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ABSTRACT

In this dissertation, I model a shock whereby financial intermediaries can better diversify
borrowers’ idiosyncratic risks. A sector-specific diversification improvement induces interme-
diaries to reallocate funds toward the shocked sector. As lending spreads fall, intermediaries
build up leverage over time. The result is a fragile sectoral boom that can end in an economy-
wide bust. This cycle is amplified if the diversification-shocked sector is higher-risk or more
external-finance dependent. I apply the model quantitatively to the recent housing cycle.
Feeding in a novel mortgage diversification index, the model generates the measured increase
in household credit coincident with a 1-2% decline in mortgage spreads. In the subsequent

bust, spreads in all sectors spike by 2% as aggregate output drops.



CHAPTER 1
DIVERSIFICATION AND BOOM-BUST CYCLES

1.1 Introduction

Many booms feature a sectoral bias — for example, a US “railroad boom” in the 1850s,
an “agriculture boom” in the 1880s, and a “housing boom” in the 2000s. Sectoral booms,
however, can end in economy-wide busts. The aforementioned booms ended with the “Panic
of 1857,” the “Panic of 1893,” and the “Great Recession.” Securitization is an intriguing
factor connecting these three episodes. In each case, loans to the booming sector were
increasingly pooled into securities and sold to investors.! Motivated by these observations,
this paper offers a financial theory that links sectoral booms to economy-wide busts.

I present a model in which financiers provide funds to two distinct productive sectors.
A critical function of financiers’ is to diversify within-sector idiosyncratic risks, which they
accomplish by holding a large portfolio of loans. In practice, financiers diversify by making
a variety of loans or holding securitized portfolios.

Suppose financiers’ diversification improves within one of the sectors, as might occur with
the advent of securitization. In the short run, a reallocation effect arises: facing an improved
risk-reward trade-off, financiers redirect funds toward the sector with newly improved diver-
sification, which raises sectoral investment. The reallocation effect helps explain why many
booms feature a sectoral bias. Indeed, both the boom and its sectoral bias originate from
sector-specific diversification improvements.

Meanwhile, better diversification reduces sectoral risk premia. A series of low risk premia
earned by financiers results in a redistribution of wealth from financiers toward the rest of
the economy. To maintain their funding activities, financiers must borrow more, which I call

the leverage effect. If financial leverage is destabilizing, the leverage effect explains why a

1. See [79] and [15] for an account of the securitization of railroad-adjacent farm loans in the 1850s. See
[30], [83], and [84] for an account of farm mortgage securitizations in the 1880s. See below for evidence
pertaining to the 2000s housing cycle.



sectoral boom can lead to an economy-wide bust.

I adopt a particular connection between leverage and stability. Assume financiers face
a leverage constraint. If the leverage effect is strong enough, financiers endogenously hit
their constraint, at which point they must de-lever. A less-qualified type of financier, whom
I call distressed investors, purchases financiers’ liquidated loan portfolios and serves as the
marginal supplier of any new loans. The de-leveraging thus disturbs both sectors, not only the
sector that recently boomed. Lending spreads in both sectors rise sharply at the constraint,
resembling a financial crisis.

A financial crisis might generate “real effects” on variables such as consumption and
investment for several reasons. In the baseline model, I suppose the participation of distressed
investors triggers deadweight losses. In reality, such losses might be justified by distressed
investors’ lower productivity in the advisory, monitoring, and screening activities that the
financial sector typically provides. With deadweight losses, the de-leveraging episode triggers
an inefficient bust. In the paper, I explore alternatives linking a financial crisis to an economy-
wide bust.

Given this inefficiency, why do financial crises occur in equilibrium? The answer is a
risk-taking externality in financiers’ portfolio decisions. When individual financiers take
risk, they do not account for the downward pressure they put on risk premia and, by exten-
sion, the profitability of other financiers. Lower financier profitability raises the prospect of
future binding constraints, and hence a crisis. Although this prospect is socially undesirable,
financiers privately ignore it.

The entire cycle is amplified if diversification improves in a lower-quality sector, i.e., a
sector that is higher-risk or more reliant on external financing. Low-quality borrowers offload
more risk onto financier balance sheets, and diversification has a larger marginal benefit when
applied to a riskier balance sheet. This generates larger reallocation and leverage effects,
meaning a larger and more asymmetric boom, but also a higher chance of a broad bust.

In a quantitative exercise, I apply the model to the recent US housing cycle. I create a



novel index of idiosyncratic mortgage banking risk, in order to measure mortgage diversi-
fication. My approach has two key advantages relative to the existing empirical literature.
First, the index encapsulates deregulation, financial innovations, and mergers, which tend
to have similar qualitative effects but are difficult to compare quantitatively.2 Second, the
index has interpretable risk-based units, which is relevant for calibrating economic models.
Using this index, I extract a time series measure of mortgage diversification, which increased

substantially from 1990 to 2006; see figure 1.13.3
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Figure 1.1 shows the 1990-2006 increase in diversification is correlated with the realloca-
tion and leverage effects. Reallocation is proxied by the household credit share, and leverage
is proxied by broker-dealers’ assets-to-equity ratio. Inserting my diversification time series

into the calibrated model, I match the household credit share in figure 1.1 and the 2% drop

2. For example, deregulations that allowed banks to operate across state borders clearly improved loan
portfolio diversification. But the exact magnitude of this improvement is difficult to compare with the rise
of securitization.

3.1 do not measure diversification in non-mortgage lending markets. But several facts suggest that
deregulations and securitization were geared primarily towards household finance. First, the results of [78]
and [33] together provide causal evidence that bank branching deregulations in the late 1990s and early 2000s
disproportionately affected mortgage finance, relative to firm finance. Second, securitization of mortgages
grew much faster in this period than securitization of commercial loans. The ratio of outstanding mortgage
securities (primarily MBS) to corporate securities (primarily corporate bonds and CLOs) grew by 50% from
1990-2006. See Appendix A.4.2.



in mortgage rates documented in the literature.* Model-implied financier leverage also rises
in the boom, qualitatively in line with figure 1.1. Because leverage constraints start bind-
ing in the bust, financiers’ implied funding costs increase by over 2%, in line with data on
financial crises.” The credit spreads of both sectors, not just housing, spike by the same
magnitude of financiers’ funding costs. In a counterfactual exercise without diversification
improvements, there is no episode resembling a financial crisis, with spikes in funding costs
or credit spreads.

While diversification improvements trigger a cycle characterized by sectoral reallocation
and financier leveraging, other financial shocks might do the same. Motivated by the liter-
ature, I study five other financial shocks in the model — a loan-to-value shock,® a capital-
requirement shock,” a risk-tolerance shock,8 an uncertainty shock,? and a foreign-savings
shock.1? Among these, none generate both reallocation and leverage. The core rationale for
this result is, unlike the other shocks, a diversification improvement differentially impacts
one sector and differentially improves financiers’ investment-opportunity set relative to other
agents’. Although this analysis depends on the present framework, the forces uncovered are

likely to be present in other model economies.

Contributions to the Literature

This paper contributes to three broad literatures: (1) the literature on the effects of financial

intermediation on the macroeconomy; (2) the literature on diversification and other financial

4. See [57].

5. See [36].

6. LTV-type shocks are studied by [54], [65], [56], [34], and [45].

7. This resembles the relaxation of banks’ “lending constraints” in [55].

8. For example, [64] says, “The monetary history of the last four hundred years has been replete with
financial crises. The pattern was that investor optimism increased as economies expanded, the rate of growth
of credit increased and economic growth accelerated, and an increasing number of individuals began to invest
for short-term capital gains...” See [58] for an analysis of optimism shocks on housing markets.

9. See [27] for a model of intermediation with idiosyncratic volatility shocks.

10. See the “global savings glut” hypothesis of [10]. [34] study foreign savings in a model.
4



shocks; and (3) the literature on the recent housing cycle.

By focusing on the financial sector, my framework shares many features with the “finan-
cial accelerator” literature on macroeconomic dynamics with financial frictions. Net worth of
borrowers, producers, or financiers acts as a buffer to fundamental economic shocks in these
models, building off of insights by [9] and [66]. Like [51] and [13], I employ continuous-time
methods, to extend these ideas to study crisis dynamics and other nonlinearities.

The structure of my model and the structure common to this literature differ in three
aspects. First, a key role of financiers in my model is to diversify idiosyncratic risks. Most of
this literature studies financial intermediaries who are more productive investors but in fact
less diversified than other agents. Second, I include two sectors, to study financiers’ reallo-
cation between them. Third, I study diversification improvements, a type of financial shock,
which lead to interesting and different boom-bust dynamics. Most financial-accelerator pa-
pers focus on standard fundamental shocks, which are amplified by the endogenous con-
centration of risk in the financial sector. These models generate a bust only after a long
sequence of negative fundamental shocks, because intermediaries are well-capitalized follow-
ing a boom.!1

By contrast, my economy can experience an endogenous bust which is then amplified by
small negative fundamental shocks, because of the “leverage effect” and the presence of the
financier leverage constraint. The leverage effect, whereby diversification lowers fundamental
risk but is offset by higher risk-taking, relates to the “Peltzman effect” in automobile safety

([76]) or the “volatility paradox” in macro-finance ([13]).12 The leverage constraint means

11. This includes models like [27], in which the presence of uncertainty shocks endogenously induces risk
concentration. Some models not based on net worth can generate busts following few adverse shocks. For
example, [12] present a model based on information asymmetries that generates a finance-centric boom-bust
cycle. [44] generates cycles based on the interaction between real productivity and financiers’ incentives to
accept collateral.

12. [25] document this effect empirically for larger bank holding companies, whose better diversification
is offset by increased risk-taking. [5] argue the negative correlation between financial sector ROE and
expected returns supports the profitability mechanism in my paper. Also related, [87, 88, 89] develops a
series of theoretical models to illustrate downsides of financial diversification. Closest to my paper is [87], in
which the banking sector features a risk-taking externality. Individual banks do not take into account that
high-risk, low-liquidity portfolio choices increase other banks’ probability of inefficient liquidation. Better

5



that booms characterized by rising financial leverage can destabilize the economy, as asserted
by [75].13

The leverage constraint also has implications for efficiency. As financiers approach the
constraint, less-qualified lenders are more likely to enter. To the extent that misallocation
within the financial sector incurs real costs, this entry is inefficient. Without a leverage
constraint, efficiency improves as financiers’ risks fall (e.g., [13]).

The theoretical possibility that financial innovation may be inefficient is well-known. For
example, [48] shows that partially “completing the market” by adding new securities markets
can lead to lower welfare (see also [32]). In my paper, better financier diversification is a form
of financial innovation that improves market completeness but can decrease welfare. The
mechanism is through exacerbation of a pecuniary externality, whereby individual financiers
do not internalize how their risk-taking decisions reduce the total equity of the financial
system (see also [1]).

My approach to modeling diversification is related to the model in [40], which uses a
Brownian bridge on a circle of locations to model correlated shocks. Investors allocate funds
along arcs of the circle, which prevents full diversification of idiosyncratic risks. I use the
theory of Gaussian processes to develop a new stochastic process, which I call a Brownian
cylinder, that maintains cross-sectional correlations on a circle but accommodates an infinite-
horizon, continuous-time setting. This apparatus could be useful in other settings where
continuous-time methods have proved fruitful (e.g., optimal stopping problems, occasionally-
binding portfolio constraints, heterogeneous-agent macro models).

In my quantitative analysis, I apply the framework to the recent US housing boom.
Motivating this exercise is a large empirical literature arguing credit-supply increases were

the key driver of the boom.'* For example, [33] study the effect of credit on house prices

diversification improves risk-reward trade-offs, thereby worsening the externality.

13. For example, [75] says, “...Over periods of prolonged prosperity, the economy transits from financial
relations that make for a stable system to financial relations that make for an unstable system.”

14. [2] use a regression-discontinuity design to show that (conforming) mortgage securitization reduces

6



using bank-branching deregulations of the late 1990s and early 2000s as a credit-supply
instrument. The deregulations plausibly allowed banks to achieve better-diversified loan
portfolios. My paper argues better mortgage diversification is an important credit-supply
shock driving the boom and bust.

A quantitative modeling literature examines the plausibility of various financial shocks in
the housing boom and bust. These papers are among the many papers (cited in the previous
section) motivating my choice of “other financial shocks” to compare with diversification
shocks. For example, [55] argue that a relaxation of lending constraints (a credit-supply
shock) can generate a house-price boom, whereas a relaxation of borrowing constraints (a
credit-demand shock) cannot, because of their opposing effects on real interest rates.

Regarding the bust, most of this quantitative literature incorporating financial shocks
generates a bust only after applying a negative financial shock.!® Missing from this literature
is the idea that the nature of the boom can make the subsequent bust more likely and
larger. Specifically, my model differs in that a diversification-induced boom creates financial
instability.

Even under the narrative of a deterioration of household balance sheet (e.g., [71]), the
timing and extreme severity of the Great Recession are puzzling. [11] uses such arguments
to conclude that the housing bust is not enough; the 2008 financial panic is key to a coherent
narrative. My paper provides a model taking this finance view.

The remainder of the paper is organized as follows. Section 1.2 studies a baseline model
to understand the reallocation and leverage effects from a diversification shock. Section

1.3 extends a baseline model to allow for the possibility of financial crises in response to

lending rates and raises house prices. [72] provide causal evidence that the abrupt increase in private-label
MBS activity dramatically increased house prices and led to the bust. See also [69], [70], and [26]. This
credit-supply view is not uncontroversial. For example, [49], [18], and [6] point to housing investors (who
mortgage more than one property) as a key driver of the 2000s boom-bust cycle. [3] argue that mortgage
credit increased proportionally to all income groups. These findings are at odds with the traditional rationing-
based view, in which lower-quality borrowers are the largest beneficiaries of the credit-supply increase.

15. For example, see [34] and [58]. [46] provide a thorough analysis of the effects of tightening borrowing
constraints. Tightening constraints can generate a large bust and slow recovery, through a large deleveraging
episode.



the diversification shock. Section 1.4 shows how other financial shocks behave differently.
Section 1.5 calibrates the model to quantify the effects of diversification improvements in
the recent US housing cycle. Section 1.6 concludes. Appendix A.1 contains model proofs.
Appendix A.2 details the construction and properties of the Brownian cylinder. Appendix

A.3 contains model extensions. Appendix A.4 contains some empirical results.

1.2 Two-Sector Model: Reallocation and Leverage

The model of this section is meant to introduce the primary mechanisms of my framework:
reallocation and leverage. I introduce two sectors that produce with their own capital stocks.
I will show that an increase in diversification of one sector’s risks leads to reallocation towards

that sector and, in the long run, to increased overall leverage by financial intermediaries.

1.2.1 Setup

Time is continuous ¢t > 0. The model features two groups of agents: insiders and outside
financiers. Insiders are additionally split into two groups, depending on which of two pro-
ductive sectors they inhabit, A or B. These insiders invest in capital, and consume. To
finance their capital purchases, insiders issue outside securities and put up some of their own
net worth. These outside securities are held by financial intermediaries, which are operated
by financiers. To finance their investment activities, financiers use their own net worth as
well as risk-free debt. To start, financiers cannot directly manage productive capital. Agents
in each group are indexed by i € [0, 1], which will represent an agent’s location, to be de-
scribed below. Figure 1.2 summarizes the model, with the flow of funds between insiders

and financiers.



Capital (A) Capital (B)

‘ Insiders (A)

Figure 1.2: Typical Flow of
Funds. Arrows show the direction
of investment.

Insiders (B)

Financiers (F)

Preferences

All agents are infinitely-lived and have logarithmic utility over the single consumption good

that may be produced in either sector. Mathematically,
oo
Uy = Et[/ pe P51 log(cs)ds], p > 0. (1.1)
t

Locations and Idiosyncratic Risk

Agents are arranged on a circle, which has locations indexed by i € [0, 1]. Locations will be
special because they feature different idiosyncratic shocks.
These shocks directly hit the evolution of productive capital. Mathematically, capital

held by an insider at location i evolves dynamically as

dkiy = dIfy + kiyloa - dZy + 6 4d Wi (1.2)

kB, = dIB + kBlop - dZ; + 6pdW ). (1.3)

In (1.2)-(1.3), dI, dIP are desired investment, Z = (Z4, ZB) is a standard Brownian
motion (aggregate shock), and w4 W8 are idiosyncratic shocks (more on these stochastic
processes below). For simplicity, I assume o4 - og = 0, i.e., orthogonal aggregate shocks.

These “capital-quality shocks” are a simple way to capture permanent productivity or de-



preciation shocks, without introducing additional state variables.

For two reasons, I assume no investment adjustment costs, as in [21]. First, my focus
is on incomplete financial markets rather than investment frictions. A minimal number of
frictions affords maximum theoretical clarity, as my results on boom-bust cycles must be
attributed to the remaining frictions.1® Second, zero adjustment costs allows me to obtain
analytical solutions to the equilibrium of this economy.

I assume the idiosyncratic shocks W{:{t and Wﬁ are independent copies of a stochastic

process with the following properties.
Assumption 1 (Shock Structure). Assume the following for W .= {W;; :i € [0,1],t > 0}.

(i) At each location i € [0,1], W; s is a standard Brownian motion, independent of Zt.

(ii) For any two locations i,j € [0,1], the shock correlation is
corr(dWi ¢, dW; ) = 1 — 6dist(i, j) (1 — dist(i, j)), (1.4)

where dist(i,j) = min(|i — j|,1 — |i — j|) is a distance metric on the circle of circum-

ference 1.

(iii) Wiy is continuous in (i,t) almost-surely, under the Buclidean distance metric on the

eylinder dist((i, s), (j, 1)) == [|s — t|? + dist(i, j)2]}/2.

Given part (i) of Assumption 1, dW;; is iid over time, for fixed location 7. Part (ii) of
Assumption 1 means the shock correlations between locations decrease with their distance

from one another.!” Nearby locations have nearly perfect shock correlation. Two locations

16. By contrast, models such as [13] rely on capital adjustment costs to generate real effects of financial
frictions. Indeed, in that model, the probability of capital misallocation vanishes as adjustment costs shrink
to zero. Intuitively, the most productive users can avoid selling capital at a discount if they can disinvest
costlessly.

17. This presumption on the shock correlation owes to [40]. Using the Brownian bridge on a “circle,” they
construct discrete-time idiosyncratic shocks that are cross-sectionally correlated but contain zero aggregate
risk. In doing so, they find the dividend correlation is exactly 1 — 6dist(¢,7)(1 — dist(¢,5)). The proof of
Lemma 1.2.1 would apply for any appropriate correlation function v (i, j) that depends only on dist(, j) (i.e.,
stationary correlation function).

10



that are “far away” from one another (e.g., i = 1/4 and j = 3/4) will have a large negative

correlation. A key question is whether any such stochastic process exists.

Lemma 1.2.1. A stochastic process W := {W;; : i € [0,1],t > 0} exists which satisfies

Assumption 1.

The preceding lemma, proved in Appendix A.2, establishes existence of W. The key
step is proving W can be constructed as a Gaussian process with the appropriate covariance
function, which needs to be symmetric and positive semi-definite. Because W evolves on a
circle over time, which looks like a cylinder, I will call it the Brownian cylinder.

With the properties in Assumption 1, we can establish some distributional properties of
the Brownian cylinder, in particular that it contributes no aggregate risk. These properties

are stated below in Lemma 1.2.2.

Lemma 1.2.2. Under Assumption 1, there is no aggregate risk, i.e., fol(dWi7t)dz’ = 0 almost-
surely. More generally, the local variance of a unit investment divided amongst the shocks

along an arc of length A is equal to (1 — A)?, i.e.,'®
i+A
Vart( / A*ldwﬂdj) — (1—A)2dt.
7

Consequently, the process WzAt = (I—A)_lA_l fiiJrA W tdj is a standard Brownian motion.

Given Lemma 1.2.2, the shock dW; ; is correlated across locations but washes out in the
aggregate, the sense in which it is idiosyncratic. The surprising part of this result is that we
only needed to specify the covariance structure of the shocks, and this property alone allows
us to pin down the integral of all the shocks.

Figure 1.3 plots one simulation of the Brownian cylinder for ¢ € [0, 1] at 500 evenly spaced

locations i. See Appendix A.2 for details on how to simulate W. Each cross-section of the

18. T always take the notational convention that “/+A” represents i+ A — |i+A] when indexing a position
on the circle.
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cylinder represents the circle of locations. To represent the shocks, the cylinder is shaded

according to the size of W; 4/ NG

Figure 1.3: One shock realization
of the Brownian cylinder {W; ; :
t € [0,1]}, for ¢ at 500 evenly
spaced locations. Each cross-
section of the cylinder is the circle
of locations. Colors represent the

size of Wiyt/\/f.

Asset Markets

I assume sectoral capital is homogeneous, which implies the location-invariant unit prices
qar and gg . With zero investment adjustment costs, we will have g4; = ¢p; = 1 in
equilibrium.

There is also a zero-net-supply futures market for trading claims directly on aggregate
risk. Investing one unit of net worth in this claim earns the excess return m¢dt + dZ;, where
7t is the market price of risk associated with the dZ; shock. These futures contracts are

continuously settled. Finally, there is a zero-net-supply riskless bond market that returns

r¢dt. All agents can access both the futures and riskless bond markets frictionlessly.

Return on Capital

A firm is just a collection of capital, which produces according to an “AK” technology. The

representative insiders at location ¢ produce G AkiAt and G BkiBt- As a result, and due to the

12



absence of adjustment costs, the return on capital is given by

dRY, = Gadt + 04 dZ; + 5 4dW{} (1.5)

dRP, = Gpdt + o - dZy + 5 AW}, (1.6)
Thus, capital returns have a location-invariant distribution and time-invariant risk.

Insider Problem

Because of symmetry between the two sectors and their insiders, I describe the problem of
an insider in generic sector z € {A, B}. On the asset side, insiders hold capital that returns
(1.5)-(1.6). They are also marginal in the risk-free debt market, at the interest rate r¢. On
the liability side, insiders can obtain funding from financiers against their capital, by signing

a contract promising the return of
dR}; = (ry+ si)dt + (dRf; —E¢[dRE]), =€ {A, B},

This liability is a way for insiders to shed some of the idiosyncratic risk associated with
production. The “spread” charged by financial intermediaries is given by Sf,t'

I assume insiders finance a fixed fraction ¢, of the value of their enterprise from inter-
mediaries in the form of outside equity. With the fixed fraction, insiders pay (ﬁzkf’tdﬁf’t
to financiers. In Appendix A.1.4, such a risk-sharing arrangement is the (approximately)

optimal solution to a standard moral-hazard problem.!?

19. Under that interpretation, the restriction that insiders keep 1 — ¢, fraction of capital risk on their
balance sheets is called a “skin-in-the-game” constraint. Given sufficient skin in the game, the exact compo-
sition of outside contracts is irrelevant. Indeed, once moral hazard problems are resolved between insiders
and outsiders, the outside securities issued by insiders are indeterminate due to Modigliani-Miller holding on
these securities. In particular, there are no taxes, costs of default, incomplete financial markets, or any other
frictions that would violate MM, after agency problems are resolved. Therefore, the equity-like contract is
without loss of generality under this interpretation.

For example, we may think of changing the degree of risk in the outside contract by setting

dRiZ,t = (re + Sf,t)dt + C(dRiZ,t - Et[dRiZ,t])»

13



Combining the assumptions above, insider net worth n}, evolves as
)

J/

consumpt‘ign—savings capital (:\,zvnership outside funding
+ nf’ﬁf’t (medt +dZy), =€ {A, B}. (1.7)

aggregate risk hedging

Given the ability to frictionlessly trade aggregate risk but not the idiosyncratic risk of capital,
one can think of the differential kf, JE [dRi ¢ — redt — gbz(df%f?t — r¢dt)] as a compensation for

idiosyncratic risk. Mathematically, households solve

U, ze{AB), (1.8)

max
Z a2 z z
nz.ci k7,07

subject to (1.7), n7, > 0, k7, > 0, where U7, is given by the logarithmic utility function

(1.1).

Financier Problem

Financiers serve a diversification and safe-asset-creation role. Financiers hold a partially
diversified portfolio of equity in each of the two sectors. They fund these activities by
borrowing in riskless debt and using their own net worth.

I model diversification as follows. Financiers are tied to locations, just as insiders are. A
financier located at i € [0, 1] invests in a portfolio of insiders’ securities located “nearby” in
the sense that they lie in a connected interval adjacent to location . Define A, € [0,1] to
be the length of this interval for insiders in sector z € {A, B}. Insiders financed by finanicer

i are those with j € [i,i 4+ A.] mod [0, 1]. Here, the A, are exogenously fixed numbers, not

for ¢ < 1. The parameter ( might capture the fact that insiders empirically borrow in debt which is less risky
than the underlying asset. If ( = 1, the contract is equity. As ( — 0, the contract approaches riskless debt.
However, the parameter ( is irrelevant in the following sense. One can verify that ¢,( enters all formulas
multiplicatively, and so enters all equilibrium expressions multiplicatively. What matters is that ¢, of risk
is sold off to outsiders.

14



Location i + A Location 4

Insiders j € [i,i + A)]

Figure 1.4: Circle of locations

e and financiers’ partially diversi-

i fied portfolios. Financiers have
// /,/" . potentially different diversifica-
" Financier i portfolio tion parameters A4 and Ap for

each sector.

choices by financiers. I explore endogenous A, choices in Appendix A.3.2. This partial but
imperfect diversification arc on the circle may be visualized in figure 1.4.

For simplicity, I assume financiers fund all insiders within their investment arc symmetri-
cally. Let /\f’ , represent location-i financiers’ funding, per unit of their net worth, of sector-z
insiders. In other words, location-i financiers supply Ai tAz_lnf: . of funds to each sector-z
insider j € [i,i 4+ A;] mod [0, 1], rather than allowing A7, to also vary by destination. 20

Putting everything together, the financier’s net worth evolves dynamically as follows:

dnf:t = (”fjtrt — Cgt)dt + nfteft . (Wtdt + dZt)

-~

consumption-savings  aggregate ;i,sk hedging
+As i+Ap
+ >\Z R tA / dR - T’tdt)dj + )\Z T tA / dR —rdt)dj . (1.9)

/

funding portfoho (sector A) funding portfolio (sector B)

Financiers solve

F
o FII)l\%X)\B oF Ui (1.10)

1’2’

subject to (1.9), nj’, > 0, /\A >0, /\B > 0, where Z/{ is given by the logarithmic utility

20. Relaxing this assumption does not change the results significantly. With the maintained symmetry
assumptions, {\;—;.} could be chosen in two stages (if spreads s;, are independent of location j). First,
leverage \; ¢ := AL f,ZJrA Ai—sj,tdj could be chosen to trade off return and risk, as in the main text. Second,
risky share allocations A, /A ; could be chosen to minimize the portfolio variance of a unit investment.
One can verify that the resulting portfolio is exactly a symmetrically funded portfolio, with point masses on

the extremal locations ¢ and 7 + A.
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function (1.1).

