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ABSTRACT

This thesis develops statistical machine learning methodology for three distinct tasks. Each

method blends classical statistical approaches with machine learning methods to provide

principled solutions to problems with complex, heterogeneous datasets. The first frame-

work proposes two methods for high-dimensional shape-constrained regression and classi-

fication. These methods reshape pre-trained prediction rules to satisfy shape constraints

like monotonicity and convexity. The second method provides a nonparametric approach

to the econometric analysis of discrete choice. This method provides a scalable algorithm

for estimating utility functions with random forests, and combines this with random effects

to properly model preference heterogeneity. The final method draws inspiration from early

work in statistical machine translation to construct embeddings for variable-length objects

like mathematical equations.
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INTRODUCTION

Statistical machine learning blends statistical approaches with modern machine learning

tools and algorithms to provide principled methods for data analysis. These tools provide

scalable and accurate procedures rooted in statistical principles. As datasets become larger,

higher dimensional, and more complex, new tools are required to make better predictions,

satisfy qualitative constraints, and account for heterogeneity. This thesis introduces several

statistical machine learning methods for complex, heterogeneous data.

Shape constraints arise naturally in many real-world situations. For example, holding

all other variables constant, we might expect that housing prices are a decreasing function

of neighborhood crime rate, and that utility is a concave, increasing function of income.

Shape constrained estimators allow practitioners to impose qualitative assumptions on the

regression function without appealing to parametric models.

Shape-constrained estimation has an extensive history of research focused on topics such

as monotone, unimodal, and convex regression and log-concave density estimation. However,

classical methods for shape-constrained regression suffer from the curse of dimensionality. On

the other hand, machine learning approaches like random forests and gradient boosting have

been shown to obtain outstanding empirical performance on high-dimensional prediction

tasks.

Chapter 1 proposes two methods for shape-constrained prediction that blend the clas-

sical least-squares approach to shape-constraints with machine learning methods for high-

dimensional regression and classification. The first method can be applied to any black box

prediction rule, while the second is focused on random forests. Algorithms are developed for

computing the estimators efficiently. This work was done jointly with Rina Foygel Barber,

Sabyasachi Chatterjee, and John Lafferty, and was published in ICML 2018 Bonakdarpour

et al. (2018).

Chapter 2 describes Random Choice Forests (RCFs), a method for estimating discrete

choice models with random forests. Discrete choice models are appropriate for situations
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in which agents are each making choices from a finite set of alternatives, and attributes are

observed for both agents and items. Once a discrete choice model is estimated, it can be used

to make predictions about future choices. They can also be used to answer counterfactual

questions about how aggregate demand would change as a function of various attributes (e.g

price). We discuss discrete choice models in more detail in Chapter 2. An efficient tree-

growing algorithm is developed, along with a two-stage procedure for estimating random

forests with random effects. This work was done jointly with Min Xu and John Lafferty.

Finally, in Chapter 3, we propose a general framework for constructing embeddings for

arbitrary objects. Word embeddings in particular have become a popular tool in natural lan-

guage processing. A word embedding is a mapping from a discrete vocabulary of words to

a vector space. Embeddings are constructed so that semantically similar words are mapped

to nearby vectors. Approaches for constructing word embeddings can be viewed as fea-

ture engineering tools, and they have been shown to be useful for many downstream NLP

tasks. Drawing inspiration from early work in statistical machine translation, we propose

a method for constructing embeddings for variable-length objects such as words, sentences,

and mathematical equations.

2



CHAPTER 1

PREDICTION RULE RESHAPING

1.1 Abstract

Two methods are proposed for high-dimensional shape-constrained regression and classifi-

cation. These methods reshape pre-trained prediction rules to satisfy shape constraints like

monotonicity and convexity. The first method can be applied to any pre-trained prediction

rule, while the second method deals specifically with random forests. In both cases, efficient

algorithms are developed for computing the estimators, and experiments are performed to

demonstrate their performance on four datasets. We find that reshaping methods enforce

shape constraints without compromising predictive accuracy.

1.2 Introduction

Shape constraints like monotonicity and convexity arise naturally in many real-world regres-

sion and classification tasks. For example, holding all other variables fixed, a practitioner

might assume that the price of a house is a decreasing function of neighborhood crime rate,

that an individual’s utility function is concave in income level, or that phenotypes such as

height or the likelihood of contracting a disease are monotonic in certain genetic effects.

Parametric models like linear regression implicity impose monotonicity constraints at

the cost of strong assumptions on the true underlying function. On the other hand, non-

parametric techniques like kernel regression impose weak assumptions, but do not guarantee

monotonicity or convexity in their predictions. Shape-constrained nonparametric regression

methods attempt to offer the best of both worlds, allowing practitioners to dispense with

parametric assumptions while retaining many of their appealing properties.

However, classical approaches to nonparametric regression under shape constraints suffer

from the curse of dimensionality (Han and Wellner, 2016; Han et al., 2017). Some methods
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have been developed to mitigate this issue under assumptions like additivity, where the

true function f is assumed to have the form f(x) =
∑
j fj(xj) + c, where a subset of the

component fj ’s are shape-constrained (Pya and Wood, 2015; Chen and Samworth, 2016;

Xu et al., 2016). But in many real-world settings, the lack of interaction terms among the

predictors can be too restrictive.

Approaches from the machine learning community like random forests, gradient boosted

trees, and deep learning methods have been shown to exhibit outstanding empirical per-

formance on high-dimensional tasks. But these methods do not guarantee monotonicity or

convexity.

In this paper, we propose two methods for high-dimensional shape-constrained regression

and classification. These methods blend the performance of machine learning methods with

the classical least-squares approach to nonparametric shape-constrained regression.

In Section (1.3.1), we describe black box reshaping, which takes any pre-trained predic-

tion rule and reshapes it on a set of test inputs to enforce shape constraints. In the case

of monotonicity constraints, we develop an efficient algorithm to compute the estimator.

Section (1.3.2) presents a second method designed specifically to reshape random forests

(Breiman, 2001). This approach reshapes each individual decision tree based on its split

rules and estimated leaf values. Again, in the case of monotonicity constraints, we present

another efficient reshaping algorithm. We apply our methods to four datasets in Section (1.4)

and show that they enforce the pre-specified shape constraints without sacrificing accuracy.

1.2.1 Related Work

In the context of monotonicity constraints, the black box reshaping method is related to the

method of rearrangements (Chernozhukov et al., 2009, 2010). The rearrangement operation

takes a pre-trained prediction rule and sorts its predictions to enforce monotonicity. In higher

dimensions, the rearranged estimator is the average of one-dimensional rearrangements. In

contrast, our methods focus on isotonization of prediction values, jointly reshaping multiple

4



dimensions in tandem. It would be interesting to explore adaptive procedures that average

rearranged and isotonized predictions in future work.

Monotonic decision trees have previously been studied in the context of classification.

Several methods require that the training data satisfy monotonicity constraints (Potharst

and Feelders, 2002; Makino et al., 1996), a relatively strong assumption in the presence of

noise. The methods we propose here do not place any restrictions on the training data.

Another class of methods augment the score function for each split to incorporate the

degree of non-monotonicity introduced by that split (Ben-David, 1995; González et al., 2015).

However, this approach does not guarantee monotonicity. Feelders and Pardoel (2003) apply

pruning algorithms to non-monotonic trees as a post-processing step in order to enforce

monotonicity. For a comprehensive survey of estimating monotonic functions, see Gupta

et al. (2016) .

A line of recent work has led to a method for learning deep monotonic models by alter-

nating different types of monotone layers (You et al., 2017). Amos et al. (2017) propose a

method for fitting neural networks whose predictions are convex with respect to a subset of

predictors.

Our methods differ from this work in several ways. First, our techniques can be used to

enforce both monotonic and convex/concave relationships. Unlike pruning methods, neither

approach presented here changes the structure of the original tree. Black box reshaping,

described in Section (1.3.1), can be applied to any pre-trained prediction rule, giving prac-

titioners the flexibility of picking the method of their choice. And both methods guarantee

that the intended shape constraints are satisfied on test data.

1.3 Prediction Rule Reshaping

In what follows, we say that a function f : Rd → R is monotone with respect to variables

R ⊆ [d] = {1, . . . , d} if f(x) ≤ f(y) when xi ≤ yi for i ∈ R, and xi = yi otherwise.

Similarly, a function f is convex in R if for all x, y ∈ Rd and α ∈ [0, 1], f(αx+(1−α)y) ≤

5



αf(x) + (1− α)f(y) when xi = yi ∀i /∈ R.

1.3.1 Black Box Reshaping

Let f̂ : Rd → R denote an arbitrary prediction rule fit on a training set and assume we

have a candidate set of shape constraints with respect to variables R ⊆ [d]. For example,

we might require that the function be monotone increasing in each variable v ∈ R.

Let F denote the class of functions that satisfy the desired shape constraints on each

predictor variable v ∈ R. We aim to find a function f∗ ∈ F that is close to f̂ in the L2

norm:

f∗ = arg min
f∈F

‖f − f̂‖2 (1.3.1)

where the L2 norm is with respect to the uniform measure on a compact set containing

the data. We simplify this infinite-dimensional problem by only considering values of f̂ on

certain fixed test points.

Suppose we take a sequence t1, t2, . . . , tn of test points, each in Rd, that differ only in their

v-th coordinate so that tik = ti
′
k for all k 6= v. These points can be ordered by their v-th coor-

dinate, allowing us to consider shape constraints on the vector (f(t1), f(t2), ..., f(tn)) ∈ Rn.

For instance, under a monotone-increasing constraint with respect to v, if t1v ≤ t2v ≤ · · · ≤ tnv ,

then we consider functions f such that (f(t1), f(t2), ..., f(tn)) is a monotone sequence.

There is now the question of choosing a test point t as well as a sequence of values t1v, ..., t
n
v

to plug into its v-th coordinate. A natural choice is to use the observed data values as both

test points and coordinate values.

Denote Dn = {(x1, y1), . . . , (xn, yn)} as a set of observed values where yi is the response

and xi ∈ Rd are the predictors. From each xi, we construct a sequence of test points that

can be ordered according to their v-th coordinate in the following way. Let xi,k,v denote the

observed vector xi with its v-th coordinate replaced by the v-th coordinate of xk, so that

xi,k,v = (xi1, x
i
2, . . . , x

i
v−1, x

k
v , x

i
v+1, . . . , x

i
d). (1.3.2)
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Figure 1.1: Two-dimensional illustration of the black box setup when reshaping the y dimen-
sion. xi,k denotes the original test point xi with its y-coordinate replaced by the y-coordinate
of xk. Dark gray nodes represent the original observed points. For monotonicity constraints,
a directed edge from node x to node y represents the constraint f(x) ≤ f(y) on the shape-
constrained function f .

This process yields n points from xi that can be ordered by their v-th coordinate,

xi,1,v, xi,2,v, . . . , xi,n,v. We then require (f(xi,1,v), f(xi,2,v), . . . , f(xi,n,v)) ∈ Sv where

Sv ⊂ Rd is the appropriate convex cone that enforces the shape constraint for variable

v ∈ R, for example the cone of monotone increasing or convex sequences.

To summarize, for each coordinate v ∈ R and for each i ∈ [n], we:

1. Take the i-th observed data point xi as a test point.

2. Replace its v-th coordinate with the n observed v-th coordinates x1
v, ...x

n
v to produce

xi,1,v, xi,2,v, . . . , xi,n,v.

3. Enforce the appropriate shape constraint on the vector of evaluated function values,

(f(xi,1,v), f(xi,2,v), . . . , f(xi,n,v)) ∈ Sv.

See Figure (1.1) for an illustration. This leads to the following relaxation of (1.3.1):

f∗ = arg min
f∈Fn

‖f − f̂‖2 (1.3.3)

where Fn is the class of functions f such that (f(xi,1,v), f(xi,2,v), . . . , f(xi,n,v)) ∈ Sv ⊂ Rn
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for each v ∈ R and each i ∈ [n]. In other words, we have relaxed the shape constraints on

the function f , requiring the constraints to hold relative to the selected test points. However,

this optimization is still infinite dimensional.

We make the final transition to finite dimensions by changing the objective function to

only consider values of f on the test points. Letting Fi,k,v denote the value of f evaluated

on test point xi,k,v, we relax (1.3.3) to obtain the solution F ∗ = (F ∗i,k,v)v∈R,i∈[n],k∈[n] of the

optimization:

arg min
F

∑
i,k,v

(Fi,k,v − f̂(xi,k,v))2

subject to (Fi,1,v, ..., Fi,n,v) ∈ (Sv)v∈R, ∀ i ∈ [n]

(1.3.4)

However, this leads to ill-defined predictions on the original data points x1, ..., xn, since for

each v, xi,i,v = xi, but we may obtain different values F ∗i,i,v for various v ∈ R.

We avoid this issue by adding a consistency constraint (1.3.7) to obtain our final black

box reshaping optimization (BBOPT):

arg min
F

∑
i,k,v

(Fi,k,v − f̂(xi,k,v))2 (1.3.5)

subject to (Fi,1,v, ..., Fi,n,v) ∈ (Sv)v∈R, ∀ i ∈ [n] (1.3.6)

and Fi,i,v = Fi,i,w ∀ v, w ∈ R,∀ i ∈ [n] (1.3.7)

We then take the reshaped predictions to be

f∗(xi) = F ∗i,i,v

for any v ∈ R. Since the constraints depend on each xi independently, BBOPT decomposes

into n optimization problems, one for each observed value. Note that the true response values

yi are not used when reshaping. We could select optimal shape constraints on a held-out

test set.
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Intersecting Isotonic Regression

In this section, we present an efficient algorithm for solving BBOPT for the case when each

Sv imposes monotonicity constraints. Let R = |R| denote the number of monotonicity

constraints.

When reshaping with respect to only one predictor (R = 1), the consistency constraints

(1.3.7) vanish, so the optimization decomposes into n isotonic regression problems. Each

problem is efficiently solved in Θ(n) time with the pool adjacent violators algorithm (PAVA)

(Ayer et al., 1955).

For R > 1 monotonicity constraints, BBOPT gives rise to n independent intersecting

isotonic regression problems. The k-th problem corresponds to the k-th observed value xk;

the “intersection” is implied by the consistency constraints (1.3.7). For each independent

problem, our algorithm takes O(m logR) time, where m = n×R is the number of variables

in each problem.

