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ABSTRACT

In this thesis, we introduce the notion of toy shtukas. The motivation comes from
the question of constructing certain rational functions on the moduli stack of Drinfeld
shtukas. These rational functions are somewhat similar to modular units, with their
divisors supported on the horospherical locus. Analogously to horospherical divisors
on the moduli stack of Drinfeld shtukas, there are toy horospherical divisors on the
moduli scheme of toy shtukas. We describe the space of principal toy horospherical
divisors. There is a canonical morphism from the moduli stack of Drinfeld shtukas to
the moduli scheme of toy shtukas. The main result of this thesis is a description of

the space of principal horospherical divisors obtained from the pullback.
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CHAPTER 1
INTRODUCTION

1.1 Background and motivation

The notion of a shtuka (originally called an F-sheaf) was introduced by Drinfeld
in [4, 6], and was used to prove the Langlands correspondence over function fields
by Drinfeld in the case of GL9 and by L. Lafforgue in the case of GL,; for arbitrary
d > 2. More recently, V. Lafforgue proved the automorphic-to-Galois direction of the
Langlands correspondence for arbitrary reductive groups over function fields using a
more general notion of shtukas.

In [5, Section 6], Drinfeld calculated the intersection pairing between horospherical
divisors of the compactified moduli scheme of shtukas of rank 2 with all level structu-
res, and showed that its kernel is equal to the space of horospherical divisors that are
homologically equivalent to zero. Since H' of the moduli scheme vanishes as shown
in [7], this kernel equals the space of those horospherical divisors that are principal
up to torsion. Its description can be thought of as a function field analogue of the
Manin-Drinfeld theorem on cusps of modular curves. In [5, Section 6, Remark (2)],
Drinfeld asked to explicitly construct the rational functions corresponding to those
principal horospherical divisors.

This thesis is motivated by the above question by Drinfeld. We construct certain
rational functions on the moduli stack of Drinfeld shtukas of rank d > 2. When
d = 2, the construction answers the question of Drinfeld. When d > 2, we give a
description of the linear relations among horospherical divisors generated by these

rational functions, and we hope that they are all of them.



1.2 Approach

In order to obtain rational functions and principal horospherical divisors on the
moduli stack of shtukas Sht, we introduce the notion of toy shtukas. Their moduli
space ToySht is a closed subscheme of the Grassmannian. Analogously to horosp-
herical divisors on Sht, we have toy horospherical divisors on ToySht. Using partial
Frobeniuses, we are able to calculate the space of principal toy horospherical divisors.
It is generated by principal Schubert divisors of ToySht, and one can find the cor-
responding rational functions explicitly. There is a natural morphism 6 from Sht to
ToySht. Pullback along 6 gives rational functions and principal horospherical divisors

on Sht.

1.3 Contents

1.83.1 Drinfeld shtukas

In the first half of Chapter 2, we give a review of Drinfeld shtukas. We recall the
action of the adelic group. We also review the notion of partial Frobeniuses, which
plays an important role in the theory of shtukas.

In the second part of Chapter 2, we study reducible shtukas over a field. When
the zero and the pole satisfy condition (4) in Section 1.4, the structure of such a
shtuka is described in Theorem 2.2.6. This result is crucial to the relation between

horospherical divisors and toy horospherical divisors.

1.3.2  Toy shtukas

In Chapter 3, we start to study toy shtukas.
The definition of toy shtukas is given in Section 3.1. A toy shtuka over a field is

defined as follows. Let V' be a finite dimensional vector space over a finite field IF;. Let



Grass{, be the Grassmannian for subspaces of V' of dimension n. We define a closed
subscheme ToySht}, C Grassy, whose H:'Tq—points consist of subspaces L C V ® E
such that L N Fr* L has codimension at most 1 in L. (See Definition 3.1.1 for the
description of ToyShty,(S) for any scheme S over Fy.) A point of ToyShty, is called a
toy shtuka for V' of dimension n. Analogously to Drinfeld shtukas, we have the notion
of left and right toy shtukas, and there are partial Frobeniuses relating them. See
Section 3.1 and Section 3.2.5 for more details.

In Section 3.2, we prove basic properties of ToyShty;.

Analogously to horospherical divisors on the stack of shtukas, we have toy ho-
rospherical divisors on the scheme of toy shtukas. They are studied in Section 3.4.
We give more details here. Let V' be a finite dimensional vector space over F; with
dim[gq V>3 Let1 <n < N —1. For a one-dimensional subspace J C V, those
toy shtukas for V' of dimension n which contain J form a codimension 1 subscheme
of ToyShty,. There is a similar statement for any hyperplane H C V. When re-
stricted to the smooth locus of ToySht?;, these codimension 1 subschemes are called
toy horospherical divisors. We give Z[%]—linear relations between the classes of toy
horospherical divisors in Theorem 3.4.6.

Restrictions of Schubert divisors of Grassy, give divisors on the nonsingular locus
of ToySht{,. In Section 3.3, we show that these divisors are toy horospherical divisors,
and we give an explicit description of them. These divisors are related to the Knudsen-

Mumford divisors on the stack of Drinfeld shtukas.

1.3.3 Tate toy shtukas

When dealing with shtukas, to get the action of the adelic group, we consider
shtukas with structures of all levels. Correspondingly, we need to study toy shtukas
for Tate spaces, which is the content of Chapter 4.

In Section 4.1.1, we give a brief survey of Tate spaces. Eventually the Tate space
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will be Ad, where A is the ring of adeles of some function field, and d is the rank of
the shtukas.

Let T be a Tate space over ;. Roughly speaking, a Tate toy shtuka for T'is a
discrete lattice of T" which is almost preserved by Frobenius. The moduli problem
of Tate toy shtukas for T is representable by a scheme ToySht’., which is a closed
subschemes of the Sato Grassmannian Grass’.. Let °ToySht’ be the nontrivial locus
of ToySht’h, i.e., the locus where the discrete lattice is not preserved by Frobenius.
When T is nondiscrete and noncompact, °ToySht7 is not locally Noetherian. There-
fore, one cannot hope to write a Cartier divisor of °ToySht’ as a sum of irreducible
ones.

In Theorem 4.4.12; we identify the (partially) ordered abelian group of Tate toy
horospherical divisors of °ToySht’ as a certain class of locally constant functions
on the totally disconnected topological space (T' — {0}) [[(T* — {0}). Here we are
seriously working with Cartier divisors of schemes which are not locally Noetherian.
This seems to be a novel feature of our work.

In Theorem 4.6.2, we describe the (partially) ordered abelian group of those prin-
cipal Z[%]—divisors of °ToySht7 supported on the union of Tate toy horospherical
subschemes. The appearance of Fourier transform there gives a link to the intert-
wining operator for Eisenstein series, which plays an important role in the theory of

horospherical divisors on the stack of Drinfeld shtukas.

1.3.4  Relation between shtukas and toy shtukas

In Chapter 5, we pullback principal toy horospherical divisors along the canonical
morphism Sht — ToySht to obtain principal horospherical divisors on the moduli
scheme of shtukas equipped with all level structures.

We relate Drinfeld shtukas with toy shtukas in Section 5.1. In Propositions 5.1.1,

5.1.2 and 5.1.3, to a shtuka equipped with level structures satisfying certain vanishing
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conditions on its cohomology, we functorially associate a toy shtuka. In Section 5.2, we
obtain the canonical morphism 6 from the moduli scheme of shtukas with structures
of all levels to the moduli scheme of Tate toy shtukas.

In Section 5.4, we calculate the pullback of a Tate toy horospherical divisor under
the morphism 6. The pullback turns out to be an averaging operator, as shown
in Theorem 5.4.6. The main result of this thesis is Theorem 5.4.7, which gives a
subspace of principal horospherical Z[%]—divisors of the moduli scheme of shtukas
with structures of all levels. We hope that this subspace actually equals the whole

space.

1.4 Notation and conventions

The following notation and conventions will be used throughout the article.

Fix a prime number p and fix a finite field Fy of characteristic p with ¢ elements.

For any vector space V' over Iy, we denote Py« to be the set of codimension 1
subspaces of V', and we denote Py, to be the set of dimension 1 subspaces of V.

Let X be a smooth projective geometrically connected curve over F,. Let k be
the field of rational functions on X. Let A be the ring of adeles of k. Let O be the
subring of integral adeles in A.

For a scheme S over F, we denote Frg to be its Frobenius endomorphism relative
to Fy. We denote @g = Idxy xFrg : X x § —+ X x S, and let 7g : X x S — S be
the projection. We sometimes write ® and 7 instead of ®g and mg when there is no
ambiguity about S.

For two schemes S and S over Fy, S1 x Sy denotes the product of S; and S9
over Fy, and by a morphism S; — So we mean a morphism over [Fy.

For a scheme S over [Fy and two morphisms «, 8 : S — X, we say that they satisfy



condition (x) if

FFrg( oa FFrJ)'( op’ (i,j € Z>() are mutually disjoint subsets of X x §. (%)

We say that they satisfy condition (+) if

r Nnr = () for all 4,5 € Z>. (+)

Frg( ow

FI‘JX of3

Condition (%) is equivalent to the combination of (+) and the condition that « and
£ map S to the generic point of X.

For a morphism « : S — X, we sometimes write « instead of its graph T'y,.



CHAPTER 2
DRINFELD SHTUKAS

2.1 Review of Drinfeld shtukas

2.1.1 Definition of Drinfeld shtukas

Let S be a scheme over Fy. Recall that we denote ® = Idy x Frg : X xS — X x§.

Definition 2.1.1 (Drinfeld). A left shtuka of rank d over S is a diagram
7L g by

of locally free sheaves of rank d on X x S, where ¢ and j are injective morphisms, the
cokernel of 7 is an invertible sheaf on the graph I'y, of some morphism « : S — X, the
cokernel of j is an invertible sheaf on the graph I's of some morphism 8 : 5 — X.

A right shtuka of rank d over S is a diagram
o7 7 L7

of locally free sheaves of rank d on X x S, where f and ¢ are injective morphisms, the
cokernel of f is an invertible sheaf on the graph I'y of some morphism « : S — X,
the cokernel of g is an invertible sheaf on the graph I'g of some morphism §: .5 — X.

We say that « is the zero of the shtuka and /3 is the pole of the shtuka.

Definition 2.1.2 (Drinfeld). For two morphisms «, : S — X, a shtuka of rank
d over S with zero o and pole [ is a locally free sheaf .# of rank d on X x S
equipped with an injective morphism ®*% — F(I'g) inducing an isomorphism
d*det . F = (det F)(T'g — T'a), such that the image of the composition ®*7 —

F(g) — F(['g)/F has rank at most 1 at I'g.

7



Remark 2.1.3. When the zero and the pole have disjoint graph, Construction A in
Section 2.1.2 shows that there is no difference between a shtuka, a left shtuka and a
right shtuka. This remains true after applying any powers of partial Frobeniuses (see
Section 3.2.5) if we impose condition (4) on the zero and the pole.

From now on, when the zero and the pole satisfy condition (), we do not distin-

guish left and right shtukas, and simply call them shtukas.

Lemma 2.1.4. Let .# be a quasi-coherent sheaf on X and let M be the pullback

of A under the projection X x S — X. Then we have a canonical isomorphism

QM= M. ]

Definition 2.1.5 (Drinfeld). Let .# be a shtuka (resp. a left shtuka, resp. a right
shtuka) of rank d over S with zero o and pole 3. Let D be a finite subscheme of X
such that o and § map to X — D. A structure of level D on .# is an isomorphism

L. F ®O0Opys — ﬁ%x g such that the following diagram commutes:

L d
FR0pyg ——— ﬁDxS

7

d*y d

2.1.2  General constructions for shtukas

We have the following constructions for shtukas, which induce morphisms between
moduli stacks of shtukas.

Construction A:

(i) Let &*¥ é’ F r—Z> 4 be a left shtuka with zero o and pole S such that

FanTg= (). We form the pushout diagram

g 2o

|

7 L arg
8



Then &*¥¢ i) # LG s a right shtuka of the same rank, with the same zero and
pole.
(ii) Let ®*9¢ <i> Z &G ve a right shtuka with zero o and pole 3 such that

FanTg= (). We form the pullback diagram

g 9 7

{1

H — . oy

Then ®*¥¢ <i" Y4 i> 4 is a left shtuka of the same rank, with the same zero and
pole.

Construction B:

(i) For a left shtuka ®*¥ (i’ F 4 & with zero o and pole 3, we can construct a
right shtuka ®*.% (q>_*@> o g <i° Z of the same rank, with zero Fry o« and pole (.

(i) For a right shtuka ®*.% i) @ &> F with zero a and pole 3, we can construct
a left shtuka ®*¥ <(I)—*g> O*F £ ¢ of the same rank, with zero o and pole Fry o 5.

Construction C: For a shtuka .7 with zero a and pole [ satisfying ', N I'pg= 0,
its dual .Z" is a shtuka of the same rank, with zero 8 and pole a.

Construction D: Let .# be a shtuka over S. Let .Z be an invertible sheaf on
X, and let Z be the pullback of . under the projection X x S — X. then ¥ ® 2
is a shtuka of the same rank, with the same zero and pole.

Construction D’: Suppose in Construction D the shtuka .# is equipped with a
structure of level D and the invertible sheaf % is trivialized at D. Then the shtuka
F @ L is naturally equipped with a structure of level D.

Construction E: Let .# be a shtuka of rank d equipped with a structure of level
D. Suppose we are given an & p-submodule % C ﬁ%. Let .#' be the kernel of the
composition F — F Qg o ODxS = ﬁdeS — ﬁ%xs/(% X Og). Then Z' is a

shtuka of the same rank, with the same zero and pole.

9



Construction E’: Suppose in Construction E we are given a surjective morphism
of &p-modules # — ﬁ%,, where D’ is a subscheme of D. Then the composition

F' - AR Og — ﬁ%,xs defines a structure of level D’ on %',

2.1.3 The action of GLq(A)/k* on Shth,

Let Shtgu be the moduli scheme of shtukas equipped with structures of all levels
compatible with each other.

We recall the (left) action of GLy(A)/k™ on Shtg11 defined in [6, Section 3].

We first define an action of the semigroup GL;(A) = {g € GLy(A)|g~! €
Matgxq(O)}-

Let .# € Shtgu(S) and let g € GL; (A). We have g r0% ¢ O%. Choose an open
ideal I C O such that 7-O% c ¢~1O%. Let D C X be the subscheme corresponding to
I, and let Z C ﬁ% be the &p-submodule corresponding to the submodule g_lOd/ I-
01 ¢ (O/I)d. Applying Construction E in Section 2.1.2 to .# and %, we obtain a
right shtuka .%’, which does not depend on the choice of I.

Let D' be a finite subscheme of X and let J C O be the ideal corresponding
to D'. In order to equip % with a structure of level D', we choose I such that
1.0¢ c J-h~10%. Then the composition g~ 10?/I1.0% — g=104/J.g~ 0% %5 (0/.7)¢
is surjective. Applying Construction E’, we obtain a structure of level D’ on .Z#'.

It is easy to see that the above construction induces an action of the semigroup

— d
GL;(A) on Sht(a,ﬁ),all'

On the other hand, we have a canonical isomorphism A /k* = lim Picp. Con-
D

struction D’ gives the action of Picp(X) on Shtgu. Passing to projective limit, we
get an action of A* /k* on Shtgu. One can check that this action on A* NGL, (A)
coincides with the restriction of the action of GL (A).

Since GLg(A) = A* - GL (A), we obtain an action of GLg(A)/k™ on Shtgu.

10



Lemma 2.1.6. The action of g € GL4(A) increases the Euler characteristic of a

shtuka by degg. [

2.1.4 Partial Frobenius

Definition 2.1.7. Let F) be the construction of first applying A(ii) and then applying
B(i). Let Fy be the construction of first applying B(ii) and then applying A(i). They

are called partial Frobenius.

Proposition 2.1.8. For a shtuka # over S with zero and pole satisfying condition

(+), we have natural isomorphisms F1Fy.F = Iy 1. = Frg F. O

Remark 2.1.9. If a shtuka % over S has zero a and pole 3, then F}.% has zero

aokrg = Frx oa and pole 8, and Fb.# has zero o and pole foFrg = Fryx o 5.

2.2 Reducible shtukas over a field

In this section, we fix a field E over F;. Recall that we denote ® = Idy ® Frg :

XQFE—=-XQ®LE.

2.2.1 Definitions

Definition 2.2.1. A shtuka .% over Spec E of rank d with zero o and pole [ is said

to be reducible if % contains a nonzero subsheaf & of rank < d such that the image

of ®*& in . () is contained in &(f).

Lemma 2.2.2. With the same notation as in Definition 2.2.1, if 4 is the saturation
of & in F, then the image of ®*Y in .F (5) is contained in 9 (B), (P*Y +9)/9 is a
torsion sheaf at 5 of length at most one, and (®*Y +9)/P*Y is a torsion sheaf at o

of length at most one.

11



Proof. Let n = Spec E/ be the generic point of X ® E. Recall that k is the field of
rational functions on X. The injective homomorphism Id;, @ Frp : k@ F - k® F
induces a homomorphism ¢ : £/ — E’. The morphism ®*.# — .%(3) induces a
linear map of E’'-vectors spaces ¢ : ¢*.%, — F,. The condition ®*& C &() implies
that ¢(v*&;) = &,. Note that %, = (®*F),. Thus the two subbundles ¥ C &
and ®*¢ C ®*F correspond to the same E’-subspace &, C .%,. Since ¥(J) is
saturated in .Z(8), we have ®*¢ C ¢(5). The definition of a shtuka implies that
(O*F + F)/.7 is a torsion sheaf at  of length at most one, hence is (®*Y +¥)/¥9.

The proof for (®*Y + ¢)/D*Y is similar. O

Remark 2.2.3. Let the notation be the same as in Definition 2.2.1. Let ¢ be the

saturation of & in .#. We have an exact sequence of locally free sheaves on X ® F

0 > G s F s I

e

Assume a # . From Lemma 2.2.2 we see that one (and only one) of the following
two possibilities holds.

(1) ¢4 is a shtuka with zero « and pole 8, and the morphism ®*# — 7 ()
induces an isomorphism ®*# — .

(2) o is a shtuka with zero o and pole 3, and the morphism ®*.# — Z ()

induces an isomorphism ®*¢ = 4.

2.2.2  Maximal trivial sub and mazximal trivial quotient

Lemma 2.2.4. Let o, 8 : Spec E — X be two morphisms. If an effective divisor D

of X ® I satisfies *D + o = D + 3, then § = Fr'y, o for some n > 0.

Proof. We prove by induction on the degree of D. When D = 0, we get a = £.
When D > 0 and o # f3, set D' = D — a. Then D’ is effective, deg D’ < deg D, and

12



®*D’ — D' = B—Fry oa. The induction hypothesis shows that 3 = Frif ofry o =

Fr§+1 o« for some m > 0. O

Proposition 2.2.5. Let 4 be a shtuka over Spec E with zero o and pole 3. Assume
that there exists a subsheaf & C 94 satisfying

(i) rank & = rank ¥ ;

(ii) the image of ®*& in G(5) is contained in &.

Then B = Fr'y oar for some n > 0.

Proof. The d-th exterior power of a shtuka of rank d is a shtuka of rank 1 with the
same zero and pole. So we can apply the d-th exterior power to all sheaves involved
to reduce the problem to the case d = 1.

Now we have ¢ = &(D), where D is an effective divisor of X ® E. We see that
P*Y = (¢*&)(P*D). Since x(P*&) = x(&), the assumption f(P*&) C ¢g(&) implies
f(@*&) = g(&). Hence ®*¢Y = &(P*D). Since the shtuka has rank 1, we have
Y =24 (B—a)=8E(D+F— ). Thus we get *D = D + 8 — o. The statement

now follows from Lemma 2.2.4. OJ

Theorem 2.2.6. Let .F be a shtuka over Spec E with zero a and pole (8 satisfying
condition (+). Let S (resp. S2) be the poset of all subsheaves & C .F satisfying the
following condition (1) (resp. (2)).

(1) The image of ®*& in F (5) is contained in & (), the sheaf F /& is locally free,
and the morphism ®*(F /&) — (F/&E)(B) induces an isomorphism ®*(F /&) —

(2) The image of ®*& in F () is &.

Then the poset S1 has a least element, denoted by FL The poset So has a greatest

element, denoted by F, and ﬁ/ffﬂ 15 locally free.

Proof. The set Sy is nonempty since it contains the zero subsheaf. Let .ZH1 =

> ces, & We see that the image of &* 7 in Z(B) is contained in .Z1. Since
13



x(@*F) = y(#1), the image of ®*.Z! in .Z(8) is equal to .Z11. Thus Z! is the
greatest element of So.

Suppose that 7 /ﬁH is not locally free. Let & be the saturation of .Z in
Z. We have .Z11 G 9. Hence the image of ®*¢ in .% () is not contained in ¢.
Now Remark 2.2.3 implies that ¢ is a shtuka with zero a and pole 5. Applying
Proposition 2.2.5 to ¢ and its subsheaf F1 we deduce that 3 = Fr'y oo for some
n > 0, contradicting condition (+).

Let .Z"Y be the dual of the given shtuka .#. It has zero 3 and pole o which also
satisfy condition (+). Therefore, there is a unique maximal subsheaf (Z V) ¢ .ZV
satisfying condition (2), and .#V /(.# V) is locally free. Then .#! = (#V/(#V)I)V

is a least element of S7. O

Remark 2.2.7. Suppose % is a right shtuka over Spec F with zero and pole satisfying

condition (4). Then .Z is irreducible if and only if .#! = .% and .Z = 0.

Corollary 2.2.8. Let Z, ZL, F be as in Theorem 2.2.6. Let M be an invertible
sheaf on X and let 4 be the shtuka .F & (M @ E) obtained by Construction E in
Section 2.1.2. Then ' = Z' @ (M @ E) and 9" = N @ (M ® E). O

14



CHAPTER 3
TOY SHTUKAS

3.1 A toy model of shtukas

Fix a vector space V' over Fy with diqu V = N < oo. Let S be a scheme over
Fy. For an Og-module .# and a point s € S, we denote .#5 to be the pullback of .#

to s.

3.1.1 Definition of toy shtukas

Definition 3.1.1. A toy shtuka for V over S is an O g-submodule . C V ® g such

that (V ® Og)/.Z is locally free and the composition
Frg 2 — (FrigV)®@ 0s =V ®0g — (Ve 0g)/ZL
has rank at most 1. (In other words, the corresponding morphism /\2 Frg & —

A2((V & Og)/).L) is zero.)

Definition 3.1.2. A right toy shtuka for V over S is a pair of Og-submodules
L, L CV®0gsuch that (V®0g)/L and (V® Og)/£" are locally free, ¥ C &,
Frg £ C &' and dim .2, — dim % = 1 for every s € S.

Remark 3.1.3. In the exact sequence
0 — &)Y — (Ve 0g))¥ — (V0L — 0,

both (V ® 0g)/.% and (V @ Og)/£" are locally free. So .#’/.% is also locally free.
Hence the condition dim.#Z, — dim.% = 1 for every s € S implies that .£’/.Z is

invertible. Similarly £/ Fr{ £ is invertible.

15



Definition 3.1.4. A left toy shtuka for V over S is a pair of &g-submodules .¥, ¢’ C
V ® Og such that (V ® Og)/% and (V @ Og)/L" are locally free, &' ¢ ¥, ¥’ C
Fr§ .2, and dim %5 — dim 2] = 1 for every s € S.