Free Mobility

At this point, I make an important technical assumption that keeps the equilibrium con-
struction tractable. Specifically, I assume a free-mobility condition between locations, which

allows us to study a symmetric equilibrium.21

Assumption 2 (Free Mobility). Insiders and financiers are freely mobile among locations

1.

Under Assumption 2, idiosyncratic shocks will wash out in aggregate, but the expectation
that they will hit matters for individual behavior. A similar free-mobility assumption has
been used across the idiosyncratic “islands” of [41]. For details on an equilibrium of a
similar model without Assumption 2, see [63]. In that setting, a symmetric equilibrium is
not possible. Instead, the entire distribution of net worth across locations becomes a state

variable.

1.2.2  Equilibrium

Definition 1. An equilibrium consists of price and allocation processes, adapted to the
aggregate and idiosyncratic shocks {(Zf,Zf,Wﬁ,Wﬁ) : 4 € [0,1],¢t > 0}, such that all
agents solve their optimization problems and all markets clear. Prices consist of the interest

rate r¢, aggregate risk price m¢, and spreads s{lt, S?t' Allocations consist of capital and equity

holdings (kft,kﬂ,)\ft,)\ft), consumption choices (cft,cft,cgt), and aggregate risk hedging

choices (Gft,ﬁﬁ,eﬁ). A symmetric equilibrium is an equilibrium in which all objects are
independent of © for each t. The market-clearing conditions at every point in time are as

follows.

21. Unlike location choices, agents’ occupations (e.g., “sector A insider”; “financier”) are fixed and cannot
be chosen.
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Goods markets:

1 1 1
/O (G akf'y + Gpkp)didt = /O ey + cBy + cfdidt + /0 Iy + dIf)di.

Funding markets:

7
/A ATINE nfdj = ¢:kF,, Vie[01], z€{A B}
1=z

Aggregate risk market:

7

1
A A, oB.B . oF. F1:
/0 [0;3mi ¢ + 05 4miy + 65 4ni Jdi = 0.

Bond market:

1 1
A B Fq;. A B1-
/0 (it + niy + nj4ldi = /0 [k y + Kig)di.

First, we have a lemma which shows that, under additional restrictions, any equilibrium

will be “location invariant” in a certain sense.

Lemma 1.2.3 (Location Invariance). Let Assumptions 1 and 2 hold. If an equilibrium is

such that N .
n? n:
it 1,0 A B
—— and —————= and kI +k:
A B A B 1,0 it
niy + ni ki,t + kiﬂf

are independent of i, that equilibrium must be location invariant in the sense that kflt/k:iBt,
kf}t/nf}t, kﬁ/nft, )\f}t, )\ft, sf}t, and sft are independent of 1. Furthermore, a symmetric

equilibrium s feasible.

Among such location-invariant equilibria, I analyze the special one in which locations
are exactly identical in their net worths, which is feasible (and weakly optimal) under free-

mobility. Studying this equilibrium allows me to avoid keeping track of the full distribution
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of wealth among locations, which would otherwise be necessary to know the evolution of
aggregates such as wealth.
For construction of the symmetric equilibrium, define aggregate capital K; := fol [szt +

kft]dz and the capital distribution x; := K, ! fol k;‘}tdz’. Define the wealth shares

Npy
Npi+Nay+ Npy'

_ Nag
Npt+ Npy

oy and 1 =
where Ny ; = fol nf}tdi, Npy = fol nftdz’, and Np; = fol nftdi are aggregate net worths.
The only state variables in a symmetric equilibrium will be (ay, n¢, K¢). Therefore, in what
follows, I drop location i subscripts from all variables whenever the meaning is clear. All
stationary variables will be solely functions of (ay,1;), whereas growing variables will form

a stochastic trend around K. The state dynamics are

dap = pg'dt + of' - dZy
dny = u?dt + Jg - dZy

dK; = Kt[btdt + oy - dZt],

where the aggregate investment rate 1 is determined from 1 Kidt := dItA + dItB and the
aggregate diffusion vector is given by oy := ko g4+ (1—kK¢)o 3.22 The equilibrium is computed

explicitly.

Proposition 1.2.4 (Two-Sector Equilibrium). Let Assumptions 1 and 2 hold. Then, there

exists a unique symmetric equilibrium with state variables («,n). The equilibrium is non-

22. Note that, although sectoral investment dI/* and dIP will not, in general, be absolutely continuous
with respect to time (Lebesgue measure), the sum must be absolutely continuous as a consequence of goods
market clearing.
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stochastic in the sense that c® = o' = 0. The state drifts are

u® =a(l - a)[7 — 73] (1.11)
W=l =n)[Fp 4+ Fhyp —aiy — (1 - a)ig), (1.12)
where
. k(1 —=94)d4 . (1-r)(1-9¢R)op
A= Talion) and 7pg:= A=) {d—1) (1.13)

are shadow idiosyncratic risk prices. The aggregate risk price vector is m = ko 4+ (1 —K)op.

The capital distribution is given by

xk = min(1, max(0, &)), where (1.15)
2 1-¢p)2 | 93(1-Ap)*1 .9
i Ga—Gp+logl”+ [(1(_(1)(?)_77) + £ n = ]UB
o 1-¢4)2 | ¢5(1-A4)% .9 1-¢p)2 | ¢5(1-Ap)%1 .o
loall2 + o2 + [G2al + AE22aR162 o [nh o S5onl g2
Finally, the growth rate v and interest rate r are given by
t=rkGA+(1—-rK)Gp—p (1.16)
—pto— |7l = (1 = e + (1 — a)i%] — n[7 2 117
r=p+o—|xl” = A =n)ary + (1 - a)rp] —nltp_, 4+ 7p_,pl (1.17)

I should make a few preliminary comments on the equilibrium in Proposition 1.2.4. First,
even though the two sectors produce the same consumption good, each sector can receive
a non-trivial allocation of resources because of their risk properties. Indeed, the sectoral
shocks (7 A WA) and (ZB WB ) are independent, so it is efficient to diversify these shocks by
producing some output in each sector. The same qualitative insights survive in a model with

differentiated goods (imperfect substitutability), which provides an additional rationale for
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production diversification. See Appendix A.3.3 for the model with Cobb-Douglas preferences
over the consumption goods.

Second, the expected excess return on each capital stock can be decomposed into the
aggregate risk premium, plus idiosyncratic risk premia earned by insiders and financiers.
These idiosyncratic risk premia are non-trivial due to imperfect diversification by both in-
siders (who must hold 1 — ¢ fraction of their capital risk) and financiers (who can only

diversify A fraction of the locations). Indeed, for sectors z € {A, B},

G - gn v Lo o elodr
total risk premium  agg risk premium insiders’ idio risk premium financiers’ idio risk premium

(1.18)
For example, o, - 7 is the aggregate risk premium in sector z, as the product of the quantity
of risk (loading on dZ;) and the aggregate risk price mw. Similarly, the latter two terms
represent idiosyncratic risk premia: (1 — ¢,)d, and ¢,(1 — A;)d, represent the quantity
of idiosyncratic risk held by insiders and financiers, respectively, and 7, and 7p_,, are the
prices of these risks. These idiosyncratic risk prices measure the marginal utility response
to a negative idiosyncratic shock.

In addition, the non-stochastic nature of the economy is due to the combination of iden-
tical risk preferences and complete markets over aggregate risk. In particular, agents may
frictionlessly pick their level of exposure to dZ;, given the existence of a hedging securities
market (i.e., Qf}t, 951&’ and 65 , are unconstrained). I will relax this frictionless hedging in the
quantitative application below.

Finally, because the state variables are deterministic, a reasonable conjecture is that the
system eventually reaches a “steady state” as t — oo. This is the subject of the following

proposition.

Proposition 1.2.5 (Steady State). In the equilibrium of Proposition 1.2.4, if initial wealth

shares o, ng > 0, and if G4 — Gp s sufficiently small, then there exists a steady state given

20



by (oo, o), where

Koo(l — ¢ 4)0

o = o)A+ (- moo)(1— 65)55 (119)
oo = [y (o041 = Aa)6.2)% + (1 = Koo)05(1 = Ap)op)?

ool = 60)64 + (1= hoc)(1 = 65)p]

x [ (kooda(1 = A0)30)2 + (1 - koo)ép(1 — Ap)dp)2,  (1.20)

and where koo 1s given by the time-limit of equation (1.15).

The equilibrium from Propositions 1.2.4 and 1.2.5 can be conveyed graphically. The
left panel of figure 1.5 plots the supply and demand in sector A’s lending market, with the

idiosyncratic risk price mp_, 4 against the financier portfolio 2.

Tp_sa A = TF A '
(l — AA)&A

p =0l =n)|Fga+7pp —aiy — (1 a)fTZB]

\A Pak(Tra)
U

\ A n
Figure 1.5: Steady-state equilibrium.

The increasing line is funding supply: financiers’ optimal portfolio M s simply a mean-
variance portfolio trading off idiosyncratic risk compensation, 7p_, 4, against the idiosyn-
cratic volatility of the portfolio, (1 — Ay4)o 4. This investment can be chosen using only
idiosyncratic risk considerations because of the frictionless market for trading aggregate

risk.

The downward-sloping curve plots funding demand, which is constructed from insiders’
21



optimal capital choice. Sector A capital demand, relative to aggregate capital, is

o Ga—r—0asa—(1—9a)oa-7
(1—¢4)%0%

(1 —=n)e.

Insiders retain (1 — ¢ 4) of their capital risk as inside equity and optimally trade off its
variance, (1 — ¢ A)2&1247 against its expected return. Inside equity earns the expected excess
return G 4 — r on capital, net of the lending spread s4 paid to financiers on ¢ 4 of outside
equity. Because insiders are able to hedge aggregate risk inherent in capital ownership, they
may additionally remove the aggregate risk premium on inside equity, (1—¢4)o 4-7. Because

the spread s 4 is fair, it compensates financiers for both aggregate and idiosyncratic risk:

sA=04 T+ (L—AQ)04TF4.

All else equal, a higher risk price mp_, 4 increases spreads s and lowers capital demand k.
Lower capital demand reduces funding demand through the equity-market-clearing relation-
ship gk = )\An, which is the downward-sloping curve plotted in figure 1.5.

The right panel shows the dynamics of 1. The drift 'l balances the relative profitabilities

of financiers and insiders, which are governed by their idiosyncratic risk prices:

~2 ~2 A A
,u"zn(l_n)[ TpaA+TE,p —(atg+ (1 —a)ip)|.
financier I;;oﬁtability insider profitability

As a function of n, p'l is typically strictly decreasing, because 7p_, 4 and 7p_, g are decreas-
ing in 7, whereas m4 and 7pg are increasing in 7. This downward-sloping property is why

the economy converges to the steady state, with ' = 0, from any starting point.

1.2.3 Long-Run Effects of Better Diversification

In this section, I illustrate the reallocation and leverage effects discussed in the introduction.

Suppose diversification improves in sector A, i.e., A4 1. Figure 1.6 illustrates the adjustment
22



of the economy to the new steady state.

1 , N
TF—A i / )\A _ TF—A ’Lﬂ !
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Figure 1.6: Equilibrium before and after an increase in diversification, A 4 1.

In the short run, better diversification increases sectoral funding supply because it im-

proves financiers’ risk-reward trade-off. Graphically, this improvement is captured by the
outward rotation of the supply curve (left panel), which results in a shift from the diamond to
the hollow circle.23 This shift reduces equilibrium risk compensation # F_ 4 and generates a
discontinuous increase in the sector A capital share k. Although aggregate capital will never

jump in equilibrium, its sectoral allocation can, due to frictionless investment.

This short-run outcome is the reallocation effect.

Diversification-induced reallocation
can partly explain the stylized fact that sectoral capital shares are negatively correlated

with sectoral risk premia, documented by [7]. Reallocation can also occur with fundamental

shocks dZ4 > 0, but such fundamental reallocation tends to raise the sectoral risk premium

through its aggregate component o4 - = |0 4]|?, exactly as in [19].

At the same time, lower risk compensation 7p_, 4 reduces financier profitability, so the

drift p' shifts downwards (right panel). Over time, 7 drifts downwards. Financiers are

happy to decumulate, because a lower quantity of idiosyncratic risk necessitates a lower pre-

cautionary savings buffer. However, lower relative wealth means financiers must accumulate

23. Note that there is a small outward shift in the supply on impact because equation (1.15) shows & is

increasing in A 4, independently of 7p_ 4. One can show this is second order relative to the shift in the
supply curve, i.e., Tp_, 4 still falls on impact, holding 7 fixed.
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leverage to continue their scale of financing operations. This dynamic effect is captured by
the gradual outward shift in the demand curve (left panel), which results in a shift from
the hollow circle to the solid circle. Because financiers are present in both sectors, a similar
effect occurs in sector B’s funding market.

I call this dynamic force the leverage effect. Indeed, financier leverage (assets/equity) is

leverage := M B = dar+op(l— K>, (1.21)

Ui

so declines in 7 tend to increase leverage. The following result formalizes the preceding

analysis.

Proposition 1.2.6 (Reallocation and Leverage). Consider the steady-state equilibrium of
Proposition 1.2.5, with Gy =GR, ¢4 = ¢, 64 =R, |loall = llogll, and Ay = Apg. The
following hold:

dkoo dNoo

: d '
(i) dAA>O an dAA<O’
d d
(ii) ;ZO =0 and %<O, where A=Ay = Ap;
d —— = = ¢p = 1.
(1i1) A, >0 an A, 0, if ¢4=0p

Part (i) of Proposition 1.2.6 demonstrates a case in which both reallocation and leverage
effects are in play. The assumption of initially symmetric sectors is made to derive unambigu-
ous comparative statics in this case.2* Parts (ii) and (iii) demonstrate necessary conditions
for the reallocation and leverage effects. Part (ii) shows some asymmetric diversification in-

crease is necessary for the reallocation channel. Sectoral allocations are immune to a broad

24. Another particularly simple case is the model with ¢ = Ap = 1. Under these parameters, ay, = 1
and

1-A — 2
pal( A) and  r Ga—Gp+|ogl

Too = g+ pa(l— M) T loalP+ llosl?+ (1 - pada)26?”

Observe that part (i) of Proposition 1.2.6 is satisfied in this case, as long as ko € (0,1).
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increase in diversification. Part (iii) shows some segmented markets (through borrowing
limits) are necessary for the leverage channel. Without segmented markets between insiders
and financiers, the insiders of both sectors have zero long-run wealth, meaning there can be
no financial sector leverage.?>

The reason 7y falls slowly over time is that profits take time to accumulate. Said dif-
ferently, the absence of entry/exit between sectors slows convergence. When the relative
profitability in one sector falls, entry/exit should occur until profitabilities are equalized.

With free entry/exit, immediate convergence obtains, as stated in the proposition below.

Proposition 1.2.7 (Free Entry). Consider the equilibrium of Proposition 1.2.4. At every
point in time, suppose all agents can freely choose their “occupations” in the following sense:

agents can costlessly decide to be financiers, sector A insiders, or sector B insiders. Then,

(v, mt) = (oo, o) for all t.

1.2.4 Dynamic Response to a Diversification Shock

In this section, I translate the graphical analysis of figure 1.6 into a time-path, or an “impulse
response function” (IRF). See Appendix A.1.7 for more details on these IRFs and proofs of
the lemmas below. Due to the tractability offered by logarithmic utility and frictionless
physical investment, computing IRFs is not problematic. An important feature is that this

model contains no “impact response.”
Lemma 1.2.8. There is no state variable impact response to an unanticipated shock to A 4
or Ag at time t, i.e., (g, M) = (p—, M—).

The key intuition for Lemma 1.2.8 is that portfolio holdings are pre-determined before
a shock, so wealth can only jump if asset prices jump. But frictionless investment implies

capital prices are always equal to one; in particular, they cannot jump.

25. An alternative that preserves segmented markets but allows insiders unlimited equity issuance is to
assume financiers’ discount rate is greater than insiders’; i.e., pp > pa = pp = p, so that insiders have wealth
in the long run. Under this assumption, one can show that k. is increasing in A4 and 7., is decreasing in
AA, even if ¢A = (,253 =1.
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In figure 1.7, I illustrate the time-path of a one-time unanticipated shock from A 4. The
shock occurs at time t = 0 and the system has reached steady state at that time. The left
panel shows the time-path for A 4. The middle and right panels illustrate the responses of

k¢ and )\é + )\]]? — the reallocation and leverage effects.

1.2
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Figure 1.7: IRFs to a one-time shock from Ay = 0.5 to Ay = 1 at time ¢t = 0. In this
example, |lo4ll = |logll = 0.04, G4, = G = 0.1, 64 = 6g = 0.20, ¢4 = ¢ = 0.50,
p=0.02, and Ag = 0.5.

Alternatively, we also may want to consider a gradual increase in A 4. Performing this
experiment raises the question of how to interpret repeated increases in A 4. One type of
IRF treats the improvement in A 4 as unanticipated, in the sense that economic agents per-
ceive zero probability of diversification improvements, even though improvements repeatedly
occur. This IRF can be computed by repeating the analysis of figure 1.7 with a series of
smaller A 4 shocks.

A second type of IRF treats the improvement as fully anticipated, in the sense that news
about the future diversification path breaks at time 7, and after that time, agents know the
entire future time-path of diversification. A third type of IRF treats the improvement as
partially anticipated, in the sense that agents know diversification levels follow a particular

stochastic process. As shown by the lemma below, these three types of IRFs are equivalent.
Lemma 1.2.9. Suppose either of the following holds:

(i) (Aat, Apy) follows a deterministic path. At time T, agents are informed about a new

future path {(A g4, Apy) it > T}
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(i) (Aat, Apy) follows an arbitrary Ité process. All agents are unconstrained in markets

for Arrow claims on the shocks dA, 3 — E¢[dA, ¢].

Then, the economy is in the equilibrium of Proposition 1.2.4 with (AA,t> AB7t) representing

(Ay, Ap) at every point in time t.

As a consequence of Lemma 1.2.9, IRFs to a series of diversification shocks need not
be interpreted as repeatedly fooling agents in the model with a sequence of zero-probability
events. Instead, all we need to assume is either that agents are perfectly informed about the
future diversification path, or that they can hedge future uncertainty to diversification paths.
The crucial model feature for these lemmas is the optimally-myopic behavior of log utility
agents, who care only about the current level of diversification, not its future probability
distribution.

With these equivalence results in hand, the IRF from a gradual diversification improve-

ment is displayed in figure 1.8, which is qualitatively a smoothed-out version of figure 1.7.

Shock path Ay,

T 0.8} |
08+ —
0.6+ —
06+ —

0.4 -

IRF of x; IRF of \j, + \E,

02k 1 02r

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
time ¢ time ¢ time ¢

Figure 1.8: IRFs to a gradual increase from Ay = 0.5 to A4 =1 from time t = 0 to ¢t = 10.
In this example, |[o4|| = |logl| =0.04, G4 =Gp =0.1,64 =g = 0.20, o4 = ¢ = 0.50,
p=0.02, and Ag = 0.5.

These time-paths connect the model to the 1990s-2000s housing boom. As shown in
figure 1.1, this episode featured a large sectoral reallocation from corporate credit to house-
hold credit and a rise in financial intermediary leverage. Thus, if we interpret sector A
as housing and sector B as productive capital, a gradual increase in A 4, corresponding to
rising mortgage securitization or gradual banking deregulation, can match these qualitative

patterns.
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1.2.5 Lax Screening

The diversification-induced leverage build-up (“leverage effect”) springs from a reduction in
financier profitability, through lower equilibrium spreads. Empirically, there is some support
for this during the 2000s housing boom, as mortgage spreads fell and commercial bank
profitability saw a modest decline.26

That said, the leverage build-up is a general response to better diversification and can
be observed even in the absence of a profitability decline. For example, with better diversi-
fication, financiers initially reduce their lending spreads, so insiders may optimally borrow
more by increasing their outside funding (i.e., ¢4 and ¢p). Greater outside funding and
better diversification have opposing effects on equilibrium spreads, so financier profitability
may increase or decrease. At the same time, higher ¢4 or ¢p directly raises financiers’
assets/equity ratio by equation (1.21).

To analyze such a situation, Appendix A.1.5 generalizes the moral-hazard problem of in-
siders to generate the possibility of time-varying ¢ 4 and ¢ . In this setup, the moral-hazard
problem is smoothed in such a way that optimal short-term contracts cannot eliminate agency
costs. Optimal issuance ¢ 4 equates the marginal diversification benefits from offloading risk
(arising because financiers are better-diversified than insiders) to marginal moral-hazard
costs (arising because insiders will divert more resources when they keep less skin in the
game). Improved financier diversification increases the marginal benefit of issuance, so ¢4
rises with A 4. Although a lower skin-in-the-game requirement exacerbates insiders’ agency
problem, now-better-diversified financiers tolerate this cost. Credit standards are optimally
relaxed, analogous to the story “securitization led to lax screening” in [62]. Thus, endog-
enizing credit standards demonstrates the leverage effect does not rely on falling financier

profitability.2”

26. See [57] for evidence on mortgage spreads. See Appendix A.4.2 for commercial bank profitability.

27. The dynamics of financier leverage are ambiguous in this story. If the net effect of higher A4 and
higher ¢4 is to reduce financier profitability, then n; will fall over time, and leverage will continue to build.
Otherwise, leverage will increase initially but decline over time.
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1.3 Diversification-Induced Financial Crises

The model of Section 1.2 is meant to illustrate the reallocation and leverage mechanisms in
a simple way. The key shortcoming of that model is the absence of any financial fragility:
even though diversification reduces the financier wealth share, macroeconomic fluctuations

are unaffected. Below, I modify the model to allow for the possibility of financial crises.

1.3.1 New Features

Leverage Constraints

First, I introduce a financier leverage constraint:

Mo +AB, <A A> L (1.22)

Borrowing constraints like (1.22) can be a reduced-form for financier default costs that
rise sharply with high leverage, or they may arise due to incentive problems.?® In Ap-
pendix A.1.6, I micro-found the constraint with a simple agency problem. In that case, the
endogenously-determined maximal leverage A will in fact be a function of the economic state
and model parameters. As I demonstrate, A is not increasing in diversification A 4, Ap,
which is particularly important for the analysis below.

The leverage constraint modifies portfolio choices by introducing an auxiliary variable

(Lagrange multiplier) that I denote (¢. Thus, financiers’ optimal portfolios are given by

(sp—op-m—C)7F
(1— AB)Z&% ’

A (sa—og-m1=0F

_ B _
PT Ay M

(1.23)

where u™ = max(0,u). The standard complementary slackness condition determines when

28. See, for example, [60], [47], [67], [66], [53], [41], and [28].
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leverage constraints bind:

0=min {¢, A — Aj — AZ}. (1.24)

The portfolio choices (1.23) are simple because the constraints (leverage and shorting) are
homogeneous in wealth, and because all agents have log utility. See Appendix A.1.1 for
a complete derivation using convex duality methods as in [22]. The presence of ¢ helps
us understand that a binding leverage constraint works similarly to a rise in intermediary
funding costs. Indeed, as (1.23) suggests, the equilibrium with a leverage constraint is
identical to an unconstrained economy in which financiers perceive a funding cost of r + (

rather than r. Hence, I will sometimes refer to ¢ as the “shadow funding cost.”

Distressed Investors

Next, I introduce a fourth category of agent, which I call “distressed investors,” who may
also extend financing to insiders, but are less qualified to do so. In particular, for each
unit of financing, distressed investors must pay a pecuniary cost x out of their returns. Such
costs may be a reduced-form for search costs, information-acquisition costs, fundraising costs,
ete.29 T implicitly assume these activities take time and other resources that would otherwise
be used in production, so that this pecuniary cost is a deadweight loss to the economy.
Although they are less skilled lenders, distressed investors do not face the leverage constraint
(1.22). Finally, for quantitative purposes below, mainly to control average financier leverage,
I assume financiers have a higher discount rate, pp > p, than distressed investors and insiders.
Otherwise, distressed investors are identical to financiers.

With distressed investors, equilibrium requires that we keep track of distressed investors’

aggregate net worth Np ;. In symmetric equilibrium, the wealth distribution is now charac-

29. Distressed investors may also be interpreted as the marginal buyers of loans and securities on the
secondary market, after the first-best financiers begin defaulting. For example, [17] study mutual fund
holdings of asset-backed securities, which grew in the financial crisis. Relatedly, [50] study ABS holdings of
hedge funds, commercial banks, and investment banks.
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terized by three state variables:

Ny '_NF—FND

Np
o= .
NA—FNB’ n K

, and 1= —7-—.
Nrp+ Np

Competition among insiders ensures distressed investors must also charge spreads s 4 and

sp. Consequently, their return-on-investment is given by
1 +Ay -4 1 i+Ap B
1 1

Their portfolio choices are given by

— =)t — A

D (1,268 (1-Ap)25%

Financial distress is said to occur when either spread rises beyond x, such that )\g —1—)\% > 0.
Because the participation cost is modeled as a pecuniary cost, any equilibrium financial

distress leads to inefficiency. The costs of financial distress appear in the modified resource

constraint:
vranpp+ (1 —an)p =rGy+(1-k)Gp— 2(17(1 - x)()\é + )\g)/ . (1.26)
Investment + Consumption Output Costs of Fin;;cial Distress

These costs are mechanically tied to periods of distress, although they scale with the degree
of distress, i.e., the size of the costs depends on the level of participation by distressed

investors.

Limited Hedging

Third, I introduce stochastic fluctuations into the economy by limiting aggregate risk hedg-
ing. In particular, I assume insiders cannot trade aggregate risk at all, i.e., GZAt = 92% = 0.

In reality, insiders of firms may be prevented from market trading due to incentive prob-
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lems. Financiers and distressed investors may still trade aggregate risk with no constraints.
This assumption generates stochastic fluctuations, because aggregate risk cannot be shared

perfectly among agents.

Overlapping Generations

Lastly, I introduce a “perpetual youth” overlapping-generations (OLG) structure, to ensure
a generically stationary wealth distribution, similar to [39]. All agents perish independently
at the Poisson rate §. Since this assumption augments all agents’ subjective discount rate
by +d, parameters p and pp should be thought of as inclusive of § (see Lemma A.1.2).
There are no markets to hedge these idiosyncratic death shocks. To keep the population size
constant, newborns arrive at the same rate. Among newborns, the fraction entering sector z
is v, with v4 +vg +vp +vp = 1. Dying agents’ wealth is pooled and redistributed equally

to newborns.