We first state the general problem. Assume v1, v2, . . . , vK are each real-valued vectors

with dimensions d1, d2, . . . , dK , respectively. Let ij ∈ {1, . . . , dj} denote an index in the j-th

vector vj . The intersecting isotonic regression problem (IISO) is:

minimize
(v̂k)Kk=1

K∑
k=1

‖v̂k − vk‖2

subject to v̂k1 ≤ v̂k2 ≤ · · · ≤ v̂kdk
, ∀ k ∈ [K]

and v̂1
i1

= v̂2
i2

= · · · = v̂KiK

(1.3.8)

First consider the simpler constrained isotonic regression problem with a single sequence
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Algorithm 1 IISO Algorithm

1. Apply PAVA to each of the 2K tails.
2. Combine and sort the left and right tails separately.
3. Find segment s∗ in between tail values where the derivative g′(η) changes sign.
4. Compute c∗, the minimizer of g(c) in segment s∗.

v ∈ Rd, index i ∈ [d], and fixed value c ∈ R

minimize
v̂

‖v̂ − v‖2

subject to v̂1 ≤ v̂2 ≤ · · · ≤ v̂d

and v̂i = c

(1.3.9)

Lemma 1.3.1. The solution v∗ to (1.3.9) can be computed by using index i as a pivot and

splitting v into its left and right tails, so that ` = (v1, v2, . . . , vi−1) and r = (vi+1, . . . , vd),

then applying PAVA to obtain monotone tails ̂̀ and r̂. v∗ is obtained by setting elements of̂̀ and r̂ to

`∗k = min(̂̀k, c)
r∗k = max(r̂k, c)

(1.3.10)

and concatenating the resulting tails so that v∗ = (`∗, c, r∗) ∈ Rd.

We now explain the IISO Algorithm presented in Algorithm (1). First divide each vector

vj into two tails, the left tail `j and the right tail rj , using the intersection index ij as a

pivot,

vj = (v
j
1, v

j
2, . . . , v

j
(ij−1)︸ ︷︷ ︸

`j

, v
j
ij
, v
j
(ij+1)

, v
j
(ij+2)

, . . . , v
j
dj︸ ︷︷ ︸

rj

).

resulting in 2K tails {`1, . . . , `K , r1, . . . , rK}.

Step 1 of Algorithm (1) performs an unconstrained isotonic regression on each tail using

PAVA to obtain 2K monotone tails {̂̀1, . . . , ̂̀K , r̂1, . . . , r̂K}. This can be done in Θ(n) time,

where n is the total number of elements across all vectors so that n =
∑K
i=1 di.
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Given the monotone tails, we can write a closed-form expression for the IISO objective

function in terms of the value at the point of intersection.

Let c be the value of the vectors at the point of intersection so that c = v̂1
i1

= v̂2
i2

=

· · · = v̂KiK
. For a fixed c, we can solve IISO by applying Lemma (1.3.1) to each sequence

separately. This yields the following expression for the squared error as a function of c:

g(c) =
K∑
k=1

(c− vkik)2 +
K∑
k=1

ik−1∑
i=1

(`ki −min(̂̀ki , c))2 +
K∑
l=1

dl∑
j=il+1

(rlj −max(r̂lj , c))
2 (1.3.11)

which is piecewise quadratic with knots at each ̂̀ki and r̂lj . Our goal is to find c? = minc g(c).

Note that g(c) is convex and differentiable.

We proceed by computing the derivative of g at each knot, from smallest to largest, and

finding the segment in which the sign of the derivative changes from negative to positive.

The minimizer c∗ will live in this segment.

Step 2 of Algorithm (1) merges the left and right sorted tails into two sorted lists. This

can be done in O(n logK) time with a heap data structure. Step 3 computes the derivative

of the objective function g at each knot, from smallest to largest, searching for the segment in

which the derivative changes sign. Step 4 computes the minimizer of g in the corresponding

segment. By updating the derivative incrementally and storing relevant side information,

Steps 3 and 4 can be done in linear time.

The total time complexity is therefore O(n log(K)).

1.3.2 Reshaping Random Forests

In this section, we describe a framework for reshaping a random forest to ensure monotonicity

of its predictions in a subset of its predictor variables. A similar method can be applied

to ensure convexity. For both regression and probability trees (Malley et al., 2012), the

prediction of the forest is an average of the prediction of each tree; it is therefore sufficient

to ensure monotonicity or convexity of the trees. For the rest of this section, we focus on
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p2

xv ≤ t2 xv > t2

p1 `3

`1 `2

xv ≤ t1 xv > t1

Figure 1.2: An illustration motivating the random forest reshaping method. The only nodes
that split on the shape-constrained variable v are p1 and p2. Assume x ∈ Rd drops down to
leaf `1 and that, holding all other variables constant, increasing xv beyond t1 and t2, results
in dropping to leaves `2 and `3, respectively. To enforce monotonicity in v for this point, we
need to ensure leaf values µ` follow µ`1 ≤ µ`2 ≤ µ`3 .

reshaping individual trees to enforce monotonicity.

Our method is a two-step procedure. The first step is to grow a tree in the usual way.

The second step is to reshape the leaf values to enforce monotonicity. We hope to explore

the implications of combining these steps in future work.

Let T (x) be a regression tree and R ⊆ [d] a set of predictor variables to be reshaped.

Let x ∈ Rd be an input point and denote the k-th coordinate of x as xk. Assume v ∈ R

is a predictor variable to be reshaped. The following thought experiment, illustrated in

Figure (1.2), will motivate our approach.

Imagine dropping x down T until it falls in its corresponding leaf, `1. Let p1 be the

closest ancestor node to `1 that splits on v and assume it has split rule {xv ≤ t1}. Holding

all other coordinates constant, increasing xv until it is greater than t1 would create a new

point that drops down to a different leaf `2 in the right subtree of p1.

If `1 and `2 both share another ancestor p2 farther up the tree with split rule {xv ≤ t2},

increasing xv beyond t2 would yield another leaf `3. Assume these leaves have no other

shared ancestors that split on v. Denoting the value of leaf ` as µ`, in order to ensure

monotonicity in v for this point x, we require µ`1 ≤ µ`2 ≤ µ`3 .

We use this line of thinking to propose a framework for estimating monotonic random
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x2 x1

x1 `3

≤
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1

r1 x2

r2 r3

≤
3 >

3
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1

`1 `2
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2 >
2

x2 ≤ 1

x2 > 1

x1 ≤ 2 x1 > 2

`1 `2

`3

x2 ≤ 3

x2 > 3

x1 ≤ 1 x1 > 1

r1
r2

r3

Figure 1.3: Suppose we have three variables (x1, x2, x3) and when we split on reshaped
variable x3, the left and right subtrees and their corresponding cells are as shown above.
By examination, any point that drops to `2 can only travel to r2 when its x3 coordinate is
increased. By this logic, the exact estimator would use the six constraints , µ`2 ≤ µr2 , µ`1 ≤
µr1 , µ`1 ≤ µr2 , µ`3 ≤ µr1 , µ`3 ≤ µr2 , µ`3 ≤ µr3 , whereas the over-constrained estimator
would use all nine pairwise constraints.

forests and describe two estimators that fall under this framework.

Exact Estimator

Each leaf ` in a decision tree is a cell (or hyperrectangle) C` which is an intersection of

intervals

C` =
d⋂
j=1

{x : xj ∈ I`j}

When we split on a shape-constrained variable v with split-value t, each cell in the left

subtree is of the form Cl = C̄l ∩{x : xv ≤ t} and each cell in the right subtree is of the form

Cr = C̄r ∩ {x : xv > t}.

For cells l in the left subtree and r in the right subtree, our goal is to constrain the

corresponding leaf values µl ≤ µr only when C̄l∩C̄r 6= ∅. See Figure (1.3) for an illustration.

We must devise an algorithm to find the intersecting cells (l, r), and add each to a constraint

set E. This can be done efficiently with an interval tree data structure.
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Assume there are n unique leaves appearing in E. The exact estimator is obtained by

solving the following optimization:

min
(µ̂`)

n
`=1

n∑
`=1

(µ` − µ̂`)2

subject to µ̂i ≤ µ̂j ∀ (i, j) ∈ E

(1.3.12)

where µ` is the original value of leaf `.

This is an instance of L2 isotonic regression on a directed acyclic graph where each leaf

value µ` is a node, and each constraint in E is an edge. With n vertices and m edges, the

fastest known exact algorithm for this problem has time complexity Θ(n4) (Spouge et al.,

2003), and the fastest known δ-approximate algorithm has complexity O(m1.5 log2 n log n
δ )

(Kyng et al., 2015).

With a corresponding change to the constraints in Equation (1.3.12), this approach ex-

tends naturally to convex regression trees. It can also be applied directly to probability trees

for binary classification by reshaping the estimated probabilities in each leaf.

Over-constrained Estimator

In this section, we propose an alternative estimator that can be more efficient to compute,

depending on the tree structure. In our experiments below, we find that computing this

estimator is always faster.

Let Ep denote the set of constraints that arise between leaf values under a shape-

constrained split node p. By adding additional constraints to Ep, we can solve (1.3.12)

exactly for each shape-constrained split node in O(np log np) time, where np is the number

of leaves under p.

In this setting, each shape-constrained split node gives rise to an independent optimiza-

tion involving its leaves. Due to transitivity, we can solve these optimizations sequentially

in reverse (bottom-up) level-order on the tree.
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Let np denote the number of leaves under node p. For each node p that is split on

a shape-constrained variable, the over-constrained estimator solves the following max-min

problem:

min
(µ̂`)

np
`=1

np∑
`=1

(µ` − µ̂`)2

subject to max
`∈left(p)

µ̂` ≤ min
r∈right(p)

µ̂r

(1.3.13)

where left(p) denotes all leaves in the left subtree of p and right(p) denotes all leaves in the

right subtree.

This is equivalent to adding an edge (`, r) to E for every pair of leaves such that ` is

in left(p) and r is in right(p). All such pairs do not necessarily exist in E for the exact

estimator; see Figure (1.3). For each shape-constrained split, (1.3.13) is an instance of L2

isotonic regression on a complete directed bipartite graph.

For a given shape-constrained split node p, let ` = (`1, `2, . . . , `n1) be the values of the

leaves in its left subtree, and r = (r1, r2, . . . , rn2) be the values of the leaves in its right

subtree, indexed so that `1 ≤ · · · ≤ `n1 and r1 ≤ · · · ≤ rn2 . Then the max-min problem

(1.3.13) is equivalent to:

min˜̀,r̃
n1∑
i=1

(`i − ˜̀i)2 +

n2∑
i=1

(ri − r̃i)2

subject to ˜̀
1 ≤ ˜̀2 ≤ ... ≤ ˜̀n1 ≤ r̃1 ≤ · · · ≤ r̃n2

(1.3.14)

The solution to this optimization is of the form ˜̀
i = min(c, `i) and r̃i = max(c, ri), for

some constant c. Given the two sorted vectors ` and r, the optimization becomes:

min
c

n1∑
i=1

(`i −min(c, `i))
2 +

n2∑
i=1

(ri −max(c, ri))
2

This objective is convex and differentiable in c. Similar to the black box reshaping

method, we can compute the derivatives at the values of the data and find where it flips
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sign, then compute the minimizer in the corresponding segment. This takes O(n) time where

n = n1 +n2, the number of leaves under the shape-constrained split. With sorting, the over-

constrained estimator can be computed in O(n log n) time for each shape-constrained split

node.

We apply this procedure sequentially on the leaves of every shape-constrained node in

reverse level-order on the tree.

1.4 Experiments

We apply the reshaping methods described above to two regression tasks and two binary

classification tasks. We show that reshaping allows us to enforce shape constraints without

compromising predictive accuracy. For convenience, we use the acronyms in Table (1.1) to

refer to each method.

The BB method was implemented in R, and the OC and EX methods were implemented
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Figure 1.4: Illustrating the result of reshaping. We choose a test point at random and make
predictions with each model as we vary the predictor variable on the x-axis, holding all other
variables constant. We see in both cases that the original RF predictions are not monotone-
increasing. The Diabetes plot (1.4a) also shows the true value of the chosen data point with
an X.
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Table 1.1: Acronyms used for reshaping methods.

Method Acronym Sec

Random Forest RF -
Black Box Reshaping BB 1.3.1
Exact Estimator EX 1.3.2
Over-constrained Estimator OC 1.3.2

Table 1.2: Experimental results of 5-fold cross-validation. Accuracy is measured by mean
squared error (Diabetes), mean absolute percent error (Zillow), and classification accuracy
(Adult, Spam). Standard errors are shows in parentheses.

Method Diabetes Zillow Adult Spam

RF 3209 (377) 2.594% (0.1%) 87.0% (1.7%) 95.4% (1.3%)
BB 3210 (390) 2.594% (0.1%) 87.1% (1.8%) 95.4% (1.3%)
EX 3154 (353) - 86.8% (1.5%) 95.3% (1.2%)
OC 3155 (350) 2.588% (0.1%) 87.0% (1.5%) 95.3% (1.2%)

in R and C++, extending the R package ranger (Wright and Ziegler, 2017b); the forked

repository can be found on github1. The exact estimator from Section (1.3.2) is computed

using the MOSEK C++ package (ApS, 2017).

For binary classification, we use the probability tree implementation found in ranger,

enforcing monotonicity of the probability of a positive classification with respect to the

chosen predictors. For the purposes of these experiments, black box reshaping is applied to

a traditional random forest. The random forest was fit with the default settings found in

ranger.

We apply 5-fold cross validation on all four tasks and present the results under the

relevant performance metrics in Table (1.2).
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1.4.1 Diabetes Dataset

The diabetes dataset (Efron et al., 2004) consists of ten physiological baseline variables, age,

sex, body mass index, average blood pressure, and six blood serum measurements, for each

of 442 patients. The response is a quantitative measure of disease progression measured one

year after baseline.

Holding all other variables constant, we might expect disease progression to be mono-

tonically increasing in body mass index (Ganz et al., 2014). We estimate a random forest

and apply our reshaping techniques, then make predictions for a random test subject as we

vary the body mass index predictor variable. The results shown in Figure (1.4a) illustrate

the effect of reshaping on the predictions.

We use mean squared error to measure accuracy. The results in Table (1.2) indicate that

the prediction accuracy of all four estimators is approximately the same.

1.4.2 Zillow Dataset

In this section, the regression task is to predict real estate sales prices using property infor-

mation. The data were obtained from Zillow, an online real estate database company. For

each of 206,820 properties, we are given the list price, number of bedrooms and bathrooms,

square footage, build decade, sale year, major renovation year (if any), city, and metropolitan

area. The response is the actual sale price of the home.

We reshape to enforce monotonicity of the sale price with respect to the list price. Due

to the size of the constraint set, this problem becomes intractable for MOSEK; the results

for the EX method are omitted. An interesting direction for future work is to investigate

more efficient algorithms for this method.