Remark 3.1.5. Similarly to the above remark, .2 /" and (Fr§ £) /£’ are invertible.

3.2 The schemes of toy shtukas

In this section, schemes (e.g. Grassmannians, the schemes of matrices) are defined
over Fy.

Fix an vector space V' over Fy with dirn]Fq V=N < o0.

For 0 <n < N, let Grass@ denote the Grassmannian of n-dimensional subspaces

of V.

3.2.1 Definitions of the schemes of toy shtukas

Definition 3.2.1. Let ToySht{, (resp. LToyShtj;, resp. RToyShty,) be the functor
which associates to each Fg-scheme S the set of isomorphism classes of toy shtukas
L CV® Og (resp. left toy shtukas ¢/ C £ C V ® Og, resp. right toy shtukas
¥ C ¥ CV®O0g) such that rank & = n.

Remark 3.2.2. From the definition of toy shtukas, we see that the functor ToyShtj;
(resp. LToySht{,, resp. RToySht{;) is representable by a subschemes of Grass{, (resp.

n—l—l)

Glrassr‘}_1 x Grassyy, resp. Grassy, x Grassy,' ). See Section 3.2.2 for explicit local

description of these schemes.

Remark 3.2.3. There is a natural morphism LToyShty, — ToyShty, which maps a left
toy shtuka .Z' C Z to &, and there is a natural morphism RToySht{, — ToyShty,

which maps a right toy shtuka . C %’ to .Z.
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3.2.2  Explicit local description of the scheme of toy shtukas

Affine open charts of Grassmannians

For a finite dimensional vector space M over F,, we denote M = SpecSym M*.
If M = Hom(W’', W), we write Hom(W’, W) instead of Hom (W', W).

Fix an (N — n)-dimensional subspace W of V. Denote Uy, to be the open sub-
scheme of Grassy, parameterizing those n-dimensional subspaces of V' which are trans-
versal to WW. Fix an n-dimensional subspace W’ of V such that V = W & W’. Then
we have an identification Uy, = Hom(W’, W). For an Fg-algebra R, an R-point of
Uy is the graph of an R-linear map W/ @ R — W ® R.

Define the Artin-Schreier morphism ASyy y Hom (W', W) — Hom(W' W) by
ASyy w = Id — Fr. We know that ASyy y is surjective finite étale of degree q”(N_”).

Define a closed subscheme UVSV1 ‘= Hom (W', W)rak=l « Hom (W’ W) = Uy

whose R-points are R-linear maps A: W/ ® R — W ® R such that /\2 A=0.

Explicit local description of ToySht

We consider ToyShty, as a subscheme of Grassy;.

Lemma 3.2.4. When 1 < n < N — 1, ToySht{, N\Uyy is the inverse image of U%/l

under ASyy yy. In particular ToyShty, is a closed subscheme of Grassy;.

Proof. The statement follows from the definition of toy shtukas. O]

Explicit local description of LToySht

For0<: <7 <N, let Flagi}j be the closed subscheme of Grass%/ X Grass%/ which
consists of pairs (M7, My) such that My C Ms.

n—1,n

We consider LToyShty, as a subscheme of Flagy,

17



Let R be an Fg-algebra. Let A: W/ ® R — W ® R be an R-linear morphism and
"4 be its graph. Projection from I'y to W’ ® R induces a bijective correspondence
between those submodules of I' 4 whose quotient is locally free and those submodules
of W' ® R whose quotient is locally free. This bijection is functorial in R. In this way
we get an identification Flag?/_l’n ﬂ(Grass?/_l xUypy) = Grass%/_,l xUypy .

Define a closed subscheme CII?/V,W’ C Grass%l xUyy = Grassa;l x Hom (W' W)

consisting of pairs (H, A) such that H C ker A.

Lemma 3.2.5. When 1 < n < N — 1, LToyShtj; ﬁ(Grlrass?/_1 xUyy) is the inverse
. b . no
image of CW,W’ under IdGrassg‘;,l X ASyy - In particular, LToyShty, is a closed

subscheme of Flag%ﬁl’n.

Proof. The statement follows from the definition of left toy shtukas. O

Lemma 3.2.6. When 1 <n < N — 1, LToySht{, is smooth of pure dimension N —1

over ]Fq.

Proof. We observe that C’%V s a (N —n)-dimensional vector bundle over Grass%;l.

Hence it is smooth of pure dimension N — 1. Since IdGrass;V_,l X ASyy1 yy 1s étale, the

statement follows from Lemma 3.2.5. OJ

Explicit local description of RToySht

We consider RToyShty, as a subscheme of Flag?/’mrl.

Let R be an Fg-algebra. Let A : W'® R — W ® R be an R-linear morphism and
I' 4 be its graph. Intersection with W ® R induces a bijective correspondence between
those submodules M C V ® R containing I 4 such that (V ® R)/M is locally free and
those submodules of W& R whose quotient is locally free. This bijection is functorial in

R. In this way we get an identification Flagg’n+1 N(Uyy X Grassr‘ﬁl

) =Uw xGrassIl/V.
Define a closed subscheme CIﬁ/V,W’ C Uy % Grassll/v = Hom(W’', W) x Grass‘l/v

consisting of pairs (A, H) such that im A C H.
18



Lemma 3.2.7. When 1 <n < N — 1, RToySht{, N(Upy x Grass?/""l) is the inverse

image of CIﬁ/VW’ under ASyy yy x 1d In particular, RToySht{, is a closed

1 .
Grassy,

subscheme of Flag?/’n+1 .

Proof. The statement follows from the definition of right toy shtukas. n

Lemma 3.2.8. When 1 <n < N — 1, RToyShty, is smooth of pure dimension N —1

over [Fy.

Proof. We observe that OIﬁ/V py 1s an n-dimensional vector bundle over Grass%/v. Hence
it is smooth of pure dimension N —1. Since ASW/’W X IdGrassév is étale, the statement

follows from Lemma 3.2.7. O

3.2.3 Basic properties of ToySht

Determinantal varieties are Cohen-Macaulay [11]. See [1, Chapter 2, Section 3]

for a review of basic properties of determinantal varieties.

k<1

N—-n—1
(N—n X

We know that for 1 <n < N—1, Matzaf ) is the affine cone over (IF’V)

P?~1 In particular, it has pure dimension N — 1 and it is reduced.

Lemma 3.2.9. For 1 < n < N —1, ToySht?/ 18 reduced and has pure dimension
N — 1. We have ToySht%/ = Grass%/, ToySht]‘y_1 = Grass]‘y_l. Forn e {1,N —1},
ToyShty, is smooth. For 2 <n < N — 2, ToySht{, is smooth outside Grassy,(Fq) and
the singularity at each point of Grass’{/(lﬁ‘q) is étale locally the vertex of the cone over

(IP)\/)anfl x Ipmfl'

Proof. Choose bases of W and W’ to identify Hom (W', W)rank=l with Matzaf?iin).

Since the Artin-Schreier morphism is finite étale, the statement follows from the

. . k<1
corresponding properties of Mat;af( Ne—n)* O
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3.2.4 The scheme of nontrivial toy shtukas

Definition 3.2.10. For a toy shtuka (resp. a right toy shtuka, resp. a left toy
shtuka) .Z over S, we say that it is nontrivial at s € S if Fr} Ls # L, where Zs is

the pullback of .Z to s.

Remark 3.2.11. A left/right toy shtuka is nontrivial at s if and only if it is as a toy

shtuka.

Remark 3.2.12. A pointwise nontrivial left /right toy shtuka is the same as a pointwise

nontrivial toy shtuka. See Corollary 3.2.17 for a more precise statement.

Remark 3.2.13. We know that the trivial locus of ToyShtj; is equal to the Frobenius
fixed points, or equivalently it is the intersection of the graph of Frobenius mor-
phism and the diagonal. So the trivial locus of ToySht{, is Grass{,(Fg), a reduced

0-dimensional closed subscheme of Grass?/.

Definition 3.2.14. Let °ToyShtj, (resp. °LToyShty,, resp. °RToyShtj;) be the

nontrivial locus of ToyShty, (resp. RToySht{, resp. LToyShty;).

Remark 3.2.15. Since nontrivialness is an open condition for toy shtukas (resp. left toy
shtukas, resp. right toy shtukas), °ToySht{, (resp. °LToyShtj;, resp. °RToySht{;)
is an open subscheme of ToyShty, (resp. RToyShty,, resp. LToySht{,). We have
°ToyShty, = ToySht}, — Grass{,(IFy) from Remark 3.2.13. In particular, we know
that °ToyShty, is smooth over Fy. We also see that “ToyShty, is nonempty if and

onlyif 1 <n<N-—1.

Lemma 3.2.16. Let .Z be a toy shtuka over S which is nontrivial at each s € S.
Then £ + ¥rg £ and £ N Frg. 2L are subbundles of pgV. Also, (£ + g ZL)/ <L
and £ /(£ NFrg L) are invertible sheaves.

Proof. By the definition of toy shtukas, the morphism Frg.# — pgV/.Z has rank
at most 1. It has strictly constant rank 1 since .Z is nontrivial at each s € S. The

statements now follow from Corollary 3.5.5. O
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Corollary 3.2.17. For 1 < n < N, the natural morphisms LToyShty, — ToyShtj;
and RToyShty, — ToySht{, in Remark 3.2.3 induce isomorphisms °LToyShty, —

°ToySht{, and °RToyShty, — °ToyShty;.

3.2.5 Partial Frobeniuses

We have the following constructions for left /right toy shtukas:

(i) For a left toy shtuka .2’ C & over an Fg-scheme S, the pair &' C Fr§. %
forms a right toy shtuka over S.

(ii) For a right toy shtuka .2 C 2" over an Fg-scheme S, the pair Fry 2 c &

forms a left toy shtuka over S.

Definition 3.2.18. We define partial Frobeniuses F‘Zn : LToyShty, — RToyShtT‘l/_l,
(1 <n < N)and Fyf, : RToySht{, — LToySht{;"", (0 < n < N — 1) induced by the

above constructions.

Lemma 3.2.19. Let f1 : Y1 — Yo, fo : Yo — Y3 be two morphisms of schemes. If
f1 is surjective and fo o fi is a universal homeomorphism, then fo is also a universal

homeomorphism.
Proof. This is |9, Proposition 3.8.2(iv)]. ]

Lemma 3.2.20. For two morphisms f1 : Y1 — Ya, fo : Yo — Y] between two schemes
Y1 and Yo, if foo f1 and fi1o fo are universal homeomorphisms, then fi and fo are

universal homeomorphisms.

Proof. Since fio fo is a homeomorphism, f; is surjective. Thus fo is a universal
homeomorphism by Lemma 3.2.19. Similarly, fi is also a universal homeomorphism.

]

Lemma 3.2.21. Assume 0 < n < N —1. We have F‘szrloFﬁ/:n = FrRToySht"}f
Fr

+ —
FV,n oF,

Vil = In particular, F‘Zn+1 and F‘}tn induce universal ho-

LToySht{,"
meomorphisms between RToyShty, and LToySht?/Jrl.
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Proof. The first statement follows from definition of partial Frobeniuses. The second

statement follows from Lemma 3.2.20. O]

3.2.6  Irreducibility of the scheme of toy shtukas

Recall that we have °ToyShty, = °LToySht}, = °RToyShtj, for 1 < n < N by

Corollary 3.2.17.

Lemma 3.2.22. For 1 <n < N —1, °ToyShtj; is dense in ToySht{,, LToySht{, and

RToyShty;.

Proof. Since ToySht{, has pure dimension N — 1 by Lemma 3.2.9, we see from Re-
mark 3.2.15 that °ToyShty, = ToySht{, — Grassy(F) is dense in ToyShtf}.

Consider the morphism LToySht{, — ToyShtj,. It induces an isomorphism bet-
ween °LToyShty, and °ToyShty,. For any M € Grassj,(Fy), wee see that the inverse
image of M in LToyShty, is isomorphic to Grassg/;l, and we have dim Grassﬁ/fl =
n—1 < N—1. Since LToySht{, has pure dimension N —1 by Lemma 3.2.6, °LToyShty
is dense in LToySht{,.

The proof for RToySht{, is similar, with Grrassg(/[_1 replaced by Grass‘l/ ive m

Proposition 3.2.23. For 1 < n < N — 1, ToyShty,, LToySht{, and RToyShty, are

geometrically irreducible.

Proof. The three schemes in question all contain a dense subscheme °ToyShty, by
Lemma 3.2.22. This is still true after base change to ﬁq since the morphism Spec Fq —
SpecFy is universally open. Now Lemma 3.2.21 and Corollary 3.2.17 reduce the
question to the case n = 1. We know that ToySht%/ = Grass‘l/ is geometrically
irreducible. O
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3.3 Schubert divisors of the schemes of toy shtukas

3.3.1 A lemma for toy shtukas

Let E be a field over F, and let L € ToyShty (E); in other words, L is a subspace of
V' @ E is a subspace such that dim L —dim((Fry, L)L) = dim Fry, L —dim((Fry, L) N
L)<1.

Let W be a subspace of V.

Denote L' = LN (W ® E),L" = im(L — (V/W) ® E). We have Fr}, L' =
(B )N (W E),Fry L' =im(F, L — (V/W)® E).

Lemma 3.3.1. At least one of the following two statements holds.
i) Bt L =L ;
() E ’
. " "
(ii) Fry L" = L".

Proof. First note that dim L' = dim Fry L', dim L” = dim Fr L". Suppose there
exists v € Fry, L' such that v ¢ L. Then Fr%, L is contained in the linear span of L
and v. Since v maps to 0 in (V/W) ® E, we have Fry, L" ¢ L”. Hence Fry, L" = L"

by dimension comparison. O

3.3.2 Notation and conventions

The following notation and conventions will be used in the rest of this section.
Fix a finite dimensional vector space V' over Fy with dim]pq V=N2>3.

Fix an integer n such that 1 <n < N —1, and a subspace W C V of codimension
As in Section 3.2.2, for a codimension n subspace M in V', let Uys be the af-

fine chart of Grassy, parameterizing those n-dimensional subspaces of V' which are

transversal to M.
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3.3.8  Definition of Schubert divisors

Define the closed subscheme Schub‘V}/ C Grassy, by the following equation:
Schub{? := {L € Grass{ | det(L — V/W) = 0}.

It is easy to prove and well-known that SchubVVV C Grassy; is an irreducible divisor

(a Schubert variety).
Lemma 3.3.2. Schub‘v/v N ToyShty, is a Cartier divisor in ToyShty;.

Proof. We know that ToyShty, is irreducible and reduced, and Schubg/ is a Cartier
divisor of Grassj;. To prove the statement, it suffices to show that ToySht{, is not
contained in Schub‘V/V. We have Uy = Grass{, — Schubl‘/}/7 and we see in Section 3.2.2

that ToySht{, NUyy is nonempty. O

We have a perfect complex
Fow = (L = Sw)
v, V,W v,

on Grassy,, where Y‘Z I%V cCV® ﬁGrass@ is the universal locally free sheaf on Grassj;,

Y‘(}’W =(V/W)® OGrasst,» and the morphism Y‘Zév — Y‘(}’W is the natural one.
Since W has codimension n in V', the morphism 45”‘/_ I%V — ng is an isomorphism

on the dense open subscheme Uy, C Grassy,. So the complex Y‘},W is good in the

sense of Knudsen-Mumford.

Remark 3.3.3. We have Schubxv}/ = Div(#}},). (See [14, Chapter II] for the definition
of Div.)

We call Schub‘vy N ToyShty, (resp. Schub‘V/V N °ToyShtyy) the Schubert divisor of

ToyShty, (resp. °ToyShty,) for .
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3.3.4 Description of Schubert divisors

For any subspace H C V, we have a natural closed immersion ToySht?, —
ToyShty,. We consider ToySht?; as a subscheme of ToyShty,. It is a Weil divisor
if H has codimension 1 in V. If H contains W, then ToySht, C SchubVVV N ToyShty;.

For a subspace J C V, there is a natural bijection between subspaces of V/J and

tn—dim J
\Pi

ToySht{,. We consider ToySht’&?jﬁmJ as a subscheme of ToyShty,. It is a Weil

divisor if J has dimension 1. If J is contained in W, ToySh

subspaces of V' containing J. So we get a natural closed immersion ToySh —

tn—dim J

v/ is contained in

Schub(? N ToyShtf,.
The following statement describes the Schubert divisors. Note that by Proposi-

tion 3.2.23, ToySht; is irreducible when n < dim H, and ToySht@Z(]ﬁmJ is irredu-

cible when n > dim J. Also note that by Remark 3.2.15, °ToySht’; is empty when

n = dim H, and OToySht?/Z(]iimJ is empty when n = dim J.

Recall that we denote Py« to be the set of codimension 1 subspaces of V' and we

denote Py, to be the set of dimension 1 subspaces of V.

Theorem 3.3.4. We have an equality of Cartier divisors of °ToySht{

Schuby’ 1 “ToyShtty = “ToyShtfy + 3 “ToyShtfy ;.

HEPV* JGPV
HDOW JCW

Proof. Put ZW = Schubg/ N °ToyShty,.

From the above discussion we know that °ToySht%; and OToySht?/Z} are Weil

divisors of °ToyShty,, hence Cartier divisors of “ToySht{, since °ToyShty is smooth.

We also see that °ToySht'y C ZE/ if H DO W and OToyShtr‘Z} C Z‘I}V it JCW.

On the other hand, if s € Z‘EV, then Lemma 3.3.1 implies that s € ToySht’; for
some H € Py« H D W or s € ToySht%?} for some J € Py, J C W (or both). This

shows that the statement is set-theoretically true.
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It remains to show that the multiplicity of Z‘I;V at each °ToySht; or oToyShtT‘Z}

is one. This follows from Lemma 3.3.10. O

3.3.5 An open subscheme of Schubgf N ToyShty

Define a closed subset (Schub‘v}/)22 C Schubg/ by the condition
(SchubI‘//V)22 := {L € Grassy, |rank(L — V/W) < n —2}.

Let (Schub{! )! = Schub}/ —(Schub}} )=2 be the open subscheme of Schub{! .

Remark 3.3.5. We know that (Schub‘V/V)1 = SchubVVV N(UUjs) where M runs through
all codimension n subspaces of V' whose intersection with W has codimension n + 1
in V.

Remark 3.3.6. Fix one such M as in Remark 3.3.5 and choose an n-dimensional
subspace M’ of V such that V.= M & M" and M'NW # 0. Then dim(M'NW) = 1.
We identify Up; with Hom(M’, M) as in Section 3.2.2. We see that Schub‘v}/ NUy =
(Schmb‘v/v)1 N Uy as a subscheme of Uy is defined by the condition that the induced

morphism M’ NW — M/(M NW) is zero.
Lemma 3.3.7. (Schub‘V/V)22 N ToyShty, has codimension at least 2 in ToyShty;.

Proof. From Lemma 3.3.1 we see that s € (Schub‘v}/ )22 N ToyShty, implies s €
ToySht?/Z? for some 2-dimensional subspace J C V or s € ToySht'; for some co-
dimension 2 subspace H C V' (or both). The statement follows from the result about

dimensions of ToySht in Lemma 3.2.9. O]

3.3.6  Transversality

For1 <a<s,1<b<t,let Matg’lz):o denote the subscheme of Mat g+ consisting

of matrices whose (a, b)-entry is zero.
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rank<1

sXt ransver-

Lemma 3.3.8. The locus of Mat where it does not meet Matg’lz)

sally 1is

sxt sxt sxt

s t
Matrank<l ﬂ(ﬂ Mat(z,b)zo) A (m Mat(a,j)zo)7

1.e., the locus where the a-th row and the b-th column s zero. In particular, this locus

rank<1

18 1somorphic to Mat(s—l)x(t—l) and it has codimension 2 in Mat™*=1, O

sxt

Lemma 3.3.9. Let AS = Id — Fr : Matgyx+ — Matgx; be the Artin-Schreier mor-

(a,)

ot =0 ﬂAS_l(1\/Ia’cmnkSl —{0}) has multiplicity one at each irre-

sxt

phism. Then Mat

ducible component as a divisor of AS_l(Matgintkgl —{0}).

Proof. 1f we identify the tangent spaces at each point of Matgy+ with the vector space
Matg ¢ itself, then AS induces the identity on the tangent spaces. Now the statement

follows from Lemma 3.3.8 and the fact that AS is finite. O
Lemma 3.3.10. SchubVVV N °ToyShty; is a reduced scheme.

Proof. By Lemma 3.3.7, it suffices to show that (Schubxv/[/)1 N °ToyShty, as a divisor
of °ToyShtj, —(Schub‘v/v)22 has multiplicity one at each irreducible component. By
Remark 3.3.5, it suffices to show that (Schubg/)1 N °ToyShty, NUys as a divisor of
°ToySht}, NUps has multiplicity one at each irreducible component, where M is any
codimension n subspace of V' whose intersection with W has codimension n + 1 in
V. From the description of (Schuby)1 N Ujps in Remark 3.3.6, the statement follows

from Lemma 3.2.4 and Lemma 3.3.9. O

3.4 Toy Horospherical Divisors

3.4.1 Notation

Fix a finite dimensional vector space V' over [Fy with diqu V=N>3.FixneZ

such that 1 <n < N — 1.
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As in Section 3.3.4, for any H € Py+, we consider “ToySht'; (resp. LToySht’;,
resp. RToySht';) as a Cartier divisor of “ToySht{; (resp. LToySht{;, resp. RToyShty,).

For any J € Py, we consider °ToySht?/7} (resp. LToySht?/Z}, resp. RToySht"Z}) as

a Cartier divisor of “ToyShtj, (resp. LToySht{,, resp. RToySht{,). These divisors are
called toy horospherical divisors of °ToyShty, (resp. LToySht{,, resp. RToySht,).
As in Definition 3.2.18, we have partial Frobeniuses F‘Z 0’ LToyShty, — RToySht?/_l,

(1 <n < N)and Fyf, : RToySht}, — LToySht{;"!, (0 <n < N —1).

3.4.2  Short complexes related with principal toy horospherical

divisors

Let Y be a smooth scheme over F; and U C Y be a dense open subscheme. Then

we have a short complex
0 —— COY,U) —4 CYY,U) —— 0,

where CO(Y, U) := HO(U, o), CL(Y,U) := {divisors on Y with zero restriction to U}.

The complex C*(Y,U) is a contravariant functor in (Y, U).

Remark 3.4.1. Let Z,Z" C Y be closed subsets of codimension at least 2 such that
U-Z2"CcY —Z" Then the map C*(Y,U) — C*(Y — Z,U — Z') is an isomorphism.

Remark 3.4.2. The endomorphism of C*(Y,U) corresponding to Fr: (Y,U) — (Y, U)

is multiplication by q.

We denote

°°ToySht{, := ToySht{, —( | J ToySht}y)u( | J ToySht%})
HEPV* JEPV

to be the open subscheme of ToyShty,. We have °°ToyShty, C °ToyShty;.
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When 2 < n < N —2, the complement of °ToySht{, has codimension at least 2 in

LToySht{, or RToySht};. Remark 3.4.1 implies that the natural maps of complexes
C*(LToySht},, ““ToyShty,) — C*( °ToyShty, °°ToyShty,),

C*(RToySht}, ““ToyShtyy) — C*( °ToyShty,, *°ToyShty,)

are isomorphisms. We denote

[ ]
Cyn,

= C*(Y, “°ToyShty)

for Y = °ToyShty,, LToySht{,, RToyShty),.
We define
C¥ 1 = C*(RToySht,, *°ToySht}),

CY y_1 = C*(LToySht{y 1, *°ToySht{).