1.3.2  Equilibrium

Proposition 1.3.1 (Stochastic Equilibrium with Distress). Let Assumptions 1 and 2 hold,
and augment financiers’ problem with constraint (1.22). Let (4, 7g) be insiders’ idiosyn-
cratic risk prices, defined in (1.13), and let (Tp_ A, TFp_g) be financiers’ idiosyncratic risk
prices, defined by (1.14) with xn in place of n. In a symmetric equilibrium, (k,() solve a

nonlinear system given by (1.24) and

0=min{l—x, H"} —min{x, (-H)"} (1.27)

H:=Gy—~Gp—das4+9¢psp— (L —9a)loa-ma+0a74l+ (1 —¢p)lop 7B+ BBl

32



where (s4,sp) are equilibrium spreads,

X

SZ—JZ.W:;E[Q—AZ)&ZﬁF%ﬁc—(c—x—1_36

+(1-2)[x - (x— ¢ - (1= A)eipn.)t], 2e{A,B),

(1— AZ)5Z7ATF—>2)+}

(1.28)

7 is the traded aggregate risk price, and (w4, 7g) are insiders’ shadow aggregate risk prices.

If insiders may frictionlessly trade aggregate risk (unconstrained 04,0p), then m4 = g =

T = kog+(1—k)og. If insiders may not trade (04 =0 =0), then 7 =n" kp 04+ (1 —

R)PRoBl, TA =TA04/04, and mg = Tgog/dp. Define the following profitability functions:

~92 2 ~2 2
My =74+ ||mall® and Ilp:=7%+ |7

A B 2
Hp = Ap(sqa—04-7m)+ Ap(sp —op-m) + |7

A B 2
p:=Ap(sa—oa-7m=x)+Ap(sp —op-m—x) + 7]
State dynamics are given by

p* = a(l—a)[liy —p] - (amg + (1 - a)rp) - 0 +8((va +vp)'va—a)
0% =a(l —a)ry —7pl,
ph=n =n)z(p—pp) +zllp+ (1 —2)llp —ally — (1 — a)llpg]
=+ (L=n)(amg + (1 —a)rp)) - 0"+ d(vp +vp —n)
o =n(l—n)r—amry — (1 -a)rpg],
p" =21 —x)lp— pp +Tp —p]+6((vp +vp) ' vp — )

or = 0.

(1.29)
(1.30)

(1.31)

(1.32)
(1.33)

(1.34)

(1.35)
(1.36)

(1.37)

In Appendix A.1.3, Proposition A.1.3 states the analytical solution to this equilibrium

by explicitly solving equations (1.24) and (1.27). An explicit solution is possible because

the nonlinearity of this system is induced solely by the various portfolio constraints (i.e.,
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leverage, shorting constraints). Such constraints bind on endogenous subsets of the state

space, which I solve for analytically.
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Figure 1.9: Equilibrium functions of (1, z) with o = 0.5 fixed. Parameters: ||o4]| = |log| =

0.04, 64 = op = 0.20, 4 = ¢p = 050, G4 = G = 0.1, Ay =05, Ag =1, p = 0.02,
pr = 0.06, x = 0.05, and A = 10.

Figure 1.9 illustrates several properties of the equilibrium from Proposition 1.3.1. When
n and x are low, financiers hit their leverage constraints. In this region, financial distress
emerges as distressed investors enter the market and begin lending. Financial distress gen-
erates a sharp increase in the spreads of both sectors, even in sector B where Ap = 1. The

real effects of financial distress are summarized in the bottom-right panel, which shows a
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large decline in consumption plus investment relative to total capital, as expected from the

resource constraint, equation (1.26).

1.3.3 FEndogenous Bust and Financial Instability

The effects of a sectoral diversification improvement (increase in A 4) are summarized by
the IRFs in figure 1.10. Importantly, Lemmas 1.2.8-1.2.9 continue to hold in this stochastic
economy with leverage constraints. Thus, these IRFs can be interpreted as responses to

anticipated improvements rather than a series of zero-probability events.
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Figure 1.10: IRFs to a gradual increase from A4 = 0.5 to A4 = 1 from time ¢t = 0 to ¢t = 10.
Solid lines are median responses, and dashed lines are 5th and 95th percentile responses.
Parameters: ||o4|| = |log|| = 0.04, 64 = 6 = 0.20, ¢4 = ¢ = 0.50, G4 = Gg = 0.1,
Ap =0.5, p=0.02, pp = 0.06, x = 0.05, and A = 10.

The responses are similar to those in figure 1.8 of Section 1.2.4, with two differences.
First, the stochastic state dynamics induced by imperfect hedging imply a distribution of
responses. [ plot the 5th, 50th, and 95th percentile responses in figure 1.10. Second, the
leverage constraint prevents an unmitigated rise in financier leverage.

A stark finding in this setting is the possibility of an endogenous bust in response to a
diversification improvement. We say an endogenous bust occurs if there is a predicted future
decrease in investment or consumption, relative to capital, in response to a shock at time 7,

ie.,

d>0: E_[Yrri—Yr—] <0, where Y :=1+4+znpp+ (1—an)p. (1.38)
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Notice, from the resource constraint (1.26), investment and consumption are equal to “en-
dogenous productivity” kG4 + (1 — k)G g net of “distress costs” xn(1 — x)()\fl) + )\g) For
theoretical clarity, I will temporarily focus on an economy with symmetric sectors (in par-
ticular, G4 = Gp), so that the endogenous productivity term is constant. Furthermore, I
will temporarily focus on a deterministic environment to easily identify the presence of an

endogenous bust.

Proposition 1.3.2. Consider the equilibrium of Proposition 1.3.1, with symmetric sectors
and deterministic dynamics, i.e., vg4 =vp, Ga=Gp =G, pp=dp =¢, Agp=Ap = A,
ocp=0g=0, and oy =opg = 0. Suppose there is a one-time increase Ay — Ar— > 0 at
time T and that ag = 1/2. If A; is large enough, if (1—¢/N)2(Ax+p—pp)+(1—9¢)%62 <0,
and if

20(1— ¢/

(1=¢/N2Ox+p—pp) + ——"wpA/$) 2 —vp —vp] — (1-¢)%6% < 0 < x, (1.39)
vVp —+ VD

then an endogenous bust occurs, i.e., (1.38) holds.

Intuitively, Proposition 1.3.2 says the following. If diversification improves enough, then
financiers will deterministically hit their leverage constraint in finite time. At that time,
distressed investors will begin participating which triggers two effects: (i) a potential loss
in output through “distress costs” that scale with participation; and (ii) a sudden increase
in expected returns that rebuilds financier wealth and pushes them away from the leverage
constraint. If the rebuilding effect (ii) is sufficiently weak, then the economy gets stuck at
the leverage constraint, inducing non-negligible participation by distressed investors, hence
non-negligible distress costs. Condition (1.39) ensures a weak rebuilding effect.

A diversification improvement can generate financial instability as well as an endogenous

bust. One measure of instability is the sensitivity of investment and consumption, relative
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to capital, to fundamental shocks, i.e.,

Var[dYy], where Y : =1+ anpp+ (1 —an)p. (1.40)

When Var[dY;] > 0, then investment and consumption are more volatile than capital. This

instability is tightly associated with a binding leverage constraint.

Proposition 1.3.3. Consider the equilibrium of Proposition 1.3.1, with G4 = Gg = G,
o4 = ¢p = ¢, and suppose Ay, Ap are large enough. Then, there is instability, i.e.,

Varg[dYy] > 0, if and only if the leverage constraint (1.22) binds.

Instability shows up in both sectors’ risk premia. Figure 1.11 shows the IRF's of lend-
ing spreads to an improvement in sector A diversification. Once leverage constraints begin
to bind, a large right tail appears suddenly in both sectors. Even though the diversifica-
tion improvement was sector-specific, the sudden possibility of extreme spreads affects both
sectors, because distressed investors typically enter both sectors when financiers are leverage-

constrained. This tail event, with spillovers to all sectors, resembles a financial crisis.
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Figure 1.11: IRFs to a gradual increase from A4 = 0.5 to Ay = 1 from time ¢t = 0 to t = 10.
Solid lines are median responses, and dashed lines are 5th and 95th percentile responses.
Parameters: ||o4|| = |log|| = 0.04, 64 = 6 = 0.20, ¢4 = ¢ = 0.50, G4 = Gg = 0.1,
Ap =0.5, p=0.02, pp = 0.06, x = 0.05, and A = 10.

1.8.4 Necessity of Leverage Constraints

To see the crucial role the leverage constraint plays in the results above, now suppose A =

+o00. Figure 1.12 shows financial distress is almost completely absent. Distressed investors
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rarely enter the market, lending spreads respond much more smoothly to changes in the

state variables, and sector B spreads are minuscule across the state space.
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Figure 1.12: Equilibrium functions of (n, x) with a = 0.5 fixed. Parameters: ||o 4| = |lop| =

0.04, 64 = o =020, ¢4 = ¢p =050, G4 = Gg = 0.1, Ay = 0.5, Ag =1, p = 0.02,
pr = 0.06, x = 0.05, and A\ = 4-o00.

The following proposition formalizes this result by characterizing when financial distress

occurs.

Proposition 1.3.4 (Distress without Leverage Constraints). Consider Proposition 1.3.1

with A = +oo. Distressed investors lend to sector z € {A, B} if and only if financiers’

wealth share x4y < w;k’t, where
k1 1— A 4)2%62 1.41
wip =X KPal A4)707% (1.41)
Why =X (1 —k)op(1— Ap)e},. (1.42)

Proposition 1.3.4 illustrates the theoretical possibility of financial distress. If financiers’
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wealth is low relative to the amount of idiosyncratic risk they must bear, distressed investors
have an incentive to enter the market. These incentives are summarized by the thresholds
(w),wp). That said, even for moderate diversification, these thresholds are tiny. Consider
the case of symmetric sectors, such that x; = 0.5. Under x = 0.05 and 64 = o = 0.2,
p4=¢p =0.5 and Ay = Ag = 0.5, we have th = w%i = 0.05. If financiers hold more
than 5% of total wealth, distress is impossible.

Furthermore, as A 4, Ag — 1, distressed investors never take positive positions, as (1.41)-
(1.42) show. Under perfect diversification, financiers can perfectly hedge all the risks on their
funding portfolio, so their leverage decisions are completely decoupled from the risks they
must bear. Less efficient lenders never enter if they can finance more efficient lenders to do
the same. This result explains why models without leverage constraints, such as [13], feature
inefficiency that falls with financiers’ fundamental risks.

Conversely, why does financial distress occur when A < +00? The following proposition

characterizes distress in this case.

Proposition 1.3.5 (Distress with Leverage Constraints). In Proposition 1.3.1, the following
hold:

(i) If 4 = ¢R, then /\é,t + /\ﬁt = \ implies )\%i + /\g,t > 0.

(ii) Suppose x > Amax{(1 — AA)26124,(1 - AB)Q(%%}. Then, /\lét + /\gt < X\ implies

A B _
My 0B, =0.

Part (i) of Proposition 1.3.5 is a case in which distressed investors participate whenever
(1.22) binds. Intuitively, because financiers are unable to raise new equity, they will be
forced to de-lever upon hitting constraint (1.22), independent of their risk exposures and
degree of hedging activities. De-leveraging automatically results in inefficient participation
by distressed investors. In this sense, leverage constraints can introduce periods of financial

distress.
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Part (ii) says that, under certain parameterizations, distress can only occur if (1.22)
binds. In this sense, distress is unlikely without leverage constraints. For example, under

A 4 = Ap =1, this economy experiences distress if and only if leverage constraints bind.

1.4 Comparison to Other Shocks

Diversification improvements offer an answer to why booms are often sectoral (reallocation)
and why sectoral booms may produce broad busts (financial leverage). In this section, I study
several other “financial shocks” in my model: an LTV shock, a capital-requirement shock,
a risk-tolerance shock, an uncertainty shock, and a foreign-savings shock. The motivation
to study these shocks is that the extant literature has linked them at some point to boom-
bust cycles, most recently related to the 2000s US housing boom. I show that, other than
the diversification shock, none can produce both a sectoral reallocation and intermediary

leveraging in my model. The results of this analysis are summarized in Table 1.1.

Stylized Facts

Financial Sectoral Financial
Shocks Reallocation Leverage
Diversification ‘ + +
LTV ‘ + ~
Capital requirements ‘ ~ +
Financier risk-tolerance ‘ ~ +
Insider risk-tolerance ‘ + —
Idiosyncratic sectoral risk ‘ + ~
Foreign savings ‘ ~ +

Table 1.1: Stylized facts and financial shocks. “+” indicates a positive response in the
stylized fact to the referenced shock. “—” indicates a negative response in the stylized fact
to the shock. “~” indicates a neutral or ambiguous response in the stylized fact to the shock.
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1.4.1 LTV Shock

Another important financial shock is an increase in ¢, which reduces the idiosyncratic risk
insiders must bear when investing in capital. Like a loan-to-value ratio, ¢ is the fraction of
assets that insiders can borrow against, so I refer to this shock as an LTV shock. This type
of shock is widely studied in the quantitative modeling literature, with somewhat disparate
results.39 Here, I study the implications of this shock in my model. We have the following

result.

Proposition 1.4.1 (LTV Shock). Consider the equilibrium of Proposition 1.2.4, with G4 =
Gp, 64 = 6B, 64 = 6B, |oall = lopl, and Ay = Ap. Then, 2= > 0, and if Ay is

sufficiently large, ‘é’fﬁ > 0.

The key point to note about ¢ is that it is a risk transfer between insiders and financiers.
Because financiers are better diversified than insiders, this risk transfer is value-enhancing
and generates sectoral reallocation. Mathematically, equation (1.18) shows that higher ¢4

lowers sector A’s idiosyncratic risk premia, which are equal to

VN (U Vhin B

idio I'pA:/{',[ .
a(1 —n) 0 4

This quantity is decreasing in ¢ 4 for a well-diversified sector.

That said, the risk transfer to financiers shifts idiosyncratic risk compensation from
insiders to financiers. In response to the LTV shock, lending spreads increase, which is why
LTV shocks are sometimes interpreted as “credit demand shocks.” Thus, an increase in ¢ 4

unambiguously raises financier profitability and their long-run wealth share. Although short-

kpat+(1—k)PB

7 can increase with ¢4, the effect on long-run financier

run financier leverage

leverage is ambiguous through the rise in 7.

30. See, for example, [65], [56], [34], and [58].
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1.4.2  Capital-Requirement Shock

Another possible finance-centric explanation for boom-bust cycles is improved financier ac-
cess to outside equity. Perhaps financiers are equity-issuance constrained, perhaps because
of capital requirements or more fundamental agency frictions. A relaxation in capital re-
quirements improves financiers’ risk-sharing with the rest of the economy. To model this
scenario, I allow financiers to partially issue equity against their assets, requiring them to
keep 1 — ¢p fraction of skin in the game, like the insiders of sectors A and B 31 Shocks to

the parameter ¢ can be called capital requirement shocks. We have the following result.

Proposition 1.4.2 (Capital-Requirement Shock). Consider the equilibrium of Proposition
1.2.4, with capital requirement 1 —¢p. If A .= Ayq = Ap, then ¢pp-shocks and A-shocks are
equivalent in the following sense: the equilibrium only depends on A* :=1—(1—A)(1—¢p)

and not ¢ or A independently.

Capital-requirement shocks (¢p) are similar to diversification shocks (A) in that both
provide ways for financiers to diversify idiosyncratic risks. For this reason, both parameters

appear together in the expression for financiers’ idiosyncratic risk prices, i.e.,

koAl = Aa)A —¢F)oa o fpp = (1-#)ép(l — Ap)(1 — ¢F)ip
U U

7ATF%A =

Indeed, Proposition 1.4.2 shows that looser capital requirements act like broad, sectorally-
agnostic increases in diversification. It follows that looser capital requirements will generate
financial leverage. But a key distinction is that ¢ applies symmetrically to both sectors,
whereas A 4, Ap can be asymmetric. Although a sector-specific diversification shock gener-
ates a reallocation, looser capital requirements will tend to raise asset prices and allocations
across the board, as would a broad diversification improvement.

This is empirically relevant. Referring back to the motivational figure 1.1, we see house-

31. This outside equity is assumed to be pooled, thus perfectly diversified, and sold to the market. The
equilibrium of this modified economy is detailed in the appendix.
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hold credit rose as a share of total private non-financial credit. From the multi-asset per-
spective, diversification shocks are more likely to generate these features than a general
capital-requirement shock.

This is also relevant to theory. [55] adopt a reduced-form credit-supply shock, a relaxation
of “lending constraints,” as a plausible explanation for why house prices rose. But in that
paper, the only positive net supply asset is housing, so lending constraints do indeed raise
house prices. With multiple assets, house prices may rise with relaxed lending constraints,

but they will rise in concert with other asset prices.

1.4.3 Risk-Tolerance Shock

A popular culprit of boom-bust cycles has been excessive optimism or excessive risk tolerance,
e.g., [64]. Because of the nature of asset pricing, beliefs and risk tolerance always enter risk
premia jointly. I thus consider shocks to risk tolerance in this section.

Now, agents are endowed with recursive utility as in equation (A.21) in the appendix.
See Appendix A.1.2 for details on solving agents’ portfolio problems under these preferences.
For simplicity, I assume all agents have unitary elasticity of intertemporal substitution, but
they differ in their risk-aversion parameters, y4,vg, 7p- Risk-tolerance shocks are shocks to

these parameters individually.

Proposition 1.4.3 (Risk-Tolerance Shock). Consider equilibrium with risk aversions -4,

B, and Y.

(i) Suppose G4 = Gp, ¢4 = ¢p, 64 = 0, ||oall = |log|, and Ay = Ap. Suppose at
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timet, v4 = vyp = 7 and the economy is in steady state.32 The following hold:

d du"
(insider risk-tolerance) /?1 >0 and L_’?lt) >0
dyy dyy
d du"
(financier risk-tolerance) le =0 and Ljf) <0
dvp dvp
d d du' du"
(both risk-tolerance) /?51 /?1 >0 and £ (_77115) + (_77115) <0
dvy dvg dy 4 dvp

"
(ii) Suppose the assumptions of part (i) hold, except 64 > o = 0. Then, d#T(Zt) +

dp'(ne)
dvp =0.

Intuitively, an increase in 721 lowers discount rates in sector A, which generates a sectoral
allocation. However, with lower discount rates, insiders are willing to pay higher spreads
to financiers, increasing their long-run wealth share. In this sense, a y4-shock is a credit-
demand shock, just like the LTV shock to ¢ 4. An increase in 'yl;l is a credit-supply shock,
because it lowers required lending spreads. But because yr applies symmetrically to both
sectors, lending spreads decrease across the board. A sectoral reallocation is less likely,
as with the capital requirement shock to ¢p. Only if 'yZl and fy}l both increase, with
7131 left unchanged, can the model generate both reallocation and leverage.?? That said,
the leveraging effect is muted by the fact that both lender and borrower idiosyncratic risk
prices are reduced by the risk-tolerance shock. As part (ii) of Proposition 1.4.3 shows, this
offsetting can be complete if the other sector has no idiosyncratic risk. Finally, one must ask
what sprouted the sector-specific optimism, whereas diversification shocks are more readily

measurable.

32. Note that with identical risk preferences, even if they are non-log preferences, and only fundamental
shocks, the economy features a non-stochastic equilibrium that converges onto a balanced growth-path, for
the same reasons as in Proposition 1.2.5.

33. If sector A is interpreted as housing, such a shock corresponds most closely to the survey evidence
in [16] and the evidence in [37]. [58] and [42] have model economies where agents become optimistic only
about housing. Even though [68] incorporates securitization, a key element of his story is the underpricing
of mortgage risk by lenders.

44



1.4.4 Uncertainty Shock

Uncertainty shocks have been proposed as a possible driver of cycles: when uncertainty is
low, banks may take greater leverage, and the economy suffers when uncertainty reverts. A
sectoral uncertainty shock would be a reduction in 6 4. We have the following result, which
shows that lower sectoral uncertainty generates a reallocation but may not generate financier

leveraging.

Proposition 1.4.4 (Uncertainty Shock). Consider the equilibrium of Proposition 1.2.4, with
Ga=GpR, 04 =g, lloall = llogll, and Ay = Ap. Suppose the economy is in steady state

at time t. If 64 = opR, then

n
di{t <0 and dp fnt) =0.
do 5 do 4
If instead 6 4 > 6 = 0, then
dkoo dneo
d = 0.
e <0 an e 0

To understand this result, consider a hypothetical economy with no diversification (A 4 =
Ap = 0) but two values of idiosyncratic volatility that apply to insiders and financiers
separately, i.e., 64 4 and 04 p. The economy is otherwise exactly identical. One can show
the equilibrium of this economy is isomorphic to the equilibrium of Proposition 1.2.4, if
daa=0gand 6p g = (1—Ax)04. Therefore, a diversification shock operates by lowering
op A and keeping 4 4 fixed.

An uncertainty shock has the effect of lowering both 6 4 and 64 4 proportionally. The
result of this type of shock is to scale down all agents’ idiosyncratic risk premia equally. The
long-run effect of low idiosyncratic uncertainty is ambiguous in the sense that 7; could be

higher or lower, precisely because both insiders and financiers are affected.3?

34. This speaks to an important difference between how I am modeling the financial sector and how it
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1.4.5 Foreign-Savings Shock

A final alternative to consider is an increase in demand for safe assets, which tends to reduce
interest rates and may fuel the boom, e.g., [10]. Because much of this safe-asset demand
manifested empirically as foreign agents buying US Treasury securities and other close substi-
tutes, I call this a foreign-savings shock. This is also consistent with the documented increase
in foreign demand for highly-rated securitized products, which behave like safe assets.

To model foreign savings, I introduce a wedge into the bond-market-clearing condition,
which now becomes

NA,t+NB,t+NF,t+N;:Kt-

I assume N} follows some exogenous process. A foreign-savings shock can be modeled as an
exogenous change to /. Note that foreign savings also affects the goods market, because
net interest payments to foreigners must come out of consumption. This modified economy

has three state variables, the relative wealth between financiers, insiders, and foreigners:

Ny Npy

N{
= 9 nt = )
Nyt + Npy Npi+Nas+ Npy

and T]Zk = E

Qg

The equilibrium of this modified economy is detailed in the appendix. We have the following

result.

Proposition 1.4.5 (Foreign-Savings Shock). Suppose ||o 4|l = |logll, 64 = 6B, ¢4 = 0B,
and Ay = Ap. Suppose there is a one-time increase, nf — nf_ > 0, in foreign savings.

Suppose (ap—,ni—, ki—) = (Qoo, Moo, 1/2) prior to the shock. Then, ki = ki— and ny = m—.

The key to Proposition 1.4.5 is that foreign inflows raise all domestic agents’ leverage

has been modeled in the literature. Because both financiers and insiders are taking idiosyncratic risks, they
both demand idiosyncratic risk compensation that rises with higher uncertainty. In Appendix A.3.1, I show
my way of setting up the model leads to substantively different conclusions about uncertainty shocks than
[27]. Indeed, I show uncertainty shocks do not lead to excessive intermediary risk concentration, because
both insiders and financiers have negative hedging demands against high uncertainty states. From a deeper
theoretical perspective, diversification shocks, which are uncertainty shocks aimed directly at the financial
sector, are more likely to be a source of risk concentration.
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proportionally. Foreign savings of 7; per unit of domestic wealth result in leverage of (1 —
ny )_1 for the domestic representative agent. In particular, financier leveraging does occur
after a foreign-savings shock.

But the leverage is distributed equally across all domestic agents. As a result, all id-
iosyncratic risk prices are given by the formulas in (1.13)-(1.14), with an additional scaling
by (1— 772")*1. Formulas (1.11)-(1.12) then show the dynamics of («,n) are merely scaled by
(1—nf )~2, explaining why 7; is unaffected by foreign savings near the steady state. Applying
this logic to formula (1.15) also explains why r; is unaffected by foreign savings near the
steady state. Intuitively, foreign savings are not directed toward any particular sector, so

reallocation does not occur.

1.5 Quantification: US Housing Cycle

Section 1.2 showed that better sectoral diversification generates a reallocation and financier
leverage. The objective of this section is to quantify these effects in the context of the 1990s-
2000s US housing cycle. The first step is to determine a reasonable size for the diversification
shock (Section 1.5.1). The second step is to calibrate the model to fit this particular episode
(Section 1.5.2). The validation of the model is judged by its ability to generate plausible
dynamics for series not targeted by the calibration — financier leverage and lending spreads
in both sectors. I show that the model without diversification improvements cannot even

qualitatively generate the same dynamics.

1.5.1 Measuring Diversification

In this section, I construct a quantitative measure of mortgage-market diversification. At a
high level, the steps involved are as follows. First, I construct synthetic mortgage portfolios
for mortgage lenders, using originations data in the HMDA dataset. For loans that are

sold or securitized, I assume they are 100% diversified. Loans that are held on the lender’s
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balance sheet are imperfectly diversified, and computing the exact degree of diversification
follows the instructions below. The result is therefore a holistic measure of diversification,
accounting for loan sales to Fannie/Freddie, securitizations, and geographic diversification.

Second, I compute the one-year-ahead volatility of each lender’s mortgage portfolio, using
location-specific house-price changes as the proxy for each loan’s return.?® The lender’s
portfolio return is simply a weighted average of these loan-level returns, and I compute the
volatility of this return. Importantly, this method automatically accounts for the empirical
correlation between loans held on a lender’s balance sheet. Denote the average lender-level
volatility oA 4. Then, I proxy loan-level risk by measuring the average of all locations’ one-
year-ahead house-price volatility. Denote this average location-level volatility ¢;. Finally, I
back out time-varying diversification Ay using the model-implied relationship (1 — Ay)dy =
oA ¢ Details on this procedure are in Appendix A.4.3.

In figure 1.13, I plot the diversification index, A¢. In 1990, under 60% of housing risk
was diversified by lenders.36 By 2005, over 90% of such risk was diversified. During the
same time period, the idiosyncratic volatility of housing (6¢) was not significantly reduced,
indicating lenders faced lower housing risks primarily due to diversification.

Why did diversification increase so dramatically? I find both securitization and geo-
graphic diversification were significant factors. Figure 1.14 shows the number of counties
represented by loans in an average lender’s portfolio increased from 10 to 30 during the
boom. During the same time, the fraction of mortgage loans sold (either to Fannie/Freddie
or to private-label securitizations) increased from 45% to 60%. The geographic diversification

seems to have been under-appreciated during this episode.

35. In doing this, I am assuming the risk on lender’s mortgage portfolios can be proxied by the risk
inherent in the house prices to which the mortgages are attached (or at least assuming the mortgage risk is
proportional to the house-price risk). This proportionality assumption is incorrect per se, mainly because
mortgages are debt contracts, which can be thought of as nonlinear functions of the local house price (e.g.,
default in bad states). But my assumption is reasonable as long as the covariances between the house prices
in different locations are similar to the covariances between mortgage payments in different locations, because
these covariances are the key inputs in how I measure diversification.