Following reported results from Zillow, we use mean absolute percent error (MAPE) as

our measure of accuracy. For an estimate ŷ of the true value y, the APE is |ŷ − y|/y.

1. https://github.com/mbonakda/ranger
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The results in Table (1.2) show that the performance across all estimators is indistin-

guishable.

1.4.3 Adult Dataset

We apply the reshaping techniques to the binary classification task found in the Adult dataset

Lichman (2013). The task is to predict whether an individual’s income is less than or greater

than $50,000. Following the experiments performed in Milani Fard et al. (2016) and You

et al. (2017), we apply monotonic reshaping to four variables: capital gain, weekly hours of

work, education level, and the gender wage gap.

We illustrate the effect of reshaping on the predictions in Figure (1.4b). The results in

Table (1.2) show that we achieve similar test set accuracy before and after reshaping the

random forest.

1.4.4 Spambase Dataset

Finally, we apply reshaping to classify whether an email is spam or not. The Spambase

dataset (Lichman, 2013) contains 4,601 emails each with 57 predictors. There are 48 word

frequency predictors, 6 character frequency predictors, and 3 predictors related to the number

of capital letters appearing in the email.

That data were collected by Hewlett-Packard labs and donated by George Forman. One

of the predictors is the frequency of the word “george”, typically assumed to be an indicator

of non-spam for this dataset. We reshape the predictions to enforce the probability of being

classified as spam to be monotonically decreasing in the frequency of words “george” and

“hp”.

The results in Table (1.2) again show similar performance across all methods.
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1.5 Discussion

We presented two strategies for prediction rule reshaping. We developed efficient algorithms

to compute the reshaped estimators, and illustrated their properties on four datasets. Both

approaches can be viewed as frameworks for developing more sophisticated reshaping tech-

niques.

There are several ways that this work can be extended. Extensions to the black

box method include adaptively combining rearrangements and isotonization (Chernozhukov

et al., 2009), and considering a weighted objective function to account for the distance be-

tween test points.

In general, the random forest reshaping method can be viewed as operating on pre-trained

parameters of a specific model. Applying this line of thinking to gradient boosted trees, deep

learning methods, and other machine learning techniques could yield useful variants of this

approach.

And finally, while practitioners might require certain shape-constraints on their pre-

dictions, many scientific applications also require inferential quantities, such as confidence

intervals and confidence bands. Developing inferential procedures for reshaped predictions,

similar to Chernozhukov et al. (2010) for rearrangements and Athey et al. (2018) for random

forests, would yield interpretable predictions along with useful measures of uncertainty.
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CHAPTER 2

DISCRETE CHOICE RANDOM FORESTS

2.1 Abstract

Discrete choice models (DCMs) are a popular probabilistic framework for analyzing consumer

choice data, with widespread applications in areas such as economics, marketing, psychology,

and finance. We propose a nonparametric DCM in which the utility of an item with respect

to an agent is the sum of a fixed-effect nonlinear function, which we estimate with a random

forest, and a random-effect linear function. For the fixed-effect component, we provide an

estimation algorithm which is computationally scalable; with the random-effect component,

our model avoids the undesirable Independence of Irrelevant Alternatives (IIA) property. The

resulting framework, which we call Random Choice Forest (RCF), is shown in simulation to

be accurate in both prediction and counterfactual analysis.

2.2 Introduction

Discrete choice models apply to situations where agents face a choice among a finite set of

alternatives. For example, a customer chooses among competing products; a person chooses

a transportation mode to take to work; a respondent chooses among a set of options on

a survey. In the discrete choice setting, attributes are observed for both the agents and

alternatives, and the goal is to understand the heterogeneity of preferences in the population

in order to make accurate predictions about the future. Discrete choice models are typically

derived under an assumption of utility-maximizing behavior; such models are called random

utility models.

Random utility models assign a utility Uhj that agent h obtains from choosing alternative

j. It is assumed that each agent chooses the item that maximizes utility. The utility is

typically decomposed into two components so that Uhj = f(Xhj) + εhj where Xhj ∈ Rp
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is the observed feature vector containing features of both the item and the agent, and εhj

represents latent aspects of the utility unknown to the observer. The easiest and most widely

used discrete choice model is the multinomial logit (MNL). Under the MNL, f is assumed

to be linear so that f(Xhj) = X>hjβ and each εhj is independently, identically Gumbel

distributed. Under this model, letting Yhj = 1 if agent h chooses item j, it can be shown

that the choice probabilities equal

phj = P(Yhj = 1 | {Xhj}Jj=1) =
exp(f(Xhj))∑J
k=1 exp(f(Xhk))

=
exp(X>hjβ)∑J
k=1 exp(X>hkβ)

.

While random utility models were used much earlier, McFadden (1974) developed the

foundations of the econometric analysis of discrete choice by deriving the MNL and using

it to model transportation mode choices. The MNL has since been applied to a wide range

of other fields such as marketing (Chintagunta and Nair, 2011), finance (Uhler and Cragg,

1971), and economic demand estimation (Revelt and Train, 1998). Despite the prevalence

of the MNL, the assumption that utility is a linear function of the features is restrictive and

unrealistic in many real world applications, and can lead to issues with interpretability and

prediction. Kleinberg et al. (2015) discuss how improved predictions with machine learning

techniques can have large social impact. In order to remove the linearity assumption, we

define a nonparametric DCM in which we take f(Xhj) to be a nonlinear function of the

features. We propose a method to estimate f as an aggregation of bootstrapped decision

trees in the same style as the random forest algorithm for regression and classification.

Growing a single decision tree in the DCM setting is not straightforward because the esti-

mated probability P(Yhj = 1 | {Xhj}Jl=1) is a function of all J feature vectors Xh1, . . . , XhJ .

Thus, predicting the choice of a single agent h may involve up to J leaf nodes. Since the pre-

dictions depend on many leaf nodes, one cannot directly apply the greedy splitting procedures

used in standard regression and classification trees. Instead, we propose a computationally

efficient algorithm based on partial maximization of the likelihood. The resulting estimator
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is called a Random Choice Forest (RCF).

In addition to linearity , the MNL model has other restrictive limitations for practitioners.

One major limitation is that the MNL does not model heterogeneity of preferences across the

population; if utilities from agent to agent vary randomly, or vary with latent variables, the

MNL is misspecified, and can lead to nonsensical conclusions. Relatedly, the MNL implies

proportional substitution patterns across all alternatives. This implication is implausible for

alternative sets containing choices that are close substitutes – we would expect these items

to be interchanged more frequently than disparate goods . We describe these limitations in

detail in Section (2.5.2).

One popular approach for addressing these issues in the MNL model is the so-called mixed

multinomial logit model (MML), where Uhj = β>Xhj + γ>h Zhj + εhj , γh is a random vector

with a distribution of, e.g. N(0,Σ), and Xhj and Zhj are (possibly equal) feature vectors.

One estimates the random effects distribution from data and the predicted probability phj

is then ∫
Rp

exp(β>Xhj + γ>h Zhj)∑J
l=1 exp(β>Xhl + γ>h Zhl))

p(γh)dγh.

We develop a mixed-effects variant of the Random Choice Forest where we let Uhj =

g(Xhj) + γ>h Zhj + εhj ; the function g(Xhj) is a nonlinear term that we estimate via aggre-

gation of decision trees and γh is a random vector with a specified distribution.

2.3 Related Work

In this section, we describe related work applying both nonparametric methods and machine

learning tools to the problem of discrete choice modeling. One line of work called the BLP

model (Berry et al., 1995) came out of the Industrial Organization (IO) literature. BLP

uses random effects in addition to latent characteristics to model choice. This work set

the stage for much of the later discrete choice work in IO. This work emphasized modeling

choices under a large number of alternatives in addition to potential endogeneity when the
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assumption of iid residuals is violated. In the BLP model, utility is modeled as

Uhj = β>h Xj + γj + εhj

where βh are random coefficients and γj is a latent product characteristic. This component

allows the model to describe unexplained patterns of demand.

Another line of work draws inspiration from embedding methods for arbitrary high-

dimensional objects (Rudolph et al., 2016, 2017); instead of assuming one latent characteristic

like Berry et al. (1995), these methods estimate high-dimensional latent vectors. These

methods assume embeddings are parameters (or latent variables) of a probabilistic model

that can be estimated through posterior inference. The resulting embeddings are then used

to represent objects in the dataset of interest. These embedding methods inspired a class

of discrete choice models with large numbers of latent variables. Advances in variational

inference were leveraged to conduct large-scale posterior inference. We first briefly outline

the embedding methodology before moving on to explain the methods for discrete choice.

Exponential family embeddings (Rudolph et al., 2016) are a class of embedding methods

for arbitrary high-dimensional objects. The exposition here assumes that we are interested

in constructing embeddings for items in a grocery store but these methods can be applied

to arbitrary objects. For each item i, let ci denote the set of indices representing the other

items in the shopping bakset. The conditional distribution of the quantity of item i in a

shopping basket, denoted xi, given its “context” — the other items in the shopping basket

— xci is modeled as an appropriate exponential family distribution (here, Poisson) with

natural parameters ηi(xci) and sufficient statistics t(xi). The distribution is parameterized

with embedding vectors associated with the data point and its context so that

ηi(xci) = fi

ρ>i ∑
j∈ci

αjxj


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where ρi ∈ Rk denotes the embedding of the ith data point, and αi ∈ Rk denotes the con-

text vector governing the distribution of data that appears in i’s context. In the parlance

of generalized lienar models, fi()̇ is called the link function. Inference is done by maximum

likelihood estimation using stochastic gradients. Rudolph et al. (2016) use a conditional

Poisson distribution to model count data from shopping basket data from a grocery store.

This results in embedding representations of items from the grocery store and the authors

show that these embeddings can be used to compare items using the resulting vector rep-

resentations. Rudolph et al. (2017) extends this work by placing the exponential family

embedding model within a hierarchical modeling framework to appropriately model grouped

data. The authors show how this can be used to construct time-dependent embeddings so

that the notion of similar goods is a function of the time of year. This embedding paradigm

was used as inspiration for a number of discrete choice models.

Ruiz et al. (2017) develop a sequential probabilistic model of shopping data called

SHOPPER that leverages the idea of representing items with latent vectors. This approach

pays close attention to how items in a shopping basket interact and can be used to answer

counterfactual questions about changes in price. A core component of the SHOPPER model is

that items are representated as latent vector representations estimated from shopping bas-

ket data. While the embedding models described above model the conditional distribution

of each item given the others, SHOPPER directly models the joint distribution of the items,

allowing the practitioner to leverage important information such as price and customer het-

erogeneity.

The SHOPPER model is described in terms of its generative process — each customer

chooses an item to put in her basket given the items chosen so far. The first item chosen is

the one that maximizes the agents utility unconditionally, and the second item maximizes her

utility given the item she just chose, etc. The model allows for interaction effects to account

for substitutes and complements. Consider the choice of the ith item and let yi−1 denote

the items chosen so far. Then, the customer chooses the item c that maximizes the utility
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Uc(yi−1) = V (c, yi−1)+εc, where εc is assumed to be sampled iid from a Gumbel distribution

as in the standard multinomial logit model. The fundamental modeling assumption is that

the the representative utility V (c, yi−1) has the following form,

V (c, yi−1) = ψc + ρ>c

 1

i− 1

i−1∑
j=1

αyj


where the second term is the familiar expression taken from the exponential family em-

bedding methods described above. The first term ψc is a latent variable that varies by item

and is used to model preference heterogeneity, seasonality, and price.

In the second term, ρc represents the per-item interaction coefficients, and αc represents

item attributes. When ρ>c αc′ is large, then having c′ in the basket increases the utility of

choosing c (the items are complements); conversely, a large negative value would signify

substitutes.

The ψc term allows the practitioner to use domain expertise to enrich the model. In the

paper, they give an example where ψc = λc + θ>u αc where λc is the overall item popularity.

θu is a latent vector associated with each customer so that θ>u αc increases for items c that the

customer tends to purchase. The paper develops a variational inference algorithm to perform

posterior inference on this model. This methodology was extended to other datasets in a

similar manner in Athey et al. (2018). These methods were both shown to outperform

the standard multinomial logit model on various prediction tasks. Instead of focusing on

parametric models with latent variables, the methodology we propose in this chapter aims to

provide a nonparametric approach to estimating the utility function. The hope is to provide

a method that requires minimal modeling or feature engineering, providing practitioners

with a strong baseline method for discrete choice prediction. Next we we describe several

projects that align more closely with our goals.

Paredes et al. (2017) compare standard multinomial logit models of discrete choice to

machine learning methods. They apply these methods to a stated-preference discrete choice
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dataset obtained from Signapore’s Land Transport Authority aimed at understanding the

traveling behaviors of Singapore residents. The goal was to predict the number of cars a

household owned based on various demographic variables. They were able to apply machine

learning methods like random forests because their dataset did not contain any item-specific

attributes such as price. This results in a simple classification problem where the goal is to

classify each household into one of three categories: 0, 1, or 2 cars. This is not the standard

discrete choice setting, and the machine learning methods they use would not be appropriate

once item-specific attributes are considered. The work in this chapter provides a principled

way of fitting random forests in the standard discrete choice setting with both item- and

agent-specific characteristics.

A natural approach for applying neural networks to discrete choice was proposed by Hr-

uschka et al. (2001), where the representative utility is modeled as a k-layer neural network.

Another recent line of work applied to the travel industry considers the application of neu-

ral networks to discrete choice when a sequence of alternatives is presented to a customer

(Mottini and Acuna-Agost, 2017). This work focused on the particular problem of airline

itinerary choice. Similar to the SHOPPER setting, the approach in Mottini and Acuna-Agost

(2017) assumes a sequential decision making task. Their model combines recurrent neural

networks with the attention mechanism in an encoder-decoder architecture. The input to the

model is a sequence corresponding to the choice set, and the output is a pointer to the most

probable alternative. The authors note that this model presents significant computational

constraints thereby limiting the scale and number of tests they could perform. This is a

significant issue for neural networks since hyperparameter tuning has been shown to be a

crucial component of the fitting procedure.