We see that for 1 < n < N — 2, C‘l/n = C!(RToyShtf,, °°ToySht},) is freely

generated by RToySht’ (H € Py+) and RToySht{,, (J €Py). For2<n <N -1,

V/J
0‘1/ N = CY(LToySht?,, “°ToySht;) is freely generated by LToySht%;(H € Py+) and

LToySht?,, (J € Py).

V/J

3.4.8 Partial Frobeniuses and toy horospherical divisors

Partial Frobeniuses induce morphisms of complexes

(] _— . \ N °

Lemma 3.4.3. For1 <n < N-2and H € Py, (FJr )* LToyShtm'1 = RToySht';.

For2<n <N —1and J€ Py, (F, ) RToySht}, 7 = LToySht?,,

V/J V/J
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Proof. By Lemma 3.2.6 and Lemma 3.2.8, LToySht"Ef'r1 and RToySht'; are reduced
and irreducible. To prove the first statement, it suffices to show that RToySht';
contains (F‘}tn)*l LToyShth+1.

We have a Cartesian diagram

(Fyf )~ LToySht’;H —— RToySht?

! [

LToySht?* ———— LToySht;*!

Suppose we have a morphism S — (Fﬁ;’n)_l LToySht?;'l. From the above Cartesian
diagram, we get a right toy shtuka . C £’ of rank n over S, such that ¥/ ¢ H® Oy.
This shows that the morphism S — (F‘}tn)*l LToySht”Hle factors through RToySht;.
Hence (]*—"J/:n)_1 LToyShtTIé[+1 C RToySht;.

The proof of the second statement is similar. n

Lemma 3.44. for 1 < n < N —2 and J € Py, (F‘J/tn)* LToyShtﬁ/J = q-

RToySht"l/Z}. For2<n<N-1and H € Py«, (F; )*RToySht"; ' = q-LToyShtY,.

Proof. Since the F‘J}n . RToyShty, — LToySht"}+1 and F,

. n+1
Vil - LToyShty, ™ —

RToyShty, are universal homeomorphisms and their composition is the Frobenius

morphism, the statements follow from Lemma 3.4.3. O]
The following statement about finite Radon transform is standard.

Lemma 3.4.5. For 1 <n < N — 1, The following two conditions for the two sets of

numbers {\g Y gep,. {kstiep, C Z[%] are equivalent.

(in) > pyj=0and \g = qn—(N—l) > g for any H € Py«.

JePy, JePy
JCcH
(iin) S Ag=0andpy=q¢"™ > Ny for any J € Py. O
HEPy» HEP
H>J
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For J € Py, H € Py», we denote

Zy,.m = RToyShty € Cyyy. Zyy g = RToyShty, ; € Cyy,

ZV,N—LH = LToyShtg_l S C‘l/’N_l, ZV,N—LJ = LToySht]‘}[/}Q S C‘l/’N_l.

When 2 <n < N — 2, we denote
Zvn,H = RToySht’; € Cxl/n, or equivalently, Zy.,, g = LToySht’; € C‘l/n,

AT RToySht” ! € Cll/,w or equivalently, Zy, ;= LToySht”_1

1
V/J v/J € Cvn:

Theorem 3.4.6. The element Y S frep, . A - 2V, H + 22 jepy, M Zvn,J belongs to

im(C‘O/’n — C‘l/’n) ®Z[%] if and only if { g} Hep,.. {1t sepy, satisfy condition (in)

(or equivalently condition (iip)) in Lemma 3.4.5.

Proof. Lemmas 3.4.3 and 3.4.4 show that

(B Zvinerm = Zvm: (B Zvini1,0 =4 Zyn,

for1 <n <N -2 H € Pyx,J € Py. In view of Remark 3.4.2, it suffices to prove
the statement in the case n = N — 1.

We know that the morphism 77, nx_1 : LToySht]‘y -1 ToySht]‘y ~1is the blow-up
at the points of ToySht]‘}[_l(]Fq). For H € ToySht‘Zy_l(IFq) = Py/+, the exceptional
divisor with center H is LToyShtgfl. Thus for J € Py, we have an identity of

divisors of LToyShtg -1

(71, ny—1)* ToyShtl) % = LToySht:y /jf + ) LToyShty '

V/J
HEPV*
H>J

Also note that C& N1 consists of rational functions on ToySht]‘y ~1 — PV(V) with
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zeros and poles supported on the hyperplanes ToyShtg / J2(J € Py). Hence the

statement is true in the case n = N — 1. OJ

3.4.4 Degree of partial Frobeniuses

Recall that we denote Flag ' be the closed subscheme of Grassv X Grassv which

consists of pairs (M, M') such that M C M.

For 0 < n < N — 1, we define a scheme Flagrxlf’?g}l by the following Cartesian

diagram
n,n+1

Flag?/i?;—}l — Flagy/

l l (3.1)

Grass?ﬁl N Gras.s%Jrl

where the right vertical arrow is the projection. So Flagv {;} parameterizes pairs

(M, M") such that M C Fr* M.

The commutative diagram

Flagn n+1 Fl gn n+1

| |

n+1 n+1
GrassV —> Grassv

induces a morphism f;, : F lagn ntl Flagg’?;}l, which is finite.

Lemma 3.4.7. The morphism f : Flagn L Flagv{ } has degree q"

Proof. In commutative diagram (3.1), denote ¢ : Flag?/’?;—}l — Flagn L We

have go f, = FrFlag”’”“' Since FrGrass"+1 is finite and flat, we have degg =
v 1%

+1. Thus

n
Grass;,

deg Fr

deg FrFlag(?n—&—l deg FrFlaggj?’L‘i‘l n,n+1 n+1

dim Flag;, —dim Grassy, - _ n

deg frn = =4

deg g deg FrGrass’{/H
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]

Proposition 3.4.8. For 0 < n < N — 1, we have deg F‘J;n =q". Forl1<n<N,

we have degF N,

Proof. The first statement follows from Lemma 3.4.7 and the Cartesian diagram

RToySht{, —— F lagn ol

b e

1
LToySht?/+1 — Flag?/:?;}
where the morphism RToyShty, — Flagn’n+1 sends a right toy shtuka Fr* L ¢ L' O L
to the pair (L, L'), and the morphism LToySht”Jr — Flagv {2} ! sends a left toy shtuka
Fr* M > M’ C M to the pair (M’, M).

The second statement follows from duality. m

3.5 Recollections of linear algebra

Definition 3.5.1. For two coherent locally free sheaves .%,% over a scheme S, we
say that a morphism ¢ : % — ¢ has rank at most r if the induced morphism
ALy ATTELZ — AT @ s zero. In this case, we say that ¢ has strictly constant

rank r if the induced morphism A" ¢ : A" F — A" ¢ is nonzero at any point s € S.

Lemma 3.5.2. Let ) : M — N be a morphism between finitely generated free modules
over a local ring A. Put e = rank N. Then 1 has strictly constant rank r if and only

if coker ) is free of rank e — r.

Proof. 1If v has strictly constant rank r, then the matrix for ¢ under two bases of

M, N has an (r X r)-minor with determinant being a unit of A. Hence we can choose
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bases of M, N so that 1 has matrix

Idpsr 0O
0 B

Since 1 has strictly constant rank r, we get B = 0. Hence coker is free of rank
e—r.

If coker v is free of rank (e —r), then im 1) is free of rank 7, so ¥ has rank at most
r. Let E be the residue field of A. Then coker(y) ® E) = (coker 1) ® E has dimension

(e —r) over E. Hence 1) ® E has rank r. Therefore ¢ has strictly constant rank r. ]

Lemma 3.5.3. Let S be a scheme. Let : F — 4 be a morphism of coherent locally
free sheaves on S. Put g = rank¥. Then v has strictly constant rank r if and only

if coker 1) is locally free of rank g — r.

Proof. Since coker v is a finitely presented &' g-module, it suffices to prove the state-

ments for each stalks. This follows from Lemma 3.5.2. O

Corollary 3.5.4. Let S,v,.%,9 be as in Lemma 3.5.3, then the following two exact

sequences split locally.

0 —— kery > F > imy —— 0,

0 —— im9 > G » cokeryp —— 0.

In particular, ker ¢ and im are locally free.

Corollary 3.5.5. Let £, % be subbundles of a coherent locally free sheaf F over a
scheme S. Assume L, %5 have rank n. Then the following conditions are equivalent:
(i) the morphism L1 — F | %5 has strictly constant rank r;
(ii) the morphism Lo — F | has strictly constant rank r;

(iii) the morphism L1 & £ — F has strictly constant rank n + r.
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When the above conditions hold, £ + %5 and L1 N % are subbundles of %, and
the four sheaves (L1 + £5)/ A, (L + L)/ Lo, L1/ (4 N L), Lo/ (L N L) are

locally free of rank r.
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CHAPTER 4
TATE TOY SHTUKAS

4.1 Tate toy shtukas

4.1.1 Tate linear algebra

We recall some basic definitions and facts in Tate linear algebra. See [16, Chapter 2,
Section 6], [3, Section 2.7.7], [8, Section 3.1] and [12, Section 1] for more details.

We consider topological vector spaces over a discrete field E.

For a topological vector space M, its dual M* is by definition the space of all
continuous linear functionals M — FE.

For a discrete topological vector space (), the topology on its dual Q* is the

weakest one such that the linear functional (v, —) : Q@* — E is continuous for all

v E Q.

Definition 4.1.1. A Tate space is a topological vector space isomorphic to P & Q*,

where P and () are discrete.
Remark 4.1.2. The topology on a Tate space is Hausdorff.

Definition 4.1.3. Let T be a Tate space. A linear subspace A C T is said to be
linearly compact (resp. linearly cocompact) if it is closed and for any open vector

subspace U C T one has dimA/(ANU) < oo (resp. dimT/(A + U) < o0).

For a Tate space T, we equip its dual T™ with a topology as follows. We require
the topology on T™ to be linear, i.e., its open linear subspaces form a basis of open
neighborhoods of 0. A linear subspace of T™ is open if and only if it is the orthogonal
complement of a linearly compact linear subspace of T'.

Note that when 7' is discrete, the topology on T agrees with the one given before.
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Remark 4.1.4. For a Tate space T, its dual T* is again a Tate space. The canonical
map T — T™* is an isomorphism. Any discrete vector space is a Tate space. Any li-
nearly compact topological vector space is a Tate space. Duality interchanges discrete
and linearly compact Tate spaces.

Remark 4.1.5. A Tate space over a finite field is locally compact. A linearly compact

Tate space over a finite field is compact.

Definition 4.1.6. A linear subspace of a Tate space is called a c-lattice if it is open
and linearly compact. A linear subspace of a Tate space is called a d-lattice if it is

discrete and linearly cocompact.

Remark 4.1.7. Suppose T' = P & Q* is a Tate space, where P and () are discrete.
Then P is a d-lattice of T', and Q* is a c-lattice of T'. Thus there exist c-lattices and

d-lattices in every Tate space.

Remark 4.1.8. c-lattices of a Tate space form a basis of neighborhood of 0.

Definition 4.1.9. For a Tate space T and two c-lattices Ly, Ly of T', we define the

relative dimension dﬁ :=dim(Le/L1 N L) — dim(Ly /L1 N Lg) € Z.

Definition 4.1.10. A dimension theory on a Tate space T is a function
d : {c-lattices of T} — 7Z

such that d(Ls) — d(L1) = dff for any Ly, Lo.

A dimension theory exists and is unique up to adding an integer. So dimension
theories on a Tate space T" form a Z-torsor, denoted by Dim7.

For a d-lattice I and a c-lattice L of a Tate space T', we denote
X(I,L)=dim(INL)—dim(7T/(I + L)).

For any d-lattice I C T, the function L — x(/, L) is a dimension theory.
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Definition 4.1.11. For a Tate space T', we define a function

dim : {d-lattices of T} — Dimyp

I'— (L~ x(I,L))

We call dim(7) the dimension of I.
We borrow the definition of relative determinant from [2, Section 4].

Definition 4.1.12. For a Tate space T and two c-lattices L1, Lo of T', we define their

relative determinant to be the one-dimensional vector space

L
deth :=det(L1/L1 N Ly)* @ det(Ly/Ly N Loy).

4.1.2  Sato Grassmannians

Let E be a discrete field.

For an E-vector space V and a Tate space M over E, we denote
MRV :=lim(M/A)®V,
A

where the projective limit is taken over all c-lattices A of M.
For an E-scheme S and a quasi-coherent sheaf ¢ on S, we denote M®%Y to be

the sheaf of &¢-modules such that

(M&9)(U) = @(M/A) ®9(U)
A

for all open subset U C S, where the projective limit is taken over all c-lattices A of
M.

Let T be a Tate space over F and fix n € Dimyp.
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Definition 4.1.13. We define a functor Grass’. from the category of E-schemes to
the category of sets. For an E-algebra R, an R-point of Grass’, is an R-submodule
L C T®R such that there exists a c-lattice A’ of T such that the morphism L —
(T/A\) ® R is injective and its cokernel is a finitely generated projective R-module of
rank —n(A').

The definition below is due to Kashiwara [13, Section 2]. Definition 4.1.13 and

Definition 4.1.14 are equivalent by Lemma 4.1.15.

Definition 4.1.14. For an E-scheme S, an S-point of Grassy is an 0g-submodule
F C T@ﬁg such that locally in the Zariski topology there exists a c-lattice A C T

such that n(A) =0 and . — (T/A) ® Og is an isomorphism.

Lemma 4.1.15. Let S = Spec R, where R is an E-algebra. Let Gy (resp. Ga) be
the set Grass'p(S), where Grass?. is the functor in Definition 4.1.13 (resp. Defini-

tion 4.1.14). Then we have a canonical bijection Go — G1.

Proof. Since S is quasi-compact, we get a map Go — G.

For L € G7 and s € S, we can find a c-lattice A containing A’ such that n(A) =0
and L ® k(s) — (T/A) ® k(s) is an isomorphism of vector spaces, where k(s) is the
residue field of 5. Let .# = L®p0g. Since ((T/A') ® R)/L is projective, we see
that for the fixed c-lattice A C T and the fixed 0g-submodule .# the condition in
Definition 4.1.14 is open on S. Hence there exists a Zariski neighborhood of s in
which .#% — (T'/A) ® Og is an isomorphism. This shows that .# € G1. So we get a
map G — Go.

It is easy to see that the above two maps are inverse of each other. O]
Proposition 4.1.16. Grass’, is representable by a separated scheme over E.

Proof. This is [13, Proposition 2.2.1]. O

Remark 4.1.17. If R is a field over FE, then Grass’-(R) is the set of d-lattices of

dimension n of the Tate space T®R over R.
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4.1.8  Determinant of a family of d-lattices relative to a c-lattice

Let T be a Tate space over a field E.
We denote

Grassp = H Grassy .

neDimp

We see that Grassp parameterizes d-lattices of 7.

Definition 4.1.18. Let S be a scheme over E. For .Z € Grassp(S) and a c-lattice
W of T, the determinant of £ relative to W, denoted by det(.Z, W), is defined to
be the invertible sheaf det(.Z — (T/W) ® Og) on S, where .Z is in degree 0.

Remark 4.1.19. The above definition commutes with base change, i.e., for a morphism
of schemes f : S] — Sy over E, an element £ € Grassp(S2) and a c-lattice W of T,

we have a canonical isomorphism det(f*.Z, W) = f* det(Z, W)

Remark 4.1.20. Let S be a scheme over E. For £ € Grassp(S) and two c-lattice
W1, Wy of T, we have a canonical isomorphism det(.Z, W7) ® det%ﬁ =~ det(Z, Wa).

In particular, the two invertible sheaves det(.#, W1) and det(.%#, W) are isomorphic.

Lemma 4.1.21. Let S be a scheme over E and let W be a c-lattice of T'. For

A, € Grassp(S) such that L) C %5, we have a canonical isomorphism
det(L, W) @ det(Lo/ L)) = det( Lo, W)

which commutes with base change. [

Lemma 4.1.22. Suppose the base field E is Fq, and S is a scheme over E. For

Z € Grassp(S) and a c-lattice W of T', we have a canonical isomorphism
det(Frg £, W) =2 det(.£, W)®14

which commutes with base change. O
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4.1.4  Definition of Tate toy shtukas

Let T be a nondiscrete noncompact Tate space over Fy. Let Dimg denote the

dimension torsor of T'.

Definition 4.1.23. A Tate toy shtuka for T' over an Fg-scheme S of dimension n €

Dimp is an element . € Grass';(S) such that the composition
Fry & — B(Te0s) = Te0s — (TR0g) )<L

has rank at most 1. (In other words, the corresponding morphism /\2 Frg & —

N(TROg)) L) is zero.)

For n € Dimp, let ToySht?, be the functor which associates to each Fg-scheme S
the set of isomorphism classes of Tate toy shtukas for T" over S of dimension n.

As in the finite dimensional cases, ToySht’}, is representable by a closed subscheme
of Grass’.

We denote °ToyShtq := ToySht}. — Grass.(Fg). As in Remark 3.2.15 we know

that °ToySht7 is an open subscheme of ToySht’}.

4.2 Open charts of the scheme of Tate toy shtukas

4.2.1 Notation

For a finite dimensional vector space V' over F, and two subspaces Vi c V" of

! "
V', denote Grass?/’v v

’I’L7V/,V”

algebra R, Grassy/ (R) consists of L € Grassy,(R) satisfying the following two

to be the open subscheme of Grassy, such that for any -

conditions:
(i) the morphism L — (V/V’) ® R is injective and its cokernel is projective;

(ii) the morphism L — (V/V") @ R is surjective.
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n V' \v" n—dim V/V" n, V' V"

— Grassv,,/v, maps L € Grass;;” = (R) to

n—dim V/V"
V///V/

! "
Let OGrassT‘l/’V V" be the fiber product

The morphism Grassv

m(L" — (V"/V') ® R) € Grass (R), where L" = ker(L — (V/V") @ R).

! 1 / 1
OGrass%’V v 8 Grasse’v 14
Ik | (4.1)
T 7 T 7 T 7
Grass?/,,;l‘lf,l VIvE _ Grass?/,,;l‘l/n,1 ViV (Fg) — Grassr‘;,,;l‘l/n,l viv
/ "
We denote OToyShtn VOV _ °ToySht, N OGrass?/’V V" We have a morphism
T 7
*ToySht?sV V" OToySht’;,,?‘lj? VIV" induced by f.

Lemma 4.2.1. For a finite dimensional vector space V' over Fy and two subspaces

IRY s "
ViVt Gl"aSS?/,,;l‘l/H,l VIV

VI c V" of V, the morphism Grassv 15 affine. [
Lemma 4.2.2. For finite dimensional Fq-vectors spaces V2' C Vll C V(; C V”
n,Vy Vo Vi [V . n— dlmVQ”/V”,VO/Vl,VO”/Vl
Vy'/Vy '

affine. O

Vl” c V', the morphism °Grass °Grass

For a nondiscrete noncompact Tate space T over Fg, two c-lattices AN c AN of T
!/ "
and n € Dimy, we define the notation Gl"aSSELwA A OGraSSgA A and OToyShtn LA

similarly.

4.2.2  Admussible pairs of c-lattices

Let T be a nondiscrete noncompact Tate space over Fy.
For two pairs of c-lattices (K’, ﬁ) and (A, A") of T, we say that (K’, /17’) is greater
than (A’, A”") (denoted by (/{’,JV) = (A, A")), if A c A and A" ¢ A7, All pairs of

c-lattices of T" form a directed set under this partial order.
AI,A”

n /{’,117’

; n AI AI/
C GrassT

When (A, A7) = (A/, A”), we have Grassy! , °Grass;/~ " C

A AV n,A' A"

°Grass™ Y and °ToyShtAY ¢ oToysnemA A"
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A pair of c-lattices (A’, A”) of T is said to be admissible with respect ton € Dimrp if
n(A) < —=2,n(A") > 2 and A C A”. Let AP,(T) denote the set of pairs of c-lattices
of T that are admissible with respect to n. It is a directed set with respect to the
partial order above. We see that °ToySht’p is covered by the union of OToyShtn AN

for all (A, A”) € AP,(T).

4.2.8 OToySht;’A/’AH as a projective limit

Let T' be a nondiscrete noncompact Tate space over Fy. Let n € Dimp and
(N, A"y € AP, (T).
!/ "
In this subsection we describe the open subscheme oToySht?’A AT of °ToySht7

as a projective limit of schemes.

For any (R,7) = (M,A7), we denote UAA" — oToysie AT RA"IN

, AN
/ // / "
In particular, U n,é&,,A = °ToySht Aﬁ, / A)/ We have a morphism ToySht%A A —
" / 1 / / 2 /
UnA A" induced by the morphism OGrass%’A A — °Grass n(A” A /A7 A /A For
AN NN

nA/ A/l - Un A/ A//

any (A5, AD) = (A}, AY) = (A, A”), we have a transition map U,; ; A” / A” :

which is affine by Lemma 4.2.6.

/ "
Lemma 4.2.3. The morphisms ToyShtT%A A — U /}(IA induce an isomorphism

°Toy ShtnA A" = @

(A7) (A, A7)

n,A/,A”
UX’,]\W :

4.2.4  Transition maps are affine

Lemma 4.2.4. Let f : Y1 — Yo be a morphism of schemes over a scheme S. If Vi

is affine over S and Yo is separated, then f is affine. ]

Lemma 4.2.5. Let V2’ C Vl’ C Vd C VO// - Vl’/ C VQ/’ be finite dimensional vector
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spaces over Fg. Then the morphism

mVGVEVE VS op gpe—dim VI VIV VLV V]

(@]
ToySht ] VI VY VIV

s affine.

n,Vy/Va, V' [ Vy

n,Vy/Va V' [ Vy N
ViV

Proof. The morphism oToyShtV2,, v

is affine since it

n,Vy/Va, V' [ Vy
vy /v

°Grass

is a closed immersion. Lemma 4.2.2 implies that the morphism °Grass

dim V'V V3 VIV VY .
°Grass T‘L/,,/‘I;Il 2VTVo/VEVO VI g affine. Now we apply Lemma 4.2.4 with

V//vl V///VI
Yy = °ToySht',0/ 2270/ V2
L vy v

n—dim VQ"/V”,VO/Vl,V()”/Vl

Yy = ToyShtvl,,/V1

n— dlmVél/V//,VO/Vl,Vé//Vl

e
S = “Grass V1"/V1

the statement follows. O

Lemma 4.2.6. Let T' be a nondiscrete noncompact Tate space over Fy. Let n € Dimp

and (A, Aj) € APy(T). Let (A}, A7), (Ay, AY) be two c-lattices such that (A5, Af) >

" / 1
(A}, AY]) = (AL, AD). Then the morphism U ,’ X,’,A — UX,AX,’,A is affine.
Proof. The statement follows from Lemma 4.2.5. O]

4.2.5  Transition maps are smooth

Lemma 4.2.7. Let V be a finite dimensional vector space over Fq. Let W be a

subspace of V.. Then the morphism OToyShtn W — °Toy Shtn dim V/W is smooth.
_d; T ! a7/
Proof. Grassgv dim V/W is covered by GrassTVlV dim V/W.W', W when W’ runs through
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all subspaces of W of dimension (dim V' —n). So in view of the Cartesian diagram

n, W' W' n,0,W
b b ) b
Grassv _— Grassv

! |

—di 1w :
Grasan dim V/ W W' W Grassvl}v—dlmv
it suffices to show that the morphism
! yi7! T T 1 17!
f: OToyShtT‘L/O’W N Grass?/’w W — OToySht%/ dim V/W N Grassgv dim V/W, W' W

is smooth for each subspace W/ C W of dimension (dimV —n).
Fix one such W’. Choose splittings W = W' @ W" V=W o V'
We define Fy-schemes M, M, M" where

M = {a € Hom(W" @& V', W')|rank a = rank(W" M W' =1}

M/ _ HOHI(V/, W/>7 M// _ Ho—mrank:1<W//7 W,>

So M is a locally closed subscheme of Hom(W” &V’ W') and M" is a locally closed
subscheme of Hom(W" W’).