36. I do not go back to the 1980s because of HMDA data limitations. As discussed in [74] and [35], banking
deregulations and mortgage securitizations (by GSEs) began aggressively in the 1980s.
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1.5.2 Calibrated Model

In this section, I interpret sector A as the housing sector, and sector B as all other productive

Figure 1.13: Diversification
Index. “Idio Vol of Hous-
ing” plots estimates of &¢.
“Mortgage Diversification”
plots estimates of As. In
this figure, the definition
of “location” is a county.
Source: HMDA and Corel-
ogic.

Figure 1.14: Diversification
Components. “Share of
Originations  Securitized”
shows the fraction of
mortgage originations that
are securitized within the
same year of origination.
“Geographies/Lender”

computes the average num-
ber of counties per lender
for loans held on lender’s

balance sheets. Source:
HMDA.

capital. The parameters and targets for this model are listed in table 1.2.

Into the model, I feed in a series for A4, that approximately matches figure 1.13. 1

assume A 4 4 = 0.59 for ¢ € [1980,1990]. Then, A 4 ; increases linearly from 1990 until 2006,

where A 4 9006 = 0.91. The resulting series is depicted in the left panel of figure 1.15.

To extract the two-dimensional Brownian shocks (Zfl, Zf} ), I approximately match two

model-implied series to the data, from 1980 to 2015: (a) log GDP and (b) the log household

49



Parameter

Value ‘ Targets

Panel A: Fundamentals

Gy productivity 0.04 | housing average return 0.04
Gp productivity 0.06 | capital-housing wealth ratio* 3
loall aggregate vol 0.03 | aggregate house price vol 0.03
logll aggregate vol 0.053 | output growth vol* 0.04
oy idiosyncratic vol 0.11 | idiosyncratic house price vol 0.11
0B idiosyncratic vol 0.25 | idiosyncratic stock price vol 0.25
Panel B: Preferences / OLG

p discount rate 0.02 | riskless rate* 0.02
PF discount rate 0.06 | output growth rate* 0.03
) birth/death rate 0.02 | life expectancy 50
VE population share 0.01 | financier+distressed leverage* 5)
vy population share 0.09 | housing consumption share* 0.22
VB population share 0.85 | aggregate Sharpe ratio* 0.20
VD population share 005 |vp+vp+rvg+rvp=1

Panel C: Financing

oA liability-asset ratio 0.4 aggregate housing LTV 0.4
OB liability-asset ratio 0.26 | household credit share* 0.42
Ay diversification 0.59 | 1990 mortgage diversification 0.59
Ap diversification 0.90 | syndicated bank loan spread* 0.015
A maximal leverage 14 binding constraint probability* 0.03
X distress cost 0.03 | maximal funding cost increase®* 0.02 — 0.03

Table 1.2: Parameter values and targets. Housing moments are taken from [77] and [24].
Idiosyncratic stock volatility is from [27]. Financial leverage and crisis probability (binding
constraint probability) are from [52]. The syndicated loan spread is from [86]. The 0.42
household credit share is the 1985 value of the series in figure 1.1. In the model, household
credit share is computed as (k + 0.1)¢p4/((k + 0.1)¢p4 + (1 — k)¢pp) to account for the
approximately 1/3 share of household finance that was non-mortgage finance in the 1980s
(k = 0.25 with a capital-housing ratio of 3). The maximal funding cost increase is taken
from the > 2% estimate of [36]. Targets with stars (*) are only matched approximately.

credit share (each with 50% weights) i.e.,

log(household credit share) = log (

log(GDP) = log (K[KGA +(1— k)G —(1— 2\ + Aﬁ)})

(k4 0.1)p4 )
(k+0.1)p4g + (1 —r)og/

20



The 0.1 wedge in the household credit share is to account for the fact that mortgage credit
only accounts for approximately 2/3 of household credit. The extracted shock series are
depicted in the right panel of figure 1.15. In all figures, “model” refers to the model with
shocks to both A, and (ZA,ZB ). “Counterfactual” refers to the model with the same
shocks to (Z4, ZP) but assumes A 4 constant. In both the model with diversification shocks
and the counterfactual exercise, I use the binomial approximation to Brownian motion, i.e.,
dZ = ++/dt. Both exercises are initialized with the state variables (a, 1, z) at their stationary
averages.

Time-Path of Ay

1 Time-Path of Z4, Z?

Model Ve

L 1 5 L
09 Counterfactual - - 7B
L A
08t 10 Zcmmterfactual
) - - 7B
51 counter factual
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1980 1985 1990 1995 2000 2005 2010 2015 1980 1985 1990 1995 2000 2005 2010 2015

time ¢ time ¢

Figure 1.15: Shocks. Parameters are in table 1.2.

The data series used for shock extraction, and their model counterparts, are depicted in
figure 1.16. Both models roughly match aggregate output and household credit. However,
referring back to figure 1.15, we see the counterfactual model’s shocks are larger, thus less
likely from an ex-ante perspective. For example, the probability of observing |ZA — 7B |
increase by at least 22 over 10 years, as the counterfactual shocks display in the period
2000-2010, is equal to 8.6 x 10~7. By contrast, the model with diversification improvements
implies |Z A_gzB | increases by 12 over the same period, which has probability 7.3 x 1073, four
orders of magnitude larger.3” The large counterfactual expansion of |ZA —zB | from 2000-

2010 helps explain the large growth in household credit, which diversification improvements

37. These probabilities are calculated using the fact that M := |Z4 — ZB|/v/2 is a reflected Brownian
motion. The probability distribution is given by P(M; > m) = 2®(—m/+/t), where ®(-) denotes the standard
normal cdf.
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naturally generate through the reallocation effect. Repeating this analysis for 2005-2010

reveals probabilities of 0.0057 (counterfactual) and 0.1714 (model).

Time-Path of detrended logY Time-Path of Household Credit Share
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Model Model
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Figure 1.16: Log GDP (left panel) and household credit share (right panel). Parameters are
in table 1.2.

Without diversification shocks, financier leverage does not build up, and leverage con-
straints are no concern. Figure 1.17 compares the significant model-generated financial
distress in the 2008-10 period, compared to a complete lack of distress in the counterfactual
model. Referring back to figure 1.16, notice the distress period generates an acute housing
bust, even moreso than in the data.

Before the distress, during the boom years, diversification improvements reduce sector A
spreads, as in the data. This force operates somewhat independently of sector B spreads, as
shown in figure 1.18. But as distress arises, s4 and sp spike about 2.5% and move together
thereafter, nearly one-for-one. Spreads move more closely together in busts, because their
behavior is determined by financiers’ health issues, rather than sectoral concerns. In this
period, spreads reflect almost exactly the behavior of the shadow-funding cost {, which

approximately matches the 2+% estimate of [36].

Quality Gradient

The previous calibration uses parameters (e.g., LTV ¢4 and idiosyncratic risk 6 4) relevant
for the average household borrower. In this section, I ask how much stronger are the effects

of diversification improvements if the model is instead calibrated to marginal household
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Figure 1.17: Financier leverage (left panel) and shadow funding cost (right panel). Param-
eters are in table 1.2.
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Figure 1.18: Lending spreads. Parameters are in table 1.2.

borrowers, who tend to be riskier (higher & 4) and more external-finance dependent (higher
PA)-

This question is interesting for two reasons. First, diversification improvements in the
1990s and especially 2000s were likely larger for lower-quality borrowers. For example,
securitization of non-conforming loans (private-label MBS containing subprime, alt-A, and
jumbo loans) increased dramatically in the 2000s, even relative to conforming loans (see
Appendix A.4.2). By contrast, figure 1.13 only shows the average increase in diversification
over all mortgage originations, which hides any potential heterogeneity.

Second, for a given increase in diversification, the effects are likely to be stronger for these
marginal borrowers. Theoretically, suppose sector A has a greater amount of idiosyncratic

risk (54 > o) and borrows against a greater fraction of its asset purchases (¢4 > ¢g).38

38. One microfoundation for why lower-quality insiders might have higher issuance is to introduce asym-
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Then, a diversification boom in sector A tends to produce larger reallocation and leverage
effects than a diversification boom in sector B. The intuition for this statement comes from
idiosyncratic risk prices, e.g., Tp_, 4. Larger 64 or larger ¢ 4 imply a larger reduction in risk
prices from diversification improvements, i.e.,

d27ATF—>A
dA pdo 4

2~
d°TpA

— d
dAAd(}A<O an

< 0, holding fixed k.

This is why improved diversification of lower-quality borrowers’ idiosyncratic risks might
lead to a large cycle, and it helps reconcile the timing of the 2000s housing boom with the
timing of the 2000s private-label MBS boom, rather than an earlier increase in diversification
of conforming mortgages.?

In the quantitative experiment, I increase ¢4 from 0.40 to 0.60 and 64 from 0.11 to
0.20. To match the targets in table 1.2, I also adjust the following parameters: G4 = 0.05;
pr = 0.155; v4 = 0.50; vg = 0.44; ¢ = 0.389; and \ = 27.40 The procedure for extracting
(Z4, ZB) is the same as before.

Figures 1.19 and 1.20 show financier leverage, financiers’ shadow-funding cost, and both
sectoral spreads. Under this marginal borrower calibration, the boom coincides with a sus-
tained decline in sy4, on the order of 2%, in line with the drop in spreads documented in
[57], and twice as large as the baseline parameterization. At the same time, diversification-

induced leveraging is massive: financiers lever up from 12 to 27 between 1990 and 2007, which

is a similar order of magnitude to the broker-dealer leverage increase documented in figure

metric information about insider types. In a standard signalling equilibrium, higher-quality types must
retain a greater share of risk in order to separate themselves from low-quality types. When interpreting
¢ as a borrowing constraint, it is not clear why lower-quality borrowers would have looser borrowing con-
straints. But when interpreting ¢, as a reduced-form for borrowing demand, it becomes reasonable to assume
lower-quality types (who are typically poorer) will have higher ¢..

39. See [72] for evidence that the private-label MBS boom caused a large housing boom.

40. This calibration, primarily due to the high value of \, reflects an approximately 0.1% probability of
leverage constraints binding, under A4 = 0.59. This is significantly lower than the 3% target from table
1.2, but this target is intentionally underestimated, because diversification improvements are much stronger
under this calibration, as figures 1.19 and 1.20 illustrate.
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1.1. These strengthened effects can be attributed to the discussion above: diversification im-
provements have a larger impact on riskier (higher 6 4) and more external-finance-dependent
(higher ¢ 4) borrowers.

In 2007, leverage constraints are hit, and a financial crisis occurs, upon which spreads
in both sectors jump by about x = 3%. Under this calibration, spreads remain elevated for
longer than in the baseline calibration. Finally, the counterfactual without diversification
improvements generates no financial crisis at all.
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Figure 1.19: Financier leverage (left panel) and shadow funding cost (right panel). Param-
eters are in table 1.2, with the exception of the modifications in the text.
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Figure 1.20: Lending spreads. Parameters are in table 1.2, with the exception of the modi-
fications in the text.

1.6 Conclusion

I show that a sector-specific diversification improvement can generate a sectoral boom fol-

lowed by a broader bust. The recent US housing cycle appears to be a good example, with
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evidence of rising diversification in mortgage markets, followed by high house prices and
rising intermediary leverage. The key to these dynamics is that the diversification shock be
both asset- and agent-specific. Future research on this subject can go in several directions,
and I briefly mention a few.

A weakness of my framework is the exogeneity of diversification. In reality, marketing of
securitized products, creation of robust banking networks, and even financial deregulations
are endogenous. Furthermore, there are likely to be linkages between diversification and
other financial variables, such as credit standards and collateral constraints. Understanding
these dynamics requires more detailed theoretical analysis of the interplay between economic
conditions and diversification.

My quantitative application focuses on the recent housing boom, because diversification
plausibly increased more in mortgages than business credit. But as [73] show, household
credit is generally a better predictor of future recessions than non-household credit. What
is special about housing, as it pertains to boom-bust cycles? Future work should go beyond
exogenous housing-specific shocks and try to understand why the effects of neutral-seeming
financial shocks (such as a global savings glut) might be stronger in housing markets.

In my model, consistent with [73], growing household debt does predict low growth
and macroeconomic instability. However, the channel operates entirely through financier
leverage, as opposed to household distress and defaults. [74] show the 1980s housing boom,
like the 2000s boom, was accompanied both by a significant amount of bank failures and
household defaults. Quantitatively, are busts more sensitive to weak household balance
sheets or weak intermediary balance sheets?

Finally, we can extend the framework of this paper to study an asymmetric equilibrium
with geographic heterogeneity, motivated by the large heterogeneity in timing and scale of
regional housing cycles. In such a model, how large are the spillovers across regions from
localized shocks? How do these spillovers depend on the degree of market integration?

Studying such an asymmetric equilibrium is challenging, but [63] provides one step in this
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direction.
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APPENDIX A
APPENDIX

A.1 Model Proofs and Derivations

A.1.1  Optimal Choices

In this section, I apply the convex duality approach of [22] to solve agents’ portfolio problems.
This is a generalization of the martingale approach of [59] and [20] to allow for portfolio
constraints. I solve a slightly more general portfolio problem that nests the problems of

insiders, financiers, and distressed investors.

Problem Setup

In general, all agents have a version of the following budget constraint:
dng = ng[pldt + o'dZy + 67dZs), ng > 0, (A1)

where Z and Z are two independent standard Brownian motions of dimensions D and M

(Z is the vector of aggregate shocks), and

ct
=y — - + Oy 4+ A (ap — 1)

U%l = 0t + \tbt

&7 = Aiby.

By appropriate definition of the variables a; € RrRM , b € RM x RD , and l;t e RM xRrRM , equa-
tion (A.1) can replicate insiders’, financiers’, or distressed investors’ net worth evolutions.
For example, diversification A 4, Ap is accounted for by putting [;F,t = diag(lA)F’AJ, [;F,B,t)
with bp.y = (1 — A.)6. and considering 2, = (WS, W/2), with W72 = (1 -

it it
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A7 IaZT fZ.HAZ Wj”tdj a Brownian motion by Lemma 1.2.2.

In addition, we have the following portfolio constraints:
MEAN and 0, €0 (A.Q)

for A := {A: A >0, A1 <A} € RM and either © := R? or © := {0}”. For insiders and
distressed investors, A = +o0o. For insiders, in the case they cannot trade any aggregate
risks, © = {O}D . When they can trade aggregate risks, © = RP. This is always the case for
financiers and distressed investors.

We are now in position to state agents’ optimization problems, which are all sub-cases of

the following. For U the logarithmic utility function defined in (1.1), agents solve

U := sup Uy (A.3)
n,c,\,0

subject to (A.1), (A.2), and ny > 0.
The heuristic derivation of optimal controls is as follows. The necessary technical argu-

ments are presented in [22]. For any convex set A, define the penalty function

0, if xeA;

—oc0, if x¢ A
Augment the wealth dynamics by ¢, and ¢g to account for the portfolio constraints (A.2):
dny = nt[,u?dt + oA A)dt 4+ g (0r)dt + J;let + (ﬁleAt].

Introduce an It6 process (which will represent the state-price density or Lagrange multiplier
process):

A& = —& [Oztdt + By - dZy + Bt . dZt . (A.4)
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[t0’s formula implies

T ~
Erne = €ono+ [ €one( =0+ i+ oa() + pol0r) = of B = 575 )
T , T
+/ ftnt<—5t+0?>dzt—l—/
0 0

Now, we want to take expectations to eliminate the stochastic integrals, and then to take

ftnt< - B +57?)d2t- (A.5)

T — +00. Doing this requires a series of technical arguments.

First, 7 may be a stopping time rather than a deterministic time. In particular, the
equilibrium of the model will imply, in principal, that —ry and 7 can be arbitrarily large,
so I localize the integral with 7 = 77 :== T AT, " AT, AT] A 7'5 A 75, where T > 0 is
deterministic and for any process x we have defined 7{ := inf{t > 0 : 24 > L} for some L > 0.
However, equilibrium will have the property that limy,_,, 77, = T  almost-surely, because the
probability of large —rs or m; vanishes (this can be verified ex-post using the equilibrium

state dynamics from Proposition 1.3.1). Consequently, we may take expectations, followed

by the limit L. — 400, to obtain

T A
E[{pny] = {ono + E/o ftnt< — o+ + oa(Me) +pe(0r) — o Br — 5’?&) dt,

where T is replaced with T" inside the expectations by the dominated convergence theorem,
which holds as long as A € A and 6 € ©. Indeed, the coefficients of ¢ and n are uniformly
bounded up to time 7.

Because maximization will imply a transversality condition on discounted wealth, assume
limp_y o Eny = 0 almost-surely. The transversality condition will have to be verified in
equilibrium. If it holds, then we may apply appropriate convergence theorems to take 7' —
+00. Indeed, we may split &ng(—ay + il + oa (M) + v (B) — 0Bt — 61'F) into positive
and negative parts and apply the monotone convergence theorem separately to the integrals

of these parts. Furthermore, by ignoring the negative part, we have E[{pny] < &ong +
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Efooo Eng(—ay + p + oa(Me) + pe(0r) — o' By — &f@t)+dt. This upper bound implies we
may apply the dominated convergence theorem to take limp_, o E[¢pny] = 0. The result of

taking these limits is

o0 N
0= oo+ B [ me( = outu +eal)+ oll) —of 5= o7 - Br)dt. (A6)

The “static” budget constraint (A.6) is an implication of the dynamic wealth constraint

(A.5), which means that the result of the unconstrained problem

CXD A
sup B[ [ (peMogergom (— -t +oa () + w0~ of B~ 7 ) )i+ Eomo
n>0,c,A,0 0
(A.7)
is technically an upper bound on the maximized constrained objective (A.22). The point
of [22], Theorem 10.1, is to show that by minimizing over the process £ in (A.4), one can

obtain the value of the maximized constrained objective, i.e.,

(0]
Uy =inf sup E[/ (efpt log Ct+ftnt(—Oét‘f‘,u?""SpA()\t)"‘(P@(et)_a%lﬁt—&?ﬁt>>dt+£0n0}-
€ n>0,c,\,0 0
(A.8)
Furthermore, the order of minimization and maximization may be exchanged. With this
equivalence, optimal policies can be found from the unconstrained problem (A.7) for some

process £ that is suitably minimal.

Solving the Problem

First, we solve the maximization problem. The first-order condition with respect to c is
typical:

il
pe ptc—t =& (A.9)
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To solve for optimal portfolios, introduce the “slackness” processes

vi=b8+b3+rl—a (A.10)

w:=p-—m. (A.11)

Maximizing over (A,#) are thus equivalent to maximizing @p(A) — Av and ¢g(f) — Gw.
With that in mind, for any convex set A define the convex support function ¢ 4(z) :=
supy ¢ A(y) — yx = supyec A(—yx). Defining # := min(v), these conjugate functions are given

by (regardless of whether © = RP or © = {0}7)

oA (v) = Amax(0, —7) (A.12)

Po(w) = 0. (A.13)

Note that, when © = R, it must be the case that w; = 0. Finally, substituting (A.9),

(A.12), and (A.13) back into the objective (A.7), we have

m —
sup E [/ (/)e_pt[—l +log p — pt —log &] + §my[—ay + 1 + Amax(0, —%)])dt + 50710} :
n>0 0

Assuming n; > 0 for all ¢ (which can be verified ex-post by the optimal wealth dynamics),
maximizing over n implies that

—ay + 1 + max(0, —Aiy) = 0. (A.14)

Next, minimizing over £ in (A.8) amounts to minimizing over (v,w) and the initial value
&o- This is because the coefficients of £ depend on market prices and the process (v, w), as seen
in the necessary conditions (A.10), (A.11), and (A.14). To emphasize this dependence, write

Yo g and B” “ for the Lagrange multiplier process and its coefficient processes.
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In particular, note that

t t t
1 1 4 R N
i = coexn{ = [ (ab 4 U2 GIACNR) s - [ az— [ A az

(A.15)

aty’w = r¢ + Amax(0, — ) (A.16)
BY = wi + (A.17)
B;/,w = B;l[at — 1l — be(wp + 7¢) + 1] (A.18)

We are led to solve the dual problem
(0.9]
inf —E[ / pe Plog & “dt — &ony |, (A.19)
v,w,80 0

subject to (A.15), (A.16), (A.17), (A.18), and additionally wy = 0 if we set © = RP.
Substituting £¥“ into the objective (A.19), we immediately solve for the initial condition

and find that
&= —. (A.20)

Then, assuming we can perform appropriate localizations on the stochastic integrals in (A.15)

as before, the processes (v,w) are determined from solving

00 t B 1 1 .
inf E pe Pt [ (rs+Amax(0, — s ) 4= ||lws+ms| |2+ =|bs L (as—rs1—bs(ws+ms)+vs)||? ) dsdt].
0 2 2

v,w 0

Crucially, notice that the minimization can be taken pointwise, i.e.,

. 1 1,-_
w = arg min {—Hx + ]2 + =16 Yag — el = bz +mp) + Vt)H2}
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and

_ 1 .
vy = arg min {)\ max (0, —min(z)) + —||bt_1(at — 1l — be(w + 7)) + x)||2}
reRM 2

These are convex problems and have unique solutions. For reference, these are the same as
equation (11.4) in [22].

Recall that wy = 0 if © = RP. If © = {0} instead, then by inspection we see that
wy = —my is the optimal choice.

Now we solve for v. In all of the applications in the paper, bis a diagonal matrix with
dimension M = 2. To solve this problem, I specialize to this case, which simplifies the

calculations. Now

2 , — T — w )4 Vi;
|!5_1(a—r1—b(w+7r)+l/)||2 = Z ([a]z [b[(l;]_% it | ]Z>27
i=1 w

where [z]; and [y];; represent the ith element of the vector z and (i, j)th element of the

~

matrix y. Define 7; := [b];ﬁ([a]i —r — [b(w + m)];). Minimizing with respect to v requires a
case-by-case analysis, similar to example 14.9 in [22]:
e 11 <0,m <0.
Optimal choice: [v]; = —[13]%17%1 and [v]p = —[5]%27%2.
Rationale: If either #; < 0, the optimal choice for [v]; can be made independent of

[v]_; and that choice is [v]; = —[13]1217%1

o 71 >0, <0.

Optimal choice: [v]] = —[l;]%l(frl — AT and [v]y = —[3]527%2.

Rationale: [v]o can be chosen according to the previous case.

If 717 > A, then the choice of [v]; = —[3]%1(7%1 —A) = v < 0 minimizes —A\v +
SOOI (BT 71 + 7).
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~ ~

If 71 < A, then it must be that # > 0 in which case [v]; = 0 minimizes %[b] 1_12([13]%17?1 +

v]1)%.

m < 0,79 > 0.

~ ~

Optimal choice: [v]; = —[b]%lfrl and [v]o = —[b]%z(frg -\t

Rationale: This case is symmetrical to the previous one.

w1 > 0,79 > 0 and 71 + 79 <\
Optimal choice: [v]; =0 and [v]s = 0.

Rationale: Choosing either (or both) [v]1,[v]e < 0 is not feasible because first-order
optimality cannot be satisfied. Moreover, choosing [v]1, [v]2 > 0 is not optimal, leaving

the zero solution.

ﬁ1>0,ﬁ2>0andﬁ1+ﬁ2>5\.

Here, it must be the case that v < 0 with at least one of [v]1,[v]s strictly negative.
Consider the three sub-cases [v]; < [V]o <0, [v]g < [v]1 <0, and [v]; = [v]2 < 0. In
the first case, the optimal choices are [v]; = [3]%1[5\—7%1} and [v]g = —[3]%27?2, and these
two must be ordered as anticipated. The second case is symmetrical. The third case
with [v]; = [v]o = 7 has the optimality condition 7 = ([0] _12 + [B52) A = 7y — 7).
Thus, we have the three corresponding sub-cases.

* Fy = [B]17 [B3a7e > A

~
~

Optimal choice: [v|] = [5]%1[5\ — #1] and [v]p = —[b]3,7s.
* fg — Do D371 > A

~ ~ —

Optimal choice: [v]; = —[b]%lfrl and [v]g = [b]%z[/\ — To).
* X > max {71 — [b]; 2 [D3972, 7o — [blog (03171}

Optimal choice: [v] = [v]s = ([B] _12 + [13]2_22)_1[5\ — T — 3.
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Consumption and Portfolios

Now, we use the solution of the dual problem to determine optimal policies. First, substitute
the optimality conditions (A.10), (A.11), (A.12), (A.13), and (A.14) into the time-¢ version

of the static budget constraint (A.6), which shows that optimal wealth is given by

(0.}
v,w v,w
& e =Ey [ /0 §i i sCttsds|.

Using (A.9), we obtain the familiar log utility consumption rule ¢; = png. Second, substitute

these optimality conditions, and (A.20), into the dynamic budget constraint (A.5) to obtain

T T A A
0= / & (—(8,) + of)dZs + / Gn(— (B + 61 dZy,
0 0

ie., (O‘?)l = Bf’w and (c}f)/ = B;j’w.

Thus, using our explicit solution for v in the M = 2 case with b a diagonal matrix, the

optimal A is determined as
A= l;t—létu,w = 13;2(% — 1l — bt((,ut + 71'15) — Ct)+7

where (; := —max(0, —¢). This is the generalization of equations (1.25) and (1.23), which
are obtained using wy = 0 (since financiers and distressed investors can access aggregate
Arrow markets without constraints) and substituting appropriate a,b,b from the model.
One can verify that ¢; > 0 only when B{Z(at — 714l —bg(w +m))T -1 > A Given our formula

for A¢ and this observation, this verifies the complementary slackness formula (1.24).

A.1.2  General Consumption-Portfolio Problem for Recursive Utility Agents

In some extensions, I will want to consider more general preferences than log, which requires

a dynamic programming method, unlike Appendix A.1.1. Relatedly, to analyze mobility

66



decisions under Assumption 2, it is important to have agents’ dynamic programming equa-
tions.

Suppose agents’ have recursive [29] utility recursions, given by

o0
Uy = Et[/t gp(cs,us)ds},

p(1 — U

where p(c,U) := 1
-G

(cl—g[a U T — 1). (A.21)

In (A.21), p > 0 represents the subjective discount rate, v > 0 represents the coefficient of
relative risk aversion (RRA), and ¢! > 0 represents the elasticity of intertemporal substitu-
tion (EIS). Setting ¢ = ~, these preferences reduce to von Neumann-Morgenstern preferences.
Setting ¢ = 1, the utility aggregator function ¢ becomes logarithmic over the consumption

bundle.! Then, as in Appendix A.1.1 all agents’ portfolio problems can be written as

max U, A.22
n,c,0,\ t ( )

subject to (A.1), ng >0, Ay € A, and 6; € O for closed, convex sets A C RM and © c RP.
To simplify exposition, T assume A = {\: A >0, A1 < A} asin (A.2) and © = (6;,6;) x---x

(0p.0p) for 0 := (0y,...,0p) € RPU{—00}P and 0 := (0y,...,0p) € RP U{—oo}P. This

assumption on © generalizes (A.2). All agents except financiers have A = +oco. Whenever
agents can freely trade aggregate risk in Arrow markets (e.g., both financiers and distressed
investors can always do this), we have § = {—oo}? and 6 = {+o0}?. When agents cannot
trade at all in these markets (e.g., in the model of Section 1.3, insiders cannot trade), we

have § = 6 = {0}D.