There are also a number of existing nonparametric approaches to discrete choice. Matzkin

(1993) studies the fully nonparametric specification where the deterministic component Vhj

is nonparametric and the random component εhj is distribution-free. Berry and Haile (2009)

considers the identification of nested discrete choice models with nonparametric deterministic

27



components. Another class of nonparametric methods treat the deterministic component as

linear, as in the MNL, but focus on a distribution-free stochastic component (Horowitz

et al., 1994). Abe (1999) propose an application of generalized additive models (Hastie and

Tibshirani, 1986) to discrete choice, treating the deterministic component as nonparametric

and the stochastic component as Gumbel as in the MNL. The derived algorithm in Abe

(1999) reduces to the backfitting procedure used to fit GAMs in Hastie and Tibshirani

(1986). This approach reduces the amount of subjectivity required for the standard MNL

and enables exploratory analysis of the fitted functions. It can be used as a tool for specifying

parametric models. However, this approach does not allow for a data-driven approach to

modeling interaction effects. One benefit of modern machine learning methods is that they

require minimal legwork to arrive at a strong baseline model. In Section (2.5), we describe

our approach to providing a general purpose machine learning method for discrete choice.

2.4 Alternative Approaches

First we describe several out-of-the-box approaches that we did not pursue in this work. One

approach is to fit a standard random forest for binary classification for each item. This would

treat each Yhj as an independent response, making this a one-vs-all method. The resulting

random forests could be used at prediction time on each alternative, choosing the alternative

with largest predicted probability as the predicted choice. However, this approach ignores

the data-generating process and the comparative aspect of the alternatives. In particular,

it ignores the fact that choices are made from a finite set of objects, and that those objects

are known at decision time. This discrete choice approach we suggest in this work directly

models this choice process.

If the choice dataset does not contain alternative-specific predictor variables, we can sim-

ply apply a standard random forest used for classification. In this setting, the random forest

approach would classify individuals into classes that correspond to different alternatives as

done in Paredes et al. (2017). However, the addition of alternative-specific predictor vari-
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ables makes the application of random forests non-trivial. This question1 on StackExchange

was posted by a researcher looking for a method to fill this gap.

Another out-of-the-box approach to using random forests for discrete choice is some-

thing we called the stacked model. Let Xh be the stacked covariates so that Xh =

[Xh1;Xh2; ...;XhJ ] where Xhj ∈ Rp and J is the number of items. We associate each

leaf node b with a vector (Vb1, ..., VbJ ) ∈ RJ . Then, we can define a vector valued function

such that

V(Xh) = (Vb(Xh),1, ...., Vb(Xh),J ).

We then define the model

P (Yhj = 1 |Xh) =
exp(Vb(Xh)j)∑
l∈Ah

exp(Vb(Xh)l)
.

To estimate the model via decision tree, we greedily split on the feature space until we

get to leaf nodes and we estimate Vb for each leaf node b by empirical counts.

The problem here is that it is impossible to split on item features to distinguish the

different items. For simplicity, suppose j ∈ {car, train, bus} and suppose Xh does not

contain any consumer-specific features. Then, for every h, Xh is of the form

Xh =

[
Xcar, price, Xcar, time, Xtrain, price, Xtrain, time, Xbus, price, Xbus, time

]

Splitting on the first (or any) coordinate of Xh is futile because Xcar, price is the same for

all h. In Section (2.7), we describe a final alternative approach that could be thought of as

a simpler method than the one we describe next.

1. https://stats.stackexchange.com/questions/340457/using-random-forests-for-modeling-discrete-
choice-problems

29



2.5 Model and Method

For agent h ∈ {1, . . . , H} and item j ∈ {1, . . . , J}, we let Xhj ∈ Rp1 and Zhj ∈ Rp2 be

feature vectors that might share some or all attributes of both the item and the agent. We

suppose that the agents make choices independent of each other. Our model for the choice

of agent h is then:

phj =

∫
Rp2

exp(g(Xhj) + γ>h Zhj)∑J
l=1 exp(g(Xhl) + γ>h Zhl)

pθ(γh)dγh.

where pθ is the probability density function of the random effects γh. Our model is

parametrized by a nonlinear g : Rp1 → R and θ.

We propose a two-stage estimation procedure similar in spirit to Hajjem et al. (2014).

In the first stage, the fixed effects component, g, is estimated with a Random Choice Forest

as described in Section (2.5.1). With the estimate of g fixed, the second stage estimates the

posterior of the random effects.

2.5.1 Random Choice Forest

Let L denote a set of axis-aligned hyperrectangles defined by a decision tree. Each hyper-

rectangle in L corresponds to a leaf in the decision tree. Denote b : R → L as the function

that maps a point in the input space to the hyperrectangle in L that contains it. Under this

setting, we assume the following random utility model:

Uhj = Vb(Xhj)
+ εhj

with εhj drawn iid from a Gumbel distribution. The choice probabilities under this model

are

phj = P (Yhj = 1 | {Xhj}Jl=1) =
exp(Vb(Xhj)

)∑J
l=1 exp(Vb(Xhl)

)
.
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Let D = {({Xhj}Jj=1,Yh)}Hh=1 denote observed choice data where Yh is a one-hot vector

representing consumer h’s choice. We grow the tree by partial maximum log-likelihood; we

say “partial” because we fix the values of all leaves except the leaves we are creating by

performing the current split.

Assume we are considering a split of parent node b? into left and right children bL and

bR. For each possible split such that bL ∪ bR = b?, we consider the MLE score

s(b?,{bL, bR}) = sup
{VL,VR}

∑
h∈b?

J∑
j=1

Yhj

Vb(Xhj)
− log

 J∑
l=1

exp(Vb(Xhl)
)


where h ∈ b? is the set {h : ∃j such that Xhj ∈ b?} of all agents in the training data

who have at least one feature vector in b?. We aim to choose the split that maximizes the

increase in the overall likelihood of the tree, while fixing all leaf values except VL and VR.

Unlike standard decision trees, the parameter estimates for this method are tied across

leaves. The score for splitting b? might depend on other leaf values. For computational

efficiency and determinism, we split the leaves in level-order on the tree. The bootstrapped

choice data used for each tree are sampled at the agent level.

The maximum likelihood optimization is performed with damped Newton’s method

(Newton’s method with backtracking line search). However, performing this optimization

for every possible split option is computationally intractable for large-scale problems.

Approximate Split-Finding Algorithm

We propose an approximate split-finding algorithm which obviates the need to perform an

expensive optimization for each potential split. Assume we are splitting node b? into left and

right children bL and bR. Let VL and VR denote the leaf values of bL and bR respectively, and
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let Ṽ denote the set of estimated utility values at all other leaves. Then the log-likelihood is

`(VL,VR, Ṽ ) =
∑
h∈b?

J∑
j=1

Yhj

Vb(Xhj)
− log

 J∑
`=1

exp(Vb(Xh,`)
)


The partial derivative with respect to VL is

∂`

∂VL
= CL −

∑
h∈b?

ph(VL)nh(L)

where CL = |{(h, j) : Xhj ∈ bL and Yhj = 1}| is the number of positive choices in leaf

bL, nh(L) is the number of samples associated with agent h in leaf bL, and ph(VL) is the

estimated model probability that agent h will choose an item in leaf bL.

Let V denote the current estimated utility assigned to b?, the node we are splitting.

Evaluating the partial derivative at this current value so that VL = V , we have

∂`

∂VL

∣∣∣
VL=V

= CL −
∑
h∈b?

ph(V )nh(L)

This is the difference between the observed and expected counts in leaf bL. The same is true

for the right leaf.

Intuitively, these partial derivatives will be large for splits under which the model can be

improved. We therefore score each split with the norm of the gradient, ‖∇`‖. We choose

the split with largest gradient norm and perform damped Newton’s method for the chosen

split to obtain the estimated leaf values VL and VR. Similar to approaches for scanning

potential splits in regression and classification trees, this gradient can be quickly updated

online as we scan through the potential split points. This approach is far more efficient

than performing damped Newton’s method on each potential split, and we find that it yields

similar out-of-sample performance.

We compare out-of-sample log-likelihood vs. wall clock time for the full split-finding
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method and the proposed approximate split-finding method in Figure (2.1). These sim-

ulations were done on data obtained from the synthetic experiment in Section (2.6.1) for

varying tree heights. We find that the approximate method maintains similar out-of-sample

performance while obtaining up to a 500x improvement in wall clock time. Care was taken

to optimize the full method.

Figure 2.1: Full vs Approximate Split-Finding Methods. The approximate split finding
method maintains similar out-of-sample performance while obtaining up to a 500x improve-
ment in wall clock time.

Random Choice Forest Algorithm

In this section, we describe the full RCF algorithm in detail. First consider the choice

probability for agent h and item j,

phj =
e
Vb(Xhj)∑
k e

Vb(Xhk)
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Adding a constant value c to the values of each leaf will leave this probability unchanged and

therefore will leave the likelihood unchanged. We considered two solutions to this problem of

unidentifiability. The first approach was to perform maximum likelihood with the additional

constraint that all leaf values sum to zero. The problem with this approach is that the value

of the likelihood makes discontinuous jumps as we split leaves. For example, assume we are

splitting a leaf with value V into left and right leaves with values VL and VR. Since we are

doing partial maximum likelihood maximization where all other leaf values are fixed, this

imposes the constraints that VL +VR = V . As a result, we must choose initial values for VL

and VR in our optimization procedure to satisfy this constraint – these values would result

in a discontinuous change in the likelihood function. Instead, if we were to let the initial

values of the leaves be VL = VR = V , then the initial value of the likelihood would match

the current likelihood of the tree, and the optimization would be guaranteed to maintain

the current likelihood or increase it. That leads to the second solution – the solution we

choose to adopt. On each split, we perform unconstrained partial maximum likelihood to

estimate VL and VR. Then, we compute the mean value of all leaves in the tree and subtract

it from each leaf value. This maintains the likelihood value and ensures that it is at least

as good as the constrained version of the maximization. We also found that enforcing this

sum-to-zero constraint has numerical advantages, prohibiting leaf values from growing large

in magnitude.

For each candidate predictor variable, the maximization procedure is performed on the

split chosen by the approximate split-finding procedure described in Section (2.5.1). Our

experiments showed that performing Newton’s method far outperformed gradient descent

on the optimization in both wall-clock time and number of iterations. The first split in the

tree is a special case. Because of the unidentifiability described above, the Hessian is singular,

precluding the use of Newton’s method. Instead, for the first split, we perform maximum

likelihood with the constraint that VL + VR = 0, applying a univariate Newton’s method to

estimate for VL and VR. After the first split, damped Newton’s method can be used because
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we are doing partial maximum likelihood – this results in a nonsingular Hessian.

Assume we are splitting node b? into left and right children bL and bR. We will estimate

the utilities in these leaves, VL and VR, by maximizing the likelihood corresponding to the

leaves. Let Ṽ denote the current estimated utility values at all other leaves. Then,

`(VL, VR, Ṽ ) =
∑
h∈b?

J∑
j=1

Yhj

Vb(Xhj)
− log

 J∑
`=1

exp(Vb(Xh,`)
)


The partial derivative with respect to VL is therefore

∂`

∂VL
=

∑
(h,j)∈bL

Yhj −
∑
h∈b?

J∑
j=1

Yhj

∑
Xhl∈bL exp(VL)∑J
`=1 exp(Vb(Xh,`)

)

= CL −
∑
h∈b?

nh(L) exp(VL)∑J
`=1 exp(Vb(Xh,`)

)

where CL = |{(h, j) : Xhj ∈ bLandYhj = 1}| is the number of positive choices in leaf bL,

and nh(L) is the number of samples associated with agent h in leaf bL. Similarly,

∂`

∂VR
= CR −

∑
h∈b?

nh(R) exp(VR)∑J
`=1 exp(Vb(Xh,`)

)

Let ∇` denote the column vector
[
∂`
∂VL

∂`
∂VR

]>
. The second partials are,

∂2`

∂V 2
L

= −
∑
h∈b?

nh(L) exp(VL)
((∑J

`=1 exp(Vb(Xh,`)
)
)
− nh(L) exp(VL)

)
(∑J

`=1 exp(Vb(Xh,`)
)
)2


∂2`

∂V 2
R

= −
∑
h∈b?

nh(R) exp(VR)
((∑J

`=1 exp(Vb(Xh,`)
)
)
− nh(R) exp(VR)

)
(∑J

`=1 exp(Vb(Xh,`)
)
)2


∂2`

∂VL∂VR
= −

∑
h∈b?

−nh(L) exp(VL)× nh(R) exp(VR)(∑J
`=1 exp(Vb(Xh,`)

)
)2


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And let ∇2` denote

∇2` =

 ∂2`
∂V 2

L

∂2`
∂VL∂VR

∂2`
∂VR∂VL

∂2`
∂V 2

R


Estimating V = [VL VR]> with Newton’s method would involve the following iterative

update rule:

V k+1 = V k + η(−∇2`)−1∇`

with η = 1. However, in practice, we use damped Newton’s method (i.e. Newton’s

method with line search). We choose parameters 0 < α ≤ 1
2 , 0 < β < 1 and at each

iteration, starting with η = 1, and while

`(V + ηv) < `(V ) + αη∇`(V )>v

we shrink η = βη. Here, v = −(∇2`(V ))−1∇`(V ). After each split, we adjust all leaf values

to ensure they sum to zero. After the tree growing process is complete, we perform one final

likelihood maximization over all leaf values using gradient descent.

The number of optimizations required to grow a single tree can be enormous, so careful

attention to the implementation is necessary to ensure tractability. For example, careful use

of hash maps to keep track of which leaves each agent’s samples are in greatly improves the

efficiency of the likelihood and gradient calculations.

2.5.2 Random Effects

In addition to linearity, the MNL has a number of other restrictive limitations (Train (2009),

Chapter 3); in this section, we highlight two of these limitations and discuss how to handle

them by introducing random effects. First, the MNL model captures taste variations in

the population that vary with observed variables, but is unable to handle preferences that

change based on unobserved variables. And while the MNL may still be able to predict

average behavior well, it does not provide inferences about the distribution of tastes. This
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kind of information can be useful to decision makers implementing policies that affect only

part of the population.

Additionally, when the features of an alternative or agent changes, the MNL model

implies a restrictive substitution pattern across alternatives. This limitation can be seen by

inspecting the ratios of probabilities between alternatives. The ratio of choice probabilities

between alternatives j and k,
P(Yhj=1 | {Xhj}Jl=1)

P(Yhk=1 | {Xhj}Jl=1)
represents the relative odds of choosing j

over k. Under the MNL, this ratio is exp(β>(Xhj −Xhk)) and does not depend on Xhl for

l 6= j, k. Because this ratio does not depend on other (irrelevant) alternatives, the MNL is

said to exhibit independence from irrelevant alternatives, or IIA. This is problematic because

discrete choice models are often used for counterfactual analysis where one adds, removes, or

modifies an item and uses the model to predict the resulting change in consumer preferences.

This issue can be seen through a famous example called the red-bus-blue-bus problem.

