 1/6. In this case, the effective Hamiltonian H given by

(6.4.2) is positively homogenous in the gradient variable, and, from the formula in (6.4.11),

so are each of the H
j

for j ∈ Amo . Therefore, each H
j

has the form

H
j
(p) := aj

(
p

|p|

)
|p| for some aj : Sd−1 → R.

For some independent Brownian motions {Bj}j∈Amo , the limiting equation is then of the

form

du+
∑
j∈Amo

aj
(
Duε

|Duε|

)
|Duε| ◦ dBj in Rd × (0,∞) and u(·, 0) = u0 in Rd.

In other words, as ε→ 0 and in distribution, the level-set flow corresponding to the normal
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velocity −εγA(x/ε, t/ε2γ) converges in the Hausdorff metric to the level-set flow with the

normal velocity dB(n, t), where

B(n, t) :=
∑
j∈Amo

aj(n)Bj(t).
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[15] R. Bouc and É. Pardoux. Asymptotic analysis of PDEs with wide-band noise distur-
bances, and expansion of the moments. Stochastic Anal. Appl., 2(4):369–422, 1984.

[16] Kenneth A. Brakke. The motion of a surface by its mean curvature, volume 20 of
Mathematical Notes. Princeton University Press, Princeton, N.J., 1978.

[17] Rainer Buckdahn and Jin Ma. Stochastic viscosity solutions for nonlinear stochastic
partial differential equations. I. Stochastic Process. Appl., 93(2):181–204, 2001.

[18] Rainer Buckdahn and Jin Ma. Stochastic viscosity solutions for nonlinear stochastic
partial differential equations. II. Stochastic Process. Appl., 93(2):205–228, 2001.

[19] Luis A. Caffarelli and Panagiotis E. Souganidis. A rate of convergence for monotone
finite difference approximations to fully nonlinear, uniformly elliptic PDEs. Comm.
Pure Appl. Math., 61(1):1–17, 2008.

[20] I. Capuzzo-Dolcetta and H. Ishii. On the rate of convergence in homogenization of
Hamilton-Jacobi equations. Indiana Univ. Math. J., 50(3):1113–1129, 2001.

[21] Michael Caruana, Peter K. Friz, and Harald Oberhauser. A (rough) pathwise approach
to a class of non-linear stochastic partial differential equations. Ann. Inst. H. Poincaré
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