To solve (A.22), we first use its scaling properties to simplify the problem. Given the

1. By taking the limit ¢ — 1 with L’Hopital’s rule, the aggregator becomes

ple,U) = p(1 - v)u[log(C) 1 . log[(1 — V)U]}-
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homotheticity of preferences combined with the linearity of wealth evolution, value functions

take the form
(ne&e) =7

U =
t 1=

Y

where

dSe = & |pidt + 07dZ) (A.23)

The process & represents the investment opportunity set of the agent and responds only to
the aggregate shock Z, due to the free mobility condition, Assumption 2.2

Then, the HJB equation of such an agent is given by

1, .
0= max (U np" o + 50 [l0" |+ 6" P 0unid + €O

Loy g2 /
+ 5808 POgeld + néo™ (o) angu}.
Substituting the form of ¢ and its derivatives, then dividing the entire HJB equation by the
positive quantity (n€)'~7, we obtain

L)l—c _

1
0= max {p%—g

T ang2 ~ny2 AT ng £ ,}
+ = + +ub -2 +(1— 7
e AeAbe0 1— = Sl 17+ 16" I + 1> = Sllo™ 17 + (1 = 7)o" (a%)

First-order optimality for this agent implies for consumption:

ct = pl/ggtl_l/gnt (A.24)

2. Verifying this equilibrium property is straightforward. Indeed, if & were affected by idiosyncratic shocks
W, then different locations would have different levels of £;. Free mobility implies agents would immediately
migrate to locations with higher levels of £; and attain a higher value function, which is a contradiction.

68



Optimal portfolios must satisfy the following complementary slackness conditions:

0 =min {X, —a+ (r+ )1 +7b(06™) + (v — 1)b(c*) +~b(5™)'} (A.25)
0 =min {{,\ — A1} (A.20)
0=max{¢' — @, min{# — @' —7 +~(c") + (v —1)(c*)'} }. (A.27)

Plugging these choices back into the HJB equation, we obtain the following:

s—1
s —1 _
0= p% +7r+AC+ 9[71’ — (0™ — (v - 1)(05)/]
+ 2 o2+ 16™12] + = S0, (A.28)

where 6 and (¢ are determined using conditions (A.25)-(A.27). Note that p% —
p(log(p/€) — 1) as ¢ — 1. Because £ will be a function of aggregate state variables in a
Markovian equilibrium, ,ug and o may be determined in terms of the derivatives of £ by
[t6’s formula. Thus, (A.28) is a differential equation for . In principle, one could develop
an infinite-horizon extension of the “verification”-type arguments of [82], which nests the
choice problem above aside from the finite horizon. This would show that solving equation
(A.28) is sufficient for optimality of the choices outlined above.

Appendix A.1.1 proves the convex duality approach yields exactly these optimality con-

ditions for log utility. There is no need to solve (A.28) in this case.

A.1.8 Deriwation of Equilibrium

Proof of Lemma 1.2.3. 1 prove a more general version of Lemma 1.2.3, which applies to
the model of Section 1.3 and allows for general Epstein-Zin preferences with common risk
aversion v and common intertemporal substitution elasticity ¢! as in Appendix A.1.2. To
accommodate the presence of distressed investors, an additional assumption is required, that

nZDt/(k‘ft + kzg) is independent of i. Lemma 1.2.3 can be deduced by setting v = ¢ = 1,
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pr = p, 8 =0, A\ = 400, and either y = 400 (so that z; — 1 as ¢t — oo) or y = 0 (so that
financiers and distressed investors are equivalent, such that z is irrelevant in equilibrium).

First, the capital return distribution from (1.5)-(1.6) is location invariant (“LI” for short
in this proof). This implies that all insiders’ consumption and portfolio choices are LI, see
Appendix A.1.1 and A.1.2 (for non-logarithmic utility). Consequently, ¢} and &% must
be LI. Since we know 6"} = (k4 /n?)6 4 and op = (kB /nB)6 5 are LI, we have k4 /n? and
kB /nB are LI. Under the stated assumption that n4/(n4+n?) is LI, it must be that k4 /&5
is LI

Second, if insiders cannot trade aggregate risk, 0y = (6"y/04)04 and 0% = (6%5/5B)0oB
are both LI by extension. If insiders can trade aggregate risk, o’ and o3 must be LI, as the
centralized Arrow market has an LI aggregate risk price w. Similarly, o and o', must be
LI, as financiers and distressed investors make unconstrained trades in the centralized Arrow
market.

Then, all agents’ value processes {4 ¢, {B ¢, §Ft, and {p ¢ (defined in Appendix A.1.2) are
automatically LI under free mobility, as explained in footnote 2. In particular, (ug, ag) are
LI for z € {A, B, F, D}. Using the fact that (Un,[tg, Jf) is LI in the general HJB equation
(A.28) shows that A¢ + 3|6 |? must be LI.

Now, I will show that this implies 67, and &7, are LI Indeed, distressed investors face
no leverage constraint. Also, using the notation of Appendix A.1.1 and A.1.2, bF = bl% =

diag((1—A4)d 4, (1—Ap)op) is independent of i for both financiers and distressed investors.

Thus, the condition that A + §||6"||? is LI translates into

igta [(/\th( —A4)54)" + (Af (1~ Ap)op)?] s LI (A.29)

and 7[(/\D,z,t< —A84)64)% + (AP 4(1 = Ap)ap)?] s LL (A.30)
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We also have equation (A.26) for financiers, which is
0 =min{G;p, A — A, — AP} (A.31)

We finally have the equity market clearing condition, a modification of the condition in

Definition 1 to incorporate distressed investors, which says

)
1 F D1y
sz it = AZ / A [)\%J?tnj,t + )\D’j7tnj7t]d], z € {A, B}
1=z

Define the LI quantities x ; := k:zt/( T kﬁ) and zyn; = nft/(kft +k£t> and (1 —z¢)n ==
niy / (kz’t ) Also using the fact that k Y+ k , is LI, we may re-write the equity market

clearing condition as

)
buise =51 [ mlaikig + (L= aApyddi e {AB) (A3
11—z

By differentiating (A.32) with respect to ¢ and combining with (A.29), (A.30), and (A.31), we

/\A

B
A Dt

have 5 independent expressions involving LI combinations of (¢; ¢, A Fz ARt B

D,z,t)
implying that each of them are LI.
Next, I will show that spreads are LI. Using the notation of Appendix A.1.1 and A.1.2,

we have

’L+AA ’L"r‘AB /
F 1 A A-1 B
afy = (25 / St Ap / )
2 2

D -1 A - A—1 B .
K (AA / (Sj,t —X)dj, Ag / (Sj,t - X)dj> .
(3 (3

)

Thus, combining equations (A.25), (A.26), and (A.27), using the fact that © = R? is the
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constraint set for financiers and distressed investors, we obtain

1 fi+A :
AT S = — o m = Gl

z _
Fit = 0 8.)%2
1 pitA, .
N2 [AzlfiH_ Sf,tdj _Tt_Uz'Wt_X]+ c {A B}
. = y Z y .
Dt (1 — A2)25§

Using the result that (¢, Af«%i,t’ )‘ll%i,t’)‘g,i,t’ )‘lB),z‘,t) are LI, we have (sft, sft) are LI. This
completes the verification of an LI equilibrium.

Finally, note that it is feasible to have a symmetric equilibrium where all quantities are
LI. Indeed, Assumption 2 implies that nit can be independent of ¢ for z € {A, B, F, D}.
The fact that capital investment is frictionless implies that k:ft, szt can be independent of
1. The preceding arguments then imply that all other equilibrium objects must be LI. Such

mobility of net worth is weakly optimal in a symmetric equilibrium, since it is costless, and

similarly for capital since its investment is frictionless. O]

Proof of Proposition 1.2.4. This is a special case of Proposition 1.3.1 with A = 400, y = 0,
d =0, and pp = p, as well as unconstrained 64, 0p (such that 74 = mg = 7). Substituting
¢ = x = 0 into equation (1.28), and then substituting the result into equation (1.27), we
obtain equation (1.15). Similarly, x = 0 and pp = p in equation (1.26), we obtain equation
(1.16). By time-differentiating the goods market clearing condition, we obtain equation
(1.17). The state dynamics of («,n) are obtained by substituting 6 = 0 and pp = p and
TA=TR=T.

Existence/uniqueness follows from uniqueness of optimal choices from Appendix A.1.1,
the explicit solution (1.15) for k¢, and the explicit solutions for all other equilibrium objects,

conditional on (a,n, k). ]

Proof of Proposition 1.2.5. If a steady state exists, it must satisfy u® = p' = 0. Solve this
system, conditional on k. Denote the unique solution by a*(x) and n*(k) assuming both

are interior to (0,1). Similarly, equation (1.15), which holds for any values of («,n), gives a
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function k*(a,n). For y € [0, 1] define F(y) := x*(a*(y),n*(y)) — y.

Therefore, to prove a steady state exists, it suffices to prove that F(y) = 0 has a root
in [0,1] call it Koo. In that case, an interior steady state is given by as = a* (ko) and
Moo = 0" (Koo)-

I analyze the case 64 > 0,6 > 0,04 € (0,1),¢p € (0,1). The corner cases can be

analyzed in a similar fashion. The function F(y) is given by

F(y) :== —y +min{1, max{0, #*(y)}}, (A.33)

where

Gy —Gp+ Mp(y)

RO = TN + Mply)
o 4112 (1—¢n)? ¢4 (1 —Ay)? 52
Maly) = lloal Ha*(y)(l—n*(y)) n*(y) 74
_ P (1-¢p)? ¢%(1— Ap)? 52
Ve =l = mna—ran * - rw P

o (y) Yy(1—a)oa

C y(l—9a)da+ (1 —y)(1—9¢p)op

7(9) = [\ (90a(1 = D642 + (1 - )6p(1 - Ap)op)?
~1

+y(1—¢a)o4+ (1 —y)(1—9¢p)op

% /oAl = Ax)6a)2 + (1 - )op(l — Ap)ip)2

By inspection, F'(0) = F(1) = 0. Thus, a steady state exists. Furthermore, if G4 — Gp is
sufficiently small, then it is possible to find y% € (0,1) such that F(y%}) > 0 and y* € (0,1)
such that F'(y*) < 0. As F is continuous, there exists interior y* € (0, 1) such that F(y*) =

0. [l

Lemma A.1.1. Consider the steady-state equilibrium of Proposition 1.2.5, assuming param-

73



eters are such that koo € (0,1). Let p denote any parameter. Then,

daso 1
_ 1= Dy +Dx)Cop + DarDrnCr + Do siC. }
dP 1-— DO[,/{DFL,Q - D777HD/$,77 [( ThF n,n) @p + QRZRIT,P - Ral)
(A.34)
dneo 1 [
_ Dy Dy.oC. 1 = Doy.sDr.a)Cpp + Dy sC ]
dp ]_ _— DO{,HDK/,Q - Dn,ﬁlDK/,T] " ma~a.p + ( Kk /Q,Oé) 777p + mkK R,p
(A.35)
dkoo 1
- DyaCop + DinCyoy + C ] A.36
dp 1 o DO&,KZ-DK/,Od _ Dn,HDK},T] |: R,a~o,p + R,~1,P + R,p ( )

i) 9 0
where Ca,p = 5“_}())07 Cn,p = 810)0? C’iup = 51207

Da,/{ = Oéoo(l — Oéoo)/ﬁ;o_ol(l — Koo)_l

~—2| —1/~2 ~2 —1/~2 ~ 2
Dipas 1= (1= moo )oK (7 4 o0 = oofihe) = (1= Fioo) "HFF e — (1 = o))

—1,2

Dy o (1- 7700)"{501(1 — Koo) Too

4T My + Mg

1 —12 .9 —1 2 .9
D/{,n = m |:K’OO (WF—>A,OO — Oéooﬂ'oo) — (]_ — HOO) <7TF—>B,OO — (]_ — Oéoo)ﬂ'oo)]7

Too = TA 0o = TR0 15 defined by

oo 7= (koo (1 — A0)5.0)2 + (1~ woo)ép(1 — Ap)op)?

+ koo(1 = ¢4)04 + (1 — ko)(1 — dB)GB

and where M 4, Mg are defined by

1—py)? 2(1—Ay)?
MA — ||O_A||2+[ ( ¢A) +¢A( A) ]AQ

oo (1 = 7oo) USS 74
1—¢p)? 2(1—Ap)?
Mp = |log|* + [(1 _(%O;?f)_ T i - 5) [6%.

Proof of Lemma A.1.1. By Proposition 1.2.5, there exists a steady-state. Assuming param-
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eters are such that koo € (0,1), we may apply the implicit function theorem to totally

differentiate the expressions relating aso, 1)oo, Koo With respect to p. After some algebra, and

using the fact that Too = T4 00 = TR0 = \/ﬁ%_ﬂ o T 7%%—>B ~» We obtain the following

three-dimensional system:

dg—;" =Cyp+ Dnx d;;"
d(/;;o = Crp + Dra dsz;o DWCZ’—;O
We may solve this system to obtain the desired result. O

Assumption 3. Parameters are such that Do x Dy + Dy xDgy <1 in Lemma A.1.1.

Remark 1. Assumption 3 can be satisfied for a variety of parameter choices. Some examples
are listed below (one can verify these parameter constellations satisfy Assumption 3 with

simple but tedious algebra):

i) One sector is completely diversified, i.e., either Ay =1 or Ag = 1 with any arbitrary
A B

values for the other parameters.

(i1) Symmetric sectors, i.e., set G4 = Gg, o4 = ¢, Aq = Ap, 64 = 0R, and ||oy4|| =

losll-

(7ii) One-sector economy, i.e., G4 = —o0 or Gg = —o0 (resulting in koo = Qo equal to 0

or 1).

(1v) Sufficient aggregate volatility, i.e., large enough ||o 4| and |log|| with any arbitrary

values for the other parameters.

Proof of Proposition 1.2.6. Using the notation of Lemma A.1.1, we have the partial deriva-
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tives (for any parameter values)

Can, =0

1—n . .
21— A ) (Koo adA) 2752
Moo

20et?y (1 — A 4)%67
(M4 + Mp)ns

Cpay ==

CH7AA -

By imposing symmetric parameters, one obtains aso = koo = 1/2. As a result, D, , =
Dyy =0and Doy =1 and Dy o = %(1 — noo)_l(l — 925)2(32 < 1. Then, use expressions
(A.35)-(A.36) to verify part (i) of the proposition.

Part (ii) is obtained immediately by noticing koo = 1/2 for any values of A := Ay = Ap.

Part (iii) is obtained immediately by noting that 7o = 1 under ¢4 = ¢g = 1. O

Proof of Proposition 1.2.7. Conjecture (and verify) that day = dny = 0 in equilibrium. If so,
then indirect utility is given by U = log(n)+ H, where n is the agent’s net worth and H is an
occupation-specific constant. Then, agents’ HJB equations, conditional on an occupation,
are given by

| R S
pH:pbﬂm+r—p+jMH+§WH,

where 7 is the (shadow) vector of idiosyncratic risk prices earned by the agent. Free occupa-
tional choice implies Hp = Hy4 = Hp. Consequently, equilibrium requires fr% N A—I—fr% B =
7?21 = 7%]29 This system of equations exactly characterizes day = dny = 0. Through the same
line of arguments, it is easily verified that there cannot be any equilibrium with day # 0 or

dny # 0. O

Proof of Proposition 1.3.1. In the model with distressed investors, market clearing condi-

tions are modified from Definition 1 to the following:
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o (Goods:

1 1 1
1
/0 (G akfy + Gpkp)di = /0 ey + cB+ cfy + Pldi + %/ (I} + dIf)di

1
+X/ ()‘th‘l')‘g,i,t)di'
o Funding:
i
/A AT G nfy Xy D) = 0.k5, Vi€ [0,1], =€ {A, B}
11—z

o Aggregate risk:

1
/ [eztn t+9zt” t+92tn t+eztnzt]d2_0

e Bond:

1 1
A B, F | Diy A | 1B
/0 [nis +nit +niy +nizldi = /0 [k s + Kiy)di.

In the proof below, I restrict attention to symmetric equilibria, in which all equilibrium
objects are independent of 7. To simplify notation, I drop all i subscripts when the meaning
is clear. Within the class of symmetric equilibria, I solve for the equilibrium objects in two
steps. In the first step, I assume (k¢, () are known and use them to solve for all other
objects. In the second step, I solve for (k¢, ;) via a system of nonlinear equations. In this
proof, I treat the case 6 = 0. The general case with § > 0 is accounted for by Lemma A.1.2

below.

Step 1. Solving for equilibrium given (k, ().

Using the optimal consumption decisions from Appendix A.1.1, we can write the goods
market clearing condition as (1.26). Thus, the aggregate investment rate ¢ is solved, given x
A B
and A\p, Ap.
Next, apply optimal portfolio choice as special cases of the general formulas derived in
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Appendix A.1.1. If insiders can hedge their exposures to aggregate risk dZ;, i.e., if 0 4 and 6

are unconstrained, then their optimal capital portfolio choice is given by the mean-variance

portfolio
K :[GA—T—¢A3A—(1—¢A)O—A.7T]+
(1 =nje (1= 0423
1—x _[GB_T_¢BSB_(1_¢B)UB-7T]+
T-ni-a) (1— 052, - (A31)

If insiders cannot hedge, i.e., if 84 = g = 0 are constrained, then their optimal capital

portfolio choice is given by

ko [Ga—r—dasa)T
(I-na (1- ¢A)2(5124 + |0 4]12) (A.38)
1-& _ [GB —Tr—= QZ5BSB]+ <A39)

(I=m—a) (1-9¢p)*c5+lopl?)

In the hedging case, define 74 := 7 and g := 7. In the non-hedging case, define 74 =

wpa0A/04 and mg = wgog/op where 14 = k(1 — ¢ 4)04/(1 —n)a and 7 = (1 — k)(1 —
op)op/(1—n)(1—«) are defined by (1.13). With this notation, (A.37) and (A.38) are both

equivalent to the following more general expressions, which also account for the shorting

constraints:
(1—0¢a)[6aTta+o04-mal >Gyg—1—pasq with equality when x > 0 (A.40)
(1—-¢p)lopip+op-nmg] > Gp —1r—¢psp with equality when x < 1. (A.41)

By taking the difference between (A.40) and (A.41), and noting that at least one of these is

always an equality, we obtain

0 = min(1 — &, max(—~, H)), (A.42)

78



where H is defined in (1.27). Equation (A.42) can be re-written as (1.27). The interest rate
r can be determined by multiplying (A.40) and (A.41) by x and 1 — &, respectively, and
summing the conditions.

Exposures to aggregate risk dZ; are determined as follows. Due to log utility, m4,7p
represent insiders’ optimal exposures regardless of whether or not insiders can trade aggregate
risk. Thus, insiders set 4 +(1—¢4)(1—n)la " koy =74 and g+ (1 —pp5)(1—n) 1 (1—
o)~ Y(1—k)op = 7. For financiers and distressed investors, who can always trade aggregate
risk without constraints, their optimal exposure is equal to the aggregate risk price vector
7. Thus, Op + )\écrA + )\gUB =0p+ )\éO‘A + /\gJB = T.

In equilibrium, the aggregate risk price vector is determined by applying aggregate risk

market clearing, which can be restated as
nxr+ (1 —x)n]+ (1 —n)arg + (1 —a)rg| = kog + (1 — K)op.

If insiders can trade aggregate risk without constraints (74 = mg = ), then we solve for
m = kog + (1 — k)op. If insiders cannot trade aggregate risk (r4 = T404/64 and g =
#pop/dpR), then we use the definitions of 74,7 in (1.13) to solve for 7 = 1|
(1 —r)ppopl.

Next, we determine spreads by using funding market clearing, which aggregates to

KQAT A +

1—
x)‘éJF(l—x))\A _ 04 and 2 B4+ (1—2)A\8 = ﬂ.

Ui n

Substituting the optimal positions (1.23) and (1.25), we have

)_|_ _ KJQSA(l _nAA)26124 — l’(

w(sg—og-m—O)F+(1—2)(sqg—0a-T—X 1 —AQ)GATF A,

and symmetrically for sector B. Note that sy — o4 - 7™ > min((, x) is required for this

equation to hold. The remaining exhaustive cases are as follows. If s 4 — o 4 -7 > max((, x),
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then
sp—opg-m=aC+ (1 —z)x+x(1—AQ)04TF_ 4.

Thus, this case obtains when (—x—155(1-A4)047p_ 4 < 0and x—(—(1-A4)o 474 <

0, which implies (1.28) holds. If x > s4 — 04 -7 > (, then

sA—04 T=C+(1—A4)04TF_A.

Thus, this case obtains when x — ¢ — (1 — Ay)0 47— 4 > 0, which implies (1.28) holds. If

(>sqp—0y- 7> X, then

x .
sa—oa m=x+ 71 =A4)5aTF4.

Thus, this case obtains when ¢ — x — 125 (1 = A4)54Tp_ 4 > 0, which implies (1.28) holds.
An identical analysis holds for sector B. Combining these results, equation (1.28) holds in
all cases.

Finally, we determine state variable dynamics. Define the following expressions:

[y = QF-W—F)\?SA—F)\ESB
Ip = HD-ﬂ—i-)\é(sA - X) +)\g(sB - X)
Hg:=04 -7+ (1—n)"ta k(Ga—1—das4)

g =0 -7+ (1—n *1-a)1-kr)(Gp—1—odpsp)

Note that K4 /Ng = k/(1—n)aand Kg/Npg = (1—k)/(1—n)(1—a) by bond market clearing.
Thus, aggregating agents’ net worth evolutions, which eliminates any contributions from

{dWi,t}ie[OJ} due to Lemma 1.2.2; and substituting these expressions for IIp, II1p, 14, I,
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we obtain

%%?::V—WUV+HFhﬁ+[&:+A§Q4+A§03Lﬂﬁ (A.43)
‘%ﬂ — [r— p+Tpldt + [6p + Ao+ ABopldZ, (A.44)
% — [r— prTLa]dt+ [04 + (1 — )" Lo ko] dZ (A.45)
% =[r—p+Tpldt+ [0+ (1 —n) "1 —a) (1 - r)op|dZ. (A.46)

Using expressions (A.40)-(A.41), we have shown that I1p, IIp, 14,15 are equivalent to the
expressions in (1.29), (1.30), and (1.31) of Proposition 1.3.1. Furthermore, using the net
worth evolutions in (A.43)-(A.45) and substituting the optimal aggregate risk exposures
derived above, then applying [t6’s formula to the definitions of («,n, x), we obtain the state

variable evolutions in (1.32)-(1.37) of Proposition 1.3.1.

Step 2. Solving for (k, ().

Substituting 7, (1.23), (1.28) into (1.24), we obtain a single equation in (k, (). Substi-
tuting m, w4, 7, (1.28) into (1.27), we obtain a second equation in (k, (). A solution exists,

as demonstrated by Proposition A.1.3. O]

Proof of Proposition 1.3.2. First, note that the stated assumptions imply x = a = 1/2 at
all times. Next, A = A, large enough implies the leverage constraint (1.22) binds in the

future. Indeed, A large enough guarantees
Ls 2.2
X > 5)\(1 — A)6 (A.47)

holds. Using the thresholds computed in Proposition 1.3.4, as well as part (i) of Proposition
1.3.5, inequality (A.47) implies that )\/Dl + )\g > 0 if and only if )\é + )\g = \. Hence,

computing the equilibrium drift of log(zn) away from the constraint, using the fact that the

81



drift computed using )\g = /\g = 0, we have

o) — (1= latp - pr) + 502 - (EZDTP) 4 S v -
=)l —pr+ 5 (D24 S+ vp) o - )
- 2.2
— (1= an)(p— pp) + 51— )P 2T B0
Syt avp + vp) ~ 201
Note that
%migwﬂm25%¢5+wa+an=xm3$¥0ngfig+wa+mﬁrz%%§¥%§f.
1 6(1-4)%5°

Also using the facts that x < 1, 2 > ¢/, and x > 5 away from the constraint,

n

we have

(1 —¢)%52 N 26
1—an VEp + VD

o) < (1~ an)Ax + p — pp) — [(vEA/ )2 = vp —vp)

1

g [(1 —an)*(Ax +p— pp) — (1 — ¢)%5*
260 —an) <, 12
M~ [(vEA/ ) Vg — vp]

Maximizing over zn > ¢/ and using (1 — ¢/N)2(A\x + p — pp) + (1 — $)%6% < 0, the corner

solution zn = ¢/ must hold, so

1

plos(@n) =y (1= ¢/N*Ax+p—pp) — (1 - ¢)%6*
5(1— ¢/ .
-%27%?15%§JKVFA/¢V/Q"%F"”Dﬂ
<0

by (1.39). This shows that if A is made large enough, then log(z;4+¢7r+¢) must have a
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negative drift at least until the leverage constraint (1.22) is hit, i.e., 2, 70,07 = /A
Suppose the constraint is hit at time 7+ 7.

Using Proposition A.1.3, we may compute
Ly 2.2
G = X~ A0 = A)%6% > 0

by (A.47). We may then repeat calculations similar to those above, substituting xn =

A, to find that log(an) < 0 under condition (1.39) as well. Equity market clearing says
'uTJrT

n(1 —x))\fg =n(1 —3:))\% = %(b—nx%X Using (1.28), we have that spreads are equal to x so

that )‘g,er = )\g’H_T = 0. Thus, d/\g’H_T > 0 and d)\gﬂ_T > 0, which implies distress

costs

A B
XN 4T+e(l = r4716)(AD 47 4e T AD 74742) > 0
for some e small enough. This proves that (1.38) holds. O

Proof of Proposition 1.3.3. First, note that Y = G — yn(1 — x)()% + )\g) so that
Vary[aYi] = (n7(1 = o) Var[d(h , + A5 )] + (0B + AB ) Vareld(me (1 — 22)] ).

With A 4, Apg chosen high enough, the conditions of Proposition 1.3.5 hold so that )\g—l-)\g >
0 if and only if )\é + )\g = \. Therefore, Var;[dY;] = 0 when the leverage constraint is slack

and Var[dY] > 0 otherwise. O

Proof of Proposition 1.3.4. Let A = 400 so that ¢ = 0 in Proposition 1.3.1. Specializing
(1.28) to this case, we have Then, substituting s4 and 7 into )\g in (1.25), we find )\’g >0
if and only if (1 — Ag)oaTp_4 > x. Substituting 7p_,4 = ko 4(1 — Ay)d4/(xn), this

implies w’ := X Troa(l — AA)2[731 > 7. An identical analysis holds for sector B. O

Proof of Proposition 1.3.5. Suppose /\é + /\g = )\, but )\g + )\g = 0. The latter, plus

funding market clearing, implies )\é = kpy/rn and A\B = (1 — k)¢p/zn. Summing these
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results yields kpyq + (1 — k)pg = M. If ¢4 = ¢p, then this implies zn = A~!, which
contradicts the diffusive nature of a¢n;. This proves part (i).