This particular example is taken from Train (2009). Assume a decision maker has the

choice of traveling to work with either a blue bus or a car. For simplicity, assume that the

choice probabilities of the two modes of transportation are equal so that pcar = pblue bus = 1
2

so that the ratio of the choice probabilities is 1. Suppose that suddenly a red bus is introduced

into the choice set, and assume this red bus matches the blue bus on all characteristics

except color. The choice probabilities of the two buses are therefore equal so that their ratio

pblue bus/pred bus = 1. However, due to IIA, pcar/pblue bus will remain at 1, since this ratio

does not depend on other alternatives (namely, the red bus) due to IIA. The only probabilities

that satisfy pblue bus/pred bus = pcar/pblue bus = 1 are pblue bus = pred bus = pcar = 1
3 .

However, realistically, the probability of taking a car should be unchanged with the addition

of a new bus that matches the old bus exactly. This is an extreme example, but a similar

story holds if the new bus was an approximate substitute for the old bus. One would expect

that the new bus would reduce the probability of choosing the old bus by a greater amount

than it reduces the probability of choosing car.

Introducing random effects into the model specification allows us to at once solve both
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limitations described above. The mixed multinomial logit (MML) model allows agent pref-

erences to vary across the population. It also allows the modeler to explicitly specify the

correlation of utilities across alternatives. In the linear setting, the MML utility accrued by

agent h choosing item j is Uhj = β>Xhj + γ>h Zhj + εhj where Xhj and Zhj are observed

features. The γh coefficients are modeled as independent samples from a prior distribution

p(γh|φ), where φ is a hyperparameter. A fully Bayesian procedure would also specify a hy-

perprior distribution for φ. The specification of Zhj allows the practitioner to specify the

correlation structure across alternatives. In the standard MNL, Zhj = 0 so that there is no

correlation between alternatives; this leads to the IIA property. If Σ is the covariance matrix

of γh, then the covariance between the utility for items j and k is ZThjΣZhk.

Incorporating random effects naively into the leaves of a random forest can lead to iden-

tifiability issues. Consider the model

Uhj = Vb(Xhj)
+ νb(Xhj)

+ εhj

where the νb(Xhj)
’s are independent random effects and εhj are the stochastic component

drawn as iid Gumbel. Let B be the total number of leaf nodes. The conditional probability

determined by this model is

P(Yhj = 1 | {Xhj}Jj=1) =

∫
RB

e
Vb(Xhj)+νb(Xhj)∑J

l=1 e
Vb(Xhl)

+νb(Xhl)
dν1 dν2 . . . dνB

Identifiability Problem: Let Ṽb be another set of real numbers for each leaf node b.

Define P̃(Yhj | {Xhj}Jj=1) = e
Ṽb(Xhj)∑J

l=1 e
Ṽb(Xhl)

. It may be that, for all values of {Xhj}Jj=1, and

for all h, j, we have that

P̃(Yhj = 1 | {Xhj}j) = P(Yhj = 1 | {Xhj}j)

This is a problem because based on the data (Yh, {Xhj}Jj=1), we cannot determine whether
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P̃ or P is the right model. This is illustrated in the following example:

Case 1 1/3 of the people are high income individuals, 2/3 are low income. All high income

people prefer cars, all low income people prefer buses.

Case 2 Everyone prefer cars 1/3 of the time and buses 2/3 of the time.

We do not observe whether a consumer is high or low income. Define V hcar = 100, V hbus = 0,

V lcar = 0, and V lbus = 100, where h stands for high income and l stands for low income.

Define also Ṽcar = 1 and Ṽbus = 1 + log 2.

Then, we have that

1

3

eV
h
car

eV
h
car + eV

h
bus

+
2

3

eV
l
car

eV
l
car + eV

l
bus

=
eṼcar

eṼcar + eṼbus
=

1

3
.

Therefore, based on the data alone, it is impossible to distinguish Case 1 from Case 2.

Instead, we propose the following model:

Uhj = Vb(Xhj)
+ f(Xhj) + εhj

where f(Xhj) is a random function and εhj is still iid Gumbel. In our experiments below,

we assume f is linear so that Uhj = g(Xhj) + γ>h Zhj + εhj where γh is random. g is first

estimated with a Random Choice Forest described in Section (2.5.1), then, with g fixed, we

perform posterior inference to estimate the random effects distribution.

2.6 Experiments

For stability and efficiency, the Random Choice Forest described in Section (2.5.1) was

implemented in C++ by extending the ranger package (Wright and Ziegler, 2017a); the forked

repository can be found on github2. Posterior inference for the random effects component

2. https://github.com/mbonakda/ranger
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was performed using stan (Stan Development Team, 2018), a probabilistic programming

language.

The intention of the experiments below is to illustrate the advantage of using RCFs over

of the standard multinomial logit model (MNL). We show that the RCF outperforms the

MNL without feature engineering or careful attention to specifying prior distributions.

2.6.1 Friedman Model

In this section, we compare Random Choice Forests to the standard multinomial logit model

on a synthetic dataset. We compare a purely fixed effects synthetic model in addition to a

mixed effects synthetic model. We use a model first introduced by Friedman (1991) as the

true utility function:

Uhj = 10 sin(πX1,hjX2,hj) + 20(X3,hj − 0.5)2 + 10X4,hj + 5X5,hj (2.6.1)

where each covariate is iid U [0, 1]. We also add five irrelevant predictors, also distributed as

U [0, 1]. This model has become a popular benchmark for evaluating nonparametric methods

(Friedberg et al., 2018; Taddy et al., 2015). For interpretability, we assume that each agent

is choosing between three modes of transportation so that j ∈ {blue bus, train, car}.

For each agent and item, we sample ten predictor variables from U [0, 1] and compute the

corresponding utilities according to Equation (2.6.1). Each agent’s choice is then sampled

according to the implied choice probabilities phj = exp(Uhj)/
∑
k exp(Uhk). We fit a Ran-

dom Choice Forest and a multinomial logit model on the resulting synthetic choice data, and

compare them with out-of-sample log-likelihood assigned by each model.

We first generate data for H = 3000 agents and perform 5-fold cross-validation to tune

the following parameters of the RCF: mtry (the number of variables to sample at each split),

num.trees, and height. We then compare out-of-sample performance on a held-out test

set. With traditional random forests, the effects of these parameters are well understood,
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and tuning them out-of-sample allows the practitioner to explore the bias-variance trade-off.

Since the parameter estimates of an RCF are tied across leaves, it is worthwhile to confirm

that RCFs maintain the same behavior as traditonal random forests. We illustrate the effect

of varying these hyperparameters in Figure (2.2) and find that RCFs exhibit the expected

behavior.

Table (2.1) shows that the Random Choice Forest outperforms the multinomial logit

model. Here we show the performance of the RCF with hyperparameters chosen by cross-

validation.

method average oos log-likelihood (se)
MNL -617 (11)
RCF -522 (49)

Table 2.1: Held-out log-likelihood. (Fixed Effects)

Next, we construct a dataset from the same model as before, except now we add a random

effect on a bus indicator variable. This model is equivalent to a nested logit model where

utilities are correlated among buses. This particular synthetic model allows us to illustrate

(a) Number of Trees. (b) Tree Height.

Figure 2.2: We show that RCFs exhibit the expected random forest behavior. In Fig-
ure (2.2a) we see improved out-of-sample improvement as we increase the number of trees,
with an eventual plateau. In Figure (2.2b), we see improved out-of-sample improvement
with increase tree hights, followed by expected overfitting behavior.
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the red-bus-blue-bus problem. The generative model now becomes

Uhj = 10 sin(πX1,hjX2,hj) + 20(X3,hj − 0.5)2 + 10X4,hj + 5X5,hj + γhXh,busj

γh ∼ N(0, 10)

where Xh,busj is equal to 1 if item j is a bus, and 0 otherwise. In this experiment,

we follow our approach outlined in Section (2.5.2) by first fitting a Random Choice Forest,

and then performing posterior inference to estimate the posterior of the random effects

distribution. We compare this method with a mixed multinomial logit model.

After fitting the Random Choice Forest, we assume the following generative model and

perform posterior inference with the probabilistic programming language stan.

µ ∼ N(0, 1)

σ ∼ half-cauchy(0, 5)

γh ∼ N(µ, σ2)

Uhj = β × g(Xhj) + γhXh,busj

Yhj ∼ Mult(exp(Uhj/
∑
k

Uhk))

where g is fixed and β is treated as a fixed effect. These hyperprior distributions are

“standard” distributions suggested by the stan manual for such problems. Of course, in real-

world settings, more care would be taken when specifying these priors. The stan framework

performs posterior inference using Hamiltonian Monte Carlo (HMC). In our experiments, we

found that using a non-centered parameterization of the priors was crucial for Monte Carlo

chain convergence; for details, see Betancourt and Girolami (2013).

Out of sample analysis is done using the posterior predictive choice probabilities. We

use 5,000 in-sample agents and 5,000 out-of-sample agents. We repeat the process 10 times.
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Using the best model from the fixed effects simulation above, Table (2.2) shows that the

RCF with the random effect outperforms the MML.

method average oos log-likelihood (se)
MML -4101 (10)
RCF -3899 (14)

Table 2.2: Held-out log-likelihood. (Mixed Effects)

Next we introduce a new alternative to the choice set – a red bus – and predict how

aggregate demand will change. We compute the resulting decrease in demand for each of

the original items: blue bus, train, and car after the red bus is added to the choice set. This

experiment is done out-of-sample.

For each agent h, we first compute the probability of choosing item j under the estimated

model, once for each choice set. In stan, this is computed using the posterior predictive

distribution. Then, for each item, we average the choice probabilities over the population of

agents to estimate the population demand for that item. If prj is the population demand for

item j when the red bus is in the choice set, and pnrj is the population demand for item j

without the red bus, the decrease in demand for item j is computed as:

pnrj − p
r
j

pnrj

We compare a purely fixed effects RCF to a mixed effects RCF in Table (2.3) and find

that the addition of the random effect produces the desired result. The fixed effects model

draws approximately the same demand away from each mode of transportation; but more

demand is pulled away from the blue bus when using the random effect. The magnitude

of this change can be controlled by incorporating domain knowledge into the choice of the

prior distributions.

Finally, we mention a few methodological pieces of advice for the practitioner. In our

experiments, we find that with smaller datasets, it is best to split the dataset in half for the

two stages of estimation. The first half is used to estimate the RCF, and the second half
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model blue bus train car
RCF fixed 29% 29% 31%

RCF mixed 38% 15% 12%

Table 2.3: Percent decrease in demand after addition of red bus.

is used for posterior inference. The improvement in out-of-sample performance disappears

as the dataset size increases. Additionally, for massive datasets, it is best to fit a new

coefficient on each tree in the second stage of estimation. Recall that a forest is a sum

(or average) of trees so that g(Xhj) =
∑

trees gt(Xhj); in some cases, with enough data,

it is better to perform posterior inference under a generative model that assumes Uhj =∑
trees βtgt(Xhj) + γhXh,busj , where each βt is a fixed effect.

2.6.2 Dunnhumby Beverage Dataset

In this section, we compare a multinomial logit model with fixed effects to the Random

Choice Forest on a dataset of supermarket transactions. The dataset is The Complete Jour-

ney dataset published by Dunnhumby3 and consists of supermarket receipts from households

collected over two years. Each receipt corresponds to a basket of goods. Demographic infor-

mation is provided on each household, along with three levels of category information about

each commodity: department, commodity description, and sub-commodity description.

The dataset consists of 801 households, 140,339 unique shopping baskets, and 68,253

unique items. The average basket contains 10 unique items. Items are categorized into

308 unique “commodity” levels. Since the data are provided as transactional receipts, we

must transform the dataset into one that is appropriate for models of discrete choice. This

presents several difficulties which we describe next.

The number of unique items presents computational and statistical challenges so we first

filter the data so that we only consider beverages. Our simplifying assumption is that each

household that bought a beverage made a choice between different kinds of beverages in

3. https://www.dunnhumby.com/sourcefiles
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the choice set provided by the supermarket. We constrain the choice set to the ten most

popular beverages across all receipts that fall into one of following commodity descriptions:

soft drinks, fluid milk products, refrigerated juices and drinks, and beers. We only consider

household receipts that contain a single item that falls into one of these categories. This

results in 8,473 unique shopping baskets.

The final complication of transforming a transactional dataset into a discrete choice

dataset is the lack of item-specific measurements on items not chosen by the household. For

example, if the household chose milk, the receipt will not contain item-specific information

about the other 9 beverages we consider in the choice set. The two item-specific covariates

are the price of the item and the coupon value. To impute these missing values in the choice

dataset, we smooth a weekly time series of price and coupon values and use the resulting

price in each week for all items in the choice dataset, whether or not they were chosen. Using

the actual price for the chosen items results in information leakage.

The resulting discrete choice dataset contains ten beverage choices for each household

with the guarantee that each household chose only one of the ten beverages in their trip. The

agent-specific characteristics include estimated age range, marital status, household income,

household composition, household size, and number of children present at time of purchase.

Similar to Section (2.6.1), we use 5-fold cross-validation to compare the MNL model

with the RCF on held-out log-likelihood. The specified MNL allows each predictor to enter

the model linearly. Initial experimental results suggested that the probabilities from the

RCF were miscalibrated. For example, after performing 5-fold cross-validation and choosing

the random forest hyperparameters with largest held-out log-likelihood, the range of the

resulting predicted choice probabilities were between 0.03 and 0.28. This phenomenon was

also observed for a range of different random forest hyperparameters.

To calibrate these probabilities, we use a popular nonparametric calibration method

introduced by Zadrozny and Elkan (2001) and successfully applied in Guo et al. (2017) and

Niculescu-Mizil and Caruana (2005). The calibration procedure applies a function f to each
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raw probability to obtain a calibrated probability. f is estimated with a validation set and

the resulting calibrated model is applied to a held-out test set. This procedure is applied to

each fold in cross-validation. The method begins with raw estimated probabilities p̂hj for

each agent h and item j. The calibration is applied to each item separately, followed by a

normalization step.

Given H agents in the validation set, we take the raw probabilities across all agents for a

specific item k {p̂1k, p̂2k, . . . , p̂Hk}, order them, and assign them to M bins so that an equal

number of raw probabilities are assigned to each bin. For each bin, we also compute ȳi, the

fraction of agents in that bin that chose item k. This results in the sequence ȳ1, ȳ2, . . . , ȳM .

The final step of the calibration method performs an isotonic regression on this sequence.