We denote Artin-Schreier maps

AS =1d—Fr: Hom(W" @ V!, W) = Hom(W" & V', W),
AS" =1d — Fr : Hom(V', W) — Hom(V/, W),

AS" =1d —Fr : Hom(W"”, W) = Hom(W" W’).

From the explicit local description of ToySht in Section 3.2.2 and the Cartesian dia-
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gram (4.1), we know that

! /
oToySht;ﬂ;’O’W N Grassg’w W = AS~L(M),

o —dim V/W —dim V/W, W' W 1
ToySht;V mV/ ﬂGrassgV mV/ = (AS")"H(M"),

and that the morphism f : AS~1(M) — (AS")~1(M") is induced by the projection
Hom(W" & V!, W') — Hom(W" W").
We denote

Pyrx M = {(L, A) € Py x M'|L D im A}

to be the closed subscheme of Py x M.
We have to prove that the morphism f : AS™H(M) — (AS")~1(M") is smooth.

To this end, we will construct a Cartesian diagram

ASTHM) —L— Py« M

lf lh

(AS") =YM") —2— Py

and prove that h is smooth.

The maps in the diagram are as follows. The morphism A is the composition
!
Py x M’ 1dxAS, Py« M’ LU Pyyr. The composition AS~™!(M) < Hom(W" @

res 1
LU VRN Pyy» and the projection AS~1(M) — M’ induce a morphism

VoW’
ASTYHM) — Py x M which factors through Py M’. This gives g. The morphism
u is the composition (AS")~H(M") AT g dmy Py

One can check that the diagram is commutative and Cartesian.

/ Id x AS’ ! . . /! - 2
————— Py« M is smooth since AS" is étale. The

The morphism Py x M
morphism Py x M’ LN Pyyr is smooth since it is the projection morphism for a

vector bundle. So h is smooth. Hence is f. O
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The following statement is dual to Lemma 4.2.7.

Lemma 4.2.8. Let V' be a finite dimensional vector space over Fq. Let W be a

subspace of V.. Then the morphism OToySht?/’W’V — OToySht?//W s smooth. O]

Proposition 4.2.9. Let V/ c V" C V be finite dimensional vector spaces over Fy.

RY T "
Then the morphism OToySht?/’V LA °T0ySht3,,(/]1‘1?[,1 ViV is smooth. ]
Proof. The statement follows from Lemma 4.2.7 and Lemma 4.2.8. m

Corollary 4.2.10. With the same notation and assumptions of Lemma 4.2.6, the
Ap,AG

A, A
/ A// — U 0,0
29572

;o Y is smooth.
A7LAT

morphism U "

Proof. The statement follows from Proposition 4.2.9. m

4.3 Functorial properties of toy horospherical divisors

In this section, we use the notation of Sections 4.2.1 and 4.2.2.

4.3.1 Notation

Suppose M is a vector space over Fy such that 3 < dim M < oo.
For J € P, we consider ToyShtR‘I_/%] as a closed subscheme of ToySht’}, as before.

Denote A%, 7 = ToySht”*1 N °ToySht'y;. For two subspaces M’ C M" of M, denote

! 1! M/J ! 124
n,M' M"  \n o n,M' M
AM,J —AM,JH GrassM )

For H € P+, we consider ToySht'; as a closed subscheme of ToySht’;, as before.

Denote At/ - = ToySht, N “ToyShty;. For two subspaces M’ € M” of M, denote

n MM oty MM
AM,H _AM,Hm GrassM )

7]\4/7]\41/
We denote Ay, = <UH€PM* AnM,H) U (Usepy, AnM,J) and AnM = Al N

! 1
oGrassg}M M7 They are the union of toy horospherical divisors of °ToySht’; and
! "
OToySht%M M respectively.

! " ! 1!
By Proposition 3.2.23, each ATJ{/‘,J,ARZ,A?] M ’A%HﬁATX/}Aj{I,M is reduced and

irreducible if it is nonempty.
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4.3.2  Pullbacks of toy horospherical divisors under transition maps

In this subsection, we calculate the pullback of a toy horospherical divisor under
transition maps. (The fact that this pullback is well-defined is clear from Corol-

lary 4.2.10.)

Lemma 4.3.1. Let W C V be finite dimensional vector spaces over Fy. Let J e
Py w and denote J = {J € Py|im(J — (V/W)) = J'}. Let E be a field over Fy.
Suppose L € °T0yShthV(E) satisfies im(L — (V/W)® E)) > J @ E. Then

L>J®E for some J €.

Proof. Let J"” be the unique subspace of V containing W such that J”/W = J'.
Denote L' = LN (W + J"Y® E), L” =im(L — (V/(W + J"))® E),L" = im(L —
(V/W) ® E). Since L' is a nontrivial toy shtuka and L' > J' ® E, L" is also a
nontrivial toy shtuka. Applying Lemma 3.3.1 to L and W + J” | we get Fr* 5 L'=1.
Since L € °ToyShty; WV (B), we have LN (W ® E) = 0. Hence dimg L' = 1. Thus
L' = J® E for some J € J. O

Lemma 4.3.2. Let V' be a finite dimensional vector space over Fy. Let W be a
subspace of V' such that dim(V /W) > 3. Letw : oToySht?/’W’V OToyShtV/W be the
transition map. Let H' € P(V/W)* and let H be the hyperplane of V such that H D W
and H/W = H'. Let J' € Py and denote J = {J € Pylim(J — (V/W)) = J'}.

When 1 < n < dim(V/W) — 2, we have an equality of divisors u*(AT‘L//W’H/)
A" WV

v - When2 <n < dim(V/W)—1, we have an equality of divisors u*(A?//W,J’) =

Sres vy

n,W,V
Proof. The morphism « is smooth by Corollary 4.2.10. The schemes AV JWLH AV I

ATXL//WJ” A?/f]vv, (J € J) are reduced by Lemma 3.2.9, it suffices to prove the state-

ments set-theoretically.

When 1 < n < dim(V/W) — 2, it is obvious that u_l(A?//W,H’) A?/VFII/V as

subsets of oToyShtn WV
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When 2 < n < dim(V/W) — 1, we have u(AvJ ) C AY
An,VV,V

VWL for J € J, and the

inclusion u_l(A?/ W, ) CUjes is set-theoretically true by Lemma 4.3.1. [

Lemma 4.3.3. Let V be a finite dimensional vector space over Fy. Let W be a
subspace of V' such that dim W > 3. Let u : OToyShtg’O’W — oToySht;V_dim(V/W)
be the transition map. Let J € Py, H' € Py« and denote = {H € Py«|HNW =
H'}.

When dimV/W 4+ 2 < n < dimV — 1, we have an equality of divisors between

u*(A%Z;imWW) and Ar‘lffj’w. When dimV/W +1 < n < dimV — 2, we have an
. . n—dim V/W NG O w

equality of divisors u*(AW,H’ )= men Avg -

Proof. The statement is dual to Lemma 4.3.2. O

Proposition 4.3.4. Let T' be a nondiscrete noncompact Tate space over Fg. Let
n € Dimp and let (Ay,Ay) € APy(T). Let (A}, AY), (A, Af) be two pairs of c-

~ 1Al IoAN 1AM n,Ap,AQ n,Ap,AQ
lattices of T' such that (A5, Ay) = (A7, A7) = (Mg, Ag). Letu UA’ A — UA/l’Alll
be the transition map as in Section 4.2.3.

For J; € PA”/A’ such that J; ¢ Al /Al, put Jo = {Jy € PA///A/|1m(J2 NAY —
AJA) = i}, For Hy € P(Alll/All)* such that Hy 2 Aj/A], put $H2 = {Hy €
P(A’Q’/A’Q)*“m(HQ N Alll — Alll/All) = Hi}.

Then we have equalities of divisors

n(AY)

mAAG) n(AY) A Ay
AII//A/,JlmU Z A ﬂU )

*
u (A A A// A”/A/ Js A/ A//
J2€J2

() mAGAG) n(AY) n,Ap,AY
WAy VUniar )= 20 AA”/A/ ALV VA
HoeHg
Proof. The statement follows from Lemmas 4.3.2, 4.3.3 and 4.3.5. m

Lemma 4.3.5. With the same notation as in Proposition 4.5.4, the following com-

mutative diagram is Cartesian. O
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(NG n(AG). A/ AL AL /A
A2’A2 A2 /A2

| |

A/ A//
Un’ 0440
ALY

—— “ToySht

o n(Alll)
—_ ToyShtA,l,/A,1
Lemma 4.3.6. Use the same notation of Proposition 4.3.4. Let Jo € Jo. Put
n(Af) mUn,AIO,A’O' n(A%) n,AG,Af
AN AL AY AL /N, To by
and the morphism Yo — Y71 induced by u s dominant.

Y1 =A andYy = A NU . Then we have u(Ys) C Y7,

Proof. Tt is clear that u(Y3) C Yj. Since (A, Aj) € AP,(T), both Y; and Y5 are
nonempty. Hence they are irreducible by Proposition 3.2.23. Then Proposition 4.3.4
shows that Y5 is an irreducible component of u~1(Y7). Now the statement follows

from Corollary 4.2.10. O]

4.3.8  Functoriality for non-horospherical toy shtukas

Lemma 4.3.7. Let V! ¢ V" C V be finite dimensional vector spaces over Fq. Then

n—dim V/V"

. o n,V/7V’/ °
the morphism °ToySht — ToyShtV,,/V,

% 18 surjective.

Y "
Proof. Fix a splitting V.=V @ V"/V' @ V/V". Let L € OTO}’Sht?{;u?‘l;? v (E),

where E is a field over F,;. Then L=L&((V/V"Y®E)CV ®E is an E-point of

/ "
OToySht?}’V V" Which maps to L. O

Lemma 4.3.8. Let V! c V" C V be finite dimensional vector spaces over Fg such

that dim V" /V! > 3. Suppose J € Py, satisfies J ¢ V". Then the composition

An,V’,V” n, V' V" n—dim V/V"

V. — OToyShtV — OToyShtV,,/V, is smooth.

Proof. We choose a subspace V" c V such that V! > V" and V" @ J = V.

_ IRV IRV o
Then we get an isomorphism OToySht?/,,,l’V LN AT‘L/"; V7 The composition
n—dim V/V"

e is the

_ ! 124 ~ ! 1A ! 1!
°Toysht{, """ T ALY s oToyshels YT ToySh

natural one, and is smooth by Proposition 4.2.9. The statement follows. O
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Recall that the notation °°ToySht{; is defined in Section 3.4.2.

Lemma 4.3.9. Let V! c V" C V be finite dimensional vector spaces over Fg such
that dim V" )V > 3. Assume dimV/V" +1 < n < dimV/V' — 1. Then °°ToyShtj,

! 1
18 contained in ToySht?/V v

Proof. Let L € °°ToyShty,(E), where E is a field over Fy. From the description of
Schubert divisors in Theorem 3.3.4, we see that L N (W ® E) = 0 for any subspace
W C V of codimension n. Thus dimg(V N (U ® E)) = max{0,n — dim V/U} for any
subspace U C V. In particular, we have L € Grass%vl V”(E).

Let T =im(LN (V" @ E) — (V"/V') ® E). Then
dimp(L N (M ® E)) = max{0,n — dim V/V' + dim M} (4.2)

for any subspace M C V”/V'. Suppose L = M ® E for some subspace M C
V" /V'. Then dimp(L N (M ® E)) = dimg L = n — dim V/V"”. On the other hand,
dimg(L N (M ® E)) = dim M. We get a contradiction to (4.2) from the assumption
dim V/V"” +1 <n < dimV/V’ — 1. Thus L is a nontrivial toy shtuka for V" /V’. O
Corollary 4.3.10. For (A',A"),(A',A") € AP,(T) such that (A, A") = (A, A"),

n A/ A//
A” ’

°°To ShtN( ") 1s contained in U= ]
AN
Recall that AY, denotes the union of all toy horospherical divisors of °ToyShty;.

Lemma 4.3.11. Let V! Cc V" C V be finite dimensional vector spaces over Fq such

that dim V" /V! > 3. Assume dim V/V" +1 <n < dimV/V' — 1. Then the inverse

A5 A5 1
image of AT‘L/,,?‘I/H} viv? under the morphism ToySht?/V V OToyShtz,,;l‘lfi1 VIV
is set-theoretically contained in AY,.
Proof. The statement follows from Lemma 4.3.1 and the dual of it. m

Remark 4.3.12. Let V! C V" C V be finite dimensional vector spaces over Fgq such

that dim V" /V’' > 3. Assume dim V/V” +1 <n < dim V/V’' —1. Then Lemma 4.3.9
o1



! i
and Lemma 4.3.11 show that the morphism OToyShtT‘;’V LN °ToySht

n—dim V/V"
V///V/

n—dim V/V"
Vv

induces a morphism °°ToySht}, — °°ToySht

Lemma 4.3.13. Let V! c V" C V be finite dimensional vector spaces over Fq such

that dim V" /V! > 3. Assume dimV/V"+1 <n < dimV/V'—1. Then the morphism

n—dim V/V"

°°ToyShty, — °°ToySht e

1s affine, smooth and surjective.

Proof. The morphism is affine by Lemma 4.2.5 and is smooth by Proposition 4.2.9.

Now we prove that the morphism is surjective.

n, V' V" n—dim V/V"
% VIV

We show that u~1(x) N °°ToySht{ is nonempty.

n—dim V/V"

Denote u : °ToySht Vv

— “ToySht . Let z € °°ToySht

The morphism w is surjective by Lemma 4.3.7. Hence u_l(x) is nonempty.

We have

! " / 1 / "
“Togstefy — “Toysuep " ~( | ap 7o U apht

V.H V.J
HePy JePy,
HpV" JZV’
1y T "
For J € Py such that J C V" and J ¢ V', we have u(A ") € A0 TV
— / "
where J = im(J — V" /V"). So u=(z) N AT‘L/"; Vi empty. For J € Py such that

/ "
J ¢ V" Lemma 4.3.8 implies that u =1 (z) N A?’/"j V" has codimension 1 in u"(x).
1 n, V' V" . . .1
Thus u™*(z) N (Ujep, Ay 7 ) has codimension 1 in u™ " (z).
Jev'
!/ "
Similarly, u~1(z) N (Unep,- AT‘L/"IQ’V ) has codimension 1 in u~!(z).

szl!
The statement follows. O]

Let T' be a nondiscrete noncompact Tate space over Fy and n € Dimp. We denote

TL(A”)

OoToySht% = lgl OOTOyShtA///A/

(A A eAP,(T)
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Lemma 4.3.14. We have

“°ToySht’r = “ToySht/ —( U A ) U ( U AT 7).
HGPT* JePp

Proof. Let J € Pr and v € A} ;. Choose (N, A"y € AP,(T) such that J ¢
n,A’,A”

AN, Jc A and z € “ToySht - . Then the image of x under the morphism
!/ " " "
°ToySht %’A AT °ToySht Xﬂ,A/ A)’ is contained in AXE,? A)" There is a similar statement

for y € A%H,H € Ppx.
On the other hand, Lemmas 4.2.3 and 4.3.11 imply that for any (A, A”) € AP, (T)
" 1 Al "
the inverse image of AK% A)’ under the morphism oToySht%’A AT, OToyShtX% A)’ is
set-theoretically contained in the union of A% g for H € Pp« and A%’ g for J € Prp.

The statement follows. O
I Al
Lemma 4.3.15. For (A", A") € AP,(T), °°ToySht% is contained in OToySht%’A AT

Proof. The proof is similar to that of Lemma 4.3.9. O

’I’L(A”)

Lemma 4.3.16. For (A", \") € AP, (T), the morphism °°ToySht} — ooToyShtA,,/A,

18 surjective.

Proof. The statement follows from Lemma 4.3.13. [

4.4 Tate toy horospherical subschemes

Fix a nondiscrete noncompact Tate space T" over IFy and fix n € Dimyp.
In this section, we use the notation of Sections 4.2.1 and 4.2.2. We also frequently

use Lemma 4.2.3 to describe open charts of “ToySht’ as a projective limit.

4.4.1 Basic properties of Tate toy horospherical subschemes

Proposition 4.4.1. °ToySht’} is irreducible.

23



Proof. For (A, A"), (K/a//\v”) € APy(T) satisfying (K/,//\W) = (N, A7), gAA o o

A/ A//

A

nonempty open subscheme of °ToySht Z(AN), hence is irreducible by Proposition 3.2.23.
A//A//

So °T0yShtn’A/’A” is irreducible as the projective limit. Note that °ToySht/: is the
T T
union of C’ToyShtnA A for all (N, A"y € AP, (T), and (/{’,/17’) = (A, A" implies

n, A" A" nAA

“ToySht C °ToySht. . Thus °ToySht7 is irreducible. O

For J € Pp, denote A% ; = OToySht%ﬂToyShtT/J. It is called a Tate toy
horospherical subscheme of °ToySht7:. Since T'/J is a nondiscrete noncompact Tate
space over [y, Proposition 4.4.1 implies that A% ; is irreducible. Let 1} be the

/ "
generic point of A% g- For two c-lattices A c A" of T, denote A%’ﬁ AT _ A%’ g N
° n,A’,A”
Grass )

For H € Pp«, denote Al = °ToySht NToyShty. It is called a Tate toy
horospherical subscheme of °ToySht’p. Since H is a nondiscrete noncompact Tate
space over g, Proposition 4.4.1 implies that A% ;; is irreducible. Let 5} be the

/ "
generic point of A% g7+ For two c-lattices N c A" of T, denote A%Z}_I’A = A% N

! "
oGrass%A A )

Lemma 4.4.2. Let E be a field over Fy. Let P be a d-lattice of the Tate space TRFE
over E. Let W be a finite dimensional subspace of T such that PN (W ® E) = 0.
Then there exists a c-lattice L of T such that L > W and PN (LYE) = 0. O

Lemma 4.4.3. Let J € Py and (A',A") € APy(T). For any (A/,A") = (A',A")

such that J C A", we denote J, - =im(J — /@/X’) eP  ~ and Z =

(A/ A//) A///A/ (A/ A//)
A Y/ 1 AT INT AN
E/A )/ ﬂUn/A ”A =A E/A ),A /AL . Then the isomorphism in Lemma 4.2.3
NYNLT G AA NN &
mduces an isomorphism
n,A’,A” ~ A o
AT,J — B Nl&n Z(A’,A”),J'
(A/’A//>>_(A/7A//)
/ "
Proof. 1t is clear that the image of Ag’j} AT is contained in Z, ~ under each

(A/ A//)
o4



/ "
n, A A" —)UQJEVA,

A/ A//
1 AN
nAL A (E) but = ¢ A;’g A (E), where FE is a field over

morphism “ToySht

Suppose x € °ToySht
Fg. So x corresponds to a d-lattice P of the Tate space TRE over E such that
PN (J®E)=0. Then Lemma 4.4.2 shows that there exists a c-lattice Ajy of T such

that P N (A6®E) = 0. Let A = A’ N Afy and A” = A". Then the image of x in

I AN
/%’%A is not contained in Z, - ( N Therefore, the intersection of the preimages

of Z(A/ ). in °ToySht/y’ AT for all (A, A7) = (A, A") is set-theoretically equal to
/ "
T J

Since An and all Z ~ are reduced, the statement follows. n

J (A’ A”)
Lemma 4.4.4. For J € Py and (N, ") € AP,(T), 7} € OToyShtn’A/’A” if and

n,A" A"

only if J ¢ AN'. For H € Py« and (N, N") € AP, (T), ny € “ToySht if and

only if H 2 A".

Proof. 1t J C A, then ToySht /70N OToyShtn’Al’A” is empty, so 0’} ¢ oToyShtn A A

Suppose J ¢ A’. For any (/Y’,/K’J’) (A',A") such that J C A7, let J(A/ ) and

Z(K’ o, be as in Lemma 4.4.3. Since (A’,A") € AP,(T), we have n(A”) > 2, s0
- n,A" A"

is nonempty. Lemmas 4.4.3 and 4.3.6 imply that AT 7 is nonempty.
n,A’ A

z (N A"),J
"
Since OToyShtT’ AN 5 open in °ToySht7, we deduce that n; € “ToySht

The proof about 7Y, is similar. O

Lemma 4.4.5. A filtered inductive limit of discrete valuation rings with common

uniformizer is a discrete valuation ring with the same uniformizer. [

Lemma 4.4.6. For J € Py, the local ring of 'y viewed as a point of °ToySht’ is a

discrete valuation ring.

Proof. Choose (A',A\") € AP,(T) such that J ¢ A" and J C A”. By Lemma 4.4.4,

nAAY Bor any (M, A7) = (A, A") such that J C A, let J o 3

is nonempty,

1’y is in “ToySht

and Z, ~ be as in Lemma 4.4.3. Since J C A”, each Z -

(A/ A/l) (A/ A/l) J
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hence irreducible by Proposition 3.2.23. Let A, - denote the local ring of

(A/ A//) J
Z(K/,/V’), in U”A A" 1t s a discrete valuation ring since each Z(A/ aw; has co-
dimension 1 in UCL ANA . Let Ay be the local ring of 7} viewed as a point of

n, A" A"

I AN
°ToySht7. We see that Ay is the local ring of A%’i} AT “ToySht 7 . Then

n,A’, A"

the projective limit AT 7 = lim (A A7) ; gives an isomorphism

(A, A Z(K/J\W)’

lén B A7) (A7 A A(K’,AN”),J' Proposition 4.3.4 shows that for any (A}, A) >~

1Al I : : :
(Al, A7) = (A", A"), the morphism A(A/l’Alll)’J — A(A’Q,A’Q’),J maps the uniformizer to

the uniformizer. So the statement follows from Lemma 4.4.5. OJ
The following statement is dual to Lemma 4.4.6.

Lemma 4.4.7. For H € Ppx, the local ring of 0} viewed as a point of “ToyShti is

a discrete valuation ring.

Remark 4.4.8. Although A7, ;(J € Pr) and A%’H(J € Ppx) have codimension 1 in

°ToySht7, they are not Cartier divisors. (See Theorem 4.4.12.)

4.4.2  The group of divisors supported on the union of Tate toy

horospherical subschemes

Formulation of the main result

For an open subset U of a Tate space M, we denote C°°(U) to be the (partially)
ordered abelian group of locally constant Z-valued functions on U, and denote CZ°(U)
to be the (partially) ordered abelian group of locally constant Z-valued functions on

U with compact support. We define
CL(U) :={f € C°®°(U)| supp f is contained in some compact subset of M}

Lemma 4.4.9. We have an isomorphism of ordered abelian groups C (M — {0}) =
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l&lC’go(M — N), where the projective limit is taken with respect to the directed set of
all c-lattices A of M.