Now, suppose )\é + /\g < X so that ¢ = 0. Then, using the stated assumption of part
(ii) and equation (1.23), we have y > A(1 — AA)2&124 > )\é(l - AA)Qézl >S4 — 04T, SO

that )\g = 0 by (1.25). Repeating this analysis for sector B proves part (ii). O

Lemma A.1.2. Consider the OLG framework of Section 1.3. Equilibrium holds with sub-
jective discount rate p, for agent z € {A, B, F, D} replaced by p := p,+ 3, and with p®, p',
and p® augmented with 6((vy +vg)"tva —a), S(vp +vp —n), and §((vp +vp) g — )

1.e., replaced by

u* = +0((va+vp) " tva—a)

W' = pg +3(ve +vp —n)

" =g + 0((vp +vp)~tvp — x),
where g, ug, py come from the economy with § = 0.

Proof of Lemma A.1.2. A proof of the fact that subjective discount rates in recursive pref-
erences are simply augmented by the Poisson death rate can be found in the appendix of

[39]. OLG adds the following terms to the dynamics of aggregate net worth:
sz,t =...— 5Nz,tdt + v, 0 Kdt.

Applying 1t6’s formula to the wealth shares (o, n, z) yields the result on the state drifts. [J

Proposition A.1.3. In the equilibrium of Proposition 1.3.1, the solution (k,() to (1.24)

and (1.27) is determined as follows. Consider the state space Q := [0,1]> for (o, n,x). First
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define the following objects on €):

1, if insiders may trade aggregate risk (unconstrained 64,0p)
I'y=
& (=942 . . .
n a(i=n] if insiders may not trade aggregate risk (@4 = 60g =0),
1, if insiders may trade aggregate risk (unconstrained 04,0p)
S N
B —¢p i insi - S
W + =R if insiders may not trade aggregate risk (@4 =60g =0),
and
(1 — AA)Qé'El
digi=—F—m—=
(1 —x)
(1-Ap)26%
EB =
(1 —x)
(1—0a)® | 30— 247 ,
My :=Tylloa 24 + o
loal [04(1—77) n o
(1—¢p)* 0B(1—Ap)* o
MB = FB OB 2 —+ -+ 0n.
sl T an-n t— 1B

Next, for each (a,n,x) € Q, define the following function mapping [0, 1] — R:

Alr) = 1{AA=1}%1
+ 1{AA<1}{R?;A + (1(_1;;);(&?4 - (1 —iﬂ)[u - AXA)%El - Kffﬁ
+ 1{AB=1}%
+ 1{AB<1}{ a _:)¢B + a (_1 ;g;(&% —(1—2) [(1 — AXB)Q&% £ _xﬁ)%r}‘
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Also define the following functions mapping R — R:

Ga—Gp+Mp— (¢4 —¢p)(a+ (1 —z)x)
MA"‘MB

Gag—Gp+ Mp—dax+ opla¢+ (1 —x)x)

Mg+ Mp +x(1—2)~Inp71¢% (1 — Ay)26%

Frpp(Q) = [Ma+ Mp+a(l— ) '~} - Ap)el|
x [GA —Gp+Mp—¢a(x¢+ (1 —2)x)

+opx +a(l—2) I leR(1 - Ap)2e%

Gg—Gp+Mp—¢a¢+op(a¢+ (1 —2)x)
My + Mg+ (1 — )z~ In~1¢% (1 — Ay)26%

. 11,2 -1
EppB(Q) = [Ma+Mp+ (1 - 2)a "1y~ 6301 — Ap)?63)

X [GA—GB—I—MB—QbA(%C—F(l_f)X)

R(C) =

FpsaAlC) =

-1

Fppsa(Q) =

+0pC+ (1 - )~ 7 leh1 - Ap)o3]
EppA,B(C) = [MA +Mp+ (1—a)a 1% (1 — Ay)%65
+ (1 - ;E)a:_ln_1¢2B(1 — AB)2&]23} -

x |Ga—Gp+Mp+(1-2)2" " oh(1 - Ap)eh

A — ¢p
<= ez00azopt + 5 5 HG0.0a08)

Using these functions, for each (o, n,z) € ), define the following objects:
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and

e (ERFIEX FRE0)04 + (1 - 7(0)p — nA

G -
S+ S5 a[My + Mp Tl (64 — ¢p)?

= S+ (1= fpsA(0)dp — nA

FAAT S T alMy + Mp + 2(1— o)y 163 (1— A )%3] 162,
G = 23+ Rrap(0)da — 0

FAB T 5T alMa + Mp + 31— 2)- Iy Lo, (1 — Ap)26%] L6
G = S5 X+ Eppa(0)r o4 + (1= Fpsa(0)ép —nh

DAA T ST al My + Mp + (1 — 2)a Ly L4 (1 — A262] Lo Lo, — op5)2
T S+ Epsp(0)64 + (1 — fpsp(0)r g —nA
CDpB

St a[My A+ Mp + (1 2)a 1651 - Ap)264) Y o4 — 27 1op)?

- 1
Cf)ﬁAB = M [(GA - GB)(¢A - ¢B>

(04 — oB)?
— 1205 (1 — Ap)? -
+ (vp+ L2208 ; B3 ) 04— w0
— 2 oA (1 — A y)? _
# (g + AR 2R o - )
and
Ré = R(C)

Reppa = FrsalCpaa)
R pap = FrpB(Chap)
Réppa=Fkppsallhpa)
Fepap = FkpsB(CHap)

Rl ppaB = FppaBChaan)
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and

¢=li=x+ (2 +35Y) Hoa —
(haa=x+Tple s —n)
== x+ (23" +35) e — A

(hip = x+Zalr op — .

Finally, for each (a,n, x) € Q, define the following functions mapping [0,1] x R +— R:

da(k,C) i= (zn) e (1 — Ag)%6% +C — x
dp(k,¢) = (an) (1 — k)op(l — Ap)?6% + ¢ — x
Fa(r, Q) == (1 —2)n) thoa(l — Ag)26% — C+x

fB(K,C) = (1 —2)n) 1 (1 — k)op(1l — Ap)?6% — ¢+ x.

Using all the definitions above, construct the following subsets of €):

Qo 1= {(0m.2) € Q: dai, 0) A dip(75,0) = 0, A7) < A}
Q.ppa={(anz)e: CZA(’%S,DﬁAaO) <0< dB<%é,D74A7O)7 5\(’%671)74/1) <
Qo psp = {(a,nz)eQ: CZB(RB,D#BI)) <0< JA('%S,D/—)B’O)’ S‘(RB,DﬁB) <

Qo.ppaB = {(a,n,x) eN: CzA(RS,DﬁA,B’O) Y, dB(’%aDﬁA,Bﬁ) <0,
/N\<’~i(>§,D74>A,B) <A}

Q1= N\ ( QU ppaUpspYU,0saB)
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and

Q¢

Q¢ ppa

QcpsB

Q¢ ppaB

Q. rpa

Q. FrpsB

= {(e,n,2) € Q : da(RE, ) N dp(RE, CF) > 0,
FAGEC) A FR(RECT) 20,0 < RE< 1, ¢ >0}

= {(e.n,2) € 0 1 da(’ ppaCDpa) <0< dB(EE p s asCh )
JFA(’%ZDﬁA» 557414) A JFB(/%Z“,DﬁAa 5}574,4) > 0,
0 <&l psa <l Chpa>0}

= {(,n,2) € U dp(R{ p s Cpap) <0 < da(REp ap Chap):
FaE pap:Chap) N BRE D sp Chap) 20,
0< i ppp <L Chpp >0}

={(e,n.2) € 0+ dalF ppap Chpan)VAB(FE ppap Chpan) <0
Fa®E psapChpan) NBE paap Chrap) >0,
0< i ppap <L Chpap >0}

= {(e,n,2) € Q1 : fA(’%Z’FﬁAaé:;‘ﬁ/O <0< JEB(’%Z‘,FﬁAaé}#A%
CZA(’%Z7F7L>A7 5;77414) A JB(’%Z‘7F7L>A7 5}’37414) >0,
0 <A paa <l Crpa >0}

= {(e,n,2) € Q1 : fB(RZ7F7L>B,§}7L>B) <0< fA(’%Z‘,FﬁB75}7L>B)>
da(F p g Chpp) NB(RE P ap: Crap) = 0,

0< & pap <L CGopp >0}
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and

=l = {(am,3) € Q1 1 da (1,07 >0, f4(1,85Y) > 0, /(Y > 1, ¢ > 0}
U sa={lanz) € :da(l,(5y) <0, fa(l,(5a) >0,
ippaAChas) > 1, (hag >0}
Q=0 = {(a,n,2) € 1 : dp(0.¢"=%) > 0, fp(0,¢"=") > 0, &(¢"=") <0, ¢*=" > 0}

O = {(aun.2) € Q1 - dp(0.05 ) < 0. fp(0,850) >0,

ipa(CHAp) <0, (H g >0}

Then, the solutions for k : Q +— O and ¢ : Q2 — O, where O are the finite subsets of R4,
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are
)
R on Qo (.
C*, on Q¢
RO.DA A on Qo pia i
CDpar on .ppa
RO.DAB on Qo piB i
CDAB on Q¢ psB
Foppap o0 0DAAB i
) Dpap o UDpAB
Py on
¢ ¢ -
Chps A on Qe rsa
. 0
S ] GpAa on 2, DAA PRV
"2 . an CFpB on ¢ F4sB
Reppp on S.p4B .
szl) on g:l
Reppap o0 DprAB o B
CFL—]. on k=1
» DAA C.DAA
ReFAA on ¢ Fpa
’ CKZO’ on k=0
. QO ¢
Re FAB on - S FAB . B
5 Ap: on Qp g
1 on QF=lyqr=l ’
’ ¢ ¢.DAA
0, on  Q\Qq.
=0 k=0 \
kO, on QC UQC,D#B

Proof of Proposition A.1.3. One can substitute these formulas into (1.24) and (1.27) to verify
that the equations are solved. It remains to show that the union of the regions defined is

equal to the entire state space, i.e.,

QoUQparaYQopssUpprapUih=0Q (A.48)

and

1="M, (A.49)

3. Correspondences are needed because of the possibility of multiple equilibria, which I have not ruled
out in my proof. Multiple equilibria are captured mathematically by non-empty intersections of the sets
defined above. Numerically, I have found parameterizations of the model in which Q¢ psa N Q?zo and
Qe rpp N ngl are non-empty. In those cases, I choose assign to (k,() the values dictated by QEZO and
ngl.
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where Qf := Qe UQe p s aUQepspUQpsan U raaUQer,pUQf U=y
C D YR QC Dop- Statement (A.48) is trivially true by definition of €. Furthermore,
QO] C 1 holds trivially, by definition of the sets constituting 7.
It remains to prove Q] D €. Note that ¢ > 0 on Q. Thus, /\‘If—l, + A8 =X on Q7. The
remaining constraints are the shorting constraints of insiders (k € [0, 1]), distressed investors
(/\g > 0, /\g > 0), and financiers ()\14 > 0, )\g > 0), a total of 6 constraints. To help

characterize these constraints, note the following:

{fa(r, Q) >0, da(r,¢) >0} = {24 >0, A% > 0} (A.50)
{Fa(r,¢) > 0, da(r, Q) <0} = {A% >0, A3 =0} (A.51)
{Fa(r,€) <0, da(5,0) >0} = {Af =0, A} > 0} (A.52)
{fa(k,C) <0, da(k,¢) <0} = {Ad =0, x5 =0}, (A.53)
and, for sector B,
{(FB(K,¢) >0, dp(r,¢) > 0} = {\B >0, A8 > 0} (A.54)
{FB(5,¢) >0, dp(x,¢) <0} = {AE >0, A8 =0} (A.55)
{FB(k, Q) <0, dp(r,¢) > 0} = A =0, A8 > 0} (A.56)
{FB(k, Q) <0, dp(k,C) <0} = {\E =0, A, = 0}, (A.57)

Importantly, {)\A =0, )\A =0} = {k =0} and {)\B =0, )\B = 0} = {k = 1}, by funding
market clearing. In addition, {{ > 0, )\é =0, )\g =0} ={¢ > OAE =0, )\é =0} = o,
by combining equations (1.28), (1.23), and (1.25). Consequently, the sets constituting (2]
are exactly the intersection of {¢ > 0} with the pairwise combinations of the sets in (A.50)-
(A.53) with the sets in (A.54)-(A.57), which are a completely exhaustive set of combinations,
ie., {¢ >0} = Q7. Finally note, by the definition of ¢ in the statement of Proposition A.1.3,
that Q\Qq C {¢ =0} so that Q; € {¢ > 0}. O
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A.1.4 Moral Hazard and Skin-in-the-Game

In the model of Section 1.2, an insider sells an exogenous fraction ¢ of the capital stock to
outsiders (financiers). The insider keeps a fraction of 1 — ¢ of the capital risk on his own
balance sheet. In this appendix, I derive this risk-sharing arrangement as the approximate
solution to a standard moral hazard problem.

Let the capital stock of a generic insider evolve as follows:
dkiﬂg = ki,t[(%,t — (52'7t)dt + odZ; + 6dWi,t]-

The new object is 9; 4, which captures hidden diversion. In particular, insiders may divert
dkdt units of capital to obtain (1—¢)dkdt, where ¢ determines the inefficiency from diversion.
This may also be thought of as diverting effort away from capital upkeep.

Insiders hold assets, borrow/lend in risk-free debt markets, and make contractual pay-
ments to outsiders. Contractual payments are —k; ;d€); ; per unit of time, since the price of
capital is unity in the absence of investment adjustment costs. Since diversion is unobserv-
able, ); must be adapted to the principal’s information set, which is generated by (Z, W{s),
where dWi‘ft = dW; 4 — 0;4dt is the ex-diversion shock. Contract payments thus take the
form dS2; 4 = G ¢[(w; ¢ — 0 ¢)dt+GdW; ] +; 1 - dZy for some processes (; ¢, @j ¢, 7i,t) adapted
to (Z, Wi‘s).4 If both insiders and outsiders may frictionlessly trade claims on the aggregate
shock Z, the choice of ~; is irrelevant. When we assume insiders may not trade claims on Z,
i.e., # =0, then we are implicitly restricting v; = (0. Thus, we use this latter assumption,

as it is without loss of generality in the former case. Incorporating these contract payments,

4. Adaptability to W2 implies the weights of dQ; + on 6dW; ; and —9; +dt must be identical. This weight

1
is (;,+6. The additional term (; ;o; +dt allows for time-varying flow payments.
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insiders’ net worth evolution is

dnjg = (nggre —cig) dt+ (1= @) kg dt + Ky (dR; 4 — redt)
— — N ~~ 4
consumption-savings diversion benefits excess return-on-assets

— KigGit | (@ig — b )t + 6dWi g + 0 dZt] gy - (medt + dZ)

contract‘f)ayments aggregate risk hedging

This budget constraint has a simple interpretation. Insiders retain a stake 1 — ¢ in their
asset risks and issue ( to outsiders. This can be thought of as an equity stake, which has

expected excess return w.

Definition 2. Optimal contracts consist of possible risk exposures and promised payments
(i.e., Cit, wit) that implement no diversion (i.e., ;3 = 0 for all i,t) and mazximize total
surplus in the following sense. Taking as given future contracts {(; i1, @i t4s}ts>0, time-t

contracts (Q’t, wi’t) mazimize total instantaneous surplus among contracting parties.

An important feature of these contracts is that they are short-term, which is captured by
the last statement in Definition 2. Contracts are chosen to maximize instantaneous surplus,
rather than total long-term surplus, which aids tractability. These short-term contracts
would be optimal long-term contracts as well, if agents cannot commit to future contracts
and if those future contracts are made in anonymity.

To derive optimal contracts, note that diversion of dk units of capital yields (1 — ¢)dk in
net worth to the insider. On the other hand, the insiders’ return-on-assets is reduced by 9,
which translates into a (1 — {)dk lower payoff from inside equity. Consequently, the insider
will not divert any capital as long as ;4 < ¢, which is insiders’ incentive-compatibility
constraint. In other words, 1 — ¢ is the minimum skin-in-the-game requirement.

Given competition in the financier sector, w is determined by their marginal utility
process, i.e., w = 67 + o - m, where 7 is an idiosyncratic risk price (in equilibrium, 7 =
(1 — A)7g). The important thing about 7 is that it is independent of the ¢ from this

particular contracting problem. We can now write the return on inside equity without
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diversion,

pt — 1t — G104 — GO -
L— Gy

AR, = rydt + it + o dzy + 6dWiy,

where p; is the expected return-on-capital. Insiders’ net worth can be re-written in terms of

its inside equity position e; ; := (1 — (; +)k; ¢ and the return dR! as
dni,t = (ni,ﬂ“t — Ci,t)dt + ei,t(dRiI’t — redt) + ni,tei’t - (medt + dZy).

The following facts simplify the analysis: (1) insiders can control their exposure e;+; and
(2) financiers’ surplus is accounted for by w; ;. Consequently, optimal ¢; ; may be chosen
by insiders as they wish, subject to the incentive constraint ¢;; < ¢. Although I assume
Gt = ¢ in the main text, I detail the actual solution below which helps understand how
good the assumption ¢; ; = ¢ is.

Since ¢; ¢ only affects [ [dRZ{ ,] and not dR,L{ —Et [dRZ{ <], optimal ¢; ; is chosen to maximize

Ei[dR] ] — ridt, ie.,

max

o {u—r—{&fr—(a-W}‘

1-¢

It is optimal to set ( = ¢ when y —r — o7 — o -7 > 0 and to otherwise set ¢ such that
pw—r—on—o-m=0. Doing this requires knowledge of the equilibrium risk prices, which
depends on the market structure (e.g., whether or not 6 is constrained or unconstrained).

As an example, use the expressions from Proposition 1.2.4 for sector A, with ¢ in place of ¢,

to get
. B of 1=¢  ¢(1=A)
p—r—cr—o-m=(1-_)ko [(1_77)&— ; ]
The solution is
o go(l —m)71—1
G =min (¢, [14(1-4) T] ) (A.58)

Notice that ¢; ; = ¢ is optimal across the state space if A = 1, which is the case commonly
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studied in the literature (e.g., [27]). When financiers are imperfectly diversified, ¢;; < ¢

is possible for very low values of 7;, because financiers’ required rate of return diverges to

infinity. However, notice that in the steady-state equilibrium of Proposition 1.2.5, wealth

shares are such that maximal issuance (; 4 = ¢ is optimal. Furthermore, as A increases, the

possibility of unconstrained risk-sharing shrinks. Notice that ¢; 4 < ¢ when 1y < 1}, where
. pap(l—A)?

" T 61 pog(1— A2

which shrinks to 0 at a quadratic rate as A — 1, i.e.,

dlogn* 21— ¢+ ¢a(l — A)? — ga(l - A)?
dlog(l1—A) 1— ¢+ da(l —A)2

=2(1—n").

Hence, for relatively high values of A such as those considered in the quantitative section,

the assumption of ¢; ; = ¢ is innocuous.

A.1.5 Endogenous Credit Standards

By smoothing out the moral hazard problem of Appendix A.1.4, we can address the question
of how diversification affects credit standards. To make these concepts precise, consider a
more general hidden diversion technology. Suppose diverting dkdt units of capital yields an

income flow of h(d)kdt to the insider, where h(-) satisfies the following.

Assumption 4 (Diversion Benefit). Assume the function h : Ry — Ry is twice-differentiable
with the following properties: h(0) = 0, h'(6) < 1 for all 5§, K"(5) < 0 for all 6, and
B (+00) = 0.

In Appendix A.1.4, we had assumed a linear diversion technology h(d) = (1 — ¢)d, which
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satisfies Assumption 4. In this more general formulation, insiders’ net worth evolves as

-

dnjg = (nggre —cig) dt+  h(0i)kiy dt + ki (dR; 4 — redt)
~———— —— N ”
consumption-savings diversion benefits excess return-on-assets

— KigGit | (@ig — b )t + 6dWi g + 0 dZt] gy - (medt + dZ)

contract‘f)ayments aggregate risk hedging

As before, ((; ¢, ;) characterize contract payments.

With this general specification of h, it may not be desirable to implement zero diversion.
For instance, if A/(0) = 1, implementing no diversion requires insiders to keep 100% skin-in-
the-game, i.e., (; + = 0. But such a contract may impose too much risk onto insiders’ balance
sheets. Thus, “optimal contracts” in this setting remove from Definition 2 the requirement
;¢ = 0.

To solve this contracting problem, we may repeat a similar analysis to Appendix A.1.4.
Given a skin-in-the-game ¢, optimal diversion maximizes h(d)— (1 —¢)d. Thus, b'(§) < 1—C.
Since A’ is weakly decreasing, optimal diversion is a weakly increasing function f(¢). Next,
optimal payments are w = f(¢) + 67 + o - m, which now compensates financiers for the
possibility that 6 > 0. As before, this means that it suffices to consider insiders’ surplus,

which is governed solely by their expected return on inside equity, i.e.,

max
¢€l0,1]

(r=r=1Q) +h£f_(cc)) ~roomy

Supposing f is differentiable and that optimal diversion is positive, § > 0, we have the

first-order optimality condition

p—r—ot—o-1=C1=0f Q)+ () —h(f()).

Modify the equilibrium expressions from Proposition 1.2.4 for sector A by putting ¢ in place
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of ¢ and accounting for diversion benefits and costs:

p—r—=fO+h(f(Q)—o-m=(1-(o——=—+C1-A)

Substitute the optimality condition for ( to get the equilibrium condition:

VR ol =G Gu(1—A)?
(1- Cz,t)&,tf (Gi) = r(l=Gip)o 0 m

marginal cost of issuance

(A.59)

~
marginal benefit of issuance

After dividing both sides by 1 — ¢, the left-hand-side of (A.59) is strictly increasing in (,
whereas the right-hand-side is strictly decreasing. Thus, there is a uniquely optimal skin-
in-the-game in equilibrium. This equilibrium equates the “marginal benefit of issuance,”
comprised by diversification benefits from offloading risk, to the “marginal cost of issuance,”
defined by the marginal increase in diversion, net of the marginal private diversion benefits.?

With this smooth moral hazard setup, we can analyze the effects of diversification. From
(A.59), higher A reduces optimal skin-in-the-game 1 — (, which is a generalization of the
results in Appendix A.1.4. In other words, insiders issue more securities to better-diversified
outsiders. But interestingly, this now comes with a cost. Higher ( increases equilibrium
diversion f(¢) and thus deadweight losses f(¢) — h(f({)). This result is analogous to the

story that “securitization leads to lax screening” as in [62].

A.1.6  Micro-founding the Leverage Constraint

In section 1.3, I have assumed the leverage constraint (1.22) is defined an exogenous and
constant maximum A. Several macro-finance papers derive a bank leverage constraint from
an underlying agency friction, e.g., the simple limited commitment problem in [41]. In that
case, the constraint is not a constant level, but rather a function of the economic state and

model parameters.

5. That is, the marginal cost is (1 — ¢) 3£ [f(¢) = A(f(¢))] = (1 = OIf' () — (1 = Q) ()] = ¢(1 = O f(Q).
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What is particularly important for my model is how diversification could affect the lever-
age constraint. Does better diversification relax the leverage constraint such that it would
never bind in equilibrium? In this section, I use a simple agency problem similar to [41] to
derive the leverage constraint and show that it is insensitive to diversification improvements.
Thus, the constraint is indeed more likely to bind as diversification improves.

We consider the model of Section 1.3 with symmetric discount rates (p), no OLG (6 = 0),
and a single productive sector (G4 = G,Gp = —oo such that k = 1; I drop all A subscripts
accordingly). Suppose financiers can abscond with a fraction v € (0, 1) of their assets and
renege on repayment of their short-term bonds. After doing this diversion, financiers would
have net worth ﬁf ;= ’yAtnfj ;- I consider two cases. After diversion, financiers move to
another location and either (i) set up a new financial intermediary anonymously; or (ii)
retire to become insiders in the single productive sector A. A fact I will use in both cases is
the following: one can show that the value functions of financiers and insiders are given by
log(nft) +&p and log(nz{t) + €1+, respectively.

In case (i), diversion delivers utility log(ﬁf ¢) + &, which must be ruled out by the

incentive constraint log(ﬁ;F ) +HEp < log(nfF ) +Ep As aresult,
A<y

is required. Therefore, the leverage limit A = v~! is completely independent of diversifica-
tion.

In case (ii), the same analysis delivers the incentive constraint

M <y texp(€py — 1t)-

Lexp(ép—€7) plausibly depends on diversification through the

Here, the leverage limit A =+~
relative investment opportunities of financiers and insiders, captured by &g — &7. However,
in a steady state in which the leverage constraint is conjectured to not bind for all other
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financiers (besides the one whose agency problem we are focusing on), simple calculations
show {p oo — €100 = 0. Intuitively, the long-run wealth distribution adjusts such that all
agents earn the same idiosyncratic risk prices, which are the key determinants of £z and &;.

Again, the leverage constraint is independent of diversification.

A.1.7 Impulse Responses

Define the IRF of a stationary variable Y by

IIY|(t,x; A) =EYrqp = Yoo | Xo =2x], t>0, (A.60)

where Xy is the vector of state variables, i.e., X3 = (a¢,nt) in Section 1.2, and A is the
variable receiving an unanticipated shock at time 7, i.e., A; # A;_. Equation (A.60)
can be decomposed into the sum of an “impact response” E[Y; — Y;— | X;— = z] and a
“transition path” E[Y;.s — Y7 | X; = 2/].

In the baseline model of Section 1.2, we first considered one-time unanticipated shocks
to (A4, Ap). An important simplifying property of this model is that these shocks do not
generate any impact response to the state variables in the model, as stated in Lemma 1.2.8.
Thus, Z[X](t,z; A) = E[X74¢ — X7 | X; = 2] for this type of shock. Figure 1.7 in the main
text does this IRF analysis for a one-time shock to Ay. Figure 1.8 repeats the analysis
for a gradual increase in A4, which may be interpreted in three equivalent ways — fully

unanticipated, fully anticipated, or partially anticipated — in the sense of Lemma 1.2.9.