The resulting estimated function is then applied to the raw probabilities obtained from the

test set. For each agent in the test set, we obtain calibrated probabilities for each item, but

these probabilities do not sum to one. The final step is to normalize these K calibrated

probabilities as done in Guo et al. (2017).

method avg held-out log-likelihood
MNL -3231
RCF -3392

calibrated RCF -3253

Table 2.4: Average held-out log-likelihoods across 5 folds.

We present the results of the best performing RCF across all parameters in Table (2.4).

We find that while the calibration step improves the performance of the RCF, it still falls

short of the MNL performance. One possibility is that this dataset is not rich enough for a

random forest because of the signal-to-noise ratio. This hypothesis is supported by the fact

that the best performing tree-height in terms of out-of-sample accuracy was a tree height of

2. We performed two additional experiments to test this hypothesis.

In the first experiment, we removed the item-specific attributes – price and coupon value

– and fit a standard random forest for classification on the resulting dataset. The task was to

classify households into one of ten categories, one category for each beverage. We computed
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the out-of-sample accuracy for varying tree heights and found that the best performing tree

height was 2, mirroring our observations with the Random Choice Forest. This test suggests

that the underperformance is not due to an implementation shortfall of the methodology

but rather a feature of the dataset.

Our second experiment explored whether a more sophisticated linear model would out-

perform the naive MNL where each predictor enters the utility linearly. Much like the first

experiment, this approach was yet another search for signal in the data. In our model

specification, we included all first and second order interactions between predictor variables.

While we found that several interaction coefficients were estimated to be non-zero, the out-

of-sample performance of this model did not outperform the simple MNL with only first

order interactions. This strongly suggests that this dataset is not rich enough to benefit

from more sophisticated modeling techniques.

2.6.3 Cars Dataset

In this section, we apply the RCF and the calibration method discussed in Section (2.6.2)

to the Cars Dataset used in McFadden and Train (2000) and compare it to the MNL. The

dataset was obtained from a study with 4,654 respondents, each of whom was asked to choose

among six alternative vehicle options. The alternatives were described based on variables

shown in Table (2.5).

The results in Table (2.6) reflect results simlar to those in Section (2.6.2) – the held-out

log-likelihood falls short of outperforming the MNL.

2.7 Discussion

We presented new methodology for estimating random forests for discrete choice problems.

Our methodology is paired with a computationally efficient algorithm for growing each of

the decisions trees. We also proposed an approach for incorporating random effects in order
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Variables
Price

Mileage Range
Acceleration
Top Speed
Pollution

Size of Vehicle
Luggage Space
Operating Cost

Station availability
Sport utility vehicle

Sports Car
Truck
Van

Electric Vehicle
College Eduction

Compressed Natural Gas Vehicle
Methanol Vehicle

Table 2.5: Predictor variables for Cars Dataset

method avg held-out log-likelihood
MNL -949

calibrated RCF -960

Table 2.6: Average held-out log-likelihoods across 5 folds.

to avoid the IIA property inherent in fixed effects models and illustrated how they can be

useful for counterfactual analysis.

We applied this method to a synthetic dataset and showed that it can outperform the

standard multinomial logit model. Past work has also explored fitting multinomial logit

models with constrained coefficients (Revelt and Train, 2001) so that, for example, the

estimated coefficient for “price” is negative, implying worse utility for higher prices. We could

apply an analogous constraint to satisfy this prior assumption by using the methodology

described in the first chapter of this thesis for reshaping decision trees.

The synthetic experiments suggest that if the standard discrete choice model is well-

specified, then our method will outperform the multinomial logit model in terms of predictive

accuracy. However, the Random Choice Forest failed to outperform the multinomial logit
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model on real datasets. We discuss several theories for this behavior that can be further

explored in future work.

One possibility is that these datasets simply do not have a rich enough structure to be

appropriate for nonparametric methods like random forests. We explored this hypothesis

in Section (2.6.2) by showing how both a standard random forest for classification and a

more sophisticated linear model both fail to outperform the simplest linear model in out-

of-sample accuracy. The dearth of large-scale open-source discrete choice datasets makes

proving this methodology difficult. Some of the most interesting large-scale datasets in this

area are owned by companies that will never release such data. However, future work could

explore additional regularizing procedures to improve the accuracy of the random forest; for

example, adding a constraint to the sum of all leaf values.

A second possibility is that the random utility approach to modeling choice, together

with utility maximization, is a poor model of human behavior. Utility maximization provides

just one approach to modeling choices among a set of alternatives, but it comes with many

assumptions, some of which refuted experimentally. If the discrete choice model inspired

by random utility is a poor representation of actual choices, then we would not expect

to see the relaxation of a linear utility function improving out-of-sample prediction. But,

perhaps a happy medium can be attained by borrowing some of the ideas of the Random

Choice Forest, and combining them with the simple linear model approach. We describe one

possibility next.

The method proposed above resulted in optimal leaf values being tied to the values

of other leaves in the tree. This complication arises from splitting based on item-specific

attributes because it allows for the choice set of an individual to trickle down to different

leaves in the tree, tying the leaves together because of the form of discrete choice likelihood.

An alternative approach is to only consider splits of agent-specific attributes and, instead

of fitting a constant function in each leaf, fitting a linear multinomial logit model that

depends on item-specific attributes. For each potential split option, two multinomial logit
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models would be estimated in the leaves. Each agent in the choice set would be mapped

to a specific leaf so that the function b that maps data to leaves would only depend on

the agent h. Each leaf would be associated with an estimated coefficient vector so that the

log-likelihood would now be,

`(VL, VR, Ṽ ) =
∑
h∈b?

J∑
j=1

Yhj

β>b(h)Xhj − log

 J∑
`=1

exp(β>b(h)Xh`))


The splits would still implicitly depend on item-specific characteristics since the score

for each split would depend on the model in each leaf, and the model in each leaf depends

on the item-specific attributes. This approach offers a compromise between the multinomial

logit and the random forest, and would be interesting to explore in future work.
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CHAPTER 3

TRANSLATION EMBEDDINGS

3.1 Abstract

We propose a method for constructing dense vector representations of objects like words,

sentences, and mathematical equations. Our approach blends ideas from well-known embed-

ding methods like word2vec (Mikolov et al., 2013) and GloVe (Pennington et al., 2014) with

a generative model inspired by work in statistical machine translation (Brown et al., 1993).

The parameters of the generative model are estimated using the expectation-maximization

algorithm, and the final embeddings are obtained by projecting the resulting parameter es-

timates to a lower-dimensional space. Our approach allows the practitioner to capture the

different kinds of similarity based on the specification of the probabilistic model. Unlike

standard methods for word embeddings, this approach can also be applied to variable-length

objects. We use this approach to construct word embeddings and our experiments show

that this method obtains results competitive with GloVe on multiple word similarity tasks.

Additionally, we apply this method to mathematical texts to obtain embeddings for mathe-

matical equations. We formulate qualitative and quantitative tasks for assessing the validity

of these equation embeddings and show that this approach yields reasonable results.

3.2 Introduction

This work is part of a larger effort called the Hopper Project which aims is to develop natural

language processing tools for mathematical texts. One goal of the Hopper Project is to de-

velop algorithms and methods to extract representations of text and mathematical equations

to improve downstream tasks such as document similarity and search over corpora of techni-

cal documents. Leveraging the mathematical equations in addition to natural language will

enable a rich, unified view of each document, allowing comparisons across subject areas that
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use different language to discuss similar mathematical concepts.

This work tackles the problem of comparing equations as a first step towards these goals.

The objective of this project is to construct vector representations (i.e. embeddings) of

equations so that two nearby vectors correspond to two equations with similar syntax or

meaning. Embedding methods have become popular in natural language processing. Word

embeddings are feature engineering tools that construct mappings from words to real-valued

vectors. These methods transform words from a one-hot vector representation to a dense,

continuous vector such that nearby words in the resulting vector space have similar meaning

(Bengio et al., 2003; Mikolov et al., 2013; Pennington et al., 2014). The resulting word

embeddings can then be used in downstream NLP tasks and have been shown to improve

tasks such as parsing (Socher et al., 2013a) and sentiment analysis (Socher et al., 2013b).

In this chapter, we propose a general framework for constructing embeddings for objects.

Unlike most word embedding methods, this method can also be applied to variable-length

objects like sentences or equations. The framework requires the practitioner to specify a

generative model of the objects of interest; careful attention must be given to the specifica-

tion so that appropriate similarities are captured. The benefit of this approach is that the

practitioner has control over the kind of similarity captured by the embeddings, providing

flexibility for different kinds of downstream tasks.

The method presented here was inspired by several word embedding methods. One such

class of word embedding methods specify a language model for assigning a probability to a

sequence of tokens. Mathematically, a language model assigns a probability to a sequence of

n words,

P (w1, w2, . . . , wn)

A good language model assigns high probability to sequences of words that are valid (i.e.

syntatically and semantically correct sentences), and a low probability to random sequences

of words. The most popular word embedding method, word2vec, paramaterizes a language

model with word embeddings, and estimates these word embeddings using natural language
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text.

Instead of fitting a language model, we borrow ideas from statistical machine transla-

tion (Brown et al., 1993) and propose modeling object generation in terms of “translation

probabilities” – the probability of one object given another. These translation probabilities

are then used to represent objects in the collection. Translation models are motivated as

follows. Assume we are translating a French sentence f to an English sentence e. Let p(e|f)

be the probability assigned to e being a translation of f . Using Bayes’ theorem, we can write

p(e|f) ∝ p(e)× p(f |e). Then, given a French sentence f , we find the most likely translation

by performing the following optimization:

ê = arg max
e

p(e)× p(f |e)

In the expression above, p(e) is a language model as described above and p(f |e) is the

translation model. In our work, instead of focusing on the language model like word2vec,

we focus on the translation model.

3.3 Related Work

Embeddings are dense vector representations of objects. They are typically used as feature

inputs to machine learning methods for various natural language processing tasks and are

an example of a successful application of unsupervised learning. Given a vocabulary of V

words, the simplest word embeddings would represent each word as a {0, 1}V one-hot vector.
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For example,

vchicago =



0

0

...

1

...

0


vphiladelphia =



0

1

...

0

...

0


However, this word representation does not give us any notion of similarity. For example,

v>chicagovphiladelphia = 0, despite Chicago and Philadelphia both being major cities.

More sophisticated word embeddings were popularized by the famous word2vec method

(Mikolov et al., 2013). The word2vec method offers two approaches for constructing word

embeddings. One approach, the continuous bag-of-words (CBOW) model, uses the context

of each word (surrounding words) to predict the left-out center word. For example, in the

sentence “Chicago gets cold in the winter”, we would treat the words (chicago, gets, in, the,

winter) as the context and, from these words, a model is estimated to predict the center

word “cold”. These (context, word) training examples can be constructed from a corpus of

text. The model is parameterized with word embeddings and estimated by minimizing an

objective function.

The data consist of (context, word) pairs obtained from a corpus of text. Each word

is represented as a one-hot V -dimensional vector, where V is the number of words in the

vocabulary. Let x(c) denote a one-hot vector representing a word in the context and let y

denote the center word. In the CBOW word2vec method, the x(c) and y can be considered

our data; let V ∈ Rn×V and U ∈ RV×n denote our parameters, where n is the size of

our embedding space. For a given context of size 2m, we obtain the one-hot word vectors

(x(c−m), . . . , x(c−1), x(c+1), . . . , x(c+m)). The corresponding embeddings vectors are then

(V x(c−m), . . . , V x(c−1), V x(c+1), . . . , V x(c+m)). The CBOW method then averages these

vectors to obtain v̂, which represents the context. Let uj denote the row in U that represents
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the center word y. A score z is then generated so that z = u>j v̂; the goal is to generate

a score that is higher for similar words. The score is then transformed into a probability

ŷ = softmax(z) and compared to the true center word y using a cross-entropy loss function.

The loss function can be viewed as the pseudo-likelihood of a language model. The cross-

entropy is maximized as a function of the U and V to obtain the word embedding vectors.

This method learns two vectors for each word in the vocabulary – a word embedding and

a context embedding; typically the word embeddings are used in downstream tasks. An

alternative to the CBOW model is the skip-gram model which conditions on the center word

and predicts (or generates) the surrounding words.

GloVe (Pennington et al., 2014), another popular word embedding method, takes a dif-

ferent approach. Instead of using local context information like word2vec, GloVe is trained

on global word-word co-occurence counts. This method models the ratios of cooccurence

probabilities. Let pij denote the probability that word i and word j cooccur within a certain

window size. GloVe aims to model the ratio pij/pjk in terms of the word embeddings for

words i, j, and k. The derivation of the model results in an objective function that fits

embeddings vectors for words i and j such that their inner product v>i vj approximates the

log coccurence count between i and j, log(Xij). Adding additional bias terms bi and bj , the

objective function becomes the following weighted lease squares model:

∑
wij

(
v>i vj + bi + bj − logXij

)2

Other methods for learning word embeddings leverage matrix factorization methods.

These methods utilize low-rank approximations of large matrices that contain word statistics

computed from a corpus of text. One such factorization method is latent semantic analysis

(LSA) (Deerwester et al., 1990). The first step in LSA is to construct a term-document

matrix where the rows correspond to words and the columns correspond to documents. Each

element of the matrix represents the number of times a particular word appears in a particular
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document. A more recent method (Levy and Goldberg, 2014) factorizes a term-term matrix

M where each element is the pointwise mutual information between the two corresponding

words. The resulting matrix is factorized with a k-SVD so that M = UkΣkV
>
k where the

subscript k corresponds to the first k singular vectors or values. The word embeddings

are then taken to be W = UkΣ
1/2
k . Levy and Goldberg (2014) show that, under certain

assumptions, this approach is equivalent to the skip-gram word2vec method described above.

The method presented in this chapter applies matrix factorization to a matrix of translation

probabilities as described in the sections that follow.

The word embedding methods described so far are limited in that they are not easily ex-

tended to variable-length objects like sentences. Several approaches to sentence embeddings

have been proposed to capture the semantics of word sequences. One of the earliest methods

in this space is the Paragraph Vector method (Le and Mikolov, 2014). The Paragraph Vector

method is similar in spirit to word2vec except that it ties together several (context,word)

pairs with an additional synthetic token representing the sentence (or paragraph) each pair

came from. In addition to learning word embeddings to predict the held-out word, this

method also learns a vector corresponding to the token for each sentence. While the re-

sults in this paper were encouraging, other research groups were unable to reproduce their

results1.

Since the Paragraph Vector method, recent work has applied methods ranging from

simple averaging of word embeddings to complex convolutional or recurrent neural networks

(Iyyer et al., 2015; Kiros et al., 2015; Wang et al., 2016). More recent work (Wieting et al.,

2016), learned sentence embeddings by starting with word embeddings and modifying them

in a supervised approach using a paraphrase pairs dataset and training a model that averages

word embeddings. This method led to strong performance on several standard text similarity

tasks. However, it relies on supervision which is not widely available, especially in the context

of mathematical equations.