Proof. Remark 4.1.2 and Remark 4.1.8 imply that (M —{0}) is the union of (M — A)

for all c-lattices A of M. The statement follows. O]

Definition 4.4.10. Let O7 denote the ordered abelian group of those Cartier divisors
of “ToySht7 whose restrictions to °“ToySht7: are zero. Elements in OF are called

(Tate) toy horospherical divisors of °ToySht’p.

Remark 4.4.11. Lemma 4.3.14 shows that a Cartier divisor of ®ToySht’ is an element
of O% if and only if its support! is contained in the union of A% 7 and A% g for all

HEPT* and JGPT.

From Lemmas 4.4.6 and 4.4.7, we get an ordered homomorphism from O7. to
Maps(Pps« [[ Pp,Z), where Maps(Pp« [[Pp,Z) is the ordered abelian group of Z-
valued functions on Pp« [[ Prp.

The goal of this section is to prove the following explicit description of O7..

Theorem 4.4.12. The homomorphism OF — Maps(Pps [[Pp,Z) induces an iso-

morphism of ordered abelian groups D7 = Cy (T — {O})F; @& CH(T - {()})IF(IX

Reduction of Theorem 4.4.12 to Lemma 4.4.13

AN
For two c-lattices A’ C A" of T, let D%’A A7 denote the (partially) ordered abelian

!/ "
group of those Cartier divisors of oToySht?’A AT Whose restrictions to °“ToySht’

are zero.

/ "
From Lemmas 4.4.4, 4.4.6 and 4.4.7, we get an ordered homomorphism D%’A AT

Maps((T* — (A")H) [I(T — A'), Z).

1. The support of a divisor is the smallest closed subset such that the restriction of the divisor
to its complement is zero.
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The isomorphism in Lemma 4.2.3 induces an isomorphism of ordered abelian

groups
~ / 1
o lim oA
(A, A"YEAP,(T)
So Theorem 4.4.12 follows from Lemma 4.4.13.

A/,A”

Lemma 4.4.13. For (A, A") € AP, (T), the homomorphism D;LJ — Maps((7T7"—

(MY TI(T = A'), Z) induces an isomorphism of ordered abelian groups D%A/’AH =

C(T* — (M) H)Fa @ o201 — N)Fa .

Reduction of Lemma 4.4.13 to Lemmas 4.4.14, 4.4.15 and 4.4.16

Let A’,A",K’,Xﬂ be c-lattices of T such that A/ ¢ A’ ¢ A” ¢ A”. We have

injective homomorphisms of ordered abelian groups
O (N /) = (A'JANYFT = O = A - O(T = N)Te, (43)

where the first homomorphism is induced by the map (_//X7’ —N) — ((1/\7’ / N )—(N/ N ),
the second homomorphism is extension by zero from (Kﬁ —A) to (T—A’). We consider
COO((/V/K/) — (A//K’))F; as an ordered subgroup of CZ°(T — A’)FQX.

Similarly, we have injective homomorphisms of ordered abelian groups
Co (NN (A AT — O (A=A = O (= (")) (44)

We consider Om((/T”/X’)* - (A”/X’)J—)F; as an ordered subgroup of CZ°(T™* —
(A”)L)F;.
For (A,A") € AP,(T) and (/Y’,/V) = (A, A"), we define 9" () be the
A/7A//

I Al
ordered abelian group of those Cartier divisors of UE;%A whose restrictions to
/_\/// )
OOToyShtZNEi K)' are zero.

Now Lemma 4.4.13 follows from Lemmas 4.4.14, 4.4.15, and 4.4.16.
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Lemma 4.4.14. For (N, A") € AP,(T), the isomorphism

n A/ A//
I

?

VAN
oToyShtg’A AT Hm
(A7, A7) (A, A

i Lemma 4.2.3 induces an isomorphism of ordered abelian groups

e fmo VW
(A7, A)=(A,A") ’

Lemma 4.4.15. Let A, A" be two c-lattices of T such that A' C A”. Then the map ¢

induced by (4.3) and the map ¢ induced by (4.4) are isomorphisms of ordered abelian

groups.
o lm  CF(WN) - (WA S o(r - N
(A7, A7) (A, A7)
Gl C(W/A)T - AN S ot - (A
(A7, A7) (A, A

A/,AN N Dn’A/’A//

Lemma 4.4.16. For (N A") € AP, (T), the composition D%,’A,, T -

Maps((T* — (AN (T — A'), Z) induces an isomorphism of ordered abelian groups

O =, oo (R — (WA @ €T/ — (/R

Proofs of Lemma 4.4.15 and Lemma 4.4.16

Proof of Lemma 4.4.15. 1t is obvious that each homomorphism

O iy * O (NN = (NS = €T = N

is injective, and QS(X, AN”)(f) < QS(X, A~,,)(g) if and only if f < g.
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Now to prove that ¢ is an isomorphism of ordered abelian groups, it suffices to
show that ¢ is surjective.

Let f € CX(T — AFq

Since f is compactly supported, its support is contained in some c-lattice A,

Since f is locally constant, from Remark 4.1.8 we see that for every z € (T — A’)
there is a c-lattice A, of T" such that f is constant on z 4+ A,. Since f is compactly
supported, we can find finitely many x1,...,z, € T and c-lattices Ay,..., A, of T
such that supp f C Ui_;(z; +A;) and f is constant on each x; + A;(1 <1 <r). We
get a c-lattice A/ = A

Thus f is in the image of C°((A”/A") — (A'/A"))¥a . This shows that ¢ is sur-

jective.
The proof for v is similar. m
Proof of Lemma 4.4.16. The statement follows from Lemma 4.4.17. O

n,A" A"

Lemma 4.4.17. Let (A',A") € APy(T) and Z € O . Assume that Z equals

the pullback of a Cartier divisor Z on U~ for some (A, A7) = (A, A").

Suppose J € Py satisfies J ¢ N. If J gZ A” the multiplicity of Z at AnA A

is zero. If J € A” the multiplicity of Z at AnA A equals the multiplicity of Z at
,\(,A,L) _AUA AN
NNLT AL N
Suppose H € Py« satisfies H 2 N'. If H 2 N, then the multiplicity of Z

, where J = im(J — A”/A’).

/ ~ 1Al
at A%%A is zero. If H D N, then the multiplicity of Z at A;’/}{’A equals the
/ " ~ — —~— ~
multiplicity of Z at A" n(A” ") grAA , where H =1im(H NA" — A"/A").
A///A/ A/7A//

Proof. The statement follows from Proposition 4.3.4, Lemma 4.4.3 and Lemma 4.4.5.
O
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Proof of Lemma 4.4.14

~ / "
Lemma 4.4.18. Let (A, A") = (N, N"). Suppose D is a Cartier divisor of UE/[}\VNA

whose pullback to oToyShtnA AT 1s an element of DnA A . Then D 1is an element
n,A’,A”
of DK’,/V’ :
Proof. The statement follows from Lemmas 4.3.14 and 4.3.16. [
TL,A/,A//
Proof of Lemma 4.4.14. By Lemma 4.4.17, each homomorphism &, - (N AT N —
A/
D; " is injective, and & (& AN,,)(f) < 5(/{’ ]\7,)(9) if and only if f < g.
Now it suffices to show that £ is surjective. Let Dg € Dn ALY . By Lemma 4.2.3,
there exists (A’ ,A” ) = (A, A") and a Cartier divisor D of U'” %/A such that Dy
"
equals the pullback of D. Now Lemma 4.4.18 implies that D € DTﬁAANA . O

4.5 Schubert divisors of °ToyShtr.

In this section, we fix a nondiscrete noncompact Tate space T" over Fy and we fix

an element n € Dimyp.

4.5.1 Schubert divisors of Sato Grassmannians

Let W be a c-lattice of T' such that n(W) = 0. We have a perfect complex
Ay = (5” — YW)

on Grass’., where Yv?/l - T@)ﬁ(}rass% is the universal locally free sheaf on Grassf,
5”‘9‘/ =(T/W)® ﬁOGrass%a and the map ,5”1;/1 — 5”19[/ is the natural one.
Since n(W) = 0, fv?/l — 45”191/ is an isomorphism on the big cell Grass%WW,

which is an open dense subscheme of Grass.. So the complex .#}3, is good in the

sense of Knudsen-Mumford.
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We define the Schubert divisor of Grass% for W to be
Schuby¥ := Div(.SY).

Lemma 4.5.1. Schubzvyﬂ °ToySht7 is a Cartier divisor of “ToySht’p.

Proof. We know that °ToySht/ is irreducible and reduced, and SchubJW is a Car-
tier divisor of Grass’.. To prove the statement, it suffices to show that °ToySht’ is

not contained in SchubIW . We have °ToySht7 — SchubZW = oToyShtgﬂ’W’W. Choose

(N, A"y € AP,(T) such that A" ¢ W c A”. Then oToyShtg’A/’AH - oToyShtg’W’W,

/ /!
and OToySht%A AT s nonempty by Lemma 4.2.3 and the nonemptiness of each

Un,A/,A”

i in the projective limit there. O

We call SchubQW N °ToySht’p the Schubert divisor of “ToySht7 for W.

4.5.2  Schubert divisors of the scheme of Tate toy shtukas

Theorem 4.5.2. For a c-lattice W of T, the Schubert divisor Schuijyﬁ °ToySht7

corresponds to the function (ﬂWlf{OP ]le{O}) via Theorem 4.4.12.

Proof. Let £ be the universal Tate toy shtuka on °ToySht’:. Choose (A',A”) €

AP, (T) such that A’ c W c A”.

I AN
On oToySht;’A A , the complex .}, is quasi-isomorphic to its subcomplex

ZnN (AN@ﬁoToyShtg«) — (AH/W) ® ﬁoToySht%' (4.5)

n,A’ A"

"
From the definition of the projection morphism u : “ToySht — OTO}/Shtn(A )

A///A/
/ "
in Section 4.2.1, we see that the complex (4.5) on oToyShtZLJA AT s isomorphic to

"
the pullback of the complex . 1;,, AW /A OB °ToyShtX§,/> A)’ by u. Then Remark 3.3.3
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implies that

Schubl’ 0 “ToySht:* A" = u*(Sehubll/ X, 1 “Toyshelth) ).

/ "
Since °ToySht’ is covered by the union of OToySht% A

for (A, A") € AP, (T)
such that A’ ¢ W C A”, the statement now follows from Lemma 4.4.17 and Theo-

rem 3.3.4. O

Proposition 4.5.3. For two c-lattices W1, Wy of T' satisfying n(W1) = n(Ws) = 0,

the two divisors Schub:,W L and Schuijy 2 of Grass' are linearly equivalent.
Proof. The statement follows from [17, Theorem 3.3]. O

Corollary 4.5.4. For two c-lattices W1, Wy of T satisfying n(Wy1) = n(Ws) = 0,
the two divisors Schuijy 'n °ToySht’p and Schubgy 2N °ToySht} of °ToySht’}; are

linearly equivalent.

Proof. The statement follows from Theorem 4.5.2 and Proposition 4.5.3. O

4.6 Principal toy horospherical Z[%]-divisors of °“ToySht.

Fix a nondiscrete noncompact Tate space T over [Fy and fix n € Dim7p.
We normalize the Haar measure on 7" by the condition that the measure of any
c-lattice A equals q”(A>.

Recall that the notation DQA~f\ is defined in Section 4.4.2. In particular, for

(A A" € AP, (T), DX,AA,fX is the ordered abelian group of horospherical divisors of

’I’L(A”)

°ToySht A A

4.6.1  Formulation of the main result

Recall that D% is defined in Section 4.4.2.
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Let 7. be the subgroup of O7: generated by principal divisors.

Fix a nontrivial additive character ¢ : F; — C*. We define the Fourier transform
Foury, : C2°(T; C) — C°(T™; C)
such that for any f € C2°(T;C),w € T, we have

Foury (f)(w) = /T F (o) (w(v))dv. (4.6)

Recall the Haar measure on 7" is normalized by the condition that the measure of any
c-lattice A equals q”(A).

When f € CCOO(T;Z[%])F;, we have Four(f) € CSO(T*;Z[%])F;, and Foury(f)
does not depend on the choice of .

For an open subset U C T, we define C°(U) := {f € C°(U)| [y f(v)dv = 0}.
Note that the definition does not depend on the choice of the Haar measure on 7.

Four

Lemma 4.6.1. im(C(T — {0}:Z[L)F1 — oo z[L) ) c oo -

{0}z O

We make identifications of ordered abelian groups via Theorem 4.4.12
~ Fx Fx
P RLE] = Cp (T — {0} 23] @ O (T — {0} Z[3))" .

The goal of this section is to prove the following statement.

Theorem 4.6.2. An element (f1, f2) OfC_A'_(T*_{O};Z[%])F; @CUF(T—{O};Z[%])RzX o
OF ® Z[%] is contained in R} @ Z[%] if and only if fo € C3°(T — {0};Z[%])qu and
f1 = Foury(fo).
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4.6.2  Descent of principal divisors

/ 1!
Recall that the notation UE,’%A is defined in Section 4.2.3.

Lemma 4.6.3. Let h be a nonzero rational function on “ToySht’p such that Div(h) €

(A")

On.. Then there exists (N, A") € APy(T) and a rational function f on oToyShtK,,/A,,

such that Div(f) € DX’,{X’,{\” and the pullback of f to °ToySht5L;A’vA” equals h.

Proof. Choose (Aj, Aj) € APy(T). By Lemma 4.2.3, there exists (A, A”) = (A, A))

. . n,Af, Al n,AL, A
and a rational function f on U A;, An * such that the pullback of fy to °ToySht," "
(A1

!
equals h. Let f be the (unique) rational function on OToyShtZ,, / A)’ extending fy. The
/ " / "
pullback of f to OToySht%A A equals h since OToySht;’AO’AO is dense in °ToySht/p.
/ 14
Now Lemma 4.4.18 shows that Div(f) € DX#}A# ) O

4.6.3  Support of extension of pullback of principal toy horospherical

divisors

Recall that in Section 4.3.1, we defined the notation A?},H’ A?}’J for H € Py«,J €

Py,. Also we denoted Aﬁ’;}v’v := ToySht N OGI‘aSST‘;L’VV’V,

Lemma 4.6.4. Let V be a finite dimensional vector space over Fy such that dim V' >

3. Let W be a subspace of V. When 1 < m < dimV/W —1, Agb’g/’v 1S nonempty

for any H € Py, .

Proof. Note that AT"}’II;V’V = OToyShtg’WﬁH’H. From the assumptions we know that

dim H > 2 and dim(W N H) +m < dim H. The statement follows. O

Lemma 4.6.5. Let V! C V be finite dimensional vector spaces over Fq. Assume
2 <m < dimV/V' —2. Let f be a nonzero rational function on OToySht?}/V, such
that the restriction of Div(f) to OoToySht?//V, is zero. Let go be the pullback of f

/
under the morphism OToyShtT‘;L’V Vo OToyShtT‘;L/V/. Let g be the (unique) rational
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function on °ToySht}; extending gy. Then Div(g) is supported on the union of A”V"L’H
for HE Py« HDV' and AY; ; for J € Py, J & %8

Proof. Lemma 4.3.9 implies that Div(g) is supported on Af?. So it suffices to show
that the multiplicities of Div(g) are zero at AV for H € Py« H 7 V" and Ay 5 for
JePy,JC V.

Let H € Py+. Recall that AT‘Z g 1s irreducible by Proposition 3.2.23. We denote
Ag to be the multiplicity of Div(g) at A’{ZH, and we denote )‘/H/V/ to be the mul-
tiplicity of Div(f) at A?}/V/,H/V"

A = Ny jyo i H OV and Ay = 03 H 3 V.

Then Lemma 4.6.4 and Lemma 4.3.2 show that

Let J € Py. Denote py to be the multiplicity of Div(g) at A%J. Applying

Theorem 3.4.6 to V', we get

py=¢"" Y Mg

HGPV*
H>J

Suppose J C V'. Then the above result about Az shows that

pr=q¢ " Y Ny
H/GP(V/V/)*

Applying Theorem 3.4.6 to V/V’, we have

H/GP(V/V,)*
The statement follows. m
The following statement is dual to Lemma 4.6.5.

Lemma 4.6.6. Let V' C V be finite dimensional vector spaces over Fq. Assume

that 2 + dimV/V" < m < dimV — 2. Let f be a nonzero rational function on
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s 1 L "
OToyShtr‘;L,, dmV/VE cueh that the restriction of Div(f) to OOToyShtgl///‘%;?l VIV
1 T 1

zero. Let gy be the pullback of f under OToySht$’0’V — OToyShtT‘;l/, dim V/V '

Let g be the (unique) rational function on °ToyShty; extending go. Then Div(g) is
supported on the union of Ay i for H € Py« H 2 V" and Ay for J € Py, J C

%48 O

Lemma 4.6.7. Let V! c V" C V be finite dimensional vector spaces over Fq. As-
sume dim V/V” +2 < m < dim V/V’ — 2. Let f be a nonzero rational function

—di 1 Y Y
?},,/%;n viv such that the restriction of Div(f) to OoToySht?},,/(%;n 704
m V/ V//

s "
is zero. Let go be the pullback of f under °ToyShty, — OToyShtgl,T/(%;I,Il viv

on °ToySht

Let g be the (unique) rational function on °ToyShty; extending gyo. Then Div(g)
is supported on the union of A?},H for H € Py«,H D V' H 2 V" and AT‘ZJ for

JePy,JgV JcV"

Proof. The statement follows from Lemmas 4.6.5 and 4.6.6. m

4.6.4 Extension of pullback of principal toy horospherical divisors

For (A, \") € AP,(T), we define ¢ A7 An to be the composition of homomorphism

of ordered abelian groups
EN A C(PA”/A’) — COO(AH — A/) — Cé)o(T — {O}),

where the first homomorphism is induced by the map (A” — A’) — Pp» /A and the
second homomorphism is extension by zero.

Similarly, we define

Ehar CPnyane) = O (W) = (A")H) = C(T* — {0})
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For (A, A") € AP, (T), we identify of ordered abelian groups

A/ A// ~
O = CP ) & C(Ppn ).

As before, we make an identification via Theorem 4.6.2

Of = .y (T* — {0})F7 @ O (T — {o})Fa.

/ 12
We view 57\,7 A DEN A as a homomorphism DX’,AA’,{\ — D%.

(A")
///A/

and let

Lemma 4.6.8. Let (A, ") € AP, (T) and let f be a rational function on OToyShtK

n A/ A// n A/ A/l
A}’A}/ 7‘7 ’

h be the (unique) extension of hy to “ToyShtir. Then Div(h) € O and Div(h) =

(82,7A,, D 5A’,A”) (Dlv(f))

such that Div(f) € O . Let hqy be the pullback of f to °ToySht

Proof. Lemma 4.3.15 shows that Div(h) € O7..

From Lemma 4.6.7 we know that Div(h) is supported on the union of A% g for
H e Pp«,HD>N H PN and Ar j for J € Pp,J ¢ N, J c N So Div(h) is
supported on ((A/)+ — (A1) [[(A” — A7). For v € (A" — A), we have Div(h)(v) =
Div(f)(v) by Lemma 4.4.17, where 0 is the image of v in Py There is a similar

statement for w € ((A')+ — (A”)1). The statement follows. O

4.6.5 Proof of Theorem 4.6.2

For a finite set S, let Cy(S) denote the (partially) ordered abelian group of Z-
valued functions on S whose sum over S equals 0.

For (A',A") € AP,(T), we define a homomorphism (Radon transform)
Rt pn = Co(Panyass ZI3)) = Co(P(an /e ZI3))
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such that for any f € Co(Pyn/pr; Z[%]), H € P(pnjpryx, we have

Ry (D) = ¢" TN p(),
JEPA///A/
JCH

Remark 4.6.9. Since we have n(A”) — (dim(A”/A’) — 1) = n(A’) + 1, Theorem 3.4.6
shows that (f1, f2) € CO(P(A"/A/)*;Z[%D @ CO(PA///A/;Z[%)]) corresponds to a prin-
cipal toy horospherical Z[%]-divisor of oToyShtzg,[};,\), if and only if f1 = R}, \u(f2).
. EAY A FX FX
Lemma 4.6.10. im CO(PA”/A’) —_— CSO(T — {0}) q C OSO(T — {O}) a. [
Lemma 4.6.11. The following diagram is commutative.
1 RX/’A// 1
CO(PA”/A’; Z[ﬁ]) — CO(P(A”/A’)*; Z[ﬁ])
lEA/’A”®Z[%] l@;/,/\//@Z[}%]
FX Four¢ X
o — (O} ZI3)FF % cpo(r — {0} 2[4
Proof. Fix f € Co(Ppujpri Z[3)). Let g = (enr ar @ Z[F])(f), b1 = (Foury o(epr pn @
Z[%]))(f)a and ho = ((57\/’/\// ® Z[]lg]) © RXQA//)U)-

Let w € (T* — {0}).

Since 1 is nontrivial and g(v) = g(v + z) for any v € (T'— {0}) and z € A’, we
see that hq(w) = 0 when w ¢ (A/)L. Since suppg € A” and ZJGPA///A/ f(J) =0, we
see that hy(w) = 0 when w € (A”)L.

From the definition of £%, ,,» we see that hg(w) = 0 when w ¢ (A")+ orw € (A”)*.

Now we assume w € ((A)+ — (A)1).

Denote Hy, = {v € T|w(v) = 0} and PX”/A’ ={J € Pyu/p|J C (Ho NA")/A'}.

From the definitions of RX, A and 52, An We see that

ho(w) = "W ST .

JEPY,
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On the other hand, we have

hi(w) = /Tg(v)@/i(W(v))dv = u(A) > f(2)(w(z)).

z€((A"/A")—{0})

Since v is nontrivial, we get

h(w) = u(A)( > —f()+ Y (a=DF).
Je (PA”/A’_P(X///A/) JEP[X///A/

Since ZJEPA”/A’ f(J) =0, we get

mw) =¢" N g S f)

YSSUIN

(Recall the Haar measure on T is normalized by the condition that the measure of

any c-lattice A equals q”(A).) Therefore, we have hy = ho. O
Lemma 4.6.12. We have

CR(T — {0} Z[L)Fd

EAL, //®Z[l] X
= U m(GoPaszlE)) s o — {0y z)F). O

(A A" e AP, (T)

Proof of Theorem 4.6.2. The statement follows from Lemma 4.6.3, Lemma 4.6.8, Re-

mark 4.6.9, Lemma 4.6.11, and Lemma 4.6.12. O

4.7 Partial Frobeniuses for Tate toy shtukas

In this section, we fix a nondiscrete noncompact Tate space T" over Fy. Let Dimp

denote the dimension torsor of T
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4.7.1 Definition of left/right Tate toy shtukas

Definition 4.7.1. A right Tate toy shtuka for T over an Fg-scheme S of dimension
n € Dimy is a pair £ € Grass%(S),i”' € Grassgfrl(S), such that . c &, Frg £ C

2" with £ /2 and '/ Fry £ being invertible.

Definition 4.7.2. A left Tate toy shtuka for T' over an F,-scheme S of dimension
n € Dimy is a pair .£ € Grass/h(5), .2 € Grass%_l(S), such that ' ¢ £, %' C

Iy £ with /%" and Fr £ /%' being invertible.

For n € Dimy, let LToySht?. (resp. RToySht’) be the functor which associates to
each Fg-scheme S the set of isomorphism classes of left (resp. right) Tate toy shtukas
over S of dimension n.

As in the finite dimensional case, LToySht’. (resp. RToySht’:) is representable by

a closed subscheme of Grass’, x GI’aSS%_l (resp. Grass’, X Grass%+1).