Proof of Lemma 1.2.8. We want to show that the impact responses E[n; — nr— | Xr— =
x] = Elay — ar— | X7— = x] = 0 in response to a shock to A4 at time 7. A similar analysis

holds for state variable o and for a shock to Ap. Note that aggregated net worths can be
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written as

Npy = [reda + (1 — 5)¢p) Kt + Mpy + pilp Npy
Ny =rt(1—¢a)Ke + Mpy+pifaiNay

Npi=(1—r)(1 —¢p)K¢+ Mp s+ pilp+Npy,

where M, ; are the riskless assets, éz’tN .+ are the hedging securities (Arrow securities on
the aggregate shock) held, and p; the price of these securities. Bond market clearing is that
Mg+ My + Mpy = 0. Notice that equity market clearing is already imposed. Since the
Arrow securities pay an excess return, their price is zero, i.e., p = 0 for all ¢. We can thus

rewrite the net worth equations immediately prior to the shock as

NF,T* = [r—¢a+ (1 — kir—)oplKr— — MA,T— - MB,T*
Npg—=tr—(1=¢a)Kre + My 7

Npr— = (1 —rr—)(1—9p)Kr—+ Mp ;.

Upon the shock, the variables K, k,1—k, M 4, Mg cannot jump. Indeed, a jump in K cannot
be consistent with goods market clearing, whereas M 4, Mg represent trading positions (asset
holdings) and are assumed fixed at the time of the shock. Furthermore, the Arrow securities
are settled every dt time periods, so they have no continuation value that could possibly

jump. Then, after the shock,

NF,T = ["JTf(ﬁA + (1 - RT*)(bB]KT* - MA,T— - MB,T—
Nagz=tr—(1=0A)Kr + My -

Npr=(1—-kr-)(1=¢p)Kr—+Mp_.
Therefore, N, r = N, - for all agents z. As a result, nr —nr— = ar —ar— = 0. O
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Proof of Lemma 1.2.9. Part (i) is a special case of part (ii) for ¢ # 7. For ¢t = 7, we make
use of Proposition 1.2.8. Part (ii) follows from the fact that optimal choices of all log
utility agents in the model are independent of the Ito processes driving expected returns
and volatilities, see Appendix A.1.1. Hence, Proposition 1.3.1 still holds even in this more
general case. The equilibrium of Proposition 1.2.4 follows as a special case of Proposition

1.3.1, as before. O

A.1.8 Other Shocks

This section presents proofs and details for the results of Section 1.4.

Proof of Proposition 1.4.1. Using the notation of Lemma ?7, we have partial derivatives (for

any parameter values)

B KooQool A
Koo(1 = ¢4)54 + (1 — ko)1 — ¢B)op

ol — . . .
Cpa = oo [—%O Gar%o(1 = A4)76% + nooﬂoo/?ooUA}

Moo

Ca7¢A -

o 2% [¢A(1 —AgPeR (- ¢A)5§1]
w04 Ma+ Mp Moo Qoo (1 = Noo) ‘

Imposing symmetric parameters, we have aoo = koo = 1/2 so that Dy = Dgp = 0 and
Dok =1and Dy = %(1 — noo)_l(l — ¢)262 < 1. Then, use expressions (A.35)-(A.36) to

verify that

d
T = 1= V21— Ag)isod g
do 4
dnoo
doy = (1= Do) Chg,y
Note that 6627702 > 0 unambiguously, while Cgfﬁ > 0 if and only if Ay > 1 —1//2. O

Proof of Proposition 1.4.2. Repeat the steps of Proposition 1.2.4 with A\? replaced by (1 —
¢p)A*, with funding market clearing replaced by (1 — ¢p) fii—Az A;l[)\jtnftdj = ¢:k7 4,
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and with aggregate risk market clearing replaced by fO (92 th s

fO : tO’A + A tUB) Fdz
Proof of Proposition 1.4.3. Under construction.
Proof of Proposition 1.4.4. Under construction.

Proof of Proposition 1.4.5. Under construction.
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A.2 Results on the Brownian Cylinder W

A.2.1 Aggregate risk along investment arcs

Proof of Lemma 1.2.2. To examine the degree of aggregate risk in this economy, consider
investing one unit of consumption, divided equally amongst each market in [I_T, #] (the

fact that it is centered at 1/2 is without loss of generality, by symmetry). This results in:

1+A 1+A 1+A

Val“t(ﬁ_i A_ldWi,tdZ) = A_2COV2€</1_Z dWi,tdi, /1_2 de,tdj>
=a7 1-A Ji-a Covi(dW; 4, dW; 1) didj

Il
N /N /N
—
|
D
\’i
\H
g
8
|

<
—
—_
|
1
&
|
=
=
8
QL
<
N—
Q
~

In the third line, I have substituted the covariance and distance metric: Cov¢(dW; ¢, dW; ;) =
1—6min(ji—j|,1—|i—7])(1 —min(|i —j[(1 —|i—7j])) = 1 —6|i — j|(1 —|i —j|). In the fourth
line, I have performed the change-of-variables i = L_TA + Az and j = L_ZA + Ay. In the
fifth line, I have substituted u = x — y and used the fact that if X and Y are independent
uniform random variables, then X — Y has the triangular distribution. Given this formula,
we may take A — 1 to see that Var( fol dW; 4di) = 0. As this expectation is zero, this shows

that fol dW; 4di = 0 almost-surely. O
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A.2.2  FExzistence of W

One may ask whether or not such a stochastic process W := {W;; : i € [0,1],t > 0}
exists on any probability space. In other words, are the properties assumed above mutually
consistent? Below, I prove that such shocks exist by an implicit method, using the theory
of Gaussian processes.

This relates to the class of Gaussian random fields that are used to model forward rates in
[61], which to my knowledge is the first use of such processes in financial economics. The key
property aiding the analysis of that paper, as in this paper, is the independent increments
property of the random field in the “time” direction. [81] study a similar stochastic process,
which they call “string” shocks. They obtain these shocks using the theory of stochastic
partial differential equations (SPDEs), although I prove existence in a different way. That
said, the W process is not a special case of the class of processes they consider. Furthermore,
my existence proof is general enough to apply analogously to their entire class of processes.

First, I build a particular Gaussian process. Second, I show that this stochastic process
has the desired properties. Given the construction, which posits the covariance in the t-
direction and i-direction as multiplicatively separable, and the property that the process
acts as a continuum of Wiener processes in the t-direction, W is thus an example of a

cylindrical Wiener process (see a reference on SDEs in infinite dimensions, e.g., [23]).

Proof of Lemma 1.2.1. The existence of a mean-zero Gaussian process having covariance

function

V((i,s), (5,1)) = |1 — 6dist(i, §)(1 — dist(i,j))] » min(s, )

is guaranteed if and only if V' is symmetric and positive semi-definite (see any reference
on Gaussian processes, e.g., proposition 1.24.2 in [80]). Clearly, V' is symmetric. To check

positive semi-definiteness, construct the Gram matrix: let iy, ...,ixy € [0,1] and t1,...,txy €

105



R4, and define the matrix G' by

G:= [V((imy tm)a (ina tn))]m,ne{l,...,N}'

We need to show that G is positive semi-definite. To do this, define the “univariate” covari-
ance functions vy (7, 7) :== V((i,1), (4,1)) and va(s,t) := V((0,s),(0,t)), and the associated

Gram matrices

Gri= [onlim in)lnpeqr,.. vy and - Go = [valtm, tn)lmnequ,..., vy
Notice that

G = G oGy,

where o denotes the Schur product (element-wise multiplication). By the Schur product

theorem, it suffices to show that G1 and GG9 are both positive semi-definite, because then so
is G.

Consider a standard Brownian bridge process {W;” : i € [0, 1]} and define the process
1
B = V12|W§ —/ wrdj|.
0
Note that EB; = 0 for all ¢ and

1 1
EB,B; = 12E[(WS /O WEdk) (W2 /0 Wedk))
1 r1 1 1
:12[EWZ- WS +]E/O /O Wow; dkdl—]E/O W Wkdk—]E/O ijkdk}
1 rl
- 12[min(z’,j)—ij+/ / (min(k, 1) — ki]dkdl
0 JoO
1 1
. / (min(i, k) — ik]dk — / [min(j, k) — jk]dk]
0 0
Lia =1 i(1—14) (1

TN -7 S S
:12[m1n(z,j)—2j+/0 5 dl — 5 T )]:1—6|Z—j|(1—|l—j|).
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In the third and fourth equality, I have used the Brownian bridge covariance function to

compute ]EWZ.OW;’ = min(i, j) — ij, as well as the integral

/Ol[min@',j) —ijldj = /Oij(l —i)dj + /Z,l i(1— j)dj

_dd=y (A.61)

Therefore, v1 is the covariance function for B. As a valid covariance function, we immediately
conclude that G is positive semi-definite. Finally, vo is the covariance function of standard
Brownian motion, so the matrix G5 is positive semi-definite.

Thus, define W to be a Gaussian process with covariance function V. We want to show
that W has the desired properties from Assumption 1 of the text: (1) at each location, W
acts as a Brownian motion; (2) dW has the correct cross-sectional correlations; (3) W has a
path-continuous version.

First, fixing ¢, the time-series process wi) .= {W; 4t >0} is a standard Brownian mo-
tion. Indeed, E[WZO] = 0 implies W; o = 0 almost-surely. Since W) is a centered Gaussian
process with V' ((, s), (i,t)) = min(s, t), it has the same probability law as a standard Brow-
nian motion. Having the same probability law, it is well-known that W) can be chosen to
be path-continuous. Independent increments can be established as follows. Using the covari-
ance function and the Normal distribution, we have E[(W; ¢, — W; ¢ )(W; ¢, — W; 4,)] = 0 for
to > t1 > tg > 0. Orthogonality plus joint Normality implies independence of W; 4, — Wj 1,
from W; 4, — W 4.
Second, the increments to W@ and W) have the desired pairwise correlations. Indeed,

using the covariance function V', we have

1 o s
E]E[(Wi,tJrS — Wi t)(Wjtrs — W) =1 —6dist(i, j) (1 — dist(i, j)).
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As s > 0 is arbitrary, and using the Markov property of Brownian motion, we have that
corr(dW 4, dW; 4 | Fy) = 1 — 6dist(i, j)(1 — dist(4, j)).

Third, we can use the Kolmogorov-Chentsov continuity criterion (see any reference on
Gaussian processes, e.g., theorem 1.25.2 in [80]) to show that W has a version with continuous
sample paths..6 To do this, we may fix an arbitrary T" > 0 and show that there exist C' > 0,

g1 >0, and g9 > 0 (which may all depend on T') such that

E[W; o — WisTt < C x dist((i, ), (j,1))21F752) ws, ¢ <T, (A.62)

where dist(-, -) is Euclidean distance in C7 x R, where CY is the circle of circumference one.”

In particular,

dist((i, ), (3. 1) = /s — 112 + i = 1201 |i — j])2

Assume s > t (the opposite case follows symmetrically). Set €9 > 0 arbitrarily, and set

e1 = 4(1 4 €2). Then, because W is Gaussian, there exists a constant M such that

E|W; s — Wjy|t = E[W; s — W, [21Fe2)

= ME[|W; s — th!2]2(1+52)~

Compute, using the triangle inequality, the covariance function, and the assumption that

6. One might think we could prove continuity by appealing to the fact that {W;, : ¢ € [0,1]} is a
translated, scaled Brownian bridge for each ¢, and {W;, : ¢ > 0} is a Brownian motion for each i. Thus,
we could construct continuous versions of each of these at the rational indexes, and use a density argument
to construct a continuous W in the limit. The problem with this approach is that we don’t know that the
limiting process has the desired distributional properties.

7. This is a slight generalization of the conventional Kolmogorov-Chentsov theorem, in which the index
set is not R2. But the exact same condition applies.
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t<s<T:

E|W;.s — Wiel? = V((i,5), (i,9)) + V(5. 1), (5. 1) = 2V (i, 9), (5. 1))
< |V ((i,5), (i,9)) = V(i 9), G|+ VG 1), (5.8) = V((i,9), (G, 1)
<2V (i, ), (G, 1) = V(. 1), G 4| + |s — 1]
= 2| min(s, £)(1 — 6i — j|(1 — |i = j]) — ] + s — 1
= 12tfi = j|(1 = [i = jI) + |s — 1
< 24max(T, 1/12)[|s — t2 + i — j|*(1 = |i — j])*]"/?

= 24 max(T, 1/12)dist((i, s), (j, 1))
Consequently,
E|W; s — Wiyt < M(24max(T, 1/12))20F22)dist((i, s), (j, 1)) 2(1+22),
which is condition (A.62) with C' = M (24 max(T,1/12))2(1+e2). O

A.2.3  Simulating W

Given that Lemma 1.2.1 only implicitly defines W, one might wonder how such a process
could be simulated. In this section, I provide a method for simulating W. I do not show
that this construction satisfies all the technical measurability requirements, but I do show
that the simulated process has all of the relevant properties if those technical requirements
are satisfied.

Let (Q, F,IP) be a complete probability space satisfying the usual conditions, on which
W* = {W/ :t > 0} is a standard Brownian motion adapted to the filtration {F; : ¢ > 0}.

In addition, let By := {BM .1 € [0,1]} be a standard Brownian bridge for every ¢ > 0. Then,
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let {ut} be iid Uniform[0, 1] random variables, independent of W* and B, and define

A

But+i,ta if i € [0, 1— ut]
Bit =

)

Byji-1, i€ (1—uyl].
Thus, By is essentially a Brownian bridge for every ¢, but with a random initial index on the
circle, ug. In fact, B;  — Byt is a standard Brownian bridge.® Assume that the sequence of

Brownian bridges B := {By : t > 0} is progressively measurable. Define the process
t 1
Wit =12 / (Bivs — / ijsdj)de (A.63)
0 0

so that the increment is dW; ; = V12 (Bi,t — fol Bj’tdj)th*. [ will show that W; ; satisfies
Assumption 1. In that case, simulating the process requires an approximation to a single
aggregate Brownian motion {W;" : ¢t = 0,dt,2dt,...}, a sequence of iid uniform random
variables {us : t = 0,dt, 2dt, ...}, and a Brownian bridge drawn independently at each time
step, {Byy i =0,di,2di,...,1, t=0,dt,2dt,...}.0

First, I verify property (i) that W;; is a standard Brownian motion for each i. As a

stochastic integral, W; ; is a continuous local martingale in ¢. Next, the process Wz'Qt —tis

8. One can check this by simply by verifying that this process has the correct covariance function, i.e.,
for ¢ < j, COV(Bi7t — Bo’t, Bj,t — BO,t) = 7,(1 — j)

9. This last step can even be relaxed for speed. Due to the iid nature of u;, one may draw a single
Brownian bridge only and achieve the desired properties.
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a local martingale, since

Et[WiQ,t+T] = 12K, [(/OHT (Bi,s - /01 Bj,sdj> dWs*ﬁ

t+T 1 92
— W2 + 121@[/ (Bis —/ Bjsdj) ds]
, ‘ ) 0 )

9 t+T 5 1 9
= Wiy + 12/t [E(Bi,s — By )" + E(/O (Bjs — Bo,s)dj>

1
— 2E(Bi,s — BO’S>/0 (Bj,s — Bg’s)dj] ds
t+T 11— s
:Wi2t+12/ [¢(1—¢)+/ i ])dj—z‘(l—i)]ds
’ t 0 2

= W2 +t+ (T —1).

Note that [E; denotes conditional expectation using the information set at time ¢, not in-
cluding the information on u;. In the second equality, I have used the independence of
{Bitys 11 €[0,1],s > 0} and {W/  : s > 0} from F; as well as [t0’s isometry. In the
third equality, I have used Fubini’s theorem. In the fourth equality, I have used the fact that
{Bi+— Boy : 1 € [0,1]} is a standard Brownian bridge, combined with the calculation in
(A.61). By Lévy’s characterization of Brownian motion, W; ; is a standard Brownian motion
for each 1.

To prove property (ii) of Assumption 1, recall the quadratic covariation formula: for
any two continuous local martingales M and N, E¢ M pNyvp — MyNy = E¢([M, N]yo7) —
[M, N];. Using My = W;; and Ny = W4, and noting that these local martingales have the
Markov property (by virtue of being Brownian motions), we have an unconditional version

of this covariation formula:

Et((Wigor = Wit) Wgar — W)l = E[(W; oo = Wit (Wi i — W)

= E(Wi, Wilirr) — E([Wi, Wil).
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The quadratic covariation is
1

Wy, Wyl = 12 /O t (BZ-,S - /O 1 B,ﬁsdk) (Bj,s - /O Bk/ﬁdl{:’)ds,

so that, using similar moments for the Brownian bridge as above, we have for i < 7,

Et((Wigar — Wit)(Wpor — Wit

t+T 1 1
~ 12F / (Bis - / By odk) (Bj s~ / Byy K ) ds
t 0o 0 ’
1

t+T 1 2 1
— 12 / [EBi7SBj,S+E( / Bmdk) —EB;, / By, odk —EBj / Bk,sdk]ds
t 0 0 0

= vofi -5+ 55 - L e — e -0 - -

This shows that

1 o1 L .
gt dWipdWig) = lim 2B (Wi gr = Wit (Wygar — Wig)] = 1= 6li = g1 —[i = 71).

and verifies property (ii).lo Thus, W satisfies Assumption 1.

10. Property (ii) of Assumption 1 was made to ensure fol(Wi’tJrT — W, +)di = 0 almost-surely for any 7' > 0.
Note that, with the definition of W; ; above, this integration can be verified directly.
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A.3 Extensions and Auxiliary Results

A.3.1 Financial Shocks and Risk Concentration

In the baseline model of Section 1.2, so-called risk concentration channel is absent, i.e., the
wealth distribution evolves deterministically, which makes the entire economy evolve deter-
ministically. Exactly as in [27], this conclusion arises due to the combination of agents’
symmetric risk preferences and their ability to frictionlessly access markets for trading ag-
gregate risk. However, as [27] goes on to show, idiosyncratic uncertainty shocks may break
this neutrality result and lead financiers to take excess risk. In my model, excess financier
risk is more likely to generated by diversification shocks than by uncertainty shocks (or LTV
shocks).

To demonstrate this, I allow (A, d,¢) to be truly stochastic aggregate shocks and show
that shocks to A incentivize financiers to disproportionately incur aggregate risk, whereas
shocks to 6 and ¢ do not. Since financiers wealth tends to be more cyclical than households’
empirically, this suggests that financial shocks like A are needed in model economies.

Consider the following setting. Take the economy from Section 1.2 and set Gg = —00 so
that there is a single capital stock and single consumption good. Since there is only one type
of insider, call them “households” and label their variables with the subscript “H”. Endow
financiers and households with symmetric Epstein-Zin preferences, as in (A.21). Suppose all
agents have unitary EIS, i.e., ¢ = 1.

Let (A, d,¢) follow the following exogenous stationary Markov processes:

dA; = pP (Ag)dt + o™ (Ay)dZ;
6y = p° (6¢)dt + o7 (6¢)dZ

dr = p®(dp)dt + o®(¢)dZy

Note that shocks to (A¢, d¢, ¢¢) are locally perfectly correlated with aggregate TFP shocks,
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which is only for simplicity and does not affect the results of this section. In fact, if TFP
shocks are shut down completely, everything here goes through. Assume o > 0,00 <
0,0? > 0 in accordance with conventional wisdom and empirical evidence.!

Because shocks to (A, g, ¢) are driven by the same aggregate shock as capital, the opti-
mality conditions outlined in Appendix A.1.2 continue to hold here. The additional compli-
cation is that £ and £p, the processes measuring financier and household marginal utility

of wealth, satisfy PDEs in (9, A, 7, ¢) rather than ODEs in 1. In equilibrium, we have the

following idiosyncratic risk prices earned by financiers and households,

(1 - At)(bta't
Ui

(1 — ¢t)oy

and Tg; =17 =,

TRt ="

Y

which are generalized from Section 1.2 because risk aversion v # 1 and because (A¢, ¢, ¢¢)
are non-constant. The idiosyncratic risk premia (risk price times risk quantity) earned on

idiosyncratic risks are given by

(1— At)ﬁbt&t)Q

wr = U= 0ony?,

and wpyy = 7( [

At this point, we can understand the intuition for how Ay generates financial risk concen-
tration. Notice that @wp 4 is unaffected by A¢, whereas wp; is decreasing in Ag. If otA > 0,
negative shocks dZy < 0 will decrease A; and lead to higher financier expected returns going
forward, relative to households. Such an improvement of the relative investment opportu-

nity set of financiers is a hedge and suggests that financiers’ utility diffusion is smaller than

£ £

, .
households’, i.e., Tpt < Ohyt

11. There is some controversy over ¢ > 0. In this model, external finance is done via equity contracts,
and higher ¢ is a sign of a more efficient financial sector. From this perspective, the statement that ¢ is
procyclical is intuitive. In the data, stock market equity-issuance is procyclical. Similarly, the loan-to-value
ratios of the marginal borrower tend to be procyclical (e.g., [34]). On the other hand, aggregate loan-to-
value ratios in the housing market tend to be countercyclical (e.g., [24]). This discrepancy can be partially
accounted for by the fact that borrowers typically issue debt contracts, whose values are mechanically less
procyclical than levered equity. Still, note that if o < 0, the results of this section on hedging demands for
¢, all flip signs, and shocks to ¢; can also be a source of risk concentration.
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Shocks to A¢ have aggregate implications through this mechanism. Indeed, clearing the

aggregate risk market, we obtain

=70+ (y—1|1- nt)ff%,t + ﬁt"%,t]-

Applying It6’s formula to 7, we find that its local volatility is

‘7?:7715(1—%)1;7[5 ; ]

OFt ~ %Ht|

If a% , < ag, ¢» as conjectured above, then 01757 > 0 if and only if v > 1. Hence, the hedging
demands induced by financial shocks A create risk concentration in the sense that financiers
buy Arrow claims on dZ; from households. This stands in contrast to the situation in which
Ayt is non-stochastic as in Section 1.2. In that case, no shocks affect the relative investment
opportunity sets of experts and financiers, so 027 = 0. This result echoes the results of [27]:
Ay impacts the uncertainty faced by financiers, just as a direct uncertainty shock does.

An exact opposite logic is true for shocks to ¢¢. When o? >0, negative shocks dZ; <
0 will decrease ¢¢ and lead to lower financier expected returns going forward, relative to
households. This exposure is the opposite of a hedge, and suggests U% ;> a%’ ;o Iy >1so
that hedging demands are strong, then it is households who will hold concentrated aggregate
risk positions and o' < 0.

The story is slightly different under uncertainty shocks (shocks to ). Uncertainty shocks
would affect both wr and wy in the same direction, and the strength of this effect depends
on the relative size of (1 — Ay)é/n and (1 — ¢¢)/(1 — n). Ultimately, this produces an
ambiguous effect on financial risk concentration. In fact, we have the following neutrality

result.

Proposition A.3.1 (Neutrality of Uncertainty Shocks). Consider an economy with only

uncertainty shocks (i.e., MA,UA,M¢,U¢ = 0, while o7 < 0). If at any point of time ny =

Noo = %ﬁ—), then there exists an equilibrium in which ny = N thereafter. If A < 1 and
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0 < ¢ <1, in addition, then Ep = Eg in this equilibrium.

The key to Proposition A.3.1 is that the drift nets out financier and household risk

compensation:

2

ph =71 = n)rk — 7]

Since both 7 and 7y scale with &, uncertainty shocks do not affect the “steady state” of
this system (defined by p'l = 0). At this steady-state n = 7, idiosyncratic risk prices are
equalized, T = 7. Hence, shocks to ¢ affect both agents equally. Formally, one can verify
that both agents’ HJB equations and all equilibrium conditions are satisfied if {p = &y

at 7 = 7oo. This leads to 0’%(7700) = a%(noo) and thus a non-stochastic equilibrium with

0" (nao) = 0. This then verifies the conjecture that £ = &7, as 7y stays constant forever.!?

The difference between [27] and this model is that A < 1. When A = 1, outsiders are
unaffected by idiosyncratic risk; only insiders’ investment opportunity sets are affected by
uncertainty shocks. Mathematically, £ contains more exposure to ¢ than {p. In that case,
uncertainty shocks provide insiders a hedge against bad states, and they will take additional
aggregate risk ex-ante. But this result is fragile, as it is not generically true for any A < 1.
A similar discussion applies for the assumption 0 < ¢ < 1.

To provide an analytical result illustrating the induced hedging demands of (A, ¢) shocks,

we simplify the setting even further. Suppose at a known time 7, one of the following

12. Furthermore, even starting with 7; # 7, I conjecture that there are parameters such that 7, — 7
almost-surely. Indeed, p”7 > 0 for n < 7o and p”7 < 0 for n > 7o. Thus, 7 is an attracting point of the
dynamical system. Whether the state variable hits the attracting point (and thus stays forever) depends on
the relative speed at which p7 and " vanish when n — 7.
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experiments will occur. We will consider these experiments one-by-one.

(
Ay, with probability 1/2
(“A experiment”) : A, =
A_, with probability 1/2

\
;

¢4, with probability 1/2
(“¢ experiment”) :  ¢r =

¢—, with probability 1/2

\

where Ay > A_ and ¢4+ > ¢_. In each experiment, allow both financiers and households
to frictionlessly trade Arrow claims on these shocks. Let the Arrow state prices be given by
g+ and g—. After the shock, each variable will remain constant, i.e., (A¢, ¢t) = (Ar, ¢7) for
all t > 7.

Thus, financiers and households each solve the following problem prior to the shock:

1 I=v 1(n )=
max L&) T L{En-)
nyn— 2 1 —v 2 1—7

subject to g4n4 +qg—n— =n,—,

where ny,n_ are net worths and £4,¢_ the marginal utility process in the (+) and (—)
states at time 7. After the shock, the economy is assumed to be in a Markov equilibrium in
the state variable n. Let {p(ng; A¢, ¢r) == gy and g (ne; Ay, @) := ¢ be the equilibrium
marginal utility processes in that equilibrium for all £ > 7. We have the following results,

the proofs of which are omitted because they follow closely [27].

Lemma A.3.2 (Relative Investment Opportunities). The function

E(m A, ¢) = Ep(n; A, 0)/Eu(n; A, ¢)

is strictly decreasing in n, strictly decreasing in A, and strictly increasing in ¢.

Proposition A.3.3 (Risk Concentration). Suppose v > 1. In the “A experiment,” we have
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Nt > Nr— > n—. In the “¢ experiment,” we have ny < nr— < n—.

In summary, by extending the logic of Proposition A.3.3, we expect that the financier
wealth share ny will be positively correlated with A; shocks and negatively correlated with ¢4
shocks. Procyclicality of Ay induces procyclicality of ; — as in canonical models like [8], [13],
and [51] — but without assuming the typical exogenous trading restrictions. On the other
hand, procyclicality of ¢+ induces countercyclicality of 7, opposite to these models. Finally,
the cyclicality of ; is less likely to matter, due to the neutrality result of Proposition A.3.1,

which is a key difference from [27].

A.3.2 Endogenous Financial Innovation

To capture the idea that financial innovation can be an endogenous response to other shocks,
I allow for the endogenous choice of diversification A. Diversification is chosen optimally
by financiers to balance risk and exogenously specified costs. I assume that it is costly
for a financier to participate in financial markets at all, and it is costlier to finance firms
located far away from location ¢, which is embedded in a cost function. In particular, if
intermediary 4 funds an arc of locations having length A; ;, she incurs the flow non-pecuniary

cost %C (Aj ¢)dt. Tmake the following assumptions about the function ¢, borrowing from [40].