1. https://groups.google.com/d/msg/word2vec-toolkit/Q49FIrNOQRo/4Z_oDZMyQvUJ
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The goal of this project was to construct embeddings with variable-length objects without

appealing to black box deep learning methodology. Our proposed probabilistic approach to

constructing embeddings allows the practitioner to target the appropriate kind of similarity

needed for his or her task. Drawing inspiration from word2vec and matrix factorization

approaches we described above, we leverage parameter estimates from a translation model

to construct embeddings for words and sentences. The translation model is inspired by the

IBM translation models described in the next section.

3.4 IBM Translation Models

The probabilistic models used in our embedding method were inspired by the seminal statis-

tical machine translation systems developed at IBM in the late 1980s (Brown et al., 1993).

In this section, we describe the simplest version of these models to illustrate the assumptions

used in the following sections. The convention is to assume that the task is to translate from

French, the source language, into English, the target language.

We will use f to refer to a French sentence so that f is a sequence of words f1, f2, . . . , fm,

where m is the length of the French sentence. Similarly, e denotes the English sentence with

length l so that e = e1, e2, . . . , el. We assume that we have training data in the form

of “parallel text” containing example translations (f (k), e(k)) for k ∈ [n], where e(k) is a

translation of f (k). We use this data to estimate the parameters of our translation model.

As described in Section (3.2), the IBM models have two components: a language model

p(e) that assigns a probability to a sequence of English words, and a translation model p(f |e)

that assigns a conditional probability to pairs of French and English sentences. Together,

these models are used to translate a French sentence by performing the optimization:

ê = arg max
e

p(e)× p(f |e)

The embedding method in this chapter focuses on estimating the translation component
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of the right-hand side. Since it is difficult to model p(f1, f2, . . . , fm|e1, e2, . . . , el) directly, a

key idea in the IBM models is to introduce additional alignment variables a1, . . . , am. The

alignment variable ai ∈ {0, 1, 2, . . . , l} specifies the English word eai that was translates to

(or generates) the French word fi. We assume e0 is a special NULL token that indicates no

direct translation of the corresponding French word. With the alignment variables defined,

we can write the translation model as

p(f1, f2 . . . , fm|e1, e2, . . . , el) =
∑
a1

∑
a2

· · ·
∑
am

p(f1, f2 . . . , fm, a1, . . . , am|e1, e2, . . . , el)

Let fm1 denote f1, f2 . . . , fm, then we have:

p(f1, f2 . . . , fm|e1, e2, . . . , el) =
∑
a1

∑
a2

· · ·
∑
am

p(fm1 , am1 |e
l
1)

=
∑
a1

∑
a2

· · ·
∑
am

p(am1 |e
l
1,m)× p(fm1 , |am1 , e

l
1)

=
∑
a1

∑
a2

· · ·
∑
am

∏
i

p(ai|ai−1
1 , el1,m)× p(fi|ai1, f

i−1
1 , el1)

where each step here is equality, applying the definition of conditional probability and the

chain rule. The last step is one of many ways to write the probability. We can interpret

this last expression as a generative model. We generate a French sentence from an English

sentence by first choosing which position of the English sentence generates the first word in

the French sentence, a1, given the English sentence. Then we choose the actual French word

given the knowledge of the English string and the position to which the first French word is

connected by the alignment variable. This idea can be applied to each word in the French

sentence, fully describing a generative model for the French sentence.

Two simplifying independence assumptions are made in IBM Model 1 that result in a

computationally efficient estimation method. The first simplifying assumption is that the

distribution of ai depends only on the lengths of the French and English sentences. The
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second assumption is that the value fi depends only on eai – the identify of the English

word to which fi is aligned. These assumptions lead to

p(f1, f2 . . . , fm|e1, e2, . . . , el) =
∑
a1

∑
a2

· · ·
∑
am

∏
i

p(ai|l,m)p(fi|eai)

=
1

(l + 1)m

∑
a1

∑
a2

· · ·
∑
am

∏
i

p(fi|eai)

Given a set of training examples, and with the above model defined, parameter estima-

tion boils down to estimating the translation probabilities p(fi|ej) — the probability of ej

being translated to (or generating) fi. We apply this framework in the following sections to

estimate “translation probabilities” and construct word and equation embeddings.

3.5 Translation Embeddings

In this section, we describe our translation embeddings method which leverages ideas from

the IBM translation models described in Section (3.4). The word “translation” is used loosely

here and stems from the relation to these IBM models and not because we are attempting

to translate from one language to another.

3.5.1 Translation Probabilities

Assume we want to construct an embedding for object e = {e1, e2, . . . , e`}. If e is an

individual unit (e.g. a word), then ` = 1. Drawing inspiration from IBM Model 1 (Brown

et al., 1993), the probability of target unit fi conditioned on object e is given by

p(fi|e) =
1

`+ 1

∑̀
j=0

p(fi|ej) (3.5.1)
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where the fi, ei are individual units like words or mathematical symbols. The motivation

for Equation (3.5.1) will be described in the sections that follow. For now, we will assume

that this generative model is given.

Under these assumptions, the probabilistic model associated with object e is characterized

by the V -vector ve = (v1(e), v2(e), . . . , vV (e)) ∈ RV with components vi(e) = p(fi|e), where

V is the size of the “vocabulary” and fi denotes the i-th word or symbol in the vocabulary.

The translation probabilities for the units p(fi|ej) can be estimated given some form of

parallel text and additional assumptions on the data generating process. We show some

specific examples in the experiments. The translation probability vectors {ve} are then used

to fit embeddings.

3.5.2 Translation Probabilities → Embeddings

Given the vector of translation probabilities for object e, ve ∈ RV , we fit embedding vectors

φe ∈ Rm where m� V . We could appeal to the Johnston-Lindenstrauss lemma and apply a

random projection to ve, but our experiments show that the following approach yields better

results.

We construct a dictionary D ∈ RV×m and representations φe ∈ Rm to minimize the loss

function

L(D,φ) =
∑
e

‖ve −Dφe‖2 = ‖V −DΦ‖2F

subject to DᵀD = I, where V ∈ RV×N is the matrix whose columns are the translation

probability vectors ve and the columns of Φ ∈ Rm×N are the fitted embeddings.

The solution to this minimization can be found by taking the SVD of V = U︸︷︷︸
D

ΣV ᵀ︸︷︷︸
Φ

and

truncating to the top m singular vectors and values. An embedding vector φe = Uᵀve can

be calculated for a new object e, assuming we have the vector of translation probabilities ve.
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3.6 Word Embeddings

Our method requires the practitioner to specify a generative model parameterized by trans-

lation probabilities – the probability of generating one object given another. In the next

section, we propose a simple generative model for text and show how it can be used to

construct word embeddings.

Model

Let C = w1w2w3 . . . wN denote a corpus of N words. We propose a model parameterized

by “translation probabilities” p(wi|wj), the probability of word wj generating word wi, and

apply the embedding method described above.

Assume the t-th word in the corpus wt is generated by one of the k words in its immediate

history {wt−k, . . . , wt−1}. That is, wt is generated by wat where at is a latent variable and

at ∈ {t− k, . . . , t− 1}.

Denote the history as wt−1
t−k = {wt−k, . . . , wt−1}. Under the model, we have

p(wt|wt−1
t−k) =

t−1∑
at=t−k

p(wt|at, wt−1
t−k)p(at|wt−1

t−k)

=
t−1∑

at=t−k
p(wt|wat)p(at|k)

where in the last step we have employed independence assumptions similar to those found in

IBM Models 1 and 2 described in Section (3.4). Assuming each word in the history generates

wt with equal probability, we have

p(wt|wt−1
t−k) =

1

k

t−1∑
j=t−k

p(wt|wj)
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Given the the corpus, the log-likelihood under this model is

N∑
t=k+1

log

 t−1∑
j=t−k

p(wt|wj)


We maximize the likelihood with EM and use the resulting translation probabilities to con-

struct word embeddings.

3.6.1 EM for Words

We first initialize the translation probabilities p(wi|wj) = 1
V for all i, j, where V is the

number of words in the vocabulary.

E-step: Compute the expected counts E[c(w′|w)], the expected number of times word

w generates word w’ under the distribution p(at|wtt−k). Note that when the parameters

p(w′|w) are known, we have

p(at|wtt−k) =
p(at, wt|wt−kt−1)∑
at p(at, wt|w

t−k
t−1)

=
p(wt|wat)∑
at
p(wt|wat)

For a given sequence of words wtt−k, the evidence that word w generates word w′ is

c(w′|w;wtt−k) =
t−1∑

at=t−k
p(at|wtt−k)δ(w′, wt)δ(w,wat)

=
p(w′|w)∑t−1

j=t−k p(w
′|wr)

δ(w′, wt)
t−1∑

r=t−k
δ(w,wr)

where δ(i, j) = 1 if i = j, and 0 otherwise. We compute these counts over the entire corpus.

M-step: Compute the MLEs of each p(wi|wj) with the expected counts above:

p(w′|w) =
c(w′|w)∑
wi
c(wi|w)
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3.6.2 Wikipedia Experiments

We use a 700MB snippet of Wikipedia for conducting experiments with word embeddings.

Words that occur less than 400 times are removed, yielding a vocabulary of approximately

15, 000 words.

Translation probabilities are estimated by the EM algorithm described above and pro-

jected to 100 dimensions by taking the SVD, as described in Section (3.5.2).

Nearest Neighbor Examples

We first do a qualitative study of our word embeddings. For each word in a set of query

words, we find the 5 nearest neighbors in the embedding space and report the results in Table

(3.6.1). We obtain reasonable results for this nearest neighbors exercise, with the nearest

neighbor words being similar in topic or meaning.

republican physics baseball fish
federalist theoretical hockey freshwater
democrat mechanics soccer aquarium
senator particle basketball prey

libertarian relativity player feeding

Table 3.1: Nearest neighbor examples.

The examples shown in Table (3.6.1) illustrate the kinds of similarity we are capturing

with these embeddings. And we can describe why this kind of similarity is captured by

appealing to the specification of our generative model.

The first kind of similarity is between words that appear with similar words in their

future (words that appear after the word of interest). For example, the words “baseball”

and “hockey” appear with similar sports-related terms in their future context. Since the

generative model uses past words to predict future words, the model associated with baseball,

p(·|baseball) will be similar to the model associated with hockey, p(·|hockey).

The second kind of similarity is between words that co-occur with each other; for example

the words “theoretical” and “physics”, and also the words “freshwater” and “fish”. Again,
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since these words co-occur with each other, their future contexts will be similar across the

corpus, yielding similar models. A different specification of the model could reduce one kind

of similarity over another as needed by the practitioner.

Word Similarity

Word similarity tasks are a standard quantitative approach for evaluating word embeddings.

The assumption is that word embedding methods and humans should agree on what words

are “similar.” For each word similarity task, human subjects were given a list of word pairs

and asked to rate the similarity of the words in each pair on a 1 − 10 scale. Scores were

averaged across subjects for each word pair. We compare similarity scores based on our

word embeddings to these human scores on four word similarity tasks: WordSim-353 (WS)

(Finkelstein et al., 2001), MC (Miller and Charles, 1991), SCWS (Huang et al., 2012), and

RG (Rubenstein and Goodenough, 1965).

The Hellinger distance is a common metric used to compare two probability distribu-

tions. The Hellinger distance between distributions p and q is
∑
i(
√
pi −

√
qi)

2. In these

tasks, we first take the square root of our translation probabilities and then project to 100-

dimensional space. Intuitively, the square root is applied to up-weight lower probabilities

before projection.

Cosine similarity scores are computed using the embedding vectors for each pair of words.

We then compute the Spearman rank correlation between embedding similarity scores and

the human similarity scores across the entire collection of words.

We compare our embeddings to GloVe embeddings fit on the same Wikipedia dataset

in Table (3.2). The tr-embed row refers to our method. We find that the translation

embedding approach yields competitive results to the popular GloVe method on this task.
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WS MC SWCS RG
GloVe 0.70 0.69 0.64 0.70
tr-embed 0.72 0.80 0.62 0.80

Table 3.2: Word similarity correlation across four different tasks.

3.7 Equation Embeddings

We construct equation embeddings using the Digital Library of Mathematical Functions

(DLMF) (Olver et al.) as our corpus. Equations are tokenized at the mathematical symbol

level and then represented as a bag of symbols. In the sections that follow, we specify our

generative model for the DLMF, derive the EM steps, and show qualitative and quantitative

results. Broadly speaking, there are two kinds of similarity we could measure between math-

ematical equations: syntactic and semantic similarity. The DLMF allows us to construct

embeddings that model syntactic similarity – we start here as a proving grounds for the

methodology. In Section (3.8) we propose a different approach for future work that aims at

modeling semantic similarity.

Model

The DLMF contains sections of mathematical text, each containing several equations. Each

section is about a specific mathematical topic so we make the assumption that the equations

in each section are similar. This approach could also be applied to scientific publications,

where we assume equations in the same paper are similar.

We impose a two-level hidden alignment model similar to our one-level hidden alignment

model for words. We assume each equation in a section is the translation of some other

“source” equation in that same section. The identity of the source equation is latent. The

second level of hidden alignment is at the character level, where each character in the target

equation is assumed to be a translation of a token in the source equation.

We use subscripts to identify individual symbols in an equation so that the r-th symbol of

the i-th equation in section s is e
s,i
r . When it is unnecessary, we drop the section superscript
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so that we simply have eir. Assume that following notational conventions:

• Each section s consists of ms equations {es,1, . . . , es,ms}.

• The i-th equation in section s is represented as a bag of ns,i symbols es,i =

{es,i1 , . . . , e
s,i
ns,i}.