4.7.2  Partial Frobeniuses

We have the following constructions for left /right Tate toy shtukas:

(i) For a left Tate toy shtuka .’ C % over an Fy-scheme S, the pair &/ C Frg &
forms a right Tate toy shtuka over S.

(i) For a right Tate toy shtuka 2 C £’ over an Fg-scheme S, the pair Fr§ £ C
' forms a left Tate toy shtuka over S.

For n € Dimp, we define partial Frobeniuses Fi ., LToySht}, — RTO}fSht?f1

and F;f 0 RToySht7, — LToySht%Jrl induced by the above constructions.

i — - + _
We have Er 10 P, = Frimoysnens £ 41 © Fr = FrRToySht? -

4.7.3  Identification of LOT. and RO with O,

As in the finite dimensional case, °ToySht7 is an open subscheme of LToyShtr,

and RToySht7..
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Let LO. (resp. ROY) be the (partially) ordered abelian group of Cartier divisors
of LToySht7: (resp. RToySht’) whose restrictions to °*ToySht’ are zero.

The goal of this subsection is to prove the following statement.

Lemma 4.7.3. The open immersion °ToySht7 — LToySht7. (resp. °ToyShtl —
RToySht7.) induces an isomorphism of ordered abelian groups LO7, = O (resp.
RO = O1).

In the following we only prove the statement for LToySht’:, since the statements
for LToySht, and RToySht7: are dual to each other.
n,A" A" ( )

Lemma 4.7.4. Let E be a field over Fg and let L € °ToySht

c-lattices N C A" of T. Put I' = LNFry, L. Then L' € Grassg bA A”(E>

for two

Proof. For any subspace M of T', we denote Mg := MQE.

Since L € OGrass%’A,’A”(E), we have L N A%y = 0. Hence L' N A% = 0. So it
suffices to show that L' + A7, = Tp.

We have L + A%, = Tp. Hence dim(L N A7) = dim(L)(A7,) = n(A”). (See
Definition 4.1.11 for the definition of the dimension of a d-lattice.) From the definition
of °Grass in diagram (4.1) we know that LNA%, is a nontrivial toy shtuka over Spec E.

Thus dim(L'NA%) = dim(LNAL) —1 = n(A”) — 1. Therefore, in the Tate space Tg

over E, the d-lattice L' and the c-lattice A, satisfy dim(L")(A%,) = dim(L' N A%,).

This implies that L' + A% =Tg. O
For (A', A") € AP,(T), denote LToySht/: LA (Grass%’A/’Al x Grass, LA, A”)ﬂ
LToySht’.. Lemma 4.7.4 shows that OToyShtn LA C LToy Shtn A A

For (A, A") € AP, (T), let LOWN A

n,A’, A"

be the (partially) ordered abelian group of

Cartier divisors of LToySht whose restrictions to °°ToySht’r are zero.

The isomorphisms

“ToySht} = lig “ToySht A A",

(A, A eAP,(T)
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LToySht!: = iy LToyShty: ALY

(A A eAP,(T)

give isomorphisms of ordered abelian groups

~ X ’I’L,A,,A”
O — Jim Or ,

(A A eAP,(T)

e R 7
(A A" e AP, (T)

The open immersions ToyShtnA AT LT0yShtnA A" for different (N, A"y e
I AN
AP, (T) induce ordered homomorphisms LDn AT D%’A A" Which are compatible

with transition homomorphisms. Thus Lemma 4.7.3 follows from Lemma 4.7.5.

n, A" A"

/ /!
Lemma 4.7.5. The open immersion °ToySht. — LToyShtg’A A induces an

/ "
isomorphism of ordered abelian groups LD” AN D?’A A for (N, A") € AP, (T).

~ o~ / 7N
Proof. For (N, A7) = (A',A"), denote LU ANA — LTo Sht~(1>/j;~)A/ NA"N oha
n A A n, A/ A"
denote LD I to be the ordered abelian group of Cartier divisors of LU /17/
" !/ / " /
whose restrictions to “°To ShtAE’/>A)’A NN o re gero.

The complement of OToyShtN( ") in LToySht%A/g has codimension —n(K’ ) >
///A/ /// /

n,A" A" in LUnA’ A

2 since (X/’]\W) € AP, (T). Hence the complement of U~ ]\v XA has
’ n, A A//

codimension at least 2. Therefore, the open immersion of regular schemes U R

A//
/ " / "
LU Q’AN’A induces an isomorphism of ordered abelian groups LD nA A = o AL .

A/’A// A// A/7A//
Such isomorphisms are compatible with transition homomorphisms for different pairs
(A7, A, and thus give rise to an isomorphism of ordered abelian groups

LA ~ n A A

A lg QX’/ AN// — lig DK/,KW

(M A= (A A7) (A7, A7)~ (A7, A7)
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Similarly to Lemma 4.2.3, we have an isomorphism

LToyshep Y = him Lot

(A7 A7) (MY, A7)

It induces an ordered homomorphism

. /A// A/ A//
LE: ling LOTS — LOp™

I Al
(A, A7) (A, A7) A

Similarly to the proof of Lemma 4.4.14 in Section 4.4.2, one can show that L& is
surjective using Lemma 4.3.16.

We get a commutative diagram of ordered abelian groups.

: n A A" LE n,A A"
iy LOTY o LO]

(A7, A7) (A7, A7) ’

! A

liga 9 156 fi s R
(A7, A7) (A, A7)

We proved that A is an isomorphism of ordered abelian groups. So is £ by Lemma 4.4.14.
Both L¢ and )\ are ordered homomorphisms, and we proved that L& is surjective.

Hence )\ is an isomorphism of ordered abelian groups. O

4.7.4  Pullback of Tate toy horospherical subschemes under partial

Frobeniuses

We identify LO7 and RO’ with O7 by Lemma 4.7.3.
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Partial Frobeniuses induce homomorphisms between ordered abelian groups

e en (Fr,)* n(FTjnH\)* il
7 DT Z 4 D Z 4 DT «— T ...

S

T 4
(Ffn_)*  (Ff)*
Similarly to Lemmas 3.4.3 and 3.4.4, we have the following statement.

Lemma 4.7.6. Identifying O, 9%, 981 with C(T* - {0})F7 @ C.(T - {0})Fa

via Theorem 4.4.12, the two homomorphisms

(Fp,) 05t — of,

(Ff)*: O — 9%
are given by

(Fp,)" O (T = {0pFa & Oy (T — {0} — o (1™ = {op)Fa & Oy (1 — {op)Te
(A1, A2) = (gA1, A2)
(F,)" O (T = {0pFa & Oy (T — {0p)F — o (1 = {op)Fa & Oy (1 — {opT

(A1, A2) = (A1, qA2)

4.8 A canonical subgroup of Pic( “ToyShtr.)

In this section, we fix a nondiscrete noncompact Tate space 1" over F; and we fix

an element n € Dimp.

4.8.1 Definition

Let 21 ,, be the universal Tate toy shtuka over “ToySht7. Let ai?% n C .f]@ ,, (resp.

Jfﬁn C 95?77%”) be the universal left (resp. right) Tate toy shtuka over LToySht7. (resp.
RToySht?},).
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r_ * no_ *
Denote "%T,n = Zr,Nkr *ToySht?. L1, T = L+ Fr *ToySht?: LT

Remark 4.8.1. We see that ,,f%n is the pullback of fjﬁnfl under the composition

-

“ToySht — LToySht7, LN RToySht%_l, and fj’{n is the pullback of .,2”7@7
F+

under the composition “ToySht7 < RToySht LN LToySht%"H.

n+1

Definition 4.8.2. We define two invertible sheaves (1, , = Lp /L1 AT pp =

2y | L, on “ToyShtlp.

Definition 4.8.3. For a c-lattice W of T', we define an invertible sheaf éi,W ndet =

det(ZLr ,, W). (See Definition 4.1.18 for the definition of det(Z7,, W).)

Remark 4.8.4. For two c-lattices W7, Wy of T, Remark 4.1.20 shows that there is a
canonical isomorphism EIW et @ det%ﬁ o E?f > dot» and the two invertible sheaves
W W : . W 1 W 1

gT,iL,det and gT,?L,det are isomorphic. Also, (ET,ylz,det)(g(q ) and (gT,?z,det)(@(q ) are

canonically isomorphic since (det%ﬁ)(@(qfl) is canonically isomorphic to Fy.

Lemma 4.8.5. Let W be a c-lattice of T'. We have a canonical isomorphism  p, ) ®

-1~ W ®(g—1
gT,n,a_(eT,n,det) (4 )

Proof. For any O OToyShtng_mOdU]‘e &, denote 7& = Frf’ToySht% 8.

The canonical isomorphism %7, /gj’ﬂ’n =~ ﬁn / "4, induces a canonical iso-
morphism det(Zr,, W) ® det(Zf’n, W)l ~ det(,,%ﬁn, W) ® det(TfT,n W)L by
Lemma 4.1.21.

Lemma 4.1.22 gives a canonical isomorphism det(T‘ZT,n W) = det( Ly, W)L

Lemma 4.1.21 gives canonical isomorphisms
ET,n,a = det(me, W) & det(vfjl“m’ W)_lu

éT,n,b = det(clew’ W) ® det(fTM, W)_l.

7”’1’7

The statement follows. O
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4.8.2  Some divisors in the classes of {1, and lppy

We have an inclusion of ordered abelian groups
O @ C(T)'T € C(T™ — {0})'7 @ C(T — {o))'s.

For an invertible sheaf ¢ on °ToySht7 and an element (f1, fo) € CSO(T*)F; ®
FX : : o o
CR(T) a, we write £ ~ (fy, fo) if [(] = [ﬁoToySht?p(D(fl,fg))] in Pic( “ToySht7),
where Df, 1) 18 the Cartier divisor of “ToySht’ corresponding to (f1, f2) via The-
orem 4.4.12.

Lemma 4.8.6. Let W_1, Wy, W7 be c-lattices of T such that W_1 C Wy C W7 and
n(W;) =1,(: =—1,0,1). Then we have

gT,n,a ~ (q ’ ]1[/[/'1L - ]1W0l7 ]1W1—W(])7

brmp ~ (e s —a- Ty + Ty

Proof. Recall that we denoted Zﬁn = Zrp N FrtToySht% ,;S,”T,n,ff”n = L1y +
FrtToyShtT:,E LT

Recall that {7, , = $T7n/$%’n. So Lemma 4.1.21 gives an isomorphism {7, , =
det(Lr,, Wo) @det(ZLy ,, Wo) ™1 Hence £y, o = det(Lr,,, Wo) @ det( L, W) ™!
by Remark 4.1.20.

Theorem 4.5.2 implies that det(Z7,,, Wy) ~ (—]lWOL, —TLyy,)-

Theorem 4.5.2 and Lemma 4.7.3 imply that det(fﬁn_l, W) ~ (—]IW%, —Lyy,)-

Remarks 4.8.1 and 4.1.19 show that det(.Z7,, , W) is the pullback of det(iﬂjjﬁn_l, W)

-
under the composition °ToySht7 < LToySht/. LN RToyShtgfl. Then Lemma 4.7.6

implies that det(fin, Wi) ~ (—q- 1Wf’ —Ty,)-
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Therefore, we get
ET,n,a ~ (_]len _]IWQ) ( q- ]lWJ-a ]lwl) = (q ’ ILWIJ- - ]lWOJ-a ]1W1—W0)'
The proof of the statement about {7 , ; is similar. O]

4.8.3  The preimage of Picean( “ToyShtr) ® Z[%] in O ® Z[%]

We normalize the Haar measure on 7' by the condition that the measure of any
c-lattice A equals q”(A).

Fix a nontrivial additive character ¢ : Fg — C*.

The Fourier transform Foury, is defined by the equation (4.6).

We have a homomorphism

x Foury, @1
IE‘ P

CE (T Z[5)) Ce(TZE) T & C(T;ZiA)

and an inclusion of abelian groups
etz @ o1 2E)F € o (1 — {0} 213D @ o (T - {0} 23]
Theorem 4.4.12 gives a homomorphism
C(T* — {0} Z[2)F ¢ ®CL(T - {0}; z[3)* ¢ — Pic(°ToySht’) & Z[3).
The composition of above homomorphisms gives rise to a homomorphism
v 1 CX(T Z[3)Fa — Pic( “ToySht) ® Z[3).
Remark 4.8.7. Theorem 4.6.2 implies that kery = C5°(T — {0}; Z[l])]F;. Also note

that CR(T — {0} Z[A)Te = {f € C(T5 2L | £(0) = 0, [ f(v)dv = 0},
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Proposition 4.8.8. For f € C(T: Z[3) 4 let a(f) = [ f(v)dv and b(f) = f(0).
Then

(¢ = D (f) = a(H)llrn,al = b))l p]-

Remark 4.8.9. In the definition of a(f), we normalize the Haar measure on T by the

condition that the measure of any c-lattice A equals q”(A).

Proof of Proposition 4.8.8. The statement follows from Lemma 4.8.6 and the facts

that
a(ly,-w,) =q—1, b(Lyy,—wy) =0,
CL(_q']lW_l +]1W0) =0, b(_Q']lW_l +]1W0) = _(q_1)7
q- ILWf‘ — ]lW() = FOUI‘Q/J(]IWI_WO), — ]lelfWO = Fourw(—q . ]lW—l + ILW()).

O

Definition 4.8.10. Let Piccan( °ToySht’r) be the subgroup of Pic( °ToySht7) gene-

rated by [(1, o, (0T 5] and [ﬁgyn got)» Where W is a c-lattice of T

Remark 4.8.11. Remark 4.8.4 implies that the class of glvlfn,det is independent of the
choice of the c-lattice W. Hence Picean( “ToySht7) is well-defined.

Remark 4.8.12. Lemma 4.8.6, Theorem 4.5.2 and Theorem 4.4.12 show that the image
of O in Pic( °ToySht7) contains Piccan( “ToyShti).

As before, we identify D@ Z[1] with O (T* — {0} Z[L)F7 @0y (T {0} Z[L)
via Theorem 4.4.12; and we consider CZ°(T™; Z[%])F; O (T, Z[%])F‘; as an ordered
subgroup of O ® Z[%].

Theorem 4.8.13. The preimage of Piccan( “ToySht) & Z[%] in O @ Z[%] is the

ordered Z[%] -submodule

{(f1, f2) € C2(T% ZIA)F0 @ C2(T; Z[A) T | /i = Foury (f2)}-
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Proof. Let Wy, W1, W_1 be as in Lemma 4.8.6. By Lemma 4.8.6 and Theorem 4.5.2,

the preimage is the Z[%]—span of the three elements

(]lWOiu ]lWO)a (q : ]lwlL - ]lWOlv ]1W1\W0)7 (_]lw_ll\WOiu —q- ]IW,1 + ]IWO)

and the Z[%]—module Ry ® Z[%]. Note that the three elements are contained in the
above Z[%]-submodule of O ® Z[%]. So the statement follows from the description

of R ® Z[%] in Theorem 4.6.2. O
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CHAPTER 5
RELATION BETWEEN SHTUKAS AND TOY SHTUKAS

5.1 Relation between shtukas and toy shtukas

Let S be a scheme over Fy. For an Oy 4 g-module .# and a point s € S, we denote
Fs to be the pullback of # to X xs. Put ® =Idy xFrg: X x § — X x 5. Let

m: X xS — S be the projection.

5.1.1 Right shtukas

Let ®*.F — Z' <= % be aright shtuka of rank d over S equipped with a structure
of level D. Suppose that D viewed as an effective divisor is represented as D" — D’

so that for every point s € S one has
HY(X x s,.Z}(D' x 5)) =0, (5.1)

HY(X x s, Zs(D" x 5)) = 0. (5.2)
Let V = HY(X, (Ox(D"))Ox (D)), £ = 1.7 (D" x 8), &' = 1. 7' (D" x 9).
Proposition 5.1.1. The pair £, L' forms a right toy shtuka for V over S.

Proof. Consider the composition
F —— FRO0Opyg —— ﬁdeS

where the second morphism is the isomorphism from the structure of level D. Ten-

soring with Oy g(D" x S), we get a composition

F (D" x 8) = F(D" x 8))F(D' x8) Z(Oxyg(D" x 8))Oxyg(D' x 5))%
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This induces a morphism . — V ® Og.
Similarly one gets a morphism .’ — V ® Oy.

Consider the exact sequence
0 —— F(D'xS) —— F'(D'"x8) —— F(D'"xS)/F' (D' x8S) —— 0.

Assumption (5.1) and base change for cohomology imply that 7.’ (D' x S) = 0.
Hence the morphism ./ — V ® Oy is injective.

Since .Z' /. is torsion, assumption (5.2) implies HY(X x s,.Z.(D" x s)) = 0 for
every point s € S. From base change for cohomology we get Rlm.. %’ (D" x S) = 0.
So (V& 0g)).¢ = R'n,.Z'(D' x S). For any point s € S, we have HO(X x
s, FL(D' x s)) = 0 by assumption (5.1), so in particular the base change morphism
k(s) @ meZ (D' x s) — HY(X x s, ZL(D' x s)) is surjective. By [10, Chapter 3,
Theorem 12.11(b)], (V ® 0g)/&L" = R'm.F' (D' x 8) is locally free.

A similar argument shows that (V ® Og)/.Z is locally free.

Since .# C .Z', we have £ C .. Since ®*.# C ', we have Frg 2 C <.

Assumption (5.2) and base change for cohomology imply that R'm,.Z (D" x S).
Since I'3N (D" x ) = 0, we have an isomorphism .#'(D" x S) /% (D" x S) = F'|.Z.

So we have an exact sequence

0 y L y & sy T (F | F) —— 0.

Since .#' /.7 is an invertible sheaf on T g, and m: X xS — S induces an isomorphism
Iz — S, we see that .2’/ is invertible.
Similarly, .2’/ Frg £ is also invertible. O
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5.1.2  Left shtukas

Let ®*.% < Z' < Z be a left shtuka of rank d over S equipped with a structure
of level D. Suppose that D viewed as an effective divisor is represented as D" — D’

so that for every point s € S one has
HY(X x s, Zs(D' x 5)) =0, (5.3)

HY (X x s, ZL(D" x 5)) = 0. (5.4)

Let V = HY(X, (0x(D")/0x (D)), £ = 0. F(D" x S), &' = m. F'(D" x ).

Similarly to the case of a right shtuka, one can prove the following statement.

Proposition 5.1.2. The pair £, %" forms a left toy shtuka for V over S. O

5.1.3 Shtukas

Let .% be a shtuka of rank d over S equipped with a structure of level D. Suppose
that D viewed as an effective divisor is represented as D" — D’ so that for every point

s € S one has

HY(X x s, Zs(D' x 5)) =0, (5.5)
HY (X x s, Zs(D" x 5)) = 0. (5.6)

Let V = HO(X, (Ox(D"))Ox (D)), £ = 1. F (D" x 9).

Similarly to the case of a right shtuka, one can prove the following statement.

Proposition 5.1.3. .Z forms a toy shtuka for V over S. [
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5.2 The morphism from the moduli scheme of shtukas with
structures of all levels to the moduli scheme of Tate toy

shtukas

Fix a field E over Fy and two morphisms «, 8 : Spec &/ — X satisfying condition
(+). Let d be a positive integer.

Let ShtdE7 o1 denote the moduli scheme of shtukas over Spec I/ with zero o and
pole 8 equipped with structures of all levels compatible with each other. Let Sht%?; 1
be the components of ShtdE’ o1 o0 which the shtuka % has Euler characteristic .

For any integer x, let n, € Dim,q be such that nx(Od) =X.

For a divisor D of X, we denote Op to be the c-lattice
lim HO(X, 0x(D)/Ox(D"))
D/

of A, where D' runs through all divisors of X such that D’ < D. In other words, Op
consists of those adeles with poles bounded by D. For two divisors D', D" of X such

that D' < D" we have
Opn/Op = HY(X, 0x(D") /6% (D")).
We have an isomorphism

li lim O ///O /;A
D%?D’%D” pree

5.2.1 Construction of the morphism 0

We first construct the morphism from Sht%)gL g to ToyShtZ’C‘l.

Let S be a scheme over Spec E and let .% € Sht%XaH(S). Let m: X xS — S be
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the projection.

Let SP"P” be the open subscheme of S such that all s € SP D" satisfy conditions
(5.5) and (5.6). Proposition 5.1.3 shows that m..% (D") is a toy shtuka over S for
O%,,/O%,. Moreover, conditions (5.5) and (5.6) imply that 7% (D”) has rank x +
d-degD".

For divisors ﬁ,ﬁ’ such that D/ <D <D"< 57’, we have PP ¢ Sﬁl’ﬁ/,
and the composition

SO0, Toysptddes D o gpxtddeg D

d d d
OE,/OH; OD///OD/

x+d-deg D"
O%///OdD/

For each s € S, there exists a pair of divisors D’ < D' such that s € SD/’D”.

when restricted to SP P coincides with the morphism S DD _, ToySht

Passing to the double limit, we see that

£ =ligm.7(D")
D//

is a Tate toy shtuka over S of dimension n, for Al

Proposition 5.2.1. For each x € Z, the above construction induces a morphism
dax . d,X o Tx
Op" : ShtE,all — ToyShtAd )

Proof. The above construction induces a morphism Sht%xa 1= ToyShtZi‘l.

Put M = ShtdE,all' Let # be the universal right shtuka over M. Denote & =
Idxy xFrpg: X x M — X x M.

For any point s € M, there exists a divisor D" C X such that Zs(D"” x s)
and ®%.Z,(D” x s) are generated by their global sections. Since a # 3, we have
Fs # O*F5. Hence 154 Fs(D" x 8) # m54®* Fs(D" x 8) = Fr¥ mg,.Fs(D" x 5). This

shows that the image of s in ToyShtZ)C‘l is contained in OToyShtZ)C‘l. H
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5.2.2  GLg(A)-equivariance of the morphism 6

For g € GL4(A), L € Grass,q(RR), where R is an Fg-algebra, we define g - L to be
the image of L < AY®R I, AR In this way we get a (left) action of GL4(A)

on Grass Ad- We see that this action preserves °ToySht Ad-
Proposition 5.2.2. The morphism Q% : ShtdE a1 — “ToySht a is GLg(A)-equivariant.

Proof. Let S be a scheme over E. Let % € ShtE a1 (9)-
For any g € GLg(A), the definition of the action of g in [6, Section 3] implies that

the following diagram commutes.

m.(lim lim (g°F)(D" x §)/(g°F)(D' x §)) — m.(lim lim F(D" x §)/F (D' x 9))
D// D/SD// // D/SD//

m(lim lm (Oxs(D" x 8)/Oxxs(D' x $))?)  m(lim lim (Oxxs(D” x 9)/Oxs(D' x 5)))
D' D'<D" D' D'<D"

L L

AMSR g > AMDR

—

The natural morphism

lim(g*7)(D" x S) — lim 7 (D" x S)
Dl/ Dl/

induces an isomorphism

lim . ((9".7)(D" x §)) = limm (F (D" x 5))
D D

The statement follows. O]

5.3 Review of horospherical divisors

The goal of Sections 5.3 and 5.4 is to prove Theorem 5.4.6, which relates ho-

rospherical divisors on the moduli scheme of shtukas with Tate toy horospherical
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divisors on the moduli scheme of Tate toy shtukas, and reduces algebraic geometry
to representation theory.

Let 1 denote the generic point of X x X. Let o, 8 : 7 — X be the first and second
projection. In this section, all shtukas will have zero a and pole [.