Assumption 5 (Diversification Costs). Assume the function ((A) has the following prop-

erties:
(i) C(A) >0, '(A) >0, and ¢"(A) > 0 for all A.
(ii) (1 — A3 (A) is increasing in A for all A.
(iii) ¢(0) = ¢'(0) =0.

First, whereas Lemma 1.2.2 shows the benefits of increasing A in the form of diversifica-
tion, Assumption 5 describes the costs of diversification. Part (i) of the assumption says that

the cost function is positive, and increasing and convex in distance. Part (ii) additionally
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ensures that the individual financier’s problem is well-defined in that the first-order condi-
tions of the problem are sufficient for optimality. Part (iii) ensures that some diversification
is guaranteed.

Now, consider the model of Section 1.2 augmented with diversification costs. Financier’s

problem is augmented by these costs, and they now solve

1 o
max UZ},:I; — §]Et/ﬁv e pS[CA<Af}3> + CB(AES)]dS

subject to (1.9). Due to orthogonality of sectoral idiosyncratic shocks and additive separa-
bility of the diversification cost functions, let us focus on the financier investment in one of
the sectors. Drop all sector subscripts/superscripts for the time being.

In a symmetric equilibrium, there is a location-invariant sectoral lending spread, which
is unaffected by individual diversification choices. This means diversification is chosen to
minimize the sum of portfolio variance and diversification costs (. The portfolio variance is
given by (Ad(1 — A))2, where X is the volume of sector z lending per unit of net worth. This

first-order condition says
(A) = (1-2)(X6)".

Under Part (ii) of Assumption 5 implies that this condition is sufficient for optimality. Next,

optimal risk-taking implies A = (11r£)&, SO

~

Finally, in equilibrium, 7z = n"1k¢(1 — A)§, so

d(d) (mﬁ&)?

A= (A.64)
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Assumption 5 implies this equation has a unique interior solution for A. Let this solution
be denoted A(a,n; () since («,n) are the state variables in equilibrium.

We can do comparative statics on (A.64) for A(«, n; (). For example, we find that optimal
A falls in response to a proportional reduction in the function ((-) for a particular sector. A
direct financial innovation shock (akin to A 71 in the baseline model) can be achieved by a
downward shock to the entire function ((-). Lower diversification costs induce higher choices
of diversification.

Moreover, the endogenous A now responds to other financial shocks as well. By re-

incorporating the second sector and taking ratios, we have

(i(Ap)1—Ap (( KPAGA )2. (A.65)

((Ap)1—Ay  \(1-k)¢pop
The left-hand-side of (A.65) is increasing in A 4 /A p. Thus, we may think about how relative
diversification incentives are affected by other shocks.
For example, consider ¢4 T and 64 |, both of which generate reallocation towards sector
A (ie., kK T), as discussed in Section 1.4. An increase in ¢4, which increases sectoral bor-
rowing from intermediaries, unambiguously increases relative diversification A 4/Ap. Con-
versely, a decrease in &4, which increases all market participants’ incentives to invest in
the affected sector, may actually decrease financiers’ relative diversification Ay/Apg. En-
dogenous diversification thus amplifies reallocation when ¢4 1 and dampens reallocation
when 64 |. Intuitively, ¢4 1 is a credit demand shock, which induces a credit supply re-
sponse, while & 4 | is a credit supply shock, which induces some endogenous retrenchment of
credit supply as paying large diversification costs is no longer necessary. Lastly, any neutral
credit supply shock, i.e., a shock that leaves k relatively unaffected, cannot affect relative

diversification motives.
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A.3.3 Differentiated Goods

For analytical tractability, I have assumed that the consumption goods of sectors A and B are
perfect substitutes. In this appendix, I allow the goods to be differentiated as a robustness

exercise. In particular, I replace agents’ utility functions (1.1) with

U = Et[/too pe_p(s_t) log(cs)ds],

where ¢ := PP is a Cobb-Douglas aggregate of the sector A good a and the sector B
good b. Cobb-Douglas implies the two consumption goods have expenditure shares of 1 — f3,
B. T assume the composite good c is the numeraire. Let the relative prices of a and b be py
and pp. All other features of the model are unchanged.

With this modification, the equilibrium of Section 1.2 is modified as follows. First,
the resource constraint from Definition 1 must replaced by three goods market clearing

conditions:

1
/ GAkf}tdz :/ [aft—kaft —l—afjt]dz
0 0
1 1 A
/ GBkﬁdz: / [b”+bft+bft]dz
0 0

1 1 1
/O (Gak{) PGk di = /O ey + cB+ cldi+ /0 kel + P kD di.

The third condition aggregates output into the numeraire basket and splits this output into
consumption and investment, which I assume is denominated in units of the numeraire.
Second, the equilibrium capital share x and total capital growth ¢ are now determined

via

e R N o (A.66)

K 1-—

= [(1 —QA)TA+ da(l— AA)fTF—m] o4~ [(1 —¢p)ip+¢p(l— AB)ﬁFﬁB] 0B
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and
L= (Gar) PG — k) -, (A.67)

where T4, g, TF_y A, TFp_ g are given in (1.13)-(1.14). Equation (A.66) is a nonlinear equa-
tion, but it has a unique solution. Indeed, as kK — 0 or kK — 1, the left-hand-side converges
to +00 and —oo, respectively, whereas the right-hand-side stays bounded. Furthermore, the
left-hand-side is strictly decreasing in x, while the right-hand-side is strictly increasing in
k. Notice that, all else equal, A 4 affects the equilibrium by reducing the right-hand-side of
equation (A.66). Consequently, k is increasing in A 4 as before — the reallocation effect. The
leverage effect survives because the formula for ' is unchanged.

Third, the goods prices are equilibrium objects. The price ratio is given by
pay 1-—BGpl—ry

_ A .68
PB.t B Gy Kt (A.68)

This “exchange rate” allows an international economics interpretation. One could interpret
sector A as domestic producers and sector B as foreign producers, with funds intermediated
by a single global financial sector. The presence of r¢ in py /pp ; implies exchange rates are
determined by global capital flows, unlike a frictionless complete-markets economy. As k¢
is influenced by financial variables like A 4, Ap and intermediary wealth 7, global financial
shocks affect exchange-rate dynamics, similar to the intermediary-centric theoretical analysis
of [38]. A diversification boom in one country can thus have spillovers to the global economy,

through leverage increases in the global financial system.

A.3.4 Investment Adjustment Costs

Suppose each sector now faces investment adjustment costs. For capital of sector z € { A, B}
to grow by ¢kdt, an insider must pay W, (¢)kdt in investment costs. Standard g-theory holds,

and optimal investment satisfies \IJ’Z(LM) = (5.t, Where ¢ is the location-invariant unit price
122



of installed capital in sector z. This capital price is presumed to follow a diffusion whose

parameters will be determined in equilibrium:
dgy s = quilpl ,dt + ol , - dZ]
Gzt = Azt My ¢ Ot t]-

I assume there is only one type of capital that can be freely traded across sectors, as in [14].
What is really necessary in a broad bust is that capital is illiquid in the aggregate, rather

than sector-by-sector. Under this assumption, g4 = q¢g = ¢, so it suffices to track
dgr = q[udt + of - dZy].
qt = qe|Hy t t

Thus, the return-on-capital from (1.5)-(1.6) are now given by

[Gz - ‘Ijz(bzgt)

dR?, =
ot qt

]

+ 12t + ,ug +o0y- aﬂ dt + [az + ag} -dZy + &deZt.
Finally, the goods and bond market clearing conditions from Definition 1 are replaced by

1 1 1
/0 [GAk{ilt + GBk’ft]di = /0 [Cf,lt + Cft + Cft + Cz’?t]di + /0 [‘I’A(Lft)k{'ilt + ‘I’B(Lft)kft]di

1 1

I no longer assume any deadweight losses from distressed investor participation. Instead,
participation cost x is assumed to be a non-pecuniary flow cost.13
To obtain simple analytical solutions, I assume V(1) = 7 Hexp(¢,1) — 1]. With this

functional form, it is possible to manipulate goods market clearing to solve for the symmetric

13. To model this, we must assume distressed investors’ period utility function is augmented by
—XEi’t()\g,i’t + /\g,i,t)dta where =;; is an appropriately-chosen process. For example, with Epstein-Zin
preferences as in Appendix A.1.2, we must choose Z;; := (ftnft)l’V in order for x to be perceived as a
scale-invariant reduction in investment returns. With non-pecuniary costs of this form, one can verify that
their portfolio choices are exactly the same as in Appendix A.1.2.
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equilibrium capital price:

1 _ -1
o HOA U3 + (-0 +u5") o
P+ R+ (1= k)Yg

where p* is the aggregate consumption-wealth ratio. In the equilibrium of Proposition 1.3.1,
the resource constraint is only ever used to obtain optimal investment. Now, it is used to
obtain the equilibrium capital price, and optimal investment is given by 14 = wzl log(q)
and 1g = @Dél log(q).

The rest of the equilibrium is determined as follows. The pricing equations for in each

sector are given by

Ga—v5t(a—1)

J +ytlog(q) +pl +oq -0l —r

>(1—¢p)oa+ol-mg+daloa+ol -7

+ (1= 0a)a7A+ ¢a(s4 — 04+ 0% -7)

Gp—vg'(g—1)
q

> (1 -¢p)lop +0i]-mp+éplop+ 097

+ g log(q) + pl +op -0l —r

+ (1 —¢p)opip+ ¢p(sp —op + ] - 7),

where m4 and 7mp are insiders’ shadow aggregate risk prices, 7 is the traded aggregate risk
price, and 74, 7B, TF_ A, TF— g are idiosyncratic risk prices defined in Proposition 1.3.1.
The formula for equilibrium spreads is the same as Proposition 1.3.1 with o, replaced by

o, + o?:

T
1—=x

sy —[os 409 7= z[u — A)bip .+ C— (C—x - (1- Az)frzﬁp_)z)Jr]

+(-2)[x— (= C- (1= A)eerps.) ], ze{A B}, (AT0)
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Take the difference between the sectoral pricing equations (assuming equality) to obtain

g Ga=G— Wyl —vphe=1)

q (W' —vph) loglg) + (04 — o) - o

~(L=9a)oa+0 74— daloa+0 71— (1—da)a7a—¢a(s4— 04+ 7)

+ (1 —¢p)lop+ 0] -mp+éplop + 0 -7+ (1 —¢p)opip + ép(sp —[op + o] - 7).

Since ¢ is determined by (A.69), u? and 09 can be obtained by It6’s formula. Therefore, H
is an explicit function of the state variables («, 1, ), conditional on (k, (). As in Proposition

1.3.1, (k,() are determined by the nonlinear system

0=min {¢, A — A — AB}

0 = min {1 — K, HJr} — min {Ii, (—H)Jr},
where H is defined above.

A.8.5 Busts as Flight-to-Safety Episodes

Here, we consider an alternative model which also generates busts due to financiers’ leverage
constraint. Consider the economy from Section 1.3 without distressed investors (i.e., set
X = +0o0) and without the overlapping generations structure (i.e., set 6 = 0). Introduce a
new production technology as follows.

With k£ > 0 units of capital, this technology produces rk, with r < min(G 4, Gg). Despite
being less productive, this technology is safer, in the sense that capital is riskless while being
used as an input in this technology. There is a rental market for this capital, which must
have rental rate r, because of the linear production technology and absence of capital-quality

shocks.
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In this economy, the goods and bond market clearing conditions are modified to read

1 1 1
1
/0 (G akfy + Gpkfy + 1 K ]di = /0 i + B, + cfy)di + - /0 (AI{y + dIP + dI; j)di

1 1
AL B, Fi; A B .
/0 (i + iy + g ldi = /0 ki + ki + K] di,

where K; and dl; are the capital stock and investment flow into the riskless sector. As
before, I will study a symmetric equilibrium, with state variables K; := fol [kflt - szt + K] di,
1 : 1 . 1 _
ne = (Jy nftdz)/Kt, and oy = ([ nf}tdz)/(fo [nf}t + nft]dz).
Using the definition of the aggregate investment rate ¢4 and optimality conditions for

consumption, we may re-write the goods market clearing condition as
wlkGyg + (1= k)Gl + (1 —w)r = (1 =n)p+npp + ¢, (A.71)

after scaling by K¢. In (A.71), w is the capital share in either of the risky technologies A
or B, whereas k is the share, among the risky capital, in sector A. It is clear that, holding
fixed n and &, a decline in w must reduce economic growth ¢.

Finally, I allow any agent to access this technology, which implies r+ > r by absence of

arbitrage. This implies the complementary-slackness condition
re>r, w <1, and (1—w)(ry—1)=0. (A.72)

Because safe capital allocation implies lower production and growth, I will refer to times
with wy < 1 as periods of misallocation.

By repeating the arguments of Propositions 1.3.1 and A.1.3, we may characterize the
equilibrium. First, we find that equation (1.24) for ¢ still holds. However, we must modify

equation (1.27) for k to account for the fact that risk prices are now scaled by the risky
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capital share w. Indeed, insiders’ and financiers’ idiosyncratic risk prices are now given by
WITF—4, WIF,pB, wig, and wip,

where Tp_, 4, Tp_ g, T4, 7R are defined in (1.13) and (1.14). Similarly, aggregate risk prices

are now given by
wm, wry, and wmpg,

where 7,74, g are defined in the statement of Proposition 1.3.1. Equilibrium spreads are

now given by

sAg—wog -T=C+w(l—AQ)04TF 2

sp—wop -7T:<+w(1 —AB)&Bﬁ'F_)B.
Using those definitions, we have the following equation for x:

0=min{l —x, H"} —min {x, (-H)"} (A.73)
H:=G4—Gp—¢a54+¢psp —w(l —oa)log ma+ 07 4]

+w(l —¢p)lop - 7p + p7R].

The equilibrium can be characterized by taking x as given and solving for (w,(,r). The

result is in the following lemma.

Lemma A.3.4. Equilibrium in the model with a positive-net-supply safe technology requires

w = min(1, @, w*(0)) (A.74)
C = 1{@§1} maX(O, C*) (A75)
r= 1{w<1}£+ 1{w:1}7”*(o, (A.76)
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where

= (kpa+ (1 — K)dp) 'nA (A.77)
w*(g) — RGA—’_(1_I€)GB_£_C(R¢A+(]‘_K>¢B)
(72 + 72, + 72 ) + (L= m)a([mal2 + 72) + (1 — a)(|7p|2 + 7%)]
(A.78)
¢ = ! KGa+ (1= R)Gp -1 —an(|n|? + 7%, 4+ 72,5 (AT9)

koA + (1 —K)oB
— oL =n)(a(|rall® +7%) + (1 — a)(|l7p|* + 7))
r*(¢) == kG g+ (1 —=K)Gp — ((kpa + (1 — K)dB) (A.80)

2 | 2 ) 2 2 2 | 2
—n(7l” + 74+ Tpp) — L —n)lallmall” +7%) + 1 — ) ([l7pl” + 7p)]-

Proof. When the leverage constraint in (1.24) binds, we may substitute financiers’ optimal
portfolios, along with equilibrium spreads, to get w = @ from (A.77). At the same time, we
may sum insiders’ pricing conditions, the generalizations of (A.40) and (A.41) which account
for w, each weighted by x and 1 — k respectively, to construct an equation F(w,(,r) =0
that holds in equilibrium. When w = 1, we have F(1,{,r) = 0. This defines 7*({) in
(A.80). When w < 1, we have r = r by complementary-slackness condition (A.72), and so
F(w,(,r) = 0. This defines w*(¢) in (A.78). Note that, by their definitions, w*({) < 1 if
and only if 7*({) < r. Finally, define ¢* by (A.79), which is the solution to @ = w*(().
Armed with these arguments, consider the following mutually exclusive and completely

exhaustive cases:

e Suppose @ > 1. Then, n (ko4 + (1 — K)odp) < A, so (1.24) implies ¢ = 0. Thus,

equation (A.75) holds in this case. Consider the following sub-cases.

— Suppose w*(0) > 1. This implies w = 1 in which case r = r*(0). Thus, (A.74)
and (A.76) hold.
— Suppose w*(0) < 1. This implies w = w*(0) in which case r = r. Thus, (A.74)

and (A.76) hold.
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e Suppose w < 1. Consider the following sub-cases.

— Suppose w*(0) > @. Then, ¢* > 0. Hence, we may set w =@, ( =(*, and r =1
to satisfy (A.74), (A.75), and (A.76). To see that this is the unique option, notice
that either w = w*(0) or w = 1 imply wy (ko4 + (1 — K)pg) > A, which is a

violation of (1.24) except in the trivial case w = @.

— Suppose w > w*(0). Then, ¢* < 0. Hence, we are required to set w = w*(0),

¢ =0, and r = r in order to satisfy (A.74), (A.75), and (A.76).
This completes the proof, since (A.74), (A.75), and (A.76) hold in all cases. O

To solve for equilibrium s, we solve equation (A.73), using the results of Lemma A.3.4.
This is a nonlinear equation, which must in general be solved numerically. In the case where
sectors A and B are exactly symmetrical (i.e., G4 = Gp, ¢4 = ¢, 04 =g, |loall = llogll,
and Ay = Ap), the equilibrium simplifies as the solution must be x = 1/2 from (A.73). In
this simple case, we can clearly illustrate the flight-to-safety episode induced by the presence
of the leverage constraint.

Indeed, we have

O<len<n=a¢/
and

(G —1)o/A— 56%(||o]|* + (1 — A)%62)

O S S = G T o h — T (loR 4 (1= A6 1 (1= 02 ([o P+ 52)

Thus, w = & < 1 if and only if!4

n<ni Ans.

14. Note that if
o

B B B 2
(/N1 = ¢/N(G —1) > (6/N)(1 = ¢)*(loll* + %) + (1 = 6/N) S (llo]]” + (1 = 4)*6%),
then nj < n3, so that a binding leverage constraint and and misallocation are equivalent, i.e., they occur at

exactly the same times. This result is analogous to part (ii) of Proposition 1.3.5.
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Thus, the “leverage effect” we have described in the main text can lead to real effects through
misallocation. If diversification A increases enough, such that ; drifts downwards, eventually
financiers’ leverage constraints will bind. Binding constraints imply misallocation in the sense
that i < 1. This is the notion of “endogenous bust” discussed in the main text. Furthermore,
a subsequent negative aggregate shock lowers 7; even more, which reduces w; one-for-one,
evidently from equation (A.77). This is the leverage-induced “instability” discussed in the
main text. In summary, analogously to the main text, a model with the possibility of
flight-to-safety can generate diversification-induced cycles which are both endogenous and

unstable.
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A.4 Empirical Analysis

A.4.1 Historical Applications of Diwversification Improvements

In the introduction, I have discussed the plausibility of a diversification-fueled boom in US
housing markets during the 1990s-2000s. Mortgage securitization occurred at least four
other times in US history: in the 1850s, 1880s, 1920s, and 1980s. In the 1850s, a market
developed for securitization of railroad-adjacent farm loans, coinciding with a US railroad
boom and preceding the broader Panic of 1857.15 In the 1880s, US agriculture boomed as
farm mortgages were increasingly securitized, preceding the Panic of 1893.16 In the 1920s,
prior to the Great Depression, residential and commercial real estate loans securitization
boomed, coinciding with a construction boom.”

In the 1980s, financial sector diversification increased for two separate reasons. First, a
market for prime-rated mortgage securitization emerged as government-sponsored enterprises
(GSEs) Fannie Mae and Freddie Mac increased their participation in residential mortgage
markets.!8 Second, state-level deregulations of the commercial banking sector integrated
many local lending markets, and this may have disproportionately applied to household
finance.' The 1980s boom ended in a broad bust, the so-called savings and loan crisis. My

model could apply to these four episodes, insofar as diversification waves generate better

risk-sharing for financiers in these markets.

15. See [79] and [15].
3

[79]
16. See [30], [83], and [84].
17. See [43], [90], [85], and [31].
18. See [35].

19. See [74] for cross-sectional evidence that these deregulations caused a credit boom and made the
subsequent bust larger.
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A.4.2  Qualitative Support: Why the Model Applies to the US Housing
Cycle

In addition to the reallocation and leverage patterns documented in figure 1.1, here I provide
some more qualitative support for the mechanism of the model. First, the model requires
that the increase in securitization actually improves diversification of mortgage loans. This is
not necessarily true a priori: one possibility is that securitization of mortgage loans increases
simply because the volume of mortgage lending increases. Figure A.1 rejects this by showing
that RMBS increase dramatically as a share of total household credit in the US. Moreover,
non-agency MBS rise as a share of all MBS. Private label securitizations may be particularly
important for diversification, because prior to the securitization boom, the types of loans in

these pools were those most likely to be held on banks’ balance sheets until maturity.

Figure A.1: Securitization of household
credit. “RMBS / Household Credit”
sums both agency and non-agency
RMBS and divides by the total house-
hold credit outstanding. “Non-Agency
MBS Share” divides non-agency MBS
: ‘ ‘ ‘ by total MBS outstanding. Source:
" SIFMA and Flow of Funds.

----- RMBS / Household Credit Non-Agency MBS Share ‘

Second, it is crucial for my results that diversification in the housing market increases
more than diversification in the corporate credit market. This turns out to be true, if we
measure diversification by securities, which are likely to be broadly held. Figure A.2 shows
that mortgage securities outstanding were equal to corporate securities outstanding in 1990,
but nearly double by 2007.

Third, my model assumes that the financial sector will adapt to an environment with
better mortgage diversification by taking more housing-related risks onto their balance sheets.
Figure A.3 shows that commercial banks do indeed hold more housing-related assets on

their balance sheets through the housing boom. Notice this series qualitatively mimics the
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Figure A.2: Mortgage versus Corpo-
rate Securities. “Mortgage Securities”
are traded securities where the under-
lying assets are mortgages. “Corpo-
rate Securities” sums corporate bonds
and any securitized bank loans. Source:
1980 1990 2000 2010 SIFMA.

Year

4000 6000 8000
|
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|

----- Mortgage Securities Corporate Securities

household credit share from figure 1.1.

A2

Figure A.3: Commercial bank risk-
taking in housing markets. “RE Loans
/ Assets” refers to real estate loans held
on bank balance sheets, relative by as-
sets. “MBS / Assets” are mortgage-
backed securities held, relative to as-
sets. Source: Call Reports.

T
A
MBS / Assets

RE Loans / Assets
.08

©
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Year

----- RE Loans / Assets MBS / Assets

Similarly, figure A.4 shows that price-to-cash-flow ratios in capital and housing markets
do not move in lockstep, suggestive of some sectoral asymmetry in this boom period. The

price-rent ratio is obtained from Lincoln Institute.2"

100
)

80
|

Figure A.4: The price-dividend ratio on
the S&P 500 and a measure of house
prices relative to the rental rate on
housing services. The house price-rent
ratio is obtained from Lincoln Institute.
The plotted ratio is scaled by 3.

60

1980 1990 2000 2010

Price / Dividend =~ == === House Price / Rent

Finally, a key reason financial sector capitalization deteriorates in my model is through

20. http://datatoolkits.lincolninst.edu/subcenters/land-values
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declining financier profitability. As diversification improves in the model, financiers are
willing to accept lower risk premia on mortgages. Figure A.5 shows that commercial banks’

profitability declined marginally between the boom years 2000-2007.

T
.01

)
.
<

009

Figure A.5: Commercial bank prof-
itability. “Operating Inc / Assets” is
operating income, relative to assets.
“Interest Inc / Assets” is income from
interest payments, relative to assets.
Source: Call Reports.

.02
|

.008
Interest Inc / Assets

Operating Inc / Assets
.015
.

007

006

1995 2000 2005 2010 2015
Year

----- Operating Inc / Assets === |nterest Inc / Assets

A.4.8 Quantifying Mortgage Diversification

In this appendix, I describe more specifically the methodology to compute the diversification
index of Section 1.5.1. Start by defining an aggregate mortgage return during month & of

year t:
k—1 E = E wy R k—1 k
t+ g =ttt 7 b Gt 12 tt1g

Settm c . . .
where wy 4 1= 5 TG are origination weights:

o Set g Ty

my; := portfolio mortgages originated to location ¢ in year ¢

)

syt := securitized mortgages originated to location ¢ in year .

r is proxied by the housing return in

The location-specific mortgage return RE, I R

location ¢ and month k of year ¢, taken from CoreLogic. This is the return building block for

r allows me to extract the idiosyncratic

all other returns. The aggregate return Rt PRl gk

components of all other returns.
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In an analogous fashion, define the mortgage return for intermediary :

j) @) 5
t+k72_>t+% : %: wm el bt el ke T E,th+%—>t+1—’“2
where
(1) (i)
i My ¢ i Sut
Wy gy = and wg,, =
TS . , e ‘ ,
2 Sg,)t T m% 2 ng?t T méf,)t
myz := portfolio mortgages originated by lender i to location ¢ in year t
3?2 := sold mortgages originated by lender 7 to location ¢ in year t.

Note that any mortgages originated by intermediary ¢ which are then sold off within the
(1)

same year are captured by s 4 I make the assumption that these sales return the aggregate

return R prhol oy ko which is subject to no idiosyncratic risk. Loans not sold are captured
Tz
(4)

by My} These loans are assumed to get the location-specific return RE, S

Next, I define “idiosyncratic returns” by subtracting the aggregate return:

R@t—k% T il i _Rt+1—21—>t+%
200 _ g =
t+’“—2 t+5 bl dy T G ot
The (monthly) idiosyncratic variances in year t are then given by
12
2 2
2 1
Vig = 12 kZ:l (Ré k=L —>t+12> 12 ZR£ AN —>t+12)
12 12
2 _ 1 ( = ){(i (i) )2
Vit = 12 21 t+El e B 12 ZRH@HH%

In this computation, I am using the fact that the returns are computed monthly, while the

originations and securitizations data are only available at a yearly frequency.
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I average over locations and intermediaries to get the volatilities that I want:

a't = wa,tvf,t
4

oA =Y witVig
i

where

(1) , (1)

iy Z Myt 54
M e ) )
2205 My T Spry

Note that we necessarily have g5 ; < ¢, because correlations between the loans in lender’s
portfolios are less than 1, while loan-level volatilities are proxied by location-specific volatil-
ities.

Finally, in the symmetric equilibrium, the following equation relates financiers’ housing

risk 6 A to the fundamental housing risk ¢ and the level of diversification A:

(1 —A)é =0da = idio volatility of unlevered mortgage portfolio.

Thus, I define

At :=1—0p4/0t

by inverting this relation. The units of A; are the fraction of fundamental housing risk
that are eliminated from lender’s portfolios, either through loan sales and securitizations, or

through geographic diversification.
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