We assume that each equation in a section is generated by (translated from) some other equa-

tion in the same section. The pseudo-likelihood of section s with equations {es,1, . . . , es,ms}

is

p(s) = p(es,1, . . . , es,ms) =

ms∏
i=1

p(es,i|es,−i)

Each alignment at the section level is assumed to have equal probability. Marginalizing

over the latent variable representing the section-level alignment yields

p(es,i|es,−i) =
1

ms − 1

∑
j 6=i

p(es,i|es,j)

Given two equations in the same section with the following symbols: ei = {ei1, . . . e
i
ni}

and ej = {ej1, . . . , e
j
nj}, we impose a second level of hidden alignment at the symbol level

(including a NULL symbol), which yields

p(ei|ej) =
1

(nj + 1)ni

ni∏
k=1

nj∑
r=1

p(eik|e
j
r)

We aim to estimate the parameters

Θ = {p(ei|ej) : for ei, ej in our symbol vocabulary}

by maximum likelihood.
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Given data D, the incomplete-data log-likelihood is

`(Θ|D) =
∑
s

ms∑
i=1

log

 1

ms − 1

∑
j 6=i

p(es,i|es,j)


Plugging in the equation-level translation model gives us our final expression

`(Θ|D) =
∑
s

ms∑
i=1

log

∑
j 6=i

(
1

(nj + 1)ni

ni∏
k=1

nj∑
r=1

p(e
s,i
k |e

s,j
r )

)
We estimate the parameters Θ using EM.

3.7.1 EM for Equations

In this section, we focus on maximizing `(Θ|D) = p(ei|e−i) as a function of symbol-level

translation probabilities p(er|eq). We inspect the variation in the likelihood estimate of

updating our parameter estimate from Θ′ to Θ:

`(Θ|D)− `(Θ′|D) = log

(
pΘ(ei|e−i)
pΘ′(e

i|e−i)

)

= log

∑
a,ã

pΘ(ei, a, ã|e−i)
pΘ′(e

i|e−i)


= log

∑
a,ã

pΘ(ei, a, ã|e−i)
pΘ′(e

i, a, ã|e−i)
pΘ′(a, ã|ei, e−i)


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where we sum over equation-level alignments ã and symbol-level alignments a and employ

Bayes’ rule in the last step. Note that

pΘ(ei, a, ã|e−i) = pΘ(ei, a|eã)p(ã|e−i)

= pΘ(ei|eã, a) p(a|eã)p(ã|e−i)︸ ︷︷ ︸
constant

Plugging this in we get

`(Θ|D)− `(Θ′|D) = log

∑
a,ã

pΘ(ei|eã, a)

pΘ′(e
i|eã, a)

pΘ′(a, ã|ei, e−i)


≥
∑
a,ã

log

(
pΘ(ei|eã, a)

pΘ′(e
i|eã, a)

)
pΘ′(a, ã|ei, e−i)

=
∑
a,ã

log
(
pΘ(ei|eã, a)

)
pΘ′(a, ã|ei, e−i)︸ ︷︷ ︸

Q(Θ|Θ′)

−

∑
a,ã

log
(
pΘ′(e

i|eã, a)
)
pΘ′(a, ã|ei, e−i)︸ ︷︷ ︸

Q(Θ′|Θ′)

We ignore Q(Θ′|Θ′) since it doesn’t depend on Θ, and aim to maximize Q(Θ|Θ′). The

symbol-level alignment variable a represents alignments ak, one for each symbol in the gen-
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erated equation ei.We have that

Q(Θ|Θ′) =
∑
ã

∑
a

log
(
pΘ(ei|eã, a)

)
pΘ′(a, ã|ei, e−i)

=
∑
ã

∑
a

log

(
n∏
k=1

pΘ(eik|e
ã
ak

)

)
pΘ′(a, ã|ei, e−i)

=
∑
ã

∑
a

n∑
k=1

log
(
pΘ(eik|e

ã
ak

)
)
pΘ′(a, ã|ei, e−i)

We take the derivative of Q(Θ|Θ′) with respect to an arbitrary parameter p(er|eq), the

probability of symbol eq generating symbol er, and include the Lagrange multiplier λ to

ensure probabilities sum to one. The following KKT condition must be met at the optimum:

∑
ã

∑
a

n∑
k=1

pΘ′(a, ã|ei, e−i)
p(er|eq)

δ(eik, er)δ(e
ã
ak
, eq) = λ

⇒ p(er|eq) =
1

λ

∑
ã

∑
a

n∑
k=1

pΘ′(a, ã|ei, e−i)δ(eik, er)δ(e
ã
ak
, eq)

Given Θ′, we can compute pΘ′(a, ã|ei, e−i):

pΘ′(a, ã|ei, e−i) = pΘ′(a|ei, eã)pΘ′(ã|ei, e−i)

=

(
p(ei|eã, a)∑
a′ p(e

i|eã, a′)

)(
p(ei|eã)∑
ã′ p(e

i|eã)

)

=

 ∏n
k=1 p(e

i
k|e

ã
ak

)∑
a′
∏n
k=1 p(e

i
k|e

ã
a′k

)

( p(ei|eã)∑
ã′ p(e

i|eã)

)

All terms in this expression can be written in terms of the current parameters Θ′. This
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gives us

p(er|eq) =
1

λ

∑
ã

∑
a

n∑
k=1

 ∏n
k=1 p(e

i
k|e

ã
ak

)∑
a′
∏n
k=1 p(e

i
k|e

ã
a′k

)

( p(ei|eã)∑
ã′ p(e

i|eã)

)
δ(eik, er)δ(e

ã
ak
, eq)

=
1

λ

∑
ã

(
p(er|eq)∑
b p(er|eãb )

)(
p(ei|eã)∑
ã′ p(e

i|eã)

)
n∑
k=1

δ(eik, er)
∑
j=1

δ(eãj , eq)

where λ is a normalization constant which ensure p(er|eq) is a valid probability distribution.

The E-step therefore consists of computing the expected counts by adding the following

term every time symbols er and eq are aligned over section- and equation-level alignments:

c(er, eq)+ =

(
p(er|eq)∑
b p(er|eãb )

)(
p(ei|eã)∑
ã′ p(e

i|eã)

)

The M-step normalizes these counts.

We encounter underflow when computing p(ei|ej) in the E-step. This is one approach to

solving this problem; there may be other (better) solutions.

We compute equation-level translation probabilities in log space.

zij = log(p(ei|ej) =
∑
k

log

(∑
r

p(eik|e
j
r)

)
− ni log(nj + 1)

Then we have that

p(ei|ej)∑
k p(e

i|ek)
=

ezij∑
k e

zik

We find that the zij are negative numbers with large magnitude so that we get underflow,

meaning ezij = 0. To solve this problem we can multiply the numerator and denominator by

e−m where m = maxj zij . This still results in underflow for values of zij that are orders of

magnitude smaller than m, but we take the stance that these values are negligible compared

to the one associated with m, so treating them as zero will give us reasonable results. So we
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have,

p(ei|ej)∑
k p(e

i|ek)
=

ezij−m∑
k e

zik−m

3.7.2 DLMF Experiments

Nearest Neighbor Examples

After estimating the translation probabilities as discussed above, we project each equations’

probability vector to 100 dimensions using SVD. In this section, we draw three random

query equations and show that their nearest neighbor equation has similar syntax. Since

our model does not incorporate surrounding text or mathematical domain knowledge, the

method captures similarity based on syntax since syntactically similar equations appear in

the same DLMF section. In Section (3.8), we propose a different approach that would

potentially capture semantically similar equations.

query equation nearest neighbor

ζ(s) = 2s−1

1−21−s
∫∞

0
cos(s arctanx)

(1+x2)s/2 cosh(1
2πx)

dx. ζ(s) = 1
2(1−2−s) Γ(s)

∫∞
0

xs−1

sinhxdx

γ(a, x) ∼ −xae−x
∑∞
k=0

(−a)kbk(λ)
(x−a)2k+1 γ(a, λx) = λa

∑∞
k=0 γ(a+ k, x)

(1−λ)k

k!

P (a+ 1, z) = P (a, z)− zae−z
Γ(a+1)

P (a+ n, z) = P (a, z)− zae−z
∑n−1
k=0

zk

Γ(a+k+1)

Table 3.3: Nearest neighbor examples.

Leave One Section Out

We evaluate our embeddings on the DLMF with leave-one-section-out cross-validation. We

fit embeddings by performing EM on all data except for a single DLMF section. For each

equation in the held-out section, we find its 5 nearest neighbors in the embedding space and

compute a precision-at-5 score as the fraction of its 5 nearest neighbors that appear in the

held-out section. We obtain a precision-at-5 score for each equation across the DLMF.

This metric is simply a proxy for performance and should be taken with a grain of salt

since similar equations can be found in different sections and dissimilar equations can be
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found in the same section.

For each held-out section s, we first stack the translation probability vectors as rows in

matrices Xs and X−s, where X−s is the matrix containing all in-sample equations and Xs

contains the out-of-sample equations. We then compute the k-SVD of the in-sample matrix

X−s = U−sΣ−sV
ᵀ
−s

For these experiments, k = 100. The embeddings for the in-sample equations are the rows

of E−s = U−sΣ−s. The embeddings for out-of-sample equations are obtained by projecting

the translation probability vectors onto the right singular vectors Es = XsV−s.

The translation probabilities were estimated using the entire dataset. Another study

can be done in which the held-out section data is not used when estimating translation

probabilities; this would truly make them out-of-sample embeddings.

We compare our method against embeddings obtained with TF-IDF. The IDF scores

for the out-of-sample TF-IDF embeddings are computed using only in-sample data. The

translation embeddings and TF-IDF vectors are normalized to unit norm before the nearest

neighbors are found; this is equivalent to doing nearest neighbors by cosine similarity. We

can think of TF-IDF as the “gold standard” for this task since our embeddings aim to

capture syntactically similar equations while the TF-IDF approach directly leverages the

syntax itself.

The distribution of the precision-at-5 scores are presented in Table (3.4) through their

percentiles. We see that the median precision score for TF-IDF is 40% while the median

precision score for the embedding method is 20%. Overall, TF-IDF does better on this task,

but the translation embeddings give reasonable results as well given that syntax isn’t directly

modeled with the translation model.
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percentile tfidf tr-embed

10% 0.0 0.0
20% 0.2 0.0
30% 0.2 0.2
40% 0.2 0.2
50% 0.4 0.2
60% 0.4 0.4
70% 0.6 0.6
80% 0.8 0.6
90% 1.0 1.0

Table 3.4: Distributions of precision-at-5 scores.

3.8 Discussion

We proposed a method for constructing embeddings for arbitrary objects. The method

requires the practioner to specify a generative model for each object where the parameters

of the model are “translation probabilities”. Given parameter estimates for the generative

model, the final stage of the method projects these translation probabilities down to a lower

dimensional space. Our experiments show that this method yields embeddings competitive

with standard methods, and also provides a principled way of constructing embeddings for

variable-length objects like mathematical equations.

The translation embedding method consists of two components: the projection method

and the probabilistic model. We suggest potential avenues of future work in both of these

components.

3.8.1 Other Projection Methods

Let ve ∈ RV be a vector of translation probabilties for term/equation e. We wish to find

embedding vectors φe ∈ Rm for e, where m � V . Let we,f be weights between items

with high weights corresponding to similar items. These weights could be computed from

coocccurence statistics. We want to preserve information in v while encouraging nearby

73



embeddings for similar equations. We might consider the objective function

L(φ,X;λ) =
∑
e,f

we,f‖φe − φf‖2 + λ
∑
e

‖φe −Xve‖2 (3.8.1)

This is jointly convex in φ and X. This allows an embedding vector φe = Xβe to be

calculated for a new item e as long as we have the representation ve.

Another approach is to apply multidimensional scaling where we let dij be the Hellinger

distance between the translation probability vectors for words i and j. We find embedding

vectors φe ∈ Rm to minimize the strain/stress:

S(φ1, . . . , φV ) =
∑
i6=j

wij(dij − ‖φi − φj‖)2 (3.8.2)

where wij is a similarity measure (e.g. d−1
ij ).

Finally, a last possible direction is to use canonical components analysis; this idea is a

departure from considering the translation probability vectors as defined above. It is inspired

by Dhillon et al. (2015).

Assume our corpus contains n tokens {t1, . . . , tn} each drawn from vocabulary of size V ,

where the vocabulary is {w1, . . . , wV }.

Let W ∈ Rn×V be the matrix of tokens (Wij = 1 if the ti = wj and zero otherwise). Let

T ∈ Rn×V where each entry is based on our generative model so that, for word embeddings,

we have

Tij = p(ti = wj |ti−1
i−k) =

1

k

i−1∑
at=i−k

t(ti|tat) (3.8.3)

where t(ti|tat) are the estimated translation probabilities. We call each row of T a predictive

probability vector. We seek an embedding for each word wi such that words that have similar

predictive probability vectors throughout the corpus also have similar embeddings. We use

CCA(W,T ) to find linear transformations φW ∈ RV×k and φT ∈ RV×k. The embedding

vectors would then be the rows of φW (we could also consider φT , WφW , or TφT ).
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In the next section, we briefly describe different kinds of similarity captured by the models

proposed above and propose several ideas for future work.

3.8.2 Other Translation Models

We showed how the model specification together with the parallel text allows us to construct

embeddings that capture different kinds of similarity. As discussed in Section (3.6), the word

embedding model captured similarity associated with words appearing in similar contexts

and words cooccurring frequently together. The former is the typical notion of similarity

measured by popular word embedding methods. To preclude the latter form of similarity,

we could specify a probabilistic model that dampens the probability of generating a word if

it appears nearby. One way of doing this is to ignore words in the immediate history of the

target word.

In Section (3.7), we were able to capture similar equations by modeling equation trans-

lation within sections of the Digital Library of Mathematical Functions. This approach

captured syntactically similar equations because equations in the same section tend to have

similar syntax. This approach was used as a testing ground for the embedding method since

performing quantitative evaluations was simpler when measuring syntactic similarity. In

our evaluations, we compared to TF-IDF, which directly measures syntactic similarity. We

showed how our approach yields results similar to TF-IDF despite not explicitly computing

statistics on symbol occurrence like the TF-IDF method.

While the syntactic similarity captured by the DLMF experiments provided an appropri-

ate test case for the equation embeddings, the ultimate goal of the Hopper Project described

in Section (3.2) is to capture semantic similarity of equations. This would allow equations

to be considered similar whether or not they have the same syntax, and would be a more

appropriate input for downstream tasks like document similarity and search.

One possible direction for future work would be to specify a translation model that

translates between natural language and equations, similar in spirit to Yasunaga and Lafferty
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(2019). The translation probabilities would be of the form p(wi|ej) — the probability of

word i being generated by mathematical symbol j. Parallel text would be of the form (text,

equation) and could constructed from technical documents using the surrounding text of each

equation as the “target” text, and the equation itself as the “source”. We might expect to see,

for example, a high translation probability for the word “probability” given the symbol Ω,

since Ω is typically used as a symbol for a probability space. In this way, if two communities

use the same natural language to describe a mathematical concept while using disparate

mathematical symbols, this kind of approach would capture equation similarity because of

the surrounding language. This line of thinking could be applied to more sophisticated model

specifications to capture different kinds of similarity depending on the use case.
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