For a finite subscheme D C X, let Sht% p denote the moduli stack which to each
scheme S over n associates the groupoid of shtukas over S with zero a and pole (8
equipped with a structure of level D.

Let Sht;’;, o)1 denote the moduli scheme which to each scheme S over 1 associates
the set of isomorphism classes of shtukas over S with zero o and pole 8 equipped
with structures of all levels compatible with each other.

For x € Z, we denote ny to be the element of Dim,q4 such that nX(Od) =X.

Let %ectg(, p (resp. ‘I]ect‘)ig o11) denote the set of isomorphism classes of locally free
sheaves of rank d on X equipped with a structure of level D (resp. equipped with

structures of all levels compatible with each other).

5.3.1 Trivial shtukas

Definition 5.3.1. For d > 1 and an effective divisor D C X, let TrSht% denote the
moduli stack which to each scheme S over [Fy associates the groupoid of locally free
sheaves .# on X x S equipped with the following data:

(i) a structure of level D, i.e., an isomorphism v : .# ® Opy g — ﬁ%xs;

(ii) an isomorphisms ®§.# — .4 such that the diagram

,
//@@’ngﬁﬁ%xs
f WO o 5, gl
S DxS ~ SY DxS

commutes.

An element of TrSht p(.5) is called a trivial shtuka over S equipped with a structure
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of level D.

For & € Q]ectgl( p» let TrShte p denote the quotient stack [SpecFq/ Aut &].

The following statement is [15, Chapter I, Section 3, Theorem 2.

Proposition 5.3.2. The stack TrShth 1S a disjoint union

Tisht), = [ TeShtg p.
ge‘llecth

Proposition 5.3.3. Let S be a projective scheme over Fg. Let E be an separably
closed field over Fq. Then the functor & — F ® E is an equivalence between the
category of coherent sheaves .# on S and the category of coherent sheaves M on SQE

equipped with an isomorphism (Idg @ Frg)*. = A . O

Remark 5.3.4. The above statement is [6, Proposition 1.1] when E is algebraically

closed. The same proof applies when E' is separably closed.

Corollary 5.3.5. Suppose E is separably closed and & &€ Q]ectgl( p- Forany A €
TrShte p(E), we can find an isomorphism A = &R E compatible with the structure
of level D.

Lemma 5.3.6. Let E be a field over Fy. Let F be a shtuka over Spec E with zero
a and pole B satisfying condition (x). Let 4 be a subshtuka of F of the same rank

with the same zero and pole. Then ®%LY ¢ .F and G ¢ 3.7

Proof. We apply d-th exterior power to all sheaves involved to reduce the problem to
the case d = 1.

Suppose ®%,% C .#. Then we have F = ¢ (3+ W) for some effective divisor W of
X ® E. From the isomorphisms 7% = ¥(8 — ) and ®%.7 = .7 (f — a) we deduce
that 8 —a+Frxyof+®"W =+ W + 8 —a. Hence f+W = Fryof + ®*W.
Applying Lemma 2.2.4 to the two morphisms §,Frx o3 : Spec E — X, we see that

£ = Frg( o3 for some i > 1, a contradiction to condition (x).
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The proof of the second statement is similar. O]

Lemma 5.3.7. Let E be an algebraically closed field. Let F be a shtuka of rank d
over Spec E with zero and pole satisfying condition (x). Let 4 be a subshtuka of F
of the same rank with the same zero and pole. Then F |9 is supported on D ® E
for some finite subscheme D C X. Moreover, for any structure of level D on %, 4
is obtained from F by applying Construction E in Section 2.1.2 with respect to that

level structure and an Op-submodule Z C 6‘%.

Proof. Let F' = O, F+.F .4 = 1.9 +%. Lemma 5.3.6 shows that F NG’ = & and
P%.F NY' = &34, Thus the morphisms .7 /4 — F' /4" and &5,(F /9) — F' /9’
are injective. The sheaves F /¥4, F' /9’ ®7.(F [9) are torsion sheaves on X ® E, and
we have h(Z/94) = W(F' /9" = hO((I)*E(ﬁ/%)) Hence the morphisms % /¥ —
F' 9" and O5,(F /9) — F'/4’ are isomorphisms. So we have O} (F /¥4) = F /9.
Proposition 5.3.3 gives an isomorphism % /¥ = .# ® E for some coherent sheaf .#
on X. Since . and ¥ have the same rank, .# is supported on a finite subscheme
DcCX.

Equip .# with a structure of level D. Let ¥ =¥/ F(-D® FE) C F/F(-D®
E) = ﬁdD@E' Since .#(—D ® E) is a subshtuka of ¢, we get an isomorphism
¢ =5 & which is compatible with the natural isomorphism % ﬁ%@) B = ﬁ%@) B
Proposition 5.3.3 gives an isomorphism & = Z® F for some 0 p-submodule #Z C ﬁ%.

We see that ¢ is obtained from .# by applying Construction E with respect to Z. [

5.3.2  Definition of horospherical cycles

For & € %ecthD, denote TrSht, ¢ p to be the base change of TrShte p from

SpecFy to 7.

Definition 5.3.8. Given d > 2, 1 < ¢ < d—1 and & € Q]ecthD, we denote

RedShtZ’ié,I p to be the moduli stack which to each scheme S over n associates the
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groupoid of exact sequences

where
: d—i d,x=0 _
(i) o € Shtn,ﬁ(S)’ F € Shtn’% (5), # € TrSht,, £ p(S);
(ii) the morphisms &/ — .% and .# — 2 are morphisms of shtukas with structures

of level D;

(iii) the structures of level D give the following commutative diagram

0 —— A ROpyg ———— FROpyg ——— B Opyg — 0

’ L ‘ .
0 —— O0pls —— O0hus=0ps®0pg — Opyg — 0

where the lower exact sequence is the standard one.

Definition 5.3.9. Given d > 2, 1 < ¢ < d—1 and & € Q]ecthD, we denote

RedShtz’fg’aHD to be the moduli stack which to each scheme S over 7 associates the

groupoid of exact sequences

where
(i) o € TiSht, o p(S), F € S5 (S), 2 € Shtd 5(S);
(ii) the morphisms &/ — % and .# — 2 are morphisms of shtukas with structures

of level D;
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(iii) the structures of level D give the following commutative diagram

0 —— Z®Opyg ———— FROpyg ———— B Opyg — 0

[~ [~ [~

. Ol ; d _ d—i d—i
0 ﬁDxS ﬁDxS_ DxSGBﬁDxS ﬁDxS 0

where the lower exact sequence is the standard one.

Definition 5.3.10. Given d > 2,1 <i<d—1,and & € Q]ectfx all Ve define

dil .. d,i,1
RedShtm &all = l%gRedShtn’ &0

dill .. 1T
RedShtha’all = l%nRedShtn’@@,D,

where D runs through all finite subschemes of X.

Definition 5.3.11. Givend > 2,i,7 > 1,i+j < dand & € m“tZX,D’ B e ’IIectXJ),
we define RedShtz’y’Ié\g to be the moduli stack which to each scheme S over 7
associates the groupoid of the following data:

(i) an exact sequence of shtukas with structures of level D

0 —— &' y F y N > 0,

where &' € TrSht, s p(S5), F € Shtg]?f):o(S), N € Shtg;;(S), such that the struc-

tures of level D induce the standard exact sequence
1 d d—1
0 —— Opyg — Opyg — Op g — 0.

(i) an exact sequence of shtukas with structures of level D

0 s M s N s B

2\
=
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where # € Sht;l]jl;;j(S), = TrSht,) 2 p(S), A is as in (i), such that the structu-

res of level D induce the standard exact sequence
d—i—j

d—i J

The above data (i), (ii) are equivalent to the following data:

(") an exact sequence of shtukas with structures of level D

0 y L y F s B > 0,

where £ € Shtz_bj (), F € Shtz’%:O(S),%/ € TrSht, 2 p(S), such that the struc-

tures of level D induce the standard exact sequence
d—j d J
(ii’) an exact sequence of shtukas with structures of level D

0 —— &' y L > M » 0,

where o/’ € TvSht, oy p(S), # € Shtz_l;_j(S), % is as in (i), such that the struc-

tures of level D induce the standard exact sequence

i d—j d—i—j
0 ﬁDxS ﬁDxS ﬁDxS 0.
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Remark 5.3.12. We have two Cartesian diagrams

d,ij IAIL d—ij,I PRRATNII d—j,i,11
RedSht) ")), —— RedShte 27 RedSht) "2 ), —— RedShty 2
d,iI1 d—i d,j,1 d—j
RedShty ", ) ———— Sht! ) RedSht; )y , ———— Sht!
(5.7)

Definition 5.3.13. For & € ’Bect&ﬁm, B € %ectg(’au, we define

dijINIT .. dij,IATI
RedSht) "0 = l%nRedShtn’ D

where D runs through all finite subschemes of X.

5.3.83 Basic properties of horospherical cycles

The following statement follows from [15, Chapter I, Section 3, Corollary 6].

Proposition 5.3.14. Let D be a finite subscheme of X. Then Sht%D 1s a Deligne-

Mumford stack and it is separated over ).
The following statement follows from [15, Chapter I, Section 2, Theorem 9].

Proposition 5.3.15. Let D be a finite subscheme of X. The natural morphism

Sht;i]’D — 1 is smooth of pure relative dimension (2d — 2). ]
The following statement is [15, Chapter I, Section 3, Proposition 5].

Proposition 5.3.16. For two finite subschemes D1 C Do C X, the natural morphism

d d ; - p .
Shtn,D2 — Shtn’D1 1s representable, finite, étale and Galois.
The following statement is a consequence of [18, Proposition 2.16(a)].

Proposition 5.3.17. For every finite subscheme D1 C X and every quasi-compact

open substack U C Sht? , there exists an integer N such that U X, .4
1,01 Sht}) p,

a scheme for all finite subschemes Doy C X satisfying Do > D1 and deg Dy > N.
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Propositions 5.3.15 and 5.3.16 imply the following statement.
Proposition 5.3.18. The scheme Sht all has pure dimension (2d — 2). O
The following statement follows from [15, Chapter II, Section 1, Corollary 10].

Proposition 5.3.19. Let D be a finite subscheme of X and let & € Q]ectg(D. Then

dzII

Re dSht y ’ (resp RedSht ) 1s a Deligne-Mumford stack and it is separated and

locally ofﬁm'te type over 1.
The following statement follows from [15, Chapter II, Section 1, Theorem 5].

Proposition 5.3.20. Let D be a finite subscheme of X and let & € Q]ectfx p- Then
the natural morphism

RedSht!" ;) — Shtd 1,

i1 d
(resp. RedShtn’Zg,D — Shtn,D)
is representable, quasi-finite, G-unramified* and separated. O

The following statement is [15, Chapter II, Section 1, Theorem 11].
Proposition 5.3.21. Let D be a finite subscheme of X and let & € Q]ectg( p- Then
the natural morphism

d,i,I d—i
RedShtn’&D — Shtn,D X TrShtmg’D

i 1T d—i
(resp. RedShtnL@’D — TrSht,, & p X Shtn,é)

15 of finite type and smooth of pure relative dimension i. [

The following statement follows from Propositions 5.3.15 and 5.3.21.

1. We use the definition from Stack Project. A morphism is unramified (resp. G-unramified) if
and only if it is locally of finite type (resp. locally of finite presentation) and formally unramified.
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Proposition 5.3.22. Let D be a finite subscheme of X and let & € Q]ectg(’D. Then

dzI dzH

the natural morphisms RedSht p — nand RedSht p — 1 are smooth of pure

dimension (2d — ). O
The following statement is [15, Chapter II, Section 1, Proposition 4].

Proposition 5.3.23. Let D1 C Doy be two finite subschemes of X. Suppose & €
Q]ectg(’Dg and let &1 € Q?ectf,(’Dl be the image of & under the natural map Becty p, —

Lecty p,. Then the natural morphism

il dil 4011 4,11
RedShtng Dy RedSh1:77 6.0, (resp. RedShtn(ga p, — Re dShtn7é”1,D1)

1s representable, finite, étale and Galois. O

Propositions 5.3.22 and 5.3.23 imply the following statement.

Proposition 5.3.24. For & € iUectX o]l the schemes RedSht? 271 a1 and RedShtg iggu

are reduced and of pure dimension (2d —1). O
Propositions 5.3.20 and 5.3.22 imply the following statement.

Proposition 5.3.25. Let D be a finite subscheme of X and let & € Q]ectg( . Then

dzI d,l
nED

Shtg’D) is reduced and has pure dimension (2d —i — 2). O

the closure of the image of the morphism RedSht &D ™ Sht D (resp. RedSht

Lemma 5.3.26. Let I be a directed set. Let (X;);cr, (Y;)ier be two projective systems
of schemes with affine surjective transition maps. Let (X; — Y;)ier be morphisms
compatible with transition maps. Denote Z; to be the closure of the image of the
morphism X; — Y;. Then @l Z; equals the closure of the image of the morphism
lim, X — Jim, ¥;. U
Proposition 5.3.27. For & € mectfx’an, the closure of the image of the morphism

dil i II

RedShtn: fall Shtg,all (resp. RedShtn: fall Shtg,all ) is reduced and has pure

dimension (2d —1i — 2). O
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Proof. Let Y, denote the closure of the image of the morphism RedShtg Zglau —

Sht? |- Pick an irreducible component Wy of V.

n,al
For a finite subscheme D C X, let YV denote the closure of the image of the mor-

phism RedSht? 2;1 p— Sht77 p> and let Sp denote the set of irreducible components
of Yp that contain the image of Wyj. We see that the transition map Sp, — Sp,
is surjective for any D; C Ds. Since the set of finite subschemes of X is countable,
I.&HD Sp is nonempty. Thus we can find an irreducible component Wp C Yp for
each D such that W, C lgl p Wb Since each Wp is irreducible, @ p Wb s also
irreducible. Proposition 5.3.17 and Lemma 5.3.26 show that @D Yp = Yan. So
lim  Wp is an irreducible component of Yy Hence we have Wy = lim , Wp.

For two finite subschemes D1 C Do C X, the transition map Wp, — Wp, is
finite by Proposition 5.3.16. Both Wp, and Wp, have dimension (2d — i — 2) by
Proposition 5.3.25. Thus the transition map Wp, — Wp, is finite and surjective.
Then we see that the morphism W, — Wj is integral and surjective. Therefore,
dim W, = dim Wy = 2d —i—2. This shows that V) has pure dimension (2d —i—2).

Reducedness of Y, follows from reducedness of RedShtﬁ’ié’}aH by Proposition 5.3.24.

The statement for the morphism RedSht? %IIaH — Sht all follows from duality. [J

The following statement follows from Cartesian diagrams (5.7) and Propositi-

ons 5.3.15, 5.3.21 and 5.3.22.

Proposition 5.3.28. For &/ € ‘IIectXD and B € ‘IIectXD, the morphism from

RedShtzjfg{jIggg to n is smooth of pure dimension (2d —i — j — 2). O

The following statement follows from Cartesian diagrams (5.7) and Propositi-

ons 5.3.16 and 5.3.23.

Proposition 5.3.29. For two finite subschemes D1 C Dy C X and &/ € %ect&- Dy

B € Q?ectX Dy’ the natural morphism RedShtﬁ:ZgiIé\,g2 — RedShtzfQ’g:It%{\’gl is repre-

sentable, finite, étale and Galois.
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Propositions 5.3.28 and 5.3.29 imply the following statement.

Proposition 5.3.30. For o/ € ‘Bectg(’au, B e ‘Ilect%(’au, the scheme RedShtg:iZ’g:Ié’gl

has pure dimension (2d —i — j — 2). O

5.3.4  Irreducibility of the scheme of reducible shtukas

Theorem 5.3.31. Given d > 2, a finite subscheme D C X and & € Q]ect}X p» the

stacks RedShtz:}g;}D and RedSht%:glI) are irreducible.
Theorem 5.3.32. For d > 2 and & € %ect}(’au, the schemes RedShtg:(lg(Z’Iau and
RedShtZ:}g;,I;u are irreducible.

Proposition 5.3.33. Let & € %ect}( - Denote y;u (resp. y;{l) to be the closure of
. . d,1,1 d d,1,IT d
the image of the morphism RedShtn,g’,all — Shtn,all (resp. RedShtn’ég’a11 — Shtn,all)'

Then the local ring of yiu (resp. y;ﬁ) n Shtg,all 1s a discrete valuation ring.

Proof. For a finite subscheme D C X, denote y}) to be the closure of the image of the

1,1

morphism RedShtm &.D

— Shtf% p- Theorem 5.3.31 implies that y}j is irreducible.
Choose a quasi-compact substack Uy C Shtg’@ such that Uy N ))QI) is dense in yQI). De-
note Up = Uj XShth@ Shtg7D. Proposition 5.3.23 shows that the morphism y}) — :)/(/I)
is dominant. Thus Up N y}) is dense in y}) for all D. By Proposition 5.3.17, there
exists an integer N such that Up is a scheme when deg D > N. Let Ap be the local
ring of Up ﬂyID in Up for those D satisfying deg D > N. Let A,j be the local ring of
y;n in Shtg,all' Then Lemma 5.3.26 implies that A, = hﬂdegDzN Ap. For each D,
Shtg,D is smooth over n by Proposition 5.3.15, and y}) has codimension 1 in Shtg,D
by Propositions 5.3.15 and 5.3.25. Hence Ap is a discrete valuation. For two finite
subschemes Dy C Do C X, the transition map Up, — Up, is smooth by Proposi-
tion 5.3.16. Hence the transition homomorphism Ap, — Ap, sends uniformizer to

uniformizer. Now Lemma 4.4.5 implies that A, is a discrete valuation ring.

The statement for ygl follows from duality. O
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5.3.5  Chriteria for a Tate toy horospherical subscheme to contain the

image of a horospherical divisor

Fix an integer d > 2. For a shtuka & over a perfect field with zero and pole

satisfying condition (+), the notation @1 and 9" is defined in Theorem 2.2.6.

Definition 5.3.34. Let Z;l’{ (resp. Zd’{l) denote the closure of the image of the
. A1 d,x=0 d,LII
morphism RedShtm Oyall Shtn;f11 (resp. RedSht Al Sht ), where

Ox € %ect}( o11 18 equipped with the standard structures of all levels.
The following statement follows from Theorem 5.3.32 and Proposition 5.3.24.

Theorem 5.3.35. Z 1 and Z ’1 are reduced and irreducible.

Let 52”{ (resp. 52;{1) denote the generic point of Z:Il”{ (resp. Zd H)

Lemma 5.3.36. Let £ be a geometric generic point of Zg:{. Let F be the shtuka
over €. Then F1 = 0.

Proof. Denote @' = FI and i = rank .o’ By Proposition 5.3.3, we can find an
isomorphism &7’ = o7 @ ¢’ for some o € %ectrar@k% Suppose o # 0.

For a finite subscheme D C X, denote 02”1’) to be the image of the composition
G R0OpRE = F@ Opger- We see that there exists an &p-submodule 2 C ﬁdD
such that £, = £p @ €. Moreover, for two subschemes D; C Dy C X, we have
Zp, = ZLp,®0p,. Thus we can find g € GLg(O) such that g(ﬁé) ®0) =.Zp for all
finite subschemes D C X. We equip &7 with structures of all levels compatible with
each other using the standard structures of all levels on ﬁ’i . Then the image of g-¢' is
contained in the image of the morphism RedSht? Z;Iau — Sht? m,all Proposition 5.3.27
implies that ¢ = 1 for dimensional reasons.

d,l,I

From the definition of RedSht an We obtain an exact sequence of shtukas

0 y s F s B
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1
where %' € TrSht,, . 1(£'), & € Shtz Ln(€)
From the definition of .Z! in Theorem 2.2.6 we know that <’ is saturated in .%

If the composition &7’ — .F — %’ is zero, we have an exact sequence of shtukas

0 —— o' > S s M

e

Then one can find h € GL4(O) such that the image of h- £’ is contained in the image

d,l,l,I/\II

of the morphism RedSht ot O all Sht¢ This is a contradiction to Propositi-

n,all
ons 5.3.27 and 5.3.30 for dimensional reasons. Thus the composition &7’ — % — %’
is nonzero, and it is injective since rank .27/ = 1. Therefore, the morphism &’ ®©.% —
Z is injective.

Lemma 5.3.7 implies that &7/ @ .7 is obtained from .# by Construction E. Hence
there exists w € GLg(A) such that the image of w - £ is contained in the image

of the morphism Shtd 11 — Sht? | which sends a shtuka . of rank (d — 1) to the

n,al
shtuka @7/ @ .7 of rank d. By Propositions 5.3.18 and 5.3.27 we get a contradiction

for dimensional reasons. O

. . n
As in Section 4.4.1, we denote AAd,J

= °ToySht; ; N ToyShtyy for H € P(Ad)*.

= °ToySht'y4 ﬂToyShtAd/J for J € P ya,
and we denote A, H=
Denote GLg(A)g = {g € GLy(A)|degg = 0}.
Recall that for x € Z, we denote ny to be the element of Dim,, such that
n (Od) = X. In particular, we have ny € Dim,q4 corresponding to x = 0.

Let Hd Sht? nall ™ “ToySht 44 be the morphism defined in Proposition 5.2.1.

Lemma 5.3.37. For all g € GLy(A)g and J € P a, we have Gg(g : Sg’l) ¢ AAd Ne

Proof. Since 6,‘; is GLg4(A)p-equivariant, it suffices to prove the statement in the case

g = 1. Let & be a geometric generic point of Zf?l”{ Let .% be the shtuka over &’

Suppose 9%(5 1) € AZ% J

and a nonzero element z € HY(X x ¢, Z(D" x €')) such that q)z,z = z. Let ¢ be
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the subsheaf of .7 (D" x &) generated by z. We see that 4 # 0 and ®%% = 4. Thus
(F (D" x &) £ 0. Then Corollary 2.2.8 shows that .Z ! £ 0. This is a contradiction

to Lemma 5.3.36. OJ

Lemma 5.3.38. Let E be a separably closed field over n. Let £ : Spec E — Zd 1

dH

be a morphism over n whose image lands in the generic point of Z Let F be

the shtuka over £". Then there exists an isomorphism ﬁXxf” = 40}11, such that for

every finite subscheme D C X, the composition
ﬁXxgll % yII — y — y ® ﬁDXg” 1> ﬁ%xgu
1s the following standard morphism

ﬁXXE” —» ﬁngn — ﬁDxf” ) ﬁD;lg” ﬁ X x&l

d,l,H

Proof. From the definition of RedSht and Corollary 5.3.5 we see that there exists

yII

an injective morphism Oy en < satisfying the required conditions. Moreover,

Ox x¢n 1s saturated in .#. Thus it suffices to show that rank F =1,

Suppose rank.Z > 2. Then we can find ¢ € GLy(0) such that the image

d,2,I1

of g -€" is contained in the image of the morphism RedSht’ et all Sht? . for

n,all
some &/ € ‘Iiect%( - We get a contradiction by Proposition 5.3.27 for dimensional

reasons. O
Recall that £ denotes the field of rational functions on X.

Proposition 5.3.39. For J € P, Hd(ZdH) A"

AdJ if and only if J =

(a,0,...,0)! for some a € k.

Proof. Recall that Zg’{l is reduced and irreducible by Theorem 5.3.35. Let £ be a

geometric generic point of Z ’ . Thus Gd( dH) A"

AdJ if and only if the image of

d 1 - . . no
0y 0&" is contained in A Ad g
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Let .% be the shtuka over ¢’ and let L C Al ¢ be the corresponding Tate toy
shtuka. Definition 5.3.9 gives a subshtuka «&# C .%. Here & € TrSht all(fl ') and
O'x is equipped with the standard structure of all levels. Moreover, the morphism
A Q@Opyen — F QOpyen induces the standard inclusion of the first entry Op, en —
04 Dxe”
Thus the constant function 1 € HO(X x¢”, Ox x¢r) gives an element (1,0, ... ,0) € L.

for all finite subscheme D C X. Proposition 5.3.3 shows that & = Oy, en.

Hence the image of 0d 0 & is contained in A" where J1 = Fg4-(1,0,. .., O)t €Pya.

Ad

Since the k*-action on Sht ’;(H 0 is trivial and the morphism Qﬁl] is k*-equivariant, we

4 I no
deduce that 6 (Z ) C AL 7,

Suppose that the image of 67‘; 0&” is contained in AX% , for J € Pyq. From the

)

for all a € k™, where Ja:Fq-(a,O,...,O)t €P,a.

definition of 97571 we see that
J®§// C HO(X >< gll,ﬁ(D// X 5//))

for some divisor D" of X. Let .Z! be as in Theorem 2.2.6. Now Corollary 2.2.8
shows that

J®§” - HO(X % §",ﬁH(D” x 5//>).

Applying Lemma 5.3.38, we deduce that J =T, - (a,0, ... ,0)t for some a € k. O

5.3.6  Irreducible components of horospherical divisors

We introduce two subgroups POIz = (GLOd—l T) C GLg and P — <(1) GLZA) C

GLy,.
Let Py(A)g = {g € Pj(A)|degg = 0}, P! (A)g = {g € Pj'(A)|degg = 0}.

d,I dl . .
Lemma 5.3.40. For g € GL4(A), g - Zn:1 = Zn,’l if and only if g € k™ ~P§(A)0,

d,Il d,Il

92,1 =2, if and only if g € k> 'PCIZI(A>O.

UR
Proof. Recall that the k*-action on Sht aq1 18 trivial.
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Let g € P;I(A)O. Let Ox € mect}(’aﬂ be equipped with the standard structures of

all levels. Recall that Zd’{l is irreducible. Let £ be the generic point of Z;l ’{I. Then &

is contained in the image of the morphism RedShtd’lﬁ’II all Sht . Let % be the

shtuka over £&. We have an inclusion of shtukas &/ C .%, where & € TrShtn,ﬁX,aIL
Moreover, for all finite subscheme D C X, the induced morphism & ® Opy¢ —
F ® Opy¢ gives the standard inclusion of the first entry Opy¢ — ﬁ%xg' From the

construction of the GLg(A)-action on Sht? . we see that & C ¢ -.%, and for all

n,all>
finite subscheme D C X, the induced morphism & ® Opy¢ — (9- F) @ Opy¢ gives

the standard inclusion of the first entry Opy¢ — ﬁ%x ¢ This shows that g - £ is

d,1,IT

contained in the image of the morphism RedSht nOx.all Sht? . hence contained

n,all’
in Z 1
dII d.II
Suppose g - Z,1" = Z,7 . Lemma 2.1.6 shows that g € GL4y(A)g. Let Jy =
{J € PyalJ =Fq-(a,0,...,0)',a € k*}. For J € P,q, Proposition 5.3.39 shows

dII d,I1

that Qg(Zd’H) e A" if and only if J € J;. Now g - Z =27 il implies that

7,1 Ad J
g-J1 =Jy. Hence g € k* - PHL(A),.

The second statement follows from duality. ]
Denote
d dI d,II
“°Shtly o : =shtpa— U 920 U o200
geGLy(A) geEGLy(A)

We denote Qi = GLg(A)o/ (k™ - PY(A)0), Q0™ = GLg(A)o/(k* - PY(A)).

Definition 5.3.41. A Cartier divisor of Sht? n.all is called a horospherical divisor if its

support has empty intersection with oGt m.all-

The following statement is a corollary of Lemma 5.3.40.

Proposition 5.3.42. The set of irreducible components of horospherical divisors of

Shtngfuo is QP [
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Lemma 5.3.43. The GL4(A)g-action on Qg’I 11 QZ’H is continuous.
Proof. The statement follows the construction of the GLg(A)-action on Shtg A

Lemma 5.3.44. Let E be an algebraically closed field overn. Suppose F € Sht? (E)

n,all
satisfies FYX £ 0. Then there exists g € GLy(A) such that g - F € Zg:{l.

Proof. By Proposition 5.3.3, we have an isomorphism .Z! =~ # @ E for some .# €
Q?ectg?%ky . Choose an invertible subsheaf @/ C .# on X which is saturated in .Z.

Then we have an exact sequence of shtukas

0 — I QF s F s 9

v
e

For a finite subscheme D C X, Let fl’) be the image of the composition &7 ®
Opep — F ® ﬂD@EQﬁ%Q@E We see that 92”1’) is invariant under the natural
isomorphism (I)*Eﬁ%@)Ei) ﬁ%@E' By Proposition 5.3.3, we have fl’) =%pF
for some Op-submodule Zp C ﬁ%. Moreover, for two finite subschemes D; C
Dy C X, we have Zp, = Zp, ® Op,. Thus we can choose g1 € GLy(O) such that
91(Op ®0) = £p for all finite subschemes D C X. We equip & with structures
of all levels compatible with each other using the standard structures of all levels on
Ox.

Since A* acts transitively on ‘I]ect%(’au, we can choose a € A* such that a -
o/ = Ox, where Oy is equipped with the standard structures of all levels. Pick
B € GLg_1(A) such that dega + degdet B+ x(F) = 0. Let go = (& ).

Then we see that gog1 - ¥ € Z:’lﬁl.

The following statement is dual to Lemma 5.3.44.

Lemma 5.3.45. Let E be an algebraically closed field overn. Suppose F € Shtg a1(F)

satisfies FX £ 0. Then there exists g € GLg(A) such that g - .F € Zg:{ O
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Lemma 5.3.46. Let s be a geometric point OfSht o1 Such thats & g-Z 77 1, s¢ g2 d H

for all g € GLy(A). Then the shtuka over s is irreducible.
Proof. The statement follows from Lemmas 5.3.44 and 5.3.45. [

Lemma 5.3.47. For any point s € OoShtz XH, we have Hg(s) € °°ToyShtZ)§l

Proof. Proposition 5.2.1 shows that 97‘7[(3) € OToyShtKé

We may assume that s is a geometric point of ooSh’cd’XH. Let .# be the shtuka
over s. Then .Z is irreducible by Lemma 5.3.46. Hence .#1 = 0 by Theorem 2.2.6.
Now Corollary 2.2.8 shows that .7 (D" x S)H = 0 for any divisor D" of X. Thus

( ) ¢ AAd J for any J € P,q4. By duality, Gd( )¢ A"X forany H € P(Ad)*. The

Ad H

statement follows. O

5.4 Pullback of Tate toy horospherical divisors under 6

In this section, we fix an integer d > 2.

Let Hd Sht | — °ToySht 44 be the morphism defined in Proposition 5.2.1.

n,al
For x € Z, we denote ny to be the element of Dim,q such that nX(Od) =x. In
particular, we have ng € Dim,q corresponding to x = 0.

4,0 X=0_,
Denote 6, Shtn ;(11 oToyShtX%

5.4.1 (03°)* as a direct sum

Recall that a Cartier divisor of °ToySht .4 is called a (Tate) toy horospherical
divisor if its restriction to ““ToySht,q is zero. Lemma 5.3.47 shows that it makes
sense to pullback Tate toy horospherical divisors under Qd, and the pullback is a
horospherical divisor of Shtd

Recall that Dno denotes the space of Tate toy horospherical divisors on ToySht
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Theorem 4.4.12 gives an isomorphism

0" = ¢y (A% — {opF & oy (A — {oh)Fa

Proposition 5.3.42 shows that the set of irreducible components of horospherical

dx=0 . ~dI17dII
divisors of Sht nall 18 QLT

Considering the multiplicity of pullback of Tate toy horospherical divisors under

the morphism Qdo Sht ’X 0 — °ToySht"?, we get a homomorphism of (partially)

A

ordered abelian groups
05y O (AD* — {0hFe @ ¢y (Ad — {oh)Fr — o) @ e ™).
Lemma 5.4.1. The homomorphisms
Co((AD* — {opFa — c=@p™),

Cy (A= )T — o)
. 4,015
induced by (0;)" are zero.

Proof. The first homomorphism is zero by Lemma 5.3.37. By duality, the second one

is also zero. N

The homomorphism (9;;’0)* induces two maps
d.0,1 FX d,l
(6™)"  Co (A" = {0})"s — C=(@yy),

d,0,I1 FXx d,Il
(00 C(AT = {0 — C(Qy™).
The following statement is a corollary of Lemma 5.4.1.
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5.4.2  Definition of the averaging maps

Recall that k denotes the field of rational functions on X. We introduced two

subgroups P} = (GLél*l 1‘) C GLg and P = <(1) GLZ_I) C GLg in Section 5.3.6.
We also denoted Q" = GLg(A)o/(K* - PY(A)o), QM = GLy(A)o/ (% - PI{(A)p) -

We introduce two varieties over Fy.
vi.=aLy/Pl,  vi:=GLy/PL

We equip YC} (A) and YC}I(A) with topologies as homogeneous spaces of GLj(A).

d,I1

We identify Q0" (resp. Q0M) with YI(A)/k* (resp. YI(A)/kX).

Define a map

Lg : YC}I(A) — A%~ {0}

g»—)g-(l,O,...,O)t

We see that L&I is well-defined, injective and continuous, but the topology on Y;I(A)
is different from the subset topology.

Define an averaging map
FXx d,II
AvIL el — {ohfe — coop™)
by the composition

C (A — {ONFT = O (A1 — {0})/F) Lo oy (vI(a) /B L5 ooy T(a) /i) = cooith

where f; and fo are as follows. We identify C°°(A% — {O})FqX with C®((A? —
{0})/F7), and Cy (AT — {0})/F ;) is the subgroup of O (A — {0})/F) correspon-
ding to Cy (A% — {O})FQX The inclusion L&I gives a pullback C°((A% — {0})/F5) —
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C(VINA)/FX). Let C4(YH(A)/Fy) be the image of Cy (AT — {0})/Fy). This
gives f1. The map f9 is the pushforward, i.e., for ¢ € C'JF(Y;I(A)/]F;), falp) is

defined by
(@)@ = > olar), (zeY]A))

ack* /Fy
From the definition of C'y in Section 4.4.2 we see that all but finitely many summands
are zero.
For a rational differential w on X and an element a € A, we denote Res,(a) to be
the sum of residues of aw at all closed points of X.

For a rational differential w on X, we define a map

tyw  Y(A) = (AT — {0}

g (v Resy((0,...,0,1) -g_lv)), (v EAd)

We see that L(Ii 18 well-defined, injective and continuous, but the topology on YJ(A)
is different from the subset topology.

Similarly to Avg7 we define an averaging map
Avh O ((AY — {0} — o)
by the composition
(A% — (0D = O (AD)* — {0))/Fy) M5 C(YIA)/F7) 12 oo (vI(m) k%) = o ().

Here hg is the pullback along Lb ,, for a nonzero rational differential w on X. We see

that the composition does not depend on the choice of w.
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5.4.8 Formula for pullback of horospherical divisors under 6

Recall that the homomorphism

07 - C (A — {opFe @ oy (a — {opFr — =@t @ o'

is defined in Section 5.4.1, and we have (9%’0)* = (9%’0’1)* @ (Hg’O’H)* by Lemma 5.4.2.

Proposition 5.4.3. (9%’0’11)* = Avg. O
The proof of Proposition 5.4.3 will be given in Section 5.4.6.

Lemma 5.4.4. An element a € A is contained in k if and only if Resy(a) = 0 for

all rational differentials w of X. [
In view of Lemma 5.4.4, the following statement is dual to Proposition 5.4.3.

Proposition 5.4.5. (9%’0’1)* = Avb. O
Now we obtain the main theorem of this section.

Theorem 5.4.6. (9,(;’0)* = AVZ ® Avg.

Proof. The statement follows from Propositions 5.4.3 and 5.4.5. O

5.4.4 A subspace of principal horospherical Z[%]-d?)m'sors

We normalize the Haar measure on A? such that O has measure 1.

Fix a nontrivial additive character ¢ : F; — C*. We define the Fourier transform
Foury, : Cgo(Ad; C) — C’go((Ad)*; C)
such that for any f € C°(A%: C),w € (A%)*, we have

Foury,(f)(w) = d fw)p(w(v))do.
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When f € C2(A%; Z[ ]) 7 , we have Foury,(f) € C((A%y*; z[L ]) ; and Foury, (f)

p
does not depend on the choice of .
Denote C§° (A% = {f € C(AD)|£(0) = [pa fdv = 0}.

Combining Theorems 4.6.2 and 5.4.6, we get the following statement.

Theorem 5.4.7. For d > 2, the (partially) ordered abelian group of principal horo-

spherical Z[%]—dim’som of Shtf;z;‘llzo contains the following subgroup

{(Avh(Foury, (), Avi (1) € (i zEac= (@)™ L)) f € c5o(a% z[L)Fa ).

5.4.5  Multiplicity one for pullback of toy horospherical divisors

Recall that the notation Op for a divisor D of X is defined in Section 5.2. It is
the c-lattice of A which consists of those adeles with poles bounded by D

Let x € Z. Let D', D" be two divisors of X such that (O% OdD,) € APy, (A%).

D'
(See Section 4.2.2 for the definition of the notation AP.)

Let E be a separably closed field over F; and fix two morphisms «a, 8 : Spec E — X
satisfying condition (x).

Let Sht’: ’X’D D"

be the moduli stack which to each scheme S over Spec E asso-
ciates the group01d of shtukas .# over S of rank d with zero awopg and pole Sopg
equipped with a structure of level D, satisfying the following conditions:

() X(F) = x-

(ii) For every s € S one has HO(X x s,.Z5(D' x 5)) = 0 and H'(X x s, F(D" x
s)) =0.
BT ToysuX e @B The

a,/08,

since we have a # 3 by condition

Proposition 5.1.3 gives a morphism Sht 7

/!
image of the morphism lands in OToyShtxgd'de%D
OD///OD/
().
Define Artg to be the category of local Artinian rings whose residue fields are

identified with E. Define Artg) to be the full subcategory of Artrp whose objects
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satisfy the condition that 27" =0 for all z in the maximal ideal.
For a shtuka & over a perfect field, the notation ¢! and ¢! is defined in Theo-

rem 2.2.6.

d,x,D’',D" 1I .
Lemma 5.4.8. Let 9 € Sht ;" 7 (E). Suppose that 9" = o/ ® E, where </ is an

invertible sheaf on X. Let A € Art(El). Let 4 be a shtuka over Spec A extending the

x+d-deg D"

. O%///O%/ .

toy shtuka over Spec A. Assume that L O J ® A for some J € Pra ,ha - Then 4
OD///OD/

one over Spec E. Let L = 7 4,(9(D"®A)) € °ToySht (A) be the associated

contains o ® A, and 9 /(o @ A) is locally free.

Remark 5.4.9. Since A € Artg), we have @zg = (PLY) ®p A. We view 9 as

a subsheaf of (®%¥)(I'y), where a : Spec A — X is the zero of ¢. We also have

@*Eg D ®FE. So. o/ ® A in the above lemma is viewed as a subsheaf of (ID’ZQ

Proof of Lemma 5.4.8. We have J ® E ¢ HY (X ® E,4(D" ® E)). Since Frp(J ®
E) = J® E, Theorem 2.2.6 shows that J ® E ¢ H)(X ® E, (4(D" ® E))I1). Since
@l — o7 ® E, Corollary 2.2.8 implies that (¢(D" @ E))!! = &/ (D") ® E. Together
with the fact that J is defined over Fy, we deduce that J ¢ HY(X, o/ (D")). Let _#
be the subsheaf of & (D") generated by J. Then #j = o/ (D" — Dy), where Dy is an
effective divisor of X. The assumption L D J® A implies that ¢(D” @ A) D Jo®A.

Hence

G > (of ® A)(—Dy  A). (5.8)

Since A € Artg), we have CIDZQ = (03¥) ®g A. From the definition of shtuka

we see that & O (2R¥Y) ®g A)(—T'3), where 3 : Spec A — X is the pole of 4. We

?
also have (¢7%) ®p A D &/ ® A. Thus

GO (o @ A)(-T5). (5.9)

Condition (x) implies that image of 5 : Spec E — X is the generic point of X.
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Hence Dy ® A and I'; are disjoint. Now (5.8) and (5.9) imply that G> AR A

B

The base change of the inclusion &/ ® A — 4 to X ® E is the inclusion & ® E —
¢, which is injective at each point according to the definition of ¥ = & @ E in
Theorem 2.2.6. Since A € Art%), the morphism X ® F — X ® A is bijective on points.

Thus the inclusion & ®A — ¢ has strictly constant rank 1. Now Lemma 3.5.3 implies

that g/(;zf ® A) is locally free. O
Recall that 2% {I is defined in Definition 5.3.34.
Now we consider the case y = 0. Denote p : Shtg:;cuzo’D/’D” — OToyShtdifig/lO)

to be the morphism given by Proposition 5.1.3.

Proposition 5.4.10. Let J € P, . Let A = Ad deg D" be a toy horosp-
”/O ///ODH

herical divisor of oToyShtd';Jleg Dd . Then the multiplicity of = (A) at (g - Zd H)
ODII/ODI
Shth D" s <1 for all g € GLy(A)p.

d,D/7.D”

nall Let R be the

Proof. Let £ = Spec L be the generic point of (g - Zd H) N Sht

dD DY Let § = 1~ H(A) N Spec R.

local ring of € in Sht

Let E'be a separable closure of L. Let .% be the shtuka over Spec E. Lemma 5.3.38
shows that (¢g~!-.Z)1 =~ ¢x. Hence FI = & ® F for some invertible sheaf <7 on
X.

Let Y be the closure of the image of the morphism RedShtd’l’H[b — Sht? 00" Pro-
position 5.3.22 shows that ) is reduced. Proposition 5.3.23 shows that the inverse
image of ) under the morphism Spec R — Shtg’m is equal to &.

Lemma 5.4.8 shows that for any A € Artg), a morphism Spec A — S factors

through ¢ as long as the composition Spec £ — Spec A — S equals the composition

Spec E — Spec L. — S. Hence S = &. n
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5.4.6  Description of (97671,0,11)*

In this subsection, we describe (Gg’o’ﬂ)* in terms of whether a Tate toy horospher-

d,x=0

ical divisor of OToyShtX% contains the image of a horospherical divisor of Sht17 Al

(See Lemma 5.4.11). Then we finish the proof of Proposition 5.4.3 to obtain a formula
d,0,11
for (6;77)".
Let z € Qg’H. Denote Zg:gICI =x- ZS:{I. Let 57‘71;5 denote the generic point of Z,‘f;ﬂ
We denote

d,1I
Jo={J € PAdwg(fn:x) € AX% J}'

Lemma 5.4.11. Let f € Cy (A% — {O})F; Then the set

Topi= {7 € ol f(7) £ 0)

is finite, and we have
(BN H) = > 1),
JeJ,

O]

Proof of Proposition 5.4.3. The group GL4(A)q acts transitively on QZ’H. The mor-

phism 97c7l,0 is GLg(A)p-equivariant. Hence it suffices to show that ((9?7’0’11)*f)(1) =
(A\/(IiI () for any f e C (A4 — {O})F; This follows from Lemma 5.4.11 and Pro-
position 5.3.39. O

Recall that the notation Op for a divisor D of X is defined in Section 5.2.

Od

d,) € APay(A%) and &1 €

Choose two divisors D', D” of X such that (O%

D’
Shtd,X:O,D/,D//
n,all )

For divisors D' <D <D"'< D" of X, we denote

nr Hd d d d
oD D" _ oy gy 4 O O Ol O

d d )
D’7D” 057/0137
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D'.D" d
1w = €3l ¢ Oy, J C 0%},

— " . 3Y
For J € POL/O we denote Z~ D (Ad deg D" gymo, ", D" ).

- We denote
Y D" O%W/O%ﬂj D'.D"

=D'.D" ,D'.D" dII D’,D”
J no o) (&) € }

= _={JeP (e —~ _
z,D',D" { OdD///Od |( D'.D" D’,D”,J

/ 24
where "0 2D" . oy, Sht”O’D D" _, yymw. DD
D'.D" D'.D"

/" 1 / /" / 1
DD , we have u"9=_ DD (An%’D Py e 2200 where 7 = im(J N
x,D'\ D"’ D', D" ACJ D'\ D".J

OD” O%H / Od -). Thus we get a map

is the projection.

For J € J

/ 1! e 24
| N, ST
x,D',.D" x,D',. D"
J = J

/D/ _Dl D//
Lemma 5.4.12. The map JP — J7 X~ s bijective.
D D” x, D' D"

_ R YA Y/
Proof. Let J € gD By Lemma 4.4.3, it suffices to show that for any two
z,D',D"

divisors 15’, D" of X such that D’ § D’ < D < DO”, there is a unique J € 3 such

/ o
that (u%ol’g/;D Hd)(fd H) € ZD’ D where the set J is defined by

={JePyu jot, |1m(JﬂOd — 0k /0%) =T}

o D//
J— / 1 / " / /!
Let A = 7222 Denote u : U020 Uo7 4 be the projection.
D/’D//,J DI’D// D/,D//

Consider the composition of morphisms

; nO,D’,D”
Shtdx 0,0, D" n %, oy Shtno,D D" D\D" g, DD u, png,D'D”
n,all D'.D" ﬁ’ﬁ/ '
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Proposition 4.3.4 implies that

GB) =S 220 (5.10)

Corollary 4.2.10 shows that the morphism u is smooth. Hence

1~ . D,,D//
u T (A) = ZDO’,DD”,J'
Jeg

' D no,D D" d,II
2= implies that (uouD D )(fnx

The assumption J € JDD, D”
/ 1 o °
( no, D D7 )( dH) ZD D" for some J € J. This shows the existence of J.
t 7X 0,D',.D"

) € A. Hence

D’ DO// 577 Z D DO//
Proposition 5.4.10 shows that the pullback of A to Sh

city < 1 at ZH

no,D D" d,II D’ D"
( D” )<€7I X ) D’ D// J

has multipli-
. From formula (5.10), we see that there is at most one J € J such

that We obtain the uniqueness of J. O

Proof of Lemma 5.4.11. Let Q) € Dno be the divisor of °ToyShtn2[ corresponding to

0@ f. Let QP"D" DnO’D D" be the restriction of Z to oToyShtnO’D D"

. From
Lemma 4.2.3 we see that there exist two divisors D/ , D" of X such that D’ <D <

D" < D" and that QD D" equals the pullback of a toy horospherical divisor Z of
D'.D" D'.D" ) D' D"
UROZA :

Thus we have an inclusion J, ¢ C P ~. Since J~ =~ is finite,
D/ D// SCD D x,D ,D//
/
JDA? — s also finite by Lemma 5.4.12, hence is J .

z,D".D

Proposition 5.4.10 implies that

(03 ) () = Z m(f,7)

l i

where m(f, J) is the multiplicity of Z at ZN va - For any J € J ~D~ , Lemma 5.4.12

, x,D'. D"’
shows that there is a unique J € JP5P"_ guch that 7 = im(JNOL — 0L /Od ).
m,D/’D// / D//
Lemma 4.4.17 shows that m(f, J) = f(J). The statement follows. O
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